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BBenenne

O 4yem 3Ta KHUTA

OcHoBHast uest TOI KHUTH — MOKA3aTh, KaK ajaredpandeckne uIen BO3HUKAT U paboTaiT
[pHU pereHnu Tomoaorndeckux 3agad. OCHOBHOE ee COJEpKAHWE — AA20DUMMUYECKY MO-
mueuposartoe seederue 6 arzebpaudeckyto monosozuto (TOUHee, B TEOPHIO TOMOJIOTHIT U B
TEOPUIO TPensaTcTBuii). /laeTcs NOmyagpHbili 0630p ¢ OCHOBHBIMHU UJESMH JOKA3ATETHCTB,
JIOCTYITHBIME HECIIeIHAJTICTAM.

XopoIio M3BECTHO, YTO CYIECTBYeT OBICTDHIH (TOUHee — JIMHEHHbINH) aJiropuT™, omnpe-
JIEJISIIONIHI, BJIOXKUM JIU JAHHBIH rpad B IJIOCKOCTH, T.e., MOXKHO JiU Tpad PaCIOJIOKHUTH
Ha IJIOCKOCTH TakK, 4TOOBI ero pebpa He MepeceKalnch U He caMolepeceKamuch (Xomkpodr-
Tapmzkan, 1974). Mbl paccMOTPHM AHAJOTHYHYIO 3aJady i TuneprpadoB B MPOCTPAH-
CTBaX IPOU3BOJBHON Pa3sMepHOCTH: KaK Paclo3HaTh BJIOKUMOCTH N-MepHOro rumeprpada B
m-mepHoe npoctpancTBo? Teopust runieprpadon (TouHee, CAMILTHIHAIBHBIX KOMILIEKCOB) —
OypHO pa3BUBAIOIIUIICS pa3/ie/l MATEeMaTHKN, BO3HUKIIHIT HA CTHIKE KOMOWHATOPUKH, TOTIO-
JIOTHU ¥ IIPOrPAMMHUPOBAHUA.

Bce neobxoanmMbie onpejesienus (rumeprpad, BIOKUMOCTH, NP-TpyIHOCT, IPYHIIBI TO-
mostoruit, mpenstcreue Ban Kammena u t.1.) npuBojgarcs B Kaure. Onpe/ie/eHust 1 IpUMepb
rureprpadoB U CUMILTUIUATBHBIX KOMILIEKCOB mpuBesienbl B §6. Hekoropeie pesysibrars 0
peasmsyemoctu runeprpados npuseaensl B [Sk14| va si3pike cucrem rouek. Vzydatores pea-
mm3anust rpados Ha miockoctr (§1). CooTBercTBYIONMIA AJIrOPUTM 0600MIAETCST HA BHICITHE
pa3MepHocTHa B 1. 6.8, 6.9.

«Ilougarne mpensarTcTBus, MO-BUIUMOMY, BIlepBbie Bo3HUKJIO v Ban Kawmmnena mpu perre-
HUM 1POGJIEMbI O BJIOZKHMOCTH N-MePHBIX MOJU3ApoB B R*™ s n > 2» [No76]. (JTooboit n-
MepHBIii nou3ap Biaoxkum B R o reopeme obimero nosoxkenust.) Cuv. [RS96, §2], [RS99,
§2], [RS99’, §2], [Fo04], [Sk06, §4]. Ho mokazarsh ocHOBHYIO u/et0 npensiTcTBust Ban Kammena
ropasio mpoiie Ha si3bike Teopun rpadoB: HA mpuMepe MpobaeM miaHapHocTu rpados (B
sroM maparpadpe), pamceeBckoit Teopun 3aneriennii [Sk14| u anmpokcuMupyemMocTH myTu
Braoxkerusivu (§3). B §3 mpuBoauTest s/eMeHTapHOE W3JI07KeHne MPpoOIeMbl YCTORYNBOCTH Ca-
Morepecedennii myru Ha ockocru [Mi97], [RS96, §9], [CRS98, §4], [RS98, §1], [ARS02, §4],
[Sk16’]. Ha sTom MasomMepHOM mprMepe Mbl TIOKa3bIiBaeM OCHOBHYIO HJIEI0 TIOCTPOEHHUsI Mpe-
naTCTBUA BaH KaMmieHa K BIOKHMOCTH n-MepHBIX rumeprpadoB B 2n-MepHOe ITPOCTPAHCTBO
(§6.8, 6.9). OcHOBHBIE OIIPEJIEJIEHNS U PE3YJIBTATHI O PEATH3YeMOCTH TureprpadoB IMpUBeIe-
Hbl B §6. . 6.8, 6.9, 6.11 n

B §10 mammcano, Kak mpu U3ydeHUU BJIOKUMOCTU THIEPrpaddOB B TPEXMEPHBIE MHOIO-
obpa3usi BOBHUKAIT TI'PYIIBI KOMOMOJOTH, W KaK OHU IMMOMOTAIOT J0KA3bIBATH KPACHBHIE
MaTeMaTHIeCKHe W aJrOPUTMHUIECKHE Pe3yTbTATHI.

[IpuBogEMbIE pe3yIbTATBI M METOJIbI HHTEPECHBI B KadecTBe M3yUYeHHUs OOIIHX HpobJieM
BJIOKUMOCTH U 3ay3auBanng. CornacHo 3umany |Ze|, kraccuaeckumu mpobaeMaMu TOMOIO-
TUH SIBJISTEOTCS CJIe Ty OTIHe.

Ipobaema 2omeomopdpusma. Korma mamueie asa npocrpanctsa N u M romeomopdubr?
Kak onucarh MHO)KeCTBO roMeoMOp(UUIECKUX KJIaCCOB MHOTOOOpa3uii n3 3aJJaHHOI0 K/acca,
HAIIPUMep, 3aJIaHHOI pasMepHOCTH N7

IIpobaema sroncumocmu. Kakne npocrparctsa N BaoxkuMmbl B R™ 11 mtanaoro m?

IIpobaema 3aysarusanua. Kakue Biaoxkenuss f,g : N — R™ usoronus? Kak ommcarn
MHOYKECTBO M30TOMNYECKAX KJIacoB BiaoxKenmit N — R™7

Unen u Merompl, mpuMeHsieMble JJIsi U3ydeHusi MPoOJIeM BJIOKUMOCTH W 3ay3/THBAHUSA,
HPUMEHSIOTCS U JIJI JIPYTUX MPoOJIeM TOIIOJTOTHE U ee MPUIOKEeHHI.

ObnoBasgeMast Bepcus MOJIePKUBAETCA HA Www.mccme.ru/circles/oim/algor . pdf.



O cTtuje 3Toil KHUTU

OcHOBHBIE WJeH TPEICTABICHBI HA «OJUMITHAIHBIX» TTPUMeEpaxX: Ha MPOCTEHIIMX YaCTHBIX
CJIydastX, CBOOOTHBIX OT TEXHUYECKUX JeTaJieil, U CO CBeJeHNEeM K HeOOXOINMOMY MUHUMY-
My HAyYHOIO SI3BIKA. 32 CUET 9TOr0 M TEeKCT CTAHOBHUTCH JOCTYIIHLIM /IS HAYMHAIOIINX, 1
yaaercss ObBICTPO J00paThCsS 10 MHTEPECHBIX CIOXKHBIX M BayKHBIX PE3Y/IbTATOB, METOIOB U
TeopeTndecKux uaei. Taxkmm obOpa3om, MHOrHe U3 IPHUBEIEHHBIX Hjeil padboTator s 6o-
Jiee 00mKX ciaydaeB. Mbl He TpaTuM BpeMsi dWTaTe sl Ha HECJIOXKHbIe 00001enns. IIx jgerko
npuIyMaTh WK HAWTH B quTeparype. TPyaHO UMEHHO NpumeHumb OOIIYI0 TEOPHUIO JIJIsl sip-
KIX Pe3y/IbTaToB, C(hOPMYTHPOBAHHBIX BHE 3TON TEOPHH, KOI/Ia HEM3BECTHO 3apaHee, KaKyto
TEOPUIO HYKHO HPUMEHATDH (M BOOOIIE, MOYKHO JIK XOTh KAKYIO-TO T€OPUIO TPUMEHUTH ).

‘Listeners are prepared to accept unstated (but hinted) generalizations much more than
they are able, on the spur of the moment, to decode a precisely stated abstraction and to
re-invent the special cases that motivated it in the first place.”' |?]

‘The preceding theorem generalizes to many situations. In fact, there may not actually be
an optimal generalization in the sense that no matter what generalization is given, someone
could produce a more general one. One of the advantages of being an understander rather
than a theorem quoter is that one may be able to obtain approaches to a wide variety of
theorems some of which may not even have been formulated yet.”® |Bi83]

Bosee nmpocToit MmaTepuaJi mpuBOIUTCS, 9TOOBI C/IeJIaTh €CTECTBEHHBIM W JIOCTYITHBIM 0O~
nee caoxkubiii. [TombITKa HAUMHATH ¢ GoJiee MPOCTOro (HampuMep, ¢ YACTHBIX CIY9aeB) MO-
BBHIIIIAET CAMOCTOSATENHHOCTh — a, 3HAYUT, IIyOHHY M HAJEKHOCTH — OCBOEGHHSI MaTepHaJa.
[Tpore camomy 10Ka3aTh YACTHBIN CIyYail, CAMOMY POIYyMATh IIEPEX0J] OT TACTHOTO K O0IIe-
My, 9eM CaMOMYy Cpa3y J0Ka3aTh o0muii caydait. CaMoCcTosaTe IbHO TPHIIyMaHHOE HAJIEKHEe
3armoMuHaeTcst u jerde moaugunupyercs. Kpove 1oro, 06bIYHO HA YACTHOM CJIydae MPOIIe
OTJIOBUTH U UCHpaBuTh omubku. [Togpobuee cMm. [ZSS, §11.2].

Kaxk mpaBuio, MbI IPUBOIUM (HOPMYAUPOSKY KPACHBOIO W BAXKHOIO YTBEPZKIEHUS ne-
ped TOCTIeI0BaTeTbHOCTBIO ONpeIeeHnii 1 pe3yIbTaTOB, COCTABIAIONINX €ro JdoKa3amenb-
cm60.> B TakuX caydasax i J0Ka3aTelbCTBa YTBEPKIeHIA TPeOyeTcs 9acTh JaIbHeiero
marepuajia. 00 3Tom ykaszaHo mocse (popMyInpOBKH yTBep:KaeHus. HekoTopbie pe3yabTaThl
IpHUBEIEHLI 0€3 T0Ka3aTe/IbCTB, TOTAA JAIOTCI CCBLIKH BMECTO yKa3aHmii. Ecan K yrBepxK ie-
HUIO (WK 3ajia4e) He MPUBEJIEHO HU JIOKA3ATebCTBO, HU CCBLIKA HA HErO, TO OHO HECJIOXKHO.
OcHOBHBIE Pe3y/IbTaThl HA3BIBAIOTCSI «TEOPEMAMUI», MeHee BayKHBIE Pe3yJIbTaThl — «yTBep-
JKJIEHUSIMU», BayKHBIE BCIIOMOTATE/IbHBIE PE3YIbTATH — «JIEMMAaMME».

B Tekcre ecth HEOOJIBITOE KOJIMIECTBO 3a/1a4 (1T0JIE3HO PACCMATPUBATL U yYTBEPIKICHHUST
Kak 3a71a4dn). VI3ydeHne 1myTeM peIleHus 3ajad XapakKTepHO /I CePhe3HOr0 OOYUYeHUsT Ma-
remaruke, cM. [HC19, §1.1], [ZSS, §1.2] u ganubie Tam ceblaku. OHO TPOIOIIZKAET JIPEBHIOK
Ky7IbTYpHYI0 Tpagummio.? Ecin yenoBne 3amaan gpiagercsas (hbOPMYTHPOBKOil yTBepKIeHN,

LCnymarenn B Topas3mo Gombimeil cTemeHn TOTOBLI BOCTPWHUMATH He chopMyTnpoBaHHbe (HO yTIOMS-
HyTbIe) O6OOIIEHNsI, YeM CIOCOOHBI «HABCKUKY» PACKOAMPOBATH ABHO C(POPMYIUPOBAHHYIO A0CTPAKIIUIO U
BOCIIPOM3BECTH T€ KOHKPETHBIE MPUMEPHI, KOTOPbIE H3HAYATIBLHO €€ MOTUBUPOBAIIH.

2TIpemiecTByIOAd TEOPEMa UMEET MHOIOYUCIEHHBIE 0000meHnsd. B 1eficTBUTEIbHOCTH, «HAMIYYIIEros
00ODIIEeHNsT MOKET M He ObITb, B TOM CMBICTE, UTO /I KaxKIO0r0 ODOOINEHUs KTO-TO CMOXKET HAWTH eIre
6ostee obmiee. OMHUM U3 MPEUMYIIECTB IUTATEJST, OPUEHTHPOBAHHOIO HA TIOHUMAHHUE CYTH, 8 HE MPOCTO Ha,
[IUTUPOBAHUE TEOPEM, SABJISIETCS CIIOCOOHOCTD MOJIYYATh MOIXOIbI K IMUPOKOMY CIIEKTPY TEOPEM, HEKOTOPHIE
U3 KOTOPBIX MOTYT ObITH Jaske ere He chOPMYTUPOBAHDI.

3Yacro npoucxomut obparTHOE: (POPMYIUPOBKHE KPACUBBIX PE3Y/IBTATOB U BazKHBIX ITPOOJIEM, DA KOTO-
PbIX OblIa NPUILyMaHa TEOPUS, IPUBOIATCH TOJIBKO NOCAE MPOJOJKUTEIBHOIO U3yYeHus STON Teopun (1iiu
HE MPUBOJIATCS COBCEM ). DTO PA3BUBAET MPEJICTABICHUE O MATEMATHKE KaK HAYKe, U3yJaIOmeil HeMOTHBHPO-
BAHHBIE MOHSATUS W TEOPUHU. TaKOe MpPEeICTABIEHNE TPUHUMKAET IEHHOCTh MATEMATHKHY.

4Hampumep, HOCTYITHUKY I3€HCKUX MOHACTHIPEit 06YTaIOTCs, PA3MBINIIAS HaI, 3ara,[KaM, TaHHLIMEA IM
HACTABHUKAMU. Brpodem, 3TU 3araJKu sBJISIOTCS CKOPee HABOISIIAMHU HA PAa3MBIIIEHUs MapaJOKCAMU, a



TO B 3aJa4e TpeOyeTcst 3TO yTBEP:KICHUE J0Ka3aTh (M TOrJA B CCHLIKAX MBI HA3BIBAEM ITO
VTBEpKJIeHNe YTBepKIeHneM, a He 3adadeii). Kparkue ykazanus K 3aJadaM TTPHBOISTCS
cpazy, 6osiee jyMHHBIE B KOHIE maparpada. 3a2adkotli Ha3bIBaeTcss He cOPMYITMPOBAHHBII
9YeTKO BOIPOC; 3/1eCh HYZKHO MPUIYMATh U Y€TKYI0 (DOPMYJIUPOBKY, U J0KA3aTETHCTBO. Kcn
HOMEP 33JIa9M ITOMeYeH 3Be3I0UKOM, TO 9Ta 3aJada IMOCTOKHee COCETHHX.

Onpenenenns BaXKHBIX MOHATHH JAaHBI >KHUPHBIM IIPU@TOM, ITOOBI UX OBLIO HPOIIe
Haiitu. Pasdeav. u 3adavwu, ommeuennvie 36e3d0ukotl, a makstce 3aMeNaHUA, HE UCIOTb3Y-
I0TC4A B JaJbHERIIIeM.

Hauwnnarh n3ydenne KHUIH MOXKHO ¢ JE000r0 maparpada (mockoabky gazxe mir. 6.1 n 9.1-
9.3 HHTEPECHBI, HO He WCIOJb3YIOT MPeIbIAyIero Marepuana). [IyHKThI, OTMEUeHHbBIE 3BE3-
JOYUKOiT (1 BeCh §3) MOYKHO IPOIYCTUTH Ge3 yiepba JJist MIOHUMAHES OCTAJIBHOTO MATEePUATIA.
[Taparpad 1 ucmoib3yerca B §3 u popMaIbHO HE UCIONB3YETCsI B OCTAIbHBIX Maparpadax.
Bce naparpadet, kpome §1, moarn HE3aBUCUMBI IPYT OT JAPYTA.

O6miee BBegeHne K §1 u §2

OcHoOBHBIE pe3y/IbTaThl JAHHBIX HaparpadoB caemayromme:

® [IOJINHOMUAJIBHBIN AJITOPUTM PACIIO3HABAHNUS IaHapHOCTH rpados (yrBepkaenne 1.5.8)
1 00bsICHeHWe, Kak ero npuaymars (. 1.5);

e ssieMenTapHbie (hopMympoBkn Teopem Pajiona u Teepbepra ijist miockocTn (JIMHEHHBIX
u Tonosorndecknx) 2.1.1,2.2.2, 2.1.4, 2.3.1, a TakzKe 3J€MEHTAPHOE JIOKA3ATEIbCTBO T€OPEMBbI
Pasona (§2.1).

DJieMeHTapHBIE JT0KA3aTeIhCTBA, KOTOPHIE MBI IMPUBOINM, HE YIOMHUHAIOT KOHQMUTYPaA-
IMUOHHBIX IMPOCTPAHCTB U KOT'OMOJIOTHUYIECKHUX HpeHHTCTBHﬁ. O,ZLHaKO OCHOBHO€ COAepzKaHue
9TOr0 TEKCTa — 66edenue 6 an2ebpauveckyto monoaozuto (TodHee, B TeOPHIO KOHMUTYDa-
IIUOHHBIX TPOCTPAHCTB U KOTOMOJIOTHYIECKUX MPEMSITCTBUIT) MOMUBUPOBAHHOE AA20PUMMU-
YECKUMU, KOMOUHAMOPHOIMU U 2eoMempuyeckumu 3adavwamu. Mbl TpeJcTaBUM HEKOTOPBIE
UJIeN pelieHus TOMOJOrnYecKoil TuIoTe3sl TBepdepra, mocraBieHHoit B 1966 r. u penreHHOiT
HelaBHO, ¢M. 0630p [Sk16| u cebiiku B Hem.

JIBa BbINIeyKa3aHHBIX HAITPABJICHUS CBS3aHbI MEZKLy COOOI MOHATHEM Yucaa eah Kamne-
Ha, 0OOOITEHUsT KOTOPOT'O TPeOYIOTCs /171 000uX IIYHKTOB. Vaes 6osee ob1Iero npenamemeus,
(=uneapuarma) earn Kamnena HyKHa W JIJIs TPULYMBIBAHUS TIOJHNHOMAATBHOTO AJTOPUTMA
pacrno3HaBaHus ILJIAHAPHOCTH, U J/Isd (OPMYIUPOBKH TeopeMbl E3aiiabina.

Subsections of §1 and §2 can be read independently on each other, and so in any order.
In one subsection we indicate relations to other subsections, but these indications can be
ignored. In one subsection we may use a definition or a result from the other, but then only
a specific shortly stated definition or result. However, we recommend to read subsections in
any order consistent with the following diagram

1.1 1.2 1.4 1.5

AN

1.3 21——2.2

Oob6iiee BBegenue K §4 u §5

[Tonarue KoaddunnenTa 3amenaeHns IByX HelepeceKarouXcs 3aMKHYTHIX JJOMAaHbBIX B IPO-
CTPAHCTBE — OJIHO M3 BayKHEHIMMX 0A30BLIX MOHATHII /IS TOIOJOTHH H €€ IPUIOKEHUNH K
dusuke. To ke crpaBeInBO /I «TPOWHOTO KO3 uirmeHTa 3amerieHns» TpexX MomapHO

He 3amadamu. CuM. moapobuee [Sul.



HEeIePeceKaroNnuXcsd 3aMKHYTBIX JTOMAHBIX. BakHble MpUMeHEeHUd TUX MOHATHI — J0Ka3a-
TEJILCTBA HEPACIEILISIeMOCTH JIoMaHbIX. ['oBopst HedopmaibHO, KOIDDUIUEHT 3alenIeHus —
KOJIMIECTBO 0DOPOTOB, KOTOPBIE O/IHA JIOMAHASI JIeJIaeT BOKPYT APYTOil. DTO MOHSTHE STB/ISIET-
cst TPEXMepHOiT Bepcueii KosmmaecTBa 000poToB JoMaHoit BOKpYT Toukn (§2.3). MbI mpuBoqum
CTpOroe ompejieseHue, ya00H0e st BHIUUCIeHHsT Ha KoMmmbioTepe (§4.3).

CuauaJa 3aIelIeHHOCTb H3YYaeTCs I MPOCTERIero ciaydas, Koraa obe JOMaHbIe sBJIs-
1oTcst Tpex3BeHHbIME (§4.1). DTa KOHCTPYKIUs 0606IIAETCS JI0 3AIEIIEHHOCTH O MOJLYJTO 2
Ipon3BOJILHBIX JIoMaHbiX (§4.2). Onpenenenne kosbduimenTa 3anerieHnst, IPUBeIeHHOE B
§4.3, oryimaaeTcst OT OOBITHO U3/TArAeMOT0 Ha MATEMATHIECKAX KPYKKaX, KOTOPOE MCITOIb3Y-
eT MPOEKIUIO JJOMAHBIX Ha ILIOCKOCTh (CM. yTBepzKaeHus o npoekun 4.2.7 u 4.3.5, a Takke
[Sk20u, §84,8]). IIpuseaernoe ompejeerne 6oJaee €CTECTBEHHO: OHO

e He TpeOyeT Jisl I0KA3ATENLCTBA €ro BayKHeero ¢cBoicTBa (M30TOMUYECKON MHBADH-
AHTHOCTH) TEXHUYECKH HempocToro yreepxaeHus [Sk20u, reopema Peiimemeiicrepa 3.4[;

® 1103BOJISIET MTPOIEMOHCTPUPOBATH HEKOTOPHIE HA30BbIE M/IeN TEOPUU TOMOJIOTHUIT Ha, dJ1e-
MEHTApHOM A3bIKe, JIOCTYIIHOM HECIeIHAJTICTaM, Ha MPHMepe JT0Ka3aTelbCTBa CBOICTB KO-
s durmenTa 3ameIeHus.

Hedopmanbho, 1Be HemepeceKaronmecs 3aMKHYThIe JIOMAaHbIE 430MONHbl, €CJTH OTHA MO-
JKeT OBbITh Mpeobpa3oBaHa B JIPYryio JedopMaliieii, Mpu KOTOPO# 3TH JIOMaHbIe OCTAIOTCs
Herepecekatonumucs. CTporoe onpejeienne JaeTcsl CHAYa A, JIJIsT «KOMOMHATOPHO» (hop-
masmsanun (§4.5), a 3aTeM U1 «TOHOJIOrHYecKoity (§4.4).

B mpocTpancTBe MOXKHO 3alelnuTh TPU KOJIBIA, YTOOBI UX HEIb3d OBLIO PAaCHenuThb, HO
OCIe pa3pe3aHus JIo00ro n3 HUX OHH PACHeILTSINCh. AHAJTOMMYHBIA IpUMep eCTbh U IS
BOJIBIIEro Yncaa KoJiell. TH NPUMepPbl PUBOAATCS U obcyRaaorcs B §4.6 (maockuii aHa-
aor npuBeser B [Sk20, 3amaua 3.2.2|). uas mokasaresbeTBa HEPACIENJISIEMOCTH BBOIUTCS
CBOWCTBO 3AIEIIEHHOCTH MO MOJIYJII0 2 TPeX 3aMKHYTHIX JOMAHBIX (HUKAKHe JBe U3 KOTO-
PBIX He 3allellJIeHbl M0 MOJIYJI0 2). DTO CBOHCTBO U «TPOHHON KOIDMUIMEHT 3aleILIeHns»
(aucsio MustHOpa) Tpex 3aMKHYTHIX JIOMAHBIX onpefensaiorca B §4.9. Ipusogaumbie omnpee-
JIEHUS UCIOJIB3YIOT TPOMHBIE MepecevdeHnsl HEKOTOPBIX MOBEPXHOCTEH, OrpaHHIeHHBIX STUMA
JoManbiMu. Bojtee TOUHO, UCTIOB3YIOTCS KOMOMHATOPHBIE aHAJIOTH TAKUX MOBEPXHOCTEI, T.€.
zetihepmoswr yenu (§4.8). st ux onpeseeHusi HeOOXOMMM HOBBI B3IJIsi/] Ha «IBOITHON» KO-
sdunuenT 3anenaeHuss — OCHOBbI KOMOHHATOPHOM (anrebpantveckoii) Teopun mepecevdeHuit
B mpocrpancTse (§4.7).

Mmuorue obacTi 3HAHUS W TEXHUKH — IIPEK/e BCero MaTeMaTHKa, MPOrpaMMHUPOBAHUE
n (uznka — YacTo PabOTAIOT ¢ MHOTOMEPHBIM TpPOCTpaHcTBOM. V3yuenue §5.1 mo3Bosmt
OCBOUTH DA30BBIE HABBIKM TAKOW PabOTHI: PA3BUBATH MPOCTPAHCTBEHHOE BOOOpAKeHNE U MH-
TYHIIHIO, & TAKKe MMPOBEPATh UX CTPOTUMHU PACCYKJIEHUSIMU. DTO IMOJIE3HO JJIsI MOCTeTyoIIe-
ro u3ydeHus: KOMIIbIOTEPHOi rpaduKu U HEOOXOAUMOM /I/1d Hee 6a3bl U3 JTUHEHHON aareOpbl
u reomerpun. B §5.1 He TpebyeTca npeaBapUTeNbHBIX 3HAHUI MO crepeoMerpuu. [lome3Hbr
IPOCTPAHCTBEHHOE BOOOparKeHNe U yMeHHe PelaTh CHCTeMbl JINHEHBIX ypaBHeHnil (cM. 3a-
naday 5.1.2). B §5.2-85.4 npuBoagTcs mpocTeiiline aHAJOIH MPEBIIYIEero MaTepraia Jist
3aIEIIEHHOCTH B 9€THIPEXMEPHOM W B MHOTOMEPHOM MPOCTPAHCTRE.

B sTux maparpadax <«TpexMepHOe IpocTpaHcTBO R3» KOPOTKO Ha3bIBaeTcs <«IIPOCTpaH-
cTBOM». Ecau He oroBopeHO NMPOTHBHOE, TO (PUTYPHI PacCMATPUBAIOTCI B IPOCTPAHCTBE, U
CJIOBa «B IMPOCTPAHCTBE» YACTO TTPOITYCKAIOTCS.

Corialenugd

[Tox k moukamu na naockocmu (6 npocmparcmee) MOAPA3yMeBALTCS k MOMAPHO PA3TUIHBIX
Touek. MbI 9acTo 0603HaUAaEM TOUKHU IIPOCTO YHCJIaMU, a He OYKBAMHU C YUCJIOBBIMHU HH/IEKCA-
mu. [Tox mpeyeoavrurom A moapasymMeBaeTcsi 9acTh MJIOCKOCTH, OTPAHUYEHHAST 3aMKHYTO



Tpex3BeHHol Jomanoi (kouTypoM) OA. Koutyp tpeyroabuuka T o6o3navaercs uepes OT.
«Kycouno-imueitnnrity coxkpamaercst 10 «PLy. Jlns koHeanoro mMuOXKecTBa S MBI 0003HA-

qaeM depe3 |S| KOIMTIeCTBO 3JEMEHTOB B MHOXKECTBE S, a depe3 | S|y 9eTHOCTh KOJIHIecTBa
9JIEMEHTOB.
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1 AjgropurMmiecKne pe3yJabTaThl O IJIAHAPHOCTHI TpadoB

Hamomuaum cTporue ormpejie/ieHust HEKOTOPHIX MOHSTHN Teopun rpados.

I'pacdom (koneunnim) (V) E) Ha3biBaeTCs KOHEYHOE MHOMKECTBO V' BMecTe ¢ HaBOPOM
EC (‘2/) ero JIBYX9JeMEHTHBIX TOJMHOKECTB (T. €. HeYIOPSAIOUCHHBIX Map HeCOBIAIAONTHX
37eMeHToB). (OOUENPUHATHI TEPMUH ISl ITOTO MOHATHSA — 2padh 6e3 nemens u Kpammolr
pebep nim npocmot epag.)

DJIEMEHTHI TAHHOTO KOHETHOTO MHOYKECTBA HA3BIBAIOTCs BepImuHAMu. Mbl cantaem, 910
V ={1,2,...,|V]}, ecin He oroBopeno apyroe.

[Tapnr Bepmun u3 F Ha3biBaoTca pedpamu. Pebpo, coenunsroniee BepIIuHbl ¢ 1 j, 000-
3HAUaeTcs depes ij (HO He uepes (i, j), 4TOObI HE CIIyTATH ¢ YIOPSJIOUEHHOl Tapoii BepIInH).

@ X A

Puc. 1.0.1: (Cnea) Hemnanapusie rpadsr K5 n Ky 3.
(Cnpasa) M3o6pazkenne rpada Ky 6e3 omHOro u3 pedep Ha MIOCKOCTH

['pad ¢ n BepimHamu, JOOBIE JBe U3 KOTOPBIX COIUHEHBI PeOPOM, HAZBIBACTCI NOAHBLM
n oboznavaercs K. Yepes K, , obo3nadaercs noanvi 06ydosvhuit 2pad ¢ TOTAMI U3 M
U U3 N BEPIINH: B HEM COEJMHEHBbI peOpaMu BCe Mapbl BEPIIUH W3 Pa3HbIX J10Jeil, 1 TOJIbKO
oun. Cum. puc. 1.0.1.

['oBopga HecTporo, rpad peanmsyeM Ha IJIOCKOCTH, €CJIH ero MOXKHO «0e3 camMolepecede-
HIli» HapHCOBATh Ha IIocKocTH. B m. 1.1 u 1.2 MBI mpeacTaB/isgeM aBe (pOpMATH3AIUU STOTO
MOHSITHST: JIMHEHHYIO BJIOXKHMOCTh W IJIAHAPHOCTDH (T.e. KYCOYHO-JMHEHHYIO BJIOYKHMOCTB).
(OHm okaszpIBAIOTCS SKBUBaJeHTHBIME 110 Teopeme Papu 1.2.1; uX MHOrOMepHbIE BepCHH He
9KBUBAJIEHTHBI, M. 3aMedanue 6.5.1.) Baxubl 06e dopmannsamun. OHM BBOAITCS He3aBH-
CHMO JIPYT OT Jpyra, mosroMy m. 1.1 dhopMaabHO He UCHOIb3yercs jganee (KpoMe MPOCTOrO
yrBepxkenns 1.1.1.b, obmerdaroriero moka3areabcTBo jemMbl 1.4.3, u 3ameuanust 1.1.4).
Opxnaxo nepes 60J1ee CIOKHBIM U3YyUYEHHEM TLIAHAPHOCTH MOYKET OBIThH TOJI€3HO W3y IUTh JIU-
HEWHYIO BJOZKUMOCTb.

1.1 JIuneitHas BJIO>KMMOCTH rpadoB

Yreepxkaenne 1.1.1. ° (a) (Cp. ¢ meopemamu 1.4.1 u 2.1.1) Hz aobviz 5 mouex naocko-
CMU MOHCHO 66L0PaMYb 06€ TNAKUE HENEPECEKAIOULUECHA NAPLL MOYUEK, YN0 0MPEIOK, COCOUHA-
WU mouky nepeoti napu, nepecexaem ompesor, coedUHANOUUT MOUKY 6MOPoL NapoL.

(b) (cf. Proposition 2.1.2 and Lemma 1.4.3) Ecau cpedu 5 mouer naockocmu nukaxue
MPU He AEHCAM Ha NPAMOT, MO KOAUUECTNEO MOYEK NEPECEUEHUA GHYMPEHHOCET 0Tpes-
K08, COCOUHAOULUT OAHHBLE TNOYKY, HEYEMHO.

(c) (c¢f. Remark 1.4.4.b) Jlaa aobvix 6 mouex naockocmu, pasbumur wa dse mpotiku,
CYWeCcmeyom 0684 NepecekaouUTCs 0mpeska, He umernuue obwur eepuun, karcowl u3
KOMOPOLT COLOUHALTN, MOYKY, U3 DAZHHLT TPOEK.

(d) Cpedu 6 mouer naockocmu nukakue mpu He AeHcam na npamot. dmu 6 movex pas-
bumo, 1a dse mpotiku. Tozda KoAuueCTNBO MOYEK NEPECEUEHUA BHYMPEHHOCTED 0TPE3KOS,
COCOURAIOULUT MOYKY, U3 PAZHLLT MPOEK, HEULTHO.

5Jr0 «JIMHEHHBIey BepcHE HemaHapHOCTH rpados Ky u K3 3. Ho mokaswmiBatoTcss oHM Tpoire, nbo He
TpedytoT Jemmbl 0 Yerrocta 1.3.3.b.



YVrBep:kaenusa 1.1.1.ab jierko M0Ka3bIBAIOTCA ¢ TOMONIBIO PACCMOTPEHHS BBITYKJI0i 000-
aouku Toyek (cm. onpezesenne B §2.1). B m. (¢,d) anamormdublii mepeGop CIMIIKOM BeJHK,
I09TOMY JIydIlle MCIOJIB30BaTh WL CJIEAYIONero aokasarenbcrsa 1. (b), KoTopast Takike
nose3na s gemm 1.4.3 n 1.5.6 1 ©X MHOTOMEpPHBIX aHAJIOTOB.

/pyeoe dokazamesvemeo ymeeporcdenus 1.1.1.h. O6o3HaAMIUM Uepe3

e f HabOp MATH TOYEK HA IJIOCKOCTH, HUKAKHUE TPH W3 KOTOPHIX HE JIeXKAT Ha MPSAMOii, 1

e v(f) — HYXKHYIO YETHOCTh YHCJIA TOYEK ePeCcevTeHni.

For the set fy of 5 points from Figure 1.0.1, left, we have v(fy) = 1. Hence it suffices
to prove that v(f) is not changed if we change one point keeping the remaining 4 fixed,
so that new 5 points are in general position. IIycts L € f, L' € R? — f u B MHOXKecTBe
= (f —{L}) U{L'} nukakue Tpu TOUKH HE Je}KAT HA TPSIMOIi.

First we prove that v(f) = v(f’) when nuxaxkue tpu roukn u3 f U {L'} me nexar na
npsamoit. lns A € f—{L} n X C R? obosnaunm vepe3 X* 4eTHOCTH KOJUIECTBA TOTEK
nepeceveHnst MHOKeCTBa X U KOHTypa Tpeyrojbauka ¢ Bepmmaavu u3 f — {L, A}. Torga

o(f)=o(f)= ) (LA -LA)= Y LL =0

Aef—{L} Aef-{L}

31ech BTopoe paBeHCTBO cJenyer u3 toro, 4to J(LL'A)* = 0 (o oueBuIHOl jJemme O der-
rHoctu 1.3.3.a). [TocieHee paBeHCTBO CJEIYET U3 TOTO, UTO JJisl KAXKIOTO MOJIMHOXKECTBA
{P,Q} C f—{L} cymecrByer poBHO /iBa TpeyroJbHuKa ¢ Bepumuamu u3 f — { L}, KoTopsie
coziepzkat orpe3ok PQ), ciaenoBarenbro, ynuciao | L' LN PQ| «BXOAUT» POBHO B IBA CIATAEMBIX
U3 CyMMBI.

Now we prove that v(f) = v(f’) in general. There exists a point L” such that both
JFU{L"} and f"U{L"} are general position sets. Then v(f) = v((f — {L}) U{L"}) = v(f)
by the previous case. O

Teopema 1.1.2 (OO6miero mojaoxeHus; cM. J0Ka3areabeTtBo B §1.7). s 406020 n cyue-
CMBYIOM MaKue n Mouex 8 MPerMepHoM NPOCMPAHCMEE, YN0 OMPE3KU, UL COCOUHAIOULUE,
HE UMENM 00WUT BHYMPERHUT MOYEK.

Joxasameavcmeo. 5 Habop Touek B IpOCTpaHCTBE Ha3bIBaeTCsa HAGOPOM (caaboro) obuiezo
NOAOIHCEHUA, €CTA HUKAKHe YeThipe M3 HHUX He JIe:KaT B OJHON IJIOCKOCTH. B ciemyromem
ab3ale Mbl JIOKaxKeM, UTO 04A KaHcd020 N cyulecmseyem n mouekx 0buLezo NosoAHCeHUs 6
npocmpancmee.

WNcnonwsyem unaykmuio 1o n. basza n = 1 oueBuana. st gokasaresbcTBa 1miara WH-
JYKIAH IPEIIOT0KIM, UTO eCTh N TOYeK ODIero mosjoxKeHus B mpocTpancTse. CyIiecTByeT
KOHEYHOE YUCJIO0 ILIOCKOCTel, MPOXOAAIINX dYepe3 TPOHKU ITHX N TOUeK. SHAUUT, B IPOCTPaH-
CTBe CYIIEeCTBYeT TOYKa, He NMPHHAJIeKaIasd HUI OJHON M3 3TUX ILTocKocTeit. /lobaBum 3Ty
TOYKY K UMEIOIINMCS N TouKaM. Tak KaK OHa He JIEYKUT B OAHO MJIOCKOCTH HU C KaKOilt TPOii-
KO M3 M MMEIOIINXCSI TOYEK, TO MOJydeHHbIe N + 1 TOUeK HaXOIATCS B OOIIEM IOJIOKEHUN.
[[Tar waIyKIIH 0OOCHOBAH.

Bribepem n Todek obmIero moJioKeHHsI B HIpocTpaHcTBe. Ecim Kakme-TO aBa OTpe3Ka,
COEIMHATONINE 3TU TOYKU, HE MMEIOT ODIIUX KOHIIOB, HO IMEPeceKaloTCd, TO UeThbIpe KOHIA

SBor mmest apyroro mokaszaremabcTBa (KyCOUHO-IMHEHHOTO amajora) Teopembl. Hapucyem mammbrii rpad
(BO3MOXKHO, C cCAMOIIEPECEYEHUsIMU) Ha IJIOCKOCTH TaK, 9To0bl pedpa He caMoliepecekanuch. Eciau obpasoBa-
JIUCh TOYKU Iiepecederus (KpoMe Bepiiun) 6osee 4eM aByx pebep, TO MOJABUHEM HEKOTOPbIe pebpa Tak, 4ToObI
OCTAJIMCh TOJBKO JBYKPATHBIE TOYKHU Tepecederus. «IlogHrIMEeM» OMHO U3 KAXKIBIX JABYX MT€PECEKAIOIINXCS
pebep B MPOCTPAHCTBO TaK, YTOOBI KayKI0E Mepecedene mporasio.

"YT068T 0CO3HATH HETPUBHATILHOCTH 3TOT0 (haKTa, TOTpobyiiTe TPUILyMaiiTe aIrOPUTM, KOTOPHI TT0 THCITY
7. CTPOUT 7 TOYEK ODIIEero mojoxkenus B npocrpancree. Cp. 3amaqay 1.3.2.

Hoes anzebpauneckozo dokaszamesvemsa (u arzopumma). Bospmem toukn A(t) = (4,42, 43) nmat =1,...,n.
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TUX OTPE3KOB JIeXKaT B OJHON MJIoCKOCTH. Eein Kakme-TO JBa OTpe3Ka, COeINHSIONINe 3TH
TOYKH, UMEIOT OOIMUil KOHEIl U JPYIYyI0 ODIILYI0 TOYKY, TO TPU KOHIIA ITUX JBYX OTPE3KOB
JIexKaT Ha o/iHOi npsamoii. [TporuBopeune. ]

I'pad (V, E') nHasbiBaercst ITMHEHHO (CHMILIHIHAIBHO) BJIOXKUMBIM B IJIOCKOCTb, €CJIH
cymecrByer |V| Todek Ha MIOCKOCTH, COOTBETCTBYIONIMX BEPIIMHAM, TaKUX, 4TO HUKAKON
OTPEe30K, coenHsIoNuil mapy (Tovek) u3 E, He mepecekaeT BHYTPEHHOCTh HUKAKOTO IPYTOro
takoro orpeska.® Hampuwmep,

e rpad Ky u naxe rpad Kz Ge3 pebpa JuHEHHO BIOXKUMBI B II0CKOCTH (puc. 1.0.1
CIIpaBa;

e uu rpad K5, nu rpad K33 He BIOXKHUM JMHEHHO B II0cKOCTh (yrBepxkaenne 1.1.1.ac).

Jluneitnast BJIOKUMOCTH Tpada B TPeXMepHOe MPOCTPAHCTBO OIPeJIe/sIeTCs aHAIOTH-
HO CIyYalo MJIOCKOCTH. J[1000i rpad JUHEHHO BJIOKHUM B TPEXMEPHOe MPOCTPAHCTBO BBULY
TeopeMbl 0o0IIero noaoxkenus 1.1.2.

Vreepxkaenune 1.1.3 (|Ta, rr. 1 u 6]). Cywecmeyem aszopumm pacnoznasarus sunetinotl
BAOACUMOCTIU 2PAPO6 8 NAOCKOCTb, NUHETHBIT N0 KOAUMECTNBY BEPULUH 1.

Bameuanne 1.1.4. (a) Crporoe ompejesieHne ajiropuTMa HEImpoOCTOe, TIOITOMY MbI He TPH-
BOJINM €ro. JTOT TEKCT MOYKHO M3y9aTh, OCHOBBIBASICh HA WHTYUTUBHOM IIPEICTABICHUN 00
ajiroputme. bojiee akkypaTHo, chopMyIMPOBAHHOE YTBEPKICHUE 03HAYALT, YTO CYIIECTBYET
aJIrOPUTM BbIUnCIeHust BYHKIME U3 MHOXKecTBa Beex rpados B muoxectso {0, 1}, koTopast
conoctapyisiet rpady 0, ecaum OH JTUHEHHO BIOXKHUM B IIOCKOCTH, W 1 WHadYe. AHATOTHIHO
dopmanmuzyioTea apyrue yrBepzKaeHus o0 aaropuTMax B 3TOM TEKCTe.

(b) JInHeiiHOCTH AMrOpUTMa O3HAYAET CYIECTBOBaHHEe TaKoro duciaa C, 910 s J060ro
rpada duc/Io maros B ajroputme He npepocxoaut Cn. [TockoabKy mjs maockoro rpada ¢ n
BepIIUHAMHE U € pedpaMu BHITTOJIHEHO € < 3n — 6, U MOCKOJIbKY CYIIECTBYIOT I'padbl, TUHEHHO
BJIOZKMMBIE B TLJIOCKOCTD, JJISI KOTOPBIX € = 3n — 6, TO «CJIOKHOCTb» O KOJHYECTBY pedep
«Takas Key, KaK 10 KOJTHIeCTBY BEPIIHH.

(c) CymiecrBoBanue aaropur™a B yTBep:kaenun 1.1.3 ciegyer u3 Toro, 4to s JT060ro
N CYHIECTBYET aJrOPUTM IMOCTPOEHUSI BCEX N-3JEMEHTHBIX MHOYKECTB Ha IJIOCKOCTU € TOY-
HOCTBIO 70 usomonnocmu. JIpa mogvmuoxkectsa L, M C R? Ha3pIBAIOTCT U30MONHbLMLU, €CINA
cymectByer ouekmusa f: L — M rtakas, aro Toukn A, B,C, D € L o0pa3yiOT BBIIYK/IbLIA de-
TBIPEXYTOJBHUK TOTJA U TOJBKO Toria, Korja Trouku f(A), f(B), f(C), f(D) € M obpa3sywor
BBIMTYKJIbIil 9€THIPEXYTOTbHUK.

(d) CymecrBoBanue JmHeiiHOro ajgroputva B yrBep:kaennu 1.1.3 ciemyer n3 Teopembl
@apu 1.2.1 u yrepxkaenus 1.2.2. Kpurepuii jinHeitHoil BI0KUMOCTH Ipada B MJIOCKOCTD
caeayer u3 Teopembl @apu 1.2.1 u a060r0 KpuTepust MIaHAPHOCTH (HAPHUMED, TEOPEMBbI
Kyparosckoro 1.2.3.e).

1.2 KycouHo-JnHeliHass BJIOXKMMOCTH IrpadoB

I'pad (V, F) HasbiBaercst maaHAPHBIM (MM KYCOYHO-JIMHEITHO BJIOKHUMBIM B IJIOCKOCTH),
eCJIM Ha IJIOCKOCTH CYIIECTBYET

e Habop |V| Touek, cooTBeTCTBYIONUX BepiiuHaM rpada, u

e HabOp HECAMOIIEPECEKAIOMINXCS JIOMAHBIX, KaykK/1asd U3 KOTOPHIX COeJIMHSIeT MPUHAIIC-
Kamyo E mapy Tovek, npuvyeM HUKakas U3 JJOMaHBIX HE MePeceKaeT BHYTPEHHOCTh APYToii
JA0MaHoi.

8 Mrr He TpebyeM, YTOOBI HIKAKAS N30IMPOBANHAS BEPIIITHA, He JIeKaJIa HE Ha, OJHOM U3 OTPE3KOB, TOTOMY
YTO TOTO BCETIa MOYKHO JOOUTHCS.

9Torma m0bbIe IBE JTOMaHbIe TUO0 He TTepeceKaroTcs, N0 TTePEeCeKAIOTCs TOIBKO MO UX ObIIei KOHIEBOiT
Bepiuae. CM. CHOCKY 8 U 9KBUBAJIEHTHOE ONPEIeeHne IaHapHocTu B Hadase m. 1.5.1.
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Hampmmep, rpadsr K5 n K33 (puc. 1.0.1) me mranapust no Teopeme 1.4.1 n 3aMedanuio
1.4.4.b. Bamerum, 9T0 OOBIYHO MPUBOAMMBII BHIBO, HemanapHocTH Tpada K5 n3 dopMyan
Diiiepa 61M30K K MOpoYHOMY KpyTy, cM. [Sk20, Bameuanue B perennn 3amaan 1.3.2.a).

Crenyromuii pe3yabTaT MOKa3bIBAET, YTO JIO00H MIaHapHBIA rpad MOKHO HAPHCOBATH
6e3 camorepecedeHnit Ha IJIOCKOCTH TaK, YTO KaxKJI0e pedpo OYIET OTPE3KOM.

Teopema 1.2.1 (®apu). Ecau epadh naarapen, mo o AUHETHO 8A0NHCUM 8 NAOCKOCTD.

Ncropuaeckast cripaBka (BKJIIOYast TIEPEUNCIEHIE MATEMATHKOB, KOTOPHIM MTPUITHCHIBAET-
s TAHHBIN pe3ysbraT) U jJoKasaTenbcTBa comep:karcs B [Ta, . 6.

YrBepxkaenue 1.2.2. Cywecmsyem as20pumm pacno3dHasarus, NAGHAGPHOCMU 2pados, -
HeldHvld No KOAUMECTBY BEPULUH T.

Bameuanne 1.2.3. (a) AsropuTmbl pacrmo3HaBaHus MIAHAPHOCTH Ipad OB MOy Iar0TCs

e 13 yTBep:KaeHnd 1.1.3 u reopemsr @apu 1.2.1, uin

e 13 npuBeeHHOI B () Teopembl Kyparosckoro (em. peranu B [Ta, v 1 u 6]), win

e pu nomoru ymoswenut [Sk20, §1].

O,Z[HaKO 9T AJITOPUTMbBI MEJIJICHHO pa6OTaIOT, T.€. AdBJIAIOTCA <«IKCIIOHCHIIMAJIBbHBIMHM»
(mpu GoustbIuX n UMeroT Gostee, eM 2" aroB Jyisi rpadoB ¢ 1 BEPITHHAME) U «TAJaKTH-
qecknMn» (cM. [Bi2l, sameuanne 1.2b)).

(b) Anropur™ u3 yTBepKaeHus 1.2.2 OCHOBAH HA TOM, 4TO

e rpad IIAHAPEH TOTJA M TOJBKO TOTIA, KOTIA KaxKIblil ero 040k (komnonenma mpex-
CEA3HOCTNU) TIJIAHADEH;

e mpexcea3nvili rpad gonyckaer He HoJiee OHOTO BJIOYKEHHST B MJIOCKOCTb.

Cwm. nmerasm B [HT74] u (60stee mpocroe nznoxkenne) B [BMO4].

(c) B §1.5 mpuBOAUTCS ANTOPUTM PACIO3HABAHUS TLIAHAPHOCTH IPpacdoB, KOTOPLIH (B OT-
JM4e 0T ajaroputMoB u3 (a,b)) obobuiaercs

e Ha BhICIIHE pa3MepHocTH (cp. Teopema 6.6.1);

® HA YEAOUUCAEHHBLE U 0 MOOYAI0 2 6a0otcenus TpadoB B mosepxHocTH (cM. [Scl3, FK19,
Bi21|; ucropuveckne kKommMentapuu cMm. B [Scl3, 3ameuanue nocie Teopembl 1.18] u [Sk18,
samedanue 1.6.6]);

e Ha MHOrOKpaTtHbie mepecedenns (cm. [MW15, AMS+, MW16, Sk17] u 0630p [Sk16]).

STOT AJITOPUTM TOJIMHOMHAJIEH 110 KOJIMYECTBY BEPIIUH 71. (HOJII/IHOMI/Ia.HbHOCTb O3Ha4va-
eT cymectBoBanue Takux udnces C' u k, 910 jj1s 1100010 rpada 9uc/Io maroB B aJrOPUTMe
re npesocxomut Cnk.) TlocTpoenne aJropuTMa MCHOIB3YeT SKBUBAJIEHTHOCTD MIAHAPHOCTH
M Pa3penmMOCTH HEKOTOPOii CHCTeMbI JTUHEHHBIX ypaBHeHuil Hal Zo (mpeioxkenne 1.5.8 Hu-
XKe). A Uit pacio3HABAHUS PA3PENTUMOCTH CUcTeMbl N JIMHEHHBIX ypaBHeHuil ¢ koadhdunu-
eHTaMu B Zso ¢ He 60J1ee yeM N HeM3BECTHBIMH CYIIECTBYET MOJMHOMHUAJILHBIN 110 [N aJIrOPpUTM
(KOTOPBI CTPOUTCST ¢ MOMOMIBIO UCKAIOUEHUA Heusdsecmuuz, cM. aetann B [CLR, Vi02]).

(d) Onpenenenne romeomopduocTu rpados npuseeHo, vanpumep, B [GDI, §2.4], [Sk20,
. 5.3 GymaxkHOW Bepcuu win 3amedanue 5.2.1.a smexrpornoit|. I'pad mianapen Torma u
TOJILKO TOI/IA, KOTAA HEKOTOpHIA rpad, roMeoMopdHBIi eMy, JHHEeHHO BIOKHM B ILTOC-
KOCTD. !?

(e) (reopema Kyparosckoro) I'pagh naanapen mozda u moavko mozda, kozda on He co-
deporcum nodepaga, 2omeomopprozo epady Ks uru Ksz (puc. 1.0.1).

Mcropuueckast cnpaBka (BKIOYas MEPEUNCIeHHe MATeMATHKOB, KOTOPBIM MPHIACHIBA-
ercsl JAHHBIA pe3ysibrar) u jokasarenbcrBa cofepxkarca B [Th81|. CpasuurensHo mpocroe
JIOKA3aTeTLCTBO 3TOH TeopeMbl MpHUBeIeHO, HanpuMep, B [Ma97|, [GDI, §2.9].

10 TeiicTBuTenbHO, ecau rpad TIaHADEH, TO KayKaoe pebpo — 3To jgoManas. OTMETHB BEPIIMHBI KarKIOi
JIOMAHON KaK BEPINWHBI HOBOrO rpada, a 3BeHbs KaxKIOW JIOMAaHON Kak pebpa HOBOro rpada, moIydum
Tpebyemoe. JIoKa3aTembCTBO B APYTYIO0 CTOPOHY AHAJIOTHIHO.
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1.3 Yucjo nepeceveHud u jieMMa O Y€THOCTU Ha IIJIOCKOCTU

Nurepecubie mpuiozKeHusT 3TOTO MyHKTA MPUBEICHBI JaJiee; MPUI0KeHUus K meopeme 2Kop-
dana w anroputMudeckuM Borpocam npuseaensl B [Sk20, §1.4] (teopema 7Kopmana tam u
copmyupoBana). V3yderue 3T0ro myHKTa MOKHO HAYATH C TOKA3ATETHCTBA YTBEPK IeHU
1.3.5, KOTOpBIE SIPKO UIATIOCTPUPYIOT HETPUBUAJIHHOCTH MaTepHuaJa.

YrBepxkaeuue 1.3.1. Ecau nukakue mpu u3 eepuwur 08YxT NAOCKUL SOMAHLLET HE AEHCAT,
HA 00HOT, NPAMOT, MO AOMAHBLE NEPECEKAOMCA 68 KOHEYHOM YUCAE MOYEK.

Joxazameavcmeo. Jlomanast siBjsieTcst 00beIMHEHNEM KOHETHOT'O YHiCjIa OTpe3KoB. ey Hu-
KaKie TPU BEPIIHHBI JIBYX OTPE3KOB HE JIeYKAT HA OHON MPSMOif, TO 3TH OTPE3KH TepeceKa-
I0TCs B KOHeIHOM unc/e todek. [lockompky (AUB)NC = (ANC)U(BNC), To yTBepK IeHne
JOKA3aHO. ]

MHOKeCTBO TOYEK Ha TIOCKOCTH HAXOIUTCS 8 00ULEM NOAOHCEHUL, €CITH

® HUKAKHWE TPU W3 HUX HE JieKaT Ha OJHOU ITpAMON, I

e HUKAKNE TPU OTPe3Ka C KOHNAMH B 9THX TOYKAX He UMEIOT 00Ieil BHyTpeHHel TOUKH.

Hanpuwmep,

® MHOZKECTBO BCEX TOYEK OKPYKHOCTH He HaXOIUTCS B 0OIIeM Mosiokennn (nbo obbie
TPH JHaMeTpa MepeceKaloTcsi B OHO TOUKe);

® MHOZXKECTBO Beex Touek Buaa (t,t%), rae t € (0,1), He HAXOAUTCA B OOIIEM MOJOKEHAN
(«KpHBas MOMEHTOB»; HOO HEKOTOPbIE TPH XOPJIbI TEPECEKAIOTCS B OJIHOM TOUYKe);

® MHOKECTBO BePIINH MPABUIBHOTO (2k + 1)-yrosbHIKA HAXOIUTCS B OOIIEM MOJIOKEHUH
Juist moboro k (mokaxkure mim cM. [ZSS, §4.8]).

Jlanee BMecTo (ppa3bl «MHOKECTBO TOYEK HAXOANTCH B OOIEM TOJIOYKEHWH» MbI MTHATIIEM
«TOYKH HAXOIATCS B OOIIEM ITOJIOKEHUH».

Bamaua 1.3.2. (a) Konednoe 4nciio mpsiMbIx He HOKPBIBAET MIOCKOCTb.
(b) st 1r060TO N CYIIECTBYIOT 1 TOYEK OOIMEro MOJIOKEeHHsT Ha MIOCKOCTH.

Hint. (a) Since the plane has infinitely many points, it has infinitely many lines. Hence
there is a mpsimast [, orimunas or gaHHbIX. Eif mpnHauieKnT OECKOHEYHOE YHUCIO0 TOYeK.
Kazk nast mpsimast mepecekaet [ He boJsiee ueM B 0HOI Touke. CiegoBaTeIbHO, HANIETCS TOIKA,
Ha [, He MpUHAJIeXKAIad HA OJHON M3 JAHHBIX HPSIMBIX.

(b) Muaykuus o n. Baza ais n = 1 oueBuana. [lepexon ciaeayer u3 m. (a).

JIemma 1.3.3 (0 uwernoctu). (a) Ecau us wecmu sepuiun 08YT mMpeyeosbHUK08 HA NAOC-
KOCIU HUKAKUE TPU HE AEHCAM HA NPAMOT, MO KOHMYPYL IMUL MPEY20LLHUKOE NEPECEKa-
HOMCA 6 YEMHOM HUCAE MOYEK.

(b) Ecau sepwunve 06Yx 3aMKHYMBET NAOCKUT AOMAHOT HATOOAMCHA 6 00UEM NOA0IHCE-
HUL, MO AOMAHVLE NEPECEKAIOMCA 6 YEMHOM YUCAE MoYeK.

(¢c) Ecau nukarots ompesok 0010l u3 08YT 3aMEHYMBLE NAOCKUL AOMAHBLET He NPOTOOUM
uepes eepuiuny dpyeot, mo xkoauvecmeo nap (a,b) nepecexarowurca ompeskos a u b nepeot
u 6Mopoti AOMar0T, COOMBEMEMEEHHO, HEMHO.

Jlokasamenvcmso. (a) Tlepecedenne mepBoro TpeyroJbHUKA W KOHTYPa BTOPOTO SBJISETCS
oObeuHEeHneM KOHEYHOT'O YUCIa HEBBIPOKIECHHBIX JIOMAaHbIX. TOUKH IepecedeHns KOHTYPOB
CYTb KOHIIBI 3TUX JOMaHBIX. VX uncimo detHo. I3 aToro u cienyer Hy:KHBIH (DaKT.

310 HeTpUBHATILHO, TIOCKOILKY JTOMAHBIE MOTYT HMETL CAMOTIEPECETeHH, I TIOCKOILKY TeopeMa ZKopaa-
Ha, HETPUBHUAJIbHA. BBIBOAUTDL JleMMy O deTHOCTH u3 TeopeMbl ZKopaana uin GhopMmyssl Jitrlepa HEPa3yMHO,
nbO WX JOKA3aTENbCTBA UCIOJIB3YIOT JIEMMY O Y€THOCTH WM OJIM3KOE yTBepK/IeHUE.

Byapre ocropoxubr: yreepxaenue [Pr04, 3anada 1.2] HeBepHO Jjisi «BOCHMEPKU» U KOHTYDPA TPEYIOJIbHUKA,
IIPOXO/ISAIIErO Ye€Pe3 TOUKY CAMOIIEPECEICHNT «BOCHMEDPKU».
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(a) Habpocox dpyeozo dokazamenvcmea. CHavala JOKAZKUTE, UTO TPEX3BEHHAS JIOMAHAS
pasbuBaeT MmI0CKOCTh. B orimune ot teopembl ZKopjana, 310 jJ0Ka3biBaeTcs 6e3 MUCIOJIb-
30BaHUs JIEMMbI O 9eTHOCTH. KKOHTYDP OJHOTrO TPEyroJbHUKA 3aXOJUT GHYMPbL JIPYTOro Tpe-
YIOJIBHUKA CTOJBKO K€ Pa3, CKOJIBKO BHIXOAUT Hapyotcy. ([Tosromy ecim omna M3 JTOMaHBIX
Tpex3BenHasi, T0 1. (b) moKa3pIBaeTCs aHAJIOIMYHO 1I. (a).)

5

LN

b N~

Puc. 1.3.1: JlokazaTebcTBO JieMMBI 0 deTHOCTH 1.3.3.b

(b) Tokazkem JeMMy HpU MOMOIIH MHIYKIUH 10 CyMMe KOJHYECTB 3BEHBEB JIOMAHBIX.
Basza — n. (a). B mokazarenncrBe mara o6o3HaunM depe3 Bj ... By 3aMKHYTYIO JJOMAHYIO ¢
1oCJIe/IoBATEeIbHBIME BepiuuamMu By, . .., Bi. MoxkHo cuutarh, 9T0 B IepBOil JoMaHot OoJiee
Tpex 3BeHbeB. Obo3HauNM ee uepe3 Aj ... A,, a Bropyio jomanyio depes b. Torga (puc. 1.3.1)

2

31ech BTOpoe CpaBHEHHE CJIeayeT u3 0a3bl W MPEINOJI0KEHNST WHIYKIIHH.

Puc. 1.3.2: nes cunryisspHoro KOoHyca,

(c) Ananoruuno 1. (b) yke He nosyunrcs. [IpuBeieHHOE HUZKE TOKA3ATETLCTBO OCHOBAHO
Ha WJiee HelPePhIBHOTO JIBUKEHNs JIoMaHoii Ha Geckoreunocth [BE82, §5|, koporko dbopma-
JIU30BAHHOI TIPU MOMOIIH CUH2YAAPH020 KOHYca. OHO TTO3BOJISET TPOJAEMOHCTPUPOBATE OIHY
13 6A30BBIX UJIEHl TEOPUH TOMOJIOTHI Ha JTEMEHTAPHOM S3BIKe, JIOCTYITHOM HeCIIeIHATHCTAM.
Ono o6obmmaercst Ha BbICIHE pa3MepHOCTH (§4).

[Iycts cHavana ogHa w3 JIOMaHBIX b Tpex3BeHHasd. OOO3HAYUM JIPYTYIO JTOMAHYIO Yepes
a. BozbmeMm Touky A ¢ b, 111 KOTOPOit HE OJINH W3 OTPE3KOB, COEINHSIIONINX €€ C BePITHHOT
JIOMaHO# a, He cofep:kut Bepimu jgomanoil b. Torga (puc. 1.3.2)

|aﬂb\:Z\MNmb\§Z\8AMNmb|§O.
MN MN

3/1ech cyMMEpPOBaHUe uIeT 1mo BceM pebpam M N J1omaHO#l a; moc/ieiHee cpaBHEHUE CJIeayeT

u3 . (a).
O6mmnit cory4ait CBOIUTCS K PACCMOTPEHHOMY YaCTHOMY aHAJIOTHIHO CBEJACHUIO YaCTHOTO
K 1. (a). O

[Tycts A, B,C, D — T04YKkn Ha MJIOCKOCTH, HUKAKHE TPU W3 KOTOPHIX HE JIeYKAT HA OJHOI

IpsaAMOil. 3HAKOM TOUKH IepecedeHns OpHeHTHPOBAHHEIX 0Tpe3KoB AB u C'D Ha IMIOCKOCTH
Ha3oBeM +1, ecn 06xox ABC MpOUCXOMUT IO YaCOBOil CTpesKe, 1 —1 B IPOTHBHOM CJIydae.
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D B C B
A cC A D
Puc. 1.3.3: 3HaK TOYKHU mepecedeHust

<X S H

Puc. 1.3.4: J/IBe jiomanble Ha IJIOCKOCTH, TEPECeKAIoNIuecss B YeTHOM YHUC/IE TOYEK, CyMMa,
3HAKOB KOTODBIX pDaBHA HYJIIO (CJI€Ba) W He paBHA HYJIIO (CIpaBa)

Jlemma 1.3.4 (o tpuBmasnbHOCTH). Ecau sepuiunve 08Yr 3aMEHYMUE NAOCKUT AOMAHYLT
HATO0AMCA 6 00UEM NOAOHCEHUU, MO CYMMAE 3HAKOE MOYEK NEPECEUEHUs LOMAHLLT PLEHA
HYA10.

Ananornano jsemme o gernoctu 1.3.3.b 3ra jleMMa CBOANTCS K 9ACTHOMY CJIyYal0 TPEX-
3BEHHBIX JIOMAHBIX, KOTOPBII TOKA3BIBAETCS aHAJOTUIHO JeMMe O dyeTHocTH 1.3.3.a.

3amaga 1.3.5. Ha miockoctu umeercst 14 Todek: 7 KpacHbIX U 7 KeaThiXx. Hukakue Tpu
U3 HUX HE JIeKaT Ha OJIHON HPAMOI.

(a) Kommuectso map (a,b) mepecekaromuxcst KpacHbIX (T.e. COeTUHSIONNX KPACHBIE TOY-
KH) OTPE3KOB @ U JKEJITHIX OTPE3KOB b 4eTHO.

(b) ITo kpacubIM OTpe3kaM Teuer ToK. CyMMa TOKOB, BXOJSIIHUX B JIIOOYI0 KPACHYIO TOUKY,
paBHA CyMMe TOKOB, U3 Hee BBIXOAAMMNX. [0 yKeJThIM OTpe3kaM TedeT TOK C BBITTOJTHEHWEM
Toro ke npasuiaa Kupxroga. Opuentupyem KarxKblii KPACHBIH WM YKEJITHIT OTPE30K Ha-
paBJeHreM TOKa, TeKyInero mo Hemy. [[ist J0OBIX MepeceKarommuXcs KPAaCHOTO M YKeJITOTO
OTPE3KOB BO3bMeM MpPOU3BEeJIeHHe TOKOB, TEKYIIUX [0 HUM, Ha 3HAK TOYKH IepecedeHud.
Torya cymMmMa BeexX B3STBIX duces (IIOTOK KPACHOTO TOKA Uepe3 YKeJATHI) paBHa HYJIIO.

Yrasanua. (a) OObequHeHHe KPACHBIX OTPE3KOB €CTh CyMMa MO MOJIYJIIO0 2 KOHTYDPOB
KpacHbIX TpeyroabHukoB. I (A@ B)NC = (ANC)® (BNC). I1. (a) rakxke TOKA3BIBAETCS
JIIOOBIM U3 CIOCOOOB, MPUBEJIEHHBIX B 3aMedannn 1.3.6.a.

(b) ToxkazaTeabcTBO aHATOIHYHO 1. (a).

3ameuanue 1.3.6. Bepubl ciejpyoliye Bepcuu i yukA08 JieMMbl O derHocTd 1.3.3 u
npeoxkenust 1.3.5.a. Cf. [MNS|.

(a) HazoBeM I-yuk.40M KOHEIHBIH HAGOP OTPE3KOB (HE BBIPOZKIEHHBIX B TOUKY) HA IJIOC-
KOCTHU, TAKOW UTO KazKIas TOUYKA IJIOCKOCTH SIBJISETCS KOHIIOM YeTHOTO YHCJIa OTPE3KOB HADO-
pa. An example of a 1-cycle is the set of all edges of a closed polygonal line. Torma atobwvie dea
1-yukaa, 6ce KOHULL OMPEIKOE KOMOPHLL HATOOAMCA 6 00ULLM NOAOHCEHUU, NEPECEKAIOMCA
8 YEMHOM YUCAE MOYEK.

JloKa3aTeTbCTBO AHAJOTUYIHO BBIMIETPUBEICHHOMY JTOKA3aTETbCTBY JIEMMBI O Y€THOCTH
1.3.3.b; ucnosb3yercs MHAYKINSI IO MEHAMATBHOMY KOJIMYECTBY OTPE3KOB B l-nukiie. JIpy-
roe JI0Ka3aTebCTBO HCHOJIB3YET «CHHTYJISIPHBIN KOHYC» (OHO MOJIydaeTcst U3 10Ka3aTebCTBA
aemmbl 1.3.3.¢ 3aMeHOil «JTOMaHbIXy> Ha «1-1ukiiby ). Eie oH0 10Ka3aTeIbCTBO — BBIBOIL U3
JieMMbI 0 Yetnoctu 1.3.3.b.

(b) HazoBeM 2-yuk.40M KOHEUHBIH HAOOD TPEYTOJBHUKOB (HE BHIPOKICHHBIX B TOUKY WITH
OTPE30K) Ha IJIOCKOCTH, TAKOH UTO J060H OTPE30K HA ILIOCKOCTU SBJSIETCS CTOPOHOM der-
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HOI'O YHCJIa TPeyroabHuKoB Habopa. An example of a 2-cycle is the plane projection of faces
of a tetrahedron (or of another ‘triangulated surface’). Torma ecau mouka naockocmu na-
xodumcesa 6 06UWeM NONONHCEHUY C BEPUUHAMY HEKOMOPO20 2-YUKAG, MO OHA NPUHGOACHCUM
YEMHOMY YUCAY MPEY20ALHUKOS 2-UUKAQ.

JI0Ka3aTebCTBO HCHOb3YeT paBeHCTBO |AB N IA| = |[ANA|+|BNA| mast orpeska AB

1 TpeyroabHuKa A, cp. yrBepxkaenne 2.2.1.

1.4 HMuaBapmaHT camMoliepecevdeHuss n3obparkeHus rpada

Mpmb1 paccmarpuBaem n3obpazkenusi rpadoB Ha MJIOCKOCTH, TP KOTOPHIX pebpa m3o0parka-
IOTCSL JIOMAHBIMA (M JIOMYCKAIOTCS MepecedeHusi STUX JoManbix). CTporo ropops, orobpa-
xxeHmeM (Kycouno-muneitnbiv, PL) f: K — R? rpada K B IJIOCKOCTb HA3BIBACTCS

e HAOOP TOYEK ILTOCKOCTH, COOTBETCTBYIOIIUX BEpPIINHAM, BMECTE C

(] Ha60pOM (HeSaMKHyTbIX) JIOMaHbIX Ha IIJIOCKOCTH, KaxK/[ad U3 KOTOPBIX COeAUHIAET Te
napbl 13 HabOpa TOUYEK, KOTOPhIE COOTBETCTBYIOT MapaM CMEXKHBIX BepImuH rpada.

O6pa3z (o) pebpa o (nmpu orobpazkeHun f) — 310 00bEIUHEHTE OTPE3KOB COOTBETCTBY-
fomeit tomanoit. O6pas Habopa pebep —3T0 00beaHEeHTEe 00Pa30B BCeX pedep u3 Habopa.

Teopema 1.4.1 (reopema Ban Kamnena-@iopeca jist miockocT, cp. yreepxaenue 1.1.1.a
u teopemy 2.2.2). Jlas awbozo PL omobpascenus epaga Ks 6 naockocmv natidymes dea
HECMENHCHDLT PEOPa, 06DPa3bL KOMOPHLT NEPECEKAIOMCA.

DTa TeopeMa BBIBOJUTCSA U3 €€ «KOJIUYeCTBEHHON Bepcum» (memmbr 1.4.3): mpu «1mouTn
n000M» m3o0bpazkennu rpada K5 Ha ILTOCKOCTH KOJHYECTBO TOUEK IEPECeUeHMS HeCMerK-
HBIX pebep HedeTHO (moymaiire, Kak hOpMATN30BATH «IOYTH JIEOOOM» U CDABHUTE C HUKE-
npuBeeHHON bopMasu3anueii). B BbIBOIE HCIOIB3YeTCsT AMIPOKCHMAITHS, CP. € 3aMeYaHN-
em 7.2.3.b u [Sk20, temma 1.4.6b 06 anmpokcumarnmu.

PL orobpaxkenue rpada B miockocth HasbiBaercss PL orobpazkenuem obwiez2o noaosice-
nus (PLGP oroGparkeHnem), ecid BCe BEPIIUHBI JIOMAHBIX U3 OINPEIEJeHUs OTOOPAKEeHUST
HaxoaaTcda B obiieM nonoxkennn. /g PLGP orobpaxkenus f ob6pa3sl JIOOBIX JIBYX HECMEK-
HBIX pebep mepecekaroTcsi B KOHETHOM qrcse Tovdek (no yreepxaenno 1.3.1). Hucaom Ban
Kamnena (uin waBapuanTom camoriepecedenusi) v(f) € Zo Ha3bIBaeTCsS YETHOCTH YHCJIA
TOYEK repecedennsi 00Pa30B HECMEXKHBIX pedep.

IMpumep 1.4.2. Jlsa ompeska na niockocmu, umeruwue 06Uy HYMPEHHIONW MOYKY, 00-
pasyrom PLGP omobpasicenue [ : K — R? naanaprozo epaga K, drs xomopozo v(f) = 1.
Bonykavtd wemvipexyzorvrur u ez2o duazonaau obpasyrom PLGP omobpascenue [ :
Ky — R?, daa xomopozo v(f) = 1.
Bonykavt namuyzosvruk u e2o duazonasu obpasyrom PLGP omobpasicernue [ : K5 —
R?, das womopozo v(f) = 1.
Ecau 2pap K naanapen, mov(f) = 0 das nexomopozo PLGP omobpasicenus [ : K — R?.
Ecau K — neceasnoe obsedunenue 08Yr yuka08, mo semma o wemuocmu 1.3.3.b o3na-
waem, wmo v(f) =0 daa wobozo PLGP omobpascenua [ : K — R

Jlemma 1.4.3 (cp. yrBepxkaenne 1.1.1.b). Jlaa awboeo PLGP omobpasicenus epaga K; 6
nAoCKOCMb wucao ear Kamnena nevemmo.

Joxazameavcmeo. Beuay yreepxkaenusi 1.1.1.b jemma BepHa Jijisi OTOOPazKeHuii, Ipu KOTO-
phIX 00pa3 KaxKJoro pedbpa sBJISETCS OTPE3KOM, KOHIIbI KOTOPOro — 0Opa3bl KOHIIOB pedpa.
[Tosromy moctarouno gokazarh, 9to v(f) = v(f') maa moberx 1Byx PLGP ortobpazxemnuit
f, f: K5 — R2, ommgaiomuxcss TOJBKO Ha BHYTPEHHOCTH OJHOTO pebpa o, mpudeM fo —
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orpe3ok (puc. 1.4.1). Pebpa rpada K, HeCMeKHbBIE ¢ 0, 00Pa3yIOT MUK (MMEHHO 3TO CBO-
crBo rpada Ky Heobxommmo Jiisi Jokazareabcra). O6oznadnm sror nuka gepe3 A. Torma

o(f) =o(f)= D (fonfrls=If'on f'rl2) = |(fo U flo)n fA]; = 0.
T onNT=0

31ech mocaeHee paBeHCTBO CIIPABEIIMBO 10 JeMMe o derHocTr 1.3.3.b. ]

Puc. 1.4.1: HezaBucumocrs v(f) ot f

Bameuanne 1.4.4. (a) [Iycrb N C R™ u Y C R™. Orobpaxenne f: N — Y HasbiBaercs
HEIIPEePBIBHBIM, eCJII 11 00X © € N u € > 0 cymecTByeT Takoe § > 0, 4TO IpH JTIOOBIX
y € N, yI0OBIETBOPSIONNX YCJIOBHUIO |x — y| < J, BoimosHeHO HepaBeHcTBO | f(2) — f(y)| < €.
Kax mpaBuio, MbI IPOIYCKAEM CJIOBO «HEIPEPBIBHBIIT» J/1sT OTOOpaskeHuil U TefCTBUil TPYIII.
Bepen anaJjior teopembr 1.4.1, nosydennniit 3amenoii ‘PL ma ‘HenpepbIiBHOTO .
(b) Bepubr ananorn Teopembr 1.4.1 u jemwmbr 1.4.3, nosrydennsie 3amenoii rpada Kj Ha

rpac K. 3,3

1{5 I\,.‘i..‘i
Puc. 1.4.2: «Iloutu-proxenne» K5 — Ks3

(¢) Hemmanaprocts rpada K3 BoITekaeT Takzke u3 Teopems 1.4.1 u puc. 1.4.2 [Sk03].

1.5 IloamHOMUAJIBHBIN AJTOPUTM pacliO3HABAHUSA IJIAHAPHOCTU
1.5.1 PaccranoBka mepecedeHuii

[TommHOMUAIBHBI AJITOPUTM PACIO3HABAHUS ILJIAHAPHOCTU IOJIYYAeTCsd U3 KPUTEPHUs BaH
Kawmmnena-Xanauu-Tarra miaanaproctn rpados (yreepxiaenue 1.5.8). Ero dopmynmmposka
dopmanbHO He3aBUCHMA OT TpeAbIIyIIero Matepuasaa. OIHAKO MBI MMOKA3bIBAeM, KaK MpU-
JyMATh 3TOT KpAUTepuil. Mbl pACCMOTPUM €CTECTBEHHBIN 0OBEKT (PACCTAHOBKY MepecedeHHil )
st ioboro «xoporreroy (PLGP) orobpakennst rpada B miaockocts (m. 1.5.1). Jdasee mbr
HCCJIe/IyeM, KaK 9TOT 0ObeKT 3aBUCAT OT oToOpakenus (yreepzxaenue 1.5.4). Tak mMbl mory-
YUM U3 9TOr0 00BEKTA MPENSITCTBHE K IJIAHAPHOCTHU, yKe He 3aBUCSIIEe OT OTOOpaYKeHUs .
JluneiiHo-aarebpandeckas (=KOrOMOJOrHIeCKas) HHTEPIPETAIIS ITOIO HPEISITCTBUS U JaeT
HYKHbBIA KpAUTEpUid IJIaHAPHOCTH.
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['pacd Ha3BIBaeTCa Zso-mJIaHAPHBIM, eciiu cyniecTByeT Takoe ero PLGP orobpakenue B
IJIOCKOCTDh, PU KOTOPOM 00pa3bl JIIOOBIX JIBYX HECMEXKHBIX pedep MepecekaioTcsi B YeTHOM
YUCJIE TOYEK.

Hampuwmep, rpacd K5 He siBiisiercst Zg-nitanapHbiM BBULY jJ1eMMbl 1.4.3. Anajorudso, rpad
K3 3 He gBisiercst Zy-mtaHapHbiM BBUIy 3amedanus 1.4.4.b). [Tosromy u mukakoii rpad K,
romeomopduslit K5 nin Kj 3, He sBsercs Zo-ianapusiM (n6o mo6oe PLGP orobpaskenme
K — R? coorsercrByer mekotropomy PLGP orobpakenmio K5 — R? mwm K33 — R?). U3
3Toro u Teopembl Kyparosckoro 1.2.3.e BbITeKaeT CJIE/LYIONNNI Pe3yIbTaT.

Teopema 1.5.1 (Xanauu-Tarra; cp. Theorem 6.9.2 and [Sk18, Teopembr 2.4.2a u 3.3.4|).
I'pagp naanapen mozda u moavko moezda, ko2da on Zo-nianapen.

HTak, ocTasoch MOCTPOUTH AITOPUTM PACTO3HABAHUA Zo-TTAHAPHOCTH.

IMpumep 1.5.2. ITycmov dan 2pag u npoussosvhoe ynopadovenue e2o sepuiun. Paccmasum
€20 BEPULUHDL HA OKPYHCHOCTIU 6 3a0aHHOM Nopadke, Mak 4mobv, HUKGKUe MPu COCOUH-
owue uxr ropdvl He nepecekasucv 6 odnot mouwke. Bosvmem xopdy odaa kastcdozo pebpa.
Hoaryuum aunetnoe omobpasicenue obule2o nosostcerus 2paga 6 naockocmo. s 40661
HECMEINCHDLT PebeP O, T 2pada KOAUNECTNBO MOUEK NEPECEeHUs UL 00Pa3068 uUMeem my e
YEMHOCMb, MO U KOAUYECMBO KOHU0G PEOPa T, NEHCAUUT MENHCIY KOHUAMU Pedbpa T.

[Iycts f : K — R? — PLGP orobpaxkenue rpada K. BosbMem To0ble 1Ba HECMEKHBIX
pebpa o, 7. [To yrBepxkaennto 1.3.1 nepeceuenne fo N fT cOCTOUT U3 KOHETHOTO IUCIA TOUEK.
[ToctaBuM B cooTBercTBHE Hape {0, T} BHIYET

|fon frls.

Obo3naunm yepe3 K* MHOXKECTBO HEYIOPSAIOUEHHBIX AP HeCMeXKHBIX pedep rpada K. Hazo-
BEM TI0JIyueHHOe oToOpazkenne K* — Z, pacCTaHOBKOI (MM KOIUKJIOM) IepecedeHuit
(mo Momyaro 2). Mbl Ha3bIBAEM €ro pacCTAHOBKOil, ITOOBI HE MyTaTh ¢ oTOOpazkeHuem f.
Orobpakenne K* — Zy Oymem OTOXKIECTBIATH ¢ MOAMHOXKeCTBOM B K* (cocrosiium w3
nap, nmepexondinmx B e,Z[I/IHI/II_[y).I?’

Bameuanne 1.5.3. (a) Eciau rpad Zo-mtanapes, To pacCTaHOBKA IepeceveHnii HyaeBast st
nexkoroporo PLGP orobpaxkenust 3Toro rpada B MI0CKOCTD.

(b) (cp. ¢ mpumepom 1.5.2) Bozbmen Juneiinoe orobpazxkenue f: K, — R?, 1js KoTopo-
ro f(1)f(2)... f(n) — Beimykbtit n-yroapauk. Insn = 4 un = 5 pacCTaHOBKH IepecevIeHnit
coorsercrBytoT noamuozkecrsam {{13,24} } u {{13,24}, {24, 35}, {35, 41}, {41, 52}, {52, 13} }.

TIpamoit BuIBOM MIaHAPHOCTH U3 Zg-TiTanapHocTH cM. B [Scl3]. TIpsmoit BbiBo Zo-TIITAHAPHOCTH U3 OT-
cyrcrBus noarpados, romeomopdubix K5 u K3 3, cm. B [Sadl].

BOrobpazxkenne K* — Zy MOXKHO TaKzKe IOHAMATH KAK «YACTHYHYIO MATPHUILY », T.e. CHMMETPUYHYIO Pac-
CTAHOBKY HYyJI€fl W €IUHUIl B T€X KJIETKAX TAOJHUIBI pa3Mepa e X €, KOTOPble OTBEYAIOT TMapaM HECMEXKHBIX
pebep, rie e — KommuecTBo pedep rpada K. 3HAKOMbIE C MOHATHEM KOMILIEKCa (1. 6.3) MOryT mpezcTas-
naTh cebe K* kommekcom. Torma paccTaHOBKa MepecedeHnii — PAacCTAHOBKA HY/eH M eIUHHUIl Ha BCEX TeX
«IPSMOYTOJIBHUKAX» KOMILIEKca K *, KOTOpbIe ABJISIOTCS TPOU3BEICHUsIMU HeCMeXXHbIX pebep. Cp. ¢ m. 8.2.
Ilna mo6oro PLGP orobpaskenus f : K — R? rpada K uucio san Kavmnena v(f) paBHO cymMme 3HaqeHmit
KOIIWKJIA, TIEPECEYEHNI HA BCEBO3MOXKHBIX HEYTOPSTOYEHHBIX MapaxX HECMEXKHBIX pebep.
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[TostydatoTcst Caeyonyue YacTHIHble MATPUIILL (pebpa YIIOpsaI09eHbl TeKCHKOrpahDUIecKn ).

. . . - - 2000

I )
.- - -0 S - - -0 -1 -1 -
.- o1 - - - 200 -0 - -
- -0 - - S 200 - - - = -0
-0 - - - . Sl -0 - - - -1 -
S T 11 - - - -0 - -
0 - - - - - 0 - -0--0 - - -

0 - 1 - - 1 - - - -

00 - -0 - - - - -

(c) A subset C' C K* is called a 2-cycle (modulo 2) if for each edge o and vertex A & o
there is an even number of edges 7 having a vertex A and such that {0, 7} € C. For a general
position PL map f : K — R? define the C-van Kampen number

ve(f) = Z |fon fr| € Z,.

{o,7}eC

Analogously to Lemma 1.4.3 vo(f) is independent of f, and so depends only on K and C.
A graph K is Zs-planar if and only if the its C-van Kampen number is zero for any
2-cycle C' C K*.
This is deduced from Proposition 1.5.7 (anasormano yreepxkaenunio 9.2.8.b), and gives a
polynomial algorithm recognizing planarity.

1.5.2 PaccTraHoBKU mepeceveHmnii i pa3HbIX O0TOOpaKeHmit

PaccranoBku K* — Zy MOXKHO CKJIAJBIBATH MOTOYETHO (MOKOMIOHEHTHO): CKJIAIBIBAIOTCS
10 MOJLYJTIO 2 00pa3bl KazKJIOH Mapbl. ITO COOTBETCTBYET CJIOXKEHHIO IO MO0 2 (T.e. CHM-
METPHUYECKOIl PA3HOCTH) MOJAMHOYKECTB MHOYXKecTBa K *.

e XX

lIII lIV lV

0

Puc. 1.5.1: IIpeobpazosanus Paiigemaiicrepa st rpadoB B MI0CKOCTH

)=

Vreepxkaenue 1.5.4. (a) Paccmanoska nepecenenud ne Menaemes npu npeobpasosaruir
Patidematicmepa wa puc. 1.5.1.I1-IV. (Omobpascenue epada usmensemca 6 kpyze, kak Ha
PUCYNKAT, G 6He IMO20 Kpyea ocmaemcs 6e3 usmenenut. B n. (a) nukaxue obpasw, pebep,
KDPOME U300PAACEHHDIT, IMOM KPY2 He nepecexarom.)

(b) ITycmv K — epag u sepwuna A ne asasemcs Konyom pebpa o. DIeMeHTapHOI KO-
rpaaunei napu (A, o) naswsaemes nodmmosrcecmeo 0k (A,0) = 0(A,0) C K*, cocmoawee
us ecex nap {o,7} ¢ T > A. Toeda npu npeobpazosarnuu Patidematicmepa na puc. 1.5.1.V
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K paccmanoske nepecevwerud dobasasemes 0(A, o). (B n. (b) obpasw. pebep, xpome uszobpa-
HCEHMBLT, MO2YM NEPECEKAMb KPY2, 6 KOMOPOM 0eAGemcs npeobpasosarue. 3amo «napai-
AEALHBIES OMPEIOUKU NPOTOOAM «OueHb bAU3K0» dpyz K dpyey.)

Ipumep 1.5.5. (a) Hmeem O, (1,24) = 0k, (2,13) = 0k, (3,24) = 6k, (4,13) = {{13,24}}.
Hmax, paccmanoska nepeceuenuti us samevarus 1.5.3.b dra n = 4 asisemces sremenmap-
1ot Koeparuyed.

(b) Hmeem 6x,(3,12) = {{12,34},{12,35}}. ITosmomy paccmanosxa nepeceuwenud us
samevarua 1.5.3.b oaa n =5 He Asaaemces CYmmoti HECKOALKUL INEMERMAPHBLT KOZDAHUL,
Jeticmeumenvro, npubasieHue sneMeHmaproti K02paruub, He MEHAEM YeMHOCNb KOAUYe-
cmea edurul, Koux nAmo.

(c) For every edge o of a graph K we have > 6(A,0)=0.
AeV(K)—do

HaszoBem paccranoBku vy, vy 1 K* — Zy (nam vy, vy C K*) KOTOMOJIOTHYIHBIMH, €C/TH
V) — Vg = 5(141,0'1) +...+ (S(Ak,O'k)

JUTsT HEKOTOPBIX BepiiuH Aj, ..., Ay u pebep o1, ..., 0, (He 00s13aTeIBHO PA3TNIHBIX).

Vreepxkaenne 1.5.4.b n ciaepyormas jgemva 1.5.6 MOKa3bIBAOT, YTO KOIOMOJOTHIHOCTH
— 3TO TO OTHOIIEHHE SKBHBAJIEHTHOCTH Ha PACCTAHOBKAX, KOTOPOE IMOPOXKIAIOT U3MEHEHUS
oTobpazkenus rpada B IMIOCKOCTD.

Jlemma 1.5.6. Paccmanosku nepeceuenuti paswox PLGP omobpascenutdi odnozo 2paga 6
NAOCKOCTNL KOZOMOAOZUYHDL.

JlokazareibeTBO JieMMbI 1.5.6, MPUBEJIEHHOE HUXKE, SIBJISETCS HEeTPUBUAJIBHBIM 0000IIIe-
HHEeM JI0Ka3aTeabCTBa JIeMMBI 1.4.3.

YrBepxkaeuue 1.5.7. I'pagp Zs-naanapen mozda u moavko mozda, ko2da paccmanoska ne-
)

peceuenuli nexomopoeo (uau, sxeusasenmmo, a06020) ezo PLGP omobpascenus 6 naoc-

KOCMb KO20MON02UMHA HYAEGOT, PACCTAHOBKE.

1o caemyer u3 jemMbl 1.5.6 n yrBepxkaenns 1.5.4.b.

Yreepxkaeune 1.5.8. [Tycmv dan 2padh u npou3cosvHas HYMEPAUUSL €20 SEPWUH. DMom
2pag naanaper moz2da u MoaAvKo Mo20a, k0206 CACOYIOULAA CUCTNEMA NUHETHLLE YPasHeHUl
Ha0 Ly Pa3peusuma.

Kaotcdoti nape A, e, cocmoawetds u3 sepwuns, u pebpa makuz, wmo A & e, conocmasum
NePEMEHHYIO T A . JlAf KadtcAOT HEYNOPAJOUEHHOT NAPbL HECMENCHDLT pebep O, T 0003HAMUM
wepes by r € Loy wemmnocmo KOAUMECMEA KOHUO8 PeObPa O, HOMEDPA KOMOPHLT AEHCAM MENHCIY
nomepamu Konyoe pebpa T. aa aobvx marux nap (A, e) u {o, 7} noaroorcum

1, ecau (A€oue=7) uwiu (A€ETue=o0)
AAeor =
0, wuHnawe

s kaoicdol marod napw, {o, T} evnuwem ypasrenue », aaeprTae = Dor.
Ade

1o crenyer u3 Teopembr 1.5.1 Xananu-Tarra, npumepa 1.5.2 u yreepxgenns 1.5.7. For
a combinatorial interpretation see Remark 1.7.3.a.
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1.5.3 loka3zareabcTBO jJeMMbI 1.5.6

[TIycts ganwe rpad K u PLGP orobpawxenns f, f/ : K — R2.1

Jokazamesvbemeo 0 wacmmo2o caywas, kozda omobpascenus [ u f' omaunaromes moav-
KO Ha 8HyMpeHnocmu 001020 pebpa o, npuvem fo — ompesok. Bozbmem Touky O Ha ILI0C-
KOCTH, HAXOIAIIYIOCSI B OOINEM IOJIOXKeHHH OTHOCHTETHHO MHOYKECTBA BCEX BEPIIMHH BCEX
nomanblx fa u f'a (ana Beex pebep «). s somanoit X B 00IIEM MOJOXKEHUH € IUKJIOM

fo U f'o obo3naanm
X*:=|(foUfo)nX|s.

JocTaTouHo 10Ka3aTh, YTO PA3HOCTH paccTaHoBOK mepeceuenuit v(f) mua f u v(f') nma f
paBHA

v(f)=v(f") =) Of(B)8(B,o) =b6(Br,0) + ...+ 8(Bs,0),
Bé&o

rie Bi,..., By — Bce Te Bepunabl B ¢ o, nyis Kotopbix orpe3ok O f(B) mepecekaer MUK
fo U f'o B weuernom uncie touek. (Cpasuure ¢ yrBepxaenusvu 2.2.1.ab. Habop Bepumn
By, ..., By 3aBucut or Beibopa Touku O, HO dhOpMYJIa CIpaBeIuBa IpH JTHOO0M BBHIGOPE. )

Jlnst 006X pedep a u 3, KayKa10e W3 KOTOPHIX OTJIMYHO OT O, 3HAYEHUS PACCTAaHOBOK
nepecedennit v(f) u v(f’) na nape {«, 5} paBubr.

Hns mroboro pebpa PQ), HecMmexHOrO ¢ 0, 3HadeHune Ha nape {o, PQ} pasnocru v(f) —
v(f') paBHO

W) = v(f Dioray = F(PQ) 2 OF(P) +0F(Q)" = [ Y. Of(B)§(B,0)
Bgo {0,PQ}

31ech paBeHCTBO (2) crpaBenBo, n60 1o jgemme o derHoctn 1.3.3.b

0=(0f(P)UOF(Q)U f(PQ)) = Of(P)" + Of(Q)" + f(PQ)"

Puc. 1.5.2: Moaudukanua PLGP orobopazkenns

Csederue obwezo cayyas x wacmuomy. JJocTaTOIHO TOKA3ATH JEMMY JIJIS OTOOPAZKEHUST
f, ormmuatorerocst or f' TOJTBKO HA MHOXKECTBE pebep, BBIXOISIINX W3 OJHON BepIIHHBl A.
Coemunum f(A) ¢ f'(A) nomanoii obuiero nojioxenus.' s pebep o, He BhIxogamux u3 A
«rioframum obpasel fo = f'o k f'(A) Baosap gomaHoii» Tak, 910

e 5Ta JOMaHas He IepecekaeT MOAMMUIIMPOBAHHBIX 00pa3oB pebpa o, u

14 Temma 1.5.6 BeITeKaer u3 ciemyiomero dgakra: mobbie a8a PLGP orobpaskenus onHoro rpada B mwioc-
KOCTh MOKHO ITIEPEBECTH JIPYT B Apyra mpeodbpasosanusvu Paiinemaiicrepa na puc. 1.5.1. Bupogewm, moka3ars
JIEMMY TIPOIIE, IeM 3TOT (PAKT.

15Bor meMHOTO Jpyroe 3aBepIIeHHe CBEICHIT (mpengoxkero P. Kapacesbim). Bosbmem orobpaxkenue [,
nostyueHHoe n3 f «nomrackuBaHueM okpectrocTr Beprmabl f(A) k f/(A) Boosns somanoii» (cp. ¢ puc. 1.5.2 n
puc. 1.5.1.V). Ananorugno yrsepxaenuto 1.5.4.b (unau npyromy mokasaresancrBy yrepxaenus 1.1.1.b) pac-
cranoBku nepecedennii v(f) u v(f") koromosnoruuansl. [To paccMOTPeHHOMY YaCTHOMY CJIy9ar0 PACCTAHOBKU
nepecedennit v(f') u v(f") xoromonorunaust. 3uaunt, v(f) u v(f') KOrOMOJIOrUYHBL
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® TOUYKH TepecedeHnss 00Pa30B TAKUX pebep o OCTAIOTCS TMPEKHUMH.

Obo3naunm vepes

ofnu 7 orobparKeHus, MoTyIeHHble U3 f u f' TAaKMM «IOATACKHBAHUEM > ;

e f" oroGparKkenne, TOMyUeHHOE U3 f «TIOATACKWBAHIEM OKPECTHOCTH Bepimmabl f(A) =

f(A) x f'(A) = f,(A) BJIOJTb JIOMAHOi».
Cwm. puc. 1.5.2. Torma

v(f) = v(F) = (") 2 u(F) = v(f).

3/1eCh KOTOMOJIOTHIHOCTH (1) CIpaBejInBa MO PACCMOTPEHHOMY YACTHOMY CJIYYAlo.

1.5.4 Ilepecedyenud co 3HAKOM

Here we generalize previous constructions from residues modulo 2 to integers. 910 060061Ie-
Hre (bopMaIbHO He HCMoJb3yoTest gasee. OqHako 910 mpocroe 06obiienne (1, BO3MOKHO,
samedanne 2.4.1) moJe3no npojesnarh nepes 6oJee CI0KHBIME 06001eHnsiMu B 11. 6.8, 6.9 1
[Sk18, m. 2.3.3 u 2.4].

Suppose that [ and p are (oriented) polygonal lines in the plane whose vertices are in
general position. Onpenenum aazebpauveckoe wucio nepecevenus | - p TOMaHBIX | 1 p Kak
CyMMY 3HAKOB MX TOYeK nepecedenusi. Cm. puc. 1.3.4.

Bamaua 1.5.9. (a) Umeem [ -p= —p - .

(b) ITpu u3MeHeHUN OPUEHTAIMU JOMAHON | IHUCIO [ - p U3MEHUT 3HAK.

(c) Tlpu m3MeHeHWH OpMEHTAIMM IJIOCKOCTH, T.e. NMPH OCEBOH CHMMETPUH, YHCIO [ - p
N3MEHHUT 3HaK.

