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MaremaTndeckmii Mup

Jlazapb ApoHoBud JII0CTepHUK 1 €ro CTUXU

B. M. Tuxomupos

Jlazaps Aponosud Jltocrepruk (1899-1981) 6bi1 BBLAAIOIIMMCS MaTEMaTH-
KOM, OJTHUM U3 ILIEsiIbl MOCKOBCKUX MAaTEMATUKOB, HAUNHABIIINX TBOPYECKYIO
JKMA3HDb B KOHIIE JIECATHIX — HadaJe JIBAJIIATHIX I'OJ0B IpoIioro seka. OH npu-
HaJTe2Kajl KO BTopomy mokosiennto yaennkoB Hukosras Hukomaesu4a Jlysuna,
B KoTopoe Bxomamin ernte Huna Kaposna Bapu u Muxann Asrekceepuyu Jlas-
DPEHTDEB.

Jlazaps AponoBud ObLT TITyOOKO W Pa3HOCTOPOHHE TAJTAHTINBBIM YeTOBE-
koM. IIpezk e Bcero, pasymeercsi, B MaTeMaTHKe, TJe UM OBLIN TIOJIy YeHbI MHO-
rouncieHnbie hyHIaMenTaIbHbIe pe3yibrarsl.l) Ho moMuMo MaTeMarndeckoil
onmapennocTH, Jlazapb ApOHOBUY 3aMeUYATEIHHO BJIAEN CJIOBOM U TIEPOM, OBLT
BEJINKOJIEITHBIM PACCKA3INKOM, aBTOPOM MHTEPECHBIX BOCIIOMHUHAHHUN O MOJIO-
JIOCTU MOCKOBCKOI MaTeMaTU4€CKON IMIKOJIbI.

Jlazappr ApoHoBUY OBLI OOJIBIIIMM 3HATOKOM ITO93UH U CaM JIIOOWJI Olapu-
BaTb JIpy3eil 1 3HAKOMBIX CBOMMHU CTHXaMU, B KOTOPBIX BCET/Ia IIPUCYTCTBOBAJIN
JIETKOCTH U BecesocTh. OH OBbLI MacTEPOM 3aCTOJIBHOI GeceIbl, U B IAMSATH CO-
BPEMEHHUKOB COXPAHUJINCh MHOTHE €r0 3KCIPOMTHI, Iepe/laBaeMble U3 yCT B
ycra. Cremyromtyio snurpamMmmy JIocrepHrKa MHE JIOBEJIOCH CJIBIIIATE HEOHO-
KPaTHO.

Hemo npoucxonmno B Kazanu, B 1942 romy. Yacro ciydaercss Tak, 9TO B
KAKOW-TO OPraHW3aI[MOHHON CTPYKType OUYeHb BAXKHYK POJIb UTPAIOT JIFOIH,
Bejalolye Xo3sicTBeHHoi yacTeio. B Ty mopy B aaMuHHCTpauud AKageMuu
nayk CCCP (koropast sBakynposasach B Kazaib) Kakoii-TO BHJIHBII X03siii-
CTBEHHBII [IOCT 3aHUMAJI YejIoBeK, Koroporo 3aju Hoit CosiomonoBud ['ozen-
nyxa. Emy Jlazaps ApOHOBUY MTOCBSTHII TAKHWE CTPOKH:

1)BKna/1y JItocTepHEKa B TEOPUIO SKCTPEMYMa, ITOCBAIIEHA MOsI CTaThs B ISITOM ToMe «Ma-
TeMaTUYIeCKOro mnpocserenusi» 3a 2001 1.

MaTemaTuueckoe npocsetyerue, cep. 3, Boin. 12, 2008(7-12)
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4] BBICOKO# YecTu y/I0CTOEH.

He 3a0bITh TOPYXKECTBEHHBIX MUHYT:
4 npejncran cerogus nepes Hoem
CostomonoBuueM ['ozeHITy .

Y mens g0 cux mop B ymax crout crescendo B ucnomnennn 11 C. Asex-
cangpona: «f upexacran cerogust nepes HOEM. . . »

A Bot kak onuceiBaet JI. A. JltocTepHIK cBOE BXOXKIEHNE B JIY3MHCKUH Ma-
TEMATUYIECKUil MUDP, B KPYT MaTeMaTUKOB, U3BECTHBIN 1101 uMeHeM JIy3uranun:

CypoBblii ABaJIATE HEPBBIA MO,

B HayuHbIil ABUHYJINCH TOXOJ,. . .
MocKOBCKUII yHUBEPCHUTET. . .

XOTb ¢ TIOKA W OUYeHDb MOJIO/I,

XoTb B MOJIynIybOK si OJIET,

Ho. .. 6pp. .. Kaxkoit cobaunii xoJo01. . .
Karok B mycTeiHHOM KOPHIOPE,
lopsiame 3/1€CH TOJILKO CIIOPHI.

[Ipumkay ¢ JOBepreM Ge3yMHBIM

4 x rpy1Ire MOJIOJION W Ty MHOTA.
[Ipe3pes kmaccudeckuit anaans,

3/1eCb COBPEMEHHBIM YBJIEKAJIUCh.
[TycTb TBOIT Haraxk He OYE€Hb IDy3eH —
Buepen! B cebe yBepen Oyin!
Benuxkuit 6or — mpodeccop Jlyzun —
YkaykeT HaM B HayKe MMy Tb!

A nanee Bmecte ¢ yuenukom /1. @. Eroposa NUeanom NBanosuuem IIpusa-
JIOBBIM, IPUMKHYBIIIIM K JIy3MHCKOMY HAIIPaBJIEHUIO, BEIPA3UTEIHLHO XapaKTe-
PU3YIOTCSI Y€TBEPO U3 ISITEPBIX JIy3UHCKUX YIEHUKOB [IEPBOTO IIOKOJIeHUsT (He
yrnomsinyT Muxauin fdxosnesuu Cyciun, ckonuasiumiicst B 1919 rogy):

A 602KECTBO y2K OKPYKAJIO CO3BE3HE MOJTyOOrOB:
NBan NBanosuu [IpuBasos,

Humurp EBrennesna MeHBINOB,

N AnexcanapoB oCTpO B3BUHYEH,

N vuwrit [aBmuk Ypoicow,

N dpumocodcrpyromnuit Xunama

N HeckoIbKO APYTUX IIEPCOH.

N nasee:

Jun nerenmapuoii Jlysuranun,
Juu yBjiedeHUl 1 UCKAHUN. . .
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Mper B Jlysuna Bce BitoOJIEHBI,

K mHemy peBHYeM MBI APYT JpyTa.
BiecuyTh X0Th MaJIEHBKON JIOJTYKHBI
MaremaTmaecKoit 3ac/Iyroii.

¢ BerioMmHAIO: KaXK bl pas
Bosinenune Tebst oxBaTur,

Korna npuyenis B ypounnlit 4ac

B ero kBapTupy #a Apbare.

OteHb PEKOMEHIYIO MPOIECTh BOCIIOMUHAHUS JIIOCTEPHUKA O MOJIOMOCTH
MOCKOBCKOW MATE€MaTUIECKON IIKOJIbI, OIyOJNKOBAHHBLIE B XKyPHAJE «YCIIEXU
MaTeMaTHIecKux HayK», B Tome XX, Ne3 3a 1965 rox u rome XXII NeNel, 2 u
4 3a 1967 roz (0TKy/Ja s IMO3AMMCTBOBAJI CTPOKU €r0 CTHXOB).

VBBI, BCce IpeKpacHOe KOrma-HuOyIb KoHdaeTcs. BoT kak 06 3ToM ckaszaJ
Jlazaps AponoBuy:

A naJipliie Bce Kak OYyJITO IMPOCTO —
[Iporecc ecrecTBeHHOTO poCTa,
TemaTnka Bce pacmmpsiach,
CBoeit OpOroi KaxkKIblil mea —

N mikona Jlysuna pacraiach

Ha psiz GstecTsmmux HOBBIX IITKOJ.

3 nmecuu cjioBa He BBHIKUHEIID. ﬂaﬂee naAyT CTPpOYIKHU:

Ho 6b11 MydInTeIbHO TSI2KEeIbIM
ITporece pacnaja 3Toit MIKOJIHI.

B Buxpe 6e3ymMHOr0 BpemeHu — B cepe/inHe TPUAIATHIX [OJIOB — HEKOTOPbIE
yuaenuku Jly3una Besu cebsi 10 OTHOIIEHUIO K HEMY HEJJIOCTOMHO.

Ho ne 6yny 6epeants crapbie panbl. HUKTO n3 BepHBIX yaeHUKOB JIy3uHa He
6pocus kKamus B Jlocrepuuka. Yepes rox nocie cmeptu Jly3uHa BbIIIET TOM,
B KOTOPOM ObLH coOpanbl paboThl JIy3uHa 1o MeTpudeckoii Teopun OyHKITHIA.
B stom Tome Jlazapp AponoBud (KOTODBIii HUKOT/IA HE Pa3BUBAJ JIy3HHCKUE
rembl) BMecte ¢ Hunoit Kapiosnoit Bapu, camoii npegannoii yaennneit Jlysu-
Ha, Hamucaj 0030p JIY3UWHCKOI'O TBOPYECTBA B 9TO BETBH TEOPUU (DYHKITHI.
9TO MOXKHO BOCIIPUHUMATH KaK IMOKAsTHUE.

X 3k ok 3k ok 3k

Becnoit 2007 roga cynpyra Mapka Wocudosuua Bumunka — ydenuka u
6mskoro gpyra Jlazapss Aporosnua — Aca MonceeBHa 03HAKOMUIA MEHS C
bacHeit, narmmcanHoit JI. A. JIrocTepHIKOM, MTO-BHIUMOMY, TJIe-TO B CEpEINHE
MIECTUJIECATHIX TOMOB. [Ipu 3TOM OBLIO BBIPAXKEHO IOXKEJAHWE, UTOOBI 3Ta
bacHsa ObL1a onmybsmKoBaHa. Peakosuternsa «MareMaTndecKoro IpOCBEIeHUsT»
IIPEJIOCTABIIIA MECTO JIJIsI OIyOJIMKOBAHMS, & 1 C4esl 3a OJiaro IPUBECTU eIlle
HEKOTOpPBIE CTPOKHU U3 MO3TUYECKOI'O HACJIEIUs 3aMEYaTeIbHOIO 4YejIOBEKa —
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Jlazapst Aponosuya Jliocrepauka. A B KadecTBe KOMMEHTAPUS COBPEMEHHUKA,
COOBITHI, >KUBO M TOYHO OIMCHIBAEMBIX B OacHe, s CUMTAIO JOJICOM ITaMsTH
3aMETUTh, YTO UMEHHO 6MOPOMY U3 JIBYX €€ I'epPOeB Mbl OOS3aHLI TOMY, UTO
nucaTh MOM0OHBIE COYMHEHUs, HE ONAacasiCh 3a COOCTBEHHYIO »KU3Hb, BOOOIIE
0Ka3a/I0Ch BO3MOXKHBIM.



Jlazapp ApornoBuy JIIOCTEpHUK H €ro CTHXH 11

BAcH4

JI. A. JIIOCTEPHUK

IIpaBuTesieM B OJIHOM JIECHOM MaCCUBE
Bruin mynperit Jles, »KecTOKMiT U CIIECUBBIH.
3Bepbe — OT BOJIKA JIO TeBy4Yeil 1Taxu —
Bce xuin B mouuTaHuu u crpaxe.

Iau romel, u, cocTapsiCh, OAPSIXJIEB,
Hagexk nouns nam senmnvaiimmii Jles.
B mociremanit myTh BIaIBIKY ITPOBOJINE,
2K a1 HoBoro BOK/IsI JIECHOII MACCHUB.

Taxk, mocsie MyMHBIX JpakK U OypPHBIX CIIOPOB,
B npasurenu 6n11 uzdbpan Bopos.

N mavas oH ¢ TOTO, YTO BJIE3IIN HA TIEHEK,
[TokoitHoro naMaTepus u BIOJIb, U HOIIEPEK
B cBoeii ipocTpannoii peun.

Yro 6yaro JleB, oT B/IaCTU OIbSIHEB,

He ogxoro youit u nokasedn,

Yro Oyaro Bce 3BepHHBIE 3aCTyTH

Cebe npucBauBaJi, cebsl JIMIIL BOCXBAJISII,
Yro 3amycTus jgejia Bo BCel OKpyTe,

Yrto BOODIIE OH TIJIOXO YIPABIISLI.

Crast BopoB HaBOMTD TOPSIIKU:

O6be3nu jec u JaTbHIe TOCATKH,
CobpaJt 3aTeM OH BCIO 3BEPAYIBIO MOJIOJIDb

N 6pocui kimd: <A Hy-Ka BCe Ha XKeJIyIb!»

U 3Bepu, yroguth eMy Ja0bI,
B necy caxkamu sumib m1yObI.

[IpusHaTbes HaI0, KpOMe KeTyeit,
ITpaBuTes b MHOTO BBIABUTAJ UIEH.
N xoTb OT HUX OBIBAJIO MAJIO TOJIKY,
«Ypal» eMy Kpuuaau 6e3 yMOJIKY.

3aszHaJjics MTOCTEIeHHO TOJICThIN Bopos,
qub JI1 He JbBUHBINA IIPOLABJIFAA HOPOB.
C Jlucoil, MUHHCTPOM MHOCTPAHHBIX e,
On He cunTasICd, CAyIIaTh HE XOTE.

Mengens dpuHAHCAME BOPOYAJ, A0 3HAJ,
Ho cimmmikoMm gacTo Ha HEro BopYaa —
Mensenst sou! I Tak KoHIIA HE BUIHO. . .
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K Tomy xke crasio BceM oOuHO,

Yro camasl mapiinBasi CBUHbSI
Cunrasiacs Apyrux yMHe#l U JapoOBUTEIA,
N mOpOBMIA OBLITH BEPIIUTEIEM COOBITHI
JIumms nmoromy, uro BopoBy pomms.

N Bot, cobpaBmuch J1yXxoM Kak-TO pas,
Bce cunbHbBIE TOTO JIECHOTO Kpast
Nzruanu Boposa B 3anac.

N ByracTb OKOHYNIACH CBUHAS.

Pﬂ,ZLI/IJII/I 9Ty HOBOCTH BKPUBDL U BKOCH
B camom Jiecy u 3a ero npejesiom.
[IpuxkaTh cBUHEH — OHO CBSITOE JIEJIO,
A T0 mX, IpaBo, MHOTO pa3BEJIOCH.

Ho k10 ke TBep10 MOXKET MOPYINTHCS,
Yo BHOBb MCTOPUSI HE TTOBTOPUTCS,
Yo HOBBIH BJIACTH UMYIIN, OCMETIEB,
He ppikHET Ipo3HO, Kak MOKOMHBIH JIeB,
Yro on, kak BopoB BApPyT He XPIOKHET,
Korna emy ceapmoii j1ecaTOK CTyKHET.

Y 3T0# 6acHU HET MOPAJIH:
Mopauib D7aBHO IepeMapaJIn.

B. M. TuxomupoB, mexaHuko-mareMaTunieckuii paxyabrer MI'YV
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ATTpakTOpbl JUHAMUYECKIX CUCTEM U
dunocodus obIIEro MOTOKEHNS

TO. C. Unpgamenko

MbI OBCIOY BUJIAM BOJIIOIHOHHBIE TTPOIECCHI, OT JIBUXKEHU ATOMOB
JI0 nIUHAMUKU Tj1aHeT. HbIOTOH MOHSII, 9TO 9THU MPOIECCHI OMUCHIBAIOTCS
i depeHIuaJIbHBIMI YPABHEHUSIMA U 9TO STU yPABHEHHSs II0JIE3HO pe-
marh. 3a nocjeyomye 150 jler ObII0 MOHATO, YTO OOJBITMHCTBO Jud-
depeHIraIbHbIX YPaBHEHUN PEIUTh HEBO3MOXKHO. [lyaHkape co3jast HO-
BYIO BETBb MATEMATHKU — KAYECTBEHHYIO HJIM T'€OMETPHIECKYI0 TEOPHUIO
muddepeHuanbHbIX ypaBuenuit. OHa n3y94aeT reoMeTPUIECKHe CBOMCTBA
pellleHni, HEITOCPEICTBEHHO HUCIIOJIb3Ysl CBOMCTBA IPABON YaCTH ypaBHE-
nust. OKa3ajgoch, YTO JlarkKe KAdeCTBEHHOE IOBEJEHUE DPEIIeHHs] MOXKeT
OBITH OYeHb CJIOXKHBIM. CHTyarus pe3Ko yIIPOIIAETCsl, €CIU PaCCMaTPH-
BaTh TOJIKO ypaBHeHUsi o0IIero mnojoxkenus. C TOYKU 3peHUsi (PUUKU,
JIAIIH TIOCJIETHUE U MIPEJICTABJIISIOT MHTEPEC.

UcciieroBanne fuHAMUYECKAX CHCTEM MOXKHO YCJIOBHO Pa30UTh HA TPU IIe-
puoa.

Ilepuox Herorona: dano duddepervyuarvhoe ypasnenue. Pewumos ezo.

[Tepuon, Ilyankape: damno dugpepenyuanvroe ypasnenue. Onucams c8ofi-
cmea e20 pewenutl, He PeULGA YPABHEHUE, & AUWD UCTLOAL3YA C80TUCMBa NPasol
YACmu.

Ilepuon, Aunponosa: He damo nukarozo duddepeHuuarviozo ypasHeHUuA.
Onucams ceoticmea e20 peuterud.

[Tocnemmee BHICKA3LIBAHME 3BYYHUT MapaJoKcaabHo. OmHako Bazkmeifrime
cBoiicTBa JauddepeHITnaIbHbIX YPABHEHUN 00ULE20 NOAOHCEHUA HA TLIOCKO-
CTU — BCETJia OJHU M Te K€. DTU CBOUCTBA PACCMOTPEHBI HUXKE U OTHOCST-
ca K npedeavromy nosedenuro Becex perneruii. Cire1oBaTe/IbHO, YTOOBI y3HATH
9TO MOBEJIEHNE, HYXKHO JIUIb yOeIUThCS, YTO ypaBHEHHe — OOIIEro MmoJIoXKe-
Husi. Hike mokazaHo, KakK 3TO CJeIaTh Ha (PU3UIECKOM yPOBHE CTPOTOCTH.
B pasmepnocTn Bbilie JIByX BO3HUKAET CXOJHAs, HO DOJIee CI0XKHAs CUTYAIIMS.
OO6CYXKIEHUIO 5TUX TeM U IOCBSIIEHA CTaThsI.

Yu. I. Ilyashenko, “Attractors of dynamical systems and philosophy of generic position”.
[Iy6mukyercs ¢ mobesnoro paspemrenust apTopa. llepeson b. P. @penkuna.

MartemaTunyeckoe npoceetuerue, cep. 3, Bein. 12, 2008(13-22)
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SAKOHBI DBOJIIOLNN U JUOOEPEHIIUABHBIE YPABHEHHUSI. PaccMmorpum
HEKOTOPYIO (PUBNYIECKYIO CUCTEMY — CKarKeM, MCKYCCTBEHHBIIl CIlyTHUK B I'Da-
suTanuonnom nojie 3emsn win Cosneunoit cucrembl (CoslHIa U IUIAHET).
B Kaxk/plit MOMEHT BPEMEHH COCMOAHUE ITOIl CHCTEMbI OIMCHIBACTCH KOHEU-
HBIM KOJIMIECTBOM YHUCJIOBBIX ITapaMeTpPOB: Ti1,...,Tn. ﬂﬂﬂ CIIyTHHUKa COCTO-
HUE OLPEIEISIeTCA NOAONHCEHUEM U CKOPOCTBIO, T. €. KOJUIECTBO IapaMeTPOB
PaBHO IIECTH: TPH KOOPIUHATHI MOJIOKEHNS B IIPOCTPAHCTBE M TPU KOMIIOHEH-
ThI BEKTOpPa CKOPOCTH. MHO)KGCTBO 9THUX ITapaMeTpPOB MOXKHO pacCMaTpuUuBaTb
KaK TOYKY T B MHOTOMEPHOM IpocTpaHcTBe R™. 3akxon s60a0uuu yKa3biBa-
eT, KaK MEHSIeTCS COCTOSTHUE CHCTEMbl; CKOPOCThH 3TOrO M3MEHEHUS 3aBHCHT
TOJIBKO OT COCTOAHWNA. ’ZLHH CIIYTHUKa CKOPOCTH M3MEHEHUN:A COCTOAHUNA (TaK
HasblBaeMast a306as CKOPOCMb) COCTOUT U3 CKOPOCTH W YCKOPEHUS JIBUYKE-
nug cryTHuka. OTMETHM, YTO CKOPOCTDb JBUZKEHUS HE CJIEJYeT CMEIIUBATh C
daszoBoii ckopocTbio. VTak, I KasKJI0r0 COCTOSHHS T OIPEJIEIAeTCsT TaKoit
BeKTOp (ha3oBoii ckopocTn v(T), YTO HIPOU3BOJIHAS OT T 110 BPEMEHH, KOTOPast

. dx
obozHavaercst & (To ke camoe, YTO E), YJOBJIETBOPSIET YPABHEHUIO

T =v(z). (1)

Perurp 310 ypaBHeHnune — o3Ha4YaeT yKasaTb, KAKOBO OY/ET COCTOSHUE CUCTE-
™Mbl x(t) B MOMeHT Bpemenu t. UToObI ¢jie1aTh 3TO OJHO3HAYHO, HYXKHO JIUIIh
3HaTh HadajgbHoe cocrostuue x(0). DTO yTBEpXKJIEHUE HA3bIBACTCS Meopemots
cywecmeosarus U eduncmeennocmu perieHuil nuddepeHnuaabHbIX ypaBHe-
HUIA.

JIATIJTACOBCKUMU AETEPMUHN3M. HbOTOH HEpBBIM MOHSII, YTO 9BOJIIOIHOH-
HbIe TIpoIiecchl BO Beestennoil onucbiBaoTces 1uddepeHinaj bHbIMI yPABHEHN-
simu. Jlammac ocozHas1, 9T0 TeopeMa CyIIeCTBOBAHUS M €UHCTBEHHOCTU MMEET
dunocodckue ciencrus. OH BBIPA3UI 3TY HJCIO B CJIEAYIOMNX MTPEKPACHBIX
CJIOBax:

«Pa3ym, KoTopbIil j1j1s1 KAKOrO-HUOY/Ib MOMEHTa 3HaJ Obl BCEe CHUJIBbI, JIeii-
CTBYIOIIIME B IIPUPOJIE, U OTHOCUTEIHHOE PACIIOJIOXKEHNE €€ COCTABHBIX YaCTeld,
ecyin ObI OH, KPOME TOr0, OBLI JOCTATOYHO OOIIUPEH, YTOOBI IOJABEPIHYTh TU
JIAHHBIE aHAJIN3Y, OOHsIT OBl B eIUHON (DOPMYJie JIBUYKEHNS CAMBIX OIPDOMHBIX
TeJI BO BCEJIEHHOM U CAMOTI0 JIETKOI'O aTOMa; JIJIst HErO He ObLIO Obl HUYEro Hesic-
HOro, 1 Oy/IyIree, Kak U IPOILIoe, ObLIo ObI y Hero mepe riaazamu.» (Lut. mo:
C. JTamnac, «M3noxenne cucrembr Mupas. J1.: Hayka, 1982, c. 364-365.)

I'EOMETPUYECKAS TOYKA 3PEHHS HA ANOPEPEHIIMAJIBHBIE YPABHE-
HUud. Huxro eme ne Hamwmcan pudpepeHInajipbHOe ypaBHEHNE, O KOTOPOM
meuralt Jlamrac. BepHeMcs Ternepb Ha 3eMJTIO B PACCMOTPHUM IIPOCTERIITNE TPU-
Mepbl quddepeHnuaIbHbIX YPABHEHUN ¢ 2e0MeMPuueckoti mouwky 3penus. Ko-
/18 U3MEHSIeTCsl BPEMsI, COCTOSIHUST CUCTEMBI X (1) IPOXOJISIT KPUBYIO B (ha30BOM
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IIPOCTPAHCTBE, KOTOPasi HA3bIBaeTCs (pa3080U Kpusotl Wan opbumoti ypaBHEHHUsI
(1). C Touku 3peHust reOMeTPUU, HANTH OPOUTY — ZHAUUT PEIIUTh CJIE/LYIOILYTO
3aJ1a9y: N0 0aHHOMY BEKIMOPHOMY NOAIO U U MOYKe To HAUmu MaKyo Kpusyio
6 (a3o6om npocmpancmee, WMo Ty el NPUHAOAEHCUM U KAHCOAA MOUKA T
KpuBoli — Kacameavhas K 3adannomy eexmopy v(x).

ITPUMEPHI. Pajuansnoe mone. Ecim v(z) = 2, To Bce opburst (¢ ennn-
CTBEHHBIM UCKJIFOUEHUEM) — OTKDPBITBIE JIy4d, UCXOJdIIue u3 HyJs. Vckioue-
HueM siisiercst opbuta z(t) = 0. OHa COCTOMT TOJBKO U3 HYyJIsl U HA3BIBAETCS
0C060% MOYUKOT WU NOAOHCEHUEM PAEHOBECUS.

IToBopor na npsmoit yros. B 9ToM npumMepe T TPUHAJIEKUAT JIOCKOCTH,
v(x) = Iz, 9T0 O3HAYAET BEKTOD X, IIOBEPHYTHII Ha g Op6uUTLL 3TOrO MO —

OKPYZKHOCTH C IIEHTPOM B HyJI€, a TaKyKe II0JOKEeHHNe paBHOBecus (HyJb).

[Tyankape HepBBIM IOHsLI, YTO, BOOOIIE MOBOPs, OPOUTHI BEKTOPHOTO MO-
JIs1 MOZKHO OIIUCATH M€OMETPHIECKH, HCXO/IS U3 TEOMETPUN CAMOIO BEKTOPHOI'O
nostst v(x).

I[IPEOAE/IBHOE MMOBEJEHUE PEINEHUN. Korma MBI BKIIIOUaEM 3JIEKTPOHHOE
YCTPOMCTBO, IIPOXOJUT KOPOTKOE BpeMs, IOKa CUCTeMa HPORIET HepeXO IHbI
[EepPUOJL ¥ BOWIET B CTAIIMOHAPHBIN PEXKUM (KOTODBIi, BOOOIIE rOBOPSI, HE sBJIsI-
eTCst ToJIoyKeHeM paBHOBecust). Ho 9T0T mepexomHbil mepnos KpaTok JIUIIb ¢
TOYKHU 3peHud IeJIOBEKA. BHyTpeHHI/IG N3MEHCHHA B CUCTEME ITPOUCXOIAT OI€Hb
OBICTPO, TAaK YTO €€ «BHYTPEHHEEe BPeMsi» OY€Hb OBICTPO TEYET, U C TOYKHU 3Pe-
HUs CHCTEMBI 9TOT KOPOTKUil MePEXO/HbI Mepruo/| 0YeHb BeIUK (IPaKTHIeCKN
6eckoneuen). [TosToMy cTaIOHAPHBIN PEXKUM MOYKHO OXapaKTEPH30BaTh Kak
npedeavroe nogedenue PeIeHusl.

TEOPEMA TIVAHKAPE — BEHOAUKCOHA. s nuddepeHimaabHbiX ypaBHe-
HUI Ha TJIOCKOCTH 3aJ1a4a O MPEJEJbHOM TOBEJICHUM PEITeHUN MOXKET ObIThH
pereHa B 9MCTO TEOMETPHIECKON mocTanoBke. [lycTh mIocKocTh pasbura Ha
IJIaJKue KPUBbIE, KOTOPbIE He IEPEeCEKAIOTCs MOIMapHO U caMu ¢ Coboi, mpu-
YeM KPUBasi MEHSIETCs TJIAJIKO BMECTE C «HAYaIbHON TOYKON» , 4epe3 KOTOPYIo
oHa, TpoxoAuT. IlycTh Tpu 5TOM BCe OPOWTHI CHCTEMBI BXOJST B HEKOTODBIil
OOJIBITION KPYT W OCTAIOTCST TAM; TaKasi CUCTEMa HA3BIBACTCS JUCCUNGMUBHOT.
Jlnst pusrUecKrX CUCTEM STO COOTBETCTBYET HEKOTOPOMY IIPEJITOJIOKEHHUIO O
pacceanuy anepauy. Torma nys mpeaeJbHOTO MOBeIeHUs TI000H KpUBOit n3 310~
TO CeMefCTBa BO3ZMOXKHBI CJIETYIONINE BAPUAHTDI:

a) opbuTa BXOJUT B COCTOSTHUE PABHOBECHS,

b) opbura o6MaThIBACTCS BOKPYT 3aMKHYTON OPOUTHI,

¢) opbura 0OMaTBIBAETCSI BOKPYT MHOIOYTOJIbHUKA, 00OPA30BAHHOTO COCTO-
STHUSIMU DABHOBECHSI U OPOMTAMU, KOTOPbIE UX COCHUHAIOT (OHM HA3BIBAIOTCS
cenapampucamu WA cenapampuchumy ceaskamu). Ciaydan a), b) u ¢) noka-
3aHbI Ha puc. 1.
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plcjess

Puc. 1. Il1ockue w-npegebabIe MHOXKECTBA

Takast kKaaccuduKamys HEIMOCPEJICTBEHHO BBITEKAET U3 U3BECTHOMN meope-
Mmoot [Tyanxape — Bendukcona, KoTopasi cTaja OJHIUM U3 KPYIHEHITNX yCIIEX0B
TOIOJIOTTIECKOTO TTOAX0a K AuddepeHInaj bHbIM YPABHEHUSIM.

OBLLLEE [OJIOXKEHUE [loBenenune, onmncaHHOe BBINIE, HE OUEHBb CJIOXKHO, HO
U He OYeHb mpocro. lIpesesbHble MHOXKECTBA THUIA €) MOIYT OBITb CJIOYKHBI-
mu. [Tosoxkenne cmacaer Tor dakr, 9T0 mun ¢) — ne obwe2o NoAoHCENUA,
a MOTOMY He JOJIKEH BO3SHHUKATH B CHUCTEMAaX (PU3NIECKOIO MPOUCXOXKIEHMUSI.
loBopst mosipobHEe, eciin TPOIECC He TMOAINHEH HUKAKOMY 3aKOHY COXPaHEHUSI
UJIM COOTHOIIEHWIO CHMMETPUH, TO CJIEJyeT OXKUIATh, YTO Jjisi cucreMbl (1),
MOJIEJIMPYIONIEH 9TOT IPOIECC, HE BBITOIHSIETCST HUIKAKOE YCJIOBUE THUIIA PAGEH-
cmea.

Hanpumep, nunefiubie onepaTophl, €CTECTBEHHO CBI3aHHLIE C YPaBHEHUEM
(1) (craxkem, JMHEAPHU3AIHS TTOJISI B HOJIOKEHISAX PABHOBECHS U ITPOM3BO/I-
Hasl orobpazkeHusi [lyaHkape) He J0JKHBI IMETh COOCTBEHHBIX 3HAYEHU, PaB-
wvbix 0 wim 1 o abcosrorHoM Bennunue. Ocobbie Touky muddepeHnnaabHbIX
ypaBHEHH 0OIIEro MOoJI0XKEHHs Ha, IJIOCKOCTH MOL'YT ObITh TOJIBKO TPEX THUIIOB:
a) céiyuia, b) yaibl, ¢) dHOKyCh, cM. puc. 2.

Yro 6oj1ee BayKHO, 6EKMOPHOE NOAE 0OWE20 NOAOAHCEHUA HG NAOCKOCTNU HE
uUMeem cedaoevix cea30k. HeficTBUTEIbHO, JI00YIO CBI3KY MEXKIY ABYMS Cell-
JIaMI MOYKHO PaspyIIUTh MaJbIM BO3MyIleHuneM, cM. puc. 3. HauBHoe mpen-
CTaBJIEHUE O C80UCMBAL 00wWe20 NosodHcerus ObLTo popmaanzosano P. Tomom
B dopMe meopemv, mparceepcasvHocmu. Tom ObLI OTHIM U3 co3maTesieil meo-

IR ©

Puc. 2. Ocobrie Touku ob1jero moaokeHust Ha IIJIOCKOCTH
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Puc. 3. CemoBast cBsi3ka u ee pas3pyileHue

puY Kamacmpod, KoTopast U3ydaeT U KJIacCH(MUIUPyeT 0COOEHHOCTH CHCTEM,
HAXOIAIINXCS B OOIIEM II0JIOXKEHIN.

TEOPEMA AHIPOHOBA Kak ciencrsue OpeIblayIInX paccCMOTPeHuit, AHI-
POHOB TOIYYUJI CJIEIYIONIYIO TEOPEMY:

Quauveckut npouecc 6e3 cumMmemputi U 3aKOHO8 COTPAHEHUS, MOJeAUDYe-
Mot NAOCKOT JuccuUnamueHotl cucmemotl, umeem KoHeUHoe KOAUUECTNEO npe-
denvHulx pestcumos Oas pewernuti. Kascowtl us smux pestcumos Aubo A6aAem-
CA MONOAHCEHUEM PABHOBECUA, AUOO NEPUOUHEH.

JleficTBUTEILHO, TIPEIEIbHBIME PEXKUMAMHU MOTYT OBITH TOJIBKO IIOJIOXKE-
HUsI PABHOBECHs WJIU TI€PUOMYECKIE TPACKTOPUH: BAPUAHT C), KAK yXKe CKa-
3aHO BbIIIe, TpeOyeT HAJUIHSI CEJJIOBON CBSI3KH M IOTOMY HEBO3MOXKEH JIJIsT
TUMWTYIHOTO TOJIsA. [Ipy 3TOM JJIsST TUNIMYHOTO TIOJIST BIOJb JIIOOOM Mmepruomamte-
cKoit TpaekTopun oTobpaxkenue [lyankape umeeT TPOU3BOMAHYIO, OTJIUIHYIO OT
eJIMHUIBL (TO ecThb J106asi HepUOINIecKasi TPACKTOPHs JINOO IPUTITUBAET, JIH-
60 orrankuBaer). Kak ciencrBue, B J0CTATOYHO MAJIOH OKPECTHOCTH TAKOM
TPACKTOPUU HE COMEPKUTCS JIPYTUX MEPUOAMIECKUX TpaeKkTopuit. Bece ocobbre
TOYKHM TUIIMYIHOINO BEKTOPHOI'O HOJIA — CEJJIa, Y3JIbl U (POKYCHI, IIO9TOMY B J0-
CTATOYHO MAJION OKPECTHOCTH JIIO0OM M3 HUX TaK:Ke HeT HU JAPYTUX HOJOKEHUI
paBHOBecHsT, HU (He BBIXO/SIINX 32 3Ty OKPECTHOCTDH) MEPUOANICCKUX TPACK-
TOPUH.

C apyroit CTOPOHBI, BCE TIPEIE/IbHBIE PEXKUMBI COCPEIOTOYEHBI B TOTJIOIIA~
IOIIEM KPyTe U3 OIpPeIesIeHns] TUCCUTTATUBHOCTU. Fcjim nx 6€CKOHEIHO MHOTO,
OHU JTOJIZKHBI KY/1a-TO HAKAILJIMBATHCS, YTO IPOTUBOPEYUUT TOJHKO UTO CKa3aH-
Homy. IlosTomy mpesiesibHBIX PeXKUMOB (Kak IMOJIOYKEHUI pABHOBECHsI, TaK U
HEePHOIMIECKUX TPACKTOPHIA) MOXKeT OBbITh JIUIIh KOHEYHOE UHCIIO.

MEYTA CEPEAMHLI BEKA. B cepemuHe mpoIIoro BeKa HEKOTOPHIE CIEIa-
JINCTBI MedTaJi 00600IIuTh TeopeMy AHIPOHOBa Ha CJIydail BBICIINX pasMep-
HOCTel. A MMEHHO, OHM OXKUJIAJIM, ITO B IPEIBLIYINEM YTBEPKIECHUU MOXKHO
3aMEHUTD «IIJIOCKMIT» Ha «MHOIoMepHbIi». B komie 50-x romos Cmeiis omy6-
JINKOBAJI Ty THUIIOTE3y BMECTE C MOJAPOOHBIM OIMUCAHMEM, KaK JOJI?KHA BBITJISA-
JIeTh JUHAMUIEeCKasi CUCTeMa ODIIEro MOJIOXKEHHST Ha, KOMIAKTHOM MHOTO00pa-
sun. OnrcaHHble UM CUCTEMBI HBIHE COCTABJISIOT BAXKHBIN KJIACC U HA3BIBAKOTCSI
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cucmemamu, Mopca — Cmeting. OTHAKO 0Ka3aJ10Ch, 9TO OHU He OOIIEro IoJIo-
JKEHUS.

Kax Toabko mosiBmiiach crarbs CMeiiia, CIeruaancThbl CTApPIIero moKoJIe-
HUsS COODIMIN eMy, 9TO B cTaTbax Kaprpaiita, Jlutiasyna u JleBuncona ObLin
ITOCTPOEHBI JINHAMUYIECKHE CUCTEMBI ¢ OECKOHEUHBIM KOAUYECTNEOM NEPUOIUE-
cKux opbum, IpUIEM 3TO CBOMCTBO BBIJIEP:KUBAET MaJIble BO3MYIICHHUSI.

C Tex mop BOIIPOC O TOM, KAK08b, CEOUCMEE, OUHAMUMECKUL CUCTIEM 00ULe20
NOAOHCEHUA, SIBJITETCST OJHUM U3 IJIABHBIX B 9T0# obactu. OH MOPOIMJT MHO-
JKECTBO JIOCTUXKEHMI, HO BCE €ellle OCTAeTCsl HEPEIIEeHHBIM B IIOJIHOM OOIIHOCTH.
OuH 3 ero YaCTHBHIX CJIyYaeB IIPUBEIEH B KOHIE 3TOW CTaThU.

[ToaKOBA CMEMJIA. BwmecTo Toro, 4robbl m3y4uaTh pabOThI IIPeIeCTBeHHI-
KOB, JIOBOJIbHO JIJIMHHBIE U CJIOXKHBIe, CMEJT TONBITAJICST TIOHSTh, KAK BOODIIE
MOIVIO CJIyYUTbCs, 9TO JIMTHAMUYECKAs] CUCTEMa MOXKET YCTONINBO UMETh CUET-
HOE KOJIMYECTBO Iepuoaundeckux opbur? Bpons Bross misika Konakabana B
Pwo, on npujtymas mpocToit 0TBeT, BIIOC/IEICTBUN HA3BHHBIN nodkosa Cmetiag.

Co Bpemen Ilyankape 0bUIO TIOHATHO, 9TO JudhepeHIualbHbIE YpaBHE-
HUS W UTEpaIud OTOOpaKeHWii — BeTBU OJHOU m To#l ke Teopuu. [losTomy
orBer CMmeitjia popMyJIIpyeTcsi B TEpMUHAX JIBYMEPHBIX oTOOpaykeHuit. OTob-
paxkernue 1moakoBbl Cmeisia f cTpouTCsS KaK KOMIO3UIMsST OTOOPAXKEHUN ITIpsi-
MOYTOJIbHUKA, [TOKA3aHbIX Ha PUC. 4 U OIMUCAHHBIX HIXKE.

Orobpazkerne fi cKuMaeT 3allTPUXOBAHHBIN IPSMOYTOJbHUK [ B TOpH-
30HTAJBLHOM HAIIPABJIEHUN W PACTITWBAET B BepTUKaJIbHOM. OTobOpakeHue fo
crubaeT pacTAHYTHIA HMPAMOYTOJBHUK B MOAKOBY. OToOparkenue f3 nepejBu-
raeT IOJIKOBY TaK, 4TOObI OHA Iepeceksa [, Kak MOKa3aHO Ha PUCYHKE.

9T0 oTobparkeHre uMeeT DECKOHETHOE KOJUIECTBO MEPUOIUIECKUX OpOUT
U JIpyTUe 3aMevaTe/ibHbIe CBOUCTBA, yCTOWINBbIE OTHOCUTEBHO MAJIBIX BO3MY-
IIeHUA.

fs

Puc. 4. Ilonkosa Cwmeiina
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Puc. 5. Yupomennast monrosa Cumeria

Ha puc. 5 nmokaszan eme 6oJiee IpoCTOil BApUAHT, KOTOPLIA TaK:>Ke Ha3bIBa-
o7 noaxosoii Cmeitna. BosbMeM euHUYHBIN KBaJApaT 1 pa3o0dbeM ero Ha, IATh
PaBHBIX TOPU3OHTAIBHBIX MPAMOYTOJILHUKOB. [Iycts Dy u D1 — cooTBeTCTBEH-
HO BTOPOil U YeTBEPTLIA NPIMOYIOJILHUK CHU3Y. Pa3obbeM TOT Ke KBaJIpaT Ha
AT PABHBIX BEPTUKAJIBHBIX MPSIMOYTOIbHUKOB. Ilycrs Dy u D} — Bropoii u
YeTBepPTHIil NPAMOYroJbHUK cieBa. [lonoxkum D = Do U Dy, D' = Dy U Df,
u mycrs f — oTobpazkeHue, KoTopoe cxkumaeT D B 5 pa3 IO I'OPU30HTAJIN,
pacTAruBaer B 5 pa3 [0 BEPTUKAIU U IMapaJLIeJIbHO IEPEHOCUT Ha MeCTO D;-
(j = 0,1). Takum obpaszom, f — Kycouno adbdunHoe oToOparkKeHue, 3a/aHHOe
onHOl bopmyitoit Ha Do u apyroit — wa D1. Otobpakerne f MOXKHO ITPOOJI-
KUTh 10 auddeomopdusMa cdepbl, HO HAC HHTEPECYET OrPaHHYEHHe STOI0
muddeomopdusma Ha [, KOTOpoe y2Ke ompeieseHo Bbimre. Ecim, coorBer-
CTBEHHO, BCE MTepanuu 0ToOpaykeHusi f KOPPEKTHO OIpeJeIeHbl B HEKOTOPOI
Touke x € D u npunagjexar ), To Mbl TOBOPUM, 9TO T 00JaJaeT NOAHOU
opbumoti orHOCHTEIbHO f. MHOYXKECTBO BCeX TOUYEK C IOJIHON opObmToil 060-
saavaerca A. Oxasvisaemca, A = C' x C' — dexapmoso npoussedenue dsyx
KAHIMOPOBHLL MHONHCECTNS.

st mo6oit Toukn & € A MOYKHO OTIPEENUTD e cydbby KaK IBYCTOPOHHIOO
[TOCJIeIOBATEJIBHOCTD U3 HYyJIell U eTuHUIL:

W=...W—p...W_qWwWo...Wp...

A umenno, wy, = j < f"(x) € D;. OxaspiBaeTcs, 4100Y10 n0cA0084MENLHOCTID
U3 HYAel U eOUHUY, MONCHO PEAAUIOBAMD KaK CYILOY 00HOT U MOALKO 00HOU
MOYKU.

Kax cnencrBue mosygaem, 9ro Jobas TOUKa, Cyabda KOTOPO — mepu-
OJTMYECKas TOCJIEJI0BATE/IbHOCTD, caMa IepuojndHa. [1ocKo/bKy cytiecTByeT
OECKOHETHOE KOJIMYECTBO TIEPUOINIECKUX MOCeI0BaTeIbHOCTel, f nMeeT Hec-
KOHETHOE KOJUIECTBO TEPUOINICCKAX TOUEK.

YyYBCTBUTEJIBHOCTL K HAYAJIBHBIM YCJIOBUSM U OIIPOBEPYKEHUE JIA-
[IJIACOBCKOT'O JIETEPMUHU3MA. DJIeMEHTAPHBII aHAJIN3 0TOOPaXKeHUsI O
koBbl CMeiijia MoKa3bIBAeT, ITO JJjIst JTFOO0H Iapbl TOUEK &,y € A, ¢ TOTHOCTHIO
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Puc. 6. Costenons; Cwmeiista — Buibsivca

J10 5™ COBIAIAIONINX, UX CY/IbOBI COBIIQJIAIOT Ha IIEPBBIX N Mmarax (Kak Biepe/,
Tak u Ha3a[). [locsie 3moro ux cyspObl MOI'YT pasIMyaThCsl IIPOU3BOJIBHBIM 06-
pa30M, Kak ecjii KTO-TO Opocaer MoHeTy. Paccrosinue MexX Iy TOUYKaMu opouT
rocJjie 3TUX N Mmaros Oyaer nopsijika 1. 1ot 3¢pdeKT Ha3bIBAETCd “Y8CMEU-
MEABHOCTNDIO K HAYAADHOIM YCAOBUAM.

B Byx mociie1oBaTeIbHBIX OMBITAX C PEAJTHHBIMUA (PUITIECKUMHU CHCTEMA-
MM HEBO3MOZKHO JOCTHUYDL MJACAaJILHOI'O COBIIa/JCHUA HaYaJIbHBIX yCHOBI/IfI. Ma—
Jtast, (PUBUYIECKU ITpeHeOpeKMMasi OImmnbKa Iepes JIOBOJBHO KOPOTKOE BpEMsi
[IPUBEJIET K PE3KOMY PA3JIUIUIO MEXKLY OPOUTAME. SHAUUT, HEGO3MOINCHO NPed-
cKa3ams donzospementoe nosedenue peueruli OUHAMUYECKUT CUCMEM C YY6-
CMBUMENBHOCTNDIO K HAYAALHOIM YCAOGUAM.

CTPAHHBIE ATTPAKTOPHI. Hemocrarok IpeablAymero npuMepa B TOM, 9TO
«IIOYTH BCe» TOYKH U3 ) He UMEIOT ITOJHBIX OPOUT OTHOCHTEILHO OTOOpazkKe-
nuga moakosel Cumeitna. Cmeitn n Buibsyce mocrponn oTobpazkenne moTHOTO-
pust D B cebst, cMm. puc. 6, cO CIeyIONuMu CBOCTBAMMU:

— JIJIsI BCEX TOYEK IOJJHOTOPUS KOPPEKTHO OIpeesieHbl OPOUTHI B HAIIPAB-
JICHUU BIIEpE/I;

— 3TH OPOUTHI MPUTATHBAIOTCS K MHOKecTBY A C D, KOTOpOe Ha3bIBAETCS
CONEHOUIOM;

— JMHAMUKA Ha, COJIEHOWJE CXOJHa C oToOparkeHmeM IoaKoBbl Cwmeira; B
YaCTHOCTH, UMEETCH IYyBCTBUTEIBHOCTh K HAYAJIBHBIM YCJIOBUIM U OECKOHEY-
HOE KOJIMYECTBO MEPUOJINIECKIX OPOUT.

Bce sTu cBoiicTBa yCTOWYMBBI OTHOCUTEIBHO MAaJIbIX BO3MYIIIEHHUIA.

Conenonn Cwmeitita — Buabsamca maer mpuMep cmpamioz20 ammpaxmopa,
KOTOPBIA PE3KO OTJIMYAETCS OT HMPUTITUBAOIIEH 0CODOH TOUKM WM TMEPUOIN-
E€CKOI OPOUTHI.
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PA3HBIE TUIIBI ATTPAKTOPOB: COBITAJAIOT JIM OHU B CJIVHAE OBIIEI'O
[HOJIOYKEHUA? Jltobasi quccuiiaTuBHAas JTUHAMAYECKAsT CHCTEMa UMEET ITPUTSI-
TUBAIOIEe MHOXKECTBO — MAKCUMAALHBLT GMMpPaKmop, — K KOTOpOMy TpubJIin-
KafoTcsd Bce opbuThl. Ho 9T0 MHOXKECTBO MOYXKET OBITH CJIUIIKOM OOJIBINAM: B
YUCJIEHHBIX SKCIEPUMEHTaxX HAOJIIOATe/ b BUJIUT JIUIIb €10 HEDOJIBIIYIO 9aCTh,
6804U3U KOMOPOU NOYMU 6CE OPOUMDBL TPOBOOAM, MOYWMU BCE BPEMA. DTO MHO-
2KECTBO HA3BIBAETCS CMamucmuseckum ammparxmopom. llpumep nipusesen na
puc. 7.

Puc. 7. HecoBnagerne MaKCHMAJIBHOIO H CTATHCTHIECKOTO aTTPAKTOPOB

B sToM mpumepe MakCHMaJIbHBIA aTTpakTop — BOChbMepKoobpasHas (u-
rypa, a CTaTUCTUYECKU — ceijioBast Todka. Ho 9ToT mpumep — He OOIIEro
MOJIOYKEHUSA: UMEIOTCS JIBE CEJJIOBBIE CBA3KM, KOTOPHIE MOXKHO Pa3PyIIATh Ma-
JIBIMU BO3MYIIECHUSAMU.

Crenyromast mpobjeMa Jajgeka OT PEIIeHUs: 86EPHO AU, 4MO 8 CAYHAE 00-
WE20 NONOHCERUA MAKCUMAALHVIT U CMAMUCTIUYECKUT GMMPAKMOPvL COBNA-
darom? Tounee, 6epro AU, 4MO OAA QUHAMUMECKOT, CUCTEMDL 00WE20 NOA0ICE-
nusa f emamucmuneckull ammpaxmop A cmanosumes MakcuMaroHbM, eCAlU
oeparunums f Ha Hekomopyr oxpecmuocms ammparmopa A?
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D. Ruelle, F. Takens. On the nature of turbulence // Commun. Math. Phys.,
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J. Milnor. On the concept of attractor // Commun. Math. Phys., 1985. Vol.
99, no. 2. P. 177-196.

A. Gorodetski, Yu. Ilyashenko. Minimal and strange attractors // Inter-
national Journal of Bifurcation and Chaos, 1996. Vol. 6, no. 6. P. 1177-1183.

10. C. Unbstmenko, Cornell University, USA; MI'Y u HMY; MUPAH, Mocksa
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A. B. Ckonenkos!

BBEJEHUE. DTa 3aMeTKa COIEPKUT HEKOTOPhIE COOOPaKeHust 00 UCCIIeI0BA-
TEJbCKOI paboTe MKOJLHUKOB 110 MaTeMaTHKe, a TaKxKe NHMOPMAIIIIO O KOH-
KPETHOM OIIbITe. 3J16Ch TOBOPUTCS O HAY4HO-UCCTIEOBATEIbCKOM paboTe, XOTst
UCCIIEIOBATENBCKIE 3a/1a91 MOXKHO HCIIOJIb30BATH TAKXKE U IIPU 00YUEHUL.

¢l HpUBOXKY CCHIIKU Ha HEKOTOPBIE YIadHble PAOOTHI ITKOJBHIUKOB U PEKO-
MEH/JIAINH, KaK HalTU 3a/1a49y JJIsd UCCJIEJIOBAHNUS, KaK IIOJIOTOBUTH PAabOTy U
JOKJIa/, B KaKUX KOHd)epeHLH/IHX MIKOJIbHUKOB Y9aCTBOBATb; C(bOpMyHI/IpOBaHbI
obire mpebosanus K paboraMm. EcrecrBeHHO, 51 1aKe He NBITAIOCH J1aTh OTBET
Ha [VIABHBII BOIPOC: KaK permarb 3ajady [13].

BousibmmacTBO TPUBOAMMBIX COOOpakeHuil He OpUruHAIBHO. OTHAKO OIBIT
aBTOPa TOBOPUT O HEOOXOJMMOCTH €Ille Pa3 BhICKA3aTh 9TH COOOPaXKEHUS.

Braromapio B. 1. Apuonsaa, M. H. Banoro, H. H. Koncrantunosa, B. M.
Tuxomupona, /1. B. Tpemesa u b. P. ®penkuna 3a mojie3ubie 006CyKICHUS.

[TOCTAHOBKA MPOBJIEMbBI. MHOIUM IKOJBHAKAM HHTEPECHO PEIIATE UCCIIe-
JIOBATENIbCKIE 349N, B KOTOPBIX KOHEUHBIN DPE3YTbTAT MOXKET OBITH J1arKe
HEM3BECTECH M3HAYAIBHO, & €CTECTBEHHO IMOSIBJISIETCS B Iporecce paboTsl. Ta-
KOl MHTEPEC MOJIE3HO HOJJIEPXKUBATD U pa3BUBATH — 3TO OfHA U3 GHOPM pas-
BUTHSI TBOPUYECKUX CIIOCODHOCTEM, KOTOpas I MHOTHX IMKOJBHUKOB MOYKET
oKaz3aTbCs HanboJee yaadnoit. KpoMe Toro, 00bIYHO yUeHUKY HHTEPECHEE U3Y-
YaTh TEOPUIO B TOM CJIydae, KOTJa OH Cpa3dy Ke IPUMeHSIeT €€ K KOHKPETHBIM
3aTATaM.

CpaBHUTEIBHO HEJIABHO CTaJIa pa3padaThiBATHCA TEXHOJIOTHUS MPUYICHUS
MIIKOJTLHUKOB K TBOPYECKOi paboTe B 00JaCTH MATEMATHKN, KOTIA UM JIAf0T-
Csl «UCCIIEZIOBATEILCKIE 3aatiny . VccmemoBaTebeKe 3a1atn TOIE3HbI I

*TonHbIN OGHOBJISIEMBIH TEKCT HAXOIUTCS I10 aJpecy:
www.mccme.ru/circles/oim/issl.pdf

THacruuno nonmepxan Poceuitickum Pongom PyrmamenTantbubix Mccienosannii, I'pan-
Te1 HOMep 05-01-00993, 07-01-00648a u 06-01-72551-NCNILa, I'pauramu [Ipesugenta PO
HITT-4578.2006.1 u M/I-4729.2007.1, a Takxke crunesgueii I1. /lennus, ocHoBaHHOI Ha ero
IIpemun Banwszana 2004 roza.

MaTemaTunyeckoe npoceeuerune, cep. 3, Bbin. 12, 2008(23—32)
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TBOPYECKOI'O Ppa3BUTUA IMKOJILHUKOB, IJIg quTeﬂeﬁ n gazKe JIJIs caMoit maTe-
MaTUKH.

We should mot forget that the solution of any worthwhile problem wvery
rarely comes to us easily and without hard work; it is rather the result of
intellectual effort of days or weeks or months. Why should the young mind be
willing to make this supreme effort? The explanation is probably the instinctive
preference for certain values, that is, the attitude which rates intellectual effort
and spriritual achievement higher than material advantage. Such a valuation
can be only the result of a long cultural development of environment and public
spirit which is difficult to accelerate by governmental aid or even by more
intensive training in mathematics. The most effective means may consist of
transmitting to the young mind the beauty of intellectual work and the feeling
of satisfaction following a great and successful mental effort. (G. Szegé)l)

EcrecTBennoii (hopMoit st 06CYKIEHUST U PENICHUST UCCIET0BATETHCKIX
38,84 SBJISIOTCS HAydHble KOH(MEPEHIHH MKOILHIKOB2) . VX IIPOBOANTCS J10-
BoJibHO MHOTO — OT JleTneit Koudepenruu Typuaupa Toponos®) 1o kordepen-
1A, Ha, KOTOPBIX MHOTIA HATPaXKIAI0TCsT pabOThI, BBIIIOJTHEHHBIE HE CAMOCTOSI-
TEJILHO, WJIN HE TPOBEPSIIOTCS TIOJTHBIE TEKCTHI IOKA3aTETHLCTB B HATPAYK TAEMBIX
pabotax. K coxamenuio, Takux KoH(MepeHIInii HeMao.

OTcyTcTBHE YETKON CBSI3M MEKYy HATDAJION W JOCTYIHBIM JIJIsT TTPOBEP-
KU pe3ybraroM (T.e. MyOJIMKAIUell) pe3ko ompuuamenbHo CKas3blBaeTcs Ha
porpecce HayKu U pasBpaliaeT MKOJIbHUKOB (JazKe M3HAYAIBHO TaJIAHTINBBIX

Y He caedyem sabusamov, wmo pewenue a1060t cméawed npobaemvr oueHv pedxo mpu-
zodum ¥ Ham jae2ko u 6e3 mpyda; waWe MO PE3YALMAM UHMEAACKINYAALHOT YCUAUL,
JAUBWUTCA OHAMU, HEJEAAMU UAU MECAUAMU. dmo nobydum moaodold ym deaamsd marue
ypessvuatinoe ycuausa? ObsacHenue, 6ePOAMHO, COCMOUM 8 UHCNUHKIMUBHOM Npednowme-
HUU ONPedeAeHHbIT Yerhocmetl, Mo ecmb 6 Nodxrode, NPu KOMOPOM UHMEAACKMYGAALHOE YCU-
Aue U 0Yroeroe doCUNCERUE CTNABATNCA GHIUE, HeM MATNEPUasLbHaA 6bzoda. Taxas ouenka
MOdHCEM OBIMB AUUWD PESYALMAMOM A0N2020 KYALMYPHOZ20 PA3BUMUL CPedbl U 00UECMEEH-
H020 MMEHUA, — DA3BUMUA, KOMOPOE MPYIHO YCKOPUMb NPABUMENDCTNEEHHOT TOMOULLIO
uau dasice boaee uHmMeHcusHbvIM 00yueruem mamemamure. Moocem 6vimo, camoe sgder-
mueHoe cpedcmeo cocmoum 6 mom, wmobwv, nepedamv MOA000MY YMY OWYWEHUE KPACOTVD
UHMEANEKMYAALHOT PABOMbL U “YBCMEO YI08AEMBOPEHUA, KOMOPOE CAedYem 3d 6ONbUWUM U
yenewnvim moicaumenviom ycuavem. (I. Ceré)

2 Takue koHpEPEHIMH OTIMYAIOTCA OT HAYYHBIX TEM, 9TO HPEIOJIArA0T HArPabl H 0
KJIAJIBI JJIsT HECIIEIUAINCTOB. 1109TOMY IIKOJIBHUKY, C/eJaBIIEMY HAy9IHYIO PaboTy, IOJIe3HO
y4acTBOBaTh HE TOJILKO B HAyIHBIX KOH(MEPEHIUsX 110 JIAHHO TeMaThKe, HO ¥ B IIKOJIbHBIX.

3 Cu. www.mccme . Tu/ turgor/lktg. Dtu koudepeuuu nposogarcs ¢ 1989 r. mox pykoBo-
creoMm H. H. Koncranrunosa u (¢ 2000 r.) C. A. Jopuuenxko (caMm s1 paborato B »Kiopu JIleTHux
Kondepennuit ¢ 1997 r.). Beuay Bbicoknx TpeGoBaHWMI K MOTUBHPOBKAM (JJIs 2KIOPH) U K
JloKazaTesabcTBaM (i MIKOIBHUKOB) ydacTHukK Jlernux Kondepenuuit npuobperator co-
JINJIHBIA OIBIT B PEIIEHUN UCCJIE0BATEIbCKUX 3a/a4. HEeKOTOPBIM IMIKOJILHUKAM B IIPOIECCe
paborer Ha Jlerneit Kondepennun (nam npomospkast 3Ty paboTy [OCJe) yAaeTcst MOJLy YATh
HOBBIE HayYHbIE PE3yJIbTaThl, KOTOPBIE JIOKJIAbIBAIOTCS Ha HAYYHBIX KOH(MEPEHIUAX U 11yH-
JINKYIOTCS B PEIEH3UPYEMBIX YKyPHAJIAX.
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u 7106pocoBecTHBIX ). MHOTHe MIKOJIBHUKU CTAPAIOTCS «IOJLyUUTh» N060AbULE
pPEe3YyJIbTATOB, & UX NPosepka U NnYybAuKkauUs OTXOMUT Ha BTOpoil nian. Ilocie
HArPasK JIeHUsl OSBJISIIOTCS JPyTUe HHTEePECHbIe Jeia (B 4aCTHOCTH, HOBBIE 3a-
Jlaun, 3a PellleHne KOTOPbIX MOXKHO TIOJIyYUTh HOBblE HArpaJsl). B urore 3ame-
JaTeJIbHbIE UJEU YaCTO OCTAIOTCS HEIPOBEPEHHLIMU U HEOIyOJMKOBAHHBIMU:
TPY/JHO B3STbCs 3a PeleHne 1mpobJieMbl, 38 KOTOPOE JIPYTUM YEJIOBEKOM Y2Ke
rojiydena Harpaja. Kcim ke K Takoil 1mpobJieMe depe3 HECKOJBKO JIeT Bce-
TaK/ BO3BPAIIAIOTCS, TO YaCTO OOHAPYKUBAIOTCs OMIMOKU. B mTore Hepeako
OKa3bIBAETCs, YTO BKJIA]T HArPAXKIEHHOI'O aBTOPa B PellleHre MPodIeMbl ompu-
yamenen. IlosTomy Bonpoc o nybaukayuu paboT MIKOJIBHUKOB UMEET HCKJIIO-
YUTETHHO BayKHOE 3HAYUEHUE.

KAK HAWTH 3ALAYY JJIsI UCCJEJOBAHUNA? Hceeaedosamenvckue 3adayi
doaoichbl, ¢ 00HOT CMOPOHDL, ObvimMb docynHbL 04 PEULEHUS, NOHATNHL U UH-
MEPECHDL WKOALHUKY, @, ¢ OpYy20l CMOPoHbl, ObIMb MAMEMAMUYECKY, codep-
AHCAMEALHBIMU.

Benp eciu 3amada He MMEET MaTEMaTHYECKOIO COLEP:KAHMS, TO YCHJIUS
IIIKOJIBHIKA, 110 €€ PEIeHNI0 U [IPOBEPKE JI0KA3aTe/IbCTBa HE BIIOJIHE OIIPABIa-
Hbl. FKcnmm ke 3aja1a mHTEpECHA MIKOJBHUKY He 0 CBOeil cyTu, a Gjarojapst
ABTOPHUTETY PYKOBOIUTEJIS WM KEJAHUIO II0eXaTh Ha KOH(EPEHIUIO, TO 9TO
OOBIYHO IIPUBOINUT K HU3KOMY KAUeCTBY PabOTHI: JOKJIQIINK HE B COCTOSTHUU
JIaTh YeTKUe MOHSITHbIe (DOPMYJIMPOBKH CBOUX PE3YALMAMOE U IMaAN08 JoKa-
30MeAbCMBa, & TAKKe SIBHO OTIEIUThL OJHO OT APYyroro. Jlyumei samgadeis s
HCCIEOBAHUsT SBJISIETCS MPO0JIEMa, KOTOPas IMPOCTO W YeTKO (POPMYJIHPYET-
cs1, HO TpyaHO pemaercs. (IIpu sTom 3ajaua MoxkeT ObITH yKe PEIIeHHOl B
HayKe — TOIJa HIKOJLHHUK IOJKEH 00 3TOM 3HATh U BCErZa YIIOMUHATL IIPU
BBICTYILICHUH. )

2KenarenbHo, 9T0OBI 3aJa4y MOCTABUJ IIKOJbHUKY YeJOBEK, HMMEIOIIHil
IIpe/ICTaBIeHNE O KaKOW-HUOY/Ib aKTyaJbHON 00/IACTH MATEeMATUKU, OIBIT COD-
CTBEHHOI Hay4HO# pabOThI K BKYC K IIPOCTO (POPMYIUPYEMBIM 3aga4daM. Takmm
YEJIOBEKOM MOXKET OBITh KaK CHJIbHBIA IIKOJIBHBIA yUUTEIb, TaK U IPodeccu-
OHAJIbHBIN MaTeMaTHK. KOHEYHO, IIKOJBHUK M CaM MOXKET IpHIAyMaTh cebe
3aJ1a9y, OJHAKO OHA He Bcerja OyJleT MMeThb CEPbe3HOe MAaTeMAaTHIECKOe COJIEP-
JKAHHE U elle PEeKe — <IPOMOJIZKEHHIE> .

Bor npuMepbl yIauHbIX 3a5a9 JJIS UCCIIeIOBAHMS.

(1) Hoxasamo, wmo cywecmeyem nenpepvishasn gynryus f(x,y) deyr ne-
pemennoir Ha keadpame 0 < x < 1, 0 < y < 1, ne npedemasumasn 6 sude
cynepnosuyuy X(p(z) + ¥(y)), m.e. Pynkyuu 00noz0 nepemernozo om cym-
ML PYHKUUL O UKC U PYHKUUL 0M UZPEX.

(2) Joxaszamov, wmo wepes mowky 6HYMPU MPerepanHo20 Y2ia MOAHCHO NPO-
BECTNU CEMEHUE MAK, 4MOOBL MOYKA 0KA3AAGCH UEHMPOM MANCECTIU NOAYHEH-
1020 MPEY20NDHUKA.
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Ileppast 3amaqda Ob11a nocrasieHa A. H. KosMoropoBbiM Ha ceMuHApe JIJist
IIEPBOKYPCHUKOB. Perrenne OLIJIO MOJyYeHO CTYJAEHTOM IIE€PBOTO Kypca
B. 1. Apronbaom u omybaukosano B Y MH. Bropas 3amaua u3 pemepryapa
B. M. TuxomupoBa 1 jaBajach IKOAbHUKaM. O0e OHM HMEIOT <IIPOIOJIZKE-
HEE»: B IEPBOM CJIydae — pellleHne TprHaaroil mpodsemsl ['uiasbepra [1,18|,
BO BTOPOM — KAHJIUJIATCKYIO JIUCCEPTAIIHIO.

Baromapst kpacore u HaIVISTHOCTH TOIOJOTHYIECKON Teopuu rpadoB OHA
SIBJISIETCS OJHUM U3 YIAYHBIX UCTOUYHUKOB UCCIEIOBATEILCKUX 3aa4: CM., Ha-
npumep, [2,8,9,16-18|.

Mmoro xopormux 3aaad Jjisi UCC/IeIOBaHUsT MOYXKHO HAfiTU B MaTepHuaJiax
Jlernux Kondepenmuit Typuupa oponos?). JIpyroif ecrecTBeHHBIH €IOCOG
HaiiTh 33724y JJIsi UCCIeOBaHUsl — paboTaTbh B KPY2KKe-CeMUHApe, Ha KO-
TOPOM IIPE/ITIATAIOTCS M OOCY K IAIOTCS 3aa9u JJIsi NCCIIeIOBAHUs (BO3MOKHO,
Hapsily ¢ y4eOHOI jiesarebHOCTbI0). Takoil KpysKOK MOYKET HPOBOJUTHCS B
TedeHre yIeOGHOro To/la WiN Ha JieTHell (3uMHed, . .. ) IIKoJIe.

Hamnpumep, cam s Bey MUHHKYPCHI 10 OCHOBaM TOIIOJIOTUM B JIETHEH IITKO-
ne «Cospemennast Maremarukay (¢ 2001 r.) u B Kuposckoii Jlerneit Muoro-
npeamernoii [kose (¢ 1993 1. ¢ mepepoiBamu). Beay kpyzkku «Maremarude-
ckuit cemunap»>® B CYHIL MI'Y u «Onummmasnst n Maremarukas 8 MITHMO
(c 2003 1.; OCHOBHASI I1EJIb HTOrO KPY’KKa — paboTa ¢ MOTeHIMAJbHBIMU yIacT-
Hukamu Bceepoccuiickoit maremarnieckoit OJIHMHH&,ILBI.5)).

Bajiavu JJIsT UCCJIEI0OBAHNS IIPejIaraoTcsi Tak»Ke Ha MOCKOBCKOI MaTeMa-
TUYIECKOW KOH(MEPEHIINN IIKOJHHUKOB, OTKpbIBIIeiicss 9.12.2007 6) (npejiceia-
TeJIb XKIOPH ¥ IporpaMMHoro komurera wi.-kopp. PAH J1. B. Tpemes). IToxo-
2Kasl TPAJUINS PACCHUIATD MIKOJbHIKAM 3a/1a91 JIJI UCCIIEJ0BAHUS CYIIEeCTBO-
BaJjia paHbIiiie B «KBanTe».

TPEBOBAHUS K HAYUHON PABOTE.7)

Pewerue npobaemovr 00adHcHO ObMB NOAYUEHO CAMUM  UKOADHUKOM,
mekcm pabomov, — HANUCAH UM CAMOCTNOAMEALHO. (DMOo He ucKAowaem 603-
MOHCHOCTND U HEOOTOOUMOCTND KOHCYALMAUUT HAYUHO20 DYKOBOOUMENA. )

D0 1994 r.; 7o 2001 r. coBmectro ¢ B.H. Jly6poBckuM. DTOT KPY?KOK IIPOJOJIKAET
Tpaauruio «Pusmko-MaTeMaTnIEeCKOro cemmuapas u «Haydanoro obrmectBa ydarmumxcss,
koropeie Bequ B. H. ly6posckuit, A. H. Semusikos, E. JI. Cypkos u A.Il. Becemos. Cwm.
www.mccme.ru/circles/oim/matsem.pdf.

%) Cm. www.mccme . ru/circles/oim.

6 Cm. www.mccme . ru/mmks

D11 TpeGOBANMST OTHOCATCS TAKIKE K CTYICHUCCKIM, ACHUPANTCKAM M APYTHM Hay THbIM
paboram. ITo mHeHHUIO aBTOpPA, €CaN y2K paboTa MIKOJIHHUKA HA3BIBAETCA HAY4HOU, TO K HEil
JIOJKHBI IIPUMEHSTBCS CTaHIapTHBIe TpeboBanus. JIpyroe neso, 94To pyko600cmeo IMKOJIb-
HHUKOM, IIPH KOTOPOM OH CIIOCODEH CJieJIaTh HAy4HYIO paboTy, OTJINYaeTCs OT PYKOBOJICTBA
CTYIEHTOM.
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Texem doastcern codeporcamov ACHBIE POPMYAUPOSKU U NOAHBLE JOKAZAMEAD-
CMBA PESYALMATNOE, M. €. PabOMa JoANHCHA OBIMD OPUERMUPOBAHE HA NYOAU-
KQUUI0 8 HAYUWHO-NONYAAPHOM UM PEPEPUPYEMOM HAYUHOM HCYDHANE.

9T0 TpeboBanre HEOOXOUMO, ITOCKOJIBKY B IIEPBOM ITPHUOJIMKEHUH TI0JIb3a
9€JIOBEYECTBY OT HAYyYIHON PabOTHI IMPOUCXOIUT OJIAroaps MOSIBJICHUIO ITPOBE-
PEHHOTO OBIIEIOCTYITHOIO TEKCTA, T. €. TYOJUKAIUN B PEIEH3UPYEMOM YKy PHA-
ne.8) Cu. 3ameuanus B konue pasuena «Ilocramoska mpobiaeMbls. 11oTomy,
KaK I[PaBUJIO, HAYUYHBIMUA MPEMUSIMHA 044 NPOPECCUOHANDHUL MATNEMANUKOSE
HArpaykJIaloTcst TOJLKO PabOThI, 0nybAuKo8aHHble B PEIEH3UPYEMbBIX YKypPHAa-
sax. [IoCKOJIbKY cepbe3Hoe peleH3npoBanue U IyOaIuKalus 3aHIMaI0T HEKOTO-
poe BpeMst (0T TOJIyTo/Ia), STOT IPUHIAI HEIPUMEHNM K HATrPazkKIeHuI0 paboT
WKOALHUKOS.

O,ZLHaKO COBPEMEHHbIEC TeXHUYECCKUEe CPpeJCTBa IIO3BOJIAIOT BBIABUHYTL Da-
3YMHOE M PEAIUCTUIHOE NPOMENCYMOUHOE YCIOBUE /ISl HAIPaXKICHUs IIIKOJIb-
HBIX PaboT: 6wikaadvsarue pabom na cepéepe Www.arxiv.org (¢ coryiacusi
PYKOBOJUTEJIA, C YKa3aHUEM €TI0 (baMI/I.HI/II/I un C IIpeajioz2KeHuEeM BBICBHLJIaTh 3a-
meuanns).?) DTo yCIOBHE BBINOJHO OTIMYAETCSI OT MPOCTOrO HAJIYMS PEKO-
MEeHIaIil JoBeJeHHeM Pe3y/IbTraTa JI0 [0JIb30BaTelIs, IyOINIHOCTHIO U OTBET-
CTBEHHOCTBIO. 3aMedy, 9TO CO3JaHUEe CIIENUabHBIX CAWTOB JJIsl BBIKJIAIbIBa-
HUS HAYYHbE PADOT IMKOJBHUKOB MPEJICTABISCTCS U3JIUIITHUAM.

Yrobbl paboTa COOTBETCTBOBAJIA BLIIICIIPUBEICHHLIM TPEOOBAHUAM, aBTOD
JIOJIZKEH MMETH XOPOIIYIO 06WEMAMEMAMULECKYH0 TIOATOTOBKY. K coXkasieHurio,
nHorjJa K «HaquOﬁ» pa6OTe MIPUBJICKAIOTCA IMIKOJIBbHUKHM, ¥ KOTOPBIX BbI3bIBa-
€T TPYJIHOCTH JlazKe obsi3aTesIbHasi TPOrpaMMa MaTeMaTHIeCKOH MKOIbI. JTO
IPUBOIUT K CUTYaIlMd, KOl aBTOP «HAy4YHOIl» paboThl HECIIOCODEH JaTh YeT-
k1e hOPMYJIMPOBKH OCHOBHOTO PE3yJIbTaTa U HEOOXOIUMBIX OlpejiejeHuil (He

S)OI‘OBOpKa [4]: Most things that an article such as this one can say have at least one
counterexample in the practice of some natural born genius. Authors of articles such as this
one know that, but in the first approximation they must ignore it, or nothing would ever get
done.

(BOJIBIINHCTBO yTBEPK/IEHUH, KOTOPbIE MOXKHO BBICKA3ATh B CTaThe BPOJE ITOH, UMEIOT
XOTsl ObI OJMH KOHTPIIPUMED B IIPAKTUKE HACTOAIIETO IIPUPOXKIEHHOTO MeHUsl. ABTOPBI TAKAX
cTaTeill 9TO 3HAIOT, HO B MMEPBOM MPUOINIKEHUN JTOJKHBI 9TO UTHOPUPOBATDH, WHAYE HUKOTIA
HUYEro He IIOJIyYUTCs. )

DXors BLIKIAALIBANEE HA WWW.ArXiv.org He NPUPABHUBACTCS K IIyG/IMKAIML, OHO JAET
BO3MOYKHOCTD CIIEI[UAJIACTAM O3HAKOMUTHCS C PE3YJILTATAMU aBTOPA U IIPUCIIATH 3aMeYaHuUs.
Kpome Toro, omo mpemmnosnaraer cepbe3Hyi0 OTBETCTBEHHOCTL aBTOPA: ITOMEIEHUE HeKade-
CTBEHHOIN paboThl (WK ee yIaJeHue aBTOPOM, IIOCIEe KOTOPOIO OCTAIOTC (haMUInsi aBTOpa
7 Ha3BaHWE PABOTHI) HETATUBHO BJIUAET HA €0 PEIyTAryio. 1109TOMy BBIK/IAIBIBAHUE Da-
60T Ha 9TOM cepBepe Bce GoJiee MOIYJISIPHO CPEJI AaKTUBHO PabOTAIONNX MaTeMaTUKOB. s
BBIKJIAJIbIBAHUS PABOTHI JIOCTATOYHO PEKOMEH AN MATEMATHKA, YKe BBLJIOYKUBIIETO CBOIO
paboTy; IpH 3TOM CHEIMAaJIbHO ONOBAPUBAETCH, UTO OT PEKOMEHJAaTesst He TpeOyeTcs mpo-
BEPKH peKOMeH 1yeMoit paboThl. Ha 3TOT cepBep MOryT OBITH BBLIOXKEHBI pabOThI Ha PYCCKOM
sA3bIKe (CM. MHCTPYKIIMU HA WWW.mccme . ru/mmks).
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rOBODsI y2Ke O JIoKa3aresibecTBe). Takasi curyanus M030pHa [IPEXK/e BCEro Jyisi
pyKoBOmuTE ST PabOTHI.

Tloutn Bo Bcex paboTax — U IIKOJIBHBIX, U <«B3POCJBIX», — HA KOTOPbIE
MHE MPUXOIUIOCH MUCATH OTPUIATE/BHBIE PEIEH3UHU, COIEPIKAIOCH HECKOAb-
KO TLJIOXO IIPOBEPEHHBIX pe3yJbTaToB. 110 MoemMy MHEHWIO, JUisd HAyKW U JIJIst
aBTOPOB ObLIO ObI IOJIE3HEH, ecjin Obl ObLI 00uH XOPOIIO IMPOBEPEHHBINA pe-
3yJIbTAT.

Tloxkenanume 06 opumeHTanuu pabOTHI Ha TYOJMKAIIMIO B PEIEH3UPYEMOM
J)KypHaJie 1 TpeboBaHue (He0OXOMMOe JJisl TIOJIyYeHUsI HArPaJIbl) JTOCTYTHOCTH
IIIPOKOMY KPYTY CIIEMAIUCTOB abOCOJIIOTHO PEAJIUCTUYHBI [ JTOCTATOYHO-
'O KOJIn49eCTBa INIKOJIBHUKOB. Z];eﬁCTBI/ITe.HbHO, B MaTeMaTH4Y€CKUX ITKOJIaX NJIN
na Jlerneit Koudepennun Typaupa ['0pogoB mMKOJIBHUKI TUIIYT JOCTATOTHO
cepbe3Hble MaTeMaTUiecKnue TeKCThl. KpoMe Toro, KaxKiblit rom, B pedepupy-
eMBIX JKypHAJaX MyOJUKYeTCsl HECKOJBKO PabOT MIKOJBHUKOB (MJIM HAYATHIX
aBropaMu BO BpeMsi yuebbl B ImKoJje). Fcau ke ykasanuble TpebGoBaHust 0Oy-
JIyT SIBHO BBICKA3aHBI, TO KOJUYECTBO (M KAYECTBO) TAKUX PabOT PE3KO BO3-
pacrer.

Ecsin pabora He y/0BI€TBOPSET 3TUM KPUTEPUSM, TO [IOJE3HDBI

(1) mOKJIAIBI MIKOIBHUKOB [0 paboTaM, He BBIIOYKEHHBIM HA WWW . arXiv.org
(3TO aHaJIOrH JIOKJIAQJIOB Ha HAyYHBIX CEMHHADPaxX, 32 KOTOpbIE He IPUCYZKIa-
FOTCsI IPEMUN; BO3MOXKHO, 9TO B Oy/yIeM Takue paboThl OyIyT JIOBEJIEHBI JI0
«IPEMHUAJBHBIX» );

(2) marpaxenue nocie KOH(MEPEHIMN B CJIydae MyOJIuKau pabOThL.

Pemars yuebno-uccaedosamenverue 3aa9u U IPOCTO YAUTHCS MOJIE3HO
MHOI'HM IIKOJIbHUKAM, JJIsi KOTOPBIX IIPUBEJIEHHBbIE TPeOOBaHUs HEPEaIuCTUAY-
ubl. JI719 HEKOTOPBIX UMEHHO TaKOi ImyTh B HaykKy HauboJjee ecrecTBeHeH. [lo-
JIE3HBI TIOOMIPUTEIBHBIE IIPU3bI 38 yIeOHO-UCCIE0BATE/BLCKIE pabOThI, He Ipe-
TeH Iy IOIIMe Ha HAYJIHYIO HOBU3HY (a Tak»Ke 3a XOPOIILYIo y4uely ).

KAK TTOJATOTOBUTH PABOTY U JOKJIAJ? Kiraccmueckumu peKOMeHTalusi-
MU SIBJISIIOTCSL cTaThu |4, 5).

B camom nauane pabomul HYHCHO NPUGECTNU ACHBIE POPMYMUPOSKU OCHOGHDLT
PE3YALMAMOE, NOCTYIHbIE CHEIUANCTY MO JAHHOMY pasJely MaTeMaTUKQ
(HampuMep, reoOMeTPUN M TOIOJOIUM), & TaKyKe CCBLIKU Ha JUTEPaTypy, JO0-
CTATOYHYIO /Il TOHUMAHHS (OPMYJIHPOBOK 4106bM Mamemamurom ).

Cwm., manpumep, [3,7,10-12,14,15,21,22].

970 TpeboBaHUe HEOOXOMMMO, TTOCKOJIBKY:

1O)Bnpoqu, COIVIACHO M3BECTHOMY BBICKA3bIBAHUIO 'mibbepra (KOTOpOE MOATBEDPXKIAET-
Csl MOMM COGCTBEHHBIM OIIBITOM), B CJLydae JefCTBUTENHHO MHTEPECHOIO Pe3yJIbTaTa MOXKHO
[IPSIMO B TEKCTE IPUBECTU CBEJIEHUSI, HEOOXOAMMBIE JjIsi IOHUMAaHUs (POPMYITUPOBOK A100bLM
MAMEMATUKOM.
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— C ACHOU POPMYAUPOBKY OCHOBHBIX PE3YIHTATOB HAUMHAETCS CTPYKTYPH-
sanust (T.e. ACHaA POPMYAUPOSKA ITAIIOB) JIOKA3ATEILCTBA, a 03 Hee Heslb3sl
CYUTATD, YTO JIOKA3ATEJILCTBA IIPOBEPEHBI CAMUM aBTOPOM;

— OTCYTCTBHE ACHOU HOPMYAUPOSKY 3aTPYIHICT TOHUMAHNE U HCIIOJIH30-
BaHUe Pe3yJIbTATOB pabOThI APYTUME MaTeMaTHKaMu (J1axke paboTaronmMu B
JIaHHO}T obacTn).

Harpaxaenne Hayunoimy TpeMusiMu padOT, HE YIOBICTBOPSIONINX ITUM
TpebOBaHUIM, CIIOCOOCTBYET:

— MOHMKEHUIO CTAHAPTOB JTOCTOBEPHOCTH HAYIHBIX PE3yJIbTATOB,

— pacrajy MareMaTuKh Ha OT/e/bHbIe 00JIACTH, MPEICTABUTEN KOTOPHIX
He TOHUMAIOT JIPYT JIpyTa.

IIpoBepka pabOThI ClIEIUAJIMNCTAME B JIAHHON KOHKPETHOMN 00/1acTh OJIZKHA
npeduecmsosamy IPEJICTABICHIIO PAOOTHI K IyOJIMKAIINY /TIPDEMUH U €€ PEIleH-
3UpOBAHUIO Hecueruajncramu. Ilepes j1okiaioMm Ha KOHMEPEHIUN Hy2KHO:

— 0OCYINTD PE3Y/IBTATHI U IIPOBEPUTD JIOKA3ATEIHCTBA CO CIEIHATHUCTOM IO
6m3KIM TpobsieMaM (CHaYasa ¢ Hay9IHBIM DYKOBOJUTEJIEM, TOTOM C HE3aBH-
CHMBIM COBETYIHKOM));

— BBICTYIIUTb HA HAYYHOM CEMUHAPE;

— pasociaTh TEKCT, COJepKaIinil ACHyI0 (POPMYJIUPOBKY U IIOJHBIE JTOKa-
3aTeJILCTBA CIIEIUAIUCTAM 10 OJIU3KUM IIPOOIEMAM.

[Tocne cepbe3Hoii TPOBEPKH PAbOTY Pa3yMHO BBLJIOXKUTH HA WWW .arXiv.org,
a mocJe ¢bopa 3aMeIAHUN U COOTBETCTBYIOIIECH MPABKU TEKCTA — MPEICTABUTD
K myOsmkanuu. 3aTeM padoTa MOXKET IPeTEHI0BATDL HA HADAXKJICHUE UKOAb-
not (cmydenveckotll) npeMueil (/711 Hay IHBIX IPEMUil yKe HeOOXOIUMO ee npu-
HAMUE K NYOAUKAUUL).

Eime pa3 Hy»XHO TpeaynpenTh: pa3MelleHne Ha WWw.arxiv.org, mybJiu-
Kallis WK HArParkJeHre HEeKadeCTBEHHOH pabOThl HAHOCHUT OTPDOMHBIH BpeJ
peryTamnum ee aBTopa.

B KAKMX KOH®EPEHIIUAX IIKOJbHUKOB YYACTBOBATL? Koudepenmun-
KOHKYPCHI BBICITIETO ypoBHs B Poccuu, ¢ KOTOPBIX IIPOXOIUT OTOODP HA MEXKTY-
Hapoauyto kordepenruio Intel ISEF — Hnmen- FOnuop (pejcenaress Hay THO-
TO JKIOPH TI0 MaTeMaTuke mpodeccop MOCKOBCKOTO TOCYTapCTBEHHOTO YHUBED-
curera um. M. B. JTomonocosa A. B. Muxases) u Baamutickuti Konkype (npes-
ceaTeNb HAyIHOIO KIOpHU 10 Maremaruke mnpodeccop Cankt-Ilerepbypreko-
o rOCYJAPCTBEHHOIO IEJArorudeckoro yamsepcurera B. M. Hexxuncxuii). '
K mmM npumbikaer koudepenmus Anmen-Asanzapd'®: na meit A. $1. Besos
BBEJI npedsapumenvHoe NPocAYWUSaHUE TKOJBHUKOB MaTeMaTHKaMU, Ha, KO-
TOPOM BBICKA3bIBAIOTCS PEKOMEHIAINI 110 JIOKJIaaM (U [0 UTOraM KOTOPOIro

D Cm. http://junior.mephi.ru, http://baltic.contedu.ru.
12 Cwm. www . conference-avangard.ru
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13) Xouercs: HaJEAThCA, 9TO OyJIeT BBICO-

pacipeessiercsi BpeMsl JI0KJI1aJ10B).
KHM M it M it K 1T 6)
ypoeerb Mockosckoit Maremaruueckoit Koudepenrun [llkospHUKOBY .
Cpenu nazpad 0aa WKOALBHUKOS, 10020MOoBUSWUT Topowue Jokaadvl, —
IPAHTBI, & TaKKe MpHUIIANieHus (olIadnBacMble OpraHaMil 00Pa30BaHUs WIIN
crioncopamu) Ha Jlernioo Kondepennuto Typuupa [opojioB, B JIeTHIO0 KOy

«Copemennast Maremarukas %), Ha apyrue Kon(pEPEHIMN MKOIBHIKOB.

ITPUMEPHI NCCJIEAOBATEJ/IBCKUX PABOT IIKOJIBHUKOB. HeKOTOprMI/I Ma-
TeMATHKAMU W YUUTEJSIMU HAKOILJIEH IIOJIOXKUTEJIbHBII OIBIT 110 I[pUBJEYe-
HUIO CHJILHBIX IIKOJIBHUKOB K HCCJIEI0BATENLCKOM pabore. Pacckaxky KpaTko
o cBoeM onbiTe. Biurarogapst Tomy, yro B 1991-2003 r1. o ObLI YJI€HOM KIO-
pu Bceecoroznoit u Beepocceuniickoit omumnuanast, B 1990-1994 rr. yuacTBoBas B
nonroroske kKoman bl CCCP u Poccun vHa MexiyHapojayo oauMnnaiy, a ¢
2004 r. aBISIOCH HAayYIHBIM pyKOBOgUTEeM KoMaHabl Mocksbl Ha Beepoccnii-
CKYIO OJINMITHAJLy, MHE YIABAJIOCh IIPUBJIEKATDL K HCCICIOBATEILCKON paboTe
CUJIbHBIX IMKOJIBHUKOB. B pe3ysibTare HEKOTOPbIE U3 3TUX IIKOJbHUKOB IO
TOTOBUJIM PAbOTHI, IIPEICTABISIONIE HAYIHBII HHTEpEC (CCHUIKU HMPUBEICHBI
HIZKE; OT/IeJIbHbIe PA0OThI 3aBEPIIeHbl B CTy/IeHUYecKre rojibl ). MHorue u3 srux
IIKOJIbHIKOB BXOJUJIN B KOMaHIy Poccum Ha MeXKIyHaApOIHYIO KOH(MEPEHIUIO
mkoabHuKOB Intel ISEF B 2000-2007 rr.

[Tpumeps! xopommux paboT MKOJLHUKOB: [3,7,11,12,14,19-22]; HekoropbIie
pesysbrarsl pabor (10, 15| 6bLIn MOJIyYeHBI aBTOPAMU B CBOU IIKOJIbHBIE T'O-
1119 Pacckaskem moapobiee o paborax [7,11].

1. ®opmynupoBka kKputepusi KypaToBCKOro ImraHapHOCTH I'padOB XOPO-
10 M3BeCTHA (BMeCTe ¢ HEOOXOJMMBIME IIOHSITHSIMU OHa HaloMHeHa B [16]).
O/iHAKO ero KJIaCcCUYeCcKoe JI0Ka3aTe/IbCTBO CJIO2KHO U IIPUBOJIUTCS HE BO BCEX
KHHUTaxX 1o Teopun rpados. Boaee mpocroie mokasarenbecrBa Kpurepus Kypa-
TOBCKOrO cozepxkarces B [23, §5] u [11] (FOpmit Makapsrties nputymas cBoe J1o-
Ka3aTeIbCTBO, etle Oy/yau mkojibHukoM!). B [16] npusopures pokazarebeTBo
MakapsIdeBa ¢ gajbHeiinmM yrporieHusmu (caeaanabivm A. A. 3acaaBckuM,
B. B. [TpacosioBbIM 1 aBTOPOM).

2. Yucno HA3bIBACTCS MPAHCUEHOEHMMHbIM, €CJIU OHO HE SIBJISETCS KOpD-
HEM MHOTOYJIeHA ¢ meyibiMu Koddduimentamu. B yHUBEpcUTETE WU JIaXKe B
CTApIINX KJIACCaX U3Yy4daeTCs TeOPETHKO-MHOXKECTBEHHOE JIOKA3ATEIHCTBO CY-
IIECTBOBAHMs TPAHCIEHIEHTHBIX unced |6, ri. 2, §6]. OTbickanue A6HbT IPH-
MEpPOB TPAHCIEHJEHTHBIX YHUCEJT U JOKA3aTEIbCTBO WX TPAHCIEHIEHTHOCTU

13 Takoe npenBapuTeIbHOe Ipociaymusanre nposoaun M. M. IlocTHukoB mepen cemMuHa-
poM (HocsammM Tenepb uMs ITocTHuKOBa) MexMaTa MOCKOBCKOIO MOCyIapCTBEHHOTO yHUBED-
CHTETA.

14 Cm. www.mccme . ru/dubna

1) Y6651 He 06HAETH ABTOPOB TEX XOPOIIMX paboT, CCHUIKA Ha KOTOPBIE MIE HEI0CTYIIHbL,
51 CCBLTIAIOCH Ha PabOTHI 10 €MHCTBEHHOMY (hOPMAJIbHOMY KPUTEPUIO, KOTOPBIl MOT'Y IeTKO
cobIIoCTH: Ha PabOTHI CBOUX YIE€HUKOB.
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boJiee TPYIHO U HE BCErJA BXOJUT JIaKe B IPOrPAMMY YHUBEPCUTETCKOTO KyP-
ca. IlepBblit gBHBII IpUMEP TPAHCIIEHIEHTHOTO YUCIA ObLI mpuBesen 2Ko3e-

oo
dom JInysumnem B 1835 r. [6, ror. 2, §6]: A = S 27" B 1929 r. Kypr Masep
Oon:() i
JIOKa3a/l TPAHCIEHICHTHOCTD YHCTA fi = Y. 272 | He BBITEKAIONIyIo U3 00-
n=0

mieiit reopemsl JInysusuis, a takxke u3 reopem Tya, Suresst u Pora [6, ri. 2,
§6]. B pabore Maisiepa 6bun mosyden Gojiee oOMIUil pe3yJIbTaT; JIOKA3aTE b
CTBO HE 9JIEMEHTAPHO W JITHHHO. [TaBHBIN pedyabTar 3ameTku A. Kanbxamosa
u A. Ckonenkosa 7| — xopomkoe snremenmaproe 0oKa3amMesbCme0o MpaHCUeH-
dermmocmu wucaa Manepa (ocHOBaHHOE Ha JIBOMYHOI 3amucu). Buaumo, 1o
JIOKA3aTeILCTBO SBJISIETCS HOBBIM.
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Tema momepa:
p-agmdecKne Jumciia

YIuBUTEIbHBIC apudMeTIIecKne CBOICTBA
OMHOMUAJBHBIX KOI(MDPUIINEHTOB

9. b. Bunbepr

1. BCTYIIJIEHUE

Xopotiio u3BecTHbIe (GOPMYJIbI
(a+b)? = a® + 2ab+ b?,
(a+0)® = a® + 3a*b + 3ab® + b*

SIBJISIIOTCH YaCTHBIMU CiiydasiMu hopmysibl buaoma HeroTona
n
(a+b)" = a"+Cla" W 4+-C2a" 20?4 - O L " = ZC’;a”*kbk. (1)
k=1

Kosddunpmenr CF B sroit dopmyiie ecth «4mciao coueranmii u3 n 1o k» —
9rCyI0 criocob0B BeIOpaTh k mMpeaMeToB u3 n mpeaMeTroB 0e3 ydera nopsikal).

Bribupasi k£ mpeaMeToB U3 n nNpeIMETOB II0 MOPSIIKY, IEPBLIN IPEIMET MbI
MOXKeM BBIOpaTh n crocobamu, BTopoil — n— 1 cocobamMu, TpeTuit — n— 2 cuo-
cobamu u T. 7. Takum 00pa30M, 9UCJIO YIIOPSIOIEHHBIX BEIOOPOK k TIPEIMETOB
"3 N IPEeIMETOB PABHO

nn—1)n-2)-...-(n—k+1).

Ecim ke MBI HEe XOTHM Y4auThbIBaTh IOPsAJJO0OK, TO 3TO YHUCJIO0 HaJO Pa3aACJIUTDH
Ha <«Y9HCJ/IO II€epeCTaHOBOK» k opeaMeToB — YHCIIO cr10coboB YHHOPpAJOYINUTH k

YBumecro CF menonmpsyercs Taxske 0603HaMeHNE (Z)

MatemaTunyeckoe npoceeluerue, cep. 3, Boin. 12, 2008(33-42)
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[PEJIMETOB, KOTOPOe (110 TeM Ke COOOparkKeHUsiM) PaBHO
kE(k—1)-...-2-1=k!.
OKOHYATEJILHO IOJIy4aeM
. nn—1)n-2)-...-(n—k+1)
CcF = - : (2)

(O6parure BHUMAaHKUE HA TO, YTO YUCJIO MHOXKHUTEJIEHl B YUCAUTE e U 3HAMEHA-
Tejie OJIMHAKOBO. )
Dopmyite (2) MOXKHO IPUJIATH BUJI

E n!
Cn = El(n— k)’
OTKyJa CJIeAyeT, 9YTO
ck=cr ", (3)

Bupouewm, mociieiaee ¢BOMCTBO OYEBUJIHO U U3 KOMOMHATOPHOI'O CMBIC/IA UACTIA
codeTaHuil: BBIOPATH Kk PEIMETOB U3 1 IPEIMETOB — 3TO TO K€, YTO BbIOPATDH
ocrasIuecs n — k mpeaMeTos.

Yucya CF, naspiaemble Taxske GUHOMUAALHOLMU KOIPPuLuermam, yiob-
HO BBIYHCJIATH IIPU IIOMOIIN CJIEIYIONEr0 PEKYPPEHTHOIO COOTHOIIEHUSI:

k _ k-1 k
On - Cnfl + Cnfl : (4)
st ero mokasaTebCcTBa BBIAEINM OIWH MIPEIMET U3 UMEIOIINXCS 7 IIPeIMe-
toB. Torjga 1ucso crocoboB BeIOpaThb k IIPEIMETOB, BKJIIOYAs BBIIEJIECHHBII,
paBHO Cﬁj, a YHCJIO CIIOCOOOB BBIOPATDH k IIPEJIMETOB, OTJIMIHBIX OT BbIJIEJIE€H-
noro, pasno C¥ | orkyma u cienyer dopmyiia (4).
Ya06HO caUTATDH, 9TO

C* =0 npu k <0 wm k > n.

Torma dopmyna (4) 6yaer cupaseiusa u nupu k = 0, n.

Bunovmmasnibabie K03 MUIIMEHTHI MOYKHO 3aIUCATH B (DOPME MPEY2OAbHUKG
Iackans — 6ECKOHETHOM TPEYTrOJbHON TabJINIEI, B -l CTPOKE KOTOPOI CTOAT
qucIa

co ol oc2 ..., oo,
HIpUYEM CTPOKH TaOJIHUIBI CIABUHYTHI TAKUM 00pPa30M, 4TO KaXKJ0€ YUCIO N-i
CTPOKH B cooTBercTBUH C (hopMmysioil (4) paBHO cymMme JBYX OJiKafimmx K
Hemy uncest (n — 1)-it crpoku. Ilepsbie 10 crpok (0T Hys€BOM JIO JEBSITOI)
TpeyrosibiHuka [lackass nmokazanbl Ha puc. 1.

Bunomuanbubie koaduimenTsr 00,1a1a10T PSII0M YAUBUTEIHHBIX apudMe-
Tuvdeckux cBoiicTs. [loncunraem, Hanpumep, CKOJIbKO HEYETHBIX IUCET UMEETCsT
B KaxKJI0i1 cTpoke TpeyrosibHuKa [lackasiss. Mbl mojtydaumM moc/ie0BaTeIbHOCTh
qUCes

1,22, 4,2, 4, 4,8, 2,4, ...
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1 5 10 10 5 1
1 6 15 20 15 6 1
1 7 21 35 35 21 7 1
1 8 28 56 70 56 28 8 1
1 9 36 84 126126 84 36 9 1

Puc. 1. Tpeyroapauk Ilackajis

Cpasy TpyaHo yrajaTh OOIIUi 3aKOH I 9JI€HOB 9TOM ITOCIeI0BATEIHLHOCTH.
OmHaKO BHIHO, YTO BCE BBIIHUCAHHBIE UUCJIA SIBJISIIOTCS CTEIIEHSIMU JIBOMKM!
B cremyroriem pasziesie MbI ONUIIEM 3aKOH, [0 KOTOPOMY U€THBIC U HEUETHDLIE
qHCJIa PACIIOJIaraloTcsa B TpeyroibHuKe [lackalist u, B 9aCTHOCTH, JIOKAXKEM, YTO
YUCJIO HEYETHBIX YUCEJI B KaXKJI0I CTPOKe JICHCTBUTE/IbHO ABJIACTCHA CTEIICHbIO
JIBOMKMN.

