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Обращение рядов (задача Лагранжа)

Рассмотрим степенной ряд f (x) = x +
∑

n≥2 fnx
n и его обратный

относительно подстановки g(x) = x +
∑

n≥2 gnx
n :

f (g(x)) = g(f (x)) ≡ x .

Коэффициенты gn выражаются как некоторые многочлены от f1, . . . , fn с
целыми коэффициентами: g2 = −f2, g3 = −f3 + 2f 2

2 ,

g4 = −f4 + 5f2f3 − 5f 3
2 , g5 = −f5 + 6f2f4 + 3f 2

3 − 21f 2
2 f3 + 14f 4

2 .

Пример: f (x) = arctg x =
∫

dx
1+x2 = x − 1

3x
3 + 1

5x
5 − 1

7x
7 + 1

9x
9 − . . . ,

g(u) = tg u = x +
1
3
x3 +

2
15

x5 +
17
315

x3 +
62

2835
x9 + . . .

Loday 2005: связь задачи Лагранжа с комбинаторикой ассоциэдров

Dual associahedron
Oct 29, 2007

True facts that are interesting (to me), relevant, true,
easily verified, and yet lack the reliable sources needed to
add them to the appropriate Wikipedia article, #117253:

The triaugmented triangular prism, a convex polyhedron
with 14 equilateral triangle faces formed by gluing
pyramids onto the square faces of a triangular prism and
one of the 92 Johnson solids, has as its dual the three-
dimensional associahedron, a 14-vertex polyhedron with
six pentagonal faces and three quadrilateral faces that is
one of the near-miss Johnson solids (it looks like it should
be possible to form with all faces regular, but no).

Some more facts that I can source but haven't yet added
to Wikipedia: The associahedron, or Stasheff polytope,
has vertices representing the parenthesizations of a
sequence of objects, and edges representing applications
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Ассоциэдр: многогранник Сташефа

Dual associahedron
Oct 29, 2007

True facts that are interesting (to me), relevant, true,
easily verified, and yet lack the reliable sources needed to
add them to the appropriate Wikipedia article, #117253:

The triaugmented triangular prism, a convex polyhedron
with 14 equilateral triangle faces formed by gluing
pyramids onto the square faces of a triangular prism and
one of the 92 Johnson solids, has as its dual the three-
dimensional associahedron, a 14-vertex polyhedron with
six pentagonal faces and three quadrilateral faces that is
one of the near-miss Johnson solids (it looks like it should
be possible to form with all faces regular, but no).

Some more facts that I can source but haven't yet added
to Wikipedia: The associahedron, or Stasheff polytope,
has vertices representing the parenthesizations of a
sequence of objects, and edges representing applications

Рис.: 3D ассоциэдр K5

Число вершин - числa Каталана: 1, 1, 2, 5, 14, 42, 132, 429, 1430, 4862, . . . ,
задаваемые рекурсией

Cn =
n∑

i=1

Ci−1Cn−i , C0 = 1,

или явно как Cn = 1
n+1C

n
2n = (2n)!

n!(n+1)! .
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Мультипликативное обращение рядов и пермутоэдры

Рассмотрим теперь экспоненциальный ряд A(x) = 1 +
∑

n≥1 an
xn

n!
и его

обратный по умножению B(x) = 1
A(x)

= 1 +
∑

n≥1 bn
xn

n!
:

b1 = −a1, b2 = −a2 + 2a2
1, b3 = −a3 + 6a1a2 − 6a3

1,

b4 = −a4 + 8a1a3 + 6a2
2 − 36a2

1a2 + 24a4
1.

A(x) =
ex − 1

x
=

∑
n≥0

1
(n + 1)!

xn, B(x) =
x

ex − 1
=

∑
n≥0

Bn

n!
xn,

B0 = 1,B1 = −1
2
,B2 =

1
6
,B4 = − 1

30
,B6 =

1
42

,B8 = − 1
30

,B10 =
5
66

,B12 = − 691
2730

, . . .

Aguiar, Ardila 2017: связь с комбинаторикой пермутоэдра Πn с вершинами
σ(ρ) ∈ Rn, σ ∈ Sn, ρ = (1, 2, . . . , n).