[Iycts f : K — R? — PLGP orobpaskenne rpacda K. Opuentupyem pebpa rpada K.
[TocraBuM B COOTBETCTBHE YHOPSIOYEHHON mape (0, T) HECMeXKHBIX pebep airebpandecKkoe
qucyio fo - fr nepecedenusi. Obo3nadInM depes K MHOKecTBO YIIOPSI/IOUEHHBIX T1ap HeCMeZK-
ubIx pebep rpada K. [Momyuennast paccranoBka (=orobpazkenue) - : K — 7 Ha3bIBaeTCS
IIeJIOYNCJIEHHOI paccTaHOBKOM mepecedenuii (for given orientations).

YrBepxkaenue 1.5.10. Analogues of Propositions 1.5.4.ab are true for the integral intersection
cocycles, with the following definition. Let K be an oriented graph and A — sepwuna, we
AGNAIOULAACA KONyom pebpa 0. KococmMMeTpudHOit 3/ieMeHTapHO#i Korpanumeit napo
(A, o) nasweaemea paccmanoska 6(A, o) : K — Z, npu xomopot

e 6 ecdunuyy omobpasicaemes Kastcdan napa (0,T), das Komopol T ewrodum usz A, u
kaotcdas napa (T,0), das Komopold T exodum 6 A,

® 6 munyc edunuyy omobpascaemcea kaxcoas napa (o, T), 0aa Komopold T exodum 6 A,
u kaotcdas napa (T,0), 0aa kKomopol T evxodum u3 A,

® G HOAL OMODPANCAIOMCA BCE OCMAALHBLE NAPDL.

HazoBewm paccranoBku Ny, Ny : K — Z KOCOCHMMETPUYIHO KOTOMOJIOTUYHBIMHA, €CJTH
N1 — N2 = m15(A1, 0'1) + ...+ mk5(Ak, O'k)

JUIST HEKOTOPBIX BepinuH Aq, ..., Ay, pebep o1, ..., 0k U HEIBIX YHCET My, . .., my (He 0bs3a-
TEJILHO PA3THYHBIX ).

Crieyronmuit nmetoaucyiennbiit anasor semMbr 1.5.6 is proved analogously using the Triviality
Lemma 1.3.4.

JlemMa 1.5.11. The integer intersection cocycles of different PLGP maps of the same graph
to the plane are skew-symmetrically cohomologous.
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YrBepxkaenue 1.5.12. Vosoennas uerovucrennad paccmanoska nepecevenuti sobozo PLGP
omobpasicenus 2pada 6 NAOCKOCDH KOCOCUMMEMPUUHO KO2OMOAORUYHA HYAEBOT PACCMAHOG-
Ke.

This follows by Assertion 1.5.9.c and Lemma 1.5.11. Cf. [Sk18, Proposition 2.4.7].

3ameuanue 1.5.13. ['pad naswiBaerca Z-naanapnowm, ecau cyiectsyer ero PLGP orobpa-
JKeHHe B ILTOCKOCTD, IIPH KOTOPOM CYMMa 3HAKOB TOUYEK IepecedeHuns 00pa30B JIIOOBIX IBYX
HECMeXKHBIX pebep paBHA HYJIIO, JJisi HEKOTOPBIX (WM, SKBUBAJEHTHO, JIJIs JIOOBIX) OpHeH-
tanuit Ha 31X pedpax. One can prove analogously to Theorem 1.5.1, or deduce from it,
that epag naanapen mozda u moavko mozada, kozda on Z-naanapen. Integral analogue of
Proposition 1.5.7 is correct and follows by Lemma 1.5.11 and Proposition 1.5.10.

1.6 AJaroputrMm pacrio3HaBaHUHA M30TOITHOCTH BJIOXKEHUIA

Buaootcernuem (kycouno-muneitabiv, PL) rpada B miockocrs HasbiBaercst HAGOp BePHIMH 1
JIOMAHBIX U3 ONpeJIeIeHns ILIaHAPHOCTH, I KOTOPOr0 HUKAKAsS M30JTHPOBAHHAS BEPIIIIMHA
He JIeXKUT HU Ha OJHOI U3 JOMAaHBIX. DTO TO ke, 9T0 ero PL orobparkeHne B IIOCKOCTD, st
KOTOPOTO 00pa3bl BEPIIUH MONAPHO PA3JUYHBI, Cy’KeHus Ha pebpa (=JoMaHble) Hecamore-
pecekafornuecsi, ¥ HUKaKOil o0pa3 pebpa He mepecekaeT BHYTPEHHOCTH HUKAKOTO JIPYroro
obpasa pebpa. Onpeenenne nowmu eaoocenus npubenero B Remark 6.10.3.a u B [ABM+,
§4]. (PesysibraThl W MOCTPOEHNUST ITOTO MYHKTA CIPABEJINBEI W [T TOMOJOTHIECKUX BJIOZKe-
HUii, OTpeJIeIeHne KOTOPBIX U3BECTHO HEKOTOPBIM UHTATEJISIM. )

Ipa (mourn) Bnoxennsa f,g : K — R? rpada K B IIOCKOCTH HA3BIBAIOTCA (No4mu)
U30MONHLLMU, €CJTU OJTHO MOYKHO HENMPEPBIBHO MpoiedOPMUPOBATH B JAPYroe Tak, ITOOBI B
nporiecce nedbopMaryn 0TobpazkeHe 0CTaBaIoCh (MovTn) BiaokeHueM. Bor crporas dopmy-
JIMPOBKA 3TOTO YCJIOBUS: CYIIeCTBYeT ceMelcTro (1ourn) sioxenuit f; : K — R?, nenpepbis-
HO 3aBucsiiee ot napamerpa t € [0, 1], masg koroporo fo = fu fi = g.

Hamnpumep, mapsl BIOXKeHUiT Ha Kazk0M u3 puc. 1.6.1.abc He n30TONHBI (1 J1aKe He TOUTH
M30TOITHBI ).

CHCHOICIENPN

Puc. 1.6.1: Pazimunsie Broxkenus (a) aekoroporo rpada, (b) okpyzxkuocru, u (¢) Tpuoga

Teopema 1.6.1. /[sa sr0o0icenua c6431020 2pada 6 nNAOCKOCMb U30MONHLL M020a U MOALKO
mozda, k0206 UL cyHcenus Ha A1000T Mmpuod u Ha A1000T HECAMONEPECEKAOUUTICA UUKA
usomonuv, (m.e. ne makoswl, Kax wa puc. 1.6.1.be).

DTy TeopeMy MOXKHO CHadaJsa JOKA3aTh I JePeBbeB, a MOTOM CBECTH OOMIWil caydail K
CJIy4alo JepPeBbeB yTeM BbIIeTeHNS MAKCUMAILHOTO jiepeBa. /leTaan TeXHUYeCKH HempOCTHI
(kak 3T0 yacTo GbIBAET /I GA30BBIX PE3Y/ILTATOR TOMOJIOTHH ILI0cKocTH ). AHaior Teopembt
1.6.1 6e3 yTBep:K/ieHusT B CKOOKaX CIIpaBejIuB Jjis BJIOXKeHuil B cpepy, Top u japyrue cepb
¢ pyukamu. /lokazare/ibCTBO aHAJIOTUYIHO.

6Teopema 1.6.1 cchopmynmposana B xuure |[Wub5] co ccpuikoit Ha crathio Makieiina-DaKknccona, Ko-
TOPYIO HE yAaJoCh HaiiTu B yKazaHHoM TaMm cOopauke. ClenpaaucThbl 10 TOIOJOMYECKOi Teopuu rpados
MOTBEPIKIAIOT, YTO ITa TeopeMa u3BecTHa (U BepHa). B kunre [Wub5] reopema 1.6.1 chopmymmposana st
BJIOYKEHUIT TaIKe A0KAAHO C6A3H020 KOHMUKYYMG (B YACTHOCTH, NoAUIODPG).
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O wnaccudbukanuu nozpystcerud (T.e. «JTOKAJBHBIX BIOXKeHH») rpada B IIOCKOCTH €
TOYHOCTHIO JI0 PEryJIsPHON TOMOTONHH (T.e. «JIOKaJIbHOI m3oTonnusy) cm. [Pe08, Pel6).

Mpbl npusegem GoJiee CIOKHBI KPUTEPHUi W30TOMHOCTH (y9IaCTBYIOIIHE B HEM TepPMH-
HBI OTpeJieJieHbl mocje Hero). OH WHTepeceH TeM, YTO JaeT MOJINHOMHUAJBHBIA AIropUTM
pPACIO3HABAHMSA W30TOMHOCTH BJIOXKEHHUI, THIIOTETHYECKH OOOOIMAeTCS Ha KPUTEPH MOUTH
M30TOIMHOCTH TIOYTH BJIOXKEHUH, a Takke 0600maercsa Ha Boiciume pasmeproctu [Sk06, §4].

Yreepxkaeune 1.6.2. Caedyrouwjue ycaosus ma srosicenus 2pagpa K 6 naockocmv pasho-
CUNLHDL:

(i) onu usomonmo;

(i’) onu nowmu uzomontol

(ii) ux C-wucaa By pasrw daa amobozo uerowucaennozo 1-yuxaa C 6 epage K52;

(11S) ux C-wucaa By pasrvl das 106020 cummempuunozo yeaowuciennozo 1-yuraa C 6
epage K2;

(111) ux NOAYUEAOUUCAEHHBE PACCMAHOBKY SPAULEHUL KOZOMONOUYHYL;

(11iS) uz noayuesouucienHbe PACCMAHOBKY BPAULEHUT CUMMEMPUYHO KO20MOAOLULHDL.

anee B 3ToM mynkTe K — mo6oii rpad u f : K — R? — mo6oe (mouTH) BIOKeHHE.

Ompenenmm rpad K2 — eapezannuti 6owc-weadpam rpada K. Bepmunamu rpacda K52
SIBJISTIOTCST YIIOPsIZIOUeHHbIe TTapbl pa3invHbix Beprmnn rpada K. Bepmmnst (a,b) u (', V)
rpada K72 coennnens pedbpom B K72, ecim sm6o a = a’ n bb — pebpo B K, mbo b =V u
aa’ — pebpo B K. Pebpo, coequnsttomee (a,b) ¢ (a,b') ((a,b) ¢ (a’,b)) obosnauaercs (a, bb')
((ad’,b)). Cm. mompobuee [MNS, §1.9, puc. 13 u npumMepsl mocae Hero).

Koaunwecmso obopomos w'(p, O) € R nomanoit p Bokpyr Toukn O onpeneneno B [ABM+,
§1].

Bagaaum HanpapaeHus Ha pedpax rpada K. Bozbmewm ero pebpo be, opueHTHPOBAHHOE
or b k c. Ilust pebpa (be,a) rpaba K72 onpegenum uncio wy(be,a) == w'(flpe, f(a)) € R
KaK KOJMYIECTBO 0DOPOTOB BEKTOpA ¢ HAYAIOM B f(a) M KOHIIOM, TPOOEraloNuM JOMAHYIO
flbe- Onpenennm wy(a, be) aHATIOTHYIHO, TOIBKO MOMEHSIB MECTAMHI HAYATIO U KOHEI[ BEKTOPA.
[onyuanresa wy(a,bc) = wy(be, a). [TocTpoenHyo pacCTaHOBKY wj; 9HCET Ha OPUEHTHPOBAH-
HeIx pebpax rpada K2 nazosem paccmanoskoti epaueruti (M KOMUKIOM BPAIEHHH, CM.
yrBepKenne 1.6.3.d).

Jlns xazx1oit Bepimmnbl a rpada K BozbMeM Ha pebpax (a,e) u (e, a) rpada K2 nampas-
JIeHHsI, COOTBETCTBYIOIIME HAlpaBIeHHio Ha peOpe e rpada K. Ilenodunciaennbe 1-IMUIKIILI
B rpade ¢ opueHTHpOBaHHBIME pebpamu onpejesensl B [Sk20, §10.5]. IIpumepst nemoduc-
gennbix 1-mukiaos B rpade K2 npusomarcs amanormano [MNS, §1.9]: C' x a, d(ab x cd).
O6o3naunym depes F muoKecTBO pebep rpada K2, s 1o6oro HeounciIeHHoro 1-mukia
C: E — Z B rpade K2 onpenennm C-wucao By dopmynoit wy(C) := >, pwe(e)C(e) (cp.
OlpeJiesieHne Tepeji yrBepK aennem 9.2.4).

Bamaua 1.6.3. Ilycrs [ : K — R* — (nourn) Biioxkenwue.

(a) Bospmure mampasienns na pebpax rpados K = K3 u K = K. [I1sa KaxkI0r0 03
pucyHKoB 1.6.1.bc u napsl Broxkenuii f, f' Ha HeM Hadigure nenodncaeHublii 1-nuka C', Takoi
aro ws(C) # wp(C).

(c) For any vertex a in K and oriented cycle C' in K — a uncio wy(C X a) paBHO quncIy
060pOTOB 3aMKHYTOI JToMaHOil f|c BOKpyr Touku f(a) (cm. onpenesnenne B §2.3).

(d) (cp. 3ameqanue 2.4.1.c u [ABM+, nemma 2.5]) st q06BIX HECMEXKHBIX pebep ab u
cd B K nmeem wy(d(ab x cd)) = 0.

(e) For any integer 1-cycle C' in K™2 the number w;(C) is an integer.

(f) Ecomn B rpacde K2 pepmmnst (a, b) u (b, a) coeaunenst mytem [, To wncao 2y, wy(e)
1eJI0€ M HEeYeTHOe.
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(b) Ecim (moutn) Broxenus f, f': K — R? (mourn) uzoronnsl, To ws(C) = wp(C) mna
moboro C.

(g) (riddle; open problem; see [ABM+, Ga23]) Given K and integer 1-cycles Ci, ..., C;
in K2 describe the subset {(w,(C}),...,w,(Cs)) : g: K — R?is an almost embedding} C
VAR

B yreepxaennn 1.6.2 wvrumkanus (i)=>(ii) Beirekaer u3 (b), a mvmumkamus (ii)=(i)
BBITeKaeT n3 (a) u Teopemsr 1.6.1.

Onpedeaenue noayuesouuciennol pacemanosku epawenut. Ecan f-obpaswsl Bepmun rpa-
da He jexaT Ha OXHON mpsMOil, To He Bee uncaa wy(a,be) 6yayT nomynensivu. IIpusegem
IOCTPOEHNUE IPYTOil PACCTAHOBKH U, JJIsl KOTOPOTO BCe Tuca Uy, (a, bc) OyayT mosyneasmvn,
a C-uncna By — npexkaumu. BozbMmeM J00y10 (HEOPHEHTHPOBAHHYIO) MPSIMYTO | HA TJIOCKO-
CTH, He IapajuIeIbHyI0 HE OJHON IIPAMOIl, COeTNHSAIONeH BePIINHLI JJOMAHBIX, SABIAIONIAXCS
obpazamu pebep rpada.

Paccmorpum BekTOp ¢ HavaaoMm B f(a) u KOHIOM, TpoGeraiomuM JoManyo [ B 3a1aH-
HoM (Ha pebpe bc) mampasiennn. Oupenesany HOJLyIesIoe Iucao Uy (a, be) Kak morypasHoCThb
KOJIMYECTB npoxoscdenuti STUM BEKTOPOM HANPABICHUs NPSAMOil [ B HMOTOKHUTEILHOM U B
OTPUIATETHLHOM HampaBiennu (cp. ¢ 1. 1.5.4).

WupiMu cioBaM#, OIIPeaeTuM OTOOpazKeHne fvz bc — S pebpa be B oKpyKHOCTD POpMY-

)~ Fla)
10 F ) = TR )

JIBYX TOYEK OKPYKHOCTH, OTBEUYAIOMINX IIPSIMOii [.

OnpenennM uy,;(a, cb) aHATOTHIHO, TOIBKO KOHeI[ BEKTOpa Ipoberaer JOMaHyio f|y. B Ha-
IpaBJIEHNH, TPOTHBOMOJIOKHOM 3aganaoMy. Onpeneanm uy,;(be, a) u ug;(ch, a) anapormno,
TOJIBKO IIOMEHSIB MEeCTaMM HAJYaJ0 W KOHel BekTopa. Ilomyuwmrcs ug;(e,a) = ug;(a,e), nbo
npaMasg | HeOPHEeHTHPOBAHHASL.

[ToCTPOEHHYIO PACCTAHOBKY U ; YHCET HA OPHEHTHPOBAHHBIX pebpax rpada K2 nazosem
noAYUesouuCAeHHOT paccmanoekol (I KOIUKIOM) 6paueHul.

Bce C-uancia By paccranoBok uy; u wy pasnsl BBugy [ABM-+, yrBepxaenne 2.4.a).

. Torna uy;(a, be) ecrs momycymma snakos [Sk20, §8] f—npoo6pa3013

Bamaua 1.6.4. (a-d) Bospmure nHanpasienns Ha pebpax rpado K = Kz u K = K31, a
TakKzKe MpaMyto | Ha miockocTu. Haiiiure nosrynesouncieHHyo pacCTAaHOBKY BPAIIEHU JTs
KarKJI0ro u3 derbipex Bioxkenuii f wa puc. 1.6.1.bc. To xe must npsimoit I' L [.

Kozpanuueti dv Bepmmuasl v rpada K72 HazpIBaeTCsa pacCcTaHOBKA
e unces +1/2 na pedpax rpacda K72, Bxogamux B v,

e yrcen —1/2 na pebpax, BEIXOJANNX U3 U, U

e HyJIeii Ha ocTaJbHBIX pedpax.

Bamaua 1.6.5. 3uadenne KOrpaHuisl Ha JOO0M 1-IUKIe PABHO HYJIIO.

PaccTaHOBKH TOTYNEIBIX 9YHCET Ha OPHeHTHPOBAHHLIX pebpax rpada K52 masnipaiorcs
KOTOMOJIOTUYHBIMH, €CJTH UX PA3HOCTD SIBJISETCA METOIUCTEeHHON TUHeHHO! KoMOnHAIeik
KOI'DAHUIL BEPIIUH 3TOro rpada.

Consider the symmetry (involution) ¢ of K2 switching the factors (i.e. t(z,y) = (v, z)),
and the map induced by this symmetry on assignments.

Cummempusosannoti kozparuyeti Bepmuabl v rpada K72 nazpiBaeTca paccTaHOBKa dv -+
Stv. PaccTaHOBKE MOJMYIENBIX UHCET HA OPUEHTHPOBAHHLIX pebpax rpada K2 naspipaiorcs
CUMMETPUYHO KOTOMOJIOTMYHBIMU, €CJTH WX PA3HOCTD SBJISETCS IET0YNCTeHHON THHEeH-
HOIT KOMOWHAIMEHl CHMMETPU30BAHHBIX KOTPAHUII BEPIUH 9TOTO rpada.

B yrepxkaenun 1.6.2

e nvmtukanuu (iii)=-(ii) u (iiiS)=-(iiS) BeITeKaOT U3 yTBepKAeHUS 1.6.5;

e mvitnkanuu (ii)=-(iii) u (iiS)=-(iiiS) 10KA3BIBAIOTCS AHATIOTHIHO yTBEPK AeHNO 9.2.4.b.
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Bamaua 1.6.6. (a) [ToaymenouncieHHble pacCTAHOBKE BpallleHuil, TOCTpoeHHbIe Bamu
JUIST IBYX BJIOYKenuii va puc. 1.6.1.b, He ABIAIOTCA CUMMETPUYIHO KOrOMOJOTHIHBIME. TO 2Ke
agst puc. 1.6.1.c.

(¢’) Jns moboit sepmmanl v rpada K2 cymecrsytor upambie [, 1js KOTOPHIX
Upr — Uppy = ov + otv.

(¢) Hmst mo6bIx mpaMbIx [, I pacCTAHOBKE Uy, Ufy CHMMETPUIHO KOTOMOJIOIMYHEL.

(d”) Jna mo6oit Bepmmuubl v rpada K22 cymectsyer (mourn) sioxenne f': K — R2
(mouTn) m30TOMHOE (MOYTH) BJIOKEHHIO f, U mpsiMast [, st KOTOPBIX Uf; — U = 0v + dtv.

(d) dust mo6oit npsiMoii | MOJTy e IoqiCIeHHbIe PACCTAHOBKI BPAIIEHUIT JIIOOBIX (MOYTH)
u30TONHLIX (mouTn) Baoxkenuit f, f': K — R? cUMMeTpUIHO KOTOMOJIOTHYHBL.

OcwmbictennocTs yeaoBust 1.6.2.41i (T.e. HE3aBUCHMOCTD KJIacCa CHMMETPHIHONH KOTOMOJIO-
PUYHOCTH TOJIYIeJI0YUCJIEHHO PACCTAHOBKYM BPAIEHUH OT BHIGODs psiMoii [) BbITeKaeT u3
yrBepxaenns 1.6.6.c. Ummmukamus (iii)=-(i) BeiTekaer u3 teopembl 1.6.1 u yTBepXKaeHus
1.6.6.a. mmmukanus (i)=-(iii) Beirekaer u3 yrBepxkaenus 1.6.6.d.

Bamaua 1.6.7. There are non-almost-isotopic almost embeddings K — R? (even of a
connected graph K') for which either of the equivalent conditions (ii), (iiS), (iii), (iiiS) holds.

HazoBem Koyuk.aom PaccTaHOBKY MOJIyHETbIX quces Ha pebpax rpada K 02 yrosierBo-
pAIoNLyI0 yejaoBuio u3 yreepxkiaenus 1.6.3.d. O6oznaunm uepes HL(K; %Z) IPYIIY CAMMET-
PHYHBIX KONHUKIOB ¢ TOYHOCTLIO J0 CHMMETPHYHOI KOTOMOJOTHIHOCTH. Mnsapuanmom By
Wu(f) := [uy,] € HY(K; 37) HA3BIBACTCS KIACC CHMMETPUTHON KOTOMOIOTHIHOCTH Oy IIe-
JIOYUCJICHHON paccTaHoOBKY Bpamenuii. KoppeKTHOCTh onpeneeHnst BhITeKaeT U3 yTBePK 16
auit 1.6.6.cd. Beuny yrepxkaennii 1.6.3.ef paznocts Wu(f) — Wu(g) npuanmaer 3nadenus B

noarpynne H}(K;Z) C H(K;3Z), noayuennoi analoruano n3 PacCTaHOBOK YEAbiL TUCEIL.
Cp. m. 9.3.

1.7 IlpmaoxKeHue: HEKOTOpbIe JeTajm K §1

1.1.1.a. Tlpusegem apyroe nokaszareabcrBo. OHO GoJiee CI0KHO, HO MOJIE3HO Jist 1. (c),
JIPYTOro JIOKA3aTeabeTBa TeopeMbl 1.4.1 u MHOrOMepHbBIX 0000menuit [Sk14].

[IpeamonoKum, HAIPOTHUB, YTO cyIIecTBYIOT Takue 5 Touek O, A, B, C, D Ha ILI0CKOCTH,
YTO HYKHYIO Tapy BbIOparh Hestb3sa. Torma A € OB u B ¢ OA. Buaunt, A He JeXKUT Ha
ayde OB. Tloatomy mMoxkHO cuantarh, aro Touku A, B, C, D ugyT B TOM TOpSIIKE, B KOTOPOM
oun BumHbl 13 0. Torna kouTypsr Tpeyroabankos O AC uw O BD nepecekaroTcsi B € TMHCTBEH-
Hoit Touke O. 3Ha4WT, MO CJaeAyIOmell Bepcuu JeMMbl o dernoctu 1.3.3 AC N BD # () —
IPOTUBOpEYHE.

Hycmov Kowmypov, 08YT MPey2oAbHUKOS HaA NAOCKOCTU NEPECEKAIOMCA MOALKO 6 UT 00Ul
sepwune. Hycmo npamas, docmamouno 6Au3kas K Hetl, nepecexaem KoOHMYp nepeo2o mpe-
yeoavruka 6 moukax X,Y, a konmyp emopozo — 6 moukaxr 4,1, npuuem mouku X,Y, Z,T
nonapro passuvns,. Toeda ompesox XY codepotcum aubo obe, aubo wu 00noti us mouex Z,T
(m.e. mouru XY sauenaenv, ¢ moukamu Z,T.

oxazamesvemeso. Obosaauaum Touky nepecedenns O, a rpeyronbauku — OX'Y' u OZ'T’,
tak, uro X,Y, Z. T — roukn nepecedenns npamoit u OX',. OY’, 0Z', OT' coorsercTBeHHO.
O6oznaunm a := (OX'Y") u b:= 0(OZ'T"). YrBepKaenue cieayer u3

XY N {Z T} = XY Nb| = [00XY)Nb| = 1 = [anb| + [A(XYY'X') Nt~ 1= 0.

3J1ech 1OCIIeIHEE CDABHEHUE BBINOJHEHO BBHUIY yCaoBust |a M b| = 1 u jemMbl 0 "erHOCTH
1.3.3.b (st KOHTYpa b TPEYrOJbHUKA).
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1.4.1. Jlpyzoe dokazamesvcmeo (uies KOTOPOrO HE WCHOJIB3YETCs Jajiee) aHAJIOTHIHO
JI0Ka3aTeIbCTBY yTBepxKaerust 1.1.1.a, npuBegeHHOMY BhIllle. B HEM HYKHO 3aMEHUTH «KOH-
TYPBl TPEYTOJIBHUKOBY Ha «JTOMAHBIES.

Touka r nepecedenus JBYX JJOMAHBIX Ha TJIOCKOCTU HA3BIBACTCI MPAHCEEPCAALHOT, €C/IN
JIOMaHBIE HECaMOIIePeCeKAoMuecss B OKPECTHOCTH STOH TOYKH U JTI00asi JTOCTATOTHO MaJjasd
OKPYZKHOCTB S, C MIEHTPOM B T TIepeceKaeT JOMaHbIe [0 HapaM TOUeK, 4epedyou,umcs BIOThb
OKPYKHOCTH (T.e. ecau 0003HAUNTh uyepe3 Ap, By TOUKH HepecedeHus MEPBO JTOMAHON ¢
S, m gepe3 A,, By Touku mepecedenusi BTOPOil JIOMaHO ¢ S, TO 3TH TOYKHU TEePeCcedeHHsT
PaCIONIOKeHbl Ha OKPYKHOCTH B nopsiike A AsByBsy). HbiMu cioBaMu, eciu JBa 3BEHA
OJTHOI JIOMaHO#, BBIXOJIAIINE U3 TOUKU IepeceueHns, HaXOAATCA IO pa3Hble CTOPOHBI» OT
ApYToii JIOMAaHOWH B MaJIOl OKPEeCTHOCTUA TOYKHU IepeceveHunsd.

[Tepeceuenne somansix OAC u OBD tpancBepcalbHO. 3HAUNT, IO CJIEAYIONIEH BePCHH
jgeMMbl 0 getHocTn 1.3.3 momanbie AC' uw BD nepecekaroTcst.

Jlse 3amrHymbvle HECAMONEPECEKAOULUECA NOMAHLE HA NAOCKOCMU, NEPECEKAIOUUECH 6
KOHEYHOM YUCAE MOYEK MPAHCEEPCAALHO, NEPECEKAIOMCEA 68 YEMHOM YUCAE TOYEK.

1.3.5. Bor apyrue jgoKa3are/ibCTBa, UCIO/IB3YIONINEe CHHTYISIPHBIE KOHYCHI.
(a) O6o3naumm kesrrbie TOUKM depe3 Ay, As, ..., A7, a KpacHbsle — 4depe3 By, By, ..., Br.
Bosbmem ase Toukun C' u D, Tak 9T00BI Bce 16 Touek OBLIM B OOIEM MOJTOXKEeHHU. Torma

1<j, k<l 1<j, k<l

2

3/1ech mMepBoe PaBEHCTBO cienyeT u3 haKkTa, TPUBEJEHHOIO B YKAa3aHUU, a BTOPOE U3 TOTO,
970 KaK et orpe3sok C'A; mam DB; npucyTcTBYeT B MIeCTH KOHTYPAX TPEYTOJLHUKOB, Clle-
JIOBATEILHO JIeZKAIlne HA HEM TOYKH MePecevdeHusl «MOCUYUTAHBI» B MEPBOW CyMMe YeTHOe
YUCTO Pas.

Jameuarue. DTO pelieHne MOKHO U3T0KUTH, MYCTUB MO OTPE3KaM «TOKHU IO MOJYITIO 2»
U JIOKA3aB WX OUaJIUTUBHOCTD, KaK B perrenun 1. (b).

(b) HazoBem xpachvim mokom (COOTB., ZKeJATHIM) PACCTAHOBKY TOKOB (—=49HCes) Ha KPac-
HBIX (COOTB., JKEJITHIX) OTpe3Kax, yaoBIeTBopsitomtyto mpasuiy Kupxroda. s gokazaresb-
CTBa, 3aMETUM, 9TO €CJIH B3STh JIBA, KPACHBIX TOKA W OJUH YKEJTHIil, TO MOTOK CyMMBbI Kpac-
HBIX TOKOB Uepe3 YKeJTHIil OyIeT paBeH cyMMe MOTOKOB. AHAJOTUYHO, /TSI OTHOTO KPACHOTO
U JIBYX JKEJITBIX TOKOB CYMMa ITOTOKOB PABHA MOTOKY CYMMBI. ['0BOPAT: MOTOK buaddumugen.

JlobaBum K keaThiM TOYkaM TOYKY (', a K KpacHbIM — TO4YKy [), Tak 9T100bI Bce 16 TO-
9eK HaXOJW/INCh B o0ImeM mojozkennn, n Ha orpeskax C'A; n D B; mogoKiuM TOKH PaBHBIMI
nyao. s kaxaoro orpeska A;A; paccMOTpAM TOK, TeKyImil 10 KOHTYDPY TPeyroJbHHUKA
C'A;A;, paBHBIT HCXOTHOMY KeaTOMY TOKY Ha A;A; (u HysteBoit BHe sToro konrypa). Torma
CyMMa 3THX (;) TOKOB pPaBHA HCXOJTHOMY KEITOMY TOKY. AHATOTHYIHO, pa300beM KpaCHBIi
TOK B CyMMY (;) TOKOB, TEKYIIHUX 0 KOHTYpaM TpeyroibHuKoB D By B;. [lonb3ygach ouamiu-
TUBHOCTHIO W MPUMEHsIsT aHAJIOT JIIsA 3-+3 TOYeK, mojydaeM TpedyemMoe.

YVrBep:kaenusa 1.7.1 u 1.7.2 wLTIOCTpUPYIOT HEKOTOPBIE uaen Teopembl 6.6.3 06 NP-
rpyanoctu. Cp. ¢ mpeanoxenusavu 4.1.5 u 5.2.4.

YrBepxkaenue 1.7.1. IIycmo cpedu namu moyex 1,2,3,4,5 na niockocmu Hukaxue mpu
HE AEHCA HaA NPAMOTI.

(a) Ecau ompesxu jk, 1 < j < k < 5, (j,k) # (1,2), umerom nenepecexaroujuecs
BHYMPEHHOCTU, MO Mouky 1 U 2 Harodamcsa no pasHuvle cmopoHb, 0Mm Mpey2oivhuKra 349,
cp. ¢ puc. 1.0.1 cnpasa;

(b) Ecau ompesru jk, 1 < j <k <5, (j, k) € {(1,2),(1,3)}, umerom nenepecexarousuecs
BHYMPEHHOCTIU, MO
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JINBEO mouku 1 u 2 naxodamcs no pas3Hve cmopors, 0m mpeyzorvhuka 345,

JINBEO mouku 1 u 8 naxodamcsa no pasHvle CmopoHsv. 0m mpey2orsvhuka 245.

(c) Ecau ompesku jk, 1 < j <k <5, (5,k) & {(1,2),(1,3),(1,4)}, umetom nenepecexa-
0UUECA BHYMPEHHOCTNU, MO

JINBEO mouku 1 u 2 naxodamcs no pa3Hve cmopoHs, 0m mpeyzosvhuka 345,

JINBEO mouku 1 u 8 naxodamca no pasHve cmoporsv, om mpeyzosvhuka 245,

JIUBEO mouku 1 u 4 Haxodamcs no pa3Hse cmopors, om mpeyzorvhuka 235.

(d) Of... Bu yorce dozadaruce, Kax Gopmysupyemcs asmo ymeepocoenue u 6000uLe Kax
NPU USYHEHUU BAOACUMOCTU B03HUKAIOM OYACEbL PYHKUUU.

Jlokasameavemso. (a) I1arh TOUeK MOXKHO TIpUBECTH B 0DIIee MOJIOKeHne, He W3MEeHsis HU
OJIHOT'O U3 PACCMATPUBAEMbBIX CBOMCTB. 10 yCI0BIIO KOJTMUYECTBO TOYEK TIepeceveHust OTPe3Ka
12 ¢ koHTypOoM TpeyroabHuUKa 345 paBHO KOJWYECTBY TOUYEK MepecedeHus BHYTPEHHOCTE
OTPE3KOB, COEIUHSIONINX JaHHbIEe MATh ToueK. OHO HeUeTHO 1Mo yTBepzKaeHnio 1.1.1.b.
(b,c,d) DTu yrBepKIeHNS AHATOTHIHBIM 06pa30M CJIeAYIOT U3 yrBepxKaenns 1.1.1.b. [

YrBepxkaenue 1.7.2. Ydarum uz K5 peopo 12. IIpu mobom PL enrootcenuu 6 naockocmo
NOAYUEHH020 2paga A100a.8 LOMAHAA, COCIUHANULAA 00pasv, sepwun 1 u 2, nepecekaem obpa3
yukaa 345 (m.e. 06pasvl 6EPUUH HATOOAMCA NO PAZHBLE CIMOPOHLL 0T 00PA3A UUKAG).

DTO JTOKA3bIBAETCI aHAJIOTUIHO yTBepxKaenuio 1.7.1. Bmecto yTBepxkaenus 1.1.1.b myx-
HO MCIOJIb30BaTh JiemMmy 1.4.3. Arasoruano GopMymupyoTes u goka3eiBaorcs PL anamorn
yTBepxkaenuit 1.7.1.bed.

Bameuanue 1.7.3. (a) The solvability of the system of Proposition 1.5.8 is equivalent to the
following. CymmecrBytor Bepruuel Vi, ..., V, u pedbpa vi,...,Ys, A1 KOTOPBIX V; & ~; mpu
Jobom ¢ = 1,...,8 u JJjisd JIOOBIX HECMEXKHBIX pebep o, T rpada cjeayiomnye 4ucjia uMeT
OJIMHAKOBYIO Y€THOCTD:

® KOJIMYECTBO KOHIIOB pebpa o, HOMepa KOTOPBIX JIesKaT MeK/Ly HOMepaMu KOHIIOB pebpa
7—7

® KOJIUYECTBO TeX ¢ = 1,..., s, I KOTOpBIX Jiubo V; € c u y; = 7, 1mubo V; € T u ; = 0.

(b) The above property is not fulfilled for K5 and for Kj3. Let us present a direct
reformulation of this for K5 (for K33 the reformulation and the proof are analogous).

Nmeercst 5 My3bIKAHTOB Pa3HbIX BO3pacTOB. HeKoTOpbIe mMapbl My3bIKAHTOB MCITOJIHUJIN
IbeCy, KaxK/Ias Mapa HEKOTOPHIM U3 OCTABIIMXCS TPEX MY3BIKAHTOB (BO3MOYKHO, HUKOMY W3
uux). Torga st HEKOTOPBIX JBYX HEIMEPECEKAIONUXCS Map MY3BIKAHTOB CYyMMa CJIEYIOTIIX
Tpex JHCes HeYeTHA:

® KOJIMYEeCTBO MY3BIKAHTOB MEPBOI Mapbl, BO3PACT KOTOPHIX JIEYKUT MEKJIY BO3pacTamu
MY3BIKAHTOB BTOPOM aphl,

® KOJIMYECTBO MY3bIKAHTOB MEPBOiil Maphl, CAYIIABIINX BTOPYIO HAPY,

® KOJIMYECTBO MY3LIKAHTOB BTOPOIl Maphl, CAYIIABIINX IIEPBYIO Mapy.

A BoT mepedopmyTHpoBKa Ha MaTeMaTHmdeckoMm s3bike. Ilycts Aq, ..., As — marb ce-
MeficTB (HeymopsijoueHHbIX) nap (pa3anaubix sgementoB) u3 {1,2,3,4,5} takux, 910 HHU-
kakoe j € {1,2,3,4,5} He BxozauT Hu B oxuHy mapy u3 A;. Torma s HEKOTOPBIX WeTHIpex
pasnu4HbIX yncesn i, j, k, 1 € {1,2,3,4,5} cymma caeayonmx Tpex quces HedeTHa:

® KOJIMUECTBO 37eMeHTOB B {i,j}, nexamux mexuy k u [

e the number of elements s € {i, j} such that A; > {k,[};

e the number of elements s € {k, [} such that A; > {i,j}.

(Vkazanue. TIpocymmupyem paccMaTpuBaeMble KOJIHYIECTBA MO BCeM 15 HeyHnopsiiodeH-
HBIM TapaM HElepeceKkarouXcst nap My3bIKaHTOB. /loKazKuTe, 9T0 CyMMa HeYeTHa JIJIst JIFO-
6oro BeIGOpa ucnosHenuii. CM. TeOMETPUIECKYI0 MHTepIpeTauio B mpumepe 1.5.5.b.)
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Bameuanme 1.7.4. (a) O6Gosuaunm uwepes H?(K*;Z,) MHOKECTBO PacCTAaHOBOK K* — Zs
¢ TOYHOCTHIO 10 Koromosornanocru. (OHO Ha3bIBaeTCs 08yMepHol 2pynnot ko2omoro2udl
¢ kKoapuyuenmamu 6 Lo 2-komiutexca K*.) Ilpenamemeuem Ban Kamnena no modyao 2
v(K) € H*(K*;Zs) nasbiBaercst KJacC KOOMOJOIMYHOCTH PACTAHOBKHU TepecedeHnil HeKo-
Toporo (miu, 3KBUBaJIeHTHO, JM060oro) PLGP orobpaxennsa f : K — R?. Jlemma 1.5.6 u
yTBepKaeHne 1.5.7 mepedopMyIupyoTca Tak:

e xacc v(K) ompeseseH KOPPEKTHO, T.e. He 3aBUCHT OT BBIOOpA OTOOparkeHus f.

e rpad K siBisiercst Zy-TIaHAPHBIM TOTJa W TOJBKO ToTa, Koraa v(K) = 0.

(b) Denote the set of skew-symmetric (cf. Assertion 1.5.9.a) maps K — Z up to skew-
symmetric cohomology by Hfs(f( ;7). A skew-symmetric cohomology class of the integral
intersection cocycle of some (or, equivalently, of any) general position PL map f : K — R?
is called the integral van Kampen obstruction V(K) € Hfs(f?; Z), see Remarks 1.5.13, 1.7.4.

(c) If in §1.5.4 we assume that cells o x 7 and 7 x o of K (considered as a cell complex)

are oriented coherently with the involution (z,y) <+ (y,2) (and so not necessarily oriented
as the products), and define the intersection cochain by assigning the number fo - f7 to
the cell o x 7 oriented as the product (and so not necessarily positively oriented), then we
obtain symmetric cochains / coboundaries / cohomology and the van Kampen obstruction
in the group H2(K;Z) = H2(K*;Z). We have HX(K;Z) ~ H2(K;Z). The two van Kampen
obstructions go one to the other under this isomorphism. Analogous remark holds for the
van Kampen obstruction for embedding of n-complexes in R*" [Sh57, §3|, [Sk06, §4.4].

I am grateful to S. Melikhov for indicating that in [FKT, §2.3| the signs are not accurate
[Me06, beginning of §1|. The sign error is in the fact that for n := dim K odd and oy
the integer intersection cocycle both equalities of(0 x 7) = fo - fr [FKT, §2.3, line 7] and
t(c x 7) = 7 x o |[FKT, p. 168, line -4| for each 0,7 cannot be true. If cells ¢ x 7 are
oriented as the products (as in [Sh57, §3|, [Sk06, §4.4]), then os(c x 7) = fo - fr but
t(o x 1) = (=1)"1 x 0. If cells 0 x 7 are oriented coherently with the involution ¢ (as in
[Me06, §2, Equivariant cohomology and Smith sequences|), then ¢(c x 7) = 7 x ¢ but either
of(c xT) = —fo- frorof(t xo)=—fr- fo.(The orientation assumption is not explicitly
introduced in [FKT, §2].)'7

Definitions of the van Kampen obstruction in §1.5.4 (and in [MTW, Appendix D]) use the
product orientation on o x 7 and do not mention the wrong (for n odd and this orientation
convention) formula ¢(o X 7) = 7 X 0. So they do not have the sign error.

T am grateful to V. Krushkal for helping me to locate the sign error in [FKT, §2.3]. The more so because
the explanation in [Me06, §3, footnote 6] of the sign error is confusing. Indeed, in [Me06, §2] the ‘coherent’
orientation is fixed, and without change of the orientation convention in [Me06, §3, Geometric definition of
¥(X)] the ‘product’ orientation is used (otherwise the formula ¢(oc X 7) = (—1)™7 X ¢ is incorrect for n odd).
The sign error appears exactly because of difference between these orientation conventions.
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2 Heorbemiaemsble nepecedenud AJid IIJIOCKOCTH

2.1 Jluneiinblie TeoOpeMbl 0 HEOTbEMJIEMBIX ITepecedYeHuaX

Vreepxkaenue 2.1.1 (cp. yrepxkaenne 1.1.1.a). Jas 06wz 4 mouek na naockocmu Aubo
00Ha U3 HUX AEACUM BHYMPU MPEY20AbHUKA, 00PG30BAHHO20 OCMABULUMUCH TOYKAMU, AUOO
UL MONCHO Pa3OUMb HA 08€ NAPLL MAK, YMO 0MPE3OEK, COCOUHANULT MOYKY 6 Nepeoti nape,
nepecexaem ompesox, coeduHAULUT MoKy 60 6mopotl nape.

Crenyroniye mpuMepbl TTOKA3LIBAIOT, YTO YTBepKaeHue 2.1.1 aBIgeTCS «HAWTYUITAMS.

e Ha mrockocTn Bo3bMeM TPEYTOIbHUK W TOYKY BHYTpH Hero. /lig moboro paszdomenus
9TUX YeThIpeX TOUYeK Ha JBe Mapbl OTPE30K, COeINHAIONINI TOUYKNA B MEpPBOil mape, He Tepe-
CeKaeT OTPe30K, COeJUHAIONINNA TOYKNA BO BTOPOH mape.

[ ] Ha IMJIOCKOCTHU BO3bMEM BEPIHINHBI KBaJdpaTa. Hu O/IHa U3 9TUX YeThIpeX TOYEK He JIC2KHUT
BHYTPHU TPEYTro/IbHUKA, 0OPA30BAHHOI'O OCTABIIUMUCS TOYKAMHU.

JokazaTenbcTBa yTBep:Kaennit 2.1.1 u 2.1.2 npuBeens B 1. 2.4.

Brinykioii 060s10ukoii (X) konedHoro Habopa X TOYEK IUIOCKOCTH HA3BIBAECTCS HAM-
MEeHBIMHH (110 BKIIOYEHHIO, WK MO TJIOMIA ) BBITYKJIBIH MHOIOYTOJBHUK, UX COAEPZKAIIHIA.
Cp. ¢ ompenenenuem B 1. 7.1.

Vreepxkienne 2.1.1 nepedopmyaupyercss Tak: A4100vie 4 MOYKU HG NAOCKOCNU MOACHO
pazbumov Ha 084 MHOHCECMBA, BLINYKAbLE 000A0YKU KOMOpuX nepecexaromca. Bor Gomee
CUTbHAS «KOJUYeCTBEHHAS» BEepPCH.

VrBepxkaenue 2.1.2 (cp. yreepxkaenne 1.1.1.b). Ecau nukarxue mpu us 4 mouwex na nioc-
KOCMU He AEHCAM, HA NPAMOT, MO CYulecmsyem posHo 00no ux paszbuenue Ha 08G MHOHCE-
CcMBa, 8LINYKABLE 000A0UKY KOMOPHLT NEPECEKAIOMCA.

Paccmorpum Tenepb pa3domeHus MOAMHOXKECTB ILJIOCKOCTH 60Jiee YeM Ha JiBa HellepeceKa-
MMUXCSI MHOYKECTBA.

IMpumep 2.1.3. Ha naockocmu 6o3vmem no r—1 mouke 6 Kascdol 6EPULUHE MPEY20NDHUKA
(uau 6auskul nabop pasauunvir mowex). Ipu awbom pasbueruu smuz 3r — 3 mouex Ha r
MHOHCECTNG BONYKABLE 000A0UKU IMUT MHOHCECTNE He umetom obwel mouku. (okascume,
nawas ¢ r = 3.)

4

Puc. 2.1.1: K Teopeme 2.1.4: obmiasi TO9Ka BBITYKJIBIX 000/I09€K

Teopema 2.1.4 (Tepbepr). Jlas 4106020 T a106vie 3r — 2 MOYKU NAOCKOCIU MOHCHO PA3-
OuUMb HA T MHOHCECTNG, BVINYKABIE 000A0UKU KOMOPLLT UMEN, 00ULYI0 MOYKY.
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Crenyrolriue NpuMephl MOKa3bIBAIOT, 9TO TeopeMa, 2.1.4 aBasgeTcs «HAWIYyUdIeiiy Ias r =

e Ha mjiockocT BO3bMeM BEPITUHBI BBIIYKJIOIO 7-yroJibHUKA. 1OT/1a HU OJ/IHA U3 BEPIIUH
HE JIE2KUT HU B OJHOM H3 TPEYIroJIbHUKOB, O6pa3OBaHHbIX OCTAaBIIIUMUCA TOYKAMU.

e Ha miockocTn oTMeTHM BepIIMHBI MPABUJILHOTO TPEYTrOJbHHKA M ero meHrp. Orwme-
THM TaK:Ke CepeINHBI OTPEe3KOB, COeIMHSIONINX BEPIIHHLI ¢ IMeHTpoM. Bo3bMmeM Jo0bIe 1Ba,
OTpe3Ka, COeIUHAONINE IBE HeIepeceKalonuecs mapbl OTMEeYeHHBIX TOYeK. Torma jubo aTu
OTPE3KN He MePeceKaroTCs, UOO WX TOYKA MePecedeHus He JIEKUT B TPEYTOJIbHUKE, 00pa30-
BaHHOM TpeMdA OCTaBHIUMHUCA OTMEYCHHbBIMU TO‘{Ka‘MI/I.18

MoTHuBHpOBaHHOE H3IOKEHHE aaredbpamdecKoro I0Ka3aTeJbcTBa TeopeMbl 2.1.4 cM. B
[RRS|. Bblio 6bI MHTEPECHO HATH TeOMEeTPHUYECKOe JOKA3ATETHCTBO, XOTs Obl I 1 = 3.
[Feomerpudeckue T0Ka3aTebCTBA O0JIee CIabbIX YTBEPZKIeHNI NpUBEJIeHbl B 1. 2.4.

IIpumep 2.1.5 (cp. yrBepikiaenue 2.1.2). Jlaa mHodcecmsa 6epuiuh NpasusbH020 CeMU-
Y20AbHUKA KoAUuUecMB0 padbuenuti ud meopemuv, 2.1.4 pasno 7. Kaorcdoe makoe pazbuerue
NOAYUAEMCA NOBOPOMOM U3 pasbueHus Ha puc. 2.1.1 caesa.

Jasa mmoorcecmea movex, uzobpascernnozo na puc. 2.1.1 ecnpasa, xKosuvecmso pazbuerusl
u3 meopemol, 2.1.4 pasro 4.

(Omo caedyem uz mozo, umo 6 A1000M MaKom Pa3bueHul 00HA U3 BHINYKABLT 000A0YEK
dondtcHa brimsb MPeY2oAbHUKOM, 00Ha U3 GepuiuH komopozo — 4, dpyeas — 1 uau 2, u
mpemvsa — 6 uau 7.)

Taxum 06pa3om, cAedyoULas CYMMA UMEEM PA3HYIO YEMHOCTY OAL 08YT PACCMOMPEHHBIL
gviue 7-anemernmunix muootcecms My u Mo

v(M;) = > | (B1) N (R2) N (R3) |.

{R1 ,Ra ,Rg} : M;=RiUR2LIR3

O0dnaro amom npumep nodcka3ueaem, wmo KoAuecmsao pa3buenut us meopemo, 2.1.4 ecmo
yucno euda 3k + 1. Omo eepro, moavko ecau 6 nNpusedeHnoti cymme YyoauHo paccmasums
snaku +1 neped caazaemvimu.

2.2 Tomojornveckass TeopeMa O ABYKPATHBIX IepecedyeHnsaX

JIro6oe MOIMHOZKECTBO TJIOCKOCTH PA30MBAETCS HA KOMNOHEHMOVL (C6A3HOCMU), TAKHE UTO
J00bIe /IBe TOUYKM OJHOI KOMIIOHEHTBI MOYKHO COEJUHHUTH JIOMAHOM, JeKaleil B MOJIMHOXKe-
CTBe, a HUKaKHe JIBe TOYKH W3 PA3HLIX KOMIOHEHT — HeJb3d.

e @8V O

Puc. 2.2.1: [ITaxmMaTHBIE pACKPACKU U BHYTPEHHOCTH IO MOJYJTIO 2

3amadua 2.2.1. Bo3bMeM 3aMKHYTYIO ILTOCKYIO IOMAHYIO [, BEPIIHHBI KOTOPOil HAXOIATCS
B 0O0IIIEM IOJIOXKEHUH.

18 Mokaskem 3ro. JI06yio Hapy Hepecekaroluxcs OTPE3KOB MOXKHO JIBHZKEHHEM IEPeBECTH B OJHY M3 Iap
{AB;,BA;},{AO, A1B1},{AO, BA,}. Takxe Ay = AON A1 By = AO N Ay B ue nexkur un 8 ABC1C, un
B AB1C.C, a AB; N BA; ne nexxutr 8 A OC,C.

31



(a) Tomommenne R%—[ momyckaeT «MIaxMaTHYIO PaCKpacKy», TaKyI0 9TO KOMIIOHEHTHI J10-
MOJTHEHUSI, COCEJICTBYIOIIHE 110 HEKOTOPOMY OTPE3KY JIOMAHOM, MOKPAIIeHbl B Pa3HbIe I[BeTa,
CM. puCyHOK 2.2.1

(b) KoHIpr toMaHoii p, BEPITHHBI KOTOPO HAXOAATCS B OOIIEM TTOJIOYKEHUH C BEPITHHAMA
JIOMAHOH [, UMEIOT OJMHAKOBBIN IBET TOrJA U TOJLKO TOTIA, Korjaa |p N I| uerHo.

Hint. (a) Bosbmem Touky A ¢ | n mokpacum ee B riger 0. Kaxayo rouky ¢ [ mokpacum B
nBer () wian 1, coBMaAAOMIMii MO YeTHOCTH ¢ YUCIOM TOUYEK IepecedeHnss ¢ | ImyTH, COeanHsI0-
mero X ¢ A, Bce BepIIHHBI KOTOPOTO, KpoMe X, BMecTe ¢ BepIIHHAMHI JJOMAaHOH [, HAX0IaTCs
B 0bOmmeM mostozkeHnu. Takas packpacka KOPPEKTHO OIpeJeaeHa 10 JeMMe O YeTHOCTH.

[Tpu nmepexojie B coceiHIO 00J1aCTh YUCI0 TOYEK MepecevdeHnss W3 Mpeblaynero adb3amna
YBEJIMIUBAETCA Ha 1, MO3ITOMY COCeIHNEe 0DIACTH TMOKPAIIEeHbI B Pa3HBbIE IIBETA.

BHYyTpEeHHOCTBHIO IO MOIYJIIO 2 IJIOCKON JIOMaHOI, BepPIINHBI KOTOPOH HAXOJATCSI B
00IIeM MOJI0YKEeHUHU, Ha3bIBaeTCsI 00beINHEeHNEe YePHBIX ODJIacTell MaxXMaTHOH pacKpacKu ee
JoToIHeHNsT (IpU yCJIoBUH, 9TO «BeckoHedHas» objactb Geaast). Cm. mogpobuee [ABM-+,
§2].

Kycouno-nmueitabie (PL) n PL o6miero nosnoxkennst (PLGP) orobpazkenust rpada B mioc-
KOCTh ompejesnensl B §1.4.

Teopema 2.2.2 (Tomosorudeckas teopema Pajona g miockocru [BBT9|, cp. meopembr
1.4.1 m 2.1.1). (a) Jas aw0bozo PLGP omobpasicenus f : Ky — R? aubo

® 00pa3bL HEKOTOPHLT HECMENCHBIT PEbEP nepeceraromce, Aubo

® 00pa3 HeKomopoti GEPUIUHBL AEHCUM 680 BHYMPEHHOCTIU NO MOOYA0 2 00pa3a UUKAGL U3
mpex pebep, He codepAHCAUWUT MY BEPULUNHY.

(b) [daa a06020 nenpepvisnozo (uau PL) omobpascenus mempasdpa 6 naockocms aubo

® 00pa3bL HEKOTOPLLT NPOMUBONONONHCHULT Pebep nepecekaromcs, Aubo

® 00pa3 HEKOMOPOTl BEPULUHDL NENHCUTN, 6 00PA3E NPOMUBONONOHCHOT 2PAHU.

Habpocok doxazameavemea. TIyHKT (a) BBIBOIUTCS U3 CBOEH «KOJMYECTBEHHOI» BepcHu (J1eM-
Ma 2.2.3) ¢ TOMOIIBI0 AIMPOKCHMAINH, cp. 3amedanne 7.2.3.b u [Sk20, memma 1.4.6.b].
[Tyukr (b) st PLGP orobpaskenus ciemyer u3 1. (a), mockosabky obpa3 f(A) rpann A
COZEP’KUT BHYTPEHHOCTD MO MOMAYJ0 2 obpasa rpanunsl OA 31oil rpann. (1o ciemyer u3
samedanusa 1.3.6.b mwmm [Sk20, yreepsxaenue 3.6.2|; ana PLGP orobpaxennsa f : A — R?
706ast TOYKA BHYTPEHHOCTH MO MOJLYJTIO 2 JIOMAHO f|sa MMeeT HeueTHOe YHCII0 TPooOpPa3o0B. )
[Tyukr (b) BeBOmuTCst W3 1. (b) maga PLGP oroGpazkenuii ¢ moMOmpbiO ammpoOKCHMAIIUH.
(3amernm takxke, 4ro 1. (b) skBuBajenren 1. (a), cM. [Sc04, SZ05].) O

Jnsa PLGP orobpaxkenusi f oOpa3sl JIFOOBIX JIBYX HECMEKHBIX pebep MepecekaroTcs B
KOHeYHOM unciie Touek (mo yreepxkaennito 1.3.1). Yucinom Pamona p(f) € Z, naspiBaercs
CyMMa Ye€THOCTEN

e JICJIa TOUYEK IepecedeHnss o0pa30B HECMeKHBIX pebep, u

e urcsia Tex BepimuH rpada Ky, 06pa3sl KOTOPBIX JeKAT BO BHYTPEHHOCTH IO MOIYJIIO 2
obpasa IMIKJa N3 Tpex pebep, He COomepyKaIlnX 3Ty Beprmnay. '

JIemma 2.2.3 (cp. nemmy 1.4.3 u yrBepxaenune 2.1.2). Jlas awobozo PLGP omobpasicerus
epaga K4 6 naockocmov wucao Padona newemmo.

Joxazameavcmeo. Beuay yreepxkiaenus: 2.1.2 jieMvma BepHa Jjiss OTOOpayKeHUil, TPpU KOTO-
pbhIx 00pa3 KazKjoro pedbpa sBJISIETCS OTPE3KOM, KOHIIBI KOTOPOro — 0Opa3bl KOHIIOB pedpa.
[Tosromy mocrarouno mokaszars, ato p(f) = p(f') ans mobsix asyx PLGP orobpaskennii

9For a PLGP map g of a tetrahedron to the plane one can define the van Kampen number v(g) € Z
[Sk16, §4.2] so that v(g) = p(9|k,)-
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f, "+ Ky — R? ommuaiomuxcs TOJILKO Ha BHYTPEHHOCTH OJHOTO pebpa o, mpudem f|,
aureitno. Obo3naunm depes 7 pedpo rpada Ky, HecMexRHOe ¢ 0, a Yepe3 S — BHYTPEHHOCTh
o Moy 2 gomanoit 9S = fo U f'o. Torma

p(f) = p(f) =198 N frla+|S N f(O7)]2 = 0.

31ech BTOpoe paBeHCTBO ciepyeT u3 yTeepxaenns 2.2.1.b.20 O

2.3 Tomosornveckasi TeopeMa 0 MHOTOKPATHBIX IepecedyeHnsax

Tomosornueckast reopema TBepbepra g miockocTu 06061maeT Kak Teopemy T'Bepbepra s
miockocTu 2.1.4, Tak u TonoJiornydeckyio reopeMmy Pajona jts miockoctu 2.2.2. s popmy-
JINPOBKH TIOHAJIO0UTCS Cllefyloliee onpeaenenne. YumcIoM 000POTOB 3aMKHYTOH ILJIOCKO
nmomamnoii [ = Ay ... A, BOKpyTr He JexKarreii Ha Heil Toukn O HA3BIBAETCS CJIEAYIONAs CYMMAa,
OPHEHTUPOBAHHBIX YIJIOB, JIeJIEHHAs Ha 27:

Cwm. mompobree [ABM+, §§1,2], [Wnl.

Puc. 2.3.1: K Tonosiornueckoit reopeme TBepbepra /s MJIOCKOCTH /st ©* = 3: KOHTYP CHHEro
TPeyroJbHUKA 00XOJUT BOKPYT TOUKH IepecedeHns KPaCHOTO U 3eJIeHOr0 OTPE3KOB

Teopema 2.3.1 (Tonosmorudeckas Teopema Twepbepra s mwiockoctu [BSS, Oz, Vo96]; cp.
¢ reopemamu 2.1.4, 2.2.2 u runore3oii 7.3.1). Ecau r — cmenens npocmozo, mo 0t 1106020
PL omobpasicenus f : Ks._y — R% aubo

® 00pasv. 1 — 1 mpeyzoivruKros 0b6xodam 6okpy2 06pasa 00HOT GePUUHDL, AUOO

® 00pa3vL T — 2 MPEY20AbHUKOE 00200AM B0KPY2 HEKOMOPOT MoKy nepecedenud 0opa3os
dsyx pebep,

2de mpeyzoavruKy, PeEdPa U GEPULUHBL NONAPHO HE NEPECEKANOMCA.

Tounee, MOHCHO MAK 3AHYMEPOBAMD BEPULUHDL YucAamy 1, ... 3r — 2, ymo Aubo

® yucao 060pomos obpasa Kascdozo us yursos 3t — 1,3t 3t +1,t = 1,2,3,...,r — 1,
80KpY2 00paza movwkyu 1 He pasHo HY.A0, AUOO

® yucao 060pomos 06pasa Kaxncdozo u3 yukroe 3t—1,3t,3t+1,t=2,3,...,r—1, sokpye

HeKOmMopot mouku nepeceverun 00pasos pebep 12 u 34 ne pasHo HyA0.
(Venosue «uucao 060pomos He pasno nya10» He 3agucum om opuenmayuu yukaa f(ijk).)

20}ImeeTcsa mpaMoe OKa3aTeILCTBO TOTO, uTo unciao an Kammena PLGP orobpaxkenns Ky — R? cosma-
naer ¢ unciom Panona ceoero orpanmnuenus Ha Ky [Sk16, §4.2]. Takum ob6pasom, semmbr 2.2.3 u 1.4.3 moryT
GBITH BLIBEJICHDI APYT U3 JAPYTa HAIPAMYIO.
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Teopema 2.3.1 sxkpuBasenta ([Sc04, Teopema 3.3.1|, [SZ05, Teopema 5.8]) ee crangapr-
HOIT (popmynmpoBke — Teopeme 7.3.2.a 11t d = 2. O ee JoKa3aTeJIHLCTBE W YAXBHTEIBHOM I0-
SIBJIEGHUT TEOPETUKO-IUCIOBOTO YC/IOBUSI HA, PA3MEPHOCTH B 9TOM TOIMOJIOTTIECKOM PE3Y/IbTATEe
cMm. 3aMedanue 7.3.7.a. /laxke 171 jokasarenbcTBa masomeprot Teopembl TBepOepra 2.3.1
HEOOXOIMMO 06obIIeHne MHozomeproti TeopeMbl bopcyka-Yiama 6.5.4.

Hepemennas 3agaqa: seper au ananoz meopemo, 2.3.1 daar = 67 a ecau r — ne cmenexs
npocmozo? KonmaecrBennas Bepcus Teopem 2.1.4 u 2.3.1 Hen3BecTHA!

2.4 Ilpusoxkenue: HeKOTOpbIe aetau K §2.1 u K §2.2

2.1.1. Pacemorpum gerBepky Touek A, B, C, D Ha MIOCKOCTH.

Ecmu kakne-to 3 W3 HEUX JieKaT Ha OJHON MPsSMOi, TO HEKOTOpasl W3 HUX, CKaxkeMm B,
JIEKUT HA OTPe3Ke MexKIy AByMs apyrumu, nanpumep, mexay A m C. Oboznadnm depe3
[XY] orpesok ¢ Bepnmuavu X, Y. Torga [AC| N [BD] # 0.

BHAYNT, HUKAKHe 3 TOUYKH He JIeXKAT Ha OJHOIT mpsaMoii. Eciu ogHa n3 9TUX TOYEK JIeKHUT
BHYTPH TPEYTOJIbHUKA, 00PA30BAHHOTO OCTAJIBHBIMHU, TO 33jia4ua perreHa. VHade KaxKas u3
TUX TOYEK JIEXKUT CHAPYKHU TPEYroJbHUKA, 00PA30BAHHOIO OCTATBHBIMA. [[0CKOIBKY TOUKA
D cuapyxu A ABC, To ona ub0O BHYTPHU OJHOTO W3 YIJIOB, BepTUKAIbHBIX yriiam A\ ABC,
b0 BHYTpH omuHoro mn3 yrios A ABC.

Cayuati 1. Touka D BHyTpHU OHOTO U3 yriioB, BepTukagbHbix yriaam A\ ABC. Bes orpa-
HudeHus obmHocTH, D BHYyTpH yria, Beprukaabaoro yriny ZACB. Torma touka C' BHyTpu
ABD, nporusopedne.

Cayuati 2. Touka D saytpu oauoro u3s yrioB A ABC, ckaxem ZBAC. [Tockoabky TOUKa
D Bue A ABC w Buytpu yria BAC, to Touku D u A jie’kart 10 pa3Hble CTOPOHBI OT MPSIMOit
BC'. Crenosarensno, orpeskn [AD] u [BC| nepecekaiorcst.

2.1.2. Tak KaK TOYKM ODIIEro MOJOKEHUSsI, TO WX BHINYKJIasg 000/109Ka — WJIH TPEyTroJib-
HUK, UJIA 9eThIPeXyro/bHUK. Ec/in BeIyKas 000/109Ka JAHHBIX 4 TOYEK — 4YeThIPeXyroJib-
HUK, TO Hy’KHas («PaJOHOBCKasi») TOYKA — TOUYKA IepeceveHust nuaronaseii. Ecin ke BbI-
OyKJaasg 000JIOUKA — TPEeYroJbHUK, TO HY:KHasl TOYKA — Ta TOYKA MHOXKECTBAa, KOTOpas He
SIBJISIETCS BEPIIIUHOM ero BBIMYKJI0# 000JTOUYKH.

2.1.3. /Jlpyzoe nocmpoenue. (a) Bozbmem 6 BepITuH BBITYKJIOTO IMMECTHYTOJbHEKA, KOTO-
pble FIBJSIOTCSI TOYKAMU OOIIEro MmoJoxKeHud. Ecin B KaKOM-TO U3 3 MHOXKECTB Pa30neHust
OJIHA TOYKA, TO M3-3a BBIIYK/JIOCTH IMIECTUYTOJTHHUKA 3Ta TOUKA HE JIe?KUT BHYTPHU BBIMYKJIOMN
000JIOUKH JTI0O0I0 MHOZKECTBA OCTABIIUXCS TOYEK, CJIEJ0BATE/]HHO Y TPEX HAMNIUX 000JI0YeK
Her obOmieit Toukn. Ecin ke B KaykK/I0M U3 MHOYKECTB pa30ueHus 1Mo 2 TOYKHU, TO HAIH 000-
JIOUKHU — 3TO 3 OoTpe3Ka. Tak KaK HAIU TOYKU ODIIEro 1MOJI0KEHHST, TO 3TH OTPE3KU HE UMEIOT
o0IIeil TOUKN.

(b) IpeamonokumM npoTHBHOE. Bo3bMeM BBIMYKIbIH (31 — 3)-yroJIbHUK, HUKAKHE 3 JIHa-
rOHAJIN KOTOPOTO He IepecekatoTces B oHoi Touke. [lo npunmuny upuxie, cpegum MHOKECTB
pasbuenusi ecTh JIMOO MHOXKeCTBO u3 1 BepIuHbl, OO0 3 MHOXKeCTBa U3 2 BepriuH. B mep-
BOM CJIy4ae MOJIy4aeM IMPOTUBOPEUNE BCJIEJICTBHE BBHITYKJIOCTH MHOTOYTOJIbHUKA, BO BTOPOM
caydae — Oarofaps OOITHOCTHU TOJIOKEHHUs BEPIITHH.

Joxazamesvecmea ananozo6 meopemuv, 2.1.4. Jaar = 3 u epuwut 8bNYKA020 BOCOMUY20ND-
nura. Cum. puc. 2.4.1. ObGo3HAYUM BepIINHBI BOCHBMHUYTOJHHUKA B TOPSIKE 00X01a Uepes
1,2,3,4,5,6,7,8. Pasobbem ux ua Tpu muoxkecrsa {1,3,5, 7}, {2,6} u {4,8}. Ix Boimyk.ibie
000JIOUKH — YeThIpexyrobHuK 1357 u oTpesku 26, 48, coorBercrBenno. Clearly, segments 26
and 48 have an intersection point, say A. Clearly, A does not belong to any of the triangles
123, 345, 567, 781. [loaromy Tpu BBITTYKJIble 0D0JIOYKH UMEIOT OOILYI0 TOUKY. ]
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6 b}

Pwuc. 2.4.1: Bueimyk/iblii BOCBbMAYTOJTHHUK

Jaa r = 3 u 11 mouex. Eciiu y BoIyKJIOi 000/109kn jaHubix 11 Todek He Menee 8
BEpIIUH, TO Pe3y/IbTaT J0Ka3aH Bbile. Fcin ke y Heit Meree 8 BeprinH, TO 0003HAYNM Yepe3
S muOZKecTBO 3mux BeprmH. Ocrasmmxces Todek He meHee 4. [losromy mx MOXKHO pa3dUTH
Ha JIBA MHOXKECTBA BLIMYKJbIe 00OJJOYKU KOTOPBIX MEPECeKAIoTCd. JTO Iepecedenne OyaeT
JIeYKaTh W B BBIMYKJIOH 000J0YKe MHOXKECTBaA .S. O

Jaa r =3 u sepwun sunyriozo cemuyzosvnura. (IlpeasapurenbHas Bepcusi HAMCAHA
A. JIboBbim u T. KoBaseBbim. Anasiornanoe perenne npuaymano B. Kysnmosbim.)

O0o3HAYNM BEPITHHBI CEMUYTOJIBHUKA B Mopsiike obxoma depe3 1,2,3,4,5,6,7.

Ecmu X := 37N 26 € A145, To pasbuenune 37, 26, 145 — uckomoe («TBEpHEPrOBCKOE» ).

Ecmu X ¢ A145, To He ymassgs OOITHOCTH MOXKHO CUUTATh, 9TO X JIEKUT BHYTPH IETHI-
pexyroiabauKa 1567. Tak kak X He JIe2KUT BHYTpU IATHyTOJbHUKA 12345, To Y = 15N 37
HE JIEXKUT BHYTPHU deThipexyroabhnuka 1267. Tak kak 15N A234 = (0, o Y & A234. Tax
Kak 37 N A456 = (), To Y & A456. Tlosromy Y € A246. 3naunr, pasouenue 15, 37, 246 —
HCKOMOe. U

Caedyrousue doxazamenvemea wanucanv, M. Bozdanosvim u A. Ioaanckum.

Teopema o uenmparvrot mouke. g mobbx 3k ToUek Ha IJIOCKOCTH HaMJIeTCd TaKast
TOYKA, IJIOCKOCTH, UTO JTI00as MOIYILTOCKOCTD, COAEPYKAINASA 9Ty TOUKY, COTEPKUT He MeHee
k Touek m3 maHHBIX Jk.

Jlokazamensvcmeo. PaceMoTpuM BRITYKJIbIE 000/109KH JTIOOBIX 2k + 1 u 6ostee Touek. [lo
Teopeme XeJlTH Bce OHU UMeroT 0011y TouKy O (T.K. JH00ble TPU U3 HUX UMEIOT ODIILYIO0 TOY-
Ky). Jokazxkem, aro Touka O neHTpajgbHas. Eciu 910 He Tak, TO CYIIECTBYET TaKas MpsiMasi,
npoxognas depe3 O, Takasi 9TO 0/IHA W3 MOJIYILIOCKOCTEH, comepzKaiiast Touky O, COIepKuT
MeHee k ToUYeK. 3HAYHT, ee JIOMOJHEeHNEe COIEep:KHUT Oostee 2k ToUeK. 3HAYUT, MHOTOYTOTbHUK,
obpa3oBaHHBIi dSTUMHI 2k Toukamu, cojaepkuT Touky O. [IporuBopedne. 0

Zokxazameavemea ananoz2o6 meopemo, 2.1.4. an 9r mouex. Ilenrpanbras Touka O JeKAT
B BBINYKJIOH 000/10uKe J100bIX 6r + 1 w3 gaHHBIX TO4ek. T.e. u3 J0ObIX 67 4+ 1 JaHHBIX
TOYEK MOYKHO BBIOpATh TPU TaKUX, YTO TPEYTOJBHHUK C BepIIMHAMH B HUX coaepxKuT O.
Bynem BeIOUpaTh Takme TpeyroJbHUKH, BHIKAIBIBATH X, BHIOKPATH HOBBIE U T.J. DTO MOXKHO
c/iesiaTh XOTs ObI 7 pas.

Jlasa 3r movex. [Tponymepyem Touku ot 1 10 37 Tak, 9T0O0BI HOMEpPA HECTPOTO BO3pACTAIN
[0 9aCOBOM CTPEJIKe OTHOCHTEIbHO HeHTpaabHoi Toukn (). Tak kak Touka O meHTpasIbHasl,
TO OHA JIEKUT B TPEYTOJIbHUKE C BepIIHHAMIE 4,1 + 1,1 + 2r (mod 3r). 0
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3ameuanue 2.4.1. [Iycts f : K — R — PL orobpazxkenue rpacda K, mepeBosiiee BepIIHHBI
B pasJHYHble TOYKH, OTIIMIHBIE OT «To4Yek Bo3Bparas pebep (PLGP orobpakenue).

(a) Tononozuueckan meopema Padona dan npamot. st 106010 HENpepbIBHOrO 0TOGpa-
JKEHUsI TPEyroJbHUKA B MPSAMYIO 00pa3 HEKOTOPOil BEpIIUHBI JIEXKUT Ha 0Opa3e MPOTUBOIO-
JIOYKHOTO pebpa.

Jokasamesvcmeo. Obpa3 OTHON U3 BEPIIMH TPEYTrOJTbHUKA JIEXKUT HECTPOro MeXKIy 00-
pasamu AByX aApyrux. Tak Kak oToOpazKeHne HeIIPephIBHO, TO 00pa3 9TOil BEPIIHHBL U JTEXKHUT
Ha obpa3ze MPOTHUBONOJIOXKHOTO pebpa.

(b) I'pad HaswiBaercst k-peanusyemvim 1a npamot, eCIu ero BePHIMHB MOYKHO PACIIOJIO-
JKATHh Ha IJIOCKOCTH TaK, YTOOBI JTI0OAs IpsMas, MepHeHIuKYIIpHas HEKOTOPOil (bUKCHPO-
BaHHOII HpsIMOii, mepecekaa o0beIuHeHne OTPEe3KOB, COOTBETCTBYIOMUX pebpaMm rpada, He
bosee yeM B k Toukax. /[ Ipyrumu cioBaMu, eC/id CYIIECTBYeT oToOpazKeHue rpada B IpsSIMYyIo,
pu KOTOPOM JI00asi TOUKa MpsiMOil uMeeT He DoJiee k TTpoodpPa3o0B.

fcro, 4To cBsA3HBIM rpad l-peasm3yeM Ha NMPsIMON TOrJa W TOJIBKO TOIJIa, KOIJA OH
apistercst myrem. O Kpurepun 2-peanusyemoctu jgepesbes cM. [Kho| u cebliku B 9100t cTaThe.
WuTepecuo Haiitn Kpurepuii 1 3 HEKTUBHBINA aJIrOPUTM pACIO3HABAHUS k-pean3yeMOCTH.

(c) st mrobbix distinet points x,y, z,t € R the following number is even:

[z [z, ]+ ly O [z, 8]+ [l y] O 2] + [[2, 9] 0 ]

(d) Pacemanosroti nepecenenut nHazoBeM conoctasaenue qucia | f (a)Nf(o)| kazxmoii mape
@, 0 U3 BEPIIUHBI U He cojieprkaiero ee pebpa. Kak MeHsieTcst pacCTaHOBKA Tepecevdenuii mpu
n3merennn orobparkenusi f? Pazmbimuisst 06 3Tom, Bel npugere K omnpeseeHusIM u3 M.
(e,f). Haunure ¢ mpuaymbiBanusi anasora npeobpasobanuii Paiinemaiicrepa ua puc. 1.5.1.

(e) Hedbopmasbuo roBops, rpadom K (1) Ha3BIBAETCS MHOYKECTBO HEYIOPSIOUEHHBIX Tap
{z,y} Touek rpada K (Tounee, ero resa), OaHA U3 KOTOPBIX SBJSIETCS BEPIIUHOMN, a Apyras
JIeKUT Ha CTOPOHE, He CMEXKHOH ¢ 9roit Bepumuoit. Popmasbmo, seprrumsl rpada K1
— HeymopsigovYeHHbie napbl {a,b} pasamanbix Bepmun rpada K. s KasKabIX BePITHHBI
a w He cojepsaiiero ee pebpa be B rpade K coexnnum pebpom B rpade K*() peprmuer
{a,b} u {a,c}. 1o pebpo obosnauaerca {a,bc}. Apyrux pebep B rpacde K*M mer. Cp. c
onpeenernem rpada K2 mocre yreepaxaenns 1.6.2.

Kaxkwe rpaber K*Y nomyuarcs, ecim K — IHKJI ¢ TpeMst BepITAHAMH, TPHO, K47

(f) Onpeesternst KOrpAHUIBI B KOTOMOJIOTHIHOCTH IIPUBE/IEHBI MOCJIe yTBepK aennst 9.2.3.

Cywecmsyem omobpascenue f: K — R, makxoe wmo f(a) & f(o) daa mobwz eepuiu-
HoL @ u pebpa o F a (m.e. MOUTH BIOXKEHHE) mozda U moavko mozda, k0206 paccmanoska
nepeceverutl nexkomopozo PLGP omobpastcenus K — R kozomorozuyuma myaresot.

DTO cJIeyeT W3 TOro, YTO YCIOBHE Ha PACCTAHOBKY IepecevdeHuil He BBIMOJHEHO HU JI/Is
Tpuoga K, au s nukiaa K.

(g) Kouyukaom Ha3bIBaeTCsl TaKasi pacCTAHOBKA HyJieil n exanHuI] Ha pebpax rpada K O
aro cymMMa deTsipex uucen pebpax {a,cd}, {b,cd}, {c,ab}, {d,ab} werna ans nOOBIX Here-
pecekatonuxcst pedep ab, cd rpada K. Bugy 1. (¢) paccraHOBKa HepecedeHuil — KOIUKII.
Kpowme Toro, - {a, b} — konuki.

(h)* ast kasKapIX KOIMKJIA UV W HEyHnopsiaodeHHON mapbl {ab, cd} Hemepecekaronmxcs
pebep rpacda K oboznauum depes

Sq'v{ab, cd} = v{a,cd} + v{b,cd} = v{ab,c} + v{ab,d}

CYMMY JIBYX YHCEJI Ha «IIPOTHBOIOJJIOXKHBIX» pedpax «ImpsMoyrojibHuKay ab X cd. IToaydanrces
otobpaxkenne Sq' v 1 K* — Z,.
Torma Sq' (p +v) = Sq' 1+ Sq' v 1 Sq' d gy {a, b} = - 6(a,0) =: d(a x dxb).

o>b
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Onpenennm rpynmny H'(K*) Kak rpyniy KOIUKJIOB ¢ TOYHOCTBIO 10 KOTOMOJOTHYHOCTH.
OGosznaunm vepes H?(K*) rpynuy orobpaxkennii K* — Zo (T.e. paccTaHOBOK HyJieil 1 ejiu-
Hul, HA ") ¢ TOYHOCTBIO 10 KOPOMOJIOTHYHOCTH. BBuIy opmys u3 npeapiayiiero abana
keadpam Boxwmetina-Cmunpoda Sq' : HY(K*) — H?(K*) xoppekTHo onpeesnen (hopmy-
moit Sq'[v] := [Sq' v]. (DTy onepanuio MOKHO OTIPeIeTHTD 1 /1715 MPOU3BOTLHOTO ABYMEPHOTO
KOMILITEKCA, HO MBI OTPAHHYIUIACH HEOOXOIUMBIM 3/16Ch YACTHBIM CJIYYaeM, B KOTOPOM OIIpe-
nesenne mpotne. MoXKHO ompeaenTh OunuHeitnoe ymmoocenue Koamozoposa-Anexcandepa
—: HY(K*) x HY(K*) — H*(K*), nis xoroporo Sq' v = x — 2.)

(i) Ipenamemeuem Ban Kamnena vy (K) € HY(K*) k Zy-siaoxumoctu rpada K B nps-
MYI0 Ha3BIBAETCsI KJIACC KOTOMOJOIHIHOCTH paccranoBku nepecedenuit vi(f) (PLGP oro6-
paxenust [ : K — R). KoppeKTHOCTb OIpejieieHnst TPOBEPsIeTCsl AHATOTUIHO Jemmve 1.5.6.
Cp. 3ameuanne 1.7.4.a.

Torma v(K) = Sq* vy (K).

Vkasanue. Bosbmem muneitnoe otobpaskenne ¢ : K — R2, 06pa3sl BepIImn IpiH KOTOPOM
JexkaT Ha OoKpyzHocTH (cM. mpuMep 1.5.2). O6oznaunmm uepes f : K — R! xommosummio
oToGpazkenns ¢ u mpoeknun Ha och Oz. Torma Sq' v (f) = v(g).

Vreepxkaenue 2.4.2 (MajoMepHasi BepcHsl JeMMbl O KoJbliax Boppomeo 6.14.7.b). Ha
NAOCKOCMU daHb 06€ 3AMEHYMbBLE AOMAHBLE A, b (603MONHCHO, CAMONEPECEKANOULUECA) U MOY-
kU Py, P, Poa, Ppy. Bepuwunvt AOMAHLLT U 2MU MOUKU HATOOAMCA 68 00ULLM NONOHCEHULU.
Jlomanas a nepecexaem Kascovll us ompesros P, Py u Py Py 6 uemuom xosuvecmsee mo-
ek, a xkancovll u3 ompesros P, Py, u PyPy — 6 newemuom. Jlomarnasn b, naobopom, nepe-
cexaem kancowvl uz ompeskos P,, Py, u Py, Py 6 Heuemmnom xosuvecmee mouek, a kaxrcovii
us ompeskos P, Py, u PPy, — 6 wemnom. Tozda aomanvie a u b nepecexaromcea.

Joxazamesvecmeo. Tak Kak BEPHIUHBI IOMAHON @ HAXOATCH B OOIIEM TOJIOYKEHUH, TO YaCTH,
Ha KOTOPBIE OHA, Pa30MBAET MIOCKOCTh MOYKHO PACKPACUTH B YePHBIN U OB [IBeTa TakK, 4TO
COCeJTHUE YACTH PA3HONIBETHHI (cM. yTBepxkaeHue 2.2.1). O6o3HaUUM uepe3 « 00beJUHEeHe
YepHBIX YacTeil. AHAJOMMYIHO HOCTPOUM JIBYMEPHOE MHOYXKECTBO [ MO JTIOMaHOii b.

3asepuwenue dokazamenvcmea. Ecim aNb = (), To oxuo u3 Muoxkects aN B, a — 3, f —«
um R? — a — f uycro. He ymenbinas obumoctu, P,, € N 3 (unaue nepexpacum). Toraa
P, € B — o, 3naunt, Py, € R? — a — 3, mosromy Py, € o — 3. IIpotuBopeune.

Apyeoe szasepwenue doxazamenrvcmea. Bozbmem Touky C' B 00mIEeM MOJOXKEHUH C Bep-
IMAHAMHI JIOMAHBIX U TOUYKAMU P,,, Py, Ppo Py O003HAUNM 4depe3 v o0beuHeHne OTPe3KOB
CP,,UCP,,UCP,,UCPBy.

Ecsin sjomanble a u b He nepecekatorcd, To a (N 3 ecrb au6o a, 6o O, u o N'b ecth 16O
b, 6o (. Torga ciepyromas Ienodka CpaBHEHUIl 110 MOYJIIO 2 J1aeT IPOTHBOPeYne.

0 = [d(yNan ) NanB| + [ynQda NB| + |yNan 9 | = 1+0+0 = 1.
5 lo(ynans) Y Bl + hnda Nl + |y |5

:{PaaaPabvpbanb} =@ =b

5 |

Buech (1) BbimosHEHO, MOCKOMBKY YN v 3 ecTh 00beIMHEHIE KOHETHOTO KOJMIEeCTBA HEBbI-
POZKJIEHHBIX HE3aMKHYTHIX JIOMAHBIX, Y KOTOPHIX YeTHOe 4rcI0 KOHIoB. CpaBHenue (2) 10-
Ka3bIBAETCST HECTIOKHO (910 «dopmyta JleiiGHumas ).

Jokazxem cpasuenne (3). Mmeem

yNanp=0yNa)N(OyNPL) ={Pi P} N{Pus, Poa} = {Paa}-
EctmanfB=0,toyNan B =0. Ecim xxe aN = a, 10
lyNanpg|l=|yNa|l =|PwubPuNal+|PpPyNal =14+1=0.

Urak, B 0boux caygasx |y N a N f| = 0. Aragormano |y N a N bl = 0. O
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3  YcroitumBocTh camonepecedeHnii rpagoB HA MJIOCKOCTH

3.1 AnmpokcuMmpyeMOCTh ITyTeil BJOKEHUSIMU

Haunem ¢ HarIsgIHBIX 3a7a49, HOSCHAIOMIAX HTPOOJIEMY aNNPOKCHMUPYEMOCTH BJIOYKEHUSIMHI
(nm ycroitamBocTn camornepecedennii). Obmume 3amMedanus 06 3Toi mMpobiemMe MPUBEIEHBI B
KOHIIE ITyHKTA.

Bamaua 3.1.1. (a) OXOTHHK TryJsieT 110 JIeCHOI JOPOKKe, nMeroleii hopmMy mpsiMoJInHeri-
Horo orpeska (aymubl 1 kKM). [Ipr 5TOM OH MOYKET MeHSITh HATPABJIEHHE CBOErO JIBUKEHUSI.
OH BejieT Ha TOBOJKe JIHHONH 1 M cobaky (T.e. pacCTOAHME MeXKIy CODAKON M OXOTHHKOM
He mpeBocxoauT 1 M). JIOKayKuTe, 4TO HE3ABHCHMO OT JIBUYKEHHUS] OXOTHHKA CODAKA MOYKET
JIBUTATHLCA TaK, 9TOOBI HE NMEePEeCceKaTh CBOM CJIej.

(b) To ke mist gopoKKH B opMe OKpYKHOCTH (paguyca 1 Km).

(c) JBa oxorHuka mponum (paBHOMEDHO W HE MeHsisl HAlpPAaBJIeHHs, B OTJIMYHE OT II.
(a) u (b)) mo MPAMOTMHERHBIM JOPOKKAM, MEPECEKAIOMUMCS MO, MPSIMBIM YIJIOM B TOUKE,
OTCTOSIIENH OT KarKJI0ro m3 ux KoHioB Ha 1 kM (puc. 3.1.1, Ha xotopom ¢(I;) n p(ly) —
Iy TH OXOTHUKOB). KasKiblii 13 HUX BeJl Ha MOBOJKE JTHHBL 1 M cobaky. /JoKazKuTe, 4To OJIHA
cobaka 1epecekajia CJebl JIPYroii.

f(l2)

f(I)

Puc. 3.1.1: Tpancsepca/ibHOe Tepecevenne He anPOKCUMUDPYEMO BJIOKEHUSIMHA, f — ¢

Bamada 3.1.2. (a) OxorHuk aBurajcs (DaBHOMEDHO U He MEHsisl HAIPABJICHUST) IO JIEC-
HOIT JI0pokKe B (bOpMe OKPY’KHOCTH JuamMerpoM 1 KM, caesas jaBa obopora. OH Bes Ha 110-
BOJIKE JITHHOf 1 M cobaKy, KOTOpas B KOHIE IBUZKEHUS TOKE BEPHYIACH B HCXOIHYIO TOUKY.
JlokazkuTe, 9T0 cobaka 00SI3aTETHHO MepeceKasta CBoii ciel (B HeKOTOPBI MOMEHT BPEMEHH,
OTJIMYHBINA OT KOHEYHOTO).

(b) Bepen sin anasior 1. (a) 6e3 HpeanoIoKeHnst 0 TOM, 9T0 cobaKa BEPHYJIACHh B HCXOAHYIO
TOYKY?!

(c)* Bepen sin anasor . (a) 6Ge3 MpPeaNnoIoKeHuss O PABHOMEPHOCTH U MOCTOSIHCTBE Ha-
[paBIeHUAS !

(d) Bepen sin anasor m. (a) ajs caydasi, KOTJa OXOTHUK CAeTal mpu 060porta?

(e) st kKakoro umcsia 060pOTOB BepeH aHasor 1. (a)?

[IpuBenem dbopMaIbHBIE ONpeIeTeHns.

Jlomamass Ap...A, Ha3BIBAETCA NOBEPULUHHO ANNPOKCUMUPYEMOT BAOHCEHUAMU, €CITH
CYIIECTBYET CKOJIb YIOAHO OJin3Kasi (MOBEPIIMHHO) K Heil JomaHasi 6e3 caMorepecedeHHuit.
Nnu, dopmasbho, ecym st Jiioboro € > () cyliecTByeT HecaMOlepeceKalomasics JToMaHast
By ...B,, nna koropoii |A;B;| < € mas moboro j = 1,...,n. AHAJIOrHYHO Ompe/e/seTcs
HOBEPIIHHHAS ANMPOKCUMUPYEMOCTh BIOYKEHUSIMHI 3aMKHYTON JTOMAaHON U JTarKe IPOU3BO.Ib-
HOTO JIMHeHOro oToOpaykenus ¢ : G — R? rpada G (cM. onpenenenne B 1. 1.4). Beuio 651
MHTEPECHO HATH aHAJOTH Pe3y/JIbTATOB 3TOrO maparpada s MOBePITHHHOW aMMPOKCHMU-
pyemocTu BiaoykeHusiME. OHI ¢cHOPMYIUPOBAHBI IS CAEAYIOMIEH KyCOUHO-TNHERHON Bepcun
9TOTO TIOHATUA.

anmee Bce O0TOOpAYKEHUSI CUUTAIOTCS KYCOUHO-THHeHHbIMU (m. 1.4), ecin He OroBope-
HO TIPOTUBHOE (BIPOUYEM, OIPEIEJEHUsT OCMBICIEHbI JarKe JJIs HEMPePbIBHBIX OTOOpayKe-
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uuit). Baoscenuem rpada B IIOCKOCTh €ro HA3BIBAETCs M300pazKeHne 6e3 caMolepecevTeHuit
(em. dopmanbroe ompeenenne B 1. 1.4). O6osnadum uvepes [ := [0, 1] orpe3ok u uepes
St:={x € C : |z|] =1} okpyxuocrs. I[Tyth ¢ : [ — R? Ha mjockocTH Ha3bIBaeTCs ari-
MMPOKCUMUPYEMbIM BJIOYKEHUSIMU, €CJTH CYIIEeCTBYET CKOJIb YIOAHO OJIM3KAN K HEMY MyTh
6e3 camonepecedenuii. Vi, (popmaabHO, ecin A J000ro € > () CyIecTByeT TaKoe BJIOXKe-
ane f: I — R? uro |f(x), o(x)| < € mra moboit Toukn x € I. AHATOTHYIHO ONMpeIeIaeTcs
AIIIPOKCHMEIPYEMOCTD BJIOKeHHaAMU mukia ¢ : ST — R? u gaxe orobpakenua ¢ : G — R?
npoun3BoabHOrO rpada G.

Crporue dpopmyanposku 3a1a49 3.1.1 u 3.1.2.a TaKOBHI:

e ecyi o6pazom (1) mytu ¢ : I — R? gpagerca oTpe3oK WK OKPY:KHOCTb, TO 3TOT My Th
AIIIPOKCUMHUPYEM BIIOKEHUSIMI,

e TpaHCBepcanbHOe mepecedenne ¢ : I U I, — R? (puc. 3.1.1) He anmpoOKCHMUPYEMO
BJIO?KEHUAMU

e xommosumus ¢ : ST — S C R? nBykpaTHON# HAMOTKH M CTaHIAPTHOTO BKJIOUEHHUS He
AIMIPOKCHMUPYETCS BIOKEHUSIMH.

Puc. 3.1.2: TTosistnku u TponuHKU

[TpuBeieM SKBHBAJIEHTHY IO KOMOMHATOPHYO (DOPMYINpPOBKY 3ajaqu 3.1.2.a (aHATOTHIHO
nepedopMyTHpyeTcsa 00IIee MOHATHE AMMPOKCUMUPYEMOCTH BJIOZKEHUSIMU; IKBUBAJIEHTHOCTD
nokasana B [Mi97]). PaccMorpum f1Be MOJIHKHA (T.e. JBa KPyra), COETMHEHHBIX TBYMS TPO-
nuHKaMHU (T.e. oJIocKamu) a u b, kKak Ha puc. 3.1.2. Cobaka Gerasa Mo MmoJstHKAM U TPOIMTHHKAM
U BepHYJIach B HCXOJAHYIO TOuKYy. Kaxkaprit pa3, korja cobaka nepederaja ¢ MOJISTHKU HA TPO-
NUHKY, OHa 3alMchiBajIa 0b03HaveHne 3Toit Tponunku. B 3ajade 3.1.2.a yTBepKmaeTcs, 4TO
eCcJIM TOJTy9nIach 3anuch abab, To cobaka obsi3aTeIbHO Mepecekasia cBoil cie/] (B HEKOTOPBIi
MOMEHT BPEMEHH, OTJIHYHbBIl OT KOHEIHOTO).

Bamaua 3.1.3. (a) [Iyrh mm nukia B rpade HA3BIBAETCSI 2UAEPOGHIM, €CTH OH TIPOXOIUT
0 KaskJI0My pedpy rpada POBHO OIWH pa3. DitaepoB MyTh WK MUK B rpade Ha MI0CKOCTH
AMMTPOKCUMUPYEM BJIOKEHUSIMH TOTJIA U TOJBKO TOT/JA, KOT/Ia OH He HMeeT TPAHCBePCATbHBIX
camornepecedennii (puc. 3.1.1).

(b) CymecTByer myTh, He COIEpPKAIINiT TPAHCBEPCAJILHBIX MePeCeYeHnil W He alpOKCH-
MUPYEMBII BJIOKECHUAMU.

[Ipumeps K 3amade 3.1.3.b mpuBegeHsl Ha puc. 3.1.3, Tae A8 HATIAJIHOCTH HAPUCOBAH
He caM 11y Th, a OJU3KWI K HeMy 1yTh obmiero mosoxenusi. M., Bupouem, [Mi97|, [Sk03’].

Bamaua 3.1.4. (abed) IlyTu Ha puc. 3.1.3 He anIpPOKCHMUPYEMBI BJIOYKEHUSIMH.
(Vkazanme. Moxuo cBectn K Hemtanapuoctu rpadgos Kyparosckoro Ky n Kj 3. Ilynk-
TUpHas JuHAsT Ha puc. 3.1.3 momoxker caeaarh 31o. [Ipyroe penierne HamedeHo B 1. 3.2.)

Bamaua 3.1.5. O6o3naunm epe3 P, H, X rpaduni, romeomopdunie 6yksam P, H, X. Bep-
HO /I, 4TO Kommosumusg ¢ : K — I C R? mpou3BoIbHOr0 0TOOPasKeHHA U CTAHIAPTHOTO
BKJIIOYEHUA allllDPOKCUMHUPYEMa BJIO2KEHUAMM, €CJIN

(a) K=S8Y (b)K=P;, (¢)K=H; (a) K=X?
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w(I)
f{) ‘
o(I) >
a) b)
(=)
f) ") .
(1) G - .
¢) d)

Puc. 3.1.3: IlyTtu, He annpokcuMupyembie BIOKEHUSIME

(Bammm oTBerbl mo3BOsIAT onucarh Bee napbl (K, L) rpadoB, i KOTOPBIX KOMIIO3HIIHS
¢ : K — L C R? npon3BoJLHOT0 0TOOPAYKEeHNs H HEKOTOPOTO BKJIIOYEHHS alIPOKCHMIPYEMa,
BJIOZKEHUSIMU. )

Sameuanus. [[pobema anmpoKCUMUPYEMOCTH TyTeil BIOXKEHUAMHI UHTEPEeCHa ¢ TOYKH
3peHusT TOMOJIOTHH, Teopun TpadoB 1 KOMIbIOTepHOI Hayku, cM. [Sk16’| u cepuikn Tam. Dra
npobJieMa MoXozka Ha KJIACCHIecKyIo mpobJemMy mianapHoctu rpados (§1) u gaxe cBoauTest K
pacnosuaBanuio mianapraoctu rpados [Sk94|. (Bupouem, qucsio rpados, IAHAPHOCTH KOTO-
PBIX HAJIO BBIICHUTD JIJIsT OJJHOTO JJAHHOTO MYTH, BeIMKO.) HeTpyaHo 1oKa3aTh, 4To npobaema
ANNPOKCUMUPYEMOCTIU BAOHCEHUAMUY as2opummuecku paspewuma [Sk94, Sk03’]. Oxnako
UHTEPECHO MOIYIUTh ObiCMPoitl AJITOPUTM PACTO3HABAHUS ATIITPOKCHMUPYEMOCTH BJIOYKEHMUSI-
vu. Kpurepnii B repmunax npensrcreus Ban Kavnena (cM. gasee) naer moJamHOMAATBHBIT
asiroputM. [Ij1st mpob/IeMbl alPpOKCUMUPYEMOCTH BJIOYKEHUSIME aHaJI0Ta Kputepust KyparTos-
ckoro 1.2.3.e ue cymecrByer [Sk03’|.

