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[Npeaucnosune

Hawemy yuumenio,
BJIAJIUMUPY AH/IPEEBUYY YCIIEHCKOMY

[Ipemiaraemast BaleMy BHUMAHHUIO KHUTa HAIMCAHA 110 MATEPHAJIAM
JIEKIIAH JIJIT MJIQJIIIEKYPCHUKOB, KOTOPBIE UNUTAJUCh aBTOPAMHU B pa3-
HbIE IOJIbI Ha MeXaHuKo-MaTeMmarundeckoM dakysisrere MIY. (B ary ce-
puio TakKe BXoaaT Kauru «Hauasa Teopun MHOXKECTBY U « Bhrancanmbie
dbyukum».)

[enTpasibHast wjest MATEMATHIECKOH JIOTUKH BOCXOIUT eIié K JIeit6-
HUILY U COCTOUT B TOM, UTOOBI 3aIIUCHIBATH MATEMATHIECKHE YTBEPIKIE-
HUs B BUJIE MMOCJIEIOBATEILHOCTEN CUMBOJIOB U OIEPUPOBATH C HUMU TIO
dopmasbabIM paBmwiaM. [Ipu 3ToM MPaBUIIBLHOCTD PACCY KICHIN MOYKHO
[IPOBEPSITh MEXaHWIECKU, He BHUKAS B UX CMBICJ.

Vewmusivu 60JIbIIONO YUC/IA MATEMATUKOB U JIOTHKOB BTOPOU II0JIO-
Bunbl XIX u nepsoit nonosunbl XX Beka (Bysb, Kanrop, ®@pere, Ile-
ano, Paccen, Yaiirxen, Lepmeso, @penkensb, 'minbepr, don Heiimam,
Ténenp u npyrue) sra nporpamMMa OblLIa B OCHOBHOM BbINOJIHEHA. [Ipu-
HSITO CYUTATh, YTO BCAKOE TOYHO C(HOPMYJIMPOBAHHOE MATEMATHIECKOE
YTBEPKIEHUE MOKHO 3aIIUCATh (DOPMYJIOi T€OPUM MHOXKECTB (OIHON 13
naunbosiee obmux GOpMAIbHBIX TEOPHii), a BCAKOE CTPOroe MaTeMaTuIe-
CKO€ JIOKa3aTeIhCTBO Peobpa3oBaTh B (hopMasbHBIH BBIBOJ, B 3TOM Teo-
pun (II0CJIe0BATEILHOCTD (DOPMYII TEOPUU MHOXKECTB, OUUHAIONLYIOCST
HEKOTOPBIM IIPOCTBIM IIpaBujiaM). B KAKOM-TO CMBICJIE 9TO JarKe CTaJio
OIIpeieJIEeHNEM: MATEMATHIECKH CTPOTMM CUUTAETCS TAKOE PACcCy K IeHHe,
KOTOpPOE MOXKHO TIePEBECTH Ha si3bIK TEOPUU MHOXKECTB.

Tak 49ro Ke, Temepb MATEMATHKH MOLYT JAPY>KHO YHTH Ha MEHCHUIO,
MTOCKOJIbKY MOYKHO OTKDPBIBATH MAaTEMATHIECKHE TEOPEMBI C OMOIIHIO
KOMIIBIOTEPOB, 3alIPOIPAMMUPOBAHHBIX B COOTBETCTBHY € (DOPMAIbHBIMEI
npaBuiaMu Teopun MHOXKecTB? KOHEUHO, HET, TPUIEM Cpa3y 10 HECKOJIb-
KM [IPUYAHAM.

Haunéwm ¢ Toro, 9ro Malmia, BBIIAONAs ¢ OOBIION CKOPOCTHIO Ma-
TeMaTHYeCKHe TeopeMbl (U UX JOKa3aTesbCTBA), XOTd U BO3MOXKHA, HO
Gecriosiesna. Jlesio B TOM, 9TO CpeJid STUX BEPHBIX YTBEPXKJIEHUI [TOYTH
BCce OyayT HemHTepecHbIMU. PoOpMaJsibHASI JIOTMKA TOBOPHUT, KaKue Ipa-
BHUJIA HAJO COOJIIOJATH, YTOOBI TIOJyIaTh BEPHBIE PE3yJIbTaThl, HO HE T'O-
BOPHT, B KAKOM MOPSIJIKE X HAJO MPUMEHSITH, YTOOBI MOy IUTh YTO-TO
WHTEPECHOE.



6 IIpeducaosue

Kazaochk 61, MBI MOYXKEM 3aIyCTUTHh MAIIWHY U KJIaTh, IIOKA OHA HE
JIOKazKeT UHTepeCcyIolee HAC yTBEP K IeHUe (IIPOILyCKasl BCE OCTAJIBLHBIE).
IIpoGema B TOM, 9TO (popMaIbHOE JT0KA3ATETHCTBO CKOILKO-HUOYIH CO-
I[‘ep)KaTeJ'II)HOIZ TeopeMbl HACTOJIBKO JIJIMHHO, YTO IIPOYEeCTh €ro 4eJIOBEK
He B cocrosinnu. IlpejicraBbre cebe 0KAa3aTebCTBO, KOTOPOE COCTOUT
13 MUJIJIMOHOB (bOprIaJIbHO IIPaBUJIBHBIX OIaroB, B KOTOPOM MBI MOXK€M
IIPOBEPUTH KazKJbII OTIEJIbHBII IIar, HO TaK U He IIOHHUMaeM, 9TO IIpPOo-
HCXOJIUT — MHOIO JIU B HEM IIPOKY?

Ha camowm siesie mpok BCE-TaKM €CTh: Mbl y3HAEM, UTO JIOKA3bIBAEMOE
YTBEpXK/JACHNE BEPHO, XOTsA TaK U HE TIOHUMaEM, ITIOIEMY. TaK 9TO U TaKad
MaInHa Obljia ObI MoJIe3Ha. Y BbI, K 9TOTO CAEJIATH HE YIAETCs, IIOCKOJIbKY
Ha IIOHUCK JO0Ka3aTeJIbCTBa CKOJIBKO—HI/I6y,ILb CJIOZKHOI'O YTBEPXKICHUA U3-
BECTHBIME CefiIac MeTogaMu TPeOyeTcss aCTPOHOMIYECKU OOJIBIIIOE Bpe-
Mg (JlaKe ecyid IpPeJICTaBUTh cebe, YTO MallnHa paboTaeT ¢ IPeIeIbHO
BO3MOXKHOM 110 3aKOHaAM @I/ISI/IKI/I CKOpOCTI)IO).

MO}KHO YMEPpUTH a,I\/I6I/II_[I/II/I 1 IIOCTAaBUTDH 3a/ia9y IIOIIPOIIE: IIYCTh Ma-
IIMHa IIPOBEPAET JOKa3aTeJIbCTBa, 3allUCAHHbIC Y€JIOBEKOM IIO IIpaBUJIaM
dopmasbHoit oruku. Ecian Mammnna He MOXKeT IOMOYb HAM 9TO-TO OT-
KPBITD, IIYCTh OHA XOTsI ObI MMPOBEPUT, HE MPOIYCTUJIN JIU MBI KAKOTO-TO
mara paccyzKJAeHnd.

I/I3 BCeX IIepeYrC/ICHHbIX 3a/Ja4 3Ta BbITVIAJIUT HaI/I6OJIee peaincCTu4-
woit. K coxkajenuro, moka IT0 pabOTHl U B 9TOM HAIIPABJIEHUU HE YIILIN
JaJIEKO: (bOpMaJ'H)HaH 3allUCh JOKa3aTe/JIbCTBa B BHUAE, IIPUT'OAHOM JIJId
MAIIIMHHON IIPOBEPKHU, ABJAACTCH JOJATUM U CKYYHBIM JI€JIOM, HA KOTOPOE
y 6OJII>HII/IHCTB& MaTeMaTHUKOB H€ XBaTa€T 9HTYy3Ua3Ma N TePIIeHUA. A
paspaborarh yI00HbIE CPEJICTBA TAKOM 3alliCH MTOKA HE YIaJIOCh.

Kopoue rosopsi, pesosionnontast mporpamma, JIeHOHuIa mocTpoeHust
dbopMaIbHBIX OCHOBAHUN MATEMATHKH OCYIIECTBUJIACH, HO HE3AMETHO:
HOJL 3/IaHUe MATEMATUKY IIOJBEIM HOBBIA (M JOBOJBHO NPOYHBIA) (hyH-
JaMeHT, HO 6OJ'H>HII/IHCTBO 2KIJIBIIOB IIPO 3TO JI0 CUX IIOP HE 3HaAIOT.

Tak 4To 2Ke, MaTeMaTHUIeCKasl joruka Oecrosiesna? Hu B koem ciry-
Jae: OHA HE TOJIBKO YIOBJIETBOPSIET €CTeCTBEHHBIN (pumiocodCcKuii mHTe-
peCc K OCHOBaHUAM MaTE€MaTHUKH, HO U COOCPXKHUT MHO2?KECTBO KPaCHBBIX
PE3yabTaTOB, KOTOPBLIE BazKHBI HE TOJIBKO [IJId MaTE€MaTUKW, HO W JJId
computer science.

B 3TOM KHUXKKE MbI pacCKazKeM 06 O/THOM M3 HEHTPaJIbHbIX TIIOHATHUIT
MaTeMaTHUYIECKON JIOTUKU — 43bIKaX U HUCUYMUCICHUAX IIEpBOro IIOpdAIaKa.
B ITUX A3BbIKaX NCHOJb3YIOTCA JIOTUICCKUE CBA3SKU «U», «UJIN», «ECJIN. . .
TO...», & TakKXKe KBaAHTOPDLI <«JJId BCEX» M «CYIIECCTBYECT». OKaB])IBaeT—
Cs, 9YTO ITUX CPEACTB JOCTATOTHO JIJIA CbOprIa.HI/ISaU;I/II/I MaTeMaTUYIECKUX



IIpeducaosue 7

TeOpHuil ¥ YTO MOXKHO TMOCTPOUTH IPOCThIe (DOPMAIbHBIE TIPABUIIA, TIOJI-
HOCTBIO OTPAXKAIOIINE CMBICJI STUX JIOTUIECKUX CPEICTB.

ABTOpPBI MOIB3YIOTCS CJlydaeM emé pa3 mobJarofapuTh CBOErO yUu-
Tesist, Biragumupa AHjapeeBnda YCIIEHCKOIO, JIEKIIMHM, TEKCTHI U BBICKa-
3BIBAHUSI KOTOPOIO TIOBJIMSsUIM HA HUX (M Ha COJIEPXKAHME TOH KHUIH),
BEPOSITHO, Jla2ke B OOJIBITIEH CTEIEeHN, YeM aBTOPBI 9TO OCO3HAIOT.

[Ipu moaroroBke Tekcra ucmnosb3oBanbl 3amnucu A. EBdumbesckoro
u A.Pomaienko (KOTOpBIH Tak»Ke IPOYE IPeBAPUTEIbHBIA BAPUAHT
KHUTH ¥ HAIIE TaM HEMAJIO OIMIHOOK).

Opurunasi-maker kauru o611 moaroroese B. B. Illysaiossiv; 6e3 ero
HacToiunBOCTH (BILIOTH J0 MOTOBHOCTH PA3JIe/JUTh OTBETCTBEHHOCTD 38
OIMMOKY ) OPUIMHAJ-MAKET BPSJL JIM IOABUJICH Obl K KAKOMY-JIHOO CPOKY.
On xke Bmecre ¢ M. A. YinakoBbiM (Halle UM HECKOJIBKO CYIIECTBEH-
HBIX ONMUOOK) MOATOTOBUII TPEIMETHBIH yKa3aTeab. Mbl IpU3HATEIbHBI
takxke K. C. MakapbrueBy u FO. C. MakapbiueBy, KOTOpble BHUMATEJIHHO
MPOY/IN BEPCTKY KHUTHU W HAIILIA TaM HEMAJIO OITEYATOK.

Asropsr npusnaresasl Ecole Normale Supérieure de Lyon (®pan-
1¥s1) 38 NOJJIEPKKY U FOCTEIPUMMCTBO BO BPeMsl HAIIUCAHUS ITOH KHUIH.

IlepBoe m3manme KHUTU CTAJIO BO3MOXKHBIM Os1aromaps Poccuitckomy
dony DyHIaAMEHTAIBHBIX HCCJIeI0BaHmi, a TakxKe V. B. fdmenko, koTo-
PBIil YTOBOPUJI aBTOPOB MOJATh TY/A 3asBKY.

Hakomer, Mbr 61arojapuM COTPYJHUKOB, ACIUPAHTOB U CTYICHTOB
kadeapbl MaremaTuueckoii Joruku Mexmara MIY (ocobas Giaromap-
nocrb — M. P.Ilenrycy, ykazaBimeMmy jiBa JiecTKa OIEYATOK), & TAKXKE
BCEX YYACTHUKOB HAINUX JIEKIUH U CEMUHAPOB U YUTATEJeHl IIpeaBapu-
TeJIbHBIX BAPUAHTOB 9TON KHWUIU.

B Tperpem usmanum mobaBjieHbl (DOPMYJIMPOBKA U JIOKA3ATEIHCTBO
TeopeMbl Uépua 0 Hepa3pelMMOCTH UCIUCIICHUS IIPEIUKATOB (110 ormub-
Ke OTCYTCTBOBAIIKE B IPEABIIYIIUX U3AHUIX ), & TAKXKE JIONOJHEHA HH-
dopmanys B UMEHHOM yKa3aTese. B 4eTBEPTOM U3JaHUU, IOMUMO H3Me-
Henus gpopmara BEPCTKU U ucnob3oBaHus mpudTos LH, ucnpasiersr
HEKOTOpbIe onedaTKu (Ha KOTOpble HaM Jiobe3Ho ykasamu H. Macios,
A. T'ycakos, B. ITarkos).

ITpocum coobrarh 0 Beex OmMOKax U OledaTKkaX aBTopaM (3JIeKTPOH-
Hble ajzipeca ver at mccme dot ru, nikolay dot vereshchagin at gmail
dot com; sasha dot shen at gmail dot com, alexander dot shen at 1irmm
dot fr; mourossrit agpec: Mocksa, 119002, Bosbmoit BiiackeBckuii mep.,
11, MocKOBCKUil EHTD HEMIPEPHIBHOI'O MATEMATUIECKOTO 00PA30OBAHMYS).

H. K. Bepewazun, A. Ilenv



1. Jlornka BblCKa3biBaHWUA

1.1. BbickasbiBaHus 1 onepawuum

«Ecnmm wucno 7 parnuonasbHO, TO T — ajrebpandeckoe uucyo. Ho
OHO He ajrebpamvyecKoe. 3HAYUT, T HE PAIMOHAILHO.» Mbl He 00sg3aHbI
3HATDH, YTO TAKOE YHUCJO 7, KAKUE UUCJIA HA3BIBAIOT PAIAOHAJILHBIME W
Kakue anrebpanvdecKuMu, 9TOObI IPU3HATH, 9TO 3TO PACCYKJEHHUE TIPa-
BUJILHO — B TOM CMBICJIE, 9TO U3 JBYX CHOPMYJITUPOBAHHBIX MOCHLIOK
JIEHCTBUTEIHHO BBITEKAET 3aKJIIOUCHHE. TAKOTro pojia CUTyallu — KOTJIA
HEKOTOPOE YTBEPKICHUE BEPHO HE3ABUCUMO OT CMBIC/Ia BXOJAIIUX B HETO
BBICKA3BbIBAHMIN — COCTABJIAIOT IIPEIAMET A02UKU 6bICKAZDEAHUT.

Takoe Hauano (0COGEHHO €CJIU y9ecTb, YTO KYPC JIOTUKU BXOIUJ B
nporpammy GpuaocodcKoro pakyIbTeTa, IIe TaKKe U3yIaaach «InajIeK-
THYECKasl JIOTUKA» ) HACTOPAsKMBAELT, HO HA CAMOM JieJie HAIlM PACCMOT-
penus OyIyT UMETh BIIOJIHE TOYHBIH MaTEMATHYECKHUIl XapaKTep, XOTs
Mbl HAIHEM € HeOPMAJIbHBIX MOTUBUPOBOK.

Buickasvieanus MOTYT OBITH UCTNUHHBLMU T A02CHbLMU. Hampumep,
«2'6 4 1 — mpocroe unca0» — MCTHHHOE BBICKA3BIBaHHUE, a «232 4+ 1 —
POCTOE YHMCJI0» — JIOXKHOE (310 umcsto meautces Ha 641). TIpo BeICKasbI-
BaHUEe «CyMECTBYET DECKOHEYHO MHOTO IIPOCTHIX P, JIJIg KOTOPBIX P+ 2 —
TaKXKe [POCTOe» HUKTO He 0epércs CKa3aTh HABEPHAKA, MCTHUHHO OHO
WJTA JIOPKHO. 3aMETHM, UTO <«I JETUTCS Ha 2» B 3TOM CMBICJIE HE SABJIs-
€TCsl BBICKA3BIBAHUEM, TIOKA HE CKA3aHO, YeMy PABHO X; IPHU PA3HBIX &
HOJIy9aloTCsl pa3Hble BLICKA3bIBAHUS, OJHU UCTHHHBIE (U YETHOM ),
JIpyTHhe — JIOXKHBIe (IPU HEYETHOM ).

BricKka3bIBaHUS MOXKHO COEIUHATH JIPYT € JPYTOM C IOMOIIBIO «JI0-
IMYECKUX CBA30K». DTH CBA3KU MMEIOT JOBOJLHO CTPAHHBIE, HO TPaJIu-
MOHHBIE Ha3BaHUs U ob6o3Hauenust (Tabi. 1.1). OTmerum Takxe, 4ro B
umimkarmun A = B BbICKa3biBaHue A HA3BIBAIOT NOCHIAKOT, WA GHME-
UYEIEHMOM UMNAUKAUUU, & B — saKxit0neHuem, WIn KOHCEKBEHMOM.

ToBopsiT Tak:Ke, ITO BHICKA3BIBAHUE UMEET UCTUHHOCTIIHOE 3HAYEHUE
M’ (ucruna), eciu oHo ucrunHo, nin JI (710%kb), eciu oHO JtoxkHO. UHOTIA
Bmecro U ymnorpebasiercss 6yksa T (true) mim gucio 1, a Bmecro JI —
6yksa F (false) nim gucio 0. (C mepBoro B3misna mjiest IPOU3BOIHHBIM
06pa3oM BuIOpaTh Yncia 0 u 1 KaxKeTcs UKo — KaKast Obl 0JIb3a MOTJIA
ObITH OT, CKAXKEM, CJIOXKEHUsI HCTUHHOCTHBIX 3HAYCHUNA? YIUBUTEIbHBIM
06pa30M B [OCJIEAHAE TOIBI OOHADPYKUIIOCH, YTO TAKAsd I10JIb3a €CTh, U €C-
JIN OTIEPUPOBATH ¢ UCTUHOW M JIOKBIO KAK 3JIEMEHTAMU KOHETHOTO TIOJIS,
MOYKHO TIOJIYYUTh MHOTO HEOXKUJAHHBIX PE3yJbTaToOB. HO 9TO BBIXOAUT



[n. 1]

Buickadvisanusa u onepayuly,

CBSI3KA obo3HaveHne HA3BaHUE
AuB A&B ANANB KOH'BIOHKITHSI
A and B
A nm B AV B A or B | Iu3blOHKIUA
e A -A ~A A OTpUIAHTE
A HeBepHO not A
u3 A cienyer B A— B A= B | ummmukanus
eciim A, To B ADB cJIeI0BaHue
A Bieuér B if A then B
B — cnencrsue A

Tabauna 1.1. Jlornyeckue cBA3KM, 0OO3HAYUEHUS U HA3BAHUSI.

3a paMKH Hallel KHUT'H.)

Jlornaeckue CBA3KH MO3BOJISIOT COCTABIIATH CJIOKHBIE BBICKA3bIBAHS
U3 IpOCTHIX. [Ipu 9TOM HCTHHHOCTH COCTABHOIO BBICKA3BIBAHUSI OIIPEJIe-
JISIETCST NCTUHHOCTBIO €ro YacTeli B cooTBeTcTBIM ¢ Tabsmiedi 1.2.

A|B|AANB | AVB | A—B

J | JI JI J n Al -A
J | JI n n J | n
n|Ja JI n J nm| J
n n n n n

Tabauma 1.2. Tabauisl UCTUHHOCTY JIJIsI JIOTHYECKUX CBA30K.

Te ke mpaBmia MOXKHO U3JIOXKUTH CJIOBECHO. BbickasbiBanue A A B
UCTUHHO, ecjiu 00a BbiCKasbiBauusi A u B ucruaHbl. BeickasbiBanue AV B
WCTUHHO, €CJIU XOTsI ObI OJTHO U3 BbICKa3biBaHuii A u B ucruaHo. Bricka-
3piBaHre A — B JIOXKHO B €JMHCTBEHHOM CJIydae: ecjiu A MCTHHHO, a
B joxkuo. Hakower, A UCTHHHO B TOM M TOJBKO TOM CJIy4ae, KOTJa
A noxHo.

N3 Bcex cBsI30K OOJIBINIE BCEIO BOIMPOCOB BBI3BIBAET MMILTAKAIUS. B
CaMOM JieJie, He OU€Hb IOHSATHO, IT0UYeMy HAJI0 CUATATh, CKAYKEeM, BbICKa-
3BIBAHUS «€CIU 2 X2 =5, T02X2 =4y m«ecmm2x2=5,103 X3 = 1»
ncrnaabiME. (VMerHO Tak rosopsaT Hamm Tabuunsl: JI — WU =JI — JI =
= I1.) Ha camoM Jiejie B TAKOM OLIpeJICJIEHNN €CTh CBOil pe3oH. Bcee co-
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IJIACHBI, YTO €CJIA YUCJI0 T JeJUTCA Ha 4, TO OHO JeJIUTCH HA 2. ITO
O3HaYaeT, YTO BbICKA3bIBAHUE

(x memurest Ha 4) — (x genmrest Ha 2)

nctuHHO 11pu Beex z. [loncraBum cioga x = 5: 0be 4acTu JIOXKHBI, & yTBEP-
JKJIeHue B 1esioM ucTuaHo. [Ipnm x = 6 mochlLIKa MMILTUKAIMH JIOYKHA, a
3aKJII0OYEHUEe UCTUHHO, U BCsl UMILIUKAIUS nuctuHHa. Hakowner, mpu z = 8
ITOCBLIKA W 3aKJ/IF0YEHNe MCTUHHBI U UMILIHKAINWs B 1ejomM ncruaaa. C
JIPyroii cTopoHbI, 00paTHOe yTBepKaeHue (ecau T AeIUTCs Ha 2, TO &
zenutcst Ha 4) HeBEPHO, M YUCJIO 2 sIBJisteTcsl KOHTpupuMepoM. [Ipu sTom
[IOCBLJIKA UMILIMKAIMN UCTUHHA, 3aKJ/II0YEHHEe JIOKHO, U CaMa UMILIHKa-
nus jiokHa. TakuMm o0pa3oM, ec/iu CIYUTATh, UYTO UCTUHHOCTD MMILIMKA-
UK OIIPEJIeJIsieTCsl UCTUHHOCTBIO €€ Jacreil (a He HaIMIueM MKy HU-
MU KAQKUX-TO [PUYUHHO-CJIEICTBEHHBIX CBA3EH), TO BCe CTPOKU TabJIUIIbI
MCTUHHOCTHA 0O0OCHOBAHBI. UTOOBI TTOTIEPKHYTH TAKOE Y3KO-(POPMATHHOE
[IOHMMAaHVEe UMILIUKAIIH, PUIOCOPCKNA HACTPOEHHBIE JIOTUKH HA3BIBAIOT
€€ «MaTepuaJIbHOM UMILIUKAIINET.

Teneps or HEOPMATBLHBIX PA3TOBOPOB MEPEHIEM K OIPEIEICHUSIM.
DJieMeHTapHbIE BHICKA3bIBAHUS (U3 KOTOPBIX COCTABJIAIOTCSI 0OJIee CII0K-
Hble) MBI OyJieM 00603HAYATH MAJIEHBKUMY JATHHCKUMY OyKBaMU U HA3bI-
BaTh NPONO3UUUOHAALHLMY NEpemerHbimu. VI3 HIX cTposTCca nponosu-
UUOHAAOHVLE POPMYALL TIO TAKUM ITPABUIIAM:

e Bcsakas nporno3unnoHaibHas IepeMeHHas eCTb (hOpMyJIa.

e Eciim A — nponosurnmonasibuas Gpopmysa, 70 7A — MPOIMO3UITHO-
HajbHas GopMyIIa.

e Eciu A u B — uponosurnmonaibabie gpopmyint, To (AAB), (AV B)
u (A — B) — npono3unuoHaibabie (OPMyYJIbL.

Moxkno emé ckazaThb Tak: POPMYJIbI 00PA3YIOT MUHUMAJJIHLHOE MHO-
JKECTBO, 00J1a/1a10IIee YKA3AHHBIMU CBOWCTBAME (CJI0BO «MUHUMAJIHLHOE»
3/1€Ch CYIIECTBEHHO: BEb €CJIU ObI Mbl O0bSBUIIN JTFOOYIO TIOCIEI0BATE b
HOCTD IIEPEMEHHBIX, CKODOK U CBS30K (hOPMYJIOH, TO 9TU TPU CBOHCTBA
6bLIN ObI TOXKE BBIIIOJHEHDI).

IIycts dopmyna ¢ comepKuUT n MPOMO3UIMOHATIHHBIX MEePEMEHHBIX
P1,P2,s - -, Pn- KCIU MOACTABUTHL BMECTO 3TUX IEPEMEHHBIX HCTHHHOCT-
uble 3Hadennst (M win JI), To mo TabimiaM MOMKHO BBIYHCJINTH MCTHH-
HOCTHOE 3HadYeHue (POPMYJIbL B 1ejoM. TakuM oOpa3om, dopmysa 3a1a-
€T HEeKOTOPYIO DYHKITHIO OT N APTYMEHTOB, KaXK bl U3 KOTOPBIX MOYKET
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npuanMarh 3Hadenus: JI u W. 3nadenust byHKIMN TaKk)kKe JieKaT B MHO-
xkecrBe {JI, U}, koropoe Mbl Gyiem obozuagars B. Mbr Gyzem ciienoBarsb
y2Ke yIOMUHABIIEHCST TPAIUIe 1 0ToXKAecTBIATh W ¢ eqununeit, a JI —
¢ HysaéMm, TeMm cambiM B ects {0,1}. Popmyna ¢ 3a1aT oTOGpaKeHne
tuna B" — B. Takue oroOparkeHusi HA3BIBAIOT TAKXKE OYAEGLLMU PYHK-
YUAMU T GP2YMEHITOB.

Mpumep. Pacemorpum dopmyiy (p A (¢ A —r)). Ona ucTuHHA B €UH-
CTBEHHOM CJIy4ae — KOIJa P U ¢ UCTHHHBL, a T JIOKHO (CM. Tabiuiy 1.3).

plalr|-r|@A-r)| (A(gA-T))
olofo] 1 0 0
0[0[1] 0 0 0
ol1]o0] 1 1 0
0[1]1] 0 0 0
1/olo]| 1 0 0
tjlol1] o0 0 0
111]0] 1 1 1
1l1]1]o0 0 0

Tabuuma 1.3. Tabmuia ncruanoctn fist (p A (g A —r)).

HexkoTopble ¢popMyJIbl BLIPazKaloT JIOTHYECKHE 3aKOHBI — COCTABHBIE
BBICKA3bIBAHNs, MCTUHHBLIE HE3aBUCHMO OT CMbICIa uX dacreil. Takue
dopmyibl (MCTUHHBIE OPU BCEX 3HAYCHUAX BXOJANIUX B HUX [EPEMEH-
HBIX) HA3BIBAIOT MAGMOAOLUAMU.

Mpumep. Qopmyna ((p A q) — p) aBisiercst TaBroJIOrHeil (3T0 MOXKHO
[POBEPUTH, HATIPIMED, cocTaBub Tabuuiy). OHa BbIpayKaeT TAKOH JIOTH-
YeCKUil 3aKOH: U3 KOHBIOHKIINU yTBEPKIACHUI CJIeyeT epBoe U3 HUX.

1. Kak BBIMVISAIUT CHMMETPUYHOE YTBEPKIACHUE IS TUIBIOHKIINN U KAKast
dopmysia ero BbIpazkaer?

JIlBe bOpMYJIBI HABBIBAIOT IKGUGAACHMHLMLU, €CJIU OHU UCTUHHDI P
OJIHUAX U TeX YK€ 3HAYCHUsX [EPEMEHHBIX (IPYIMMHU CJOBAME, €CJIH OHU
3a7a10T OJHY U Ty ke OyseBy dbyukimio). Hanpumep, jierko npoBepurb,
uro dopmyia (p A (p — ¢)) ucrunna jumb upu p = ¢ = U, u noromy
sKBUBaJIeHTHa bopmyite (p A q).

Pacemorpum dopmyny ((p A ) V ¢). OHa ucturHA, ecn mepeMeH-
Hasg ¢ WCTHUHHA, W JIOXKHA, €CJIM IIepEeMeHHAsl ¢ JIOXKHA. XOTeJOCh Obl
CKa3aTh, 9TO OHA YKBUBAJIEHTHA (DOPMYJie ¢, HO TYyT €CTh (pOpMabHAS
TPYJHOCTB: OH& COJEPKHUT JIBE MEPEMEHHBIE W TIOTOMY 3a1a6T (DYHKIHIO
or ayx aprymentos (tuna B x B — B), B To Bpemsa kak dopmyna ¢
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3a7a€T PYHKIMIO OJHOrO apryMenTa. Mbl He OymeM obpallaTh Ha 3TO
BHUMAHUS W OyIeM CIUTATH 3TH (POPMYJIbI SKBUBAJIEHTHBIME. Boobire,
€CJIN €CTh CIUCOK TEPEMEHHBIX P1, ..., Pn, COMEPNKAIIUN BCE IEPEMeH-
Hble HEKOTOPOiT GOpMyYJIBI ¢ (U, BO3SMOXKHO, €I§ KaKHue-TO IepeMeHHbIe),
MOXKHO CUHTATh, YTO PoOpMyJsa ¢ 3a7aéT (DYHKINIO OT N apryMeHTOB,
BO3MOXKHO, Ha JIeJIe 3aBUCAIILYIO He OT BCEX apIyMEHTOB (IIOCTOSIHHYIO 110
HEKOTOPBIM apryMeHTaM)

ITocste cmenaHHBIX OrOBOPOK JIEMKO IMPOBEPUTH CJreyronuii (hakT:
GdOpMYJIBI (0 U 1) SKBUBAJEHTHBI TOT/IA U TOJBKO TOT/Ia, KOraa hopMysia
((¢ = ) A (¥ — ¢)) aBisercs Taprosorueit. Vcmonbsys cokpaleHue
(p < q) s ((p — ¢) A (¢ — p)), MOXKHO 3aIIUCHIBATH yTBEPKICHUS
00 9KBUBAJIEHTHOCTH (DOPMYJI B BHJIE TABTOJIOTHIL. BOT HECKOBKO TaKUX
9KBUBAJICHTHOCTEIL:

Teopema 1. @opmyibt

q A p);
PA(gAT));
qVp);
pV(gVvr));

N
S
>
J
-

SIBJISTFOTCSI TABTOJIOTUSIMU.

< IlepBble yeTbIpe SKBUBAJIEHTHOCTH BBIPAXKAIOT KOMMYTATHBHOCTH
U aCCOIMATUBHOCTHh KOH'BIOHKIINU U JU3bIOHKIUY. [IpoBepuM, Hanpumep,
BTODYIO: JieBasl ¥ IpaBasg 9aCTU UCTHHHBI B €JJUHCTBEHHOM CJiy4ae (Korua
BCe [lepeMEHHbIe UCTHHHBI), ¥ II0OTOMY KBUBaJeHTHbI. ([ljis Au3bIoHK-
UK y7a00Hee CMOTPETh, KOT/Ia OHA, JIOYKHA. )

IlBe ciieayroniye KBUBAJEHTHOCTU O3HAYAKT JUCTPUOYTUBHOCTH —
3aMeTUM, 9TO B OTJIUYUE OT CJIOKEHWS M yMHOXKEHUS B KOJIBbIAX 3/1eCh
BepHBI 00a cBoOiicTBa aucTpuOyTHBHOCTH. [IpOBEpPUTH YKBUBAJIEHTHOCTH
JIETKO, €CJIN OTJEIHHO PACCMOTPETH CJIy9Yad UCTUHHOTO U JIOKHOTO P.
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Crenyromue 1Ba cBoiicTBa, 3akonw /e Mopzana, JIeTKO TPOBEPUTH,
3Had, YTO KOHDBIOHKIMS WMCTUHHA, & JU3BIOHKINA JIOXKHA JIMIIbL B OJ-
HOM CJIy4dae. DTH CBOWCTBA MHOTJA BBIPAYKAIOT CJIOBAMU: «KOHBIOHKITHS
JIBOMCTBEHHA JIN3BIOHKITUNY.

Jajiee caeayioT aBa OUEBUIHBIX 3aK0Ha Nozaouwiehus (OIUH U3 HUX
MBI y2K€ yIIOMUHAJIN ).

3a HUMHU UJET HPABUIO KOHMPANO3UYUL, KOTOPOE TOBOPHUT, B YaCT-
HOCTH, ITO YTBEPXKJICHUS «ECJU & COBEPIIEHHO, TO & IETHO» U <ECJIH T
HEYETHO, TO T HECOBEPIIIEHHO» PABHOCUIBLHBI. XOTs OHO U OYEBUJTHO IIPO-
BEPsIeTCs C TIOMOIIBIO TabJINIT ICTUHHOCTH, C HIM CBsI3aHBI JIFOOOIIBITHBIE
mapaJioKcel. BoT oauH u3 HuX.

Buosor A BeiiBuHYIS runoTe3y: Bce BOPOHBI 4épHble. IIpoBepsis eé,
OH BBIIEJ BO JIBOP U ODHAPYXKMJ Ha nepeBe BopoHy. OHa 0OKa3ajoch
uéproii. Buosior A pajyercss — rumnoresa nojrsepxkgaercs. buosor B
epedOpMyJIMPOBAJI TUIIOTE3y TaK: BCe He-IEpPHBIE MPEIMETHl — He BO-
poHbl (IIPUMEHHUB HAIIe IIPABUJIO KOHTDAIIO3UIUK) U HE CTAJ BBIXOIUTDH
BO J[BOD, & OTKPBLI XOJIOJMJILHAK U HAIIE TaM OpaHKeBbIi mpeamer. On
OKa3aJICcs alleJIbCUHOM, a He BOpoHOit. Buosior B obpaosascsa — rumote-
3a MoJTBEPXKIaeTcst — U mo3BoHm1 buosiory A. Tor ynusisiercss — y Hero
TOXKE €CTDb aleJbCUH B XOJOAWJILHUKE, HO C €r0 TOYKHU 3PEHUs HIKAKOTO
OTHOITIEHNS K €T0 TUIOTEe3€ alleJIbCHH He MMeET . . .

Jlpyroit mapajoKc: ¢ TOYKA 3peHus (POPMAJIBHON JIOTUKU yTBEPK/Ie-
HHUS «KTO HE C HAMHU, TOT IPOTUB HAC» U <«KTO HE IPOTHUB HAC, TOT C
HaMU» PABHOCUJIBHBI.

IMocsenpee (1 0YEBUIHOE) IIPABUIIO P <> —1—p HA3BIBAETCH CHATMUEM
06011020 OMPUYAHUA. [>

2. [lepeunciieHHbIE 9KBUBAJIEHTHOCTH COOTBETCTBYIOT CBOMCTBAM OIEPAIU
Ha MHOXKECTBaX: HAIPUMED, IiepBasi rapanTupyer, uro PN Q = Q N P misa
JIIO6BIX MHOXKECTB P n Q Ka.KI/Ie YTBEpP2K/JAEHUA COOTBETCTBYIOT OCTaJIbHBIM
9KBUBAJIEHTHOCTSIM !

3. JIse bopmyibl, comeprKaliye TOJbKO IepEMEHHbIE U CBSI3KU A, V U —,
9KBHUBAJICHTHBI. ZLOKa)KHTe, 9TO OHU OCTaHYTCs IKBUBaJICHTHBIMU, €CJIN BCIOLY
3aMeHuTh A Ha V U HA0OOPOT.

Jlasieko He BCe TABTOJIOTUM UMEIOT SICHBII MHTYUTUBHBIH cMbics. Ha-
npumep, dopmyna (p — q) V (¢ — p) siBsieTcst TaBTOIOrHER (€Can OIHO
U3 YTBEPXKJIEHUN P U ¢ JIOXKHO, TO U3 HErO CJIYeT BCE, UTO yTOJHO; €CIH
06a MCTUHHBI, TO TeM GoJsiee HOPMyJIa UCTUHHA), XOTS U OTYACTH IIPO-
THBOPEYUT HAIell HHTYWUIUA — T0YeMy, COGCTBEHHO, U3 IBYX HUKAK He
CBSI3aHHBIX yTBEPXKIEHUN OFHO Bieuér npyroe? Emgé Gosee 3aramovna
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TaBTOJIOTUA
(p—q) —p) —0p

(XOTH €€ HU4Yero He CTOUT IIPOBEPUTH C IIOMOIIBIO Ta6JII/II_I I/ICTI/IHHOCTI/I).

OtcrynneHne o nonb3e ckobok. Ha camom fesie Hallie ornpenesieHue
UCTUHHOCTHU CONEPKUT CePhE3HBIH mpobest. YTobbl 06HAPYKUTE €ro, 3a-
mamuM cebe BOIPOC: 3adeM Hy2KHBI CKOOKu B dopmyiax? [IpemcraBum
cebe, 9TO MBI U3MEHUM OlpeieseHne (popMyabl, u Oy1eM TOBOPUTDH, ITO
PAQu PV Q ssistorcs popMysiaMu jist Jitobbix P u (. OcranyTcs
JIM HAINU PACCyKJIEHUs] B CHUJIe?!

JIerko MOHSATH, YTO MBI CTOJKHEMCS C TPYAHOCTBHIO HPH OIIPEJIesIe-
Huu 6yJsieBoil (pYyHKIUU, COOTBETCTBYIOIEH dopMmysie. B srom omnpemee-
HUU MBI [TOJICTABJISLIA HYJIM W €IAHUIBI HA MECTO ITEPEMEHHBIX M 3aTeM
BBIUUC/ISLIA 3HAYEHHE (DOPMYJIBI C MTOMOIIBIO TADJIUI] UCTUHHOCTHU JIJIst
cBa30K. Ho Temeps, Korga Mbl u3MeHWIN omnpeenenune popmyssl, Gpop-
Mysa p A ¢V r MOXKeT OBITH IOJIyYeHa JByMs crocobamu — u3 popmyst
PAQ U T C IOMOIIBIO orepanun V 1 u3 GopMysI p u ¢V 1 ¢ TIOMOIIBIO OTIe-
paruu A. DTHU IBa TOJKOBAHUS JAJyT Pa3HbBIA PE3yJIbTaT IIPU IOIBITKE
BeruuCaIUTDL 3HaUenue 0 A 0V 1.

W3 cka3aHHOIO SICHO, YTO CKOOKM HY?KHbBI, YTOOBI TaPAHTUPOBATH OJI-
HO3HAYHOCTH CHHTAKCUIECKOTo pas3bopa dpopmysibl. Tounee roBopsi, Bep-
HO TaKOe yTBEPKJICHUE:

Teopema 2 (ogHo3Ha4HOCTb pasbopa). ITponosunumonanbHast hopmy-
Jia, He SIBJISIFOIIASICS [TEPEMEHHON, MOXKEeT ObITh IPEJ/ICTaB/I€HA POBHO B
onHOM n3 4eThipéx BuaoB (A A B), (AV B), (A — B) wm —A, rie A
u B — nekoropsie dhopmyibl, npudéM A u B (B nepBbIX TPEX CIIydasx)
BOCCTAHABJIUBAIOTCSI OJTHOZHATHO.

<1 PopmMasIbHOE JOKA3ATEIbCTBO MOKHO MPOBECTH TAK: HA30BEM CKO-
60YHBLM UMO20M DPASHUILY MEYKJY THCIOM OTKPBIBAIOIIUXCS W 3aKPbIBa-
FOIUXCs CKOOOK. HyKITMelt 110 TTOCTPOeHIO (POPMYJIBI JIETKO JTOKA3aTh
TAKYIO JIEMMY:

Nemma. Ckobourblit uror ¢popmysibl paBeH Hyar0. CKOOOUYHBINA UTOr
Joboro Havasia (OPMYJIbl HEOTPHUIIATEJIEH W PABEH HYJIO, JIUIIb €CJIN
9TO HAYAJIO COBIAJAET CO Beeil GOPMYIIOil, IyCTO UM COCTOUT U3 OTHHUX
CUMBOJIOB OTPUIIAHUSA.

CioBa «UHIYKITMEH 110 TOCTPOEHUIO» O3HAYAIOT, YTO MbI IPOBEPSIEM
YTBEpXKJIEHNE i TIEPEeMEeHHBIX, 8 TaKKe JOKA3bIBaeM, UTO €CJU OHO
BepHo yist popmyst A u B, To oHo Bepuo u 1 popmya (AAB), (AV B),
(A — B) u-A.



[m. 2] Ioanvie cucmemsvl, c8430K 15

[Tocse Toro kak jleMmma qoKa3ana, pazdop (hopPMyIIbI IPOBOAUTCS TAK:
€CJin OHA HAYMHAETCS C OTPUIAHUS, TO MOXKET ObITh 00pa3oBaHa JIUIIb
o Tperbemy npasumity. Ecim »Ke oHa HAaYMHAETCS CO CKOOKM, TO HAaJO
CKOOKY y/IaJIuTh, & IIOTOM HCKATh HEIYCTOe HAYaJIo, MMEIOIIee HYJIeBOI
CKODOYHBII MUTOI ¥ HE OKAHYMBAIOIIEECs] Ha, 3HAK JIOTUYECKON OIEPAIlUN.
Takoe HAYAJIO €UHCTBEHHO (KAK JIETKO [IPOBEPUTH, UCIIOJIB3Ysl JIEMMY ).
D710 Hadasao u OyreT mepBoit dacTbio dopmysbl. Tem cambim dopmysta
pa30upaercsi OMHO3HAYHO. >

Het cMbliciia BIaBaTbes B OAPOOHOCTH ITOrO (HECJIOXKHOI0) PACCy K-
JIEHUsI: BOODIIE-TO aJrOPUTMBI pa3dbopa pOpMysT — 3TO OTAeIbHAs O0Tb-
mas U IPAKTHUYeCKH BaxkKHas TeMa (B IIEPBYIO OYepe/b B CBHA3H C KOM-
nussTopaMn). IIpuBeIGHHBIN HAMI aJrOPUTM Jajeko He onTuMmajeH. C
JIPYTOil CTOPOHBI, MBI BOODIIE MOYXKeM 000#TH 3Ty mpobJieMy, TOTpeboBaB,
9T00BI Py 3amucu (POPMYJI JeBast U MpaBast CKOOKHU, OKpy2Katoiue pop-
MYJLy, CBSI3BIBAJINCH JINHUEH — TOT/Ia OJIHO3HAYHOCTH pa3bopa hopMyJIbl
He BBI3BIBAET BOIIPOCOB, U DOJIbIIIE HUYETO HAM He HAJIO.

B nmampmeiiem Mbl OyzeM OIyCcKaTh CKOOKM, €CJIM OHHM JUOO HE Wr-
paroT poJiu (HAlpUMep, MOXKHO HAIIUCATH KOHbIOHKIIUIO TPEX YJIEHOB, HE
yKa3bIBasl MOPSJIOK JeHCTBUI B CHITy ACCOIMATHUBHOCTH), JUOO SICHBI U3
KOHTEKCTA.

4. Tlonbckuit jioruk JlykaceBud npejyiarajg 0o0XOAUThCs 6e3 CKOOOK, 3alTu-
ChbIBad B d)OpMy.HaX CHa4vaJIa 3HAK OoIlepaluu, a IIOTOM OIl€paHIbl (663 HpO6eJIOB
n pazgesureseit). Hanpuwmep, (a + b) X (¢ + (d X €)) B ero ob6o3HadeHnsx 3a-
nuiercss Kak X+ab+cxde. DTy 3aluch elé Ha3bIBAIOT MOAbCKOU 3aIUCHIO.
Obpammas TOJIBCKAs 3aIUCHh OTJINYAETCA OT HEeE TeM, YTO 3HAK OlePAIU UJIET
nocJie onepanoB. [lokaxkure, 4TO B 000MX CIIydasxX MOPSAIOK JIEHCTBUN BOC-
CTaHaBJINBa€TCAd OJHO3HAYHO.

1.2. NonHble cucTteMbl CBA30K

PaccmarpuBaemasi HAMHU CHCTEMa IIPOIO3UIMOHAIBHBIX CBA30K (B HEé
BXOOAT A, V, —, —|) NOANHG B CJIEIYIOIMIEM CMBICIIE:

Teopema 3 (MonHoTa cuctemsl csizok). Jliobas Gynesa dynkius (¢
JHOOBIM YHCJIOM API'yMEHTOB) MOXKeT ObITh 3aIUCAHA B BUJIE IPOIIO3UIIU-
OHAJIBHOI (POPMYJIBI.

< IIpore Becero mosicHUTH 3T0 Ha puMepe. [lycTsb, Hanpumep, 6ysieBa
dyukuus o(p, q,r) 3anana rabiauneii 1.4.

B tabauiie ecth TPU CTPOKU C €IUHUIIAMU B MPABON KOJIOHKE — TPHU
carydast, Korya Oysiea dynkiums ucruana (pasua 1). Hanumenm tpu Korb-
IOHKITUH, KaXKJIas U3 KOTOPBIX IOKPBIBAET OJUH CJIydail (& B OCTAJIbHBIX
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pla|r|eaqr)

0[0]0 1

0[0]1 0

ol1lo0 0 (—|p/\ﬂq/\—|r)\/
0|11 1 V(mp AgAT)V
Llojo] o V(pAgAT)
1101 0

1110 0

1111 1

Tabnauna 1.4. Bynesa dynkuus u 3agaomas e€ popMmyiia.

CTPOKAX JIOKHA), U COEJUHUM UX Ausbionkuumeii. Hyxuaa dopmyra mo-
CTPOEHA.

fcHo, uTO anajormYHas KOHCTPYKIMS IPUMEHUMA JJjis 000l Tad-
JIB! (€ JTFOOBIM YHCJIOM [EPEMEHHBIX ). [>

st popmysT TOMOOHOTO BHA €CTh CIENnaabHOe Ha3BaHme: (POPMY-
JIBL B QU3BI0OHKEMUBHOT HOPMaAbHOT Popme. Bosee mompobHO: aumepa-
AOM Ha3bIBAETCS IIEPEMEHHAsl WJIM OTPUIIAHUE IEPEMEHHOI, KOHBIOHK-
moMm Ha3bIBAETCS MPOU3BOJIbHAS KOHBIOHKIINS JINTEPAJIOB, & JU3bIOHK-
TUBHOM HOPMAaJIbHOI (OPMOIl HA3BIBAECTCS U3 BIOHKINS KOHBIOHKTOB. B
HAIIEeM CJIydae B KaXKIblii KOHbIOHKT BXOIUT 1 JINTEPAJIOB (TIe 1 — JHc-
JIO TIEPEMEHHBIX ), & YUCJI0 KOHbIOHKTOB DABHO YUCJLY CTPOK C €JMHUIIAMUI
U MOKeT MEHSIThCSI OT HyJIst (TOTJIa, IPaBJIa, MoJIyIaeTcs He coBceM dop-
MyJia, a <IIyCTasl JU3bIOHKIWsS», U €€ MOXKHO 3aMEeHUTb KaKOW-HUOYIb
Beerya JoxkHOi dbopmysoi tuma p A —p) mo 2™ (eciu Oynesa dyHKIusA
BCEr/la UCTUHHA).

5. /I mHA TOCTPOEHHO! B JOKA3aTEHCTBE TEOPEMbI 3 (POPMYJIbI 3aBUCUT
OT YucIa eauHUIl: Hopmysa OyaeT KOPOTKOM, eCiin eJUHUIl B TabJIHIIE MAaJo.
A kax HammcaTb (CpaBHUTEJILHO) KOPOTKYIO (bOPMyILy, €Cii B TaGJIUIE Majio
HyJIell, a B OCHOBHOM €JIWHUITHI]

Wuorja nosie3na ABONCTBEHHAST KOHBIOHKMUBHAA HOPMAALHAS HOP-
M@, KOTOPasl IIPEJICTABIIAET COOON KOHBIOHKIUIO Ju3sionkmos. Kaxk bt
JU3BIOHKT COCTOUT U3 JINTEPAJIOB, COCIUHEHHBIX JUIBLIOHKIUAMU. Teo-
peMy 3 MOYXKHO Telepb YCUJIUTDH TaK:

Teopema 4. Bceskas OyseBa (GyHKIUST MOKET OBITH BbIpaykeHa, hop-
MYJIOH, HAXOJIAIIEHCs B U3 bIOHKTHBHON HOPMAJILHOM (hopMe, a TaKKe
dopMyJIoii, HAXOAAIIECS B KOHbIOHKTUBHON HOPMaJIbHOI (hopMe.

< IlepBast gacTb yTBepXKIeHUS yKe 0Ka3aHa. Bropas dacTh aHa-



[m. 2] Ioanvie cucmemsvl, c8430K 17

JIOTUIHA TEPBOM, HAAO TOJBHKO JUIT KaXKJIOW CTPOKU C HYJIEM HAINCATH
TOAXOJIATINAIN T3 BHIOHKT.

MozkHo Tak»>Ke IPeACTaBUTH (DYHKIUIO — B IUIBIOHKTUBHON HOD-
MaJIbHOM bopMe, a 3aTeM BOCIO/Ib30BaThCa 3akonamu Jle Moprana, aro-
OBl BHECTH OTPUIIAHNE BHYTDPb. [>

6. [IpoBeauTe BTOPOIt BapHAHT PACCyKIECHUS TOIPOOHO.

Boob1ie rosopsi, ompeesnenne HOpMATLHON (GOPMBI HE TPeOyeT, 9To-
Obl B KasKJIOM KOHBIOHKTE (UJIH JIU3bIOHKTE) BCTPEUYAIIICH BCE IIEPEMEH-
upie. (IToBTOpATH NEpeMeHHyIo GOJIbINE OJHOIO pa3a CMbIC/IA HET; €CJIH,
HaIIpUMeED, IIepeMeHHas U €€ OTPUIAHUE BXOJAT B OJIHY KOHbBIOHKIIHIO,
TO 9T& KOH'BIOHKIIHS BCErJIA JIOXKHA U €€ MOXKHO BBIODOCHUTD. )

7. IlpuBeaure ipumep OysieBOil (DYHKIUU N apryMEHTOB, y KOTOPOii Jirobast
JAU3BIOHKTUBHAaA WJIN KOHBIOHKTHUBHaA HOPMaJibHad (bopMa COJZIEP2KUT JINIIb
weHbl jumHbL n. (Ykasanue: paccMorpute (DYHKIHUIO, KOTOPAs MEHSET CBOE
3HAYEHNE DU U3MEHEHUH 3HAYEHUs JII0O0H [IepeMeHHOIA. )

3aMeTuM, YTO IPH JOKA3aTEJIbCTBE TEOPeMbl 3 MbI O0ONLINCH Ge3
AMILUIMKAIMH. 9TO U HE YIUBUTE/IBHO, TAK KAK OHA BBIPAXKAETCH depe3
JU3BIOHKINIO U OTPUIIAHUE:

(p—q) < (=pVa)

(uposeppre!). Mbl Moz 661 060ATUCH TOJIBKO KOHHIOHKIUEH U OTPUIIA-
III/Ie‘l\l7 TaK KaK
(pVaq) < —(-pA-q),

HNJIN TOJIBKO 'ILI/IS"bIOHKILI/IeI‘/JI 1 OTpUIlaHHEM, TaK KaK

(pAq) < —(=pV—q)

(obe sKBUBaJIEHTHOCTH BbITEKAIOT U3 3akoHOB Jle Moprana; ux Jjierko
[IPOBEPUTH M HEIOCPeICTBeHHO). Kak roBopsr, cucreMa CBA30K A, -, a
TaK¥Ke CUCTeMA CBSA30K V, = sBisttoTcst noansimu. (Ilo onpenenennto sto
03HAYAET, UYTO C WX IOMOIINBI0 MOXKHO 3aIlMCaTh JIIOOYIO OyJeBy (DyHK-
IHIO. )

8. JIokaxkure, 9TO CHCTEMa CBA30K —, — moJHa. (YKa3aHue: Kak 3alucaThb
yepes HUX JAU3bIOHKIMIO?)

A BOT 6€3 orpunaHus oboUTHCHL Heab3sa. Cucrema CBA30K A, V, —
HEIIOJTHA — W 10 OYeHb IIPOCTOIl MpUYHHE: eC/In BCe TIePEMEHHbBIE NCTHH-
HBI, TO JII00Aast UX KOMOMHAIIWS, COEpPIKAIas TOJbKO yKa3aHHbIE CBSI3KH,
ucrunna. (Kak roBopsit, Bce 9TH CBA3KU «COXPAHSIOT €MHUILY>.)

9. Jliobast popmysta, cocTaBIEHHAsT TOJIBKO C IIOMOIIBIO CBSI30K A 1 V, 3a-
JaéT MOHOTOHHYIO Oy/ieBy PyHKIHIO (B TOM CMBICJIE, 9TO OT yBEJIUICHUS 3HA~
YeHHs JII0O0r0 U3 apryMeHTOB 3HavYeHne (PYyHKIIMU MOXKET TOJILKO BO3PAaCTH —



18 Jozuka svickasviearull [ro. 1]

UM OCTATHCs pexkuanM ). [TokarkuTe, 9T0 BEpHO M 06paTHOE: JII06AT MOHOTOH-
Hag OyneBa QpyHKIMs TUO0 MOCTOSTHHA (BCIOLY MCTHHHA WUJIM BCIOLY JIOXKHA),
60 MOXKeT ObITh BbIparKeHa (POPMYJIOH, cofepzKalleil TOJBKO A 1 V.

10. ITycte ¢ — 1 — TaBrosorus. [lokarkure, uro Halimércs dopmyrna T,
KOTOpas BKJIOYaeT B ceOsl TOIBKO OOIIue NIt ¢ U i) IepeMeHHbIe, sl KOTO-
poit dopmyssl (¢ — 7) u (7 — ) sBsrorest Taprosorusivu. (Bosiee o6t
BapHaHT ITOrO yTBEPKICHU, B KOTOPOM PACCMATPUBAIOTCS (DOPMYJIBI C KBAH-
TOpaMu, Ha3bIBAETCs Aemmoli Kpetiea.)

B mpunmune mMbl He 00s3aHBI OTPAHUYUBATLCS UE€TBIPBMSI PACCMOT-
pEeHHBbIMU CBsi3KaMmu. JIrobast OyjieBa (DyHKIMS MOXKET UT'PATh POJIb CBSI3-
ku. Hanpumep, MOXKHO paccMOTperh ¢Bsa3Ky (p notand ¢), 3a/aBaeMyto
SKBUBAJICHTHOCTBHIO

(p notand q) < —(pAq)

(cmoBamu: (p notand ¢) JIOXKHO, JIUNIB €CJIU P U ¢ UCTUHHBL). Uepes Heé
BhIpazKaeTcst orpunanue (p notand p), moOC/ie 9€ro MOXKHO BBIPA3HUTH
KOHBIOHKITHIO, & 3aTeM, KaK Mbl 3HaeM, U BOOOIe JIOyoo (QyHKIHIO.
(3uakomble ¢ IUMPOBBIME JIOTMYECKUMHA CXEMAMU MAJIOI0 YPOBHS UHTe-
rpanyy XOPOIIO 3HAKOMBI C 9TUM yTBEPKJIEHUEM: JOCTATOYHO OOJIBIION
zamac cxeM VI-HE nosBossier peanmsoBaTh J00yI0 TpeOyeMyIO 3aBUCH-
MOCTb BBIXOJI2 OT BXOJIOB. )

Jpyrast uHTEpeCcHas MOJIHAS CUCTEMa, CBSI30K — CJIOXKEHUE IO MOTY-
JIO 2, KOHBIOHKIM ¥ KOoHCTaHTa 1 (KOTopyo MoxKHO cuurarh 0-apHOi
CBSA3KOI, 3asaomeil byHKIMIO 0T Hyss aprymenTos). IIpeacrasinenubie
B 9TOM cucTeme 6yeBbl PYHKITUN CTAHOBSATCSI TIOJTUHOMAMHU € KO3 PUITH-
€HTaMU B KOJIbIIEe BBIYETOB 110 Moyt 2. Vtest paccMarpuBaTh OyJieBb
dyHKIMI Kak moaMHOMBI (OKA3aBIIALCA HEOXKHUJIAHHO ILIOJAOTBOPHON B
nocJieiHre rofibl) ObLia BeicKazana B 1927 1. pOCCHACKUM MATEeMATHKOM
Wsamom Banosudem ZKeraakuHbim.

HazoBéMm MoHOMOM KOHBIOHKITAIO JIOOOTO HAOOpa MEPEeMEHHBIX WU
KOHCTaHTY 1 (KOTOPYI0 eCTECTBEHHO PACCMATPUBATH KaK KOHBIOHKIIUIO
HyJisl TIepeMeHHbIX). HazBaHue 3TO €CTECTBEHHO, TaK KaK [PHU HAIINX
corsamenusx (1 obosnagaer ucruny, 0 — JIO2Kb) KOHBIOHKIM COOTBET-
CTBYeT yMHOXKEHUIO.

HazoBéM noauromom cyMMy TaKuX MOHOMOB IO MOIYJIO 2 (9T0 3HA-
qut, 910 000 =0,001=190=1u 161 =0). dcHo, 9TO 1BA NOBTO-
PAIONIMXCA MOHOMA MOYKHO COKPATHUTH (BEIb CJIOXKEHHE 110 MOILYJIO 2),
TaK 9TO OyJIeM pacCMaTpPUBATH TOJIHKO ITOJIMHOMBI 0€3 MOBTOPSIOIIAXCST
MOHOMOB. IIpu 9T0M, ecTecTBEHHO, IIOPSIOK YIEHOB B MOHOME (KaK U [0~
PSAZIOK MOHOMOB B IIOJIMHOME) POJIM HE UI'PAET, UX MOYKHO [1€DECTABIISATD.
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Teopema 5 (o nonnHomax XerankuHa). Begakas GysieBa pyHKIMS 011
HO3HAYHO IPEICTABIIAETCS TAKAM MOJIMHOMOM.

<1 CymecTBOBaHIE MCKOMOTO IOJIMHOMA, CJIEIYeT U3 TeopeMbl 4, Tak
KaK KOHBIOHKIINS €CTh YMHOXKEHUEe, OTPUIAHNE — MPUOABJICHUE €IIMHU-
1B, & JU3BIOHKIIUIO MOYKHO Yepe3 HUX BBIPA3UTh ([OJYIUTCsa P+ q—+pq).
Haso TosibKO 3aMeTuTh, 9YTO CTEIeHN He HY2KHbI: I€pEMEHHbIE TPHHIMA-
10T 3HadeHns 0 m 1, Tak 94To " MOXKHO 3aMEHUTH HA .

MozkHO TakKe COCJIATbCS HA U3BECTHOE U3 AJIredpbl YyTBEPKICHUE O
TOM, YTO BCsKas (PYHKIUsI C apryMEHTaMU M3 KOHEYHOro HoJist (B JIaH-
HOM CJIydae 9TO JBYX3JEMEHTHOE TI0JIe BBIUETOB 110 MOJLYJIIIO 2) 33/[aéTCst
nosmaoMoM. (Tak mmosydaercst HOBOe JI0Ka3aTeIbCTBO TEOPEMBI 3.)

Jlajiee MOXKHO 3aMETHUTH, YTO IOJIMHOMOB CTOJIBKO K€, CKOJIBKO Oy-
JIEBBIX (DYHKITUH, 8 TMEHHO 22" | B camom Jene, oymeBa OYHKIIUST MOXKET
[IPUHUMATH JII0OOe U3 JBYyX 3HAYEHUI B KaxkIoii w3 2" Touek Oyiera
Kyba B", a MHOTOUYIEH MOXET BKJ/IIOYATH WJIM HE BKJIIOYATH JIO00H n3
2™ monomoB. (MonoMOB poBHO 2", HOTOMY YTO KaXKJblii MOHOM BKJIIO-
JaeT WM He BKJIIOYAET JIOOYIO U3 N IepeMeHHbIX.) [losromy m3bbiTKa
IIOJIMHOMOB HeET, U €CJIn JIIO63.$I (byHKLU/IH npeacraBuMa IIOJIMHOMOM, TO
€JIMHCTBEHHBIM 00pPa30M.

MozkHO 1 He CCBLIATHCS Ha CBeJIeHNs U3 ajareOpsl u Teopemy 4, a 1aTh
SIBHYIO KOHCTPYKIIMIO. DTO yI00HO CJiejiaTh UHIyKIel 1o n. [lycTtb Mbl
y2Ke yMeeM IPeJICTaBIATE JII0OYI0 OyjieBy (DYHKIHIO OT n— 1 apryMeHTOB
¢ noMomIpIo mosimaoMa. Torma ¢(p1, . .., Pp) MOXKHO PEJICTABUTH KAK

@(Ply cee 7pn) = @(OupQJ e 7pn) + [80(071927 e apn) + @(172727 e 7pn)]p1

(uposeppre). Ocraéres 3aMeTUTh, YTO MPABYIO YaCTh MOYKHO I[IPEJCTa-
BUTb ITOJUHOMOM II0 ITPE/IIOJIOKEHNIO WHLYKIHH.

JIJ1s1 e TMHCTBEHHOCTH TAKKe €CTh JPYroe J0KA3aTeIbCTBO: IYCTh B
MHOro4wieHa (MMeoIiue CTeneHb 1 10 KaxK/JI0i epeMeHHO) paBHbl IIpH
BCEX 3HAYEHUSAX MePeMeHHbIX. Torma nx cyMma (MM Pa3HOCTh — BBITHC-
JIEHWsI TIPOUCXOMST MO MOJIYIIO 2) SIBJISETCS HEHYJIEBBIM MHOTOYJIEHOM
(comepKUT KaKne-TO MOHOMBI), HO TOXKJIECTBEHHO DaBHa HyJ0. Tak He
OBIBAET, U 3TO JIETKO JI0Ka3aTh 110 HHAYKIMA. B camom zeJe, J1io6oii MHO-
rowied A(p1, ..., Pn) MOXKHO IIPEJICTABUTL B BUJE

A(p1,...,pn) = B(p2,--.,pn) +21C(p2, . .., Pn),

rae B u C' — MHOTOYJIEHBI OT MEHBIIIET0 YUCIa TepeMeHHbIX. [lomcTaBasst
cuadaja p; = 0, a 3areMm p; = 1, ybexxaaeMcst, 9TO MHOTOWIeHb B u
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C' paBHBI HYJIO BO BCEX TOYKAX, U IIOTOMY (COIJIACHO IIPEJIIIOJIOKEHUIO
UHJIYKIMU) PABHBI HYJII0 KAK MHOTOYJIEHBI (HE COJEPXKAT MOHOMOB). [>

11. Ilycrs F' — mpousBosibHOe 110J1e. HazoBéM mysvmuiunetinot dyHKIm-
el IOJIMHOM OT T IIepeMEeHHbIX C KOS(i)(i)I/IHI/IeHTaMI/I nus3 F, B KOTOPOM BCe€ IIO-
Kazarenu crenenei pasabl su6o 0, 60 1. (Takum o6pa3om, KaKaplii MOHOM
B Heil eCTh Ipon3Bejienre K03 UIreHTa U HEKOTOPOro Habopa ImepeMeHHbIX
6e3 nmosropenuit.) Bynem paccmarpusare B = {0,1} kak nmoxmuO)KecTBO F.
Jokazkure, uTo Beakas OyseBa dyukius B" — B oHO3HAYHO NPOIOIKAETCS
10 MyJbTHIMHeHOW dyHKuu F"* — F, 1 K03 dUumeHTsl MyIbTUINHERHON
d)yHKLU/H/I MOZKHO CUHTATh IIeJbIMU YUCJIaMH.

Ecaun paccmarpuBaTh mpow3BosIbHBIE OyJIEBBI (DYHKIIUU B KatdeCTBE
CBSI30K, BOBHUKAET BOIIPOC: B KAKOM CJydyae HabOp OyJsieBbIX (byHKIU
obpasyer noJubiii 6aszuc? (Dro 3mauuT, YTo JoGasg OyseBa QyHKIUSA
MIPEICTABISICTCS B BUAE KOMITO3UIINN (DYHKINA M3 HaboOpa, T.e. 3amu-
coiBaeTcs B Buge (OPMyIibl, Ijle CBS3KaMu ciyzxkar (GyHKImu Habopa.)
ITo/t06HbBIE BOITPOCHI BBHI3BIBAJIA B CBOE BpeMs OOJIBITION MHTEPEC U ObLIN
XOPpoIo n3y4uenbl. Havda bHBIM 3TAIIOM SIBUJIOCH TAKOE yTBEPIKJICHUE:

Teopema 6 (kputepuii Mocta). HaGop GysneBbix dyHKIWM sBIsSETCSA
IIOJIHBIM TOTJIa U TOJIBKO TOI'/IA, KOTJIa OH HE COIEPYXKUTCS IeJINKOM HU B
OJTHOM W3 IIATU CJEIYIONNX <IIPEIIOTHBIX KJIACCOB»:

® MOHOTOHHBIE (DYHKITUH;

e (QyHKIUU, COXPAHSIONINAE HYJIb;

o (QYHKIUU, COXPAHSIOIINAE €IIMHUILY;
e JimHeltHble PYHKIUN;

® CaMO/IBOMCTBEHHBIE (DYHKITUH.

(Oyukuusa f MoHOMOMHA, €CIU OHA MOHOTOHHO HEYOLIBAET 110 KAXKJIO-
My u3 cBouxX aprymentoB. Oyukims f coxpansem nyav/edunuyy, ecau
f(0,...,0) =0 (coorBercrBenno f(1,...,1) =1). ®yukuua f auneina,
€C/I OHA TIPEJICTABAMA MHOTOYJIEHOM, B KOTOPOM BCE MOHOMBI COJEP-
)kar He Oojiee onHOM mnepemenHoil. Hakonen, dyHKimus f HasbiBaeTcs
camodsoticmeennot, ecim f(1 —p1,...,1—p,)=1— f(p1,...,0n).)

< Eciin HabOp COMEp:KUTCST B OJHOM W3 KJIACCOB, TO U BCE KOMIIO-
3ULUYU TAKXKE HE BBIXOAAT 33 HPEIE/Ibl ITOr0 KJjacca (JErko MPOBEPUTh
JUIST KazKJIOT0 U3 KJIACCOB B OTIEIBHOCTH) U MOTOMY HAGOD HE ABJISETCS
mostabiM. Jlokaxkem obparnoe yrBepkKaenne. [lycTs st KaXkI0ro Kirac-
ca BbIOpaHa Kakas-To OYHKIMs, B HEM He JieXKalas. ¥YO0eIuMcs, 9To C
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ITOMOIIBIO KOMOMHAIMIT BRIOPAHHBIX (DYHKIMI MOXKHO IIOJIy9IUTh BCe Oy-
JIEBBI (DYHKITHH.

Y mac ectb QyHKIWMS, HEe COXpaHsAONas HyJIb. llomcTraBuM BMeECTO
BCEX apryMeHTOB OHHY W Ty Ke IepeMeHHyo. Ilosyunrcss GyHKINUS OT
OJIHOT'O apryMeHTa, OTOOparKarolasi HyJlb B €JIMHUILY, TO €CTh JINOO KOH-
cradTa 1, ymbo orpuranue. CreaB TO Ke camoe ¢ (yHKIUeH, HE CO-
XPAHAOIEN eIUHUILY, [TOJIYyIUM JTHO0 KOHCTAHTY HYJIb, IMOO OTPUIIAHUE.
Takum obpazom, y Hac b0 ecTh oTpuranne, oo odbe KoncranTs! 0 u 1.

Eciin ecth 00e KOHCTAHTBI, TO BCE PABHO MOXKHO TOJIyIUTH OTPHUIIA-
ure. Bo3pmém HeMoHOTOHHYIO QyHKINIO. JIErKO IOHATH, 9TO OHA JTOJIK-
Ha MEHATb 3HA4YeHHe C €IMHUIBI Ha HyJIb [IPU U3MEHEHUH KAaKOIO-TO OJ-
HOIO apryMeHTa ¢ HyJIsd Ha eJuHHIly (B caMoM jeje, OyueM yBeJrdu-
BaTh apryMeHTHI IO OJHOMY, B KaKO-TO MOMEHT 3HadyeHHe (DYHKIIUU
YMEHBIINUTCA. ) 3adUKCUPOBAB 3HAYEHUsI OCTAJIBHBIX apryMeHTOB (Belb
MbI CYUTAEM, YTO KOHCTAHTDI €CTh), MOJIyIaeM OTPUIAHUE.

WNmest oTpurianre m HECAMOIBONCTBEHHYIO (DYHKITUIO, JIETKO IIOJIY-
YUTHh KOHCTAHTHI (ecsim ux He ObuIo). B camoM jiesie, HecaMOIBOHCTBEH-
HOCTB O3Hadaer, 410 f(z1,...,x,) = f(1—x1,...,1—x,) 1 KAKUX-TO
3HAYeHnH T1,...,T, € {0,1}. BMecTo HysIe€BBIX 3HAUEHUIT TEpEMEHHBIX
T1,..., Ty, MOJACTABAM P, BMECTO €JIUHUIL IIOJCTABUM 1), TIOJIyIUTCSI OHA
73 KOHCTAHT. Bropasi moJiyIuTcst OTpUIIAHIEM.

Tenepsb y HAC eCTh KOHCTAHTBI, OTPUIAHNE W HeJIMHEWHas (DyHKIUs
f(p1,...,pn). Heuneitnocts 03Ha9aeT, 9YTO B €6 NIPEJCTABJICHAN B BUJE
MHOTOYWIEHA €CTh MOHOM, COCTOAIINI Oojiee IeM U3 OHOU ITePEMEHHOM.
[IycTb, HaIpUMEpP, 3TOT MOHOM COAEPYKUT IIePEMEHHbIE p; U po. CrpyIr-
[UPYeM YJIEHBI 110 YeThIPEM I'PYIIAM U IOJYYUM BbIPAXKEHUE

plpgA(pg,, .. ) +plB(p3, .. ) +p20(p3, .. ) + _D(p37 e )

ITpu stom mMuOrowieHn A(ps,...) 3aBeJOMO OTJIMYEH OT HyJs, IIO3TOMY
MOYKHO TaK MOJICTABUTL KOHCTAHTBI BMECTO P3,...,Pn, YTOOBI IepBOe
cjaaraeMoe He O0paTHIOCh B HyJb. lTorga mosyauM Jjubo pps + d, mbo
p1p2 +p1 +d, mbo p1ps + p2 + d, 6o p1p2 + p1 + p2 + d. CeoboambIit
wieH d MOXKHO MEHSITh, €CJM Hy?KHO (y HAC eCTh OTPHUIAHWE), TAK UTO
HOJTygaeTcst IH0O0 P1pe (KOHBIOHKINSI, M BCE IOKA3AHO), JIU00 p1p2 +p1 =
=p1(p2 + 1) = p1 A —p2 (yOupaem orpuranue, mM0JyIaeM KOHBIOHKIMIO,
BCE ZoKazaHo), jmbo pips + pe (amajormuno), subo pi1ps + p1 + p2 =
= (1+p)A+p2) —1==(-p1 A—p2) = p1 V pa (JU3BIOHKIHSA, BCE
JIOKa3aHo). >
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1.3. Cxembl 13 pyHKLMOHANBHBIX 3JIEMEHTOB

DopMyIBI IPEACTABISIIOT COOOI cocob 3amncu KOMIO3UITUN (DYHK-
muii. Hampumep, ecim Mbl cHadaja TpUMeHsieM (DYHKIUIO f, a MOTOM
dbysKIMIO g, 970 MOXKHO 3amucarh dopmynoit ¢(f(x)). Ho ects u npyroi
c1rrocob: MOXKHO U300pa3uTh KAy (QOYHKIINIO B BAJIE IPSIMOYTOJILHIKA
C «BXOJOM» U <«BBIXOJIOM» U COEJIMHUTH BBIXOJ (DYHKIUU [ CO BXOIOM

dyukuuu g (puc. 1).
9(f(@))

Puc. 1. /Ipa criocoba n306pa3uTh KOMIIO3UIUIO g O f.

Takoe mpeacTaBiaeHne OTHIONDL HE SIBJIAETCA UHCTO TEOPETUIECKIIM.
V2Ke OOJIBITE TTOJTYBEeKa JEKTPOHHAS TPOMBIIIIEHHOCTD BBIITYCKAET MUK~
POCXeMBbI, KOTOPBIE BBITTOJTHSIIOT JIOTHYEeCKHe onieparuu. Takas MUKpocxe-
Ma MMeeT 3JIEKTPUYECKIe KOHTAKThI, HAIIPSI?)KEHE HA KOTOPBIX KOJIUPYeT
siormdeckue 3uHadenns U u JI. KoukperHoe HanpsizkeHne 3aBUCUT OT TUIIA
CXEMbl, HO OOBIYHO 9TO HECKOJIBKO BOJIBT, U BBICOKUI moTeHman (OTHO-
CHUTEJIbHO 3a3eMJICHNs) CIMTACTCS €MHUICH, 8 HU3KUH HYJIEM.

OxHOIl U3 TUNMYHBIX cxeM sBiserca cxema V-HE, oma mmeer asa
BXOJla M OAuH BbIxoa. CHUIHAJ Ha BBIXOJE SIBJISIETCSl OTPUIIAHMEM KOHb-
IOHKITUU CUT'HAJIOB Ha BXoje. /IpyrumMu cjoBaMu, Ha BBLIXOJIE TOSIBJISETCS
BBICOKH{T TOTeHIma  (CUrHajg 1) Torja M TOJBKO TOTJA, KOrJa Ha Of-
HOM 13 Bx0z10B norennuas auskuii (0). VI3 Takoil cXeMbl JIErKO HOJTy9UTh
cxemy HE (u3MeHSIOIIYI0 ypOBEHDb CUI'HAJIA HA IIPOTUBOIIOJIOKHBII), CO-
€IMHUB IIPOBOIOM JIBa BXoja. IIpu 3ToM Ha 06a BXOJA MOCTYIIAET OIUH 1
TOT 2Ke CUrHaJI, u onepanus U ero He mensier (pAp = p), a HE menser na
IPOTUBONOIOXKHDIN. B3aB sBa anmementa I-HE u ucnonb3ys Bropoit u3
HUX B KadecTBe sieMenTa HE, nHBepTHPYIOIIEro CUurHast ¢ BhIXO/[a epBo-
I'o 3JIeMeHTa, [oJIydaeM CXeMy, KoTopas peanusyer ¢gynkmuio 1. A eciau
oCTaBUTH 1Ba dreMmenTa HE mepen kaxkapiv u3 Bxom0B smementa -HE,
HOJIy9InuM cxeMy, peasusyiontyo dyukuuio UJIN: —(-p A —q) < (pV q).

Teopema 3 0 TTOJTHOTE CHCTEMBI CBSI30K TEIIEPh FAPAHTUPYET, ITO JIIO-
Oyto OysieBy (DYHKIMIO MOXKHO peaju30BaTh B BUjie cxeMbl. Hago nMeTh
B BH/Y, OJIHAKO, YTO IpejiaraemMasi B €€ JOKa3aTeJIbCTBE KOHCTPYKIIUsI
(I3 BIOHKTUBHAS HOpMAaJIbHAas (hOpMa) UMeeT CKOpee TeOPeTUIeCKuil nH-
Tepec, MOCKOIbKY MPUBOAUT K CXeMaM OYeHb OOJIBIIIOrO pa3Mepa Iarke
IUUIsl IPOCTBIX (DYHKIMI (€Cciau 4ucsio apryMeHToB Bemnko). Hampuwmep,
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cXeMa, CpaBHHBAIOIMAA ABa 16-OMTHBIX UHC/Ia, JOIXKHA UMETh 32 BXOIA
U TMO3TOMY B €€ DPEAIM3AINK C IOMOINBIO U3 bIOHKTUBHON HOPMAJILHON
dbopmbr Gymer mopsaka 232 sgementoB — uTo Mano peanbHo. (Mekty
TeM TaKyl CXeMy MOYXKHO IIOCTPOMTH T'OPAa3JI0 IIPOINe, U3 HECKOJbKHUX
COTEH JIEMEHTOB. )

[TosTomy BoOmpoC O TOM, CKOJBKO JIEMEHTOB HYXKHO JJIs Peajn3a-
AU TOW WU WHON (PYHKIUHU, MPEJCTABISIET OOJIBINON MHTEpEC — KaK
npakTudecknii, Tak u dunocodekuit. (OHA U3 IEHTPAIBHBIX TPOGIEM
MareMaTuKd U WH(MOPMATUKU, TaK Ha3blBaeMasi «IIpodjema repebopasy,
MOKeT ObITh chOPMYJINPOBAHA B TUX TEPMUHAX.)

Msmr ceituac gagum Gojiee (popMasibHOE OIpejiejleHre CXeMbl U pea-
Jsm3yemMoit eit Oysnesoit dyuknuu. Ho mpexe Bcero orBeTuM Ha, TaKOn
BOIIPOC — IOYeMy MbI BOOOIE roBopuM O cxemax! Beib MOXKHO 3aru-
caTh KOMIO3UINIO OyJIeBbIX (DYHKIHI B BuAe (DOPMYyIIbI, He OyIeT Ji 3T0
TO XKe camoe?

OxkasbiBaeTcsi, HE COBCEM, W PA3HUILy JIETKO YBUJIETH Ha, IIPUMEpe

(puc. 2).

hg1(f(x)), g2(f (2)))

Puc. 2. Dnement BxoguT B hopMysIy IBaXKIbI.

3/1ech OZIMH U TOT 2Ke JIeMeHT cXeMbl (f) IPUXOJUTCs yKA3bIBATD B
dopmMmyJte IBaXKIbl, TIOCKOJIBKY €r0 BBIXOJI UCIIOJIb3YeTCsl B KAYeCTBE BXO-
JIa IBYX Apyrux 3jeMeHTOB. CXeMbl, B KOTOPBIX TAKOI'O BETBJIEHUS] HET
(Ha TpaKTUKe BETBJIEHHE BIIOJHE BO3MOXKHO, XOTd M OIDAHUYEHO <«HA-
I'PY304HOil CIIOCOGHOCTBIO BBIXOJA», KAK MOBODAT MHYKEHEDHI), KaK pa3
1 cOOTBETCTBYIOT popmysnam. Ho B obrieM ciiydae mosydeHHas U3 JaH-
HOI1 cxeMbl (POPMyJIa MOXKET OBbITH JIJIMHHOM, JIaKe eCJIU CXeMa COIEPKUT
HEOOJIBIIIOE YUCJIO JIEMEHTOB, ITOCKOJIBKY YNCJIO KOIUI MOYXKET PACTH IKC-
MMOHEHITUAJILHO C POCTOM IJIYOUHBI CXEMBI.

XoTs ujest MIOCTPOEHUs CXEMBI U3 (DYHKITHOHAJBHBIX 3JIEMEHTOB, Pea-
JI3yonmX OyJieBbl (DYHKINK, JOCTATOYHO HALJISIHA, JHauM OoJiee dpop-
MaJjibHOe omnpefesenne. PuKcUpyeM HEKOTODPBIT HAOOP Oy/IeBBIX (DyHK-
it B. Iycrs umeercs n OyieBbix (npuauMarommx 3nadedus 0 u 1)
[MePEMEHHBIX 1, ..., Ty, HA3BIBAEMBIX 6rodamu. IlycTh TakKe mmMeeTcst
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HEKOTOPOE IUCJIO OYJIEBBIX IEPEMEHHBIX Y1, - - - , Y , HA3BIBAEMBIX NP0600-
nukamu. IlycTs mIs KazKI0ro MpOBOTHUKA CXEMBI 3a/1aHa OyreBa QpyHK-
s u3 B, BeIpazkaiomniasi ero 3HaveHne 4epes JIpyrue IPOBOAHUKH U BXO-
nel. IIpu sTom Tpebyercsi, 9TO0OBI He OBUIO IUKJIOB (IUKJ 00pa3yeTcs,
KOIJIA ¥; 3aBHCHUT OT ¥;, KOTOPOE 3aBHUCHT OT Yk, ..., KOTOPOE 3aBHUCHT
or y;). Ilycrb, Kpome TOro, cpejiu NPOBOJHUKOB BBIJIEJIEH OJUH, HA3bIBA~
eMblit 6vx0dom. B TakOM citydae TOBOPAT, UTO 3ajaHa CTeMG U3 PyHK-
YUOHAADHVIT 2aemenmos 6 basuce B ¢ n Bxomamu. Yuciao m Ha3bIBAIOT
pasmepom cxembl. (C TOUKY 3peHMs MHKEHepa pa3Mep — 9TO UUCIIO UC-
[TOJTb30BAHHBIX 3JIEMEHTOB, a 6a3uc B — 3T0 aCCOPTUMEHT JOCTYITHBIX
eMy 3JIEMEHTOB. )

OTcyTcTBHE UKJIOB FAPAHTUPYET, ITO €CTh ITPOBOIHUK, 3ABUCSIITII
TOJILKO OT BXOJIOB (MHAYe MOXKHO ObLIO Obl HANTH IUKJ: BO3BMEM Ka-
KOW-TO IIPOBOJHUK, 3aT€M BO3bMEM TOT IIPOBOJHUK, OT KOTOPOTO OH 3a-
BUCUT U T. JI.). 3HAYEHHUE ITOIO [IPOBOJIHUKA, TAKIM 00Pa30M, OJIHO3HATHO
oIIpejieJisieTCsl CUTHaJIaMu Ha Bxojax. Cpeu oCTaBIUXCsI ITPOBOIHIKOB
TaK>Ke HeT IUKJIA, II09TOMY MOXKHO HAllTH OJUH U3 HUX, 3aBUCSIIUI TOJIb-
KO OT y2Ke U3BECTHBIX, U OIPEIe/NTh ero 3Hadenne. [lepernymepoBas mpo-
BOIHUKHU B TAKOM IOPSIKE, Mbl MOYKEM 3aIMCATh [TOCJIEI0BATEILHOCTD
[IpUCBAaUBaHUN

v1:=fi(...);
Y2 := fa(...);
Ym = fm( )7

B IIPaBbIX Y9aCTAX KOTOPBIX CTOAT QYHKIMK U3 B, TPUMEHEHHBIE KO BXO-
JlaM U yrKe HallJIeHHBIM 3HadeHusiM. [Ipu 9TOM MOXKHO CYUTATH, UTO pe-
3YJIBTAT CXEMBI €CThb Y, (KaK TOJILKO DE3yJIbTaT [OJIYYeH, JaJbHenne
PUCBAUBAHUS y2Ke He HyXKHbI). Takasi IporpaMMa ONpeessieT Y, Ipu
M3BECTHBIX 3HAYEHUSIX BXOJIOB, U TEM CAMBIM 8blYUCAAEM HEKOTOPYIO Oy-
JIeBy (DYHKIIHIO.

Teneps Habop OyseBbix OYHKIWMI B MOXHO HAa3BaTh NOAHLIM, €CIIT
sobast OyseBa (DyHKIMS MOXKeET OBITH 3aJlaHa CXeMOil 3 B-3jieMeHTOB
(cymecTByer mporpamma, €€ BbIUUCJISIONIAst, IIPH STOM B IIPABBIX 9aCTIX
npucsanBaHuii croaT GyHKIMA 3 B). FcHo, UTO 3TO OnpeieseHne mo-
HOTBI PABHOCHJIBHO IIPEXKHEMY, TO €CTh BO3MOXKHOCTH 3aIlHCATL OYJIEBY
dyukuuio B Buge HopMyibl co cBga3KaMu u3 B (Kak Mbl FOBOPUJIH, Pa3-
HUIA TOJILKO B TOM, 9TO OJWH U TOT YK€ 3JIEMEHT OyjeT (bUrypupoBaTh
B (OpMysIle MHOIOKPATHO).
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Caooicnocmuvio byneBoit pyHKIMU f OTHOCUTEIBHO B HA3BIBAIOT MU-
HUMAJIBHBIN pa3Mep cXeMbl 13 B-3JIeMEHTOB, BEITUCIAIONEH QyHKIHO f.
Ero obozuavator sizeg(f).

Teopema 7. Ilycts By u By — jiBa TOJTHBIX HAbOpa O6y1eBbIX (DYHKITHIA.
Torma cOOTBETCTBYIOIIE MEPHI CJIOXKHOCTH OTJIMYAIOTCS HE OoJiee 1uemM
HA [OCTOAHHBIA MHOXKUTEb: HalAéTca Takoe aucyo C, uro sizeg, (f) <
< C'sizep, (f) u sizep, (f) < Csizep, (f) s moboit dynkiwm f.

< YTBepKaeHne moITH OUEBUIHO: TTOCKOIbKY HAOOpHI B n By mo-
HBI, TO KaxKJasg (PYHKIU OJHOTO M3 HAOOPOB MOXKET OBITH BBITHUCICHA
KaKOH-TO CXEeMOIi, COCTaBJIEHHOI U3 3JIeMEeHTOB jipyroro Habopa. Temepnb
MOYKHO B35Th B KadecTBe C' HamOOJBINMNI pa3sMep TAKUX CXeM, U Hepa-
BEHCTBa OYJ/IYT BBIMOJTHATHCS: KAXKJYI0 CTPOKY TPOrpaMMbl MOXKHO 3a-
MenuTb Ha C' (KJ1M MeHbIIe) CTPOK € UCIIOJIb30BaHreM (DYHKIHI JIPYroro
nabopa. >

Y10 MOXKHO CKa3aTh O CJOKHOCTU IIPOM3BOJILHON OysieBoit DyHKINN
n aprymenToB? Cieytomas TeopeMa IOKa3bIBAET, YTO OHA SKCIIOHEHIH-
AJBHO 3aBUCHUT OT 1 (Jyisl «Hayraj B3ATON» (DyHKIUH).

Teopema 8. (a) Ilycrs ¢ > 2. Torga cioxHOCTD 110601 OysieBoit PyHK-
[IUU 1 apTyMEHTOB HE MPEBOCXOIUT ¢ JIJIsl BCEX JOCTATOYHO OOJIBINUX 7.
(6) IIycrs ¢ < 2. Torma coxKHOCTH GONBITMHCTBA GysIeBbIX DYHKIMH 1
apryMeHTOB He MeHbIIe ¢ JJisi BCEX JOCTATOYHO GOJIBIIHX 7.

< Ipexye Bcero 3aMeTuM, 4TO MO MPEIALIIYINEH TeopeMe HE MMeeT
3HAYEHUs, KAKON HOJIHBINA 6a3uc BeiOpaTh (M3MeHeHue 3HadeHus ¢ Goee
CYIIECTBEHHO, Y€M YMHOXKEHUE CJIOKHOCTU Ha KOHCTAHTY ).

[TepBoe yTBepkKeHNE TEOPEMBI OYEBHIHO: Pa3Mep CXEMbI, PeaJn3y-
fOlIell JIM3BIOHKTUBHYIO HOPMAJIbHYIO (POPMY C 7 TEPEMEHHBIMHU, €CTh
O(n2™), mockoJIbKy uMeercst He Gosiee 2" KOHBIOHKTOB pasmepa O(n).
(Hamomumm cmbicat O-o6o3uadenuit: O(n2™) o3HAYaeT, YTO CYIIECTBYET
BepxHss oneHka Buga Cn2™ mis zekoropoit koucrautsl C'.) Ocranoch
3aMeTHTh, 4T0 O(n2") < (" npu JocTaTOYHO GOIBIIHX 7 (HAIIOMHIM,
qTo ¢ > 2).

Yrobbl JOKa3aTh BTOPOE YTBEP:KJEHUE, OIEHUM YHCIO PA3TAIHBIX
cxem (ckaxkeM, B Gasuce U, WJIU, HE) pasmepa N ¢ n aprymentamu.
Kaxnmas takas cxema MOXKeT OBITH OIUCAHA TOCJIEIOBATEILHOCTHIO U3
N mpucBanBaHWil, BEIPAXKAIOMINX OJHY U3 HEPEMEHHBIX depe3 PeIbIILy-
e, JIjst KaxK710ro IpucBanBanus ecTh He 6omee 3(N + n)? BapuanTos
(Tpu THIA OmepaIyii — KOHBIOHKIIWS, U3 bIOHKIMUS, OTPUIIAHAE, U KarXK-
JIBIii 13 He DoJiee IeM JIBYX apryMeHTOB BBIOMpAeTCst cpeau He Hojiee deM
N +n BapuanTos). OTCIO/a JIEIKO OJYYUTH OLEHKY 20(N'1og N) g3 ypciio
Beex dyukuuii cioxkuocru ue 6osiee N (cunras N > n).
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Bcero Gymessix dbyHkumii ¢ n aprymentamu umeercst 22 . 13 cpase-
HUst 9TUX (POPMYI BUIHO, 9TO UTO IPH ¢ < 2 U IPH JOCTATOTHO OOJIBIITNAX
n OyJsieBbl DYHKIUMH CJI0KHOCTH MEHBIIE ¢ COCTABJIAIOT MEHBIIUHCTBO,
tak kak 29(¢"1°8¢") \igoro menbime 227, >

12. IIposeauTe BTOPYIO YaCTh paccyKIeHus O6ojiee TOAPOOHO U MTOKAKUTE,
9TO NIpU HEKOTOPOM € > 0 CJIOKHOCTBH OOJBIIMHCTBA Oy/IeBbIX (DYHKIUNR C N
apryMeHTamMu He MeHblle 2" /n.

BepxHioio oreHKy TeopeMbl 8 MOXKHO YCUJIUTD U ITOKA3aTh, ITO CJIOXK-
HOCTB JIF000# GyseBoit hyHKIMU n aprymenTos He npesocxonut O(2"/n).

13. (a) ITokakure, 9TO MOXKHO IIOCTPOUTH cxeMy pasmepa O(2™) c¢ 2™
BBIXOJIAMH, PEAIN3yIoNLyIo Bce 2 BO3MOXKHBIX KOH'BIOHKTOB JUIMHBI M (J1JIst
Kaxka0ro — cBoil Bbixon). (VkKasaHue: TaKyl CXeMy MOXKHO IIOCTPOUTH HH-
nyktuseo.) (6) Ilokaxure, 4T0 MOMKHO mOCTpOMTH cxemy pasmepa O(22")
¢ 2*" Beixogamu, peammsyiomtyio Bce 22 Gysebix (byHKIMI M apryMmen-
ToB. (YKazaHue: 3Ty CxeMy TakK»Ke MOXKHO IIOCTPOUTH MHAyKTuBHO.) (B) Ilycrs
o(z1,..., Tk, Y1,...,y1) — OyneBa dyHKIM, APIYMEHTHI KOTOPOil pa3OUTHI Ha
IBe rpymmel. IokaskuTe, 4TO €6 MOKHO 3allUCATh B BUJE AN3bIOHKIMN 2F e
HOB, KaXKblil n3 koTtopeix umeer sun C(z1,...,z5) A D(y1,...,y1), tme C —
KOHBIOHKT, & D — mpousBosibHast OysieBa OyHKINsI. BoIBeCTH 0TCIO/1a YITOMSIHY-
Ty1o BbiIe oneHky O (2" /n). (Ykazanue: pa3yMHO IOJIOKUTL k = n — logn + ¢,
I =logn — c. Cm. Takxe [9] u [33].)

Teopema 8, 0lHAKO, HIYIErO HE TOBOPUT O CJIO2KHOCTU KOHKPETHBIX Oy~
seBbix pyuknnit. Curyarust 37ech TakoBa. EcTh pazHooOpa3Hble METOIbI
U NPHUEMBI TIOJyYeHUs BEPXHUX OIEHOK. Ho mpo HIKHWE ONEHKH HEem3-
BECTHO IpakTudeckun Hudero. I[Ipo MHOrme pyHKIIMM MBI 110/I03pEBaEM,
9TO UX CJIOXKHOCTH BeJINKa (IKCIIOHEHIIMAIBHO 3aBUCHUT OT YNCJIa BXOJIOB),
HO JIOKa3aTh 9TO TOKa He yyaércd. BecbMa HeTpUBHAJIBHBIE HJIEH TTO3BO-
JISTIOT JIOKA3bIBATh SKCIIOHEHIINAIbHbIE HUYKHIE OTEHKU JIJIST HEKOTOPBIX
CIIENTMAJILHBIX KJIACCOB CXEM, HAIIPUMED, CXeM U3 MOHOTOHHBIX 3JIEMEHTOB
WJIA CXeM OrpaHMYeHHOI ry1ybunbl (Mcosb3yonmx sjaementsl U u JIN
C TIPOM3BOJIBHBIM IHCJIOM BXO/I0B). [losyueHne 9KCIIOHEHIMAIBHBIX OIle-
HOK Jijist O0Jiee ObIUX CXeM — OJIMH U3 BO3MOXKHBIX ITOJIXOJ0B K 3HAMe-
HUTOI mpobaeme nepebopa, MEHTPAIBHON MPOOIEMe TEOPUU CJIOZKHOCTU
BBIYUCJICHUI.

Mpbt me OymeM yrimyb/IaThCs B 9TY TEOPHIO, & TPUBEIEM JIUIITH HECKOIb-
KO BEPXHUX OIIEHOK JJId KOHKDPETHBIX 3a/a4. IIpu 3ToM MBI He mpeTeH-
JIyeM Ha IMOJIHOTY, & XOTUM JIUIIb MOKA3aTh HECKOJIbKO HHTEPECHBIX Ui
U IIPUEMOB.

Pacemorpum dynKIMIo cpaBaenust 1ByX n-6uToBbix unces. OHa nmve-
eT 2n apryMeHnToB (n Jyis OJHOrO YUCja U M JJisl IPYIroro); eé 3HadeHue
paBHoO 1, ecsin iepBoe YHCJI0 OOJibIte BTOPOro, u () B IPOTUBHOM CJIydae.



[m. 3] Cremvl u3 GYHKUUOHAALHBIL INEMEHMOE 27

O6o3naunm sty dyunxnuio Comp,,.

Teopema 9. Ilycts B — nosabiit nabop dyukimit. CyrnecTByer Takast
koucrauta C, aro sizeg(Comp,,) < Cn.

<1 3aMeTuM, ITO HOCKOJIBKY B (hOPMYyJIMPOBKE TEOPEMBI OIIEHKA Pa3-
Mepa, [IPOBOJUTCS ¢ TOYHOCTHIO JO KOHCTAHTBI, TO BBIOODP KOHKPETHOI'O
Gazmuca He mMeeT 3HaYeHUs. J[pyruMu CJIOBAME, MBI MOYKEM IIPEIIIOJIa-
rarb, 9TO JI0O0E KOHEYHOE YUCJIO HEOOXONMMBIX HaM (DYyHKIUI B 3TOM
basuce ecTb.

Cxema cpaBHeHHs duces OyueT PeKypCUBHON (ITOOBI CPABHUTH B
9HCJIa, MBI OTJIEJIBHO CDABHUBAEM WX JIEBBIE U IIPABhIE IIOJIOBUHBI, 8 3aTeM
00beuHsIeM pe3ysbraThl). IIpu 9ToM, Kak 9acTo ObIBAET, HAJIO0 YCUIUTD
yTBEpKIeHNe, YTOOBI WHIYKIIUs TPOILIa. A UMEHHO, MBI OyIeM CTPOUTh
CXEMY C 21 BXOJAMU X1, ..., Ty, Y1, - - -, Yn U JBYMS BBIXOJAMU, KOTOPAS
YKa3bIBA€eT, KaKOi U3 TPEX CIydaeB & < Y, £ = Y WIN & > Y UMeeT MECTO.
(Bmecw x,y — uucsa, 3aUCHIBAEMOE B JIBOUYHON CHCTEME KaK X1 ... Ty,
U Yl ..., Yn.) JIBa BOIXOAHBIX OMTa KOIUPYIOT YETHIPE BOZMOXKHOCTH, &
HYKHO TOJIbKO TPH, TaK YTO €CTh HEKOTOPLIH 3anac. st onpepenénno-
CTH MOXKHO CYHUTATh, YTO MEPBBI BBIXOJHONW OUT MCTHHEH, €CJU YUCTa
paBHBI, a BTOpOit — ecau & < y. Torma BO3MOXKHBI TPH BAPUAHTA CUTHA-
s0B Ha BBIXOziE: 10 (paBencTso), 01 (1pu = < y) u 00 (npu x > y).

OObsicHUM Ternepb, KakK CcOOpaTh, CKAaXKeM, CXeMy CDAaBHEHHUs IBYX
16-paspsaaabix ancen. CobepéM OTHENBHO CXEeMy CpaBHEHUsI CTAPIIUX
8 paspsoB u Mutamnux 8 paspsioB. Kaxmnas u3 Hux gact orser B (op-
Me aByx 6urtoB. Teneppb u3 3TuX 4eTHIpEx 6uToB HALO cobpark jaBa. (Eciu
B CTapINUX pa3psijiaX HEPABEHCTBO, TO OHO OIPEJIEJIAeT PE3yJIbTAT CPaB-
HEHUsl; €CJIU CTapIlre Pa3psi/ibl PABHBI, TO PE3YJIbTAT CPABHEHUs OIpe-
Jesisiercs MaamuMu paspgagamu.) Hanucannas B ckobkax dpasa ompe-
nensier OyseBy (DYyHKIIHIO C YeTBIPDbMs OMTAMW Ha BXOJAE W JByMs OH-
TaMU Ha BBIXOJIE, U MOXKET ObITh peajin30BaHa HEKOTOPOil cxeMoil (huk-
cHpoBaHHOIO pasMmepa. Takum obpaszom, eciau depe3 T'(n) obosHaduTH
pa3Mep CXeMbl, CDABHHUBAIOIIEH N-ONTOBBIE YHCJIA, TO IOIYIAEM OIEHKY
T(2n) < 2T (n)+c, T1e ¢ — HEKOTOPasi KOHCTAHTA, 3aBHUCAINAs OT BHIOOpa
Gasmca. Orcroma ciemyer, aro T(2%) < ¢/2% npu mexoTopom ¢. B camom
Jieste, JJIs JOCTATOYHO OOJIBIIOro ¢ MOXKHO JTOKA3aTh 0 WHIYKIUH, 9TO
T(2%) < /2% — ¢ (MBI JIO/KHBI YCHIIUTD HEPABEHCTBO, BBIYTS U3 MPABOi
YacTH ¢, YTOObI MHJYKTUBHBIN IIAr MPOINENT; 0a3a WHIYKIUUA OCTAETCS
BEPHOIA, ecn ¢’ JI0CTATOUHO BEJIMKO).

Ty ke camyro OIEHKY MOXKHO OOBbSICHUTH W HarsaHo. Hama cxe-
Ma UMeeT BHJ[ MePApXUIECKOro jepeBa. Ha KaykJOM ypOBHE W3 JIBYX
JIBYXOUTOBBIX CUTHAJIOB MoJrydaercs: oauH. OcTaércst BCOOMHUTD, 9TO B
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[OJIHOM JIBOMYHOM JIEPEBE YUCJI0 BHYTPEHHUX BEPIIUH (KOTOPOE OIpejie-
JIseT pa3Mep CXeMbl) Ha eJIMHUILY MeHbIIle Jucia JucTbeB. (B TypHupe o
OJIMMIUICKON CHCTEME YHCJIO UT'D HA €IUHUILy MEHbIIe YHC/Ia KOMAH/I,
TaK KaK II0CJIe KayKI0M UIPhI O/HA KOMAH/[a BbIOBIBAET. )

Bce BHYTpeHHME BEDIIHHBL U BCE JINCThsI (Il CPABHUBAIOTCS 1B G-
Ta) UPEJCTABIAIOT COOOI CXeMbI OIPAHUYEHHOIO Pa3Mepa, OTKY/A U Bbl-
TekaeT omenka 1'(2%) < ¢/2F.

Ocrajyioch JMIIb CKa3aTh, YTO JeJIaTh, €CJAH Pa3Mep Juces (KOTOPBIi
MBI 0003HAYAJIN U€PE3 N) HE €CTh TOUHAS CTelleHb JBOHKY. B aToM ciryvae
MOXKHO YBEJIMUUTH pasMep J0 OiamzKaiiiieil cBepxy creneHn JIBoiiku (He
GoJiee UueM B JiBa pasa) U MOJATHh HA CTAPINUE Pa3Psibl BXOAOB HYJIH.
Oba meiicTBUs IPUBOIAT K YBEJUIEHUIO Pa3Mepa CXeMbl He Oojiee 1eM B
KOHCTaHTYy pa3. >

Tepeitném K CIIOXKEHUIO IBYX N-paspsagnbix ducer. (CTporo rosops,
TYT BO3HHKaeT He Oyiesa dbyHKus, a dbynkmua B” x B® — B"*! no
BCE HAIIM OIPEJEJICHNs OYEBUHO IIEPEHOCITC Ha STOT CJIyYail. )

Teopema 10. CymecrByer cxema pasmepa O(n), oCyIIecTBIISIONAA
CJIOKEHWE JIBYX N-ONTOBBIX YHCEJ.

< Hanmomuum cmbicst 06o3nadenuss O(n): HAM HaJO OCTPOUTDH CXe-
My CJIOKEHUsI N-OUTOBBIX UHCEsI, UMEIONIYI0 pa3mep He Gonee Cn miist
unekoroporo C' U JijIst BCexX Nn.

BcenomanM, Kak cKIaIbIBAIOT YNCTIA B CTOJIOUK:

011

1001

1011
10100

Bepxusis crpoka — OWTBHI TIepeHOCA, HUXKHSAS — PE3yJIbTaT. 3aMETUM,
YTO KarKJIblil U3 OUTOB MEepEeHOCa UJIH Pe3yJIbTATa OMPEIEJISIeTCsT TPEeMst
apyrumu 6uramu (GUT pe3ysIbTaTa PaBeH CyMMe JBYX OHTOB CJiaraeMbIX
u 6uTa mepeHoca 1Mo MOIYIIO 2, a OUT mepeHoca paBeH 1, ecau XoTs Obl
JBa U3 3TUX TPEX 6uToB pasHbl 1). [03TOMY MOXKHO COCTABUTH CXEMY,
KOTOpasl BBIYUCJIsIeT 3T OUTHI ClipaBa HaJieBo u umMeer pasmep O(n). >

3amernm, 9T0o TeopeMmy 9 JIerko BhIBeCTH u3 TeopeMbl 10: 9To0b cpaB-
HUTb YHUCJIA T U Y, CA0KUM 9ucyio (2" — 1) — x (To ecTb 4ucio , B KO-
TOPOM BCE eJ[MHUIBI 3aMeHeHbI HyJIsIMA U Haobopor) u uucio y. Ecau B
crapieM paspsijie MOsIBUTCS €IMHUIA, TO Yy > X, & eCJId HeT, TO y < .
Ocraércs 3aMeTUTh, YTO W CJIOXKEHHe, W obpalleHne OUTOB B YHUCTIE T
TPeOYIOT cxeM JIMHEHHOro pa3mepa. Takmm 00pa3oM, CpaBHEHUE YUHCEJT
CBOJINTCS K BBIYHCJIEHNIO OnTa ieperoca. BepHo u obpaTHoe: BHIYHUCICHIE
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6uTa IIePEHOCA CBOJUTCS K CPABHEHUIO JIBYX duces (0OpaTuM B OIHOM U3
cjlaraeMbIX Bce OUTHI).

Tem He MeHee KOHCTPYKIIHSI, UCHOJB30BAHHAS [IPU JIOKA3ATEIHCTBE
TeopeMbl 9, UMeeT HEKOTOpbIe IMpeuMyliecTBa. HazoBéM 2aybunoll cxe-
MBI MAKCUMAJIbHOE YUCJIO 3JIEMEHTOB Ha, IyTU OT BXOJa K BBIXOMY. Kcim
NpeJCTaBUTh cebe, UTO CUTHAJ Ha BBIXOJIE JIEMEHTa TOSBJISETCS He Cpa-
3y IOcje MOJAaY! CHATHAJIOB Ha BXOHBI, & C HEKOTOPOU 3aJIepKKOH, TO
[JIyOMHA CXEMbBI OIpEIeJIsieT CYMMApHYTO 331epXKKy. JIerko moHAThb, 910
pPeKypcHuBHasl cxeMa cpasHeHust uMmesa raybuny O(logn) (amesao ypos-
Heil IIPONOPIMOHAJIBHO JlorapudMy pasMepa BXoJa), B TO BpeMsl Kak
[IOCTPOEHHAS TOJIBKO YTO CXEMa CJIOYKEHUsI UMEET IJIyOUHY, IIPOIOPIH-
OHAJIBHYIO 7. (GUTBI IIEPEHOCA BBIYUCIIAIOTCS IOCIEI0BATEIBHO, COPABa
naseBo). Ho MOXKHO coeuHuTh 9TH JBa pe3yJibTara:

Teopema 11. CyriecTByer cxema CJIOXKEHUsI JIBYX M-OMTOBBIX UUCE]
pasmepa O(n) u ray6unst O(logn).

< Kak MbI Bujiesin, mpobjiemMa B TOM, 9TO OUTHI TIEPEHOCA BHITUCIIs-
F0TCsI TIOCJIEIOBATEILHO, & He MapaJsjiebHo. K yaacres ux Bce BBIYUC-
JuTh cxeMoii pazmepa O(n) u raybunst O(logn), nanbHeiiniee 04eBUIHO.

Boranciienne 6uToB mmepenoca paBHOCUIBHO CPABHEHUIO, TAK 9TO JIJIst
JI0Ka3aTeIbCTBA TEOPEMbI JIOCTATOYHO HAYUNThCS CPABHUBATHL IIapaJl-
JIEJIbHO Bce «Cy(PDUKCBI> NBYX 7M-OMTOBBIX YUCET T ...Tp U Y1 - - - Yn,
T. €. JIJIST KasKJIOTO § CPABHUTD UUCHA TiTit] - - - Ty A Yilfitl - - - Yn-

BenomuuM, 910 MBI JI€JIaJid DU CPABHEHUU YHCeJ (CKazKeM, JIJIu-
uel 8). Ha HuzkHEM ypOBHE MblI CDaBHHBAJIU OGUTHL:

Ty T2 X3 T4 T3 Te X7 ITg
Y Y2 Ys Y4 Ys Ys Yr Y8

Ha cirerytommem ypoBHE MbI CDABHUBAJIN JIBY3HAYHBIE THCJIA

T1T2 T3T4 IT5Te IT7X8
Y1y2 YsYa YsYs YryYs

3aTeM tIeTI)IpéX?,Ha}{HbIe

T1X2X3L4 T5LeL7TY
Y1Y2Y3Ys YsYeYrys
u, HaKOHEI[, BOCbMU3HAYHbIC:

T1T2X3T4X5T6L7TY
Y1Y2Y3Y4YsYe Y7 Ys
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Taxum obpazom, gis cyddurcos gyuab 8, 4, 2 u 1 pe3yabraThl cpas-
HeHus yxke ectb. s cyddukca npuast 6 pe3ysibTaT MOXKHO IOy 9UATh,
KOMOUHUPYS PE3Y/IbTAT CPABHEHUS T3T4Y3Ys U L5XeXL7L8 T Y5YeY7Ys- 11o-
¢Jie 3TOro y Hac ecTh nHdopMarmsa o cydduKcax BceX YETHBIX JJIUH, U
coeuHsAst €é ¢ mH(opMalmeil ¢ IepBoro 3Tarna, MoJIy4aeM CBEJICHUS PO
Bce cyddukcel. Hanmpumep, nis cpaBaenusi cyddUKCOB JIMHBL 7, TO
€CTb Zg...Xg U Yo ...Ys, MBI COEJIMHSIIEM PE3YJILTATHl CPABHEHUS To U
Yo C pesysbraTaMu cpaBHeHus cydHdUKCOB ymHbI 6, TO €CTh X3 ...Tg U
Y3 .. Ys.

B obmem cirydae KapTuHa Takas: MOCE «CYKAIOIIErocs 1epeBay Mbl
CTPOUM «PACIIUAPSIIONIEECST» ; 38 k MAT0B JI0 KOHIA MBI 3HAEM PE3YJIbTATHI
cpasHeHns Bcex Cy(bUKCOB, JJIMHBI KOTOPBHIX KpaTHbl 2¥. D10 nepeso
umeer pasmep O(n) u raybuny O(logn), 9To 3aBepiiaer I0Ka3aTe b
CTBO. >

14. TlokaxkuTe, 4TO BBIYUTAHUE JBYX N-OUTOBBIX YHCEJ O MOJLYJIIO 2™ BbI-
nonusiercs cxemoit pazmepa O(n) u riaybunst O(log n). (Yka3aHue: BbluuTaHUE
JIETKO CBOAUTCA K CJIO?KEHUIO, €CJIM 3aMEHUTDL HYJINW Ha €IUHUIbI 1 HaO60pOT.)

Tenepn 3aitmémcst ymuo)KeHuem. CxeMa yMHOXKEHUsT JIBYX N-Pa3psiJi-
HBIX YUCE] MMeeT 21 BXOIOB (L0 7 JIsl KaxKIOro MHOXKHUTEJs) U 2n
BBIXOJIOB JIJTsl IPOU3BEJICHMSI.

ITocmoTpum, Kakue ONEHKY TaéT OOBIYHBIN CIOCO0 YMHOYKEHUST IUCET
CTOJIONKOM. B HEM yMHOXKEHWE JIByX N-pa3psIHBIX 9HCET CBOJUTCS K
CJIOKEHUIO 7. KOLUil 11epBOro 4ucia (YacTUYIHO 3aMEHEHHBIX HA HYJIU B
3aBUCUMOCTH OT (P BTOPOrO YHUCJIA) CO CABUTAMH.

[Toygenme sTux Kommit TpeGyeT cxembl pazmepa O(n?) (obmee [mc-
g0 nudp B Konwmsx) u rorybunsl O(1). Cioxkenue ABYX 2n-paspsiiHbIX
quceJl Mbl MO2KEM BBIIIOJITHUTH C IIOMOIIbIO CXEeMBbI pa3Mepa O(n) u riay-
6unbr O(logn), Tak 4TO HEOOXOIUMBIE 11— 1 CIIOYKEHMH MOXKHO BBIIIOJHUTE
exenmoit pasmepa O(n?) u ray6unst O(log? n) (ecin ckIaupBaTh CHAYATA
HOIIAPHO, IIOTOM Pe3yJIbTaThl CHOBA [IONAPHO U T. J1.). OKa3bIBaeTcs, 3T0T
pe3yIbTAT MOXKHO yaydamuTh. Hanbosiee SKOHOMHBIE CITOCOOBI OCHOBAHBI
Ha npeobpaszosannn Pypre (0 HUX MOXKHO Tpovecth B KHure [1]). C nx
[IOMOIIIBIO, HAIIPUMED, MOYKHO TOCTPOUTH CXEMY YMHOYXKEHUS N-OUTOBBIX
qmrces1, UMeonIyio pasmep nlog® n.

OTHU METOJIbI JJAJIEKO BBIXO/SAT 38 PAMKI HAIEr0 0OCY XK I€HUsT, HO JIBa
VLY 9IIEHUST MbI IPUBEIEM.

Teopema 12. CyrmecTByeT cxeMa YMHOXKEHHS JBYX N-Pa3PITHBIX UM~
cen pasmepa O(n?) u ray6unsr O(logn).