• |�g(�n)| = number of compatible pairs of an n-coloring and an acyclic orientation of g.
• |�p(�n)| = number of weakly order preserving n-labellings of p.
• |�m(�n)| = number of pairs of an n-weighting w of m and a w-maximum basis.

We will see that these are three instances of the same general result: Any character ⇣ in
a Hopf monoid gives rise to a polynomial invariant �e(n) for each element e of the monoid.
Furthermore, this polynomial satisfies a reciprocity rule that gives a combinatorial interpre-
tation of |�e(�n)| for n 2 N. The three statements above are straightforward consequences
of this general theory. In fact, they are special cases of the same theorem for generalized
permutahedra under the inclusions of G,M, and P into GP. Closely related results were
obtained by Billera, Jia, and Reiner in [12].

Application C. Inversion of formal power series. The left panel of Figure 1 shows the first
few permutahedra: a point ⇡1, a segment ⇡2, a hexagon ⇡3, and a truncated octahedron ⇡4.
There is one permutahedron in each dimension, and every face of a permutahedron is a prod-
uct of permutahedra. The right panel shows the first few associahedra: a point a1, a segment
a2, a hexagon a3, and a three-dimensional associahedron a4. There is one associahedron in
each dimension, and every face of an associahedron is a product of associahedra.

Figure 1: Left: The permutahedra ⇡1, ⇡2, ⇡3, ⇡4. Right: the associahedra a1, a2, a3, a4.

C1. Multiplicative Inversion. Consider formal power series

A(x) =
X

n�0

an
xn

n!
and B(x) =

X

n�0

bn
xn

n!
such that A(x)B(x) = 1,

assuming for simplicity a0 = 1. The first few coe�cients of B(x) = 1/A(x) are:

b1 = �a1

b2 = �a2 + 2a2
1

b3 = �a3 + 6a2a1 � 6a3
1

b4 = �a4 + 8a3a1 + 6a2
2 � 36a2a

2
1 + 24a4

1

What do these numbers count? The face structure of permutahedra tells the full story:
for example, the formula for b4 comes from the faces of the permutahedron ⇡4: 1 truncated
octahedron ⇡4, 8 hexagons ⇡3 ⇥ ⇡1 and 6 squares ⇡2 ⇥ ⇡2, 36 segments ⇡2 ⇥ ⇡1 ⇥ ⇡1, and 24
points ⇡1 ⇥ ⇡1 ⇥ ⇡1 ⇥ ⇡1. The signs in the formula are given by the dimensions of the faces.

5
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Граф-ассоциэдры

Carr, Devadoss 2006: Граф-ассоциэдр как усеченный симплекс

COXETER COMPLEXES AND GRAPH-ASSOCIAHEDRA 3

2.2. For a graph Γ with n nodes, let △Γ be the n−1 simplex in which each facet (codimen-

sion 1 face) corresponds to a particular node. Each proper subset of nodes of Γ corresponds

to a unique face of △Γ, defined by the intersection of the faces associated to those nodes.

The empty set corresponds to the face which is the entire polytope △Γ.

Definition 2.4. For a given graph Γ, truncate faces of △Γ which correspond to 1-tubings

in increasing order of dimension. The resulting polytope PΓ is the graph-associahedron.

This definition is well-defined: Theorem 2.6 below guarantees that truncating any ordering

of faces of the same dimension produces the same poset/polytope. Note also that PΓ is a

simple, convex polytope.

Example 2.5. Figure 2 shows a 3-simplex tetrahedron truncated according to a graph.

The facets of P( ) are labeled with 1-tubings. One can verify that the edges correspond

to all possible 2-tubings and the vertices to 3-tubings.

Figure 2. Iterated truncations of the 3-simplex based on an underlying graph.

Theorem 2.6. PΓ is a simple, convex polytope whose face poset is isomorphic to set of

valid tubings of Γ, ordered such that T ≺ T ′ if T is obtained from T ′ by adding tubes.

