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IIN®ATOPOBEI TPOMKHN

JJis IpAMOYTOJbHOTO TPeyroJibHHUKa ¢ KareramMu X U Y U THUIIOTe-
Hy30# Z BBITIOJIHAETCA TeopeMa IImdaropa: cymma KBaaApaTOB KaTeTOB
paBHA KBaapaTy THIOTEHY3HI, T. €.
BEPHO PaBEHCTBO

X2+Y2%2=2% (1)
E1é B riry00OKO# ApeBHOCTU OBIJI 13-
BECTEH IIpuMep Iejabix yncen X, Y,
Z, YyIOBJETBOPSIOIINX 3TOMY ypaB- Puc. 1
Heunio: X =3,Y =4, Z = 5. Coor-
BETCTBYIOIINI TPEYTOJbLHUK HA3BIBAETCA eTUIETCKUM. Ero MOXKHO CTpO-
HUTHh TaK: BEPEBOYHOE KOJIBIO C Y3eJIKAMU, JeJAINUME ero Ha 12 paBHBIX
yacTeil, pacTATUBaeM Ha TPEX KOJIBIMIKAX, BOTKHYTBHIX B 3€MJIIO, TAK UTO-
ObI 00pa3oBajiCAd TPEYyroJbHUK CO cTOpoHamu 3, 4 u 5 (puc. 1). 310 —
CIIoco0 CTPOUTH Ha 3eMJIe IPSIMOM YTOoJI.

OmuitieM Bce nugazopos8v. MpoiKuU, T. €. TPOUKU IeJbIX UNCEeJ
(X,Y,Z), naa KOTOpHIX BBHIINOJHAETCA COOTHOIMeHWe X> + Y2 = Z2,
IIpexxae Bcero saameTum, 4TO €CJIM HaWjeHa TaKasd TPOWKa, TO, YMHOYKUB
BC€ TPU YMCJIA HA HEKOTOPOE IeJI0e YKCJIO, BHOBD IOJYUYUM IMHAPAropoBy
TpoiiKy. IloaTomMy mOCTATOUHO HAWTHU JIHIIHL TPOMKMN B3aMMHO ITPOCTBIX
yucesa. bBoJjiee TOro, I0CTATOYHO HAWMTH TPONKMU MOIApPpHO B3AMMHO IIPO-
CTBIX UMCEJI: ecJii KaKWe-TO IBa M3 UUCeJ
X, Y, Z pensaAtcsa HA HEKOTOpPOe MPOCTOe
YMCJIO P, TO M TPEThE UMCJIO0 00A3aTEJHHO A(0,1)
JIeJIATCS Ha P.

3amMeTuM, UTO eAUHCTBEHHOE PeIIeHune ¢
Z =0ers X =Y =7 = 0, u B JanbHen-
IIIeM paccMaTpuBaTh ero He Oyaem. s Bcex
OCTAJbHBIX pellleHni ypaBHeHus X2 + Y2 =
= Z2 yucyno Z oTIUYHO OT HyJId. Pasnenus Ha
ero KBajaparT, MOJyIYUM HOBOE YpaBHEHUE

y

x4yt =1, 2)
_X ,_Y Puc. 2
rhe X = %, § = 7 — PalUOHATbHBIE YHCIA.

Ypasuenue (2) 3amaéT OKPYyKHOCTD S paguyca 1 ¢ IeHTpoM B HaUase
koopauuat (puc. 2). Mcxommas samaua cBejach K CIeAYIOIEH: mepeun-
CJIUTH BCe PAIIMOHAILHEIe TouKul) 5T0# oKpykHOCTH. OKa3BIBAETCSA, UTO

1) PamuoHampHAs TOYKA — TOYKA C PAMOHAIBHBIMI KOODANHATAMM.



WX B HEKOTOPOM CMBICJI€ CTOJILKO 7K€, CKOJIbKO PAIMOHAJIBHBIX TOUEK HA
YucJoBOM npsamMori. HeKoTopble m3 pannoOHAJIbHBIX TOUYEK JIEIKO HAWTH:
(+1,0), (0,+1). Beibepem oauy u3 Hux, ckaxxkem A = (0, 1). IIposeném ue-
pe3 TOuKy A BCEBO3MOXKHBIE MIPAMBIe (KpoMe ropu3oHTaabHOI). Kaxknasa
TaKasd npsimas [ mepeceuéT OKPYIKHOCTH eIlé B O4HOM Touke B = (x,y) n
och abcmuce B HeKoTopoi Touke C = (¢, 0).

1. IIpoBepsTe, uTO, comocTaBaAsa Touke B Touxky C, MBI IIOJIy4aem
B3aMMHO OJHO3HAYHOE COOTBETCTBHE MEXKIY TOUKAMH OKPYKHOCTH S
(xkpome A) u Toukamu npamoin y = 0.

TakoBa reomerpud. A Kak xe ¢ apupmeruroii? OxaspIBaeTCA, YTO
9TO COOTBETCTBUE COXPAHAET PAIMOHAIBHOCTH TOUKH.

Mokaxkem, 4To Touka B mMeeT panuoHAIbHBIE KOOPAUHATEI TOTAA U
TOJILKO TOT/]a, KOT1a PAIMOHAJIbHO YKCJIo ¢. [Ipsimasi, mpoxoaAaInas uepes
Touku A u C, ompejeiserca ypaBHeHueM X = ¢ — cy. lloacraBum ero B
ypaBHeHHe OKpysKHOCTH. [losyunm, 4TO

(c—cyy’ +y* =1,
T.e. (2+1)y? —2c%y+c2-1=0,

2 _
oTKyza y = 1 (4To cooTBETCTBYET TOUKE A) Min y = %, IpH 3TOM X =
C
=c—cy = 22j 1 Ecam unciio ¢ pamuoHAJIbHO, TO X U Y TOXKE paiuo-
C
HaJbHBI.

ObpaTHOE cpaldy BBITEKAET U3 CAEAYIONINX NBYX YTBEP:KIeHU (KOTO-
pbIMU MBI 0y/[eM 0JIb30BATHCS MIOCTOSHHO).

2. Ecau xoopauHATHI ABYX TOUEK PAIlMOHAJNLHLI, TO YPaBHEHUE CO-
eNUHSAIONe! X MPAMOM MOYKHO 3aII1CATEH TaK, YTOOBI OHO MMEJIO Palin-
OHaJBbHBIE KO3(hDUIIMEeHTHI.

Ecau gBe npsiMmbie 3aja10TCA YPABHEHUSIMHU C PAI[MOHAJIBHBIMU KO-
dumeHTaMu, TO TOUKA UX MepeceueHns (ecau OHa CYIIeCTBYET) UMeeT
pannoHaIbHbIE KOOPAUHATEI.

Takum 00pa3oM, KasKJoe pallMOHAJIbHOE pellleHuWe ypaBHeHU:A (2),
kpome x = 0, y = 1, mosyuaercs, eciu B (hOPMYJIBI

_ _2c y=c271
c2+1’ c?+1

IIOACTaBUThb BMECTO ¢ HEKOTOPO€ paluOHAJIbHOE YHCJIO.

IIBymMs uepTamMu cjieBa BBIJEJEHBI TEKCTHI 3a4aY [JIsi CAMOCTOSTEJIBHOIO DEIeHUs .
3aauu MOBBILIEHHOH CJI0KHOCTH OTMEYEHBI 3HAKOM *.
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IIpeacTaBuM YMCIIO ¢ B BUJE HECOKPATUMOM Jpo0u % (m u n — nenanie
uqmucnaa). Torga

_ 2¢ _ 2mn y=cz—1=m2—n2
c2+1 m?2+n?

c2+1 m2+n?’
(3ametum, uto mpu n = 0, m # 0 MBI oJyUYaeM «IIOTEPAHHOE» OBIIO
pemtenue x = 0, y = 1),
Hamomuum, uTo Ham TpeOyeTcss HAMTHU BCe IleJIbie PellieHns ypaBHe-
Hud (1). Umeem:
X _ 2mn_ Y - m’—n®

Z m:+n? Z m?+n?
(rme m2+n? # 0). [Ipobu, CTOAIIME B JIEBBIX YACTAX TUX PABEHCTB, HECO-
KpaTuMbl, TOCKOJIbKY uncja X, Y, Z momapHo B3auMHO TpocThl. Eciin 661
MBI 3HAJIU, YTO APOOU, CTOAIME B MIPABLIX YACTAX PABEHCTB, TOKE HECO-
KPATHMBI, MBI MOTJIHN GBI MOIOKUTE X = 2mn, Y = m2 —n?%, Z = m? + n?,
HO, HaTIpUMep, mpu m = 5, n = 3 06e aTu [pobu cokpaTuMbl. OTHAKO OHU
MOTYT OBITH COKPATUMBI TOJMBKO HA 2. J[eficTBUTEIHHO, PACCMOTPUM TIEP-
BYIO APOOb: IIYCTh IIPOCTOE YMCJIO p (p # 2) mejauT 2mn; ecjau p OeJuT m,
TO YKCJIO 71 HEe MOXKET JeJUThCA Ha P, TOCKOJbKY APO0H % HEeCOKpaTmma.

—2mn__ yiosger
m®+n

OBITH COKpAII[eHa TOJbKO HA 2, B CIydYae eCIU m W n HedsTHHI. PaccMo-
TPUM Tellepb BTOPYIO APOOb: €CJIM IPOCTOe UUCIO p Aenut u m? — n?, n
m? + n?, 10 p genur 2m? u 2n%. Y m u n o6mux genutesneil Her, 3HAUNT,
pP=2,amunHeUYETHHI.

Hrak, B3BaUMHO IPOCTHIE I[eJIbIE TOJIOMKUTENAbHbIe perterus (1) cyTh

X =mn, Y=7m22_n2, Z=7m2;n2 3)

CreposarenbHo, m? + n? e nenurca Ha p. [TosTomy ApoOb

IIpY B3aMHO IIPOCTHIX HEUETHBIX M U n, m > n > 0, a Takxe
X=2mn, Y=m?2-—n2, Z=m?+n? 4)
IIPY B3aWMMHO MPOCTBIX M u n, m > n > 0, ogao ud Koropeix uéruo. (He-
TPYAHO IIPOBEPUTH, 4TO JobOasa Takas tpouka (X,Y,Z) gelficTBuTebHO
sABJsIeTCs perteHmeM.) JIr0ObIe Iiesible MOJIOKUTENIbHbBIe PEIIeHUs MOy~
yaoTca yMHOKeHueM (3) unu (4) Ha HaTypaIbHOE YMCIIO.
3ametum, uto dhopmyisl (3) u (4) Ha camoMm fene coBmanaoT. Hcian
2 2 2 4 g2
X=pq,Y=p 2(1 ,Z=p 2(]
nam (3) (umcsa p u ¢ 06a HeUETHBI ¥ B3BAMMHO IPOCTHI), TO 3TO JKe PellleHre
_Ptgq

2
M W n B3AMMHO IIPOCTHI ¥ POBHO OJHO M3 3TUX YKCEJ YETHO), npasaa X u

— pellleHue, BBIYUCIEHHOE IO (hOopMYy-

mosyuaercs 1o popmyaam (4) mpu m , n = I% (mpoBepbTE, YTO
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Y npu 5TOM MEHSIOTCSA MecTaMu. AHaJIOTUYHO, J00oe perieHue Buaa (4)

MOXKHO 3amnucaTh B Bue (3). MoKHO CKa3aTh, UTO BCE IeJIbIe ITOJIOKUTEb-

uble pemenus (1) onuceiBatorces: popmysiamu (4) ¢ TOUHOCTHIO [0 IEPECTa-

HOBKM X u Y n ymHOKeHuss X, Y 1 Z HA HEKOTOPOe HATypPaJIbHOE UUCJIO.
Bor emié oguu crmocob 3anucath BCe pernreHus ypasuenus (1):

X=2mnr, Y=m?2—-n?r, Z=@m?+n?r, (3-4")

Te m W n — IIPOU3BOJIbHBIE I[eJIbIe YNCIA, a I' — MOAXOMSINee PaliOHAIb-
HOe YHCJIO, T. €. TaKoe, uTo X, Y, Z — 1ejble.

IIpoBepbTe, uTO M3BEeCTHLIE HAM perrenus (3, 4, 5) u (4, 3, 5) moayua-
IOTCs1, COOTBETCTBEHHO, 13 opmy (3) mpu m = 3, n = 1 u us popmy. (4)
npu m = 2, n = 1. 9Tu perieHnss MOKHO y
TaKIKe nonlquTb us (3'-4') mpu m = 3, 2+yt=1

n=1,r=§1/1np1/1m=2,n=1,r=1.

3. Boernuiniure Bce mudaropoBbl TPOii-
ku (a, b, ¢), takme uto 0 <a <b<¢<100.

4. Yro mosryunmTcsi, €cad B KadecTBe
Touku A B3ATH (1,0) m paccmarpuBaTh
TOUKH IIE€PECEeUEeHU IPAMBIX, ITPOXOMISI- / N
mux uyepe3 A, He ¢ 0ChbI0 abCITCC, a C MPs-
moit y = —1 (puc. 3)? Pwuc. 3

HEMHOIro UCTOPUH

I peBHUE TPEKM Y3HAJU PO TPEYroJbLHUK CO cTopoHamMu 3, 4, 5 or
eTUITSIH ¥ HA3BaJIU €T0 eTUIeTCKuM. MBI Ha3bIBaeM IIPAMOYTOJbHBIE TPe-
YTOJBHUKY C MeJbIMU cTOpOHamMu nudaropoBbiMu. Ho HEU eruntsaHe, HU
ITudarop He ObLIN HEPBBIMH. Y Ke B apXUTEKTYpe JPEBHEMECOIIOTaAMCKUX
Haarpobuii (mpumepno 5000 jeT ToMy Ha3aj) BCTpeUaeTcs paBHOOEPEH-
HBI!l TPEYTOJLHUK, COCTABJICHHBIN 13 ABYX MPAMOYTOJbHBIX CO CTOPOHA-
mu 9, 12 u 15 nokreit. A nupamunsl papaona Caodppy (XXVII B. 10 H. 5.)
IIOCTPOEHBI C MCI0JIB30BAHNEM ITPSAMOYTOJbHOTO TPEYTOJbHUKA CO CTOPO-
Hamu 20, 21 u 29 gecsATKOB eruIeTcKuX JIOKTEH U APYTroro NpPsaMOyTroJib-
HOTO TpeyToJbHUKA co cTopoHamu 18, 24 u 30 1ecATKOB eTUIIETCKUX JOK-
reit. B rmuuanoi Tabauuke Plimpton 322 (XIX-XVII BB. A0 H. 3.) ume-
eTcs MATHANIATH CTPOK, COTEPIKAINX 3HAaUeHua Y, Z u Z%/X? (cc. 7, 8).
O6paTuTe BHUMaHUe Ha TO, YTO IPUBOAMMBIE TAM YHCJA JOBOJbHO BEJIH-
Ku. EcTecTBEHHO IPEAIIOJ0KNUTD, UYTO BABUJIOHSIHE 3HAJIHU OOIIUHA METOJ
MOMCKAa pelleHnii.
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I'nunasaa rabaunuka Plimpton 322 us IlnumnroroBckoit 6ubnuorexku Komrym-
6uiickoro yamsepcuTeTa B Heio-Mlopke — IpeBHEBABUIOHCKIH KIMHOMNCHEIH TEKCT
(XIX—-XVII BB. 50 H. 5.). Hatinena B 1920-x rogax [I:x. [InumnTorOM.

B Tabnnuke mepeuncIeHO HECKOJBKO IPSAMOYTOJIbHEIX TPEYTOJILHIKOB C IIeJIBI-
mu croponamu X, Y u Z. CrneBa HECKOJBKO CTOJOIOB oTsioMaHo. IIepBbIil coxpa-

HuBImuiica croaber (I) cogep:XKuT OTHOIIEHN A %
BEeJIMUUHBI, TYyTh GOJIBIIEH 4, IIBa caenytomux crosn6ma (II u IIT) naroT «mupury» Y
u «AuaroHanb» Z. ITocnenuuii cronber, (IV) cogepXUT TONBKO PAJ CAeLAYIOIIUX APYT
3a gpyrom umces ot 1 zo 15.

HMupura Y u fuarosans Z yaOBJIETBOPAIOT YPaBHEHUIO

X2+Y2% =22,

B KOTOPOM «BbICOTa» X — I[eJI0e YHCJIO, IPUYEM MPOCThIE AeauTean X — TOJBKO
2,3ub. B11-iiu 15-iicrpoukax ynciaa X, Y u Z uMeroT o061l fetuTesnsb, 60abmuii 1.
Bo Bcex OCTANIBHBIX CAYyYaAX 9TU YUCJIa B3BAUMHO IIPOCTHI.

Pacmmdposka rabnuuku Plimpton 322 npusegena Ha c. 9 (cHayasa yucsia 3anu-
CcaHBI B IIECTUAECATUPUIHOMN CUCTEME CUNCIEeHUA, IDUHATOH B BaBuIoHe, HaIpuMep,
Hama sanuck 1,22;5,14 o6o3HavyaeT 4uciao

1-601+22-609+5-60"1+14-6072;

3aTeM 4ucJia 3anucCaHbl B ﬂeCHTH‘{HOﬁ CI/ICTEME).

, KOTOpHIE IJIaBHO YOBIBAIOT OT 2 710




Cienyer OTMETHUTB, YTO 3aIKCh YKces B BaBuioHe Oblia HeomHo3HAauHOM. Ha-
npuwmep, sanucu 1,22;5,14, 1,22,5;14 u 1,22,5,14 (cooTBeTCTBYIOIe PA3HBIM Y-
cjlaM) HAKAK He PasjnYaich U IMOHATH, KAKOe MMEHHO M3 STUX YHCEJ IIOAPas3yMe-
BaJIOCh, MOJKHO OBLTIO TOJIBKO M3 KOHTEKCTa, He PasJnyaich U, HaIpuMep, 3anucu
5,14;1 u 5,0,14;1, B cBA3U C OTCyTCTBHEM 3HAKa AJs HyJs. [IpumBogmmas paciium-
GpoBKa CHenaHa B MPEAIOJIOMKEHUN, YTO BCE UMCJA, 3aMMCAaHHBIe B KoaoHKax II u
III TaGauyKy, SIBJASAIOTCA LEeJbIMU (TOUHee, M3 BO3MOYKHBIX 3HAUEHUI BBIOUPAJIOCH
HauMeHbIIee HAaTyPaIbHOEe).

zZ%/X2 X Y Z Homep
1;59,0,15 2,0 1,59 2,49 1
1;56,56,58,14,50,6,15 57,36 56,7 1,20,251) 2
1;55,7,41,15,33,45 1,20,0 1,16,41 1,50,49 3
1;53,10,29,32,52,16 3,45,0 3,31,49 5,9,1 4
1;48,54,1,40 1,12 1,5 1,37 5
1;47,6,41,40 6,0 5,19 8,1 6
1;43,11,56,28,26,40 45,0 38,11 59,1 7
1;41,33,45,14,3,45 16,0 13,19 20,49 8
1;38,33,36,36 10,0 8,12) 12,49 9
1;35,10,2,28,27,24,26 1,48,0 1,22,41 2,16,1 10
1;33,45 1,0 45 1,15 11
1;29,21,54,2,15 40,0 27,59 48,49 12
1;27,0,3,45 4,0 2,413) 4,49 13
1;25,48,51,35,6,40 45,0 29,31 53,49 14
1;23,13,46,40 1,30 56 1,46%) 15

——— —— ——

1 II II1 v
npumepHo 1,98340 120 119 169 1
— /7 — 1,94916 3456 3367 4825 2
—/7— 1,91880 4800 4601 6649 3
—/— 1,88625 13500 12709 18541 4
—7— 1,81501 72 65 97 5
—7— 1,78519 360 319 481 6
—/— 1,71998 2700 2291 3541 7
—7— 1,69271 960 799 1249 8
—/7— 1,64267 600 481 769 9
—/— 1,58612 6480 4961 8161 10
1,5625 60 45 75 11
npumepro 1,48942 2400 1679 2929 12
—/7— 1,45002 240 161 289 13
—7— 1,43024 2700 1771 3229 14
—/7— 1,38716 90 56 106 15

IIpu pacmudpoBKe TA6IMYKH CAeIaHEl e yIONe YeThIpe NCIPaBIeHna:
1y uncno 3,12,1 (3amucanmoe B raGiumuke Plimpton 322) samernewo ua 1,20,25;
2) yueno 9,1 sameneHo Ha 8,1;
3) wuncio 7,12,1 sameneno ua 2,41;
4) wncino 53 samereno Ha 1,46.




I'peueckuit matemaTuk [uodanT (III B. H. 9.) yMeJ pemiaTh B MeJIbIX
yucaax He TOJMbKO ypaBHeHme (1), HO u Apyrue KBaApaTHbIe YPaBHEHUS,
HEKOTOPBIE CUCTEMBI U3 IBYX KBaJPATHBIX YPABHEHUU OT TPEX MEPEMEH-
HBIX, a8 TAK}Ke HEKOTOpble KyOnUuecKue YPaBHEHUSA OT ABYX IEPEeMEeHHBIX
(cm. npuaoxkenue 4). CKopee BCero, OH OMMUPAJICA HA PAOOTHI MHOTHMX
CBOUX TIPEJIIeCTBEHHUKOB. Teopusa umces HOBOTO BpeMeHHU HavaJach
¢ 3ameToK Pepma Ha moaax KHUrH [[modanta. OCHOBBHI HAIIIETO TeoMe-
TPUUECKOTO MOAX0/ja K YPAaBHEHUAM B ITeJbIX UMCIaX 3aI0KuaI HbIOTOH,
TMOHABIIINHA, YTO CJOYKHBIE 3aMEHBbI IIepeMEeHHbBIX, HCIIOoJb3yembie [uo-
daHTOM, 3a4ACTYIO CBOJATCA K IIPOBEIEHUIO CEKYIIUX 1 KACATEIbHBIX.

