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Embedded connected sum

We work in the smooth
category.
Take an (ordered oriented)
link, i.e. an embedding
f:59189 —»Sm.
Up to isotopy this is equivalent
to taking two numbered

..ya) oriented g-spheres in S™.
Make embedded connected
sum of the components of f
along some tube (=band)
joining them. We obtain a
knot #f : §9 — S™.
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Description of the first main result

@ For m > g + 3 the isotopy class #[f] of #f is independent of the choices of the
tube, and of the link f within its isotopy class [f].

@ This is not so for m = g + 2 = 3. Then this multivalued operation is called band
connected sum of the components of the link. Unlike in this paper, this operation
was mostly studied for links whose components are contained in disjoint cubes.

How does the isotopy class #[f]| depend on f? )

@ For 2m > 3q + 4 every two embeddings S — S™ are isotopic (Haefliger, 1961).
@ We give the answer for the ‘first non-trivial case’ 2m = 3q + 3 (for m is even).

This answer was used for classification of linked 3-manifolds in S® (Avvakumov,
2010s). This answer gives an alternative construction of a generator in the group of
knots S* 1 — SOk for k = 1,2, 4 (first constructed by Haefliger in 1962).

It would be interesting to obtain analogues of this and other our results for m odd.
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Description of the second main result

Take a 3-component link, i.e. an embedding g : 57 LIS U S] — S™.
Make embedded connected sum of the second and the third components along some
tube joining them. We obtain a link #3g : T%9 — S™.

For m > g + 3 the isotopy class #23[g] of #23g is independent of the choices of the
tube, and of the link g within its isotopy class [g].

How does the isotopy class #23[g] depend on [g]?

@ For 2m > 3n + 4 the answer is simple and so essentially known.

@ We give the answer for the ‘first non-trivial case’ 2m = 3q + 3 (for m is even).
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The unframed second Kirby move

s(SP x S7)
/

f51

Assume that the first component of a link f : S9U 59 — S™ is unknotted.
Define a link of : S911 59 — S™ (see the figure for p = 0) by taking

@ the first component to be the ‘standardly shifted’ first component of f
@ the second component to be the embedded connected sum of the components of f

Concerning low-dimensional version of # and o see Remark 5.6 of arXiv:2406.15367.
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Description of the third main result

For m > q + 3 the isotopy class o[f] of of is independent of the choices of the tube,
and of the link f within its isotopy class [f] (M. Skopenkov, 2011).

How does the isotopy class o[f] depend on [f]? J

@ 2m > 3q + 4 we have o[f] = [f].
o We give the answer for the ‘first non-trivial case’ 2m = 3q + 3 (for m even).

This is used to show that o # +id.

This is used to obtain an alternative classification of links S 1 1) §#k—1 _ G6k

This is interesting because this rules out a natural inductive proof of classification of
embeddings SP x §9 — S™ (conjecture of S, 2015).

These resuts are particularly interesting because theey are essentially piecewise linear
(PL) results proved using differential topology. Indeed, the linking coefficients and the
second Kirby move can be defined in the PL category.
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Main notation

¥

For a manifold N denote by E™(N) the set of embeddings N — R up to isotopy.
By [-] we denote the isotopy cIass of an embedding or the homotopy class of a map.

We assume that m > g + 3, unless indicated otherwise. J

The sum operations on E™(S% x S9) and on E™(S9) are ‘embedded connected sums
of two embeddings whose images are contained in disjoint cubes’ (Haefliger, 1966).

Identify E%(S*—1) with Z by the isomorphism of Haefliger, 1962.
http://www.map.mpim-bonn.mpg.de/Knots,_i.e._embeddings_of_spheres
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In which terms the answers are given?

Let us define and use the following diagram of groups and homomorphisms.

re q
T~ T
6K (54k~1) 6K (S0 x §4k—1) - Tak_1(S2%) 7.
\_/ *
#

SO = {+1, —1}; definition of the Zeeman map ( is postponed.
The ‘embedded connected sum’ map # defined above is clearly a homomorphism.

Let ry be ‘the knotting class of the +-component’,

Let A+ be the linking coefficient, i.e. the homotopy class of f|;,ga-1 in the
complement to the other component.