Bamaga 3.1.6. [Tapa uyreit ¢, ¢ : [0,1] — R? na miockoctu HazbiBaercs paseodumoti,
ecJIM CYMEeCTBYIOT CKOJIb YTOJIHO OJTM3KHe K HUM mMyTH 6e3 mepecedenwuii. nu, dopmaibHo,
ecmu g mo6oro € > 0 cymectyior Takue nyTta f, g : [0,1] — R% 4ro paccrognume MezK Iy
roukamu f(x) u ¢(x), a Takxke mexay g(z) u ¢ (x), Menbine £ aug mo6oii Toukn x € [0, 1].
(dust orobpazkennii 2pagos B MIOCKOCTH MOYKHO BBECTH aHAJOTHIHOE MOHSITHE PA3BOINMOCTH
1 IOCTaBUTH aHAJOTUYHBIE HpO6ﬂeMbI.)

(a) Ecin obpazamu nytreit ,1) : I — R? apjsiorcss 0Tpe30K WM OKPY:KHOCTH (OJuH H
TOT 3Ke 00pa3 y JBYX PA3HBIX MyTeil), TO 3TU MYTU PA3BOIUMEBIL.

(b) CymmectByer He pa3BoauMasi Hapa myTeii, He CoJep:Kalias TPAHCBEPCATbHBIX TIepece-
YeHU.

(c)* Haiigure nNoIMHOMUATIBHBINA AJTOPHTM PACTIO3HABAHUS PA3BOIMMOCTH JIJIsT KYCOUHO-
JIMHEHHBbIX IyTeil Ha MJI0CKOCTU.

(d) O6osuauum uepes T rpad, romeomopdusiit 6ykse T. CymecTByer He pa3BOAUMOe
otobpazkerne T UT — T C R2.
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3.2 MWNpea nocrpoenusa npenarcreud Ban Kamnena

Y1066 00BSICHUTH HJIeI0 TOCTPOeHus ipensaTcTus Ban Kamiena, npuBejgeM HaOPOCKU HEKO-
topeix pertennii. Cp. ¢ yrBepxkaenusvu 1.1.1.b, 1.4.3 u npumepom 1.4.2.

fi—1)  f@) fa=1  f() fa-1 fG-1)
\ 4 \ 4 \ 4
fG-=1)  f0G) fG-=1  f@) @) f@)

0 (a) 1 (b) 1 (c)

Puc. 3.2.1: Kak craBdarcg yncaa Ha TOJIHKE

Habpocox nepsozo pewenus 3adavy 3.1.2.a. Bo3dbMeM MOTIHKE U TPONMWHKH /TS TTYTH (0
(puc. 3.1.2).

Hazosem nyTh cobaku nezametiiuwvim, €CJii BO BpeMsl JBUKEHHS 110 TPOIUHKAM OHa, He
nepecekajia cBou ciaefpl. JlocTarodHo jl0Ka3aTh yTBEP)KIEHWE 3a/1a9u I He3aTelTNBhIX
Iy Te.

Bribepem mpousBosibHBI He3aTeitmuBeiil myTh f. [locTaBuM Ha KaKI0il MOJSTHKE HOJIb,
eCJIM TOYKWM BXOJa CODAKWM Ha TOJISTHKY W €e BBIXOJa C MOJISTHKH PACIOJIArafoTCs, Kak Ha,
puc. 3.2.1.a, n eIMHUILY B TPOTHBHOM Cjiydae, Kak Ha puc. 3.2.1.b,c. O6oznaunm wepes v( f)
CYMMY O MO0 2 3tux AByX wucen. lust myrn f cobaku ma puc. 3.1.2 v(f) = 1. fcHo,
aro v(f) 3aBHCAT TOJBKO OT PACIOIOKEHUs OTPE3KOB MyTH cOOAKN Ha TpomuHKax. [Ipu m3-
MEHEHWH TAKOTO PACIIOJIOKEHUS HA OHONW TPONMHKE YHCJIO HA KayKI0# MOJISTHKE U3MEHUTCS,
noaromy v( f) me mamenntcst. Tak Kak OT JIIOOOrO PACHIOTOKEHUS OTPE3KOB MyTH HA TPOIIH-
KaxX MOKHO TepeiiTu K JI060My Apyromy ykazaHHbIMHU onepanusimu, 1o v(f) = 1 st ar06020
HesareitinBoro nytu f. [Tosromy cobaka obsizaTeabHO mepecekasa cBoii ciaem. QED

Habpocox emopozo pewerus 3adavu 3.1.2.a. Paznemum BpeMsa paBHOMEPHOTO JTBUZKEHUS
OXOTHUKA HA MIECTh PABHBIX MPOMEKYTKOB. [IycTh €1,..., €5 — COOTBETCTBYIONINE OTPE3KH
nytu f cobaku. [Tosoxum e;,4 := €;. MOKHO cauTaTh, 9TO STOT MYTH ODIIETO MOJIOKEHUS.
Torma r06bIe 1BA W3 OTPE3KOB €; MepecekalTcs B KOHEYHOM ducje To4uek. [lomoxum

v(f) = Z le;Ne;| mod 2.
{i.g} = limg[>1

Hns myrn fo cobakm, nmokaszanuoro Ha puc. 3.1.2 v(fy) = 1.
Ananornano jgemme 1.4.3 v(f) ne 3aBucur or f. JleiicrBurennHo, ecin orobparkenus f n
[/ oTnMyATCsS TOBKO BHYTPEHHOCTBIO MyTH €; # €, (puc. 3.2.2), 1o

v(f) —o(f) =l(e;Ue)) N (2 Ueipz Ueirs)] mod 2 =0.

€i+5 = €i—1

€i+2

€it1

Puc. 3.2.2: HezaBucumocrs v(f) ot f
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[Tocneanee paBeHCTBO CIIpaBeTNBO, MOCKOIBKY MYTh €;419 U €;13 U €;14 MOKHO 3aMKHYTh JI0
IMKJIa, He J00aBJIsisi HOBBIX Mepecedenuii ¢ UKIoM e;Uel. (Mbl He JOKa3bIBaeM 3TO WHTYUTHB-
HO OYEBHJIHOE yTBepzKaeHre). BIBOI HE3aBUCHMOCTH M3 TOI0 YaCTHOTO CJIyYas aHAJIOIHIEH
gemme 1.4.3. CieroBarebho, J1000# myTh cobakn umeer camornepecedenns. QED

[Iyts ¢ : [ — R? masuiBaeTcs CUMNAULUGADHBIM, €CTH CYIMIECTBYeT pa3OHeHne OTPe3Ka
Ha TaKWe OTPE30YKH, YTO Ha KayKJOM OTPe30YKe MyTh JIMHEeH, U YTO 00pa3bl JIIOOBIX JBYX
OTPE30YKOB HE MePeceKaroTcsa Wan coBnagaior. Vam, dopManbHO, ecau 11 HEKOTOPOTO 7
cymecTByIoT Takue unciaa 0 = ag < ap < --- < a, = 1, 910

(1) cyxenne @|jq, ,q,) MMHEHAHO 1715 M0060T0 ¢ =1,...,n 1

(2) 0bpassl OTPe3KOB [a;_1, a;] GO He MepeceKatTcst, OO COBIAIATOT.

By,ZLeM CUUTaTh BCE BCTpeYdalomuecd IMyTH CUMIIJIUIHAJIbHBIMA (C Pa3HbIMHA 77/)

Puc. 3.2.3: Tlosistiku u TponuHKU

g cummanmuaabHoro myTH ¢ cymectByer okpectHocth Op(1) rpada ¢([), mpeacras-
JIEHHAsI €CTECTBEHHBIM 00pA30M B BUJIE 00beJUHEHHs! ‘TIOJNSTHOK (T.e. JIUCKOB, OKPYKAMOIIUX
Toukn @(a;)) u ‘TpormuHOK’ (T.e. ‘JIEHTOUEK’, COeJMHSIIONINX MOJSTHKH BIOJH pebep rpada
©(I)). Cm. puc. 3.2.3 st mytn Ha puc. 3.1.3.b. (1o ymoarwenue rpada ¢(I), onpemesen-
Hoe B [Sk20, 1. 1.5 «ITnanapuocts yrosmenuiis|.)

[TepedopMyIupoBKa CBORCTBA ANIPOKCUMHUDPYEMOCTH BJIOKEHHAMHU Ha S3bIK MOJAHOK K
TPOIMMHOK HMPOBOJIUTCS aHAJOTUIHO HepedopMyIupoBke 3a1aun 3.1.2.a.

Haszosem iyth f : I — Op(G) nezamediauevim, eciim Ha TPOIIMHKAX HET ero camorepece-
YEeHUU.

Habpocox pewenus 3adavwu 3.1.4.b. Mb1 o6001aem mepBoe pemrenne 3aga4un 3.1.2.a. Mbr
UCIIOJIb3yeM TepedopMyTMPOBKY CBOIICTBA allIPOKCUMUPYEMOCTH BJIOYKEHUSIMU HA S3BIKE T10-
JSTHOK W TponuHOK (puc. 3.2.3). Beibepem npousBosbHblil He3areimnsbiii myTh f. [ToctaBum
Ha JIEBOI cpejiHell MoJIsTHKe HOJIb, €CJIM TOYKHW BXOJIa MYTH Ha IMOJSHKY U ero BBIXOJA C TO-
JISHKU PACTIOJIATAIOTCS KakK Ha puc. 3.2.1.a, U eJUHUIy B IPOTUBHOM ciaydae (puc. 3.2.1.b).
[Io mpaBoii moJsIHKEe HMyTh HPOXOAUT TPH pa3a. PaccMOTpuUM TOJIBKO MEPBOE U IOCTEIHEe
IPOXOK/IEHHNEe MYTH II0 IPaBoii MOsIHKE W IMOCTABUM Ha Heil HOJIb WM €JIUHHILY 10 TOMY ZKe
npasmity. O6o3naunm depe3 v(f) cymmy mo mMomymo 2 srux ayx uucer. las mytu f Ha
puc. 3.1.3.b v(f) = 1. [lanee 10Ka3aTeJbCTBO JTOCIOBHO MOBTOPSIET TIEPBOE DEIIeHNE 3a1a91
3.1.2.a.

3.3 IlpenarcrBume Ban Kammena

Teopema anmpokcumupyemoctu. Cumniuyuasonviti nyms @ @ I — R2, ne omobpasica-
owut Hu 00uH 0OMPe3ok 8 Mouky, ANNPOKCUMUPYEM BAONCEHUAMU 0204 U MOAbKO M020a,
K020a PACCTAHOBKA TEPeCceUeHnii KOTOMOJIOTHYHA HYALE0( (UAl, FKEUBAACHMHO, K020a TIPe-

(¥)

narcreue Ban Kammena v(p) € Zs” nyaesoe).

B ocraBmieiicss yacTu 3TOro MyHKTa MbI MPHBOIMM OIpejieieHne dnuciaa c¢(¢) u BeKTopa
v(p). HeobxomumocTh B Teopeme AlMIpOKCHUMUPYEMOCTH CJIeIyeT U3 yTBepxkKaeHus 3.3.3.a.
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JIoKa3aTebCTBO JOCTATOUHOCTH MbI He TpUBOAMM. OHO OBLIO MOIYYEHO CJIyIIATEJTeM JIeK-
nuif, 10 MaTepuagaM KOTOPBIX Hamucan 5tot naparpad [Sk03’].

4
1x7 56

2%6

2x4e
Puc. 3.3.1: Cunryaspusiit rpad A

Onpedenerue cuneyraprozo 2paga A. Beidepem Toukn 0 = ag < a1 < -+ < a, = 1 Kax
B onpezeennn cuMinimaabroctu (§3.2). Bepmuasr rpada A — takue napbl

ixj, uro ¢@(a;) =¢(a;) m <]
Pe6pa rpacda A coemunsitor BepmmHbl @ X j u (1 £ 1) X (j £ 1) aroro rpada, ecin takme
BEPIIUHBI €CTh. 3/1eCh 3HAKU + BHIOUPAIOTCS HE3ABUCHMO.

Hampuwmep, cMm. puc. 3.3.1 aag nytu Ha puc. 3.1.3.b: Bepruasl rpada — 1 x 7,2 x6, 2 x4
1 4 X 6; peOpoM coeuHeHbI TOJIbKO IepBhIE JIBE.

Bamaga 3.3.1. ['pad A 3aBuCHT HE TOJIBKO OT (0, HO U OT BBIOOpA TOUEK ag, A1, - - - , Uy

Onpedenenue wucaa c(p). ObozHaunM depe3 ¢(¢) KOJMIECTBO KOMIOHEHT CBSI3HOCTH I'Da-
da A, we comepxamux BeprumH ¢ X (i —2), 1 X 0 un X i.

Hanpuwmep, mis myrn ¢ Ha puc. 3.1.3.b umeem ¢(p) = 1.

Bagaga 3.3.2. Yucsio ¢(p) 3aBUCHT TOTBKO OT 0, HO HE OT BBIOOPA TOUEK g, A1, - - - , Up-

Onpedenenue paccmanosky v(f). Beibepem moukn 0 = a9 < a3 < +-+ < a, = 1 Kak
B onpejesernn cumiunnuaabaoct (§3.2). Mer ucnosibzyem nepedopMyIMpoBKY CBOfiCTBA
ATIMPOKCUMHUPYEMOCTH BJIOYKEHUSIME HA SI3bIKe TOJISTHOK U TPOMUHOK (puc. 3.2.3). Bo3bmem
IPOM3BOJIbHBII He3aTelnusblii nyTh f. PaccMorpuMm Bepmuny ¢ X j rpada A M HOJISHKY,
comepzanyio ¢(a;) = ¢(a;). (3amernm, 9T0 K IOJSHKE MOXKET IPHMbBIKATH 0OJIee IBYX TPO-
nmuHOK.) TTocTaBuM B BepINUHY 4 X j JAMHHUILY, €CJIU TOYKU Mepecederus: 00pa3oB fla;_1a;41]
u flaj_1G;41] ¢ TpAaHUYHON OKDPYKHOCTBIO 9TOH MOJISHKI wepedyiomces Ha ITOH OKPYAKHO-
cru (puc. 3.2.1.b,c) u HOMBb B mpoTHBHOM ciaydae (puc. 3.2.1.a). [ToaydeHHYI0 PACCTAHOBKY
obo3uaunm epe3 v(f).

Hanpuwmep, mis nyreit ¢ u f na puc. 3.1.3.b umeem v(f) = (0, 1).

Bamaua 3.3.3. (a) Ecam nmyth f Hecamonepecekatoruiicsi, To pacctanoBka v( f) Hy/ieBast.

(b) O6parHoe HeBepHO.

(c) PaccranoBka v(f) HysmeBast TOraa u TOJIBKO TOT/IA, KOTJA MYTh f MOYKHO TakK H3MEHUTH
Ha MOJAHKAX, He MEeHsAd HA TPOIMHKAX, YTOOLI OH CTAJ HECAMOIIEPECEKAIOIIMCH.

(d) Paccranoska v( f) 3aBUCUT He TOJIBKO OT (0, HO K OT f U OT BBIOOPA TOUEK g, (1, - - - , (.

Onpedenenue npenamemeus Ban Kamnena v(p) € 729, s xasoii u3 c(p) pac-
CMOTPEHHBIX KOMIIOHEHT CB3HOCTH rpada A Bbraucaum cymmy mod 2 9uces pacCTaHOBKH
v(f) B BepmmHax 3roit kommonentsl. [lomyuenusiit Habop v(p) = v(p, f) € Zg(“’) Ha30BeM
npenamemeuem Ban Kamnena (¢ xosfduyuenmamu 6 Zy) K anmpOKCUMAPYEMOCTH MYTH
BJIOZKCHUAMMU.

Hampuwmep, mag myreit ¢ u f #a puc. 3.1.3.b umeem v(p, f) = (1).

Jloxazamenvcmeo nezasucumocmu v(p, f) om [ npu durcuposanmnvis movek ag, ay, . . ., Gy.
gcno, uro paccranoBka V() 3aBUCAT TOJBKO OT PACIOJOKEHHsT OTPE3KOB IyTH [ HA mMpo-
nunkar. PaccMOTpuM mpeoOdpa3oBaHue TAKOTO PACIIONOKEHNs Ha MTPOM3BOILHOI OIHOI Tpo-
NUHKE I ABYX OTPE3KOB [G;_16;] U [aj_1a;], 06pa3bl KOTOPHIX MEPECceKalOT Ty TPOIHHKY.
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Or sio6oro f (T.e. pacmooxkKeHusi OTPE3KOB IIyTH HA TPOIUHKAX) MOZKHO MepeiiTu K JT060MY
apyromy [’ raknmu npeobpasoBanusivu. [Tosromy HesaBucumocts v(yp, f) or f BbiTekaer n3
crenytomieit 3agaan. QED

Sagaga 3.3.4. Bekrop v(p, ) He W3MeHAETCS MPH TAKUX MPe0OPA3OBAHUAK, ECITH

(a)i#j—1ni#1uj#n. (byi=j7—1wmi=0wmj=n.

(Vkazamume k 1. (a). Hucsa B Beprmaax i X j u (1—1)x (j—1) (mmmix (j—1) u (i—1) x )
rpada A namensaTcs Ha 1, a Uncjaa B OCTAJBHBIX BEPITMHAX HE M3MEHSTCS. )

Bamaua 3.3.5. (a) v(p, f) He 3aBHCHT OT BBIOOPA TOUYEK g, A1, . - . , .

(c) Ecaim v(p) = 0, To cymecrByer takoe orobpazxenue f : [ — R? obiiero mnoJjioxenus,
oiuskoe K ¢, 910 fla;—1,a;] N flaj—1,a;] = O mas moboit mapst ¢ X j pebep orpeska I, ast
KOTOpO#i BepmuHa i X j rpada A He COAEP:KUTCA B KOMIIOHEHTE CBI3HOCTH C BEPIIXHAMHI
ix (i—2),ix0unxi(rakoe orobpaxkenne [ He 00I3aHO OBITH BIOKEHUEM ).

Bamaua 3.3.6. (a) [Tocrpoiite anamormano npemnsitcrBue Ban Kamvmmena k ammpokcnvu-
PYEMOCTH BJIOKEHUSIME CHUMILTHITATBHOTO MUKTa ¢ @ ST — R2.

(b) Tokazkure, 9TO OHO HEMOJIHO.

(c) JlokazkuTe, 9TO OHO HEIOJHO Jarke JiJisi OTOOpazKeHHs, 06Pa30M KOTOPOTO SIBJISIIOTCS
TPHUOJIBL.

(d) IMocrpoiite anasornano npensitcrBrue Ban Kamiena K anmpoKCHMUDPYEMOCTH BJIOZKe-
HUSME CHMILUTAIUATBLHOTO oToOpazkenus ¢ : I; U I, — R? (cp. ¢ xommom §3.1).

(e) Tosmo it OHO?

Ileaowucaennoe npenamemeue Ban Kamnena V (p) € Z®) crpontest anasnornano. Heob-
XOJIUMBI JIMIIL CJIefyionue u3Menenus. Hy»kno BoiopaTh opuenTanuio B R?. [Ipu noctpoennn
paccTaHoBKU V() B BEPIIUHY i X j CTABATCH €IUHUIA, €CTH TOYKH BXOAA MyTH f Ha 3Ty
HOJISTHKY M TOYKH €r0 BBIXOJA C 3TOi TMOJIAHKY PACIoJaraloTcs, Kak Ha puc. 3.2.1.b, u munyc
eJIMHUIIA, €CJIU OHU pacrojiaralorcs Kak Ha puc. 3.2.1.c. [Tosrydyennast paccranoBka obo3Hava-
ercst N(¢). st kaxk10ii u3 (@) pacCMOTPEHHBIX KOMITOHEHT CBSI3HOCTH rpada A BHIYUCTIM
CYMMy 9HCeT B BepIIMHAX 3Toii KommomenTsl. [lomyuennsiit mabop V(¢) = V(p, f) € Z®)
Ha3bIBAETCS npenamemeuem Ban Kamnena (¢ kospduyuenmamu 7 ) K anupoKCAMUAPYEMOCTH
IIYTH 0 BJIOKEHUIMH.

Bamaua 3.3.7. (a,b,c,d) Pemure ananoru 3ama4 3.3.6 11st 1e61x Ko3hhUIEEHTOB.

3.4 JIpyroe nocrpoenue npensircteusas Ban Kammena *

910 noctpoenne obodIIaeT emopoe pentenne 3ana4un 3.1.2.a. OHO c/I0XKHEe TPeIbIIyIIero,
HO UMEHHO OHO 00600mieHo B 1. 1.5 1o npenarcrBug Ban Kammena K BiaoxKuMocTu rpadoB B
II0CKOCTH (1 B 1. 6.8, 6.9 — k-MepHBIX KOMILIEKCOB B 2-MepHOe TIPOCTPAHCTBO). Brpouewm,
dopmanbao 1. 1.5, 6.8 1 6.9 HE3ABUCHMBI OT HACTOAIIETO MYHKTA.

[ycrs ¢ : I — R? — nomanast (T.e. CHMIVIMIHAIBHBII Ty Th) 0GIIET0 MOJOKEHHs Ha, MI0C-
koctu. Beibepem Toukn 0 = ag < a; < - -+ < a, = 1 KaKk B OlpegeeHn CUMILIAIUAILHOCTH.
OB6o3HAIUM OTPE30K [a;_1, @;] THCTOM i.

Ob6o3HaunM depes3 [* BepXHIO «HAJINAMOHAILY TAOJIHUILI 1 X 1, T.e. 00beUHEeHIe KIeTOK
ixjci< j—1 (orBevaromux mapam Hecocennux pebep rpada I), puc. 3.4.1. Bymem
0603HAYATH TaKyl0 KJIeTKy {%,j}, rme |¢ — j| > 1,Ho0 He obsi3arenpro i < j — 1.

s mo6oro mytu f : I — R? o6mero mookenus, J0CTATOYHO OJU3KOTO K (0, W JIIO-
OBIX JIBYX HecocemIHHUX pedep ¢, j mepecedenue fi (M fj COCTOUT M3 KOHEYHOTO YHCJIA TOYEK.
[Tocrasum B Kitetke {i,j} € I* qucyo |fiN fj| mod 2. [TosyueHHy0 paccTaHOBKY HA30BEM
paccTaHoOBKOll (mym KOIUKJIIOM) mepecedeHuii u oboszuadum 4depes v(f). Ecaun myrs f
Hecamorepecekatormuiicsi, To v(f) = 0.
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Puc. 3.4.1: Bepxugaga magnuaronannb [*

[Tokpacum B uepHbIii 1BeT Bee Te Kierku {i,j} tabmauupt I*, nas koropweix i N pj = (.
Tak kak myrh f 6,u30K K 0, 70 V(f) = 0 B 4epHBIX KJIeTKax.

Bamaga 3.4.1 (cp. [ABM+, nemma 2.6]). (a) B kaxkmoit Touke (z,y) Ha pedpe TabIHIBI
I* mocrasum BekTop ¢ HampasienueMm ot f(x) k f(y). Torna B kaxkoit kiaerke tabimusr [*
CTOUT YETHOCTh YHUCJIa 000POTOB BEKTOpa MpU 00X0/Ie 10 ee TPaHUIIE.

(b) Ecin cummmnuasibubiii nyth ¢ @ [ — R? He oroGpaskamouuii HU OJHH OTPE30K B
TOYKY, AIIIPOKCUMHPYEM BJIOKEHUSIMH, TO

(R) daa a106020 nenpepwuisrozo deustcenun movwek T uy no ompesry I, 6 npouecce xomo-
po2o p(x) # ¢(y), a 6 Konye KOmopo2o MoK T U Y 6036PAUAIOMCA KAHCIAA 8 C60€e UCTOOHOE
nosootcenue (m.e. 0aa 06020 nenpepvierozo omobpascenun St — {(x,y) € I x I | p(x) #
o(y)}), wucao obopomos sexmopa p(x) — p(y) 6 npoyecce amozo dsusicenus pasHo HYAW.

Puc. 3.4.2: Tlpeobpazosanue Paiigemaiictepa st myTeit B MJIOCKOCTH

[Tpu npeobpazoBanun Paiiemaiicrepa nytu f, m300pakeHHOM Ha, PHC. 3.4.2, pACCTAHOBKA
v(f) u3mensiercst POBHO B ABYX cocemHHX KieTkax {7, j} u {i,j—1}. Ecin ogna u3 stux asyx
KJIETOK He JIEXKUT B [*, TO 9UCJI0 B Hell He CTOUT U He MeHsieTcs. PaccTaHOBKA eIMHMUIL B IBYX
KJIeTKaX Tabmuipl [*, cocenmux ¢ pebpom {i,a;} TabmuIBI, U HYIS B OCTATBHBIX KJIETKAX
TaO/IAIBl HA3BIBACTCS JIEMEHTAPHOIl KorpaHueil pedpa {i,a;} u oboszmavaerca 6{7, a;}.

[Toxkpacum B beanli ysem e pebpa {i, a;} Tabmumpr I*, 11 KOTOPHIX @a; € i. Tak Kax
f bum3ko K ¢, TO yKazaHHOe mpeobpazoBanue PaiimemaiicTepa BO3MOYXKHO JIUIIE JJIsi O€7I0T0
pebpa.

Sagaga 3.4.2. [lna nmytn f obosHaunm depe3 fe, . TyTh, TOJYyYeHHBIH yKa3aHHbI-
mu npeobpasoBanusivu Paiiemaiicrepa mist pebep eq, ..., e, tabmunst [*. Torma v(f) —
I/(fel,...,ek> = 561 + -+ 5€k.

Obo3uaunm depe3 X MHOKECTBO BCEX PACCTAHOBOK HYJIEH W €UHUI] B KJI€TKAX TaOIHUIIHI
C HyJISIMHA B YepHBIX KjeTkKax. HazoBem paccraHoBku g, Vo € X KOTOMOJOTUYHBIMU, €C/TH
vy — vy = deq + - - - + ey IJIsT HEKOTOPHIX OesIbIX pedep e, .. ., k.

JIemma 3.4.3. (Cp. ¢ aemmoti 1.5.6.) Paccmanosku nepecenenuti pazno CUMnAUGUGADHOLE
nymet 00w,e20 NOAOHCEHUA, DOCMAMOYHO OAUSKUL K 00HOMY CUMNAUYUUAGAOHOMY NYMU, KO-
20MON02UYHDL.
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okazamesvbemeo ko2omoro2unnocmu pacemanosok nepeceuenuti daa nymed f, f' 1 —
R? obuseeo nososicenus, bAUSKUT K © U OMAUNGIOUUT MOALKO HA GHYMPEHHOCTU 00HO020
pebpa 7. st KazKji0i BEPITUHBI @; POBEJIEM HEKOTOPBIH MyTh, COEIUHSIONINNA STy BEPITUHY
¢ GECKOHEIHOCTDIO, M HAXOASIIHIics B 001eM mnosoxkennu ornocnrensno mukmia f(j) U f/(7).
Obo3naumnm gepes by, . . ., by Bce Te BEPUINHBI, IPOBEIEHHBIE IIYTH KOTOPBIX IMePeCceKatoT MUK
f(7)U f'(4) B HeweTHOM umCIe TOYEK (HAGOD ITUX BEPIINH He 3aBHCHT OT BHIOODA IyTeii).
Torma

v(f) —v(f) = o{br, j} + -+ 0{bx, j}-

Habpocox dokazamenvcmea semmor 3.4.3. BozbMeM TpoU3BOIbLHYIO roMOTOIHIO f; @ [ —
R?, ¢ € [0, 1], obmiero momozKenus, GIU3KYIO K ¢, MEXKILY 3aJaHHBIMEA MyTaMu fo, fi @ I — R?
obmrero mosozkenns. Ha kazxmaom pebpe {7, a;} Tabmuipr [* mocraBuM 9eTHOCTH KOJIMIECTBA
MOMEHTOB BpeMeHH t, st KoTopbiX fi(a;) € fi(j). D10 KOMMUECTBO KOHEYHO 1O COODpaKe-

HUSIM 0011ero moJioxkenus. OO03HAYUM 4depes eq, . .., €, Bce pedpa, Ha KOTOPHIX MOCTaB/IeHa
enmauma. Tak kak fi(x) 6au3ko k o(z), To U3 pa; ¢ ¢j Buirekaer fi(a;) € fi(j). lloaromy
BCe pebpa eq,. .., e, Oenpie. MoKHO IPOBEPUTDH, ITO

v(fo) —v(fi) =der + ...+ deg.

DTy Haero mpoie Bcero (popMaIH30BaTh, 3aMEHIUB HEIIPEPBIBHOE JIBUKEHNE Ha JUCKPETHYIO
OCJIeI0BATEILHOCTDH 1TPeodpa30oBaHnii, KaK B J0Ka3aTelIbCTBE JIeMMbl 1.5.6.

Bamaua 3.4.4. (a) [TokpacuMm B YepHBIH [BeT Bce pebpa, OTAUYHBIE OT OesbIX. Tormaa
IPaHUIA YePHON KJIETKH COCTOUT M3 UYEePHBIX pedep, HO MOTYT OBITh M JAPYTHe YepHbie ped-
pa. 'pynna H;(I *) = X/ ~ pacctaHOBOK € TOYHOCTBHIO JI0 KOTOMOJIOTHYHOCTH HA3bIBAETCS
deymepnoti 2pynnoti Kozomonoeuls (¢ xkoafduyuenmamu 6 Zs) npocmparncmea I* ommocu-
meavho e2o wepnozo nodnpocmpancmea. (Crangapraoe obosnadenune: H2(I*, [*?), roe I*? —
00beINHEHNE YEePHBIX KJIETOK U pebep.)

Torma HZ(I *) 2 7K rne k — uncno KyckoB Tabaunpl [*, orpaHMUeHHBIX YepHBIME peb-
pamu (T.e. B IDaHHIE KOTOPBIX TOJBKO YepHbIe Pebpa) M CoAep:KaluX XOTst Obl OJHY Genyto
KJIETKY.

IIpenamemeue Ban Kamnena (¢ xosfipuyuenmamu 6 Zo) oupenenserca Kak v(p) =
[v(f)] € HZ(I*). Tax kak v(f) = 0 gna sroxenns f, T0 v(p) ABIACTCH MPETATCTBHEM K
AMMPOKCUMUPYEMOCTH MYTH (0 BJIOZKEHUSIMU.

(b) Nmeem k = c¢(p), em. m. 3.3. CymecrByer ecrectBennbiii nzomopdusm (ITyankape)
Z;(“’) ~ H(I ;) JIBa nocrpoennbix npensrcreust Ban KaMiena nepexoidaT Apyr B Jpyra mpu
3TOM u30MOpdu3me.

(c) Pacemorpum Godtee ciabyio dopmy (r) yeaosus (R) w3 npeyoxkennst 3.4.1.b: wucao
obopomos wemno. Torma (1) < (v(e) = 0). Yeaosue v(p) = 0 croxnee GOpMyIHPYeTCs, HO
ropas3/ o Mpolle MpoBepsaeTcs, dem (T).

(d) TloctpoiiTe aHAJOrHYHO HPENSITCTBHE JJIsi ANNPOKCHMHDPYEMOCTH BJIOYKEHUSIMU 3a-
MKHYTBIX JJOMAHBIX (T.e. CHMILIHIHAIBHBIX IIHKJIOB).

IIpenamemeue Ban Kamnena V(o) ¢ ueavmu kospduyuenmamu CTPOUTCS Tak. Bbi-
oepem opuentamuio B R? m ma I. JIna mioboro orobpaskenns f : I — R? obmero mo-
JIOZKEHUS, JIOCTATOYHO OJIM3KOTO K (p, W JIIOOBIX JIBYX HecoceJHuX pebep i, j, nepecedeHne
fiN fj cocrouT U3 KOHEYIHOTO YHUCTA TOYEK. [locTaBuM B KJIeTKe 7 X j UHdeKkc nepecevenus
fi-fi=>{signP | P € fin fj}, rue sign P = +1, eciu BekTopbl opuentaiuii fi u fj (B
STOM TIOPSIJIKE) COCTABISAIOT GA3UC OpHeHTaIuu IIockoctn R?, u sign P = —1 B IpOTUBHOM
caydae. OGO3HAYNM MOTYyUeHHYIO paccTanoBKY depe3 N (f). O6o3umaunm gepe3s X MHOKECTBO
BCEX PACCTAHOBOK IIEJIBIX YHCE/T B KJIeTKaX TaOJWIBI C HYJISIMHU B 9epHBIX KjeTkax. Ompese-
JIMM KOTOMOJIOTHHOCTE anatornano u nopoxnm V(@) = [N(f)] € HA (I Z) = X/ ~.
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Herpyano mokaszath, uto V() 3aBucHT OT BBIOOpa opueHTanuii B R? m na I jumb c
TOYHOCTBIO 10 aBTOMOPGU3Ma TPYIIIBI HZ(I 7).

Banaua 3.4.5. (a) H2(I*Z) = 7ZF. (b) (R) & (V(p) =0).

[Tpensrcreue Ban Kammena siiistercst 9acTHbIM caydaem npenstcTsuit w3 §9 «'omoromnn-

Jeckas Kaaccuukalus oroopazkenniis. JleiicrBurenbno, Tadauiy [* MOXKHO paccMaTpUBaTh
KaK JIBYMepPHBIil MOJUIP, a KJAETKHN ¢ X j KaK ero JByMepHble KJIeTKU.

3.5 IIpensgrcrBume Ban KamnmeHna Kk pacrmpoeKTHpPyeMOCTH

Orobpaxkenne ¢ : G — R konegnoro rpacda G B NpsiMyI0 HA3BIBAECTCS PACNPOEKMUPYEMBIM,
ecJIl cylecTByeT Takoe Baoxkenue f : G — R% uto ¢ = mo f, tne 7 : R?> — R — oproro-
HAJTbHAS TPOEKIINI.

=

Puc. 3.5.1: Ilpumep pacnosioxkenus

[Tpusenewm erre 6o1ee 31eMeHTapHYIO 1epeOPMYIANPOBKY 3TOTO OPeIe/IeHus /15T KyCOUHO-
JUHEHBIX oToOpazkenuii ¢ obmero mosmoxenus (puc. 3.5.1). (O6mHOCTD MOMOKEHHsT O3HA-
9aeT 3/1eCh, UTO HUKAKOIl OTPE30K He MepexouT B TOUKY.) [l 5Toro (hukcupyem JeKapToBy
cucreMy KOOPIMHAT Ha TUtockoctd. HazoseM pacnososicenuem takoe mobpazkenue (¢ camo-
nepecedennsivin) rpada G Ha MJIOCKOCTH, I KOTOPOTO

(1) abcruecnl BepIInH TeIble,

(2) ecu JBe BepIIUHBI COEUHEHBI PeGPOM B HareM rpade, To uX abCIUCCHl OTIHYAIOTCST
POBHO Ha 1, 1 3TO PedpO SABISETCS OTPE3KOM.

Pacnosiorkenune Ha3bIBAGTCS 8A0MCEHUEM, €CJIN BHYTPEHHOCTH 00pPa30B JIIOOBIX JIBYX €ro
pebep He mepecekaioTcs. Pacrio/ioykeHne Ha3bIBAETCS PACNPOEKMUPYEMbIM, ECJU BO3MOZKHO
peodpPa30BaAThH €r0 BO BJIOZKEHUE MyTeM OJHOBPEMEHHON MepecTaHOBKU BEPIITHH, HE M3MEeHsI-
IoIeil uX abCIuce, U COOTBETCTBYIONIET0 U3MEeHeHHUs pebep.

\

Pwuc. 3.5.2: [IpocTeiinue HepacmpoeKTUPYEMbIe PaCIOTOXKEHUS

Bamaua 3.5.1. (a) JIroboe oTobpazKkeHne oTpe3Ka B OTPE30K SIBJISETCS PACIPOEKTHPYe-
MBIM.
(b) Pacrosioxkenus ua puc. 3.5.2 He SBISIOTCI PACTPOEKTHPYEMBIMH.
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(c) (Tunoresa) Pacmonoxkenue rpada B IIOCKOCTH, a0CIUCCHI BEPIIIHH KOTOPOTO PABHBI
0 mam 1, gBJISETCA PACIPOEKTPUYEMBIM TOT/IA U TOJBKO TOT/IA, KOTJAA OHO He COAEPIKUT Pac-
MOJI0KEHHsT OKPY>KHOCTH C Y€THBIM YUCJIOM BEPHIMH, aOCIUCCHI KOTOPBHIX PABHBI TOOYEPEIHO
HYJI0 Wau equnuIe (puc. 3.5.2 cieBa) Win pacrosiozKeHus Tpuoja Ha puc. 3.5.2 cripasa.

(d) Pacmonoxkenns 6yks H u X ¢ [ARS02, Fig. 2| (na:ke G1u3Kne K HUM) He SBIISIOTCSI
PaCIPOEKTUPYEMBIMI.

Yrazanue. Ecim He mOTydaeTcs, TO CM. HHUZKe.

B srom mymnkTe mcciemyercd ciaeayiomas TpodIeMa: KaKue CUMNAULUGALHBLE 0MOoOPa-
HCEHUA 00ULE20 NOAOAHCERUA ABAAIOMCA pacnpoekmupyemvimu ? [IOHITHE PACTIPOEKTHPYEMO-
cTi (CIPOEKTHPOBAHHOTO BiOXKeHUs1) BO3HUKIO B [Sz91|, [AkOO| u msywamocs B [ARS02] B
CBA3U C TPOOJIEMOIT ANMIPOKCUMAIIUN BJIOYKEHUSIMU OTOOPazKeHuit rpaoB B ILJIOCKOCTh, CM.
takzke cchiku B [Sk16’]. TTo moBomy agropuTMudeckoii pa3penmMocTi mpobJIeMbl DACTPOeK-
THPYEMOCTH W HEBO3MOXKHOCTH KpuTepus Tuna KyparoBcKOro MOXKHO CIeTaTh 3aMevdaHusd,
AHAJOTUYIHBIE PUBEIEHHBIM BBIIIE TI0 MPohIeMe almpOKCUMUPYEMOCTH BIOYKEHUSMH.

Teopema pacnpoekTupyemoctu. Fcau omobpasicenue ¢ : G — R pacnpoexmupyemo,
Mo Napa Mmovex He Modcem Henpepuero deuzamuvces no 2pady G mak, ¥mobu, 6 npouecce
dsusicerus ux Y-00pasv. cOBNANAAU, G CAMU MOYKY He COBNAJAAU, U 68 Pe3Ysbmame Jsuice-
HUA MOYKU NOMEHAMUCH ObL MECTNAMU.

as cumnauyuanvrozo omobpasicenua p @ G — R obwezo noaostcenus amo neobrodumoe
yeaosue (Ban Kamnena) asasemes docmamounvim, ecau u3 kancdol eepuuns 2paga G
B8uLLOdUM He MeHee mpex pebep.

Bamaua 3.5.2. (a) Jlokaxkure HEOOXOIUMOCTH B TEOPEME PACIPOEKTUPYEMOCTH.

(b) /Tokakute HEOOXOAMMOCTH AHAJOIHMYIHOrO yeaosus Ban Kammena st pacmpoekTu-
PYEMOCTH PACIIOJIOKEeHHHT, TOJIy9eHHOTO n3 chOPMYJIUPOBAHHOTO BBIIIE 3aMeHOi '(p-00pa30B’
Ha ’abcIucent’.

Hanpumep, caeayiomme MoCaeI0BaTeILHOCTH Map MOKA3LIBAIOT, YTO PACIOJOKEHHS C
[ARS02, Fig. 2| ne siBastrorcsi pacnpoekTupyeMbiMu (310 perraet 3agady 3.5.1.d):

aai, ceéq, d1d27 b2bla C2C1, €2€, bea d1d7 C1C, a1Q;
aay, dds, ccy, ffl, dyds, exeq, cacy, dads, baby, dsds, f2f, bab, ese, dsd, a;a.

B [ARS02] myist cHMILTHITHATBHBIX OTOOPAKEHHUH OBIIEro MOJOKeHHs TOKA3aHO, ITO HE0D-
xomumoe yeaosue Ban Kammnena meficTBUTETbHO PABHOCUIBHO HEKOTOPOMY aaredpamdecKo-
My yCJIOBHIO, Oojiee TIOXOKeMy Ha Bbllieonucanubie npensrtcreus Ban Kammnena. 13 sToro,
B 9aCTHOCTH, BBITEKaeT, 9To ycjaosne Ban KamieHa jierko mpoBepsiTh aJropuT™Miuaecku (cM.
npsivoe Joka3arenbeTBo Huzke). B [ARS02| BeiaBunyTa Takke rumoresa 0 JOCTATOIHOCTH.
JoctarouHocTh B TeopeMe pacrpoektupyemoctu Bbitekaer u3 [ARS02], [Sk03’]. Bamernwm,
9YTO TaKOe JTOKA3aTeThCTBO O4YeHb HempsMoe. [Ipsgmoe moKazaTesbCcTBO MpH APYTOM JTOTOJI-
HUTEJLHOM orpanudenun cMm. B [GST79).

[Tpusesem nepedopmyanpoBky HeobOxomumoro yeaoBust Ban Kammnena. 3 nepedopmy-
JIMPOBKH OYJIeT SICHO, YTO €ro JIErko mpoBeputh ajroputmudeckn [ARS02]. Yopsaouennyio
napy (A, B) AByX Takux pa3nudHbx BepiuH rpada G, aro p(A) = ¢(B), byaem Ha3bBATH
mpocto napoti u obosnauars AB. [lapa A;B; Ha3BIBATCI INEMEHMAPHO OOCTNUNCUMOT U3
napet AB, eciim rpad G conepxut peopa AA; u BB;. llapa ST nassiBaercss docmuatcumor
u3 mapet AB, eciim ST moxker ObITH mosiyueHa n3 AB moc/ie10BaTeIbHOCTHIO dIeMeHTap-
HO JgocTm:KuMbIX map. Obosnadenune: ST ~ AB. OueBUIHO, JOCTHKHUMOCTH — OTHOIEHUE
skBuBasienTHOCTH. HeoGxonumoe ycenosue Ban Kammena paBHOCHIBHO crleyromiemy (st
pacrnosioxkennii): wuxakxas nape AB we docmustcuma us napw BA. TlpuBejeHHasi rumore-
3a TPUHUMAET CJEAYIOMYI0 (GOPMY: pacnososcenue, 0ad Komopozo wukaras napa AB we
docmuotcuma u3 napv, BA, asasemea pacnpoekmupyemvim.

48



4 3aneryieHHOCTh B TPEXMEPHOM HPOCTPAHCTBE

4.1 3aemieHHOCTh TPEYTOJbHUKOB

B srom mynkre A u A’ — HEBBIPOXK/IEHHbIE TPEYTOJIBHUKN (B MPOCTPAHCTBE), KOHTYPHI KO-
TOPBLIX HE IIePeceKatoTCsl.

IIycTh cHavasa HEKAKHE YeTHIpe M3 BEpIIMH JIBYX TPEyTrOJLHHKOB He JIesKaT B OJHOIL
IIOCKOCTH. T peyroIbHUKI HA3BIBAIOTCS 3aleIIEHHBIMHE, €T KOHTYD MePBOro IIePeceKaeT
BTOPOI#i POBHO B 0OiHO# Touke (puc. 4.1.1).

A5 A6 A
N~ l
A > = F <
4 / /
> V
Ay Ay

Puc. 4.1.1: 3anemiennbie TpeyroabHIKN

B ob6mem ciayuae Tpeyrosbauku A u A’ Ha3bIBAIOTCS 3AEMJIEHHBIMI, €CJIM BHIIOJJIHEHO
000 U3 CIeAYIONUX PABHOCHILHBIX YCIOBHUIA.

Bamaua 4.1.1. Craeayromnme yCcJI0OBHS PABHOCHIBHBI.

(1) Kaxkaplii u3 TpeyroJabHUKOB TIePeceKaeT KOHTYD JIPYroro.

(2) Tlepecedyerue TPEYroJbHUKOB €CTh OTPE30K, KOHIBI KOTOPOLO JieXKaT Ha KOHTYpax
Pa3HLIX TPEyTrOJbHIKOB.

(3) Tlepeceuenne OA N A’ ecTh oHA TOUKA, U JBA OTPe3Ka KOHTYpa OA, BBIXOISIINE U3
9TOI TOYKH, HAXOAATCH 1O PA3HbIE CTOPOHBI OT ILIOCKOCTU TpeyroabHuka A’

(3”) To ke, uro B (3), ¢ nepemenoit mectavun A n A'.

(4) TInockocts Tpeyroabauka A’ mepecekaer KoHTYp JA B IBYX TOYKAX, JIEKAINIUX IO
pa3Hble CTOPOHBI 0T KOHTypa JA’ (Takas mapa ToOUeK Ha3blBaeTCs sauenaennoli ¢ OA').

(4’) To xe, uro B (4), ¢ nepemenoit mectavmu A u A'.

(5) IlrockoCTH TPEYTrOJIHHUKOB MEPECEKAIOTCs MO MPSIMOii, epecedeHne KOTOpOoil ¢ KOH-
TYPOM KarKJI0r0 U3 TPEYTrOJAbLHUKOB €CTh Hapa TOYEK, MPUYEM TU HaPhl TOYEK YePeryoTcs
BJIOJIb IPSIMOIi (TaKie Mapbl TOUEK HAZBIBAIOTCH 3AUENACHHULMU HA TPIMOi; puc. 4.1.1).

Yrasanue. Tpn xkaxkgom u3 stux yciaosuii nepecedenne A N A’ saisiercst 1ub0 MycThIM,
b0 OZHOI TOUKOI, GO OTPE3KOM (HO He TPEeYTOJBLHEKOM ).

Vreepxkaenue 4.1.2 (o neaTpaabHOil npoekiun). Ecau nukakue wemuvpe us movex A, B, C,
D, E, F,O ne aescam 6 00HOT NAOCKOCTU, MO CACOYIOUUE YCAOBUA PABHOCUALHDL.

(1) Tpeyeonrvruku ABC u DEF 3ayenaenol.

(2) Ompesor BC' upoxomuT HUKE posHo 00Hol u3 cmopon mpeyeosvnhura DEF npu
63eande uz mouxu A (m.e. cywecmeyem eduncmeennasn napa (P, x), cocmoswan us mouku
P € BC u cmoponwv. x mpeyzorvhura DEF |, maxas wmo ompeszox AP nepecekaem cmopony

(3) Konwmyp mpeyzorvnura ABC nporodum nwustce konmypa mpeyzoaviukae DEF newem-
HOE “YUCAO pa3 npu e32asade u3 mouky O.

Jng nokazarenbcTBa paBHOCHIbHOCTH (1) < (3) morpebyercs gemma o derHoctn 4.2.5,
a JJId J0Ka3aTeabCTBa yrBep:Kaenud 4.1.2' — ee aHaJor.
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Vreepxkaenue 4.1.2' (o npoeknun). ITycmo nwuraxue wemwpe us movwex A, B,C, D, E F
HE Aedcam 6 00HOU NAOCKOCTU, G MAKHCE HUKGKUE MPU U3 UL NPOEKUUL Ha NAOCKOCMDL
Oxy ne aesrcam wa 00not npamoti. Tozda mpeyzosrvhuku ABC u DEF 3auenaenv, mozda
U MoAvKko mozda, ko20a Konmyp mpeyzosvhura ABC nporodum wusice Koumypa mpeyeons-
nuka DEF neuemmoe wucio pas (m.e. Koauuecmeo mouer nepecevernudl npoexyut KoHmypa
mpeyeorvhuka ABC u npoekyut xonmypa mpeyzosvhuka DEF na naockocms Oxy, 6 ko-
MopulT Z-Koopdurama coomeemcmeayouLets mouky xoumypa mpeyzosvhura ABC menvue
maxosoti das DEF, newemno).

Sagaua 4.1.3. CymecrBytor jin 100 monapHo 3anenIeHHbIX TPeYTOTbHUKOB?

3amaua 4.1.4. B npocrpanctBe nmeerca 13 Touek: 3 kpacHbiX u 10 kenTbix. Hukaxme
JeThIpe W3 HUX He JeKaT B OAHON IIOCKOCTH. Toraa KOJMIecTBO KEJITHIX TPeyroJbHUKOB,
3alEIIEHHBIX ¢ KPACHBIM TPEYTOJbHUKOM, YeTHO. Kpachvim (oHcesmoim) mpeyzoivHukom Ha-
3bIBAETCs JII000i TPEYTONbHUK ¢ KPACHBIME (JKeJITBIMHI) BepIinHaMu. T peyroJbHUKH, OTJIN-
qaromnmecd HepeCTaHOBKOﬁ BEpIINH, CIUTAOTCA OJUHAKOBbBIMH.

Sanmaua 4.1.5. /g nmoo6six 6 Touek 0,1,2,3,4,5

(a) ecom Jr0ObIe JBa 0ObeKkTa U3 TpeyroabHukoB 05k, 1 < j < k <5, k # 2, u orpe3ka 12
He UMerOT OOIMX BHYTPEHHUX TOUYEK, TO KOHTYP Tpeyrobunka 012 mepecekaer TpeyrobHIK
345; 6ostee Toro, TpeyroabauKu 012 u 345 3arenieHsr;

(b) ecin moObIe 1Ba 06BeKTa U3 Tpeyroabaukos 05k, 1 < j < k <5, (j,k) € {(1,2), (1,3)},
1 OTPe3KoB 12, 13 He uMeT OOIUX BHYTPEHHUX TOYEK, TO 3aleIlIeHbl JTU00 TPeyroJbHIKI
012 u 345, 6o tpeyrosbauku 013 u 245;

(c) ecan ir06bIe 1Ba 00bekTa U3 TpeyrobankoB 0k, 1 < j < k <5, (j, k) & {(1,2),(1,3),(1,4)},
u orpe3koB 12, 13, 14 ne umeroT OOIMKUX BHYTPEHHUX TOYEK, TO 3alCIJIEHBI JTUOO TPeyroJib-
aukn 012 u 345, mu6o Tpeyronbuaukn 013 u 245, mubo Tpeyronbauku 014 u 235.

(d) TompobyiiTe yragarh yTBepKenue!

Vreepxkienus 4.1.5.abc cieayior u3 KoJimdecTBeHHOI uneitnoit reopembr Konses-I'opona-
Bakca [Sk14, reopema 1.2'|, cp. Teopemy 4.2.9.a. YrBepkaenust 1.7.1, 1.7.2, 4.1.5 u 5.2.4
WLTIOCTPUPYIOT HEKOTOPbIE UJIen J0Ka3aTe bcTBa TeopeMbl 00 NP-Ttpynaoctu 6.6.3.

3amaua 4.1.6. There are six points 1,2,3,4,5,6 in the 3-space such that

e no three of them lie in the same line,

e the outline of the triangle 123 intersects the triangle 456 at exactly one point, and

e the outline of the triangle o intersects the triangle 7 at an even number of points, for
any other unordered pair {o, 7} of triangles having disjoint vertices.

By a triangle 77k we mean the part of the plane passing through points 4, j, k, that is
bounded by the union of segments 47, jk, ki.

(Recall that triangles such as 123 and 456 are called linked.)

Ilodckaska x wacmu 3adavu 4.1.1. Obozuadum depes | npamyio u3 (5).

Jokasameavemso umnaurayuy (3)&(3') = (5). Beuay (3), A nepecekaer MmI0CKOCThH
tpeyroabauka A’, mosromy A N1 # (). Tlepecegenne A N[ COmEP:KUT TOJBLKO JIBE TOUYKH,
nazoseM ux A, B. Ananornuno, seuay (3’), mepeceuenne A’ N[ COAEPKUT TOJBKO J[BE TOUKH,
nazoeM ux A’, B’. Ilepeceuenne A’ N OA comepxurca B orpeske A’'B’. 3HauuT, pOBHO OIHA,
u3 Trouek A u B nexur na orpeske A'B’. [Tosromy mapst A, B u A, B’ zanemwnenst B . [

Jlokasameavemso umnaurayuu (4)&(5) = (3). Tpeanonoxum, aro napst { A, B} = ANl
u {A', B’} = AN 3anemrenst 8 [. Torma (3) caenyer u3 (4). O

Jlokazamenvcmeo pasnocuavnocmu (1) < (2) 6 ymeepocdenuu 4.1.2. Korma P mpobe-
raet orpe3ok BC, orpe3ok AP 3ameraer tpeyroabauk ABC. TTosTomy KOam4decTBO CTOPOH
tpeyronbanka DEF | auxke KoTOpbIiXx 0Tpe30ok BC', paBHO KOJUYECTBY TOYEK MEpPEeCcedeHust
koHTypa Tpeyrosbauka DEF ¢ tpeyroabankom OBC.
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Hoodckasxka % 4.1.3. OTBeT: 1a.
Pemenwe. (ITpuaymano E. Koranowm, npeasapuresnbhas Bepenst Hanucana P. Kapacesbim.)
Bosbmem npaBuiababiii Tpeyroabauk 1. Obo3naunm depes AB oaHY W3 ero BBICOT, a 4depe3
e £,E .
R¢ = R}; nmpeobpa3oBanne MpoCTpaHCTBa, ABIAIONIeeCs KOMIO3HUINeH mepeHoca Ha BEKTOD

eAB w Bpamenusi BOKpyr AB Ha yroa € (BuHTOBOE JBuzKenue). [Ipnm gocTaToqHo Masiom
e Tpeyroapuukn 1 u R°(T) 3amemienbl, Tak KaK MepecevdeHre UX ILIOCKOCTel COMepKUT
BBICOTHI KayKJOTO U3 HUX U B ITOM IepecedeHur KOHTYP OJHOTO U3 HUX MPOXOJUT Uepe3
BBIIIYKJIVIO 0007109KY Apyroro. [losromy TpeyroabHEKI

Rme/lOO (T) i Rne/lOO (T) _ R(n—m)a/lOO (Rme/loo (T))

zarerieHsl mpu Joosx 0 < m < n < 100.

Ompedaxmuposarroe pewenue FO. Cemenosa. [Tokarkem, Kak CTPOUTH TPUMED 11O WH/TY K-
muu. [lycTh y HAC ecTh HECKOJIBKO TOMAPHO 3alEIJIEHHBIX TPEYTOJHHUKOB ¥ KOHTYP OJHOTO
U3 HUX HAXOJUTCS HA PACCTOSHHUM He MeHee € OT KOHTYPOB BCeX Jpyrux. Torma aTor Tpe-
YTPOJBbHUK T MOYKHO TIOIIEBEIUTH MeHee YeM Ha € U TMOJIYIUTh TPEYroJabHUK 1", 3aIenIeHHblii
¢ T (mampumep, paboTaeT KOHCTPYKIUS U3 IPEJIbIIYINEro PErieHust s JBYX TPEYroJbHI-
koB). Tak Kak Mpwu IeBeIeHN KOHTYD JIBUTAJICS MeHee YeM Ha €, TO KOHTYD JBHZKYIIErocs
TPEYTOJIbHUKA HE MePeceKas KOHTYPhI APYruX TpeyroabHukoB. CrepoBaresnbio, T’ 3anemien
C KayKJIbIM U3 OCTAJbHBIX TPEYrOoJbHUKOB, Kak 1 T (cM. yrBepxKaenue 4.4.1.b u 3amedanue

4.4.6).

Hoodckasxka % 4.1.4. YeTHOCTH 3TOr0 KOJIMYECTBA PaBHA CyMMe KOJHUYECTB TOYEK Iepe-
cedeHust (BBIMYKJIBIX 000JI0YEK) YKEITHIX TPEYTOJbHUKOB C KOHTYPOM KPACHOTO. DTa CyMMa
YeTHA, MMOCKOJIbKY 00beHHEHNe KeITHIX TPEYTOJbHIKOB pa3araeTcd B CyMMY 10 MOIYJTIO 2
MOBEPXHOCTEH HEKOTOPBIX TeTpadapoB. Cp. yTBepxKaeHue 4.7.5.a u jeMMy o deTHocTH 4.7.2.

Pewenue U. Bozdanosa. PaccmoTpuMm mOTHBI ABY/I0IBHBII I'Pad Ha MHOYKECTBE YKeJIThIX
TOYEK: OJ[HA J0JIsl — TOYKHU C OJHOU CTOPOHBI OT MJIOCKOCTH KPACHOT'O TPEYTOJbHUKA, APYyras
— ¢ gpyroii. [Tokpacum pebpo B KpacHBIN, €CIM OHO MEPECeKaeT KPACHBINH TPEeyroIbHUK,
U B YepHBbIil wHade. Torga KOJTUYIECTBO TPEYTOJHHUKOB, 3aIEILTIEHHBIX C KPACHBIM, — 3TO
KOJMYECTBO MAP PA3HOIBETHHIX pebep ¢ OOIMUM KOHIIOM (HA30BEM HX TaJKaMH).

Ecau 0be posim HeweTHBI, TO KOJUYECTBO TaJIOK C MEHTPOM B JIIODOI BEpIWHE YETHO.

Ecnun obe posim 9eTHBI, TO KOJIMYECTBO TAJOK C MEHTPOM B JIAHHOW BEpINMHHE HEYETHO
TOT/Ia ¥ TOJIBKO TOT/Ia, KOorja ee (KpacHas) crereHb HedeTHa. [J0CKOIbKY KOJIMYIECTBO TAKUX
BEPIIHUH YeTHO, TO U 00Iee KOJTHIECTBO TaJoK TOXKEe UeTHO.

4.2 3anemnyieHHOCTH IO MOJIYJTI0 2 3aMKHYTBHIX JIOMAaHBIX

VY3/10M HA3BIBAECTCS 3aMKHYTasi HECAMOIIEPECeKaIoIasics JJoMaHast. 3alenJeHneM Ha3biBa-
eTcd HAOOP MOMAPHO HEMEePeceKaIoNUXCs y3JI0B, KOTOPbIe HA3BIBAIOTCS KOMNOHEHMAMY 3a-
nertenns (puc. 4.2.1). Takue ynopsijioueHHble HAGOPHI HA3BIBAIOTCS YIOPSTOUYEHHBIME W
pPACKpAIIIeHHBIMU 3aIeIIeHUsIME, & TAaKue HeyHnopsa0deHHbIe HAOOPHI HA3BIBAIOTCS HEYIOPSI-
JIOYEHHBIMH WJIM HEPACKPAIIeHHBIMU 3allelIeHusiMu. B gajibueitineM Mbl Oy/1eM COKpaIiarh
«YTOPSIJIOUEHHOE 3alleIIEHUey JI0 «3alelIeHue», MOCKOJIbKY OYJIeM pacCMaTpUBaTh TOJIHKO
YHOPs/I0UeHHbIe 3allellIeHns.

B §84.2,4.3 wepe3 a u b 0603HaAUEHBI HETIEPECEKAIONTHECs Y3JIbI.

['oBopsa HedopMaTbHO, TBYXKOMIOHEHTHOE 3alleIIeHUe 3aUeniero no modyso 2, eciau
IOBEPXHOCTH «ODIIEro MoJIOKeH s> («caydaiiHasiy ), HATsSHYTasi Ha MePBYI0 KOMIOHEHTY, Te-
pecekaeT BTOPYIO KOMIIOHEHTY B HEYETHOM 4HCJIe To4dek (cM. mompobHee 3amedanue 4.2.8.a).
[Iyts K yjo6HOI opMaM3anuu ITOrO MOHATHS HE TaK KOPOTOK. BO-TIepBbIX, TOBEPXHOCTH
VI00HO B3SITh CAMOTIEPECEKAIOIEH s, & TOTIA U TIPOCTO «JIUCKOM» (TMOJAPOOHEe CM. 3aMevaHme
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3alemieHue Yautxeza

Puc. 4.2.1: ITpumepnt 3anensennii

4.2.8.b,d). Bo-BropbIX, BMECTO 9TOi MOBEPXHOCTH (MJIM JMCKA) YI0OHO paccMaTpuBaTh HAOOP
TPeyroJbHUKOB, T.. BMECTO T€OMETPUIECKOr0 00beKkTa — ajnredpamdeckuii. [Tocaeqnee mos-
BOJIUT K OJHOU M3 OCHOBHBIX HJEU TEOPUU TOMOJOTHI (CM. Tak:Ke 0oJiee o0Iee ompepeaeHne
3alEIIeHHOCTH 0 MO0 2 B §4.8).

Touka O HaxomUTCs B OOIIEM IMOJIOXKEHUU ¢ 3arersierneM (a,b), ecan O He JIEXKHUT

® Ha OJ/IHOW HPAMON HU C KAKUMU ABYMA BepIIMHAMU (0,[LH0171 AJIn pa3HbIX) JIOMaHBbIX, 1

® B OJIHOIi MJIOCKOCTH HU ¢ KAKOW M3 TeX TPOeK BepIinH (OJHO WM PA3HBIX) JOMAHBIX,
KOTOpPBIE HE JIe2KAT HA OJHOI HNPAMOIA.

Hampumep, HuKakass BepIInHA OIHOM M3 JIOMAHBIX HE HAXOIUTCI B OOIIEM IOJOXKEHHH C
3alleIJIeHueM.

Samaua 4.2.1. Kakue Toukn KyOa HAXOIATCSI B OOIIEM IOJOXKEHUH C TPAHHUIIAMH IPO-
THBOIIOJIOXKHBIX TpaHeil Kyba?

JIemma 4.2.2. (a) Jlas 4106020 08YTKOMNOKEHMH020 3AUENACHUA ECTND TOYKA, HATOOAULM-
ACA € HUM 6 00UWEM NONOHCEHUU.

(b) Ecau mouka O naxodumea 6 obwem noroscenuu ¢ (a,b), mo das xastcdozo pebpa
MN y3aa a

e ompesok OM we nepecexaemcs c b;

o mpeyzoavrur OMN we codepotcum eepwun y3ia b;

e nepeceuenue OMN Nb cocmoum u3 KOHEUH020 YUCAL TOYUEK.

Ilodckaska. Tlocnennee coiicTBo B 1. (b) ciemyer u3 Toro, 4to Jjist Kazxkaoro pedpa M N
y3J1a a u g Kaxka0ro pedbpa PQ y3naa b nepeceuenne O M NNPQ nubo mycto, mudo aBasgeTcs
BHYTpeHHell Toukoit Kak Tpeyroabauka OM N, Tak u orpe3ka PQ).

V3l a,b (nan 3anemnenue (a,b)) Ha3BIBAIOTCS 3aIEMJIEHHBIMI II0 MOJYJIIO 2, eCJIn
cymecrByer Touka O B obmmemM moyoxkennn ¢ (a,b), 1 KOTOpoii HedeTHa cyMMa

> JOMN N,
MN

rje cyMMEupoBaHue Bejercs mo pebpam MN y3ma a. DTo onpeaeaeHne OCMBICIEHO BBHILY
aemm 4.2.2.ab. Cp. nemmy 4.2.4.a.

Samaua 4.2.3. Kakwne u3 3anemiennii Ha puc. 4.2.1 u 4.2.2.bw 3alenienbl 1m0 MOJILYJIIO
27 (BosbmuTe J100bIe 3allelieHus ¢ JAHHBIMU TTPOEKIUSIMUA Ha Balll BBIOOD; MCMOJIB3YiiTe
0e3 joka3aTenbcTBa JemMMmy 4.2.4.a; nig pucyHka 4.2.2.b paccMoTpuTe IBYXKOMIIOHEHTHBIE
TIO/[3AIIETLICHHUS]. )
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(t)

Puc. 4.2.2: Konbna Boppomeo, 3anenienne Yaidtxemaa n TPUIACTHIK

OmpefiesieHre CBSI3HON CyMMBI 3allelIeHnii TpuBeaeHo, Hanpuvep, B [Sk20u, kowery §7].

Jlemma 4.2.4. (a) Sauenaenue (a,b) asasemca 3auensenmvim no modyo 2 moada u monv-

ko mozda, kozda cymma Y, |OMNNb| newemna daa Kaxaoit mouru O 6 0busem noiosHcenu

MN
C 3AUENNEHUEM.

(b) /lsa mpeyzoavruka, umew0Uue HENEPECEKAULUECH KOHMYPLL, 3AUENAEHDL (6 CMBLCAE
§4.1) mozda u moavko mozda, ko2da onu 3auenienv, no Modyat0 2 (6 cmuicae 9moz20 pazdea).

(¢) Bayenaenrnocms no modyato 2 aeasemces «adoumueHol» No OMHOWEHUI K CEAZHOT
cymme 08YTKOMNOHEHMHBLL 30UENACHUT.

ITodckaska. B (a) ucoansyiite jgemmy 4.2.5.

flcHo, ¥TO ecm JIoMaHas He TepeceKaeT KOHTYD TPeyroJbHWKa W HU OJHA W3 BEPIIHH
JIOMAHOI He JIEZKUT B TPEYTOJbHIUKE, TO JIOMAHAsT TIEPECEKALT TPEYTOIbHUK B KOHETHOM YHCIIe
tovek (cp. Proposition 1.3.1).

Jlemma 4.2.5 (o wernocru; cp. gemmy o gernocru 1.3.3). (a) Janve 3amrnymas necamone-
DECERAIOWAACH NOMANGH U mempaddp. JTomanasn ne nepecekaem pebep mempasopa, u Hu 00HG
u3 GePUWUH AOMAHOL He Aescum 1y ha 00HoT eparyu mempasdpa. Tozda aomanan nepeceraem
NOBEPITHOCTNG MEMPAIPa 6 HeMHOM HUCAE MOUEK.

(b) To sce, no mempasdp moxcem Goimb GuPOAHCIEHHBLM (.. AENHCAMB 6 NAOCKOCTU,),
U Ymeepocoaemea wemmocmo cymmos Y lo N b], 2de cymmuposarue udem no 2panam o
mempaadpa, a b — Aomana.

Yrasanue % (a). Terpasap pazdbuBaer mpocTPaHCTBO, Jajiee aHAJOIUIHO JeMMe O YeTHO-
crm 1.3.3.a.2!

Oo6o3uaunm yepe3 XY ZT noepxHocTh Terpasapa XY ZT.

Habpocox doxazameavemea aemmoi 4.2.4.a. Iycrs napa {O,0'} mouex naxodumes 6 06-
weM noaosicenu ¢ 3anemnerneM (a,b). DTy obIHOCTD MOTOKEHHsT HYKHO ONPEIETUTh TaK,
4TOOBI HUZKEIIPUBEICHHOE JI0KA3aTeILCTBO IPOILIO0. HyKHO moTpeboBaTh, 4TOOLI KayK1as n3
touek O, 0" Haxoauiack B 061IeM motokeHuu ¢ (a,b). JlomomHnTe15HO HYKHO MOTPEOOBATS,
Hanpumep, 9tobel O, O’ u m06ble 1Be BepIuHbl (OJHON WM PA3HBIX) JIOMAHBIX HE JIeXKaJn
B OIHOM mIockocTu. Torma

> (IOMN Nb| + [O'MN N b|) = > [000'MN Nb|

MN MN

vl

21 Alternatively, analogously to the Parity Lemma 1.3.3 for (a) it suffices to prove that Ecau nuxaxue
Yemope U3 Cemu 8EPULUH MPEY2OAbHUKA U MempPasdpa He AeHCAm Ha 00HOT NAOCKOCMU, MO KOHMYP mpe-
Y20AbHUKA NEPECEKAEMCA € NOBEPTHOCTDIO MEMPAIOPA 8 YEMHOM “HUCAE MOYeK. JTa JeMMa O YeTHOCTH
CJIeyeT W3 TOrO, UTO MEPECEUeHNe TPEYTrOIHHUKA W TTOBEPXHOCTH TETPAAPA SIBJISETCS KOHEUHBIM O00heInHE-
HUEM JIOMAHBIX. DTO O0bEIUHEHNE NMEET YETHOE YNCIO KOHIIOB, KOTOPHIE U SIBJISIOTCS TPEOYEMBIMU TOYKAMMU
nepecedenusd. (AJIbTEPHATUBHO, 3aMETUM, YTO IIJIOCKOCTb TPEyTOJbHUKA I€PECEKAET [IOBEPXHOCTh TETPAdAPA
O KOHEYHOMY YHCJly JIOMAHBIX, U UCIOJb3yeM JeMMy O derHocru 1.3.3.)
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31ech

e cymmupoBanue Besercst o pebpam M N y3ia a;

® BTOpOE CPaBHEHWE CJelyeT u3 JieMMbl 4.2.5.a.

Ecan kaxgas u3 aByx rouek O, naxomurest B obiiem mooxennn ¢ (a,b), To cyiie-
crByer touka O, mag koropoit kaxmasg uz nap {O,0"} u {O”, 0’} maxomurcs B 06IIEM
nosioxkennu ¢ (a, b). O

Vreepxkaenue 4.2.6 (0 CHMMETPHYHOCTH). 3a4UenieHHOCs 10 MOOYAO 2 NaAPbL SOMAHHLE
He 3a6ucum om nopadKa AOMAHHLE.

Habpocok doxazameavemea ymeepscdenus 4.2.6. VICToab3yeM CHHTYISIPHBIE KOHYCHI (yTBep-
Kuenne 4.2.6 Takke cienyer n3 yrBepxaenus o npoexiun 4.2.7). Kak u B 1okazareancrse
aeMmbl 4.2.4.a, 10CTaTOYHO paccMoTpeTh ciaydaii, korga napa {O, 0’} mouex naxodumces 6
obusem noaoscenuu ¢ 3anerseruem (a,b). Ty OOMIHOCTH MOJOKEHUs HY?KHO ONMpPEIeTUTh
TaK, 9TOOBI HUKEIPUBEIEHHOE JOKA3aTeTHCTBO MPOIILIO; 3TO OIpee/eHne He 003aHO COB-
IaJaTh C ONpeJeseHneM, JaHHBIM B HaOpOCKe J0Ka3aTeabCTBa JeMMbI 4.2.4.a; HO BO3bMEM
To x)e onpejenenue. Torma

—~
N
Nl

S jomnng 2 S jounnPQl2 Y j0MN no0'PQ| 2
MN

MN,PQ MN,PQ

3

2 ¥ 00MNNO'PQE Y [an0'PQ.

MN,PQ PQ

—
=

3/1ech cymMMupoBaHue BejieTcs 1Mo BceM pebpam M N y3na a u pedpam P(Q) y371a b; cpaBHeHHS
1o moayio 2. CpaBHenue (3) crpaBejinBO, HOCKOJIbKY

e 160 OMN NO'PQ = (), rorna OMN NIOPQ = dOMN NO'PQ = 0,

e 1160 OM N NO'P(Q) siBjisieTcst HEBLIPOK ACHHBIM OTPE3KOM, UMEIOIIUM JBa KOHIIA, TOTIA

[OMN NAO'PQ| = [9OMN N O'PQ)|.

Cpasuenue (4) anagorndno cpasaernam (1) u (2). O

Vreepxkaenue 4.2.7 (o mpoexiuu; cp. yreep:xkaerue o npoekuun 4.1.2"). ycms sepuiu-
Hol 0PMO20HAALHOT NPOEKUUL HEKOMOPO20 I8YTKOMNOHEHMHO20 3GUECNAEHUA HA HEKOMOPYIO
NAOCKOCM® HATOOAMCA 6 00usem nososcenu (ecm. onpedeaenue 6 §1.3). B moukazx, 2de npo-
EKUUU KOMNOHEWM NEPECEKAIOMCA, OMMEMUM, KAKAA U3 KOMNOHEH <NPOTOOUM BbLULE»
dpyeots (kax wa puc. 4.2.1 u 4.2.2). Bayenaenue A6AA€mea 3G$U4eNAEHHBM N0 MOOYAI0 2 Mo-
2da u moavko mozda, Ko20a YUCAO MOYEK NEpeceuenus, 20e Nepead KOMNOHERMA NPorodum,
sviuLe 6mopoti, Hewemmo.

Bameuanne 4.2.8. (a) Ilycre cymecrsyer «uzoronmss ([Sk20u, §1|, §4.4) mexmy nBymsi
JIBYXKOMIIOHEHTHBIMH 3alelJIeHUsIMU, TPH KOTOPOI BTOpasi KOMIIOHEHTA HEeIOABHYKHA. T0-
rJia cJieJ mepBoii KOMIIOHEHTHI SIBJISIETCS] CHHTYJISPHBIM (T.e. KPUBOJIWHEHHBIM W camornepe-
CEKAIONUMCsI) TIUIHHIPOM, He MePeceKaronuM BTOPYIO KOMIIOHEHTY. Ec/u 1mocie n30Tonuu
KOMIIOHEHTBI COJEPKATCA B HEMEePECeKAIOIUXCs Mapax, TO MUIHHIAP MOXKeT OBITh JTOMOJHEeH
JI0 CHHTYJIAPHOTO JIMCKA, HE MEePECeKAIoIero BTOpoil KOMIIOHEHTHI. DTO MOTHBUpPYeT Hedop-
MaJIbHOE ONHCaHWe B Hadase §4.2.

(b) Tnst rouxku O u nommuoxkectsa I' C R3 cuneyaapnvim xonycom O+ nan I nasbipaer-

csa obbenunenne orpeskoB | ] OM. Eciu OM NON = {O} njist KazKapIX IBYX PA3IUIHBIX
Mer
touek M, N € I', To cuHTyJIIpHBIIT KOHYC HA3bIBAETCS ITPOCTO KOHYCOM.

(c) Cywecmsyrom sauyensenue (a,b) u mouka O 6 obuleM NOAOHCEHUY C IMUM 30UEN-
ACHUEM, MAKUE YN0 3AUENACHUE ABAAEMCA 3auenierhbim no modyao 2, no |(O * a) N b
wemHo.
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JleiicTBUTEIHLHO, BOZbMEM Y3es @, y KOTOPOTO €CTh HeMePeCeKAIOIINecs CKPeNTUBAIOIHeCs
peopa PQ) u RS, BosbmeMm Touky O, Takyto uro Tpeyroabauku OP(Q) u ORS umeror obIryio
TOYKY, OTIUIHYI0 0T O, 1 BO3bMEM y3es b, IpOXOomAnnii Yepe3 3Ty TOUKY.

(d) Crenyroree sKBHBAJIEHTHOE OINpeJieeHIe 3aIeIIEHHOCTH MO MO0 2 6ojee Ha-
DJISITHO, HO C HUM CJIOYKHEee paboTaTh (MOCKOJIbKY (C) MOKA3BIBAET, UTO HYKHO 60JIee CHIBLHOe
YCJIOBHE OOIIEro MOJIOKEHUsI, TIPUBEJICHHOe HUKE).

Banemnenne (a,b) apasgercsa sayenaenmvim no modyato 2, eciu |(O * a) N b| HedeTHo st
HEKOTOPOIi (MK, YTO SKBUBAJEHTHO, st JIF000i) Toukn O, Takoii 9To

e HU OjiHA BeprwHa y3/1a b #He npunapiexut O x a u

e eciu M gaBisieTcs 1ubOO BEPIIMHON JTOMAHON @, JTHOO TOYKON JIOMAHOU a, JJIST KOTOPO
BHYTpeHHOCTHL orpeska OM mepecekaer a, To b N OM = ().

Yreepxkaenune 4.2.9. (a) (Kouseii-Topnon-3akc) B npocmpancmse darv, 6 mouex. Jhobvie
dee u3 Hux coedUuHEHD, HECAMONEPECEKAOULETICA NOMAHOT, NPUYEM NEPECEKAIOMCS TNOALKO A0
MaHvLe, umerujue 00wul KOHeY, U moavko 6 amom konue. Tozda natidymes dea savuennem-
HOLT 1o MOOYA10 2 yukaa daunvt 3. (Mnvmu caosamu, 6 obpaze 106020 KyCOTHO-THHEHHOTO
BiIOXKeHusT 2paa Kg 6 npocmparncmeo natidymces 064 3aUEnACHHBLT N0 MOOYA0 2 UUKAG
daumwe 3.)

(b) (3akc) B npocmpancmee danvt 4 kpachwie u 4 cunue mowku. Jlobwe dse pasznoysem-
HOLE U3 HUT COCOUHEHDL HECAMONEPECEKANOULETCA NOMAHOT, NPUMEM NEPECEKAIOMCEA MONDKO
AOMAHBLE, UMENULUE 00UUT KOHEY, U MOAbKO 6 amom konue. Tozda natidymes dea 3auennen-
HOLT 10 MoOYA0 2 yukaa daunvt 4. (Mnwvmu caosamu, 6 obpasze 106020 KYCOUYHO-AUHETHO20
saoocenua epaga Ky 4 6 npocmparncmeo natioymes 0dea 3auensennvlr no mooyao 2 Yyukia
onumn 4.)

DTH yTBEPKIEHNS JOKA3HIBAIOTCS AaHAJOIMIHO WX «JHHEeiiHbIMy anasgoram [Sk14, §2]. Cwm.
IPOCTOE JO0KA3ATETHCTBO B [Zil3).

4.3 KosaddurueHnT 3anernyieHnss 3aMKHYThIX JJOMaHbIX

MoTuBUPOBKYE K HUKEINPUBEIEHHOMY CTPOTOMY OIPeJIe/IeHNI0 KoM (DUIHEHTa 3aIleIIeHusT
AHAJIOTUIHB MOTHBUPOBKAM, MPUBEIEHHBIM B Hadase §4.2. AjlbTepHATHBHBIE OMPE/IETICHHST
IpUBEIEHBI B YTBep:KIeHUH o mpoeknun 4.3.5, B 3ameuanun 4.3.6.ab, a takxke B §4.8.

OTpe3ok u TPeyTroJbHUK HAZBIBAIOTCS MPaHCEEPCAAbHBLMU, €CTTH BEKTOP € OTPe3Ka BMeCTe
¢ 6asucoM f1, fo IIOCKOCTH TpeyroJbHUKA 00pa3yioT bas3uc e, f1, fo mpocTpaHcTBa.

3uakoMm sgn X Touku nepecedenuss X TPAHCBEPCAJIHHBIX OPUEHTHPOBAHHBIX OTPE3Ka U
TPEYroJbHUKA, HAa3bIBAETCS YUCJI0 +1, €c/ii BEKTOP € OTpe3Ka BMECTe C IOJIOKUTEIHHBIM
b6azucoMm f1, fo TpeyroJabHHKa 00Opa3yiOT MOJOXKUTETbHBIH Oa3uc e, fi, fo mpocTpaHCcTBa, U
quca0 —1 B HpOTHBHOM ciaydae. VIHBIME clioBaMH, 3HakxoMm HA3bBIBAeTCd 4IUCIO +1, ecan
OPUEHTAIUI OTPE3KA U TPEYTOJIbHUKA COTIACOBAHBI M0 TIPABUILY A€60T pyKu (A€6020 6unma),
n —1, ecJii He COTJIACOBAHBI.

Koaddumuenrom 3anensenus lk(a,b) opuenruposannoro sameriennst (a, b) Ha3biBa-

ercst
k(a,b) = Z Z sgn X,

MN XecOMNNb

rje Touka () HAXOAUTCI B OOIIEM IOJOXKEHUU C 3allell/IeHneM W IepBoe CYMMHPOBAHHE Be-
JieTcst o opueHTHpoBaHHbIM pedbpam M N ysia a.

Bamaua 4.3.1. Haiinure kosddunuents! 3anemnienus 3anemienuii na puc. 4.2.1. (Bo3b-
MHUTE HEKOTOPYIO OPHEHTAIMIO 3aleI/IeHNi ¢ JAHHOH MpoeKIneil Ha BaIll BBIOOP; HCIIOIb3YHTe
6e3 qokazarenabcrBa gemmy 4.3.2.a.)
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JIemma 4.3.2. (a) (Cp. aemmy 4.2.4.a.) Koappuyuernm sauenienua xoppexmmuo onpedenen,
m.e. He 3asucum om ewvbopa mouky O.

(b) /Tas kaosrcdozo n € 7 cywecmsyem opuenmuposartoe 3auenienue, umerouee koafh-
duyuenm 3ayenaenus n.

(¢) Kosppuyuenm sayennenus adoumueen no omuoweHuto K cA3H0T CYmme 08YTKoM-
NOHEHMHHLET 3AUENAECHUT.

(d) JTas kascdot mpotiku yeavs wucea k, 1, m cyuwecmsyem mperkomnonenmmoe opuek-
MUPOBAHHOE 3AUENAEHUE C NONAPHBIMY KoIPPuyuenmamy 3auensenus k,l,m.

Jlemva 4.3.2.a n yrBepxKaenus 4.3.4, 4.3.5, 4.4.4 10Ka3bpIBAIOTCA AHAJTOTTIHO UX aHAJIOTAM
0 MOJY/TIO 2, C UCIOJTb30BAHUEM IMOIXOIAMIEHl BepCHH CJIeIYIONIEil TEMMBI.

Puc. 4.3.1: CornacoBaHHbIe OpUEHTAIINN

Jlemma 4.3.3 (cp. jemmy o tpuBnasibHocTH 1.3.4 u semmy o gernocrun 4.2.5). (a) /la-
HbL 3AMKHYMAA OPUECHMUPOSAHHAL HECAMONEPECEKAOULAACH NOMANHAL U OPUEHMUPOCAHHVLT
mempasdp (m.e. mempasdp ¢ CO2AACOBAHHBLMU OPUEHMAUUAMY 2pared, cm. puc. 4.3.1). Jlo-
MaHas me nepecexaem pebep mempasopa, U MU 00HG U3 GEPULUH AOMAHOT He AEHCUM Ha
noseprrocmu mempasdpa. Tozda cymma 3HAKOE MOUEK NEPECeMeHUs AOMAHOT U NOBEPTHO-
cmu mempasopa HYALGA.

(b) To orce, Ho mempasdp mootcem 6vimb BHPOHCOCHHVIM (M.€. AENHCAMD 6 NAOCKOCTNU),
u ymeepoicdaemea, wmo Y > veoqpSENX = 0, 2de cymmuposanue udem no epamam o
mempasdpa, a b — opueHMUPOSAHHAA NOMAHAA.

Vreepxkaenue 4.3.4 (o cummverpuanoctn). (a) (Cp. ymeeporcdenue o cummempuuHocmu,
4.2.6.) Koappuyuenm zayenienus napo, AOMAGHOT HE 3G46UCUM OM NOPAIKG SOMAHVIE.

(b) Hamenenue opuenmayuu 00notl u3 KOMNOHEHM MeHACT KoIPPHuyuenm 3ayenienus
Ha NPOTNUBOTLONOHCHVI.

(c) Bepkanvraa cummempus Mmenaem KoIPPUUUEHM 3AUENAEHUA HA NPOTNUEBONONONHC
Mo

Vreepxkaenue 4.3.5 (o npoeknuu). B yciosuax ymeepscdenus o npoekyuu 4.2.7, ors opu-
EHMUPOBAHHO20 3AUENACHUA KOIPPHUUUEHM 3AUENAEHUSL DABEH CYMMe SHAKOB (onpedeerue
npusedero 6 §1.8) mex mouek nepeceuenus, 6 KOmopur Nepead KOMNOKeHma nporodum Haod
8mMopoTi.

Bameuanue 4.3.6. (a) [Iycts f,g: S' — R?® — (KycouHo-nuHeiiHbIe, TIAIKHE WA HEIIPe-
PBIBHbBIE) OTOGpazKeHUs ¢ HelepeceKaomuMucs obpazamu. Koaddument 3anenienns nx
opHueHTUPOBaHHBIX 06pa3os pasen cmeneny [Sk20, §8] orobpaxenns St x ST — S% onpese-

f(x) —g(y)

/(@) = g(y)|
(b’) (a discretization of (b)) Let a and b be disjoint oriented closed polygonal lines in
3-space. Their linking number equals the sum ﬁ > Q(MN, PQ) over all oriented edges
MN,PQ
MN of a and PQ of b, where Q(MN, PQ) is the oriented solid angle given by the set
of vectors from points of M N to points of P(), i.e. is the oriented area of the spherical

quadrilateral formed by vectors M. P, M Q, NHQ, NP in this order.

nagemoro (opmysoit (x,y) —
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(b) (the Gauss integral formula for linking number) Iis HemepeceKalomuxcst raaKux
3aMKHYTBIX KpuBbIX f, g : [0, 27| — R® nmeem

o f(l') B g(y) "(x / T
k(f,g) = /[OMQ 7@ — gl A fi(z) A g'(y)dedy.

(c) s eaosicenus rpada B R® MoxHO onpegents anajior kosdduimenTta 3amernjieHus
— unsapuanm By (anasormano . 1.5, 1.6). Cm. noxpobuee [Sk06, §§4,5].
(d) Cwm. yrBepxkmenus 6.14.2.abc u nanbreiimue obcyxaenus B [BES2, §19|, [RN11].

4.4 IH30TOHMHOCTH 3allelJICHUIA

Vreepxkaenue 4.4.1 (ycroitunBocts). i 1106020 08YTKOMNOHEHMHOL0 3AUENACHUA CY-
wecmsyem 6 > 0, maxoe wmo npu a0b6oMm cleuze GEPUWUH NOMAHVLT HG PACCTNOAHUA, HE
NPESLULAIOULUE O,

(a) cdeunymoie KOMNOHEHMYL He NEPECeratomcs;

(b) cosunymume Komnonenmov, 3auenienv, no Mooy 2 mozda u mMoavko mozda, Koz20a
UCTOOHBLE KOMNOHEHMbL 3AUENAEHBL N0 MOOYAI0 2.

Yacrpb (a) HOKa3bIBAETCs HECJIOKHO. A BOT 1jIsi TOKasareabcTBa dactn (b) mosesHo mo-
HATHE U30TOIHOCTH 3alleIICHNi, BBEIEHHOEe HUZKE.

c C

——— —

A B A B
Puc. 4.4.1: Dynementapuasi ©30TOMHS

[Tycts cropoubt AC' u C'B tpeyronbanka ABC — pebpa HEKOTOPOIro y37a, He Tepecekar-
1ommero TpeyronbHuk ABC HE B KaKuxX APyruX TOUKax. daemernmapras usomonus ACB —
AB — 3amena nByx pebep AC u CB pebpom AB (puc. 4.4.1). JIBa y3/1a HA3BIBAIOTCS
(KyCcOYHO-THHETHO 06beMIEMO) M30TOMHBIMHY, €CJIH HX MOYXKHO COCJNHHUTD TTOCTIe0BATE b
HOCTBIO Y3JI0B, B KOTOPOIl COCEIHNE MOIy9IarOTCa APYT U3 APyra 3JeMEeHTAPHONH M30TONHe.

AHaJIoOrnuHBIM 00pa30M OIpe/IedeTcs H30TOMHOCTD 3alleIICHUIl.

Vreepxkaenue 4.4.2. Hzomonnvie (dasice Kycouno-aunetino cun2yiapro 20mMomonnvie) 06yx-
KOMNOHEHMHDLE 3GUENAEHUA 00HOBPEMEHHO 3GUCTAEHLL NO MOOYAIO 2 UM HE 3AGUENNAEHDL NO
Modyato 2.

Habpocox doxasameavecmsa. Jocrarouno pacecMoTpeTh 3jieMeHTapHuyo usoronuto AC B —
AB, menstoniyto 3anenenue (a,b) wa 3anemienue (a',b). CymecrByer Touka O obuwezo no-
AOAHCEHUA, T.€.

® HAXOJAMIASACS B 00IIEM MOJIOKeHun ¢ (a, b), B obmem monoxkennu ¢ (a’,b), mpuaem

® Takas YTO HUKaKas BepIINHA JTOMAHOI b He JTe;KuT Ha moBepxHOocTH Terpasapa O ABC
u b He nepecekaer pedep OABC.

Tak kak ABC' Nb = (), To mo emme o wernoctn 4.2.5 nmeem

|OAC Nbla + |OCBNbly = |OABN b|s.

Ucnonb3yst rouky O, moaydnm, 4ro 3anemnienus (a,b) w (a’,b) mmbo oba 3amemnieHs mo
MOJIYTIO 2, MO0 06a He 3alelieHsl mo Moayaio 2. QED

TpI/IBI/Ia.J'IbeIM 3aleIrlJieHneM (C JIIOOBIM YUCJIOM KOMHOHeHT) Ha3bIBaeTCd 3allCIlJIeHHue,
COCTOdAIIee U3 MOIMapHO HellepeCeKaoIuXCd TPpeyroJbHUKOB.
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ITpumep 4.4.3. Cyuwecmsyem 06YrKoMnonenmHoe 3auenienue, He 3a4U4eniennoe no Mooy
2 U He u30monHoe MmpusuUaLLHOMY.

B kadectBe nmpumepa MOXKHO B34Th JII000€ 3allelljieHne ¢ KOIDMOUIMEHTOM 3aler/IeHust
2, HaIIlpUMep, TpeThe 3alersenue Ha puc. 4.2.1. Hen3oTonHOCTL JOKA3LIBAETCI IPH IIOMO-
i Ko puimenTa 3amenaeHns; oHa caeayeT u3 pe3yabraTa 3aga4dn 4.3.1, remmbr 4.3.2.a u
yrBepxKaeHus 4.4.4.ab.

VrBepxkaenue 4.4.4. (a) Hzomonnvie opuenmuposanmve 08YTKOMNOHEHMHBLE 3GUENAE-
HUA UMENOM PaABHBLE KOIPHUUUEHMBL 3AUENAECHUA.

(b) Uzomonnvie 08YTKOMNOHEHMHBIE 3AUENACHUA UMEIOTN PABHHLE MOOYAU KOIPHULUEH-
Mo6 3aUENAEHUA.

IMpumep 4.4.5. Cywecmsyem 08YyrkoMnoHeHMHOE 30UENAEHUE, UMENULEE HYAEBOT KOIP-
duyuenm sauensenus, HO He U3OMONHOE MPUBUALLHOMY.

[Tpumepom siByisteTcst 3arerienne Yaiirxeaa (puc. 4.2.2.w U npemnocyiejiHee 3alerieHne
Ha puc. 4.2.1). Hem30TonHOCTh JOKA3BIBAETCS Yepe3 «BbICIInii KoddumenT 3amemiennss
(aucio Caro—JleBuna); oHa cieayer u3 pe3ynabraTos 3am1a4 4.9.10.abg.

Bameuanue 4.4.6. Cropasejus anajor yreep:xkaennit 4.4.1.ab ajst TpeyroJbHUKOB U UX
zanemerHocTn. OOCyanM 10Ka3aTeIbCTBO aHaJiora yreep:xkaeans 4.4.1.b.

[IycTh HUKaKHUe JeThIpe U3 MEeCTH BePIINH JBYX TPEYTOJbHUKOB He JieXKaT B OIHOII MI0C-
KOCTH. KOJIMUeCTBO TOUEK Mepeceuennss OTPe3KOB U TPEYTOJbHUKOB (U3 MSITH BEPITHH KOTO-
PHIX HUKaKHe YeThipe He JiesKaT B OJHOMN TJIOCKOCTH) COXPAHSIETCs] MPU JO0CTATOYHO MaJIOM
IMEeBeJICHUH 3TUX NsgTH BepinuH. Torma anajsor yreepxkiaenus: 4.4.1.b BeITeKaeT u3 CJemyio-
mero pesysbraTta (KOTOPBIA CJIeyeT W3 MPOCTOr0 YaCTHOrO Caydast JeMMbl 4.2.5).

ITyemsb nukaxue vemoipe u3 cemu sepwun mpeyzorvhuka A u movwex A, B,C, XY, Z, 7'
ne aescam 6 00noti naockoemu. Ecau (XZZ'JOY ZZ') N OA = 0, mo napw (A, XY Z) u
(A, XY Z') aubo obe zauenaenvl, aubo obe we 3auennerol.

Nurepecno, 4To nepeHecenue CTo/ib eCTECTBEHHOTO PACCYZKJICHUST Ha, OOIIUIA CTy9ail BKJIIO-
JaeT TeXHUYeCKHue CJIOKHOCTH, TT0ITOMY JJIsi ODIIEero cjiydasi yaI00Hee MCIOJIb30BaTh DoJiee
o0I1ee MOHATHE 3AIEIIEHHOCTH JJOMAHBIX 0 MOJY/II0 2: aHAJOr yTBepxKaeHus 4.4.1.b BuiTe-
KaeT u3 yrBepxKaeHusd 4.4.1.b u nmevmmer 4.2.4.b.

4.5 KombOmHaTOpHAS M30TOITHOCTH 3alleIJIEeHNil TPEeyTroJbHUKOB

Ecim BepmmHbl ABYX TPEYroOJBHUKOB ABHZKYTCS HENPEPHIBHO TaK, 9TO KOHTYPHI TPEYTOJIb-
HUKOB B JTIODOOIT MOMEHT He MepPeceKaroTCs, TO TPEYTOJbHUKN OCTAIOTCS 3AIETICHHBIMU WJIN
nesarerieHabiMu. Ctporast hbopmynpoBka 31oro dhakrta Ha «JIUCKPETHOM» si3bike (yTBep-
Kjenne 4.5.1.a) UCOTB3YeT HUZKEMPUBEIEHHOE TOHATHE KOMOUHATOPHONW M30TOMHOCTH.

Mgt He pazmudIaeM TPeYroJIbHUKH, OTIHIAIONIHecs mepectanoBkoii Beprmd. [Tycrs (A XY 7)
— 3allellJIeHne JIByX TPeyroJIbHUKOB, a Z' — Touka BHe npsivoit XY, must koropoit (X ZZ'UY ZZ")N
OA = (). Torna anemenmaproti xKomburnamoproti usomonueti HazoseM 3ameny XY 7 Ha
XY Z'. Daemenmaproti komburnamoproti uzomonueti Ha30BeM TaKKe aHaJI0rHYHOoe IIpeobpa-
30BaHUE MePBOTO TPEYTOJbHUKA MIPH HEM3MEHHOM BTOpPOM. /IBa 3aIernieHuss TpeyrobHUKOB
HA30BEM KOMOUHAMOPHO U30MONHBLMU, €CTA UX MOXKHO COEJUHUTH IOCJIeI0BATETHHOCTHIO
3allelIeHnil TpeyroJbHUKOB, B KOTOPOW COCEIHHE MOJIYyJaloTCsa JAPYT U3 JApyra dJIeMeHTap-
HO¥ KOMOMHATOPHON M30TOTMHEi!.

Vreepxkaenue 4.5.1. (a) Komburnamopro uzomonmnvle 3a4enienus mpeyzoisvHukos 00Ho-
BPEMEHHO 3AUETAEHDL WAL He 3auenaenv. (Bnawum, cyuwecmeyom 08a 3auenienus mpe-
Y2ONLHUKOS, HE ABAANOULUECH KOMOUHAMOPHO U3OMONHbLMU. )
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(b) Ecau dsa mpeyzorviuka we 3auenienss, mo o0pa308aHHoe UMy 30UENACHUE KOMOU-
HAMOPHO UOMONHO MPUBUAALHOMY 3AGUENAECHUIO MPEY2OALHUKOS.
(c) JTiobvie dse napvl 3aUENACHHOLT MPEY20ALHUKOE KOMOUHAMOPHO U30TMONHDL.