PATIMOHAJIBHBIE KPUBBIE

PasoOpauHbIil TPUEM C TPOBEJIEHNEM CEKYIIUX ABJIAETCA BechMa 00-
M. Permmum ¢ ero moMoIbIo CAeAYIONIYIO 3a/]aUy: OMUCATH TAKWe TPOW-
KU IIeJIBIX UMCeJ, UTO KBaAPAT OJHOTO ILJIIOC YABOSHHBIN KBaApaT APYTO-
TO PaBeH YTPOEHHOMY KBaJPATy TPETHETO, T. €. PEIIINM B IEJIBIX YUCIAX
ypaBHeHUe

X2 +2Y? = 372. (5)
Kak u panbirie, 3amMeTuM, 4TO €IUHCTBEHHBLIM pereHueM ¢ Z = ( aBiusa-
erca pemenue X = Y = Z = (0, koTOpOe fajnee pacCMATPUBATH He OyneM.
Pasmenum obe uacTu paBeHCTBA Ha Z2,

y
MOJIyYMM HOBOE YpaBHEHUe 0, 1V8)
x?+2y2 =3, (6) w A(1,1)
roe x = X/Z,y =Y/Z — panuoHaJIbHbIe 1)
ympcna. *
(0]

YpaBHeHUe (6) OMMCHIBAET JJLIUIC
¢ moayocamMu V3 u %\/ﬁ ¥ IeHTPOM B

Havasie Koopauuar (puc. 4). Herpyauo
HAWTH PAIMOHAJBHYI0 TOYKY HA 3TOM x=ct(1—cy
SJLIINIICE: TAKOBOM, HAIIPUMED, ABJISETCA

touka A(1,1). Tak ke, KaK B 3ajade O Puc. 4
nudaropoBhIX TPONKAX, yCTAHOBUM B3aMMHO OJHO3HAYHOE COOTBETCTBUE
Mesk Iy Toukamu ajuunca (Kpome (—1, 1)) u roukamu npsamoit y = 0. (Pa-
IIMOHAJIBHBIX TOYEK HA BJIJIUIICE OMATH CTOJIBKO K€, CKOJIHKO HA IPAMOI. )
YpaBHeHue mpaMoii, mpoxondAiei uepes Touku A(1, 1) u (¢, 0), MOKHO
3ammcaTsh B Buze x = ¢ + (1 — ¢)y. OpauHaTa BTOPOH TOUKHU IIepeceueHns
MIPSIMOIA C BJIJIUIICOM YAOBJIETBOPSIET YPABHEHUIO

(c+(1—c)y)?+2y2=3.

x2+2y2=3



OnuH KOpeHb 5TOr0 KBaJpPaTHOrO YpaBHEHIS HAM HM3BECTeH, OH paBeH 1.
Teneps, ucmonb3ys Teopemy Buera, HECJI0KHO HAWUTH BTOPOI €TI0 KOPEeHb:
y= 2c273 ) fc22+6073

c“—2c+3 c“—2c+3
¢ = 3 moayuaem x = 1, y = 1, T. e. 9TO He BTOpasA TOYKA IIEPECEUEHUS, a

TOuKa KacaHus. B To ke Bpems Touka (—1, 1) Ham He BCTPETHUTCS.)
ITonba3ysich yTBEP:KAEHUAMU 3aauu 2, MbI IIOJIy4YaeM, YTO BCe paImu-
OHAJbHBIE PellleHus ypaBHeHUu (6) omuchIiBaoTes hopMyaaMu

Tormax=c+(1l—c)y= . (BameTum, uTO IIPHU

x=—C2+GC—3 y= -3
c2—2c+38° c2—2c+3’°
Tle ¢ — panmumoHAaJIbHOe Ymceyo (KpoMme pemienus x = —1, y = 1, KoTo-

poe COOTBETCTBYET rOPU3OHTAILHOM IIPAMOIL), a IeJIble PellleHns ypaBHe-
Hus (5) — dopmynaamu

X=(-m?2+6mn—-3n%r, Y=(m?-3n?r, Z=(m?-2mn+3n?r,
TZie m U 1 — IeJible YnCia, I — IOAXO0AIee PAlMOHAIbHOe ),

5. OmnuinmTe BCe IeJble PeIlleHnsI YPaBHEeHU N
a) X2 -15Y2 =22, 6)X2-YZ=9Z2%, B)X?+3Y2=5Z%.

ITycts Teneps kpuBas 3angaérca ypasaenueM f(x, y) = 0, npuuém MHO-
rousieH f(x, y) He pasjiaraercs B IPOU3BEJEHNE MHOTOUWIEHOB CTEIIEHY BhI-
1I1e HyJIEBO, JarKe eCJIM JOMyCKaTh KOMILIEKCHbIEe K03()(hUIneHTh (TaKkue
KPHUBBIE HA3LIBAIOTCS A6COI0MHO Henpugodumsimu)?). Ecau, Kax B paso-
OpaHHBIX HAMU IIPUMepax, CyIecTBYIOT MHOTOuWIeHEI F(c), G(c) u H(c) ¢

pannoHAIBLHBIMYA K03 (PUIIMeHTAMM, TaKHe UTO XOTA OBI OJHA U3 PYHK-
Ui Fle) u Gle) HETIOCTOSAHHA ¥ IIPU IOJACTAHOBKE X = Fle) y= Gle)
H(c) = H(o) H(e)’ H(c)
f(x, y) MBI MOTYyYaeM TOXKAECTBEHHBIHN HYJIb, TO HAIIIA KPUBAaA HA3hIBAETCH
payuoranvHoil (TOCKOJbKY OTHOIIEHWE ABYX MHOTOUJEHOB HA3BIBAETCA

panmoHaabHON QyHKI[ME).

6. Ilycts f(x,y) — MHOrOUJIEH BTOPOH CTENEHW C PALMOHAJIbHBIMU
Koo pumuenramu, npuuém Kpusasa f(x,y) = 0 abCOMIOTHO HEIPUBO-
auma. J[okaskuTe, UTO €CJM HA dTON KPUBOM HAUAETCA XOTs ObI OHA
pamuoHaIbHAs TOYKA, TO 9TA KPUBAA PAIMOHAJIBHA.

1) Bamernm, YTO mpPH APYroM BHIGOPE TOUKH A HA BIUIMICE OKOHYATENbHBIE (DOPMYJIBI
MOr'yT OKa3aThCsA SPYTUMHU, HO, PA3yMeeTCsi, OMICHIBAEMOE MU MHOKECTBO PeIleHuil ocra-
HeTCs MIPeXHUM (cp. ¢ 3azaudeii 4)

2) Buumanue: kpusas x2 + y2 = 0 abCOJIIOTHO HEIPUBOLMMON HE SABJISAETCH, TaK Kak

x®+y? = (x+V-1y)x — V-1y).
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TEOPEMA JIEXKAHIPA

Paccmorpum Takyio 3agauy. IlyceTs a, b, ¢ — MOJIOKUTEIbHBIE IIeJIbIe

yncsna. Kak ucKaTh peleHnsa B PAIMOHAJbHBIX YNCIAX YPABHeHUS
ax?+by?=c?

Bei, HaBepHOe, AOTaJaaNCh: HAL0 MOCTYIATh TaK JKe, KaK M PaHbIle, HO
cIepBa HAJO0 HAWTH XOTs ObI OJHY PAIlMOHAJLHYIO TOUKY Ha KPHUBOMH, 3a-
IaHHOI ypaBHeHHeM ax? + by? = c.

Taxum 06pa3oM, BOSHHKAET BOIPOC: KOTAa ypaBHeHue ax? + by? = ¢
uMeeT panuoHanbHoe pemeHre? OTBETUTh HA HEro He TaK IIPOCTO, KAK
MOJKeT IMoKasaThbcsi. Hampumep, npu a = b = 1 BOBHMKAaeT Takas 3ajaua:

7%, Korma moyjoxuTejabHOeE I[eJI0e UYHCJIIO ¢ ABISIETCS CYMMOM KBaapa-
TOB JIBYX PAIMOHAJBHBIX YHCEJI?

dra 3amaua oueHb ciaoyKkHasA. CoBeTyeM BaM IMOBPEMEHUTH C €€ perrre-
HUEM 1 O3HAKOMUTHCS CHAYAJIA C IOHATUEM K8A0PAMUYH020 8blYema.

PaccmoTpum Temneps o0Iuii cayuaii. MbI MOXKEeM CUNTATE, UTO UHCIIA
a, b, ¢ B3aUMHO TPOCTHI (MHAUE PA3AEJUM WX HA OOIIUHA HeJTUTeh) U
€c80000HbL OM K8adpamos, T. e. He JeJATCA Ha KBAaAPATHI IEJbIX UMCeJ
(eciiu, cKaxkeM, a JeIUTCA HA m2, clesiaeM 3aMeHy IIePeMeHHBIX X' = mx).

8*. Ilycrte a, b, ¢ — B3aMMHO IIPOCTHIE IIEJIbIe YMCIa, CBOOOJHEIE OT
kBagparoB. Eciu ypasHenme ax? + by? = ¢ uMeeT pellleHHe B palll-
OHAJBHBIX UMCJAX, TO CYIIEeCTBYIOT IeJble YHucia m, n, k, TaKue UTo
m2 + ab genutca Ha ¢, n®2 — ac genurca Ha b u k2 — be menuTcs Ha a.

Hrak, ocTaTku oT AeneHus uncena (—ab) Ha ¢, ac Ha b, bc HA @ HEe MOTYT
OBITH IPOM3BOJIbHBLIMU.

KBagpatuunsie BbiueTsl. OcCTaTKM, KOTOPBIE MOJYUAIOTCS IIPU Je-
JEeHUU KBAJAPaTOB IIEJBIX UMCEJ Ha HEKOTOpoe umcao M, Ha3LIBAIOTCSA
K8adpamuyHvlMU 8vliemamu no modyaio M, a ocTadbHBIE OCTATKY HAa-
BBIBAIOTCS KB8AOPAMUYHLIMU He8bliemamu no modyar M. Hamnpumep,
2 ABAseTCA KBaJAPATHUYHBIM BBIUETOM IIO MOAYJIIO 7, a 3 sABJAeTCA KBa-
JIPaTUYHBIM HEBBIUETOM IT0 MOAYJIIO 7 (mokaskuTe aTo!). Takike roBop4ar,
YTO 1esioe Yucyio N sBIsieTcAa KBaAPATUUHBLIM BbIUeTOM (HEBBIUETOM) IIO
moxyaio M, ecau octaTok oT Aeidenus N Ha M sBJseTCs COOTBETCTBEH-
HO KBaJpaTUYHBIM BblueToM (HeBbIueTOM) 1o mMoxayao M. Hampuwmep,
8 — KBaApaTUYHBINA BbIUET IO MOAYJIIO 7, a 10 — HeBBIUET IO MOAYJIIO 7.

9. HaiizuTe BCce KBaApaTHUYHbIe BBHIYETHI M HEBBIYETHI 110 MOIYJISIM
a) 7, 0) 17, B) 24, 1) 30.
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10. ITycts p — HeuéTHOe mpocToe umeao. [[oraskure, YTO M3 p BO3-

+1
MOJMHBIX OCTATKOB IIPDU JIeJIEHU Y Ha P POBHO pr2 ABJIAITCA KBagpaTu4i-

2
-1
HBIMHY BbIY€TaMU 1 DPOBHO pT ABJIAOTCA KBaJIPATUYHBIMU HEBbIUETAMU.

11%, IIycts M = p; + ... * p, — IpOU3BeJleHNEe PA3IUYHBIX IIPOCTHIX
comHoxkuTenerr. Haimre uncao KBAAPATUUHBIX BHIUYETOB U HEBBIUETOB
mo moxyJawo M.

12%. IIycTh p — HeuérHOe mpocrtoe uncao. OcraTok p — 1 sBiassercs
KBaJAPATUYHBIM BBIUYETOM II0 MOAYJIO P TOTAA W TOJLKO TOTJA, KOTAa p
npu geseHun Ha 4 gaét octaTok 1.

Wrax, nma Toro uTo0BI ypaBHernue ax? + by? = ¢, rge a, b, ¢ — Baa-
VMHO IIPOCThI€ HATYPAJIbHBIE UMCJIA, CBOOOAHBIE OT KBAAPATOB, HMMEJIO
parmoHaJIbHOE peIlieHre, He o0 X 01U MO0, YTOOBI HncJio (—ab) ObLIO0 KBa-
JPATUYHBIM BBIYETOM II0 MOAYJIIO C, YMCJIO AC ObLIO KBAAPATUYHLIM BbIUE-
TOM II0 MOZYJII0 b 11 umcJjio be Ob110 KBaAPATHYHBIM BBIUETOM II0 MOAYJIIO d.
OKasbIBaeTCs, UYTO MIEPEUNCIEHHBIE YCJIOBUA A OCTAaTO Y H bI:

Teopema Jle:xanapa. Ypasuenue ax? + by> = ¢, rne a, b, c — memsre
IIOJIOKHUTEJIbHBIC UYHCJIa, NMEET PAallMOHAJIbHOE PEIlIeHe TOrJa 1 TOJIbKO
TOrza, Korga uucio (—ab) aBiaseTcsa KBaAPATUYHLIM BEIUETOM IIO MOZY-
JIIO C, YHCJIO aC — KBaAPaTUYHBIM BbIYETOM IIO MOAYJIIO b, a yucio bC -
KBaApPaTU4YHBIM BbIYE€TOM IIO MOAYJIIO a.

13. PagpenruMsl i B PAIIHOHAMLHEIX YMCIAX YPABHEHHS
a)3x2+5y2="7; 6)5x%2+Ty?=23?

QIR THYECKUE KPUBBLIE

PaccmoTpum cienyromiue 3afgaumn:

A. HaiiTu Bce mapsl HATYPAJIbHBIX YHCEJ M U N, TAKWE U4TO CyMMa
TIEPBBIX M HATYPAJbHBIX YHMCEJ PAaBHA CyMMe KBaJpPaTOB IIEPBBIX 71 HATY-
PAJIbHBIX YUCEJ:

1+2+3+..+m=12+22+32+ ... +n2.

b. TIpum KakuxX n cyMMa KBaJpaTOB IEPBBLIX 7 HATYPAJTbHBIX YKUCEJ
ABJAETCS KBAAPATOM HEKOTOPOTO HATYPAJIBHOTO YKCIa?

B. Kakue HaTypaJbHbIE YKCJIA ABJSIOTCA OJHOBPEMEHHO IIPOM3Beie-
HHUEM JBYX IIOCJEJOBATEJNbHBIX HATYPAJbHBIX YHCEJ W IIPOU3BEIEHUEM
TPEX IMOCJIeOBATEIbHBIX HATYPAJIbHBIX YNCE?

12



[ (Benukas Teopema ®Pepma s mMOKasaTensa Tpu). JokasaThb, UTO
ypaBHeHue X° + Y3 = Z3 He uMeeT pelleHuil B HATYPATbHbIX UUCIAX.

4. Korma cymma KBajpara pamuOHAJIBHOIO yucjaa M Kyba TOro xe
€aMOro 4YucJja ABJsieTcAa KyOoM parnuoHAJIbHOr0 Yucaa?

E. Korgma cymma KBajpaTa PalOHAJBHOI'0 UMCJIA M Kyba TOro ke
€aMOT0 YUCJjIa ABJAETCA KBaAPaTOM PAIlMOHAJIBHOTO uucyaa?

Bce aTu 3amaum 00beIMHAET TO, UTO OHU CBOAATCA K M3YUEHUIO pe-
IIeHU# B IEJBIX WJIW PAIMOHAJLHBIX YHCJIaX KYOuueCKUuX ypaBHEHUI C
IBYMS IIEPEMEHHBIMU.

14. Tokaskure, 4TO

m(m + 1) 12+92 4+ . +p2= n(n+1)(2n+1)
— —%

A. 9ra 3ajaua SKBUBAJIEHTHA PEIIEHUIO0 B HATYPAJbHBIX UYHCIAX
m(m+1) _ n(n+1)(2n+1)
2 B 6 )

b. A 9Ta 3amaua sKBMBAJIEHTHA PEIEHUIO0 B HATYPAJbHBIX UUCJIAX

n(n+1)2n+1)

5 =

B. 3mech HYXKHO PEMIUTh B HATYPAJbHBIX UYHCJIAX ypPaBHEHUE

m(m+1)=(n— Dn(n +1). . v

/. 3ameHOI nepeMeHHBIX X = 7 MY = 7 32]1a4a CBOJUTCA K PeIIeHUIO

B IIOJIOJKMUTEJIBHBIX PAIIMOHAJ bHBIX YHKCJIaX YPaBHEHUA x3 + y3 = 1 .

4. B »sroit 3amaue TpebyeTcsa peIINTh B PAMOHAJIBHBIX UHCIAX
ypasuennue x2 + x3 = 8.

E. A Baroit — ypasuenue x2 + x% = y2.

VYpaBHeHUe OT JBYX IEPEMEHHBIX 3aJaET HEKOTOPYIO KPUBYIO HA ILJIOC-
koctu. Tak KaK HalllM KPUBBIE 3a1aI0TCA YPABHEHUAMY TPEThell CTeleHu,
OHU SIBJIAIOTCS IIPHUMEPAMU KPUBbLX MPembezo NopadKa Nin KYyouyecKkux
Kpusvlx (puc. b).

Bupazo, uTO KpuBble u3 3ama4 /J u £ CyIecTBeHHO OTJIHUUAIOTCSI OT
OCTAJbHBIX KPUBBLIX: ¥ TMEPBON M3 HUX UMEETCS Moyka 6038pama, a 'y
BTOPOIT — mouka camonepeceuerHus. ITU TOUKU SIBJISIOTCI IpuUMepaMu
0co6bix moyex') KpuBoil; KpUBBIE, MMEIOIME XOTA GBI OLHY 0COBYIO TOU-
Ky, TOXKe HasbIBAIOTCA 0c00bimu. KpuBbie, He nuMeloiine oco0bIX TOUEK,
HA3BIBAIOTCS HE0COObLMU NN 2A0KUMU — TAaKOBBI KpuBbIe 3 3azad A—/.

1+2+..+m=

YPaBHEHUA

ypaBHeHUA m2.

1y Tagum TouHOE OmpejeeHne: TOUKA (%9, yo) Ha KpHUBOIL F(x, y) = 0 HasEIBaeTCA HEOCO-
00ilL, ecnu uepe3 He€ MPOXOAUT XOTsA OBl OAHA IpAMAA X = xo +at, y = yo + bt, rakaa uro
t = 0 — xopens ypaBHeHus# F(xo + at, y, + bt) = 0 kpareOCTH 1, a He Gosbite. B mpoTuBHOM
ciydae To4Ka (Xg, Yo) Ha3bIBAETCHA 0CO00L.
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-

yy+1) _ x(x+1)(2x+1) _x(x+1)2x+1)
AT = 6 by ==

<\ \

B yly+1)=(x ax(x+1) raxd+y=1

8

A x?+x3=y8 E x®+x3=y>

Puc. 5
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15. Kakoe HanboabIliee KOHEUHOE YNCJTIO OCOOBIX TOUEK MOKET NMEeTh
KpHUBAas BTOPOTO HopaaKa? TpeThero mopsaaka? deTBEPToro mopsaaxa?

16. Mosker i KpuBas 4eTBEPTOTO MOPSIIKA WMETh POBHO ISATH 0CO-
OBIX TOUEK?

ITompoOyeM MpUMEHUTH K HAIITUM KPUBBIM METO/T CeKYIIUX N3 Ipeabl-
ayuumx naparpagoB. Ha Kamkmonn us HaImx KPUBBIX OUEHB JIETKO HANTH
TOYKH C IeJbIMu KoopamHatamu. Ho, K cokajieHuIo, IPOBEeJleHNe CeKYy-
WX B 9TOM CJIy4ae HUYEro He JaéT: TUIUYHASA IPAMAasA IepeceKaeT Hallry
KPHUBYIO B TPEX TOUKAaxX (a He B IBYX, KaK PAHbINE) U PACCYKACHUS IS
KPHUBBIX BTOPOTO MOPAAKA IIepecTaloT pabotars. Tem He MeHee, BCE MOK-
HO CIIaCTH B CJIy4Yae 0COOBIX KPUBBIX.

17. OokaskuTe, 4TO IPsMAasi, IPOXOLAIAA Yepe3 0CO0YI0 TOUKY, MO-
JKeT IepeceKaTh KPUBYIO elllé He 0oJiee UeM B OJJHOI TOUKE:

a) I KpUBBLIX TpuMepoB J u E;

0) IJisi MPOM3BOJIBLHOI A0COJIOTHO HEIPUBOAMMOM 0C000# KyOmue-
CKOU KPUBOH.