2. BUHOMUAJILHBIE KORPOUIIMEHTHI 10 MOJIYJ/IIO p

ITyctb p — mpocToe ducio. 3aiiMeMcsi BBIYACIEHHEM OMHOMUAIBHBIX KOI(]-
dbunpenros CF mo Momysmio p.
Paznenum n u k va p ¢ ocrarkom:

n:n/p+n07 k:k/p+k0) (O<n07k0 <p) (5)
JokaxkeMm, 4TO
k — k' ~k
Cp, =CnCp (mod p). (6)

Cpen uMmeromuxcst 1 IpeJMeToB BbLIeuM 1’ GJIOKOB 10 P IPEJMETOB B
KaxKJI0M OJIOKEe, OCTaBHUB 71y IpPeIMeTOB BHe OJIOKOB. BbIOOpKy k mpemmeToB
OylIeM Ha3bIBATh 0404HO0T, €CIn OHa COCTOUT U3 k' menix 6JI0KOB 1 ko Ipe-
MeTOB BHe OJI0KOB. Ynciao OJIOUHBIX BBIOOPOK PABHO CE:Cﬁg. [Tosromy mHAM
JIOCTATOYHO JIOKA3aTh, YTO YMCJIO OCTAJIbHBIX BBIOOPOK JEIUTCA Ha P.

OTmernm, 9TO, KaK BUJIHO 3 (2), C’}D npu 0 < [ < p geauTcst Ha p.

Paccmorpum BeIOOpKH, cojieprKaliime COOTBETCTBEHHO [, lo, ..., ls Tpe-
meros (0 < [i,...,ls < p) U3 Kakux-TO (DUKCHPOBAHHBIX § 0JIOKOB (s > 0)
7, KPOME€ TOr0, IEJIMKOM KaKue-TO (PUKCHPOBAHHBLIE OJIOKH W KakKue-TO (buk-
cupoBaHHbIe 1peMerhl BHE 6510K0B. (OO6Iee 9ucI0 BIOGUPAEMBIX IIPEJIMETOB,
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€CTeCTBEHHO, JI0JKHO ObITh paBHO k.) Yucso takux BHIGOPOK paBHO
byl L ls
C)Cy-...-Cy

U COTJIACHO TpEIbLIyIeMy nentcst Ha p°. CyMMUpys, HOJydaeM, ITO TUCIIO
BCex HeBJIOUHBIX BBIOOPOK jesuTest Ha p. Tem cambim cpasuenue (6) j1oka3aHo.
Pazaesum Tenepb n’ u k' Ha p ¢ ocTaTKOM:

n=n"p+n, K=Kp+k (0<n,k <p).
Ioacrasiss B (5), moydaem
n = n’/p2 +nip+ng, k= k,/pz + k1ip + ko.

IIpomonzkast Tak Jgajblie, Mbl B KOHIIE KOHIIOB IIOJIYYMM P-UYHOE IIPEICTaBIIe-
HUe ynuces n u k:

n=ngp® +ng_1p* "+ -+ nip +no,
k=kap? + ko 1p? -+ kip+ ko

(Hucno nudp B p-udHoil 3ammcn duces n u k, KOHEUHO, He 00513aHO OBITH OJIH-
HAKOBBIM, HO MbI MOYKEM JIJIsl yI0OCTBA CIEIATh ero (POPMAIBHO OJMHAKOBBIM,
IPUIIICAB CIIEPEJIN K OJHOMY M3 UHCEeJT HECKOJIBKO HYJICil. )

[TpumeHUB HECKOIBKO pa3 cpasHeHue (6), Mbl HOJIYYUM CJIELYOILYIO TEO-

pemy.
TeEOPEMA 1 (JTroké (Lucas), 1878).
Ck=clacy-t ... ckick (mod p).

CHAEJACTBUE. CK ne deaumea na p mozda u moavko mozda, xoeda k; < n;
npu ecex i =0,1,...,d.

B wactHOCTH, YMCJIO HEYETHBIX OMHOMHUAJIBLHBIX KOI(DDUIMEHTOB B n-i
CTpOKe TpeyrojbHuka llackajs paBHO 4ducily TakuxX k, B JBOMYHOU 3allUCH
KOTOPBIX €IUHUIBI CTOST JIWIIb TaM, TJi€ OHU CTOAT B JBOMYHON 3AIMCU YHC-
ga n. Yucao takux k papuo 27, rae r — YNCIO €IWHUIL B IBOUIHON 3amucu
TUCTIA N.

Ha puc. 2 nuzobpaxkens! nepsbie 16 crpok Tpeyrosbauka [lackamns mo mosy-
gito 2. Jlyist GoJibImeiil HATJISIIHOCTH HYJIM 3aMEHEHBI KPYXKKaMU, a €IUHUIbI —
KPECTUKAMU.

B cremyromux Tpex 3amadax n; u k; (i = 0,1,...,d) obosnagaior nudpbt
B JIBOMYHON 3ammcy ducea n u k.

3A0AYA 1. Pacemompum n-10 cmpoky mpeyzosvruka Ilackanrs no mody-
A10 2 KaK 080UMHYIO 3aNUCH HEKOTOPO20 HAMYPAALHO020 wucia Py. Jloxascume,
Ymo

P,=F,-..-F

s 7
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X X\/X X
X\ O O O /x
X X\NO O /%X X
X\ O /X\ O /x\ O /X
X X\/X X\/X X\/X X
X\O O O O O O O /X
X X\O O O O O O/x X
X\ O /X\O O O O O /x\ O /x
X X\/X X\O O O O /x Xx\/X X
X\O O O /xX\O O O/x\O O O /X
X X\O O/x x\O O0/Xx X\O O /x X
X\ O /x\ O /x\ O /X\ O /x\ O /x\ O /X\ O /X
X X\/X  X\/X xX\/X X\/X X\/X x\/X X\/X X

Puc. 2.

2de i1,...,1s — HOMEPG Pa3PpAdos, 6 KOMOPHLIT 6 080UYHOT 3ANUCY “UCAQ T
X2 .
cmosam edunuyl, a Fy = 22" +1 — i-e wucao Depma.

Hampumep, Ps = FoFy =3-17=51 =242 + 24+ 1.

BALAYA 2. Jokasicume, wmo ecau Guromuasviod kosdduyuenm CF

newemen (m.e. ki < n; npu ecex i =0,1,...,d), mo

d

ck = l_I(—1)11“*””Jrk““*1 (mod 4).

=1
Buwisedume omcroda, wmo ecau 6 d8ouMHOU 3anucu wucaa n Hem Jd8yxr edu-
HUY nodpAad, Mo 6ce HEYEMMHBIE YUCAL 68 N-U cmpoke mpeyzoivhuka [ackanrs
cpasrumos ¢ 1 mo modyaio 4, a 8 NPomMUBHOM CAYHAE POSHO NOAOBUHA U3 HUL
cpasruma ¢ 1 no modyao 4.

BALAYA 3. Jokasicume, wmo ecau Gunomuasvrsid kosdduuuernm CF e-
meH, Mo oH He deaumcsa Ha 4 mozda u Moavko mozda, k0204 UMEEMCA POSHO
0010 3navenue i, OAs% KOmopo2o ki > n; , u npu amom kiy1 < Nit1.

3. JIEMMMOCTb BUHOMUAJIBHBIX KOY®OUIIMEHTOB HA CTEIIEHU
ITPOCTBIX YHNCEJI

MBI y2Ke Hay4WINCh OIPEIENIsiTh, JEIATCA JIM OMHOMUAILHbBIN KO3(DUIu-
ent C* na mpocroe unciio p. Ho, ecim on emures Ha p, Kak y3HATD, JCJHTCH
7 OH Ha P’ u, BOOOIIE, Ha KAKYI0 MAKCHMAJIBHYIO CTEIleHb P OH JIEJIUTCH?
OTBer Ha 3TOT BOIPOC AAETCsI MPUBOIUMO HIzKe TeopeMoit Kymmepa.
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st mroboro 1estoro uncyia N u MpocToro ducia p OymneMm o6o3HadIaTh depes
ord, N nokasaTeyb MAaKCHMAaJIbHOII CTEIICHN p, Ha KOTOPYIO geaurcs N.

TeOPEMA 2 (Kymmep (Kummer), 1852). IToxasamenn ord, CX pasen wuc-
AY MEPEHOCO8 NPU CAONCEHUU «CMosdbuKroms wucea k ul =n — k 6 p-uunoti
3aNUCU.

JIOKA3BATEJ/IbCTBO. Bynem mokasniBaTh TeopeMy wHAyKImei mo n. [Ipu
n = 0 yrBepxkaenne odeBuano. [Ipu n > 0 paccmMoTpum fBa cirydasi.
1-1 caivyAn. Yucna k u [ (a 3HaUuT, 0 n) Jejsrcs Ha p:

n=n'p, k=FKkp, 1=1p.

JemuMocTh guciia C’ﬁ Ha CTEIIEHU P OIPEessieTCss TeMU MHOXKUATEISAMU B
BbIpaykeHun (2), KOTOpBIE JEIATCS HA p. UHMCI0 9TUX MHOXKUTEIEH B IHCIIH-
Tejie W 3HaMeHaTese OJIMHAKOBO M paBHO k'. Ecaum MBI OCTaBUM TOJIBLKO UX U
COKpaTHUM IIOJIyIeHHYI0 JIpoOb Ha pkl7 TO MBI TOJIYYIUM C’ﬁ,’ CirenoBare/ibHO,

ord, C* = ord, ck . (7)

C apyroit cTOpOHBL, p-M4HLIe 3anucu auces k' u I moyrydarorcs U3 p-MUHbIX
sanuceit uncen k u | orbpacbiBaHreM HyJIeil, CTOANMX B HYJIEBOM paspsje (u
CIIBUIOM OCTaJIbHBIX pa3psiioB). [loaroMy 4mcsio nepeHocoB npu ciaoxenun k
u [ Takoe ke, Kak u npu cjaoxkenun k' u I'. Tlo npeIno/io:KeHuio HHAYKIUE OHO
pasto ord, C¥,, uro B cuny (7) pasno ord, C¥.

2-11 cIy4YAM. XoTst 661 ogHO U3 uncea k u | He menuTcest Ha p. st ompe-
JIeJIEHHOCTH Oy/IeM CUUTATh, YTO k He JeJIMTCs Ha p, T.e. kg > 0.

IIycre ordyn = s > 0. I3 dopmyist (2) ciaenyer, 4To

ord, C* = ord, C*~1 + . (8)

C apyroii CTOPOHBI, HETPYIHO BUIETH, YTO IPU CJIOKEHUU k U | B IEPBLIX
$ paspsiiax MPOUCXOST ITEPEHOCHI, a IpH caoKeHnn k — 1 u | B 3TUX paspsgax
[IEPEHOCOB HE IIPOUCXOJINT; BCE YK€ OCTAJIbHbBIE IIEPEHOCH] IIPOUCXOIST B TEX K
paspsauax. CienoBaTebHO, YHCJIO IEPEHOCOB IPHU CJIOXKeHuU k 1 | poBHO Ha §
OouibItie, YeM Tpu cjioxKeHnd k — 1 u [. YIuTbiBas peIoIOXKEeHe WHIY KITHN
" paBeHCTBO (8), mosiygaem Tpebyemoe yTBEpKIeHHe. O

4. «COKPAIIEHME» BUHOMMAJIbHBIX KOPOUIIMEHTOB HA p

3 Teopemnrl JItoka ciemyer, 9To
C*" =%  (mod p).

np —
DTO cpaBHEHHE MOXKHO YJIydIUTb. PazobbeM np NnpeaMeTroB Ha n OJIOKOB IO
P TPEeIMETOB B KaxKJI0M OJioke. Beibopky u3 kp mpeaMeTroB Ha30BeM OJIOTHON
(KaK u B 11. 2), eC/Ii OHA COCTOUT U3 k 1EeJIbIX 6710K0B. Huc/10 6JI09HBIX BEIGOPOK
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paBHO Cff. Yucito BBIOOPOK, COMEPXKAIINX COOTBETCTBEHHO [1, lo, . . ., [ Ipemme-
ToB (0 < l1,...,ls < p) u3 KAakux-10 (PUKCUPOBAHHBIX § OJIOKOB ($ > 0) u, Kpo-
Me TOTO, IEJUKOM KaKnue-To (pUKCHPOBaHHbIE OJIOKU, PABHO C’Il,l C;f SR C’Zlf u

CTIeTOBATENIBHO, JeUTCs Ha p°. 3aMeTnM, 910 § > 1, MOCKOJIBbKY 00ITee IruCiIo
BBIOMPAEMBIX MpeIMeTOB KpaTHO p. CiieroBaTeIbHO, 00IIee IUCI0 HEOJTOTHBIX
BBIOOPOK JICJINTCA HA P’ U, 3HAUUT,

Cﬁg =C* (mod p?).

IIpu p > 5 BepHO emte 6ojiee CUIBHOE CPABHEHUE

CM" = CF  (mod p?). 9)

np —
Paccyxkmast, Kax BbIIle, MBI BHIUM, 9TO JIJISI €r0 JO0Ka3aTeIbCTBA, JOCTATOTHO
paccMoOTpeTh CIydaii, KOT/ia UMeeTcsl Bcero Japa 0j0Ka. VIMeHHO 3ToT ciydvaii
COCTABJIAET MPEIMET CJIEYIONIEN TeOPEMBI.

TEOPEMA 3 (Bousicrenxonm (Wolstenholme), 1862). Ilpu p > 5
Cy, =2 (mod p°) (10)
WAL, YIMO MO JHCE Camoe,

CY =1 (mod p?). (11)

n— 1

(JIerko Bugers, uro npu p = 2,3 cpaBuenue (11) He BbINOJIHSAETCS. )

JIOKA3BATEJILCTBO. PacupocTpaHuM cpaBHEHHUs 110 MOJLYJIIO CTEIEeHeH P
Ha palioHaJIbHbIE UNCJIa, 3HAMEHATE/NN KOTOPBIX HE JIEJIATCS Ha P, CAUTAd,
9TO TAKOE YMCJIO JEJINTCS Ha p°, eCIU YUCIUTEb B €r0 HECOKPATUMOI 3aITnucu
nenuTcs Ha p°. Bce OCHOBHBIE CBOMCTBA CpPaBHEHHUI MEXKIy IEJIbIMU IUCIAMU
[IPH 9TOM OCTAHYTCSI B CHJIE.

meem:

corl, = (2p—1)(2p—p?!)'---'(19+1):(ZTP_ )(221’_1)-...-(172_171— )

[TpousBens ymHOXKEHUE W BBIJIEIUB JIEHBI, COJlepKaline p He DoJjiee, €M BO
BTOPO#1 CTeleHN, NOJIy4YUM CPaBHEHUE

Czp 1 =1- 2pz + 4p? Z (mod p?). (12)

t,j=1
1<j

p—1
B 1
z> _pi=1 i(p—i)

Hautee,

LS 1
2 - = <‘+
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[oacrasnss B (12), noywaem:

cy- 1_1—p222 QZ (mod p?).
=1

t,j=1
1<j

Taxum 06pa3omM, HAM JIOCTATOYIHO JIOKA3ATh, ITO

p—1 1 p—1 1
2=y = 2 =0 (modp)
=1 ,j=1

1<)

Tlepeiias kK o0 BBHIYETOB

Z,=1{0,1,...,p—1},

MbI MO2KEM IIepenucaTh IIPpeJIblAyne CpaBHEHNA B BUJIEC PABEHCTB

Z Z = =0. (13)

1,j=1
1<J
1 1 = e
3amerum, 910 =, =, , = — 9TO Te ¥Ke dJIeMeHThl 1, ..., p — 1 nous Zy,
17 2 p—1

B34ATbI€ B KAKOM-TO JIPYI'OM IIOPAJIKE. HOSTOMy

p—1 p—1 p—1 p—1
IET D ST O
Lo T Lt Zaay T Lt
=1 =1 7,0=1 7,7=1
1<j i<j
WsBecTHo, 4TO BCe HeHyJ/IeBbIe 3JIEMEHTDI 110J11 Zy — 3TO KOPHU MHOI'OYJICHA
2P~ — 1 (masas reopema Pepma). HpI/I p > 3 o dopmysiam Buera monmydaem:

p—1 -
7 =0, E ij
=1 i,]=
z<]
p—1 p—1 2 p—1
E 72 = E 7 —2§ 17=0
=1 =1 2,7=1
1<j

Tem cambim pasenctsa (13), a ¢ HuMu u Teopema Bosicrenxoma gokazanbl. [

[TpuMEPHI. 1lpu p = 5 umeem

4_9-8-7-6

_ 19p — 3
y = 1.2.3.4—126f1 (mod 5°),
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anpup="7—
06, =B 121098 40161 (mnod 7).
1-2-3-4-5-6

OTMeTI/IM, 9ToO I1I0 XO,H,y JOKa3aTeJIbCTBa TeOpeMI)I MBI y(}TaHOBI/IJII/I, 9qTO (HpI/I
p=5)

%4_%4_...4—1&50 (mod p?),

%+%+---+ﬁ50 (mod p).
[TpuMEP. Ilpu p = 5 umeem

4545+ 7=2=0 (mod5?),

1_|_i2_|_3i2 4%:%5 (mod 5).

BosHukaer ecTecTBEHHBIII BOIIPOC: CYIIECTBYIOT JIM IIPOCTHIE YHCJIA D, JJIs
koTopeIX cpasrenne (11) BemosHsercs mo momymo pt?

SATAYA 4. Jokasicume IKGUBAAEHMHOCTNG CACIYIOUUT CPAGHEHUTL:

p—1 _ 4.
1) Cy -1 =1 (modp”);
11 1 3
2) - +-+-4+—=0 (modp°);
) 1+5 o (mod p°);
11 1 9
3) 5 +=++——==0 (mod p?).
) 2T (p—1)? ( p°)

IIpocToie yncsa p, j1jist KOTOPBIX BBIMOJIHAIOTCSA 9TH CPABHEHUS, HA3BIBAIOT-
csa wucaamu Boacmenzoama. 1lyrem BbramcsieHnit Ha KOMIBIOTEPAX yCTAHOB-
JIEHO, YTO B IIpejesiax IIePBOr0 MUJIINAP/A UMEETCsl POBHO JIBA TaKUX YHCJIA!
16843 u 2124679. CyrecTByoT Jiu jipyrue ducjia BoJicrenxosimMa, HEU3BECTHO.

Cpasuenne (9) MOXKeT OBITh, OJIHAKO, YIIy9YIIEHO, €CJIU U3BECTHO, 9TO N, K,
| =n—kwm CF nenarca na p.

TEOPEMA 4 (fko6erans (Jacobsthal), 1945). Ipup > 5
Ckp . Ck =1 (mod p3+ordp n+-ordy k—i—ordpl)
np * ~'n —
UAU, YMO MO JHCE,

Cﬁg — Cs (mod p3+0rdp n+ordy k+ord, I+ordy Cﬁ).
Hampumep, npu p = 5
CPy =C%  (mod p¥) (14)
(yaursiBast, aro ord, Cf; , =1).

Bamernm, 4TO NPOBEPUTH cpaBHenue (14) HENOCPeICTBEHHBIM BbIUMCIIEHH-
eM 0e3 ITOMOIIU KOMITBLIOTEPA BEeChbMa, 3aTPYIHUTEILHO JaXKe Ipu p = 5.
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BAJAYA 5. Jlokaocume cpasnenue (14) camocmosmenrvho, He onupascs
Ha meopemy Hxobcman.
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9. b. Bunbepr

1. TP JOKABATEJBCTBA MAJIOM TEOPEMbBI OEPMA

IIycts p — npocroe uncio. Kak m3BectHo, mastas teopema Pepma yTBeEp-
KJAeT, YTO

a?1=1 (mod p) (1)
JUIst BCSIKOTO TIEJION0 @, He JIeJIAIIErocs Ha P, WM, 9TO SKBHBAJICHTHO,
a’? =a (mod p) (2)

JJIsI BCSKOTO IIEJIOTO G.

I[IEPBOE JTOKABATEJIbCTBO. Hambojee mpocroe, HO HamMeHee dJIeMeHTap-
HOE JI0Ka3aTeIbCTBO MaJioil TeopeMbl Pepma OCHOBAHO Ha CJIEJICTBUN TEOPEMBI
Jlarpanska U3 T€OpUM T'PYIII, YTBEPKIAOIIeH, ITO MOPSIIOK SJIEMEHTa KOHEU-
HOl I'PYIIIBI JIEJIUT MOPSJIOK IPYIIIIHL.

Hamomunm, 9T0 MOpsiIKOM KOHETHOM TPyIIbl G HA3LIBAETCS THUCIIO €€ JJIe-
MEHTOB, a TOPSIIKOM 3jieMeHTa ¢ € (G — HaMMEHBINH [T0Ka3aTe b €ro CTEIeHH,
pPaBHO €IUHUIHOMY 3JIEMEHTY € rpynnsl G.

IIycts G — xoneunas rpyiiia nopsjika n. M3 roro, 94To mopsaok sjeMenTa
g € G nmenur n, ciexyer, aro g" = e.

Paccmorpum nose Z, BbIYETOB 110 MOAYJIIO p. Berder mesoro uncia a Oy-
JleM obosHauaTh depe3 a. Hemysesble sj1eMeHTHI O Zj, 00pasyloT TPYIILY
OTHOCUTE/IbHO yMHOXKeHus. 11opsimoK 9Toi rpyImbl, O9€BUIHO, PaBeH p — 1.
Ee equnuunbivm ssementoM spisiercsa 1. CriegoBaTesibHO, JI/is JII060T0 1E10T0

qmcTa a, He jessmierocss Ha p, aP~ ' = 1, Ho 9TO Kak pa3 W O3HAYAET CpaBHe-
aue (1).

BTOPOE JIOKABATEJILCTBO. (Petersen, 1872.) [Tycth umeercs: p npemeros,
PACIIOJIOKEHHBIX 110 KPYTY, KaXKJIblii 13 KOTOPBIX HY?KHO PAaCKPaCUTb B OJUH
n3 a 1nBeToB. Ymcio Bcex packpacok, OUYEeBUIHO, paBHO aP.

IIpeamosnoxkum, 9TO HEKasi PACKPACKa IIEPEXOJIUT B cebsl IIPU MOBOPOTE

. 2rd
Ha Kakoil-to yros —, 0 < d < p. Bysem cunrarh d HANMEHBIITIM BO3MOXKHBIM
p

" pazzesauM p Ha d ¢ OCTATKOM:

p=qd+r, 0<r<p.

MatemaTunyeckoe npoceetuenue, cep. 3, Boin. 12, 2008(43-53)
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2mwqd
fcHo, uTo MaHHAsT pACKPACKa IMEPEXOIUT B ¢ebsl IIPU IIOBOPOTE Ha, yIOJI e —
p

2mr 2mr
= 27T — — U, CJeJI0BATEJIbHO, — U IIPU IIOBOPOTE Ha yroj —. B cuiry BeiOOpa
P

d monydaem, uro 7 = 0, T.e. d mesnut p. Tak Kak p — mpocTtoe uucyio, To d = 1,
T. €. JJaHHAsT PACKPACKA OJTHOIIBETHASI.

Ywucjto OMHOIBETHBIX pacKPacoK paBHO a. Bee ocraibHble aP — a packpacok
pa3’obbeM Ha KJIACChI, OTHECS K OJHOMY KJIAcCy PACKPaCKH, MOJIYYAONUeCsT
JIPYT U3 JApyTra MOBOpOTaMU. B CHTy MpeIbIAyINero KaXK bt KJ1acC COCTOUT U3
p packpacok. Orcrojia u cieiyer cpasHerne (2).

TPETBE JJOKA3ATEJIBCTBO. Tax Kax mpw IPOCTOM P BCe OMHOMUAJIHHBIE
kosddummenter Cf, 0 < k < p, genares na p (em. [1]), 10 B kombne Z[z, y]
MHOIOYJIEHOB € HEeJIbIMU KO3(hMUIMEHTAMN OT TIEPEMEHHBIX X U Y UMEET MECTO
CpaBHEHHE

(z+y)P =2+ 3 (mod p). 3)
(dBa muorousnena c¢ nenabiMu KodbUIMEHTAMN CIUTAIOTC CPABHUMBIMU 110
KaKOMY-TO MOJIYJIIO, €CJIA UX COOTBETCTBEHHBIC KOI(PMUIIMEHTHI CPABHUMBI 110
9TOMY MO/LYJIIO. )

[Mogcrasusst B (3) x = a, y = b, ryie a, b — Kakue-TO I1ejIble YUCTA, MbI

[OJIy9aeM, 9TO

(a+b)P =aP +b” (mod p).
CnenoBarensno, ecmm a? = a (mod p) u bP = b (mod p), 1o u (a + b)P =
= a+b (mod p). Tak kak 1? =1 (mod p) u 1060€ HATYPAIBHOE TUCJIO MOYKHO
IIOJIYIUTDH CJIO?KEHHNEM HECKOJIbKHUX €JIWHUI], TO CPDaBHCHHE (2) BEPHO JIJIsI BCEX
HATyPaIbHBIX @, & 3HAYUT, U JJIsi BCEX IEJIbIX .

2. TEOPEMA DWJIEPA

HamomuuM, 9T0 Jij1si JIF0G0I0 HATYPAJILHOIO Yncjaa m depes ¢(m) obo3Ha-
YAeTCsl KOJIMIECTBO HATYPAJbHBIX UHUCEJI, HE MPEBOCXOMSAIINX 1M U B3aUMHO
npocteix ¢ m. Oyuknus @, Ha3biBaeMas gynryuetd Jisepa, odIAIAET CIIETy-
IOIUM CBOMCTBOM MYJIBTUILIMKATUBHOCTA (BBITeKaIOH_H/IM U3 KATANCKOI Teope-
MbI 06 OCTATKaX): €CJIU M| U Mg — B3AKUMHO IPOCTbIE HATYPAJIbHBIE YUCTIA, TO

p(mimz) = p(m1)p(mz). (4)
Eciau m = p — npocroe gucio, o p(m) = p — 1; ecoiu m = p", 1o p(m) =
— pn _ pnfl.
Teopema Ditnepa (cpaBHeHUEe Dilyiepa) yTBEPXKIACT, ITO
a?™ =1 (mod m) (5)

JITST BCAKOTO TIEJIOTO @, B3AWMHO MTPOCTOTO € M. ITO, OUEBUJIHO, SIBJISIETCST 0006-
neHreM MaJioit TeopeMbl Pepma.



Mauast reopema @epma u ee 0600IIEHHST 45

Ecim m = myma, tae m1 1 ma B3AaMMHO NPOCTHI, TO JJIsl TOKA3ATETHCTBA
cpasHenust (5) JIOCTATOYHO TIPOBEPUTH, UTO

a?™ =1 (modmi) u a*™ =1 (mod my). (6)

YunteiBas (4), mosydaeM, ITO
a#m) — (mmz))“""”“ _ (amml))“’””

1, 3HAYUT, cpaBHeHus (6) BBITEKAIOT U3 TeOpeMbl Dilaepa Jiist MOjyJiei my u
Ma. DTO paCCyKIEHUE MTOKA3BIBAET, UTO TEOpeMy Jdiljlepa JOCTATOYHO IOKa-
3aTh JISI M = P, TJe p — MPOCTOe YNCJI0. B 9TOM ciayvae OHa NPUHIMAET
BH,

a” """ =1 (mod p") (7)

JIJIST BCSIKOT'O IIEJIOTO @, He JeJISIIErocs Ha p.
Cpashenne (7) 95KBUBaJIEHTHO CDABHEHUIO
n n—1
a’ =d’ (mod p"), (8)
[IpUYEM IOCJIeIHEE CPABHEHNE, OYEBUIHO, BEPHO U IIPUA G, KPATHOM P, TaK KaK
B 9TOM cjIy4dae 00e ero 4acTu JejisaTcs Ha p'.
IIpuBesem Tpu J0Ka3aTEIbLCTBA TEOPEMbBI Dilepa, 0000IIAIONIEe COOTBET-
CTBYIOIIIKE JOKA3aTEIbCTBA MaJjIoil TeopeMbl Pepma.

[IEPBOE JOKA3ATEJIbCTBO. PaccMoTrpum KOJIBIO Z,;, BBIYETOB II0 MOJIY-
Jito m. Beraer 1iesioro unciia a 6ymem obo3nadaTh yepe3 a. O6paTuMble 3J1eMeH-
ThI KOJIbIIA Zy, 00pa3yioT IPyIiily OTHOCUTEILHO YMHOXKeHUs1. Kak u3BecTHo (1
JIETKO JIOKA3BIBACTCS ), SJIEMEHT 4 OOPATUM B Zy, TOLJIa U TOJBKO TOLJIA, KOT/a
YUCIIO @ B3AUMHO TPOCTO € M. 3HAUUT, MOPSJOK TPYIIILI OOPATHMBIX ITIEMEH-
ToB paBeH @(m). OTcioa, Kak U B IEPBOM JI0KA3aTeIbCTBE MAJION TeopeMbl
Depma, caesyer cpasaenue (5).

BTOPOE TOKA3ATEJBCTBO. Ilycrs mmeercss p" mpeaMeToB, PaCIIOJIOZKEH-
HBIX 110 KPYTY, KaK/Iblil 13 KOTOPBIX HY>KHO PACKPaCUTbhb B OJUH U3 @ IIBETOB.
Yucsio Becex packpacok pasro aP . Kax u BO BTOPOM JI0Ka3aTe/IbCTBE MAJIOil
teopembl Pepma, MOKHO IIOKA3aTh, YTO €CJIU KAKasA-TO PACKPACKA [EPEXOJIAT
B cebsl IPU HETPUBUAJIBLHOM IIOBOPOTE, TO OHA SIBJISICTCS TIEPUOIAUIECKON C I1e-
puogom, gensmm p™ L. Uuceao Takumx packpacok paBHO a?" ! (mocraTouno
3a/1aTh BeTa KaKIX-160 p" 1 PacromoKeHHbIX IO TIPEIMETOB).

Ocrapumecs P —aP"~ ' alepHOIIECKIX PACKPACOK Paso0beM Ha KJIACCHI,
OTHECsI K OJIHOMY KJIACCY PACKPACKH, HOJLyIaeMble JIPYT U3 [PyTra MOBOPOTAMHU.
B cuity npepiaymiero Kaxkaplii Kiace coctout u3 p" packpacok. Orcrona u
caesyer cpasaerue (8).
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TPETBE JOKA3ATEJ/IbCTBO. DTO J0Ka3aTEJILCTBO CJIOXKHEE JIBYX IIPEJIBIILY-
IUX, HO ero ujen OYyIAyT IOJIE3HbI HaM B JIaJIbHEHIIEeM JIIs JI0Ka3aTe/IbCTBa
0000ITIeHNsT TeOPeMbl Jiljiepa Ha aJIredpanviecKue Inucya.

s moboro nesnoro uucna N 6ygem obosnauars depes ord, N mnoxasaresnb
HambOJIBbIell cTenenn p, Ha KoTopyio meautcs IN. Jlokaxkem, 9410

ord,, C]fn =n—ord, k upu 0 < k < p". 9)

DT0 YacTHBIA ciydail TeopeMbl KyMMepa, MO3BOJISIFOIIEH HANTH MaKCUMAJIb-

HYIO CTEIEeHb P, HA KOTOPYIO JIEJIUTCS JII0DOU 3a/JaHHbBIN OMHOMUAJIBHBI KOI(]-

durent (cMm. [1]), HO MBI JaUM 3/1Ch HE3ABUCUMOE JI0KA3ATEJIbCTBO.
Nmeem, mipexkie Bcero,

1
ord, Cpn = ord, p™ = n.
Hasee, npu yBeaudenun k Ha eawHUILy B POpPMYJIe

ck """ =kt 1)
1-2-... -k

n =

J00aBJISIeTCs 110 OJHOMY MHOXKHUTEIO B YUCINTEse W 3HaMeHaTeJse, IpUIeM
TOJILKO OJIMH W3 HUX MOXKET JeJIuThCs Ha p. [losTomy

ord,, an, eciu k u k + 1 He menarcd Ha p,
ord, C;}Tl = ¢ ord, Czlfn —{, ecim ordy(k+1)=4£¢>0,
ord, C;fn + ¢, ecmun ordy(k) =¢>0.

TaxumM 06pa3oM, TIPH MPOXOKJICHAH KayKJOTO UHCIIA, KPAaTHOTO p, ord, C’;fn
YMEHBIIAETCsI, HO yKe Ha, CJAEIYIONEM Iare CTATYC-KBO BOCCTAHABINBACTCS.
Orciona u cirenyer (9).

I'pymmupyst 8 popmysie bunoma HeroTona

p’ﬂ
(z+y)P" = Z C]]fna:pn*kyk
k=0

cylaraeMble ¢ OJJMHAKOBLIMU 3HauUeHusMu ord, k, mojydaem pasjioxKeHnue

n
n n n n—~ n—~
(@+ )" =2+ + > el ), (10)
(=1
rae fi,..., fn — KAKHE-TO MHOTOYJIEHDI ¢ TEJIbIMU KOdh duiimenraMu. 1o pas-

JIO’KEHHE sIBJIsSeTCs1 0000ImenneM cpasHeHust (3).
Cpasrenue (3) o3Hauaer, 9TO

(x 4+ y)P = 2P + y? + ph(x,y),

n—1

rje h € Zlz,y]. Bo3Bojist 910 paBEeHCTBO B CTElEHb P U TIOJIB3YICh POPMYJIOi
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6unoma Heiotona n pasencrsoM (9), mojydaeM cpaBHEHHE
(z+y)”" =@ +y")" " (mod p"). (11)

OcuosbiBasick Ha pasyoxkennn (10) u cpaBuennu (11), MBI HOKazkeM, 9TO
ecau cpaBHeHHe (8) BBIMOTHACTCS I JBYX IEJbIX 9ncesa a u b (s Beex
cTereHeil p), TO OHO BBINOJHSETCS U JIJIs UX CyMMblL. Tak Kak OHO, OUeBH/HO,
BBIIIOJIHSIETCSL JIJIsI €JJMHUIBI, TO OTCIOJA CJICJLYET, YTO OHO BBIIOJIHSIETCS JJIsI
BCEX IEJIBIX YHCEL.

Urak, 1mycTh IIpH BCEX N BEPHO, YTO

n—1

n n n—1

o =a" (mod p"), =P (mod p").
U3 (11) crexyer, aro
(a+b)P" = (a® + bp)pn_1 (mod p").

BanuceiBas paszsoxenue (10) st nokasaresnst n — 1 u nojacrapiass x = aP,
y = bP, nmosy4aem:

n—1
n—1 n n n—~_ n—~
(a? +bP)P"  =aP + VP +Zpégg(ap 0P ),
/=1
TIE 1, -5 0n_1 — KAKHE-TO MHOIOYJIEHBI C IEJBbIMU Koddduinmenramu. Tak
KaK
n—~ n—_—1 n—~ n—~_0—
a?  =adP (mod p"~*), W=t (mod p" %),
TO
Y n—~ n—~ v n—1—4~ n—1—4~
pge(a” 0P ) =pige(a” 07 ) (mod p").
CJtetoBaTENIBHO,

—1-2 n—1—4~

n—1

(a+b)" = a0 + Zpégg(apn ,bP )= (a+b)"""  (mod p"),
/=1

910 U TPebOBAJIOCH TOKA3aTh.

3A0AYA 1. Jlokaosicume, wmo daa cocmashozo m ymeepoicdenue Mmanol
meopemv, Pepma (m. e. cpasnenue o™ = a (mod m) npu ecex ueavixr a) mo-
alcem ObMb BEPHO, MOALKO ECAU M, ABAACTNCA NPOU3BEIEHUCM HE MEHEE MPET
DASAUYHBIT HEUETNHBLT NPOCTNBIL YUCEA, U MO HAUMEHDUEE COCNABHOE M., OAL
KOMOopo2o amo ymeeporcoernue 6epro — 3mo 561.

3. TEOPEMA I'AvCCA

B ciyuae m = p™ Teopema Ditsiepa MoxKeT OBITH 3anucana B popMe cpas-
Henusi (8). EcrecrBeHHO CIIPOCHUTB, YTO SIBJISIETCSI AHAJIONOM 3TOIO CPaBHe-
Hus B obiieM ciaydae. OTBeT Ha 3TOT BOIPOC Jaercsa TeopeMoil Iaycca: eciu
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m = plfl - ... P — pasjloyKeHHe m Ha IIPOCTble MHOXKUTEJIU, TO
5 m s m m
a™ — g aPi + E aPiti — ...+ (=1)%apr-Ps =0 (mod m). (12)
i=1 ij=1
1<J

Hampumep, npu m = 360 numeem:
a0 — 180 _ 120 _ 72 1 80 1 636 1 2 — 42 =0 (mod 360). (13)

Cpasnenne (12) 66110 J0Ka3aH0 ['ayccoMm TOIBKO JIJIsi HPOCTHIX @; B OOIIEM
ciaydae OHO OBLJIO JOKA3aHO CPa3y HECKOJIbKUMU Maremarukamu B 1880-e rT.
OHo sIBJIsIETCS JIETKUM CJIEACTBUEM TeopeMbl Ditnepa. He mposoust popmalibHO-
o JI0Ka3aTeJIbCTBa B OOIIEM CJIydae, IPOJIEMOHCTPUPYEM €ro Ha, IPUBEIEHHOM
BBIIIE TIPUMeEpE.

st nokazaresnbersa cpaBHennst (13) 10CTaTOYHO TPOBEPUTH, YTO €r0 Jie-
Bast yactb A menurcs Ha 8, 9 u 5. [lonb3ysick Teopemoii Ditepa s 3TUX
MOIYJIeH, IIOIyYaeM:

A= ((a45)8 _ (a45 4) o ((a15)8 _ (a15)4) o ((a9)8 _ (a9)4) +

+
—~

S
—
no
SN—
ot

a'?) =0 (mod 5).

SAHAYA 2. Jlokaostcume, wmo ecau a we deaumcsa Ha 2 u 5, mo decamur-
nas 3anucy wucaa o — a*® — a'® oxarnvusaemea na 99.

4. MAJIASA TEOPEMA @EPMA J1JIsd AJITEBPANYECKUX YUCEJI

MHoro4ieH oT OJIHO# ITEPEMEHHOI HA3BIBACTCS HOPMUPOSAHHIM, ECJIA €10
crapmmit KoapuimeHT pasex equauIe. KopHr MHOTOY/IEHOB C MEIBIMEA KO-
durmeHTaMI HA3BIBAIOTCS (A2€0PAUYECKUMY YUCAGMU, & KOPHI HOPMUPOBAH-
HBIX MHOTOWIEHOB C IEJIBIMEI KOIMDUIUEHTAMU — UEABMYU AN2EOPAULECKUMU
YUCAAMU.

[Mycrb aq,. .. ,aq — (BoOGIIE TOBOPS, KOMILJIEKCHBIE) KODHU HOPMUPOBAHHO-
ro muorowrena f € Z[z| crenenu d. I3 dopmyn Buera cremyer, aro snemen-
TapHble CHMMETpUIecKue (pyHKIUHT OT a1, . . . , Gg C TOTHOCTDHIO 0 3HAKA PABHDI
ko3 durimenTam MHOTOUIEHA [ U, CTAJIO ObITH, SIBJISIFOTCsST OOBIYHBIMU IEJTBIMU
quciaamu. Bosee toro, nycrs F' € Z[xy,...,x4] — OPOU3BOIBHBIII CHMMETDH-
qeCKUil MHOTOWIEH C IeJbIMH Ko3(huIimeHTaMu; TOraa M0 OCHOBHOM Teope-
M€ O CUMMMETPUIECKUX MHOT'OYJICHaX F peacTraB/ideTcd B Buae MHOI'OYJ/IeHa
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¢ TesbIMu KO3 PUITMEHTAMI OT 3JIEMEHTAPHBIX CUMMETPUIECKUX (DYHKIHI 1,
caejioBarenvho, F(ay, ..., aq) € Z.

Crenyromast TeopeMa siBjsieTcss 0000IeHneM MaJjoit TeopeMbl Pepma Ha
aaredpanmvIecKue Inca.

TEOPEMA 1 (T. SCHONEMANN, 1839). ITycmov ai,...,aq — KopHu HOp-
MUPosarnozo mnozowaena f € Zlx] cmenenu d u p — mpocmoe wucAo.
Tozda

a4+ +d=a+---+ag (modp). (14)

JJOKABATEJILCTBO. VHayKiweii 10 9uc/Iy epeMeHHbIX, HCXO/ U3 CpaB-
HeHus (3), JIEMKO MOJIyYINTH CDABHEHUE

(x1+...+xd)p5x117+~--+$§ (modp) (15)

B KOJIbIlE Z[X1, ..., x4]. oncrasnsisg B (15) 21 = aq, ..., Tq = ag 1 UCHOJB3Ysi
mastyio Teopemy Pepma B OOBITHOM BAPHAHTE, IOJIYIaeM

A+ +d =@+ +a)P =a1+--+aqg (mod p),
9TO0 W TPebOBAJIOCH JOKA3ATh.

B KauecTBe IpuMepa pacCMOTPHM KBaJIPATHBIH Tpexwuien f = x2 — 2z — 1.
Ero xopuu — 910 a1 = 1 +v/2, ag = 1 — /2. IIpu p = 5 noayuaem

a3 +ay=2(1+10-5+5-25)=352=2=a; +ay (mod 5).

(Yemnt, comeprKamume /2, COKpaIaorces. )

CHEACTBUE. B obosnauenuax meopemos 1, ecau F € Zxy, ..., xq) — ato-
60U CuUMMEMPUYUECKUT MHOZ20UAEH, TO
F(df,...,d}) = F(a1,...,aq) (mod p). (16)

JLOKABATEJIBCTBO. O6o3Ha4nM 1uepe3 S(x]fl . acgd) CYMMY BCEX Pa3JInd-
HBIX OJIHOWIEHOB, IOJIyYaeMbIX U3 :c’fl e xfld [IePeCTAaHOBKAMHY IT€PEMEHHBIX.

Hanpuwmep, mpu d = 4
2 2 2
S(xixox3) = 27(T273 + Toxy + T374) + T3(T123 + L1704 + T324)+
2 2
+ z5(z122 + 124 + T224) + Ti(T 1272 + T 123 + T2T3).
fAcHo, 9TO BCAKHUI CUMMETPUYIECKUN MHOTOYWIEH C IebiMu KoddduimenTa-

MU SIBJISIETCST TEJIOYUCJEHHON JIMHEHHON KOMOMHAIIMEH MHOTOYJIEHOB TaKOTO
Buga. [losTomy mocrarouno jokaszarsh cpasaenue (16) B ciydae, korga F =

_ k1 kq
=Szt xy?).

Urak, nycts F = S(x’fl - xsd). O603HaYNM 9ePEe3 Y1, . . . , Yy YIEHBI MHOTO-
wiena F' u 1epe3 by, . .., by — uX 3Ha"eHud Ipu £ = dy, . .., g = aq. JICHO, YTO
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3JIEMEHTapHbIE CUMMeTprudecKne QyHKIUI OT Yi, - . ., Y¢ — ITO KAKUE-TO CHUM-
METPHUYECKHEe MHOIOYJIEHBI C IEeIbIMUA KO3 MUIMEHTaMu OT I, . . ., 4. Caemxo-
BaTeJIbHO, dJeMEHTapHbIe CUMMeTprudecKne MYHKIUNA OT by, ..., by sABISIOTCS
[IEJIBIMU 9HCJIAME, 8 9TO 03HAYAET, UTO by, ..., by CyTh KOPHU HEKOTOPOI'O HOP-
MHPOBAHHOTO MHOIOUJIEHA C IeJbiMu Koadduimentamu. [To Teopeme 1

b’1’+--~+b§Eb1+~-+be (mod p),

HO 9TO U ecThb cpasHenue (16).

5. TEOPEMA DWJIEPA 1JIs1 AJITEBPAMYECKUX YMCEJI
O6ob1IeHeM TeopeMbl Diijiepa Ha aJredpandecKe IUCya sBJISIeTCS

TeEOPEMA 2 (C. J. SMYTH [2], 1986). B obosnauenuax meopemot 1,

a4 a = a’an +e aZWI (mod p"). (17)
CHNEOCTBUE. Ecau F € Zxy,...,x4] — 40600 cummempuseckuts MHo2o0-
YAeH, MO
U n n— n—1
Fa",....a")y=F@" ,...,a!' ) (mod p). (18)

BuIBOI 3TOrO CIIEICTBHSA JOCIOBHO MIOBTOPSICT BBIBOJ, CJICICTBHUS TCOPEMEI 1.
g manbHeimero HaM BaXXHO OTMETUTL, YTO 3TO PACCYKICHUE IOKA3LIBACT,
YTO €CJIH YTBEPKIEHHE TEOPEMbI 2 BEPHO IJIsI KAKUX-TO (PUKCHPOBAHHLIX P U
n (HO JIsl BCEX IEJOUUCJIEHHBIX MHOTOUJIEHOB [ ), TO YTBEPXK/EHHE CJIe/ICTBUSI
BEPHO [JIs TeX 2Ke P U N.

HokazarenbcTBo Teopembl 2, jganHoe B [2|, ocnoBano Ha dopmynax Heio-
TOHA, BBIPAsKAIOIINX PEKYPPEHTHBIM 0Opa30M CTEIIEHHBIE CYMMbBI Uepe3 3JIe-
MEHTApHBbIE CUMMETpUYecKrne (PYHKIUHN, ¥ JOBOJBHO XUTPOH KOMOMHATOPHOM
HMHTEPIPEeTAlUN CTEIEeHHLIX CYMM KOPHEH HOPMUPOBAHHOILO LEJIOUYUCJIEHHOIO
MHOIOYJIEHA B JyXe MPUBEIEHHOIO BBIIIE BTOPOIO JOKA3aTEIbCTBA TEOPEMbI
Ditnepa. Mbl JaauM Ipyroe T0Ka3aTeIbCTBO, OCHOBAHHOE Ha UIAEAX IIPUBEICH-
HOT'O BBLIIIE TPETHLErO JOKA3aTEILCTBA TEOPEMbI JijIepa.

[Moayanm BHAUYATE ciiemyomiee 06obIenue pasioxkenus (10) Ha Ipon3BoJIb-
HOE YHCJI0 [IePEMEHHBIX:

n 4 4
(214 -+ ag)?" = zi’" _|_...+xgn + Zpefg(:vzl’n ,...,:Ezn ), (19)
/=1
rae fi,..., fn — KaKue-To MHOTOYJIEHBI C IeibiMu Kodddurmentamu. WHbIMT
CJIOBAMU, JOKaXKeM, 4TO €CJIM He Bce mokaszarenud ki, ..., kg KaKOro-To dJjIeHa,
cx’fl . ajsd MHOTOWIeHA (L1 + - -+ 24)P" nemsres ma p ¢, To kosbduIent ¢
JIEeJINTCA Ha, p”l. [Iycrs st onpenenennoctu ky He JeIATCA Ha p”’e . Torma,
nostarast B dhopmysie (10) x = xq, y = x2 + - - - + x4, MBI HOIyIaeM Tpedyemoe.
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MO2KHO CIUTATh, 9TO fy HE COMEPAKUT TICHOB, BCE TOKA3ATEIN KOTOPHIX JTe-
JISITCSL Ha, P: WHAYE COOTBETCTBYIONIMI 1IeH MHOTOWIeHa, b fg(xzfniz, e 7x§n4)
MOZKHO 6bLI0 GBI OTHECTH K IIPEJIBLIYIIEMy ciaraeMoMy pasioxkenus (19). Ilpu
9TOM YCJIOBUU MHOTOWIEHBI fi,..., f, OIpeJiesleHbl OJHO3HAYHO U, CJIE/I0Ba-
TEJIbHO, SIBJIAIOTCH CUMMETPUIECKUMU (HOCKOHLKy CUMMETPUYECKUM SABJISETCS
MHOrOWIeH (21 + « -+ + xq)P" ).

Tax ke, Kak u3 cpaBuenus (3) ciexyer cpashenue (11), u3 cpasaenust (15)
cJle/lyeT CpaBHEHUE

(142’ =@+ + :vg)p%l (mod p"). (20)
Banmrmem passoxkenne (19) st mokasaresst n — 1

n—1 n—1—~

n—1
n—1 n—1 n—1—~¢
(@14 Fag? =af  etall ) plal L2l (21)
/=1

31ech g1, - - -, gn—1 — KAKHE-TO MHOTOUJIEHBI C IEJIBIMUA KO DUImeHTaMm, Ko-
TOpbIE, KaK ObLIO CKA3aHO BBIIIE, MOYKHO CIATATH cCUMMeTpudeckuMu. Vcrosb-
3ysl 9TO pasJioXKeHUe Jisi IpaBoil yactu cpashenus (20), mosaydaem:

n—1
n n—~ n—~
ol Y plal ) (22)
/=1

n

(@14 + 2" =ab

JIOKABATE/ILCTBO TEOPEMBI 2. ByjieMm 10Ka3blBaTh T€OPEMY WHJIYKIIU-
et mo n. Illpu n = 1 370 Teopema 1. IIpu n > 1 moacraBum z; = ay, ...,
xq = aq B (21) u (22). Ilo obbranoii Teopeme Ditaepa

(a1 4+ +ag”" = (a1 +-- +ag” " (mod p").

[To mpearmoIoKeHnio WHITY KITHN

pn—Z pn—Z o pn—l—é pn—l—f )
ge(al ... al ) = ge(ay feeesay ) (mod p"™")
npu £ =1,...,n — 1. CenoBaresbHO,

n—1 n—1

apn+~-+a§nzazf + -+ df (mod p"),

9gTO " Tpe6OBa.HOCb JOKa3aThb.

6. JIAJTBHENIIUE CJIEJICTBUSI I OBOBIIEHUS

Touyno Taxk »Ke, Kak nU3 OOBIMHON TeopeMbl Diijiepa BBIBOJUTCS CpPaBHe-
ure (12), u3 TeopeMbl 2 BBIBOJAUTCSI CDABHEHIE

s m m s m m
a’{‘+---+ag”—z<api+---+adi>+z af™ +-a ) -

i=1 ij=1

1<)
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m m
+ (—1)* (afl""’ps 4ot agl""'ps) =0 (mod m),

e m = pit - ... phs — paznoxenne m Ha IPOCTBIC MHOXKHTENN, & a1, . . . ,aq
Te ke, uro B Teopeme 2. (Ha camom mese B [2| cpa3y mokasbiBaeTcst UMEHHO
9TO CpaBHEHUE. )

B cBoem goknage B MOCKOBCKOM MaTeMaTHYeCKOM OOIIecTBe (CM. Tak-
ke [3]) B. . Aprosbs BbICKAa3aa B KadeCTBE HIIOTE3BI CIIE/YIONIee YTBEPXK-
Jlenne: ecian A — IeJIOMNCIIeHHAsT KB IPATHAST MATPUIIA, TO

tr AP" = tr AP" (mod p").

DTO yTBEpKEHUE sIBJISIETCsT HEMEJJIEHHBIM CJIeJICTBAEM TeopeMbl 2. B camom
nere,
tr A" =al" + - +ay,

e ai,...,0qy — KOPHU XapaKTepUCTHYECKOTO MHOTOYJIEHA MATPHUILl A, HO
MOCTIETHIH BBUJLY TEJTOYNCICHHOCTH MATPHUIBI A SBISETCS HOPMUPOBAHHBIM
MHOTOYJIEHOM ¢ TieibiMu Kodddurmentamu. MoKHO TaKKe 3aMETUTh, UTO -
more3a ApHOJIBIa Ha caMOM Jieie SKBUBAJIEHTHA TeopeMe 2, TaK KaK BCSIKUil
HOPMHUPOBAHHBIN MHOTOYJIEH C HEIbIMU KO3 DUIMEeHTAMU SIBJISETCH XapaKTe-
PUCTUYIECKUM MHOTOYJIEHOM HEKOTOPOH IETOYNCTEHHON MATPUIILI.

A. B. Bapeiya [4] nokazan cienyroriee obobiierue reopemsr 2. [lycrs K —
HEKOTOPOE TIoJIe aarebpamdeckux quces; A — KOJbIIO ero MesibIX Tuces U P —
[IPOCTOM Ujeas KOJblia A, colepzKallnii IpocToe Yucao p € Z u 06J1a1a1onuii

CBOIICTBOM

o =" (mod p")

Jtst moboro a € A u moboro Harypasabaoro n. [lycts, nasee, aq, . . ., ag — Kop-
HU HOPMHPOBAHHOIO MHOro4wieHa cremnenu d ¢ koaddunnenramu u3 A. Torna

a4 tal = aﬂ?‘fni1 +F aSWI (mod p").

Sra TeopeMa MOXKET ObITH JIOKAa3aHA JIOCJOBHBIM IOBTOPEHUEM HPUBEICH-
HOT'O BBIIIIE JIOKA3aTeIbCTBA TEOPEMBbl 2 C 3aMEHOl CpaBHEHHIl [0 MO0 p"
CpaBHEHHsIMH 110 MOJLyJII0 P (x0Tsi B pabore [4] 1aHo Ipyroe J10Ka3aTesbCTBO).
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Hosrle n3panns

N3aATEALCTBO MITHMO

B. B. Ilpacosnos. 3agaun no anrebpe, apudmeruke u anamm3y. 2007. 608 c.

B kuury Brirovuens! 3a1a4u 110 aJjirebpe, apudMeTUKe U aHAJIUIY, OTHOCSIIIAECS K IITKOJIb-
HOIT TporpaMmMe, HO, B OCHOBHOM, HECKOJIBKO MOBBIMIIEHHOTO YPOBHS IO CPABHEHUIO C OOBIU-
HBIMHU IIKOJIbHBIMU 3aJadaMu. ECTh Tak>Ke HEKOTOpOe KOJUYEeCTBO BECbMa TPYAHBLIX 3aJad,
MIpeIHA3HAYEHHBIX JJI8 YIaIluXcsd MaTeMaTnIecKux KinaccoB. Coopuuk comepzkut 6osiee 1000
3a/1a9 C IIOJITHBIMU PENICHUsSAMU.

JJisi  MIKOJIbHUKOB, IIperojiaBaresieil MaTeMaTHKU, PYKOBOIUTEEH MaTeMaTHIeCKUX
KPYZXKKOB, CTYACHTOB IIEUHCTUTYTOB.

A. Illenn. BepostHocTh: mpumeps! u 3agaun. 2007. 64 c.

Ha npumepax M3/aralorcs epBble HOHATHS TEOPUU BEPOATHOCTEH (BEPOATHOCTHL COBBI-
THS, IPaBUWIA TOJCUYETa BEPOSITHOCTEH, YCIOBHAs BEPOSATHOCTH, HE3ABHUCUMOCTH COOBLITHUH,
CIIyaiiHasi BeJIMTIMHA, MATEMATHIECKOE OKUIAHNE, UCICPCHSI).

Bporopa paccantana Ha MIKOJBHUKOB M yYUTE €, CBOOOHO OIEPUPYIOMIMX C APOOIMU
¥ IPOIEHTAMH.

A. Illenn. Urpsr u crpaTerun ¢ Touku 3penns maremaruku. 2007. 40 c.

Xorure BepbTe, XOTUTE HET — HO anbo B IIaxMarax y O€eJIbIX eCTh I‘a.p&HTHpOBa.HHbIﬁ
BBIUTPBIII, JIHOO ¥ YEPHBIX €CTh TAPAHTUPOBAHHAS HUIbsl. B 9TOi 6POITIope pacCKa3bIBAETC s,
9TO 3TO 3HAYUT, IIOYEMY 3TO BEPHO (XOTH n 6ecnone3Ho B IITaXMAaTHOM l'[pa.KTI/IKe!)7 KaKue eme
6I>IBaIOT HO,ZI;O6HI)I€ UI'PbI 1 KaK UX MOXKHO MaTE€MaTHUYIECKU aHaJIU3UPOBaATh.

A. M. Paiiroposckuii. JIuneitno-anredpangecknii merosn B komounatopuke. 2007.
136 c.

COBpeMeHHaH KOM6HH&TOpI/IKa — 39TO BéCbMa MHOI'OI'paHHad U1 aKTUBHO pa3BUBaIOIIasACHd
obsractb Maremaruku. B XX Beke ObL1 pa3paboTaH PsJ, MOIHBIX METOOB, MO3BOJISIIOIINX
pemaTb MHOTrue TpyJAHbIe 3a/1a91 KOM6I/IHaTOpI/IKI/I. Cpe,HI/I 9TUX METOJ0B OCO60€ MeCTO 3aHUu-
Maet JuHelHo-airebpandeckuii Meros. C ero nmomMoInbio yJIaaoch JOOUTHCS IPOPHIBA, B TAKAX
KJIacCUYIecKnX mpobsieMax, Kak, Hampumep, nmpobsiema Bopcyka o pa3bueHnn MHOXKECTB Ha
JaCTU MEHbIIIEro JuaMeTrpa. B KHHUI'€ N3JIaraloTCdAd OCHOBBI METO/a U OIIMCBIBAIOTCA HaI/I6OJ'Iee
APpKUE IMIPpUMEPDI €TI0 IPUMEHECHUA. ,Z];J'IEI IIOHHUMaHUA MaTepuaJia JOCTATOYHO 3HAHUA SJIEMEH-
TapHBIX TTOHSATUN JIMHEIHOM aJII‘e6pBI U MaTeMaTUYecKoro aHajansa. KHura 6yaeT II0JIE3HA
CTyJeHTaM 1 acClupaHTaM, HHTEPECYIOIUMCA KOM6I/IH8,TOpHI)IM AaHaJIN30M, a TaK2Ke CIIerua-
JIuCTaM B O6JT&CTI/I I[HCerTHOﬁ MaTEeMaTUKU.

A. B. Axongn, A. A. 3acnasckuii. Teomerpuyeckue CBOWCTBA KPHBBIX BTOPOTO
nopsaaka. 2007. 136 c.

Knura nocssimena TeM CBORCTBAM KOHUK (KPHBBIX BTOPOTO NOPSIZKA), KOTOPBIE hOpMy-
JINPYIOTCA U JJOKA3bIBAIOTCA Ha YNUCTO I'eOMETPUIECCKOM A3bIKE (HpOGKTI/IBHOM njiam Merpude-
CKOM). DTHU CBOHCTBA HAXOJAT NMPUMEHEHHE B PA3HOOODA3HBIX 3a7a9aX, & UX MCCJIEJIOBAHNE
NHTEPEeCHO U IIOYyYIUTEJIbHO. I/I3JIO)I(€HI/I€ HaYUHaETCsA C dJIEMEHTAaPHbIX d)aKTOB 1 J0BEJEHO
10 BeCbMa, HETPUBHUAJBHBIX PE3YJIbTaTOB, KJIACCUYECKUX U cOBpeMeHHbIX. Pazjen «Hekoro-
pbie (baKTbI KJIACCUIECKOMN reoOMeTpUun» LABJIAETCA COAEpP2KaTeJIBHBIM JOIIOJTHEHUEM K Tpa-
JUIMOHHOMY KYPCY €BKJIMJIOBOM IJIAHUMETPUM, PACHIUPSAIONIAM MAaTEeMaTUIeCKUil KPyro3op
quTraTesid.

Knura JAEMOHCTpUDPYET IIpeuMynieCrBa YUCTO I'eOMETPpHUYIECKUX METOA0B, COYEeTalONIUX
HarJIdJJHOCTDb U JIOTUYIECKYIO IIPO3PAIHOCTD. OHa, COOEP2KUT SHAYUTEJIbHOE KOJIMYIECTBO 3a1a4,
peneHne KOTOpbIX TPEHUPYyeT reoOMeTpuvIeCKOoe MbINIJICHUE M UHTYUINIO.

Kuura moker ObITH moJI€3HA IS MMKOJBHUKOB CTAPIIUX KJIACCOB, CTYIAEHTOB (DU3UKO-
MaTEeMaTHIECKUX CIEINAIBLHOCTEH, ITperoiaBaTe el U MUpPOKOro Kpyra JIOuTe el MaTeMa-
THUKHU.
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A. A. TTagunmkun

1. p-AJUYECKUE YUCJIA U CPABHEHUS

Wnes paciupenust nosiss (Q B Teopun 4uces BCTPEYaeTCs B PA3JIMIHBIX Ba-
puanTax. Hampumep, Biaoxkenne Q C R gacTo maer moJiesHble HEOOXOIUMBIE
YCJIOBUsI CYILIECTBOBaHUsI pelleHuil auodaHToBbLIX ypaBHenuii Hajg Q u mal
Z. Baxknoe cBoiicTBo mosiss R — ero mosHOTa: JI06asi byHIaMEHTAIbHAS O~
CJIeJI0BATEILHOCTD (1ocienoBarebHocTb Komm) {an oo | B R umeer npezeir.
OyHIAMEHTAIBHOCTD O3HAYAET, YTO a0COJIIOTHAST BEJIMINHA PA3HOCTH (i — Qi
crpemutcs K 0, Korjia n u m crpemsaTcs K beckoHeuHoctu. Kpome Toro, Bce
3J1eMeHThI 1101t R ABJISIOTCS 1pejiesiaMmu QyHIaMEHTAIbHBIX [T0CJIEI0BATE b
nocreit {ay,},~; ¢ a, € Q. Takum o6pa3soM, MOXKHO CKa3aTb, 4ro Hoie R
nostyaaercs u3 Q «ImpucoesuHEHUEM TIPEEIOB (DYHIAMEHTAIBHBIX OCIE0-
BaresbHOCTEN» . Takas KOHCTPYKIIUS HA3BIBACTCH NONOAHEHUEM.

Ornpenenienue npejena U GyHIAMEHTAJbHON TOCIe0BATEIbHOCTH JTAeTCsI
B TepMUHAX aOCOJIFOTHON BeJIMYMHBI dnc/ia. AGCO/IFOTHAsT BeJIMInHa, 00/1a/1aeT
CTIEAYIOMUMY CBOHCTBaMU:

a) |a| > 0, npuyem |a| = 0 Torga u Toabko Torya, korga a = 0; (1)
6) |ab] = |a| - [b]; (2)
B) |a +b| < af + [b]. (3)

Besikast BerectBerHast pyHKIus | - | Ha KakoM-u00 nose K, obiasaormast
STUMU CBOCTBAMU, HA3BIBACTCS (MYyJIbTHILIMKATUBHBIM) HOPMUPOGUHUECM TIO-
ng K. JIns nons Q, moMuMo abCOMIOTHON BEJIMYMHDI, CYIIECTBYIOT H JIDYTHE
HopMmupoBanus. Tak, s a000ro IpoCTOro P MOXKHO ONpPEIEIUTh TaK HA3bl-
BaeMoe P-aduyeckoe HOpmMuposanue | - |p:

|a/b]p — pordpbfordpa’ ’0|p — O7

rie ord,a ecTb HaUBBICIIAS CTENEHb YHCJIa P, Jedias Iejaoe quciao a. Co-
riacHo TeopeMe OCTPOBCKOro, BCAKOE HOpMUpOoBaHust 1oJisi Q ¢ ToUHOCTBIO J10
HOCTOSTHHOTO (II0JIOYKUTEIHHOT0) MHOKHUTES €CTh b0 abCoMOTHAS BEJINIH-
Ha, JIn0O P-a/In9eCcKoe HOPMHUPOBAHUE Il HEKOTOPOI'O IIPOCTOrO P.

MatemaTunyeckoe npoceetuerue, cep. 3, Boin. 12, 2008(55-79)



56 A. A. Ilagunmkun

[Monosrenue moast Q OTHOCHTENBHO P-aIMIECKOr0 HOPMUPOBAHWS HA3BIBA-
ercst noaem p-aduueckur wuces u obosHadaercs depe3 Q. Jlerko Bugers, 4To
HOpMUpOBaHue (B JAHHOM CJIydae p-aJIidecKoe) OJHOZHAYHO IIPOJIOJIKAET sl Ha
LIOIIOJIHEHHE.

Ucnonb3oBanne Bjioxkenwuii moJist (Q B €ro momoJiHeHUsI 110 BCEM HOPMUPOBa-
HUsIM, TO ecTh B R 1 B Q) JyIst BCeX IPOCTBIX P, YACTO 3HAUUTEJILHO YIIPOLIAET
cuTyanuio B apudMeTHUECKIX 3a//adaX. 3aMedaTe/bHbII IPUMep JIacT meope-
ma Munkosckoeo — Xacce (cm.[1], riasa 1): ypaBHeHue

> agiw; =0 (a5 € Q) (4)
.J
UMeeT HEeTPUBUAJILHOE PellleHHe B PAlUMOHAJILHBIX YHCJIaX B TOM U TOJBKO B
TOM CJIydJae, KOIJIa OHO HeTpHBHaJIbHO paspemuMo HaL R n nag Q) aisa Beex
pOCTRIX uncest p. s Haxoxaenus pemennit ypasaennit Hajg Q) MoxHO 3¢-
(PEKTUBHO NIPUMEHSATEH TaKHe IPUEMbI, B3AThIe U3 BEIECTBEHHOrO aHAJIN3a, KaK
«MeTOJ KacaTeJbHbIX HBIOTOHA», KOTOPBIA B p-aJUIecKOM CJIydae HU3BECTEH
Kak aemma Iensens.
Haubomee npocTbiM criocob0M MOXKHO BBECTH P-aIUUE€CKUE YUCTIA KAK BbI-
paXKeHusi BUIa

m+1

+..., (5)
riae a; € {0,1,....p — 1} — mudpsr (mo ocHoBauuio p), a m € Z. Ilpu sTom
YUCTIO (v HA3BIBAETCS TEJbIM, ectu m > 0. Y106HO 3amuChIBATE v B BUJIE TIO-
CJIEIOBATEILHOCTH (P, OECKOHETHON BJIEBO:

a=amp™ + ami1p

m—1
—_——
a=1{< " amt+10,,000... 0(p)? ecim m 2 0,
©a100,a-1 " Am(p), ecmm < 0.

DT BbIpakeHus: 00Pas3yIoOT 10Jie, B KOTOPOM CJIOYKEHUE U YMHOYKEHHE BbIIIOJI-
HSIFOTCSI TaK »Ke, KakK JJId PaluoHAJbHBIX Ynces Buga p'n (m € Z,n € N),
3alMCAHHBIX [0 OCHOBAHMIO P (C KOHEIHBIM THCIIOM Idp mocie 3amsroit). Ha
CaMOM Jlejle B 9TOM II0JIe JIesKaT BCe paluoHaIbHble nciaa. Hampumep,
=211 1 Dp? 4 - = )(p—1
1=, =-D+@-Dp+-Dp +- = p-Dp -1
Ecmu n € N, 1o Boipazkenne st —n = n - (—1) Buga (5) nomydaercs, ecin
[IEPEMHOKHUTD TaKNe BbIpazkeHust jyist n u st —1. Ecoin n He gesmres va p, TO

1
BBbIpasKeHMe JJIsi —— MOXKeT OBITb IMOJIyIeHO CcaeayormM oopasom. ITo Teopeme
n

Ditepa p?™ — 1 = un, rue u € N. Tlomoxum ¢(n) = r. Torga




JlokajpHBIE I II0DAIbHBIE METOABI B apH(PMEeTHKE 57

Tax kak u < wun = p’, TO 3alKUCh IO OCHOBAHUIO P UHUCTA U HMEET BHU]T

Ar—1 "+ ao(p) (ryie, 6BITH MOKET, IepBble HECKOJIbKO 1dp pasubl 0). Cienosa-

TeJIbHO,
r r
! = apga apa a
n 0tr—1 0tr—1 0(p)-

[Tosib3ysich 9TUM, JIETKO IOJYYUTb P-aIUIeCKOe BbIPAKEHUE IJisl JII0O0ro pa-
nuoHajabHOro uncia. Hanpumep, aia p = 5 umeem

9 5 52232

(N Sk
Tax kak

2232 =3-5'+2.5% 4+ 4.52 4+ 1.5+ 2,
TO
S
2 — ... 032412032412 25).
7

Herpy/Ho npoBepuTh, 4To nomosHenue mosist Q OTHOCUTEIbHO P-a/ I IecKOi
METPHKH |- |, OTOXKIECTBIISIETCS € MOJIEM «P-aiMdeCKUX Pa3IozKeHuit> Buaa (5)
(em. [2]). ITpu srom |a|p, = p™, eciu B BoIpazkeHnu (5) sl o IMeEM aqy, 7 0.

Pasnoxenust (5) p-aJlnuecKux IUCe] MOKHO PACCMATPUBATH KaK AHAJIOIU
passioxkenust GyHKIMY f HEPEMEHHOH T B OKPECTHOCTU TOYKH @ [0 CTEIEHSIM
(x — a), upuyaeM p sABJIsIETCS AHATIOTOM (T — @).

JIroBONBITHO TakKe CPaBHUTH pasnoxkenus (5), «GeCKOHEUHbIE BJIEBO», C
JICCATUIHBIME PA3JIOKEHUSME JefICTBUTE/ILHBIX Yrce] o € R, «GeCKOHEUHbIMU
BIIPABO» :

O = Aplm—1"" 00,01 "+ =

= A 10" 4 110" 4o fag Fa 1107 oo (6)

rae a; € {0,1,---,9}. Paznoxenust Takoro tuma mo Jro60My OCHOBAHUIO [TPH-
BOJIAT K OTHOMY U Tomy 2ke 1otio0 R. VIX MOXKHO paccMaTpuBaTh KaK aHAJIOTH
pazioxkenns: (pyHKINKU f IepeMeHHON & B OKPECTHOCTH OECKOHEYHOCTH I10 CTe-
mensM L.

ITone Q, aBIAETCA NOAMBLM MEMPUMECKUM Npocmparcmeom. Bosee Toro,
3 JI000W OrpaHUYEHHON TI0 HOPME IMTOCTEI0BATENILHOCTU P-aIUICCKUX TUCET
MOXKHO BBIOPATDH CXOJSIIYIOCS [IOJIITOC/IEI0BATEIBHOCTD. DTO JIET'KO JIOKA3hIBA-
€TCsl ¢ MOMOIIBIO TIOCIEI0BATEIHHOIO PACCMOTPEHUS P-a/IndecKux nudp cipa-
Ba HAJIEBO, C YYE€TOM TOIO, UTO y BCEX UJIEHOB ITOCJIEIOBATEILHOCTH UUCJIO
3HAKOB IIOCJIE 3AIISITON OrpaHUYeHO (PUKCHPOBAHHBIM 4dncjioM. VHade roBops,
BCSIKHI «OTKpPBITHIA nuck» U(r) = {z € Qp | |z|p, < r}, a Takke Begkmit «3a-
MKHYTHIH gucks> D(r) = {z € Qp | |z|, < r}, xommaxraer. IIpu srom u U(r),
u D(r) sBIISIOTCSA OTKPBITO-3aMKHY THIMU IIOAMHOXKecTBaMu B Q.
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B wacTHOCTH, KOIBIIO HMEIBIX P-aJU9eCKIX YUCET
Zp:D(l) :{I‘EQP ‘ ’.’E‘p < 1} = {x:a0+a1p—|—a2p2_|_...}

— 9TO KOMIIAKTHOE TOIOJIOrMYecKoe KoJibllo. OHO COBIAIAET C 3aMbIKAHUEM
MHOXKECTBa Z OOBIMHBIX HeJbIX uucesr B Q).
MHO2KeCTBO 0OPATUMBIX JIEMEHTOB (<«€[MHUIL» ) KOJIbIA Ly, — 3TO

Ly = TLp\pZy = {x € Q| 2|, =1} = {z = ao + a1p + asp® + - - | ag # 0}.

OHO sIBJISIETCST TPYIITION 110 yMHOXKEHUIO. JJist onucanust 3TOM IPYIIIBI TOJIOXKIM
v=1ecmp>2 uv =2 ecau p =2, 1 pACCMOTPUM HOJATPYIIILY

Up={xeZ;|xz=1(modp")}.

OrobpazkeHne, OpeIe/sieMOe CTEIIEHHBIM PSIIIOM

o0 n

T
exp(z) = o

n=0
3a/1aeT TOMOMOPMU3M aJITATUBHON IPYIIILI p¥ Zy, B MyIbTUILIMKATUBHYIO IPYII-
ny Up. Ha camom nieste 3170 m3oMopdusM, Tak Kak CyIlecTByeT oOpaTHoe 0To0-
pazkeHne, 33/1aBaeMOe PsIJIOM

Ny el @ ”
log(z) = Zl( e
MO}KHO IIOKa3aTb, 9YTO
Q) =" ImeZyxZ;, Z;=(Z/p"Z)* x Up, (7)

rmev=1,ecmp>2 v=2 emp=2.

1.1. TIPUIOXKEHUS p-AJUYECKHUX YUCEJ K PEIIEHUIO CPABHEHMI

BosnukaoBenune p-agmdecknx unces B paborax [emzesist OBLIO CBS3aHO C
pobJIeMOil pellieHnst CpaBHEHMI 110 MOJIYJII0 p', a NMpUMEHEHWEe X K TeOpUu
KBaJIPATUIHBIX (POPM €ro YIeHUKOM Xacce MPUBEJIO K JIEFaHTHON (hopmy-
JINPOBKE TEOPUU KBAJIPATHIHBIX (POPM HAJl PAIMOHAJBHBIMU YHCJIAMU, HE HC-
HOJIb3YIOIIEll pACCMOTPeHNii B KOJIbIaX BbIUeTOB Z /p"7Z, paboTaTh ¢ KOTOPBIMU
3aTPYIHUTEIFHO U3-32 HAJUYHUS B HUX JeJTUTesIeil HyJIs.

Herpyano Buzers, uro ecimu f(z1,...,2n) € Zplx1,...,2y], TO CDABHEHUS

f(xh'"axn)EO (mOdpn)
pasperuMbl pu JiIo0oM 1 2> 1 TOTIa W TOJIBKO TOTJa, KOIIa ypaBHEHNE
f(l’l,...,l‘n) =0

PaspenmMo B IEJBIX P-aJuIecKUX YHCIaX. DTH PeMeHns B Z, MOXKHO Ha-
XOIUTH C MOMOIIBIO P-aTUIECKOI0 BapUaHTa METOJIa KacaTeJbHbIX HbioToHA.
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TEOPEMA 1 (JIEMMA I'EH3EJIA). [Iyemo f(x) € Zplx] — mmozounen o0-
noti nepemennoti x, f'(x) € Zyx] — ez0 gopmarvran npouseodas u dasn Hexo-
mopozo o € Ly 6bNONIHEHO HAYANLHOE YCAOBUE

|f(a0)/f'(a0)?]p < 1 (8)
Tozda cywecmeyem eduncmeentoe maxoe o € Ly, wmo
fla) =0, |o—aglp, <1.

ZLOK&S&TG.HBCTBO IPOBOJUTCA C IIOMOIIBIO PAaCCMOTPpeHUd IIocjieJO0BaTe/Ib-
HOCTHU

flan—1)
fl(an—l) ’

C yuerom dopmasbhoro paznoxkenus Teitsopa muorowiena f(x) B Touke x =
= (1 IPOBEPSETCH, YTO MOCJIEI0BATEILHOCTE (DyHIAMEHTAIbHA, & €€ TIPEeJIET
a obsastaeT BeeMu HeoOxoAuMbIMu cBoiictBamu (cM. [1], [6]).

Hanpuwmep, ecmn f(z) = 2P~ — 1, 1o moboe ag € {1,2,...,p — 1} yao-
BirerBopster ycsoBuio |f(ap)|p, < 1, B To Bpems xax f'(ag) = (p — 1)04872 e
# 0 (mod p), Tak uro HavanbHOEe ycsoBue (8) Beimosmeno. Kopenb o = oy
(mod p) maspiBaerca npeacrasurenem Telixmroepa qucaa og u 0603HAYAET-
cst uepes w(ap). Hanpumep, st p = 5 numeem

QOp = Qp—1 —

(1) =1
(2)=2+1-5+2-524+1-53+3.5%...;
w@)=3+3-5+2-5243-53+1.50+..;
(4)=4+4-54+4-524+4-53+4.54+... = -1,

OnvcanHblii METOJ] IPUMEHUM M K MHOIOYJIEHAM MHOIMX [E€PEMEHHBIX, HO
yKe 6€e3 eJJMHCTBEHHOCTH Haxoaumoro pemtenust, (em. [1], [6]).

Emie oquo npuioxkenue jieMMbl [eH3e/1s1 CBA3aHO ¢ ONHMCAHUEM KBaJPATOB
oyt Qp: JUIs IPOU3BOJIBHOIO JJIEMEHTA

a=p"-ve Q (meZ vel,)
CBOHCTBO (v 6bITH KBaapaTroM B Q) PABHOCHIBHO TOMY, YTO

a) ecrm p > 2, o m € 27, a v = v (mod p) € (Z/pZ)*? (To ecTnb (%) =1,
e (%) — cumBoa Jlexkarpa);

6) ecim p =2, rom € 2Z, av = 1 (mod 8).
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2 _
Paspemnmocts ypasuenust ° = a B Q, mpu ycioBusix a) u 6) BBIBOAUTCS

u3 jJeMMbl ['eH3esst, a HEOOXOIUMOCTb ITHUX YCJIOBUI BBITEKAET U3 IMPOCTHIX
paccMOTpeHHil 10 MOIYIIO p U 1o Momyaio 8. Kak ciencTBre MBI HOJIydaeM,

9710 HaKTOPTPYIIIIA Q; / @; 2

a) 1pu p > 2 mzomopdua Z/27 x Z/27 ¢ cucremoit npejcrasuTeneit {1, p, v,
p'U}, (%) = _17

6) npu p = 2 usomopbua Z/27 x 7./27 x 7./ 27 ¢ cucreMoii pejicraBuTeiei
(21,45, 42, £10}.

2. IMO®AHTOBBI CUCTEMBI JIMHENHBIX YPABHEHUN U
CPABHEHUN

2.1. BBIUNUCJEHUS C KJIACCAMU BBIYETOB.

C Touku 3peHus ajredpbl MHOXKECTBO Z MEJIBIX YUCEST SBJISETCS KOMMYTa-
TUBHBIM aCCOIMATUBHBIM KOJIBIIOM C €JIMHUIIENH, TO €CTh MHOYXKECTBOM C JIBYMs
KOMMYTATHUBHBIMU 1 ACCOIUATUBHBIME OLEPAIAME (CJIOKEHHNE U YMHOXKEHHeE),
CBSIBAHHBIMHU JIPYT C JPYTOM 3aKOHOM JIMCTPUOYTUBHOCTH.

IIycts N — dukcupoBanHoe HaTypaJibHOE uncyio. OCTaTKu OT JIeJIEHUs Ha
N 1ompas/iessioT Bee IeJible YUC/ia Ha HellepeceKalouecs: KIacChl

a=a+ N7, 0<a<<N-1,
KOTOPBIE TAKXKE 00Pa3yIOT KOJIBIO

Z/NZ=1{0,1,...,N — 1},
Ha3bIBaEMOE KOJIBIIOM BbIIeTOB 110 Momy/aio N. Ilpu sTom pasencTrBo a = b
PaBHOCHJIBHO cpaBHeHHIO a = b (mod N).

Yacro B 3a/1a9aX TEOPUH THUCEJT BBITUC/IEHUsT B KOJIbIIE Z MOYKHO CBOJUTH K
BBIUUCJICHUSIM B KOJIbIIAX BbIUeToB Z/NZ. D10 nocrasisier psy yaobers. Ha-
npumMep, Ha MHOTHE 371eMeHThl U3 Z /N 7 MOXKHO JIeJINTh, OCTaBasICh B IIPeJIesIax
9TOr0 KOJIbIa (B OTJIMYUE OT IEJIbIX YHUCe, TJIe BCEria OlPEIeJIEHO TOJIbKO Jie-
nenne Ha +1). [eiicrBuresibHO, eciu 4ucyio a B3aMMHO TpocTo ¢ N, TO ecTh
(a, N) = 1, xiacc a obparnm, Tak Kak B 9TOM CJIydae CyIIECTBYIOT TAKHe Iie-
Jble uucaa x, y, 9ro ax + Ny = 1, u nostomy a - = 1. Tax mosydarorcs
BCe ObpaTUMble 3JIEMEHThI KOJIbIia BbiueToB Z/N7Z. Oun 06pasyoT rpyIiry mo
yMHOXKeHuI0, obosnadaemyio (Z/NZ)*. Ilopsiinok 9Toii rpymnnbl 0003HATAETCsT
gyepes3 o(N) (byukuus Diiepa). Hazpanue npoucxoaut or 06001eHnsT MaJIOi
teopembl Oepma, TpUHAJIEKAIIETO DiLIepy:

a?™N) =1 (mod N) 9)
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(V) =1 jy1s1 Beex oBpaTH-

JUIsl BCeX Takux qucen a, 4ro (a, N) = 1, To ectb a?
MBIX 3JIEMEHTOB @ B Kouiblie Z/NZ.

JlokazarenbCcTBO Ditjiepa, TPUMEHUMOE K JTI000i KOHEUHOIT abesieBOil IpyIi-
I1e HopsiaKa f, HOKa3bIBAET, UTO MOPSIAOK JI0O0ro 3jieMenTa a aeaur f. A uMeH-
HO, YMHOXKEHUE Ha a sIBJISIETCS I€PECTAHOBKOMN 3JIEMEHTOB I'DYIIIBI (B HAIeM
caydae rpyuust (Z/NZ)* nopsiaka f = ¢(N)). Ilponsseenne Bcex s/1eMeHTOB
IPYIIIBI IPH 3TO} IepecTaHoBKe yMHOKaercs Ha af . [Tosromy af = 1.

Ecan ancio N pasnoxeno B npoussenenne N = Ni1Ns - ... Nj momapHo

B3aUMHO IIPOCTBIX YHUCEJI, TO UMEeEeTCd Pa3JI0O?KECHNEe
ZINLZ=Z/NZ & --- ® Z/NiZ (10)

B IPSIMYIO CyMMY KOJIEIl, UTO 9KBUBAJEHTHO KUTANCKOI Teopeme 06 OCcTaTKax:
IJ1st JII0OBIX BBIYeTOB a; mod N;, ¢ = 1,...,k, HaligeTcss Takoe IeJIoe UHICTIO
a, aro a = a; (mod N;) juist Beex i. IIpakTudeckuii MOMCK 4uCIa @ MOXK-
HO OBICTPO OCYIIECTBUTH, IIPUMeHss TOBTOPHO ajroputM Eskmuaa. [Tosroxkum
M; = N/N;; rorpa aucina M; u N; 110 yCJIOBUIO B3aUMHO IIPOCTHI M, 3HAYUT, CY-
[IECTBYIOT Takue 1esble dncaa X;, 910 X; M; = 1 (mod N;). VckoMbiM gucsiom
Torna Oyaer

k
i=1

U3 paznoxenus: (10) BbITeKaeT U passioKeHne MyJbTHILINKATUBHON IPYyII-
ITBI:

(Z/NZ)* = (Z/N\L)* x - - x (Z/NyZ)*, (12)

U3 KOTOPOTO, B YaCTHOCTH, cyrejyeT, 9To ¢(N) = ¢(Ny)-. . .-o(Ny). [lockonbky
JIs TpocToro wncna p mveeM ¢(p?) = p®~L(p — 1), Mbr Mozkem HaiiT p(N),
UCXOJIsl U3 pasJioxKeHusi ducsaa N Ha [IPOCTbIe MHOKUTEJIN.

B cnienmasnbaoM cityuae, kKorga N — IpocToe Yuc/io, KOJiblo Beruetos Z /N7
SIBJISIETCSL [IOJIEM: B HEM 0OpaTHM JIFOOO 9/1€MEHT, OTIMIHBIA OT HYJIs.

2.2. CUCTEMBI JIMHEMHBIX YPABHEHUI C LEJBIMU KOYOOUIIUEHTAMU

B srom naparpade Bce 6ykBbl (K0O3(DOUINEHTHI U HEU3BECTHBIE B ypABHE-
HUSIX) O3HAYAIOT IEJIble THCIIA.
W3 anropurma EBkinga BeITEKaeT, 9TO ypaBHEHUE

ar+by =c (13)

paspeImMo TOr/Ia 1 TOJBKO TOrJa, Korja ¢ jaeaurcs Ha d = (a,b).
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Ypasuenue (13) naer nepsblii npumep o01eil IPOGIEMBL: JIJIsl CUCTEMBI aJl-
rebpanvecKux ypaBHEHUH C IEJTbIMI KO PUITTEHTAMN

Fi(xy,...,2p) =0, -+ ,Fp(x1,...,25) =0 (14)

HalTU BCe IeJIOYUCJICHHBIE (I/IJII/I BCe paLLI/IOHaJIbeIe) pemrenusi. /Iist ypaBHeHUsT
(13) 3aj1a9a HAXOXKJIEHUS PAIMOHAJIbHBIX pellleHuil TpuBuaJbHa. Eciu B cucre-
Me (14) BCe ypaBHEHUs JIMHEHHDbIe, TO U JJId Hee BCe PallMOHAJIbHbIEC PelICHUd
JIETKO HAXOJATCS TOCJIET0BATEIbHBIM UCKJIIOUEHUEM HEU3BECTHBIX (HaHpI/IMep,
IO METO/Y Faycca).

Ormmmriem oIt TpreM HAXOXKIEHUST BCEX TEJIOUNCIeHHBIX PEeIlIeHril CucTe-
MBI IIEJIOYUCJICHHBIX JINHEHHbIX ypaBHeHUil

Az = b, (15)
rme

ail a2 - Qip 1 by

Gml OGm2 " Gmn

OTa 3aj1a9a TaKyKe CBOJUTCS K IMPUMEHEHUIO ajroputma EBKua.

DJieMeHTapHBIM Ipeobpa3oBaHneM HaJl Z, CTPOK MATPHUIIbI HA30BEM 1Pe0d-
pa3oBaHme, IIPU KOTOPOM K HEKOTOPO#l CTpOKe MPUOABJIAIOT JAPYTYIO, YMHO-
JKEHHYIO Ha I1eJI0€ YUCJI0, & OCTaIbHbIE CTPOKHU He MeHsioT. [IpoBepsieTcst, 1To
IpUMEHEHNE TaKOro Ipeo0pas3soBaHMsl SKBUBAJIEHTHO YMHOXKEHUIO HMCXOIHOI
MaTPHUIB CJI€Ba HA HEKOTOPYTo Marpuitly u3 SLy,(Z) (1eounciennyo MaTpuiLy
C ompejieinTesIeM, PaBHbIM 1). AHAJIOrnIHOEe NpeobpasoBaHKe CTOJIONOB PaB-
HOCHUJIbHO YMHOXKEHUIO MATPHIIBI CIIpaBa Ha HEKOTOpYyto Marpuily u3 SL, (7).

[IpumeHeHMEe HECKOJIBKIAX 3JIEMEHTAPHBIX MPeoOpa3soBaHuil MPUBOIUT MaT-
puity A k Buny UAV ¢ U € SL,,,(Z),V € SL,(Z), a nenounciieHHble peleHust
COOTBETCTBYIOLIEH CUCTEMBI yPaBHEHMIA

UAVy = Ub (16)

1 uCXOMHOI cucrembl (15) B3aMMHO OJIHO3BHAYHO COOTBETCTBYIOT JIDYT JIPYTY 1O
dopmysie x = Vy.

HeiicTBys, Kak B ajaropur™me EBK/INIa, ¢ MOMOIILIO OMUCAHHBIX ITPeodpa3o-
BaHU 1, OBITH MOYKET, YMHOXKEHUI KAKNX-TO CTPOK Ha —1 marpuiy A MOXKHO
[IPUBECTHU K JINATOHAJLHOMY BUJLY

i 0 0 ... 0
0 do 0 ... 0
D = 0 (17)
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(I‘,ZLG Ha JuaronaJin 1I10CJjie BhIIINCAHHBIX 3JIEMEHTOB CTOAT Hy.HI/I) Cucrema YpaB-
HEeHU OpuMeT Toria BUT

diyi = ¢; g i <r, ¢ =0 I OCTAILHBIX 4.

Dra cucreMa JIErKO pelaercs, IpudeM KpuTepuii ee COBMECTHOCTH (a 3HAYUT,
U COBMECTHOCTH MCXOJIHOI CHCTeMBI) HaJl Z COCTOUT B TOM, 4TO d; | ¢; 1Jist Beex
1 <7 uc; =0 s OCTAJILHBIX 1.

B wacrHOCTH, OTCIO/IA CIIE/IyeT, UTO JJIsi COBMECTHOCTH HaJl Z cucreMbl (15)
HEOOXOAMMO U LOCTATOYHO, YTOOBI ObLIA PA3PENIMMa COOTBETCTBYIOIIAS CACTE-
Ma CpaBHEHUN

Az =0 (mod p™)

JIst JII000TO TIPOCTOrO p U JII0DOr0 HATYPAJIBLHOTO 1M, & 9TO, B CBOIO OYEPEb,
PaBHOCHIIBHO COBMECTHOCTH cHCTeMbI (15) max Z, st J060ro IpocToro p.
Kpurepuit Takoro poga nazwiBaercss npunrunom Munkosckoro — Xacce, 1 OH
YacTO BCTPEYaeTCs B 3a/a49ax U0 aHTOBOH MeOMETPUH.

3. YPABHEHUA BTOPOI CTEIIEHU

3.1. KBAIPATUYHBIE ®OPMBI U KBAJIPUKU

Jlnst tnodpanTOBa ypaBHEHUST

n n
f(iEl,ZL'Q,...,l'n) = Z aijliifL‘j—i—Zbil'i—l—C:O (18)
i=1

3,j=1

HaXOJUTh IIeJIOYNCJIEHHbIE DellleHUsl 3HAYUTEeJbHO TPy/JHee, YeM PalllOHaJIb-
Hble, XOTs U TOCJIeJHAS 3a/7]a9a yKe HeTpUBUAJIbHA.

/13BeCTHBIH IPUMeP — PAIMOHAJIbHAS TTAPAMETPU3AINA OKPYKHOCTH L2 +
+ y? = 1 10 popMy/IaM YHUBEPCAJILHOII 110/ICTAHOBKH

oo 2 12
1+ YT e

(a::cosgo, y=sinp, t=tg (%)) (19)

[Tonarasit = U/U, IIoJIydaeM OTCIOa CJIEAYIOIIee OIIMCaHNEe BCEX ITPUMUTUBHBIX

mudaropeiickux tpoek (X, Y, Z), To ecTb HATYypaJbHBIX PEIleHuil ypaBHEHMs
X24+Y2=272c(X,Y, 2)=1:

X = 2uw, Y:uz—UQ, Z:u2—|—1)2,

riae v > v > 0 — B3amMHO TPOCTBIE HATYPAJbHBIE YUCJIA TPOTUBOIIOIOXKHON
YETHOCTH.
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[Tpu oTbIcKaHUY paIMOHAJIBHBIX perennii ypasaerust (18) yuo6Ho nepeiitu
K KBaJIpaTu4dHOil (bopme

n
F(Xo, X1, -, Xn) = Y fiXiX; =
‘J:O

= Z fiiXiX; +QZ fioXiXo+ fooXs,  (20)
t,5=1 =

e fij = fii =a;j a1 <i<j<n, foo="Ffio=0b/2mmal<i<nn
foo = ¢. st 37010 HAJIO0 3AMEHUTH «HEOJIHOPOIHBIE KOOPAUHATHI» X1, .. ., Ty
Ha «ogHOpOaHbIe> X, ..., X, mo dopmynam z; = X;/Xo (i = 1,2,...,n).
Keagparnmunas dopma F aBisgeTcss OMHOPOIHBIM MHOTOYJIEHOM BTOPOIi cTere-
HU, KOTOPBIHl yI0OHO 3alUChIBATh B MATPUIHON (hopMme

F(X)=X'ApX, X'=(Xo,X1,...,Xn),

rne Ap = (fij) — marpuna xosddurmentos. Ecim cymecrByer HemHyseBoe
panuoHasbHOe perienne ypasHenust F(X) = 0, Tto roeopsr, uro ¢dbopma F
[pejcTaBiseT Hyab Had mojeMm Q.

Pacemorpum kBaipuky

QF:{( : Xq )E(CIP)n|F(X07X177Xn):O}

B KOMILIEKCHOM TpoekTuBHOM MpocrpancTee CIP". HeHy/eBoe panmoHaJbHOE
pemenne X© ypasmenna F(X) = 0 ompemesiser TOuky Ha KBajpuke Qp.
OcrajibHble pAIMOHAJLHBIE TOYKH (palMOHAJbHbIE DEIIeHUsI) JIerKO HaWTH:
OHU COBTAJAIOT C TOYKAMU MEPECeUeHUsT KBAJAPUKA (QF CO BCEBO3MOXKHBIMHE
IPAMBIMHU, BBIXOJIANIUMU N3 XO B HallpaBJICHUN BEKTOPOB C palliOHaJbHBIMHA
koopuHaramu. Iycrs YO — xaxas-ym6o panpoHaibHas Touka. I1poekTusHast
mpsimast, mpoxozsiast depes X u YO, cocronr u3 rouek uX? 4+ vY?. Ypasue-
e F(uX? +vY?) = 0 ceomures k ypasnenuto

u Z e F(X0Y0 4+ oF(Y?) = 0.
=1

. oF
Eciu Touxka X He siBjsieTCsl BepPIIMHO KBaPUKH, TO €CTh €CJIN 87(X 9 #£0
i

XOTsl GBI JUIsI OHOTO 4, TO yist mioboro Y HAXOAUTCS TOUKa IepecedeHmst
KBaJIpUKU () C 3TOH HIPIMOIi:

= —uz XO )WYL2/F(Y?). (21)



JlokajpHBIE I II0DAIbHBIE METOABI B apH(PMEeTHKE 65

(z,9)

(07 _1)

Puc. 1.

(Ecrm F(Y?) =0, 10 Y° yixe na Qp.)

[TpumepoM paccMOTPEHHON KOHCTPYKIMHI, 3AIIMCAHHBIM B HEOIHOPO/HBIX
Koop/mHaTax, spistorcst Gopmyiasl (19). Urobsl HaiiTu BCe napsl (r,y) pa-
IMOHAILHBIX YHCeN, Il KOTOphIX o2 + y? = 1, paccMoTpuM mpsimyio [, mpo-
xozsmyio depes Touku (0, —1) u (z,y) (puc. 1). Dra npsamas uMeer yIIOBOIl

y+ "
ko3 durimenT t = =——, KOTOPBIA MOXKET OBbITH JTFOOBIM PAIMOHABHBIM YHC-
x

jioMm. Haxomst Touky mepecedenusi 9TOH NMPSIMORl ¢ OKPY?KHOCTBIO, IOJIyIaeM

dbopmyssr (19).
ITpu HAXOXKJIEHUN PAIMOHAILHBIX PEIIeHUi ypaBHEeHUs

F(Xo,X1,...,Xn) =0 (22)

(¢ xBagparunanoit dopmoit F' uz (20)) moxkHO cunTaTh, uro dopma F aua-
roHaJibHA: Meroj| JlarpaH:Ka BBIIEJEHUs ITOJHBIX KBaJPATOB HAeT 3aMeHy
nepeMeHHBIX X = C'Y ¢ HEBBIPOXK/IEHHOM palnoHabHON MaTpurieir C'; puBo-
Jntyio opmy F' K quaroHajibHOMY BUJTY.

151 0siHOPOHBIX ypaBHeHuil Tuiia (22) HeT CylneCTBEHHON PA3HUIBI MEK-
JIy UX TEeJOUUCTEHHBIMU U PAIMOHAJIbHBIME PEITeHUsIMU: [T0C/Ie YMHOXKEHUST Ha
ITO/IXO/ISIIIEE TIEJI0e TUCIIO JIF0O0e PAIMOHAJIBHOE PENEHNE CTAHOBUTCS [IEJIOIHC-
JIEHHBIM, U €r0 MOXKHO CYUTATH HPUMUTHBHBIM, TO €CTh HUMEIOIINM B3aUMHO
IIPOCThIE B COBOKYIHOCTU KoopauHarhl. Hambosiee dbymmamenTaabHbiM hak-
TOM TEOPHUM KBaJIPATHIHBIX (DOPM HAJ [OJIEM PAIIMOHAJIBHBIX YUCEJT SIBJISIETCS
CJAEAYIOIIUNA PEe3yJIbTAT.

3.2. TTpuHUUIT MUHKOBCKOI'O — XACCE /14 KBA/JIPATUYHBIX ®OPM

TEOPEMA 2. HeswviposcdenHnan payuorasvhas xeadpamuvHas Gopma
F(x1,xa,...,2,) npedcmasaiem nyab Had NOAEM PAUUOHAABHBIT HYUCEA MO20A
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u moavko moeada, ko2da ona npedcmasasem Hysb Had nosem R sewecmeennobix
wucen (mo ecmo asasemea neonpedeseniot) u nad nosem Q, p-aduveckus wu-
cen s 106020 NPOCMO20 P.

(Cm. [1], rmaBa 1. Konewno, yTBepzK/IcHIE «TOJBKO TOT/[a» TPHUBUAJBHO.)

ITpuBeseM KpacupBoe J0Ka3aTeIbCTBO ITOH TEOPEMbI JIsi KJIIOUYeBOrO CIIy-
vas n = 3, paccmorpenHoro Jlexanapom ([1]).

[Tyrem simHeiiHON 3aMeHBI IIEPEMEHHBIX C PAIMOHAIBHBIMU KO3 duIes-
tamu npusesieM dopMy F K guaronasbHomy Buiy. [Tycrb

F = ale + GQ.’E% + agazg (a1a2a3 75 0)

Heonpenenennocrs ¢popmbl F' o3HadaeT, 9To He BCe KOIPMUIIMEHTHI a1, a9, 43
OJTHOT'O 3HaKa. ¥ MHOXKUB (DOPMY IIPU HEOOXOIMMOCTH Ha — 1, MBI IIPUIEM K CJIy-
qaf0, KOrJa J1Ba KO3 PUIINEHTa MMOJIOXKATEIBHBI, 8 OJNH oTpuiareaed. Kpome
TOIO, MBI MOYKEM CYUTATL 9TH YHCJa IEJIbIMH, CBOOOIHBIME OT KBaJIpaTOB U
B3aMMHO IPOCTBIMHM B COBOKYITHOCTH, TaK KaK MX MOYKHO COKPATHUTDL Ha HaM-
Oosibiiuii oOmuit mesmrenb. Jlajgee, ecom, HAIpUMED, G] U Qo UMEIOT OOIIUi
IIPOCTOI JIEJIUTENH P, TO, YMHOXKUB (DOPMY HA P U B3sIB P U PY 32 HOBBIE TIepe-
MEHHBIe, MbI IOJTy9iM (hopmy ¢ Koaddunuenramu ay /p, az/p u pas. [Tosropsis
9TOT IPOIECC HECKOJIBKO pa3, Mbl 3aMeHUM HaIry (dopmy dpopmoit Buga

F = az® + by* — ¢z, (23)

B KOTODPO# a,b, ¢ — IONapHO B3aUMHO IIPOCTHIE CBODOJIHBIE OT KBa/IPATOB Ha-
TypaJbHble YHUC/IA.