<1 Kak MbI y2Ke rOBOPUJIN, YMHOYKEHHUE JIBYX N-PA3PSTHBIX IUCEJT CBO-
JIATCST K CJIOYKEHUIO 1 TAKUX THCEJI, B OCTAETCsI BBITIOJTHUTE TAKOE CJIOXKE-
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nue cxemoit pazmepa O(n?) u riay6unst O(logn). Kmouesbim MoMeHTOM
3716Ch SIBJISIETCS CBEJIEHNE CJIOZKEHUST TPEX TUCENT K CJIOKEHUIO JIBYX C TI0-
MOIIBIO IPOCTOit cxeMbl pasMepa O(n) u riybunst O(1). B camom zee,
IyCThb €CTh TPH YUCJIA T, Y U 2. Ecim MbI Oy/1eM CKJIaIbIBaTh OTIeIbHO B
KaXKJIOM paspsijie, TO B pa3psijie MOXKET HAKOMUThCs Jiobast cymma ot 0
1o 3, To ectb B nBomunoit 3anucu or 00 go 11. Chopmupyem u3z mirai-
X GUTOB ITUX JABYXOUTOBBIX CYMM YUCJIO U, & U3 CTAPIIUX (CIABUHYTHIX
BJIeBO) — unciio v. Torpa, oueBugno, x+y+ 2z = u+v. oxygyenune uudp
YUCJIA U4 U U MIPOUCXOUT TapaJsIebHO BO BCEX paspsijax u Tpebyer pas-
mepa O(n) u rry6uusr O(1).

Temepnb, ecnmn HAIO CTOXKUTH N IUCEJ, MOYKHO pa3dUTh WX Ha, TPOii-
KA M U3 KaXKJIBIX TPEX YHCEs MOJMYYUTh MO JBa. B ciemyromuit Kpyr,
TakuM 00pa3oM, BhIHAYT (2/3)n umcesn (HpuMepHO — rpaHUYHbIE -
dbexThl Gosboit pou He urpaor). X cHOBa MOXKHO CIPYNIUPOBATDH 10
Tpoiikam 7 T. 1. C KaxKIbIM yPOBHEM HYHCJIO CJIATa€MbIX yOLIBAET B TOJ-
TOpa pa3a, Tak 4To IVIyOmHa cxeMbl Oyzer Jsiorapudmudeckoit. Kaxmoe
peobpasoBaHue TPEX claraeMbiX B jBa Tpebyer cxembl pasmepa O(n)
U yMEHBINAET YHUCIO CJIAraeMbIX HA EJUHUILY, TaK 9YTO MOTpebyeTcst n
Takux npeobpazopanuii. Mtak, sTa KOHCTPYKIUsS UMeeT OOIuil pasmep
O(n?) u rry6uny O(logn). Hamo TOAbKO OTMETHTB, UTO B KOHIE y HAC
MOJIy9aeTCs HE OJHO 9YUCJIO, a JBa, U WX HANOCJIEIOK HAJO CJIOKHTH —
4TO MBI yMeeM Jiesiarh ¢ rorybunoit O(logn) u pasmepom O(n). >

15. JlokarkuTe, 9TO CxeMa, BBIMUCSIONIAas OyaeBy GyHKIHIO f OT n apry-
MEHTOB, Y KOTOPO# HU OJINH apTYMEHT He SIBJISAeTCS (PUKTUBHBIM, UMEET Pa3Mep
HE MeHee Cn 1 FJIy6I/IHy HE MEHee C log n, rae c > 0— HEKOTOpas KOHCTaHTa, 3a-
BHCAIIAsi OT BBIOPAHHOTO HAOOPa 9JeMeHTOB. (ApryMenT hyHKIUU HAZBIBAIOT
PurmueHvLM, €CIIL OT HErO 3HavYeHNe (DYHKIUYN He 3QBUCHT.)

Dra 3a7a49a TOKA3BIBAET, UTO €CJIU MO X0y YMHOXKEHHUs JBYX Nn-pas-
PAJHBIX YHCEJ MBI CyMMHPYEM 7. CJIATA€MBIX pasMepa 7, TO OIEHKH
O(n?) nna pasmepa u O(logn) s TIyOUHBI, TIOIyYeHHbIe TIPH OKa-
3aTeILCTBE TEOPEMbI 12, CYIIECTBEHHO YIIyYIIUTh HETb3I.

O HaKO HEKTO HE 00A3BIBAET HAC CIEIOBATH TPAJIAIMOHHOMY CIIOCO-
6y YMHOXKEHUSI CTOJOUKOM — OTKA3ABIIMCH OT HErO, Mbl MOYKEM YMEHb-
[IATH PAa3Mep CXEMBbI.

Teopema 13. CymecTByeT cxeMa yMHOXKEHHS JIBYX N-Pa3PSIHBIX UH-
cent pazmepa O(n'¢23) u ray6umsr O(log® n).

<1 Hauném ¢ Takoro 3aMedanus. BuIMuC/IAs IpON3BEIeHHE JBYX KOM-
[LJIEKCHBIX THCEJT

(a+bi)(c+ di) = (ac — bd) + (ad + bc)i
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OOBIYHBIM CIIOCOOOM, MBI JlejIaeM JeTbipe yMHOKeHns. Ho MoxkHO 000ii-
TUCHb U TPEMsl C [OMOIIBIO TPIOKA: BBIYUCIUTD ac, bd u (a + b)(c + d), a
noroM Haiitu ad + be kak pasuocts (a + b)(c + d) — ac — bd.
Amnasornanblit hOKyC MOXKHO MPOJIEIATh U JJIs TeJbIX qnces. Pazo-
6bEM 2n-OMTOBOE YUCJIO HA JIBE N-OUTOBBIE YaCTH, TO €CTh IIPEJICTABUM
ero B Bujie a2" + b. Temeps 3amuinem mpon3BeieHUE IBYX TAKUX TUCEJI:

(a2" + b)(c2™ + d) = ac2*™ + (ad + bc)2™ + bd.

Tenepb BUJIHO, 9TO JIOCTATOMHO HANTH TPU MPOU3BEJICHUS, & UMEHHO, aC,
bd u (a+b)(c+ d), aTobbl OLpee T BCe TPH CIaraeMblX B IPABOI da-
cru paBeHCTBa. [loTygaercs, 9T0 yMHOXKEHHE JABYX 2N-pa3psAHBIX TUCEIT
CBOAUTCA K TPEM yMHOXKEHUSAM 7-DA3PSIHBIX M K HECKOJBKUM CJIO?KEHH-
sam u BoruntanusM. (Ha camom meste npu ymuoxkenuu (a + b) Ha (¢ + d)
COMHOXKUTEJIN MOTYT ObITh (1 1)-paspsiiHbIMUI, HO 9TO HE CTPAIIHO, TAK
Kak 06paboTKa JIMIITHErO Pa3pPsiia CBOJUTCS K HECKOJIBKUM CJIOXKEHHUSIM. )
st pasMepa CXeMbl 3TO JIAET PEKYPCUBHYIO OIEHKY

S(2n) < 3S(n) + O(n),

u3 Koropoit cieyer, uto S(n) = O(n'°®23). B camom neme, jytst yMHO-
KEHUsI N-pa3PsiIHBIX 4uces Tpedyercs JepeBO PEKYPCHUBHBIX BBI30BOB
ryonnsl logy n 1 cTenenn BeTBICHUA 3. 3aMETHUM, ITO Pa3Mep CXEMbI B
BEpIIMHE TIPOTOPIMOHAIEH YUCITY CKJIAIbIBaeMbIx 6uToB. [Ipu nepexome
OT OJHOI'O YPOBHs K cienymoriemy (6ojiee GIM3KOMY K KOPHIO) pa3Mep
cjaraeMbIX PpacTéT BJBOE, a YUCJIO0 BEPIIUH YMEHBIIAETCS BTPOE, OITO-
My OOIllee YMCI0 JIEMEHTOB Ha 3TOM YPOBHE YMEHBIIAETCS B IOJTOPA
pasza. Takum 00pazom, pu ABUKEHUN 10 YPOBHSM OT JINCTHEB K KOPHIO
[OJTy IAeTCsT yOBIBAIONIAsT TEOMETPUIECKAsT TIPOTPECCHST CO SHAMEHATEIEM
2/3, cyMMa KOTODOil BCEro JIUIIb BTPOE HPEBOCXOIUT €€ IIEPBBIA WIIeH.
Ocraércst 3aMeTUTD, UTO YHUC/I0 JUCTHeB paBHO 319827 = nlog2 3,

OneHKa IJIyOMHBI TaK»Ke OYEeBHHA: HA KayKJIOM YPOBHE MBI MMeeM
cxemy caoxkenus rrybunsr O(logn), a uucno yposueit ects O(logn). >

Ha stom MbI 3aBepIiaeM 3HAKOMCTBO CO CXeMaMu U3 (DYHKIHOHAIb-
HBIX 3JIEMEHTOB, BBIMOJHSIOMUME apudmerndeckue oneparun. O HEX
MO2KHO IIpoYecThb B ryiase 29 yuebnuka Kopwmena, Jleitzepcona u Puse-
cra [18] u B kaure Axo, Xonkpodra u Yabmana [1].

Paccmorpum Terepb QyHKIMIO «rosiocoBanusi» (majority). Ona ume-
€T HeYETHOe YHCJO apryMeHTOB, W 3HadeHme e¢ pasHo 0 wm 1 B 3a-
BHCHMOCTH OT TOT'O, KAKOE M3 JIBYX 3HAYECHUII Jalle BCTPEUIAETCs CPEJIn
BXOJIOB.
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Teopema 14. Jlyist byHKIMA rOJIOCOBAHUS CYIIECTBYET CXeMa pa3Mepa
O(n) u ray6unst O(log nloglogn).

<1 Ha camom jsieste MOXKHO JIazKe BBIYUCIIATH ODIIee IHUCII0 eIMHUIL CPe-
JI BXOJIOB. DTO JIEIAeTCsl PEKYPCUBHO: CUNTAEM OTJIEIBHO JJIST KaXKJION
[TOJIOBUHBI, MIOTOM CKJIasbiBaeM. [losrydaercs jorapudmMudeckoe 9ucso
yposreii. Ha Bepxunem ypoBHe HaJI0 CKJIaJbIBaTh YHCJIa pa3dmepa logn,
Ha cienyromeM — pa3mepa (logn — 1) u Tak 10 caMoro Hu3a, rje CKJa-
JIBIBAIOTCS OHOOUTOBBIE 4ucia (TO ecTh 6UTHl Bxoja). Kakoil cperamit
pa3mMep ckJaibiBaeMbix uncest! [losoBrHA BEpIUH B JI€peBe MPUXO/INAT-
csl Ha HUZKHUI ypOBeHb (YnCia JUIMHBL 1), YeTBepTh — Ha CJIeLyroruii
(ancna aymme 2) u T. 1. Benovmnast, aro pan Y (k/2%) exomures, B,
4YTO CpeIHMil pasMep cKiazibiBaeMbix duces ectb O(1) u obmmit pasmep
cxeMbl ectb O(n). A obmas riuy6una ectb O(lognloglogn), rak kak Ha
kaxks1oM u3 logn yposHeit crout cxema ry6unst O(loglogn). >

3aMeTuM, 9T0 XOTs PyHKIIHS T'OJIOCOBAHIS MOHOTOHHA, IOCTPOCHHAS
cxXeMa €€ BBIYHMC/ICHUs COAECPYKUT HEMOHOTOHHBIE JIEMEHTBI ([IOCKOJIbKY
orepalys CJIOXKeHUsl He MOHOTOHHA). Mbl y2Ke OBOPHJIM, Y9TO BCIKYIO
MOHOTOHHYTO (DYHKITHIO MOYKHO COCTABUTH M3 KOHBIOHKIINN U U3 HIOHK-
muit. i QyHKIINM rostocoBaHus €CTh OYEBUIHBIN CIIOCOD 9TO CAEIATD:
HAICATh JM3BIOHKINIO BCEX KOHBIOHKIMI pasmepa (n + 1)/2 (namom-
HUM, 9TO 9UCJIO BXOJIOB N IIpeoiaraercs HedéTHbIM ). OIHAKO IIPU 9TOM
MTOJIYIUTCS CXeMa SKCIOHEHIHAILHOIO TI0 1 pa3Mepa.

Teopema 15. CymecrByer cxema pasmepa O(n¢) u ruy6unst O(logn),
cocraByleHHast TOJBKO u3 deMentoB U u UIN (¢ gByms Bxogamu), BbI-
TUCIIATONTAsT (DYHKIHIO TOJIOCOBAHUSL.

< st HAgasa 3aMEeTHM, ITO OTPAHUYICHIE Ha PA3MED sIBJISICTCS CJIE/T-
CTBUEM OrpaHHYeHns Ha IIyOouHy, Tak Kak snementsl U u WJIN umeror
TOHLKO JTBA BXOJIa M THCIIO 3JIEMEHTOB B cxeme Tryounst d ects O(29).

Cxema Oy/IeT CTPOUTHCS U3 JIEMEHTOB OOJIBITUHCTBA C TPEMST BXO/Ia~
MH. (Ka)K,ILbeI U3 HUX MOXKHO cOOpaTh M3 KOHDBIOHKIWUI U U3 BLIOHKITAIT
no dopmyse (a Ab)V (aAc)V (bAc).) Berxon cxembl 6ymer GOIbITIH-
CTBOM U3 TPEX 3HAYEHUH, KaXKJ0e M3 KOTOPBIX €CTh OOJIBINNHCTBO W3
TPEX 3HAYECHUH U T. 1. (puc. 3).

[Ipomoskast 9Ty KOHCTPYKITHIO HA Kk YPOBHSIX, MBI IIOJIY9INM CXEMY C
3% Bxomamu. (OTMeTHM, 9TO 3Ta cXema He GY/IeT BBIYHC/IATH GOJILITHH-
CTBO CpeJIi CBOMX BXOJIOB — IO TOH Ke IPUYnHE, 10 KOTOPO pe3ybTaT
HENPSAMOrO T'OJIOCOBAHUS MOYKET OTJIUYATHCA OT MHEHUs GOJIbIIUHCTEA. )
Ho wmbI criemaem BOT Kakyio CTpaHHYIO Belllb: BO3bMEM k paBHBIM clogn
[IPU JOCTATOYHO GOJIBIIOM KO3(hUIIEHTe IIPOHOPIUOHAIBHOCTH ¢ (IUC-
JIO BXOJIOB TAKOMN CXeMbI Oy/IeT MOJMHOMHUAJBLHO 3aBUCETH OT 1) ¥ HAIIU-
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Puc. 3. lepeBo n3 smeMeHTOB 3-00JIbIIITHCTBA.

IIIeM Ha BXOJIaX CJIYyYailHO BHIOpDAHHBIE II€PEMEHHBIE U3 JTAHHOIO HAM Ha-
6opa Z1,...,Z,. (IlepemenHble, 3anUChIBaeMble Ha PA3HBIX BXOJAX, BbI-
buparorca nezaBucuMo.) OKa3bIBAETCA, 9TO € HEHYJIEBOH BEPOATHOCTHIO
9Ta cxema OyJeT BBIYUCISATH (DYHKIUIO OOJIBITHHCTBA CPEIU X1, . . ., Ly,
ec/i KOHCTaHTa ¢ JI0CTaTOYHO Besuka. CriejoBaTesIbHO, MCKOMAsT CXeMa
CyIIIeCTBYeT.

ObpaTuTe BHEMaHHE: HAM YIACTCs JI0KA3aTh CYIIECTBOBAHHME HHTE-
pecyloleil Hac cXeMbl, He NperbsBuB eé aBHO. (Takoe ucnonab3oBanue
BEPOATHOCTHBIX METO/OB B KOMOMHATODPHBIX PACCYXKICHUSIX TACTO OBbI-
BaeT I0JIe3HO. )

Wrak, noueMy »Ke cxeMa ¢ IIOJI0KUTEJILHON BEPOATHOCTHIO BEIUUCIISAET
dyHKIHO 6oabITHHCTBAT DTO JJOKA3BIBAETCS TaK: PACCMOTPUM KaKOH-TO
o/inH HabOp 3HAYEHUIl HA BXOJAX U JIOKAXKEM, U9TO Ha 9TOM KOHKDETHOM
Habope ciydaifHas cXeMa BbIIAET MPABUJIBHBIA OTBET C BEPOSTHOCTHIO,
oveHb OIM3KOI K exuHuIe (paBHOI 1 — € IPU OYEHb MAJIOM €).

Eciun umcino € HaCTONBKO MaJjo, 9TO OCTAETCS MEHBIIUM €JIMHUIIBI
JlazKe TIOCJIe YMHOYKEHsI Ha, IHCJI0 BO3MOXKHBIX BXOJI0B (2), To mostydaem
Tpebyemoe (kKaxkioe u3 2" cobbITUil UMeeT BEpOATHOCTh He MeHbIIe 1 —&,
3HAYUT UX [IE€PECeIeHNe UMEeT BePOSITHOCTh He MeHbIie 1 — 2" > 0).

Wrak, ocranoch OIEHUTH BEPOSTHOCTH TOT'O, YTO CJydailHas Cxema
JIACT TIPABUWJILHBIN OTBET Ha JaHHOM BXoze. IlycThb moss equHuir cpemn
BCeX BXOJIOB paBHa p. Torja Ha KasKJbIil BXOJHON IPOBOJ, CXEMBI II0]1a-
éTCs eJIMHUIA ¢ BEPOSTHOCTBHIO P U HYJIb C BEPOATHOCTBIO 1 — p (BBIGOD
CJLydaliHOl IIepeMEHHOl 1aéT eJIUHUILY ¢ BEPOITHOCTHIO P), IPUIEM CHI-
HaJIbI HA BCEX BXO/AX HE3ABHCHUMBI.

Ecnm Ha Tpéx Bxomax sseMeHTa 3-00JIBINMHCTBA CUTHAJIBI HE3ABHUCU-
MBI, ¥ BEPOSITHOCTD ITOSIBJICHUST €IMHUIIBI HA KaKIOM BXOJI€ €CTh P, TO Be-
POSITHOCTD TOSTBIEHHST €/TMHUIBI Ha BBIXozie ecThb ¢(p) = 3p?(1—p)+p? =
= 3p? —2p3. Ha cieyiomux ypoBHAX BEPOATHOCTD IIOSBJICHUS € MHUITBI

Gyner pasna ©(¢(p)), ¢(¢(¢(p))), - - . I'paduk dynkmun () na orpeske
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[0,1] (puc. 4) nokaszpiBaeT, YTO HpU UTepanugax MYHKIUHA @ JIUCOAIAHC
(OTKJIOHEHWE OT CepeTMHBI) HAPACTAET U TOCIEI0BATEIBHOCTD CTPEMHUT-
¢ K Kpalo oTpeska. HaJio TOJbKO OLUEHUTH YUC/IO0 MIATOB.

Puc. 4. Urepupyemas dyuKIus @.

Ecisin BHAUAJIE €MHUIIBI COCTABIISIOT GOJILIIMHCTBO U3 1 APy MEHTOB
(HATIOMHMM, N HEUETHO), TO UX Kak MuHEMyM (n + 1)/2, Tak uro p >
(n+1)/2n = 1/2 + 1/(2n). Takum o6pa3oM, HaUAIbHBI JuCcOATAHC
cocrapisieT Kak MUHAMYM 1/2n. A B KOHIlE HAM HY>KHO HPUOJIN3UTHCS
K Kpalo OTpe3Ka Ha paccrosHue 2~ ".

Urak, HAM OCTAJIOCH JIOKA3ATH TAKYIO JIeMMy (OTHOCSIILYIOCS CKOpee
K MaTeMaTHYeCKOMY aHAJIU3Y):

JNemma. ITycrs nocienoBarenbHOCTh o) € [0, 1] 3a1aHa peKyppeHTHOI
dopmyoit xgr1 = @(xx), rue

o(r) = 3% — 223

IIycrs 29 > 1/2 + 1/(2n). Torma mocsies0BaTeIbHOCTD T MOHOTOHHO
Bo3pacraeT u npubsnxkaercsa K 1 Ha paccrogaue 2~ " 3a O(logn) maros.
[CummeTpuyaHOe yTBEpXKIE€HNE BEpHO U npu 2o < 1/2 — 1/(2n).]

Nnest mokazaTesbeTBa: IOCMOTPUM Ha (byHKIMIO BOm3u Toukn 1/2 n
y Kpaés orpe3ka. B Touke 1/2 npoussognasi Gosbliine 1, mosromy yjiae-
HEE OT 1/2 pacTér Kak reoMeTpUYecKasi IPOIPECChst, 1 TOYKa Iepeiiiér
KaKy[0-T0 (PUKCUpOBaHHYIO rpanuiy (Hampumep, 0,51) He nosaHee uem
3a O(logn) maros. 3arem norpedyercs O(1) maros, 4robbl 10HTH, CKa-
xeM, 710 0,99. B equHune nepsasi nponsBoHasi GYHKINE PaBHA HYJIHO,
[I03TOMY DACCTOSIHUE JIO €JMHUIBI KAaXKJbIH pa3 MPUMEPHO BO3BOIUTCS
B KBaJ[paT, U IOTOMY JUIsl JOCTHKEHUs TOIPEIHOCTH 2~ " morpebyer-
cst O(logn) maros (kak B Merozne HbioTona orbickanust KopHst). Beero
nosydaercsa O(logn) + O(1) + O(logn) maros, 1to n TpebOBAIOCH. >
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Ha camom mese cmpasemmBo ropasno 60jee CHIbHOE YTBEPXKIACHTE:
cymecrByer cxema pasmepa O(nlogn) u ruy6unst O(logn), cocrosmas
TosibKO U3 3emenToB VI u WJIW, KoTopast uMeeT n BXO/OB U 7 BBIXOJIOB
U OCYIIECTBJISIET COPTUPOBKY IOCJIEI0BATEIBHOCTH 1 HYJIEl U €IUHUIL
(3TO O3HAYAET, YTO Ha BBHIXOJE CTOJILKO K€ eJMHMUII, CKOJIbKO Ha BXOJE,
UpUYIEM BBIXOJHAS [OCJIEI0BATEIHLHOCTD BCEryia HeBo3pacraomas). fc-
HO, YTO CpeaHnii OMT BBIXOJA B TAKOH CHUTyald peajn3yeT (QyHKITUIO
OOJIBIIINHCTBA.

IIpu kaxymeiics mpocroTe (hOPMYIUPOBKYU €IMHCTBEHHAS M3BECTHAST
KOHCTPYKIUs Takoii cxeMbl (coprupyiomias cerb AKS, npunymannas Aii-
tan, Komtomom u Cremepenu B 1983 rozy) BecbMa CJI0KHA, U [IOSIBJICHUE
KaKO-TO O0J1ee MpOCTOi KOHCTPYKITUU OBLIO ObI 3aMeYaTe/IbHBIM JOCTHU-
KEHHEM.

MHuorue HeTpUBHAJILHBIE PE3YIHTATHI TEOPUH AJITOPUTMOB MOYKHO TIe-
pedopMyIUpOBATH B TEPMUHAX CJIOKHOCTU KAKUX-TO OYJIeBBIX (DYHKITHI.
Hampumep, ecTb BEPOSTHOCTHBIN AJTOPUTM IIPOBEPKH ITPOCTOTHI OOJIb-
moro gucsia (IpUMeHAeMblii B cucreMax MudpPOBaHUS IS MPOBEPKU
OPOCTOTHI YHCEJ U3 HECKOJILKUX Thicad nudp). Vcmonb3ys aror ajro-
PUTM, MOYXKHO JIOKa3aTh TAaKOi (DaKT: CYIIECTBYET CXeMa ITPOBEPKH ITPO-
CTOTHI N-6UTOBOTO uUnCa (Ha BXOJ NOJAIOTCS N IUdD, Ha BBIXOME TOSIB-
JISIETCsl €IUHUIIA, €CJIU YUCJIO IPOCTOE, U HyJIb, €CJM YUCJIO COCTABHOE),
pasMep KOTOPOil OrpaHuyeH MOJIMHOMOM OT 7.

Bepuémcsa k obmumM yTBEpKIEHUSIM O cxeMax u (popMmynax. Mbl yxe
TOBOPHJIN, YTO C TOUKU 3PEHUST H3MEPEHUs Pa3Mepa CXeMbl 1 POPMYJIbI —
9TO pa3Hble Beny (CXeMbl 9KOHOMUYHEE, TaK KaK B HUX OJMHAKOBbIE 10/~
bopMyJIbI yUUTHIBAIOTCH TOABKO OfuH pa3). OKa3blBaeTCsl, 4TO pa3Mep
bOPMYIIBI MOKHO CBA3ATDH C IIyOUHOM CXEMBI.

Bynem nazwBaTh pasmepom HOPMYIIBI THCIO JOTHIECKUX CBSI30K B
ueit. Mbl mpe/imosiaraeM, 910 GOpMYIIa UCHOIB3YET KOHBIOHKIUU, U3 b-
IOHKITUYM ¥ OTPUIAHUS, U B CXeMaxX Oy/IeM UCIIOIb30BATh TAKUE YKE DJIe-
MeHTBI. HamoMHIM, 9TO pa3sMepoM CXeMbl Mbl HA3BIBAJIU YUCJIO JIEMEH-
TOB, a CJIOXKHOCTBIO OyJIeBOit (DYHKIINU — MUHUMAJIBHBII pazMep CXeMBbI,
eé Beraucsromeit. CroxuocTs dyukimu h obosnadanacs size(h) (Tounee
sizeg(h), tne B — HaboOp pa3peIéHHbix (HDYHKIMOHAILHBIX JIEMEHTOB,
HO Cefvac Mbl JOTOBOPHWJINCEH UCIIOJIB30BATH KOHBIOHKINN, U3 HIOHKIUN
U OTDHIAHUS U OIlyCKaeM uHJeKC B).

Munumanbublit pazMep (hopMyJIbl, BeIpazKkaroreit GyHKIwo h, 6yiem
obosznadars fsize(h). OgeBunno, size(h) < fsize(h). Bosee muTEpecHo,
OJTHAKO, CJIEIYIOIee yTBEPKICHNE, CBA3BIBAIOIIEE PA3ZMEDP CXEMbI C TJIy-
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6unoii dopmyibl. O6oznaunm uepes depth(h) mMunuMasbHYIO TIyOUHY
CXEMBI, BEIYUCAATIONIEeH pyHKImuio h.
Teopema 16. NMmeroT MecTO OIEHKN

fsize(h) < c‘liepth(h) u depth(h) < colog fsize(h)

(7151 HEKOTOPBIX KOHCTAHT ¢ M Co W Jyist Beex h). Jpyrumu cioBamu,
depth u log fsize oryimuatorcst He 6ojiee YeM B KOHCTAHTY Pa3.

<l IlepBast onenka O4YeBH/IHA: €CJIU MBI CKOIUPYEM MOBTOPSIONINECS
dparmMeHTsl CXeMbl, YTOOBI Pa3BepPHYTH €€ B JIEPEBO, TO TJIyOHMHA He W3-
MeHuTcs. Eciin ora paBHa k, TO B IOJIy9eHHOM JiepeBe Oyier He GoJibine
2% — 1 sjgemenToB M cooTBeTcTByOmAs (OPMyJa HMEET pasMep He 60-
nee 2% — 1. (HamoMmHmM, 9TO 9TeMEeHTAMH ABJIAIOTCA KOHBIOHKITAH, T3 Tb-
IOHKIMK U OTPUIAHUSI, ¥ II0TOMY BETBJIeHHE He GoJbine 2.)

To ke camoe MOXKHO CKa3aTh MHJIYKTHBHO. llycTh riryOmHa cXembl
paBHa k. BbIX0 cXeMBbl siBJISIETCsT BBIXOJOM HEKOTOPOTO 3jieMeHTa. Loria
Ha ero BXOJbI IOJAI0TCst OyieBbl (byHKIMHN riryounst He 6osbme k — 1. Tlo
[IPE/IITOIOXKEHNI0 UHIYKITUH UX MOYXKHO 3aIMCaTh (hOPMyJIAMHI Pa3Mepa
2k=1 _ 1. Takux HoOpMyJ MAKCHMyM JBe, TAK 9UTO OOIIMH pasmMep He
npesocxout 2(2871 — 1) 41 =2F — 1.

Bropas omnenka ciaoxkuee. Eciau mbr Oymem mpeodpa3oBbBaTh Hop-
MyJly B CXEMy €CTECTBEHHBIM 00pa3oM (BBelsl BCIIOMOIATEIbHYIO IIepe-
MEHHYIO JJisl KazKJ0ii 1101POPMYJIb), TO TIyOHHA II0JIy YUBIIEHC CXEMBbI
MOKeT OBITh GJiin3Ka K pasmepy dhopMmysibl, a He K ero Jorapudmy. Ha-
npumep, ecau dopmyna umeer BUL (... ((p1 Ap2) Aps)A...py), TO Y HAC
MTOJTY IUTCH TIEMTOYKA 3JIEMEHTOB V, y KOTOPBIX KarXK bl CJIE Ty IOl IO
BeIlleH K JIEBOMY BXOJLy IIPEIbIIyINero, u riayonna pasua n — 1. Komneuno,
€CJIN UCIO0JIB30BaTh ACCOIMATUBHOCTD KOHbBIOHKIINK, CKOOKH MOXKHO IIe-
PEeCTaBUTH U MOJIYIUTH Oojiee cOAITAHCHPOBAHHOE JIEPEBO TUIYOMHBI IIPH-
MepHO log n, kKak u Tpedyercs. Ho Kak BBIIOIHUTE TaKOE IIpeodpa3oBaHme
B CJIy9ae IPOU3BOJIBHOMN (GOPMYIIBI?

Obo3HaunM jjaHHyto HaMm (gopmyiry depes F. BoibepeMm y Heé HEKOTO-
pyto noadopmyny G (Kak UMEHHO, Mbl OObSICHUM T1032Ke). Paccmorpum
dopmyiy Fy, koropast noayaurcs, ecian BMecto G mogcrasuth 0 (JIOKD ),
a Takxke opmyiry F), KOTOpas MOIyduTCs, ecjid moacTaBuTh 1. Jlerko
HOHATB, uTo F' paHocmibHa dhopmyite ((FyA-G)V(F1AG)). Ecan renepn
yracrest 3aMeHuTb dopmynsl Fy, F1, G cxemamu riyOuHbl He OOsbIne k,
TO J71g F' mosydnTea cxema ruryonHb! He Oosibine k + 3.

Takoe mpeobpazoBanme 1MoJIe3HO, ecau Bce Tpu dopmynsl Fy, Fy, G
UMEIOT 3aMEeTHO MEHBIHNi pasmep, deM ucxomnas gpopmyna F.
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Nemma. Y s11060it GOPMYIIBI JOCTATOYHO OOJIBIIIONO Pa3Mepa M eCTh
nozdopmysa pasmepa or n/4 mo 3n/4.

Hokazarenbcreo. Kaxgast popMysia ecTh KOHBIOHKIUS JIBYX IIO-
dopMyII, TUIBIOHKIUS ABYX M0I(MOPMYJI WK OTPHUIAHUE TTOI(DOPMYJIHL.
Hauas co Bceit dbopmysbl, Oymem mepexomuTh K e€ momdopmyaaM, Ha
KaXKJIOM ITare BBIOWpas W3 JABYX MOAGOpMya Hambosbinyo. Torma mHa
KaKJIOM Irare pasMep yObIBaeT He O0Jiee yeM B JiBa pa3a, U IIOTOMY MbI
He MOYKEM MHUHOBATH IIPOMEXKYTOK [1/4, 3n/4], KOHIIBI KOTOPOro OTIMYa-
1orcst Brpoe. (Ha camoMm zesie TyT ecTh HEGOJIbIIAA HETOYHOCTD: Pa3Mep
bOopMyIIBI MOXKET YOBIBATH IyTh OBICTPEE, 9eM BJIBOE, TAaK KaK pasMep
dopMmysibl HA eauHUIly OOJIbIIE CyMMBI PA3MEPOB YacTell, HO y HAC €CThb
3amac, MOCKOJIbKY KOHITBI TIPOMEXKYTKA OTINIAIOTCS BTPOE, a He BIIBOE. )
JlemMma JrokazaHa.

Bribupas noadopmyity G ¢ TOMOIIBIO 3TOM JIEMMBI, MBI TADAHTUDPYEM,
41O pasMmep Beex Tpéx dopmyn Fy, F1, G ne npesocxomut 3/4 pasmepa
UCXOMHON (hbOpMYJIbI (TIOICTAHOBKA HyJIsl MJIM €MHUIBI MOYKET TOJBKO
YMEHBIIUTh pa3Mep (POPMYJIbI — HEKOTOPbIE YaCTU MOXKHO OyJieT BbI-
6pocurs).

IIpumenum ko BceM TpéMm dopmysnam Fy, F1 u G TOT Ke npuéwm,
BBIJIEJIUM B HUX TOA(GOPMYJIbI CPEIHErO pasMepa U Tak JiaJjiee, MOKa Mbl
HE CIyCTUMCH 710 (POPMYJI MAJIOTO pa3Mepa, KOTOPhIE MOXKHO 3aINCaTh B
BHJIE CXeM KaK yTroJHO. B mTore mosydnrcst 1epeBo ¢ JIorapudMUAIeCKIM
YUCJIOM YPOBHEH, HA KaKJOM U3 KOTOPBIX CTOAT CXEMbI IVIyOHMHBI 3, a B
JIICTBSIX HAXOZATCs cxeMbl rryonnst O(1).

Jpyrumu cioBaMu, UHIYKIHEH M0 JyinHE (DOPMYJIBI, BBHIPAXKAIOIIEH
dyuxmio h, Ml gokaseiBaeM, uro depth(h) = O(log fsize(h)). >

16. Onpemenum rayOuHy HOPMYJIBI KAK MAKCHMAJTBHOE UUCJIO BIIOYKEHHBIX
map CKoOOK; It € IMHOOOpa3usi OyJeM OKpPY2KaThb OTPUIAHNE CKOOKAMU U ITH-
caTb (_|A) BMECTO _‘A rIOKa}KI/ITe7 Y9TO IIPU 3TOM HE€ IIOJIyINTCsd HUYIEro HOBO-
ro: MUHUMAJIbHAS TUIyOmHA (DOPMYJIBI, 3AIMCHIBAIONIEH HEKOTOPYIO (DYHKIIUIO
f, coBmagaer ¢ MUHUMAJILHON IJIyOMHON CXeMbl, BHIYUCSIONENR f.

Oupenenenne dbopmyabHOil caoxkuocTr fsize(h) saBucur or BHIGOpA
6azuca. OkaspiBaercd, 4To 3/eCh (B OTJIUYUE OT CXEMHOH CJIOXKHOCTH )
BbIOOD Gasuca Moxker u3MeHuTh fsize(h) Gosiee YeM B KOHCTAHTY pas.

17. OGbsicauTe, MOYEMY JOKA3aTEJIbCTBO TEOPEMBI 7 HE TEPEHOCUTCS Ha
caygait bopmyit.

Tax mpoucxoaur ¢ GyHKIWEH p1 B P D ... D p, (3HaK @ obosHada-
eT CJIOXKeHne 10 MOLy/o 2). dra GyHKIug uMeeT (POPMYIbHYIO CI0XK-
HOoCcTh O(n), ecam CJIOXKeHHe 1Mo MO0 2 BXOAUT B Gaszuc. OHAKO B
basuce U1, NJIM, HE ona mmeeT OOJBINYIO CIOXKHOCTH, KaK JOKa3a/a
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B. A. Cy66oroBckas. Nnest 1oKa3are/ibCTBA TAKOBA: €CJIM 3aMEHUTh CJLy-
9aiffHO BBIOPAHHYIO NMEPEMEHHYIO B (POPMYJIie ¢ KOHBIOHKIIUSAMA U JIA3b-
IOHKIIUSAMY Ha ciIy4aiino BeiOpannoe 3uadenue 0 miu 1, To dopmyrna
yrpocTuTcs: (He TOJIBKO 3Ta MEPeMEeHHas! TPOMAJIET, HO C HEKOTOPOH Be-
POSATHOCTBIO IPONALYT U Apyrue). Ecau gejarh Tak MHOIOKPATHO, TO OT
dopMyJIBl OCTaHeTCsT HEDOJIbINTAas YaCTh — C JIPYTON CTOPOHBI, 9Ta YaCTh
BCE PABHO JIOI?KHA PeaU30BBIBATDH CJIOYKEHHE OCTABIINXCS apryMEHTOB
10 MOJLYJTIO 2.

18. okazxkure, 9T0 (DYHKIUsI GOJIBIIUHCTBA MOXKET OBITh BBIYUC/IEHA HE
TOJIBKO CXe€MO#, HO W (OPMYJION MOJTMHOMHAJIHHOTO pa3Mepa, COomepKarrei
TosibkO cBa3ku U u WJIN.

19. Tokaxxure, qro fsize,(h) u fsizes(h) nust onHolt Gysesoit dbyskuuu h
¥ IBYX IOJIHBIX OA3MCOB MOJIMHOMHUAJBHO CBSI3aHBI: CYLIECTBYET ITOJUHOM P
(3aBucammii or BbIGOPa 6a3UCOB), I KoToporo fsizes(h) < P(fsizei(h)) npu
Beex h. (Vkazanue: ucnonbsosars Teopemy 16.)



2. VlcuncneHune BbickasbiBaHMA

HamoMHEM, 9TO TABTOJOIMH — 9TO IPOHO3UIHMOHATBHBEIE (HOPMY-
JIBI, ICTHHHDIE IIPH BCEX 3HAYEHUAX repeMeHHbIX. OKa3bIBaeTCsl, 9TO BCe
TABTOJIONMA MOXKHO TOJIyYUTh M3 HEKOTOPOrO Habopa «aKCHOM» C MO-
MOIIBIO «IIPABUJI BBIBOJA», KOTOPbIE MMEIOT YHCTO CHHTAKCUIECKUH Xa-
paKTep U HUKAaK He AIeJUIMPYIOT K CMBICITY (DOPMYJIbI, €8 MCTHHHOCTH
U T. . DTy 33J[ady PENIaeT Tak Ha3bIBAEMOE UCHUCAEHUE GUCKAZLIGAHUT.
B 910it r1aB€ MBI [EPEYUCANM AKCHOMBI U IIPABUJIA BBIBOJA STOrO HC-
YHCJIEHUS, U NPUBEIEM HECKOJIBKO JOKA3ATEIbCTB Meopemvl 0 NOAHOME
(KoTOpAast yTBEpK/IaeT, UTO BCsIKasl TABTOJIOIUsI BEIBOJUMA B UCIUCIIEHUN
BBICKA3bIBAHUIA).

2.1. Vicuncnenne Boickasbisannii (B)

Kaxkosst 661 HE ObutH hopMmyiisl A, B, C ciepyiomue GOpMyJIbl Ha-
BBIBAIOT AKCUOMAMU UCHUCAEHUS GOICKABIEAHUL:

(1) A— (B— A

(2) (A=-B-=0)—=(A—B)—(A=0));
3) (AAB)— A;

(4) (AAB)— B;

(5) A—)(B—)(A/\B));

(6) A—(AVB);

(7) B — (AV B);

8 (A-C)—(B—=C)—=(AVB—=C));
(9) -A—(A—B);

(10) (A — B) — ((A — —\B) — =A);

(11) Av-A.

Kak roBopsiT, MbI IM€EM 3/1eCh OJIMHHAJIIATD «CXEM AKCHOM»; M3 KarK-
JIOH CXeMBI MOYKHO IIOJIyYUTh PA3JIMIHBIE KOHKPETHBIE AKCUOMBI, 3aMe-
Hsisl BXOJAINIME B He€ OyKBBI Ha IIPOIIO3UIIMOHAJIBHBIE (DOPMYJIBI.

EuHCTBEHHBIM IPABUJIOM BBIBOJA MCUUCJICHHS BLICKA3LIBAHUIL sB-
JISIETCST IPABUJIO CO CPEJTHEBEKOBBIM HazBaHmeM «modus ponens» (MP).
D10 npaBmIIo paspelnaer noJayduTs (Boisecru) u3 dpopmysn A u (A — B)
dopmyny B.

Bvi600om B MCUYMCICHNN BBICKA3BIBAHUI HA3BIBAETCS KOHEYHAS II0-
CJIEIOBATELHOCTD (DOPMYJI, KazKIash U3 KOTOPBIX €CTh AKCHOMa, UJIU O~
JIydaeTcs U3 MpeJIblIyux 10 npasuiy modus ponens.

Bor npumep BbiBoza (B HEM 1epBas (OpPMYyJIa SBJISETCH YACTHBIM
ciyaaeM cxeMbl (1), Bropas — cxeMbl (2), a HOCJIEHssI [IOJIYIaeTCs U3
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JIBYX IIPEIbLIYIIUX 110 IpaBuiy modus ponens):

(p— (g —p)),
(p—(g—p)—((p—q9— @—Dn),
((p—q) — (p—p).

[Iponosunmonanbuast opmysia A Ha3bIBaETCH 6b600UMOT B UCIUC-
JIEHUU BBICKA3bIBAHUI, U MeEOPeMOT, UCINC/IEHUs BBICKA3BIBAHWIA, €CJIU
CYIIECTBYET BBIBOJI, B KOTOPOM TocjeiHsist hopmyia pasua A. Takoit BbI-
BOJ, HA3BIBAIOT BbIBOAOM (hopmyiibl A. (B npunnune moxuo 66110 661 1
He TpeboBaTh, YToObI popMysia A ObLIa HOCIeIHENl — BCe JaJibHeliine
bopMyIIBI MOYKHO IPOCTO BBIYEPKHYTH. )

Kak MbI y2ke roBOpmIin, B UCYUCIEHIY BHICKA3BIBAHUIT BHIBOJIATCS BCE
TaBTOJIOTUN U TOJBKO OHU. OOBIYHO 3TO yTBEp:KIeHNE PA30OUBAIOT HA J[BE
9acTU: MPOCTYIO U cjiokHy0. Haaném ¢ mpocroii:

Teopema 17 (o koppekTHocTn VIB). Besikast Teopema mCauCIeHnsT BbI-
CKa3bIBAHUI €CTh TABTOJIOTHSI.

<1 HecJto:xHO 1IpoBEPUTH, 9TO BCE aKCHOMBI — TaBTojoruu. Jljist mpu-
Mepa IIPOJEIaeM ITO JIJIs CAMON JIJIMHHOM aKCUOMBI (TOYHEe, CXeMbl aK-
cuoM) — Jyisi Bropoit. B kakom ciyuae dopmyia

(A= (B=0C) = (A—=B)—=(4-C0C))

(rme A, B,C — nekoropbie (Gopmyiibl) Moria 6bl 6bITh J10xkHOMA? [Ljist
sToro noceuika A — (B — C) nomkHa OBITH MCTUHHON, & 3aKJIIOUEHUE
(A — B) — (A — C) — noxubiM. UTOOBI 3aKJIIOUEHNE OBLIO JIOXKHBIM,
dopmysa A — B noykHa ObITh UCTHHHOMN, a dpopmysna A — C' — jrox-
woii. [Tociennee o3uadaer, yro A ucrunua, a C jokua. Takum o6pazom,
MBI 3HaeM, 910 A, (A — B) u (A — (B — C)) uctunuast. OTciona caey-
er, yro B u (B — () ucrunnel, u noromy C' UCTHHHA — IIPOTHUBOPEYUE.
SHauuT, Haia GopMyJia He ObIBAET JIOXKHOM.

KoppekTaocts npasuiaa MP takxke sicia: eciu dopmyist (A — B) u
A Bcerjja UCTUHHBI, TO IO OIIPEJICJIEHUIO UMILTAKAIUIN hopMyiia B Takxke
Beerja ucTuHHa. Takum oO6pa3oMm, Bce (POPMYJIbI, BXOJSIINE B BHIBOIBI
(Bce TeOpeMBI) SBIISIOTCS TABTOJOTUSAMHE. [>

Topasno cioxuee moKka3aTh 0OpaTHOE YTBEPXKICHUE.

Teopema 18 (o nonxote IB). Besikast TaBTOJIOTUST €CTh TEOPEMa HC-
YUCJICHNs] BBICKA3BIBAHUIL.

<1 MBI IpeIJI02KUM HECKOJIBKO aJbTePHATUBHBIX JOKA3aTEIHCTB ITOMH
TeopeMbl. Ho mpeskjie BCero Mbl JIOJKHBI TPUOOPECTH HEKOTOPBIi OITBIT
MOCTPOEHUsI BBIBOJIOB M MCIIOJIH30BAHUST AKCUOM.
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JNlemma 1. Kakosa 661 uu 6b11a dopmyana D, dopmyna (D — D) saB-
JIAeTCd TeOPEMOIA.
Hokaxkem jiemmy, npeabsasuB BbiBox dhopmyinsl (D — D) B ucuucie-
HUU BBICKA3bIBAHUI.
1. (D — (D — D) — D)) — (D — (D — D)) — (D — D))
[akcnoma 2 mpu A = D, B = (D — D), C = DJ;
2. D — ((D — D) — D) [akcuoma 1];
3.(D— (D — D)) — (D— D) [u31u 2 no upasury MP];
4. D — (D — D) |akcuoma 1J;
5. (D — D) [u3 3 u 4 no upasury MP].

Kaxk BuHO, BBIBOJI JIazKe Takoii nmpocroii Taprosoruu, kak (D — D),
TpedyeT HEKOTOPOil n300peraresbHOCTH. MBI 0bJterdum cedbe KU3Hb, J10-
Ka3aB HEKOTOpoe 00Ilee YTBEPKIEHUE O BBIBOJUMOCTH.

YacTo MBI paccyKaaeM Tak: IPEJIIOJIATaeM, 9TO BBIITOJHEHO KAKOe-TO
yTBepxKeHne A, m BBIBOIUM pa3jindHble ciejcTBus. llocie Toro kak
JIpyroe yTBep:KjeHue B 10Ka3aHO, Mbl BCIIOMHHAEM, YTO HUCIIOJIb30Ba-
JIM TIPEJIIOJIOKeHne A, U 3aKJII09aeM, YTO MbI JIOKA3AJU YTBEPKICHIE
A — B. Cnenytromasi jeMMma, Ha3blBaeMasl UHOTIA <«JIEMMOM O JIeIyK-
AU », TOKA3BIBAET, ITO ITOT MOJIXOJL IPABOMEPEH W JIJIsl HCIUCICHUS BbI-
CKa3bIBAHU.

IIycte I' — HekoTOpOE MHOXKecTBO (popMyst. Bueodom us I' HazbIBa-
ercsi KOHEUHAs [M0CJIe/I0BATEIbHOCTD (DOPMYJI, KaxKJiash U3 KOTOPBIX sIB-
JISIETCST AaKCUOMOI, MPUHAJJIEXKUT [ MJIM MOy IaeTCs U3 MPEbIIYIINUX 0
upasuwiy MP. (Ipyrumu ciaoBamu, Mbl Kak Obl j106aBiisieM (hOPMYJIbI U3
I' k akcmoMaM MCYNCJIeHUs BBICKA3bIBAHUN — MMEHHO KaK (DOPMYJIBI, a
He Kak cxeMbl akcnoM.) @opmysna A sweoduma uz T’y ecam cymecTByer
BBIBOJ U3 I', B KOTOpPOM OHa SIBJISIETCS IMOCJeaHeil dpopMysioii. B srom
caydae mbl uniem ' H A. Ecau T' mycro, To pedb uIET 0 BHIBOJUMOCTH
B HUCYMCJCHUN BBICKA3BIBAHUN, 1 BMecTOo & F A mumryT mpocto F A.

JNlemma 2 (o gepykumu). I' - A — B Torga m TONBKO TOT/A, KOT/IA
ru{A} + B.

B o1y ¢TOPOHY yTBEpP2KIE€HHE TOYTH OUeBHIHO: mycTh I F (A — B).
Torma u T';A F (A — B). (g KpaTKocTu MbI OIycKaeM (DUIypHbBIE
CKOOKM U 3aMeHsieM 3HaK oObenuHenus 3ansToil.) CorsacHo ompejesie-
uuio, I', A+ A, orkyna no MP nosyuaem I', A - B.

IIycrs Teneps I'y A F B. Ham Ha10 nocTpouTh BbIBOA, (hopMyibl A —
B u3z I'. Bosbméwm BeiBog Cp,Co,...,C, dopmynsr B = C), u3 T, A.
[Mpunumiem Ko BceM (hopMyJIaM 3TOrO BBIBOJA CJIEBA MOCHLIKY A:

(A_>Cl)a(A_}C2)vv(A_)Cn)
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Dra mocsrenoBaTesbHOCTL OKaHunBaercst Ha (A — B). Cama no cebe
OHa He OyJIET BBIBOJOM m3 [, HO M3 HEE MOXKHO ITIOJIyIUTh TAKOW BbI-
BOJI, JIOOABUE HEIOCTAIOIMUE (DOPMYJIBI, U TEM CAMBIM JIOKA3ATh JIEMMY O
JIeIYKITHAN.

Bynem mobaBisarh 3tu poOpMyIIbl, ABUTAsCH ciieBa Hampaso. Ilycth
Mbl ogonum K dpopmyse (A — C;). Tlo upennonoxkenuio dopmyna C;
6o cosnagaer ¢ A, qubo npuHaexkut I, mubo sABJISIETCST AKCHOMOI,
Jmbo mosydaeTcs u3 AByX mpembiaymux no npasumwiy MP. Paccmorpum
BCE 9THU CJIYYIau 10 OUEPEJIH.

(1) Ecm C; ectb A, T0 0uepenas dopmysta nmeer sug (A — A). Ilo
JeMMe 1 OHa BBIBOJIMMA, TaK UTO IEpeJl Hefl Mbl JOOaBJIsieM €6 BBIBO/I.

(2) Hycrs C; npunagexur I'. Torma mbr Berasasem dopmyist C; u
C; — (A = C;) (akcuoma 1). IIpumenenne npasusaa MP k stum dopmy-
aam naér (A — C;), 910 1 TPeGOBAJIOCH.

(3) Te xe HopMyIBI MOKHO J06aBUTH, eciiu C; sABIAETCA AKCUOMO
WCINCIEHUST BLICKA3BIBAHUIA.

(4) Iycre, nakoner, dopmyna C; MOIyIaeTcsa U3 JABYX IPEIbLIYIIUX
dopmyit o npasuity MP. 970 3HAYUT, 9TO B UCXOHOM BBIBOJIE €if TIpe/I-
mectBoBasn Gopmyiast C; u (C; — C;). Torma B HOBOIL mOCIET0BATENb-
Hoctu (¢ JoGaBieHHOl mochuikoil A) yxke 6bim dopmynsr (A — C)
u (A — (C; — C;)). IlosToMy MBI MOXKEM IPOJOJIKUTL Haml [-BLiBoz,
HanucaB (hOPMYJIBI

(A= (G = i) = (A = Cj) — (A — ) (arcuoma 2);
((A— Cj) = (A— C;)) (modus ponens);
(A — C;) (modus ponens).

Wrak, Bo BCceX YeTHIPEX CIydasX Mbl HAYUMINCH JOMOJHATDL OCJIE-
JIOBATEJILHOCTD JI0 BBIBOJIA U3 I, TaK YUTO JIeMMa O JIEJIYKIIUK JIOKA3aHA.
20. [lokazkure, uarto st gobbix dopmyn A, B, C' dopmyita

(A—=B)=(B—=0C)—=(A=0)

BBIBOJ(MMa B MCUHUCJEHWU BbICKasblBaHuil. (YKasaHue: ucnosb3yiite jiemMmy o
nenyknuu u tor dakt, uto A — B, B — C, A+ C.)

21. Tokaxwure, uro ecmu I'r H Au T2, AF B, ro 't UT2 - B. (910 cBoii-
CTBO MHOIZIA HA3bIBAIOT <«IIPABWJIOM cedeHHsi» (cut); roBopsrt, 4To dhopMmysa
A «oTcekaercsi» min «BbICeKaeTCsa». CXOHbIE IPaBUJIA UTPAIOT EHTPAILHY IO
POJIb B TEOPUH JIOKA3ATEIIHCTB, Te (POPMYJIUPYETCH U JOKA3BIBAETCS «T€OPEMa,
06 YyCTpAHEHHMU CEYeHUsI» JJIs PA3JIMUHBIX JIOTHIECKUX CHCTEM. )

22. JToGaBUM K MCUMCJIEHUIO BBICKA3bIBaHWI, momMumo mnpasumia MP, emé
OJTHO TIPABUJIO, HA3BIBAEMOE NPasusom noocmanosxyu. OHO paspemaer 3ame-
HUTH B BBIBEJIEHHOH (OpMyJie BCe NMEpeMEHHBIE Ha MPOU3BOJIBHBIE (DOPMYJIBI
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(ecTecTBEHHO, BXOKIECHUS OHON NEPEMEHHON JIOJIZKHBI 3aMEHATHCS Ha OJHY U
Ty xke dopmyry). ITokaxkure, 94T0 HOCHE 100ABIEHU TAKOIO IPABHUJIA KJIACC
BbIBOJIUMBIX (bOpMy.H HE U3MEHUTCH, HO JIEeMMa O JCAYKINU IIepecCTaHeT 6I)ITB
BEPHOI.

3aMeTuM, 9TO MBI IIOKa YTO MCIOJIb30BAIH TOJILKO JIBE IePBble aKCU-
OMBI MCYHUCJICHNs BLICKA3bIBaHWil. BUIHO, KCTATH, 9TO OHU CHENUAILHO
noA06paHbl TAK, ITOOBI MPOIILIO JTOKA3ATEIBCTBO JIEMMBI O JIeIyKIAH.

JIpyrue akcHOMBI OIMCHLIBAIOT CBOMCTBA JIOTMYECKUX CBA30K. AKCHO-
MBI 3 U 4 TOBOPAT, KaKue CJIeJCTBAS MOXKHO BBIBECTU U3 KOHBLIOHKIUN
(ANBF Au AN B¢ B). Hauporus, akcuomMa 5 TOBOPUT, KaK MOK-
HO BBIBECTH KOHBIOHKIHIO. VI3 HEE JIETKO CIIEyeT TAKOe IMPABHUIIO: €CJIN
'AulF B, 0T F (AA B) (upuMeHsieM 3Ty aKCHOMY U JBAKJIbI
upasuiio MP). Hacro nogo6uble IpaBuiia 3alUCHIBAIOT TAK:

'-A I'-B
I'-AAB

(HaJ, 9epTOH HUITYT «IIOCHLIKI» IIPABUJIA, & CHU3Y — €r0 «3aKJ/I0YeHUE,
BBITEKAIOIIEE U3 TIOCHITIOK ).

23. Hokaxkure, aro dopmyna (A — (B — C)) — ((AA B) — C), rak xe
Kak u obpaTHas K Hell hopmyia (B KOTOPOH MOCBIIKA U 3aK/II0OYEHUE IEPECTAB-
JIEHBI ), SBJIAIOTCS TEOPEMaMH MCYUCJIEHUs BbICKa3biBanuii. JlokaxkuTe aHasio-
ruaHoe yTBepKaenne npo dopmyiast (AA B) — (BAA)u (AAB)AC) —

Axcuombl 6 — 7 IO3BOJIAIOT yTBEpKAaTh, ut0 A AV Bu B+ AV B.
Axcnoma 8 obecrieunBaeT TaKoe MPaBUIIo:

IAFC T,BFC
[,AVBFC

Omno cooTBeTCTBYeT Takoil cxeMe paccyxaenust: «IIpennomoxum, ato AV
B. Pasbepém gsa cayuas. Eciu seimonsero A, to (...) u moromy C.
Ecisu Bemmosnneno B, 1o (...) u noromy C. B oboux ciyuasix sepro C.
Buauut, AV B Baeuér C.»

O6ocHoBaHUe: JBaKIAbl BOCHOIB3YEMCS JIEMMOI O JIe/IyKIIMH, HOJIy-
e ' H (A - C) uT F (B — (), a 3areM ABaxK/bl IPUMEHUM
npaswio MP k stum dopmysnam u akcuome (A — C) — ((B — C) —
— ((AV B) — C)). Honyuus dopmyny (AV B) — C, onarb npuMeHIM
upasuiio MP x ueit u dopmyie (A V B).

24. JTokaxkuTe, 9TO coeayromme hpOPMyYIIbl, a TaK»Ke 0OpaTHbIe K HAM (Me-
H#AEM MeCTaMM IIOCBLIKY U 3aKHIO“IeHI/Ie) ABJIAIOTCA TeOpeMaMU HUCUYUCJICHUA
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BBICKA3bIBAHUM:

((AVB) = C) = (A= C)A (B — (),
(ANC)V(BAC))— ((AVB)AQO),
(AvC)A(BVC))— ((AANB)V(O).

V Hac ocTaJnch emE TpU aKCUOMbI, KAcalolyuecs: oTpulanus. AKcu-
oma 9 rapaHTHpyer, YTO U3 MPOTHUBOPEYMBOrO HAOOPA MOCHIIOK MOYKHO
BeiBecTu 4To yrommo: ecsiu ' F A u I' '+ -A, to I' b B s jo6oro
B. Axcuoma 10, HAIpOTHB, OOBLICHSIET, KAK MOYKHO BBIBECTH OTPHUIAHLE
HEKOTOpO# opmynsl A: Hamo HOMycTHTh A M BBIBECTH JBa IIPOTUBO-
[IOJIOXKHBLIX 3akiodeHns B u —B. Tounee roBopsi, IMeEeT MECTO TaKOe
[IPABUIIO:

I'A+B I'A+-B
'--A

(B caMoM zesie, NBaKIbl IPUMEHsIEM JIEMMY O JEJYKIUMHU, & 3aTeM Ipa-
susto MP ¢ akcnomoit 10).

Axcuombr 9 u 10 1O3BOJIAIOT BBIBECTH HEKOTOPBIE JIOTUYECKUE 3aKO-
HbI, CBA3AHHBIE ¢ OTpulianueM. JlokaxkeM, HAIIpUMeED, 9TO (J1Ist JIIOOBIX
dopmyn A u B) dbopmyna

(A= B) = (=B — —4)

(«3aKOH KOHTDPAIIO3UIIUKY ) SBJISIETCA TEOPEMOIi HCUUCIIEHNs BEICKA3bIBaA-
uuit. B camom serte, o jieMMe 0 JeyKIINKA JOCTATOIHO YCTAHOBUTD, ITO

(A— B),-BF —A.

st 3TOrO, B CBOIO OYepe[ib, JOCTATOYHO BBIBECTH M3 TPEX IOCBLIOK
(A — B),—B, A kakywo-mubo dbopmyiy u eé orpunanue (B JIAHHOM CJLy-
vae dopmyiasl B u —B).

25. BeiBeure popmynsl A — ——A u 71— A — - A ¢ TOMOIIBIO aHAJIOTUY-
HBIX PaCCy?KJICHUMA.

[Mocnenusst akcmoma, Ha3bIBaEMasl «3aKOHOM HMCKJIIOUEHHOTO TPEThe-
ro», U MHOIJIA YhTaeMas KaK «TPeThero He JaHo» (tertium non datur
B JIATUHCKOM ODHIHMHAJIE), BbI3BaJla B IIEPBOil I10JI0BUHE BeKa GOJIBIIOE
KosimuecTBO criopoB. (Cm. paszzien 2.4 06 MHTYUIIMOHUCTCKON JIOTHKE, B
KOTOPOI1 9TO AKCHOMBI HeT. )

W3 HEé MOXKHO BBIBECTH 3aKOH «CHSTHUS JTBOMHOTO OTPUIAHUS», (DOP-
mysy =—A — A. Jlocrarouno mokasarh, uro A V ~A,—-—A F A. Tlo
[paBuJly pasdbopa Caydaes, JOCTATOYHO yCTAHOBUTH, uro A, —-—A F A
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(310 oueBuaHO) u yro —A, -—A F A (a 310 BepHO, TAK KaK U3 JBYX IIPO-
TUBOpEYAINUX JAPYT APYTLY (GOPMYJ BBIBOJIUTCS UTO YTOTHO C TOMOIIBIO
AKCHOMBI 9).

26. Jokaxkure, uro dopmyia (nB — —A) — (A — B) siBisiercst TeopeMoit
UCYHC/IeHNs] BhICKa3biBaHuil. (YKasaHue: UCHONb3YiTe 3aKOH HCKJIIOYEHHOIO
TPEThEro.)

27. MCKJ’IIO‘II/IM 13 Y9HCJIa aKCHUOM MCUYHCJIEHUsI BBICKA3bIBAHUN 3aKOH WC-
KJ'IIOLIéHHOFO TpeThero, 3aMEHUB €ro Ha 3aKOH CHATHA ,I[BOﬁHOFO OTPUIIaAHHUA.
HOKa}KHTe, YTO OT 93TOI'0 KJiaCC BBIBOJIMMBIX (bOpI\ly.TI He U3MEHHNTCHA.

28. JlokaxkuTe, 9TO IIPU HAJIMYIUU AKCHOMBI UCKJIIOYEHHOrO Tperbero (11)
akcuoMa (10) siBistercst minHeil — e€ (TouHee cye0BaIO GbI CKA3aTh: JIIOOON
YaCTHBIN cnyqaﬁ 3TOMN CXEeMbI a.KCI/IOM) MOZKHO BBIBECTH U3 OCTAJIbHBIX aKCHUOM.

Temnepnb y:Ke MOXKHO JIOKa3aTh TEOPEMY O IIOJIHOTE: BCSKAsl TaBTO-
JIOTWsI BBIBOJMMA B MCUNC/EHUU BBICKa3biBaHuUil. Mest mokasareabcrBa
cocrout B pasdope ciayuaes. [losicaum eé na npumepe. Ilycrs A — mpo-
U3BOJIbHAsST (DOPMYJIa, CoJlepKallas IepeMeHHbie p, g, r. [Ipemooxum,
9r0 A WCTUHHA, KOTJa BCe TPHU MepeMeHHble MCTUHHBI. Torja, Kak Mbl
JIoKazkeM, p, ¢, = A. Boobiie Kaxk10ii cTpoKe TabJIUIbl HCTHUHHOCTH JIJIsT
dopmysibl A cooTBeTCTBYET yTBEpXKIEHUE O BbIBOAUMOCTH. Harmpumep,
ecim A JIOXKHA, KOTJA P U ¢ JIOXKHBI, a ' UCTUHHO, TO —p, ~q, T F —A.
Ecmu dopmysa A sBisiercss TaBTOOTHEH, TO OKAXKETCS, 9TO OHA BbI-
BOJIUMa W3 BCEX BOCHBMH BO3MOYKHBIX BAPUAHTOB MOCHUIOK. [loJb3ysich
3aKOHOM HCKJIIOYEHHOTO TPETHEro, MOXKHO IOCTEIEHHO U30ABJISATHCS OT
nocbltoK. Hampumep, u3z p,q,r H A u p,q,—r F A MOXHO mOJIy4uTh
p,q,(rV-r)E A, o ectb p,q F A (nockosbKy (rV —r) sBIgETCS AKCHU-
OMOIi).

IIposemém aT0 paccy:kaenue nmoapodno. Haamém ¢ Takoit eMMBbI:

Nemma 3. st npousposibHBIX hopmyn P u @

P,QF (PAQ); P,QF(PVQ);
P,=QF ~(PAQ); P=QF (PVQ);
—P,QF ~(PAQ); —P,QF (PVQ);

~P,—~Q; - =(PAQ) P, =Q F =(PVQ);

P,QF (P — Q)

P,=QF =(P — Q); P F=(=P);
-P,Q+ (P — Q); —~P+ —P.

-P,-QF (P — Q);

Ora JeMMma TOBOPHUT, YTO €CJIHU INPUHATHL B KadeCTBE€ I'MIIOTE3 UCTUH-
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HOCTh WJIN JIOXKHOCTH (hopMysl P u @), SABJISIIONIMXCS 9aCTIMU KOHbHIOHK-
AU, JU3BIOHKIMA VI MUMIUIMKAIUA, TO MOYKHO Oy/eT JI0Ka3aTh WA
OLIPOBEPIHYTH BCIO (opMyJLy (B 32aBUCHUMOCTH OT TOI'O, UCTHHHA OHA HJIN
aoxkHa). IlocsienHsst 4acTh COAEPKUT AHAJIOTUYHOE YTBEPXKJEHUE PO
OTpUIIAHE.

[Tocne npeanpuHATONR HAMY TPEHUPOBKY JIOKA3ATH ITU yTBEPIKICHUS
uecsoxkuo. Hanpumep, ybenumes, uro =P F —(PAQ). Jnus aroro gocra-
TOYHO BBIBECTH [IBA [IPOTHBOIIOJIOKHBIX yTBep:KaeHus u3 — P, (P A Q);
umu OynyT yrBepkaenus P u —P.

ITposepum emé onuo yrBepKaenue: P, —~Q F —(P V Q). Ham Ha-
JI0 BBIBECTH JIBa IPOTUBOIIOJIOKHBIX yTBepKIeHud u3 — P, —=Q, (P V Q).
IMokazkeMm, uro u3z =P, —Q, (P V Q) caenyer Bcé, uro yroamo. ITo mpa-
BUJIy pa3bopa ciydaeB JOCTATOYHO yOeauThest, 94To u3 —P,—Q, P u u3
- P,~Q, Q ciexyer BCE, YTO yrOIHO — HO 9TO MbI 3HAEM.

VTBepXKIeHNSI, KACAIOIIUECS] UMILIMKAIMI, IIPOCThI: B CAMOM JIeJIe,
MbI 3HaeM, 9T0 @ F (P — Q) Gnaromaps akcuome 1, a =P+ (P — Q)
b6aaromapst akcuome 9.

OcrasibHbIe yTBEPXKIEHUST JIEMMbBI CTOJIb YK€ TPOCTHI.

Temepb MBI MOKeM CHOPMYIUPOBATL YTBEPKIEHUE O pa3bope Ciry-
YaeB JIJIsi IPOU3BOJILHON (DOPMYIIBI.

Nemma 4. ITycte A — npousBosibHast pOpMyJIa, COCTABJICHHAS U3 TIe-

PEMEHHBIX P71, . .., Pn. TOTa IS KaXKI0#i CTPOKK Tab/IUIBI HCTUHHOCTH
dopMyael A MMEET MECTO COOTBETCTBYIONIEE YTBEPXKJICHUE O BBIBOIM-
MOCTH: €CJIH €1,...,En,& € {0,1}, u 3navenne dopmyisl A ectb € npu
P1=¢€1,-..,Pn = En, TO

Te1P1s-- -5 e, P F TeA,

rie —w, @ obosHauaer ¢ npu u = 1 u —p npu u = 0 (HanomuuM, 9T0 1
oboznavaeT uctuHy, a 0 — JIOXKB).

JleMMa O4YeBUIHO JIOKA3BIBAETCS MH/IYKIMEH 10 TOCTPOEHNIO (hopMy-
sbl A. MBI nMeeM IIOCBIIKE, YTBEPXKIAIOIINe HCTUHHOCTD HJIN JIO2KHOCTD
[lepeMEHHBIX, 1 Jyist BeeX 107hopMyJI (HaunHast ¢ epeMEeHHbIX ¥ U KO
Beell hbopMysie) BHIBOAUM UX WM MX OTPUIAHUSA C OMOIIBIO JIEMMBI 3.

Ecmm dopmyna A asasercs taBrosoruei, To n3 Bcex 2" BapHAHTOB
IIOCBLJIOK BBIBOJHUTCS MMEHHO OHA, a He e€ orpunanue. Torja mpasuio
pasbopa ciIydaeB U 3aKOH UCKJIIOYEHHOTO TPETHETO TI03BOJISIIOT H30aBUTH-
¢l OT IIOCBUIOK: CIPYIIIPYEM HX B IIAPBI, OTJIHYAIONINECS B IIO3UIUU Pq
(B oztHOM HABOPE MOCBLIOK CTOUT P1, B IPYTOM —P1 ), O HPABUILY pa3bopa
CJIydaeB 3aMEHUM WX Ha MOCBUIKY (p1 V —1p1), KOTOPYIO MOXKHO BBIGPO-
curhb (oHa sBJsiercst akcuomoit). CrenaB Tak sl BCeX I1ap, IIOJIYYUM
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2"~! BLIBOZOB, B MOCHLLIKAX KOTOPBIX HET p;; HOBTOPHUM 3TOT IPOIECC C
TTOCBIJIKAMU Pa, P2 U T. 1. B KOHIIE KOHIIOB MBI yO€IuMcs, I9TO (POpMyIa
A BoIBO/IMA 6€3 TIOCHLUIOK, KaK U YTBEPXKIAET TEOPEMa, O [TOJIHOTE. [>

2.2. BTopoe OOKa3aTENIbCTBO TEOPEMbI O NMNOJIHOTE

DTO J0KA3aTEIHLCTBO, B OTJIMYNE OT IPEJIbLIyIero, obobImaercs Ha
Gostee CIIOXKHBIE CiIydan (MCUMCIICHHE NPEJINKATOB, MHTYHUIMOHUCTCKOE
UCYNC/IEHUE BBICKA3DIBAHMIA).

Hauném c¢ takoro omnpenenenusi: mHOX)KecTBO hopmyn [ HaswiBaer-
Co COBMECMMHBIM, €CIIA CYIIECTBYET HADOD 3HAYCHUII ITEPEMEHHBIX, MU
KOTOPBIX Bee popmyiibl u3 [ uctuaHbl. 3aMernm, 910 HOPMYJIa (¢ STBIIs-
€TCs TABTOJIOTHEN TOI/ia M TOJBKO TOI/A, KOI/Ia MHOYXKECTBO, COCTOSIINEE
U3 €IMHCTBEHHON (POPMYJIbI —(p, He sIBJII€TCs] COBMECTHBIM. JIJist cirydast
OJTHO# (DOPMYJIBI €CTh CIENUAbHBI TepMUH: DOPMYJIA T BbNOAHUMG,
€CJI CYMIECTBYIOT 3HAYEHUSI [I€PEMEHHBIX, IPA KOTOPBIX OHA MCTUHHA,
TO €CThb ecsiu MHOXKecTBO {7} coBmecrno. Taprosorun — 310 GHOPMYJIBL,
OTPUIAHUS KOTOPBIX HE BBIIOJIHUMBI.

MmuoxkectBo dopmys I' HazbIBAETCS NPOMUBOPEUUBHIM, €CTTU U3 HETO
OJIHOBPEMEHHO BBIBOISTCS (popMysibl A u —A. Mbl 3HaeM, 94TO B 3TOM
CJIydae U3 Hero BhIBOJAATCA BooOIe Bee hopmyiibl. (B nmpoTusnoM ciydae
I’ Ha3bIBaeTCH HENPOMUBOPEHUBHLM. )

Teopema 19 (KOpPpPeKTHOCTb MCHUCNEHUS BbICKa3biBaHul, BTOpast dop-
ma). Beskoe coBmecTHOE MHOKECTBO (DOPMYJI HEIIPOTUBOPEYUBO.

<1 B camowm gesie, mycTth coBMecTHOE MHOXKeCTBO ' mpoTHBOpEYHBO.
Tax KaK OHO COBMECTHO, CyIIECTBYIOT 3HAYEHUs [IEPEMEHHBIX, IIPU KOTO-
pbix Bce dopmysibl u3 ' uctunaubl. C jipyroii ¢cTopoHbl, u3 ' BBIBOAUTCS
HekoTopasi popmyiia B u eé orpunanue. Moxker ji Tak ObITH?

OkasbiBaeTcst, 94TO HeT. MblI y2Ke BHUJIEJIHM, YTO BCsIKAasl BBIBOIUMAsI
dopmMysia HCTHHHA TPU BCEX 3HAYCHUAX [IEPEMEHHBIX (ABJISIETCS TaBTO-
sorueit). CupaBeJJIMBO U HECKOJIBKO GoJiee oOIIee yTBEPXKICHUE: €C/IU
I' H A u npu HEKOTOPBIX 3HAYEHUSIX MMEPEMEHHBIX Bce (hopmysbl u3 [’
UCTUHHBI, TO U hopMyia A UCTUHHA TP ITUX 3HAYCHUSIX EPEMEHHBIX.
(Kak m paHbIlle, 9TO JIEMKO JIOKA3BIBAETCSI MHIYKIMEH 110 ITOCTPOEHUIO
BeiBogia A u3 I'.)

B mameit curyanuu 3T0 IPUBOAMT K TOMY, UTO HA BBIIOJIHSIIOIIEM
Habope 3HAYEHUH TTePEMEHHBIX I [ MOIKHBI OBLITh HCTHHHBI 06€ hop-
Mysbl B u =B, 4T0, pasymMmeercs, HEBO3MOYXKHO. [>

Mpr HazbIBaeM 3TO yTBepKIeHHE APYroit (OPMOl TEOPEMBI O KOP-
PEKTHOCTH MCYUCJIEHUs] BBICKA3BIBAHUN, TIOCKOJIBKY U3 HEr0 (hOpMAaJIbHO
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MOYKHO BBIBECTH, UTO BCSIKas T€OPEMa sIBJISIETCsl TABTOJIOTHEl: ecin A —
TeopeMa, TO MHOXKecTBO { A} nporuBopeunso (u3 Hero BbBOaATCH A U
—A), moToMy HECOBMECTHO, 3HaUUT, —A Bcerja JoxKHa, nosromy A Beeria
UCTUHHA.

Teopema 20 (nosHOTa MCHMC/NEHWS BbICKA3bIBaHWA, BTOpas copma).
Besikoe HEmpoTHBOpEUNBOE MHOXKECTBO COBMECTHO.

< Ham mano mHempoTumBOpedmBOe MHOXKECTBO ', a Haj0 HaiiTh Ta-
K€ 3HAYEeHUs] IEPEMEHHBIX, TIPU KOTOPBIX Bee hOpMyIIbl 13 I HCTHHHBIL.
(BoobGme roBopst, MHOXKeCTBO I' MOXKeT GbITh GECKOHEUHO U COJIEPIKATH
GECKOHEIHOE YUC/I0 PA3HBIX [EPEMEHHBIX. )

IIyctb ecTh Kakas-TO mepeMeHHasi P, BCTPEYAOIIasics B (DOpMyIax
u3 cemeiicrBa ['. Ham Hamo pemunts, caenars ju e€ MCTUHHONW WJIN JIOXK-
noit. Eciam okazasoch tak, uro u3 I' BeBOAMTCS (bopMysia p, TO BEIOOpa
HeT: OHa 00si3aHa OLITH MCTHUHHON B Tex Habopax, riae dopmymabl u3 I’
UCTUHHBI (KaK MBI BUJIEJIH TIPH JIOKA3aTeIbCTBE KOPpeKTHOCTH). ITo Tem
JKe MpUYrHAM, ecjii U3 ' BBIBOAUTCS —p, TO B BBITOJIHSIONIEM HAabOpe
epeMeHHas p 00A3aTeIbHO OYIeT JIOXKHOM.

Eciu okazanocs Ttak, 9ro 715 11000 IepeMeHHoi p ubo OHa cama,
b0 e€ oTpHuIlaHne BHIBOIAATCI 3 [, TO BBIMOTHATOMMI HAOOD 3HATEHMIT
OIIPeJIeJIEH OJIHO3HAYHO, ¥ HAJIO TOJBKO IIPOBEPUTH, YTO OH JIEHCTBUTE/b-
HO OyJeT BBINOJHSIONMUM. A ecjiu Jijis KAKUX-TO MEPEMEHHBIX HeJIb3s
BBIBECTU HU WX, HA WX OTPUIIAHUE, TO MbI MOMOJHUM Harr Habop [’ Tak,
9TO0BI OHM, KaK TElePh MOJHO FOBOPUTH, «OIMPEIETUINCHS.

IIpoeném 310 paccyxmenne momapodbHO. PaccMoTpuMm Bce TepeMeH-
Hble, BXOJAINNE B KaKue-1rb0o GpopMysbl u3 MHOXKecTBa I'; 0bo3HAYINM
MHOXKECTBO 3THX IEpeMeHHBbIX depe3 V. 3aduKcupyeM 5TO MHOXKECTBO
7 JI0 KOHIIA JI0KA3aTeJIbCTBA TEOPEMBI O IIOJIHOTE Oy/IeM paccMaTpUBATD
TOJIBKO (POPMYJIBI C TIEPEMEHHBIMI M3 MHOXKECTBa V, HEe OrOBApUBAsi 9TO-
ro 0cobo.

Hazosém HETpoTHBOpEUMBOE MHOXKECTBO I’ noarvim, ecau i JTI000it
dbopmyner F' umeer mecro jmbo I' H F, qm6o T' B —F (omHOBpEeMeHHO
9TOro OBLITH HEe MOXKET, TaK KakK ' HelpOTUBOPEUUBO).

YV TBepKIEHNE TEOPEMBI O ITOJTHOTE OYEBUJIHO CJAEAYET U3 ABYX JIEMM:

Jlemma 1. Besikoe HEmpOTHBOpEYMBOE MHOMKECTBO I COMEPKUTCST B
HEIIPOTUBOPEYUBOM ITOJIHOM MHOXKecTBe A.

Nemma 2. [Ij1st BCSIKOTO HEITPOTHBOPEYHMBOIO MOJHOTO MHOXKeCTBa A
cyliecTByeT HabOp 3HAYEHUN NepeMeHHBIX (13 V', HAOMHUM), IIPU KO-
TOpoM Bce (hOpMyJIbI U3 A UCTHHHBI.

JokazarenbeTBo jeMMbl 1. OCHOBHYIO POJIb 3/1€Ch UTPAET TAKOE yT-
BepKJeHne: ecu [ — HempOTUBOPEINBOE MHOXKECTBO, & A — MPONU3BOJIb-
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Hag Gopmysia, To XoTs 6b1 0710 u3 MuokecTB 'U{A} u T'U{-A} nenpo-
TuBOpeunBo. B camom Jiente, ecim 06a muoxkectBa I' U {A} u I'U {-A}
nporuBopeuusbl, T0 I' F =A u I' F == A, Ho mHOXKecTBO I' nipeanosara-
JIOCh HEIPOTUBOPEYUBBIM.

Ecan MuHO)KecTBO nIepeMeHHbIX V' KOHEYHO WU CUYETHO, TO JIOKA3a-
TEJILCTBO JIEMMBI 1 JIETKO 3aBEPIIUTH: MHOXKECTBO BCEX (DOPMYJ TOTIA
CYETHO, U MPOCMATPHUBAS UX TI0 09€PEIH, Mbl MOXKEM J100aBIdATh K I jim-
60 camy dopmyiy, IUOO0 €€ OTPUIAHNE, COXPAHsIsT HEITPOTUBOPEINBOCTD.
[Momyunrcst, 0O9€BUIHO, TOJTHOE MHOXKECTBO. UyTh MeHee OYeBHUIHA €ro
HEIIPOTUBOPEYMBOCTh: OHO OBLIO HEIPOTUBOPEYMBO HA KaXKJIOM IIare,
HO II0YeMy ODPEJEIbHOe MHOXKECTBO (00beJMHEeHne BO3PACTAIONIEH 0~
cilefioBaTesbHOCTH ) OyieT HenpoTuBopeunBo? [1esio B ToM, 9TO B BBIBOJIE
JIBYX MPOTUBOPEYAIIHX JAPYT APYTY (DOPMYJT MOKET OBITH 3a/1efICTBOBAHO
TOJIBKO KOHEUHOe urcyio dhopmyst u3 I (110 ONpeeseHno BBIBOMMOCTH:
BBIBOJ €CTh KOHEUHasl [0CJIe0BaTeabHOCTh (hopmyi). [ostomy Bee sTi
dOPMYJIBI TOJIXKHBI TIOSTBUTHCST HA HEKOTOPOM KOHEYHOM IlTare KOHCTPYK-
UM, & 9TO HEBO3MOXKHO (Ha BCEX MIarax MHOXKECTBO HEIIPOTUBOPEYUBO).

s caydas mpOM3BOJIBHOIO HAOOpa MepeMEHHBIX V paccyKIeHne
MOXKHO 3aBEpPIIATH CCHUIKOW Ha Jjemmy LlopHa: paccMOTpuM YacTHIHO
VIIOPSIIOUEHHOE MHOYKECTBO, 9JIEMEHTAMI KOTOPOI'o OY/IyT HEIIPOTUBOPE-
YUBbIE MHOXKECTBa (POPMYJI, & IMOPSIKOM — OTHOIIEHUE «OBITh IOIMHO-
2KecTBOM». PaccyK/ieHue mpeabliyInero ab3ana moKasblBaeT, 9TO BCIKas
Hellb B 9TOM MHOXKECTBE MMEeT BepXHIOI rpanuiy (o0benuHeHue Jiu-
HETHO YHOPSIOYEHHOT0 TI0 BKJIIOUEHUIO CeMEfCTBA HEITPOTHBOPEUIUBBIX
MHOXKECTB sIBJISIETCSI HEPOTHBOPEUYMBLIM MHOXKecTBOM). CirenoBaTesib-
HO, JIJIsi JTIOOOTrO HEIIPOTUBOPEYMBOIO MHOXKECTBA HANIETCS cojieprKaliee
€ro MakCUMAaJbHOE HEITPOTUBOPEUNBOE MHOYXKECTBO. A OHO 00sI3aHO OBITH
HOJIHBIM (MHAYE €ero MOXKHO PaCHIUpUTD, j100aBuB A mwiu —A).

Jlemma 1 mokazama.

HoxkazatenbctBo jiemMmbl 2. IIycrs I' — HempoTmBOpedmBoe mOTHOE
MHOXKecTBO. Tora Jyist KaxKJ0# nepeMeHHo (13 MHOXKecTBa V') POBHO
onHa w3 opmys p u —p BeiBoguMa u3 1. Eciin mepsast, Oymem cantaTh
[EPEMEHHYIO0 P UCTUHHOM, eCJIU BTOpas — JIOXKHOI. TeM camMbIM TOSBJISA-
eTcsl HeKOTOPBI HAbOp v 3HAYEHUN TIEPEMEHHBIX, U HAJI0 TOJBKO ITPO-
BepuUTh, 9TO Jobasas dopmyna u3 [ mpu Takux 3HAYEHUSX TEPEMEHHBIX
HUCTUHHA. DTO JIeJIAeTCs TaK: WHJIYKIMEH 10 MOCTPoeHnto (hopMyJsibl A
MBI JJOKa3bIBaeM, 9TO

A ucrunna Ha Habope v = ['F A,

A noxna Ha Habope v = ['F —A.
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Basuc unpyknuu (korma A — mepemenHasi) 00eCIEUUBACTCS OIPEIEeIe-
HUEM UCTUHHOCTH TePEeMEHHBIX. J[JIsl Iara WHIyKIMA UCIOJb3YeTCs Ta
JKe JIEeMMa, 9TO W [PH JI0KA3aTeJIbCTBE TOJHOTHI C MOMOINBI0 pasdbopa
ciyuaes. Ilycrs, nHanpumep, A nmeer sug (B A C). Torma ectb ueThl-
pe BoamoxkHocTu jyig ucruanoctu B u C. B ogpom u3 vHux (korma B u
C' UMCTMHHBI Ha V) TO UPEIIOJOXKEHUI0 MHIAYKIMU Mbl umeeMm ' - B u
' C, orkyna I' - (B A C), 1o ects I' H A. B apyrom (B ucrunna,
C soxknua) npeunosoxkenue uaayknun gaér I' - B u I' F —C, orkyzna
'k —(BAC), to ects I' b —A. AHasornvno pasbuparoTcsi 1 BCe OCTAIb-
HBIE CIyYaW U JIOTHYECKHe CBA3KW. JlemMMa 2 JoKa3aHa, U TEeM CaAMbIM
3aBepINEHO JOKA3aTeIbCTBO TeopeMbl 20. >

Mpul JroKa3a/i, 9TO BCSIKOE HEIPOTUBOPEYUBOE MHOMKECTBO (DOPMYJ
coBMmecTHO. OTCIO/IA JIETKO CJIEJIyeT, 9TO BCSIKAsl TABTOJIOTHUS SIBJISICTCS
Teopemoii. B camMoM Jiesie, ecim (o — TaBTOJIOTHS, MHOYKECTBO { -} HECOB-
MECTHO, MTO9TOMY W3 T BBIBOJWTCS TPOTUBOpEYne, MOITOMY - ——p, U
10 3aKOHY CHATHS JBOWHOIO OTPUIAHUS - ©.

Kpome Toro, Teopema 0 moJiHOTE BO BTOPOU (DOPMYJIMPOBKE MMEET
TaKoe OYEBUHOE CJIe/ICTBUE:

Teopema 21 (Teopema KOMMNaKTHOCTW ANSt UCHUCIIEHNS BbICKA3bIBaHMWIA).
[Iycts I' — MHOXKeCTBO (GOPMYII, BCAKOE KOHETHOE TTOMHOXKECTBO KOTO-
poro coBmectHO. Tora u Bcé MHOXKeCcTBO [’ coBMeCTHO.

<1 Kak MBI 3Ha€M, HECOBMECTHOCTb PABHOCHJIbHA IIPOTUBOPEINBOCTH,
a BBIBOJ[ IIPOTUBOPEUNsS IO OIPEJICTIEHUI0 MOYKET HCIIOJIH30BATh JIUIIh
KOHEYHOE Incjio GopmyJ. >

[TockosibKy B OPMYJIIMPOBKE TEOPEMBI KOMITAKTHOCTH HET YIIOMUHA~
HUs 00 MCYHMCIEHMU BBICKA3blBaHUil (peub MIAET JIMIIb 06 UCTUHHOCTH
opmys, a He 0 BBIBOAUMOCTH ), BOSHUKAET BONPOC, HEJIb3s JI €8 JIOKa-
3aTh HEIIOCPEJICTBEHHO.

29. JlaitTe mpsiMOe JTOKA3aTETHCTBO TEOPEMbI KOMIIAKTHOCTH JJIsT CJIy4as,
KOIJIa IIEPEMEHHBIX B MHOXKeCTBe V' KOHedHoe 4uciio. (YKa3aHue: J1io60oe HeCOB-
MeCTHOE€ MHOZKEeCTBO UMeeT HEeCOBMECTHOE IIOJMHO>KECTBO MOITHOCTU HE 60.HB-
e 2/V1)

Jns cirydast C46THONO YHC/Ia MEPEMEHHBIX MOYKHO BOCIIOJIB30BATHCS
KOMIIAKTHOCTBIO (B TOHOJIOTUYECKOM CMBICJIE CJIOBA) KAHTOPOBCKOT'O IIPO-
crpaHcTBa. Ero sjgemMeHTaMu SIBIAIOTCS OECKOHEUHBIE TIOCTIEI0BATEIBHO-
cTy Hysel u eguHUI. Ecm JBe 1mocie0BaTeIbHOCTH OTIINIAIOTCI B N-i
[TO3UIUH, & BCE UPEJbILAYNINE UJEHBI COBIIAJAIOT, TO PACCTOSHIE MEXK-
JIy HAMU CYUTAETCA PABHBIM 27", DT0 METPUIECKOE ITPOCTPAHCTBO KOM-
MTAKTHO.

IIycts V' comepxkur cuéraoe [mciio mepemeHHBIX. llociemoBaresnb-
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HOCTh 3HAYEHUIl TepEMEHHBIX OyJIeM PacCMaTPUBATHL KAK TOYKY KAHTO-
POBCKOT'O TIPOCTPAHCTBA; (POPMYJIE COOTBETCTBYET 00JIACTD, COCTOSIIAS
3 TOYEK, rae popmysia nctutna. [[ockoabKy (popMyaa COAEpKUT JIUIIID
KOHEYHOE YUCJIO IEPEMEHHBIX, 3Ta 00JIACTh SBJISIETCS 3aMKHYTBIM U OT-
KPBITBIM MHOXKECTBOM OJIHOBpeMeHHO. [lycTh mmeeTcst MEHOXKeCTBO hop-
MyJI, JTI060e KOHETHOE TTOAMHOYKECTBO KOTOPOTO COBMECTHO. DTO 3HAUUT,
YTO COOTBETCTBYIOMIHE (DOPMYJIAM MOJIMHOXKECTBA KAHTOPOBCKOTO ITPO-
CcTpaHCTBa 00Pa3yIoT, KaK IOBOPAT, IEHTPUPOBAHHYIO cucreMy (Jsroboe
KOHEYHOE UX YHCJIO UMeeT OOLIYIO TOUKY). A B KOMIIAKTHOM IIPOCTPAH-
CTBe JII00O0E TEHTPUPOBAHHOE CEMEHCTBO 3aMKHYTBIX MHOXKECTB HMEET
0011y10 TOUKY (MHAYE UX JOIOJIHEHUs 00Pa3yIOT OTKPLITOE MOKPBITHUE, Y
KOTOPOr'O HET KOHEYHOT'O IIOJIIOKPLITUS). DTa X obliasg TOYKa u Oyjer
HabOpPOM 3HAMEHN, Ha KOTOPOM BCe (POPMYJIbI HCTUHHBI.

To ke camoe paccyKieHne TOJUTCS U JJIsI HECIETHOTO MHOXKECTBA
[IEPEMEHHBIX, HO TOI/Ia BOZHUKAET HECUETHOE IIPOU3BEIEHNE JIBYXTOYET-
HBIX IIPOCTPAHCTB, KOTOPOE SIBJISIETCsI TOIMOJIOIMYECKUM TPOCTPAHCTBOM
(HO He METPHYECKMM); HAJIO 3aMETHTDb, 4TO ITO IIPOCTPAHCTBO KOMIIAKT-
HO TI0 TeopeMe THUXOHOBa, MTOCJIE Yero Hallle PACcCyKJIEHUE TPOXO/TUT.

st caéraoro Habopa MepeMeHHBIX TeopeMa KOMIIAKTHOCTH CBsI3a-
Ha C TAK HA3BIBAEMOI semmol Kénueza. Konedmrbre mocie10BaTeIbHOCTH
HyJlelt U equHUI| (BKJIIOUAs [YCTYIO MOCJIEJ0BATEIBHOCTD) Mbl HA3bIBa-
€M JIBOMIHBIMU CJI0BaMU. [[BOMIHBIM IepEBOM MBI HA3BIBAEM MHOXKECTBO
JIBOMYIHBIX CJIOB, KOTOPOE BMECTE CO BCAKHUM CJIOBOM COJIEP:KUT BCE €ro
HauaJla (HadaslbHbIe OTPE3KH). BeCcKOHEeYHON BETBBIO JBOUYHOIO JIEepe-
Ba T MbI Ha3bIBaeM OECKOHETHYIO MTOCJIEI0BATEILHOCTD HYJIEH U eIUMHUII,
J11060e KOHEYHOE HAYAJI0 KOTOPOU MpUHAIEKUT 1.

Teopema 22 (nemma Kénura). JlroGoe GecKOHEUHOE JIepeBo umMeeT Gec-
KOHEYHYIO BETBb.

<1 ToBopst 0 GECKOHEYHOCTH JIepeBa, Mbl UMEEM B BHJLY, YTO COOT-
BETCTBYIOIEe MHOXKECTBO GeckonedHo. OTCIo/Ia CIIeJIyeT, 9TO OHO COJIep-
KHT CJIOBA CKOJIb YIOJAHO 00JibInoil jymHbL. [lycTh p1,ps,... — cYéTHOE
MHOXKECTBO TIePEMeHHbBIX, KOTOpble NpuHuMaioT 3Hadenus 0 wiam 1. st
KazKJI0r0 1 PacCMOTPUM (BOPMYILY ©,, KOTOpas yTBEPKIAET, 9TO CJIOBO
P1P2 - . . Prp, UpUHAITIEKUT fiepeBy 1 (3TO BO3MOXKHO, TaK Kak Jiiobas OyJie-
Ba GyHKIms BbipaszuMa dhopmysoii). [Tockonsky T — nepeso, ¢; Biedér
wj mpu j < 4. JIroboe KoHeuHOe MHOXKECTBO (bOpMys BUJA (; PaBHO-
CIJIBHO, TaKUM 00pa3oM, OHOU (OpMyJie ¢ MAKCUMAJIBHBIM § U IOTOMY
coBmectHo. Crie0BaTesIbHO, B MHOXKECTBO BCeX (DOPMYJI (p; COBMECTHO,
U BBITIOJIHAIONMIAN HAOOD OmpeiesiseT OECKOHEYHYIO BETBb. [>

(Koneuno, Mbl «ObEM U3 IIYIIEK 110 BOPOOBLSIM»: JOCTATOYHO WHIYK-
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nueil 1o ¢ CTPOUTH CJIOBO JJIMHBI , KOTOPOE MMEET DECKOHEYHOE UHCJIO
npojoJKenuii B nepese T'.)

O6braHO yTBEpKIeHue JeMMbl KéHura GopMyIupyoT Tak: eciau Ko-
JIOHUsI DaKTepuii, BOSHUKINASI U3 OJHON OaKTepuu, HUKOIIa He BBIMUDa-
€T IIOJIHOCTBIO, TO CYNIECTBYET OECKOHEUHAs [T0CIEI0BATEILHOCTD DaKTe-
puii, Kaxkasi CJIeIyIomast 3 KOTOPBIX Oy IaeTCs IIPU JIeJI€HUU TPeIbI-
nymeit. [Ananorngnas GhOPMyJIUPOBKA PO JIOJAEH OCIOXKHAETCS BO3-
MOXKHOCTBIO KJIOHUPOBaHUsI, HAJIMIUEM JIBYX TIOJIOB M IPOBJEMAMU 110~
JINTKOPPEKTHOCTN. |

2.3. lNounck KOHTpNpuMepa 1 NCHUCIEHNE CEKBEHLNI

B sroM pasjeiie Mbl IOCTPOUM APYroil BApUaHT UCUYUCJIEHNUsS] BBICKA-
3bIBAHUI — TaK HA3bIBAEMOE UCHUCAEHUE cekseHuul. Takoro poja uc-
YUCJIEHUSI U3YYAl0TCs B TEOPHUH J0Ka3arebcTB. OHU OKa3bIBAIOTCS 00-
Jiee yIOOHBIMU JIJIsT AHAJIN38, CHHTAKCUIECKON CTPYKTYPBI BBIBOJIOB. VX
HA3BIBAIOT UCYUCJECHUSMU [€HIIEHOBCKOro Tuna (110 uMmeHu [eHiena, Ko-
TOpBIN HAYAJl MX U3y4Yarb). PaHee NPUBEIEHHBI BAPUAHT MCUUCIICHUSI
BBICKA3bIBAHUIT HA3BIBAIOT UCYUCIEHUEM MHIIBOEPTOBCKOIO THIA (110 UMe-
Hu ['miibbepra, KOTOPBINA MCIIOJIB30BaJI 0I00HbIE UCUUCJIEHUs] B CBOEH
nporpamme GOPMAIBHOIO IIOCTPOCHUST MATEMATHKH ).

Ilist Havgaa Mbl BOODIIE He Oy/1eM MOBOPUTH HUYIEro 00 aKCHOMaX W
MPaBUJIaX BBIBOJA, & PACCMOTPHUM 3aJady IMONCKa KOHTpIpuMmepa. Ilycth
naHa HekoTopas ¢popMysia A, IIpo KOTOPYIO MbI II003PEBAEM, UTO OHA He
SIBJISIETCSI TABTOJIOI'ME, U XOTUM HANTH 3HAYEHUsI [T€PEMEHHBIX, [IPU KO-
TOPBIX OHa JiozKHA. Kak 310 senars? EcrecTBeHHO TOCMOTPETH HA CTPYK-
Typy dopmyasl A. Hanpumep, eciiun A umeer sug, B — C, 7o HaI0 HARTH
3HaYeHUs TTEPEMEHHBIX, TPU KOTOPBIX (popMmysia B uctunna, a C' JI0XKHA.
Eciin A umeer Bug B V C, To Haj0 HaiiTu 3HAYEHUsI IEPEMEHHbBIX, IIPU
KOTOpBIX 06e popmyiibl B u C joxubl. Ecin A umeer sug BAC, To Ha10
HaiiTu b0 3HAYEHUSs [TEPEMEHHBIX, IIPU KOTOPBIX B JjioxKHa, b0 3Ha-
YeHUsl IEPEMEHHBIX, IpH KOTOPhix C' joyKHA. TeM caMbIM 3a/1a9a TIOUCKa
KOHTpIpuMepa Iyt GOpMyJIbl A CBOAUTCI K OZHON MJIM HECKOJILKUM 3a-
JlagaM TAKoro ke uiu 6oJiee ob1iero Buja (Hajo o6eceduTb UCTUHHOCT
UJIH JIOKHOCTH OJ[HOW WMJIM HECKOJIBKUX (DOPMYII).

BBeném HEOOXOIMMYIO TEPMUHOJOTHAIO ¥ 0003HAYEHUS. ByaemM Ha3bI-
BaTh cexsenyueli Boipaxkenue I' = A, rne I' 1 A — HEeKOTOPbIE KOHEUHbIE
muozkecTBa dopmyit. (IToka uro 3HaK - He uMeer HUYEro OBIIEroO C BbI-
BOJMMOCTBIO, 8 TOJBLKO pasjieliser aBa MuoxkecTBa dhopmyir.) C kaxaoit
cekBennueit I' = A 6ymeM cBA3bIBaTH 3a/a4y IIOMCKA TAKUX 3HAYEHUMN
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[EPEMEHHBIX, TIPU KOTOPbLIX Bee hopmynbl u3 ' uctunubl, a Bce hopmy-
Jiel 13 A jtoxkHbl. Takoit HabOp 3HAYEHU MBI IT0 HEKOTOPBIM [TPUIHHAM
OyzeM HasbIBaTb KoHmpnpumepom K cexkBeniuu I' F A. Jlerko mpose-
PUTH, YTO KOHTPIIpUMEPHI K cekBeHIuu [ = A — 570 KOHTpIIpUMEDBI K
dopmyite
Al — VA,

(AT obozaagaer KorbIOHKIWMIO hopmyst u3 ') a VA — nuzbionkimio dhop-
Mys1 u3 A), TO ecTb Te HAGOPHI 3HAYECHUIH, IPU KOTOPBIX 3Ta (hOpMyIIa
stoxkHa. [Ipr 9TOM KOHBIOHKITHIO IyCTOIO MHOXKECTBA (DOPMYJI MBI CIUTA~
€M TOKJIECTBEHHO MCTUHHOM, & JU3bIOHKIMIO — TOXKJIECTBEHHO JIOXKHOM.

Hamra ucxonnas 3ajjada moncka KOHTpHpuMepa K ¢opmysie A Mo-
KeT ObITh Terephb chOPMYIUPOBAHA KaK 3aJ1a4a MOUCKa KOHTPIPpUMEPA
k ceksernuu - A. (Mbl nosBosisiem cefe nucarb Tak i KPATKOCTH;
MOJTHOCTRIO cJieIoBasto Obl Hammeats & F {A}.)

Saglat{y IIOUCKa KOHTPIIpUMEpa K CEKBEHIIUN MO2KHO peniaTb € IIOMO-
B0 CJIEIYIONINX MPABUJI. B KaXKJI0M M3 IPUBEJIEHHBIX [TPABII HUYKHUI
3aKa3 Ha KOHTPIPUMED BBITOJTHUM, €CJIH U TOJBKO €CJIU BBIIIOJTHUM OJINH
U3 BEPXHUX 3aKA30B, T.e. HUXKHsIsI CEKBEHIIUs] UMEET KOHTPIPUMEDP TO-
[JIa U TOJIBKO TOTJIA, KOTJIa XOTs Obl OJ[HA W3 BEPXHUX CEKBEHIUIl nMeeT
KOHTPIIPUMED.

I'AA TFBA ABTFA

T-AAB,A AABTFA
T A BA ATFA BTFA
TFAVB,A AVB,ITFA
T AF B,A I'-AA T,BFA
TFA-B,A A-BTFA
ATHFA T AA
TF-4,A “ATFA

Kaxkmoe u3 mpaBuj COOTBETCTBYeT aHAJM3Y OIHON U3 (POPMYJT HUKHEN
cekBennuu. IIpaBuna pasaesennbl Ha IPYNIbI B 3aBUCUMOCTH OT TJIABHOM
CBA3KU aHAJIU3UPYyeMOil (DOPMYJIBI, U COIVIACOBAHBI C TAOJUIAME UCTIH-
HOCTH Il 9TON CBSA3KM (YTO JIETKO IPOBEPHUTD). 3aldTas B IPaBHIIAX
ucrnosb3yercst Kak cokpamenne: I, A o6oznauaer I' U {A} u 1. 1.

Kak mosb3oBaTbest sTuMu npaBuiaMmu! Bo3bMEM CEKBEHIIUIO, K KO-
TOPOIT MBI UITleM KOHTpupuMep. BeibepeM B Heit ogHy n3 (Gopmys ciieBa
WJIH CIIPaBa, IOCMOTPUM Ha TVIABHYIO CBA3KY U IPUMEHUM COOTBETCTBYIO-
1iee npaBuiIo (HAIMCAB OJIHY UJIM JIBE CEKBEHIMU HaJl MCXOMIHOIT). 3areM
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K KaXKJI0#l U3 HUX CHOBA MIPUMEHUM OJIHO M3 IpaBui u T. 1. [locreneruo
OyZeT pacTu «I€PEBO ITOMCKA KOHTPIPUMEPA», IPUIEM UCXOTHAST CEKBEH-
nus Oy/ieT MMeTh KOHTPIPUMEDP TOI/a U TOJIBKO TOrJA, KOIJ/a O/IHA U3
BEPXHUX CEKBEHINH (CTOSAIMINX B «JIMCThSIX» ) 9TOTO JIEPEBA UMEET KOHTD-
puMep.

Korma sTor mporecc obpbiBaeTcst? ITO MPOUCKXOAUT B TOM CJIydae,
ecau Bce (POPMYJIBI B OCTABIINXCH CEKBEHITUSX MPEICTABIAIOT cO00i TIe-
peMeHHbIe, TOTJ[a HU OJHO U3 HAIIMX [IPABUJI IIOMCKA KOHTPIPUMEDA He
npuMeHnMo. HO K 9TOMYy MOMEHTY BCE CTAHOBUTCS SICHBIM: €CJIH B Jie-
BOIl ¥ IIpaBOil YaCTU CEKBEHIMH e€CTh O0INasl IepeMeHHast, TO K Heil HeT
KOHTpupuMepa (OHA W Ta K€ IepeMeHHas He MOXKeT ObITh OIHOBpPE-
MEHHO HCTHHHOM U JIoXKHOiT). Ecim Ke JieBag n mpaBasi 9acTh Takoii
CEKBEHIINU HE IIEPECEKAIOTCS, TO KOHTPIPUMED €CTh.

Bor kak 310 Jenaercst ¢ cekBeHmnumei - (p — q) — ¢:

Fpq qFq
p—atq
Flp—q) —q

Kourpupumep HaiifieH: p U ¢ JIOXKHBL (OH sBJISETCS KOHTPIPUMEPOM K
CeKBeHIWH - p, q).
Hamnporus, nmouck KoHTpupumepa K ceksernnuu F ((p — ¢) — p) — p
He Ja€T pe3ysabraTa:
pPEDP.gq
Fp,p—q
(p—q —pkp
F(p—a)—p)—p

pkp

3mech 06e cekBennuu p - p,q u p F p #He mmeror KouTpupuMepoB. Cie-
nosaresbHO, dhopmyra ((p — q) — p) — p ABIETCs TABTOJIOIHE.

ITocTpoenHBINT AJIrOPUTM MOXKHO OJTHOBPEMEHHO PACCMaTPUBATH KaK
JI0Ka3aTeIbCTBO MOJHOTHI HEKOTOPOI'O «MCYUCJICHUSI CEKBEHIIAN».

AKxcuomamu UCIUCITIEHUST CEKBEHIUIN Oy/IeM HA3BIBATHL CEKBEHIUU, B
JIEBBIX W IMPABBIX YACTIX KOTOPBIX BCTPEYAIOTCS TOJBKO MEPEMEHHbIE,
NpUYIEM HEKOTOpasi TIepEMEHHAsT BCTPEYAETCsT B 00X YACTSIX.

Ipasunamu 6616004 B NCIUCIICHUN CEKBEHITUI sIBJISIIOTCS TPABUJIA Ha-
med Tabimnbl. Kaxkaoe u3 3Tux UpaBuil OObABJISET BHIBOJAUMONW HUK-
HIOI0 CEeKBEHIIUIO, ecyid BhiBoAuMbL Bee Bepxuue. (IIporecc BoiBoga ecre-
CTBEHHO PEJICTABJIATH B BUJIE JIePeBa, KaK B HAIIMX IPUMEPaX, HO MOXK-
HO Pa3BEPHYTHb U B IOCJIEI0BATEIHLHOCTD CEKBEHIINIL. )
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Teopema 23 (KOppekTHOCTb U nosiHoTa ucuncheHust ceksenuyuii). Ce-
KBEHITUST BBIBOJIMMA TOTJIa ¥ TOJBKO TOT/A, KOTJa OHA HEe MMeeT KOHTP-
puMepa.

<1 AKCHOMBI He MMEIOT KOHTpIpHuMepa. Ecin Bce BepXHUE CEKBEH-
U1 KAKOTO-TO IIPABUJIa BBIBOJIA HE UMEIOT KOHTPIPUMEDA, TO U HUKHSS
CeKBeHIusl He umeeT KoHTpupumepa. (VIMeHHO Tak Mbl HOAOUpau mpa-
BIJIa: KOHTPIPUMED K HIKHEH CeKBEHIUU OyIeT KOHTPIPUMEPOM K OJI-
HOit u3 Bepxuux.) Ciie10BaTeIbHO, BCE BBIBOJMMbIE CEKBEHIMU HE MMEIOT
KOHTPIIpUMEDA.

O06paTHO, IyCTh CEKBEHIIUs HE UMeeT KOHTPIpUMepa. Toraa omucan-
HBIl TIPOTIECC TIOMCKA KOHTPIpUMEPA OOPBIBACTCS HA AKCUOMAX U TEM
caMbIM TTa€T €€ BBIBO. >

B gacrrocTH, eciu hopmysia A sBiisieTcst TABTOJIOTHEl, TO CEKBEHITHST
F A BbIBOJIMMA B MCUYHCJIEHUH CEKBEHINH. DTO 0OCTOATEHCTBO MOXKHO
UCIIOJIB30BaTh JJIsl elIé OJHOIO JI0KA3aTeIbCTBA IIOJTHOTHI UCUUCICHUS
BBICKa3bIBaHUil (B cTaHmapTHOl, ruibbepToBekoil dpopme). B camom me-
Jte, Jutst Kaxkioi ceksenrmu [ = A pacemorpum npedemagasiouyyro eé
popmyay, To ectb dopmyiay AI' — VA (B jieBoii u mpaBoii 4acTsax CTo-
AT KOHBIOHKIMS U AU3bIOHKIMs dopmyn u3 I' u A COOTBETCTBEHHO).
Tenepb MHIYKIMEH MO MOCTPOEGHUIO BBIBOJA B MCUUCIEHUU CEKBEHIIMI
HAJIO J0Ka3aTh TaKON (baKT: ecJii CeKBEHIUS BBIBOIAMMA B MCUUCIEHUN
CEKBEHIWH, TO IpeJcTaBjsiomasa eé GopMyia BHBOAUMA B (OOBITHOM )
UCYUCJIEHUH BBICKA3BIBAHUN.

D10 TpebyeT JOBOJIBHO XJIOMOTHOI TPOBepKH, BiipoueMm. CHavdaa Ha-
JIO TIPOBEPUTH, 9TO KOHBIOHKIIHS U U3 BIOHKITUS JIOKA3yEMO ACCOITUATHB-
HBI, ¥ TIOTOMY BCE PABHO, KAK PACCTABJIATH CKOOKHU B (bOPMYJIe, IIPEICTAB-
JISIIOIIEH CEeKBEHIUIO. 3aTeM TOJIe3HO yOEIUThCS, U9TO MPaBUJIa, CBI3aH-
HblE ¢ OTPUIAHKEM (JBa IOCAEIHUX MPABUJIA TAOIUIbI) MOXKHO IIPUME-
HATH B 00€ CTOPOHBI, HE MEHsIST BBIBOJIMMOCTH COOTBETCTBYIOIIEH (hopMy-
Jibl. JIpyrumMu ¢JIoBaMu, HAJIO IPOBEPUTDH, ITO (DOPMYIIBI

I'-(AVA) u (T'A-A4)— A
a Tak)ke POPMYJIbI
'-(Av-4) u (TAhA) - A

BBIBOJIUMBI OIHOBpeMeHHO (31ech I u A MoxHO cuntarh dhopmyaamu, a
He MHOXKecTBaMu (GOPMYJI, PACCTABUB CKOOKM HAJJIEZKAIIUM O0PA30M).
ITocste aTOrO MBI MOXKEM TEPEHOCUTH (POPMYJILI U3 OFHONW JACTH B APY-
ryio (MeHsis UX HA IPOTHBOIOJIOXKHBIE), M [IOTOMY MOXKEM CUUTATH OJHO
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u3 muOKecTB I' 1 A mycTbiM, ecu 910 HaMm yiobHo. Tenepsb ceblika Ha
JIEMMY O JEeAyKIUW U YK€ M3BECTHBbIE HAM CBOICTBa BBIBOJUMOCTHU 3a-
BEPIIIAeT PACCYKJIEHNUE.

30. [IpoBecTu 3TO paccyKaeHne MOIPOGHO.

EcrecrBenHO BO3HHKAET BOIIPOC — UeM YK TaK MHTEPECHO HCUMCJIE-
Hue cekBeHIuit? Kakast, COOCTBEHHO TOBOPsI, pa3HUIIA — UMETD JIEJI0 C Ce-
KBEHIIMSME WU ¢ (pOPMYJIaMu, Pa3 BCAKYIO CEKBEHIIIIO MOYKHO IIPEICTa-
BuTh (popmysioit? IlpuHIUInaibHOe pasjndne TyT B cieiytomemM. 1lpa-
BUJI& BBIBOJIA B MCUYKCJIEHUU CEKBEHITMI TAKOBBI, YTO B UX BEPXHIOI YaCTh
BXO/ISIT TOJIBKO 01 OPMYJIBI (DOPMYJI, BCTPEYAONINXCS B HUZKHEN JACTH.
[TosToMy B BBIBOJIE KAKOI-TO CEKBEHIIUU HE MOXKET BCTPETUTHCH HUIETO
MPUHITAITHAILHO HOBOTO, 9€ro He ObLIO B caMoii cekBeHIun. B ruanbep-
TOBCKOM HCYUCJIEHUH TO JIAJIEKO He TaK: Mbl MOXKEM BBIBECTH (DOPMYILY
B u3z dpopmyn A — B u A, upu srom dopmysia A Moxker OBITH CO-
BEPIIEHHO IIPOU3BOJIBLHOI. JTO YKe pasjndne 00bsCHSIET, IOUYeMy TOUCK
BBIBOJIA CHU3Y BBEDX (KaK MOYKHO Tellepb HA3BIBATH TO, YTO PAHbIIE HA-
3bIBAJIOCH ITIOMCKOM KOHTPIIPUMEDPA — MBI HAXOIUM JUO0 KOHTPIIPUMED,
Ji60 BBIBOJL) JJIsl MCUUCIICHUSI CEKBEHIHI IIPOUCKXOUT CPABHUTEJIBHO OJI-
HO3HAIHO (MBI MOYKEM II0-PA3HOMY BBIOMPATH PACHIeHseMyo hOpMyILy,
HO U TOJIbKO), B TO BPEMs KAK MCKATHb BBLIBOJ B OOBIYHOM HCUUC/ICHUU
BBICKA3bIBAHUIl, HAYAB C MHTEpecyomeil Hac hopMysibl B u cMOTps, U3
4ero Gbl OHA MOTJIA LOJLy YUThCH, HE YIaéTCsl (€U TOJIBKO He IepebupaTh
Bce POPMYJIBI IOAPSI).

3ameTuM, 9TO JJ00aBJICHIE K HCIUCIEHNIO CEKBEHITNH yKe YIOMUHAB-
[IErocst MIPABUJIA CEIEHUS

TFAA T,AFA
TFA

HapyIIaeT CBOMCTBO «I0A¢OPMYyJIBHOCTH», TaK Kak (opmyna A mMoxker
OLITh HUKAK HE CBA3aHA ¢ HUXKHEH cekseHrmeil. Ormerum, 4To n006aB-
JIeHHe IIpaBUJjia ceueHUs He HapylllaeT KOPPEKTHOCTH, KaK JIETKO IIpOBe-
PUThH, I HE MOXKeT HapyIIUTh IIOJTHOTHI.