Tem camMbIM, IIPOBOZAS CEKYIIME Ueped O0COOYI0 TOUKY W IPUMEHSISA
TE JKe PACCYIKIEHMsI, UYTO 1 B CJIyUae KPUBBIX BTOPOTO MOPAIKA, MOMKHO pe-
IIATH B PAI[MOHAJBbHBIX YHMCJIAaX KyOHMdYecKoe ypaBHEeHNe C PAIMOHAIbHbI-
Mu KoadGuiineHTaMu, 3azaiiinee 0codyio KPUBY0. 3aMeTHM, UTO 3[eCh
nMeeTcA TOHKWI MOMEHT: IJIs MeTOJa CeKYIUX Heo0X0oauMo, YTOoObI Ha-
yaJibHAA TOUKA (B HAIlleM ciyuae — ocobas TOUKa) nMeJia parnoHaJIbLHbIe
KOODPJAMHATHI.

18. IlycTs Ha abCOJIIOTHO HEMPUBOAUMOM 0C000# KyOmuecKoi Kpu-
BOI1, 3JIaHHO YpaBHEHMEM C PAI[MOHAILHBIMYU KO3 duiimeHramu, nme-
eTcsa XoTsd Obl OJHA paIMOHANbHAS TOYKa. Torga KoOpAWHATHI 0CO0O0I
TOUYKH TOXKE PAI[MOHAIBHBI.

19*. IIpuBeauTe nmpuMep KyOMUYECKOIro YPABHEHMS C PAI[MOHAJIbLHBI-
mu Koo puUImeHTaMu, 334a0IIero 0CO0YI0 KPUBYIO, BCE OCOOBIE TOUKHU
KOTOPO# UMEIOT UppalnoHaIbHble KOOPAUHATHI,

20. Pemure sagauu /[ u E, [JokakuTe, YTO COOTBETCTBYIOIINE KPU-
BBI€ PAI[MOHAJBHBI.

K coskanenuio, HeocoOass KyOnuecKasa KpuBas HUKOTA He SBIAETCA
panuonanbHoi. Kak ke mocrtymarh ¢ TakumMu KpuBbiMu? Ilepsoe, uTo

MOXKHO CIeJIaTh, — IPUBECTH UX K OoJsee mpocToMy BuAy. Ilaa aToro 6y-
JleM HCIIOJIb30BATh NPOCKMUBHbLE 3aAMeHbL KOOPOUHAM, T. €. 3aMeHbI BUAA
;_ Qx +ay+a s _ Bix By +Bs

, , T+yi+yi=0.
Yixt YUt Y3 YiX+ YUt Y3 [ERRERRE
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Taxkue 3aMeHBbI OUeHb yAOOHBI, HO Y HUX €CTh HEJOCTATOK: OHU He BCIO-
Iy oIpejesieHbl (ueMy, HANPUMED, PABHBI X' W Yy [JsA TOUEK HPSIMOM
Y1X + Yoy + y3 = 0?). 3amerum, ogHAKO, UTO IpAMAA Y X + Yoy +vy3 = 0
mepecekaeTcs ¢ KyOMuecKoW KpuBOU He 0oJiee ueM B TPEX TOUKAaX; €CJIU
HAaIIeH MeJIbI0 ABJISIETCS PerleHne KyonuecKoro ypaBHeHU A B PAI[UOHAI b~
HBIX (I[EJIBIX, HATYPAJbHBIX) YMCJIAX, MBI MOXKEM CHAUYAJIA PACCMOTPETH
BCE TOUKU IIE€PEeCeueHusi C 3TOM MPAMOI, a 3aTeM HeJIaTh IPOCKTUBHYIO
3aMeHy KOOPAMHAT.

21. a) ITpm xakom ycinoBuu Ha KoahdumuenTs! a;, B3;, v;,, i =1, 2, 3,
IIPOEKTHBHAs 3aMeHa 00paTumMa, T. . IEPeBOAUT pasHbie TOUKH (X, Y) B
pasubie Touru (x', y')?

6) IIycTr mpoekTuBHaAA 3aMeHa KoopAauHAT obpaTtuma. Torma obpar-
Has 3amena (T. e. 3amMeHa, BhIpaKawoIad X u y uepes x' u y') ToKe
SABJISIETCS TPOEKTUBHOM 3aMEeHO KOODPAMHAT.

B) IlociemoBaresibHOE MPUMEHEHME ABYX 00PATUMBIX MPOEKTUBHBIX
3aMeH 9KBUBAJIEHTHO HEKOTOPOM OJHOM TaKOM 3aMeHe.

B panpHeiiniem Mbl OyeM pPACCMATPUBATD JIUIIL OOPATUMbBIE TTPOCK-
THUBHbIE 3aMEHbI KOODAMHAT.

Ky0uueckas KpuBas Ha IIJIOCKOCTH (X, i) HA3BIBAETCS KPUBOILL 8 (hopme
Beiiepuumpacca, ecnu oHa 3a7aéTca ypaBHeHHeM Buja y2 = x° + ax + b.

22, Kpwusasa B hopme BeiiepiiTpacca ABjseTcsa 0co00i TOTja 1 TOJIbKO
Torna, koraa 4ad + 27b% = 0.

Yucao A = 4a3 + 27b% maseiBaeTca OUCKPUMUHAHMOM KyOUdecKoH
KPHBOii, a TaKKe OUCKPUMUHAHMOM KyOIIeCKOro MHOTOUIeHa X3 +ax—+b.
(IuCKPUMHHAHT MHOTOYJIEHA 00pAaIljaeTcsa B HYJIb TOTA M TOJBKO TOrJa,
KOTI'/Ia MHOTOUJIEH MMEET KPATHBII KOPEHb.)

23. Korpga saBisiercs 0coboit KpuBasi, 3alaHHAST YPAaBHEHUEM
y?=x3+ax?+bx+c?

Teopema Herorona. I[s1s 11060 HE0C0001 KyOMUeCKOI KPUBOM CyIIle-
CTBYeT IMIPOEKTUBHAA 3aMeHa KOOPAMHAT, IPUBOAAIIAs €€ B hopmy Beii-
epmitTpacca. BoJjiee Toro, ecau Koa(PUIIMEHTH YPABHEHUSA MUCXOIHOM
KPMBOM panMoHaJbHBI M HA KPUBOM MMeeTCA XOTsA ObI OJJHA PAIMOHAJIb-
Hasdg TOYKA, TO MOKHO HAWTU MPOEKTUBHYIO 3aMEeHY C PAIMOHATILHBIMHU
o, Bis v; (=1, 2, 3), mpeo6pasyIoIyIo NCXONHYI0 KPUBYIO B KPUBYIO B
¢opme BeiiepiuTpacca ¢ panuoHaAJIbHBIMY a U b.

Ms1 He OyzeM HOKAas3bIBATh 9Ty TEOPEMY, HO IPOMJLIIOCTPUPYEM €€ Ha
npumepe 3azaq A-/.
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A. Tlocne sameHbr m = %, n=% 5 8 IoJiyuaeM ypaBHEHUe
y? = x3 —9x + 81,
b. 3amena m = %, n= x1’26 MIPUBOAUT YPaBHEHNE K BUAY
y? = x3 — 36x.
B. Bamenam =y — %, n = X IPUBOJIUT YPaBHEHUE K BUAY

2 _ .3 _ 1
y X x+4.

I. Kpuas ®epma x3+y3 = 1 — camblil mHTepeCcHBIH coryuaii (puc. 6).
Cpenaem cHauasia 3aMeHy X = § — t, y = t: IIOJYUYUTCA yPaBHEHUE

s3 — 3st(s —t) = 1.

Teneps 3amMeHOH s = %, t= % ypaBHeHUNe IPUBOIUTCA K BULY
2,3 1
v'=u 108"

Heocobasi kpuBas TpeThero MOPAJKA HA3BIBAETCS IAAUNMULECKOU
kpueoit. Teopema HpioTOHA yTBEp:KJaeT, UTO BCAKAA SJIUIITHUECKAS
KpHuBas IIPUA ITOMOIIM HEKOTOPOH MPOEKTUBHOM 3aMeHbI KOOPAMWHAT IIPHU-
BoauTcA K (popme BeiiepmiTpacca.

24. Eciau guckpumuuanT A = 443 + 27b% kpusoit y? = x3 +ax + b
paBeH HyJIIO, TO 5TA KPUBAA PAIOHAIBHA.

Bepno u o6parroe: ecim A # 0, To kpusada y2 = x3+ax+b He apngerca
PAIMOHANBHOI, HO 9TO y3Ke CI0KHAA TeopeMa.

25%, Korza MOKHO epeBecTy KpUBYIO ¢ ypasHenuem y? = x3+a;x+
+ b, B KpuBYyIO C ypaBHenueM y? = x® + a,x + b, TPOEKTUBHOM 3aMeHOMH
KoopauHAT?

B panpHelnemM moj 9JIIUNTHUUYECKON KPUBON MBI OyAeM IIOHMMATH
Heoco0yI0 KPUBYIO TPETheTO MOPSAAKAa, 3aJaHHYIO0 YPaBHEHUEM C PAyuUo-
HaabHblMU KOs duiinerTamMu (0OLIYHO TaKMe KPUBBIE HA3BIBAIOT SJIJIUII-
TUYECKUMU KPUBBIMU HAJ TOJIEM PAI[UOHAILHBIX Unces). Eciiu Ha TaKoh
KPHUBOU MMeeTCsa XOTA ObI OJJHA PAIMOHATIbHAA TOUKA, TO KPUBYIO MOYKHO
npuBecTu K (popme BeiiepinTpacca mMpoeKTHBHOI 3aMeHOII KOOPAMHAT C
panmMoHaIBHBIMU o, B;, v; (=1, 2, 3).
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0)

Puc. 6. IIpoekTuBHBIE 3aMeHELI IIEPEeMEHHbBIX , IIPUBOAAINE KPUBYIO
x3 4+ y3 = 1 K popme Beitepmrpacca.

a) Kpusas x% + y3 = 1. 6) Bamensl x = s — t, y = t — Tapa/jlelbHAA TTPOCKIHSA
IJIOCKOCTH XYy Ha IJIOCKOCTH St. 8) KpuBas s3 — 352t + 3st2 = 1. 2) BameHbI s = 1

3u’
t = % — LeHTpaJbHAs IIPOEKIUs IJIOCKOCTH St Ha IJockocTb uv. 0) Kpusas
v =ud— 1%)8 (B dopme Beitepmrpacca).
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CJI0KEHUE TOYEK 9JIIUOTUYECKON KPUBO

Urak, 3agaum A—B sKBUBaJIEHTHBI HAXOXKIEHNIO BCEX TOYEK C I[eJIbI-
MU KOOPAWHATAMY HA SJIJINIITUUYECKNX KPUBBIX, B TO BpeMs KaK B 3azjaue
[ Tpebyercsa HaliTH BCe TOUKY C PAUUOHALbHLIMU KOOPAWHATAMY HA 9JI-
JUNTUYECKON KPUBOM.

OxkasbIBaeTcs, YTO OJIA MTPOMU3BOJIbHOM JIIUNITHUYECKON KPUBOi 3a1a-
Ua HaXOMKIeHUS PalliOHAIbHBIX TOUEK B HEKOTOPOM CMBICJIE TIPOIIe, UeM
3alauya HAXOJKICHUS IeJIBIX TOUEeK Ha 9TOMH ke KpuBoii! [leso B TOM, 4TO
METOJ CeKYIIUX IT03BOJISIET BBECTH HA MHOYKECTBE PAIMOHAJIBHBIX TOUEK
SJIIUNTUYECKON KPUBOM HEKOTOPYIO CTPYKTYPY .
A uMeHHO, panMoHAJbHBIE TOUKK HA JJIJIUIITHU-
YeCKO KPMBOM MOYKHO «Pa3MHOKATD» .

I];OHyCTI/IM, YTO MBI HaAIllJIV HA 3JIJILIITUUYEC-
Koit kpuBoii y? = x% + ax + b nBe pamuoHaILHEIE
Touku P(Xp, yp) uQ(xg, Yq) (puc. 7). Ilposexném,
KaK ¥ paHbIlle, TpAMYI0 PQ U BEIYHCIUM KOOD-
IOUHATHI TPETHEH TOUKM IIepeceueHusd MPAMOH C
Hameil KpuBoiil). DTH KOOPAUHATHI YAOBIETBO-
P+Q PSIOT cUCTEMe YyPaBHeHUI

Y

/

Puc. 7

y2=x3+ax+0,

(Y —yp)xg —xp) = (x — xp)(Yq — Yp)-
Ecmu xp # Xq 1 Yp # Yg, TO, BBIPA3UB U3 BTOPOTO YPaBHEHUA X 4epes y,
IIOJICTABUM IIOJIy4YeHHOEe BBIDAa’KeHUe B IIepBOe ypaBHeHUe. B pesyiabrare
MBI IPUXOAUM K KyOMUECKOMY yPaBHEHWIO HA I C PAIMOHAIBHBIMHU KO-
adpdunmenramu. IIockoaIbKy ABa KOPHA 3TOT0 YPABHEHUA PAIlVIOHATbHBI
(oHU paBHBI Yp U Yg), & CyMMa BceX TPEX KOPHe# — pallMoHaIbHOe YHUCII0
(o Teopeme Buera), 3HAUUT, TPETHH KOPeHD ToKe panmuonanen?), MTax,
IO JBYM PaIlMOHAJIBbHBIM TOUKAM, JIE}KAIIMM Ha dJINITUUYECKO KPUBOHA,
MbI TIOCTPOMJIN TPETHIO PAI[MOHAJBHYIO TOUKY. EIlé ogHa pamnoHajabHas
TOYKA II0JIYYAeTCsI U3 ITOCTPOEHHOM TOUK Y CHMMEeTPHUEH OTHOCUTEIBHO OCH
Ox. 9ra cuMMeTpUYHAs TOYKA HA3bIBaeTCA cymmoil Touek P m Q m 06o-
sHauaercs P + @ (puc. 7).

1) Boo61mje roBops, He BCAKAsA IPAMAs IEPECEKAeT HAIY KPUBYIO POBHO B TPEX TOUKAX.
B HeKOTOpHBIX ciaydaax (puc. 12, a—2) npsamasd nepeceKaeT KPUBYIO MeHee UeM B TPEX TOUKAX.
BopoThCsa ¢ 3TUMU CUTYyaAlUAMY HYKHO PA3HBIMHU CIIOCO6aMU — HO 00 5TOM 4yTh IIO33Ke.

2) Ecan Yp = Yq» Xp * Xq, TO ypaBHeHHe npamoit PQ mMeer BUA Y = Yp U, IOACTABUB
Y = yp B [IePBOe ypaBHEHNe, MbI IIOJyYNM KyONYeCcKoe ypaBHEHNe Ha X C PAlMOHAIbHBIMUI
Koo dumuenrTamu. Tak 4To B 9TOM CIydae TOXKe BCE B MOPALKE.
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3ameuaresbHO, UTO BBeIEHHOE HAMHU CJIOKEHMNE TOUEK BJIIUITHUYEC-
KOU KpHUBOIi 00JI1a7jaeT CBOMCTBAMMU CJI0KEHUS YKNCeJ, a UMEHHO:

a) KOMMYTATHUBHOCTBIO (IJA JIIOOBIX TOUueK P M @ SLIMNTHYECKOH
KPUBOH JOJIYKHO BBITIOJIHATHCA TOMXKIeCcTBO P + Q = @ + P);

0) masmmumem HyJid (Takoi Touku 0, uro P+0 = P = 0+ P pys mio6oit
TOUYKHU P 3/ITUTITHUECKON KPUBOIi);

B) HaJWUYMEM AJA JI000¥ TOUKY P 3JITUNTHYECKON KPUBOI TPOTHUBO-
TIOJIOJKHO ToOuKH (Takoi Touku —P, uto P + (—P) =0 = (—P) + P);

I') acCOIMaTHUBHOCTBIO (4151 JIOOBIX TOUeK P, @ u R s/LIMITHYECKON
KPHUBOM JOJIIKHO BBIMOJIHATHCA TOKAecTBO (P + Q) + R = P + (@ + R)).

IIpoBepum aTu cBoiicTBa. KomMmMyTaTuBHOCTbH. A BeIUumCe-
HUSA TOUKU @ + P MBI HUCIIOJB3YEM TY K€ CaMyI0 IPAMYIO, UTO U AJA BbI-
yuciaeHusa P + Q, caegosarenpHo, P+ Q = Q + P.

Hanvuue HyndA ¥ TPOTUBOMOJOMKHON TouKu. Ilycts HA
KpuBo# mana touka P (puc. 8). Mpsl xoTuMm HaiTM TAKyI0 TOYKY, UTO
ecJI MPOBECTH MPAMYIO uepe3 Heé u TOUYKy P,
mepeceusb 9Ty MPAMYIO C KPUBOiIl, a IIOTOM OT- !

:
pPasuTh TOUKY IepeceueHrs OTHOCUTEIBHO OCH !
Ox, To BHOBb noayuutcs P. Ob6osHauum uepes @ '

TOUKY, CHMMeTPUUYHYIO P oTHOCHUTEIbHO ocu OX. ﬂ/\ o x
1
\L/
1

Y

]

W3 ckasaHHOTO BHITEKAET, UTO MIPAMAaA JOJKHA
IPOXOAUTH Ueped TouKu P u @, T. e. OBITH Bep-
TukanabHO#. CiemoBaTesbHO, TouKa (0 mokHA Q!
JIe)KaTh U Ha KPUBOW, M Ha JII000H BEPTUKAJB- :
HOM IPAMOM, mepeceKamIeil KpuByio. '
Tako# TouKu B 1mIockoctu Her. Ho oHa Puc. 8
HaAM OYeHb HYKHA, IIO3TOMY MBI HOOABUM €€ K
ILJIOCKOCTH, HA30BEM 6eCKOHEUHO YOANEéHHOI MOYKOil 1 0003HAUNM CHM-
BOJIOM co. BymeM cumTaThb, UTO co €CTh TOUKA MepeceueHruss BCe X Bep-
tukasieii. Tem cambim, x0T TOUKy 0 = co MbI fo6aBuIIM (HOPMAIBLHO, MBI
3HaeM, UTO MPAMAas, TPOXOAAINAs UepPes oo U JII00YI0 TOUKY & — 3TO BEPTH-
KaJbHAd IpaMasd, npoxoxamas ueped @), IIpaBuibHO cuuTaTh TOUKY 0
panoHaIbLHOM.
BepTukanabHaA mpAMAas, TPOXOAAIIAA Uepes TOUKY P, MPOXOAUT U
yepesd 0 = co. ITosTomy @, TOUKA IMEepECeUYEHMsI STOM IPAMOM C SJIJIUIITH-
YeCKOM KPUBOIi, yAOBJIETBOPsAET cooTHOLIeHnio P+ @ = 0, T. e. ABIAeTCA

1) Temeps MbI yXe 3HaeM, KaK [IOCTYIATh B CHTYaIluH, IOKasaHHON Ha puc. 12, a. Bep-
THUKaJbHAs IPSAMas UMeeT ¢ KpuBOi Tpu o0mjue Touku: P, @, co.
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MIPOTUBOIOJIOXKHOM K P. 3HauuT, gobas Touka P uMeeT mMPOTUBOIOJIOMK-
HYIO TOUKY @ = —P, cummeTpuuHyio P orHOcuTe bHO ocu Ox (cM. puc. 8).
3amerum, 4TO AJd TOUueK P, jeskamux Ha ocu abciuce, —P = P.
AcconmumatTuBHOCTbH. OTMETUM HA BJJIUNTAYECKON KPUBOU TOUKH
P, @, R(puc.9). ITocrpoum touku —P —Q nu —R — @ niepeceyeHmns mpaMbIX
PQ u RQ c KpuBOii, a TaKk:Ke TOUKU
P+Q u @+ R. Yrobsl moKasaThb
paBetcTBOo (P+Q)+R=P+(} +R),
JOCTATOYHO IIOKA3aTh, UYTO TOYKA

l Q 7Q7R R
1
—-P—-Q 0 P+Q
Ly
I P Q+R Apgr
3
my my mg
Puc. 9 Puc. 10

mepeceueHus MPsAIMoii, IPoXoAsAIeii uepes Touku P + @ u R, ¢ mpaAMOii,
mpoxoadamnieii uepes P u @ + R, JIEKUT HA KPUBOM.