Ilycty Temeph p — KaKOH-HUOYIL MPOCTON JEJUTEIb YUHUCIA C, U IIYCTh
(20,90, 20) — HeHyseBoe perenne ypasuenust F' = 0 mag moaem Q. Moxmo
CUUTaTb, YTO X0, Yo, 20 — LEJIble p-aJudecKue 4ucjia, He JeJslyecs OJHOBpe-
MeHHO Ha p. PaccmaTpuBasi paBeHCTBO

axy +bys —cz2 =0

10 MOJLYJIIO %, MbI BUJUM, 9TO Lo H Yo HE MOI'YT OJHOBPEMEHHO JIEJINTHCA Ha
p (Tak Kak Torja W 2o JEIHI0Ch Obl Ha p). IlycTh Jist onpejiesieHHOCTH Yo
He meauTcd Ha p. Torma MOXKHO CUMTATh, UTO Yo = 1. Ilpm 3Tom ycimoBum Mol
IIoJIydaeM Pa3jiozKeHue Ha MHOXKUATEJIN

F =a(z + zoy)(x — xoy) (mod p).

AnajornaHble Pa3IoKeHnst UMEIOT MECTO MO MOJIYJIIO MPOCTHIX P, JEISIINAX d
u b. Takum o6pasom, JIsi J1060r0 IPOCTOTO P | abe CyIecTBYIOT Takue 1eJio-
apcsennbie juneiinsie dpopmbr LP), M®P) ot z,y, z, aro

F=LPM®P  (mod p).
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Temepnb ¢ IOMOIIBIO KUTACKON TeOpeMbl 00 OCTATKAX HAIeM TaKue IeJI09IC-
Jiennbie JinHeitabie hopmbl L, M, 1To

L=L" (modp), M=MP (modrp)
JUIst BCeX P | abe, M MBI TIOJLy IuM
F=LM (mod abc). (24)

Bynem mpunaBatrh nepeMeHHBIM X, Y, 2 IeJIble 3HAYEHUS, Y/IOBJIETBOPSIO-
1€ YCJIOBUAM

0<z<Vbe, 0<y<+ac, 0<z<Vab. (25)
Ecan ucKIIoYnTh U3 paccMOTPEeHUs TPUBHAJBHBINA ciaydaii a = b = ¢ = 1, To
He Bee uncia vV be, v/ac, vV ab nesbie u aucsio Tpoex (x,y, z), yA0BIETBOPSIONINAX
yeqoBusiM (25), crporo Godbiie, yeM V bey/acy ab = abe. CoieioBaresibho, st

KaKUX-TO IBYX PA3JUIHBIX TPoeK dopma L IPUHUMAET OJHO U TO K€ 3HAYUEHUE
110 MOYJII0 abc, OTKy/a B Cuily JuHeiHOCTH PopMbI L mojtydaemM

L(zg,y0,20) =0 (mod abc) (26)

a5 HeKoTophix |wo| < Ve, |yo| < vac, |z0] < Vab. Tlosromy

axd + byt —cz2 =0 (mod abe) (27)
U MMEIOT MECTO HEPABEHCTBA

—abe < ax? 4 byt — cz3 < 2abe.

Takum obpazom,
axd + by — cz8 = 0 wm abe.

B nepsom ciiydae TeopeMa jJiokaszaHa. Bo BTopoM ciiydae JI0Ka3aTebCTBO Clle-
JyeT U3 paBeHCTBa

a(wozo + byo)? + b(yozo — ax)* — (25 + ab)? = 0.

B cdbopmymuposke Jlexxanpa aunodanToso ypasaenue ax? + by? — cz? =0
PaCCMOTPEHHOTO BBIINIE BUJA MUMEET HETPUBHAJIBLHOE IEJTOUYUCIEHHOE PEIeHne
B TOM U TOJIbKO B TOM CJIydae, KOT/Ia KJIACChl BHIYETOB

bc (mod @), ac(modbd), —ab(mod :c)

SIBJISIIOTCS KBaIPaTaMMI.

MoxkHO J10Ka3aTh, YTO paluoHaJbHAS KBaJpaTudHas (opMa paHra = H
BCeryia mpejicrapiisier HyJib Haj Q.

B obmem ciaygae cymecrByior dddekTuBHble MeTojbl (OCHOBAHHBIE HA
npuHimine MuHKOBcKOro — Xacce) BBISCHEHHsI TOTO, MPEJCTABIISICT JIH HYJIb
JIaHHAsT pallioHabHas KBaJIpaTuIHas (GopMa. DTU METOJbI UCIOTL3YIOT CAM-
Boui ['miibbepTa.
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3.3. CuMBOJI 'MJIBBEPTA

B sroM myHKTE MBI J0IycKaeM 3HadeHue p = oo, cunras, 910 Qoo = R u
[ oo = [+
X
Cumeon Iuavbepma (cuMBOT HOpMeHHOTO BBIYeTa) (a,b), Mna a,b € Q)
OIPEJIEIISETCS PABEHCTBOM

(a,b) 1, ecu ypasrenme az’ + by® = 1 umeer permrenne B Qp,
a,b)

—1 B IpOoTUBHOM cirydae.

fcno, uro (a,b), He MeHsieTCsI IPU YMHOXKEHHN @ 1 b Ha KBaJpaThl JIFOOBIX
semenToB u3 Q, TO ecTh 3aBUCUT TOJBLKO OT KJIACCOB @ 1 b 10 MOJIIIIO TIOJI-
rpymme! KBaapatos B Q).

BameTnM, uTO eciu KBajparudHasd gopma ax’ + by? upejcraBiager Hy/Ib
B 1osie Q,, TO OHa pasziaraercd Ha JMHEIHBIE MHOXKHUTEIN H, CJICJ0BATECILHO,
npunuMaer Bee 3Hadenust B Q. B wacraocTh, B 9TOM cityuae (a,b), = 1.

Nuorga 6nBaeT mose3Ha HecuMMeTpUdHast (popMa OIpeaeeHrs] CMBOJIA
I'mwisbepra. Vmenno, (a,b), = 1 Torga u TOJIBKO TOLa, KOrJa ypaBHEHHE

2l =ua (28)

nmeer perrenne B Q). [eiicTBuTensno, mycTsb 22 —by2 = a. Ecim 29 # 0, 10
(1/20,y0/20) — pemenne ypasuenus ax>+by? = 1. Ecom sxe 29 = 0, 10 (1,90) —
HeTPUBHAILHBIA HYIb dopmbl ax? + by? u (a, b)p = 1 coryacHO CKa3aHHOMY
serme. O6patho, mycTh (Tg,%0) — pemrenne ypasuenns azx? + by? = 1. Ecym
xo # 0, 10 (yo/x0,1/x0) — pemenue ypasuenusi (28). Ecsin xe xg = 0, T0
(yo, 1) — meTpuBHAILHBIA HY/Ib bopMEI 22 — by? 1, cle0BaTEIbHO, YPaBHEHHE
(28) Taxrke MMeeT pelleHne.

Ecin b He siBisiercst KBagpaToM, TO paBeHCTBO (28) BbIpazkaeT ToT (akr,
9TO @ SBJISETCS HOPMOH sjeMenTa z + yv/b KBaJpaTHYHOTO DACITHPEHIST
Q,(Vb) mona Q,, (cm. [1], [6]). Orcrona, B wacTHOCTH, Cleayet, uTo TpH buK-
CHPOBAHHOM b BCe a, Jist KOTOPLIX (a,b), = 1, 06pa3yioT mOArpyIIIly B rpyIie
Q, (comeprkantyio moarpynmy Keaapartos). Herpymo noxkasaTs, 9To 9T0 10/
IpyIa mHIeKCa 2.

Joxarvhoe ceoticmea cumsora Iurvbepma:

(a) (a,b)p = (b, a)p; (29)
(6) (a1a27 ) (a17 b)P(a27 b)p? (av blb?)p = (CL, bl)P(av b2)p; (30)
(B) ecin (a,b), =1 nist Becex b, To a € Q;Q; (31)
(r) (a,1—a)p, =1 gus Beex a; (32)
(n) ecm p # 2,00 u |a|, = |b], =1, 10 (a,b), = 1. (33)
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Ceoiicra (a) u (6) rpusnasnbubl. Coiicta (B) u (I') BBITEKAIOT U3 OIH-
CAHHOIi BBINIEe MHTEPIPETAIUU CUMBOJIA [ miibbepra B TEpMUHAX HOPM 3JIeMEH-
toB 10151 Q) (V). CBoiicTBO (1) BBIBOIUTCS TIPH TOMOIITH JieMMbI Lensestst u3
Toro paKTa, UTO HPHU JIFOOBIX IEIBIX a W b, He HEISIIUXCs Ha P, CPABHEHNE
az? + by? = 1 (mod p) umeer pemenne. ([l TOKA3ATETHCTBA TIOCTIE/THETO
daxTa Haz0 MpeACcTaBUTL cpasHenne B Bue ar’ = 1 — by? (mod p) u mocmor-
peThb, CKOJILKO 3HAYCHUI IIPUHUMAIOT JIeBasd U IPaBas YaCTU IIPU PA3JIMIHBIX
xuy.)

Boeraucienne cumsosa ['uabbepra MO3BOJSET HOJTHOCTHIO PEIIUTh BOIPOC
O TPEeJCTaBIIEHUN HyJIsl KBagparndubiMu (opmamu Hag Q) u, TeM caMbiM (c
nomotpio Teopembl Munkosckoro — Xacce) — naj Q. B uacraocTu, us onpe-
nesenus cuMmBosa 'masbepra u TeopeMbl MUHKOBCKOIO — Xacce CJIeLyeT, ITo

dopma
azx® +by* + cz* (a,b,c € Q¥), (34)

IpeJICTaBIIsAeT HyJIb HaJl ojeM (Q Torga u TosbKo Toraa, Korna (—a/c, —b/c), =
= 1 a1t Beex p (BK/OYast p = 00). DTOT KpuTepuii apjsercs BecbMa 3 dek-

THBHBIM, TaK KaK [Is IIOYTH BCeX p uMeeM |al, = [b[, = 1, u B aTom ciryuae
coracHo cBoiictBy (1) (a,b), = 1, ecm TosIBKO P # 2, 00.
Ouesusipo, uro (a,b)oe = —1, eciu a u b orpunaresbubl, u (a,b)o = 1

BO BCEX OCTAJbHBIX CIydasax. BoimuineM Tenepb TabJIMIbl 3HAYEHUNA CHUMBOJIA
I'mnsbepra 11T TPOCTHIX P.

Tabn. 1. Cumsosa I'mibbepra miast p > 2. 3aech v 0003HAYAET TAKOE YHCJIO

v € Z, 9ro (%) =—-1;e=1,ecm —1€ @;2 (ro ecrb ecotu p = 1 (mod 4)), u
€ = —1 B nporuBHOM cJIydae.
a 1 v P pU

b

1 +1 | +1 | +1 +1

v +1 +1 -1 -1

p +1 -1 € —€

pv +1 —1 —€ €

OTMeTI/IM, B 9aCTHOCTHU, 9YTO €CJIX a — IeJIOC YUCJIO, HE AeJidnieecs Ha p, TO

@, = (). (3)

p
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Tabu. 2. Cumsos I'mibbepra B ciydae p = 2.

a 1 ) -1 -5 2 10 -2 —10
b
1 +1 +1 +1 +1 +1 +1 +1 +1
) +1 +1 +1 +1 -1 -1 -1 -1
-1 +1 +1 -1 -1 +1 +1 -1 -1
-5 +1 +1 -1 -1 -1 -1 +1 +1
2 +1 -1 +1 -1 +1 -1 +1 -1
10 +1 -1 +1 -1 -1 +1 -1 +1
—2 +1 -1 -1 +1 +1 -1 -1 +1
—10 +1 -1 -1 +1 -1 +1 +1 -1

B wactrOCTH, €ciii @ u b — HeJYeTHBIE TeIble YUCTIa, TO
a—1 .bfl
(a,b)2=(-1)2 " 2. (36)

Lnobanrvroe ceoticmseo cumeonra luavbepma (Popmyaa npoussederus).
I[Tycrs a,b € Q*. Torma (a,b), = 1 a1s HoITH BCeX p U

II (@b, =1, (37)

p

rjie npousBejieHue Gepercs 110 BCeM P, BKJII0Uasd OO.

@opmyaa (37) paBHOCHIbHA KBAJPATUIHOMY 3aKOHY B3auMmuocTH. [leii-
CTBUTEJILHO, BBHJLY MYJIBTUILIMKATUBHOCTH CUMBOJIOB ['mibbepra (cBoOiicTBO
(6) BbIIIE) IOCTATOYHO IIPOBEPUTH €e JJIsl CJIydaeB, Korja ¢ ¥ b — IpocThie
yucsaa n —1. [Ipegocrapiss yuraTe o paccMOTPEHHe OCTAJIbHBIX CJIy4Yaes,
PACCMOTPHM CJIydail, Korja a U b — pa3iImdHble HedeTHBIE IIPOCThIe uncaa. Tak
Kak B 9ToM ciaydae (a,b), = 1 mast Bcex p # a,b,2, 10 ¢ yaerom (35) u (36)
dbopmyiia npousseieHUsA IPUHUMAET BUL

PR

HO 39TO 1 €CTb KBa,ZLpaTI/I‘{HbIﬁ 3aKOH B3aMMHOCTH.
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OrmeTnM TakzKe Ciefyoliee II06aIbHOe CBONCTBO HOPMHUPOBAHHIL | - |p,
aHaJIoruIHOe CBOICTBY (37) M BbITEKarolee HEIOCPEJICTBEHHO U3 UX OIpe/Ie-
JIEHUsI.

Dopmyna npouszeederus daa nopmuposanud. Ilycrs a € Q*. Torma |alp, =1
JJIgd II0YTHU BCEX P U

I lal, =1, (38)

p

IJle IpOU3BeJIeHe OepeTcs 110 BCEM P, BKJIIOYas OC.

4. KYBUYECKUE YPABHEHUSA U SJIJIMIITUYECKUE KPUBBIE

4.1. TIPOBJIEMA CYIIECTBOBAHMSI PAIIMOHAJIbHOI'O PEIIEHMSI

s panmonanpubix kyouaeckux dopm F(X,Y, Z) or Tpex nepemeHHbIX
yKe He M3BECTHO HUKAKOTO ODIINEro ajropuTMa, IO3BOJIAIONIEr0 YCTAHOBUTH
CYIIIECTBOBAHNE HETPUBHUAJILHOTO PAIMOHAIBLHOIO peleHus: ypaBuenus F' = 0,
XOTsI U3YUEHO OOJIBINOE UUCJI0 KOHKPETHBIX YPABHEHUN, HAIPUMED YPaBHEHUI
BHUIA

3 3 3 _
aX® +0Y" +cZ° =0.

OxagzpiBaeTcs, it Kyondeckux (hopM mepecraeTt, BOOOIIE TOBOPSI, BBIIOTHATh-
cst mpunnun Munkosckoro — Xacce: Hanpumep, ypasuenue 3X° +4Y3 4573 =
= (0 HE UMeeT HETPUBHUAJIBHBIX PEIIEHU B PAIMOHAJBHBIX YUCJIAX, XOTS MMe-
€T HeTpHuBUaJIbHBbIEC DEHICHH:A B II0JI€ BEHICCTBEHHbBIX YHCEJI U BO BCEX IIOJIAX
p-agmaeckux uances (em. [1, rr. I, §7.6], rme npuBesen miaH JoKa3aTeIbCTBA
9TOro (hakTa).

4.2. CJIOXKEHUE TOYEK HA KYBUYECKOW KPUBOW

Ky6uueckas dopma F(X,Y, Z) ¢ komiiekcHbIMU Kodddurpmenramu 3a1a-
er kpuByto C Ha KOMIUIGKCHOH IIpoeKTuBHOM 1mockocTu CP?:

C={(X:Y:2)eCP?|F(X,Y,Z)=0}. (39)

. OF OF
®Popma F' Ha3BIBAETCS HEBBIPOXKICHHON, €CJIU YaCTHBIE ITPOU3BOIHBIC X’ 3y’

oF
57 e obpalarTcs OJHOBPEMEHHO B HyJIb HH B Kakoil Touke (X,Y,7) #

# (0,0,0). I'eomerpudeckn 310 o3Havaer, 4To KpuBas C Tiajkas (He mMeer
0COBEHHOCTE ).

Besikast npsiMasi TIPOEKTUBHOM ILJIOCKOCTH IIepeceKaeT INIaJIKYIo KyOude-
cKy1o KpuByio C POBHO B TPeX TOYKAX, €CJIA CYATATH TOUKY KACAHHA C KPaT-
HOCTBIO 2, & TOYKY KaCAHWs, SIBJSIIONIYIOCS TOYKON mepernba Kpusoit C — ¢
KPaTHOCTBIO 3.
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CymiecTByeT KpacuBbIi TeOMeTPpUIeCKUil ClIOCO0 OIPEIeIUTh CJI0KEHNE TO-
YeK IJIaJKoi Kybudeckoit kpusoii C, mpespainaiomee ee B abeaeBy I'PYIILY
(«MeTo ceKyImux u KacaTesJbHbIx» ), cM. [8], [5], [13]. A umenno, dukcupyem
touky O € C (cem. puc. 2). Ecam P,Q € C — pa3juvnble TOYKH, TO IPOBEIEM
gyepes Hux npsamyo. Ona nepeceder C B OJHOZHAYHO OIPEIECICHHON TpeTheit
tTouke R. Barem nposemem nupsimyto depes R u O. Touky ee nepecevenusi ¢
C nazoem cymmoii P + () Touek P u (). AHAJIOTMYHO OIpeIessieTcss TOUKa
2P, no BMecTo cekyieii PQ cienyer B3saTh KacaTeIbHyIO, IPOXOJIAILYIO Yepes3
touky P (puc. 3).

9 pig

2P

Puc. 2. Puc. 3.

KoMmMmyTaTtnBHOCTD OmIpeaeseHHON TakuM 0Opa30M OIEPAIUU  CJIOYKEHUST
oueBnaHa. Ee accommaTnBHOCTD eCTh KpacuBasl TeopemMa, 00oOIIaroIast Teope-
my ITackasisi 0 miecTuyroJibHUKE, BIMCAHHOM B OKPY?KHOCTB (CM., HAIIPUMED,
[5]). Pouib nyss, kKak jerko Buzers, urpaer Touka O. Touka, IpOTHBOIIOIOKHAS
P, naxomurcs ciemytormum obpasoM. IIposegem depes Touky O KacaTelbHYIO.
Ona nepecever kpusyto C B HekoTopoii Touke O'. Tenepb npoBeeM HPIMYIO
yepes O’ u P. Tperbs Touka ee nepecedenns ¢ C u OyIeT TOYKOIl, IPOTUBOIO-
JioKHOM P.

Ky6udaeckas dpopma F' Ha3bIBaeTCs HEIPUBOIUMOI, €C/IM OHA He pasJiara-
eTcsl B MMPOM3BeIeHNe KBaIpaTUIHON U JmHelHoM dopMm. ['eomeTpudeckn 310
03HAYAET, 9TO COOTBETCTBYMOIIast KyOmueckast KpuBas C He paciaaercss Ha
KOHUKY U TpsSMyI0 WIM Ha Tpu mpsimble. V3BectHo (cMm., mampmmep, [5]),
YTO C HOMOIIBIO HEBBIPOXKJIECHHON JIMHEHHON 3aMeHbl KOOPAWHAT (Hag:g o-
JIEM KOMILJIEKCHBIX YHCEJI) BCSIKYIO HEPUBOIUMYIO KyOU4IecKy o hopMy MOXKHO
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MIPUBECTH K BEHEepIITPaccOBO HOPMaJIbHOM hopme
Y27 - X® —aXZ* - bZ% (a,b€C). (40)
(cm. rakxke [8, 7. 1, ru. 1, §6, caencreue 3, c. 31|). YpaBHeHue cooTBeTCTBY-

romeii kpuBoii C B HEOJHOPOJHBIX Koopaunarax © = X/Z, y = Y/Z upumer
TOr/Ia BU/T

y? =23 +ax +b, (41)
Vesosue riaKoeT Kpupoii (41) o3Hauaer, 4to MHOTOWIEH o5 +ax +b He nMeeT
KPATHBIX KODHEH, TO ecTh ero juckpumunant D = —4a — 27b? ommien ot
HyJISL.

Kpusas (41) umeer euHCTBEHHY0 6ECKOHEYHO yaseHHyo Touky O = (0 :
1 : 0), sBasongyocst TOYKOi 1eperuba. Eciam B3gTh 9Ty TOUKY B KadecTBe
pUKCUPOBAHHOIT TOUKHU IIPU OIIPE/IeIeHIN OIlePalliK CJOKEHHH, TO JIEIKO Haii-
TH SIBHBIE BBIPAYKEHUS JIJIsI KOOPAUHAT CyMMBbI TOUEK. A NMEHHO, CyMMa, TOUYEK
(z1,y1) u (z2,y2) UpH T1 # T9 €CTh TOYKA C KOODMHATAMU

2
Y1 — Y2 Y1 — Y2
r3 = —x1 — T2+ (7) s Y3 =-———(r1—x3) — Y1 (42)
Tl — T2 1 — X2
Ecim ©1 = x9, HO Y1 # Yo, TO Y| = —Yo U CYMMOH JIAHHBIX TOUEK SIBJISIETCSI

rTouka O; UHBIMHU CJIOBaMU, TOYKa (1, —T2) IPOTUBONOJIOXKHA TOUKE (T1,T2).
Haxkower, eciin 1 = x9 1 y1 = ¥y2, TO
3x% +a 2 395% +a
r3=-"2z1+(—— ), ys=—"——(21—x3) —y1. (43)
251 2y1
4.3. CTPOEHUE I'PYIIIIbI PAILIMOHAJIBHBIX TOYEK HA KYBUYECKOM
KPUBOU

[Ipeamomnokum Tenepb, uyro Kybudeckast popma F(X,Y, Z) umeer paiyo-
HajbHbIe KO3 dunmentol. Eciu kpusas C, 3aiaBaemast ypapHeruem F = 0,
IJIaJIKasi U UMEET XOTsS Obl OJIHY PAIMOHAJBHYIO TOYKY, TO OHA HA3bIBAET-
cst sumanTadeckoit Kpusoit (mag Q). Meros cekymux n KacaTeIbHBIX JAeT
BOSMOXKHOCTb «Pa3MHOXKaTb» palOHaJIbHBbIE€ TOYKHU JIJIUIITUICCKUX KPUBbIX.

Boutee Touno, eciin B kadecrBe dbukcupoBaHHON Touku O IpHU OIpejesie-
HUAU ONEPAIUU CJIOXKEHUsI B3ATa PalMOHAJIbHAS TOYKA, TO JIEKO BUJETH, UTO
CyMMa, PaIlMOHAJIBLHBIX TOUYEK OYIeT pallioHAIbHA U TOUKA, ITPOTUBOIIOIOKHAS
pAIMOHAIBHOM, TaKyKe paluoHajbHa. VHBIMU cj0BaMU, pAIMOHAJIBHBIE TOY-
ku KpuBoit C 00pa3yioT HOArpyIiy B Ipyiile Bcex ee Todek. OOo3HadIUM 3Ty
noxrpymiy 4epes3 C(Q). Umeer mecro

TEOPEMA 3 (TEOPEMA MOPIEJIA). A6esesa epynna C(Q) xonewrno no-
poorcdena.
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(Cwm. [10], u upusnoxenune 0. . Manuna x [3]).

CoriacHO TeopeMe O CTPOEHUU KOHEUHOIIOPOXKJIEHHBIX a0ejIeBbIX I'PYIIIL,
UMEEeTCsl PA3JIOKEHHE

CQ=A8Z",

e A — KOHedHasl MOJrpyIa, a Z" — npsMast cyMMa OeCKOHEIHBIX ITUKJIAYIe-
ckux rpyti. [loarpymma A HaspIBaeTCs TPYIION KPYJIEeHUS, & ee SJIeMEHThl —
Toukamu Kpydenust kpusoii C. Hucsto r nassiBaercst panrom kpusoit C (Haz Q).

O rpymme kpydenns A yke JaBHO OBLIO Koe-dTo m3BecTHo. Tak, Haremnn
u nozauee JIyTIl MOy Inin CIeAYIONUI NHTEPECHBIN Pe3yJibTaT, JAIOIUil O~
HOBPEMEHHO METO/I JIJIsi sIBHOT'O OIPEJeJIeHUs] TOUEK KPyUYEHUsS KOHKPETHBIX
KpuBbIX: eciin P = (xp,yp) — panmoHaJbHAsi TOYKa KPYUCHUs Ha KPHUBOIL,
3aJJaHHO ypaBHEHUEM y2 =23 4ax+ b, TO ee KOOPJMHATBI Tp U Yp ABJISIOTCS
HEeJIbIMU 9ucjiamMu, npudeM Jjimbo yp = 0, jmbo y]% €CTh JIeJINTEJIb JTUCKPUMU-
nanta D = —4a® — 27b? nannoit Kpusoii.

B. Masyp mokazai B 1976 r., uro rpynmna A MoxKeT ObITh B30MOPQHA, JIUIITH
OJTHOU M3 TSTHAIATH TPYIII

Z/mZ (m < 10,m = 12), Z/2Z & Z/2nZ (n < 4), (44)

IpuYeM BCe BO3MOXKHOCTH peasnsyorcst (cu. [14], rinasa 6).

Borunciienne panra r ocraercst OTKPBITON MTPOOJIEMOIA.

[Tpusenenue HenpusoauMoii Kyoudeckoii hopmbl F'(X,Y, Z)  Beifiepurrpac-
cOBOif HOpMaJIbHOI (hopMe HaJT ITOJIEM PAIMOHAIBHBIX YHCeJI, BOODIIE TOBOPS,
HeBO3MOXKHO. OJIHAKO €C/In COOTBETCTBYyIOIAas KyOmdeckas Kpubasi C mmeer
XOTsI OBl OJHY pAIMOHATIBHYIO TOYKY, TO OHa m3oMopdua Haja Q mekoTopoit
kpusoii Buga (41)(cm. (8, §3, m.1] u [7, v 111, §2, c. 113]). Mzomopdusm 3a-
JIAETCS PAIMOHAJIBHBIMU (DYHKITUSMU C PAIUOHAJIbHBIMYU KOI(MDMUITUEHTAMY U,
B YACTHOCTH, [EPEBOJUT PAIMOHAJbHBIE TOUKM B PalUOHAJIbHbIE (CM. (8, §3,
n.1]. Tak Kak sIBHBIH BUJL 9TOr0 n30MOPGhU3Ma MOXKeT ObITh JI0CTATOYHO JIETKO
HafiJleH, TO, eCJI U3BECTHA OJ[HA PAIMOHAJIbHASI TOUKA KpUBOil C, HAXOXKIEHUE
BCEX OCTAJIbHBIX PAIMOHAJILHBIX TOYEK CBOJUTCH K HAXOXKJIEHUIO PAIlMOHAJIb-
HBIX TOUeK KpuBOi Buja (41).

IIpumepoi. 1) Tycrs xpusast C 3aaeTcst ypaBHEHHEM

vy +y=2a"—u,

IEJIOUUCIICHHBIE PEIIEHUsT KOTOPOT'O OMUCHIBAIOT BCE CJIyUan, KOria IIPOU3Be Ie-
HUE JBYX MOCIe0BATETHLHBIX MEIBIX TNCEST PABHO MPOU3BEIEHUIO HEKOTOPHIX
JIDYTUX TPeX MOCJIeI0BATE/IbHBIX YiCesI. B 9ToM npumepe rpyimna A TpuBAAJIb-
Ha u rpymna C(Q) (¢ 6eckoHedHO yIAJeHHON TOYKOl B Ka4ecTBe HyJisl) sBJIsi-
eTcst 6eCKOHETHON IUKJINIECKON Ipymmoit (To ecTh r = 1), mpudem B KadecTBe
ee obpazyroreit MoxkHO B3sTh ToUKy P = (0,0). Touku Buma mP yka3anbl Ha
puc. 4.
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23 7
X
2
13 27 11 18
-5
29 21 8
24
_1 15 _
19
7 5 14
) 30
Puc. 4.

2) ITycrb kpuBasi C 3aj1aeTcsi ypaBHEHUEM
vV +y=a®—Tr+6.

Torna C(Q) = Z3, nupuuem B KauecTBe CBOOOMHBIX 0OPA3YIONIUX STOH IPYIIIBI
MOXKHO B3aTh Toukn (1,0),(2,0),(0,2), cm. [11].

3) Pacemorpum kpusyio C : 42 = o3 + 877x. MoxkHO MoKazaTh, 9To o6pa-
3yrorast o Mojysito kpydenus: rpymisl C(Q) umeer x-koopauHaTy

_375494528127162193105504069942092792346201
~ 6215987776871505425463220780697238044100

DTOT MpUMEp JAeT OlpeJeJIeHHOe TTPEJICTABIEHIE O TPYIHOCTSAX HAXOXKICHUS
PAIMOHATBHBIX TOYEK OECKOHEYHOIrO MOPsIKA Ha KyOUIECKIX KPUBBIX.

Jlist KyOm4uecKnx KPUBBIX, UMEIOIIINX OCOOEHHOCTH, ONMMUCAHHDBINA METOJ, He-
npumenum. IlycTb, K npumepy,

C: y?=a+2a° (45)

— KpuBasi, n3obpazkenHast Ha puc. 5. Torma jiobast mpsiMasi, IPOXOIAIIAst Yepes3
touky (0,0), uMeer erme JuIIb OfHY O0ILyI0 TOUKY ¢ KpuBoil C. A MMeHHO,
npsamasg y = tx nepecekaer C B Touxe (2 —1,¢(t2—1)). [TosTomy, XoTd U HEJIB3s
OIIPEJIENIUTD CJIOYKEHUE TOYEK, KaK B Cilydae TJIQJIKUX KPUBBIX, Mbl HAXOIUM
BCe paIMoHaJbHbIE TOYKH Ha C ¢ IIOMOIIBIO PAIMOHAILHON HapaMeTpU3allun
r=1t2—-1, y=t{t>-1).
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Puc. 5.

4.4. KYBUYECKUE CPABHEHUA 1O ITPOCTOMY MOJYJIIO

[Tycts p — npocroe uncio u F(X,Y, Z) — HeBBIPOXK AeHHAS TI€TI0OUNCTICHHA
kybuueckasi ¢hopma. Perenne cpasuenust F' = 0 (mod p) paBHOCHIIBHO peliie-
Huio ypasHenus F = 0, rae F obosnauaer KybudeckKyio (opMy HaJ II0JIEM
Z./pZ, nonydennyio u3z F paccmorpenueM ee Ko3hOUIMEHTOB 0 MOYJIIO P.

[Ipenmonoxkum, aro ¢popma F HEBBIPOAKIEHA 110 MOIYJ/IIO P. DTO O3HAUAET,
OF OF OF
qro ¢dopma F' U ee dacTHbIE MPOU3BOJHBIE ——, —, —— HE UMEIT ODIUX
0X’ oY’ 907
HETPUBHUAJIBHBIX HyJIell HUI B KAKOM KOHEYHOM pacuIupeHuu 1nomis Z/pZ.
aK W B CJIydae 10Jisi PAIHOHABHBIX YUCE]I, €CJTU U3BECTHO OJIHO PEIIeHUE
K ;
ypasuenust F' = 0 wan Z/pZ, p # 2,3, T0 n1pocTbie ajrebpo-reoMeTpruuecKue
naen II03BOJIAIOT CBECTH HaXO0XKJIeHHE BCEX OCTaJIbHBLIX peH_IeHI/IfI K HaXOXKJ/e-
HUIO PEIeHnl ypaBHEHUS BUIA

y? =2® +ax +b, a,b € Z/pL. (46)

fcHo, 9TO YUCIO pereHnii STOro ypaBHeHUsT He MPEBOCXOINT 2P, TaK Kak st
KaxKJIOro 3HavYeHus: ¢ € 7 /pZ uaiiayrcs He GoJible 1BYX 3HaueHuil y € Z/pZ,
Takux, 910 (,y) yaoBieTBopsieT ypaBHeHuo. OHAKO JIMIIbL MOJOBHHA JJIe-
menToB u3 (Fp,)™ sIBIAIOTCSH KBaIpaTaMu, HOITOMY MOYKHO OXKHJIATh, 9TO YHCIIO
pemrenuii BIBOe MeHbITE (IIPEIIOIOKHE, YTO 3HAYCHIA T° + ax 4 b pasdpocamst
caydaiino B nosie Z/pZ).

Bouee Touno, nycrs x(z) = (%) upu z # 0 u x(0) = 0. Torga uucso pere-
Huit ypasnenust y2 = u B Z/pZ pasuo 1 + x(u) ¥ MBI TOTy9IaeM CJie/TyIoNLyTo
opmyity st uncsia rouek Kpusoil C, 3amanHoii ypasaenuem (46), HaJl 110J1e€M
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Z/pZ (c yaerom Geckornedno ypanennoit Touxu (0:1:0)):

#CZ/pL) =1+ > (1+x(2°+az+1b))
z€Z/pL

=p+1+ Z x(2® + ax +b).
x€ZL/PL

Kobnur cpaBHuBaeT B3sTHE CYMMBI B 9TOI (hOPMYJIE CO CIIyUIaHBIM Oy KA~
HIeM, IpH KOTOPOM JieslaeTca mar srepes, ecin x (22 4+ ax + b) = 1, u mar
Ha3a/1, CCJIN X(a?3 + ax + b) = —1. U3 Teopun BeposaTHOCTEIl U3BECTHO, UTO
PacCTOAHUE OT UCXOMHOU TOYKU IIOC/IE P IIATOB IPU CAydaiiHOM OJIyKIaHuu
OyzeT uMeTh HOpAIoK /p. U jeficTBuTebHO, 3TO TaK: CyMMa BCerja OrpaHu-
9eHa BeJTMIUHOMN 2./p.

TEOPEMA 4 (TEOPEMA XACCE). [ycmo N, = # C(Z/pZ). Toeda

[Ny — (p+ 1) <2V

DJleMeHTapHOE JT0KA3aTeILCTBO 3TOro haxrta 60b110 gaxo FO. V. MaHuHbIM
B 1956 1.

4.5. OT CPABHEHUN K PAIITMOHAJIbHBIM TOUYKAM: 'MIIOTE3A BEPYA U
CYUHHEPTOHA—/IATIEPA

SHaAMEHUTHIN MPUMEp, CBSI3BIBAIOIINN JIOKAJIBHYIO U IJI00AJbHYI0 HHGOP-
Maruio, jaercsi runore3oit bépua nu Cyunneprona—/laiiepa st Kybudeckux
KPUBBIX. JTa THUIOTE3a MPUHAJIEKAT K GUCTY CEMH MPOOJIEM THICTIETICTHUSI
nHCcTHTyTa Kitest, 3a pernreHne KaykKJI0i M3 KOTOPBIX MPEJJIOKEH MPU3 B MUJI-
JINOH JIOJIJIAPOB!

[Tycts C — snnmunTudeckast KpUBas, 3aaHHasT YPABHEHIEM

v =23 +ar+b

cabeZ InaptA=—16(4a® + 27b%) nonoxum a, = p+ 1 — #C(Z/pZ).
ITycTb

1 —
L(C,s) = 55 = ) Can 47
(C.) p]gl_app T 2 (47)

TIe ¢, — KaKue-To nejibie uucjia. VI3 Teopembl 4 cjie/lyeT, 9To MOCAEIHUN Psill

3
cxopurest abeosmorao npu Re(s) > 3

TeoPEMA 5 (BPEl, KoHPAL, JTATTAMOH/, TOMI0P, VAMIIC).
Qynryus L(C,s) npodossicaemes do anasumuueckol Gynkuyuy na 6cetl Kom-
NAEKCHOU NAOCKOCTNAU.
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I'nnoTe3A 6 (BEPYA n1 CYUHHEPTOHA—JIAVIEPA). Pasaooicenue Toi-
aopa pyrkyuu L(C,s) 6 s =1 umeem 6ud

L(C,s) =c¢(s — 1)" + 4ieHbl BbICIIEH CTEHEHH, (48)

2de c £ 0, ar — pane xpusot C nad Q.

(Cm. nznoxenwue B 14|, rmaser 32-34, u B [15].)

Crennasbublii ciaydail runoresst BCJ yreepxkmaer, uro L(C,1) = 0 rorma
u TosIbKO Torya, Korjpa rpynmna C(Q) Geckonedna.

B crarbe [15] 06cyzkmaeTcst HCTOPHsE CJIEJLYIONIEr0 pe3yJibTaTa:

TEOPEMA 7 (I'POCC, KONBIBATUH, 3ATUP U JIP.). [Ipednoaootcum, 4mo
L(C,s) =c(s—1)" + wensl BoICII€il CTECHN

cc#0ur <1. Toeda cunomesa BCJ] cnpasedausa dan C, mo ecmov r — paHe
xpusoti C nad Q.

Ixon Teiir caenasn gokian o runorese BCIL st macruryra Kiess. Dror
JIOKJI&JT, MOKHO TIOCMOTPETHb B UHTEPHETE 110 apPecy
http://www.msri.org/publications/ln/hosted/cmi/2000/cmiparis/
index-tate.html

Ormerum Takke, aro rurnore3a BC 1omyckaeT «IKCIEePUMEHTATBHYIOY
1poBepKy. jist 3TOro MOXKHO MPUOJIMAKEHHO BBIYUC/IATD [TOKA3aTe b I B PA3JI0-
ykernu (48). [liist BeIYucIeHnil ¢ S/UIMITHIeCKIMU KPUBBIMU MOYKHO UCIIOJIB30-
BaTh KoMubioTepuyio cucremy PARI (cm. [9]). Hanpumep, ayis kpusoii y2 +y =
= 237246 u3 npumepa 2) na c. 75 panr pasen 3. [Ipubamkennoe BLIMICIEHTE
nokaszaress B popmyste (48) maer snadenue 3.000011487248732705286325574.

I EEEE L]

Crarbst ocHOBaHa Ha Marepuajax Jekiuil asropa B Uncruryre Dypbe
(T'penobub, Ppannus), B Ixosib Hopmais (JIuon, @panmust), a Takke Ha Ma-
TepraJiax crenkypcos Ha mexmare MI'Y B 1979-1991 u B 2001.

Uckpenne butarogapio dpuecra bopucosuua Bunbepra 3a ajanrupoBanue
[IEPBOHAYAJILHON Bepcuu craThl i cbopHuka «Maremarmdeckoe mpocseriie-
HUEe», IMOCBAIIECHHOI'O p-a/IMICCKUM YUCJIaM U UX ITPUJIO2KCHUAM.

CIIUCOK JIUTEPATYPbI

[1] Bopesuu 3. U., Hadapesuu U. P. Teopus wucea. Uz, 3e, nom. M.:
Hayxka, 1985.

[2] Kobmun H. p-aduueckue wucaa, p-aduueckud anarusd u dzema dymx-
yuu. M.: Mup, 1982.

[3] Mamdopz 1. Abeaesvi mrozoobpasua. M.: Mup, 1971.



JlokajpHBIE I II0DAIbHBIE METOABI B apH(PMEeTHKE 79

[4]

[5]

(6]
7]

8]

19]

[10]

[11]

[12]

[13]

[14]

[15]

Ocrpux B. B., llcbacman M. A. Anzebpauneckas zeomempus u meo-
PUA YUCEN: PAYUUOHANDHBIE U 2asunmuveckue kpusvie. M.: MITHMO,
2005.

IIpacosios B. B., Comosbes 10. I1. Saasunmuueckue dynruuy u ai-
eeopauveckue ypasrenus M.: @akropuas, 1997.

Cepp 2K.-1I. Kypc apugpmemuxu. M.: Mup, 1972.

Crenanos C. A. Apupmemura anrzebpauveckur xpuswvix. M.: Hayka,
1991.

Tadapepua UN.P. Ocnoswvr aseebpauueckot eeomempuu. Tt 1-2.
W3m. 2e. M.: Hayka, 1988.

Batut C., Belabas K., Bernardi H., Cohen H., Olivier M. The
PARI/GP number theory system.
http://pari.math.u-bordeaux.fr

Cassels J.W.S. Diophantine equations with special reference to elliptic

curves // J. Lond. Math. Soc. Vol. 41, 1966. P. 193-291.

Buhler J. P., Gross B. H., Zagier D. B. On the conjecture of Birch
and Swinnerton-Dyer for an elliptic curve of rank 3 // Mathematics

of Computation. Vol. 44, no. 170., 1985. P. 473-481.

Manin Yu. L., Selected papers of Yu. I. Manin, World Scientific Series
in 20th Century Mathematics, 3. World Scientific Publishing Co.,
Inc., River Edge, NJ, 1996. xii+-600 pp.

Manin Yu.l. and Panchishkin A.A., Introduction to Modern Number
Theory, Encyclopaedia of Mathematical Sciences, vol. 49 (2nd ed.),
Springer-Verlag, 2005, 514 p. (Pycck. nep. M.: MITHMO, 2008.)

Stein W. An Explicit Approach to Number Theory.
http://modular.fas.harvard.edu/edu/Fall2001/124/lectures/
lectures_all/lectures.pdf

Wiles A. The Birch and Swinnerton-Dyer Conjecture.
http://www.claymath.org/millennium/Birch_and_Swinnerton-
Dyer_Conjecture/birchswin.pdf

A. A. ITagunmkun: Institut Fourier,Université de Grenoble I, France



Hosrle n3panns

N3aATEALCTBO MITHMO

. Mamdopn. Kpacaas xkaura o maHOroodpasmusx u cxemax. llep. ¢ amri. C. M.
JIsBoBCKOrO. 2007. 296 C.

Ha sroit kHUre OBLIO BOCIIUTAHO HE OJHO IMMOKOJIEHWE AJredpamvecKux reoMeTpoB. He
aBTOpP — HE TOJIBKO OJIMH M3 KPYIHEHIINX MaTeMATHKOB XX BeKa, HO M OJIECTSIINN 11€/1aror,
KHUTU KOTOPOI'O HEOJHOKPATHO BBIXOJUJIN B PYCCKHUX IEPEBOJIAX U BCErJA IOJIb30BAJUCH
3aCJTy>KEHHOI IOITyJITPHOCTDIO.

B kuwure ycnemmo periena HepaspelnMasi Ha IE€DPBbIA B3IMVIA 3a7@49a: JATh OHOBPE-
MEHHO KPAaTKO€ U CO/IePKATEILHOE BBE/ICHIE B aIreOPantecKyio FeOMETPUIO Ha SI3BIKE CXEM.
st Kaxka0ro nu3 abCTpaKTHBIX IMOHATHM, BBONUMBIX B KHHTe, /1. Mamdopm npuBogur reo-
MEeTpUYECKUEe MOTHBUPOBKU U, 60Jiee TOTO, IOMOTAET YUTATENIO BhIPAbOTATH MeOMeTpude-
CKYIO MHTYWIIAIO, HEOOXOAMMYIO [IJIsi OOpaIleHusi ¢ TAKMMH HEIPOCTBIMU JJIsi OObICHEHUS
«HA TAJIbIIAX» MOHATUAMH, KAK IVIOCKOCTHOCTb WU HOPMAJILHOCTb.

st CTYIeHTOB, acCIMPAaHTOB M HAYIHBIX PAOOTHUKOB (DU3NKO-MATEMATUIECKUX CIEIH-
aJIbHOCTEM.

C. B. MarBeeB. AnropurMudeckasi TOMOJIOTHS U KjiaaccuUKAIUsS TPEXMEPHBIX
mHOroobpasmii. 2007. 456 c.

B KHUI'€ N3JI02KE€EHbI OCHOBBI aJIFOpHTMH'—IeCKOfI n KOMHBIOTepHOﬁ TOIIOJIOTUU TPEXMEPHDBIX
MHOT000pa3uii, BKJIIOYasi TEOPHUIO CJOKHOCTHU, TEOPUIO HOPMAJILHBIX MOBEPXHOCTEN M aJiro-
PATMHYECKYIO KJIACCHMUKAIMIO OOJIBIIONO YUCIa TPEXMEPHBIX MHOroobpaswmii. B gacraocTy,
9TO JIAeT TOJHYIO KJIACCU(MUKAIINIO KIACCUIECKUX Y3JIOB.

KHI/II‘& aJipecoBaHa IMHUPOKOMY KpPYTry CIenuaJJiiCTOB B O6JIaCTI/I MaTEMATUKN U TEX €€
HpPI.TIO)KeHPIfI, e IOsABJIAIOTCA TpeXMEpPHbIe MHOFOO6p&3I/IH, TH_LaTeJ'IbHOCTb MN3JIO0KEHUA 1
obuine ULTIOCTPAIUil JeIaloT KHATY JOCTYIIHON CTYI€HTaM MaTeMaTHIECKNX (PaKyIbTETOB.

I'. A. Maprysnuc. Tuckperabie moarpynnsl noiaymnpocteix rpymn Jlm. Ilep. ¢ anr.
2007. 464 c.

Kuura nocssiiena JucKpeTHbIM OArPYIIIaM KOHETHOIO KOOObeMa, B IIOJIYITPOCTBIX I'PYII-
max Jlu. PaccmaTpuBaroTcsi BOMpOCH! CTPOEHMS, KJIACCH(DPUKAIINN U ONMUCAHUS JTUCKPETHBIX
noarpymi rpynn JIu. Pe3ysibraTs! HOMyCcKalOT IpUMEHEHNE B TEOPUU AJIreOpandecKux IPYII
HaJ I‘JIO68JH)HI)IMI/I IIOJIAMMH.

HJIH CTYJAEHTOB, aCIIMPaHTOB M Hay4YHBIX COTPYJIHUKOB MaTe€MaTHUYICCKUX CIIeIUaJIbHO-
cTeu.

B. U. Apuosba, B. A. Xecun. Tomosornaeckue meroapl B ruapoauaaMuke. [lep.
c auryt. 2007. 392 c.

Jannast KHUTa — 3TO IiepBasi MOHOTrpadusi, B KOTOPOH TOIOJIOIHYECKHE, TEOPETUKO-
I‘pyHHOBbIe U reOMeTpruYIeCKue 3a1a91 I/I,Z[eaﬂbHOﬁ TUAPOAMHAMUKA U MarHUTOTUAPOIUHAMU-
K1 pacCMaTpUBarOTCs C e‘HHHOﬁ TOYKHU 3PEHUI. HeO6XO,HH1\{bIﬁ HOﬂFOTOBHTeHBHbIﬁ MaTepuaJi
U3 TUAPOJIUHaAMUKN U YUCTON MaTEMaTHUKHU MU3JIaraeTcs C 6OJII>IHI/IM KOJINYECTBOM IIPDUMEPOB
U PUCYHKOB.

KHI/IFa nupeanasHaveHa jid CTYJACEHTOB, aCIIMPaHTOB M CIEIHAJIUCTOB IIO YUCTON WJIN
MPUKJIATHON MaTeMaThKe, paboTaIMNX B TAKAX OOJIACTSAX, KAaK THUAPOIUHAMHUKA, TDYIIIIBI
JIu, nuHamudeckue cucreMbl U JuddepeHnuabHas TeOMETPHUs.




Hamr cemunap:
MaTeMaTH9IeCKHe CIOXKETHI

3aMeTKi 00 MCKIIOUNTETbHBIX N30MOpQU3Max

B. B. Jlonenko

Opuecty BopucoBudy Bunbepry K oo0uiero,
C yBaskeHHEeM W BOCXUI[CHHEM

BBEJEHUE

IIpeamerom mpejyiaraeMoro YUTATENI0 TEKCTa sIBISIETCS HEKOTOpas pas-
HOBHMIHOCTb «MaTeMaTHYECKONH 300JI0PMU». A MMEHHO, s IPUBEILY JIOBOJILHO
IIPOCTBIE U JIETaHTHBIE KOHCTPYKIINK HEKOTOPBIX «HUCKIIOUATETLHBIX H30MOP-
buzMoB» (TaK TPaAJUIMOHHO HABIBAIOTCSI M30MOPMU3MbBI MEXK /LY JABYMs IDYII-
naMy U3 M3BECTHBIX Cepuil Tpymi, camu 1o cebe He 00pasyloliue Cepuio), u
OIUIIYy CUTYaIlll, B KOTOPBIX IMPOCTON KOHCTPYKIIMU HE M3BECTHO, B HAJIEXK/IE,
9TO KOMY-TO U3 YNATaTeNell yIaCTCs 3al0JTHUTD UMEIONHecs TYT MPOOeIbI.

¢l npusHaTe/IeH BCceM MOUM JAPYy3bsM U KOJLIEraM, ¢ KeM si 00CyzK1ajl B pas-
HBIE MOMEHTBI BOIIPOCHI, 3aTparunBaeMble 311ech. Ocobo s X0y 1MobJIarogapuTh
M. ®@unkenbbepra, KoTophbiii coobmm 3dbdexTHoe (1, BOSMOXKHO, COBEPIIIEHHO
HOBOE) JIOKa3aTeabcTBo n3oMmopdusma PSLy(Fg) ~ Ag, u M. Bsutoro, koro-
PBIil IPEJIIOKUII KPACUBBIN MyTh JoKasareabcTBa n3omopdusma Spy(Fg) ~
~ S¢, BJOXHOBUBIINI MeHsI Ha Jioka3aresbeTBo nzomopdusma GLy(Fg) ~ Ag.
Cr0oJIb U3SITHOE PACCyKIeHNE He NMEJIO IAaHCa ObITH COBEPIIEHHO HOBBIM: KakK
BBISICHIJIOCh B XOJ€ HaIlMCAHUsI TOTO TEKCTa, MbI IIEPEOTKPBLIN PE3yIbTaThl
crarbu [4], u omy6GIMKOBAHHOE 3/16Ch JIOKA3ATEJILCTBO 110 CYIIECTBY He OTIHYa-
ercsi OT IPUBEIEHHOrO B TOil crarke. [locie Toro, Kak nepBast BepCust TEKCTa

MatemaTunyeckoe npoceetuerue, cep. 3, Bein. 12, 2008(81-93)
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ObL1a IpejcTaBeHa B pefakiuio, D. b. Bunbepr coobimia MHE psiji KOMMEHTa-
PHEB U yTOYHEHHI, KOTOPBIE CJIeJIAIN HEKOTOPBIE JOKA3aTeIbCTBA U CTPYKTYPY
TEKCTA B I1JIOM 3HAYUTEIBHO 60Jiee IPO3PAUHBIMHU, 38 YTO s €My YPe3BbIYaiiHO
[PU3HATEJICH.

Cepun KOHEUHBIX I'DYII, KOTOPBIM MBI yJleJisieM TyT HauboJiblllee BHUMa-
HIE, CyTh CUMMETPUYECKHe IPynibl Sy, 3HAKOIEpeMeHHbIe Ipynibl A, u 1upo-
exTHBHBIE rpymibl cumMerpuit PG Ly (k) u PSL, (k), B ciayuae, korna k = Fy —
KOHEYHO€ II0JIe U3 ¢ JIeMEeHTOB. ['pynibl S, u A, XOPOIIO U3BECTHBI BCEM, KTO
UMeJT JIeJI0 C TIOHSTHEM IPYIIbL. U To KacaeTcsi IPOEKTUBHBIX IPYIII, OHI MOTYT
OBbITH U3BECTHBI HE BCEM YMTATE/AM, M Mbl HAIIOMHUM UX OIPEJICJICHIE.

ONPEAEJEHUE 1. O6mas (COOTBETCTBEHHO, CIENUAabHas) JINHeiHast
rpymna GLy (k) (coorsercrsenno, SLy(k)) — sro rpymma Bcex 0OpaTHMBIX
MaTPHUIL ¢ 3JIeMeHTaMu u3 1oJist K (cooTBeTcTBEHHO, BCeX MaTpHuIl ¢ Kodhdu-
muenTaMu 13 nosist k u ¢ onpesenuresnem 1).

Bynyau unrepecubivu camu 110 cebe, TaKue IpyIIbl HE UMEIOT MIAHCA ObIThH
U30MOPQHBIMU CUMMETPUICCKUM M 3HAKOIEPEMEHHBIM I'DYIIIAM, ITIOTOMY YUTO
OOBIYHO MMEIOT HETPUBUAJILHBIN IEHTD (3JIEMEHTBI, KOTOPBIE [IEPECTAHOBOYHBI
CO BCEMU 3JIEMEHTAMHU TDYIIIIBI).

YIOPAXKHEHUE. [IpoBepbTe, UTO MEHTP KaxKI0il M3 3TUX I'PYHI COCTOUT
U3 CKAJISIPHBIX MaTpHIl (T.e. MATPUIl, KPATHBIX €MHIIHOI).

ONPEAENEHME 2. IlpoektuBHast obmiast smneiinas rpyuna PGL, (k) —
s10 dakroprpymna rpyinsl G Ly (k) no ee nenrpy. IlpoekruBnas crernpasib-
Hasl juHeiinas rpynna PS Ly, (k) — sto obpas rpynnst SLy, (k) 8 PG Ly, (k) npu
romomopdusme HakTOPU3AIUN.

Teomerpuyeckuit cMbIcy 3TUX rpymnn takoii. Kazkmast m3 HuX feiicTByeT Ha
n-MEePHOM BEKTOPHOM IIpocTpaHcTBe Hax nojeM kK. Ecinu paccmarpusarh Tod-
KI 3TOr0 MPOCTPAHCTBA ¢ TOYHOCTHIO JIO OJHOBPEMEHHOI'O YMHOYKEHUS BCEX UX
KOOpJIMHAT Ha HEHYJIEBOE YUCJIO, T.€. HepeiiTy K MHOMXKECTBY IIPSMBIX, IIPOXO-
JISIIX Yepe3 HAaYaJl0 KOOPJMHAT, Mbl 1ojydnM (n — 1)-MepHOe [pOeKTUBHOE
npocTpancTso Ha g nosieM k. Harmum rpymmer, Oyayan bakToprpymnmamMu 1mo mos-
IpyIIe, KOTopasi COXpaHsieT BCe IpsiMble, KOTOPBIE TPOXO/IAT Yepe3 Hadajo Ko-
OpJAMHAT, JEACTBYIOT Ha 3TOM IIPOEKTUBHOM IPOCTPAHCTBE aBTOMOP(MUIMAMIU.
9710 OyIeT OYeHb CYIIECTBEHHO JIJIsi HAC.

[IpuBenem st MCIIOJIBL30BAHUST B JIajbHEHIIIEM HECKOJbKO CTaHIaPTHBIX
dakToB. Bece oHU He OYEHD CJIOXKHO JOKA3BIBAIOTCSI, U MbI [IPEJIIaraeM YATaTe-
JIIO JIOKA3aTh UX CAMOCTOSITE/ILHO WX OOPATUTHLCH K CTAHIAPTHBIM YIeOHIKAM
(2], [3], [5]) 3a mokasarenbcTBaMH.

ITopsinku JUHEHHBIX U MPOEKTUBHBIX TPYIIT YUTATENb JIEPKO BBHIYUCIAT B
KadecTBe yIPaXKHEHUsI, JTOKA3aB TeM CaMbIM CJIEIYIOIIee IPEeIJIOXKEHHE.
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IIPEO/IOKEHUE 1.
#GLn(Fy) = (¢" = 1)(" —q) .. (¢" =" "),

#SLn(Fy) = —(@" = D" =) .- (@" —q" ),
#PGLn(Fy) = q%l(qn D@ =) (" =),
#PSLn(Fy) = m(q" ~1D@"~a) . (¢" ="

Cuienyrorniee npejiokerne (ToxKe MpeJjlaraeMoe B KadeCTBe yIPaYKHEHMUs )
TOXKE He OY€Hb CJIO2KHO U JIOBOJILHO CTAaHJIAPTHO.

IIPEJIOKEHUE 2.

1. I'pynno A, npocmul) npu n = 5.
Hopmanavrwie nodepynnve epynnve Sy, npun =5 cymo {e}, A, u Sy,

I'pynnw PSL,(Fq) npocmo, npun >3 u npun =2, ¢ > 3.

Ll

Hopmanvnaa nodepynna epynno PG Ly, (Fy) aubo pasna {e}, aubo codep-
otcum PSLy(Fy) 60 ecex cayuaar xpome n =2, g = 2,3.

DTOo HpeJJIoKeHNe JEeMOHCTPUPYET JIOTOJHUTEBHYIO IPUINHY HHTEPECO-
BaThCAd U30MOpPPU3MAMU MEXKIY JaHHBIMHU rpymnamu. Kiaccuduramums ko-
HEYHBIX MPOCTHIX TPYII SIBJSIETCS] OJHUM U3 TEHTPATHHBIX BOMPOCOB TEOPUH
TPYIII, U I JIBYX OECKOHEYHBIX CIIUCKOB IIPOCTHIX TPYIII XOTEJI0Ch Obl 3HATD,
HACKOJIBKO 9THU CITUCKH [TEPECEKATOTCSI.

Cxema J0Ka3aTeIbCTB B OOJIBIMUHCTBE 00OCY?K/IaeMbIX HAMHU CJIYYaeB OJIHA
u Ta yke. YTo0bl oKa3aTh, 4To JiBe rpyuibl G u H u3omopdHbI, Mbl cCHaYAJIA
crpouM romoMopdusMm ¢: G — H. Jlajee MbI IpOBEPsIEM UHbHEKTHUBHOCTD WM
CIOPBEKTUBHOCTDB 9TOI'O I‘OMOMOpCbI/I3Ma 1 IpUuBJIEKaeM SHaHUA O ITOPAJKaX Ha-
MIUX TPV, YTOOBI YCTAHOBUTH, UTO MOCTPOEHHBIH roMoMopdu3M B JieficTBHI-
TEJILHOCTH SIBJISIETCST M30MOPMU3IMOM.

OT 'EOMETPUU K AJITEBPE

B srom pazzene Mbl 1 TOCTpOEHUsST TOMOMOPMU3MOB HCIIOJIb3YEM €CcTe-
CTBEHHOE JIefiCTBHIE IPOEKTUBHBIX IPYIII Ha COOTBETCTBYIOIMINX MPOCTPAHCTBAX,
HaXOJs MOAXOSAIIIE FeOMeTPUIeCKe 00bEKThI, HA KOTOPBIX 3TU I'PYIIIIbI JIeii-
CTBYIOT.

B mpocreiimux npumepax eCTeCTBEHHOE IeHCTBHE IPOEKTUBHBIX IIpeobpa-
30BaHMil MPUBOIUT K ycrexy. Hamomumm, aro mpeobpasosanne n3 PG La(k),

1)T €. He UMEIOT HeTPUBUAJIbHBIX HOPMAJIbHBIX IIOATPYIIII.
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KOTOpOe COXpaHsieT BCe TOYKH IIPOEKTHUBHOM MpPsIMON (MX B cilydae KOHEYHO-
ro mosst 1 + #Kk), TOXK/IeCTBEHHO, U IIOTOMY €CTECTBEHHBIH rOMOMOPMU3M 13
PGLy(F,) B Sq41 UHDEKTHBEH.

IIPEJIOKEHUE 3.
PGLQ(]FQ) = PSLQ(FQ) = GLQ(FQ) = SLQ(IFQ) ~ 53,
PGLQ(Fg) ~ 54,
PSLy(F3) ~ Ay,
PSLQ(]F4) == PGLQ(]F4) ~ A5.

JIOKABATEJIBLCTBO. llentp rpymmsl maTpul nal mojeMm Fo TpuBuasieH, a
OIIPEJICJINTETh OOPATUMON MATPHUIBI MOXKET OBITH PABEH TOJBKO €IUHUIIE, TaK
910

PGLy(F9) = PSLy(Fg) = GLa(Fg) = SLo(Fy).
[Mopsinok rpynmbt G La(Fg) pasen 6, Tak 910 ecTeCTBEHHBIH rOMOMOPGhU3M B
S3 ABJISIETCsl U30MOP(MDUMOM.

Mopsinok rpynnbt PG Lo (F3) pasen 24, u noromy romomopdusm B Sy sB-
astercst uzomopdusmom. B ciyuae rpynmnsr PSLo(F3) MoxkHO ncnonb3oBaTh
TO, ITO y S4 TOJILKO OJIHA HOArPYyIa HHjaeKca 2, win Haiitu B PSLo(F3) muki
JUIMHBL 3, WA PACCyKIATh KAKUM-JTUO0 UHBIM CIIOCODOM.

Mopsinok rpyunet PGLy(Fy) = PSLo(F4) pasen 60. ITosromy obpas sroit
[PYIIBL IPU €CTECTBEHHOM roMoMopdusMe B S — MoArpymnia nHaekca 2 (Ko-
Topasi 00s13aTesIbHO HOpMaJibHa). UToOBI J0Ka3aTh, UTO 3Ta HOJAIPYIIIA €CTh
As, MOXKHO PACCyX)JaTh Pa3HBIMU CIIOCOOaMu. TeopeTuKO-TPyIIoBO#l TOIXOT,
POBOPHUT, YTO IEPecedeHne 9T0i NoArpyIibl ¢ A5 — HOpMaJjbHast HOAIPYIIIa, U
IIpeJIIoyKeHne 2 TI03BOJISIET STUM 3aBEPIIUTH JOKA3aTEILCTBO. ['eoOMeTpUIecKuii
IIOJIXO/T TI0JICKA3bIBaeT OoJiee IpocToe paccyxkaenne. [IpoekTuBHOoe mpeobpaso-
BaHMe MOXKET IIepeBECTH JIFOOble TPU TOYKH B Jii0ObIe Tpu. BosbMeM Tpu TOUKM
A, B u C v NIUKJINYECKH [IEPECTABUM UX IMPOEKTUBHBIM IPeodpa3oBaHuEM. DTO
JlacT HaM B 06pase romoMopdusma 6o rpoiinoii nukia (ABC) (a notomy Bee
TPORHBIE UKJIBI B CHJIY HOPMAJbHOCTU MOJAIPYIIBI U BCE UETHBIE TOJCTAHOB-
K, TIOCKOJIbKY A; HOPOXKIAETCs TPONHBIMU IUKJIAMH), JTUOO TEPECTAHOBKY C
muksoBbM THIIOM (ABC)(DE), KBagpar KOTOPOH — TPOHHOMN IUKJI.

Cremytoree paccyzK/IeHIe sIBISIETCST HECKOJIBKO 60J1ee TOHKUM.
IIPEATOYKEHUE 4.

PGLy(F5) ~ S5,

PSLy(F5) ~ As.

JJOKABATENBLCTBO. Ilopsimok rpynner PG Ly (F5) pasen 120. eiicrBue
Ha TOYKAX HPOEKTUBHON mpsiMoii jaer romomopdusm u3z PGLy(Fs5) B Se.
JlanbHefiee Hallle paccyskI€HIe HE UCIIOIb3YET T€OMETPHIO U SIBJISIETCST YUCTO
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TeopeTUuKO-rpynoBbiM. Mbl j1okazkeMm, 9T0o BooOIIEe Jiobas noarpymma H C
C Sg mopsimka 120 msomopdra S;. A MMEHHO, PACCMOTPUM MHOYKECTBO
CMEXKHBIX KyiaccoB Sg/H. JleiictBue Sg cABUraMu Ha MHOXKECTBE CMEXKHBIX
KJIACCOB IPUBOAUT K romMoMopdusmy «: S¢ — S (IIOCKOIBKY CMEXKHBIX
kj1accoB poBHO 6). ITonpobyeM BBISICHUTH, KAKOBO $JIPO 9TOI0 TOMOMODPQU3-
Ma. D10 HOpMaJsibHasi moArpymna. Hopmasibhble noarpynnsl B Sg cyTb {e},
Ag u Sg. leiicTBue Ipymibl Ha CMEXKHBIX KJaccax II0 IOArPYIIe TPaH3H-
THUBHO, ITO3TOMY JIBa IIOCJIEHUX BapUAHTa OTIAJIAIOT. JHAYUT, ( SIBJISIET-
¢ mzomopduzmoMm. OcTasoch 3aMETUTh, YTO TPU JIEACTBUM Ha CMEYKHBIX
KJIaccax Mo MOJIrpyIie crabuiin3aTop Touku nzoMopden 3toit morpyiire. Cra-
OMIM3aTOP K€ TOUYKM JJIsi OOBIYHOrO JielicTBusi Sg Ha 6-37/eMEeHTHOM MHO-
JKECTBE eCTh Ss. 3HAUUT, UCXofHas moirpymma H wmsomopdna S;. Orme-
TUM, 9TO 3Ta TOATPYyNMa S; He CONpsKEHA CTAHIAPTHOMY BJIOXKEHUIO Ss,
[OCKOJIBKY €€ JIeiCTBUe TPAH3UTUBHO (M [OTOMY HE HMMEET HelOJBUYKHBIX
TOYEK ).

Yreepxkienune o rpynne PSLe(F5) mpome Bcero mokasaTh ¢ MOMOIIBIO
[peIoyKeHusI 2: B S5 POBHO OJIHA IOAIPYIIIA HHIEKCA 2.

[TPEAJIOXKEHUE 5. PSLy(Fy) ~ Ag.

JOKA3ATENBLCTBO. Iopsimok rpymmst PS Ly (Fg) pasen 360. [Tostomy mo-
CTATOYHO IIOCTPOUTH HETPUBHAIBHBII roMoMopdusM 9Toif rpynisl B Sg (OH
Oy/leT UHBEKTUBEH B CHJIy MPOCTOTHI rpymtin PSL, a e MHCTBEHHON MOATPYII-
noit uuzekca 2 B Sg siBasiercst Ag). Mbl cenaeM 910, IPEbSIBUB HOAIPYII-
ny H C PSLy(Fg) unnexca 6 (Torga romoMopdusM BO3HUKHET U3 JIeHCTBUSI
Ha, CMEXKHBIX KJjaccax II0 3Toi Hozprpynne). Iloarpymma ungekca 6 B Ag uso-
Mopdua Az (9T0 JI0KA3bIBAETCS AHAJIOTUYIHO TOMY, YTO MOJrPYINa HHIEKCa 6
B S m3oMopdHa S5; CM. JI0KA3aTEIbCTBO MIPE/TIOKEeHNs 4), TaK ITO MBI 1 Oy-
JieM HCKaThb moArpymmy As. Xopomro m3BecTHO, 9To As m3oMopdHA TpyIie
BpalleHnil 10/1eKas/pa, MOITOMY OHa JeHCTBYeT Ha aByMepHOil cdepe B R3.
Teneps riIaBHOE — MPABUIBHO 9Ty chepy MHTEPIPETUPOBATE. JIErKo MMOHSITH,
9TO T'PYIITa BPAIEHUN T0/IeKadIpa BKAQIBIBACTCS B I'PYIITY CHUMMeTpuii cde-
pbI, IOHUMaeMoil Kak cdepa Pumana (KOMILIEKCHAs IPOEKTUBHAS IPsiMast),
10 ectb B PSLo(C). M0oxKHO TIPOBEPUTD, YTO 9TO BIOXKEHHUE OIPEJICJICHO HAJT
Q(v/1) = Q(+/5,14), 1 MOTOMY MOYKHO PACCMOTPETD €ro 10 MOJIYJIO 3, 4TO IPH-
BesieT K BioxkeHuto As = PSLy(F5) B PSLy(Fg), nockosbky Fg = Fs(i), a

V5 =+v/—1 =1 (mod 3).

3AIAYAT MoKHO JTi TPUIYMATh AHAJOTUIHOE PACCY2K/IEHNEe, KOTOPOEe UC-
nosb3yer uzomopbusm Ay u PSLy(Fy)?

BAJAYAY MOXKHO JIH, UCIOJIB3Ysl JABYMEPHBIE KOMILIEKCHBIE IIPEJICTABIIe-
uust rpynn SLy(Fy), nokasare msomopdusm PSLy(Fy) ~ PSLy(F5) nanps-
MyT0?
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3AMEYAHUE 1. [lokasaHHBIE paHee yTBEPKIEHUSI MOTYT HABECTH NTATE-
JISL HA MBICJIb, 9TO uMeeT MecTo u uzomopdusm PG Ly (Fg) ~ Sg. D10 HEBEpHO
(morrpobyiiTe MOHATD, TOYEMY ).

VNHTEPME/JIUSA: BHEIIHUN ABTOMOP®U3M 567 ITPOCTBIE I'PVIIIIBI
HEBOJIBIINX ITOPAJKOB U BCE TAKOE

B arom pasjesie Mbl u3BjIeYeM U3 00CYKIABIINXCS JIOKA3aTeIbCTB (1a-11a,
UMEHHO U3 JIOKAa3aTeJIbCTB, & He U3 JIOKA3AHHOI'O) CJIEJCTBUSI, KOTOPBIE MOTYT
OBITH MHTEPECHDI JIIOOUTE/IsIM TeOpUH I'PyIil. Bo BTOpOM U3 HUX IIOJIE3HBI 3HA-
HUsI U3 YHUBEPCUTETCKOrO Kypca anrebpsl (Teopembl Cuiiosa).

CHEOCTBUE 1. V epynnw S cywecmeyem enewnud (ne enympernud,
Mo ecmb He 3a0a68aeMbIT CONPANCEHUEM HUKAKUM IACMEHTIOM) ABTOMOPPHUSM.

JIOKABATE/ILCTBO. Takum aBTOMOP(MU3MOM SIBJISIETCS OTOOpaKEHUE v
n3 JlIoKa3aTesbcTBa Ipejjoxkenus 4. B camom jesne, npoobpas craHapTHO-
ro BJIOXKEHUS S5 SBJSIETCS TOJATPYIION 0Oe3 oOIell HErmoJBUXKHON TOYKH, U
IIOTOMY 3TOT aBTOMOPMU3M HE MOXKET ObITH BHYTPEHHUM.

Tlocrpoennniit HamMu BHemHWI aBTOMOPMU3M caM IO cede SIBJISeTCS HC-
KJIIOUUTETbHBIM. UTOOBI IPOJEMOHCTPUPOBATDL 3TO, MBI JIOKAYKEM CJIE/LYIOIIee
yTBEPXKJICHUE.

[IPENJIOXKEHUE 6. Ilpun # 6 arwboti asmomopdusm epynnot Sy, AsssEM-
CA BHYMPEHHUM.

JIOKABATEJILCTBO. flcHO, uTO aBTOMOPMU3M MEPEBOJIUT COIPSIYKEHHBIE
9JIEMEHTHI B CONPsi>KEHHBIE 3/IeMeHThI. Halle oKa3aTeibeTBO OYIEeT COCTOATh
u3 1ByX dacteit. YTo0bI 10Ka3aTh, YTO aBTOMOPGU3M SBJISIETCS BHYTPEHHUM,
MbI IIPOBEPUM, YTO TPAHCIO3UINHU IEPEXOMIAT B TPAHCIO3UIUHU, IIOCJIE YEro
ybeiuMcest, 9TO aBTOMOPMU3M, MEPEBOJISIIUN TPAHCIIO3UITUN B TPAHCIIO3UITUH,
00s13aTEJIbHO BHY TPEHHMIA.

Besikast TpaHcnosuiys siBjisieTCsi HHBOJIIOIMEH (B KBaJpare paBHA €JIUHI-
1e), MO9TOMY KJIacC CONPSIKEHHOCTH TPAHCIO3UIMN EPEXOIUT B KJacc CO-
MIPsI?KEHHOCTU ITPOU3BEIEHNST HECKOJIbKUX HEIEPECEKAIOMINXCS TPAHCIIO3UIINN.
[Tycts 1ux Tpancnosurmit k < n/2. BelaucauM 9mucjio 9J1eMEHTOB B COOTBET-
CTBYIOIEM KJiacce (371eCh U Jlajiee MOXKHO CUYUTATh, 9TO N > 4, 41066l B Sy,
ObLIN HETPUBHAJbHBIE UHBOJIIOIUK). JTO YUCIO PABHO MHJEKCY IEHTPaJIN3a-

n!
TOpa TAKOI'O dJIeMEHTa, T.e. K2 20 YTO, OUEBH/HO, HE MeHbIe (a Ipn
: n — .
n! _ 2k " 2
k > 1 — Gosbie), 1em @20 C7F. Yucno rpancnosunnit pasao C.

[MockoabKy wmcia codeTannit mpu GUKCHPOBAHHOM 1. BOZPACTAIOT IO CEPEeTh-
el crpokn, C2 ne menbite, yem C2F TojbKO ecimm 2k paBHO OJHOMY U3 UHCeT
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2,n—2,n—1,n. Eciu 2k = 2, To BcE mokazano. B octayipHbIX ciydasx n > 4,
a KOJIMYECTBA 3JIEMEHTOB B COOTBETCTBYIOIIEM KJIACCE COMPSI?KEHHOCTU PABHBI,
COOTBETCTBEHHO,

n! n! n!
u .
2:4-...-n—-2)-2" 2:4-...-(n=1)  2-4-...-m
n(n —1)
[TepBoe uucso GosibIie —, upun> 4, Bropoe 4ucjio e MenbIie n(n — 2),
n(n —1)
970 OOJIBITTE —— mpun > 3, 1, HAKOHEII, TPEThe YUCJI0 He MeHbIre (n—1)x
n(n —1 n(n —1
X (n — 3), uro Gosblie % npu n > 6 U He paBHO % upu n = 5.

[TosTomy 1pu n # 6 11060it aBTOMOPGMU3M LHEPEBOUT TPAHCIO3UIUK B TPAHC-
HO3HIHN.

ITycrs Temepb M3BECTHO, YTO TPAHCIO3UIMUA IIEPEXOJAT B TPAHCIO3UILIH.
JlokazkeM, YTO B 3TOM CJiydae aBTOMOPMU3M 00sS3aTEIbHO ABJISIETCS BHYTPEH-
HuM. ByzieM nocse1oBaTesbHO OANPABIIATE €ro, YMHOXKAs HA BHY TDEHHUE aB-
TOMOP(MU3MBI, TaK, 4TO B Pe3yJbTaTe HOJIYIUTCS TOXKJIECTBEHHBI ABTOMOD-
dbusm. MoxkHO ¢ camoro Haudasja cauTaTh, 9TO TpaHcuosuims (12) ocraercs
Ha Mecre. Jasee, Tpancrosuiyst (23) mepexouT B TPAHCIIO3UIUIO, KOTOPast He
koMmMmyTupyet ¢ (12), u moromy ects 6o (1k), smbo (2k), rae k > 3. Takyio
TPAHCIIO3UIINIO COIIPsAXKEeHreM C ITIOMOIIBIO dJIEMEHTa, KOTOprﬁ KOMMYTUDPYET C
(12), moxkHO mepeBectn B (23) — Tak UTO MOXKHO JIOMHOXKUTH HAII ABTOMOD-
dbusm Ha mogXOASIIMIT BHyTpeHHMil, Tak uro B uTore u (12), n (23) ocraiorcs
na Mecre. Jlanee, ecau Mbl yzKe 100HINCH TOrO, 9T0 Tparcnosumn (12), (23),
..., (k=1 k) ocratorcsa na mecre, To Tpancunosunus (k k+1) moskHa mepe-
xoauTh B Tpancnosumnuio (kl) mim (k+1 ) (IoCKOIBKY OH& KOMMYTHPYET CO
BCEMHI W3 HUX, KPOME IIOCJIC/IHEl), ¥ CONPsIZKEHUEM [ePECTAaHOBKOM, KOTOpast
KOMMYTUDPYET CO BCEMU IEPECIUC/ICHHBIMU TPAHCHO3UINAMUA, TaKyIKO TPaHCIIO-
3UIUIO MOXKHO TepeBectu B (k k+1), Tak 9r0 B MTOre U 3Ta TPAHCIIO3UIUSI
Gyser ocraBarbecst Ha Mecre. Beeposmoxkuble Tpancnosuimn (k k+1) mopox-
JarT S,, TaK 9TO €CJU BCE OHU HEIOJBUXKHBI IIPH ABTOMOpPQHU3ME, TO ITOT
aBTOMODP(U3M TOXK/ICCTBCHHBIIA.

3AMEYAHUE 2. U3 cTpyKTypBI JOKA3aTEIbCTBA HEMEJJIEHHO CJIE/IYET, YTO
Jiobo# BHEITHUN aBTOMOPDU3M Sg MEPEBOJIUT KAXKJIYIO TPAHCIIO3UIUIO B IIPO-
U3BeJIeHNe TPeX HellepeceKaloIuXCsl TPAHCIO3UIUIT (9TO eJIMHCTBEHHbII Ki1ace
COIIPSI?KEHHOCTU HY?KHOW MOIITHOCTH, KOTOPbIil COCTOUT U3 MHBOJIONMUIA). Mbr
HCTIOIB3YyeM 3TO HUXKe. HeMme ieHHoe Ke CJIe/ICTBUE 3TOro (PakTa COCTOUT B
TOM, 9TO TPYIIIa BHEINTHUX ABTOMOP(MU3MOB Sg COCTOUT U3 JBYX JIEMEHTOB.
B camom meste, robbie J1Ba BHENTHUX aBTOMOpPdU3Ma Sg MEPEBOIAT KJIACC CO-
[PSIYKEHHOCTU TPAHCIIO3UINI B OJIMH U TOT K€ KJIACC COIPSKEHHOCTH, U IO~
TOMY OTJIMYIAIOTCS Ha ABTOMOPMU3M, KOTOPBIH TEPEeBOJUT TPAHCIOSUIINN B
TPaHCIIO3UIUHN, & 3HAYUT, ABJIFAE€TCA BHYTPEHHUM.



88 B. B. /lonierko

3A1A4YA" TlocTpoiire Tpu CYIIECTBEHHO PA3JIMIHbIX (He OTJINYAIOIMNXCA HA
BHYTPEHHUNA aBTOMopd)I/BM) BHeIHUX aBToMOpdusMa Ag, 1 Tpu Hem30MOpdh-
HBIX TPYIIIBLI, KOTOPBIE colepKaT Ag B KAUeCTBe MOATPYIIBI WHIEKCA, 2.

CHEACTBUE 2. IIpocmas epynna nopadka 60 edurcmeenna ¢ mowrocmsio
do uzomoppuama.

JIOKA3ATEJILCTBO. Paccmorpum sielicTBue Haleil rpyibl Ha MHOYXKECTBE
€e CUJIOBCKUX H-TIOJAIPYIII ¢ IOMOIIBI0 conpsizkeHusi. Teopembr CritoBa Tracsr,
YTO YUCJIO ITUX MOJAIPYIINI CPABHUMO C €IUHUIEH 1O MOJYIIO b U SIBJISIETCSI
JIeJINTesIeM MOPsi/IKa TPYIIbL. 3HAYUT, 3T0 dnucio geiaut 12. Ecau cutoBckast
[O/IIPYIIIA €IMHCTBEHHA, TO OHA HOPMAaJbHA, YTO IPOTUBOPEYUT IIPOCTOTE Ha-
miefi rpynibl. 3HAYUT, B HAIIEH TPYIIE [IeCTh CHIIOBCKUX H-IIOArPYNI (JApyrux
Jesinresieii 12, cpaBHUMBIX C eJuHHIEH 110 Moy o 5, Her). Orciona ciemy-
eT, 4TO Hallla rpymnmna romomopdHo orobparkaercs B Sg. Bosee Toro, B cuity
IIPOCTOTHI HAIllell I'PYIIIBI 9TOT FOMOMOP(MU3M HHBEKTHUBEH, a €ro obpas Jie-
KUT B Ag (MHBEKTUBHOCTH CJIEJyeT U3 TOrO, YTO /[P0 ObLIO Obl HOPMAJILHOMN
MO/ITPYIITION, a ecin 0obpa3 He JIEKUT B Ag, TO AP0 TOMOMOP(U3IMA BBIYUC-
JIeHHsI YeTHOCTH 00pasa ObL10 6bl HOPpMaILHON HoArpy o). TanbHeiinee j1o-
Ka3aTeIbCTBO aHAJIOMMYHO IIPUBEIEHHOMY Bbiie (moarpynma B Ag unjekca 6
uzomopdua As).

HeabesneBpix pocThix rpytn nopsiiaka menbine 60 #e cyriecrByer. Ciemy-
IONIUH BO3MOXKHBIN TOPSIIOK HeabesieBoil mpocToil rpytisl pasen 168. Cpejn
IPOEKTUBHBIX TPYIII €CTh Cpa3y JBe Ipylibl Takoro nopsyika: PSLe(F7) u
PSL3(Fq). OkasbiBaercsi, 4T0 3T TPYNIbl W30MOPMOHBI. Mbl IIpUBOIAUM Ha-
OPOCOK JI0KA3ATEILCTBA, OIyCKasi TexHu4ueckue mposepku. [logpobHoe mokaza-
TeJIbCTBO CM., HalpuMep, B [1].

ITPEAIOKEHUE 7. PSLy(F7) ~ PSL3(FFs).

DCKU3 JOKA3ATEJ/IBCTBA. Kak n3BecTHo, AByMepHasI IPOCKTUBHAA T€0-
MeTpud Ha/l IIOJIEM U3 JABYX 3JIEMEHTOB C TOYHOCTBIO 10 HpOQKTHBHOI/UI ,I[BOIZ—
CTBEHHOCTHU 3aJa€TCs OTHOIIEHNEM HHINJAEHTHOCTH. VIMEHHO, eC/ii Mbl 3HAEM
JIUIST MHOXKECTBa U3 14 9/1eMeHTOB (TOYEK U MPSIMBIX B JIBYMEPHOM MPOEKTHB-
HOM IIPOCTPAHCTBE), KAKKe Maphl 3JIEMEHTOB 9TOI0 MHOYKECTBA unyudenmio® |
TO MbI BOCCTAHOBUM TI'€OMETPHUIO0 C TOYHOCTBIO 0, BO3MOXKHO, ITPOEKTUBHOI
JIBOHCTBEHHOCTH (T. €. MpsiMble OKAXKyTCsl TOYKAMU, U Haobopor). B ugacTHO-
CTH, TPyIIa IPOeKTUBHBIX peobpazoBanmii PG L3(Fy) = PSL3(F2) saBasgercs
MIOJIPYIIION MHJIEKCa 2 B TPYIIIE BCEX TEPECTAHOBOK IOJIMHOXKECTB ITPOEKTUB-
HOI IIJIOCKOCTH, KOTOPBIE COXPAHSIOT UHIIAIEHTHOCTD.

IIpeabssBUM COBEPITEHHO AHAJOTHIHYIO KAPTUHY «C TOYKHM 3PEHUS TPYII-
st PSLy(F7)». B kadecrse 14-3/1eMEHTHOIO MHOXKECTBA TOYEK H IIPSIMBIX MBI

DT, e. onuH u3 KOTOPBIX COZIEPXKUTCA B JPYTOM.
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PacCMOTPUM MHOYKECTBO BCEX MAKCHUMAaJBHBIX 110 BKJIOYEHWIO MOJTPYII B
PSLy(F7), KoTOpble COCTOSIT U3 UHBOJIIOIMI (3JIEMEHTOB, KOTOPBIE B KBaJpaTe
paBHbL €). MBI IpeocTaBisieM 9UTaTe 0 YOeUThCsl B TOM, YTO TAKUX IOJI-
rpymn poeHo 14. Cpeau HUX €CTh JiBe, KOTOPBIE COAEPKAT HUHBOJIIOIIAIO ( _01 (1]),
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OCTaJIbHBIE [OJTY YAI0TCs U3 STUX C HOMOIIBIO CONpsKeHnsiMu Marpunamu (§ ).
JlBe mOArpyNIIBI HA3BIBAIOTCA WHITUIEHTHLIMU, €CJIM UX IepecedeHne OTIIMIHO
or {e}. Moxuo IPOBEPHUTHS), YTO OTHOIIEHNE MHIWEHTHOCTH HA STHUX HOJ-
rpymmax u30MOpQHO OTHOIICHUIO MHIIUACHTHOCTH HA TOYKAX U IPAMBIX IIPO-
exTuBHOI mockoctu Haj Fo. Tosromy rpymnna PSLe(F7) (koropast jeiicTBy-
€T Ha HAIeM MHOXKECTBE IOATPYIII CONPSKEHUSAMI) H30MOp(dHA MOATPYIIITe
WHJEKCa 2 B I'PYIIE BCEX IMEPECTAHOBOK IOJIMHOYKECTB IMPOEKTUBHOMN IJIOCKO-
CTH, KOTOPbIE COXPAHSIIOT UHIUIAEHTHOCTh. [lockosbky rpymnbst PSLo(F7) u
PSL3(F9) mpocThl, 1Be TOCTPOEHHBIE TIOAIPYIIIBI 00SI3aTEIBHO JIOJIZKHBI COB-
a1aTh.

3AMEYAHUE 3. IlpuBemem HAOPOCOK JAPYyroro BapUaHTa [IOKA3aTE/Ib-
crBa?). PaccMOTPHM MHOMKECTBO BCEX UETBEPOK TOUEK MPOCKTUBHOMN HPSIMOI
naJ F7, 1BoiiHOE OTHOIIIEHHEe KOTOPBIX paBHO 3 (WjH 5, ec/in MepedncysaTh ux
B JApyrom nopsizike). Takux derBepok Tovek poHO 28 (mposepbre!). Eciu we
OTJIMYATH YETBEPKY TOYEK OT «JIOMOJTHUTEbHON» YeTBepKH (BCIIOMHUTE, YTO
IpOEKTUBHAsA HpsiMast HaJl [y cocrouT m3 8 TOUEK), TO TaKhe KJIACCHI deTBe-
POk obpazyioT 14-371eMeHTHOe MHOXKeCcTBO. Ha 3ToM MHOXKecTBe OTHOIIIeHNe
MHIIUIEHTHOCTH BBOJUTCSI AHAJOIMYIHO IMPUBEAEHHOMY BBIIIE OTHOIIEHWIO WH-
IMIEHTHOCTH Ha MOArPYIIax, U Jajee J0Ka3aTelbCTBO aHAJOTHIHO.

3AAYAY JIByMepHasi TPOEKTUBHAST T€OMETPHUsT HAJ[ TOJIEM U3 JBYX 3JIe-
MEHTOB BO3HHUKAET TaKyKe [P M3Y9IeHHN YMHOXKEHHsI B ajredpe okTaB (duces
Ipeiteca — Komm). Ectp sim kakas-To pasymnast ¢Bsisb rpymnsl PSLy(Fr) ¢
OKTaBaMMU !

3A0AYAY JlokaxkuTe, uTo Jjobasi rpynna mnopsika 168 mzomopdHa

PSLy(Fr).

3AMEYAHUE 4. Iloacyer MOpsIKOB ITOKA3BIBAET, YTO KOJIUIECTBA SJIEMEH-
toB B rpynnax PSL4(Fy) u PSL3(Fy) omunakoBbl. MOXKHO TPEIONIOKUTS,

1 OBOPHUTH <JIETKO MPOBEPUTH» TYT ObLIO OBl IPE3MEPHBIM U3/I€BATEIHCTBOM HAJ, YUTA-
TeJIeM.
310 JI0Ka3aTeIbCTBO aBTOP y3HAJ oT . B. Bunbepra.
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Y9TO, KaK U BbIIIE, YIaCTCA CBA3ATH TEOPETUKO-TPYIIIIOBBIE KOHCTPYKIIUN JIJIsA
PSL3(Fy) ¢ npoekrupnoii reomerpueii Hasi Fo, n HCIOIB30BATEL 9TO JJIsi JOKA-
3aTesbcTBa n3oMopdusma. OKas3bIBa€TCs, YTO ITU JBE IPYIIILI HEM30MOP(MHBI.
[TonpobyiiTe 310 mokasarb. OAUH U3 MyTell COCTOUT B TOM, UTOOBI U3YUHUTH
KJIACCHI COIPSI?KEHHOCTU WHBOJIIONUH B 3TUX Ipynnax. Moxer 0biTb, Bol nipu-
JiyMaeTe JIpyroi myTh?

OT AJITEBPBI K TEOMETPUU

B sTom pasmene mama cTparerust paankKaJIbHO M3MeHHUTcH. Kcam mo aro-
0 MBI U3y4Ya/Id T€OMETPHUIO JIEHCTBUN ITPOEKTUBHBLIX I'PYII U OOHAPYKUBAJIN
00bEKTHI, HA KOTOPBIX 3TU I'PYIIILI J€HCTBYIOT, TO TEIEPh MBI CTAPTYEM C JIeii-
CTBHUIl CHMMETPUYECKUX U 3HAKOIIEPEMEHHBIX I'DYIII, U OOHAPYKUM JIeHCTBHUE
9TUX TPYII HA TEOMETPUIeCKUX 00 bekTax. Cremayroree mpeIoxKeHNe sIBIIsIeT-
Cs1 TIePBBIM HETPUBHUAJIBHBIM IIPUMEPOM TaKOH CUTYallUu.

[TPEIUIOXKEHUE 8. Sg ~ Spy(Fq). 3decv Spy(k) obosnauwaem epynny au-
HeUHuT NPeobpasosanull wemoipermeprozo npocmparncmea nad nosem k, xo-
MOPBLE COTPAHAIOM, KOCOCUMMEMPUIHYIO OUAUHETHYIO HOPMY

<($07$1,$2,$3), (y07y17y2, y3)> = XoY1 — 1Yo + T2ys — T3Y2.

JIOKABATEJ/ILCTBO. Paccvorpum 16-3/1eME@HTHOE MHOXKECTBO, DJIEMEHTA-
MH KOTOPOT'O SIBJISIFOTCSI BCE JIBYX3JIEMEHTHBIE TOJMHOXKECTBA MECTUIJIEMEHT-
HOT'O MHOYKECTBA U €r0 MyCTOe MOAMHOKEeCTBO. OIpeIe/TuM Ha STOM MHOYKECTBE
«CTIOKEHUE»: CYMMa, IIYyCTOTO MHOXKECTBA C JIIOOBIM 3yeMeHTOM A CHOBa paB-
Ha A, cymma A + A Bcerma paBHA IIyCTOMY MHOXKECTBY, €CJIU JIBA HEITYCTHIX
[TOJIMHOYXKECTBA HE TIePECEeKAIOTCsl, TO UX CyMMa PaBHA JOIMOJHEHUIO K UX 00b-
€JIMHEHUIO, €CJIU YK€ OHU IEPECEKAIOTCS 110 OJIHOMY 3JIEMEHTY, TO MX CyMMa
paBHA UX CUMMETPUYECKOl PasHOCTH (PA3HOCTH UX O0be[MHEHNs U Hepecede-
HYs1). MOXKHO IPOBEPUTH, UTO ITO «CJIOKEHUE» ACCONUATUBHO, U TEM CAMBIM
Ha HaIlleM MHOXKECTBE 33/Ia€TCs CTPYKTYPa Y€ThIPEXMEPHOTO BEKTOPHOT'O IIPO-
CTPAHCTBa HAJI IOJIEM U3 JBYX 3JIEMEHTOB.

Oupenenum 6uanHerHy0 GOpMY Ha HallleM BEKTOPHOM IIPOCTPAHCTBE POop-
myiioii (A, B) = #AN B (9710 4ncsio Ha/lo MOHUMATh Kak d1eMeHT Fo, 1. e. Hac
UHTEPECYET JIUIIb €r0 YeTHOCTD; IPOBEPKY TOr0, YTO ITO JIEHCTBUTENBHO OMJIn-
HeitHasi hopMa, MBI OcTaB/sieM quraresio). Jlerko Buers, uro B 6asuce {1, 2},
{2,3}, {4,5}, {5,6} sra dopma umeer Bu, ykazaHHbI B GOPMYIUPOBKE MPE/I-
Jiozkenusi. Kpome Toro, JieficTBre CHMMETPUYECKON T'PYIIIIBI, OYEBUJIHO, COXPa-
HseT 9Ty dhopMy, 1 TOTOMY MbI BMeeT romomopdusm Sg — Spy(Fa). Herpynuo
IPOBEPUTH, YTO nopsaoK rpytnbl Spy(Fe) paBen 6!, Tak uTo Ha/O JUIIb TIPO-
BEPUTH, 9TO ITOT roMOMOpdU3M He umeeT syipa. Ho HETPYIHO BUIETH, UTO €10
obpa3z cocrout u3 6ojiee UeM JIBYX IJEMEHTOB, a HETPUBUAIbHbIE HOPMAJIbHBIE
noarpytisl Sg cyth Ag u Sg.
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3AMEYAHUE 5. Herpusua/bHblil criocod MHTEPIPETUPOBATH UCIIOIL30BAH-
HYIO B JIOKA3aTeJIbCTBE KOHCTPYKITUIO, KOTOPBI MOMUMO MPOYEro IMPUBOIUAT
K SICHOMY JTOKa3aTeThCTBY aCCOMMATUBHOCTA CYMMBI ITOJIMHOYKECTB, COCTOUT B
TOM, IYTOOBI IOHUMATH 9TY KOHCTPYKITHIO KAK YaCTHBIA CIydail cjieayromeit 06-
nieit konerpykiuu. [lycrs M — koneunoe muoxkectBo. Ha muoxkecrse P (M)
BCEX €ro MOJIMHOYKECTB UMEETCsI eCTECTBEHHAsI CTPYKTypa abesieBoil IpyIibl,
3a/1aBaeMasi BBITUCIEHHEM CUMMETPUIECKON Pa3HOCTU. fCHO, UTO KaXKIbIif
9JIEMEHT 9TOI TPYIIIbI UMeeT HopsoK 2, Tak uTo P (M) — He TosibKO abesieBa
IPYIINa, HO U BEKTOpHOE pocTpancTBo HaJl Fo. TTogmuoxkecTBo { &, M} siBisi-
€TCsT TIOITPOCTPAHCTBOM, M MBI MOKeM 00pa3oBaTh COOTBETCTBYIOMEe PaKTOP-
upocrpancrBo. Ono cocrout n3 cmexubix Kiaaccos {A, M\ A}. Eciu B MuO-
)ecrBe M HeTHOe YHMCIIO 3JIeMEHTOB, TO mojnpocrpanctso P (M) C P(M),
COCTOSITIIEE U3 BCEX TIOMHOXKECTB, B KOTOPBIX Y€THOE UUCJIO JIEMEHTOB, CO/IEP-
JKUT TOAIIPOCTPAHCTBO, IO KOTOPOMY MBI (pbakTopusyeM. ObozHauuM depes V'
obpaz P (M) B dakropnpocrpancTse.

B cnyuae, eciim MmHOX)KecTBO M IIECTUIIEMEHTHO, TTPOCTPAHCTBO V' deThi-
PEXMEpPHO, M €CTECTBEHHO OTOYKECTBIISIETCS C TIOCTPOEHHBIM BBIMIE TETHIPEX-
MEpPHBIM IIPOCTPAHCTBOM. B camoMm fesie, BbIOUpPasi B KaXKI0M CMEXKHOM KJIAC-
ce TO U3 MHOXKECTB, B KOTOPOM MEHBIIIE 3JIEMEHTOB, Mbl MOXKEM COIIOCTABUTD
KayKJIOMY 9JIeMeHTy v € V moaMHOXKecTBO MHOXKecTBa M, KoTopoe aubo my-
cTo, b0 AByx3dneMeHTHO. CHMIIIEKTHYIecKast (popMa, KaK HETPYIHO BUIETD,
onpegiesiena na Beém P(M), u ee orpannuenue na P (M) onyckaerca na V.
mocjie (paKTOPUSAIIUN.

TEOPEMA 1. GL4(Fq) ~ Ag.

DCKU3 JOKABATEJILCTBA. 31€Ch MBI TOXKE OIPAHUYUMCS HAOPOCKOM J10-
Ka3aTeJIbCTBa, OCTaBJ/sds HEKOTODBIE JleTajl B KadecTBe (BeCbMa II0JIE3HOIO)
YIParKHEHUS.

W3 szamevaHnss 2 Mbl 3HA€M, UTO BHEIIHWUI aBTOMOPQU3M Sg HEPEBOIUT
KJIACC COIPSI>KEHHOCTH TPAHCIIO3UIINKA B KJIACC COIPS?KEHHOCTH IIPOU3BEJICHUS
TpeX HeIePEeCeKAIOIUXCsl TPAHCIIO3UIUI (/1a/iee Mbl HA3bIBAEM [EPECTAHOBKY,
KOTOpasl SIBJISIeTCS IPOU3BEICHUEM 1" HEIIEPECEKAIOIINXCH TPAHCIO3ULINMA, 7'~ UH-
BoJrtoryeii). Bplille Mbl HAYYWJINCH COIOCTABJSITH TPAHCHO3UIMAM B Sg (TO
€CTb ﬂByXSHeNleHTHbIM IIOAMHO2KeCTBaM IMIECTUIJIEMEHTHOI'O I\JHO}KeCTBa) HeHy—
JIEBBIE DJIEMEHTDBI 4-MEPHOr0 BEKTOPHOro mpocrpancTsa Hax Fo. Ilepenecem ¢
[IOMOIILIO BHEIITHEr0 aBTOMOPQU3MAa 3TO COIOCTABICHIE HA 3-UHBOJIIOIMU. MbI
mocTpouM Jeiictere Ag Ha 9TUX 0OBEKTaX, KOTOPOE U 3aJaCT TOMOMOP(MOU3IM
Ag — GL4(F2). st Hauasa 3aMeHUM 3-WHBOJIONUU B Sg Ha 4-MHBOJIOIUU B
Sg ¢ moMoIIbio roMmoMopdusMa 2: Sg — Ag, 3aJaHHOIO IPABUIOM

o, ecmn o € Ag,
o) =

o-(78) wunaue.
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Teneps rpynma Ag Morjia Obl JIefiCTBOBATH Ha 3TUX IIE€PECTAHOBKAX COIPSIZKe-
HHUEM, 3aBeplasi JO0Ka3aTeJIbCTBO. YBBI, 9TO JeWCTBUE HE IOJXOIUT: OHO HE
COIJIACOBAHO CO CTPYKTYPOI BEKTOPHOIO MPOCTPAHCTBA (M MOTOMY HE 33J1aeT
romomopdusm B GLy(F3)). B aeiicrBuresbHOCTH BCE yCTPOEHO Uy Th CJIOXKHEE
(1O BeCbMa U3SIIIHO).

BenomanM JlokazareabeTBo TeopeMbl Koy (KoTopast T1acuT, 9To KazKiast
KOHEYHasl TPYIIa U30MOP(hHA HOAIPYIIIe CHMMETPUIECKOil rpyibl ). MMenHo,
9TO JI0KA3aTe/IbCTBO HyMEPYeT 3JEeMEHTBHI JAHHONW TPYIIIbI, U KaXKIOMY 3Jie-
MEHTY COIOCTABJISIET IEPECTAHOBKY JIEMEHTOB I'DYIIIBI, 33aBAEMYI0 TPABLIM
CIBUTOM Ha 3TOT 3jieMeHT. [IpocToe HabI0/1IeHIE, KOTOpOE OyIeT /1 HAC OUYeHb
BasKHBIM, 3aKJIIOYAETCS B TOM, YTO 4-MHBOJIIOIUN MOYKHO IIOHUMATh KaK o0pa-
3BI 3JIEMEHTOB BEKTOPHOTO MpOCTpaHcTBa 3 mpu Bioskennn Ky 3Toro Bek-
TopHOro 1pocrpancTsa B Ss. (B camom jiesie, 9T 06pasbl UMEIOT HOPSIIOK 2
1 HE UMEIOT HEIOJBHKHBIX TOYEK, U IIOTOMY OOs3aHbI OLIThH 4-MHBOJIIOIIMSI-
Mmu.) BeeBosmorkubie 06pasbl BaoxkeHuit Ko 9T0ro BEKTOPHOrO MpPOCTpaH-
crBa (OTBeYAOIIUe PA3HBIM HYMEpAIUsIM 3JEMEHTOB) 00pa3yioT MHOXKECTBO,
Ha koropoM Ag (u nmaxke Sg) ecrecrBenHo jeiicrByer. ChopmynmupyeM B BUje
YIIpaKHEHUIl HECKOJILKO CBOICTB 3TOr0 JefCTBU.