@ Let H be the Hopf invariant, i.e. the linking number of preimages of two regular
points under a smooth or a PL approximation of a map S*~1 — §2k,
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The first main result

Theorem (Connected Sum)

HAy + HA_

= _ 4
H#=ry+r >

@ The sign in this formula could depend on k.
@ The integers HAL and HA_ have the same parity by (b) below.
Recall known result used in our proof.

Theorem (Haefliger 1960s, for k = 1 M. Skopenkov 2009)

(a) The following map has a finite kernel:
H)\; @ H\_ @ ry @ r_: E®%(S0 x s%-1) 7%,

(b) The image of this map is {(a,b,c,d) : a=b mod 2} for k =1,2, 4,
andis {(a,b,c,d) : a=b=0 mod 2} otherwise.
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Proof of the Connected Sum Theorem

Clearly, #, ry, r—, A4, A_ are homomorphisms.

The group E®%(S° x S%~1) is generated by (isotopy classes of) links whose
components are contained in disjoint balls, and by Kp := ker(ry @ r—). We have

# = ry + r_ for the former links. Hence it suffices to prove the theorem for links in Kj.
By (a) above the map HA, @ HA_ : Ky — 7?2 has finite kernel. Any homomorphism
from a finite group to Z is zero. So this kernel goes to 0 under the map #. Hence

#|k, = no(HAL & HA_) for some homomorphism n = ny :im(H\; & H\_) — Z.
So by (b) above
#|k, = N+ H ;. + n_HX_ for some ny = ny, € Q.

Analogously to the commutativity of summation on E™(S59), the map # is invariant
under exchange of the components. Hence ny = n_.
So by the following Whitehead Link Lemma ny = £1/2.

arXiv:2406.15367, A. Skopenkov The embedded connected sum and the second Kirby move for higher-dimensional



The Whitehead Link Lemma

Lemma (Whitehead Link)

For any | > 2 there is an embedding w : S° x S?'=1 — S3/ such that

rw=rw=0, MAw=0, and forleven, HNw=22 F#w=1.

This is proved using the following interpretation of linking coefficients A via Pontryagin
isomorphism between the group m4(S") and the set of framed cobordism classes of
framed (g — n)-submanifolds of S9.

Let f : SO x S9 — S™ be a link such that ryf = r_f = 0. Then A\, f is equal to the
framed intersection of an arbitrarily framed f(1 x S9) and a general position arbitrarily

framed (q + 1)-disk spanned by f(—1 x S9).
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The Zeeman map

The natural normal framing on the inclusion S9 — S™ defines the standard

embedding
img: D" 9 x 87— S".

For a map x : S9 — S§™~971 define an embedding (£, on the picture; p = q)

(x:S9% ST S™ by (CxX)(t,a) :=img <12+tX(a),a> .

i, 4(8™971 x 59 Define the Zeeman map ( by
Z.(s) CIx] == [CX] _
x Clearly, C is well-defined,
is a homomorphism, and
Al =id Trq(S’"’q’l)
ipq (x(6),i(t))  (Haefliger-Zeeman, 1960s).
We do not assert that
A_C =idmg(Sm97L).
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An alternative construction of a generator S*—1 — G0k

(a) We have #¢ = +H on ma,_1(5%).
(b) For any k = 1,2, 4 let n € ma_1(S?*) be the homotopy class of the Hopf map.
The embedded connected sum #(n is a generator of EOK(S*—1) = 7,

Part (b) follows from (a) because Hn = 1.

Part (a) follows by the Connected Sum Theorem since ri.¢ = 0, A;¢ = id mg(S™~971),
and HA\_( = H.

Denote by Ag the symmetry of S9 w.r.t the origin.

Proof of HA_( = H. We have A_f = A_f, where the link  is obtained from f by
exchange of the components.

For a map x : S*~1 — S2K the link CAX is isotopic to ((Axk © x).

Then A_Cx = ApCx = A ((Aak 0 x) = [Aak 0 X].