BosHukmraa KoHurypanusa mecTu NpAMBIX Ly, ly, I3, my, mgy, mg
(IIPOXOAAIINX, COOTBETCTBEHHO, ueped TOuku @ u R, P — Q u P + @,
Pu@Q+R,Pu@®,—-R—QuQ@+R, RuP + @) cxemarnuuo n3odbpakeHa Ha
puc. 10. Kaxxknasa us mepeuncyeHHbIX IPAMbBIX ITPOXOUT YePe3 TPU TOUKU
(mpsimbie, mpoxopsAIiue uepes —R— QuQ + R, —P — Q u P + @, TpoxXomAT
uepes Touky 0 = co), Bcero meBsaATh ToueK. Ham M3BeCTHO, 4YTO BOCEMb 13
9THUX JIEBSATHU TOUYEK JIeKaT HA BJIJIMIITUUYECKOW KpuBO K ¢ ypaBHEHUEM
F(x,y) = 0. A noxaseiBaeM Mbl, UTO U IEBATAA TOUKA Apgp JTEIKUT HA DTOM
kpuBoii. IlycTs ypaBHeHUA OPAMBIX Uy, Iy, I3, my, my, mg CyTh

Ll(x’y)=0’ L2(x’y)=0’ L3(x’y):0’
Ml(x’y):Oa Mz(x,y):(), M3(x’y)=0'

ITokaskem, uTo

F(x,y) = aL(x, y)Ly(x, y)L3(x, y) + M (x, y)My(x, y)M3(x, y),

22



rze a u 3 — HeKOoTOpHIe uucjaa. PaccmorpuM pasHoCTh
F—(aL,LyLs +BM {M,M3). 7

9Ta pasHOCTh ABJIAETCA MHOTOUJIEHOM OT X W Y CTEIEHUW He BBIIIe TPEX.
ITOT MHOTOUYJIEH PaBeH HYJII0 B TOUuKax P, —P—Q u Q. Bribepem Ha mpaAMOii
m; emié ofHy TOUYKy S = (81, S3), oTInuHyI0 oT P, —P — Q@ u Q. Touka S He
JIEKUT HU Ha OAHOM U3 IpAMBIX [, Iy, I3 1, ciegoBarensHo, Li(sy,8,) # 0,
Ly(81,89) # 0, L3(s1,89) # 0, a M(s1,83) = 0. IToncraBuM KOOPAMHATHI
TOUKH S B pa3HOCTSD (7) 1 HAWAEM O U3 YPAaBHEHUS

F(sy,83) — aLy(s1, 83)La(S1, S3)L3(s1, 82) = 0.

IIpu Takom BeIGOpE a Pa3HOCTH (7) obpariaeTcsa B HyJIb B YUeTHIPEX TOUKAX
P,Q,—P — Qu S npamou m,.

26. Ilycts mHOrOusNeH F(x, y) creneHu He BbIIIE TPEX oOpalraerca B
HYJb B UeTHIPEX TOUKAX HEKOTOPO# nmpamoit M(x,y) = 0. Torga mHOTO-
wieH F, nenurca Ha mHOTOuIeH M.

Nrak, Mb1 BEIOpaIu MapaMeTp o TakK, 94To pasHocTh (7) nesurcsa Ha M .
PaccmorpeB Touku @, —Q — R 1 R npaMoii [;, aHaJIOrnYHO oAGepéM Ia-
pameTp P Tak, 4To pasHocTh (7) AeauTca Ha L. I[Toayuaem, uTo pasHOCTH
(7) npencraBnsaerca B suge Ly (x, y)M(x, y)N(x, y), rae N(x,y) — MHOTO-
YJIeH CTEeIIeHU! He BbIIIe €JNHUIbI. ECJII/I 9Ta CTeIIeHb PaBHA €eJuHUIe, TO
ypasuenue N(x, y) = 0 3agaétr HEKOTOPYIO IPAMYIO 1.

Urax, F — (aL{LyLg + BPM{M,M3) = LM N. IloxcraBum B 5TO pa-
BEHCTBO KOOpAnHATHI TOUKHK P+ Q. B eBoi uacTu monyuyuTes Hyab. Ecin
Hu L., Hu M, B Hy7b He obparmatorcd, To N = 0, a 9To 03HayaeT, YTO TOYKA
P + @ nexxuT HA IpsAMOU n. AHAJOTUYHO 3aKJIOUYaeM, 4TO TOUKa @ + R
Jgexut Ha n. Ecam O0bI co Obljiaa 00BIYHOII TOUKOI, TO MBI TOYHO TaK Ke
IMOJTyYWJIN OBI, UTO OHA JIEIKUT HA M.

27. IlycTs npsamsle [; 1 m, He ABIAIOTCA BePTUKAIBHLIMHA. JloKaxKn-
Te, 4TO TOT/JA IPAMAS 71 BePTHKAJIbHA.

OueBugHO, YTO B O0IEM cilydyae M3 TOrO, UTO IpAMBIe [; U m, He
BEPTUKAJBHBI, HE CJENyeT, YTO mpAMasd, IPOXONAIIAA Yepe3 TOUYKU
P+ @ un Q + R, BeprukasbHa. Ilosromy mHOrousen N mmeeT CcTeneHb
HYJb, T. €. ABJAsAeTcA KoHcTaHToW. Ho MmHOTOUIeH N obpalijaercs B HYJIb
B Touke P + @, ciemoBaTesbHO, OH TOXKAECTBEHHO paBeH Hyd0. Takum
oGpasowm,

F(x,y) = aL;(x, y)Ly(x, y)L3(x, y) + M (x, y)My(x, y)M3(x, y),
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U TOYKA Apgp, KOOPAMHATHL KOTOPO# ONPEAEJAIOTCS U3 CUCTEMbl yPaB-

HEeHUH
{ L3(x,y) =0,
M3(x9 y) = 09
Jnexxut Ha Kpuso#t F(x,y) = 0.

Tem caMbIM, MBI JOKA3aJW ACCOIUATUBHOCTD CJIOMKEHUS TOUEK IPHU
HEKOTOPBhIX AJOIIOJHUTEJIBHBIX Hpe,[[HO.TIO.)ReHI/IHX: HUKaKue TOYKHW Ha
puc. 10 He coBnmagaroT; npAMsIe [ 1 M, He IPO-
XOAAT uepes3 TOUuKy P+@Q; mpaMas, IpoXoasaIiasa
p gepes Touku P+ Q u @ + R, a Takike npamele /g
U m; He BepTUKAIbHbI. KaK bl 13 OCTaBIINX-
cs CJIydyaeB MOJKHO PAacCMOTPETh OTAEJIbHO, HO

MOJKHO IIOCTYIHUTh MHAUE: 3aMeTHM, UTO KOOp-

K/ nuHaThl ToueK (P+Q)+R u P+(Q+ R) 3aBUCAT OT

KoopauHaT Touek P, @, R HemmpepbIBHO. MbI

Iokasanu, uto (P+ Q)+ R = P+(Q+ R) nis Bcex

JoctaTouHO 001X HabopoB Touek P, @, R. Ort-

Puc. 11 CIOZA II0 HeIIPEPBIBHOCTH IIOJIy4aeM, 4TO 3TO pa-

BEHCTBO BBIMIOJIHEHO Beera (pasdymeercs, 4To0bI

cIeJsiaTh IIOCJIEJHEe paccyKAeHure CTPOTHUM, MBI JOJIXKHBI TOUHO OIIpee-

JIUTH BCE UCIOJIb3yeMbIe B HEM IIOHATHUA: « HEIIPEPBIBHOCTD» , «JOCTATOUHO
0011117€ HAabOPHI» , HO MBI IPUBEJH 3/1€Ch JIUIIIb UIeI0 TOKA3aTeIhCTBA).

y

Kaxk Berumciauth Touky P+ P = 2P? Koraa Touku OBLIN PA3INUYHBI,
MBI IPOBOIVJIN YePe3 HUX MPAMYIO U T. . Pa3 OHU CAMJINCh, TOHATHO, UTO
HYJKHO IIPOBECTH KacaTeabuyio (puc. 11). A uro genarsh, urodwl HaiiTn 3P?
QOuensb npocTo, 6epém cymmy 2P u P. ITogo6HO 3TOMY MOXKHO BBIUMCIUTH
4P=3P+P,5P=4P+Pwur. n.

28. ITycts P = (x4, Y,) — TOuKa Ha KpuBoii y? = x® + ax + b. Beruu-
CIUTEe KOOPAUHATEI TOuKH: 2P.

Hacrano BpemMs 00BSCHUTD, YTO AEJATh B CUTYAIIUAX, HOKA3AHHBIX
Ha puc. 12, 6—2 (cMm. cHocku Ha cc. 20 u 21). B curyamuu 2, T. e. Korga
KaCcaHUe MPOMCXOMUT B TOUKE Iepernda, Mbl CUNTAEM, UTO MpsaMasd [ To-
JKe MMeeT TPU TOYKY IIePeceueHusi C KPUBOM, IIPOCTO 9TH TOYKY CJAMJINCH.
B curyamuax ¢ «upocTeiM» Kacanuem (6, 8) Touka P yuuThIBaeTcsa ABa-
JKJABI, IIPY 9TOM B CUTYaI[UH 68 IPAMasi [ IPOXOAUT eIlé 1 uepes TOYKY oo.
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Tem caMbIM, JTI00ada MPsAMasi, MPOXOAAIIAS XOTs ObI uepes OAHY TOU-
Ky SJIIMITHUYECKON KPUBOI, He PABHYIO co, IIEPeceKaeT KPUBYIO B TPEX
Toukax. Cymma aTux Tpéx Touek Bcerga pasua 0 (mposepsnre!).

, : 1 =LY
| @ ! u
" N\

a) 0) 8) 2)
Puc. 12

C yuéToM 3THX 3aMeUYaHUil OIpe/ieJieHa CyMMa Ji 10 0 bI X JTBYX TOUEK
SJIIUTITUYECKOI KpuBoii. OCTaIoCh IPOBEPUTD, UTO U TEIePhb CHAOKEHUe
obJyiajaeT CBOMCTBAMMY a)—T) CIOXKeHUsd, cM. ¢. 20.

KPYUYEHUE U PAHT

IIycte P — HeKOTOpad TOUKA Ha dJINNTHUYECKOHN KpuBoil. Ilo mHeit
MOJKHO IIOCTPOUTH HOBbI€ TOUKH ..., —3P, —2P, —P, P, 2P, 3P, ... Eciu
Touka P panuoHasibHA, TO BCE 9TH TOUKHU TOXKE SABJISIOTCS PAIMOHATbHBI-
Mu. Bo3MOKHBI iBe « MOZEJIN II0OBEeHUsI» TOUKH P: 1160 Bce morydeHHbIe
TOYKHU PA3JIMUHBI, JTU00 Cpeiu HUX eCTh COBIIafatoInue. B mocaemaem ciy-
yae mycThb, Hanpumep, mP = nP, m > n. CorjacHo mpaBUjaaM CI0KEeHIS
HeMeAJeHHO moJryyaem, uto (m — n)P = 0, T. e. cyliecTByeT HaTypaJIbHOE
4uCI0 kB, Takoe uTo B P = 0. ITycTh k — HauMeHbIIIee TAKOE HATYPAJIbHOE
umcso. Yucso k nHaseiBaercsi nopsadxom rouku P, a P HagpiBaeTCA moyKoil
KpyueHus (MIN MOYKOIl KOHeuH020 nopsadka). 3aMeTHM, UTO COTJIACHO
9TOMY ompefeneHuio Touka () ABIAeTCA TOUKON KpydueHUs mopanka 1.
B ciyuae mepBoii «Mojeau IMOBeAEHUSI» TOBOPAT, UTO MOPALOK TOUKU P
paBeH 0ECKOHEUYHOCTH.

29. Ilycts P — Touka mopsanka k. JlOKakuTe, UYTO CpPeau TOUEK

., —3P,-2P,—-P,0, P, 2P, 3P, ... pOBHO k pPa3JINUYHBIX.
30. TokaxkuTe, UTO CyMMa ABYX TOUEK KPYUEeHHS CHOBA SABJISIETCS
TOUYKOII KOHEUHOTO IIOPAIKA.

31. Ilycts P — Touka mopsaka k. Uemy paBeH HOPALOK TOUYKHU nP,

rae n — IeJioe 4ucio?
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32. HaiiguTe BCce TOYKH MOPAAKA 2 HA DILIAITHYECKOH KPUBOH y2 =
= x3 + ax + b. B KakoM ciyuae 5TH TOUKHU panuoHambHb? Haiinure
TOYKHM TOPALKA 2 HA SJIJINIITUUYECKUX KPUBBIX 13 3amau A—/.

33. Haiigure BCce TOUKM MOPSALKA 3 HA SJIJIUNTAYECKUX KPUBBIX U3
sazau A-T.

34%, KakuM reoMeTpuyuecKMM CBOMCTBOM 00JIaAAIOT TOUKU TOPSI-
Ka 3 suunTuueckou KpuBoi? Kakum MosKeT ObITH YMCJIO TOUEK TOPAL-
Ka 3 (me 006s13aTeIbHO PAIlMOHAJBbHBIX) Ha SJIJIUITUUECKON KPUBOI?

3ameuaTeabHO, UTO JII00as SJUINITHIYECKAsd KPUBASA BCErja CONEePIKUT
TOJIBKO KOHEUHOE UMCJIO PAIlMOHAJBHBIX TOUEK KpydueHUs (mompolyiiTe
9TO JOKasaTh! — aBTOpaM HEM3BECTHO IPOCTOe pelieHme). BoJee Toro,
Kak qokasay Bappu Magyp, mid dmcia ¢ palMoOHAJBHBIX TOUEK KOHed-
HOTO IOPAAKA HA JJINNTAUYECKOH KPUBOM MMEIOTCHA JIWINE CJIEYIOIue
BoamoKkHOCcTH: 1 < 1< 10,t=12naut = 16.

ITocmoTpuMm Teneps, Kak MOryT cebs BecTu aBe Touku P u @) 6eckoHeu-
HOTO TOpAAKa. 37ech TOKe BOSMOKHBI IBE «MOJEJY MOBEeHUA»: JU0O0
Bce Touku mP + nQ, m, n € 7, pa3nuuHbl, JU0OO0 HAWAYTCA COBIALAIO-
mue. B mepBoM ciiyuae roBOpAT, 4TO TOUKYU P 1 @ JUHElHO He3a8UCUMbL
(a BO BTOPOM — 4YTO OHU JIUHEIHO 3A8UCUMbBL). DTO OLPEeeHre MOMKHO
0000 Th: CKasKeM, 4To TouKu Py, Py, ..., P, 1nHeHO HE3aBUCUMBI, €CJIN
BCce TOUKU My Py +myPy+..+m P, (my, my,...,m, € Z) pa3IUYHBI. 3aMe-
yaTeabpHas TeopeMma Mopaesia yTBep:KAAeT, 4TO IJIA JIIO0O0M oJIIUITHYEC-
KO KPHBOI CYII[ECTBYET HEOTPUILATEIBHOE I[EJI0e YKCJIIO /1, TAKOE UTO JI0-
Oble nn + 1 panMOHAaJIBHBLIX TOUEK 9TOM KPUBOII JUHEIHO 3aBUCUMbBI. Han-
MeHbIIIee TAKOe YKCJIO 71 Ha3bIBACTCS PAH2Z0M BJLUINITUYECKON KPUBOM.

35. OnaunTtuueckas KpuBaA uMeeT 0€CKOHEUHO MHOTO paluoHaJb-
HBIX TOYEK TOTZA W TOJbKO TOT[Aa, KOT'a €€ paur rn 0oJIbIle HyJIs.

Teopema Mopaenna. IIycts E — sinuntudeckas Kpusas. Torga cy-
IlecTByeT Ha0op panMoHaIbHBIX ToueK P, Py, ..., P,, Tako# 4To J1100aa
pamuoHaJbHAsA TOUKA KPUBOM E Ipe/cTaBIsAETCA B BUIE

P=aq,P,+..+a,P, +Q,

rge ay, ..., @, — IeJble YUCJIA, ONHO3SHAYHO ONpeeNéHHbIe TOUKOH’ P, a
@ — HeKOoTOpas pallMoOHAJbHAA TOUKA KPYUeHUd.

NuapivMu CJIOBaMH, BCe PAaIlTMOHAJIbHBIE TOUYKH Ha LN TUYECKOI Kpu-
BOM IIOJIYYaITCA N3 KOHEUYHOTI'O YMCJjia TAKNX TOYEK C IIOMOIIBIO IIPOBEgE-
HHuA CEKYIIMUX 1M KacaTeJIbHbIX.
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Panr kpuBoit £ paBeH HAaMMEHbBIIIEMY BO3MOYKHOMY 3HAUEHUIO 11 M3
TeopeMbl MopaeJia.

IocMoTpUM Ha HAIIIY IPUMepPHI ¢ TOYKY 3peHUd KpydeHns u panral).

A. Kpugas y?2 = x® — 9x + 81 me umeer Kpyuenus (T. e. Touka 0 —
eIMHCTBEHHASA PAIMOHAJIbHASA TOUKA KPYUYeHU HA 3TOH KpuBoit). Eé paur
paBeH 2. B raugectBe Touek P, P, n3 Teopemsl Mop/esnia MOXKHO B3ATH
Touku (—3, 9) u (0, 9).

b. Kpusas y? = x® — 36x uMeeT pOBHO UeTHIpe PAIMOHATHHBIE TOUKH
KpyueHusi: Touky 0 u emfé Tpu TOYKM BTOPOro mopsimka. Eé paur pasen 1,
u B KauecTBe P; MOXHO B3ATH TOUKY (—2, 8).

3

B. Kpusasa y2 = x3 — x + % He UMeeT KpydeHnsa. Eé panr paseH 1, B
KadecTBe P; MOKHO B3ATh TOUKY (0, %) .

I. Kpusas ®epma y2 = x3 — -1_ umeer poBHO Tpu paruoHanbHBIE

~ 108
Touku Kpyuenusa: 0 u gBe TouKM mopagka 3, a eé paunr paseH 0. Pasy-

MeeTCs, 9TO yTBePsKAeHue 9KBUBAJEHTHO BEJMKOH Teopeme Pepma mjs
mokasaress 3.

Yro6bl IOKA3aTh UMUTATEJIO, HACKOJBKO TIYOOKO MBI IPOHUKJIV B
ne6pu TPYOHOM TEOPHM YMCesl, 3aMEeTHUM, UTO OTBETA HA CJIEYIOIUNA BO-
IIPOC YEJIOBEUYECTRO II¢ He 3HAET.

IIpo6aema panra. MoskeT jiu paHT BJJIMUIITAYECKON KPUBOII OBITH

CKOJIb YTOJHO BEJINK?

Ceituac n3BecTHBI KpuBbie paura a0 24. O:Kujgaercs, 4TO OTBET II0JIO-

JKUTEJbHBIN,

IIEJBIE TOYKHU HA 9JIJIMOITHYECKUX KPUBBIX

Haske mpexamosiaras M3BECTHBIMM Pe3YJIbTATHI IMPEABIAYIIEro mapa-
rpada, MBI BCE eIl[é He MOKEM CKas3aTh, YTO PEINJU HAIlld MCXOJHBIE
sagaun A-B. B KaXaoM M3 9THX CJIy4YaeB MbI HAILIN 0OECKOHEYHO MHO-
O PAIfMOHAJIbHBIX PEIIeHUH, HO B MCXOJAHBIX 3a/jauaX HaM HYKHBI ObLIU
mMeJble pemeHus. Kak BbIIEJIUTHL MX W3 0€CKOHEUHOTO UMCJIA PAIly-
OHAJIBHBIX TOueK? B Toil ke cTaThe, rje Oblja JOKa3aHA TeopeMa U3
mpenwigyIiero naparpada, Jiyuc H:xoam Mopaenn mokasas, uTo Jobas
SJIIAITAYECKAA KPUBAS COAEPIKUT JUINb KOHEUHOE UKMCJIO I[EJILIX TOUEK.
OpHAKO ero TeopeMa He IOMOTAeT HAM TU I9TH TOUKH.

1) M= AOJIXKHBI IPDU3HATH, UTO HAXO0X/JeHNe TOUeK KPYy4YeHHUA 1 BBIUNCJIEHNEe paHra OJid
HaIlnX KPDUBBIX — 3aJa4M TPyAHbIE 1 HEe3JIeMeHTapHBbIE.
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Kpusas y2 + y = x® — x u3 sajaunm B pacmajaercs HA oBa KyCKAa:

oBasn u 6eckoHeunyio ayry (puc. 13). Touxa P; = (0, 0) nexxur Ha oBa-
se. Bce mesnbie penieHns MOKHO HaWTH, PEIINB

3ajmauy 36. Y

36. a) Haiimure Bce Iiesible TOUKH, JierKa- P, / x
mue Ha oOBaJe.

6) Jokaskure, 4To TOuKu nP; mpu Heuér-
HBIX 7l JIEXKAT HA OBajie, a MPU YETHBIX N —
Ha gyre.

B) IIpoBeppTe, UTO €CIM IIPOCTOE UKCJIIO P
IeJUT 3HAMEHATEeNN 00erMX KOOPAMHAT TOUKHU Puc. 13
nP{, TO p AesUT 3HAMEHATEJN KOOPAWHAT TOU-~
ku 2nP; (mpejmosnaraeTrcs, 4YTO BCE KOOPJUHATHI IIPEICTABJIEHEI B BUJE
HEeCOKPATUMBIX APOOei).

r) HaiiguTe Bce mesble TOUKY HA KPUBOit y2 +y = x° — x.