Sajgaun 0 MOWCKE BBIBOJA U aHAJN3E €r0 CTPYKTYDPBI, XOTS U ObI-
JIA OJTHO BpeMsd MOJHBIMHU B CBA3U C «HCKYCCTBEHHBIM HHTEJLJIEKTOM>»,
MIPEICTABJIISIIOT OOBINTON MHTEpEC, U PO HUX €CTh IeIas HayKa, B KOTO-
poit MCYMCIeHUsT TeHIIEHOBCKOTO THUIIA UT'PAIOT MEHTPAIbHYIO POJb. MBbI
paccMOTpeJin OJIMH U3 BAapUAHTOB UCUMUCJIEHNS CEKBEHIIUN /151 KJIacCUu4e-
CKOT'O MICUMCJIEHUsI BHICKA3BIBAHNUI; OBIBAIOT MCUMCJIEHUSI JIJIsi WHTYUIIHO-
HUCTCKAX W MOJAJTBHBIX JIOTUK, JUIsT UCINCTICHUS IPEINKATOB U T. 1. Vc-
XOJTHOI MOTHUBAITHEH JJIsT PACCMOTPEHHUsT TAKOTO PO/ UCIUCIEHUI ObLITO
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JKeJIaHne JTOKA3aTh HEIPOTHBOPEeUInBOCTL apudmeruku. CormacHo 3Ha-
MEHHUTOI BTOpOit Teopeme ['€mest 0 HemorHoTe 6€3 TOMOTHATETHHBIX aK-
CHOM 3TOTO CIeJIaTh HEeIb3sI, HO €CJIN MPUHITH CXeMY aKCHOM JIJI TPaHC-
GUHUTHOM UHAYKITUY 110 OPJINHAIY £(, 9TO YAAETCA CIEIATD, KAK MTOKA3AJT
T'enren.

2.4, |/|HTyI/ILl,I/IOHI/ICTCKa$I npono3nUMOHaNIbHAaA JIOTMKa

Wckimounm u3 9uciia aKCHOM 3aKOH UCKJTIOUEHHOTO TpeThero A V —A.
[Tonyyennoe ncunciaenne Ha3bIBAIOT UHMYUYUOHUCTICKUM UCHUCAEHUEM
soickasvisanut. (OOBITHOE UCUMCIIEHNE BBICKA3BIBAHUIT HA3BIBAIOT KAAC-
CUYECKUM, ITOOBI M30€KATH IIyTAHUIIBI [P €0 CPABHEHUU C WHTYUIU-
OHHUCTCKUM. B0ooOIe MaTeMaTuIecKne PacCyzKIeHUs, OMUPAONIAecT Ha
AKCHOMY HCKJIIOUYEHHOTO TPETHEro, HA3BIBAIOT <«KJACCUIECKUMU», & M3-
Geraronye €€ — «UHTYUIUOHUCTCKUMU>. )

Komeuno, meme ieHHO BO3ZHUKAIOT €CTECTBEHHDBIE BOIPOCHL. [louemy
NMEHHO 9Ta aKCHOMa BBI3bIBAET COMHeHHUsi? BoobIme-To akcmoM MHOTO,
1 MOYKHO OBLIO ObI UCK/IIOYUUTD JIIOOYIO U CMOTPETH, UTO MOJYyIUTCs 0e3
Heé — HO SICHO, YTO CKOPEE BCETO MOJIYUIUTCS ITO-TO cTpaHHoe. Kak mo-
HsITh, Kakue (pOPMYJIbI OCTAHYTCsl TeopeMaMmu 0e3 3aKOHA MCKJIIOUEHHO-
ro Tperbero? PanbIlie y ncunciieHus BBHICKA3bIBAHWI ObLIA «CBEpX3a/ia-
Ya» — BBIBECTHU BCE TABTOJIOIMH U TOJLKO WX, a Terepb?

UaTyunpuonucrekas JOruKa BO3HUKJIA KaK MONbITKa (caesannas [eii-
TUHIOM) (bOPMAIM30BaTh (XOTsl OB YACTUYHO) METOBI PACCYKICHUIA,
[IPaKTUKyeMble B «HHTYHUIMOHUCTCKOM MareMaTukes. l'ojutanackuii mMa-
TeMaTUK Bpaysp IUPOKO M3BECTEH KAK aBTOP KJIACCHYECKON (BO BCEX
CMBICJIaX) TeopeMbl Bpayspa 0 HEenoJBHKHON TOUKe (OHA YyTBEPXKIAET,
9T0 JI000€ HEMpPEPBIBHOE OTOOpa’kKeHne MHOroMepHoro mapa D™ B ce-
651 UMeeT HeIlOIBUKHYIO TOYKY). HO OIHOBPEMEHHO OH CO3JAJI LEJLyIO
IIKOJIy B OOJIACTH OCHOBAHUII MaTeMaTUKH — MaTeMaTUYeCKU{l MHTYU-
nuormsM. Oruero, cupamuBaj Bpaysp, B TeOpUE MHOXKECTB BO3HUKJIU
napaoKcbl? MOXKHO CYUTATH, 9TO 3TO OTTOrO, YTO MBI CTAJHM PACCYK-
JIaTh O KAKUX-TO YK OY€Hb aOCTPAKTHBIX 00BEKTAaX, KOTOPhIE CYIIECTBY-
0T JIMIID B Haleil (Hopoii IpoTuBopeunBoii) hanTaszum, Tak ITo CIeyer
[IPOSAABJIATH OCTOPOXKHOCTH U He HOAXOAUTh K onacHoit yepre. Ho Bpaysp
IIOIIIe)T JIaJIbIe, TOBOPSI, YTO IIPOTUBOPEYNS JIUIIb CAMIITOM OOJIE3HH, a
HAJI0 yCTpaHUTb €€ npuduHy. [I[pudwHy OH BHEJ B TOM, 9TO MaTeMa-
THUYECKHE PACCYXKJIEHUsI U TOHSTUsI YTPATUIN WHTYUTUBHBIA CMBICI, U
HY?KHO BEPHYTHCS K OCHOBAM U ITEPECMOTPETH CMBICJI CAMUX JIOTHIECKUAX
CBA30K.
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Yro Mbl uMeeM B Buy (UJIM JIOJIKHBI UMETH B BUJLY ), TOBOPS O TOM,
9TO MbI YCTAHOBMIIN, 9TO «A mmu B»? D10 3HauuT, 1o Bpayspy, uro jm-
60 Mbl ycraHoeuan A, qu6o ycranosmwiu B. Korga Mbl ycraHaB/IMBaeM,
ur0 «A 1 B», 570 3HaUnT, 94TO MbI ycTanoeuau u A, u B. «Eciu A, to B»
03HAYAET, YTO MBI PACIIOJIAraeM KaKUM-TO OOIIUM PAaCCyKJIEHUEM, KOTO-
pO€ MO3BOJIUT HAM YCTAHOBUTHL B, KAK TOJIHKO KTO-TO YCTAHOBUT HaMm A.
Orpunanve A o3HaYaeT, 9TO Mbl PACHOJJATAEM PACCYKJIEHUEM, KOTOPOe
[IPHUBOJUT K IIPOTUBOPEYUIO IIpejIosioKenue, 4o A ycranosieno. (Kak
C TOYKH 3PEHUs MHTYUIIMOHU3MA, TAK U C KJIACCHYIECKONW TOYKU 3PEHU,
—A BO BCcex cMbIC/IaX SKBUBaJleHTHO A — |, Tyte | — 3aBeoMo JIOXKHOE
yrBepxKieare. MoxKHO ObLIO ObI BOODIIE HE UCITOIHL30BATH OTPULIAHUS, &
UMeThb KOHCTAHTY | — 9TO He 0YeHb IPUBBIYHO, HO TEXHUIECKH YI00HO. )

NHTYynmonn3M OTBEpraeT UIeio O TOM, YTO BCE BBICKA3LIBAHUS JIe-
JIATCS HA UCTHHHBIE M JIOXKHBIE (IIyCTb HEM3BeCTHBIM Ham obpazom). C
9TO TOUKM 3PEHUsT 3aKOH UCKJIIOIYEHHOTO TPETHEr0 COBEPIIEHHO 6E30CHO-
BaresieH: AV —A o3Ha4YaeT, YTO JJisl HIPOU3BOJILHOIO yTBEP:KIeHUusT A MBI
MOXKEM yCTaHOBUTDH Jinbo A, yubo ero orpunanue (To €CTh OObLICHUTD,
noyeMmy A B IpUHIUIIE HE MOXKET ObITh YCTAHOBJIEHO) — & II0YeMy, COO-
CTBEHHO?

OO6bIYHO, TOBOPST 06 MHTYUIIMOHU3ME, TIPUBOIAT CJIEIYIONIAN IPUMEpD
paccyzK/ieHusl, HeIIPUEeMJIEMOI'O C TOYKHU 3PEeHHUs UHTyUAInoHu3Ma. JJoka-
JKEM, YTO CYyIIEeCTBYIOT MPPaIMOHajbHbIE Yuciaa « u (3, s KOTOPBIX

8 V2

o parmonansro. B camom mere, paccMoTpuM Ba caydas. BEemm /2
V2

PAIIHOHAIBHO, TO MOMKHO TIOJIORHATH @ = 3 = /2. Eci ke /2~ uppa-

IMUOHAJIBHO, TO IMOJIOKUM (¢ = \/5\/5 u = \/2; JIerKo IpPOBEpPUTD, UTO
a” = 2. INTyUImuoHuCT CKAsKeT, ITO 9TO PACCYKICHHAE HEKOPPEKTHO: J0-
Ka3aTh CYIIECTBOBAHUE YEr0-TO O3HAYAET HOCTPOUTH ITOT OOBEKT, & MBI
TaK ¥ He IOCTPOUJIU YHUCeJ « U (3, IOCKOJIbKY HE YCTaHOBHJIM, KAKOM 13
JIBYyX CIy4aeB UMeeT MecTo. (3aMeTuM B CKOOKAX, 9TO CIEIUAJUCTHI [0

arebpanIeckoil TEOPUU YUCENT 3HAIOT, YTO ﬂ\@ UPPAIMOHAJIBHO U JIa-
2Ke TpancieHaeHTHo. Kpome Toro, He Hy?KHO OBITH CIIEIIHAICTOM, ITOOBI
3aMeTHTD, 9TO MOXKHO HOJIOKUTH o = /2 u 3 = 2log, 3.) Dror npumep
MOXKHO KPUTHUKOBATb U C ,ZprFOﬁ TOYKU 3peHusd, roBOPA, 9TO CaMO ITOHI-
THE JEeACTBUTEIHLHOrO YUC/Ia HE SABJISIeTCS HHTYUTUBHO SICHBIM U TpedyeT
000CHOBaHMS.

Boobie naTYyHImS — J1€710 TOHKOE: €CJIH JIOJITO PACCYKIATh, CKarXKeM,
0 JIeHCTBUTEILHBIX YUCIAX, TO HAYMHAET Ka3aThCs, YTO OHU B KAKOM-TO
CMBICJIE CYIIECTBYIOT HE3ABUCUMO OT HAIMUX paccykiaennii. ImeHuo 1mo-
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9TOMY IICHUXOJIOTHYECKH OMPABIAH BOIIPOC O TOM, CKAXK€M, KaK 0OCTOST
Jiejia ¢ KOHTUHYYM-THIIOTE301 «HA CAMOM JIeJIe»: CYIIEeCTBYET JIM HECUET-
HO€ MHOXKECTBO JIefCTBUTEHHBIX YNCE, HE PABHOMOIIIHOE BCEM JI€HCTBH-
TeJIbHBIM YKCJIaM, WJIM HE CYIIECTBYeT?

Msr mve O6ymem roBopuTh 0 GUIOCOMCKUX TPEAIOCHITKAX WHTYHUITHO-
Hr3Ma moApobHO. BKpaTiie ynpoménHas nCTOprst BOIIPOca TaKoBa. bpay-
9P HAMETUJI IJIAHBI [IEPEYCTPONCTBA MATEMATUKU HA HHTYHUITHOHUCTCKUAX
MPUHIIATIAX ¥ OTCTAUBAJI UX HACTOJIBKO MOPsiv0, YTO OXHAXKIBI [ MIbbepT
B pa3/pakeHWH 3aMeTHJI: OTMEHUTHh 3aKOH MCKJIFOUEHHOI'O TPETHEro —
9TO BCE PABHO YTO OTHATH Y ACTPOHOMOB TEJIECKOIl WJIU 3AMPETUTH OOK-
cépaM IOJIb30BaThCA Kysakamu. Ho, MPOOJIKaI OH, HUKTO HE MOYKET
U3rHATH MATEMATHKOB U3 pasi, KOTOPBIi co3man KanTop.

B nnanbr Bpayspa #e Bxommia opmasin3alys UHTYUIMOHUCTCKON
JIOTUKY U MATEMATUKH, CKOpee Ha00opoT. TeM He MeHee aHAJIN3 TTPUHITH-
[TOB MHTYHUIIHOHM3MA, TIOIIE IMEHHO 0 9TOMY IIyTH, Korja [eifTuHr cras
U3y9aTh TPOIO3UIIMOHAIBHYIO JIOTUKY 0€3 3aKOHA HCKJIIOYEHHOIO Tpe-
Thero. Pa3jmyHble clOpHbIE HHTYUIIMOHUCTCKIE IIPUHITUIIBI CTAJINA IIPE-
METOM HM3Yy4YeHHUsI C TOYKHU 3peHusi (POPMaJIbHOMN JIOTUKU; OBLIN IIOCTPO-
€Hbl MHTYWIIMOHUCTCKUE BApUAHTHI (DOPMAJIbHON apudMeTHKN, TeOpUu
MHOXKECTB, JIOTMKH TPEIUKATOB, & TAKKe I'€HIIEHOBCKUE BAPUAHTHI WH-
TYUIMOHUCTCKUX CUCTEM. BBLIN IPeJIOXKEeHbl Pa3InIHble HHTEpIIpeTa-
MY MHTYUIUOHUCTCKO Jiorukn. KoMOropos Impe/iiiosKuyi TpakTOBAThH
€8 Kak «JIOruKYy 3aJ1ad», KJIMHU 1Ipe oK IIOHATHE «PEeaIn3yeMOCTUY,
UCIIOJIB3YIOIIEE TEOPUI0 AJITOPUTMOB JJIsi TOJIKOBaHUsl (POPMYJI; ObLIN
MIPEJJIOZKEHBI TOIOJIOTMIECKIE MOJEH JJIsi MHTYUITMOHUCTCKON JIOTUKT
u 1.1. B CCCP 3nams Bpayspa momxsarmiia mrxosa MapkoBa, Hamm-
caB HA HEM, BIIPOYEM, CJIOBO «KOHCTPYKTUBUA3M» BMECTO UIEOJOTMIECKU
COMHHUTEJIBHOT'O «UHTYUITUMOHUOHU3IMA» U 60ﬂee mocjie10BaTe/JIbHO Oorpa-
HUYHBAsICh KOHEYHbIMU ObbekTaMu. Kpunke B 1960-e roapl mpeaiosKmt
HEKOTOPYIO CeMAHTHKY (OIIpe/ie/IeHre UCTUHHOCTH), COIJIACOBAHHYIO C
MHTYUIMOHUCTCKUM HUCYUCJIEHNEM BBICKA3BIBAHUI W BEChMa €CTECTBEH-
HyIO (ZaxKe CTPAHHO, 4TO €€ He NPUIAYMAJH DPAHBIIE); 3aMeYaTe/IbHbIM
00pa3oM O0Ka3ajioCh, UTO OHA B HEKOTOPOM CMBIC/IE OJiM3Ka K METOILY
dopcuHra, KOTOPHIA IPUMEPHO B 9TO Ke BpeMs Ipuymaj Ko3H, 4To-
OBl JIOKA3aTh HE3ABUCUMOCTH aKCHOMBI BHIOOpA M KOHTHHYYM-THIIOTE3bI
B TEOPUU MHOYKECTB.

Bospparasice K MHTYUIIMOHHCTCKOMY HCYNCJIEHUIO BBICKA3bIBAHUIA,
IIPUBEJ/IEM HECKOJIBKO BBIBOIUMBIX (DOPMYJL.

e Yrobbl nouaTs cMbica dopmyinsl (A — B) — (-B — —A), Bcnom-
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HUM, 9TO orpuiianue —X MOXKHO TOJKOBaTh Kak (X — 1), roe 1 —
3aBEJIOMO JIOYKHOE YTBEPXKIEHNE. DTa (DOPMYJIa TOBOPUT, UTO €CJIH
u3 A cinexyer B, a u3 B ciieayer 3aBeloOMO JIOXKHOE YTBEPXKe-
HUe, TO U3 A cieyer 3aBeJOMO JIOKHOE yTBEpXKjeHne (IacTHBIH
CJlydall TPAaH3UTMBHOCTHM OTHOINEHUS CJIefoBaHus). BbiBom eé me
WCIIOJIB3YeT 3aKOHA WCKJIIOYEHHOIO TpeThbero. B camowm zese, 1o
JeMMe O JeJyKIuu (JI0Ka3aTeIbCTBO KOTOPOi OCTaéTCsl TeM XKe U
JIJIsT MHTYUIIMOHUCTCKOIO UCUUCJICHUS BBICKA3bIBAHUIT) 1OCTATOYHO
noKaszarh, uto u3 (A — B) u —B seBogutca —A. s storo, B
CBOIO 0Y€pe/ib, JIOCTATOYHO JI0Ka3aTh, uro u3 (A — B), "B u A
BBIBOJISITCS JIBE IPOTUBOPEYAIE IPYT APYTy HOpMyJbl (4TO oUue-
BUHO: 310 dopMmysbl B u —B).

Yrober BeBECTH opMmyny (A — ——A), Hamo MOKa3aTh, YTO U3
A BwIBoguTC ——A, JUIs 9ero joctaTrodno u3 A u A BbIBeCTH
JIBe IIPOTUBOpeYaInue Apyr apyry Gopmysibl (4T0 TPUBUAJIBLHO —
roasrcs camu gopmysisl A u —A).

Dopmyna (-——A — —A) nosydaercst U3 ABYX MPEBILYIINAX: TI0-
JoXKuM B paBHBIM - A B TIepBOii U3 HUX.

Dopmyna (wA — ———A), ¢ APyroii CTOPOHBI, €CTh YACTHBIN CJIy-
4aif BTopoil pOPMYJIbI, TaK 9TO TPH OTPHUIAHHUA PABHOCHUILHBI OJI-
HOMY.

KomMmMyraTtuBHOCTS M acconuaTuBHOCTD omeparuii A u V, Tak Ke
KaK U JIBa CBOWCTBA JUCTPUOYTUBHOCTH, HE OIUPAJIACH HA 3aKOH
HUCKJIFOYEHHOT'O TPETHETO.

Io-npexxuemy ((AV B) — C) pasrocusnbho ((A — C) A (B —
() (umiumikanuu B 06e CTOPOHBI, CBS3bIBAIONINE 3TH (DOPMYJIBI,
BBIBOJIUMBI B WHTYHUIIMOHUCTCKOM MCYUCIIEHUN BBICKA3BIBAHMUI).

Bzas L B kauectse C' B npeapaymux hopMysiax, Mbl BUJIUM, 9TO
omun u3 3akoHoB e Moprana, (A V B) < —A A —B, He onupa-
€TCST HA 3aKOH MCKJIOYEHHOTO TPETHETO (9UTO JIETKO TPOBEPUTH W
HEIOCPEICTBEHHO).

Dopmyiny ——(AV —A) coxpannsimiicst 3akoH le Moprasxa mosso-
Jger neperucarb B Buge —(—A A 7—A), U HY>KHO JIMIIb BBIBECTU
u3 (—A A == A) aBe HPOTUBONONIOKHBIE (DOPMYJIBI, YTO OYEBUIHO.
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31. IIpoBecTn moApPOGHO 1OKA3aTEIHCTBO BHIBOAUMOCTU B HMHTYHIIHOHUCT-
CKOM HCYNCJIEHUH BBICKA3bIBAHUI BCEX IEPEUNCIEHHBIX (DOPMYJI.

C apyroit CTOpOHBI, MHOI'ME 3aKOHbBI KJIACCUYECKON JIOTUKHU IIEpecTa-
10T ObITh BBIBOJIMMBIMHU 663 3aKOHA UCKJ/IIOYEHHOIO TPeThero. TakoBHI,
HapuMep, HPOPMYJIbI

-—p —p,
pV p,

—pV ~p,

(mg — —p) = (p—q),
“(pAq) — (=pV —q),
(pVa) —p)V(lpVa —aq).

MsI numiem 371ech IepeMeHHbIE P U ¢, & He IPOU3BOJIbHBIE (DOPMYJIBI,
[TOCKOJIbKY PEe3yJIbTaT HOJCTAHOBKH HEKOTOPBIX (DOPMYJI BMECTO P U ¢
MOZKeT OBITH BBIBO/IMMOIT (hopmyutoit. Harmpumep, ecsin BMeCTO p B IEPBYIO
U3 MEPEINCIEeHHBIX (HOPMYJT TOACTABUTE GOpMyIy —A, To moaydnTes
BBIBOAUMas popMysia ———A — —A.

JloBOJIBHO SICHO, YTO 3T (DOPMYJIBI HE COIVIACYIOTCS C HHTYUIIUOHUCT-
ckuM noaxojioM. Hanpumep, B upeamnocieaaeit hbopmyse TOBOPUTCS, ITO
€CJI MBI OIIPOBEPIJIN HPEIIIOJIOKeHUE (P A ), TO MBI MOXKEM yKa3aTh Ha
OJTHO M3 TPEJIIOJIOKEHNN P U ¢ U IPEIbsIBUTD €ro olipoBepkenue. Bpsi
JIM TAKOM TIE€PEXO0]T MOYKHO CIUTATH OOOCHOBAHHBIM C MHTYHUITHOHUCTCKON
touku 3penusi. Ho, pasymeercs, opMaIbHBIT BOIPOC O BBIBOJUMOCTHU
Tpebyer (pOpMaILHOTO OTBETA.

Haunéwm ¢ 3akoHa MCKIIOYEHHOTO TPETHErO.

Teopema 24. @opmysna p V —p He BBIBOJNMA B HHTYHUIMOHHCTCKON
JIOTUIKE.

< B kiaccuyeckoil Jormke Kaxkjas IPOIIO3UIMOHAJILHAS [E€PEMEH-
Hasl MOYKET NPUHUMATh JBa 3HadeHust — ucrtunHa (W) u moxs (JI). B
3aBUCUMOCTU OT 3HAYEHUU MMEPEMEHHBIX KaXKJoil (hopMysie TakKe IpH-
nuceiBaetcs 3uadenue W wim JI. PacimupuM MHOXKECTBO MCTUHHOCTHBIX
3Havenuii, 106aBuB HOBoe 3HavYeHune H (ecm yrogHo, MOXKHO CIUTATH 9TO
COKDAIIEHUEM CJIOBA «HEU3BeCTHO» ). Mbr oTox nectsisiu W ¢ eqununeit,
a JI — ¢ mysném, tak 4ro joruduo oroxecrsuts H ¢ duciom 1/2.

Mpr okazkeMm, 9TO MHTYHUIIMOHUCTCKU BBIBOJMMBIE (hOPMYJIBI BCEra
npunuMmaior 3uadenue W, a dopmyna p V —p He TakoBa, U IIOTOMY He
BBIBOJIMA.

Yro0bI onpenesinTh 3HadeHUA POPMYJT B TPEXIHATHON JIOTUKE, HYXK-
HO 33/1aTh TAOJIUIBI HCTUHHOCTH /I BCEX IPOIIO3UIIMOHAIBHBIX CBI30K.
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KOHBIOHKIMIO ONpee/iuM Kak MUHMMYM W3 JBYX 3HadYeHuii (Tak dro,
unanpumep, JIANH =JI, a UAH = H), a [u3bIOHKINIO — KAK MAKCUMYM.
Orpunanne geiicteyer tak: —A = JI, -JI = U, -H = JI. (Tlocnennee
MOXKET IOKa3aTbCsl CTPAHHBIM: IIoYeMy Obl He cumrarb, uro —H = H?
Oka3pIBaeTCsl, TaK HeJIb3sl — HAIPUMED, IIOTOMY, YTO TOrza (hopMmyia
—(pA—p), KOTOpas BLIBOJUMA B HHTYHUIMOHUCTCKOI JIOTUKE, GyJeT UMETh
suavenne H npu p = H.)

CiioxHee BCero ompejie/ieHne NCTUHHOCTH It UMILTUKauu. Mbl mo-
JlaraeM, 9To

MA—-z)=2 u (I—-2)=1

JUTst JTI060T0 MCTHHHOCTHOTO 3HAYEHUS T, & TAKXKE 9TO
H-J)=J, H—-H=NuH-N) =N

Hazosem dhopmyity 3-masmonozueti, eciin oHa NPUHAMAET 3HAUCHUE
M upu mobbix 3HaueHusx mepeMenubix u3 Muoxkecrsa {H,JI,H}. Te-
epb HaJo IPOBepUTH JjiBe Bemy: (1) BCe aKCHMOMBI MHTYHUIIMOHUCTCKOIO
UCYUCJICHUS SIBJISIOTCS 3-TaBTOJIOTUAMY; (2) eCiIH MOChLIKA MMILIMKAIIIH
" BCA UMIIJIMKAIIUA ABJIAIOTCA 3—TaBTOJ’IOl"I/I5{1\’II/I7 TO U 3aKJIIOYEHUE TOXKe
ABJIsIeTCs 3-TaBToJIorue. Bropoe cpaldy sicHO U3 onpeiesieHnst UMILTHKA-
[IUH, & IIepBoe HaJ0 aKKYyPATHO IIPOBEPATH, COCTABUB TabJINIIBI JJIsT BCEX
akcmoM. Mbl He Oy/ieM 3TOTO MOAPOOHO JesaTh, HOCKOJBKY 9TO UHCTO
MeXaHUYIecKas [IPOBEPKA U MTOCKOJIBKY IyThb IT032KE MbI CMOXKEM BBIBECTHU
3T0 U3 60JIee ODIIEro yTBEPKICHUSI.

CiietoBaTeIbHO, BCIKAST HHTYUIIMOHUCTCKU BBIBOJUMAsT (DOPMYJIa sIB-
Jsiercs 3-raprosorueil. Tereps 3ameruM, 9To popMmysia pV —p IPUHAMAET
suavenue H npu p = H u moroMmy He siBjisiercst 3-TaBTOJIOMUEN — 3HAYUT,
HEBBIBOAUMA. [>

32. HOKa.}KI/ITe, 9TO BCAKaAd 3-TaBTO.HOI‘I/IH SIBJIAETCSI TABTOJIOIUEil B O6bI‘I-
HOM CMBICJIE.

Wcnonp30BaHHbBIl HAM¥ NMPUEM TOJNTCsI He Bcerja. Hampumep, uH-
TYUIUOHUCTCKY HEBBIBOAMMast GopMysIa —p V = SBJISIETCs 3-TaBTOJIO-
rueil, IMOCKOJILKY (COIJIACHO HAIlleMy OIPeIeIeHuI0) hopMyJIa —p MOXKET
MPUHUMATH TOJAbKO 3uadenns U u JI.

33. Kakue n3 nepeyncaeHHbIX HAMU HHTYAIIMOHUCTCKY HEBBIBOIUMBIX DOP-
MYJI ABJIAIOTCHA 3-TaBTosioruaMu’?

Bouiee o6muii criocob ycraHOBUTH HEJOKA3yeMOCh (HEBBIBOJIUMOCTD )
Pa3JIMIHBIX (POPMYJI JHOCTABIAIOT wkaave Kpunke (mmu modeau Kpunke,
KAaK €IIE [OBOPAT).

Yrobb! 3aaTh MmKaJay Kpumnke, HyKHO:
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e yKa3aTh YACTUYHO ylopgiodenHoe muoxecrso (W, <), nasbiBae-
MO€ MHOXKECTBOM MUPOS;

® JIJId KazKJJOT'0 MUPa yKa3aTh, KaKue U3 IIPOIO3UIIMOHAJIbHBIX IIepe-
MEHHBIX CYMTAITCS UCTMUHHBbLMU B 9TOM MHpe (OCTajbHbIE Lepe-
MEHHBIE CIUTAIOTCS A0HCHBIMU B 3TOM Mupe). Eciu nepemennas x
WCTUHHA B MUpPe w, MbI mmuireM w |- .

IIpu sToM TpebyeTcsi, 9TOOBI OBIIO BBIIIOJTHEHO CJIEIYIONIEE: €CIN U < U 1
ulk x, To v IF z (obsacTb ucTUHHOCTH JIOGOH EPEMEHHON HACJIEICTBEH-
HA BBEDX).

Korma mkama 3amana, MOKHO OMPEIeNTh HCTHHHOCTD JTI000H (op-
MyJsibl (B JJAHHOM MHUpe) HHIYKIueil mo noctpoeHuto opmysbl. Mbr nu-
mem w |- A, ecsim B Mupe w uctunHa ¢opmyia A. Bor mHIykTHBHOE
OIIpejieIeHNE:

e wiFAANB, ecmwlF Auwlt B;
e wlF AV B, ectn wlF A wm wl+ B;

e wlF A — B, ecau B I0OOM MHpE U > W, B KOTOPOM HCTUHHA
dopmysia A, uctuaHa Takxke u opmysa B;

e wlF —A, ecsiu HE B KakoM mupe u > w ¢opmysia A He siBisieTcs
UCTUHHOM.

Dopmysa, HE SIBISIONIASCST UCTUHHON (B JAHHOM MUDE), HA3BIBAETCSI
JIO’KHOlE (B HEM).

Onpeesienre UCTUHHOCTH J1j1sl OTPUIAHNS, KAK MbI BHJUM, COIJIACO-
BaHO ¢ monnmanmeM —A kak A — 1, rme | — TOXJIECTBEHHO JIOXKHAS
(Bo Bcex mupax) dbopmyia.

VImeHHO ompejiesieHne MMILTUKATUH (M OTPUTIAHWS) UCIOIB3YET MOPsi-
JIOK Ha MHOKeCTBe MUPOB. Eciin dhopmysia conepKuT JInib KOHbIOHKIAA
U AU3BIOHKIUA, TO €€ UCTUHHOCTD 110 CYIIECTBY OIPEIEJISIeTCs OTIEIHHO
B KasKJIOM MHDE.

Nnuayknueit o nocTpoenuto hopMysibl A JIETKO MPOBEPUTD, UTO €CJIH
OHAa WCTUHHA B KAKOM-TO MHUPE€, TO MCTUHHA U BO BCEX OGJIBIINX MH-
pax. B camom Jiesie, epecedenne u OObeMHEHUE IBYX HACJIEICTBEHHBIX
BBEPX MHOXKECTB TaK¥Ke O0JIaJae€T STUM CBOWCTBOM, TaK UTO JJIs CJIy-
Yag KOHBIOHKIMA U JU3LIOHKIMU MOXKHO COCJIATHCH HA [IPEIIOIOKEHUE
MHAYKIAA. A JJI UMINIUKAIAA J1a’Ke W 3TOr0 He Hy?KHO, JOCTATOYHO
HOCMOTPETH Ha, OIpeIe/ICHHE.
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Quocodekuii cmbica mkaa Kpuiike nHOTa 00bICHSIOT Tak. Bymgem
cIuTaTh, 9T0 W eCcTh MHOYKECTBO BO3MOYKHBIX COCTOSTHUN ITUBUIM3AINN
(MUpOB); HEPABEHCTBO W < U O3HAYAET, UTO MHUDP U MOYKET IOJIyIUTHCS
U3 MUpa W B pe3ysbTaTe Pa3BUTHs [IUBUIU3AINN. Y TBEPKIeHne w |- A
03HAYAeT, YTO B MUPE W YCTAHOBJIEHO, YTO BBICKA3bIBaHWE A UCTHHHO.
(ITpu 5TOM OHO OCTAHETCsI UCTUHHBIM U IIPU JaJbHEHIIeM DA3BUTUU IH-
Bumzanuu.) Vcrunaocrs —A B MuUpe w 03HAYAET, YTO HU [PH KAKOM
PA3BUTHM TWBIJIM3AINN U3 COCTOSIHWSI W BBbICKa3biBaHUe A He CTaHer
UCTUHHBIM.

Omnpe/iesieHre NCTUHHOCTYH OTPUIAHNS B IIKaJIax Kpuike mpeasocxu-
Tust [Tymkun, Korja mucaj «HeT npasibl Ha 3emje. Ho mpaBiabl HET u
Boie . ..» (Momapr n Casnbepn).

34. Bo uTo npespailaercs onpe/iesieHne ICTUHHOCTH B 1KaJie Kpurike, ecin
B HEH TOJBKO OqUH MI/Ip? ecJii B Hell HUKaKUe JBa MUpa HE CpaBHI/IMbI‘.7

Teopema 25 (KOPPEKTHOCTb NHTYULMOHNCTCKOTO UCHUCIEHNS BbICKA3bl-
BaHWA oTHocuTenbHo wkan Kpunke). @opmysia, BHIBOAMMAS B MHTYUIH-
OHHMCTCKOM HCYMCJICHUN BBICKA3BIBAHWI, MCTUHHA BO BCEX MHUPAX BCEX
mkajg Kpumnke.

< Haymo mpoBepuTb, 4TO BCe aKCHOMBI UCTUHHBI BO BCEX MUPAX, &
TakyKe 4YTo mpasmio modus ponens coxpaHsieT 3TO cBoiicTBo. Bropoe
oueBUIHO: eciin A — B umcTHHHA BO BCeX MUpaxX W A MCTWHHA BO Beex
MUPAaX, TO [0 OMPEIEJICHIIO UCTUHHOCTH UMILTHKAuu B Oy1er ncTuHHa
BO BCEX MUPAax.

Ocrasoch MPOBEPUTH UCTUHHOCTD BCEX AKCHOM. UTOOBI yCTAHOBUTH,
YTO UMILIAKAIUS (0 — 1) ICTUHHA BO BCEX MUPAX, HAJIO IPOBEPUTD, UTO B
TeX MUpaX, Ijie UCTHHHA (POpMyIIa @, HCTUHHA U hopmyia 1. st mepsoit
akcuombl A — (B — A): ecam dopmysna A HCTUHHA B HEKOTOPOM MEDE,
TO B CHJIy MOHOTOHHOCTH OHA WCTUHHA W BBINIE, TaK 970 B — A Takxke
HACTUHHA.

IMepeitném ko Bropoit akcuome (A — (B — C)) — ((A — B) —
— (A - (). Oycrb u F A — (B — C). Mbl J0/0KHBI JI0Ka3aTh,
gro u - (A — B) — (A — (). D10 o3HaYaer, 4TO eCid ¥ = U U
vk A— B, t0ovlF A — C. Ilocnennee, B CBOIO OYepe/b, 3HAYUT, ITO
ecmw 2 vuwlk A towl- C. Ho B cujly MOHOTOHHOCTH MBI 3HAEM,
yro wlFA— (B—-C)uw Ik A — B. Ilosromy u3 w IF A cuexyer
wlk B, wlk (B — (), u, nHakonen, w |- C, 4ro u Tpe6oBagocs.

OcTaJibHBIE AKCHOMBI TIPOBEPSIIOTCS IME TpotIe. >

Taxum obpazom, ITOOBI OKA3aTh, YTO HEKOTOPasi (OpMyJia He BbI-
BOJIMMa B WHTYUIIUOHUCTCKOM HMCYUCJIEHUU BBICKA3BIBAHUIM, TOCTATOYHO
pebIBUTH MKy Kpunke, B 0JJHOM U3 MHPOB KOTOPOI OHA JIOYKHA.
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35. IlokarkuTe, YTO B 9TOM CJIydae €CTb IIKAJIa, B KOTOPO CpeIu MUPOB
€CTh HAaUMEHBIUN U B HEM (pOpMyJIa JIOXKHA.

st dopmysibl p V —p Takasi IIKaJa CTPOUTCs Jierko. Bo3pMméM iBa
MUpa, IepBbIil MeHbIie BTOporo. IlycTh p MCTHHHA TOJBKO BO BTOPOM
mupe. Torna —p #e OyzeT uctunHa HATIAE, a PV —p OyIeT UCTUHHA TOJIHKO
BO BTOPOM MHPE.

Ha camom jies1e 310 /10Ka3aTeIbCTBO B CYIIHOCTH COBIIAIAET C IIPUBE-
JIEHHBIM BBIIIe (¢ TPEX3HAYHON JoruKoit). B camom jere, B 9T0it 1mKase
it OPMYJIBL €CTH TPU BO3MOYXKHOCTH: OHA UCTHHHA B 000MX MHUPAaX, OHA
HUCTUHHA TOJBKO BO BTOPOM MHPE, UJIM OHA HE UCTUHHA HU B OJHOM W3
MHPOB. DTU TPU BO3MOKHOCTH COOTBETCTBYIOT TpéM 3HadeHusim W, H
u JI B paccMOTpeHHO# HaMu TPEX3HATHON MHTepIperanuu. JIerko mpo-
BEpUTH, 9TO TAOJIMIBI ONEPAlnil KAK Pa3 COOTBETCTBYIOT OIPEIETEHUIO
UCTUHHOCTU B Mojean Kpurke.

Temeps MbI MOXKEM YCTAHOBUTH, YTO BCE IIEPEIUC/IEHHbBIE BhIIIE (DOp-
MYJIbI HEBBIBOIWMBI B MHTYUIIMOHUCTCKOM HCYUCIEHUN BBICKA3BIBAHUI.
st bopmysibl ——p — p rOAMTCA Ta ¥Ke MKaJda (P UCTUHHO TOJBKO B
Goubriem mMupe). Ona 2Ke rogurces Jid Gpopmydsl (g — —p) — (p — q),
€C/I P UCTUHHO B 00OMX MUpax, a ¢ — TOJBHKO B OosbiieM. s Tpéx
ocTaBIIUXCsi (POPMYJI MOZKHO PACCMOTPETH IIKAJIBI ¢ TPEMsI MAPAMU: Ha-
YaJbHBIM MHPOM U, U3 KOTOPOTO MOXKHO IIOIIACTh B U 2> U U B W = U;
MUDBI U U W He cpaBHUMBI. FKcim dopmysia p uCTUHHA TOJBKO B MUpPE
v, TO (pOpMyJIa —p UCTUHHA TOJBKO B MUPE W, & ——p UCTUHHA TOJBKO B
MHPE vV, TAK YTO B MHUPe & 00e POPMYJIBI =P U ——P JIOKHBI U JTUIBIOHK-
nust —p V 2 JoKHA. dTOOBI OCTPOUTH KOHTPMOJIENb JJIsi (POPMYJIBI
=(p A q) — —pV —q, GyzemM cuauTaTh, YTO P UCTHHHA TOJBKO B MUDE v,
a ¢ UCTUHHA TOJBKO B MHUpPe w. 1a XKe IMKaja TOTUTCS U JJist (hOPMYJIbI
(pva)—=p)V(pVae —q).

OkaspIBaeTCsl, 9TO ITOT NPUEM YHUBEPCAJIEH, KaK IIOKA3bIBAET CJIe-
JLyIOINasl TeopeMa.

Teopema 26 (NOAHOTLI UHTYWLIMOHUCTCKOrO UCHUCIEHUS BbICKA3blBaHNI
otHocuTenbHo Wwkan Kpunke). st siro6oit HEBBIBOAMMO B MHTYHUIIHO-
HUCTCKOM HWCYHCJIEHUN (DOPMYJIbI ¢ MOXKHO 1o00parh mkasty Kpurke,
B KOTOPOI1 (p JIO)KHA B HEKOTOPOM MHUPE.

<l HamomMuuM cxemy 10Ka3aTeIbCTBA IOJIHOTHI KJIACCUIeCKOT'O UCIUC-
JIEHUsI BBICKA3bIBAHMIA, IPUBEIEHHOTO B paziese 2.2. Ilycrs dopmyna ¢
HEBBIBOAMMA. MBI XOTUM HAifiTH 3HAUYEHUSI IIEPEMEHHBIX, IIPU KOTOPBIX
dopmysta ¢ J10kHA, TO ecTh dhopMmysta —p ncruaHa. Camo mo cebe Tpedo-
BaHNE UCTUHHOCTU —¢ HE OIIPEJIEJIsieT 3HAYCHNS TIePEMEHHDBIX O/THO3HAT-
H0. UToObI M30aBUTHCSA OT MPOU3BOJIA, MBI PACITUPSIEM HEITPOTUBOPEIH-
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BOE MHOXKECTBO {—¢} 110 10JIHOro MHOXKeCTBa ' 1 0ObsIBIIsIeM UCTUHHDBI-
MU Te ITepeMeHHbIe, KOTopble BXoAAT B I

JI71st MHTYUIIMOHUCTCKOTO CJIyYas B 9TOH cxeMe TpeOyIoTCst HEKOTOPbIE
U3MeHeHus. PaHblie JOXKHOCTb (OPMYJIBI 0 Obljaa PaBHOCHJIbHA MCTHH-
Hoctu opMmyasl ~. B mkanax Kpunke aro yxKe He Tak, U Mbl OyjeM
OTJIEJLHO TOBOPUTH 00 MCTUHHBIX U JIOKHBIX (He UCTUHHBIX) (QOPMYJIax.

I[Iycte A 1 B — KOHeUYHbIE MHOXKECTBA MPOMO3UIMOHATBLHBIX (HOp-
Mys1. Bymem rosopurh, uro napa (A, B) coemecmua, ecian CymecTByer
mkasia Kpurke u e€ Mup, B KOTOpoM Bce (DOpMYJIbl 13 A UCTUHHBI, 8 BCe
dbopmyner u3 B soxubL. Bynem rooputs, uro mapa (A, B) npomusope-
YUBA, €CJIU B UHTYUITUOHUCTCKOM UCYUC/IEHUN BHICKA3BIBAHUN BHIBOIUMA

dopmyita
(Al /\AQ/\/\An) — (Bl\/BQ\/...\/Bm),

rne Aq,..., A, — dopmynsl mHOKecTBa A, a By, ..., B, — dopMyJibl
muoxkecrsa B. (Be3 orpannyenusi oBIIHOCTH MOXKHO CYMTATH, YTO II€-
peuncaensl Bee hOpMyIIbl MHOXKECTBE A m B, MOCKOJIBKY TIPOITyTIEHHbIE
bopMysIbl MOKHO 00aBUTH, HE HAPYIIUB BBHIBOJAUMOCTD. )

IIpumep: ecnu ogna u Ta Ke HOpPMY/Ia BXOIUT B 00€ YaCTU HaPbl, TO
Takas mapa MpOTUBOPEINBA.

JIerko 1mpoBepuUThb, YTO NPOTHBOPEYUBAS I1apa HE MOXKET ObITh COB-
MmectHa. B camom Jierte, eciu B HEKOTOpOM Mupe Bee (opmyiabl u3 A uc-
THHHBI, 8 Bee POPMYJIBI U3 B JI0XKHBI, TO MOCBIIKA UMILTAKAIIAA B 9TOM
MUpe UCTUHHA, & 3aKJIOUEeHUE JIOXKHO. 1103TOMYy UMILIHKAIWS JIOXKHA,
9TO TIPOTUBOPEUNT €€ BBIBOJAUMOCTH (T€OpeMa O KOPPEKTHOCTH ).

Mpr1 1oKazKeM, 9T0 BEPHO U 00PATHOE: BCAKAs HEIIPOTUBOPEUNBAL T1a-
pa coBMmecTHa. B yacrHocTH, Korga B coCTOUT U3 € UHCTBEHHO hopmy-
JIBbL, TIOJLy9aeTCsl yTBepK IeHue TeopeMbl o nojaore. (Mbl npeznonaraem,
KAaK 3TO OOBIYHO JIEJAETCsl, 9TO KOHBIOHKIMS IyCTOrO MHOXKECTBA (hOp-
MYJI €CTh TOXKJIECTBEHHO MCTUHHAsI (DOPMYJIA, & JUIbIOHKIIUST — TOXKJe-
CTBEHHO JioxKHasi. [loaromy nporusopednBocTs napsl (J, {¢}) o3Hauaer
BBIBOJIUMOCTE (POPMYJIBI (0. 3aMETUM KCTATH, YTO IIPOTHBOPEIUBOCTD TIa-
pol ({®}, @) o3HAUAET BBIBOAUMOCTE (DOPMYIIBI . )

Urax, mycrs uMeercs Henporusopednsas napa (A, B). Kak nokazars
€€ copmecTHOCTH? Kak 1 B KJIACCMYECKOM CJIy4ae, Mbl YCTPAHUM IIPOU3-
BoJ1, paciiupuB A u B. OCHOBHBIM CPEJICTBOM 3/€Ch SABJISETCS TaKas
JIEMMA.

Nemma 1. Ilycrs (A, B) — HempoTuBOpeduBas IMapa, a T — IPOU3-
BostbHast hopmyita. Torma xorst 661 onma u3 nap (AU{7}, B) u (A, BU{7})
HEIPOTUBOPEYNBA.
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Hoxkazarenbcrso jiemMbl 1. [lycTs 06e mapsl ¢ 106aBIeHHBIM T TTPOTH-
Bopeunssl. Hato moka3aTh, 9T0 MPOTUBOPEYINBA UCXOaHas mapa. JIpyru-
MU CJIOBaMU, HA/JIO [T0KA3aTh, 9TO €CJIA B UHTYUIINOHUCTCKOM HCUUCIEHUN
BBICKA3bIBAHUH BBIBOJIUMBI (POPMYIIBI

(ANT) — B,
A— (BVT),

To BbIBOZUMA U opmyia A — B (1 IPOCTOTBI MBI OTOXKIECTBIIAEM
MHOKecTBa A 1 B ¢ KOHDBIOHKI(HEN U AU3BIOHKINEH UX 3JeMEHTOB U
cantaeM A u B dbopmynamn).

B camom gene, mo semMme o JeAyKIWM JOCTATOYHO J0Ka3aTh, UTO
AF B. JIjs 9T0r0 J0CTATOYHO YCTAHOBUTD, YTO

AF(BVT)— B,

nockoJbKy (B V 7) B npennosioxkennn A y Hac yxe ectb. st aroro, B
CBOIO 0Yepe/ib, JIOCTATOYHO YCTaHoBUTL, ur0 A+ (B — B)u AF (1 —
B). Ilepsoe o4eBuzno (u nocbuika A He HyKHA), BTOPOE PABHOCUJILHO
BoiBonuMocTu opmyisl (A A7) — B, KoTopasi HaM JIaHa [0 YCJIOBUIO
siemMbl. Jlemma 1 jgokasana.

IIpoBeéHHOE paccyzkjieHne, KaK ITOBOPST, YCTAHABIMBAET QONYCMU-
MOCMb (B MHTYAIMOHUCTCKOM JIOTHKE) NPAGUAL CE4EHUS,, TTOZBOJIAIONIETO
«ucceuby Gopmyiy T u3 popmya (AAT) — Bu A — (BVT) u noiay4urhb
dopmysy A — B.

Bossparrasics K JJ0Ka3aTeabCTBY TEOPEMbBI, PACCMOTPUM HTPOU3BOJIb-
HyI0 Henporusopeunsyio napy (A, B). Paccmarpusas 1o ouepenn pas-
JimaHble POPMYJIBI T, MBI Oy/ieM JT00aB/ISTh WX K JIEBOM WM IIPaBOil da-
ctu. YTo6bl 3TOT Hporece («IonoaHeHre ) OblI KOHEYHBIM, Mbl ONDaHU-
quMcs (POPMYJIAME U3 HEKOTOPOT'O MHOYKECTBA.

PukcupyeM HEKOTOPOe KOHETHOEe MHOKECTBO opmyst F'; KoTopoe co-
JiepKuT Bce (popmyiibl u3 A, B ¥ 3aMKHYTO OTHOCHTEJILHO II€PEXojia K
nogadopmynam (ecau dopmyna Bxomut B F, 1o Bee eé nmomadopMyibl Bxo-
nar B F). Hanpumep, MoxkHo BKjI09uTh B F Bce 1101(opMysIbl Beex
dopmyn uz A u uz B.

Hapy (X,Y), y xoropoit X,Y C F, GyiaeM HasbBaTb noanotl, eciu
OHa HEPOTUBOPEUNBA U J00as dhopmysa ud F' Bxoaut 6o B X, b0 B
Y (1o ectb XUY = F'). BameruM, 4T0 U3 HEIPOTUBOPEUUBOCTHU CJIEJIYET,
qro X NY = &, Tak 49T0 mMOJHas mapa 3aJaéT pasbuenne F Ha JaBe
gacru. (Bosiee TOUHO 1OJIHBIE TTADDI CJIEI0BAJIO Obl HA3BIBATD <«IIOJHBIMU
orHocuTeIbHO F'», HO y Hac MHOXKecTBO F' bukcuposano.)
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Nemma 2. Ucxonnas napa (A, B) MoxkeT 6bITh paciiupeHa /10 IMOJIHOI:
cymecrByer nosHasg napa (X,Y), ausa koropoit A C X, BCY.

JloKa3aTeabCTBO OYEBHIHO: IIPUMEHSIEM 10 OYepEIN JIeMMy 1 KO BceM
dopmymam u3 F.

Touno Tak ke MOOYI0 HENPOTUBOPEUUBYIO APy, COCTABJICHHYIO U3
dbopmy muOKeCTBa F'; MOXKHO PACIIUPUTD JI0 HOJHON. (DTO 3aMedanue
HAM BIIOCJIEJICTBUM IIOHAI00UTCS. )

Jl1s1 3aBepIeHnst JTOKa3aTeIbCTBA TEOPEMbI 26 HAM OCTAJIOCH TTOKa-
3aTh, UTO BCsiKasl oJHast mapa (A, B) coBMecTHa (CyImecTByer mkasa u
MHD, B KOTOPOM (GOpMyIibl 3 A HCTUHHBI, a GopMynsl u3 B j10xKHbI). B
OTJINYIHE OT KJIACCHIECKOTO CJIydas IOCTpOeHue OyJieT MCIIOIb30BaTh He
TosibKO napy (A, B), HO 1 BCe IOJIHbIE IIAPDL.

ITTkana Kpunke crpourcs tak. Mupamu 6ymyT nosubie napet (R, S)
(TO eCTh BCEBO3MOXKHBIE HEITPOTUBOPEUNBBIE Pa3bMeHnsT MHOXKeCTBa F' Ha
JIEBYIO U LPABYIO 9acTh). VICTUHHOCTH [EPEMEHHBIX OIPEJIEIISIETCS €CTe-
CTBEHHBIM 06pa30M: BCAKasl IEPEMEHHAs P, BXOAANIASA B OHY U3 (POPMYJI
MHOXKecTBa F', camMa NPUHAJJIEXKUT MHOKECTBY F' (3aMKHYTOCTb OTHOCH-
TeJIbHO TOA(OPMYJI); €CJIU P BXOJUT B JIEBYIO YaCTh 110JHOI napsl (R, .S),
1o p uctunHa B Mupe (R, S), eciu B npaByio — 1o JioxkHa. (Brocseacrsun
3TO CBOMCTBO MBI PacIpOCTpaHUM Ha Bce (HOPMYJIbI: Jiobast dhopmyia
u3 R okaxercs ncrunuoit B mupe (R,S), a mobas dopmyna uz S —
JIO>KHOM. )

OcTraoch OnpemesuTh MOPSAJIOK Ha MHOXKecTBe map. Cumraem, 9To
(R1,51) < (Re,S2), eciiu Ry C Ry. (Takoe oupezienienue He yIuBUTEIb-
HO, €CJIM BCIIOMHUTB, 9TO UCTHHHOCTH (DOPMYJI HACJIELYeTCs BBEDX. )

JNlemma 3. B mocrpoerHoii mkase B mupe (R, S) uctunabl Bee dop-
Mysbl u3 R u jtoxkHBI Bee hOpMyIibl u3 S.

JloKa3aTenbLCTBO JeMMBI 3 TIPOBOJINTCS WHIYKIIUEH 110 MOCTPOEHUIO
dopmyn. ns mepeMeHHBIX OHA BEpPHA 10 ONPEIEJEHUI0 MCTUHHOCTH.
[Iycts nekoTopas dpopmyna u3 F' He sBisierca nepementoit. Torma ona
€CTh KOH'BIOHKINS, U3 bIOHKIUS, UMIUIMKAIMA WK OTPUIIAHNE U JIJIs ed
gacTell yTBepsKIeHre JeMMbI BEPHO IO ITPEIIOJI0KEHNI0 MH Iy K. Pac-
CMOTPHM BCE CJIyYad IO OYepeH, HAUaB ¢ KOHBIOHKINA U AU3bIOHKIIAN
(MCTUHHOCTD KOTOPBIX HE 3aBUCHUT OT JPYIHX MHUDOB).

(ARr) Ilycre dopmyna ¢ A1 Bxogur B R. Torma dbopmyisl ¢ u 1
He MOTyT BXojuTh B S, mHaue mapa (R, S) Obuia Gbl IPOTHBOPEUNBOI
(u3 @ A BBIBOIUTCA @ U 1)). 3HAUUT, @ U ¢ BXO#AT B R (mosHOTA),
[I03TOMY OHM UCTUHHBI ([IPEIIOJIOKEHNE UHIYKIUK), U IOTOMY ¢ A 1)
nctuHHa (OIpEJIEJICHIE HCTHHHOCTH ).

(Ag) Ilycrs dopmyna ¢ A ¢ Bxomur B S. MoryT s 06e dopmyist ¢



70 Hevucnenue svickadvisanuts [ro1. 2]

u ¢ Bxogurh B R? Her, Tak kak B 3TOM ciy4ae mapa (R,S) 6buia Obl
IPOTUBOPEINBOI. SHAUUT, XOTs OBl O/iHA U3 (POPMYJT BXOIUT B S, TOTIA
[0 TIPEJIIOIOKEHUIO WHJLYKIIMA OHA JIOXKHA, M TOTOMY (opMysa ¢ A
sgoxua B Mupe (R, S).

(Vgr) Eciu dopmyna ¢ V ¢ Bxomut B8 R, T0 GOpMYJIBI ¢ 1 ) HE MOT'YT
OJTHOBPEMEHHO BXOJWUTHL B S, W IIOTOMY XOTsI OBl OJfHa W3 HUX WUCTHHHA,
TakK 9TO U BCsA (popmysa ¢ V 1) UCTUHHA.

(Vg) Ecan dopmyna ¢ V 1) Bxomut B S, To GOpMYIIBL U 1) HE MOI'YT
Bx0uTh B R, mosTomy obe oHU JIOKHBI 1 popMyTa ¢ V 1) JIOXKHA.

(—r) Hycrs dopmyna ¢ — ¢ Bxomut B R. IIpoBepuM, uTo oHA HC-
turna B (R, S). Dro 3uauur, aro B ao6om mupe (R, S’), KoTopbIii BbIIe
namero (To ectb R D R) u B KoTOpoM ucTHUHHA GOPMYJIA ©, TOJZKHA
ObITh netuaHA U dopmyaa ¥. B camom mene, econ ¢ nernana B (R, S'),
To oHa BxomuT B R’ (npeamomnoxkenne nupykuuu). C npyroit cTOpoHbI, 1
¢ — 1 Bxogur B R’, mockosnbky R’ D R. Teneps gacuo, aro dbopmyna ¢
He MOXKeT BXxoauTh B S’) Tak Kak B aroM ciaydae napa (R’ S’) 6buta Obt
uporuBopeunsoil (u3 ¢ u ¢ — 1 BuBOAUTCH ). 3HauuT, ¥ BXOHUT B R’
u noromy uctuaHa B (R')S") MO IpennomoKeHno WH Iy KITIH.

(—s) Dro nanbosiee MHTEPECHBIH CJIydaii, Ije HAM CHOBa 1OTPEOY-
ercs nonosaenue. Ilycrs dopmyna ¢ — 1 Bxogut B S. MbI TOTKHDI
JI0Ka3aTh, 9TO OHa JIoKHA B Mupe (R, S). CoriacHO onpeienenuio, 31o
ozaavaer, 9ro Haiaérca mup (R')S"), mua koroporo R O R u B KO-
TopoM dopmysa ¢ ucrunHa, a dopMmysa ¥ JjoxHa (To ectb € R u
1 € S, cornmacHo mpennoNoKennoo nHIykmn). Kak Haifitn Takoit Mup?
Pacemorpum napy (R U {p}, {¢}). Dra napa nenporusopeunsa. B camom
zeJte, ecyin Ob1 popMmysia R A ¢ — 1) Obljia ObI BBIBOJIUMA, TO U (POPMYJIa
R — (¢ — 1) Gbla 66 BBIBOAUMA (J€MMa O JIEJYKIIUH), ¥ IOTOMY I1apa
(R, S) 6bL1a 6bI poTUBOpeunBa. Terepb MOXKHO PACHIMPUTH HEIPOTH-
Bopeunsyio napy (RU{¢},{v¥}) mo mommoit maper (R’,S’), koropas n
Oy/JIET UCKOMBIM MUPOM.

OTrpunanue paccMaTpUBAETCsI AHAJIOTHYHO UMILIMKAIUN (KAK MBI I'0-
BOPWJIM, MOYXKHO BMECTO OTPHUIIAHHA BBECTHU TOXKJICCTBEHHYIO JIOKb | 1
BOOOIIIE €ro He PACCMATPUBATD ).

(—r) Hycrs dopmyna —¢ sxomur B R. Hano mokasars, uro dopmy-
Ja @ moxHa B jobom mupe (R, S’) Boume mupa (R, S). @opMyna ¢ He
MOXKeT BXOJUTh B R, Tak Kak B R’ BxomuT dopmysa —¢ (HATOMHAM, 9TO
R C R'), a u3 @ A ~p BeiBoguTCa JiIobasg hOpMyJa. SHAYNT, (0 BXOIUT
B S’ ¥ 10 MHAYKTUBHOMY HPEINOJIOKeHuto popmya ¢ jgoxua B (R, S7).

(ms) ycrs dopmyna —¢ Bxogur B S. Torna mapa (RU {¢}, &) He-
uporuBopeunBa (ecju u3 R U ¢ BBIBOAUTCS OPOTHBOpeYne, T0 u3 R BbI-
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BoguTCa —). Pacmupus eé j10 nosHoi, nosydaem Boicimit mup (R, S7),
B KOTOpOM hOpMyJia  UCTUHHA (IO MHIAYKTHUBHOMY IIPE/IIIOJIOKEHUIO).
CurenoBarenbho, dopmysa —p joxkaa B Mupe (R, S).

Jlemma 3 mokazana. OHa 3aBeplIaer J0Ka3aTeIbCTBO TeopeMbl 26.
Hamomunm emg pas ero cxemy. Ilycts bopmysia ¢ He BBIBOJIUMA B HHTY-
UIMOHUCTCKOM MCUnC/IeHnn BbickasbiBanuii. Torna napa (&, {p}) memnpo-
tuBopeunBa. Pukcupyem MHOKecTBO F' Beex moadopmyst hopmyssl .
PaciupuM Hallly HEIPOTUBOPEYUBYIO HApy M0 IOJHOI (OTHOCHTEILHO
F'). Dra nonnas napa Oymer ogHUM u3 MUpOB mKaibl Kpunke (B Koro-
poii MUpaMU SIBJISIFOTCsI TIOJIHBIe Hapbl). VIMEHHO B 5TOM Mupe u Oyjer
JIOXKHOI hopmyia ¢. >

36. Ilokaxkure, uTo ecam dopmyabl P u () JIOXKHBI B HEKOTOPBIX MHUPaxX
HEKOTOPbBIX HIKaJI I{pI/Il'[Ke7 TO MO2KHO IIOCTPOUTH IIKAJIY KpI/IHKe u MUp B HeI‘/‘I7
i koroporo dbopmyrna PV Q Gymer soxuoi. (YKazaHue: COeTMHAM MIKAJIBI,
B KOTOPBIX JIOXKHBI GopMysbl P u ), B OHYy, 10OABUB HOBBI MUDP, KOTOPBIi
MeHbIIle MUPOB, re P u () 10KHBL)

W3 3100t 331891 1 U3 TEOPEMBI O IIOJIHOTE BHITEKAET TAKOE CJIE/ICTBUE:
€CJIN U3 BIOHKINS ABYX (POPMYJT BEIBOJUMA B MHTYUITHOHUCTCKOM UCIUC-
JICHHW BBICKA3BIBAHUI, TO XOTs OBI OHA W3 (POPMYJI TOXKE BBIBOIMMA.
DTO CBOWCTBO BBINOJHEHO JJIsi MHOTMX MHTYUIIMOHUCTCKUX MCUHUCJICHUN
U COOTBETCTBYET HavaJbHOI uiee: nokasarb A V B o3HadyaeT J0Ka3aThb
onny u3 ¢popmyn A wnu B. [lomgobHble cBOiiCTBa MOXKHO JIOKa3bIBATH U
CUHTAKCUIECKU, UCIIO/IH3Ysl TeHIIEHOBCKUE BAPUAHTHI MHTYUITHOHUCTCKUAX
UCYUCIICHUI.

37. (a) ITokaxure, uro popmysa =—(¢ V —¢p) BEIBOAMMA B MHTYUIHOHNACT-
CKOM MCYHCJIeHNH BhicKasbiBauuii. (6) [lokaxkure, 9To ecan GOpMysIbl = —¢ U
—=(¢ — 1) BBIBOAMMBI B MHTYWIIMOHUCTCKOM MCYUCJIEHUHN BBICKA3BIBAHUIA, TO
n depMy.Ha _\_"L/) BbIBO/IMMa B UHTYUITMOHUCTCKOM UCYUCJICHUU BBICKA3bIBAHUN.
(B) Jokaxkure, 910 ecau GOpMysa ¢ BBIBOAUMA B KJIACCHIECKOM MCIUCTICHAN
BbICKaBI)IBaHI/II‘/JI, TO (bopMyna T7@ BBIBOAUMA B MHTYUITMOHUCTCKOM HCYUCJIE-
HUM BbICKa3biBauuil (Teopema [imsenko) (r) ITokaxkure, uro s dpopmyi, co-
JAepzKaluX JIMIIb KOHBIOHKIIUIO U OTpUIlaHNe, PA3HUIBI Me2Ky KJIaCCUICeCKUM
U UHTYUITMOHUCTCKUM UCHUCJICHUAMU HET: U3 KJIaCCUIECKOM BBIBOJAMMOCTH CJIE-
JlyeT MHTYUIUOHUCTCKas (Teopema [énes).

38. Ilokaxkurte, 9TO MHTYHUIIMOHUCTCKOE HCUUC/ICHUE BBICKA3BIBAHUM Pa3-
PEeIInMO: CYIECTBYET AJITOPUTM, KOTODBI [0 MPOU3BOJILHON (hopMysie ompe-
JeJideT, BbIBOJUMa JIM OHa B MHTYUITUOHUCTCKOM HCYUCJIEHUU BBICKA3bIBAHUIA.
(Vkazanue: onennuTEe MOITHOCTH KOHTPMOAE H Kpurke; MoxKHO 060iTUCH 1 63
9TOr0, 3aMETUB, YTO M MHOYKECTBO BBIBOAMMBIX (DOPMYJI, U MHOXKECTBO (HOp-
MYJI, UMEIOIIUX KOHE€YIHbIEe KOHTPMOIEJIN, Hepqu/ICJII/IMBI.)



3. A3bikn nepBoro nopsigka

IToMHEMO JIOTHYECKNX CBSA30K, B MATEMATHICCKAX PACCY2KICHUAX da-
CTO BCTPEYAIOTCS K8aHMOopv, «1iist jaoboroy (V) u «cymecrsyer» (3). Ha-
LIPUMEP, OIIPeeJIeHIe HeIPEPLIBHOCTH HAUNHACTCS CJIOBAME « 151 JTI000-
IO TOJIOKUTEJHHOTO € HAWBTCsI MOJI0KUTEIBHOE 0, JJIsi KOTOPOIO . . . ».
A ozma u3 akcuom Teopuu rpyiil (CyHecTBOBaHAEe OOPATHOIO SJIEMEHTA,)
sammnceiBaercsd Tak: VoIy((zy = 1) A (yz = 1)).

MozxuO0 ¢hOpMYyIUPOBATH PA3IUIHDIE JIOTHIECKHIE 3AKOHDI, BKIIIOUa-
foimye B cebs KBaHTOPBI. HanpuMep, BHICKA3BIBAHUE «CYIIECTBYET TAKOE
x, uro A» (rme A — HEKOTOpoe CBOMCTBO OOBEKTA ) JIOTUIECKH KBU-
BAJIEHTHO BBICKA3BIBAHUIO «HE JIJIsi BCEX & BEPHO —A».

Msi GyeM 3aluchIBATh TAKOIO POJA 3aKOHBI C HOMOIIBIO (hOPMYII,
JIQIIM OlpeJiesieHne NCTUHHOCTH (hopMyst (IpH JAHHOH MHTEPUpPEeTAny
BXOJEIIUX B HUX CUMBOJIOB) M HCCJIEyeM, KAKOTO POJIA CBOMCTBA MOKHO
BBIPAXKaTh C TIOMOIIBI0 (DOPMYJI U KAKHe HeJIb3sl.

3.1. ®opmynbl 1 MHTepnpeTauun

Hauném ¢ mpumepa. IIycts M — HEKOTOpOe HEIyCTOe MHOXKECTBO, a
R — OunapHOe OTHOIIEHHE HA HEM, TO €CTh ITOJMHOYXKECTBO JIEKapPTOBa
upoussegenus M x M. Buecro (z,y) € R mbl Gyuem nucars R(z,y).
Paccvorpum hopmyiry
Vz Iy R(x,y).

Dra dopmyia BhIpazkaeT HEKOTOPOEe CBONCTBO OMHAPHOTO OTHOIIEeHUsT R
(mst s060ro 3mementa r € M HANHAETCS JEMEHT, HAXOMSNMNACT ¢ HUM
B oTHOIEHnH R) 1 MOXKeT ObITH UCTUHHA WU JIOXKHA. Hanpumep, eciu
M ecTh MHOXKECTBO HATYPAJBHBIX unces N, a R — OTHOIIEHNE «CTPOro
MeHbIe» (ApyruMu cjioBamu, R ectb MHOXKeCcTBO BCeX map (x,y), I
KOTODBIX T < ¥), TO 3Ta (HOPMyJIa UCTUHHA. A JiJIs OTHOIIEHUSI «CTPOIO
Gosbie» (Ha TOM ¥Ke MHOXKECTBe) 3Ta POPMyIIa JIOXKHA.
Bormpoc o towm, 6ymer jin ucturana dhopmysia

Jy R(x,y)

JIJIs TAHHOTO MHOXKecTBa M u J71s JJaHHOTO OMHAPHOrO oTHOIIeHus R Ha
HEM, HE MMeeT CMbICJIa, [I0Ka He YTOYHEHO, KAKOBO 3HAYEeHNe [TePEMEHHOM
x. Hanpumep, ecsiu M = N u R(x,y) ectb x > y, To 31a dopMmysia
Oymer uctuuHOM ipu © = 3 u Joxkuo#t npu z = 0. g manueix M u R
OHA 33J1a€T HEKOTOPOE CBOICTBO 3JIEMEHTA T M TE€M CAMBIM OIIPEJIEIIIeT
HEKOTOPOE TOJMHOXKECTBO MHOXKecTBa M .
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[Tepeiimém k dbopmanababiM omnpenenenusm. [lycrs M — wmemycroe
MHOKecTBO. MuoxkecTBo MP* coctont m3 Beex KopTexkeii (mocienoBa-
TesbHOCTEH) (M1, ..., M)) JJIUHBL k, COCTABJIEHHBIX U3 3JIEMEHTOB MHO-
xectBa M. Hasosém k-mecmmoti ¢pynxuyuet: Ha MHOXKecTBe M Jroboe
orobpaxkenue M* B M (onpenenéunoe na scém MF* ). CurOHMMBL: «DyHK-
nus k apryMeHTOB», «(DYHKIUS BAJIEHTHOCTH k», «DYHKIHS MECTHOCTH
k» u naxe «byukims apgoctu k» (HOcCIeIHee CI0BO IPOUCXOIUT OT CJIOB
«yHapHasi» i GYHKIMHA OJHOIO apryMeHnTa, «OuHapHasy (oreparius)
st GYHKIME IBYX apryMEHTOB U «TepHApPHAsS» JJIsl TPEX apryMEHTOB).

Hazosém k-mecmmvim npeduxamom ua Muoxkecrse M groboe 0T0O-
paxenne M* B muoxectso B = {M, JI}. Takoit mpeaukar Gy1eT nCTHH-
HBbIM Ha HEKOTOPBIX Habopax (mi,...,my) MHOXKecTBa M U JIOKHBIM
Ha ocTaJbHBIX Habopax. IlocTaBuB eMy B COOTBETCTBHE MHOXKECTBO TeX
HabOPOB, IJle OH MCTHUHEH, MBI IIOJyYaeM B3aUMHO OJHO3HAYHOE COOT-
BETCTBHE MeXK Iy k-MeCTHbIMU IpeauKkaTaMu Ha M U IOJMHOXKECTBaMU
muozkecTBa MF. ToBopst 0 mpeauKaTax, Tak:Ke YIOTPEO/ISIOT TePMUHBI
«BAJIEHTHOCTDb», «IUCJIO APTYMEHTOB» U JIP.

Mg OymeM paccMaTpuBaTh Takke (MYHKIMHM U MPEIUKATHl BaJEHT-
HocTH Hymb. MuozkecTBo MO 01HO3IeMEHTHO (COMEPIKUT eIUHCTBEHHYIO
noceosarenbHocTh yaabt 0). [Mostomy dymrkmmu M — M orox-
JIECTBJISIIOTCSL C 3JIEMEHTaMU MHOXKeCTBa, M, a HyJIbMECTHBIX ITPEIUKATOB
POBHO JBa — UCTUHHBIA U JIO?KHBINA.

EcrecrBenno, uro B dopmysibl OyayT BXOAUTH HE caMu (DYHKIUA U
MIPEIUKATEI, & 0003HAYEHUSI JIJIsT HUX, KOTOPBIE HA3BIBAIOT (HYHKUUOHAAD-
HOLMU T NPEIUKAMMHBMY CUMB0AAMU. B KadecTBe CHMBOJIOB MOXKHO HC-
[IOJIb30BATH JIOObIE 3HAKU. BasKHO JIUIIb, 9TO KaXKIOMY CUMBOJIY TTPUIIH-
CaHa BAJIEHTHOCTH, KOTOPasi OMPEEISeT, CO CKOJTbKAMU apTyYMEHTAMU OH
MOXKeT BeTpedarbes B popmysie. [Ipon3BoabHbIT HAOOD MPEIUKATHBIX U
bYHKIMOHAIBHBIX CUMBOJIOB, JJIs KayKJIOTO M3 KOTOPBIX YKA3aHO HEOT-
pUIATEILHOE YHCJIO0, HA3BIBAEMOE 8AAEHMHOCTLIO, MBI OYIeM Ha3bIBATH
cueramypod.

Ocraércst ompesesinTh TPU BEIH: 9TO Takoe hopMyJia JaHHOM CUrHa-
TYPBI, 9TO TAKOE WHTEPIIPETAINS [TaHHOW CUTHATYPHI U KOrma (hopmysa
SBJISIETCSL MCTUHHOMN (B JIAHHOI MHTEPIIPETAINN ).

QurcupyeM HEKOTOPBI HAOOP CHUMBOJIOB, HA3BIBAEMBIX UHOUBUIHDL-
Mmu nepemernvimu. OHE TIpeTHAZHAYEHDBI JJIs 0003HAYEHUsT JIEMEHTOB
MHOXKECTBa, Ha KOTOPOM OIpee/ieHbl (DYHKIUH U IIPEIUKATHI; OOBITHO
B TAKOM KavIeCTBE WCIOJL3YIOT JIATUHCKUE OYKBBI X, Y, Z,U,V, W C WH-
nekcamu. B kaxmoit popmysie OyIeT MCIOIb30BATHCS KOHEYIHOE YUCIIO
[IepeMEeHHBbIX, TAK YTO CYETHOIO HAOOpa IepPEeMEHHBIX HaM XBaTUT. MbI
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[IpeJIoIaraeM, 9To MepeMeHHbIe OTJINYIHBI OT BCeX (DYHKIIMOHAJBHBIX U
UPEJMKATHBIX CHMBOJIOB CUTHATYDBI (HHAYE BBIAIET [IyTAHWUIIA).
OrmpesiesiuM TIOHSITHE MepMa JTAHHOW CUTHATYPBI. TepMOM HA3bIBa-
€TCs TIOCTIEIOBATE/IHLHOCTD MEPEMEHHBIX, 3aISTHIX, CKOOOK M CHMBOJIOB
CUTHATYPbI, KOTOPYIO MOYKHO ITIOCTPOUTH 110 CJIEJIYIONTUM ITPaBUJIAM:

[ ] I/IH,H‘I/IBI/I,ZLHaH IIepeMeHHasd €CTb TEepPM.
[ ] (DyHKL[I/IOHaJIbHBIIU/I cuMBOJI BaJieHTHOCTH () ecTh TEPM.

e Ecmuty,...,t; — TepMbl, a f — DYHKIIMOHAILHBIN CHMBOJI BAJICHT-
woctu k > 0, to f(t1,...,tx) €cTh TEPM.

B npusIimne MoxKHO OBLIO He BBIIEISTh (DYHKITMOHABHBIE CHMBOJIBI
BasieHTHOCTH () (KOTOpbIE TAKXKEe HA3BIBAIOT KOHCTMAHMAMU) B OTIEIb-
HYIO TDYIIILY, HO TOrZa Obl I0C/Ie HUX IPUILIOCH IUCATH CKOOKHU (KaK 3TO0
JlesiaeTcsl B mporpaMmax Ha ssbike Ch).

Ecim A — npeaukarHblii cuMBOJI BajieHTHOCTH k) & t1, ..., — Tep-
MBI, TO BbIpaxenue A(ty,. .. ,t;) cauraercst amomaphot opmyrot. Kpo-
M€ TOro, J000# MpeIuKATHBIN CUMBOJI BajeHTHOCTH () CUMTAeTCS aTo-
MapHOU (HOPMYIIOiL.

DOpPMYJIBI CTPOSITCS TIO0 TAKUM ITPABHUIIAM:

e AromapHasi ¢popMmyJia ecTb popMyIIa.
e Eciu ¢ — dbopmymna, To ~¢p — dbopmya.

e Eciu ¢ u ¢ — dopmyisl, 1o Beipakenust (p AY), (o V), (¢ — )
TaKKe ABJIOTCA (POPMYJIAMU.

e Eciu ¢ ectb dopmyna, a £ — MHIUBUIHAS [IEPEMEHHAs, TO BbIPa-
xennst V€ @ u 3 p aBigoTcs GopMyIaMu.

Bo MHOrux ciiydasix B CUrHaTypy BXOIUT JIBYMECTHBIH IIPeIMKaTHBII
CHMBOJI =, HasblBaeMblii pasencmeom. Ilo Tpajumnnu BMecto = (t1,ts)
numyT (¢ = ta).

Wrak, moustue HopMysIbl B JAHHOW CHTHATYPE ITOJHOCTHIO OIIPejIe-
stieto. Maorma Takue (popMyJibl HA3BIBAIOT BOPMYAAMU NEPEO20 NOPATKA
JIAHHO¥ CUTHATYDBI, WA (POPMYJIAME A3bIKG NEPE020 NOPAJKA C JTAHHON
CUT'HATYPOIA.

Hamr cienyromuii miar — omnpejiesieHue uHmepnpemayut, JanHOl CUr-
marypsl. IlycTs purcrpoBamna HEKOTOpas CUTHATYpa 0. UTOOBI 3a7aTh
UHTEPIPETAINIO CUTHATYPBI 0, HEOOXOINMO:
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® yKa3aTh HEKOTOPOE HEIyCTOe MHOXKeCTBO M , Ha3bIBaeMoe Hocume-
AeM UHTePIIPeTaIni;

® JIJIsl KaXKJ0r0 MPEIUKATHOIO CUMBOJIA CUTHATYPBI 0 yKa3aTh IIpe-
JIMKAT C COOTBETCTBYIOIIUM YHCJIOM apTyMEHTOB, OIpPEJIeIEHHBIHI
ua muoxkectBe M (Kak Mbl y2Ke roBopuid, 0-MeCTHBIM IpPeuKaT-
HBIM CHMBOJIAM CTaBUTCA B cooTBercrBue jmu6o W, auto JI);

® ISl KaXKJ0ro (DYHKIMOHAIBLHOTO CHMBOJIA CATHATYDBI 0 YKa3aTh
QYHKIMIO COOTBETCTBYIOIIErO YNCIIA APTYMEHTOB C apryMeHTaMK
u 3HavdeHusMu 13 M (B gacTHOCTH, 1i1st O-MECTHBIX (DYHKIIMOHAIb-
HBIX CHMBOJIOB HAJI0 yKa3aTh 9JEMEHT MHOkecTBa M, ¢ HUME CO-
[IOCTABJISIEMBIIA ).

Ecsu curaarypa BriogaeT B cebsi CHMBOJI PABEHCTBA, TO CPEIN €€ UH-
TepIPETAIUil BEIEISAIOT HOPMAALHbIE THTEPIPETAIINH, B KOTOPBIX CHM-
BOJI PABEHCTBA MHTEPIIPETUPYETCS KAK COBIIAJICHUE SJIEMEHTOB.

[IpuBe1EM HECKOIBKO IPUMEPOB CUTHATYD, UCIIOIH3YEMbIX B PA3JIHd-
HBIX TEOPUsIX.

Curnarypa Teopun yIopsIOYeHHBIX MHOXKECTB BKJIIOYAET B ceOsl JIBa
JIByMECTHBIX IIPEJMKATHBIX CUMBOJIA (PABEHCTBO U [IOPSJIOK) U HE UMeeT
byHKIMOHATBHBIX CUMBOJIOB. 371€Ch TakKe BMeCTO < (&, ) 110 TPaTUIN
IUHIyT T < Y.

Axcuombl opsiiika (pedIeKCUBHOCTD, AHTUCUMMETPUIHOCTD, TPAH-
BUTHBHOCTH) MOI'YT OBITH 3amucanbl hopmysiamu 310f curnarypsl. Ha-
npuMep, TpebOBaHNE aHTUCUMMETPUIHOCTH 3AIUCHIBAETCS TAK:

VaVy(((z <y) A (y < 2)) — (x =1y)).

Wnorga B curaaTypy Teopuu yHIopsiIOI€HHBIX MHOYKECTB BMECTO CUM-
BOJIA < BKJIIOYAIOT CUMBOJT <; OOJIBITION PA3HUIIBI TYT HET.

39. Kak zammcaTh ¢ MOMOIILIO (POPMYJIBI CBOHCTBO JIMHEHHON yIIOPSIO-
YEHHOCTH! CBOMCTBO HE MMETb HAMOOJIBIIETO dJIEMEHTa?! CBOHCTBO MJIOTHOCTH
(oTcyTcTBus cocennux ss1eMeHTOB)? CBOHCTBO DyHANPOBAHHOCTHU (OTCYTCTBUS
6ECKOHEUHBIX yOBIBAIOIIUX TIOCIEI0BATEILHOCTEHl — MU, YTO SKBUBAJEHTHO,
HAJMYUA MUHUMAJILHOTO JIEMEHTA B JIIOOOM TOIMHOXKECTBE)? CBOHCTBO TIOJI-
Hoit ynopsiodennocru? (Ykasanue: He sl BCEX NEPEUNCIIEHHBIX CBOHCTB 9TO
BO3MOXKHO. )

Curnarypy Teopuu T'PYII MOXKHO BbIOMpaTh IMO-pasHoMy. MoxKHO
cuuTaTh, 9T0 (IOMUMO DPABEHCTBA) OHA UMEET JBYMECTHBINA (DYHKIHO-
HAJIBHDIA CUMBOJI X (KOTODBIii 110 TPAIMIUN 3AIUCHIBAIOT MEXKJLYy MHO-
JKUTEJIAMY ), KOHCTAHTY (HyJIbMECTHBIA (DYHKIMOHAJIBHBIA cuMBOI) 1 1
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OJIHOMECTHBII (QyHKIMOHAIBHBIA cuMBOJL inv(x) jyia obpainenus. Torma
AKCHOMBI TEOPUH TPYIII 3AIMCHIBAIOTCS ¢ UCHIOJb30BAHUEM JIAIIH KBAH-
TOPOB BCEOOIIHOCTH:

VaVyVz(((x X y) x 2z
Vo (((zx 1) =2) A((1 x
Vo (((z x inv(x)) = 1) A ((inv(z) x ) = 1)).

Ecnu me BKIIOWATH Omepanuio oOpalleHHs B CUI'HATYDY, NIPUJIETCS
HCIIOJIb30BaTh KBAHTOP CYIIECTBOBAHUS U II€PEIIUCATD II0CJIETHIOI aKCHU-
OMYy TaK:

Vzdy (((z xy) = 1) A((y x z) = 1)).

40. Kak 3anucarb akKCHMOMBI TEOPUU TPYII, €CJIU B CUTHATYPE HET KOH-
cranTsl 17 (YKasaHue: akCHOMa O CYIIECTBOBAHUHM OOPATHOIO CTAHET YACTHIO
AKCHOMBI O CyNIECTBOBAHUH € TUHUIIBI. )

41. Kak 3amucars B Buge GOpMysIbl TpeOOBaHIE KOMMYTATUBHOCTH TPYII-
1bl? yTBEPXKIEHUE O TOM, YUTO JIO0O0H 971eMeHT (KpOMe €/MHUIBI) UMEET [Opsi-
ok 11?7 xoneunocts rpynmbt? (Ykazanue: He BCE U3 MEPEUIUCIEHHOTO MOXKHO
3AMHCATh, XOTs II0KAa y HAC HET CPEJICTB 9TO YCTAHOBUTD. )

Curaarypa TeOpUN MHOYKECTB COJIEPXKUT JBa ABYMECTHBIX IIPeIUKAT-
HBIX CUMBOJIA: [IJIsl IPUHAJIEZKHOCTH U JIJIsi PABEHCTBA. AKCHOMBI TEOPUU
MHOXKECTB MOYKHO 3aIlMChIBATh B BUJE (POPMYJI 9TOM cUrHATyphl. Yarre
BCEro pacCMaTpPUBAIOT BApUAHT aKCMOMATUIECKOM TeOPpUN MHOYKECTB, Ha~
3piBaeMblil Teopueii [lepmeso — @penkens u obozuagaemorit ZF. [Ipuse-
JEM T IPUMeEpa, OJIHY M3 aKCuoM Teopun ZF, HaspBaeMyto axcuomoti
00BEMHOCNU, UITH IKCMEHCUOHAALHOCTIAL:

Ve Vy (V2 ((z € 2) = (z €y)) AVz((z €y) — (2 € 7)) = (=)

42. ChopMyInpoBaTh CJIOBECHO 3Ty aKCHOMY.

43. 3anucars B Buje (POPMYIBI AKCUOMY PELYAAPHOCTIU, WA HYHOUPO-
6aHUA, KOTOPas TOBOPUT, 9TO y BCAKOTO MHOXKECTBA €CTh MUHMMAJILHBINA (C
TOYKY 3PEHUsI OTHOIICHUs €) JIEMEHT, TO €CThb IJIEMEHT, He [IePECEeKAIOIINACsT
C CAMHMM MHOZKECTBOM.

44. KakoBa ecTeCTBEeHHasI CUTHATYPa JJjisi Teopuu noseit? MoxkHo i 3amu-
carb B Bujle (POPMYJIBI ITON CUTHATYPBI YTBEPXKJIEHUE O TOM, YTO I10JIE€ UMEET
XapaKTepUCTUKY 27 KOHEUHYIO XapaKTEPUCTUKY! aarebpanvdecKu 3aMKHYTO?

3.2. Onpegenerne NCTUHHOCTU

W3 npuBe€HHBIX BBIIE TPUMEPOB, BEPOSATHO, MMOHATEH CMBICT (DOP-
MYJIBI, TO €CThb $ICHO, B KaKMX HHTepPIpeTalludAX JAHHOI CUI'HATYDPBHI U
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JUTSE KAKUX 3J1eMEHTOB (bOpMyJia UCTHHHA. TeM He MeHee Jy1s obuTe et
CTPOrocTH MbI IpHUBeAEM (opmasbaoe onpezesenue ucruauocru. (Ero
JIETAIN OHA00TCsI, KOTJa MbI Oy/IeM IIPOBEPATH UCTUHHOCTDH BBIBOJIU-
MbIX hOpMyJI, cM. paszen 4.3.)

Ipexe Beero, onpeneanM (HbOPMAILHO MOHATUE napamempa dop-
MyJibl (ePEMEHHO, OT 3HAYEHUsT KOTOPOH MOXKeT 3aBUCETh UCTUHHOCTD
dopmyisr). CorstacHo sroMmy onpesesenuio dopmyia Ve Iy A(x,y) He
umeeT napamerpos, a dopmyist Iy A(z,y) u (A(z) AVz B(z, x)) umeror
€JIMHCTBEHHBII TapamMeTp x. BOT Kak BBINVISIAT 3TO ONpeJIeIeHue:

e [lapamerpamMu TepMa SBJISIOTCS BCE BXOJIAIINE B HETO WHIUBUTHBIE
nepeMeHHbIe.

e [Tapamerpamu aTomapHOi (HOPMYJIBI ABISIIOTCA MapaMeTPhI BCEX
BXO/JISAIIUX B HEE TEPMOB.

e [Tapamerpbl poOpMYJIBI T Te Ke, 9TO Y (OPMYJIBI .

e ITapamerpamu dhopmyr (¢ AY), (p V) u (p — 1) asusiioresa Bee
mapaMerpbl GOPMYJIBI , & TAKXKe BCe MapaMeTpPbl (DOPMYIIBL 1.

o ITapamerpamu dopmyra V€ ¢ u 3¢ ¢ sBasioTcs Bee mapaMerpst pop-
MYJIBI ¢, KDOME IIEPEMEHHOI &.

[TapameTrpsl nHOTIA HA3BIBAIOT €680600HBIMU NEPEMEHHBMYU DOPMY-
JIBL. 3aMeTuM, 9To (POpPMYyJIa MOXKET UMETh OJHOBPEMEHHO IIapaMeTp & U
UCIIOJIB30BaTh (B ipyrom Mecre) KBaurop Va. Kak rosopsar B aroM ciiy-
4yae, OJHA U Ta Ke IepeMeHHasl UMeeT C80000HvIe U C8A3AHHbIE BXOXK e~
Hust. CBOOOIHOE BXOXKJIEHUE TIEPEMEHHON — 3TO TaKoe BXOXKJIECHHUE, KO-
TOpPOE He BXOJUT B 0OJIACTH JIEHCTBUS OJHOMMEHHOTO KBaHTOpa. Hcym
AKKypaTHO OIpPEIe/MTh 3Ty O0JaCTh HeHACTBHS, HECJIOKHO IIPOBEPUTD,
9TO mapaMerpbl (pOpMyJIbl — 9TO KaK pa3 IIepeMeHHbIe, UMEOIINe CBO-
OOIHbIE BXOXKJICHUS.

Tenepb MbI XOTUM ONPEIEJIATH MOHATHAE (POPMYJIbI, HCTUHHON B JIaH-
HOW MHTEPIIPETAIH TIPK JIAHHBIX 3HAYEHUSX MapaMeTpoB. TeXHUIeCKn
[IPOIle CYMTATh, YTO BCEM UHIUBMIHBIM IIEPEMEHHLIM I[IPUIIMCAHBLI Ka-
KIe-TO 3HAYEHUsI, a ITIOTOM JI0Ka3aTh, YTO IePEeMEHHbIE, He SBJIAIONINECs
rapaMerpaMi, He BJIMSIOT Ha MCTUHHOCTH (DOPMYJIBI.

Urax, nmycTh (pUKCHpPOBaHA CUTHATYPA U HEKOTOPas WHTEPIIPETAIINAS
9roit curaarypbl. Querkoti Ha30BEM O0TOOPasKeHNe, KOTOPOe CTABUT B CO-
OTBETCTBUE KaXKJIOU MHAUBUIHON IePEMEHHON HEKOTOPBINA 3/1eMEeHT MHO-
JKECTBA, SABJISIONIErocs HOCUTEIeM NHTEePIPeTalui. DTOT 3JIEMEHT OyaeM
Ha3bIBAThb 3HAUEHUEM NEPEMEHHOT TIPU JAHHON OIEHKE.
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Omupeie/iiM MHIYKTUBHO 3HaYeHUe mepma t TIPU JAHHOM OIeHKe T,
KOTOpOe MbI Oyzem obozHadaTs [t](7).

o JIisi IepDEMEHHBIX OHO y2K€ OIIPEIETIEHO.

e Eciu t siBasieTcss KOHCTAHTOH (HyJIbMECTHBIM (DyHKIIMOHAIBHBIM
CUMBOJIOM), TO [t](7) He 3aBHCHT OT 7 ¥ DABHO 3HAYEHUIO STOMH
KOHCTAHTBI [P JAHHON MHTepIpeTanuy (HAIIOMHUM, B UHTEPIIPE-
Talud ¢ KazKJI0M KOHCTAHTOHN COIIOCTABJIAETCA HEKOTOPBINA 3J1€eMEHT

HOCHUTEJIsT).

e Eciu t umeer Bug f(t1,...,tm), tae f — GYHKIUOHAIBHBII CUMBOJI
BaJICHTHOCTH M, & t1, . . ., t,;, — TepMbl, TO [t](7) onpemessiercsa Kak
[F1([t1](7), . .., [tm] (7)), vae [f] ecrb dyukus, coorBercTByOMAs

cumBouTy f B Haleil mHTepIperanyy, a [t;](7) ecTh 3HaUEHHEE TEpMa
t; OIpU OIEHKE 7.

Terepb MOXKHO OIIPEJIENIUTE 3HAYEHUE POPMYALL © TIPU JAHHON OIleH-
Ke T B JIAHHOM HMHTepHpeTalyu, KoTopoe obo3Hadaercs [](m) u Moxer
obrTe paBao U mim JI; B mepBoM cirydae dopMysia HA3BIBACTCH UCTUH-
101, BO BTOPOM — A09CHOT. DTO OIpEJIeJIEHUE TaK>Ke UHIYKTUBHO:

e 3nauenue aroMapHoii dopmyibl A(ty, ..., ;) Olpemesserca Kak
[A]([t1](7), .. ., [tm] (7)), THe [A] — mpemmkat, cooTBeTCTBYyOIMMIL
IpeIuKaTHOMY CHMBOJIYy A B paccMaTpuBaeMoil MHTepIIpeTaIdH.
Eciin dopmyna npencrasiisier coboil HyJIbMECTHBIN TP IMKATHBII
CHMBOJI, TO €€ 3HAYEHHWE HE 3aBUCHT OT OIEHKHU U €CTh 3HAYCHUE
3TOrO CUMBOJIA.

o [—p](m) ompenensercs Kak —[¢()], rae - IOHUMAETCA KaK Ollepa-
must B B. JIpyrumu ciioBamu, hopMysia — UCTUHHA IIPU OIEHKE T
TOTJA U TOJIBKO TOT/IA, KOTma GOPMYJIa ¢ JIOXKHA TP ITON OICHKE.

o [ A Y](m) onpenensiercss kak [p](m) A [¢](7), toe A B npasoii ya-
CTH IOHUMaeTcs Kak onepanug B B. (Ipyrumu ciosamu, popmyiia
(¢ A1) mcTuHHA TIPU OIEHKE 7 TOrJ@ U TOJIHKO TOra, Korja obe
dopMyJIBL U 1) UCTUHHBL OPU 9TO# OLEHKe.) AHAJIOrMIHBIM 06pa-
30M [p V ¥](7) oupenensiercs kax [¢](7) V [¥](7), a [¢ — ¥](7) —
Kak [p](m) — [¢] ().

o Dopmyta V€ ¢ ncTuHHA Ha OIEHKE T TOTJA M TOJIHKO TOT/A, KOIjIa
dopmyna ¢ mcTuHHA Ha JTIOOOH ONEHKE 7', KOTOpas COBIAJAET C
T BCIOMY, KPOMe 3HAUEHWs! TepeMeHHoit £ (KoTopoe B oreHke 7/
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MOKeT ObITh JI06bIM). JIpyrumu cjoBaMu, ecjiu 0603HAYUTH Yepe3
7+ (£ — m) OLEHKY, IPH KOTOPOIl 3HAYEHNE [IEPEMEHHOI £ PABHO
m, a OCTAJIbHbIE TIePEMEHHbIE IIPUHAMAIOT Te YK€ 3HAYEHUs], 9TO U
B OIIEHKE T, TO

Veel(m) = N lel(m+ (& = m)).

meM

(B upaBoii actu crour GeCKOHeYHAs KOHBIOHKIUS, KOTOPas HC-
TUHHA, €CJIU BCE €€ YJIeHbl UCTUHHBI. )

e Dopwmysta 3¢ ¢ UCTUHHA Ha OIEHKE 7 TOTJA U TOJBKO TOTJa, KOTIa
dopmyiia p HCTUHHA HA HEKOTOPOIi OLEHKe 7, KOTOpas COBIIAIAeT
¢ T BCIOZY, KpOMe 3HadYeHus nepeMeHHoil £ (Koropoe B olneHke 7’
MOKeT ObITh J1100bIM). JIpyrumu cioBamu,

Beel(m) =\ l(m+ (€ = m)).

meM

(B upaBoii yacTu crouT GeCKOHeUYHAs NU3BIOHKIUS, KOTOPAs HC-
TUHHA, €CJIU XOTs1 Obl OJINH U3 €€ WIEHOB UCTUHEH. )

3aMeTuM, UTO B JIBYX HOCJIEIHUX IIyHKTAaX 3HAYEHUE [IePEeMeHHOM & B
OIlEHKE T HEe UrPaeT POJIH. DTO MO3BOJISAET JIETKO JOKA3aTh (MHILyKIed
10 TIOCTPOEHUI0 (POPMYJIbI) TAKOE YTBEPKICHUE: €CJIU JIBE OIEHKU 1 U
To TMPUIAIOT OJMHAKOBBIE 3HAYECHUS BCEM IMapamerpam (OpMYJbI ¢, TO
[¢](71) = [¢](72). ApyruMu cioBaM#, HCTHHHOCTD (DOPMYJIBI OIIPEIEIIs-
eTcsl 3HAUYEeHUSIMU €€ I1apaMeTpPOB.

45. IIpoBeauTe 3T0 UHIYKTUBHOE PACCYXKJIEHUE ITOJIPOOHO.

46. [IpuBeiéHHbIE BBIIIE OIPEJE/IEHNs TPUMEHUMBI K JiI000i (popmyite, B
TOM uuciie U K crpaHHoit popmyste Vy A(x). Kakue y neé napamerpsi? Ilpu ka-
KUX 3HaUeHHUAX napamerpos oHa ucruaHa? (OTBET: OHA MMEET €MHCTBEHHBII
napamerp & u 9kBuBajienTHa dopmyse A(x).)

47. B xakoM caydae 6yzner ucrunHa dopmyna Ve 3z A(x)? Tor xke Bonpoc
st dopmynel 3z Vo A(z). (Orser: neppasi u3 atux HOPMyJs SKBUBAJEHTHA
dopmyne 3z A(x), a Bropaa — dbopmyne Vr A(z).)

QPopmysia HA3BIBACTCS 3GMKHYMOU, €CJIM OHA HE MMEET ITapaMeTPOB.
3aMKHYTBIe (DOPMYJIBI HA3BIBAIOT TaKkKe cyocderusmu. Kak Mbl T0Ka-
3aJ1i, ICTUHHOCTD 3aMKHYTO# (hOPMYJIBI OIIPEIEISIeTCsl BBIOOPOM HHTEP-
nperaryu (U HE 3aBUCUT OT 3HAYEHUIT IIEPEMEHHBIX ).
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3.3. Bolpasumble npegukaTebl

IIycTs pukcupoBana HEKOTOPAs CUTHATYPA 0 U €€ WHTEPIIPETALUS C
HocuresleM M. Mbl XOTUM OUpPEJEIUTH IOHATHE 6biPa3uM0o20 (C TOMO-
b0 hOPMYJIBI JAHHONH CUTHATYDBI B JIAHHON MHTepIIpeTarum) k-MecT-
HOTO TIpeInKaTa.

Bribepem k mepeMeHHBIX T1,...,Tp U PACCMOTPUM IPOU3BOJLHYIO
dopMyy , BCe mapaMeTpbl KOTOPOI COMEPKATCS B CIIUCKE I, . . . , Tk.
VecTuHHOCTD 9TOH (DOPMYJIBI 3aBUCAT TOJBKO OT 3HAYEHUH MEPEMEHHBIX
r1,..., T Tem cambiv BosHuKaeT oroGpaxenne M* — B = {H,JI}, To
ecTh HEeKOTOpbIi k-MecTHblii npeaukar Ha M. [opopsit, 4TO 3TOT TIpEIU-
KaT gupasicaemcs Hpopmyioii p. Bee mpemnkaTel, KOTOPbIE MOXKHO TTOJTY-
YUTh TAKUM CIOCOOOM, HA3BIBAIOTCS Guipasumbimu. (SIcHO, 9TO KOHKpET-
HBIA BBHIOOD CHMCKA IlepeMeHHBbIX posu He urpaer.) CooTBercTByoriue
UM TIOJIMHOYKeCTBa MHOKecTBa MF (061aCTH MCTHHHOCTH BBLIPAZHMBIX
Hpe,JII/IKaTOB) TaK>K€ Ha3bIBAaIOT BpraSI/IMI)IMI/I.

48. JlokaxkuTe, 4TO TepecedeHre, OObeIMHEHNEe W PA3HOCTH JBYX BBIPa-
3UMBIX MHOXKECTB SIBJIAIOTCS BbIpa3uMbIMu. Jlokaskure, 9To mpoekims k-mep-
HOI'O BBIPa3UMOI'0 MHO2KeCTBa BJI0JIb OﬂHOﬁ u3 «ocei KOOpZUHATY» ABJIACTCA
(k — 1)-MepHBIM BBIPA3WMBIM MHOYKECTBOM.

Mpumep. PaccMoTpuM curaaTypy, COAEpKANLyIo OMHOMECTHBIH (yHK-
[MOHAJBHBIA CUMBOJI S M IByMECTHBIN ITPEeINKATHBIA CHUMBOJI PABEHCTBA
(=), u uHTEpIPeTANMIO 9TOf CUrHATYDBL. B KauecTBe HOCUTEIs] BO3BMEM
Harypasbhbiit psig N. Cumsost S Oyzer o6o3HaYaTh (DYHKITUIO YBEJIHIe-
Hust Ha 1 (MOXKHO cUnTATh S COKPAIEHNEM OT CJIOBA SUCCESSOI — TIOCJIe-
JI0BATEIb). PaBEHCTBO MHTEPIPETUPYETCA KAK COBIRJIEHUE 3JIEMEHTOB.

JIerko mpoBepuThb, YTO OJHOMECTHBII TpeINKAT «OBITH HYJIEM» BbIpa-
3UM B 9TOI MHTEPIPETAIN, HECMOTPS H& TO, ITO KOHCTAHTBI JIJIsI HYJIsT
B CUTHATYPe HE IPEeTyCMOTPEHO. B camom zenie, OH BhIpazkaeTcss hopMy-
JIOW

—Jy(z = S(y))

C €JIMHCTBEHHBIM TIAPAMETPOM .

Emé nporre BeIpa3uTh ABYMECTHBIN MpeaUKaT «ObITH OOJIbIIE Ha 25,
IIPU 9TOM JlazkKe He Hy KHBI KBaHTOPHL: y = S(S5(x)).

JIT06OIBITHO, YTO y2K€ B TAKOH IPOCTON CHUTyalnu MOYKHO COPMY-
JINPOBATH COJIEPYKATENILHYIO 3311y BBIPA3UTh IpeauKkar y = x+ N, re
N — Gosbioe yucsio (CKazKeM, MUJLIMAPI), € HOMOIIBI CYIECTBEHHO
6osee koporkoit dopmyiel, yem y = S(S(...(S(z))...)). Kak un yuu-
BUTEJILHO, 9TO BIIOJIHE BO3MOYKHO, ¥ COOTBETCTBYIONLYIO (DOPMYJIY BIIOJIHE
MOXKHO YMECTUTh Ha JIUCTe OyMaru.
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49. Jlokakure, 4TO mpeaukar y = & + [N MOXKHO BBIPA3UTH (DOPMYJIO
YKa3aHHOW CUIHATYpBI, JynHa Koropoit ectb O(log N). (Ykazanue. Eciu Mbl
Hay4YUJIUCh BBIPAXKATh Y = T + M, MOXKHO BBIPA3UTh Y = & + 21 C IMOMOIIBIO
dopmyITbI

Fz((z=z+n)A(y=2+n))
(B KOTOPOI#i Yepe3 z = +n u y = z+n 0603HAYEHBI COOTBETCTBYIONIHE (HOPMY-
JIbl). DTO caMo 1o cebe HUIero He JAéT, TakK Kak JinHa (GOPMyYIIbl yBEJINIHIACH
BJIBOE, HO MOYKHO HCIIOJIb30BAThH TAKON TPIOK:

VuVo(u=zAv=2)V(u=2zAv=y)) — (v=u+n)).

Jlamee MOYXKHO BOCITOJIb30BAThCS 3aIUChIO yucjia N B JIBOUYHON CUCTEME CUMC-
JIeHUsL. )

MoKHO J0Ka3aTh, YTO B 9TON CUIHATYPE KBAHTOPHI IOUTH HE yBEJIH-
YUBaOT HAOOP BHIPA3UMBIX IIPEJUKATOB: BCAKHI BHIPA3UMBIN IIPeIKaT
OyJeT BhIpAXKaThCsa 6eCKBaHTOPHOH (hopmyJioit (BO3MOKHO, TOpasmao 60-
Jiee JJIMHHOM), ecsin 106aBuUTh K curnarype Koucrauty 0. Mbl BepaéMmcst
K 9TOMY BOIIpOCY B pazjeiie 3.6.

Y1066l TPUBBIKHYTH K MMOHATHIO BHIPAZUMOCTH, PACCMOTPUM €Ié U
Takoit mpumep. [IycTs curnarypa comepKuT npeukar paBeHCTBa U TPEX-
MecTHBIN mpeaukar C. PaccMoTpuMm mHTEpIperanuo, B KOTOPOil HOCH-
TeJieM SIBJISIETCS MHOYKECTBO TOYEK IIJIOCKOCTU, PABEHCTBO WHTEPIIPETH-
pyercsa Kak coBuajenue touek, a C(x,y, z) O3HAYAET, YTO TOUKU T U Y
paBHOYJIAJIEHBl OT TOYKHU 2. OKa3bIBAETCsI, ITO ITOTO MPEJUKATA JTOCTA~
TOYHO, YTOOBI BBIPA3UTH OOJIee MJIM MeHee BCe TPAJUIIUOHHBIE MOHATHS
3JICMEHTAPHOI I'€OMEeTPUN.

Kax, nanpumep, 3anucarhb, 9To Tpu paziaundnbie Touku A, B, C nexar
Ha ojHOo nmpsiMoii? Bor kak: «He cymectByeT npyroii Toukun C) koTopas
HAXOJMJIaCh OBl Ha TeX Ke paccrosuusax ot A u B, aro u Touka C'».

50. Hanummmre coorBercTByIONyo (hopMyIry YKa3aHHON CUI'HATYPHI.

Teneps JIerKo BBIPA3UTh TAKOE CBOMCTBO 4eThIpéx Touek A, B, C, D:
«roukn A u B pazymmunnt, Touku C u D paziauanst u npsimbie AB u C'D
nmapaJuIesbHbI». B camoM fese, HAI0 HAUCATD, 9TO HET TOYKH, KOTOPast
OBl OHOBPEMEHHO JIexKaJia Ha OHOMN npsaMoii ¢ A u B, a Tak»Ke Ha OXHOMN
upstmoii ¢ C' u D.

[Tocsie 5TOr0 MOXKHO BBIPA3UTh CBONCTBO YETHIPEX TOUYEK «OBITH BEp-
MIHHAME TIaPAJIIeIOTPaMMay. DTO MO3BOJISIET MEPEHOCUTHh OTPE30K IIa-
pannensHo cebe. [locite 3TOrO JIErKO BBIPA3UTh M TAKOE CBOHCTBO: «pac-
crosiaue AB pasuo paccrosiauio C'D».

51. Banuiure COOTBETCTBYIOILYIO (hOPMYJIY.

AHajIorn9HbIM 06pa30M MOZKHO JABHUI'aTbhbCA U JaJIbIIIe.



82 Hsviku nepeozo nopadka [ro1. 3]

52. Bripasure csoiicrBo |OA| < |OB| tpéx touek O, A, B. (Ykasauue.
Hanwummre, 94To Bee npsiMble, TPOXOAAIIHE Yepe3 A, MepecekaroTcs ¢ OKPY K-
HocThio paguyca OB ¢ nearpom B O.)

53. Bamumure B Buje GopMyIbl: (4) PABEHCTBO TPEYTOIHHUKOB; (6) paBeH-
CTBO YIVIOB; (B) CBOMCTBO yIJIa GBITH IIPSMBIM.

54. PaccMOTpUM €CTECTBEHHYIO HHTEPIPETAIMIO CUTHATYPBI (=, <) Ha MHO-
2KeCTBe TesIbIX uncesi. Kak BbIpasuTh mpeankar y = & + 17

55. PaccMOTpUM MHOXKECTBO J€HCTBUTEIBHBIX YHACES KAK WHTEPIIPETAIIIO
curraTypsl (=, 4,y = z2). Kax BBIpasuTh TPEXMECTHBIH IpeIUKAT Ty = 27

56. PaccMOTpPUM MHOKECTBO HEJBIX MTOJIOKUTEIBHBIX YUCE] KK HHTEPIIPe-
TAIUIO CATHATYPBI, COAEPIKAIIEH PABEHCTBO U JBYMECTHBIN IIPEJUKAT < JEJTUT
y». BeIpasuTe CBOHCTBA «PaBHATBCS €IUHUATIE» U «OBITH MTPOCTBIM THCIOM>».

57. PaccMOTpUM TUIOCKOCTh KAK MHTEPIPETAIAIO CUTHATYPBI, COIEePIKAIIEH
[IPEUKAT DABEHCTBA (COBIAJEHUE TOYEK) U JBYMECTHBIH IPEIUKAT <«HAXO-
JINThCS. Ha PacCTOsSHUM 1». BeIpasuTe IByMeCTHBIE TPEIUKATBI «HAXOIUTHCS
Ha& PACCTOAHMU 2» U «HAXOJUTHCSA HA PACCTOSHUU He Gosiee 2». Bripazure nBy-
MECTHBIN [IPEJIMKAT «HAXOJUTHCS Ha PACCTOSHUM 1/2».

3.4. Boipa3umocTb B apudmeTuke

Pacemorpum curaarypy, UMeonyo nBa AByMECTHBIX QyHKIITMOHATb-
HBIX CHMBOJIA — CJIOYKEHUE U YMHOXKeHNe (KaK OOBIMTHO, MBI OyIeM IHCATH
x 4+ y BMecTo +(2,y) W T.JI.) U JBYMECTHBIIl IIPEJIUKATHBIH CUMBOJI pa-
BeHCTBa. PaccCMOTPUM MHTEPIIPETAIMIO 3TOM CUTHATYPBI, HOCUTEIEM KO-
TOPOIi SABJISIETCS MHO2KECTBO N HATYPAJIbHBIX YHCEN, 8 CJIOXKEHUE, YMHO-
2KE€HUE W PABEHCTBO MHTEPIPETUPYIOTCS CTAHIAPTHBIM 00PA30M.

Bripazumsble ¢ moMoInpio popMysI 3TOH CUTHATYPBI IPEIUKATHI Ha3bI-
BaIOTCS GPUPMEMUYECKUMU W UTPAIOT B MATEMATUIECKON JIOTUKE BaXK-
HyI0 poJib. COOTBETCTBYIONINE MHOYKECTBA TaKYKe HA3BIBAIOTCS apu@me-
museckumu. O HUX TIOIPOOHO PACCKA3AHO B APYroil Hammed Kuuxke [5];
OKa3bIBaeTCdA, YTO IOYTU BCAKOE MHOXKECTBO, KOTOPOe MOXKHO OIUACATH
CJIOBaMH, SIBJIETCH apUPMETHIECKUM.

58. ZLOK&)KI/I‘T‘G7 YTO CYUIeCTBYET MHOXKECTBO HATYPaJIbHbIX YHCEJI, HE fB-
ssmromeecs apudmernaeckuM. (YKazaHue: CeMefCTBO BCEX MOJMHOKECTB MHO-
sxecTBa N HecuéTHO, a apudMETHIECKAX MHOXKECTB CUETHOE UUCIIO. )

Jisg Hadasia Mbl YCTAaHOBUM apuMETHIHOCTD JIOBOJHHO ITPOCTHIX
IIPEeJINKATOB.

e [Ipenukar x < y gaBiasterca apudmermdecKuM. B camom jere, ero
MOXKHO 3anucarhb Kak 3z (x + z = y).

o Ilpemukarer x = 0 u ¢ = 1 aBasgiorcs apudmerndeckumu. B ca-
MoM fene, x = ( TOrJa U TOJIBKO TOI/A, KOTja T < Y JJIst JI000T0



[o. 4] Buwipasumocmdv 6 apupmemure 83

y (a Takske Korya « + x = ). A x = 1 TOrIa M TOIBKO TOTJA, KO-
[Ja & IIPECTABIsAET COD0fl HANMEHBINEE IHCII0, OTINIHOE OT HYJIsl.
(MozkHO TaKzKe BOCIIOIB30BAThCSL T€M, YTO Y+ 1 = y [pH JroboM Y. )

e Boobmie ms 06010 (pUKCHpPOBAHHOIO YHCIA € MPEIUKAT T = C
steaistercst apudmernaeckuM. (Hanpumep, MOKHO HATIUCATE CyMMY
13 GOJIBIIOTO YUCIIA €J(IHMIL. )

e Ilosre3no Takoe obOIIIee HADTIOAEHNE: €CJU MBI VK€ YCTAHOBUJIM, ITO
KAKOM-TO TIPeJIMKAT SIBJISIETCS apU(pPMEeTHIECKUM, TO B JaJIbHEHIIeM
€ro MOXKHO WCIIOJIb30BaTh B (POPMyJIax, KaK ecjau Obl OH BXOJIWJI B
CHUTHATYPY, HOCKOJBbKY €ro BCET/Ia MOXKHO 3aMEHUTh HA BBIPAXKAIO-

y1o ero popMyiy.

o IIpenukar x|y (4uciio & ABAAETCS JIEIATEIEM YUCIA YY), OUEBUIHO,
apudmernyen (bopmyna Iz (xz = y)).

e Ilpenukar «xr — mpocroe umciao» apudmermden. B camom mere,
YUCJI0 TIPOCTO, €CJIU OHO OTJIMYHO OT 1 u J1i06oit ero JieuTessb pa-
BeH 1 mwm camMoMy 9YHCJIy. DTO Cpa3y »Ke 3allUChIBACTCS B BUJIE

bOpMYyJIBL.

e Omeparuu 9acTHOTO U OCTaTKa apUMETHIHBL (B TOM CMBICJIE, UTO
TPEXMECTHDIE IPEIUKATHL < €CTh YaCTHOE 1P JeIeHUN a Ha by u
«T €CTh OCTATOK IpH siejieHnu a Ha by apudmernyannl. Hapumep,
1epBblii U3 HUuX 3anucbiBaercd Gopmynoit Ir ((a = bg+r)A(r < b))
(Kax MBI y7Ke TOBOPHJIH, UCTIOIH30BaHIE apU(DMETHIECKOTO TTPEIH-
kara (r < b) me cozgaér npobiem).

e DTOT CIHCOK MOXKHO IIPOJOJIZKATDH: JUJI MHOTUX IPETUKATOB HX
OIIPEeJIeJIEHNE TI0 CYIIECTBY Y2Ke sIBJIeTCd HyKHOI dopmyroit. Ha-
[puMep, CBOMCTBA «OBITH HANOOJIBITNM ODIIIM JIEJTUTETIEM, «ObITDh
HAWMEHBIIUM OOIUM KPATHBIM», «OBITH B3ANMHO IIPOCTBIMU» BCE
OTHOCSATCSI K 3TOI KAaTeropuu.

e [Ipenukar «OBITH CTENEHBIO ABOMKMNY SIBJISETCH apU(pPMEeTHIECKAM
(XOTs 9TO U HE CTOJIb OYEBUIHO, KAK B IPEIBIAYINUX IIpuMepax). B
CaAMOM JIeJie, 9TO CBOHCTBO MOXKHO 1epedOpMYJINPOBATH TaK: JIIO-
0oit JleiuTeNb JTMO0 paBeH eIMHUIE, JU0O TETEH.