So HA_(x = H(Ak o x) = Hx, where the latter equality is easy and well-known.
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Invariants of three-component links

Take an embedding g : 57 L SJ US] — S™. Denote @ :=m—q—1

o Let r; =ri(g) € E™(S9), i € [3], be the isotopy classes of the restrictions of g to
the components.

o Let \;=X;(g) €mg(S?), (i,j)€[3]?, i#j, be the pairwise linking
coefficients of the components.

® For m =6k and g = 4k — 1 denote  h;; = hjj(g) = 2(H\j + H\j).

o Let \l(g) € my(S?Q v S?) be homotopy class of g|. : S7 — S™ — g(S5 U S5).
For 3m > 4q + 6 let the triple linking coefficient ;. = (g) be the image of
A(g) under the composition

o]

”q(szQ v 530)
i2e7q(SF) @ iq(S5)

2m—2g—-3\ - S
7Tq(52(‘) V 53?) — — 7Tq(5 meed ) — T3g—2m+3

of the projection from the Hilton theorem and the stable suspension.
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The second main result

(a) A_Fo3 = Ao1 + A31 and ry#23 =n1.

(b) r—#23 = ra + r3 & hys.

(c) HAy#23 = 2p + HA12 + HAgs.

(d) ##23 = rn + ro + r3 £ (. + hi2 + hoz + hay).

@ Part (a) is obvious (and holds whenever m — g > 3).

@ Part (b) holds by the Connected Sum Theorem.

o In parts (c,d) g =4k — 1, m = 6k, so ju(g) € m5 = 7. These parts are non-trivial.
They are proved using the interpretation of linking coefficients via Pontryagin
construction. Parts (c) and (d) are equivalent (modulo (a,b)), but they are proved
together, not deduced one from the other.
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The third main result

The following map is injective:
H A ®A_ @ r. @r: ES%(S% x S* 1) 5 Z @ my_1(5%F) @ Z2.

(Haefliger 1960s, for k = 1 M. Skopenkov 2009)
So the following theorem describes the above self-map o of ker ry.

Theorem (on o)

(a) We have r—o = # and \_o = A_.
(b) For g =4k — 1 and m = 6k we have HA\; o0 = HAL +2HA\_.

@ The formula for r_o is obvious.

@ The formula for A_o holds since in the definition of o the restrictions of of and f
to the second component —1 x S9 are homotopic as maps to S — f(1 x S9);

@ Part (b) is non-trivial, and is proved below using the Symmetry Lemma.
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The Symmetry Lemma

Lemma (Symmetry)

(a) For any embedding g : S*—1 — S® the composition with the reflection-symmetry
of S s isotopic to g.

Or, equivalently, for any embedding g : S*—1 — S% the composition with the
reflection-symmetry of S*~1 represents a knot —[g] € E®K(S*1).

(b) Let v, be the ‘change of the orientation of +1 x S9' self-map of E™(S° x S9).

Then

rethp =r_, b =—ry, MYy =-Ap and HA_yp =HA_.

Part (a) follows by definition of the Haefliger isomorphism E®k(S*-1) — 7. Cf.
analogous result (S, 2005) on embeddings S* — S7, where situation is ‘the opposite’.
In (b) the equation r_t. = r_ is clear, the equation ri1¢, = —ry holds by (a), and
we have

)\+w+ = )\+ o A4k71 = —)\+ and HA_T/}_A,_ = H(Azk o )\_) = HX_.
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Proof of Theorem on o, part (b)

Theorem on o, part (b) follows because on ker ry we have

3)

reQogypo @ (2 + Hap £ HA Jipo & @)

(2r— F HA{ + H)\_)o &

2

=2#FH N o £ H) 2rr £ HA\f £ HA_) F HAyo £ HA\_, where

@ equality (1) holds because two copies of the first component having opposite
orientations ‘cancel’;

@ equality (2) holds by the Connected Sum Theorem because ry¢ o0 = 0;

@ equality ryiyo = 0 holds because change of the orientation of the standard
embedding S9 — R™ gives embedding S9 — R isotopic to the standard one;

@ equality (3) holds by the Symmetry Lemma (r_v = r—, Ay = — A4,
HA_vy = HAL):

@ equality (4) holds by Theorem on o, part (a) (r—o = # and A_o = A\_);

@ equality (5) holds by the Connected Sum Theorem because ry = 0 on kerry.
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