[Tyukr (a) crexyer u3 yreepxiaenus 4.4.1.b (wmm u3 gemmvbr 4.2.4.b wiu yTBep:KaeHus
4.4.2), TOCKOJIbKY 3JIEMEHTAPHYI0 KOMOWMHATOPHYIO W30TONHIO MOYKHO CJIEJIaTh 3a JIBE -
menTtapusie nzororuu. [Tyukr (¢) BeITekaer u3 coiicrsa 4.1.1.(2); 3anucars J0Ka3aTEILCTBO
MHTEPECHO, MO0 OHO JACT aJrOPUTM TPeoOpa30BaHUs Tapbhl 3alelJIEHHBIX TPEyrOJhHUKOB
K CTAHJAPTHOMY BHJy, a TaKyKe MMO3BOJUT MojoiTH K runoresam 5.2.6, 5.2.8. Cp. [Kol9|,
[Sk20u, yrBep:xk nerue 4.5].

Bameuanune 4.5.2. (a) U3 yreepxkjaennii 4.5.1.bc BoITeKaer, uTo 4t0boe 3ayenienue mpe-
Y20ADHUKO8 KOMOUHAMOPHO U3OTONHO AUOO MPUBUAALHOMY 3AUENAECHUIO, AUOO 30UENAEHUIO
MPEY2OALHUKOS, aHaso2uHoMYy 3auensernuto Xondga na puc. 4.2.1. (VHbIME coBaMH, JTBA
TPeyroJbHUKA 3alelJIeHbl TOTJA W TOJHKO TOTAA, KOTJAa COOTBETCTBYIOIIEE 3allellieHne He
TPUBHAJILHO. )

(b) BBLIO OBl MHTEPECHO JIOKA3ATH, UTO CYIMIECTBYIOT TPH 3AUETACHUA OPUEHMUPOSAHHVIL
MPeY20AbHUKO0S, NI KOTOPHIX JII0O0e TaKoe 3AIEILIEHUE 0pUeHMUPOSAHHO KOMOUHAMOPHO
usomonmo oxHoMy u3 HuX. ([laiiTe HEOGXOIUMBIE OMPEIETCHUsT CAMOCTOATETIBHO. DTO AHAJIOT
yrBepKennii 4.5.1.bc.)

(c) U3 yrBep:kaennst 4.5.1.c BoITEKaeT, 4T0 KOMOUHATOPHAST H30TOMHOCTD AP TPEYTOJIh-
HUKOB PaBHOCHJIbHA M30TOIMHOCTH (Onpe/eneHHoi B 11. 4.4). Bbto 661 HHTEPECHO BBHISICHUTH,
PABHOCUJIBHBI JIU OHU JIJIS 3allelIeHuil 0osiee TBYX TPeyroJbHUKOB.

4.6 Koabia n Tpeyroabauku boppomeo

ITpumep 4.6.1 (konbna Boppowmeo). (a) Cywecmsyem mpexrxomnonenmuoe 3auenienue,
He U30MONHOE MPUSUANLHOMY, KaAHCA0e 06YTKOMNOHEHMHOE N003AUENACHUE KOMOPO20 U30-
monno mpusuasvhomy (puc. 4.2.2.b u 4.6.1).

(b) Jas kasrcdozo r cyuwecmeyem r-KOMNOKEHMHOE 3AUENAEHUE, HE USOTNONHOE MPUGU-
anvromy, Kastcdoe (r — 1)-Komnonenmuoe nod3auenienue Komopoo uzomonto mpusuaiv-
nomy. [BL, BLj|

B xauecmee koney, Boppomeo MOKHO B3aTh Tpu djumunca (puc. 4.6.1, cnipasa), 3aJaHHbIE
ypaBHEHUSIMUI

y?+222 =1 224222 =1 22+ 22 =1

Hocmpoenue xorey Boppomeo npu nomowu mopa. Cm. puc. 4.6.2. PaccMoTrpum cman-
dapmuwiti mop, T.e. dbuUrypy, o6pazoBaHHYIO BpamleHHeM OKpyxKHocTH (r — 2)% + ¢y? = 1
Bokpyr ocu Oy. [lepBasg KpuBasg — OKpPY:KHOCTh BHE TOpa, OJU3Kasg K MEpHJIHAHY TOpa.
Bropasi kpuBasi — OKpyKHOCTH BHE TOpa, 3allellJIeHHas C MEPUINAHOM TOpa U IepeceKaro-
mas TOp B ABYX TOYKax. Tperbst KpuBast — KpuBas Ha TOpe, OJIM3Kast K TPAHUIE KBaJApaTa,
MOJTYIeHHOTO M3 TOpa pa3pe3aHueM BIOJIb MapaJsiean U MepUIuaHa.

glcHo, 9UTO TOCTpOEHHBIE TPH JIOMaHble (MM KPUBBIE) TIONApPHO He 3aternieHbl. Herpusu-
aJbHOCTH B mpumepe 4.6.1.a cienyer u3 jemm 4.9.1.ab u yrBepxkaenus 4.9.2. Anajoruano
Joka3biBatoTca npumep 4.6.1.b u yrBepxKaeHus ?7.ab.

Jlpyeoe dokaszamensbemso HEPACUENAACMOCTIU UCTIONIB3YET dyndamenmanvhyto epynny (cM.,
wanpumep, [Sk20, n. 14.1]). TIpusegem 310 H0Ka3aTEaHCTBO I TOCTpOeHHs Ha puc. 4.6.2.
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Puc. 4.6.1: CneBa: Tpeyrosmsaukun Boppomeo. Crnpasa: saumncer Boppomeo. Beperabiuky:
zamenuTe d Ha [; ybepure jyimaun 17, Th w ux 00O3HAUEHUS

Pwuc. 4.6.2: Iloctpoenue koJser; boppomeo mpu moMoIu Topa

OGosznaunm uepes S u S’ mepsyio u Bropyio kpusyio. I'pynna m (R3 — S — S) uzomopd-
Ha CBODOJHOI rpymie ¢ aByMsi obpasyomunmi. [lapasuens u Mepuaual Topa (IPOU3BOJBHO
OPUEHTHUPOBAHHBIE) MPEJICTABISIIOT MEPBYIO M BTOPYIO 0OPA3yIOIIie COOTBETCTBEHHO. T peTbst
KpHUBasl IpeJCTaBIgeT HX KOMMYTATOp. Tak Kak OH He paBeH eIUHUIE U JayKe He COMPAYKEH
¢ Heil, TO TpeThs KpuBas He roMoTomnHa BHe S U .S’ 0oTo6pazkeHuio B TOUKY.

Bamaua 4.6.2. (a) CymiecTByeT Tpu TPEYroJbHHUKA, MTPOEKINH KOTOPBIX MOKA3AHLI HA

puc. 4.6.1 cesa (cp. [Val, CKS+, GSS+]).
(b) (uepemennas 3a1aua) [Ipu KaKuX 7 CYIIECTBYET 7 HOMAPHO HEMEPECEKAIOIIIXCS TPe-

YTOJBHUKOB CO CBOHCTBOM u3 mpumepa 4.6.1.b7
(c) (mepemennasi 3aja4da) Onuunimure Kaacchl KOMOHHATOPHONW H30TOMHOCTH 3allenIeHui

TpeX TpeyroJbHuKoB. (Komburnamopras uzomonnocmo 3anenaeHuii u3 Tpex TPEYroJTbHIUKOB
OTIPEJIEISIeTCsT AHATIOTUYHO CJIydato map. ['umoresa u npojaBuzKkenus npusejiensl B [Kol9].)

4.7 AJrebpamdyeckoe 4YMCJIO MepeceveHmin

OcHOBHBIE PE3YJIBLTATHI ITOTO MyHKTA — JIEMMBI 0 deTHOCTH 4.7.2 u 0 TpuBnagbHOCTH 4.7.4.
Omnn 0600maIoT JemMmy 0 4eTHOCTH 1.3.3 1 JemMmy 4.2.5 ¥ COOTBETCTBEHHO JIeMMY O TPUBUATh-
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roctu 1.3.4 u nemmy 4.3.3. TIpuozKeHust 3T0ro MyHKTa MPUBEIEHBI B 1. 4.8 (KOTOPBIH HYKeH
Jtst 1. 4.9, KOTOPBIN Hy?KeH JIJIs JJOKA3aTeIbCTB pe3yabraTon 1. 4.6). V3yvenne sroro myHk-
Ta MOXKHO HA4YaTh C pentenusd 3aga4u 4.7.5, KoTopas sSpKO HTIOCTPUPYET HETPUBUAJIBHOCTH
MaTepuaJa.

B stom nyHKTE @ — HAOOP OTPE3KOB, a (3 — HADOP TPEyroJTHLHUKOB.

HabGopbl a u [ Ha3BIBAIOTCSI HAXOISIIUMUCT B 00WEM NOAOHCEHUU, €CTH I JTIO0r0
orpeska M N u3 a n mo6oro tpeyronbauka A u3 3 semosneno { M, N}NA = MNNIA = (.
JLns Takux HaOOPOB Olpejie/inM aJaredpanveckKoe YncJ0 IepecedeHuii mo MOIYII0 2

aMB:= > |MNNA|;€Z,
MN,A

rIe CyMMUPOBaHUE BeJeTcs 1Mo Beem orpeskaM M N u3 a, a TakzKe TpeyroibHukam A u3 3.
910 YeTHOCTH KoamdecTBa map M N, A, oOpa30oBaHHLIX MEPECEKAOIMUMUCST oTpe3koM M N
13 MHOYXKECTBA @ U TPEYTOJbHUKOM A U3 MHOKecTBa [3.

Bepuwunamu vabopa 0Tpe3KoB (TPeyroJbHUKOB) HA3BIBAIOTCS KOHIIBI €0 OTPE3KOB (Bep-
IIUHBI €r0 TPeyroJabHUKOB). Tesom |y| Habopa 7 OTPE3KOB (TPEyroJbHUKOB) HA3BIBAETCS
0O'beINHEHNE ero OTPE3KOB (TPEYrOJbHUKOR).

Bameuanne 4.7.1. (a) Asrebpandeckoe YHCIO MepecedeHuii HyzKHO JJist paboThl ¢ Herepe-
CEKAIOIINMICST JIOMAHBIMHI, BEPITNHBI KOTOPHIX HU B KAKOM CMBICJIE HE HAXOIATCS B 00IIEM
nosokeHun. Kpome Toro, yem 6ojblne pa3MepHOCTh €BKJIHMIOBAa IIPOCTPAHCTBA U Iepece-
KaIOIMuXcs O0OBbEeKTOB, TeM 0ojee TPOMO3JKHMHU CTAHOBATCA YCIOBHA OONIErO MOJIOZKEeHU,
HEeOOXOIUMbIE JII PAbOTHI ¢ 2eomempuyeckumuy mepecedennamu, cM. (ii) B (d).

(b) Eciin Hukakue deThipe BepIIMHBI OTPE3KOB U3 @ U TPEYTOJHHUKOB W3 [ He Jiekar B
OJIHOM TIJIOCKOCTH, TO @ M [3 HAXOAATCS B OOIIEM ITOJIOYKEHUH.

(c) g moboro Tpeyronbauka A BHIIOTHEHO a Ny A = ||a] N Alz, ecin HEKaKHe deThIpe
BEPIITHHBI OTPE3KOB M3 @ HE JIeXKAT B OJIHO{i MIOCKOCTH (HO He (€3 3TOr0 YCJIOBHS).

(d) HaGop To4ek HAXOMUTCA B 00ULeM NOAOHCEHUU, ECTTH

(i) Hukakme 4 U3 HUX He JIEXKAT B OJHON IJIOCKOCTH H
(i) st JIEOOBIX TTaphl @, TPOWKH Y W TPOHKHK Y Cpeau HUX, JJIs KOTOPBIX T Ny =

xNy =0 ny # y, upsmas, IpoxoAdAIIAd YePe3 T, MIOCKOCTh, MPOXOJAIIAS I€Pe3 Y, U
IJIOCKOCTh, MPOXOJsIIas depe3 y', He nMeror obmux touek. (I1ockocTh, mpoxoadmast qepes3
Yy, OIpeJie/IeHa, TaK KaK eCIM TOUYKH MHOXKECTBA ¥ JIeXKaT Ha OJHOIl mpaMoii, To, 100aBUB K
HUM TOYKY U3 Z, MOJY9IHM MPOTHBOpedne ¢ yciaoueM (i).)

(e) Unmeem a Ny 5 = ||a| N |B]|,, ecim Bce BepIuHbl OTPE3KOB U3 4 M TPEYTOJIBHUKOB n3
HaXOJATCs B OOIIEM T0JI0KeHHH (HO He 6e3 9Toro yeaoBus, cM. 3amedanne 4.2.8.¢).

(f) Hng mo6oro N cymectByior N Touek 0OOIIEro MOJIOKEHUs B MpocTpaHcTre. [locTpo-
eHIe aHAJOTMYHO 3a1ade 1.3.2.b.

OHpe,ZLeJIeHI/IH 1—HI/IKJIa n Q—HHKﬂa B IIPOCTPaHCTBE aHAJIOTUYHBI CJIyYal0 IIJIOCKOCTHU, CM.
sameuanne 1.3.6. Cp. [MNS].

JIemma 4.7.2 (o wernoctn). Ecau 1-yuka a u 2-yuka B naxodames 6 obuem nosodtceru,
mo aNy 3 =0.

AHAJIOrTYIHO IPYTOMY JT0Ka3aTeIbCTBY JieMMbl 0 YeTHocTH 1.3.3.b, ucmors3yromemy crH-
TYJIPHBIN KOHYC, JIeMMa CJIeJlyeT W3 CBOEr0 YaCTHOTO Caydas, B KOTOPOM 2-TIUKJI SIBJsIeT-
Csl MHOYKECTBOM BCEX I'paHeill TeTpasjipa (BO3MOXKHO, BEIPOXKIEHHOTO; MOYKHO JTOMOJHUTEb-
HO TIPEJIIOJIAraTh, YTO 1-TUKJI SBISETCS TPEYTOJbHUKOM). DTOT CIyvall aHAJOTHIEH JIeMMe
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4.2.5.22

Bameuanne 4.7.3. (a) Eciu BepmHbl 3aMKHYTO# IOMAHON U 2-TIUKJIa HAXOASTCA B 00TIEM
nosioxkennu (M. 3amedanue 4.7.1.d), To TOMaHasI IEPECEKALT TEJIO 2-TUKJIA B Y€THOM UYHCIIE
TOYEK.

(b) Ecau ycmosue (ii) u3 3amevanust 4.7.1.d TpeboBaTh TOJBKO JjIsI HOMAPHO HEmepece-
KAIONUXCA 2, Y, Yy, TO MOJyUeHHBI aHATIOr yTBep:KaeHus (a) Oyaer HeBepeH (AHATOTHYHO
3amedanuio 4.2.8.c).

(c) Jlemmbr 0 wernoctn 1.3.3 u 4.7.2, a takke uxX 0GOOIIEHUS HA P-TUKJbI U ¢-IUKJIbI B
RP*4 uzpectnnl B onbkaope. Hanpumep, [Sk03, memma o wernoctu 3| copmynmnposana B
KavYecTBE MPOCTOTO pe3y/bTara — 0e3 SBHOTO OINpeJeIeHrsT ODIEro MmoJI0OYKEHUsI, & TaKXKe B
tepmuHax Tel (Kak B (a), B 3amedannn 4.7.1.e u B the Parity Lemma 1.3.3.b). Onnako nats
IPABUIBHYIO (DOPMYJIUPOBKY JEMMBI O YeTHOCTHU, JIUOO SIBHO OIPE/IETUB 0DIIee MOJTOXKEHUe
(kak B 3amedanun 4.7.1.d), mmbo ucmorb30BaB aaredpandeckne nepecedenus (Kak B IEMMe O
deTHOCTH 4.7.2), He Tak MPOCTO, KAK MOXKeT TMoKa3arbes. Hanpuwmep, cayuait p = g = 1 (s
1-1MKJI0B Ha MIOCKOCTH) HeBepHO cdopmyanposan B [Pr04, samaqa 1.2|, a cayqait p = 1,
q = 2 (anst 1-muksaa u 2-1UKJIa B TPEXMEPHOM MPOCTPAHCTBE) HeBepHO cHOPMYIMPOBAH B
nemme 4.6 B apxuBHoil Bepcuu 6 crateu [Sk14| (coorBercrByMolue yTBepIKICHUS B IPYTUX
BEPCUSX BEPHBI).

ITesiouncneHHbiM (W OPHEHTHPOBAHHBIM) 1-IUKJIOM Ha3bIBaeTcs HaOOp (He 0bs3a-
TEJILHO PA3TUYHBIX) OPHEHTHPOBAHHBIX OTPE3KOB (He BBIPOKJEHHBIX B TOYKY), TAKOH UTO
JJIST KayKA0M TOYKU KOJMIECTBO BXOJISAIINX OTPE3KOB PABHO KOJWUYECTBY MCXOJISATINX.

ITesouncneHHbIM (MM OPHEHTHPOBAHHBIM) 2-IUKJIOM Ha3biBaeTcsi Habop (He 0bsi3a-
TEJIHO PA3TUYHBIX) OPHEHTHPOBAHHBIX TPEYTOJLHUKOB (HE BBHIPOKJIEHHBIX B OTPE30K WITH
TOYKY), TaKOil 94TO Jisi KayKJOTO OPUEHTHPOBAHHOIO OTPE3KA KOJMYECTBO BXOJMAIIUX TPE-
YPOJIBHUKOB PABHO KOJUIeCTBY ucxomsamux (puc. 4.3.1). OprueHTHPOBAHHBINA TPEYroJbHUK

ABC erodum B opueHTHPOBaHHBI O0TPe30K BA u 6uix00um n3 OPHEHTHPOBAHHOTO OTPE3Ka
AB.

Jlemma 4.7.4 (o tpuBnasibHOCTH). Feau yeaovucaennvie 1-yuka u 2-4uks HAT00AMCA 6
00ULEM NONOAHCEHUL, O CYMMA 3HAKOE MOYUEK NEPECEUEHUA N0 BCEM NAPAM NEPECEKAGOULULCH
0mMpe3ko8 1-uuKaa u MpPeyzosbHUK08 2-UUKAG PABHA HYAI.

Bamaua 4.7.5. (Dror sApKuii YacTHBIN cIyvaii semmM o yerHocTH 4.7.2 ¥ 0 TPUBHAIBLHOCTH
4.7.4 mpegnaranca 01.04.2015 na @OIID MOPTU B Kypce «CoBpeMeHHBIE TOIOJIOTTICCKUE
MeTOjIbl B (busnkes.)

B npocrpancrse umeercs 17 touek: 7 kpacubix u 10 xenreix. Hukakue dyerbipe u3 HuX
He JIeXKaT B OJHOU IJIOCKOCTH.

(a) MoxkeT JiIn KOJIMYECTBO Map MePeceKarouxcsi KPACHOro oTpeska (T.e. oTpe3Ka, CO-
eTMHSIIOIEr0 KPACHbIe TOUKM) U YKEeJTOrO0 TPEYroJbHUKA (T.e. TPEYTOJIbHUKA, HATSHYTOTO HA
JKEJIThIE TOUKH) ObITH PABHBIM 77

Yrasanue. Ecam KpacHbIX TOYEK 3, a XKeJATHIX — 4, TO KOJUYECTBO TAKUX MaP YE€THO, CM.
jgemmy 4.2.5. Jlanee anajgorudno yrepzxaenuio 1.3.5.a.

IIpumevarue. PaccmaTpnBaeMoe KOTMYIECTBO PABHO KOJNYECTBY TOUEK MepecevdeHust Kpac-
HBIX OTPE3KOB U KeJITBIX TPEYTOJbHUKOB TOJTBKO B IIPEIIOJIOKEeHNN, YTO HIKAKOW KpacCHBIi
OTPe30K He TepeceKaeT HUKAKON OTPe30K MepecevdeHns KeIThIX TPeyroJbHIKOB.

22 AHAJIOrWYHO, JIeMMa, O TeTHOCTH 4.7.2 clIeyeT U3 CBOEro YacTHOTrO CIydas, B KOTOPOM 1-ITUK SBIdeTcs
TpeyroJbHUKOM. B 9TOM cirydae mepeceuenmne 2-IuKJIa U MIOCKOCTH TPEYTOJbHUKA, STBIISIETCS HADOPOM OTpEe3-
KOB, 00Pa3yoImuX 1-IUKJI HA TJIOCKOCTH, U MHOXKECTB, HE MEPECEKAIOIINX TPEYTroJbHUK. [103TOMY YacTHBIM
caydail crenyer u3 jgeMmbl 0 derHoct 1.3.3.c (Tounee, U3 ee BepCUM, B KOTOPOM OHA JIOMAHAS SBJISAETCS
TPEyTrOJLHUKOM, a Jpyras 3aMeHsercd Ha l-nuki, cM. 3amedanue 1.3.6.a).
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(b) ITocute pemenust myukTa (a) Mabs Mypowmer mogores K Toukam nobmzxke. OH yBHIE,
9TO O KPACHBIM OTpe3kaM Teder TOK. 1y! CKOJIbKO B KPACHYIO TOYKY MHJIIHAMIIED BXOJIMUT,
CTOJIBKO M3 HEe W BBIXOJHT.

A 110 OpHEHTHPOBAHHBIM ZKEJITHIM TPEYTOIbHUKAM CBHCTUT céucm. T.e. Ha KayKJI0M OpH-
eHTHPOBAHHOM JKEJITOM TPEYTOJbHUKE CTOUT COTOBHEMETD, N3Mepsioniuit ¢BHCT B COTOBbIX
(1C=1A%). Yy! CkOIbKO B OPHEHTUPOBAHHBIIl KEATHI OTPE30K MHKPOCOJOBLEB BXOJIHUT,
CTOJIBKO W3 HEro M BBIXO/IHT.

JIs1st KazK/10if maphl MepeceKaloIXcss KPACHOTO OTPE3KA 1 KeJITOTO TPEYTOIbHIKA HMeeT-
cst rpuBHOMeTD. [lo 3akony Biragumupa-Kpacuoe-CoHbimko moka3aHne rpuBHOMETPa PABHO
IPOU3BE/IEHUIO MOKA3AHNI COOTBETCTBYIOMNX aMIepMeTpa i COTOBbeMeTpa, eCJIU HAIIpABIIe-
HHe KPACHOTO TOKA M OPHEHTAIHs KEeJTOr0 TPeyTrOIbHUKA COTIACOBAHBI 110 MPABUIY €607
pyku (Oypaswura), © MEHYC STOMY IPOU3BEIEHHIO, ecin He cormacoBanbl. (Takum obGpasom,
1 Tpr—1Cx1A=1A3))

3a monnmanue ycaosust myukTa (b) kus3b omapui iisio Besmannoit nomoka moka uepes
ceucm, T.e., CYMMO# TOKAa3aHUii TPHBHOMETPOB. MOIH 1 Tak PacHoJorarbCs TOYKH, TeUb
TOK IO KPACHBIM OTPE3KaM 1 CBUCTETH CBHUCT IO JKEJITBIM TPEYTOJbHUKAM, 9TO VITbs oIy ait
42 HAHOTPUBHBI?

Ykazanue. Ecanm KpacHbIX TOYEK 3, a KeJTHIX — 4, TO MOTOK TOKa Yepe3 CBUCT PaBEH
HYJTIO BBULY JieMMbI 4.3.3.

4.8 KosaddumuenT 3anerienns 1 3eiidpepToBbI NN

31ech MbI TPUBOMM GoJiee obIne onpeenenusi Koddduipenta 3amnenienns (yTBep:KIeHnst
4.8.3 u 4.8.5), KOTOpbIe HCIOAB3YIOTCS B §4.9, a Tak:Ke WHTEPECHBI caMu o cebe.

BeiichepToBoii HenbIo (WM KOrpaHuieii) y3/ia a Ha3blBaeTCss KOHedHbIi HAOOp S Tpe-
YPOJIbHUKOB (HE BBIPDOXKJIECHHBIX B OTPE30K UJIM TOYKY), TAKOH dYTO

® KazKj10€ pedbpo y3J1a a IBJISIeTCS CTOPOHOI POBHO OJIHOIO TPEYroJbHHUKA U3 S|

® KayK/IbIil OTPE30K, He ABJSIOMUIICT PeOPOM U3 a, SIBJISETCS CTOPOHON YeTHOTO (BO3MOXK-
HO, HYJIEBOTO) KOJMYECTBA TPEYTOJbHUKOB U3 S.

[Tpumepamu 3eitdepTOBBIX Teneil sABAII0TCS HabOP TPEyroJbHUKOB CHHTYISPHOTO KOHYCA
O * a nys wekoropoit Touku O (3ameuanue 4.2.8.b), a Tak:Ke TPUAHTYIISAIUS NOGEPTHOCTN
3etigiepma [Pr95, §3]. Bosee obmue 3eiidhepToBLI eMH, €M CHHTYISPHBIE KOHYCHI, HAM HY K-
HBI, HAIIPUMeED, JJIs ollpeiesienus ducaa MumHopa, T.e. i HUKeIIpuBeIeHHON TeMMbI 4.8.4.

st MHOXKecTBa [ TPeyroJIbHUKOB MOJoKAM Of 1= Y OA, rjie CyMMHDOBAHHE BeIeTcst

Aep

0 MOJYTIO 2.

Bamaua 4.8.1. (a) Ecomm S smasiercs 3eiideproBoii menpio ysmaa a, To 9S sBiasiercs 1-
[IUKJIOM, T€JI0 KOTOPOTO COBMAAET C d.

(b) /lnst ofHOit M3 KOMIIOHEHT 3amlelieHus: YaiiTxegaa Hapucyiite zeiibeproBy nenb, He
ePEeCceKaroNIy0 OCTABIIYIOCS KOMIIOHEHTY.

(c¢) dnust ogmroro m3 xosern, Boppomeo Hapucyiite 3eiiepToBy 1enb, He MepeceKalLyo
obbeHEeHNEe IBYX APYTUX KOJIEIl.

Jlemma 4.8.2. /[as a100vix Henepecekaouurces ysios a u b cyuecmesyem setihepmosa uens
S ysaa a, narodausaacs 6 obwem nosodtcenuy ¢ b (onpedesenue npusedeno 6 navane §4.7).

VrBepxkaenue 4.8.3. Caedyroujue ycaosus skeusarenmus, 0aa sayensernua (a,b):

(i) 3auenaenue ne 3ayenaeno no modysto 2;

(ii) daa mexomopol (uau, wmo skeusasermmo, daa a0601l) seddepmosol yenu S ysaa
a, naxodauietica 6 obwem nosodtcenun ¢ b, evnosrnerno b Ny S =0;

(1ii) cywecmeyem setihepmosa uens ysaa a, meso Komopol ne nepecexaem b;
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(iv) dns mexkomopol (uau, wmo sxsusasenmmo, ois a0bot) setgpepmosot yenu S yaia
a, 0aa KOmMopol Kowmyp 106020 mpeyzosviuka u3 S we nepecexaem b, Koauuecmeo mpe-
Y20A0HUKO06 U3 S, 3auensennus no modyao 2 ¢ b, wemmo;

(v) das nexomopuT (uau, 4Mo sKEUBAAEHMHO, OAA M00WT) 3etifepmosns yenel S y3ia
a u T ysaa b, maxuz wmo konmyp 106020 mpeyeosvhuka uz S He nepecexaem KoWmypa Hu
00no20 mpeyzoavrura us T, Kosuvecmeo sayenaernnuixr no modyao 2 nap (A, T') mpeyzonn-
nuroe A uz S u ' us T wemno.

Habpocok dokazamenvemea. KBUBATEHTHOCTD (1) < (ii) U 9KBHBAJEHTHOCTD «JIJIsl HEKOTO-
poro» u «Jist Jo6oro» B (ii) caegayror u3 JeMmbl 0 deTHOCTH 4.7.2.
OueBnano, gro (iii) = (ii). O6parnas uMIUIMKANUS TOKA3BIBACTCS CABErOM S B o0IIee
noJioykenune Tak, 9Tobb ||S| N b| 6pLI0 YeTHBIM, a TakKe jgobaBiIeHneM pydek K |S|.
DkpuBajienTHocTh (ii) < (iv) ((ii) < (v)) momydaercss U3 mepBoro papeHcrna (U3 000MX
PaBEHCTB)
b S=)» bMA= Y TMmA

AeS AeS, T'eT

OTH paBeHCTBA CJIEAYIOT U3 aJIUTUBHOCTH AJIre0pamdecKoro mepecevenns, BTOpoe U3 HUX —
¢ yuerom yTBepx)aennda 4.8.1.a. U

Jlemma 4.8.4. Ecau (a,b,c) — 3auenaenue, 6 KOMopom a He 3auenseno no mooyao 2 wu c
b, nu c ¢, mo cyuwecmeyem 3etighepmosa uensv yara a, measo komopot ne nepecexaem bU c.

Dra JeMMa J0Ka3bIBAeTCs IPH MOMOIIN yTBep:KaeHus 4.8.3.

AHAIOrIYHO BBLIIIECKA3AHHOMY OIPEIeIAeTCS Ueaouucienhas setgepmosa yens S opu-
eHTHPOBAHHOTO Y3JIa a, €€ Meao, a TaKKe aszebpauyecckoe wucio nepecevenutds S-b € Z. Cie-
JIYIOTIHEe PE3Y/IbTATH JOKA3BIBAIOTCS AHAJIOMMIHO UX AHAJIOTAM 10 MOYJI0 2 (YTBEPK IeHUTO
4.8.3 u emmve 4.8.4).

Vreepxkaenune 4.8.5. [Tycmo (a,b) — opuenmuposannoe 3auenienue.

(a) [Tas ar060h setipepmosoti uenu S ysaa a 6 obuem noaodsicenuu ¢ b ewnosnero
lk(a,b) =S -b.

(b) Ierowucaennasn setipepmosa uensv ysaa a, meao komopol ne nepecekaem b, cyuie-
cmeyem moezda u moavko mozda, xozda lk(a,b) = 0.

Jlemma 4.8.6. Ecau (a,b,c) — opuenmuposannoe sauyenaenue, das xomopozo lk(a,b) =
lk(a,c) =0, mo cywecmeyem uyesouuciennan 3et@depmosa yensv Yyaaa a, meso Komopoi He
nepecexaem b U c.

Bamaua 4.8.7. (a) AHAJIOTHYHO BBINIECKA3AHHOMY OIpeJeIuTe setidepmosy yenv S, no
MOOYA10 8 OPUEHTUPOBAHHOTO Y3J1a @, €€ MeA0, & TAKKE A.A2e0PaU1eckoe Yucio nepeceteru
S, - b € Zs no modyaro 3.

(b),(c),(d) CdopmyaupyiiTe u 10KazKUTe AHATIOTH TI0 MOJYJIIO 3 yTBepK AeHuii 4.8.5.ab u
Jemmbl 4.8.6.

4.9 TpoitHoii KO3 PUIMEHT 3allellJIeHns

B srom paszene depes (ay, az, az) 0603HaTaeTCST TPEXKOMIIOHEHTHOE 3allelIeHne, KOMITOHEH-
ThI KOTOPOT'O TOMAPHO HE 3aIEMJIEHBI 110 MOIYJIIO 2.

[To nmemme 4.8.4 cymecTByioT 3eiibeproBel menu Si, S9, S3 Y3/I0B ay,ds, a3, TAKAE UTO
|Sil Naj = 0 mnst Beex @ # j. Bosee Toro, Mo:KHO BBIOpaTh 3eiideproBsl 1enn 6 mpot-
HOM 00ULEM MONOHCEHUU, T.e. TAKHE UTO JIJIA JTIOOBIX TPEYrOJbHHKOB A, € Si, k = 1,2, 3,
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nepecederne A MNAyNAs aubo mycTo, b0 ABISETCS BHYTPEHHE TOUKOi B KazKI0M H3 Tpe-
yroibauKoB Aq, Ao, Ag. Banernsenne (aj,as, a3) Ha3bBaeTCs 3aMENIEHHBIM [0 MO/IYJIIO
2, ecaim KosmaectBO TpoeK (A1, Ay, Az), HMEONUX OOIILYIO0 TOYKY, HEYETHO.

glcHo, 9TO 3TO CBOWCTBO HE 3aBUCUT OT IEPECTAHOBKU TPEX KOMIIOHEHT.

JIemma 4.9.1. (a) Koavya Boppomeo sauenaens, no modyato 2 (ucnoavdyime aobyo u3
Konempyruut §4.6 na eaw 6vibop; ucnosvayime (b) 6e3 dokaszamensvcmea).

(b) Bauenaernnocmo no modyato 2 Koppekmuo onpedesena, m.e. e 3asucum om 3etdep-
mosu yenet Si, Sz, S3 00ULL20 NOAOHCEHUA.

(¢) Bauenaenrocms no modysto 2 «addumusras OMHOCUMENLHO CBAZHOT CYMMbL MPET-
KOMNOHEHMHBLT 30UeNnAeHU.

Vreepxkaenue 4.9.2. Hzomonwuvie (dasice KYcouno-aunedno cun2yiiapho 20MOmMonHuie) mpex-
KOMNOHEHMHBLE 3GUENNAEHUA 00HOBPEMEHHO 3AUETAEHbL N0 MOOYAIO 2 UM HE 3AUENAEHDL TLO
Modyato 2.

JIBa Habopa S; u Sy TPEYTOJIBHUKOB HALOOAMCA 6 00WEM NOAOHCEHUU, eCTA KOHTYPHI
TPEYroJIbHUKOB M3 pPa3HBIX HAOOPOB HE TEePeceKaroTCss W HUKAKOW TPEyroJbHUK OJHOIO W3
HUX He COIEPyKHUT BEPIINHBI HUKAKOIO TPEYTOJbHUKA n3 Apyroro. Onpemesnm

SlﬂSQ = {AlﬂAQ . AleSl, A2ES2}.

Bamaua 4.9.3. (a) [Tepeceuenne aByX 2-IUKJIOB B OOIIEM MOJIOKEHUH SBJISIETCST 1-IIHKIOM.

(b) IMycrp S; w Sy — MHOXKeCTBa TPEYTOJBHUKOB B OOIIEM ITOJOYKEHUH, JJIT KOTOPHIX
|S1] N|0Ss| = || M]0S1]| = 0. Torma S; N Sy aBngerca 1-muKIOM.

(c) B . (b) mepeceuenue |S;| N |Sy| He obst3aTeIbHO ABISIETCST TETOM 1-ITUKITA.

(Moxckaska: anagornaHo 3amevanuio 4.7.3.b.)

(d) (zaraaxa) Iycrs f,g : S? — R3 asisiorcs KycOUHO-JIMHEHBIME OTOOPAsKEHUSMU B
obmmem nostozkennu (onpegesnte, aro sro!). Torma f~1(g(S?)) saBasierca resom 1-nukma B S
(ompepesute, uro 3ro!).

(ITo m. (a), f(S?%) N g(S?) asagerca Tenom 1-mukma B R3. O606menne cm. [Al22].)

VrBepxkaenue 4.9.4. 3auyenaenue (ay,as,asz) 3ayenaeno no modyao 2 mozda u moavko
moeda, Kozda yzea az 3auenier no modyao 2 ¢ 1-yuraom S; N Sy dasa nexomopwx (uau,
UMo IKBUBAACHMHO, OAd M0bbx) setiPepmosunx uyenelt S u Sy 6 obwem noarosceruu, 0l
womopuix |S1| N (az U ag) = |Se| N (a; Uag) = 0.

(Taxue setipepmosu, yenu cywecmsyrom no aemme 4.8.4. Ilepecewernue Sy N Sy A6.AA-
emea 1-yuxsom no ymeepotcoenuro 4.9.3.b. 3auenaennocmo no modyato 2 das 1-yurios c
HENEPECERANULUMUCA MEAAMU ONPEOCAALTNCA AHAN02UNHO §4.2.)

Vreepxkaenune 4.9.5. (a) Janve dea mmoocecmea M, N mouek na okpystcnocmu, 6 Kastc-
dom u3 Komopur uemuoe wucao moyver. Pazobvem mouxu muoocecmsa M wa napv.. Bosv-
MEM HEKOmOopvle dY2u OKPYHCHOCTIU Mak, Y¥mo kasxcdaa dyza coedunaem mouky HeKomopoT
napo.. Mruoowcecmea M u N naszwviearomces 3alelIeHHBIME 10 MOIYIIO 2 Ha OKPYMCHOCTAU,
eCAU KOAUMECTNBO Y2, COOePHCAULUT HEYEMHOe YUCAO Mmouek u3 N, HewemHo, m.e. CYMMG
> o laNN|z no scem dyeam a nevemma. Ceoticmeo 3ayensennocmu no modyato 2 e 3a6ucum
om 6ub0pa pasbuenus u dye.

(b) Iycmv Dy, Dy C R® — nenepecexarowyueca «6A02CENHBIE MHO202PANNBIE 2-OUCKU >
(Hanpumep, Cur2YAAPHBE KOHYCL, 02DAHUMEHHBLE Y3AAMU A1, A2) 6 00ULEM NOAOHCEHUL C a3,
maxue wmo a; = 0D; das wastcdozo t = 1,2. Tozda das wastcdozo j = 1,2 nepecevenue DjNas
cocmoum u3 wemmozo Koauuecmea movex ene Ds_;. Sayenaenue (a1, ag,as) 3ayenierno no
MOOYA10 2 moz2da u moavko mozda, koeda D1 N as u Dy N az 3auenasenv. no modyaio 2 6 as.
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Habpocox dokazamenavemea n. (b). Bozbmem 3eiicdbeprons menu Sp, Sy B 06IIEM TOJIOKe-
Huu, s KoTopeix |Si| N (ag Uaz) = [S2| N (ag Uaz) = 0. TTockobKy ag, Gy OrpaHUYIABAIOT
Dy, Dy, T0 MOKHO BHIOpaTh S, Sa, mias Koropbix S; N Ds_; = (). O6o3naunm yepes C) BHYT-
peHHOCTh 1Mo Moy 2 (onpexaesnenne anasornano [Sk18, §2.2|) 2-mukmaa Dy U S;. Torma
Bo3bMeM C1 N ag B KadecTBe o0bequnenus ayr u3 (a). [Ipumerum gemmy o dernocru 4.7.2 K
az 1 Dy USs. Tlomyamm, uto MHOXKecTBa D1 Nag 1 DyMNag 3amerieHsbl o MOLYJTIO 2 B a3 TOTIA
1 TONBKO Torna, Koraa |Ch Naz N Dals = |az N Cy N Sa|y mewerno. [ockonpky C; N Dy = (),
BBUJLY OOIIHOCTU HOJIOYKEHUSI UMEEeM

O(Cy N Sy) = (9C; N Se) U (C1 N DSs) = C; N Sy = Sy N S

Teneps 1. (b) cremyer uz yreepxkaenns 4.9.4. Cp. [Ko91, yreepxaerue 3.10]. O

B ocraBmreiica gactu pasnena (ag,as,as) ABASETCS OPHEHTHPOBAHHBIM 3AIEILIEHHEM C
HYJIeBBIMI MONapHBIME KO3 dunmentamu 3anemaenns. [To memmve 4.8.6 cymecTByOT Ie10-
qncsennbie 3efideproser menn Sy, Sy, S5 Y3708 a1, az, as, Takue 4to |S;|Na; = 0 aus mo6sx
1 # j. BoJtee TOro, MOYKHO B3SITh II€JIOUUC/IEHHBIE 3eii(DEPTOBBI e B MPOUHOM 00ULEM NOA0-
orceruu (OHO OTIPEJIENISIeTCsT Tak ¥Ke, Kak Jist 3efichepToBeIxX 1erneii mo Moayso 2). TpoiiabiM
k03 dumuenrom 3anensienns fi(aj, as, a3) HA3BIBAETCS CyMMa 3HAKOB TPOWHBIX TOYEK
epecedeHmns:

N(a17a27a3) = Z Sgn(A17A27A3) S Z)

ARLESE, k=1,2,3, A1NA2NA3#D

re 3HakoMm sgn(A, Ay, Az) aBigerca 3naK 6azuca B R3, 06pa3oBaHHOr0 Tpems BEKTOpaMH
HOpMaJteil K Ay, CONJIACOBAHHBIX C OPHEHTAIMSIMI Ha Ay MO TPABUIY JIeBOil pyKu (JeBOro
BHHTA). DTO 4HCI0 66110 BBemeno B 1954-68 rr. Musnopom, Xeduurepom, Ctupom, Maccen
¥, BO3MOXKHO, apyrumu. [IpuBenennoe onpenenenne ciaenyer [Mo08, §9.1].

Jlemma 4.9.6. (a) Tpotinotl kosdduyuenm 3auenienus Kak-mo opueHmuposaHHOLT KOAEY,
Boppomeo pasen £1 (dokasrcume 6 npednoaoscenuu n. (b)).

(b) Tpotinot kospduyuenm sayenienus KoppekmHo onpedenek, m.e. HE 3a8UCUM OM,
svibopa setihepmosnr uenet Si,So, S3 6 0bwem NosOHCEHULU.

(c) Tas waostcdozo n € 7 cyuecmeyem mperkoMnoOHEHMHOE 3aUENACHUE ¢ MPOTHbIM
K0IPPUUUEHMOM 3AUENACHUA .

(d) Tpotinot rospduyuenm 3sayenaenus addumuser OMHOCUMEABHO CEAZHOU CYMMDL
MPETKOMNOHEHMHLT 3GUENACHUT.

Vreepxkaenue 4.9.7 (o cummerpun). (a) lpu nepecmarosre Komnorernm mpotinoti kosgp-
Puyuenm 3aUENACHUA YMHONCAEMCA HA 3HAK NEPECTNAHOGKL.

(b) Ilpu usmenenuu opuenmayuy 00HoT u3 Komnorerm mpolinoti xKospduyuenm zauen-
ACHUA MEHACT, 3HAK.

(¢c) ITpu 3epkaavhoti cummempuu, mpotinot KoIGPUUUEHM 3AUENACHUL MEHALT, ZHAK.

VrBepxkaenune 4.9.8. Hzomonnvie (dasice KYcouno-auneino cun2yiapho 20MOMonHsie) mpex-
KOMNOHEHMHDLE 3GUCNAEHUA UMEIM PABHBLE MPOTHBIE KOIPHUUUEHMBL 3AUENAEHUA.

OcrabBmmecsa 3a/Ja491 9TOT'O IIYHKTa MOT'YT OBITH HEIIPpOCThI AJId HAYUHAIOIIETO.

Bamaua 4.9.9. (a) Bamnemnenue (ai,as,as) CHHTYISIPHO TOMOTOIHO TPUBHAIHHOMY 3a-
HeIIeHnto, ecau (u(ay, as, az) = 0.

(b) /IBa OpMeHTHPOBAHHBIX 3alEIIEHUs A1, d2,d3 W b1, by, by ¢ HyJeBBIMH MOTAPHBIMU
ko3bduIEenTaMu 3aleIeHns CHHTYJISIPHO TOMOTOIHBI, ecan fi(aq, ag, a3z) = (b, by, bs).

(Mcmonb3yiiTe, 9T0 «KOHKOPJAHTHOCTD BJIEYET CHHIYJISIPHYIO TOMOTOIHOCTD JIJIsl 3AaIlel-
JIeHuii». )
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Bamaua 4.9.10 (o Bwicuiem kodddunuente 3anernnenns). (Bel Moxkere HAUYATH U3Yde-
HHE TOro Marepuaga ¢ ero anaiora no momaymwo 2.) Iycre (a,b) siBasiercs opueHTHPO-
BAHHBIM JIBYXKOMITOHEHTHBIM 3areriennem, st koroporo lk(a,b) = 0. Tlo yTBepxaeHuto
4.8.5.b, cymecTBYIOT IeI0oYncIeHHble 3eiidbepToBsl nenu S, y3aa a u S, y3aa b, s KOTO-
poIX |Se|Nb =0 = an|Sy|. Moxkem cuuraTh, 9T0 S, U S HAXOAATCH B OOMIEM TTOJOKEHUH.
Torma anamornuno 3agaqde 4.9.3.b nepeceuenne S, NS}, ABIAETCS METOUNCTCHHBIM 1-IIHKIOM.
Kazxk ot opuenTupoBaHubiit orpe3ok M N memouncientaoro 1-mukmaa S, N .S, COTEPKUTCI B
rpeyroiabanke Ayy u3 S,. Ilepenecem M N Ha MaJeHbKHIT BEKTOP, KacaTeabHBIH K Ajy
n obpasyromuii BMmecte ¢ M N mosoKuTeabHbIil 0asuc B Ajy. DTH MaJIeHbKHE BEKTOPbI
MOZKHO BBHIOpATh TaK, YTOOBI IIOCJE BCEX IMEPEHOCOB IOJIYUYUICH MeT0OYNCTeHHbI 1-TuKT s
Omnpenenum wucao Camo—/lesuna xak 1k(S, N Sy, ).

(a) Yucno Caro—JleBuHA KOPPEKTHO ONpPEIEIEHO, T.e. HE 3aBUCUT OT IEJTOUUCTEHHBIX
3eiidepToBbIX 1Hemeit S, u S, 00ImIEro MoJIOXKEeHUsI, a TakKzKe OT JOCTATOYHO MAaJIOrO CIBUTA,
S, NSy BIoab S,,.

(b) Haiigure unciaa Caro—/IeBuna 3amenienus Ha puc. 4.2.2.w, a TakKe MOCTEJIHAX JIBYX
sanemienuit Ha puc. 4.2.1 (BO3bMHUTE OPHEHTAIMIO HA BAII BHIOOD).

(c) g KazKjaoro 4eTHOro n cymecTByer 3aremienue ¢ ancaom Caro—J/leBuHa, paBHBIM
n.

(d) Kak npu nepecranoBke kommoHeHT MeHstercst aucyio Caro—Jlepuna?

(e) Kak mpu u3MeHeHnN OpHEHTAIN OJHOM 13 KoMIoHeHT MeHstercst uncyo Caro—J/leBnna?

(f) Kak npu 3eprasbHOil cuMMerpun Mersiercs unciao Caro—Jlesuna?

(g) M3oromuble 3amemienns uMeloT ognHakoBbie dncaa Caro—/IeBuHa (9T0 HEBEPHO Jist
CHHTYJISIPHO TOMOTOITHBIX 3allelJIeHHiH ).

(h) Bepno Ju, uro unciao Caro—JleBuna saneniennst (a;, as#as) paBao +2u(ay, as, az)?

67



5 3allelJIeHHOCTh B YeThIpeXMepPHOM ITPOCTPAHCTBE

5.1 Kak paborarh ¢ 4eTbIpeXMePHBIM IIPOCTPAHCTBOM?

Bamaua 5.1.1. CKOJIBKO TOYEK MOYKET ObITh B IEPECETCeHUN MPSIMON U MJIOCKOCTH B TPEX-
MEPHOM MPOCTPAHCTRE?!

Bamaua 5.1.2. CKOJIBKO pereHnii MOKeT ObITh Yy CHCTeMbl JIUHEHHBIX ypaBHEHUIT

(a) 2x2; (b) 2x3 (2 ypaBHenus:, 3 mepemennnix); (c) 3 x 27

Onpenenmnm

® NPAMYI0 KaK MHOYKECTBO HEfCTBUTEIbHBIX THCET;

e naockocmy R? Kak MHOZKECTBO BCeX YIOPsII0UeHHBIX Hap (1, y) JeficTBUTe/IbHBIX YHuCe);

o (mpexmepnoe) npocmpancmeo R? Kak MHOXKECTBO BCeX yHOPsIOUEHHBIX TPOeK (1,1, 2)
JIeHCTBUTETBHBIX UHCET;

o uemuwipexmeproe npocmparcmeo RY KaK MHOXKeCTBO BCeX YHODPSI0YEHHBIX UeTBEpPOK
(x,y, z,t) TEHCTBATEIBHBIX YHCEIT.

Onpenenenne d-mepnozo npocmpancmea RY aas d > 4 naercs aHaIOMHIHO.

HanmyTcTBue. B manuMerpun u crepeoMerpun 0OBIYHO TOJBKO MPOCTEHIINE CBOWCTBA
BBIBOJISATCS U3 AHAJUTHYECKUX ONpEJeIeHuil (Miu ¥Ke MPUHAMAIOTCS 3a aKcHombl). Bosee
CJIOXKHBIE CBOHCTBA MOLYT OBITH BBIBEJIEHBI M3 MPOCTEHIINX <«CHHTETHYECKH» (T.€. KAK B
MIKOJIbHOIT reoMerpru, Ge3 HCIOJb30BAHUS AHAJIUTHYECKUX Onpenenennii). Yacro OGbiBaer
VI00HO CBECTH JBYMEDHYIO 3a/a4dy K OJHOMEPHOH (T.e. K 3a7a49e Ha IPSIMOii), & TPeXMEPHYIO
3a/a49y — K JABYMepPHOi. AHAJOTMYHO, YIAYHBII MOAXO0] K YeThIPeXMEePHBIM 3aadaM — 3TO
AHAJIOTHS ¢ TPeXMEPHBIMHU 33/Ia4aMi I CBEJeHNEe K HUM.

s touex A = (w1, 41, 21,11), B = (22, Y2, 29, 2) € R* u uncia A € R oboznauum
A = ()\.’L'l, )\yl, )\Zl, )\tl) n A + B = (.Tl + T2,Y1 + Y2, 21 + Zg,tl + tz).

3amaga 5.1.3. PasdouBaer Jji JByMepHas IJIOCKOCTh YeThIPEXMEPHOE MPOCTPAHCTBO Ha
kycku? T.e. mjist JIFOOBIX JIM JBYX TOYEK, HE JIEYKAIUX B JIBYyMepHOil mirockoctn © = y = ()
YETBIPEXMEPHOTO MPOCTPAHCTBA (X,Y, 2,t), CYNIECTBYET JIOMAHAsI, COEJUHIIONA STU TOIKA
U He IepeceKaronasl mI0CKOCTh?!

Jlng touek A, B € R* ompeskom AB nazpiBaercsa MuokecTBO {\A+(1-\)B : X € [0,1]}.
Jlomanoti A1 A, ... A, nHaseiBaercsa oobeaunenne orpe3koB A; A; 1 moscemi =1,2,... . n—1.

Yrasanue. dns rouek A = (o, Yo, 20,t0) W B, He Jexkanux Ha miockoctn r = y = 0,
OlpeJIeJIMM TOYKHI

Az :A+(1,O,O,O)I (.%'O—Fl,yo,Zo,to) nu Ay:A+(O,1,0,0): (l’o,yo—Fl,Zo,to).

okazxure, uro xorst 661 ogna 3 gomaneix AB, AA,B n AA,B ne nmepecekaeT IJIOCKOCTD
z=1y=0.

Bamaua 5.1.4. Uewm sBisiercs nepecederne deymepHoti chepol
St i={(z,y,2) eR® : 2" +y" + 2" =1}

CO CJICIYIOIIMMHU MHOKECTBAMM:
(a) mpsimast © = y = 0, cofepzKkaras neHTp chephr;
(b) mmockocrs x = 0, comepzKaiias neHTp chepsbr;
(c) mepecevenne HEOTPHIATENHLHOTO OKTaHTa B R® M 00beuHEHHs IBYMEPHBIX KOOD/IH-
HATHBIX ILIOCKOCTEH, TO eCTh MHOXKECTBO

{(z,y,2) €ER® : >0, y>0, 2>0mayz =0}
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Samaua 5.1.5. Uewm gBigerca mepecedeHne mpermepHots chepol
S? = {(z,y,2,t) R : 2 +y* + 22 +t* =1}

CO CTEIYIONMMA MHOZKECTBAME:

(a) mpsimast © = y = z = 0, comepzKaias HeHTp chepsbr;

(b) mockocrh & = y = 0, comepKaiast HeHTp chepbi;

(c) (Tpexmepnast) rumepriockocTh & = 0, cojepzkaras meHTp chephl;

(d) nmepeceuenne HeoTpHIATEbHON «OHOI mecTHAAMATO>» RY 1 oObeuHenns AByMep-
HBIX KOOPAMHATHBIX ILIOCKOCTEH, TO €CTh MHOXKECTBO

{(z,y,2,t) e R*

x>0, y>0, 2>0, t >0 u xorsa ObI IBA U3 YETBIPEX TUCET X,Y, 2, T PABHBI HYJIIO}.

[Tommuoxkectso L C R* maspiBaeTca mpamoii, ecin L He dBasgeTcs TOYKOH W HaiiyTcs
toukn A, B € R*, jist xoropwix L = {A+ Bt : t € R}.

[Monmuozkecrso L C R? naspiBaercs (1ByMepHOii) MIOCKOCTBIO, ec/iu L He sBJIsSeTcst HU
TOUKOI, HM mpsAMoii, 1 HaiiayTca Toukn A, B,C € R*, nna xotopeix L = {A + Bt + Cu
t,u € R}.

Bamaua 5.1.6. Hanummre anasorndnoe onpejesienne (TpeXMepHOii) ITMIePIIOCKOCTH
B R%.

B pemenunsx cieayommx 3aa4 Bbl MOYKETe UCIIOIB30BATH 03 JI0Ka3aTeIbCTB PE3Y/IbTaThl
3ajiaum 5.1.7, a Takzke Bce CTPOro chopMyMpoBaHHbIE BaMU BepHbIE (PAKThl O PENIeHUsIX
CHUCTeM JIMHEeHHBIX ypaBHEHUM.

Bamaga 5.1.7. (a) [Moamuoxectso L C R* spjsiercs runepjiockocThio TOLIa U TOJIBKO
toraa, xorna L # (), L # R* u cymectsytor a,b, c,d,e € R, 115 KOTOpBIX

L={(z,y,2t) €R* : ax+ by +cz+dt=e}.

(b) Tlommuozxkectso L C R gapjistercst m10CKOCTBIO TOTIA U TOJILKO Torja, Korja L # (),
L # R*, L ne gBasgeTcsa rUNepILIOCKOCTBIO U CYMIECTBYIOT a1, by, c1,dy, €1, as, by, c2, ds, €5 € R,
JIJTST KOTOPBIX

L={(zy,2z,t) €R* : a1z +byy+ciz+dit = ey, aox + byy + cz + dot = €3}

(c) ChopmynupyiiTe U T0KazxKHUTe AaHAJTOTHIHOE yTBEp:KIeHue 11 npamoii B RY.

Bamada 5.1.8. Yem moxkeT O6uITH mepecedenne B RY:
(a) mpsimoii u runepiuiockoctu?  (b) mpsamoii u mwrockocTu?
(¢) mwnockocru u runepiiockoctu?  (d) AByX rumepruiockocteit?  (e) ABYX ILI0CKOCTEd?

Yrasanue x (a). Omeem. Ilycroe MHOXKECTBO, TOUKA, IPAMASL.

Ipumepwn. llpsavasg r = y = z = () mepecekaeTcs ¢ TUIEPILIOCKOCTBIO £ = 1 MO mMycTOMY
muoxkecTBy. [Ipavasg © = y = z = 0 mepecekaeTcs ¢ TUNEepILIOCKOCThIO ¢ = () MO TOUKe.
[Ipsvmast x = y = 2z = 0 nepecekaercst ¢ TUNEPIIOCKOCTHIO & = () 1O TPSIMOI.

Jlokazamesvcmso mozo, wmo dpyaue nepecevenus Hego3moatcHsl. JlocTaTrouHo 10Ka3aTh,
qTo ecau repecedenne B R* mpsmoit [ 1 rEIEPIIIOCKOCTH COEPYKUT XOTH ObI JABe TOUKH, TO TIe-
pecedeHne COBIAIAET € MPAMOii [. DTO BepHO, TaK KaK 044 41006 d6yxr mouex cyuiecmsyem
edurcmeennas npamas, codepocawas obe amu movwku. [locaenuuit pakT JT€rKO BBIBOIUT-
cst u3 onpezesennst npsimoii. (Bo MHOrEX apyrux msnoxkeHusix 310T (hakT MPHHAMAETCS 32
AKCHOMY. )
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Bagaua 5.1.9. /Ina pasmuanbix Touek X,Y € R* onpenenmnm npamyo XY xax {X +
Y -X)t=0-)X+tY : t€ R} Ina rouek X,Y,Z € R*, ne nexkamux Ha OOl
npsMoit, onpejeum naockocms XY Z Kak

{X+ Y -X)t+Z-X)u=(1—-t—u)X+tY +uZ : t,u € R}.

Hukakue marh u3 BochbMu Todek 1,2,3,4,5,6,7,8 B R* me jeskar Ha OZHOI THIEPIIOCKOCTH.
Yem MoxkeT OBITH NepecevdeHune:

(b) mpsimoit 12 u mnockoctn 5677 (d) runmepmiockocreii 1234 u 56787

(e) maockocreii 123 u 5677

OTBeTHI.

5.1.1. 0, ecim mpsiMast 1 MJIOCKOCTD MapaJLIeTbHBI; 1, ecain mpsiMast mepecekaeT MI0CKOCTb;
00, €CJIU IpsIMast JIEYKUT B IJIOCKOCTH.

=0
5.1.4. (a) ITapa Touex (0,0,1) u (0,0,—1). (b) OxpyxKHOCTB xz )
y + 22 =1

(c) ObbennHeHne YeTBepTEil TPEX OKPYKHOCTE]H:

r=0,y=20 220 y=0, =20 220 z=0, 220, y=>0

, i

y+22=1 ?+22=1 ?+yt=1

5.1.5. (a) ITapa Touek (0,0,0,1) u (0,0,0,—1).
r=y=0 z=0

b) OKpyKHOCTH ¢) Cdepa
(b) Oxpy 2 (c) Cbep 1

(d) Tpad K, obpazoBanubiii 00beJMHEHHEM YeTBepTell 1MecTH OKPYKHOCTel, ojHa n3
r=y=0,220,t=>20

KOTOPBIX 2

5.1.8. (b) Ilycroe muO)KecTBO, TOYKa (ecam HpsiMasi TMEPEceKaeT MJIOCKOCTh), MpsMast
(ecu mpsiMasi COAEPIKUTCS B TLIOCKOCTH ).

(c) Ilycroe MHOXKECTBO, mpsiMasi (€CJU IIOCKOCThH TEPeceKaeT IHIEePILIOCKOCTD), MI0C-
KOCTH (€CJIH TLIOCKOCTh COJEPIKUTCS B TUIIEPILTIOCKOCTH ).

(d) ITycroe MHOKeCTBO, TJIOCKOCTH (€CJM THIEPILUIOCKOCTH TePeceKaroTest), THIePIIOc-
KOCTD (eC/IM THIEPIJIOCKOCTH COBITQ/IAIOT).

(e) TlycToe MHOXKECTBO, TOUKA MM IPAMAas (€C/IM MJIOCKOCTH MEPECEKAIOTCS ), TLIOCKOCTh
(ecM TIOCKOCTH COBIIAJIAIOT).

5.1.9. (b) IIycroe muoxecrso.  (d) ILmockocTs min mycToe MHOYXKECTBO.
(e) Touka WIH IyCTOE MHOYKECTBO.

5.2 3allemjieHHOCTh CUMIIJIEKCOB

Ec/lu HUKaKWe ITh U3 MeCTH BePIMH JIBYX TpeyroibHukos B R He jiexxar B ojxuoil (Tpex-
MEpHOIi) I'HIIePILIOCKOCTH, TO KOHTYD [ePBOI0 He lepecekaeT BTOPoii (910 cieyer u3 orsera
K 3a7ade 5.1.9.a).

Ompeiesiennst KOHYCA W CHHTYJISIDHOTO KOHYCa IIPHBEJIEHB B 3aMedannn 4.2.8.

Jlemma 5.2.1. Ecau xonmyps 06ys mpeyzosvnuxos 6 R ne nepecexaromes, mo xonyc c
Hekomopot eepulunoti Had 0dHUM U3 KOHMYPOS He nepecexaem Ipyz0t Koumyp.

DT0 o3HauaeT, UTO TpeyroanbHnkn B R «ie 3amensiensi».

Tpeyroabank n Terpadap B RY, Hukakme naTh u3 ceMu BEePIIMH KOTOPBIX HE JIEXKAT B OJI-
HOIl THUIIEPIIOCKOCTH, HA3BIBAIOTCA 3AUENACHHbIMU, €CIH TPEYTOJIbHUK IepeceKaeT MOBepX-
HOCTBb TeTpasApa POBHO B OJHOI TOYKe.
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IIpumep 5.2.2. Cywecmeytom 3auenaennvie mpeyzosvhuk v mempasdp 6 R*, nuwarue
NAMD U3 CEMU BEPULUH KOMOPLLL HE AEAHCAM 68 00HOT 2UNEPNAOCKOCTNU.

Ilodckaska. Vcnonbayiite nonmzxkenue pasmepuocru win [Sk16h, Example 2.1].

Bamaua 5.2.3 (cp. yreepxaenne 4.1.1). O6o3naunm vyepe3 A u T BHITYKJble 000J0UKH
TpeyrobHEKa i Terpadapa B RY. Ecin OANOT = (), To caemyiomue yeaoBus paBHOCHIBHEL:

(1) Anor #0+#0ANT,

(2) nepeceverne ANT ecTh OTPE30K, OJUH KOHEI[ KOTOPOTO JIEXKAUT HA KOHTYPE TPEyTo/Ih-
HUKa, a JAPYroil — Ha MOBEPXHOCTH TETPAIPa;

(3) mepecedenne OA N T ecTh OjfHA TOYKA, W JBA OTPe3Ka KOHTYpa OA, BBIXOIINE U3
9TOIl TOUKHU, HAXOAATCI MO Pa3Hble CTOPOHBI OT MIEPILIOCKOCTH TETPadIpa T;

(3”) mepecedenue A N OT eCTh OJJHA TOUKA, U MATEHBKYIO TPEXMEPHYIO ¢hepy ¢ MeHTPOM
B 9TOii TOuKe A U 0T MepeceKaroT MO 3aMKHYTBIM JIOMAHBIM, 3QUENACHHBIM B TOI chepe;

(4) TIOCKOCTH TPEYyTOJBHUKA Mepecekaer T 10 OTPe3KY, OJMH KOHeI[ KOTOPOIo JIEXKHUT B
A, a japyroit — Her;

(4’) runepIUIOCKOCTh TeTpadapa mepecekaer A 1Mo 0TPe3Ky, OJWH KOHEI[ KOTOPOrO JIeZKHUT
B T, & Ipyroil — HeT;

(5) mpsgiMas mepecedeHus MIOCKOCTH TPEYTOJIbHUKA U THIEPIIOCKOCTH TETPasIpa mepe-
CeKaeT KayK/blil N3 HUX MO Mape TOYEK, W ITU MAPbl IePEYIOTCS Ha, TPSIMOii.

Bamaua 5.2.4. Bo3bmeMm J00ble ceMb TOUYEK B YeTBIPEXMEPHOM IpPOCTPAHCTEe, HUKAKNEe
IATHh U3 KOTOPBIX HE JIEXKAT B OJHOl THIEPILIOCKOCTH, & TaK:Ke TPEYTroJbHUK T, BepITHHAME
KOTOPOT'O ABJIAIOTCA TPpU M3 HUX.

(a) [Tycrh HUKaKWe 1Ba TPEyroJabHUKA, 0OPA30BAHHBIE TOYKAMHI M3 CEMH JAHHBIX, OTIHY-
uble o1 T' u He wMerolIre OOINX BepinH, He mepecekaiorcs (cp. Example 6.2.1.f). Torma T
3aIeIIeH ¢ TeTPas3IpoM, 0OPA30BAHHBIM OCTABITUMHUCS YETHIPHMSI U3 CEMH TOYEK.

(b),(c),(d) ITompobyiiTe moragaThest 10 yTBep K IeHUIT, aHATOTHYHBIX 1. (a) 1 3a1ade 4.1.5!

ITodcxkaska. Yreepxaenns (a),(b),(c),(d) cremyior u3 KosmdecTBeHHOf JHHEHHO Teope-
mbl Ban Kammnena—@uopeca [Sk14, Teopema 1.5°], which is a ‘linear’ analogue of Lemma 6.7.3.
Cp. Assertions 1.7.1 u 1.7.2.

Bauenaenuem CAMIIEKCOB (BO3MOYKHO, MMEIOMIX pas3Hbie pasveproctn) B RY nasnisaer-
cs1 HabOP HEBBIPOYKIEHHBIX CHMILIEKCOB B RY, rpaHUIBI KOTOPBIX HOMAPHO He MePeCeKalOTCs.
TpusuasbHocmb 3aNENIEHUST CUMILIEKCOB OIPeJIe/IsIeTCs AHAJTOTUIHO CJIYYIA0 TPEyTrO/IbHI-
KOB B mpocTpancTse (§4.4).

[Iycts (A, Z % §) — 3amerienne IBYX CHUMILUIEKCOB, a Z' — TOYKA BHE THIEPILTIOCKOCTH
CUMILIEKCA 0, JIJIT KOTOpoit A He mepecekaeT HU OJHOIO W3 OTPE3KOB, COEIMHSIOMNX HEKO-
TOPYIO TOYKY OTpe3ka ZZ' ¢ HekoTopoil Toukoii rpanunst d. Torma ssemenmaphots Kom-
bunamoproti usomonueti HazoBeM 3aMeny Z * 0 Ha Z' x §. daemenmapnoti Komournamopot
u3omonuet, Ha30BeM TaKyKe aHAJOIHYHOE MpeoOpa30BaHHe MMePBOr0 CHMILIEKCA MpPUH HEm3-
MEHHOM BTOpOM. /IBa 3allemIeHns CUMILTEKCOB HA30BEM KOMOUHAMOPHO U30TOTHbLMU, €CITH
X MOYXKHO COeIUHHUTDH IOCJIeI0BATETLHOCTHIO 3AICIIEHNI CHMILIEKCOB, B KOTOPOii COCeIHIe
MOJIy9AIOTCS JIPYT U3 APyra dJeMeHTapHON KOMOMHATOPHOW W30TOIHEIl.

I[To memme 5.2.1 mo6oe 3amenyienne ABYX TPeyroJbHEKOB B R* KOMOMHATOPHO M30TOMHO
TpuBHaJbHOMY. T0 Ke cIpaBemIUBO /I 3alellIeHns JTI000ro KOINIeCTBa TPEYroTbHUKOB.

Bamaua 5.2.5. (a) KoMGuHaTOPHO M30TONHBIE 3allelIeHNsT TPEYTOJbHUKA W TeTPasIpa
B R* o1HOBpEMEHHO 3aleIIeHbl WM He 3allelIeHbL.

(b) Eciiu TpeyrombHEK U TeTpasap B R me samennensi, To o6paszoBaHHOe NMHE 3alellIeHIe
KOMOHHATOPHO H30TOIMHO TPUBHAJIBLHOMY 3AICILICHHUIO.

I1. (a) o3HAuaeT, YTO CyMECTBYIOT JiBa 3allelljleHusl TpeyrojbHuKa 1 Terpadapa B R, ne

71



SBJIAIONTNECS KOMOMHATOPHO W30TOMHBIMU: TPUBUAJIBLHOE U TTapa U3 3aIEIJIeHHBIX TPEYTOThb-
HUKa W TeTpadJpa.

T'unoresa 5.2.6 (cp. yreepxkaenue 4.5.1.c). Jlobve dse napv. 3a4enienHvs mpey2osbHuKa
u mempasdpa 6 R* xombunamopno usomonmw.

['unioresa 5.2.6 o3HavaeTr, 9TO CYIIECTBYIOT JBa 3allellIeHUsl TPEyroJbHUKA U TeTpa’dapa
B R? (TpuBmasbHOE U 3allelienue U3 TpuMepa 5.2.2), I KOTOPHIX JF060e TaKoe 3alelleHne
KOMOWHATOPHO U30TOMHO OJTHOMY W3 HUX. BBUIY yTBep:KaeHus 5.2.5.a 3TH /IBa 3allCILICHUS
He ABISIOTCI KOMOMHATOPHO M30TOMHBIMU. ['mmore3za 5.2.6 TakKe 03HAYAET, YTO TPEYTOJIb-
HUK ¥ TeTpadap B R* 3amemnens Torna u TOILKO TOTA, KOTAA OHH 3aIEIJICHBI TI0 MOY/IIO
2 (eMm. corepyrormuii TyHKT).

[To-BupmMmomy, /0Ka3aTeIbCTBO TUIOTE3 H.2.6 U 5.2.8 HECJI0KHO BHITEKAET U3 CBOUCTBA
5.2.3.(2) u €ro MHOrOMEPHOIO AHAJIOTA.

Vreepxkaenue 5.2.7. (a) Ecaud > k+1 u noseprrnocmu k-meprozo u l-meprozo cumnier-
cos 6 R ne nepecexaromea, mo xonyc ¢ nexomopoti sepuiunoti nad 00noti us noseprrocmeri
HE nepeceraem opy2yo nosePrHOCMb.

(b) IIpu aobwx k,l cywecmeyem sauensenue k-meproeo u l-meprozo cumnaekcos 6
REH=L e aeastoueecs KoMOUNAMOPHO USOMONHILM MPUESUGADHOMY.

(¢) Ecau k,l < d < k+1—1, mo aoboe sayennenue k-meprozo u l-mMeprozo cumniexcos
6 R kombunamopmo u3omonmo mpusuasvromy.

I1. (a) o3Havaer, uTO JI0GOE 3alelieHne k-MepHOro M [-MepHOro cHMILIeKcoB B R? Kom-
OMHATOPHO M30TOMHO TPUBUAJIHLHOMY.

T'umoreza 5.2.8. Ilpu aobwx k,l cyuwecmeytom dea sauenisenus k-meprozo u l-meprozo
cumnaercoe 6 RFH=1 0aa xomopux aoboe zauenienue maxus cumniexcoe KombunamopHo
U30MONHO 00HOMY U3 HUL.

5.3 BaHeHJIeHHOCTL JIOMAHBbIX 1 ABYMEPHbBIX «MHOI'OTPDAaHHHUKOB»

JIlemma 5.3.1 (cp. semmy 5.2.1). (a) Jaa 110660x 06Yr 3aMEHYMOBLT HENEPECEKANOULUTCA
nomanvir 6 R nexomopuiti cunayasaprold xonyc nad 0dnoti us nux ne nepecexaem 0py2io.
(b) Tas 210600 3amkrymoti necamonepecekaouetica somanol 6 R* nexomopuwiti cuney-
AAPHBLT KOHYC Had Hel ABAAEMCA KOHYCOM.
(¢) Tas 21006 08Yx 3aMKEHYMBLT HENEPECEKANOULULCA HECAMONEPECEKAOULUTCA SOMAHLE
6 R* nexomopuiti cuneyaaproti konyc nad 001oti us nuT He nepecexaem 0py2y1o U AGAAECMCA
KOHYCOM.

Ilodckaska x n. (b). st Kazka0it napbl pa3anIHbIX 0OTPE3KOB Bo3bMuTe adduHHOE MojI-
IIPOCTPAHCTBO (T.€. TUIEPILIOCKOCTD, IIOCKOCTD WM IPAMYIO), HATSHYTOE Ha 3Ty mapy. Bo3nb-
vuTe Touky B R, exkamtyro BHe o0beJuHeHNS TAKUX IOAIPOCTPAHCTB.

OHOMepHBIe Y340 U 3auenaenus B R, a TakxKe WX Mpueuasvbnocms U U30MoOnHocmby,
onpeesisiiorest aHagorndio ciaydao d = 3 (§4.4, cp. onpenenenns B 1. 1.6, [Is]). Jlemmb
5.3.1.bc mMoKa3bIBAIOT, UTO

e 1060it y3em B R* n30TomeH KOHTYPY TpeyroabHIKA;

[ ] .HIO60€ ABYXKOMIIOHEHTHOE 3allellJieHue B R4 U30TOIMHO TPUBHUAJIBHOMY.

Anajioru 3TUX JIeMM W yTBEP:KIeHUil CIpaBe//INBhI /Il 3aIelIeHnii u3 JIF000ro KoJmdae-
CTBa KOMIIOHEHT, JI/Isi OPHeHTHPOBAHHBIX 3alerienuii, a Takxke B RY mpu mobom d > 3.

Onpenenenns 1-yukia u 2-yuxaa (10 MOIYTIO 2 W NEJOYUCTEHHBIX) B R*) a Takke nmx
men, AaHAJIOTHIHBI CJIYYal0 IJTOCKOCTH U MPOCTPAHCTBa, cM. 3amedanue 1.3.6 u §4.7.
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Ompeneniense 3auyenaennocmu no modyao 2 nad 1-IIKaa 0 2-IHKTa M0 Moy o 2 B R4
C HEMEePeceKalomUMUCs TeJJaMi aHAJOTHIHO olpejiesiennio u3 1. 4.2. Beuay npumepa 5.2.2
cymecTByIoT 1-mukT u 2-nuka no moayaio 2 B R, sanensennnie mo mogysmio 2.

Bamaua 5.3.2 (3arajka). [Ipuaymaiive u jgokazxkure (WM ONPOBEPIHUTE) AHAIOTH JIEMM

4.2.2.abn 4.2.4.ab n1a 1-mukia n 2-nukia Mo Moayiio 2 B RY, (ITo moBoxy aHasiora TeOpeMbI
4.2.9.a cm. [Sk14, §2.6] u [St24].)

Jng 3aga4un 5.3.2 HyKHA JeMMa 0 9eTHOCTH 5.3.4.c. Haurem ¢ SpKoOro 4acTHOTO ciydas.

Bamaua 5.3.3 (cp. ¢ yreepxaenuavu 1.3.5.a u 4.7.5). B R? umeerca 16 Touex: 8 kpac-
HBIX U 8 KenThX. HUKakue maTh n3 HEX He JIe’KAT B OJHON MHIIEpILIOCKOCTH. Torma Kommae-
crBo map (A, A’) mepecekammuxcst KPACHBIX (T.e. HATSHYTHIX HA KPACHBIE TOYKH) TPEYTOJb-
HUKOB A ¥ JKeJITBIX TPeyroabHukoB A’ geTHo.

JIBa Habopa TpeyroabHHKOB B R* nazodamesa 6 obwem noaoscenuu, ecam HIKAKOH Tpe-
VITOJBHUK OJHOTO M3 HUX He TepecekaeT KOHTYDP HUKAKOTO TpeyToJbHUKA U3 JPYTroro.

Jlemma 5.3.4 (o gerHocTH; cp. jjeMMmbl 0 derHocTd 1.3.3 u 4.2.5, 4.7.2). (a) Ecau nukakue
nAMG U3 60COMU 6epuwur 06YT mempasdpos 6 RY ne aeoicam 6 00noti 2unepn.aockocmu, mo
NOBEPTHOCMU IMUT MEMPAIOPOE NEPECEKAIOMCA 6 UEMHOM YUCAE MOYEK.

(b) Ecau cpedu eepuiun deyx 2-uukaos no modymo 2 ¢ R nukaxue namov ne aescam
6 00HOT 2UNEPNAOCKOCTIU U HUKGKUE MPU MPEY20AbHUKG, HAMAHYMBLE WA IMU GEPULUHDL,
He uMerom obwetl 6HYMpPeRHet MoKy, Mo Mead IMUL 2-UUKA08 NEPECEKAOMCA 6 YEMHOM
YUCAE MOYEK.

(¢c) Ecau dsa 2-yumaa no modyamo 2 ¢ R* naxodamea 6 obuem noaodstcenuu, mo kou-
weemeo nap (A, A’') nepecexarouyuzres mpeyzorvnuros A u A’ coomsememeenio nepeozo u
6MOPO20 2-UUKAG, YeMHO.

Yrasanue. JlokazaTebCTBO aHAJOTHYIHO JIOKA3ATEIbCTBY JIeMMbI 0 YeTHocTu 4.7.2. s
. (a) paccMoTpuTe IepecedeHre BHIMYKJIBIX 000J09€K TeTpasiapoB. AJIbTepHATHBHO, BO3b-
MUTE CeYeHHe THIEPILIOCKOCTHIO OHOTO W3 TeTPadAPOB; MPoBephTe 00IIIee MOJI0KEeHNe MepPe]]
HCIIOIb30BaHUEM JIEeMMBI O dYeTHOCTH 1.3.3.

[Tapa Tpeyroapankos B R* massiBaerca mpanceepcarvnotli, ecam 6a3uc e, ey MIOCKOCTH
epPBOTO TPEYTOJIbHUKA BMecTe ¢ 6a3ucoM f1, fo MIOCKOCTH BTOPOTO TPEYTOJIBHUKA 00Pa3yI0T
6asmc ey, s, f1, fo mpocTpancTBa R, 3nakom sgn X Touxu mepecedenns X TpaHCBePCATLHOMN
napbl OPHeHTHPOBAHHBIX TPeYroabHIKoB B R* HaspiBaeTcs umcio +1, ecu MoaoKATe IbHDIH
basmc e, ey MEPBOTO TPEYTOJIHHUKA BMECTE C TOJTOKUTEIHLHBIM Da3ucoMm fi, fo BTOpOro Tpe-
YTOJILHIKa 00Pa3yIoT MOJIOKATEIBHEIH Oasuc e, eo, f1, fo mpocrpancTsa R?*, n wnciao —1 B
IPOTHBHOM CJIyYae.

Bamaua 5.3.5. 3HaK TOYKH TepecevdeHusi TPAHCBEPCAIBHOI Tapbl OPUEHTHPOBAHHBIX
TpeyroabHuKoB B R? He MeHsieTcst npu mepectaHoBKe TPeyroJbHUKOB B mape (Cp. yTBep-
Kienne 1.5.9.a).

Bamaua 5.3.6. Onpenenenne KoapPhuyueHma 30UueNAEHUA TIS TETOIUCTEHHBIX 1-IIKIa
n 2-mukiaa B R* ¢ HemepecekaommMmcs TeIaMi aHAJIOTHYHO OMPeeIeHnIo u3 1. 4.3.

(a) st sioGoro n € Z cymiecTByior neaouucaenubie 1-nuki n 2-uuki B RY) kosdduru-
eHT 3allellJIeHUs KOTOPLIX paBeH 7.

(b) (3arajka) AHamOrn KaKuX yTBEpXKIeHUi 1. 4.3 BEPHBI JJIs MEJTOUNCTEHHBIX 1-IUKIa
u 2-nmkia B R*?

Jlemma 5.3.7 (o tpuBmambuocTn). Ecau deéa yesouuciennoxr 2-uyurasa 6 R* naxodames 6
00ULEM NONOCEHUU, MO CYMMA 3HAKOE Movek nepecevernus no ecem napam (A, A') nepece-
KAIOUUTCA MPEY20AbHUKOE COOMBEMEMEERHO NEPE020 U 6MOP020 2-UUKAG, PAEHAE HYAIO0.
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IIpumep 5.3.8 (cp. mpumep 4.4.5). Paccmompum sayenaenue Yatimzeda ¢ R® (puc. 4.2.2.w
u npednocaednee sauenaenue na puc. 4.2.1). Pacemompum R® wax 2unepnaockocmo ¢ R,
ITocmpoum obsedunenue 08YT KOHYcos Had e20 Nepeoti KoMNOHEHMOT, 6ePULUHbL KOMOPbLT
AEIHCAM, NO PASHBLE CIMOPOHDL OM, 2UNEPNAOCKOCTIU. IMO 005edUHENUE U 6MOPAL KOMNOHEH-
ma zauenaenus Yatimxeda o0pasytom 30UEeNACHHDLE 3AMEHYMYI AOMAHYIO U <BA0HCEHHYIO
MHO202PAHHYI0 0SYMEPHYIO CHepys, KoIPHUUUEenm 3aUuenienus Komopuis pasen Hya0 (npu
210000 uT opueHmayu).

Ds !

Puc. 5.3.1: Tpu nonysnnuncouna Dy, Do, D3 B Ri, OrpaHUYEHHBIE KOJIbIIaMU Boppomeo.

N3o06pazxkeno cedenne rutnepiiockoctbio © = 0. Koabima Boppomeo nepecekaior rurepiiioc-
KOCTb TI0 JIBYM HapaM To4ek (OjiHa Ha OCH Y, JApyras Ha OCH 2) U SJUIUICY (B IIOCKOCTH YZ).
[ToTy3/LIUIICOUIBI TIEPECeKAI0T THIEPILIOCKOCTD 110 JIBYM IIOIY3/UTHICAM M MOy 3JLIAICOULY.
[Tokazano, Kak moJry3/umuicon; [y npeBpaTuTh NPUKJIEUBAHIUEM PYYKU B TOP C BHIPE3AHHBIM
JTACKOM.

IIpumep 5.3.9. Paccmompum xoavua Boppomeo 6 R (npumep 4.6.1.a), 3adannvie ypashe-
nuamu. Paccmompum R3 xax 2unepnaockocmo t = 0 6 R, Boszvmem dsymeprvie aaruncoudu
6 R*, zadanmvie ypasrenuamu

y:O ZIO
224222 +2t2 =1 2?2+ 2y +1.5t2 =1

Omu dsa saruncouda smecme ¢ nepsvim Koavyom Boppomeo nonapro ne nepecexaromes (ubo
na nepecenenuy 2aauncoudos umeem 2z + 2t = 1 = x> + 1.5t%; puc. 5.3.1). Uz nwuz mobvie
dea obsexma be3 mpemvezo «<He 3auenaeHby (Mm.e. 00UH INAUNCOUD 02PAHUNUBAEM MPETMED-
MOl «uap», He nepecexarouwuti 0py2ot saruncoud, u He nepeceraem Hekomopvil 08YymepHbLl
«duck», ozparuuennol nepeum koavyom Boppomeo). Bee mpu obsexma smecme 3auenaeHoy
(m.e. usomonmv, 006eduHEHUIO 00BEKMO08, AEHCAUNUT 6 HENEPECEKANULUTCA ULAPALT).

B BeICIIIX pa3sMepHOCTSAX CYIIECTBYIOT 3ay3/eHHbIe ¢¢hepbl U 3alelieHHus u3 cep — B
qacTHOCTH, «cdepsl BoppoMeos, anamornunbie npumepam 4.6.1.a u 5.3.9. O knaccuduxammm
MHOTOMEPHBIX Y3JI0B U 3amemienuii cm. npumep 6.14.5, [Sk06, §3|, [Sk16h, Sk16s].

5.4 KosddumnmeHTs! 3aleniieHns KakK mepecedeHns B R*

Obo3naunm depes
R = {(z,y,2,t) eR* : t >0}
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YeTBIPEXMEPHOE MOJTYIIPOCTPAHCTBO.

AHAJIOTHYHO CJIyYato TPEXMEPHOro npoctpancTsa (1. 4.7) onpemessirorest

e OOITHOCTH MOJIOKEHHS IBYX HaOOPOB TPEYrOJLHNKOB B RY;

e asrebpanmdeckoe 4mcao nepecedennit A - B apyx mabopos A, B Tpeyroabaukos B RY,
HAXOIATINXCST B OOIIEM MOJTOYKEHUN.

JIemMa 5.4.1. ITycmb xomnonenmos a,b zauensenus ¢ R3 ozpanuvusarom setidepmosni
uenu A, B obwe2o nosostcenus 6 Ri.

(a) Bauennenue sayenaeno no modyao 2 mozda u moavko mozda, xozda |AN B| wemmo.

(b) Ecau a, A u b, B opuenmuposanw cozaacosanro, mo lk(a,b) = A- B.

B wacmmnocmu, ecau zetihepmosul uenu He nepecekaromcs, mo SOMaHbLE UMEIOM HYAe80l
K0aPPUUUEHM 30UENAEHUA.

Habpocox doxazamesvcmesa n. (b). O6oznaunm uepes A’ C R* opumenTupoBanmbIii AUCK
(nanpumep, KoHyc), orpaHudeHHbi jomanoit a. Oboznauum uepes B’ C R3 nejounciennyio
3eitbepToOBY I1elh JJOMaHOi b, HAXOAAIILYIOCSA B 00IIEM IoJIoKeHun ¢ a. Vimeem

AN(BUIB|)=0, mnosromy (AUA)YN(BU|B'|)=(ANB)U(an|B').

O603HauNM TeMHE yKe OYKBaMU [EJI0UNCIEeHHbIE eI, HOCUTEIIMI KOTOPbIX stBstiorest a, A, A', B.
Torma mo 1emMMe o0 TpUBHATIBLHOCTH 5.3.7

lk(a,b) =a-B'=A-B—(A—A)-(B—B)=A-B.

IIpumep 5.4.2 (puc. 5.3.1). Cywecmeyrom noayaasuncoudn Dy, Dy, Dy C R «obuyezo no-
NOACEHUAY, 02parusertbe Koavyamu Boppomeo («zetidepmosuis ), das komopvxr DN D3 =
DynN D3 =0, a Dy N Dy asasemesa napoti mouex.

Ilocmpoenue. BozbmeMm mosyammuncounsl Dy, Dy, Dy C ]Ri, 3aJlaHHbIe YPABHEHUSIMUI
4222412 =1 24222+ 212 =1 2?24+ 22 + 152 =1

COOTBETCTBEHHO. DTHU MOJIYJJIUIICOUIBI OTPAHIIeHbI KOIbliamu boppomeo. Ha nepecevenmn
D; N D3 mveem y? + t2 = 2y + 1.5t> = 1, caeposarensno, D N Dy = (. Anagormuano
Dy N D3 = ). Muoxkecrso Dy N Dy siBnsiercs napoii rouek (0, 0, %, %), (0,0, —%, %)
(ITpespatuB nosysamncons D B MPOKOJIOTHIT TOP NPUKJIEHBAHWEM DYYKH, CM. DHC.
5.3.1, moIy9uM MonapHoO Henepecekalonmecs: 3eiipepToBsl 1enu B Ri, OTPaHUYEHHBIE KOJIb-
namu Boppomeo.) a

L

Puc. 5.4.1: Iuck Yutnu
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[Iycteb P u () 9BASIOTCSI TOYKAMU IepecedeHns BHYTPEHHOCTEH KYCOUHO-AUHETHO GA0-
orcenmnux 2-ouckos Dy, Dy C R* 6 obwem noaosrceruu. Coemmanv P n Q myravm [ C Dy
i [y C Dy, HEe coepzKaIiMi ToYeK nepecedenus, oTanaubix ot Dy u Dy (puc. 5.4.1). Juck
MYummu (vepubiit Ha puc. 5.4.1) — BIOXKeHHBIH B R* 2-1mck o6ImIero moIo¥Kennsi, TpaHnTeil
KoToporo gpisgercd [; U ly. Takoit quck cymectByet mo jemme 5.3.1.b.

IMpumep 5.4.3. Jlasa dsyx mouex nepeceuenus Di N Do u3 nocmpoenus npumepa 5.4.2
cywecmeyem duck Yummu, nepecekarousuti D3 posho 6 odnoti mouke.

Ilocmpoenue. Vcnonb3yem qUCKA U3 MOCTpoeHus mpuMepa 5.4.2. [Tapa touexk DM Dy orpa-
HuunBaer B Dy u B Dy nyru [y u lp, 3a/1aHHBIE YPABHEHUSIMHE

22<1/3 I 22<1/3
222412 =1 22422 =1

Ob6benunene 5Tux ayr orpanndanBaer B RY auck (Yutau) D, 3a1aHHBIH VpABHEHUSIMI
+ )

r=y=0
2?2 <1/3
2 <2 <] - 222

Jlerko mposeputsb, uro D N D3 = {(0,0,0,1/2/3)}. O

Jlemma 5.4.4. [lycmv Dy, Dy, D3 C Ri, 1 =1,2,3, asaaromea cobcmeernnvmu 3etighepmo-
BuLMU duckamu 06uez0 nosostcerus 0aa sauensenus L = (0D1,0Dq,0D3). (CobcrBenubie
oananaem Int D; NR® = (.)

(a) (Cp. 3adauy 4.9.5.) ITycmov 3auyenaenue L nonapro ne sayenaeno no modymo 2. Tozda
no aemme 5.4.1.a wucao |D; N Dj| wemmno. Ioamomy moscro paszbumv mouky nepecedenis
D; N D; na napwv. Bosvmem dussronkmmnoe obsedunenue Wi; duckos Yummnu «obusezo no-
AOAHCEHUAY, COOMBEMCMBYIOULUT IMOMY pasbueruto. Jauensenue 3aUenieno no Mmooy 2
mozda u moavko mozda, xkozda |Wis N D3| + |Wag N Dy| + |Ws1 N Dy| neuwemmo.

(b) (Cp. [AK21, onpedeaenue 3.4].) ITycmv nonapmwvie kKosfhuyuenmo, 3aUeniCHUA KOM-
noHenm wysesvie. Boibepem opuenmayuu Ha UCKGT U COOMBEMCMBYIOULUE OPUEHMAUUY H
Komnonenmaz sayenaernus. Toeda D;-D; = 0 no aemme 5.4.1.b. IToomomy mostcno pasbumo
mouku nepecevenus D; N D; na napo, movex ¢ pazuvimu snaramu. Bosomem nonapmo nene-
pecexarowueca ducku Yummuu, coomeememeyrowuxr amomy pasbuenuro. Qbosnauum wepes
Wi = Wi jy uz obsedunenue (cymmy). We may choose Whitney disks so that Wig, Wis, Wa 3
are patrwise disjoint. Ha xasrcdom ducke us Wi evbepem my opuernmanyuio, komopas 3a0aem
HA 2PAHUNHOT OKPYHCHOCTU QUCKA HANPABAEHUE OM, OMPUYUAMENLHOT MOYKYU NEPECEUEHU K
noaoscumenvnoti 6doav D;, a édoav D; naobopom. Tozda ji(L) = Wig-Ds+Wag-D1+Wsy-Ds.

Sketch of a proof of (b). (I am grateful to T. Garaev for finding a gap in the earlier version of
this argument.) Assume that the sublink 0D;110Ds is trivial. Then as in the integer analogue
of Assertion 4.9.5.b, take disjoint oriented 2-disks D}, D), C R3 spanned by 0Dy, dD,. We
may assume that D}, D are in general position, so that D} N9D5 and D), N0D; are disjoint
finite sets of points.

Let D§ C R?* be the cone over D3 whose vertex is far away from R* C R* | so that the
cone is close to the cylinder. For j = 1,2 we can push the interior of D;- slightly to R* to
obtain proper 2-disk D} C R* such that every intersection point of D’ N dD3 corresponds
to an intersection point of D7 N D3. Hence intersection points of DY N D3 can be split into
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pairs of the opposite signs. Denote by W5 the union of general position oriented Whitney
2-disks in R? corresponding to all such pairs of points.
Then

/L(L) - lkaDg(Di ﬂ 3D3, Dé ﬂ 3D3) — Wéll . Dg + Wélz . Dlll — W12 . D3 —|— W23 . D1 + W31 . DQ.

Here the first equality is the integer analogue of Assertion 4.9.5.b, the second equality is yet
to be proved, and the third equality holds by the following Triple Triviality Lemma. O

Jlemma 5.4.5 (Triple Triviality). Let Sy, Ss, Sz be embedded oriented 2-spheres in R* in
general position. Define  Wig, Wiz, Was  analogously to Lemma  5.4.4.b. Then
Wia - S5+ Waz - 51+ Wap - Sp = 0.

This is a particular case of [Ma78, Proposition 4| (which has a simple geometric proof).
Observe that the analogue of this lemma for spheres with handles instead of spheres is
. . . . o 4
incorrect (this is proved using nomapno memepecexaomuecs 3efieproBsr noBepxuocTn B R,
orpaHuYeHHble KoJIblaMu Boppomeo, see construction of Example 5.4.2).

Bameuanne 5.4.6 (06 opnamentax; [AMS+]). O6o3naunm wepes S = Sy L ...U.S, mn3b-
IOHKTHOe 00beInHeHue 1 Konuii cpepbl S”, a yepe3 D = Dy U. ..U D, Iu3bIOHKTHOE 00be/IH-
Henne r Komuii aucka D": pasmepnocTn obbennnenuit S, D gcubl n3 KouTekcra. Hazosem
r-KOMNOHEHMHBLM N-0pHamenmom 6 S Kycouano-mmmeitnoe otrobpaxkenne f : S — S obmero
nosozkenns (M. onpegenenne B [RS72]), rakoe uro fS1N...N fS,. = 0.

[Iycte r > 2 u [ asasercs r-kommoneHTHeIM (k(r — 1) — 1)-MepHBIM OpHAMEHTOM B
Skr=1 TIpomomkuM f 10 KycOUHO-THHeHHOT0 oTobpazKenus g : D — B*" obmero motoxkenns
(mpomoIzKe e CTPOUTCsI, HAIIPHMED, PU TMOMOIIH TTOCTPOEHHsT KOHYCca HaJl KakIbM f|g, ¢
BEPIIMHOI BO BHYTPEHHEHl TOYKe Iapa Bk’", npudeM OepeTcst CBOsI BEPIIUHA JII KayK 10k
KOMIOHeHTHI ). Onpenennm koadduyuenm r-zayenaenus o MOLYII0 2 oTobpaykennst [ Kak
kof :=|gD1N...NgD.,|s € Zy. D10 06061IeHNE KO3 bUIIEeHTa 3alenaeHnst (OH oIy YaeTcst
st = 2, eM. gemmy 5.4.1) u p-unBapuanta [FT77] (on momyuaercsa mast r =3 u k = 1).

(a) Torga lky f KOPPEKTHO OMpeJIeTIeH, T.e. He 3aBUCHT OT BHIOOPA MPOJIOIKEHUS .

(b) O6ozuatmm [ := [0, 1]. Konxopdarmmrocmoro OpHaMeHTa SBIgeTCs oToOpazkenue F
S x I — S%x I, Takoe uTo

F(,t) C S4x{t} nmnsaxaxmoro t€{0,1} u F(S;x)NF(SoxI)N...NF(S,x1I)= .

Torma lk, f siBISIETCST MHBAPUAHTOM KOHKOPIAHTHOCTH OPHAMEHTA.

(c) Qs r = 3 m k = 1 Bepro s, uro lky f = [fS1 N fS5 NInty fS3|27

(d) Ananornuno onpezensercsa koabdunuent r-3anemwienns 1k f € Z kak cymma 3Hako6
ToueK B mepecedenuun gDy N ... NgD,.

Ecnu f orpanmumbaer oTobpazenue g : D — B* taxoe uto gD; N ...N gD, = (), To
Ik f = 0.

ObpaTtHoe BepHO uist Kazkaoro k > 2 [AMS+, reopema 1.13.a).

Hns k = 1 obparHoe OYeBHIHO NpU r = 2 W HEBEPHO HU I Kakoro r > 3 [AMS+,
reopema 1.10)].