[Tocnenmee w3 HAIUX PACCYKIECHUIN TOIUTCS JJId CTENEHEH TPOKU
u BooOIIe JyIst cTenenei goboro mpocroro dncia. OHAKO, CKayKeM, JJIst
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cTereHell MmecTéPKN OHO HE IMPOXOJINT, U, TOXKAJIYH, MbI MOJIONLIA K IPa-
Hurie, riae 6e3 HeKOTOpOro oOIIero MeTo1a He OOONTHCH.

JIBa HamboJIee U3BECTHBIX CIIOCODA MOKA3BIBATDL apU(PMETHUIHOCTH OC-
HOBAHBI Ha BO3MOXKHOCTH <«KOJIMPOBaHUsI» KOHEYHBIX MHOXKECTB U II10-
caenoBaresbHocTell. OMH U3 HUX BocxoauT K L'éento (Tak HasbiBaeMasi
B-dbyuxuus Ténens), Bropoii nznoxen B Kuure «Teopust popMaiibHBIX
cucrems [24]. Eé manmcan P. Cmasman, M3BeCTHBINH Tak:Ke KaK aBTOD
HOILYJISIPHBIX COOPHUKOB <«JIOIMYeCKUuX 3ajad» u aHekgoroB. (Oxun u3
TaKuxX COOPHUKOB NMeeT MapaJIoKcalbHoe Ha3BaHue «Kak ke Ha3bIBaeT-

cst ora kHAUra?> [23].)
B HEKOTOPBIX OTHOmMEHHAX MeTox [énelis MpeaIoYTUTe/IbHEH, 1 MbI
PACCKa3bIBAEM O HEM B KHUZKKE O BBIYMCJIUMBIX (QYHKIMX [5], HO ceiigac

JUTsT pa3Hoobpasust pacCMOTPHUM JIPYToii criocob. 3aduKkcupyeM B3auMHO
OJTHO3HAYHOE COOTBETCTBHE MEXKJy HATYDAJLHBIMU YUCJIAMH U JIBOMY-
HBIMU CJIOBAMU:

0

12 3 4 5 6 7 8
A O 1

00 01 10 11 000 o001

DTO COOTBETCTBHUE 3aJaETCS TaK: 9TOOBI ITOJIYYUTDh CJIOBO, COOTBETCTBY-
I0I[ee 9UCJIy N, HAJO 3aIUcaTb 1 + 1| B JBOMYHON CHCTEMe U YIAJUTH
nepByto equHuIly. Hampumep, HYJIIO COOTBETCTBYET IIyCTOE CJIOBO A, dmc-
sy 15 — caoso 0000 u 1. 1. Tennepb MOXKHO TOBOPUTDH 06 apUPMETUITHOCTH
[IPEINKATOB, OIPEJEIEHHBIX HA JIBOMYHBIX CJIOBAX, UMesi B BUIY apud-
METUYHOCTH COOTBETCTBYIOMUX MpeanKaToB Ha N.

e [IpeamkaT «CJI0BO & COCTOUT M3 OTHUX HyJI€eit»> apudmerndeH. B ca-
MOM Jiejie, IPH TIepexo/ie K YUCJIaM €My COOTBETCTBYET IPE/INKAT
«x + 1 ecThb cTeneHb JBOWKN», KOTOPBIH (KaK MbI BHJIEJIHN) apud-
MEeTHYEH.

e [Ipemukar «cjoBa T ¥ Yy UMEIOT OIWHAKOBYIO JJIMHY»> apugMeTu-
geH. B camowm Jiesie, 9T0 03HAUYAET, YTO HAMJIETCSA CTENEeHb JTBOWKU
¢, it Koropoit ¢ — 1 < z,y < 2¢ — 1 (MMEeHHO TaKOl IPOMEXKYTOK
3AIOJIHSIOT YHUCJIa, KOTOPBIM COOTBETCTBYIOT CJI0BA OJIHOI JIJIMHBI).
AHajIoruyHbIM 00PaA30M YCTAHABIUBAETCS APU(PMETHIHOCTD IIpe-
JUKaTa «T KOpode Y».

e Ilpemukar «CI0BO 2 SBJISETCA KOHKATEHAIMEH CJIOB & U y» (Ipo-
e TOBOPs, Z II0JIy9aeTCsl IPUIKMCHIBAHUEM Y CIpaBa K CJIOBY )
apudmerndern. B camoMm jesie, ero MOXKHO BBIPA3UTh TaK: HARIET-
¢ CJIOBO Y W3 OMHMX HyJIeH, HMEIOIee Ty ¥Ke JJIUHY, 9TO U CJIOBO
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y, upu 3toM (z+ 1) = (x + 1)y + 1) + (y — v') (ymuoxkenue ua
3y’ + 1 cooTBercTByeT IONUCHIBAHUIO HyJeil, a gobasieHue y — 1’
3aMeHsIeT HyJIU Ha GYKBBI CJIOBA V).

e [IpenuKkar «CJIOBO T SIBJISETCSI HAYAJIOM CJIOBA Y» apudmeTnteH. B
caMOM JeJie, 9TO O3HA9aeT, YTO CyMIECTBYET CJIOBO ¢, IPA KOTOPOM
1 €CThb KOHKATEHAIUA T U t.

e To ke camoe BEPHO IS NIPEJIUKATOB «T €CTh KOHEI] CJIOBA Y», <T
€CTD TIOJICJIOBO CJIOBA Y¥» (MIOC/IEIHEE O3HAUAET, UTO HAMYTCA CJI0BA
U U v, JJIsI KOTOPBIX 4 €CTh KOHKATEHAIUs U, T U V; KOHKATEHAIUS
TPEX CJIOB BHIPA3MMA Y€PE3 KOHKATEHAIIUIO JBYX ).

e Cymecrsyer apudmernuecknil TpéxmectHblii npequkar S(z,a,b),
0BT a0yl TakuMu cBoiicTBaMu: () JTs JIFOOBIX @ 1 b MHOXKECT-
B0 Sap = {z | S(x,a,b)} KoneuHo; (6) cpeau MHOXKECTB Sgp IPH
Pa3IMYHLIX Hapax @, b BeTpedaloTcs Bee KOHeYHbIe MHOXKecTBa. Ha-
IprMep, B KadecTBe TAKOTO IIPEIMKATa MOYKHO B3ATh <« KOPOUe a
U aTa eCThb MOJICJ0BO CJI0Ba by (3/1€Ch ara 6CTh KOHKATEHAIUS TPEX
CJIOB: @, T 1 CHOBA a).

B camom genie, sicHO, 9TO CJIOBO T He JJIMHHEE CJIOBA b, U MOTOMY
MHOXKECTBO Syp Beerma koneuHno. C Ipyroit CTOpOHBI, IMyCTh MMe-
€TCsl HEKOTOPOE KOHEYHOE MHOXKECTBO CJIOB T, ..., T,. 1l00KIM
a = 100...001, rae uucsio Hyseit OOJbINe IJIMHBI JIIOOOTO U3 CJIOB
z;, 1 b=arjaxrsa...ax,a.

[Tocnennee yTBep:KieHNE HE YIIOMUHAET CJIOBA, M OOJIbIIIE OHM HaM HE
MMOHAIO0SATCS: JIOCTATOYHO 3HATH, YTO KOHEYHbIE MHOXKECTBA HATYPAJIb-
HBIX YUCEJI MOXKHO KOJHMPOBATH MMAPAMU HATYPAJbLHBIX UUCE B OMMCAH-
HOM CMBICJIE.

Tenepsb MBI MO2KEM BBIPA3UTH, YTO YUCJIIO & ABJISIETCS CTEIEHBIO YHICIIA
4, cieyomuM o0pa3oM: CYMIeCTBYET KOHeUHOe MHOXKecTBO U, KOTopoe
COJIEPIKUT YUCJIO X U 00JIaIaeT TAKUM CBOHCTBOM: BCIKUil 3jteMeHT u € U
Jbo pasen 1, mubo mesures Ha 4 u u/4 rakxke npunagyexur U. Tenepnb
HaJ0 Be3Jie 3aMEeHUTb MHOXKecTBO U Ha ero Ko Ui, Us, & YTBEPXKIeHue
z € U na S(z,u1,us), rae S — HOCTPOEHHBI HAMU KOAMPYIOIIUii [Ipe-
JIMKAT.

HeMHOTO C/I03KHee BBIPA3uTh AByMecTHbIH npeukar @ = 48, Tyr xo-
TeJI0Ch OBl CKA3aTh TaK: CYIIECTBYET MOCIEI0BATEIBHOCTD Lo, L1, - - -, Tk,
IS KOTOPOit &g = 1, KaXKIbIil CJIEIY oMl 1IeH BIeTBePO OOJIbIIIe TIpe-
npiaymero (z;41 = 4x;) u 2, = x. Kak Hay4urhcs roBopuTh O HOCIIE-
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JTIOBATEJILHOCTSIX, €CJIM MBI YMEEM TOBOPUTBH O MHOXKeCTBax! Bernommmm,
YTO B TEPMUHAX TEOPUU MHOXKECTE TIOC/IE0BATEIHLHOCTD €CTh (DYHKITHS,
OlIpeJIeIEHHAST HA HAYAIBHOM OTPE3KE HATYPAJILHOIO Psijia, TO €CTh KO-
HeaHoe MHOXKecTBO 1ap { (0, zo), (1, 21), ..., (k, 2x)}. [Tapbl MOXKHO KO/IH-
poBaTh uncaamu. Hanpumep, MOXKHO CUMTATH KOJOM Iaphl (T, y) IUCIO0
¢ = (z+y)? + =, HOCKOMBbKY 1O HeMy apudMeTHIeCKH BOCCTAHABIHBA-
ercd « + y (Kak HAMOOJIbIIEE YUCIIO, KBRJIPAT KOTOPOrO HE IPEBOCXOIUT
¢), a 3areM x u y. Tenepb KOHEYHOE MHOXKECTBO IIAD MOYKHO 3aMEHHUTH
KOHEYHBIM MHOXKECTBOM UX KOJIOB, KOTOPOE B CBOIO OYepejb MOXKHO 3a-
KOJIMPOBaTh Mapoil YuceJ.

59. IIpoBenute 310 paccyxaeHne IOIPOOHO.

60. l_IOI(a)I(I/ITe7 qTo ﬂByMeCTHbIﬁ npeaukKaT «r €CTb N-0€ 110 IOPAJAKY IIPpO-
CTO€ YHUCJI0» apU(PMETUIEH.

3.5. HeBblpa3umble npegumkaTel: aBTOMOPU3MbI

MpsrI Bujiesu, Kak MOXKHO JIOKa3aTh BHIPA3UMOCTD HEKOTOPBIX CBOMCTB.
Ceitgac MBI MOKaXkKeM, KAKUMM 0OpPa30M MOXKHO JIOKA3bIBATH HEBBIPA3U-
MOCTb.

Hauném ¢ takoro mpumepa. Ilycrs curHarypa COIEepKHUT JBYyMeCT-
HBIIl IPEJIMKAT PABEHCTBA (=) U JABYMECTHYIO ONEPAINIO CJaoKeHus ().
PaccmorpuM €€ mHTEpIpeTanno, HOCUTEJIeM KOTOPON SIBJISIIOTCH IeJIble
YUCJIA, & PABEHCTBO U CJIOXKEHUE UHTEPIPETUPYIOTCS CTAHIAPTHBIM 00-
pazom. OKa3bIBAETCs, ITO MPEIUKAT T > Y He SIBJISIETCS BHIPA3UMBIM.

[Ipruanna ovyeBUgHA: ¢ TOYKH 3PEHUST CJIOXKEHUS TIeJIbIe IHCJIa YCTPO-
€Hbl CUMMETPHUIHO, ITOJIOXKUATEJIbHBIE HIUEM He OTJINYIAIOTCS OT OTPUIA-
TeJbHbIX. EcaM Mbl M3MEHHM 3HAK y BCEX IEPEMEHHBIX, BXOIAIUX B
dopMmyity, TO €€ HCTUHHOCTD HE MOXKET U3MeHuThcs. Ho mpu atom x > y
3aMEHHUTCH Ha & < Y, U IIOTOMY 9TO CBOWCTBO HE HABJISETCSI BHIPA3UMBIM.

@OpMaJ’[bHO roOBOps, HA/IO JOKa3bIBATh 110 MHAYKIINU TaKOoe CBOICTBO:
ecim (popmysta p yKa3aHHON CUTHATYPBI UCTUHHA IIPU OIEHKE 7, TO OHA
UCTUHHA U [IPU OLEHKE 7', B KOTOPO 3HAYEHUS BCEX IIEPEMEHHBIX MEHsI-
0T 3HaK. ([Togpo6HO MBI OOBACHIM 9TO B 00IIEll CHTYaINH JAJIbIIIe. )

Cdopmymupyem 0OIILyI0 cxeMy, KOTOPOil CJIeJIyeT 9TO PacCyKIeHue.
[IycTh mMeeTcss HEKOTOpasi CUTHATYDPA 0 U MHTEPIIPETAINs 9TONH CUTHA-
TYPBI, HOCUTEJIEM KOTOPOIl siBJjIsieTcst MHOYXKecTBO M . Banmuo ofHO3HAY-
Hoe orobpaxkenue o: M — M Ha3bIBaeTCS A6MOMOPPHUIMOM AHTEPIIPE-
TaIUH, ecin Bce (DYHKIUU U MPEIUKATHI, BXOAAIINE B WHTEPIPETAIUIO,
YCTORYIUBBI OTHOCUTETBHO (. Ilpm 3TOM k-mecTHBIN TipeankaT P Ha3b-
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BaeTCda yCTI’LO’&"tUB’bLM OTHOCUTEJIbLHO «, ecJin
P(a(my),...,a(my)) & Plma,....my)

JJIsE JIFOOBIX 9JIEMEHTOB My, ..., mg € M. Hanee, k-mecraas dyakmus f
Ha3bIBACTCA YCmoluusoli OTHOCUTEIbHO (v, €CJIN

fla(my),...,a(mg)) = a(f(m,...,mg)).

D10 ompeenerne 0600IAeT CTAaHIAPTHOE OIPEIeeHNEe aBTOMOPMU3MA,
JIJIsl TPYTII, KOJIeIl, TOoJIei U T. JI.

Teopema 27. Jlioboit mpeinKaT, BRIPA3UMBIT B JTaHHON WHTEpIIpEeTa-
[IUU, YCTONYIUB OTHOCUTEILHO €6 aBTOMOP(MU3MOB.

< TIpoBeém 10Ka3aTeIbCTBO ITOrO (JOCTATOYHO OYEBUTHOTO) yTBED-
XKJieHusi (GOPMAJIBHO.

IIycts m — HeKoTOpAas OMEHKA, TO €CTh OTOOPaYKEHNe, CTABSIIEE B CO-
OTBETCTBHE BCEM HWHJIUBUJIHBIM [T€PEMEHHBIM HEKOTOPbIE 3JIEMEHTHI HO-
curens. Yepes « o m 0603HAYMUM OIEHKY, KOTOpPasl MMOJIYIUTCS, €CIA K
3HAYEHUIO KaXKJI0 IepeMEHHOI NMPUMEHUTb OTOOpayKeHue (v JAPYTUMU
cioBamu, o (&) = a(m(€)) miia moboit nepemernoi &.

[TepBorit mar cocToUT B TOM, YTOOBI MHLyKIMEH IO TIOCTPOEHUIO TEP-
Ma t JIOKa3aTh TaKOe YTBEP:K/ICHIe: 3HAUEHIe TepMa ¢ TP OIEHKe ( O T
[OJIyIaeTCsl IIPUMEHEHNEM (v K 3HAYEHHUIO TepMa ¢ IIPHU OIEHKE T

[t](avom) = a([t](m)).

L7151 TIepeMeHHBIX 9TO OYEBHJIHO, & MAr WHJIYKIINN UCHOJIb3YeT YCTONIH-
BOCTH BCeX (DYHKIUI MHTEPIPETAIINA OTHOCUTEIBHO (.

Tenepsb MHIYKIMEl IO TOCTPOEHUIO (DOPMYJIBI (0 JIETKO JOKA3aTh Ta-
KO€ yTBepKJeHUe:

[pl(ecom) = [p](m).

Mps1 He OyeM BBIIACHIBATH 3Ty IIPOBEPKY; CKAXKEM JIMIIb, YTO B3aMMHAsI
OJIHO3HAYHOCTD (v UCIOJIB3YETCs, KOIJIa Mbl pa3dbupaeM ciaydail KBaHTO-
pos. (B camom geiie, eciin ¢ oHOl cTOpoHbI n30Mopdu3Ma 6epércs Ka-
KOU-TO 00BEKT, TO B3AWMHAs OJHO3ZHAYHOCTH TIO3BOJISIET B3ATH COOTBET-
CTBYIOIUiT eMy O6beKT ¢ ApYyroil cTopoHbl n3oMopdusma.) >

Teopema 27 103BOJISIET JOKA3aTh HEBBIPA3UMOCTH KAKOTO-TO IIPEJIU-
KaTa, [IPeIbIBUB aBTOMOP(MU3M MHTEPIIPETAIUN, OTHOCUTEIHEHO KOTOPO-
T'0 UHTEPECYIONIHiT HAC IPeINKAT HeyCTOWInB. BOT HECKOJIBKO IpUMeEpOB:

e (Z,=,<) Curnarypa COIEpKUT PABEHCTBO U OTHONIEHUE HOPsIIKA.
Wureprnperarust: 1esbie gncia. Hesbipasumbiii npeaukar: © = 0.
Apromopdusm: x — x + 1.
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¢ (Q,=,<,+) Curnarypa cofepKuUT PABEHCTBO, OTHOIIEHHUE [IOPsI-
Ka ¥ OTIEPAINIO cJIoyKeHust. HTepperanust: paroHaabHbIe YUCIIA.
Hepbipazumbriii npeaukar: © = 1. Apromopdusm:  — 2.

BaMeTI/IM7 YTO CJIOZKEHUE ITI03BOJIAET BbBIDA3UTh HNPEAUKaT T = 0.
KpOl\le TOro, OTME€THUM, 9TO BMECTO pallMOHAJIbHbBIX YHCEJI MO2KHO
B34ATb ,ILGIU/ICTBI/ITQJIBHBIQ (HO HE IIeJIbIe, TaK KaK B 9TOM CJIydae eIu-
HHUITa OIINCBIBACTCA KaK HaUMEHbIIee YIUCJIO, OoJbIee HyJIH).

e (R,=,<,0,1) Curnarypa CONEPKHUT PABEHCTBO, MOPAJIOK U KOH-
craaTe! 0 u 1. MaTepnperanms: meficrBurensube uancia. Hepbipa-
3uMblii npegukar: £ = 1/2. (ABroMopdusM ynopsiJjoueHHOr0 MHO-
kectBa R, coxpanstommii 0 u 1, Ho He 1/2, OCTPOUTH JIETKO. )

e (R,=,4,0,1) Curnarypa COIEPKUT DABEHCTBO, CJIOYKEHUE, KOH-
craaTel 0 u 1. Wnrepnperanus:: geiicreurenbubie unciaa. OmHO-
MECTHBII IIpeINKAT T = 7 BBIPA3UM JJIs PAIMOHAIBHBIX Y M HEBbI-
pasuM JIJIsT UPPAIUOHATBHBIX 7.

B camom jiesie, BBIpa3uMOCTh Jjis PAIMOHAILHBIX Y oYeBuaHa. He-
BBIPA3UMOCTh JIJIs UPPAIMOHATIBHBIX Y CJEYET U3 TOTO, UTO JIJIst
JIIOOBIX JIBYX UPPAIHOHAJIBHBIX Y1 U 72 CYIIECTBYET aBTOMOPMU3M,
nepesossinuii y; B 2. (B camom nese, paccmorpum R kak Gec-
KOHEYHOMEpPHOE BeKTOpHOe npocrpancTBo Haj Q. Bekropsr 1,7,
JINHEHHO HEe3aBUCUMBI U IIOTOMY UX MOXKHO JIOIOJHHUTH JI0 Oa3uca
Tamesns (10pOoGHOCTH CMOTPH B KHIXKKE 110 TEOPUH MHOXKeCTB [0]).
Crenaem To ke camoe ¢ BeKTopamu 1,7s. [lomydaarcs paBrOMOIII-
Hble 6a3UChI, TOCIe 4ero Mbl bepém Q-JimHeltHbI omepaTop, mepe-
Bopsinuit 1 B 1 1 1 B 72.)

e (C,=,+,%,0,1) B curnarypy BXOmsIT IpeIUKAT PABEHCTBA, OIe-
panuu CJIOXKEHHS U YMHOXKEHHs, a TakKe KoHCTaHTbl 0 u 1. u-
TeprpeTanus: KOMIJIEKCHbIe [uncaa. llpenukar x = v, rme v —
HEKOTOPOE KOMILJIEKCHOE YUCJI0, BHIPA3UM IS PAITMOHAIBHBIX 7Y 1
HEBBIPA3UM /IS ©PPAIMOHAJIBHBIX 7.

B camowm meste, eciin Y uppaIimoHaIbHO, TO OHO MOYKET OBITH ajreb-
pPaMvecKUM MM TPAHCIEHIEHTHBIM. B IIepBoM cirydae pacCMOTPHUM
mHOrouwaeH u3 Q[x] MurnMaNbHON crenenu, obpararomuiics B 0 B
TOYKE 7Y; IO TIPEJIITOJIOKEHHUIO OH UMEET CTENeHb 6oJibine 1 u moToMy
umeer Apyroit kKopeub 7. B asirebpe mokasbiBaeTcs (¢ UCIOIB30-
BaHWEM TPAaHCHUHUTHON MHIyKmu win jeMMbl [lopHa, a Takke
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6a31COB TPAHCHEHIECHTHOCTH), 4TO cymecTByer apromopdusm C
nag Q, nepepoampuii v B .
B ciiygyae TpaHCIEHIEHTHOTO Y MBI UCIIOJIb3yeM Tako# (hakT: Jjis

JMIOOBIX TPAHCIEHIEHTHBIX V1,72 € C cymectByer aBroMoOpdmaM
oyt C mag Q, KOTOPHBI IEPEBOIUT Y1 B Ya.

Ormerum, ato Jy1st ogist R Bmecro C takoe paccyKjieHue He TPOXo-
JIUT, TaK KaK 9TO II0JIe HEe UMeeT HETPUBUAIBHBIX aBTOMOP(MU3IMOB.
(OTHOmIEH e TOPSIIKA B HEM BBIPA3UMO: IIOJIOXKUTEJIbHBIE THCIIA
CyTb KBaJpaThl, IIOITOMY JIIO0OI aBTOMOP(MU3M COXPaHSET MOPSsi-
nok. IlockonmbKy aBTOMOpPGU3M OCTABJISET HAa MECTe BCE PAIHO-
HAJIbHbIE YUCJIA, OH JIOJIKEH OBbITH TOXKJECTBEHHBIM. )

B sTOoM ciryvae mpeamkaTr x = 7 BBIPA3UM TOTJA U TOJBKO TOTJIA,
KOTJIa 7y — aIrebpamaecKoe Iucyao. JTO JIETKO CIELyeT U3 TEOPEMBI
Tapckoro — 3aiinentbepra (pasmesn 3.8, ¢. 109).

61. Ilokaxxure, uTO mpegukar y = & + 1 HEBBIPA3UM B HHTEPIIPETAINHI
(Z,=, f), rne f — omnomecrnas dbyuknusa ¢ — (r + 2).

62. Tlokaxkure, 9TO peUKAT T = 2 HEBBIPA3UM B MHOXKECTBE IIEJIBIX IIO-
JIOXKUTEJIbHBIX YHCEeJI C IIPEeIUKATaMU PABEHCTBA U <X HEJIHUT Y».

3.6. HeBpra3I/IMbIe npeanKaTbl: SANMNHAUNA KBAHTOPOB

ITpu BCelt TPOCTOTE METOJ JIOKA3ATEIHCTBA HEBLIPAZUMOCTH € IIOMO-
MbI0 aBTOMOP(U3MOB CTPAIAET OYEBUIHBIM HEJOCTATKOM: O9eHb YacTO
Tpebyemoro aproMopdusMa HeT. Hanpumep, HATYpasbHbBIE YUCIA, C OIe-
parueil IpubaBIcHA eIUHAILI BOOOIIE He JOIYCKAIOT HUKAKOTO HETPH-
BuabHOTO aproMopdusma. (Tem HE MeHEe TaM BBIDA3UMO OYeHb HEMHO-
roe, Kak Mbl BCKope yBuamm.) Llessle umcria ¢ omeparmeii mpubasie-
HUS €IUHUIBI JOMYCKAIOT aBTOMOPMU3MbI (CIBUIH), HO 3T ABTOMOP-
PU3MBI HE MO3BOJIAIOT JOKA3aTh, YTO OTHOIIEHHUE IIOPSIIKA HEBLIPA3HMO
(ITOCKOJIBKY OHO YCTOHYIHMBO OTHOCHTEIBHO CJIBUTOB).

Boulee IpsiMoii MeTOT TOKA3aTeIbCTBA COCTOUT B TOM, YTO MBI IIPEb-
ABJIAeM HEKOTOPBIH Kiace £ IPeIuKaToB, KOTOPHI COAEPKAT BCE BLIPa-
3UMBbIE IPEJAMKATHI U HE COIEPKUT MHTEPECYIONEro Hac npeaukaTa. [1pu
9TOM MBI JIOKA3BIBAEM, UTO £ CONEPKUT BCE BHIPA3UMBIE IIPEJIUKATDI, TAK:
nposepsieM, uTO £ CONEPKUT BCe NPEeJIUKATHI, BHIPA3UMbIE ATOMAPHDI-
MU HOPMyJIaMH, 8 TAK¥Ke 3aMKHYT OTHOCUTEIbHO JIOTHYECKHUX OIlePalluil
(obbenunenne, nepecedeHne, JONOJHEHNE) U OlE€paluu npoekuu (co-
OTBETCTBYIOIIEH HABEITMBAHUIO KBAHTOPA, CyIECTBOBAHHUA; KBAHTOD BCE-
OBIIHOCTN BBIPAsKAETCS Yepe3 KBAHTOD CyIecTBoBaHusl ). JacTo kiace £
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COBIIQJIAET C KJIACCOM BCEX MPEINKATOB, BHIPA3UMBIX OECKBAHTOPHBIMUI
dopmysiamu (HHOTZIA HAJO PACIIUPUTH CUIHATYDPY), B HOTOMY STOT Me-
TOJ|, HA3BIBAIOT METOJIOM <«JIUMUHAIMU KBAHTOPOB». (DTO KpaTKoe OIu-
caHUe, BO3MOYKHO, CTAHET sICHee M3 IPUBOMMBIX JIaJlee TIPUMEPOB. )

Hauném ¢ rakoro mpumepa. IlycTs curaarypa comep:KuT paBeHCTBO,
onroMecTHYIO byuKnuio S (npubasienue equnuibl) u koucraary 0. Ho-
CUTeJIEM WHTEPIPETAIruu OyJAeT MHOXKECTBO Z TEJbIX 9HCEJ, CHUMBOJIBI
CUTHATYPBI UHTEPIPETUPYIOTCS €CTeCTBEHHBIM oOpazom. B sToit curya-
1y n30MOp(MU3IMOB HE CYIIECTBYET, TaK YTO IIPEIbLIYIIIil ClIOC00 T0Ka-
3aTeJIbCTBA HEBBIPA3UMOCTH 3/1€Ch HEIIPUMEHUM.

Tem He MeHee KJ1acC BBIPA3UMBIX IIPEIMKATOB BECbMa, OIPDAHUIEH: ITO
MIPEINKATHI, BHIPA3UMbIe OECKBAHTOPHBIME (OpMyJIamMu. Bymem Ha3bI-
Barb zBe (HOpMyJIbl (paccMaTpUBAEMONl HAMH CHI'HATYDPBI) 9KBUBAJIEHT-
HBIMU (B JIAHHON MHTEPIPETAINN ), €CJIN OHU BBIPAYKAIOT OJIAH U TOT ¥Ke
[IPEJIUKAT, TO €CTh UCTUHHBI IIPU OJHUX U TEX K€ 3HAYEHUSIX IIepPeMeH-
HBIX.

Teopema 28. st Besikoit (hopMysIbI pacCMaTpPUBAEMON HAMU CHTHA-
TYPBI CYIIIECTBYET IKBUBAJEHTHAA €il OeCKBaHTOpHAA (POPMYJIA.

<1 BynieM jioxkasbIBaTh HHILYKIUEN 110 IIOCTPOEHUIO (MJIH, €CIIA YIOIHO,
1o juinHe) hOpMYIIBL ( CYIeCTBOBAHNE SKBUBAJIEHTHOM eif B (Z,=, S, 0)
GeckBanTopHOi dhopmysbl. s yaobersa (4T00bI paccMaTpUBATL OJUH
cirydail, a He 1Ba) Oy1eM cauTaTh, YTO HAIIA (DOPMYJIa MOXKET COJEPKATD
TOJIBKO KBAHTOPBI CYIIECTBOBAHNS, HO HE BCEOOIMHOCTHA. DTO 3AKOHHO,
Tak Kak popMysanbl VE ¥ n —3€ —1) IKBUBAJIEHTHDI.

Ciyuait, Korjia ¢ ecThb aroMapHas (opMyJia, OUeBUIEH — OHA U TaK
OGeckBaHTOPHAsI. EC/n ¢ sIBJIsTeTCsI KOHBIOHKIMEH, U3 bIOHKIMENH NN M-
IUIMKAIMER ABYyX YacTeil, JOCTATOYHO 3aMEHUTh KaXKJIyI 9acThb Ha K-
BUBAJIEHTHYIO GECKBAHTOPHYIO (YTO MOXKHO CJIEJIATH I10 IPEIIOJIOKEHUIO
UHJLYKIHN).

EnuacTBennbIil comepKkaTebHbI ciryyait — Korma dopmyrna ¢ Ha-
YUHAETCS ¢ KBAHTOPA CYIIECTBOBAHMs, TO €CTh UMeeT BUJ Jx7T (IycThb
[0/l KBAHTOPOM CTOMT IiepeMeHHas ). Mbl paccyKaaeM 10 MHIYKIUH,
ITO9TOMY MOXKEM CUUTATh, 9TO popMyJia T — beckBanTopHasi. OHa mMeeT
(BO3MOXKHO) U JIDYT'HE IIAPDAMETPBI, CKAXKEM, L1, . . ., Ly. ITOOBI IIOJIEPK-
HyTb 9TO0, OOBIYHO BMECTO T HUILYT T(Z,Z1,...,Ty,). HaM Hano Haiitu
0OeCKBaHTOPHYIO (OPMyYJIy HAIllEll CUTHATYPbI, SKBUBAJEHTHYIO (hopMyJIe

r7(x, 21, ..., Ty).

Dopmyna 7(x, T1, . . . , Tp) IPEICTABILET COOOM OyJIEBY KOMOMHAIMIO ATO-
MapHbIX hopmyst. [TocmoTpum Ha Te aToMapHbie (POPMYJIbI, KOTOPBIE CO-
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JiepKaT nepeMeHuyo x. Aromapras dhopmysa mpejacraBisger coboil pa-
BeHCcTBO JBYX TepMoB S(S(...(S(w))...)) = S(S(...(S())...)); 3mecn
u U v — b0 1epeMenHble, oo kKoHcTanTa (. Eciu nepemennas x Bxo-
JIAT U B JIEBYIO, U B IPABYIO 9acTh, TO (B TOIl MHTEpIPETAIINN) TaKast
aromapHas (opmysia aubO BCerja UCTUHHA, JINOO BCEryla JIOXKHA, U €€
MOXKHO 3aMEHUTh Ha KaKyIO-HUOY/Ib TOXK/IECTBEHHO UCTUHHYIO MJIN TOXK-
JIECTBEHHO JIOKHYI0 (POPMYILY, He coepKaliyio x. [locae aroro ocramnyT-
cst aToMapHbie (POPMYJIBI, KOTOPBhIE MOYKHO 3aINCATH KaK

r=1t, x=ty, ..., T=1tg.

3nech t; — OO Iesasg KOHCTAHTA, HOO BHIpaXKeHHE BHIA T, + ¢, TOe
Z; — KaKag-To JIpyTras IepeMeHHasl, a ¢ — Iejoe 9ucjao. Mbl mo3so/uim
cebe citlerka OTCTYIIATh OT KAHOHOB, PA3PEINNB MPUOABIISATD U BEITUTATH
[IeJIbIe KOHCTAHTBI BMECTO TOTO, 9TOOBI IPUMEHATH (DYHKIUIO S B JICBOU
U IIPaBO YaCTAX PABEHCTBA. ZICHO, YTO 9TO He MeHsieT KJIACCa BhIPA3H-
MBIX (DOPMYJI, 3aTO MO3BOJIIET OCTABUTH & B JIEBON YACTHU, 8 KOHCTAHTY
IIEPEHECTH B IPABYIO.
Teneps cpaBanM doOpMyILy

o=3T(x,21,...,2T0)
¢ popmyIoit
T(t1, 1,y Tn) VT(t2, 1, oo Zn) VooV T (b, X1, -+, ),

KOTOPYIO MbI Oyjer obosHadarh ¢’ . Popmysa ¢’ mnpencrasisier coboil
U3 BIOHKIINAIO (DOPMYJI, TOJIYY€HHBIX B PE3Y/IbTATE ITOJICTAHOBKY Pa3JINd-
HBIX t; BMeCTO = B GeckBaHTOpHYIO dbopmyiy T(x,Z1,...,%,). (locue
[TOJICTAHOBKH MOYKHO BEPHYTHCS K OOBIYHOMY BHJIy 3alMCh (POPMYJIBI,
3aMEHUB NpUOABJIEHNE KOHCTAHT Ha HYKHOE KOJMYIECTBO MPUMEHEHUH
dbyukmu S ¢ TO# MaKM IPYTOil CTOPOHBI PABEHCTBA. )

OueBUIHO, YTO €CJIM JIJIst KAKUX-TO 3HAYEHUHN TIEPEMEHHBIX L1, - - . , Ly
dopmyna ¢’ mCTUHHA, TO U STUX 3HAYEHUI T, . . . , T, UCTUHHA U HOP-
MyJsia . B camom fierte, eci UCTUHEH -1 WIeH JU3bIOHKINN, TO B hOp-
MyJIe (0 B KA9eCTBE T MOYKHO B3SATh 3HAYECHHE BBIPAYKEHUS ;.

Bepno s obparroe? He obsizarebHO. BriojiHe BO3MOXKHO, 9TO TOT
T, KOTOPBIN CyIIEeCTBYeT W jiejiaeT (pOPMYJy ¢ HUCTUHHOM, OTJINIAETCS
or Bcex t;. Ho MBI mpomycTmyin 1o CyIecTBy TOJBKO OJWH CJIydail —
BCE TaKWe & B HEKOTOPOM CMBICJIE OJMHAKOBBI, TAK KaK OHU JIEJIAIOT BCE
aroMapHble (DOPMYJIBI, COEpPKAIINE &, JIO)KHBIME, TTO9TOMY BCE PABHO,
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KaKoif n3 Takux x BbIOpaThb. OTMETHM TakKe, 9TO XOTs ObI OJWH TaKO
T HAAIETCsI, TOCKOIBKY 7, OECKOHETHO, & BBIPAYKEHMUI t; JINIh KOHETHOE
YUCIIO.

O6osnaanm wepes " dopmyry, KOTOpasi MOJYYUTCA U3 T 3aMEHO
BCEX ATOMAPHBIX (HOPMYJI, COJEPKAIUX X, HA TOXKJECTBEHHO JIOYKHBIE
dopmysbl. CkazaHHOE BBIME OOBSICHSET, MOYeMy (OPMYJa ¢ SKBUBA-
JleHTHa, Iu3bionknuu ¢’ V ¢, Mbl gocturnm nenmn — Hamum GecKBaH-
TOPHYIO (DOPMYJLY, SKBUBAJIEHTHYIO (hpopMyJie ¢. [>

JIerko moHSATH, YTO OTHOIIEHHE IOPsIKA T > Y He BbIparkaeTcs Oec-
KBaHTOPHOI (POPMYJIO HAIllell CUTHATYPBI, TOCKOJIBKY Takas (GopMyJia
MOXKET BKJIIOUATH JIUIIb aTOMapHble (GOPMYJIbI BUJIA T = Y + ¢ U JJIst
Heé corydaii, Korja iy CUJIbHO OOJIbINe X, HEOTJIMYUM OT CJIydasi, KOrja ¥y
CHWJILHO MeHbIre . TeM caMbIM Mbl JIOKa3a/au (4ero Hejb3s ObLIO Cie-
JIATH METOJIOM aBTOMOP(hU3MOB), YTO OTHOIIEHNE T > Y HEBBIPA3UMO (B
JIQHHOI MHTEPIIPEeTAINA JAHHONW CUIHATYDHI).

Hewmmoro 6osee ciaoxkHOe paccyKaeHne MOHAI00UTCsI, eC/in JOOABUTH
K CUTHATYpPE OTHOIIEHUE MOPSIJIKA.

Teopema 29. Besikas dbopwmyina B (Z,=, <, S) (rae S — byuknus upu-
GaBJieHNs] eIMHUIIbI) SKBUBAJEHTHA HEKOTOPOl GeCKBAHTOPHON (GopMy-
ae. (Kak rosopsr, (Z,=,<,S) donyckaem saumMunayuio £6aHmMopos.)

< IMoHOCTBIO yTBEPKIEHNE TEOPEMBI 3BYUHUT TaK: JJIsi BCSIKOI (Dop-
MYyJIbI CHTHATYDBI, COJIEPKAIEil PABEHCTBO, MOPSIJIOK U CHMBOJI S, Haii-
JeTcst 6ecKBaHTOPHAsA (OpMyJsa TOM Ke CHUTHATYPBI, KOTOPas IKBUBA-
JIEHTHA €fi B MHTEpIIPETAIy, TJleé HOCUTEJIEM SIBJISIeTCsl Z, & CUMBOJIBI
CUI'HATY Dbl HHTEPIIPETUPYIOTCs eCTeCTBeHHbIM 06pa3oM. (B nanbaeiimem
MbI Oy/IeM OIlyCKATh TAKUEe [OSCHEHMUS. )

JlokazarenbcTBO cieyer npexkueit cxeme. [Ipasia, Tenepn aromap-
HbIX (opmyst Hosbire — omMumMo GopmMyst & = t; y Hac OyayT GOpMyIIBI
x < t;. IloaToMy HeJIb3sT pACCIMTHIBATH HA TO, 9TO BCE 3HAYEHUS T, HE
BCTpevaouecs cpeau {t1, . .., tg }, BeayT cebs OMUHAKOBO, U HAII IPUEM
C BBIJIEJIEHUEM CJIy4asi, KOIJIa BCe PABEHCTBA JIOXKHBI, O0JIee He TIPOXOINT.

Kaxk ke 6brTe? [Ij1s1 JaHHBIX 3HAYEHUI T, . . . , T, 9UCTA T, . .., g JTE-
JISIT YUCJIOBYIO OCh (TOYHEe, MHOXKECTBO 7 LEJIBIX YUCeJ) HA IPOMEXKYT-
KU, U JIJIsl BBISICHEHUSI KICTUHHOCTH (DOPMYJIBI (0 HaM HaJIO HONPOOOBATH
(moMuMO Beex t;) XOTs GBI IO OJHOMY YHCITYy U3 KaXKJIOrO IIPOMEXKYTKA.
910 OyJeT rapaHTUPOBAHO, €CJIM Mbl HAIWINEM JU3bIOHKIIUIO, B KOTO-
pyto, nomuMo Bcex dopmyit T(t;, T1,. .., Ty), BORIYT TakKe (POPMYJIBI
T(ti+1,z1,...,x,) uT(t; —1,21,...,2,). DTO HO3BOJIAET HAM OGONTHUCH
6e3 hopMyIIbl 0" 1 GIArOIOIYYHO 3aBEPIINTD JIOKA3ATEIbCTBO. [>

63. IIposepbTe, uTo H0baBiIeHne KOHCTAHTHI 0 K 3TON CHUTHATYpe He IIpe-
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OATCTBYET JIMMUHAIIUN KBAHTOPOB.

Yro Oyaer, ecau Mbl U3 9TOW CHUTHATYDBI yaaanM GyHkimio S7 Jler-
KO MOHSITH, YTO KJIACC BBIPA3UMBIX MHOYKECTB HE U3MEHHUTCS, TAK KakK
y = S(z) MOXKHO BBIPA3UTH KAK <Y ABJISETCS HAUMEHBIIUM 3JIEMEHTOM,
66apM . OHAKO TPH 3TOM MBI MCIIOJIB30BAJIN KBAHTOPBI, TaK 9TO
i (Z, =, <) 3IMMAHALIUA KBAHTOPOB HEBO3MOXKHA.

64. Y6eaurech, uro B camom gese dopmyna y = S(x) He IKBUBAJIEHTHA
HUKAKOl OECKBAHTOPHOHN (pOpMyJIe 3TOM CUTHATYPHI.

Yacro Takoil mepexos MPUXOIUTCS BBIMOJIHATH B 0OPATHOM HAIIPaB-
JIEHUU: y HAC €CTh HEKOTOpAas CUTYallus, B KOTOPOI SJIMMUHAINS KBaH-
TOPOB He TPOXoauT. MBI 00XO/IMM 3TY TPYIHOCTH, JOOABUB HEKOTOPBIE
BBIpa3UMbIe IPeIUKaThl U (DYHKIMY B HAIILY CUTHATYPY, IIOCJIE Yero DJIH-
MWHAIUs KBAHTOPOB yaaércs. B 9TOM ciiydae MBI IMOJIydaeM OIUCAHUE
BCEX BBIPA3UMBIX NPEAUKATOB (IIPEJUKAT BLIPA3UM, €CJIU OH 3aIUCHIBA-
ercst 6eCKBAHTOPHOI (hOpMyJIOil pacmpenHoil curHaTypst). Mbl BeTpe-
TUMCsI C TAKOH cuTyarmeil qabiie, ropopst 06 apudmerure [Ipecbyprepa
(pasmen 3.7).

B HekoTOpBIX cilydasx pacCyKJeHHe YIPOIIAETCs, €CJIU ITPUBECTH
b6eckBaHTOPHYIO (POPMYIY K JU3IBIOHKTUBHOM HOpMaJbHON dhopme. Bor
OJIVH U3 TAKUX IIPUMEPOB.

Teopema 30. Beskas dopmyna B (Q, =, <) 95KBUBaJIeHTHA HEKOTOPOI
6ecKBaHTOPHOI dopMy.Ie.

<1 Kak Bcerya, JoCTATOYHO paccMOTpeTh cirydail hbopMyssbl BUIa

e r(x,21,. .., T0),

rue 7(z,x1,...,2,) — OeckBanTOpHas ¢opmysna. Popmysy T MOXKHO
cuurarh HOPMYIION B AUIBIOHKTUBHON HOPMaJIbHON dopme (Teopema 4,
c. 16). HartoMHNM, 5TO O3HAUAET, ITO T MPEJICTABISAET COOON N3 bIOHK-
[WI0 KOH'BIOHKITUI, 8 KaXK[asi KOHbIOHKIIMS COEIUHSIET HECKOJIBKO JIMTe-
pasioB (aroMapHbIX GOPMYJT UK UX OTPUIAHMIA).

B manHOM ciiyyae MOXKHO M30aBUTBHCS OT OTPUIAHUMN, 3aMEeHUB (POp-
myny —(x = y) vHa ((x < y) V (z > y)), a dopmyny -(z < y) — Ha
((x = y) V (x > y)). Hocne aroro HaIO BOCIOJB30BATHCH AUCTPUOY-
THUBHOCTBIO ¥ BHOBb IPUATH K JU3BIOHKTUBHON HOPMAJIbHON hopme — ¢
OOJIBITIIM YHUCJIOM TJIEHOB, HO y2Ke 0e3 OTpUIaHUIA.

Teneps HAIIO BOCIOJIB30BATHCS TEM, YTO KBAHTOD CYIIECTBOBAHUS
(«BGeCKOHEUHYIO U3 BIOHKIIUIO ) MOXKHO II€PECTABJIATH C OOBIYHOM U3 b-
1ouKImeil. TouHee roBopsi, Mbl IOJIB3yeMCsl TeM, 4T0 HPOpMyYJIbl 3 (T1VT2)
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u Jx 71 V 3z 7o sxBuBasenTol. (Besblil nin 4épHbIA € IMHOPOr CYIIECTBY-
€T TOrJa W TOJBKO TOTIA, KOTZA CYIIECTBYET OENbIil €IUHOPOr MU Cy-
HIECTBYET YEPHBII €JMHOPOI.) DTO 06CTOATENLCTBO II03BOJISIET 3aMEHUTh
dbopmyiry
(V7 V...VT,)
Ha
demVIzmV...VdrT,

7 JIaJbIne pa3buparhes ¢ KaxKoi u3 pOpMyJs OO THHOTKE.

Nrak, nvam octasioch mpeobpa3oBaTh K O€CKBAHTOPHOMY BUIY (HOp-

MyJTy

3z (pr Ap2 Ao A pr),
rie Kaxkaasi u3 GopMyJl p; COeIMHSET KaKHe-TO JIBe TePEMEHHbIE 3HAKOM
= win < (HAIIOMHHMM, 9TO OT OTPULIAHUI MbI y¥Ke U30ABUIIUCD).

Hexoroprie u3 dbopmyn p; He comepxkar nepemennoit x. Torma ux
MOKHO BBIHECTH 3a KBAHTOD: €CJIU T HE SIBJSETCS ITapaMeTpoM pOPMYJIbI
a, To dopmyast 3z (a A 8) m a A Jz f 9KBUBAJIEHTHBI (€C/IM (v UCTUHHO
JIJIs HEKOTOPBIX 3HAYEHMIT [TapaMeTpPOB, TO B 06enx hopMyJiax ero MOKHO
OILYyCTUTB; €CJIU (¥ JIOZKHO, TO 00e POPMYJIbI JIOXKHBI IIPU ITUX 3HATEHUSIX
IapaMeTpoB).

Boinecst Takue hopMysIbl, MOKHO CIUTATD, 9TO MOJ] KBAHTOPOM OCTa~
JINCH JINIIH dpopMyJIbI Buja r < Tj, X = X; 1 & > I;, CDABHHABAIOIINE IIe-
PEMEHHYIO T C KAKUMU-TO JIDYTUMU IepeMeHHbIMU. Fcjim TaM ecTh XOTh
OJIHO PABEHCTBO, TO KBAHTOP CYIIECTBOBAHUSI BBIPOXKIAETCSI — €I'0 MOXK-
HO YIAJATh BMECTE C IEPEMEHHOI T, 3aMEHUB €€ Ha Ty IEePEMEHHYIO,
KOoTOpO#i ona pasua. Hanpumep, dopmyny Iz ((z = y) A A(z)) moxuo
sameHuTH Ha A(Yy).

Wrak, ocrajcs ciydail, KOrja IepeMeHHas & BCTPEYAETCs JIUIIb B
HepaBeHCTBaX. JIpyrumu cjioBamMu, HaC CIPAIUBAIOT, HANJAETCS JiM 3HA-
geHue x, 0oJIbIllee KAKUX-TO [TEPEMEHHBIX U MEHBIEe KAKUX-TO JAPYTHX.
Ecsin Bce orpannvenust Ha T OJHOrO 3HaKa (TOJHKO CHHU3Y WA TOJBKO
CBEpXY), TO TAKOe 3HAYEHHE T CYIIECTBYET [PU JIOObIX 3HAYCHUSX JPY-
I'MX TEPEMEHHBIX (IIOCKOJIBKY B MHOXKecTBe (Q HET HE HAMOOJIBINEro, HU
HAMMEHbIIIEro 3J1eMEHTOB). UTO0 JIeJ1aTh, eCJIM €CTh OrPAHNYEHUST PA3HBIX
suakoB? IlycTs Hama dopmysia, HaTpuUMep, UMeeT BUT

Jr((z>a)A (x>0 A(xz<c)A(z<d).

Kak zamucarsb ycjioBust Ha a, b, ¢, d, Ipy KOTOPBIX 9TO BEPHO, HE UCIIOJIb-
3yst kBauTopos? Hao Hammcares Takyto hopMysLy:

(a<e)N(a<d)N(b<c)A(b<d).



[o. 6] DAUMUHAYUS KEAHMOPOS 95

Ms1 XOTUM HANMCATDH, 9TO HAMOOJIBIAS 3 HU2KHUX I'PAHUIL MEHbIITE HAV-
MEHbIIIell U3 BEPXHUX, HO MOCKOJIBKY 3apaHee HEeM3BECTHO, KaKasd OyIeT
HanboJIbIell U Kakas HAaUMEHbIIEH, MBI IHUIIEM, YTO JII00as HUXKHA
IrpaHnIla MeHbIle Jiroboii Bepxueil. [lockosibKy MHOXKecTBO QQ siBjistercst
IUIOTHBIM (MeXK/Ly JIFOOBIMU JIBYMsI 3JeMEeHTaMU Hafij8rcsi TpeTuii), To
9ta (hopMysia PaBHOCHIIbHA UCXOTHOI.

Tak, mOCTEneHHO CBOSI JIEJI0 KO BCE 0OOJiee TPOCTBIM CIIydasiM, MbI
3aBEPIINJIN paccykKJjeHue. >

3aMeTuM, 9TO B 9TOM JI0KA3aTEIHLCTBE U3 CBOWCTB PAIIMOHAIHHBIX TH-
CeJI MBI UCIOJIB30BAJIH JIAIIb OTCYTCTBHE HAUOOJIBINErO U HANMEHBIIIErO
3JIEMEHTa ¥ IUIOTHOCTH. 1loaTOMy BCe Hammu mpeodpa3oBaHUs OCTAIOTCH
SKBUBAJIEHTHBIMU JJIsI JIFOOOTO YIIOPSITIOYEHHOTO MHOXKECTBA C TAKUMU
cBoiictBamu, a e TobKO Iy Q. Ilpumenus stu npeobpazoBanus K 3a-
MKHYTO popmyiie (dbopmysie 6e3 HapaMeTpoB), MbI HOJLYIUM UIH TOXK-
JIECTBEHHO UCTUHHYIO (DOPMYILy, MM TOXKJECTBEHHO JIOXKHYIO (TOJBKO
HaJ0 J00aBUTH B SI3bIK KOHCTAHTBI J[JIsl HICTUHBI U JIXKH, YTOOBI HE UCIIOJIb-
30BaTh (DUKTUBHBIX IIEPEMEHHBIX, KOI/Ia HAJI0 HAINCATH TOXKJIECTBEHHO
UCTUHHOE UJIA TOXKJIECTBEHHO JIOXKHOe BhIpazkeHue). OTcioa Mbl 3aKJI0-
9aeM, YTO BO BCEX IUIOTHBIX YIIOPSIOYEHHBIX MHOXKECTBaxX 0e3 1epBoro
U TIOCJIEJTHETO SJIEMEHTa CIPABEIJINBBI OMHU U Te 2Ke (DOPMYJIbI Harei
curaaTypbl. Kak roBopsr, Bce TaKne MHOXKECTBA IAEMEHMAPHO IKEUBA-
AEHMMB, ¢ TOUKYU 3PEHUs Hameil curHaTypsl, cM. paszaen 3.9. (pyroe
JOKA3aTeILCTBO ITOTO (haKTa MOYKHO ITOJIY9UTh, UCIOJIb3ys Teopemy Jle-
Benreiima — CrosleMa 0 CIETHON MTOIMOJIEN U TeopeMy 00 n30Mopdu3Me
CYETHBIX IJIOTHBIX JIMHEHHO YIIOPSAIOYEHHBIX MHOXKECTB 0e3 IIepBOro u
IIOCJIEJIHETO SJIEMEHTOB, CM. pasjen 3.11.)

B wactaOoCTH, MBI TOKA3aJIH, ITO IS PAIIMOHAJIBHBIX U JE€HCTBUTE b
HBIX YHCeJI UCTHHHBI OJHU U Te ¥Ke (POPMYJIbI CUIHATYPBI (=, <).

Emé ofaum n10609HBIM IPOJYKTOM HAIIErO PACCyKAeHus (KaK U Jpy-
IUX PACCy2KJeHuil 00 IMMUHAINE KBAHTOPOB) $BJSIETCS CIOCOO BBISIC-
HUATH, OYJEeT Jin JaHHAs 3aMKHyTasi (OpMyJia UCTUHHON HJIU JIOKHOHM B
paccMarpuBaeMoil nHTepipeTanui. st 3roro Hajio npusectu eé K Hec-
KBAHTOPHOMY BHJY W IOCMOTPeThb, nosyunrcs ju W wim JI. dpyrumu
CJIOBAMM, JIMMUHAINS KBAHTOPOB YCTAHABIIMBAET PA3PEUUMOCTIL DJIe-
MEHTAPHON TEOPUU PAIMOHAJIBLHBIX UUCEI C OTHOIIEHUSIMA PABEHCTBA U
TIOPSAIKA.

DIMMUHAIUSA KBAHTOPOB OCTAETCsI BO3BMOXKHON (M paccyzKieHue jia-
’K€ HEMHOI'O YIIPOIIAETCs ), eCJIU PAMOHAJIbHbIE (MU JIefiCTBUTE/IbHBIE )
YHUCIa PACCMATPUBATH HE TOJBKO ¢ PABEHCTBOM M IIOPSAIKOM, HO H CO CJIO-
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KEHHEM W PAIMOHAJBHBIMU KOHCTaHTaMu. B 3TOM ciiyuae MOXKHO BOC-
[TOJIF30BATHCA IPUBEIEHHON paHee CXeMOU ¢ KOHEIHBIM IIPE/ICTABUTE b
HBIM HaOOpOM TepMOB. B camom Jeste, mycTh & — nepeMeHHasi, KOTOPYIO
(BMecTe ¢ KBAHTOPOM CYIIECTBOBAHMSI 110 HEH) MBI XOTUM JIMMUHUPO-
BaTh. Bce aTomapHbie hopMyJib, €€ cojepKaliue, MOXKHO «Pa3periuThby
OTHOCHTEJILHO &, MOJIyYNB HEKOTOPOE KOJIMIeCTBO (OPMYJT BUa T = t;,
x>t mxr <t;, rget; — JuHelHble KOMOMHAIINN OCTAJILHBIX ITEPEMeH-
HBIX C panuoHabHbIMU Kodbdurmmenramu. (Pasperienne paoHaibHbIX
K03 DUIMEHTOB BMECTO IIEJIBIX HUYEr0 He MEHSET, TaK KaK MOYXKHO IIPH-
BECTH BCE K OOIIeMy 3HAMEHATEJI0 U IMOJIYUYUTh Iejible KO3 DUIUEHTHI,
3aTeM IEPEHECTU OTPHUIATebHbIEe KOI(DDUIMEHTH B JPYLYI0 YacTh, &
HOJIO’KUTEIbHBIE 3aMEHUTh MHOIOKDATHBIM CJIOZKEHHEM. )

3areM B KaueCcTBe MPEJICTaBUTEILHOIO HAbOpa HaJ0 B3sSTh HAOOP, CO-
CTOSIIUN, BO-IIEPBBIX, U3 BCEX t;, BO-BTOPBIX, U3 BCEX CPEIHUX apudme-
tudeckux (t; + t;)/2, u, HakoHem, u3 Bolpaxenuit ¢; — 1 u ¢; + 1. fcwo,
9TO KaK Obl HM DPACHOJIOXKWJINCH TOYKW ; HA JHCJIOBOI OCH, 9TOT Ha-
00p 3axXBaTUT KAK MUHUMYM IO OJIHOI TOYKE M3 KarXKIOr'0 IIPOMEXKYTKA
(cpename apudmMeTnyeckne Hy»KHBI JJIsi MHTEPBAJIOB, & NpPUOABJIEHNE U
BBIUMTAHNE €J[MHUIBI — JJIsT JIydell [0 KPasiM).

65. IIpoBecTn 310 paccykjieHue mopPOOHO.

BosMoxkHOCTD 3/MMUHAIINE KBAHTOPOB B TOJBKO 9TO PaCCMOTPEH-
Hoit curyaiuu (Q, =, <, +, paruoHajbHble KOHCTAHTHI) UMEET UHTEPEC-
HOE TeOMETPUIECKOe TPUMEHEHHE.

Teopema 31. IlpemmosokumM, 9TO eIUHUYHBIN KBaJpaT paspe3aH Ha
HECKOJIBKO KBaJIpaToB. 10rja Bce OHU UMEIOT PAIMOHAJIBHBIE CTOPOHBI.

< IlycTs nano Takoe paspesanue ¢ n MEHbINUMY KBajaparamu. Hamu-
mem dopMmyity ¢ 3n napamerpamu (n U3 KOTOPBIX COOTBETCTBYIOT Da3-
MepaM MEHBIINX KBaJPaToB, a 21 — KOOPJAMHATAM UX JIEBBIX BEPXHUX
YIJIOB), KOTOpasi TOBOPUT, YTO 3TH MAPAMETPBI JIEHCTBUTEIHHO 38[AI0T
paspesanue KBajpara (KBaIpaTbl COAEPIKATCA BHYTPU €JIUHUIHOIO, HE
UMeIOT OOIIUX TOYEK U BCAKAsS TOYKA €IMHIIHOrO KBAIPATa TOKPHIBAET-
st X0Ts1 OBl OHUM U3 MEHBIINX KBaIpaToB). HaBecus KBAHTOPBI CyIIie-
CTBOBaHUSI 110 TIEPEMEHHBIM, 33 Iaf0IIMM KOOPAMHATHI, TOJIYIUM (POPMY-
ay F(xy,...,x,) c napaMerpamu Xy, . . ., T,, KOTOpas UCTUHHA, KOTJA U3
KBaJIPATOB PA3MEPOB X1, . . ., Ty, MOXKHO COCTABUTD €INHUYIHBIN KBAIPAT.

DMMUHAIMS KBAaHTOPOB IO3BOJISIET CUMTATh, 4TO (hopmysa F Hec-
KBAHTOPHAsI, TO €CTh IIPEJICTABJISIET COOOM JIOTHIECKYI0 KOMOMHAIIUIO Pa-
BEHCTB W HEPABEHCTB BUJA C1T1 + ... + CpTy +Cco = 0 1 c1x7 + ... +
+cpn +co > 0 ¢ pa3IuIHBIMU pAIMOHAJIBHBIMEU KO durmeraTamu. [1o-
CMOTPUM Ha BCe BBIPAXKEHUS, CTOSIINE B JIEBO YaCTU TAKUX PABEHCTB
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u HepaeHcTB. [lojgcTaBuMm B HUX Yuciaa Zi,...,~T,, COOTBETCTBYIOIINE
JaHHOMY HaM paspesdanuio. [Ipm sToM mosmydurcs ucTuHHAST OPMYJIa
F(zy,...,T,), B KOTOPOil HEKOTODBIE U3 JIEBBIX YaCTell PABEHCTB U HEPa-
BEHCTB Oy/IyT paBHBI HYJIO, a Jpyrue HeT. Bpemenno 3abyjiem mpo Te,
KOTOpBbIE HE DaBHBI HYJIIO, & PaBHbIE HYJIIO Oy/eM BOCIPUHUMATH KakK
JIeBbIE 9ACTU YPABHEHWH C HEU3BECTHBIMU L1, ..., T, (C HyJEM B IIpa-
BOIi YaCTH) HE3ABUCHMO OT TOIO, BXOIMJIM JId OHU B F' Kak JieBble 4acTu
ypaBHeHUIl min HepaBeHCTB. [losyunTcs cucrema ypaBHEHUM, IJIs KO-
TOpO#i 4ucIa T, ...,ZT, OyAyT pemeHusMu. Ecin 3Tu 4ucia sgBIA0OTCHA
€JINHCTBEHHBIME €6 PellleHNsIMHA, TO OHU PAIMOHAJBHBI (HAIIPHMED, IIOTO-
My, UTO mpaBuiaa Kpamepa Jis pereHns CuCTeMbl yPaBHEHUM COJEPIKAT
OTHOIIIEHHUS OIIpejiesinTesiell ¢ panuoHaIbHbBIMU djieMeHTaMu). [lokazkem,
9TO JPYroro OBITH HE MOYKET.

B camom neste, ecnm pellieHne He €IMHCTBEHHO, TO €CTh I€JIasd IIPsi-
Mag, MMPOXOAANIas 4Yepe3 TOYKY T — (El,...,fn> n JexKamas B MHO-
JKeCTBe peleHnii cucreMbl. Bece TOUKM MpsiMOii, JOCTATOYHO OJIM3KUE K
T, HEOTJIMIUMBI OT T C TOYKU 3peHus Hpopmysbl F U MOTOMY Ie/IaoT
dopmysy F' ucruaaoit. B camom 1esie, jieBble dacTu, paBHbIE HYJIIO B
T, PaBHBI HYJIIO Ha BCEil IIPAMOH, & JieBble YaCTU, OTJIMYHbIC OT HYJIS B
TOYKe T, COXPAHAIOT 3HAK B HEKOTOPOI OKpeCcTHOCTH 3Toi ToukH. IlycTs
<h1, .. .,hn> — HaIpaBJISIIONIKI BeKTOp 3TOil mpsimoit. Torma mpu Bcex
JOCTATOYHO MaJIbIX 3HAUECHUAX ¢ U3 KBaJIPaTOB Pa3MepOB

T1 + thi,To + the, ..., Ty + thy,

MOXKHO COCTABHUTH €IWHUYIHLIN KBajipaT. Ho 310 HeBO3MOXKHO. UTOOBI
yOeIUThCS B 9TOM, JIOCTATOYHO OCTABUTH JIOTUKY U BEPHYTHCA K T€O-
METPHUH: ILIOMAIN STUX KBAJIPATOB B CyMME JIOJI2KHBI PABHATHCS 1, HO
IJIOMIAIh KayKJ0r0 €CTh MHOTOUJIEH BTOPOM CTEMEeHN 10 ¢, 1 KOI(MDPUITH-
€HT IIpH 12 MOJIOXKUTEJIEH, IOITOMY CYyMMa TAKIX MHOTOUJIEHOB He MOXKET
TOKJIECTBEHHO PABHATHCS €IMHUIE HU HA KAKOM HHTEpBaJje. >

Hackoibko cyliecTBeHHa B 9TOM PACCYKIEHUH CChLIKA Ha BO3MOXK-
HOCTB 3JINMWHAINU KBaHTOPOB! B npuHImie MOXXHO OBLIO OBI paccyk-
narh Tak. Ilycrs gaHo paspesanue Ksagpara. Ilocmorpum Ha KoH(u-
rypamno, o6pa3yeMyio MEHLIIUMI KBaJIpaTaMU, U HAIUIIeM PaBEeHCTBA
U HEPABEHCTBA Ha pa3MeEpPhl dacTeil, KOTOpble TapaHTUPYIOT, YTO B 3TOM
KOHMbUTYypAIUN HeT Tiieseil n nepekpoituii. (aiee npogosKkaeM paccyx-
JleHue Kak panbiie.) Koneuno, BO3HUKAaeT BOIIPOC: MOYEMY MbI YBEPEHHI,
9TO TAKYK CHUCTEMY YPABHEHUI M HEPABEHCTB MOXKHO HAImMCaTh! LUrsijist
Ha KOHKPETHYIO KOH(UTYPAIHIO, 9TO CAEJaTh JIETKO, HO KaK MPOBECTH
9TO PacCyKEeHUEe CTPOro Jjist OOIIEro cjIydasi, He BIIOJIHE IIOHSATHO.
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N3noxxkennble METOIBI TO3BOJIAIOT IIPOBECTH SJIMMUHAITNIO KBAHTOPOB
7 ONNCATH BHIPA3UMBIE MHOXKECTBA BO MHOTHX CUTYAITUSX; HECKOJIHLKO
IIPOCTBIX MMPUMEPOB TAKOTO PO/Ia MPEIaraioTcsa B KadecTse 3aja4. /IBa
Gosee caoxkHBIX npuMepa (apudmernka [IpecGyprepa u Teopus CIoxKe-
HUsI 1 YMHOYKEHUsI JefICTBUTEJIbHBIX YHCes) PasOupaloTcst B IBYX CIIEy-
IOIMUX pa3esax.

66. OnmcaTh BbIpA3MMBbIe IPEAMKATEL, TIPOBEIS JITUMUHAIMIO KBAHTOPOB (1
paCIIIpUB CUTHATYDY, ecau HyxkHO) miua (a) (M, =), rae M — npousBosbHOE
6eckoneunoe MuHoxKecTBo; (6) (Q,=,+); (B) (Q,=,S), rne S — oneparus npu-
6asnenns eauannel; (r) (N, =,5), roe S — oneparusi npubaBICHNs €MHUIID;
(m) (N,=, S, P), tne S — onepanus npubasieHus eIUHAIDBI, & P — oxHOMECT-
HbBII TPEIUKAT «OBITH CTENEHBIO JBONKN».

3.7. Apudpmetuka lNpecbyprepa

Ceituac Mbl onuileM BbIpasuMble MHOXKeCTBa B (Z, =, <,+,0,1). O1-
METHUM Cpa3y, YTO C TaKO CHTHATYPOU JMMHUHAIUS KBAHTOPOB HEBO3-
MoxkHa. B camom geste, dopmyna Jy (r = y + y), UCTUHHAS JUIS 9ET-
HBIX T, HE 9KBUBAJIEHTHA HUKAKON OecKBaHTOpHOM dopmyste. [losromy
HAM HYKHO, IIPEXKJIe YeM MPOBOJUTH JIUMHUHAIMIO KBAHTOPOB, PACIIIH-
puth curHarypy. [lpuBenéHubiii npumep GOPMYJIBI MOJICKA3BIBAET, Ka-
KOe pacrimpenre HaM HeoOxommMo. PaccMoTpuM ca6THOE CeMecTBO JIBY-
MECTHBIX IPEIUKATHBIX CUMBOJIOB =g, =3, =4, ... CUMBOI =, OyueT UH-
TEpPIPETUPOBATHCST KAK PABEHCTBO 10 MOy c. Jpyrumm cjoBamu,
dopmysa © =, y OyHeT UCTUHHA, €CJU T CPABHUMO C Y O MOIYJIIO C
(ocTaTKM 110 MOJYIIIO ¢ PABHBI; & — Y KPATHO C).

BaxxHo uMmeTh B BULy, UTO MHIEKC C B & =, Y He sIBJIIETCS TIePEMEH-
HOI: y HaC He TPEXMECTHBII TPeINKAT, & CIETHOE CEMENCTBO IBYMECTHBIX
[IPEJIUKATOB.

Takoe pacmmupeHnre He MEHSIET KJIACCA BBIPA3UMBIX ITPEIUKATOB, I10-
CKOJTBbKY, HAIPUMED, T =3 Y MOYKHO BBIPA3UTDh Kak Jz (x =yt+z+z+ z)
3aTo mocsie 3Toro Besikas (pOpMyJia SKBUBAJIEHTHA OECKBAHTOPHOMH, KaK
HOKa3bIBAET CJIE/yIolias TeopeMa (Ha3blBaeMasi TeopeMoil 06 dJiMMUHA-
MY KBAHTOPOB 6 apugdmemure IIpecbypzepa).

Teopema 32. B (Z,=,<,+,0,1,=3,=3,...) BBIIOJHUMA JIUMUHAIUSA
KBaHTOPOB.

<I MBI OyzeM IpuMeEHSTH METO/T, OIIPOOOBAHHBIN B IIPEIBIAYIIEM Pa3-
JieJie: BbIOOD IIPEJCTABUTEILHOIO MHOXKECTBA TEPMOB (II0C/Ie HEKOTOPBIX
npeobpasoBanuii GOPMyYIIB).

Hamomunm, kak 310 jgesaercs. MbI XOTHM JI0Ka3aTh, YTO BCAKAS
dopmyTa IKBUBaJIEHTHA OeCKBAaHTOpHOMN. PaccyKaas 1Mo WHIyKITMHA, MBI
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JOJI?KHBI JIMIIb IIPOBEPUTH, 9TO BCAKas (hOPMyJia BUIA

FrT(z, 21, .- X)),
rae 7(x, T, . . ., Tp) 0603HAYAET GECKBAHTOPHYIO (POPMYJLY, BCE TIEpEMEH-
HBIE KOTOPOH COAEPIKATCI CPEIH T, T1, . . . , Tp, IKBUBAJICHTHA HEKOTOPOIl

6eckBaHTOpHON dopMysie (€ TeMHU Ke NePEMEHHBIMU, HE CIUTasd T ).
[Tocmorpum, kakne aTomapuble (OPMYJIBI COAEPXKAT MEPEMEHHYIO T
u BXondAT B T. IlepeHocs 4ieHBI B OFHY CTODOHY, 3TU aTOMapHbIe QOp-

MyJIbI MOYKHO 3allUCaTh B OJHOM M3 TPEX BHAOB: L(T,T1,...,%,) = 0,
L(z,zq,...,2,) > 0w L(x,21,...,2,) = (0, tme L(z,21,...,2,)
IPEJCTaB/IsSeT COOOH JIMHEHHYI0 KOMOMHAIIMIO IIEPEMEHHBIX T, L1, . . . , T

¢ neJibiMu KoM hUIMEeHTaMU U [EeJIOYUCIEHHBIM CBOOOIHBIM wieHoM. (B
ormuane ot curyanun B Q, 3/1ech HeJIb3s JIeJNTh Ha KOIDOUIUEHT pu
x.) IlepeHocst & B JIEBYIO 9aCTh, & BCE OCTAJIBLHOE — B TIPABYIO, MOJIyYaeM
COOTHOIIIEHNE OJTHOIO U3 YETHIPEX BUJIOB:

kx =1(x1,...,25);
kx <l(z1,...,z,);
kx > l(xy,...,x,);
kx =c l(x1,...,2Tn),

rjie k — MOJIOKUTENIbHOE TIeJI0e YUCI0 (pasHoe I Pa3HBIX aTOMAPHBIX
dbopmyin), a | — suHeliHas KOMOUHAIMS IIEPEMEHHBIX L1, . . . , Ly, C II€JIbI-
MU KO3 DUITUEHTAMEA U CBOOOTHBIM YJIEHOM.

Kak mbl roBopuwin, koaduiuenTsl B JeBoii dactu (a Takxke, pasy-
MeeTcsl, IIPaBble YacTH) Y Pa3HBbIX aTOMapHbIX (opmyd pasubie. OmHako
MbI MOXKe€M UX yHUMDUIINPOBATE, Iepeiiaa K obiemMy KpaTHoMmy. B camom
Jlejie, HEPABEHCTBA M PABEHCTBA MOXKHO YMHOXKATh Ha YUCJIO, CPaBHE-
HUS — TOXKE, eCJIU MOJLY/Ib CPABHEHUA (MHIEKC ¢ B =) YMHOXKUTDH HA TO
Ke caMoe 9ncJio. 1109ToMy MOXKHO CIMTATH, ITO HAIa (GOPMYJIa UMEET
sug, 3z 7(kx, z1,...,T,), HOHEMAs HOM ITUM, YTO & HOLBJISIETCH TOJBKO
B JIEBBIX YaCTAX U Be3ze ¢ kKodddurmentoMm k. Takyio dpopMysy MoKHO
[IePeIncaTh Kak

y (1(y, 15, Tn) A (y =¢ 0)).

Takum o6pa3om, 6e3 orpaHImIeHnsT OOTITHOCTH MOYKHO CIUTATD, 9T0 k = 1,
MIOCKOJIbKY HOBast POPMYJIa UMEET TOT YK€ CaMbIi BUJT

ElyT(yvxlv e ,xn)v
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9TO U UCXOZHAs, HO yKe 6e30 Begkoro koadddunuenta upu y (1 ¢ MOjiu-
dbunuposannoit dopmysoit 7). Ilycrs Iy, . .., [, — BbIpazkeHUsl, CTOAIINE
B [IPABBIX YACTIX PABEHCTB, HEDABEHCTB M CPABHEHUI C JIEBOI YaCThIO Y.

MpbI XO0THM, KaK U B IPEIAbLIYIIEM pa3iese, YKa3aTh [PeICTaBUTE b-
HbIil HAaOOp 3HadeHuit Y71,...,Yyn. Kaxkmoe uz Y; npesicrasiser coboit
JIMHEWHYI0 KOMOWHAIINIO TIEPEMEHHBIX T1, ..., T, C MeJIbIMU KODUIm-
€HTaMU 1 CBOOOIHBIM 4jieHOM. «IIpeicTaBuTeIbHOCTEY 03HAYAET, YTO €C-
JIU sl KAKUX-TO Z1, . . ., Ly HARAETCS Y, 1JIs KOTOPOTO T(Y, T1,. .., Tn),
TO TAKOH y MOXKHO HAWTH W cpeau 3HadeHwit Y7,...,Yy (mpm rex xe
T1y--- ,.’I,‘n).

Yro0BI yKa3aTh IpeICTaBUTEIBHBIN HA0O0D, PA3/Ie/IUM BCE aTOMAPHBIE
dopMysIBL B T, cojiepIKaIiye Yy, Ha JBa THIA — CPABHEHUS 0 MOIYIIIO U
ocTaJibHbIe (DABEHCTBA U HepaBeHCTBa). [TocMOoTpuM, 110 KAKUM MOZYJISIM
poBosaTCs cpaBHenusd. [Iycts D — obriee KpaTHOE BCEX STUX MOIYJIeH.
B srom citydae usmeHeHne 3HAUEHUsI IEPEMEHHOI Y HA BEJIMYHUHY, KPaT-
Hyio D, He BiinsieT Ha PE3yJIbTATHI CpaBHEHUil. Ternepb BO3bMEM BCE BBI-
PAsKeHUsI, BCTPEYAIONIHECs] B IIPABBIX YaCTAX PABEHCTB UJIM HEPABEHCTB,
u OyseM pUOABJISITH K HUM BCEBO3MOXKHBIE TEJIbIE YUCJIa U3 OTPe3Ka OT
—D 5o D. Dto u 6yuer npeacraBuTeIbHBIN HabOp. dpyruMu ciaoBamu,
B IIPEJICTABUTEJIbHBIN HAOOP BXOJAT BCE BbIpaxKeHus | + ¢, rie | — oiHa
U3 MPaBBIX YacTeil paBEHCTB WJIM HEPABEHCTB, COJEpKAIUX ¥ B JIEBOI
9acTH, a ¢ — IeJI0e YUCJI0, He MpeBocxosiee D 1Mo MOIYJIIO.

TTokazkem, 9T0 MOy YeHHBIT HAOOD AEWCTBUTEIHHO OYAET IPeICTaBy-

TesbHbIM. IIycTh Ipu JaHHBIX Z1, . . . , T, HafIETCA HEKOTOpPOe ¥, JJIsd KO-
Toporo 7(y, L1, .., Ty). [locMOTPUM, KaKue 3HAYEHUs] TPUHUMAIOT IIpa-
BLIE YACTH PABEHCTB U HEPABEHCTB IPH JAHHBIX T1,...,T,. LCIA 3Ha-

YeHne Y TomaIo B 00benuHenne D-0KpecTHOCTel 3TUX 3HAYEHNU , TO J10-
Ka3bIBATH HEUEro. Kcjin ke HeT, HAYHEM CMEIAaTh Y, JBUrasCh IMaraMu
pa3mepa D B HalpaB/IeHUH KaKOI-TO TOYKU U3 3TOTO 0Obeantnenns. Mu-
HOBAaTh MBI €€ He MOxkeM (IIUPUHA OKPEeCTHOCTH paBHa 2D, a pasmep
mara paseH D), MO3TOMy B KaKO#-TO MOMEHT MbI BIEPBBIE HOIAJIEM B
910 obbemuuenue. OGO3HAUUM 3Ty TOUKY (HEPBYIO IONABIIYIO B 00b-
enuuenue) depes y'. Torma ¢y’ upu nomcraHoBke B T JaéT Te ¥Ke camble
pe3yJbTaThl, 9TO U Y. B camMoM jiesie, i CPaBHEHUI 9TO TapaHTUPO-
BaHO, IIOTOMY YTO CJBUT KpaTeH MOJYyJI0 cpasHenuii. Ho aro Bepro u
JIUIsl DPABEHCTB U HEPABEHCTB, TIOCKOJIBKY HA MPEIBIAYINEM Iare Mbl Obl-
Jii BHE D-0KPECTHOCTHU BCEX IIPABbIX YacTell U MOTOMY He MOIJIU HepeiiTu
C OJIHOM CTOPOHBI Ha JIPYIYIO.

Takum 0b6pa3oM, cpein MpeCTABUTEIBHOIO HAbOpa €CTh 3HAYEHUE
(a mmenHo, '), ymossersopsitoree GOpMyse T, ITO U TPEGOBAIOCH 0
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Ka3aTb. >

Wrak, MbI OJIyIn/IN OTBET HA WHTEPECYIONUI HAC BOIPOC: BHIPA3U-
Mble B apudmerukre IIpecOyprepa mpeamkaTbl — 9TO MPEIUKATDHI, BbI-
pa3uMble OECKBAHTOPHBIMU (DOPMYJIAMU, COJEPKAIIMMHE IejTble KOHCTaH-
ThI, CJIOYKEHIEe, PABEHCTBO, OTHOIIIEHUE IIOPSIKA U CPABHEHUS 110 JTFOOBIM
UKCHPOBAHHBIM MOJLYJISIM.

3.8. Teopema Tapckoro—3aiigeHbepra

B sT0oM pazjesie Mbl IOKayKeM, YTO B 3JIEMEHTAPHON TeOpUH J1eiiCTBU-
TeJIbHBIX YUCEJI CO CJIOXKEHUEM ¥ yMHOYKEHHEM BBITOJTHIMA SIMMUHAIILST
KBaHTOPOB. BoJtee TOYHO, PACCMOTPUM CUTHATYPY, COIEPIKAILYIO TIPEIH-
KaThl = 1 <, KOHCTAaHTGI 0 1 1, a TakKe OMepaIuy CJIOYKEHUST U Y MHOXKE-
Husi. PaccMOTpUM MHTEPIPETAINIO 9TOM CUTHATYPbI, HOCUTEJIEM KOTOPOT
SIBJISIETCSI MHOYKECTBO JICHCTBUTEILHBIX YUCEJI, & MPEJUKATHI M Ollepa-
UM TIOHUMAIOTCsI eCTeCTBeHHBIM obpasomM. Torma st Kaxk1oit dpopmy-
JIbl CYIIECTBYET IKBUBAJICHTHAs! (BbIparKAIONlasg TOT ¥Ke Ipeaukar) Gec-
KBAHTOPHAasA (GOpMysIa. ITO yTBEPKIEHNE HAZBIBAIOT meopemot Tapcko-
20 — 3atidenbepaa.

[Ipex e geM JI0Ka3bIBATD ITY TEOPEMY, CJIEJIAEM HECKOJIBKO KOMMEH-
Tapues:

e CBoiicTBO T < Y MOYKHO BBIPA3UTh KAK «CYIIECTBYET HEHYJIEBOE Z,
LTS KOTOPOro 422 = y». Taxum o6pa3oM, KIace BEIPA3HMBIX IIPe-
JMKATOB HE M3MEHUTCH, €CJIU MBI YIAJIUM CUMBOJI < U3 CUTHATYDBHI.
(Ho npesmkaToB, BEIpA3UMBIX GECKBAHTOPHBIME (DOPMYJIAMHU, CTa~
HET MeHbIIe: CBOMCTBO « > (), KaK JIerKO HOHSTD, He 9KBUBAJIEHTHO
HUKAKOM OECKBAHTOPHOI (hbOopMyJie, COAEPKAIIEl KOHCTAHTBI, CJIO-
JKEeHMe, YMHOXKEHIE U PABEHCTBO. )

e BeckpanTophyo (opMmysy Hameil CUrHATYPBI MOYKHO TPUBECTH K
JIN3BIOHKTUBHONW HOPMAJIbHOMN (hOpMeE, MOC/Ie Yero OHa IMPEBPaTUT-
¢Sl B COBOKYIIHOCTb CHCTEM ypaBHeHwWii Buia P = 0 u HepaBeHCTB
Buga P > 0. B camoM jie1e, B KOHBIOHKIASX MOTYT €MIé ObITh OT-
PHUIAHUSI, TO €CTh OTHOIIEHUS # U >, HO MOXKHO pa3outh P # (
Ha (P <0)V (P >0),aP >0mua (P=0)V (P >0), mocie gero

BOCIIOJIB30BAThCs JUCTPUOYTUBHOCTBIO.

o [loammuoxkectBa R"™, 3ajaBaemble ypaBHeHusMu Bujga P = 0 u
uepaserncTamu Buga P > 0 (roe P — npou3BOJIbHBI MHOTOYIEH
OT HECKOJIbKUX IIEPEMEHHBIX C HeJIbiMU KO3bMUIMEeHTaMu ), a TaK-
2Ke MHOXKeCTBa, IoJIydaeMble U3 HUX KOHEYHBIM YUCJIOM Ollepaliuii
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O0ObEIMHEHNS U IIePecedYeHus], HA3BIBAIOT NOAYAN2e0PAUMECKUMU.
W3 npeapiaymero 3aMedannsl BUIHO, UYTO BCAKasd OECKBAHTOPHAs
dopmysa 3amaér nosyanrebpandeckoe muoxkectso. (Ilosyasre6-
pamdyeckre MHOXKECTBa SIBJISIOTCS OOOOIIEHUSIME (.A2€0PaU1ecKuT
MHOXKECTB, 3aJ[aBaeMbIX CHCTEMaMH IIOJIMHOMUAJIBHBIX YypaBHEe-

N3 reopembr Tapckoro —3aiinenbepra BbITEKAET, ITO MPOEKITHST 10~
syanrebpamdeckoro muoxkecrsa A C R™ Biosb ojHOI U3 oceit Oy-
JIeT HoJIyasrebpamdecKuM IoaMHOKecTBoM B R" 1. B camom me-
Jie, TepexoJt, K IPOEKIIUU COOTBETCTBYET JT00ABICHIIO KBAHTOPA CY-
[IECTBOBAHMsI, KOTOPBI MOXKHO 3aTeM 3JIMMUHUDPOBaTh. (YTBEp-
KJIEHUE O IOJIyAJIreOPAnIHOCTH MPOEKINH MOJIyaaredpandeckoro
MHOYKECTBa, 0 CYIIECTBY PABHOCHJIBHO Teopeme Tapckoro—3aii-
JneHbepra, Tak Kak 3JIMMUHAIIAS] KBAHTOPA CYIIECTBOBAHUS SBJISIET-
Csl eIMHCTBEHHBIM HETPUBUAJIBLHBIM IIATOM B JI0KA3aTe/IbCTBE ITOM
TEOPEMBI. )

[Ipumep: pasercTso 2 +pr+q = 0 3a1a8T nosTyanrebpandeckoe (n
JaXke aarebpanmdeckoe) MHOXKECTBO Tpoek (z, D, q). Kaxosa Gymer
€ro IpoeKIUsl BIOJIb OCHA T Ha ILIOCKOCTH p, q7 Kak yuar B mkoJe,
3T0 GymeT MHOXKeCTBO p? — 4q > 0, KOTOpOe OKa3BIBACTCS IOJY-
ajredpanvIecKM B MOJTHOM corjiacuu ¢ Teopemoii Tapckoro — 3aii-
nenbepra. [Ipo aHaIOru9IHBIE KPUTEPUU PA3PEITMMOCTH Y PABHEHUIT
OoJIbIllell CTelleHH B IIKOJIE He ydar, HO TeopeMa Tapckoro—3aii-
JeHOepra rapaHTUPYyeT UX CYIIECTBOBAHIUE.

Kak u Bo Bcex mpempiaymux ciaydasix JUMAHAIMH KBAHTOPOB,
mpeobpasoBanne GOPMYIbI B OECKBAHTOPHYIO (opmyny 3dder-
TUBHO (BBINOJIHSIETCsI HEKOTOPBIM AJITOPATMOM ). B 9acTHOCTH, 3TOT
AJTOPUTM MOXKHO TPHMEHHTHh K 3aMKHYTO# (dopmysie (dopmyse
6e3 mapamerpos). Torma nosyunTest 6eckBanTopHast dhopmysia 6e3
napamerpoB (popMasbHO TOBOpsl, TaM MOIYT ObITh APAMETPDI,
OT 3HAYEHUN KOTOPBIX HUYEro He 3aBUCHUT, HO WX MOXKHO 3aMe-
HUTb, CKaxkeM, HyJsimu). McruHHOCTD Takoi (hbopMyIIbl MOXKHO aJji-
FOPUTMUYECKH IIPOBEPUTH. 1e€M CaMbIM MOXKHO AJINOPUTMUYECKU
[POBEPUTH UCTUHHOCTD JIFOOOTO yTBEPKIEHUs O JIeCTBUTEBHBIX
qrciaX, BBIPaXKEHHOro (GopMyJ/Ioil Hamielr curHarypbl. Kak roso-
PAT, 3JIeMEeHTapHAS TeOPUs AeHCTBUTEIHLHBIX TUCEJI CO CJI0KEHUEM
U YMHOXKEHHUEM Pa3PeuuUMa.
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e BosbmuHCcTBO yTBEPXKAEHUI MIKOJIHLHOTO KypCa T€OMETPUU C IIO-
MOIIILIO METOa KOOPJAMHAT MOXKHO 3allCaTh KaK yTBEPXKIEHUS O
JleficTBUTENbHBIX Yncjaax B Hamedi curnarype. (Mckioyenue, Bipo-
9eM, COCTaBJISIIOT YTBEPXKJIEHUs, I'Jle Pedb HIET He O TPEyTOJIbHMU-
KaX U YETBIPEXYTOJIBHUKAX, & O N-YIOJIbHUKAaX 0e3 yKa3aHWs KOH-
KPETHOrO 7). 3allucaB TeOPEMbI B BUJIE 3aMKHYTHIX (hOPMyJI Haleit
CATHATYPBI, MOYKHO AJTOPUTMUYIECKN MTPOBEPUTH WX MCTUHHOCTD.
Tem camMbIM MBI TOJIydaeM OOIIMUI MeTOJ JTOKA3aTeIbCTBA 0O0JIb-
[INHCTBA TEOPEM IITKOJIBHON reoMeTpun (BIPOYEM, OH UMEET JIHIIb
TEOPETUYIECKOE 3HAUYECHNE, TaK KaK aJrOPUTM paboTaeT He0DO3PUMO
JIOJITO Ha CKOJIBKO-HUOYIb CJIOKHBIX (DOPMYJIax).

Teopema 33 (Tapckoro—3aiigenbepra). st Beskoii hopMysIbl cUrHa-
Typol (=, <,0, 1,4, X) cymecrByer 6eckBanTopHasa HOPMYIIa, 33 IA0IIAST
TOT K€ MPEJUKAT Ha MHOXKECTBE JIeHCTBUTEIHHBIX TUCET.

<1 Kak 00bIYHO, TOCTATOYHO paccMaTpuBaTh (GOPMYILY C €IUHCTBEH-
HBIM KBaHTOPOM CYIIECTBOBAHUS, TO €CTh (DOPMYJIy (0 BUIA

Jz B(z,z1,...,2Tn),

rue B(z,x1,...,2,) — 6eckBanTOpHas (GOpMyJIa, BKIOYAONAsA B cebs
TOJILKO TIEPEMEHHBIE U3 YUCTA T, L1, - - - , L. HAJIO TOKA3ATH, 9TO HANIET-
cs1 SKBUBaJIeHTHAst hbopmydie o GeckBanTopHas dopmymna B’ (z1, ..., 2,).

ITocmorpuMm Ha aTomapubie hopmysibl, Bxoasdmue B ¢popmyay B. Ile-
pEeHOCsT BCe TEpEeMEHHBbIE B OJIHY YacCTb, MOXKHO CYUTATh, YTO BCE OHU
umerot Bug, P(x, x1,...,2,) = 0w P(x, 21, ...,2,) > 0, rne P — Hexo-
TOPBIIl MHOTOWIEH C TesbiMu Kodddurmenramu. KosbIio MHOTOW/IEHOB
C TEeJTBIMU KOI(MDPHUITIEHTAME OT TIEPEMEHHBIX L, X1, . . . , L, 0003HATAETCS
uepes Z[x, 1, . .., Zy)]. [ PyNIUPOBKA UJIE€HOB O CTENEHAM & JTaET MHOTO-
YJIEH OT &, KO3 MUIIMEHTHI KOTOPOI'O MIPEJICTABJISIIOT COO0M MHOIOYJIEHBI
OT T1,...,Tn. CHUMBOJIMYECKH ITO 3AIIUCHIBACTCS TAK:

Zlx,zq, ... x5 = (Zl2y,. .., x5]) ]

(MHOTOWIEHBI OT 1 + 1 IEPEMEHHBIX MOXKHO PaCCMATPUBATH KAK MHOI'O-
9JIeHBI OT OJIHON ITepeMeHHON, KO3MDMUIMEHTHI KOTOPBIX JIEZKAT B KOJIBIIE
MHOT'OYJIEHOB OT 7 IEPEMEHHBIX ).

IIpu dukcanum 3HaYEHUN MEPEMEHHBIX X1, ...,T, BXoadmue B B
MHOTOYJIEHBI TTPEBPAIAIOTCA B MHOTOWJIEHBI OT OJIHOI TTepeMEHHON T ¢
quciioBbiMu Kodddunmentamu. Qopmysia ¢ BbIpaxKaeT TOra KakKoe-TO
CBOICTBO 9TUX MHOIOYWIEHOB U MOYKeT OBITh MCTUHHON miin JIoxkHOM. Ham
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HAJIO JI0KA3ATDh, 9TO Te (L1, ..., Ty), P KOTOPBIX OHA UCTUHHA, 00pa3y-
10T [TOJIyaJIredpanIecKoe MHOXKECTBO.

st 3TOr0 BBEJEM IOHATHE JUAZPAMMb, CEMENRCTBa MHOIOYJIEHOB.
Iycrs Q1(z), ..., Qk(x) — MHOrOWIEHBI OT X C JEHCTBUTEIbHBIMUA KO-
spburmentamu. Jluarpammoit Habopa @1, ..., Qr Oymer Tabuia, Ko-
TOpasi CTpOUTCsl Tak. BO3bMEM BCe KOPHU BCEX MHOIOWICHOB (); (He
cuuTasg HYJEBBIX MHOIOYIEHOB) U PACIOJIOKUM UX B IOPsJKE BO3DAC-
tanus. [lomyauM HeKOTOPBIH HAGOD ducen ay < Qg < ... < Qup. IDTH
qucsia pa3buBaT YHCIOBYIO OCh Ha m + 1 IpoMexxyTKoB (1Ba Jayda n
m — 1 MHTEepBAJIOB), Ha KaXK/JIOM U3 KOTOPBIX 3HAKH BCeX (); TIOCTOSTHHBI.
CocraBuM Tabsuily, B KOTOpoil Oyjer k crpok (10 OIHOM I KasKI0-
ro U3 MHOrOWIEHOB) u 2m + 1 cTO/IGIOB, COOTBETCTBYIOIIUX 11 KOPHSIM
u m + 1 upomexxyrkam (cToJbUbl WIyT B HOPSAIKE BO3PACTAHUS, TAK
YTO KOPHU YePeyIOTCs ¢ IpOMeKyTKamm). B kaxkoii siaefike TabauIst
3AIMIIEM OJIUH U3 TPEX CUMBOJIOB +, — mji 0 B 3aBUCUMOCTH OT TOT'O, SIB-
JISIETCsI JTM MHOT'OYJIEH TIOJIOKUTE/IbHBIM, OTPUIATEIbHBIM UJIA HYJIEBBIM
HA COOTBETCTBYIOIIEM IIPOMEXKYTKE (UJIM B COOTBETCTBYIOIIEM KODHE).

Mpumep. BeImuimeMm muarpaMMy IS CHCTEMBI MHOTOWIEHOB &2 — 1,
x, 0. Kopuamu 31ecy OyayT aucaa —1, 0, 1, Tak 970 CTOJOIBI COOTBET-
CTBYIOT 9ETBIPEM IIPOMEXKYTKAM U TPEM Pa3JIE/ISIOIIAM UX KOPHSM.

—~
—_
~
—~
=]
~
—~
—_
~

2-1(+ 0 — — — 0 +
g|l- - - 0 4+ + +
0jo0 0 0 0 0 0 0

OrmeTnM, 9TO 3HAYEHUS] KOPHEW He SIBJISIFOTCST 9aCThIO JIUArPAMMBI, TaK
9TO, HAIpUMEp, CHCTeMa MHOTowIeHoB z2 — 4, 2x — 1, 0 mMeeT TOUHO
TAKYIO K€ InarpaMMmy.

Ecnu vy o 13 MHOrOY/IEHOB HE MMEET KOPHEN, TO OHU COXPAHSIOT
3HAK Ha BCeil IPSIMOii, U JTUarpaMMa COCTOUT U3 €MHCTBEHHOT'O CTOJIOIA,
B KOTOPOM 3alllCaHbl BCE 9TU 3HAKHU.

Tenepsb paccMOTpUM MHOTOWIEHBL Q1, . . ., Q) € Z[x, 21, ..., 2y,]. lpn
GbUKCHPOBAHHBIX 3HAYEHUAX [TE€PEMEHHBIX X1, ...,T, MBI IIOJIy9aeM Ha-
06Op MHOTOYJIEHOB OT OJIHOI ITepEeMEeHHOH C JeHCTBUTEILHBIMU KO3 DU-
[IMEHTAMHU U MOXKEM IIOCTPOMTBH €ro Juarpammy. DTa jmarpaMma Oyaer
3aBUCETH OT BBIOOpA 3HAYEHUU X7, ...,Tn. UHUCJIO CTPOK B JMarpaMMe
paBHO k, a muprHA €€ 3aBUCHAT OT YUCJIA PA3JIUIHBIX KOPDHEH M MOXKeT
MEHSIThCH, OTHAKO BO BCeX ciydasx He mpeBocxomuT 2N + 1, rme N —
CyMMa CTeleHeil Bcex MHOIOYJIeHOB (PacCMaTpUBAIOTCS CTEIEHH 110 T, TO
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€CThb CTEIEHN COOTBETCTBYIOIINX MHOIOWIEHOB OT & ¢ Koadduipenramu
B Z[x1,...,Zn])-

TaxkuM 06pa30M, IHCIIO0 BOBMOXKHBIX JUAIPAMM KOHETHO, U IPOCTPAH-
cTBO R™ BO3MOXKHBIX 3HAYEHUIl [IEPEMEHHBIX L1, ..., %, Pa3duBaeTcs Ha
KOHEYHOE YMCJIO YacTeil: KayKJas JacTh COOTBETCTBYET OJHOMY W3 BO3-
MOKHBIX 3HAUEHUH JMArPAMMBL.

Hns noxkasarenbcrBa TeopeMbl Tapckoro — 3aiiienbepra 10CTaTOUHO
JIOKa3aTh, 9TO T YacTU OYAyT MOIyaJrebpandecKuMU MHOXKECTBAMH.

B camom nene, eciim B KadecTBe MHOTOUJIEHOB (J1, . .., (J; B3ATH MHOIO-
wieHbl, Bxojgime B opmyiny B(z,x1,...,Ty,), TO 006JaCTh HCTUHHOCTH
dopMyIBI

=3z B(z,z1,...,2,)

Oyner oO0beIMHEHHEM HECKOJIBKUX 9YacTell COOTBETCTBYIOIIErO pa3bme-
uud. B caMoM Jiejie, ecsid Mbl IBUTAEM TOYKY (L1,...,Tp) B IPEIEIAX
OJIHO¥ YacTu pa3bHeHusi, TO AuarpaMma He MEHSeTCs, 3HAYUT, U UCTHH-
HOCTH POPMYJIBI ¢ He MeHsieTcsl (110 [uarpaMMe MOXKHO OIIPeJIeSTUTh HC-
TUHHOCTH (POPMYJIBI, IIeperrpoOOBaB 3HAYEHUS T, COOTBETCTBYOIINAE BCEM
crosbram).

Wrak, HaM oCTaja0Ch J0Ka3aTh, 9TO JJIs JTIOOOr0 HAbOpa MHOTOUJIE-
HOB Q1,...,Qk € Z[z, 21, ..., 2,] qacTu npocTpancTBa R™, coorBeTCcTBY-
OIIUEe PA3IMIHBIM 3HAYEHUSIM JIarPaMMBbl, SIBJISIIOTCS [TOJIyaJredpande-
CKUMU MHOXKecTBaMu. HaduéM ¢ TaKoro 04eBUIHOTO HAOJIIOJEHUS: €CIIU
9TO BEPHO I KAKOro-1o Habopa @1, ..., Qk, TO ITO OCTAHETCA BEPHBIM
" s JTI000T0 MEHBIero Habopa. B camowm meste, auarpaMmy MeHBIIE-
ro ceMeificTBa MHOTOYJIEHOB MOYKHO TOJIYIUTH U3 JIHATPAMMBI OOJIbIIIE-
o CeMeiCTBa: BBIKUbIBAs MHOI'OYJIEH, HAJI0 BBIOPOCUTH COOTBETCTBY-
IOIYIO0 CTPOKY, & TaK»Ke CTOJIOIBI, KOTOPhIE COOTBETCTBOBAJIN KODHSIM
9TOr0 MHOro4JjIeHa (€cju OHU He ObLIM KOPHSAMU JPYTUX MHOIOUJIEHOB).
[Tpu BeIOpacHIBAHUT CTOJIOIA TBA OKPYZKAIOIINX €ro CTOJIONA CANBAIOTCS
B OJIUH.

[TosToMy MBI WMeeM TpaBO JJIsi YA0OCTBA PACIIUPUTH JIAHHBIN HAM
Ha0Op MHOTOWIEHOB W JOKA3bIBATH IIOJIYAJIreOpPAnIHOCTh YACTel JIst
pacmmupentnoro Habopa. Paciupenne 6yaeT COCTOSITh B 3aMBIKAHUH OT-
HOCHTEJBHO HEKOTOPBIX OIEepaliii, KOTOpbIe MbI Cefidac OIHUIIEeM.

Hamomaum ermé pas, 9To MBI pacCMaTpUBaeM CEMENHCTBO MHOrOYJIe-
HOB n3 Z[x,Z1,...,Ty], KOTOPbIE PA3JIOKEHBI 110 CTENEHSIM T, TO €CTh
3AIMCAHBI KAK MHOIOWIEHBbl OT x ¢ KoabdunuenramMu B Z[xy, ..., Tkl
Paccmorpum citefryroriiue omeparum:



106 A3zviku nepeozo nopadka [ro1. 3]

e oTOpachlBaHUE CTAPINEro deHa (¢ HAnbOJIbIINell CTENeHbIO Iepe-
MEHHOI1 ); 9Ta Ollepalus IIOHUKAET CTeleHb (0 I);

e B3siTHe crapiiero Kodddunumenta (koabdunuenta npu HANOOTb-
mel CTeeHN TePEMEHHOI I); 9Ta OIepalys IIOHMKAET CTEeNeHb
MHOTOYJIeHa (1O Z) 10 HYJId;

o uddepeHnEpoBaHne MO T; ITA OIepanus NOHNKAET CTEINEHb MHO-
rowieHa (1o =) Ha eJIUHHUILY;

® B3dATHE MOAUMUINPOBAHHOIO OCTATKA IIPU JIEJIEHUU OJHOI'O MHOTO-
YJIeHa Ha JPYToii.

ToBopst 0 «MOAUMDUIUPOBAHHOM OCTATKE», MbI UMEEM B BUJLY CJIEIYIO-
mee. [Ipu nesernn «yrojkoM» MHOrOWIeHa A Ha MHOrO4WIEeH B ¢ ocTar-
KOM HaM HEOJIHOKPATHO IPUXOJUTCS JEJUTh Ha cTapinuii KoadduimeHT
muorouseHa B. Ilostomy B 061meM ciiydae KOdMDOUITUEHTHI YACTHOTO U
OCTaTKa IPEJCTABJISIOT COOOIl pobu, B 3HAMEHATEJISIX KOTOPBIX CTOSIT
HEKOTOPBIE CTEIEHN CTapInero KoadduinrenTta MHOroweHa B.

Tem caMbIM TP BBIYHUCIEHUH OCTaTKa OT JejieHnst A Ha B MbI BBIXO-
JIAM 32 TIPeJIeITbl KOIbIA Z[T, X1, . . . , Tp]. DTOTO HE CIyIUTCS, €CITU CTap-
mnit ko durmenT MuorodseHa B pasen exunuiie. Ho B obmem ciytae
MBI JIOJZKHBI IPUHSTH KAKWE-TO MEPBI, eCJIM XOTHM OCTABaThCsl B yKa-
3aHHOM KOJIbIIE. Mephl 9TH COCTOAT B CJIEYIOMEM: MPEKIE IeM JIETUThH
A wa B, mbl ymHooxkaem A Ha crapimii KoaguipenT MaorodsieHa B
B Jl0cTaTOIHO 60JIbINOI crerenn. Kcim BCIOMHUATH TPOIELYPY JI€JIeHUsT
YTOJIKOM, JIEFKO COO0Pa3UTh, YTO JIOCTATOYHO B3SATH CTEIEeHb a — b + 1,
rje a u b — crenenn MHOrowIeHoB A u B (no nepementoii x). Hanpumep,
pu a = b Tpebyercst BCEro OJMH AT JIEJIEHUsI, U JIOCTATOYHO YMHOXKHUTH
A ma craprmit kKoaddurmenT MaorowieHa B B mepBoii creneHu.

Nrax, omepariust MOAUMUITTPOBAHHOTO OCTATKA IPUMEHNMA K JIIOOBIM
neyM MHOrOouneHaM A, B € (Zlxy,...,xy])[x] crenereii a u b (mo x) u
JIaET TPeTHii MHOTOYJIEH ITOrO KOJIbIIA, KOTOPI €CTh OCTATOK OT JeJjie-
s A3+ wa B (3mech 8 — craprmmit koaddumuent Muaorodtena B).
3amMeTnM, 9TO CTENeHb 3TOr0 MHOTOUJIEHA MEHbINE CTEEeHH MHOTOYICHA
B. Msl 6yueM upeamnosararb, 9o a > b (MHaYe OCTATOK COBIAJAET C
A u nestenue He 1aéT HUYero HoBoro). Takum o6pa3oM, pe3ysbrar 3Toj
oIlepaluy MMeeT MEHBIIYIO CTeleHb, YeM 00a OlepaH/a.

3amMernM, 9TO MOHSATHE MOAUMUIMPOBAHHOTO OCTATKA UMEET CMBICT
JlJIs. MHOTOYJIEHOB ¢ KO3 punueHTaMu 13 IPOU3BOJIBHOIO KOJIbIa (HE
TOJBKO Z[T1,...,Tp]).
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Nlemma 1. JIj1st BCAKOrO KOHETHOrO MHOXKECTBa F MHOTOYJIEHOB U3
(Z[x1,. .., x,])[x] cymecTByeT ero KOHEYHOE PACIIUPEHUE, 3AMKHYTOE OT-
HOCUTEJIbHO YKA3aHHBIX IE€THIPEX Oleparuii.

DT0 yTBEPKIEHUE BEPHO JJIA JIIO6Or0 KOJIbIa KO3MDMUIMEHTOR U T10-
YTH OYEBUIHO CJICLYET U3 TOTO, YTO CTEIEHb PE3Y/IbTAaTa OIIEPAIUT MEHb-
nte crenenn (Jo6oro) onepanga. Bosee dhopMaIbHO paccyKIaTh HAJO
Tak. PaccMOTpUM BBIpayKeHHUsI, COCTABJIEHHBIE U3 3JEMEHTOB F ¢ 10-
MOIIBIO YETHIPEX YKA3AHHBIX omeparnuii. [IyOnHa TaKoro BBIPAYKEHUS
He TPEBOCXOJUT MAKCAMAJBHON CTeleHr MHOTOYIEHOB U3 F', MOCKOJIb-
KY KaxKJasl OI€palis YMEHBIIAET CTeleHb. [109TOMy TaKMX BBIPAXKEHUIT
KOHEYHOE YHCJIO, U UX MHOXKECTBO OYEBUIHBIM 00PA30M 3aMKHYTO OTHO-
CUTENLHO yKa3aHHBIX omepanmii. Jlemma 1 mokaszana.

Jokazamuas jeMMa o3BOJIsieT 6e3 orpaHrmdIeHusi OOITHOCTHA CIUTATD,
YTO JJAHHOE HAM KOHEYHOE MHOXKECTBO MHOTI'OYJIEHOB 3aMKHYTO OTHOCH-
TEJIbHO YETBHIPEX YKAZAHHBIX BBIIIE ONEPAIIHii.

Nemma 2. TIyers F' — HEKOTOPOE KOHEYHOE MHOXKECTBO MHOI'OYJICHOB
u3 (Zlxy,...,zy])[x], 3aMKHYTOE OTHOCHTEILHO NEPEYNCIEHHBIX Ollepa-
nuit. [Tycts Fy — ero 9acThb, COCTOAMIAS TOJBKO U3 MHOTOYJIEHOB CTETIEHN
0 o = (OHH HPeCTABIAIOT COGOH MHOrOWIEHB! U3 Z[X1, . . ., Ty]). Toraa
JmarpaMma MHOXKECTBa F' Ipu IAHHBIX X1, . . . , Ty, TOJHOCTHIO OIIPEIEIs-
eTCsl JUArPaMMON MHOXKeCTBa Fy IIPU T€X XKe I, ..., Ty

Bamernm, uro Juarpamma MHOXKecTBa Fj mMeer Bcero onun crosberr,
YKa3bIBAIOIIUI, KAKHE M3 MHOTOWIECHOB ITOJIOKUTENbHbI, KAKAE OTPHUIIA-
TEJbHBI U KAKWE PABHBI HYJIIO TP JIAHHBIX X1, . . ., Ty. [103TOMY pasind-
HBIM BapUAHTAM JUATPAMMBI JIJIsI MHOKECTBA F COOTBETCTBYIOT MOJIY-
anrebpandecKue OIMHOXKeCTBa B R™, U U3 JIEeMMBI 2 CJIEIYET, 9TO TE Ke
caMble MHOXKECTBA COCTABAT UCKOMOE pasbueHue Ijisi TOJIHON CHCTEMbI
F. Takum o6pa3oM, HAM OCTAJIOCH JIUITH JOKA3aTh JIEMMY 2.

Bynem mobaBaaTh B MHOXKeCTBO F{j MHOTOYIEHBI IO OJHOMY, B IIO-
pslKe Bo3pacTaHus (HeyObIBaHUSI) MX CTEIEHeil, II0Ka He MOJIYYHM BCE
MHOKeCTBO F'. JToCTaTOYHO 1I0KA3aTh, 9TO HA KAXKJOM IIIare JUarpamMMa
PACIIMPEHHOI0 MHOYKECTBA (C HOBBIM MHOTOYJIEHOM) MOXKET ObITh OJIHO-
3HAMHO BOCCTAHOBJIEHA IO JUArPAMME IPEIbLIYINEr0 MHOMKECTBa. MbI
ceifuac ONMIIEM, KaK 9TO JIEJTAETCs.

IIycrs mobasnsiercas muorowied P € (Z[xi,...,xy])[x], upu sToMm
MHOTOYJIEHBI BCEX MEHDBINHX CTeleneii u3 F' yxke ecTh B quarpaMme. B cu-
iy 3aMkHyTocTH F' crapmmii koaddunpent Muorowiena P coqepKuTcst
B F u, umes MeHbInyio (HyJEBYIO) CTEIEHb, YK€ MPEJCTABJIEH B JIUa-
rpamMe. (CooTBeTcTByIOIIas CTPOKA COCTOUT M3 OJUHAKOBBIX 3HAKOB,
TaK Kak OH He 3aBHCUT OT x.) Eciam tam crosar Hysmu, 1o (IpU ZaHHBIX
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X1,...,%y) crapimuii KoabdUIMEeHT paBeH HyJIO, U MHOro4wieH P cos-
M aeT ¢ MHOTOYJIEHOM, IIOJIyJAIONUMCS [IPU OTOPACHIBAHUH CTAPIIETO
wWieHa. DTOT MHOTOWIEH TOXKe ecTh B F' U B juarpaMme, Tak 9TO HAJO
JIMIIB TTPOJLy0JIMPOBaTh COOTBETCTBYIOILYIO CTPOKY.

Wrak, 10CcTaTOYHO pacCMOTPETh CIydail, Korja crapiinii Koaddurm-
enrT MHOrouwiexna P (Ipu JAHHBIX X1, ...,T,) He paBeH Hymo. llomos-
HEHUE JUArPAMMBI BKJIIOYAET B ceOs JIBa IMara: CHAYAJIa MbI JOJIZKHBI
OLIPEJIEJIUTh 3HAKH MHOrOWIeHa P B ToYKax (KOPH:X), y?Ke BXOJSIIUX B
JarpaMMy. 3aTeM HaJI0 HOMOJHUTH JHarpaMMy KOPHSIMU MHOTOYJIEHA
P (upu 9TOM 4HCIIO CTOJONOB B HEll yBEJIUIUTCS ).

Kak maiitn 3Hak MmHOrouwena P B ogHoit u3 crapbix Touek? Ilo ompe-
JIQJICHUIO IUArPAMMbI B 9TOl Touke (0003HAYMM €€ () OJUH U3 CTAPBIX
MHOTOWIEHOB paBeH HyJi0. [lycth () — Takoit MHOrOwIeH. MoxKHO cum-
TaTh, YTO crapumit Koadgduuuent () (Kak MHOrOYIEHA OT T) OTJIMYEH
OT HyJIsl IIPU JAHHBIX T1,...,T,. KCIH 3TO HE Tak, 3aMeHuM () Ha MHO-
TOYJIEH, TOJIYYAOIMuiicss OTOpachIBAaHUEM CTapIiero wieHa. Mbl 3HaeM,
9TO MHOXKECTBO F' 3aMKHYTO OTHOCHUTEJIBHO YETHIPEX OMEPAlNil U 9TO
BCe MHOTOWIEHBI n3 F', mMerorie MEHbBIITYIO CTelleHb, Y2Ke BXOJIAT B JIna-
rpammy. IlosTomy Bea Heobxoaumast wHMOpMaIus A0 0TOOpa MOIXOIsI-
mero () y HaC ecTh.

Kpome Toro, mo tem ke mpuuMHAM HAM U3BECTEH 3HAK CTAPIIErO
ko3 durmenta MaOrowieHa . Ilpumennm oneparuio MOIuPUIIPOBAH-
HOTO JIeJIEHUs C ocTaTKOoM K P u Q):

(3°P = (uactroe) - Q@+ R

(3mecy B — crapmmii koaddunuent muorowrena (). I[oxcrasum B 310
paBeHCTBO Yncyo . [Ipu srom () 06paTuTCst B HYJIb, TaK KAK (v SIBJISIETCSI
KopHeM () 1o mocTpoeruio. Muorouien R BXOIUT B JuArpAMMy B CHILY
HAIUX [IPEJIIOJI0KEHUI, TAK 9TO €ro 3HAK B TOYKE (v HAM U3BECTEH, KaK
u 3uak (. Tem cambiM MOXKHO HaiiTu 3HaK P(«).

Wrak, MBI OIpeje/ i 3HaK HOBOI'O MHOI'OYJIEHA B CTAPBIX KOPHSIX.
ITokazkem, 9TO 9TOTO JTOCTATOYHO, YTOOBI IIPEJICKA3ATh, HA KAKUX YIACT-
KaX JIarpaMMbl MOsBATCs HOBbIe KopHU (MuOrowiena P). ITpu srom Ham
upuroauTcs (HOKa 9TO HEe UCIOJIb30BaHHAs) oneparys auddbepeHupo-
BaHUSI.