VYTOPAYKHEHUE. 1. [Ias mroboro Biaoxkenns Kaan F :2" < Sg KaxKJiast TpaHC-
nosuiys (7 j) C Sg BXOJAUT COMHOXKUTEJIEM POBHO B OJIMH 3JIEMEHT 00pa3a.

2. HopmasimszaTop Takoil moArpymninbl n30MOP(EH MOJIYIPIMOMY ITPOU3BE-
nermio G L3(Fa) x F3 u nemmkom comepsxurest B As.

3. MeiicrBue Sg Ha pa3HBIX BJIOXKEHHAX K3/ € IIOMOIIBIO CONPSIXKEHUI
UMeeT OIHY opoutTy, melicrsue Ag — aBe OpOUTHI.

4. Jliobble aBe LOArPYIIILI U3 OJHONR Ag-OpOUTHI IIEPECEKAIOTCs JIUIIL 110
€IMHUIHOMY 3JIEMEHTY.

Bribepem npencrasureneil 1pyx Ag-opOuT Ha MHOXKeCTBe Baoxkenuit Ksmm.
O6o3raunm sTi moATrpynmsl depe3 G m G_. Byaem HasbBaTh TOATPYIIIH,
comnpsizkeHHble ¢ G, 9eTHBIMHU, & ITOJATPYIIIbI, COIPsKEHHBIE ¢ G, HEIeTHBIMHU.

Posro omun snement g C G4 copepxxut Tpancnosunuio (7 8) B KadecTse
COMHOZKUTEJIA. COHOCTaBﬂﬂﬂ DOJATrpYIIIIe 3JIeMeHT g7 MBI IIOJIy49aeM 6I/IeK]_[I/IIO
ME2KJy MHOXKECTBOM YETHBIX IOAIPYII M MHOXKECTBOM 4-TpaHCIO3UIUIl, KO-
TOPBIE MOy 9IAIOTCA U3 3-TPAHCIIOZUINN Sg ¢ IIOMOMIBI0 ToMoMopdusMa 2. Ana-
JIOTUYHOE BEPHO JIJII HEYETHBIX MOATPYIII.

C moMomnipIo 9Tol OMEKIUU MBI ITOJIYYae€M Ha MHOYKECTBE 9ETHBIX HOATPYIIII
CTPYKTYDY BEKTOPHOI'O mpocrpaHcTBa Haj Fo. Kirouepoe (un Hanbosee HeTpu-
BUAJILHOE) YTBEPIKJICHHE, KOTOPOE OCTAJIOCH JJOKA3aTh, TAKOBO.

[IPENJIOXKEHUE 9. Jleticmeue Ag ¢ noMOWbIO CONPAHCERUL HA IMOM GEK-
MOPHOM NPOCMPAHCNEE AUHETHO.
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JIOKABATEJILCTBO. CkakeM, 9TO YeTHas MOArpyIna H WHIUIeHTHA He-
verHOU moarpynne K, ecau nepecedenune H u K comepkut 60s1€e OJHOTO 3J1e-
menTa. OTHOIIEHNE WHIIMJIEHTHOCTA BaXKHO IO TOH MPUYUHE, 9TO IOAIPYII-
1a, spJdomasica cymmoit H u K oTHOCHTEIbHO Halllell CTPYKTYPbl BEKTOPHO-
IO TPOCTPAHCTBA, SIBJISIETCS €JIMHCTBEHHOM TIOJIIPYIIIOil, KOTOpas UHIUIEHTHA,
BceM moirpyiimaM, uHnugeHTabiM U H, u K. U3 3toro HemenjieHHO Ciey-
€T Hallle IIPEeJJIOKEHNE, TOCKOJIBKY MbI OIPEJIETUIN CYMMY BEKTOPOB HAIIETO
IIPOCTPAHCTBA B YMCTO TEOPETUKO-TPYIIIIOBBIX TEPMUHAX — & 3HAYUT, 3TO OIpe-
JieJIEHUE CTabWIBHO OTHOCUTEJIBHO JEHCTBUS COMPSIYKEHUSIMUA.

2KesaresibHOe HaM yTBEDXKJEHUE COCTABJISIET COJEPXKAHUE CJIEJYIONIErO
YIPasKHEHUSI.

YHOPAKHEHUE. 1. [loarpynna H wanmuaenTHa moarpymnme K eciam u TOTb-
KO €CJIM OTBEYAIONIre UM 4-UHBOJIIOIUN KOMMYTHPYIOT.

2. llycte s m t — jBe paziauvubiX 3-uHBOJIOINN B Sg. CyIiecTByeT euH-
CTBEHHAs 3-WHBOJIIONHUsI, OTJINIHAS OT S U t, KOTOpasg KOMMYTHPYET CO BCEMU
3-MHBOJIIOIUASIMIA, KOTOPBIE KOMMYTHPYIOT U C S, U ¢ t. DTO B TOYHOCTH UHBO-
JTIIOTIU ST, STBJISITOIASICST CYMMO# § U t OTHOCUTEIBHO CYIIECTBYIOIIEH Ha 3-MHBO-
JIIOTUSIX CTPYKTYPBI BEKTOPHOT'O MPOCTpaHCTBa HAT Fo.

3AMEYAHUE 6. Beimre Mbl mocTpomin oTobpazkeHue Sg B I'PYIILY JIHHEH-
HBIX TPEOOPA30BAHUIN YETHIPEXMEPHOTO MMPOCTPAHCTBA HAJL ITOJIEM U3 JIBYX JJIe-
menToB. [Tocrpoenustit ceitaac romomopdusm Ag B GL4(F2) pacmupsier sTor
romoMopdusM ¢ noarpyuisl ¢(Sg) Ha BCIO TPYIIILY.
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N3aATEALCTBO MITHMO

I>x. Kuarman. Ilyacconockue mpomeccst. [lox pen. A.M. Bepmuka. 2007. 136 c.

Kuura npusnanHOro MEpPOBOro CHEIAAINCTa B 00JIACTA TEOPUU BEPOSITHOCTEH, MaTeMa-
TUYIECKON CTAaTUCTUKU u uX npuioxkenwnit /[x. Kuarmana npeacrasiisier coboit cucreMaTn-
YeCcKOe M3JIOXKEHHE KJIACCUYIECKOMN Teopuun I1yaCCOHOBCKUX IIPOIIECCOB B IIPOU3BOJIBHBIX IIPO-
CTpaHCTBaXx. KHI/II‘a npeagHasHaveHa KaK JIJid HAQYUHAIONIUX U3YYE€HUE TeOpUuun CJIy‘{afIHbIX
IIPOIECCOB, TaK U JJId CIEIUAJIUCTOB, IIOCKOJIBKY COY€TaeT fACHOE U KPaCHUBOE HU3JIO?KEHUE
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qax. Tom I. OcHOBHBIE TOHSATHS TEOPUU BEPOSITHOCTEN M MATEMATHIECKON CTATUCTH-
k. 2007. 456 c.

st ocBOEHMSI TEOPUU BEPOSITHOCTEN M MAaTEMATUIECKON CTATHCTUKU TPEHUPOBKA B pe-
mMeHun 3aJa49 U Bpra6OTKa UHTYUIIUA BaKHbLI HE MEHbIIe, YeM HU3y4YeHUue O0Ka3aTe/IbCTB
TeopeM; OOJIbIIIoE Pa3HOOOpa3ue 3a/1ad IO ITOMY IIPEJIMETy 3aTPYIHIET CTYJAeHTaM [IePEeXOT,
oT J'IeK]_LI/IIL/'I K 9K3aMeHalIlUOHHBIM 3a/Ja49aM, a OT HUX — K IIPpaKTUKe.

BBI/I‘I_Iy TOro, 4TO IIpeJMeT 3TOM KHUTHU KPUTUYIECKU BaK€H U JIJIgd COBPEMEHHBIX ITPUJIO-
KeHmit (pUHAHCOBAS MATEMATHKA, MEHEI?KMEHT, TEJIEKOMMYHUKAIIUH, 00pabOTKa CUTHAJIOB,
6I/IOI/IH(I)OpMaTI/IKa)7 TaK W OJIsT HpI/I.HO)KeHI/Iﬁ KJIaCCUYIECKUX (aKTyapHaﬂ MaTeMaTHuKa, CO-
IMOJIOTUsI, MHKEHEPHs), aBTOPBI COOPAIN GOJIBIIOE KOJUIECTBO yIPAKHEHUH, CHAOKEHHBIX
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2006. 120 c.

Kuura comepkuT 3ammcu KypcoB JIEKIMI, TPOYUTAHBIX akagemukoM B. V. ApHosbaom
B 2005 r., B lyb6He, Ha sierTHeil mkoe «CoBpeMeHHass MaTeMaTUKay. B KHUTe pacCKa3biBa-
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B kuure cobpaHbl pa3/inyuHble MATEPUAJIbI, CBS3aHHBIE C XKU3HBIO U J€ATEIbHOCTHIO BbI-
JAIOIIErocs IeJarora U ydeéHoro, nonyiapudaropa Hayku Wrops Pémoposudua Ilapwiruna
(1937-2004), ero crarbu U BOCHOMHHAHUS O HEM.

OtaenbHast 9acTh KHUTH COZEDPXKHUT 3aJa9d W IIOIPOOHBIE DEIIeHUs] IeOMEeTPUYECKUX
onuMmima uM. V. @. Ilapeiruna, nposogumseix ¢ 2005 roxa.

Knura npennasHadena JJjisi BCeX MHTEPECYIOIINKCS BOIPOCAMU MaTEMaTHIeCKOro obpa-
30BaHMsl, MIKOJbHBIX yIUTEIEH U PYyKOBOIUTEEH KPYKKOB.

2K -TI. Cepp. CoGpanue counnennii. Tom III. (Cosmecrno ¢ HMY) 2007. 540 c.
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Ha IPOTSI’)KEHNN IIOCJIEIHETO IIOJIyBeKa NPeoOPa3UIN COBPEMEHHYIO MaTeMaTUKy, B OCODEH-
HOCTH aJIrebpan<ecKyio TOIOJIOIUIO, aJrebpaniecKyo NreOMeTPHIO, TEOPHUIO ajarebp M rpyImn
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Ha ckoJibKo gacTeil JIesT II0CKOCTb 1 IIPSIMBIX !

B. N. Apuosb*

Paccemorpum n pasznmyHBIX IPSAMBIX Ha BEIIECTBEHHON IMPOEKTUBHOM ILIOC-
koctu. Onu JesiaT ee Ha (Bbinyk/be) yactu. CopammBaercs, CKOJIbKO JacTeit
MOYKET MOJIYIUThCs (IIPU BCEBO3MOYKHBIX PACIIOIOKEHUSIX TAHHOTO YHC/Ia TIPsi-
MBIX)?

IIpu MasbIX N OTBETHI SCHBI, BO3MOXKHOE KOJIU4IecTBO dacTeit M maercs
caeytomneit TabmIeit:

n| 1] 2] 3] 4|5
M 1] 2] 3] 4[5
41 6| 8

719

10

11

Cunrast OqHy U3 IPSIMBIX OECKOHEYHO YIAJEHHOM, MBI TTOJIYy9IuM 7o — 1 IIpsi-
myio B R?. Brauennss M u3 TabIIHIbI JOCTABISIOTCS CJICYIONIME PUCYHKAMI
n — 1 npsamoit:

n=2: n=3: n=4: n=2>5:

e | s [ [ s ]

s e o 3K
wer A meg

AHaJIOrUIHBIM 00PA30M UCCIEAYeTCs] W UHUCJIO KOMIIOHEHT JIOTIOJTHEHUST K
Habopy HpsMbIX Ha adduuHON mIockocTn R2: 910 Ta XKe 3aada, TaK Kak

*gactuano noggepxkano PODU, rpant 05-01-00104.

MaTemaTunyeckoe npocseuerue, cep. 3, Bbin. 12, 2008(95—104)
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MOKHO OJIHY U3 N HPSMBIX 00biIBUTH OECKOHEYHO VIAJIEHHOW U HMCC/Ie0BATH
jonoHeHre K 1 — 1 upsimoii Ha adbduHHOl mIockocTH (COBIAIAIONIEE ¢ JI0-
[OJTHEHUEM K 7 TIPSIMBIM Ha [IPOEKTUBHOM ).

Mpur 3amedaeM, TUIs/id HA OPEIBIAYINIAE IPUMEPDI, YTO HAUMEHbBIINEE JUCIIO
Jacreil jonosHenus K n upsaMbiM B RP? ecrs M = n, a nanboJbliee ecThb

M=1+1+2+43+-4+(n-1))=1+n(n-1)/2.

Ho mpomexyTouHble umcia MeXKIy 9TUMU IIpejesiaMu JOCTUTAIOTCS He BCe, a
TOJILKO HEKOTOphle. HaumHast ¢ HEKOTOPOro MecTa, BCe JOCTATOYHO OOJIbIINE
sHaveHnst M JOCTUraioTCsI, HO HA9aJI0 CIUCKa JOCTHXKUMBIX 3HAUEHHUIN comep-
JKUAT TTPOOEJIbI, IbIPLI.

Ilenpio HacTOsIITIEH PabOTHI SIBJISIETCS OMUCAHNE STUX ALIP. BoT mepBast abIpa.

TEOPEMA 1. 3nauernue M = 2(n — 1) docmuotcumo, a nu 00no u3 3naue-
nut M 6 unmepsane

n<M<2n-1)
e docmuAcuMo.

Hu npu xaxom evibope n npamwux 6 RP? donoanenue x ur obsedunenuro
HE MOXHCEM, COCMOAML U3 MaK020 YUcAt M C8AZHBLL KOMNOHEHM.

JIOKABATEJILCTBO. O6o3HaumM depe3 k HambOJIbIIEe UHCJIO IPSIMBIX,
IPOXOJISAIIMX Yepe3 OJIHY TOUKY (CPej HAIMX 7 MPSMBIX ).

JIEMMA 1. Feau k =n, mo M = n.

JIOKABATEJ/ILCTBO. Bynem cuutarh ojHy U3 3TUX N TPSIMbBIX OECKOHEYHO
yrajerHoi. Torma ocrajibHble HpsiMble Mapajuiebibl. OHU JEIST JIOIOJIHU-
TEJbHYIO K HepBOil NnpsiMoit adpPUHHYIO MIOCKOCTD R? Ha n qacTell, TaK Kak
nx n — 1 mTykKa.

JIEMMA 2. Ecauk =n—1, mo M =2(n—1).

JIOKA3BATEJIBCTBO. ByaeMm cumTaTh OCTABIIYIOCS, N-yIO, TIPIMYI0 O€CKO-
HedHO yrasennoil. Jononnenne k meit ecrs R2. Habop u3 n — 1 mpoxosmux
"epes OJIHY TOUKY MPAMBIX JeIUT miockocTh R? ma 2(n — 1) 9acTs, 4To 1
TpeboBaIOCh JI0KA3ATh.

JIEMMA 3. Ecauk <n—1, mo M >2(n—1).

JIOKA3ATEJILCTBO. 3amerum, 4ro npu n > 1 umeem k > 2 (Tak Kak B
RP? mo6ble [Be MpsAMBIE TIePECeKaloTcs ).

Bribepem oy u3 k mpoxoAsImmux depes oJHy TOUKY IPSIMBIX 38 OECKOHETHO
yrasiennyio. JlomosHerne K Heil mpeacTaBiser coboit apUHHYIO IIOCKOCTD
R2, comepsxkanyio k — 1 mapajiesibHyI0 HPsIMYIO BBIOGPAHHOTO IyUKa ¥ eIle
n — k > 1 ocTaJbHBIX IPSIMbBIX.
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VKa3aHHbIE NapaJlIebHble IPSMBIE JeJST II0CKOCTh RP? Ha k uacreit.
JlobaBiisist 10 OJIHOM OCTaJIbHBIE MIPSIMbIe, MBI OyJ/IeM, IIar 3a IIaroM, yBeJIMIu-
BaTh yucyo dacreit. I[Ipu aTtom, eciin gobaBisieMast S-s1 IpAMast IEPECEKaeTCsI C
V2Ke IMEOIUMUCS TMPSIMBIMHA B T TOYKaX, TO OHA JIEJTUTCSA UMH HA Tg OTPE3-
KOB, KaXK/IbIll U3 KOTOPBIX JCJIUT OJIHY U3 OBIBIIUX JIO MPOBEJICHUS S-I MIPsiMO
qacteil Ha nBe. [losaToMmy dmciio yacTeil JOMOJHEHUS YBEJIUIUBAECTCS TIPU ITPO-
BEJICHUU S-U MPAMON POBHO HA Tg.

BameruMm Teneph, uTo Ts > k (Tak Kak jobaBisiemMas IpsiMas [epecekaeT
Bce k mapasuleIbHbIX MPsIMBIX MCXOJHOIO IyYKa B k PA3HBIX CBOUX TOYKAX).
[TosTomy obrmiee gmcsio 106aBIsIEMbIX JacTeil ecThb

1+t Tk = k(n—k).

Jobapisist 3T 9acTu K k 9acTsIM, IMEBIITIMCSI IO IPOBedeHnsT N — k <10~
ITOJTHUTEJIbHBIX» ITPAMBIX, MbI HO.HyLIaeM BbIBOJI:

M>k+k(n—k) =kin—k+1). (1)

Cymma 0boux COMHOXKUTe el B TpaBoiil uactu pasHa n—+ 1. [Ipousseenne n1yx
[TOJIOYKUTEJIbHBIX COMHOYXKUTEJIEH, CyMMa KOTOPBIX paBHa 1 + 1, Tem 6oJibIIe,
4qeM OOJIbIIE MEHBIIII COMHOXKHUTEb:

l k+l=n+1

k{ = const
2 kl=2n—1)=min{kl:2< k< n—-1}
k

Ecm2<k<n-1,tro min (k{)>2 tak uto M >2(n—2+1) =
kt-t=n+1
= 2(n — 1), 9r0 ¥ JOKA3BIBAET JIEMMY 3.

U3 nemm 1, 2 u 3 caexyer reopema 1 (Tak Kak jiroboe qucsio k < n jmbo
paBHO n, jmbo paBHO N — 1, OO MeHbIe n — 1).

[TepBas apipa ommcana. Onuiiem BTOpyto abipy. [lycrs n > 3.
TEOPEMA 2. 3nauenue M = 3n—06 docmuotcumo, a Hu 000 u3 3haverud
M 6 unmepsane
2n—1) < M < 3(n—2)
He docmustcuMmo.

Hu npu kaxom ewbope n > 2 npamox 6 RP? donoanenue & num ne mosicem
cOCmMOoAMb U3 Mako20 vucaa M ceaA3HbLT KoMnoHeHm.

JIOKABATE/ILCTBO. Kax u Brire, Oyiem 0603Ha9ATE U€pe3 k MaKCHMAJIb-
HOE YHCJIO TIEPECEKAIONINXCsl B OJJHON TOYKE IPSMBIX (M3 JIAHHBIX 1) U OyjeMm
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Ha3bIBATH OJIHY U3 HUX OECKOHEYHO y/1asleHHoi. Byaem paccmarpusaTs ocTasib-
HbIE IIPSAMBIE B JOIOJHUTE/IBHO K BHIOPAHHOI HpsiMoit adPUHHOI 11JIOCKOCTH
R? kak cocTaBjsoNue MyYoK U3 k — 1 IapajielbHbIX JIPYT JPYTY HPAMBIX U
JIOTIOJTHUTEIbHBIIT HAOOP U3 1 — k OCTAJIbHBIX HPSIMBIX, HE HaPaJIIebHBIX STUM
k — 1 npsMbIM IIyUKA.

Ecm k=n—1, To M = 2(n — 1) no semme 2. Eciu xxe k < n — 2, 10 u3
coorHomrenust (1) B 10KA3aTeIbCTBE JIEMMBL 3 MbI HAXOIUM

M>z2kn—-k+1)>(n—-2)((n+1)— (n—2)) =3(n-2),
npu yejaosuu, 9o k > 3 (npu koropom  min  (k,£) > 3).
k4+L=n+1
Takum 06pazoM, yTBEpIKIEHUE TEOPEMbI JOKA3aHO JJIsi BCEX TAKUX PACIIO-

JIOXKEHUI 1 TPSIMBIX, 9TO k > 2.

B ocrasmemcst cimyuae, Korma k = 2, MbI TOXKe JOKaxKeM cefiaac, aro M >
> 3(n —2).

Eciu k = 2, 1. e. HUKaKUe TpU IpsIMbIe HE ITPOXOMAT Uepe3 OOIIYI0 TOUKY,
TO BCE HAIM 71 IPAMBIX JIEJIAT IIJIOCKOCTh Ha MaKCHMAJJIBLHO BO3MOXKHOE IIPH 7
PSMBIX (M JIOCTUXKUMOE JIJIsl 1 TIPSIMBIX OOIIEro IMOJIOYKEHUs) YUCIIO0 YacTeii,
paBHOe

M=1+n(n-1)/2.
JIEMMA. Hwmeem mecmo wepagercmeo
n(n—1)/2+12>3(n—2).
JIOKA3ATEJIBCTBO. DTO HEPABEHCTBO UMEET BH/I

n?—n—6(n—2)+2>0,

n? —Tn+14 >0,

YTO U BBIIIOJIHACTCH, IIOCKOJIBKY AUCKPUMUWHAHT KBa/IPpaTHOT'O TpeX4dJ/IeHa, CTO-
A1mero B JIeBOIL qJacCcTu,

49 —-4-14 <0,
OTpIATE/IEH.

CirenoBaresibHO, jJeMMa JIOKa3aHa, U B ciydae kK = 2 mepaBeHcTBO M >
> 3(n — 2) TOXKe BBIOJIHACTCS.

Teopema 2 joKa3aHa, Mbl OIUCAIN BTOPYIO AbIPY. OHA MOABIISIETCS BIIEPBbIE
npu n = 6 (Korma B OLpEeNIsIONeM IbIPY HHTEPBAJIE €CThb IeJIble TOUKM:
3(n—2)—2(n—1)>1upun>>).

JlapHeiinme IbIPhl MBI U3y UM TEIEPDb B MIPE/ITOJIOXKEHNN, ITO IUCIIO TIPS
MBIX 7 JIOCTATOYHO BEJIHUKO (II0 CPABHEHUIO C HOMEPOM JIbIPHI).
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TEOPEMA 3. IIpednosostcum, 4mo HaUOONDWEE HYUCAO U3 T NPAMBLT, TPO-
rodawux wepes o0ny mouky, pasho k. Tozda smu npamwvie deaam naockocmo
RP? na M wacmeti, 20e wucao M npunadsescum unmepsany

kn+1—k) <M <k(n+1—k) +r(r—1)/2, 2der=n—k

(npuvem ece wucaa M us amozo unmepsana 0oCmu2armcs Npu HaoAEHCAUEM
BHI00PE N NPAMBLE, ECAU YUCAO NPAMBLE T QOCTNAMOYHO GEAUKO).

JIOKABATEJILCTBO. Bribepem myuok us k mnpsiMbix. [IpsimMbie aT0or0 mydka
nenar miockocTh RP? Ha k gacreit. Ocrabimecst n—k = 7 IPSIMBIX J06ABIISIOT
K k 4wmciio gacreit

M =a1+x2+ - + @y,

IJle T €CTh YUCIO TOYEK S-U U3 JI06ABJISAEMBIX MPSIMBIX, IT0 KOTOPBIM €€ Tepe-
CEKAIOT TIPEJIBIIYIINE TPSIMBbIE.

Cpein 5TUX MPeBIAYIINX TPSIMBIX UMEIOTCST k TTPSIMBIX BLIODAHHOTO Iy IKa,
(n s — 1 nobasisiemasi upsiMast). TOUKH II€peceveHnst ¢ IPSIMBIMU IIy9Ka BCe
pas/indHbl (TaK KaK €IMHCTBEHHAsi 00IIasi TOYKa JBYX IPSIMBIX IIyYKa €CTh
n3bpanHas BHaJYaje TOUYKA IepecedeHnsi k MPsSMBIX IIydKa, [T03TOMY OOJbIe
HUKaKNe U3 HAIIUX 7 IIPAMBIX 9€PE3 9Ty TOYKY HE HpOXOﬂHT).

Crenosarensro, s > k, M' > k(n — k), M > k(n — k + 1). Tlepsoe
HEPABEHCTBO TEOPEMBI 3 JIOKA3aHO.

C apyroii croponsl, x5 < k + (s — 1). CieoBaresnbHo,

M < k(=) + 0+ 1=k = 1) = k(n— k) + "2,

M<Ekn+1—k)+r(r—1)/2.

DTUM JIOKA3aHO BTOPOE HEPABEHCTBO TEOPEMBI 3.

Bcee snauenust M us ommcaHHOrO 0OOMMN HEpaBEHCTBAMU WHTEpPBAJIA 0-
cTuratorcst (IIpu J0CTATOYHO GOJIBIIUX 1) 110 CJIE/YIONeil IpuInHe.

HanGosbinee 9uc/io qacreil JJOCTABIAET BBIOOP JONOJTHATEIbHBIX T IPSIMbBIX
ob1mero nosiozkenusi. [l HUX BCe TOUKHU TepecedeHust (¢ MPsIMBIMU ITy9IKa U
JIPYT C JIPYrOM) pasiudHbl, 9410 u gaer k(n + 1 — k) + r(r — 1)/2 gacreii.

Ecim n jgocrarodno BesuKo 10 cpaBHEHHIO ¢ 1 (HAIIpUMEp, €Caum n >
> r(r —1)/2), 70 MOXKHO BBIOPATH JIONOJHATENbHbIE [IPsIMbIE TaK, YTOOBI JIIO-
Oble BLIOpAHHbIE TOYKH UX TIOIIAPHOTO MEepecedeHus JIPYT ¢ APYTOM JIesKasl Ha
PSIMBIX IIy9Ka (Tak 9T0 s = k JJIsi COOTBETCTBYIONINX S ).

JleficTBUTEIBHO, MOYKHO, HAIIPUMED, HAYATH C T IPSMBIX OOIIETO MOJIOKE-
Hust B adduuHOl mrockocTn R? i mpoBecTy napasuiebHble JIpYT JAPYTY U He
napaJiieJibHble HU OJHOW M3 3TUX IPSMBIX IIPSMbBIE Yepe3 JI000e KOJIUIeCTBO
r(r —1)/2 — S Tovek MX MOIAPHOrO IHepecetdenus. BKIIOMNB 3TN ITapasiieib-
HbIE IPAMBIE BMECTE ¢ OECKOHEYHO YIAJCHHOM MpsAMOi B IMy4oK u3 k = n — r
HapaJlIe/IbHbIX MPSAMBIX, MbI IIOJIy9UM HAO0OP IIPSIMBIX, JIJIsi KOTOPOro Ts = k
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[IpU BCEX 3HAUEHUSIX S, KpOMe S BBIOpPAHHBIX, JJIsl KOTOPBIX s = k4 1. B sTom
ciayaae M =kr + S, M =k(n—k+ 1)+ S, u Teopema 3 jnokazana.

TEOPEMA 4. IIpednososicum, ¥mo Haubosvbuiee 4Ucio u3 n npamvliL, npo-
rodawux wepes 0dHy mouky, pasno k > 2. Toeda smu npamuvie dessm naoc-
xocmv RP? na M wacmerti, 2de M > n(n —1)/(2(k — 1)).

B,ILGCI) BazKHO, 9TO YUCJIUTEJIb pacTeT C YUCJIOM IIPAMBIX 77 KaK ’I’LQ, a 3HaMe-

HaTEeJIb OT YUCJIA IPSMBIX 1 He 3aBUCHUT. V3-3a 5TOT0 IIpaBasi 4aCcTh CTAHOBUTCSI
GoutbItieil 110601 JTHHEHHON (DYHKIMU OT 1 MPH JIOCTATOYHO OOIBINUX 1 (KOTIa
k dbukcuposano).

s jjokazaTesbeTBa TeopeMbl 4 YIIOPsAI0YNM Kak-JIu00 33/ aHHbIE 1 [IPsi-
Mbix. HazsoBem «cobObITHEM» IepeceveHmne KaKOW-JIMO0 MPAMON ¢ MpsMOit ¢
MEHBIIMM HOMEPOM. Hucjo cobbiTuil paBHo, TakuMm obpazom, 0+ 1+ 2+ .- -+
+(n —1) =n(n —1)/2 (He3aBUCUMO OT TOTO, CKOJIBKO PA3JIMIHLIX TOUEK IIe-
peceveHtsi UMeeTcst).

HaszoBem «pasjesienuem» Jejienne Kakoii-imbo npsimoil (ckaxkem, s-it) Ha
YACTH MPSIMBIMI ¢ MEHBITUMU HOMepaMu. ODO3HAUNM Yepe3 T'g YUCTIO Pasjiesie-
HUN $-1 IPSIMOfl. DTU T TOUEK PA3JEIISIIOT YKA3aHHYIO IPOEKTUBHYIO [IPSIMYTO
Ha Ig JacTeil.

JlobaBiisist IpsiMbIE TI0 OJTHO, MbI KaXK[bIil pa3 YBEJIMINBAEM YHCJIO KOMIIO-
HEHT IOIOJJIHEHNSI K MPSMBIM Ha, UHCJIO0 JacTell Iy, J0OABIISIEMBIX S-i MPSIMOIi
(Iesisiimeit Ha JiBe 9aCTH CBOMMHE Ts OTPE3KAMU KayKJLyI0 U3 POBHO Ig yXKe Cy-
I[IIECTBOBABIIINX IEPECEKACMbIX €10 KOMIIOHEHT ).

[TosTomy 0obIIIee UMCIIO KOMIIOHEHT JIOMOJIHEHUST B IPOEKTUBHON ILJIOCKOCTH
RP? kK 00beIHHEHNIO N IIPSIMBIX COCTABIISET

n
M = g Ts,
s=1

cuntasg GOPMATBHO Ts = 1: XOTs HEPBYIO HPSAMYIO <IIPEJBLIYIIHEs MPIMBbIE
He JeIAT, HY’KHO YYeCTb €IMHCTBEHHYIO KOMIIOHEHTY JOMOJHEHWS K OHOI
IpSMOH Ha NPoexmueHOt TIITOCKOCTH.

B kaxknoit Touke pasznenenus mpoucxonuT camoe bosbiiee k — 1 cobbrTue
(mepecevenue s-it MpsiMOii ¢ MPEJIBIIYIUMEI ), TAK KK OOJIbIIE k IPSIMBIX HAIIIE-
ro nabopa HU Yepe3 OJIHy TOUYKY He npoxojsT. [losromy wucao ecex cobvmud
ne npesocrodum npoussedenus M(k —1). A rak kak ono pasuo n(n —1)/2,
TO MBI 3aK/II09aEeM, ITO

n(n—1)/2< M(k—1), ze Mz """
2(k —1)
9TO U JIOKa3bIBaeT TeopeMy 4.

st uccenoBanust «CTabUIbHBIX> ABIP (j-51 crabunbHast qpipa Dj Gyzmer

HCCJIETIOBATHCS TIPH YUCTIE TIPSIMBIX 71, IIPEBOCXOJISAIIEM HEKOTOPYIO 3aBUCSIILY O
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OT j MOCTOSIHHYIO), BBEJIEM CJIe/ytolie 0603HAMEHNSI:
aj=n=7)0+1), Bi=M0-50G+D+iG-1)/2

IIpu mocrarovHo GOJIBIIOM 7 IEPBBIE WIEHBI 9THX JABYX IIOC/IEI0BATEILHO-
cTell pacoJIOYKEHBI B CJIEYIONIEM TTOPSIIKE:

(a[):ﬂo)<(Oq:ﬁl)<042<ﬁ2<043<ﬂ3<"'<Oéj,1<ﬁj71<0éj.

Py Dy P Do Py Ds P Pi1 Dj P M
@ By M B @2 B2 @3 B3 -1 By Q5 By
Ob6ozuaunm uepes Py, Py, ..., 3aMKHyThble HHTEPBAJIbI
Py=lao <M< fByl, Pi=lar<M<B], ..., P=[a; <M <B,
u yepes Dy, Do, ..., Dj JONOJIHUTE/IbHBIC OTKPLIThIE MHTEPBAJIbI
Dy = <M <], Dy=]pi <M<asy, ...,Dj=]Bj—1 <M <aqj.

CrabmibHas Jpipa D OIHCBIBACTCA CIIELYIOMIM 00pa3oM.

TEOPEMA 5. Ecau wucao npamuix n docmamoyuno eeaurxo, mo wucio M
KoMNOHEeHM, JONOAHENUA K HUM 6 npoexmuenoti naockocmu RP? ne mooicem
npurumamo 3naveruts us unmepseana Dj: nesosmoorcnv ce snavenus M, dan
KOTOPHLT

Bi-1=jn+1-7)+(G -1 —-2)/2<M < (j+1)(n—j)=aj

JIOKABATEJILCTBO. O603HauYMM HAUOOJbINEE UUCTO U3 N MPSMBIX, ITPO-
XOJSAIINX Yepe3 OfHY TOUKY, dyepe3 k. Mol nokakem, uro M He MOXKET IMOIACTH
B uHTepBaa D; Hu 1npu KakoMm k, HO 9TO JIOKa3aTeIbCTBO OyJIeT OCHOBAHO Ha
Pa3HBIX COOOPaXKEHUAX B CACAYIONIUX TPEX CIydasX:

I. k>n—yg;
II. j+1<k<n—y7;
II. k< j.

[Tpu sToM MBI 6yjieM Tpejnoaararb, 9ro n — j = j + 1 (4T0 BBINOJIHEHO,
€CJIN N JIOCTATOYHO BEJIUKO).

Cnyuaii I. IpeamosoxkuM, 9ro k IpHHUMAET OJHO U3 3HadeHuii {n,n — 1,
...,n—j+ 1}, nanpumep, k =n —r.

Coracao TeopeMe 3, uncjio M JIeKUT B MHTEPBAJIE

ar=Mn—-r)r+) <M< (n—r)r+1)+r(r—1)/2=0,
ree MeP.,0<r<j—1
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Bce stu r orpeskos ¢ uaTepsaiom D; He IIepeceKaroTcs, Tak uTo B ciaydae |
TeopeMa 5 JI0Ka3aHa.

Cayuan II. Ipeamonoxkum, aro j+ 1 < k

TaKXKe VIOBJIETBOPAET HepaBeHCTBaM j + 1 <
min (k,¢) > j+1:

<n—j. Tormal=n+1-—k
{ < n—j. B srom ciygae

k+fl=n+1
14
n—j
j+1 ) .
l=(G+1)(n—j) =q
11T 11 I

TlosTomy, omsiTh COryiacHO Teopeme 3,
M = (n—])(]+1) = &j.

B unrepsane Dj, onnako, M < «;. Tem cambiM Teopema 5 Jl0OKa3aHa U B
caydae I1.
Cayuyan I11. Ipeanosoxum, aro 2 < k < j. Cornacao Teopeme 4,

n(n —1) S n(n —1)

M > .
T 2k-1) 7 2(j-1)
IIpaBasi 9acTh 9TOrO HEPABEHCTBA HPEBOCXOIUT UHCIIO (vj, €CIIH 1 JOCTa-
N n(n —1) N
TOYHO BesnKo. JleficTBUTE/BbHO, 206D > (n — j)(j + 1) upu mocrarouno
i
BOJIBIIUX 7, OCKOJIbKY TOIJIA
n(n—1 .
n=D 92 1),
n-—7j
Hanpuwmep,
n(n—1
(7) >n,
n-—7

Tak 4To ycsuosue n > 2( j2 — 1) mocrarouno st Hepasencrsa M > O, UCKJIIO-
YaloIero IMpHHaIIeKHOCTE Toukn M uuTepBaiy D; (Mexay (-1 1 o).

B emuHCcTBEeHHOM OCTaBIIEMCsT HEPA30OPAHHBIM CiIydae k = 2 HAIIK 7 [Ipsi-
MBIX OOIIEro II0JIOYKEHUs JIeJIST HPOeKTUBHYIO 1miockocTs RP? na M = 1 +
+ n(n —1)/2 gacreii.
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910 uncio M Gosbire npegena o; = (n—j)(j+1), Tak Kax mpu j+1 < n/2
(4TO MBI TIPEJIIIOJIATAIN) BBIIOJHEHbI HEPABEHCTBA

n(n —1)
a < ——— < M
ansa g > 0.
Crano 6bITh, TeopeMa 5 JoKazaHa W LIpU k = 2, a CJefoBaTeIbHO OHA
Jokazana 1pu Beex k (cayuait k = 1 npu n > 1 He peajmsyercs, Tak Kak

JO0BIE JIBe TIPsIMble HA IIPOEKTUBHOMN IIJIOCKOCTH IIE€PECEKAIOTCH ).
Takum o6pa3om, TeopeMa 5 JI0Ka3aHa MOJHOCTBIO, TaK YTO (IPU JOCTATOY-
HO GOJIBIIIOM YHCJIe MPSMBIX 7)) CYIIECTBYIOT BCE CTAOUIIBHBIE JIBIPHI

Dy, Dy,....Dj,...

B IIOCJIeJOBATECJIBHOCTH YHCEJI KOMIIOHEHT M, Ha KOTOpbIE N IPAMBIX OEJIAT
BEIIECTBECHHYIO IIPOEKTUBHYIO IIJIOCKOCTD.

SAMEYAHUE 1. ¢ He 3Ha10, Oy/IyT Jin HECTAOUIBHBIE JIBIPHI ([IPH MEHbIITHX
n, 9eM yKa3aHO BbIIle) 33JaBarTbcs Temu ke dopmynamu (i1 < M < «;),
4T0 crabuibHble. Bradase (Ipn MajbIX j) HECTAOUILHOCTH He CKA3bIBACTCS.

IlepBorit HescHBIN caydail — TpeTbda AbIpa MiId n = 9. B aTom ciaydae
dopmysibl gaor ag = 24, G = 22.

JleBATh NPAMBIX MOTYT JIEJTUTH IPOCKTUBHYIO IJIOCKOCTH U Ha 22 obJracTu,
u na 24 obsactu. MoryT s onm genuth ee na 23 obsmactu (mwim xe M =
= 23 cocraBiisieT Jyisi 1 = 9 TPETHIO JbIPY) HEU3BECTHO. TaKoe PacIoJIOXKeHe
MPSMBIX €CJIM U BO3MOXKHO, TO JIAIIb B TOM CJIydae, KOTJla HUKakue 4 u3 3Tux
9 OpsIMBIX He MPOXOAAT depe3 OJHy TOUKY (ciydail k = 3 B J0Ka3aTesbCTBe
TeopeMsblI 5).

3AMEYAHUE 2. VCTOYHUKOM HACTOSIIEH PabOThl TMOCTYXKUIO OCYIIEeCTB-
senHoe B Bepkiin A. B. ['uBenraiem uzganue nepepoga «leomerpun» A. I1. Ku-
cenéBa Ha aMmepukaHcKuil s3bIK. [Ipocmarpusas B anpese 2007 roga B Kasm-
dopHUE ITOT IIEPEBOJI, I HE CMOI' Cpa3y PEIIUTDL OJIHY U3 3aJa4 ITONH KHUTHU
(Bce 3aj1a9M KOTOPOIi §1 YCIIENTHO eIl B JETCTBE).

DTa 3aj7a49a ObLIA TAKO: CKOJBKO IPSIMBIX JIEJISIT IJIOCKOCTH R? Ha naTh
BBIIIYKJIBIX dacTei?

['uBenTas B, KOTOPOIO 51 CIIPOCKJI, KaK (POPMYJINPOBAJI STOT BOIIPOC B NCXO/I-
Hoit kuure Kucesés, cozHaics, 9TO HUKAK: 3ajia9a JT00ABICHA [T€PEBOTINKOM
(ycosepmiencrBoBasmmM KncenéBa n B Apyrux Mecrax).

Kaxnas maremaTndeckast 3a/1ada JIOMyCKaeT «PYCCKYIO» BEPCHUIO, KOTOpAast
He MOKeT OBITh yTporieHa (6e3 oTepu CYIHOCTH 3a/1a91) U «PPaHILy3CKYIO»
KOTOpasl He MOXKeT ObITh 0000mieHa (Tak Kak OHa ChOPMyJINpOBaHA y¥kKe B
CTOJIb OOIIEM BHUJie, 9TOOBI OH COJIEPXKAJI BCE BO3BMOYKHbIE 00OOIIEHMS ).
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IIpuexas B Bepkiu u3 [lapuxka, s permmit chopMyanpoBaTh GPaHILy3CKYIO
Bepcuio Borpoca ['uBeHTaJIsI, a JJIst 9TOro 3aMeHusI 5 obJracTeil JTIObIM X 9HC-
Jgiom M — or 4ero m npousolia HacTosdas pabora.

TTosyausrnytocst oOIIyIo 3a1a49y s TaK U HE PEIII: CJIeI0BaI0 Obl OUCaTh
BCe JAbIPBI IIPU BCEX 3HAYCHUAX T, a A JJazKe TPETbIO AbIPY BbBIYUCJ/IWJI ABHO
TOJIKO Tipu N > 14 (Korja oHa craHoBuTcs crabuibhoil). Yuras B Bepkiin,
Crendopae, Can-Xoce n Canra-Kimape jeknun MeCTHBIM MIKOJTbHUKAM (KOTO-
PBIX reponveCcKne pyKOBOIUTE/IN 3JCHTHUX MaTEeMaTUIE€CKUX KPY2KKOB MOCKOB-
CKOro 00pasiia BbLyYWJIN JIydIlle MEeHsl PeriaTh TPYIHbIE 3aJ1a4K), s HaJIesLIcsl,
YTO OHU CIPABATCS C OIMCAHUEM HECTADMJILHBIX JIBIP, HO BCE €IIe 3TOro MOoKa
HE JOXKJIAJICSI.

He perrien, mo-suguMomy, BOIIPOC, MOTYT JId 9 HPSIMBIX JIEJIUTH TPOEKTUB-
HYIO IIOCKOCTD Ha 23 JacTH.

18 urosra 2007 roma

B. . Apuosnsa: Maremarnaeckuit macturyt uMm. CrexksoBa PAH
Mocksa, 119991, Vauna ['yOkuna, 1. 8
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Crenenn NpoCTBIX YNCET
B cocTaBe MUMaropoBbIX TPOEK

E. A. Topun

VcraHaBMBaeTCs, YTO BOIIPOC O Mu(aropoBbIX TPOHKaxX, B COCTaB KO-
TOPBIX BXOJAT JIB€ CTEIIeHU IIPOCTBIX, HEIIOCPEJICTBEHHO CBA3aH C U3BECT-
HBIMU HEPEIIEHHBIMU KJIACCHYECKUMHU ITPOOJEMAMU TEOPUM UUCEsI. XOTs
HEKOTOPBbIE CBOMCTBa MHOXKECTBA TaKUX TPOEK YJaeTCd JOBOJIBLHO JIETKO
BBIACHUTH, YK€ BOIPOC O DECKOHETHOCTH ITOTO MHOXKECTBA OCTAETCS OT-
KPBITBIM.

BBEJEHUE

1. IIudaroposa tpoiika — 3ro (ymopsigodenustii) nabop {z,y, 2z} HaTypab-
HBIX YUCEJI, JIJIsT KOTOPBIX

2 2 =22 (1)
Tpoiika {z,y, z} HasbiBaeTcss npumumuehot, eciu ged(z,y,z) = 1. 3aech u
nasee gepes ged(a, b, . . .) obo3nadaercss nHanbosbImii obuit qenrens Habopa
{a,b, ...} neabix (B yacTHOCTH, HATYPAJIbHBIX) TUCEIL.

B jasbHeiiem, ecjiu IpOTUBHOE SIBHO HE OrOBAPUBAETCs, UMEIOTCS B BULY
OpUMUTHBHBIE TPOiiKHU. VI3 cooTHOmmenust (1) Torma cieryer, 9ro 0HO U3 THUCesT
2,y ABJIAETCA YETHBIM, a JIpyroe — HedeTHBIM. I OIpeIeIeHHOCTH U ISt
yJa00CTBa B JlaJbHEAIeM, ec/iu IPOTUBHOE He OrOBApUBAETCHA SABHO, YeMHbLM
cuumaemcs . 3aMeTuM, 9TO JjIs NPUMHUTHBHBIX TPOEK 2 BCErJa SBJISAETCS
HEYETHBIM.

IIudaropoBsl Tpoitku — OWH U3 IPEBHEHITNX 00BHEKTOB MATEMATUKN, TaK
4TO ObLIO Obl HAMBHBIM HAJEATHCS CKAa3aTh O HUX YTO-HUOYIb OCOGEHHO OpHU-
runajibioe. OIHAKO HAIA Te/Ib B APYTOM: Mbl XOTHM [OKA3aTh, YTO BXOSIIUIT
B 3aryiaBue (HEMHOI'O CTPaHHBI) BOIIPOC TECHO CBSI3aH C IEJIBIM PsIJIOM HETPH-
BHAJIbHDBIX KJIACCHYECKUX MPOBJIEM TEOPUH THCEL.

[TudaropoBbl TPOWKU MPHU CIETAHHBIX TPEIIOIOKEHUIX JTOMYCKAIOT CJIe-
JIYTOIILYIO MCYEPIBIBAIOILYIO HapaMeTPH3AINIO:

r = 2ab,
y:a’2_b27 (2)
z=a®+ b,

MaTemaTunyeckoe npocseweHue, cep. 3, Bbin. 12, 2008(105—125)
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rme ¢ u b — HATypajbHBIE YHUC/Ia PA3JIUIHON YETHOCTH, NpudeM a > b u
ged(a, b) = 1. @opmyiisl (2) nHONIA HABBIBAIOT Hopmysamu undycos (CM., Ha-
npumep, |1, ¢.10]), u MbI 6yJieM HCIOIB30BATH 9Ty TEPMUHOJIOTHUIO.

OrmernM, 9TOo chopMyIUpOBaHHAs 3aj@da O MH(AropoBbIX TPOUKAX CO
CTENEHSIMU TTPOCTHIX Pa3bUBAeTCss HA HECKOJIBKO JPYIHUX, CYIIECTBEHHO pa3-
JINYHBIX 110 CTEIEHN CJIOKHOCTH.

HelicTBUTesIbHO, UCIONIB3Ys GOPMYJIbL (2), COBCEM JIETKO YOeIUThCs, 9TO
6ce Mpu KOMITIOHEHTDBI ABJIAIOTCA CTCIICHAMU IIPOCTBIX TOJIBKO B CJIy4dae TpOﬁKI/I
{4, 3,5}, u3BecTHoii (110 MEHBIIIEH Mepe) CO BPEMEH CTPOUTE/IbCTBA erUIIETCKUX
nupamu. Ha camom jiesie, Kpome 9TOI TPOWKH, HET JPYTUX, B KOTOPBIX T U
9 — CTEIICHU IPOCTBIX.

JloBOJIBHO JIETKO pa3bupaeTcst Apyroit KpailHuil cjaydail, Kormga pedb UIeT o
HaJIMIuH £oMA 6, 00Hotl CTEIEeHN MPOCTOr0 B cOCTaBe MU(aropoBoil TPOHKMT.
MHOKeCTBO TAKUX TPOEK CAMO €CTECTBEHHO Pas3bMBAETCsI HA TPHU KJlacca, KaxK-
JIBIIT U3 KOTOPBIX OECKOHEUEH, MPUYeM UCCJIe0OBaHUE OJTHOIO U3 ITUX KJACCOB
(z — cremeHb IPOCTOroO) HE TaK TPUBUAIBHO, KAK UCCIIEIOBAHNE JIBYX JIPYTIUX.

BoJtee nHTEpECHBI JIBA OCTABIINXCS CJIy4asl, KOT/Ia CPeIN KOMIIOHEHT IPHU-
CYTCTBYIOT B TOYHOCTH JIBE CTEII€HU ITPOCTBIX.

Ciry4ail, KOrjia CTEleHsIMU TPOCTBIX ABJSIOTCS T U 2, HAIPSAMYIO CBA3aH
¢ mpocteiMu Pepma. B aToM cmbiciie «camast 6OIbINAsST» U3 U3BECTHBIX TPOEK
TaKOI'0 TUITA COOTBETCTBYET COOTHOIIEHUIO

218 4 (216 _ 1)2 — (216 4 1)2

Hawubosiee nHTEpECEH TOT CIIydail, KOIJia CTEIEHIMH IPOCTBIX SIBJISIIOTCH Y
u z. OrmeTnM (9TO JIerkKo mosrydaeTcst u3 (2)), 9To B 9TOM (HO U HE TOJBKO B
aTOM, cM. HEXKe) ciaydae 22 = 1+1y? n x = 2z — 1. [losToMy B IPHUBEICHHBIX J1a-
JIee CIHICKAaX JIOCTATOYHO YKa3aTh TOJIBLKO Y UM TOJIBKO 2 H, C APYTOi CTOPOHEI,
JIETKO JIONNCATh . JJ0OBOJIBHO MPOCTDIE U He OYeHb CKYUHbIE BHIUNC/ICHI 03~
BOJISIIOT IIPEIbSIBUTH MHOTOYHCJIEHHBIE IPHMEPBI TAKOrO THIA. B wacTHOCTH,
K 11H(haropoBbIM TPOHKAM IPUBOJST CJIEIYIOINIHE APBl NPOCNOIT

y 3 5 11 19 29 59 61 71 79 101
z 5 13 61 181 421 1741 1861 2521 3121 5101

B cireytonux napax BCcTpedaioTcss KBaJpaThbl POCTHIX:

y 7 32 52 41 7% 112
z 52 41 313 292 1201 7321

Bo BTOpOM cnmcke KBaapaThl He BCTPEYAIOTCS MapaMy, U 3TO He CIyJIaitHO
(rak He ObiBaer). OKasblBaeTCsl, IOKA3ATENN CTENeHel POCTBIX CaMU Helpe-
MeHHO uMeroT Buj 2F (kak B ciaydae unces Pepma), HpudeM CTEIEHb BbIIIE
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2—i1 B KauecTBe z BCTPEYAETCs JIMIIb OJHAXK/IbI, a UMEHHO B TPOUKE, TJe
y =239 u z=13%

Otmedy 371eCh ermie O/IHy, Ha TEePBBIN B3MJISAT YK30TUIECKYIO, TPOUKY, JJIsT KO-
TOPOi

y=3%u 2= (34+1)/2 (310 uncio npocroe).

BeposiTHO, MHOK€CTBO TIOIOOHBIX TPOEK DECKOHEUHO, OJHAKO B JTAJILHEHIIEM I
[IpUBE/LYy, KpOME JAHHOIO, JINIIh HECKOJbKO IPUMEPOB Ha 9Ty TEeMYy, TaK KakK
00beM BBIYUCIEHUI JIJIsI IIPOBEPKU ITPOCTOTHI CTPEMUTEIHHO BO3PACTAET, TOTIA
KaK MOHW BO3MOXKHOCTH OIDAHMYEHBI, U HUKAKOI OOIIeil TeOpeMBbl Ha 9Ty TEMY
s He 3Ha100) .

¢l He 3HA¥O, KOHEUHO MJIM HET MHOYKECTBO BCeX MI(ArOpOBBIX TPOEK C JBYMsI
IPOCTBIMU WJIX ¢ IPOCTBIM U CTEIEHBIO POCTOro (Apyrue BO3MOXKHOCTH, KaK
Gy/IeT TIOKA3aHO, MCKJIIOYEHBI).

Bosbmas gacTh 10Ka3aTEIbCTE HOCUT YUCTO aprpMeTHIeCKUl XapaKTep,
a Ipyrasg B OCHOBHOM HCITOJIb3YET JINIIb KJIACCUIECKUE Pe3yIbTaThl 3JIEMEHTaP-
HOIi Teopun Ynces (Teopuu CpaBHEHWIH), BocxoJsiue K Dilepy. 3aunrepeco-
BAHHBII 9UTaTE/ b HAWJIET UX JTOKA3ATE/BCTBA BO BCeX yUeOHUKAX, HA3BAHHBIX
B CIIUCKE JIITEPATYpPbl. 3amMedy, 9TO U cOOpHUK «MaremMaTndeckoe IIpoOCBele-
HI€» MHOTOKPATHO NMUCAJ (U HPOIOJIKAET [HUCATH) 00 9TUX MaTepHsX.

Vckaiodenne COCTABIAIOT [IBA YTBEP:KIEHUS O IMO(MAHTOBLIX ypPaBHEHU-
sIX, KOTOPbIe s TaKXKe HCIIOJIb3YIO, IMPUBOXKY CCBLIKH, HO HE IIPUBOXKY J0-
Ka3aTejJbCTB. B ompaBiaHue OTMedy, YTO OTYACTH WX I[PUMEHEHUE JIUIlh
VIIPOIIAeT OKOHYATEIbHbIE (DOPMYJIMPOBKH U, C APYTOil CTOPOHBI, XOTsT (POPMY-
JINPOBKU 3TUX YTBEPKJICHUI 3JIeMEHTAPHBIE, 9JIEMEHTAPHBIX U KOPOTKUX J0-
Ka3aTeJIbCTB, KayKeTcsl, JI0 CUX HOp HeT (Takoe CJIydaeTcs 4acro, KOIja pedb
uzer o JMOohaHTOBBIX YPABHEHUSIX ).

2. B ocnoBHOM MBI Oy/1€M HCIIOJIB30BATH CTAHIAPTHBIE O003HAUECHS:
C — moJjte KOMIITIEKCHBIX IHCET;
R — moJie BeleCTBEHHBIX YUCET;
Q — noste panuOHAJBHBIX UNCET;
7, — komb1o (IpyMIa) mesblX 9uced;
N — marypasuabHblii psij| duced,
a TaK¥kKe
[P — MHO>KECTBO IIPOCTBIX YHCEJ;
[P* — MHO’KECTBO HATYDAJIBHBIX CTEHEHEl IIPOCTBIX YHCEI.
Kpowme Toro, 3uaduok [ Gyzer cuMBOIM3UPOBATH KOHEI] JIOKA3aTEIbCTBA, a
HHOTJIa — [PUMEPa UM KAKOTO—HUOY/[b HHOIO PACCY 2K ICHHUSL.

Y Crncox npuMepoB 3ameTHO paciupuia M. H. Bsassrit. B konie crarbu Mbr KpaTko 006Cy-
UM, KaK 7 3a9eM 9TO JIeJ1aTh.
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3. C xonna 80-X rojloB s MTOJIB30BAJICS IOJIEPXKKOM, COBeTaMU M MHOTOYHC-
JICHHBIMU KOHCY/IbTAIUSIMU 110 KOHKPETHBIM BOIIPOCAM TEOpUH 4uces (U Jpy-
rum) JI. JI. CrenanoBoit, K KOTOpOil s BCerja MCHBITHIBAJL 9yBCTBO CHMIIATHI
u ri1y6oKoro yBazkeHusi. HeCKOJIBKO (JOBOJIBHO CKENTHYECKUX) 3aMeUaHuil OHa
ycIiejia, ¢JieJiaThb W 10 TIOBOJY HEPBOHAYAJBHOIO BApUaHTA JAHHOTO COYMHE-
Hus?).

Paznuunbre 3ama4n, cBsI3aHHbIe ¢ TH(ATOPOBLIMI TPONKAMHI, OOBITHO IPE/I-
jaraer csouM crynaentam E. V. /le3a, u MbIC/Ib paccMOTPETh TPOWKH CO CTere-
HSIMU TIPOCTBIX TIOCETUJIA MEHS, KOTJIA TI0 CJIY>KeOHO# HeOOXOIMMOCTH ST CJTYIIIa
OTYETHI €€ ITOJIOIIEYHbBIX.

YacTb 3 1eTaJIbHO OIUCAHHBIX 3/16Ch PE3YJILTATOB ObLIN CPOPMYIUPOBAHDI
na Tynbckoit koudepennuu [2], u st npusnarenen B. H. HybapukoBy, KoTopbiii
IIOCOBETOBAJI MHE HE CTECHSITHCSI OOBSIBUTH TAKON TOKJIA.

A o6naronapen E.U. Jleza u B. H. Kykymikuny, KoTopble yKazajaul MHE
Ha HEOOXOIMMOCTH yTOYHHTH HEKOTOpPble paccyxkieHnsi. Hakomerl, BKJa/l
M. H. Bsioro B yiydinenne TeKCTa 3aMETHO IMPEBBICH JayKe T€ CTAHIAPTHI,
KOTOpBIE ObLIN MPUHATHI B MPEXKHIE BPEMeHa.

§1. IIPOCTENIINE CJIYVYAU

1. Jlns ymobcTBa CCBUIOK MbI CPOPMYJIUPYEM CJIEIYIOIINE J[BA, OUYEBUIHBIX
YTBEPKICHUS B BUJIE JIEMM.

JIEMMA 1. FEcau 6 nugazoposoti mpotike x — cmenens npocmozo, mo
=201 =41, z=4%41, (3)
206 Q@ — HAMYpasvbHOE YUCNO.

JIOKABATEJILCTBO. fcuo, uto B dopmyre (2) B sroMm ciyudae a = 2%,
b=2°% 11e 0 < B < . Ecat B > 0, TO iy OKarKeTCst YeTHBIM. O

JIEMMA 2. Ecau 6 nugazoposoti mpotike iy — cmenend npocmoz0, mo
r=2bb+1), y=2b+1, z=(b+1)% + 1% (4)
6 wacmmocmu, z = + 1 u 2z = y> + 1.
JIOKABATEJ/IbCTBO. [eiicrBuTeIbHO, B 9TOM ciaydae a — b = 1. O

BameTnM, 9TO B 9THUX JABYX CIydasX OYEBHJHO, YTO KOIJA OIHA U3 KOM-
[HOHEHT Iu(aropoBoil TPORKKN — CTEIEHb IIPOCTOro, dee dpyaue KOMMOHEeHMbL
onpedeasromes 00Ho3navHo. OKa3bIBAETCs, 3TO BEPHO U TOIA, KOI'Ia CTEIIeHbIO
IIPOCTOTO ABJIAETCA 2-KOMIIOHEHTA, OZHAKO B 3TOM CIydae JOKA3ATEJbCTBO HE
TaK TPUBHAJILHO (CM. HUXKE).

2 JTumust JTeonnnosua Crenamosa (1941-2004) paboramna goneHToM Kadeapbl TeOpUH Uu-
cesl MOCKOBCKOrO IeJarorutecKoro roc. YHUBEPCUTETA.
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2. Cnenyromast JeMMa «OTCEKAET» eIlle OJUH U3 TPUBUAIBHBIX CJIyJIaeB.

JIEMMA 3. Ecau 6 nugazoposoti mpotike x € P* uwy € P*, mo z = 4,
y = 3. B wacmmuocmu, 6ce mpu KOMNOKEHMBL — CMENEHU NPOCTBLL MOALKO
das mpotiku {4,3,5}.

JTOKABATEJBCTBO. Msl Bocnosbsyemest stemmoii 1. Tak kak 3 | (4% — 1),
10 13 GhopMyIibl (3) BBITEKAET, UTO B yCJAOBUAX JAHHON JIEMMBbI

(2% —1)-(2*+1) =3°

¢ HEKOTOpPhIM HaTypasbHbIM (. [Ipu @ > 1 0oba cTosux cjieBa COMHOXKHUTEJISI
ObLIU OBl HaMYpasvHumu cTenlensamu qncia 3. Ho Torma gucio 3 okazasioch
OBl JeTUTENIeM WX Pa3HOCTH, a 9TO He Tak. [losromy o = 1. O

§2. CJIVUYAM, KOTJA z — CTEIIEHb ITPOCTOT'O

1. Tlo dopmyne (2), B 9TOM cilydae z OPEICTABISIETCS B BUJE CYMMbI JIBYX
KBa/JI[PATOB, U Mbl CHAYAJIa HAIIOMHUM, KOTJIA 9TO ITPOUCXOJIUT.

JL7ist IpOCTBIX z BOIPOC O TAKOH IPEJICTABUMOCTU HAYAJ PACCMATPUBATH
®epma, KOTOPBIH yrajai Tounblil orBeT. JlokazarenbcrBo Hamen Jitiep. On
JKe HadaJl PacCMATPHUBATH COCTaBHBIE |ncya. OKOHYATETbHOE pEIIeHne JTaB-
HO [IOMEINAIOT B KaXK/Iblil yIeOHUK TEOPUU YUCET, CM., B YaCTHOCTH, [3-7| u3
CIIUCKA, JINTEPATYPHI.

IIpecrasienue ¢ = a’ + b? HATYpAJBHOIO YHC/IA ¢ HA3BIBACTCS COOCIMGEH-
nom, ecau ged(a,b) = 1. Tlo cmbicay Harmeit 3a1aum (HENIPUBOAUMOCTD) U
BBUy dopMmys (2) HAM MHTEPECHBI KakK pa3 Takue IpejcraBieHus. Vcmob-
3ysl KOMILJIEKCHYIO CUMBOJIIKY, IPeJICTaB/IeHne ¢ = a’ + b® MOXKHO IepelnicaThb
B Buje ¢ = |a + ib?, u Takas sanmchL MoxeT okazaThcs ToJiesHON. Hanpu-
Mep, U3 Hee JIETKO MOJIyIaeTCsl, YTO BMECTE C ¢ IIPU HATYPAJIBHOM 711 COOCTBEH-
HOe IIPEJICTABJIEHUE UMeeT ¢, a IPU HEYETHOM C TAKOe IIPEJICTABJICHUE NMeeT
2¢ = |(1 4+ i)(a + ib)|?. DTi baKTH MOKHO pACCMATPHBATEL KaK MOSICHEHHE K
dOpMySIIPOBKE CJIEIYIOIIEH HUXKE JIEMMBI 4.

Umest mpejsicraBiienne ¢ = a’ + b?, Mbl MOXKEM HOJIYIUTH €Ile HECKOIBKO
[IPEJICTABJICHUN, MEHsisI MecTaMu ¢ U b U MeHsisi uX 3Haku. ['OBOpsi O €JInH-
CTBEHHOCTHU, MbI BCerjia OyJeM UMETh B BUIY EOUHCMGEHHOCTG IM020 KAGCCA
IKBUBANEHMHOCTIU.

[IpuBesem iy SICHOCTU HECKOJIBKO IIPOCTBIX YHUCJIOBBIX HpuUMepoB. Hwmc-
Ja 3 1 4 He TPEJCTABISIOTCS B BUJIE CYMMBI JIByX KBaJIpaToB, yncaa o5 u 10
[PEJICTABJISIIOTCST OJJHO3HAYHO (B yKa3aHHOM BbIIe cMbicie). Hucao 65 — mu-
HUMAJIbHOE U3 MMEIONIUX J[BA COOCTBEHHBIX NPEJCTaB/IeHUs (U He MMEIOIee
npyrux). Yucmo 50 uMmeer nBa HpeCTABICHUS, W3 KOTOPBIX OJHO COOCTBEH-
Hoe, a Bropoe HeT. Uncyio 20 cobCTBEeHHBIX MPEICTABICHUN HE NMEET, OTHAKO

20 = 22 + 42,
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OcHoBHasI TeopeMa COCTOUT B TOM, YTO MPOCMOE HEYEMHOE P Mo20a U
moavko mozda umeem (Henpemenno cobemeennoe) npedcmasaenue, kK02da p =
=1 (mod 4), npuvem npedcmasaerue edurcmeerto.

B obrmem ciydae oTBeT HECKOJIBKO O0Jlee CJIOXKEH, OJHAKO €CTh CHTYallHs,
KOrj1a (DOPMY/IMPOBKA IIOYTH HE MEHSIeTCSI:

JIEMMA 4. Ilyemov p — neuemmoe npocmoe “ucao, n — HAMYPGALHOE
YUCA0 U qucao ¢ umeem eud p" uau 2p". B maxom cayuwae ycaosue p = 1
(mod 4) ocmaemcsa kpumepuem npedcmasumMocmu ¢ 6 6ude Cymmvl 08YT K6ao-
pamos. Kpome moeo, ecau ycaosue p =1 (mod 4) swnoansemea, mo cyuec-
meyem eduncmeennoe cobcmsaentoe npedcmasierue.

2. U3 jnemmbl 4 cpasy BBITEKAET, YTO 2-KOMIIOHEHTa (HelpUBOIMMOii) mudaro-
POBOIT TPOWKHM TOTIA U TOJBKO TOTIA IPUHAIEKUT MHOKECTBY P* | KoTIa JIst
COOTBETCTBYIOIIEro mpocroro p uMeeM p = 1 (mod 4). IIpu sTom B mpecras-
sternn 2z = a+b? 1o bopmyiie (2) KOMIOHEHTHI a 1 b OJTHO3HAYHO OTIPeIeIsIOT-
cst o z. CrieoBaTe/IbHO, OIIHO3ZHAYHO OIPEE/ISIOTCS B JPyTHe KOMIIOHEHTBI
TPOVKMU — 4ucja & 1 Y.

ComocTaBisist 9TO CO CKA3AHHBIM BBIIIE, MBI TTOJIYIAEM, ITO €CAU 8 NuPazo-
POBOT MPotiKe KaKaAA-MO U3 KOMNOKEHM, — CMENEHd NPOCMO20 HUCAL, MO J8e
OpYy2ue KOMNOHEHMBL 00HOZHAYHO ONPEJEAAIOMCA N0 IMOT KOMNOHEHITE.

§3. TproliKU C P*-KOMIIOHEHTAMU z, 2

1. Ywmcio Buma 2™ + 1 ¢ HATYPATBLHBIM 11 MOYKET OKa3aThC MPOCTHIM TOJIHKO
B TOM CJIydae, KOIJla m He uMeeT HeTPUBUAJIbHBIX HEYeTHBLIX JesiuTesieil, T.e.
m = 2", TaK 9TO YHUCJIO UMeeT BUI

fa=2""+1

(ancia Pepma). IIpocTeie Takoro Buma HasbiBatoTcs mpoctbiMu Pepma. Co-
riacHo teopeMe [aycca, mpoctbie Pepma UTpaioT MEHTPAIbHYIO POJIb IIPH OIIH-
CAHWU CJIyYaeB, KOIJa TPABWJIBHBI MHOTOYTOJILHUK MOXKET OBITL MOCTPOEH
[UPKYJIeM U JIMHEUKON.

Ipun =0,1,2,3,4 aucia f, sSBAAIOTCS TPOCTBIMHI, HO YnCIO f5 = 232 41,
Kak 3aMeTusl Diljiep, JAeJuTcsi Ha npocroe duciao 641 (jornoaHuTebHbI MHO-
JKUTEJTh TAKIKe SBJISIETCS IPOCTBIM YUCIoOM). He M3BeCTHO HE OJJHOTO IIPOCTOrO
®epma ¢ n > 4, 3aT0 oTHOCUTEJBHO MHOTHX uncea Pepma ¢ n > 5 J0Ka3aHO,
9TO OHU SBJIAIOTCS COCTABHBIMU, B YACTHOCTH, 3TO TaK, eciu b < n < 32, n

cefiac CUUTAeTCs MPABIONOI00HBIM, UTO TpOocThIX PepMma ¢ n = 5 Her?).

3)( pasBATHEM BBIMHCIMTEIBHON TEXHUKH HOSBIISAIOTCS HOBBIC CBEICHH 1 0 unciax dep-
ma. Cexxyio nHGOPMAIAIO IO TOMY IOBOJY, pa3yMeeTcs, MOKHO Haiitu B lHTepHere,
CM., HaIpUMep, CTpaHully, Koropyio mnojzep:xkusaer Buiabbpun Kemnep (Wilfrid Keller)
http://www.prothsearch.net/fermat.html
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2. Ilpocreie PepMma eCTECTBEHHO MOSBJIAIOTCS P OIMUCAHUU TH(MATOPOBBIX
TPOEK, YKa3aHHBIX B 3aIJIaBUu JanHoro naparpada. Ham 6yner ynobuo nagarn
CO CJIeJIyIONIEll 9JIEeMEHTaPHON JIEMMBI.

JIEMMA 5. Ilycmov kI, m — namypasvnvie wucaa. Eeau
2+ 1=(2"+1)" (5)
um>1, mok=3,1=1um=2.

JJOKABATENBLCTBO. I3 ycmosnii (5) mm > 1 Bertekaer, uro k > m-l > 21.
PackpsiBas npaByio gactb B (5) mo dbopmyse 6HHOMA, MBI Oy IUM, UTO

2k_l:m+n-21,

e n € N. Orciona cienyer, uro 2! | m. B gacTHOCTH, ™ — WeTHOE YHCIIO0, TaK
uro (28 +1)™ = 12, rae t € N. Tlo dopmyne (5), nmerorcs Taxue ki, kg € N,
9TO

t—1=2" t+1=29% u k1 +ky=k.

Ouesmno, aro 2817 1(2k2=k1 _ 1) = 1, orkyma BbITekaer, uto k = 3 u JoKa3a-
TEJLCTBO JIEMKO 3aBePIIAeTCs. O

TEOPEMA 1. B (nenpusodumoti) nugazoposoti mpotke {x,y,z} womno-
HEHMBL T U 2 mozda u moavko mozda obe npunadaescam x P*, xoeda z —
npocmoe Depma, npuvem z > 3.

JOKA3ATEJIBCTBO. llpeamomoxkum cHadama, aro z — mpocroe Pepma n
z > 3. Torma, B wacraocru, z = 2% + 1, rne | € N. ITo nemme 4, mpocroe
9HCJIO Z UMEET B TOYHOCTU OJHO COOCTBEHHOE IIPEJCTABJIEHHE B BUJE CYMMBI
kBapaToB. IlosTomy B bopmyrtax (2) 6ymer a = 2!, b = 1, Tax uro x = 2+,

Jokaxkem obparHoe yTBepxkaeHue. Ilo yciaosuro, z = p', T/1e p — IpocToe
9HCJIO B M — HaTypaJbHoe. Mbl J0JKHBI yOeuThCsa, 9TO p — npoctoe Pepma
u aro m = 1.

B coorBercrBuu ¢ gemmoii 1 umeem mpejcrasienue = 28Tz = 22k 41
¢ HeKOTOpHIM HaTypasbhbiM k. Tak kax (p — 1) | (p™ — 1), 0 p = 2L + 1 ¢
HEKOTOPBIM HATYPAJJIbHBIM [, 1 9TO O3Ha4IaeT, 4To p — npocroe Pepma. Jlasee,

2% 1 =z=(2 +1)™
Tak Kak crerneHnb ,ZLBOfIKI/I CJIeBa 9e€THadd, TO U3 JIEMMbI 5 BbITCKaECT, 4TO 1M — 1.0

W3 ckazaHHOTO BBIIIE CJAEAyeT, 9TO B JAHHBI MOMEHT Mbl B COCTOSHUU
[IPEeIbABUATEH TOJLKO YeThIpe TPOMKHU JAHHOrO Tuila. He MCKIIIOYEeHO, 9TO Apy-
IMX TAKUX TPOEK HET (& eC/in eCTh, TO 3aBEJIOMO WX KOMIIOHEHTHI — (haHTa-
crudecku Gosibine yuciia). [loaromy TPoiiKu MOC/Ie[HEr0 TUIIA, KOTOPBIMUI MBI
3afiMeMcsi HUKe, UMEIOT OCOOEHHBI UHTEPEC.
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§4. TrPOMKU C P*-KOMIIOHEHTAMHU ¥, 2

1. Tak Kak B paccMaTpuBaeMoM ciydae y € P*, To, o jemme 2,
22 =1+ 9> (6)

Jlerko BuzeTH, UTO KayKjoe IEJOYMCIeHHOe pellleHre ypasHeHusi (6) umeer
HeYeTHbIE KOMIIOHEHTHI U 9TO MBI TIOJIyInM MUdaropoBy TPOHKY, H00aBIsas K
Y,z aucyiao r = z — 1.

Takum 06pa3oM, J1eJ10 CBEJIOCH K BOIIPOCY O PA3PEIIUMOCTA B CTEIEHSIX IIPO-
CTBIX OY€Hb IPOcTOro (¢ Buy) ypasHenus (6). XoTsi BOIIPOC O Pa3pentmMoCTH
9TOrO yPaBHEHUST 6 UEAbLT YUCAQT TPUBUAJIEH, IEJTOYUCICHHAS PA3PEITMMOCTh
yPaBHEHUS

2l =14 ¥, (7)

B 3aBHCHMOCTH OT BblOOpa k,l y2Ké mnpejacrapisier 00JbInoi narepec. s Ha-
MUX TieJTel TOCTATOYMHO YeTHBIX Kk U TPOCTBIX U, ¥, OJTHAKO HE JIUIIECHO CMBICTIA
MOIBITATHCA PACCMOTPETH 00JIee OOIIYIO CUTYAIIHIO.

3AMEYAHUE. Ypasuenue (7) — 9acTHblii ciaydail duogarnmosa ypasrerus
Buga f(u,v) = 0, e f — MOJMHOM C IEJIOYUCTEHHBIMU KO3(bDMUIIEHTAMI.
OcnoBrast pobIeMa OTHOCUTETHLHO TAKUX YPABHEHUIT — 9TO PoHIeMa KOHe-
HOCTH 9HCJIa [eJI09ncIeHHEX pernennii®) . TIpoGiena paspemmMocTn, a Takxe
nmpobyieMa TIONCKA HETPUBHUAILHBIX PEIEHUl MOTYT CYIECTBEHHO Pa3/InIaTh-
Cs1 TIO CJIOZKHOCTH JIJTsT BHEITHE OYeHb MOXOXKWUX ypaBHeHui. MHOTOYNC/IeHHbIe
[IpUMEpBI Ha 3Ty TeMY HMEIOTCsI, B YaCTHOCTH, B IOIYJISIPHON KOTJIa-TO OpO-
mrope [9).

IlepBble cyIecTBEHHBIE PE3YJIHTATHI Ha 3Ty TEMY B ODINIEM CJIydae OJIy YU
B 1909 r. A. Ty3, a oOKOHUYATEIBLHOE perreHne Mpob/IeMbl KOHEIHOCTHU JIJIsT Ta-
Kux ypasuenuii yepes 20 Jsier nares K. 3uresib. OTMeTHM MOMYJISIPHYIO CTATHIO
[10], u3 KOTOPOI# Cpeju MpoUero JIerko IOHATD, Kak jeficreoBai Tys. Dopmy-
JINPOBKA TEOPEMBI 3UTeJIsT TPEJINoIaraeT 3HAKOMCTBO C IEIBIM PSIIOM JTOTIOJ-
HUTEJILHBIX MOHATHH, M MBI OT Hee BO3/IEPIKUMCH.

Bumecre ¢ Tem, jijist (HEBBIPOXKICHHBIX ) JBY YJIEHHBIX AUO(MAHTOBBIX ypaBHE-
nuit au® + bv! = ¢, Brmouaomux ypasuenue (7), OTBET Ha OJMH U3 OCHOBHBIX
BOIIPOCOB B IIPUHIIUAIIE OIUCHIBAETCS OYEHb IIPOCTO: ecau k,l > 2, mpudueM Xo-
T OBl OJTHO U3 3TUX HEPABEHCTB CTPOTO€, TO MHOXKECTBO PEIIEeHUI KOHETHO,
TOrJa KaK B JIDYTUX CIIydasX PEaJU3yIOTCS U CPABHUTEIHHO ITPOCTO PACIIO3HA-
IOTCSI BCE TP BO3MOXKHOCTH (EIIeHuUiT HeT, MHOYKECTBO PEIICHN KOHEIHO HIIN
6ECKOHEUHO).

4

) CpaBHUTE/ILHO HEIABHO GbILTA PEleHa 3aMeTHO GoJiee CIIOMKHAsS TPOB/IeMa KOHEeTHOCTH
YHCIIA PAYUOHAALHULE PerteHnH. OTMEeTHM OUeHb HHTEPEeCHYIO (HO JJAJIEKO He 3JIEMEHTAPHYIO)
crarbio [8] Ha 3Ty Temy.
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OpnHako, BOODIIE TOBOPSI, MIOUCK KOHCTPYKTUBHBIX AIIPHOPHBIX OIEHOK pe-
IIeHnuit 1, TeM OoJiee, MOUCK BCEX PEIIEHU, KaK IPABUJIO, JAaXKe B CAMbBIX
OpoCThIX (M0 BHUJLY) CJIydasx — CJIOKHas 3ajada. JloNoJHUTEebHOe YCIOBHe
IPOCTOTHI (KOMIIOHEHT) pelleHHi MOYKeT KaK YIPOCTHUTb, TaK U YCJIOKHUTh
3a/1a4y.

2. Temepb MBI HPUCTYIUM HEIOCPEICTBEHHO K BOIIPOCY O Pa3pENINMOCTH B
CTeleHsX POCThIX ypasHeHust (6). B KOHIle KOHIIOB Mbl y6eMcsi, 9TO B CJIy-
Jae pas3peIruMOCTH CTEIIEHN IIPOCTBHIX JAJIeKO He IPOM3BOJIbLHBI. BHavaje Mbl
pPaCCMOTPHM HEKOTOPbIE YacTHBIE cirydan ypasHeHus (7).

B crenyromeit temme k,l,u € Nu g € P.

JIEMMA 6. Ilpednoaooicum, wmo q 2 3 u wmo k — nevemnoe vucao. Ecau
2¢' =14+ u*, mok=1.

JIOKABATE/IBLCTBO. Homycrum, uro k = 3, 1 TOKAXKeM, 9TO ITO IPUBOIUAT
K nporuBopeunto. He orpannduBasi o6IHOCTH, MBIl MOXKeM (U GyJieM) CUuTaTh,
uro k € P.

Tax kax k — meuernoe uucio, To (u + 1) | (u* + 1). Kpome Toro, u —
HedeTHOe Ymcso, npudeM u > 1. Ilostomy u = 2¢* — 1, tne t € N. Jlaiee,
2¢' > 14 u? > (14 u)?, orxyna serko cuemyer, aro | > 2t.

Nmeem
2¢' =1+ (=1 +2¢")"
k(k—1
Zk'(2qt)—%-(2qt)2+--.,
TaK 4TOo
_ k(k—1
¢ t:k‘—%-@qt)—f—....

U3 s70it hopmyisl cpady BeiTekaer, urto ¢ | k. Tak kak k — npocroe 4uciio, To
k = q. Bamensist B 9T0#1 popMylie k Ha ¢ U BCIOMUHAST, ITO | > 2, MbI TIOJIyIaeM
[IPOTUBOPEYHE: JIeBasi YACTh U BCE CJIaraeMble CIIPaBa, KPOME IIePBOTrO, JIEJISATCs
ma ¢ttl. O

3AMEYAHUE. B mocsesneil jeMMe CHATB IpeaBapUTeIbHOE yeaoBHue ¢ € P
Heb3s1. JleHCTBUTEILHO, IPH IPOU3BOJILHOM HesioM k ypasrenue 2v = 1 + u¥
pa3peniuMo B HATYyPAJIbHBIX YUCJIAX: B KAYECTBE U TOJAUTCS JiI0Ooe HedeTHOe
uncso. Hampumep, 2 - 14 = 1 + 33, O

U3 jiemmbl 6, B 9aCTHOCTH, BBITEKAET, UTO PA3pelnnMoCcTh ypaBHenus (7) B
IIPOCTBIX U, ¥ BJIEYET 38 CODOH TOT paKT, 9T0 (PUTYPUPYIOIIUI TaM MOKA3aTeh
k He umeem HEMPUBUAAOHHLT HEYEMHBIT desumenedl, T. €. ITO TUCTIO MPEeICTaB-
sstercst B Bugie 2" ¢ neabiM 1 > 0. Oka3biBaeTcst, aHAJOIMIHBIN QaKT nMeeT
MECTO ¥ B OTHOIIIEHUU TIOKA3aTeJIs [.
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Caenyromas siemma — 910 Teopema [IIrépmepa (C. Stormer), yeranoBsieH-
nag uM emie B 1895 r. [Ipusnaioch, 4To mepBoHAYAIBLHO, €Ile He 3Hasd 00 IToM
TeopeMe, si cObUpaJICs TOMECTUTH (He 0YeHb KOPOTKOE) JOKA3ATeIhCTBO aHa-
JIOTUHOI'O YTBEPIKIEHUsI, HO C JOIOJHUTEJbHBIM YCJIOBHEM IIPOCTOTHI IIepe-
MmenHoit v. OjHako 3arem st Hamea pabory Jlyrrpena [11], B koTopoit cpeu
[IPOYEro colepzKarcs JAJIeKO UAylnue oboOIeHusT 9Toro pakTa U JAeTaabHbIe
CCBUIKH Ha MHOTHE IIPeIIecTByomue paborsr®) . Kpone Toro, st BEOMHII O1iH
te3uc [I. Xanmormra u pemmui emy HOCJIe;LOBaTb6).

JIEMMA 7. IIyemwv | > 3 — newemmoe namypasvnoe wucao. Toeda ypas-
nenue 20 = 1+ u? ne umeem namypasvro pewenuts {u,v}, daa KomopwLL
v > 1.

3. Coemunsst jieMMbl 6 U 7, MBI TIOJIy9aeM Ty UH(MOPMAIUIO O CTEHEHSX MPO-
CTBIX B MUQAropoBbIX TPOHKaX, O KOTOPOit ckazaHo BO BBeaennu. OmHaxo,
ecJIM UMETh B BUJLYy 3aMedaHme Ha c. 112, To gcHO, 9TO B IEPBYIO OYEPEH
UMeeT CMBIC DoJjiee TIIATEbHO Pa300dpaThes ¢ MpobJ/IeMOil pa3pernuMoCcT B
HATYPAJIBHBIX YHCIaX {U, v} JBYX KOHKDETHBIX ypPaBHEHUIL:

21}2:1—|—u4 u 2U4:1—|—U2.

[TepBoe u3 TUX ypaBHEHUI CYIIECTBEHHO MPOIIE BTOPOro (IpUYeM IIPOIIe
U OTBET HA BOIPOC, U MyTh K HEMY ).

JIEMMA 8. Vpasnenue 202 = 1 4+ u* ne umeem HUKGKUT HAMYPAALHOLL
pewerull, Kpome mpusuaavhozo u = v = 1.

JTOKABATEILCTBO. ITomoxkum w = v?—1. Torga w, u, v — HEOTPHUIATEb-
HBIE IeJIble 9YnCiIa, W BbinojHsercs pasencTBo w? + u? = vt Bumecre ¢ Tem,
XOPOIIIO U3BECTHO, YTO HOCJIE/[HEE YPABHEHNE He UMeeT HATYPAJIbHBIX PENIeHui
(cm., Hanpumep, [14, ¢.81]). Iosromy w = 0. O

Crenyromast JileMMa, Kacarolascst BTOPOro ypaBHEHHsI — 9TO Teopema JIyH-
rpeHa, gokaszaHHasg uM B 1942 r. IlepBoHauaabHOE JT0OKA3aTEIbCTBO OBLIO BECH-
Ma CJIOXKHBIM. Pasjimdnbie 00001IeHnsT U OIPOOHBIE CChLIKU Ha IIPEIIIECTBY-
IOIIe Pe3yJIbTaThl MOYXKHO HailTh B ero crarbe [12]. Kcraru, HeomHOKpaTHO
HPEeIIIPUHUMAJINCH HONBITKA HAWTH IIPOCTOEC U KOPOTKOE JIOKA3aTEe/IbCTBO, OJl-
HAKO JIOCTUTHYTBHIN IIPOTPECC JIMIIL OTYACTHA PENTaeT ITy 3a1ady.

5)KCTaTI/I, dorokommn xypuaiga Mathematica Scandinavica, B KoTOpoM cofepKUTCS JaH-
Hasl U psifi ApyTrux pabor JIyHrpena, cBo6oaHO JTOCTynHBI B VIHTEpHETE.

5B ¢BoEM XOpOIIO H3BECTHOM (cnenmasmcTam) 3aJ@IHAKE TIO THILOEPTOBBIM MPOCTPAH-
crBaM (c. 68 pycCKOro nepeBojia) OH IHUIIET B CBSI3U CO CHEKTPAJILHON TeopeMoit: «MomniHble
o0I1re TeOPEMBI 3aT€M M CYIIECTBYIOT, YTOObI UX UCIOJIb30BAJIN, U YIIPIMOE IpeHebpeKenne
VMU TIPUBOJIAT K TIOTEPE TOHNMMAHWS IO MEHBIIIeH Mepe TaK YK€ 9acTO, KaK U K JOCTHUIKEHIIO
ero.» Jlpyroe Jiej10, 94T0, UCHOJIb3ysl TAKOE CPEJICTBO, MOJIE3HO Y3HATH, OTKY/Ia OHO B3$LIOCH,
T. €. B KAKOU-TO MOMEHT IIPOBEPHUTH JOKA3ATEIbCTBO WU IIPUIAYMATh HOBOE.
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JIEMMA 9. Vpaswernue 20 = 14+u?, kpome mpusuasvrozo, umeem 6 moy-
Hocmu 00HO pewerue: v = 239,v = 13.

N3 cka3aHHOTO BbIIIE BHITEKAET CJIEMYIONIAs TEOpEMa, KOTOpas B Ka4eCTBE
caejicTBus jaet (obiee, HO HE TIOJIHOE) ONUCAHUE CTENeHEl IIPOCTHIX, KOTOPhIE
MOI'YT MOSIBJISTHCs B IH(pAropoBoil Tpoiike B KaUecTBe Y U 2.

TEOPEMA 2. Ilpu namypasonuz k > 2 u l ypagnenue 2ql = 1+uF ommno-
cumenvro 3 < q € P u u € N moocem umemsv pewerus moivko 8 caedyiouus
cayvaar: =4, k=2;1=2, k=2;1=1, k=2" ¢ namyparorvim n.

Ilo moBomy TeopeMbl 2 WMeeT CMBICI CIAEIATh HECKOJBbKO 3aMeYaHuil.
Bo-mepBoix, npu [ = 4, k = 2 B coorBercTBHU ¢ JeMMoii 9 (T.e. TeopeMoii
JIlyHrpena) umeercst B TOYHOCTH OJHO pemienne ¢ = 13, u = 239, naxke 6e3
npejiBapuTesibHOrO tpesnosoxkenus ¢ € P. Tor dakr, aro B Teopeme JIyH-
rpena 0b6e KOMIIOHEHTBI OKA3aJIMCh ITPOCTBIMU YHCIAMHU MOYKHO, IIO-MOEMY, OT-
HECTHU K Pa3psijy Uy/ec, U 9TO JeHCTBUTEIBLHO JiejiaeT TudaropoBy TPOHKY C
y = 239, z = 13* m0-cBOEMY HCKIIIOUNTEIHLHOIM.

Bo-BTOpBIX, B §5 MBI IIpE/IbsBUM (XOPOIIIO U3BECTHBIN) aJlOPUTM, [IO3BO-
JISIOIIYI BBIMKACHIBATL 10 BO3PACTAHUIO KOMIIOHEHTBHI 6Cer HATYPAJbHBIX Pe-
mennit ypasuenns 202 = 1+ 2. Cpean 9TUX nap BCTPEUAIOTCS HAPBI MIPOCTHIX
(1 9TO MOMOTaeT COCTABUTH KOPOTKYIO M3 TaOJIUIl, YKA3AHHBIX BO BBEJEHWN),
OJIHAKO He M3BECTHO, KOHEYHO WMJIM HeT MHOYKECTBO TaKuX Iap (CM. [0 9TOMY
noBojy, Hanpumep, [13, ¢.83]; 9ToT NOmyJISIpHBIA UCTOYHKUK 3aMETHO yCTapel,
HO TpobieMa, o-MoeMy, octaercst). Keraru, Ha 9TOM MyTH JTOBOJBHO GBICTPO
rostBJisieTcs mapa JIyHrpena.

Haxownern, Tperwnit ciiyvail B TeopeMe 2 IPUBOIUT K MOUCKY TAKHX MPOCTHIX
HEYETHBIX P U HEOTPUIIATE/ILHBIX IEJIbIX 7, YTO (p2n + 1)/2 — cnosa upocroe,
U 9TO HAIIOMHUHAET KJACCHIeCKyio mpobieMy o mpocteix @epma. HexkoTopbie
U3 TaKUX 9uces] JJisi n = 1 cobpaHbl B BEpXHEl CTpOKe IEpPBON M3 TaOJINII
BO BBejeHnH. Kpome Toro, ectb u «GoJIbInmes mapel, HAIpUMeED, y = 3°, 2 =
= (316 4+ 1)/2 (raxxe ynomsamyTas Bo BBegenun). OJHAKO, XOTS 1O CPaBHe-
HHIO C IpobseMoil o mpocThix Pepma BO3MOXKHOCTH BPOJie Obl PaCIIUPSIOTCS
(MOYKHO MEHSATH HE TOJILKO M, HO U P), 51 HE 3HAK, OECKOHEYHO JIH 9TO MHO-
2KECTBO.

§5. KOMMEHTAPUU U BBIYMCJIEHUS

1. Hawm ocrasiocs 6ojiee geTabHO MPOKOMMEHTHPOBATDL BTOPOI U TPETHil CiIy-
qau B TeopeMe 2. B aToM myHKTE MBI pasbepeM BTOPOii ciIydaii, T. €. ypaBHEHNE

u? — 20 = —1. (8)
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Hapsiny ¢ ypaBaennewM (8) uMeeT CMbIC/I pACCMATPUBATH TaK HA3bIBAEMOE YpPa6-
nenue Ieara’
u? — 20% = 1. (9)

CyImecTByeT HECKOJIBKO MOJIXOI0B K OIMUCAHUIO MHOYKECTBA BCEX PEIleHUit
nnodaHTOBBIX ypasHeHuii (8) u (9), u Mbl BKpATIe OIUIIEM HEKOTOPbIE U3 HUX
(meramu MOXKHO HAWTH B y4eOHUKAX, [IEPEYNCIEHHBIX B CIHCKE JINTEPaTyPh;
TaM K€ YKa3aHbl HEKOTOPbIE JIONOJHUTETbHBIE HCTOUHUKH ).

O60zmaunm uepes Q(+/2) mose, KOTopoe MOJTydaeTcst B Pe3yIbTaTe IPHCo-
eannenns K noyo Q uncna /2. Takum o6pasom, Kazk sl saement A € Q(v/2)
OJIHO3HAYMHO IpeCcTaBistercss B Buge A = a + 3v2, rae o, 3 € Q. B wacr-
noctn, Q(v/2) ecrecTBenno HajesAeTCA CTPYKTYPOil BYMEPHOTO BEKTOPHOTO
pocTpancTsa Haz moseM Q ¢ 6asmcom {1,v/2}.

Kaxomy siaementy A = o + 3v/2 € Q(v/2) comocraum Q-uHeitHbrit
oneparop Ty ymHOM«Kenus na A. 3ameTum, uto B Gasuce {1,/2} oneparopy T

oTBEeYaeT ManI/IHa
a 20
0 «

¢ nerepmunantom det(Th) = o — 232, B (anreGpamdeckoii) Teopun duce
9TO PAIOHAJIBHOE YHCJIO YaCTO HA3BIBAIOT HOPMOU 4HCIa A U 0003HAYAIOT
IAll. Mer 6yzem ucnonb3oBarh mpoMexkyTodHoe obosHavenue. VimeHHO, nMest
B BHUJLy, 4TO coorBercTBue A — T — m30MOpdU3M ImoJieil, Mbl Oy/IeM IHCATh
det(A) Bmecto det(T)). O1HO U3 OCHOBHBIX CBOIICTB JIeTEPMUHAHTA BJIETUET 32
co0oit cOOTHOITIEHHE

det()q . /\2) = det()\l) . det()\Q),

CIIPABEIBOC T KAz A0l mapel auce A1, A2 € Q(v/2).

O603maunm gepes Z(1v/2) coBokymmocTs Beex Tex A = a + 3v/2 € Q(v/2),
JUTst KOTOPBIX @, 3 € Z. Ouesuno, uro Z(1/2) cocrapser noaxosnmo B Q(v/2).

Ecmu A € Z(V/2), To det()\) € Z. Tak kax det(1) = 1, To 115 06paTHMBIX
(oTHOCHTETBHO yMHOMKeHHsT) 31eMenToB A € Z(+/2) uncio det()) Gymer obpa-
TUMBIM 3JIEMEHTOM KOJIbIa Z, Tak 4To B 3ToM ciaydae det(\) = +1. IIpasuso
cocTaByieHnsl OOPATHON MATPHIIBI IIOKA3BIBAET, 4TO OOPATHOE TOXKE BEPHO: €CJIH
A € Z(v/2) m det(A\) = £1, To A — obpaTumMblit 31eMenT Koabia Z(1/2).

Tax xak det(a+3v/2) = o® 22, To onucanue pemrennii ypapuenns Iess
PABHOCHJILHO OIIMCAHUIO TPYIIILI TeX 0OPATHMBIX 3JeMeHTOB A € Z(+/2), mis
koTopbiX det(A) = 1. OcobeHHO TPOCTO BBINVIAIUT ONUCAHUE TEX OOPATHMBIX

D10 ypaBHEHME TouHee GLIIO GbI HA3BIBATH ypaBHeHHeM Diinepa, ypasHennem depma
nm axe (B COOTBETCTBUU C JiereH1oi) ypasuenneM Apxumena. Opaako Diyiep B CBOUX UC-
CJIeZIOBAHUAX HA3BAJI €r0 110 UMEHH aHTJIMACKOIO MaTeMATUKa, KOTOPbIA KaK pa3 3TUM ypaB-
HEHUEM HUKOIJIa He 3aHMMAJICH, U TPAJWIUs Ha3blBaTh ypasHenue (9) ypasuenuem Ilesurs
Hapymnraercsa me "acto. Hamporus, mnorma ypasuenueM llesns masbBaioT n ypasaenue (8).
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X = o+ V2, mist Koropbix «, 3 > 0. OKa3blBAETCsI, YTO CPEIN HUX HMEETCS
A1 = a1 + B1V2 ¢ nanMenbimmM 3HadenueM o -+ 3v/2, 1 Bce ocranbuble (BMecTe
C 9TUM B Ka4ecTBe MEePBOr0 YICHA) COCTABIISIIOT [OCJIEI0BATEIbHOCTE, KOTOPAsT
dopMuUpyeTCs IO TPABUITY

O+ V2 = (a1 + f1V2)", n=1,2,3,....

Jlerko y6eaurhest, uro ap = 3, 1 = 2. Heranbhoe (Ipuvem BIIOJIHE 3JIEMEH-
TapHoe) obcyzkeHre 3Toro dhakTa MOXKHO HaiiTh, Haupumep, B [3, c. 340].
[Mapa {1,1} caykur (MUHUMAJILHBIM) MOJIOKATETHHBIM PEITEHNEM YDAB-

nenns (8). DTo sxBuBasentHo Tomy, uto det(u1) = —1, rae p; = 1+ /2.
Bamernm, uto p? = \;. Bee ocTasbHBIe HATYpasIbHBIE erlienns ypasHenus (8)
nosysaiores u3 piy - A\f = 2" e n € N.

3AMEYAHUE. AHAJIOrMYHO MOXKHO Pa3MHO2KaTb peIICHUA YPaBHCHUA U2 —

— 202 = m ¢ m € Z. OxHako y TaKOro ypaBHEHHs HATyPAIbHbIE PEIleHns
CYIIECTBYIOT He Ipu KaxkKjaoMm m. Hampumep, npu m = 2, KaK JIETKO BUJIETH,
pellleHus eCcTh, TOTIa KaK IIPU M = 3 peIleHuil HeT. U

JeTanbHoe U3yUeHNe TAKUX yPABHEHUIT — IPEJIMET aKaJIeMUIeCKOH HAyKH,
C KOTOPBIM MOXKHO TI03HAKOMUTHCSI 110 [IEPBBIM IyiaBaM MoHorpadun [15], oxHa-
KO 0€3 IpeBapuTe/IbHOl aarebpandeckoii IMOJArOTOBKH CO3HATEILHOE ITEHUe
9TOi MOHOTpad UK MPAKTUIECKN HEBO3MOXKHO.

Erme opun criocob HaiiTu HaTypaJbHbe perienust ypasaenuii (8) u (9) maer
pasIIoKeHne YnCIa /2 B MENHyo ApoOb. IIpodecTs O MEmHBIX IPODIX MOKHO
BO BCeX y4eOHMKAX, BKJIIOUEHHBIX B CIUCOK JIATEPATypbl. Bojiee moapobHyIO
nH(MOPMAIMIO MOXKHO HaiiTu, Hanpumep, B [16] u [17].

Ecsin me npuberars K 0o60poTam Bpojie «BbIpakenue Buja» (dbaxrudecku
[PEBPAIIAIOIIAX BBOIMMOE [OHSITHE B IIEPBUYIHOE ), IIEPBAsl CJIOKHOCTH MOSBJISI-
eTcs1, KOTjla BO3HUKAET KeJIaHue JaTh KOPPEKTHOe ompejiesierne (6eCKOHeTHOI )
nermoii apo6u® . Mbl He GyaeM 1aBaTh OGIIEro OIPEIEICHNs, HO TOSCHIM BCE
Ha MPUMEPE YIIOMSAHYTOTO BBIIIE PA3JIOKEHHUS.

fcuo, aro

1 1 1
\@—1+1+ﬁ—1+2+ — =1+ (10)
14+ V2 94 L
1++v2
u T. 1. BeraepkuBasi B 3aK/II0MEHHBIX MEXK/Ly 3HAKAMYU PABEHCTBA BBIPAKEHUSIX

$)Kcrau, cuTyanus 31eCh NPAKTHYCCKH HE OTIMYACTCA OT TOM, KOTOPAs MMEET MECTO,
KOT/1a HAYMHAIOT PACCMATPUBATH, HAPUMED, OECKOHEYHBIE Psibl. JI0BOIBHO 9acTo, 0COBEHHO
B TeX BYy3aX, [Jle MaTeMaTUKa UMeeT KakK Obl BCIIOMOraTe/IbHBIN XapakTep (He roBOpsi yKé O
IIKOJIe) onpejesieHne psjga hakTUIeCKH He JaeTCs. BBbITh MOXKET, KAk pa3 B TAKUX CJLydasx
9TOT ByJbrapusM («BbIpakeHHe BHJa») MOXKHO CUMTATh OIPABAHHBIM, OJHAKO TOLJA He
CTOUT YIAUBJIATHCS, [I0YEMY UMEHHO TOpouile CTYJIEHTHI J0JIr0 IPUBBIKAIOT K psifam. Kcraruy,
MOM0OHO psifiaM, TIETTHBIE APOOH MOXKHO «COCTABJISITH» HE TOJIBKO U3 UHCEJI.
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nociesnee 1/(1 4+ 1/2), MBI OJIy9HM TIOC/IEIOBATEILHOCTD «MHOTOITAZKHBIX>
Jpobeil, KOTOpbIe B Pe3yJibTaTe eCTeCTBEHHOIO NPUBEJIEHUs (He HaJ0, HAIIPH-
Mep, B caMOM HadaJie 3aMeHsTh 1/2 Ha 3/6) npespalnaercsi B OCI€I0BATE b
HOCTB HECOKPATHUMBIX JIpobei

1=1/1, 3/2, 7/5, 17/12,....