37. Haiigure Bce menble TOYKN HA KpuBoit y?> = x3 — 36x u pemmure
s3agauy b.

3

Kak BugHO, HAM OYEHB IIOMOTIJIO TO 0OCTOSATEIHLCTBO, UTO KPUBAS CO-
CTOUT M3 ABYX KycKoB. [lys KpuBoi u3 3amauu A aTo HeBepHOo. Tem He
MeHee, 3[1eCh MOJKHO ITOKa3aTh, YTO BCE I[eJIble TOUKU KPUBOH MMEIOT BUJ
aP,+bP,, rzelal, |b| < 13, m3arem pemnTh 33729y C IOMOIIbI0 KOHEUYHOTO
mepebdopa (ZOCTYIMHOTO KOMIBIOTEPY, HO HeAOCTYITHOTO aBTopam). OTBer:
IeJible TOYKHU UMeroT abcmuceel —5, —3, 0, 3, 7, 9, 24, 33, 39, 513, 1099,
5112. A orcioga moxkHO Ha¥TH U Bce napsl (m, n): (1, 1), (10, 5), (13, 6),
(645, 85). IlepBbIe TPU U3 HUX MOKHO O0OHADPYKUTD, IBITASACH PEIIINTD HA-
11y 3aJa4y IPOCTHIM ImepebopoM; OZHAKO JOOpAaThCs A0 UeTBEPTOI IIapbl
0e3 IIOMOIIM KOMIILIOTePa — BPSIJ JIX JOCTYIIHOE YeJIOBEKY BHIUMCIICHUE.

Emié 6osiee sameuaTeibHBIM IPIMEPOM TAKOI'0 POJIA ABJISIETCSA KPUBASA
y? = x3 + 24. HeMHOro0 IOPa3MBbIIILISAB, MOHO IPUIYMATh «HeGOIbIIHE»
pelenns

P, =(-2,4), 42 = (—2)3 + 24,

P, =(1,5), 52 =13 + 24,

P; =(10,32), 322 =103 + 24.
Ha nmepssrit B3rnaz, apyrux pemrernuii (c y > 0) mver. OgHako ects emié
yeTBEpTOE pemienue P, = P, + 2P, = (8158, 736844).

Samerum, uro P; = P; — P, m 4TO paHT 9TOli KPpUBOIl paBeH 2; GoJiee
Toro, I00as parnMoHANbHAA Touka P kpusoii y> = x% + 24 mMoxeT ObITDH
npexacrasieHa B Buse P = aP, + bP,, rge a u b — mesnie yucia.
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KOHIPYSHTHBIE YHUCJIA

BepHémca kK camoMy IepBOMY IpUMepPy B KHU:KKe. IlycTh pammo-
HajbHbIe uncaa X, Y, Z — AJUHBL CTOPOH IIPSIMOYTOJbHOTO TPEYTOJbHU-
ka. Hecmorpsa Ha TO, uTo (popmy.isl (3'—4') OblIM BbIBEAEHLI HAMHU AJIS
I[eJIbIX pelieHuil ypaBHeHua X2 +Y?2 = Z2, OHU TOAATCA U [JI4 BCEX PAIl-
OHAJILHBIX PEIlleHN, HaJI0 TOJBKO UMCJIY 7 PA3PEIIUTh IPUHUMATD JIIOObIe
panoHAJIbHbIE 3HAUEHUS,

HazoBém pamunoHaabHOE YWUCIO S KOHZPYIHMHBLM, €CIIU CYIIEeCTBYET
MPAMOYTOJBHBIN TPEYTOJbHUK MJIOMIAN S C PAIlMOHAJBHBIMHU JJIUHAMU
CTOPOH.

BosHuKaeT eCTeCTBEHHBIN BOIIPOC: KAK BBIACHUTD, SIBJIAETCS JIN HAH-
HOE YKCJIO KOHI'PYSHTHBIM? 3amaua OIMMCAHUSA BCeX KOHTPYSHTHBIX UM CEJT
IIPUBOJUT K IJIYOOKHM M COIEPIKATEJIbHBIM T€OPEMAM U F'MIIOTE3aM aJjire-
Opamueckoii reomerpun. MbI Kak ObI yKe 3HaeM OTBET, HO eIlé He yMeeM
ero MOJIHOCTHIO 000CHOBBIBATh. OAHAKO PO HEKOTOPHIE UKCJIA U3BECT-
HO (¥ IOKA3aHO), YTO OHM KOHTPYIHTHBIE, 4 PO HEKOTOPHIE, UTO OHHU HE
KOHTPYSHTHBIE.

Hampumep, MmJIOIIAAL €rHIETCKOTO TPEYrOJbHUKA (CO CTOPOHAMM
3, 4, b) paBHa

1.3.4=
534 6,

Tak 4To 6 — KOHTPYIHTHOE YKUCJI0. UyTh CIOKHEe IOKAa3aTh, UTO YUCJIO
ABJSAETCS KOHIPYSHTHBIM. IIpoBephTe, UTO ILJIOLIAAb MPAMOYTOJILHOTO

Tpeyroapanka co croporamm 5, 20 41 papya 5.

2> 3’6
H 38% (Jitnep). IMoKakuTe, UTO YMCIO 7 TOXKE SABJISAETCS KOHI'DYIHT-
HBIM.

BaMeTuM Temeps, YTO eCJIU YHCIO0 S KOHTPYSHTHOE, TO U YHCJIO0 SI2 KOH-
TPY9HTHOE IIpU JII0O0M PaIOHAJIBLHOM [, IOCKOJBKY TPEYTOJbHUK ILIO-
magau sl? moaydyaeTcs M3 TPeyTOALHUKA ILTOMAAN S YBeTHUEeHHEeM BCeX
cropoH B [ pa3d. Tak kak % =mn- B JaJIbHEHUIIIeM HaM JOCTATOUYHO

2 9
n
paccmaTpuBarTh 1eJibie uncia. 1o Toii ske mpuunHe OyeM paccMaTpUBaTh
TOJILKO YMCJIa, CBOOOJHBIE OT KBaJPATOB.

Teopema ®Pepma. Hucio 1 He KOHTPYIHTHO.

HoxasdaTteabcTBo. JlomycTuM, 4TO 4ncao 1 KOHTPYSHTHO. ITO
03HAYAET, YTO CYII[ECTBYET IPAMOYTOJbHBII TPEYTOJbHUK C I[EJIBIMU AJIH-
HaMu CTOPOH @, b, x (X — HJWHA r'MIIOTEHY3HbI), ILJIOIA1b KOTOPOrO PaBHA
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%ab = yz, Y — IeJioe YuCcJio (ACHO, YTO MOYKHO BBIOPATh @ 1 b Tak, YTOOHI

TOJILKO OJJHO U3 HUX OBLIO 4éTHBIM). IIpeo6pasyem Beipaskenue x* — 16y4:
x* — 16y* = (22 — 4y?)(x? + 4y?) = (2% — 2ab)(x? + 2ab) =
= (a® +b? — 2ab)(a® + b® + 2ab) = (a — b)?*(a + b)?.

Urak, eciz 1 — KOHTrpysHTHOe umcio, To ypaBHeHme x* — (2y)* = u?

MMeeT PeIleHre B IeJbIX IOJOMKHUTEJIbHBIX YMCIaX (YHCJI0 U HEYETHO).

Bribepem cpenu BceX HEHYJIEBBIX PEIIEHUT C HEUETHBIM U TaKO€e PellleHne

(xg> Yg» Ug)» B KOTOPOTO |u| MUHUMaNBbHO. Ywucna x,, Yo U U, Iomap-

HO B3aWMMHO TPOCTHI: ecjin Obl KaKue-HuOyIb 1Ba M3 HUX MMEJU OOIIUM

IIPOCTOM AEJUTENb P, TO U TPEThE YMCJIO JeJUJI0Ch Obl HA p (Mpuuém yuc-
X0 Yo Yo

JIO U JeJIUJIO0CH OBI Javke Ha p?), a Jd pellleHu A <7, D2 ) 3HAUYeHUe |U|
D

MeHbIIIe.
4 _ 4 2

IIpumenasa dopmynsl (4) K paBeHCTBY X; = (2yy)* + ug5, momydaem

x2 = m? + n?, (2y,)?> = 2mn (B HameM ciyuae uncna xz, (2y,)? u u,

HOTIapHO B3aMMHO TIPOCTHI 1 (2y,)? U6THO), T/ie m U n — B3aWMHO IIPOCThIe

Ymcsia, O4HO U3 KOTOphIX (0ygeM cuuraTh, 4TO 1) 4éTHO. U3 paBeHCTBa

(2y,)? = 2mn cnenyer, uto m = m%, n= Zn%. U3 pasencrsa x3 = m? + n?

cIeyer, uTo Xy = ma + n2, n = 2myn, = 2n%, m = m2 — n3 = m3, rae my,
U ny, — TaK’Ke B3AUMHO IPOCTBIE YKCJIA, OSHO U3 KOTOPBIX YETHO, IPUIEM
U3 II0CJIE/JHETO PABEHCTBA SICHO, UTO N, uéTHO. Ilosmyuaem: my = m3, ny =

= n2 4 _ =2 U’ & g —
ng U ms — ng = mi. TaK KaK N 4ETHO, (M3, 5> My pellteHHe

ypasHernnsa x* — (2y)* = u? B menBIX UMCNAX CO 3HAUEHHUEM |u| MEHBITIM
ueM |uyl:

+
ug = |m? = n? > 2m—1=2m?~1 m |my </ ltl <y

upu |uy| > 1. Cayuaii |uy| = 1 TpuBuaseH.

Teopema goxasaHa.

IIprumeHEHHBIN MeTO I LOKA3aTeJILCTBA HA3BIBACTCA Memodom 6ecko-
HeYH020 CNYCcKa v IOMOTAEeT PEIIUTh MHOTHTE 3ajaYy TEOPUYU YNCEJI.

39 (Benukasa Teopema PepMma IJid ITOKA3aTeNA UETHIPE). ¥ paBHEHUE
H x* + y* = z* He uMeer pemeHMit B IETBIX MOJOMKHUTETHHBIX YHCIAX.

KOHIPYSHTHBIE YHCJIA U JIJIMIITUYECKUE KPUBBIE

3amMeuaTesbHO, YTO 3a/laUa O KOHIPYSHTHBIX UMCJIAaX SKBUBAJEHTHA
BOIIPOCY O paHTe HEKOTOPBIX JIMITUYECKUX KpuUBbIX. IIycTh S — KOH-
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IPYSHTHOE YUCJIO, T. €. § — ILIOWALH IPAMOYIOJIBHOTO TPEYrOJIbHIKA C
paIlMOHAIbHBIMU KaTeTaMu a U b U TUIIOTeHy30ii ¢, ¢? = a? + b2, s = %ab

(cumraem s mEJBIM YKUCJIOM, CBOOOAHBIM OT KBaaparos). ComocraBum yu-
CJIy § 9JLIUNTHYECKYIO KpuByio E,, 3aJaHHYIO ypPaBHEHIEM

3 _s%x = (x — s)x(x + s).

.
(5 -2) (5 (5 +2)-

2
_ c2—2ab, (g>2,62+2ab _ (a—b)z(g)z(a-i-b)z
4 2 4 2 2 2 :

Taxkum obpazom,

P:=u;yy=(<%f,a2b.%.a;b)

— panuoHaJbHAaA TOUKA.
Takske Ha kpuBout E; me:xar Touku Py, = p; P, P,
= (-s,0), P, =(0,0), P; = (s,0). 9Tu Tpu Tou-
KU CYTh TOUKHM MOPAAKA 2, TaK KaK KacaTesb-
Hble K KpuBO#l E B 9TUX TOUKaX BePTUKAILHBI
(puc. 14).
OxkasbiBaeTcs, BEpHA Cjeayroasa Puc. 14

y'=x

IloacraBuM B 9TO ypaBHEHHE X = (

\C]1eY

2

Y

8

Teopema I. Ha xpuBoii E;, numMeeTcad POBHO UeThIpe DAIlMOHAJbHBIE
TOYKYW KOHEYHOTO Nopsaaka: Touka 0 u Tpu Touku nopanka 2.

Jra TeopeMa BechMa CIOKHA. B eé mokasaTesibCTBe, IPUBEAEHHOM
B NPUJOKeHun 1, MBI HUCIOJb3yeM apu(GMeTHKy OCTATKOB II0 MOZYJIIO
P ¥ BaXXHYIO TeopeMy upuxje o0 IMPOCTHIX YUCJIAX B apudMeTHUECKOMn
IIpOTpeccuu, KOTOPYIO MEI He JOKAa3bIBaeM.

SameruM, uTo KpuBaa Eg coBnajaer ¢ kpuBoi us 3agauu b. Tak uro
3a0HO MbI BLIUMCJININ KPyUeHre U HA 9TOW KPUBOIi.

W3 Tteopemsl I caengyer, uTo HalileHHaA HAMU TouKa P mMeeT 6ecKo-
HEYHBIN TTOPSAA0K. Bojiee Toro, BepHa

Teopema II. Uncio s KOHIPYSHTHO TOT/[a M TOJBKO TOTZAA, KOTJa HA
KpuBoil E, mMeeTCa PAIIMOHAIbHAA TOUKA OECKOHEYHOT'O ITOPAJKA.
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JoraszaTenbcTBO. MBI yoKe 3HAEM, UTO €CJIM S KOHT'PDYIHTHO, TO
KpuBad E, comep:XuT paluoHAJIbHYIO TOUKY P GeCKOHeUHOro IMopajKa.
OpHAKO 5Ta TOUKA BEChMAa CHeIMaIbHA: €€ KOOpAMHATA X ABJIAETCA KBa-
JpaToM pamuoOHAJILHOTO uncaa. Tak uTo [Jis JoKasaTesbcTBa TeopeMsl 11
MBI JOJI’)KHBI HAYUUTCA IO MPOM3BOJbHON TOUKe Q) 6ECKOHEUHOTO 1O~
PAIKA CTPOUTH MPAMOYTOJNbHBIN TPEYTOJbLHUK C ILTOIanbio s. CHauaga
OymeM IeHCcTBOBATL «B OOPATHYIO CTOPOHY»: IMOCTPOUM IIO IMPAMOYTOJb-
HOMY TPEYTOJbHUKY C KaTeTaMu @, b, TUTIOTEHY30H ¢ U MJIOIIAIbIO S eIré
ofHYy TOUKY Ha kpuBoil E,. Kaxk MbI mokasanu paHee, CyIleCTByeT PaIyio-
HaJbHOE YMCJIO I, TaAKOe UTO

a_ 2t b_1-t
c 1+t c  1+¢
Tak xak s = %b,
s _ ab _ t(1-t%)
2 2¢2  (1+2)
CiegoBaTenbHO,

(32(1 + t2))2 = $3#(1 — t2) = st(s — st)(s + st)

C
s2(1 + t?) .
¥ palnuoHaJbHAs TOUKa @ = (— t, 7) JexXuT Ha Kpusoil E,. Ilo

Teopeme I aTa Touka nmMeeT OECKOHEUHBIN MOPAIOK, TaK KaK eé opamnHaTa
He PaBHA HYJIO.

Hao6opoT, ycts @ = (x,y) — panuoHAIbHAA TOUYKA 6ECKOHEYHOTO
nopanka. Torga y # 0 (uHaue Q — OomHA M3 TOUEK IOpPAAKA 2), OTKyZAa
x#0, x #+s. ITonoxum
s2(1+t?) _ t

y I B ’ 1+

H 40. ITocTtpoenHbie umciIa a, b, ¢ nonomnfrenbnm, PaLOHAJIBHBI U

1-¢2, ’
1+1¢2

VIOBJIETBOPAIOT ypaBHeHUAM a’ + b? = ¢2, ab =s.

Teopema Il gokasana.

WuTepecHo BBISICHUTD, KaK CBA3aHbl TouKu P u Q. OTBer maér caemy-
[o11as 3aja4a.
|| 41. Doramure, uro 2Q = —P,

3ameTum, uTo u3 TeopemMsl I u Teopembr Pepma, JOKAZAHHOM B Ipe-
JeiayiieM naparpade, cienyer, 4To paHr kpusoi K, (3aganHoil ypaBHe-
HueM y2 = x3 — x) paBexn 0.
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KOHTPYDHTHBIE YHUCJIA: OTBET

3asaua 0 KOHT'PYSHTHBIX YKCJIaX ObljIa U3BECTHA €Ilé APEeBHUM I'pe-
KaM, OTHAKO OTBET Ha Heé yJajioch c(hopMyJUPOBATH JIUIIh B XX BEKeE.
A mMeHHO, TPpUMEPHO ABAAIATEL JeT Hasald ObLI HaWeH YAUBUTEIbHBIH
KpUTEpHUil IJisd BBIACHEHUWS BOIPOCA O KOHI'PYIHTHOCTH ITPOU3BOJILHOTO
qucaa.

Kpurepuii Tannenna. HeuérHoe HaTypasbHOE YKCIIO 71, CBOOOLHOE
OT KBaZpaToB, KOHIPYSHTHO TOT/A U TOJBHKO TOr[a, KOrZa KOJUYECTBO
pelleHuil B eJIbIX YNCIaX YPaBHEHUA

n=2x%+y?+ 3222
PaBHO IOJIOBHHE KOJNYECTBA PEIIeHN B IIeJIbIX YNCIaX YPABHEHU
n = 2x%+y?+ 8z2.

YeéTHoe HaTypaJbHOE YHCJO 17, CBOOOIHOE OT KBaJPpaTOB, KOHI'DYIHT-
HO TOTJia U TOJIBKO TOT/Ia, KOrJa KOJINYECTBO PEIIEHUH B IEJIbIX YUCIaX
yPaBHEHU:A

5= 4x? +y? + 3222
PaBHO MOJIOBHHE KOJNYECTBA PEIIeHN B I[eJIbIX YNCIAX YPABHEHUA

%=4x2+y2+822.

3amMeTuM, UTO AJIA 3aJaHHOTO N UMCJIO PEIIeHUWH KaXKIOTO M3 dTUX
YPaBHEHHI HaXOJUTCS OUEHb IIPOCTO, HAIIPpUMepP I1epedopoMm.

PaccmoTpuMm HeckoJbKO mpumepoB. Ilpm n = 1 o6Ga cooTBeTCTBY-
OIUX ypaBHeHUA mmeroT 1o aea pemenus (0, +1,0). CiemoaresnbHO,
uncyo 1 He ABasgeTcss KOHrpysHTHBIM. IIpu n = 2 06a cOOTBETCTBYIOIINX
YpaBHEHUS TOYKEe MMEIOT II0 IBA PeIlleHuA, 3HAUUT, 1 YUCJI0 2 He ABIAET-
csA KOHrpysHTHBIM. Umcyao n = 34 Benér cebsa mo-Apyromy. Y paBHEHUE
17 = 4x? + y? + 3222 umeer uersIpe pemrenns (+2,+1,0), a ypaBHeHHE
17 = 4x2 + y? + 822 — Bocems pemenuii (0, +3, +1) u (+2, +1, 0). B sTom
cayuae kpurepuii TanHe 1a yTBEPKIACT, UTO IPAMOYTOJIbHBIN TPEYT0JIb-
HUK ¢ IIomaabio 34 cymecrsyer. W 3TO MeliCTBUTENIBHO BEPHO: AJIWHBI
CTOPOH OJTHOTO U3 TAKUX TPEYTOJbHUKOB PABHBI 136 15 , 353

152 T30

K coxxanenuio, kpurepuit TanHe1a He JOoKa3aH mosHOCThIO. Cero-
IHSI MBI 3HAEM JIMIIb, UTO €CJIN YHCJO N KOHTPDYSHTHO, TO BBIIOJHEHBI
COOTBETCTBYIOIME YTBEPIKICHUA O KOJMUUYECTBAX pernenuit. OOparHoe
yTBeps;KJeHle BhITeKaeT 13 HeKOTOPOU 00Ieil TuioTe3bl 00 3JLIAITHYE-
CKUX KPHUBBIX — rumore3sl Bépua m CBumHeptoH-Ilaiiepa. 9Tra rumo-
Te3a CBASBIBAET PAHT SJIJIHUIITHYECKON KPUBOM C KOJHMYECTBOM €€ TOUeK
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IO MOZYJIIO P IJIs BCEBO3MOJKHBIX IIPOCTHIX umces p. (Buiunciaenusa moka-
3prBaioT, uTo ecau n < 10000 u ynoBieTBopsieT kpuTtepuio TanHesna, To
OHO ¥ BUPAaBAY KOHTIPYSHTHO.) UTOOBI OIEHUTH CUJIYy TUIOTE3bI Bépua n
Csunepron-Iaiiepa (u caenyioneii 13 Heé HeLOKA3aHHON YaCTH KPUTEPUA
TauHeJ11a), PACCMOTPUM IPUMED.

|| 42. IIposepsTe, uto uncao 157 ynosaersopaer kpurepuio Tanuesa.

HWrak, Mbl MOKEM IIpeAIIoaraTh, 4To YMCJI0 157 KOHTPYSHTHO. OTO
IefiCTBUTENHHO TAK, OAHAKO AJIMHA TUIIOTEHY3bI CAMOTO IIPOCTOTO IIPSIMO-
YTOJIBHOTO TPEYTOJbHUKA C TAKOH MJIOIAIbI0 BEIPAYKAETCs IPOOBIO C COPO-
KAaBOCHMU3HAYHBIM UHUCIUTEIEM
(puc. 15)!

43. JTokakuTe, 4TO BCE CBO-
0omHBIE OT KBaJpaTOB HATY-
paJIbHBIE YKCJIa, JAIOIIIe OCTA-
TKH 5, 6 miau 7 npu gejaeHuun
Ha 8, yIOBJIETBOPSIOT KPHUTe-
puio Tanuemna.

224403517704336969924557513090674863160948472041
HaHpOTI/IB » AOKa3aHO, YTO 8912332268928859588025535178967163570016480830

IIpOCThIe UMCJIa, AAIOIKe OCTAa- Puc. 15

TOK 3 IpH JejleHnH Ha 8, He

YIOBJIETBOPAIOT KpuTepuio TaHHeIa 1, CIeN0BATEILHO, KOHIPYIHTHEI-
Mu OBITH HE MOTYT.