Kosdpdbunuent r-zamemnnenus ompeaenseT OUEKIHIO MeXKIy Z W MHOXKECTBOM KJaCCOB
KOHKOPAHTHOCTH r-KoMIoHeHTHBIX (Kk(r—1)—1)-Mepubix opuamentos B S¥ 1 g kax goro
r, k> 2 [AMS+, Teopema 1.13.a].
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6 PeanmsyemocTts rumneprpadgoB 1 KOMILJIEKCOB

6.1 Harngaaable 3aJa4n 0 cKJIeiiKaX B MPOCTPAHCTBE

B sTom nynkTa TpeyroJibHUK u Jipyrue (pUrypbl IPEInoaaraloTcs «JIBYMEPHBIMU U PACTSI KU~
MbIME». [[j1s1 000CHOBaHUST OTBETa, «MOYKHO» JOCTATOYHO HAPHUCOBATH MOHITHYIO KAPTUHKY,
Kak Ha puc. 6.1.1 cnpaa. /locTaTouHo HECTPOTHX 0OOCHOBAaHUIT OTBETa «HEIb3d», & CTPOTUE
JaiiTe mocse W3yUeHus CJIEAYIONNX MYHKTOB, B KOTOPHIX HpHUBeaeHa (hOpMaTA3aIUsI.

Bamaua 6.1.1. M300pasuTe 6e3 caMonepecedennii B TpexMepHOM mpocTpaHcTse R3 bu-
Typy, MO quHon CKJIEHKOI ¢ YKa3aHHBIMU HATPABICHUSIMH CTOPOH
( tpeyroabanka ABC' (IyTOBCKO# KOMak 3uMaHa);

E ? B? u E kBagpara ABCD.

3a,qaqa 6.1.2. B R? 0eBo3MOKHO n300pasuTh 6e3 caMomepecedenuii (burypy, moIydeH-
HYIO CKJIEHKOi

(a) cropon AB u @ BC u E kBagapata ABCD (6yreiika Kieitna);
(b) cropon AB u C’-[S BC u DA kBajgpata ABCD (mpoekruBHas WI0cKOCTh RP?);

(c) TpeyrosbHuka u jieHTH Mebuyca Tak, 4TOObI KOHTYD TPEYTOJbHUKA MPUKIEHICT K
CpPeJIUHHOI OKPY:KHOCTH JIeHTBI Mebuyca.

DTO JT0KA3bIBAETCS TMPU MOMOIIH «HEOPUEHTHPYEMOCTHY (DUTYD, MOJTYIEHHBIX CKJICHKOIA,
u (g 1. (a,b)) Tpexmeproii Teopembr ZKopaana.

Onpenenenust cumimaiuaabioii u PL Broxunmoctu (. 6.4 u 6.5) mo3BOJISIIOT 1aTh CTPO-
rue dpopmysmpoBku 3314 6.1.1.a u 6.1.2.ab:

® HEKOTOPHIiT 2-KOMILJIEKC, TIPe/ICTABISIONHI MTyTOBCKOH KOJIMAaK 3UMaHa, BA0KAM B R3;

® HUKAKOI 2-KOMILTEKC, MPEICTABIAIONIHNI MPOEKTHBHYIO ITOCKOCTh WK OYTHLIKY Koteii-
Ha, He BIOKIM B R3.

(Oba yTBep:KIeHus BePHBI U JII CAMILTHIUATLHOM, u 11 PL BaoxkuMocTH. )

//

Puc. 6.1.1: CkienBanue pebdep

Bosbmem B R? npsvoyromsauku XY B Ay, k= 1,2,...,n, 100be 1Ba W3 KOTOPLIX Hepe-
CeKaITCs TOJIBKO 10 0Tpe3ky XY. Knuotckol ¢ n aucmamu Ha3bIBaeTCsI 00beInHEHNEe STUX
npsMoyroabaukoB. Cm. puc. 6.1.1 ciaesa gia n = 3. g IEPECTAHOBKU 0 € S, Ha3z0BeM

7

7
o-ckaetikotll CKIefiKy, ¢ yKa3aHHLIME HampaBaeHIaMu, cTopor X Ay u Y B,y KHIDKKHE ¢ n
aucramMu g Kaxkaoro k= 1,2,...,n. Cm. puc. 6.1.1 gna n =3 u o = id.

Bamada 6.1.3. Moxno m B R? ocymecTBuTh Ges caMoliepecedennil o-CKIeiKy s

B)n=3,0=(123); (21)n=3,0=(12)(3); (22) n=14, 0 = (12)(34);

Bl)n=4,0=(123)(4); (211)n=4, 0= (12)(3)(4); (32) n =5, 0 = (123)(45)?

Bamaua 6.1.4. /g KaKux mepecTaHoBOK ¢ B R? MOXKHO OCYIIECTBHTL 0e3 caMolepece-
YeHUil o-CKJIeHKy?

Bamaua 6.1.5. /lis kaxkgoro pedbpa AB mekoroporo rpada Bo3bMeM HPSMOYTOIbHUK
ABB'A’. Bo3bMeM HeCB3HOE 00beIMHEHIe TAKAX TPIMOYTOTbHUKOB. (B HeM pasubie peGpa
AA" oboszmadensl oauHakoBo.) lokazxure, uto B R3 cymecrByer dburypa, moaydeHHas u3
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9TOro OObEeIMHEHNs CKICHKOI pebep AA’ pasHbIX IPAMOYTOILHUKOB I KarKI0i BepIIHHBL
A rpada. (Crporas dopmymposka naxa B 3agade 6.17.6.b.)

Orsers! k 6.1.3. (3,22) — xa, (21, 31, 211, 32) — Her.

Orser k 6.1.4. /I1g mepecTaHOBOK 0, COMPSIKEHHBIX cTemeHaM nukaa (12...n).

6.2 BioxkeHHbIe ceMeiicTBa TPEyTroJIbHUKOB

A set of non-degenerate triangles in d-dimensional Euclidean space R is embedded, if every
two of them either are disjoint, or intersect only at a common vertex, or intersect only by a
common side.

IIpumep 6.2.1. (a) Clearly, for any 4 points in the plane, the set of all the triangles spanned
by them is not embedded.

Puc. 6.2.1: Left: The embedded cone.
Right: Realization in R? of the complete two-homogeneous hypergraph on 5 vertices, i.e. of
the union of 2-faces of 4-dimensional simplex

(b) In Figure 6.2.1, left, one can see a point O and 4 points in 3-space such that the set
of all the triangles formed by O and some two of the four points, is embedded.

Clearly, no point O and 5 points with this property exist [Sk1j, Proposition 2.4.a].

(c) In Figure 6.2.1, right, one can see j vertices of a tetrahedron and a point inside it.
These are 5 points in 3-space such that the set of all triangles with the vertices at these points
15 embedded.

By (b), no 6 points with this property exist (even there are no 6 points in 3-space such
that the set of all but one triangles with the vertices at these points is embedded).

(¢’) There are 6 points in 3-space such that the set of all but two triangles with the vertices
at these points is embedded.

Indeed, take tetrahedron ABCD together with points E and F inside ABCD close to
midpoints of AB and CD; except triangles ABF and CDE.

(¢”) Suppose that the set of all triangles with vertices at some 5 points in 3-space is
embedded. Then for any point A of 3-space outside these triangles, the interior of some
segment joining A to the given points, intersects the interior of some triangle.

This follows from Radon Theorem.

(d) Analogously to (b), for every n there exist a point O and n points in 4-space such
that the set of all the triangles formed by O and some two of the n points, is embedded.

The construction is analogous to the ‘cone over K,  construction of Figure 6.2.1, left, in
which the 2-dimensional plane in R® we now regard as a 3-dimensional hyperplane in R*.
Namely, by General Position Theorem 1.1.2 there exist n points Ay, ..., A, in a hyperplane
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in R* so that the set of all the segments joining the points is embedded. Take a point O € R*
not belonging to the hyperplane. Then the points O, A, ..., A, are the required ones.

(e) Analogously to (c), 5 vertices of a 4-dimensional simplex and a point inside it are 6
points in 4-space such that the set of all triangles with vertices at these points is embedded.

No 7 points with this property exist [Sk1/, Theorem 1.5] (cf. Proposition 6.5.3.a and the
van Kampen-Flores Theorem 7.2.2).

(f) There are 7 points in j-space such that the set of all but one triangles spanned by
these points is embedded.

Hints to (f). We present a construction in more generality required for Example 6.7.1;
start filling details with the case k = 2. Take the vertices Ay, A1, ..., Ay, of a 2k-simplex in
R2*. Take its barycenter

Ay A+ 4 Ay
- 2k 4+ 1

B :

s and set C := )\0140 —+ )\1141 + ...+ )\2kA2k7 where

)\0+)\1+...—|—)\2k:1, O<)\1,...,)\k<)\0:

<A oA
2]4]-'-1 k+1, s N2k

and no 2k+1 points of Ay, Ay, ..., Agk, B, C lie in the same (2k — 1)-dimensional hyperplane.

Prove that every two k-simplices Ap, Ac with disjoint vertices, except C'A; ... Ay and
BAjyq ... Ay, are disjoint. For this, separate the simplices by a (2k—1)-dimensional hyperplane.
It suffices to consider the case when B € Ap and C' € Ag. Denote by b, by, ..., by
barycentric coordinates w.r.t. Ag, A1,..., Ay, (or, alternatively, take A; € R?***! be the
j-coordinate unit point, so that R?* is the hyperplane Z?io bj = 1). Then the hyperplane is
given by b; = b, for certain j, [.

More precisely, take i = 0,1, ...,2k such that A; is not the vertex of the simplices.

If ¢ = 0, then there are j,! € [2k] such that [ > k > j, A; € Ap and A; € A¢. Then
bl S bj on AB, and bl Z bj on Ac.

If i # 0, then w.l.o.g. i > k. Assume that A; € Ap; the subcase A; € A¢ is proved
analogously. Then there is [ > k such that A; € Ag. Then by > b, on A, and b; < b; on Ae.

Bagaua 6.2.2. (a) No four of some points in R? lie in one plane. Then a set of triangles
with vertices at these points is embedded if and only if triangles without common vertices
are disjoint, and triangles having exactly one common vertex intersect only by this vertex.

(b) No five of some points in R? lie in one hyperplane. Then a set of triangles with vertices
at these points is embedded if and only if triangles without common vertices are disjoint.

A ‘small shift’ (or ‘general position’) argument shows that every graph is realizable in
R3. A straightforward generalization shows the following.

Bamaua 6.2.3. For every n there exist n points in R such that the set of all the triangles
spanned by the points is embedded.

The proof is analogous to General Position Theorem 1.1.2: take n points in R®, of which
no six lie in one four-dimensional hyperplane.
An embedded set of k-simplices in R? is defined analogously to k = 2.

Bamaga 6.2.4. For every k and n there exist n points in R?*! such that the set of all
the k-simplices spanned by the points is embedded.

6.3 Omnpenenenuss u npumMepbl TulieprpadoB 1 KOMIJIEKCOB

Omnpenennm k-runeprpad (6osee Touno, k-mepubiii win (k + 1)-ogropomustii runeprpad)
(V, F') kKak KOHEYHOE MHOYKECTBO V' BMecTe ¢ HEKOTOpbIM Habopom F C ( COCTOSITITAM
u3 (k + 1)-371eMEHTHBIX MOAMHOMKECTB 3TOTO MHOYKECTBA.

k+1)’

80



B ronostornu 60sibIe MTPUHATO (IOTOMY YTO MHOT/A TaK yaoOHee) paboTarh He ¢ THIEep-
rpadamu, a ¢ Komnaekcamu (Mbl He OyIeM HCIOIH30BATh DOJIee TPOMO3IKHUI TEpMHUH «ab-
CTPAKTHBI KOHEYHBIN CHMILINIUATBHBIA KOMILIEKC» ). Pesyibrarsl Huke chopMyTnpoBaHbl
JIUISI KOMILIEKCOB, XOTsI HEKOTOPbIE M3 HUX CIIPABe/IJIUBBL U JjIst rureprpados.

Komnuekc K = (V,F) — sro Komeunoe MuoxectBo V = V(K) Bmecte ¢ HabOpOM
F=F(K)C 2V IOIMHOXKeCTB MHOXKeCTBa 1V TAKIM, UTO €CJIH IOIMHOXKECTBO 0 COMEPAKUTCS
B 3TOM Ha0Ope, TO MW KazKJ0e IOJMHOKECTBO MHOXKECTBA O COJEDPXKUTCA B 3TOM Habope.
(CnemoBaresibho, F' 5 &.) Ha 5KBUBAJIEHTHOM N€OMETPHYIECKOM $I3bIKE KOMILIEKC SBJISIETCS
HaOOPOM 3aMKHYTBIX I'paHeil HEKOTOPOTro cuMiniekca. Ha3zoBem k-KOMIIJIEKCOM KOMILIEKC,
cofepKamuii ToMbko He Gosee em (k + 1)-37€MeHTHBIE MHOXKECTBA, T.e. He Gosee dem k-
MepHBIe CHMILTEKCE.

DneMeHTH MHOXKecTB V' 1 F' Ha3bpIBAlOTCA BEPHIMHAME H I'PAHAMU COOTBETCTBEHHO.
PebGpoM nasbiBaercst AByXajgeMeHTHAs (T.e. OZHOMEPHAsT) TPAHb.

IMonuslit k-KoMIIeKC Ha n BepiinHaxX (wan k-MepHslii ocros (n — 1)-MepHOTO CHM-

IIeKca)
Ab = ([”]’ (g l[gn]+ 1))

— 3TO N-3JEMEHTHOe MHOXKECTBO [n| BMecTe ¢ HaBOpOM ( <[/:L4]r1) BCex ero ue 6osee dem (k+1)-
971eMeHTHBIX moaMHO)kecTB. CM. puc. 6.2.1 cupasa. g k = 2 sto mosueiit rpad K,,. s
k = 0 M 0Go3HauaeM 3TOT KoMmIIeKce depes [n], mis n =k + 1 — gepes D (10 k-mepmbrit
CHMILTEKC WTH k-MepHBIH JUCK), H 11d n = k + 2 — depe3 S* (s1o k-Mepnas cdepa).
Konycom Con K uaj rpadom K = (V) E) Ha3bIBaeTCsa 2-KOMILTEKC ¢ MHOYKECTBOM Bep-
mua V U {c}, ¢ € V, u rpausmu {c,i,j}, tae {i,j} € E. Cm. puc. 6.2.1 cinea. Haspanue
«KOHYC» INPUHATO IMOTOMY, 9YTO KOHYC Ha/J HUKJIOM <«BBITJIAJIUTY» KaK 6OKOBa${ ITOBEPXHOCTD

«OOBIYHOTOY KOHYCa. KOHyC HaJ KOMIIJIEKCOM OIlpeJesideTcd aHaJIOTUYIHO.

YT P

Ks Knp=Kssz Km=S§? Kvn
Puc. 6.3.1: JIBymMepHbIe KOMILIEKCHI, HE Peajiu3yeMbie B MJIOCKOCTH

Knonkoti Ha3biBaeTcsl 2-KOMILIEKC ¢ BepimuHamu ¢, 0, 1,2, 3, rpanu koroporo — {0, 1,2},
{0,1,3}, {0,2,3}, Bce ux aByxaiemeHTHbIe HoamHOXKecTBa u {c,0}; cm. puc. 6.3.1, Ky;.
Cwm. npyrue npumepst Ha puc. 6.3.1.

[Ipumepbl KOMILTEKCOB (haKTHUECKU TPUBEJIEHBI B II. 6.2.

See another examples in §6.16 and in §6.17.

6.4 CuMIIMIuaJjJbHAad BJIOXKMNMOCTh KOMILIEKCOB

Onpezenenne peannsyemocTd rumeprpados 1 Komiiekcos B R? moxoxke Ha ompemenenue
peanusyemoctu rpadoB Ha IIockocTH. Hampumep, B ciydae 2-KOMILTEKCA KazKJIOMY TPEX-
97eMEHTHOMY HOIMHOMKECTBY CONOCTaBIgeTcs Tpeyroabauk B RY. CymecTsytoT pasmbie ¢hop-
MaJIM3aIMU UIEH Peau3yeMOCTH.

Kovmaexe (V, F) cuMmiunuaiasHo (nim nHeiino) BJOXKUM B RY, ecim cymectsyer
ouexims V — V' C R? co cieyomnyn cBOficTBAMM:

e J1J1s1 JTIOOOTO TOAMHOKeCTBA 0 C V| COOTBETCTBYIOIIEr0 TPAHHU, €r0 BBIYK/Iast 000JT0YKA
(o) gBagIeTCS CUMILIEKCOM pas3MepHocTH |o| — 1,
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® [T JTIOOBIX MOAMHOXKECTB 0, 7 C V', COOTBETCTBYIOMMX I'PAHAM, BLIIIOJHEHO PABEHCTBO
(o) N{T) = {onNT).2
rtu cpoiicrBa POPMATU3YIOT «OTCYTCTBHE CAMOIICPECedeHUily.

Ipumep 6.4.1. 2 (a) Kaocowdi us 2-xomnaercos, usobpascennvz na pucynxe 6.5.1, cum-
nAVYUaLHo 6aoscum 6 RS (wmo noxasweaem cam pucynox), 1o ne 6 R?.

(b) Hoamwiti 2-KoMnNAEKC € 4 6EPUUHAMU CUMNAULUAAILHO 6A00cuM 6 RS, no ne 6 R,

(¢c) Ioanwviti 2-Komnaexc ¢ 5 6ePUWUHAMU CUMNAULUAALHO 6aodcum 6 R (puc. 6.2.1
cnpasa,).

(d) Komnaexe, noayuennold u3 noanozo 2-komnaekca ¢ 6 6epuunamu yoarenuem 08y
epaned, ne UMENUUT 00ULUT GEPUUH, CUMNAULUAALHO 6A00cuM 6 RS (npumep 6.2.1.¢7).

(e) Obsedunenue noaH020 2-KOMNAEKCA ¢ & 6EPUUHAMU U KOHYCA HA0 MHOHCECTNEOM €20
GEPULUH HE ACAACTCA CUMNAULUAALHO 6A0dCUMbM 6 R (npumep 6.2.1.¢7).

(f) Konyc nad a06vim naanaprvim 2padom cumniuyuaivno eaoscum 6 R (puc. 6.2.1
caesa), mo (s epaga, umerowezo eepuuny cmenenu 3) ne 6 R2.

(g) Hoanwiii 2-kommaexc ¢ 6 6EPUUHAMU CUMTAULUAALHO 6A00cuM 6 RY (ananrozuumno
puc. 6.2.1 cnpasa), no ne 6 R® (nockoavky on codeporcum Con Kj).

(h) Ioanwiii 2-xomnaekc ¢ 7 6epUUNAMU CUMNAULUGALHO a0dcum 6 RS (no meopeme
6.4.2 nusice), o He 6 R* (no aunetinoti meopeme éar Kamnena-Daopeca 7.1.2).

(i) Komnaerc, noaywennod us noanozo 2-komnaekca ¢ 7 8epuunamy, YoareHuem 2pani,
CuMNAULUAALHO 6a00icum 6 RY (npumep 6.2.1.f).

() Konyc 1ad a106vim nenaanaprvim epadom cumnauyuarvio eaosicum 6 R (ananozun-
no puc. 6.2.1 caeca), no ne 6 R3.

(k) Craetixa dsyx konycos nad aobvim Komnaexcom K no ux obwemy ochosaruio (m.e.
nadcmpotixa LK = K * [2]) cumnavyuarvio eroscuma ¢ R moeda u moavko moeada,
ko2da K cumnauyuarvno eroocum 6 R [AKM, ymeeporcdenue 135].

(1)* Bepro au, wmo ecau xonyc nad xomnaexcom K, ne 2omeomopdrvim S¢, cumniuyu-
anvro aosicum 6 R mo K cumniuyuarvno enosicum 6 RE? (Omsem mne neussecmen.
Jlsa komniexca Ha3vi8aromces ToOMeOMOPMHBIMUI, eCAl 00UH MONHCHO NOAYHUMD U3 0pY2020
onepayusmu noopasdesenus, pebpa na puc. 6.5.1 cae6a u 06PAMHOLMU K HUM. )

Teopema 6.4.2 (obmiero mnonoxkenus). J060l k-KOMNAEKC CUMNAUGUGALHO BAOHCUM 6
R2k+1

This is a reformulation of Assertion 6.2.4.

Eme va 3ape pa3BuTusi TOMOJOTMU MaTeMATHKHU MOHSIJIM, 9TO B TeOpeMe OOIIero Io-
noxennst 6.4.2 anciao 2k + 1 wenn3s ymenbimmTh. Cm. JuHelHYI0 Teopemy BaH Kawmiena-
@mopeca 7.1.2; cp. ¢ Teopemoit Ban Kammena-®opeca 7.2.2 n yrBepxkaeauem 6.5.3.

Vreepxkaenue 6.4.3 (cp. yreepxienue 1.1.3). [aa aobwx gukcuposarnnuwr d,k cyue-
CMBYEM aN20PUMM PACTO3HABAHUA CUMNAULUGALHOT 6A00cuMOcmY k-komnaexcos 6 R

O cI0XKHOCTH pACIO3HABAHUS CUMILTHIMATIBbHOI BroxkuMoctn cM. [AKM]. We conjecture
that the analogue of Theorem 6.6.3 for simplicial embeddability holds. M. Tancer suggests
that it is plausible to approach the conjecture the same way as in [MTW, ST17].

23This property means that there is an embedded set of simplices in R? whose vertices correspond to V'
and whose simplices correspond to F' (an embedded set of simplices of different dimensions in R? is defined
analogously to §6.2).

24Parts of this example are discussed in a simpler language in §6.2. YTBep»Kienus, IpUBEICHHBIE B STOM
npuMepe 6e3 CChLITOK, JTOKA3BIBAIOTCS HECTIOKHO.

25This problem is PSPACE, meaning that there is an algorithm that uses polynomial space for computation
(but not polynomial time). It turns out from the complexity theory that the time is bounded by an
exponential function. Also, whatever problem is solvable in NP, it is also solvable in PSPACE. But it is
conjectured that PSPACE is in general worse than NP and in particular than P.
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6.5 KycouHo-nuHeiliHad BJIOXKUMOCTh KOMILJIEKCOB

Omneparusi nodpasdeserua pebpa w3obpazkena Ha puc. 6.5.1 ciera (ynpaskHeHue: BbhIpa3uTe
ornepaiuio nodpasdesenus 2pany Ha puc. 6.5.1 cnpaBa yepe3 oneparuo mojaApasIeaeHus: ped-
pa u obparnyio Kk Heii). Ilogpa3genenuneM KoMmiiekca K Ha3bIBaeTCst JIOOOH KOMILIEKC,
HOJYyYeHHbIH u3 K IyTeM HeCKOJILKUX OIepaluii moipasieaeHus pedpa.

& A

l |

& A

Puc. 6.5.1: ITonpazaenenus pedbpa u rpanu

Kowvmaexe PL (kycouno-mmneiino) BaoxkuMm B RY, eciin mexotopoe ero mojpas/iesienne
CUMIIJINIUAJIBHO BJIO?KIMO B Rd.

Bameuanne 6.5.1. (a) fcHo, YTO U3 CHMIUTHIUAILHOI BIOXKHUMOCTH KoMiekca B RY BbI-
texaer ero PL Biaoxumocts B R?. O6parnoe Bepro st d = 2: ecau komnaexe PL enooicum
8 MAOCKOCMb, MO OH CUMNAUYUUGALHO BAOHCUM 6 NAOCKOCL (ITO cirepyeT n3 Teopembl Da-
pu 1.2.1). O6parnoe HeBepHO Jyist 2-KoMmiutekcoB u d € {3,4} [vK41l, PW]|, [MTW, §2|, cp.
[MTW, Corollary 1.2]|. Tem He MeHee, Bce pe3yabraTsl u3 npuMepa 6.4.1 0 CHMILTHITHATBHO
HEeBJIOKUMOCTH BepHBI U 11 PL HEBIOXKHUMOCTH; T0KA3aTETbCTBA AHAJOITIHEL.

(b) A simplicial, PL or topological (TOP) embedding of a complex K in R? is an injective
simplicial, PL or continuous map |K| — R? of the body of the complex. Clearly, a complex
is simplicially (PL) embeddable in R if and only if there is a simplicial (PL) embedding of
the complex in R?. A complex is called TOP embeddable in R? if there is a TOP embedding
of the complex in R?. monaTHe TOMOJIOrHYECKOH BIOKUMOCTH He HMCIOTB3YeTCS B JAHHOM
tekcre outside this remark and Remark 6.10.2.

(c) Clearly, PL embeddability implies TOP embeddability. PL. and TOP embeddability
of k-complexes in S¢ are equivalent for d > k + 3 [Br72] or for d = k + 1 € {2,3} [Mo77].
Apparently they are equivalent for d = k € {2,3}. They are not equivalent for d = k =5
because the double suspension over Poincaré 3-sphere is homeomorphic to S® but not PL
homeomorphic to S°. Apparently they are not equivalent for max{4,k} < d < k + 1. (E.g.
a homology 3-sphere with non-trivial Rokhlin invariant topologically embeds in S* but does
not smoothly embed in S, so apparently does not PL embed in S%.) It would be interesting
to know if they are equivalent for d = k + 2 > 4. Cf. [MTW, Appendix C].

Bamaua 6.5.2. (a) The cone over a complex K not PL homeomorphic to S? (i.e., not
having a common subdivision with S¢) PL embeds in R*! if and only if K PL embeds in
R

(b) If a (d—1)-hyperplane splits d-simplex into parts, then every part is PL homeomorphic
to the d-simplex.

Hints. For the ‘only if” implication of (a), take a small (d + 1)-simplex in R*! containing
the vertex of the cone in its interior, and one of whose d-faces is disjoint with the cone. Use

(b).
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For (b), take a point on the hyperplane in the interior of d-simplex. Then (b) is essentially
reduced to the case when the hyperplane passes through the vertex of the d-simplex. Hence
the hyperplane splits the (d — 1)-simplex opposite to the vertex, and one can use induction.

(¢) The boundary of (d + 1)-simplex is not PL, embeddable in R?.

Hint. Prove and use higher-dimensional analogue of Remark 1.3.6.

VrBepxkaenue 6.5.3. /laa a06020 k nukakol us caedyrouuz k-komnaekcos PL (u, xax
caedemeue, CUMNAULUGALHO) Heeaodcum 6 RZF.

(a) Ioanwd k-komnaerce ¢ 2k + 3 sepuunamu.

(b) Komnaexc pasmeprocmu k ¢ 3(k + 1) eepuwunamu, pasbumoumu wa k + 1 mpoexk, 6
KOmopom Ha a100y10 k+ 1 sepuiuny u3 pasnur mpoek namanyma epars (amo epagd Ks s npu
k=1; amo (k + 1)-a dorcotinocmenens [3]** 1 mpoemowus, cm. n. 6.16).

(c) dexapmosa k-a cmenenwv a106020 nenaanaprozo epaga (cm. onpedeaenue 6 n. 6.17).

DTo yTBepXKICHHE — OJUH U3 PAHHUX PE3YJIbTATOB kKomOuHamoprot monoaozuu (ceii-
9ac HA3BIBAEMOIl arebpandeckoi TOmoJoruel) u monoso2uueckol Komournamopury (TakzKe
SIBJISTIOIIIETCST 00JIACTHIO AKTUBHBIX MCCIEIOBAHMTI).

[Tyuxrer (a) u (b) BeiBemensr droeprom Ban Kavmenom B 1933 1. [vK32| u3 nemwmbr 6.7.3
(u ee anasora s [3]**1) npn nmomormu anmpokcumanun. (PakrTHdyecku BhIBeIeHa Teopema
Ban Kawmrena 7.2.2, OCKOBKY 060e oTobpazkenne B R?F w3 k-MepHOTO 0CTOBa CHMILTEKCA
IIPOU3BOJILHOMN PA3MEPHOCTH MPOJIOIZKAETCS Ha BECh CUMILIEKC, CM., Hanpumep, [Sk20, §3.4].)
DT MyHKTHI Tak:Ke BbiBeeHbl Anexanapo Piopecom B 1934 r. [F134] u3 Teopemsr Bopeyka-
Yrama 6.5.4, cm. vuzke. [TyakT (¢) chopmysmposan B Kadectse runore3sl Kapiom Menrepom
B 1929 1., HO J0Ka3aH ToHKO Bpaitanom Yvmenem B 1978 r. st k = 2 [Um78| u Muxauniom
CkonerkoBbiM B 2003 1. 1yt mpousBosbHOro k [Sk03|, M. usnoxkenune uien B o630pe [Sk14].

Proof of Proposition 6.5.3.b. We present the proof for k = 2; the general case is analogous.?
Let T = K3, = [1] % [3] be the triod. By Assertion 6.17.4.e the cube T is PL homeomorphic
to the cone over [3]*3. So by Assertion 6.5.2.a it suffices to prove that 7% does not embed
into RS,

dba
Puc. 6.5.2: A contraction

Suppose to the contrary that there is an embedding f : 7% — R®. Let p : D> — T be
a map which does not identify any antipodes z, —x € D? — {0} (e.g. the map from Figure
6.5.2). Define the map

q: oD% — T° by q(x1,...,76) == (p(x1, v2), p(23, 74), p(T5, T6))

Clearly, ¢ does not identify any antipodes. Then g o f does not identify any antipodes. This
contradicts the following Borsuk-Ulam Theorem 6.5.4. O

26 AgaJior 3TOro JI0KazaTenbceTBa g k = 1 060bImaeT JoKa3aTenbeTBo 3aMedannd 2.4.1.a IpU IOMOIIH
00pa30B XynuraHa ¥ MOJIUIEHCKOT0, TPUBeIeHHOe mepes 3aaaqeit 8.1.2.
This proof is essentially a simplified exposition of Flores’ proof [F134], [Ma03, §5]. We do not mention deleted
join (which is not really required for this proof) and we work with the property ‘Con C' embeds in R’ simpler
than ‘there is a map f : Con C — R% such that f(C) N f(ConC — C) = ()". This exposition was invented by
E. Schepin and the author [Sc84, Appendix]|, [RS01], [Sk06, §5].
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Ob6o3HaYnM
S"i=A{(x1,. .., Tng1) €R™ - af 4L —|—xi+1 =1}

We consider only continuous maps and omit ‘continuous’. For a discussion and simple proof
of the following result see [Ma03|, [Sk20, §8].

Teopema 6.5.4 (Bopcyka-Yaama). Jas aobozo omobpasicenus f: S¢ — R cywecmeyem
maxoe v € S, wmo f(z) = f(—x).

6.6 Aunaropurmumydeckmue pe3yabTaTrbl 0 PL BiaoxXumocTu

Teopema 6.6.1 (cp. ¢ yrBepxaenuem 1.2.2). Jlaa aobvr gukcuposarnnur d, k maxux, wmo
k=2%#d—-2 uwd> %T+3, cyuiecmsyem anz20pumm pacnosnasarus PL eroocumocmu
k-xomn.aexcos 6 RE.

B [MTW, npuioxkenne A| obbsicasiercst, aro Teopema 6.6.1 mist k = d = 2 (gaxe ¢ inneii-
HBIM AJTOPUTMOM) CJiefyeT u3 Kpurepus Tuina KypaToBCKOTO MIAHAPHOCTH 2-KOMILJIEKCOB.
Sror kpurepuit jpokazan P. Xamuuaom n X.A. FOurom B 1964, cm. [MTW, npunoxkenue Al.
Teopema 6.6.1 aa k = d — 1 = 2 mokazana B [MST+]. B [CKV, tekct moce Teopemsr 1.4],
[ST17, §1] obbsicasiercst, aro Teopema 6.6.1 mast d > 3;€T+3 (maze ¢ MOJMHOMHUATIBHBIM AJII0-
putmom) caeayer u3 [CKV, reopema 1.1| u Kpurepusi BIOKHMOCTH KOMILIEKCOB B TEPMUHAX
KOH(UTYPAIMOHHBIX TTPOCTPAHCTB. DTOT Kputepuii qokazan Anape Xedsurepom n Kimomom
Bebepom, cm. Teopemy 8.2.4.

[Ipeamonoxkenus: TeopeMsl 6.6.1 BeimoaHensl npu d = 2k > 6. Mges moka3aTeabcTBa IS
d = 2k > 6 obobmraer cayvaii d = 2k = 2 (§1.5), cm. §6.8 u §6.9.

Teopema 6.6.2. Jlaa aobwx dukcuposannux d,k maxuzr, wmo 5 < d € {k,k + 1}, ne
cyuecmeyem anzopumma pacno3nasaius PL eaoocumocmu k-xomnaekcos e RY.

B [MTW, reopema 1.1] sto BeiBoguTcst u3 teopembl Ceprest Ilerposuda Hosukosa o
Hepacrno3HaBaemMocTu cdepol. Arasor teopembl 6.6.2 qas 8 < d < 3’“7“ aHOHCUPOBAH B
cratbe [FWZ], conepxameit omubky [Sk20e, §3] (em. Takxke [KS20]).

AnropurMumdeckas 3aada OIPUHAIIEKAT kaaccy NP, eclin ee OTBET MOXKHO IMPOBEPHUTD
3a MOJMHOMHAJIbHOE (OTHOCHTEIHHO MapaMeTpOB 3aJadi) 9YHCIO IMaroB. 3ajava Ha3biBa-
ercss NP-mpydnot, ecnn jobast 3aada kiaacca NP cBognTes K Heil 3a mMOJInHOMHUAJIBHOE
qucyao maros. [IpuBenem merajbHOE OlpejesieHre HAa SKBUBAJIEHTHOM si3bike. HazoBem 3-
KH®-gopmynot dopmyy, SBALOIYIOCT KOHBIOHKIHEH TU3BHIOHKINN, B KOTOPO KazK/1ast
JU3BIOHKIUA «COAEPXKUT» TPU IIepeMeHHBIX WU UX OTPUIAHUA (HaHpI/IMep, (:L‘l Vo \/Eg)(@\/
23V x4)(T1 Vg Vixy)). Aropurmudeckast 3a/1a9a pacio3HaBanus cBoiictBa oK) «obbekTay
K nazwiBaercss NP-mpyonoti, eciv CyIecTByeT MOJTHHOMUATIBLHBINA 10 KOJUIECTBY KOHBIOHK-
uuit B 3-KH®-dbopmyne ¢ amropurm, crposimuii 1o ¢ oobekr K (P) rakoii, aro oK (P))
BBIMIOJIHEHO TOTJIA U TOJBKO TOTa, Koryua dopmysia P He 3a1aeT TOXKICCTBEHHBIN HYIb (Cp.
¢ [ST17, Theorem 2|).

Teopema 6.6.3. /i awbwx purcuposannor d,k maxux, wmo 3 < d < % + 1, aneo-

pummuveckas 3adava pacnosnasanus PL saooscumocmu k-xvomnaexcos 6 R aeasemea N P-
mpydHot.

1o nokazano g d > 4 u d = 3 Upxu Marymekom, Maprurnom Taumepom u Yiabpuxom
Barnepom B 2008 [MTW]| u Apro ae Mecwms, Moasom Puxom, Dpukom Ceraprkom n Mapru-
oM Tannepom B 2017 [MRS+|, coorBercrBerno. CM. Gosiee MpoCTOe U3IOKEHUE JJIsl CITyIast
d > 4 B [ST17] (rme takke mokazano obobmienne). JlokasaTeabcTBO i caydas d > 4
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ucrnonp3yer nocrpoerue [SS92, FKT, SSS| KoHTpHpUMEPOB K aHAJIOLY YIIOMSHYTOMY BbI-
e KPUTePHst BIOKUMOCTH KOMILJIEKCOB B TeDMUHAX KOHMDUTYDAIMOHHBIX TPOCTPAHCTB (MpH
OTCYTCTBUM Pa3MEPHOCTHOTO OrpaHWYeHHs, UMeInerocst B Kputepun). OObsicHeHne wei
9TOTO JIOKA3aTeIbCTBA Ha MAJOMEPHBIX MPUMepax COJAEPKHUTCH B yTBepkKaeanax 1.7.1, 1.7.2
B . 6.11, 6.12.

Crenyroriast Tab/IRIA MOABITOXKIBAET YIOMSHYTHIE BBIIIE PE3yJIbTAThl O aJTOPUTMUIE-
CcKoil 3aJaue pacrno3HaBanns PL BirokmMocTn k-KoMitekcoB B R? (+ = KoMILTeKC Beerga
BJIOXKUM, P = 3aj1a4a aJIrOPUTMUYECKU pa3pernMa, 3a moJJMHOMHuabHoe BpeMs, D = 3a1a4a,
ajiroputmuyeckn pasperuma, NPh = 3agava NP-rpyanas, UD = 3ajaqua ajropurMudecku
Hepa3peImmMa).

E\ d| 2 3 4 5 6 7 8 9 10 11 12 13 14
1 P + + + + + + + + + S e
2 P DNPh NPh + + + + + + + R S
3 D,NPh NPh NPh P + + + + + + +  +
4 NPh UD NPh NPh P + + + + +  +
5 UD UD NPh NPh P P + + +  +
6 UD UD NPh NPh NPh P P+ +
7 UD UD NPh NPh NPh P P P

B wacrHOCTH, HEm3BeCTHO, CYIIECTBYET JIM aJrOPpUTM pacrno3naBanusi PL BaoxumocTu
2-KOMILIEKCOB B R?.

6.7 Van Kampen number for k-complexes in R?

In this section we present a simple proof of Theorem 7.2.2 (and hence of Proposition 6.5.3.a).
Theorem 7.2.2 follows from Lemma 6.7.3 below by the usual approximation argument (cf.
§1.4). DTo NOKA3ATENTHCTBO HHTEPECHO jJaxke 1 k = 2 (nys k = 1 OHO MOBTOPsIET Paccyxk-
Jenust u3 1. 1.4).

IIpumep 6.7.1. For any k there exist 2k + 3 points in R?** such that no 2k + 1 them lie in
one (2k — 1)-hyperplane and only for one non-ordered pair of disjoint (k+1)-element subsets
formed by these points, the convex hulls of the subsets intersect.

This is a version (of a higher-dimensional analogue) of Example 6.2.1.f.
Orobpazxkenue f: A — RY cuvmiekca A HaspIBaeTcs JTUHEHHBIM, ecin

Oz + (1 =XNy) =Af(z) + (1 =) f(y)

st mobbix A € [0, 1], z,y € A.

Let K be a complex. The body (or geometric realization) | K| of K is the union of faces
corresponding to I of a simplex with the set V' of vertices. Below we often abbreviate |K|
to K; no confusion should arise. Orobpazkenne |K| — R? nasbipaercs CAMIIANMATIBHBIM,
ecjli OHO JIMHEelHO Ha Kak1oii rpanu komiekca K. Orobpamenne |K| — RY naznisaercs
PL (KycOuHO-THHEHHBIM), €CJIH OHO JTHHEHO HA KazKJOH IPAHH HEKOTOPOTO MOIpa30HeHus
KoMILTeKkca K.

Heckoubko Touek B R?¥ nazodames 6 obujem nososiceruu, ecin nukaxkue 2k +1 U3 HUX He
Je’Kar B onHOi (2k — 1)-rumepnaockocT, W HUKaKWe TP k-CHMILIeKCa, HATSHYThie Ha HHUX,
He mMeroT obmielt BuyTpenneil Touku. PL orobpaskenne K — R? masnBaercs oTobparkennem
00IIIero moJIOXKEHUs, eC/Ii 00pa3bl BEPIINH HEKOTOPOro Moapa3dbueHns KOMILTeKca K, Ha
KazK/JI0il TpaHU KOTOPOTO O0TOOpazKeHHe JNHEeHHO, HaXOAATCS B 0DIeM HOTOKeHHN.
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Yreepxkaenue 6.7.2 (cp. yreepxaenue 1.3.1). Jlaa aobviz omobpasicenus f: K — R
obwie20 nosostcenus kKomnaerca K u e2o necmesncuur 2panets o, 7 0bpasvs fo u fT

e e nepecexaromes npu dimo 4+ dim7 < 2k u

® NEPECEeKaomMea 8 KoHewHoM ducse moyex npy dim o + dim 7 = 2k.

Denote by A,, the n-dimensional simplex (here the previous notation D" disagrees with
the standard notation). Let f : Agxyo — R?* be a general position map. By Proposition 6.7.2
the images of any two disjoint k-faces intersect at a finite number of points. The van Kampen
number (‘the self-intersection invariant’) v(f) € Zs is defined to be the parity of the number
of all such intersection points, for all pairs of disjoint k-faces.

JIemma 6.7.3 (cf. Lemmas 1.4.3 and 2.2.3). /laa 1106020 omobpasicerus 06use20 nosorcenua
fiAgpio — R%* wucao san Kamnena nevemno.

OTa JleMMa MHTepecHa Jazke /s JUHEeHHBIX BoxkeHuit npu k£ > 1. Lemma 6.7.3 follows
from Example 6.7.1 and Assertion 6.7.4.c.

3amauga 6.7.4. For any two general position maps fo, f1 : Agpyo — R?
(a) coinciding on (k — 1)-skeleton we have v(fy) = v(f1).
(b) coinciding on (k — 2)-skeleton we have v(fy) = v(f1).

(c) we have v(fy) = v(f1).

Sketch of a proof. Part (a) is proved analogously to Lemma 1.4.3 using 2k-dimensional analogue
of the Parity Lemma 5.3.4.b.

Part (b) is proved analogously to the alternative proof of Assertion 1.1.1.b (cf. end of the
proof of Lemma 1.5.6).

(Alternatively, (b) is proved as follows. IIpumgymaiiTe MHOrOMEpHBIHi AHATIOT TPEOOPA30-
Banug Paiinemaiicrepa ma puc. 1.5.1.V; mra k = 2 cM. 3amaay 5.2.2.a. Prove that any two
general position maps Agg 5 — R* can be made the same on (k—1)-skeleton by Reidemeister
moves, and by homotopies keeping images of non-adjacent k-faces disjoint.)

Part (c) follows by (b) since any two general position maps Agy 2 — R?* can be made the
same on (k — 2)-skeleton by homotopies keeping images of non-adjacent k-faces disjoint. [

Jlpyeoe dokaszameavcmso ymeepotcdenus 6.7.4.c dan k = 1. (This proof can be generalized
to higher dimensions.) For t = 0, 1 define the self-intersection (van Kampen) set

V(fi) = {z eR® « [f7'(z)| > 1}.

Let f; : K5 — R? be a general position homotopy between fy and fi. Recall that I = [0, 1].
Define the self-intersection (van Kampen) set

Vo= {(x,t) eR*x T : |f7 (z)] > 1}.

The required equality v(fy) = v(/f1) follows because

(*) V' ecmo obsedunenue Koneuro2o wucaa (3aMERYMBLEL U HE3AMKEHYMBLT) NONAPHO Hene-
PECERANOUUTCA NOMAHBLT, MHOHCECTNBO Konuos komopux ecmv V (fo) UV (f1).

The assertion (*) can be proved using the following different view at V. Define a map
F:Ksx IR x1by F(z,t) == (f,(x),t). Then

V = V(F) ={(z,t) eR*x I : |F }a,t)| > 1}.

Denote by K5 the body of graph K5, i.e. the 1-skeleton of the 4-simplex, or certain subset
of R?. Cumnivyuarvivm 63pesanmvim keadpamom rpada Ky HaspiBaeTcs 00benHeHNe

IA(;::U{UXTCK5><K5 : 0,7 — pebpa rpada Ksu o Nt =0}
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(T.e. K5 — KJIETOUHBII TIOJKOMILIEKC KJIETOTHOrO 2-KoMILTeKca K5 X Ky, cocrosiuii n3 Beex
KJIETOK 0 X T, He COJIEPIKAIINX HU OJHON «JAuaroHajabHoii» Beprmubl.) Then the set

Y o= {(x,y,t) € Ky x1 : Fy(z) = Fi(y)}

is ‘two copies of V(F)’. The assertion (*) now follows from its analogue for V' replaced by
Y., and V; replaced by

S = {(z,y) €K ¢ filx) = fi(y)}-

This analogue is proved analogously to [Sk20, Assertions 8.3.6, 8.3.7a, 6.8.3, 6.8.5 of electronic
version| because

for each vertex A and edge o of K5 such that A & o there are exactly two edges T > A
disjoint with o .2 .

(To show this analogue, one can define a map F' : KyxI — R? by F(z,y,t) = fi(x)—f,(y).
Then ¥ = F ' (0).) 0

6.8 PacnosuaBanme Zo-BJIOKUMOCTHU k-KOMILIEKCOB B R%

B sTom u caepyromnem myHKTax Mbl, 0060011as nocrpoenus u3 1. 1.5, npuBegemM uJeio JoKa-
3aTeIbCTBA TeopeMbl pacmo3HaBaemocTn 6.6.1 ams m = 2n. OHa ciaeayer u3 TeopeMmbl Ban
Kawmmnena-Illamnpo-By 6.9.2.a n yrBep:xkaenns 6.9.3. [lockobKy MBI HCIOTB3yeM Teopemy
Ban Kawmnena-ITlamupo-By 6.9.2.a 6e3 joka3arenbcTBa, TO 3HaTh omnpejenenne PL Bioxke-
HUSI JI7IsI U3y9eHnsT STOTO MYyHKTA He HYXKHO. Bmecto 3Toro monajgodburcst onpesenenns PL
oTobpaskenns: kommaekca B R? (§6.7). YTobs MpoeMOHCTPUPOBATHL OCHOBHYIO MJIEI0, JOKa-
2KeM creylolniee yTBepxKaenne 6.8.2.

PL oro6paxenne f : K — R? obmero momoxkennsa k-koMmmaerca K HazbiBaeTcs Zo-
(mouTum) BIOXKEHMEM, ecii f-00pa3bl JIOOBIX BYX HelepeceKalomunXcs k-MepHbIX rpaHeii
ePeceKaloTCsl B YeTHOM YUC/Ie TOYEK.

The notion of Zsy-embedding is most actively studied for the case of graphs drawings on
surfaces, see survey [Sc13] and [FK19, Bi21].

E.g. Agis is not Zy-embeddable to R* by Lemma 6.7.3.

VrBepxkaenue 6.8.1 (|[Me06, Example 3.6|). Jlaa ao6oz0 k > 2 cywecmsyem k-xomnaexce,
Zy-6n001cumoii 6 R?* 110 ne enoocummvidi 6 R?* (u dasice ne Z-enoocumvdi 6 R?*, cm. §6.9).

VrBepxkaenue 6.8.2. /las a0bozo k cyuecmeyem nosuHomMuaiviod (no kosuuecmsy eep-
wun) anzopumm pacnosnasanua Z-eaoncumocmu k-xomnaexcos 6 R?F.

Dto ciemyer u3 yreepxKaenns 6.8.7 amamornduno caydaio k=1 (§1.5).

IMpumep 6.8.3. O6osnauum M(t) := (t,12,...,t%%). Jlra mobviz deyx nabopos 0 < uy <

up < ...<upul<vy <vy <...<vgcumnaexcor M(ug)M(uy) ... M(ug) uM(vg)M(vy) ... M(vg)
nepecexaomes mozda u moavko mozoa, K020a dAEMERMbL NOOMHOHCECTE uepedytomces (m.e.

Ko2da uy < vg < Uy < U1 < Up < ... < U WAL TNO HCE C NEPEMEHOT MECTNAMU U U V).

[Tycrs nano PL orobpaskenue f : K — R?* o6mero monoxkenus k-kommaekca K. BosbMem
JII0OBIe JIBe HelepecekaroIluecst k-MepHbie rpanu o, 7. [loctaBuMm B COOTBETCTBUE HEYOPSI-

novernoit nape {o, 7} Bbruer
|fon fr| mod 2.

2"Moreover, Iz, is a 2-manifold, see Problem 8.2.1.f.
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O603naunM depe3 K* MHOXKECTBO HEYIOPAI0UCHHBIX Iap HeIePeCeKaIuXcs k-MepHBIX Ipa-
Heit komrekca K. PacctaHoBKO# (myim KOOUKIIOM) mepecedeHuii (1o Moayso 2) oTob-
pazkenust [ Ha3BIBAETCS MOJIydeHHOe oToOparkenne K* — Zo, WM COOTBETCTBYIOIIEE MO/I-
MHOKecTBO B K*. Orobpaxkenust K* — Zy OyaeM 0TOXKIECTBJIATH ¢ MOAMHOKeCcTBaMu B K™
(cocrogmumu U3 map, mepexoadmux B 1 € Zs,).

SlcHo, uTO paccraHoOBKa IepecedeHuil HymeBas s 0000 Zo-BIOKEHUS.

Kax MmeHsiercs paccraHoOBKa IIepecedeHuii Mpu MHOIOMEPHOM aHAJIOre IIPeodpa3oBaHHUd
Paiinemaiicrepa ua puc. 1.5.1.V? OtBer maercst cieayonmM OmnpeIeieHueM U YTBePZK IeHU-
eM.

DuieMeHTApHOIl KorpaHmmei mapel (o, ) Hemepecekatormuxcs (kK — 1)- u k-MepHBIX
rpaHeil Ha3bIBAETCS MOAMHOKECTBO (v, o) C K*, cocrosimee u3 Beex map {o,7} ¢ 7 D a.

VrBepxkaenune 6.8.4. Jlanwv k-komnaexe K u e2o nenepecexarowjueca (k—1)- u k-meproie
eparu o u o. Tozda daa mobozo PL omobpascenua f : K — R?* obwezo nososicenus cy-
wecmeyem PL omobpascenue ' K — R?* obwezo nonooscenua mawoe, wmo pasrnocmo
paccmanogor nepecevenuti 0as f u das f' pasna §(a, o).

Bamaua 6.8.5. (a) Haiinure snementapuyio korpanuiy maper ({4,5},{1,2,3}) mma AZ.

(b) To xe nma A2.

(c) SIBasiercs i paccranoska {{135},{246}} snementapuoit korpanuueit aus A2?

(d) (cp. ¢ mpumepom 6.7.1 mast k = 2) fAsnstercs paccranoska {{135, 246} } saemenraproit
korpanumei aast A2? A cyMMOil HECKOJIBKUX 3T€MEHTAPHBIX KOTDAHHIL?

HazoBem paccranoBku vy, vy : K* — Zy KOTOMOJOTUYHBIMHA, €CJIN
V) — Vg = 5(V1,T1) +...+ (S(I/S,Ts)
JIsT HeKOTOPHIX map (v1,71), ..., 0(vs, Ts).

Jlemma 6.8.6. Paccmanosku nepeceuenuti pasnuvir PL omobpasrcenutd obuiezo norostcenus
00no20 k-xomnaexca 6 R?** xozomonoeunmL.

The proof is analogous to the proof of Assertion 6.7.4, or to the proof of Lemma 1.5.6
given below.

Vreepxkaenue 6.8.7 (cf. Proposition 1.5.7). Komnaekc pasmepnocmu k aeasemcs Zo-
saosicumoum 6 R?* mozda v moavko mozda, ko2da paccmarnoska nepecedenuti HeKOMOPo2o
(unu, sxsusasermmo, mo6020) e2o PL omobpasicenua obusezo noaoscenus 6 R** xozomono-
2UNHA HYAELBOT PaccmanosKe.

DTO YyTBepKIeHUe caeyeT u3 yreepxkaenud 6.8.4 u qemmur 6.8.6.

Jlpyeoe dokasameavcmso aemmo, 1.5.6. (This proof can be generalized to Lemma 6.8.6 and
perhaps to higher multiplicity, see [Sk18, Problem 2.3.7].) Let K be the graph. Bozsmem mpo-
U3BOMBHYIO PL roMoronmio «obmero mooxennusa» f; : K — R? ¢ € [0, 1], Mexk1y JaHHBIME
PL orobpasxenusimu obrero nostoxkenust fo u fi. By general position, for every vertex A and
edge o« Z A there is a finite number of ¢ € [0, 1] such that f;A € f;« (this follows because
this number equals F(A x I) N F(a x I), where F' is defined below). O6o3natnm wepes
(A1, 1), ..., (Ag, o) Bee Takume mapel (A, ), 1IsT KOTOPBIX KOJTHYIECTBO TAKHX ¢ HEUETHO.
JocTaToaHo m0Ka3aTh, YTO PA3HOCTH PACCTAHOBOK mepeceuenuit v(fo) ana fo u v(fi) nma fi
paBHa

v(fo) —v(fi) =0(A1,0q) + ...+ 0(Ak, o).
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R2x 1

R2x ¢

R2x 0

Puc. 6.8.1: A homotopy

Let us prove this equality. Denote I := [0, 1]. The homotopy f; can be seen (fig. 6.8.1) as
a ‘general position’ PL map F : K x I — R? x I such that

F(K xt)CR*xt foreach t€l and F(x,t)= f(x) foreach t=0,1.

Then the required equality follows because

v(fo)or — V(f1)or = |foo N foT|2 + [ fro N fiT]2 @

P90 x )N F(r x Do+ [F(ox )NF@r x 1)z = S [F(Ax I) N F(a x D)]5(A, @)
Ada

Let us prove equality (2). By general position for each two disjoint edges o, 7 the intersection
C:=F(oxI)NF(r x1)is a finite union of non-degenerate segments. The number of odd-
degree vertices in the graph C' is even (note that C' can have vertices of degree greater than
2). So

0= |80|2 = |f00‘ﬂf07’|2+|f10'ﬂf17'|2+|F(80‘ X I)ﬂF(TX ])|2—|—|F(O'X I)ﬂF(aT X I)|2
I

Bamaga 6.8.8. [Iycts L — moakoMmmiexc B 2-kommimekce K, u f : K — B* — cob-
creernoe PL oTobGpazkenne obiiero mojoxenus, 1is Kotoporo f|r : L — 0B* — Bnoxenue.
Jloxkazkure, 4TO

(a) ecim 0 C L, To paccraHoBKa Tepecevennii orobparkenns [ Hysesast Ha {o, T} mias
JIIOOOTO T.

(b) cymMMa paccTaHOBOK IlepecedeHnii Takux otobpazkenuii f, f/ : K — B* paBna cymme
HEKOTOPOTO YHCJIA JTEMEHTAPHBIX KOrpaHur map («, o) Hemepecekatommxcsa (kK — 1)- u k-
MEpPHBIX paHeil, HU OJHA U3 KOTOPBLIX He JIeXKHUT B L.

3agaua 6.8.9. * PL oro6pazxenne f : K — R? ofmero momoxkenus KoMmiierca K pas-
MEpPHOCTH MeHee d Ha3BIBACTCS Zo-B8A00CEHUEM, €CTU f-00pa3bl JIOOBIX IBYX HECME:KHBIX
rpameii, cyMMa pa3MepHOCTel KOTOPBIX paBHA d, MEPECEKAIOTCI B YETHOM YHCJIe TOUYEK.

PL orobpaxenue f : K — R? obmiero nooxkenns KoMiaekca K HasbiBaeTcs Zs-6A004CEHUCM,
eciu |o N f~1 f7| werno st JTIOGBIX JIBYX HECMEXKHBIX TPaHeil o, T, CyMMa pa3MepHOCTel KO-
TOPBLIX paBHA d, I PA3MEPHOCTH MEPBOil U3 KOTOPHIX MOJTOXKHUTETHHA.

(a) Ipanuna (k + 1)-cuMmmiekca He apiagercsa Zo-pioxumoit B R”,

OTa Zo-Bepcusd TOMOJOIHUEcKOit TeopeMmbl Pajona 7.2.1 cienyer u3 3amedanus 7.2.3.d.

(b) st r06bIX k w d cymecTByeT MOJIWHOMHAIBHBIA aJTOPUTM pacHno3HaBaHUs Zo-
BJIOKUMOCTH k-KOMILTEKCOB B RY. (Haunure ¢ k =2 u d < 3.)

(¢) Tocrpoiite 2-kommiexc, PL nernozkumetit B R, nHo Zy-siaoxumbiii B R3.

(d) yers f: K — R? — PL oro6pazxkenne o6mero nomoxenns 2-kommreca K. O6o3na-
qUM depes K MHOECTBO map (o, €) U3 HeCMeKHBIX IByMEpHOii rpanu o u pebpa e. [loctaBum
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B cooTBeTcTBHE Hape (o, e) Berder |fo N fe|,. PaccranoBkoil mepecedenuii otobpazKkenus
f Ha3BIBAETCH TMOLYYEHHOE 0TOOPaKEeHHE K — 7y, WM COOTBETCTBYIOIIEE MOAMHOKECTBO B
K. (Orobpazkenust K — Ziy OysieM OTOXKJIECTBJIATH C MOAMHOXKecTBaMu B K™, cocTosimmvu
W3 nap, nepexoasnmx B 1 € Zy.)

DuieMeHTapHOI Korpaumuuneil mapel (0, A) U3 IByMEpHOIi TpaHU W He JIeKalleil B Heii
BEPIIHHBI HA3BIBAETCS MOAMHOKECTBO (0, A) C K , cocTogiee u3 Beex map (o,e) ¢c e > A.

DuieMeHTapHOI KorpaHurieil mapser (e, €') Hemepecekaonuxcs pebep Ha3bIBACTCS MO/
mHoxkecTBo d(e, ¢') C K, cocrosimee u3 Beex map (0,¢e) ¢ o D €.

Torma cymma paccraHoBok mepecedennii pasubix PL orobparkennit 001Iero mosioxKeHust
OJIHOTO 2-KoMIIeKca B R3 paBHa cymMe HEKOTOPOTO 9HCIa 3IeMEeHTAPHBIX KOTDAHMIL

Samevarue. AHATOTIYIHO IPEALLIYIIEMY U 3aMedannio 1.7.4 crpourca npenamemeue Ban
Kamnena v(K) € HY(K*) Kk Zy-snoxumoctn komiiekca K B RY. Anamorndno 3amMedannio
2.4.1 bopmympyercst u joKasbBaeTcss pasencTBo vg(K) = vy (K)<.

(e) Generalized Zo-Menger conjecture. Suppose that complexes K and L are not Zo-
embeddable to R™ and in R"”, respectively, m > dim K and n > dim L. Then K X L is not
Zo-embeddable to R,

D10 cBA3AHO CO caeayomeil anrebpandeckoii mpobaemoit Menrepa [Pa20, Conjecture 2|:
Komnaexco, K, L umerom nempusuasvhrvie npenamemeus ean Kamnena ko eioocumocmu 6
R™ u R"™, coomeememeenno (cm. onpedeaenue nanpumep 6 [Sk18, §1.5]). Umeem au K X L
nempusuasvroe npenamemeue ean Kamnena ko earoscumocmu ¢ R™T" 2

CM. KOHTpIpUMEp K aHAJOTUIHON runorese jiis JzKoiiHOB B [Pa2l, Me22|, cp. [Sk23|.

6.9 PacrnosHaBaHue BJIOXKUMOCTH k-KOMILIJICKCOB B R%F

Terepb 06001M TIpebIIyIINHe paccyskaerns (mm. 1.5.4 u 6.8) 10 asroputma pacno3HaBa-
HUS BJIOXKUMOCTH. JIOKa3aTeabcTBa yTBEpKIeHuil 5Toro myHkrta (Kpome TeopeMm 6.9.2.ab)
AHAJTOTHYIHBI TTPEIBLLY M.

3HaK TOUKH MepecevdeHns yIopsaI0ueHHoi mapsl (a, b) OpUeHTHPOBAHHBIX k-CHMILIEKCOB,
BePHIMHEI KOTOPBIX HAXOAATCS B 06IIeM mojoxkennn B R?¥ | pasen 41, eciin 1J1s TTOJIOKATE -
HEBIX GA3MCOB S1,...,5; W t,...,1; B a U b, COOTBETCTBEHHO, OA3NC 51, ..., Sk, t1,...,t; B R
SIBJISIETCS TTOJTOKHUTETbHBIM. 3HAK paBeH —1, ecaiu 3TOT DA3UC SIBIAETCI OTPUIATETHHBIM.

IIycts mamsl PL otobpazkenns f, g : A, — R?* opmenTupoBaHHOTO k-CHMILTEKCA, HAXO-
Jidarecs B 00MIeM MOJIOYKeHWH JIPYT OTHOCHTENbHO apyra. ObozmaumMm depes [ - g cymMMmy
3HAKOB TOYEK TMepecedennss WX oOpa3oB (OpHeHTAIMN B 00pa3aX HPUXOAST U3 OPHEHTAIMN
k-cumiuiekca).

Bamaua 6.9.1. (a) f-g=(—1)*g- f.

(b) Kak mensiercst f - g npu n3MeHEHUH OPUEHTAIMH TPOCTPAHCTBA R?* r.e. npu KoMmIIO-
3uruu oTobparkeHuit f, g ¢ 3epkaabHON cuMmMeTpueit?

(c) Kak mensiercst f - g nmpu W3MeHeHHH OpPHEHTAIMN k-CHMILIeKca Jyist f, T.e. MpH Hpe-
KOMIIO3UIINK OTOOpazkeHus f ¢ 3epKaabHONU cUMMeTpuei?!

PL orobpaxkenne f : K — R obmero nosoxennsi k-xommaekca K masbiBaercs Z-
(mouTun) BIOXKEHUEM, eCJI JIJIs JTIOOBIX JIBYX HEMEPeCeKAIOMUXcsl k-MepPHBIX TpaHeii cymMa
3HAKOB TOUEK Tepecederus UX f-00pa30oB paBHA HYJIIO, JIJI HEKOTOPBIX (HJIH, SKBUBATIEHTHO,
JTst JTFOOBIX) OpUEHTAINI HA TUX TPAHSIX.

Teopema 6.9.2. (a) (Ban Kamnen-Ilanupo-By) Komnaexc pasmeprocmu k # 2 PL 6a0-
orcum 6 R** mozda u moavko mozda, xozda on Z-esoscum 6 R?*.

(b) (@pudman-Kpywranro-Tatznep) Cywecmsyem 2-komnaeke, PL (dasrce TOP) ne 6n0-
orcumviti 6 R*, 1o Z-eaoorcummti 6 R,
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Teopema 6.9.2.a He TOKA3BIBAETCSA B TOM TEKCTE, CM. JOKA3ATEIhCTBO, HAIIpUMep, B [Sk06,
§4]. Habpocok gokasarenabcrBa Teopembl 6.9.2.b npusenen B 1. 6.11. (Teopema 6.9.2.a s
k =1 yxe ynmomunajach B 3amedannu 1.5.13.)

YrBepxkaenue 6.9.3. Cywecmeyem nosuHoMuGAbHOG — GAZOPUMM  PACNO3HABAHUA
Z-ea00tcumocmu k-xomnaekcos 6 R2F.

D10 ciaenyer u3 yrBepxKaeHus 6.9.5.b amamormuno m. 1.5. In1g dopmymupoBku yTBep-
xpenust 6.9.5.b, T.e. JUIsT TOCTPOEHUS AJITOPUTMA, HYZKHBI CJEIYIONNE OTPeIeeHus .

Jns PL orobpaskenus f : K — R?* o6mero mosoxkenns k-kommiexca K mocTaBuM B
COOTBETCTBHUE YIOPsIIOYEHHOT Tape (0, T) OpHeHTHPOBAHHBIX k—MepHBIX TpaHeii uncio fo- fT
TOYEK WX Tepecedenus co 3HaKOM. OOO3HAYMM depes K MHOKECTBO YnopAadoverHHoLr TIap
HelepeceKalonuxcsa OPUeHTUPOBAHHBIX A-MepHBIX rpaneii kommmekca K. Torma momydeno
orobpazkenne K — 7. Ha3oBeMm ero mejIo4MCIE€HHON pPacCTAaHOBKOM (MM KOIUKJIOM)
nepecedyeHuii. OHO CUMMETPUYIHO MPHU Y€THOM k U KOCOCHMMETPUIHO TPU HEYIETHOM K.

¢lcHo, 9TO paccTaHOBKa IepecevdeHnii HyJIeBast Jjsi JI000T0 Z-BJIOKEHUS.

[Ipu 2k-mepHoMm anasore mpeobpa3oBanug Paiinemaiicrepa na puc. 1.5.1.V K paccTanos-
Ke TepecevdeHnii 100aBIseTcs djieMeHTapHas (IeJ0Unc/IeHHas) KOrpaHuna napbl (a, o)
OPHEHTHPOBAHHBIX Hemepecekatonuxcsa (k—1)- u k-mepubix rpaneii. OHa OIpeIeIseTcs aHa-
goruano ciaydaio k = 1 (. 1.5.4). Ilpusexem merasm.

Let a be an oriented (k—1)-face of K which is not contained in the boundary of a k-face o
of K. An (integer) elementary coboundary of the pair («, o) is the map d(a, o) : K—>7Z
assigning

(=1)*[r:a] to (0,7), [r:a]to(r,0) and 0 to any other pair.

where the incidence coefficient [ : o] is defined e.g. in [HG, §3].

Bamaua 6.9.4 (Cp. ¢ yreepxkaenuem 6.8.4). Ilycrs manbr k-komrureke K u ero Herepe-
cekaronecst opueHTuposanubie (kK — 1)- u k-mepubie rpanu o u o. Torga mias awoboro PL
oTobpazkenna f : K — R?* obmero monoxkenns cymectsyer PL otobpaxkenne f': K — R
OBINEro MOJIOKEHUs, JJjisi KOTOPOTO PA3HOCTH (MEJTOYHCICHHBIX) PACTAHOBOK IEpeceveHuil
st f wonas f pasha 0(a, o).

Koromosiorn9HOCTb (IeI0UUCIeHHAs) PACCTAHOBOK K — 7, onpeieseTcs aHalormt-
Ho cay4aro k = 1 (m. 1.5.4). Cocycles v,/ : K — Z are called cohomologous if

v—1v = 015(a1,0'1) +...+ Ck(s(akaak)

for some integers ci,...,c, € Z, (k — 1)-faces ay,...,a, and k-faces oy,...,0; (not
necessarily distinct). Observe that change of the orientation of « forces change of the sign
of §(cv,0). Hence the cohomology equivalence relation does not depend on the orientations
of (k — 1)-faces.

Bamaua 6.9.5 (cf. Lemma 6.8.6 and Propositions 6.8.7, 1.5.12). (a) PaccranoBku nepe-
ceuenuii pasubix PL orobpazkennii obIero mosiozxeHns onaHoro k-komiexkca B R?* koromo-
JIOTUYHBI.

(b) Kommyekc pasmepHocTH k apigerca Z-aoxumbiM B R?* Torma m Toibko Torma,
KOT/Ia [eJIOUHCIeHHAs PACCTAHOBKA, MepecedeHnil HEeKOTOPOTo (UM, SKBUBAJIEHTHO, JIIOOOTO)
ero orobpaskenus obmiero nosozxkennss B R?* xoromosornyana Hyaesoil paccTaHOBKe.

(c) YaBoeHHasI MeJIOYNCIEHHAS PACCTAHOBKA Tepecedenuii jroboro PL orobparkenns 06-
mero nosroxkenns k-komrrerca B R?¥ koromoornana Hyaesoil paccTaHOBKe.
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6.10 Almost embeddings, Z,- and Z-embeddings

Amap f: K =Y of a complex K to a subset Y C R? is called an almost embedding if the
images of non-adjacent faces are disjoint, i.e. if fo N f7 = 0 for any non-adjacent faces o, 7.

This notion naturally appears in geometric topology (studies of embeddings), in combinatorial
geometry (Helly-type results on convex sets), and in topological combinatorics (topological
Radon and Tverberg theorems), see [FKT, §4|, [Mat97, GPP+] and surveys [Sk16, §1|, [SkO6].
The notions of Zs- and Z-embedding (defined in §§6.8,6.9) naturally appear in studies of
embeddings. The notion of a Zs-embedding (a.k.a. Hanani-Tutte drawing) is most actively
studied for graph drawings on surfaces, see survey [Sc13] and [SS13, FK19, Bi21].

Some proofs of the non-embeddability of complexes into R? actually show that these
complexes are not almost embeddable to R?, are not Z,- or Z-embeddable to R? for d = 2k.
This is so e.g. for the boundary of (d + 1)-simplex (the non-almost embeddability is the
topological Radon Theorem 7.2.1), as well as for the k-complex A% ., and d = 2k. See
e.g. surveys [Sk18, §§1.4, 2.2|, [Sk14, Theorem 1.4] and [KS21, Remark 1.2.d]. On the other
hand, some constructions of embeddings have constructions of almost or Z-embeddings as
a convenient intermediate step allowing to structure the proof, and to describe relation to
known results and methods.

Teopema 6.10.1. (a) A complez of dimension k # 2 is embeddable into a simply connected
2k-manifold M if and only if the complex is Z-embeddable to M. (See [vK32, Sh57, Wub8]
and also [Ha69, Jo02]. Cf. Theorem 6.9.2.a.)

(b) There is a 2-complex Z-embeddable but not almost embeddable to R*. (See [FKT, §5.2,
§3.3, §4], [AMS+, Theorem 1.6/, [Al22].)

(c) There is a 2-complex almost embeddable but not PL embeddable to R* [SSS, Example
in p. 338].

Comments on the proof of (a). Clearly, an embedding is a Z-embedding. Let us discuss the
converse implication.

For k = 1 part (a) follows by the Hanani-Tutte Theorem, see survey [Sk18, Theorem
1.5.3] (because a compact simply connected 2-manifold is a sphere).

Assume that k > 3. For M = R? part (a) is proved in [vK32, Sh57, Wu58]; for a simple
exposition see |[FKT, §2|, [Sk06, §4]. The general case is proved in the same way, just note
that in [FKT, Lemma 4, 5 and application of the Whitney trick in the proof of Theorem 3]
R?* could be replaced by M. See details in [Jo02, Corollary 2 and Theorem 4|. The proofs of
[Jo02| mentioned here are written for ‘smooth’ maps of complexes but work for PL maps. [

The analogue of Theorem 6.10.1.a for £ = 1 and non-simply connected manifolds (i.e.
for manifolds distinct from the 2-disk and the 2-sphere) states that if a graph has a Z-
embedding on a surface, then it has an embedding into that surface. This is unknown. The
analogue with ‘Z-embedding’ replaced by ‘almost embedding’ is also unknown. The analogue
with ‘Z-embedding’ replaced by ‘Zs-embedding’ is wrong [FK19] (see also [FPS]).

Theorem 6.9.2.b follows from Theorem 6.10.1.b and the following remark.

Bameuanne 6.10.2. (a) Clearly, the property of being an almost embedding is preserved
under sufficiently small perturbation of the map (as opposed to the property of being an
embedding). Thus by approximation of continuous maps with PL maps we observe that for
complexes in manifolds

e topological embeddability implies PL. almost embeddability;

e a PL or topological embedding can be approximated by a general position PL almost
embedding;

e PL almost embeddability is equivalent to topological almost embeddability.
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Analogous remark and results holds with ‘almost’ replaced by ‘Z,-" or by ‘Z-’.

Cf. [DS22, Remark 1.3.c|; observe that [DS22, Remarks 1.3.bc| hold for any complexes,
not necessarily skeleta of simplices.

(b) Studies of embeddings of k-complexes into 2k-manifolds for £ > 1 are analogous
to studies of Zy-embeddings (not embeddings) of graphs to surfaces. Indeed, Euler formula
V — E 4+ F = 2 cannot be applied for Zs-embeddings of graphs to surfaces. Analogously,
for £ > 1 a k-hyperplane in R? does not split R?*, so an analogue of Euler formula is not
available for k-complexes in 2k-manifolds.

Teopema 6.10.3. (a) If d < @ and a k-complex almost embeds in R?, then the complex
PL embeds in RY. (See [We67, Sk98] and survey [Sk06, §8]; cf. Theorem 6.6.1.)

(b) For every d,k such that k+2 < d < 3—2’“ + 1 there is a k-complex almost embeddable
in R? but not PL embeddable in R

(See [SSS, Example in p. 338]; cf. [SS92]. Cm. sadauu 6.11.5, 6.11.6. Tarvuetiwee us-
noorcenue udeu dokasamenvemsa us [SSS] npusedeno e [SEk06, §7].)

(¢) For every fized d, k such that k+2 < d < %—i—l the algorithmic problem of recognizing

almost embeddability of k-complezes in R? is N P-hard. [ST17, Al22] (Cf. Theorem 6.6.3.)

See also Remarks 8.2.5.ab.

Is there a simplicial almost embedding K3 x K, (with the standard triangulation) to R?
which is not an embedding? Is there a triangulation of K, x K, which admits an almost
embedding to R3?

6.11 2-KoMIIeKc, HeBJIOXKUMBI B R, HO Z-Bioxkumblii B R*

B sTroM myHkTe MBI NpuBeneM W0 J0KaszareabcTBa TeopeMbl 6.9.2.b — mepsoro mara K
teopemaM 6.6.3 u 6.10.3.c 00 NP-tpyanocru. Teopema 6.9.2.b BbITeKaeT U3 yTBepKIeHUIT
6.11.3.a u 6.11.4.c. YrBep:xkaenue 6.11.3.a ocHoBaHo Ha jiemMe 6.14.7.b o xkosbiax Boppomeo
U «KOJIMUeCTBeHHOiT» Teopeme Ban Kammena-Dopeca — memme 6.7.3 1yist k = 2 (CCbLIKH HA
TIOCTIETHIOI MOYXKHO 3aMEHHTD CCBLIKAME Ha ee caeacTBue — PL anamor yreep:xkaenus 5.2.4).

Bamaga 6.11.1. Baoxenne «xomabna Boppomeo» S LS LU ST — S3 mponomkaercs 1o
Z-snoxenus D? U D? U D?> — D*, mo e nponomkaeTcs 10 Broxkenns D? LI D? LI D? — D*.

B srom u cremyomem nmyrkTax o6o3nadum depes (ij) pedpo ¢ Konamu i u j, depes (ijk)
— rpaHb KOMILIEKca, depe3 (ijk) — ee BHYTpeHHOCTH, depe3 J(ijk) — obbeauHenue pedep
(), (Jk), (k).

3amaga 6.11.2. B sroii 3a1a4e, (popMaabHO HE UCITIOIB3YEMOI B JIa/IbHETIIeM, MbI 1TPeI-
BapsieM YeThIPEXMEPHbIE PACCYZKJICHUS UX TPEeXMEPHBIM aHAJOrOM.

Ob6ozmaanv K := 0% K3 U (06). Obo3naunm depe3 X KOMILTEKC, MOJyUatOMuiics u3 8-
YIOJILHUKA CKJICHKON CTOPOH B COOTBTCTBHM €O caoBoM acbc lateb™lc™l. Dror KoMmIeKC
IOJIy9aeTCd U3 TOpa CKJICHKOM JyT, JIesKallux Ha TOpe W UMEIoIMX o0mwmii Korner,. Ero mepu-
QUAHOM @ 1 NAPANIEABIO b HA30BEM OKPYKHOCTH, OTBedaionme OyKBaM a 1 b, COOTBETCTBEHHO.
Ero dpeskom ¢ Ha30BeM OTPE30K, OTBEUAOMNiT OyKBe C.

(a) OBGO3HAYNM HITPUXOM KON KOMILIEKCA WU ero aeMenTa. Komiuiekce

P = (K —(012)) | J (K’ - (012)) U X.

6=6 d(012)=a, 9(012)'=b, [06]U[6'0]=c

(puc. 6.11.1) me PL saoxkum B R3. (TToxckaska: ucnosbayiite yreep:kaenne 6.14.6.b u anasor
teopembr 4.2.9 Konsesi-T'opiona-3akca. )

(b) Kommiexc (K — (012)) |J X ne PL sioxum B R3. (T1. (b) nokaseisaer, uTo 1.
8(012)=a
(a) meHEH JINITL KAK TPEXMePHOe 00bACHEHNE YeThIPeXMEepPHOil ujien. )
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Puc. 6.11.1: www.mccme.ru/circles/oim /algorfig.pdf, P = P, vz,

Habpocok dokazamenvemea ymeepoicdenus 6.11.2.a. Tlyers, manporus, P PL aoxum B R3.
By/eM paccMaTpuBaTh ero Kak MOJIMHOKECTBO B R3) T.e. 0TOXIECTBAM €ro ¢ ero 06pasoM.
[To teopeme 4.2.9 Kouses-I'opmona-3akca 3amkuyTast tomanas 0(345) 3amemiena ¢ Mepu-
munanom 0(012) = a kommrekca X . AHaiormdso 3aMkHyTas jgomanas 0(345)" 3amemntena c
napastensio 0(012) = b kommrekca X. [To onpemesiennio BIOXKEHHsT HA OTHA U3 JTOMAHBIX
0(345) n 0(345)" e nepecekaer komiieke X. 3aMrHyThIe joManbie 0(345) u 0(345)" orpa-
HUIMBAIOT Hernepecekaommmecs: quckn A = (034) U (035) U (045) u A, coorBercrBenno. Tax
kak ANb = (), to J(345) me 3anemnena o moayao 2 ¢ b. Amanornuno 9(345)" ne 3anemnnena
o Moay/o 2 ¢ a. IlporuBopeune ¢ anamorom yrBepxKaeHus 6.14.6.b. 0

Obo3uaunm depe3 T Top, depe3 a u b ero MepuanaH u HapaJsieib. 1Top TPHAHTYINPOBAH
TakK, 9YTO @ U b ABJMIOTCS TUKJIAMU JJIMHBI 3 U3 pedep TPUAHTY/ISIUHN.

Samaua 6.11.3. Komiiekc

Q = Quyva, = (A2 - (012)) | J <A§' — (012)’) U T

0=0' d(012)=a, H(012)'=b

(a) me PL Broxum B RY;  (b) me moutn Broxknum B8 R? (a smaunt, ne TOP Braoxum B R?).

st nokaszarenbcrBa Hy:KHa JeMMa 6.14.7.be o (cuHryasipabix) Koubiax Boppomeo. Cw.
JeTaJn B J0Ka3aTeIbCTBE YaCTH «TOJBKO TOrAay JeMMBI 6.12.2.

3agaqa 6.11.4. (a) Cymecrsyer PL sroxenne (A2 — (012)) |J (AZ — (012)) — R%

0=0

(b) Cymectsyer Zo-Bnoxkenue Q — R*. (c) CymecTsyer Z-proxenne @) — R*,

Viazanue % n. (b). lpoposzxure Biaoxenue us . (a) go PL orobpamenus f : Q — R*
obmrero mostoxkenusi. [To semme o wernocru | f1°N f0(3456)| = | fT'N f0(3456)'| = 0 mod 2.
Hasee ucnosnb3yiiTe «najbleBble ABHKeHnsT> BaH Kamnena (yrepxkienne 6.8.4).

Habpocox doxasameavcmea ymeepocdernus 6.11.2.0. Ilycrs, nanporun, komiaekc PL Bio-
xuM B R3. Byzem paccMaTpuBaTh ero Kak IMOJAMHOKECTBO B R3, T.e. 0TOXKIECTBEM ero ¢ ero
obpazom. BamkmHyTast somanast [345] orpammamBaer guck (034) U (045) U (045). Dror guck
epecekaeT TOp B eIMHCTBeHHONH Touke (. /Jomo/HeHne IuCKa 0 3TOi TOUYKH HAXOIUTCS II0
OJIHY CTOPOHY OT Topa. Torjga 3ToT AMCK MOXKHO 3aMeHHTh Ha apyroit aumck B R? ¢ Toif ke
IPAHUYHON OKPYKHOCTBIO [345], KOTOpBIii y2Ke He mepecekaer Topa. (UTobbI 5TO cTPOro J1o-
Ka3aTh, MOKHO PACCMOTPETh MAJIeHbKY0 cdepy ¢ meHTpoM B Touke ().) 3HAUHUT, 110 JeMMe O
9eTHOCTH JIoMaHas [345] ve 3aneruiena ¢ mapastenbto [012] ropa. [Iporusopedne ¢ Teopemoit
Kongesg-l'opmpona-3akca. 0

Bamaua 6.11.5. (a) Yemy romeomopdno R* — R? x 0 — 0 x R??
(b) Yemy romeomopdHo onosnenue jo 3anenjienus Xornda B R3?

Bamaga 6.11.6. Take ‘standard’ embeddings f, g : D?> — B* with disjoint images. There
exist proper embeddings f', ¢, h/ : D> — B* such that f = f' and g = ¢’ on D2,

R'S'N(fD*UgD?) = KD*N(f'D*U g D?*) =0 +# f'D*n ¢ D?

and h'|s1 is not null-homotopic in B* — (fD? U gD?).
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6.12 NP-tpymHocTh ITpo6JieMbl BJIOXKIMOCTU KOMILJIEKCOB

B sTom nmynkTe MBI TpUBEJIEM HJIeI0 JIoKa3aTeabcTBa TeopeM 6.6.3 u 6.10.3.c 06 NP-TpyaHocT.

[Tycte mmeercss dopmyna f mis OyaeBoit (DYHKINN, SIBISIONASACS IU3HIOHKINEH KOHb-
IOHKIIMiT TIepeMeHHbIX W uX oTpuiianuii. [IycTh mpm 3TOM B KaxKJI0M «CaaraeMoM» He OoJiee
Tpex «COMHOKHTeseit». Mpl mocTpoum 2-KoMILIeKe ()f €O CIeAYIONIM CBOUCTBOM: ()f 6.40-
sicum 6 R mozda u moavko mozda, xozda f % 1 (nemma 6.12.2). Bosee Toro, KommaecTso
rpameif (Bcex pa3MepHOCTe) B KOMILIEKCE () f SIB/ISIETCS TTOJMHOMOM OT KOJIMYEeCTBA TTepeMeH-
HBIX 1 B QYHKINH f, N mOCTpoenne Komiekca () o f peaansyercs TMOJMHOMHAIBLHBIM MO
N aJITOPUTMOM. DTOTO JOCTATOUHO JiJis TeopeMbl 6.6.3 06 NP-tpyanocru (npu d = 2k = 4).
g reopembl 6.10.3.c HY’KHO JTOTOJTHATETLHO YTBepzKaeHne 6.12.4.

Haunem ¢ wacTHBIX cydaeB, OTBEYAIONIUX TPOCTHIM opMyaam f.

Bamaua 6.12.1. (a) Kommiexe Q,, := (AZ — (012)) |J T PL Baoxum B R*.
8(012)=a
(b) (3arazka) ITouemy He HPOXOAUT JTOKA3ATETHCTBO HEBIOXKHUMOCTH KOMILUIEKCA (Qy vz,
B R? (yrBepskenne 6.11.3.a) /151 ciiejiyiomero KoMiiiekca’?

Qx1x2Vf1 = QJ:1\/E1 - (013) = (A2 (012 013 U <A2 012 ) U T

0=0 8(012)=a, A(012)'=b

(c)* Kommnexe Quzovz, PL BaOKEM B RY.
(d) Cnenytomuit kommiexc (puc. 6.12.1) e PL Broknm B R*:

Quirsvervas = (A= (012) = (013)) J (a7 = (012)) |J (a¥ - (13y)  J  71ur
0=0 0=0"" d(012)=a, 8(012)'=b,
8(013)=a’, 8(013)" =t

Puc. 6.12.1: www.mccme.ru/circles/oim /algorfig.pdf: Q. zovz, vas

(e) (zaranxa) [Touemy He MPOXOAHMT JOKA3ATEIbCTBO HeBIOKHMOCTH B R m3 mynkra (d)
JUIST CJIEJLYIOMIEr0 KOMILIeKCa?

Quiavrms = (A2 — (012) — (013)) | J (N (012)’ (013)’) U TUT,
0=0 8(012)=a, 8(012)'=b,
8(013)=d’, 8(013) =V’

Puc. 6.12.2: www.mccme.ru/circles/oim /algorfig.pdf: Q. 2oy, va,vas

(f) Creayromuit kommiexe (puc. 6.12.2) ne PL Brnokum B R*:

Quirarsvanvasvas = (A3 = (012) = (013) - (014)) | J (A% - (012)) |

0=0' 0=0"

U <A§”—(013)”) U <A§”’—(014)’”) U TUT UT",

0=0" 0=0"" (012)=a’, D(012)' =¥,
d(013)=a’, A(013)"=b",
a(014)=a’", A(014)" =b'"
(g) Cneayomuii kommexc ne PL Biaokum B R*:

Qureavaraves = (A2 — (012) — (013)) | J (Ag’ (012 — (013),> U

0=0’ 0=0"

96



U (Ag” - (012)”) U TUT UT".
0=0" 8(012)=a, 8(012)" =b,

8(012)'=d’, 8(012)"=V/,

8(013)=a”, 8(013) =b"

Yreepxkaenus (d,f,g) 10Ka3bIBAIOTCS AHATIOTHYHO HEBJIOKUMOCTH KOMILTEKCA Qy, vz, -

Jlemma 6.12.2. Ilycmov dana dopmyaa
I Qs Bs s
flry, ... x,) = \/ :L'ps(Q)xps(3)x;s(4).
s=1

Bdecv 2° =T, ' =z u p, : {2,3,4} — [n] unsexyuu !!!. [loarosicum

Q= |J (A%—(012) - (013) — (014)) U Ui Tijk-

01=02="=0m a(01p; ! (k))i=as;k, 9(01p; " (k))j=bijk

3decv undekcor s u ijk 03nauwaom womep KOnuU, npuMem

e s npobezaem ece ueavie wucaa om 1 do m;

e ijk npobezaem ece (ynopadouennwe) mpotxu (i,7,k) € [m] X [m] x [n], daa komopwix
6 1-M CAGRAEMOM €CTNb Tj, G 6 j-M ecmb Ty; MaKue mpotKku Ha306eM KOH(MDIUKTHHIMA.

Komnaexe Qp PL eaoocum 6 R* moeda u moavko moeda, xozda cywecmeyem a € 73,
das komopoezo f(a) = 0.

Bamaua 6.12.3. B obosnauenusx jemmbr 6.12.2 ecin f = 1, To cymecrByer

(a) koudukTHAS TPOiKA ijk.

(b) xouduKTHAS TPOiiKA ijk, 11T KOTOPOH X U Tj CTOST Ha mepBOoM MecTe (T.e. p;(2) =
p;(2) = k).

Yrazanue. Tak xkak f = 1, To 1151 110000 BBHIOOPA OJHOTO COMHOYKHUTEST U3 KAZKIOTO
«CJIAraeMoroy HAMIYTCS JIBa COMHOMKUTENSI L) U Tj CPEIN BHIOPDAHHBIX.

Jokasamenvemeo wacmu «moavko mozday semmo, 6.12.2. Ilycrs, nanporus, f = 1 u Qy
BiaoxuM B R*. Byzem paccmarpusarh (Qp Kaxk moamMHozkKecTsBo B R*, T.e. oroxkaecTBuM ero
¢ ero obpasom. ITo memme 6.7.3 (uam 1o ee ciencrBuio — PL ananory yreepxaenns 5.2.4)
MOYKHO CYHTATh, UTO Jyis J06oro s € [m] cdepa 0(3456)s n 3amkuyTas jgomanas 0(012)
3aler/IeHbl M0 MOJYJIO 2 (TOro, YToOBl UMEHHO OHU OBLIIN 3alleNJIeHbl, MOKHO T0OUTHCS, TTepe-
HyMepoBaB BepIHHbI 2, 35, 4,). [To yrBepxkaennto 6.12.3 cymecrByer KoHGIMKTHAS TPOiiKa
ijk, nyist KOTOPOit Ty, U Ty crosar Ha mepBoM mecre. s {s, s’} = {i,j} 3amrnyrTas somanas
0(012), orpammunsaer auck (015), U (125), U (025),, me mepecexatontuii cdepy 0(3456)s.
IIporuBopeune ¢ temmoit 6.14.7.b o korbuax Boppomeo ans chep 9(3456);, 0(3456); u Topa
Tijk- O

JlokazaTeTbCTBO YaCTU <«TOT/Iay WLTIOCTpUpPYeTcsd yTBepxKaeHnamu 6.12.1.ac m mpuBo-
aurest B [MTWI.

Banmaua 6.12.4. B obo3navenusx gemmbl 6.12.2 ecam kommieke @ moutn Biaoxum B RY)
TO CyImecTByeT a € 7Y, nisa koroporo f(a) = 0.

6.13 BJioxXumMocTh KOMIIJIEKCOB B IIJIOCKOCTH

Teopema 6.13.1 (Halin-Jung, [HJ64]). Caedyrowue ycaosua na 2-komnaexe K pasnocuno-
HbL:

(i) K PL sao0otcum 6 naockocmo;

(i1) nukaroe nodpasbuenue Komnaexca K ne codeporcum nodpasbuenuti epaga K, epaga
K33, knonku Ky uau cepw S? (puc. 6.3.1).

(11i) K ne codepotcum nodpasbuenuli KOMNAEKCO8, u300parcennus na puc. 6.3.1.

97



Ummmakanun (i) = (i4), (i) = (4id) n (i1) = (i) oueBmmubl. Vmmnukarmus (iii) = (i)
nokazana B [HJ64]. Huxe nokazana mvmnkannst (i) = (i). Buanvo, npuBogumoe 1oka-
3aTeIhCTBO sABJsIETCs (hOTBKIOPHBIM, M. [Sk05]. Ono mpore goKa3aTe bcTBa NMIIHKAITN

(iii) = (i) B [HJ64].

Habpocor dokazamenrvcmea umnavukayuu (i) = (i). JocTaTodno 10Ka3aTh MMILTHKAIIIO [/
CBA3HBIX 2-KOMILTEKCOB. IIycTh cBasmblii 2-kommieke N % S? we comepxur un rpados K,
K3 3, nm 3onTnka Ky 7. Tak kak N He COIEPKAT 30HTUKA, TO OKPECTHOCTD JII000# Toukn B N
ABJIsIeTCs O0beTMHEHNEM JIMCKOB U OTPE3KOB, CKJICEHHBIX 32 OJIHY TOUKY (puc. 6.13.1 ciea).

Puc. 6.13.1: IIpeobpasoBanune OKPeCTHOCTH TOYKH

Ecnu stux amckoB 60JbIIe OHOTO, TO 3aMEHHM 3Ty OKPECTHOCTH Ha M300parkKeHHYIO Ha
puc. 6.13.1 copasa. [Ipu sToM npeobpasosanun He nosBuTcs noarpados Ky n K3 3. Obparnoe
peodpa30BaHNE SIBJISIETCS CTATHBAHUEM «3BE3IbI C HECKOJIBKUMU JIyIaMU» U IIOITOMY COXPa-
HSIeT ITAHAPHOCTD. 3HAYHUT, JTOCTATOYHO JIOKA3aTh TEOPEMY J/Is MOJTYyIeHHOTO 2-KOMILIEKCa,
N’. O6ozHaunM 4epes N oObemHHEHHe ero IBYMepHBIX rpaHeii. Torma oKpecTHOCTH JIio-
60it Toukn B N aBiagerca muckoM (cM. dbopMamm3ammio B Haudade 3ajadn 6.14.1). 3maumnT,
1o Teopeme Kiaaccudukamuu 2-MmHOoroobpasmit [Sk20, §5.1] N sawasercsa cdepoii ¢ pydaxamu,
menkamn Mebnyca n gpipkavu. Ilockoabky xazxaprii n3 rpacdos K5 n K3 3 BI0XKAM U B TOD
C OBIPKOif, 1 B aucT Mebuyca, To N ecTh HeCBS3HOE O0beIMHEHHE TICKOB C IBIPKAMH.

Puc. 6.13.2: [Ipeobpa3oBanue aucka ¢ JAbpKaMu

BaMeHHM KaxKJblil M3 9TUX IUCKOB C AbIpKaMu Ha rpad ¢ puc. 6.13.2. ITockoabky N’
He cofepKuT rpadoB K5 n K33, ToO H B moIydeHHOM 3aMeHoi rpade N uX HeT. HAYHT,

o TeopeMe Kyparosckoro 1.2.3.e rpad N mnanapen. [lo Broxkenuio rpacda N B MJIOCKOCTh
JIEIKO IIOCTPOUTH BiIoKeHne 2-Komiuiekca N B IJIOCKOCTD. [

6.14 BuoxkeHus u 3alleIJIEHHOCTh B MPOCTPAHCTBE

3amaua 6.14.1. Tpuarayssayuets 2-mH02000pa3us Ha3bIBAETCS 2-KOMILIEKC, JIF0O0e pedpo
KOTOPOI'O COMEP:KUTCSI B HEKOTOPOI TpaHU U 1 000 BepIIUHLI ¥ KOTOPOTO BCe TPAaHH, ee
coieprKalme, 00Pa3yT «IEMOUKY»

{U,al,@}, {U,a2,a3} e {Uaan—laan} nim {U>a17a2}7 {U>a2,a3} e {Uaan—laan}a {U,an,m}
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JUTE HEKOTOPBIX TOIMAPHO PA3JUIHLIX BEPIIUH df,...,d,. ECIN 19 BCEX U HMEET MeCTO
BTOPOIl CJIydaii, TO TPUAHTYJISAIMS 2-MHOT000pa3ust Ha3bIBACTCH 3aMKEHYMOU.

(a) Econ cBsi3Has TpuaHryssinust 2-MHOTo00pasust 1u60 He3aMKHYTa, JIHO0 OpHEeHTHPYeMa
to ona PL Bioxkuma B R3. (Cwm. onpesnenenue opuentupyemoctu B [Sk20, §5], cp. ¢ puc. 4.3.1.
Ucnonb3yiite Teopemy KaaccudbuKaluu TpuaHryasinuii 2-mMmaoroodbpasuit [Sk20, §5].)

(b) JTiobas Tpuanrytsamus 2-muaoroobpasusa PL srnokmva B RY.

(c) Hukakast 3aMKHYTasi HEOPUEHTUPYeMasi TPHAHTYJISAIHISA 2-MHOTOOOPA3Ns He SIBIISETCS
PL Baoxmnmoit B R3.

[Tpumepst u3 yreepxaenus 6.14.1.c (wim 6.1.4) 1ai0T 6eCKOHETHOE CeMEeHCTBO 2-KOMILIEKCOB,
e apiasonuxcsa PL Baoskumbivm B R3, Hu 0uH U3 KOTOPBIX He COAEPKUT JAPYTOii.
ObobIerne Ha BJIOKUMOCTH B MPETMEPHBLE MH02000pa3us cM. B §10.

Bagaua 6.14.2. (a) [Tpu mo6om PL Broxennu nenthl MeGuyca B R? ee kpaii 3anemnmen
0 MOJIYJIIO0 2 CO cpejiHel JuHmeil.

(b) Tpu smo6om PL Bioxkennu Gyroiaku Kieitna ¢ apipkoit B R? ee kpait sanerien 1o
MOJIYJIIO 2 ¢ HEKOTOPOil 3aMKHYTOI KpuBOil Ha OyThlIKe Kieitna.

(¢) Ipum mo6om PL Brokennn B R® HeopmeHTHpyeMoil MOBEPXHOCTH, Kpail KOTOPOii fB-
JIIeTCsl OHOM OKPY:KHOCTBIO, ee Kpail 3allell/IeH 10 MOJYJII0 2 ¢ JTI000H W3 TeX 3aMKHYTHIX
KPUBBIX HA MTOBEPXHOCTU MPHU 0OXOJe BIOIb KOTOPOW MEHSeTCS OPUEHTAIUS.

(d) * TIpu so6om PL Biioxenun & R jnonosnenust npocrpancrsa RP? 10 BHyTpennocTu
JeTBIPeXMEepPHOTO Tapa Kpaesas 3-cdepa 3ameniena mo Moayao 2 ¢ RP? C RP4,

YrBepxkaenune 6.14.3 (|[Pa20, Theorem 1|, see also [Sk18o, Theorem 1|). Let L be a graph
such that the join Lx[3] (i.e., the union of three cones over L along their common bases) PL
embeds into R*. Then L admits a PL embedding into R? such that any two disjoint cycles
have zero linking number.