HJteHbl 9TOM [OCJIEI0BATEILHOCTH OY€Hb XOPOIIO (C Pa3HbIX CTOPOH) HpUOIIN-
JKaIoTCsl K v/ 2 W Ha3BIBAIOTCS No0Todauwumy dpobamu menHoit apobu. Mexx iy
9JIEMEHTaMU (IUCTUTENSIMA U 3HAMEHATEJISIMI) MTOXOSIINX IPOOeil NMEroTCst
[POCThIE PEKYPPEHTHBbIE COOTHOIIEHUs (HHUKe OHU YKa3aHbl). DTO II03BOJISIET
B JTAHHOM CJIy4dae OECKOHETHYIO MEMHYIO JIPOODh MOHUMATD KaK NOCAEJOSAMEAL-
HOCMb 6cex ee NodTodawur dpobeti, 1 Ha 3TOM IIyTH MOYKHO KOPPEKTHO BBECTH
u obmee mmoHsiTHe. ToT (pakT, ITO MOCTPOEHHAs IEMHAsA IPOOh IMPEICTABIISET
9UCII0 /2 Telepb MOYXKHO (KPaCHBO) 3allUCATh B BHJIE

1
Vielq ot

2+ 1

2t

TTostoxkuMm sronostHATENBHO Uy = 1,v9 = 0 1 0603HAYNM Yepe3 Uy, U U, IPHU
HaTypaJbHBIX 71 COOTBETCTBEHHO MOC/IEI0BATEILHOCTD TUCUTE e 1 3HAMEHA~
Tesel MOAXOIAIINX IPoDeii.

OxasbiBaeTcsi, IPU YETHBIX 1 NAPbl {Uy, Uy} OYIYT naBaTh (yKa3aHHYIO
BBIIIIE) [OCJIEI0BATEILHOCTD pelennii ypaBaenusi [lesisi, a npu HeYeTHBIX —
ypaBHeHus (8).

PexkyppenTHble COOTHOIIEHHST MEXK Ty 3JIEMEHTAMU IIap MOXKHO 3aIUChIBATH
[I0-Pa3HOMY, B 9aCTHOCTH, TaK:

{ Un+1 = Up + Up,
Up+1 = Un + Uny1.

Tax xax ug = 1,v9 = 0,u1 = 1,97 = 1, To MbI 6€3 XJIOIIOT MOXKEM HANTH U
paccMOTperh MepBblii JIecaToK map (Tak Kak obe MOC/eI0BaTeIbHOCTH SKCIIO-
HEHIMAJIbHO BO3PACTAIOT, TO 3aT€M BO3ZHUKAIOT OOJIbIINE YUCIIA),

n 0123 4 5 6 7 8 9
u, 1 1 3 7 17 41 99 239 577 1393
v, 0 1 2 5 12 29 70 169 408 985

Tak KaK Mpu YETHBIX N UUC/IA Uy YETHBIE, TO JIETKO yOeIUThCsI, 9TO, KPO-
Me {3,2}, ypapHenne Ilessist He UMeeT pelleHuit, v-KOMIIOHEHTa KOTOPBIX —
CTeIleHb IIPOCTOrO.

C apyroit CTOpOHBI, Hazke W3 MPUBEIEHHON KPATKON TabJIUIBI BUIHO, YTO
ypaBHeHue (8) BHAUAJIE UMEET PeleHust, 06€ KOMIIOHEHThI KOTOPBIX — IIPOCTHIE
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qucsia. Bmecre ¢ TeM, 6ECKOHEYHO JIM MHOXKECTBO TaKUX DEIleHuil, KayKeTcsl,
HUKTO HE 3HAeT.

[Tapa Jlyarpena — sro {u7, v7}. Mcnonbsys reopemy JIyurpena (inemma 9) u
IPOCTBIE COOOPAKEHUsI TUIIA JIEMMBI 8, JIEMKO YOeIUThCsI, ITO 3a UCKIIIOUCHIEM
quces 0 n 1 B camoMm mHavase cTpok {un} u {v,} 6 smux cmpoxax, rkpome
vr = 13%, nem dpyeuzr xeadpamos. IIpm HEWETHBIX N STO y7Ke yCTAHOBJICHO.
[TosroMy ocraercsi IPOBEPUTD, YTO yPABHEHHUSI

=t =1u?—ut=1

He UMEIOT HATYPaJbHBIX PEIleHnii. JTa MpoBepKa He TpebyeT ocoboil danTa-
3UM, ¥ MBI €€ OIlyCTUM, TeM 0oJjiee, 94TO 3TOT (PaKT UMEeT JIUIIb KOCBEHHOE
OTHOINIEHNE K Haleil TemMe. 3aMeTHM TOJbKO, 9TO B KOHEYHOM CYETE BTOPOE
ypaBHeHHe CBOIUTCHA K HepBOMy.

2. Hawm ocrasoch o6CyIuTh HOCIETHIO BO3MOXKHOCTD U3 YKA3AHHBIX B TEO-
peme 2. B aToM nyHKTE MBI CCDOPMYIUPYEM HEKOTODPBIE OOIIME OLPEJIEIEHIS U
pe3yJIbTaThl U IPHUBEEM OCHOBAHHBIE HA HUX IIPUMEDPBI. 3aT€M Mbl IPUBE/IEM
JaJIbHEIiIIne IpuMepbl, TpeOyIoIye «HedeI0BevYecKnx» Boranciaennii. Kerarn,
KazK/Iblil, KTO MMeeT JOCTYI K IIPO/JBUHYTOH BBIYHC/IUTEIHHON TEXHHUKE, CMO-
JKeT PaCHIUPUTh CIMCOK TaKUX ITPUMEDOB.

[Tycts a,b € N, npuaem ged(a, b) = 1. Pacemorpum apudmerndeckyio mpo-
rpeccmio A {ak +b | k € N}. Ipu t > 0 oGosnadum uepes 74 (t) Konmgecrtso
[IPOCTBIX Yuces1 p < t, TONAJAIINX B apiudMeTHIECKY0 Tporpeccuio A.

Krnaccuuaeckast Teopema lupuxie ycranasiaubaer, 910 mA(t) — oo mpn
t — oo. Ipyrumu ciioBamu, porpeccusi A copepKuT 6eCKOHETHOE MHOYKECTBO
npocteix. [IpejcraBienne o ToM, Kak paccyxkaan Jupuxie, MOXKHO MOJIyIUTh
[0 0YeHb KPACHBOMY (IIPOCTOMY, HO HE JIEMEHTAPHOMY ) OIIUCAHUIO ITOH TEeMbI
B [18].

B nasbneitiiem Teopema Jupuxie yrouHsisiack U 0000maiachk. 9T yTOU-
HeHUs U 0000IeHNs OIIMPAJINCH Ha N3ydeHne Tak HasbiBaemoil (-pyukiuu Pu-
MaHa KaK aHAINTHYECKON (DyHKIMN B KOMILIEKCHOH mIockocTu?).

Bxech (u B ganbreiimem) nam norpebyercs Gyukims ditiepa ¢ = p(n) Ha-
TypaJbHOIO apryMeHTa, 3HadeHne KOTOPOH PABHO KOJUYECTBY TaKUX 1M, TJIE
1 <m < n, aro ged(m, n) = 1. Ilo onpenenennto, ¢(1) = 1. Jlerko nmokasars,

g)g-cbyHKumo Kak (yHKIMIO BENECTBEHHOIO MEPEMEHHOro 3HaJs diiep, a lupuxie uc-
MOJIb30BaJI B CBOEM JIOKA3aTEHLCTBE TEOPEMBI 00 apmdMETHIeCKOl MpPOTPecCur. 3acayra
Pumana B janHOM ciydae B TOM, YTO OH IEPBBIM Hadajl U3ydaTb (-DYHKINIO KAK aHa-
JIUTUIECKYIO beHKHI/IIO KOMIIJIEKCHOT'O II€EPEMEHHOI'O, IMTOHAB CPpear IIPOYEro 3HaYCHHE €€ I10-
BeJI€HUA B KOMIIJIEKCHOM IIJIOCKOCTH JJIgl TOYHOI'O OIIMCaHUs pacClIpe/ieJIeHnsd IIPOCThIX YuCeJI.
BameruM, kcraTu, 4To Puman cirymas jiekiuu JJupuxiie u 9To B CBOEM €JUHCTBEHHOM MeMY-
ape IO TeOpUHU YHCEJ OH ccbliaeTcs Ha [aycca m /upuxiie, HO TOYEMyY-TO HE CCHLIAETCST HA
II. JI. Yebpimena (¢ HanucaHHbIMU HO-PAHIY3CKH PabOTaMHU KOTOPOrO OH MOr OBbITH 3HA-
KoM) u Ha Mébuyca.
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aro p(p*) = p*Hp — 1) u aro p(zy) = ¢(x)p(y), ecim ged(z,y) = 1, u s10

[TO3BOJISIET JIETKO HAXOUTH 3HAYMEHUS (0 IPU HEOOJIBIITNX 3HAMEHUSIX apTyMeH-
ra. C asrebpandeckoit TOUKM 3peHusi, ¢(n) — 9T0 KOJUIECTBO 0OpATUMbIX (10
YMHOXKEHHUIO ) 9JIEMEHTOB KoJiblla Z/(n) KJIacCoB BBIYETOB 110 MOJLYJIIO 7.
Ykazanuble 060011eHNs Onucanbl, HapuMep, B [19]. Pesynbrar cocrour B
TOM, 9TO UMEET MECTO SKBUBAIECHTHOCTD:
1 t
TA(t) ~ — - —,
¢(a) logt
rie logt obo3HaYaeT HATYPAJIBHBIN JIOTAPUMM.
IIpu n € Nu 3 < p € P nonoxxum

g (" +1)/2.

Yo6uo npesicTaBiaTh cebe G = {g, } KaKk GeCKOHETHyIO BIPABO U BBEPX MaT-
puity, cmoabys, Cy, KOTOPOil 3aHyMePOBAaHbI IPOCTBIMHU YUCAAMU U UIYT CHU3Y
BBEPX, & CMpPoky S, — HATYPAJIbHBIMU U UIYT CJIEBA HAMIPABO.

C ToYKM 3peHust HAIEH MCXOTHON TPOoHIeMbl HAMOOIBITUI UHTEpEC TPe/I-
CTABJISIET BOMPOC O GECKOHETHOCTH TIOMHOYKECTBA, MMPOCTHIX CPEJIH JIEMEHTOB
Marpunibl G. OTBera Ha TOT BONPOC s HE 3Ha0. 110 aHAJIOrUU ¢ YHUCTIAME
®Depma MPEJICTABIISIET UHTEPEC HE TOJBKO CIEIUAJBHBIA BONPOC 0 HGECKOHEY-
HOCTH TIOJIMHOKECTBA, IIPOCTBIX B cTOJI0max (), HO B BOIPOC O BECKOHETHOCTN
[OJIMHOYKECTBA COCTABHBIX B HuX. Hekoropas (J10BOJILHO cKyjHAast) MHDOPMa-
sl [0 TOMY IOBOJLY MMeeTCsl (M NPUBOIUTC HeMHOro Huzke). Ciiemyrormmit
npuMep TOKa3bIBAET, UTo, IpuMeHsisi Teopemy upuxiie, Ha ocraommuiics (ca-
MBIl HEHHTEPECHBII) BOIIPOC O COCTABHBIX B CTPOKaxX Marpuilbl G JIErKO JaTh
OJIO?KUTEJIbHBIN OTBET.

ITpuMEP. Ilyctn b — werHOe mosioXKUTEBbHOE 9ncio, M € Nua =1+ b,
Paccmorpum nporpeccnto A = {ak +b | k = 1,2,...}. Tak xak ged(a,b) =1,
T0, 110 Teopeme Tupuxie, A comepKuT 6ECKOHEUHOE MOIMHOXKECTBO TPOCTHIX.
Hanee, eciu ¢ = ak +b, 10 ¢™ =™ = —1 (mod a), re. a | (¢"™+1). Tak xkak
a > 2 ro, B yacTHocTH (pu m = 2") HoJydaercs, 4To kKadcdaa cmpoka Sy
mampuyvt G codeporcum GECKOHENHOE NOOMHONCECTNEO COCTNAGHBIT YUCEA. [

B o63ope [20] aBrop ormeuaer, uro eme B 1877 1. Ilemsn (T. Pepin) ycra-
HOBMJI, 4T0 uncjio Pepma f > 3 Torga U TOJBKO TOTJA SIBJISIETCS MPOCTBIM,
KOLJIa

3U=D/2=_1 (mod f).

HokazarenbcTBo 9TOr0 hakra IaHo, Hanpumep, B |6, ¢.47].

Ecmu f =2m+1, 70 (f —1)/2 = 2™~ L. TlosTomy u3 Teopems ITemana cpa-
3y BBITEKAET CJIEJIYIOINee CPABHUTEIHLHO COJIEPIKATEIbHOE YTBEPKIEHUE: MHO-
xecrso F'U Cy, rne F' — muoxkecrBo unces Pepma, conep:KuUT 6€CKOHETHOE
IIOAMHOZKECTBO COCTaBHBIX YHCEJI.
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Ha camowm geste anciio 3 B reopeme Ilensna, a moroMmy u B rocjeineM yTBep-
JKJIEHUU JIETKO 3aMEHUTh MHOTUMHE JAPYTUME (CM. HUZKE).

[Tycts m > 2 — marypanbHoe uncio. Cienytomiast TeopeMa (CM., HAIIPH-
mep, [6, ¢.16]) upu m € P 6buia naiinena Pepma (Masas Teopema Pepma),
a B obmeM caydae — Ditmepom. Unmenno, ecmn ged(a,m) = 1, To a¥™ = 1
(mod m). Jlerko mpusectu mpumepsr, Korga a¥ = 1 (mod m) mua k < o(m).
Ecnmu d — namMmenbiiee HaTypaJibHOE k C 9TUM CBOMCTBOM, TO TOBOPST, UTO
IPUHAJIEKUT ToKasareso d o Mojayso m. Jlerko ybemurbest, uro d | k st
BCEX OCTaJIbHBIX Kk ¢ yKasaHHBIM cBoiicrBoM. B uacraoctu, d | p(m).

Temepp MbI IpuBesieM 06061IeHne TeopeMbl [lemsna. B omymmaune or mcxo-
HOT'O C/Iydas yA00HO BMECTO KPUTEPHUs JIaTh JBa IIPOCTHIX yTBEPXKICHUs, C
dopMaIbHON TOUKN 3PEHUS PASIMIAIONINXCS 10 CTereHn obIHocTH. BMmecTe ¢
TeM, Mbl IOYTU HE OTCTYIAEM OT JIOKA3aTeIbCTBA, IPUBEJIEHHOrO B [6].

JIEMMA 10. IIycmov f = 3 — uwucno @epma. Ecau npu nexomopom a € 7
BHINONHAETNCA CPAEHEHUE

a¥ D2 =_1 (mod f), (11)
mo f — npocmoe wucao.

JIOKABATEJILCTBO. Ilycth ¢ — mpoctoit aenuresns qucaa f. Mbl J02KHBI
ybenuthest, uro ¢ = f. HepapercTBo ¢ < f o4eBUIHO.

U3 cpasaenus (11) BbITeKaeT, 9TO aHAJIOIMYHOE CDABHEHUE BBITIOJIHSIETCS
npu 3aMeHe MoJIyiisi f Ha ¢ (C cCOXpaHEHHeM caMOro CpaBHEHWUsI), TakK Kak ¢ | f.

[Iycts f = 2™ 41 u mycth d — mOKa3aTeb, KOTOPOMY TPUHAJIEKUT @ TI0
mouysto g. Torga d | 2™, HOCKOJIBKY

o’ '=1 (mod q),

Tak 4ro d = 2" ¢ HekoropeiM p € N, npuuem g < m. Bumecre ¢ Tem u3 (11)
BBITEKAET, ITO

a2 =_1 (mod q),

tak aro d > (f—1)/2. Ilosromy p > m—1. Cnenosaresnbro, p = mud = f—1.
Ho rorma (f — 1) | (¢ — 1), Tak xak ¢(q) = ¢ — 1. Caenosarensro, f < q. O

s cipasenmuBoctu o6parHoro (K jemme 10) yTBEpKI€HUST OTHOCHTEh-
HO @ IPHJIETCS CIEJIaTh HEKOTOPOE JIONOJTHUTEIbHOE (10 CymecTBY, (hopMasib-
HOE) TIPEJIOJIOKEHNE.

[Tycts 3 < p € P. Torma Z/(p) — KoHedHOE 10JI€, TAK YTO TPYIIIA €ro 00pa-
TUMBIX 3JIEMEHTOB — IMUKJINYIecKas Ipyiia nopsiaka p— 1. Kiraccuueckast dpop-
MyJIMPOBKa (CyIeCTBOBaHUE TIEPBOOOPA3HOIO KOPHSI) U J0KA3aTEJIbCTBO ITOIO
dbakra nmeercsi, Hanpumep, B [5, ¢.95|, B mpuBeeHHOit 31ech dopme Teopema
JloKazaHa, Hanpumep, B |21, ¢.12| (kcraTu, 10Ka3aTebLCTBO CTAHOBUTCS CYIIe-
CTBEHHO 0oJiee MPO3PAYHBIM, €CJAU CUUTATH M3BECTHLIMU OCHOBHBIE CBOMCTBA
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p-dyukimn Ditepa). KosmuecTBo 3/1eMEHTOB, KOTOPbIE MOIYT CJIyKUTh 00-
PasyIONMMU B IUKJIMYECKOl IPyIIIe 06paTUMbIX 3JIEMEHTOB 110151 Z /(p) paBHO
o(p — 1). B wactaocru, eciin f — npocroe Pepma, TO MOIyIaeTCsI, 9TO 00pa-
3YIOIUME MOTYT CayKuThb (f — 1)/2 ssemenra.

ITycte A = A\, — HeTpPUBHAJbBHBIA roMOMOPGU3M (MyJIBTUIINKATHBHOIN)
IPYIIbl OOPATUMBIX 3JIEMEHTOB 10Jist Z/(p) B MyJbTUILIMKATUBHYIO TDYIILY
{£1} u nycrp g — (Kakas-Hubyab) obpasyrommas nUCxoAHoi rpymmbl. Torma
Ap(g9) = —1, Tak KaK B IPOTUBHOM CJIydae FOMOMOPGU3M OyIeT TPHBHAIHHBIM.
Hostomy Ap(gF) = (—1)k. O6brano npomomkaior A, Ha Bed mote Z/(p), nosa-
rast \p(0) = 0. Pesynbrar ckBosnoro romomopdusma Z — Z/(p) — {—1,0,1}
(3TO YKCIIOBast OJTYTPYIIIA 110 YMHOXKEHHUIO) Ha3blBaeTCst CUMBOJIOM JlexKaH ipa
1 UMeeT KJlacCudecKoe 0003HaYeHNe, I0X0xKee Ha 0603HaYeHe OMHOMUAIBLHOT'O
ko3 purnenra,

2

1, ecau pfa u cpaBHenue x“ = a(mod p) mmeer perenue,

<a> = 0, ecmu p|a,
p 2

—1, ecmu cpaBhenne z° =a (mod p) He UMeET peleHusl.

JloBoIbHO YacTo yaoOHee UCIIOIb30BaTh MJist cuMBOJIa Jlexkanapa obo3HadeHme
«B cTpouky»: (a/p). Cpeau gucen a, jysi Koropeix 1 < a < p, B TOYHOCTH
nosoBuHa, T. €. (p — 1)/2 ynosaersopsitor yciaosuio (a/p) = 1 (KBaapaTuaHbie
Berdersl). Orciona cienyer, 4o st npoctbix Pepma f pasencrso (a/f) = —1
BBITIOJIHSIETCS TOTJI@ U TOJIBKO TOIJIA, KOTJIA G CJYyKUT 06pas3yrolieil B rpyIe
06paTUMBIX 37eMeHTOB. Uucsio 3 roaurcs st Becex npocThix Pepma (1 ¢ arum
csizana Teopema Ilemsna). [Ipu f = 5 nosiBasercs eme a = 2, a npu f = 17
BO3HUKa€eT MHOXKECTBO

{3,5,6, 7,10, 11, 12, 14}. (12)

BrrauciasTs 3HaMeHnE cuMBoJIa JIeskaHapa, UCXOIsT TOJBKO U3 IIPUBEIEeHHO-
ro oupejesiennst, — yabuioe 3austre. OHaKO BO BCeX yIeOHIKAX TEOPUH THCET
OIMCAHBI PA3JINYHBIE CIIOCOOBI JIsi CPABHUTEILHO HEGOJIBIINX P U @ CAeIaTh
9TO JIOBOJIHO GbICTPO (HAJ0 BBECTU CUMBOJ ZIKOOU M IPUMEHSITH KBaJIpaTH-
HBIl 32KOH B3aMMHOCTH — OJIMH M3 CAMBIX KPACHUBBIX (PAKTOB JIEMEHTapPHOI
TEOPUU YHCEI).

Caenyromuit akT (H0Ka3aTEIbCTBO KOTOPOTO TAK¥Ke €CTh BO BCEX ydeH-
HUKaX) ObLI Tpejckasal JIesKaHApoM U CTPOro JoKas3aH DNUIepoM: HPU IPO-
cToMm p = 3

a® V"2 = (a/p) (mod p).

N3 ckazaHHOro cpasy BBITEKAET CJIEJYIOIas JeMMa, BKIIOYAIOIasd BTOPYIO
qacThb Teopembl [lemsna.
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JIEMMA 11. Ecau f — npocmoe @epma u (a/f) = —1, mo
a2 =_1 (mod f).

[TPuMEP. Jlanublii npuMep mpejcTaBiser coboil dacTHyio, HO Oojee Jie-
JINKATHYIO Bepcuio mpumepa co c. 120. PaccMorpum apudMeTndecKyo mpo-
IPeCcCuio, “JieHbl KOTopoit umeroT Bux ¢ = 17k + 1, rme k = 0,1,2,..., a | —
Kaxoif-nuby1p 1ement crpoku (12). Ilo reopeme Ditnepa, 17 | (¢8 4+ 1) mus
Bcex Takux b. [To Teopeme dupuxiie, mpu Kaxk10M GUKCHPOBAHHOM [ CPEIM HIX
BCTpedaeTcst 0ECKOHETHOE ITOJMHOYKECTBO ITPOCTHIX, U IS BCEX TAKUX IIPOCTHIX
qucno (¢® + 1)/2 cocrapnoe. MuHIMaIBHOE MPOCTOE, KOTOPOE HE TIONAIACT B
9Ty Kareropuio — quciao 13 (r.e. 138 4 1 me nmenmres wa 17; Gosee Toro, oka-
spBaetcs, uro aucio (13% 4 1)/2 mpocroe.). O

OrmMmeay, 9T0 psij APYTUX (haKTOB, U3BECTHLIX s uncesl Pepma, ¢ HEOOIb-
IIAMHA MOINMUKAIIUSAMA WA ITOYTH JIOCTOBHO IEPEHOCUTCS Ha YUCTIA 9p -

Jemmrens 641 jyrst uncia 232 + 1 Ditsiep MOIyInI He «B CJIEIYIO» : CHAUAIA
OH JTOKAa3aJ1, ITO KAXKJIbII MPOCTOM e IUTE b YNCIa fp, UMeeT B, E-2nt241 (o
HOBOJIY JIOKA3aTeJbCTBa CM., Hanpumep, |6, ¢.47]). Jdemurens 641 nosisisercs
npu k = 5.

Ananornunoe yrBepKjeHue corpansemcs (BMecTe C JIOKA3aTeIbCTBOM )
npu nepexode K WuCAAM g, , 00HAKO 6 6vipadiceruy dan deaumenn n+2 credyem
nomenams wa n + 1. Kerarn, kak B 9TOM yTBEp:K/I€HUU, TAK U B yHOMSAHYTOR
TeopemMe DiIepa, MPEeIooKeHne O MPOCTOTEe JEIUTENsI, KAK JIETKO BUJIETh,
HE CYIIECTBEHHO.

Hautee, kak u B ciryuae uncen Pepma, duciia, cmoawue 8 cmoabuaxr mam-
puyve G nonapro 63aummo npocmour. CHOBA JOKA3ATENbCTBO, TPUBEICHHOE B
[6, ¢.47-48]), coxpansiercsi. Koneuno, B oTHOIIEHNN CTPOK MaTpulipl G 910 He
BEPHO.

3. Tenepb s1 npuBey pe3yabTaThl BLIYUCIEHUIT, MPOJEJAHHBIX TPAKTUIECKH
«TOJIBIMH PYKAMH», T.€. C UCIOJb30BaHMEM KaJbKynaaropa. OHu coOpaHbl B
Tabuily 1, KoTopasi aHAJIOIMYHA HAYATBLHOMY YUACTKY yKA3aHHON BbIIIE MAT-
putibl G, OJIHAKO B JIEBOM CTOJIOIE BMECTO YHCEN N CToAT m = 2™, a BMECTO
CAMUX 3JIEMEHTOB g, — Ta WHMOPMAIHs 0 MPOCTOTe, KOTOpast y MeHs MOABH-
Jach. BykBa p cUMBOJIM3UPYET MPOCTOTY COOTBETCTBYIOMIErO 3JIEMEHTA, C — €€
OTCYTCTBHE, & KPECTUK X O3HAYAET, UTO IPOBEPUTH MPOCTOTY COOTBETCTBYIO-
IIero Yucjia Ha KAJIbKY/ISTOpe He YIajloCh.

B 1acTHOCTH, HeOAHOKpATHO yroMsaryToe aucio (316 +1)/2 npocroe. st
3aI0/IHEHUs] HUKHEH CTPOKHU U JIeBOI TIOJIOBUHBI CJIe/lytolleii 3a Heil e Tpedy-
eTcsl JTaxke KaJabKy/aTopa. Kpome Toro, uMeercs erre 6 KIeToK TabJIUIbl, KOTO-
PBIM OTBedaroT unciaa ¢ aematesnem 17. eiicreurensno, 19* = —1 (mod 17),
a crpouka (12) mokazesaer, uro a® = —1 (mod 17) mpu a = 3,5,7,11 u 23
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Tabur. 1.
16 p ¢ X X X X X X
8 ¢ ¢c ¢c ¢ p ¢ ¢ ¢
4 ppp pP P P C D
2 ppc¢c p ¢ ¢ p c
3 5 7 11 13 17 19 23

(nbo 23 = 6 + 17). B nocieauem ciayvae nmeem
23% +1 ="78310985282 = 2 - 17 - 3697 - 623009.

M. H. Baprit, ucnosnns3ys nporpammy Maple, 3amMerHOo pacimupuii 9Ty Tab-
sy, B Tabsume 2 cobpana 4acThb pe3yJIbTATOB 3TUX BbIUncjeHuii. B jgeBom

cTobIe yKazaH Mmokasaresb crerneHu m = 2,4,8,..., a B CTpoKax — Te Ipo-
croie p < 100, mist koropbix (p™ + 1)/2 — Takke mpocroe.
Tabur. 2.
64| 3
32| 3

16| 3 29 41 73

8113 43 47 53

413 5 7 11 13 17 23 29 61 71 73
213 5 11 19 29 59 61 71 79

BanHTepecOBAHHBIN YNTATEb CMOXKET TOBTOPUTE STH BBHIYUCJICHHS (ITO He
JIMIIEHO cMBbIciIa). Vcnosb3oBanne Takux mporpamM, kak Maple, Mathematica,
PARI u nM mogo0OHBIX MO3BOJIAT 3HAYUTEIHLHO PACIHIUPUTD U 3Ty Tabsuiy. Ta-
KO€ pacIlIipeHre UMEET He TOJILKO CIIOPTUBHBIN HHTEpEC, OHO MO3BOJIHUT cOp-
MYJIUPOBATDL IIPABOIOI00HBIE TUIIOTE3bI, OT UEro MOKa, BEPOSTHO, CTOUT BO3-
JEePKATHCH.
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Hosrle n3panns

N3aATEALCTBO MITHMO

P. JI. Jlo6pyuiuu. W36pannpie paboTel mo matemarwdeckoit dusuke. [lom pen.
P. A. Mumnoca, FO. M. Cyxosa u C. B. IIliocmana. 2007. 720 c.

C6opuuk copepxkut nzbpanubie crarbu Ponanna JIbosuaa Jlo6pymmuna (1929-1995) —
BBIJIAIOIIEr0CsI MaTEMATHKA, OJTHOTO U3 CO3/aTesIeil COBDEMEHHOM MaTeMaTHIeCKON CTaTUCTH-
4qeckoil dpusuku. DTu craThby ObLIM ONMYOJIMKOBAHBI B OCHOBHOM B 3apy0eXKHBIX KypHAJax,
KOTOPBIE B HACTOsIIIIEE BPEMSI MAJIOJOCTYIIHBI COBPEMEHHOMY unTaresiio. COOPHUK JOMOTHEH
KOMMEHTapUAMU, B KOTOPBIX [IPOCJIEXKUBAETCSI COBPEMEHHOE PA3BUTHE HJIEH, M3JI0XKEHHBIX B
MyOJINKyeMBbIX paboTax.

M. A. Akusuc, B. A. Pozendenna. dau Kapran (1869-1951). 2007. 328 c.

KHI/IF& IIOCB4AIIECHa OIMMCAaHUIO 2KU3HU U TBOPpYECTBa BEJIMKOI'O d)paHLly3CKOFO MaTeMaTUu-
ka D Kaprana, paboTbl KOTOPOrO OKA3aJii OTPOMHOE BJIUSHHUE HA PA3BUTHE MATEMaTUKU
B XX Beke.

P. 9. Kimma, JIx. K. Xomk. Maremaruka Beibopos. 2007. 224 c.

Bompoc o ToM, sBsIsIIOTCS ST Te MM MHBIE BBIOOPHI JEMOKPATHYHBIMU, COOTBETCTBYIOT
JIX pe3yJsIbTaThl BEIOOPOB BOJIE HAPO/A, MMEeeT MHOI'O Pa3HbIX aCIeKTOB. B KHure amMepukan-
ckux npenogasaresneit [x. K. Xomka n P. 9. Kymmma B HaywHO# bopMe, 2KUBO U HAITISIITHO
00CYKJIAIOTCA MPOOJIEMBI MATEMATHIECKOW TEOPUN BBIOOPOB U pedepeH Iy MOB.

Kuura manucana B popme yueOHUKA U PACCINTAHA TIPEXKIE BCEro Ha CTyIeHTOB. /15 ee
TTIOHMMAaHUsI BIIOJIHE JIOCTATOYHO MIKOJIBHBIX 3HAHMI 10 MareMmarnke. KHura nmpenna3nadeHna
JJIST TIOJINTOJIOTOB, COIIMOJIONOB U IOPUCTOB.

Bcepoccuiickue ommMmma bl MKOJILHUKOB M0 MareMaTuke 1993—-2006: OkpykHOit
un ¢unangbne 3Tansl. [lox pex. H.X.Araxanosa. 2007. 472 c.

B kHHre IpPUBEJEHBI 372490 3aKIIOUUTEJbHBIX (Y€TBEPTOro U MATOr0) TanoB Beepoc-
CUICKUX MaTeMaTUIEeCKUX OJIUMIIHA MKOJLHUKOB 1993—2006 romoB ¢ oTBeTaMu U MOJTHBIME
peLIeHusIMA.

Bce IIPUBEACHHBIE 3aa9U ABJIAIOTCA aBTOPCKHUMU. MHOI‘I/IG U3 HUX OAHOBPEMEHHO Kpa-
CHUBBI 1 TPYJAHBI, 9TO OTpazKaeT HpI/ISHa.HHLIﬁ B MUpe BBICOKHI YPOBEHb pOCCHfICKOfI OJIMM-
MUATHON IIKOJIbI. JacTh 3a/1a4 yKe cTajia OJUMIINAIHON KJIaCCUKOMA.

KHI/II‘& npeaHa3HavdeHa JJJjid IIOATOTOBKH K MaTEeMaTUYEeCKHM COPEBHOBAHUSIM BbICOKO-
ro yposus. OHa OyZleT MHTEpEeCHa MeJaroraM, PyKOBOJIUTEJSIM KPYXKKOB U (haKyJIbTATHBOB,
IKOJTbHUKAM CTapImnx KJaccoB. st ymobcrBa paboThl IPUBEIEH TEMATUIECKUAN pyOpUKa-
TOp.

MockoBckue maremarmyeckme perarbl. Coct. A. JI. Biunkos, E. C. T'opckas,
B. M. I'yposum. 2007. 360 c.

Maremaruaeckast perata — €KerofHoe COpEeBHOBaHUE [JIsI IKOJILHBIX KOMaH 1, B mannom
COOpDHUKE IIPEJICTABJIEHbI MAaTEPHAJIbl BCEX MOCKOBCKUX MaTeMaTndeckux perar no 2005-06
y4. rox. [IpuBeieHbl TakKe MpaBuUIa MPOBEIECHNS PEraThl, OMMMCAHA TEXHOJIOTUS €€ TPOBE/Ie-
HUS U OCOOEHHOCTH IIOATOTOBKH. B IIpriiokeHre BKJIIOYEHBI MATEPUAJIBI ITKOJIBHBIX MaTeMa-
TUYIECKUX PETAT M PEraT, IPOBEJICHHBIX HA BCEPOCCUHACKUX (DECTUBAJIAX.

Kumxkka agpecoBana ydIuTessIM CpeHER IIKOJIBI, METOIMCTAaM, IIKOJIbHUKAM M MOXKET
OBITH MHTEPECHA BCEM JIIOOUTEISIM MATEMATHKI.

TFeomerpuueckue ommmmmaapr um. V. ®@. IMMapeiruaa. Cocr. A. A. SaciaBckwii,
B. O. IIporacos, . U. Illaperua. 2007. 152 c.

B kHure cobpanbl 3ajaun reomerpudeckux ojumnuay um. WU. @. Mlapeiruaa (2005—
2007) ¢ noxpobubiMu pemeHnsaMu. B nputoxkennn npuseens! ase cratbu . ©. Hlappiruna
¥ BOCITOMUHAHUS O HEM.

ITocobue mpenHasHAYEHO IS NIKOJIHHUKOB, yUHTeJEil MaTeMaTHKH ¥ DPyKOBOIHUTEJIEH
Kpy»kKoB. Kuura O6yzer nnrepecHa BCeM JIIOOUTEISM KPACHBBIX M€OMETPHIECKUX 3a1ad.
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B nonckax yrpadeHHOil anredphbi:
B HallpaBjeHuu [aycca*
(mobopka 3a1a1)

I1. FO. Koznos A. B. Ckonenkos!

Listeners are prepared to accept unstated (but hinted)
generalizations much more than they are able. . . to
decode a precisely stated abstraction and to re-invent
the special cases that motivated it in the first place.

P. Halmos, How to talk mathematics

BBEJEHUE

TrOPEMA I'Aveca. V' Kaavkyasmop (svruucasrowutll wucsa ¢ abcoaoms-
HOT MOYHOCMBIO) UMEE, KHONKY

1, +, — X, : wu f
(u HE02PaHUYEHHYMIO naMﬂmb). Ha IMOM KAANBKYAATOPE MOHCHO BbLHYUCAUTND

2
YUCAO COS — Mo20a U MoavbKo mozada, Kozda n = 2%p1 -...-py, 2de p1, ..., P —
n

S
paszausHoble npocmoie wucaa suda 22 + 1.

*TonHbIl OOHOBJIEMbI TEKCT HAXOIUTCS I10 aJPecy:
www.mccme.ru/circles/oim/materials/construc.pdf

tacrrano nognep:xan Poceniickum Ponnom Dysnamentansueix Ncenenosanmii, ['pan-
Tl HOMep 05-01-00993, 07-01-00648a u 06-01-72551-NCNILa, I'pantamu IIpesunenra PO
HIII-4578.2006.1 u MJ1-4729.2007.1, a rakxke crunenjueit I1. JlesmHs, ocHOBaHHON Ha €ro
IIpemun Banpzana 2004 rosa.

Ylepedopmyanposka Teopemsl Iaycca B TEPMUHAX MOCTPOMMOCTH IAPKYJ/IEM M JHHEHKOM
PABUJIBHBIX MHOTOYTOJIBHUKOB IIPUBOJUTCS HUXKE (CM. OTCTYIJICHHE) W HE UCIOJIL3YeTCA B
ocrasbHOM Tekcre. Vcropust 9T0ii 3HamMeHnTOll Teopembl npusoxurcs B [6]. Crporo roeo-
ps, TeopeMa [aycca He jaeT HACTOSINErO peIeHHs IPOBJIEMbI TOCTPOUMOCTH TPABUJILHBIX
MHOTIOYTOJILHIKOB, TIOCKOJIBKY HEM3BECTHO, KAKHe InC/Ia Buja 22 + 1 SBIISIOTCS TPOCTBIMIL
Opxnako Teopema [aycca jaer, HapuMep, MOJIMHOMHUAJIBHBINA AJI'OPUTM BBISCHEHUS [TOCTPO-
MMOCTH TIPABUJIBHOTO N-yTOJbHUKA (7 38/IaHO JECATHIHON 3aInChIO).

MaTemaTuueckoe npocsetuetue, cep. 3, sbin. 12, 2008(127-143)
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B sr0it 3aMeTKe npeiaraeTcs HAOPOCOK AAEMEHMAPHO20 OKA3AMEABCMEA
npusedenrott meopemuv,.. OHO He UCHOJIB3yeT TEPMUHOB «rpyina [amyas (m1a-
JKe TOHSITUSI «IPYIIay) U «I0Je» (J0Ka3aTeJbCTBO HEBO3ZMOKHOCTH HCIIOJIb-
3yeT KBaJIpaTHYHble PACIHIUPEHUST TOJBKO MHONHCECMBA PAUUOHANDHBIT YUCEN).
HecMoTpst Ha OTCYyTCTBHE 3THX MEPMUHOG, Udeu TPUBOAUMBIX JOKA3aTEIbLCTB
SBJISIOTCE 0MNpasHvLmMy Ui Teopun Lasya,?) koropasi (BMecTe ¢ Teopueit
[PYIII) HOSBUIACH B OIBITE 2PYNNUPOSKU KOPHEH MHOIOWIEHA, ¢ MOMOIIBIO
KOTOpOI UX MOYKHO BBIPA3UTH depe3 pa,ZLI/IKaJIbI.S)

Ham kaxkeTcst, 9T0 UMEHHO ¢ HO6bx udetl, a He ¢ HeMOMUBUPOSAHHIL ON-
pedeaenutl, IOJIE3HO HAYUHAMb U3y IeHHe 1000l Teopun. Kak nmpasuio, Takue
naen HauboIee APKO BHIPAXKAIOTCA JTOKA3ATEIBCTBAMHY, IIOJTOOHBIMY ITPUBEICH-
HBIM 3/1eChb. BoJjiee moapobHO 3T0 00cyKTaeTcs B puiocodpCcKoM OTCTYIIEHNN,
KOTOPOE COJIEPXKUTCSI B TIOJIHOM TEKCTE 3aMEeTKU (CM. IPUMEYaHNe K 3arIaBuio
CTATHH).

IIprBOAMMEBIE HOKAZATEILCTBA USBECTNHDL 6 MAMEMATNUYECKOM BOALKAODE,
OJIHAKO aBTOPaM He YJAJ0Ch HAfiTH WX B sIBHOM BHUJE B JiuTeparype (Kpome
BTOPOI'O JIOKA3ATEIHCTBA HEBO3MOXKHOCTH B Teopeme [aycca [3]).

DJIEMEHTApHOE NOKA3ATEILCTBO 603MONCHOCTIU OJIA N = 17 NPUBOINTC B
[6,9,13,15,16]. dust obero ciaydasi oHo HamedeHo B [4,6], rue sicnocTu jokas3a-
TEJIHLCTBA HEMHOTO MEIIAeT MOCTPOEHNE OOIIell TEOPUH BMECTO J0KA3aTEIbCTBA
KOHKPETHOro pe3yiibrara.?)

Hesosmooicrocmv B Teopeme aycca e nokazana sisuo B [4]. Onnaako nep-
BOE JIOKA3aTeJIbCTBO HEBO3MOXKHOCTU B Hacrosiell 3amerke (cepust D) ocho-
BAHO Ha HJIesIX U3 [4] 1 09TOMY €ro MOYKHO HPUHSITH 3a paccyzkieHue [aycca.
DJIeMEHTAPHOE U3JIOKEHHE UIeU HE3JIEMEHTAPHOI'O T0KA3ATEIbLCTBA HEBO3MOXK-
HocTu TpuBouTes B [8]. [okasaresbcTBa HEBO3ZMOXKHOCTH B TeopeMme [aycca
SABJISIIOTCS AJIT€OPANIECKUM BBIPAYKEHUEM TON Uen «pa30ueHust pereHnii Ha
napbl». IIpocroe J0Ka3aTeibCTBO Hego3modtchocmu u3 |3, rii. 5| HamedeHO B
cepun E (ormmiane mpuBoaRMOro n3J/102KeHUst B TOM, YTO HEOOXOAUMBIE TOHSATUST
He BBOJIATCS HEMOTUBUPOBAHHO BIIPOK, & €CTECTBEHHO IOSBJISIOTCA B IIPOlecce
pasMbliIeHns HaJl npobsiemoii). Erie oiHO 10Ka3aTe/IbCTBO HEBO3MOXKHOCTH,
Bo3HEKIIECe B xoie obcyxkaenuii ¢ A. f. Kanenem-BenosbiM, npusogurcs B
NPUJIOXKEHUU B IOJHOM TEKCTe. 110 CyTH BCe JOKA3aTeNbCTBA OYEHB OJIM3KH.

[epe moKazaTebLCTBAMI HEBO3MOXKHOCTH B TeopeMe ['aycca HeKOTOpbIe nX
Ujien JIEMOHCTPUPYIOTCsI 110 OJIHOM U Ha mpocrefimux npuMepax (cepust C). Dru

DKouedno, omnpasivie UaeH OGO TEOPUH He HCIEPHLIBAIOT 6CET €€ UIACH.

3) ByJsibrapHo, HO SIPKO, 9TH HJeH MOYKHO BBIDA3UTh [EBH30M 2pYnnupyli U 64acmeyt i
06BedunAl U eaacmsyl.

4) ABTODBI JIMIIb TOTOMY TIO3BOJISIOT CeGe JAHHOE 3aMEUaHNUE 110 TOBOLY M3JI0KeHus B [4],
YTO IPEKJIOHSIIOTCS ITepej], BeJmdaureM [aycca, HauaBIero My Th B HAyKy C TPYIHERIUX pas3jie-
JIOB YMCTOW MaTeMaTUKH, & 3aTeM MHOTO 3aHUMABIIETOCS TIPUIOYKEHUSIMA U [TPEBPATUBIIIErO
OJINH U3 paszesioB reorpadun B pa3ies MaTeMaTUKH.
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[IPUMeEPBHI JIAI0T PellleHne KJIACCUYeCKUX 3a/1a4 JPEBHOCTH 00 y/IBOEHUHU Kyba u
TPUCEKIIUH YIJIa, KJIABIINX CBOET'O PEIIEHHd JIBa ThicadeseTnsd. IIpuBomumoe
usoxkenne ocuosano Ha [10,12]; oHO HeMHOrO GoJlee KOPOTKO M SICHO 3& CUeT
TOrO, 4TO HE UCHOJIb3yeTcs TepMuH «iose». Cp. [5, §4.19].

[TpuBoaumbIe cepun 3aj1a4 (B 9aCTHOCTH, JIOKA3ATEIHCTBA BO3MOKHOCTU U
HEBO3MOXKHOCTH) HE3ABUCHMBI JIPYT OT Jpyra. B gokasaresbcTBax MCHOIb3Y-
€TCs oIIpejie/ieHue IIOCTPOUMOCTHU U3 BTOPOT'O OTCTYIIJICHUA 1 3KBUBAJICHTHOCTD
TeopeMbl ['aycca aHAJIOMMIHOl TeopeMe JJIsl KOMNAEKCHO20 KATbKyasiTopa (3a-
nada A4).

JokazaTenbcTBa MPEJCTAB/ICHBI B BUJIE IIUKJIOB 3aja4 (GOJIBIIMHCTBO 3a-
Jad cHAOXKEHBI YKa3aHWsIMI WM pereHusMu). Pemenne 3ama4d norpebyer ot
MHOI'HIX YpTaTeell yeuianii (BIpodYeM, ONBITHBIH MaTeMaTHK, He 3HAKOMBIH C
Teopueit ['asya, ¢ JIErKOCTHIO BOCCTAHOBUT PEIIEHUS 110 IPUBEIEHHBIM YKa3aHN-
sIM WIH 1azke 6e3 Hux). OIHaKOo 971 ycusnst Oy Iy T CIIOJIHA OIPABIAHBI T€M, ITO
BCJIEJ 38 BEJIUKUMHU MAaTEeMaTUKaMU B IMPOIECCe U3YUEeHUsT WHTEPECHOH Ipob-
JIEMBI YATATEIb MO3HAKOMUTCS C HEKOTOPBLIMU OCHOBHBIMU HUJI€SIMH aJreOphl.
Haneroch, 970 TOMOXKET YUTATEIO COBEPIINTH COOCTBEHHBIE HACTOJIBKO XK€ 10~
JIE3HBIE OTKPBITUSA (He 0bs13aTEeTHHO B MaTeMaTI/IKe)!

OBLL[EE SAMEYAHHUE K ®OPMYJ/IMPOBKAM 3AJIAY: €C/I1 yCJOBHE 3aJJa91
SIBJISIETCST YTBEPIKJ/ICHUEM, TO B 3a/a1de TPeOYeTCs 3TO yTBEPKICHNE TOKA3ATD.

[IpeBapuTenbHast BEpCus 9TON 3aMeTKU MpecTanisiiach A. Benosbiv-Ka-
weneM, I1. epratom n aBTOpaMu B BuIe IUKJa 3amad Ha Jletreit Kondepen-
nun Typuupa l'oponos B aBrycre 2007 r. CokpallleHHBII aHTJIHACKUI TIepeBo/]
(Bommosnmennsiit I1. Jepragom u A. CKOIEHKOBBIM) JOCTYIEH B HHTepHETE?),

B 370it 3aMeTKe HCIIOJIb30BAHBI MATEPUAJIBI 3AHATHI CO IIKOJBHUKAME 110
3JIEMEHTApPHOMY JI0Ka3aTeIhCcTBY TeopeMbl [aycca, koTopbie e A. C. Toso-
Banos, A. . Edbumos 1 Bropoii arop. Anasornunnie 3anarus sean A. 91, Be-
snos-Kanenn, . . Bornanos, I'. P. YennokoB u, Bo3moxkHo, Apyrue. Mbr Oj1a-
rojapuM ux Bcex, a Takxke . B.Bunbepra, M. H. Bsamoro, II. A. /lepraua,
A. A. Kaznaueesa u B. B. [IpacosioBa 3a noJiesabie 06Cy K IeHMS.

OTCTVIIJIEHUE: CBSA3b C IIOCTPOEHUAMU LIUPKYJIEM U
JINHENKOW

Al. Vcnosb3ysi OTpe3Ku JIUHBL @, b U ¢, MOXKHO TIOCTPOUTH ITUPKYJIEM U
JIMHEHKOI orpesku jymHbl a + b, a — b, ab/c, v ab.

BGHIGCTBGHHOE YUCJIO Ha3bIBACTCA NOCMPOUMDIM, €CJIN €0 MO2KHO IIOJIy-
YUTH Ha Hall€eM KaJIbKYJIsATOpe (T. €. IOJIy9YUThb U3 1 IIPpU ITIOMOIIMN CJIO?KEHMI,

%) Cm. www.mccme . ru/circles/oim/materials/constreng.pdf
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BBIUYUTAHUS, YMHOYKEHUS, NeJIeHUs U U3BJIEYeHNs KBaJIPATHOTO KOPHS U3 TI0-
JIOXKUTEJIbHOTrO uncia). Hampumep, ducia

14+v2, “V2=1/v2, /2v3, Va+V3, 142, fﬁ n cos3°

IIOCTPONMBI. HpO IIocJjgaeJHue JABa YMCJjia 9TO HE COBCEM OYEBHIHO.

A2. JIroboe MoCTporMOe IUC/I0O MOYKHO ITOCTPOUTH IUPKYJIEM U JIMHEHKOI
(astee coBa «IUPKYJIEM U JIMHEHKON» OIyCKaroTcs).

Dror npocToii (BbiTekaronumii u3 Al) pesysibrar ObLT H3BECTEH eIIle JIPEBHUM
rpekam. OH TI0Ka3bIBAET, Y4TO U3 6bLLPA3UMOCTIU ducaa cos(27/n) B Teopeme
laycca BbITEKAET MOCMPOUMOCT® IPABUIILHOTO N-YTOJLHUKA.

A3. Ocnosnas meopema meopuu seomempuyeckux nocmpoenuti. Obpar-
HOE TOXKE€ BEPHO: €CJIM OTPEe30K JJIMHBI ¢ MOXKHO IOCTPOUTH ITUPKYJEM U JIH-
HEWKON, TO YUCJIO G TOCTPOUMO.

Dror HecsIoKHBII pesysbrar |9,14] (jokazanHbil jmimb B 19-M Beke) MOKa-
3BIBAET, 9TO U3 HEBHPA3UMOCTIU B TeopeMe ['aycca BBITEKAET Henocmpoumocms
COOTBETCTBYIOIIUX 71-YTOJLHUKOB.

JList ero 0Ka3aTEILCTBA PACCMOTPHUTE BCE BOZMOXKHBIE CJTyUIaH MOSBICHUST
HOBBIX 00bEKTOB (TOYEK, IPSMBIX, OKpYy2KHOCTEl ). [Tokaxkure, 4T0 KOOpIMHA-
TBI BCEX IMOCTPOEHHBIX TOYEK U KOIMDPUIINEHTHI yPABHEHNN BCEX MPOBEIEHHBIX
IPSIMBIX U OKPYYKHOCTEH s1BJIstioTcst ocrpoumbivu. Cwm. gerasu B [9,10,12,14].

OrnpeiesieHne KOMNAEKCHO NOCMPOUMO20 KOMILIEKCHOTO THCJIa AHAJIOTUIHO
OIPEJIEJIEHUIO TTOCTPOUMOI'O BEIECTBEHHOTO YHMCJIa, TOJbBKO KBaJIPATHBIE KOP-
HH W3BJIEKAIOTCS U3 IPOM3BOJIBLHBIX YK€ BBIPAYKEHHBIX YUCE U KOMILIEKCHO
ITOCTPOUMBIMU CUUTAIOTCS 00a 3HAYEHUs] KBAIPATHOI'O KOPHSI.

A4. KoMmmjekcHOe InCI0 KOMIIEKCHO TIOCTPOUMO TOTIJIa W TOJBKO TOT/IA,
KOTJIa €r0 BElIeCTBEeHHAsI U MHUMAasi YacTH (BEIeCTBEHHO) MOCTPOUMBI.

Vraszanue: Ecim va + bi = u + vi, T0O u,v BbIpakaioTcs 4depe3 a u b ¢
ITOMOIIBI0 apuPMETHIECKUX OMEPAInil U KBaIPATHBIX PaIUKAJIOB.

ITo 110BO/LY HEBBIPA3UMOCTH BEIECTBEHHBIX UHCE] YePe3 BEleCTBEHHbIE
(mostoKUTEIIbHBIE) 3HAYEHUS] KOPHEl IIPOM3BOJILHON 1esI0i cTereHn (U3 moJio-
JKUTEJIbHBIX uncest) cM. [2].

Ab5. Ecam npaBUIBHBII mn-yroJbHAK TOCTPOUM, TO W NPaBUJIBHBIA 171~
YTOJIbHUK TIOCTPOUM.

A6. TlpaBuibHble 3-yrOJbHUK U 5-yTOJIHHUK MTOCTPOVMBI.

AT7. Ilpapunbublit 120-yroybHuK mocrpouM. Vi, sKBUBaJEHTHO, YTOJI 3°
[IOCTPOUM.
Vrasanue: Eciin He TOIyvYaeTcsi, TO CM. CJAEIYIOIINE 33 a4,
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AS8. Eciau upaBUIbHBI M-yTOJbHUK I[OCTPOWM, TO U NPABUJIbHBIN 27~
YLOJIBHUAK IIOCTPOUM.

Vrazanue: Tlomydaercs mejeHneM yrja MOMOJaM WX IpUMeHeHueM (hop-
MYJIBI IIOJIOBUHHOI'O yTIJIa.

A9. Tlycts mpaBUIbHBIE 1~ U N-YTOJBHUKHA MOCTPOUMBI, IIPUYEM UHCJIA
m U n B3aUMHO TPOCThI. Torma MpaBUIBHBIN MN-YTOJBHUK TTOCTPOUM.

Yraszanue: Tak Kak m 1 N B3AUMHO TIPOCTBI, TO CYIECTBYIOT IEJbIE a, b
Takue, 9ro am + bn = 1.

JIOKA3BATEJIbCTBO BO3MOKHOCTU B TEOPEME ['AVCCA

Herpymao mokazarh Bo3MokHOCTE B Teopeme [aycca ms n < 16.
Zoxasamesvcmeo 6osmosicnocmu 6 meopeme Laycca das n = 5. Bugnmo,
IIPUBOIUMBII CITOCOD CJIOXKHee IpuyMaHHoro Bamu. 3aTo u3 Hero Oyaer Bu/I-

2
HO, UTO JejaThb B obiieM ciaydae. JlocTaToOvYHO BBIPA3UTH YUCTO £ = COS = +

+4sin %ﬁ Cpa3y 9To cZiesaTh TPYIHO, TIOITOMY CHAYAJIA TOCTPOUM HEKOTODBIE
MHOTOUJICHBI OT €. MpI 3HaeM, uto € 4 €2 + 3 + 4 = —1. ITosromy
(e+eMEE@+ed)=ct+?+8 4+t =1
O6o3Ha9nM
Ag:=c+etum A =2+ &5,

Tora 1o Teopenme Buera uncia Ag u Ay SIBIAIOTCS KOPHSME ypaBHEHHsT t2 +1 —
— 1 = 0. ITosromy moxuO Bbipazuth Ay (u Ap). Ilockosbky € - et =1, To o
Teopeme Buera uncia ¢ u £* apnsiorcs kopuamu ypasuenns t2 — Aot +1 = 0.
[TosTOMY MOYKHO BBIPA3uTh £ (1 £t).

B1. Ecan uucmo 2™ + 1 mpocToe, To m — CTeNEHb JTBONKN.

Hoes doxasamesvcmea nocmpoumocmu 6 meopeme laycca. HocraTrodmro
2 . . 27

BBIPA3UTh YUCIO € = €OS — + isin = jyist upocroro n = 2™ + 1 (torma m
n n

00s13aHO OBITH CTEIEHBIO JBOMKN).
Cuadajia xoporro Obl pa3duTh CyMMy

etei4 el =1

Ha J1Ba ciaraeMbix Ag u A, npouseederue KOTOPBIX TIOCTPOUMO (MHBIMHE CJIOBA-
MU, C2PYNNUPO8aMd XUTPHIM 00pa30M KOPHU yPABHEHUS 1+e+e2+. e =
= 0). Torma Ag u A; nocrpoumsl 1o Teopeme Buera. 3arem xopomio 6bl pas-
ourh cymMmy Ag Ha naBa ciaaraeMbix Ag = Agg + Ag1, IpousBeneHne KOTOPBIX
[IOCTPOUMO, U aHAJOru4HO pas3burs A = A9 + Ai11. U Tak jpajee, nmoka He
ocrpouM Ag.. o = €.
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OnHako mpuyMaTh Hy>KHBIE IPYIIIIPOBKU KOpHEN ypapHeHus 1+ ¢+ g2+
+oten =0 COBEPIIIEHHO HETPUBUAJILHO U BO3MOXKHO He Jjid BceX n. Kak
9TO MOXKHO IPUJYMaTh, OMUCAHO B |7]. 3/1ech mpuBeieM JINIb OTBET, KOTOPBIi
O4Y€Hb IIPOCT.

Teopema o nepsoobpaszrom xopre. s 000ro MpoCTOro p CyIIECTBYET
YHCII0 ¢, U1 KOTOPOTO OCTATKH OT JIeJeHns Ha p duced g, g%, ¢>, ..., Pt =1
PAa3IMIHEL.

Kax crponth mykHBIE I'PpynnupoBKH, BuaHo u3 3ajad B3a, Bda um Bdc
HU>KE.

B2. Jlokxazameavcmeo meopemor 0 nepsoobpadrom xopue. Ilycts p mpo-
CTOE U @ He JIEJIUTCS Ha P.

(a) p — 1 memmurcs ma HamMenbimee k > 0, 1t kotoporo a® = 1 (mod p).

Vikasanue: ncnonbsyiite maayio Teopemy Pepma.

(b) st 106BIX 11€51bIX N U @ cpaBHeHue ' = a (mod p) umeer He Gosiee n
pelenuii.

(c) Ecm p — 1 memurest na d, To cpasnenne z¢ = 1 (mod p) mmeer posmo d
peliennii.

(d) Jokaxure Teopemy o mepoobpasnom Kopae yist p = 2™ + 1. (Toabko
9TOT YACTHBIN cirydaii Hy»KeH Jjijist TeopeMbl [aycca.)

(e)* Hokaxkure TeopeMy O mepBoobpasHOM KopHe Jyist p = 2™ - 3™ 4 1.

(f)* Jokazkure TeopeMy O mepBOOOPA3HOM KOPHE JISI NPOU3BOALHOZO TIPO-
CTOrO P.

(g)* Bepno ju, 9To yncsio 3 sBJIsieTcs: HepBOOOPA3HBIM KOPHEM TI0 MOJLYJIIO
Jiroboro mpocToro uncia suma p = 2" + 17

Haunnas ¢ sToro Mmomenta p = 2™ 41 > 5 — npocroe qncio u g — (1060ii)
1epBOOOPA3HbLl KOPEHb [0 MOJLYIIIO P.

B3. (a) [Honoxum

2 4 6 2™ 1 3 5 2Mm 1
AO::gg 4+e9 +&9 4+ ... 4 &9 n Al::E‘g 4+e9 49 4.4 &9

p—1
Joxkazkutre, uro AgA1=— 0 (Cremyrorue 3a1a9u sIBJSIOTCS MOICKA3KAMI. )

p—1

(b) ¢* + ¢ = 0 (mod p) Torma u ToNBKO TOrmA, KOorma k — [ = 5

(modp —1).
2m
(c) ApA1 = > €°als), re afs) pasuo uunciy pemenuii (k,[l) (B BbIIeTax
s=1

1o Mojtysmio p — 1) cpasrenus g2* + g2+ = s (mod p).

(d) a(s) = a(gs).

(e) a(s) ue 3aBucur or s =1,...,2™.
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B4. (a) ITonoxkum
A i=e9 46 +e9 4. 46 u Agi=el 4+ 4690 4o g8

Hokaxkure, IITO ApAor = sAg + tA] Ui HEKOTOPBIX IEIBIX YHCed S U ¢
(s+t= %) (Cieytomast 3a/1a9a sIBJIAETCS MOICKA3KOIL. )

(b) Cpasnenne g** + ¢4*2 =1 (mod p) umeer crospro xe pemenuii (k, 1)
(B BBIYETAX 1O MOyIO p — 1), ckombko cpasuenue g*F + g4*2 = ¢2 (mod p).
(c) IMomnoxum

om _q

gt ® 9 g2 g 9" | gt g
A i=¢9 +¢9 +¢% +-- - +¢ n Ajp:=¢% +ev 4+ +---+¢

Hokaxkure, uro AjgA11 = uAg + vA] I HEKOTOPBIX TEJBIX YUCET U U U
p—1
ut+v=-——-).
( 1)
(d) BakoHumTe JOKA3aTEIHCTBO BO3MOXKHOCTH B Teopeme [aycca.
B5. Haiijiure IBHO BbIpakenue depe3 KBaJPATHBIE PAJUKAJBI IHCIIA

(a) Ap u3 zamaxm B3a.  (b) cos % (c)* cos % (d)* cos

Y

65537

IIpu nomousu MPpueederHHo20 MEMOAA U KOMNBIOMEPA MY 3404y MOHCHO
pewums 6vicmpo, HeCMOTPs Ha ciieyontyio ucroputo [11]. «Oqun coaumkom
HaBSA3YMBLINA acIUpPAHT JOBEJ CBOErO0 PYKOBOIUTENSI JO TOTO, 9TO TOT CKa3aJl
eMy: , Jinure u paspaboraiiTe OCTpOEHNE IPABUILHOIO MHOIMOYIOJILHUKA ¢ 65
537 cropoHaMu’. AcnupaHT yIAJIUJICsS, 9TOOBI BepHYThCs depe3 20 JeT ¢ co-
OTBETCTBYIOIIUM [IOCTPOEHHEM (KOTOpPOe XpaHUTCs B apxuBax B [errunrene).»

3AMEYAHUE. [locTpomMocTh MOXKHO JIOKA3bIBATH 110 TOMY »Ke ILIaHy 0e3
HCIIOJIL30BaHUs KOMILIEKCHBIX 4mnces. IIpuBemeM ykasaHue mjisl ciaydas IIpa-
BustbHOrO 17-yrompauka. Ilonoxkum ap = cos(2mk/17). Torma ap = aj7—g,
2apa; = agy;+ag—may +ax+az3+---+ag = —1/2. CuHadaJjia BBIPa3UTE
a1+ as +aqg+ag u az + as + ag + a7. 3areM BuIpasuTe ai + a4, as + as, az + as
u ag + a7. Hakoner, Beipasure a;.

VYKA3AHUS U PEHIEHUSA K JOKASBATEJILCTBY BO3MO>KHOCTHU
Vxasanue x B1l. Eciu n meuerno, 1o 28" 4+ 1 gesmures ma 28 + 1.

Viasanue x B2b. lokaxkem Gosiee obliee yTBEP:KICHUE: MHO20UAEH CINE-
nenu . He Mostcem umems boaee n Kopreli 6 mnoscecmee L/ pl 6viuemos no
M00Y10 p (6 KOMOPOM UMEIOTNCA ONEPAUUL CAOHCEHUA U YMHOHCEHUS NO MO~
Y10 ). 311eCh MHOTOYIEHOM HA3bIBAETCS OECKOHEUHDIH YIIOPSIOYeHHbIH Ha-
60p (ag,---,an,...) BBIYETOB 110 MOJLYJIO P, B KOTOPOM JIMIIb KOHETHOE YUCIIO
JIEMEHTOB OTJIMYHO OT Hyﬂﬂ. O6]:)I“IHO MHOT'OYJICH 3allUChIBACTCA B BUJIC G —‘r
a1+ - +apx® (ecim apyq = apyo = --- = 0). Dra 3ammuck 1aeT OTOOPAIKEHIE
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Z/pZ — 7/pZ. Byapre oCTOPOXKHBI: Pa3HBIM MHOIOYJIEHAM MOXKET COOTBET-
CTBOBaTb OJHO U TO Ke oToOpakeHue. Koprem MHOTOUIEHA ag+ a1 X+ - -—|—aka:k
Ha3bIBAETCd TAKOW BBIYET T 110 MOMAYJIO P, 4YTO ag + a1Tg + -« + akxlg = 0.

[Tycrs muoOrowien P(z) creneHu m MMeeT Pa3jnYHbIE KODHU X1, ..., ITn,
Zp41 B MHOXKeCTBe BbrueToB Z/pZ. Ilpencrasbre ero B BUjIE

P(z) =bp(z—21)-.. .- (x—2p)+bp_1(z—21)-. . .- (x—2p—1)+ - -+ b1 (x—21)+bo

(«urmepnossyus Horomona» ). TlocienoBareibHO TIOJCTaBIIsIs B CPABHEHUE
P(x) = 0 (mod p) BBIYETBI T1,. .., Ty, Tptl, TOAYIUM by = by = -+ = by =
= b, =0 (mod p).

To ke camoe perrierHne MOXKHO 3amucarb u Tak. [lycts P — MHOrOUYJIEH.
Torna P — P(a) = (z — a)@Q Jy1st HEKOTOPOro MHOTOW/IeHa () CTENeHN MeHbIIle
deg P. Tlostomy eciu P(a) =0, o P = (z —a)(Q 115 HEKOTOPOTO MHOTOIEHA
Q crenienu menbiie deg P. Tereps TpeGyemoe B 3ajiade yTBEPKIEHNE JTOKA3bI-
BaeTCsl MHJIYKIUEH 10 CTEINEeHN MHOrO4YIeHa P ¢ UCIOJb30BAHHEM TPOCTOTHI
qUCIa P.

Iepsoe yrasanue x B2c. Bamersre, uto Muorowten rP~ ! — 1 mmeeT poBHO
p— 1 KOpeHb B MHOYKECTBE BbIUETOB 7 /pZ W JIeJINTCsT Ha z%—1. Jlokaxkure, 94T0
€CJIM MHOT'OYJIEH CTEIIEHU ¢ UMEET POBHO a KODHEW M JEeJIUTCHA Ha MHOIOUJIEH
cTerenu b, TO 3TOT MHOTOYJICH CTEIeHU b uMeeT POBHO b KOpHEii.

Bmopoe yrazanue x B2c. Ecian p = kd, To mst moboro a cpasrenne y* =
= a (mod p) umeer He Gostee k pereHwuit.

Vrasanue x B2d. Ecian nepBoobpasHoro KopHs HET, TO 110 2a CpaBHEHHE
m—1
x? = 1 (mod p) mmeer p — 1 = 2™ > 2™~ pemenmnit.

Vrasanue x B2e,f. Ananormuano B2d.

Samevarue x B2f. U3 cymecTBoBanus mepBooOpPa3HOr0 KOPHS JIETKO BbI-
BecTH, 9T0 st p— 1 = p{t-.. .- pzk KOJIMYIECTBO 11epBOOOPA3HBIX KOPHEN PABHO

1 1
p-1)A-=)...-(1=—=)=p{-1).
p1 Pk
Vrasanue x B3c. Packpoiite ckobKu u crpynnupyiite paBHbIE cJiaraeMmble.

Viasanue x B3d. Ecim (a,b) — pemenne cpasmennsi g2% + ¢+l = s
(mod p), 1o (b+ 1,a) — pemenue cpasuenns g2¢ + g%+ = gs (mod p). Ecim
(a,b) — pemenue cpasuenns g2F + g2+ = gs (mod p), To (b, a — 1) — pemenue
cpasrerus g2F + g2+ = s (mod p).

Ykasanue x Bbc. (Hammcano ¢ ucnosnb3oBanueM perennst 3ajaun 4d u3
http://www.turgor.ru/lktg/2007/5/index . php, upeacrasiennoro E. JIykn-
suioM, yaeaukom OMJI 239 r. Cankr-IlerepOypra, u B. CokosioBbiM, y4aeHU-
koM rumuasnu Ne261 r. Cankr-IlerepOypra.) ITosoxkum

2m—ac—1
Q0. i =020+ 0027w Ay, = Y

s=1

—_— 1
—10mzw+521+
9
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TOF;L& Aio...uO + Aio...ixl = Aio---ix' HpI/I Tr < M UMeeM

2m
Aig.in04i. i1 :Za(s)ss = g bjo...jxAjo..j I HEKOTOPBIX bj, . j, € Z.
s=0 (]O]z)

31ech B niepBoM paBeHcTBe «S) paBHO umciy pernenuit (k,[) (B BbIUeTax 110
MoyJTio p — 1) cpaBHeHUs

—i0..dg+k25T1 +gfig...iz+l2$+1+2“”

g s (mod p).

ITo B3b a(0) = 0 npu z < m. Amamormano B3c a(s) = a(sg?"). Orciona
BBITEKAET BTOPOE PABEHCTBO.

[TOATOTOBKA K JOKABATEJIbCTBY HEBO3MOYKHOCTHU B TEOPEME
I'aycca

C1. He cymecrByer palioOHAIBHBIX GHCEN a, b, ¢, d, J/Is KOTOpBIX /2 =

@atvh a-vh () i (a+vhiva (©a+Vh+
+ve+Voe, () a+Vb+e  (2) a+ Vb4 e+ V.

Vrasanue x Clc. JOMHOXKBTE HaA COIPSIKEHHOE.

C2. Ilycrh HaxkaTue KHOMOK «1» 1M 4eTbipex apupMeTuIecKux IeificTBUil
Ha KaAJIBKYJISITOpE U3 TeopeMbl ['aycca 6ecIiaTHbI, a 3a U3BJIeYeHUE KOPHS HY K-
HO ILJIATUTH KOIICHKY.

(a) Hucao A Mmootcho noaywums 3a T Koneek moz0a u moavko mozda, Kozoa
CYWECNBYOM MAKUE G, . .., 0r—1 € R, umo

Q=Q1CQC@3C...CQR_1CQ2A, 2deaycQr, Vap & Qx,
a Qr+1 = QrlVay) ={a+Bva, | o, € Qi} daa mobozo k =1,...,r — 1.

Ykasanue: 1o yrBepKIeHNE JIETKO JIOKA3BIBACTCS MHIYKIHEH 110 KOJIde-
CTBY OIl€paIil KaJIbKy/ISTOPA, HEOOXOAMMBIX JIJIsl IOJLY I€HUS TUC/Ia, C IPUMe-
HEHUEM JOMHO2KEHU Ha COIIPAKEHHOE.

Takast 10CJIe/[0BATEIBHOCTD HA3BIBACTCS UENOYKOU K6AOPAMUYHBIT PACULL-
peruti (9TO eIMHBII TEPMUH, TEPMUH «KBAJIPATUYHOE PACIIUPEHUE» Mbl HE UC-
HOJIb3YEM ).

Urak, 9uciao A mocTpouMo TOrJa M TOJBKO TOTVIA, KOLJA JJis HEKOTOPO-
ro 7' CyIIECTBYET IENOYKa KBAJPATUYHBIX PACIIUPEHUN JUIMHBL T, TOCJIEIHEE
MHOKECTBO KOTOPOIi cosep:KuT A.

JIoKa3aTesIbcTBO HEBO3MOXKHOCTH, OCHOBAHHOE HA PACCMOTPEHUH AHAJIO-
IUYHBIX IIEM0YEK, HA3BIBACTCH B MATEMATHYECKON JIOTHKE U IIPOrPAMMUPOBa-
HUM uHOyKyuet no 2aybune Gopmyao.

(b) OTopBem y (KOMILJIEKCHOIO aHAJIOra) KaJIbKy/IATopa u3 TeopeMbl [ayc-
Ca KHOIIKY «:», HO pa3pemuM HCIIOJIb30BaThb BCe PalllMOHaJIbHbIE YUCJIa. TOF,ZLa
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MHOKECTBO YUCEJI, KOTOPbIE MOXKHO Pean30BaTh HA KAJIbKYJIsITOPE, HE U3Me-
HUTCSL.

Yrazanue: Cremyer 3 npeblLyero.

(c) ¥/2 menocrpoumo. (3HaunTt, yaBoenue Ky6a IUPKY/IEM U JIMHEHAKOI
HEBO3MOYKHO. )

3 3
Jlokazamenvemeso nenocmpoumocmu wucaa /2. Ilpemonoxum, aro /2
roctpoumMo. Torma cymecTByeT Takasl MEOoYKa KBaAPATHIHBIX PACIIHPEHU

Q=Q1CQ2CQR3C...CQ1CQr, uto V2€Q\Qr1.
Iockombky /2 € Q, To r > 2. Buaunr,

V2=a+p8va, e a,f,a€Qr1, VagQ,1 u B#0.
Orcrona
2 = (V2)3 = (a® 4 306%a) + (3028 + B3a)Va = u + vy/a.
ITockoabky 2 € Q C Qr—1, 70 2 — u € @Q,_1. Tak Kak
wa=2—-u u veQ,_1, 1o 0=v=3a23+ .
Tak xax 3o’ + 3%a > 0, nonyuaem 3 = 0 — nporuBopeune! O

C3. (a) Yucso cos(2m/9) spastercs Koprem ypasrenns 8z° — 6z + 1 = 0.

(b) He cymecTByeT panuoHaabHBIX YUCEN ¢ U b, J1Jist KOTOPBIX cos(27/9) =
=a+b.

(c) He cymecrByer panmonaabHbIx dncem a, b, ¢, Jyist KOTopbix cos(2mw/9) =
=a++/b+ e

(d) Yucmo cos(2m/9) He mocTponmo (3HAUNT, TPUCEKIHsT yIuia /3 IUPKY-
JIeM W JINHEHKOI HEeBO3MOXKHA U MPABIJIBHBIN 9-yTOIBHUK HE TOCTPOUM).

(e) Teopema. Kopan Kybuueckoro ypaBHeHHsl C pAIOHAIbHBIMU KO3bdhu-
[MEHTAMU [IOCTPOUMBI TOTJIA M TOJBKO TOLJIA, KOTJIA OJIMH U3 HUX PAIUOHAJIEH.

Yrasanus x C3. (a) Beipasure cos 3a uepes cos a.

(b) Ecim cos(21/9) = a + v/b, 10 1mcio a — Vb ToxKe ABAIETCHE KOPHEM
ypasuerns 82 — 6z + 1 = 0. Torna 1o Teopeme Buera Tpernii KopeHb paBeH
—(a+ vb) — (a —Vb) = —2a € Q.

(d) Caenyer u3 (a) u (e).

(e) CM. cilenyroIyIo JeMMy.

C4. Jlemma o conpasiceruu. B nenodke KBapaTHIHbIX PACIIHPEHUIT 110-
JIOXKHUM @ = @y, U OLPeJIeiuM oTobpazkenue conpsizkenus - : Q[va] — Qi[v/al
dbopmyioit x + yv/a = x — y\/a. Torna

(a) Dro onpeiesieHne KOPPEKTHO.

b)z+tw=z+w, zZw=zw unu z=z2&z=x+0ya€ Qr_1.

(c¢) Ecom z € Qk[v/a] — kopenb muOrowiena P ¢ panuoHaJbHBIME KO-
dburmenramu, To P(Z) = 0.
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(CpaBHuTe ¢ JIeMMOii O KOMIJIEKCHBIX KODHSIX MHOI'OYJIEHA C BElleCTBEH-
HbIMEI KO durmenramu. )

Hoxazameavemeo meopemv, C3e 0 Kyouueckur ypaBHEHUAT OAfL YPasHe-
Hudl, 6ce MPU KOPHA KOMOPLT 6ewecmeennv, (amom wacmmuwild caywail do-
CMamoyer 0as HEnoCMpPOUMOCNU NPaBUALHO20 9-yzorvruka). JacTb «TOormas
oueBHuHA. UTOOBI HOKA3aTh YACTb «TOJBKO TOTMAy, IMPEIIIOJJIOKUM, UTO XO-
Tsi Obl OJIMH U3 KOpHeHl nocrpouM. [ljist KaxKji0ro mu3 MOCTPOUMBIX KODHeH 2
pPaccMOTPUM MUHUMAJIBHYIO IIENOYKY paclIupeHuil

Q=Q1CQR2CQ3C...CQr_1 CQy, st KOTOPOHl 21 € Qp \ Qr_1.

BosbMeM KOpeHb z = 21 ¢ HaUMEHbIIEH JIJIMHON MUHUMAJILHON IENOYKH [.
Eciin xybudeckoe ypaBHeHUE He MMeeT PalMOHAJBHLIX KOpHeEil, To [ > 2.
3HaunT,

21 = Oé—|—,8\/a, rae aaﬁ € Ql*la \/5 ¢ Ql*l n B ?é 0.

Torga aucso zz := zZ1 = a — fy/a TakxKe sBJIseTCst KOPHEM KyOUUEeCKOro ypas-
Henus (1o jgeMme o conpszkennt). ITockoabKy

B#0, Toa— BvVa#a+BVa, T.e. zy # 2.

O6o3HaunM z3 TpeTnii KOpeHb KyOHYeCKOro ypaBHEHHsI (BO3MOXKHO, 23 €
{z1, 22}). llo dopmyse Buera

21+29+23 = (a+Bva)+(a—Bva)+z3 = 2a+23 € Q, mnosToMy 23 € Q1.

CrenoBareibHO, JJisi KOPHSI 23 CYIIECTBYET MEMOYKa MEHbIIeH JIJIMHBI, YeM JJIsT
z1. IIporuBopeune. ]

C5. Ima 3adaua ne ucnoavdyemcs npu doxasamenrvcemese meopemavs L aycca.

(a)* Kopuu mMHOrOUI€HA 4-0f CTENEHU C PAIMOHAJBHBIMU KO3(bhUIeH-
TaM¥ TOCTPOUMBI TOT/Ia W TOJBKO TOTIA, KOTJA €r0 KYOUYeckas pe3osbeeHma
[9, 14| umeer pannoHaAJIbHBL KOPEHb.

(b) JTroboe mocTponMoe YUC/IO SIBJISIETCS aireOPanIecKuM, T. €. KOPHEM He-
KOTOPOT'0 MHOTOUJIeHa, ¢ 1esibiMu Ko dunuenramu. (13 sroro u qokaszanuoii B
1883 r. JIummemanoM TPaAHCIIEHIEHTHOCTH YUCJIA 77, BJAEKYIEH TPaHCIEeHIeHT-
HOCTBb YHCJIa /7, BBITEKAET, UTO 3ajada O KBaJpaType Kpyra HepaspenmMma
[UPKYJIEM U JINHEHKOIA. )

(¢) (I. HYesrnokoB) JlemuH KaJIbKy/IsATOP MOJIYYAeTCst 13 KOMILIEKCHOTO IayC-
coBa JT00aBIeHNEM KHOIKY M3BJICUEHUsT KYOMTIeCKOTO KOPHST M3 KOMITIEKCHBIX
quces1 (KOTOpast J1aeT BCe TPH 3HAUEHUs] KOPHsI). [ PUIINH KaJIbKYJISITOD II0JIy-
YAeTCsi U3 KOMILIEKCHOTO TayCcCcoBa J00ABJIEHNEM KHOIKU HAXOXKIEHUSI 110 KOM-
3z — 423

1— 322"
Byner s MHOXKecTBO «JIeNMUHBIX> YHCE] COBIAIATH ¢ MHOXKeCTBOM «I'puru-
HBIX» !

IIJIEKCHOMY YHCJIYy a BCEX TPEX KOMIIJIEKCHBIX KOpHefI YpaBHEHUA a =
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(d) (T Yesrnokon) Eciu Henpusogumblii Hag Q MHOrOWIEH pacKJia(bBaeT-
4 4
ca nay Q[ /2] posHo Ha werkpe MuOKHTENs (HenmpuBomuMBIX HaT Q[ /2]), To
CTEIeHb HTOI0 MHOIOWIEHA JIEJIUTCS Ha 8.

Vrasanue x Chb. Ilycrts a=a; u b=by — mocrpoumble uucia, a P u @ —
MHOTOYJIEHBI C PAIMOHAJIBHBIMU KO3(PDUINEHTAMI MWUHUMAJIbLHOW CTEIEHN,

KOPHSIMU KOTODBIX SIBJISIOTCs cOOTBeTCTBeHHO a u b. Ilycrs ag, ..., a, — Bce
oCTaJIbHbIe KOMILIEKCHbIE KOPHI MHOTOUIeHa P, a by, . .., b, — Bce ocTagbHbIe
KOMILJIEKCHBIE KOPHM MHOTOWIEHa (). 3aMeTumM, 9To

a + b — kopenb mHOTOWIEeHA P(2 — b1) - ... P(x — by),

a — b — xopennb mMuoroutena Pz +b1)-... - P(z + by),

ab — KOpeHb MHOI'OYJIEHA P(%) Ce P(bﬁ),

n
% — KopeHb MHOTOWIeHa P(xby) - ... - P(zby,),

/@ — Kopenb MuorouTena P(x?).

OcTasmoch oKa3aTh CIEYIONee BCIOMOTATEILHOE YTBEPK ICHNE.

Jlemma. ITycrs R(x,y) — MHOTOWIEH OT JBYX IIEPEMEHHBIX C PAIMOHAJb-
HbIME KO3 durimentamu, a by, bs, ..., b, — BCe KOMILUIEKCHbIE KOPHH MHOIO-
wieHa () ¢ panuoHaJbHBIMU KoddduimenramMu. Torma MHOTOYIEH OT OJHON
nepementoii R(xz,b1)R(x,b2) ...  R(x,b,) TakxkKe numeer paruoHaibHble KO3h-
unmeHTHI.

[TEPBOE IOKABATEJ/IBCTBO HEBO3MOYKHOCTU B TEOPEME ['AVCCA

Imo dokaszamenbcmeseo Haubosee NOTOIHCE Ha JOKA3AMEALCTNEO G03MONHCHO-
cmau.

D1. Yucso cos(27/7) He mocrponMo (3HAYUT, HPABUJILHBINA 7-YIOJBHUK
HE TI0CTPOUM).

D2. Ilycrs n = 4k+3 upocroe. Oboznaunm f; = €+~ %. HazoBeM parzom
ITOCTPOUMOTI'O YUCJ/Ia HAUMEHBIIYIO JIJINHY MUHUMAJILHOM OEeIMOYKMN KBaJIpaTud-
HBIX PACHIMPEHUH, MOCe/IHee MHOKECTBO KOTOPO COMAEPKUT JaHHOE UHUCIIO.

(a) Hnst smo6oro k wmcio ff 4 f¥ 4+ + f(];—1)/2 PALOHAJILHO.

(b) Tlocse packpbiTusi CKOODOK ¥ IPHUBEJEHUS ITIOJOOHBIX B BbIPAYKEHUH

(x— f1)(x — fa) ...+ (¥ — f(p—1)/2) TIOTyTaeTCA MHOTOUIIEH C PATTHOHATLHBIME
K03 duImenTaMu.
(c) Panru uncern ¢,€2,...,eP~! onuHaKOBEL

(d) Pamrn wmcen fi, ..., f(p—1)/2 OTMHAKOBHL.
(e) Hucio cos(2m/n) He nocTponMo.

D3. O6osnaunm € = cos(27w/13) 4+ isin(27/13), g = 2 — nepBoobpasHbIit
KOpEeHb 10 MOIYJII0 13,

0 3 6 9 1 4 7 10 2 5 8 11
Ag=¢e9 +e9 +e9 +e9, A1 =¢9 &9 +e9 +e9 udy =% +e9 +e9 +e9 .
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(a) A%:4+A1—|—2A2, A% :4—|—A2—|—2A0 I/IAA2 :4+A0+2A1.

(b) Yucama Ay, A1, Ag SBIAIOTCS KOPHSIMH HEIIPUBOJIMMOIO KyOHYECKOTO
YPaBHEHUS C PAIMOHAJBHBIMEA KOI(DDUITNEHTAMMA.

(¢) Yucna Ag, Ay, A2 UMEIOT OJMHAKOBBIIl PaHT.

(d) Yucmo cos(2m/13) He mocrpoumo.

D4. Yucio cos(27/p) He mocTpouMo Jijist

a) p =3 -2 + 1 npocroro.

b) p mpocroro, p # 2™ + 1.

c) p = 289.

d) uncia p, He SIBJISIIOIIErOECsS IPOU3BEIEHUEM CTEIIeHH JBOMKY U PA3/INY-
HBIX HMPOCTLIX duces Buma 2™ + 1.

(
(
(
(

Pewenue D1. PaccMoTpuM KOMIJIEKCHOE YHCJIO
e = cos(2m/7) + isin(27/7).
Tak Kak € # 1, TO YUCJIO € YIAOBJIETBOPSIET ypaBHEHUIO 6-0if cTernenn
S+ttt +e?+e+1=0.

Paznesmum obe uactn ypasuenus na €°. ITomoxKum

fi=e+el, rormacitet=f2-2ud+e3=fl?+e2-1).
[Monyuyum Kybudeckoe ypaBHEHUE

f(fP=3)+(f?—=2)+f+1=0, moecrp f3+ f2—2f—1=0.

Kanaunarer Ha parnmoHajibHBIe KOPHU 3TOr0 ypaBHeHus f = +1 orBeprarorcs
nposepkoit. Coryracao Teopeme C3e 0 KyOMYeCKMX ypaBHEHUsIX 4ducio f =
= ¢ + ¢! e mocrpommo. TlosToMy u € He MOCTPONMO (TIOSICHHTE).

Yrasarnus x D2. (a) Mamgykiws no k.

(b) Crenyer u3 mynkra (a) u 3 TOro, 4TO JIOOOH CHMMETPHIECKHI MHO-
rOYJIeH OT MEPEMEHHBIX f1, f2,. .., f(p—1)/2 PAIMOHAJIBHO BBIPAXKAETCA e€pe3
MHOTOUJTEHB! BUIA [ + f§ + - + f(';_l)/?

(c) Tak kak juist mobbIX s,t € {1,2,...,p — 1} cymecrByer Takoe k, 410
g% = (¥, To panrnu umcen ¢,¢2,...,eP~! onuHAKOBLL.

(d) Tax xax €° + £~* pammoOHAIBHO BBIPayKaeTca HUepes € + £ 1, To s
mo6bIx s,t € {1,2,...,p— 1} uncio £° 4 &~ ° panuoHaIbHO BbIPAXKAETCS Yepe3
gl + ¢~ (amamornuno npuseeHHOMY perienuio 3agauu D1). TTostomy panru
ancesn fi, ..., f(p—1)/2 ONMHAKOBBI.

(Bamerum, uto k(e +e71) =1ke — 1.)

(e) Iycre r := rk f;. BHauuT, I HEKOTOPOI NENOYKU KBaJpaTHIHBIX
pacmupenuit

fs:as"i‘ﬁs\/aa rae oy, Bs,a € Qr_1, \/&gQrfl Hﬁs#o
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Torma uncio f, = a5 — Bsy/a TakKe SBISETCS KOPHEM PacCMaTPUBAEMOIO
MHOTO4JIeHa (110 JIeMMe O ConpsizkeHnn ). [T0CKOIbKY

Bs #0, To O‘s_ﬁs\/a#as“‘ﬁs\/aa T.e. Ts#fs-

Urax, xopru fi,..., f(,—1)/2 PasbuBaioTcs Ha Mapbl CONPS?KEHHBIX. 3HATUT,
(p — 1)/2 gerno — nmporuBopeUne.

Yrazanus x D3. (a) HokazkeMm nepByio domyity (ocTajbHbIE JOKA3BIBAIOT-
cs1 amajgornyno). 3amernm, uto g% = —1. TlosTomy

A= (9 4 e (7 4792 =
—oq et p e ot p et Lo 4 e9) (e ) = 4+ Ay + 24,
[TocyieHee paBeHCTBO BEPHO, MOCKOJILKY
(890 + Sgﬁ)(€g3 + Sgg) _ 590+93 + €g3+g6 + E964’»‘99 + EgnggO _
= Ego+g3A0 = €g8A0 = AQ.

(B obenx dopmynax mpeocieHne paBeHCTBa BEPHBI, ITOCKOILKY ¢ = 2.)

(b) Hoxaxure, uto Ag + Ay + A, A%+ A2 + A%, A3+ A3 + A3 parm-
OHAJIBHBL.

(c) Momb3ysick myrkToM (a) u Tem, uro Ag + A; + As = —1, nokaxure,
4TO0 I060€e A; panmoHaJbHO BRIparkaeTcs uepes Jjioboe Aj.

(d) Pemenne momygaercs n3 myHKTOB (b) U (€) aHAJOIMYIHO PENICHUIO 3a-
nagu D2e.

Bor ujest gpyroro pemnienusi, He UCIoJb3ytoiiero nyHkT (c). Ilycrs auncio
Ay nmeer panr r. CompsizkeM ero OTHOCUTENbHO (Qr_1. Iloaydennoe uwmciio
6yner ogunm u3 uncen A; (mosicuure). Teneph J1erko MOHATH, 9TO “HCIa A;
pasbUBAIOTCA Ha IAPHI CONPSIKEHHBIX, T. €. HX YeTHOe HHCJIO0, 9TO HEBEPHO.

Yrasanua x D4. (a) Anamormano 3amade D3.
2

(b) Tpemnomnoxkure, uro aas p = 2Fr + 1 umcio cos T nocrpomnmo (rae
p

r > 1 — HedeTHOe uncJi0). BoiBeure U3 91010, 4T0 YMNCIa

A= 469 4o e

@2k —1yr+i .
9 , 0<ig<r—1

HMMEIOT OJMHAKOBLIHA PAHI' U sBJIAIOTCS KOPHSIMU MHIOYJIEHA CTEIEHU I C Palll-
OHAJILHBIMHI KO3 DUITHEHTAMA.
(c¢) Pacemorpure uncia

0 17 272
Ag=¢Y +e9 +---+ev
1 18 273
Ay=¢Y +e9 +- e,

288

16 33
A16:Eg +€g +"‘+€g
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BTOPOE JOKA3ATEJILCTBO HEBO3MOYKHOCTH B TEOPEME ['AVCCA

Hoes amozo dokasameavcmea svipaxcaemcsa NOHAMUAMU NOAA U PA3SMED-
HocMUu NOASA.

E1. IHosem (amuciioBbiM) HasbIBaeTCsl IOIMHOXKeCTBO MHOXKecTBa C KOM-
IJIGKCHBIX YUCEJI, 3AMKHYTOE OTHOCUTEILHO CJIOXKEHUsSI, BBIYUTAHHUSA, YMHOMKE-
HUST U JICJICHHS.

(a) Cremyromue MHOXKeCTBa ABISIOTCA HOIAMI: (Q, MHOXKeCTBO MOCTPO-
MMBIX 9HCeJl, MHOYKECTBO BemecTsennbix uncest, Q[v2] := {a+ V2 | o, 3 €
Q}, kaxmoe Qf B IENOYKE KBaJIPATHIHBIX PACIIMPEHUN U

2 L. 2
Qle] := {ap + a1e + age® + - - - + a12e'? | a; € Q}, Fﬂe€=COS£+181DT§-

(b) JTro6oe moste comepxut nose Q.
(c) JToboe mose, comepxxatee /2, conepxut Q[v/2].
(d) JTroboe moste, comepxarree €, cogepxur Qe

E2. Pasmeprocmoro dim F' ions F' naszbpiBaeTcst HamMenbItee k, s KO-

TOPOTO CyIIECTBYIOT Takue bo, b3 ..., b € F, aro
F = {a1+06252+043()3+"'+06kbk | o E@},

ec/iin Takoe k CyIIeCTBYET.

(a) dimQ = 1.

(b) dim Q[v/2] = 2.

(¢) B nenouke KBajpaTuIHbIX PACIIUPEHUI

dimQr =2dim Q1 npm k > 1.

(d) B nernouke kpajaparuunpx pacmupennii dim Qp = 2871,
(e)* Eciim G C F — nogist, To dim F' gesurest va dim G.
2£
13
(b) Ecm dim Q]cos % + isin %r] < 12, o P(e) = 0 151 HEKOTOPOIO MHO-

E3. (a) dimQeos =% +isin 27 <12,

rouwrena P ¢ panuoHasbHbIME KObUIMEHTaMH CTelleHn MeHbIe 12,
(c) Muorounen ®(z) := 22 + 21 + ... + 2 + 1 menpusonum may Q.
Ykasanue: ecam He mostydaercs, To ucnosbayiite semmy Laycca n npusHak
Ditzentreiina (CM. HIXKe).
. 27 ..
(d) dim QJcos 13 Tisin

2

7] =12
(e) Yucno cos(27/13) He mocTponmo.

E4. (a) Jlemma Taycca. Eciun MHOrOWIEH € IesibiMu K03 HIIeHTaMI
HEIPUBOAUM HaJ{ Z, T0 OH HenpuBouM u Haj Q [14].
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(b) ITpusnax Duserwmetina. Ilycrs p nupocroe. Eciau st MHOrOWIEHA €
eJbIMU Kod(pPUIUEeHTaMI CTAPIIAY KO3(MMUITUEHT He JIeJIUTCST Ha P, OCTa b
HbIe JeJIATCA Ha P, 8 CBOOOIHBII U/IeH HE JEJUTCS Ha P>, TO STOT MHOTOHUJIEH
HenpusoauM HaJ 7 [14].

. 27 .. 27
E5. (a) dim QJcos g T isin %] = 272.

(b) BbiBe/ure M3 mpebLAyIIUX IIYHKTOB, 4T0 4ncyo cos(27/289) ue mo-
CTPOMMO.

(c) Jokarkure HEBO3MOXKHOCTEL B Teopeme ['aycca.

Yrasanue x E2. (c) Jdokaxkure, 4ro
Qr ={a1 + agb | a1, a0 € Qp_1} st moboro b € Q — Qp—1.

(d) Cnexnyer u3 (a) u (c).
(e) Pasmeprocmovro dim(F : G) mons F majx mosieM (G Ha3BIBAETCS Hal-
MeHbIee k, 77 KOTOPOro CyIIecTBYIOT Takue by, ba, ..., by € F, aro

F = {a1b1 + aoba + asbs + - - - + oy | o € G},

ecain takoe k cymecryer. Jokaxkure, uro dim F' = dim G dim(F' : G).

Vkasarua x E3. (a) 1+e+¢e2---+e2=0.
(b) ITo onpeseseHno pa3sMEPHOCTH CYIIECTBYIOT TaKue

2 L. 2
bi,...,b11 € Q[COS% —i—zsm%] u oy € Q, gro
et = ajiby + ajobs + -+ ajibin aa = 1,2, 12,

[TosToMy cyTIecTBYIOT Takue paruoHaIbHBIE dg, 1, - - - , 12, He Bee paBHbie 0,
q9T0 Gg + 1€ + -+ + anan = 0. /g noka3areabCcTBa MOCJIEIHETO YTBEPXK Ie-
HIA MOJCTAaBbTE BBHIPAXKEHHs /I €' B HOC/eHee PABEHCTBO, IPUpPaBHSATe K
HY/II0 KO3 PUIUEHTHI IpH b1, ...,b11 U JOKAXKATE, UTO MOJyIeHHAsT CHCTEMA
ypaBHEHUI NMeeT HETPUBHATILHOE PAIMOHAIBLHOE PEIleHIe.

(c) Hpumennre npusnak Diizenmreiina K maorowieny ((z + 1)1 —1)/x n
semmy laycca.

(d) Caemyer uz (a), (b) u (c).

(e) Caemyer u3 (d) u E2d.

Vrazanue x E4b. Tlpeamonoxure MpOTUBHOE W BOCIIOJIB3YHATECH METOIOM
HEOIIPE/IEJIEHHBIX KOI(MDDUITNEHTOB.

Vxaszanue x Eba. Anamornuno pemternio 3amaun E3d. okaxkwnre Henpu-
BoytIMocTh Muorowtena ®(z) = 1+ 217 4+ 234 + 251 + ... + 2272 5 Bocrob3yit-
TeCh eil.
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Hosrle n3panns

«MATEMATUYECKUN OMHUBYC»

Wsnarenscreo MITHMO roroeut niepesoj kauru C. JI. Tabaunukosa u /1. b. @yk-
ca «Maremarudaeckuit omunbyc». Knnra cocrout n3 30 Cio:KeToB, ITOCBSIIEHHBIX PA3-
JINYHBIM Pa3jiejiaM MaTeMaTuku. B 3Tor Beimyck «MaremMarndeckoro mpoCBeeHusi»
BKJIFOYEH [T€PEBOJI OJIHOM 13 TJiaB KHUIM. [IpuBeeM Takzke OrjiaBjeHHe KHUTH.

Yacre 1. Anrebpa u apudmMeruka

T'naBa 1. Apudmernka u KOMOMHATOPUKA,

1. BoiBatoT s pUOIMBUTENTHHO PAIIHO-
HaJIbHBIE YUCJIA?!

2. Apudmernra OGUHOMUAIBHBIX KOID-
bunmenTos.

3. O mnpusemennn mOHOOHBIX, Jilepe,
Taycce, MakmonaJb/ie 1 yIIymeHHbIX BO3-
MOYKHOCTSIX.

I'maa 2. MuorodaeHsl

4. YpaBHeHUs TPETheil U 9eTBepTOil CcTe-
[IeHn

5. YpaBHEHUS MATON CTEIEHN

6. CKOJIbKO KOpHEN MOKeT ObITb y MHO-
roayieHa’?

7. Muorousenst Yebbimesa

8. T'eomerpusa ypaBHeHUit

Yactp 2. ['eomerpust u TOmOIOTUsT

Inapa 3. Orubaromue 1 0COOEHHOCTH

9. Touku BO3BpaTa

10. Bokpyr deTbIpex BepIIUH

11. CerMeHTHI HOCTOSHHOM ILJIOMIAIN
12. O mrockux KpUBBIX

I'naBa 4. PasBepThIBatonmuecs: moBEpXHO-
CTH

13. I'eomerpus aucra Gymaru

14. Bymaxknas neata Mébuyca
15. O cknajpiBanun Oymaru

I'maBa 5. Ilpsambie

16. IIpsaMble HA TTOBEPXHOCTIX
17. IBaanarh ceMb IPSMBIX
18. I'eomeTpus TKaneit

19. ®opmyna Kpodrona

InaBa 6. MuOrorpanamkm

20. KpuBnsua u MHOTOTpaHHUKI

21. HeBnucbiBaeMble MHOTOTPAHHUKHI
22. MoxHo Jin u3 Kyba CJejaaTh TeTpa-
sap?

23. HeBo3MmoxKHBIE 3aMOITIEHUST

24. ZKecTKOCTH MHOTOT'PAHHUKOB

25. VsrubaemMble MHOTOTDAHHIKH

I'maBa 7. JIBe yJIuBHUTEJIBHBIE TOIOJIOTH-
JecKre KOHCTPYKITUH

26. Porarasi ccpepa Asekcaniepa
27. BeiBopaunBanme KOHyCa,

I'masa 8. O6 saucax u 9/IJIMICOMIAX

28. Bumuapibl B 9JIIUTICAX U Te0Ie3Ude-
CKIU€ Ha 3JUIUIICOUIAX

29. Ilopuswm Iloncesne u apyrue Teopembl
O 3aMBIKAHUN

30. 'paBuTaIIMOHHOE TIOJIE SJITUIICOUIA
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BajaTh ceMb TPSIMBIX

C. JI. Tabaunukon . B. ®yke

1. BBEJAEHUE

Hexkoropbie noBepxHocTu crernenu 2 (OJHONOJIOCTHBINA MUIEPOOION]T) TIeIH-
KOM COCTOSIT M3 IPSIMBIX JIMHUI, O0JIee TOro, OHU 06a2+cAbl AUHETNAMbL.