44%, Paa6eiiTe uncsa ot 1 7o 100 HA He yAOBJIETOPAIOIIE KPUTEPUIO
Tauuesna (1, CliegOBATEIbHO, HE KOHI'PDYSHTHEIE) U YIOBJIETBOPSIOIINE
(T. e. TUMIOTETUYECKN KOHTPYSHTHBIE). J[lJId MOCIegHUX MOmpoOyHTe
HAWTU COOTBETCTBYIOIINE TPEYTOIbHUKH.

IIPUAONKEHHUE 1. JTOKA3SATEJLBCTBO TEOPEMBI I

HdonycTuM, 4T0 Ha KpUBOH E ; NMeIOTCA APYTHe PaloOHAIbHbIE TOUKH
KOHEYHOTO mopagka, kpome 0, Py, Py, Pj.

45. BoaToMm ciyuae Ha E, HalAéTCA 1100 pAIlOHATbHAA TOUKA HEUET-
HOTO IIPOCTOTO MOPAJKA ', INO0 parmoHaJbHAA TOUKA MopAgKa 4.

46. Touku mopajgka 3 u 4 Ha KPUBBIX E, NMeIOT UppallMOHAIbHBIE
KOODAMHATHI,

Nrak, MBI MOXKeM IIPeAIOJaraTh, YTo Ha KpuBoi E, nmeerca TouKa
P HeuyéTHOro mpoCTOro mopsaaKa r = 3.
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Bribepem Temeph IIPOCTOE YMCIO P, TAKOE YTO 3HAMEHATEJIH KOOpP-
IWHAT TOYKH P M 4umcio S He AensATcsa Ha p. PaccMoTpuM KOHEUHOE

MHOecTBO E (p) map (x,y) OCTATKOB IpH JeJeHHU HA P, TAKUX YTO

y? — x3 + s%x penurcs ma p. JoGaBuM K MHOMeCTBY E (p) Touky 0 u

obosunaunm E (p) = E‘S(p) U {0}. Pemaroiiiee HaGII0ZjeHIE COCTOUT B TOM,
4TO HAa MHOXKecTBe E (p) TosKe nMeeTcs onepanus caoxeHus. J[leao B ToM,
YTO OIepaIysA CIOKEeHUA PaIOHAIBHBIX TOUEK Ha KpuBoi E, 3ajzaérca
HEKOTOPhIMU asrebpandecKuMu (GOPMYJIaMu, BBIPAMKAIOIINMYU KOODAU-
HaThI CYMMBI TOUEK Uepe3 KOODAWHATHI caaraemMbix. MbI aTu ()OPMYJIBI
He BBIMMCHIBAJIN, OHU JOBOJIBHO CJIOJKHBI; [IJI HAC ceiiuac BayKHO JIWIIb
TO, 4TO 3TU (POPMYJIBI CYIIECTBYIOT. OTHU Ke cambie ()OpPMYyJIbI UMEIOT
CMBICJ M IJIA apu(pMeTuKu OCTaTKOB IO MOAYJIIO P: B aToi apudmeTuKe
MBI TOKE yMeeM CKJIa[bIBATh, BBIUUTATH, YMHOXKATH U AeauTb! CBoiicTBa
CJIOXKEHUSI — KOMMYTATUBHOCTH, ACCOI[MATUBHOCTH — CBOAATCS K He-
KOTOPBIM aare0panyecKuM TOXKJECTBAM U MOITOMY COXPAHSIIOTCS W I
CIIO’KEeHUA «TOoueK Io mMoxyiio p». Hrak, Ha MHOMKecTBe E (p) umeerca
CJIOJKeHUe, KOTopoe o0JiaziaeT BCeMH CBOMICTBAMU OOBIYHOTO CJIOYKEHMA.
OTHOCHUTEJBHO 3TOTO CIOKEHUS BCe dIeMeHThI E (p) ABiAI0TCA TOUKAMU
Kpy4YeHHusd, Tak KaK caMO MHOXKeCTBO E (p) KOHeuHO. 3aMeTHM, 4YTO
9Ta KOHCTDPYKIIUA He paboTaeT B ciiyuyae, KOTja S JeJIUTCA HA P, IO TOH
JKe IpUUYMHE, IO KOTOPOH HET CJIOYKEHUs Ha 0COOBIX KPUBBIX TPEThEN
creneHu: meraer «ocobas Trouka» (0, 0).

PaccmoTpum TOUKy P «I10 MOAYJIIO p»: 3aMEHUM YUCJIUTEJIN U 3HAME-
HaTeJIu eé KOOPAWHAT UX OCTATKAMU 110 MOJYJIIO P M BHIMIOJHUM JeieHne
B apu(dMeTHKe OCTATKOB II0 MOAYJIO p. Ilomyunm anemenT P MHOMecTBa
E,(p). Bamerum, uto rP = 0. [eiicrBuTenbHo, ToT daxt, uro rP = 0
Ha KpuBoil E,, BEIpakaeTcsa HEKOTOPHIM ajaredpamdecKuM TOXKIECTBOM,
CBA3BIBAIONIMM KOOpAMHATHI TOUuKU P. QueBUIHO, TO Ke camMoe TOKIe-
CTBO YZOBJIETBOPAETCSA IO MOAYJIIO P M KOOPAUHATAME TOUKM P. A B cmry
HAIIIeTO OIIpeZieIeHNsA CIOXKEeHUA Ha MHOKecTBe E (p) 9T0 1 03HAUaeT, UTO
rP=0.
|| 47. Hopagox Toukn P pasex r.

Urak, MbI IOCTPOUJIM MHOKecTBO E (p) ¢ onepanueii cioskenusal) u
MpUHAIeKaIyio emy Touky P mopsifka r. Cienyioiee BaskHOe HaGI01e-
HYEe COCTOUT B TOM, YTO KOJIMYECTBO 3JIEMEHTOB MHOKecTBa E (p) fenurca

1) Muo:xecTBO E (p) c omepanueil cjoKeHNA ABIAETCA IPUMEPOM KOHEYHOU abenesoll
epynnol. Abenegoil zpynnoil Ha3bIBAETCS MHOMKECTBO C OIePALell CIOKEeHN s, YAOBIETBODS-
IOIeil CBOMCTBAM CJIOMKEHuUs a)-T), cM. c. 20.
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Ha r. [leficTBuTesbHO, Pa306béM MHOKeCTBO E (p) Ha Kiacchl 9KBUBA-
JICHTHOCTHU CJeAYIOIIUM 00pa3oM: CKasKeM, UTO TOUKH Qq, &y = E (p)
9KBUBAJIEHTHHI, eciu Q; — Q, = mP 114 HEKOTOPOTO LeJIOTO YHUCIA 1ML.

48. IIposepbTe, UTO eciu @; SKBUBATIEHTHA Q,, & @y S9KBUBAJIEHTHA
Q3, TO @, DKBUBAJIEHTHA Q3 1 Q5 PKBUBAJIEHTHA Q.

49. Kaskasiii Kjiacc 9KBUBAJIEHTHOCTH COIEPIKUT POBHO 7" 3JIEMEHTOB
E (p).

Ecim ¢ — KoJIM4ecTBO KJACCOB 3KBUBAJIEHTHOCTH, TO KOJAYECTBO
aJleMeHTOB E (p) paBHO qr 1, B YaCTHOCTH, JeJHUTCA Ha r. YToOHI IpuiiTn
K IPOTUBOPEUHUIO, JKEJIATEeJIbHO HAYUNTHCA BHIUMCIISTD YKMCJIO 3JIEMEHTOB
E (p). OxassiBaercs, Ay «IPUMEPHO IOJOBUHBI» IIPOCTHIX YHCEJ 9TO
JIETKO CHeJIaTh.

50%. Ilycts p maér ocraTtok 3 mpu menennu Ha 4. Torga KoamuecTBo
2JIeMeHTOB B E (p) paBHo p + 1.

Hrak, MBI MOKa3aJIu, YTO YMCJIO I JOJIIKHO AeJINTh Bce unucaa p+1, rae
p — upoctoe uucJio Buga 4k+3, He fessiee S U 3HaMeHaTeJIed KOOPAUHAT
TOYKHU p. IATO ysKe MaJi0O MPaBAOIOA00HO, TaK KaK MMeeTcsa OECKOHEYHO
MHOTO IIPOCTBIX umces Buga 4k + 3 u 6b110 Obl YAUBUTEIBHO, €CJIH ObI
BCE DTH YMCJIa, KPOMe KOHEUHOTO YKCJIa, II0CJe IpubasiaeHnsa 1 Jeaninch
Ha OJHO ¥ TO 2Ke mpocToe uncao. OZHAKO AJIA TOTO0, YTOOBI JATh CTPOTOe
JOKAa3aTeJIbCTBO HEBO3MOYKHOCTH TAKOTO SIBJICHUS, HYKHO MCII0JIb30BATH
3aMeuaTebHyIo Teopemy JIupux.e.

Teopema [Jupuxiae. Kaxxnas apudpmernyecKkas MpPorpeccus C Iesbl-
MU B3aMMHO IPOCTHIMU HAYAIbHBIM YJI€HOM ¥ PA3HOCTBIO COIEPIKUT Oec-
KOHEYHO MHOT'O IIPOCTBIX YHCEeJI.

51. Jlokaxure, UTO CYIIECTBYIOT OECKOHEUHO MHOTO ITPOCTHIX UMCEJT
Bunaa) 4k+3, 6) 6E+5, B)* 4dk+1, r1)* 6+ 1.

B uacTHOCTH, TTOCKOJBKY ' # 3, UMeeTcsi OECKOHEeUHOe UYKCJIO IPOo-
CTHIX umces Bujga p = 4rk + 3, k — muenoe uuciao. Hop +1 = 4rk + 4,
OUEeBMIHO, HE JEJUTCS Ha . ITO MPOTUBOPEUNe JoKasbiBaeT Teopemy 1.

IIPUJIOXKEHHUE 2.
BEJIHNKASA TEOPEMA PEPMA H IIPOBJIEMA JMJIEPA

B mHauaje 9TOM KHMIKKHW MBI OIIVICAJIM BCE€ HATyPAJbHBIE DEIIEeHUS
ypaBHeHud X2+Y?2 = Z2, Dry 3azauy pelliiIy elé MaTeMaTUKH IJIy60Koi
npeBHocTtu. B XVII Beke IInep Pepma npesIronoKui, UYTO y YPaAaBHEHUA

Xr+Yr=2"
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OpH n > 3 HATYPaJbHBIX pelneHuil Her!). Bosee Toro, eMy Kasajoch,
YTO OH YMEEeT 3TO JOKA3bIBaTh. B TeueHue Gojiee ueM TPEX BEKOB MHOI'HE
yUEHBIE IBITAJINCH JOKA3aTh 3TO YyTBEPIKJeHEe, HA3hbIBAeMOe BeJINKOI T€0-
pemoit @epma. ITU MOTMBITKY OKA3aJIUCh NCKJIIOUUTEIBHO TIJI0JOTBOPHBI-
MU, 6JIarofapsa UM BO3HUKJIA 00JIbIIAA YACTh COBPEMEHHOM TeOPUM YKNCEL.
Ho Treopema @epma npogosskaiia nepskatk 060poHy. KpemocTs mana mon
IPYKHBIMHU yAapaMu MHOTHX 3aMeuaTeJbHbIX MaTeMaTHKOB BCETO MUPA.
CoBceM HeZlaBHO BesnKadA TeopemMa @epma Obl1a OKOHUATEIBHO JOKa3aHa
Iuapio Yaitncom. J[0Ka3aTeabCTBO MCIIOJb3YyET OUEHb-OUEeHb I'TYOOKYIO
TEOPHUIO TeX JKe BJLINITUYECKNX KPUBBIX.

Haunnaercsa oHo npuMepHO Tak: nycth A" + B" = C"; mocTpouM 5JI-
JIMITUYECKYIO KPUBYIO

y? = x® + (A"B" — A"C" — B"C")x + A"B"C".
Jajee nayuaioTca CBOMCTBA 9TOM KPUBOIl, 1 OHU OKA3BIBAIOTCA CTOJIB I10-
Pa3uTEeTbHBIMH, YTO TAKUX KPUBBIX HE CYII[€CTBYET.

Benukwuit marematuk XVIII Beka JleoHapa Odijiep mepBbIM J10Ka3a
OTCYTCTBUE HATYPAJIBHBIX pelneHuil y ypasuenua X° + Y3 = Z3 (zaga-
ya 0 TPEx Ky6ax) M IPeAIIONOKII, UTO ypaBHeHUa X* + Y4 + Z4 = T4,
X5+ Y®+ 25+ U® =V5ur. 1. TakKe He UMeIOT HATYPAIbHBIX PeIleHHUT
(3amaum 0 YETHIPEX YETBEPTHIX CTEIEHSX, IATH IATHIX CTEIeHAX U T. I.).
9ra mpobJyiemMa CTONKO IPOTUBOCTOSJA YCUINAM MaTeMaTUKOB BILJIOThH [0
IMOSABJIEHNSA BBIYMCAUTEIbHBIX MamnH. Ha 3ape KOMIbIOTePHON TeXHUKHU
OBLII HaMIeH KOHTPIIPUMED [JIs IISIThIX CTEIeHeH:

275 +84° + 1105 + 1335 = 144°.

3azaua 0 4eTBEPTHIX CTENEHIX OKasajach MHOTO TpyaHee. IloOema ObI-
JIa OJlePsKaHAa C MOMOIIBI0 YMEeJIO KOMOMHAIIMN METOIOB TEOPHUHU PAILHO-
HAJIILHBIX ¥ 3JUINITUYECKNX KPUBBIX C KOMIILIOTEPHBIMY BEIUMCICHUSIMUA.
Hoywm 9ikuc HaAIIé1 KOHTPIPUMED

2682440* + 15365 639* + 18 796 760* = 20615 673*.

Bcekope Ha 6oJiee MOIITHBIX KOMIIBIOTEPAX OBLI HAWEH APYTroi, MeHbIIINHA
KOHTpPIIpUMED:

95800% +217519* + 414 560* = 422 481%.

1) Teopema @epma s moKasaress 3 6bLa cHOPMYIHPOBAHA €IE apaGCKIM MATEeMaTH-
KoM anb-XymxaHau B X Beke, BeKoM mo3zxke Omap XaiiaMm oTmMeuas, 4TO JOKasaTh €€ He
yzaércs.
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Vzea cOCTOUT B TOM, UTOOHI O PACCMOTpPEHUA moBepxHOCTH F ¢ ypas-
menmem x* + y* + z* = 1 pacemoTpers Gosee mpocTyio mOBepXHOCTH F':
x*+y*+ 2 =1. Ecau ma F nMeerca paluoHAIbHAA TOUKA (X, Y, 2), TO HA
F’ ecTp panmonanpHas Touka (x, y, t), rae t = z2. IloBepxHocTs F! ynaérea
IPeICTAaBUTh B BUJEe O0befNHeHNA PAOHANBHBIX KPUBBIX, T. €. INIOCKHX
KPHUBBLIX BTOPOTO MOPAAKA. JlesaeTca 9To TaK: PACCMOTPUM IOBEPXHOCTD
F", sajanuyio ypaBHEHHEM

(u? + 2)v? = —(3u? — 8u + 6)w? — 2(u? — 2)w — 2u.

IIpy puKCHUPOBAHHOM U MOIYydYaeTCA PaluoOHAIbHAA KpuBada F),. 3ameHa
x=w+v,y=w-v, t=ulx+xy+y>?+x+y)+1—(x+y)? nepe-
BOOUT IMOBEPXHOCTL F' B moBepxHoCcTh F”. Teopema Jlesxaugpa (B cierka
M3MEeHEHHOM BU/le OHA BepHA U AJId 1100011 Heoco00#l pariuoHaJIbHON KpU-
BOIl BTOPOTO MOPSAAKA) JaéT HAM HEOOXOJMMOe W JOCTATOUHOE YCJIOBUE
CYIIleCTBOBAHUS PALVIOHAJIBHON TOYKHU HA KpuBoil F,. Bossmém Temeps
kpusyio C', IMeIOIIYIO PaliOHAIbHYI0 TOuKy. [Ipoo6pas C kpusoii C' Ha
nmoBepxHOCTU F OoKaspIiBaeTcd amunTUueckoir kpuBoii. Ha He#t m Hamo
nckath Touku. IIpoBepsem paspelinmMocTh ypaBHeHus: KpuBoi C B ocTaT-
Kax IIpU leJIeHNU HA He0OJIbIIIre IPOCThIe Yncia. Y TOIbKO eciiu 1Jid Bcex
TAKUX IPOCTHIX YWCEJ PEIeHUsA eCTh, UIEM PAllMOHAJIbHOE PellleHrne Ha
KOMIIbIOTEpE, JTO 3HAUUTEJIHHO YMEHbIIIaeT mepedop.

WHTeEpecHO, UTO HA CAMOM JeJie PAallOHAJIbHBIX DEIIeHNH ypaBHEHUA
x*+y*+2z* = 1 oueHDL MHOTO: CKOJIb YTOAHO OJIM3KO K JTI000MY BellleCTBeH-
HOMY PELIeHUIO UMeeTCA KaKoe-TO PaImruoHaIbHOe.

IIPUJOXKEHUE 3. IIN®ATOPOB KHPIINY

3amauy o mudaropoBbIX TPEYTOJHLHUKAX MOKHO cHOPMYJIUPOBATH
yyTh uHaUe. Ha30BEM MPAMOYTOJbHUK NU@A20p0o8bLM, €CIU AJIUHBI €T0
cropon X u Y, a Tak:Ke AJIMHA €T0 I1-
aroHasim Z — meJsble unciaa (puc. 16).
B Takoit popmyupoBKe 3aaua
HMeeT eCcTeCTBeHHOoe O00o0IeHue.

Puc. 16
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Haszosém nugazoposvim kKupnuwom TPAMOYTOJBHBIA IapasjieJIeunesn,
Takoil uto ero péopa X, Y, Z, auaroumanu rpaueir U, V, W u riaBHasa
auaroHanab T — mesnbie unciaa (puc. 17). Ecau T He 06sA3aTeIbHO 1IeJIO0€,
CKa’Kkem, 4To0 9T0 ¢1abo nudaropor Kupmud.

Bor npumep ciabo nmugaropora kupnuua: X =44,Y =117, Z = 240,
mpu 3ToM moayuaerca U = 125,V = 244, W = 267.

CymectByer au xoTa O0b1 oguH nudaropo kupnuu? Kak ommcars
Bce ciabo mudaropoBsl Kupnuun? OTBeTHl YeJIOBEUECTBY HE M3BECTHBHI.

52. ChopmyaupyiitTe aTu 3ajauu Ha A3bIKe ypaBHeHuii. Kakoi reo-
MeTpUUYEeCKH# 00'beKT COOTBETCTBYET 9TUM YPABHEHUSAM ?

53. OnumiuTe Bce mapaJsuienenunens ¢ measiMu X, Y, Zu T.

54 (9iinep). IIpoBepbTe, UTO AJA JIOOOTO HATYPANBHOTO 1L > 2 KUP-
muu co croporamu X = n% — 15n* +15n2 — 1, Y = 6n° — 20n3 + 6n,
Z = 8n® — 8n cnabo nudaropos.

IIPUJOXKEHUE 4.
KAK /IHO®AHT PEIIAJI APUPMETUYECKUE 3ATAYN

MbI IPUBBIKJIN DEIlaTh 3aJaui, UCIOJIb3ysl YPABHEHUS, B KOTODPBIX
nepeMeHHbIe 0003HAUEHBI OyKBaMu, a apu(dMeTHUeCKue Onepanuy — 3Ha-
kamu. Hamo, 0q1HAKO, IOMHUTH, YTO COBPEMEHHBIE 0003HAUCHU S TIOSIBU-
Juch He TaK naBHO, B XVI-XVII Berkax. [[peBHUE K€ MaTEMATUKY UCIIOJIb-
30BaJIiu TOJIBKO cI0Ba. Bor kak [luodaHT onuchIBaeT peiieHne ypaBHeHU
x% 4+ ax? = y? (B IpaBOil KOJOHKE CKA3AHO TO e CAMOe C NCIIOJb30BAHIEM
yuces u 6YKB):

«Ha#iTu KyOmuecKkoe 4mciio, Takoe uTo, ecau K Haiitu (1iesnie) pe-
HeMy IPuOABUTH CKOJIBKO-TO Pa3 B3ATHIN KBAAPAT II€HUS YPABHEHUS
C ero CTOPOHOI, HOJYUYUTCS HEKOTOPOE KBaZpATHOE x3 + ax? = 2.
YHCJIO.

IIpeamoaokuM, YTO Ky0 MMEeT CTOPOHOM OJHY
Belllb, T. €. HMEeTCsI HEKOTOPLIA OqUH Ky0; IPeaIo-

JIO}KHM, UTO YMCJIO Pa3 eCTh IecATh, 1 npubaBum K BosbMéM, K mpuMe-
9TOMY KyOy IecATh pa3 KBaaApaT CTOPOHBI Ky0a, uto py a = 10.