Eciu B 1ByX cocelHUX CTApbIX KOPHAX (1, (g MHOTOUWIEH P mmeer
OJIMH ¥ TOT K€ 3HAK (CKarkKeM, [OJIOYKUTEJIEH), TO MEXKJLy HUMH HET HO-
BOro KopHsi. B camoMm ziene, ecm 6bl Ha uaTepBase (o, s) MHOMOWICH
P obpamiajica B Hyslb, TO MUHUMYM MHOrodiena P mHa [aq, as] mocru-
rajicst 66l B HEKOTOPOIl BHyTpeHHeil TouKe, B KOTOpOii mpoussoaHas P’
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paBHsIach 661 Hymmo. Ho npoussognas P’ BxomuT B MHOXKECTEO F' 1 ipei-
CTaBJIeHA B JMarpaMMe, TaK 9TO TOTJIA (v U (ip He OBLIN ObI COCETHUMU
KODHSIME JTHATPAMMBI.

Ecsiz B omHOI 13 TOUEK (rp U aig MHOTOWIEH P obpartaercs B Hyslb, TO
Ha unTepBase (1, p) OH KOpHEH uMeTh He MOXKeT (1o Teopeme Pojuis
TaKoli KOpeHb MOBJIEK Obl 3a COO0I KOPEHb IIPOU3BOJIHOI ).

Haxkower, eciin P(a) u P(q2) UMEIOT pasHbIe 3HAKH, TO 110 TEOPEME
0 IIPOMEXKYTOYHOM 3HAYEHUN MHOrOWIeH P nMeer Ha nHTepBase (aq, )
X0Tsl ObI OJIH KOPeHb. [Ipu 9TOM 110 y2Ke TOHATHBIM HaM UPUIUHAM (Teo-
pema Posuist) 1ByX KOpHeli OH UMeTh He MOXKeT. DTO [O3BOJIsIeT BCTABUTD
cToJiber, JiIsi 9TOr0 KOPHsI B puarpaMmmy. 1Ipu 5ToM COOTBETCTBYIOIMIMM
MHTEpBaJI JIUarpaMMbl Pa300bETCd Ha JBa, KOTOPbIE OYIYT OTIMYaThCH
JINIIb B CTPOKE JIJIsi MHOro4eHa P.

OcTasioch MPOBECTH AHAJIOTUIHOE PACCYKIEHUE JJIs JIydeil, CTOSIINX
¢ Kpasg auarpammbl. [loBemenne muorodiena P Ha 6€CKOHETHOCTH OIpe-
JIeJISIeTCs €ro crapimM KoadbdunueHToM (KOTOPBIi, HATTOMHUM, HE DABEH
HYJIIO — Cefi9ac MbI BIIEPBBIE UCIIOIB3YEM ITO IIpenotoxKenue). [losromy
eciu P crpemutcst, ckaxkem, K +00 Ipu & — +00, a 3HadeHne P B caMoM
IPABOM KOPHE OBbLIO OTPHUIATEIHLHBIM, TO Ha ITOM JIyde MOSBJISETCsS HO-
Bblii KOpeHb (ToJbKO oiuH 110 Teopeme Posuist). Eciu ke 3navenune P B
C4AMOM ITPABOM KOpHE PABHO HYJIIO WJIM UMeeT TOT JKe 3HAK, 9TO U CTap-
Uit Ko3(M@PUIMEHT, TO MbI [IOBTOPSIEM PACCYXKJIEHUE U3 IPEIbIIYIIEro
ab3zara u ybexkjaeMcst, 9To KopHeilt P Ha nmpaBoM Jjiyde HeT. AHAJIOMrTIHO
OTIpEeJIesIAETCSA U oBejieHne P cjieBa OT CAMOro JIEBOrO KOPHSI.

Ha stom mokazaTenbCcTBO JieMMBbI 2, a ¢ Helt U TeopeMbl Tapcko-
ro— 3aiizienOpera, 3aBepIiiaercs. >

67. lokaxkure, 9TO MHOXKECTBO TPOEK (P, q,T), IPH KOTOPHIX MHOTOUJIEH
2% 4 px? + qx + r ¥MeeT POBHO IBA IOJOKUTEIbHBIX KOPHSI, SIBJISAETCS MOJLY-
aaredpanIecKuM.

ITomobHoro poma 3ajadM pacCMATPUBAINCH B ajredpe emé B Ipo-
IOM Beke (Umesio mepemeH 3Haka, npasuiio Itypya u ap.).

68. /lokaknTe, 9TO MPEIUKAT & = (v, TJIe ( — HEKOTOPOE JIeHCTBUTEILHOE
YHUCJIO, BbIpa3uM TOI'ZJa M TOJIBKO TOrJJa, KOorJa ¢ ABJIACTCIA aﬂFe6p&H‘{eCKI/IM
(MBI OTMe9asn 9TO Ha C. 89).

Pazobpasiucs ¢ 1eficTBUTETbHBIMEI YUCTaAME, IEPEHIEM K KOMILIEKC-
ueiM. Ha camom Jiesie (Kak dacTo GbIBaer) 3/1eCh CUTYalysl IPOLIE.

Ha KOMILIEKCHBIX YHC/IaX HET eCTeCTBEHHOI'O OTHOIIEHUs IOPSJIKa,
mosToMy paccMorpuMm curnarypy (=,0, 1,4+, x). Bynewm, kax Bcerga, cuun-
TaTh JBe (hOPMYJIBI SKBUBAJIEHTHLIMY, €CJIM OHU UCTUHHBI IIPU OJHUX U
Tex JKe 3HAYEHUAX [1apaMeTpoB (B €CTECTBEHHON MHTEPIPETAIUN C HO-
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curesiem C).

Teopema 34 (anMMuHaLWS KBAHTOPOB B MOJE KOMMJIEKCHBIX 4YUCen).
Besikas popmysia 910t curHATYPBI 9KBABAJEHTHA OECKBAHTOPHOIA.

< Dra TeopeMa UMEET MHOIO Pa3HBIX JIOKA3ATE/JbCTB, HO IOCJE JI0-
Ka3aTeJabCcTBa TeopeMbl Tapckoro — 3aiigenbepra HaM IIPOIIE BCETO MO-
TUPUAITIPOBATDH €rO0.

Teneps B amarpammax OymayT CTOSATH He 3HAKH —, 0, 4+, & TOJIBKO 3Ha-
ku 0 u #0 (nmockoubky nopsiaka Ha C mer). ITo Toii ke npudune Mbl
HE MOXKeM YIODSJIOYUTH KOPHH, TaK 9TO JuHarpaMMa Oy/IeT COCTOSATH
U3 HEYIOPsJI0YEHHBIX CTOJIOIOB, COOTBETCTBYIOIIUX KOPHSIM, W OJIHOI'O
CTOJIONA, COOTBETCTBYIOMIETO JOMOJHEHUIO K MHOXKECTBY KOpHEl (B KO-
TOPOM OYIyT CTOATH 3HAKU Z£0 75 BCeX MHOIOWIEHOB, KPDOME HYJIEBBIX ).
ToBopst 0 HEYHOPSTOYEHHBIX CTOJIOIAX, Mbl UMEEM B BHJIY, UTO HE pa3-
JIMTYAEM JIMarpaMMbl, OTJIXYAIONINECS JIUIIb HOPSIKOM CTOJIOIOB.

OcHOBHOII mAar B JI0Ka3aTeabCTBe TeopeMbl Tapckoro —3aiinenbepra
(eMHCTBEHHBIA, IJ1e BasKeH HOPS/IOK HA JIEfICTBUTENLHBIX YUCJIAX ) COCTO-
SJI B TONOJHEHUN JIMArPaMMbl HOBBIM MHOIOYJIEHOM. UTO OyIeT ¢ HUM
Terepb’

Kak u pambiiie, MbI MOYKEM OIPEJIEJINTh, B KAKUX CTAPBIX KOPHIX
HOBBII MHOTOYJIEH PaBeH HYyJI0. BoJsiee TOro, Mbl MOXKEM OIPEJIE/IUTD
KPATHOCTH 9TUX HYJIEH, TaK KaK 3HAeM BCE HEOOXOIUMOE PO ero mpo-
u3BO/IHbIe (KOTOPBIE y2Ke BKJIOUEHBI B juarpaMmy). Ilosromy ocnoBHas
TeopeMa aJre6pbl TOBOPUT HAM, CKOJIBKO 6y/1eT HOBBIX KOPHEil (3aMeTuM,
9TO BCE HOBBIE KOPHU UMEIOT KPATHOCTD 1, TaK KaK WHAYME OHU ObLIN OB
KOPHSIMU IIPOU3BOHOM 1 He ObLin Obl HOBbIMHE). [TOCKOIBKY HOpsiiKa Ha
KODHSIX HeT, OOJIbIlIe HUKAKONW WH(MOPMAINA HAM U HE HYKHO. [>

69. IIpoBecTu mOKa3aTEIBLCTBO dAUMHUHAIIMA KBAaHTOPOB B mose C, He mc-
HOJB3YIoee AuArpaMM (9TO MOXKHO CJIeJIaTh, HAYAB C IPUBEICHUS OECKBaH-
TOPHOI (POPMYJIBI K U3 BIOHKTUBHON HOPMAaJIbHON popMe, a 3aTeM MPUMEHSIS
pa3Hble cOOOparkeHust U3 ajaredpbl O HAMOOIBIIEM ODIIEM JeIUTEIe MHOTOYIE-
HoB). [yt Teopembl Tapckoro — 3aidiien6epra 970 HECKOIBKO CJIOXKHEE; DACCY K-
JIeHIe TAKOr'o POJia NIPHUBEJIEHO B KHIXKKe DHresepa [32].

70. JloxkaxkuTe, 9TO MHOXKECTBO YE€TBEPOK KOMIUIEKCHBIX 4uces (p,q,T,s),
JIJIsT KOTOPBIX MHOT'OYJICHBI 22+ pz+q=0mn 22 4+ rz + s = 0 umeror oot
KOpEeHb, 3a1aéTcst beckBaHTOpHOI dopmydtoit. Haitnure sty dopmyiry.

3amada 70 xoporno 3uakoMa ajareopancram. OTBeT B HEll MOXKHO 3a-
nucarb B Buge R(p,q,r,s) = 0, tne R — MHOrowieH, Ha3bIBAEMBIN pe-
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3YALMAHMOM A PABHBINA OIPEEIUTEI0 MaTPHUIIBI

1 p q O
01 p ¢
1 r s O
0 1 r s

71. JlokazkuTe, 9TO MHOXKECTBO BCEX Tap KOMILIEKCHBIX [wucen (p, q), Ipu
KOTOPBIX MHOTOUWJIEH 2> +pz—+q NMeeT XOTs1 6bI OJIMH KPATHBIHA KOPEHb, 3a,[a6TCst
OeckBanTOpHOI popmystoit. Haitiure sty dopmyny. Kak BeIISInT aHAIOT Y-
Hasi (bopMysta JIjIsT MHOTOUJIEHA 22+ pz+q?

(OrBer Kk 3aza4e 71 TOXKE XOPOIIO U3BECTEH B ajrebpe; COOTBETCTBY-
01Ul MHOIOWIEH HA3bIBAETCS QUCKDUMUHAHITOM. )

72. O6obruTe yTBEPXKIAEHUE TPEABbIAYINei 3aJa9d Ha MHOTOYJIEHBI MPO-
W3BOJIBHOM CTENEeHU CO cTapmmM Koddduimenrom 1 m HaliguTe BbIpayKeHUE
JUCKPUMUHAHTA B BUJIE ONIPEIEIUTES.

3.9. DnemMeHTapHas 3KBUBANEHTHOCTb

[Toka 9TO MBI B OCHOBHOM HCIOJIB30BAJIN TEXHUKY JTUMUHAIINNA KBAH-
TOPOB I KaKOH-TO onHO#l mHTepnperaimu (dbopMmysa 3aMeHsAIach Ha
GEeCKBAHTOPHYIO, KOTOPAas SKBUBAJECHTHA MCXO/HOW B JAHHON MHTEpIIpe-
tarun). OIHAKO, KaK YIOMUHAJIOCH Ha C. 95, 9TOT METO [TO3BOJISIET CPaB-
HUBATH pa3jIMYHble HHTEpIpeTauu. Mbl IpuBeEM HECKOJIBKO ITPUMEDPOB
TaKOIro POJIA.

Haumém ¢ ompenenenusi. [lycts dbukcnpoBana HEKOTOpasi CUTHATY-
pa o. JIBe mHTEpIpETAINK TOW CUTHATYPHI HABIBAIOTCS 9AEMEHMAPHO
IKBUBAACHMHDbLMU, €CJIU B HIX UCTUHHBI OJJHU U T€ K€ 3aMKHYThbIe (hop-
MYJIBI 9TOM CUTHATYPHI.

Jlerko J10Ka3arh, 4TO M30MOpP(HBIE WHTEPIIPETAIUN OYIyT JIEMEH-
TapHO SKBUBAJEHTHBI — HAJO TOJBKO JaTh (DOpMAaJbHOE Ompele/ieHne
n3oMopduU3Ma I IBYX MHTEPIPETANNN JAHHON CUTHATYPBI.

ITycrs M7 u My — nBe mHTEpIpeTAlMU CUTHATYDHI 0. Bueknus (B3a-
MMHO OJIHO3HAUHOe oTobpakenme) a: M; — Moy Ha3bIBAETCH U30MOD-
Pu3MoM ITUX WHTEPIPETAIINANA, €CJIU OHA COXpaHsIeT Bce (PyHKIUU U IIpe-
JMKATHI CHTHATYPBI. DTO O3HAYaeT, 94To ecau Py u P, — nBa k-MecTHBIX
npegukara B M1 u My, COOTBETCTBYIOIUX OJJHOMY HTPEJIUKATHOMY CHM-
BOJIYy CUTHATYPBI, TO

Pl(al, .. .,ak) = Pg(a(al), .. .,a(ak))

JUIst BCEX a1, ...,ar € M. Anamormanoe ycioBue jyist (pyHKIHiL: ecyin
k-mecTHble QYHKIME f1 U fo COOTBETCTBYIOT OJHOMY (PYHKIIMOHAJIBHOMY
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CHAMBOJLY, TO

a(fila,...,ax)) = fa(alar),...,a(ar))

JIJIST BCEX A1, ..., a0 € M.

JlBe MHTEPIIPETAIINY HABBIBAIOTCA U30OMOPPHOIMU, €CITH MEYKITy HUMU
CyIIEeCTBYeT N30MOP(MU3M.

JIerko mMoHSITH, YTO ITO OIpeIe/IeHrne 0000IIAeT OOBITHBIE OIIpeIee-
HUsl ©30MOpU3Ma JIJIsi TPYII, KOJIEIl, YIOPSJOYEHHBIX MHOYKECTB U T. I.

73. JlokakuTe, 9TO TOXKJIECTBEHHOE OTOOparkeHue ecThb n3omopdusm. [lo-
KaXK#uTe, 9TO 0TOOparkeHue, obpaTHoe M30MOpPpU3My, ecTb uzoMopdusm. lo-
KaKUTE, 9TO KOMIIO3UIWs ABYX n30MOopdbu3MoB ecTh n3omopdusm. (Orcoma
CJIelyeT, YTO OTHOIIIEHUuEe I/I3OMOp(1)HOCTI/I €CTh OTHOIIIEHNE S9KBUBAJECHTHOCTH Ha
MHTEPIPETAIMSIX TAHHOH CUIHATYPBHL.)

Cdopmymupyem u moKazkeM OOEMaHHOEe YTBEPXK ICHUE:

Teopema 35. Ecau nBe unTeprperanunn n30MOPGMHBI, TO OHU dJIEMEH-
TapHO KBUBAJIEHTHBHI.

< EcrecTBeHHO MOKA3BIBATH 9TO yTBEpkKJeHUE MO WUHIyKiuu. Jljis
9TOr0 €ro HaJo 0000UTH HA POU3BOJbHBIE (OPMYIIbI (HE TOJIBKO 3a-
MKHyTBIE). BOT 3TO 06001meHNe: myerb a: M; — My — uzomopdusm, a
F — npoussosbHas (opmysia Haleil curHarypbl. Torma oHa MCTHHHA
B M, 1ipu OleHKe 7 TOTJa U TOJBKO TOTJA, KOTJIa OHA UCTUHHA B My mipn
OTICHKE (1 O TT.

O6BbIYHO MCTHHHOCTL popmysbl F' B unTepuperanuu M obosnada-
oT kKak M F F. Eciiu dopmyita nMeeT mapaMeTpbl X1, . . ., Ly, €€ TIaCTO
obosnauator F(x1,...,2,); upu sroMm 3amuck M F F(mq,...,m,) (tae
m; € M) ozuagaer, uro dbopmysa F UCTUHHA NpU OIEHKE, KOTOPas CTa-
BHUT B COOTBETCTBUE IApAMETPY &; 3Hadenne m;. [locse Bcex sTux nmpuro-
TOBJIEHUAN JOKA3bIBAEMOE 10 WHIYKIIUU YTBEPXKIEHNE MOYKHO 3aIlACATH
Tax:

MiE F(a,...,an) < My E Fla(ar),...,a(an))

Jutst iro6oit bopmyast F(21, ..., @y,) U 1715 JTHOOBIX 9JIEMEHTOB a7, . . . , Gy,
MHOKecTBa, M.

TTocste Takoro 06OOIIEHNS TOKA3ATETHCTBO IO UHIYKIINA CTAHOBUTCST
O4YEBUJIHBIM. >

74. B kakoM MecTe WHAYKTHUBHOTO PACCYXKJEHHS CYIIECTBEHHO, YTO (X —
B3aMMHO OJHO3HaA4YHOE COOTBeTCTBI/Ie? (OTBeTI C}Op"beKTI/IBHOCTI) « I/ICHOIIBSY-
eTcsl, KOT/la Mbl pPacCMaTpuBaeM (bOpMyITy, HAIUHAIOILYIOCS C KBAHTOPA CyIIIe-
CTBOBaHUSs, ¥ U3 €€ UCTUHHOCTU B M2 BBIBOAUM UCTUHHOCTDL B M;. nbekTus-
HOCTb (x HE I/ICHO.J'II)3yeTCH, HO OHa aBTOMAaTHUYE€CKN CJ'Ie,ZLyeT ns3 OHpe,ZLeJ'IeHI/Iﬂ
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n30Mopdu3Ma, €Ciiu CUTHATYPa COMEPIKUT PABEHCTBO W MHTEPIIPETAIINN HOD-
MaJIbHBI, TO €CTh PaBE€HCTBO MHTEPIIPETUPYETCA KaK COBIIaJCHUE 3ﬂeMeHTOB.)

75. Paccyxienne, HCIOIb30BAHHOE IIPU JIOKA3aTEIbCTBE TEOPEMBI 35, HAM
110 CYLIECTBY y2K€ BCTPEYasIoCh. L me?

M3omopdubie HHTEPIIPETAITMH — ITO 1O CYIIECTBY OJIHA M Ta YKe MH-
TepIpeTanus, TOJbKO e€ 3JIEeMEeHThl Ha3BaHBI I0-pasHoMy. VIHTepecHBI
CKOpee MPUMEpPHI, KOI[a WHTEPIPETAIIMA He M30MOPMHBI, HO T€M He Me-
Hee 3JIEMEHTAPHO SKBUBaIeHTHBI. OIMH TAKOi MPUMEP MbI y2Ke KOPOTKO
0bCy2KIamn paHblie, cPOpMyIupyeM ero 6osee moapoodHo.

Teopema 36. EcrecTBeHHbIE HHTEDPIPETAIMN CUTHATYDHI (=, <, 4,0, 1)
B MHOYKECTBE PAIMOHAJIBHBIX U JIEHCTBUTEILHBIX YUCEJT JJIEMEHTAPHO K-
BUBAJICHTHBI.

< Jns mHagasia 3aMeTHM, YTO ST WHTEPIPETAINU HE U30MOPQHBI
(mockosbKy MommHOCTH pa3indHbl). OgHAKO POPMYIIBI 3TON CHUIHATYDBI
JIOIIYCKAOT, KK MbI BHJIEJIA Ha C. 96, SJIMMUHAIINIO KBAHTOPOB. [Ipu a3ToM
oty garoriasicst popMysia Oy1eT SKBUBAJIEHTHA UCXOJHON B 00€UX WHTEP-
nperarusx. HagaB ¢ 3aMKHYTO# (DOPMYJIbI, MBI TOJIYIAM OECKBAHTOD-
uyio dopmyiy 6e3 nepeMeHHbIX (UiaH ¢ (DUKTUBHBIMU [I€PEMEHHBIMHU, OT
3HAYEHN!l KOTOPBIX HUYErO HE 3aBUCHUT, TOTJ@ BMECTO HUX MOYKHO IIOJ-
CTaBUTh, CKarkeM, Hyau). Drta Gopmysa OymeT coaep:Karbh TOJIBKO pa-
[MOHAJIbHBIE KOHCTAHTHI U MIOTOMY OyJeT OJIHOBPEMEHHO MCTUHHON WJIN
noxmoii B R uB Q. >

3aMeTuM, YTO MPU YMEHBIIIEHUN CUTHATYDBI JIeMEHTAPHAsT SKBUBA-
JICHTHOCTDH COXpaHAETCA (IIO OYeBU/IHbIM IIpI/I“II/IHa.M), TaK 49TO U3 Teope-
Mbl 36 oueBuIHO ciemyeT, uro R u Q sjemeHTapHO KBUBaJEHTHBI KaK
YIIOPSI0YEHHbIE MHOXKECTB (3T0T (paKT Mbl OTMeYayu Ha ¢. 95).

B sTom mpumepe s/eMeHTapHO SKBUBAJIEHTHBIE, HO HE M30MOPMHDbIE
CTPYKTYPBl UMEIOT PA3JINYHYIO0 MOIIHOCTh. B cileyromieM mpuMepe 3TO
y2Ke He TakK.

Teopema 37. Yuopsigouentbie Muoxkectsa Z u Z + Z (Bropoe cocTo-
AT U3 ABYX KOIHMII MHOXKECTBa Z, IPUIEM BCE JIEMEHTHI [I€PBOIl KON
CUYUTAIOTCS MEHBIIMMH BCEX JIEMEHTOB BTOPOIl KOIWU) 3JIEMEHTAPHO K-
BUBAJIEHTHBI KaK MHTEPIPETAIMN CUIHATYPBI (=, <).

<1 31eCch TaKKe MOXKHO [IPUMEHUTH 3JIUMUHAINI0 KBAHTOPOB, TOJIHKO
HaJ0 J00ABUTH OHOMECTHBIE (DYHKITUU B3ATHUSI TIOCIEYIOIIEr0 U MPEIbI-
ayiero ;meMeHToB. [locse 9Toro Hamo0 3aMeTUTb, YTO CTAHJAPTHAS IIPO-
Ie/lypa SJMMUHAIIAE KBAHTOPOB (CM. JIOKA3aTeIbCTBO TEOPeMbI 29) co-
crouT U3 Mpeobpa3soBaHuil, COXPAHSIIOIINX SKBUBAJIEHTHOCTH B 00EUX MH-
TeplpeTanuax. >

76. Mo>KHO /1M IOCTPOUTH CYETHYIO MHTEPIPETAIMIO CUIHATYPBL (=, <), B
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KOTOPO#l PABEHCTBO MHTEPIPETUPYETCsI KAK COBIIAJICHUE JIEMEHTOB (TAKUE MH-
TepIPETAIU HA3BIBAIOT HOPMAAbHbLMU ), SJIEMEHTAPHO SKBUBAJIEHTHYIO MHO-
xkectBy Q, HO He m3oMopdHY0O emy? Tor 2Ke BOIPOC JJIsT MHOXKECTBA HEOTPHU-
[ATEJbHBIX PAIMOHAJBHBIX unces. [loueMmy cymiecTBeHHa HOPMAJIBHOCTH HH-
TepupeTanun’?

77. CylmecTByeT Jix yIopsiIO9eHHOE MHOYXKECTBO, JIEMEHTAPHO SKBUBAJICHT-
HOE YIIOPsJIOYEHHOMY MHOXKeCcTBY R, HO mMmeroriee GGJIBIIYIO0 MOITHOCTD !

78. CyIecTByIOT JiU JiBa HECYETHBIX HEM30MOPMHBIX 3JIEMEHTAPHO SKBU-
BaJICHTHBIX YIIOPsIOYEHHBIX MHOXKECTBA OJINHAKOBON MOIIHOCTH?

79. BynyT sm ynopsiodenable MHOXKECTBA Z U Z X 7 (mapbl Heablx 9u-
ceJl; CPAaBHUBAIOTCS CHadaJjla BTOPble KOMIIOHEHTHI 11ap, & IIPU UX PABEHCTBE —
nepBblie) H30MOPGhHBI? JIEMEHTAPHO IKBUBAJICHTHBI?

80. Byner nu ynopsimouennoe muoxkectBo N+ N sajiemenTapHO 9KBUBaJIeHT-
w0 N? Byner mu N 4 Z snementapuo sksusasenTHo N7

Paccyxnenne, ncnosp30BaHHOE PH JOKA3ATEILCTBE TEOPeMbI Tap-
cKoro — 3aiiieHbepra, Tak»Ke MOXKHO IIPUCIOCOOUTS [IJIsI JJOKA3ATEIbCTBA
s7eMeHTapHOi sKkBuBasieHTHOCTH. Ceffdac MBI paccMOTpuM OoJjiee 1po-
CTOIT cirydail anredbpantecku 3aMKHYTBIX I0JIEIl, COOTBETCTBYIONIUI 911~
MuHanuu KBaHTOpoB B C; K BEIECTBEHHOMY CJIyYaio Mbl BEDHEMCS HUXKE
Ha c. 183.

IToste Ha3BIBAETCS AA2€0PAUNECKU 3AMKEHYMbIM, €CTTH BCSIKHIT MHOTO-
YJIeH, OTJIMYHBIA OT KOHCTAHTBI, UMEET B HEM X0Ts Obl 0iuH KopeHb. (Or-
CIOZ]a JIETKO CJIEIYET, 9TO JII0DO MHOTOWIEH PA3JIaraeTcsi Ha JIMHEHHbBIE
MHOXKUTEIH.) Xapaxmepucmukoll 10Js Ha3bIBAIOT MUHUMAJIbHOE YHUCJIO
ciaraeMbiX B cymme Bujga 1 + 1+ ...+ 1, mpu KoTopoM oHa obparaeT-
¢ B HyJIb. Eciin HUKakKas CyMMa TAKOI'O BHJA HE PaBHA HYJIIO, TO II0JIE
Ha3BIBAIOT MOJIEM zapaxmepucmurt 0.

B anrebpanvieckn 3aMKHYTBIX HOJISIX XapakTepuctuku () crpaseiim-
BBI BCe OOBIYHBIE CBOICTBA MHOI'OYJIEHOB C KOMIIJIEKCHBIMU KO dUIHEH-
TaM#. B 9acTHOCTH, KOPEHb SIBJSETCS KPATHBIM TOIJIA W TOJBKO TOTJIA,
KOI/1a OH OyJIeT KOPHEM IIPOMU3BOJIHON, CyMMa KOPHEl ¢ yI€TOM KPaTHO-
CTH PaBHA CTEIIEHN MHOTOYJIEHA U T. 7. DTO [MO3BOJISIET 3aMETUTD, 9TO BCE
1peo0pPa30BaHms, KOTOPHIE BBHIIOJIHSINCH IIPU JIMMUHAINA KBAHTOPOB,
SIBJIIOTCS SKBUBAJIEHTHBIMUA B IIPOM3BOJIBHBIX AJIr€OpanvdecKu 3aMKHY-
THIX 1OJIsIX xapakTepucTuku 0. TeM caMbIM HOJIydaeM TaKyIlo TEOpeMy:

Teopema 38 (0 nonHoTe Teopuu anredbpanyeckn 3aMKHYTbIX MOJER Xa-
pakTepucTukM Hynb). JloOble nBa ajreGpamviecKn 3aMKHYTBIX TIOJST Xa-
pakTepuctuku () 37/eMEHTAPHO SKBUBAJIEHTHBI.

(Hazsanue 310l T€OpeMbI CTAHET MOHATHBIM, KOIJAa MbI 6yIeM FOBO-
PHUTH O [OJHBIX TEOPHSIX.)
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81. [lokazkute, 9TO JIIOOBIE ABA AIreOpaMIecK 3aMKHYTHIX TOJISI OJTHON U
TOU Ke KOHEeYHOM XapaKTEPUCTUKU dJIEMEHTAPHO 39KBUBAJIEHTHBI.

Teopemy 38 MOXKHO HECKOJIBKO yCHJIATD. J[J1st 9TOr0 HaMm 1moHa100uTcst
MIOHSITUE «JIEMEHTAPHOIO PACIITUPEHUS».

IIycTs dukcupoBana curHarypa o U JAB€ UHTEPIPETAIUU STON CUT-
HATYpBI ¢ HOcuTenamu M u M. Ilyers npu stom M; C My n nHTEp-
[peTaruy IPeJIUKaTHbIX 1 (DYHKIIMOHAJBHBIX CUMBOJIOB B M7 u My co-
IJIACOBAHBI, TO €CTH HA apryMeHTax u3 M CUMBOJIBI HHTEPIIPETUPYIOTCS
OMMHAKOBO. (3aMeruM, 9To OTCIOJA CJelyeT 3aMKHYyToCTh M oTHOCH-
TeJIbHO CUTHATYPHBIX oneparuii.) B arom ciaygae M; uHOrma HasbBaioT
nodecmpyxmypot 8 Mo, a My — pacwupernuem M.

Hampumep, eciu Mbl paccMaTpuBaeM TI'DYIIbl KaK HHTEPIPETAITN
curaarypsl (=, X, 1, o6paiienue), T0 IOACTPYKTYPbl — TO MOATPYIIIIbL.

82. [Touemy 37€eCHh Ba>KHO, 9TO OIEpaIysi OOPAIEHISI BXOJUT B CUTHATYDPY !

WNurepaperanuio Mo HA3BIBAETCH IAEMEHMAPHBIM PACULUPEHUEM €€
HOACTPYKTYPBl M1, €ciii BBIIIOJHEHO TAKOe CBONCTBO: il BCAKON (He
00s13aTesIbHO 3aMKHYTON POpMyJIbl) F' 1 Jy1sl BCSKOI OLEHKHU T CO 3HAYe-
wusimu B M7 dopmyiia F uctunna B M7 Ha 3TOM OIlEHKE TOIJA M TOJIBKO
TOTJIa, KOT/Ia OHAa UCTUHHA B My Ha TOIl YKe OIeHKe.

B uacrHOCTH, eciu (opmyiia 3aMKHYTa (HE COIEPKUT IIAPAMETPOB),
TO €€ UCTUHHOCTH HE 3aBUCUT OT OIEHKH U MBI mTosry4daeM, aro My u Mo
3JIEMEHTAPHO SKBUBAJIEHTHBI.

83. IlycTh curHarypa COJEpKUT KOHCTAHTBI JJIA BCEX 3JIEMEHTOB WHTEP-
npetanuu Mi, KOTOpasi sSIBJI€TCS NOJACTPYKTypoil narepuperamun Ms. IToka-
2KUTe, ITO ecyu uureprperaruu My u Ms s1eMeHTapHO 9KBUBAJIEHTHDL, TO M2
ABJISETCS dJIEMEHTAPHbIM paciupenueMm M.

Hawm monaobutcst Takoil mpuMep: MycTbh UMeeTCs ToJie ki U ero pac-
mupenue ks. Mb1 Oyzem paccmarpuBarh 1mojs k1 U ko Kak JBe MHTEP-
nperaruu curuarypol (=, +, X, 0, 1). Ilycrs umeercst HeKoTOpast cucremMa
MOJTMHOMUAJIBHBIX YPABHEHUII ¢ HECKOJIBKUMU IIEPEMEHHBIMU C KOhDU-
nuentamu u3 kp. Torma yTBepkeHHE O TOM, YTO OHA HMEET PEIeHHe,
3anmuceiBaeTcss B Bujle GopMysbl (cozeprKalieli KBAHTOPBI CYIIECTBOBA-
HUsI 10 IIEPEMEHHBIM U KOH'BIOHKITUIO yPaBHEHMUIT; KO3 DUImeHTsl MHO-
POYIEHOB SIBJISIIOTCS T1apamerpaMu 31oit dopmyint). [Tosromy ecim ko
SIBJISIETCS JIEMEHTAPHBIM PACIIUPEHneM k1, TO BCSIKas CUCTEMa YPaBHE-
Huit ¢ koaddurmentamu B ki, UMeoIIas pereHne B ko, UMeeT perreHne
uB k.

Teopema 39. Ilycts k1 — mommoste mosst ks, mpuaém 0ba oHEI ajrebpan-
YecKH 3aMKHYTHI 1 uMeroT xapakrepuctuky 0. Torna ko (kak unreprpe-
Talysl yKA3aHHON CUIHATYDBI) SIBJISIETCS JIEMEHTAPHBIM DACIIUPEHHEM
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UHTepIperanun k.

< B camom meste, ssmmMunaIs KBAHTOPOB mpeodpasyeT Jiodyio ¢hop-
Mysy (¢ mapamerpamy uin 06€3) B 9KBHBAJIEHTHYIO €fi OECKBAHTOPHYIO,
NpUYéM 3KBUBAJIEHTHOCTb UMEET MECTO B 000uX moJiax. A st GeckBaH-
TOPHOI (POPMYJIBI €8 UCTUHHOCTD IIPU OIIEHKE CO 3HAYEHUSIMU B k1 HUKAaK
HE MOXKET 3aBHUCETh OT TOI'O, BHYTPHU KAKOT'O IOJIsI 9Ta UCTUHHOCTH BBI-
quCIsieTcs. >

DTy TeopeMy Ha3bIBAIOT TEOPEMOI O MOJIEJIBHO TTOJTHOTE TEOPUN AJI-
rebpandecKu 3aMKHYTHIX I10JIeil XapaKTepUCTUKH HyIb. V13 Heé ¢ yaéroMm
3aMedaHus 1epej eé OPMYyJIMPOBKON BBITEKAET TAKON XOPOIIO M3BECT-
HBIIl ajreOpancraMm paxT:

Teopema 40 (Munbbepta o Hynsix). Besgkasg cucreMa MOJUHOMUATb-
HBIX ypaBHEHU ¢ Ko duipmeHTaMu B aareOpandeckKn 3aMKHYTOM I0JIe
XapaKTEPUCTUKN HYJIb, UMEIOIas peIleHre B HEKOTOPOM DAaCIINPEHUN
9TOI'O II0JIsl, UMeeT PeIleHre U B CAMOM II0JI€E.

<1 B camom pneste, pacimupenye MOXKHO eI PaciiupuTh 10 ajredpan-
YEeCKH 3aMKHYTOr0O ([P 9TOM PEIICHHE HE NPONAJIET), & 3aTeM BOCIOJIb-
30BaThCS TeopeMoit 39. >

84. /Ipyroit BapuanT TeopeMbl ['miabbepra 0 HysassX (POPMYIUPYETCs TaK:
I[yCTh JlaHa CUCTeMa ypaBHEHUN

rje Bce P, — MHOTOYJIEHBI ¢ KOMILIEKCHBIMU KOd((DUIIUEHTaMH, TIPUIEM 3Ta,
cucrema He mMmeer pemenuss B C. Torma MOXKHO HalTH TaKme MHOTOYJIEHBI
Qi(z1,...,2n), 9TO

Pi(z1,...,20)Q1(z1, .- s@n) + oo+ Pe(z1, ..., ) Qr(21, . . ., Tn)

TOYIECTBEHHO PABHO eJIMHHTIE.
Beisemure 3TO yTBEep:KjeHWe W3 JIOKA3aHHOTO HAMU BapUaHTa TEOPEMbI
I'unbbepra o Hynsix. (Ykasanue: pacemorpum B Kouble Clzi,. .., z,] nneadn,
HNOPOXKIEHHBIA MHOTOWIIeHAMHU P, . . ., Py; €Ciid OH CONEPKUT eIUHUILY, TO BCE
JIOKa3aHO, €CJM HeT, TO PACIHIUPUM €ro J0 MaKCHMaJbHOro ujieana [; Torna
dakropkossno Clzy,...,x,]/I Gyner nosem, pacmupsiomum C, 1 B 3TOM I10-
JIe KJIACChl MHOTOYJIEHOB T1, . - . , Ly, COCTABJISIOT DEIICHUe HAIIEH CHCTEMBI. )

3.10. Vrpa DpeHdpoiixTa

Bepnémcs or anarebpsr K joruke u chopMmysupyem oOIuit Kpurepuit
3JIEMEHTAPHOI 3KBUBAJECHTHOCTH JIBYX HMHTEPIIPETAlMi HEKOTOPOH CHUTr-
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HATYpbI. ByseM cuuTarh, 9TO HAIlla CUTHATYPA COAEPIKUT TOJHKO Mpe-
JIUKATHBIE CUMBOJIBL. (DTO OIrpAHMYEHUE HE OYEHDb CYIIECTBEHHO, TAK KAK
dyukuuio f(x1,...,2,) MOXKHO 3aMEHUTb UPeAUKATOM [(T1,...,Tn) =
= y, IMEIOIIM Ha OJIMH apryMeHT Gourbine. ) Kpome Toro, Gygem caurars,
YTO CUI'HATYPA KOHEUHA, (B HEKOTOPBI MOMEHT HAIIUX PACCYKJIEHUIT 3T0
OyJeT CyIIECTBEHHO).

Kpurepunii 0yzer chopmyanpoBaH B TEpMUHAX HEKOTOPOI WIPHI, Ha-
3bIBaeMO uzpoti Ipendotirma. B Helt yIacTBYIOT JBa UI'POKA, HA3BIBA-
embie Hosatopom (H) u Koncepsaropom (K). Urpa ompemensiercst BbI-
OpaHHON TTapoil HHTEPIIPETAINH; KAK MbI JOKAYKEM, HHTEPIIPETAINN dJIe-
MEHTAapHO 9KBUBAJIEHTHBI TOTJA U TOJIBKO Torja, Korjga K nMeer Bbiur-
PBINIHYIO CTPATETHIO B 3TOM Urpe.

B nagane urper HoBarop obbssisier Harypanabnoe uuciao k. lasee
OHM XOJAT MO odvepeu, HaunHas ¢ H; Kakjplif U3 UTPOKOB jejiaer k
XOJIOB, TIOCJIE YETO OMPEJIESIETCs TODEUTETb.

Ha i-m xony H BeIOUpaeT sseMeHT B OfiHON w3 mHTepuperanuii (B
J06O# U3 JBYX, IPUYEM BLIOOD MOXKET 3aBUCETh OT HOMEPA XOJa) U I10-
MedaeT ero uncyoM i. B orBer K BrIOMpaer HEKOTOPHI 3/1eMEHT U3 JIPY-
roif MHTEPIPETAINU W TaKXKe momedaer ero umcioMm i. [locie k xomos
urpa 3akaHIuBaeTcd. [Ipm 9TOM B KaxKJON WHTEPIpETAInn k JIeMeH-
TOB OKAa3BIBAIOTCsI MOMEYEHHBIMU vucsiaMu OoT 1 10 k (MBI HE yuuTHI-
BaeM, KTO UMEHHO U3 UTrPOKOB uX moMmeru). OG03HAIMM 3TH JIEMEHTHI
ai, as, . .., ax (Ui IepBOil MHTEPIPETAIMN; JIEMEHT ¢; UMEET IIOMETKY %)
u by, ba, ..., by (s BTOpPOIE). DitementTsl a; u b; (¢ OAHUM U TeM ¥XKe i)
OyzseM Ha3BIBATH coomeemcmeyowumy Jpyr apyry. IlocmorpuMm, naii-
J6TCs T TPEIUKAT CUTHATYPBI, KOTOPBIH pa3jindaeT IMOMeYeHHbIE 3JIe-
MEHTBI [IEPBOii U BTOPOil nHTepuperanun (TO €CTh HCTUHEH Ha HEKOTOPOM
HAbOpe MOMEYEHHBIX 9JIEMEHTOB B OJHON WHTEPIPETAIUN, HO JIOYKEH Ha
COOTBETCTBYIONIUX dJieMeHTax apyroii). Eciu rakoii npejukar Haitnércs,
TO BRIUTpBHIBaeT HoBaTop, B mporuBHOM ciryvuae — KomcepBaTop.

[Ipexie Yem JTOKa3bIBaTh, 9TO ITA UrPa JAET KPUTEPHUH djeMeHTap-
HOM 9KBUBAJIEHTHOCTU, PACCMOTPUM HECKOJIBKO MPOCTHIX TPUMEPOB.

e Cpesy 2JIEeMEHTOB a1, . .., Ak U b1, ..., b MOTYT OBITH OJIMHAKOBHIE.
Eciu B Harmeit curaatype ecTb IpeInKaT paBeHCTBA U B 00EUX WMH-
TepIpeTalysX OH WHTEPIPETUPYETCS KAaK COBIIAJIEHNE DJIEMEHTOB,
to KoHcepBaTop 00si3aH MOBTOPSTH XOJIbI, €C/ii uX MOBTOPUI Ho-
BATOD (CKazKeM, €Cll a; = a,, a b; # b;, To HoBaTop BBIMrpLIBaeT,
MTOCKOJIbKY TIPEUKAT PABEHCTBA UCTUHEH B OJIHOM WHTEPIIPETAINHN,
HO JIOYKEH Ha COOTBETCTBYIOIIUX 3JIEMEHTAX JPYTOii).
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e Eciu mareprperaruu m3omopdusl, To y Konceparopa ectb ode-

BHUHBII CIIOCOO BBIMTIPATH: M30MOP(MU3M 3apaHee IPYIIUPYET BCeE
3JIEMEHTBI B IIapbl COOTBETCTBYOMUX. (D10 coracyercs ¢ TeM, 4To
u30MOpQHBIE HHTEPIIPETAIIAN JIEMEHTAPHO SKBUBAJIEHTHBI. )

PaccMoTpuM cuUrHaTypy yIIOPSI0YEHHBIX MHOXKECTB (IIPEIUKATHI =
u <) u eé ecrecrBennble uaTepuperanuu B N u Z. Onu He sBiis-
IOTCH 3JIEMEHTAPHO SKBUBAJIEHTHBIMHU, IIOCKOJIBKY CPEJIU HaTypaJlb-
HBIX YHCeJI eCTh HauMeHbIIIee, a CPeJu IesbiX — HeT. [lokarkem, 4To
B uUrpe DpeHoiixTa JJisd STUX WHTePIpeTanuil BriurpbisaeT HoBa-
TOD.

H o0bsaBaser, aro urpa OyeT IpoBeieHa B J[Ba XOJa U HA [IEPBOM
xozy nomedaer yucso 0 u3s unrepunperanuu N. B orser K BbIHy K-
JIeH TIOMETHUTh HeKoTopoe vucsio m u3 Z. Ha sropom xoxy H nmome-
Jaer B Z HEKOTOPOE IHCJI0, MeHbInee m (Hanpumep, m—1). Teneps
K upourpsiBaer npu Jiio60M OTBETHOM XOJI€, IIOCKOJIBKY IIOMETHTD
9HCJIO, MEHbIIIee HYyJIst, OH HE MOYKET.

st TOI Ke CUrHATypbl paccMOTpuM uHTeprperamuu B Z u Q.
OTU WHTEpIIpeTAIMY HE 3JIeMEHTAPHO SKBHBAJIEHTHBI, [TOCKOJIBKY
MOPSAJIOK HA PAIMOHAJBHBIX YUCIAX IJIOTEH, a Ha IEJbIX — HeT.
[Tokazkem, aTo B urpe dpendoiixra cHOBa BeIMrpbiBaeT HoBaTop.

Urpa 6ymer mpoxomuth B Tpu xoia. Ha mepBbix aByx xomax H
momedaer ncia 0 u 1 u3 Z. K j10/KeH oMeTuTh HEKOTOPBIE 3JIe-
MeHTHI by 1 by u3 Q. IIpu srom m0JKHO GBITE by < by (nHaue H
3aBesoMo Boiurpaer). Torya wa Tperbem xony H nmomeuaer jiro6oe
paImoHabHOE YUCJIO, JeXKalnee cTporo Mexay by u by. Tak kax
mexay 0 u 1 Her HaTypaabHbix uncest, K #He Mmoxker cobiioctu Tpe-
OOBaHUS WTPHI U IPOUTPHIBAET MIPHU JIOOOM XOJI€.

PaccmoTrpum Teneph ynopsiiouennbie MHOXKeCTBa Z u 7, + 7. Kak
Mbl Bugiean (¢. 113), oHu 3/1eMEHTAPHO SKBUBAJIEHTHBI, U IIOTOMY
JIOJI?KHA CYIIECTBOBATD BLIUTPHINIHAS cTpaTerus Ay Korcepsaro-
pa. Kax ke on jmoszken urparb? Kaxkercss pasyMHBIM IIOIEPXKH-
BaTh OJIMHAKOBBIE PACCTOSIHUSI MEXK Ty COOTBETCTBYIOIIIUMU 3JIEMEH-
Tamu B Z u 7+ 7. Ilpobsiema B ToM, 910 B Z~+ 7 HEKOTOPBIE PACCTO-
siHUsT GECKOHEUHBI (MEXKy JEMEHTAME Pa3HBIX CJaraeMbix). dTo
xe nenarh Koncepsaropy, ecsim HoBatop momernit nBa Takux 3Je-
MeHTa?
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K cuacrrio g K, on 3Haer 3apanee, CKOJIBKO XOJIOB OCTAJIOCH 10
KOHIIa UTPbI. SIcHO, 4TO ecyin urpa ckopo konuurcs, To H ne ymact-
¢Sl OTJINIUTH OECKOHETHOE PACCTOSTHHE OT JIOCTATOYHO OOJIBIIOTO.
Bosee Touno, ecim 1o KoHITa UTphI ocTaéres s X008, To K Moxker
CYUTATDH BCE PACCTOSIHUsI, OOJIbININME WU paBHbIE 2°, GECKOHEYHO
Gonbmu. B korne (npu s = 0) 970 03HAYAET, YTO BCE HEHYJe-
Bble PACCTOSHUS OTOXKJIECTBIAIOTC (YTO HPABWILHO, TAK KaK B
KOHIIE BarKeH JIIIb I0psAIoK ). Takum obpazom, K crpemurcs mos-
JIepXKUBATH TaKO# «MHBAPUAHT» (KK CKA3aJi OBl IPOIPAMMUCTHI ):
COOTBETCTBYIOIIHE 3JIEMEHTHI B A 1 B B UJIyT B OJTHOM U TOM Ke TI0-
DSLIKE, U PACCTOSIHUS MEK/Ly COOTBETCTBYIONUMU HAPAMU COCE/Iei
OJIMHAKOBBI (IIPH 9TOM BCe GECKOHEYHO OOJIbIINE PDACCTOSHUS CUU-
TAIOTCS OJMHAKOBBIMK). ZICHO, YTO Takas CTpATerus rapaHTUpPyeT
€My BBIUTDBII; HAJIO JIUIIh ITPOBEPUTD, UTO IMOJJIEPXKATH HHBAPHU-
AHT MOXKHO.

IIpu ouepennom xomae H BosMOXKHBI HECKOJIBKO ciryuaes. H Mor pas-
OUTb «KOHEUHBI» (MEHbIINH 2°, Te § — YUCJIO OCTABIIUXCS XO-
JIOB) IIPOMEKYTOK HAa JIBe YaCTH. B 9TOM ciIydae COOTBETCTBY IOIIMI
[IPOMEXKYTOK B JPYIOM MHOYKECTBE TAKXKE «KOHEUYEH» U UMEET TY
ke JuHy, Tak 910 K Jj10/12KeH Juiinb BBIOPATH 9JIEMEHT HA TOM Ke
paccroguuu oT KoHIOB. Ilycrs H paszbun «beckonednbiity (bt
2% wn GoJible) IPOMEKYTOK Ha JBe dactu. Torja xors Obl OHA
U3 gacreil Gymer uMersh minHy 2°7! man Gosblre, TO €CTh Ha Clle-
JIYIOIIEM Irare OyJIeT CUUTaThCs «OeckoHeunoits. Ecmu obe dactu
«BeCKOHEUHBI» (C TOUKM 3peHUsl cieyromero mara), 1o K nomken
pa3buTh «OGeCKOHEUHbINy (IIMHBL 2° nau 6oJiee) IPOMEXKYTOK JPY-
roro MHOYKECTBa Ha JBe «beckonedanbie» (mymmbl 257! nmm 6omee)
qaCcTH; 9TO, OUYEBHUIHO, BO3MOXKHO. Ecim omna dacTh «OeckKoHed-
Ha», & JApyras «KOHEeYHa», TO HaJ0 OTJIOXKUTH TO YK€ «KOHEYHOE»
paccrosiHue B JIpyroM MHOXKecTBe. Hakoser, 0be 4acTu He MOIyT
OBITH «KOHEIHBIMI» (€C/TH KasK/as MenbIne 2°~ 1, To B cymme Gyer
MeHbIe 2%).

Hakoweri, HOBbIii 371eMeHT MOr 6bITH GOJIblIe (MM MEHbIE) BCeX
y2Ke OTMEYEHHBIX JIEMEHTOB HHTepIpeTaluy; B 3ToM ciaydae K
JIOJIZKEH OTMETHUTD 3JIEMEHT IPYTOil HHTEPIIPETAINH, HAXOIuics
HA TOM K€ PACCTOSTHIN OT HANOOJIBIEro (HANMEHbIIEro) OTMeYeH-
HOro 3jieMeHTa (WU Ha «GeCKOHEYHOM» DACCTOSHUM, €CJIU TAKOBa
6buta curyarys ¢ BoiopanasiM H anementom).
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85. Kro BeIMrpBIBaeT B urpe DpeHdOoixTa IJisi YIOPSI0IeHHBIX MHOYKECTB
(a) ZuR; (6) RuQ; (B8) Nu N+ Z? Kak oH JO/KEeH Urparh?

IIpuBenénnble TpUMEPHI JIEJIAIOT TPABIOIOMOOHON CBSI3b MEXKLY
HamareM (GOPMYJIbl, PA3JIMYIAIONIE UHTEPIPETAIINN, U BBIUTPBIITHON
crparerun mis H. Ilpu srom gyncso xomos, kotopoe monaaoburcs Hosa-
TOPY, COOTBETCTBYET K6AHMOPHOU 24ybure Pa3IMIalonieil nurepripera-
nuu dopmysbl. KBanTopuas riyouHa hOPMYIIbI ONPeIessIeTcs TaK:

e [1ybuna aromapHbIX (GOPMYJI paBHA HYJIIO.

o [mybuna dopmyst ¢V u ¢ A1) paBHa MAKCUMyMy TJIyOuH (DOPMYII
puy.

o ['ybuna dopmyssl - paBHa rIyonHe HGOPMYIIBL .

e [urybuna dopmysr 3 ¢ u V€ ¢ na equnuily 6osbine riyOuas Gop-
MYJIBI (.

Hpyrumu ciaoBamu, riaybnna hOpMyJIbl — 9TO HAUOOJIbINAs «TJIyOMHA
BJIO’KEHHOCTH» KBAHTOPOB (MaKCUMAJbHAs JJIMHA [EIIOYKH BIIOYKEHHBIX
KBaHTODOB).

Paccemorpum mozumuio, KoTopasi CKJIaabpIBaeTCS B Urpe mocie k XoI0B
H u K (mepen ouepenubim xonom H) u 3a | xom0B 10 KoHIa urpel (Ta-
KUM 00pa3oM, obmiag JyimHa urpsl ecth k +1). B 3ToT MOMEHT B Kaxk 10t
u3 mHTeprperaruii copmectHbivMu yersmsivu H u K Beibpano no k sJe-
MeHTOB. IlycTb 9T0 OyIayT 2JIEMEHTHI @1, . . . , ) B OIHOI WHTEPIPETAIIUN
(nazosém eé A) u by,..., by B npyroii (B).

Nemma. Eciu ectp dopmysa rirybuns! [ ¢ napamerpamu i, ..., Tk,
OTJIMYAIOIIAS 1, - - .,k OT by, ..., b, To B ykazauuoit nosuruu H umeer
BBIUT'DHIINITHYIO CTPATEruio; B IPOTUBHOM ciiydae eé nmeer K.

Tlosicanm cmbics yeaoBust temmbt. Ilycrs ¢ — dopmysta rirybunst [,
BCe IapaMeTpbl KOTOPOil COlep:KaTcs B CIHCKE Ti,...,TL. lorga mMme-
€T CMBICJI CTaBUTh BOIPOC O €€ MCTUHHOCTU B uHTeprperanuu A mpu
3HAYEHUSIX MApPaMETPOB a1, ...,0E, & TaKXKe B WHTepuperanuu B rpu
3HAYEHUIX TapamMeTpoB by, ...,by. Ecim okaxkercs, 9ro B OmHOM CIIy-
qae GopMyJsia  UCTUHHA, & B JPYTOM JIO2KHA, TO MBI TOBOPHUM, UTO (O
OTJINYIAET G1,...,Ak OT by,...,bk.

IIycte Takas dopmyna ¢ cymecrsyer. Ona mpenucraBiser coboit
Jloruaeckyio (6eCKBAHTOPHYIO) KOMOMHAIMIO HEKOTOPBIX (DOPMYJI BUIA
V& m A€, Te ¢ — bopmysta riryounst | — 1. Xors Ob1 oHA 13 HOpMyII,
BXOJIANINX B 9Ty KOMOMHAIIAIO, JOJKHA TaKXKe OTJINYATb 41, ...,0d, OT
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b1,...,by. llepexomsi K OTPUIIAHUIO, MOXKHO CUMTATH, IYTO 3Ta (HPOPMYJIa
HaYMHAETCS C KBAaHTOpa cyrecrBoBanus. Ilycts dopmyna ¢, nmeroras
BH]

ﬂaﬁkJrl’(/J(scl, ey Ly Ik+1),

UCTUHHA, JJIS A1, . ..,a, W JOXKHA g by, ..., by. Torma Haiigércs Takoe
GJ+1, IUIsI KOTOPOTO B A MCTHUHHO

w(ala .. 'aa‘k‘7a'k+1)'

910 ay41 U OyJeT BeIUTrpbIBaonuM xoioM HoBaTopa; mpu jgoboM oTBeT-
HoM xogie by11 Komucepsaropa dopmya

w(bla .. '7bk7bk+1)

Oymer JiokHOM. Takum obpa3om, HekoTopas dopmysia riyoumubr [ — 1
OTJIMYIACET A1, ..., 0%, Qk+1 OT b1, ..., bk, bpy1; paccykmast o MHIYKIINN,
MbI MOYKEM CYHUTaTh, 4T0 B ocrasineiica (I — 1)-xonosoit urpe H umeer
BBIMI'PBIIHYIO cTpaTeruio. (B KoHIe KOHIOB MBI HPHJIEM K CHUTYallUH,
KOT/Ia HEeKOoTOopasi OeckBaHTOpHas opmy/aa orimdaer k + [ 37eMeHTOB
B A or cooTBeTCTByMOMUX 371eMeHTOB B B, To ecth H BBIMIpAeET.)

O6parHoe paccykKeHue (ecan HaGOPbl He OTJIMYMMbI HUKAKON (op-
Mysoit tryousst [, To K mMeeT BBIUTPBINIHYIO CTPATErnIo B OCTABIIEHCsT
[-xomoBOl HMrpe) dyTh GoJiee CIIO0XKHO. 31eCh BarXKHO, YTO MO CYIIECTBY
€CTh JIUIIb KOHEYHOE UNCJIO PASTMIHBIX (DOPMYJT TIyOUHBI k.

Tounee roopsi, Gy/ieM Ha3BIBATH 1Be GOPMYIIBI (€ TApAMETPAMM) K-
BUBAJIEHTHBIMU, €CJIM OHU OJHOBPEMEHHO MCTHHHBI WJIM JIOXKHBI B JIIO-
6oit mHTEpHpeTanuu Ha Ji00oi onerke. [[ocKoIbKY curHaTypa KOHEUYHA,
CYIIECTBYET JIUIIh KOHEYHOE YUCJIO0 aTOMAPHBIX (DOPMYJI, BCE MMAapaMer-
PBI KOTOPBIX COJEPIKATCI CPEd Uq,...,Us. CyIMecTByeT JIMIb KOHEY-
HOe 9ncyio Oy/IeBbIX (DYHKINH C JAHHBIM HAOOPOM apTyMEHTOB, TTO3ITOMY
CyIIEeCTBYeT JIMIb KOHEYHOE YUCJIO0 HESKBUBAJEHTHBIX OECKBAHTOPHBIX
dopmyi1, Bce mapaMeTpbl KOTOPBIX COIEPIKATCS CPEIH U, . - . , Ug. OTCIO-
JIa CJIEJIyeT, 9TO CYIIECTBYET JIUIIb KOHEYHOE UUCI0 HEIKBUBAJEHTHBIX
dopmys Buma

Fus P(uq, ..., us),

U TIOTOMY JIUIITb KOHEYHOE YUCJIO HEIKBUBAJIEHTHBIX (DOPMYJT TIIyOUHBI 1,
apaMeTpbl KOTOPBIX COAEPIKATC CPEJH U7, - - . , Us—1. (37€Ch MBI CHOBA
HCITO/IB3YEM YTBEPKIEHIE O KOHEIHOCTH IUCIa OyJIeBbIX (DYHKITHI ¢ TaH-
HBIM KOHEYHBIM CIIMCKOM apr'yMEHTOB, a TaKXKe BO3MOXKHOCTH IIepernMe-
HOBBIBATH IEPEMEHHYIO TI0J] KBAHTOPOM, OJiarofaps KOTOPOl MbI MOXKEM
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CYUTATD, YTO ITA [EPEMEHHAs €CTh Ug.) [IpoIoJiKas 9Tu paccyKIeHusd,
MBI 3aKJII0YAEM, 9TO s JII000To | n st J110060T0 HAbOpa MepEeMEHHBIX
Ul,...,Uy, CYIIECTBYET JINIIb KOHEYHOE YUCJO HEIKBUBAJIEHTHBIX (DOp-
MyJI TUIyOUHBI [, BCE MapaMeTpbl KOTOPBIX COAEPIKATCH CPEIH U7, - - - , Up.
(311€Chb MBI CYIIECTBEHHO HCIIOJIb3YeM KOHEYHOCTb CUTHATYPHL. )

Bepnémcs k urpe Dpendoiixra. [lycts smemeHTs a1, . . . , G} HEIb3s
OTJINYUTDH OT JIEMEHTOB b1, . . ., b, ¢ momorsio dopmyst rryounst [. Omm-
meM BeITPRIMHYIO cTpaTeruio 1as K. Ilycrs H Boibpasr mpou3BoIbHbBIM
9JIEMEHT B OJHON U3 MHTEPIpPETAINil, CKayKeM, Gg4+1. PaccMOTpPUM Bce
dopmysnbl raybuser [ — 1 ¢ k 4+ 1 napamerpamu (¢ TOYHOCTBIO JI0 9KBU-
BAJICHTHOCTH MX KOHEYHOE YUCJIO); HEKOTOPbIE U3 HUX OYIyT MUCTUHHBI
HA G1,...,0L+1, & HEKOTOPBIE JIOXKHBL. Torma dopmMyia, yTBEpxK AA0ast
CYIIECTBOBAHUE k41 C POBHO TAKUMM CBOHCTBAMHU (I10CJIE KBAHTODPA CY-
IIIECTBOBAHUS UJIET KOHBIOHKIINS BCEX UCTHHHBIX (POPMYJ U OTPUIIAHUI
BCEX JIOXKHBIX) Oyner dhopMyII0ii riyGuHbI [, ICTUHHOR HA a7, . . . , 4. 110
MIPEJIITIOJIOXKEHUIO Ta POPMYJIa JIOJKHA ObITh UCTUHHON U HA by, . .., b,
U [IOTOMY CYIIECTBYET bj41 C TEMH K€ CBOMCTBAMHU, 9TO U Aj41. DTOT
ssmemeHT b1 u pomken nmomeruth K. Teneps mpenmosoxkenne mHIyK-
MU [I03BOJISIET 3aKJIOYUTh, YTO B BO3HUKIIEH no3urmu (rie 0 KOHIA
urpsl | — 1 xomoB) y K ecTh BBIMTDHBINIHAS CTPATETHS.

Jlemma jrokasana. EE 4acTHBIM CilydaeM siBJISIeTCsi OOEIaHHbI KpU-
TepUil 31eMEHTAPHON 3KBUBAJICHTHOCTH:

Teopema 41. Nnarepuperanuun A u B 3/ieMeHTAPHO SKBUBAJEHTHBI TO-
[Jla ¥ TOJBKO TOTJIA, KOIJIa B COOTBETCTBYIONIEH urpe Dpendoiixra Bbi-
urpbiBaeT Koncepsarop.

86. Ilokakure, 9TO YCJIOBHE KOHEYHOCTH CHTHATYDPBI CYIIECTBeHHO (6e3
HEero ms3 SHeMeHTapHOfI 9KBHUBaJIECHTHOCTH HE CJIeAyeT CYIIEeCTBOBaAHUE BBIWUI-
priHO# crparernu s K).

3amMeTM, 9TO B HEKOTOPBIX Cliydasx (Haupumep, i Z u Z+7Z) urpa
OpendoiixTa JaéT HaM HOBBII CIIOCOO MOKA3aTEJILCTBA DJIEMEHTAPHON
SKBHUBAJIEHTHOCTH.

3.11. lMoHumxeHne MoLLHOCTH

B sToM paszene Mbl onmmeM TpuéM, TMO3BOJISAIONEH B MHTEPIPETa-
Uy GOJIBIION MOIIHOCTH BBIIEIATH YaCTh, KOTOPas OyJeT 3JIeMEHTapHO
SKBUBAJIEHTHA MCXOTHOMN (1, Gostee TOro, NCxomHast GyeT eé s1eMeHTap-
HBIM DACIIUPEHUEM B CMbICJe onpejenenusa Ha c. 115). Hanpumep, Bo
BCSIKOM OGECKOHEYHOM yTIOPSIIOIEHHOM MHOYKECTBE 9TOT MPUEM MTO3BOJIUT
HANTU CIETHOE MOJMHOYKECTBO, 3JIEMEHTAPHO SKBUBAJEHTHOE UCXOIHOMY
KaK MHTEePIpPeTals CUIHATYPBI (=, <).
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C moMoIIbo 3TOi KOHCTPYKIUK (COCTABJISIONIEH COlepKanue Teope-
Mmbl JleBenreiima— Ckosiema 06 371€MEHTAPHON IIOJIMOJIENIN) JIETKO JIAThH
oberanmoe Ha ¢. 95 Apyroe 10Ka3aTeLCTBO TOTO, ITO JIIOObIE IBA TIJI0T-
HO yIIOPSIJIOYEHHBIX MHOXKECTBa 0€3 IEPBOro U MIOCJIEIHErO JIEMEHTA, DJ1e-
MEHTAPHO SKBHBAJEHTHBI. B camom jee, BbIOepeM B HUX CUETHBIE da-
CTH, JIEMEHTAPHO KBUBAJCHTHBIE TEJIBIM MHOXKECTBAM. DTHU YacTh Oy-
JYT IJIOTHBIMA ¥ He OYIyT MMEeTh IIEPBOTO U MOCIEIHEr0 SJIEMEHTOB, TaK
KaK 9TH CBoiicrBa 3anmceiBaiorcs dopmyinamu. Kak ussecTHo (cMm., Ha-
npumep, [6]), srobble 1Ba CIETHBIX MJIOTHBIX YIOPSIOYEHHBIX MHOKECTBA
6e3 [epBOro 1 MOCJIETHETO 3JIeMeHTa N30MOP(MHBI, U TOTOMY (Teopema, 35,
c. 112) snemenrapuo sxsusajeaTHbl. ClIe0BATEIHHO, U UCXOIHBIE MHO-
KeCTBa OYIyT 3JIEeMEHTAPHO SKBUBAJEHTHDI.

IIpexxme BCero yTouHMM CJIOBa «YaCTh WHTEepIperaruns. Ecam cur-
HATypa COCTOUT TOJBKO M3 MPEJIUKATHBIX CHUMBOJIOB, TO MPOOJEM HET:
B3$IB IIPOU3BOJIbHOE HEIIYCTOE IOJAMHOXKEeCTBO X IIPOM3BOJILHON MHTEP-
MPeTAIH, Mbl MOXKEM OI'PAHUYUTH PEIUKATHI Ha X U MMOJIy9IUTh HOBYIO
uHTepnpeTannio. Ecim B curHarype ectb PpyHKIIHOHAJILHBIE CHMBOJIBI,
MBI JIOJIZKHBI €I1€ MOTpeboBaTh, YTOObI X OBLIO 3aMKHYTO OTHOCUTEb-
HO COOTBeTCTBYIOMUX GyHKuuil (3Hadenus GyHKIUN HA SIeMEHTaX O/
MHOXKecTBa X JIOJIKHBI jlexkaTh B X ). BOZHHKAIOMIAs IPU 9TOM HHTEp-
nperarys ¢ HocurejieM X Ha3bIBAETCS MoJCmpPyKmypoli NCXOIHOI.

Teopema 42 (Jleetreiima—Ckonema ob snemeHTapHoli nogmogenu).
[Iycts mMmeeTcst KOHeUHAsT WM CUETHAS CUTHATYpa 0 W HEKOTOpas bec-
KOHeuHas wHTepnpetanusa M 1ol curHatypbl. Torma MOXKHO yKa3aTb
CYETHOEe IMOJMHOXKEeCTBO HoaMHOKecTBo M’ C M, KoTopoe Gyner moj-
cTpyKTYpoit M (3aMKHYTO OTHOCUTEJHFHO CUTHATYPHBIX (DYHKIWMI) 1 J1J1st
KoToporo M GymeT 3j1eMeHTapHbIM pacimupenuem M.

<1 Hagném ¢ mepsoro tpeboBanus Teopembl: M’ TOMKHO OBLITH MOI-
crpykrypoii. CaMo 110 cebe ero BBIIOJIHUTD JIENKO, KaK TOBOPHUT CJIELYIO-
mast JieMMa.

Nlemma 1. Ilyctb A — mpom3BOJIbHOE KOHEYHOE WM CIYETHOE TOJ-
MHOKecTBO MHOXKecTBa M. Torma cymiecTByeT KOHEYHOE WJIM CUETHOE
muOXkecTBO B C M, comepxaiee A, KOTOpoe SIBJISETCS TOJACTPYKTY POl
(3aMKHYTO OTHOCHTEJIBHO CUTHATYDHBIX byHKuuii B M).

VTBepxKIeHNe JIEMMbI IIOYTH OYEBUIHO: HAI0 100aBUTH K A pesyiib-
TaThl IPUMEHEHUsI BceX (PYHKIIUI K €ro 3jieMeHTaM, [TIOTOM pPe3yJIbTaThl
[IpUMeHeHUsI BceX (PYHKIUI K JT00ABJIEHHBIM 3JIeMEHTaM U TaK CYETHOE
quciao pa3d. (Apyrumu ciroBaMu, HAJI0 J100aBUTH 3HAYEHUS BCEX TEPMOB
CHUTHATYPBI HA OIEHKAX, IIPU KOTOPBIX WHANBUIHDLIE TEPEMEHHDIE TTPUHI-
MaroT 3HaueHus B A.) flcHO, 4TO 1Oy YnTCs KOHEYHOE Wl CYETHOE MHO-
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2KECTBO, TAK KaK Ha KaXKJIOM Illare PacCIIupPEHus 00aBJISETCS CIETHOE
MHOXKECTBO HOBBIX JIEMEHTOB U mIaroB cuérnoe uucyo. (Moxuo 3ame-
THTH TaKKe, 9TO TePMOB cuéTHOE Yncio.) Jlemma 1 jokazamna.

SaMKHyTOCTh mOJMHOXKecTBa A MHOXKecTBa M OTHOCHUTEIHHO CHUT-
HATYPHBIX (QYHKIWN [O3BOJIET PACCMATPUBATH MHTEPIIPETAIINIO C HO-
cureseM A W ¢ MHIYINPOBAHHBIMU U3 M (DYHKIUSIMEU U TpETAKATAMI.
OjHako OHA, KOHEYHO, He 00si3aHa OBITH JIEMEHTAPHO IKBUBAJEHTHOMN
M, Kak HOKa3bIBA€T MHOXKECTBO 04eBUAHBIX HpuMepos. (Eciu, ckaxem,
B curHAType HeT (OYHKIMIA, a OJHU IIPEIUKATHI, TO JII000€ II0JIMHOXKECTBO
Oy/1eT 3aMKHYTO. )

ITosTomy Ham HEOOXOAMMO €IIE OJIHO CBOWCTBO 3aMKHyTOCTH. [lycTh
A — Hekoropoe noaMHOKeCTBO M (HAIIOMHHMM, YTO MbI PACCMATPUBAEM
UHTEPIIPETAIUIO CUIHATYDBI 0 ¢ HocureseM M ). Hazosém A sxzucmen-
YUAADHO BAMEHYMBLM, CITA I BCIKON opmysl ¢(x, X1, . .., Ty) CAT-
HATYPBI 0 W JJIsI JIIOOBIX 3JIEMEHTOB a7, ...,0;, € A BBIIOJIHEHO TaKOe
yTBEpXKJIEHUE: ecyu cyiecTByer m € M, niag koroporo (B M) uctunuo
w(m,ay,...,a,), TO JIEMEHT M C TAKUM CBOMCTBOM MOXKHO BHIODATH U
BHyTpHu A.

(Bostee dopmasbho cienoBaso 6bl CKa3aTh, 4TO Jisd BCAKOil (op-
MYJIBI (p, TTapaMeTPhbl KOTOPON COMEPIKATCH CPEJIU X, L1, . .., Ty, U JJId
JIEOOBIX 9JIEMEHTOB A1, ..., 0, € A BBINOJIHEHO TAKOe yTBEPXKIEHUE: eC-
Jm cymecTByeT m € M, 1jst KOTOpOro ¢ nctuHHa B uHTepuperanun M
Ha ONeHKe (T — M, T1 — a1,...,LTy > Gy), TO CYIIECTBYET U HJIEMEHT
m € A ¢ TeM Ke CBOHCTBOM. )

O6parnTe BHUMAHUE, UTO B 9TOM OIpejieseHnn (B oTinane oT Gop-
MyJINPOBKH T€OPEMBI) He UJET pedb 00 ICTUHHOCTH KaKoii 651 TO HU OBLIO
dopmynsr B A — Tosibko 06 ucturHOCTH B M. B HEM roBopuTest mpuMep-
HO BOT 4TO: ecju Boobie (Bo BcéM M) Haiimércs JeMeHT, CBI3aHHbIH
HEKUM (DOPMYJIHLHBIM OTHOIIEHUEM C 3JIEMEHTAMH A1, - . . , Ay € A, TO Ta-
KOl 9JIeMeHT HalIETcst 1 BHyTpH camoro A.

Nemma 2. ITycte A C M — KOHEYHOE WIU CIETHOE MHOXKECTBO. Torja
CYIECTBYET KOHEYHOE WJIN CIETHOEe MHOXKecTBO B C M, comepxarnee A
U SIBJISIFOIIEECs 9K3UCTEHIINAIBHO 3aMKHY THIM.

JlokazaTeabCTBO JIEMMBI 2 AHAJIOIHYHO JOKA3ATEIbCTBY IIPEIIBIITY-
et ieMMbl: POPMYIT (0 CIETHOE UUCIO U KOHEYHBIX HAOODPOB IJIEMEH-
TOB n3 A Toxe cuéraoe umcio. [1oaToMy MOXKHO IMOCMOTPETH, B KaKHX
CIydasx 3JEMEHT M U3 OUPEJEJIeHNs] SK3UCTEHIINAIBHON 3aMKHYTOCTH
CYIIECTBYET, U J0OABUTDH OIMH U3 TAKUX 3JIEMEHTOB (3/1eCh UCIOJIb3YeTCs
akcuoma Bbibopa). OuH pa3 Tak ¢zeaaTh HeJIOCTATOIHO, TaK KaK J100aB-
JIEHHBIE IJIEMEHTHI TAK2K€ MOTYT HCIIOJIb30BATHCH B KAYECTBE A1, . . ., Oy
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B OIIPEJIEJICHUH, OITOMY TAKyIO0 MPOIEIYPY HAI0 MOBTOPUTH CIETHOE
YUCIIO Pa3 W B3ATh OObeIUHEHNEe MOJTyIeHHbIX MHOXKeCcTB. OHO yxke Oy-
JIeT 9K3UCTEHIMAJBHO 3aMKHYTO (J11060i1 HabOop 0Ly 4aeTcs Ha KOHETHOM
mare u Ha CJIEJIYIOIIEeM IIIare OH 00CIIy 2KUBAeTCsl, eI Hy»KHO). Jlemma 2
JIOKa3aHa.

Ha camowm jiesie meMMbr 1 #1 2 MOYKHO COEIMHUTb.

Nemma 3. Ilycts A C M — KOHEYHOE MU CIéTHOE MHOXKeCTBO. Torja
CYIIECTBYET KOHEYHOE UJIN CUETHOE MHOXKeCTBO B C M, comepxartee A,
3aMKHYTOE OTHOCHUTEJIbHO CUTHATYPHBIX (DYHKINNA U SK3UCTEHIUAIHHO
3aMKHYTOE.

B camom mese, 9TOOBI MTOYYINTH TaKOE€ MHOXKECTBO B, J0CTATOYHO
Yepes0BaTh IIaru 3aMbIKAHUS OTHOCHUTEIBHO CHUTI'HATYPHBIX (DYyHKIUH 1
9K3UCTEHIUAJIBHOTO 3aMbIKAHNS, 8 TOTOM B3ATh OObEIUHEHNE TTOJTYICH-
HOW MOCJIeI0BaTeIbHOCTA MHOXKeCTB. JlemMma 3 goka3aHa.

Nemma 4. Ilycrs M’ C M 3aMKHYTO OTHOCUTEIHHO CUTHATYDHBIX
byHKIMNE 1 IK3UCTEHIINATBLHO 3aMKHYTO. Torma M sBisieTcs 3J1eMeH-
TapHLIM pacimpenueM M.

Orciofia y>Ke BBITEKAET YTBEPXKJEHUE TeOPEeMbI 42: IPUMEHUM JIeM-
My 3 K HEKOTOPOMY CYETHOMY IOJMHOXKECTBY MHOxKecTBa M, a 3arTeMm
BOCIIOJIb3YeMCsl JIEMMOM 4.

JlokazaresabeTBOo JIeMMBbI 4 TaKyKe JOBOJIBHO ITpocTo. Hamomumm orpe-
JIeJIEHUE 3JIEMEHTapHOTO PACHIUpEHUsi: TpeOyeTcsi, YTOObI

M Eplay,...,an) < MEp(a,...,a,)

1t 060l hopmynet (a1, . .., Ty) W IS JOOBIX a1, ..., 4y € M.

(®opmanbHO cresoBao 6Bl cKa3aTh: Jis 060 GOpMyIbI ¢ apa-
MeTpaMy U JIIOOOH OIEHKH, IPU KOTOPOIl BCe IapaMeTpbl IPUHUMAIOT
snadenusa B M', uctuHHOCTD 3TO# popMyel B M’ Ha 9TOl oleHKe paB-
HOCHJIbHA UCTUHHOCTH TOH 2Ke opmysinl B M Ha TOil 2Ke OIeHKe. )

Bynem nokaszsiBaTh 9170 HHAYKIHENR 10 TOCTpoeHIO hopMytbt . s
aTOMapHBIX (POPMYJT ITO OYEBUIHO: 3HAYCHIS TEPMOB HE 3aBUCAT OT TO-
ro, IPOBOJIUM JIU Mbl Bhluucjenusa B M wmu M’, a npenukarnr na M’
UHyupoBanbl u3 M.

Eciin popmyita ¢ ecTh KOHbIOHKITHS, U3 bIOHKITUS, IMILIUKAIAS U
OTPHIIaHNE, TO €€ NCTUHHOCTL Kak B M, Tak u B M’ onpenesnsiercsa ucTun-
HOCTBIO €€ JacTeil (1 MOXKHO COCJIATLCs Ha MPEIIOJIOKEHNE UHIYKIIUN ).

EnunacrBeHHBIN HETPUBHAIBHBIN CiTydail — ecsu GpopMysia ¢ HadMHA-
ercs ¢ KBaHTOpa. MbI MOKeM COKPaTUTh cebe paboTy W pacCMaTpUBATDL
TOJILKO KBAHTOP CYIECTBOBAHUSA, TAK KaK V& MOYKHO 3aMEHUTH Ha —3E—.
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Urak, nycrs dopmyna p(x1,...,x,) uMmeer Bug Jx(z, 1, ..., Ty).
Ecmn M’ & ¢(ay,...,a,) IS HEKOTOPHIX a1, ..., a4, € M', To HalinéTcs
ssement m € M’ nua xoroporo M’ E 4(m,aq,...,a,). Torma o nmpen-
nostoxkeHmo HHAYKIun (bopmyiia 1) Kopode hOpMYIIBI ) MOXKHO Hepeii-
U K GOJIbIIeH HHTEPIPETAIUK U 3aK/I0UuTh, 910 M E p(m,aq, ..., a,),
u noromy M E ¢(ay,...,a,). ObpaTHoe paccykIeHue MPOCTO TAK He
[IPOXOJIUT, TOCKOJIbKY CYIECTBYIONHI dJieMeHT m cyiiecrByer B M, a
He B M, n IpenoIosKeHre WH LY KIMH IPUMEHATH Hetb3sd. OIHaKo poB-
HO JIJIsl 9TOTO y HAC €CTh TPeDOBaHUEe HK3UCTEHIMATHLHON 3aMKHYTOCTH,
KOTOpOE TI03BOJIAET 3aMEHUTDL 3JIEMEHT 11 Ha JApyToii sjneMenT u3 M’ n
3aBepIIUTh JOKa3aTe/JIbCTBO. >

Bor npumep npumenenusi reopemsbr Jlesenreitma — Ckostema B asred-
pe: cymecTByer ajrebpamdeckun 3aMKHyToe cuérHoe mommose nojs C
KOMILTeKCHBIX umces. (B camom gese, TpeGoBaHue anreSpandeckoii 3a-
MKHYTOCTH MOKHO 3aIllCaTh B BUJE CIYETHON IOC/IEI0BATEILHOCTH (HOp-
MYJI — IO OJHOM JIJTsi KaXKJI0# CTeIleHr MHOrO4IeHa. AKCHOMBI TIOJIsT TaK-
JKe MOXKHO 3amucaTh B Buje (GOpMyJs. SHAYUT, CUETHAS IJIEMEHTAPHAS
noamozesb nosst C Gyzer Takke ajarebpandecku 3aMKHYTBIM [IOJIEM. )

Bupouem, ajrebpancros Takoe IpUMEHEHIE CKOPee HACMEITAT — OHU
U Tak 3HAWT, u4To ajrebpamdeckue syeMeHThl nosst C (KOpHE MHOrO-
YJIEHOB ¢ 1ebiME Kodd dunuentamu) 06pasyioT c46THOE aJrebpandecKu
3aMKHYTOE TIOJIE.

JIF0BOIBITHBIN TTAPAIOKC CBSI3aH C MOMBITKAMHI ITPUMEHUTH TEOPEMY
JleBenreiima — Ckosiema B Teopun MHOXKecTB. IIpegcraBum cebe mHTEp-
[PETAIHIO A3BIKA TEOPUU MHOXKECTB (IPEJMKATHL = U €), HOCUTEJIEM KO-
TOPOIA SIBJISIETCSI MHOXKECTBO BCEX MHOXKECTB. TaKOro MHOXKECTBa, CTPOTO
TOBOpsi, He OBIBAET, HO €CJIU IIPO 3TO 3a0BITh U IPUMEHUTH Teopemy Jle-
BenreiivMa — CkojieMa 06 97IeMEHTAPHON TOMOJIENN, TO MOYKHO OCTABUTH
JIAITb CYETHOE YHCJIO MHOXKECTB TaK, YTOOBI HCTUHHOCTH YTBEPKICHUN
TEOpUU MHOXKECTB He M3MeHmIach. Ho cpejin 3Tux yTBEepXKIEHU eCTh 1
YTBEPXKJIEHNE O CYIIIECTBOBAHUM HECYETHOIO MHOXKECTBA — KaK 2Ke Tak !
OTO pacCyKJIeHUE COMEPIKUT CTOJIHKO IPODEIOB, UTO yKa3aTh OJUH U3
HUX COBCEM HeTpymHo. TeM He MeHee OHO MOXKET OBITH MEPEBEICHO B aK-
CHOMATUYECKYIO TEOPUIO MHOXKECTB U JIA6T MHTEPECHbIe (XOTsd yKe He
[apaIOKCAIbHBIE) PE3YJILTATHL.

JlBa JOTOJIHUTESBHBIX 3aMeYaHusl yCUJIUBAIOT Teopemy JleBenreii-
ma— Ckojiema. Bo-1iepBhIX, JIETKO BHETH, YTO JJIsi BCAKOTO KOHEYHOI'O
wian caérHoro nmojaMuoxkectBa A C M Haiifiéres cuérHas s1eMeHTapHast
nozgcrpykrypa M’ C M, comepxkamas Bce snementbl A. (B camom me-
Jie, TIPOTIECC 3aMBIKAHUsI, NCIIOJIBb30BAHHBIN ITPU JIOKA3ATEIHCTBE, MOYKHO
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HAYUHATDL ¢ MHOXKeCTBa A.)

Bo-BTopbIX, MOXKHO OTKa3aThCsl OT TPEHOBAHUS CUETHOCTA CUTHATY-
PBI U CKa3aTh TaK: JIJIsl BCIKOTO Mo MHO)KecTBa A C M HaléTcst ss1ieMeH-
tapHas noactpykrypa M’ C M, conepxarmiast A, MOITHOCTH KOTOPOii He
MIPEBOCXOJIAT MAKCUMyMa 13 Ng, MOIIHOCTH MHOXKeCTBa A M MOIHOCTH
curHaTyphl. B camMoM Jieste, 1 KOHCTPYKIUS 3aMBIKAHUS OTHOCUTETHHO
CUTHATYPHBIX OMEpanyii, 1 KOHCTPYKINS IK3UCTEHINATHLHOIO 3aMbIKa-
HUsI, U C9€THOE 00'beIMHEHTE BO3PACTAIOIIEH [N HE BBIBOJISIT MOITHOCTD
3a IpeeJibl YKa3aHHOIO0 MAaKCUMyMa, ITOCKOJIBKY U (DOPMYJIBI, U TEPMbI
SIBJISTFOTCSI KOHEUHBIMU TOCJIEIOBATEIBHOCTSIMA CUMBOJIOB CUTHATYPBI U
CYETHOIO YHCJIA JPYIUX CAMBOJIOB (CM. mozgpobHee B [0]); To ke camoe
MOYKHO CKa3aTh O YUCJIEe BO3BMOXKHBIX HAOOPOB 3HAYEHUI MAapaMeTpOB.

MpbI HAY IHIIACH YMEHBIIATH MOIHOCTh CTPYKTYPBI, HE MEHsIsI MHOYKe-
CTBa UCTUHHBIX B Helt dopmyit. MoXKHO, HAIIPOTUB, yBEJIHINBATH MOIII-
HOCTBH (COOTBETCTBYIONIEE YTBEPK ICHIE HHOTIA Ha3bIBAIOT TeopeMoii Jle-
Benreiima — CkosieMa 006 ss1emenTapaoM pacupenun). Ho ara KoHCTPYK-
AT UCIOB3YET TeOPEMY KOMIIAKTHOCTHU JJIsI SI3BIKOB TIEPBOTO TIOPSIIKA,
KOTOpasi B CBOIO OYepejib BhITeKaeT 3 Teopembl [€nems o mosmore. [o-
9TOMY MBI OTJIOXKUM OOCY?KJEHHWE STOTO YTBEPXKIEHUs O CJIEIYIONe
TJIABBI.



4. lcuucnenune npegnkaTos

4.1. ObuwesHaunmble opmynbi

Ucuuciienue BbickasbiBanuil (rasa 2) m03BOJISIO BBIBOJUTH BCE TaB-
TOJIOTMU M3 HEKOTOPOro Habopa Ga3uCHBIX TaBTOJIOrUil (HA3BAHHBIX aK-
CI/IO]\{&MI/I) C IIOMOIIIBIO HeKOTOprX IIpaBI/IJ'I BbIBO/Ia (Ha CaMOM JieJie e I1H-
crBenHoro npasuia modus ponens). Celiyac MbI XOTUM DENIUTH AHAJIO-
TUYHYIO 3a/a9y i GopMyJsl mmepBoro mnopsiaka. CooTBETCTBYIOIIEe UC-
IHUCJICHAE HA3BIBACTCS UCHUCACHUCM NPEOUKATNOB.

IIycts dukcuposana nekoropas curnarypa o. Dopmysta p 310l cur-
HATYDBI (BO3BMOXKHO, C TIADAMETPAMNI) HA3BIBAETCH 00ULe3HAUMOL, eI
OHa WCTUHHA B JIIOOOI MHTEPIIPETAINN CUTHATYPBI 0 Ha JIFO0O0 OIeHKE.

O6rmesnadnmMble (GOPMYJIBI B JIOTHKE IIPEIUKATOB UTPAIOT TY K€ POJIb,
9TO TABTOJOTMH B JIOTUKE BBICKa3bIBaHWil. Mexkmay HUMU ecThb u Hop-
MaJjbHasl CBSI3b: €CJIM B3ATb JIHOOYIO TABTOJOIMIO U BMECTO BXOJAIIUX B
HeE NIPOIO3UIUOHAIBHBIX [T€PEMEHHBIX II0JICTABUTH IIPOU3BOJIbHBIE (hOP-
MYJIbI CATHATYPHBI 0, TIOJIy 9UTCs 00Ie3HaunMasi (popmysia. B camom jiete,
IIyCTh €CTh HEKOTOpasl HHTEPIIPETAIs CATHATYPBI 0 U HEKOTOPAasl OIeH-
Ka (To ecTb (PUKCUPOBAHBI 3HAYECHUS WHIUBUIHBIX [EePEMEHHBIX ). Torma
KaXKJasd U3 TMOJCTABJICHHBIX (POPMYJI CTaHeT MCTUHHON WM JIOXKHOM, a
3HaUYeHne Beeil OPMyJIbI OIIPEIEISIETCsI C IIOMOIIBIO TAOJIUI] UCTUHHOCTU
JUISL JIOTUYECKUX CBA30K, TO €CTh II0 TeM K€ IIPABUJIaM, YTO B JIOIHKE
BBICKA3bIBAHUIA.

Koneuno, 6piBatoT u gipyrue obmiesHadanMbie (hOPMYJIbI, HE sIBJISTFOIIIN-
€CsI YaCTHBIMU CJIYIasiMU MIPOMTO3UITNOHAIBHBIX TaBToorHi. Hampumep,

bopuyira v A(r) — FyA(y)

obmesHaanMa, (31eCh CYIIECTBEHHO, YTO HOCHUTEJb JIF000H HHTepIpeTa-
nuu Herryct). JIpyrue npumepst o6mmesnaauMbix hopmyst (BO BTOPOM CJIy-
4yae ¢ — IPOU3BOJIbHAdA (HOPMyIIa):
JyVax B(z,y) — Vz Iy B(x,y), —Va - — Iz p.

87. Bynmer ymmu obmesnaumma dbopmyna (a) Vo Iy B(x,y) — JyVz B(z,y);
(6) ~Va 3y B(z,y) — JxVy ~B(z,y)?

Muorme BOIpPOCHI MOXKHO CPOPMYIUPOBATH KaK BOIPOCHI 00 00-
IME3HAYNMOCTH HEKOTOPHIX popmyst. Hampumep, MOKHO 3alicaTh CBOM-

cTBa PedIeKCUBHOCTH, TPAH3UTUBHOCTU U AHTUCHMMETPUYHOCTH B BH/IE
dopmyn R, T u A curnarypsl (=, <) u 3areM HanucaTb hOPMYILy

RATANA— JzVy((y<z)V(y=1)).
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O0r11e3Ha9MMOCTD 3TOH (POPMYJIB O3HAYUAIIA OBI, ITO JIF000E JTMHEITHO YII0-
PSIOYEHHOE MHOXKECTBO MMEET HAMOOJIBIIMIT JIEMEHT, TaK UTO OHA He
o01e3HaYuMa.

88. Hamumure dopmynsr R, T, A u mpoBepbTe, YTO NMpPUBEIEHHAS HAMU
dopmysia He OOIE3HAYNMa, XOTSI UCTHHHA BO BCEX KOHEYHBIX NMHTEPIIPETAIUSIX.

89. M3BecTHO, 9TO pOpMYysIa UICTUHHA BO BCEX KOHEUHBIX U CIETHBIX UHTEP-
nperanusix. MOXKHO JIM U3 9TOr0 3aKJIOYUTh, 4TO OHa obiesHadnma? (Ykasa-
HUe: BOCIOJIb3yiTech Teopemoit Jleserreiima — Ckosrema. )

IBe dopmyisl ¢ u 1) (¢ napamerpaMu win 6€3) HA3BIBAIOTCS IKGU-
B8ANEHMMHBLMU, €CTTH B JIIOOOI WHTEPIIpETAIINK W Ha JI0OOH OIleHKe, Ha
KOTOpO#l MCTUHHA OJIHA W3 HUX, UCTUHHA W JIpyrasi. DTO OIpeie/ieHne
PaBHOCHJIBHO TakKOMY: (hOpMYyJia ¢ <« 1) obIe3HauYnMa. 37eCh, HAIIOM-
HEM, @ <> 1 ecTb cokpaienue Jist ((¢ — ) A (Y — ¢)).

Ob611e3HaINMOCTh JII060# POPMYJIBI (¢ OYEBUIHO PABHOCUILHA OO-
ME3HAYUMOCTH €€ 3aMbiKaHUA — (POPMYJIbI, KOTOPas IMOJIYIUTCs, €CJIN
CJIeBa K (o MPUNNCATH KBAHTOPBI BCEOOIHOCTH TI0 BCEM ITAPAMETPAM.

JIBoiicTBeHHOE K ODOIIE3HAYUMOCTH IIOHSITAE — BBIIOJHUMOCTE. Dop-
MyJIa HA3bIBAETCS GbINOAHUMOTU, €CJIN OHA MCTUHHA B HEKOTOPOIl MHTEP-
npeTanuu Ha HeKOTopoii onenke. OdeBunHo, dhopMmyria @ obIme3HadnMa
TOIZa M TOJIBKO TOT/a, KOrja hopMyia — He SBJISIETCS BBIIOTHUMOIM.

90. 3aKOHYHNTE YTBEPXKJIEHUE: BBIIOJHUMOCTL (POPMYJIBI C HapaMeTPaMU
PaBHOCUJIbHA BBITOJTHUMOCTH 3aMKHYTON (DOPMYJIBI . . .

Yr06bI TPOBEPUTD, sABJIAETC i (POPMYJIa TABTOJOTHEH, TOCTATOY-
HO NOJCTABUTH B HEE BCe BO3MOXKHDLIE HADOPHI 3HAYEHUN E€PEMEHHBIX.
XoTst 9TOT mpoIece MOXKeT OBITh Ha NPAKTUKE HEBBINOJHUM (HAGOPOB
CJIMIIKOM MHOTO), TEOPETUIECKU MbI MMEEM [IPOCTON aJI'OPUTM MIPOBEP-
KU, ABJIsgeTcst Jin popmysia TaBrosorueil. s obmesnaaumMbix hopmMyt B
00ITIeM CiIydae TaKOro ajrOPUTMAa He CYIECTBYeT, KaK Mbl YBUIUM B pa3-
neste 5.4 (teopema Uépua, c. 191); paspenaroniuii aJropuT™ eCTh TOJILKO
JJIs. OYeHb OrPaHUYeHHBIX KJjaccoB dopmys. Hanpumep, eciau curnary-
pa COIEPXKUT TOJIBKO HYJIbMECTHBIE IIPeIUKATHBIE CUMBOJIBI, TO 3324
[0 CYIIECTBY CBOJUTCS K IIPOBEPKE TABTOJOIMYHOCTU (B ITOM CJIydae
KBAHTOPBI (bUKTUBHLI). dyTh GoJiee CJIOKEH CJIydail ¢ OJHOMECTHBIMU
[IPEINKATAMH.

91. HyCTb CUT'HATypa 0 COAEP2KUT TOJIBKO OJJHOMECTHBIE IIPE/IUKATDI. ﬂO-
KaXUTe, UTO BCSKAasl BBIMOJHUMAsT (POPMYyJIa ITOW CUTHATYPBI, COMEpIKAIIAs
N Pa3JIMYHBIX IIPEAUKATOB, BBIIIOJHUMA B HEKOTOPOIl KOHEYHOU MHTEpPIpETa-
UH, cofiepzkaineit He 6osee 2™ aymemenToB. Kak MCIosmb30BaTh 3TOT (hakT st
AJITOPUTMUIECKON MTPOBEPKU BBITOTHUMOCTA (POPMYJI TAKOW CUTHATYPHI?

Mp1 Bepaémcs K aroMy Bompocy B paszgese 5.4 (c. 188) u yBuaum, 9410
Pa3peninMOCTb COXPAHSIETCS IPU J00ABJIEHNN aKCUOM DABEHCTBA.
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4.2. Akcuombl 1 MpaBuia BbIBOAA

BosepatuMcst K Halell 3ajade: KaKue akKCHOMbBI U TIPaBUJIA BBIBOJIA
HAM HY?KHBI, 9TOOBI ITOJIYIATh BCE OOIME3HAIUMbIe (DOPMYJIbI HEKOTOPOit
curaarypbl o? EcrecTBeHHO MCIOIB30BaTh BCe cxeMbl akcuoM (1)—(11)
UCUYNC/IeHUs BbhICKas3biBauuit (pasmes 2.1), HO ToJabKO BMecTo OykB A, B
u C Tenepb MOXKHO MOJCTABJIATEH IPOU3BOJILHBIE (DOPMYJIBI CATHATYPBI 0.
Teopema 0 TIOJTHOTE UCUUC/IEHUS BBICKA3BIBAHUI FrapaHTUPYET, YTO MOCIIE
9TOr0 MBI CMOYKEM BBIBECTH JIIO0OM YaCTHBIN Cirydail 060l Iponosuim-
OHAJIBHON TaBTOJIOrUU (TO €CTh JIIOYI0 (GOPMYJLy, KOTOpast MMOJLYYaeTCs
U3 TPONO3UIMOHAIBHON TABTOJOTMH 3aMEHOMN IPOMO3UIIMOHATBHBIX TIe-
PeMeHHBIX Ha (bOPMYJIbl CUTHATYDBI o). B camom Jiesie, BO3bMEM BBIBOJL
9TOl TABTOJIOI'MU B MCUUCJICHUY BBICKA3bIBAHUI (KOTOpOe, KaK Mbl 3Ha-
€M, TIOJTHO) W BBIIIOJHUM COOTBETCTBYIOILYIO 3aMeHY BO BCexX (hopMysiax
9TOTO BBIBOJIA.

ITouTn CTOMIB K€ MPOCTO MOHATD, 9TO HAYETO JPYroro TaKue aKCAOMBI
He JJIyT: eCJIU MO0JIb30BaThCs UMb cxeMamu akcroM (1) —(11), paspe-
mas 6parh B HUX B KadecTBe A, B, C pon3BosbHbIE (OPMYIIBI CUTHATY-
PBI 0, & B KAUeCTBe IPaBIJIa BBIBOA UCIIOIB30BaTh modus ponens, To Bce
BBIBOJIUMBIE (DOPMYJIbI OYIYT YACTHBIMU CJIy9asiMU IIPOTIO3UIIMOHAILHBIX
TaBrosioruit. B camom jerte, ecim Kakasi-TO MOAMOPMYIa HATHHAETCS C
KBaHTOPA, TO B BHIBOJIE OHA MOXKET BCTPEYATHCS TOJBKO KAK €IUHOE Ie-
JIOE, TO €CTh Takas ToadopMy/a BeJET cebs KaK MPOIMO3UIMOHAbHAS
[epeMeHHasl.

92. IIpoBenure 3TO paccyxkaeHne akKKypaTHO.

D10 HAGIIOIEHNE CKOPee TPUBUAIBHO, 9€M YIMBATEIHHO — €CJIU CPe-
JIM HAIIIIX AKCUOM W TIPABIJI BBIBOJIA HET HUYIErO O CMBIC/IE KBAHTOPOB, TO
GOpMyIIbI, HAUNHAIOIINECST C KBAHTOPOB, OyyT BeCTH cebsl KaK HEJIeu-
Mble 6siokH. Takum o6pa3oM, HaM HYKHBI aKCHOMBI U [IPABUJIa BHIBOJA,
OTparKarollue UHTYUTUBHBINA CMBICJI KBAHTOPOB.

BenoMHMM, Kak BBITVISIET AKCHOMBI MCYUCIEHUST BBICKA3BIBAHUIA.
Bbuio siBa TUIIA AKCHOM J1JIsi KOHBIOHKITN U JU3bIOHKIMA: OJIHUA TOBOPH-
JI, 9TO U3 HuX caexyer (Hanpumep, u3 AA B cienosasno B), a npyrue —
KaK MX MOXKHO JI0Kas3arb (Hampumep, akcuoma (A — (B — (A A B)))
ropopmia, 4ro s jokasarenbcrsa (A A B) mamo nokazars A u B).
KBaHTOPBI BCEOOIHOCTH U CYINECTBOBAHUS B HEKOTOPOM CMBICJIE aHAJO-
IUYHBI KOHBIOHKITUNA W JIN3BHIOHKIUKN, ¥ AKCHOMBI JIJIsi HUX TOXKe OyiyT
noxoxkumu. Hampumep, cpean akcuom 6ymer dpopmyaa

Vo A(x) — A(t),
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e A — OJHOMECTHBIN TPEeJIUKATHBIA CUMBOJI HAIllell CUTHATYPBI, & t —
KOHCTAHTA, IlepeMeHHas uian Boobmie Joboii TepMm. (Eciau A BepHO miis
BCEX T, TO OHO JIOJI?KHO OBITH BEPHO U JIJIs HAIIIEr0 KOHKPETHOTO t. MoxKHO
CKa3aTh U Tak: W3 «DECKOHEYHOH KOHBIOHKIMU» Bcex A(r) BbITeKaer
OJIVH M3 €6 YJIeHOB.)

Konegno, Takyio akcrnomy HaJI0 UMETh HE TOJIBKO [IJIsi OJJHOMECTHOTO
MpEeUKATHOrO cuMBoJia A, HO mytst J11060# (hopMyJIbI (0, JTI060I TIepeMeH-
ot ¢ m smoboro tepma t. EcrecTBeHHO CKazaTh, UTO eciau ¢ — Jrobast
dopwmya, a t — J0boit TepM, To popMmyIa

V€ — p(t/€),

e p(t/€) obo3HauaeT pe3yabTAT IOJCTAHOBKH ¢ BMECTO BCEX BXOXKJIE-
Huii nepemenHoit £ B dbopmyiy ¢, aBisierca akcuomoii. (3anuch p(t/€)
MOKHO YUTATh KaK «(pHU OT TS BMECTO KCU».)

K coxanennto, Bcé He Tak npocto. Hanpumep, ecan hopmysia © uMeer
BUT

A(z) A Jz B(z, x),

TO 1OJICTaHOBKA TepMa f(y) BMECTO  JacT abCypIAHOE BBIPAYKEHHE

A(f(y) A 3f(y) B(f(y), f(y)),

BoOOIIEe He siBJsTIONeecss (opmynoil. A econ noxcraButh f(y) TOIBKO
BHyTpH A m B, TO NOJIyIUTCs BBIParKEeHHE

A(f(y)) A3z B(f(y), f(y)),

KOTOpOe XOTsl U OymerT opMysIoit, HO UMEET COBCEM He TOT CMBICT, KO-
TOPBIH HAM HYy>KEH.

KoneuHo, B JJAHHOM CJIy9ae [0 CMBICIY SICHO, YTO HOJCTaBIATh f(y)
HAJIO JIUIIIb BMECTO CAMOrO MEPBOT0 BXOXKIeHUs repemennoit x. Ho ecomn
MBI XOTHM OTIPEJIEUTE (POPMAJIBHYIO CHCTEMY aKCHOM U IIPABUJI BLIBOJIA,
TO HaJI0 ATh (DOPMAJIBHBIE OIPE/ITICHIS.

Ilist KazK10ro KBaHTOpa B (opMyJie PACCMOTPUM €ro 0b4acmov Oeti-
CMEUsA — HAYMHAIONIYIOCS ¢ Hero nojadopmyry. CeobodHum exoscderu-
eM VHJIUBUIHON epeMEeHHON B (hOPMYIIy HA3BIBAETCS BXOXKJICHUE, HE TI0-
naJiarornee B 001aCTh JeHCTBIS OJHONMEHHOTO KBAHTOPA. JIerKo TOHATS,
9TO ITO OINpeJiesIeHue MOYKHO TepedopMyInpoBaTh UHIYKTUBHO:

e J11000€ BXOXKJIEHIE TTEPEMEHHON B TEPM WM ATOMAPHYIO (POPMYITy
CcBODOIHO;
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® CBOOOJHBIE BXOXKJICHUS HEPEMEHHON B (DOPMYIIy (¢ SIBISIOTCS €€
CBOOOJIHBIMU BXOXKIEHUSAMUI B (DOPMYITY —¢;

® CBOOOJHBIE BXOXKJEHUS JIIOOOI ITepeMeHHOI B OMHY U3 (POPMYJI ¢
U 1) SIBISIIOTCS. CBOOOJHBIME BXOXKJeHUAME B (@ A ), (¢ V ¢) n

(o = ¥);

e niepeMeHHas £ He MMeeT CBOOOIHBIX BXOXKIeHM B (opMysibl VE ¢
u 3¢ ; cBOOOHBIE BXOXKIEHIUS OCTAIbHBIX [TIEPEMEHHBIX B (0 SBJIS-
I0TCST CBOOOTHBIMU BXOXKJEHUSIMU B 9TU B (DOPMYIIBI.

CpaBHEBas 9TO ONpPEJIEICHNE ¢ MHIyKTHBHBIM OIIPEJICICHIEM [apa-
MeTpOB GOPMYJIBI B padzese 3.2, Mbl BHJAM, 9TO HAPAMETPBI — ITO IIe-
PEeMeHHBIe, IMEOIHe CBOOOIHbIE BXOXKIEHNS B (POPMYILY.

Bxoxk1eHus IEPEMEHHOH, He SIBJIAIONINECS CBOOOMHBIME (B TOM 9HC-
Jie CTOAIHUE PSAJIOM C KBAHTOPOM) HA3BIBAIOT ceasannvimu. Hampuwmep,
IIepEMEHHAsI T UMeeT OJIHO CBOOOJHOE U TPH CBSI3AHHBIX BXOXKJICHHS B
dbopmyny A(x) A Jx B(z, ).

Tenepb MOKHO BHECTH NONIPABKY B CKA3AHHOE BBIIIE U CIUTATH, UTO
AKCHOMAMH SIBJISIFOTCS (DOPMYJIBI

VEp — p(t/€),

e @(t/€) ecTh pe3ysbTaT MOJCTAHOBKY { BMECTO BCEX CBOOOJHBIX BXOXK-
nennit nepemennoit €. OHAKO TAKON OMOBOPKH HEJIOCTATOYHO, KAK I10-
Ka3bIBAET CJIEJLY IO TTPUMED.

Hoxncrasngas f(y) Bmecro x B dhopmyry Vz B(x, z), Mbl nosydaem (B
HOJIHOM COrJIacuu ¢ Haieii unryurmeii) dopmyny Vz B(f(y), z). Teneps
pacemorpum dopmyny Vy B(x,y), kotopast otimuaercs ot Vz B(z, z)
JIUIIb UMEHEM CBSI3aHHOM MMePeMEeHHON W JIOJ?KHA UMETh TOT K€ CMBICIL.
IMepemennast = B Heil mo-tpexkHeMy CBOGOIHA, HO TIOACTaHOBKA f(y) BMe-
cro x naér dbopmyiy Yy B(f(y),y), B KoTopoii f(y) HEOKUIAHHO JJIs ce-
0s1 IomaaeT B 00JACTD AEHCTBHUS KBAHTOPA 110 Y. Takoe sBJIEHNE WHOTIA
HA3BIBAIOT KOAAUSUET NEPEMEHHHIL; TIPU STOM IMOJCTAHOBKA JaéT (BHop-
MyJLy, MMEIOIILYI0 COBCEM HE TOT CMBIC/, KAKOI MBI XOTEJIH.

93. IIpuseaure npumep dopmynsl Buga V€ ¢ — ¢(t/€), B KoTOpoil npouc-
XOOAUT KOJIJIN3UA IIEPEMEHHBIX U KOTOPasd HE ABJIACTCA O6H.[e3Ha,‘H/IMOIL/'I. (OTBeT:
Vo 3y Az, y) — FyA(y, y).)

ITosToMy HaM NPUAETCS NPUHATH €IIE OJHY MEpY IPEeIOCTOPOXKHO-
cti 1 POPMABHO ONPENEUTh MOHATHE KOPPekmHoli TIOACTAHOBKH TEP-
Ma BMECTO NepeMeHHON. MbI 6y/1eM TOBOPUTH, YTO MOJCTAHOBKA TepMa, t
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BMECTO IIEepeMeHHOI { KOPPEKTHA, €CJI B IIPOIECCe TEKCTYAJbHON 3aMe-
HBI BCEX CBOOOIHDBIX BXOXKICHUH IepeMeHHo £ Ha t HuKaKas mepeMeHHast
u3 t He TOIAaeT B 00JIACTH EeUCTBUS OJHOMMEHHOIO KBAHTOPDA.

[lemanTryansiit anTaTesb MOr ObI MIOIPOCUTH JOKA3ATh, YTO PE3Yilb-
TaT TaKOi MOJCTAHOBKH Oy1eT GOPMYJIOil. DTO IPOIIE BCErO C/IeIaTh TaK:
JaTh UHJIYKTUBHOE OIIpeJesieHue KOPPEKTHOH II0JCTaHOBKYU, PABHOCUJIb-
HO€ HCXOJIHOMY.

CuadaJia onpeiesIuM UHIYKTHBHO PE3yJbTAT [IOJICTAHOBKH TepMa t
BMECTO IIepeMeHHOit £ B TepM u, obo3Hauast ero u(t/€):

o £(t/€) ectnb t; st 06O TIEPEMEHHOIT 1), OTJIMIHON OT &, MBI 110-
saraem 1)(t/€) paBHBIM 7).

e ecsit [ ecTb k-MeCTHBIN (DYHKITMOHAJIBHBIN CUMBOJ, & t1,...,1r —
TEPMBI, TO

fltr, o te)(8/€) = f(E1(t/€), ., tk(t/€)).

Teneps MHIYKTUBHOE OIIPejieSI€HNE IPOIOJIZKAETCS It (POPMYJI:

® JIjIsT aTOMApPHBIX (GOpMyJ: eciim R ecTh k-MeCTHBIN TpeInKaTHBIH
CUMBOJI, & t1,...,t, — TepPMBbI, TO

R(ty,... te)(t/§) = R(t1(t/€), .., tk(t/€))
U TIOJICTAHOBKA $BJIFETCS KOPPEKTHOIL;

® II0JICTAHOBKA TepMa ¢ BMeCTO nepeMeHHoi & B dopMmyty - KOp-
PEKTHa, eC/Id OHA KOPPEKTHA JJjist (DOPMYJIBL (o, IIPU ITOM

[=)(t/€) = —lp(t/€)]

(kBaJpaTHbIE CKOOKH YKA3bIBAIOT MOPSIOK JNEeHCTBUI, HE sIBJIAICH
4acThio (POPMYIIBI);

® 10JCTAHOBKA TepMa ¢ BMecTO nepemeHHoit & B dopmyiy (¢ A ¥)
KODPEKTHA, eCJIi OHA KOPPEeKTHA i 00enx GopMys ¢ u 1, upu
9TOM

(e A)(E/€) = ((t/E) N (t/€));

anasioruaHo st bopmy (¢ V) u (¢ — );
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® HAKOHEII, TOJCTAHOBKa ¢ BMecTO & B (opMysty V7@ KOPPEKTHA B
JNBYX CJIydasX:

(1) ecuu € He siBsiercst mapameTpoM GOPMyYIIBL V1)  (3TO BO3MOXK-
HO, KOTJia £ He sIBJISETCs IMapaMeTpoM (p WM Korja £ COBIAIAeT
€ M); IIPU TOM IIOJICTAHOBKA HUYEro He MeHHAET B (hOpMyie;

(2) mepemennas £ sBasiercst napamerpoM GbopMyIIs V) o, HO Tiepe-
MeHHasl 1) He BXOJIUT B Te€pM ¢ U NOJCTaHOBKa ¢(t/{) KOPPEKTHA;
[IPHU STOM

(V1 @l (t/€) = Yn [p(t/E)].
AmasornaHo omnpenensieM KOPPEKTHYIO TIOJICTAHOBKY B 3.

[naBrHast 9acTh B 9TOM ONpEJIEIEHUN — TIOCJIETHUIT €r0 IIYHKT, KOTO-
DBIii, BO-IIEPBBIX, TOBOPHT, YTO BMECTO CBA3AHHBIX BXOXK/JICHUII TIEPEMEH-
HBIX HHMYEro IOJICTaB/IsITh HEe HaJ0, & BO-BTOPBIX, TpeOyeT, Y4TOOBI IIpU
KOPPEKTHOI IOJICTAHOBKE IIepeMeHHbIe W3 TepMa | He TOIIaJaIu IO
JIeficTBIEe OJTHOUMEHHBIX KBAHTOPOB.

ITocste Bcex 9TUX MPUTOTOBJIEHUH MBI MOYXKeM ChHOPMYIUPOBATH J[BE
OCTABIIIAECST CXEMbI AKCHOM HMCUUCJIEHUs] TPEIUKATOB: (hopMysia

(12) VEp — p(t/€)

U JBOficTBeHHas eil (popmyIia

(13) p(t/¢) — T o
Oy/LyT aKCHOMAMY MCYUCJIEHUS TIPEINKATOB, €CJIN YKA3aHHBIE B HUX TIOJI-
CTAHOBKYM KOPPEKTHBHI.

JlBa YacTHBIX Cirydasi, KOIJia IIOJICTAHOBKA 3aBeJOMO KOPPEKTHA: BO-
[EPBBIX, MOXKHO 0€30IIaCHO TOJICTABIISITh KOHCTAHTY (Wi Jir00oi TepM
6e3 IapaMeTpoB), BO-BTOPBIX, HOJICTAHOBKA I[EPEMEHHOH BMECTO cels
BCerya KOPpeKTHa (1 HU9ero He MeHsgeT B hopmysie).

Orciona cieyer, aro dopmynsl V€@ — ¢ u ¢ — I€ ¢ OyayT ak-
CHOMAMU WCYUUCJIEHUs [peIuKaToB (st jii06oit dhopMynbl ¢ u J06oii
repeMeHHoi §).

Hyx#up1 in HaM eré kakne-HUOYIb aKCHOMBI U IpaBuiia BeiBoaa?! Ko-
HEYHO, HYYKHBI, TOCKOJIBKY yiKe C(OPMYIUPOBAHHBIE AKCUOMbBI HE ITOJI-
HOCTBIO OTPaKAIOT CMbICJI KBaHTOPOB. (Hamnpumep, onu BrosiHe coriiacy-
IOTCsI C TAKAM ITOHUMAHKEM 3TOr0 CMbIca: hopMysia VE ¢ Bceria JI0XKHa,
a dopmysna 3¢ ¢ Becerma ucrunHa.) ITosroMy MBI BBeIEM B HaIllle MCUHC-
JIEHUE J[Ba IIPaBUJIa BBIBOJA, HA3bIBAEMbIE npasusamy bepratica, n Ha
9TOM OIIpENIeJICHAE UCUUC/IeHUs peauKkaToB Oyer 3asepiueno. (ITozxe
MBI PACCMOTPUM JIOTIOJTHUTEIbHBIE AKCHOMBI, OTPaYKAIONIUE CIIEIUAIb-
HBIl CTATyC IpPEIUKATa PABEHCTBA, CM. paszel 5.1).
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Ecin mepemennasi £ e siBseTcs mapaMeTpoM (GOPMYJIbI ¥, TO Ipa-
Bwia BepHaiica pa3penaiT Takue mepexojibl:

Y— @ o=
Y — Ve Xe—v

MbI roBOpHM, 9TO CTOSIIAS CHU3Y OT 9e€pThI (B KaxKJI0M U3 IpaBui) Gop-
MyJIa [TOJIY9aeTCs [0 COOTBETCTBYIONEMY MpaBuLy u3 Bepxueit. Coorser-
CTBEHHO JIOIOJTHSIETCST ¥ ONIPEJIEJIEHNE BBIBOJIA KAK IIOCJIEI0BATETLHOCTH
dopmys1, B KOTOPOi KazKkaast popmysia OO SBIISAETCA aKCHOMOi, 1100
HOJIy9aeTCd U3 IPEJbUIYyNUX 110 OJHOMY M3 IPABUJI BLIBOJA (paHbIe
6110 TOIBKO IpaBusio MP, Teneps 706aBUINCh J1Ba HOBBIX IIPABHIIA).