Joxazamenvcmeo. Consider L« [3] as a subcomplex of some triangulation of R*. Then there
is a small general position 4-dimensional PL ball A* containing the point @#x1 € R*. Hence the
intersection JA* N (L * [3]) is PL homeomorphic to L. Let us prove that this very embedding
of L into the 3-dimensional sphere OA?* satisfies the required property.

Take any two disjoint oriented closed polygonal lines a,b C OA* N (L x [3]) = L. Then
(ax{1,2})—Int A* and (bx{1,3})—Int A* are two disjoint 2-dimensional PL disks in R* — A*
whose boundaries are a and b. Hence a and b have zero linking number in the 3-dimensional
sphere OA* (by Lemma 5.4.1.b applied to R* — Int A* instead of R%). O

Bameuanue 6.14.4. (a) Proposition 6.14.3 trivially generalizes to a d-dimensional finite
simplicial complex L and embeddings L * [3] — R**2 [ — R2*! For d # 2 and a d-
complex L embeddability of L * [3] into R??*2 even implies embeddability of L into R?¢. For
the case d = 1 considered in Proposition 6.14.3 this improvement follows from a theorem of
Griinbaum [Gr69| (whose proof is more complicated). For the case d > 3 this improvement
is proved in [MS06, (iv) = (i) of Corollary 4.4, [Pa20], [PS20].

(b) The above proof of Theorem 6.14.3 is analogous to [Sk03, Example 2| where a relation
between intrinsic linking in 3-space and non-realizability in 4-space was found and used.
Although the proof is simple, it easily generalizes to non-trivial results like a simple solution
of the Menger 1929 conjecture and its generalizations [Sk03, Example 2, Lemmas 2 and 1|,
see survey [Sk14]|.

Ipumep 6.14.5. (a) (Artin, 1925) Cywecmeyem PL eaoocenue S* — R*, ne usomonmoe
cmandapmmomy.
Hint: rotate R3 C R* around R' C R3.
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(b) (Rolfsen, 1975) Cywecmeyem PL eaooicenue S* 11 S? — R*, ne usomonmoe 6a0vice-
Hw0, 006pazvl KOMNOMEHM NPU KOMOPOM AEHCAM 6 HENEPECeKAOUUTCA WAPAT, U CYHCEHUSA
KOMOP020 Ma KOMNOHEHMYL UBOMONHYL CIAHIApMHbM 8A0dceHusM. (Ux koafduyuenm 3a-
uenaenua pacen nyao, ubo Ho(RY — f(S?);Z) =0.)

Bameuanne 6.14.6. (a) Cuenymomee yrBep:kaerne (b) mokaspiBaer, 9T0 MepeceveHne Topa
¢ ofHUM W3 KoJer, Boppomeo B moctpoernn KoJier, Boppomeo mpu momorn Topa (§4.6) He
cay4vaiino. Yreepxkaenus (b,c), BMecTe coO CBOMMEI MaJOMEPHBIM i MHOTOMEDHBIM aHAJIOTAMI
(yrBepkenusmu 2.4.2 u 6.14.7) WLTIOCTPUPYIOT OJHY U3 UJeH JOKA3ATeTHCTBA TEOPEMBI 00
NP tpynnoctn 6.6.3.

(b) B mpocrpanctse ganbr PL BioxkeHHbIe TOp U Hemepecekatonmecss 1ucku D, Dy, mist
KOTOPBIX

e D, He mepecekaeT mapaJuiesu topa, a D, — mepuanana,

e 0D, 3alemieHo mo MOAY/II0 2 ¢ HapasIe bio Topa, a 0D), ¢ MEpUITAHOM.

Torma Top mepecekaer oObeUHEHE TPAHUI TUCKOB.

(c) B npocrpancrse nanbl PL BiosKeHHBIH TOP ¥ TTepeceKaroniuecss pOBHO B OIHOI TOUKe
3aMKHYTHIE JIOMAHBIE S, Sy, JJIT KOTOPHIX

e S, He 3alEIlIeHa 0 MOJIY/II0 2 ¢ MEPUIUAHOM TOPa, a S, — C MapaJLIe/bio;

e S, BalleIIeHa 0 MOJY/II0 2 ¢ TapasIeibio Topa, a S, — ¢ MEepHIHAHOM.

Torma Top mepecekaer oObeIuHEHHE JTOMAHBIX.

(d) B mocrpoennu npumepa 4.6.1.a HOCTPOEHBI HEMEPECEKAIONIUECS 3AMKHYThHIE JIOMAHbBIE
Sy, Sp, He mepecexaonne CTaHIAPTHBIA TOP, /IS KOTOPBIX BBIMOJTHEHBI Y€ThIPe CBOHCTBA U3
yrBepKaernust (b) (MOKHO JOCTPOUTH JNCKH, JJIsi KOTOPBIX BBITIOJHEHBI YeThIpe CBOMCTBA U3
yrBepxKienns (c)). [TosToMy aHAIOr yTBEp:KjeHUs (C) HEBEPEH ¢ 3aMEHOH YC/IOBUS <«IIepe-
CeKAIOIIecss POBHO B OJIHOII TOUKe» Ha «Hemepecekawmuecsy. Ho aHamor ¢ 3amMeHoit 3Toro
YCIOBUS HA «HEMEPECeKAIONNXCA He 3allellIeHHbIe» BepeH.

(e) TIpocroe mokasarenbcTBO yTBep:KAeHHi (b,c) MOKHO MONYyYNTH AHAJIOIMIHO yTBED-
waennio 2.4.2, em. [AMS+|. [Ipusem ueio Gosee CI0KHOTO JOKA3ATEIBCTBA, HCIOIB3YIO-
mero GpyHIaMeHTATbHY0 TpyIny (yTBepzKIeHue (¢) T0KA3bIBACTCA AHAJOTUIHO C HCIIOIb30-
BauueM TeopeMbl CTOJUIMHICA O HUZKHEM IeHTpaabaoM psiie rpynnsl [FKT, Lemma 7)).

Ecmu 661 B yrBepkaenun (b) wun 0D, uu 0D’ He mepecekaium TOp, TO KpuByr0 X Ha
TOpe, OJIM3KYIO K I'PAHUIE KBAJIPaTa, MOJYIEHHOTO W3 TOPa pa3pe3aHueM [0 Mapasiien u
MEPHJINaHY, MOKHO ObLI0 cTsiHyTh ¢ 0D U 0D’ no Topy. Ho 310 HEBO3MOKHO aHAJIOTHIHO
JIOKa3aTeJIbCTBY HepacHerigsemoctn B npumepe 4.6.1.a.

Hoes dokasamenvcmea ymeepoicdenus (b). Tak kak gucku D, D' KycOUHO-THHEHHO BJIO-
JKeHBI U He IepeceKaroTcs, To 3anerienue 0D LI D' uzoromnno crammapraoMmy. Ilosromy
rpynna 71 (R?* — 9D UOD") uzomopdua coboHol Tpymie ¢ aByMs obpasyiomumu. Tak Kak
napaJijiesib Topa He nepecekaer D' u 3anerniena mo Moy 2 ¢ 0D, To mapaJiiesb mpeacTaB-
JISIET HEYETHYIO CTEMeHb OHON 13 00pa3yonux. AHAJOIMIHO MEPUINAH TOPA MPE/ICTABIISTET
HEYETHYIO CTelleHb Jpyroii obpasyoieit. Obo3HaunM depe3 S KpUBYIO Ha Tope, OJIU3KYIO K
rpaHuIe KBaIpaTa, MOJIyIeHHOTO 3 TOpa pa3pe3aHueM Mo napaJjienu u Mepuanany. OKpy K-
HOCTDH S MpeCTaBIsgeT KOMMYTATOD 3TUX 0Opa3yIoMuX, KOTOpbIil He paBen eaunuuie. Ho S
roOMOTOIIHA, HYJI0 B Tope. [Toaromy on nepecekaer b0 D, mubo 0D’ .

Bamaua 6.14.7. O6oznaunm depe3 a := S' x 1 mapamiensb Topa u depes b = 1 x St
mepuman topa. [Tyers f: ST x ST S2 1 SE — R* PL oro6pakenne, npu KOTOPOM 0Gpa3bl
muozkecTs aUb u S21LIS? ne mepecekatorcst. s z,y € {a, b} obosnaunm uepes (Xy) cBoicTBO
«fS? zauensiena 1o Mojyiio 2 ¢ fy».

(a) B R* cymecTBytoT monapno Hemepecekamommecsa PL Biaoxkenusie Top u cepst S,, Sy,
JUIsT KOTOPBIX BBITIOJHEHO CBOHWCTBO (aa) W He BBINOJIHEHBI cBoiicTBa (ab), (ba).
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(b) (lemma o kosbiiax Boppomeo) Eciu jisg PL BI0OKEHHOTO TOpa U HEIIEPECEeKAIOTIHXCS
PL sroskennnix cdep S2, S7 B RY, Hu ona n3 KOTOPHIX He MepeceKaeT 00heInHeHne mapai-
JIeJIM W MepH/iaHa, BLIIOTHEeHb! cBoiicTBa (aa), (bb) u me BoimosHenst coiicrsa (ab), (ba),
TO TOP 1epecekaeT odbeaunenue chep.

(c) (memma o cuHrYISIpHBIX KoJblax Boppomeo) He cymecrsyer PL orobpazkenust f :
Stx STuS?2U S — RY npu KoTopoM 06pa3hl KOMIOHEHT MOMAPHO HE MepeceKaloTes,
BBITIOJTHEHB! cBoiicTBa (aa), (bb) u He BRIMONHEHBI cBolicTBa (ab), (ba).

(d) To e, uro B (b) u (c), 6e3 cBoiicra (ba).

(e) To ke, uaro B (c), aus PL orobpamxenus f : S' x ST S2V S — RY, npu koropom
FSEx SHN f(S2v SE) =0 u f(S?)N f(SE) coctour uz obpasza obmeit Toukn cep.

Jemwmbr (b,c) 10Ka3BIBAIOTCS aHAJIOIMYIHO yTBep:KaAeHuio 2.4.2, cm. geramm B [AMSH,
§2.2] (cp. ¢ 3ameuannem 6.14.6). Oun BaKHBI Jisi j0Ka3aresbcTBa TeopeM 6.6.3 u 6.10.3.c
06 NP-tpyanocTn npobiaembl (mouTu) peanusyemoctu runeprpacdos B RY.

6.15 On the number of faces in a k-subcomplex of 2k-space

The following Theorem 6.15.1.a is a higher-dimensional generalization of upper estimation
on the number of edges in a planar graph.

An embedding of a simplicial complex into R?¥*! is called linkless if the images of any
two d-dimensional spheres have zero linking number.

Teopema 6.15.1. (S. Parsa) (a) For every d there is C' such that for every n every d-
complex having n vertices and embeddable into R?*? contains less than Cpdt1i-3" simplices
of dimension d.

(b) For every d there is C' such that for every n every d-complex having n vertices and
linklessly embeddable into R2 contains less than Cndt=4"" simplices of dimension d.

The result (a) improves analogous result with Cnt1=3"" |De93| and is covered by the
Griinbaum-Kalai-Sarkaria conjecture (whose proof is announced in [Ad18]; see [Sk21d, Example
3.1]). See [Pa20, Theorems 3 and 4].

By Proposition 6.5.3.b the d + 1 join power [3]*™*Y) = [3]%...%[3] (d+ 1 copies of [3]) is
not (PL or topologically) embeddable into R??. The d+ 1 join power [4]*(¢*1) is not linklessly
embeddable into R***! [Sk03, Lemma 1| (we have [4]*> = K, 4, so the case d = 1 is due to
Sachs). Theorem 6.15.1 is implied by these results and the following theorem.

Teopema 6.15.2. For every d,r there is C' such that for every n every d-complex having
n wvertices and not containing a subcomplex homeomorphic to [r]*™Y contains less than
Cnd+ =" simplices of dimension d.

Proof of Theorem 6.15.2 is based on the following lemma similar to the estimation of the
number of edges in a graph not containing K, (Kovari-Sos-Turari Theorem).

JIemma 6.15.3. For every integersr, m, a, s and subsets Sy, ..., S,, C |a] every whose r-tuple
intersection contains at most s elements we have

1S + ...+ S| < 7(ma VsV 4 a).

The case 7 = 3 of Theorem 6.15.2 and of Lemma 6.15.3 is essentially proved in [Pa20].
The case of arbitrary r is analogous.
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Proof of Lemma 6.15.3. Denote by d, the number of subsets among Sy, ..., 5,, containing
element g € [a]. We may assume that there is v < @ such that d, > r when ¢ < v and d, <r
when ¢ > v. Then the required inequality follows by

Zm: |S;| = idq < m+idq and
j=1 1 q=1

q=

(i%) %) Vr_lidg (i) TrVr_li (dq) < rrar_li(dq) ®
q=1 q=1 " g=1 r

(4)
@ prgr-1 Z |1S;;N...NS; | < rrar_ls(

{a1,mdr}

m

) < r'm"d s,
r

Here
e the inequality (1) is the inequality between the arithmetic mean and the degree r mean;
e since d, > r when ¢ < v, the inequality (2) follows by

(B 2 (LN (2N (o] zrrdgr_”_z..&:dﬁ
r rl d, d, d, rl r r q

e the (in)equalities (3) and (4) are obtained by double counting the number of pairs
({71, --,Jr} q) of an r-element subset of [m] and ¢ € S;, N...NSj,. O

Proof of Theorem 6.15.2. Induction on d. The base d = 1 follows because if a graph on n
vertices does not contain a subgraph homeomorphic to K, ,, then the graph does not contain
a subgraph homeomorphic to K, and hence has O(n) vertices [BT98| (this was apparently
proved in the paper [Ma68| which is not easily available to me).

Let us prove the inductive step. If a d-complex K having n vertices does not contain a
subcomplex homeomorphic to [r]*“*1) then any r-tuple intersection of the links of vertices
from K does not contain a subcomplex homeomorphic to [r]*¢. Apply Lemma 6.15.3 to the
set of a < (”) < n? simplices of K having dimension d — 1, and to m = n subsets defined

d
by links of the vertices. By the inductive hypothesis s < Cn""". Hence the number of
_a\ U _
d-simplices of K does not exceed rnn" =1/ <Cnd*T2 d) = C'pdti—re, 0O

The following version of Lemma 6.15.3 is also possibly known. It was (re)invented by I.
Mitrofanov and the author in discussions of the r-fold Khintchine recurrence theorem, see
[OC, Problem 5.

Jlemma 6.15.4. For every integers r,m,a and subsets Si,...,S,, C [a] we have
D SO N P o b (Z \sj\) .
J1yeenjr=1 7j=1

Hoxasamenvcmeo. Consider the decomposition of [a] by the sets S; and their complements.
The sets of this decomposition correspond to subsets of [m]. Denote by ps the number of
elements in the set of this decomposition corresponding to a subset A C [m].

To every pair (A4, j) of a subset A C [m] and a number j € [m] assign 0 if j € A and
assign py if 7 € A. Let us double count the sum X of the obtained 2™ - m numbers. We

obtain -
Z 55| =% = Z | Alpa.
j=1

AC[m)]
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To every pair (A, (j1,...,Jr)) of a subset A C [m] and a vector (jy,...,Jj.) € [m]" assign 0 if
{j1,---,Jr} € A and assign pa if {j1,...,j.} C A. Let us double count the sum ¥, of the
obtained 2™ - m" numbers. We obtain

Z |Sj ﬂ...ﬂSjr|:E7ﬂ: Z |A|r/,LA
Jiyeenjr=1 AC[m)]

Hence by the inequality between the weighted arithmetic mean and the weighted degree r
mean, and using ZAC[m} 4 = a, we obtain

r

S > ) Alpa | = <Z\Sj\> :

AC[m] J=1

6.16 JI>xoitH

The following constructions generalize the definition of cone (§6.3).
Assume that subsets U,V C R? lie in skew affine subspaces. For U,V # () define the
(geometric) join

UxV i ={tr+(1—-tlyeR* : z €U, ycV, tcl01]}.

Define U () :=U and 0 x V := V.

The topological join U % V is the topological space obtained from U x V x [0, 1] by
identifications (x,y,0) ~ (2/,y,0) and (z,y,1) ~ (z,vy’,1) for each x,2' € U, y,y' € V. (If
you do not know the quotient construction for topological spaces, then regard this as an
informal interpretation.)

Bamaua 6.16.1. If U and V are unions of faces of some simplex A,, and are disjoint, then
U %V is the union of all faces of A,, that correspond to subsets o U 7, where 0,7 C [n + 1]
correspond to faces of U, V', respectively.

Complexes K and L are called isomorphic if there is a bijection f: V(K) — V(L) such
that a subset A C V(K) is a face if and only if the subset f(A) C V(L) is a face. For
simplicity, we use the equality sign between isomorphic complexes, although formally bing
isomorphic is not the same as being equal.

For complexes K and L take a complex L’ isomorphic to L such that V(K)NV (L) = 0.
Then the (simplicial) join K x L is the complex with the set V(K) LU V(L) of vertices and
the set {cU7 : o€ F(K), 7€ F(L')} of faces. Clearly,

Con K = Kx[1], K=Kx( C KxL, KxL=LxK, and (K;*Ky)xK3= Kx(KyxK3).
For subsets Uy, ..., U, C R? lying in skew affine subspaces the (geometric) r-tuple join is
Ul*.”*Ur I:{tll'l—f-...—f—trfL‘rGRd T EUj, tjE [0,1], tl—f-—f—trzl }

Analogously one interprets the (simplicial) r-tuple join of r complexes. The k-tuple join of
k copies of a complex K is denoted by K**.

Bamaga 6.16.2. (a) [1]** = D¥1;  (b) D*« D! = DF+i+1,
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For more discussions of the geometric, topological, and combinatorial join see [Ma03,
§4.2].

[pBa kommiekca HasbiBaorcsi (PL) romeoMopdHBIME, eciin OWH MOXKHO TOJYYIHThH
13 Ipyroro (TodHee, W3 KOMILIEKCA, W30MOPMHOTO JAPYroMy) OHepamusiMi MOIpas3/ie/ e H st
pebpa u obparabiMu K HEM. Obo3HadeHne: K = L. XoTd 3aJa4d 3TOr0 IIyHKTa CHOPMY/IH-
poBanbl 11 PL romeoMopdHOCTH KOMILTEKCOB, BBl MOYKeTe BMECTO 9TOTO MPUBECTH TOKA3a-
TEJILCTBO TOMOJIOTHYECKON roMeoMOphHOCTH UX Tel (CM. ompejieneHue B 1. 6.7 u mojapo6HO-
cru B [Sk20, §5]).

Bamaua 6.16.3. (a) [2]*F = Sk, (b) (S1)*F ~ 521

(C) Sk " Dl o~ Dk+l+1; (d) Sk * Sl o Sk+l+1.

Part (c) follows by part (a) and assertion 6.16.2.a. Parts (b,d) follow by part (a).

Hint to (a). Mugykius mo k. Baza k = 1 oueBuaua. [Ijis1 10Ka3aTeIbCTBA [IATa UH/LYKIUHI
JI0CTATOYHO MOKazaTh, 4to S* 22 SF~1 4 [2]. O6osnaunm uepes Fy = (g“,:r ﬂ) MHOKECTBO BCeX
rpaneii cepnt S*. Oroxkaecrsum [2] ¢ {k+ 2,k + 3}. Pasencrso S*¥ = S*~1x (2] cienyer uz
Toro, uro Fj, nepeBogurcst moppasouennem rpanu [k + 1] BeprmmHoii k + 3 B MHOKeCTBO

Fr U{aU{k:—i—Q} c 0 € Frq} U{aU{k:—i—?;} c 0 € Frq}

Beex rpamneii azkoitna SF1x [2].

Bamaga 6.16.4. Any map (a) S* — [3]*%;  (b) S¥ — [r]***2 is null-homotopic.

Part (a) and the case k = 1 of part (b) are proved using Seifert-van Kampen Theorem
[Sk20, §14]. Then part (b) is proved using Hurewicz Theorem and Mayer-Vietoris sequence
Sk20, §§11, 14].

If K is a k-complex, 2m > 3k + 3 and the join K x [3] PL embeds into R™*2 then K PL
embeds into R™. [PS20]

6.17 JlekapToBO IIpoOuU3BeJIcHNIE

B srom nynkre K u L — rpadnr ¢ Bepmunavu 1,2, ... vx u 1,2,... vy, HEe uUMelonue
U30/IMPOBAHHBIX BEPIIHH.

Jng mommuOoXKecTBa U C RY (reoMerpuueckuM) HMUAXHAPOM HaJ U HAa3bIBAeTCS
Ux D' :={(z,t) e R : x €U te€[-1,1]}. Hazpaune «qumnngp» NPUHATO TOTOMY,
YTO IUJUHJIP HAJl OKPYZKHOCTBIO SIBJISIETCST OOKOBOI MOBEPXHOCTHIO «OOBIYHOIOY IMUJIMHIPA.

Huauaapom (komGuHaTopubiM) Hal rpadom K HazbiBaeTcs J11060it 2-komiuieke K x DY)
PL romeomopdHubrii grobomy u3 aByx caenyomux (PL romeomopdubix apyr apyry).

lepswiti Komn.aere crpoutes o HabOPy opueHTanmit Ha pebpax rpada K, nMeeT BepIIHHBI

1,2, 0, 1,2/ ... vl uBce rpanu {4, 5,7}, {7, j', j}, vme (i, j) — opuenTupoBanHOe pe6po
rpacda K (puc. 6.17.1 ciesa).
Bmopoti komnaexc mveer Bepmunbt 1,2, ... vk, 1,2 . v g, ..., U, TIE € — KOMIN-

qecTBO pebep rpada, n Bee rpaun {i, J, ue}, {7, j', uct, {7, 7, ue }, {1, 7', ue}, vHE € = (4,5) —
pebpo rpada.

For instance, the cylinders over Ky = D', K3 = S' and K5 (or rather their PL ‘realizations’
in R3, see §6.5) are shown in Figures 6.17.1, left, 6.17.1, middle, and 6.17.2, respectively.

Bamaua 6.17.1. (a) [luausap A MyTeM, KOHYC HAJ| IyTeM, KOHYC HaJI IUKJIOM H 2-THCK
D? nonapro PL romeomMopdhHEL.

(b) IMumuaapsl HaL roMeoMopdHbIME rpadhaMu TOMEOMOPQHBI.

(¢) Hunmunap max n-ogom Ky, = [1] x [n] PL romeomopden konycy mazg n-omom. (dtu
KOMILIEKCHI H300parkaloTcsl KaKk KHUKKa ¢ 1 Jauctamu, cM. puc. 6.3.1 u [Sk20, . 2.2|.)
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Puc. 6.17.1: Left: Realization in R? of the square of the complete graph on 2 vertices.
Middle: Realization in R? of the product of the complete graphs on 2 and on 3 vertices.
Right: Realization in R? of the square of the complete graph on 3 vertices.

Puc. 6.17.2: Realization in R?® of the product of the complete graphs on 5 and on 2 vertices.

Bamaua 6.17.2. (a) I[Tocrpoiite «pa3buennes Opu3Mbl (F€OMETPHUYECKOrO MUJIAHJPA )
D* x D' C R¥! na (k + 1)-cumriekcs.

(a’) To ke, HO BepIIUHBI KaxKI0r0 U3 (k + 1)-CUMILIEKCOB SIBISIOTCS HEKOTOPBIMHU Bep-
muaaMu npusMbl. (He 3a0ynbre mokasarh, 9To 910 «pasbueHues.)

(b) OnpenennTe KOMOHHATOPHBIH YuAUHIP HAJ TIPOU3BOJHHBIM KOMILIEKCOM.

(¢) Luwmuaapbl HaL TOMEOMOPMHBIMI KOMILTIEKCAMH TOMEOMOPDHBIL.

s nomvmoxects U,V C RY ux (reomerpudeckny) MPOU3BEICHHEM Ha3BIBAETCS
UxV:={(x,y) eR* : €U, yeV}.

The product K,, x K, is any 2-complex PL homeomorphic to any of the following two
2-complexes (PL homeomorphic to each other):

e 2-complex on mn vertices (j, p), where j € [m], p € [n], and whose faces are all 3-element

sets
(*) {Up),(k,q), (G q)} and {(4,p), (k q),(k,p)},

where 1 <j<k<m,1<p<q<n.
e 2-complex on mn + () (%) vertices (j,p), where j € [m], p € [n], and (a,b), where
a € (T;), be (g), and whose faces are all 3-element sets

() {(p), U, 0), {4k} {p.q})} and  {(4,p), (k,p), ({4, k}, {p,q})},

where 1 <j<k<m,1<p<q<n.

For instance, the product K3 x K3 = S! x S (the torus) is shown in Figure 6.17.1, right.

ITpousBenenuem (kombunatopubiM) K X L rpados K u L nassiBaercs 060§ 2-KOMILTEKC,
PL romeomopdubrii grobomy u3 aByx caenyomux (PL romeomopdubix apyr apyry).

Iepewiii Komnaexe cTpouTes 1o HabopaM opueHTanuii Ha pebpax rpados K u L, umeer
BepuuHbl (7,p), j € [vk|, p € [vL], u Bce rpanu (*), tae (j, k) u (p,q) — opueHTHPOBAHHbIE
pebpa rpados K u L.
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Bmopoti komnaexc umeer Bepumust (j, p), j € [vk|, p € [vr], u (e, f), tme e u f — pebpa
rpacdos K u L, a takxe Bce rpanu (**), e {j,k} u {p,q} — pebpa rpados K n L.

Bamaga 6.17.3. (a) Ksagpar T x T tpuona T := K3; = [1] % [3] PL romeomopden
KOHYCY HaJi HeKOTOPBIM rpadoM (Has KakuMm?).

(b) Ecim K =2 K'w L= L' gs rpados K, L, K’ L', to K x L =2 K' x L.

Bamaua 6.17.4. (a) [TocTpoiite «pa3buerues TPU3MBI (T€OMETPUIECKOTO MTPOU3BEICHUS )
D* x D! C R* ma (k + [)-cuMruiexcr.

(a’) To ke, HO BepIUHBI KazK 010 U3 (k + [)-CHMIIEKCOB SIBJSIOTCS HEKOTOPHIMU BEPITH-
Hamu nipusMbl. ([lokazkure cHavaga Jyist k = [ = 2; «COKMHUTe TpaHW» B MOCTPOEHHOH Bamvu
TpuaHryaanun npoussejenus D? x D' x D': ne zabyabre j10Ka3aTh, uTO 910 «pasbueHues.)

(b) Onpenennre KOMGHHATOPHOE NPou3sederue TPOU3BOIBHBIX KOMILIEKCOB.

(c) The join P * @ contains the product P X Q.

(d) Con(P x Q) = Con P x Con Q st 106bx Komiiekcos P u Q).

(e) T* = Con([3]**).

B n. (c,d,e) mokaxkure, Ha Barm BRIGOD, TOMOJOMHYECKYIO COAEPKUMOCTEL / ToMeoMopd-
HOCTb TeOMETPUYECKUX KOHYCOB / JKOIHOB / mpousBejenuii, wim PL comep:kuMocth |/ ro-
MeOMOPGhHOCTH KOMOHHATOPHBIX KOHYCOB / JZKOWHOB / TPOU3BeIeHuii.

3amaga 6.17.5. BiioKuMO Ji1 KyCOYHO-JIMHEHHO B IJIOCKOCTH ITPOU3BEICHUE
(8,) Koy x Kg, (b) Koy x T, (C) Kg X Kg?

Bamada 6.17.6. Bioxnvo i Kycouno-mmueitno B R? nponssenenne

(a) Ky x K,,;  (b) npousBosbHOro mianaproro rpada na Ks; (¢) T x T?

Bameuanne 6.17.7. (a) Analogously to [Sk14, §4| the products K5 x K3, K, x K4 and
K33 x K3 are not PL embeddable into R®. This and the answers to Problems 6.17.6.abc
imply that

e the product K,, x K, is PL embeddable into R? if and only if either min{m,n} = 2 or
orm=mn=3or {m,n} ={3,4}.

e the product G x H of graphs is PL embeddable into R? if and only if either one of
the graphs is a point, or one of the graphs is homeomorphic to D!, or one of the graphs is
homeomorphic to S' and the other is planar.

(b) Analogously to [Sk14, §4] the product K5 x Kj is not PL embeddable into R*.
On the other hand, [Sk14, Example 4.4| generalizes to show that the product K; x K,
is PL embeddable R* for every n. (BoJee Toro, jexapToBo npoussejieHust JI0ObIX IBYX I'pa-
o, onun u3 Koropeix maanapen, PL sioxumo B8 RY.) Hence the product K,, x K, is PL
embeddable into R* if and only if min{m,n} < 4.

(c) The following is proved in [Sk03| (cf. [ARSO1]): Let G, ..., G, be connected graphs,
not homeomorphic to the point, to D' and to S*. The minimal dimension d such that Gy X
cox Gy x (8Y)* x (DY) is PL embeddable into R? is

2n+s+1i either i # 0 or some Gy, is planar
2n+s+1 otherwise '

Answers to 6.17.5. (a) — na, (b,c) — mer.

Hints to 6.17.6. Orsersr: (a,b) — xa, (¢) — Her.

For (a) the PL embeddability follows because in the construction in [Sk14, §4.3]

o for any 1 < p < g < n the triangles A;,A5,A5, and A;,A9,A;, intersect exactly by the
common side and lie in the parallelogram 12 x pq.

e since points (0,0,0),V, Ay, ... Ay, are in general position, if parallelograms 12 x pg and
12 x rs have a common point, then they intersect by a common side.
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For (b) the realizability improvement is checked analogously.
(c) T x T = Con Kj 3.

6.18 Embeddability of products and twisted products *

[TpuBeaem 3a1a4uu Jijisd UCCAETOBAHUS O BIOKUMOCTH KOCBIX MTPOU3BEICHUI

Kocwm npoussederuem G, epaa G na oxpyscrocms, omeeuaouum asmomoppusmy
© Ha3bIBaeTCs (burypa, moaydeHHas u3 nuauHapa Hajl rpadom G ckieiikoit pebep A'B’ u
©(AB) nst kaxgoro pebpa AB rpada G. fcno, uto kocoe npoussepenneM rpada G Ha
OKPYZKHOCTH «BBITVISIUTY KaK

e (GOKOBAs MOBEPXHOCTH (OGBIYHOTO) IMIJIMH/IPA WK Kak Jienta Mebuyca mig mytu G,

e Top i OyThUIKa Kieitna (3amaua 6.1.1.b u npumep mocne wee) aus nukna G,

® pe3yJIbTaT HEKOTOPOi o-CKJeiiku s n-oga G.

Banaua 6.18.1. (a) (K})iq PL Broxkum B R3.

(b)* dins xkaxkux aBromopdusmos ¢ : Ky — Ky B R?* PL Bnoxum (Ky),?
(c) (K3)iq PL nesioxum B R3.

(d)* dns kaxnx asromopdusmos ¢ : K5 — K5 B R® PL Bnoxum (Kj),?

Bamaua 6.18.2. * JIng kakux rpados G u apromopdusmos ¢ : G — G Kocoe npon3Be-
nenne G, PL Bioxnmo B R3?

Onpenenernne I- u S*-paccaoenudi nad epagamu cm. B [Sk20, m. 13.1].

Bamaga 6.18.3. (a) Jlioboe [-paccioenue uaj rpadom PL Baoxkumo B R3.

(b) S'-paccmoenme man rpadom PL Baokumo B R® Torma m Toapko Torma, Korga rpad
NJIAHAPEH, a PACCTOCHHE SBJISETCS MPIMBIM MTPOU3BEICHUEM.

(c)* Kakue pacjioennst HaJ| okpy:KHOCThIO ST co cioem rpad PL Biaoxkumbr B R3?

(d) T-pacciioenne naj cesazubiM rpadom PL Bioxumo B R? Torma u ToabKo Torjia, Kora
5TOT rpad sIBJISETCS MUKJIOM U TIePeCTAHOBKA pebep TPUoja, onpeaessionast 1T -paccaoenue,
vernag. (Onpenenenne T-paccioenns g Tpuoga T aHAaIOTHIHO ompejenennto I- u Sl-
paccIoenmii. )

Pemenus 3aa4a 6.18.3 mo3Bo/sT onucaTh Bce KOochble npousseienus rpados, PL Broxu-
Mbie B R3,

Bamaga 6.18.4. (a) Ipoussenenue P x S' 2-kommiexca P u okpyzxHoCcTH (3TO Tpex-
mepHbiii komiiexke) PL Biaoxkumo B R3 torya u Toibko Toria, Korja P itanape.

(b) Iunomesa. Uunuaap P x I waj 2-xkomiiekcom P (310 Tpexmeprbiii komiieke) PL
B1okuM B R? TOra u TOMILKO TOra, KOra HUKaKoil roMeoMopdHBIi P KOMILIEKC He coaep-
JKHUT HOIKOMILIEKca, romeomopduoro kronke (puc. 6.3.1, Ky ;) nan nenre Mebuyca. (Oba
9TU cBOicTBA paBHOCUIbHBI PL Biaoxkumoctn P B cdepy ¢ HEKOTOPBIM KOJIMYECTBOM PYyUeK.
Ucnonp3yiite naewno nqokasareabcrBa Teopembl Xannua-FOnra 6.13.1.a.)

(c) Kakne npsamble npou3BeieHus 2-KoMILTekca Ha rpad PL Baoxkuvbr B R3?

(d)* Kakue [-paccioenns Haj 2-KoMmmekcamu PL Broxumbr B R3?

(e)* A S'-pacciioenns?
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7 Teopembl 0 HEOTbEMJIEMBIX IlepecevyeHnsIX

7.1 JIuHeiliHble TeOpeMbl 0 HEOThbEMJIEMBIX ITepecedeHudax

B smom napaepagpe crosa «ors mobvx ueanz d,r, N,k > 0» 6 nauware Gopmysuposor npo-
NYCKAIOMCA.

[TomvmozkecTBo B RY HazbIBaeTCA 6LINYKABLM, €CTH T TOOBIX IBYX €ro TOUEK COeTH-
HSIONUI UX OTPE30K COAEPXKHUTCA B ITOM ITOJMHOKECTBE. BhIMykJiol o6osoukoii (X)
nogMHOKecTBa X C R? HaspIBaeTcs HAMMEHBIIEe TI0 BKIIOUCHHIO BEITYK/I0e MHOKECTBO, CO-
nepxamiee X . BeITyKaoit 060/I09KOit KOHEUHOr0 HAGOpa TOUEK pi, ..., P, € R? apasgercs
MHOYKECTBO

{apr+ .. +app, @ 1,0, >0, a1+ ...+, =1}

Brinmyknasg 060/109ka KOHETHOTO HAOOpa TOUEK Ha MIOCKOCTH — HAUMEHDIINN M0 BKTIOYEHHTO
BBIMTYKJIbII MHOTOYTOJBHUK, UX COJIePKAIITAIA.

Bepnmae! d-MepHOTO CHMILIEKCa, 06pa3yioT MHOXKeCTBO 3 d + 1 Toukn B RY, mpn mo6om
pas3bueHnu KOTOPOTro Ha JIBA MHOYKECTBA BBIYKJIbIe 000JI0YKN MHOZXKECTB HE TePeceKaroTCs.

Teopema 7.1.1 (Pajon, cp. Teopemy 2.1.1). Jhobwe d+ 2 mouxu ¢ R moosicro pasbums na
064 MHOICECMBA, BHINYKAVLE 000A0UKY KOMOPLLT NEPECEKAIOMCA.

TeoMmeTpuvecKoe HHIYKTUBHOE JTOKA3ATENLCTBO NPUBEIeHO HuKe, cp. [Pe72, Kol8, Skl4,
RRS|. CranmaprHoe asirebpandeckoe I10Ka3aTeJbCTBO CM., Hanpumep, B [BZ16, RRS|.

Pazbuenune u3 Teopembr Pajiona e IMHCTBEHHO, CP. ¢ yTBepx)aenueM 2.1.2.

Bepubl 2k-MepHOro CHMILIEKCA i ero HeHTp 06pa3yior 2k 4+ 2 Toukn B R?*, npn sobom
pa3bueHnn KOTOPHIX Ha 1B (k+ 1)-3/1eMEeHTHBIX MHOYKECTBA BBIMYKJIBIE 000JTOUKHE MHOXKECTB
HE TIepeceKaroTCs.

Teopema 7.1.2 (JTuneiinas reopema san Kammnena—®iopeca, cp. yrBepxkaenne 1.1.1.a). U3
mobviz 2k + 3 mouex 6 R* mooicno ewbpams dea nenepecexarouyuzea (k + 1)-aaemenmmoix
MHOACECTNGA, BHINYKABIE 000A0NKYU KOMOPLLL NEPECEKAIOMCA.

Anrebpamyeckoe mokazareabeTBo M. B [BM15]. Teopema 7.1.2 nmeer «KOJTHIECTBEHHYIO
BEPCHIO», AaHAJOTHIHYIO yTBepKaeHnto 1.1.1.b. Bepcus Teopemsr 7.1.2 B HEUETHBIX pa3sMepHO-
crax (reopema Koupes-T'oppona-3akca-Crenra-Cerasa-Jlosaca-I1IpuiiBepa-Tanusivbr) npu-
BesieHa, nanpumep, B [Sk14, Teopema 1.6] nan B [Sk16, §4|, cm. (VKF,) nist d weverHoro.
[eomerpuveckoe MHIAYKTHBHOE TOKA3aTeJbCTBO TeopeMbl 7.1.2 (BK/IOYAs KOJMYECTBEHHYIO
BEPCUIO W KOJMYECTBEHHYIO BEPCHIO B HEYETHBIX PA3MEPHOCTSX) AHAJOIMYHO JOKA3ATE]b-
CTBY JIJIsl MAJIOMEPHBIX CJIyuaeB, u3aoxeHHoMy B o63ope [Sk14|. Theorem 7.1.2 also follows
from its topological version 7.2.2 (surprisingly, such a deduction from a stronger result is not
much harder than a direct proof).

JInbo BO3bMEM BepIIUHBI d-MEPHOTO CUMILIEKCA, KayK/IYI0 ¢ KpATHOCTHIO 7 — 1, Inbo st
KayKJI0#f U3 BepIInH BO3bMeM 1 — 1 OJM3KHX TOYEK, JIeXKAIIUX B OOIEM IMOJTOKEeHUH, JTUOO
BosbMeM Jiobbie (d+1)(r — 1) Touek obmero nonoxkenus B R, Tlomyanm (d+1)(r — 1) Touxn
B R?, mpu m060M pa3bueHnH KOTOPHIX Ha I MHOYKECTB BBITYKJIBIE 000J0UKH 3THX MHOMKECTB
HEe UMEIOT O0IIeil TOUYKM.

Teopema 7.1.3 (Teepbepr, cp. Teopemy 2.1.4). Jhobwve (d+1)(r—1)+1 mouex 6 R? mosicro
Pa3bumMb HA T MHOICECTNG, BCE T BUNYKABT 00040%EK KOMOPYIT UMEIM 00ULYI0 MOYKY.

Quantitative analogues of Theorem 7.1.3 and Conjecture 7.1.4 are unknown, even for
r > 2 a prime.
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MoTHBHPOBAHHOE M3JI0ZKEHIEe W3BECTHOTO jJoKa3aTeabecTBa cM. B [RRS|. Ono ocHoBano Ha
caeayronieit «uBeTHoit Teopeme Kapareomopus (mokasanuoit Bapaunewm): ITycmos mouka 0 €
R™ searcum 6 evinyk.aoti oboaouke Kascdozo us n+1 xoneunnr muwoscecme My, My, ..., M, C
R™. Toeda cywecmeytom mouxu m; € M;, das komopwx 0 € (mg, My, ..., My).

PaccmorpunM B R Bepmmumbl k7-MepHOTO CHMILIEKCA U ero MeHTp. JIH60 BO3BMeM ITH
kr 4+ 2 Toukm, KayKayi0 C KpaTHOCTbIO 7 — 1, OO I KaXKJI0i U3 3TUX TOUYEK BO3bMEM
r — 1 GIU3KAX TOYeK, JexKanux B obmeM mosnoxkenun. [lomyanm (r — 1)(kr +2) Todex B R*"
TaKWe, 9TO JIJIs JIIOOBIX 7 TIOMAPHO HellepeceKaronmxcest Habopos u3 k(r — 1) + 1 Tovek Bee r
BBITYKJIBIX 000/0UEK 9THX HaOOPOB He MMeIoT obmieit Toukn. 2

T'mnore3a 7.1.4 (J/luneiinag r-kparHas rumore3a Ban Kamnena—®mopeca). U3 ar00vix
(r — 1)(kr +2) + 1 mouex 6 R mooicno evibpams r nonapno menepecekaouuses noommo-
orcecms no (k(r — 1) + 1) mouex 6 kastcdom, 6ce 1 GuNYKABT 000404€K KOMOPHLT UMENOM,
00ULY10 MOYUKY.

D10 BepHO JJ1s1 1 poctoro [Sadlg| u mazxe auist r crenenn npocroro [Vo96v|, Ho siBiisiercst
OTKPBITO# mpobsiemoii st apyrux r [Frl7, nagamno §2|.

3ameuanue 7.1.5. CymniecTByoT i 6 TOUEK Ha IJIOCKOCTH, IPU JTI0OOOM pa3dHEeHHH KOTOPBIX
Ha 3 MHOZKeCTBa BBIIIYKJIbIE O60.HO“IKI/I HEKOTOPBIX ABYX U3 9TUX MHO2KECTB HE HepeCQKaIOTCH?
1o "acTHBI ciaydait runore3nl Reay, https://arxiv.org/abs/0710.4668

T'eomempuueckoe undykmustoe dokazamesvcmeo meopemv, Padona 7.1.1. Nnnyknust o d.
baza gna d = 1 oueBngna.

Ay
Puc. 7.1.1: K noka3arenncTBy Teopembl Pajona

llepexod or d x d + 1. CymiecTtByer d-MepHas THIEPILTOCKOCTb (v, IS KOTOPOi POBHO
OJIHA TOYKA M3 JAHHOTO HADOPA JIEJKUT II0 OIHY CTOPOHY OT (v, & OCTAJbHBIE — IO JPYTYIO.
Ob6oszraunm gepes O oxHy TOUKY Habopa, a depe3 M MHOKECTBO OCTABITAXCS TOYEK HabOPa
Tak, 9To0bl v oryesiia O or M. st moboit rtouku A € M obosnaunm A" := a N OA.

Bocmonbsyemcest Teopemoit Pajona mist muoxkecrsa M’ = { A" | A€ M } u3 d + 2 Touex
B d-MepHOM mpocTpancTBe «. [lomyunm pasbuenne Ha aBa MHOKectBa Ul u Uj, BBIIYKIIbIE
000JIOYKN KOTOPBIX mepecekaiorcss B Touke X'. O6osnaunm Uy == {A | A" € U} u Uy :=
{A|A eUj}.

ZFor r = 3k = 3 cf. [Ma03, Example 6.7.4]: ‘It is not known whether such triangles can always be found
for 9 points in R?’.
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dcno, uro U] C (O, Uy). Crenosarensuo, X' € (O, Uy), u, 6osee Toro, Bech orpe3ok OX’
conepxkurces B (O, Ur). Obo3naunm depe3 X, 104Ky, mas Kotopoii npsmast OX' nepecekaer
(O, Us) no orpesky OX;. Torna X; € (Uy) n X' € OXj.

Anasnornano, yepes X 0003HAUNM TOUKY, JJist KoTopoii mpsivast O X' nepecekaer (O, Us)
1o orpe3ky OX,. Torna X, € (Us) u X' € OXo.

Toukn X7 u Xy nexar na ayde OX’'. He ymanas obmuoct, X gexur Mexay O u X;.
Torma Xy € (O, U;) N (Us), 910 11 TpeboBaIOCh. O

7.2 Tomosormdyeckue TeopeMbl O ABYKPATHBIX MEPECEIECHUAX

Obo3HaunM Yepe3 Ay CHMILIEKC pa3MepHOcTH N.

Teopema 7.2.1 (Tonomoruueckasi reopema Pazona, [BB79|, cp. ¢ Teopemoii 2.2.2). Jlaa
1106020 omobpasicenus Agp — R 06pasv. nexomopuixr necmescnolx epareti nepecexaomcea.

DTO JOKA3BIBAELTCS C MCITIOIH30BaHIEM YuCIa Paiona win 3HaMeHuToi Teopembl Bopceyka-
Ynama 6.5.4 (amamornuno ciaydaio d = 2 B . 2.2 u m. 8.1). Teopema 7.2.1 unTepecHa Kax
«CHUMILTAIAATLHBINAY aHaaI0r TeopeMbl bopcyka-Yrama6.5.4.

Teopema 7.2.2 (Ban Kammen—®uopec, cp. ¢ Teopemoii 1.4.1 u yreepxaenuem 6.5.3.a). s
1106020 omobpasicenua Ngyo — R o0bpasv nexomopwz necmesichvs k-meproix 2panerti
nepecekaomces.

D10 caeayeT u3 TeopeMbl 7.2.1 g d = 2k+1 aHATOTHYIHO 3aMeTIaHuo 7.2.3.€, I3 TeOPeMbl
Bopcyka-Yiama 6.5.4 (em. BeiBox B [Ma03, §5]), u3 semmbr 6.7.3. DT0 TakKe TOKA3BIBACTCS
C UCIOJIH30BAHUEM WHIYKIIHH MO PA3MEPHOCTH (AHAJOIHYHO MAJTOMEPHBIM ciaydasm [Sk14,

7i13)).

Bameuanne 7.2.3. (a) Teopembr 7.2.1 u 7.2.2 o606mator Teopembr 7.1.1 u 7.1.2, coorser-
CTBEHHO. AHAJOrMYHBIE 3aMeYaHus JIJIs HUKeCIeIyIONMNX TeopeM M THIIOTe3 CHpaBe/ITHBbI
W TPOIYCKAIOTCS.

(b) Orobpaskenne f : Ay — R? naswisaercss TUHEHHBIM, ecii

Oz + (1= Ny) =Af(z)+ (1 =N f(y)

ans mobbix A € [0,1], 7,y € A. Orobpamenne Ay — R? naspiBaercs KyCOUHO-TMHEHHBIM
(PL), ectu 0OHO JIMHEHHO HA KAYKJION IPAHU HEKOTOPOIl TPUAHTY/IANMU CHMILTIEKCA Ay .

CBoiicTBO «0Opa3bl HEIIEPECEKAIOITNXCs TpaHeil He MepeceKalTcay YCTORINBO, T.e. COXpa-
HSIeTCSI TIPH JIOCTATOTHO MAJIOM IIeBeJIeHuH 0Tobpazkenus (cM. 3amedanue 6.10.3.b). TTosromy
ecsim B Teopeme 7.2.1 3amennTh (mpornyiienHoe) «HenpepbiBHOe» Ha «PLy winm na «PL 06-
orero MmoJIOZKEHHUA», TO MOJYyYIaTCd PaBHOCUJIBHBIC YTBEPXKICHUA. AHaﬂOFHquIe 3aMeYdYaHUuA
JIUTST HUZKECIEYIONIIX TeOPeM U THIIOTe3 9TOTO MyHKTa CIPABEIUBBI U MPOMYCKAIOTCS.

(c) Teopembr 7.2.1 u 7.2.2 umeror «kogmdecTBeHHble Bepcun»: (d) m Lemma 6.7.3, ana-
qgornaawie jemMaM 1.4.3 u 2.2.3. [Ipamble 1oKa3aTe/bCTBA HEKOTOPBHIX CBA3€il MEXKIY STUMH
pesynbraramu cM. B 1. (e) u [Sk16, §4].

(d) For any general position PL map f: Agzy1 — R the number of non-ordered pairs
{z,y} of points in disjoint k and (d — k)-faces (for all k = 0, 1,...,d) such that f(z) = f(y),
is odd. (For k = 0, d this number can be different from the number of intersection points in
R? of images of disjoint k and (d — k)-faces.)

The proof is analogous to Lemma 2.2.3.

(e) [MpuBemem BHIBOJ Teopembl 1.4.1 (T.e. Teopembr 7.2.2 mast k = 1) U3 TONOJIOrHYECKOR
teopembl Pajona 7.2.1 gas d = 3.
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[Iycts, nampotus, f : K5 — R? — orobpaskenne, Jjs KOTOPOIo 00pa3bl HECMEKHBIX
pebep He mmeror obmieii Touku. [Tpomomxum f npoussosbao Ha Ay (eMm. [Sk20, §3.4]; 06b-
equnenne pebep cumiuiekca Ay ectb rpad Ki). O6o3nadnm yepes p(z) paccrosiaue oT TOUKH
x € Ay 10 obbeauHenus pebep cuminiekca. Joxkaxem, aro f X p 1 Ay — R3 apasgercsa konTp-
npuMepoM K Tteopeme 7.2.1 maisa d = 3.

[IycTh, HATPOTUB, HEKOTOPBIE JIBE TOUKHU X1, Ty € Ay JIEKAT B HETIEPECEKAIOIUXCST TPAHIX
W 0TOGpa3wInch npu f X p B ofHy Touky B R3. PasMepHOCTH 0HOl U3 5THX rpameii (H.y.o.,
nepBoit) ue Goabme 3 — 1, nosromy ona e npesocxomut 1. Bnaunt, p(z1) = 0. Torna p(zs) =
p(x1) = 0. ITosromy ycnosue f(x1) = f(x2) npornBopednt TOMY, 9T0 f-00pa3hl HECMEKHBIX
pebep He UMe0T ODIIeil TOUKH.

7.3 Tomosormyeckue TUNOTE3bl 0 MHOTOKPATHBIX TI€PeCcedeHnsTX

HamoMuuM, 9T0 KOMIIJIEKCOM Ha3bIBaeTcs HAOOp HEKOTOPBIX Ipaneil cumiiekca. Oobenn-
HEHUe 9TUX IpaHeil OyieM TakyKe HA3BIBATH KOMILIEKCOM (TOUHEe, OHO HA3BIBACTCS MEAOM
kommrekca). Cum. mompobuee §6.4.

Orobpaxenne f: K — R? xommrexca K HasbiBaeTcs TOYTH 7-BJIOYKEHUEM, ecam 00-
pasbl JIIOOBIX 1" MOMAPHO HECMEXKHBIX rpaHeil oy, ..., 0, He UMeT o0IIeil TOYKu:

flor)n...n f(o,) = 0.

Teopemsr 7.2.1 u 7.2.2 yTBep:K/AIOT, UTO He CYNIECTBYeT TodTH 2-Biaoxkenmit Az, — R u
obbenHenus k-MepHBIX rpaHeil cumiaekca Agy o B R?F. Cum. 3ameuanns 6.10.3.b n 7.3.7.e.

T'unoresa 7.3.1 (Tononornueckas runore3a Teepbepra). He cywecmeyem nowmu r-6a0icenus
d
Arnyr—1) — R
Hnvimu crosamu, das aobozo omobpasicerus Agyryr—1) — R? o6pasv. nexomopwz
NONAPHO HECMEHCHVIT 2PAHEL UMEIOM 00ULYI0 MOUKY.

DTta rumore3a obodmaer Teopemy TBepOepra 7.1.3 um Tomosorundeckyo Tteopemy Pasmona
7.2.1. Tunore3a BeiaBuHyTa 3. Baiimouem, 1. Bapanem [BB79| u X. TeepGeprom [GST9,
sajava 84|. OHa cunTanach NEHTPAIbHOI HepeIeHHO TpoOJIeMOll TOMOIOTHIeCKOl KOMOH-
HaTopuku. [To MoeMy MHeHWIO, OJHA W3 MPUIUH JJIsI 3TOrO Caeayiomas. Fe mcciemsoBanme
— OJWH U3 NEPBLIX NTPpUMEPOB B TOIIOJIOTUYECKOI KOM6I/IH&TOpI/IK€, AJIgd KOTOPOT'O ,Z[eﬁCTBHH
IPYIIOB Zo HEJOCTATOUYHBI U HYZKHO PACCMATPUBATL 0OJIEe CIOYKHBIE TPYIIIL.

DTa rumoresa BepHA, €CJU ' — CTeIeHb IPOCTOr0, U HeBepHA MHAYe.

Teopema 7.3.2. (a) [BSS, Oz, Vo96] Ecau r — cmenens npocmozo, mo He cyujecmeyem
nowmu r-enovcenus Agirr—1) — RE.

(b) (em. [Oz, Gr10, BFZ14, Fri5, MW15] u cuocky 29) Ecaur — ne cmenens npocmozo
ud>2r+1, mo cywecmsyem nowmu r-6a0ocenue Agi1yr—1) — RY.

Yacre (a) as mpocroro r nokasama B [BSS|, em. [Ma03, §6.2] u o630p [Sk16, §2.2|. A
simplified exposition of Gosee mpocroro mokazarenncrsa from [VZ93|, [Ma03, §6.5, p. 166-
167] npuseneno B §8.4. Hacrs (a) must 7 crenenun npocroro pokasana B [0z, Vo96|, cm. 0630p
Sk16, §2.3].

JI7s mepBBIX KOHTPHPUMEPOB K TomoJorundeckoii runorese Twepbepra 7.3.1 (Teopema
7.3.2.b anst d = 3r + 1) Baxkusl padorst [Oz, Grl0, Fr15, BFZ14, MW15| M. Ezaiigsina,
M. I'pomosa, @. @puka, I1. Braroesmua, I. Iuriepa, 1. Mabuitapa u Y. Barnepa.?? KonTp-
npuMep ¢ HauMeHblIeil (U3 U3BeCTHBIX) pazMepHOCTbIo d — 1nourn 6-sioxenue Azg — R13.

29 31ech He 06Cy K IaeTCs COOTHOIIEHNe BKIaI0B PA3HBIX aBTOPOB, cM. 3aMedanne 7.4.3 u [Sk16, ameuanne
1.9 u §5]. [IpuBenenHoe Tam 06CY2KIEHIE HHTEPECHO HECIIELUAIUCTY, IOCKOIbKY 3aTPArUBAET BaxKHbIE 00II1e
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Hng d < 2r u r He crenenu npoctoro (Hampumep, s d = 2 u r = 6) TONOJOTUIECKAs TH-
nore3a TBepbepra 7.3.1 Bce emme orkpbita. [logxox K caydato d = 2r npejyioxen B [AMSH,
3ameqanne 3.1.a).

Teopema 7.3.3. (a) [FS20] Ecau r — cmenens npocmozo, mo He Cywecmeyem nowmu, -
saootcernus Agi1y—1 — R

d—+2
(b) [AKS] Ecau r — ne cmenens npocmozo u N := (d + 1)r — r[ i

r+1

-‘ — 2, mo cyuwe-

Cmeyem nov4mu 1T-6/A0HCEHUE AN — Rd.

Theorem 7.3.3.b is a partial result on [BFZ, Conjecture 5.5| stating that ecom r < d
— He CTelleHb IPOCTOTO, TO CYNIECTBYeT HOYTH 7-BIOXKeHHe A(gii),—2 — R¢. The proof of
Theorem 7.3.3.b uses Theorem 8.3.7. Bojee mpocToii moaxo, IpUBOAAIIN K Oosee clIabbIM
pe3yabTataM, cM. B 3aMedanun 7.4.1.c.

T'unoresza 7.3.4 (r-xparsas runoresa Ban Kammena—®ropeca). He cywecmeyem nouwmu
r-sa0ocenus obsedunenus k(r — 1)-mepnux epaned cumnaerca A(gr42)(r—1) 6 R,

Hnvimu crosamu, ora aobozo omobpasicerus f: Apryoyr—1) — R cywecmeytom v no-
napho nenepecerarouurcea k(r—1)-mepnux epared, 06pasv. KOMOPHLT UMENOM 06UYI0 MOYKY.

Drta runore3a BepHa, €CJAU I — CTeleHb MIPOCTOTO, U HeBepHA MHAYe.

Teopema 7.3.5. (a) Ecaur — emenens npocmozo, mo ne Cyu,ecmeyem noumau, r-6A04CeHus
obsedunenus k(r — 1)-meproix epaned cumnierca Ny 2y r—1) 6 RF".

(b) Ecau r — ne cmenenv npocmozo u k > 2, mo cywecmsyem noumu r-6A0:4CeHUE
obsedunenus k(r — 1)-mepuoir epaned cumnaerca Ar42)(r—1) 6 RF".

YHacre (a) mokazana B [Sa9lg, Vo9I6v| anasorndano reopeme 7.3.2.a. DTOT pe3yabTaT Tak-
JKe CIeJlyeT U3 TeopeMbl 7.3.2.a M HUZKENPUBEJIEHHOH JieMMbl O npunyzxKjaennn 7.4.2. [Lnan
nokazarenbcrBa dacru (b) npusenen B §7.4 u §7.5 [Sk16, §3.1]. dast k = 1 u r He crenenn
IPOCTOTO T-KpaTHas rumore3a BaH Kammena—®opeca Bce ele OTKPBITA.

Teopema 7.3.6 (|[AKS|). Ecau r ne cmenens npocmozo, mo obsedunenue k-mepnux epanet
k+3

k —_

M0b020 cumnaerca donyckaem noumu r-esoscenue 6 R 52

Bameuanne 7.3.7. (a) JlokazaresbcTBa pe3yabTaTOB TOrO MyHKTA OCHOBAHBI HA KPACHBOM
U TJI0JOTBOPHOM B3aWMOJEHCTBIN KOMOMHATOPUKH, aaredpbl u Tomosjoruu. Ha 510 ykasbi-
BAeT, B YaCTHOCTH, VAUBUTEIbHOE MOABICHNE TEOPETHKO-IUCIOBBIX YCJIOBHIT HA Pa3MepHOCTh
B TOMOJIOTHYECKHUX pe3yabratax. CM., HAIpUMep, TeopeMbl 7.3.2.ab u TeopeMbl 0 peasn3ye-
moctu MHOToOOpasuit [Sk20, §12.1]. Takue ycaoBHsI MOKA3BIBAIOT, UTO 33 KPACUBON TOMOJIO-
r'U9Ieckoit (hopMyIUPOBKOI CKPBIBAETCS HETPUBHAJIbHAs ajredpa.

Bosee konkperHo, /10Ka3aTe/bCTBA MOJOKUTEIHHBIX PE3yJIbTATOB UCIOIb3YIOT SKBUBA-
PHAHTHYIO ajireOpandecKyro TOMOJIOTHIO KOH(MDUIYPAIMOHHBIX MpocTpancTB, cM. §8.4, [Sk16,
§2]. Yenosue Ha 1 U3 Teopembl 7.3.2.a HEOOXOIUMO JIJIs CBOHCTB (CBOOOIHOCTH WJIU XOTsI ObI
sddexTuBHOCTH) AEiiCTBISA TPYNNBl Z, Ha KOHMDUIYPAIUOHHBIX TPOCTPAHCTBAX.

MPUHIWITBL HAYIHBIX 00cyKaenuit. IIpu srom B §7.4 u §7.5 [Sk16, §1.2, §3.1] mpuBOASATCS TOYHBIE CCHIIKN
HA KazKJIbIi mar J0Ka3aTeabCTBa, 9TOObI YATATENH MOT COCTABATH COOCTBEHHOE MHEHKE. /Ipyrue u3mo:KeHust
KOHTPIIPUMEPOB K TOMOJOIMYECKOil rumorese Treepbepra, a TakzKe ONMUCAHMS BKJIAJAA PA3JIAIHBIX ABTOPOB,
npusonsitcs B [BBZ, mepssrit a63air crp. 733 n ‘Kourprpumepst’ Ha crp. 737], [BFZ, §1], [BZ16, §1 u navamno
§5], [TVZ, §1.1], [MW15, §1], [?, §1.1], [AMS+, a63am nepex teopemoii 1.1], [Frl7, crp. 1, suu3y| [BS17],
[Sh18]. Kpurnka HeKOTOPHIX M3 HUX mpuBesneHa B [Sk16, §5], BMecTe ¢ HABIIONEHUSAMI O HAPYIIIEHUN BaYKHBIX
OOIIKUX TMPUHIUIIOB HAYIHBIX 00CYKICHUI.
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JlokazaTebCTBa KOHTPIPAMEPOB UCHOJIB3YIOT, KPOME ITOTO, IJTeMEHTAPHYI0 KOMOUHATO-
PHKY ¥ T€OMETPHYECKYO TOMOJIOTHIO (yCTPaHeHHe MHOTOKPATHBIX MePecedeHuii mpu IOMOIIN
aHaJiora TPIOKa YWTHH). YCJIOBHe Ha T U3 Teopembl 7.3.2.b mosiBisiercst Ha 6oJiee MpOCTOM
mare JokazareabcrBa — teopeme Osaiigpiaa [Sk16, reopema 3.3|. Ona yTBep:Kaaer, 4To aj-
rebpandeckoe npensatcreue v(Y,) K MOYTH r-BIOKUMOCTH (SIBJISIONIEECS AHAJOTOM YHCEIT
Ban Kamnena u Pajgona) sBIsercs HyJIeBbIM 3JEMEHTOM HEKOTOPOil abeseBoll TpymIbl (KO-
TOMOJIOTHI KOH(bUTYPAIMOHHOTO MpocTpancTBa). OBO3HAUNM 1Yepes3 a, TACTHOE OT JeIeHHs
quciIa @ € 7 Ha CTeleHb YUC/Ia P, BXOAAINYI0 B KAHOHHYIECKOE pa3J/IoyKeHne 4ducjia a. Torma
JoKa3biBaloTcst coornomtenust rl,v(X,) = 0 s mo6sx npocroro p u r # p®. Hanpumep, st
r = 2 umeeM 20(%) = 0 [Sk18, yrBepxkmenne 1.5.13], a mag r = 3 umeem 3v(X3) = 0. Torbko
eCJIU T He FBJISIeTCS CTEIeHBIO MPOCTOTO, U3 STUX COOTHOIIEHHN BhITEKAeT, 9To v(X,) = 0.

(b) Ecm B Tomomormdeckoit rumorese TsepGepra 7.3.1 3aMeHuTh A(g41)(r—1) HA €ro d-
MEPHBIl OCTOB, TO MOJIYUYNTCS PABHOCUIBHOE yTBep:kaeHue. /leifictBureibHo, ecin B HaDOpe
7 HOTIAPHO HellepeceKalomuxcst rpaneil cumiuiexca Agiqy—1) Pa3MepHOCTh XOTs Obl OIHO
rpanu 60JbIe d, TO MAJTBIM ITEeBEJTeHNEM MOYKHO C/IeJIaTh 00pa3bl ocTaBmuxcsd r — 1 rpaHeit
He uMerormuMu obteil Touku. (Haunure co ciaydaes r = 2, 3.)

(c) Tumoresa 7.3.1 03HAUAET, UTO CYNIECTBOBAHUE HENPEPHLEHO20 UAU PL IIOUTH T-BIOKEHHS
PaBHOCHJIBLHO CYIIECTBOBAHUIO CUMNAUYUGABHO20 TIOUTH T-BIOKEHUs (OCKOIBKY Ta IHIIO-
Te3a sl CUMNAULUGALHHLE 0TOOparKeHnii BepHa BBHIY Teopembl TBepOepra 7.1.3). 3uaunr,
9Ta TUNOTE3a SBJSETCS MHOTOMEPHBIM r-KpaTHbIM aHajorom teopembl @apu 1.2.1, cp. ¢
3amMedanueMm 6.5.1.

(d) Bouto 661 MHTEPECHO HAMITH r-KpATHBIE AHAJIOTH TEOPEM O HEOTheMJIEMOil 3alernIeH-
Hoctu oM. [Sk18, mpobsemy 4.4.d].

(e) KonmvecrBennast Bepcusi Teopem 7.3.2.a u 7.3.5.a HeM3BeCTHA.

(f) V3yvenne mouTn r-BIOKEeHWUil 1OJE3HO CPABHUTH C M3YUYeHWeM nozpyotcenull 6e3 -
Kkpammoir moyvex. Hampuwmep,

e 3aMKHYyTOe 2-MHOrooGpasue M nomyckaer norpyzenue B R® 6e3 TpoilHBIX TOYeK TOTIa
1 TOJIbKO Toraa, korma X (M) gerno (dboabkiop);

e J11060e 3-MHOTOOOpa3ue JlolycKaer norpyzxenne B R? ¢ uersipexxparnoii Toukoii [Fr78].

7.4 Ilnan poka3zarejbcTBa TeopeM 7.3.2.b m 7.3.5.b

Bor mnan mokazarenbcrBa Teopem 7.3.2.b u 7.3.5.b.

e reopema 7.3.2.b st d = 2r+1 (KoHTpIPHUMED K TOMOJIOTHYeCKOi runorese TBepbepra)
caeayer u3 reopembl 7.3.5.b (KoHTprpnMepa K r-kpartHoii runorese Ban Kammena—®opeca)
¥ JIEMMBI O TIPUHYKIeHuN 7.4.2 (KOTOpasi yTBEPKIAET, YTO TOMOJOrHIecKast Tuiore3a TrBep-
Gepra BiredeT r-kpaTHyio runore3y Ban Kammena—®iopeca);

e IleMMa O MpUHYKAeHnn 7.4.2 moka3ana ['poMOBBIM 1 O37Ke MepeoTKphITa braroeBmaem-
®pukom-Iluriaepom (cm. 3amedanne 7.4.3);

e Teopema 7.3.5.b caeayer u3 reopem 7.5.1 u 7.5.2, npunajiexainmx Mabuiisipy-Baruepy
u Ezaiiaprmy;30

e Teopema 7.3.2.b mna d > 2r + 1 BeTekaer u3 caydad d = 2r + 1 u 3amevanug 7.4.1.b
(3TOT TmAr He HY¥KeH JJisl IePBBIX KOHTPIPUMEDOB).

Bameuanne 7.4.1 (ucnoan3oBanue jaxkoitna). (a) g aByx orobpazkenuit [ : A, — BP u
g : Ay — B? oupenenum ux 0vcolin

F#9 1 Dagppr = Dg*x Ay — BP*BP = BPH* - popuynoit  (fxg)(Az®puy) == Af(z)@uf(y).

30Cwm. cenimkn B §7.5. Teopema 7.5.1 gokasama Mabuitgpom-BaraepoM Tombko fj1s k > 3, 9TO JOCTATOTHO
JIJTsl IEPBBIX KOHTPIPHUMEDOB.
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JIZKOMH MOYTH 7-BJAOKEHUI ABIIETCS MOUYTH 7-BJIOYKEHHEM.

(b) Ecau cywecmeyem nowmu r-eaoscenue Ay — R mo cywecmeyem nowmu -
eaovicenue Any,—1 — R [Lo, mpenmoskenne 2.5|.

JeitcTeuTensno, nycth f : Ay — R? — nourn r-snoxenne. Orobparkenne g n3 A,_s B
touky B gBiagerca moutn r-pioxkenueM. [lo . (a), mkoitH fxg: Anir1 = An*x Ap g —
B?x B® = B4l gpngercs mMOYTH r-BIIOXKEHIEM.

(c) Ecau oasa nexomopuix yeavz r,a,d > 0 cyweemeyem noumu r-eaosicenue A, — RY,
mo das a106020 yenoeo k > 0 cywecmesyem nowmu r-eaodcenue Nygr1)—1 — RF(d+1)-1 [BFZ,
aemMa 5.2].

JeficTBuTebHO, 1O 1. (&) k-KpaTHbBIl JKOH modYTH 7-BaoxkeHus A, — BY apngercs
MOYTH 7-BIOKEHTeM Ap(qy1)—1 — BF(d+1)-1

JIemMma 7.4.2 (O upunyxaenun; I'pomos-Baaroesnu-®puk-Iurrep; [Grl0, 2.9.¢|, [BFZ14,
aemmbl 4.1.dii u 4.2], [Frl5, gokasarenbctso teopemsr 4|). Ecau cywecmeyem nowmu r-
saoorcenue obsedunenua k(r — 1)-mepnos epaneti cumnaerca A yo);—1) 6 R, mo cywe-
cmeyem nowmu r-6a09cenue Ay 2y p—1) — RFFHL3

Jlokazamenvemeo. IToObI ce1aTh 3T0 PacCyzKAeHue 6osee TOCTYIHBIM, PACCMOTPUM JacT-
Helil crydailt v = 6 u k = 3: ecsim cymectsyer noutn 6-roxenne Ay, — R!® o6beunenus
15-mepubix rpaneit 100-mepHOTO cUMILIEKCa, TO CYMECTBYET ModTH 6-Boxkenne camoro 100-
MepHoro cumiiekca B RY. O6mmuit coryuait amagornden.

Bosbmem nourn 6-srozkenne Ajy, — R'®. TIpon3BoabHO TPOJOIKEM €ro 10 0ToGparke-
aaa [ Ay — R®. O6osnaunm wepes p(x) paccToguue oT TOUKH CAMILIEKCa Ajgg 0 €ro
15-mepuoro ocroBa Alf,. JoctaTouno mokaszars, 9o f X p : Ajgg — R apngerca nourn
6-BJTOYKEHUEM.

[TycTnh, HANpOTUB, HEKOTOPHIE 6 TOYEK I1,...,%s € Ajgg JI€KAT B TONAPHO HECMEKHBIX
IpaHdgX U NePeXoiAT B OJHY M Ty yKe Touky npu f X p. Pasmeprocts oanoil u3 sTux rpaneii
(H.y.0., IEpBOIi) He MPEBOCXOIUT % — 1, mosTomy oHa He mpeBocxoaut 15. 3uaqnt, p(x;) = 0.
Torma p(xs) = ... = p(xg) = p(z1) = 0, Te. x1,...,26 € Al5,. [osromy ycnosue f(xp) =
... = f(zg) IpOTHBOpPEYUT TOMY, UTO f|Ah5)o — mouTH 6-BJIOXKEHHE. O

Bameuanne 7.4.3 (Ulcropuveckoe). Jlemma o npunyRaennn 7.4.2 (nim, B hopMyIunpoBke
I'pomona, «monoaozuueckas meopema Teepbepaa, kozda ona 6epHa, GAEHEN MEOPEMY GAH
Kamnena—®@aopecas [Grl0, 2.9.c, crp. 445, crpokn—1 u —2|) nokazana B [Grl0, 2.9.c, crp.
446, 2it ab3an|.*? Jta meMMa He OTHOCHTCA K OCHOBHBIM pe3ysbratam pabots |Grl0).

Dta semMma MokaszaHa HesaBucumo B [BFZ14, nemmbr 4.1.i1 u 4.2], [Frl5, mokazaresb-
crBo Teopembl 4]. Omsarh ke, neapio paborsl [BFZ14] 6pi1a ve s1a jemma, a ee 06001eHwsT
— «MeTOJ, MPUHYkK/IeHus». BakHo, 910 311 0000IIeHNS He UCIOIb3YIOTCS B ONPOBEPKEHUN
TomoIornueckoit runoressl TBepbepra. [losTomy memma o npuny)aenun 7.4.2 He cchopmynu-
poBana siBHO B [BFZ14|, HO 10Ka3aHa HESBHO MPH JOKA3ATETHCTBE JAPYIHX PE3YIbTaTOB. DTa
nemma He copmynpoBana gBHO U B [Fr15, BZ16]|. [TosroMy jeMma JOKa3bIBATACH OTIEIBHO
qist v crenenn npocroro |BFZ14, nemwmnr 4.1.ii u 4.2|, [BZ16, §4.1| u anst apyrux r [Frl5,
JoKazaTeabcTBo Teopema 4|, [BZ16, §5|, Xxorst HE OqMH W3 ITHX CIyYaeB JOKA3aTeIbCTBA
JIEMMBI HE HCIIOJIH3YET TOTO, UTO I CTENeHb MPOCTOrO WJIN HET.

3131a, 1emMma, 06061IaET 3aMedanye 7.2.3.e, B KOTOpOe JeMMa, TPeBPAIaeTcs mpu r = 2.

32D opMymupoBKy 60JIee OBIIETO pe3yIbTaTa, TPUBEEHHOTO B [Gr10, 2.9.c, crp. 446], HEMPOCTO MPOYUTATH.
[Tosromy 3amernm, 91O
o aucio Tiop(g, ) €CTh INCIO TOMOMOrHYecKuX TBepOeprosekux pasdmenuit, cM. [Grl0, crp. 444 cBepxy u
rTperuil ab3an . 2.9.a);
o BMecTO Tiop(g,m) mOMKHO OBITE Tyop(g,m + 1);
o Jlemma o npumyxaenun 7.4.2 momywaercs mpu g = 1, k = k(r — 1), n := kr, N = Ny, = Ny =
(kr 4+ 2)(r — 1); uncnmonb3yercs ummmukanust ‘Tio,(g,n +1) > 0 = m(g,n) > 0’, a me Gomee cuiabHOE
Hepasenctso [V K F],.
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7.5 Algebraic almost r-embeddings

st dbopmyaupoBku Teopem 7.5.1 u 7.5.2 HYKHBI CJI€IYIOIINE OTPE/IeIeHNSI.

[ycrs K asasterca k(r — 1)-xommaekcom u myers f: K — RF — PL orobpaxenue
00IIero MmoJI0XKeHN.

Torga mpoobpassl yi,...,Y, € K Tpom3BoMbHON r-KpaTHOil Toukn y € R mexar Bo
BHYTpeHHOCTsIX k(r — 1)-MepHBIX CHMILUTEKCOB KoMIutekca K. Boibepem mpoms3BOIBHO OpH-
eHTAIINIO Ha KaykKJIOM U3 5THX k(r — 1)-MepHBIX cHMIUIeKCOB. BBuy OOIIHOCTH MOJIOKEHNS,
[ addunno ma mexkoropoit okpecrnoctn U; Touxm y; na moboro j = 1,...,r. Bosbmem
OJTOYKUTETHHBIN 0a3uc U3 kK BEKTOPOB B OPHEHTHPOBAHHOM HOPMAaJIHLHOM MPOCTPAHCTBE K
opuenTHpoBaHHOMY fU;. 3HAKOM 7-KpaTHOTO IepecedYeHus TOYKU Y HA3bIBAETCA 3HAK
+1 Gasuca B npocrpancree R*| obpazopannoM r TakuMmu Gasucamu u3 k BekTopos. (DTa
KOHCTPYKIHUs Kaaccudeckast aist 7 = 2 [BE82| w anamornana mas r > 3, cp. [MW15, § 2.2].)

Orobparkenne f Ha30BeM Z-TOYTHU 7-BJIOYKEHUEM, ecjii f-00pa3bl JIIOOBIX 7 MOTMAPHO
HerepeceKaonuxces (1 — 1)k-CHMIIIEKCOB MepeceKkaloTesi B HYJIeBOM YHC/IEe TOYEK ¢ YIeTOM
3HAKA, T.e. CyMMa 3HAKOB T-KPATHBIX MEpecevIeHnii BcexX r-KpaTHBIX TO4UeK y € fop MN...N
fo, nng HEKOTOPBIX (WM, SKBUBAJEHTHO, JJIsl JIOOBIX) OpUEHTANUil HA THX CHUMILIEKCAX
01y.-.,0p.

¢lcHO, 9TO MOYTH 7-BJIOYKEHUE SBJSIETCS Z-TOYTH I'-BJIOKEHHEM.

Teopema 7.5.1. Ecau k > 2 u cywecmeyem Z-nouwmu, r-eroscenue k(r — 1)-komnaexca K
6 R*¥" mo cywecmeyem nowmu r-eaooicenue K — RF"

Hnst k > 3 sror pesysabrar crangaprHo ciaenyer w3 [MW15, reopema 7|; B [Sk16, §3] npu-
BOJZIUTCST HAGPOCOK GOJIee MPOCTOro JI0KA3ATEILCTBA, KOTOpoe 06ob0maercst Ha k = 2 [AMSH|.
Cwm. 3amevanue 7.5.4.

Teopema 7.5.2. Ecau r ne cmenenv npocmozo, mo cyuwecmeyem Z-nowmu r-8A0HCeHue
obsedunenus k(r — 1)-mepuox eparets cumnaerca Agri1yr—1) (U dasice amobozo k(r — 1)-
xomnaexca) 6 RE".

DTOT pe3yabTaT BHITEKAeT U3 IpeaoxkeHus 8.3.5 u TeopeMbl 8.3.6.

Caencrsue 7.5.3 ([MW15, Corollary 5|, [AMS+]). Jaa aobvz dukcuposannuz k,r, ma-
kux wmo k +r > 5 cywecmeyem nosuHOMUGALHYT AA20PUMM DACTIOZHABAHUSL NOYMU T~
snosicumocmu k(r — 1)-womnaexcos 6 RF.

Oto BeiBesieno B [MW15, AMS+| u3 Teopembr 7.5.1. Hukenpusenennas teopema 8.3.7
nMeeT axajgornanoe cieacrsue [FV21).

BBII[O 6BI UHTEPECHO OTBETUTH Ha CJeAYIOIHne OTKPbhIThIEe BOIIPOCHI. ,ZL.HH KaKux 2—KOMH.H€KCOB
cymectsyer PL oTo6pazkenue B R3 6e3 Tpoitnbrx Todek? Kaxme 2-KOMILTEKE! MOUTH 3-BI0ZKHMEI
B R3? CymecTByioT JIu aJrOpATMBI PACIO3HABAHHS STHX CBOICTB 2-KOMILTCKCOB? AHATOrHY-
HBIe BOIpOCH ¢ 3aMeHoil R? na R2.

Bameuanue 7.5.4 (Mcropuueckoe). Teopema 7.5.1 — nanbosiee HerpuBnaibHas 4aCTh OMPO-
BepKeHUs TOMOoJIorndeckoit rurnore3sl TBepoepra 7.3.1. Ee ciayuait k£ > 3, neodxgumbrit jist
IIOCTPOEHHUS IEPBOTO KOHTPIpHUMepa, IpuHaaiexkxat Mabuiiapy u Barmepy. VX umesa moxoxa
Ha «h-npunmun Xedaurepa ausa Biaoxenuit» [Gr86, 2.1.1, (E), p. 50-51], [Sk06, §5] u na
tpiok Yurau [RS72, Whitney Lemma 5.12], #Ho oramana or mux. (O camom «h-npuniumnes
cMm. |Gr86, p. 3|.) Ananorn h-npunanun Xedsurepa jjisi BJIOKEHWH W TPIOKA YUTHH JIJIsi
Kpammocmu T «HOCHJINCh B Bo3ayxes ¢ 1960x [Sk06, §5.6]. Cp. ¢ sameuvanmem 7.3.7.d. «ITo-
JIOXKUTENLHBIE PE3YIbTATH» UMEIUCh I 3allelIeHit; TPOHON TPIOK YUTHH HCIIOIb30BaH
C. Menuxosbim [Mel7, Mel8| (pannue Bepcuu 3tux pabot umernucs ¢ 2007). IIpo6aema [Grl0,
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end of 2.9.c, p. 446 (nporurupoBannas kak [AMS+, Remark 1.12.c]) ykassiBaer, aro I'pomoB
MOHWMAJI, 9TO Teopema 7.3.5.b MoxkeT OBITH BepHa, W 3aaJ TPaBUILHBIN Bompoc. OHAKO
ObLIH M3BecTHBI 1 KOHTprpuMepbt [Sk06, §5.6]. [Tosromy r-kparHbiit anagor h-nipuniuna Xe-
daurepa u TproKa YUTHHU Ui Nowmu BJIOXKeHN — BaykHbIH BKJ1aa Mabwuitspa-Baruepa. x
r-KpaTHBIH TPIOK YUTHU BKJIIOYAET aHAJIOT TMOBBIIIEHUS CBI3HOCTH MHOXKECTBA caMoOIIepece-
aenuii myrem ero xupypruu [Ha63|, [HK98, Theorem 4.5 and appendix A], [CRS, Theorem
4.7 and appendix|. JIpyrumu cioBamMu, 9T0 NPUKJIEABAHUE BIOKEHHON 1-pyUKH BIOJb MyTH
(«piping») ¢ mocseyOMuM MPUKJIEHBAHIEM COKPAIIAOIIEH BJIOKEHHON 2-PYIKI BIOJb THC-
Ka («unpiping») [Ha62k, §3|, [Mel7, proof of theorem 1.1 in p. 7|. (Mbr npumensiem [Ha62k,
Proposition 3.3| mig r = 0 uw r = 1; 0ba pa3a Mbl mepexoanM OT BIoxkeHust B B X 0 K
BIOKeHuI0 B B X 1.) IIpuMenenne 3TUX KOHCTPYKIU HETPUBHAILHO W SIBJISIETCS BAYKHBIM
nocruzkennem Mabwuiigpa-Baruaepa.
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8 IIpumenenns KOH(UTypaIMmOHHBIX IIPOCTPAHCTB

8.1 IIpocreiinime nmpuMeHeHUS

Koudurypanmonusie nmpocTpaHCTBa IMOJIE3HBI KaK B TOMOJIOTHH, TaK W B APYIUX OOJIACTAX
maremMaTuku. [IpuBoguvbie B §8 mpuMeHeHUsT SABJSIIOTCS 9aCTHBIMU CJIyIasiMu 00Jiee 00Iux
MeTOIOB, IOJIE3HBIX U JJI IPYTUX 3a1a4. [I1s 3HAKOMCTBa ¢ §8 IMOJIe3HO IPOpeIIaTh 3a1a4K
0 HempepbIBHBIX 0ToOpazkenusx u3 [Sk20, §3.3| (xorsa hopMaIbHO OHU HE UCIOIB3YIOTCH).

Orobpaxerng f,g : X — R" mogvuokectBa X C R? maspBatoTcs e-6IM3KIMH, ecn
|f(x), g(x)| < e pnst moboro = € X.

Samadga 8.1.1. DTa 3a7a4a MOSICHSIET UIALIO TPUMEHEHHsST KOH(MUTYPAIMOHHOTO ITPOCTPaH-
CTBa, HO HE MCIOJb3YIOTCS JaJIee.

(a) I3 mynkra A B myHKT B BeyT JBe Herepecekaolnecs 10poru (JloMaHbix). V3secTHo,
qTO J[Ba YeJ0BeKa (TOYKM), COeJMHEeHHbIe BepeBKoil mauHbl 10M, cMoram mpoiitn u3 A B B
110 Pa3HBIM J0POraM, He pa3opBaB BepeBKHu. CMOTYT JIM Pa3bexaThCsa KPYIable BO3bI Paauyca
5M, €CJIM OHH eIyT HABCTPETY JAPYT APYLY IO PA3HBIM J0poram?

(b) IMoxmuO)KecTBO K IMIOCKOCTH HE MepeceKaeT CBOM o6pa3 mpH CJBUTE HA BEKTOD a,
re. K N (K + a) = (). Torga asa kpyra amamerpa |a| HE MOTYT HOMEHATHCH MECTAMHU TIPH
HeNmpepbIBHOM JIBUYKEHHU UX HEHTPOB 1o K, B mpomecce KOTOPOro KPYyrM He MepeceKaroTCs.

(c) TTommuOKecTBO K MJIOCKOCTH HE MepeceKkaeT CBOit 00pa3 MpH CBUTE HA BEKTOD a, T.e.
KN (K +a)=0. Torna nearpsl AByX KpyroB AHAMETPA |a| He MOTYT 3aMeCTH OJUHAKOBOE
IOAMHOXKECTBO B K IpH MX HENPepLIBHOM ABHXKeHUH 110 K, B mporecce KOTOPOro Kpyru He
ePeceKaroTCs.

(b’)* [RSS, KS99| To xe, aro B (b), mas nepeBa K u ¢ 3amenoii muoxkectBa K + a Ha
obpas orobpakenus f : K — R? koropoe |a|-6u3k0 k BrIouenuto K C R2.

(¢')* (mepemennas npobiema) To ke, uro B (¢), g gepeBa K u ¢ 3aMeHOIT MHOYKECTBA
K + a na obpa3 orobpaxenus [ : K — R?, koropoe |a|-6m3ko Kk BRmovennio K C R2.

Bepwuo s, aro mist groboro € > 0 cymecrByer takoe 0 > 0, 9To a1t 1r060ro gepesa K Ha
njockocTu ecim K He mepecekaer ¢BOi 0O6pa3 mpu orobparkenuu, d-OJTU3KOM K BKJIIOUEHHIO,
TO ABE TOYKH Ha K HE MOI'YyT 3aMeCTH OJUMHaAKOBOE MMOAMHOXKECTBO B K IIpn nX HEIIPEPbIBHOM
JBUZKEHUH 10 K, B IIPOIECCe KOTOPOrO PACCTOSHHUE MEXKYy TOUKAMHU DOJIbIIe &7

(d) Jdna moboro sroxenns f : T — R? tpuoma T := K3, cymectByer Takoe € > (), 910
obpas f.(T) moboro e-6mskoro k f Biaoxenns f. : T — R? nepecexkaercs ¢ oopaszom f(T).

(e) (Teopema Mypa) IlinockocTh He COIEPKUT HECIETHOTO CeMefiCTBa MOMAPHO Helepece-
Kalomuxcs: TpuojoB 1.

[Tpusesem Apyroe J0Ka3aTeJbCTBO TOMOJOIHYecKOil Teopembl Pajona 7.2.1 (cMm. Takzxke
Teopemy 2.2.2.b u 3amevanusi 2.4.1.a). [Ipowmtocrpupyem ero miewo Ha npumvepe d = 1,
cM. 3amedanne 2.4.1.a. Xyauran u noJunefickuii MOry JBUTaThCst (HEMPEPHIBHO) 110 TPAHUIIE
TPEYTOJbHUKA TaK, YTO B KarKJblii MOMEHT BpeMeHHU OJIMH W3 HUX HAXOIUTCHI B BEPIIHHE, &
JIPYTOil HA CTOPOHE, MPOTHBOMOJIOKHON 3TON BepIinuHe (B YACTHOCTH, BTOPOil MOYKET HAXO-
JIATCST B BEPIINHE, SIBJISTIOIIEHCST OJHUM W3 KOHIIOB 3TOii ¢TOpoHBI). Toraa npu HEKOTOPOM HX
HavaJIbHOM IIOJIO?KEHHMHN OHU CMOI'YT HOMEHATHCA MeCTaMU. HOCMOTpeB Ha O6paSbI XyJaura-
HA ¥ TOJIMIEHCKOro 1MPHU JAHHOM HENPEPbIBHOM OTOOParKeHWH, MOJydYuM Teopemy 7.2.1 st
d =1, T.e. pe3yabrar 3amMedanus 2.4.1.a.

OB6061M 3T0 JT0KA3aTeTHCTBO Ha d = 2 (0606IIeHne it TPOU3BOJIBHOTO d AHAJIOTHYHO).
JLst 9TOTO TEepecKaXkeM ero Ha 0oJiee CTPOTOM SA3bIKe.

ITpumep 8.1.2. Ob6osnauum wepes Ay mHosrcecmeo ynopadouennux nap (x,y) mouex mpe-
yeorvHuka Ao, 00HA U3 KOMOPHLLT ABAAECMCA GEPUWUHOT, 6 OPY2a.0 NEHCUTN HA CTMOPOHE, NPO-
MUBONONOHCHOT IMOT BEPULUHE.
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(a) (Bazadxa) IIpedcmasvme mrostcecmeo Ay 6 sude obsedunena ompeskos. Croavko
sepuiuH U pebep 8 nosyuennom epagpe? A wemy on 2omeomopgen? .

(b) Cywecmeyem menpepwishoe omobpasicenue g = (g1, g2) : S' — As, daa xomopozo
g1(—5) = go(s) npu aobom s € S,

YKkasanue: «npedcmasbme» St = {(z,y,2) € R : 2+y+2=0, 22 +y*>+2*= 1}.

(c) Hmeem = >, St. T.e. cywecmeyem 63aummo-00Ho3HauHOE nenpepuisroe omobpa-
orcenue h: Ny — S, daa womopozo h(y, ) = —h(z,y) npu mobuz (z,y) € Ay. (Henpepuis-
nocmu onpedenena, m.x. Ny C R%.)

Jpyeoe doxazamenvemeo samevarus 2.4.1.a. Tlyctb, HATPOTUB, CYIIECTBYET HEMPEPBIBHOE
orobpazkenne f : Ay — R, apagomeecss kouTpapuMepoM. OmpeaesnM HempepeIBHOE 0TO0-
pazKeHue

T:Ay =5 R—{0} dopuymoii  f(z,y) = f(z) — f(y).

OHO nepeBoagnuT TOYKU (T n ) B IPOTUBOIIOJIOZKHBIE. HOSTOM €0 KOMIIO3UInd (¢]
) Y

g: St - R-— {0} ¢ oroGpakennem u3 yTBepxkKaeHus 8.1.2.a MEPEeBOJUT TOYKUA S U —S B

IPOTUBOIOIOXKHBIE. DTO HEBO3ZMOXKHO IO TEOpeMe O MPOMEKYTOTHOM 3HATCHHH. O

Ipumep 8.1.3. Obosnauum wepes Ns mmoncecmeo ynopadouennos nap (x,y) mowes mem-
pasdpa As, Aub60

® 00HG U3 KOMOPHIT ABAAEMCA SEPUWUNOT, 6 OPY2aA AEHCUM WG 2PAHU, NPOMUBONOAONHC-
Hot amot sepwiure, AUOO

® KOMOPbIE ALHCAN HA NPOMUSONOAOHCHUT PEOPAT

(m.e. mouer, AEHCAUUT 68 HENEPECERAIOULUTCA CUMNACKCAL,).

(a) (3azadka) IIpedcmasvme mmostcecmso A; 6 6ude 0650UNEHUA NPAMOY2OABHUKOE U
mpeyzoavrukos. Ckoavko sepuun, pebep u epanets 6 NOAYIeHHOM MHoz2ozparnuke? A wemy
o1 20MeoMopPen ? -

(b) Cywecmeyem nenpepwisnoe omobpasicenue g = (g1, g2) : S* — Az, daa xwomopozo
91(=5) = ga(s) npu wobom s € S*.

(¢)* Umeem Ay =y, S%. Tee. cywecmeyem 63aummo-o0nosnaumoe HenpepuisHoe omobpa-
orcenue h . Ay — S, das Komopozo h(y,z) = —h(x,y) npu mobwz (x,y) € As. (Henpepois-
nocmu onpedenena, m.x. Ay C RS.)

/pyeoe doxazamenavecmeo meopemor 2.2.2.b. 1lycTh, HATPOTHUB, CYIIECTBYET HENMPEPBLIBHOE OTOO-
paxkernne f : Az — R?, apasiomeecs konrprpumeponr. OHpeie M HemPepeIBHOe 0TOOpaske-
Hue

785 =R {0} dopwynoii [(z,y) == f(z) — f(y).

Ono mepeBoauT ToukKH (7,%) u (y,T) B MPOTHBOMOMOKHEIE. [109TOMY ero Kommosumus f o
g :S? = R? — {0} ¢ orobpaxkennem u3 yTBepzKaeHUA 8.1.3.a MEPEBOJUT TOUKH S U —S B
IIPOTHBOIOJIOKHBIE. DTO HEBO3MOXKHO 1O Teopeme Bopeyka—VYimama 6.5.4 (st d = 2). O

Hint to 8.1.1. (b,c) dust mo6eix Touek X, Y € K, paccrosiane MexK Ly KOTOPHIME OOJIbIITe
la|, onpenennm orHoNeHne '<’. (D10 OTHOIIEHNE HE 00sI3aTEIHHO OY/IeT TPAH3UTHBHBIM, T.e.
yeaoBust A < B u B < C He obsizarenbro BiaekyTr A < C.) st sroro BosbMeMm Touku X u
Y + a. Bynem gsurath nepsyio u3 Hux nmo K u3 X B Y Bmoab Kparuaiimieit gyru [, a BTOpyio
—1mo K +au3Y +aB X +a Bioab ayru [ + a. Eciu BeKTOp, HaIpaB/IeHHBIH OT HepBOit
TOYKM KO BTOPOIif, MOBEPHYJICS 110 YaCOBOi cTpesike, TO mojoKuM X < Y, a eciu nNpoTuB —
nosoxkum Y < X. Vreepxkaennst (b,c) BHITEKAOT U3 TOTO, 9TO 9TO OTHOIIEHUE

® JIeIiCTBUTE/IHLHO OIpe/iesieHo Jiist JTIoObiX Todek X, Y C K, paccrosiHue Mex1y KOTOPbI-
mMu Gostbiie |a| (T. e. BEKTOpP 00S3aTEIHHO TIOBEPHETCS, & HE OCTAHETCS Ha MeCTe);

® HEeIIpEePLIBHO 3aBUCUT OT ToueK X, Y.
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(b’) Auamoruuno Boimenpuseaenaomy. st mo0bx Touek X, Y € K| paccTosiHue MexK Iy
KOTOpBIME Gostbiie |a|, onpemennm otHomenwe '<’'. PaccMoTpuM JBHKeHHE JBYX TOYEK —
onHoit B K, a npyroit B f(K). B nepsblii MOMEHT BpeMeHH OHH COBHMATAIOT ¢ TOYKAMHU X
u f(Y), coorBercTBeHHO. 3aTeM mnepBas TOUYKa JBHzKeTcst Baoab ayru [ C K or X k Y, a
BTOpas TouKa JaBuzkercs Baosb ayru f(1) C f(K) or f(Y) k f(X). Eciu BekTop, cMOTpstnmit
OT TIepBO#l TOYKHW KO BTOPOil, TOBEPHETCS MO YacOBOi cTpesKe, TO moaoxkuM X < Y ecan
MPOTHUB, TO MOJOKHEM Y < X.

(d) BosbmeM 4nc/io € HACTONBKO MaJIbiM, 910 Ha Tpuoje f(1') MOXKHO MOMEHSITh MeCTaMu
JIBEe TOYKHN TYTeM WX HEMPEPLIBHOTO JBUYKEHWS, B MPOIECCe KOTOPOTO PACCTOSTHHE MeZK Iy
Humu Gosbiie €. Torma yreepxkaenne Boitekaer u3 . (b’).

(e) JTroboe HecyeTHOE TIOMHOYKECTBO B MOJTHOM MPOCTPAHCTBE 3AMKHYTHIX OIPAHHUYEHHBIX
HOIMHOYKECTB ILTOCKOCTH COMEP:KHUT CXOMAILYIOCS IIOCTeI0BaTeIbHOCTL. [loaToMy Teopema
Mypa Bbitekaer u3 1. (d).

Hint to 8.1.2.a, 8.1.3.b. CymectByer HempepblBHOE OTOOpazKeHue (J1azke roMeoMop-

dbuzm)
S S8 = {(21,...,a30) ERM? 1 2+ 440 =0, x%+...+x§+2:1},

HepeBoIsdInee AHTUIOAL B AHTHIIOALI. 1109TOMY ITOCTATOYHO JOKAa3aTh YTBEpXKIEHHE C 3a-
menoii ST ma S¢. For z = (z1,...,2432) € R"2 let z, € R¥™? (z_ € R¥™?) be the
vector obtained from z by replacing all negative (all positive) coordinates with zeros. Let
|z| = |z1| + ... + |Z412|- Define a map

g: 57— Agpr by g(2) = (91(2), go(x)) = (24 /|24, —2_ /|2_|).