€CThb HeKOTOPHIA KBAJpaT, T. €. MMeeTCA Ky0 ILII0C

IecATh KBagpaToB, PaBHBIH KBaapary. Ilpemmo- Urto6sl x° >0, HEO6-
JIOXKKM, UTO BTOT KBAZ[PAT MMeeT CTOPOHOMH Bemb,  xoxumo y> > 10x2.
KBaJpaT KOTOPOIii 60JIbIlIe JeCATH KBaApaToB, UTO-

OBl ciesiaTh YMEHbIIIEHNE BO3BMOYKHBIM. [Ipenmoso- Bosbmém y = 4x,
SKIIM, UTO €T0 CTOPOHA eCTh UeThIpe Bellll, KBagpaT Torza y? = 16x2.
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eCcTh IIeCTHAAIATh KBaapaToB. Kyb6 mpubaBuTh
JIeCATh KBaJPATOB PABHO TOT/A IIECTHAMIIATH KBa-
aparam. OrTHEMEM fAecsiTh 0O0IMX KBAApaToB,

OCTaHeTCA IecTh KBAJPAaTOB, KOTOPhIe PABHBI Ky- Ilonyumm 6x2 = x3.
0y. Ilomenmm sTO Ha KBaapaT, MOJYUYUM OJHY

Belllb, paBHYIO IlecTu eguuuiamMm. Ky6 ects iBectu  Haxomum x = 6.
IeCTHAAIATb, KBaJpaT €ro CTOPOHBI €CTh TPUA-

IIaTh IIeCTh; AECATh pPas 9TO IOcJenHee eCTh Tpu- JleficTBUTENBHO,
cra mectbaecAT. [lobaBasaa ux K KyOy, moaydaem 63 = 216,
IIATHCOT CeMbIECAT IIeCTh, KBaapaT, CTOPOHA KO-

" 62 = 36,
TOPOTO PaBHA ABAAIIATUA YETHIPEM.
Taxum oO6paszom, MbI HAIILINA KyOMUYECKOe UN- 10- 62 = 360,
CJI0, TAKOe UTO, ecau K HeMmy A00aBuThL gecaTb 63+ 10.62 =
pa3 KBaagpaT ero CTOPOHLI, IIOJIYUYUTCS B Pe3yJIbTa- =576 = 242,

Te CJIOKEHUS KBAaAPAaTHOE YKCJIO; 3TO €CTh ABECTHU
IIeCTHAAIATD, T. €. CTOPOHA ero eCTh MmIeCTb., UTO
¥ TpeboBaATIOCh HANTH » .

Temneps nompo6yemM BOCCTAHOBUTH OOIIIUI METO/T, KOTOPBHIM HOJIb3yeT-
cst [JnoanT 1 KOTOPOMY OH IBITAETCH O0YUUTH UM TATEJIA.

Ilosmoxkum y = tx, roe t — ILejioe YHCJIO0. ¥YpaBHeHUe IMepelnuIlneTcs
rak: x3 + ax? =t?x%, r.e.x+a=1%, x=1t> —a,y = t3 — at gna moboro t
(Ouodant morpe6osa 661 emé x > 0,y > 0, T. e. t2 > a).

Hackoabko MbI 3HaeM, JluodauT He IOHUMAJ, YTO yPaBHEHHUE 3aJaéT
KPHUBYIO, Ha KOTOPOM HY:KHO HaWTH 1esibie Touku. I[asa aToro Tpebyercsa
MMOHSTHE KOOPAUHAT, mosiBuBIieecd Buepsbie y [lekapra B XVII Beke. Oxn-
HaKO MBI cpasy y3HaéM IpoBeJeHNre MPAMBIX uepe3 ocooyio Toukry (0, 0)
kpusoii y? = x3 + ax?.

OTBETbBI, YVKA3AHHSA, PEITEHUSA

3.0rBeT:

(3, 4, 5), (18, 24,30), (24, 45,51), (39, 52,65), (13, 84, 85),
(6, 8,10), (16,30, 34), (20, 48, 52), (32, 60, 68), (36, 77, 85),
(5,12, 13), (21, 28, 35), (28, 45, 53), (42, 56, 70), (40, 75, 85),
9,12, 15), (12, 35, 87), (33, 44, 55), (48, 55, 73), (51, 68, 85),
(8,15, 17), (15, 36, 39), (40, 42, 58), (24, 70, 74), (60, 63, 87),

(12, 16, 20), (24, 32, 40), (36, 48, 60), (21, 72, 75), (39, 80, 89),
(7,24, 25), (9, 40, 41), (11, 60, 61), (45, 60, 75), (54, 72, 90),

(15, 20, 25), (27, 36, 45), (16, 63, 65), (30, 72, 78), (35, 84, 91),

(10, 24, 26), (14, 48, 50), (25, 60, 65), (48, 64, 80), (57, 76, 95),

(20, 21, 29), (30, 40, 50), (33, 56, 65), (18, 80, 82), (65, 72, 97).
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5. 0rser: a) X = (16m2 +n2)r, Y = 2mnr, Z = (156m2 — n?)r; 6) X = 9mnr, Y =
= 90912 — m2)r, Z = m?r, B IyHKTax a) U 6) m U n — IeJble YUCIa, I' — HOAXOAAIEe
panuoHanbHOe (3TH (POPMYIBI — TOJIBKO OAMH M3 BOBMOXKHBIX CIIOCOOOB 3ammcaTh BCe pe-
TIeHU ).

B) EqunacrBensbim pemrenunem ¢ Z = 0 siBnsierca X =Y = Z = 0. Ilycrs Teneps Z # 0.
TIpegmonoxum, uto (X, Y, Z) — pemtenne ypapHerus X2 +3Y2 = 522, npwuém uncna X, Y,
Z He UMEeIOT 00IUX IPOCTHIX AesauTesneii. PaccMoTpuM ypaBHEHUE «II0 MOZYJIIO 5»: YHUCIO
X2 npu genexnn Ha 5 Moxxet gasatb ocraTu 0, 1 win 4, a uncno 3Y2 — ocrarku 0, 2 miu 3.
CiieoBaTeIbHO, IOCKOJIBKY X2 +3Y2 genurca a5, u X, u Y geasrcs HA 5, OTKyZJa Z TOXKe
penutesi Ha 5. Ilosmyuaem mpoTuBopeune ¢ IPeANIoa0KeHneM, 410 yucia X, Y, Z He HMeroT
00LIMX IPOCTHIX JEJIUTEJIeN.

6. Ilycts (x(, o) — panmoHATBHAA TOYKA Ha KPUBOI ax?+bxy+cy? +dx+ey+f=0.
IIpoBesém uepes 9Ty TOUKY IPAMYIO C YIJIOBBIM Koaddunumentom t: y = tx + (Yo — txg).
IToncraBuM y B ypaBHeHUe KpuBoii. Ilonyunrtcs ypaBHeHUe He 0oJiee ueM BTODOI cTemeHn
A(t)x2 + B(t)x + C(t) = 0, K0odpDUIMEHTH KOTOPOTO, KaK HETPYAHO BHUAETh, — MHOTO-
WJIeHBI OT IIepeMeHHOH { C PammOHANBHEIMU Ko3(h@dumuerTamMu (IOCKONBKY Xo, Yo, @, b,
¢, d, e, [ — panuoHaNbHBIE UNCJIA). 3aMeTHM, UTO HM IPHU KakoMm t, umciaa A(t), B(t) u
C(t) He paBHBI HYJIIO OGHOBPEMEHHO, IIOCKOJBKY 3TO 03HAYAJO OBbI, YTO IIPU IIOJCTAHOBKE
Yy =tgx + (Yo — tgXy) MEHOTOUWIEH ax? + bxy + cy? + dx + ey + f CTAaHOBUTCA TOMXKJECTBEHHBIM
HyJéM. BBe€éM HOBYIO CICTEMy KOODAMHAT, B KOTOPOI npaMasa y = tgx + (Yo — tgXg) 3amaéT-
csa ypasaenueM y' = 0. B aT0i1 cucTeme ypaBHeHMe Haleit Kpusoit umeer sug F(x',y') = 0,
F — MHOrouJieH CTemeHHu He BhIIIe BTopoii; mpu atom F(x', 0) = 0, ciegosaTensro, F(x', y')
nenutcsiHay ,T.e. F(x',y) = Yy G(x', y'), rne G(x', y') — HexoTOpPHI MHOrOUIeH. BosBpatna-
fCh B IIPEKHIOIO CUCTEMY KOOPAUHAT, IMIOJIy4aeM, UTO MHOTOUJIEH ax? +bxy+ cy2 +dx+tey+f
JeTUTCA Ha MEHOTOWIEeH Y — tX — (Yo —tXg), ITO IPOTHBOPEYNT aBCOTIOTHOH HEIIPUBOAMMOCTHI
HaIeil KPUBO.

Ecnu A(t) = a + bt + ct? = 0, 10 yparerune A(t)x? + B(t)x + C(t) = 0 umeer cremess 1,
HO TaKUX 3HAUeHWI ¢ He Gostee AByX. IIpu mpoumnx ¢ ypaBHeHUe KBaApaTHoe. ONUH KOPEHb

9TOro ypaBHEHHA PaBeH X, 10 TeopeMe Buera Apyroit KopeHb paBeH 71?; —xq ). Urax,

__Bw® _ _ (7B(t) _ ) _
A(D) Xo> Y t A7) X0 + (yO txO)
— WCKOMBIe PalMOHAJNbHBIE (QYHKIUY C PAlMOHAILHEIMU Koaddunuentamu. Ocranock
IPOBEPUTH, UTO XOTS ObI O/{HA U3 HUX HEIIOCTOSHHA.
IIpeAnoI0oKUM, UTO OHU 06€ TOKIECTBEHHO TOCTOSIHHEI,
_B@®) _ (7 B() ) _
a0 =hy, t a0 2xg ) = hy.
- [‘% = 2xp mA(t)x? + B(t)x + C(t) = A(t)x? —
— 2x¢A(t)x + C(t). Ymcno xy — BCerja KOpPeHb 9TOT0 MHOrO4JIeHa, 3HaunuT, C(t) = x(g)A(t).
Ilycrs ty — KopeHs ypaBHeHu:a A(t) = 0 (BodmokHO, KomiLneKcHbIH). Torga A(tg) = B(ty) =
= C(tg) = 0, uero, Kak MOKas3aHO paHee, OBITH He MokeT. [IpoTuBOpeune.

Buauur, t(h) — 2xy) = hy, oTRyza by = 2x,

7. OrTBerT: TOrga U TOJNBKO TOrZAA, KOI4a BCe HEUETHBIE IPOCTHIE YNCJIA, BXOAAIINE B
pasJiodKeHUe YKca ¢ Ha IPOCThle MHOMKUTENN B HEUSTHBIX CTEIEHSX, SAIOT OCTATOK 1 mpn
nesieHuu Ha 4.

B pereHun 9T0i 3aja4u UCIOJL3YIOTCA PedyabTaThl 3agad 8 u 10—12.

MO3’KHO CUHTaTh, 9TO ¢ CBOGOAHO OT KBaspaToB. Ecim ¢ = x2 +y2 , 10 (cM. 3agauy 8) un-
cso —1 FonKHO OBITH KBALPATHYHEIM BEIUETOM IO MoAyJio ¢. CiefoBaTesbHO, BCe IPOCTHIE
IeJINTeNN ¢ JOJKHBI uMeThb Buz 4k + 1 (cm. 3apgauy 12).

O6paTHO, IyCcTh BCe IPOCTHIe AeINuTeIn OeCKBaAPaTHOTO YKCIa ¢ UMeloT BuA p = 4k +1
wnu p = 2 (cayuait ¢ = 1 rpusBuasnen). IIocKkoIbKy U3 PABEHCTB ¢ = x% + y% HCy = x% + y%
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crenyer ¢1cy = (X1X5 + Y1Ys)? + (X715 — X3y;)%, AOCTATOUHO TOKA3ATH, UTO JTIO6OE IPOCTOR
uncsio p = 4k + 1 mpeacTaBuMoO B BHJe CYMMEI IBYX KBaJpaTOB PAalMOHAJBHBIX Uuces (11
p=2umeem 2 = 12 +12),

IlokasaTebCTBO IPOBEAEM IO MHAYKINY. Hatlle yTBepskAeHNe BePHO AJA p = 5: uMe-
em 5 = 22 + 12; gomycTuM, OHO BepHO A8 Beex mpocThix p' = 4k + 1, p/ < p. Iloraxem ero
nis p. CorsacHo 3azade 12 HaliféTca Takoe HATYPaJIbHOE YKCJIO M, YTO m2+1 genurcs Hap,
T.e.m2+1= np. Ecau n = 1, To Bcé fokasaHo. B IpOTHBHOM ciyyae MBI MOYKEM CUNTATh,
uto |m| < g (maist 3TOrO CHAUAJIa 3aMEHUM /M €ro OCTATKOM OT [JeJIeH!SA Ha P, a 3aTeM, eCJIn
moHazoOuTCA, Ha p — m); pasymeercs, 1 < Ié Torma n < 1—27 < p. Bce mpocThle geauTtenu np
Buzna 4k + 3 BXOAAT B np (4 3HAYMT, U B 1) B YETHBIX CTEMEHAX. LIYCTB N = Ngegyy - 112, T€
Ngeexs — OECKBaZpaTHOE YNCIO0. TOTAA Ngeeyn < N < P; Bce HEUETHBIE MIPOCTHIE AEIUTEIH P’
YHCIIA Nggoy; MEHBIIE p 1 mMetoT Bug 4% + 1. 1o npeAmososKe o nEAYKINE, OHK IIPeJCTa-
BHIMBI B BIJIe CyMMBI IByX KBaAPATOB PALMOHATIBHBIX YUCEJI, CIEA0BATENBHO, Ngeoyy U 1L TOKE
npeacraBuMsl. IlycTs n = a? + b2, Ciegnyroiiee TOXAECTBO 3aBEPIIAET OKA3ATEJIBCTBO:

pe m2+1 _ (m2+1)@2+b%) _ (ma+b)?+(mb—a)? _ (ma+b )2 i (mb—a)z

a? + b2 (a® +b2)2 (a® +b2)2 a? + b2 a? + b2

HeckonbKo Gojiee TOHKHE PacCy X IeHUs IOKa3bIBalOT, YTO B 3TOM CJIyYae C ABJIAETCS

CYyMMOIT KBaZpaToOB ABYX Il eJI bl X YHCeJ.

10. HyCTL X — IIeJjioe 4uCJIo. OcraTok oT AeJIeHUu s x2 HAa p 3aBHCHUT JIUIIHb OT OCTaTKa

oT meseHUs X Ha p. IlosTOMYy, YTOOBI HATH BCce KBaAPAaTUUYHBIE BEIUETHI, JOCTATOYHO HANTH

OCTaTKHU OT AeJIEHUS Ha P YUCeJI 22, taex=0,1, ..., p— 1. 3amerum, 4TO UMCIA xu (p— x)2

10T OAVH U TOT K€ OCTATOK IIpu fesenun Ha p. Cpegu uncen 0, 1, ..., p—1 MOKHO BBIZIEINTD
-1 .

-2 map (x, p — x), opu aTom ocraéress gucnao 0. CiemoBaTenbHO, YUCIO KBAAPATHIHBIX

2
+1 .
BBIUETOB He 00JbIIe pT C zpyroii cTOpoHSI, ecan X2 u y2 [AIOT OQUH U TOT K€ OCTATOK

[OpH JeeHnn Ha p, T0 X2 — y2 = (x — y)(x + y) AeawTCa Ha P, T. €. X — y WK X + y JeJInTCS

Ha p. ITO 3HAYUT, YTO aubo x u Y, aubo x u P — Y AaIOT OJUHAKOBBIE OCTATKN DU AEJIEHUN

+1
Hap. CHelIOBaTeJILHO, YNCJIO KBaAPaTUYHBIX BBIYETOB PaBHO pT .

11. Perrenue 9To# 3ajauy OCHOBBIBAETCS HA CJIEAYIOIEM yTBEDIKICHIN.

Kwuraiickaa Teopema 00 ocratkax. Ilycte M u N — B3aUMHO IpOCThIe umca. s
JIIOGBIX YHCEJI X U Y CYIIecTBYeT YKCJIO 2 TAKOE, UTO X U 2 JAIOT OAWMHAKOBBIE OCTATKY IIPKU
nmeseHnn Ha M, a y U 2 [alOT OfMHAKOBEIE OCTATKU IpU AeseHnU Ha N.

ITycts ©(N) — 4mCI0 OCTATKOB IO MOAYJII0 N, ABIAIOMNXCA KBAAPATHYHBIMI BHIYETA-
mu o Moy N. Jloxasem, uro ecau Ny u Ny — B3aWMHO IIPOCTHIE UKcaa, TO T(N{Ny) =
=1(N1)t(Ny). s sToro mocTponM B3aNMHO OSHO3HAUHOE OTOOpaKeHue, KOTOPOe mape

(XBaApaTUUHBII BBIYET IO MOAYJIIO N, KBaJpPaTHYHBLINA BEIUET IO MOAYJIO Ng)

coTocTaBIAeT KBaJPaTUUHEIN BEIYeT 0 MoAy o Ny Ny (MBI cefiuac paccMaTpruBaeM TOJBKO
ocTaTKM 1o Kaxgomy us mogyaei). Iyers a = u? (mod N{),0<a <N, b= v? (mod Ny),
0 < b < N,. Torza, mo KuTaiicKoil Teopeme 06 ocTaTKax, HalAETCA TaKOe [[eJIOe YUCIIO 2,
uro 2 = a (mod Ny), 2 = b (mod Nj). ComocraBum mape (a, b) ocTaToK ¢ OT AeJeHUA 2 HA
N;N,. 9T0T OCTATOK HE 3aBUCHUT OT BBIOODPA 2, TAK KAK JIIOOBIE JBA 4KMCJA Z U 2, TAKKE YTO
z=2'=a(modN{)muz =2 =b(mod N,), ornmuaiorcs Ha 90, KpatHOe N{Ny. D10 1€rKo
ciefyeT u3 B3auMHOI mpocToThl Ny u Ng. JloKaKkeM, YTO OCTATOK € ABIAETCH KBAaJPATHIHBIM
BBIYeTOM IT0 MOAYyi0 N1 N,. JleficTBUTEIBHO, 10 KHTAMCKOI TeopeMe 06 ocTaTKax, HalAeTcH
Taxoe umca0 w, uTo w = u (mod N;), w = v (mod Ny). Torma ¢ = w? (mod N,), ¢ =
= w? (mod N,), a orciona, B CuIy B3auMHOM npocToThl N 1 Ny, HETPYAHO MOJYIHTH, ITO
¢ = w? (mod N{Nj). IlokaseM, 4TO IIOCTPOEHHOE HAMU OTOGDAYKEHIIE ABJIACTCHA B3AMMHO
OZHO3HAYHBIM.
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JelicTBuTEIBHO, TAK KaK IO MOCcTpoeHUo ¢ = a (mod N), ¢ = b (mod N,), pasHbIM ma-
paM BBIUETOB (a, b) GyAyT COOTBETCTBOBATEH PAa3HbIE BHIUETHI ¢. Ec/u jke ¢ — KBaApaTUUHBIH
BBIUeT 1o Moxyaio NyNy, To mape (a, b), rie a — ocraTok oT geneHus ¢ Ha Ny, b — ocraTok
oT gesieHus ¢ Ha Ny, KaK pas u OyAeT COOTBETCTBOBATH OCTATOK C.

Urak, t(N{N3) = t«(N{)tu(Ny). Orciona cienyer, ato t(M) = t(py) * ... - T(p

(cm. 3agauy 10), 4TO [Jisi HEYETHBIX IPOCTBHIX P BBIIOJHEHO T(p) = 1% = rg] + 1. Ona
2

yucJia 2 BEpHO TaKoe »Ke PaBeHCTBO T(2) = 2 = [2] +1, KoTopoe Jierko nposeputb. Ocraioch
BBIIKACATH OKOHUYATEIbHBINA OTBET: KOJNYEeCTBO KBaAPATUYHBIX BEIYETOB II0 MOLYJII0 M paBHO

(M) = ([%] +1)-...- ([%] +1),

ocranbHbie M — T(M) OCTATKOB ABIAIOTCA KBaJPATUUYHBIMYU HEBBIYETAMMU.
IToupoGyiiTe pemInTs 9Ty 3aAady AJiA IPOU3BOJBHOIO IeJsioro yncuaa M.

). M&bI 3HaeM

12. Ilsis pemeHus 9TOH 3azaum HaM moTpedyercs

Maunas reopema @epma. IIycts p — mpocToe 4ucjio, @ — IPOU3BOJIBHOE [[eJI0e YKCJIO,
He gesaiteecda Ha p. Torga a?~1 — 1 genurca Hap.

Ilycts p — HeuéTHOe nmpocToe uucao. VI3 manoi Teopembl PepmMa cieAyeT, YTO TOrga
60 a®? /2 — 1, mu6o a® 12 + 1 genurcs Ha p.