Eciin MBI IpuaepKuBaeMcst aJIredpanIecKoro Moaxona K TeOMETPUM, TO II0-
cJie TIOBEPXHOCTEN CTEMeHN 2 CJICIYIOIIUM ITAIIOM JIOJI2KHBI OBITH ITOBEPXHOCTHU
crenenn 3. Ho Torjga kak reoMerpust IOBepXHOCTEl (U, €CTECTBEHHO, KPUBBIX )
BTOPOIi cTeneHn ObLIa XOPOIIO IIOHATA IPEKAME THICIN JIET Ha3al, CUCTeMAaTH-
YecKoe u3ydeHre IOBEPXHOCTel (M KPUBBIX) TPeTbeil CTeleHn HAYaI0Ch JIUII
B XIX Beke.

HebiHe umeroTcst KHUTH, TOCBSIIEHHBIE <«KyOuueckoil reomerpun» (oTMe-
tum “The non-singular cubic surfaces” B. Segre [4] u «Kybuueckue dopmbi»
1O. 1. Manuna [1]). Kybudeckast reomerpusi BecbMa OTJIMYAETCSH OT KJIACCH-
JeCKOi «KBaJIpaTUIHON reoMerpun». B 1acTHOCTH, KyOU1IeCKHe TOBEPXHOCTH,
BOOOIIe TOBOpsi, He JimHeldaTel. Ho BCE 2Kke OHU cojiepKaT OOIIMpPHBIE, XOTsI
1 KOHeuHble, ceMeiicTBa npsiMbix. (Kcrarn, moBepxHOCTH CTElEHN BBIIIE TPeX
00bI9HO He cojiepkar npsiMbIx.) Teomerpsr XIX Beka, B wactHocTn CanMoH 1
K»sjin, Hamm orBeT Ha €CTeCTBEHHBIN BOIIPOC:

CKROABKO NPAMDBIT COOEPHCUM NOBEPTHOCTL cmenenu 37

OrBer: 1BaJIIIATH CEMb.

2. «CKOJIbKO?» — VJIAYHBIN JI1 9TO BOIIPOC?

OH uMeeT CMBICI B a.42e0pauteckoti 2eomempuu, T. €. B TEOMETPUN KPUBBIX
U IIOBEPXHOCTE, 33/JAHHBIX ajredpandecKuMu (IIOJMHOMUAJILHBIMU) ypaBHe-
nusgmu. Takue KpUBbIe U MOBEPXHOCTH UMEIOT CMeENneHb, KOTOpas pPaBHA CTe-
IIEHU TTOJIMHOMA.

Hampumep, ckoJIbKO 0BIIIUX TOYEK UMEIOT JBe MpsiMble Ha miockoctu! Cire-
JlyeT OTBETUTH — OJIHY, XOTsI MOKeT ObITh 1 0 (ecim mpsiMble TapaJiiesIbHbI)
i 6eCKOHETHOCTH (€C/IM OHU COBIAJAIOT). B epBoM ciydyae MOXKHO CKa3aTh,

['taBa u3 kunru «Maremarndeckuit omuudyc». Ilybukyercs ¢ j1ir06e3HOr0 pa3pereHust
aBTOpOB. IlepeBon B. P. ®penkuna.

MaTemaTunyeckoe npocseweHue, cep. 3, Bbin. 12, 2008(145—160)
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9TO O0Ias TOYKa «OECKOHEYHO yIaJieHay, U BCE 2Ke y4aecTb ee. [losTomy oTBeT
pasen 1 unu oo.

Paccmorpum Temepb KpUBYIO CTEIEHU JIBA. DTO MOXKET OBITH 3JIINIIC, 'H-
repbosia, mapabosia Win 4To-HUOYIbL Oojiee BBIPOXKJIEHHOE, BPOJIe MAapPhI IIPsi-
MBbIX. MOXHO CKa3aTh, 4TO KpHUBas CTeleHn 2 mMeeT ¢ npamoit 2, 1, 0 uan
6eckomnedno MHOTO o0mux Toduek. Ho ciaydganm 1 m O cropubl. Hajautame Tosib-
KO OJIHOM O0Ilelt TOYKM O3HAYAET, UYTO MMeeTCd JUOO KacaTe/lbHas, T.e€. JIBe
COBIIABINIAE TOYKW, JINOO TpsiMasi, MapaJuiejibHas aCUMITOTE TUIIEPOOJIbI WK
ocu 1mapaboibl; B MOCAEIHAX CIydasixX «BTOpasi TOUKa» OECKOHETHO y/IajIeHA.
OrcyrcTBre 00IIeil TOYKHM O3HAYAET, 9TO HA CAMOM Jiejie ODIe TOIKH — KOM-
[JIEKCHBIE (MMEIOT KOMILIEKCHBIE KOODIMHATHI, YIOBJIETBOPSIOIINE Y PABHEHUAM
IpsiMOiil M KPUBOIi) nir GECKOHETHO yJIaJeHHbIe (9TO MPOUCKO/IUT, €CJIU HaIla,
npsiMasi — acuMiToTa runep6ossl). Ho ecim Mbl yauThIBaeM KayKyl0 TOUKY
HY>KHO€ KOJINUYECTBO Pa3 U He 0TOPAChIBAEM KOMILJIEKCHBIE U DECKOHETHO Y/ia-
JIEHHBIE TOYKHU, TO HAIl OTBET: 2 MJin HECKOHETHOCTD.

AHasornvHo, KpUBbIE CTENEHel M U N JIOJIKHBI IMETh N 1 GECKOHEYHO
MHOT0 06Imux To4Yek (reopema Besy).

Hedopmanbao roopsi, eciu 3ajiada u3 ajredpanvdeckoil reOMeTpUn UMeeT
KOHEYHOE YUCJIO PEIICHUH, TO KOJIMYECTBO PEIICHUNA 3aBUCUT JIAIIL OT CTeIlCHel
COOTBETCTBYIOIINX KPUBBLIX U MOBepXHOCTE. Pazymeercs, 9T0 mepecraer Bbl-
MIOJIHATHCS, €CJIM HAC WHTEPECYIOT JIUIIb GEUW,ECMBEHHBIE PEIIeHUs . YTOo XyXKe,
B HEKOTOPBIX 3a/lavdaX He MOTYT BCe peIlleHns OBbITh BelecTBeHHbIME. Harpu-
Mep, U3BECTHO, YTO KPUBasi TPEThEH CTENEHH, HE CO/IeprKalllas IIPAMOM, nMeeT
poBHO 9 Touek meperuba. Ho BermecTBennbl u3 Hux He 60jiee Tpex. Kpupas
TPEeTbell CTEIEHN C TPEMsi BENIeCTBEHHBIMH TOYKAMH Iieperuba IMoKa3aHa Ha
puc. 1. s ynobcTBa ynraTesis Mbl IOKA3aJd aCUMITOTY KPUBON U OTMETUIIN
TOYKH meperubda CTpeKaMu.

3

Puc. 1. Kpupas x> = zy? + y ¢ orMevenHbIMz TOUKaMH 1eperuoa,
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3. OCHOBHOW PE3VJILTAT

TEOPEMA 1. [osepxrocmov cmenenu 3 codepotcum 27 uau OECKOHEUHO
MHO20 NPAMBIL.

4. BCITIOMOTATE/IbHAS 3ATAYA: JIBOWHBIE KACATEJ/ILHBIE

JlBoiinasa KacaTejbHast K KPUBOH WJIU IMOBEPXHOCTU — ITO IPsiMasi, Kaca-
TeJbHas K Hell B ABYX PA3JIMYHBIX TOYKaX. 10YKa KACaHUs YIUTHLIBAETCI KaK
JiBe WjIH OOJIbIIIE TOYEK IEPEeceveHusi MPSMON ¢ KPUBOH HJIU TOBEPXHOCTHIO.
[TosToMy KpuBbIe M HOBEPXHOCTH CTEIIEHW HUXKE UETHhIPEX HUKOIIA HE UMEIOT
JBOMHBIX KacaTeJIbHBIX, HE COJIEPKAINXCS B HUX.

BAKHOE HABJIFOJIEHUE. JlBoliHas KacaTejabHasl K IOBEPXHOCTU CTEIIEHH
3 COIEpPKUTCS B 3TOH MOBEPXHOCTH.

PaCCMOTpI/IM Tellepb KpUBbIE CTEIICHU 4 Ha IJIOCKOCTH.

Bormroc. CkoiibKo JBOMHBIX KacaTe/JbHbIX IMEET KpuBas creneHu 47
Orser: 28.

He craneM nmpuBOAMTH HOJTHOE JOKA3aTEIbCTBO 9TOr0 (bakTa. OrpaHnInMCcst
IIOCTPOEHUEM KpUBOI cTerieHu 4 ¢ 28 gew,ecmgaerHHvMU, KOHEUYHDMU, DA3AUY-
HOLMU JIBOMHBIMEU KacaTeJbHbIMU. PaccMOTpPUM MHOIOYJIEH

plz,y) = (42 +y* — 1)(2? + 4y* — 1).

Ero crenensb paBra 4. YpasHenue p(z,y) = 0 onpejesisier Ha MIOCKOCTH «3JI-
JINTUYeCKuil kpecT» (cM. puc. 2, ciesa). Kpecr menur miockocts Ha 6 06Jia-
creit. Qyuknust p(x, y) MOJOKATETbHA BO BHEITHEH (HEOrpDAHMIEHHO ) 00J1aCTH
U B IEHTPAJBHON 00/1aCTH, a B JIEIeCTKaX OTpHUIATeIbHA. BO3bMeM OYeHb Ma-
JIOE TIOJIOZKUTEILHOE € U PACCMOTPUM KpuByto p(x, y)+e = 0, Takxke crenenu 4.

p-dp

Puc. 2. Iloctpoenne KpuBoit
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Puc. 3. 28 gBoriHbIx KacaTebHBIX

OHa COCTONT U3 YeThIPEX OBAJIOB BHYTPH JIEECTKOB IPEIbLLyIero kpecral).
DTH OBaJIbI OYEHb OJIM3KY K TPAHUIAM JIEIIECTKOB.

Kazkiple J1Ba oBajia uMeoT (He MeHee YeM, HO B JIeHCTBUTEbHOCTH POBHO)
4 0obmux KacaTeJbHBIX: JBE BHEIIHUX U JB€ BHYTPeHHHX. [Ipu 3TOM OBaJjbl
He BBIMYKJIbI (nx dopma Ou3ka K (GopMme JIeNeCTKOB), U K KaXKJIOMY U3 HUX
uMeeTcs IBOiHAsA KacareabHad. MToro:

4
444 =28,
(o) 4+

5. TTOBEPXHOCTU CTEIIEHU 3 U KPUBBLIE CTEIIEHU 4
IIycrn S — IOBEPXHOCTH CTEleHN 3, 33 IaHHAsT YPaBHEHHUEM

p3(l‘aya Z) +p2($7ya Z) +pl(x7yv Z) +c= O)

rje pi1,pP2,P3 — OJHOPOJHBIE MHOI'OWIEHBI cTenleHH 1, 2, 3 COOTBETCTBEHHO.
[Tpeanonoxum, aro 0 = (0,0,0) € S, To ecrb ¢ = 0. PaccMoTpuM HEKOTOPYIO
IpsIMYT0, TpoxoaAtLyio depe3 (); oHa COCTONT M3 TOUEK C IPOTOPINOHATbHBIMA
KOODJIMHATAMU, CKAXKEM

r=at, y= pt, z = 7t (aaﬁ/y) 7é (070’0) (1)

Ora npsiMasi mepecekaer S B HyJle U ellle ABYX ToYKax. Kciu 3Tu aBe TOYKU
COBIIQAIOT, IIOMETUM HaIly IpAMyIo. TakuM 0b6pa3oM, KayKiasl ITOMeYeHHast
psiMast mepecekaer S B HyJle, KacaeTcst S B HEKOTOPOI Touke T U He UMeeT ¢

1

)TepMI/IH «OBaJI» 9acTO 0003HAYAET 3aMKHYTYIO CTPOrO BBIMYKJIYIO IIQJIKYI0 KpUBy. B
BEIECTBEHHOM aJiredpanvecKoil TeOMeTPUU OBaJI aJirebpandecKoil KpUBOM — 3TO ee KOMIIO-
HEHTa, OTPAHNYUBAIOAA TOIOJIOTUIECKUAN KPYT.
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Puc. 4. IIpoekust 1oBepXHOCTH Ha SKPaH

S obmux Totuek, kpome 0 u T'. PaccMoTpuM mepeceveH st TOMEIeHHBIX TPIMbIX
¢ HEKOTOPBIM 3KpaHoM. [losrygaem Ha SKpaHe KPUBYIO, KOTOPYIO 0003HaIUM L
(puc. 4).

Takum obpasom, ectu P € L, To npsimast, npoxoagmas depe3 0 u P, ka-
caercst S B Hekoropoii Touke T'(P) € S. Bamerum, uro ecm | — npsiMas,
KacaresbHas K L B Touke P, TO IJIOCKOCTB, cozepkamias 0 u [, kacaercs S B
rouke T'(P).

Temeps mokazkem, 9To KpuBasi L mMeer creredb 4. YTobbl HaiiTH mepece-
venue upsiMoit (1) ¢ S, noxcrasum (1) B ypaBhenue st S:

p3(a,ﬂ,’7)t3 +p2(0[,ﬂ7’y)t2 +p1(a,ﬂ,’y)t =0.

OnHO U3 pelrreHnii 3TOro ypapHeHust paBHo 0, a 1Ba JIPYTUX COBIAIAIOT TOTIA
U TOJIBKO TOTJa, KOTJa

D(a, B,7) = p2(a, 3,7)% — dps(a, B, 7)p1(a, 3,7) = 0.

ITepecevenue npsivoit (1) m miockocTn z = 1 orBevaer 3Ha4YeHUIO ¢ = 7~
(eciim v = 0, TO mepeceveHUs HET; ITO UMEET MEeCTO Jisi «GeCKOHEYHO y/ia-
JICHHBIX» TOYEK Ha L, KOJIMIECTBO KOTOPBIX PABHO 4). DTO mepecetdenne nMeer
koopauHatsl (z,y,1), tne x = o/, y = (/7. Ypasuenue D(a, 3,7) = 0 mox-
no 3amucars B Buge D(z,y,1)y* = 0, To ectb D(z,y,1) = 0. D10 ypasuenue
UMeeT CTelleHb 4.

1

IIycres Temepn | — omma u3 28 ABOWHBIX KacaTeabHbIX K L, a Pi, P — ee
Touku Kacanusi. [1j0ckocTsb p, conepxkaias 0 u [, kacaercst S B roukax T'(Pp)
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Puc. 5. Ot jBOiiHBIX KacaTeJIbHBIX — K HPSMBIM Ha IIOBEPXHOCTH

u T(Py) (cm. puc. 5). CremoBarenbro, npsiMasi, poxojsimas depe3 1'(Py) u
T(P,), kacaercs: S B 9THX TOYKAX. DTO BO3MOXKHO, JIUIIb €CJIU OHA COJEPIKUTCS
B S (cM. Baxnoe HaburojieHne B paszese 4). DTo J10Ka3bIBAET HAIILY TEOPeMy
3a BBIYETOM II0CJIE/IHETO, 1 JIOBOJILHO HEOXKHJIAHHOIO, BOIPOCA.

6. JIBAJIATHL BOCEMb UM JIBAJLIATH CEMb?

Kazajock 6b1, MbI TocTpomyin 28 HpsIMbIX, Jexkammx B S. [Tokaxkem, aro
OJIHA U3 HUX — MUPaxK.

Kro moxer mopyuntsest, uro ecm P = (x,y,1) € L, ro T(P) # 07 Pa-
BercTBO T'(P) = () BEPHO B TOM U TOJILKO TOM CJlydae, eciu mpsiMasi (1) umeer
TpoiiHoe nepecedeHue ¢ S. DTO 03HAYAELT, UTO ypaBHEHUE

p3(xa Y, 1)t3 +p2($7y7 1)t2 +p1(x7yv 1)t =0

WMeeT TPU COBIIQJIAIONINX pelenud: t1 = to = t3 = 0; mocjiegHee MPOUCXO-
JIAT TOTJA W TOJBKO Torja, Kormua pa(z,y,1) = 0 u pi(x,y,1) = 0. Dru asa
YPaBHEHHUSI OIMCHIBAIOT MIPSAMYIO U KPUBYIO CTEIIEHU 2 B IIJIOCKOCTHU C KOOPJIUHA-
TaMHU T, Y; TIO3TOMY IMeEETCsI JBa PeIleHns. ['eoMeTpriIecKn 3TO 03HATAET, UTO
CYIIECTBYIOT ABE€ IIPAMBIX, IIE€PECECKAIOIINX S JIUIIIb B HYJI€: BCE€ TPpU TOYKU IIE-
pecedeHust CJIMBAIOTCS. DTHU JIBE MIPSIMbIE TTOPOXK AT KACATEIBHYO IIJIOCKOCTh
Po K S B HyJIe; OHH IIEPECEKAIOT ILIOCKOCTb 2 = 1 B JIByX TOYKaX KpPUBO# L,
a IJIOCKOCTD P( IEePeCceKaeT IIOCKOCTh 2z = 1 1o mpsMoii, KacaTeabHoi K L B
9THUX JBYX TOYKAX. JTa JIBOIHAas KacarejlbHas K L He COOTBETCTBYET HUKAKOMN
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npsimoit Ha S. TakuMm 06pa3oM, MbI ITOJIyIaeM «TOJIBKO» 28 — 1 = 27 mpsiMbIX
Ha S.

7. BCE 9TU NTPAMBIE MOI'YT BbITb BEIIECTBEHHBIMU

Paccmorpum nmosepxHocTh
3 3 3 4
A" +y’ +2°)=(e+y+2)+3@@+y+2). (2)
Omna nokazaHa Ha puc. 6; BepTUKAJbHASI OCh HA 9TOM PUCYHKE — «JIHATOHAJIbY
r=y ==z
TEOPEMA 2. Ilosepzrocmv (2) codepotcum 27 6euecmEeHtvls NpAMbLT.
Bcee 27 npsiMbIx, JiesKalux Ha [OBepXHOCTH (2), MOKasaHbl HA pUC. 7 —
MOXKETE WX IePEeCUYNUTaTh. DTOT PUCYHOK, OJHAKO, BBINVISIIUT JOBOJBHO Oec-

IIOPAIOYIHBIM; TeM HE€ MEHee, IIPUBEJCHHOC HMXKe JO0Ka3aTeJILCTBO TCOPEMBI 2
MOZKeT IIPOJINTH HeKOTOprfI CBET Ha KOHCTPYKIUIO NPAMBIX U UX IIOBEJICHUEC.

JIOKA3ATEJILCTBO. eBATb U3 MPAMBIX OYEBU/IHBI:

w {rZ° @ {*2" @ {22"

Yy=-—-z = —X r=—-Yy

o{,2L  e{ZL e{I,
(7){:‘”:_1 (zs){y:_1 (9){22_1

Yy=-—-z Z=—X r=—Yy

(KazK/1ast M3 9TUX CUCTEM YDPABHEHUIT NMeeT CJIeICTBUEM 34 y3 +2B3=x+ Y+
+z=(x4+y+ 2)3). OTH npsiMble JIe’KAT B TPEX NapalIeIbHBIX IJIOCKOCTSIX:
z+y+z =0, 2+y+2 =1, x+y+2 = —1; B 1epBOil U3 ITUX IJIOCKOCTEMN IIPSAMbIE
nepecekatorest B Touke (0,0,0), a B ABYX Apyrux o6pas3yioT paBHOCTOPOHHUE
TPEYyroJbHUKH.

Ocrabable 18 npssMbIX 0003HAYNM, JIJIs yI00CTBa B JaJIbHENIIeM, Oy KBAME

a, b7 ..., I IHGCTB "3 9TUX IMPAMBIX UMEIOT IIPOCTbIE YPaBHEHUAI:
z=0 . Yy = z=0
) . _ @95 _ (b) ¢ _
y=z2+1 z=x+1 r=y+1
x=0 y=20 z=0
(&) . _ (k) § _ (€) 3. _
y=z—1 z=x—1 r=y—1

(Yrobbl HaiiTh 9TH ypaBHEHUs, PACCMOTPUM II€pecedeHust moBepxuocTu (2) ¢
mwrockoctamu z = 0, y = 0 u z = 0. Hanpumep, moacrasum & = (0 B ypaBHEHUE
(2): 4(y3+23) = (y+2)2 +3(y + 2), orxyzna 322 +3y> = 3yz(y+ 2) +3(y + 2),
nosromy mbo y + z = 0, mmbo y? —yz + 22 = yz + 1, re. (y —2)? = 1,
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Puc. 6. Kybnueckast moBepxaoctnb (2)

Puc. 7. IloBepxHnocts ¢ 27 npsiMbIMU
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y—z = £1. OnHo U3 Tpex NnoJyUYeHHbIX ypaBHeHuil 3a1aer upsimyo (1), a asa

apyrux cosnagaor ¢ (f) u (g). Ciayuan y = 0, z = 0 aHAJIOTUYHBL. )
VpaBHEHHsI OCTABINUXCSA 12 TPSMBIX BKJIIOYAIOT «30JI0TOE CEYEHUE» @ =
1++5

5 OHu UMET BUJ,

=y + 2) = ¢(z + 1) . [z=¢(+y)
(a){y:ercp (e) =T+ ) r=y+typ
o {20 @ w {720

y=z+¢ =z+ T=y+
( z=—¢p Yy +2) y=—¢ '(z+2) N z=—¢p Hz+y)
y=z—¢p " z=x—¢p ! r=y—¢ !

(mpeziocTaBIsieM YUTATENO MOJCTABUTH 9TH 12 paBeHCTB B ypaBHeHHe (2) n
IPOBEPUTH, YTO HOJIyYEHHBIE IIPSIMBIE JIEZKAT Ha TOBEPXHOCTH).

Junarpammbl Ha puc. 8, 9 MOKA3BIBAIOT CevUeHUs HaIlleH moBepxHocTu 12 pas-
JIMYHBIMU IIOCKOCTSIMU BuJa & + Y + 2z = const (C IeHTpaMu B TOYKax BHJA
x =y = z). [lokazannl Takxke ciaepl npsambix (a) — (r). Moxk#o BHIETH, ITO
B KaxkJIoif u3 obuiacreit  +y + 2 > 1 u 4+ y + z < 1 HOBEPXHOCTH COCTOUT
U3 «IEHTPAJIBHON TPYOBI» U TPeX «KPbLIbeB». B obmactn —1 <z +y+2 < 1
9TH KPbUIbsl CJAMBAIOTCS ¢ TPyOOil; B 9T0il obsacTu comepkarcss 9 MpsMBIX
(1)-(9). Cpemn ocranpHbIX 18 mpsMBIX ImecTh (TpU IHApPBI HapaIIeIbHBIX
(m)—(r)) nexkaT Ha KpbUIbsX, a 12 (mecTs map napasuieasusix (a)—(1)) — ma
neHTpasbHoil Tpy6e. Konduryparms sTux npsiMbix nmokasaxa Ha puc. 10. [

8. HEKOTOPBLIE JIPYTUE ITOBEPXHOCTU

CyiiecTByIOT U Apyrue KyOHMYecKHe IIOBEPXHOCTH C OOIIMPHBIMHU CeMeii-
CTBAMU BEIECTBEHHDBIX MPAMBIX. KpaTKo 00CYIUM HEKOTOPBIC U3 HUX.
Paccmorpum cemeiicTBo moBepxHOCTER

By —l=a@ty+z-1)>3% (3)
TEOPEMA 3. Ecau o > i u o # 1, mo noseprrocmo (3) codeporcum 27
BEULECTNEBEHHBLT NPAMDBIL.

JOKABATENBLCTBO. Tpu upsambix odeBugub: {z = 1, y = —z} u eme
JIBE, TIOJTy9aeMble IIePeCTaHOBKOM IIePEMEHHbBIX T, 1/, Z. BIe JeThbIpe IMeoT BU
{z =u,y+2z =0}, {zr = 1,y+uz = 0}, rjie u — o/jHO U3 peleHnii KBaIPATHOIO
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r+y+z2="7
h e
g f
r+y+z2=3 z+y+2=0.6
1k b a
{ d 7 m
j c lgj Fa
ey {h
Ip=—"ef D

Puc. 8. Ceuennsi nosepxuocru (2)
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r+y+z=-1

r+y+z=-7

Puc. 9. Ceuenusi nosepxuocru (2), npojgo/kenne
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k1
J
2 ab
h c
g d
f e
\\
b € 5

@

Puc. 10. IIpssmbre HA Tpybe

ypDaBHEHMUsI
(@ —1)(u—1)% = 3u,
U elle BOCeMb BHOBB II0JIyYal0TCs IIEPECTAHOBKOI &, y, z. Hakowrert, erme derbipe
uveror B {x + v (y 4+ 2) =0}, {y — 2 = 2v — 3} (y + 2)}, Te v — oswO U3
YETBIPEX PEIICHUH ypaBHEHUs
(4a —1)(v?* = 1)% = 302,
a IIePeCTaHOBKA MIEPEMEHHBIX I, Y, Z OISsTh JaeT elle BOCeMb IPsIMbIX. Bcero

rnoJrygaercst 27. [

B ciyuae ae = 1/4 ypasHenue (3) 3a/1a€T HOBEPXHOCTH € «OCOOBIME TOUKA-
mu» (1,1,1), (1,—-1,-1), (=1,1,—1), (=1,—1,1) (B oKpecTHOCTH KaxKJOi U3
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9TUX TOYEK [OBEPXHOCTH MOXOxka Ha KoHyc). Ha 9Toil moBepxHOCTH MMeeTcst
mamb 9 npsvbix: {z = 1,y = 2z}, {z = L,y = —z}, {r = -1,y = —z}, u
MOXKHO IOJIy9HUTh €Ile MEeCTh, MEHss MECTaMU T, Y, 2.

Cayuait @ = 1 ocoberro mHTepeceH. UToOBI MPHUIATH 3TON MOBEPXHOCTH
6oJiee IPUBJIEKATEIBHBIH BU/I, CJIe/IyeT BLIOpATh (HENPSIMOYTOJIbHYO) CHCTEMY
koopmHat, B Koropoii Touku (0,0,0), (1,0,0), (0,1,0), (0,0,1) (mpunaiexa-
I7e TIOBEPXHOCTN) SIBJISIOTCS BEPINHAMY [IPABIJILHOTO TeTpasdipa. Tormaa Bce
CUMMEeTPHUHU IPOCTPAHCTBA, OTOOPArXKAIOIINe TETPAdApP B ceOA, OTOOPAXKAIOT 1
IOBEPXHOCTD B cebd. [IpenocraBiseM YnTaTeI0 HAATH yPaBHEHHUS IIPIMbIX Ha
9TOI OBEpXHOCTH (CM. ympaskHeHue 1).

9. KOHOUTYPALIUA 27 IPAMBIX

Jlerko BugeTh u3 puc. 8, 9 u ocoberro 10, 9To Mexkay 27 UPSIMBIMH HMe-
eTcst MHOTO Tiepecedennii. Ha camom meste 3Tu mepeceveHus MOIINHEHBI OYU€HD
CTPOIMM IIPaBUJIaM, OJMHAKOBBIM JIJIS BCeX KyOm4yeckux IoBepxHocreil. Kak
OOBIYHO, HE OyIeM pa3nvaTh IIepeceKarolnnecs W HapaJlie/IbHble MpsMble 1
IOTOMY OyJIleM NOBOPHUTH HE O IIEPECEKAIOIINXCsI, & O KOMIIJIAHAPHBIX ITPSIMBIX.
IIepBoe ux CBOMCTBO OYEBUTHO.

TEOPEMA 4. Ecau xaxue-mo dee npamvie Ha Hawet NOSEPTHOCTNU KOM-
NAGHAPHDBL, O HA NOBEPTHOCTU CYULLCTNEYEM ewe POSHO 00HA NPAMAL, NPU-
Hadaesrcawas moti oce NAOCKOCU.

JIOKABATEJ/ILCTBO. Ilepeceyenne KyOWYecKOil MOBEPXHOCTH C ILJIOCKO-
CTHIO SABJIIETCST KyOMYIeCKOl KpUBOil Ha ILJIOCKOCTH, T. €. ONPeeIsieTCs ypaB-
HeHueM crernenn 3. Ecyi 9To repecevueHne COAEPXKUT JBe pa3/IMIHbIE TIPsIMBIE,
TO YpaBHEHHE KPUBOU JICJIUTCA HA YPABHEHUSA IIPAMBIX, U IIOCJIE JICJICHUS MbI
IOJIy9aeM ypaBHEHHUE CTEINEHU 1, KOTOPOe OIpeesisieT TPETHIO MPAMYIO. O

Cremyromasl TeopeMa IOJTHOCTHIO ONMCBHIBAET CBOMCTBA, KOMILIAHAPHOCTH
paccMaTpUBaeMbIX MPSIMBIX.

TEOPEMA 5. Iycmo £1 — aobas us 27 npamvix Ha Kybuveckotl nosepr-
nocmu S

(1) Cywecmeyem posno 10 npamvir va S, Komnaanaprvix ¢ £1; 0603HaAwUM
ux lo, ..., 011. U3 smuz 10 npamur moocHo cocmasums 5 nap 63aUMHO KOM-
NAGHAPHBLT npamoix bo, €s; L4, l5; .. .5 L10,€11. Huxaxue dpyeue dee npamovie
cpedu by, ..., 011 HE KOMNAGHADHDL.

(2) Kaotcdan uz ocmanvrvir 16 npamwx 12, . .., lar Komnianapha poeHo
¢ 000t npamol u3 kascdol napve 6 (1). Jaa aw0bvr d6yx npamwr cpedu
lio, ..., Uo7 KoAUMECTNBO NpAMBET cpedu Ly, ... 011, KOMNAGHAPHBLT ¢ 0beuMuU,
HEYEMHO.
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(3) se npamwvie cpedu lya, . .., Ly Komnaanapuv mozda U Moavko mozda,
xo0eda cyuiecmeyem posHo 00Ha npamas cpedu Lo, ..., 011, KOMNAGHAPHAA C
obeumu, (M. €. 6 JAHHOM CAYUAE HEUEMHOE KOAUECTNEO U3 ymeepacienus (2)
pasro 1).

SamedaTeIbHO, UTO BCE 9TU YTBEPKJEHUS CIPABEJINBLI HE3ABUCUMO OT
TOrO, KaKyIo U3 27 IPsIMBIX B3STh B KauecTBe (1.

Mpur e OyzieM JOKa3bIBATL ITY TEOPEMY, HO JJIsi [IOBEPXHOCTH U3 pasjesia 7
ee MOYKHO ITPOBEPUTH € MOMOIIBIO auarpamm (puc. 7, 9, 10) u/uau ypaBHeHwMii.
Hampumep, npsaMast a KOMILTaHAPHA ¢ KaXKI0N U3 TPSIMBIX

(1),5; (5),h; (9),d; b,r; j,n.

3iech MoKasaHbl TAKKE MATh ap B3aMMHO KOMILIAHAPHBIX HPAMBIX. JIiobast
13 OCTAJILHBIX IPSMBIX KOMILIAHADHA C OJHOM IPAMOIl U3 Kaxkaoil napnl. Ha-
IpUMED:

npsiMasi ¢ kommuianapua ¢ 1, (5), d, b, j;

npsivas f kommianapaa ¢ 1, (5), 9, r, n;

npsimasi m kommianapsa c 1, (5), d, r, n.

ITarepku npsIMBIX, KOMILIAHAPHBIX ¢ ¢ ¥ f, cogep:kar ML OmHY OOILYIO
npsmyio (5), u npsmbie ¢ u f kommmanapuer. HanpoTus, msTtepku HpsiMbIX,
KOMIUIAHAPHBIX C € ¥ M, cojiep:kaT Tpu obmux npsmMeix 1, (5) u d, u npsivbie ¢
1 M He KOMILIAHADHEL.

Hekoropbie jpyrue cBOHCTBA PACCMATPUBAEMBIX TPSAMbBIX BBITEKAIOT U3
TeopeMbl 5. IIpemocrapiseM UX 9UTATEII0 B KAYECTBE yIIPasKHEHMA.

)

10. 3AKJIFOYEHUE. /IPYTUE NMEPEYUC/IMTE/IBHBIE [TPOBJ/IEMBI B
AJITEBPAUYECKON 'EOMETPUU

[Tpobiembl mojICUeTa KOJUIECTBA aNredpandecKux KPUBBIX JIAHHON CTe-
neHu (CKaykeM, IPSIMBIX), [IePECeKAIONUX HEKOTOPbIe JPYyrue KPUBbIE U /M
KacaTe/IbHBIX €I1e€ K KAKUM-TO KPHUBBIM, CTAJIM HBIHE BECbMa IIOIYJISIPHBIMU
BBUJy UX 3HAYEHWs] B COBPEMEHHOI TeopeTmdecKoil ¢dbusmke (KOHKpeTHee, B
KBaHTOBOW Teopuu 10Jist, cM. |2, 3]). 3ech Mbl KpaTKO OBCYMM OJHY U3 Ta-
KUX 1pob/ieM, KOTopash WHTEPECHA HEOXKUJIAHHBIM OTBETOM M JpaMaTHYIeCKOil
ABYXCOTJICTHEH! mcropueil.

Bonpoc. laubl 5 KOHUK (= 3JUIAIICOB, Tunep6od1, napabos). CKoJIbKO Ko-
HHUK KacaTeJbHbI KO BCEM UM

(ITouemy 57 Iloromy uro myisi 4 KOHUK KOJMYECTBO OOIIUX KACATEIbHBIX
KOHUK OECKOHEYHO, & J/IsT TUIIMIHOTO ceMeiicTBa n3 6 KOHUK BOOOIIE HE CyIIe-
CTByeT ODIMX KacaTebHbIX KOHUK.)

Ora npobiema ObLia Brepsbie paccmorpena Ilreitnepom. B nagasne XIX
BEKa OH OIlyOJIMKOBAJI CBOM PE3yJIbTaT: CylnecTByeT 7736 Takux KoHUK. OIHaKO
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9TOT OTBET MHOI'MM Ka3aJICsi COMHUTE/ILHBIM. epe3 HEeCKOJIbKO IeCITUICTUH
nocyie paborwl lTeiinepa ne 2ZKoHKbep MOBTOPUJ €0 BHIKJIAJIKU W ITOJTYIUII
nHoit pesynbrar. Ho pemyramnust [lreitHepa B cpejie MATEMaTHKOB ObLIA CTOJIb
BBICOKA, 4TO Jie 2KOHKbep He pemuiicst omyO/IMKoOBaTh CBOIO pabory. B komIe
KOHIIOB IIPaBUJIBbHBIN oTBeT ObLT Haiijsen B 1864 r. Ilamem: cymecrByror 3264
KOHUKH, KacaTeJbHbIe K O JaHHBIM KOHHKAM.

IITab, ogHAKO, YUUTHIBAJI KOMILJIEKCHBIE KOHUKH, M OCTAJIOCH HESICHBIM,
CKOJIBKO M3 HUX MOryT ObITh BerecTBeHHbIMU. B 1997 1. Ponra, Tonbonu u
Byct namum cemeiicTBO U3 5 JLIUICOB, /I KOTOPOro Bee 3264 KacaTebHBIX
KoHuKHU BemecrBeHHbl. A B 2005 1. BesbiuHrep oKa3asi, 9To sl ceMeicTBa
U3 5 BEIMECTBEHHBIX KOHUK C IOTAPHO HEIePeCeKAONUMUCT BHY TPEHHOCTAMUI
He MeHee 32 u3 3264 kKacaTeJbHbIX KOHUK BEIIECTBEHHBI.

11. VIIPAXKHEHUS

YIIPAYKHEHUE 1. Haiijjure ypaBHeHHs BCeX NPSIMBIX Ha IOBEPXHOCTH
B+l —1l=(+y+2z-1)>3

Yrazanus. (a) CymecrByer jumb 24 OpsIMBIX Ha 9TON MOBEPXHOCTH;
OCTaJIbHbIE 3 OKA3bIBAIOTCH OECKOHEYHO YIAJIEHHBIMU.

(b) Yepes KaxK/1y10 BEpIINHY TeTpPasIpa, OMHCAHHOTO B pasjese 8, MPoxXo-
JAT POBHO TPH NPSMBIX; OHHU NapaJJIeIbHBI TPEM CTOPOHAM T'DaHU, ITPOTUBO-
[TOJIOYKHOM 9TO# BepinuHe. DTO JaeT 12 MpsaMbIX.

(¢) YpaBHeHUsI OCTATBHBIX 12 MPSIMBIX COIEPIKAT 30JI0TOE CEUCHHE.

VYIPAXKHEHUE 2. Haitnnre npsimble Ha TOBEPXHOCTH
zyz + B +y? + 22) = 7.

YHPAYKHEHUE 3. Cpejin 27 npsiMbIX HA KyOUYIECKO# TOBEPXHOCTH UMEET-
¢l POBHO 495 KOMIIJIAHAPHBIX TPOEK IPSIMBIX.

Sameuarue. Hekoropble KOMILIaHAPHBIE TPORKU U3 pasjesa 7 COCTOST U3
IPSIMBIX, KOTOPBIE IIPOXOJSAT Yepe3 OJHY TOYKY (TaKuX TPOEK CeMb) WJIU II0-
napHO MapasiiebHbl (Takux Tpoek Jse). Cielyer paccMaTpuBaTh 3TH CBOJi-
CTBa KaK CJaydJaifHble, Ha MPOU3BOJILHON KyOMIECKON MOBEPXHOCTH TAKOTO HE
IIPOUCXO/UT.

YHPAYKHEHUE 4. MakcuMmasibHOE KOJIMIECTBO MOIAPHO HEKOMILJIAHAPHBIX
npsiMbIX paBHO 6. CyIecTByeT pOBHO 72 TaKUX IIECTEPKH.

YIOPAX>KHEHUE 5. KommiecTBo mepecTaHOBOK 27 MPSIMBIX, KOTOPBIE TIepe-
BOJISIT KOMILTAHAPHBIE IIPsIMble B KOMILIaHApHbIE, pasHo 51830 = 27 . 3% . 5.
(DT mepecTaHOBKU 00OpA3yIOT IPYIILY, U3BECTHYIO B T€OpHUU TPyl Kak Fig.)
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a-JInaMeTphl 1 TypaHOBCKHE Ipadb

C. B. lN'amkos

1. BBEAEHUE

HazoseMm  a-duamempom IPOU3BOIBHYIO APy TOYEK MHOMKECTBA, PACCTO-
sIHMe MeXKJly KOTOPbIMHU He MeHbIe al), rjge D — nuamerp 3Toro MHOXKECT-
Ba (MAKCHMAJbHOE PACCTOSTHUE MEXKJY €ro ToukaMmu). MakcnmmasbHOe 9HCIIo
a-1MaMeTPOB Yy M-3JIEMEHTHOIO ILIOCKOro MHOXKecTBa obosmadnMm Na(a,n).
[Ipenpinyinee onpe/iesieHIe OYeBUHO MOXKHO BBECTH ¥ IIPOCTPAHCTBEHHOM CJLIy-
Jae (Torjia B 0003HAUEHUSIX HOSIBIISIETCS HHJIEKC 3).

3ajaua 0 BBIYMCIIEHUH MAKCUMAJIbHOIO YHCJIA A-UAMETPOB Oblia [OCTaB-
nena II. Opaémenm [1] (n BrociencrBum nM ke pemeHa). Tak Kak oHa coBep-
IIEHHO dJIeMEeHTapHA, TO MIPEJICTABIIAET HHTEPEC JIazKe IS MIKOJILHUKOB, U He
ciydaiino, 4to ee pOpMyIMPOBKa 10sIBUIACh B 3ajadnuke [2|. Oquako pere-
HUSI 9TO}i 33/[a4N TaM HET, BEPOSITHO [IOTOMY 9TO paboThl DPJENia U COABTOPOB,
CoJleprKallie ee pelenne, okasaanch nenspecrubiMu V. M. frimomy B Moment
HAIlMCAaHUs KHUTH [2].

ABTOp HacTOAIIEH 3aMETKI OKOJIO JIBAJIIIATH JIET Ha3a/l IPUIyMaJl ee Pellle-
HEe (KaK BBISICHUJIOCH BIIOCJIE/ICTBUU, B OCHOBHOM COBIIJIAIONIEE C PElleHHeM
Opéina, YTO He YIAUBHUTENBHO), KOTOPOE KAYKeTCsl HEOECIIOIe3HBIM BMECTe CO
CBSI3HHBIMA C HUM JIDYTUME HHTE€PECHBIME 33,/Ia9aMU [IPE/JIOKNTH BHIMAHUIO
anraresst).

st bopMyTHpOBKE T€OpeMBbI TOHAI00UTCS OJIHO OLPEIesIeHne, a JJist J10-
Ka3aTeIbCTBa — OJ(HA JIeMMa, (Ha CAMOM JeJie 9T0 U3BecTHas Teopema Typana).

Omupegennm ko (a) Kak HanboOJIbIIEe TUCIIO TOUEK B INIOCKOM MHOKECTBE, B
KOTOPOM J1106ast 1apa Touek obpasyeT a-juamerp. AHAJIOIMYHOe OlIpejieIeHre
MOZKHO BBECTH U JIJIsl TPEXMEPHOro (1 Boobiie d-MepHOro) npocrpascTsa. s
KPaTKOCTH MHJIEKC, YKa3bIBAIOMINIT Pa3MEPHOCTD, JIAJIee OILyCKAETCS.

Do Y3HaJ O CYyIIECTBOBAHUN YeThIpeX paboT DPIEIia ¢ COABTOPAMU, IOCBSIIEHHBIMHA STOR
sagade, or A. @. CumopeHko, KOTOpbIit Torna emre 6b1 B MOCKBe, U XOTsl OH JIFOOE3HO J1aJ1
MHE ITOCMOTPETH 3TU pabOTHI, s HE JOraJajics 3allicaTh UX aJpeca, W MO3TOMY ceiiyac He
3HAIO, KaK CJ/IeJIaTh Ha HUX CCBUIKY B Oubamorpadum.

MaTemaTunyeckoe npocseweHue, cep. 3, Bbin. 12, 2008(161—175)
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2. TEOPEMA DPJEIIA OB OLIEHKE MAKCUMAJIbHOI'O YUCJIA
a-JJUAMETPOB

TEOPEMA 1 (9pakmn — [Iowm — TYPAH). Jaa awbozo a, 0 < a < 1, u
n==k(a)g+r, 2de 0 < r < k(a) u q — yeroe wucao, cnpasediuso pagercmeo

k(a) —1

r(r—1)
2k(a) '

N(a,n) = 5

(n® —r?) +

st iokazaresibCTBa HUZKHEI OIEHKU JIOCTATOYHO yKa3aTh N-3JeMEHTHOe
mHO)kecTBO ¢ N (a,n) muamerpamu. O6o3naunm K (a) kakoe-unbynb k(a)-sme-
MEHTHOE MHOXKECTBO, B KOTOPOM Jobasi mapa TOueK obpasyer a-/[aMerp.
CyIrecTBoBaHNe TAKOIO MHOXKECTBA BbITEKaeT U3 oupejesenus k(a), U3 Hero
TaKyKe CJIEJyeT CYIIECTBOBAHME IOJIOKUTEILHOIO €, TAKOIO YTO PAaCCTOSHHE
MeXKJIy JI0ObIME JBYMsi Toukamu u3 MHOxkecTBa K (a) Gombine ad + (a + 1)e,
rae d — muamverp K (a). Iycrs n = k(a)g+r, 0 < r < k(a). Onumem okpyx-
HOCTH pajiryca €/2 ¢ neHTpaMn B Toukax MHoxkectBa K (a). BHyTpn Kax ot
U3 IepPBBIX T OKPYXKHOCTE(l BbiGepeM 10 ¢ + 1 Touke ([0JIydeHHbIE MHOKECT-
Ba ToueKk obosmaunm My, ..., M,), a BHyTpH KaxkJ0il n3 octaibHbIX k(a) — 7
OKpYZKHOCTEl BbIOEpeM 0 ¢ To4YeK (LOJIyueHHbIe MHOXKECTBa TOYEK 0OO3HA-
anM Myiq, ..., My a)). O6bequnenne M yKazaHHBIX MHOXKeCTB M; COIepKUT
(¢+1)r+q(k(a) —r) = gk(a) + r = n Touek. s m0OBIX AByX TOUEK X,y U3
[OJIyY€HHOI'0 MHOYKECTBA PACCTOsIHUE MeXKJly HUMHU B CHJIy HEPABEHCTBA Tpe-
YIOJIBHUK He Gosibie d + €, HOITOMY JIHAMETD 9TOrO MHOXKECTBa He DOJIbIIe
d + €. Ecim x,y B3aTHl U3 pasHbIX MHOXKeCTB M, TO COIVIACHO HEPABEHCTBY
TPeyroJbHUKA PACcCTOsiHIe MeX Ly = 1 y Goubine ad + (a+ 1)e — e = a(d + €),
nosroMy Jirobasi apa TOYeK U3 PasHbIX MHOXKecTB M, obpasyer a-jmamerp
muOkecTBa M. Tak Kak 9muco map TOYEK, NPUHAJJIEXKAIIUX OJHOMY MHOXKe-
crBy M;, pasno (¢+1)q/2 st ¢+ 1-371€MeHTHBIX MHOXKECTB, 1 paBHO ¢(q—1)/2
JIst OCTaJIbHBIX k(@) —T MHOXKeCTB, a obIiee JucsIo nap Touek pasHo n(n—1)/2,
TO YHUCJIO G-JIUAMETPOB He MEHbIIe

n(n—1)/2=r(qg+1)q/2 = (k(a) — )¢ —1)/2 =
2 2
= W(n —rf)+ —
Hukxnuss onenka JJoKa3aHa.

JLns noKasareabCTBa BePXHEH OIeHKU B IIPOU3BOJIBLHOM N-3JIEMEHTHOM MHO-
JKECTBEe OTPE3KH, SIBIISIOIINECS] (-IraMeTpaMu, MMOKPAacuM B Oesblii I[BET, a
ocTajibHble OTpe3KH — B depHblii. VI3 onpenesenus k(a) ciaemyer, 9ro B 9TOM
MHOXKECTBe He cyIecTByer k(a) + 1-371eMeHTHOrO MOJIMHOXKECTBA, BCE OTPE3KN
KOTOPOro 6eJIoro IBeTA.

IIpumensst caemyronyo gajgee TeopeMy TypaHa MmojaydaeM BepPXHIOIO
OIICHKY.
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3. TEOPEMA TYPAHA OB RKCTPEMAJIBHBIX 'PA®AX

DTa TeopeMa sIBJISIETCsT OJHOM M3 MMEPBBIX TEOPEM TEOPHUH IKCTPEMAIbHBIX
rpadoB (3Toit TeopUK yrKe OCBSIIEHBI IeJIble KHUTH, HarpuMep Kuura B. Bosi-
sgobama Ertremal graph theory, HO Ha PyCCKOM si3bIKE, KAXKETCs, UX [IEPEBOJIOB
He T10s1BJIsIOCh). JlokasanHas B 1941 roxy Teopema Typana [3] qoBosibHO 10-
IyJIsipHa B JIMTEpPATypPe, CBSI3aHHOU ¢ Teopuelil rpadoB, y HEe M3BECTHO MHOT'O
JIOKa3aTeIhCTB, €CTh OHA W B HEKOTOPBIX KHUTAX HA PYCCKOM SI3bIKE, HATPU-
Mmep B [4-6] (B mocsenneit, npasa, 6e3 nokazarenncrsa). Ho obiensBecTHoil,
HoXKaJlyil, ee cunTaTh Hesib3s (J1a U J10Ka3aTesbeTBa B [4,5] HanmcaHbl Tak, 9To
UX HENpPOCTO BOCIPUHSTDH, HE BHUKAs B KOHTEKCT), OTOMY HPEICTABJISIETCS
pa3yMHBIM JIaTh €€ 37eCh C JIOKA3aTEeIbCTBOM (KOTOPOE, KaK HEIABHO CTAJIO
HOHSITHO aBTOPY, BeCchbMa OJIM3KO K JI0KA3aTeIbCTBY U3 [7], U JoKa3aTeabeTBy
camoro Typana).

TEOPEMA 2 (TYPAH). Ompesku, coedunanusue napov. mMovex n-2AeMmeHm-
HO20 MHONCECTBA, NOKPAWEND 8 OeAbill U “epHull ysema mak, 4mo cpedy
20001 e2o k + 1 mouex natidemcsa xoms 6. 00Ha napa, coeduHeHHas OEAbLM
ompeaxom. Toz0a wepHbiT OMPe3ros Y 9M020 MHOHCECTNEA He DOALULE

k—1, o 2 r(r—1)
i
TR ) R
2den =kq+r, 0<r <k, q— yere wucao, npuvem 0is A00ux n,k ama
ouenKa docmu2aemca.

st jokazare/ibcTBa IPUMEHUM UHJLYKIWIO 110 n. Baza unaykiun (n < k)
oueuHa. [[lar nnaykiuu. Beibepem MakcuMajbHOE MOIMHOYXKECTBO, B KOTO-
pPOM BCe OTpE3KH MeXK Iy Toukamu depuble. Eciu B Hem menee k Todek, J0-
0aBUM K HEMY HECKOJILKO TOYEK, UTOOBI MOJYYUIOCH k-TOUETHOE MHOXKECT-
Bo K. Ocranbuble Toukn obpasyior (n — k)-togeunoe muoxkectso L. ITpu-
MeHsisi K HEMY IPEJIIOJIOXKEeHnEe WHIYKIUK, [OoJIydaeM 49TO B HeM He OoJiee
k—1
2%k
L Bo muO)ecTBO K BBIXOAUT HE Gostee k — 1 4epHBIX OTPE3KOB (II0TOMY, UTO
B IIPOTUBHOM CJiydae, 100aBiisis & K BbHIODAHHOMY MAKCUMAJIbHOMY ITOJMHO-
JKECTBY, MOJIydaeM OOJIbIlee MOAMHOXKECTBO, B KOTOPOM BCE OTPE3KH YEpHBIE),
IIO3TOMY ODIIee YMC/IO0 IEPHBIX OTPE3KOB HE OOJIBITIE

-1
(n — k)2 —r?) + 1«(7«27) YepHBIX OTPE3KOB. [IJIsi KaxKoil TOUKH & U3

k—1

= h)? =)+ D -y - 1)+ D =

2
E—1 r(r—1)
2%k 2
ITokazkeM, 9TO ONEHKa TEOPEMBI BCETAa MOCTHTaeTcd. JleiicTBUTENbHO,
pasobbeM M TOYEeK Ha r rpyml 1mo ¢ + 1 Touke m k — r rpymi mo ¢ Todex.
Touku u3 pa3HBIX PYII COEIUHUM YePHBIMU OTPE3KAMU, & TOUYKHU U3 OJHOMN

(n? —r?) +
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rpynibl — 6esbivMu (11osydaercs k-10JbHbL rpad, ecm UCHoIb30BaTh TEPMHU-
HOJIOTHIO Teopuu rpadoB; 3TO €IUHCTBEHHBIN Takoil rpad, y KOTOPOro JoJu
pa3/InIaioTCcs M0 KOJUIECTBY BepiuH He Gosiee yeM Ha 1). OueBumaHo, cpean
JoObIX k 4+ 1 TOYKM HalijieTcs mapa TOYeK, JieKalllue B OJIHON TpyIle U Co-
eJINHEHHBIE 1T03TOMY OebiM oTpe3koM. ObIree 4ncyio OeIbIX OTPE3KOB PaBHO
r(g+1)q/24+ (k—1)q(¢—1)/2 = (n(¢—1)+r(¢+1))/2, nosTomy obree ducsIo
YEPHBIX OTPE3KOB PABHO

n(n—1)/2— (n(g—1)+r(g+1))/2 =21

2k

Ha camowm nieste sKcTpeMasibHbBIN TYyPaHOBCKHIT rpad BCer/ia OIpeIesaeTcs
OJIHO3HAYHO. DTO MBI MPEJIOCTABIISIEM JIOKA3ATh UUTATE/I0 CAMOCTOSITEIBHO.

B knwure [8] mokazaresbctBo Teopembl Typana OmmyIneHo, «Kak He COIEp-
JKaITee BEPOSITHOCTHBIX aceKToB». C TOTO BpeMeHM HafiIeHbI U TaKue J0Ka3a-
TesIbCTBaA, CM. [9], ryie 9Ta TeopeMa BBIBOAUTCS U3 ciejyiomieil Teopembl Kapo
u Y.

O6o3HaunM d,, cTeneHb BepIIUHbL U B JaHHOM rpade (B Halllell TepMUHOJIO-
[HU 9TO YUCIO 0eAbiT OTPE3KOB, BBIXOJAINIMX U3 TOUKH V), U 9epe3 k — MaKCH-
MAJIBHBII pa3Mep He3a6UCUMO20 MHONCECMEaA 6epuiut B 9TOM rpade (B He3a-
BUCHMOM MHOXKECTBE HUKAKHUE JIBE€ TOYKHU HE COEJMHAIOTCA PeOpOM; B HaIleit
B HAaIlleil TEPMUHOJOTUM TO O3HAYAET, YTO UTO Ccpedu Jobbix ero k + 1 To-
9eK HaiifieTcst XoTs Obl OJIHA Tapa, COeIMHEHHAsST OEJIBIM OTPE3KOM, U HANRIETCS
MHOXKECTBO M3 k TOYEK, COeMHEHHBIX TOJIbKO YepHBIMU oTpe3kamu). Torma
CIIpaBeIuBa

r(r— 1).

2 2
(n®—r°)+ 5

TEOPEMA 3 (KAPO — V311). Umeem mecmo nepasencmeo

s

(%

Eme tpu nokazaresberBa Teopembl Typana umerorcs B [10].

Yacrubm cirygaeMm teopeMbl Typana (Ha camom jeste orkpsiroM B 1907 .
Manrenem [11]) sBasieTcs: ciefytonas TeopeMa, IIpeJjlaraBiiasics B KadecTBe
3ajiadn B 1969 1. Ha BceecorosHoit osimMmImuaie mKoJIbHUKOB 1ipu 1 = 20.

TEOPEMA 4 (MAHTEJIb). B komnanuu u3 n wesosek cpedu a100uix mpex
natidemcsa romsa 6w odna napa nesnaxomoix. Tozda “ucao nap sHAKOMOIT He
6oavwie n? /4.

Teopemy 3Ty HECTOXKHO JOKA3aTh [0 WHAYKIMU (LMOBTOPsist B 9TOM YacT-
HOM cJlydae JI0Ka3aTeIbCTBO ODINell TeopeMbl), HO y Hee eCTh KpacuBoe u 6o-
Jiee KOPOTKOE JI0KA3aTeJbCTBO, MPEITOXKEHHOe OOJITapCKUMHU MaTeMaTHKAMU
Xa/PKUMBaHOBLIM 1 HeHOBBIM.

Bot ono. Ilycts manboJibiiee Inuc/i0 3HAKOMBIX Y OJHOTO Y€JIOBEKa, PABHO
a. PaccMoTpuM 3TOr0o 4esioBeka M BCeX HE3HAKOMBIX ¢ HUM. QUYeBHIHO B 9TOM
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KOMIIQHUU 71 — @ 9€JIOBEK, a OCTaJIbHBIE ¢ YeJIOBEK He 3HAKOMBI JIPYT C APYTOM
(Tak Kak 3HAKOMBI C OJJHUM YeJI0BeKOM ). KazK Iblil 13 1epBoil KOMIIAHUN UMeeT
He 6oJiee @ 3HAKOMBIX, [I09TOMY OOIIee JUC/I0 ap 3HAKOMBIX He GoJiee a(n — a)
(Tak Kak 3HAKOMBIX, He IPHHAJJIEXKAIUX ITOH KOMIAHUM, ObITh HE MOXKET).
Ocraercst 3ametutb, uto a(n — a) < n?/4.

ITomoOHBIM 2Ke MeTOIOM MOXKHO J0Ka3aTh OoJiee o0Iee yTBEP:KICHHUE, STB-
JISIOIIeecsl HEKOTOPBIM ocJiabiieHneM TeopeMbl Typana (HO mpu n KpaTHOM k
COBIIAIAIONIEl ¢ Heil).

TEOPEMA 5. Ilycmwv 6 komnanuu us n wearoser cpedu aobwx (k+ 1) us
Hux natidemcs roms 6v, 00na napa mesnaromor. Tozda wucao nap 3HaKOMLT

He boAbWE k—1 4

2k

HeiicTBuresibHO, npuMeHnM HHAYKIuio 110 k. Baza unpykunu (k = 2) yxke
Jiokazana. Beimosinum mar wagayknun. [lycts nanbosibiiiee YUCI0 3HAKOMBIX Y
OJTHOT'O 1€JIOBEKa PaBHO a. PacCMOTPUM ITOr0 UeJIOBEKa U BCEX HE3HAKOMBIX C
HuM. OUEBUIHO B 9TOI KOMITAHUU 7 — G I€JIOBEK, & JJIsi OCTAJbHBIX @ UeJIOBEK
BEPHO CJIEJYIONIee: Cpesu JIObIX kK M3 HUX HafiyTcd nBoe He3HAKOMBIX. [lo-
9TOMY COTJIACHO IPEITOJIOKEHNIO WHIIYKITUN 0DIIee IUC/I0 3HAKOMBIX IIap BO

BTOpOfI KOMIIQHUU He OOJIbIIIe (12. Ka}K,ZLbIIU/I nus HepBOfI KOMIIaHMH IMeeT

2(k — 1)
HE 6OJI€€ a 3HaKOMBIX, HOSTOMy O6HL€6 qucCJI0 map 3HAaKOMBbIX HeEe 60ﬂee
k—2 o 2%k —2 ka ka 2k —2n? k=1 o
aln —a a = n — —_— = — N .
( )+2k—2 k 2k—2( 2k—2) Sk 4 2k

B knure [6] B Buse 3amadu (HO Ge3 pellleHust) IPUBEIEHO HEKOTOPOE yCH-
nenne TeopeMbl ManTens. B qactHOM cirydae n = 8 9ra 3a/1a4a Ipe/raraiach
aBropoM B 1983 roay na MockoBcKoil oimMmIinaie B CAeIyIONeM BHUJIE.

TEOPEMA 6. B npocmpancmee 6ubpano n movek, nHukakue 4 u3 HuUT He
aestcam 6 odnoti naockocmu. IIposeden |n?/4] + 1 ompesox, y xasicdozo u3
KOMOPHIT 0600 KOHUA ABAAOMCA SWOPAHHbMU Mowkamu. J[oKa3ams, wmo smu
ompesru obpasyrom ne menee [n/2| mpeyeosvnukos, npurem 60ALWEZ0 KOAU-
YECTNBA MPEY20NDHUKOE MONCEM, U He noayumvca. Ecau sce nposeden |n? /4]
OMPE3OK, O MPEY20NLHUKOE MOHCEM He Obimb 6000ULe.

Baech |z] = max{n :n < z,n € N} — dyuxuus yeaan wacmov crusy.

JloKa3aTesIbcTBO YUTATE/ b MOXKET HafiTh B COOPHHMKE 3a/ad MOCKOBCKUX
ommmma [13].

4. OTCTYILJIEHUE B CTOPOHY: IIPOBJIEMA TYPAHA

Typan mocTaBu C/IeAyONLYI0 TPOOIEMY, PellleHre KOTOPOoil 66110 ObI 0600-
mieHneM ero teopembl. Hyxkuo uaiitu T'(n, k,l) — HauMeHbIee ducio [-3me-
MEHTHBIX IIOAMHOZKECTB B JaHHOM 71-3JIEMEHTHOM MHOXKeCTBe En TaKHX, 9TO
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Jr060e k-371eMEeHTHOE TIOAMHOXKECTBO Fy, 00s13aTeIbHO COIEPKUT XOTS OBl OTHO
U3 3TUX [-3JIeMEHTHBIX MOJMHOXKeCTB (ceituac uncna T'(n, k, ) HasbiBaroTCs, pa-
symeercst, wucaamu Typana). B ciydae | = 2 nonydaercs B TOYHOCTH TeOpeMa,
Typana.

Ecian npousBosibHOMY [-3/1eMeHTHOMY HOAMHOXKecTBY M MHOXKecTBa Fj,
COTIOCTABUTH MHOKECTBO Sk (M) Beex k-3/1eMEHTHBIX TOIMHOYKECTB MHOKECT-
Ba F,,, conepxkamnux M, To 3amada Typana npepariaercs B YaCTHBIN crydait
obieit 3adavu 0 NOKPLIMUYU, TOYHEE 3aJa9h O HAXOXKICHUU MUHHMAJIHLHOI'O
ITOKPBITUS JIAHHOI'O MHOXKECTBA IOJMHOYKECTBAME W3 3aJIAHHON CHCTEMBI €0
HOJIMHOXKECTB. B KauecTBe 3T0ro MHOXKECTBa HY?KHO B3sTh MHOXKeCTBO Py (E;,)
BCex k-3JIeMEHTHBIX TOJIMHOXKECTB F,, 8 B KauecTBe JIaHHOW CHUCTEMBI ero M0/l
MHOKECTB — BCE OIIpe/IeJIeHHbIe BbIIe MHOKecTBa S)(M).

JIF00y10 KOHKPETHO 3aJ[aHHYIO 3aJ1a9y O MOKPBITUU MOXKHO PENIUTh TPU-
BUAJILHBIM II€PEOOPHBIM aaropuT™MoM. Ho Takme ajaropuTMmbl TPeOyIOT 9KCIIO-
HEHIUAJIBHOrO (OTHOCUTEJLHO MOIIHOCTU 3aJaHHOM CHCTEMBI IIOJMHOXKECTB )
YUCJIAa UCIIOJIB3YEMBIX B HUX 3JIEMEHTApHBIX oreparuii. CyIecTBoBaHme ajro-
PHUTMa, C IOJMHOMHUAJIBHBIM 9HCIOM OIE€PAIUil IS IIPOU3BOJILHOM 3a1a91 O I10-
KpPBITUH (U 1a’Ke MHOTHX €€ YaCTHBIX CJIy9aeB) IPoOIeMATHIHO — STOT BOIIPOC
pPaBHOCUJIEH TaK HasbiBaeMoii npobaeme 06 NP-noanome.(K s1oii e mpobiie-
M€ CBOJIUTCSI BOIIPOC O CYIIECTBOBAHUY MOJIMHOMUAIBLHOTO AJITOPUTMA HAXOJIS-
IIIero MaKCHMaJIbHOE HE3aBHCHMOE ITOAMHOXKECTBO B JIIOOOM 3a/JaHHOM r'pade;
[IPUMEPOM 3aJa9d O HAXOXKIEHUH MaKCHMAaJbHOTO HE3ABHUCHMOIO MHOXKECTBA
SIBJISIETCsT U3BECTHAS 38/1a19a O PACCTAHOBKE MaKCUMAJIBHOI'O UNC/IA HE YIPOXKa-
I0IuX JApyr Apyry depseit Ha maxmaTHOll jocke.) [Ipobiema 06 NP-niosnore
BUIUMO €Ille JI0JT0 Oy/IeT »KJATh CBoero pemrenus. [losTomMy He yIuBUTEIBHO,
qro Bonpoc Typana o BerancieHun Tounoro suadenust 1'(n, k, 1) B obmem ciy-
qae ToxKe IOKa ocTaeTcsd 6e3 orBera. HecKOoMbKO 9aCcTHBIX CIy9aeB, B KOTOPBIX
OTBeT M3BecTeH (JacTh M3 HuX Obuta HaiizeHna Karomoit, Hemerriem, Cumarno-
BuueM, a ocraibHble — A. @. Cujopenko), nepeunciensl B [12]. Cam Typan
upemnosioxui, uro 1(2n,5,3) = 2(2), HO KaXKeTCsl U 3Ta OYeHb eCTECTBEH-
Has THIOTE3a TOKa He JloKasaHa. Bepxuwe m nukuue onenku s 1'(n, k, 1)
upusejienbl B [8]. Hanbosee npocTyio u3 HUX, & UMEHHO

k
T(n7 k7l) > 7; / l bl

YUTATENb MOXKET [OIIPOOOBATH JOKA3ATh CAMOCTOSATEILHO.

B [8] BBesieHbI TaKkKe ele Tpu KOMOMHATOPHBIX YUC/Ia, ONPe/IeJIeH s KOTO-
PBIX NOXOXKH Ha omnpejesenne ducesn Typana T'(n, k,1). Hanpumep, wucao Ip-
déwa — Xananu M(n, k,l), B KaKOM-TO cMBbIC/Ie JBOiicTBeHHOE K unciy Typa-
ua T'(n, k,1). deiicrurensuo, T'(n, k,[) MOXKHO OpeieInTh KAK MUHAMAJIBHOE
YHCIIO [-MHOXKECTB, IIOKPBIBAIOIIUX Bce k-MHOXKecTBa, a M (n,k,l) onpenens-
€TCd KaK MUHHUMAJIbHOE YUCJIO k—MHO}KeCTB, IIOKPBIBAIOMIUX BCE l—MHO}KeCTBa



a-/luameTpbl U TypaHOBCKHE IDabl 167

(STO SHAYNT, YTO KaXK/0€ [-MHOYKECTBO COEPXKUTCSI XOTS ObI B OJHOM U3 BhbI-
6pannbix k-mHOXKecTB). TOT, KTO 3HAET, YTO TAKOE N-MEPHULT 080UYHbIT KYO
(uHOT 1A HA3BIBAEMBIiT 6y.A€atoM), 00€ ITH 3aa49H JIETKO CMOXKeT ChOPMYIUPO-
BaThb B TEPMUHAX MUHUMAJBHBIX IMOKPBITHH MHOYXKECTBA BCEX BEPIMHH Kk-CJI0sT
N-MePHOTO Ky0a BepIIMHAMU [-TO CJIOST B HA0DOPOT.

Yuraresb JIETKO caM JOKaXKeT, 9TO

M(n, k1) > (7)/(?)

PaBencrBo 3/1€Ch BOBMOXKHO TOrJIa U TOJBLKO TOTJA, KOTa CYIIECTBYeT TaKasi
cucreMa k-MHOXKECTB, B KOTOPOI JIIOOBIE IBa MHOXKECTBA HE UMEIOT OOIIe-
ro l-MHOX)KecTBa (T.e. UMEIOT IIepeceveHne MOIIHOCTH MeHbINel [), u KaxJoe
[-MHOXKECTBO COJEPIKUTCsI B OJHOM (1M TOJIbKO B OjiHOM) k-muOKecTBe. Takue
CHUCTEMbI MHOYKECTB U3BECTHBI 110 Ha3BaHUEM MAKMUBECKUT KoHPUu2ypayut 1
AKTUBHO M3yYalOTCs B KOHCTPYKTHBHOW KOMOMHaTOpuKe. B dacTHOM cirydae
k = 3, ] = 2 obiue TakTHueckne KOHMUIypaIuu MPEeBPAIIAIOTCS B TaK Ha-
sbiBaeMble mpotixu [lImetinepa (Ha3BaHHBIE B Y€CTh 3HAMEHUTOIO TEOMETPA).

C samaueit Dpaéma — Xanaun o Boranciaenunn M (n, k,l) nema obcrosr,
TO-BUMMOMY, JIydIle, 4eM ¢ 3aja4eil Typana. B 1985 r. Pémb nokaszan runo-
Te3y Dpjéina — XaHaHU O TOM, 9TO

. M(n, k1)
hrn —_— Y = 1
n—oo (7)/(})

31ech mopa 3aKOHYHUTDH CAUIIKOM 3aTSIHYBIIEECsS OTCTYILIEHHE U BEPHYTHCSI
K OCHOBHOII TeMe.

5. EIIE OMHA 3AJAYA DPARIIA

JL1st KOHKpeTHOTO ITpUMeHeHusT TeopeMbl dpaemra — Typana — [lomr Hato
YMeTh BBIUUC/IATH B sIBHOM BHJIe DYHKIMIO k4(a). DTa 3a1ad1a 0IeBUIHO CBO-
JIITCS K BBIUUCIEHUIO QyHKIUN mg(n), OUpenerenne KOTOPOii 1aeTcst HUXKe B
qacTHOM ciydae d = 2 (B 06IieM ciydae OHO JIAeTCsl AaHAJOTUIHO).

O6o3uaaum m(M) MUHMAIBLHOE PACCTOSTHUE MEXKJLy TOYKAMU N-3JIEMEHT-
Horo MHoxkectBa M, a depe3 meo(n) 0OO3HAUNM MaKCHMAJbHOE 3HAYEHHE
m(M), KoTopoe MOXKeT OBITb y N-TOYEIHOIO IJIOCKOro MHOXKecTBa M eu-
HUYIHOT'O AuaMeTpa. AHaHOFH“IHaﬁ BeJIMYUHa JJIgd TPEXMEPHBIX MHOXKECTB 060—
sHavaercs ms(n).

Yuraremo mpeiaraeTcs CaMOMy IIPOBEPUTH, ITO kg(a) = M eCJin 1 TOILKO
ecin mg(n + 1) < a < mg(n).

OueBntHo, uTo Mm2(2) = ma(3) = 1,m3(2) = ms(3) = m3(4) = 1.

YyTh MeHee OYeBHIHO, uTO Ma(4) = 1/v/2. EauncTeennas sKCTpeMAasb-
Hasi KOH(MUTYPAIMS B 9TOM CJIydae e€CTh €CTb IIPOCTO KBaJIpaT C eIUHUIHON
JUaroHaJbo. JleificTBUTE/IbHO, €Cin BBIMyKJiasd 000JI0YKa €CTh TPEeyrOJbHUK
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(BOBMOXKHO BBIPOXKJAIOIIUIACS B OTPE30K), TO OJHA U3 €r0 CTOPOH BHJIHA W3
4eTBEpPTON TOUKM (JrexKaleil BHyTpU ero) HoJ yIJIOM He MeHbIINM 27 /3, mo-
9TOMY COIVIACHO TeOpeMe KOCUHYCOB KBaJIPAT JJIMHBI 3TOIl CTOPOHBI HE MEHBIIIE
2m(M)? +2m(M)? cos 27/3 = 3m(M)?, orkyma mveem, aro m(M) < 1/4/3 <
< 1/4/2, u, ecn maxonen, M coBIAJaeT ¢ MHOMKECTBOM BEPIIHH BBITYKJIOTO
YeTBIPEXYTOJILHUKA, TO HAMOOJIBIINI U3 €ro yrjioB TYIOH MM IPSAMOH, MO-
9TOMY COIVIACHO TeOpeMe KOCHHYCOB KBaJpaT JIIMHBI JIeXKalleil IpOTHB Hero
nmaronasu we Menbine 2m(M)?2, orkyma umeem, uro m(M) < 1/4/2, npudem
PaBEHCTBO BO3MOZKHO JIMIIIb KOTJIa BCE YIVIbl YeThIPEXyTOIbHUKA [IPSIMBbIE U BCE
ero CTODOHEI PABHbI, T. €. O ABJIACTCA KEa/IPATOM,
1 V5 )
rypalyst eCTh IPABUJIbHBI ISATUYTOJBHIK C €JIMHUYHON HArOHAJIBIO.
JeitcTBuTensHo, ecii KOHGUIYPaIst 00pa3yeT BBILYKJIbL MSTHYTOJbHIK
ABCDE (BO3MOXKHO BBIPOXKIEHHBL), TO HPOU3BOJS, €CIN HyZKHO, LepecTa-
HOBKY B O0O3HAYEHMSX, MOXKHO cuurarh, 4ro yroa ABC ue menbie 3m/5
(Tak Kak ecyii BCe yIVIbl MSTUYTOJbHUKA MEHbINe 37 /5, TO UX CyMMa MEHbIIIE
3m, a 910 HepozMoxkHO). Torga cormachHo Teopeme kocunycos 1 > |AC|? >
> 2m(M)? + 2m(M)? cos 37 /5, oTKyma (Toc/ie HEKOTOPHIX BLIMHCICHH ) MMe-

[Mokazkem, aro meo(5) = U ¢JIMHCTBEHHAs SKCTPeMaJbHast KOHMU-

€M, 9TO m(M) < npuieM paBe€HCTBO BO3MO2KHO JIMIIb KOT'la BCE YIJIbI

2
14++/5’
U BCE CTOPOHDI y HATUYTOJbHUKA PABHBI, T. €. OH IPaBU/IbHBIN. Kciu BhITyKast
060J10uKa MHOXKeCTBA M €CTh YeThIPEXYTOJIbHUK UJIM TPEYTOJbHUK (BO3MOXK-
HO BprO}K,Z[&IOH.[HﬁCH B OTpeSOK), TO OJHa U3 TOYEK M JIEZKUT BHYTPpU WJIN
Ha TPaHUIE TPEyroJbHUKA (BO3MOXKHO BBIPOXKJIEHHOTO), 06Pa30BAHHOIO Tpe-

Mg apyrumu ToukamMu M, a B 9TOM cjydae, KaK y2Ke ObLIO IIOKA3aHO BBIIIE,

m(M) < 1/v/3 < Tzﬁ

Opuém u Beitrmen [14] gokazasu, 1ro
1

sin27/5’ ma(7) = 3

mz(6) =

2

qI/ITaTeHB JIETKO CMO2KET ILOI‘&,D;&TBCH, KaKune KOHd)I/IpraHI/H/I ABJIAIOTCA 31€Ch
SKCTpelﬂaﬂbeIMI/I, HO JOKa3aTb 9TO TaK HpOCTO HE yﬂaeTCﬂ.

Ussecrubiit nemenkuit jgoruk lorre B [15] mokasan d-mepHble TEOpEMBI,

JaCTHBIM CJIy9aeM KOTODPBIX ABJIAETCHA

TEOPEMA 7. Chnpasedausnvl pagencmaea

ma(5) = ;\/g ms(6) = %

HokaxkeMm niepsoe pasencTso. [lycts quamerp muoxecrsa A, B, C, D, F pa-
BeH 1. Bosmozkubl 1Ba cirydast (6e3 yuera BBIPOXKICHHBIX ): OJHA TOYKA (HAIIPH-
Mmep E)iexur B Terpasipe ¢ BepimHaMu B Apyrux toukax win ABCDE —
BBIIYKJIBII IMECTUTPAHHUK, SBJISIONIUNCT OObEIMHEHUEM JIBYX TETPAdIPOB C
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obeii rpanbio (ABCD u EBCD). B nepom ciydae oiHO u3 pebep, CKazKkeM
AB, Bugno uz E noj yriaom ¢, cosp < —1/3 coracHo cieiyrommeii jgasee

1 /3
jgeMmMe 1. Eciu npennonoxkurs, yro AE u BE 6oJibiie 51/ 5 TO U3 TEOpeMBI

KOCHHYCOB CJIeJIyeT IIPOTUBOPETHE!

12|AB]2:]AE\2+\BE|2—2\AE\.|BE‘COSSD>Z+ 1

W
Wl

[Tostomy B srom ciayuae m(ABCDE) < min{AE, BE} < ;\/g Bo Bropom

ciayuae npsiMast AF nepecekaet TpeyronbaHuK BC D B HekoTopoit Touke K. Co-
IVIACHO CJIeJIyIolIeil JaJjiee BTOPOil j1eMMe 3TOT TPEYI'OJIbHUK MOXKHO HAaKPbLITh
Kpyrom pajuyca 1/ ﬁ, [IO3TOMY KPYTHU C STUM paJycoM u niearpamu B B, C, D
HaKPBIBAIOT 3TOT TPEYTOJIBHUK, & 3HAYUT U TOUKY K, TO9TOMY MO2KHO CIUTATD,
aro BK <1/ V3. TTosromy B Tpeyrombanke AEB soicora BL < BK < 1 / V3.
MoxkHo cunrarh, uro L jexur Ha orpe3ke AFE (uHade BbIGEpEM B 9TOM Tpe-
YTOJIbHUKE MEHBIIYIO BBICOTY M CMeHMM obo3Hauenus ). Tak kak AE < 1, To
MoxkHO cuntarh, 9t0 AL < 1/2. Torma us reopemsr Iludaropa ciemyer, aro

2 _ 2 21 1_ 7
|AB|* = |BL|* + |AL|* < ST I T o
[Tosromy m(ABCDE) < AB < ;\/Z
Ecmu soibpars A, B,C, D, E Tak, uro BC = CD = BD = AE = 1,
AE 1 BCD, AENBCD =K, BK =CK = DK = 1//3, 10
m(ABCDE) = EB = EC = ED = AB = AC = AD = _, | .
Hyxmast namee cieayromast JeMMa TPe/IJIarajach aBTOPOM B KadeCTBe 3a,/1a9n
B 1982 1. na BcecorosHoil osmuMmaie.

JIEMMA 1. Jlasa 410601 snympenned mouky mempasopa 00no u3 ez2o pebep
BUIHO 100 Y2A0M, KOCUHYC KOMOPo2o He boavwe —1/3.

Ee n0ka3arebcTBO MOKHO HAlTH B COOPHUKE 3a/a1 BCECOIO3HBIX OJIMMIIH-
az [16].

MsI mpuBeseM ApYroil BapHaHT JOKazarTenbcrsa. IlycTsb e, eg, ez, eq4 —
e/IMHAYHbIe BEKTOpA, HAIPABJIEHHbIE U3 JAHHO TOUYKH B BEDIIHHBI TETPa-
sapa. Ilpsivasi, mpoxoisiast depes e4, MEPeCceKaeT TPEXTPAHHbIA yrou, 06-
pa30BaHHBII BEKTOPAMH €1, €2, €3, IIOTOMY [Jlsl HEKOTODBIX x; > 0 mMeeM
z1e1+ ...+ z4eq = 0. Bo3BoAs 9TO PABEHCTBO CKAJISIPHO B KBAJIPAT ¥ LPE/IIO-
Jarast, YT0 KOCHHYCBI BCEX IIOMAPHBIX YIJIOB MEXKIy STUMHI BeKTOpaMu GoJIbIe
—1/3, nmeem
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4 4
2 2 2
0= g x; +2 g zizi(e;, ej) > E TP =3 g Tix; =
i=1 1<i<j<4 i=1 1<i<j<4
1 Z 2
= 5 ($z — :L'j) 2 0.
1<i<j<4

JlemMa mokasaHa.

CucreMa BEKTOPOB, BeJIyIIUX U3 MEHTPA IPABUILHOTO TeTpasapa (B d-Mep-
HOM I[IPOCTPAHCTBE — IIPABUJILHOTO CUMILIEKCA) B €r0 BePIINHbI, OKA3bIBAETCS,
nasbiBaercst gpetimom Mepcedec-Beny. (em. [17]).

JIEMMA 2. Cnpasedauso nepasencmseo R < D/\/g, 2de nod R nonumaem-
CA Paduyc HAUMEHDBUWE20 KPY2Q, HAKPLIBAOWE20 Mpeyzoavhuk duamempa D.

JleificTBUTENIBHO, IMAMETD — 9TO HAMOOJIbINAs CTOPOHA, & YIoJI IPOTUB Hee
He Gosbine 60°. CiienoBaTeIbHO OHA BUJHA U3 IEHTPa ONUCAHHOIO KPYTa IO
yryioMm He Gosibire 120°. Jlemma jokazaHa.

Bropoe paBeHCTBO JIErKO BBITEKAET U3 He OYeHb IPOCTO JIOKA3bIBAEMOI
reopemsbl [lorre 0 TOoM, 9T0 MHO)KeCTBO { M7, ..., M, } TOUeK B TpexMepHOM
IPOCTPAHCTBE, Takoe, IT0 Bce yribl M; MMy, ocTpble, CyIecTByeT JIUIIb IPH
n = 3,4,5. JleficrBUTENIbHO, €CIM MHOKEeCTBO M COCTOMT M3 IECTH TOYEK,
TO COIVIACHO YKa3aHHOI TeopeMe B HeM HalJIeTcCsd TYIOyIOJIbHBII WA IIPAMO-
YTOJILHBII TPEYTOJIbHUK, TOT/Ia KBaJIPAT ero HaubOJIbIIell CTOPOHBI 110 TEOpEMe
kocunycos e Menbine 2m(M )2, orkyna umeen, aro m(M) < 1/4/2. Nurepec-
HO, YTO PaBEHCTBO 3JI€Ch JOCTUIAETCsl HA JIBYX PA3JUIHBIX KOH(UIYPAIUSIX.
OjiHa U3 HUX — TO NMPABUJBHBII OKTA3/IP ¢ €JIMHUYHON JIMArOHAJIBIO, & BTO-
pasi — InpaBuIbHas TPEYTOJIbHAS IPU3Ma C KBaJIPATHBIMU OOKOBBIMU I'PDAHAMHU.
3a J10Ka3aTeIbCTBOM yHOMsIHYTOH Teopembl [1TioTTe ynTares orchliaercs K
kuure [2|, 3aga4da 32.

YuraresIio npejjiaraeTcst CaMOMy JI0Ka3aTh, 4To ma(n) u ms(n) MOHOTOHHO
yOBIBAIOT (ITOC/I€ YKA3AHHBIX BbINE TOYHBIX 3HAYCHUIT Ipu Masbix n.) Tounbre
bopMyIIBI 11T TUX TOCIIEI0BATEIBHOCTE, KayKeTCsl, H16?I/13B€CTHI;>I.

2/n

kuure [18] — 1moKa3aTebCTBO ClIeAyIONIel TeOpeMbl 60JIee TOUHONH TeOPEeMBbI

. 2
B |2] moxHO HaliTu JOKA3aTEJILCTBO HEPABEHCTB <ma(n) < ok
n

TEOPEMA 8 (DENELI-TOT). Cnpasedauso paserncmeo

nlingomg(n)\/ﬁ = /2%/3.

UssectHo, uro cymecTyer lim,, o ms(n)/n.
YuraTesab Telepb JErKo caM JI0KarKeT, YTo

1
ﬁ<a<1,

2
]{TQ(CZ) =4 upu m

ka2(a) = 3 npu

1
<a< —

\/57
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1 2
g — K _—
Fa(a) = 5 mpu snzns S TR
1
— 1< -
ka(a) = 6 mpu ; Sa< man/s
1
ka(a) > 7 mpu a < 2
1 /7
ks(a) = 4 npu 2\/g< a <1,
1 1 /7
= — < [ p—
ks(a) E)an/I\/i\a<2 3

6. 3AJAYA BUHIIE

HosonbHo 6m3Ka K 3ajade DpJéia ciaeyolas 3aada (110-BUIMOMY,
npeiokennast JpaémeM Bunne). Haiitn d(n) — MakcuMaabHOE 3HAYCHHE
m (M), KoTopoe MOZKeT ObITH Y BBILYKJIOTO N-yTOIbHIKA €INHUTHOTO ANaMeT-
pa.

Ouesnao d(3) = 1.

YyTh Memee odeBuno, uro d(4) = 1/+/2.

Bunie [19] mokaszan, uro cupasejiusa

5% . ™
TEOPEMA 9. /Jlas n, ne pasnozo cmenenu deotiku, d(n) = 2sin o
n

Yurareab JIErKO caM JOKayKeT 3Ty TEOPEMY, €CJIM BOCIOJIb3YeTCs Teope-
moit Peiinxapara (cm. [20]). Joist n, paBHOro cremeHn JBOMKY, KaXKeTcs, OTBET
Hem3BecTeH. BuHIle J0Ka3aJI, 9To I 1 = 8

. m
d(8) > 2sin o

O060061IeHUsIMUI 3TOI TeOpEeMbl Ha MHOTOMEPHbBIE ITPOCTPAHCTBA, BUIUMO,
HUKTO HE 3aHUMAJICH.

7. O BO3MOYKHBIX OBOBIIEHUAX HA ITPONU3BOJIbHBIE
METPUYECKHNE ITPOCTPAHCTBA

Oyukunn kg(a) 1 mg(n) MOXKHO OIIpe/Ie/IUTh KOHEYHO HE TOJIBKO JJIst d-Mep-
HOT'0 €BKJIMJ0BA IIPOCTPAHCTBA, HO 1 JJ1s JIIOOOIO METPHIECKOI'O IIPOCTPAHCTBA
BOODIIIE, U TeM caMbIM 0000IUTH Teopemy Idpacma-Illom-Typana Ha mpo-
U3BOJILHOE MEMPUUECKOE NPOCMPAHcmeo. s HEKOTOPBIX HMPOCTPAHCTE HPH
9TOM 3aja4a 0 BbluuciaeHun k(a) m m(n) oKasbIBa€TCs COBCEM HECJIOXKHOIL.
Hanpumep, ecam meTpuka B d-MEpHOM AEHCTBUTEIHLHOM IIPOCTPAHCTBE OIIPE-
JIEJISIETCA PABEHCTBOM

p(xvy) = mZaX|xZ _yl|’ r = (xly"wxd)’y = (yla--- 7yd)a
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(MHOT/IA 5Ty METPUKY HA3BIBAIOT MAHIEMMEHCKOT WIN MEMPUKOT 20p00CKULT
YyAuY), TO

1
(/4] -1
rae [z] = min{n :n > z,n € N} — byukuus yeaas wacmo ceepry. Hurarenn
JIETKO JIOKAsKET 3TOT (DAKT CaMOCTOSATEIHHO.

B /IByMEpPHOM TIPOCTPAHCTBE ¢ METPUKON

m(n) =

p(x,y) = |z1 =yl + |22 — y2
dbyuxiust m(n) ocraercs takoit xke. OJHAKO y2Ke B TPEXMEPHOM [IPOCTPAHCTBE
BCE HE TaK OUEBHJIHO.

Basaua o BeraucseHny MYHKIWNH m(n) Jis IPOU3BOJIBHOIO METPHYECKOIO
POCTPAHCTBA JIOBOJIBHO OJIM3KA K U3BECTHOH B Teopun npubiavmkenuii (mo-
crasieHHoit B narujecsitoie rogbl A. H. Koamoropoesim) 3aade 0 BbIYHCIIE-
HUH €-eMKOCMU KOMIIAKTHBIX MHOXKECTB. B Teopnn npubamzkennii sta 3a1ada
paccMarpuBaeTcst B (pyHKIMOHAIBHBIX [IPOCTPAHCTBAX, KOTOPbIE B HamboJee
MHTEPECHBIX CJIydasdsX GECKOHEYHOMEPHBI. B KOHEYHOMEpPHBIX MPOCTPAHCTBAX
9Ta 3aja4a O6JU3Ka K W3BECTHOI C JIBAJIIATHIX TOJOB 3aJa4e 0 naomheliwet
ynakoske wapos B npocrpancTee (cMm. [18], [21]), 3amate 06 ynakoBke Kpyros
na cdepe (cm. [18]) 1 paszauaHbIM 337a9aM 0 PACIIOIOKEHUH TOUEK Ha cdepe
(cm., manpumep, [17]). B auckpeTHBIX mpocTpaHCTBaX ¢ MEMPUKOT XomMmur-
2a 3aj7]a9a O IJIOTHEHIell yIakoBKe MIapOB UTPAET BAyKHYIO POJIb B MeEOPul
Koduposarus ¢ UCIpaBieHneM omubok (cm., Hanpumep, [21]).

8. 3AJAYA XOIPA O JJUAMETPAX KOHEYHOT'O MHOYKECTBA

Paccmorpum vacTHBI coryvaiil 3agaau Berauciaenus Ng(a,n) npu a = 1,
KOTOPBII OHAKO HE MOKPBIBAJICS JIOKA3ATEIHCTBOM TeopeMbl Idpéia — [Tlorn
— Typana. 9To IpocTo 338498 0 MAKCUMAaJIbHOM YHCJIEe JUAMETPOB Y JTAHHOTO
N-TOYETHOTO MHOXKECTBA.

CupageyiBa cjieayomast

TEOPEMA 10 (Xome — ITAHBULY). Makcumasvroe wucao duamempos 6
n-yzosvnuke (U 6 A1000M N-TOYEUHOM MHONHCECTNGE) PAGHO N.

B kadgectBe 3aja4u sTa TeopeMma mpesarajach B 1965 rogy Ha MexKIyHa-
pomHoit omuMmnraae. OQHO U3 ee peleHuil MOYKHO IIPOYeCThb B COOPHUKE 3814
MeZKJLyHAPOJHbBIX osumiua [23].

DTa TeopeMa BBITEKAET TAKXKe U3 CJEAYIOIIell TeopeMbl, IIpejyiaraBiieii-
cst B Buje 3ajaun B 1962 rojy Ha OJHOI M3 BEHIEPCKUX OJMMIHAJ ([IOYeMy
BBITEKAET, TUTATEb JIETKO COOOPA3UT caM).

TEOPEMA 11. Ecau 6 n-yeosvhukre 8vl06paro m nonapHo Nepeceraioujurcs
CMopoH uay duazonanret, mo m < n.
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B knure [24| npusegeno dersipe (1) goKaszaresbCTBa 9TONH TEOPEMBI.

Hanee mpeamaraeTcs ere OTHO JIOKA3aTETLCTBO, pPa3buToe Ha 3aJa4W,
OCTaBJIEHHBIE TUTATEJIO JIJIsI CAMOCTOSITE/IbHOIO PEIEeHNSI.

s mpomsBosibHoit duryper M obosuadum by (@) dauny npoexyuu dToit
urypsl Ha MpPsIMYyIO, BBIXOJAILYIO MO, YIJIOM ¢ U3 HadaJa KoopauHar. OyHK-
st bps (@) OUeBUIHO ONpeiesieHa Ha OTPE3Ke OT HYJIsl JI0 T U €€ MOXKHO TI€pH-
OJTMIECKU TIPOJIOJIKUTE Ha BCIO YUCJIOBYIO OCh C MTEPUOJIOM T.

I Tupuroti IIOCKOH (pUryphbl HA3bIBAETCS MUHUMAJIBHAS MTUPUHA OECKOHET-
HOI TIOJTOCHI € TIAPAJIIETLHBIME MPSIMBIMU KPasiMU, HAKpbIBatoteit 9Ty purypy.

Bagaua 1. Jlokaxkure, uro munumyM byukimn bys(p) paBed mupune bu-
ryper M.

3/1ech YMECTHO CKa3aTh, 9TO UTypa, HA3BIBACTCI Pu2ypols nocmoanHol
WUPUHDL, €CITA JIJIsT JTIOOO0H TPsIMOit MUHUMAJIbHAS MUPUHA COJEpKAIIEH 9Ty
GbuUrypy moJIoChl ¢ KpasMu, MapajIebHBIMA ITOH IPSIMOI, HE 3aBUCUT OT ITOH
upsMoit. Y 9Tux GuUryp ecTb MHOIO HHTEPECHBIX CBOHCTB (cM. Hampumep [25]).
Jlerko nokazarh (HO 9TO Jlajiee He MOHAIOOUTCS ), UTO JAUAMETD (DUIYDHI T10-
CTOSTHHOM TITUPWHBI PABEH ee MNPHUHE.

Bagaua 2. dokaxkure, uro eciu M — n-yroabruk, 1o dynkiuus bys(p)
HETPEepBIBHA W MMeeT Ha OTPE3Ke OT HYJISI J0 7 TIOPOBHY JIOKATBHBIX MAKCUMY-
MOB U MUHUMYMOB, IIpUYEM U TeX U JPYyTUX He boJiee 1.

Samada 3. BeiBeaure u3 npeaplayieit 3amadu Teopemy Xotnda — [lansura.

Hns d = 3 amanor teopembl Xormda — [lamBuna umeer ciegayronuii By,
N3(1,n) = 2n — 2 u 6611 JoKa3aH HesaBucuMO B 1957 1. I'prorbaymom, Xerre-
meM u CrparieBudeM. DTO JOBOJILHO CJIOXKHOE JIOKA3ATEILCTBO MOYXKHO IIPO-
dyecThb B [2]. B MHOrOMepHOM cilydae, KarXKeTcsl, U3BECTHBI TOJIBKO BEPXHUE U
HIKHIE OIEHKH, MOJIyIeHHble DpaémeM (cum. [2]).

B saksrouerune orMeTHM, 9TO €CTh €Ille MHOTO JIPYTUX 33724 O JTHaMeTpax
TOYEUHBIX MHOXKECTB, HAIIPUMED CBABAHHBIX C npobaemoti Bopcyka. Sannrepe-
COBAaBIIHUICS 9TUM YUTATEIb MOXKeT obparurcsi K crarbe [26] u 6Gpormope [27]
U YKa3aHHOW B HUX JIUTEPATYPE.
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Hosrle n3panns

N3aATEALCTBO MITHMO

29-ii Typuup mm. M. B. JlomonocoBa 1 okts6ps 2006 roga. 3amanns. Pemenns.
Kommenrtapuu. Coct. A K.Kymerua. 2007. 156 c.

IIpuBogsitcst ycmoBust m perieHust 3amanuii TypHUpPa ¢ TOAPOOHBIME KOMMEHTAPUSIMUA
(Maremarnka, pU3NKa, XUMHUs, ACTPOHOMES U HAYKH O 3eMJle, GHOJIOrHs, UCTOPHUsI, JIMHI-
BUCTHKA, JINTEPATYPA, MATEMATUIECKNE UIPHI). ABTODPBI MOCTAPAJIUCH HAKUCATH HE IIPOCTO
COOPHUK 3a/1a9 M PEIICHUN, a MHTEPECHYIO HAYIHO-IOIYJISIPHYIO OPOIIIOPY ISl IIHPOKOIO
kpyra guraresieil. CylecTBeHHAsl 4acTh MaTepHaJa M3JI0XKeHa HA YPOBHE, JOCTYITHOM JIJIst
IIKOJIBHUKOB 7-TO KJIAcCa.

st yaacraukoB TypHUpPa, IMIKOJIBHUKOB, YIUTEJ e, poauTeseil, pyKOBOAUTEEH TIIKOIb-
HBIX KPY’KKOB, OPTaHU3aTOPOB OJIMMIIHA.

XII Typuup marematudeckux 6oeB um. A.Il. CaBuna. 2007. 120 c.

Kuwnra nogrorosnena nmo marepuanam XII sernero Typuupa maremarnaeckux 60eB UM.
A. TI. CaBuHa, 3aKJIIOYUTEIHHOIO dTala KOHKypca «Martemarnka 6-8», MPOBOMMOIO XKy p-
HajoM «KBaHT».

31eck cOOpaHBl yCIOBUS U PEIIeHUs 3aJad MaTEMATHYIECKO! PEraThl, MATEMaTHIECKAX
60€B, KOMaH/IHO U JINYIHON ONMMINaAbl. Perrenns 3a1a4 cruenuaabHo OTAE/IEHBI OT yCJIOBUIA,
49TOOBI YMTATEbh MOT' CAMOCTOATENIBHO IIOPENIaTh IOHPABUBIIIIECS eMy 3aJa4dn. B mpuiorke-
HUM TIPUBEJIEHBI CIUCKY 1obenuTesneil Typaupa.

Kuwnra paccunrana Ha IIMPOKUI KPYT dnTaTes e, THTEPECYIOMNXCS OJUMITAATHBIMA 32~
JadaMy [0 MaTeMAaTHKe: IIKOJIbHUKOB 6-9 KJIaccoB, a TaKksKe IIKOJILHBIX yUHUTeJel U PyKO-
BOZUTEJICH MAaTEMATHIECKUX KPY?KKOB.

Jlernsas marematudeckas onmmnuagaas mkoga CYHIL MIY 2005. 2006. 92 c.

Kuwura sBisiercst cOOpHUKOM MaTepuaJioB JleTHeil MaTeMaTuvecKON OJIMMITNAHON IIIKO-
aet CYHIL MI'Y, nposenennoit B mione 2005 roma. B kaduecTBe MaTepnaIoB mpeaCTaBICHBI
OJIPOBHBIE COEPXKAHNS JIEKIU U TI0JTHAs 3aa9Hasi 6a3a, NCIOIb30BAHHAS] HA CEMUHAPCKUX
3aHATUAX.

JJ1si IIIKOJIBHUKOB, CTYJIEHTOB, IperojaBaTesieii 1 pPyKOBOJIUTEIEH KPYXKKOB, a TaKXKe
BC€X, KTO UCIIBITBIBAET yIOBOJILCTBUE OT KPACUBBIX MaTEeMaTUIECCKUX CIO2KETOB U NHTEPECHbIX
3a1ad.

MockoBckue yueOHO-TPEeHIPOBOIHbIE cOOphI o mHpopMmaTuke. Becua—2006. ITox
pexa. B. M. 'yposuma. 2007. 194 c.

Kuunra npegnasnadena 1jisi MIKOJbHUKOB, yInuTeIei HHMHOPMATHKHU, CTYEHTOB U IIPOCTO
JIIOOUTEJIEH peraTh 3a/1a49u 110 IPpOrpaMMUpPOBaHUIoO. B Heil mpuBeieHbl MaTepHUaJibl BECEHHIX
MockoBcKUX yueOHO-TPEHNPOBOYHBIX cOOpoB 1o nHbopmaruke 2006 roma: 3a1a4u IPAKTU-
9eCKUX TYPOB, IUIAHBI JIEKIIUH W MaTepuajbl M30paHHBIX JIeKInii u cemuHapoB. Ko Bcem
3ala"daM IIpuJjiaratoTcs TeCThbl IJId aBTOMATUYECKOIT IIPOBEPKU UX peIHeHI/II‘/JI7 KOTOpbI€ MO2KHO
HalTH Ha CcaiiTe www.olympiads.rumoscowsbory

A. 1. Kosko, B. I". Hupckuii. 3aaum ¢ mapaMmeTpoM M JpPyrue CJIOXKHBIE 3a/1a49M.
2007. 296 c.

Knura IIOCB4IIIEHA PEHIeHUIO 3a/Ja4 C IlapaMeTpaMu. ITomumo CTaHIaPTHBIX CBeﬂeHI/II‘/'I B
Hel IPpUBEAECHbI OPUTUHAJIBHbIE METOAbI U IIPHUEMbBI DEIlleHUudA PAa3JIMYHBIX CJIOXKHBIX 3aJ1a49.
Kp0Me TOr'o, B KHUT'€ PaCCMOTPEHDbI 3a/la'1, CBA3aHHbIEe C ME€TOJ0M MaTeMaTHUIeCKOn UHYK-
WU, W 3aJa9d 110 CTEPEOMETPHUHU. BOJIBIMMHCTBO pa3dbupaeMblX aBTOpPaAMU 3aa4 B3sATO U3
BapuaHTOB BCTYIIUTE/JBHBIX 9K3aMEHOB B MFy BO BTOpOﬁ qJaCTU KHUI'Y IIPpUBEJCHbI Bapu-
aHTBI BCTYIUTEIbHBIX 3K3amMeHoB 20032006 rr.