[TosicHIM WHTYUTHBHBIN CMBICT 3TUX TpaBuj. [lepBoe roBopur, 4To
€CJIn U3 1) CJIeSIyeT @, IPUIEM B (¢ €CTh mapamerp &, KOTOpOro HeT B 1, TO
9TO O3HAYAET, UTO (POPMYJIA (Y UCTUHHA IIPU BCEX 3HAYEHUSIX ITapamMeTpa
&, ecn TOJIBKO (DOpPMYIIa ) UCTUHHA.

Ucnonwsayst neppoe mpaBujio bepHaiica, Jerko yCTaHOBUTH JIOILYCTHU-
MOCTB Npasuaa 00606uLeHUA

. (Gen)

Ve

(ecsm B MCUMCIIEHNY TPEUKATOB BBIBOJMMa (POPMysia CBEPXY OT 4ep-
ThI, TO BhIBOAMMA U dopMysa cHu3y). B camMoM jejie, BO3bMEM KaKyio-
HUOYIb BLIBOAUMYIO0 (DOPMYJy ¢ 6e3 napamMerpos (HApUMeEp, aKCHOMY,
B KoTOpO#i BMecTo A, B u C nojcrasiensl 3aMkayTbhie (hopMysibl). Pas
BbIBOuMa opMyJIa ¢, TO BbiBoauMa u Gopmysna P — ¢ (HOCKOIbKY
© — (¥ — ) aBasiercs TapTosOrHeEll M maxke akcrmomoii). Termeps 1o
npasuily Bephaiica BeiBoguM 10 — V€ u npumensiem npasuiio MP x
sroit hopmyse u K dopmyiie .

ITpasusno (Gen) (or Generalization — o6o6ienne) Koxuduupyer
CTAHIAPTHYIO IPAKTUKY PACCYKIEHUIT: MBI JJOKA3bIBAEM KAKOE-TO YTBEP-
2KJIEHUE (© CO CBODOIHOI IepeMeHHOM £, 10CJIe Yero 3aKJI049aeM, YTO Mbl
Jokazanu V€ ¢, Tak Kak & ObLJIO TPON3BOJILHBIM.

Bropoe npasuiio Bepraiica Tak»ke BIIOJIHE €CTECTBEHHO: KeJjast JT0Ka-
3aTh 1 B IIPEJIION0KeHUH I 0, MBI TOBOPHUM: IIyCTh TAKOe £ CYIIECTBYET,
BO3bMEM €ro u JokaxeM ¥ (TO eCTb JOKaxkeM ¢ — 1 co CBOGOIHOIL
repeMeHHoi &).

94. TTokaxxuTe, 9YTO KJIACC BHIBOJUMBIX B HCUUCJIEHUH ITPEIUKATOB (DOPMYJT
HEe M3MEHUTCsI, €CJIM MBI BMECTO NIpaBui bepHaiica mobaBuM Tya IPABUIO
00O00IIEHNS U JIBE aKCUOMBI

VE(W — @) — (¥ — V)
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VE(p = 4) — By — 1)
(B KOTOPBIX TpEGyeTcst, YTOOBI IIepeMeHHas & He Obula IapaMeTpoM B ).
Kak u B cirydae ucunc/ienns BLICKA3bIBAHNM, TIepe/] HAMHU CTOSIT JIBE
3a/1a491: HAJO JIOKA3aTh KOPPEKTHOCTh UCIUCIICHUs] IIPEAUKATOR (BCIKast
BbIBOIUMas (GopMysia OOIMIE3HAYNMA) U €ro MOJHOTY (BCsikasi obIe3Ha-
qumas Gopmysia BeiBoguma). K aToMy Mbl 1 nepexoaum.

4.3. KOppeKTHOCTb UCYNCNIEHUS NPELUNKATOB

Teopema 43. Besikasi BBIBOIMMAS B HCUUCIEHUH TIPEIMKATOB (DOPMYJIa
ABJISIETCST OOIIE3HATNMOM.

< Has mcauciiennsi BBICKA3bIBAHUI ITPOBEPKA KOPPEKTHOCTH ObLIa
TPUBUAJIBHOW — HaJ0 ObLIO 1O TabJUIlEe IIPOBEPUTH, YTO BCE AKCHOMBI
(1)—(11) sBusirorest Taprosorusivu. C 9THMHU aKCHOMaMU U cefiuac Her
npobsiem. Ho B AByX ciieyrommumx akcuoMax eCTh OIDAHUYEHHEe Ha KOp-
PEKTHOCTD ITOJICTAHOBKY, O€3 KOTOPOTO OHU MOTYT He OBITH OOIe3HATN-
MbiMu. EcTecTBEeHHO, 9TO OrpaHnyeHne JAO0JKHO OBITH HCIOJIH30BAHO U
B JI0OKa3aTeJbCTBE KOPPEKTHOCTU, U 9TO IOTPEOYET TOBOIBHO CKYUHBIX
paccykiaeHuii — Tem 6oJjiee CKYYHBIX, YTO caM (PaKT KarKeTCsl SICHBIM U
tak. Tem He MeHee Takue pacCyKIEHUs HAJI0 YMETh IIPOBOJIUTD, TAK UTO
MBI HUYEro MPOIyCKaTh He OymeM.

Wrak, myctb dpukcupoBaHa CUTHATYPA 0, & TAK¥Ke HEKOTOpAas UHTEP-
mpeTanys 9Toil curHaTypsl. Beiomy nastee, roBops 0 TepMax u popMysiax,
MBI UM€EM B BUJLy T€PMBI U (DOPMYJIBI 9TOIl CUTHATYPHI, & FOBOPs 00 UX
3HAYEHUSIX, UIMEEM B BUJLy 3HAYEHUs] B ITOI WHTEPIIPETAIIH.

Nemma 1. Ilyctrs w u t — Tepmbl, a £ — nepemennas. Toraa

[u(t/O)(m) = [ul(m + (& = [t](m)))

JIJIsT TPOM3BOJIBHON OTIEHKH 7.

Hanomuum 0603Ha4€HNs: B JICBOH 9aCTH MBI IIOJACTABJISIEM ¢ BMECTO &
B TepM U, 1 GepéM 3HAUEHHUE MOJIy IUBIIErocs TepMa Ha OreHKe 7. B mpa-
BOIf 9aCTW CTOWT 3HAMEHWE TE€PMa U Ha ONEHKE, KOTOPas IOJIYIUTCS U3
77, €CJIN 3HAYEHNE IEPEMEHHOM £ N3MEHUTH M CIUTATH PABHBIM 3HAUEHUIO
TepMa ¢ Ha OIEHKE 7.

B cymmocTH, 3TO yTBEPKIECHUE COBEPIIEHHO TPUBUAJIBLHO: OHO TOBO-
PUT, HAIpEMep, 4To 3HadeHue sin(cos(z)) npu & = 2 pPaBHO 3HAYEHUIO
sin(y) mpu y = cos(2). Ho pa3 y»K MbI B3sIUCh BCE J0Ka3bIBaTh GOp-
MAJIbHO, JTOKa’KeM ero WHyKIHeH Mo IMOCTPOEHHIO TepMa u. Kcim Tepm
U eCTh NepeMeHHast, OTJINIHAs OT £, TO HU TOJCTAHOBKA, HU U3MEHEHNE
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OIIEHKU He CKA3bIBAIOTCS Ha 3HAYeHUU TepMa u. s ciydas v = £ nosy-
gaeM [t](m) cieBa u cupasa. Eciu TepM mosydaercs u3 JApyrux T€PMOB
npuMeHeHneM (hyHKIMOHAJIBHOTO CHMBOJIA, TO IOJCTAHOBKA BBIIOJIHSI-
€TCs OT/EJIbHO B KayKJIOM U3 3TUX TEPMOB, TaK 9TO MCKOMOE PaBEHCTBO
TakxKe coxpansercd. Jlemma 1 gokazana.

Amnastornanoe yTBepxKaenne st (pOpMyJT TAKOBO:

Nemma 2. [lyctb p — dopmyita, t — TepMm, a £ — nmepeMeHHast, IPUIEM
mosicTaHoBKa t BMecTo € B hopMyIty ¢ KOppekTHa. Torma

[o(/O)]() = [pl(m + (& = [t](m)))

JIJ1d IIPOU3BOJIBHON OIIEHKU 7.

Ilosicum cMbICT TO# eMMbl Ha, puMepe. IlycTs & aBmsercs eann-
CTBEHHBIM IapamMeTpoM (hopMysibl ¢, a ¢ — KoHcTaunTta. Torma dopmyta
»(c/€) 3aMKHYyTa; JIeMMa yTBEPKIALT, UTO €€ NCTUHHOCTh PABHOCUJIBHA
WCTUHHOCTA (0 Ha OIEHKe, MPU KOTOPOil 3HAYEHWE MepeMeHHO & ecThb
3JIEMEHT UHTEPIIPETAINH, COOTBETCTBYIONINI KOHCTAHTE C.

JlokazaresabCTBO JIEMMBI TPOBEJIEM UHIYKIHEH IO TOCTPOEHUIO (Hop-
MyJbl . s aroMapHbIX (GOPMYJ 9TO yTBEPKIEHUE SIBJISETCS IPSIMBIM
caencTBueM jieMMbl 1. Kpome Toro, u3 ompeesieHnst HCTUHHOCTHOTO 3HA-
qenust GOPMYJIbI U U3 OIIPEJIEJIEHNUS] [TOICTAHOBKY SICHO, 9TO €CJIU YTBED-
JKJIEHUE JIEMMBI 2 BEPHO JJIst ABYX (DOPMYII (1 U (2, TO OHO BEPHO JIJIst
ux JIIOOOH UX JIOrMIecKoi KoMOMHAINK (KOHBIOHKINK, TU3bIOHKIUH 1
UMILIUIKAIAN ); QHAJIOTUIHO JIJIS OTPULAHMUSL.

EuncrBennblit HETPUBUAIBHBIN CiIydait — dopMysia, HAIUHAIOIIA-
cs ¢ KBaHTOpA. 3J/1eCh HAIM OIpeJiesieHusT BeTynaiorT B urpy. Ilycrs ¢
umMeer BU VN 1. KCTh 1Ba IpUHIUINAIBHO PA3HBIX Ciydas: Jubo & sB-
Jgercs napamerpom dopmyibl ¢ (T.e. dopmynst V), mbo mer. Bo
BTOpOM ciaydae (t/€) coBuajzaer ¢ ¢, a U3MEHEHHE 3HAYCHUS II€PEMEH-
HOIl £ B OllEHKe 7 He BJIMs€T Ha 3HadUeHHe (POPMYJIbI (o, TAK UTO BCE
cxomuTest. Octaioch pazobpaTh CIIyvail, Korjaa & sBiseTcs mapaMeTpoM
dbopmyer Vi 1) (orcrona caeyer, aro € He coBuaaer ¢ 7). Ilo onpenese-
HUIO KOPPEKTHOH IIO/ICTAHOBKH, B 9TOM CJIydae IepeMeHHasI 1) He BXOJUT
B TepM ¢ u nogcranoBka 1)(t/€) koppekrna. Torna

(V) (¢/E))(m) = [Vn (Y (E/ENN(T) = Am[ (/)] (x + (1 = m)) =
= Am[Y](r + (0= m) + (£ = [t](7 + (1= m)))).

MBI BOCIIOJIB30BAJIACH OoIpeae/JIecHueM IIOACTAHOBKH, OIIPEIC/ICHUEM HC-
TUHHOCTH (/\m O3Ha4vYaeT KOH'BbIOHKIIUIO II0 BCEM dJIEMEHTaM N3 HOCUTEJIA
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UHTEPIIPETAINK) ¥ [PEJIIOJOKEHneM MHIAyKiuu s dbopmysbl 1. Te-
1Iepb HaJI0 3aMETUTh, YTO IIepeMeHHad 7) He BXOJUT B T II0 IIPEIIOJIO-
2KEHUIO KOPPEKTHOCTHU, U II0OTOMY 3HadeHue TepMa { He U3MEHUTCA, eCJIu
saMeHUTH 7+ (1) — m) Ha 7. Jasee, £ U 1) pa3IMIHbL, IOITOMY B U3Me-
HEHUs B T MOYKHO II€PECTaBUTh MecTamu. Vcromns3ys 3tu coobpazkeHus,
MOXKHO IPOJOJIZKUTD IEIIOYKY PaBEHCTB:

= Am[¢](m + (& = [t](m)) + (n = m)) =
[V o)(m + (& = [t](7)) =
[p)(m + (€ = [t)(7))),

aro u TpeboBanoch. Caydait dopmyser Buma € 1) pasdupaercs aHAIO-
TUYHO, HAJ0 TOJIBKO A, 3aMEHUTH Ha V.. JlemMma 2 mokasama.
Tereps yKe sicHO, motueMy (hOpPMyIa

VEp — p(t/€)

OyJer ucruHHa Ha J00Oi omeHke 7 (ec/u IIOJCTAHOBKA KOPPEKTHA). B
caMoM JIeJie, €CJId JIEBasi 9acTh MMILUIMKAIMA MCTHHHA Ha T, TO (o Oy-
JIeT UCTUHHA Ha JI000H OleHKe 7', KOTOpas OTAMYAETCA OT 7 JIMIIb
3HaueHMeM IepeMeHHON £. B gacTHOCTH, (0 GyJIeT UCTHUHHA M Ha OIEH-
ke T+ (£ — [t](7)), 9TO IO TOJBKO UTO JIOKA3AHHOI JleMMe 2 03HAYAET,
9TO MpaBas YaCTh UMILIUKAIIMA UCTUHHA HA TT.

Ob61e3HaInMOCTh (DOPMYITBI

p(t/§) — K¢

JIOKA3BIBAETCsT AHAJIOITIHO.

Ocraoch TPOBEPUTDH, UTO MPABUJIA BBIBOJA COXPAHAIOT OOIIE3HAYN-
Mmoctb. st npasuia MP 910 oueBnuHO (Kak u B cilydae MCUUCIIEHUS
BBICKa3bIBaHmit). [IpoBepum 310 115t npasus Bepraiica. 9To coBceM mpo-
CTO, TaK KaK 3/1eCh HET PeYr HU O KAKUX KOPPEKTHBIX IOJICTAHOBKAX.

IIycrts, Hanpumep, dopmyia ¥ — @ obie3HaYnMa U epeMenHas £ He
ABJIgeTCs mapamerpoM (opmyiiet Y. [IpoBepum, uro dopmysa ¢ — VE
00IIe3HaYMMa, TO €CTh UCTUHHA Ha JII00O oleHKe 7 (B J00OH MHTED-
uperanuu). B camom jese, mycTb ¢ uCTHHHA Ha oueHKe w. Torma ona
UCTWHHA U Ha JII000i OlleHKe 7', OTJIMYaroNeiicss OT T TOJIbKO 3HAMCHU-
eM nepeMeHHOl £ (3HaYeHue NepeMeHHoi £ He BAUSET HA UCTHUHHOCTD 1),
TaK Kak & He ABJIFETCs apaMerpoM ). 3HauuT, 1 GopMyJIa ¢ UCTUHHA HA
Mool Takoil omeHke . A 9TO B TOYHOCTH O3HAYAET, 9TO V& 0 UCTHHHA
Ha OIEHKe 7, 9TO U TPebOBaIOCh.
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s Broporo npasmuia bepnaiica paccyxkaenune cummerpuaHo. [IycTs
dopmyia ¢ — Y obme3naunMa U mepeMeHHas { He ABJISeTCH MapaMer-
pom dopmyuist 1. Ilokaxkem, aro dopmyna 3¢ ¢ — 1 obmesnaunma. B
CaMOM JIeJie, IyCTh e€ JieBasl 9acTh NCTUHHA HA HEKOTOPOil orerke . 1o
OIIPE/JIEIEHNIO UCTUHHOCTU (DOPMYJIbI, HAYNHAIOIIEHCSI ¢ KBAHTOPA CyIIe-
CTBOBAHMsl, 9TO O3HAYAET, YTO HAfIETCs OlleHKa 7', KOTOpasd OTINIAeTCs
OT 7 TOJIBKO Ha IepeMeHHOit &, st koropoii [¢](n’') ucrurno. Torga u
[¢](7") meruaRrO. HO mepemennast € He sIBIsIETCST MApaMeTpOM (GOPMYJIBI
¥, tak uaro [P](7') = [](7). Crenosarenbho, dbopmyia ¢ UCTHHHA HA
OIIEHKE T, UTO U TPeOOBAJIOCH J0KA3aTh. [>

4.4. BbiBogbl B NCHNCAEHNIN NPEANKATOB

MprMepbl BbIBOANMbBIX DOPMYI

[Ipexne gem moka3bpIBaTh Teopemy l€esist O MOTHOTE MCYUCTEHUS
[IPEINKATOB, MBI JIOJI2KHBI TPHOOPECTU HEKOTOPDII OIIBIT TOCTPOEHNUS BbI-
BO/IOB B 9TOM HCYUCJICHUH.

e [IpexJie BCEro oTMeTUM, YTO BO3SMOXKHOCTH COCJIATHCS Ha TEOPE-
My O IOJIHOTE UCUMCICHUS BHICKA3LIBAHUN U CUNTATH BHIBOIUMBIM
JIFO0OM YACTHBIN CJIy9ail MPOMO3UIINOHAIBHON TABTOJIOIMH CAJIHHO
obsterdaer ku3Hb. Hampumep, mycTh MbI BBIBEIH ABE (DOPMYIIBI (0
u 1) U XOTUM Tenepb BbiBecTH dopmyiy (@ A ). D10 npocro: 3a-
meruM, 4To dopmyia (¢ — (¥ — (¢ A 1))) aBisieTcs 9acTHBIM
CJlydaeM TPOIO3UIMOHATIBHON TABTOIOTHN (& Ha CAMOM JIeJIe U aK-
CHOMO) U JIBaXKJIbl IpuMeHseM npasuio MP.

e JIpyroit mpuMep TaKoro ke poja: ecyu hbopMysia ¢ — 1) BRIBOINMA,
TO BBIBOAMMA U (DOPMYJIa —1) — 1, MOCKOJIbKY UMILTHKATIHS

(o =) = (7 — )
ABJIAETCA 9aCTHBIM C.qua,el\l HpOHO3I/IHI/IOH&HBHOﬁ TaBTOJIOTUH.

e Emié oun npuMep: eciiu BIBOIUMBI (DOPMYJIBL ¢ — 1) U 1) — T, TO
BBIBOJIUMA U (POPMYJIA (0 — T, HOCKOJIbKY (hopMyJIa

(=)= (¥ =7) = (¢—7))

ABJIAETCA YaCTHBIM CJIyvaeM HpOHOSHHHOHaHbHOﬁ TaBTOJIOTUH.
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o st Tpon3BOIBLHO (DOPMYIIBL 0 BbIBEIEM (hOPMYITY

Vre — Jdzp.

B camowm meste, mogcTaHOBKA MMEpEMEHHOM BMECTO cebs BCeraa J10-
MIyCTAMA, MO3TOMY (OPMYJIBL VT o — @ U ¢ — T @ ABISIOTCA
akcuomamu. OcTaérest COCIaThCs Ha MPEebIIyInee 3aMeYaHue.

st mpon3BoJIbHO (OPMYIIBL ¢ BBIBEIEM (DOPMYITY
JyVr o — VYV Iy .

Qopmynel Vrp — ¢ u ¢ — Iy sasagiorca akcnomamu. C ux
IOMOIIBIO BBIBOAUM opmyity Vo ¢ — Jy ¢. Teneps 3amernm, 910
JleBasl 9aCTh UMILINKAIMY He MMeeT TapaMeTpa T, a MpaBas YacThb
HEe MMeeT IapaMerpa Y, TaK 4TO MOXKHO IPUMEHUTDH JIBa IPABUJIA
Bepnaiica (B j1060M nopsijike) u J100ABUTH ClIpaBa KBaHTOD VI, a
cjeBa — KBaHTOD Jy.

[Ipeamonoxum, aro hopmysia ¢ — 1 BEIBOIUMA, & & — TPOU3BOJIb-
Has mepeMeHHasi. [lokakeM, 9TO B 9TOM ciydae BbIBOAUMa (Hop-
Mmysa V€ p — VE1. B camom nesne, dpopmyina V€ ¢ — @ sBisiercs
aKCHUOMOTA. ﬂaﬂee BbIBOJIUM (C ITOMOIIBIO ITPOITIO3UITMOHAJIBHBIX TaB-
rosioruii u npasmwia MP) dopmyiny V€ p — 1); ocraéres BoCnosb-
30BaThCd OPaBWIOM BepHaiica (31ech BaxKHO, 9TO £ HE ABJISIETCHA
apamMeTpoM JIeBOH YacTH).

AnajiornaapiM 00pa30M U3 BBIBOIUMOCTH (DOPMYJIBI ¢ — 1 CJte-
IyeT BBIBOAUMOCTH hopmysanl 3¢ ¢ — 3¢ 1), TOIBKO HALO HAYATH C
akcmoMbl Y — €, 3aTem mosyunth ¢ — J€ 1, a TOTOM HIprUMe-
HUTH TipaBujio bepHaiica.

Takum obpazom, ecau GOPMYJIBLI ¢ U Y JTOKAZYEeMO SKBUBAJIEHTHDI
(3T0 3HAYUT, YTO UMILIMKAIUA @ — 1) U 1) — ¢ BBIBOJAUMDI), TO
dopmyist V€ p u V€1 Takke nokazyeMo sKBUBaJEHTHBI. (AHAJO-
PUYHOE yTBepKJeHne BepHo u i dhopmysn 3€ ¢ u I 1).)

Tenepb HECJIOKHO JOKa3aTh U Gojiee oOmmii (hakT: 3aMeHa MOJ-
GOpMyIIBI HA TOKa3yeMO SKBUBAJIEHTHYIO JAET TOKA3yeMO SKBUBaA-
JerTHyIo dopmyiy (eMm. c. 155).

Boisenem dopmyny Vo A(z) — Vy A(y) (3mece A — ommomect-
HBIN [IPEMKATHBIA CUMBOJI). DTO HECJIOKHO: HAYHEM € AKCHOMBI
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Vo A(z) — A(y), B Hell JieBast YaCTh HE UMeeT IIapaMeTpa Yy U Io-
ToMy 110 IpaBuily BepHaiica n3 Heé nosygaercst nckomas GopMyiIa.
DTOT NpUMep HOKA3BIBAET, YTO CBA3AHHBIE IIEPEMEHHBIE MOXKHO 116~
PENMEHOBBIBATD, He MeHsisi cMbIcsia hopMyIbl (mogpobHee 06 9ToM
MbI CKaxkeM B paszguese 4.6.)

e Bruisesmem dhopmysibl, CBSI3BIBAIONINE KBAHTOPHI BCEOOIIHOCTH U CY-
IIIECTBOBAHMUST:

VE o = —3E —g;
3 p & =V —p.

HanomunM, uro o <> 3 MBI camTaeMm cokparerneM st (o — ) A
A (8 — @), Tak 9TO HaM HAJO BBIBECTU YeThIPE (DOPMYJIBL.

Hauném ¢ dopmyssr 36 ¢ — —VE ~p. Nmes B Bumy npasusio Bep-
Haiica, JI0CTaTOYHO BbIBecTH (hopmyiy ¢ — —VE . Tasronorus
(B — —A) — (A — —B) 103BoJsieT BMECTO 9TOTO BBIBOAUTH HOP-
Myiny V€ - — —@, KOTOpas SBIISIETCS aKCHOMOI.

B tonpko uro BeIBemennoit dopmyse I ¢ — —VE - MOKHO B
KaJyecTBe (p B3ATH JIIOOYI0 (GOPMYIy, B TOM UHCJI€ HATUHAIOILYIOCS
¢ orpunanust. [loncTaBuB - BMECTO @, TOJIY M

3§~ — AVE o,

rjie = JOKA3yeMO SKBHBAJICHTHA (0 U MOTOMY MOKET OBITH 3a-
MeHeHa Ha @. Ilocae Toro npaBmiao KoHrpanosurmu (ecau u3 A
cienyer —B, To uz B caexyer —A) maér

VE @ — =3 .

Brisenem Tpernio dpopmyity: =3E —p — VE . Tlo npasuny Bepraii-
ca JOCTATOYHO BbIBeCTH —3€ —(p — (p, ITO MOCJEe KOHTPAIO3UIIUN
[IPEBPAIAETCS B aKcuomy — — & —p.

Yersépras GopMmysia MOJYyIUTCH, €CIU 3aMEHUTh B TPEThell ¢ Ha
- U IPUMEHUTH KOHTPAIIO3UIIUIO.

BbIBO,D.I/IMOCTb N3 NOCbINIOK

B ucunciennn BBICKa3bIBAHUI BayKHYIO POJIb UI'PAJIO IOHATHE BBIBO-
JIIMOCTH 13 HOCBIJIOK ¥ CBSI3aHHAs C HUM JieMMa 0 Jieykunn (c. 42). His
UCYNCIEHUS IPEIUKATOB CUTyallld HEMHOI0 MeHdAeTcd. Ecim pa3pemuTs
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UCIIOJIb30BaTh TIOCHLIKN HapaBHE ¢ aKCHOMaMU 0€30 BCSIKUX OrpaHmde-
HUI, TO yTBEDXKJIEHNE, AHAJIOTUIHOE JIEMME O JIeJYKIINu, OyIeT HeBep-
ubiM. Hanpuwmep, usz dopmyisr A(x) moxkuo BeiBectu dopmyny Vo A(x)
(kak MBI Buziesn Ha c. 135 mpu obcyxaeHnn npasuia obobmenus ). Ho
nviumkanust A(z) — Vo A(x) He siBisiercst BBIBOAUMON (IIOCKOJIBKY He
ofIe3HaIMA).

IToaTOMy MBI OrpAHHYIUMCS CJIyIaeM, KOTJA BCE MOCBUIKHU SIBJISIOT-
cs1 3aMKHYThIME popmyaamu. [lyects ' — mpou3BoIbHOE MHOXKECTBO 3a-
MKHYTBIX OPMYJI paccMarpuBaeMoll HaMmu curHarypel o. (Takume MHO-
JKECTBA HA3bIBAIOT MEopuAmu B curnarype o.) LoBopgar, uro dbopmysia
A svigoduma us T', eciin €€ MOYKHO BBIBECTH, UCIOJIb3Ysl HAPABHE C aK-
cuomamu Gopmyssl u3 I'. Kak u jqjis ucauciennst BHICKA3bIBAHUN, MBI
numem I' = A. BeiBogumbie u3 ' (popMysibl HA3BIBAIOT TaKKe Meopema-
My Teopun I

Nemma o gegykuun ans ucHucnenus npegukatos. [lycrs I' — mHOXKeCT-
BO 3aMKHYTBIX (popmyi1, a A — 3amkuyTas dhopmysa. Torna ' F (A — B)
TorIa U TOJIBKO Torga, korma I' U {A} F B.

JlokazaTeabCTBO MPOXOIUT 10 TOH Ke CXeMe, YTO U JJIsi HCIUCICHUS
BbicKa3biBanuil (c. 42): k dopmynam Cy,...,C,, 06pa3yOmuM BBIBOJ,
Cp = B uz 'U{A}, Mbl pUIUCHIBAEM TIOCBUIKY A W JIONOJHAEM TIOJIy-
YEHHYIO TIOCJIEI0BATEILHOCTD

(A= C),...,(A—=Cy)

110 BeiBoa u3 I'. OTiimvue OT mPOMO3UIMOHAIBHOTO CIydasi B TOM, 9TO
B BBIBOJIE MOT'YT BCTpedaThest mpaBuiia bepraiica. Hanmpumep, or BbIBO-
JUMOCTH (POPMYJIBI

A— (=)

HaJ10 HepeﬁTI/I K BBIBO/IUMOCTHU (l)OpMy.J'[I)I

A— (¥ —=VEp)

(B KOTOpOIi IepeMeHHas  He siBJIsieTcs mapaMeTpoM GopMystel ). 1o
HECJIOXKHO CJIeJIaTh, €CJAU 3aMETUTh, YTO B CHUJLY MPOIO3UIIMOHAIHHBIX
TaBTOJIOruit MOxKHO mepeiitu ot A — (Y — ) k (A A 1Y) — ¢, 3aTem
upuMeHuTh npaBuio Bepraiica (310 3aKOHHO, TaK Kak lepeMeHHas £ He
ABJIsIeTCA IapaMeTpoM (opMyssl 1, a (opmynaa A 3aMKHyTa 1O Ipe-
nosioxkenuio). Ionyuurcs BeiBogumast u3 I' hopmysia

(ANY) = VEep,
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U OCTAETCs BEPHYTHh A U3 KOHBIOHKIUHA B TOCHLIKY.

CxopabIM 06pa30M paccMaTpUBaeTcss U BTOpoe IpaBuiio Bepnaiica.
Econ BeiBoguma opmyna A — (¢ — 1), TO B Cuily IPOLO3UIMOHAIb-
HBIX TaBToJOrUil BeIBOAUMA dopmyia ¢ — (A — 1)), K KOTOpOil MOXKHO
IPUMEHUTH npasuio Bepuaiica u mosyants 36 ¢ — (A — 1)), moce ero
BepHYTh A HA3a)T ¢ TIOMOIIBIO IPOIIO3UIMOHAILHON TaBToIoTHA. Jlemma
0 JIeJYKINA JIOKA3aHAa.

OrMeTuM Terepb HECKOJIBKO IIOJIE3HBIX CBONCTB BHIBOJAMMOCTU U3 I10-
CBLJIOK.

e EcuTTHAuTl' DT, to I+ A. (OueBunno ciemyer u3 onpe/e-
JICHUSL. )

e Eciu T' - A, ro cymecrByer koneunoe muoxectso IV C T, njist
koroporo IV - A. (BbiBoj, KOHEYEH M IOTOMY MOXKET UCIOJIL30BATH
JIUIIb KOHEYHOE YUCII0 (hOPMYJL.)

e Ecim T' xoneuno u pasao {v1,...,%}, To I' = A paBHOCHIBHO
BBIBOJIIMOCTH (6€3 TOCBITIOK) hOpPMYJIBI

(M A Ay) — A

B camowm pnene, ecam {7y1,...,%,} F A, TO MHOTOKpaTHOE IPUMEHE-
HU€ JIEMMBbI O JIEJIYKIIUU JTaéT

Fy—= (2= (m—A4)..),

7 OCTaETCsl BOCIIOJIB30BATHCS HaJJIeKalllell ITPOITO3MOHAJIBHON TaB-
roJyiorueii. (B 06paTHyio CTOPOHY PacCyzKIEHUE TAKXKE IIPOXOIUT

6e3 Tpya.)

o KoMOuHUpyst Tpu NpEIblAyIMnX 3aMeYaHus, MPUXOIUM K TaKOMY
9KBUBAJIEHTHOMY OIPEJIEJICHUIO BHIBOJUMOCTH U3 MOCHUIOK: ' A,
ecau HafyTCst MOPMYIIBL V1, - . .,V € I, 11T KOTOPBIX

Fyr—(e—(..(%m—A4)...)).

910 ompeiesieHne MMeeT CMBICA U Jyist (OPMYJ ¢ [apaMeTpaMH,
TaK YTO €CJIM Y2K OLPEJENSTh BBIBOJUMOCTD U3 IOCHLUIOK C I1apa-
MeTrpaMu (4ero oObIYHO U36eraiT), TO UMEHHO TaK.
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TlousiTre BHIBOAUMOCTH U3 MOCHLJIOK TIO3BOJISET IEPeOPMYIUPOBATH
TeopeMy O KOPPEKTHOCTU UCYUCJIEHUS IPETUKATOB.

ToBopsit, uro maTepnpeTanus M CUTHATYPBHI 0 SABJISETCA MOJEABIO
teopuu ', ecaiu Bce popmynnt u3 I' nctununt B M.

Teopema 44 (o koppekTHOCTY; nepecdhopmynnposka). Bce Teopembr Teo-
pun I' mctuaubl B 1060t mogenu M teopun I.

< Ecin dopmyna A sisasiercst Teopemoii teopun I' (T.e. T F A),
HayTCst POPMYIIBI V1, - ..,V € ', JJIsT KOTOPBIX

Fyr—=(re—=(G..(0m—A4)...)).

ITo reopeme o KoppekTHOCTH (B y2Ke M3BeCTHOH HaMm dopme) sra dop-
Mysa OyIeT MCTUHHA BO BCEX MHTEpIpeTanusx, B yacTHoctu B M. Ilo-
CKOJIBKY 71, - - - ,Vn UCTHHHBL B M, T0 u dopmyna A ucrunna 8 M (ua
JI06O OlEeHKe). >

B caemyromux 3amatax — u TOBKO B HUX — 3HAK |- moOHMMaeTcs B
OIIMCAHHOM BBIIIE CMBICJIE (B IOCBLIKAX JIOMYCKAIOTCS IAPAMETPHI).

95. IIycte [' — MHOXKECTBO IPOU3BOJIBLHBIX (He 00s3aTEJHLHO 3aMKHYTHIX)
dopuys. (a) IlycTs cymecTByer «BBIBOI» HEKOTOPOiH (bOPMYJIBI ¢, B KOTOPOM
HapaBHE C AKCHOMAaMU MCIIOJIb3YI0TCst (bopMyJibl u3 [') pu 3TOM BCe IpuMeHe-
Hus npaBui bepHaiica npesinecTByior nosiBiienuio ¢popmya u3d I'. Tlokakure,
aro I' b . ITokaxkure, 9yTo BepHO U 0OpaTHOe yTBepKieHue. (6) ITokaxkure,
€CJIU B «BBIBOZIE» (DOPMYJIBI (0 HAPABHE ¢ AKCUOMAMU UCIIOIL3YIOTCs (DOPMYJIBI
n3 I, Ho mpaBuyia BepHaiica He NPUMEHSIOTCS 110 ITEPEMEHHBIM, CBOOOIHBIM
B, o' ¢.

96. Ilokaxkure, uTOo NpaBuia BepHaiica MOXXHO IEpENUCATh TaK:

T,A+ B I,BFA
T,AF-VéEB T,3%BF A’

rae mepeMeHHas  He SABJISIeTCs mapaMeTpoM (hopMyJibl A, a TakzKe mapaMer-
pom dbopmyn u3 I'. (B mepBom mpasuiie Mbl st CHMMETPUH BbLieaman Ghop-
MysIy A, XOTsl OH& HUYEM He OTaudaeTcs or dopmya us I'.)

I'IepemeH Hbl€ N KOHCTaHTbI

OTMeTuM el HECKOJIBKO MPOCTHIX CBONCTB BBIBOJUMOCTHU, KOTOPBIE
HaM [IOTPEOYIOTCsI:

JNemma o ceexxux koHcTaHTax. ITycrs BeiBosmMa bopmyia ¢(c/E), Tae
¢ — mpousBoJIbHaAs dopMysia, & — MepeMeHHasi, ¢ — KOHCTAHTa, He BXO-
namas B popmyity . Torma BeiBoguMa u hopmya ¢.

VMHTyNTUBHBI CMBICJI JIEMMBI: €CJIA MBI JIOKA3AJIA 9TO-TO IIPO «CBE-
JKYI0» KOHCTaHTY ¢ (He 3aldTHaBIIYI0 cebs yuacTueM B (opmyie @),
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TO PAKTHIECKU MBI J0Ka3al (POPMYJITY 0 JJIs POU3BOIBHBIX 3HAYCHUN
HepEeMEeHHO.

JlokazareabeTBo JieMMbL. 110 yeaoBUIO CyIecTByeT BBIBOJ, (DOPMYJIbI
©(c/€). Bo3bMéM «CBeXKyI0» IIEPEMEHHYIO 1), HE BCTPEYAIONLYIOCS B 9TOM
BBIBOJIE, U BCIOJLy 3aMEHUM B HEM KOHCTAHTY ¢ Ha 3Ty HepeMeHnyio. [Ipn
9TOM BBIBOJ[ OCTAHETCS BBIBOJIOM, TaK KaK IpaBUJIa ODpaIleHHs C Iepe-
MEHHBIMU M KOHCTAHTAMM HUYEM He OTJIMYAKTCs (KBAHTOPOB II0 HOBOI
IIEpEMEHHO B HEM HET, TaK UTO KOPPEKTHBIE IOJCTAHOBKU OCTAHYTCS
KOPPEKTHBIME ¥ IPUMEHEHHUsT TpaBul bepraiica ocTanyTcst JOMyCTUMBI-
Mmu). Takum obpazom, BeiBoguMa dopmyia ¢(1n/E).

ITo upasuiy 0606mienus BoiBoAMMA bopmysa Vi o(n/€). Ocranocsh
npuMeHnTh akcuomy Vi ¢(n/€) — ¢(n/€)(€/n); nomcranoBka B mpaBoit
YaCTU KOPPEKTHA U JaéT (DOPMYJIy o, TaK KaK CHAYasIa Mbl 3aMEHUJIN
cBOGOJIHBIE BXOXKEHUs & Ha 1), a 3aTeM O6paTHO (Tak UTO B 30HY JIeii-
CTBHsI KBAHTOPOB 10 £ OHU HOIACTh He Morm). Jlemma JoKazama.

97. ChopmynupyiiTe u JOKaKUTE AHAJOTHUIHYIO JIEMMY JIJIsI HECKOJIBKIX
KOHCTaHT.

Amnajiornasoe paccykJieHue MO3BOJISIET JOKa3aTh U JIPYToe YTBEp-
JKJIEHRE, KOTOPOe HaM MOTPedyeTcs:

JNlemma o pobaenennm koHctauT. Ilycrs dopmysna ¢ HEKOTOPON cur-
HATYPbI 0 BBIBOJMMA B HCYUCJIEHUU PEJUKATOB PACIIUPEHHON CUTHATY-
pBI 0, TIOJTyYeHHoi u3 o JoGaBIEHIEM HOBBIX KOHCTAHT. Torma ¢ BBIBO-
JIMa U B MUCYUCJIEHUU MPEJUKATOB CUTHATYPHI 0.

HoxkazarenbcrBo. Ilycts dbopmyna ¢, He comeprkariasi HOBBIX KOH-
CTaHT, UMeeT BBIBOJI, B KOTOPOM HOBBIE KOHCTAHTHI BCTpedaroTcs. Kak
X OTTY/Ia yIaJUTh? JIerko MOHSITh, YTO UX MOYKHO 3aMEHUTH Ha CBEXKUE
repeMeHHbIe, He BXOJAIINE B BBIBOJI, U OH OCTAHETCsI BBIBOJOM, HO y2Ke
6e3 HOBBIX KOHCTAHT. JlemMMa Joka3ama.

Ha camom jiesnie ata jgemMma BepHa JJIs IIPOU3BOJIBLHOIO PACIITHPEHUS
curHaTypbl (MOXKHO J00ABJIATH HE TOJHKO KOHCTAHTBI, HO U (DYHKIIHO-
HAJIbHBIE CUMBOJIBI JIIOOON BAJIEHTHOCTH, & TaK¥XKe IPEIUKATHbIE CHMBO-
Jiet). HTo6Bl yIaauTh HOBBIE CUMBOJIBI M3 BBIBOJA, IIOCTYIAEM Tak. Bce
repmbl Buga f(...), rae f — mobGaBieHHBIH (DYHKIMOHAJIBHBIA CUMBOUL,
MbI 3aMEHSIEM HA HOBYIO IIEPEMEHHYIO (MOXKHO B3sTh OJHY U Ty XK€ IIe-
PEMEHHYIO JIJIs BCEX HOBBIX CUMBOJIOB M BCeX UX BXoxKienuii). Bee aro-
MapHbie (GOPMYJIBI ¢ HOBBIMHU MPEJIUKATHBIMU CHMBOJIAMH 3aMEHsieM Ha
KaKy[0-1160 3aMKHYTYIO hopMysty (OIHY U Ty Ke; Kakas UMeHHO (dhop-
MyJIa, POJIM He UI'PAET).

98. IIpoBemauTe 3TO paccyKjaeHne MOAPOOHO.

Takum 06pazsoM, MBI MOXKEM TOBOPHUTH O BBIBOJMMOCTH (DOPMYJIBI, HE
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yTOUHss, B KAKOW HIMEHHO CHUrHAType (coJeprKalleil Bce HCI0Ib30BaHHbIe
B dopmyse npequkaTHble 1 GyHKIMOHAJIBHBIE CAMBOJIBI) MBI HIIEM €8
BBIBOJL.

Ecim npuaaTh T€OpeMy 0 HOJHOTE, 110 KOTOPOii BBIBOJMMOCTD DABHO-
cuibHA OOIIE3HAYNMOCTY, HE3ABUCHUMOCTD BBIBOJUMOCTH OT CHIHATYPDI
CTAHOBHUTCSI OUEBUJIHOMN: HCTUHHOCTD (DOPMYJIBI HE 3aBUCAT OT UHTEPIPE-
Tl CHMBOJIOB, KOTOpbIe B Heé He BXoAAT. (Ecim mHTEpnpernposarh
OTCYTCTBYIOIHE B (DOPMYyIIe CHMBOJIBI KaK MOCTOSTHHBIE (DYHKIMH U Ipe-
JIIKATBI, MBI IIPUXO/MM K CHHTAKCHIECKOMY PACCYZKIECHHUIO, YIOMSIHYTO-
MY BBIIIIE. )

4.5. lNonHoTa ucuyncneHns npeanKaToB

B sTom pasmene Mbl foKaxKeM, 9TO BCAKas obme3nadnMast popMmysia
BBIBOJIIMA B MCUHCJIEHUN IpeaukaToB. Mbl Oyjem cienoBaTh cxeMe, HC-
II0JIB30BAHHOM B pazjese 2.2, M BBEJIEM MOHSATHS HEIPOTUBOPEYUBON 1
IIOJIHOII T€OPUHU.

QurcupyeM HeKOTOpPyIO curHarypy o. llycts I' — Teopus B curna-
Type O, TO €CTh IPOM3BOJILHOE MHOXKECTBO 3aMKHYTBIX (POPMYJI ITOM
curHarypsl. [oBopsT, ato Teopus [ npomusopeuusa, eciin B Heil BHIBO-
IUTCA HEKOTOpas GopMmysa ¢ u eé orpunanue —@. B stom ciaygae uz I’
BBIBOIUTCsI JiIoGast (hopmyiia, Tak Kak uMeercd akcunoma A — (A — B).
Eciu Teopus I' He siBIIsieTcst IPOTUBOPEUUBOIL, TO OHA HA3BIBACTCI HENPO-
mueopevueot.

99. JlokaxkuTe, 9TO TEOPHUsi MPOTUBOPEUNBA TOTJA U TOJBHKO TOT/A, KOTJIA
B Hell BeiBOAUTCA hopMysia ¢ A =@ (37eCh ¢ — Ipou3BosIbHAA (HOPMyJIa CHUT-
HATYPBI).

HenocpencTBenno u3 omnpejesieHns: CIeIyeT, 9TO BCIKOE IMOIMHOMXKEe-
CTBO HEIPOTUBOPEYMBOIO MHOXKECTBA HENPOTHBOpedYnBo. Kpome Toro,
ecu OeCKOHETHOE MHOXKECTBO IIPOTUBOPEYNBO, TO HEKOTOPOE €0 KOHEU-
HOE IIOJIMHOXKECTBO TOXKE IIPOTUBOPEYHUBO (IIOCKOJIBKY B BBIBOJE yUACT-
BYeT JIUIIb KOHETHOE YHCIIO POPMYJI).

CHUHTaKCHYIECKOEe MMOHATHE HEITPOTHBOPEIUBOCTU MbI OyJI€EM CPABHH-
BaTh C CEMAHTHYECKUM IOHATHEM COBMeCTHOCTHU. IlycTh mmeeTcs HEKO-
Topas uHTepipeTanus M curaatypsl 0. HamoMHuM, 9T0 OHA HA3BIBAETCS
Mmodeavro Teopun I, eciin Bce popmyiintl u3 I' ucturusl B M. MuOXKecTBO
I" mazbiBaeTcs cosmecmmvim, €CII OHO UMEET MOJIENIb, TO €CTh €CJIU BCe
ero popMyJIbl HICTHHHBI B HEKOTOPOIl MHTEPIIPETAIINH.

Teopema 45 (o KoppekTHOCTU; nepedopmynnposka). Jlioboe coBmect-
HOE MHOXKECTBO 3aMKHYTBHIX (DOPMYJI HEIPOTHBOPEIHBO.
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< Ilycrs Bce dopmysbl m3 I' ucTUHHBI B HEKOTOPOIl MHTEpIIpeTa-
mun M. Moxker ju okazarbes, 9to I' - ¢ u ' F —p mus mekoropoit
3aMKHYTOU (hopMyJIbl ¢? Jlerko mousaTh, 9ro HET. B camom seite, B 9TOM
cityaae Teopema 44 (c. 144) nokaseiBaet, 90 HOPMYIIBL © U~ JOJZKHBI
OBITH OJIHOBPEMEHHO UCTUHHBI B M, 9TO, 0YEBUIHO, HEBO3MOYXKHO. [>

Jljist loKa3aTesibcTBa O6paTHOrO YTBEPKAeHUs (0 COBMECTHOCTH He-
[IPOTUBOPEYUBOI TEOPHUHU) HAM HOHAI0OUTCS NOHATHUE IIOJHOM TEOPUH.

HenporusopeuamBoe muoxkectBo I', cocrosimee n3 3aMKHYTHIX (HDOp-
MyJI CUTHATYDBl O, HA3BIBAETCH NOAHLIM B 3TON CUTHATYDE, €CJIU I
J11060#1 3aMKHYTON POPMYIIBI ( 3TOI cCUrHATYPBI JIub0 hopMmysia ¢, Jubo
eé oTpullaHne — BhIBOAATCH U3 .

Jpyrumu cjoBaMu, TeOpHUs TOJIHA, €CJIA U3 JIIOOBIX IBYX (DOPMYIT
u —@ (COOTBETCTBYIONIEH CUIHATYPBI) POBHO OJHA $BJISIETCS TEOPEMOil
3TOI Teopuu.

[TostHOE MHOXKECTBO MOXKHO IIOJIYYUTh, B3siB KaKyHO-JINOO MHTEpIIpe-
TaIUIo U PACCMOTPEB BCE 3aMKyThle (DOPMYJIbI, HCTUHHBIE B 3TONH MHTEP-
nperaruu. (BrocieacTBun Mbl yBHIUM, 9TO JIHO00€ HOJHOE MHOMKECTBO
MOXKET OBITH IOJIyYeHO TAKUM CIIOCOOOM — ITO JIETKO CJIEyeT U3 Teope-
MBI 46.)

B ormpeiesieHnn OJIHOTHI CYIIIECTBEHHO, YTO Mbl OIPAHIIHBAEMCS 38~
MKHYTBIMEU (pOpMyJIaMu TOU Ke cUrHaTyphl. Harpumep, eciiu Mbl BO3b-
MEM OIHOMECTHBIH MpeIuKaTHBIN cuMBOJI S, He Bxoagamuii B I', To dop-
Mysabl w3 ' IpO HEro HUYEro He yTBEPXKIAIOT, U IIOTOMY, CKaXKeM, HU
dbopmyia Vz S(z), Hu eé orpunanue He BBIBOAMMBL u3 I'. 3aMKHYTOCTH
dopmyiisl ¢ TOkKe BakHA. Hanmpumep, MHOXKECTBO BCeX MCTHHHBIX B Ha-
TypaJbHOM Psijty (POPMYJI CUTHATYPBI (=, <) MOJHO, HO HU (HOPMyJa
T = y, HH QopMysNa T F# Yy W3 HEro He BBIBOJSITCS, MHAYE M0 TPaBU-
Jiy 06obienus Mbl nOJLydnian 6ol JiokHYI0 B N dopmyny VaVy (z = y)
wm VaVy (z # y).

[TonHOE MHOXKECTBO 1TOOOHO MUPOBO33PEHHIO YEJIOBEKA, JOCTUTIIIETO
[pejiejia yMCTBEHHOI'O PA3BUTHUsI: Ha BCE, ITO BXOJUT B KPYT €r0 IMOHSITUN
(BbIpakaerca GOpMYJION CUTHATYDBI 0), OH MMeeT TOYKy 3penus. Ho
9TO He OTHOCHTCA HU K (opmyiam GoJblIell CUrHATYPBI (CoepzKaIIuM
HOBBIE JIJIsl HErO IIOHSITHs ), HU K (DOPMyJIaM ¢ napaMerpaMu ([HOCKOJIbKY
3HAYECHUS 1APAMETPOB HE (PUKCHPOBAHBI).

Terepb MBI TOTOBBI K JIOKA3ATEJLCTBY OCHOBHOTO PE3YJIHTATA ITOTO
pasjea.

Teopema 46 (nonHoTa ncHUCNEHUS NPEANKATOB, CubHas opma). Bes-
Kas HEeIPOTUBOPEYNBAsi TEOPUsi COBMECTHA.

<! HamoMHmM, KaK MBI JOKA3bIBAJIN AHAJOTHIHOE YTBEPKIACHUE JJIs1
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BbICKa3bIiBaHUi. MBI paciupsiiu Hallte HEIPOTUBOPEINBOE MHOXKECTBO [
10 TIOJTHOTO MHOZKeCTBa I, a IMOTOM IoJIaraju IpOIO3HITMOHAIBHYIO TIe-
peMeHHylo p ucrunHoii, ecau IV + p. 31ech aroro OymeT HeIO0CTATOYHO,
KaK Mbl YBUJUM (HAIIpUMEp, HEIOHSITHO, OTKY/a OpaTh HOCUTENb UCKO-
Moit mogienn). Ho Hagasio paccyxuenus OyaeT TaKuM Ke.

Nemma 1. [Iyisi BCAKOTO HENTPOTHBOPEYMBOTO MHOXKeCTBa ' 3aMKHY-
TBIX (DOPMYJI CUTHATYPBI 0 CYIIECTBYET IIOJHOE HEIIPOTUBOPEINBOE MHO-
sxkecTBo IV 3aMKHYTBEIX POPMYJI TOH Ke CUTHATYPBI, cojepzKaliee L.

JlokazaTeabCTBO IOBTOPSET PACCY2XKJIeHUE pa3zena 2.2: pacCMaTpu-
Basl 110 OYepeJI 3aMKHYThIe (POPMYJIbI, MbI JI00aBJIseM JTHO0 UX, JIMDO UX
OTPUIAHKUS B MHOXKECTBO [

DT0 MOXKHO CHiejIaTh 0€3 Tpy/a st KOHEYHOM Un CIETHOM CUTHATY-
Pbl (TOria MHOXKECTBO BCEX 3aMKHYTBIX (DOPMYJI 9TOM CUIHATYDBI CUET-
HO); Jyist OOIIEro cjiyuasi HAJO BOCIIOJIb30BATHCST TPAHCHUHUTHON WH-
aykiueit mm gemmoit [opHa, kKak o0bsicHsII0Ch B pasnene 2.2. Jlemma 1
JIOKa3aHa.

Kak ke Temeps mocrponths Momesb moaHOro Muoxkectsa 1'7 Ilpex-
Jle BCEro HaJi0 PEIIUThb, 9TO OyJAeT HOCHUTEJEM ITOU MOJIEN. 3aMeTUM,
YTO B CHI'HATYPEe MOIYT OBITh HEKOTOpPbIE KOHCTAHTHI ((byHKIMOHAJIb-
Hble CUMBOJIBI BajeHTHOCTH (). VIM JOJKHBI COOTBETCTBOBATH HEKOTO-
pbIe 3JIEMEHTBI HOCUTE . KpoMe TOro, 3aMKHYTHIM TepMaM (KOTOPbIE
HE COJIEPKAT HUKAKHUX IIEPEMEHHBIX, TOJHKO KOHCTAHTBI) TAKXKE JOJIK-
HBI COOTBETCTBOBATDH 3JIeMEeHThI HocuTess. [lompobyem B3sTh B KadecTBe
HOCHUTEJISI KaK pa3 MHOXKECTBO 1’ BceX 3aMKHYTBIX TEPMOB HaIllell CUTHA-
Typbl. IIpu 9TOM HOHATHO, KaK HAJO OIPE/IEIATh CUTHATYPHbIE (DYHKIIAN
HA 9TOM MHOXKeCTBe: (DYHKIUsI, COOTBETCTBYIOIIAsT CUMBOJIy [ BAJIEHT-
HoctH k, 0TOOparkaer 3aMKHYTbIE TEPMBI Ly, ..., tx B TepM f(t1,...,tk).
(10 ompe/ieneHre HUKAK He 3aBHCHT OT I'.)

IIpeaukaTsl HA 9TOM MHOYXKECTBE OIpejesisieM Tak: ecaun A — mpeau-

KaTHBII cuMBOJI, & t1,...,t, — 3aMKHYTbIE TE€PMBbI, TO IIPEAUKAT, COOT-
BETCTBYIONIUI CUMBOJIy A, UCTHMHEH Ha TepMax i1, ..., t,, eciu popMyia
A(ty,...,t,) BeiBouMa 13 I

Tem camMbiM WHTEpIpETAIIAsT TOJHOCTHIO OMUCAHA, U MBI XOTeJN Obl
JIOKa3aTh, 9T0 Bce opmyinl u3 I B meit uctunnnl. Mbr Oymem moka3bi-
BaTh IO MHIyKIuu Takoit daxt: ecou I' - ¢, To bopmyna ¢ ncrunna B
TTOCTPOEHHON MHTepIpeTalyuu, a ecau I' - —p, To dpopmya ¢ oxKHA.

Opnako Ge3 JIONOJIHUTEIBbHBIX [IPEJIIIOIOKEHN 0 MHOXKecTBe [ aTOT
wiaH oOpevuéH Ha HEeyJady, MOCKOJbKY 3aMKHYTBIX TEPMOB MOXKET OBITH
coBceM MaJio (MM Jjake BOBCE He OBbITh), B TO BPEMs KAK COOTBETCTBY-
I0I[asT TeOpHUsl He MMeeT KOHEYHBIX MoJiesiell. Fcyim HadaTh WHIyKTUBHOE
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paccyKJieHue, TO BBIICHUTCS, YTO TPYAHOCTH BO3HUKAET B CJIydae, KO-
ra hopMysia ¢ HAIUHAETCS ¢ KBAHTOpa. Hampumep, MOYKeT OKa3aThCs,
uro (opmyia Jx A(zr) BbBoguMa U3 MHOXKeCTBa ', B TO BpeMsl KaK HU
JIJTsl KAKOTO 3aMKHYTOro TepMa t dopmysa A(t) e BoiBoguMma u3 I'. To-
ria dopmyna 3z A(z) Gymer JOXKHON B ONMCAHHON HAMH MOJENH (XOTsI
BBIBOAUMOE). UTOOBI IPEOIOIETh 3TY TPYIHOCTb, Mbl HAJIOKHUM JOIIOJI-
HUTEJbHBIE TPeOOBAHUS HA MHOYXKECTBO [ .

HaszoséM Teopuio (MHOXKECTBO 3aMKHY THIX (DOPMYJI CUTHATYDBI 0 ) 9K~
3UCTMEHYUAABHO NOANOT B CUTHATYPE 0, €CJIN JIJIs BCSIKON 3aMKHYTOI
dopmysibl 3€ ¢ curHaTypbl o, BeIBOAMMON u3 [, HaliéTCcst 3aMKHYTHIN
TepM t ITON curHaTypbl, 1 Koroporo I' F o(t/€).

Ecin muoxkectBo I' 110JIHO ¥ 9K3UCTEHIMATIBHO IIOJTHO, TO OIUCAHHAS
BBIIIE KOHCTPYKIUS C 3aMKHYTBIMIA TE€PMaMH JIaET ero Mojesb. [Ipexe
9eM MPOBEPSITH ITO, MOKAXKEM, KaK PACIIMPUTH [ JI0 MOJHOTNO U IK3U-
CTEHIMATHLHO MOJTHOTO MHOXKeCTBa. KITloueByto posih 3/1eCh UrpaeT Takas
JIEMMA:

Nemma 2. Ilycrs ' — HENPOTUBOPEYUBOE MHOXKECTBO 3aMKHYTBHIX
dopmyIr, 13 KOTOPOro BRIBOAUTCs 3aMKHyTast dhopmyria 3 . [lycts ¢ —
KOHCTaHTa, He BcTpedatomasicss Hu B I', am B ¢. Torma mmoxkectBo I’
OCTAHETCs HEIIPOTUBOPEUUBBIM 110cJIe obaBenust hopmysbl p(c/E).

(3ameuanue. 3/ech U asee, FOBOPsI O HEIPOTUBOPEINBOCTU U BBIBO-
JIUMOCTH, MBI HE YTOYHSIEM, B KAKOH CHUTHATYPE CTPOSITCS BBIBOJBI: BCE
HAIIU CUTHATYPBI OYIyT OTJIMYATHCS JIUITHL HAOOPOM KOHCTAHT, U JIEMMa,
0 J106aBIEHUH KOHCTAHT Ha €. 145 maér HaM Takoe IIpaso.)

JokazarenbecTBo jeMMbl 2. Ilycts I cTaHOBUTCS NMPOTUBOPEYMBBIM
noce obasnenust popmyist p(c/€). Orcrona cieyer (MCIOIB3yeM O/
XOJAIILYIO NPONO3UIMOHAIBHYIO TABTOJIOIHIO ), 4TO OTPHUIAHUE 3Tl dhop-
MyJibl BeIBOAMTCA U3 ') TO ecThb BBIBOAMMA hopmyia v — —w(c/E), rue
Y — KOHDBIOHKIINST KOHeIHOro ducjaa dopmyt u3 I'. ITo memme o cBexux
koHcTaHTax (c. 144) BeBomuMa dopmysa v — —¢ (HAIOMHUM, 9TO ¢ HE
BXOJIUT HU B @, ou B 7). Kourpanosunuga paér dbopmyiy ¢ — —y, a 1pa-
Busio Bepnaiica — dbopmyny 3¢ ¢ — —y. [lo npeamnosnoxkenuto dopmya
3¢ ¢ BeBoMMa u3 I', u MHOXKecTBO I’ OKa3bIBaeTCsl MPOTUBOPEUUBHIM.
Jlemma 2 jokazaHa.

100. /lokakuTe Takoe ycujeHue JeMMbI 2: Tpu fgobaBjaeHun B [' popmysibt
w(c/€) (B UpemmmoNoKEeHNIX JTEMMBI) MHOKECTBO BBIBOJUMBIX u3 [ dopmys
PICXOLLHOP‘I CUT'HATYPbI (663 KOHCTaHTBI C) He MeHdAeTCd.

Nlemma 3. Ilycte ' — HempoTHBOpEYMBOE MHOXKECTBO 3aMKHYTHIX
dopmyn curnarypsl o. Torjma cyiecTByeT paciiupeHune CUTHATYPBI O
HOBBIMH KOHCTAHTAMU U HEIIPOTUBOPEUUBOE, MTOJTHOE U IK3UCTEHINATHLHO
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noJiHoe (B PACHIMPEHHO CUrHAType) MHOXKeCTBO [V 3aMKHYThIX (hopMyII,
conepxkaree .

HoxkazatenbcTBo. IlycTs curnarypa Konedna niu caérra. Torma 3am-
KHYTBIX hopmyn Buga 3€ ¢, BRIBOAUMBIX U3 ', He Oosiee yem cuéTHOE
qucyto. K kaxx 10t u3 HUX 110 odepeu OyIeM IPUMEHSITh JIeMMY 2, BBOIsI
HOBYIO KOHCTaHTY. COryIacHO 9TOi JJeMMe, Ha, KaXKJI0M II1are MHOXKeCTBO [’
OCTaéTCs HEIPOTUBOPEYMBBIM, IIOITOMY OHO Oy/IeT HEMPOTUBOPEUIMBHIM
U 1ocie J06aBJeHUsT CIETHOrO 4ncia (Gopmys (BBIBOI HPOTHBODEYUSI
3aTPAruBaeT JINIb KOHETHOE IUCII0 DOPMYII).

OHaKO HEJIb3sT YTBEPKIATh, ITO MOJIYIEHHOE MHOYXKECTBO OyJIeT 9K-
3UCTEHIUAIBLHO TIOJHBIM B HOBOI CHUTHATYPE, ITOCKOIBKY PO (DOPMYJIBI
Buma 3¢ ¢ ¢ q0OaBIEHHBIMA KOHCTAHTAMU MBI HUYero e 3uaem. llomos-
HUM 9TO MHOXKECTBO, IPUMEHUB JIEMMY 1, M IOBTOPUM PACCYKIEHUE: [JIsi
KaXKJI0M 3aMKHYTOH BBIBOJNMOM (DOPMYJIbI, HAUUHAIONIEHCS ¢ KBAHTOPA
CyIIleCTBOBAHUsI, BBEIEM HOBYIO KOHCTAHTY W T. JI.

3areM CHOBa IOIOJHAM €ro, CHOBa J00aBUM KOHCTAHTBI, CHOBA IIO-
ITOJTHUM U TaK cJiejiaeM cIéTHoe ancyio pa3. ObbenHeHne Beex MOy YeH-
HBIX MHOXKECTB OyIeT HEITPOTUBOPEIUBDIM, OJHBIM U SK3UCTEHITHATLHO
mostHBIM. B caMoMm fesie, OHO HENPOTUBOPEYNBO, TAK KAK IIPOTHBOPEYNE
JIOJZKHO BBIBOJIUTHCS U3 KOHEUHOTO 4ucsa GhopMmys (M MOSTOMY JIOIXK-
HO IOSIBUTHCs y2Ke Ha KoHeyHoM miare). OHO 1osHO: sirobasi 3aMKHyTast
dopMmysia ¢ COIEp:KUT KOHETHOE YUCJIO HOBBIX KOHCTAHT, TO9TOMY Ha Ka-
KOM-TO IIIare IMOIOJIHEHUS OHA WJIN €€ OTPHUIAHNE CTAHYT BBIBOIUMBIMHU.
Hakomerr, mocTpoeHHOE MHOXKECTBO IK3UCTEHIIMAIBLHO TIOJIHO 10 TOH 2Ke
[IpUYrHe: BesKasd (OPMYIIa COIEPKUT KOHEYHOE YUCJIO0 HOBBIX KOHCTAHT,
IIOTOMY Ha CJIEIYIOIIEM Iare Jijisi He€ MpeyCMOTPEHA CBOs KOHCTAHTA.

Yro meHsieTcs, ecyin curaatypa Hecuérna? Torma Mbl yxke HE MOXKEM
paccMaTpUBaTh BCE SK3UCTEHIUAIBHBIE (DOPMYJIBI IO OYEPEIU, U HAJI0
obpabaTeIBaTh UX BCe cpa3y. [Ipm 3TOM TpOTHBOpEUNe HE MOSABUTCS: B
CaMOM [ieJie, OHO HCIIOJIH30BAJIO OBl JIUIITh KOHEYHOE YHCJIO JJ00aBIEHHBIX
dopmyI1, a JjIsi KOHEIHOTO YUC/Ia BCE YiKe JOKA3aHO.

IMocie 3TOro JOKA3aTEILCTBO IIPOXOAUT KaK PaHblle (MbI MO-IIPEK-
HEMY JeJIaeM CUIETHOE UUCJIO UePEYIONINXCsl TOMOTHEHNIT MHOXKECTBA 1
paCIIMPEHuii CUTHATYDBHI).

Jlemma 3 okazaHa.

TMocsefHUM TIATOM B JIOKA3aTEJILCTBE TEOPEMBI O TOJHOTE (BCSKOe
HEIPOTUBOPEUNBOE MHOXKECTBO 3aMKHYTBHIX (DOPMYJI COBMECTHO) sIBJIsi-
eTcsl Takas JIEeMMA.

JNlemma 4. Ilycts I' — mostHOE U 9K3UCTEHITUAIBHO ITOJTHOE MHOXKECTBO
3aMKHYTBIX (POPMYJI HEKOTOPO CUIHATYPHI 0. Toraa cyIiecTByeT nHTep-
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nperarusg M cUTHATYDBI 0, B KOTOPOil HCTUHHBI Bee hopmynl u3 I

Mpi yrKe rOBOPHIHM, KaK HAJI0O CTPOUTDH TaKylo WHTeprnperanuio. [To-
BTOpPUM 3T0 60jiee opobHo. PaccmMoTpumM Bee 3aMKHYThIE TEPMbI CUTHA~
TYPBI 0, TO €CTb TEPMBbI, HE COJIEpKAIIIE IEPEMEHHBIX, 8 TOJIBKO (DyHK-
[MOHAJILHBIE CUMBOJIBI U KOHCTAHTBI. (Takue TepMbl CyIIECTBYIOT, I10-
CKOJIBKY Teopus I’ 9K3UCTEHIUAIBHO HOJIHA.) DTO MHOXKECTBO OyIeT HO-
CHTEeJIEM WHTEPIIPETAIIH.

Kak unrepnperupoBaTh (QyHKIMOHAIbHBIE CHMBOJIBI, IOHATHO (9TO
He 3aBUCHT OT MHOXKecTBa ['): eciu cuMBOJI f MMeeT BaJeHTHOCTB 71, TO
€My COOTBeTCTBYeT (DYHKIIWSI, KOTOpasi 0TOOpaXkaeT 1 3aMKHYTBIX Tep-
MOB t1,...,t, B 3aMKHyTbIH TepMm f(t1,...,t,). Koucranror (dynkimo-
HAJIbHbIE CUMBOJIBI BaJleHTHOCTH () HHTEPIPETUPYIOTCsT caMu COBOIA.

Wurepnperarus mpeuKaTHLIX CAMBOJIOB TakoBa. Ilycts A — mpesu-
KATHBIIl CUMBOJI BaJIEHTHOCTH 1. UTOOBI y3HATH, UCTUHEH JIH COOTBET-
CTBYIOIIMIL €My IPEIUKAT Ha 3aMKHYTBIX T€PMax t1, ..., t,, HAJIO COCTa-
BuTh aromapuyio (opmyny A(ti,...,t,) U BBIICHUTH, YTO BBIBOIUTCS
u3 I' — cama s1a dbopmyna wiu eé orpunanue. (31ech Mbl UCHOJIb3yeM
nosnHoTy.) B nepBoM cirydae npenukar GyJer UCTHHHBIM, BO BTOPOM —
JIOYKHBIM.

WuyKiiyeit 1o 9ucsy JOrHIecKuX CBSI30K U KBAHTOPOB B 3aMKHYTOI
dopMmyJte ¢ CUTHATYPBI 0 JIOKAXKEM TaKOe yTBepK/IeHUe:

I'F ¢ < ¢ ucrunna B M.

Jitst aToMapHBIX (DOPMYJI 9TO BEPHO II0 ITOCTPOEHUIO nHTepnperaruu M.
J1J1s1 TPOTIO3UITMOHAIBHBIX CBI30K PACCYKICHIE HIYEM He OTJINIAET-

Csl OT IPUBEIEHHOTO B pasjese 2.2. Ham HyKHO MPOBEpPUTH, UTO BBIBO-

JUMOCTD u3 [ TIOTMMHSIETCS TeM Ke MTPaBUJIaM, UITO U UCTUHHOCTD:

F-AsTHA,
''rANB&THAuTFEB,
''-AvB<T'FAum - B,
'rA-B<THAum I+ B.

Bce sTu cBoiicTBa HECI0KHO T0Ka3aTh. [lepBoe N3 HUX BBHIPAXKAET IIOJIHO-
Ty (M HEIPOTHUBOPEYMBOCTH — HAIIOMHHUM, YTO IO OLPEIEJICHUIO IOJIHASI
Teopusl BCerja HENPOTHBOpeunBa) MHOXKecTBa I'. OcrasbHbe CBOICTBA
JIETKO IIPOBEPUTD, €CJIU UMETh B BHJLY, UTO BCE YACTHBIE CJIyJad IIPOIIO-
BUMMOHAJBHBIX TABTOJIOIUI BBIBOIUMBL.

[Iyctb Teneps dopmyra ¢ umeer Buzg 3€ ¥, e 1 — dopmysia ¢ eIuH-
cTBeHHBIM TapamerpoM § (umiam 6e3 napamerpos). IIpeinosiozkum, dro
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ona BeiBoAMMa u3 ['. Torna B CHily SK3UCTEHIUAJIBHON ITOJIHOTHI Hali-
JETCs KOHCTaHTa ¢, ajist Koropoi I' - ¢(c/€). @opmyna 1(c/€) umeer
MEHBIIIee YHCJIO JOTUIECKUX CBSI30K, MOITOMY K HEl MOXKHO [PUMEHHUTH
[IPEJIIIOJIOXKEHNE WHIYKITMN ¥ 3aK/IF0YUTh, 9TO0 OHa uctuHHa B M. To-
riaa dopmyna 1) ucTuHHA Ha oleHKe  — ¢ (cM. jgemmy 2 Ha c. 137 u
3aMevaHue mnocie Heé), moyromy dopmyia 3€ ¢ ucruuna B M.

Hanporus, nycrs dbopmysna I€ ¢ ucruuna B M. Torma (o onpeesie-
HUIO UCTUHHOCTHU ) HANAETCS J1eMeHT (3aMKHYTBI TepM) ¢, [I7Isi KOTOPOro
) ucTuHHA Ha oneHKe & — t 1 moromy dbopmyaa ¢ (t/€) uctuana 8 M. Io
penosioXKeHno nHAyKiwn dhopmyna ¢(t/€) seBomuma u3 I'. Ocranocs
BOCIIOJIB30BAThCs TeM, 4To dhopmyia ¢ (t/€) — I 1) siBisiercst aKCHOMOM
(HAOMHUM, TIOJICTAHOBKA 3aMKHYTOI'O T€PMa BCErJa KOPPEKTHA).

Hakomer, paccmorpum ciy4gait, korga dopMmysia ¢ umeeT Bug VE 1.
ITycrs ona BeiBONMA U3 . @opmya VE Y — (t/€) apasgerca akcnomoi
JTst JIF060r0 3aMKHYTOro Tepma t. Ilosromy u dopmyaa ¢ (t/€) BerBomuMa
u3 I'. B Heil MeHbIIe JIOTUYECKUX CBA30K, U€M B (0, [IOTOMY IO IIPEJIITO-
JIOXKEHUIO WHIyKIuu OHa uctuaHa B M. SuaduT, hopMmysia ¢ ICTUHHA HA
s000it onerke & +— t, u moromy dopmyna V€ Y uctuunna B M.

Ecmu dopmyna V€Y ne BeiBoguma u3 I') To uz I' BeiBoguTCst €€ oT-
puIaHne, KOTopoe (Kak Mbl BUJIEJIN) JOKA3yeMO S5KBUBAJEHTHO hopMyJIe
3¢ —). Iloaromy B CHILy 9K3UCTEHITHAIBLHON [TOJIHOTHI BBIBOIUMA, (POPMY-
sa —p(c/€) miig HeKOTOPOii KOHCTAHTHI ¢. DTa (HOPMyJia HCTUHHA, TI0ITO-
My % JIOXKHA [IPA HEKOTOPOM 3HAYEHUH IIePEMEHHOiT &, Tak 410 hopmyia
V&) moxua B M.

Taxkum 06pa3zom, MBI JIOKA3aJId, YTO BCAKOE HEIIPOTHBOPEUNBOE MHO-
JKECTBO 3aMKHYTBIX (DOPMYJI MMeeT Mojiesib (PACIIUPUB €ro JI0 [HOJHOTO
1 9K3UCTEHIMATIHHO [OJHOIO MHOYKECTBA, Y KOTOPOI'O €CTh MOJEJb U3
3aMKHYTBIX TEPMOB). [>

Anaymz 1oKa3aTeIbCTBa TO3BOJISIET CAEJIATh TAKOe HADJIIOIEHIE:

Teopema 47. HempoTuBopeunBoe MHOYKECTBO 3aMKHYTHIX (DOPMYJT KO-
HEYHOH MU CIYETHON CUTHATYDBHI UMEET CIETHYIO MOJIEIb.

<1 B camom psieste, sj1eMeHTaMU TOCTPOEHHOM HAMU MOJICJIH SIBJIAIOTCS
3aMKHYTBIE T€PMbI, 00pa30BaHHBIE U3 JTOOABICHHBIX KOHCTAHT U (DYHK-
[HOHAJIBHBIX CHMBOJIOB CUTHATYPBI. Ha Kaxk1oM 1rare j106aBIseTcs Ca6T-
HOE MHOYKECTBO KOHCTAHT, [T0O9TOMY BCEX KOHCTAHT CUETHOE UUCJIO, 3HA-
YUT, ¥ TEPMOB CUETHOE YUCJIO. [>

AnajiornuHOe paccyzKjeHre ¢ UCIOJIb30BaHNEM CBOMCTB oleparnuit ¢
MOIITHOCTSIMH (O KOTOPBIX MOXKHO IPOYecTb B [(]) ycraHaBimBaeT Takoi
dakT:

Teopema 48. Beakoe HEIPOTHBOPEYNBOE MHOXKECTBO (POPMYJI CUTHA-
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TYpBI 0 ©MeeT MoJIeJIb MotHocTH max(Rg, |o|) (rxe g obosHagaer cuér-
HYIO MOIIHOCTD, & |0'| — MOIIHOCTH CUIHATYDBI).

Kcraru, npu nokazarensctse Teopem 47 u 48 MOKHO ObLIO OBI CO-
ciaTbest Ha TeopeMy Jlepenreiiva — CkojieMa 00 3JIeMEHTapHON I1OAMOJIE-
s (IOCTPOUTH MO/ IIPOM3BOJIBHON MOIIHOCTH, & IIOTOM YMEHbBIIHUTh,
€CJIM HaJIO).

Bepuémcst Tenepb K ucxoaHON (hOPMYTUPOBKE TEOPEMBI O TIOJTHOTE.

Teopema 49 (nosHoTa ncHucneHns npeamkatos, cnabas dopma). Bes-
Kast obre3nadnMasi (popMysia BBIBOIMMA B UCIUCIEHUU TTPEIUKATOB.

< Ilyctp dopmysna ¢ 3amkuyTa. Ecin oHa HEBBIBOIMMA, TO MHOYKECT-
BO {—} HENPOTHBOPEYNBO U IIOTOMY COBMECTHO. B ero moesnun dhopmy-
Jia  OyIeT JIOXKHOI, 9TO MIPOTUBOPEUNT IIPEIIIOIOKEHHIO.

Jtst He3aMKHYTBIX (DOPMYJT OOIE3HAYNMMOCTh M BBIBOJUMOCTD PAaB-
HOCHJIbHBI OOITE3HAYMMOCTH U BBIBOJUMOCTH MX 3aMBIKAHUS. [>

Kaxk u B paszesne 2.2, u3 TeopeMbl O TOJHOTE MOYKHO BBIBECTH TAKOE
CJIeJICTBHE:

Teopema 50 (kOMNaKTHOCTb Ans ucHncaenus npeamkaTos). Iycrs I' —
MHOXKECTBO 3aMKHYTBIX (DOPMYJT HEKOTOPOH CHUTHATYPBI, W JIIOOOE €ero
KOHEYHOE TOJMHOXKECTBO MMEET MOJeIb. Lorma u caMo MHOXKEeCTBO [
UMEET MOJIEIb.

< B camom sieste, 1o TeopeMe 0 MOHOTe (M KOPPEKTHOCTH, eCJIU ObIThH
TOYHBIM) HAJMYNE MOJeNH (COBMECTHOCTH) PABHOCHJILHO HEIPOTUBODE-
YUBOCTH. A 10 OIPeIesIeHIIO TPOTUBOPEUYNBOCTD 3aTPArUBAET JIUIIH KO-
HeuHoe uucao gopmya us [, >

101. [TokazkuTe, 9TO TEOPEMA O IMOJHOTE B CUJILHON (hOpMe SIBJISIETCS CJIEI-
CTBUEM Te€OpEeMbl KOMIIAKTHOCTHU U T€OPEeMbI O IIOJIHOTE B C.Ha60ﬁ (i)OpMe. (yKa-
3aHHue: €CJI1 MHOZXKECTBO I" He umeer MOIEeJn, TO €ro KOHEYHadA 9aCTb HE UMEeT
MozesH, odToMy opMya (... ) oble3HaInMa, IIOITOMY . .. )

[Ipsimoe J10Ka3aTEIBLCTBO TEOPEMBI KOMITAKTHOCTH 0€3 UCIOJIH30Ba-
HUsI IOHSITHSI BBIBOJIMMOCTH MBI JIQJIM B cJieJyromeil riase (pasmesn 5.6).

Emé onun BaXHBI pe3y/IbTaT, BHITEKAKIUN U3 TEOPEMBI O ITOJIHO-
Te — COBIAJIEHNE CHHTAKCUYECKOTO MTOHSITUSI BEIBOJUMOCTH U CEMAaHTHIe-
CKOTO TIOHATHS cJejoBanus. [lycTh Jana HeKoTopas curHartypa o. Pac-
cMOTpuUM MHOXKecTBO ' 3aMKHYTBIX (DOpMYJI 9TOil curHarypbl (Taxue
MHOYKECTBa MbI Ha3bIBAE€M TEOPHUSIMH B CHTHATYDE O) W €INé OJHY 3a-
MKHYTYIO dopmyiy . LoBopar, uto ¢ cemanmuvecku caedyem u3 T,
€CJIN ( UCTUHHA BO BCSIKOW MOJen Teopuu I, TO eCTh BO BCSIKON MHTEP-
[peTaIMU CUTHATYPBI 0, T1e UCTUHHBI Bee (hopmyiist u3 I'. (O6oznauenue:

L'Ep)
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Teopema 51.
'FpsTEoe.

<QEcmu T'k @, ro T'E ¢ (kax Mbl Bugenu B Teopeme 44 Ha c. 144).

Hanpotus, nycrs ¢ He Boisoguma u3 I'. Torga reopus T'U{—p} nenpo-
TUBOPEYNBA U (B CUJLy TEOPEMBI O IIOJIHOTE) UMEET MOJIEJb. SHAYUT (O He
caenyer u3 I'. >

102. Kakumu Hy?KHO B34Th ¢ u I B 9T0il Teopeme, ITOOBI TOJIYINTh IIPUBE-
nénnple panee popmyanpoBkn TeopeMbl o nosaore? (OTBeT: pn =L (TOXK-
JIECTBEHHO JIOXKHAasL POPMYJIa) IOJIydaeM CUIbHYIO (POPMY T€OPEMBI O LIOJIHOTE,
npu [' = & — cnabyro.)

4.6. [NepenMeHOBaHNE NepeMeHHbIX

B arom paszesie Mbl IOIBITAEMCST AKKYPATHO Pa300PATHCST C TPOCTHIM
BOIIPOCOM O TOM, TIOYEMY U KaK MOYKHO [I€PEHMMEHOBBIBATD CBI3AHHBIE TIe-
peMeHHbIe, He MeHsisi cMbIcia popMyst. Mbl y2ke Buzean, 910 (pOpMYJIbl
Vo A(x) u Yy A(y) nokasyemo sksusajentasl (¢. 140), To ecTb UX IKBU-
BaJIEHTHOCTH JOKa3yema B ucducjeHnu npeaukaros. Ceifgac Mbl XOTHM
JI0Ka3aTh 00Iee yTBepKaeHne 00 3TOM.

Koppekrrast hopMyTHpOBKa yTBEPAKIEHUST O IEPENMEHOBAHUN TI€Pe-
MEHHBIX TpebyeT ocTopoxkHocTU. Harpumep, HeIb3sT cKa3aTh, IYTO Gop-
mysta V€ ¢ Beerpa sxsusasenTaa V) p(n/€). TIpexae Becero, moJcTaHOBKa
MOXKET OBITh HEKOPPEKTHOI, KaK B CIydae hopMyJI

vEYn B(&,m) m YnVn B(n,n)

(sierko mOHSITH, 9TO 5T HOPMYJIBI He dKBUBaJEeHTHbI). Ho maxke ecim
IIOJICTaHOBKa KOPPEKTHa, (bOpMyJIbI MOryT He 6BITB SKBUBaJICHTHbBIMU,
KaK B ciaydae (popmyt

VEB(&,m) m ¥nB(n,n).

Kak ke copMyupoBaTh yTBEPXKIeHNE TPABUIBHO?!

Harusiaee Bcero, BUAMMO, c1esiaTh Tak. JlaBaiiTe 3aK/II09UM B PAMKY
BCE CBsI3aHHBIE BXOXKJICHUsI BCEX MEPEMEHHBIX (B TOM YHUCJIE BXOXKJIEHUS
nocsie KBanTopos). Ilociie 9Toro coeMHUM JIMHUSIMU [IEPEMEHHYIO TI0CIe
KBAHTOPA U BCe €€ BXOXKJIEHWUsI, CBSI3aHHbIE MMEHHO STUM BXOXKIEHUEM
kBaHTOpa. CBOOOHBIE BXOXKIEHUS TEPEMEHHBIX OCTAIOTCS IIPUA 3TOM 0e3
pamoxk. Iloxyunrcsa yro-To Bpose

v (3 B(, )/\C’())/\D(:c,y,z).
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Ecnu remeps crepers mepemMeHHbIe BHYTPH PAMOK, OCTAHETCS cTema pop-
MYJIBI, KOTOPasl COJEPYKUT BCIO CYIECTBEHHYIO nH(OpMaIWio 0 Heil. By-
JleM Ha3blBaTh JBe (POPMYJIbl n0000HbMU (OTIIMIAIONIUMUCH JIUIIL UMe-
HAMU CBSI3aHHBIX [IEPEMEHHBIX ), €CJI OHU UMEIOT OJIHY M TY JKE CXEMY.

Teopema 52 (0 neperMeHOBaHUN CBSA3aHHbIX NepemMeHHbix). IlogoGHbIE
dOpMyJIBI JOKA3yEeMO SKBUBAJEHTHBI.

<1 JlokaxkeM JBe IPOCTHIE JIEMMHBI.

Nemma 1. Econ hopmysia ¢ He COIEPKUT epeMeHHOM 1) (HU CBsI3aH-
HO, HU CBOBOJIHO), TO (POPMYIIBI

VEp u Vne(n/€)

JIOKA3yeMO SKBUBAJIEHTHBI.
HoxkazarenbcTBo. B camMoM rene, TOJCTaHOBKA KOPPEKTHA, TAK KaK
B (¢ HET KBaHTOPOB 110 7). [losromy BBIBOIMMA hopmyia

VEp — p(n/f).

JleBast 9acTh €€ He COMAEPKUT MEPEMEHHOM 1), TOITOMY TI0 TTpaBuiIy bep-
Haiica MOYXKHO BBIBECTH

VE @ — Ynp(n/é).

B obparnyio cropony: mojcranoBka & Bmecto 1) B dbopmyiy o(n/€)
KOPPEKTHA ([IOCKOJIBKY 7) ObLIA IIOJCTABJIEHA BMECTO CBOOOHBIX BXOXK 16
Huit £, mpu 0OpaTHON TOICTAHOBKE MepeMeHHast & He MomaaéT B 00,1acTh
JIefcTBUST KBAHTOPOB 110 Heil) u naér dopmyny . [losromy dopmyma

ne(n/&) — wn/E)(E/n)

nJjin, 94TO TO 2Ke caMoe,
Ynem/§) — ¢

siBJIsIeTCst akcruoMoii. OcTasioch TpUMEHUTD MpaBuio bepHaiica, 3amMeTus,
YTO B JIEBYIO YaCTh IepeMeHHas £ CBOOOJHO He BXOAUT (Bce CBOOOIHBIE
BXOK/IeHWs OBbLIM 3aMeHeHb! Ha 7). Jlemma 1 mokazana.

AmnajornaHoe yTBepKJIeHre JjIs KBAHTOPA CYIIECTBOBAHUS JTOKA3DI-
BaeTCs TOYHO TaK Ke.

JNlemma 2. 3amena 1momdOpMyIIbl HA JOKA3yeMO SKBUBAJEHTHYIO JTaéT
JIOKa3yeMO 9KBUBAJIEHTHYIO (DOPMYIIY.

HoxkazarenbcrBo. Kak mbl Bumesnn wa c. 140, mokasyemast SKBUBa-
JICHTHOCTH COXPAHSAETCA ITIOCIC HABCIIUBAHUA KBAHTOPA: €CIH & =~ o,
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To V€ ~ V€' u I o ~ ¢’ (cumBoa ~ 37eCHh 0603HAYACT JOKA3Y-
eMyI0 9KBUBaJIeHTHOCTH). Kpome toro, uz o ~ o' u § ~ (3 cuexnyer,
aro (aAfB) = (' AF), (aVP) =~ (/VF), (a—B) ~ (' —F)n
- =~ —a’. (B 9TOM JIeTKO yOeuThCsl, HATINCAB TIOIXOISIIIIE TIPOTIO3HIH-
OHAJIbHDBIE TABTOJIOTHUH. )

Tenepb yTBepKJIEHUE JIEMMbI JIETKO JIOKA3aTh UHAyKIuell (Hadas ¢
3aMeHEHHON momdOpMyIbl U paccMaTpuBas BCE 6oJiee JJIMHHBIE YACTH
dopmyuer). JIemma 2 mokazana.

JlemMmbl 1 1 2 O3BOJIAIOT HAM 3aMEHSITH IIepEMEHHbBIE BHYTPU PaMOK
CXeMbl Ha HOBbIe (paHee He NCIIOJIb30BAHHBIE) IepEeMeHHbIe, ToJIyYast J10-
Ka3yeMO SKBHUBAJIEHTHYIO M IOJ00HYI0 MCXOAHOU (opmysry. Takumu 3a-
MEHAMHU MOYKHO U3 JIBYX MOJOOHBIX (GOPMYJI HOJYIUTH TPETHIO, UCIOJIb-
3ysl JJIsl 3aMEHBI OJHU U Te YKe IepeMeHHble. [Ipu aToM 0be uexoiHbIe
dopMyIIBI TOKa3yeMO 9KBUBAJEHTHBI TPEThEH, a 3HAUNUT, U JAPYT JIPYTY.

(UcnonbzoBanne TpeTbeil hOpMyJIbI CYIIECTBEHHO: HEJIb3sl Tpeobpa-
30BaTh 1epBYIO (OpMyIly cpa3y BO BTOPYIO, TaK KaK IIPU 3aMeHe Iepe-
MEHHBIX B PAMKAX MOXKeT HE BBIIOJHATHCS YCJIOBHUE JIEMMBbI 1.) >

AkkypaTHOoe 0OpalleHne co CBSI3aHHBIMU U CBOOOJIHBIMU [IEPEMEHHbBI-
MU — TPaJUIOHHAS TOJIOBHAsT GOJIb ABTOPOB yYIEOHUKOB IO JIOTHKE.
Haubosiee pajukasibHbBIN [OJX0J — BOODIE U3rHATH CBSI3aHHBIE IIEPe-
MEHHbIE, 3aMEHUB UX KBaJIPATUKAMU CO CBsI3siMH Mexkjy Humu. Torma
[IPU MIOJICTAHOBKE MOXKHO HU O UEM He 3a00TUThCs. 3aT0 POPMYJIBI TIepe-
CTAIOT OBITH TIOCJIEIOBATEILHOCTSIMI CAMBOJIOB, & CTAHOBATCS O0bLEKTAMUI
CO CJIOKHOM CTPYKTYPOii. (DTOT MOAXOM UCIIOJIB30BaH B KHUIe Bypbaku
Teopus mmoocecms [3].)

Metnee pajguKabHBI BADHAHT COCTOUT B TOM, YTOOBI PA3JIE/IUTh IIe-
pEeMEeHHbIE Ha JiBa TUIAa — CBODOJHbBIE W CBs3aHHBbIE. Tak Jieaercs, Ha-
nmpuMep, B Kiiaccudeckoir kaure ['minbepra u Bepraiica Ochosanus ma-
memamuxuy [8]. Torma MOXKHO CMeJIO OACTABIATD TEPM BMECTO CBODOI-
HOW [TepeMEHHOM, 3aTO TP HABEIUBAHIN KBAHTOPA HAJO 3aMEHSThH CBO-
OOIHYIO [TEPEMEHHYIO Ha CBS3aHHYIO.

FEmé omuu BapmaHT — JOrOBOPUTHCS, UTO TPHU TOICTAHOBKE TepMa
BMECTO CBOOOJHON TEPEMEHHBIX aBTOMATUYECKU MPOUCXOIUT TEPEHMe-
HOBaHUE CBSI3aHHBIX [TEPEMEHHBIX, CO3/IAIONNX KOJITH3UN.

Bcé sTo, KoHeuHO, MeI0YM — HO J0CaIHbIe, OCOOEHHO €CJIN CTPEMUTH-
¢ K KPATKOCTHU, sICHOCTH U HarasigHoCTH. Ciiellbl MyYUTEIbHBIX PasLy-
MUl Ha I0J00HBIE TeMbl BUHBI B mpuMmedanuu Ha c. 101 —-102 xkaUTH
Kanaun Mamemamuueckan soeuxa [16]: «Tunsbepr u Bephaiic (...) u
JIpYyTHE aBTOPBI UCIOJB3YIOT JIJIsi 0003HAYEHUsI CBODOIHBIX U CBI3AHHBIX
[epEeMEeHHBIX pasHble OYKBBI (. ..) MBbI cieqoBaam 3TOMy OPABUIY B Te-
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vyenune gecarusierus (...) Ceiiuac ke Mbl TBEDIO yOEXKJIEHDBI, YTO UC-
[IOJIE30BAHNE €IMHOIO CIIICKA IEPEMEHHBIX JJIsi CBOOOMHBIX 1 3aMKHY THIX
BXOXKJIEHU! Ta€T HEOOJIBINOe, HO YYBCTBUTEIbLHOE IIPEUMYIIIECTBOY.

C aTtuM cBsI3aH U JPYroii BBIOOP: KAK OIPEEISITh UCTHHHOCTE (op-
MyJt. TyT ecTb JBe BOSMOXKHOCTHU: MOYKHO OIIPEJIEJISITh UCTUHHOCTD (DOP-
MyJIbl Ha, OLEHKE (IIPU JAHHBIX 3HAYEHUTX HAPAMETPOB), 8 MOXKHO I'OBO-
PUTH TOJBKO O 3aMKHYTBIX (POPMYJIaX, BBOJS KOHCTAHTHI JJIsi BCEX dJIe-
MeHTOB mHTepuperanun. VI ToT, u Apyroit cnocoObl MMEIOT HEIOCTATKU,
a BBIOOD HAMM IIEPBOI'O IIOXO0/Ia — PE3YJIbTAT HE €IMHOMYIINS aBTOPOB,
a BOJIEBOT'O DEIIEeHMUs].

4.7. MNpepneapéHHas HopManbHas dopma

ToBopsiT, aT0 dhopMysIa HAXOIUTCA B npedsapérnoti HopmasbHotl Bop-
Me, €CJIH BCe KBAHTOPBI B Hell BLIHECEHBI HAJIEBO, TO €CTh OHA MMEET BU/I,

Q161 - - - Qréreps
B KOTOPOM Q1, . .., Qr — KBAHTOPBI (BCEOOIIHOCTH NN CYIIECTBOBAHNUS),
&, ..., & — epeMenHbIe, a  — 6ecKBaHTOPHAs (hopmyia. dTa (hopmyia

MOKET UMeThb IapaMeTpbl (eciu GOpMyJIa ¢ UMeeT HapaMeTPhbl, OTIHY-
ueie or &1, ..., &k).

OcHOBHOIT pe3yibTaT 3TOr0 paszjiesia TJIACUHT, 9TO BCAKas (Gopmysia
(okasyeMo) SKBUBAJEHTHA HEKOTOPOH (hopMyse B IpeJBapEHHON HOD-
MmaJsbHOH dbopme (npedeapénnoti gopmyae). Mbl J0KaxKeM ero, OHO-
BPEMEHHO [OCTPOUB HEKOTOPYIO Kjiaccudukanuio ¢hopmyst (B KAKOM-TO
CMBICJIE OTPAKAIONLYIO UX «JIOIMYIECKYIO CJIOKHOCTb» ). B KadecTBe Me-
PBI CJIOYKHOCTH MOXKHO OBITIO OBbI B3SITh YHCJIO KBAHTOPOB B IIPEIBAPEHHON
HOpMaJIbHOH (hopme. Ho mpaBmiibHee yIuTBIBATD YHCIO IPYIIT KBAHTO-
poB (cuuTasi OMHOMMEHHBIE PSIZIOM CTOSIIIIE KBAHTOPHI 38 OJIUH).

loeopsiT, uTo tpeaBapéHHast hoOpMyJia SIBJISIETCS Y.,-(DOPMYJIOH, ec-
Jn €€ KBAaHTODHAsl TMIPUCTABKA COJEPXKUT 7. TPYIIT KBAHTOPOB, MPUIEM
MIEPBBIMU CTOSIT KBAHTOPBI CYIIECTBOBAHUS. ECIM NEPBBIMEI CTOAT KBaH-
TOPBI BCEOBIIHOCTH, roBOpAT 0 Kiacce I1,. (AHasornunbie 0603HaUEHUSI
UCIIOJIBE3YIOTCS. B TEOPUU AJITOPUTMOB JIJIsl KJIACCUMDUKAIIE apudMeTH-
YeCKUX MHOXKeCTB, cM. [5]).

Ckazkem, dopmyrna VaIyIzVu (A(z,u,z) — B(z,u)) npuHamiexuT
kiaccy I3, dopmyna FuvVe C(u, v) IPUHAITIEKUT KIACCY Yo, a HhopMyIa
Vo (A(z) — JyB(x,y)) BoobIIe He HAXOAUTCS B IIPEIBAPEHHOM HOpMAJIb-
Hoit popme.
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103. YkazaTh opMy/Iy B IpeaBapEHHON HOPMAJbHOU (OpMe, JOKA3yeMO
SKBUBAJIEHTHYIO TTOCJIEIHEN U3 MePeInCIeHHBIX (POPMYJI.

Hac nnaTepecyet, ITO TPONCXOAUT € U3MEPSIEMOIT TAKUM 0OPa30M «JI0-
TUYECKOIl CII02KHOCTBIO» (POPMYJIBI IPHU JIOTHYECKUX oneparmsax. Hauném
C COBCEM TIPOCTBIX HAOJIOIEHUN.

e Bcskas dopwmysia u3 kiacca X, win 11, 10Ka3yeMo 3KBUBaJIeHT-
Ha GopMmyIe U3 Kjaacca 2,41, & Takke dopmyste u3 kiracca I, 1.
B camom gese, ecom dbopmysia 1) He mMeeT mapamMerpa 1, TO OHA
Oyzer 10Ka3yeMo IKBUBaJieHTHA dopmysnaMm In i u Yy (ogHa nm-
IUTUKAIIHS SIBJISIETCS] AKCUOMOM, Jpyrast MOIyIaeTcs u3 ¥ — 1 1o
npasuiy Bepraiica). Takum o6pa3oM, MOXKHO 100aBUTH (DUKTUB-
HBIIl KBAHTOD B HAYAJI0 KBAHTOPHO IIPUCTABKY WK B €€ KOHEIT;, BO
BTOPOM CJIydae HaJ0 COCJIAaThCd Ha jemmy 2 padzena 4.6 (c. 155).

e Orpuranue J10060# (HOPMYIBI U3 KJACCA Y, JIOKA3YEMO SKBUBA-
JIEHTHO HEKOTOpPOit dhopmyse u3 Kiacca 1I,, u maobopor. B camom
nesie, MbI BuJeau, 9T0 —3€ 1) BBIBOAMMO SKBUBAJIEHTHO V& -1 u
HaobopoT (c. 141), Tak 9TO OTPUIAHUE MOYKHO IIPOHOCUTH BHYTDb,
MEHSIS 110 XOJy JeJla KBAaHTOPbI Ha JBOWCTBEHHBIE.

o Konbronkius mo0bIx AByx dhopmynt us I1; mokaszyeMo sKBUBAJIEHT-
Ha HekoTopoit dopmyste u3 IT;. Hanpumep, koubroukiwms Vo A(z) A
AVy B(y) nokaszyemo sxsusajentaa dopmyie VaVy (A(x) A B(y)).
B camom zienie, MCIOMIB3Ysd AKCHOMBI IIPO KBAHTOD BCEOOINIHOCTH,
mozxkHO u3 Vo A(x) Beisectn A(z), a n3 Vy B(y) BeiBectr B(y), no-
9TOMy U3 UX KOHbIOHKIMK BeiBogurcs A(z) A B(y), mocae gero
MOKHO HABECHUTD JIBa KBAHTOPA BCEOOIIHOCTH. B Ipyryio cTopomy:
BoiBoIuM Gopmyny VaVy (A(x) A B(y)) — A(x), 3arem npumens-
eM mipaBuyio Bepnaiica u T. J1.

104. IToxkazkuTe, 9TO MOYKHO CIKOHOMUTD OJIMH KBAHTOP M UCIIOJIH30BATH
dopmyny Vz (A(z) A B(x)).

O6miee paccyxpaenne (mist mobbix aByx GopMysn u3 kiacca I1p)
[OYTH CTOJIb K€ MPOCTO, HAJIO JIUIIb IIEPEMMEHOBATH CBA3AHHBIE
[epeMEeHHbIe, M0JIb3ysCh TeopeMoii 52 (c. 155).

o AHAJIOrMIHO MOXKHO JI0KA3aTh, YTO JIU3BIOHKIUS JBYX (DOPMYJI U3
KJIacca X1 JIOKa3yeMO KBHUBAJEHTHA HEKOTOPOW (opMyse KJac-
ca X1. (MoxHO Tak:ke nepeiitu K jaBoiicTBeHHOMY Kiaccy 117, Boc-
[I0JIb30BABIIIICH YK€ U3BECTHBIMU CBOMCTBAMU OTPHIIAHYS. )
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e [Tokaxxem Temepb, 9TO KOHBIOHKIUS JIBYX (DOPMYJI U3 KJAcca >

JIOKa3yeMo 3KBUBaJeHTHa (DOPMyJIe KJlacca X1 W 9TO JIM3bIOHK-
nus aByx ¢Gopmya kiacca I1; JokasyeMo sKBUBaJeHTHA (HOpMYJIE
kiacca 1. JIjst 970ro HaI0 BOCIOJIB30BATHCS SKBUBAICHTHOCTSIMA
BHJIA

Ju A(z) A 3y B(y) < Ja3y(A(z) A B(y))

Vo A(x) VVy B(y) < Vavy(A(z) V B(y)).

OTMeTruM KCTaTd, 9TO B HHUX Y2K€ HEJb3d CIKOHOMUTH KBAHTOD;
Hanpumep, dopmysa Jr(A(z) A B(x)) He paBHOCHIBHA dOpMYyJIe
Jz A(x) A 3z B(x). (B oxHOM U3 BHICTYIUIEHUI BpEMEH HadaJa Iie-
pectpoitku M. C.Topbaués ckazaj, 9T0 HYKHBI «IIPEJAHHBIE IEILy
COIUAIN3MA, HO KBAJIU(MUIUPOBAHHBIE CIEIUAJINCTEI» — BIPOYEM,
B ra3eTHOM IMyOIMKAIMT «HO» OBLIO 3aMEHEHO Ha HEHTPAIbHOE <H».
Tax BOT, MX CYIIECTBOBAHUE HE BHITEKAET U3 OTJIEIBHOIO CYIIECTBO-
BaHWs TeX U JPYTHX.)

VKazaHHbIE 9KBUBAJIEHTHOCTH, KAK JIETKO BUJIETH, OOIIE3HATNMBI
U TOTOMY BBIBOJMMBI. DTO COBCEM HPOCTO IMOHSITH JIJIsl EPBOil U3
HUX (ITOOBI HANTH TTapy OOBHEKTOB € 33JJaHHBIMM CBOMCTBAMM, Ha-
JI0 HAWTH OTJIEJIbHO TEPBBI U BTOPOIl 4ieHbl napbl). Bropast 9K-
BUBAJIEHTHOCTH HEMHOT'O CJIO?KHEE — IIPOIIE BCErO 3aMETHUTh, YTO
OHA MEPEXOJIUT B IEPBYIO UpU jnobasienun orpunanus. (BoJbrias
CJIOZKHOCTDB OTpazkaeT TOT (PaKT, YTO BTOPas SKBUBAJIEHTHOCTD, B
OTJIMYUe OT HEePBOii, He sIBJIAeTCS MHTYHUIMOHUCTCKH BEPHOIA. )

Teneps J1erKo MOHATD, YTO KOHBIOHKITHS U JUIBIOHKINA JIBYX DOP-
MyJI U3 Kjacca 2, (mom I1,) nokasyeMo sKBUBaJeHTHBI (GOpPMyIamM
73 TOTO ¥Ke Kjacca. B caMoM fese, ¢ IOMOIIBIO YKA3aHHBIX BBIIIIE
9KBUBAJIEHTHOCTEN MOXKHO CJIUTHb KBAHTODPHBbIE IpucTaBku. Harpu-

Mep, hopmyia
Va3y A(z,y) V VYuIv B(u,v)

JIOKa3yeMO 9KBHBaJIEHTHA CHavasa (hopmyJie
VaVu (3y A(x,y) V Jv B(u,v)),
a 3areM popmysie

Vavudydv (A(z,y) V B(u,v)).

105. Kak C3KOHOMHUTDH OJMH KBAHTOP B 3TOM Ipeobpa3oBaHun?!
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Terepb BCE rOTOBO I TOKA3aTEILCTBA YIIOMIHYTOTO B HAYAJIE Pa3-
Jles1a pe3yaIbTaTa.

Teopema 53 (o npeaBapéHHoili HopmanbHoii dopme). Jlobas dopmymna
IIPOU3BOJILHOM CUTHATYPHI JIOKA3yeMO SKBUBAJIEHTHA, HEKOTOPOit (hopMy-
Jie TOil K€ CUTHATYPBI, UMEIOIIEN MpeIBapEHHYI0 HOPMAJIBHYIO (DOPMY.

< Manykius o moctpoerunto dopmysbt. s atomapHbx hopMylt
sTo oueBuaHo. Orpunanne nepeBoauT GOpMyLy Kiaacca L, B Kiacc 11,
7 HA000pOT. KOHBIOHKINS U AU BIOHKIHNS: TPUBEIEM KaXKIyi0 HhopMy-
JIy K IpeJBapéHHON HOPMAaJIbHOI (opMe, 3areM j106aBUM (DUKTUBHBIE
KBAHTOPKI TaK, YTOOBI OHU IOTIAJIN B OJIUH KJIACC, & 3ATE€M BOCIIOJIb3yeM-
¢ TOKa3aHHLIM yTBepKIenneM. VMmnmkanus cBOIUTCS K U3 bIOHKITAT
u orpunanuio (¢ — ¥ J10Ka3yeMo 3KBUBAJIEHTHO —p V ). >

Ormernm, 9To HE (POPMYITUPOBKA, HU JI0KA3ATEIHCTBO 9TOM TEOPEMbI
He TPEJIOJIATraloT 3aMKHYTOCTH (DOPMYJIBI.

106. IIpusectn k npeaBapéunOl HOpMaIbHON dopme bopmymy Vr A(x) —
— Vz B(x).

107. @opmyssl p U 1) NpUHAIEXKAT KJIaccy 2. Haiiném dopmysy B mpem-
BapEHHON HOPMAJIBHOI (OpMe, BBHIBOAUMO IKBUBAJIECHTHYIO DOpMyIe ¢ — .
B kakoM kiacce oHa okaxkerca? (Yka3aHue: BOSMOXKHBI Pa3Hble BADUAHTEL. )

108. I[IpumeHrM ONTUCAHHBIN METO]T TIPUBEICHNS K OOIMEe3HaInMOit (hopmy-
ge JaVy A(z,y) — Vy3xzA(z,y). Kakas npeasapéunas dopmysia nosyantces?
(EcrecrBenHO, OHa Gy1eT OOIIE3HAMIMOI. )

4.8. Teopema JpbpaHa

EcrecTBeHHO 0XKUJATH, YTO BOIIPOC O BBIBOAUMOCTH (M OOIIe3HA~
qumocTn) GhOPMYIIBI TEM CIIOKHEE, UeM CJIoXKHee cama GopMyrta. B arom
pasiesie (a TakKe B CJIEJYIONIEM ) Mbl PACCMOTPUM €ro Jist (hOPMYJI KJIac-
ca X, u Il,.

Haunéwm ¢ camoro nmpocroro ciyqas. Ilycrs ¢ — GeckBanTopras dhop-
mysia. [locMoTpuM, U3 KaKuX aTOMApHBIX (DOPMYJT OHA COCTABJICHA, U 38~
MEHUM UX Ha IPOIO3UIMOHAJbHBIE [IepeMeHHbIe (pa3Hble — Ha Da3HbIe,
OJIMHAKOBBIE — Ha, 0JMHAKOBBIE). ITosyunrest hopMyIa JOTUKA BBICKA3bI-
BaHUil, KOTOPYIO MBI Oy/IeM Ha3bIBATH NPomomunom popMysst @. Mmeer
MeCTO ciaeyonee (IOYTH OYEeBUIHOE) YTBEPXKICHUE.

Teopema 54 (BbiBogMMOCTb BeckBaHTOpHbIX hopmyn). BecksanTop-
Hast dopMmysia BeBognMa (OBIIE3HAIMMA) TOTA M TOJIBKO TOT/A, KOTJIA
€€ MPOTOTHUII SIBJISIETCS TABTOJIOTUEN.

<1 Ecoin mporoTutt hopMyIisl ¢ SBIIsieTCS TABTOJIOTHEH, TO (hOPMYJIa (0
SIBJISIETCST 9ACTHBIM CJIYy9aeM MPOMO3UITHOHABHON TABTOJIOMUH U TIOTOMY
BBIBOJIUMA U OOIE3HATNMA.
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[Tyctsb mpororui hopMyJIbI ¢ HE sIBJIsIeTCst TaBToJIorHel. MoxKHO cun-
TaTh, 9TO (HOpMyJIa ¢ 3aMKHYTa, TOCKOJBKY CBOOOJHBIE ITEPEMEHHBIE C
TOYKY 3peHusi OOIME3HAYNMOCTH W BBIBOJIUMOCTA HUYEM HE OTJIMIAIOT-
Cs1 OT KOHCTAHT (MBI YK€ OTMEYasH 3TO NPU JOKA3ATEIbCTBE TEOPEMBI
o nojiore). [locrpoum unTEpIIpeTaImio, riae hopmya ¢ OyJer JOKHOIA.
Hocurenem e€ OymyT 3aMKHYThIe TEpMBI. 3HAYEHUS TPEIUKATOB MbI TIOI-
6epém Tak, 9TOOBI aToMapHbie (POPMYJIbI IPUHUMAJNA T€ CaMble 3HAUE-
HUsl, KOTOPBIE JIEJAIOT TPOTOTUI (DOPMYIIBI ( JIOKHBIM. DTO BO3MOYKHO,
TaK KaK 3HAYEHUs PA3HBIX aTOMAPHBIX (POPMYJI MOKHO BBIOMpATL He3a-
BUCHMO (9TO 3HavYeHUsl MO0 PA3HBIX NPEIUKATOB, JUOO OJHOIO U TOTO
JKe IpeJuKaTa, HO Ha PA3HBIX TE€PMax). >

Yro MOKHO CKa3aTh PO 001Ie3HAINMOCTD (hopmyst Kinaccos [ u 3217
st kmacca I1; Bcé mpocTo: 0bIe3HaInMOCTh (POPMYJIBI CO CBOOOTHBIMUI
[IepeMEHHBIMI PABHOCUJIbHA ODINE3HAYUMOCTH €€ 3aMblKaHus (KOTOpOe
[TOJIy9aeTCs, €CJIM HABECUTh KBAHTOPBI BCEOOIIHOCTHU 110 BCEM IIE€PEMEH-
HBIM ), 109TOMY (hOpMyJIbI Kiacca Il 1o cymecTBy HudeM He OTIMYai0TCsT
0T OECKBAHTOPHBIX.

Bormpoc st ximacca ¥ permaeTcst Caeayronieit TeopeMoii:

Teopema 55 (Ipbpana). Dopmyaa 3¢ ...3& ¢ (tme dopmyna ¢ —
GeckBaHTOpHAsI) OOIE3HAUNMA TOTJA M TOJBKO TOTJA, KOTJa HANmETCs
KOHEYHBII CITMCOK IOACTAHOBOK

ot1/&1, .5tk /E),
(,0(’[141/617 cee 7uk/£k)a

o(wi /&1, 0k /&)

(BMECTO TI€PEMEHHBIX MOZCTABJAIOTCS TEPMbl HAIIEHl CATHATYDBI), U3 b-
FOHKITUST KOTOPBIX OOIe3HAYNMA.

3aMeTuM, 9TO AU3BIOHKINSI, O KOTOPO#l MIAET peUb B TEOpEMe, SIBJIs-
ercs 6eckBaHTOpHON popmyioit. [lo Teopeme 54 ona obe3nadnMa TOTIA,
¥ TOJIBKO TOTLJIA, KOTJIA sIBJISIETCs] YACTHBIM CJIydae MPOITO3UIMOHABHON
TaBTOJIOTUH.

[Ipex e ueM JTOKA3bIBATHL ITY TEOPEMY, IPUBEIEM TIpuMep. Pacemor-
puMm dopmyay

Jz (A(e,z) — Az, d))

(B KOTOpOIt ¢ U d — KoHCTaHTBI). OHa OOIIE3HAYMMA; COOTBETCTBYIOIIHI
Habop COCTOUT M3 HOACTAHOBOK ¢/x u d/x. B camom znene, dopmysia

(A(e,¢) = Ale, d)) V (A(e, d) — A(d, d))
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UCTUHHA Kak 1npu uctuHoM A(c, d), Tak ¥ IpU JIOXKHOM. 3aMEeTHM, YTO
B 9TOM IIPUMEPe HAM ITOHAI00MJINCEH JIBE TOJICTAHOBKH.

< JokazaresbcTBO TeopeMmbl Dpbpana. B onHy cTOpOHY yTBEpXKjie-
HUE OYEBHUJHO: €CJId ODIIEe3HAYNMA JU3IbIOHKIMS IOJICTAHOBOK, TO 00-
me3HaunMa Gopmysia ¢ KBaHTOpoM. (MBI yiKe HCIOIB30BAINA TO [IPU
JIMMUHAIMY KBAHTOPOB B pasjesie 3.6 npu J10Ka3aTe bCTBe TeopeMbl 28.)