The proof of this theorem is given at the end of the section. Note that simplicity and

convexity of PΓ follows from its construction. Stasheff and Schnider [16, Appendix B]

proved the following motivating examples. They follow immediately from Theorem 2.6.

Corollary 2.7. When Γ is a path with n − 1 nodes, PΓ is the associahedron Kn. When Γ

is a cycle with n − 1 nodes, PΓ is the cyclohedron Wn.

2.3. For a given tube t and a graph Γ, let Γt denote the induced subgraph on the graph Γ.

By abuse of notation, we sometimes refer to Γt as a tube.

Definition 2.8. Given a graph Γ and a tube t, construct a new graph Γ∗
t called the recon-

nected complement : If V is the set of nodes of Γ, then V − t is the set of nodes of Γ∗
t . There

is an edge between nodes a and b in Γ∗
t if either {a, b} or {a, b} ∪ t is connected in Γ.

Важные примеры: ассоциэдр и пермутоэдр отвечают простой цепи и
полному графу соответственно.

А.П. Веселов Алгебра многогранников и обращение рядов



Граф-ассоциэдры

Carr, Devadoss 2006: Граф-ассоциэдр как усеченный симплекс

COXETER COMPLEXES AND GRAPH-ASSOCIAHEDRA 3

2.2. For a graph Γ with n nodes, let △Γ be the n−1 simplex in which each facet (codimen-

sion 1 face) corresponds to a particular node. Each proper subset of nodes of Γ corresponds

to a unique face of △Γ, defined by the intersection of the faces associated to those nodes.

The empty set corresponds to the face which is the entire polytope △Γ.

Definition 2.4. For a given graph Γ, truncate faces of △Γ which correspond to 1-tubings

in increasing order of dimension. The resulting polytope PΓ is the graph-associahedron.

This definition is well-defined: Theorem 2.6 below guarantees that truncating any ordering

of faces of the same dimension produces the same poset/polytope. Note also that PΓ is a

simple, convex polytope.

Example 2.5. Figure 2 shows a 3-simplex tetrahedron truncated according to a graph.

The facets of P( ) are labeled with 1-tubings. One can verify that the edges correspond

to all possible 2-tubings and the vertices to 3-tubings.

Figure 2. Iterated truncations of the 3-simplex based on an underlying graph.

Theorem 2.6. PΓ is a simple, convex polytope whose face poset is isomorphic to set of

valid tubings of Γ, ordered such that T ≺ T ′ if T is obtained from T ′ by adding tubes.

The proof of this theorem is given at the end of the section. Note that simplicity and

convexity of PΓ follows from its construction. Stasheff and Schnider [16, Appendix B]

proved the following motivating examples. They follow immediately from Theorem 2.6.

Corollary 2.7. When Γ is a path with n − 1 nodes, PΓ is the associahedron Kn. When Γ

is a cycle with n − 1 nodes, PΓ is the cyclohedron Wn.

2.3. For a given tube t and a graph Γ, let Γt denote the induced subgraph on the graph Γ.

By abuse of notation, we sometimes refer to Γt as a tube.

Definition 2.8. Given a graph Γ and a tube t, construct a new graph Γ∗
t called the recon-

nected complement : If V is the set of nodes of Γ, then V − t is the set of nodes of Γ∗
t . There

is an edge between nodes a and b in Γ∗
t if either {a, b} or {a, b} ∪ t is connected in Γ.

Важные примеры: ассоциэдр и пермутоэдр отвечают простой цепи и
полному графу соответственно.

А.П. Веселов Алгебра многогранников и обращение рядов



Что почитать

Про дифференциальную алгебру многогранников:

В.М. Бухштабер, Н.Ю. Ероховец, Т.Е. Панов Алгебра и комбинаторика
выпуклых многогранников, Приложение в книге Циглера:

Про связь с обращением рядов:

V.M. Buchstaber, A.P. Veselov Differential algebra of polytopes and inversion
formulas, arXiv 2402.07168.

Про связь с интегрируемыми системами:

В.Э. Адлер Разбиения множеств и интегрируемые иерархии, ТМФ, 2016,
том 187, номер 3, 455–486.
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