JLJtst y9aImumxcst CTapIiinx KJIacCoB, MPENoiaBaTeeil MAaTeMaTUKA U aOUTYPUEHTOB.
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Teopemnbr [lTeitnepa n Iloncesne
B reomeTpugax EBkimaa n JlobadeBckoro

I1. B. Bubukos

1. O,HHO HEPABEHCTBO /IJ1s1 MHOTOYT'OJIbHUKA JIOBAYEBCKOTO

B crarbe [4] npuBoauTCst MHOrO KPacUBBIX HEPABEHCTB, CBA3BIBAIOIINX Pas3-
Hble XapaKTePHUCTUKHU BBIIYKJIOINO0 €BKJIMIOBA N-yroJbHUKA. B 3TOM pasmese
MBI JIOKasKeM OJIHO aHAJOIMYHOE HEPABEHCTBO ISl CJIydasl 7-yroJIbHUKA Ha
mtockoctu JlobaueBckoro.

ONPEAEJEHUE. Paduycom Baswke 6binyxa020 N-y20AbHuKa HA30BEM
MaKCUMAJIbHBIA PaJuyC JIEXKAIIEro B HEM Kpyra, KOTOPBIA OyaeM Ha3bIBaTh
kpyeom Baswre. OBo3HAUUM STOT pajguyc depes r,(M).

TEOPEMA 1. Ha naocxocmu Jlobawesckozo das 4106020 6binyk.a020
n-yeonvruka M 6vinoaneno nepasencmaeo

(M) < Inctg % (1)

JIOKABATEJILCTBO. PaccMorpum 7j1st Havasa MpOU3BOJILHBIN BBITYKJIBIT
n-yroabuuk AjAs ... A, B Mmonenu Kieitna. JTokaxkeMm, aro ero pajauyc Bisi-
Ke He IIPEBOCXO/IUT Pajinyca Biisiike HEKOTOPOTro BBIPOXKIEHHOI'O 1i-yTOJIbHIKA,
(T. e. n-yroJibHEKa, BCe BEPIIMHBI KOTOPOI'O JiexkaT Ha abcosore). bes orpanu-
YeHUs OOITHOCTU MOYXKHO CUUTATh, UTO IIEHTP Kpyra DJIsdIKke cOBIIAJIAET C IeH-
TpoM rpanndHoro Kpyra. I[Iposemem mpsimbie O Ay, repecekarorye abcoTioT B
roukax Aj (puc. 1). Torma oueBmano, 4ro pajuyc Biisiike MHOrOYroJIbHIKA
A1 As ... Ay, He IPEBOCXOIUT pajuyca BJisiliike BBIPOXKIEHHOTO MHOTOYTOJIbHU-
ka Aj A, ... Al Takum 06pa3oM, JOCTATOYHO HAiiTH MaKCHMAJbHBI pajuyc
Bnsarmke ayist gvipostcoennozo n-yroabHIKA.

OnsiTh-TakKu, MOYKHO CIUTATh, UTO IEHTP Kpyra BJisiiiike coBrajaer ¢ 1eH-
TPOM IPAHUYHOrO Kpyra. B TakoM cirydae eBKJINIOBa MyinHa R, 1 HeeBKINIO0-
Ba JUIMHA Ty, pajuyca Bisimke muoroyrosbuuka A ... Al cBs3aHbl COOTHOIIE-
HHUEeM

r
R, =th 2.
2
W3 sToit hopMy/Ibl BUIHO, 9TO BEJIUIUHA T'p MAKCHMAJIbHA TOTMA U TOJIb-

KO TOrja, Korjja MaKCHUMaJIbHa BeJIMYINHA Rn B/Y‘{I/ITBIBELSI7 YTO C TOYKH 3PCHUA

MaTemaTunyeckoe npocseweHue, cep. 3, Bbin. 12, 2008(177—184)



178 II. B. Bubukos

Puc. 1.

reomerpun EBkimga muoroyronsuuk Aj ... Al Bumcan B oKpyKHOCTB (abGco-
JIOT) pajimyca 1, ¢ IIOMOIIBIO HEPABEHCTBA, IPUBEJIEHHOIO B craThe |4, moiry-
JaeM:

T
R, < cos—,
n
a 3HAYUT,

™
rn < Inctg —,
2n
9T0 U TPebOBAJIOCH.

Bamerum, uro ecau mMuHoroyrosbuuk A ... Al saBisiercss npasuwibHbIM (C
TOUYKM 3peHust reoMeTpun EBKimma), 1o HepasencTtso (1) obpamaercs B pa-
BEHCTBO.

Pacemorpum Gostee mospo6Ho sty curyarmio. [lyers A) ... Al — npaBuinb-
HBII (C TOYKHU 3pEHHs €BKJINJOBOI €OMETPHN) N-YTOJIbHUK, OIMCAHHBIA BO-
KPYT HEEBKJIMIOBOM OKPYyKHOCTU w. [Ipu mokazaresbcTBe TeopeMbl 1 MBI CIie-
[UAJIBHO PACHOJIOKIIN MHOrOYyrosibHUK A ... Al rak, 4robbl w GblLIa TaKkKe
7 €BKJIMJIOBOI OKPY>KHOCTBIO. Temephb ke Mbl, HA000pPOT, PACIOIOKAM MHOI'O-
yroabauk A ... Al coBepuIeHHO IIPOU3BOJILHO, TOrJA w Oy/eT n300parxKaThes
HEKOTOPBIM 3JIJTUIICOM.

JlaBaiiTe Tenepb pacCMOTPUM aHAJOTUIHYIO KApTUHKY B Mojenu [lyankape
B Kpyre. Kak u3BecTHO, IPAMBIMU B Heli SIBJISIOTCS JIyTH OKPYKHOCTEH, Tep-
eHMKYJISPHBIX MPAHIIHON oKpy»KHocTH. JJopucyem gyru AjA] | 110 OKpy»x-
HOCTEH, & caMy TPAHIIHYIO OKPY?KHOCTDB COTPEM. JIerko BUAETh, 9TO HaiimeTcs
OKPYZKHOCTD, KACAIOMASCA BCEX MOJIyIeHHBIX OKPYZKHOCTEIA.

YIOPAX>KHEHUE. JlokaxXuTe 3TO.

A rTerepb HapucyeM 3TH JIBe KAPTUHKHU PSJIOM: TO, YTO IOJIYIUJIOCH B MO-
nesin Ilyankape B Kpyre, U TO, 9TO HOJLyY1I0Ch B Mojesn Kieiina (puc. 2 u 3).
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Puc. 2. Puc. 3.

ITocmoTpuM cHadaJia Ha HHUX, & [IOTOM Ha Ha3BaHHUe cTaTbu. Y3Haere? Jla 910
ke nopusMbl [ reiinepa u I[loncese!

2. TEOPEMBI LIITENHEPA U [IOHCEJIE

CuHauaja HAIIOMHUM KJIACCUUECKUE pPeE3y/IbTaThl HlTeﬁHepa u Iloncere.

TEOPEMA 2 (LLITEMHEP). Bozvbmem ha naockocmu koavuyo (m.e. dee
OKPYHCHOCTIU, 00HA U3 KOMOPHIT PACTIOAOHCENG CMPO20 SHYMPU OpY201) U
Haunem enucwvieams 6 ne2o okpyoichocmu Cqp, Co, ..., Kadtcdaa U3 KOMOPHIL
xacaemca npedodyweti. To2da ecau NOAYHUCUIAACS UENOYKA 0OKpYysHCchocmeti 3a-
mrnemes (m.e. natidemes maxoe namypasvnoe n, wmo Cy = Cpip Oas 6cex
k > 1), mo npu amobom dpyeom ewibope naxasvholi okpysrcrocmu C coomeems-
cmeyrowan yenowka oxpyoicnocmets Cp, Ch, ... moorce 3amrnemces, npuwem
KOAUMECNGO OKpYyscrocmeti 8 yenowkax 6ydem odunaKxosbiM.

Knaccudeckoe moka3aTebCTBO 9TOM TEOPEMBI ITPOBOIUTCS ITPUMEHEHUEM
WHBEPCHUU: C €€ IOMOIIBIO MCXOJHOE KOJIBIIO MOYKHO IIPUBECTH K KOHIIEHTPU-
TeCKOMY, a JIJIsi HerO yTBEpKIeHne TeopeMbl oueBuaHo. OIHAKO TaKoe JTOKa-
3aTeJbCTBO HE JIA€T OTBETA HA CJIEIYIONINU €CTECTBEHHBIN BOIIPOC: JJIsd Ka-
KOI'O KOJIBIIA CYIIECTBYeT 3aMKHyTasi Ierovuka oKpykuHocteii? IlousiTHO, UTO
J11000€ KOJIBIIO OJIHO3HAYHO C TOYHOCTBIO JIO JIBUXKEHUII ILJIOCKOCTU OIIPeJIeIsi-
eTCsl TpeMs TapaMeTpaMu: pajuycaMu ¢ U b BHeEIIHel u BHYTPEHHEH OKPYK-
HOCTell COOTBETCTBEHHO, a TaKyKe PACCTOSHUEM ¢ MexXJIy uX nerrpamu. [lo-
3TOMY CYIIECTBOBaHUE 3aMKHYTOI IIEIIOYKHU U3 7 OKPYKHOCTe oIpejiesiseT
HEKOTOPOE COOTHOIIIEHNE MEXKJy BeJUIUHAMU a, b, ¢ U n. A WMEHHO, BepHa
cjlelyomas
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TEOPEMA 3. [lasa 0aHH020 KOADUG UENOUKa U3 T OKPYHCHOCTE 3AMKHEM -
cA moa2da U MOoAbKO moe@a, K020a 6HINOAHAEMCA COOMMHOWEHUE
9 m 4ab

cos“* — = ———— . 2
n o (a+b)?-¢? 2)
JOKABATEJILCTBO. Ilycts O1 u Oy — 1EeHTPBI COOTBETCTBEHHO BHEITHEN
U BHyTpeHHel OKpy2KHocTeil Kosbia. IIpoBenem depes Touky Oy mmamerp RS

BHEIITHEH OKPYKHOCTH, IIEPECEKAIONINI OKPYKHOCTb BHYTPEHHIOI B TOUKax P

)

Puc. 4. Puc. 5.

CuadaJjia paccMOTpuM ciydait ¢ = 0, T.e. caydail KOHIIEHTPHYIECKOIO KOJIb-
na ¢ nearpom B Touke O = 01 = Oy (puc. 4). Toryma, pajauyc BOncanHbIX B

—-b
KOJIBIIO OKPY2KHOCT€ paBeH %. [Tycts A — TIeHTp OJTHOM M3 TAKUX OKPY K-

HOCTel, a B — TOYKa ee KacaHWs CO CJIEAYIONIEH OKPY2KHOCTBIO KOJIbIA. Tak

b
kaK Tpeyronbauk OBA upsvoyronsubii, LAOB = = u OA = a—; » TO
n
.o a—2>b
sin — = :
n a+b

Sra dopMmysa TpuBHAILHO Tpeobpasyercs B dhopmyy (2). Ham 6ymer ymobHo

3AINCATH €€ B CJIEYIONEM BU/IE:

1

[PQ,RS| = ST

(Bnecs [PQ, RS] = RO % — CTaHJAPTHOE JBOHHOE OTHOIIEHNE. )
Pacemorpum renepsb obiuii coryuait (puc. 5). Mbl y2ke ormedasu, 94To Jio-

00e KOJIBII0 WHBEPCUEN MOXKHO IIepeBecTu B KOHIeHTpudeckoe. Ocraioch 3a-

METHTb, 9TO [P WHBepcHuHU JBoitHoe orHorerne [PQ, RS| ve uamenurcsa! Ham

0CTaeTCs TOJBbKO BhIpa3uTh Besmmumabl RP, RQ), SP u SQ 4epe3 a, b u ¢ u

IIOJICTABUTH BCE B IPEABIAYIILYIO (DOPMYJIY.
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VIPAXKHEHHUE. 3aBepIIuTe J0KA3aTeJIbCTBO, IIPOo/ie/iaB HEOOXOIUMbIE Bbl-
YUCJIEHUSI.

YIHPAYKHEHUE. JloKaxKuTe, ITO €CJIU MEN0YKa OKPYKHOCTEH 3aMbIKAETC S
nocsie m 060poTOB, TO B bopMysie 2 Hy?KHO 3aMEHUTH 1. HA 1/ M.

OTMeTnM, 9T0 IKCIIOHEHTA OT JIBOITHOTO OTHOIIEHMSI, KCIIOIB3YEMOTO HAMH,
€CTh He UTO MHOe, KAK paccTosiHue Mexky Toukamu P u () B mozmenu [lyan-
Kape B Kpyre reomerpun JIo6a4eBCKOro, a ero MHBAPUaHTHOCTh OTHOCUTEIHHO
MHBEPCHU SKBUBAJEHTHA TOMY, YTO B 9TOH MOJEIM MHBEPCUS SABJISETCS JIBH-
ZKEHUEM.

Jpyroe nokazaTeabcTBO NPUBOIUTCS B [5.

TEOPEMA 4 (MAJIAA TEOPEMA IIOHCEJE). Bozvmem Ha nAOCKOCMU
KOADUO U, HAYUHAA C NPOU3BOALHOT mouku A, enuwem 6 nezo aomanyro L
co seenvamu Ly, Lo, ...(m.e. Ly asasemca xopdol enewnel okpyscHocmu
u Kacameavnol enympennet npu ecex k > 1). Toada ecau noayuuswancs A0-
manan 3amrnemes (m. e. watidemesa makoe wamypasvroe n, wmo Ly = Ly
ons ecex k = 1), mo npu aobom dpyzom evibope nauaronol mouku A’ coom-
semcmeyrowan somanas L' mooice samrremcs, npusem KoAUMECTGO 36EHDEG
6 AOMAHBLT 6ydem 0duUHAKOGHLM.

Puc. 6.

DiemeHTapHOE (HO HempocToe!) 10Ka3aTeIbCTBO IPUBOAUTCS B [6].

Ecyin B Teopeme 4 3aMeHUTH OKPYKHOCTU Ha KOHUKH (puc. 6), TO mOTyIuT-
csa boavwas meopeme Iloncene. Fe oka3zaresibCTBO MPUBOJNUTCS, HAIIPUMED,
B [2].

Temeps paccmorpum Teopembl [IITeiitnepa u Iloncesne B reomerpun Jloba-
YEBCKOTO.
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TEOPEMA 5. B zeomempuu Jlobavescrozo seprv, meopema IlImetinepa u
manas meopema Iloncene.

JIOKABATEJILCTBO. [l mokazarenbcrBa Teopembl IlTeitHepa BOCIIONb-
gyeMcst Mojiesibio [lyankape B Bepxmeil mosyrutockoctu (puc. 7). ITockombky
B 9TOH MOjie/in OKPY2KHOCTEH JIobaeBCcKOro coBIAJaeT C OKPYKHOCTHIO EB-
KJIMJia, TO crupaBeyinBocTh TeopeMbl [lTeitnepa B reomerpun JlobadaeBckoro
PABHOCHJIHHA €€ CIIPaBEJINBOCTU B reoMeTpun EBKana.

Puc. 7. Puc. 8.

s nokazarenbcTBa 60/bITON Teopembl 11oHCeIe pa3yMHO BOCIIOIB30BATH-
cst Bee Toii ke momenbio Kiteitna (puc. 8). B meit okpyzkuocTn Jlobauesckoro
SIBJISIIOTCS €BKJIMIOBBIME KOHUKAMU, a IpsiMast JlobadgeBckoro — orpeskom. Ilo-
9TOMY CIIPaBeINBOCTEL MaJjoit Teopembl [lomcenre B reomerpun JlobateBckoro
caeyeT uU3 CIpaBeIMBOCTH OOJbIION Teopembl [loHcese B reomerpun EBk-
JIAIA.

Busyanbno teopembr I[lTeitHepa m IloHceme KaxXKyTcss O9eHb ITOXOXKUMU.
JleiicTBATEIbHO, BEJIb NCXOAHAT KOH(MUTYPAIUS B HUX IMPAKTUIECKH OTUHAKO-
Ba, TOJILKO B OJJHOM CJIy4ae B KOJILIIO BIIUCHIBAIOTCA OKPY2KHOCTH, & JAPYTOM —
somanast. OIHAKO, HECMOTPsI Ha KaXKyIIeecs CXOJCTBO B (POPMYJIUPOBKE, 3TU
TeOpPEMbI UMEIOT IPUHIIUIINAIBHO PA3HbIE JI0KA3aTEeILCTBA, KOTOPble HUKAK HE
JIEMOHCTPUPYIOT B3aUMOCBSI3b 3TUX TEOPEM.

OpnHako ceffgac Mbl YBUJIUM, 9TO MEXK/Iy STUMHU TEOPEMAMHU €CTb CBS3b, U
[IOMOZKET HAM B 9TOM reoMmerpusi JloGadesckoro.)

Paccmorpum 6osibiryio Teopemy Ilomcesne B ciieyroiiemM 9acTHOM CIIydae:
BHEIIHsisl KOHUKA SIBJISIETCS OKPY>KHOCTBIO, & BHYTPEHHsISI — JJIUIICOM, [IPU-
9eM ITOT JLIUIIC JTOJIPKEH ObITh OKPY2KHOCTHIO JIobadeBckoro B mozesn Kieitna

1)A,/:LaMap TOBOPWJI, 9TO YaCTO IIyTh MEXK/Iy JIBYMsl BEIIECTBEHHBIMHU Pe3yJIbTaTaMU IIPOXO-
JUT Yepe3 KOMIJIEKCHOE. A B JIAHHOM CJIydae IIyTh MEXKJIy JBYMs €BKJIMJIOBBIMU TeOpeMaMu
MIPOXOUT YepPe3 HEEBKJIUIOBY IeOMeTpuio!



Teopewmnbr IllTeiinepa n Ilomcese 183

OTHOCUTEJILHO BHelHel okpyzkHocTH (puc. 3). Torma sobast 3aMKHyTast JJ0Ma-
Hasl, BIUCAHHAS B IIOJIYIEHHOE KOJIBIIO, SIBJISIETCS 8bIPOHCOEHHBIM ONUCAHHBLM
MHO020Y20AbHUKOM (603MONHCHO, camonepecexkatouumcs) 6 zeomempuu Jloba-
YEBCKO20.

Ilepeitnem Terneps B Mojenb Ilyankape B Kpyre reomerpun JlobadeBCcKo-
ro. B sToit mogenn okpyxkuocTu JIobaueBCKOro COBIaIalOT ¢ €BKJIMIOBBIMU, &
MIPSIMBIMU SIBJISIIOTCS JIYTH OKPY2KHOCTel, Jrexkalnue BHyTpu abCoIoTa U Imep-
[IeHIUKY/IsIpHBIE eMy. Tormna npeaplayinast KOHMUTypaIus ITPUMET CAeTy IOMTni
BUJI: 9JUIAIIC CTAHET OKPY>KHOCTBIO, & 3BEHbsI JIOMAHON — JyraMu OKPYKHO-
cTell, KaXkjas W3 KOTOPBIX KacaeTcd Mpeablaylneil. Ecan Temepsb JTOMOJHUTH
9TH JIyI'M JIO OKPYKHOCTE(l, TO HECJIOXKHO HOKa3aTh (HAIPUMED, C IIOMOIIBIO
UHBEPCUN), YTO BCe OHM Oy/yT KacarTbCs (BHYTPEHHUM 00OPa30M) eIle OJHOM
OKpY2KHOCTU. A 3T0 Kak pa3 u ecThb Teopema [llreitnepa.

Takum 06pazom, MBI PaKTHIECKN ToKasaan, uTo Teopema IllTeitrepa siB-
JIIeTCA YacTHBIM cjaydaeM Oosbinoit Teopembl [loncene. Takke wHTEepecen u
obparHbIi mepexos K Teopeme Iloncene. K coxkajieHnIo, TaKUM CIIOCOOOM I10-
JIVIUTD €€ JOKa3aTeJIbCTBO B ODIIEM C/Iydae HeJIb3sl, IOCKOJIbKY OKPYZKHOCTH
B Mozenu Kireitna reomerpun JlobadueBCKOro — 3TO HE MPOU3BOJIbHBIN JJLITUIIC
(y Hero, HAIIpUMeED, MaJiasi OCh JIEXKUT HA JIHAMETPEe abCOJII0Ta).

Teneps ¢ nomorwio Teopemsl [loncesne B reomerpun JIobaueBCKOro Mbr J10-
KasKeM CJIeIYIOILYI0 TeOPEMY €BKJIII0OBOM reOMeTPHUHN, KOTOPAast SIBJIAETC 0600-
menneMm Teopembl [llTeitnepa u masoit Teopemsbl [loncese.

TEOPEMA 6 (9MX). Bosvmem Ha naockocmu koavyo (m.e. dee okpyotc-
HOCU, 00HA U3 KOMOPHLLL PACTIONONCEHA CMPO20 SHYMPU, 0pYy2oll) U OKPYIHC-
HOCTL W, Aeocawyto 6 Hem. Haunem enucoieamsv 6 amo Koabuo OKpYHCHOCTU
Ch, Co, ..., Kaotcdas u3 KOmMopur NPorodum 4epes mouky nepeceverus npedvi-
dyweti okpyotcnocmu ¢ oxpyscnocmovio w (puc. 9). Tozda ecau noayuuswaics

[\v]

~
A4
X
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uenowka okpyocrocmet samrnemcs (m.e. natdemca MaKoe HAMYPaAbLHOE
n, wmo Cy = Cphyp dasa scex k > 1), mo npu aobom dpyzom evibope
navasvhot oxpyotcnocmu Cl coomeememeyrowan uenouka okpyscrocmet Cl,
CY, ... Mmootce 3aMKHEMCA, NPUYEM KOAUMECTNBO OKPYHCHOCTNEL 6 UENOWKAT
bydem 00uHAKOGHIM.

JIOKA3ATEJILCTBO. Kak m mpu Jiokazare/ibcTBe TeopeMbl IllTeiinepa, c
IIOMOIIITBIO MHBEPCUU IIEPEBEAEM I'DAHUIHBIE OKPY2KHOCTHU KOJIbIIa B KOHIIEHTPU-
veckue. Torna HaliIeTcs OKPYKHOCTD, IEPIEHIUKYAIPHAS BCEM OKPY2KHOCTSIM
C, kosbiia (jrokazkure!). MbIcJeHHO coTpeM Bce, YTO JIEXKUT BHE 9TON OKPY K-
HOCTU U BHHUMATEJIHHO IOCMOTPHM Ha TO, YTO ocTajoch. [locie cekyHiHOTO
PasMbIIJIEHUA CTAaHOBUTCA ITOHATHO, 9YTO IIepe/]l HaMH HE YTO MHOE, KaK MaJlasd
teopema [loncene B momesu [lyankape B kpyre reomerpun Jlobauesckoro!

YIHPAYKHEHUE. C mOMOIIBI0 TeopeMbl IdMxa JoKaxkure TeopeMy [llreii-
Hepa u MaJsyio Teopemy llomncesne.

AHajiorndHo TeopeMme 5, BepHa, CJIELYIOIAs
TEOPEMA 7. Teopema Imza sepra 6 ecomempuu Jlobauesckozo.
YIPAX>KHEHUE. [loKaXXnTe 3Ty TEOpEMY.

IIpuBeneHHbINl BhIllle TPUMEpP WCIOJIL30BaHUSA TreomeTpun JIobadueBcKoro
IPH JTOKA3aTeILCTBE TeOpeM reoMeTpun EBKIINIA SBISeTCS TOBOILHO PEIKIM
U Ha IPaKTHKe BCTpedaercsi HeyacTo (cM., Hanpumep, [1,3]).
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zoronaipioe conpszkenne n 3agada Pepma

I. Tanuesn H. Hukosos

1. BBEAEHUE

Ienbio qaHHON PabOTHI SIBJISETCS JJOKA3aTEIHLCTBO CJIELYIOIEr0 YTBEPK Ie-
HUS.
Hycms dan mpeyzorvrurx ABC u dee mouxu X, Y. Fcau X, Y wusozo-
HANDHO CONPAHCEHDL, MO
AX-AYiBX-BYiCX-CY:17 (1)
AB - AC BC - BA CA-CB
NPUYEM, ECAU HUCAO OMPUUATNEALHBLT CAGZAEMVIT 6 AEBOTE UACTNU YEMHO, MO
YCA0BUE UB020HANLHOT CONPANCEHHOCTNY ABAAEMCA U HEOOTOOUMDBIM.
B pazmene 2 mano jmerasibHOE ONMHMCAHWE T€OMETPUIECKMX KOHMUTYPAITHIA,
B KOTOPBIX BBITIOJIHEHO paBeHCTBO (1).
Mpbr1 6yiem ucosb3oBaTh (1) /it FeOMETPUYIECKONH MHTEPIPETAINE Pelle-
HUA Kjiaccu4aeckoi 3agadn Pepma ¢ TPOM3BOILHBIMU BECAM.
B pasmene 3 Oymer pemrena 3amada Pepma s MOJOXKUTEIHHBIX BECOB:
Han mpeyzoavrux ABC u noaoscumenvhoe wucaa X, [, v. Hatimu mouxy
Y, Munumusupyrowyro Gyrruuo

AAY + puBY + vCY.

B pazzaene 4 6yner pemena 3agada PepMma [1Jist OJHOTO OTPULIATETBHOIO U
ABYX IIOJIOZKUTEJ/IbHBIX BECOB:

Han mpeyzoavrux ABC' u nososcumesvroie wucaa X, [, v. Hatimu mouky
Y, munumusupyrowgyro Gymnruyuo

—AAY + uBY + vCY.

Mpbr okaxkeMm, Kak B ODIIIEM C/Iydae IO JaHHBIM YHUCJIaM IMOCTPOUTH TOUKY
X, n30roHaIBHO CONPSKEHHYIO UCKOMO# Touke Y .

2. COOTHOUIEHUSI, XAPAKTEPU3VIOIIUE U30TOHAJ/ILHOE
COIIPSIXKEHUE

Ilycts k& — omnwmcannasi OKpy»KHOCTH TpeyrojabHuka ABC. O6o3nHadmMm
yepe3 ¢ M30rOHAJIbHOE colpsxkenue orHocuresbno ABC. Mbl He 6ymem

Ilepeson A. A. 3acnasckoro.

MaTemaTunyeckoe npocseweHue, cep. 3, Bbin. 12, 2008(185—194)
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G
k C
012
g
D
0’13,/4\_/3 F
E
Puc. 1.

paccMarpuBaTh TOUKH K, OTJIMYHBIE OT BEPIIMH TPEYIOJIbHUKA, U COIPSIYKEeH-
HbIC UM OECKOHEYHO Y/IaJIeHHBIE TOYKH.

Ha puc. 1 uzobpaxkenbl 06/1acTH, HA KOTOPbIE CTOPOHBI TPEYTOJIbLHUKA U
OKPYKHOCTD k pasbusator yrisl DAE u FAG.

Hamomuum, yTo

1) i(oc) = o. Ilpu srom (M) = A nua moboit Toukun M orpeska BC,
i(M) = B na moboit Toukn orpeska AC, i(M) = C nnsa mob6oit ToUKH
orpeska AB.

2) i(o12) = o12. Ilpu srom i(M) = C mst moboit Toukn ayda BF, i(M) =
= B st sioboit Touku syda C'G.

3) i(013) = 03, i(0]3) = o13. pu arom i(M) = C aya moboit TouKn Jyda
AD, i(M) = B nus sob6oii Touku siyua AE.

IIycrs mamer gBe Touku X, Y. Jlokaxkem

YTBEPXK/JEHUE 1.
AX-AY BX-BY CX.-CY 1
AB-AC =~ BC-BA CA-CB 7~ 7
NPUYEM PABEHCMBO J0CTULAEMCA MOAbKO Ko2da X, Y usozonarvHo conpsasice-
HbL U neHcam 6 05/Lacmu ag.

JIOKABATEJILCTBO. Bymem paccmarpuparsk Touku 1iockoctu A, B, C|
X, Y kak KoMmILIeKCHbIe ducia a, b, ¢, x, y. Torga Tpebyemoe HEpaBEHCTBO
[IpUMET BUJL

| (z—a)(y—a)
(b—a)(c—a)

(z —b)(y —b) (z—-)y—o
‘_'_’(cfb)(afb)}+‘(afc)(bfc)‘21' (2)

Yr0o0BI 10KAa3aTh HEPABEHCTBO (2), JOCTATOYHO 3aMETUTH, ITO

—a-a), |@=bE-b| (E-d-d)
omae—a T enuon! T lezae=0!
(z—a)y—a)  (-By-b) , (@—)y—c
>
/‘(b—a)(c—a) * (c—=0b)(a—0b * —c)(b—c "
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(x—a)(y—a) , (x—b)(y—>b)  (z—c)y—c) _
G-ac-a T c-De-b T @-ab-09 (3)

[Tpu sTOM paBeHCTBO B (2) JOCTUrAeTCst TOLJA U TOJIBKO TOTJIA, KOIJIA BCE TPH
quca

(z—a)ly—a) (@-by—-b (z—cy—o (4)
(b—a)c—a)’ (c—b)(a—10)’ (a—c)(b—2c)
JIefiCTBATE/IbHBL U HeoTpuriaTesbHbl. Jucsa (4) meificTBUTeIbHBL TOTa U TOJTh-
KO Torma, Korma X u Y M30TNOHAJBHO CONpPsIKEHBI. Kcin Bce OHM TOI0KUTETb-
HBI, TO TOYKU X, Y jiexkar BHyTpu Tpeyrosbauka ABC, eciin yKe 0JIHO U3 IUCeJT
pPaBHO HYJIIO, TO OJHA U3 3TUX TOYEK COBIAIAET C BEPIINHON TPEYrOJIbHHUKA, &
JpyTast JIEXKUT Ha IMPOTUBOIIOJIOKHON CTOPOHE. O

Ob6osuaune BC = a, CA = b, AB = ¢, H0Jly4YuM YCJIOBHE H30IOHAJILHOIA
COIIPA2KEHHOCTU BHyTpeHHI/IX TOYECK B BHUJIC

a-AX-AY +b-BX -BY +¢-CX -CY = abe.

YTBEPXK/IEHUE 2.
AX-AY  BX-BY CX.CY
" AB-AC ' BC-BA ' CA-CB~
npuvemM pacerHcmeo docmueaemc;z moAbKO %0200, X, Y wsoeonanvro ConpAHce-
WL U ALAHCAM 6 00AGCTNU 019,

L,

JIOKABATEJIbCTBO. AHAJOIMYHO JOKA3aTEIbLCTBY IPEIbIIYIIErO yTBEpP-
JKJICHUS 3amuiieM TpedyeMoe HepaBeHCTBO B BHUJIE

(x —a)(y —a) . (z = b)(y —b) B (x—c)(y—c) B
‘(b—a)(c—a)} ‘(c—b)(a—b)‘ }(a—c)(b_c)}g L. (5)

s mokazarenscrsa (5) ucnonb3yeM (3) n HEPABEHCTBO

‘(Jf—a)(y—a)l B ‘(m—b)(y—b)’ B |(w—0)(y— | <
(b—a)(c—a) (c=b)(a—0) (a—c)(b—c
Wb | @00
c—>b)(a—1b) (a—c)(b—rc)

|2

‘(xfa)(y*a)
= (b—a)(c—a)

Pasencrso B (5) JOCTUTaETCA TOrJla U TOJIBKO TOr/Jla, KOT'Zla BCE€ TPU HYUCJIa
,Zl;eflCTBHTe.HBHbI 1 BBITIOJIHEHBI HEpaBEHCTBa

—]

— _ b (y—b _ —
G-a-a) E-BE-b o @-Iu-o ©)
(b—a)(c—a) (c—b)(a—b) (@a—c)b—0)
DTH yCJIOBUS BBIMIOJHAIOTCS TOIAA U TOJIBKO TOra, Korma X u Y M30roHAIbLHO
COTPSI>KEHBI U JIEXKAT B 00JIaCTH 019. O

Tlosryaennoe ycaoBue M30TOHAJIBHON COIMPSI)KEHHOCTH MOYKHO 3AITUCATH B
BUJIE

—a-AX-AY +b-BX -BY +¢-CX -CY = —abe.
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OTMeTuM Tak»Ke, 4TO JIjIsi U30IOHAJIBHO COIPSI?KEHHBIX ToueK X, Y, jexa-
mux B o013 U 033 BBIIIOJITHEHO PaBEHCTBO
AX - AY BX - BY cx.-cy

AB-AC = BC-BA CA-CB_l’ (7)

WiIn
—a-AX -AY +b-BX -BY +¢-CX -CY = abe.
OHaKo, IPUBEIEHHOE BBIIIE J0KA3aTe/]IbCTBO HEOOXOIUMOCTH B 9TOM CJIy-

Jae He MPOXOIUT. YJIOBJIETBOPSIET JIH JieBas 9acTh (7) KaKoMy-nb0 HepaBeH-
CTBY, HEM3BECTHO.

3. BAJIAYA DEPMA JIJ15 TTOJIOYKUTEJIBHBIX BECOB

Hnst tpeyronbanka ABC obosnaunm: AB =c¢, BC =a, CA=0b, /A= q,
+B=p, ,C=7~,0, R— uenrp n paJjuyc ONMUCAHHON OKpyKHOCTH kK, S —
TLJIOIIATD.

[Iycts M ¢ k — npousBosbHast Touka, A1 B1C] — meaanbHbBII TPeyroabHUK
M. Torna, Tak kax By, C] jexar Ha OKpyzKHOCTHU ¢ mamerpom AM, B1C =

. AM bBM M
= AM sina = 222 Ananornuno, C1A1 = ——, A1B1 = < .
2R 2R 2R

Beisicrim Teneps, Kak HaifiTn Touky M, 3Hast yruibl Tpeyronbauka Ay B1Ch.
Bocrmosbayemcest ciieyommum pe3yibTaToM.

TEOPEMA 1 ([1]). Hycmov darwr yeav, mpeyeosvnura oy, B, v1. Toeda

i) Cywecmsyem eduncmeennan mouka M enympu k, das xkomopot yeawv
nedaavroeo mpeyzosvruka A1 B1Ch pashor a1, B1, v1- Ipu amom mpeyeonn-
nuxu ABC u A1 B1C1 0dunaxoso opuenmuposarivl.

ii) Ecau (a1, B1,7m) # (a, B,7), mo cywecmseyem eduncmeennas mowra N
ene k, 0aa xomopotl yaav, nedasvhozo mpeyzorvhuka AaBaCy pashwr oy, [,
v1. IIpu smom mpeyzorvruru ABC u AsBsCo mpomusonososcHo opuermu-
DOBAHDL.

iii) Touku M u N unsepcho, ommnocumenvo k.

BbisicauM Tenepb, pu KaKUX COOTHOIIEHUsIX Mex Ty (o, 3,7) u (a1, 51,71)
Touka M JIeXKuT B 0, 012, 013, O)3.
Eciu M nexwur BuyTpu k, To (puc. 2)

BMC=a+a«;, ,CMA=p+p3, AMB=~+. (8)

Mur cauraem, uro ,BMC > w, eciiu A u M jiexkar 110 pas3Hble CTOPOHLI
or BC. CooTBETCTBEHHO MMEEM:

Meosata<m, pB+/<m Fv+m<m7.
MeBCsa+a=mn, pB+p/<m, v+m<Tm.
Meogzsesatar>n, B+ <m, ~v+y <.



Hsoronanpraoe conpsi>xernne u 3agada Pepma 189

Ucnonbsys (8), crpoum uckomyio Touky M.
FEciu M — BHyTpeHHssT TOUKA TPEyrojbHuKa, 1 N — M30TOHAJIBHO COIIPsi-
xkena M, To u3 (8) u pasencrsa ,BMC + ,BNC = 7 + a nojty4aem

+BNC=mn—0a1, ,CNA=7n-0, ANB=m—m. (9)

IIycts Teteppr M jiexxut BHe k. Eciu M u A no pasubie croponst ot BC,
to (puc. 3) ,.BMC = a1 —a > 0.
CienoBaTesIbHO

M60-12<:>/6>617 Y >, ap > .

/
Meoz & B<b1, v<m, o<a.
TeHepb pacCMOTpUM 3a1a9y (DepMa C ITIOJIOZKUTEJIbHBIMU BE€CaMU. I/ICHOJH)—

3ys HEPABEHCTBO U3 YTBEPXKAEHN 1, T TUM T€OMETPUIECKYIO HHTEPIPETAITHIO
ee peleHns.
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3A0AYA 1. Jlan mpeyeosvhux ABC u nososcumenvHvle “ucia A, b, V.
Hatimu mouky Y, MUHUMUSUDYIOWYIO GYHKUUIO

F(Y) = MY + uBY + vCY. (10)

PemEHUE. Ilpexae Bcero orMeTuM, ITO €CJIU, HAIPUMED, UV = A + (4, TO
IS JII000 TOYKH Y

F(Y) > MY + uBY + (A + p)CY = MAY + CY) + u(BY +CY) > F(C).

Tlosromy Oyznem cunTaTh, YTO CYIMIECTBYET TPEYTOJIBHUK CO CTOPOHAMU A,
W, v. Ecam aq, 1, 71 — yIJIBL 9TOr0 TpeyrojibHuKa, To MuHumu3arms (10)
SKBHUBAJIEHTHA MUHUMU3AINH DYHKITUH

fY) =AY sina; + BY sin 51 + CY sin~;.

ITIo Teopeme 1 cymecrByer enuHCcTBeHHAs TOYKa X BHYTPH K, IJjis KOTO-
poil yrubl nemajabHOro Tpeyroiabanka Ay BiCi pasubl (A7 = oy, ,B1 = (4,
+C1 = 71. Obosnauast gepe3 R paauyc omucanHo# okpykuoctu A1B1C1,
[IOJIy 1aeM

1
Y) =

(a-AX -AY +b-BX -BY +¢-CX -CY). (11)

Paccmorpum mBa corydast:
— X BHyTpM WM Ha Tpanutie Tpeyroyibanka ABC)

— X BHe ABC.

B nepsom ciyuae, npumensisi K (11) yTBepxenue 1, mosiydaem, 9To Mu-
aumyM f(Y'), paBHbIit 1R, MOCTHIaeTcs, Korna Y — Touka, M30rOHAJIBLHO CO-
1

psi>keHHast X .

Tounee, eciu o + a1 < 7, B+ P1 <7, v+ 71 < 7, 70 X JEKAT BHYTPU
ABC u MHHAMYM JOCTUTAeTCS Ha TOYKE Y, M30IOHAJLHO CONPSKEHHOH X .
Ecin xke, nanpumep, v 4+ 1 = 7, To X Jexxur Ha cropone BC' u'Y = C.

[Tycts Teneps X Bue Tpeyrosmbunka ABC (puc. 4). Torna v + vy = 7.
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[Tyctes X M — 6uccekrpuca yriaa X tpeyromasuuka AX B. Torna ms mHexo-
Toporo q > 1
AX =qgAM, BX =qBM.
[Toctpoum okpyx)uocTh Anosutonus kg gy Touek M, X u oTHOIIeHUsT
q. Ona mpoxomut dyepes A, B u nentp L Brnucannoit B Tpeyroabuk AX B

okpyxkuocTu. CrenoBarenbuo, C' jgeKuT BHYTpU ko U Veivi > q.

[Moxcrasus B (11) AX = gAM, BX = ¢BM, nony4yaem

J(¥) = 1o (g(a- AM-AY +b-BM - BY +¢-CM-CY ) +¢(CX —g-CM)CY).
1

S
Tak kak CX —qCM > 0, murumym f(Y'), paBubtii %1, JOCTUTAETCsI, KOTJIa

Y wusoronasibHO comnpsixkena M, 1.e. Y = C. 0

4. 3AOAYA PEPMA C BECAMU PA3HBIX 3HAKOB

B stom pasgese 6yser paccmorpena 3ajatda PepMa ¢ OJIHUM OTPUIIATE b
HBIM ¥ JByMs [TOJIOXKUTEJbHBIME Becamu. MblI TOKaxKeM, 9TO ee MOXKHO CBECTH
K 3aJlade C MOJIOKUTEJTbHBIMIA BECAMU.

3AIAYA 2. Jlan mpeyeosvhux ABC u nososcumenvHvle “ucia A, [, V.
Hatimu mouxy Y, MUHUMU3UPYOwyo Gyrxuuo

G(Y) = —AAY + uBY +vCY. (12)

PEIIEHUE. Bocmoib3yemcs cieayonuM COOTHOITEHNEM MEXKIY PeIeHu-
aMu 3aa49 1 u 2.

JIEMMA [2]|. Ecau Q pewenue s3adavu 2, mo

1) Q u A aesrcam no pasnvie cmoporv. om npamot BC

i) Jas moboti mourku D, sestcawets na ayue, npomusonososrcrom QA,
mouka Q asasemcs pewenuem 3adavwu 1 das mpeyeoavnura BC'D u gecog A,

1y V.

JIOKABATEJILCTBO. i) [locTtaTouHo 3aMeTuTh, 9TO Jjisi TOUKH (), Jiexa-
meit o Ty x)e cropony or BC, uro A, G(Q) > G(Q'), rme Q' — Touka,
cumMerpudHas () orHocuresbHO BC.

ii) Ilycts Fp(Y) = ADY + puBY +vCY. Torna

Fp(Y) - Fp(Q) — (G(Y) = G(Q)) = MDY + YA - (DQ + QA)) =
=ANDY +YA—-DA) > 0.
ITostromy, eciin () — perrerne 3a1a49u 2, TO

Fp(Y) = Fp(Q) = G(Y) — G(Q) = 0. O
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U3 semmbl coiesryer, 9To Touka () (ecau 3a1aua 2 uMeeT pelleHne) JIeXKUT
B objractu 013 U BC' U 0132.
Ecim A > p+ v, 1o

GY)< (p+v—ANAY + uAB + vAC,

7 3aJla9a HEe UMEET PeIleHusl.
IIycte A < p+ v. Torma G(Y) > —G(A), u 3naunt, penienne 3aga4n 2
cymectByer. I3 jileMMbI U pelieHust 3a1a9u 1 CJIeayer, ITO MCKOMON TOYKO
Oymer:
Bupu p>A+v; Cupuv > A+ p; Bu/wm C upu A = p+ v.
TlosTomy Oynem paccMmarpuBarh Caydail, KOTJIa A, 4, Y YJAOBJICTBOPAIOT
HEPABEHCTBY TpeyroabHuKa. OBO3HAYNE COOTBETCTBYIOININE YIJIbI Yepes o, (31,
1, CBEEM 3aJ1a9y K MUHUMU3AIINN (DYHKITAN

g(Y) = —sinaj AY +sin 1 BY + siny;CY. (13)

[Tpeamomnoxkum, aro Touka () JeKuT B obaactu 013 (puc. 5)

Paccmorpum Tpeyronbnuk BC'A’) yioBIeTBOPAIONINi yCIOBUAM JIEMMBI.
3 pemenns 3amaun 1 cienyer, uro ,BQA' = 7 — v, ,CQA’ = 7 — 31, T. e.
AQB =1, LAQC = (1.

Kpome Toro

Br>0, m>n. (14)

Bosbmem BHe k Touky P, /i KOTOPOW yIVIbI MEIAJIbHOTO TPEYTOJbHIKA
paBHbL a1, (1, v1. B cuny (14) P nexkur B obiactu 04, n tak kak ,BQC =
=7 —a1, LAQC = (1, LAQB = 71, Touku P u () M30TOHATBLHO COMPSIYKEHBI.
[TosTomy

9(Q) = 2

" 4RR;’
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rae Ry — pamuyc negaibHON oKpyKkHOCTH P.
C apyroit cTOpOHBI
be
B) = —(PC — PA) < 22 =
9(B) = zg: ( ) < tre = 9@Q),
9TO MPOTUBOPEYNT MuHHMaJbHOCTH (). CiemoBare/bHO, () HE MOXKET JIeXKaTh
B 013.
Eciu @ sexur va nyre BC, 1o 1 = 8, y1 = ¥, @1 = . 3HAYUT
1
g(Y) = ﬁ(—aAY +bBY +cCY) >0,
npuYeM paBeHCTBO jocTuraercst B Toukax jayru BC' (teopema I[Itosemest).
Takum 0b6pazoM, pelreHne 3a1a4u 2 JTOCTUraeTCsI BO BcexX Toukax ayru BC,
He cojepzKalieii A.
IIycts Q stexkut B objactu o12. Torma 51 < 3, y1 < . Bosbmem BHe k TOU-
Ky P, neiajibHbIil TPEyroJbHUK KOTOPOi nMeeT yribl aq, 31, 1. Paccyxmas,
KaK BBIIIIE, [IOJIyYaeM, YTO ONTHMAaJIbHas TOUYKa () M30IOHAILHO COlpsizKeHa P
n

abc S
" 4RR,  Ri

Bo Bcex ocrasibHBIX CIydasiXx MHUHUMYM JocTuraercs B Touke B, C' um
obenx, B 3aBUCUMOCTH OT Toro, Beinosaeno i g(B) < g(C), g(B) > ¢g(C) wm
9(B) = g(C).

IloxBosst mTor, morydIaem:

Gmin =

1. Ilpu 1 = B, y1 = 7 pertennem 3amauu 2 OyneT Jjobas Touka jayru BC,
He comepxkamein A, gmin = 0.
2. Ilpu (1 < B, y1 < -y pemenneM OyaeT TOUKa (), M30TOHAJIBHO COIPSYKEH-
nag P, u
S
—

Gmin =

3. Eciin 81 > B wim v > 7y, TO:

sin 31 — sin sin 3 — sin
3.1. IIpu b ! o b - 2 perienueM Oymer Touka B;
sin aq sin «
3.2. Ilpu 22 ’81. mLLUERE, ﬁ.i "7 pemenuem GyayT Touku B u C;
sin aq sin «
sin 31 — sin sin 3 — sin
3.3. IIpu b L n < b - 2 pertieareM Oyaer Touka C'.
sin aq sin a

3AMEYAHUE. CraHgapTHBIE BHIYUCIEHHUS [IOKA3bIBAIOT, YTO

B B
2 2

sin #1 — siny; > sin 8 — sin~y

<~ tg ctg%>tg ctg%.

sin a sin av

Crenoatenbo, pemennem npn ay # o, b1 = B, 1 < v (b1 < B, 11 = 7)
6yzer Touka B (C).
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Pasbop BeIpoXKIEHHBIX ciydaes 3ama4d 1, 2, Koryga Touku A, B, C' jexar
HA OJHOI HPsIMOil U/WJIM HEKOTOPbIE M3 BECOB PABHBI HYJIIO, MBI OCTABJISIEM
YUTATEJTIO.
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[Tapabosmmaeckne MHOTOYTOJBLHUKH

®. K. Hunos

B aroii crarbe 10Ka3bIBaeTCsT HECKOTBKO T€OPEM O KPUBOJIMHEITHOM Tia-
pabo/IMIeCKOM Y€THIPEXYTOJIbHUKE.

TEOPEMA 1. Jlse napabosvt nepecexaromces 6 wemouiper moywkax. B noay-
YEHHBLT «NAPAOOAUNECKUT YEMBPETY2ONDHUKS MONHCHO BNUCAMD OKPYICHOCTILY
mozda u moavko moeda, koeda e2o duazonasu nepnerdurysapro.. (Cum. puc. 1.)

[To-BusMMOMY, TOT KpacuBblii (akT HEM3BECTEH, YTO IIOJTBEPIKIAETCS
MHEHHEeM aBTOPOB KHUrH [1].

DOPMVYJIMPOBKU OCTAJIBHBIX PE3YJ/IBTATOB
Cdopmynupyem cieyomniuii n3BeCTHBIN DaKT.

TEOPEMA 2. [lapaboaureckuti “emuipery20abHur AGAACMCA GNUCAHHBIM
mozda u Moavko moezda, K02da ocu 0OPAZYOUUT €20 NAPabOA NEPNEHOUKYAAD-
noi. (Cwm. puc. 2.)

13 Tteopem 1 u 2 GymeT BbIBEJIEHO TaKOE yTBEPXKIECHHE.

CHIEACTBUE 1. Jhobot napabosuneckuti YemulPery20ioHUK MONHCHO nepe-
secmu aPPurHvIM NPE0OPA30BAHUEM B0 BNUCAHHO-ONUCAGHHIT NAPAOOAUNECKUT
YEMBPETY20ADHUK.

Puc. 1. Puc. 2.

MaTemaTunyeckoe npocseweHue, cep. 3, Bbin. 12, 2008(195—204)
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Puc. 3. AE/EB = DF/FC Puc. 4.

W3 cnencrBust 1 Oymer BhIBEJECH €I1e OJINH UHTEPECHBIN pe3yJibTar.

IIpsimass FF nasbiBaeTcs oce6oli npAmoti BBITYKJIOIO YeThIPEXYTOJbHIKA
ABCD, eciiu 0Ha TIPOXOIUT Yepe3 TOUKY IepecedeHusl JJuaroHajeil 4eThbipex-
YTOJBHUKA U TIEpPeceKaeT MpsiMble, cojepxkaiiue cToporbl AB u C'D B Toukax
E u F| nns xkoropoix AE/EB = FD/CF. OceBast nupsiMasi 9€ThIPEXYTOJIbHAKA
3aBUCHUT OT MOpsijiKa pacrojoxkenus Touek A, B, C u D.

CJEOCTBUE 2. Ha napaboae aeorcam wemoipe mouxu A, B, C u D. Tozda
0Cb NAPabosvL NAPasIEsLHA 0ce6ol npamot uemviperyzosvhura ABCD. (Cwm.
puc. 3.)

Caenyromuii pakT OymeT BBIBEIEH U3 CJIEICTBHA 2 KaK YacTHBIA CiIydaii.

CHEACTBUE 3. Ilapabosa u 0KPYysHcHOCMH NEPECEKAIOMCA 8 “EMBIPET
moukaxr A, B, C u D. O60osHnauum mouky nepeceuenus ua2OHAAET “embl-
pexyeorvrura ABCD wepes L. Tozda 6uccexmpuca yeaa ALD napansiesvra
ocu napaboav.. (Cm. puc. 4.)

Crnenytoree yTBepKAcHNE OYIET BBIBEIEHO U3 CJICICTBUS 3.

YTBEPXKJIEHUE 1. Touka nepecevenus ocetl napabos, o6pa3yrowuxr enu-
CaMHBIt NAPADOAUHECKUTT YEMBIPETY2ONOHUK, COBNADAEM C UEHMPOM MAHCE-
CMU COOMBEMCMEYIOWLE20 NPAMOAUNETH020 Yemviperyzorvhura. (Ha puc. 2
touka G — nentp tszkectu ABCD.)

Crenyromee yreep:kenne chpopmynnposano A. B. AkonsiHom n A. A. 3a-
cinaBckuM. OHO OyJieT BBIBEIEHO U3 CJAEIACTBUS 3 U JIEMMBbI 1.

TEOPEMA 3. Bnympu okxpyotcnocmu ezama mouwka X . Hepesd nee nposo-
damesa N xopd, deasusue naockocmsd Ha 2N pashovir yeao6. depes KonubL Katc-
doti xopdvi nposodumcs napabora, KacaoWaACs OKPYHCHOCTU 6 IMUL KOHUGT.
Tozda sepuwunv, napaboruveckozo 2N -y20AbHUKG, NOAYHAIOWEL20CA NPU Nepe-
CENEHUU IMUL NAPAOOA, AEHCATN HG 0OHOT OKPYHCHOCTIIU.
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Puc. 5.

YTBEPXKIEHUE 2. Jlan onucannviti napabosuseckuli Wecmuy2oibHUuK,
npuvem A006ve dge NaApadoavl, 00PA3YIOULUE €20, NEPECEKANOMCA 6 “HEMbLPET
mouxax. Toeda e20 2nasnvie JUAOHAAU NEPECEKAIOMCA 68 00HOT MOYKE.

9T0 yTBep:K/IeHne OYIeT BHIBEJEHO U3 JIEMMBI 1, chOpMYTMPOBaAHHO HUKE.

JTOKABATE/JIBCTBO TEOPEMHI 1.

Cdopmynupyem Jjiemmy 1, Ha KOTOPOl OCHOBAHO J0Ka3aTEIbCTBO TeEOpe-
MbI 1.

JIEMMA 1. Jawna napabora, xacarowascs oxpyschocmu 6 mouwkar A u B.
IIpoussoavras mowka P naockocmu aesrcum na amoti napaboae mozda u monb-
K0 mozda, Kozda paccmosrue om mouku P do npamoti AB pasho daune xaca-
meavrot, nposedennoti ud mouku P x oxpyorcnocmu. (Cm. puc. 6.)

JlokazaTeabCTBO 3TOM JIEMMBI IIPUBEIEM IT03KE.

Jloxazamensvemaeo wacmu «moavko mozday meopemvs 1. OboznadanM TOU-
KU KaCaHUsl OKPYKHOCTH, BIIUCAHHON B TapabOInIeCcKuil 1eThIPEXYTrOJbHUK, C
ozHol napabosoii uepes K u L, a ¢ apyroit — uepes M u N (cm. puc. 7). Pac-
CMOTPUM OJHY U3 BepmuH A mapabonIecKoro YeThlpexyroabunka. 13 qactu
«TOJIBKO TOTIa» JIEMMBI 1 CJIe/yer, ITO pacCTOsIHUS OT TOUYKH A 710 mpsiMbix K L
u M N paBHBI JIjINHE KACATEJILHON, ITPOBeIeHHON 13 A K OKpYKHOCTH. 3HAUNUT,
BepiuHa A paBHOyIaieHa oT nNpaMbix K L u M N. AHajgorudHoe BEPHO U JJIst
apyrux BepiinH. [TocKoIbKy psiMble, cojepKaline OMCCeKTPUCHI yIJIoB, 0Opa-
30BaHHBIX NpsiMbIMU K L 1 M N | sIBISIOTCS TUATOHAJISIMU I€ThIPEXyTOJIbHIKA
ABCD, To quaroHaJii 3TOro 9eThbIpeXyroJbHUKA TePIeH UK YIIPHDI. 0

OcuosHas uaest 10Ka3aTe/JILCTBA JaCTU «TOCIA» TeOPEeMbI 1 IPUHAIJIeKNAT
A. A. BacmaBckomy.

Hoxaszameavemeo wacmu «mozday meopemwv. 1. Ilyctrb ABC'D — mna-
paboIMuecKuii 4eThIPEXYTOJBHUK C HMEPHEeHUKY/ISIPHBIMEI JUANOHAIAME (CM.
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(0]

Puc. 6.

puc. 8). Obo3naunm [depe3 L TOUKY IepecedeHns ero jguaronaseit. 3secrno,
qro npoeknun Touku L Ha mpsambie AB, BC, CD u DA nexar Ha OJHOI
okpy2KHOCTHU. JloKaxkeM, 9To 3Ta OKPYKHOCTDb BIIMCAHA B TApabOJIMIeCKuil de-
TBIPEXYTOJbHUK. MOXKHO CUMTaTh, YTO CYIIECTBYeT TakKas IpsiMas [, IpOXo-
JIAAs Iepe3 TOUKy L, ITO pacCTOSTHUE @ OT 9TOH MpsiMOii 10 TOUku A paBHO
JUTHHE KacaTeJbHOH t, 3 Toukn A K OKPYKHOCTH.

(TTokazkem, moyeMy Takasi OpsiMasi cyIiecTByer. Byjaem caurarh, 910 MEHTD
I >T0ii OKPY’KHOCTH JIEXKUT B TOW »Ke IOJIYIJIOCKOCTA OTHOCHUTEIHHO IIpsi-
moit BD, uro u Touka A. Torma ,ILA ocrpsrit. CyliecTBOBaHIe TaKo IIpsi-
MOit TI0 COOGpaykeHnsM HempepbiBHOCTH ciepyerT us AL? > t2. Jlna nokasa-
TEJILCTBA TOrO0 HEPABEHCTBA ODO3HAYMM Y€pe3 T PaJUyC paccMaTpUBAEMOI
okpyxkHocTh. Touka L smexxut BHYTpH 3Toi okpyxkuoctu. [lockombky ,ILA

ocrpeiit, AL? > AI? — IL? > AI? —r? =t2))

Puc. 8.
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O603HaYUM PACCTOSIHUS OT 3TOH LPAMOIl 10 Kaxk ol u3 Toyek B, C'u D
uepes b, ¢, d, a JIUHBI KacaTebHbIX U3 Touek B, C' u D K OKpYKHOCTH Uepe3
ty, teu tg.

JoxazkeMm, arTo tp = b.

O603HaunM npoekIuio Touku L Ha npsmyio AB depe3 H. O6o3naunm BTO-
PYIO TOUKY Tiepecedenusi OKpyzkHocTr u mpsmoit AB depes X . Torma

i _AH-AX  BX-BH _AX+XB _, _
AL? ' BL?  AH-AB ' BH-AB _ AB
2 2
w2 2 _a b
=sin” /(I1, AC) + cos é(ll,AC)_E =3

DTO paBEHCTBO BBIMOJIHEHO, IOCKOJIbKY

(a) LH — BbICOTA NPSIMOYTOJBHOTO TpeyrojbHuka ALB, omyrieHHas Ha
runoreny3y AB, a snaunr AL?> = AH - AB u BL?> = BH - AB.

(b) AH - AX =12 u BX - BH = t.

ITosTomy a = t, Bieder b = t;,. Anajgoruuno, ¢ = t. u d = tg.

IlockombKy Jjtst psiMOil [ BbIIOIHEHO t, = a, tp, = b, t. = c u tg = d,
TO HpsiMast lo, cuMMeTpHUYHast eii orHocuTebHO AC TOXKe 00J1a1aeT STUM YKe
ceofictBoM. [losromy m3 wacTu «Tormas jemmbl 1 ciemyer, 9aro Touku A, B,
C u D nexar Ha JByX napaboJiax, KacaroluXcs OKPY2KHOCTH B TOUKAX Ie€pe-
CeYeHUsT MPAMBIX [ 1 l9 ¢ OKpyzKHOCTBIO. [[oaTOMYy B mapabo/imIecKuil IeThl-
pexyroabank ABC D MOXHO BIHCATH OKPYZKHOCTD. g

JlokarkeM JjieMMy, Ha KOTOPO#l OCHOBAaHO JOKA3aTEJIbCTBO YACTU <«TOJIBKO
TOrJIa» JIEMMBI 1.

JIEMMA 2. Ilo napabonre dsuscemes mouxa P. Iycmv AB — xopda napa-
boavl, napassesvras ee dupexmpuce. Tozda

(a) mouka C' nepeceverun nepnerouKYAAPOS, 60CCMAHOBAEHHHLL 68 MOYKAT
A u B % npamom PA u PB, deusicemes no npamoti, napaseavrot AB. (Cwm.
puc. 9.)

Ob6osnavum npoexyuro mouky P wna npamyro AB wepes H, a npoexyuu
mouxu H na npamwe AP u BP wepes K u L. Touxu A, B, K u L aeocam na
o0noti oxpyotcrnocmu w, nockoavky KLP = ,KHP = ,HAP. Oboznavum
wyepes O uenmp oxpyosicnocmu w. Toeda

(b) oxpyorcrocmov w ne 3asucum om nososcenua mowku P. (Cm. puc. 10.)

(¢) oxpyotcrocmv w Kkacaemes napaboav. 6 moukaxr A u B.

st nokasarenberBa JeMMbl 2 (a) npuBejieM onpejesienns u copmyJin-
pPyeM H3BECTHYIO JIEMMY.

[Tyukom [A] OpsIMBIX HA3BIBAETCS MHOYKECTBO HPSIMBIX, TPOXOJSAIIIX Yepe3
TouKy A.

CoorBeTcTBHE MEXKTY JABYMsI MyIKAMHU TPSMBIX HA3BIBACTCI NPOEKMUG-
HbLM, €CJIN JIBOMHOE OTHOIIEHNE JIIOOBIX YEThIPEX MPIMBIX U3 OJHOTO IIy9Ka
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P P
L
A 17 M 2 B
O
C C
Puc. 9. Puc. 10.

PaBHO JIBOMTHOMY OTHOIIIEHHUIO YETBhIPEX COOTBETCTBYIOIINX IIPAMbBIX U3 JIPYIO-
ro IIy4Ka.

JIEMMA COJIJIEPTUHCKOTO. Jlano npoexmusnoe coomeememeue Metcoy
nyurkamu npamoix [A] u [B]. Toeda eéce mouwku P, asaaowueca nepecevenuem
COOMBEMCMBYIOWUT NPAMBE U3 Ny kos [A] u [B], npunadaescam xornuvecko-
MY CEMEHUIO, BO3MONCHO, BBIPOAHCOEHHOMY.

Jlokazamenvcmeo aemmor 2 (a). PaccMoTpuM mpsiMyTo, TPOXOISAIIYIO [e-
pes Touky C' u napasuiesnbhyto upsmoit AB. Ilycrs Touka C' nsuzkercs 1o
510l npsimoii. O603HAYUM TOUYKY TIepEcedeHusl EPIEH INKY/ISIPOB, BOCCTAHOB-
nenubix B Toukax A m B x npambim C'A u C'B, 1epes P'. Oueuano, 9to
coorserctBue AC' — BC' mexny npsmbivm u3 nyukos [A] u [B] asasgercs
npoektuBHbiM. CoorsercrBre AC' — AP’ mMexay npsMbiMu u3 1mydkoB [A]
SIBJISIETCST TIPOEKTUBHBIM, TTOCKOJBKY YIOJ MEXKIY JIOOBIMU JBYMsI COOTBET-
CTBYIOIIUMHU IPAMBIME IPsIMOit. Anasiorununo, coorsercrsue BC' — BP' mex-
Jly TPsIMBIMU U3 IIy9YKOB [B] siBiisieTcsi IPOEKTUBHBIM. 3HAUUT, COOTBETCTBHE
AP' — BP' mexny upsimbivu 13 1y4koB [A] u [B] siBiisieTcst HPOEKTHBHBIM.

[Mosromy u3 semmbl COJLIEPTHHCKOTO CJleflyeT, 94To Touku P’ jexkar Ha
KOHUKe mju IpsiMoit. Kpusast 7, 110 KOTopoii 1BuzKkeTcst Touka P/, cummerpudna
OTHOCUTETLHO CEPEIMHHOTO TIEPIIEHINKYIApa K orpe3ky AB. Ecin v apisercs
TIPSMOTA, TO OHA, STBJISIETCST WJIH CEPEMHHBIM TIEPIIEHIUKYISIPOM K OTpe3Ky A B,
m IpsiMoi, napaJjeabaoit AB. Oba 9TH BapuaHTa HEBO3MOXKHBI. SHATWT, Y
SIBJISIETCS] KOHUKOIA.

SameTnM, 9TO KPUBOIi Y MPUHAIEXKUT POBHO OJIHA OECKOHETHO YATCHHAST
TOYKa (9Ta TOUKA SBJISAETCS lepecevdeHreM ePIeH UKYIIsIPOB, BOCCTAHOBJICH-
HBIX B Toukax A u B k orpesky AB). Konuka, KOTOpOii IIpUHAJIEZKAT POBHO
oniHa OECKOHEYHO yJAJIEHHAs TOUYKA, sIBJIAETCs apaboJioil. 3HAYNUT, ¥ SBJISIET-
cs1 mapaboJIoii, 0Cb KOTOPOi mepreHauKy/sipaa upsmoir AB. TlockosbKy sTa
mapaboJia IpoxoauT uepes Touku A, B u P u ee och mapaJuiesibHa OCU JAHHOM
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mapaboJibl, 9Ta napabosa coBmnagaer ¢ gaHHoi. [losromy Touka C' aBMKeTCst
10 IIPSAMOI, mapaJuienbHoi AB. O

Jloxasamenvemeo aemmoe 2 (b). Paccmorpum ciyuaii, Korja rouka P Ha-
XOJIUTCST B TOM YK€ TOJIYTIIIOCKOCTH OTHOCUTEBHO TIpsiMoii A B, 94To u BepIHa
napabosbl (corydail, Korma Touka P HaXOAWTCS B IPYroii MOJIYIZIOCKOCTH OT-
HOCUTEJBHO TIpsiMoii AB, jokasbiBaeTcsi aHaaorudHo). CepejimHHbIE TI€PIIEH-
JUKyaspel K orpeskaM AK u LB sBISIIOTCSA CPEJHUMU JIUHUAMU TpAaTenuit
AKHC n BLHC. CnenoBaTelbHO, OHU TIEPECEKAIOTCS B CEPEINHE OTPE3KA
HC. 3uaunr, cepeauna orpeska HC cosmajaer ¢ toukoit O. O603HAYUM MIPO-
ernuio Touku C' Ha npsimyo AB uepes S. U3 jemmbr 2 (a) ciaeayer, 9To JyMHA
orpe3ka C'S He 3aBuUCUT OT NojioXKeHUsi Touku P nHa mnapabose. ObozHadnm
cepenuny orpeska AB depes M. Touka O HAXOMUTCS HA CEPEINHHOM IIE€PIIEH-
Jukyssipe K orpesky AB, npudem OM = 1/2CS. CiieioBaresibHO, 0JI0KEHHE
touku O He 3aBUCUT OT BbIOOpa TouKu P Ha mapadoJie. U

Jlokazamenvemeso aemmw 2 (¢). Pacemorpum Touky P = A. Torya npsivast
AP 6yner kacarebHON K mapabosie B Touke A. M3 Toro, uaro mpsvbie AO u
AP mepreHnKyasgpHbl 1 Touka O JIEKUT HA CEPEIUHHOM IMEPIICHINKYIISIPE
K orpe3ky AB, cienyer, aro Touka (O COBHAJIAET C IEHTPOM OKPYKHOCTH,
Kacatoreiicst mapabosibl B Toukax A u B. U3 jemmbr 2 (b) u BbIIECKA3aHHOTO
cJIelyeT, 9TO st TTPOU3BOJIBLHOTO TOJIOXKEHNsT TOUYKN P Ha mapabose, TOUKa
O sBJsieTcst IEHTPOM OKPYKHOCTH, Kacatoleiicss mapabosibl B Toukax A u B.
3HaYNT, OKPYKHOCTDH W COBIAIAET C OKPYKHOCTBIO, KACAIOIIEHcsT Tapabosibl B
Toukax A u B. O

Joxazamesvemaeo wacmu «moavko mozdas semmor 1. OBo3HATINM TTPOEK-
nuto Touku P Ha npsimyio AB 1epe3 H, a mpoekiiuu Touku H Ha npsmbie AP u
BP qepe3 K u L. lTockonbky Tpeyronbiauku H PB u H PL niono0HbI 1 OKPY K-
HOCTh, Kacaromascs mapaboyibl B Toukax A u B, npoxogut depe3 Touku K u
L (sro cnemayer u3 nyukra (c) semmer 2), to PH = +/PL - PB. 3uaqur, orpe-
30k PH paBen jymmHe KacaTe/JbHOH, MIPOBEJACHHON 13 TOUKu P K OKPYKHOCTH,
Kacaroreiics mapaboJibl B Toukax A u B. 0

Hoxazameavemeo wacmu «mozdas aemmo, 1. Tlpeamnosokum mTpoTUBHOE.
[TycTb Touka P He jexkut Ha mapabosie, Kacaromeiicss OKPY2KHOCTA B TOYKAX
A u B, Ho paccrostnue ot Touku P 10 npsiMoii AB paBHO jijiuHe KacaTebHOIl,
IPOBEJIEHHON 13 TOUKU P K OKpy:KHOCTH. PaccMOTpuM ciryvaii, KOT/1a TOTKa
P naxouTcst B TO¥ K€ MOJTyTIIIOCKOCTH OTHOCUTEIBHO TIpsiMoit AB, 4To u Bep-
muHa napabosbl. Obo3HaUNM IpoeKIuon Toukn P Ha npsmyio AB depes H.
O6oznaunM TOuKy nepecedenus npamoit PH ¢ mapabosoit uepes P’. Toukn
P u P’ pazimumunbl, IOCKOJILKY TouKa P He jexkur Ha napabose. [lycts PX
u P’X’' — orpeskn KacaTeJIbHBIX, IPOBEJCHHBIX U3 ToueK P m P’ K oKpyx-
noctu. Torma PH = PX mo ycnoBuio. I3 gacTtu «TOJIBKO TOT/ay JIeMMBbI 1
cienyer, uro P’H = P'X’. O603Ha4uM HEHTp M PaJUyc OKPY?KHOCTH depes3 |
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u r. O6o3naunM npoexnuio Touku I Ha upsamyto PH gepes H'. Torna
PH? - P'H? = PX? - P'X"”? = (PI*> = r®) — (P'T* —1?) =
=PI~ PI?=PH? - P'H?=(PH+HH')?> - (PH+HH')? =
= PH? - P'H? 4+ 2HH' - (PH — P'H).

Caenosarensro, 2HH' - (PH — P'H) = 0. Ho PH # P'H w HH' #
= 0, mockosbKy xopia AB He saBisiercst quamerpom. IIporupopeune. Ciryuaii,
KOrJia ToYKa P HAXOMUTCsI B JPYTOii IOJIYIUIOCKOCTH OTHOCUTEIBHO MPSMOii
AB, n0Ka3bIBaeTCsl AHAJIOIUIHO. O

JIOKABATEJIbCTBA OCTAJIbHBIX PE3VJIBTATOB.

Loxaszameavcmeo caedemeus 1. AdpduHHBIM IPeobpa3soBaHUEM IIEPEBEIEM
ocu 1apaboJl ¥ AUArOHAIN HapabOINIECKOTrO YETHIPEXYTOIbLHUKA B JIBE IIaphbl
MEePIEHINKYJISPHBIX IPsSMbIX. KaK U3BECTHO, IpU MPOU3BOJILHOM addUHHOM
1peobpazoBaHuu 0Opas3 ocH rapaboJibl apaJiieeH ocu o0pas3a 1apadoJIbl. SHa-
9uT, ocK 00pa3a MapadboJIMIECKOr0 YeThIPEXYTrONbHIKAS IePIIeH UK YIAPHBL. 11o-
9TOMy U3 TeopeM 1 u 2 ciemyeT, 4To HapabOJIMIeCKUil JYeTBIPEXYrOJIbLHUK IPU
TaKOM IIPeoOpa30BaHUHU IEPEXOIUT BO BIUCAHHO-OIHCAHHBIN. O

Joxazamesvemeo caedemeus 2. PaccMoTpum mapabondecKuii IeThIpex-
YyIOJIBHUK ¢ BepmimHamu B Toukax A, B, C u D. Vcnons3ys cienacreue 1, me-
peBelieM COOTBETCTBYIONMIHUI TapaboInIecKuil 4eThIPEXyTrOAbHIUK BO BIIMCAHHO-
ommcaHHbIfl. Ero oceBasi npsmasi mapaJiiesibHa OCH apabOJIbl, SBJISIONIEHCs
obpazoMm wmcxoaHo# mapabosbl. Clie10BaTeIbHO, U OCEBasl HPsSMas IeThIPeX-
yrosibauKa ABC' D napaJjieabHa ocu napaboJibl. O

Joxazameavcmeo caedemeusn 3. ODOZHAYMM TOYKU II€PEeCeYeHUsT OUCCEK-
rpuckl yria ALD ¢ npsimbivu BC' u AD uwepes M u N. Torna BM/MC =

Yy = LB/LC = AL/LD = AN/ND. 3ua-
P ,——F—\u T 9UT, OUCCEKTPUCHI YIJIOB, 00PA30BaAHHDBIX
B(z2,y2) : AUAaroHaJsIMU BINCAHHOTO YeTbIPeX-

YTOJTbHUKA SIBJITIOTCSI OCEBBIMU TIPSMBbI-
N\ MU 3TOTO YeThIpeXyrojbHuKa. [losTomy
S U3 CJIeJCTBUS 2 BBITEKaeT caeacTaue 3.0]

St Zoxasamenvcmeo ymeepotcderun 1.
PaccmoTpum cucreMy KOOpAMHAT, B KO-
TOpO# OJiHA U3 MapaboJi UMeeT ypapBHe-
mne y = kx? (puc. 11). O6ozHaumM KO-
opaunatel Touek A, B, C' u D B 37001
Pnc. 11. cucreme uepes (21, y1), (T2, ¥2), (23,Y3)
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u (74,y4). Torma y1 = ka3, yo = ka3, y3 = ka3, ys = kx. Obosnatnm Ko3h-

dunuentsl k npambix AB u C'D yepe3 ki u ko. Ilo cirencrBuio 3 k1 = —ko.

[ostomy 22—YL — k(z) + x9) = s —va) _ —k(x3 + x4). 3amerum, 9To
To — X1 T3 — T4

kz1 + 22) u —k(ws + 24) SIBJITFOTCST abIuccaMu cepesind orpe3kos AB u CD

2 2
B 3a,H,aHHOI7‘I cucremMe KoopJmnHar. OTCIO,H,& cjaenyeT, 9To OoCb BbI6pa,HHOI7I ITapa-

0OJIBI IIPOXOJIUT YE€PE3 CEPEJINHY OTPE3KA, COEJINHSIONIETO CEPEIUHBI OTPE3KOB
AB u CD. IlosTroMy OHa ITPOXOJIUT Yepes3 IEHTP TIKECTH JeThIPEXYTOJbHIKA
ABCD. To xke camoe MOXKHO CKa3aTh U PO OCh JIPYroil mapabo/ibl. SHAUUT,
ocr mapaboT EPECceKaroTCs B MEHTPE TI¥KeCTH deThipexyronbanka ABCD. [

Zloxazameavcmeo meopemnv, 3. Hokaxkem 3Ty Teopemy g N = 3. U3
J0Ka3aTeIbcTBa OyaeT BUIHO, 9TO OOIIUil Caydail JOKA3bIBAETCsS aHAJIOTHIHO.
Cremyromast JieMMa OYeBHTHA.

JIEMMA. Yepes mouxy snympu oxpyscHocmu nposederv, dee xopdv. To-
20a napabosa, KacAOULUECA OKPYACHOCTIU 8 KOHUGT Nepeoti Topdvl, U napaboia,
KACAOUWGACA OKPYHCHOCTIU 68 KOHUAL 8MOoPotl Topdvl, NEPECEKAIOMCA 6 YEMDL-
DPET MOUKAT.

W3 nemMmbl 1 1 9TOM JIEMMBI CJIEIYET, 9TO TJIABHBIE JUATOHAJIH IIECTHYOJIhb-
HUKa, SIBJITIOTCSI OMCCEKTPUCAMU YTJIOB, Ha KOTOPBIE XOPJbI JEJIST ILIOCKOCTD.
HOSTOMy XOpJAbl 1 IVIaBHbIEC AuaroHaJJin AeJidT ITJIOCKOCTH Ha 12 PaBHBIX yT-
soB (puc. 12). PaccMorpuMm JiBe IyIaBHBIE JUATOHAJIN IECTUYTOJTBHUKA, KOHITBI
KOTOPBIX IIpUHAJJIEXKAT OAHOM mapabosie. Torma xopaa, TpuHaIIeKalast Ton
mmapaboJie, saBJjIgeTcs ONCCeKTPUCO yrita, 00Pa30BAHHOIO STUMU JUATOHAJISIMUA.
N3 sToro u cieacTBus 3 CaeayeT, UTO KOHITHI STUX IVIABHBIX JUATOHAJIE, sIBJIs-
IOIIMECs] BEPIIMHAME IIECTUYTOJIbHIKA, JIEXKAT Ha OKPY>KHOCTH. MBI JOKa3aJIM,
9TO KOHIIBI JIIOOBIX JIBYX TVIABHBIX JAUATOHAJEH MTeCTHYTOMbHUKA JIEXKAT Ha, OJ1-
HO#l oKpyzkHOCTHU. [lo3TOMY BCE BEPIIMHBI MIECTUYTOJbHIKA JIEXKAT HA OJHOMN
OKPY2KHOCTH. ]

Puc. 12. Puc. 13.
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Joxazamenvcmeo ymeepoicdenus 2. (Cum. puc. 13.)

Ob6o3HAaYIMM TOYKM KacaHUsi OKPYXKHOCTU C OIHON mapaboJioit yepes A; u
Ao, co Bropoit — uepes By u B, ¢ Tperbeit — depes C1 u Co. U3 emmbrl 1 cite-
JIyeT, UTO IJIABHBIE JMATOHAJM OIMMCAHHOIO MapabOINIeCcKOrO MeCTHYTOIbHI-
Ka sIBJISIIOTCsI OMCCEKTPUCAMU TPEYroJIbHUKA, 00PAa30BaAHHOIO HPAMbIMU A1 Ag,
B1Bs u (5. 3HaunT, OHU IEPECEKAIOTCS B OJHON TOUKeE. O

Ioxasicem, Kax MOHCHO NOCTPOUMD C NOMOWDIO UUPKYAA U AuHelry bec-
KOHEYHO MH020 MOUEK NAPAOOAUMECKO20 YEMBPETY20ALHUKA C GEPUIUHAMYU 6
yemulpex darnoir mouxax. VI3BeCTHO, 9TO dYepe3 YeThipe TOYKU MOXKHO IIPO-
BECTH TOJILKO JBe mapabosbl. Ilpuegem 1mwran sroro mocrpoeruns. Obo3HadnM
uepes A, B, C' u D dernipe jgaHHble TOUYKH. IlocTpouM nBe OCeBLIE MPSIMbIE
gerbipexyroiabanka ABCD. Ouu OynyT mapaJjiebHbl 0CsIM mapaboJ1, 0bpasy-
FOIUX MapaboIuIecKuil YeTbipexyrobHuK. OO03HATNM 5T TapaboJIbl depe3
p1 1 po. IIposenem okpyzkuocth uepes Touku A, B u C. U3 cinencreus 3
CJIEJIyeT, YTO €CJIM 9Ta OKPYKHOCTb U IMapabosia p1 (MU p2) HEPECEKAIOTCS B
JeTBIPEX TOUYKAX, TO IPSIMbIE, COEJIMHSONINE 9TH TOYKH, 00Pa3yIOT paBHbIE YI-
JIBL C OCEBBIMHE TpsiIMbIMU YeTbipexyroybauka ABC D, ciieloBaTeibHO, MOXKHO
[OCTPOUTD YETBEPTYIO TOUKY IMepecedeHrsi OKPYKHOCTHU ¢ mapabosoil py (wim
p2). Takum o6pa3oM, OCTPOEHBI IATh TOUEK 11apabosbl py (UK pg). SHAUMT,
MOXKHO TOCTPOUTH OECKOHEYHO MHOI'O TOYEK, MPUHAJIEXKAINX HapadoJimae-
CKOMY YeTBhIPeXyTOJIbLHUKY.

BJIATOIAPHOCTH

Astop 61arogaput A. A. 3acaBCKOTo 3a KOHCTPYKTUBHOE 0OCY K TEHUE Pa-
GOTBI 1 3a MPEJIOKEHHYIO0 UM UJIEIO JOKA3aTEJIbCTBA ACTU «TOTIA» TEOPEMDI
1 u A. B. CkonreHkoBa 3a IieHHbIE 3aMeYaHUsl IIPU [IOJATOTOBKE TEKCTA.

CIIUCOK JIUTEPATYPbI

[1] A.B. Axonsia, A.A. Baciasckuii. [eomempuueckue c60UCmMBea KPUSHLT 6MO-
pozo nopadka. M.: MITHMO, 2007.

[2] C. B. Mapxesos. [lapaboara xkax oxpyorcnocmos // Hecsrast jerHsist KoHDe-
pernnusa Typuupa ropogos. M.: MITHMO, 1999. C. 36-42, 112-123.

[3] A. A. Bacaasckuii. eomempuuneckue npeobpazosanus. M.: MITHMO, 2003.

®. K. Hunos, nuneit «Bropas mkosnas, r. Mocksa
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CryeHuecKue oJIMMIINa bl 1 MeKKadepaabHblil
ceMuHap Ha MexmaTe MoCKOBCKOIo
roCyIapCTBEHHOI'O YHUBEpcuTeTa*

B. 1. Boraues A. M. Paiiropockuii A. B. Cxonenkos!
H. A. Tosmmaues

Benukuit yuensiit A. H. Kosamoropos roBopuii, 9to 10 TPHINATH JIET
MaTeMaTHKy padyMHee BCEr0 3aHMMATHCS PEleHreM KOHKPETHO MOCTAB-
JIEHHBIX 3aJ1a9. A 3HAYUT, YMEHUE PENIaTh CJAOXKHBIE 33JIa9N SIBJISIETCS OJ1-
HUM M3 BayKHEHIUX JJIs MOJIOJIOTO MaTeMaThuKa. B 9To#l 3aMeTke paccKa-
3BIBAETCSA 00 OIBITE IOJIEPKAHUS TPECTUKA YMEHUsI DEIIaTh TPYIHBIE
381441, & TaKKe YHUBEPCAJBHOCTH MATEMATHIECKOIO 00Pa30BaHUsI, IPU
[TOMOIIU CMYIEHUECKUL MAMEMAMUYECKUT OAUMNUGO U MeHCKaPedpans-
Ho20 cemunapa umenu A. H. Koamozoposa Ha MEXaHUKO-MATEMATHICCKOM
dakysibrere MOCKOBCKOro rocyaapcreeHHoOro yuusepcurera um. M. B. Jlo-
MOHOCOB&. [IpuBOJIATCS 38291 OJIUMITHA]T I CEMUHADA.

CTMZLEH‘—IECKI/IE OJINMIINAIBI

ITpumepno ¢ 2001 romga Ha Mexmare MI'Y B0306HOB/IEHA 3amedaTe/bHAST
TPaJIUIINs TPOBEICHUS CTYyIeHIecKux ojumiuat. Oraenbable Kadeapbl TPOBO-
J4AT OJIMMIINAJbI U 3a04YHble KOHKYPCBHI 110 TeOpUU BepOHTHOCTeﬁl), reoMerpuu

*TloHbINH OGHOBJIAEMBIN BAPUAHT 3TOH NH(MOPMAIIMOHHON 3aMETKI HAXOIUTCS 0 3JIPECY:
http://dfgm.math.msu.su/files/skopenkov/stolymp.pdf

tqacruano nojiepkan Poccuiickum Pongom Pynnamentanbubix MccnenoBanuii, ['panTsr
unomep 05-01-00993, 07-01-00648a u 06-01-72551-NCNILa, I'panramu [Ipesugenra PO HIII-
4578.2006.1 m M /1-4729.2007.1, a rak>ke crunenaueii 11. lenunsa, ocuoBannoii Ha ero llpemun
Banbzana 2004 roga.

YCum. http://mech.math.msu.su/probab/olimpia/olimpia.htm

MaTemaTuueckoe npocsetuetue, cep. 3, sbin. 12, 2008(205-222)
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u ronosorun?), anrebpe’), aHaJIM3y, MexaHuke, auddepeHuaIbHbIM yPaBHe-

HUSIM U YPABHEHUSIM C YaCTHBIMU ITPOU3BO/THBIMU.

BosbnncTBo 3TUX COPEBHOBAHUI MIPOBOIATCS it CTYIAEHTOB 1-2 Kypca
U MOMOTAT CTYIAeHTy BbiOpaTh Kadenpy. [IpoBogsrcs Takxke obiemarema-
THYEeCKHE OJIMMITHAIBI — oJuMInaa, nocssmentas [Tudaropy (2004 u 2005,
[1]), u BakiounTesnbHblil TYp BcemexmaToBCcKoi osmminanl (¢ 2006; npejce-
JaTesb >KIOPHU 3aB. ornesenreM mMareMaruku akag. PAH A.T. ®omenko, 3aM.
npejcenaress xiopu npod. B. 1. Boraues). Baxkno, 4ro npu npaBmibHOil op-
TFaHU3AIMY CTY/IEHYECKUX OJTMMIINAJL y9acTUe B HUX JIUIIb IIOMOTAET CTYIEHTY
HadaTh Hay4IHyo pabory [18,21]. Bagaun Bak/i0uUnTebHBIX TYPOB BBIKJIA/[bI-
Balorcs B uuTepHere?) u npuBoaATCs HIZKe (IOCHIE YCIOBUA 3aa4i B CKOOKAX
yKa3bIBaeTcsd hbaMUIns MPEJIJIOKUBIIEr0, KOTOPBI He 00S3aTe/IbHO SIBJIAETCS
ABTOPOM 3a/1a4M; HEKOTOPbIe (DaMUJIUU YTPAUEHBI).

Komannma mexmara MI'Y ygacTByeT B MEXKIyHAPOIHON CTYIEHIECKON Ma-
remarnaeckoii omumimaze IMC?) B Tex cirydasix, Korua 910 ydacTue oIiadi-
BaeTcs crioncopamu. [lobemuresnin MeKIyHAPOIHBIX CTYICHIECKUX OJIUMITAA]
PEryJISIPHO TOJIYYAIOT IIPUIJIAIIEHNs] YIUTHCS B PECTUXKHENIITUX yHUBEPCUTE-
Tax MHUpPA, HO, KAK MPABUIO, OTKA3BIBAIOTCS OT HUX B IMOJB3Y IIPOIOJIZKEHUST
obyuenust B MockoBckoM [ocymapcTBeHHOM YHUBEPCUTETE.

Ba/1avu 3aKIF0UATE/IBHBIX TYPOB — ILIOJ, KOJJIEKTUBHOT'O TPY/ia COTPY/IHU-
koB Mexmara MI'V (okoHwaTe/bHBIE BapuaHThI 33,184 roTossitest B. V1. Borade-
BBIM); pabOTHI TPOBEPSIOT aBTOPHI 9Toit 3amerku u M. B. Ckonenkos. Mbr na-
JIeeMCsI, ITO CO BpEMEHEM COCTAB YKIOpH OyzeT pacmmupaTbesi. Mbl npuriiamiaem
BCEX MaTeMaTUKOB nepejasars B. V. BoraueBy 3amadu 1jis 3aKIFOUUTETHHOTO
Typa (He 1Mo 3JeKTPOHHOI mouTe!).

[IpaBuwia npuranienanst Ha 3aKJIIOUATENBHBIN TYyP U HOCIEAYIOMEro hop-
MUPOBaHUS KOMaH 16l MexMaTa MI'Y Ha MexKIyHaApOTHYIO OJTUMITHALY OCHOBA-
HBI Ha OObEKTUBHBIX KPUTEPHUSX U U3BECTHBI BCEM 3aMHTEPECOBAHHBIM JIUIIAM
(cM., HAIpUMED, TIOJIHBIH BAPUAHT 9TOI 3aMEeTKU B MHTEpHETe). 3/1eCh MbI IIPU-
BeJIEM JIUIIb COCTABBI KOMAH/I:

(2001) Jlupmmar E., Hukokores U., Tlosipkos A., Ckonenkos M. u Hepe-
nanos E.

(2006) Edumos A. (rpam-npu), Kammnua M. (1 mpemus), Kosznos I1. (1
npemust) u Cvupnos C. (3 npemusi) (Acraxos B. mpores B KoMamy, HO He
CMOT' y4aCTBOBATh B OJIMMIIUAJIE).

(2007) Acraxos B. (1 npemust), Bapanos /1. (1 npemust), Edumos A. (rpan-
upn), Iepeneako A. (1 mpemusi) u Cmupuos C. (1 npemusi) (IIpacosos M.

2 Cw. http://dfgm.math.msu.su/files/skopenkov/geomolym.pdf u [9]
3Cm. http://www.math.msu.su/department/algebra/olymp-06.html
D0m. http://dfgm.math.msu.su/files/skopenkov/stolymp.pdf

5 Cw. http://www.imc-math.org



Crynenueckue oJUMIHAABI U MEXKKagheIpa bHbIH ceMHHAD 207

u Ab6pamor ¢. mponum B KOMaHy, HO He yYaCTBOBAJMA B OJUMIIAAJE BBUILY
OTCYTCTBUSI 3arPAHIIACIIOPTOB).

B 2006 u 2007 koman gl 3annMasn 11 mecro B HeodHUITUAILHOM KOMAHIHOM
3a4gere.

Mpr 6maromapum M. CkomeHkoBa 3a IOJIE3HBIE 3aMeYaHUs, a TaKKe
. Benprumesa n M. Benpruimesa 3a mpeaocTaBieHne KOMIBIOTEPHBIX BEPCHIA
PHUCYHKOB.

MEKKA®EIPAJTBHBIT CEMUHAP

Tpaaunus Heobs3aTeIbHBIX (IIPO)CEMIHAPOB JJIsi MJIA Ky PCHIKOB, Ha-
[IpaBJICHHBIX Ha M3YyYEeHNEe MaTeMAaTUKU IIOCPEICTBOM PEIEHUs 3a7a9 U He siB-
JISTIOIIUXCsl y3KocnenuaansupoBanubivMu, Bocxoaut K A. C. Kporpouy (1950-¢)
u E. M. JTangucy (1970-e). Mexxkadenpanbubriii cemunap nvenn A. H. Kosvo-
roposa mpopoauTcst ¢ 2006 roga. Ha mem permarorest n pasbuparoTcst HHTEPEC-
HBIE 33J[a9U U3 Pa3HbLT 00JIacTeli MaTeMaTUKy (STUM HAIIl CEMUHAP OTJINIAETCS
or apyrux). ITo dopmyanpoBkam GOJIBIIMHCTBO UX JOCTYIIHO JazKe ePBOKYPC-
HUKaM (3HAIONMM TEKYIIHUI JIEKIIMOHHDII MaTepua), HO PEIICHNsT MHOTUX 13
HUX CJIOKHBI. DTH 3aJ@9d MOJ00paHbl TaK, UYTO B IMPOIECCE WX PEIIEHUs U
00CYXKIeHNST yIACTHUKY MO3HAKOMSTCS C BAXKHBIMA MaTEMaTUIeCKUMU TOHSI-
TuAMHU U TeopusMu. 1o KaxKI0il TeMe pemaioTcs U pazdupaloTcs KaK IIPOCTHIE
KJIIOUEBBIE 33/1a4, TaK 1 OoJjiee TPy/HBIE 3a/1a9i (B TOM YUCJIEe OJIMMIINA/IHbIE
U HepeIleHHbIE).

SaHaTUsl ceMUHApa O0bEIUHSIOTCS B IUKJBI U3 1-2 3aHTHIl, CBSI3aHHBIX
obreit Temoit win uaeeit. Pa3Hble MUKJIBI OTHOCATCS K PA3HBIM 00/IACTAM Ma-
TEeMaTUKH; STH I[UKJbI OYTH HE3ABUCUMBI JPYT OT Jpyra (I09TOMY MOXKHO
U3ydaTh TOJBKO Te IUKJIbI, KOTOPbIE CTYJEHTY HauboJsiee nHTepecHsbl). Tem 6o-
Jlee 3aHATHS KayKJIOTO CeMecTpa He 3aBUCAT OT 3aHSTHI MPOIINJIOr0 CEMEeCT-
pa!l Hampumep, maiicKie 3aHITHS MTOCBAIIEHBI TTOATOTOBKE KOMAHIbI MEXMATA
MTI'Y Kk MeXIyHApPOIHOM OJUMIINAE. BOJBIMMHCTBO MaTEPUAIOB JOCTYIIHO B
unteprere®) | HeKOTOPLIE IPUBOIATCS B STOI 3aMeTKe.

Hexoroprble 3aHgaTHS TPOBOAATCS 3aMedaTeTbHBIMU MATEMATUKAMU, HE STB-
JISTIOMIUMICST  cCOpyKoBouTeasiMu  cemmunapa (Becaa 2006 — A. A. Yepnbrii,
ocerb 2006 — A. A. Knsruko-mii. u B. FO. Ilporacos, secra 2007 — A. 4. Be-
nos-Kanesp u 9. B. Bunbepr). Mbl npursiamaeM BceX MaTEeMaTHKOB MPHUCHI-
JIaTh PYKOBOIUTEISIM IPEIJIOZKEHNST O TPOBEJIEHNN 3aHATAN ceMUHApPA.

AxkTuBHAsS paboTa B ceMUHAPE TTOMOXKET CTYIEHTAM YCITEITHO yIACTBOBATH
B CTYJIEHUECKHUX OJIMMIIMAJaX, PAa3BUThb MaTeMaTHYeCKuil Kpyrosop (3a cuer
3HAKOMCTBA C udeAmu U3 Pa3HBIX 00JIaCTell MaTeMaTUKN Oe3 JI0JITOBPEMEHHOTO

6 Cm. http: //dfgm.math.msu.su/materials.php
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U3YUEeHUs UX A3IKQ), CEJIATDH [IePBble MATEMATUUECKIE OTKPBITHUS 1, BO3MOXK-
HO, TPAMOTHO BBIOpAThH HAYYIHOE HAIPABJICHUE U PYKOBOIUTEJIS.

Cemunap HaszBan nMeneMm Beaukoro martemartnka A. H. Kommoroposa, ko-
TOPBIM HadYaj CBOW IyTh B HayKy B 19 jieT ¢ peleHus TPYIAHON TPOOJIeMbI
o psanax Pypbe, a B JaJbHEHIIIEM BHEC BBIIAIOMIMICA BKJIaJI B Pa3HbIe 00J1a-
CTU MaTEMaTUKH, TECHO CBA3AHHBbIC C IIPUIOXKCHUSAMU: TCOPUIO BEPOATHOCTEH,
TEOPUIO TUHAMIYIECKUX CACTEM, TMIPOJIUHAMUKY U TCOPHUIO CIIO?KHOCTH.

SAIAYN 3AKJTIOUYUTE/IBHBIX TYPOB BCEMEXMATOBCKUX

OJIMMITAA/T
2001-1. lokaxkure, 9TO JJjIsi JiIOOBIX umces ¢ u b ecoim a > b > 0, To
a” > (1. Bopodun)
2001-2. ®opmyaupoBKa 3TOM 333491 yTPAICHA.
2001-3, 2006-4. Ilycrs ki, .. ., k, — HaTYpasbHBIE YncIa (He 00s13aTeJILHO
pasyinunble). /okazarb, 4To cyMMa abCOJIOTHBIX BeJuduH KO3(hMUIMEHTOB
mrorowena 7 (1 — 27 e memnnmme 2n. (C. Konazun)

2001-4. Hokasarsk, uro jyist 11060t HenpepbiBHO Ha [0, 1] neficTBuTesbHOI
1
" dx
byHukimu f Hajizercs Takoe UuCaIo a, 9To [ T —al 00. (C. Konseun)
0 r)—a
2001-5. CymecrByet i Takas nmocrosgauas C', 9o s J1r000i HelrpephiB-
HO judbdepeHnupyeMoil Ha MpsMOii JieficTBUTeIbHON (byHKIN f, nMeromeit
BTOPYIO IIPOU3BOHYIO, ONIPEJIEIEHHYIO BCIO/LY, KPOME, MOXKET OBITH, KOHETHOT'O
qucsia Touek, yeaosus |f(z)| < 1 pst Beex © € (—oo,00) u |f(x)f"(z)] <1 Bo
Beex Toukax cymecrosanus f”(x) Baekyr mepasenctso |f'(z)| < C s Beex
x € (—00,00)7?

2001-6. Ilycrs G — rpyiia HEYETHOTO OPsijiKa, He mpeBocxosmiero 2001.
JlokazaTb, 9TO CcyiecTByeT Takoe MHOXkecTBO S C (G, cojepxKaiiee He OoJiee
20 2/1eMeHTOB, UTO KaXKJIBI 97eMeHT (G eCTh MPOU3BEJCHNE HECKOJBKUX Pas-
JIMYHBIX 3JIEMEHTOB MHOXKECTBA .S.

2006-1. Ilycrs f — HeorpuiaTesnbHas HenpepbiBHas dyHKIwMs Ha [0, +00),

f(z)

mpuYeMm fOTf(:U) dr < T nmus scex T > 0. Jlokaxkure, 910 QyHKIMS a2

nMeeT KOHeUIHbIH nHTerpar no [0, 400). (Dosvk.aop)

2006-2. CyIecTByIOT iU JIBa TAKUX KOMMYTHDPYIOIIUX JIMHEHHBIX Olepa-
topa B R3, 4T0 HeT 6asmca, B KOTOPOM MATPHIIEI OGOUX OIEPATOPOB MMEIOT
JKOpJIanoBy dhopmy? (A. Owemros u A. Ckonerkos)

2006-3. Cwm. reopemy Ilerepcena-Mopau [13, §3].
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2006-5. Jlam mabop 11-MepHBIX BEKTOPOB, V KaKI0I'0 U3 KOTOPBIX 5 HYyJIe-
BbIX U 6 eJMHUYHBIX KOOpuHAT. /namerp Habopa (T.e. MAKCUMYM MOHAPHBIX
paCCTOSTHEIT MKy ero TOYKaMu) paBeH /8.

(a) KakoBa MakcmmaJsibHasi BO3SMOXKHAs MOIIHOCTH TAKOTO Habopa?!

(6) okaxkure, 4TO JaHHBI HAOOP MOXKHO pasbuTh Ha He GoJjiee uem 18
yacTeil MEeHbIIEro JuaMeTpa. (A. Patizopodcruii)

2006-6. Jlana 6eckoneuno quddepenimpyemas byuxnus f na R2. Iycrs
U — TaKkoil OTKPBITHIN KPYT, UTO

//'Jc(m)_f?()y)'dxdy<oo, F,ZLGMZZOHPI/Ix:y-
v lz—yl |z —

Hokaxkure, aro yHukius f nocrosiuaa Ha U. (B. Boeaves)

2007-1. Ilyctp P — muoro4jeH cremenn d Ha IPsIMOR CO CTapIiuM KO3(d-
dburmenrom 1. Tokaxkure, uro mimHa MHOXKecTBa {t: |P(t)| < ¢} He mpeBoc-
xomur 2dct/? (B. Boeaues)

2007-2. (i) B xoneunoM MHOXKeCTBe BBIODAHO KOHEYHOE HHCJIO IIOJMHO-
JKECTB, TI€PECceueHne JIIOObIX JIBYX U3 KOTOPBIX COJEPKUT HE MEHee JIBYX dJie-
MeHTOB. JIOKaxKuTe, 9TO 3JeMEHTHI JAHHOIO MHOXKECTBA MOXKHO TaK PacKpa-
CHTH B JIBa I[BETa, ITOOBI HUKAKOE BBIOPAHHOE IMOJMHOMKECTBO He ObLIO Obl
OJIHOIBETHBIM.