Hoxkaxkem obparTHOe yTBepkKIeHNE. BymeM cantars, uro dhopmyrna ¢
HE CONEPXKUT IIePEeMEeHHBIX, KpoMe 1,...,&; (KaK MbI yKe 3aMedaliu,
OCTaJIbHBbIE [IEPEMEHHBIE MOYKHO 3aMEHHUTh KOHCTAHTaMH). PaccMoTpum
(GecKOHEUHOE) MHOXKECTBO (DOPMYII

—o(t1 /&1, ti/Ek)

JUIE BCEBO3MOXKHBIX HAOOPOB 3aMKHYTBIX TEPMOB ti,...,tr. Ecam sto
MHOKECTBO MIPOTUBOPEUNBO, BCE J0KA3aHO (TOTa BBIBOJMMA, U3 bIOHK-
IS MIOJICTAHOBOK, OTPUIIAHUS KOTOPBIX UCIIOJIb3YIOTCS IIPU BBIBOJIE ITIPO-
TuBopeuns). Ecjin OHO HEIPOTMBOPEYUBO, TO CYIIECTBYET MHTEPIPETa-
IMsi, B KOTOPOIi Bce 9Tu (hOPMYJIBI UCTUHHBI. MBI HE MOXKEM YTBEPKIATH,
9TO B 9TOW MHTEPIIPETAINH JIO2KHA (DOPMYyIIa

... 30

(HOCHTENh MHTEPIPETAINI MOXKET COJIEPXKATH JIEMEHTHI, He sIBJISTIOIIIE-
sl BHAUEHUSAME 3aMKHYTBHIX TepMOB). OJIHAKO €CJIM MBI BBIOGPOCHM JIHIIT-
HHE JIEMEHTBHl W OCTABUM TOJBKO 3HAYECHHS TEPMOB, TO 9Ta GopMysa
CTAHET JIOXKHOM, TaK 4TO OHA He 00LIe3HaInMa. >

Teopemy DpbpaHa MOKHO chHOPMYIUPOBATH YUCTO CHHTAKCUIECKHU:
ecim BbIBojimMa X1-bopmyria 3 ... Iy, TO MOXKHO HANTH KOHEUHOE
IHCJIO TOJICTAHOBOK, U3 bIOHKIMST KOTOPBIX BBIBOMMa. MOXKHO Ipeiio-
JKUTH U JIOKA3aTeJILCTBO, HE UCIOJIB3YIONIEe HOHATH OOIE3HATMMOCTH.
Takoe JJOKa3aTeIbCTBO IPUBEIEHO, HanpuMep, B Kaure Konan [16] (mys
[EeHIIEHOBCKOTO BAPUAHTA UCINCJEHNs! IPeuKaToB) u B KHure ITI8HbMI-
1@ [31] (nuist rusisGeproBekoro BapuanTa). CHHTAKCHIECKOE J0KA3ATE b
CTBO (B OTJIMYHE OT HAIIEN0) KOHCTPYKTUBHO: IO BHIBOAY Y1-(bOPMYJIBI
MOZKHO aJIFOPUTMHUIECKH yKA3aTh COOTBETCTBYIONINE TE€PMBI.

Eciu curaarypa He coaepKuT QyHKIUOHAIBHBIX CUMBOJIOB, TO C II0-
MOIIBIO TEOPEMBI DPOPaHa MOYKHO aJITOPUTMUIECKH TIPOBEPSIThH BHIBOJIA-
MOCTb (HOPMyJI KJlacca 31, MOCKOJIBKY YUCIO BO3MOMKHBIX HOJCTAHOBOK
KOHEUYHO. DTO JKe MOXKHO CKas3arb U 1po dbopmyis! Kiaacca Ila, Tak Kak
BHEIITHUE KBAHTOPBI BCEOOITHOCTH MOXKHO OTOPOCUTD, HE MEHSS BbIBOJIH-
MOCTH.
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EcrecTBenHbIil BOITPOC: MOXKHO JI IIOCTPOUTH AHAJIOTUIHBIE AJITOPUT-
MBI JJIs CJIeLyIONmMX KjaaccoB? OTpHUIaTe/bHbI oTBET HaéTcs B CJIELy-
IOIIEM paszeJie.

4.9. CkonemoBckune pyHKLMN

B sTom pa3jgesie Mbl B Pa3HBIX (bOprIaX HCIIOJIb3yEeM POBHO OJJHY HUIEIO:
UCTUHHOCTDH YTBEPXKICHUA

Vady A(z,y)

PaBHOCWJIBHA CYIECTBOBAHUIO (DYHKIINU, KOTOpAas IO JIOO0MYy & maér
TaKoii y, uro A(x,y). D10 yTBepXKIEHNE HEJIb3sl 3alUCATh B BHUJIE YKBU-
BaJIECHTHOCTU

Vady A(z,y) & 3fVx Az, f(x)),

[IOCKOJIBKY B HAIllEM sI3bIKe HET KBAHTOpA M0 (PYHKIUSIM ¥ Jf MBI IH-
caTh He UMeeM IpaBa. (I3bIKM, ColepKaIue KBAHTOPBI 110 MHOYKECTBAM
7 pYHKIUSIM, HA3BIBAIOTCH S3BIKAME 61M0P020 NOPAJKG W MbI UX HE Pac-
CMAaTpPUBAEM. )

Tem He MemHee 3TO yTBEPAKIEHIE MOXKHO COPMYJINPOBATH U B HAIINAX
tepmuHax. llycTs, Hanpumep, nmeercsa dopmysa ¢ ¢ AByMs IIapaMeT-
pamu x u y. Torma 3amkHyTasi ¢popMmysia VrIy @ BBIIOJHAMA TOTIA U
TOJIKO TOrJa, KOrja Boinoanuma dopmyaa Vee(f(z)/y), tae f — no-
BbIil OHOMECTHBIN (DYHKIMOHAJIBHBII CUMBOJI. (AKKYypATHDIA 9UTATEb
[IOLPABUT: HAJIO ellé TpeboBaTh, YTo0bl HoICTaHOBKa f(x) BMeCTO Y Gbl-
Jia KoppekTHa. MBI y2Ke 3HaeM, 9TO IepeMeHHbIe MOXKHO [1€PENMEHOBBI-
BaTh, MOTOMY OyJEM JIEPKOMBICJIEHHO CUMTATh, YTO BCe HEOOXO/IMMbIe
[IEPEVMEHOBAHUS Y2KE CJICJIAHbI. )

AmnajiornaHoe MOYXKHO Tpeobpa3oBaTh MPOU3BOJILHBIE MPEIBAPEHHBIE
dopmyssr. Hanpumep, dopmysta

VaVy3Vudv o(x,y, z, u, v)
BBLITIOJTHIMA, TOTJIa U TOJLKO TOT/A, KOT/a BRITOTHIMA (POPMYIa

VavyYu o(x,y, f(z,y),u, g(x,y,u))

(3necw o(x,y, z,u,v) — dbopMysa, HEe UMeIoNAast MaPaAMETPOB, KPOME B~
HO YKa3aHHBIX T, Y, 2, U, v, 3amuck o(z,y, f(z,y),u, g(x,y,u)) obo3Hada-
€T PE3yJILTAT COOTBETCTBYIOIIUX MOJCTAHOBOK, KOTOPHIE MbI IPEIIIO/Ia-
raeM KOPPEeKTHBIMH, & f 1 ¢ — (PyHKIMOHAIbHBIE CUMBOJIBI, HE BCTpEUa-
ommuecs B popmyie ).
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CxopHoe mpeobpa3oBaHue UMEIOT B BUY IPENOIaBATEN MATEMATH-
YECKOT0 aHAJN3a, KOTOPbIE WHOT/A 3AlMCHIBAIOT ONpeJeeHne mpeea
(Ve3d...) B HECKOIBKO CTpaHHON Jyis joruka dopme Vedd = §(e) ... —
UMeeTCsl B BUJLY, UTO €CJIM JJIsi KayKJI0ro € Haijaércs J, TO 5T0 caMoe §
npeJicTaBisieT coboit PYHKIMIO OT £.

OTMeTnM, 94TO 9TO PACCYKIEHUE UCIIOJIb3yeT aKCUOMY BhIOOpa, KOIia
U3 PA3JIMYHBIX BO3MOXKHBIX (JJIsl JAHHOTO €) 3HAaUYeHnil 0 MblI BHIOHpaeM
KaK0e-TO OJIHO 1 00'bsABJIsieM ero 3HadeHneM dyHKIum o().

109. Kazamoch 6bI, BEIGOpD v B NPUBEIEHHOM BBIIIE MMPUMEPE 3aBUCUT OT
x,Y, Z, U, TAK UTO cJaenoBaJso 6bl Harmcarb o(z,y, f(x,y), u, g(x,y, f(z,y),u)),
HO MbI TaK He€ JeJIaeM. HO'—IeMy 9TO ,HOHyCTI/IMO?

B o6rmem citygae MBI MOJIy4aeM TaKoe yTBEPXKIECHUE:

Teopema 56. [l Besikoit 3aMKHYTOR (hOPMYJIBI T CUTHATYPBI 0 MOXK-
HO yKazaThb dopmyiry 7' knacca II; curHaTypbl o ¢ 100aBIeHHBIMU (DyHK-
[HOHAJIBHBIMU CUMBOJIAMH, KOTOPAsi BBITOJIHIMA UJIU HEBBITIOTHIMA, OJI-
HOBpeMeHHOo ¢ dopmytoit 7. IIpu sToMm npeoGpazosanue T — 7' 3pdex-
TUBHO (BBIOJHAETCA HEKOTOPBIM aJIFOPUTMOM ).

< IlpuBens 7 K mpeaBapéHHOIl HOpMaJbHOII dopMe, HOJIydIuM J10-
Ka3yeMO 9KBHBAJECHTHYIO (DOPMY/Iy (BBLIIOJHUMYIO MJIU HEBBIIOJHUMYIO
OZIHOBPEMEHHO ¢ 7). Ilocjie 9TOro NpuMeHsieM OIUCAHHOE BBIIIE IPeos-
pazoBanue. >

@opmysia T HEBBIIOJHUMa TOT/A W TOJBKO TOra, KOrJa €€ OTpu-
nanue obIe3HadnMo. [1o9ToMy HAIM PacCyzKeHUs MOKA3bIBAIOT, 4TO,
ckaxeM, dopmyna —VzIyY(x,y) obmesHadnMa OIHOBPEMEHHO ¢ (hop-
mysoit —Vz ¢(x, f(x)). Baocs orpunanue BHYTPh U 3aMeHsst —) Ha @,
[IOJIyYaeM TaKoe YTBEpXKjieHne: popMyJIbl

JVy p(z,y) um Jze(z, f(z))

OZIHOBPEMEHHO O0IIEe3HAYUMBI. (DTO yTBEPKIEHNE Iy Th MEHee HAIJIAHO,
YeM JIBOHCTBEHHOE €My YTBEDKJIEHHE O BBIOJIHUMOCTH.) B obmem Buje
JIBOWICTBEHHOE K TeopeMme 56 yTBEpXKIEHUE BBITJISIUT TAK:

Teopema 57. [lyis1 Besikoi 3aMKHYTO# (DOPMYJIBI T CUI'HATYPBI 0 MOXK-
HO yKazaThb popMyJly 7' Kjlacca Y1 CUIHATYPBI 0 ¢ J100aBIeHHBIMU (DYHK-
[MOHAJIBHBIMY CHMBOJIAMHE, KOTOPasi OOIe3HAYNMA UJIU HEeOOIe3HaInMa
oJHOBpeMeHHO ¢ dopmyinoii 7. Ilpm aToM mpeobpaszosanue T +— 7' 3d-
GeKTUBHO (BBINOJIHAETCS HEKOTOPHIM AJIFOPUTMOM ).

BamernM, 9To K GopMyse T MOKHO IPUMEHHTH TeopeMy DpOpaHa
(c. 161): ona obIIEe3HAYMMA TOLJA U TOJIBKO TOLJA, KOLJA AU LIOHKIIHS
HECKOJIBKUX IIOJCTAHOBOK SIBJII€TCS TaBTOJIOTHEN.
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Teopema 0 TOJHOTE MO3BOJISIET 3aMEHUTH B 3TOI (hOPMYJIUPOBKE 00-
MIE3HAYMMOCTD Ha BBIBOIUMOCTD: (POPMYJIBI T U T/ OJHOBPEMEHHO BBIBO-
numbl. [Tocse 9Toro ecTecTBEHHO UCKATH ABHBII METOJ, KOTOPBIl 1Ipeod-
pasyer BbIBOJ, GOPMYJIBI T B BBIBOA, (popMyJIbl T/ 1 06paTHo. Takoit meTosy
JIEHCTBUATEJIBHO CYIIECTBYET, HO JJIsi 9TOrO TpebyeTcs: GoJiee NeTaIbHbIN
aHaJIn3 CTPYKTYPBI BBIBOJOB, IPH KOTOPOM Y/IOOHO II0JIb30BATHCS NCHHC-
JIEHUSIMU T€HIIEHOBCKOT'O THIIA.

W nesa ncnosbzoBanus MYHKIWI BMECTO MDY KBAHTOPOB V3 BOCXO-
autr K Opbpany n Ckosnemy. Takue (yHKIum mHOIIa HA3BIBAIOT <3P-
OPAHOBCKUMUI» WJIN «CKOJIEMOBCKUMU», & UX JODABJIEHHE — «CKOJIEMU-
3amnueiis. EcTh Tak2Ke TEPMUH «CKOJIEMOBCKas HOpMaJibHas hopmay, HO
B Heil 106aB/sA0TCA He DYHKIMOHAJIBHBIE CUMBOJIBI, & IPEIUKATHBIE, U
nosrydaeTcss hopMysia He KJiacca X1, KaK B TeopeMme 7, a Kjaacca Xo.

Teopema 58 (0 ckonemoBckoii HopManbHoii opme). s Begkoii 3a-
MKHYTO# (DOPMYJIBI T CHTHATYPBI 0 MOXKHO yKa3aTh (opMmymry 7' Kjiaacca
Yo CUTHATYPBI 0 ¢ TO0ABJIEHHBIMY IPEIUKATHBIMA CHMBOJIAMU, KOTOPAs
obIe3HaINMa Ul HeobIne3HadnMa, olHOBpeMeHHO ¢ dopmyoit 7. [lpu
sTOM TpeobpasoBanue T — 7' 3HHEKTUBHO (BBIIOIHIETCH HEKOTOPHIM
AJITOPUTMOM ).

<1 Kak u pambie, Ham OyzeT yo0Hee TOBOPUTH O BBIIOJHUMOCTA U
JIOKa3bIBATD, UTO JJIsT BCAKOM (DOPMYJIbI T HAWIETCSA OTHOBPEMEHHO C Heit
BoIosiHUMast popmysa 71 u3 Kiaacca Ilp. Tloctpoenne Takoii hopMysibt
MBI 00bsicHUM Ha npuMmepe. IlycTs ncxognas Gpopmysna nMeeT BU,

VaVy3zYudv o(z, y, z,u, v).

Msr Tenepp He MOXKeM BBecTH (DyHKIUHU f U g, KAK 9TO JEIAJOCH BbI-
me, "Ha c. 163. [Tosromy Mbl BBenéMm mnpemukarsl F' u GG, 3aMeHsONIAE
rpaduKu 3TUX QYHKINH, 1 HATUIIEM HOPMYITy

VaVy3dz F(x,y,z)A
VaVyVudv G(z,y,u, v)A
VavVyVavuvo (F(z,y, 2) A G(z, y, u,v) = ¢(@,y, 2, u,v))

Ecnn ucxonnast ¢popmMysia BBIIOJIHUMA, TO HOBasl TOXKe BBIIOJHUMA: JI0-
CTATOYHO B34Th B KadecTBe F n G rpaduKn CKOJEMOBCKUX (DyHKIHIL.
Hamnporus, eciin HoBast hopMysia BBIIIOJHUMA, TO BBIIOJIHUMA U CTApPas
(6ostee ToOro, U3 HOBOI (DOPMYIIBI CJIEILYET CTapasi): HaJO B3Th 2 U U CO-
TJIACHO MEPBBIM ABYM CTPOKAM U 3aMETUTH, YTO COIVIACHO TPETheH CTPOKe
OHU HOJOUIYT.
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Takasi KOHCTPYKIMS TPUMEHUMa K JII000# npeasapéHuoil dhopme u
JIAéT KOHBIOHKIMIO Ilo-bopmyst (HocienHsisi U3 KOTOPBIX OymueT jaxke u
IT;-bopmysoit). A mbl 3HaeM (c. 159), 410 Takas KOHBIOHKIUA IKBUBA-
nentna IIs-bopmyte. >

110. /laiiTe CHHTAKCHYECKOE JIOKA3ATEIBCTBO TEOPEMBI O CKOJIEMOBCKOIM
HOpMaJIbHOH opMe (IT0Ka3aB, UTO U3 BHIBOAUMOCTH (POPMYIIBI CIIEAYET BBIBO-
JIIMOCTDB €6 CKOJIEMOBCKOI HOpMaJIbHOI (pOpMBI 1 HA060pOT). (YKasaHue: 3T0
mporre, YeM s POpMYT ¢ (DYHKIIMOHAJIBHBIMUA CHMBOJIAMU, W HEe TpebyeTrcs
HCIIOJIB30BaTh I'EHIICHOBCKOE I/IC“II/ICIIeHI/Ie.)

YTBepKIEHUs 9TOTO Pasesia CBOJAT BOIPOC O BHIBOJAUMOCTH ITPOU3-
BOJIGHOM (hOPMYJIBI HCUNCIIEHUS] TIPEIUKATOB K BBIBOJAUMOCTH X1-hOpPMY-
Jibl (¢ PYHKIMOHAIBHBIMU CUMBOJIaMH ). Ecu Mbl 3anpemmaeM GyHKIHO-
HAJIBHBIE CUMBOJIBI, TO BOIIPOC O BBIBOAMMOCTH [IPOU3BOJILHON (HOPMYIIBI
CBOJINTCST K BBIBOJMMOCTH Yio-(DOPMYJIBI.

Kak mbl yBugum B pasuese 5.4 (reopema Hépua, c. 191), Boupoc o
BBIBOJINMOCTH TTPOU3BOJIBHBIX (POPMYJI SI3bIKA IIEPBOTO MOPSIKA Hepas3-
pEIInM: He CYNIECTBYET aJrOPUTMa, KOTODPBIN OBl 110 IIPOU3BOJILHON 3a-
MKHYTON (hopMyJie onpe/iesisyi Obl, BLIBOIMMA OHA WJIM HeT. Pe3yabrars
9TOr0 pa3jielia MOKA3bIBAIOT, 9TO yKe il PopMys Kiacca 21 (¢ dbyHK-
[MOHAJILHBIME CUMBOJIAMU) WK Yo (6€3 HUX) TAKOI'O aJIlOPUTMa HE CY-
IIIECTBYET, TOCKOJIHKY U3 HETO MOXKHO OBLJIO OBbI MOy IUTH U OOIIHiT aJIro-
putM. (B npeapiaymem pas/ese Mbl BUjesn, 910 Juist GopMyIT Kiaacca 3q
6e3 DYHKIMOHAILHBIX CUMBOJIOB TAKOH aJIFOPUTM CyIIECTBYET. )



5. Teopun n monenu

5.1. Akcnombl paBeHCTBa

[Iycthb curaarypa o BRIodaer B cebsi JIBYMECTHBIN IIPEIUKAT PABEH-
cTBa (3ammchiBaeMblil TpagunmonHo ¢ = y). VHTeprnperanyst 9Toil cur-
HaTypPbl HA3BIBAETCSI HOPMAJIBHOI, €CJ/IA IIPeJIMKAT PaBEHCTBA MHTEPIIPe-
TUPYETCS KAK TOXKJECTBEHHOE COBIAJICHNUE JIEMEHTOB HOCUTEJISI.

Bosaukaer ecrecrBennbiii Bompoc. IlycTh mMeercss HeKoTOpasi TEo-
pus T' (MHOXKeCTBO 3aMKHYTHIX (DOPMYII) B sI3bIKE, CATHATYPA KOTOPOI'O
BKJIFOUAET PABEHCTBO. MBI 3HAEM YTO TeOopHsi IMeeT MOJeb (MHTepIpe-
TAIMIO, B KOTOPOil Bee hopMysibl 13 T MCTUHHBI) TOTA U TOJBKO TOTIA,
KOI'JIa OHAa HEIPOTUBOPEYNBA. B KaKOM CjIydae OHA MMeeT HOPMAJILHYIO
Mozieb (HOPMAJIBHYIO MHTEPIPETAINIO, B KOTOPOi Bce dhopmynl u3 T
UCTUHHDI) !

Y1066 OTBETUTH HA ITOT BOIPOC, BBE/IEM aKCHOMBI paBeHcTBa. [1ycTh
0 — NpPOU3BOJIbHASI CUTHATYDA. AKCUOMAGMU PAGEHCMEG B CATHATYDE O

OyayT POPMYIIBI
Vo (x = x),
Vavy (¢ = y) — (y = 7)),
VaVyVz ((x =y) Ay = 2)) = (z = 2))

(nasbiBaeMble akcnoMaMu pedIIeKCHBHOCTH, CUMMETPUIHOCTH ¥ TPAH3H-
TuBHOCTH). DTO emmé He BCE. st Kaxmoro dbyHKIMOHAIBLHOTO CUMBOJIA
MbI (DOPMYIUPYEM AKCHOMY PABEHCTBA, KOTOpas TOBOPHUT, YTO €r0 3Ha-
JeHre He MEHSIeTCsl, eCJIM apryMEeHThl 3aMEeHUTh Ha paBHble. Hampumep,
JUTsT IBYMECTHOTO (DYHKITMOHAJIBHOTO CUMBOJIa f COOTBETCTBYIOIIAS AK-
CHOMa BBITJISJIAT TaK:

Va1 VaoVy Yy (1 = 22) A (y1 = y2)) — (f(@1,91) = f(22,92)))-

L1 mpeIMKaTHBIX CUMBOJIOB aKCHOMBI PABEHCTBA TOBOPAT, UTO HUCTUH-
HBII TIPeINKAT OCTAETCA NCTUHHBIM, €CJIA 3aMeHUTh apryMeHTHI Ha PaB-
wele. Hampumep, st IByMECTHOTO MPEIUKATHOrO cuMBoJia A akcrmoma
TaKOBA:

Va VeV Ve (21 = 22) A (y1 = y2) A A(xr, 1) — A2, 92))-

(Her mHeo6XomuMOCTH CHEIUAJIbHO TOBOPUTH, YTO IIPEIUKAT, COOTBET-
CTBYIOIIMA cUMBOJTY A, 0CTaéTcs JIOXKHBIM MPU 3aMeHe apryMeHTOB Ha
paBHbIE, TAK KAK PABEHCTBO CHMMETPUIHO. )



168 Teopuu u modean, [ro1. 5]

Teopema 59 (nonHoTbl 4t HopManbHbix Mogenein). Teopus T curna-
TYPBI 0 C PABEHCTBOM MM€EET HOPMAJILHYIO MOJIEJIb TOTIA M TOJBKO TOT/A,
KOIJ[a OHA OCTAETCs HEIPOTUBOPEYUBOIl IOcse 10OaBJIEHNs] aKCUOM pa-
BEHCTBA.

< IIpex e Bcero 3ameTnM, IYTO TEOPEMBI O KOPPEKTHOCTH U ITOJTHOTE
(pasmen 4.5) HO3BOJISIOT FOBOPUTH O COBMECTHOCTU BMECTO HEIPOTHUBO-
PEYUBOCTH.

B mopmasbHON Mozesn Teopun 1' aKCHOMBI PABEHCTBA UCTUHHBI, TAK
9TO B OJIHYy CTODPOHY yTBepXKJeHne TeopeMbl odeBuaHO. Ham ocrasoch
[I0Ka3aTh, YTO €CJIi Teopusl 1 COBMECTHA C aKCHOMaMHU PAaBEHCTBA, TO
OHA MMeeT HOPMAJIbHYIO MOJIEJTh.

BozbMéM TpOM3BOJIBHYIO HHTEPIIPETAINIO, B KOTOPOU UCTUHHBI (hOP-
mysbl 3 T u akcuombl paBenctsa. [lycts M — eé HocuTenb. B sroit uH-
TeplIpeTaluu IpeJuKaT = He 00si3aH ObITh HACTOSIIIIUM PABEHCTBOM; OH
IpeJicTaBjsieT coboit HekoTopoe buHapHoe otHorienune Ha M. Tlockosib-
KY BBIIIOJTHEHBI aKCHOMBI PABEHCTBA, 3TO OTHOIIEHKE PE(IIEKCUBHO, CHM-
METPUYHO U TPAH3UTUBHO (fBJISETCS OTHOLIEHHEM SKBUBAJIEHTHOCTH ).
CuneroBarenbho, MHOXKeCTBO M pa3buBaeTcsi Ha KJIACCHI SKBUBAJECHTHO-
CTH; MHOXKECTBO 9THX KJIACCOB 0603HauMM M’ (ero MOKHO Ha3BaTh hak-
TOP-MHOXKeCTBOM M 110 JAHHOMY OTHOIIEHUIO 9KBUBaJIeHTHOCTH ). Kitace
ssieMeHTa x OyneM obo3HaYaTh [].

AKcCHOMBI paBEHCTBA MO3BOJIAIOT KOPPEKTHO OIIPEJIEJIUTh UHTEPIIPe-
tanuto ¢ HocureseM M'. B camom siesie, ICTHHHOCTH aKCHOMBI 111t (PYHK-
MUOHAJLHOTO cuMBOJjia f (IIPUBEIEHHOM BbIllle B KAYECTBE IPUMEpA) ra-
panTHpyer, 4ro Kiacc [f(x,y)] 3aBucur auinb oT Kiaccos [x] u [y], Ho He
OT BBIOOpA T U Y BHYTPH KJacca. AHAJOTUYIHBIM 00Pa30M aKCHOMBI JIJTsT
IIPEIMKATHBIX CHMBOJIOB ITO3BOJIAIOT KOPPEKTHO OIIPE/IEIUTh IIPEIUKATHI
Ha KJIaccax.

ITosydyennast nuTeppeTanus ¢ HocuTeseM M’ 10 OCTpOeHUIO HOpP-
MasibHa. Ocrasoch ybeauThes, 9T0 B Heil MCTHHHBI Te Ke camble (op-
MyJiel, 9T0 ¥ B M (B TOM uncie Bce dopmynsl Teopun T'). 10 modrn
OYEBU/IHO C MHTYUTUBHON TOUKHM 3penust: M oriamuaerca or M’ jwumb
TEeM, UTO KaXKJIBIIl JIEMEHT MPEJICTABJICH HECKOJIbKAMI PABHOIIPABHBIMUI
KOITUSIMU, KOTOPBIE CO BCEX TOUYEK 3PEHUs BEIYT CeDs OIUHAKOBO.

®opmMasibHO TOBOPsI, MBI JIOKA3bIBAEM, YTO (POPMYJIa ¢ HUCTUHHA B
unTepnperanuu M Ha OIEHKE T TOTZA U TOJBKO TOTJA, KOTJA (0 UCTUHHA
B M’ Ha onenke 7', mpm KOTOpPOi 3HadeHHE JIIOOOH MmepeMeHHol & ecTh
KJIACC, COJIEPXKAIUl 3HAYEHNE [IePEMEHHON £ TIPH OIeHKe T. DTO JIErko
CJIeJIATh WHJLyKIMEH 110 TOCTPOEHUIO (DOPMYJIBI . >

111. TlokaxkuTe, YTO U3 AKCMOM PABEHCTBA JIJIsi CUTHATYPHI 0 BBIBOJUTCS
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dopmya

e N (z=y) = ely/z),
€CJIU TOJICTAHOBKA B IIPABOI YaCTU KOPPEKTHA. (YKa3aHHUe: 9TO OYEBUIHO CIe-
AyeT U3 TeoOpeMbl O IIOJIHOTE, HO MOXKHO IIPDOBECTH U YUCTO CHUHTAKCHUYIECKOE
paccyKJIeHne MHIYKIMEH 0 NOCTPOeHUIO (hOPMYJIBI (. )

112. TToxkazkute, uto ecsu Teopusi T’ (He 063aTEIBHO C PABEHCTBOM ) UMEET
MOJIeJIb MOIIHOCTH (¢, TO OHa MMeeT U MOJIEJb JII0DOH GOJIBbINeil MOITHOCTH.
(YkazaHue: 3j1eMEHTBI MOJEIM MOXKHO «KJIOHAPOBATH> B JIOOOM KOJIAYECTBE. )

W3 Teopembl 0 MOTHOTE [ji HOPMAJBHBIX MOJEJEHl JIeTKO CJIelyeT
aHaJIor TeOPeMbI 0 KOMIIAKTHOCTHU (TeopeMa 50, ¢. 153) mi1st HOpMAIbHBIX
MozeJIei.

Teopema 60 (komMnakTHOCTU ANs HOpManbHbIX Mogeneii). Ecim Besikoe
KOHEYHOE TOJIMHOYXKECTBO Teopuu 1 B CHUTHATYPE C PABEHCTBOM UMEET
HOPMAJIbHYIO MOJIe/Ib, TO U Teopud 1 nmMeeT HOPMAaJbHYIO MOJIEb.

<1 JIt1060€e KOHEYHOE ITOIMHO2KECTBO Teopuu 1’ OCTaETCs HEITPOTUBOPE-
YUBBIM [IPH JI06ABJIEHIH AKCHOM PABEHCTBA (IIOCKOJIBKY MMeeT HOPMaJIb-
HYIO MOJIEJIb). 3HAUUT, U BCst Teopusi T’ 0CTAETCsl HEIIPOTUBOPEIMBON IPK
J00aBJICHUN AKCUOM PABEHCTBa (BBIBOJ, NPOTHBOPEYUS HCIIOJIb3YET KO-
HedHoe 4ucsio bOPMyJI) U IIOTOMY UMEET HOPMAJILHYIO MOJIEb. >

113. IlpumeHuB TeopeMy O KOMITAKTHOCTH, JOKAXKUTE, UTO BCAKHI da-
CTUYHBIN MOPSJIOK MOXKET OBITH IIPOJIOJIZKEH [0 JinHeliHoro. (Ykaszanue. Pac-
CMOTPHUM YaCTHUYIHO YIIOPAMOYECHHOE MHOXKECTBO KaK MOIEJIb TE€OPpuHu, B CUT-
HaType KOTOPO# eCTh PAaBEHCTBO, HOPAJOK M KOHCTAHTBI JJISI BCeX IJIEMEHTOB
MHO2KeCTBa, a (i)OpMyJIaMI/I ABJIAIOTCA PAaBEHCTBa W HEPaBEHCTBa MEXKJ1y KOH-
crautamu. JloGaBUM K Heil yTBEpXKIEHWE O CPABHUMOCTHU JIIOOBIX JBYX 3JI€-
MeHTOB. [lokarkure, 4To J11060€ KOHEYHOE MHOXKECTBO (POPMYJI IHOJIYyYEHHOM
TEOPpUU HEIIPOTUBOPEIUBO, UCIIOJIB3YdAd TOT (baKT, YTO YACTUYIHBIN HOPAIOK Ha
KOHEYHOM MHOKECTBE TIPOJIOJIKACTCS JI0 JIMHEHHOTrO. )

114. Vcnonb3ysi TeopeMy O KOMIAKTHOCTH, JIOKAXKUTE, UTO JJIsl BCSIKOT'O
noJsist k cymecTByer ero pacmupenue k', B KOTOPOM BCSIKUiT MHOTOYJIEH € KO3(-
dunmenramu u3 k mveer kopenb. (Ykazanue. YTBEPKICHHE O CyIIECTBOBAHUN
KOpHsI y MHOIOYWIEHA C JAHHBIMU KO3 UIIMEHTaAMY MOXKHO 3aIlUCATh B BHJIE
dopmyuibl. JI1060e KOHEYHOE MHOXKECTBO TAKUX (DOPMYJI COBMECTHO C AKCHOMa-
MH I10JId, TaK KaK MO2KHO II0 O49epeIu NPUCOCINHUTHL KOPHU COOTBETCTBYIOMINX
MHOT'OUJIEHOB. )

115. Ilycte I' — MHOXKeCTBO 3aMKHYTBIX (DOPMYJI B CHUIHATYPE C DaBEH-
crBoM. Ilokasknre, urTo 3amMKHyTast poOpMysIa (¢ ITOH CUrHATYPBHI UCTUHHA BO
BCEX HOPMAJIbHBIX MOJIEJIsX ' TOrJia 1 TOJIBKO TOrZA, KOrJla OHA BBIBOJIMMA U3
I' m akcuoM paBeHCTBA.

YTBepKIAeHNE MOCTEIHEH 3a/Ia9N SBJISIETCS aHAJOrOM TeopeMbl H1l
(c. 154) musa reopwmii ¢ pasencrsoM. Wuorma BoobIe paccMaTpUBAIOT
TOJILKO TaKue Teopun. IIpwm 9TOM PaBEHCTBO SBISETCS OOS3ATETHHBIM
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9JIEMEHTOM CUI'HATYPbBI, AKCHOMbBI DABEHCTBA (UX YHUCJIO 3aBUCHT OT CHI-
HATYDBI) CIATAIOTCSA TACTHIO NCIUCJIEHNS! TPEJUKATOB, & HHTEPIPETAIIAN
PaCCMATPHUBAIOTCS TONBKO HOPMAJIbHBIE. 1Ipu 9TOM Teopusi umeer [HOp-
MAaJIbHYI0| MOJIEJIb TOTJIa U TOJBKO TOTJA, KOTJIa OHA HEeIPOTUBOPEUNBA
[BMecTe ¢ akcmoMamu papeHCTBa|; dopMysa BbIBOgMMA U3 Teopun I [
AKCHOM PABEHCTBA| TOIJIA U TOJBKO TOIJIA, KOTJa OHA BEPHA BO BCEX [HOD-
MaJbHbIX| MOzessix Teopun I' u T. 1. (B KBaJIPATHBIX CKOOKAX YKA3aHBI
HO/Ipa3yMeBaeMble CJIOBA).

5.2. MNoBblLLIeHNE MOLLHOCTY

Teopema JleBenreiima— Ckosiema (Teopema 42 B pazgese 3.11) no3so-
JIslJIa yMEHbIIATH MOIIHOCTD HHTEPIpeTanuy (OHa yTBEPXKIAIa, YTO JJIst
JTI060it OECKOHETHON MHTEPIPETAIINN KOHEIHON MJIM CIETHON CUTHATYPBI
CYIIECTBYET 3JIEMEHTAPHO SKBUBAJECHTHAs €f CY6THAA MOACTPYKTYPA).
B stom paszesie MBI paccMOTpPEM OOPaTHYIO 3a/1a9y — PACIIAPEHUE WH-
TEpIIPETAINH JI0 JIEMEHTaAPHO SKBUBAJIEHTHON MHTEPIIPETAInN OOJIbIIeit
moraocTH. COOTBETCTBYIOIIEE YTBEPKIEHNE TAKXKe HA3BIBAIOT Teope-
moii Jlesenreiima— Ckosema.

IIpex e BCcero orMermm, 9To Oe3 TpeOOBaHUS HOPMAJBHOCTU TAKOE
yTBEpKIeHnEe DeCcCoepKATETbHO: KaK y2Ke TOBOPHUJIOCh Ha c. 169, Mbr
MO2KEM JTyOJIMPOBATH IJIEMEHTHI NHTEPIIPETAIUN B IIPOU3BOIBHOM KOJIH-
gectBe. [losTOMy MBI IIpefiosiaraeM, 9To BCe PAcCMaTpUBaeMble HHTED-
[PEeTAIMN HOPMAJIbHBI (DABEHCTBO MHTEPIPETUPYETCsT KAK TOXKIECTBEH-
HO€ COBIIAJICHIE).

Teopema 61 (Jleenreiima — Ckonema o nosbiwenun mowHoctn). Ilycrs
A — bGeckoHedHasT HOpMAaJIbHASI HHTEPIIPETAIls HEKOTOPOH CUTHATYPBI &
¢ paBencTBoM. Torja cyiecTByeT HOpMaJjbHas WHTepHperainus B D A
CKOJIb YT'OJHO OOJIBIITON MOITHOCTH, SIBJISIOIIASICS JIEMEHTaAPHBIM PACIIIH-
peruem A.

(D10 O3HAUAET, COIVIACHO OLpeJeJIeHnIO Ha C. 115, HamoMHHM, 4YTO
MHTEPIpETAINs MPEeTUKATHBIX U (PYHKITMOHAJIBHBIX CUMBOJIOB B B 1po-
JIOJIZKAET UX MHTepHpeTanuio B A u 9410 GOpMysIbl CUTHATYDBI 0, Tapa-
MeTpaM KOTOPBIX MPUAHBI 3HAYCHUS U3 A, OJHOBPEMEHHO UCTUHHBI B A
uB B.)

< Copmysinpyem yTBepzKIeHIE TEOPEMbI B TEPMIHAX TEOPUl U MO-
negteit. Ilycrs A — npousBoJibHAsST HOPMaJIbHASI MHTEPIIPETAIlAs] CUTHA~
Typbl 0. PaccMoTpuM CUTHATYPY 04, KOTOPas MOJIyIaeTCst U3 o 100aBje-
HUEM KOHCTAHT — TI0 OJIHOM JIjIs KarXKJI0T0 JIeMEeHTa MHOXKecTBa A. DTa
CUTHATYPA UMEeT eCTECTBEHHYI0 HOPMAJIbHYIO HHTEPIIPETAIINIO C HOCUTE-
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JeM A: 3HaYeHMEM KasKJ0i KOHCTAHTBI ABJISETCS COOTBETCTBYIOIIMN eif
astemenT. (Bo3MoOXKHO, 4TO B 0 M3HAYAIBHO OBLIO JOCTATOYHO KOHCTAHT
U BCSIKMI 3jieMeHT A ObLI 3HAYEHNEM HEKOTOPOi KOHCTaHTHI. Toraa sra
[POTE/yPa JINIIHsIS, HO U BPeJa OT HeE HeT.)

Pacemorpum teoprto Th 4 (A), cocrostiiiyro u3 hopMyst CUIHATYDBI 04,
UCTUHHBIX B A TP YKA3aHHOW WHTEPIpeTalnu. Beskoe sieMeHTapHoe
pacmupenue B unrepuperaruu A 6yner mozgennio Teopuu Th 4 (A). B ca-
MOM JieJie, 3aMKHyTas popmyiaa ¢(aq, . . ., @, ) CHTHATYDBI 04 II0JIy9aeTCsl
[O/ICTAHOBKON KOHCTAHT a1, . . . , G, BMECTO IIAPAMETPOB B KAKy0-TO (hop-
myiy (21, ..., Ty,) curgarypsl o. (Mel ncnosnb3yem He BIIOJIHE KOPPEKT-
Hble ODO3HAYEHUsI, B YACTHOCTH, OTOXKIECTBJIAEM JIEMEHTBHI a1, ..., dy
MHOXKecTBa A ¢ KoHCTaHTaMu Jyis HuX.) Eé ncruurocts B B (i B A)
paBHOCUIIbHA UCTUHHOCTH DOPMYIIbL (L1, . . ., Ty ) IPU 3HAYCHUSX [1APa-
METPOB L1 F— A1, ..., Ty — Gp — (POPMATBLHO TOBOPsI, CJIEYET BOCIOJb-
30BaThCA JeMMoit 2 Ha ¢. 137. [loaToMy 1O OIpeIe/ICHUIO 3JIEMEHTAPHOTO
pacmupenus Bee dopmyiibl u3 Th4(A) GyayT ucrunust u B B.

Bepro u o6parnoe: jiiobas HopMasbHas Mojieb Teopuu Th 4 (A) ecre-
CTBEHHO OIPEJIEJISET JEMEHTAPHOE paciupenne naTeprnperanun A. B
caMoM JieJie, IyCTh JiaHa HOPMAJbHAsI MOJIETh 3TOH TEOpUH C HOCUTE-
gem B. Torgma kaxkaplii a7eMeHT MHOXKecTBa A (TOYHEe, COOTBETCTBY-
0IAst TOMY JIEMEHTY KOHCTAHTA) MHTEPIPETUPYETCH HEKOTOPBIM 316~
MEHTOM MHOXKecTBa B. PazubiM 3jieMeHTaM MHOXKECTBa A COOTBETCTBY-
IOT pasHble 3JEMEHTH B B, Tak kak dhopMmyna a1 # az, ICTUHHASA B A,
J0JzKHA ObITh ncTuHHOM 1 B B. Takum obpasom, A BKiagpiBaeTcss B B u
MOKHO OTOXKJIECTBUTH €0 C HEKOTOPBIM TIOJIMHOYKECTBOM MHOXKeCTBa, B.
DTO OTOXKIECTBICHIE KOPPEKTHO B TOM CMBICJIE, YTO TIPEIUKATHI U (DYHK-
[IMOHAJIBHBIE CUMBOJIBI MHTEPIIPETUPYIOTCST COMJIACOBAHHBIM 0Opa3om. B

caMoM JieJie, aroMapuble opmyist Buga P(ay, . .., a,), a Takke Gopmy-
aet =P(ay,...,an) u f(ay,...,a,) = a, ucrunusie B A, ucruuubl u B B.
Ucrunnsie B A dhopmyssl Buga o(ai, ..., a,) npusamiexar Tha(A) u

[IOTOMY MCTUHHBI U B B; jioxuble B A (bOPMYJIbI UMEIOT OTPULIAHUSA B
Th4(A) u moromy JioxKHBI B B.

Takum 00pazomM, il JOKa3aTeIbcTBa TeopeMbl Jlesenreiima— Cko-
JIeMa O IIOBBIIEHUN MOIIHOCTH OCTAJIOCh MOCTPOUTH HOPMAJIBHYIO MO-
nesb reopun Th(A), UMEIONIYI0 CKOJIb yTrOAHO GOJIBIIYIO MOIIHOCTb.
DTO MOXKHO CJIeJIaTh Tak: JO0ABUM MHOYXKECTBO HOBBIX KOHCTAHT C; W
dbopmymnt ¢; # ¢; (mas Becex i # j) x Teopun Thy(A). Iomyuennas
Teopusi GyJeT COBMECTHOM [0 TeopeMe KOMIAKTHOCTH JJjisi HOPMAJIbHBIX
mozeneit. (B camom meste, Jirobasi KOHEYHAs YACTb €€ UMEET HOPMAJIb-
HYIO MOJIENb, TTOCKOJIBKY COJIEPKAT KOHEYHOE YUHUCIIO HOBBIX KOHCTAHT,
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U MM MOXKHO NpHUJATh pasjudnbie 3uadenus B A.) Ilosromy u Bea reo-
pHsI IMeeT HOPMAJILHYIO MOJEb. BceM KOHCTAHTaM ¢; COOTBETCTBYIOT B
9TOI MO Pa3Hble JJIEeMEHTHI (IIOCKOJIBKY NCTHHHA POPMyIa ¢; # ¢;),
[IO3TOMY MOIITHOCTD 3TOH MOJEIM MOXKET OBITh CKOJIb YIOIHO OOJIBIIION,
€CJIU UCITOJIb30BATh JOCTATOYHO MHOI'O KOHCTAHT.

DToT )€ mpuéM OyIEeT UCIOJb30BAH HAMU IIPU IOCTPOCHUHN HECTAH-
napTHoii Mmojesnu apudmeruku (c. 193). o>

[IpuBenénnoe paccyzkjaenne JaéT ONEHKY MOITHOCTH CHU3y. MoxKHO
[IOJIyIUTh U B TOYHOCTH HY?KHYIO MOIIIHOCTb:

Teopema 62. Ilycte A — GeckKOHedHasi HOPMAJIbHAST MHTEPIIPETAIUST
CUIHATYDPBI 0 (C PABEHCTBOM) U IIYCTh [3 — MOIIHOCTD, HE MEHbIIIAs MOII-
HocTelt curaatypsl o u uarepnperanuun A. Torga cymecTByer HOpMaIIb-
HOE 3JIeMeHTapHoe paciupenne B D A momuoctu .

<I MomHOCTh CUTHATYPBI 04 €CTh MaKCUMYM W3 MOITHOCTEH o u A;
mocJie J00aBJIEHUs HOBBIX KOHCTAHT B KOJIAYECTBE (3 IITYK ITOJLYIUTCS
currarypa MoiHocTu (3, u corsiacuo teopeme 48 (c. 152) maiinérea mo-
nesib muoxkectBa Th4(A) momuocru (5. IIpeobpaszoBanue eé B HOpMaJIb-
HyI0 Mozesib (hakTopusarys) MOXKeT JIUIIb YMEHbIIUTb MOIIHOCTh, HO
[ PA3JINIHBIX JIEMEHTOB Y HAC 3aBEJIOMO €CTh. [>

Ananornunsiit npuéM (106aBieHIe KOHCTAHT) MO3BOJISET JIETKO JI0-
Ka3aTh TAKOe yTBepKIEeHUE:

Teopema 63. Eciiu Teopust (B Ipou3BOJILHON CUTHATYDE C PABEHCTBOM )
UMeeT CKOJIb YTOJHO OOJIbINNE KOHEYHBbIE HOPMAaJbHbIE MOJEJH, TO OHA
uMeeT 1 GECKOHEIHYI0 HOPMAJIBHYIO MOJETb.

< HobaBuM K Teopuu OECKOHEYHOE UUCJIO HOBBIX KOHCTAHT M aKCHO-
MBI O TOM, 9TO BCE OHM Pa3/IndHbI. JI1060i1 KOHEUHBIN (DparMeHT PaCIIIu-
PEHHOli Teopru MMeeT HOPMAJILHYIO MOJE/Ib (BO3bMEM JOCTATOIHO GOJIb-
[IyI0 KOHEYHYIO MOJEJb U IPOUHTEPIPETUpyeM B Heil Koncrantsl). Ilo
TeopMe KOMIIAKTHOCTH U BCsl PACIHIMPEHHAS TEOPUsl MMEET HOPMAJILHYIO
MOJIEJb, KOTOpas u 6yaeT 6€CKOHEIHOW HOPMAJIHLHON MOJETBIO NCXOTHOM
TeOpuu. >

Boobrme moxkHO 3a1aTH cebe Takoil ecTecTBeHHBIN Bopoc. [lycrs ecth
HeKOoTOpas Teopus (Wiu maxke npocro oaua dopmyra). Kakosel Moryr
OBITH MOIIHOCTH €€ HOPMAJIbHBIX Mojiesieli? Kak Mbl Bujiesn, st Teopuit
¢ KOHEYHOI CUTHATYPOU BEPHO OJHO W3 JBYX: JHMOO OECKOHEUHBIX MOJIE-
Jleil BoBce HeT, OO0 eCcTh GECKOHEYHBIE MOJIENN BCeX MOIIHOCTEH. DTo
rapaHTupyioT Teopembl JleBenreiima— Ckosiema 00 3j1€MEHTAPHON IO-
Mogiesn (Teopema 42) U 0 MOBBIINIEHNH MOIMHOCTH (TeopeMa 61).

Yro MOXKHO CKa3aTh PO MOIITHOCTU KOHEYHBIX Momeseit? s kax-
J10#1 (bOpMYJTBI PACCMOTPUM MHOXKECTBO BCEX BO3MOXKHBIX MOIITHOCTEl eé
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KOHEYHBIX Mojeselt. Ero mHorna HazbiBaloT cnekmpom (HOpMyIbl. DTO
MHOYKECTBO MOYKET OBITh YCTPOEHO JTOBOJIBHO CJIOKHBIM 00pa30M: HAIIPH-
Mep, it (DOPMYJIbI, BEIPAYKAIONMIEN AKCHOMBI TI0JIsI, CIIEKTP COCTOUT U3
BCEX CTeIleHel POCTBIX JYHCEJI.

116. (a) Ykaxkure GHOpMyILy, CIEKTD KOTOPOIl COCTOMT U3 BCEX YETHBIX
[IOJIOXKUTENIbHBIX 1unces. (6) Ykaxkure GpopMyily, CIEKTP KOTOPOH COCTOUT M3
BCEX HEUSTHBIX 9uces. (B) Ykaxkure pOpMyIly, CIEKTP KOTOPOW COCTOUT W3
BCEX COCTaBHBIX YHCEJI.

JIr0GOIBITHO, UTO NPobAeMaE KOHewHO20 cnexmpa (CTOsIIAs B KHUATE
Keiicaepa n Ysna [13] mox HOMepom 1 cpenn «crapbix OpoGJeM Teopur
MoziesIeit» ), HEOXKUIAHHO OKA3a/1aCh CBA3aHa C IEHTPAIBHOI 1pobIeMoil
TEOPUHU CJIOXKHOCTH BBIMHCJIEHUN — TaK HA3BIBAEMON «IIPOOJIEMOil mepe-
6opas. (IIpobiema KOHEYHOrO CIIEKTPA COCTOUT B CJIEJYIONIEM: BEPHO JIH,
aro gonosrenue (10 N) K cekTpy 110601 HhOPMYJIBI SBISETCS CIEKTPOM
HEKOTOpOIt Apyroii dbopmybI?)

B kadecTBe mpumepa HMCHOMB30BAHUS TEOPEMbBI O MOBBINICHUHA MOIII-
HOCTH JIoKaxkeM Teopemy ['mibbepra o myssx (reopema 40), He npoBoO-
JisT SJIMMUHAIIIO KBAHTOPOB. IlycTh cucrema ypaBHeHUI UMeeT pernieHre
B noJie k', sIBIAIOIIEMCcs pacHIMpeHneM ajrebpandecKn 3aMKHYTOTO I10-
ast k. Ilokaxkem, uro oHa nmeer pemterue u B k. [Toctpoum ssiemenTap-
noe pacmmpenue k” D k odenb 6ompmoit mompoctn. Teneps k' MoxmO
BJAOKHUTE B k" (3TO BiIO’KeHMe CTpOUTCS 1O TPaHCHUHATHON PEKYPCUH:
J00aBJIsIsT aJreOpandecKuil 3JeMeHT, MBI MOJb3YeMCs aJredpamdecKoit
3aMKHYTOCTbIO k', mobaBisia TpPaHCIEHIEeHTHBII 3JeMEHT, MbI II0JIb3Y-
emca 60sbI0i MommHocTho k). 3Haunt, cucrema umeer perenne B k.
TTockombKy k” GBLIO 3JIEMEHTAPHBIM PACHIMPEHUEM, TO CACTEMAa UMEEeT
pemrenue B k.

Ilpyroe Jir060IbITHOE IPUMEHEHUE TEOPEMBI O ITOBBIIIIEHNH MOITHOCTH
TakoBO. HazoBéM JiMHEIHO yrnopsioueHHOe MHOXKeCTBO M 00HopodHbiMm,
€CJIH JJIs JIIOOBIX JBYX BO3PACTAIOIIUX MOCJIEI0BATEILHOCTEH 11 < Lo <
<. ..<zxpuy <yo <...<y, HalmETCH aBTOMOPdU3M MHOXKECTBA M,
nepeBosImiA T; B y; (upu Beex = 1,...,n).

Teopema 64. J1st Besikoii 6€CKOHEYHOM MOIITHOCTH HANAETCST OJTHOPO/I-
HOE JINHEHHO yTOPSI0I€HHOE MHOYKECTBO TaKON MOIHOCTH.

< MHOKeCcTBO paloHAJBHBIX Yrces (1 BooOIIe 11060 CUETHOE ILI0T-
HOe JINHEHHO yNOpsiJIOUeHHOE MHOYKECTBO) OJHOPOIHO. B camoMm jere,
COOTBETCTBHE MKy JIByMsI HAOOpaMU €ro 3JIEMEHTOB IIOCTEIIEHHO IIPO-
JIOJIKAETCs JI0 aBTOMODPGU3Ma (106aBJISIEM 3JIEMEHTHI TI00UEPEIHO ¢ TOM
um gpyroit croponst). Jdpyroii criocob ybeauTbest B 9T0M — BCIIOMHUTD
0 TOM, 9TO 9TO PAIMOHAIbHBIE YUCIIA, U B3SITh KyCOYHO-JIMHEAHBIN aBTO-
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MOpU3M.

s Kaxk10ro n UKCHPyeM CIIoco0 MPOIOJIKEHNUsT aBTOMOP(MU3MOB
C N-3JIEMEHTHBIX ITOJIMHOXKECTB B Buse DYHKINHA f, ¢ 2n + 1 aprymenTta-
M f (2, &1, ..y Tny Y1y« - - Yp) O3HAUAET DJIEMEHT, B KOTOPBII II€PEXOUT
z ipu aBTOMOpPdU3MeE, MEPEBOJISAINEM &; B ;. Paccmorpum Tenepb Q kak
MHTEPIIPETaIuIo CUTHATYPBI, BKJIOYaoeil mopsiiok u Bce f;. Ilo Teo-
peMe O MOBBIMIEHNH MOIHOCTH MOXKHO HAWTHU 3JIEMEHTAPHO SKBUBAJIEHT-
HYIO WHTEPIIPETaIuio Jiro0oit 3agannoit momuoctu. [lockonbKy cBoiicTBa
dyuxnumit f,, BeiparkaeioTcs HOPMyIaMU, IOy IATCH OTHOPOIHOE JTHHEH-
HO yIOPSIIOY€HHOE MHOXKECTBO 33[aHHOI MOIIHOCTH. [>

5.3. lMonHble Teopun

B sTom pas3aesie Mbl HOIIbITaEMCsl CUCTEMaTU3UPOBATDH y2Ke U3BECTHDLIE
HaM IIOHATUA 1 (baKTbI.

e Hauném ¢ Hanomunanuii. Cuzramypoti Mbl Ha3bIBaIl HAbOP Ipe-
JMKATHBIX U (PYHKIMOHAJBbHBIX CUMBOJIOB. Cpeau hbopMyJI JJaHHOM
CUTHATYPBI BBIIEIAIOT 3amknymuie (Hopmyibl 6e3 napameTpos).
Curnarypa mMeer unmepnpemayul, B KOTOPBIX 3aMKHYThIE (HOp-
MYJIBI 9TOI CUTHATYPBI OBIBAIOT UCTNUHHDLMU T A0HCHLMU. TIpon3-
BOJIbHOE MHOYKECTBO 3aMKHYTBIX (DOPMYJI JAHHOU CUIHATYDPHI Ha-
3bIBAETCS Mmeopueti B 310l curuarype. Modeavto Teopun Ha3bIBa-
eTCsl MHTepIIpeTalysi, B KOTOPOil Bce (pOPMYJIbI TE€OPUHU UCTUHHBI.
Teopust HAa3BIBaETCSH COBMECTMHOT, €CJIN OHA UMEET MOJIEIIb.

e Teopus Ha3bIBaeTCA Meopueli ¢ PaBeHCMBOM, €CJIA OHA BKJIIOYA-
er B cebsl aKCHOMBI PaBEHCTBa (& €€ CUrHaTypa COJNEPIXKUT CUM-
BOJI paBeHcTBa). MHTeprperalys TeOpuu ¢ PABEHCTBOM HA3BIBAET-
¢ HOPMANLHOU, €CTTT PABEHCTBO MHTEPIPETUPYETCS KaK COBIIAJIe-
HUE 3JIeMEHTOB HocuTesist narepuperarun. CoBMeCTHAsI Teopusi C
PABEHCTBOM MMeET HOPMAJBHYIO MOJENb (TOJyIaeMylo U3 IPOU3-
BOJILHOM Mojesin hakTopHU3anueii 1o OTHONIEHUIO PABEHCTBA).

e ToBopar, uro 3amkHyTast popmyna @ evsoduma 6 meopuu T (sB-
ssiercst meopemoti meopuu 1), ecau HOPMysIa @ MOTYUAETCS U3
AKCHOM HCYHUCJIEHUS] IPEMKATOB U dopmys Teopun 1 1O IpaBu-
sgaM BbiBosia. (O6osHauenue: T F ¢.)

Qopmysa ¢ BBIBOJMMA B TeOpuU 1’ TOT/A W TOJIBKO TOTJA, KOTJa
B HUCYUCJICHUM TPEIUKATOB BBIBOJIUTCS HEKOTOpasi GOpMyIa BHIA
T — @, TJIe T — KOHBIOHKIUA KOHEYHOro dncja dpopmyst us 1.
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Dopmyna ¢ cemanmuuecku caedyem us T, ecim OHA MCTHHHA B
mo6oit Mogesn teopun T’ (obosnadenue: T F ). CemaHTHYIECKOE
CJIeTOBaHNE PABHOCUIIBHO BBIBOMMOCTH (Teopema 51, ¢. 154). Bass
B Ka4eCTBe  TOXKJECTBEHHO JIOXKHY0 dopmyiy L (ckaxkeM, oTpu-
[[AHUE TABTOJIOTUM), IPUXOJUM K IOHSTUSIM NPOMUBOPEHUBOCTNU
(T 1) n necosmecmnocmu (T EL, T ue umeer momesneit). B npo-
THBOPEYNBOIl T€OPHU BHIBOMMa, JiI00ast hopMysa (COOTBETCTBYIO-
el CUrHATYDBI ).

e Henporusopeunsast reopust T noana (B maHHON curHaType), eciu
JJ1st JTI000# 3aMKHYTO# (hOPMYJIBI (0 9TOH CUTHATYPBI JIUO0 hOpMy-
Ja @, 1ubo eé oTpullaHue —@ BhIBOAUTCH u3 1.

e /Ijig npousBoJbHON mHTepuperanuu M IpOM3BOJIBLHON CUTHATY-
PBL 0 MOXKHO PACCMOTPETh IAEMEHMAPHYIO TEOPUIO UHMEPTPEMA-
yuu M, obosnagaemyio Th(M) u cocrodinyio U3 BceX MCTHHHBIX
B M 3aMkHyTBIX (OpMys cUrHATYPBI 0. OQUEBHIHO, 3Ta TEOPHs
nosma (oxHa u3 GopMys ¢ U —p eii npuHamexkur). JIBe uaTep-
uperaruu My u My 2aeMenMapho IKGUBAACHMMHDL, €CIA UX JIe-
MeHTapuble Teopun cosnagaior: Th(M;) = Th(Ms).

o Teopust T HA3LIBAETCHA KOHEUHO GKCUOMAMUIUPYEMOT, ECIH CyIIie-
CTByeT KOHeYHoe MHOoxecTBO T’ Teopem teopuu T', M3 KOTOPBIX
BBIBOJIATCSL BCe yTBEpXKJeHus U3 T (JPYrUMHU CJIOBaAMH, €CJIH CY-
[MIECTBYET KOHEYHAs TEOPHsl, NMEIOMA TO K€ CAMOE MHOMKECTBO
TeopeM).

e Teopus ¢ paBeHCTBOM, UMeIONIAasl KOHEIHYIO WM CIETHYIO CHTHA-
TYPY, Ha3bIBAETCS KAME20PULHOT 6 CUEMHOT MOUHOCTNU, €CITA BCE
€€ cuéTHble HOpMAaJIbHbIE MOJIesn n30MOpdHbI. KaTeropuynocts B
JQHHOI HECUETHON MOIIHOCTHU OIIPEIESISIeTCS aHAJIOTUTYHO.

e Teopus ¢ KOHEYHOI CUTHATY POl HA3BIBAETCS PA3PEWUMOTL, ECTTU CY-
MMECTBYET aJITOPUTM, KOTOPBIH O MTPOU3BOJIHLHON 3aMKHYTOMH HOop-
MyJie oIlpejlesisieT, BBIBOJAVUMA JIU OHA B 3TOI TEOPUM WJIU HET.

117. TlokaxkuTe, uTO HOOGABIECHUE K TEOPUH JIIOOOI €€ TeOpEMBI HE MEHSIET
MHOYKECTBA TEOPEM.

IIpex e 1eM mepexonTh K IPpUMepPaM, CIeJIaeM JIBa MIPOCTHIX HADJTIO-
JIeHUS.

Teopema 65 (kputepuii Jlocs —Boota). Henporusopeuusas teopus T’
C PABEHCTBOM B KOHEYHOI MJIM CUETHON CUTHATYPE, HEe UMEIOIas KOHeY-
HBIX MOJIeJIell U KaTeropuvIHasi B CYETHOM MOIITHOCTH, TIOJTHA.
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< IIpeamonoxkum, 9ro HE omHA U3 (HPOPMYJI Y U —@ HE BHIBOJIAMA B
teopun T'. Torma o6e teopuu T U {—p} u T U {¢} HEIPOTHBOPEUNBHI.
ITo reopeme 47 (c. 152) oHu MMerOT CIETHBIE MOJIEJIU, KOTOPBIE OCTAIOTCS
cuérHBIME TIoce bakTopu3amu (IIepexoa K HOPMAJIbHBIM MOJIEJISIM ),
ITOCKOJIBKY Teopusi 1T’ He UMeeT KOHEUHBIX MoJe/eil. ITU CIETHBIE MOJe-
JI JIOJIKHBIL ObITh n3oMopdubiMu (B cuity kareropuanocra). C apyroit
CTOPOHBI, B OJHON M3 HUX UCTUHHA (DOPMYJIa —p, a B APyroi — Qopmy-
JIa @, TaK 9TO OHU JarKe He JIEMEHTAPHO YKBUBAJICHTHBI (MbI 3HAEM U3
pazzena 3.9, 94TO TAKOro OBITH HE MOXKeT). [>

AmnastornvHo soka3biBaeTcs 1 ob1mas popma Kpurepust Jlocst —Boora:

Teopema 66. HenporusopeunBasi Teopusi ¢ paBEHCTBOM B KOHEYHOM
WM CYETHOM CUT'HATYpE, HE UMEIOIAasi KOHEYHbIX MOJIeJIeil U KaTeropud-
Hasd B JJAHHOU HECUYETHOII MOITHOCTHU (v, ITOJTHA.

< Ilycrbs Teopust T He MOJHA W K Hell MOXKHO IIPUCOEIUHUTH 0e3
npoTuBopedns by u3 GopMysn ¢ u . PaccMoTpuM CU€THBIE HOD-
mastbHble Mostenn Teopuit T U {p} u T'U{—-¢}. Ilo Teopeme 62 yBemmanm
UX MOIIHOCTH JI0 (¢ ¥ MIOJIy9UM IIPOTABOpEYHe. >

118. YcioBUE KOHEYHOCTH HJIH CIETHOCTU CUTHATYPBI B 9TOM TEOPEME MOXK-
HO ocnabuth. Kak 3to cuenars?

Bor npumep npumenenus teopemsr 66. Teopus anrebpamdeckn 3a-
MKHYTBIX I0JIeii XapakTepuctuku () KareropwdHa B JH000# HeCUETHOM
MOITHOCTH. (DTO MOXKHO JI0KA3aTh, UCHOJIb3ysl 0A3UCHI TPAHCIEHIEHT-
HOCTH: TAKOe II0JIe MMeeT 0A3WC TPAHCIEHIEHTHOCTH HAJI IOJIEM AJred-
PamYeCcKnuX YUCeN, MOITHOCTh KOTOPOr'0 PaBHA MOIIHOCTH BCErO IO, a
JIBa TI0JISI C PABHOMOIIHBIMKA 0a3MCAMH TPAHCIIEH/IEHTHOCTA U30MOpd-
ubl). Cries10BaTeIbHO, 9TA TEOPUsT TIOJHA.

3amernM, UTO 3TO HAGIIOJIEHIE COTIACOBAHO CO 3HAMEHUTOH (1 TPY/I-
Hoit!) Teopemoit MopJin; 3Ta TEOpeMa YTBEPKIAET, YTO TEOPHsl C PABEH-
CTBOM, KATETOPUYHAS B OJIHOM HECYETHOU MOIITHOCTH, KATETOPUIHA U BO
Beex HecuéTHbIX MomHocTsX. (Iloapobuo o Teopeme Mopiu MOKHO PO~
4ecTh, HANpUMED, B yuaebHuke Keiiciepa u Ysna [13].)

Teopema 67. Koneuno akcrnomaTusmpyeMasi [OJIHAS TEOPUS B KOHEY-
HOII CUTHAType pa3peninMa.

< Ilyctp mama mpoumsBosibHasi dopmyra ¢. Bymem mepebuparh Bce
BBIBOJIbI B UCYHCJIEHUH ITPEJIUKATOB U [IPOBEPSATH, HE OOHAPYKUJIACH JI
BBIBOJUMOCTD OJIHOI U3 (DOPMYJI (¢ WK —p U3 KOHBIOHKIIUU HEKOTOPBIX
akcrnoM Teopun 1. Paro mm mo3aHO0 ofHA U3 HUX OKAYKeTCs BBIBOIUMOI
(IIOCKOJIBKY TeopHs II0JIHA), U TEeM CAMbIM MbI y3HAEM, Kakas U3 (POPMYJI
BBIBOJIIMAa B T€Opuu. >
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9T0 IOKA3aTENLCTBO HEKOHCTPYKTHBHO B TOM CMEBICIE, ITO HE Ia-
€T HUKaKOH OLEHKH Ha BpeMs PaboTsl asropurMa. OTMETHM TakzKe, 9TO
He 00sI3aTeJIbHO TPeGOBATH KOHEYHOI aKCHOMATH3UPYEMOCTU TEOPUH; J10-
CTATOYHO, YTOOBI OHA UMEJIA PA3PENINMOE HJIH IEPETUCIIMOE MHOXKECTBO
akcuoM (cM. [5]).

IIpommmocTpupyeM BCe STH HOHSATHs Ha HECKOJLKIX (B OCHOBHOM
y2Ke 00CYKIABIINXCS. HAMHE) IIPUMEPAX.

MnoTHbIE NMHERHO YyNOpsifOYEHHbIE MHOXECTBA

Paccmorpum curaarypy, comeprKalllyl0 OTHOIIEHUs MOPSIKA U Pa-
BEHCTBa. PaccMOTPHM meopuro naommolx AUHETHO YnopAadoueHHbIT MHO-
arcecme 6e3 nepeozo U NOCAEIHe20 dAeMeHMa, KOTOPAsl BKIIIOYaeT B cebs
CJIEJTYTOIIIEe AKCUOMBI:

® aKCHOMBI PABEHCTBA (B TOM YHCJIE COXPaHEHNe [HOPsi/IKa IIPU 3aMeHe
9JIECMEHTOB Ha PaBHbBIE);

o Vz (z < z) (pedIeKCHBHOCTD MOPSAIKA);

o VaVyVz ((z <y) AN (y <2) = (2 < 2))
(TpaH3UTUBHOCTD IIOPSIJIKA);

o VaVy ((z <y) A (y <) = (z=y))
(aHTHCHUMMETPHYHOCTD TIOPSIJIKA);

o VaVy ((x < y) V (y < z)) (JHHEHHOCTH HOPSIKA);

e VzIy (y > x) (HeT MAKCHMAJIBHOIO JIEMEHTa; (Y > &) MOXKHO CUH-
TaTh cokpaenueM Jist —(y < x) wmm g (z < y) A -(x =y) —
[PY HAJINYAH OCTAJIBHBIX AKCHOM 9TO OJHO U TO Ke);

® AHAJOIMYHAS AKCHOMA PO OTCYTCTBHE MHHUMAJIBLHOTO JIEMEHTA;
o VaVy ((x <y) — Jz((z < 2) A (2 < y)) (mr0oTHOCTD).

Pannonaspable unciaa o6pa3yioT CIETHYIO MOJIE/Ib ITOUW TEOPHH, a
JIeCTBUTE/IbHbIE — HECYETHYIO. Kak MBI y2Ke YIIOMUHAJN, 9Ta TEOPUS
KaTeropuvHa B CIETHON MOITHOCTH, BCE €€ CIETHbIE HOPMAJIbHbBIE MOJIETI
nzomopdubl. OTciona mo Teopeme 65 moaydaem, ato oHa mosHa. Cremo-
BATEJILHO, B Hell BBIBOJATCs Bee ucTuHHBIE B Q (mwim B soboit apyroit
MOZEIH, B 9acTHOCTH, B R) (opmyibl eé curHaTypol (B caMoM jejie, u3
dopMyIT ¢ U~ POBHO OjIHA UCTUHHA U POBHO OJIHA BBIBOJUMA, U BHIBO-
numast Gopmysia JosrkHa 6bTh uctunuoit). Hakownerr, no Teopeme 67 sra
Teopus pa3pennMa.
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Jpyroe moka3aTeabCTBO TeX ke (PAKTOB JAET JIMMUHAIUS KBAHTO-
pos (reopema 30, c. 93). Kak Mbl ormeuasnu B pasgese 3.6, s KaxK o
b OpMyJIBI ¢ HaIlel CUTHATYPBI CYIIECTBYET OeCKBaHTOPHAA (hopMyIIa ¢,
SKBUBAJEHTHAA B JIIOOOH HOPMAJLHOM WHTEPIPETAINNA TEOPUU TLIOT-
HBIX JIMHEHHO YIIOPSI0YEHHBIX MHOXKECTB 0€3 IIEPBOr0 U MIOCJIEIHETO JJIe-
MeHTOB. [109TOMYy 9KBUBAJIEHTHOCTH ¢ < ¢’ (C KBAHTOpaMU BCEODIIHO-
cTH) ABJIgeTCd TeopeMoil 31oii Teopun. Eciau dopmyia ¢ Obluia 3aMKHY-
Tolt, TO popMyIa ¢’ GyJeT TOXKIECTBEHHO UCTUHHON UJIA TOKJIECCTBEHHO
JokHOU. B nepBoM ciiydyae B Teopun BhIBOAUMA (POPMYJIa (, BO BTOPOM
ciaydae — e€ orpunanne. Cjie10BaTeIbHO, TEOPUsI TIOJIHA.

Cka3aHHOe MOXKHO MHTEPIPETUPOBATH M TaK: MBI JOKA3aJIM KOHEU-
HyI0 akcuoMarusupyemocthb Teopun Th(Q, =, <), IperbsBUB CIHUCOK aK-
CHOM.

119. IlokaxkuTe, 9TO 9T TEOPUS HE SABISIETCS KATETOPUIHON B MOIIHOCTH
KOHTUHYYM.

Orciozna caemyer (o reopeme Mopuin), 9T0 T€OpUst IIOTHBIX JIMHEHHO
VIIOPSIOYEHHBIX MHOXKECTB 03 IIEPBOT'0 U IIOCJIEIHETO SJIEMEHTA He Oy/1eT
KaTEerOpUYHOI HU B KAKOW HECYETHOI MOIIHOCTH.

120. He wncrosib3yst Teopembl Mopin, yKaXXuTe IpUMePbl HEN30MOPMHBIX
IUVIOTHBIX JIMHEHHO yIOPSJOYEHHBIX MHOXKECTB 3aJaHHOM HECUETHON MOIITHO-
CTH.

121. IMokaxwure, uro Teopun Th([0, 1], =, <) u Th([0, +00), =, <) KoHEUHO
AKCUOMATU3UPYEMBI, IIOJTHBI U PAa3PEHINMBbI. ByﬂyT JIN OHU KaTE€ropuIHbIMU B
MOIIHOCTH KOHTHHYYM?

122. PaccmoTpuM TEOPHIO MJIOTHBIX JTUHEHHO YIOPSIIOYEHHBIX MHOYKECTB
(ne nobaBisisi AKCHOM IIPO HAMMEHBINUH U HaubOsbIIMii 31eMenT). Byner
OHA KATErOpUYHA B KAKOW-JINOO MOIIHOCTH?! TOJHA! pa3permnMa’

Teopus Th(Z,=, S,0)

B srom npumepe Mbl JeiicTByeM B 0OPATHOM TOPsiJIKe, HAYAB C KOH-
KpeTHO# uHTeprperanuu (Iejble YUCIa ¢ PABEHCTBOM, (DYHKIUEH Ipu-
GaBJieHUsT eIUHUIBI 1 KOHCTAHTON () U HOCTPOUB SIBHYIO CHCTEMY AKCHU-
oM. JIjIst 9TOro BCIIOMHUM MIPOTIEYPY SJIUMIHAINA KBAHTOPOB U3 pasJie-
ga 3.6 (reopema 28). Kakumu cBoiicTBaMu JOJIZKHA 00J18aTh HOPMAJIb-
Hasl UHTEPIPETAINs $I3bIKa, ITOOBI MPeoOPA30BaHUSI, UCIOJIb30BAHHBIE
[IPU SJIUMUHAIIE KBAHTOPOB, ObLIN 9KBUBaJeHTHBIMI ! [ToMrMO akcrmom
pPaBEeHCTBa, HAM HYKHO, 9TO0BI (pyHKIHs S ObLTa OMEKIHei u 9To0bI [IJIst
JI000T0 T BCE JIEMEHTBI

8787 @), S (@), 2, S(x), S(S(2)),- .
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ObLIH pas3augHbL. JIpyrumu cioBamMu, 3JIMMUHAIIAS KBAHTOPOB TaéT Gop-
MYJLy, 9KBUBAJICHTHYIO UCXOJIHON BO BCEX MOJEJIAX TaKOil TeOpHUu:

® aKCHOMBI paBE€HCTBa;

VaVy ((S(z) = S(y)) — (2 =y));
Va3y (S(y) = @);

Vo -(z = S(x));

Vo =(z = 5(S(2)));

Vo —(z = S(S(S(x)))) u . 1.

OrpannunBasich 3aMKHyTbIME (hOPMyJIaMu, Mbl (KAK W B IIPEBIILY-
meM npuMepe) Bugum, aro Th(Z, =, S, 0) coBnasaer ¢ MHOXKECTBOM BCEX
¢dopMyJ1, BBIBOJIUMBIX U3 [IEPEUUCIEHHBIX AKCUOM, TaK 4TO TEOPUS C ITH-
Mu akcuomamu nosna. Ona paspemuma (Kak Jo0as [MOJHAst TeOpHsl ¢
Pa3pemmMbIM MHOXKECTBOM aKCHUOM; KPOME€ TOr'O, IBHBIA aJlOPUTM Ja-
ércsl DIIMMUHAIE KBAHTOPOB).

B ornuune oT mpeabiayIero npuMepa, 3Ta TeOpHUs He sIBJASIeTCS Ka-
TErOPUIHON B CYETHON MOIMHOCTH — HAIpuUMep, Z + 7, gaBigerca eé
MOJIEJIbIO, He N30MOPQHON MCXOIHOIA.

123. Onwuinure Bce MOZEJN ITOW TEOPUU.

124. [TokaxkuTe, YTO OHA KATETOPUYHA B JIIOOONH HECYETHON MOIIHOCTH.

Ilokaxkem B 3aKJIIOUEHUE, UTO ITA TEOPUS HE SBJISIETCSI KOHEIHO aK-
cuoMaTn3npyeMoii. B camom sieste, MycTh mMeeTCsT KOHETHOE MHOYKECTBO
F' TeopeMm 3TOI Teopuu, U3 KOTOPOH CJIEIYIOT BCE OCTAJIbHBIE TEOPEMBI.
Kaxmas n3 Teopem mMuOXKecTBa F' BBIBOAMMA U3 aKCUOM, W 3TOT BBIBOJ,
UCIIOJIB3YET KOHEYHOE YKMCJIO aKCUOM. DTO O3HAYAET, YTO BCE OCTAJIbHbBIE
aKCHOMbI (He UCIosb3yeMble B BbiBoJe dhopmyit u3 F') Boobie JuimHue.
A 370 He Tak: B KOHEYHON MOJIEIN, COCTABJICHHON U3 OCTATKOB 110 MOJLY-
mo N, BepHBI Bee akermoMbl, kKpome S (z) # x, SN (x) # z, ..., mosromy
3TU aKCUOMBI He CJIEeAYIOT U3 OCTAJIbHBIX.

125. JlokakuTe, YTO MCIOJIH30BAHHOE HAMHU PACCy’KJIEHUE HOCUT OOIIHit
XapaKTep: ecyiu Teopusi 66CKOHEYHA, HO KOHEYHO aKCHOMATU3UPYeMa, TO HEKO-
TOpas eé KOHeYHasl YaCTh PABHOCHJIbHA BCel Teopuu (MMeeT Te Ke TEOPEMBI).

Teopusi Th(Z,=, <, S,0)

Yro u3zmMeHUTCs, €Cu Mbl J00ABUM K CUTHATYpPE, IOMUMO IIpubaBJIe-
HUS €IMHUIIBI, e1lé u oTHOIIeHue nopanka? Kaxk Mbl Bumgesu (cM. JoKa3a-
TeJILCTBO TeOpeMbI 29 U 3aJ1a9y 110Cje Hero, ¢. 92), sJiuMuHAIUs KBAHTO-
pPOB MO-TIpeXKHEMY BO3MOXKHa. Jlj1s IpUIaHnst 3aKOHHOCTA HAM HY2KHBI
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TaKue CBOCTBa MHTEpupeTanuu (KOTOPYIO Mbl IPEIIOJAraeM HOPMAaJIb-
HOI1): OHA UpezCcTaBigeT coDOl JIMHEHHO YIOPsII0UeHHOe MHOYXKECTBO, B
KOTOPOM KazKJIbIil 3JIeMEHT UMEeET HEeloCPEeACTBEeHHO cJieyomuii (coBua-
Jaromuii ¢ 3HavenneM GbyHKIUM S) ¥ HENOCPEJICTBEHHO IPEIIECTBYO-
muii. B orimdue oT mpesplLyero mpuMepa, HaM JOCTaTOYHO KOHEYHO-
ro mabopa akcuom. Takum obpasom, teopus Th(Z,=, <, S,0) konedno
aKCHOMATH3UPyeMa, a Takxke (KaK U B UPEIbIAYINEM IIPUMEpPE) IOJIHA,
paspernmMa, HO He KATErOPUIHA B CIETHON MOITHOCTH.

MozxHO 0boiiTHCh U 63 HTUMUHAIIMA KBAHTOPOB, PACCYKIasi HHAYE.
Paccvorpum Teopuio JUHEHHO yIOPSATOIEHHBIX MHOYKECTB CO CJIELYIO-
MM U TPEILIAYIIAM JIEMEHTOM W OMHUINeM Bce €€ momenn. VmerHo,
MBI TIOKaXKeM, 9TO Jiobast HopMasbHasd Mojeab M 3Toil Teopuu mMeeT
Bug Z X A, rime A — npousBoJIbHOE JIMHEHHO YIIOPsiIOYeHHOE MHOYKECT-
BO (MOPAJOK Ha IAapax TaKOB: CHAYAJa CPABHUBAIOTCH A-KOMIIOHEHTBI,
a B Cclydae paBeHCTBa — Z-KOMIOHeHTH.) B camom zene, GyjeM roso-
PHUTB, UTO JIEMEHTHI & U ¥ JIEXKAT <«B OJIHOW TaJIAKTHUKEY, €CJIH MEXKJTY
HUMUI KOHEYHOE YUCJIO 3J1eMeHTOB. (JIerko npoBepuTs, 410 310 JeiicTBu-
TeJbHO OTHOITIEHNE SKBUBAJEHTHOCTH, U HAIlle MHOXKECTBO Pa30UBAETCS
Ha rajakTuku.) Jajee mposepsieM, YTO KaxKjasi IaJAKTHKa HU30MOpP(d-
Ha Z (KaK yHIopsI0YeHHOe MHOXKECTBO) U UTO HA IAJIAKTUKAX €CTECTBEH-
HO OTIPEJIeISIeTCS TTOPSJIOK.

Terepb ¢ TIOMOIIBIO Urpsl DpeHdoiixTa (eM. pasaen 3.9, Teopema 37)
Mbl TIIOKAa3bIBAEM, YTO BCE HOPMAaJIbHbIE MOJIEJIM ITOIl TEOPUH 3JIEMEH-
TapHO KBUBaJeHTHBI. OTCIOZA 3aKJI0YaEM, YTO TeOpHs HOJIHA (KaK B
JIOKa3aTeIbCTBE TeOpeMbI G5, TJie MBI 1O CYIIECTBY HMCIOJIb30BAJIU i€~
MEHTApPHYI0 SKBUBAJEHTHOCTh MOJIEJIEH, a He UX U30MOPOU3M).

126. ITokazxkure, aro Teopust Th(Z,=, <, S,0) He KaTEropuIHa HU B KAKON
HECUETHON MOIIHOCTH.

127. Byner sm Teopust Th(Z, =, <) KOHEYHO aKCMOMATH3UPYEMOii? paspe-
UMON? KaTeropuaHon?

128. Byzner nu Teopusa Th(N, =, <) koHeuno akcmoMaTusupyemoii? paspe-
IUMON? KaTeropuIHon?

Teopus Th(Q, =, <,+,0,1)

DTy Teopuio MBI paccMarpuBasau B pasmese 3.6, c. 96. Mbr orpanu-
qnMcs aByMsi KoHctantamu 0 u 1, MOCKOIbKY J100yi0 aTomMapHyio ¢hop-
MYJLy MOKHO IIPUBECTH K OOIeMY 3HAMEHATEJIO U Oy IUTh IeJIble KOH-
CTaHTBI, KOTOPbIE MOKHO BbIpa3uTh depe3 0 u 1.

Mpr xoTrM yKa3aTh fBHO HAOOD aKCHOM 9TOIl T€OPWUU, TO €CTh MHO-
2KecTBO (HOPMYJI, U3 KOTOPBIX BBIBOISATCS BCE TEOPEMBI ITOW TEOPHUH U
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TOJIbKO oHU. KakK ¥ B IPeJIBIIyIIUX MPUMeEPax, 3TO MOXKHO CJIeJIaTh, IIPO-
aHAJNU3UPOBAB IIPOIECC IJTUMUHAIINN KBAHTOPOB M BBIABUB BCE UCIIOJIb-
30BaHHbIe IpU 3TOM cBoiicTBa unrepunperanuu. (Bece paccmarpubaembie
HaMH WHTEPIPETAIINN IIPEJIIOJIAraloTcss HOPMAJIbHBIMU, 8 aKCHOMBI Pa-
BEHCTBA M3HAYAIBHO BKJIIOYAIOTCA B CTPOUMYIO HAMU TEOPHIO. )

[Ipexk e BCero, HaM BaKHO, YTO IO CJIOXKEHUIO MbI MMeeM abejieBy
rpyuny (u 0 sBjsiercd €€ HyJéM). DTO MO3BOJISIET B PABEHCTBAX II€Pe-
HOCHUTD YJIEHBI C OJ[HOW CTOPOHBI B Apyryio. s omeparuii ¢ nepaBeH-
CTBaMU HaM Ha/I0 3HATh, YTO IIOPSAJIOK ABJIAETCH JIMHEHHBIM U 4TO OH CO-
[JIACOBAH CO CJIOXKEHMEM (TO eCTh UTO M3 & < Y cyenyer x + z < y + 2).
Kpome Toro, Mbpl yMHO>KaJI1 PABEHCTBA M HEPABEHCTBA HA PAIlMOHAJIb-
Hble Yucjaa. dToObl 9TO OBLJIO 3AKOHHO, MBI JIOJI?KHBI 3HATH, YTO I'PYIIIA
ABIACTCA IEJIUMOI: NI BCAKOTO @ YPAaBHEHUA £ +T = a, T+ T+ =
=a,r+x+2+x=a,... AMEIOT PEIICHNI. (B YIIOPSJIOYEHHON IpyIIe
TaKoe pellleHne, KaK JIerko MOKa3aTh, eIMHCTBeHHO. ) HakoHerl, HaMm HaJo
3HaTh, 910 1 > 0.

Kpowme 5Tux akcnoM (KOTOPBIX CIETHOE UUCIIO0) MbI IPH SJIUMUAHAITIN
HUYEro He WCIIOJIb30BaJId, TaK UTO JJis J00H GopMysbl ¢ ecTb Gec-
KBaHTOpHas (GopMmyma ¢, KOTOpas SKBUBAJEHTHA (0 B JIIOOOH IEIMMON
yropsiaodentoit rpymme. [losromy sobast 3aMKHyTast (popMysia, NCTUH-
Has B craHzaprTHOil unTepuperanuu (B Q), ucrunua B y1060il mesumoit
YIOPSI0OYEHHON I'PYIIIE, ¥ MBI TOJIyYUIN CIYETHYIO CUCTEMY aKCUOM JIJISt
reopun Th(Q, =, <,+,0,1).

129. IlokakuTe, 9TO 9Ta TEOPUS HE SIBISLETCA KOHEYHO AKCHOMATU3UPYE-
moit. (YkazaHue: AeIMMOCTD JIIO6Or0 9JIEMEHTa IPYIIbI Ha HPOCTOE YUCIO P
HE€ BbITEKaeT H3 JAe/JIMMOCTHU Ha BCE MEHbIINE IIPOCTbIC YUCJIa — PaCCMOTPpUM
PAIMOHAJIBHBIE YUCIIA, 3HAMEHATE/b KOTOPBIX B3AUMHO TIPOCT C P.)

130. ITokaxkure, 94TO Ta TEOPHUS PA3PEIINMA.

131. IlokaxkuTe, YTO Ta TEOPHUS HE SIBJSIETCA KATETOPUIHOM.

132. ITokaxkure, aro Teopusti Th(Q, =, +,0) He sABITETCH KATETOPUIHON B
CYIETHON MOIIHOCTH, HO KATETOPUIHA B JII060H HecuéTHON MomHocTH. (YKaza-
HUe: €€ MOJIE/IN — BEKTOPHBIE IPOCTPAHCTBA HAJL TI0JIEM PAIMOHAIBHBIX THCEJ. )

Apudmetuka lNMpecbyprepa

B pasmene 3.7 Mbl 3aHUMAJINCH FIUMHUHAINEH KBAHTOPOB B TEOPUU
(Z,=,<,+,0,1), koTopast oTpeboBaa 1obaBIeHNsT GECKOHETHOTO TUC-
JIa JIOTIOJIHATEIHHBIX IPEAUKATOB (CPABHUMOCTD 110 MO0 N Ui BCex
neasix N > 1).

[Ipoanaqu3npoBaB 3TO pPACCyzKIEHUE, MOXKHO H3BJIE€Ib U3 HEro sib-
HYIO aKCHOMAaTuU3anuio jyid reopuu (Z, =, <,+,0,1) (6e3 monosnuresin-
HBIX [perKaToB). Kakue cBofcTBa MOPsIIKA U CIIOKEHUSI HA IEJIBIX YHC-
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Jtax MbI ucnojib3yem?! Ham BarkHO, 9TO 1es1bIe unciia obpa3yioT abesieBy
TPYIILY, ITO MIOPS/IOK COTJIACOBAH CO CJIO2KEHUEM W 4ITO T + 1 ecTh Hero-
CPEJICTBEHHO CJIe/LYIONMU 38 & 3JeMeHT (J[OCTATOYHO, BIIPOYEM, CKA3aTh,
gro 1 HemocpescTBeHHO cieayer 3a 0). B mo6oii rpymie MOXKHO pac-
CMOTPEeTh MOArPYIILY Jessiuxcsd Ha N 31eMeHToB (1Jis JIroGoi 1iesoi
KOHCTaHTBI N > 1) U CpaBHUBATD 3JIEMEHTBHI 110 MOJLYJIIO ITON IIOArPYI-
ubl. Ho sToro maso: HaM HyKHO eIé mMMeTbh BO3MOXKHOCTB JIE€JIUTh HA
N ¢ ocraTkOM. DTO rapaHTHPYeTCs Takoil akcuoMoil (pu Kaxiaom N —
CBOsI aKCHOMA): JJIsi JIIOBOTO 3JIEMEHTa 2 POBHO OAuH u3 N 3JIeMEHTOB
r,x—1,x—2,...,0 — N + 1 nenurca va N.

Moxkno mpoBepUTb, YTO BCE IMArW SJIUMHUHAINN KBAHTOPOB COXPa-
HSIIOT PABHOCUJIBHOCTH B Takoi curyaruu. [IpoBepmm, Hampumep, 9TO
CpPaBHEHUS MOYKHO YMHOXKATDH HA IIEJI0€ IIOJIOKUTEJbHOe 1ncyo. [logemy,
ckaxeM, a = b (mod 3) paBHocuibHO @ +a = b+ b (mod 6)? Ilo onpe-
JIEJIEHUIO IIEPBOE O3HAYAET, 4TO @ — b = U + u + u JJI HEKOTOPOI'O U, &
Bropoe — 4o (a — b)+(a — b) = v+v+v+v+v+v WIg HEKOTOPOTO vV, U
JIOCTATOYHO COCJIATHCS HA TO, 9TO B YIOPSIOUEHHOI rpytie u3 £ + & = 0
cienyer © = 0 (mockosbky u3 x > 0 ciaeayer x + x > x > 0). Haubosee
CJIOXKHBII MAr — J0Ka3aTeJIhCTBO MPEJICTABUTEILHOCTH Habopa. 3iech
HaJI0 PACCMOTPETh BCE CJIyYal PACIOJIOKEHHS ITPOM3BOJIBHOIO Y OTHO-
CHATEJILHO TMPAaBbIX dYacTell. B KaxKJIOM W3 cJIiydaeB MBI 3aMEHSIN Y Ha
IIEPBBIA 3JIEMEHT U3 OKPECTHOCTU IIPABBLIX YacTeil, BCTpedaromuiicd 1Ipu
nsukennu maramu D (kak onmcano za c. 100). DTy npoueiaypy Mox-
HO [OHMMATh KaK JeJeHHe PAcCTossHusl (10 OGJInmKaiiiell IpaBoil 4acTu)
Ha D ¢ ocTaTKOM; BO3MOXKHOCTH 9TOI'O FapaHTUPYETCs HAIIMMU aKCHO-
MaMH.

133. Ilokazkure, uro Teopusa (Z,=, <,+,0,1) pazpemmma.

134. IlokakuTe, 9TO 3Ta TEOPHUsl HE KATErOPUYHA B CUETHON MOIIHOCTH.
(Vkazanue: Cpenu eé Mogeneil ectb Mofenn Buna Z X A, rime A — nesnmmast
yIHOpsIIOYeHHas TPya. )

135. ITokakuTre, 4TO 9Ta TEOPUsl HE KOHEYHO akcuomarusupyema. (Ykasa-
HUE: pacCMOTpHUTEe MHTepuperaruio Z X A, xorga B A BO3MOXKHO JleJIeHHE Ha
POCTBIE YHCJIA, MEHBIUE HEKOTOPOTO P, HO HE Ha P.)

Anrebpanyecku 3amKHyTble nons xapaktepuctuku 0

Teopema 34 ycraHaBIMBAET BO3MOXKHOCTH JIUMUHAINN KBAHTOPOB
B 1I0JIe KOMILIEKCHBIX |mces. Kak MbI y2Ke OTMedaJIn (TeopeMa 38 Ha

1B nepBoM M3aHMU KHUT'H OMTUGOYHO yTBEPIKIAI0Ck, UTO BCE MOJIEITH STOH TEOpHH
MMeEIOT Takoil Bug. ABTops! 61aronapusl Esrenunio [lerpoButy Borgapenko, KoTopsbiit
OGHAPY2KMJI 3Ty OMIMOKY M yKa3aJsl KOHTPIIPHMED.



[m. 3] Hoanvie meopuu 183

c. 114), aro npeobpazoBanue gaér dhopMyIly, PABHOCHILHYIO BO BCEX AJl-
rebpanviecKkn 3aMKHYTBIX moisix xapakrepuctuku 0. OTcrioga ciemyer,
KaK OOBIYHO, YTO T€OPUs AJIredpanvdecKn 3aMKHYTBIX IIOJIEil XapaKTepH-
cruku 0 mosHa. (E€ aKCMOMBI TaKOBBI: aKCHOMBI DABEHCTBA, AKCHOMBI
[10JIsI, CYETHBIN HAOOpP yTBEP:KIEHUN O TOM, UTO JIF0OO MHOIOYJIEH CTe-
menn n > 0 ¢ HEHYJIEBBIM CTAPIIUM KO3(DMUIMEHTOM UMeeT KOPEHb, a
TakKe CYETHBI HAbop yTBepxKaenuii Buga 1+ 1+ 1+...+1#0.) Dra
Teopusl COBIIA/IAET C JIEMEHTAPHON TEOpUeil MOJIsi KOMIIJIEKCHBIX YHCEJ.

pyroe J10Ka3aTeIbCTBO MOJHOTHI 3TOW TEOPUHA MOXKHO TMOJIYUUTH C
nomoinpio kpurepus Jlocs—Boora (reopema 66, ¢. 176) u yrBepKienus
CJIeAYIOIEeH 3a/1a49u.

136. IlokarkuTe, 9TO Teopus aaredpandecKd 3aMKHYTBIX IOJIel XapaKTe-
puctuku 0 He KaTErOpUYHA B CUETHON MOIIHOCTH, HO KaTeropuvHa B JIIO0OM
recuérHON MompocTH. (YKazaHue: alrebpanvdecKn 3aMKHYTOE TI0JIe UMeeT Oa-
31UC TpaHCleHaeHTHOoCcTH Haa Q; ecau mose HeCYETHO, TO GA3UC PABHOMOIIEH
HOJTIO. )

137. Ilokaxkure, 9TO TeOpHUs aJreOpauvdecKu 3aMKHYTBIX ITOJI€H JTaHHOMN
XapaKTEepUCTUKU p I10JIHA.

138. ITokakure, 9TO eciu HeKoTopas (opMmysa B curaarype (=, 4+, X) uc-
THUHHa B aﬂre6panquKH 3aMKHYTBIX ITOJIAX XapaKTePUCTUKN 0, TO OHa UCTHUHHA
" BO BCeEX aJIFe6paI/I‘{eCKI/I 3aMKHYTBIX IIOJIAX JOCTATOYIHO 6OHBHIOI>JI KOHEYTHOMN
XapaKTEepUCTUKU.

BeLLI,ECTBeH HO 3aMKHYTbI€ NOJA

Bonee cnoxuo chopmymnpoBaTh, Kakue CBONHCTBA IIOJIST BEIECTBEH-
HBIX YHCeJI PeajbHO HCIOJIb3YIOTCS IPU JOKa3aTeIbCTBE TeopeMbl Tap-
ckoro— 3aiinenbepra (paszgen 3.8). deso B TOM, 9TO MbI CCBLIAJUCH HA
pasuble GakThl U3 aHajau3a (HOHATHE NPOM3BOAHON, Teopema Posurs,
ACHMITOTHKA MHOro4IeHoB). OHAKO HA CAMOM JieJie JOCTATOYHO HEKO-
TOPBIX aJredpanvecKux CBOICTB IOJIT — KaK T'OBODPHAT, IIOJIE JIOJKHO
OBITH «BEIECTBEHHO 3aMKHYTBIM>.

[Tosie HazbIBaeTCs YynopadoueHHbLM, €CIM Ha HEM 3aJaH JIMHENHHBIA
MOPSIZIOK, IIPUYEM OH COIJIACOBAH CO CJIOXKEHUEM (1 < Y BJICYET T + 2 <
y + 2) u ymuoxenuem (x,y > 0 Bregér zy > 0).

139. ITokazkure, 9TO J1I060€ YIIOPSIIOUEHHOE II0JIE IMeeT XapaKTepucTuky 0
M 9TO B HEM CyMMa KBaJpaTOB HE MOXKET PaBHATHCA —1.

YuopsiioueHHOe TI0JIe HA3BIBAETCH 6EULLCMNEEHHO 3AMKHYMDBLM, €C-
Jin JII00OM MHOTOWJIEH, MMEIONIMI Ha KOHIAX OTPE3Ka pa3Hble 3HAKH,
uMeeT KOpeHb Ha 3TOM orpe3ke. (OTMeTuM B CKOOKAX, 9TO CYMIECTBYET
HECKOJIBKO 9KBUBAJIEHTHBIX OIMPEIEICHUI BEIECTBEHHO 3aMKHYTOIO I10-
Jis1, cM. yueOHUK BaH Jep Bapmena [4]; mbr BoiOpamn HanGosee ymoGHOe
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JUUIST HAIIKX TIeJIei. )

Mpbr He MOXKeM 3alHcaTh ONpeeJIeHIe BENEeCTBEHHON 3aMKHYTOCTH
B BuJie (pOPMYJIBI, IOCKOJILKY CTEIIEHb MHOTOUIEHA MOYXKET OBITDH JII0001.
Ho moxkHO HamucaTh MHOTO (hOPMYJI — I10 OJHOM JIJIsi KayKJ0i CTeleHn
MHOrowieHa. Hampumep, Jijisi MHOIOYJIEHOB CTEIleHH 2 HOoJIyduTcst hop-
MyJIa

(u<v) A (@a#0) A ((au® +bu+ c)(av? +bv+¢) < 0) —
— 3z ((u<2)A(z<v)A (az® +bx +c=0)).

Teopus, cocTosIas U3 AKCUOM YIOPAJOYEHHOTO 10JIs (B TOM YHUCIe
AKCHOM DABEHCTBA) U 9TUX JOHOJHATEJLHBIX AKCHOM, HA3BIBAETCS MeEo-
pueti sewecmsenno amkHymur nosetd. llokaxkem, 9ro B JI0O0OM Berre-
CTBEHHO 3aMKHYTOM II0JI€ BBITIOJHEHBI OCHOBHBIE (DAKThI O MHOTOUJIEHAX
U UX IPOU3BOAHBIX. [Ipekie BCero 3aMeTnM, 4To B aarebpe eCTeCTBEHHO
OTIPEJICNIATh IIPOM3BOJAHYI0 MHOTOWIEHA He KakK Ipees, a IucTo ¢op-
MaspHO: (27)" = nz" ! (a5t 060ro MOIOKUTEILHOTO HEJIOro n), Jajee
o simHeltnocT. CTerenb MPOU3BOIHON MHOTOWIEHA Ha €IHHUILY MEHbBIIe
CTeleHn CaMOro MHOTOYJIeHa. BBITOHEHBI OCHOBHDBIE TpaBmiia Judde-
peHIUpoBaHus (JIMHEHHOCTD, IPaBUIIO TuddepeHINPOBAHNS TPOU3BEIE-
uust, dopmysa Teiiiopa).

Temeps OTMETHM HEKOTOPBIE CBONCTBA MHOTOWIECHOB, CBSI3AHHBIE C
mopsiikoM. IlycTh MHOrOY/IeH B KAKON-TO TOYKE PaBEH HYJIIO, a MPOU3-
BOJIHAS €r0 B 9TOU TOUKe 6oJibIne Hyssd. Torma B HEKOTOPO OKPECTHOCTH
9TOIl TOYKHM OH IIOJIOKHUTEJIEH ClipaBa U oTpuuareseH ciesa. (B camom
Jiesie, MOYKHO TPpUMEHHUTD (hopmysty Teitytopa U OIEHKH, MOKA3bIBAIOIINE,
9710 BOJIM3U HyJIsl 3HAK OIIPEJEJISeTcs JIMHEHHON J4acThio. )

CrpaBe[yIMBO U CBOWCTBO COXPAHEHUSI 3HAKA: €CJIU B KAKON-TO TOY-
Ke MHOTOYJIEH ITOJIOXKUTEJICH, TO U B JIOCTATOYHO OJIM3KUX TOYKAX OH
mostoxkuresien. CiioBa «IOCTATOYHO OJIN3KUX» ITOHUMAIOTCS B OOBITHOM
cumbicsie (Je > 0), TOABKO Telepb &€ — He JIefiCTBUTENbHOE YUCIIO, a JJIe-
MEHT TOJISI.

AnayiornguabiM 06pa3zoM MOXKHO COPMYIUPOBATH U JOKA3aTh TAKOE
VTBEpKIEHUE: MPU BCEX JIOCTATOYHO OOJIBINMNX 3HAYEHUSAX apryMeHTa
3HAK MHOIOWIEHA OLPEEISeTcs ero crapmum koaddunuenrom (06brd-
HbIe OIIEHKW BIIOJIHE TOJSATCS).

Bosiee c10)kHO J0Ka3BIBACTCH, YTO UTO €CJIN IPOU3BOIHAS MHOTOUIIE-
Ha P(x) nonoxurensua Ha unrepsase (a,b), To OH HeyObIBaeT HA OT-
peske [a, b]. IlycTb 910 He Tak. [06aBUB K MHOIOWIEHY KOHCTAHTY, MOXK-~
HO CYUTATH, YTO JJIsi KAKUX-TO TOYEK C,d ITOTO OTPE3Ka MMEIOT MECTO
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uepaserctBa ¢ < d, P(¢) > 0, P(d) < 0 u moromy P umeer KOpeHb Ha
unrepsaje (¢, d) (BemecTBeHHAs 3AMKHYTOCTbD ).

Yucsio KopHeit MHOro4IeHa (B JII060M 110J1€) KOHEIHO, II09TOMY CPEJIU
kopueii muorouiena P(x) Ha unrepsase (¢, d) ecrb HAUMEHbBINU KOPEHb
a. CuieBa o1 v MHOTOUJIeH P JI0J12KeH GBITH II0JIOXKUTEJILHBIM (II0CKOJIBKY
KODeHb MepPBbIii), HO OJJHOBPEMEHHO BOJIM3M (v M OTPHUIIATEJBHBIM (Tak
kak P’(a) > 0 110 mpeiosiozKeHuo).

Tenepb JIETKO MOHATH, YTO MHOTOYJIEH C HOJIOKUTEIHHON IIPOU3BOI-
Hoit Ha (a,b) crporo Bospacraer Ha [a,b]: ecau GBI B JBYX TOYKAX OH
IPUHAMAJI OJIMHAKOBBIE 3HAYEHUS, TO MEXK,Ly HUMHU OH OBLI ObI KOHCTAH-
TOl (4ero He MOXKeT ObITh JIJisi HEHOCTOSTHHOIO MHOTOYJICHA).

CireicTBHE: MHOTOMIIEH, TIPOU3BOHAS KOTOPOTO HE UMEET KOPHeH Ha
(a,b), mbo crporo Bospacraer, ubo crporo yosiBaeT Ha [a, b]. B camom
JieJie, CBOMCTBO BElmeCTBEHHOM 3aMKHYTOCTH MOYXKHO IIPUMEHNATD U K IIPO-
U3BOJHOMN, CJICOBATEILHO OHA JTUOO BCIOAY HMOJIOKUTEIbHA, JTUOO BCIOLY
orpunarenbHa. B actHocTn, cupaseniusa Teopema Pojuts (MHOrO4IEH
C PaBHBIMU 3HAYEHUSIMU HA KOHIAX OTPE3KA MMEET HyJIb HPOU3BOIHON).

ITocsie Takoli TPEHUPOBKU HAIIU PACCYXKICHHS IPO 3HAKH MHOIO-
YJIEHOB JMArPAMMBI JIETKO IIPOBECTU JIJIg IIPOU3BOJILHOIO TIOJIs. JIerko
[OHATH TAKXKe, UTO JeJeHHe ¢ OCTaTKOM (TodHee, orepalms Moaudu-
[POBAHHOI'O OCTATKA) MMeeT CMBICJ JJIsl JII000r0 II0JIst, U YTO IIeJIble
qncsa (Koropbie 6bun Ko3bDUIMEHTaAME MHOTOWIEHOB) COJEPIKATC B
JII000M TIOJTE.

Wrak, sjuMuHAIIS KBAHTOPOB HTaéT (HOPMYJy, PABHOCUIBHYIO HC-
XOJHOM B JIIOOOM BENIECTBEHHO 3aMKHYTOM ToJie. OTcioa, Kak O6BI9HO,
CJIEJIyeT, UTO TEOPHsl BENIECTBEHHO 3AMKHYTBIX IIOJIEil COBIIAJIAET C JIe-
MEHTAPHON TEOPHEl YIOPSIOUEHHOTO OIS BEIIECTBEHHBIX IHUCEN U T10-
TOMY TIOJIHA, & TAKXKE Pa3pENnMa, ¥ 9TO BCE BEIIECTBEHHO 3aMKHYTHIE
YTIOPSIZIOYEHHBIE TIOJIsT SJIEMEHTAPHO SKBUBAJIEHTHBI.

5.4. HenonHble n Hepaspewnmble Teopum

[peapiaymit pa3gesa MOT CO3/IaTh BIEYATIIEHUE, YTO HAayTraJ| B3siTasi
TEOpHsi CKOPee BCEro OKAYKeTCsl IOJTHOM, pas3permMoil, a BO3MOXKHO, U
KOHEYHO aKCHOMATHU3UPYEMOI. DTO COBCEM HE TaK.

Orkyna BooOIIE GepyTcss B MaTeMaTHKe aKCHOMATHIECKUE TEOPUU?!
WMuorma MbI mblTaeMcsi IOCTPOUTH aKCUOMATHYECKH TEOPHUI0 KaKOH-TO
KOHKPETHON CTPYKTYDBI (CKayKeM, TEOPUIO JEHCTBUTEIbHBIX YHCEJ CO
CJIOKEHUEM M YMHOXKEHHEM). B JIpyrux ciaydasx Mbl cTapaeMcs Bblie-
JINTH OOIHEe CBONCTBA PA3JIMIHBIX CTPYKTYp. Hampumep, akCHOMBI TPy TI-
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bl (DUKCUPYIOT OOIIHE CBOMCTBA PA3IUIHBIX IPYIII, U C CAMOIO HAYAJA
sICHO, YTO TaKas TeOpUsl He JOJKHA M HE MOXKeT ObITh mosiHoil. To ke
caMoe MOXKHO CKa3aTh U IIPO TEOPHUIO JIMHEHHO YIOPSIOYEHHBIX MHO-
JKECTB — IIOJIHOTA TaKOi Teopun o3Hadasa Obl, YTO BCe JIMHEHHO YIIO-
psiIOUeHHbIe MHOXKECTBA, (MJIM IPYIIIBI) 3JeMEHTAPHO SKBUBAJIEHTHBI, TO
€CTb 00/IAJIAI0T OJTHUMHU M TEMU K€ CBOMCTBAME, BHIPAXKAEMBIMU (POPMY-
JlaMu. DTO, KOHEIHO, He TaK.

Yro KacaeTcs KOHKPETHBIX CTPYKTYD, TO U JIJIsi HUX €CTECTBEHHBIE
TEOpUU HEe BCerjla OKAa3bIBAIOTCS HOJHBIME. Kiaccumdeckuit mpumep —
HATypaJIbHbIE YHCJIA CO CJAOYKEHMEeM U yMHOXKeHueM. J[isg HuX mMeercst
ecrecTBeHHas (POpMaJIbHAas Teopus (HasbiBaeMasi POpMabHOI apudme-
tukoit). Eé akcmoMbl BKIIIOYaIOT B cebsi OOBIYHBIE CBONCTBA CJIOXKEHUS U
YMHOKEHUSI, 8 TAKXKe aKCHMOMbBI HHIAYKINU. OUBIT ITOKa3bIBAET, ITO JIIO-
60e paccyKJeHne TEOPUH UHCesI, B KOTOPOM pedb UJIET TOJIBKO O KOHe'-
HBIX 00bEKTaX, MOXKET OBITH (POPMAIHHO 3AIMCAHO B BUJE BHIBOIA U3 aK-
cuoM 310t Teopun. Bostee Toro, MHOrME JOKA3aTEIHLCTBA, UCIOIB3YIONINAE
HeckoHeUHbIe OOBEKTHI (CKayKeM, BayKHEHIIyIo B Teopuu 4duces (-pyHK-
o Pumana), MOryT 6bITh MOIUQUIIMPOBAHBI U IOTPYKEHBI B 3Ty dop-
MAaJIbHYIO0 TeOpHIo. TeM He MeHee 3Ta TeOpHsl HElo/Ha (1 He MOXKET ObITh
HOJIHA, KAK Mbl YBUJIAM B 9TOM pa3Jielie).

Cpe/in ecTeCTBEHHBIX HEIOJHBIX TEOPUI OBIBAIOT Pa3peInMble U He-
paspemumbie. Hanpumep, Teopust JTHHEHHO YIOPSIOUEHHBIX MHOXKECTB
paspernMa, Teopust abeseBbIX IPYII Pa3pelinMa, & TeOPHsl TPy He-
paspemuma. [logpobHbIil pacckas 006 9TOM JAJIEKO BBIXOIUT 3a PaMKH
namedt Kuavmkky; Hanmucanubiii M. O. PaburoM 0630p COOTBETCTBYIOMIMX
pPe3yJIbTaTOB MOYKHO HANTU B CIIPABOYHHUKE II0 MATEMATHIECKOU JIOTHKE
(wacte 111, Teopus pexypcuu [26], raasa 4).

MbI 2Ke OrpaHuIUMCsI TPeMsl IIpuMepaMi (Teopusl PABEHCTBA, TEOPHs
nostyrpymn, dopMasibHast apudMeTuKa).

Teopus paseHcTBa

PaccMOTpuM cUTHATYDY, CONEPIKAILYIO €UHCTBEHHBIH J1BYMECTHBIH
[PEeJUKAT PABEHCTBA, M TEOPUIO, COCTOSAILYIO U3 TPEX AKCHOM PABEHCTBA
(pedIeKCHBHOCTD, CUMMETPUIHOCTD U TPAH3UTUBHOCTD). DTH AKCHOMBI
paccMaTpPUBAINCh B pa3jieie b.1; 3aMeTuM, YTO y HAC HET JAPYIHX Ipe-
JIIKATHBIX W QYHKIMOHATLHBIX CHMBOJIOB (I CBSI3QHHBIX C HUMH AKCHOM
PaBEHCTBA).

MogiessiMu 9TOI TEOPUHU SIBJISIFOTCS BCEBO3MOXKHBIE MHOXKECTBA C OT-
HOIIEHUSIMA 9KBUBAJEHTHOCTH. HOPMAJIBHBIME MOJIEISAMU 3TOH TEOPUH
SIBJITIOTCA MHOZKECTBA PA3JINIHON MOITHOCTH; ITOCKOJIBKY HUKAKOH J10-
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MIOJIHUTEJILHOM CTPYKTYPBI HET, TaKast MOJIEJIb OIPEJIEJISETCA MOITHOCTHIO
(¢ TounocThIO 110 M30MOpduzma). Teopemamu 31oit Teopun GyayT Hop-
MYJIBI ¢ PABEHCTBOM, UCTHHHBIE B MHOYKECTBaX JIIOOON MOITHOCTH.

Teopema 68. MHOKeCTBO T€OpPEM TEOPUH PABEHCTBA SIBJISIETCS Pa3pe-
IITUMBIM.

< 3amMeTuM, 9TO UCTUHHOCTH (DOPMYJIbI B HOPMAJIBHON MOMIE/IN MOXKET
zaBucerb or eé momuoctu. Hanpumep, dopmyna Jrxdy—(xz = y) aox-
HA B OJTHORJIEMEHTHOM MOJIEJI U UCTHHHA BO BCEX OCTAJBHBIX. [losTOoMYy
[POIEyPa SJIUMAHAIMA KBAHTOPOB B YUCTOM Buje (6e3 paciimpeHus
CUTHATYDBI) 3/I€Ch HEIIPUMEHUMA..

Ho unest ocraéres rToit »xke. OT 49ero 3aBUCUT UCTUHHOCTH (HOPMY-
JIBI 9TO# curHaTYphl (¢ mapamerpamn)? Bo-miepBeix, OT 3HaUeHUit mapa-
MeTpOB (BayKHO, KaKue [apaMeTpbl PaBHBI JIPYT JPYTY, a KaKhe Her).
Bo-Bropbix, or uncia saementoB mogeu. (Eciu 661 910l 3aBuCHMOCTH
He OBLIO, TO MOXKHO OBLIIO ObI HAIIMCATH OECKBAHTOPHYIO (DOPMYILY, SKBU-
BaJIHTHYIO JIAHHOW BO BCEX MOJIEJISIX TEOPHU. )

Hanpumep, dopmysa 3z (—(z = z) A =(z = y)) npu & = y ucruHHa
BO BCEX MOJIEJISIX, HAYMHAS C JIBYX3JIEMEHTHOW, a MpU & # Y UCTUHHA
BO BCEX MOJIEJISIX, HadMHAsT C TPEX3deMeHTHOW. MOXKHO OXUJIATh, ITO
MOJIeJIn C 60.HI)HII/INI YUCJIOM 3JIEMEHTOB HEOTJIMYUMBI JIPYT OT JIpyTra 1 OT
OECKOHEYHBIX MOJIeJIeit.

Jlemma. UctunnocTh (DOPMYIIBI SI3bIKA C PABEHCTBOM, COJIepIKaIeii k
apaMeTpoB U UMeIeil KBAaHTOPHYO IIyOuHy [, OIIpeIeisieTcsi TeM, Ka-
KUe U3 IapaMeTpPOB PaBHBI JAPYT APYIY, & TaKyKe MOIIHOCTbIO HOCHUTEJIS,
[IpU STOM BCE MOIIHOCTH, OoJibIie k + [, OMMHAKOBBI.

JloKaxkeM JIEeMMY C IIOMOIIbIO UHIAYKIMK 110 ITOCTPOEHUIO (DOPMYJIBL.
s aromapuoit (u BooGe yist 1i060i 6eCKBaHTOPHO#) HOPMYJIBI MOIII-
HOCTH BOODIIE HEe Urpaer posu. Kcin yTBep:KIeHne JIEeMMbI BEPHO JIJist
dopmyst ¢ u 1P, TO OHO OUEBUIHBIM 00PA30M BEPHO U i @ A 1, ¢ V 1,
© — ¢ u —p. Ilpu sTOM HCHIOIB3yeTCst TaKoit (haKT: KBAHTOPHA IVIyOUHA
(YMCII0 BIIOXKEHHBIX KBAHTOPOB) M IHCJIO TIADAMETPOB y YacTi (DOPMYJIbI
He OoJIbIle, YeM y BCell (pOPMYJIbI.