(9
Since |z4| = |z_|, we have gi(—z) = go(x).
7,

Hint to 8.1.3. (c) [Ipexacrasbre (cp. |7, §1.9, puc. 13])

As=D>UAyx D'UD?, e Ay=S' u 9DINAyx D' = Ay x £1.

8.2 Konaduryparmmoaabie MPOCTPAHCTBA W BJIO>KMMOCTh KOMITJIEKCOB

[TpoBepsTh MIAHAPHOCTH rPpadoB (1 J1azke KOMILTIEKCOB) Mpoiie 6e3 KOH(DUTYPAIMOHHBIX TTPO-
CTPAHCTB — HampuMep, 1o Teopeme Kyparosckoro 1.2.3.e (u Xanuua-FOura 6.13.1). Oauako
JIJIS BJIOYKEHU KOMILTEKCOB pa3sMepHOCTH OoJbImeil ABYX aHajora TeopeMbl KypaToBckoro
(I/I XaJII/IHa—IOHFa) MPOCTO HET, a BOT METOJ KOH(MHUTI'YPAIMOHHBIX ITPOCTPAHCTB XOPOIIO Pa-
boraer (cMm. Teopemy 8.2.4 u 3amedanue 8.2.5.b).

l'eomeTpuyeckum B3pe3aHHBIM KBaJIpPaTOM N nonmuoxkectsa N C RY maswsaercs
KBaJIpaT MHOKecTBa N 0e3 JTuaroHaJim:

N:={(z,y) e Nx N : z#y},

Cwm. puc. 8.2.1. 910 KoHUryPAIKOHHOE IIPOCTPAHCTEO YHOPSAJI0UCHHBIX AP Pa3/IMIHBIX TO-
2
yek B N. J/Ipyrue obo3nadenus: N2 N“, N2,
CuMImInnuaabHbIM B3PE€3aHHBIM KBa,[[paTOM KOMILTIeKca K Ha3bIBaeTCs MHOZKECTBO

K :=U{o x7 : 0,7 — rpanu kommnekca K, c N7 = 0}.

Te. K — MOJIKOMILJIEKC KoMmILaekca /K X K, mojiydeHHblit y1aleHueM BCeX «OTKPBITHIX KJIe-
Tok» Int(o X 7), comepkammx XoTst ObI OJHY «IMANOHAJLHYIO» BEPIIHHY. DTO MOHATHE (hak-
THYeCKN MOosABUI0CH B 3amedanun 2.4.1 m B §§1.6,1.5,8.1. VrBepxkaenus 8.1.2.b u 8.1.3.c
«OMUCHIBAIOT» CHUMILIUIAATIbHBIE B3pe3aHHble KBAJAPAThl TPAHUI, TPEYTOJIbHUKA W TeTPad/I-

pa.
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f(z,y)

fz

N

Puc. 8.2.1: B3pezannbiit kBajpar u orobpazkenue ['aycca

Bamaua 8.2.1. (Baragka) Kakomy u3 nspectusix Bam rpados niam kommiekcos PL ro-
MeoMOpdeH CHUMILTAIMAILHBIN B3pe3aHHblil KBaIpaT

(a) myrn ¢ n Bepmunamu; (b)) nukia ¢ n Bepumuamu;  (c¢) Tpuoma K 3;

(d) rpadba Ky; (e) rpada Ky 3 (f-rpada); (f) rpada Ks;  (g) rpada K s;

(h) xmonkw (msm 30HTHKA), T.e. KOMILIeKca Ky Ha puc. 6.3.17

[Mycrs f: N — R? — Broxenne nomvmoxkectsa N C R™. Torma orobpaskenne f: N —
S?=1 xoppekTHO ompeneneno dopmymoit laycca (puc. 8.2.1)

@)
Ty = e = i)

dcno, uro f(y,z) = —f(:p,y). Orobpazkenue f : N — S9! HaspiBaeTCst IKEUGAPUAHMHHIM
(oTHOCHTEbHO HEBOTONEE (2,Yy) — (y,z) HA N, IePeCTABISIONEH COMHOKHTENH, I AHTH-
noxabHoil maBOMomMA Ha S%1), ecn f(y,z) = —f(z,y) ara mobwix (z,y) € N. Wrax,
CYIIEeCTBOBAHUE SKBHBAPHAHTHOTO OTOOpAaKEHUS N — g1 — HEOOXOIMMOe  YCJIOBUE JI/Ts
proxuvoctn N B RY.

3azaga 8.2.2. There is an equivariant map s

(a) STt — R4 (b) S — S4;  (c) R? — S%1 (d) S — S<.

(The maps of (a,b) are in fact inclusions. The maps you construct in Assertions 8.2.2.c,d,
8.2.3.c, 8.2.6, 8.3.4, 8.4.1 are in fact equivariant strong deformation retractions.)

Bamaua 8.2.3. (a) PL romeomopdusmbl u3 pemenus 3a1a4d 8.2.1 MOKHO BHIOpATH TaK,
9TOOBI OHU TIEPEBOJIUIN OTOOpAKEHUE «MEePECTAHOBKY COMHOXKHUTeeiry K — K B «aHTHIIO-
JasbHoe» oTobparkenne (Ha m3secrHoM Bawm rpade nim komiuiekce).

P

(b) For a complex K there is an equivariant surjective map Con K — YK whose only
non-trivial preimages are those of the vertices of the suspension and are ¢ x K and K X c,
where ¢ is the vertex of the cone and K is identified with the base of the cone. [Sk02, the
Cone Lemma 4.1.a]

(c) For a complex K there is an equivariant map |/[\(/| -~ K.

Teopema 8.2.4 (Bebep). Ecau das k-xkomnaexca K cywecmeyem sxsusapuarmmoe omob-
pastcenue K — ST u aubo 2d > 3k + 3, aubo d < 2, mo K PL erooicum 6 RY.

Bameuanne 8.2.5. (a) dnga d < 2 kpurepuii 8.2.4 ciegyer [Wu65, SSS| u3 kpurepust Kypa-
toBckoro 1.2.3.e (Xamuna-FOura 6.13.1) mranapuoctu rpadoB (KOMILIEKCOB), Pe3yIbTaToB
zamaqd 8.2.1.fch u 8.2.3.a, a Takxke Teopemnr Bopcyka-Yiaama 6.5.4. Caywait 2d > 3k + 3
ropazo OoJiee ciaoxkubiil. [lepBoiit mar — anajor kpurepust 8.2.4 1t nowmu 6A0HCEHUT]
(onpesesennnix B §6.10; cm. (b)), Bropoit — Teopema Bebepa 6.10.3.a.

(b) If a complex K is almost embeddable in R?, then there is an equivariant map K —
841 For 2d > 3k + 3 this necessary condition is sufficient. This analogue of the Weber
Theorem 8.2.4 is the first step in its proof.

Hpyrue anamoru Teopembr 8.2.4 obeyxaatorcs B §8.6 u B 0630pe [Sk06, §5, §8|.
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(c) dns xomiuterca K MOKHO TOCTPOUTH aJredpandecKoe MpersiTCTBHe K CYNeCTBOBA-
HIIO 9KBUBAPHAHTHOTO 0TOOpazkeHnst K — S971 WCIO/Ib3yst TEOPUIO PENSITCTBIH, OCHOBDI
koropoii uzmoxkenbl B §9. (dns d = 2dim K 310 npensitcTBue paBHO TPEMSITCTBHIO BaH
Kawmmena, §§1.5, 6.8, 6.9.) Tak u gokasbiBaercsi reopema 6.6.1.

(d) If max{3,k} < d < 2 +1, then there is a k-complex K not PL embeddable in R?
but for which there is an equivariant map K — S9~1 (|SSS, GS06], see also [SS92, FKT]).

(e) Assume that P # NP. If k+2 < d < 28 41, then there is a k-complex K not almost

embeddable in R? but for which there is an equivariant map K — S [ST17, Al22].

Let us define a ‘quantum analogue’ of the deleted product (to be used in §8.4).
The geometric deleted join N3? of a subset N C R” is

1 1
N*xN— <= —T: N ;.
* {QxEBQx T € }

Orobpazkenue [ : N2 — S? naspiBaeTcs sK6UGAPUAHMHBIM, €CITH

f((A =ty ®tr) = —f((tx & (1 = t)y).

Bamaua 8.2.6. There is an equivariant map (R?)%2 — S¢.

Denote by A’ a copy of A. The simplicial deleted join K2 of a complex K = (V, F)
is the complex with the set V LUV’ of vertices and the set {c U7 : 0,7 € F, o N1 =0} of
faces.

Bamaua 8.2.7. (Baranaka) Kakomy u3 mssectusix Bam rpados niam kommiekcos PL ro-
MeoMOp(heH CUMILTHINAIBHLIN B3Pe3aHHbIN JTXKOUH KOMILIEKCA

(a) the n-element set for n = 1,2,3; (b) Ay 2 D (c) 04, = S%  (d) [3]*F;

(e)* Ky (£)* A, ,7

(Hint to (b,c,d): prove and use Assertion 8.2.8.a. Warning to (c): A1 # [2]F71.)

Samauya 8.2.8. Let K and L be complexes.

(a) (K * L)32 = K32+ L3.

(b) The deleted join contains the deleted product.

(c) K32 2z, Con K (cf. Assertion 8.2.3.b).

Oreernl k 8.2.1.  (c) S'; (f) cdepe ¢ 6 pyuxamu; (g) cdepe ¢ 4 pyuxamu; (h) S

Vkaszauue k (f,g). TIposepbre, 4T0 B3pe3aHHbINH KBAIPAT SIBISETCSA 3AMKHYTHIM JIOKAJIBHO
eBKJINJIOBBIM 2-KOMILTEKCOM (CM. 3a7ady 6.14.1), T.e. 3aMKHYTHIM 2-MHOTOOGpa3neM. Bortmuc-
JIUTE €ro HIePOBY XapaKTePUCTUKY U JOKAYKUTE ero OPHEHTHPYeMOCTh. OpHeHTHPYEMOCTh
CJIeJIyeT, HapuMep, 13 BIOKUMOCTH B3PE3aHHOIO KBAIPATa BO B3PE3AHHBIN [ZKOiH, KOTOPbIi
romeomopden S3.

Hint to 8.2.3.c. [Sh57, Lemma 2.1], cite[§4|Hu60. Denote
E,. :=U{U, x U, : U,, U, non-empty faces of o, 7, respectively, and U, N U, = (}}.

Then o X 7 = E,, *diag(c N 7). So for o N7 # ) there is an equivariant strong deformation
retraction o x 7 — diag(c N 7) — E,.. These retractions agree on intersections, so together
they form the required map (retraction).

Otsersr k 8.2.7. (a) [2], [2] x [0,1], S*;  (b) S*;  (c) S*x [0,1]; (d) S*1;

(e) S3;  (f) S?*+1 |Ma03, §5).
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8.3 KonduryparmoHHoe IIpoCTPaAHCTBO HAOOPOB " TOYEK

Bapaua 8.3.1. Anekcanap, Bopuc n Baaguvup crost B Beprmmaax A, B u C' TeTpasapa
ABCD. Ouu MoryT HEempepbIBHO JIBUTATHCS 110 pedpaM TeTpasdapa Tak, IYTO B KayKIbIl MO-
MEHT JIBOE M3 HUX CTOST B PA3JUIHBIX BEPIIHHAX, & TPETUH — HA TMPOTUBOIOIOKHOM pebpe.
Moryt nu oun nmepeiitn B Bepmuael D, B u A, cooTBeTCTBEHHO?

—3

Bamaua 8.3.2. O6o3HaunM 4depe3 Ay MHOKECTBO YHODPSIIOYEHHBIX Map TPoek (T,y, z)
TOYEK B AN, JIEZKAIIUX B IMOITapPpHO HeEllepeCeKaloIINXC A I'paHAX. TOF,Z[&

—~—3
—~3
(2) B muO)kecTBe Ay 6 371€MEHTOB.

—~3
(3) Muoxkecto Az — cBsi3ubIil rpad ¢ 24 BeprummHamu crernenn 3 (rpad Knesepa mepe-
CedyeHuil 110 JABa TPEXIJIEMEHTHBIX IMMOJMHOZKECTB YEeThIPEXIJIEMEHTHOT'O MHO)KeCTBa).

—~3
(4) MuoxkectBo Ay — 00beMHEHIE TPEYTOJHLHUKOB U KBAJIPATHKOB, 0Opa3yoliee JIBy-
MEPHBII TTOJIUSAP (He ABJIAIONUACA MHOFOO6pa3I/IeM).

—3
(5) MuoxkectBo Ay — 0ObeJMHeHNe MPOU3BEIEHHUH CUMILIEKCOB, TIPHYEM Pa3MepHOCTh
KayKJI0To npou3Be/ienust He 6osee N — 2.

Cumnruyuarvhoti 63pesannot r-i cmenenso KOMILIeKCa K Ha3bIBaeTCs
K" :=U{oy X -+ X 0, :0; rpanb Kommierca K, o; No; = 0 aua mobbix i # j},

T.e. 00beJMHeHIE TPOU3Be/IeHHi 01 X ... X 0, MONAPHO HEelepeceKaloNuXcs IpaHei.

[TomvuOo)kecTBO K™ C K He nMeeT ecTeCTBEHHON CTPYKTYpbI KoMiutekca. Ogaako K siB-
JisleTcst 00'be/IMHeHIeM IPOU3BE/IeHIIT CUMILICKCOB ¢ «XOPOITMMU» HePeceveHusMU, T03TOMY
K" — resio HEKOTOPOro KoMILTekca (cM. 3amady 6.17.4.a).

Obosnauum vepe3 X, TPYIIy IePecTaHOBOK 7 3J€MEHTOB. DTa IPYNIa eCTeCTBeHHO Jefi-
CTByeT Ha MHO)KecTBe K", mepectaBiss TOYKH B HaOOpe (p1, ..., p,). flcHo, aTO 3TO NeiicTBHe
cBOOO/THO ¥ KYCOYHO-JIMHEHHO, T.e. COTJIACOBAHO C HEKOTOPOil CTPYKTYPOil KOMILJIEKCA HA K.

Let R := (RY)" be the set of real d x r-matrices. Tpynma Y, neiicreyer ma RY*"
nepecTaHoBKoit cTosibmos. Denote

diag, = {(z,2,...,2) € R™" . z € R},

Vreepxkaenue 8.3.3. (a) Ecau xomnaexc K noumu r-eaosicum ¢ R, mo cywecmeyem
Y, -9K6UBAPUAHMHOE 0MObpasCceHUe K™ — R — diag,..

(b) Ecau k(r—1)-komnaexc K aeasemca Z-nowmu r-eroscumvim 6 RE™ (em. onpedenenue
6 §7.5), mo cywecmesyem ¥,.-sK6usapuarmmoe omobpastcenue KT — RErxr _ diag,..

d(r—1)—1
O603maxmv wepes SCT V™ € R \oskecTBO Beex Tex MaTpi JIST KOTOPBIX CYMMa
X )

quces B JIIOO0I CTpOKe paBHA HYJIIO, I CyMMa KBaJIpATOB BCEX YHCET B MaTpHIEe paBHA 1. DTO
MHOKeCTBO ToMeoMopdHO cdepe pazmeproct d(r —1) —1. OHO HHBAPUAHTHO OTHOCUTETHHO
JIEUCTBUS TPYHIIBI Y.

Vreepxaenue 8.3.4. There is a ¥,.-equivariant map R&>" — diag, — Sg(:_l)_l.
DTO TOKA3bIBAETCS AHAJOTHIHO MPUBEJIEHHOMY B §8.2 paccyKIeHU0 I ' = 2 U yTBep-
xaennio 8.4.1.b.

Vreepxkaenue 8.3.5. Cywecmeyem Z-noumu r-eaoocenue k(r — 1)-xomnaexca K ¢ R

moz20a u Mmoavko mozda, Koz2da cyuecmeyem d.-aksusapuarmmuoe omobpastcenue KT —
kr(r—1)—1

S. .

T
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Yreepxkaenue 8.3.5 apisercss oboomennem [MW15, § 4.1 and Corollary 44| ussecrubix
pesyabraroB. CM. TpocToe n3JoxKenne nokasareabcrsa B [Sk16, §3).

Teopema 8.3.6 (|[AKS, Theorem 6]). Ecau r ne cmenenv npocmozo u X Asasemcs kom-

NAEKCOM €O CBOOOOHVIM CUMNAUYUGALHM JeTCEUEM 2PYNNYL Ly, MO CYUELCMBYem X, -
2(r—1)—1

akesusapuanmmoe omobpasicenue X — SZ(: -1

Bepcug nig dim X = d(r — 1) u orobpaxkenns X — Sg(:_l)_l TeopeMbl 8.3.6 mpuHAI-
nexur Ezaiigpiy [Oz|. (Dra Bepcust copmynuposana we B [Oz], a B [MW14, p. 173, the
paragraph before Theorem 3|; ee mecimoxusiii BoiBox u3 |Oz| npusenen B [Frlb, proof of
Corollary 3|.) B [Sk16, §3]| npuBoauTcst KOPOTKOE MPSIMOE U3JIOXKEHHE JTOKA3ATeTbCTBA ITON
Bepcun. JIjist TeopeMbl 7.5.2 gocraTouno 1oit Bepcun npu d = kr (mockoabKy quist k(r — 1)-
koMLtekca K pemonseno dim K™ < rdim K = kr(r — 1)).

Teopema 8.3.7. [Iycmv K ecmo k-komnaere v aubo rd > (r+1)k+3, aubo d = 2r = k+2 #
4. IToumu r-eaooicenue K — RY cywecmeyem mozda u moAavko mozda, Ko2da cyuecmsyem
Y..-aKeusapuarmmoe omobpasicenue K" — SET b=t

Cayuait (r — 1)d = rk reopemsbr 8.3.7 mokazan B [MW15, AMS+|; aror ciaydaii mokpsi-
Baercs Teopemoii 7.5.1 u yrBepxaenuem 8.3.5. O6mwmii coryuait mokazan B [Sk17|, cm. Takke
[MW16, Sk17o0].

Bameuanue 8.3.8. (a) [eomempuueckoti 6apesannoti r-t cmenenwvio mogmuoxkectsa N C R?
Ha3bIBaCTCA

N :={(x1,...,2,) € N : z; # x; 1JIst JII000TO0 § # j}.

D10 KOH(UTYpAEOHHOE TPOCTPAHCTBO YIOPII0UCHHBIX HAO0POB JTHHBI 7 PA3THIHBIX TOUEK
B N. VYno6ubim obozHauernem st N7 66110 661 NT, mockoIbKy depe3 nt:=n(n—1)...(n—
r + 1) obo3HaUAETCS KOJMYECTBO YHOPSAJOUEHHBIX HAGOPOB JJIMHBI 7' PA3JUYHBIX TOYEK B
N-3JIEMEHTHOM MHOZKecTBe (T.e. pasvemernuit 13 n 1o r).

Observe that R™" — diag, # Re for r > 3.

(b) Let = be an integer, N a closed manifold, and B C N a codimension 0 ball. Then
there is a ,-equivariant map N” — N7, := {(z1,...,2,) € N" : [{z1,... &} NInt B| < 1}

(c ) (conjecture) For a map f : |K| — Z of a Complex K denote \K\f ={(z1,...,2,) €
|K|" @ fx; # fx; for each ¢, j}. For a 2-complex K take 2-faces o, 7 intersecting by a vertex.
Take points Ay, Ay € Into and By, By € Int7. Let f : |[K| — |K|/(A1 ~ By, Ay ~ Bs) be
the quotient map. Then there is a ¥,-equivariant map |K|T — |K|;

It suffices to prove the following stronger assertion. Let r be an integer, K a k-complex,
and B C |K]| the union of two k-balls in the interiors of two k-faces of K intersecting by a

il
vertex. Then there is a ¥,-equivariant map |K| — |K]|5.

8.4 Proof of the topological Tverberg Theorem 7.3.2.a for r a prime
The simplicial r-tuple deleted join of a complex K is

K :=U{oy*---x0, : 0; aface of K,0;,No; =0 for all i # j}.
Denote

1 1
diag = {;x@...@;xe (R xERd}.

On K} and on (R?)*" — diag’ the symmetric group ¥, acts by permuting the ‘factors’
t1zq, ..., t,z,. Consider Z, as the subgroup of cyclic permutations in .. An action is called
free if the map corresponding to any non-identical element has no fixed points.
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Vreepxkaenue 8.4.1 (proof is postponed). (a) If K is a complex almost r-embeddable to
R?, then there is a ,.-equivariant map KXY — (RY)* — diag.

(b) There is a ¥,-equivariant map (R4)*" — diag — Sédfl)(r*l)*l.

(¢) For k = (d + 1)(r — 1) even there are a free action of Z, on S*=' (which is not
necessarily the restriction of the action of ¥,) and a null-homotopic Z,-equivariant map
Sk=1 (Ak)zr

(d) For any free action of Z, on S*=! there is a Z,-equivariant map Sg:l — Sk-L,

Teopema 8.4.2 (r-fold Borsuk-Ulam Theorem). For any free PL action of Z, on S™ no
L. -equivariant map S™ — S™ s null-homotopic.

Sketch of the proof. Take a map w : S™ — S™ generating the action. Since the action is PL,
there is a triangulation of S™ for which w is simplicial. Take a minimal set F' of n-simplices
such that F U wF U ... Uw"  'F is the set of all n-simplices. We may assume that the
given map g : S™ — S” is identical on the (n — 1)-skeleton. Then the proof is analogous to
[Sk20, problem 8.3.8|, replacing D, D_ by UF,w(UF),...w" }(UF) and obtaining deg g = 1
mod 7 (see details in [BSS, Lemma 2|, [Ma03, p. 153-154]; the formulation in that book is
more sophisticated, not only more general). O

Proof of Theorem 7.3.2.a for a prime r. Denote k := (d+1)(r —1). Suppose to the contrary
that f : Ay — R?is an almost 7-embedding. Since r is prime, either » = 2 or k is even. Take
the composition g : ngl — Sg:l of Z,-equivariant maps from Propositions 8.4.1.abcd. (For
r = 2 instead of Proposition 8.4.1.c we apply the result of Problem 8.2.7.b.) Since the map
of Proposition 8.4.1.c is null-homotopic, ¢ is null-homotopic. Since r is a prime, the action
of Z, on ngl is free. This contradicts Theorem 8.4.2. O

Proof of Proposition 8.4.1. (a) For an almost r-embedding f : A, — R? define the map f*"
by f(tix1 & ... & tx,) =t f(x1) B ... &t f(z,). Clearly, f* is ¥X,-equivariant.

(b) For z € R% let ™ := (1,7) € R For zy,...,2, € R and t,...,t, € [0,1] such
that ¢, +... +t. = 1 and pairs (x1,t1),..., (z,,t,) are not all equal define

+ +

+ + + +_m +._ Y
m’ =tax! +...+tx, fo=tixl —— and 7" = "—.
141 rdyp Y I r |y+|

Then 7t : (R — diag — S "7 is the required map.
(c) In this paragraph we construct an isomorphism

A (AT = [

Faces of (Ag)% correspond to r-tuples of pairwise disjoint (possibly, empty) subsets of [k+1].
The incidence table of such an r-tuple is a disposition of stars in the r x (k + 1)-table such
that every column has at most one star. Such tables are in 1-1 correspondence with faces
of [r]**1. (In another language this is an application of Assertion 6.16.2.a and an r-fold
analogue of Assertion 8.2.8.a.)

Consider the permutation action of ¥, on [r], and the joinpower action of ¥, on [r]
Clearly, A is a Y,-isomorphism.

Take a Z,-invariant cycle S in the graph [r]x[r] = K,.,.. (For r = 3 we can take S = [3]}Z.)
Then the subset S**/2 C [r]** C [r]***! is Z,-invariant. By Assertion 6.16.3.b there is a PL
homeomorphism h : S**/2 — Sk=1 Take the action of Z, on S*~! that is the ‘h-image’ of
the action on [r]***! restricted to S**/2, so that h is Z,-equivariant. Then the required map
is A=' o h='. The sphere S**/2 bounds the disk S**/2 % {1} C [r]***. Hence the restriction
of A~! to S*¥/2 is null-homotopic. Hence A~! o h~! is null-homotopic.

*k—+1
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(d) Take a triangulation of S§ ' for which the action of Z, is simplicial. Construct
a Z,-equivariant map ngl — Sk=1 by j-skeleta starting from j = 0. Korma mwa rpanu-
e rpaHd OTOOparKeHWe yrKe OMpeNesieH0, TO Ha TPaHb OHO MpojoKaercsa BBumy (k — 2)-
casaocTH cdeper SF1. IToTrom oTobpazKkeHme MPOOMKACTCA Ha Zy-OPOUTY TOi IPAHM TI0
Z.p-PKBUBAPUAHTHOCTH. ]

3ameuanne 8.4.3. (a) A null-homotopic Z,-equivariant map S ' — (A;)X of Proposition
8.4.1.cd can be alternatively constructed using the Z,-isomorphism A from the proof of
Proposition 8.4.1.c and Assertion 6.16.4.b. The construction is by j-skeleta starting from
j = 0, analogously to the proof of Proposition 8.4.1.cd. This argument requires Seifert-van
Kampen, Hurewicz and Mayer-Vietoris theorems on homology and homotopy groups (for
Assertion 6.16.4.b) instead of elementary argument from Proposition 8.4.1.c.

(b) Let us sketch (for r odd) an idea of an alternative explicit construction of a null-
homotopic Z,-equivariant map Sg:l — (Ag)X of Proposition 8.4.1.cd. We consider the case
d = 0, the case of arbitrary d is analogous. Identify with S' any Z,-invariant cycle in the
graph [r] * [r] = K,.,.. (For r = 3 we can take S = [3]}2.) Let p := (r — 1)/2. Define a map

' (SH R by W't @ ... ©t,2,) = Re(tiz + ™/ Mtyzy + .. 4 270D/t o),

Take the corresponding Z,-equivariant map A’ : (S1)* — R”, where Z, acts on R" by cyclic
permutation of the coordinates, and on (S')*” by rotating every join-coordinate through
27 /r. The image of A’ misses the zero, and is contained in the subspace H formed by
vectors with zero sum of coordinates. Let h be the composition of A’ with the projection
H—{0} — S% 2. One can check that h is a homeomorphism (cf. Assertion 6.16.3.b; hopefully
one can simply write ‘inverse’ formulas for a Z,.-equivariant map ng — (SH*, and do not
care if this map is 1-1). The required map is the composition A~! o A1,

(c) Proof of Proposition 8.4.1.c is interpreted as follows.

An ordered partition (R, Re, R3) of [6] = Ry U Ry LI R3 into three sets (possibly empty)
is called spherical if no set Ry, Ry, R3 contains any of the subsets {1,2},{3,4},{5,6}. E.g.
there are 63 = 216 cyclic partitions. (Indeed, each of the pairs {1,2},{3,4}, {5,6} can be
distributed in 6 ways.) The union of 5-simplices of Af® := Aj * Az * Aj corresponding to
spherical partitions is PL homeomorphic to S°.

Generally, for k even an ordered partition (Ry,...,R,) of [k] = R; U...U R, into r
sets (possibly empty) is called spherical if for every j = 1,... k/2 if 2j — 1 € R, then
2j € Rs_1 U R, where the r sets are numbered modulo r. Or, less formally, if consecutive
odd and even integers are contained in consecutive sets. The union of (k — 1)-simplices of
A", corresponding to spherical partitions is PL homeomorphic to S*~!.

The union of k-simplices of A}" corresponding to ‘spherical’ partitions (773,...,T;) of
[k + 1] into r sets such that k + 1 € T, is PL homeomorphic to Con S*~! = Dk,

The above proof of Theorem 7.3.2.a for a prime r gives many ‘Tverberg partitions’ [Ma03,
§6.5], and also the following refinements (d,e) (which are non-trivial even for d = 2; part
(c) also refines Theorems 2.1.4 and 7.1.3; for d = 2 part (e) is equivalent to the ‘spherical’
refinement of Theorem 2.3.1).

(d) For any prime r any (d + 1)(r — 1) + 1 points in R? can be spherically partitioned
into r sets whose convex hulls have a common point.

(e) For any prime r and map Agi1),—1) — R? there are r pairwise disjoint faces of
A(d41)(r—1) whose images have a common point and which decompose vertices of A(gy1);—1)
into a spherical partition.

(f) An ordered partition (Ry,...,R,) of [3r —2] = Ry U...U R, into r sets (possibly
empty) is called rainbow if for every j = 1,...,r the set R, intersects each of the three
sets {1,...,r—1},{r,...,2r — 2}, {2r — 1,...,3r — 3} by at most one element. Parts (b,c)
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are true for ‘spherical’ replaced by ‘rainbow’ [BMZ15, Theorem 2.2|, [MTW10, Theorem 2|.
Observe that ‘spherical’ is the same as ‘rainbow’ for r = 3 but is different for » > 3. So the
above proof of Theorem 7.3.2.a for r a prime is different from [BMZ15, MTW10| not only
in exposition: these proofs give different improvements.

Bamaua 8.4.4 (cf. [MTW10, Lemma 8]). (a) For every j € [6] and ‘spherical’ partition
G of [6] — {j} there are exactly two spherical partitions of [6] extending G.

E.g. the spherical partition ({1},{2,4,5},{3}) of [5] extends to two spherical partitions
({1,6},{2,4,5},{3,6}) and ({1},{2,4,5},{3,6}) of [6]. The extension ({1},{2,4,5,6},{3})
is not spherical because {2,4,5,6} D {5,6}.

Indeed, the number j can be added to two among three sets in the partition G because
exactly one of the sets contains the ‘twin’ 7 + 1 of 7 which cannot appear together with j.

(b) The set of all spherical partitions of [6] admits a chessboard coloring, i.e. a coloring in
two colors such that for every j € [6] and spherical partition G of [6] — {j} the two spherical
partitions of [6] extending G have different colors.

(c) A 5-simplex of Aj* A+ Aj corresponding to a partition R of [6] contains a 4-simplex
of Ay * Az * Ag corresponding to a partition G of [6] — {;j} if and only if R extends G.

(d) Take the 5-simplex of As* Ag* Aj corresponding to a spherical partition (R;, Rs, R3)
of [6]. If j € R;, then denote by j; the corresponding vertex of the 5-simplex. Orient the 5-
simplex as (1;,,2;,,...,6;), where j € R;,. Then such orientations of two 5-simplices having
a common 4-simplex disagree along this 4-simplex.

(e) Assume that a triangulation of an n-manifold and a collection of orientations on n-
faces is given, so that these orientations disagree along every (n — 1)-face. Assume further
that the faces admit a chessboard coloring. Then the manifold is orientable.

Bameuanue 8.4.5. (a) Proofs of the Borsuk-Ulam Theorem and its r-fold generalization
use the notion of degree analogous to the notion of the Radon and van Kampen numbers (§1,
§2). So the idea of the above deduction of Theorem 7.3.2.a is not essentially different from
the idea of ‘Tverberg number’ [Sk18, §2.3]. However, the above language is more traditional
and more convenient.

(b) meetca myabroMmoTonuoe Zg-3KBUBAPHAHTHOE OTOOpaskenune S° — S3. JleficTBATe/b-
HO, BO3bMEM

e anTHIOAAILHOE AeiicTBHe PAKTOPTPYIIBI Zy Tpynbl Zg Ha S';

e JieiicTBIe «IIOBOPOT Ha 27 /3» akTOprpynnsl Zs rpynisl Zg Ha S*.

BosbmMeM mzkoitH atux geiictsuit S° = St x S Jleitcteue na S® nosnyuaercsa me cBoboIHOE
(2O 3bderTuBHOE).

(c) An alternative proof of Theorem 8.4.2 is by proving the following equivalent result.

Extend w to S™ * Z, by w(ts ® (1 —t)m) = tw(s) ® (1 — t)(m + 1). Let wp : R"T —
R™™ be a map whose only fized point is 0 and such that wf = idR™. Then for any map
g:S"*Z, — R" commuting with w,wq (i.e. such that gow = wyo g) there is x € S x Z,
such that g(x) = 0.

This result is deduced from its ‘quantitative version’ analogous to [Sk18, Lemma 2.3.9],
[Ma03, S2.2].

8.5 Ilouru r-BJOXKEHUA KOMIIJIEKCOB

Bamaga 8.5.1 (obstructions to Zy-almost 3-embeddability). Let f : K — R? a general
position map of a 2-complex. Define the modulo 2 triple intersection cocycle

Vs g KQ/Eg —Zy by wvse{o,m,n}:=|fon frn fn.

(a,b,c) State and prove the analogues for vz of Assertions 6.8.4, 6.8.6 and 6.8.7.
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The analogue (a) gives mosiHOTY mocTpoerHoro npensitctsus. The cohomology class v3(K) €
HY(K2/%3;Zs) of the cocycle v ¢ is called npenamemeue san Kamnena xk vanmanio orobpa-
sxernsgt K — R? obmmero mosozkenns, o6pas3bl TPH KOTOPOM JTIOOBIX TPeX TOMapHO Herepece-
KAIOTIIXCS 2-CHMILTIEKCOB TIEPECEKAIOTCST B 9€THOM IHCJIe TOYEK (T.e. Zo-noumu 3-8A00CEHUA
K — R3).

Bamaga 8.5.2. (a) Given orientations on A? and on R3, define the algebraic triple
intersection f - ¢ - h of general position maps f, g, h : A? — R3 analogously to the definition
before Problem 4.9.7.

(b) How does f - g - h change under permutations of f, g, h?

(c,d) State and prove analogues of Assertions 6.9.1.bc for triple intersection f - g - h of
general position maps f, g, h: A? — R3.

Banaua 8.5.3 (obstructions to almost 3-embeddability). Let f : K — R? a general
position map of a 2-complex. Analogously to Problems 8.5.1 and 8.5.2 define the (integer)
triple intersection cocycle N3y : K3 — Z and the obstruction V3(K) € H§ (K3 Zr) to
almost 3-embeddability.

(a,b,c) State and prove analogues of Assertions 6.9.4 and 6.9.5.a,b for Nj ;.

(d)* (Analogue of Assertion 6.9.5.c) The cocycle 6 N3 ; is null-cohomologous for any K, f.

3ameuqanne 8.5.4. (a) For a k(r — 1)-complex K and a general position map f : K — RF"
one defines the (integer) r-tuple intersection cocycle N, : K- — Z analogously to the
previous problems [AMS+, Proposition 1.7]. The analogues for N, ; of Assertions 8.5.3.abc
are true. See Theorem 6.5.1 and Proposition 7.3.4.

!
(b) The analogue of Assertion 8.5.3.d states that the cocycle %ch is null-cohomologous

for any K, f,r and prime p. Here o, , is the order of p in r!. Hence if r is not a prime power,
then the cocycle N, ¢ is null-cohomologous for any K, f.

Bamaua 8.5.5 (cf. Remark 5.4.3 and [AK21, §3]). * Let K be a 2-complex and f :
K — R* a Zy-embedding (then vy(K) = 0). Take disjoint 2-faces o, 7 of K. Split points in
fo N frinto pairs. Take pairwise disjoint Whitney arcs and pairwise disjoint Whitney disks
corresponding to such pairs. Denote by

e [, C Int o the union of those Whitney arcs,

e W, C R* the union of those Whitney disks,

o W = {W,,} the collection of such unions.

Define the map (the cocycle)

w3,f,W . KQ/ZB — Z2 by w3,f,W{aa T777} = |WUT N fﬁb + |WT17 N fU‘Q + |Wna N fT‘Q-

(a) For any disjoint 2-faces o, 7, edge e not contained in o U7, and collection W there is
a pair f/, W' such that ws p ' = ws sw + d(e, 0, 7) (this is an analogue of Assertion 6.8.4).

Hint. See [AK21, Figure 8|. Change fo by a finger move to fr, i.e., by embedded
connected sum with a small 2-sphere intersecting f7 at two points. Take the Whitney disk
for the two additional intersection points of the images of o and 7. Change it by a finger
move to fe, i.e., by embedded connected sum with a small 2-sphere ‘linking’ fe in R*.

(b) If ws sw is null-cohomologous, then there is a pair f/, W’ such that ws y ' = 0.

(c) The map ws s, may depend on W, not only of f.

(d) Is it correct that for any W and W' the maps ws sw+ and ws rw are cohomologous?

(f) Define w3 ; € H%(K2/%3;Z,) to be the cohomology class of ws fy . (The analogue of
this class is an obstruction to ‘modifying f to an almost embedding using the collection W".)
There are
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e an obstruction d(f,g) € H3(K2/Yy;Zy) for Zs-embeddings f,g : K — R* to be
homotopic through Z,-embeddings, and

e a homomorphism (an operation) M : H3(K2/%y;Z,) — HO(K2/33;7Zs)

such that ws ; — ws, = Md(f, g).

(g) How ws s is related to the mod 2 version of the obstruction o3(K) from [Kr00]?

(h; remark) Let K be a 2-complex and f : K — R* a Z-embedding (then V5(K) = 0).
Take disjoint 2-simplices o, 7 of K. Split points in fo N f7 into pairs having opposite signs.
Take oriented Whitney disks corresponding to such pairs. Denote by W, the disjoint union
of the Whitney disks for pairs in fo N fr. (The boundary of the regular neighborhood of
W, intersects fo, fr and fn by three collections of circles, all of them pairwise disjoint.)
Define the cocycle

Q3,f,W : K§ — 7 by Q3,f,W(Ua T, TI) = WO‘T : f77 + an : fU + an . fT-

This cocycle is indeed ¥3-symmetric. Define V3 ; € HY (K2, Z) to be the cohomology class
of Q37f,W'

Assertion 6.9.5.d suggests the following questions. Does V3 ¢ has finite order? In particular,
is it correct that 613 = 07

8.6 KoudurypanmoHHbIe IIPOCTPAHCTBA U IIJIAHAPHOCTh KOMIIAKTOB

Komnaxmom Ha3bIBaeTCs 3aMKHYTe OFPaHIYIeHHOe ToAMHOKecTBo B RY. D10 monsaTHE 0606-
maet nousitue (runep)rpada. KoMIakTsl €CTeCTBEHHO MOABISIOTCS TIPU U3YYEHUH JTHHAMHA-
YeCKUX CHCTeM (Jazke riaajkux!).

3HAMEHUTOl HepelreHHoi npobIeMoil aBIgeTcs MpodIeMa OMUCAHUS CEAZHBLL KOMNAK-
moe6, BJIO2KUMbBIX B ITIJIOCKOCTbD.

KommnakT Ha3biBaeTcsi 00HOMEPHBLM, €CJTH Y HErO CYIIECTBYIOT MOKPBITUSI CKOJIb YTOIHO
MEJTKIMU OTKPBITBIMI MHOZKECTBAMU, HUKAKWe TPU U3 KOTOPBIX He MepeceKaioTcs. fIcHo, 9To
rpad IBIAETCS OTHOMEDHBIM KOMITAKTOM.

JTioboii cmazusaemuili 2pag, T.e. nepeBo, wiaHaper (u3 chOPMYTUPOBAHHON HUIKE TEO-
pembr KisitTopa BbITEKaeT Takke, 9TO 000 cmazusaemvili odHomepruit kKomnakxm Ilearo
mianapen). Creyomuii npuMep MOKa3bIBaeT, 4TO JJIsi KOMIIAKTOB JIeJI0 OOCTOUT WHAYE.

Bamaua 8.6.1. (a) CymecTByer cTAruBaeMblii OJTHOMEPHBIN HEILTAHADHBIH KOMITAKT.
(b) [yist 0GOTO N CYNIECTBYET CTArMBAeMBbIil -MepHBIil KOMIAKT, He BaozKuMblii B R?™ [RSS,
nokazaresasctso Coencrsust 1.5], [RSO1].

Puc. 8.6.1: CraruBaembrii 0HOMEDHBII HeITAHAPHBIN KOMITAKT

I1. (a) aBasiercst poabKIOPHBIM pe3yabraToMm 1930-x rogos. B kauecTBe TaKOro KOMIAK-
Ta MOKHO B3saTh N = T X <O U {%}) Uz x [0,1], tne T — tpuox u x € T. fcuo, uro
kommakT N cTaruBaeM m ojgHOMepeH. [IpocToe m0Ka3aTe/IhbCTBO HEBIOKUMOCTH KoMiakTa [N
B mockocth [CRS98|, [KS99| moyuaercst mpumenennem yreepxkaennst 8.1.1.d x fo = fryxo-
[IpuBenem apyroe mokasaTeabCTBO, OCHOBAHHOE Ha TeopeMme bopcyka-Yinama. Ero mpenwmy-
IIECTBO B TOM, UTO OHO HMOJXOJUT U JIjIs yTBepKaennsd 8.6.1.b.
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okasamensvemso nesaoocumocmuy, N 6 naockocms. TIpeamonokuM, 9ro CymecTByeT
proxkenne f : N — RZ% 3amernmm, uto cymecTByer orobpaxkenue ¢ : S' — T, KoTopoe
HE CKJICUBACT aHTUIIOIbBI (T.e. AuaMeTpaJibHO IMTPOTHUBOIOJIOKHBIE TOLIKI/I). TOFIL& MBI MOZKEM
onpeeuTh orobpazkenne 1 : ST — T x T bopmyamoii ¥(s) = (¢(s), p(—s)). Tak Kak ¢ He
cKJIenBaeT aHTHION0B, To 1St NdiagT = (). CrenoBaTeabHO, MOKHO OIpeIeJNTh 0TOGpa-
JKeHHS

0) - f(y
St — S dbopmymoii T,y) = T d u
Joit ol 0l ) = T (,0) = f(5,0)

TxT— S dopuynoit gz, y) = f( 0; Ey ;;
(z 'k

Orobpazkenns 1), gy U ¢, SKBHBAPUAHTHBI OTHOCHTeIbHO MHBoIOMMHA Ha »S' C T x T n
S, mepecTaBIAOIEX COMHOKHTETH U AaHTHIOABI, COOTBeTCTBeHHO. Tak Kak |¢St, diag T| >
0, ro aa roukn (z,y) € S m mocrarouno Goibmoro k Toukn go(z,y) n gr(z,y) GyayT
osmskuvu. Cjie10BaTeIbHO, OHU HE MOTYT OBITH aHTumogamu. [losTomy gy SKBUBApUAHTHO
FOMOTOIHO g |ys1. HO gi|ys1 pomomkaercs Ha crarusaemoe npocrpanctso 1" x T’ n mosromy
nyin-roMotonuo. CienosaTennto, go : ¥St — S! mymp-romoronno. 3HaunT, oToGpaskenue
goo v : S* — S! skpuBapHaHTHO U HYJL-FOMOTOIHO, YTO HPOTHBOPEUUT TeopeMe Bopcyka-

Yrama. QED

CBA3HBII KOMITAKT HA3BIBACTCS AOKAALHO C6A3HbLM (M KOHTHHYYMOM [Teano), eciu st
JII00O#1 ero TOYKu & u ee OKpecTHOCTH U CyIIecTBYeT Takas MeHbIas OKPEeCTHOCTH V' TO4YKH
2, 9TO JIOObIe JIBe TOYKH U3 V COEJUHSIOTCS HEKOTOPBIM MyTeM, MeJUKOM Jexkamum B U
(I/IJII/I, 9KBHUBAJICHTHO, €CJIM OH SIBJISIETCS HEIPEPhIBHBIM 0Opa30M JIyTru [O, 1]) Kontunyymb
[Teano MoryT OGBITH OYeHb CJI0KHO ycrpoenbl [Ku68|. TlosTomy yAMBATETHHO, YTO UMEETCS
CJIEJIY IO pe3yJIbTarT.

gk :

Teopema Kuasiitopa. Konmunyym Ieano eroscum 6 S? mozda u moavko mozda, x020a
on ne codeporcum komnaxmos Ks, Kss3, Cg, u Ck,, (puc. 8.6.2).

Puc. 8.6.2: Kourunyymsr Kyparosckoro-Kmsiitopa (mmoka orcyrcrByer)

Hocmpoenue xomnaxmos Ck; u Cg, ,. BosbMmeM pe6po ab rpacda K5 n oTMeTnM Ha HeM
HoByto BepruHy a'. [Tycrs P = Ky — (ad’). [Tycrs P, komust rpada P. O6o3nadnm depes a,
u a, Bepmmusl rpada P, coorBercrByiomne a u a’. Tormga

C,=P U U P )L

’_ /I
a’j=az as=as

rie {P,} — mocyenoBarebHOCTH rpadOB HA MIIOCKOCTH CO CTPEMSIIIUMUCS K HYJIO THAMET-
paMn, cxozasmascsa K Touke x ¢ LU | P,. Touno Tak ke MoKHO onpeaeauth KoMIakT C, ,,
B34B B Hauasle K33 BMecTo K.

flcHo, 9TO OTCyTCTBHE MOAKOMIAKTOB, TOMeOMODPMHBIX ogHOMy n3 rpadoB K; m Kjs
(marke BMecTe ¢ OTCYTCTBHEM MOJKOMIAKTOB, roMeoMopdHbix Kommaktam Cp, n CKS,S),
HEJIOCTATOYHO JIJIs ITaHapHocTH KommakTa (mokazkure!). [Tosromy st m3ydenns ykasaH-
HOM HpO6.HeMbI HY2KHBI HOBbIE€ MPENATCTBUA K BJIO2KHUMOCTU B IIJIOCKOCTbD. B 9TOM IIYHKTE
MBI JOKaKeM, ITO NPenamcmeue 83pe3anHno20 keadpama noino oad xonmunyymos Ilearo u
HENOAHO OAA NPOUIBONLHUE CEAZHHT Komnakmos [SkIS].

Jokazameavecmeo ananoza meopemv, Xegaueepa-Bebepa ona kouwmunyymos Ileano N.
ITo Teopeme I Kmaiitopa JIOCTATOYHO JIOKA3aTh, UTO He CYIIECTBYET SKBHBAPHAHTHLIX 0TO00-

pazermii Cr, — S' n C’K33 — S'. Iycrw, manpotus, ® : Cx, — S! — SKBUBApHAHTHOE
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oTobpaxkenune. Obo3HaINM 4Yepe3 S, OKPY:KHOCTH B P,, cocTaBlIeHHYIO U3 pedep, He comep-
JKAIUX BEPIHH G, U a,,. s moctarodso 60abmux n 1 m < | moce0BaTeIbHO MOy YaeM
rOMOTONNYECKYIO0 TPUBUAJIBHOCTH CyzKeHuit ¢ Ha ciemayronine MHOYKeECTBA:
rx1, S,x1, S,x0, S,XSn,, SuwxS, SnXan Snxa,.
(ITepBerit mepexof BepeH, Tak Kak S, CXOAUTCs K x. BTopoii mepexos BepeH, Tak kKak ®|g, s
siBJisieTcst romoTonuei MexR iy P|g, «o 1 P|s, 1. Tpernii nepexos Bepen, Tak Kak .S, CXOIUTCS
. ) Y
K x. [larerit mepexon Bepen, Tak Kak @|s, a4, 1 P|s,, xaj,, TOMOTOTIHEI )
3nauur, <I>|;,; SKBUBAPUAHTHO NpoJoszKaercss Ha P, U S, X (ad), U (ad’), X Sp. D10

IPOCTPAHCTBO SKBHBAPHAHTHO TOMHOMOP(HO IA(;, YTO TPOTUBOPEYUT OTCYTCTBHUIO SKBUBA-
pPHAHTHBIX oToOpazkennuit Ky — S?.

HecyrectBoBanme SKBUBAPHAHTHOTO OTOOPAYKEHUS C/';;; — S nokaspiBaeTca aHaIoOrHY-
Ho. (CpaBHHUTE 9TO JOKA3ATEIHCTBO C JOKA3ATEIbCTBOM HEBJIOKMUMOCTH B Teopeme KimaiiTo-
pa [Sk05].) QED

IIpumep Tpexagu4ueckoro cojenoupa. Iperaduueckuli corenoud Yz He 6A0HCUM 6
NAOCKOCTL, TOMA Cyuwecmeyem sxsusapuarnmmoe omobpasicenue P : Yz — St [Sk98|.

[IpuBesem mocTpoeHne 3HAMEHUTOTO p-aduueckozo corenouda Bueropuca-Ban lanmnura,
KOTOprfI BO3HUKACT B Pa3HBIX OTAeEJIaX TOIOJIOTUN U TEOPUU JUHAMUICCKHUX CHCTEM. OH AB-
JisieTcs repecedenneM ODECKOHEYHOH T0C/Ie/I0BATE/IbHOCTU TTOJTHOTOPUA, KayK/Ibli U3 KOTOPBIX
BIINCAH B IpeIblIyIIuil co cTemenbio p. Bosee Touno, BospMeM nosnoropue 1 C R3. Ilyers
T, C Ty Gymer MOTHOTOPHEM, MPOXOISIINM P pa3 BIOJIbL OCH MOTHOTOpUsS T). AHAJIOrHIHO,
nyctb T3 C Ty OyaeT moTHOTOpHEM, HTPOXOISIIIM p pa3 BA0JIbL ocu moaHoTopus 1. IIpo-
JI0JIZKasi aHAJIOTUYHO, T0JIydaeM DeckoHedHoe ceMeicTBo mosnoropuit 17 D 1o D 15 D .. ..
[Tepeceuenne Bcex mosinoropnit T; n Ha3BIBaETCA P-aIMICCKAM COJCHOUIOM 2, PopmMasibHO,

Yy ={(z1,22,...) €EL(S") : x; €S2l =a;}, e S'={zxeC : |z[=1}.

DTO MPOCTPAHCTBO paccMmarpuBaercs ¢ Tonosorueil TuxoHoBa (Kak n SulU, s HUZKECJIeTy-
IOIIEM JIOKA3aTeIhCTRE).

3amMernMm, 9TO p-aJUIecKuil COJIEHOU AOKAALHO BAOHCUM 6 NAOCKOCTb, HO HE BAONHCUM
HU 8 KaKoe 2-Mro2000pa3ue.

ITocmpoenue sxeusapuarnmmozo omobpascernus Y3 — S1. VMeem

1 .3
E:{($1,y17$27y2,~~) | Liy Yi GS ) xz‘+1 = Ty,
yfﬂ = y; JUIST KQXKJIOT0 i W T; 7 Y; JIJisl HEKOTOPOTO i}.

Ob6o3HaunM
. —n
Up ={(x1,y1,22,y2,...) €EX ¢ |xp,yn| > 47"}
Tak Kak [Ty, Yn| < 3|Tpi1, Yni1| 75T KAKIOTO 1, TO [Ty, Y| > 47" 17151 TOCTATOUHO GOJIBITIOTO
. fe’e)
n. Hosromy Uy CUs C ... u X = |J U,. Tak kak U, OTKPBITO, TOCTATOYHO MOCTPOUTH MO~
n=1
CJIe10BATEILHOCTh TAKUX SKBHBAPHAHTHHIX oTobpaxkenwit R, : U, — S', uro R,, = R.i1lu, -
O6oznaunm S, = {(z,y) € S* x S' : |z,y| > 47"}. TocTaTOMHO MOCTPOUTD MOCTEI0BA-
TeJILHOCTh TAKUX SKBUBAPUAHTHBLIX OTOOPAYKEHMI

Tt Sy — St wro ru(2?y?) = ra(z,y) wpm (2%, y7) € S,

Mgl GyieM CTPOUTH TaKhe 0ToOpazKeHus 1, HocaenoBaTenbHo. Ilyersb 1o @ Sp — ST — mpo-
HN3BOJIbHOE SKBHBApPHAHTHOE OTOOparkeHme. IIpeamosoKmM, 9To 7,1 yzZKe MoCTpoeHo. s
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4 1 1
A[T + 3.4n—1> 27 — 3,4n—1}

Puc. 8.6.3: OTobpazkenue r, ompeaeaeHo Ha OEJTBIX KOJbIAX U IIPOIOIKAETCI Ha YepHBIE.
1

3aMeHuTD 5=y — €
ayru M C S' ¢ kounamu B a u b o6oznaunm uepes A(M) = {(:c,y) € Stx S| arg? € M}

KOMbIO ¢ rpanmanabivu mukiamu A(a) nu A(b). ObosHaunm € = 5= . lcnonpsya yciopue
To(2,y) = rp_1 (23, y3), MBI MOJKeM oOlIpejie/IuThL 0TOOpaszKeHue 1, Ha 00'beJMHEeHUN TPeX KOJIel]
(ob6o3HaveHHBIX OesbiM Ha puc. 8.6.3)

21 27 47 47
A[;—— } A[— — — } A[— 1 2m — }
€ 3 el U 3 +e 3 ey 3 +e2m—¢

Tak Kak cy:keHusi 0TOOpazKeHust 1,1 Ha OKpyzkuocTH A(3¢) m A(2m — 3¢) romMoTONHBI, TO

CyzKeHHUsI OTOOparKeHHUsI T, Ha OKPYKHOCTH A <2?” —5) uA 2?” —H—:) TOYKe TOMOTOITHBI. SHAYHT,

7, IpoaoIKaeTcsa Ha A [%ﬂ — &, %’r + ¢|. CremoBaTe/ibHO, T, SKBUBAPHAHTHO IIPOI0TKAETCS
na S,. Mbl GepeM B KadecTse 7, : S, — S mo60e Takoe npogomkenne. QED

T'umoresza. Cywecmeyem npeBoBumnblit Komnakm N, He 840CUMBLT 8 NAOCKOCTIL, HO
0A8 KOMOPo2o ecmb skeusapuarmmoe omobpascernue N — S*.
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9 T'omoTonmyeckas Kjaccudukalimsa OTOOpakKeHmit

Tomorommueckast Kiaaccudukamun orobpaxkennii S” — S™ [Sk20, reopema 8.3.1] moaydena
Xajiamem Xondowm B 1926 r. Ona 0600IeHA HA 0TOOparKeHUs n-KoMmiuiekca B S" XaifHieMm
Xondom B 1932 1. («10 3akazy» Ilasaa Cepreesnua Anekcamgposa). [Ipusogumas B §9.6
dbopmyuposka 1ol Kaaccudukanuu npuHaiekuT Xaccaepy Yuran (1937 r.). TanbHeii-
mmee pa3BuTHe TeopeMa Xotmda-Yurau nogyuniaa B paborax Camriodasa ditaenbepra u Con-
nepca Makseitna (1940; §9.8), JIbBa Cemenosuda ITonrpsirnnaa (1941), Hopmana Crunpona
(1947; §9.7), Txxona Tenpu Koncranruua Yaiirxena (1949) u Muxanra Muxaitiosuga IToct-
rukoBa (1950). Cm. Takxe [Sk20, §14].

Hanee yepes K, L 0603HAYEHBI TPOU3BOIbHBIE KOMILIEKCHI (UJIM WX TeJa; CM. OMpese-
nenve B 1. 6.4). O6osnaunm 4epe3 [K, L] MHOXKeCTBO HeNPEPHIBHBIX (WM, SKBUBAJIEHTHO,
PL) oro6paxenuii K — L ¢ TouaHOCTBIO 70 TomoTonmHocTH. [Toj «onmcannem» MHOXKeCTBa
[K, L] MbI HOHUMaeM «aJTOPUTMUIECKOE> TIOCTPOCHHE «ECTECTBEHHO» OHEKINI MeK 1y HIM
U HEKOTOPBIM <«H3BECTHBIM» MHOXKECTBOM. DTO IMPHUMEPHO TO K€, U4TO JI0KA3aTe/TbCTBO CJie-
JIVIOIIEro YTBEPK/ICHU.

Vreepxkaenune A(K, L). CymiecrByer airopuT™M pacrno3HaBaHHs TOMOTOITHOCTH 3a/IaH-
HBIX CHMILTAIUAILHBIX oToOpazkennii X — L.

Crangaprabie obosnadenusi S™, D", RP" CP" onpenenensi, nanpumep, B [Sk20, §3.1,
Hadaso §8, 3ameuanue 8.4.3a, §8.7|. Bce orobpaskennst cauTarOTCS HEMPEPHIBHBIME W ITPUJIA-
raTeibHOe «HEIPEepPLIBHOE» OMYCKAeTCsI.

9.1 Orobpaxenusa rpada B OKPY>KHOCTH

Onucanne muoxkecrsa [K, S| (r.e. noxkasarenncrso yrepskaenns A(K,S')) misa rpada K
npusegeno B [Sk20, 3amaga 3.10.3] nmpu momorm crsiruBaHusi pebep. 31eCh MbI IPUBEIEM
OMUCAHWE Ha JIPYTOM S3BIKE, CJIeIys OOIIEeMY MEeTOTy TeOPHUH MpeNnsSTCTBUil. XOTs MpUuBeIeH-
Hble (DOPMYJTUPOBKA U JOKA3aTETbCTBO 0DOJiee CJO0YKHBI, C MOMOIIBI0O UX ODODIIEHUT MOXKHO
HOJIYYUTh PEe3Y/IbTaThl, KOTOPbIE HE MOJIYYalOTCs ITPU MOMOIIA MHOTOMEPHOT'O aHAJIOra CTsi-
rusauust pebep (cm. m. 9.4 u nasee).

Teopema 9.1.1 (Xond-Yuruu ais rpados). s aobozo zpaga K cywecmsyem bueruyus
deg: [K,S' — HY(K;Z).

Ipynna HY(K;Z) u Guexuus deg onpesesenst mnosxke. OHU eCTECTBEHHO BO3HUKAIOT
1 CTPOTO OTIPEJIETIAIOTCS B MIPONECCe npudymoui6aHus KIacCu(MOUKAIINNA, K KOTOPOMY MBI ceiiuac
nepeiigem. Crenenn deg f orobpaxkenus f : K — S Gyzer onpegenena Kak IpensTcTBhe K
TOMOTOITHOCTH OTOOpazkeHusi f MOCTOSHHOMY OTOOparKeHHIO.

AnajioruaHble 3aMeYAHUS [0 MOBOJLY CJIEAYIONINX TEOPEeM MPOMYCKAITCS.

Havano doxaszamenvcmea meopemu, 9.1.1: onpedesenue npenamemeyrowets paccmamnos-
Ku. SHAKOMCTBO C 3THM JI0KA3aTeTHLCTBOM PEKOMEH/IyeM Hadarh ¢ mpumMepa K = K.

BriGepem npon3BoJIbHO HampaBieHne Ha KaxkjaoMm pebpe rpada K (npemnsitersue deg f
OyzieT 3aBHCeTh OT TOTO BHIGOPA).

[Tpoussosbnoe orobpazkenne K — S! roMOTONHO KJI€TOYHOMY, T.e. TAKOMY, IPH KOTO-
pom Bee Bepumubl rpada K mepexonar B Touky 1 € St C C (mokaxure!). ITostomy gocTa-
TOYHO KIaccU(PUIIPOBAThL KAeTOYHBIe oToOpazkenus K — S ¢ TOUHOCTBIO 10 FOMOTOIINH,
0TOOpayKeHus1 KOTOPOii He 00s13aTe/IbHO KJIETOYHBI.

Bosbmem kirerounoe orobpaxkenue f : K — S, TlocraBuM Ha KaxKI0M pebpe dHCIIOo
060poTOB BekTOpa f(x) HpM MPOXOje TOYKOH X MO 3TOMY peGpy BIOJb ero HAPABJIEHUSI.
[TostyueHHYIO PACCTAHOBKY IEJIBIX YHCEJ HA OPHEHTHPOBAHHBIX pedpax rpada K obo3Hadnm
v(f) n HazoBem mpensitcTByfomeii. (HayuHnoe HazBaHue — NpensgTCTBYIONMI KOIUKIL. )
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Ecma f,g: K — S' — knerounsie orobpazkenus, 1asa Kotopeix Y(f) = v(g), To f ~ g.

Puc. 9.1.1: TToakpyuuBanue oToOparKeHusi B OKPECTHOCTH BEPITUHBI

Usmenenue npenamemeyrouwetd paccmarnosku. CYIECTBYIOT KJIETOYHBIE OTOOPAYKEHHS
fo, f1: K — S, ana xoropwix fo =~ fi, wo Y(fo) # ~v(f1). [pusesem nupumep coOTBETCTRY-
romeit romororuu f; (puc. 9.1.1). Bozbmenm Jm06oe kjerounoe orobpaxkenue fo @ K — S1
(mampumep, oTobpazkenue B TOUKy). /st Bepumubl a rpada K MOCTPOMM TOMOTONHIO f;
TakK, 9TO0OBI

e TouKa fi(a) cmemana onuH 06OPOT MPOTUB YACOBOI CTPEJKH MPU MPOOETAHUH TTAPAMET-
pom ¢ orpeska [0, 1],

e T0uKH f;(x) Jyist & U3 MaJeHbKON OKpecTHOCTH U BEPITHHBI ¢ «[OTSIHYJIHCHY 33 TOYKOI
ft(a’)a a

e BHe OKpecTHOCTH U OTOOpazKeHne ocTaIoCh Mpe:KHUM, T.e. f; = fo BHe U.

[Tonyunm ortobpazkenue f; : K — S!, romoronnoe orobpazkenuio fy. Ilonarno, 4T0
v(fo) m y(f1) oTaMUaOTCS Ha PACCTAHOBKY ILIIOC WJIM MHHYC €IUHHI] (B 3aBHCHMOCTH OT
OpHEHTAINN) Ha pedpax, COIeprKAIINX BePIINHY a, U HyJIeil Ha BceX OCTaIbHBIX pebpax. dra
paccTaHOBKA HA3BIBAETCS FJIEMEHTAPHOW KOTPAHUIIEH BEPIUHBI ¢ W 0003HATALTCS 0d.

Obo3nauum 4epes aq,...,ay Bce Bepuinubl rpada K. B okpecTHOCTIX KaxKI0i u3 Bep-
IIIH CJe/1aeM OMMCAHHYI0 BBIIIE TOMOTONHI0 OTOOparkKeHHs [, MOBOpadMBas OOpa3bl ITHX
BEPIIIUH HA 7N, ...,Ny 000OPOTOB, cOOTBeTCTBEeHHO. (OOO3HAUUM TOJYUEHHOE OTOOpaAKEHNe
9epe3 fniai+..+nyay- PACCTAHOBKH IEIBIX YHCEJ HAa peOpax MOXKHO CKJIAJbIBATh: JJIS 3TO-
IO TPOCTO CKJIAJBIBAIOTCS YUC/IA, CTOSIIIE HA KarKI0M pebpe (Takoe CJIOZKeHHe HA3bIBAeTCs
nokomnonermuwim). Torma (cp. [Sk20, §4.9])

(*) V(f) - ’Y(fn1a1+...+nvav) = 7115(11 + ...+ nvéav,

Tenepn paccmorpum romoTonuio f @ K — S! mex iy kaerodnniMu oTobpazkenuaMu fo, f.
J171s1 KazKI0i BePIINHEL @; 0O03HATHUM Hepes3 1n; IHCI0 000POTOB TOUKHU fi(a;) IPH H3MEeHeHnH
t or 0 mo 1. Torma (cp. [Sk20, §4.9|)

(%) v(f1) = v(fo) = niday + ... + nyday.

Onpedenenue odrnomepnoti epynnovi xozomonozut HY(K;Z), omobpascenus deg u doxa-
3ameavecmeo ezo buekmusHocmu. HazoBeM paccTaHOBKHU 7, Yo HEJIBIX YHCE/ HA OPHEHTHU-
poBaHHBIX pebOpax rpada K KOTOMOJOTUYHBIMU, €CIU Y, — Yo = N10a; + ... + nyday
JIS HeKOTOPBIX MeJBIX 9HCeT i, ...,ny. I'pymna H'(K;7Z) paccTaHOBOK ¢ TOYHOCTLIO 10
KOIOMOJIOPMYHOCTH HA3BIBAETCS OJHOMEPHOM rpynmoi koromouioruii rpada K (¢ Koad-
dburmentamu B 7). O603HATHM

deg f = [v(f)] € H'(K;Z)
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Beuy paBercrsa (**) sro omnpesenenne KOppeKTHO.

Yro0bI JI0Ka3aTh CIOPbEKTUBHOCTH OTOOpazkKenus deg, BO3bMEM ITPOU3BOJILHYIO PaccTa-
HOBKY 7y 1esbIX 9nces Ha pebpax. [lomoxkum f(a) = 1 mus kaxoii Beprmmusl a rpada K.
Tl kaz10ro pebpa € B KadecTBe f|. BOBbMEM Y-KpaTHbIl 06X0j BJOJb OKpy:KHOCTH ST
JI1s1 MOCTPOEHHOTO KJIeTOUHOro otobpazkenus [ umeem ~y(f) = v, mosromy deg f = [v].

Ecau deg f = deg g mia HEeKOTOPBIX KIeTOYHBIX oToOpaxkenwii f u g, To y(f) — v(g) =
nida; + ...+ nyday JIg HEKOTOPBIX MEJBIX YUCeNT Nq, ..., Ny. Torma Buay pasencrsa (**)
nveeM f ~ fo a4 4nvaey = - [osTOMY oTOOpaskenue deg nabextnsHO. QED

Bamaua 9.1.2. (a) OgHOMEpHBIE IPYIIIBI KOTOMOJIOTHIA, HOJTYUYeHHBIE JJIsi PA3HBIX HAOO-
pOB opueHTalnii pedep, N30MOPQHBI.

(b) OmHOMEpHBIE TPYIIBI KOPOMOJIOIHH TOMeOMOPMHBIX TpadoB H30MOPMhHEL.

(c) (cp. |?, yreepmaenue 1.3.5.a]) neem HY(K;Z) = ZE-V*C tne B,V u C — konuye-
cTBa pebep, BepIINH U KOMIOHEHT CBA3HOCTH Tr'pada K.

Bamaua 9.1.3. /Ins orobpaxenuit f,g: K — S' C C rpada K onpemeany otobpaske-
mmit fg: K — S' dopmynoit (fg)(z) = f(z)g().

(a) TTocTpoiiTe COOTBETCTBYIONLYIO CTPYKTYpy Tpynmnbl Ha [K, S1.

(b) OroGpaxenne deg : [K,S'] — H'(K;Z) asngerca n3oMoppHU3MOM Iy

9.2 Orobpakenus rpada B MPOEKTUBHYIO MJIOCKOCTH

Bamaua 9.2.1. (a) Haiinure |[K, RP?]| ana csasnoro rpada K ¢ E pebpavu u V' Bep-
IIAHAMH.

(b) Jdokazxkure yreepxaenne A(K, RP?) nna rpada K.

Vkasanue: ucmonn3syiite crarusanne peopa u |[S', RP?|| = 2 (Tounee, [Sk20, yTBepxe-
aue 9.2.2.a|). s m. (b) MOryT OKazaThCsl MOJE3HBIMU OIpPEJIeIeHHs, TIPUBEIEHHbIE MepeT
yTBepKaeHneM 9.2.4.

HamomHuwnM, 910 MBI TporyckaeM KoadbdunneHTs Zg B 0603HaY€HIN IPYIT (KO)rOMOJIOTHIA.

Teopema 9.2.2. /laa mobozo 2paga K cywecmeyem buexyus deg : [K,RP? — H'(K).

Puc. 9.2.1: Knerounoe pa3duenue mpoeKTHBHOM ILTOCKOCTH

Habpocok onpedenerusa odnomepnoti epynnu. kozomonozud H(K), omobpasicenus deg u
dokasamenvemea e20 buexmuenocmu. PUKcupyeM Ha TPOEKTUBHOI MI0CKOCTH ToukKy RPY
okpy:xkHocTh RPY, puc. 9.2.1. Jlioboe oTobpazkenne f : K — RP? TOMOTOIHO KACTOUHOMY,
T.e. TlepeBofAImemMy 00yio Bepmuny rpada K B RPY a moboe pebpo B RPL. Tlosromy
JOCTATOYHO KIACCH(DUIUPOBATL KIeTounble oTobpazxkenus f : K — RP? ¢ TounoCTBIO 70
TOMOTOTIHH, OTOOPAZKEHUsI KOTOPOil He 00s13aTeTbHO KJIETOTHBI.
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Jng xnaerounoro otobpaxkenud f : K — RP? mocTaBuM Ha KazKJI0M peOpe 4eTHOCTD
KosmdecTBa 060poros Touku f(r) € RP! nupu mpoxoxjaenun no 3romy pebpy OT OHOIL
BEPIMUHBI 0 JAPYroii. DTa YeTHOCTh He 3aBUCUT OT BBHIOOpa HampabieHust Ha pebpe. [lo-
JIy9IE€HHYIO0 DACCTaHOBKY Hyseil u exmuui] Ha pebpax rpada K obosuadnm y(f) m HazoBem
MPEnATCTBYIOMIEN.

Ecm f,g : K — RP? — knerounsie orobpazkenus u y(f) = v(g), To f ~ g BBHIY
rOMOTONMYCCKOil Knaccuduramun otobpaxennii ST — RP? [Sk20, yrBepxaenne 9.2.2.a).

MokHO pOBEPUTH, ITO JH0OAST TOMOTOIHST KJIETOTHOTO OTOOPakeHust f TOMOTOITHA, K.Ae-
mounoti, T.e. TAKOi, B TpOIEcce KOTOPOH 06pa3bl BEpITMH HAXOAATCS Ha OKpysKHOCTH RP!.
[Ipu 3TOM OTOOpasKeHusI, U3 KOTOPHIX COCTOUT KJIETOUHAs TOMOTOIHNS, He 00g3aTe/bHO KJe-
To4HBI. /719 BepIIUHEI @ KJaeTodnoii romotonuu f; : K — S! Mexay KaeTounbiMm oTobpa-
KEeHUIME fo U fi paCCMOTPUM KOJTHIECTBO OOOPOTOB TOUYKH fi(a) MpH MPOXOXKICHUH Hapa-
merpom t orpeska [0, 1]. ITycrb ay,...,as — Bce Te BepmmHbl rpada K, 1jsi KOTOPBIX 9TO
KOJINYECTBO HEYeTHO. Torma

v(fo) = v(f1) = das + ...+ das.

Knace deg f = [y7] € H'(K) onpenensiercss kak n B reopeme Xonda-Yuran st rpados
9.1.1, ¢ 3amenoit Z Ha Zy (cMm. onpenenenns Huke). KOpPeKTHOCTDL ONpe/e/eHus, THbHEK-
THBHOCTb M CIOPBbEKTUBHOCTH OTOOpazkeHus deg TOKa3BIBAIOTCS AHAJIOTHYHO TOU TeopeMe.

QED

Bamaua 9.2.3. [Iycts Ha pebpax rpada 3ajaHa HEKOTOpas pacCTaAHOBKA 3HAKOB + WIN
—. Onpenenmum Ha rpade CIeAYIONYIO0 OIepalyio: BLIOMPaeM MPOU3BOIbHYIO BEPIIUHY H
HHBEPTHUPYEM 3HAKH Yy BceX pebep, KOTOPBIM OHA IIPHHAITeKUT.

(a) lyist mepeBa, NpUMeHsisl OMMCAHHYIO BBITIIE OTMEPAIMI0 HECKOIBKO Pa3 (K Pa3InIHBIM
BEPIIHAM ), MBI MOYKeM W3 JIF0OOH PACCTAHOBKH 3HAKOB IOJIYYUTh JHOOYIO JIPYTYIO.

(b) Pacemorpum ceszubiii rpad ¢ V' Bepmmmnamu u E pebpavu. Haiigure vHamGosibiee
KOJINYEeCTBO TaKUX PACCTAHOBOK 3HAKOB + WM — Ha pebpax rpada, 9To HE OJHA U3 HUX He
MOZKeT OBITh IOJIYUeHa HU U3 KaKOi JPyroi OMUCAHHBIMHU BBINIE OIEPAIAIMI.

PaccranoBky HysTeil u euHUI HA peGpax KOMIUIEKca (B 4acTHOCTH, rpada) Gyiem Kopor-
KO HA3BIBATH 1-pacCTAHOBKON (OOIIENPUHSITOE HAZBAHNE: CHMILTHIMAIbHASA 1-KOlenb wiu 1-
nenb). Korpanumneii da BepumHbl ¢ KOMILTIEKCA HA3BIBAETCSI PACCTAHOBKA €JINHUIL Ha pebpax,
BBIXOJSIINX U3 @, U HyJIeil Ha OCTaJIbHBIX pedpax (MM MHOXKeCTBO pebep, BHIXOMSIINX U3 ).
1-PaccraHOBKH Ha3bIBAIOTCSI KOTOMOJOTUYHBIMH, €C/IH UX PA3HOCTh (—CyMMa) ecTh CyMMa
HEKOTOPBIX Korpauull sepimun. QmaOMepHO# Tpynmnoii koromosormii H'(K) rpada K
(¢ koapdpunmenramu B Zs) HA3BIBAETCS TPYIIA 1-PACCTAHOBOK ¢ TOYHOCTHIO JI0 KOTOMOJIO-
TUIHOCTH.

Jna HY(K) cupaseusel anaioru yreepzenuit 9.1.2.be, em. samauy 9.2.3.

[Tpumenenust (aHAJIOrOB) cieytorieii HeGOIBINON Teopnu npuBeaeHbl B §9.4, 3aMedannn
1.5.3.cu m. 1.6.

Buagennem o(C) = fca = « - C 1-paccranoBku « Ha mpocrom mukie C (wmm ee
unmezpanomno C, Wiu ee ckaraproLm npoussedenuem aa C') HA3BIBAETCS CyMMa (110 MOJLYJTIO
2) ee gmces Ha Becex pebpax mukiaa C. Onpenenenne 1-nuk/a npuBeaeHo, Hanpumep, B [Sk20,
§6], |?, npeaucioBne|. 3HaYeHMe 1-paccTaHOBKE HA 1-IMKJIE ONpeIeIseTcss AHAJIOTHIHO.

Bamaga 9.2.4. (a) (cp. [Sk20, 3amaua 6.7.1b]) 3HadueHne KOrpaHuisl JOOONH BEPITHHBI
Ha JIIOOOM 1-IMKJIe HyJIeBOe.

(b) (cp. [Sk20, 3amaqa 6.7.4]) 1-PaccranoBka siBisiercsi cyMMOil KOTDaHHI| HEKOTOPHIX
BEPIIMH TOTJIA U TOJHKO TOTJIA, KOT/IA €6 3HAUYEHUEe Ha JIIOOOM MPOCTOM IHUKJ/Ie (MU, IKBUBA-
JIEHTHO, Ha JI000M 1-TIMKJIe) HYJIeBOe.
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Beuny yreepxkaenusa 9.2.4.a dopmysra
[a] - C =ev[a)(C):=a-C

KOPPEKTHO OIpPEeJIETSeT ghaverue Kiaacca koromooruii [« wa 1-mukite C'. O6o3HaunM uepes
H{(K) rpymny l-umkmoB B rpade K. Tloxyuatorcs OuinHeiiHOe — yMHOXKEHHe
-2 HY(K) x H(K) — Zy n (aro To xe camoe) romomopbusm ev : H'(K) — Hy(K)*.

Bamaua 9.2.5. /Ins rpada 370 yMHOXKEHHE HEBBIPOKJEHO (crpaBa u ciaeBa). HbIME
CJIOBAMU, OTOOPAYKEHUE eV ABJIAETCS N30MOP(MU3MOM.

[Tonckaska: BBUAY yTBepxKaeHus 9.2.4.b.
1-PaccranoBka B KoMmIlJIeKce Ha3biBaeTcss 1-KOIMMKJIOM, €CJIU ee 3HAadYeHWe Ha TPaHUIE
JII000# JIByMEPHOil I'paHu PaBHO HYJIIO.

Bamaua 9.2.6. (a) Korpanurma sBisieTcst KOIAKIOM.
(b) 1-PaccranoBka, KOrOMOJIOTHYHAST KOIUKILY, TOXKE SBJISIETCS KOIHKJIOM.

OanomepHoit rpynmoii koromogoruit H'(K) kommiekca K (¢ kosddunuentavu B
Z5) Ha3BIBAETCs TPYMIA 1-KOMUKJIOB ¢ TOYHOCTHIO JI0 KOTOMOJOTUIHOCTH.

1-PaccraHoBKH Ha3BIBAIOTCS TOMOJIOTUYHBIMH, €CJIH WX Pa3HOCTH €CTh CyMMa HEKOTO-
PBIX TPaHMI| JAByMepHBIX rpaneii. O6o3naunm vepes Hy(K) rpynmy 1-IHKJIOB B KOMILIEKCEe
K C TOYHOCTBHIO 1O I'OMOJIOTUYIHOCTH.

Bamaua 9.2.7. (a) Bunmneitnoe ymuoxenue - : H'(K) x Hi(K) — Zy u romomopdusm
ev: HY(K) — H,(K)* xoppexrno onpesesenst dopmynamu [a] - [C] = ev]a]([C]) == a - C.

(b) D10 ymMHOXKeHWe HEBBIDOXK/IEHO (cripaBa u ciea). HbiMu ciioBamMu, 0ToOpakenue ev
ABJIETCI U30MOP(MU3IMOM.

PaccranoBky Hyseit u e IuHUI] HA JIBYMEPHBIX IPAHIX KOMILIEKCa OyJIeM KOPOTKO Ha3bi-
BaTh 2-paccTaHoBKoil. Onpenenenust 2-4ukAq B KOMILIEKCE U K02PaHuyb, peopa (110 MOLYJIIO
2) npusesienst, nanpumep, B [HG|, [Sk20, §10.6 «obimee onpejieienue Tpyi roMOJIOTHiA» |, TI.
9.6.

Bamaga 9.2.8 (cp. ¢ yrBepxkaenuem 9.2.4). (a) Ecim B KOMILIEKCe HET HEIYCTHIX 2-
IIUKJIOB, TO JI00ast 2-PACCTAHOBKA €CTh CyMMa KOIDAHHUI[ HEKOTOPBIX pebep. (OcTopokHo,
«BUCSYUX» JTBYMEPHBIX IpaHeil MOKeT He ObIThb, KaK B MIYTOBCKOM KOJMake 3UMaHa U3 3a-
naqan 6.1.1.a wian B dome Bumnea ¢ dsymsa komuamamu, https://en.wikipedia.org/wiki/
House_with_two_rooms.)

(b) 2-PaccranoBka siBjsieTcsi CyMMO# KOIDaHHI[ HEKOTOPHIX pebep TOrga W TOJBKO TO-
rJ1a, KOrJla ee 3HAYeHHe Ha JII0OOM 2-IUKJIe HyJaeBoe. (3Hauenue 2-pacCTAaHOBKU HA 2-IUKJIe
OTIPEJIEISIETCsT AHATIOTUIHO OJJHOMEPHOMY CJIYUAIo. )

Bamaua 9.2.9. (a,b) Cdhopmynupyiite u JT0KasKUTe JIBYMEPHBIE aHAJIOIH yTBEPIKICHUIT
9.2.7.ab.

9.3 YkxBHUBapHaHTHBbIe 0TOOpaXkeHuda rpada

B srom nyukre K — rpad ¢ unBosonueii (cummerpueii) 7 1 K — K, He uMeronneil Hero-
aBrzKHBIX Touek. CM. mpumepsr waBoronmil B [Sk20, §7.1]. Cp. [MNS, §1.5]|.

Orobpaxkenue f : K — S' maswmBaerca sxeusapuarmmvim (OTHOCHTETBHO T), €CJIH
f(r(x)) = —f(x) anma moboro x € K. Takue orobparkenusi BOSHUKAJIN B 1. 8.2, CM. TakK-
ke ni. 1.6 u 8.6. O6osnauum uvepes [K,S'], MHOXKecTBO SKBUBaApHAHTHLIX OTOOpasKeHwuii
K — S ¢ TounOCTBIO JI0 SKBUBAPUAHTHOI TOMOTONME (T.€. FOMOTOINM B KJIACCe SKBUBAPHU-
AHTHBIX OTOOParKEeHHit).

[To skBuBapuanTHOMY oToGpaxkenuio f : K — S! M0oxKHO HOCTPOMTL OTOGpazKeHme
f/7: K/t — RP' = S'. Jlerko mposeputb, uro orobpaxenne [K; S, — [K/7;S'] kop-
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peKTHO ompeseneno dopmyoii [f] — [f/7]. dro orobparkenune sgBiaseTcs GueKIue, 4To He
OYEBHIHO, HO CJIeIyeT M3 HUZKeNmpuBeJdeHHOi Teopembl 9.3.1.
pynna HY(K/7;Z) onpenenena B . 9.1.

Teopema 9.3.1 (skBuBapmanTHas TeopeMa Xomda). Ecau uneostoyus T nepesodum kaic-
dyro eepuiuny 6 eepuiuny, mo onpedesennoe nusice omobpascenue deg : [K; S|, — HY(K/1;7Z)
Aasafaemces buexyued.

Teopemy 9.3.1 MOXKHO JI0Ka3aTh, UCHOJIB3YST OJJHOBPEMEHHOE CTATUBAHUE T-CHMMETPUIHBIX
pedep B K. Kak n B 1. 9.1, mpuBejemM HaOPOCOK JI0KA3aTEJIHCTBA, CJAEAYIOIIEro ODIEeMYy Me-
TOJLy TEOPUU NPENATCTBUAN.

Habpocoxr onpedenenusn omobpascenus deg u dokazamenvcmsa e2o buexmusrocmu. Ilpe-
nosiokuM, 910 B rpade K HeT meTesh W KPATHBIX pebep (MepeHecTH HAIM MTOCTPOEHUsT Ha
O0IIHil CIIydail HECTOXKHO).

[IpousBosbHOE 3KBUBapHaHTHOEe oToOpazKkenne K — S 9SKBUBApHAHTHO MOMOTOIIHO K.A6-
MOYHOMYY, T.€. TAKOMY, JI/IsT KOTOPOTrO KaxKaas BepInnHa rpada K mepexoauT B OJHY U3 TOUYEK
1w —1 (mokaxure!). [TosroMy T0CTATOYHO KAACCH(DUIUPOBATH KJIETOUHbIE SKBUBADHAHT-
HbIe OTODPAYKEHUsST ¢ TOYHOCTHIO /10 IKBUBAPUAHTHOI TOMOTOINNN, OTOOPaYKeHWsT KOTOPOil He
00s13aTe/IbHO KJIETOYHBI.

HekoTopoe 3KBHBapHaHTHOEe KJIETOYHOe oToOpaskenme fo : K — S' MOXKHO MOTydYHTD,
3aJ1aB €ro MpOU3BOJIHHO HA BEPIIHHAX, a 3aTeM IPOJIOKUB Ha pebpa.

duxcupyeM OpHEHTAIIMN Ha OKpyzKHocTH S' n Ha pebpax rpada K Tak, 4TOOB OpHeH-
TaIUy HA CHMMETPUIHBIX pedpax ObLIN COTIacoBaHbl. Bo3bMeM KJIETOUHOE SKBUBAPUAHTHOE
orobpazkenne f : K — S, Jlnxa xaxaoro pebpa paccMOTPHEM MOJIYIEI0e IHCI0 060POTOB
BekTOpa f(x) mpu mpoberanuu T 3TOro pebpa B HampaBaeHnn opuentamn pedpa. [locraBum
Ha TOM pedpe Pa3HOCTh TOr0 YUCIA U AHAJOTHIHOTO uncaa aid fo. [lomyanm paccraHoBKY
~(f) momynensix uncen Ha pebpax rpacda K.

Torma Ha mape cUMMETPUYHBIX pedep CTOAT paBHbIe Yncia. Takne pacCTaHOBKU Ha3bIBa-
OTCST CUMMEMPUSHBLMU.

Kpowme Toro,

(i) cymma umces Ha peGpax JIOOOTO MYTH, COEJUHSIONIErO Be CUMMETPHYHbBIE BEPITHHBI,
nesad;

(ii) cymma unces ma pebpax J000ro NUK/IA IeTast.

Yreepxkaenne (i) caemyer uz toro, uro f(a) = —f(ra) n fo(a) = —fo(ra) mas mobdoii
BEPIUHBI d.

Omnpenmenum cummempuyryto Koeparuyy o(a, Ta) mapsl HHBOJIOTHBHBIX BEPIIHUH (4, TG TAK:

e Ha BcexX pebpax, He COIep:KalluX HU @, HU T, CTABAM HYJIH,

e Ha pebpax, BXOASIINX B OJHY W3 STHX BEPIINH, cTaBUM +1/2)

® Ha BHIXOJANUX cTaBuM —1/2.

Pebep, coeanusionux BepIIUHBI ¢ ¥ T4 HET BBUIAY OTCYTCTBHUS KPATHBIX pedep W Hero-
JIBUZKHBIX TOYEK.

Kak u B Teopeme Xomda-Yurau aisa rpados 9.1.1 onpenengrorcs

® OTHOIIEHHE CUMMEMPUUHOT KO20MONO2UNHOCITIU,

e rpymnna H!(K; %Z) CUMMETPUYHBIX PACCTAHOBOK C TOYHOCTHIO 10 CAMMETPUIHON KOTO-
MOJIOTUIHOCTH, 1

e orobpazxkenne deg : [K; S|, — H}(K; 37Z).

JlokazaTerbcTBA KOPPEKTHOCTH OIIpeeseHns oToOpakeHus deg W ero MHbEKTHUBHOCTH
AHAJIOTHYIHBI JI0KA3aTeILCTBY TeopeMbl Xormda-Yutau ja1a rpados 9.1.1. DTo orodbpazKkenue
HEe CIOPbeKTUBHO BBUJY J11000ro u3 yreepxenuii (i), (ii). oxrpynua B H(K; %Z) KJIac-
COB PaCcCTaHOBOK, YA0B/IeTBOpstiomux ycaorusm (i), (i), cosnagaer ¢ noarpyunoit H(K;Z),
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ONpeJIeNisieMOil AHAJIOTMYHO Yepe3 PACCTAHOBKH yeawnx uucesn (mposepbre!). Kpome toro,
HYNK;Z) 2 HY(K/7;Z) (nposepbre!). TToaTOMy MOKHO CYHTATh, YTO OOJACTH 3aHYCHMU
orobpazkenns deg ectb H'(K/7;Z).

JlokazkeM CIOPBEKTHBHOCTH (HOBOrO) orobpazxkenusi deg. Bosbmem m00y0 cuMmeTprd-
HYIO PACCTaHOBKY <y TETBIX uncen Ha pebpax rpada K. s kaxaoit Bepmusst a € K 1om0-
x®uM f(a) := fo(a). dng kaxgoro pebpa e B KadecrBe f|. BO3bMEM «MOJAKPYTKY OTOOpaKe-
Hus fo|e HA Y. 060POTOB». [IIs1 MOCTPOEHHOTO KJIETOYHOrO oTobpazkenus f mveeM y(f) = 7,
nosromy deg f = [y]. QED

9.4 PerparupyeMocTh KOMIIJIEKCA Ha OKPY>KHOCTb

[Tomvuo)kecTBO A C X C R™ HaspiBaeTcss peTPaKTOM MHOXKECTBa X, €CTH CYIIECTBYeT
orobparkenne X — A, ToxkecTBennoe Ha A.

Bamaua 9.4.1. fBagerca 1u perpakToM OOBEMIIONIETO IPOCTPAHCTBA
(a) KpaeBast OKpPYZKHOCTDb KOJTbIA;  (a’) oObeInHeHne KPAeBbIX OKPYKHOCTEI KOJIbIA;
(b) KpaeBast OKPY’KHOCTH JHCKa;  (C) mapaJuienb Topa,
(d) OKpy:KHOCTH HA TOPE, MPEJICTABIEHHAS JIUATOHAIBIO KBAJIPATA, U3 KOTOPOIO CKJIEEH TOD;
(e) mapaJiesb OJHOrO W3 TOPOB B CBSI3HOI CyMMe JBYX TODPOB;
(f) xpaeBas OKpPyzKHOCTH TOpa ¢ apipkoit;  (g) RP! B RP?;
(h) mapamnens Gyrouiku Koeitna; (i) mepuauan 6yreuikn Koeiina?
byreiika Kreitna monydena ckaeitkoit cTopoH E u C'D (06pa3yronux MepuuaH), ﬁ
n E (obpasyromux mapaJsuiens) kBaapara ABCD.

3amaua 9.4.2. {sisiercs jin perpakToM JieHThl Mebuyca
(a) ee cpeunHasg OKPYKHOCTH,  (b) ee KpaeBast OKPY:KHOCTD;

(c) orpesok AB, ecau jenta Mebuyca 1mosydeHa CKIIEHKo#i 0TPe3KOB A§ nC 13 IPAMO-
yroibanka ABCD (T.e. 0Tpe30K, KOTOPbIii He pa3OUBAET JIEHTY U KOHIIBI KOTOPOTO TPHHA/I-
JIeZKAT ee KpaeBol OKPYKHOCTH)?

Bamaua 9.4.3. (a) Jlobas cdepa ¢ pydkamu u JbpKaMi (T.e. JT060e OpUEHTHPYeMoe 2-
MHOroo6pasue), KpoMe chepbl U JUCKA, PETPATUPYETCsST HA HEKOTOPYIO OKPYKHOCTb.

(b) JTro6oe 2-mMHOrO0Opasme, Kpome chepbl, IUCKAa U MPOEKTUBHOI MIIOCKOCTH, PeTParu-
pyercss Ha HEKOTOPYIO OKPYZKHOCTb.

(c) OkpyzxHOCTh S B chepe ¢ pyakamu N sIBJISIETCST e PeTPAKTOM TOTJIa U TOJIBKO TOTJIA,
korga N — S ceazuo. (Cp. ¢ yrBepxkaenusivu 9.4.9.be u 3anaqeii 9.4.1.g.)

(d) JTroboii mogkroMILIeKE, TOMEOMOPMHBIN 0OTPE3KY, SBJISIETCS] PETPAKTOM KOMILIEKCA.

Bamaua 9.4.4. SIsnsercs am oToOpaskaeMas OKPYKHOCTL S peTpakToM MuamHIpa 0TO0-
paxenna f: S — X (cum. onpenenenue, nanpumep, B [Sk20e]), ecin

(a) X = S' u f — Tpexxparnas mamorka (TOrga MUIMHAP OTOOpazKenus momyden (123)-
CcKJIeiiKoil, M. onpejiesenue nepes 3aaadeit 6.1.3);

(b) (upumep Xonda) X = StV St u f sanano ciosom a?b?.

JLnsa pazbopa mpumepa Xomda HY:KHB Teopema Xomda 9.4.6.a u ee nepedopMyIupOBKa
u3 3aaaun 9.4.7.

Teopema 9.4.5. (a) Cywecmsyem anzopumm nposepku pempazupyemocmu komnaerxca K
Ha 3a0aHHOLT NOOKOMNAEKE, ABAAOUUTCA NPOCTNYLM YUKAOM (M.e. 20MEOMOPPHHBIT 0KPYIHC-
Hocm).

(b) Cywecmsyem anzopumm, komopwii no komnaexcy K, ezo nodkomnaexcy A u cum-
nauyuasvromy omobpascenuro f: A — C 6 yuka C =2 St ewacnaem, npodoiscaemes au f
do omobpancernus K — C.
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910 creayer u3 Teopembl Xorda 9.4.6.

Crenyrolye meJ09rCJIeHHbIe BEPCUN OMPEIeIeHUi, MPUBEIEHHBIX MEePE YTBEPKICHUEM
9.2.4, dpakTndecku Bo3HWKIN B 1. 9.1. Paccmamoskotll Ha3bIBaeTCsl pACTaAaHOBKA, IEJIBIX UH-
CceJl Ha OPMEHTHPOBAHHBIX pefpax Komiiekca (OOIenpruHATOoe Ha3BaHUe: (CHMIUIHIAATbHAS
eJIOUNCIeHHast 1-KOTenb). 3HaYeHneM DPACCTAHOBKH HA OPUEHTUPOBAHHOM MPOCTOM IHK-
7e (WM ee uHmMe2pasom o STOMY UKL, WK €€ CKAAAPHbM NPOU3EEOCHUEM HA STOT TUKII)
HA3BIBAETCA CYMMa YHceN Ha pedpax mukaa ¢ Kodddummenramu +1, eciu HalIpaBaeHHe MUK-
Jla COIJIaCOBAHO C opueHTalueil pebpa, n —1, nnade. PaccranoBka Ha3biBaercsi 1-KOIMKJIIOM
(IeJI0UNCIEHHBIM OTHOMEPHBIM KOIMKJIOM ), €CJIN ee 3HAYeHre Ha TPaHuIle J00i 1By MepHOii
rpaHu paBHO HYJIIO.

Teopema 9.4.6 (Xond). (a) 3adannwi xomnsexe K pempazupyemes na 3adarnoid noo-
komnaexe C, A8AA0WUTLCA NPOCTIBIM YUKAOM, M0204 U MOALKO M020a, k0204 cCYyuwecmayem
I-xoyuka na K, snauenue komopozo na C paeno 1 (0as wexomopot opuenmavuu na C).
Hau, wmo skeusarenmmo, kozda aobas paccmanoska na C' npodoascaemces do 1-kouuraa
Ha K.

(b) [Iyemv A — nodkomnaexc komnaerca K. Cumnauyuasvroe omobpasicenue f: A — C
6 yuka C =2 S npodoasicaemesa do omobpasicenua K — C mozda u moavko moezda, kozda
cywecmeyem 1-Kouuka, 3HAYEHUE KOMOP020 HA A0OOM OPUEHTUPOBAHHOM NPOCTOM UUKAE
I' 6 A pasno deg f|r (daa nexomopotd opuenmavuu na C').

3uavenne konukJa B 1. (a) u unciao deg f|r B m. (b) 3aBucsar or BeibOpa opueHTAINE HA
C', HO CyIIECTBOBAHKWE HYKHOTO KOIMKJ/IA OT 3TOTO BHIGOpA He 3aBHUCHT.

Vrasanue x doxasameavemsy neobxodumocmu 6 meopeme Xonga 9.4.6. PaccranoBka
OIIpeJIe/IIeTCA O PeTpaKIuu uin npogokennio f : K — C aHajgorndno teopeMe Xormda-
Yutuu g rpagos 9.1.1. Ee 3uauenne Ha mukae I' paBHO KOJIHYECTBY OOOPOTOB TOYKH
f(z) mpu o6xome Toukoit = mukaa I' (T.e. crenernu deg f|r). IlosTomMy paccTaHOBKa SIBJIsIETCSI
KOITUKJIOM, W BBITTOJTHEHO CBOWCTBO O ero 3uadennn. QED

Yrasanue x dokazamenvcmey docmamounocmu 6 meopeme Xonga 9.4.6 (u x n. 9.5).
NcnonwayiiTe, 91O

(*) mist moGoro n > 2 jmoboe orobpaxkenne S™ — S npomosxaercs na D™ [Sk20,
teopembr 3.11.1 u 8.1.5b];

(**) mis mogkomiiekca A C K xommekca K orobpazkenue f: A — S nupojoszkaercs
Ha K TOrja  TOJBKO TOTJIA, KOIJIA HEKOTOPOE 0TOOpazKeHne, FOMOTOMHOE f, TTPOIOJIZKAeTC S
na K (reopema Bopcyka o mpojoszkenun romoronuu, cp. [Sk20, 3amaua 3.7.d]). QED

Jlna pazbopa mpumepa Xorda 9.4.4.b mepedopmynupyem Teopemy Xomda 9.4.6.a Ha
boJIee CJIOKHBIN CTAaHAAPTHBINA s3bIK. (AHAJTOTHUHO TepedopMyIupyercs TeopeMa Xorda
9.4.6.b.)