Ecnu a — HeHyJsieBOH KBaZpaTHUYHBIN BBHIYET 110 MOAYJIIO P, T. €. OCTATOK OT JEJIE€HUS
@ Ha p paBeH OCTATKY OT JeJeHMs X2 Ha p, To ocraToK or geiaenus a®P 12 ma p pasen
ocratky ot genenus (x2)P~1/2 = xP~1 ga p, 1. e. pasen 1. Buaunr, a?~1/2 _1 genurcs Ha p.
I pyrumu cjaoBaMu, HeHyJIeBble KBaJAPaTUYHbIe BEIUETHI ABJIAIOTCA KOPHAMU « YPAaBHEHU A 110
mopyio p» xP~1)/2_1 = 0. Tak kax 4nCJI0 HeHYIeBbIX KBaJPATHUYHEIX BEIYETOB PABHO p% ,
HUKaKUX APYTUX KOPHeIl y aToro ypaBHeHus HeT. Cile[0BaTeJIbHO, €CJIN @ — KBaJPaTUYHbIH
HeBBIYeT 1o Moay.Iio p, To a?~1/2 + 1 gennrca Ha p.

ITycrs Teneps a = p — 1. Torpa

1, eciup=4k+1
e-D/2 = (p_1)e-b2 = pe-v2=) b p :
4 ®-1 =1 {71, ecau p — 4k + 3.

13. OrBeT: a)Her; 0) ga, HAIPUMED, (%, %) — pelreHue.

15. Ilycts mpAMasa mepeceKaeT KPHBYIO BTOPOTO MOPAAKA B 0CO0OI TOUKe M eIlé B
oHOI Touke. [[OKaXem, 4TO TOrLa yPaBHEHUE KPUBOU AEIUTCA Ha yPaBHEHUE IPAMOI.

IlycTts, K mpuMepy, IpaMas 3agaérca ypaBHeHueM y = 0, a KpuBas — ypaBHEHUHEM
F(x,y) = 0. Muorouneu F(x, 0) oT mepeMeHHOI X MeeT KOPEHb KPATHOCTH 2 B 0CO00I TOUKe
KPHUBOIl U eIé oquH KopeHb. Ho 9T0 MHOroUJIeH cTeneHN He BhIme AByX. CiemoBaTesbHO,
F(x,0)= 0 upu Bcex x u F(x,y) nenurcs Ha Y.

U3 [oKA3aHHOrO BCIOMOTATEILHOIO YTBEPXKAEHHS I[IOJYYAeM, UTO €CJIM KpUBAs
F(x, y) = 0 BTOpPOroO moOpAgKAa HMeeT 0co0yIo TouKy, To F(x, y) = {1 (x, y)ly(x, y), Toe Iy m Iy —
JuHeWHbIe QYHKINN.

Urak, KprBas BTOPOro HOPAAKA C 0CO00iT TOUKOIT ABIsgeTCA 00beJUHEeHNEM ABYX MpPA-
MBIX, & 0co0as TOYKa — JTO TOYKA IEPECeYEHMs STHX IPAMBIX. lIoX0Kue pacCcyKIAeHus
IPUMEHNMBI K KDUBBIM TPETHET0 ¥ YeTBEPTOr0 MOPSLKOB.

O TBeT: HAa KPUBOI BTOPOro HOPsjgKa He 00JibIle OAHON 0CO0OM TOYKM, Ha KPHUBOI
TPeThero MopsAAKa — He GOoJIbIIe TPEX, Ha KPUBOM YeTBEPTOro MOPAAKA — He GOJIbIIe IIIeCTH
(B mocyiefHEM ciyuae MOKHO BOCIIOJIB30BATHCA TAKUM (DAaKTOM: Uepes JiIoOble IMATH TOUEK
IJIOCKOCTH IPOXOAUT KPUBAsi BTOPOro mopsinka). Bo Bcex caydasx KpuBasi ¢ HAHGOIBIIAM
UMCJIOM 0COOBIX TOUEK — O00'beJUHEHNEe HECKOJbKUX IPAMBIX.

16. OTBeT: ma, moxker. Hanmpumep, o0befuHEHNE YETHIPEX IPAMBIX, IBE I3 KOTOPBIX
napaJiebHbl.
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19. Orsem: y3+3xy? —x3 —3x2 —3xy—3y2+3=0.

IIpoBepbTe, YTO 3TO ypaBHEHUE 3a4aET 00beAMHEHNE TPEX NPAMBIX, IPOXOLAIINX de-
pes ToukH (X1, Xy), (X9, X3) u (X3, X1), TAE X1, Xy, X3 — KOPHU MHOTOUJIEHA 2 -8x+1=0
(oHn uppanuoranbHbl). OCOOBIMU TOYKaMU 9TOH «KPUBOI» sBasOTCA (X1, X3), (X9, X3) H
(x3, x1)-

21. a) Orser: mpmayfays +agBayr +asfiye —a1Paye —a2Piys —asPayr # 0.

22. Ilycts (xg, Yg) — ocoﬁaﬂ Touka. [lys BEPTHKAIBHON OPAMOR X = X(, Y = ¢ KpaT-
HOCTb KOpHSA { = y, ypaBHeHHs t2 — xg —axg—b= 0 MOKET PaBHATHCH 2, TOJIBKO €CJIN
Yo = 0. B aTOoM ciyuae x, — KOpeHb ypaBHe}mﬂ x3 +ax+b = 0. PaccMoTpuM Temeps
npaAMyio X = xg + ¢, y = 0. YpaBHeHuE (xo +1)3 + a(xg +1t)+b=0cyuérom xg +axg+b=0
LepelnchIBaeTCs B BuAe 15 + 3x0t2 + (3x0 +a)t = 0. Kparaocrs IcopHﬂ t = 0 gosKHA OBITH
6ouibmre 1, moaTomMy a = 73x0 Ho;(c'raBJmﬂ X = X B ypaBHEHHIE X 73x(2)x+b = 0, mosryuaem
b= 2x0 CienoBatensHO, A = 4a3 + 2762 =

ObparHO, mycts A = 0. Torga (BTO MOKHO J0KAa3aTh, UCIOJIb3YS Teopemy Buera)
ypaBHeHUe x3 +ax+b = 0 umeer KpPaTHBIH KOpDEeHb X. Honc'raBnM x = xo + ¢t B aTO

ypaBHeHue; t = 0 iBJIA€TCA KPATHBIM IcopHeM HOBTOMya = 73x0, Torgab = 2x0 IToxaskem,

uTo (xg, 0) — ocobad TouKa poBon Y2 =x%— 3x0x + 2x0 IToncTaBiAs B ypaBHEHNE KPUBOH
x = xo + ut, y = vt, mosyuaem v 212 = 3xgu 2t2 + 313, 1. e. t = 0 — KOpEeHB KpaTHOCTU He
MeHee 2.

23. OrBer: npn4(b7%)3+27(c7 %b+%)2 =0.

4a3 443
25. O TBeT: TOrga M TOJBKO TOrga, KOIZa 1 = 2 .
4a3 + 2702 403 + 2702

26. BBeném HOBYIO cHCTEMY KOODAMHAT, B KOTopoii mpamasa M (x,y) = 0 6yzer ockio
abcmuce u, ciaes0BaTesIbHO, OyzeT 3agaBarbea ypapaerneM y = 0. B HOBBIX mepeMEeHHBIX
muorounes Fy(x, y) npumer Bug G(x', y') (crenens murorounena G, 04€BUAHO, TOKE HE BBIIIE
Tpéx). Muorousner G(x', 0) cTemeHu He BBIIIE TPEX UMeEET UeTHIPE PA3JINYHBIX KOPHS U, 3HA-
YUT, TOXKIECTBEHHO PaBeH Hy0. [Ipyrumu ciaosamu, G(x', y') nenurcs ua y'. Bosspamasch
B CTapyIO CHCTEMY KOODAHUHAT, IIOJYIAEM yTBEPIKACHIE 3a4aq.

27. Yk a3z aHUe: OTHOCUTEJbHO IEPeMEHHOII i Pa3HOCTE (7) IMeeT CTeIleHb He BBIIIE
IBYX.

34. Ycnosue 3P = 0 paBHOCHiIbHO 2P = —P. Ilo onpenenenu:o Touku 2P 5To o3HaUaeT,
YTO TPEThs TOUKA [IePECeueHusi KPUBOM ¢ KacaTeJIbHON, IPOBEAEHHON B Touke P, coBmazaer
¢ camoil Toukoit P (cMm. puc. 12, 2). Taxue TOYKU Ha3bIBAIOTCA
mouranu nepezuta. Touxku mepernGa Kpusoi y2 = x3+ax+b — o0
B TOYHOCTH Te TOYKH, e 00paIiaeTcs B HyJIb BTOPAS IPOU3BOLHAN
dyurmun y(x) = Vxd + ax + b.

dununTudeckasi Kpusas B (popme BeitepinTpacca Bcerga co-
[EePIKUT BOCEMB TOUEK Ieperunda ¢ KOMILJIEKCHBIMI KOOPAUHATAMH,
HO TOJIBKO JBe U3 HUX MOT'YT UMETh Bell[eCTBeHHEIE KOOPAUHATEI.

35. IlycTh paHT KpUBOii OosbIe HyiA. Torga Ha Hell uMeeTcs

Puc. 18 panuoHAaIbHAA TOYKA P 6ECKOHEUHOro MOoPsAAKa (JIMHENHO He3aBu-
cuMmas cama ¢ co0oit) 1, Cae0BaTeIbHO, UMEeTCs1 06CKOHEUHO MHOI'O
panmuoHaJbHBIX TOYEK .., —3P, —2P, —P, P, 2P, 3P, ... IlycTs paHT KpHUBOI paBeH HYJIIO.

3rto O3Ha4vaeT, 4TOo nobast panuoHaJbHaA TOUKA He ABJIAETCH JINHENHO HeBaBHCHMOﬁ, T. €.
ABJIAETCA TOUKOM KOHEYHOIO nopAnKa. O,C[HaKO Ha BTN TUYECKOH KpI/IBoﬁ nMeeTcsd JINIIb
KOHEYHOEe Y1 CJIO PAIlNOHAJBHBIX TOYEK KPDy4YEeHHUA.

36. a) Orsem: P; = (0,0), —P; = (0,—1), 3P; = (—1,-1), —3P; = (-1, 0), pue. 18.

43. Yk a3 aHue: o6a ypaBHeHN:A U3 Kpurepus TaHHE 1A HEe IMEIOT PEeIleHnH.
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44. B rabaune 1 Boaie kaykporo us yuces ot 1 1o 100, sBisironierocsi 6ecKkBagpaTHbIM,
3amncaHbl Yepes THpe KOJNYecTBa PellleHul ypaBHeHni nu3 Kputepus: TadHe/ 14, BO3Je Yn-

ceJsl, He ABIAIOIUXCA OeCKBaJpaTHBIMU, IIPUBEAEHbI UX OecKBaApaTHbIEe yacTu. 4Yucia,
Tabauma 1
1 2—2 21 0—0 41 | 16 — 32 61 0—0 81 cm. 1
2 2—2 22 0—0 42 0—8 62 0—0 82 8—8
3 4—14 23 0—0 43 | 12— 12 63 cM. 7 83 | 20 — 36
4 cMm. 1 24 cM. 6 44 | cm. 11 64 cMm. 1 84 cMm. 21
5 0—0 25 cm. 1 45 cM. 5 65 | 16 — 32 85 0—0
6 0—0 26 4—12 46 0—0 66 4—16 86 0—0
7 0—0 27 cM. 3 47 0—0 67 4—12 87 0—0
8 cMm. 2 28 cMm. 7 48 cM. 3 68 cm. 17 88 cMm. 22
9 cm. 1 29 0—0 49 cm. 1 69 0—0 89 | 20 — 48
10 4—4 30 0—0 50 cMm. 2 70 0—0 90 cMm. 10
11 4—12 31 0—0 51| 16 —24 71 0—0 91 8 —24
12 cMm. 3 32 cM. 2 52 cMm. 13 72 cm. 2 92 cM. 23
13 0—0 33| 12—16 53 0—0 73 | 12— 16 93 0—0
14 0—0 34 4—38 54 cM. 6 74 | 12—20 94 0—0
15 0—0 35 8—24 55 0—0 75 cm. 3 95 0—0
16 cm. 1 36 cm. 1 56 cM. 14 76 cm. 19 96 cM. 6
17 4—16 37 0—0 57 | 12— 16 77 0—0 97 4—16
18 cMm. 2 38 0—0 58 4—4 78 0—0 98 cMm. 2
19 4—12 39 0—0 59 | 20 — 36 79 0—0 99 cm. 11
20 cM. 5 40 cm. 10 60 cMm. 15 80 cM. 5 100 cm. 1

yzoBseTBopsifomue Kpurepuio TanHesnna, (runoreTnyecKy KOHIPYSHTHEIE) BBILEJIEHBI KyP-
cuBoM. B Tabunmne 2 [y HEKOTOPBIX U3 HUX IPUBEJEHBI AJINHBI CTOPOH COOTBETCTBYIOIINX

TPEYTOJbHUKOB.
TaGauma 2
24 35 337 36 15 353 28 53
7 313 60 34 157 2 50 70 15, 3, 5
13 780 323 106921 38 5301 1700 1646021 71| 30317 1320 12974641
323” 30 > 9690 425’ 279’ 118575 660 ’ 427’ 281820
21 8 65 312 5 313 525 18656 15820337
14 373 6 39 90727 0 T 3187 75 * 63600
15 17 123 881 52 677
15 by 41 37207 60 8 45, 750 5
7 25 253 168 17585 77 1020 8521
21 12, 2’2 46 427 11 ° 462 85 6’ 77’ 462
29 1540 33 53911 1472112483 21447205780 || g6 2193 364 116645
33 ’ 35’ 105 53 202332130 > 1472112483’ 91 ’ 517 4641
41496 80155 905141617 4850493897329785961 3484 167475 322446497
23| i85 20748’ 72306780 297855654284978790 || 87 19257 1742 ’ 3353350
29 52780 99 48029801 55 117 1100 17561 93| 56203 7980 2090761
99 ’ 910’ ~ 90090 10 ’ 117 ’ 1170 1330 * 18137 49210
65 97 7728 96679 199428385
30 12,5, 13 65 2, 6’6 94 2057 1932 > 3974124
31 8897 720 2566561 69 437 624 6542 95 1443 6460 2093801
360 > 287’ 103320 104’ 19 ’ 1976 34 ’ 1443’ ~ 49062
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46. Haiigém Toukn mepern6a Ha KpuBoi y2 = x3 — s2x (T TOUKM U ABJIAIOTCA TOU-

Kamu nopsaka 3, cMm. 3agauy 34). Iisa aroro upoamddepeHnupyeM ABa pasda eé ypaBHeHIe:
2yy’ = 8x% — 52, 2(y')2 + 2yy" = 6x.
Ecmu y” = 0, 1o (y')? = 3x. Unmeewm:

4y2(y')? = (3x2 — s2)2 (BosBomuMm 2yy’ = 3x2 — s2 B KBagpar),
4(x3 — 52x)3x = (3x2 — s2)2 (moacrapnaem y2 = x3 —s2x, (y')? = 3x),
12x% — 1252x2 = 9xt — 62252 + 54,
3xt - 6x2s2 — st =0.

IUCKPIMIHAHT 5TOrO GIKBAAPATHOTO ypaBHeHHs paBeH 36s + 12s5% = 485t = 3(4s5%)2.
ClleZioBaTebHO, X2 ABJIAETCA HPPANMOHATILHEIM UHCIOM.

Pacemorpum Teneps Touku nopsiska 4. IIpegmonosxum, uto s # 1. Ham nmonagoburcs
dopmyna n1A yABOEHHA TOUKU Ha KpuBOil E;. A MMEHHO, eCJH IOJOXKUTE @ = (Xg,Yg) U
2Q = (x1,y1), 0

x(z) +52\2
X1 = (—zx ) .
0Yo
Ecau R — ToukKa 4eTBEPTOro mopAnKa, To 2R siBnsgerca Toukoi mopagka 2. CiaegoBaTenbHO,
eé abemucca x, paBHa 0, s mIM —S, a TOCKOJIBKY X IIOJIOXKUTENIbHA, X1 = S. VI MBI HeMeJIeHHO
moJIydaeM IPOTHBOpEYNe C PaIOHATBHOCTRIO TOUKHU (Xg,Yo). Ciyuait s = 1 umraresio
mpezajaraeTcs pasodpaTh CAMOCTOSATEIBHO.

47. YKk a3 aHUe: JOKaKUTe CHAYAJA, YTO MOPALOK TOYKHU P nesuT uucio r.

50. Yk azauue: —1 gBidgercsa KBaApaTUYHBIM HEBBIYETOM II0 MOAYJIIO P.

52. OTBerT:
nJig nudaroposa Kupnuua nus caabo nmdaroposa Kupnuya
X2+Yv2=02, Pty
+Y%=U?,
Y2+22=72, Vi g2y
+2z%=V?2,
Z2+ X2 =W2,
z2+ X2 =Ww?

X2+Y%2+22=T%

Pagsnesnus Bce IepeMeHHBIE Ha OGHY W3 HUX, Hampumep Ha U, mOIy4wM cucTeMy U3
YeThIPEX yPABHEHUI C IIECTHIO IePEeMEeHHBIMU (COOTBETCTBEHHO, U3 TPEX YPABHEHUIL C msi-
TBIO IepeMeHHBIMI). COOTBETCTBYIOIINE FeOMeTPUYECKNe 00BEKTHI ABJIAIOTCA anzebpauie-
CKUMU NOBEPXHOCMAMUY. ITU MOBEPXHOCTH JIEIKAT B MHOIOMEPHBIX IIDOCTPAHCTBAX U NMEIOT
KOHEYHOE YHCJIO OCOOBIX TOUEK (IIOCUUTANUTE, CKOJIBKO).

53. Onwmcars Bce mapaJsuiesenunessl ¢ neasiMu X, Y, Z u T — 3HAUWT OIKCATH BCE
meJible pelIeHus yPaBHEHU A
X2+y2+22=T2
EnuscTBeHHBIM penreHneM 31oro ypaBHeHus ¢ T = Q aBnsierca X =Y =Z=T = 0. [na
BCEX OCTANBHBIX permeHuit T # 0 U ypaBHeHHe MOXKHO pasgeanTh Ha T2, Taxum oGpasom,
3aziaya CBOJUTCH K OIKCAHMIO BCeX PAIMOHAIBHBIX DEeIlIeHN ypaBHEHNA

x2+y2+22:1,

rrex =%, y= Y 2= % 9T0 ypaBHEHUE 3a7aéT chepy B TpEXMEpPHOM mpocTparcTBe Oxyz
(puc. 19). Brifepem Ha Hell HEKOTOPYIO PalMOHAJIBHYIO TOUKY, Hanpumep, A(0, 0, 1). Jlerko
IPOBEPUTE, 4TO Jtobas upsamasa AB, rae B(x, y, 2) — emé ogHa panuoHanbHas TOYKa Ha cde-

46



pe, mepecekaer miaockocTs Oxy B panuonansHoii Touke C(a, b, 0) u, o6paTtHO, J06ad npamMas
AC mepecekaer cepy B pannoHanbHOI Touke B. Takum o6pasoM, Ha cdepe «CTOIBKO Ke»

Puc. 19

PanuoHAJBHBIX TOYEK, CKOJIBKO Ha IIOCKocTH. Uucia X, Y 1 2 BeIpaskaioTcd 4epes a u b rak:
x=__2a - % s— a2+ -1
2 5241 2 5241 2 5211
a® +b4+1 a“+b4+1 a“+b4+1
k

Orcropna, moJsiarasa a = T

X =2kin%r, Y =22mnr, Z=(k%n2+12m2—12n2)r, T = (k2n2+12m2+ 2n2)r.
3neco k, [, m, n — meJble 4uciaa, I — IOAXOASAIIEe PALMOHAIBHOE YICJIO, T. €. TAK0e, YTO
uynucna X, Y, Z, T aBaA0TCA IEeJbIMH.

= % , IOJIy4YaeM OKOHYATeJIbHbIE O TBe T:

54. IloxaskeM, YTO MHOTOUJIEHBL X2+ Yz, Y2+ Z2, Z2 4+ X2 aBnsioTcsi TOUHBIME KBa-
ApaTamMu MHOT'OYJIEHOB C LesbiMu Kodddunuenramu. Tem camMbIM, IPHU JIIOOOM LeJIOM 3HA-
venuu n yucaa U, V, W toxe 6yayT measimu. UTax,

X2+7Y2=(n®—15nt+15n2 —1)2 +(6n° — 2013 + 6n)% =
= (n12 — 30110 + 25518 — 452n5 + 25510 — 3002 + 1) +
+ (36110 — 240n8 + 472n% — 240n* + 3612) =
=n!2+6n10+ 1508 + 2005 + 150t + 6n2 + 1 = (n® + 3nt + 302 + 1)2,
Y2+ 22 = (6n° — 20n3 + 6n)2 + (8n° — 8n)? =
= (36110 — 240n8 + 47215 — 240n* + 36n2) + (64n10 — 12818 + 64n2) =
=100n10 — 24018 + 344n° — 240nt + 10012 = (1015 — 12n3 + 10n)2,
Z2+ X2 =(8n® - 8n)2+ (n® —15nt +15n2 —1)2 =
= (64n10 — 12816 + 64n2) +
+ (n12 — 30110 + 255n8 — 452n6 + 25504 — 30n2 +1) =
=nl12 + 34n10 + 25518 — 580n8 + 2551t + 34n2 +1 = (n8 + 17nt — 1702 — 1)2.

OrxynaU=n8+3nt+3n2+1,V =10n">—12n3 +10n, W =nb +17n* - 1702 — 1.
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