(ii) To ke ¢ 3aMeHOll yCIOBHs «Ilepecevdenue JIHOObIX JIBYX M3 KOTOPBIX
COJIEPKUT HE MEHee JIBYX 9JIEMEHTOB» Ha «II€pecevdeHne HUKAKHUX JBYX U3 KO-
TOPBIX HE MOXKET COJEPKATh POBHO OJUH 3JIEMEHT> . (A. Patieopodcruii)

2007-3. okazkuTe, 9TO JJIsl BCSKOI BemecTBeHHON Marpunpl A = (a;j)
MOPSIIKA 71 BBITIOJTHEHO HEPABEHCTBO
n
1 2
|det(I 4+ A)| < exp(trace A + 3 Z aij).
i,j=1

(nepasencmeso Kapaemana)

2007-4. Jlana 1mocjeI0BaTeIbHOCTh BEIIECTBEHHBIX YHCE] Gn. VI3BECTHO,

9TO Jylst BesKoro A € (1,2) nociiesjoBaTesIbHOCTD MUCeI @y, , UMEET KOHEeUHbIH
upezen. (3aech [r] — menast acts unciaa r.) O6si3aHa JIM CXOIUTHCS CaMa
[OCJIeI0BATEIbHOCTD {ay, }7 (A. Yepnwii)

2007-5. CyuecTByer i B TPEXMEPHOM [IPOCTPAHCTBE MHOIOIDAHHUK (He
00s13aTeIbHO BBIIYKJIbIiT), BCe TPAHU KOTOPOro — Iectuyroabauku? Omnpe/ie-
JIeHre MHOIOIDAHHUKA U €ro rpaHu cM. B [5, ¢. 4. crpoka 2 cHuzy].

(M. Ckonenxos)



210 B. 1. Boraues, A. M. Paiiropoickuii, A. B. Ckonenkos, H. A. Tommaden

YKA3AHUSA U PEIIEHUSA K HEKOTOPBIM 3AJIAYAM
BCEMEXMATOBCKHUX OJIMMIINAJL

Apropsl 6itarogapubt A. Mocksuny, P. Asneesy u C. Kousruny 3a mpezno-
craBjeHne cBoux perennii 3a1a4d 1, 2 u 4 2006 roga, COOTBETCTBEHHO.

2006-1. Beenem dyukuuio g(7T') := fOT f(t)dt. Torna us yciosusi cieyer,
aro 0 < g(t) < t as moboro ¢ > 0. Jnsg M > 0

Mrwar /M gt _ /M dott) _ 9@ /M 2tg(t)dt
0 0 0

0 14+ 1412 1+t 14t (1432
OuenuM stor uHTerpaj. Ilepsoe ciaraemoe B IOCIeOHEM BLIPAYKEHUU CTPE-
muTcsd K Hyaio npu M — oo. Ilogbiarerpanibias (byHKIMS BTOPOrO Cjara-
eMOro IIOJIOXKHUTEIbHA U OrpaHudeHa uHTerpupyemoii Ha [0, +00) dyHKIH-

. 2tg(t)dt 212
eit: 0 < 9 )2 5 < 5
(1+1t9) (1+1t9)
M — oo. OTcrofa ciemyer yTBepKIEHUE 3a1a9u.

2006-2. Orser: 1a.
Paccmorpum niBa JTuHEHHBIX onepaTopa, 3aJlaHHBIX B CTAHIAPTHOM Oasuce
CAEAYIOIUMYI MaTPULIAMU:

3. 3Ha‘{I/IT, BTOPOE CJjilaracMoe HMMeeT IIpeaesl IIpu

1 10 11 2
A=101 0|, B=|1010
0 01 01 2

HermocpencrBeHHO TPOBEPSIETCsI, ITO STH J[BA OLEPATOPA KOMMYTUPYIOT.

[Tpeanonoxkum, uto cymecrsyer obmuii 6asuc (eq, ez, €3), B KOTOpOM 06€
MAaTPHUIIBI IPUBOJATCS K YKOPIaHoBON dopme. Y Marpuibl B 1Ba cOOCTBEHHBIX
3HaveHusT 1 1 2, KOTOPBIM COOTBETCTBYIOT COOCTBEHHBIE BeKTOpa €1 = (i1, 0, O)T
u ez = (2v,0,v)7. TlockombKy B 0pjamoBoit dopme mMaTpuisr B mpucyT-
CTByeT »KOpJIaHOBa KJeTKa pa3Mepa 2 X 2 ¢ coOCTBEHHBIM 3HadYeHueM 1 u
€] — eJMHCTBEHHBIl (C TOYHOCTBHIO JIO IPOIOPIMOHATHLHOCTH) COOCTBEHHBII
BEKTOP MaTpuiibl B ¢ COOCTBEHHBIM 3HAUEHHEM 1, TO MOXKHO BBIOPATH BEKTOD
es = (a, 3,7), mist koroporo (B — E)es = e1. 113 aroro paBeHcTBa MOJIyYaeM
e = (@, )"

3amMeTnM, 9TO €] U €3 — COOCTBEHHBIE BEKTOPHI ollepaTopa A, oTBedaromme
cobcrBenHOMY 3HaueHuo 1. B xkopaanoBoit popme mMaTpuiibl A TOXKe TIPUCYT-
CTByeT KJIeTKa paszmepa 2 X 2 ¢ cobcTBeHHbIM 3HadenneM 1. [TosTomy BekTOp
(A — E)es = (—p1,0,0)T pasen mi6o e1, mbo e3. ITo He Tak (MOCKOILKY
wu # 0). Tlosyunsu nporusopeune.

2001-3, 2006-4. O6o3HaunM paccMaTpuBaeMblii MHOTOWIEH 4epe3 f(z).
T T

Tak xak f(1) =0, 10 f(2) = 3. 2™ — 3 29, re nuxakoe ciaraemoe u3 mnep-
j=1 j=1

BOI CYMMBI HE COBITaJla€T HU C KaKHNM CJIara€MbIM U3 BTOpOfI. HOSTOI\Jy HNCKOMasd
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cymma Momyseit koaddunuenros pasua 2r. Hanee, f/(1) = ... = f("’l)(l) =
T '
= 0. [osromy > m? = > lg-’, p = 1,...,n — 1. 3HauuT, UMeeM COOT-
i=1 j=1
BETCTBYIOIIUE PABEHCTBA JIJIsl JIEMEHTAPHBIX CUMMETPUIECKUX MHOTOYJIEHOB:
oi(mi,...,my) =o0i(ly,..., 1), i=1,...,n — 1. Eciim 661 7 < n — 1, T0 HabO-
pet (my,...,my) u (Iy,...,1,) coBuamamu 66l ¢ TOYHOCTHIO JI0 TEPECTAHOBKH,

u torna f(z) = 0. [losyuennoe mpoTuBoOpedre MOKA3bIBAET, UTO T > M.

2006-5-a. Otser: Cf,.

11-MepHBIIT BEKTOp, COCTOAIINE U3 D HYJIEBBIX U 6 € IMHUIHBIX KOOP/IUHAT,
MOXKHO MHTEPIPETUPOBATH KaK O-3JIEMEHTHOE MOAMHOXKECTBO 11-371eMEHTHOTO
MHOXKeCTBa. KarX7oMy TakoMy BEKTOPY MOXKHO COIOCTaBUTH HAOOP M3 HO-
MEpOB T€X MEeCT, Ha KOTOPBIX cToAT Hysau. IIpm stom nabopy m3 11-mepHbIx
BEKTOPOB, JIHAMETP KOTOPOIO PaBeH \/8, COOTBETCTBYET HABOD 5-3JIEMEHTHBIX
IIOJIMHO2KeCTB 11-3/IeMEHTHOIO MHOXKECTBa, KarKJIble JIBa U3 KOTOPBIX Iiepece-
KaloTcsdA. Terepb BOIPOC MOXKHO 1epedOpPMYyJINPOBATD CJIELYIONUM 00pPa3oM:

KAKOBO MAKCUMANALHO BOZMONCHOE YUCAO D-INEMEHMMHBLL NOOMHO-
otcecma 11-aaemenmmozo mMHoscecmaa, A0bvie 06a U3 KOMOPHT ne-
pecexaromcs?

IIpumepom u3 Cfo TAKAX IOJMHOXKECTB SIBJII€TCS HAOOD H-37I€MEHTHBIX
MHOXKECTB, cojiepzkalux aeMent 11 muoxkecrsa Zi1 = {1,2,...,10,11}.
Ompenenum 5-3/1eMEHTHBIE TTOIMHOXKECTBA,

As(o) :={o(s),0(s+1),0(s+2),0(s+3),0(s+4)}, taeo € Si1usée”Zj.

[MommuoxkectBo Ag(o) He nepecekaercst Hu ¢ Agi5(0), au ¢ Agyg(o). Iloaro-
MY IIPOU3BOJILHBIN HAOOP H-3/IEMEHTHBIX MOIAMHOXKECTB 11-37IEMEHTHOTO MHO-
JKecTBa Zj1, JOObIE JiBa N3 KOTOPBIX II€PECEKAIOTCSI, COJICPXKUT He bosee Isi-
i mogMHOXKecTB u3 A1(0), A2(0),. .., A11(0). Beero 5-ameMenTHBIX TOIMHO-
wects 7). BHAUHT, YUCI0 H-3/IEMEHTHBIX TIOJMHOYKECTB B HAIeM Habope He

5
IIPEBOCXOJIUT HC{’l = Cy-

2006-5-6. Pazobbem MHO2KECTBO BeeX 11-MepHBIX BEKTOPOB U3 HYJIEH U eJu-
Hutl Ha 16 OIMHOXKECTB cjieayomuM obpazom. Kaxkoe o IMHOKECTBO OITpe-
JeJideTcCsd IIePBbIMU Y€ThIPbM YMC/JIaMU B IIEPBLIX YE€ThbIPEX pa3psadax. O‘IeBI/I,ZL—
HO, UTO TAKUX MOAMHOXKeCTB poBHO 16. HeTpy/iHO TpOoBEpUTD, 9TO paccTosiHue
MEXK/Ly JIIOOBIMU JIBYMsI BEKTODAMU M3 IIEPECEYEHUS OJHOIO IOJMHOXKECTBA €
JTAHHBIM HAOGOPOM He mpeBocxomnt v/7 < /8.

2006-6. Jls Besikoit iBakibl HENPEePbIBHO nuddepeHiupyeMoit hyHKITIT

f pasmocts f(y) — f(z) — f'(z)(y — x) ectb O(|z — y|?). Tak xak bynKIHS
|z — y|~! wnrerpupyema na U x U BBuy unrerpupyemoctu byHkimn ||~
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Ha U (1ocJsie/iHee JIErKo MPOBEPUTD B IIOJISIPHBIX KOOPMHATAX ), IOJIyIaeM HH-
rerpupyemocts |z — y| 2 f/(z)(y — x) ma U x U. Ilo teopeme ®ybunu mnpu
noutn Kaxkjaom x € U dbynkmus y — |z — y| 2 f/(z)(y — =) unrerpupyema
na U. Bamerum, uTo 310 BO3MOKHO jmmb npu f'(x) = 0. Jlag sroro mocra-
TOYHO TIPOBEPUTD, UTO I HEHYJIEBOro BeKTopa v dynkmma z — |z| 73 (v, 2)
He UHTErpupyeMa B OKPECTHOCTH HyJisd. JIeficTBUTEIbHO, TI0BOPOTOM CHCTEMBI
KOODJIMHAT IPUXOJUM K CJIydaro, Korja v = cei, e = (1,0). B noaspubix Koop-
JIMHATAX HHTErPaJl MOJTyJlsl YKA3aHHOH (hyHKIUN eCTh WHTerpas ot cr 1| cos )|
o (0,79) x [0,27], .e. Geckoneuen. Urak, f'(x) = 0 upu nouru Beex x € U,
orkyna f'(x) =08 U, 1. e. f — nocrosiuuasi.

KOMMEHTAPUI K 3AJJAYE 2006-6. lokazanHoe jerko obo0IuTh Ha CJIy-
Jaif, Korja or f Tpebyercs JIHMIIb M3MEPHMOCTb (9TOT clydail 3HAIHTEIHLHO
6ostee caoXKHBIM cr1ocobom 6b11 paccmorper B [3]). Takoit 6osee obmmit ciry-
Jail CBOIUTCS K CJIydaro TIaJKoil dyHKIum f ¢ HOMOIIBIO CBepTOK f5() =
= [y [z +du)o(u)du, z € (1—-06)U, § € (0,1), nae ¢ — HeoTpUIATETBHAS
riaaakas QyHKIus ¢ HocurejgeM B U u maTerpasiom 1. OcraeTcst 3aMeTUTh, ITO
npu buxcnposannom € > 0 u § < & unrerpanst ot | — y| 3| fs(x) — f5(y)|
no (1 —e)U x (1 — e)U xoneuns! (torma dyuknun fs mocrosuusl B (1 — &)U,
3HAYUT, UX Ipejesl f PaBeH MOYTH BCIOAY HEKOTOPOH MOCTOSHHOI). DTO SICHO
U3 OIICHKU

1f5(@) — f3w)l // @) - fw)l
da dy < dx dy,
//1 r P WS |x—y|3 v

HOJIydaeMoii HelloCcpeICTBeHHO U3 OlpejeieHus fs ¢ yd4eToM TOro, 4To T +
+ou,y+oucUnpuz,yc (l—e)U,uclU,d<e.

2007-5. OTBeT: CymIECTBYET.

OcHoBHasT uesT COCTOUT B TOM, ITOOBI UCKATH TPEOYEMBIiT MHOTOTDAHHUK
CpeJii HEBBIILYKJIBIX (1 Jlaxke He roMeoMOPMHBIX [Iapy) MHOIOIPDAHHUKOB. Bor
HaOPOCOK TOJIBKO OJTHON M3 BO3MOYXKHBIX KOHCTPYKIIAN «TOPOOOPA3HOTO» MHO-
rorpaHHUKA, YIOBJIETBOPSIONIEr0 ycJIOBU0. Bo3bMeM MHOrOrpaHHuK B opme
«PaAMKH», TO €CTh OObEINHEHNS YeThIPEX YCEUEHHBIX Y€ThIPEXYTOJIbHbBIX ITUPa-
MWUJI, ¢ TOAXOMAIIUM 00pa3oM CKJIeeHHbIMU OOKOBbIMU TI'paHsiMu. O umeer 16
YeTBIPEXYTOJbHBIX I'paHeil. YToObl MOJIyYUTh UCKOMBIH MHOTOI'DAHHUK, HY K-
HO Telepb BBIOpATH IMOAXOISIINM 00Pa3oM 8 IMOMapHO HECMEXKHBIX pebep u
«Cpe3aTb» UX MaJible OKPECTHOCTH (& i TeX pebep, JByTrPaHHbIE YIJIbl TIPU
KOTOPBIX 0OJIbIIE T, HYy?»KHO, HA0OOPOT, «HAPACTUTH» MHOrorpaHHuk). [losry-
9UM 8 HOBBIX IMECTUYTOJIBHBIX T'paHell U N3 KaxXKJIOW JeThIPeXyTOJbHOM I'paHn
ITOJIy UM IIIECTUYTOJBHYIO, TO €CTh Y TOCTPOCHHOI'O MHOTOTPAHHUKA, BCE TPaHU
Oy/yT IIEeCTUYTOJIbHUKAMU.

Sameuanne. OUeBUIHBIN [TOICUET HIEPOBOI XapaKTEPUCTUKH ITOKA3BIBAET,
YTO HE CYIIECTBYET 6biNYK.A020 MHOTOTPAHHUKA C TPEOYEMBIM CBOMCTBOM.
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[TPOBJIEMA BOPCYKA. YHUBEPCAJILHBIE [HOKPHIIIIKU
(A.M. PAUTOPONCKMNIT)

[TPOBIEMA BOPCYKA. Tpebyemcs natimu munumarvroe wucao f(n) wa-
cmetl Menbwezo JuaMempa, Ha Komopuie Modtcem 6vims pasbumo npouseonb-
Hoe muoorcecmso duamempa 1 6 R™. Unvimu crosamu,

fln) = mgxmin{f Q=0 U---UQy, diam; < diamQ das arobozo i},

ede diam Q) = sup |z —y|.
z,yef)

I'MnoTeE3A BOPCYKA. f(n) =n+1 (2,7,10-12,19,20].

1. (a) okazkure, aro Kaxoe MHoxkecTso {2 C R? muamerpa 1 mokpbisaer-
csI IPABUJIBHBIM IIECTUYTOJBHIKOM C PACCTOSTHUEM 1 MeXKIy MapaJiebHBIMI
CTOPOHAMU.

3
(b) PasbeiiTe mectuyrosbHuK u3 (a) Ha TpU YaCTH JHAMETPA g Brise-

JIUTE OTCIOJIa CIIPaBeJIMBOCThL MUIIOTE3bl BOpCyKa Ha IJIOCKOCTH.
(¢) (meymyumaemocts pesyibrara (b)). Ilpusenure Ha IIOCKOCTH TPUMED
Takoil pUrypsl guamMerpa 1, KOTOpyio HeIb3d pa3ouTh Ha TPH YACTU JHAMETPa
V3

< 7
2. PagbeiiTe TpexMepHLIH Map HA YeThIPE YaCTH JUaMeTPa
3 3
() <1 (b) = /2

3. PazbeiiTe n-mepHbiil map Ha n + 1 9acTh Iuamerpa
(a) <1, (b) KAK MOXKHO MEHBIIIETO JUAMETDA.

4. (a) Hokaxure Teopemy FOnra: ecaxoe mmoorcecmso Q C R™ duamempa

n
1 noxpweaemcsa wapom paduyca /5 = [4].

(b) BeiBeaure u3 reopems FOura, uro f(n) < 2™.

5*. Teopema Bopcyka — Jlrocreprauka — IIIanpensmana. JJokaxkure, 910

(a) TpexMmepHBIil mAap HeJb3st pa3sdUTh Ha TPU YACTH MEHBINETO JUAMET-
pa [2].

(b) n-Meprblil map Heab3st pa3bUTh Ha N dacTeil MeHbIIero guamerpa |8].

st msyuenust byuxipn f(n) yke oKas3aJoCh MOJE3HBIM CJIEIyIOIee T10-
HATHE.

MmuoxkecrBo U C R"™ Ha3bIBaeTCsl YHUBEPCAALHOUT NOKPLIUKOT, €CITA JIJIsT
soboro muokecTBa ) C R™ amamerpa 1 cyiecTByeT Takoe IBUKEHUE , TITO
QC p(U).

Bamada la 03HAYAET, UTO B KAUECTBE YHUBEPCAIBHOI OKPHIIIKH B R? MOK-
HO B3sITh IPABUJIbHBIN IIECTUYTOJBHUK C PACCTOSTHUEM 1 MEKJy Mapasiiesib-
HBIMI CTOPOHAMH.
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6. (a) Jdokaxkure, 94T0 yHUBEPCAIBHON HOKpPHIIKOii (B R™) siBisiercss MHO-

xectBo By N By C R”, rme B; — map pajuyca u By — map pajgmyca

2n 4+ 2
1 ¢ nenTpoM Ha TrpaHune mapa Bj.

(b) Boisemure u3 (a), uro f(n) < 2" 1 + 1.

(¢)* MoxKHO Jin B Kakoii-HHOY/b Pa3MepHOCTH yTOYHUTH pedysbrar (b)?

(d)* Hokaxkure, 9T0 MHOXKECTBO B1 M By HeJib3st pa3dUTh HA 4 4aCTU MEHb-
IIEro JIMaMeTpa.

7. (a) Hokaxkure, 9TO NPABUJIBHBINA OKTA3/IP SABJISETCS YHUBEPCATIBHOM 110~
KPBIIIKON B PA3MEPHOCTH 3, €CJIN PACCTOSTHIE MEKJIy €ro IapaJleIbHbIMU Ipa-
namu pasno 1 (T.e. ecyim okTasAp 3ajaercs ypasnenueM x|+ |y|+|z| < V3/2).

(b) Orcedyem or okrasapa u3 (a) B TpexX B3aMMHO [EPIIEHIUKY/ISPHBIX Ha-
MIPABJIEHUSX TPH ITUPAMUJIBL; OTCEUEHUSI IIPOU3BOISATCI HOCPEJICTBOM ILJIOCKO-
creil, TapaJlJIeJIbHBIX KOODJINHATHBIM M OTCTOSAIINX OT HadaJsa KOODJIMHAT Ha
paccrognaue 0.5. okakure, 4To nosydenuslit 11-rpanauk U; sABjseTcs yHU-
BEpPCaAJIbHON IOKPBLIIIKON.

(c) Pas6eiire 11-rpannuk U; Ha 4 gactu jguamerpa < 1. BoiBeure orciona
CIIPaBeJIMBOCTL IUIOTe3bI Bopcyka B MpocTpaHCTBe.

(d) Pas6eiire 11-rpannuk U; #a 4 gacrtn quamerpa < 0.9888.

—

o

Puc. 1. Muororpanaukn Uy u U,

8*. Pomb0000ekas0pom Ha3BIBAETCS MHOIOIPDAHHUK, SBJIAIONIANCS BbIITYK-
J10it obosIouKoi MHOMKecTBa Todek B R® Buma (41,41, +1) (Bocemb Beprmmm)
u (0,0, £2) (mecrs BepuiH). DTO JBEHAIATUIDAHHUK, 'PAHU KOTOPOI'O CyTh
POMOBI.

(a) JlokazkmTe, 9TO B KadeCcTBE YHHBEPCAJIBHON MOKPHIMKH B R? MOxKHO
B35ITh POMOOIOIEKAdIP, ¥ KOTOPOTO PACCTOSIHUE MEYKJIy JIIOOBIMU JTBYMS TIa-
PAJLTETLHBIMU TPaHIMI paBHO 1.

(b) dokakure, 9T0 JaHHBIH POMOOIOACKASIAD OCTAHETCS YHUBEPCATHHOI
MOKPBIIIKOMH, €CIM OTCEYh OT HErO <IIAIIOYKH» II0 TOMY K€ NPUHIUILY, 9TO H
B 3aJ1a1e 7b.



Crynenueckue oJUMIHAABI U MEXKKagheIpa bHbIH ceMHHAD 215

(c) Pasbeiire MuHOXKecTBO 6Ge3 mamouek u3 (a) Ha 4 dactu auamerpa < 1.
(d) Pasbeiire muOxKecTBO 63 matovek u3 (a) na 4 gactu guamerpa < 0.98.

9. 11-rpannuk Uy oupenenen B 3amade 7b. Onpeneaum Muororpannuk Us
AHAJIOIMYHO, OTCEeKasi OT IPABUJILHOIO OKTa3[Apa INeCTh MHUPAMUL IIECTHIO
IIJIOCKOCTSAMM, ITapaJlIeJIbHbBIMI JUarOHaJIbHBIM CEYCHHAM OKTad/Ipa. TpI/I nu3
9THUX IJIOCKOCTEl (B3aUMHO MEPIEHINKYJISIPHBIE) TIPOXOJAT Ha paccrostaun 0.5
OT IIEHTPA OKTa3/Ipa, TPU OCTAJIbHbIE IJIOCKOCTH (TOXKE B3aMMHO MEepPIEeH/UKY-
ngpHble) — Ha paccrosiaun 0.525.

(a) JdokaxkuTe, uTo jjis moboro Muoxkectsa 0 C R? mumamerpa 1 cymiect-
ByeT Takoe JBukKeHne ¢, 1ro oo 2 C o(Uy), mbo Q C ¢(Us).

(b) Pas6eiire kaxoe n3 muoxkecrs Uy, Uy Ha 4 gactu quamerpa < 1.

(c) Pasbeiire kaxgoe u3 muoxkects Uy, Us Ha 4 gactu auaverpa < 0.9843.

10*. IIpo6sema Daitra. CymecTsyer i MHOXKecTBO B R3, KoTopoe Heb3s
paz3buth Ha 4 yactu guamerpa < 0.97

11*. Bepna Jsin runioresza Bopcyka
(a) BR*,  (b) e KoHEIHBIX HAGOPOB Touek B R*?

12*. HazoBeM MHOXKECTBO TOYEK 06YTOUCTNAHUUOHHDLM, €CIIN PACCTOSTHIE
MEXKJy JIIOOBIMU JIByMsI €r0 3JIEMEHTAMU MPUHAJJICKUT HEKOTOPOMY MHOXKEe-
crBy {a,b}. Bepna sin runoresa Bopcyka jjist ABYXINCTAHIIMOHHBIX MHOYKECTB

(a) BRY (b) B R™?

Basagn 10, 11 1 12b gBisiorcst HepeneHHbIMHA.

13. [15] Boimykioe MuO)KecTBO 2 C R™ Ha3BIBACTCSH MHOMHCECMBEOM NOCMO-
AHHOT WUPUHDL, €CITN PACCTOSTHIE MEXKTy JTFOOBIMHE JABYMSI €r0 ITapaJlie/IbHbIMU
OLOPHBIMY I'HIIEPIUIOCKOCTSIMA (T. €. MPSIMBIMH Jist 1 = 2) oHO 1 TO Ke. [Tpu-
MepBbL: KPYT, TPeyrojabHuK Peiio.

Puc. 2. Tpeyroasauk Peso
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(a) JlokaxmuTe, uTO /MIOGOE BEITYK/I0e MHOMKecTBO 2 C R? nmamerpa 1 mo-
KPBIBAETCsI MHOYKECTBOM IIOCTOSIHHOM MUpUHbL 1 (M, KaK CjIeJcTBUe, JIuamMer-
pa 1).

(b) To xe ¢ 3amenoit R? ma R”.

(¢) Hokaxkure Teopemy JIeHIa: n-meproe MHOACECMEO NOCMOAHHOT Wi~
PUHDL HEAB3A PasOumMb Ha M wacmet: MeEnbULE20 JUAMEMPA.

14. ITPOBJIEMA TI'PIOHBAYMA. [6] Tpebyemca watmu munumaibroe
wucao g(n) (omrpumoiz) wapos duamempa 1, Komopvimu mosrcem 6vims no-
KPOLMo npouseosvroe muoscecmeo ouamempa 1 ¢ R™. Huvimu crosamu,

g(n) = max min{g: Q C ByU---UBy, diam B; = diamQ daa 06020 i}.

(a) Haiinure g(2).

(b) Haitmre nim onennte ¢(3).

(c) Hokazkure, 9T0O 1IPH JIOCTATOYHO OOJIBIIOM 7 BBIIIOJTHEHO HEPABEHCTBO
g(n) > n + 1. Haiigure Kak MOXKHO MeHbIIlee 3HAYEHHE PAa3MEPHOCTH 7, B
KOTOPO# 3TO TaK.

(d) HJokaxkure, ato g(n) > n+ 1 upu n > 4.

(e)* Hokaxkure, uaro g(n) > ¢" pis HekoToporo ¢ > 1.

I'PA®BI U UT'PHI
(A.M. PAUroprPOICKMIT)

UrprA DPEHOENXTA. daubl rpader G = (V,E) u H = (W, F). Takxe
durcuporano Hekoropoe uucyo t > 0. Ilsoe — Hobbirauk u [loropurens —
UTPAIOT B UIPY, KOTOPYIO Mbl obosnaunm EH R(G, H,t). Beero B urpe t pays-
Ji0B. B kazkjiom payHe crepa jenaer xo JoObITanK, 3aTeM HacTaeT depe;t
[Mosropuresns. Besikmit pa3 JJoObITUYMK BRIOUPAET 110 CBOEMY YCMOTPEHUIO OIH
"3 JIBYX TpadOB U U3 MHOXKECTBA €0 BEPINUH M3BJIEKAET KAKYIO-HUOYIH OJHY.
Taxum obpasom, B i-M paymie urpbl JJoObITUnK, Jeast CBOH X0, Oeper Jin-
00 TPOU3BOJILHYIO BepIuHy z; € V', 1ub0 IPOU3BOIBHYIO BepiiuHy ¥y; € W.
[Tosropurens Beien 3a JIOOBITINKOM TaksKe JIOJXKEH JOCTATH M3 KAKO[O-TO
rpada HEKOTOPYIO €ro BEPIINHY; TOJbKO y HEro y’Ke HeT TaKoi CBOOOBI BbI-
bopa, Kak y /loObITurKa, U CBOIO BEpIIUHY OH 00si3aH Oparh u3 rpacda G, Kojib
CKOPO €ro MPOTUBHUK BOCIOJIb30BaJicss TpaoMm H, u Haobopor. B koneuHoM
UTOTe BBIODAHHBIMHU OKAXKYTCS X1,...,L: € V 1 y1,...,y € W. MbI ckaxkeM,
ato [loBTOpUTEIb BHIUTPAJ, €C/IH €My YIAJI0Ch TAK «CKOIUPOBATHY» JIeHCTBUS
JlobbiTunka, 9To0bI Tpadbl G\{m’m’x guH |{y1,.--,yt} OBLIN «yIOPSTIOIEHHO U30-
mopdub». 3nech Glig, 2 = ({21,..., 2}, E'), Tax uro (x4, ;) € E' Torma
U TOJIBKO TOIza, Korga (x;,2;) € E. I'padsl ynopadouenno usomopdro:, KOIb
ckopo yciosue (z;,x;) € E' pasrocuibho yeaosuio (y;,y;) € F'.
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1. Ilycts B rpacde G ecTb m3oJUMpOBaHHAsl BepininHa, a B rpade H Ta-
kux BepmmuH HeT. Jlokaykure, 94To v JIoOBITUNKA BCET/Ia MMEETCsI BHIUTPHIITHAST
crparerus B urpe EHR(G, H,2).

2. Iycre rpad G comepxut Ky (11ostublii 1o/rpad Ha YeThipex BepIinHax ).
[Tpenmonoxkum, uro B H takux noxrpadon uer. [Ipu kakoM MUHUMAJILHOM t
A ) s
y JobbiTunka 3aBeIOMO €CTh BhIMIPbIIIHAs crparerusi B urpe FHR(G, H,t)?

3. Ilyctb rpad G comepxur Ks. Honycrum, rpad H mnanapen. Cyiect-
ByeT Jix t, Ipu KOTOpoM y JoOBITUNKA BCErJa €CTh BBIUTPBIIIHASI CTPATEer sl B

urpe EHR(G, H,t)?

ONPEJEJIEHUE PAJIUYCA T'PA®A. HazoBem paccmosanuem MeXKIy ABYMsI
BeprmHamu z,y rpaba G = (V) E) mny d(x,y) kpardaiiiero pebepHOro
IyTH, KOTOPBIM 3TU BepIIUHbI coequuennl. O6osznaunm vepes e(x), © € V,
Besmanny e(r) = r;lea‘} d(x,y). Bymem rosopurs, uro r(G) = gél‘lfl e(r) — sro

paduyc rpada G.

4. Ilycrs r(G) < 2, ar(H) > 2. Cymecrsyer jiu ¢, npu KotopoM y JTo6biT-
9KKa BCErjia eCTh BhIUTDHINIHas crparerus B urpe EHR(G, H,t)?

5. g xaxmoro t > 0 mocrpoiite nmpumepsl Takux rpados G, H, aro y
[ToBropuTesst ecth BuUrphbiHas crparerusi B urpe EHR(G, H, t).

S3BIK IEPBOT'O MOPAIKA JIJid TPA®OB. AjiaBuT si3bIKa [I€PBOIO I10-
psJKa JI ONUCAHUA TeX WU UHBIX CBOUCTB I'PadOB COCTOUT U3 CHMBOJIOB
x,Y,..., obo3HavgaOMMX BepmuHbl rpada. Jlajgee, nMmeroTcst 3HAYKA «=» U
«~v»; 37IeCh IOM, & ~ Y T0/Ipa3yMEeBAETCs CMEXKHOCTb BEPIIUH X, Y. KCTh Tak-
JKe CTaHJAPTHBIE JIOTUYECKUE CUMBOJIBI THUITA KBAHTOPOB V U J, UMILIMKAIIIH,
KOHBIOHKIINY, JIN3BIOHKITUN, OTPUIaHUs U 11pod. Ppasbl JOJKHBI ObITH KOHEY-
HBIMU.

6. 3anuimure CBOWCTBO «rpad nMeeT M30JIMPOBAHHYIO BEPIIUHY » HA S3bIKE
II€PBOI'0 IIOPAIKA.

7. 3anumure CBOMCTBO «I'pad cOIepKUT K » Ha A3bIKe IEPBOTO MOPSIIIKA.

8. 3amumiure cBOCTBO «rpad uMeeT pajnyc < 2» Ha s3bIKe IIepBOro I0-
panKa.

9. MoxHo JTu 3ammcarh Ha S3bIKE [IEPBOTO MOPsIKA CBOHCTBO «Tpad CBsi-

3eH» 7

10. MoxkHo Jin 3amucarTh Ha S3bIKE IEPBOTO MOPsiJIKa CBOHCTBO «rpad He
raHapeH» 7

11*. Hokasxkure, uro ecyu rpad G obiagaer coiicTBoM A, KOTOPOE MOXKHO
3aINCaTh Ha sI3BIKE MMEPBOTO TOpsiKa, a rpad H 3Tum cBoiicTBOM He obsaa-
er, To cymecrByer t = t(A), upu koropoM JI0GBITUNK 3aBEIOMO PACIOJIATaeT
BBIMIPBIIHON cTparerueit B urpe FHR(G, H,t).
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CJIYUAHTHBIE I'PA®BL. 151 KazK 1010 1eJIOro MOJIOXKUTEJIHLHOIO 7 IIOJIOXKUM
Vo ={1,...,n} u sadukcupyem p = p(n) € (0,1). Paccmorpum BeposiTHOCT-
HOe mpocTpancTso (Qy, By, P,), B kotopoMm (2, = {G = (V,, E)}, Tak uro
Q| = 297, B, = 2% u P,(G) = p'Fl(1 — p)%=~IEl. Hasosen npomssomsmbii
ssieMeHT u3 )y, cayuatinvm epagom 6 modesu G(n,p). MoxKHO HOHUMATH 5TO
Tak: B CaydaiiHoM rpade Ha JAHHBIX N BEPIIMHAX pebpa MPOBOSITC HE3aBHU-
CHMO JIPYT OT JIPYyTa C BEPOSTHOCTBIO p. VIHBIME cJIOBAMU, peYb HJET O CXEMe
Bepuymu ¢ CZ HE3AaBUCUMBIMU UCHbITaHUsIME. HaiiTh BepOATHOCTH TOTO, UTO
caydaitapiii rpad G € (1, obiajiaeT HEKOTOPBIM CBOMCTBOM A, — 3TO TO Ke
camMoe, 9TO HallTH BEPOSTHOCTh MHOXKecTBa B € B, Bcex rpados G € (), Ko-
TOpBIE 3TUM CBOHCTBOM 06Jianaior. Mbl ckaxkeMm, uro GG obJiajgaeT CBOWCTBOM
A (acumnmomuuecku) nowmu naseproe (n.u.), ecin

P, (G obranaer csoiictBom A) — 1, n — oo.
12. Jlokakute, 9TO IPU P = O <l> rpad I.H. ABYIOJIEH.
n

1
13. lokakuTte, 9TO IPU P = O <7> rpad I.H. HE COJIEPKUT TPEYTOJIHLHUKOB.
n

logn

14. Jlokakute, 9TO IpU P = 3 rpad I.H. CBs3eH.

15. Ilycre pana dyuknus p = p(k) € (0,1), G — cayuaitabtii rpad B Mo1e-
m G(n,p(n)), a H — cayuaiinsnit rpad B Mogenu G(m,p(m)). Ilycrs, namee,
A — HeKoTOpoe CBOMCTBO rpada, KOTOPoe MOYKHO 3aIlUCATh Ha SI3bIKE MEPBOTO
nopsiika. [IpeonoKum, HaKOHeIl, 9TO JIJIs JJAHHOTO P U JIJI IIPOU3BOJIBHOIO
(buKCHpPOBAHHOTO ¢ BBLITOJIHEHO

lim lim P(IToBropuresb MMeeT BHIUTPBIIIHYIO
noeemTee crpareruio B urpe EFHR(G, H,t)) = 1.

C nomompo pesynabrara 3agadd 11* mokazkmre, 4ro Torma ceoiictBo A 6o
II.H. BBIIOJHEHO, JUOO II.H. HE BBITOJHEHO.

16. Ckaxem, uro rpad G = (V, E) obnamaer coiictBom Fy (rae s — 1e-
JIOE TIOJIOYKUTEJIBHOE), €CJI JIJIst JIIOOBIX HATYPaJbHbIX a,b, a + b < s, u jjist

IPOU3BOJIBHBIX U1, .. .,Uq,V1,-..,Up € V HalijeTca Takas BepmmHa T € V|
9TO T CMeXKHa C KayKJ0il BepIuHO#N u;, ¢ = 1,...,a, U T He CMeXKHa HH C
ofHoil U3 BepmuH vj;, j = 1,...,b. IIpeamonoxmm, aro rpadsr G u H obrana-

1ot cBoiictBoM Fy. JTokazkure, uro Torma [loBropuTe/h 3aBeI0MO pacioiaraeT
BBIMIPBIIHON cTparerueil B urpe FHR(G, H,t) ¢ mobbim t < s.

17. Hokazkure, 9TO TIpu p = const U s = const m.H. rpad 0b1a1aeT CBO-
crBoMm Fi.

18. C momorpio pe3ysibTaros 3aad 15, 16 u 17 jokakure, 9T0 TP JTFOOOM
ITOCTOSTHHOM P UMEET MECTO 3aKOH HYAA U eJUHUUDL TIJIsT CBOWCTB IpadOB, KO-
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TOPbBIE 3allMCBIBAIOTCA Ha A3bIKE IIEPBOI'O ITOPAJIKA: TaKOe CBOICTBO OO II.H.
BbBIIIOJIHEHO, JIUIIO II.H. HE BBIIIOJIHECHO.

19*. Hokazkure, uto ipu p = n~ %, a € Q, He Becerga MMeeT MECTO 3a-

KOH HyJIsl M €IMHUIBI JJIsi CBOHCTB rpadoB, KOTOPbIE 3alNCHIBAIOTCS Ha SI3BIKE
nepsoro nopsika. (HyzkHo npusecTy npumep €mcia o, a TakyKe HEKOTOPOIo
CBOMCTBA, aCUMIITOTHYECKAsi BEPOSITHOCT KOTOpOro B Mojenun G(n,p) He ecThb
uu 0, v 1.)

20%*, Jlokazkure, UTO pe3yibTraT 3ajaud 18 BepeH mpm Bcex p = n~ ¢,

a g Q.

I[TPUHLINIT BJIOYXKEHHBLIX OTPE3KOB, UJIU IIPUMEHU TEOPEMY
B3PA O KATErorPuu
(A. B. CKOIIEHKOB)

DTOT NUKJI 38J]a1 MTOCBSIIECH MOIHOMY CPEJICTBY JOKA3aTe]bCTBA TEOPEM
CyIIeCTBOBaHUS. B aHAMN3e ¢ TIOMOIIBIO Hee TOKA3BIBACTCS, HATTPUMED, Teope-
ma Bamaxa 06 obpaTHOM orneparope, KOTOpas MPUMEHSAETCH JJId JT0Ka3aTeIb-
CTBa CYIIECTBOBAHUS PEIICHUI HEJIMHEWHBIX ypaBHeHUi. B Tomosioruu reopema
Bapa npumenisieTcst, HATpUMep, K BJIOKEHUSIM KOMITAKTOB M K aIITPOKCUMATIAN
orobpaxkenuii romeomopdusmamu (cp. [9,22]).

0. O6begunenne OTKPLITHIX nHTepBaioB U C R He gBisercs orpaHuyeH-
obiM. JlokaxkuTe, 9TO CyIiecTByeT Takoe T, 9to nr € U mjisg 6ecKoOHEeIHO 60JIb-
1010 KOJIm4YeCTBa IEJIbIX 1.

Vrasanue. CHaYAIA JTOKAXKUTE, UTO

— cymecrByer Takoe x1 € (0,1), aro nyz; € U mus mekoroporo ny > 1.

Torna

— cymecTByet Takoe €1 > 0, aro ny(z1 —€1,21 +€1) € U.

ITorom mokazkute, 4TO

— CyIIECTBYeT Takoe Ty € (X1 — €1, 1 + €1), 9T0 noxy € U 111 HEKOTOPOTO
ng > 2.

N 1.

Takue perienusi, OCHOBAHHBIE Ha IIPUHITAIIE BJIOKEHHBIX OTPE3KOB, yJI0OHO
[IPHUJIyMBIBATH ¥ 3allMChIBATD Ha si3bIKe meopemv, Bapa o kamezopuu.

Hamomunm, uro noamuoxkectBo U C R HazbiBaercs

omkpoimuim, ecan st Jioboro x € U cymecrByer Takoe € > 0, 4910
(r—e,x+e)CU.

6cedy naommwim, ecn Juist Tobex a, b € R nepeceuenne (a,b) NU wemycro.

1. TEOPEMA B3PA O KATEIOPUU. [lepecedenne c4eTHOTO YNCJIa OTKPBI-
ThIX BCIOZY IIJIOTHBIX ITOJIMHOZKECTB HpHMOﬁ ABJIFAETCA BCIOY IIJIOTHBIM (I/I7 B
YaCTHOCTH, HEILYCTHIM ).



220 B. U. Boraues, A. M. Paiiropoickuii, A. B. Ckonenkos, H. A. Tommaden

IIpuBenennoe pemrenne 3a7a4u 1 KOPOTKO 3AIIUCHIBACTCS TaK: IO TEOPEMeE

[e.9] [e9] 1
Bspa o kareropun (| %U # .

n=1k=n

2. Hokaxkute, 9TO CyIIEeCTByeT TaKasl ITOCJIeI0BATEBHOCTh T, € R, uTO
st J1000# Bo3pacTaroIieil orpaHmYeHHO Tocae0BaTeIbHOCTH Y, € R Haii-
JIeTCst HOMEP N, JIJIst KOTOPOTo [Ty — Yp| < 1/n.

3. Hoxaxxure cienyromee mis pyakiumit R — R.

(a) TToroueunblii mpejes1 HeNpepbIBHbIX (DYHKIMI 003aTEIbHO UMEET TOY-
Ky HEIPEPBIBHOCTH.

Vrazarue. MHOXKECTBO TOUEK HEMPePLIBHOCTH QyHKINNA f — 3TO

o o

1 1 1
N Ule = 1f) — fl2)l < S mpra — - <y <gz <o+ )
n=1k=1

(b) Ipoussomnas Jo6oii nuddepernupyemoii byHKIUN UMEET TOUKY
HEIPEPBIBHOCTH.

(c)* Jlrobast MmoHOTOHHAsT (DbYHKIMsI MMeeT TOUKY JubdepeHImpyeMoCcTH.

Vrasanue. 31ech ToUKU TudHEPEHIUPYEMOCTH «IIOUTH BCE» 110 MEpe, a He
o bapy.

(d) JTrobasi sunmmuneBa GyHKIUsA uMeeT TOUKY AuddepeHupyeMocTu.

Vrasanue. Vctioyib3yiiTe npebIy il IyHKT U Pa3/I0KEHNEe JIUIIITHIIEBON
GYHKIINU B PA3HOCTh MOHOTOHHBIX.

4. JMokaxkure, 9T0 ecjn PYHKIUS JIBYX IEPEMEHHBIX HEIIPEPBIBHA 110 KazK-
JIO# IIepeMEeHHOM, TO OHa MMeeT TOYKY HEIIPEPBIBHOCTU.

5. Jlama 6eckoneuno auddepenmupyemas byukiusg f: R — R, mpudem
JJIsT JTFOO0TO X U JIJIs

(a) Bcex umces n > Ny;

(b)* GecKOHEYHOrO KOJIMIECTBA TUCET N

(¢c)* mekoroporo n = n(x)
somosaeno () (z) = 0. Jokaxure, 910 f — MHOTOUJICH.

Vrasanue x (a). Ilycts f e Muorounen. Homoxm Uy, := R— N (f#))~1(0).

k=n
oo
Torna U, orkpsito u Henycro, Uy DU D ... u (| Uy = &. U3 s1ux cBoiicTs
n=1

MHOXKeCTB Uy, BBITEKAET, UTO CYWECMBYIOM MAKUE T U MAKCUMANLHIT UHmep-
san (a,b) C Uy, wmo das nexomopozo € > 0 odun u3 unmepeanos (a,a + €) u
(b — €,b) ne nepecexaem mmoorcecmeo Uy (noxkaxure!). He ymenbimas ob1-
wocrn, (a,a+ €) NUpi1 = @, e, fH)([a,a + €]) = 0. Tax xax f™(a) =0,
10 f™([a,a + €]) = 0, aro nporuBopeunt ycaosuio (a,b) C U,.
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6. Jloxkaxkure, 9T0

(a)* npsiMast He TIpe/ICTABUMA B BU/Ie 00'be/IMHEHUsI IOAPHO HEIlePEeCeKao-
IIUXCSA HETOYETHBIX 3aMKHYTBIX OTPE3KOB.

(b) IIJIOCKOCTBb HE IIpeJCTaBuUMa B BUE O6’])€ILI/IH€HH5{ 3aMKHYTBIX KPYT'OB C
MOMTAPHO HEMEPECEKAIONUMUCS HEMyCTHIMUA BHY TPEHHOCTSIMU.

7. (a) Jdamo 3aMKHyTOe orpammdentoe momMuoykectso A C R2. Jlna mo-
OBIX IBYX TOUYeK &,y € A cymecrByer pasduenne A = X LY Ha 3aMKHyTBIe
MHOXKECTBA, Jijisi KoToporo £ € X u y € Y (rakue MHOXKECTBA HA3bIBAIOT-
et HyavmepHvmu). JlokazxkuTe, 9TO CyIeCTBYET HENPEPhIBHOE MHBEKTUBHOE
orobpaxkenue (T.e.ea00/cenue nim peanmnsanus) a : A — R.

(b)* Iamo saMKHyTOe orpanmdentroe moamuokectso A C R, s mo-
OBIX JIBYX TOYEK &,y € A cymecrByer pasnoxkenne A = X UY B obbenHeHne
BaMKHYTBIX MHOYKECTB, MepecedeHrne KOTOPBIX HyJIbMEpHO, nmpudeM & € X u
y € Y (Takme MHOXKeCTBa HA3BIBAIOTCA odHomeproimu). JTokaxKkuTe, 9aTo cyire-
CTByeT HelpepLIBHOE HHBLEKTUBHOE oTobpaxkenne a: A — R3.

(c)* Teopema Memneepa — Hebeaunea — Ilonmpseuna. Haiire onpeenenue
N-MepHOro (3aMKHYTOIo OrpaHHYeHHOro) MHOkecTBa B RY 1 joKaskure, 4To
M060€ N-MePHOe MHOMKECTBO BJIOKHMO B RZ7H!
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CTYILGH‘{GCK&H OJIMMIINa/la 10 MaTeMaTUKe

P. Asnees A. Mocksun

B mexabpe 2005 roma ma mexaHumko-mMaremaTudeckoMm daxyiabrere MIY
ObLIa IPOBEJEHA OJTUMITNAJIA, [0 MAaTeMaThKe s cTyAeHToB 1-2 Kypco. Ha
peIIeH e IECTHU IIPEJIOKEHHDBIX 33/1a9 YIACTHUKAM JaBaJIOCh IIATH 9acoB. s
YCIIENITHOTO BBIMTOJTHEHNST BCEX 3aJaHUN OJTUMIIAAJIBI OBLJIO JIOCTATOYHO BJIAJIe-
HUsI MATEPUAJIOM IIEPBOIO CEMECTPA.

Jlo 1989 r. obmiedaKyabTeTCKre OJUMIINA/IBI TPOBOAUINCH PETYJISIPHO, a
B 2004 1. 3Ta Tpamuims BO30OHOBUJIACH II0 WHUIIMATHBE CTYIACHTOB. YMEHUE
pelarh HeCTaHJaPTHBIE 38191 OY€Hb BayKHO JIJIsT HAUMHAOIUX MATEMATUKOB.
s pa3BuTHS 9TOTO yMEHUS OJHUX TOJIHKO JIEKITUI U CEMUHAPOB MOXKET ObIThH
HetocTaTouHO. OJIMMITHAIIBI IIOMOTAOT BOCIIOJHUTE 9TOT HEJIOCTATOK.

Opranuzarnust 1 TPOBeICHUE OJIUMITNAJIBI SABJISJIUCH PE3YJIBTATOM KOJLIEK-
THUBHOTO TpPY/JIa IIperojiaBaTeseil U CTYJIEHTOB CTapIInX KypcoB (aKyjbTera.
TemaTuka OTUMITHAIBI OXBATUJIA PA3JIUIHbBIE PA3J/IeJIbl MATEMATHKI: B COCTAB-
JIEHUU 33J1a4, & 3aTeM U B IPOBEPKe pabOT NIPUHUMAJIN yIaCTHE TPEJCTABUTETN
pa3InIHBIX Kadep.

Ormerum Jydimire pe3yJbraThl cpelin yIacTHUKOB. 1lo 5 3amad permwmim
nepBokypcHuk Anekcangap Edumon, Bropokypcauku Anekceii Jlazapes u Ku-
puwut Ilonkos. Ilo 4 sagaun — nepBokypcHuku Bacuaumit Acraxos, Ajexceit
TostoBko, Astekcanp Ilepeneuko, Auapeit Tpemanaus u BropokypcHuk JImmt-
puit [lepmsakos.

3AIAUY OJIUMITHA B
1. JIokazaTh, 4TO yro/ MezK/ly KOHIEHTPUIeCKUMHI PABHOCTOPOHHUMM T'H-
nepboJIaMu PaBeH YJBOCHHOMY YIUIy MexK Iy ux acumnroramu.  (A. Axonan)
2. Jlokaszarb, 4ro He cyulecTByeT MHOrOWIeHa f (21, X9, 3, 24) € Clxy, T2,
T3, T4], JUIst KOTOPOTO PEIEHUEM CHCTEMBbI
{ T1T2 = X324,
f(z1, 29, 23,74) =0

ABJIAETCA B TOYHOCTH MHOMKeCTBO {(1,22,73,74) € C* | 21 = 0, 23 = 0}.

(P. Asdees)

MaTemaTuueckoe npocsetuetue, cep. 3, sbin. 12, 2008(223-227)
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3. Paccemorpum muHOKecTBO I rpadoB 6e3 mmeTesib 1 KpaTHBIX pebep, BKIII0-
vast mycToit rpad. [lycts G € I' — rpad, a x — ero mpousBoJIbHAS BEPIITHHA.
Ob6ozuaunm gepe3 G, noarpad, nosydaoruiics n3 G BBIOpaCbIBAHUEM BEPIITHU-
HBI 7, a gepe3 G, — moarpad, momydaonmiicss n3 G BEIOPACHIBAHIEM BEPIITHEL
Z ¥ BCEX BEpIINH, C KOTOPbIMU BEPIIUHA T HE COejMHeHa PeOPOM (BepIInHbI
BBIOPACHIBAIOTCST BMECTE CO BCEMU BBIXOJISIIIIUME M3 HUX pebpamu).

Hokazars, uro cymecryer (xorsi 661 onna) dyukuus f: I' — Z, ynosie-
TBOPSIIOIIAA CJIEIYIOMNM TPEM YCIOBUSIM:

1) f(&) =1 (@ — uycroii rpad);

2) f(-) =0 (- — rpad c oxmHOi BepIIHHOI);

3) f(G) = f(G) — f(G.), tne G — mnpousBosbHLIT rpad ¢ n > 2 Bep-
IMMHAMHI, & T — TIPOM3BOIbHas Bepimmnua rpada G (rpad G, MoxkeT OGBITH
ILyCTBIM ). (P. Asdees)

4. Boiscauts, cymectsyer ym byukiusa f(z) € Cl(—¢, ) co cemyronu-
MU CBOHCTBaMU:

a) £(0) = 0;
b) f'(z) # 0 upu z # 0;
c) lir% J{,((Z)) = 00. (4. X. Cabumos)

3
5. JIBe mMI0CKOCTH B IPOCTPAHCTBE IMEPECEKAIOTCSI IO, YIJIOM R [Iyctn

O — onaa 3 Touek mnepecedenns. Orpezok OA paBHOMEpPHO BpaIlaeTcs B
o o s
nepBoil mwrockocTu orHocuTesbHo Touku O. Haittu Bee yruer o € (0, 5), JUTST

KOTOPBIX CYIIECTBYET TAKOe HEIPEPBIBHOE (HO He 00sI3aTeIbHO PABHOMEPHOE)
Bpaienue orpeska OC BO BTOPOIl MJIOCKOCTH OTHOCHTENBLHO TOUKH O, 9YTO B
m060it MomeHT Bpemenn ZAOC = a. (A. T. @omenro)

6. a) Jdokasarh, 4T0 151 J11060r0 MHOXKECTBa A, COCTOSAIIETO U3 N pas-
JIMYHBIX JefiCTBUTEIbLHBIX 4YUCeJI, HaiJeTcs TaKoe 4HUCJIO U, YTO KOJIMYECTBO
Yuce1, IPeJCTAaBUMbIX B BUIE a1 + Uag, a1, as € A, 6oibie n® — n, HO CTPOro
MeHbIIe n°.

6) okazarb, 94TO KOJUIECTBO duce] Bua aj(as—aq)+ az(as —ag), a, . . .,

ag € A, 6omprme n? — n. (C. B. Konazun)

PENIEHUS 3ATTAY

1. BBemem Ha IJIOCKOCTH CUCTEMY KOOPJIMHAT, B KOTOPOIl ypaBHEHHUE IepBOit
U3 TUIepOoJI 3aIUINETCS B BUAIE

zy = 1.
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Torma Bropas rumepboJia Moy IaeTcs U3 ePBoil JIMHETHBIM TPe0dpa30BAHIEM,
MIEPEBOJISIINM ACUMIITOTHI B ACUMITOTHI, T. €.

Z = Azcosy +ysiny),

g = A—zsinp + ycosp),

rie ¢ € (—g, g] —  YroJI MexKJy OCAMH Tuiepbosi (OH XKe — OJUH U3 yI-

JIOB MeKJly acumrroramu). B HOBOI cucTeMe KOODJIMHAT ypaBHEHHE BTODOIi
ruriepOoIbl uMeeT BUJ Ty = 1, a B cTapoilt —
(2 cos p + ysin p)(—zsing + ycos @) = A2

Hamnpasssiromuii BeKTOp KacaresbHO# K KpuBoii Broporo nopsiyika {F(z,y) =

= 0} B Touke (g, Yyp) UMeeT BU (—Fé(azo,yo),Fg’C(xg,yo)). [Tycrs (x0,y0) —
TOYKa IepecedeHrs HammuX rumepbos. Torja HaIpaB/sSIONMA BEKTOpP Kaca-

TeJIbHOI K 11epBoii runep6odie B 310 Touke — 310 & = (—Z0, Yo ), KO BTOPOii —
77 = (—x0 cos 2¢p — yo sin 2p, —xp sin 2 + yo cos 2p). Nmeem
cos(E, 1) = (5’7771 = cos 2,
€1 - 1771

OTKYJda 1 CJaeaAyeT yTBEP2KICHUE 3a/1a9U.

2. Iycrp takoit muorownen f(xy1,xe,rs,x4) cymecrsyer. [Tokaxkem, 9To
Tora Bo MHOKecTBe A = {(71, 22,73, 74) € C* | 23 = 0,24 = 0} ;exxuT Kpo-
Me HavaJla KOODJMHAT elle 110 KpaiiHeil Mepe oj[Ha TOYKa, yJI0BJIETBOPSIONIAs
cucTeMme.

JeiicTBUTEIbHO, KazKaasd TOYKa MHOXKECTBa A yJIoBIeTBOpSET II€pBOMY
ypasuenuio cucremsl. [lycts g(z1,z3) = f(21,0,23,0). Ocramocs mokasars,
qT0 y 3roro muorousieHa B C(xr1, x3) umeercs ue MeHbliie JaByx Hyseil. [To yeiro-
BUIO, OJIMH HyJIb — 3T0 Hadaso koopauuat (0,0). TTosromy cBoGOAHBIH wieH
9TOr0 MHOTOWJIeHa paBeH Hyuo. Eciu g(x1,z3) = 0, TO B KauecTBe HyJIsl MOXK-
HO B3$ITh JIIOOYIO TOUKY, OTJIMYIHYO OT HadaJa KoopuHat. [lycrs g(x1, x3) Z 0.
Bammiem MHOrO4IeH ¢(Z1,T3) B BHJE

g(z1,23) = hp(x3)x] + ... + hi(z3)x1 + ho(zs),

rje hp(r3) — MHOIOWIEHBI, 3aBHUCSIIIUE TOJIBKO OT X3, npudeM hy(r3) —
HeHyJIeBOil MHOTOYJICH, CTOSIIMIL IPpU HAUOO/ILIIeH CTeIIeHH 110 1 MHOTOYJICHA
g (.T 1, ‘753) :

Ecin s1a Hanbosbiias creleHb OTJIAYHA OT HyJIsl, TO CYIIECTBYET TaKOe
sHavenne r3 = ¢ # 0, aro hy,(c) # 0. 3Hauut, MHOTOUIEH (1, C) HE ABJISETCS
KOHCTaHTOI 1 uMeeT XoTst Obl ojuH Kopenb 21 = d. [lonyuaem g(d, c) = 0.

Teneps nycrs g(z1,23) = ho(xs). Muorowren hg(zs) uMeer HyIeBoOit CBO-
OOHBIM UjIeH, U To9TOMYy 3 = 0 — ero KOpeHb. SHAUUT, MOYKHO ITOJIOKUTH
1 = 1 u nosyuurs g(1,0) = 0.
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3. EpunacrBenHas (pyHKIWS, yIOBJIETBOPSIONIAs YCJIOBUIM 33291, UMEET

BUJT
n

F(G) =Y (-1)FHy,
k=0
rae n — KoJuuecTBo BepiuH rpada G, Hip — KOJIUYeCTBO IIOJIHBLIX IIOJI-
rpacdoB rpada G, comepxkamux k Beprud. B wacrnoctu, Hy = 1, H; = n.
[Tosibiit rpacd — rpad, y KoToporo Jobdas mapa BEPIIUH COeIUHEHa PeOPOM.
[Mosmblit morpad> onpejiesisiercss MHOXKECTBOM CBOUX BePINUH (IIOPSIJIOK Bep-
mH HeBazkeH). OCTasioch MOKa3aTh, 9TO MPEbsBIeHHAsT (DYHKIUS JeHCTB-
TEJILHO YIOBJIETBOPSIET PEKYPPEHTHOMY COOTHOIIEHU. DTO MOXKHO CIeJIaTh,
noncunTas uncia Hy, rpada G depes 1u ke uncia rpados Gy u Gy

Hy(G) = Hy(Gz) + Hy—1(Go),

OTKY/1a

= (_1)ka(Gx) - (_1)ka(éw) - f(Ga:) - f(ém)

4. U3 yenosus caenyer, uto f/'(0) = 0. Bes orpanuvenust o6IHOCTH cUUTA-
e, uro f'(z) > 0 upu x > 0. Torna dyukuus f(z) MOHOTOHHO BO3pacTaeT Ha
(0, ). U3 omnpesienenust npejiesia moiydaeM, 9To cyiectsyer § > 0, Takoe 4To
Jyist sioboro x € (0,0) Bbimonreno wepasencrso f(z) > f'(z). Moxkuo caurarsh
d < 1. Bosbmem nipoussosibhyto 104Ky y € (0, 0). ITo Teopeme Jlarpanxka cytie-
crmyer rouka € € (0,y), a xoropoii f(y) — f/(€)y. Ho f'(€) < F(€) < f(y).
orkyna f(y) < f(§)y < f(y)y. Tak xax f(y) > 0, To nomyuaem y > 1. IIporn-
Bopeune. 3HAUUT, TpebyeMoil (DYHKIUU HE CYIIECTBYET.

OTBeT: He CyImecTByer.

5. PeanusyeMm HallM IIOCKOCTH B IPOCTPAHCTBE CJIEAYIONUM OOpPa30M:
I, = {y = z}, Il = {# = 0}. Exqunanuneiii Bekrop OA, riajako Bpariaio-

. 1 1
muiicss B 1epBoii MJIOCKOCTH, 3aaM Kak (sin ¢, 7 cos ¢, 7 cos ), a eu-
HuuHbll BekTop OC' Bo BTOpOii miockoctn — (sin, cos ), 0). Torga yciosue
Ha yroa a Mmexiay Bekropamu OA u OC szamurmiercs B Buge cos(OA,OC) =
. . 1
= sinpsiny + ﬁcosq)comﬁ = COS (v, WK
sin . cos cos
Ld smw—kii’zcosw:i.
1+sin2ap 1+sin” ¢ 1+sin2ap

2 2 2 2
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COs

Beejsiem oboznauenue: f(p) = —— Hecnoxmno mokazarh, 4TO Cy-
1  sin®yp
2t 72

HIECTBYET TaKasl IJIaJlKasi CTporo Bospacratoniast dbyHukiums 6(¢p), 1yst KoTopoii
BBITIOJTHEHBI yYCJIOBUS

sin ¢

sin 6 = ———— cosf =5
(‘P) 1 n sin? o ’ (SD) /1 + sin? gp,
2 2

npudeM (¢ + 2m) = 0(p) + 27. [osToMy mMeeT CMBIC PABEHCTBO:
cos(¥ — 0(¢)) = f(¥)- (1)
MBI XOTHM TOCTPOUTH HENPEPLIBHYIO DYHKIUIO ¥ = 1)(¢p) TaKyto, 9TO BbI-
nosiHeHo paseHcTBo (1), a rakxke yenosue ¥ (p+2m) = (¢)+27. Orpannvenne

ﬁ?

Ha « caenytomiee: | f(p)| < 1 aus mo6oro ¢ € R. Orciona cos a < a 9TOro

yZKe JIOCTATOYHO JIJIsi MOCTpoeHus dbyHKImn ¥ = 1) (¢):

P(p) = 0(p) + arccos(f())-

Orser: a € (0, Z]

6. a) Ilycte A = {by < by < -+ < b,}. Boibepem m, misi KOTOpOro
by, — bym—1 MuaEMaiabHO. Torma ycnosuto 3anadm yaosiaersopsier u = (b, —
—b1)/(bm — b—1). HeiicrBuresbo, it ABYX Pas3JInIHbIX HAOOPOB MHIEKCOB
i, u k,l, e MOXKHO cuuTaTh ¢ > k, paBeHcTBO b; + ub; = by + ub; pas-
HOCHUJIBHO cooTHomeHuo (b; — by)(by — bym—1) = (b, — b1)(by — b;). 113 Hero
¢ HEOOXOJUMOCTBIO BbITeKaeT 1 = n,k = 1. 3HauuT, J0JZKHO BBLIIOJIHATLCS
paBeHcTso by, — by,—1 = b — bj. B cumy ycioBus MEUHEMAaJIBLHOCTH Pa3HOCTH
b — bi—1 9TOMY paBEHCTBY yJIOBJIETBOPSIOT He O6ostee n — 1 map [, j. B To xe
BpeMsd OJHA TakKad Hapa umeercs: | = m,j = m — 1. OTcroma mosydaeM, 4To
JIJIs BBIOPAHHOTO 1 PA3JIMYHBIX YUCE]I BUIA a1 + udg, TAE a1, as € A, mMeeTcs
He MenbIie n? —n + 1 u #e Gosbine n? — 1.

6) IIycrs croBa A = {b1 < by < ... < by}. Beibepem m, st KOTOPOro
by, — bm—1 MubamMasbhO. [Tonoxum uw = (b, — b1)/(by, — byp—1). Torma us
MyHKTa a) CIe/lyeT, 9TO PA3IuIHbIX dnces Buaa by + uby 6ombite, weM n? — n.
Buaunr, qucesn Buga (by, —bpym—1)(bg+ub;) = bg (b —bm—1)+by(by, — b1 ) Gosbite

n2 —n.Asron Tpe6OBaJIOCb JOKa3aTh.
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BenHoro yausepcurera uM. M. B. Jlomonocosa
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A. MockBun: MexaHHKO-MaTeMaTndeckuii dakynbrer MockoBckoro rocyaap-
crBenHoro yausepcurera uM. M. B. Jlomonocosa
e-mail: moskvin-ay@mail.ru
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Ham mumryT

JlonotHeHne K cTaTbhe
. A Muxammna, V. M. Hukonosa
«OnHa 3a4a4a 0 HaX0XKJIeHUN (PaJIbIIIBOI MOHETHI»

A. 4. Kanenb-Besos b. P. ®penkun

IIpu peakTupoBanny cTarbul) Mbl 3aMeTHIIN OfuH (BakKT OBIIEro Xapak-
Tepa, MO3BOJIAIONIHII JIATh APYTroe JTOKA3ATEILCTBO OCHOBHOTO PE3YIbTATA.

HamoMunM, 9T0 paccMaTpUBAINCh 339U CJIEAyIOmero suga. Mmeemcs
HEKOMOPOE KOAUMECTNBO MOHEM, U3 HUL 00HA PAALUWUBAA, HEMHO20 OMAUYG-
VULAACA NO 8ecYy Om OpYauT, G 6Ce OCMAAbHbLE HACTMOAULUE U 00UHAKOBDLE.
Mootcro au 3a QaHHOE HUCAO B3BEWUBAHUTE HA PHINAHCHBIT 6ecax 6e3 2upb Hali-
mu Garvuusyto Moremy: a) onpedesus ee omHuocumesvhul ec (m.e. aeaue
OHA UAU MANHCENEE OCAIOHBIT), O) He onpedeass ommocumervhul eec? Ilpu
IMOM MblL MOHCEM UMEMD 30NGC HACTNOAUUL MOHEM AUOO HE UMEMD.

Tlocienyromue paccykaenus 0a3upyrOTCs Ha (pakTe, KOTOPBI TOKA3bIBa-
eTCsl 110 aHAJIOTUH C PellleHneM 3a1a9u 4.

OCHOBHASA JIEMMA. [lycmo 3a n 836€wusanusl MootcHo watimu darvuiu-
6y10 cpedu m monem (603M0ONHCHO, He Onpedeaus ee OMHOCUMENLHHIT BEC).
Tozda npu HaAUYUL DONOAHUMEALHOT 3a46600MO HACTNOAWLET, MOHEMBL MONHCHO
cpedu m — 1 monem 3a n 636ewWUBAHUT, HATIMU GAALWUBYIO U ONPEIEAUTD €€
OMHOCUMENOHDLT BEC.

eiicTBuTeibHO, 10O6ABUM JOMOJTHUTEIBHYIO MOHETY K M — 1 HCXOIHBIM
u OyjaeM J1eficTBOBAThL II0 AJTOPUTMY IS 1M MOHET U 7 B3BeIIWBAHUM, MpPU-
9YeM B3BECHM JIONOJIHUTE/IbHYIO MOHETY JIUIIb B TOT MOMEHT (€C/Ii OH HACTY-
[WT), KOIJIa HEB3BEIIEHHBIX MOHET HE JIOJIZKHO OCTAThCsl. DTO MOYKHO CJE/IAaTh,

1) «MaremaTmaeckoe mpocBeriernes , Boin. 11, c. 149-158, 2007 .

MaTemaTuueckoe npocsetuetue, cep. 3, sbin. 12, 2008(229-231)
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IIOCKOJIbKY HEB3BEIIEHHbIE MOHETHI HEPA3JIMINMBI B PaMKax aJrOpUTMa B3Be-
muBaHus. B utore Mbl HafijeM (GaJbIIIBYIO0 MOHETY, U HY?KHO ITOKa3aTb, YTO
MBI OIIPEJIEININ €€ OTHOCUTEJBHBIN BeC, T.€. 9TO OHa IolaJia Ha Becbl. Kcan
9TO HEBEPHO, TO (asbIIBas MOHETa — HEB3BEIIEHHAs, IPUIEM €INHCTBEHHAS
HeB3BellleHHasl (B MPOTUBHOM CJIydae MbI HE 3HAEM, KaKas U3 HEB3BEIIEHHbIX
MoHer dasbimusast). Ho Torjga jonosHurebHas MOHETa B3BEICHA, a 3HAUUT,
B3BEIIEHbI U BCE MOHETHI. llojIydeHo mpoTmBOpedne, KOTOPOe W JOKA3bIBACT
Hallle yTBEPXKJIEHUE.
MHOroKpaTHO IPUMEHSISI OCHOBHYIO JIEMMY, HOJIYIaeM

CJEOCTBUE 1. Ilycmov 3a n 636CwUBAHUT MONHCHO HATUMU PaAIbUWUBYIO
cpedu m monem (803mootcHo, He onpedeaus ee omuocumesvrvili sec). Tozda
nPU HAAUNUY JOCTMATNOYHO20 3GNACE HACTNOAUUT MOHEM, MOHCHO CPeU A10-
6020 MEHDUWE20 KOAUMECTNEA MOHEM 3G TV 836CUWUBAHUTE HATIMU GAALWUBYIO U
onpedeaumv ee ommocumenviud 6ec?.

OTMeTI/IM, q9TO npoee@eHHue p&CCgOdeEHUﬂ HE 3a6UCAM 0M M0o20, UCNONb-
3Y10mcsa AU 3a6€00M0 HacmoAwWUe MOHEMDL 6 AN20PUMME OAA M MOHEM.

CNIEACTBUE 2. He3asucumo om naAUMUA 3GNACG HACTOAUUT MOHEM,
HeAb3A 30 N 636ewUSaHUT Hatmu darvwusyro us boaee wem (3"+1)/2 monem,
daoice ecau He mpebyemca onpedesums ee OMHOCUMENbHbIT 6ec.

JlelicTBUTEIBHO, B IPOTHBHOM CJIy49ae Mbl MOLJIU ObI, COIVIACHO CJICICTBHIO
1, 3a n B3BemmBanwii HaiiTn danapmmsyo cpean (3™ + 1)/2 Moner u omnpese-
JINTHb €e OTHOCUTENbHBIN Bec. Ho 9TO nporuBOpeunT pe3ysabraTy 3a/adu 2a u3
CTATBH.

PaCCManI/IBaﬂ IIepBoO€ B3BeHIMBaHUE, HoﬂyqaeM Ternepb

OCHOBHOI1 PE3VJIBTAT CTATBU (3AZIAYA 5). 3a n e3sewusanui npu
OMCYMCMBUY 3aNACA HACMOAWUT MOHEM HeAb3A u3 boaee uem (3™ — 1)/2
monem natimu garvwusyro (dasice ecau ne mpebyemces onpedesums ee ommo-
cumenvnuili 6ec).

JeficTBUTE/IBHO, IIyCTh U3 HEKOTOPOT'O KOJIMIECTBA MOHET (IIPU OTCYTCTBUU
3araca HaCTOSIIIX) MOYKHO HaiTu (hbaJIbIIUBYIO 3a 1 B3BEIINBAHUIA.

Paccmorpum nepBoe B3BemuBanue. FKcam wamkm He ypaBHOBECUIUCH, TO
dasbimBas MOHETa — CpEJIM B3BEIICHHBIX, U JIJIsi KaXKJIOH U3 B3BEIIEHHBIX
MOHET MBI 3HAEM ee OTHOCUTEJIHLHBIM BeCc B Caydae, eciu oHa (asbiiuBas. 3a
ocTaBIuecs n— 1 B3BEIUBAHUI MOXKHO HailTH (pabIIUBYIO CPEIA ITUX MOHET.

2)3aBe/0MO HACTOAIMX MOHET B JIIOGOI curyanuu Tpebyercs He GOJIbIe, YeM <«II0J03PU-
TeIbHBIX> (TOJIeKammx nposepke). leficTBuresibHO, eciam Ha OBEMX YAIKAX BECOB €CTh
3aBeJOMO HACTOSIIUE, TO 10 OJHON MOXKHO CHATH. IloBTOpsist 9TO JieiicTBUE, TOSLYYIUM, UTO
BCE MOHETBHI Ha OJHON M3 YallleK — <«IIOJ03PUTE/IbHBIE , U 3aBEJIOMO HACTOSIINX TpPedyeTcst
He OoJIbIllee KOJIUYECTBO.
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CrenoBarenbo (cM. pemenne 3a1a4m 1’ u3 craThl), UX KOJIXYECTBO He GOJIBIIE
3"~ — a B JIefiCTBUTEILHOCTH MEHBIIe, OCKOJIBKY eTHO.

Ecim ke Bechl B paBHOBeCHH, TO (haJIbIINBas MOHETA — CPE/I HEB3BEIlIeH-
HBIX, IIPHYEM ee MOXKHO HafiTn 3a ocrasmmecs n — 1 B3pemusanuit. Cormacuo
CIIEJICTBHIO 2, KOJMYECTBO HEB3BENTeHHBIX MOHeT He Trpesocxomut (371 +1)/2.
BHauuT, 0bIIee KOJIMIECTBO MOHeT He ipesocxoant (371 —1)+ (31 4+1)/2 =
= (3" —1)/2, ar0 U TPeHOBAIOCE.

Pesiomupys Jioka3aHHOE 3/IECh U B CTAThe, [TOJIydaeM CJIEIYIONIYIO KADTUHY.

IIyemo u3 danmnozo KOAUMECTNGE MOHEM MONHCHO NATMU Harvuwusyro 3a n
saeewusanull. To20a MaAKCUMANDHOE BO3MONCHOE KOAMUMECTNEO MOHEM PAGHO:

ecAU OMHOCUMENLHHIT 6ec Pasvwusoti monemuv, uzeecmen 3apanee — 3"
(He3a6UCUMO 0N NAAUNUA 3ANACA HACTNOAUUL MONEM.);

eCAU OTVHOCUMENLHBIT 6EC HE USBECTMEN U €20 MPEBYeMCa Y3Hamv — npu
omecymemeuu 3anaca nacmoauur monem (3" —3)/2, npu naruvuu (3" —1)/2;

ecau ne mpebyemca Y3namov OMHOCUMEALNbIT 66C — NPU OMCYMCMEUL
sanaca nacmosugux monem (3" —1)/2, npu nasvvuu (3" +1)/2.

A. 4. Kanens-bBenos, MMOO
B. P. ®penkun, 1MW, MITHMO
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CKOJIBKO CTYIIEHEK Ha 3cKajaTope?

K. 9. Kaubxanos

Kazkaplit Moxxer npuHEMATH pelIeHne, o0J1a1ast
JroctaTouHOl mHpopMalmeii. Xopoliuii pyKOBOIUTE b
HOpUHUMAET pelleHue U IIPU ee HeXBaTKe.

U neanpubiit — aeiictByer B abCOJIOTHOM HEBEICHHH.

Kax-to pa3, BcTaB Ha CTYIIEHbKY 3CKAJATOPA, s1 0OOpATU BHUMaHUE HA HO-
Mep cryneHbKu: 285. BO3HUK eCTeCTBEHHBIN BOIIPOC: CKOJIBKO BCETO CTYIEHEK !
fcuo, uTo He MenbIne 285. MoxkHO /i1 ¢ie/1aTh KaKoe-HuOy/Ib pa3yMHOe IIPeI-
ITOJIOZKEHUE O YHC/Ie CTYIIEHEK UCXO/Isl TOIBKO U3 TOr0, ITO UMEETCS CTYIIEHbKA
¢ HoMepom 2857 Perieruem 310t 3a71a1u MbI U 3aiiMEMCs.

Cuauasia opmanusyem 3a1ady. [lycts nmeercs smuk («ypHay , Kak J00ST
nucaTh B y4eOHUKAX 110 TEOPUU BEPOSITHOCTEH ) ¢ KAPTOUYKAMHU, IIPOHYMEPOBaH-
HBIMU 4ducjamMu ot 1 1o n. Yucao n mam memsBectHo. llpenyiaraerca naymaay
U3BJIeYb U3 SANUKA OJHY KAPTOUYKY W IO BBINIABIIEMY HOMeDY k CJesarh [pe/i-
[IOJIOYKEHNE O 4YHcJie KapTodek. JIpyrumu cjioBaMu, HaJO NPUILYMATh TaKylO
QYHKIINIO @, KOTOpasi HATYPAJbHOMY YHCIY k — HOMEpY BBIMaBIIEH KapTod-
K — CTaBUT B COOTBETCTBHE HATypasbHOe 4ncio (k) — mpejmosaraemoe
YUCJIO0 KAPTOYeEK.

Kakyro 661 QyHKIINIO MBI HE B3sLJIM, €CJAU YUCJIO N OOJIBIIOE, TO IPU CJIy-
vaiinom 3Havenun k 3Hadenue (k) BpsJ Ju TOYHO coBoajer ¢ n. [losTomy
peub ujierT He 06 yraJibIBAHUN [IPABUJIBHOIO OTBETA, & O HEKOTOPOM PAa3yMHOM
BBIOOpE DYHKINN ¢ — BBIOOPE, KOTOPBI B HEKOTOPOM CMBICJIE JIYHUIIe APYTHUX.

JlaBaiiTe mpuIaIuM BCeMy 3TOMY KOJTMYECTBEHHBII xapakTep. [lycrs n kap-
TOYEK 3aHyMepPOBaHbI dnucjamu or 1 110 n. MBI ¢ 0IMHAKOBOIl BEPOSITHOCTHIO,
paBHOIl 1/n, MoyeM JlocTarh J100yo u3 HuX. Torma paBHOBEPOSITHO, YTO abco-
JIOTHAsT OrpentHocTs |¢(k) — n| npumer sHavenus |p(1) —nl, [p(2) —nl, ...,
|p(n) —n|. EcrecrBenno canTaTh, 9TO U€M MEHbIIE BEJIUTIHHA

M) = =3 > L) = ml, (1)
k=1

MaTemaTuueckoe npocsetuetue, cep. 3, sbin. 12, 2008(232-234)
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TeM yaadHee BuiOpana GyHKIA ¢. Obo3HATIM
Alp) = lim Ay (). (2)
n—oo

Besnunny A(@) — QyHKIMO 0T QYHKIME — Mbl BO3bMEM 3a OIEHKY IIOIDElll-
Hoctu yHKImu . Yem menbine (), TeM yjauHee BbIOpaHa (QyHKIUs .
(Crenyer ormernTh, uro mpejes (2) cymecrByer He st BeeX (DYHKIHHA ¢.
B paccmarpuBaeMoOM HUKe CJlydae JIMHEHHOH (hyHKINN Ipejies CyIecTByer. )

MpbI orpaHuyYuMCs pelieHreM 3aJ[a9y HAMIY4IIero Bbibopa (pyHKIUN ¢ B
KJ1acce JIMHEHHBIX (DYHKIMIA, TO ecTh 3aiimemcst mouckoM dyukiun p(k) = ak,
JIUIsE KOTOPOil BesimumHa () OpUHUMAaeT HauMeHbInee 3HadeHue. Jljisi Takoii
byHKIINN

n n
1 k 1
@—Tﬂkzl‘“’“—”|—k21’“‘n—1\'n

[TocKoIbKY TOC/Ie/IHee BhIpasKeHue sIBJIseTcs HHTerpaJbHoil cyMMoit (pyHKIIu
f(z) = |ax — 1| na orpeske [0; 1], nepexo/isi K npejiey Ipu n — 00, MOJLYyIaeM:

1
M) :/ laz — 1| dx .
0

HOJII)SyHCI) OlIpeJeJICHuEM MOIYJIA U cBolicTBaMu nHTerpaJia, BbI'YUC/IAEM:

/01 |aa:—1|d:c:/Ol/a(l—a:v)d:c+/1;a(ax—1)dg::
“ 5 [ (3 a) L= () o) 0)
=5+ i (\/> )+\f—1 > V21,

a
OpuveM PaBEHCTBO JOCTUTACTCA JIMIIL IIPU YCJIOBUU 5 = *7 TO €CTb IIpU a =
a

=2

Takum obpasom, Hamiyumieil cpean dbyukimii Buga (k) = ak okasanach
byukims /2 - k. Hanrpumep, npu k = 285 pasyMHO IPEJIONOKITE, UTO THCIIO
BCEX CTYIIEHEK N ~ 285v/2 ~ 403.

I EEEE L

Ouenka norpentaoctu 1o (opmysnam (1-2) He €JUHCTBEHHO BO3MOYKHASI.
Hamnpuwmep, paccmorpum dpopmyJibt

n,p — p+1 Z ‘SO - n|p7

Ap(‘P) = 7}1_{20 )‘n,p(‘P)a
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rie p > 0. [lo-upexkaemy OyeM MCKaTh HAMIYYNIYIO (DYHKIIUIO CPeJIy JIMHEN-
ubix pynkuumit: (k) = ak. Torma, Kak JIerko IpOBEPUTH,

n

k p 1

)‘n,p(@) = Z‘a'g - 1‘ T
k=1

1
Moli) = / laz — 1P de,
0

1 1
= - .. _1)ptl
Ap 271 a ((a—1)PT" +1).
IIponuddepennuposas 110 a Beandury Ap(@) U IPUPaBHAB IIPOU3BOAHYIO K
HYJTIO, TIOJIy9aeM ypaBHEHUE

(a—1)P(pa+1)=1.

Oynkius f(a) = (a — 1)P(pa + 1) sBIsieTcst IPOU3BEIEHUEM JIBYX OJIO-
JKUTEJIbHBIX CTPOrO BO3pacTalonx (yHKIHUil 1, CIe0BaTEIbHO, CTPOrO BO3-
pacraer Ha [1;400). Ilockomeky f(1) = 0 < 1 m f(2) =2p+1 > 1, u3
HenpepbBHOCTH (GYHKIUHU [ CJIEJyer, 4TO B HEKOTOPOH eJMHCTBEHHON TOUYKe
ap € (1;2) Bomosneno pasencrso f(ap) = 1. Jlerko nmpoBepurs, 9T0 BeIUYUHA
Ap({) IpUHHMaeT MUHUMAJIBHOE 3HAYECHIE HMEHHO IIPU G = Qyp.

K. 9. Kau6txanos, Taraaporckuii Texaosornaeckuit macTuTyT HO2KHOrO bete-
paJjibHOrO yHUBepcuTeTa, . Taranpor



3aJauHbli pa3je

B sToM pasjesie BHUMaHUIO YHTAaTENeH NpeJaraeTcsl MoJ00pKa 3a/ad pasHon
CTENeHN CJIOXKHOCTH, B OCHOBHOM TPYAHBIX. CocTaBUTEsIM ITOH TOIOOPKH KaXKeTCs,
9TO TpeJiaraeMble HUYKe 38/1a91 OKAXKYTCsl MHTEPECHBIMU KaK JJIsl CHUJIbHBIX IITKOJIb-
HUKOB, THTEPECYIONINXCHA MaTel\laTHKOfI, TaK 1 JJIsd CTYAE€HTOB-MaTeMaTUKOB.

Mpbr obparaemMcst ¢ TpoOCkOO KO BCEM UUTATENISIM, UMEIOINM CBOM COOCTBEHHDIE
MOI0OPKY TAKWX 3aJia4, MPUCHLIATh UX B pefaknuio. VI, pasymeercsi, MbI C yI0BOJIb-
crBueM OyJieM IIy0JIMKOBaTh CBEXKIE aBTOPCKUE 3aa4u.

B ckobkax 1mocsie ycsioBus 3aja49u IpUBOAUTCH pamMuiiis aBropa (YTOYHEHHs CO
CTOPOHBI YuTaTeell IPUBETCTBYIOTCA). FKCau aBTop 3aja4u HAM HEU3BECTEH, TO B
CKODKaX yKa3bIBAETCs «(OJIBKJIOP>.

1. cosa = 1/3. [okaxure, 9T0 TpajlycHasi Mepa yIjla (@ UPPAIMOHATIbHA.
(Dosvk.aop)

2. B mpocTpaHCTBE PacIOioKEHO HECKOJBKO IIJIOCKOCTEl OOIIEro ImojioxkKe-
Hus (HMKaKUe TPU He MapaJsulesIbHbI OJHOM IPSIMON, M BCe HE IepeceKa-
I0TCs B OfHOM TOUKe). OHE JeJIST IPOCTPAHCTBO HA HECKOJIBKO IacTeil U B
KaXKJI0¥ YaCcTH 3alucaH 3HaK — ILIIOC U MUHYyC. Pasperraercs: n3MeHUTD
BCE 3HAKHU BO BCEX YaCTsSX BHYTpHU JIIOOOTO TeTpasipa, 0bpa30BaHHOIO
JAHHBIMU IJIO0CKOCTAMU. JloKaXKnTe, ITO 338 HECKOJIBKO OIEPAIIil MOYKHO
CIIeJIaTh TaK, YTOOBI BO BCEX OTPAHUYIEHHBIX YaCTAX CTOSIM ILTIOCHI.

(A. Kaneaw)

3. Bepmunnt A u B rpada G Ha30BeM 9K6USAAEHMHbLMU, €CITA CYIIECTBYET
Takas [I0CAeJ0BaTe/IbHOCTD Bepind A = Ag, A1, ..., A, = B, 4ro 1100b1e
JIBE CoceTHme BepImuHbl A; 1 A;41 MOXKHO COEJIMHUTD k Ty TsMu 663 001X
[IPOMEXKYTOYHBIX BepHinH. JlokakuTe, 9To JIIoOble JIBe SKBUBAJICHTHBIE
BEPIIUHBI MOXKHO COEIMHUTH k myTsamu 6e3 obiux pebep.

(A. Cronenkos)

4. Ilycts aq,...,a, — TOIOXKUTEIbHBIE uncaa, M — ux cpeanee apudme-
Tuvyeckoe, (G — UX cpenHee reoMeTpudeckoe. Jlokaxkure, 9T0 I JTI000r0
1 < ¢ < n BBIIOSIHAETCS HEPABEHCTBO:

l+p<ai/M<1+/p,
rae p < 0 u p/ > 0 KOpHE TPAHCHEHIEHTHOTO ypaBHEHUSsI
(1+z)e ™ =(G/M)". (A. Tapmaxoscruil)
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10.

11.

12.

MO}KHO JIM U3 Tpex CTep}KHeﬁ M HECKOJIBKIUX HUTEN M3rOTOBUTH KEeCTKYIO
[POCTPAHCTBEHHYIO KOHCTPYKIMIO TaK, 4TOOBI CTEP:KHU HE CONPHKACA-
JIMCH MeXKJLy cO0Oii, a Obln Obl CBSI3aHBI HUTKAMHE, IPUKPEIVIEHHBIMA K
UX KOHIaM? (Doavk.aop)

Jlokaxkute, ITO MOHOTOHHAs (DyHKIMA quddepeHnupyemMa B HEKOTOPOi
TOUKE. (Teopema Jlebeza)

a) Mozxer sin onpeesuresib 10 X 10 marpunp ¢ koaddunuenramu 0, +1
upesocxoauthb 20077 6) (3azava Ha uccienopanue.) OreHUTE MAKCHMAIb-
HO BO3MOYKHBIN OTIPEJIETUTEh JJI MATPUILI 7 X N ¢ Ko puimeHTaMu
0,=£1. (Doavkaop)

[IycTh Ha mI0CKOCTH JAHBI JIBA HOOOHBIX U IIPOTUBOIOJIOXKHO OPUEHTH-
POBAHHBIX TPEYTOJBbHUKA ¢ 06IuM oproieHTpoM. O603HAUNM UX Uepes
AA1B1C1L u AA3ByCo. Hokaxkure, uro npsamoie A1 As, B1Bo, C1Cy umMe-
10T ODIIYIO TOYKY WJIU [MapaJUIeJbHBI JIPYT IPYTY. (A. B. Axonan)

B kireTkax GeCKOHEUHON IETOUNCIEHHON PEIIeTKH CTOSIT IeJIble UHCA.
JlokaxkuTe, 9TO CyMMa 4HCeJ B HEKOTOPOM KBajpare peiutcs wa 2008.
(C. B. Oxumun, A. 4. Beaos)

Haszosem mMuO2KecTBO C' IIEPECTAHOBOK 7 9JIEMEHTOB LTOPOUWIUM, €CIIN IS
0600 HEHyJ/IEBOrO HabOpa YHCeN U1, . . . , Uy TAKOro, 9To » . v; = 0, Haii-
JIeTCsl TaKasl [lepecTaHoBKa m n3 MHOxkecTtBa C, 910 Zle Ur(y > 0 ps
Beex k ot 1 1o n— 1. Ecam 3aMeHnTh CTpOroe paBeHCTBO HA HECTPOIOe, TO
HOJIyYUTCsT OIIPEJICJICHUE HenA0T020 MHOXKeCTBa. KakoBa MOIIHOCTD Han-
MEHBIIIEr0 XOPOIIero (HeIIoxoro) Muoxkecrsa? a) MonHOCTh HanMeHbIIe-
ro HEIIOXOrO MHOKecTBa pasHa . 6) CyImecTByeT Xopollee MHOXKECTBO
morHocTH n2"™. B) (oTKpbiTasi npobsema) JJokasarh, 4TO MOIHOCTBH XO-

POIIIEro MHOKECTBA SKCIIOHCHIUAIBHO BEJIHKA IO 7.
(B. JI. Ilonos, 3. B. Bunbepe)

Muorouenst P,Q u R takossl, uro R(P(z),Q(z)) = =. okaxure, 4To
creredb P nenut crenenb (), mnbo creneHb () neaut cremneHb P.
(Tepema Abvankapa — Mozxa)

Jlunetinot pexyppenmoti nopadka n HA3BIBAETCS TaKas IMOCTIEI0BATEIb-
HOCTH {u)}, 9TO 1IpH Beex k

AQUk4n + Q1UE4n—1 + -+ apug =0
rae a; — HEKOTOpPbIEe KOHCTaHTBbI, HE€ BCE paBHbIC HYJ/JIIO OJHOBPEMEHHO.
Hysnem nuneitnoit peKyppeHThl Ha3biBaeTcs: Takoe k, uro up = 0. oka-
JKUTE, 9TO MHOXKECTBO HYyJIell JIMHEeITHOM PeKypPPEHTHI eCTh 00beINHEHHe

KOHEYHOro Habopa TOYEK U KOHEUHOI'o Habopa apudMeTHIeCKUX IIPOrpec-
cuit. (A. 4. Kaneav)
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9.6. YCJIOBUE. PaccMOTpuM BCEBO3MOXKHBIE OHOKPYTOBBIE TYPHUPHI N
MaxXMaTUCTOB. I KaXKI0To TypHUpPA HailIeM KOJUYIeCTBa S] < « -+ < Sy OU-
KOB, HAOPAHHBIX UT'PDOKAMU, U BO3bLMEM B N-MEPHOM ITPOCTPAHCTBE TOYKY C
KOODJMHATAMU (S1,...,Sy,). JoKasars, 4To BBIIYKIas 0OOJOYKA ITUX TOUYEK
siBsistercst (n — 1)-MepHBIM MHOTOIDAHHUKOM, KOMOMHATOPHO SKBHBAJICHTHBIM
COOTBETCTBYIOIIEMY KyDy, & €ro BEpIIUHLI COOTBETCTBYIOT TYPHUPAM, B KO-
TOPBIX B JIIOOOH Mmape yYacTHUKOB HaOpaBIIUil OOJIbIIE OYKOB BBIUTPHIBAECT B
JUYHON BCTpEYE.

PEIIEHUE. O“IGBHILHO, 9TOo S1, ..., Sy YAOBJIIETBOPAIOT YCJIOBUAM:
nn—1
81 + e + Sn — (7),
2 (1)
k(k— 1)
Sl+"'+8k 2 T, k:]_,...,n—]..

CiiesloBaTeIbHO, BCE OTMEUYeHHble TOYKU Jexkar B (n — 1)-mepHoii runep-
njtockocTu. Eemu He yuuThiBaTh, 9TO S; noJIyIebie, 1o yeaosus (1) u s; < ;41
OTIPEJIETIAIOT MHOTOIPAHHUK, B BEPINMHAX KOTOPOro, Mo Kpaiineit mepe, n — 1
u3 HUX oOpaIaTcs B paBeHcTsa. Ilpn stom, ecmm s1 + -+ - + s = k(k —1)/2,
TO S, < k—1m Sgq1 2 k, T.e. B KaxkI0it u3 n — 1 map ycioBuit s < Sgqq1 U
s1+ -+ sk = k(k —1)/2 B paBencTBo obparmaercst poBHO ojiHO. JIrobomy u3
2"~ ¢110co60B BEIGPATH 9TO YCJIOBHE COOTBETCTBYET TOUKA BUJIA

ki —1
SL=cr =g =,
ko —1
Sk1+1 :'.‘:Sk1+k2 :k1+ 9 3
*
nol-ki——ky

a KaXKJIoil TaKoll TOYKe COOTBETCTBYET TYPHUD, B KOTOPOM YYACTHUKHU PA3OUTHI
Ha [+ 1 rpymy YuCJIeHHOCTBIO K1, . . ., kj u (n—ki—- - -—k;), Ipu9IeM y9acTHUKI
U3 OJHON T'PYMIILI UT'PAIOT APYT C APYTOM BHUYBIO, a BO BCTPEUE yIACTHUKOB
13 PA3HBbIX IPYII MOOEXK/IAET TOT, HOMED I'PYIIIBI KOTOPOro BOJIbIIIE.

OrmeTuM Tak»Ke, YTO MMOJYIEHHBI MHOTOI'DAHHUK BIIMCAH B ¢epy C IeH-

—1 1 3(n—1
TpOMBTO‘{Ke(n4 ,ni_ e, (n4 ) n—3/2

), & ero o6’beM paBeH n

MaTemaTuueckoe npocseLuetue, cep. 3, sbin. 12, 2008(237-239)
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Boutee moipo6HO 06 3100 3a/1a9€e 1 ee npuiioxKeHusix cM. A. A. 3aciaBckuii,
«[eomerpust mapHbIX cpaBHeHU» // ABTOoMarnka u Tesemexanuka, Ne3, 2007,
c. 199-205. (A. A. Bacaascrud)

9.8. YCJIOBUE. Moxer jmn purypa, ykasaHHas Ha PUCYHKE, N300paskaThb
HECKOJILKO IONAPHO CKPEIUBAIONINXCA IPIMBIX, CIIPOCHUPOBAHHBIX HAa ILJIOC-
KOCTB?

OTBET: Her.

O6o3zHaunM 4depes [ab] TOUKy IPSIMOii @, IPOEKTUPYIOILYIOCS HA [JIOCKOCTh
PUCYHKA B TOYKY II€pecedeHust IPsIMbIX a U b.

[ToBepHeM TpsiMyto 3 B IJIOCKOCTH, MEPIIEH UK YJISIPHOl TIJIOCKOCTH PUCYH-
Ka, OTHOCHTEIbHO Touku 32, 10 mepecedenust ¢ upsmoii 1. JIpyrux Touek me-
pecedenust He nosteuTcsi. OGO3HAYUM MTOBEPHYTYIO TIPSIMYIO 3 CHOBa 4epes 3
(a mpo crapyto npsimyto 3 3abyaem). [lomyanics HOBBIH HAOOP MPSIMBIX, JTAI0-
U TPOEKIAIO, OTJINYAIONLYIOCS OT JAHHONW TOJHKO TEM, UTO HpsAMbIE 1 U 3
MIEPECEKAIOTCH.

(MozkHO 6bLIO 6Bl «ClI€TIATE» TOYKAMU [IepecevdeHrs Bce 6 BEPIIUH «BHYT-
PEHHEro» MIECTHYTOJbHIKA, HO 9TO yKe He HYKHO.)

O6o3HaunM yepe3 ab npoekiuio TouKn [ab] Ha UPSMYIO ¢, TIePIEH UKy I~
HYIO TIJIOCKOCTU PUCYHKA, BJIOJIb IJIOCKOCTH, MTPOXOJAINel depe3 mpsiMble 1 u
3. OroxjecTBUM TPAMYI0 £ ¢ MHOXKECTBOM BEIIECTBEHHBIX UHUCEN Tak, YTO-
OBbI HOJIb OTOXKIECTUJICSI ¢ 00pa3oM mpsiMoil 1 mpu ykKazaHHOH mapaJsiie bHON
NIPOEKINY, U TIOJIOXKUTEIHLHOE HAIPaB/IeHNe ObIJIO B HAIIY CTOPOHY.

Torma 23 > 0 u 21 < 0. Bnaunt, 3’2 < 23’ < 0. U3 sroro u 3'1 > 0
BoITeKaer, aro 1’3" < 3’1" < 0. U3 sroro u 1’3 < 0 BuITekaet, uro 2'1' < 12/ <
< 0. 9o nporusopeunt Tomy, uro 2'1 < 0 u 2'3 > 0. (A. B. Cxonenxos)

10.6. YCJIOBUE. BHyTpr BBIIIYKJIOIO YeTHIPEXYTOJILHUKA B3ATa TOYKA,
paBHOY/IAJEHHAST OT MPOTUBOIOJIOXKHBIX CTOPOH. OKAa3aj10Ch, YTO OHA JIEXKUT
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Ha TPsSIMOM, COeIMHSIIONIEH cepeanHbl anaroHaseir. Jlokaskure, ITO UeThIpex-
VIOJIBHUK SIBJISIETCST JIMOO BIIMCAHHBIM, JIMOO OIMCAHHBIM, JTUOO Tpalerueii.

PEHIEHUE. IlycTh 4eThIpeXyrojbHUK HE ONMCAHHBIN M He Tparenusd. To-
IJIa IpsIMasl, COSJMHSIIONIAas CEPEINHBI THaronaeil, aBIsgeTcs TeMeTPUIECKIM
MECTOM BIIMCAHHBIX B Hero KOHUK. TaknM oOpa3oM, K KOHHKE, OTIMYHON OT
OKPY2KHOCTH, IIPOBEJIEHBI J[BE€ Iapbl KaCATEJIbHBIX, PABHOYJIAJEHHBIX OT €€
nenTpa. Tak Kak KacaTeJIbHbIE B KaKJIOW Iape He IapaJliesIbHbl, OHU CHM-
MEeTPUYHBI OTHOCHTEJBHO OIHOM U3 oceil koHuku. Eciu sra ock B obenx na-
pax ojHa W Ta XK€, TO CaM YEeTbIPEXYTOJIbHUK CUMMETPUYEH U B HET'O MOXKHO
BIIMCATH OKPYKHOCTH. CJIeOBATE/IHLHO, MPSIMbIE PABHOYIAJICHHBIE OT IIPOTHU-
BOIIOJIO?KHBIX CTOPOH YeTBIPEXYTOJbHUKA, MEePHEHIUKYIAPHBI. TaK Kak yTJIbl
MeKJy STHMH IPSIMBIME PaBHBI IIOJyCyMMaM IIPOTUBOIIOJIOXKHBIX YIVIOB YeThI-
PEXYTOJIbHUKA, OH SIBJISIETCST BIIUCAHHBIM. (A. A. Bacaascruii)
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