DJieMeHTapHAsT KOTPAHUIA 0@ BEPIIUHBI ¢ OMpeje/ieHa B TeopeMe Xorda-YUTHA s
rpacdos 9.1.1. HazoBem paccTaHOBKH 71, Yo TEABIX YHUCE/I HA OPUEHTUPOBAHHBIX pedpax KOM-
nekca K KOrOMOJIOTUYHBIMU, €CJIH Y, — Yo = N10a1 + . . . + Ny day I HEKOTOPHIX TEJIBIX
qucen ny, . . .,ny. [pynna H'(K;7Z) K1accoB KOTOMOJOTAYHOCTH KOIUK/IOB HAZBIBACTCS O
HOMEPHOII rpynmoii koromosoruii komiiekca K (¢ kosdbdunuentamu B Z).

s mokomitekca A C K kowmitekca K u pacCTaHOBKHU 7y MEJIBIX YHCET HA OPHEHTUPO-
BAHHBIX pebpax 0003HAYNM 4epe3 Y|4 cyzkenue (orpaHwdenune) 3TOil pacCTAaHOBKH Ha pebpa
MOIKOMILIEKCa A.

Bamaua 9.4.7. (a) CoorBercrBue [y] +— [y|a] KOppekTHO ompenensier oTobpazkeHue
HY(K;Z) — H'(A;Z). Ono naspiBaetcst cyorcenuem.

(b) YcmoBue u3 teopembl Xonda 9.4.6.a paBHOCHILHO CJIEAYIONIEMY: CYIIECTBYeT & €
HY(K;Z), cyxenune koroporo Ha C aBagerca obpasyiomeii rpynnel H(C;Z) = Z.
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(c) M cremyromemMy: HEKOTOPBIH deymeproill npenamemeyousut kKoyuka (PaccTaHOB-
Ka I[EJBbIX IUCe] HA OPHEeHTHPOBAHHBIX JBYMEDHBIX I'DAHSIX) KOMOMOJOIMYEH HYJIEBOMY IO
moymo C' (naiite HEOOXOMMBIE ONpPe/Ie/eHIsT CAMOCTOSITEIHHO).

(d) Tpynuna H'(K;Z) ne mensiercst npu ciasiusanuu (cm. onpejenenue B [Sk20, §5.9]).

(e) nsa K — mununapa orobpazkerusi u3 npumepa Xomda 9.4.4.b Bbrancaure rpymmy
HY(K;Z) u cyxenue H'(K;Z) — H'(S';Z).

Bamaua 9.4.8. (c,d,e) Haiiqure H'(K';Z) njist Topa, NPOEKTHBHOIN IJIOCKOCTH U Oy THLIKH
Kreitna K. (Cp. ¢ 3amauamu 9.5.1.bde.)

Bamaua 9.4.9. Onpenenenne rpynnst Hy(K;7) n ee npocreiiiie cBOCTBA MPUBEIEHDI,
wanpumep, B [Sk20, m. 10.5].

(a) Ecau npocroit nuka C' B komiutekce K (TodHee, B €ro OTHOMEPHOM OCTOBE) SBJISIETCSI
ero perpakroM, 10 Kinacc [C| € Hi(K;Z) npumumusen, T.e. He JEJATCA HA HA OJHO YUCIIO,
ornmanoe ot +1. (Kuace [C] 3aBucur ot Beibopa opuentannu va C', HO €ro IPUMHTHBHOCTD He
3aBHCHT. DTO MOMOJIOTHYECKHIT aHATIOT HEOOXOAMMOro yeJaoBust w3 Teopembl Xorda 9.4.6.a.)

(b) BepHo s o6parHoe?

(c) JIyist 3aMKHYTOIO OPHEHTHPYEMOTO n-MHOT00Opasus N yCaoBus U3 M. (a) PABHOCH/Tb-
HBI HATTHYUIO 3aMKHYTOTO OpHeHTHpyeMoro (n — 1)-moamuoroobpasns B N, TpaHCBEPCATBLHO
nepecekatoriero C' pOBHO B OJIHOiT TOUKe.

(d) BamkuyTOE OprenTHpYeMOe MHOrOOGpasne N perparupyercs Ha Hekotopyio (PL Bio-
JKeHHYIO) OKPYZKHOCTh TOTJa W TOJBKO Torja, korga rpymnna Hi(N;Z) Geckonedna. (1o
nokazano K. bopcykom B 1931-33 nmazke 11 KOMILTEKCOB M MEAHOBCKUX KOHTHHYYMOB, CM.
https://math.stackexchange.com/questions/2678236/retraction-onto-a-circle-in-a-simp

Omeemuw, & 9.4.1:  (a,c,d,e;h) ma;  (b,f,g,i) mer

Yrasanue x 9.4.1. (b,f) Tlo nemme IlnepHepa u aHATOTUYHO eii.

(g,i) KoMmosurus BKIOUEHNS U PETPAKIUE €CTh TOXKJIECTBeHHOe oToOpazkenue. [Ipnve-
aure Hy(-,Z) (wma 7 (-)).

Omsemw % 9.4.2:  (a,c) ma; (b) Her.
Omsemut % 9.4.4: (a) mer; (b) ma.

9.5 OrobparkeHnsd KOMILJIEKCa B OKPY>KHOCTbD

Bamaua 9.5.1. (a) [TocrpoiiTe GHEKIMIO MeXK Ly MHOKECTBOM OTOODarKeHWiH JHCKa C 1
nerroukamu (cM. onpenenenne B [Sk20, §2]) B S ¢ TOYHOCTBIO 0 TOMOTOIHOCTH W MHOZKE-
cTBOM Z".

(b) TTocrpoiite 6uekmmio [N, S| — Z29 nna chepwl ¢ g pyukamu N.

(¢) Kaxme orobpaxenns RP! — S nponomxaiorca na RP??

(d) JTio6oe orobpaxkenne RP? — S roMmoTonno 0TOGpazKeHuIo B TOUKY.

Vkasanue. TomoTommio B Touky cy:kemnsi na RP! moxno npomomxkntsh na RP? BBHIY
ceoifcta (*) u3 §9.4.

(e) Haiinure [K, S'] nna 6yreuikn Koeitna K.

(f) (Baraaxa) Omummre [N, St nna 2-mmorooGpasuga N. (Coobpasure camu, 4epe3 Kakue
JAHHBIE 2-MHOTOOOPA3us BbIPAZKATH OTBET. )

Bamaua 9.5.2. (a) Jlio6oe otobpaxkenne RP? — S romoronno oToGpazkenuio B TOUKY.

Yxasanue: RP' C RP? C RP3.

(b) (Baragka) Omummre [S* x S2, S1.

Vkasanue. Cuauana onumure [S'V S? S, Tomoronuto mex 1y cyxenusvu na StV S?
MOZKHO Mpofo/nkuTh Ha S' X S? BBuay croiicrsa (¥) n3 §9.4.

(¢) (Baragka) Onummare [(S1)3, S1].

Vxazanue: S'V STV ST C ST x S x xUSH x x x STU* x S x ST C (S1)3.
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TeopeMbl 3TOrO U CJIEYIONIEr0 MYHKTOB HHTEPECHO pa300paTh JazKe g 3-MHOTO00pas3uii
A 2-KOMILJICKCOB.

Teopema 9.5.3 (Bpynutnuckuii). [yemv K — komnaeke.
(a) Ymeepocdenue A(K,C) eepro das aobozo yuxaa C = S*.
(b) Cywecmeyem buexyua deg : [K,S'| — HY(K;Z).

Onpedeaerue omobpascernus deg. Tak ke, Kak n B TeopeMe Xomnda-YUTHA 171 TpadoB
9.1.1 ompezensercs Kkaemounocms otobpazkenna K — S u, 119 KIeToOUHOrO 0TOGpasKeHnst
f: K — S npenamcmeyowasn paccmanosxa (f) HesbIX Uuces] HA OPUEHTHPOBAHHBIX
pebpax. [To Teopeme npogoszkaemoctu [Sk20, §3.10] paccranoBka y(f) ABASETCS KOIMKIOM.
Onpenennm deg f = [v(f)] € HY(K;Z).

Jokaotcem unsexmusnocms omobpascerusn deg. CHadaa cCOeIUHIM OTOOpaKEHUsT OJIH-
HAKOBOH cTememu romorommeii ma obbemunenmn K pefep (amamormamo moKa3aTelbCTBY
reopembl Xornda-Yurau s rpados 9.1.1). DTy roMoronno MOKHO HPOJOKUTL Ha K,
0CJIeI0BATEIHLHO TIPOJIOJIZKAsi Ha I'paHu, BBHIY cBoiicTBa (*) u3 §9.4.

Loxaotcem cropsexmusrocmsd omobpasicenus deg. st KONUKIIA Y TOCTPOUM TAKOe Helpe-
peiBHOe otoGparenne f : K1) — Sl uro v(f) = 7 (anamormano 10Ka3aTelbCTBY TEOPEMbI
Xonda-Yuranu qist rpados 9.1.1). Tak Kak v KOIUKJI, TO M0 Teopeme npopoaKaemoctn [Sk20,
§3.10] mpomoszkaem oTobpazkerue [ Ha KaxKIyiO JIByMepHYIO rpatb. Mcnonb3ys coiictso (*)
u3 §9.4, npogoKaeM mpojozKenne Ha K.

Teopema 9.5.4. Jlaa a06020 opuenmupyemozo (2sadkozo uau PL) n-muozoobpasus N cy-
wecmsyem buexyua deg : [N, S| — H, (N, ;7).

Onpenenenust rpynnbt H, (N, 0;Z) u buekiun deg ecTecTBeHHO BO3HUKAIOT B MPOIECCe
npudymuiearus 3roit kinaccuduxanuu. Cpasaure ¢ onpeenennem B [Sk20, §9.4, §10.6. Ho-
KA3aTeTbCTBO TIPOBOJUTCS IPU MOMOIIH Koncmpykyuu [Howmpsazuna, cM., Hanpumep, [Sk20,
§8.8], [Pr04, §18.5]. Vkazauusi K Apyromy JoKa3aTeabcTBY npuseaensl B [Sk20, 3amaua 14.9.2.abc].

Bamaua 9.5.5. lng 1106010 OpueHTHPYEMOro n-MHOrooopasua N CymiecTByeT H30MOp-
busm ([Tyankape) H'(N;Z) — H,_1(N,0;Z). (He myTaiire 5TO TPUBHAIBHOE CJIEICTBUE
HAJIMYUs JBOWCTBEHHOrO pa3OueHnst ¢ HeTPUBHAJIBHON deoticmeennocmuto Ilyankape [Sk20,

§9.4, §10.6].)

9.6 OrobparkeHus KOMILIEKCa B cepy Toil Ke pa3MepHOCTH

3aeck Mbr 0606mIM omucanns muoykects [S¥ 5" aaa k < n u [N, S"| aasa n-muoroobpasus
N [Sk20, §8.1, §8.3].

Teopema 9.6.1 (Xond-Yurau). s aobozo n-komnaekca K
(a) ymeseporcdenue A(K, S™) eepro;
(b) cywecmeyem buexyus deg : [K, S"] — H"(K;Z).

Havanro doxazamenvcmea: onpedeaerue npenamcmeyrouset; paccmanosky. AHAIOTHIHO
TeopeMe Xotnda-Yurau s rpacdos 9.1.1.

BriGepem Mpou3BOJILHO OPUEHTAIIMIO HA KAZKJI0| n-MepHOil rpann komiaekca K (mpemnsr-
crBue deg f Gyer 3aBUCETH OT ITOrO BHIGOPA).

Beuy ceoiicts [S*, "] = 0 qyia k < n («obuiero nosozkennst») [Sk20, §8.1] so6oe 01o6-
paxenne [ : K — S™ roMOTONHO KJIETOYHOMY, T.e. MepeBojsiieMy oobeaunnenne (n — 1)-
MepHBbIX rpaneii B (1,0...,0) € S™. Tlosromy mocrarodHo KIaccubUIMPOBATH KIETOTHbIE
0TOOpaXKEeHHUS C TOYHOCTBHIO 10 TOMOTOIIMH, OTOOPaYKeHUsT KOTOPOil He 00sg3aTe/IbHO KJIeTOU-
HBI.
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Jlna xnerounoro orobpazkenus f : K — S™ paccMOTpUM HPOU3BOJBHYIO N-MEPHYIO
rpaib ¢ C K. O6pa3s ee rpanunpl dc ecth Touka. [losTomy orobpazkenue f|. ecTh KOM-
no3uiusi romeomopduzma ¢ — D™, onpeesieHHOTO OpUeHTaIneil 'PaHu ¢, CXJIOMbIBAHUS
D" — S™ rpamunsr S"! B Touky m mexkoroporo orobpaykenms S" — S". ITocrasum Ha
rPaHU ¢ CTEeNmeHb MocjaenHero orobpazkenus. [lomydennyro paccranoBky obosmaunm 7 (f) u
HA30BEM HNPENSITCTBYIOIIEN.

Ecmu fo, f1 : K — S™ — kierounsie orobpazkenus, st Kotopbix Y(f) = v(g), To f ~ g.

Habpocox onpedeaenuti n-meprot epynnot kozomorozutc H"(K;7Z), omobpascenusa deg u
dokazamenvemea ezo buexkmusrocmu. Korpanuma opueHTupoBanHoii (n—1)-MepHOii rpanm,
KOTOMOJIOTUYHOCTh DACCTAHOBOK, n-mepHad rpynmna H"(K';7) koromoJoruii ¢ Kosd-
dbunpenramu B Z (kommuiekca K ¢ OpHEHTHPOBAHHBIMU N-MEPHBIMU I'DAHSIMU) U OTODpazKe-
aue deg onpenessirorest aHagsorndHo teopeme Xormda-Yurau st rpados 9.1.1 (cm. gerann
HUKE).

KoppekTHocTh onpeenenus: oTobpazkeHus deg, ero ClOpbeKTUBHOCTb M HHHEKTUBHOCTH
JIOKA3bIBAIOTCA aHAJIOTHIHO TeopeMme Xormda-Yurau ai4 rpados 9.1.1. g nokaszaTebcTBa
KOPPEKTHOCTH HEOOXOJIMMO CJIe/Iyiolnee g00aBaeHre: BBULY CBOWCTB [S’“, S =0 nmua k <n
(«obimero nmosoxkennst») [Sk20, §8.1] moxHO cuurars, uro romoromust Mexay f,g: K — S™
orobpakaer obbeaunenne (n — 2)-rpaneit kommaekca K B (1,0...,0) € S™. QED

Jlastee B 3TOM myHKTE K — KOMILIEKC MPOU3BOJIHLHON PA3MEPHOCTH ¢ HADOPOM OPHEHTAII i
Ha N-MEepHBIX I'DAHSX.

JLns moboro KietouHoro oroopaxkenna f : K — S™ mpendaTCcTBYOIag pacCTaHOBKA
v(f) ompenenserca tak xke, Kak B Teopeme Xorda-Yurau 9.6.1. 113 kpurepusg npoaoazxkae-
Moct Ha D"! orobpazkenus S™ — S™ cieyerT, UTO /s IPeNATCTBYIONeH pacCTaHOBKH

CYMMa wuces na 2panuye a0bot (n + 1)-meprot epanu pasra 0.

PaccranoBku ¢ 3THM yCI0BHEM Ha3BIBAIOTCS KOIMKJamMu. Korpaumma opueHTHPOBaH-
HOit (n — 1)-MepHOii rpaHH, KOTOMOJIOTUYHOCTh KOIWKIOB, n-MepHas rpymnna H"(K;7)
koromovtoruii (¢ xkosddumuentavu B Z komiutekca K) u orobpaxkenue deg : [K,S"] —
H"(K;Z) onpenensiiorcst anagoruauo teopeme Xormda-Yurau s rpados 9.1.1.

[Tpusesem siBHO 5TH onpe/iesienus (Cp. ¢ onpeaeaennem rpyi romosoruit B [Sk20, §10.6]).
Ob6o3naunm vepes C" = C™(K;7Z) rpynmy pacCTaHOBOK IEJBIX YHCE] Ha OPHEeHTHPOBAH-
HBIX N-MepHBIX I'paHsX (C omeparueli MOKOMIOHEHTHOTO cJaoxKeHust ). [Tnst n-mepHoil rpann
o olpeie/IIM ee 3JeMeHTapHYI0 Korpanmuiy 6o € C™! kak paccTaHOBKY ILTIOC HJIH MH-
HyC equHUI Ha (n + 1)-MepHBIX TPaHSIX, COMEPKANNX o, U HyJeil Ha OCTaJIbHBIX (n + 1)-
IpaHsIX; YTOUHHUTE 3HAKHU, UCXOJIsl W3 NPEJbIIYIUX MPUMEPOB, MOTUBUPYIOIINX 3TO OIpe-
Jle/ieHne. DJIEMEeHTAPHBIe KOTPAHWIIBI OIPEIE/ISIOT JINHeiHOe KOTPAHUYHOE OTOOparkeHme
Opp1 1 C — O™ FL,

Bamaua 9.6.2. 9,,,1 06, = 0.

[Toroxxum
H"(X;Z) = ;il(o)/én(C”_l) aman>1 u HYX:Z):=6(0).

OrobGpazxenne deg onpenensercs dbopmyoit deg|f] = [v(f)]-

Bamaua 9.6.3. (a) Orobpazkenne deg KOPPEKTHO OMpPEIETEHO.

(b) Eciu dim K = n + 1, To deg CIOpBEKTHUBHO.

[TockobKY cymecTByeT orobpazkenme S° — S2, He TOMOTONMHOE OTOOPAYKEHHUIO B TOUKY
[Sk20, §8.7], To orobpaxkenne deg e nabekTHBHO st dim K =n + 1 = 3.

Bamaua 9.6.4. [Iycte A — noxkomiuieke komiiekca K n dim(K — A) < n + 1. To-
rJa CyOecTBYeT aJIFOPATM MPOBEPKH HPOJOJIKAEMOCTH Ha K 3aJaHHOTO CUMIUIMIAAILHOIO
orobpaxkennss A — S™.

142



Vxazanue. AHATOrMYIHO BBIIENPHBEICHHOMY onpeaenure rpymnny H" ™YK, A;Z) u no-
crpoiite npensrcrsue o f) € H" ™ (K, A;Z) x nponosxennio f na K.

Yenosue dim(K —A) < n+1 moxuo ocnabuts 10 dim(K —A) < 2n—1, ¢ ucnoap3oBanneM
ropasio 6oJiee MPOJABAHYTHIX MeToI0B (cM. §9.7, §9.8).

Teopema 9.6.5 (|[CKM12+, Theorem 1.4]). For any n > 1 there is an algorithm that,

given simplicial compleres A C K and Y, and a simplicial map f : A — Y, where Y is

(n — 1)-connected and dim(K — A) < 2n — 1, decides whether f extends to a map X — Y.
Moreover, the algorithm runs in polynomial time in A, K,Y for n fized.

Onmako mpu dim(K — A) = 2n Takoro ajroputMa MOXKeT He OBITh. DTO MOKA3BIBAET
caenytomas Bepcusi reopembl [CKM+, Theorem 1.1|, HecsoxKHO BbITEKaOIIEH U3 PE3yiih-

taToB Xormda-YaiiTxena o roMoTommueckoil Kiaaccuukamun otobpaskennit S2"~1 — S™ i
2=l 5 Snv S™em. 0630p [Sk20e.

Teopema 9.6.6. Let Y, = S™ forn even and Y, = S"V.S™ for n odd. For anyn > 1 there is
no algorithm recognizing extendability of the identity map of Y, to a map K —'Y,, of a given
2n-compler K containing a subdivision of Y, as a given subcomplez. (L.e., retractability of
K toY,, is undecidable.)

Bamaua 9.6.7. (a,b,c,d) Chopmynupyiite u goKazKnTe N-MepHbIE AHAJIOTH Y TBEPIK ICHHUIT
9.2.4 u 9.2.7 (cp. yrBep:xkaenne 9.2.8 u [Sk20, reopema 10.9.3]).

9.7 OrobpakeHns KOMILJIEKCa B cpepy MeHbIIEil pa3MepHOCTH

[Tpusenem Ge3 gokasaresbcTBa onucanne MHoxkecTBa (K, S™] ayst (n + 1)-kommrekca K.

Teopema 9.7.1 (Crunpon). Jas aobwx n > 3 u (n+ 1)-komnaexca K cywecmeyem buek-
UUA

[, 57 7 1 (K Z) < H'(K) /Sqpa H' (K Z).

3decv py : H'(K;Z) — H"(K) — npusedenue no modyao 2. Omobpasicerue (onepayus;
cmunpodos weadpam) Sq* 1 H" 1(K) — H"Y(K) onpedeasemeca mem ycaosuem, wmo 0aa
omobpasicenus [ @ K™D — 871 npodossicaemozo na K™, snemernm Sq? po(deg f) €
H™"(K) asaaemces npenamemeuem o(f) x npodoasicernuro omobpascenus [ na ece K.

Bagaga 9.7.2. * (a) Onpemenenne omepammn Sq° KOPpeKkTHO, T.e. mpenarcrsus of f)
JeHCTBATE/ILHO MPOMYCKACTCA UePE3 po M 3ABUCHT TOJIBKO OT deg f.

(b) Onepamms Sq* ecrecrsenna 1o K.

(c¢) s 2-Konmkaa a snement Sq°[a] mpesicTaBiserca 4-KOMWKIOM, <oTpeaeaenabM (bop-
myoit b(01234) = a(012)a(234)>».

Bamaua 9.7.3. * IIycrs K ecThb 4-KOMILICKC.

(a) Hos orobpasenns f: K® — S? uponomkaemoro na K, nocrpoiite npenstcriue

Sq*(deg f) € H*(K;m3(S?)) x mpomomxkennio otobpaskenns f ma Bce K (aHAmOrmdHO 3a-

d
naue 9.6.4). [Momyunrea oroGpazkenne Sq°, J/Is KOTOPOTO MOCIEI0BATEIBHOCTD K, S? SN

H*(K;Z) S g 4(K;Z) MHOXKecTB ¢ OTMeYeHHBLIME TOYKAMH TOYHA.

(b) Iycrs K — opuenrupyemoe 4-mMuoroobpasue u kjiacc a € H?(K;7Z) npoiicTeenen 1o
[Tyankape kaaccy Da € Hy(K;Z), npencrapisioniemycst Biaoxkennem h : N — K 3aMKHy-
TOTO OPHEHTHPYeMOTo 2-MHOr000pasns (T.e. cepni ¢ pyakamn) N. Torma Sq* a ecth cymma
Touek (co 3uakoMm) B hN N W' N, tie h' — norpyxenue, 61u3koe K h.
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(c) Ecmn oo € H*(KGZ), 10 fs2o = f10 fa, tne 1 € HY(CP? Z) = Hy)(CP*Z) = Z —
obpa3zytomasi 1 0TOOparKEeHUsI

fsga: K = K(Z,4), fi:CP® = K(Z,4) wu fo:K —CP?
COOTBeTCTBYIOT KTaccam Sq° a, 1 u a mpu m3omMopdusMax
HYK:7Z) = [K,K(Z,4)], H*CP%7)=~[CP} K(Z,4)] w H*K:;Z)=[K,CP?
u3 Teopembl Diterbepra-Maxkeitna 9.8.2 nuke.
Teopema 9.7.4 (Ilourpsrun). (a) Jaa awbozo 3-komnaerca K umeemes cropsexyua deg :
[K; 8% — H*(K;7) u 6ueryus deg™ ' (0) — H3(K;Z).

HY(K:7)
2yUH\K;Z)

(b) Jasa mobozo v € H*(K;Z) umeemea 6uekyua deg™ ' (v) —

Bor «onpenenenne» npoussenenns U : HY(K;Z) x H*(K;Z) — H*(K;Z): ancio na
cuMILIekce 1234 paBHO TPOU3BEIECHNIO TUCET Ha CUMILIeKce 12 n Ha cuminiekce 234. Bmpodew,
3TO ONpeJIe/IeHHe eCTECTBEHHO TOABIACTCS IPH U3yYeHun MHoxKecTBa [K, S?|, mosToMy ero
MOZKHO TIPU/IyMaTh, U He 3Has ONPe/Ie/ICHUSI.

Kak 1o «y 6picTpo naiitn 2y U HY(K;Z)?

9.8 OrobpakeHnsa KOMILJIEKCA B IPOCTPaHCTBA JditjieHOepra-MakieiiHa

Amnajior Teopembt 9.2.2 nesepen jana K = S? u6o [S?, RP?| Geckoneuno, a H'(S?) = 0.
Oprako Teopemy 9.2.2 Bce-TaKH MOYKHO ODOOIIUTH HA MHOTOMEpHBIN ciaydaii. Creayromast
Teopema 0600mmaeT pesyabrar o Tom, aro |[ST,RP™| =2 u |[Sk RP"]| = 1 ana mobbix
1 < k <n [Sk20, §14.5] (ero MOXKHO HCIOIBH30BATH (€3 JOKA3ATENTHCTBA).

Teopema 9.8.1 (Ditnentepra-Maxieitna ajus RP™). (a) JTaa ao06020 n-mmnozoobpasus N
cywecmeyem buexyua deg : [N,RP" ] — H, (N, ).

(b) Taa mobozo n-womnaexca K cywecmeyem buexyua deg : [K, RP"™| — H(K).

(c) Taa mobozo n-womnaexca K ymesepocdenue A(K, RP™ 1) esepno.

Habpocox onpedeaenus odnomepnoti 2pynnv. xozomonrozuti H'(K) u dokasamesvcmea
meopemor. Jinenbepza-Makaeina (b). Cayuait n = 1 ects Teopema 9.2.2. TlpuBesem Ha-
OPOCOK JI0KA3aTeIbCTBA JiIg n = 2 (O0IHil crydail aHATOTUIEH).

Dukcupyem paznoxerne RP? € RP' ¢ RP? ¢ RP3. Kak u pamee, ZOCTaTOYHO KJIaC-
cUpUIITPOBATD KAEMOUHBIE OTOOPAYKEHUsI, T.e. OTOOPAKEHWSs, TEPEeBOJIANINE BEPIIUHBI 2-
kommaekca K B Touky RPC, pe6pa B RP! u rpamm B RP?. a9 KIeTOYHOrO OTOGpasKe-
g [ 1 K — RP3, kak u B Teopeme 9.2.2 ompejie/ M TPeNsSTCTBYOMui Kouuki v( f),
T.. PACCTAHOBKY BBIUETOB IO MOIY/IIO 2 Ha pebpax, JJig KOTOPOil CyMMa YHCET 0 TPAHUIE
mo6oii rparn para mymo. Tak kak [[S?, RP3]| =1, to v(f) = 7(g) Baeuer f ~ g.

Kaxk u panee, onpeaenyM KOTPAHUILY 0@ BEPITUHBI (.

Kaxk u panee, 06ast roMOTONUsT KJIETOYHOTO OTOOparkeHns: [ MOXKeT OBITH 3aMEHEHA Ha
KAeMOouHYI0, T.e. TaKyIo, JJsg KOTopoil obpa3pl BepImnH HaxoaaTcs na RP!, a pebep — Ha
RP2 Tak kax |[[S?, RP3|| =1, To f ~ g Toraa m TOJIBLKO TOTJA, KOTJIA

Y(f) —~(g) = day + - -+ + da

JIIST HEKOTOPBIX BEPINUH a1, . . ., as € K. HazoBem Takue paccranosku v(f) u y(g) xkoromo-
JIOTUYHBIMI.
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Onpenennm rpynny H'(K) n oroGpaskenne deg Kak n B J0Ka3aTeabCTBe Teopembl 9.2.2.
Torna orobparkenue deg onpejeneHo KOppeKTHO. VHBEKTUBHOCTH 3TOIO OTOOPaXKEHUs J0-
Ka3bIBAETCSI AHAJIOIMIHO MHHEKTHBHOCTH OTOOparkenusi deg u3 teopembr 9.2.2. CIOpbEKTUB-
HOCTD JJOKA3bIBACTCSA AHAJIOPMYHO Teopeme Bpynumackoro 9.5.3 ¢ ncnosbzosannen |[S% RP3)| =
1 [Sk20, §9.2| u ¢ 3amenoii Z Ha Zs.

JlokazaTebCTBO /111 OOIIEro CIyvas aHAJOTUIHO Tpeabaynemy. leiictBurensho, odoe
otobpaxkenne K — RP™! moxkno npomomxuTtsh Ha Bee K u mobyio romoronmio ma K (1)
MOKHO TIpOJI0/KUTE Ha Bee K Beuy |[S*, RP™M]| = 1 aua mobbix 1 < k < n. QED

Crenyromas TeopeMa 0600IIaeT pe3yaIbTaT O TOM, 9TO CTelNeHb JaeT ouekrmio [S2 CP"| =
[S%,CP'| — Z, a Taxxe pasenctsa |[S*,CP"]| = 1 ana k = 1,3,4,5,...,2n |Sk20, §14.5]
(MX MOKHO MCIOJIH30BATh 6e3 JOKA3aTehCTBA).

Teopema 9.8.2 (Diinenbepra-Maxkeitna xiaga CP™). (a) s mobvix n > 2 u n-mmo2000pasus
N cyweecmsyem bueryus deg : [N,CP"] — H,_o(N,0;7Z).

(b) Jns mobozo n-xomnaexca K cywecmeyem buexyua deg : [K,CP"| — H*(K;Z).

(¢) [daa a06020 n-komnaexca K ymeeporcdenue A(K, CP™) sepno.

Yrasanue % dokazameavemey n. (b). Cnyuait n = 1 ouesugen. Cayuait n = 2 dakru-
qecKn OBLT JOKa3aH B AByMepHOii Teopeme Xonda-Yuran: [K, CP?| = [K, S% = H*(K;Z),
OCKOJIBKY J1000e oTobpaxkenne K — CP? w m106as ero roMoTONusl <BBITECHAIOTCS» HA
S? = CP' c CP2

AHAJOTHYHO 0Ka3aTeIbCTBY TeopeMbl Diinenbepra-Maxkieiina qas RP L

Jng n = 3 paceMmorpuM paszioxkenne v = CP? € CP! ¢ CP? ¢ CP3. Orobpaxke-
mme f : K — CP® masmaerca waemounvim, ecmm f(KWM) = v n f(K®) c CP2 To-
motorma f; : K — CP3 maswBaerca xaemounot, ecmu fi( K©) = v, fi(K®) c CP' u
fi(K®)) c CP? ana moboro t. Muokectso [K, CP?| maxoaurcss B GHEKTHBHOM COOTBET-
CTBHH C MHOYKECTBOM KJIETOYHBIX OTOOParKeHWil ¢ TOYHOCTHIO 0 KJIETOYHOI TOMOTONHU —
u, TeM cambiM, ¢ [K, CP?]. Ucnomsayiite Guexmuio [S?, CP? = [S?, CP'] — Z u pasencrsa
I[ST, CP?]| = |[S3,CP?]| =1 [Sk20, §8].

J1ist mpou3BOILHOTO N JOKA3aTeILCTBO aHasornauo. QED

st mo6oro n cymectsyer [FF89] (kak mpasuiio, 6eckonednoMepHbiit) kommieke K (7, n),
JIIT KOTOPOT'O

[S" K(Z,n)]=Z wu |[S*,K(Z,n)]|=1 nra moboro k # n.
Hanpumep, K (Z,1) = S' u K(Z,2) = CP>.

Teopema 9.8.3 (Ditenbepra-Makieitna). aa 06020 komnaerca K cywecmsyem buexuyus
deg: [K,K(Z,n)] - H"(K;Z).

st abesteBoii rpynibl T MOXKHO ONpPeIeuTh (BOoOIe roBopst, 6eCKOHEYHOMEPHBIi) KOM-
mwieke K (m,n), n mag kommtekca K moxkuO onpenennts rpynmy H™(K;7) Tak, 9T00bI Cy-
mectBoBaa ouekmus deg : [K, K(m,n)] — H"(K;).
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10 TpexmepHble YTOJIIEHUA ABYMEPHBIX KOMILJIEKCOB

10.1 /IBymepHBbIe yToJieHus rpadoB

Ompesesiennsi (IByMepHBIX) yToJmiennii rpadoB U UX OpHEHTHPYeMOCTH, rpadoB ¢ Bpaiie-
HUSIMI W WX SKBHUBaJeHTHOCTH, Aanbl B [Sk20, §§1.6, 2.8, 2.9].

Teopema 10.1.1 (kpurepwuii opuenTupyemocti). Kaotcdoe uz credyousus ycaosus na ymon-
wenuve (N, G) epaga G pasrocusvhv. €20 opuenmupyemocmu:

(M) (N, G) ne codeporcum napv u3 sewmo, Mebuyca u ez0 cpednel AunuL.

(E) 6 xascdom mecamonepecekarowemea yurie 6 (aobom) epage ¢ spausenuamu, omee-
YAIOUEM YMONUWEHUIO, YEMHOE KOAUMECTNEO pebep ¢ eOUHUYAMU.

(W) nepeuidi xaace HImugpens-Yumnu wi(N,G) € HY(G) nyaesofi.

Kpurepuii (W) unrepecen He cam mo cebe, a KaK WLTIOCTPANUS TEOPUH MPENSITCTBUIT U
mAar K kAcccu@ukayuy yToamennii (cM. HuxKe).

Jlokasamenvcmso kpumepues (M) u (E). fcuo, aro (M) sxsusasentro (E), u uro yeo-
sre (E) nHeoOxoaumo jyist opueHTHpYeMocTH. JIoKayKeM ero J0CTaTOYHOCTb.

Pacemorpum octo T rpada . CymecTByeT yTOJIEHNE, SKBUBAJEHTHOE TAHHOMY, JIJIs
KOTOpOro Ha pebpax octosa 1’ crosaT Hyau. Bo3dbMeMm HecaMoriepeceKalomuiics: K1, 0bpa3o-
BAaHHBII IPOU3BOIHLHBIM PEOPOM € BHE OCTOBA U HEKOTOPBIME PedpamMu 0cToBa. B sToMm 1mukie
YeTHOe KOJIMIECTBO pebep ¢ eMHUIAMU, KOO 9TO CBOMCTBO HE MEHSIeTCS MPU WHBEPTHPOBA-
aun. [losTomy B JaHHOM YTOJINEHWN HA pedpe € CTOUT HOJIb. SHAYUT, JAHHOE YTOJIIIEeHUE
opuerTupyemo. QED

Onpedenenue epynnv H'(G), xaacca wi(N, G) u dokasameavcmeo xpumepus (W). O6o-
3HAYUM JAHHOE YTOJIeHne depe3 0. Ha30BeM COOTBETCTBYIOILYIO PACCTAHOBKY HYyJIel U e1u-
Hu1 Ha pedpax rpada G npenamemeyrowed n ob6o3aadnm ee w(o). Ecau w(o) = 0, To yTO7I-
HIeHUE OPUEHTHPYEMO.

Ecan w(o) # 0, To ele He BCe MOTEPSTHO: MOXKHO MOMBITATHCS CAETATH HHBEPTHPOBAHMUSI
TaK, Y4TOOBI MPEHATCTBYIONAs PACCTAHOBKA CTaja HyJIeBoil. BoigcHuM, Kak w(0) MeHseTcs
IPY UHBEPTUPOBAHUAX. I/ 3TOTO 3aMETHM, YTO PACCTAHOBKH MOYKHO CKIAIBIBATD: JJId 9TO-
O TPOCTO CKJIAJBIBAIOTCS YUCIA, CTOSIIHE HA KaXKJIOM pebpe (Takoe CJIOXkKeHHe HA3BIBAETCS
noxkomnorwenmuvim). IIpu wHBepTHPOBaHNK K w(0) MPUOABIISIETCS] PACCTAHOBKA €JIMHHUIL HA
pebpax, BHIXOJAAIMX U3 @, ¥ HyJeil Ha BCEX OCTAJIbLHBIX pebpax. DTa pacCTaHOBKA HA3LIBAELT-
e anemenmapnoti kKozpanuyet: eepuunb, @ 1 0603HAYaeTca d0a. ICHO, 9TO eCau yTOIIIeHIs
o 1 0 MONyYaloTCa ApYT U3 APyra HHBEPTUPOBAHUAME B BEPIIUHAX (1, . . ., (), TO

w(0) —w(d) = day + - - + day,.

HazoBeMm kozpanuueti cymMmy 371eMeHTApHBIX KOTPAHUIL HECKOJILKIX BepminH. Hazoem pac-
CTAHOBKHU Wi U Wy KO20MOAORUYHBLMU, €CITH W] — Wy €CTh KOTpAHUI@A da| + - - - + day. fcHo,
qTO0

(i) [Tpu mHBEepTUPOBAHUY TIPENSTCTBYIONIAS PACCTAHOBKA yTOJIIEHNST 3aMEeHSIeTCsT Ha KO-
rOMOJIOTHYHYI0 PACCTAHOBKY.

(ii) Eciim mpemsTcTByOMas pacCcTAHOBKA YTOJIIEHUS ABJISETCS KOTPAHUIE, TO CyIie-
CTBYeT 3KBUBAJIEHTHOE YTOJIIIEHNE C HYJIEBOU NPEndaTCTBYIONEeil pacCTaHOBKOM.

(111) KOFOMOHOFI/I“IHOCTB ABJIAETCA OTHOIIIEHHNEM SDKBUBAJIEHTHOCTH HA MHOXKECTBE BCEX
paccTaHOBOK HYyJIeil W eJMHUI Ha pedpax.

Oodnomeproti epynnoti kozomonozul epada G (¢ koapduyuenmamu 6 Zs) Ha3HIBAETCS
rpynna H'(G) paccTaHOBOK ¢ TOYHOCTBIO 10 KOTOMOJIOTHIHOCTH.
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Lepsvim waaccom HImugpena- Yummnu yToNIeHna HA3BIBAGTCS KJIACC KOTOMOJOTHIHOCTH
MPEeISITCTBYIOIIEil PacCTAHOBKH 3TOTO YTOJIIEHUS:

wi (N, G) = [w(o)] € H'(G).

D10 onpejiesieHre KOPPEKTHO BBUJLY YTBepKaeHus (i).

dcno, aro wy (N, G) sBisieTcs TPENsATCTBHEM K OpHEeHTHpYyeMocTH yroumenus. O6parHo,
nycth wi (N, G) = 0. 3Ha4uT, MPENsSTCTBYONAs PACCTAHOBKA JTAHHOTO YTOJIIEHUS SIBIISIETCS
korpaununeii. Torga no (ii) yrommenue opuentupyemo. QED

Bamaua 10.1.2 (cp. ¢ 3amgaqeii 9.2.4). (a) dus moboro 1-nukia g npoussenenne w(o) - g
HE 3aBHCHT OT PACCTAHOBKH O.

(3uaunt, hopmyra wi(N, G)[g] = w(o)-g kKoppekTHO 3amaer tuneiinyo bynkmmo wi(N, G) :
H,(G) — Zs. T.e. nepsuiii knacc ltudens-Yuran onpegensger 0ToOpaykeHne M3 MHOKECTBA
YTOJIIEHUT B MHOXKeCTBO JnHeitubix dbyukuuii Hy(G) — Zs.)

(b) wy(N,G) = 0 Torma u Tonbko Torga, Koraa dbyukmus wi (N, G) Hyaesas.

(c) Orobpazkenue ¢ : HY(G) — (H{(G))*, 3amannoe dopmy.noit p[v](h) = v-h nepesogur
wi (N, G) B wi(N,G) ana moboro yroamenus (N, G).

Bamaua 10.1.3. (a) /IBa opneHTHPOBAHHBIX BPAIIEHUST HA OTHOM CBSI3HOM Tpade IKBHBa-
JIEHTHBI TOT/IA W TOJIBKO TOTJIA, KOTJIA OHO MOJIyYaeTCst U3 APYroro 0OpaIieHneM OpHeHTaInn
[MUKJIMIECKUX MOPSIKOB BO BCEX BEpIINHAX.

(b) Yroumenus, orBevaoline SKBUBAJEHTHBIM TpadaM ¢ BPAIIEHUAME, OJHOBPEMEHHO
BBIPE3aeMbl U3 JAHHON MMOBEPXHOCTH UJIU HET.

(c) Tomeomopdubie rpadbl HMEIOT OJMHAKOBOE KOJIMYECTBO KJIACCOB SKBHBAJEHTHOCTH
OPHEHTHPYeMbIX BpallleHuil (BpareHuii).

Bamaua 10.1.4. CKOJIBKO KJIACCOB 9KBHBAJIEHTHOCTH OPHEHTHPOBAHHBIX BpaIleHuii (Bpa-
IeHuit) Ha

(a) okpyxkuoctu, (b) myrn, (c) Tpuosze,

(d) mepeBe, (e) Bocbmepke, () Gykse O7

Bamaua 10.1.5. (a) Hucso KIaccoB SKBUBAIEHTHOCTH OPHEHTHPOBAHHBIX BpalleHnii (Bpa-
MeHNiT) Ha CBA3HOM Tpade, HMEIeM TOJIBKO BEPITHHBI CTeeHn 3 W UMeroIeM V' BepIinH
u E pebep, pasno 2Vt (2F).

(b) Kaaccugpurayua epawenuts na zpage. Iycrs G — cBas3ubiii rpad, He roMeoMopdHbIH
TOYKe, OKPYKHOCTH nian orpe3ky. Eciu B G umeercss V' Beprun creneneit ki, ..., ky n B =
%(kl +- -+ ky) pebep, TO KOIMIeCTBA KJIACCOB IKBHBAJEHTHOCTH OPUEHTHPYEMBIX BPAIICHUIT
U BpaleHuii Ha 3ToM rpadye paBHBI COOTBETCTBEHHO

(k= 1) (ky — 1! u 257V(ky — D). (ky — DL

10.2 TpexmepHble yToJmneHnsa rpadgos

Tpexmepnasg sieHTa Mebuyca nonydaercda U3 TpeXMepHOTO IIIHH/IPA
{(z,y,2) ER* |2 +¢* <1, 0< 2 < 1}

cKJIeitkoii Touex (x,y,0) u (r, —y, 1) ay1s1 Beex z, y. DTa CKIeiiKa OCYIIECTBISIETCS He B TPEX-
MEPHOM IIPOCTPAHCTBE, & B YeTBLIPEXMEPHOM IIPOCTPAHCTBE WM a0CTPAKTHO.

Bamaua 10.2.1. (a) Yemy romeomopden Kpaii TpexmepHoii et Mebmyca?
(b) BiozkuM Jin MOJTHBIN 2-KOMILIEKC ¢ 6 BepIIHHAMHI B TpexMepHyio JieHTy Mebmyca?

Bamaga 10.2.2. (a,b,c,(3),...,(32),0) Kakue u3 ckieex 3ama4d 6.1.2-6.1.4 MozKHO ocyTiie-
CTBUTH B TpexMepHoii jienTe Mebuyca?
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BosbmeMm tpexmepnbiil map. OTMeTuM Ha ero rpaHUYHOR cdepe MomapHO HelepeceKaro-
1uecst ByMepHble JUCKH, pasbuTbie Ha napbl. Kaxyo napy D? x {0,1} auckos coepunum
(He 0bsA3aTEILHO B TPEXMEPHOM IIPOCTPaHCTBe) TpexmepHoil Tpy6koit D? x [0, 1] (Tak, 4To6bt
TPYOKH TOMAPHO He Tepecekatnch). ObbeuHeHre mapa u MOCTPOEHHBIX TPYOOK HA3BIBALTCS
I1apoM ¢ Tpyokamu.

BaMeTnM, 9TO KaK/IyIo IMapy JAUCKOB MOYKHO COeIMHUTL TPYOKOit AByMs crocobamu. [1pn
IEPBOM CIIOCODE OpUeHTaIusl KpaeBoil cdepbl mpH MpOHOCE BIOJIH TPYOKH COBMEIIAETCA C
POTHBOIIOIOYKHOIT OpUEHTAINel; Takasi TPyOKa HA3BIBALTCA Henepekpyuennot. Ilpu Bropom
crocobe 9Ta OpWEHTAIMsT COBMEIAeTCsT ¢ CO0O0it; Takast TpyOKa HA3BIBALTCSA NepekpyueHHo.

[[Tapy ¢ TpybkamMu roMeoMopdhHBI
qacTh mpocTpancTBa R3, orpannmuennas cranjapTHoi cdepoil ¢ pydxkaMu;

HeKoTopas OKPeCTHOCTD J11060ro rpada, KycodHo-InHeiiHo BiIo:Kennoro B R3;
TpexMepHasi Jienta Mebuyca;

HEKOTOpasl OKPECTHOCTH JII000T0 Tpada, BI0KEHHOTO B TpexMepHyio JieHTy Mebuyca;
HEKOTOpasi OKPECTHOCTH JTI000T0 Ipada, BI0YKEHHOTO B IIap ¢ TPYOKaMH.

3amaga 10.2.3. Jlioboii sin map ¢ TpyOKaMu MOXKHO BbIPE3aTh U3 TPEXMEPHOI JICHTbHI
Mebnyca?

AHasornvaHo ompeensercsa oObeIUHeHne MAapoB B TPYOOK, B KOTOPOM TPYOKH MOTYT
COeJIMHSATH JIUCKWA Ha Pa3HbIX Mapax. [IpuBemem gerasn. Bosbmem HecBsizHOe 00beMHEHTE
TPEXMEPHBIX TMAapOB, OTBedalonux BepmmaaMm jganaoro rpada G. Ha kaxioit n3 wx rpa-
HUYHBIX cep BO3bMEM IOMAapHO HelepeceKaroInecss JIBYMEepHbIe TUCKU, OTBEYAIONINe BbI-
XOISIIIM U3 COOTBETCTBYIONIEH BepIIuHbl pedbpam. g Kazxmaoro pebpa rpada coegmHIM
(He 00sI3aTeIbHO B TPEXMEPHOM TIPOCTPAHCTBE) COOTBETCTBYIONIHE €MY JBA JHCKA TPeXMep-
Hoit Tpy6koit D? x [0, 1]. O6oznauum yepes M obbeuHeHe TOCTPOSHHBIX APOB U TPYOOK.
I'pad G ecrecrsenno Bioxken B M. [Tapa (M, G) HaspiBaeTcsi TPEXMEPHBIM YTOJIIIEHNEM
(3-yToamenunem) rpada G.

Bamaua 10.2.4. (a) Chopmyaupyiite u J0KaKuTe TPEXMEPHBIIl AHAIOT KPHTEPHST OPH-
earupyemoctu 10.1.1.

(b) TpexmepHoe yToJienne oTpeska (1 gaze jepeBa) roMeMopdHO Iapy.

(c) Yemy MOKeT OBITH TOMEOMOPMHO 3-yTOIIEHHE OKPYZKHOCTH?

(d) JTio6oe opuentupyemoe 3-yrommenne rpada BIoKHMO B R? (T.e. cOOTBETCTBYIONTYO
KOHCTPYKIHIO MOZKHO IpoJiesiaTh 6e3 camomnepecedenuii B R3).

(e) JIro6oe opuenTupyemoe 3-yrouinenne cBsi3noro rpada ¢ V' sepmunavu u E pebpamu
romeomopduo mapy ¢ £ —V 4 1 pyukamu (handlebody).

(f) JTroGoe 3-yrommenne rpada sroxumo B RY.

(g) JTroboe 3-yrommmenne cBs3HOro rpada romeoMopdHO mapy ¢ TpyOKamu.

Bamaga 10.2.5. /Ipa 3-yronmenusa omnoro rpada (G Ha3BIBAIOTCS IKGUBAACHIHLMU,
ecJIM OHH roMeoMOpP(HBI HEMOABHKHO Ha (.

(a) dns csasuoro rpada ¢ V' Bepummnamu u E pebpaMu uMeeTcs
YTOJIIEHUI ¢ TOTHOCTHIO 10 SKBUBAJIEHTHOCTH.

(b) Ha rpann4noii cdepe KazKI0r0 mapa u3 onpejieeHnst 3-yTOIIEeHNsT BBeIEeM OpHEeHTa-
nuio. TpyOka w3 onpeeenust 3-yTOJIIEHUsT HA3BIBALTCA NEPeKPYUeHHOTl, eCIU OPUEHTAIIH
Ha JBYX €e IMPOTHBOIOJOKHBIX OCHOBAHMAX, JeKAIIUX B IIapax, COBIaAaloT. TpyOKa Ha3bI-
BAETCA Henepexpy4eHHoti, eCIi STH OPHeHTAINH ITPOTHBOIOIOKHEI.

2E=V+1 tpexmepHBIX

JIBa 3-yrommenusi oaHoro rpada 3KBUBAJEHTHHI TOTJa W TOJHKO TOT/A, KOTJ/A MOYKHO
N3MEHUTh OPHWEeHTAIlMN Ha WX cdepax Tak, 9TOOBI I KayKJ0ro pedpa TpyOKH B JIBYX 3-
YTOJIIEHUSIX, COOTBETCTBYIOIIHE STOMY peOpy, ObLIN OJHOBPEMEHHO MePEeKPyYeHbl W HeT.

Bamaua 10.2.6. Chopmyaupyiite n JOKaKNUTe AHAJIOIH MPUBEIEHHBIX PE3YILTATOB JJIsT
N-MEPHBIX YTOJIIEeHn rpadoB.
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Omeem x 10.2.2.0. 0-CKJeiiKy MOYKHO OCYIIECTBHTD /I IIEPECTAHOBOK O, COMPSIYKEHHBIX
IIepeCTaHOBKAM W3 MOAIPYIILL OU3PA.

10.3 VYrToamaemMocTh 2-KOMILJIEKCOB JI0 3-MHOTroobpa3umii

[ToHATHS yTOMIAEMOCTH U YTOJIIECHUS TTOJIE3HBI, HATIPUMED, JJIS W3y IeHHsT

® Ga0dCUMOCTIU 2-Komnaekcoe 6 R yTeM pacCMOTPeHHs « MEHAMATBHBIX> 3-MHOrO0Gpasuii,
COMEPZKAIIIX JAHHbI 2-KOMILIEKC, 1 PACTIO3HABAHUSA BIOKIMOCTH B R? Takux 3-MHOr0oGpasuii
(cm. Teopemy 6.6.1 st d =3 =k + 1);

& 20MEOMOPPHOCTIU 3-MHO2000pa3 Ul TIyTeM PACCMOTPEHHs SKBUBATEHTHOCTH JIEXKATIUX
B HUX 2-KOMILIEKCOB (cM. Teopembl 10.4.1.ab).

o pyndamenmanrvroz 2pynn 3-mro2006pasud MyTEM DPACCMOTPEHHS BIOKUMOCTH B 3-
MHOT000pa3usi 2-KOMIIJIEKCOB, OTBEYAIONINX KONPEJCTABIEHHUSIM IPYIIIL.

Cp. ¢ 3amavamu o peannsyemoctn 2-komiiekcos B R? ([Sk14] u §6).

Bagaua 10.3.1. [Ipuknenm k nomnoroputo D? x S Tpexmepnyio mpooky D? x [0, 1],
oTozIecTBIdAs ¢ KoubloMm 0D? x [0, 1] okpecTHOCTh B KpaeBoM Tope

(a) MaJioit okpyzHocTH. Pesyibrar npukieiiku romeomopden okpecraoctu B R? Gykera
SEAVACES

(b) oxpyzknOCTH, MOMYUenHOit n3 okpyxkuoctu (1,0) X S! (mapammenn) «meckombKEME
obopoTamu B0 OKpyskHOCTH ST X (1,0) (Mepumnana)». Pe3syabraT IpuKIiiKE rOMEOMOp-
dben D3,

(c) okpyzuocru OD? x (1,0). Pesy/brar npukJeiiku romeoMopdeH JONOJHeHIIO 10 TPeX-
MepHoro mrapa B St x S2.

Kpaewm mapa ¢ Tpybkamu siBjisiercst cepa ¢ mepekpydeHHbIME pydkavu. OTMeTuM Ha
Heil TonapHo HerepeceKkaouecs KoJbla. K Kaxomy Kosbily (oToxectsiaennomy c) St x
[0, 1] mpuxsenm (He 06si3aTeIbHO B TPEXMePHOM IMIPOCTPAHCTBE) TPeXMepHyio Hpobky D? X
[0,1] (rak, 4T06BI TPOOKU MOMAPHO He mepecekasuch). OObeauHeHne mapa ¢ TpyOKamu u
IOCTPOEHHBIX NMPOOOK HAZBIBACTCS WaAPOM ¢ MPYOKamu u npobKkamu.

Bamaua 10.3.2. (a) Byreuika Kieiina;  (b) I[IpoekTuBHAS IOCKOCTD;

(c) JTioboe 2-mHOrOOGpA3NE;

(d) memo 2-KoMmIuTeKCa, MOTYYAIONIeEcss U3 JIBYMEPHOTO MPABUILHOTO MHOTOYTOJTbHHKA
CKJIEHKOI BCex CTOPOH B OjiHY (He 00s3aTeIbHO C HANPABJIEHUSIMU, COTIACOBAHHBIMU BJIOJIb
I'DAHUIBI MHOTOYTOJIHUKA; BIPOYEM, HATHATE C STOI0 YACTHOIO CJyvas);

B102kMM(a)(0) B HEKOTODBIii Map ¢ HelepeKPyYeHHBIMI TPYOKAMU 1 TPOOKAMH.

Bamaua 10.3.3. (a) [Ilap ¢ rpyGkamu 1 npoOGKaMu OPHEHTHPYEM TOTA U TOJBKO TOTJA,
KOT/Ia, HET TIEPEKPYUEHHBIX TPYOOK.

(b) Jio6oit mmap ¢ TpyGKaMu U IpoGKaMH BIOKUM B RS,

(¢) JTroboe Baokenne mapa ¢ Tpyokamu R® (wim mazxke B 5-MHOr00Gpasne) MOZKHO MPO-
JIOJZKUTD JI0 BIOKEHUs Mapa ¢ TpYOKaMu U (HAIEpe T 3aJaHHbBIMA) TIPOOKAMH.

Bamaua 10.3.4. (a) JTroboe cBa3HOE 3-MHOTOOOpA3UE C HEMYCTBIM KpPaeM ToMeoMOpdHO
apy ¢ TpyoOKaMu U MPOOKAMHU.

YKazanue: ucnoab3yiite yreepxkaennsa 10.5.2.

(b) JIroGoe cBsi3HOE OPHEHTHDYEMOE 3-MHOrooOpa3ue ¢ HeImyCThIM KpPaeM roMeoMOpdHO
mapy ¢ HelepeKpy4eHHbIMU TPyOKaMu U mpoOKaMHu.

(c) ObbeuHeHNE ABYX MAPOB ¢ TPYOKAMHE TI0 HEKOTOPBIM JBYM HaGOpaM U3 OJUHAKOBOTO
KOJTMYIECTBA KOJIEIl Ha UX KpasgX rOMeoOMOP(MHO IMIapy ¢ TpyOKaMI.

(d) To ke a1 WAPOB ¢ TPYOKAMHI U TPOOKAMH.

(e) JToboe cBsizHOE 3-MHOrOOOpa3Ue C HEMyCThIM KpaeM BI0KHMO B R.

(f) JTroGoe cBsi3HOE N-MHOTOOOPA3ME ¢ HEIYCTHIM KpaeMm BJIo:KuMo B R?~L,
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Bamaua 10.3.5. [Ipukienm K KaxkK7A0ili KOMIOHEHTE Kpas CBSI3HOI'O 2-MHOTOOOpa3Us C
KpaeM TO KOJIBILY, OTOXKIECTBJsIS Ty KOMIIOHEHTY CO CPEeJIWHHOW OKPYYKHOCTHIO KOJIBIIA.
[TosrydennbIil 2-KoMIIIeKe BiaoKnM B R3.

3amaua 10.3.6. BioxKuMo /i B HEKOTOPBIi Map ¢ TpyOKAMU U IIPoOKaMHu 00beInHEeHe
jgenTel Mebuyca n cienymoinero 2-MHOT000pasust X, Mpu KOTOPOM KpaeBast OKPYKHOCTH X
(mim ozHa W3 HEUX B IL (&)) OTOXKIECTBJISICTCS CO «cpeneit aunueiis S genrsr Mebuyca?

(a) X — kosbmo (cp. ¢ 3amaqeit 10.2.2.(211));  (b) X — auck;

(c) X — mop ¢ apipkoii;  (d) X — jmenta Mebuyca.

Yraszanue. Eciu 5TH 33a/1a9u He MOJTYIAIOTCSA, TO BEDHUTECh K HUM TIO3ZKe.

2-KOMILIEKC HA3BIBALTCS YMOAULAEMbLM, €CJTH OH BJIOKUM B HEKOTODHIH (He huKcnpoBaH-
HbIIi 3apaHee) Mmap ¢ TPyOKAMHE U TPOOKAMU. 2-KOMILTIEKC HA3BIBACTCS OPUEHMUPYEMO YMOA-
WaeMbLM, €CTTH OH BIOXKUM B HEKOTODBI (He (hDUKCHPOBAHHBIN 3apaHee) IMap ¢ HEMEPeKpy-
YeHHbIMH TpyOKamu u rnmpobkaMu. Bor onpejeienusi Ha OOIMIETPUHIATOM S3BIKE. 2-KOMILIEKC
Ha3bIBACTCS (OPUEHMUPYEMO) YMOAUGEMBLM, €CTTH OH TOMEOMOPdEH MOIKOMILIEKCY HEKOTO-
POl TPHAHTYJIAIMN HEKOTOPOTrO (OPHEHTHPYEMOro) 3-MHOroo0pasusi; 3T0 3-MHOroobpasue He
dbukcupoBano 3apanee. (DT0 onpeeIeHne KYcouHo-AuHeiHold yTOMIAESMOCTH, PABHOCHIHLHOE
mononaoeusecrot [Bi83).)

Teopema 10.3.7. Cywecmsyrom ar20pummo, nPOSEPKU YMOAUWGEMOCTIU U OPUEHMUPYEMOT]
YMOAUGEMOCTNY NPOUSBOALHHLE 2-KOMNAEKCOS.

9toT pesyabrar BuiTekaer u3 TeopeMbl 10.7.1. [To-Bummmomy, oH siBisieTcst DOJIBKIOP-
HBIM; CM. OIyOIMKOBaHHOE 1T0Ka3aTeabeTBO B [Sk94]. Cwm. rakxe [Toll].

Bamaua 10.3.8. (a) 2-KOMIUIEKC OPHEHTHPYEMO YTOJINAEM TOTJIA M TOJBKO TOTA, KO-
rJia HEKOTOpasi OKPECTHOCTh (WJIM, SKBUBAJEHTHO, PEryJsipHasi OKPECTHOCTh) ero l-octoBa
OPHEHTHPYEMO YTOJIIAEMA.

(b) Amanoruvnoe cBOHWCTBO sl yTOJIIIAEMOCTH HEBEPHO.

Teopema 10.3.9. /10607 n-KoMnieKC 8A0ACUM 6 HEKOMOPOE 2N -MHO2000PA3UE.

T'unoresza 10.3.10. For any n there is an n-complez locally embeddable into R?™ but non-
embeddable into any (2n — 1)-manifold. (Hint: prove and use [ORS, conjecture in p. 400].)

Habpocox doxasameavcmea ymeeporcdenus 10.3.8.a. Jocraroarno goka3arh dacTh «TO-
ray JUIst peryasipuoii okpectaoctu. Obo3uaunm depe3 My ee opueHTHPyeMOe 3-yTOJIIEHNE,
a depe3 P kowmmiekc. Sambikanne P := CI(P — Mj) ectb HecB3HOe 00beMHEHHEe JHC-
koB. Kpaii OP_ gaBiasgerca HeCBI3HBIM OObeIMHEHHeM OKpY:KHOCTeil. MOKHO CYHTATDL, UTO
OP_ C OM,;. Tak kak kakmas TpyOka B M; He mepekpydena, To 0M; opuentupyemo. [lo-
9TOMY CYIIECTBYET OKPEeCTHOCTH Kpast OP_ B OM;, ABISIOMASICS HECBA3HBIM 00'beIMHEHINEM
koJer| (a we jent Mebuyca). [Ipukieny mpobku mo srum KoJbiam. [Toaydanm map ¢ Hemepe-
KPYy4YeHHBIME TPyOKamMu u mpoOKamMu, cojepzKaniuii P.

10.4 JloKHble TMMOBEPXHOCTU U UX YTOJIIAEMOCTD

2-KOMIIJIEKC (HJIH €ro TeJI0) HA3LIBACTCs JIOYKHOI MOBEPXHOCTBIO, €C/IH KayKIast €r0 TOUYKa,
nMeeT OKpecTHOCTL, PL romeomopdryio ogHO U3 ciaeayomux: aucky D?, KHUKKe ¢ Tpe-
Mg cTparunaMu 1’ X [ wim KoHycy HaJ NOJHBIM rpadom K4 ¢ 9eThIpbMs BepITUHAME, CM.
puc. 10.4.1. Takue TouKH MBI OyJeM Ha3bIBATH moukamu muna 1, 2 u 3, COOTBETCTBEHHO.
Hpumepamu r09tcHbT noseprHocmel ABITIOTCT
e 0ObeINHEHNE TOPA C JIBYMs JIUCKAMU, TPUKJIEEHHBIMU K MMapaJiiein U MEPUIUAHY TOPa,
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Puc. 10.4.1: [Ipocreiimue ocobeHHOCTH

e obbeaunenue N jienthl Mebuyca u KoJiblia, JJisi KOTOPOT'O CPEJIHSS JIMHUS JICHTHI
Mebuyca ckiemBaeTcst ¢ OJHON W3 KPAEBBIX OKPYKHOCTel KOJIbIa (MM, SKBUBAJIEHTHO, 2-
KOMILTEKC, MOIYIeHHbINH 13 KHMAKKE ¢ 3 juctamu (12)(3)-ck/eitkoit, cM. ompeieenne mepe;t
3amaqeit 6.1.3),

e dom Bunea ¢ deyma kommamamu (cMm. onpenenerne B [HMS]).

[Tyrosckoit konmak 3umana (3agada 6.1.1.a) He SBJISETCS JIOXKHON HOBEPXHOCTHIO.

Meutbabie mienkn B R? mmeror ocobernoctn B ToanocTn THIOB 2 1 3. [loHgTHE MBLILHBIX
IeHOK U3 nuddepeHmaabHOil TeOMETPUE SBJISIETCS] TAKKE BayKHBIM CPEJICTBOM U OObeK-
TOM HCCJIEIOBAHUN B aqrebpamdeckoil U reoMeTpudeckoii Tomosorun. Bor npumepst ((a,b)
— 3HaMeHuTBIe TeopeMbl Kacepa).

Bamaua 10.4.1. (a) JTroboe 3-mHOrOO6pasme sIBISIETCST yTOMIIEHNEM HEKOTOPOii JIOKHOI
MOBEPXHOCTH (U JaxkKe cneyuaavrozo 2-noausdpa®) [HMS, I, Theorem 3.1.b].

(b) PerymspHbie OKPECTHOCTH OJHOTO CIEMUATBHOTO 2-TI0JH3Ipa P B PA3HBIX 3-MHOI000pA3UIX
romeomopdusl, naxke nenoasmxkuo wa P ([HMS]; cp. ¢ Teopemoii 10.6.2).

(c) Hnst moboro 2-komiutekca P cymiecTByer clOpbeKTHBHOe orobpaxkenue f @ Q) — P
JIOZKHOI oBepxHOCTH Q) («PE30JIbBEHTAY ), TPOOOPA3BI TOUEK MPU KOTOPOM SABJISIOTCS Tapa-
vu pasmeproctu 0, 1 win 2 (u, B wactHOCTH, cTaruBaembl) [RS00].

HacrosuiuMm 1-ocTtoBoM () J10:KHOI MOBEPXHOCTH (), HA3BIBAETCS MHOYKECTBO TOYEK
tuna 2 win 3 B Q. fcuo, uro Q' sBisiercss rpadoM, BEPITUHBI KOTOPOTO UMEIOT cTereHn 1,
2 wmm 4. Tpymner H(Q') m H*(Q, Q') a rak:ke nuaBapuantbhl MaTtseea m(Q) € H(Q')
u om(Q) € H*(Q, Q') ecTecTBEHHO BO3HHKAIOT NMPH HCCAETOBAHAU yTOIMAEMOCTH (Cp. €
reopemoit 10.1.1.W). OHu cTporo onpesessirorcsi B 9BpUCTHYECKOM paccyzkiennn B §10.5.

Teopema 10.4.2. (a) Jloochas noseprrocms opueHMuUpyemo Ymoswaema moz2oa u moaibko
moeda, kozda ona ne codepotcum N [BP97, BRS99).

(b) Jlostcran noseprrocmv (Q opuenmupyemo ymoawaema mozda u moavko mozda, Ko2da
m(Q) =0 [BRS99, La00)].

(¢c) Jlostcnasn noseprrnocms @ ymoawaema mozda u moavko mozda, kozda dm(Q) = 0

[Ma73].

Bamaua 10.4.3. CymecTByeT HeyTOIMAaeMasd J0KHAs MOBEPXHOCTD, He CopepzKaIiasa Hil-
KaKOro 00beInHeHns JTeHThl Mebuyca u 2-MHOrooOpa3usg poBHO ¢ OJHONW KpaeBoil TpaHUIHOI
OKPYZKHOCTBIO, OTOXKIECTBJIEHHOI cOo cpeaueii munueii sentsr Mebuyca [BRS99).

10.5 Jloka3areabcTBO TeopeMmbl 10.4.2 006 yToJImaeMocTn

Heobxoaumocts B Teopeme 10.4.2.a cieayer u3 meyrosmnaemMoctu komiiekca N. st joka-
3aTeJIbCTBA JOCTATOUYHOCTH BBEJIEM CJIEIYIONINE OMpeIeTeHu.
Hazosem 3Be3moii Bepmnubl A B KOMILIEKCe K KOMILIEKC

stkA=U{oe K : Aco}.

33 ToxHag MOBEPXHOCTH () HA3LIBACTCA CNEYUGALHOIM 2-noauddpom, ecmn Q@ — Q' u Q' — Q" apaaorcs
HEeCBA3HBIME OObeIMHEHIAME OTKPHITBIX 2- U 1- IHCKOB COOTBETCTBEHHO.
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HazoBeMm jimHKOM BepimuHbl A B KOMILTEKCce K KOMILTIEKC
leA:U{O'GK . AQO‘CStKA}

s 2-xommekca K 1o rpad,
® BEPIIMHBI KOTOPOTO COOTBETCTBYIOT pedpam 2-rkomiuiekca K, BerxogammMm u3 Aj;
® J[Be BEPIIMHBI COEJIMHEHBI peOPOM, eC/I COOTBETCTBYIOININE pedpa JiezKaT B OJHO rpaHu.

£ o

ke

Puc. 10.5.1: I[TocTpoenue 3Be3/1b1 U JUHKA

Hampuwmep, muakn todek Ha puc. 10.4.1 romeomopdubl myTH, oKpy:KHOCTH, Tpuoxy 1 =
K3, 6ykse 0 (r.e. rpady Kso) u rpady K.

Bamaua 10.5.1. (a) Haiiaure quHKN BeprmH 1jist 2-KOMILJIEKCOB Ha puc. 6.3.1.

(b) Jluuk kazmoit BepmmHbl 2-kommtekca Ks X S' uzomopden Ky o.

(c) dnst moboro rpada HaiigeTcss 2-KOMILIEKC M ero BEepIInHA, JUHK KOTOPON ABJISEeTCsI
3aJaHHBIM IpadOoM.

(d)lkyA=U{c € K : A¢ o Ca> A 1isg HEKOTOPOTO CHMILTIEKCA ().

(e) 3Be3a BepIINHBI SIBJISIETCST KOHYCOM HAJI €€ JIMHKOM.

(f) Jlumkwm onHOl BepIIMHBI B TOMEOMOPMhHBIX TPHAHTYIANUAX (KazK/Ias U3 KOTOPHIX CO-
JEP’KUT Ty BEPIIUHY) TOMEOMOP]HBL.

Define the simplicial neighbourhood of a subcomplex A of a complex K by
StgkA=U{oc e K : Ano #(}.
Define the boundary of a simplicial neighbourhood of a subcomplex A of a complex K by
LkxkA=U{c e K : 0 CStgA, Ano=10}.

A regular neighbourhood R (A) of a subcomplex A (of a triangulation) of a PL manifold
K is a simplicial neighborhood Stg, A; in some subdivision (K7, A;) of (K, A) such that

o | Stx, A1] is a compact manifold with boundary | Lk, Al;

e for the simplicial map x4, : K1 — [0, 1] equal on vertices of K; to the characteristic
function of vertices of A;, we have 4; = x ;! (1).

Cf. [RS72, Theorem 3.11].

Bamaua 10.5.2. (a) PeryaspHasi OKpeCTHOCTD JTFOOOTO CBSI3HOTO 2-KOMILIEKCA B TPUAH-
IYJISIAA 3-MHOTOOOPa3usl CYIIECTBYET W roMeoMopdHa mapy ¢ TpyOKaMu U IMPOOKaAMH.

(b) JIroboe crsizHOE 3-MHOTOOOpA3Me C HEMYCTHIM KpaeM CAaBINBAETCS Ha TEJIO0 HEKOTO-
poro ¢Bsi3HOTO 2-Kominiekca. (Onpesenenue ¢iaBInBaHus, IPpUBEIEHO, HampuMep, B [RS72,
§3] [Sk20, §5.8].)

(c) Ecin X, A — mopkoMIutekcsl B 3-Muoroobpasun M, cymecrsyer Ry (A) u X caasiu-
Baercst Ha A, o Ry (X) cymecrsyer u Ry (X) = Ry (A).

(d) Simplicial neighborhood in the second barycentric subdivision is a regular neighborhood.

(e) If the simplicial neighborhood U of a subcomplex A collapses to A, then U is a regular
neighborhood.
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Hoxazameavemeso docmamounocmu 6 meopeme 10.4.2.a. Obo3HaunM depes Q7 MHOKECTBO
TOYEK THUMA 3 B JIOXKHOI moBepxHOCTH (). Bo3bMeMm 10 TOUYKe HA KarKI0H KOMIIOHEHTE CBSI3-
Hocru rpada ', apisomeiica nukgom. OdozHaunm depe3 V' oObeiuHEeHNE B3ATHIX TOYEK
¢ @". Tak Kak JIMHK KayKJI0#f TOYKW u3 V — muiaHapHBIi rpad, TO CyIEcTBYeT HECBSI3HOE
obbenunenne My TpexMepHBIX IMAPOB, COAepZKAalee OKPeCTHOCTh MHOKecTBa V' (B Q).

Jna xaxaoit ayru u3 Q' — My BosbMeMm Tpexmepnyio Tpyoky D? x [0,1], B KoTOpyIo
OKPEeCTHOCTh (B (Q) 9TOii Jyru BIOXKEHA CTAHIAPTHBIM 00PA30M. DTa OKPECTHOCTH «BBICE-
kaer» Ha Topuax D? x {0,1} tpy6ku Tpuojsl. [Ipukaeum 3Ty TpyOKy 10 TOpPHAM K COOT-
BETCTBYIOIIMM IapaM u3 My Tak, 4To0bl TPUOJBI HA TOPHAX TPYOKU COBMECTHUJIMCH C COOT-
BETCTBYIOIIUMHI TpuogaMu Ha mmrapax u3 My. [loxyaum map ¢ tpybkamu My, comepzKariuit
okpecTHOCTD (B Q) rpada Q.

B crenyiomem ab3are jgokaszaHa HeMepeKpydeHHOCTh KaxKI0i TpyOKH.

g moboit Bepmmanl A € Q" u jpins mobbix sepmmn B, C € 1k A crenenn 60/bine 2
cymectBytor Tpu myTu B 1k A, coeannsiomux B ¢ C' u nomapHO NePeCceKaIOMIXCsl TOJIBKO B
B, C'. lostomy mis m06oit okpyzxuocta J C @' cymecrByer nogkomiuieke J C (), moryda-
fomuiica u3 Kauxkku ¢ 3 gucramu T X [0, 1] ckaeiikoit Tpuogos T X 0 u T X 1 mo HEKOTOPO#
epecTaHoOBKe UX pedep, MpUIeM OKPYKHOCTb J IMOJydaeTcs 3TOil CKIeKoit U3 «KOpemKa»
KHUZKKY. JI100ast mepecTaHoBKa 3-3JIEMEHTHOI'O MHOYKECTBA, SIBJISIETCS JIMOO TOXKIECTBEHHOIA,
16O IUKJIOM JITHHBL 3, MO0 MUKIOM JuinHbl 2 (Tpancrnosuiueii). Tak kak () He COmepKuT
N, To NMKJIOM JJIMHBI 2 OHA ObITH He MokeT. [ToaroMmy Karkjgas TpyOKa He mepekpydeHa.

Teneps ananornuno yreepxkaennto 10.3.8.a () opueHTHpYeMo yToJmaemo. Bmecto mpo-
00K OepeM HecBA3HOe O0beJuHeHue Y IIapoB ¢ HelepeKpYUeHHBIMH TPYOKaMU U MpOOKAMU
(T.e. opuenTHpYEeMOe 3-MHOrOOGpasme), copepxaiiee ) := Cl(Q — M;), npudem 0Q_ C 9Y .
CymiecTByIOT OKpPECTHOCTH ]\/4\1 uy kpasg 0Q_ B OM; u B OY, ABIMIONIAECST HECBSI3HBIM

obbenunenneM KoJer. Torma mo yreepxaenuto 10.3.4.d M; |J Y ecrb map ¢ Henepekpy-
Mi=Y
YeHHBIMH TPYOKaMU U IMPOOKaMU, comepzKaiiuii (). O

Havano sepucmuru x meopemam 10.4.2.bc. Kak u B 10Ka3aTesbCTBE JOCTATOYHOCTH B II.
(a), onpenennm V' u BO3bMEM HECBsI3HOE 00bejuHeHre My TPEXMEPHBIX IMAPOB, COEPKAIIee
OKpeCcTHOCTD (B ()) MHOXKecTBa V.

[Tepecevenne (Q N OM, siBJIsIeTCsl HECBSI3HBIM 00beHEeHHeM ([0 BCeM BEpINTHHAM KOM-
miekca Q) rpadoB, Kax bl U3 KOTOPHIX ecTh Jib0 Ky, mmbo 6yksa 0, b0 OKPY’KHOCTb.
[TOCKO/IbKY CyHIECTBYET POBHO OJIHO (¢ TOUHOCTBIO J10 roMeomopdusMa cdepbl S?) BiokeHnue
KazKJI0ro u3 9tux Tpex rpados B cdepy, To My eUHCTBEHHO (€ TOYHOCTHIO O TOMEOMOP-
dbuzma, HemoaBUKHOTO Ha (Q N My).

I[ToctponM yrommenne okpectHoctH 1-ocroBa QY anasorm+dHo I0KA3aTeILCTBY IOKA3a-
TeIHCTRE JOCTATOMHOCTH B M. (a) caemyomum obpasom. Jas kaxaoi myrm us QM — M
BO3bMEM ee OKPeCTHOCTh B () — My, roMmeoMopdHYI0 KHUXKKE C OIHOW, JBYMS WU TPEeMsI
JUCTaMU (cama Jyra COOTBETCTBYET <«KODEIIKY» KHHUYKKHN). BO3bMeM TpexMepHyI TpyOKy
D? x [0, 1], B KOTOPYIO 3Ta OKPECTHOCTH BJIOKEHA CTAHJAPTHBIM 00PAa30M. DTa OKPECTHOCTD
«BBICeKaeT» Ha Topnax D? x {0,1} Tpy6ku 1u60 Tpuod, 160 oTpe3oK. [IpuKIenM KazKayo
TaKyi TPyOKy IO ee TOpIaM K COOTBETCTBYIOIMUM Imapam u3 M, Tak, 9ToOBl TPUOILI WA
OTPe3KN Ha TOPIAX TPYOKH COBMECTUJIUCH C COOTBETCTBYIONUMU TPHOIAMU HUJIA OTPE3KAMMU
na, mapax. Hosyunm map ¢ Tpybkamu M, comepraniumii okpectHocts 1-octosa Q).

Eciu pe6po uz Q) — M, nexxut B (', TO Ha TOPIAX TPYOKH BHICEKAIOTCS TPHO/IBI. SHATHT,
sTa TpyOKa mpukiaenBaercs K My omnosznauno. [Tosromy yrommenne M| okpectHocTr rpada
() eIMHCTBEHHO C TOYHOCTBHIO JI0 TOMEOMOP(dU3Ma, HENOBUAKHOIO Ha () N M.

Buisicanm, ipogoszkaercs i «yTosnenres My 10 yrommenust Beero (). Pukcupyem Ha-
Oop opmeHTaIuii Ha HecBsa3HOM oObemmuennn OMy cdep. Ha kaxaom pedpe komriekca ()
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nocTaBuM 0, eC/Ii OPUEHTAIIIN TOPIOB COOTBETCTRYIOMIel TPyOKH, ompeaenenuble u3 0N, ne
coryiacoBanbl BOb TpyOKu. [ToctaBum 1 B mpoTtuBHOM ciiydae. DTy PacCTAHOBKY HA30BEM
pasaunaowet u 06o3uaanM w(My).

Zasepwenue sepucmury x meopeme 10.4.2.b. Koeparuueti v BepIUINHBI U, HA3BIBAETCSI
paccTaHOBKa €JIMHHUIL Ha pedpax, MPUMBIKAIONINX K U, U HyJIeil Ha ocTaJbHBIX pedpax. [ 'pyn-
noti odnomepnuz Kozomonozut epagda Q' naswisaercs rpynna H'(Q') paccranosok myseit u
eJMHUI] HA pedpax () ¢ TOYHOCTHIO 10 CyMM Korpanui Bepmma. HazoBem npensmcemeuem
Mameeesa

m(Q) := [w(M)|g] € HY(Q").
Jlamee Teopema 10.4.2.b mokaspiBaeTcda aHajorundno Teopemam 10.4.2.ac.

3amaga 10.5.3. /I ob6oro Baoxkenud f : () — M 10XKHOiT TOBEPXHOCTH B 3-MHOT00Opa3ne
nmeeM m(Q) = f*wy(M)|g .
Habpocox dorasamenrvcmea. BozbMem paccTaHOBKY w U (i HyJIeit U e IUHUI HA, pedpax rpa-
da @', npeacrapisromue kaacesl m(Q) u f*wy(M)|g, coorBercTBenHo. O603HATNM Uepe3
n n
dy, ..., d, pebpa npocroii 3amkHyTOi Kprsoii B Q). Torma Y u(d;) = > w(d;), mockoabKy oba

i=1 i=1
BbIPayKeHUsI PABHbBI €IMHUIIE B TOYHOCTH TOT/1a, KOT/1a ITPOXOZKAEeHNEe BI0JIb KPUBO obpamiaeT

opuenTaruio Ha M. Beuny npoussosbrocTu Beibopa KpuBoit nomydaem m(Q) = f*w;(M)|q .

Sasepwenue sepucmuru k meopeme 10.4.2.c. Ha KaxKmoit rpaHd MOCTABAM CYMMY IO
MOJIYJTIO 2 9ucesT paccTanoBKU w( M) Ha orpanmanBaiomux ee peopax. [loryuennyro paccra-
HOBKY Ha30BeM npenamcmeylouset n 06o3aaanm ow(My). fcuo, aro dw(M;) He 3aBucuT OT
Habopa opuentaiuii Ha OMy (xorst w(M;) or HEero 3aBucur).

Ecau cymectByer «mpooszkenues yrosmenust My 10 yrosienust Bcero (), T0 y KaxK10it
rpaHH CyIecTByeT MaJjasi OKpecTHOCTh (B (), mepecekawomasicss ¢ OM; no kosbiy (a He
o sieate Mebuyca). Torma dw(M;) paBHa Hym0 Ha 9TOW TpaHu (BBHIY pe3y/JbTaTa 3aJaqu
10.3.6.b). Cremnosarensno, ecau dw(Mi) # 0, To M; He «IPOIOJZKAETCSI» O YTOJIIEHUS
BCEro 2-KOMILTeKca ().

Onnaxo, ecan dw(Mp) # 0, To erie He BCe TOTEPSIHO: MOXKHO MOTBITATHCS W3MEHHTh M
TaK, 9TOOBI MPEMSTCTRYIONAas paccraHoBKa dw (M) crana HyreBoii. Beisicanm, Kakie GbBaroT
pazamgarorime pacctranoBku w( M) st pasauaubix M. Yrommenne rpada (' e JMHCTBEHHO.
Buaunt, paccranoBka w(M;) ua pebpax uz @' me 3apucur or M;. TpyObKru, COOTBETCTBYOIIHE
pebpam ere () MOryT OBITH IpUKJIeeHbl K My aByms crocodbamu. [Ipu sTux crocobax ma pedbpe
oyzaer nocrasjeno 0 wian 1. Takum o6pa3om, Mbl MOKeM Tak 1Mo00paTh M, 9T0 paccTaHOBKA
w(M,) na pebpax BHe ()’ Oyaer 060l HATEpeT 33 aHHOI.

3menenne «yronmenns> M, ma omxHoMm pebpe e m3 QW) He sexamenm B (), maer m3-
MeHeHue paccraHoBKu 0w (M) Ha (ABYX WM OXHOl) IPaHSX, NPUMBIKAIOIUX K €. HbIMI
coBamu, K dw(M;) mpubaBisiercsa kozpanuya de pedpa e, T.e. pAaCCTAHOBKA eJWHUIL HA I'Pa-
HAX, MPUMBIKAIONIUX K €, U HyJeil HA OCTAJTbHBIX IPDAHIX.

Hazosem epynnoti deymeprulx ko2omonozuli komnaexca Q no modyamo Q' rpyuny H*(Q, Q')
PaCcCTaHOBOK HYyJIEHl W €MHUIL HA TPAHSIX KOMILIEKCA () ¢ TOYHOCTHIO O CYMM KOTDAHWUIL Pe-
oep, He sexkamux B Q'. HazoBem npenamemeuem Mameseesa

om(Q) = [dw(My)] € H*(Q, Q).

Ecaun dm(Q) = 0, To cymectByer takoe yrommenue M, aro dw(M;) = 0. D10 yrosmenne
M MOXKHO TIPOTOTKUTE 10 yromamenusa Bcero (). [lomygaem kputepnit 10.4.2.c.
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10.6 Kiaaccudukanusa 3-yTOJINMIEHNA JIOXKHBIX ITOBEPXHOCTE

[ITap ¢ Tpyokamu u mpodkamu M comaepzKuT 2-KoMmIieke P, mojiydeHHblii u3 Oykera OKpYy K-
HOCTell, OTBEYAIONINX TPYyOKaM, NPUKJIEHKOil JUCKOB, oTBedalomux mpookam. [Ipu srom Bep-
IHa OYKeTa COJEPKUTCS B IIape, TOMOJIHeHne GyKeTa 10 HEKOTOPOl OKPECTHOCTU BePIITHHbBI
— B 00beIUHEHHH TPYOOK, a JOMOJTHeHHe OO0beIUHEeHHSA JUCKOB JI0 OKPECTHOCTH OyKeTa —
B 00beMHEeHNN MPOOOK. 3aMEeTUM, YTO HEYTOIIAeMBbIil 2-KOMILTEKC HEeBO3MOXKHO TOJYIUTD
sroit Koucrpykmeii. [Tapa (M, P) wasbiBaercs 3-ymoawernuem 2-komiiekca P (uwim ero re-
Ja). DTO onpejieieHne PaBHOCHILHO 0ObraHOMY: mapa (M, P) Ha3blBaeTCsS N-ymoauLeHuem
KoMILIekca P, eciu n-mMuHoroobpasue M apigercsa pezyaaproti okpecmuocmoio [Sk20, §1.5]
komIiekca P C Int M. llonatue yTonmmenus aHATOTHIHO TOHATHUIO PACCTOEHHUS W TECHO
cest3ano ¢ HuM [Sk20, §13], [LS69).

Bamaga 10.6.1. (a) 2-yrommenue (ompemenure!) p Kpasg ON mpomoskaercsa (ompeje-
mure!) 10 3-yrosmenus 2-MHOroo6pasus N Toraa m TOJNBKO Torja, kKorma dwi(p) = 0 €
H?(N,0N). (Oupenenenns 06bektos dw(p) uw H2(N,ON) ue oba3aTeapHo 3HATH 3apamee,
OHHU ECTECTBEHHO BO3HUKAIOT B IIPONECCE MCCJAEI0BAHUS MPOI0IKAEMOCTH. )

(c) Chopmynupyiire n JoKazKuTe AHAJOT TYHKTA (&) JJIst TPOA0IZKAeMOCTH Ha N JTAHHOTO
I-paccnoenus [Sk20, §13.1] nax kpaem ON.

(d) Mpomosmkenust I-paccaoenus p ¢ rpanunbl ON 2-muOroo6pasusg N B3aUMHO OJIHO-
3HATHO COOTBETCTBYIOT TakuM 3aementam v € HY(N), uto v|gy = wi(p).

Teopema 10.6.2. JTiobve déa opuenmupyemuir ymoauenus 001020 2-muozoobpasus P (da-
orce 0010t A0scHoll noseprnocmu P) 2omeomopdmn (dasce nenodeusicro wa P).

Knaccudukanus 3-yTosimnennii JaHHOTO 2-KOMILJIEKCA CXO/IHA ¢ Kjaccudukanuein rpad-
MHOrooGpasmii [Wa67m| u unTerpupyeMprx raMuibToHOBHIX cucteM |[BFM]. TIpoGiemsr cy-
IECTBOBAHUS, €IMHCTBEHHOCTH U KJIACCHMDHUKAIIH 1-MEPHLLT Ymoausenut KOMILIEKCa U3y~
qamnck B [Wab7, LS69| [GT87, Teopemsr 3.2.3 u 3.2.2|.

Jlns 2-xommtekca P obosnadnm wepes T3 (P) MHOKeCTBO Beex ero 3-yrommenuit (M, P)
¢ Tounoctbio J1o PL romeomopduoctu Toxaecrsennoii na P. Oupenenenust rpynn H(Q),
HYQ,Q'), oTobpazkeHus CyKeHus

ro: H'(Q) = H'(Q')

u nnpapuanta Marseesa m(Q) € H'(Q') eCTeCTBEHHO TOABIAIOTCSA MPA U3yYEHAN yTOJIIIA-
emoctu, cM. §10.5.

Teopema 10.6.3 ([BRS99], cp. [HMS, I, Theorem 3.1.b]). Jaa 3-ymoswaemoti rostcroti no-
seprrocmu QQ umeemea buekyus wylg : T3(Q) — Tél(m(Q)) Ecau Q' ceasno, mo umeemca

buexyus T3(Q) — HY(Q, Q).

10.7 VYrToameHnss MPOM3BOJIBHBIX 2-KOMILJIEKCOB

J171s1 HEKOTOPBIX YACTHBIX CAyYaeB CYIIECTBYIOT IPOCTBIE KpuTepun ytosmaemoct [OST4].
st obmrero caydast BpsZ JIM CYIIECTBYeT OoJiee MPOCTOH KPHTEPHil yTONIMAEMOCTH, TeM
caeaytomuii. Ero nokazarenscrso comepxxures B [Sk94|, [BRS99| n amamornuno sbrmenpu-
BEAEHHBIM PACCYXKACHUAM IJId JIOZKHBIX HOBerHOCTeﬁ.

Teopema 10.7.1 ([BRS99|, cp. [Sk94], [OS74, Theorem 3.2|, [La00]|). 2-komnaexc P 3-
ymoausaem (opuenmupyemo S-ymoswaem) moz0a v moavko mozda, k020a cyuecmsyem ma-
Koe noduunennoe eaoscenue € € E(P), wmo dm(e) =0 (m(e) =0).
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JlaguM HeoOXOIUMbIE OIpee/eHns.

Hacmoswuti 1-ocmoe P’ nommsapa P — rpad (tounee, l-moawsap) B P, cocrosmii
13 TOYEK, HE UMEIOIIUX OKPECTHOCTH, TOMeOMOP(HOI 3aMKHyTOMY 2-1uCcKY. Hacmoawyui 0-
ocmoe P” nosmsnpa P — KOHEIHOE MHOYKECTBO TOYEK B P, He UMEOIIX OKPECTHOCTH, TOMEO-
MOp}HOI KHUKKE ¢ HEKOTOPBIM YHCJIOM CTPAHHIL 3aMeTHM, uTo P” gBjsgercs HacTOAIIM
0-octoBom rpada P’ (T.e. KOHEUHBIM MHOXKECTBOM TOYEK B P’ He MMEMINX OKPEeCTHOCTH,
romeoMopdHoii orpe3ky). [lns kaxKaoit kommonenTsl rpada P, He cojepzkamieil ToYek u3
P” (1.e. ssBaSTIONIEHiCsST OKPYZKHOCTBIO MM OTPE3KOM ), BO3bMEM IPOU3BOJILHYIO TOUKY Ha Heil.
O6o3naunm uepe3 P oobeaunenne P’ ¢ srumn Toukamn.>*

[Ipeanonoxum, uto Uacpr Ik A Brokuvo B S%. PacemoTpum HaGop Bioxkenuit {ga
lk A — S?} 1 pr. Bosbmenm 'HeBucsaee pebpo’ d C P’ (T.e. 3aMBIKAHAE KOMIOHEHTBI CBSI3HO-
ctn MEOKecTBa P’ — P apnaromieiica oTkpoitoit B P'). O6osnaunm wepes A, B € P" ero
koHIbl (Bo3MokHO, A = B). Pebpo d mnepecekaer lk A U lk B B n1ByX Toukax (pasjimaHbIX
naxe nipu A = B). Maubie okpecrHoctn 31ux tovek B lk A u B 1k B spisiiorest n-omamu,
KOTOpBI€ MOZXKHO OTOXKJIECTBUTH JIPYT C JAPYTOM 'BIOJL pedpa d’. Eciau a1 KaxKa10ro TakKoro
d oToOpazKeHus g4 U gg JAIOT OJUHAKOBBLIE MM IIPOTHBOIOJIOKHBIE MUKINICCKUE IOPSIKHI
Tyueit n-o1a, TO HAGOP {ga} HasBIBACTCA NOJUUHEHHBIM.

HaGopwt Bioxkenuit {fa,g4 : kA — S%} cpr HA3BIBAIOTCH UZONOZUUUOHHDLMU, €CIIH
CYIeCTBYeT Takoe cemeiictso romeomopdusmon {ha : 5% — 52} 4cpr, ut0 hyg o fa = ga aus
moboit A € P,

glcHO, 9TO M30MO3UIMOHHEBIE HAOOPEI OJHOBPEMEHHO SIBJISIOTCS IOTIMHEHHBIMUA HJIA HET.
O6osnauum yepe3 E(P) MHOKeCTBO TOIYMHEHHBIX HAGOPOB ¢ TOYHOCTBIO J0 H3OTMO3UIAH. >0

s nannoro € € E(P) Bosbmenm ero npejacrasuteb {g4 : 1k A — S?} 4cpr. Jliist kazxio-
T'O «HEBUCAYEIro pe6pa>> d KOMIIJIEKCa P BO3bMEM IUKJINYCECKUE TMOPAIKHA (O,ZLI/IHaKOBbIe nJjainm
IPOTUBOTIOJIOXKHBIE) W3 onpenesenns noganuernnocru. [Tocrasum 0 wim 1 Ha d, eciu Bpaiie-
HUS TTPOTHBONOIOZKHbIE HIH OUHAKOBBIE, COOTBeTcTBennH0. O603HatmM uepes m(s) € H'(P')
KOTOMOJIOTHYECKHI KJIACC IMTOCTPOEHHOI paCcCTaHOBKU.

Knacc m(e) koppekTHO omnpeesen. /leficTBUTEIbHO, IyCTh 1Ba HAOGOPA BIOXKEHUIT N300~
BUIUOHHBI OCPEJCTBOM ceMeiicTBa romeomopdusmos {hy : S? — S?}4cpr. Torga nocrpo-
eHHbIe PACCTAHOBKU [/ OTJIMIAIOTCS HA KOTPAHUILY PACCTaHOBKH, paBHOi 1 mian () Ha BeprnHe
A, ecm h, obpammaeT nin coxpaHgeT opHeHTanuio cdepsl S2, cCOOTBETCTBEHHO.

Teopema 10.7.2 ([BRS99|). Jlasa 3-ymoawaemozo 2-komnaexca P umeemes unsexyus
e x wi|p: T*(P) — E(P) x H'(P) ¢ obpasom {(c,w) € E(P) x H(P) : m(e) = w|p}.

13 sroit Teopembl BhiTekaeT Hagnume Guekmun T°(P) — m™ ! (imrp) X ker rp.
st 3-yronmenust M 2-komiuiekca P onpeesnm

e(M) == [{Ik pA — 1k yyA = 52} 4 pu] € E(P).

Tak Kak OKpPeCTHOCTh Kaskjoro pebpa rpada P’ Bioxkena B M, To yKasaHHBI HAOOD BJIO-
JKEeHUiT JeHCTBATEIBHO SIBJISIETCS TOAYNHEHHBIM. DKBUBAJEHTHOE YTOJIIIECHNE TAeT H30T03H-
IUOHHBIE HAOOPBI BIOXKeHHit, T09TOMY €(M) KOPPEKTHO OMpeeIeHo.

Pasenctso m(e(M)) = wy(M)|p moKa3bIBaETCS aHATIOTHIHO yTBep:Kaennio 10.5.3.

34Teopema 10.6.3 Bepma a7 JTI060rO TAKOTO 2-KOMILIEKCa P, aTo mys Kaxkaoi sBepmuust A € P rpad
lk A 3-cBazen [BRS99|. I'pad nasbiBaercs $-c6a3nbim, €CJIM HUKAKUE JBE €r0 TOYKH HE Da3bUBAIOT €ro Ha
aBa rpada ¢ bosee, 9eM OTHAM PEOPOM B KazKIOM.

35310 ompenenenne OTIMIACTCS OT CTAHAAPTHOTO — TO, UTO OOBITHO HA3BLIBAIOT NOOMUHEHHHLM, MBI HA3EI-
BAaEM OPUEHMUPOSAHHO TOOYLUHEHHBLM.

36 MuoykecTBO BIOXKEHHH JaHHOTO rpada B MIOCKOCTh ¢ TOYHOCTHIO 10 W3OTIO3UINN GBITIO OTMACAHO YHT-
HU 718 ABYCBSA3HBIX rpadon. CyliecTByeT mpocTtoe 0O60OIeHre STOT0 OMMCAHUS Ha CIyYail MPON3BOIHHBIX
rpados (dbomnbkiop, [Sk05]).
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