ConeprKaTesbHbIN ciIydail — Korya (popMysia HAYMHAETCS C KBAHTO-
pa. Korma, ckaxem, dhopmyiia

Elx(p(xwxla v 7xk)

C mapaMeTpaMu Iy, ..., T OyJeT UCTUHHOH (B JAHHON WHTEpIpeTalun
[pK JAHHBIX 3HadeHusax napamerpos)? Jlocrarouno monpoboBaTh B Ka-
9ecTBe T 3HAYEHUS T1,...,TL & TaKXKe KAKOH-HUOY/Ib 9JIEMEHT, 0TI~
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HBI OT Bcex arux 3Hadenuii. (Bce Takue 3j1eMEHTHI HUYEM HE OTIMYA-
1orcst.) Uceruanocrs dopmyisl o(x, 21, ..., L) IPA T = &; OIPEIeJIs-
€TCsl COOTHOIIEHUSIMU MeKJly IIapaMeTPaMd M MOIIHOCTBIO Mojeu (110
IIPEIIOJI0KEHNIO UHLYKIIMU; 3aMEeTHUM, 9TO YUCJIO IapaMeTPOB yBeJIndn-
Joch Ha 1, a KBaHTOpHas IuyOuMHa yMeHBIIWJIACH Ha 1, Tak 9TO cymMMa
ocrayiach npexHeit). CyliecTBOBaHue 3JEMEHTa, OTJIMIHOIO OT BCEX Xj,
OIIPEIEIACTCS MOITHOCTHIO MOAE/IN I 9HCIOM PA3JIMIHbBIX 3JIEMEHTOB Cpe-
I Z1,...,Tk (TO €CTh B KOHETHOM CUéTe PaBEHCTBAMU BHIA L; = &j).
IIpu 3TOM MOmem Bcex MOIHOCTEM, HaunHasd ¢ k + 1, BeayT cebs omau-
HakoBo. Kpome Toro, uctunHOCTH dOpMyIBl @(T,Z1,...,2E) UIPU T &
¢ {x1,..., Tk} 1O IPEIIIOTIOKEHUIO NHJLYKIMHI TaKKe OIPeJIeNseTCs] pa-
BEHCTBAMI BHIA &; = T; U MOIIHOCTHIO MOIEJIH.

KBanTop BCeOOIIHOCTH PACCMATPUBACTCS TOYHO TaK 2Ke (& MOXKHO ero
BBIPA3UTh Yepe3 KBAHTOD CYIIECTBOBAHUS U BOODINE HE PACCMATPHUBATD ).
Jlemma goxkazaHa.

JlokazaTeabCTBO JIEMMBI KOHCTPYKTUBHO, TO €CTh YKA3bIBAET CIIOCOD
y3HaATh, Oyier jiu popMysIa UCTUHHOM, €CI U3BECTHO, KaKHe e€ mapaMer-
PBI pABHBI U KAKOBA MOIITHOCTb HOCUTEIsI. B wacTHOCTH, J1/TsT 3aMKHY THIX
dopmyit mostydaeM crrocod MpoBepsiTh MX UCTUHHOCTD J1JTsl BCEX 3HAUEHU
MOIITHOCTH, TO €CTh BBIBOJIVMMOCTb B T€OPUHN PAaBEHCTBA. [>

140. PaccMoTpuM Teopwio, B CUTHATYPe KOTODOH €CTh PaBEHCTBO U KO-
HEYHOE YUCJIO OJHOMECTHBIX IIPEIMKATHBIX CHMBOJIOB, & AKCUOMAMHU SIBJISIOTCS
AKCHOMBI PABEHCTBA (BKJIIOYasl yCTOWIUBOCTD IPEJUKATOB OTHOCUTEIBHO pa-
BEHCTBA, Kak B paszese 5.1). Ilokaxkure, 9T0 9Ta TEOPUS PAa3pelInMa.

(Vkazanue. MoKHO IPOBECTH /IMMUHALUIO KBAHTOPOB, J00ABUB K CHTHA~
Type CYETHOE YUCJIO HYJIbMECTHBIX MTPEIMKATHBIX CUMBOJIOB IIOMUMO YK€ MMe-
IOIAXCA OJHOMECTHBIX TIPEIUKATHBIX CUMBOJIOB P, ..., P,. A umenno, mis
KaXKJIoro n-OUTOBOIO CJI0BA z M JJIsl KaXKJ0r0 HATYpPaJbHOro k Mbl J00aBIIsI-
€M yTBEPXKJEHUE O TOM, U4TO CYyIIECTBYET POBHO Kk 3JIEMEHTOB X, JJIsi KOTOPBIX
(P1(z),...,Py(z)) paBuo z.)

DTa 3aa1a MOKA3bIBALT, ITO J00AB/IEHNE OJHOMECTHBIX MIPEINKATOB
B CHTHATYDPY HE JIeJlaeT TEOPHUIO0 PAaBeHCTBAa Hepaspemumoil. Ormernm,
9TO paclIMpeHne CUrHaTypbl (6e3 u3MeHeHHs] MHOXKECTBA AKCHOM) MO-
2KET IPEBPATUTH Pa3PENIIMyI0 TEOPUIO B HEPA3PEIINMYIO: HAIPUMED,
JI00aBUB KOHEYHOE YHUCJIO OJHOMECTHBIX (DYHKIIMOHAJIBHBIX CUMBOJIOB K
TEOPHUU PABEHCTBA, MOJIYYMM HEPA3PEIIUMYIO TE€OPUIO (KaK MbI BCKODE
VBUINM, JTOKa3bIBas TeopeMy Uépdua C MOMOIIBIO MPODJIEMBI TOXKIECTBA
It nosyrpyni, ¢. 191). JTobasiieHue 0fHOrO JBYMECTHOIO IIPEJIUKATHO-
IO CUMBOJIA TAKXKe JTaéT HEPA3PEINMYI0 TEOPHIO.
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Teopus nonyrpynn

Hamr Bropoit mpumep — Teopust moayrpymnm. Eé curmarypa cocrout
U3 PABEHCTBA U €JUHCTBEHHOI'O JIByMECTHOIO (DYHKITHOHAJIBHOTO CHMBO-
JIa, HA3bIBAEMOI'0 YMHOXKEHUEM; PE3Y/IbTaT YMHOXKEHUS & U Y MbI OyjieM
o6o3HavaTh (TY).

Teopusi COCTOUT U3 AKCUOM PABEHCTBA (B HUX BXOIUT KOPPEKTHOCTH
ymuoxkenus: (x1 = x2) A (y1 = y2) — (T1Y1 = ZaY2); MBI OIyCKaEM
BHEIIHUE KBAHTOPBLI BCEOOIIHOCTH) ¥ AKCHOMBI ACCOIUATHBHOCTH

VavyVz ((zy)z = z(yz)).

Hopmasbable MOfie/n 9T0# TeOpUU HABBIBAIOTCH NOAY2PYNNAMU.

Teopema 69. MHOkKecTBO TeopeM TeOpHUH MOJIYIPYIIl (TO €CTh MHO-
2KECTBO 3aMKHYTHIX (POPMYJT YKA3aHHOW CUTHATYPBI, HCTUHHBIX BO BCEX
[OJIYIPYIIIaxX) HEPa3PeuMo.

<! Ham monamoburcst KOHKPETHBIN CIIoco0 3a/iaHus MOIYTPYII C II0-
MOIIBIO 0Opazytonux u coorHomennii. [Iycts dpukcupoBano HekoTOpoe
KOHEYHOE MHOXKECTBO, HA3bIBAEMOE A.APa6UMOM. DIIEMEHTHI €r0 HA3bIBa-
0T 0YK6aMU, & KOHEUHBIE TI0CIEI0BATEILHOCTH OYKB — CA06amu (1aH-
noro asidasura). Ha cioBax oupezienena oneparys coejutenust (IIpUIm-
CBIBaHUS ), OTHOCUTEIHHO KOTOPOH OHU O0PA3yIOT HOJIYIPYIILY, KOTOPAast
HA3BIBAETCS 680000101 NoAY2pynnotl. DTa MOJYTPyIIINa IMeeT HeHTPATb-
HBI 3JIEMEHT — IIyCTO€E CJI0BO, IPUIMCHIBAHIE KOTOPOTO K JIIOOOMY CJIOBY
HE MEHsIET I1OCJIeTHEro.

[Iyctb dukcupoBan ajdasur A, a TaK»Ke KOHEYHOE YUCJIO AP CJIOB
(X1,Y7),...,(X,,Y,) sroro andasura. Isa ciosa andasura A Ha30BEM
SKBUBAJIEHTHBIME, €CJIU OJTHO MOXKHO IIPEBPATHUTH B APYTOe, MHOTOKPAT-
HO Jejasg 3aMeHbl TOCI0B Buaa X; <> Y;. Jlerko mpoBepuTh, 9TO TMO-
JIy4aeTCsl OTHOIIIEHNE SKBUBAJIEHTHOCTU U YTO OIIE€PAIHS ITPUINCHIBAHUS
KOPPEKTHO OIpejiejieHa Ha KJIACCaX dKBUBAJECHTHOCTH U ACCOIUATHUBHA.
Ilonyuaercsa momyrpymnma. E€ Ha3plBaloT HOIYTrpyHIoi ¢ 06pasyrowumu
u3 A u coommowenuamu X; =Y;.

141. CxOIBKO 3JIEMEHTOB B IOJIYrpyIIe ¢ obpa3yomuMu a U b 1 cooTHO-
menusamu o’ = A, b2 = A, ab = ba (depe3s A MbI 0GO3HAYTACM IYCTOE CI0BO)?
(Orset: 4; aro rpynna (Z/27Z) x (Z/2Z).)

W3BecTHO, ITO CYNMIECTBYIOT TaKue 00pa3yIolie U COOTHOIIEHUSI, IPU
KOTOPBIX MPO0JIeMa PABEHCTBA CJIOB (BBISACHATH, NPUHAJJIEIKAT JIU IBa
JIAHHBIX CJI0BA OJHOMY KJIACCY SKBUBAJEHTHOCTH) SIBJISIETCS AJITOPUTMU-
4yecku HepaspemmMoil (rmogpobuee cM. B [5]). Mbl ceituac mokazkem, 4ro
3TOT BOIPOC MOYKHO CBECTU K BOIIPOCY O BBIBOIAMMOCTH HEKOTOPOi (op-
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MYyJIbI B TEOPHUU MOJIYI'PYIII, TAK 9TO €CJId Obl OHa ObLIA PA3PEIUMOIL, TO
MOJTY IUJIOCH OBl TTPOTUBOPEYHE.

TlocTpoenue Takoit OpMyY/IBbI TPOUCXOIUT BECHMA €CTECTBEHHBIM 00-
PAa30M; MBI IIOICHUM €r0 Ha mpuMmepe. IIycTh MbI XOTMM y3HATh, OyIyT
s cjioBa bb 1 a paBHBI B IOJIyTPYyIIIe ¢ 0Opa3yoIUMu ¢ U b U COOTHO-
meausamu ab = aa u bab = b. (Jpyrumu cjaoBamu, Mbl XOTUM Y3HATD,
MOKHO JTM U3 CJIOBa bb MOJIYIUTH CJIOBO @ C MOMOIIBIO 3aMEH MOJICJIOB
ab « aa u bab < b.) Kax cdopmysupoBarsb 10T BOUPOC B T€PMHUHAX
dopmys? Hamumem rakyio popMyiry:

Yavb ((ab = aa) A (bab = b) — (bb = a)).

Ona gBjageTcss TEOPEMON TEOpUU MOJIYIPYINl (MCTUHHA BO BCEX IIOJIY-
IPYIIAX, BBIBOIUMA U3 AKCHOM IHOJIYIPYI) TOTAA U TOJBKO TOJIA, KO-
ra cjaoBa bb M a SKBUBAJIEHTHBI B YKA3aHHOW IOJIYTPYIIIE, 3aIaHHON
00pa3yIOIMMHI U COOTHOIIEHUSAMU. B caMoM Jiejie, eCiid OJIHO CJIOBO MOXK-
HO TIOJIy9HUTh U3 JPYIOro 3aMEHaMHU, TO 9TU 3aMeHbI (B [IPEIIOI0KEHNN
ab = aa u bab = a) HUYero He MeHSIOT U bb = @, TAK YTO HAIMCAHHAS
dopMysia ICTUHHA BO BCEX MOJIyTPYIIIaX.

Hamporus, eciu ciioBo a He nosryvuaercst u3 bb 3aMeHOI, TO CYIIECTBY-
€T IOJIyIPYIIa, B KOTOPOil 3Ta (GopMy/ia HE NCTUHHA: HAJO B3ATHb KakK
pa3 MOJIyTpyIIny ¢ oOpa3yomuMu ¢ u b U cooTHOIeHusMu ab = aa u
bab = b, 3HAYEHNEM IIEPEMEHHON @ CUMTATH KJIACC CJIOBA ¢, 8 3HAYEHUEM
nmepeMeHHoi b cunrarh Kiaacc ciaosa b. Torma snadenunem Tepma ab Oyaer
KJIacC cJI0Ba ab, paBHBIN KJIACCY CJIOBA (@ MO MOCTPOEHUIO Oy TPYIIIIHL.
AmnayornaapiM 06pa3oM TIPU TaKo OIeHKe OY/IeT UCTUHHO M PABEHCTBO
bab = b. A pasencrtBo bb = @ He OyjeT UCTUHHO, TAK KaK 3HAYEHUE Tep-
Ma bb ecTb Kitacc coBa bb, 3HaUeHNE TepMa @ eCTh KJIACC CJIOBA @, & 9TU
KJIACCHI PA3JINYHBI 110 [IPE/IITOJI0KEHUIO.

Taxum 06pazom, 000 AJITOPUTM, TPOBEPSIONINIT HICTUHHOCTH (DOP-
MYJI B KJIACCE BCEX IOJIyTPYIIIL, MOYKHO OBLIO ObI UCIOJIB30BATH JJIsl IPO-
BEPKH PAaBEHCTBA JIBYX CJIOB B IOJIYTPYIIIE, 33IaHHON 00Pa3yIoNMu 1
COOTHOIIEHUSIMU. A Cpeji TAKUX MOJIyI'PYIII €CTh Hepa3peIuMbie. >

Teopus rpynin (B KOTOPOIi, IOMUMO aCCOIUATUBHOCTH, €CTH €IIE aK-
CHOMBI CYIIECTBOBAHUS €IUHUILI U OOPATHOIO), TAKXKE Hepa3pelnMa,
HO JTOKa3aTeJIbCTBO 9TOTO CJIOXKHEe, UYeM I MOJIYTPYI. ITO U HE YIu-
BUTEJIHHO, HOCKOJIbKY M3 HEPa3PENIMMOCTH TEOPHUHU Py (HOPMAIHLHO
BBIBOJIUTCS HEPA3PEIINMOCTh TEOPUU IOJIYTPYIH, KaK IIOKa3bIBAET CJie-
JLyIOIast 3a/a9a.

142. IlycTs Teopus T paspemmmMa, a Teopus 1’ Toif ¥Ke CHTHATYPEI TIOJIY-
yaerca u3 T gobaBIeHIeM KOHEYHOro umncia akcuoM. Torna teopus T” paspe-
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muuMa. (yKaSaHI/IeZ JOIIOJTHUTEJAbHbIEC aKCHUOMBI COCIUMHAECM KOHDBIOHKIMUAMU U
[IOMENAeM B HOCBLUIKY UMILIMKAIH. )

JlobaBiieHre aKCHOM MOXKET CJIeJIaTh HEPA3PEIINMYI0 TEOPUIO pa3pe-
mumoii. Hanmpumep, Kak MbI y2Ke YIIOMUHAJIN, 3TO IIPOUCXOIUT C Teopueit
rpynn npu J100aBIeHUN aKCHOMbBI KOMMYTATHBHOCTH.

Teopema Yépua

W3 ckazaHHOTO JIETKO CJIe/IyeT 3HAMEHuTas TeopemMa épua o Hepas-
PEIUMOCTH MCYUCIEHUS IIPEINKATOB:

Teopema 70. He cytecTByeT ajgroputrMa, MpoOBEPSIONIEro O0Ie3HATN-
MOCTBb (POPMYJI TIEPBOTO MOPSIIIKA.

B 310t bopMyIMPOBKE HE OrPAHUYMBACTCS CUIHATYPaA (OT aJropuT-
Ma TpebyeTcst, 9T00bl OH OMpPeIessyl O0IME3HATNMOCTh (POPMYJIBI C IIPO-
U3BOJIHBIM YHCJIOM MPEIUKATHBIX U (DYHKIMOHAIBHBIX CUMBOJIOB). Ha
caMOM Jiejie HEPA3PEITNMOCTh BO3HUKAET yKe B COBCEM IIPOCTBIX CHUIHA-
Typax, KaK BHUJHO U3 JOKA3aTEIbCTBA.

<1 TlockoJibKy Teopusi MOJIYTPYIIl KOHEYHO AKCHOMATU3UPyeMa, TO
BBIBOJIUMOCTB (DOpMysIbl F' B 9TO# Teopun pPaBHOCUIbHA OOIIE3HATAMO-
ctu dpopmynsl A — F, rie A — KOHBIOHKITUS BCEX aKCHOM TEOPHH I10-
Jyrpymi. >

Kaxk Mbl BugnM, OOIE3HAMUMOCTDH HEPA3PEITuMa y2Ke JTsd (hOPMYIT
¢ PABEHCTBOM M OJHUM JBYMECTHBIM (DYHKIIMOHAJILHBIM CUMBOJIOM (UC-
[OJIb3yEMbIM KaK YMHOYKEHHE B IIOJYIPYIIIE).

Hewmmuoro npyroit BapuaHT paccyzK/IeHus MO3BOJISIET T0KA3aTh HEPA3-
PEIIMOCTD ODIIE3HAINMOCTH it (DOPMYJI C PABEHCTBOM U OJTHOMECTHBI-
MU (DYHKITUOHAJIHHBIMUA CUMBOJIAMU. 3aMETUM, 9TO BOIIPOC O TOM, MOXK-
HO JIA TIOJIyYUTH OJIHO CJIOBO U3 JPYIOr0 C MOMOIIBIO 3aMEHBI I10JICJIOB
110 TPaBUJIAM, MOXKHO CBECTH K BOIPOCY 00 OOIINE3HAYUMOCTH HEKOTO-
poit dopmyiel. [lycTh, HAIpUMED, MBI CHOBA XOTUM Y3HATH, MOXKHO JIA
n3 cjaoBa bb TOYYIUTH CJIOBO @ C MTOMOIIBIO 3aMeH IMOACIOB ab < aa u
bab < b. JIns sToro HamuimeM (GpopMyry

Var (a(b()) = a(a(2))) A Va (b(a(b(x))) = b(x)) — Va (b(b(x)) = a(x)).

Hec10XHO TOHATH, 9TO €¢ 00IIE3HAYNMOCTh PABHOCHIBLHA BO3MOKHOCTH
MOy IUTD @ U3 bb ¢ TOMOIBIO yKA3aHHBIX 3aMeH. B camowm fete, memoyaka
3aMeH JIaéT IeN0UKy paBeHCTB, coeputstomux b(b(x)) u a(x). Hanporus,
€CJIM 3aMEHbl He TEePeBOAAT bb B a, TO CyNIECTBYET MHTEPIPETAlys, B
KOTOPOIT 3Ta (opMysia JIOXKHA. A MMEHHO, B KQYECTBE HOCHUTEJIs] ITOU
UHTEPIIPeTalul BO3bMEM MHOXKECTBO BCEX KJIACCOB CJIOB (B OIUH KJIACC
BXOJIAT CJIOBA, IMOJIyYalOlUecst APYr U3 Apyra ¢ HOMOIIbIO 3aMeH). Ha
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9TUX KJIACCaX KOPPEKTHO OIpe/esIeHbl (DYHKIMU NPUNUCLIBAHUS CJIEBA
6ykB a u b. Bosee Touno, eciiu U — oxun u3 kiaccos, 1o yepe3 A(U)
MbI 0603HAUUM KJIACC, COAEprKalmii caoBa au mist Beex u € U. (Bee stu
CJIOBa JIEXKAT B OJIHOM KJIacCe: eI U’ MOJIyYaeTCd U3 U 3aMEHAMHU, TO U
au' TIOJIy9aeTCd U3 qu TeMU Ke 3aMEHaMU. ) AHAJIOMMYHO MbI OIIPEIEIAEM
dyukuuio B Ha kiaccax. Jlerko nonsats, uro A(B(U)) = A(A(U)) mia
smoboro kimacca U. B camom mene, ecnmm u — cimoBo u3 U, TO ¢I0BO au
sexknt B A(U), crnoso bu nexknr B B(U), a cioBa abu n aau jexar B
kinaccax A(B(U)) u A(A(U)). Ho 3Tu cj10Ba IEPEBOASTCS IPYT B IPYTOH
3aMeHoll ab <+ aa, ¥ MOTOMY JBa 3TUX KJIACCA COBIAIAIOT. AHAIOrMIHOE
yTBEpIKJIeHHe BEepHO M st BTOpoil 3amensl. A Bor B(B(U)) = A(U)
BEPHO He BCerja: ecyid B KadecTBe U B3dATb KJIACC IYCTOTO CJIOBA, TO
B(B(U)) 6yner kaaccom cioBa bb, a A(U) Gyaer KiraccoM cJIoBa a, U 110
IIPEJIITIOJIOXKEHUIO KJIacChl OyyT pasHbiMu. Tak 4uro ¢ynkiuu A u B Ha
KJIaccaX CJIOB MOKA3BIBAIOT, YTO Halla (POpMyJ/ia He OOIIe3HadInMa.

®DopmanbHas apudmMeTnka

PaccMOTPEM MHOKECTBO HATYPAJIbHBIX UUCEN C OTIEPAIMAME CJIOKE-
HUsl U YMHOXKEHHUsI 1 ero vj1emenTapuyio reoputo Th(N, =, +, x), To ecTb
MHOXKECTBO BCEX MCTHHHBIX (B HATYPAJIbHOM Dsiity ) POPMYJI CO CJIOKEHU-
€M U YMHOXKEHHEM. DTO MHOXKECTBO, OUEBUIHO, MIOJHO. MOXKHO JI0Ka3aTh
(em. [5]), uro oHO Hepaspemmmo (u, Gosiee TOrO, HeapUMMETHIHO, KaK
rosoput TeopeMa Tapckoro).

Orciona caenyer, uro Teopus Th(N, =, +, X) He aBiAgeTCSI KOHEYHO
akcuomarusupyemoii. (B camom zese, ara Teopus mojHa U Hepasperiu-
Ma, 1 MOXKHO COCTIAThCs Ha Teopemy 67.) Bosee Toro, 310 ke paccykie-
HHUe MOKa3bIBAET, YTO HE CYIIECCTBYET Pa3pelliMOro MHOYXKECTBa TEOpeM
9TOI TEOPHHU, U3 KOTOPBIX OBl BLIBOJMJINCH BCe JIpyTue Teopembl. OTcrona
CJIEJIYeT, ITO KJIACCHIECKasi CUCTEMa aKCHOM (POPMAaJIbHOI apudMeTHKH,
Ha3bIBaeMas Takxke apugpmemuroli Ileano (cBoiicrBa apudmerndeckKux
oleparyii IUII0C AKCMOMbI MHJIYKIMI), HE MOXKeT ObITh HOJIHOM: Cylie-
CTBYIOT UCTHHHBIC (DOPMYJIbI, HeBBIBOAUMBIE B (bopMasbHOI apudmeTn-
Ke. DTO yTBEpKJICHHE COCTABJIAET COJIEP:KaHHMe 3HAMEHUTOH meopemol
T'édeas o nenoarnome.

143. ITokaxkure, 9TO HeJb3s 106aBUTD K A3bIKy Teopuu Th(N, = +, X) Ko-
HEYHO€ YUCJIO BbIPA3UMBIX IIpEJIUKaTOB TakK, qTO6BI II0CJI€ 9TOr'0 IIPpOXOoJauJIa
MMUHAINSA KBAHTOPOB. (YKa3zanue: apudMETUIECKAS NEPAPXUS HE OTDAHU-
YUBAETCS HUKAKAM KOHEYHBIM YHCJIOM YPOBHEH.)

144. HOKa.}KI/ITe, 9TO JIeMEeHTapHasd Teopusd IeJIbIX 9UCeJI CO CJIO2KEHUEM Un
YMHO2KE€HUEM CBOJUTCHA K SHeMeHTapHOﬁ TeOpUU HATYPAJBbHBIX YUCEJI CO CJI0-
JKEHWEM U YMHOXKEHHEM: 110 3aMKHYTOI (hOpMyJIe ¢ CO CI0KEHUEM U yMHOXKe-



[o. 4] Henoanvie u nepaspewumvie meopuu 193

HEEeM MOYKHO aJITOPUTMIYECKH TOCTPOUTE (DOPMYITY ¢ C TAKHM CBOHCTBOM: ¢
WCTUHHA B 7 TOorJa U TOJIbKO TOI'Zla, KOora QO/ uctuuHa B N. (yKaSaHI/IeZ IIeJible
YUCJIa MOXKHO KOJAVWPOBATHL IMapaMu HaTypaJIbeIX.)

145. (IIpomomxkenne) Ilokaxkure, 9TO BEPHO U OGpaTHOE: IJIEMEHTAPHAS
Teopusd HATYPAJbHBIX YHCEJI CBOJUTCA K SJIeMeHTa,pHOﬁ TeoOpUuun I1eJIbIX JUceJI.
(Vkazanmue. Ecsin 6b1 B 1esbIx 9mcsiax GbLT MOPSIOK, 9TO OBLIO GBI COBCEM MPO-
cro. YToOBI €ro BBECTH, MOKHO HCIIOJIB30BaTh TeopeMy Jlarpam:ka o ToM, 4TO
BCAKO€ HaTypaJIbHOE 9UCJIO ITPEJACTaBUMO B BUJI€ CyMMBbI ‘IeTpréX KB&lﬂ‘paTOB.)

Byaner sin teopus Th(N, =, +, X) kareropudoii B C4ETHON MOIIHO-
cru? JIpyrumu cjoBaMu, UMeET JIM OHA CUETHYIO MOJEJb, HEe N30MOPdh-
HyTO cTangapTHoit! Panbiie, /iy 60ojee POCTBIX CHTYyaIuil, HAM yIaBa-
JIOCh YKa3aTh TaKWe MOJIEHN siBHO. Tereph 9T0 He YJIACTCs, HO €CTh IIPO-
croe ofIee paccyKieHre, yCTaHAB/IMBAOIIEE CYIIeCTBOBAHUE HECTaH-
napraoit Mogesn. (OHO AHAJIOMMYHO PACCYKJIEHUIO, UCHOJIb30BAHHOMY
[IPU JIOKA3ATEIHCTBE TEOPEMbI 5.2.)

Paccmorpum nocsiegoBaresnsHocts dopmya Fo(z), Eq(x), Ea(x), ...
C eJJMHCTBEHHBIM mapamMeTpoM x, ruae F;(x) — mobas dopmymna, BbIpa-
JKaomast B CTaHAApTHOH Momenn cBoiictBo x = 4. (Eciau Obl y Hac B
sI3bIKe ObLIa KOHCTaHTa 1, MOXKHO GbLIO ObI cunTarh F;(x) GecKBaHTOD-
Hoit popmysoit © = 14+ 14...4 1, B mpaBoit 9aCTH KOTOPOIf CTOUT TEPM
¢ i eIUHUNAMU. )

JobaBuM K CUTHATYpPE HOBYIO KOHCTAHTY C U PACCMOTPHUM TEOPHUIO,
nonygaemyio u3 Th(N, =, +, x) mobasienuem caérHoro cemeiictsa dbop-
My —F;(c) (mo cymecrBy Mbl gobasisiem dbopmysst ¢ £ 0, ¢ # 1,...,
3alMCaHHBIE TOAXOAAIUM 06pa3oM). JIroboe KOHEUHOE IIOJMHOYKECTBO
[OJIyYeHHON TEOpUH MMeeT MOJENb (BO3BMEM CTAHJAPTHBI HATYpAJb-
HBI PsIJL U B KAQUeCTBe ¢ BbIOEpeM J0CTaTouHO Gosibioe 1ncio). Cieno-
BareabHO (TeopeMa 50 0 KOMIIAKTHOCTH), M BCH 3T& TEOPUS COBMECTHA.
Paccmorpum €€ cuéTHyI0 HOPMAJIBHYIO MOMENb U 3a0y/IeM O CUMBOJIE C;
[OJIyYUTCS HEKOTOPAasl UHTepIIpeTanus curuarypsl (=, +, x). Oua Gyuer
3JIEMEHTAPHO SKBUBAJIEHTHA CTAHJIAPTHOMY HATYPAJIBHOMY psiy (Bce uc-
TuHHble B N (bOpMyJibl OyyT UCTHHHBI 110 ITOCTPOEHUIO, a8 BCE JIOXKHbBIE
OyJIyT JIOXKHBI, TAK KAK UX OTPUIAHUSI UCTUHHBI).

Ocrajioch MoKa3aTh, 9TO OHA He OyJeT M30MOpPQHON HATYPATHHOMY
paxy. B camom nesie, paccMOTpUM 3JIEMEHT, KOTODPBIN SIBJISIETCS 3HAtE-
HUEM KOHCTAHTBI ¢ B HecTaHIapTHON Mojean. OH He MOXKeT IePEXO/IUTh
HU B KaKOe HATYpajbHOE YHUCJIO %, IIOCKOJBbKY JJIsi COOTBETCTBYIOIIMX
(zpyr apyry npu uzoMopdusMe) 3JEeMEHTOB BBIIOJIHEHbI OJHI U Te YK€
dopmyibl, F;(i) uctunuo B HaTypasbHOM pany u E;(c) jgo0xHO B HOBOI
WHTEPIIPETAINN.
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146. ITokazkure, 9TO HANIETCST HOPMAIbHAS UHTEPIIPETAIUS CKOJIb YTOIHO
0OJIBIIION MOIIHOCTH, SJIEMEHTAPHO SKBUBAJIEHTHAs HATYPAJIbHBIM UHCIIAM CO
CJIOYXKEHUEM U YMHOXKEHUEM.

5.5. [lnarpammbl n paclumperuns

B pazmene 5.2 Mbl BUETH, 9TO JIEMEHTAPHBIE PACITHPEHUsT HHTEP-
uperanuu A cytb Mogenu reopun Th 4 (A). A 9o MOXKHO cKa3aTh O pac-
mmpenusx (6e3 rpeboBanust saeMentaprocT)? OKa3bIBaeTCsl, 4TO CUTY-
anys TYT aHAJOIMYHA, TOJIBKO Teopus OyeT GeCKBAHTOPHOIA.

IMycTs Jana HOpMaJIbHAS UHTEPIpeTanys A curHaTypbl o (BKJIIOYAIO-
uieit paBencTso). Kak u B mponuiom paszjesie, pacCMOTPUM CUTHATYDY T 4,
KOTOpasl MOJydaeTcs: JOOABJIEHHEM K ¢ KOHCTAHT JIJIsI BCEX 3JIEMEHTOB
unrepuperamuu A. PaceMmorpum tenepb Bce GeCKBaHTOPHBIE (POPMYJIBI
CUTHATYPBI O 4, UCTUHHBIE B A. DTO MHOXKECTBO HA3BbIBAETCS 0UA2PaM-
mot nurepnperamun A u o6oznadaercs D(A).

Besikoe pacmupenue B D A (B xoropom A siBsgeTcsd MOICTPYKTY-
poit) siBisiercst Mojenbio Teopun D(A). B camom sente, ncTruHHOCTD Gec-
KBaHTOPHBIX (hopmys u3 D(A) HUKAK He 3aBUCUT OT IPUCYTCTBUS UK
OTCYTCTBHS JIOTIOJHUTEIHHBIX JIEMEHTOB, pa3 ONepaIiy Ha SJEeMEHTAX
u3 A e xe cambie). O6parHo, m06y0 Mojmens B teopun D(A) MoxKHO
CUNTATH PACIIMPEHNEM WHTepIperanun A, ecau OTOXIECTBUTH a € A
€O 3HavYeHueM coorBercrBylomeil koncranThl B B. (Kak u panbiie, pas-
JINYHBIE 3J1eMeHThl A He CKJenmBaoTcs — HOpMyIa a; # Gg SIBISIETCS
6eCKBAHTOPHOIA. )

Temeps MBI TOTOBBI JIaTh OTBET Ha Takoil Bompoc. IlycTs ecTh HOp-
MaJibHas uHTeprperanusa A CUrHATYpbI 0 U HeKoTopas Teopus T (¢ pa-
BEHCTBOM ) 9TOI curHaTypbl. B KakoM ciiydae CyIiecTByer pacimupenne B
uHTepnperanyuu A, saBistionieecst HOpMaJILHONW MOJENbio Teopun 17

Teopema 71. HopMmasibHast wHTEpIpeTanuss A CUTHATYPHI 0 MOXKET
OBITH pacImpeHa 10 HOPMAJbHOH Mozesn Teopun T (¢ paBEHCTBOM) TO-
[JIa ¥ TOJIBKO TOTJIA, Korja Bee I11-dhopMysibl CUIHATYDBI 0, BBIBOJUMBIE
uz T, uctunnn B A.

< Ecmu II;-dopmyna uctuaHA B HEKOTOPOIl CTPYKTYpE, TO OHA HUC-
TUHHA U B HOACTPYKTYpe (00JIACThb, 110 KOTOPOW HPOGEralT IepeMeH-
Hble B KBAHTOPAX BCEOOIIHOCTH, TOJIBKO YMEHbINaeTcst). Keian HeKoTopoe
pacmupenne B unHTeprperanuu A siBasieTcs Mosiesbio Teopun 1, TO BCe
Ty -dpopmynsl, BoiBoguMbie u3 T, uctuuubl B B, a moromy u B A.

Ocrajioch Jokazarh obpatHoe: eciau B A uctunust Bee I1;-corencrsus
dopmyn uz T, To cymecTByer nckomoe pacmmpenne. COryiacHO CKa3aH-
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HOMY BBIIIIE, JIOCTATOYHO JI0Ka3aTh, 4rTo Teopusd D(A) U T umenporuso-
peunBa. Ecim 310 He Tak, To u3 T BBIBOAUTCS HEKOTOpas GECKBAHTOP-
nast dopmyna p(aq,...,a,), Joxuag B A. Ho B dopmynsr Teopun T'
KOHCTAHTBI Q1. .., A, HE BXOJAT, IO3TOMY UX MOYKHO 3aMEHUTH Ha CBe-
JKHe I[lepeMeHHbIe T1,...,T, U BbiBecTH dopMmyny ¢(xi,...,Z,) U 3a-
rem V1 Vay ... Vo, (21, . .., 2,) Takam obpazom, mbl Hamwu I1;-reope-
My reopuu T, Koropas JjoxkHa B A (mockosbKy dopmyra ¢(ay,. .., an)
JIOXKHA), BOIIPEKH HAIIEMY IIPEIIOJI0KEHHIO. [>

Paccvorpum mpumep uz anre6pnl. [lyctb F' — MHOXKECTBO € 3a-
JIAaHHOM Ha HEM omepainueil. B KakoM cjlydae ero MOXKHO BJIOXKHUTH B
rommyTaruBHyto rpymmny? CoryiacHo Teopeme 71, 1y 3TOro HEOOXOH-
MO ¥ JIOCTATOYHO, 4T0Obl B F' BeImosHsMCH, Bee Ili-ciencTBust akcu-
OM KOMMYTATHUBHON IPYIIIbI (3allUCAHHBIX B CUTHATYDE C €IMHCTBEHHOIT
oriepaieil yMHoxKeHust). HekoTopble U3 9TUX aKCHOM CaMU SIBJIAIOTCSI
IT;-dpopmynamu. TakoBbl, HAPUMEpP, CBORCTBA KOMMYTATUBHOCTH U aC-
cormaTuBHOCcTU. JIpyrue akcuoMmbl (CyNIECTBOBAHUE €IMHUILI U 0OpaT-
HOro) He Jiexkar B 11 (HapuMmep, akCMOMa O CYIIECTBOBAHUY €MHUIIbI
nmeer By JeVer ... ). Ilostomy onm He obs3anbl BeinosHAThC B . Ho
ux IIj-cireficTBUSI, HAIIPUMED, TPABHIIIO COKPAICHUST

VaVyVz ((xy = x2) — (y = 2)),

JIOJIZKHBI BBITIOJIHATBCsI. B JTAaHHOM CjIydae OKa3bIBAETCsI, UTO ITUX TPEX
YTBEPK/IEHUI JIOCTATOYHO: BCAKAas KOMMYTATHBHAas IOJYI'PYyIIa C CO-
KpallleHrneM MOXKET ObITh BJIOYKEHa B KOMMYTATHBHYIO TPYIIILY.

147. Jokaxure 310 yTBepKAeHUe. (YKazaHue. DIeMEeHTaMU IPYIIIbl MOXK-
HO CYHNTaTh KJIaCChI d)OpMaJH)HBIX BBIpa)KeHI/Iﬁ BuJga r — Y, KakK 9TO JieJlaeTCsd,
KOTJIa OT HATYPAJIBHBIX YHCEN MEPEXOIIT K IeabiM. B obmeit cutyamum 1y
IPYIIly HA3BIBAIOT rPynioii I'porenuxka. )

Bor emé ommn xopoino w3BecTHBIM mpuMmep u3 ajaredpol. B kakom
clydae KOMMYTaTUBHOE KOJIbIo /X MoxKeT 6bITh BJIoxKeHO B mojie? Teope-
ma 71 Tpebyer, uToObI B K BBINOJIHSIUCH Bee 111-TeopeMbl Teopun 1moJieii.
OxaspiBaeTCs, 9TO JOCTATOYHO BBIMOJHEHUs €IMHCTBEHHOrO Il;-CcBOii-
CTBa: OTCYTCTBUS JeJNTesIeH HyJId:

vavy ((zy = 0) — ((z = 0) V (y = 0))).

B sroMm cirydae KOJIBIIO MOXKET OBITH BJIOXKEHO B IIOJIE.

148. okaxkure 5TO yTBepKIeHHe. (YKasaHHe. DTO HOJIE€ HA3BIBAIOT NO-
AEM HACTHBIT; €TO JIEMEHTAMH ABJIAIOTCA (hOpMAIbHBIE APOOH BUma m/n pu
€CTECTBEHHBIX OLPEJEJICHUAX PABEHCTBA U OIEPAIHi. )
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He Bcerza, onHako, MOYKHO yKa3aTh MPOCTHIE KPUTEPUH BJIOKUMOCTH.
Mpgr e 3pst TpeboBa N KOMMYTATUBHOCTH: M3BECTHBIN COBETCKUT aired-
pawuct u joruk A. V. MaJsiblieB jjoka3aJ, 9T0 He BCSIKOe HEKOMMY TATUBHOE
KOJIBIIO 0Oe3 JiesiuTesieil Hyjisl BKJIAJbIBAETCA B TEJO U YTO HUKAKOE KO-
HevuHOoe Jncyio 111-dpopMyst He Jar0T KpUTEpHUs BJIOKUMOCTH IIOJTyTPYIIIIBI
B rpyuity (noxpobuee cm. B kaure Kypoma [14], rmasa 11, maparpad 5).

Mpr 3HAEM Temepb, KOrJa JAHHYI0 WHTEPIPETAIINI0 MOYXKHO PACIIIH-
PUTDH 10 MOJIEJIH JTAHHON Teopuu. DTO MO3BOJISIET JIETKO OTBETUTH W Ha
TAKOI BOIIPOC: KOTJIA CYIIECTBYET MOJEJb JJAaHHON TeOpUHU U e€ paciiupe-
HUe, SIBJISIIOIIEeCs MOJIEJIBIO JIPYTOil TEOPHH.

Teopema 72. Ilycrn mambt age Teopun (¢ paBencrsom) 17 u Th HEKO-
Topoii curaaTypsl. Torma ciemyiomme CBOCTBA PABHOCUIBHBL:

(a) cymecTByer HOpMaJibHAsE MOJesb Teopun 17 U eé pacmupenwue,
SIBJISIIOIIEECS] HOPMAJIBHON MOJIESIbI0 Teopuu 1o

(6) oobeauuenue Ty co Bcemu I1j-Teopemamu Teopun Th COBMECTHO;

(B) obbenunenue Ty co BceMu Y.1-TeopeMaMu Teopuu T COBMECTHO.

< IIpexze Bcero ormernM, 4To u3 (a) odeBuHO caeayior (6) u (B).
B camom meme, ectm My C My — Momenu COOTBETCTBYIOININX TEOPHi, TO
B M uctuHHBI BCce TeopeMbl Teopun 17 u Bce Ilj-Teopembr Teopum Th
(mockosbKy OHM Hacaenaytores u3 Ms), a B Ma UCTHHHBI BCE TEOPEMBI
Teopun 15 u Bce X1-TeopeMbl Teopun 17 .

Jlerko npoBepuTh, 9T0 cuMMeTpuUHbIe yeiaoBusd (6) u (B) paBHOCHIIb-
HBI JIDYT JPYTY, & TaKyKe TAKOMY CBOWCTBY: HE CYIIECTBYET .1-TEOPEMbI
Jxy ...3x, ¢ Teopun T u orpumnarornieit eé Il -teopemsr Vzy ... Vx, -p
teopuu Ts. [Iycts, Hampumep, Teopus 1 HecoBmecTHa ¢ I1;-caeacTBusmu
teopuu T5. B 3TroM nporuBopednu ydactByeT KoHedHoe uucyo 11;-dop-
MYJI, KOTOPBIE MOXKHO 00beuHuTh B 041y (cM. paszaen 4.7, ¢. 159). Iosy-
qnres I1;-dopmyra, ora Oyaer BeiBoguMa B Teopun 15, a €€ orpunianue
BBIBOIUMO B 17.

Hawm ocrasoch mokaszaTh, ato m06oe u3 ceoiicts (6) u (B) BireuéT (a).
3/echb HAM IPUJIETCS HAPYIIUTH CUMMETPHIO U MCIIOJIb30BATh UMEHHO (6).
ITo ycyioButo ectb unTepriperarust M, B KOTOPOil HCTUHHBI BCE TEOPEMBI
teopuu 17 u Bce II;-Teopemsr Teopun Ts. Corstacao Teopeme 71 HaiiméT-
cs eé pacrmupenne Mo, sBIIATONIEECT MOMEIbIO 15, 9TO U TPeOOBAIOCH
JlIoKa3aTrhb. >

MokHO OBIJIO 6Bl IBITATHCA PACCYKIATH CHMMETPUYHBIM 00pasoM,
Ha4YaB C MOJeJIU Teopuu 15, B KOTOPOW MCTUHHBI Bee 1lj-Teopembl Teo-
pun T}, v TBITATHCS BBIIEIUTH B HEH TOICTPYKTYPY, SBJISIIOILYIOCS MO-
nenpio Teopun T1. OHAKO ITOT IJIAH HE TMPOXOJUT, MOCKOJIBKY aHAJIOD
TeopeMbl 71 111 TOACTPYKTYP HEBEPEH.
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149. ITokazkure, ITO BO3MOKHA TaKas CHUTYAIIVS: BCE Y1-TE€OPEMBI HEKOTO-
poit Teopun T UCTUHHBI B HeKOTOPOI nHTepnperaiuu M, Ho M He nmeer noa-
CTPYKTYPBI, sIBJSTIOIIEHCst Mogesbio Teopun 1. (Ykasanue. Paccmorpum Teo-
puro JIMHEITHO YIOPAOOIECHHBIX MHOXKECTB 663 MHUHHUMAJIBHOI'O 3JIEMEHTA. Bce
eé Y1-ciencTBust BepHbl B N + 7Z, MOCKOJIbKY HEPEHOCATCS U3 Z, T03TOMY B
CHJLy 3JIEMEHTAPHON SKBUBAJEHTHOCTH BepHbI 1 B N.)

Bor emé onno citencTBre TOKA3aHHBIX B 9TOM pa3iese Pe3yIbTATOB.
Teopuio T maswiBator Il -axcuomamusupyemoti, €Cin CyIeCTBYeT MHO-
xkectBO I11-popmys, U3 KOTOPOro BBIBOAATCS BCe TeOpeMbl Teopun 1 u
TOJILKO OHH.

Hamomuunm, 9ro HOpMajbHasl WHTEpHIpeTanus A CHrHATYPBI 0 SIBJIs-
ercst nodempykmypoti HOPMAJIBLHONW HHTEpIpeTanuu B Toil ke curaary-
PBl, eciin B siBJisiercst pacuimpesueM A, TO eCTh HOCUTE b HHTEPIIPETAIUN
A eCTh IIOJIMHOXKECTBO HOCHUTEJISI HHTepIpeTanu B u pyHKINOHAIbHBIE
U MPEJIUKATHBIE CHMBOJIBI UHTEPIPETUPYIOTCS OJMHAKOBO HA apryMeH-
rax u3 A. (Ipyrumu cinoBamu, 9robbl 3aJaTh KAKyI0-I100 IOJACTPYKTYDY
JTAHHOI HOPMAJILHOI HHTepIpeTanuu B, HyKHO BbIOPATH ITOAMHOYXKECTBO
HOcuTeNsl B, 3aMKHYTOE OTHOCUTEJILHO CUTHATYPHBIX OIl€PaIluii. )

Teopema 73 (Jlocsi — Tapckoro). Teopust II;-akcrnomarusupyema Tora
U TOJBLKO TOTJIa, KOT/Ia OHA YCTONYIMBA OTHOCHUTEIbHA MEPeXoja K MOI-
CTPYKTYypaM, TO €CTh KOT/Ia JII00asi HOJACTPYKTYPA JII000i €€ HOPMAJILHON
MOJIEJIN SIBJISIETCS] €€ MOJIEJIBIO.

< OueBupno, Il -akcmomaruzupyemasi TeOpusi yCTONYINBA OTHOCH-
TeJIbHO [epexojia K moacTpykrypam (Bce dopmyibl u3 eé Ilj-akcuoma-
Tuzanuu ocrarorcd uctuHHbiMu). O6parHo, mycTh T — IpPOU3BOJIbHAS
Teopus, yCTOWYMBasi OTHOCHTEJIBHO IIEpeXo/ia K IONCTPYKTypaM. Pac-
cmorpuM MHOXKecTBO 17 Beex Ili-dpopmyin, BoiBogumbix B T'. IIpoBepum,
qro Bce Teopembl T BoiBosgTCs 3 T7. Ilycrs kKakasi-To dpopMmysia ¢ BbI-
Bogurcsa u3 1, no we u3 T7. Torna reopusa 11 + —¢ HETPOTUBOPEUNBa U
0 TeopeMe 72 HaiiETCss (HOpMasIbHast) MOJIEIb Teopnn { @} u eé pac-
[MIUPEHNE, SIBJIAIONIEECH MOJEIBIO Teopun 1, ITO IPOTUBOPEUUT IIPEJIIIO-
JIO2KEHUIO. >

150. okaxkure, 94T0 ecau popMyJia yCTONINBA OTHOCUTEIHLHO MIEPEX0/Ia K
HOCTPYKTYPaM, TO OHa BBIBOJMMO SKBUBaJIEHTHA HEKOTOpPOii 111 -popmyite Toi
7K€ CUTHaTYPHbI.

CuMMeTprdHOE PacCy K IeHUE JJOKA3BIBAET CUMMETPUIHOE YTBEPIK JIe-
HUE 1IPO YJ1-aKCUOMAaTU3UPYyeMble TEOPHH.

Teopema 74. Teopus siBsIeTCsT Y11 -aKCHOMATH3UPYEMON TOTIA U TOJThb-
KO TOIJIa, KOTJla OHA YCTOMYMBa OTHOCHTEIBLHO TEepexXoia K pacIimpe-
HUSIM.
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151. IIpoBeaure MOAPOGHO COOTBETCTBYIOIIEE PACCyKieHne (IaB HEOOXO-
JAUMBbIE OHpeﬂ\eJIeHI/IH).

152. /lokaxxure, 94To ecau popMysa yCTORINBa OTHOCUTEIBHO MIepexoia K
PACIIMPEHMsIM, TO OHA BBIBOJAMMO SKBHBaJEHTHA HEKOTOPOI X1-opmysie Toit
Xe CI/II‘HaTypr.

Teoperuko-Mofie/IbHbIE KPUTEPUU CYIIECTBYIOT U JIJIsl JIPYTUX KJIAC-
coB dopmyir, B yacraoctu Ila-popmya (o ects dpopmyn tuna V). Takue
dOpMYJIBI HE YCTOWIUBBI HU OTHOCUTETHHO PACITHPEHN, HI OTHOCUTE b
HO MOACTPYKTYP. PaccMoTpuM, HATpuMep, yTBEpKIeHnEe 00 OTCYy TCTBUM
HarOOJIBIIIErO JIEMEHTA B yIIOPsI0UYeHHOM MHOKecTBe. OHO 3aIIUChIBAET-
cst B Buzle V3-dopmysibl. VICTHHHOCTD €0 B HEKOTOPOM MHOYKECTBE BOBCE
He BJIEYET ero NCTUHHOCTh B TOAMHOXKECTBAX M B paciIupeHnsx. Tem He
MeHee KOe-uTO 00 3TOM yTBEPXKIECHNN CKAa3aTh MOYKHO: €CJIU HU OJIHO W3
MHOKeCTB Bo3pactatorieii nermu My C My C M, C ... He mMeeT Hau-
OoJIbIIIero 3jeMeHTa, TO U o0bemuHenne U; M; He mMeeT HaMOOJIBIIIETO
sstemenTa (npoBepbre). VIMEHHO 9TO CBOHCTBO, KAK MbI BCKODE yBUIUM,
xapakTepusyer [l5-dopmyitbr.

IIycts mana mocaeoBaTeIbHOCTD

My C My C My C...

HOPMAJILHBIX (B 9TOM pazJiesie Mbl JpyTue He PACCMATPUBAECM ) MHTEPIPe-
Tayil CUTHATYDBI 0, IpuaéM M; saBigerca noacTpykrypoit M, 1 (upe-
IuKaThl U GyHKIuUU coriacosanbl). Torua obbeauHenne 3Toil BO3pacra-
IOIIEl Iell UHTEPIPeTalnil TakKe sABJsgeTCs (HOPMAaJIbHON) HHTepIpe-
tamnmeit curaarypsl o. (Ilogo6HasT KOHCTPYKIMSI UCIIOJIB3YeTCs B TEOPUN
I0JIeii, KOIJIa CTPOUTCS ajredpandeckoe 3aMbIKaHUe CIETHOTO MOJIsT: MbI
pacmmpsieM ToJie, J00aBJIsid 0 OYepeI KOPHU PAa3JIMYHBIX MHOIOYJIe-
HOB, & II0TOM GepéM O0beJNHEeHre ITUX IIOJIei. )

Samernm, uro Jobasi Ils-dopmyna ycroiiunBa OTHOCHTENIHHO O0b-
eJIMHEHNsI TIeTleil: eC/In OHa MCTUHHA BO BCeX M;, TO OHa MCTUHHA U B UX
obbeuuennn. B camoMm Jeste, mycts dopmyia Vrdy p(z,y) ¢ beckpan-
TOpHOI wacThio ¢(x,y) uctunHa Bo BCex M;. Torja oHa ucTHHHA U B
ux obbenuHenun. B camom jeste, Jjiroboe T m3 00'beIMHEHUs! TPUHAIJIE-
JKUT KAKOMYy-TO M;, 1 B ToM ke camoM M; MOXKHO HANTH TOXOISIIEE Y.
(Ecin nepeMeHHBIX HECKOJIBKO, PACCYZKJICHHEe AHAJIOTUIHO. )

Tosromy u obast Teopust, umerorast [1y-akcnmomMaTusaruio, ycroian-
Ba OTHOCHUTEJIHLHO 0bbenuuerus. ObpaTHOe yTBEPKIEHUE TAKXKE BEPHO:

Teopema 75 (Yana—Jlocsi— Cywko). Teopus ssisierca Il-akcnoma-
TU3UPYEMOI TOTJIa ¥ TOJBKO TOTJIA, KOTJIa OHA YCTONYIMBA OTHOCUTETHHO
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o0beuHeHns Bo3pacTaomux nereil (obbeaunenue o060l menu eé Mo-
JieJieil TaKKe sIBJIFeTCS €€ MOJIEJIbIO).

<1 Jloka3aTebCTBO 3TOU TEOPEMBI HUCIIOJIL3YET IIOHSTHE dJIEMEHTaP-
HOrO paciupenus. HamomuuMm, uro Mo Ha3bIBAETCsI 9JI€eMEHTAPHBIM PaC-
mupenuem My, eciu My C My u B My uctuHHBL Te Ke (POPMYJIBL C
koucranramu u3 My, uro u B M;. (O6o3uauenne: My < Ms.)

153. Ilokaxkure, uro ecau My < Mz < Ms, To M3 ecThb 3jieMeHTapHOE
pacmupenue M.

JNlemma Tapckoro. O0benuHeHne TEnu 3JeMEHTAPHBIX PACIIAPEHUN
My < My < Ms < ... 9BJsgeTCS 3JIEMEHTAPHBIM DPACIIIPEHUEM KazK-
JIOA M3 MHTEPUPETAIAN TICIIN.

HoxkazarenbcTBo jteMMbl. 1lycts nmapamerpam hOpMyJIbl (¢ IPUAIAHBL
3HaYeHUs] B KakKoM-jinbo u3 M;. Ham Hajo j10Ka3arh, 9TO HOJIYyUEHHAS
dopMmysia OTHOBPEMEHHO WCTUHHA WK JIOXKHA B M; m B 00beauHEHUU
enu, Koropoe Mbl 0603uaunM epe3 M. (YceaoBue JieMMbl TapaHTHPYeT,
q10 HOpMyIa  C YKA3aHHBIMU 3HAYEHUSIMUA IAPAMETPOB OHOBPEMEHHO
UCTHHHA WU JIOXKHA BO BCEX MHTEPIIPETAIUX Lelld, HauuHas ¢ M;.)

DTO yTBEpKJEHNE JOKA3bIBAETCS WHIYKIMEH 10 mocTpoeHuio (hop-
MyJibl . Jjist aTroMapHBIX (OPMYJT OHO OUEBHUIHO; JJIsl JIOTUIECKUX OTle-
paruii HHIYKIUs TaK>Ke MPOXOIUT ABTOMATHIECKU. FIMHCTBEHHBIH CO-
JIepKaTebHBIH cilydailt — 9T0 KBaHTOPHL. IlycTh dhopmysia ¢ HaunHaer-
csa ¢ kBauTopa J€. Ecam moaxomsiiee 3uadenne £ Haiinércs yxe B M;,
TO OHO romuTcst u Jyist M (TosIb3yeMest IPeooKeHneM HHyKun). B
0OpaTHYIO CTOPOHY: ec/iu moaxosiiee £ Haiinércs B M, TO OHO NpUHAJI-
JexKuT M; TIpn J0CTaTOYHO OOJIBIIOM j, MOSTOMY (OpMyJa UCTUHHA B
M, (npenmomnoxenne nuaykmnun). OcTaéres BCIOMHUTE, IT0 M) s/1eMer-
TapHO KBUBAJIEHTHO M.

Kak Bcerma, KBaHTOpP BCEOOITHOCTH MOYKHO BBIPDA3UTH C IIOMOIIBIO
KBaHTODPa CyIIeCTBOBaHUsI (MJIM IPOBECTU JBOMCTBEHHOE PACCYIKJIEHHE).
Jlemma Tapckoro jokasaHa.

Teneps nokaxkem Teopemy Usna—Jlocs — Cymiko. [Ipemmosoxxum, aro
Teopus I’ ycTOWYnBa OTHOCUTEIBHO 00beauHeHns nemneit. Obo3HaInM e~
pes T muoxkectso Beex Ilx-reopem T. Ham HaJsio J0Ka3aTh, 4TO J1H00ast
Mojiesib 1" aBisieTcss Mojiesbio 1.

Jns sToro, Hauas ¢ j06o0it Mogenu M’ Teopunm T’, MbI mocTpoum
[eIlb WHTePIIpeTaIuit

M/:MQCM1CM2CM3C...,

B KOTOpPOil uepeiyiorca moiesu Teopuu 17 (crosiue Ha YETHBIX Me-
crax unrepuperamuu Mo, Mo, My, . ..), KOTOpbIe SIBJISIIOTCH DJIEMEHTAD-
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HBIMU PACIIUPEHUIMU JAPYT APYyTa, U Mojeau reopun 1’ (MHTEpIpeTanuu
My, M3, Ms, . ..; oHu, BIpoveM, TakzKe OymyT Monensmu teopun 1").

O6benunenue Becex M; Oymer Moiesibio Teopun 1, TaK KaK 9Ta TeOPHst
ycToluMBa OTHOCUTENBHO pacinuperuii. C Ipyroil CTOpOHBI, 1O JIeMMe
Tapckoro 310 00beIMHEHNE 3JIEMEHTaAPHO YKBUBAJIEHTHO UHTEPIIPETAIIM-
am Mgy, My, My, ... TlosToMy Bece OHM, BKJIIOUas HCXOAHYIO MoJienb M’ =
= My, 6ymyT momensymu Teopun 1, 910 U TPeOOBAIOCH TOKA3ATh.

Ocranocs nocrpoutsb Tpebyemyto nenb. Varepuperanus My = M’
yKe eCcThb. ByieM CTpOHUTH Ielb 10 IaraM, MpojoJiKast e€ Ha KayKJIOM
mare Ha JiBa 3BeHa BIepél. BO3MOXKHOCTB 3TOro 0obecredmBaeT TaKast
JIeMMa;

JNlemma o pacwuperun. Ecau Bce Ily-cnencrBus teopun 1 ucTUHHBL
B mHTepnperanuu A, 7o MOKHO mocTpouTh eé pacmupenuss A C B C
C Tak, arobbl B 06110 MOJenbio Teopun 1', a C' OBLIO 3JIEMEHTAPHBIM
pacmupenuem A.

Ipezkie 4eM J0KA3bIBATE JIEMMY O PACIIUPEHNH, TIOKaXKeM (XOTs 9TO
HAM U HE IOHAI00HUTCs), 9T0 chOPMYIUPOBAHHOE YCIOBHE HEOOXOMUMO.
[Iycts A C B C C, npuuém C' — snementapuoe pacimupenne A. Torma
so6oe Ils-yrBepKpenne, uctunnoe B B, ncruaao u B A. B camom zede,
nycrb yreepxaenue VeIyp(z, y) ¢ 6eckBanTOpHO POPMYIIOil ¢ HCTUHHO
B B. IlpoBepum ero ucrtuanocts B A. Eciin oHO JIOXKHO TIpu & = @, TO
Fy ¢(a,y) noxuo u B A, u B C (37/eMEHTAPHOCTD PACIIUPEHHNSI) U IOTOMY
He MOKeT OBITh HCTHHHBIM B B (mocKosbKy Besikoe y u3 B yexkur u 8 C).

Jloka3aTeabCcTBO JIEMMBI O paCIIUpeHnun. UTo TpedyeTcs OT JTaHHOTO
pacmupenusi B uaTepuperanuu A, 4To6bI MOKHO ObLI0 mocTpouth C' ¢
TpebyeMbiMu cBolicTBaMu?! CBOMCTBA 9TU COCTOSIT B TOM, 4TO C' JIOJI2KHO
ObITh MOJe bI0 Teopun Th 4 (A) u pacmupenuem unrepnperanun B. Kak
pa3 mpo 3TO TOBOPUT TeopeMa 71, Ha o JINITb B KAYECTBE 0 B 9TOU Teope-
Me B34Tb CUI'HATYPY O C H00aBIeHHBIMU KOHCTanTamu Jyisi A (Mbl 060-
SHAUAIM €€ 04), & B KadecTBe Teopun 1 u3 Teopembl 71 B3arb Th(A),
TO €CTh MHOYKECTBO BCEX MCTUHHBIX B A (popMyJI ¢ KOHCTaHTaMu u3 A.

IIpumensiss ykazauubiii B Teopeme 71 Kpurepuii, MOXKHO chHOPMYJIH-
POBATBH YTBEPAKJIEHIE, KOTOPOE HAaM OCTAJIOCH JTOKA3aTh, TaK: HAWIETCS
Mojiestb B Teopun T KoTopast siBjisieTcst paciiuperneM A u B KOTOpOit uc-
tunHbl Bee I1;-dbopMmyiibl curaarypsl o 4, BoiBogumble u3 Th4(A). Beno-
MHHasI METOJ JinarpaMM, MOXKHO CKa3aTh, YTO HAC MHTEPECYET COBMECT-
Hoctb Teopuu T ¢ D(A) u co Beemu IT;-ciencrBusivu Teopun Tha(A) B
curnarype o4. B mansom ciydae D(A) MOXKHO U He YIOMHUHATDL SIBHO,
Tak Kak oHO cojepxkurcst B Tha(A).

Nraxk, moxkaxkem, aro Teopust 1 coBMmecTHa co Bcemu I1;-dpopmymamu
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¢ xoucrantamu u3 A, ucrunubivu B A. Ecin 910 He Tak, u3 T’ BeIBOAUTCS
OTPHIAHIE KAKON-TO U3 3TUX (POPMYJI, TO €CTh HEKOTOpas Yi1-hopmyia

361"‘Hﬂm_‘@(ah'~'7an7517"'7/8m)7

soxkuast B A. Koncrauter aq, . .., a, He BXOAAT B Teopuio 1, mo3TOMY 13
T BoIBOmMTCH U (DOPMYIIa

Vo vOénzlﬁlzlﬂm _‘Sa(al;---aanvﬂla---aﬁm)v

KoTOpas Oyuer BbiBoguMoiil u3 T dopmyioit kiaacca Ilo, jtoxkHO#M B A, a
Takux (bOPMyJI HE OBIBAET II0 YCJIOBHIO.

Jlemma o pacmmpennn (a ¢ Heit u Teopema Iana — Jlocs — Cymmko) go-
KazaHa. >

154. Jlokakute, 94TO ecau (HOpMyJa yCTOWUNBA OTHOCUTETHLHO O0beTmHe-
HUsI BO3PACTAIONINX IIEIei, TO OHA BBIBOAUMO SKBUBaJieHTHA [12-dopmyse Toit
2Ke CUTHATYPBHI.

155. [TokarkuTe, 9TO JBE MHTEPIIPETAIIUN OJHON CUTHATYPHI 3JIEMEHTAPHO
9KBHUBaJICHTHBI TOT/Ia U TOJIBKO TOTrJa, KOrJa OHU UMEIOT I/I3OMOp(beIe JJIEMEH-
TapHbIE PACIIUPEHUSI.

5.6. VYnbTpadpuabTpbl 1 KOMMAKTHOCTb

B sTOoM pasjesie Mbl J1a UM MIPsiMOe JOKA3aTEIbCTBO TEOPEMBI O KOM-
nakraoctu (Teopema 50, ¢. 153).

[IycTb S — Hemycroe MHOXKeCTBO, a F' — Helrycroe ceMeiicTBO MOMHO-
xkectB MHOXKecTBa S. CemeiictBo F' HaspiBaeTcs guavmpom Ha S, ecin
BBIIIOJIHEHbI CJIELYIOIIMEe TPU CBOWCTBA, (VI HALJISIHOCTU MHOYKECTBA U3
F Mbl Ha3bIBaeM Jlajiee 60AbUWUMU):

o O ¢ F (mycroe MHOXKECTBO HE sIBJIAETCS OOJIBIINM);

e Ac F, Be F= ANB € F (uepeceuenue aByx GOJIBIIUX MHO-
JKECTB — CHOBA 0OJIBIIIOE MHOXKECTBO); OTCIOJIA CJIEIYEeT, YTO Iepe-
ceYeHne KOHEYIHOI'O YUCIa OOJIBIINX MHOYXKECTB — OOJIBIIIOE MHO-
JKECTBO M 9TO JIIOObIE JIBa OOJIBINNX MHOXKECTBA TEPECeKAIOTCs;

e Ac F, AC B= B € F (moboe HaJIMHOXKECTBO GOJIBIIONO MHO-
JKECTBA SIBJISIETCST GOJIBIIIM ); OTCIOJIA CJIEJYeT, YTO BCE MHOXKECTBO
S sIByIsIeTCST GOIBIINIM.

,ZLOHOJ'IHE‘HI/IH K OOJIBIIIMM MHOYKECTBAM €CTECTBEHHO HA3BATH MaAAbI-
MU. (OTMeTI/IM, 9TO MHO>KECTBO MOYKET He OBITH HU 6OJ'H>IHI/IM, HH MaJIbIM



202 Teopuu u modean, [ro1. 5]

C TOYKHU 3peHusi GUIBTPA; ITO OTINIAET PUIBTPHI OT YIBTPADUILTPOB,
KOTODbIE MBI BCKOPE OIIPEJIEJIUM. )

TpuBuaabHBIM TPUMEPOM (PUIIBTPA SIBJISIETCSI CEMEIICTBO, COCTOSIIIEe
U3 eIMHCTBEHHOI0 MHOXKeCTBa S. JIpyroit mpumep — ceMeificTBO BCeX MOJI-
MHO2KECTB S, COIepKaIluX HEKOTOPBIH BBIIEIEHHBIH d1emenT s € S. Ta-
KO (bUJIBTP HA3BIBAETCSH 24a6HbLM. TpeTnii mpumep: mycThb S GecKoHed-
HO, Tor/Ia (PUIBTPOM OYIeT MHOXKECTBO BCEX KOKOHEYHBIT TTIOJMHOXKECTB
S, TO eCThb MOJIMHOYKECTB, JIOTIOJHEHNE KOTOPBIX KoHewHO. (pyrumu ciio-
BaMu, MaJIbIMK OYJyT KOHEUHbIe MHOXKeCTBa.) Tlocennuii npumep — u3
anau3a: GuabTpoM Ha R saBIseTCst ceMeificTBO BCEX OKPECTHOCTEN HEKO-
TOPOiT (PUKCUPOBAHHON TOYKH @, TO €CTh BCEX MHOXKECTB, JIJIsl KOTOPBIX ¢
SABJISETCA BHYTPEHHEH TOYKOM.

156. [lepedopmynupyiite ompenenerne GUIbTPa B TEDMAHAX CBOMCTB Ma-
JIBIX MHOZKECTB.

3aMeTHM, 9TO OJIHO U TO YK€ MHOXKECTBO He MOXKeT ObITh OJIHOBPEMEH-
HO ¥ OOJIBIIIM, U MAJIbIM, TIOCKOJIbKY JIFOOBIE JIBa OOJIBIIINX MHOXKECTBA
nepecekaioTcs (110 GOJIBIIOMY, U IIOTOMY HEIyCTOMY, MHOXKecTBY). Ho,
KaK MBI YK€ TOBOPWJIA, MHOYKECTBO MOXKET He ObITh HH OOJIBIINM, HU
MaJIbIM. EC/IM TAKUX «IIPOMEXKYTOYHBIX» MHOYKECTB HET, (pUILTD HA3BI-
BaIOT yJIBTPApUIETPOM.

Wupivu cioBamu, yavmpagpuivmpom Has3biBaeTCsd PUIBTP HA S € Ta-
kM cBoiictBoM: A € F win S\ A € F st smoboro muoxkecrsa A C S

OueBuHO, JIF00OH TJIABHBIN (UIBTP sIBJIsieTCs yJIbTpadmIibTpoM. B
OCTaJIbHBIX HAIINX IpUMepax (pUjIbTPhI He OBLIN YIbTPADUILTPAMA.

157. Jlokarxure, YTO HA KOHEYHOM MHOXKECTBE JIIOOOH yJIbTpaduiIbTp sB-
JIdeTCd I'JIaBHBIM.

158. JlokakuTe, 4TO 1060 HEMVIABHBIN yIbTPadUILTP COIEPAKHAT BCE KO-
KOHEYHBbIC MHOXKeECTBa.

159. JTokaskuTe, 9TO €ciu yIbTPpadHUILTP He SBJISETCS TMIABHBIM, TO BMECTe
C KaXJIbIM MHOX>KE€CTBOM A OH COIEP>KUT U BCE MHOXKECTBa B, JJIgd KOTOPBIX
cuMMeTpHuUecKas pasHocTb A /A B KoHnedHa.

Ornpesiesienne yabTpaduiibTpa MOXKHO 11epedOpMyJINPOBATE CJIELY 0
UM 00pa30M: YIbTPAMUIBTPBI — 3TO (PUIBTPHI, HE UMEIOIHEe COOCTBEH-
HBIX pacmmpenuii (MakcuMaJibHble 110 BK/oYenuio). Jokaxem sto. Ec-
s bunaerp F He MakcumaJsieH, To Haineérca 6omabmuit hunstp FY. Torma
muOKecTBO A € F' \ F m ero monosuenne 7o S He npuHATERAT F
(unave u A, u ero monosHenue npuHasekaau 661 bunbtpy F’). Coe-
JloBaTeJIbHO, F' He SIBJISIETCSI YIIBTPAMDUIBTPOM.

Ob6parHo, mycTs GuiabTp F e saBisercs: ynbTpaduiIbTpOM, U HIE MHO-
kecTBO A, Hu ero ponosnenue S\ A He npunajgiexxar F. lobasum K F
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Bce MHOXKecTBa Buga A N B (as Bcex B € F') u Bce UX HAMHOXKECTBA.
[Tonyunrcsa duabrp. B camom meste, mycToe MHOXKECTBO €My He TPUHAI-
JIEYKUT, TaK KaK nHade Obl A He TepeceKaioch ¢ HEKOTOPBIM MHOYKECTBOM
u3 F u S\ A comeprkano 6b1 HEKOTOpOE MHOXKeCTBO U3 F moromy Jsiexka-
Jio 6p1 B . Ocranbhblie cBoiicTBa GuibTpa 09eBUAHDL; HOBbIA GUiIbTp (B
OTJIMYUe OT UCXOJHOTO) cojiepKuT A u moromy pacmupsier F.

Teopema 76. Beakuit dunbrp F' Ha MHOXKeCTBE S MOXKHO PACIIUPUTH
q10 yasrpaduasTpa F/ D F.

<1 JlokazaresabCTBO ITON TeOpeMbl HEKOHCTPYKTUBHO: MBI HE HPeIb-
sIBJISIEM TAKOT'O (DUJIBTPA, 8 YCTAHABJIUBAEM €ro CyIIeCTBOBAHUE C TIOMO-
mpio emmMbl LopHa (eM. [6]). Hy2KHO TOIBKO 3aMeTHTD, 4TO 00'beuHe-
Hue Jiio6oii enu GUIbTPOB ABIAETC PUILTPOM (UTO HEIOCPEICTBEHHO
cleflyer U3 OlpeJIeJICHUsI).

Hpyrumu cioBamu, MoKa (GUILTP HE CTAHET YAbTPAMDUIHLTPOM, MbI
6GepéM «IIPOMEXKYTOYHOE» MHOXKECTBO M PaclIupsieM (UIbTD, 00bsIBIIsIsT
€ro OOJIBIIIMM, TIOBTOPsisi TOT IIPOIIECC IT0 TPAHCHUHUTHON UHITYyKIUHU. >

160. /lokaxkure, 9TO0 Ha JIIOOOM OECKOHEYHOM MHOXKECTBE €CTh HEerJIaB-
Heli yapTpaduasTp. (YKasaHue: paciupuM (QUIBTD KOKOHEUHBIX MHOMKECTB
JI0 yIbTpaduIbTpa. )

MozkHO TIpecTaBaSITh cebe IJTEeMEHThI MHOXKECTBa S KaK TOJIOCYIO-
mux (KOTOpbIE HUKOI/IA He BO3IEPKUBAIOTCS OT rojiocoBanusd). I1pu sTom
duibTp Ha S onpejiessieT PerJIaMeHT: PelleHne TPUHIMAETCS, €CJIU MHO-
JKECTBO IIPOTOJIOCOBABIINX «3a» — 0OJIbIIOe. AKCHOMBI (PUJIBTPa TOTJIA
3ByYaT TaK: pellleHue, IPOTUB KOTOPOI'O BCe, IPUHSITO OBITH HE MOXKET;
€CJIN KaXkJi0e U3 JBYX PEIIeHU IPUHNMAETCS, TO OHU IIPUHUMAIOTCHA 1 B
COBOKYITHOCTH; HAKOHEI], IPUHSITOE PEIeHNe He MOXKET ObITh OTBEPrHY-
TO, €CJTM HEKOTOPbIE U3 T'OJIOCOBABIIIX IPOTUB HETO Hepe Iy MAaJIu.

CgoiicTBO yabTpaduiibTpa TaKyKe UMEET SICHBIH CMBICJ: 110 JTIOO0OMY
BOIIPOCY MOXKHO HPHUHSITH PellleHne (OJHO U3 JBYX MPOTUBOIOJOXKHBIX
MHeHUli Hafupaer GOJNLIUHCTBO). [JaBHbIE yabTPAbUIBTPLI COOTBET-
CTBYIOT JUKTaType (CyIIECTBEHHO MHEHUE JIUIIh OHOIO [OJIOCYIOIIEro);
3aj1a4a 157 1MoKa3bIBaeT, 4TO JIjIsi KOHEYHOTO YHUCJIA TOJIOCYIOIIUX JIIO-
Oble pyrHe CIocoObl He TO3BOJISIIOT IPUHSITH PEITeHHsT 10 HEKOTOPHIM
BOITPOCAM.

ViapTpaduabTphl MOXKHO HCIIOJIB30BATH I MOCTPOEHUS JIIOOOIIBIT-
HBIX IPUMEPOB. Bor onuu n3 Hux. PaccMoTpuM Urpy JIBYX yYacTHHUKOB,
B KOTOPO#l OHU II0 OY€epey O0bSIBIISIOT HEKOTOPbIE HATYPAJIbHBIE YUCIIA,
«cBonMuy». Ha mepBoM 1mrare HaunHAOIAN UTPY O0bSIBIISET CBOUME YUC-
Jla OT HyJIsl 10 HEKOTOPOIO YHCJIa N1, Ha BTOPOM Iare ero MpOTUBHUK
[pHUCBaUBaeT YHUCIa OT Np (HE BKJIOYasl €ro) JI0 HEKOTOPOro OOoJIbIIe-
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ro 4mcsia ng (BKJIOYas €ro), 3aTeM IEepBblii UIPOK IPUCBAUBAET YHUCIIA
OT Mg JI0 N3 U Tak jajee. llapTust TPOIOIKAETCS HEOTPAHUIEHHO U Jie-
JIUT HATYPAJIBHBII Psiji MEXKIY [IEPBLIM U BTOPBIM (Ha JBa B3AMMHO JI0-
MOJTHUTEJBbHBIX MHOXKECTBA ). BBIUTPBIBAET TOT, Ub&é MHOXKECTBO GOJIHIIOE
(IpUHAIIEXKUT HEKOTOPOMY (DUIBTDY ).

Ecmu stor dunbrp sBisierca yapTpaduabTpOM, TO B 9TOI UTpe He
MOYKeT OBITh HUIbel. Ecin yapTrpaduaibTp IIaBHbIM, TO UTPA TPUBUAJIb-
Ha — T00EXKIAeT TOT, KTO 3aXBATHT PEIIAIOIIee IUCI0, U IIOTOMY IIEepPBbIit
MOXKET TapaHTUPOBATH BHIUIPHIII Ha IIEPBOM K€ XOJLYy.

Teopema 77. Eciiu yiprpaduabTp HErJIaBHBIN, TO HU OJIUH U3 UTPO-
KOB HE MMeeT BBIMIPBINHOI crparerun. (Cmpamezus — 910 QyHKIUS,
MIPEJIUCHIBAIONIAS CJICYIONUI X0/ B 3aBUCHUMOCTH OT HUCTOPUU WTDHI.
Crparerust CUATAETCA SblUZPLIULHOT, €CJU €€ UCIOJIb30BaHUe rapaHTU-
PYeT BBIUTDBIIT IpH JII060i Urpe MPOTUBHUKA. )

< IIpexk e Bcero ormeTnm, 9To 06a UIPOKA HE MOTYT OJHOBPEMEHHO
uMeThb BeIUrphiHble crparerun. (Uro Gyzer, ecim onu 06a UMH BOCIIOJIb-
sytorca?) [lokaxeM Terepb, 4TO €CJiM BBIUTPBIIIHYIO CTPATEIHIO UMEeeT
oJivH, TO €€ mMeerT u BrOpoil. CoBCEM IIPOCTO IMOHSITH, YTO €CJIH Y XO-
JISAIIETO BTOPBIM €CTh BBIUTPBINIHAS CTPATErdsi, TO U IIEPBBIl MOXKET eii
BOCIIOJIb30BATHCs (OH JIOJKEH IPEJICTABUTH Ce0sl BTOPBIM, CUMTAsl, UTO
[EPBBIN HA IEPBOM XO/y HUYEro He B3si).

He crosb sicHO, 9TO BBIMIDBINIHAS CTPATETUs IEPBOTO MOXKET OBITH
HCITI0JIb30BaHA BTOPBIM, HO W 3TO BEPHO — IIOCKOJIbKY KOHEYHBIE MHO-
JKECTBA HE BJUAIOT HA IPUHAIJIEKHOCTD yiabTpadmibrpy (3amada 159),
BTOPO# MOXKeT 3a0bITh PO XOJI, ¢ KOTOPOTO Hadajaach Urpa, U BOOOpa-
3UTDH cebst epBbIM. (DTO clesiaeT ero uepsblil X0/ 6eCCMBICIIEHHBIM, €CJIH
9TOT XOJi OKAYKeTCsI MEHbIIE XOJa MPOTHBHUKA. B 3TOM cilydae MOYKHO
clesiaTh Cpa3y BTOPOI XOJ IEPBOIO UI'POKA, U JaJIee CJIEIOBATh CTpaTe-
run.) >

161. IIpoBesuTe 3TO paccyKaeHue IMOIPOOHO.

Ceifuac MBI JIOKaXKeM TEOPEMY KOMITAKTHOCTH C MOMOIIBIO YJIBTPa-
bunbTpos. s 3TOr0 HAM TTOHAIO0OUTCSI TOHSITHE TPOU3BEICHIS UHTEP-
npeTaruii.

Hycrs My — cemeiicTBo mHTepuperanuii HEKOTOPOi (0AHON U TOM
JKe) CUTHATYDBI 0, UHIEKCUPOBAHHOE MHOXKECTBOM S (JJIsd KaXKIOro § €
€ S umeercs cBos unrepuperaius M). Oupenenum pou3BeieHue uH-
TepIpeTauii 3Toro cemeiicrsa, obosHadaemMmoe

IT ..

seS
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DjieMeHTaMu HOCHUTEJS OYIyT OTOOpaKeHWsI, COIIOCTABJIAIONINE C KaXK-
JIBIM UHJIEKCOM S € S HEKOTODBI sjeMenT uareprperanun M. Mabivn
CJIOBAMY, HOCUTEJIb CTPOUMOIl MHTEPIIPeTaruu OyaeT JeKapTOBLIM IIPO-
n3BejieHneM Bcex M.

OYHKIIMOHAJIbHBIE CUMBOJIBI HHTEPIPETUPOBATD JIE'KO: OHU IIPHMe-
HSIIOTCSI OTJ/IEJIBHO B KasKJI0# KOMIIOHeHTe. VIMEHHO TaK OIpejessieTcst
[Ipou3BeJieHNe IPYII Win KoJell B ajareope. Ocraércst onpenenTs mpe-
JWKATHBIE CUMBOJIbI. B ajirebpe [1Ba 3j1eMeHTa B MPOU3BEICHUHN KOJIEI
WIN TPYII CYATAIOTCS PABHBIMU, €CJIM BCE€ MX KOMIIOHEHTHI paBHBI. [lo
aHaJoruu OyJIeM CYUTATh, UYTO JIBA JIEMEHTA S — a4z U § — by nesaror
HCTUHHBIM JBYMECTHBIN npeaukar P, eciu P(as, bs) NCTUHHO B MHTED-
nperarun M mist Beex s. (Mbl B35 JIBYMECTHBIH CHUMBOJI JJTsT IPUMEDA,
TO Ke CaMOe MOXKHO CJIEJIaTh U JJisi CUMBOJIOB JIIOGOH BAJEHTHOCTH. )

Takum crrocoboM B MPOM3BEIEHUN JBYX YIIOPSITIOYEHHBIX MHOXKECTB
(unzercHOE MHOXKeCTBO S pasHo {1, 2}, curaarypa ectsb (=, <)) BO3HUKa-
€T IIOKOMIIOHEHTHBII TIOPSAJIOK Ha Tapax: (a1, as) < (b, ba), ecinu a1 < as
u by < bg. 3aMeTnM, 9TO TaKOil MOPSIIOK HA IPOU3BEJCHAN JBYX JIMHEHHO
YTIOPSIIOIEHHBIX MHOYKECTB y2Ke He OyIeT JUHEeHHBIM (€M COMHOXKHUTE-
JI COCTOSIT GOJIee UeM U3 OJTHOTO SJIEMEHTA).

Ham 310 He HpaBHUTCs: MBI XOTHM, YTOOBI IIPOU3BEJEHUE UHTEPIIPE-
Tanuii 00J1a/1a710 ObI BCEMU CBONCTBaMHU, KOTOPBIMU 0O0JIaA0T COMHO-
KuTeau. BeeaéM nougarue Guabmposantozo npoussedenus (10 MOILYIIIO
nauuoro ¢usbrpa). [lycrs Ha MHOXKeCTBe MHIEKCOB S 3ajan GuibTp F.
Wamenunm ompesiesiere HCTUHHOCTH IIPEIUKATOB U OyIeM CIYUTATH, 9TO
JIEMEHTBI § +— dg, S — bg,... IENAIOT UCTHHHBIM Hpeaukar P, ecin
P(as,bs,...) NCTUHHO «JJisl GOJIBITMHCTBA $», TO €CTh €CJIU MHOYKECTBO
{s | P(as,bs,...)} npurayexur duasrpy F. B ocransroM (HOCHTEID,
byHKIMOHAIBHBIE CUMBOJIBI) OIPEJIEIEHUE OCTASTCH IPEKHUM.

Yro Oyser paBeHCTBOM B (DUIBTPOBAHHOM IIPOW3BEIEHUN HOPMaJIhb-
HbIX uHTepuperarmii? Isa sjgementa npoussejgenus (To ecTh GyHKIUMN
HA MHOXKECTBE WHJEKCOB) PABHbI, €CJIM OHU «COBIIQJAIOT IIOYTH BCIOILY»,
TO €CTh MHOYXKECTBO HHIEKCOB, [/Ie OHU COBIIAJIAIOT, IPUHAJIEKAT (PUITb-
Tpy. IIpu sTOM Moy UeHHasT HHTEepIpeTaIus He 6yaeT HopMaabHoi. YTo-
OBl IIEpPefiTH K HOPMAaJIbHOMN, HY?KHO PACCMOTPETH KJIACCHI PABHBIX dJIe-
MEHTOB — KaK 3TO JIeJIAeTCsI, CKaYKeM, JIJIsI IIPOCTPAHCTBa Lo HHTErpupy-
€MBIX C KBaJIPATOM (DYHKITHH, TJIe JIEMEHTaMU SIBJISIIOTCS He CaMU (DY HK-
A7, & UX KJIACCHI C TOYHOCTHIO JI0 COBIAJIEHUS ITOYTU BCIOIY.

162. YTo MOKHO CKa3aTh PO (PUILTPOBAHHOE IIPOU3BEJICHUE TI0 TJIABHOMY
bunbTpy?

Bepuémcs k zHaremy npuMepy: IpOU3BeI€HUIO JTUHENHO YOS I0Y€eH-
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HBIX MHOYXKECTB. Byer jiu OHO JIMHEWHO yIOPSAM0YeHHBIM! DTO 3aBUCUT
ot ¢uabrpa. Hampumep, ecan GpuiabTp COCTOUT TOJHKO U3 MHOXKECTBA
S, To buIBTPOBaAHHOE MPOU3BEJEHUE COBIAIAET C OIPEJIETEHHBIM pa-
Hee, W JIMHEHHOTO MOpsiIKa He mojyunTcsi. Ho eciu uibrp siBjIsieTcst
yibTpaduabTpoM, To 6yiaer. B camoMm sieie, pacCMOTPUM JIBa SJIEMEHTA
$— as U S — by B npousBeleHun u ABa MHOXKecTBa {s | as < bs} u
{s | as > bs}. B 00beauHEHIN OHU HOKPBIBAIOT BCE S, U MOTOMY (ec/iu
y HaC yJAbTPadUILTP) OJHO U3 HUX JOJIKHO OBITH GOJIBIINM (ecsiu OHO
He BOJIBINIOE, TO OHO MAJIOEe, ero JIOMOJIHEHHE DOJIBINOE U COIEPXKUTCS BO
BTOPOM MHOXKECTBE).

163. /lokaxkure, 9TO B (DUIBTPOBAHHOM ITPOU3BEIEHUU HOPMAJIbHBIX WH-
Teprperanuii GyHKINA U IPEUKATHl KOPPEKTHBI OTHOCUTEILHO PABEHCTBA (TO
€CTh COBIIQJICHUA IIOYTHU BCIO,Hy)Z npu 3aMeHe apryYMEHTOB Ha PaBHbIC 3HAYE-
Hue (byHKIJ;I/II/I COBIIQZIA€T C IPEXKHUM IIOYTHU BCIOY, & 3HAYCHUE IIpeauKaTa He
MEHACTCH.

DT0 yTBep:KIeHNE MOXKHO C(DOPMYJIMPOBATH TaK: AKCUOMbBI PABEHCTBA
UCTUHHBI B (DUJIHBTPOBAHHOM IPOW3BEIEHUN HOPMAaJbHBIX HHTEpIIpeTa-
nmit. s yaerpaduibTpos BepHO u Oostee obimee CBOMCTBO: Jobast dop-
MyJia, HICTUHHAST BO BCEX MHTEPIIPETAIUSX, UCTUHHA B (DUIBTPOBAHHOM
[IPOU3BEJIEHNN 110 MOJLYJTIO yibTpaduibrpa. [loaromy nMeHHO Takme yab-
mpanpouseedenus (PUIBTPOBAHHBIE TI0 MOJLYIIO YIBTPAQUIBTPA) Tpe -
CTaBJISIIOT OCHOBHOI UHTEPEC JIJIst JIOTUKU.

Mpr ceifuac goKaxKeM 9T0 CBOHCTBO Mo nHIyKinu. Kak o6braHo, HAI0
[IPEIBAPUTENBHO PACIPOCTPAHUTD €10 HA (POPMYJIBI ¢ TAPAMETPAMHU.

Teopema 78 (Jlocsi 06 ynsTpanpoussegenusix). Ilyers mapamerpamm
dOPMYJIBI (p SBJISIFOTCSI IIEPEMEHHbIE a, b, . .. OHa OyJieT UCTUHHOM B yJIb-
Tpanpousseennn [ [, . ¢ My npu 3HAUEHHAX APAMETPOB «, (3, ... TOrIa
U TOJIBKO TOT/Ia, KOTJa MHOXKECTBO T€X S, IPU KOTOPBIX (p uCTHHHA B M
[IpY 3HAYEHUSIX [IAPAMETPOB (g, s, . . . , IPUHAJIEKAT YILTPADUILTDY.

Harssizio yTBepKaeHne TeopeMbl MOXKHO C(DOPMYJIUPOBATH TAK: I'0-
JIOCOBaHUE MOXKHO IIPOBOJIUTH HE TOJILKO 10 AaTOMaPHBIM BOIIPOCAM, a JIJIst
JI00bIX bopmyat. jist 3aMKHYTBIX (OPMYJI IIPO HapaMeTPbl MOXKHO HIU-
9€ro He TOBOPUTH, U MBI MIOJIyIaeM, 9TO (DOPMYJIa UCTUHHA B YJIBTPAIIPO-
U3BEJICHUU, €CJIU M TOJBLKO €CJU OHA MCTUHHA B GOJIBIIMHCTBE (C TOYKU
spenust yibrpaduibTpa) coMmHokuTesel. B yactHocTH, eciau dbopmysa
UCTUHHA BO BCEX COMHOXKHUTEJISIX, TO OHA UCTUHHA U B YIbTPAIIPOU3BEIe-
HUU. DTO BarKHOE YTBEPXKJEHNE 3aC/IyKUBAET 0CODOr0 YIOMUHAHUST:

Cnegcteue. YIbLTpalpoU3BeeHIe CeMelicTBa Mojesieil HeKOTOPOi Te-
ODHH SIBJISETCST MOJIEIBIO TOH K€ TEOPUU.

< Hokaxkem Teopemy Jlocst MHIAYKIIHEH 10 OCTPOEHUIO (DOPMYIIBI.
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st aroMapHBIX (DOPMYJT OHO HEIIOCPEICTBEHHO CJIEYET U3 OIPEJIeICHIS
UCTUHHOCTHU TIPETUKATOR.

IIycts dopmyna ¢ sapBisercd KOHDBIOHKIMEH IBYX JAPYIuX (HopMys
1 A1, JJIsT KOTOPBIX yTBEPKJIeHHE y2Ke BepHO. Tora MHOXKECTBO TeX MH-
JIEKCOB, JIJIsT KOTOPBIX (9 UCTUHHO, SIBJISICTCS II€PECEICHIE MHOXKECTB TeX
WHJIEKCOB, TJie UCTUHHBI 1P 1 7). TeM caMbIM HaM HY>KHO TaKOe CBOWCTBO
yIbTpadUIbTpa: IepecedeHne IByX MHOYKECTB sIBJISICTCsT OOJIBIITAM TOTIA
¥ TOJIBKO TOTJa, Korya 06a oHu 60stbiime. OHO HEOCPEICTBEHHO CJIEITY-
eT u3 onpesesnennss GuUIbTPa (371€Ch HEBAXKHO, UTO 3TO YIBTPADUIBTD),
[TOCKOJIbKY II€PECeYeHne COJIEPIKUTCS B 0O0MX MHOXKECTBAX.

Jjist 0ObeuHEHNST COOTBETCTBYIOIIEE CBOMCTBO 3BYYHUT TaK: 00beu-
wenne SUT ABYyX MHOXKECTB GOJIBIIIOE TOT/A U TOJBKO TOTJIA, KOT/Ia XOTs
61 oHO u3 MHOXKecTB S u T Goubiioe. B onuy cropony (ecsiu oxHo us
MHOKECTB GOJIBIIIOE, TO U 00'beJMHEHNE TAKOBO) 9TO BBITEKAET U3 OIpe-
Jgesiernst buabTpa. B 0O6parHyIo CTOPOHY HAJ0 BOCIIOIH30BATHCS CBOI-
crBaMu yiabTpaduiabrpa: ecym S UT Gosibinoe, a 0ba MuokecTBa S u'l —
HET, TO OHU MAJIbIe, UX JOIOJTHEHUsT OOJIBIIIE, TIEPECeUeHIe JTOMOTHEHUH
6ousibirioe, u He mepecekaercs ¢ S U T, 9TO HEBO3MOXKHO.

IIycts dopmyna ¢ unmeer Bum —p. Torna mmeer mMecTo Takas Iie-
nouka: (¢ WCTHHHA B YJBTPANPOM3BEJeHNN) < (¢ JoXKHA B HEM) <
< (MHOXKECTBO MHJIEKCOB TeX COMHOXKUTEJIEN, TJie 1) NCTUHHA, He SIBJIseT-
st GOJIBINIM) <> (9TO MHOXKECTBO SBJISIETCS] MAJIBIM) <> (€ro JIOIOJHEHIe
GoJIbIIoe) <> (MHOXKECTBO HOMEPOB T€X COMHOXKUTEJIEH, Iy1e 1) JI0XKHa (TO
€CTb ( UCTUHHA), OOJIBIIOE).

NMnumKaImst CBOJUTCST K y2Ke PACCMOTPEHHBIM carydasM (¢ — 1) 9K-
BUBAJIEHTHA 1) V 1)); MOXKHO TaK»Ke Cpa3y 3aMeHNTh (DOPMyIly HA 9KBU-
BAJIEHTHYIO 663 MMIIJTUKAIUN.

Haubonee unrepecen ciay4ait kBanTopos. [Ipu 3TOM MOXKHO OrpaHu-
YUTHCS KBAHTOPOM CYIIECTBOBAHUsI (KBAHTOD BCEOOIIHOCTU CBOIUTCH K
HeMy 1 K orpuniaausiM). OH pasbupaercst Tak (MbI UCIIOJIb3yeM HE BIOJIHE
KOPPEKTHBbIE OBO3HAYEHUs] — HAJEEeMCsl, OHH HE BBI30OBYT IyTAHUIIBI).
Iycrs dopmyna Iz ¢(z,y, 2, ...) UCTUHHA B yIBTPAIPOU3BEJEHIN. DTO
3HAYUT, 9TO CYNIECTBYeT (DYHKIWS T S — Ty, IJisl KOTOPOH ¢(X, Yy, 2, ... )
WCTUHHO B yJbTpanponsBepeHnu. 1o MpenoioKeHnio WHIyKIUA 3TO
03HaYaeT, YTo Jyisd GoJbIUHCTBA § dopMyna O(Ts, Ys, Zs, - - - ) UCTHHHA
B M. Ho Torma st atux mHmekcos s u dopmyna 3z o(x,y, 2, ... ) uc-
tuaHA B My, 9To 1 TpeboBasiock. ObpaTHOE paccyzKIeHne aHAJIOMUIHO:
ecym it OOJIBIIIMHCTBA § HAWIETCA COOTBETCTBYIOIIEE 3HAUECHUE Ly, TO
9TU Ty MOXKHO cobparTh B (DYHKIMIO (I0OIpenesiuB eé Kak YrojHO Ha
MaJIOM MHOXKECTBE OCTAJIbHBIX §), U 9Ta (DPYHKIUSA OyIeT MCKOMBIM 3Ha-
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YEHUEM X B YJIbTPAPOU3BEICHIH.

Teopema Jlocs mokazama. >

Mpr y2xe ToBOpmIIH, 9TO TPOU3BEIEHNE HOPMAJIBHBIX HHTEPIIPETAIINN
MOXKeT He ObITh HOpMaJsibHbIM. Ho Teopema Jlocsi rapanTupyer, 4ro B
VIIBTPAIIPOU3BEIEHNN HOPMAJIBHBIX WHTEPIIPETAIINN BBIIIOJHEHBI aKCHO-
MbI PAaBEHCTBA (IIOCKOJIbKY OHU BBILOJHEHBI B KAXKJIOM COMHOYKUTEJIE), U
[IOTOMY PABEHCTBO SIBJISIETCSI OTHOIIEHUEM 3KBUBAJECHTHOCTH, U KJIACCHI
9KBUBAJIEHTHOCTU YK€ Jal0T HOPMAJLHYIO MHTEPUPETAIUIO (C TeMU XKe
ucTUHHBIME (POPMYJIAME ), KAK MbI BHJEJIN B paszene 5.1.

Teopema Jlocsi 1mo3BoJisieT J1aTh MPSIMOE JIOKA3aTEIBCTBO TEOPEMBI
kommnakTaHoctu (reopema 50, ¢. 153). Ona yrBep:Kiaer, 4ro €cjau BCs-
KO€ KOHEYHOE MOJMHOYKECTBO JIAHHOIO MHOYKECTBa 3aMKHYTHIX (DOPMYJT
T coBMecTHO (MMeeT MOJIEJIb), TO U BCE MHOXKeCTBO T’ COBMECTHO.

Mogensb i1t Bcero MHOXKeCTBa T’ CTPOUTCS KaK YJIBTPAIIPOU3BE/ICHIIE.
Nunexkcamu Oy/iyT KOHEUHDBIE MOJIMHOXKECTBA MHOXxKecTBa 1. s kax-
JIOTO W3 HUX COMHOXKHUTEJIEM OyJ/IeT CYIIECTBYIONAs 10 YCIOBHUIO MOJIEb.
Tenepb HamO TPaBUIBHO TMOAOOPATh (DUILTD HA CEMEHCTBE KOHEIHBIX
moIMHOYKecTB MHOXKecTBa 1. Ham Hy»)kHO, uT0o0BI Jyist Kaxkjaoro t € T
CeMeCTBO BCEX KOHEUTHBIX IMMOAMHOXKECTB, COMepKaIiux ¢, 66110 661 60JTb-
muM. (B sTom ciryuae Teopema Jlocst rapaHTHpyeT, UTO t 6yIeT NCTUHHO
B yJIBTPAIIPOM3BEICHNN. )

Kak nocrpours Takoit ¢dunbrp? s xkaxkaoro xkoneunoro 1" C T
pacemorpuM cemeiicrBo S(T”) Bcex KOHEUHBIX MOIMHOXKECTB, COJepKa-
mux T’. O4eBnaHO, IIEpECeYeHne TAKUX CEeMECTB CHOBa OyIeT cemeii-
crBoM Ttakoro suga (S(T') N S(T") = ST’ UT")), tak uro nocie 1o-
OaBJIeHUsT BCEX HAIMHOXKECTB BCEX TAKUX MHOYKECTB ITOJLYyYUTCsT (DUIIBTP.
Ocraérest pacmuputh 3T0T GUILTP 0 yiabTpaduibrpa mo Teopeme 76.
Teopema KOMITAKTHOCTH JTIOKA3AHA.

IMoyuurenbao mpocaenTh 10 KOHIA, 9TO JAET TAKOTO POJIa MOCTPO-
€HIe JIJIsT KAKOTO-HUOY/Ib KOHKPETHOTrO npuMepa. BermoManM nmocTpoenne
HECTaHIaPTHOI'O HATypaJIbHOrO psiga Ha c. 193. OHO ucIo/ib30BasI0 TEO-
peMy koMmmakTHOCTH. Couerasi ero ¢ NMPUBEIEHHBIM TOJHKO UTO JOKa-
3aTeJIbCTBOM T€OPEMbI KOMIIAKTHOCTU (U KOE-9TO YIIPOCTHUB), HOJLyIaeM
TAKyI0 KOHCTPYKITHIO.

Paccmorpum HaTypasbHBIE YHCIa KAK HHTEPIPETAIINIO CHTHATYPDI
(=, 4+, X). Paccmorpum yabrpanpounssenenne *N ¢c48THOrO Umncsia Taknx
MHTEepIpeTanuii 10 MOMIYJII0 KaKOoro-jubo HerJIaBHOrO YJIbTpaduibrpa.
Teopewma Jlocst roBopuT, 9TO B 9TOI MHTEPIPETAIUU OYIyT UCTUHHBI T
Ke (POPMYJIBI, ITO B HATYPAJIHHOM PsIy, TO €CTh 4TO N 3/IeMeHTapHO
SKBUBAJIEHTHA CTAHIAPTHON mHTEeprperanun N.
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[Tokazkem, aro N me mzomopdua *N. B camom neste, mpu Takom uzo-
Mopdusme Hyab 00si3aH nepexoguth B djement (0,0,0,...) (rounee,
B KJIACC 9TOrO 3JIEMEHTa OTHOCUTEJILHO PABEHCTBA), HOCKOJIBbKY TaKoOil
KJacc obJIajlaeT CBONCTBAMM HYJIsI, OJHO3HAYHO €TI0 OIPEIEIISIONUMI
(B N, a moromy u B *N). ITo aHaJOrHYHBIM IPUIMHAM €MHUIA [epe-
xomur B Kiaace (1,1,1,...) u BooGIe 4ucio k COOTBETCTBYET KJIACCY
(k,k,E,...). A knacc (0,1,2,3,4,...) ommuaercs oT Jro60ro KJjacca
(k,k,k,...) (oHu coBajiaor B €MHCTBEHHOM COMHOXKUTEJIE, & OJ[HODJIE-
MEHTHOE MHOXKECTBO SIBJISIETCSI MAJIbIM, TAK KaK YJIbTpaduIbTp Heraas-
ubit). Takum o6pa3oM, mocTpoeHHas HaMu Mojeb *N He sBjsercsa cran-
JapTHOH.

AmnasornaHoe paccyzKJIeHne M03BOJISIeT IIOCTPOUTh M HECTAHIAPTHBIE
MOJIE/IN IeHCTBAUTEBHBIX ducesl (0 KOTOPBIX Mbl Oy/I€M TOBOPUTD B CJe-
JLYIOIIEM Pa3JIelie).

5.7. HectangapTHbIii aHanm3

Onuu u3 cospareseil Teopun Mmozeseit, A.PobuHcoH, 3aMeTus, 94To
C €€ MOMOIIBI0 MOXKHO IPUIATh TOYHBINA CMBIC/I TOHATUSIM «OGECKOHETHO
MaJIbIX» U «OECKOHEUHO OOJIBIINX» BEJUINH, C KOTOPBIMU OIEPUPOBAJIA
emé Heroron u JlefiOHuI 1 KoTOphIe 3aTeM ObLIM U3THAHBI U 3aMEHEHDI
PACCYXKJIEHUSIMU C STICUJIOHAME U JICJIHTAMMA.

DTO0 HalpaBJIEHUE TIOJyYUJIO Ha3BaHUE HECNAHIAPIMHO20 GHAAU3A.
Ileneit TyT nBE: BO-TIEPBBIX, YIPOCTUTD JOKA3ATEIbCTBA U3BECTHBIX TEO-
peM, BO-BTOPBIX, MCIIOJb30BATH METOJbl HECTAHJIAPTHOIO aHAJIU3a JIJIs
[IOJIyYeHUsT HOBBIX Pe3yJbTaToB. HacKOJBKO 9TH Teu JOCTUTHYTHI 34
TPUANIATE C JIMITHUM JIET, IIPOIIEJINNX ¢ BOSHIKHOBEHUsT HECTAHIAPTHO-
ro aHaju3a’

IIpocToTa mokazareabCcTB — J1€/10 BKyca. KoHEYHO, BCAKM pernoga-
BaTeb Kypca MAaTeMaTHIeCKOro aHAJIN3a MeYTaeT M30aBUTLCS OT yTO-
MUTEJIbHBIX PACCYKJIEHHUI C BBIOOPOM JIOCTATOYHO MAJIBIX SIICHJIOHOB.
Ho ecsin BMecTO 3TOr0 HY>KHO TOCTOSIHHO MEPEXOJUTH OT MOJE/N K €é
9JIEMEHTAPHOMY PACIIUPEHUI0O W OOPATHO, JIEKAPCTBO MOYKET OKa3aTh-
cs1 crparmiee 6os1e3uu. Bo BesgkoM ciiydae, «HECTAHIAPTHBICY YICOHUKH
MaTEeMaTUIeCKOro aHAJN3a JJIsi HEMATEeMATUKOB (OJWH M3 HUX HAIUCAH
Keiicsiepom [34]) 60sbIIOro pacipocTpaHeHus: He TI0JLY THIIH.

Hosble pesyibrarsl 1efiCTBUTEIHLHO OBLIN TIOJIYY€HBI; OTMETUM, 9TO
MHOTrVE U3 HuX (HO He BCe) BIOCJEJCTBAM OBLIM MepeIOKA3aHbl «CTaH-
JAPTHBIMHY> METOIAMU, TAK UTO M 3][€Ch PEBOJIIOIMY HE ITPOU3OIILIO.

Tak win wHave, HECTAHIAPTHBIN AHAJIN3 — WHTEPECHOE TPUJIOKEHUE
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Teopun Mojiesieil, 1 Mbl pa3depéM HECKOJIBKO MPOCTHIX TpUMepoB. boee
101po6HO 00 9TOM MOXKHO HpodecTb B KHurax Issuca [11| u Ycnencko-
ro [27], a Takke B moCeAHEN rIaBe KHUru Pobuncona [22].

Wnest HecrangapTHOro aHamsa mnpocra. Cpeau 1efcTBUTEIbHBIX Yl-
ceJ1, yBBI, HET GECKOHEYHO MaJIbIX (KOTOpble ObLin Obl MeHbIne 1/n npu
Becex n = 1,2,3,...) — Kak rOBODST, 110JIe BEIIECTBEHHDBIX YUCEJI YIOBJIE-
TBOpsieT axcuome Apzrumeda. (OpurnnanbHas GHOPMYJIUPOBKA ITOM aK-
CHOMBI: KaKOBbI ObI HU OBLTH JBa OTPE3Ka, MOXKHO OTJIOXKUTH MEHBITUI
U3 HUX CTOJIBKO Pa3, ITo0bl npes3oiitu Gosbimuit.) Ho MoxkHO paccmoT-
peTh 3JIEMEHTapHOe paciupenue 1mojis R, B KOTOPOM Takue GECKOHETHO
MaJIble 3JIEMEHTBI €CTh, U UCIOIb30BaTh UX JJIsl ONPEJICJICHHS TIPEJIEIOB,
IIPOM3BOJHBIX U IPOYEro B UCXOTHOM IIOJIE.

Tlepeitném x dopmaabHbIM omnpenenenusM. Mbl Oymer paccMaTpu-
BaTh BEIIECTBEHHYIO INPAMYIO KaK MOJEJIb O4YeHb OOrarToil CUI'HATYPHI.
Tt Kaxkaoro oTHOIIeHHs Ha R (€ IPOM3BOJIBHBIM YHCIOM APTyMeH-
TOB) BBEIEM CBON HpeaukaTHbIil cumBoj. lomyunres 2 npeauKaTHBIX
cuMBoJIoB. Kpome Toro, js kaxmoit dyukmuun u3 R” B R (npu Beex
n=20,1,2,...) BBeIéM cBOii (DYHKIMOHAIBHDI CUMBOJ. DTO JACT eIlé
2¢ cuMBOJIOB.

IIycte *R — srobast HOpMaJjibHAsI WHTEPIIPeTaIusl 3TOil CUTHATYPHI,
3JIEMEHTAPHO IKBUBajieHTHasi R. Eé MOXKXHO cumTaTh moJieM, pacuimpsi-
roruM osie R. B camom mene, cpean OyHKITMOHATBHBIX CHMBOJIOB €CTh
JIByMECTHBIE CUMBOJIBI JIJIsl CJIOYKeHUsT U yMHOXKeHusi. OHU 33/1a10T HEKO-
TopbIe oniepanuu B *R 1 OTHOCUTETHHO 3THX Oomeparuit MHOXKecTBO “R Oy-
JIeT TI0JIEM, TaK KaK aKCUOMBI TI0JIsl MOYKHO 3aIUCATh B B e HOpMyJI (9TH
dopmysibl uerunnbt B R, a moromy u B *R). Anajmornanoe paccyxKIeHue ¢
MIPEINKATOM «MEHBINE» MOKA3BIBAET, 9TO "R SABJISAETCS YIOPSIOICHHBIM
ITOJIEM.

D10 1oJIe MOYKHO CIUTATDH paciumpenueM noJis R. B camom jiese, mitst
KayKJIOro JIefICTBUTEILHOTO YUC/Ia T B CUTHATYPE MMEeTCsl KOHCTAHTA.
SHadyeHNs TAKUX KOHCTAHT 0OpasyroT moamnose B R, msomopdroe R. B
caMoM Jiejie, YTBEPXKJeHus Buja a #= b, a +b = ¢ u ab = ¢ aBasoT-
cst popmysaamu, u neperocarcs u3 R B *R. AnajoruanbivM o6pa3om 310
BJIOXKEHHE COXPAHSIET MOPSIJIOK.

Ecim nosie *R ucuepribiBaeTcst 3HAYEHUSIMU KOHCTAHT U3 R, TO HUYIEro
HMHTEPECHOTO He moJry4daercs. [loaTomy Mbl OymeM mpernoararsk, 9To 3TO
He Tak. BoamoxkHOCTh ocrpouth *R; He coBnagaoriee ¢ R, ciaenyer (ua-
upumep) u3 reopeMbl JIéBenreiima— CKosieMa O HOBBIIIEHUU MOIIHOCTH.
Hpyroit crocob: 106aBUM B CUTHATYPY HOBYIO KOHCTAHTY C M PACCMOT-
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PUM TEOPHUIO

Th(R) + {¢>a|a € R},

rae Th(R) — MHOXKeCTBO BCeX UCTHHHBIX B R opMyJr Hammel curHary-
PBI, & G — KOHCTaHTa Jjisi uncia ¢. COBMECTHOCTD 3TOU TEOPUH CJIEIyeT
U3 TeopeMbl KOMITAKTHOCTHU. JI0bas eé Mozmesib rogurcs B KadecTtBe 'R,
MTOCKOJIbKY 3HAYeHNe KOHCTAHTHI ¢ DOJIbIE BCeX 3eMeHTOB u3 R.

164. [IpoBenuTe 3TO paccyKAeHHUE MOAPOOHO.

B nmanbreiiem MBI mpejmoiaraeM, 9TO BbIOpaHa u 3adUKCUPOBaHA
HEKOTOpasl UHTepIperamnys ‘R, sBJISIONASACS SJIEMEHTAPHBIM PACIIHPE-
nueM R u He coBmagatormast ¢ R. Eé smemMeHTsl MBI Ha3bIiBaeM 2unepdeti-
cmeumenvhoimy aucaavu. Cpeau HAX eCTh U AefICTBUTE/IbHBIE UUCTIA,
KOTOpBIE MBI OyZeM Ha3bIBaTh TaKyKe cmandapmuvimu daeMeHTamu “R.
Ocrasbabie 3jeMenThl R 6y1yT Hecmandapmvumy, TATIEPIeACTBUTE b
ubiMu gucsiamu. (Ilo HalmeMy IpeoNoyKeHNI0 TaKOBbIe CYIIECTBYIOT. )

VrBepxkaeHne 06 ssreMenTapHOl SkBuBasieHTHOCTH “R 1 R Ha3bIBatoT
NPUHYUNOM NEPEHOCA: OH TO3BOJISET MTEPEHECTH MCTUHHOCTH (DOPMYIIBI
u3 R 8 *R (wmm mHaoGopor).

BosmoxkHOCTB 1epeHoca He OrpaHnInBaETCS AJreOpanIecKuMu CBOM-
crBamu. Hampumep, B Harmei curaarype ecth pyuknms sin. B unrepmpe-
Tarmu *R eit cooTBeTCTBYET DYHKINS, KOTOPYIO MOYKHO OBITIO ObI HA3BATH
«TUIEPAEHCTBUTE/IBHBIM CUHYCOM». IDTa (PYHKIIUS IIPOIOJIZKAET OOBIU-
HBI cuHYC (JIUIsS CTAHJAPTHBIX APIyMEHTOB), IIOCKOJIBbKY YTBEDXKJICHUS
BHUIA Sina = b [ji KOHKPETHBIX CTAHIAPTHBIX ¢ U b MOYKHO IIEPEHECTH
B *R. Bousee Toro, ona obiragaer OOBIIHBIME CBOICTBAMU CHHYCA: CKAXKEM,
TUTIEPICHCTBUTENLHBIN CUHYC JIIOOOTO THIEPAEHCTBUTEIHLHOTO TUCTA HE
[PEBOCXOJUT €JUHUIBI (B cMbIcse mopsiika Ha *R), mockoabKy dopmy-
Ja Vrsinx < 1 BbLIepKuBaeT mepeHoc. AHAJIOTUYHO MOYKHO IOCTYIIATh
U C IpeJuKaTaMu: HAIPUMED, IPEIUKAT «ObITh HATYPAJIHHBIM THCIOM>
3a1aéT B *R HEKOTOpOE MOIMHOXKECTBO, JIEMEHTHI KOTOPOT'O €CTECTBEH-
HO HA3BaThb 2UNEPHAMYPLALHbIMU TUCTIAMU. ['UIepHATYPAIbHBIE TUCTA
JIeJISATCS Ha CTaHAAPTHBIE (COOTBETCTBYIOIMIME OOBIYHBIM HATYDPAJIbLHBIM
uyncaam B R) n HecranpapTaee. (Mbl yBugnM, 4T0 HECTAHIAPTHBIE THC-
Jia 00g3aTeIbHO HalimyTes.) MHOXKECTBO TUIIEPHATY PAJIBHBIX IUCET 060~
suagaercsa “N.

AHaJIOrUYHO OIIpesesIsIeTCsl MHOXKECTBO 7 2UNEPUEAbLT “Uces U BO-
obre MuoxKecTtso *M g jiroboro Muoxkectsa M NefCTBUTENLHBLIX YH-
cen. (MuoxectBy M COOTBETCTBYeT OJHOMECTHBIH NPEAUKATHBIA CHM-
BoJi; "M — unrepuperaiusa roro cumsojia B *R.) Muoxkecrso *M na-
3bIBAIOT HECTAHAAPTHLIM pacmiupenueM M. B mém comepkarcs Te ke
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cranjgapTHbIe ucia, 9o u B M (dopmyist Buga a € M s cranaapr-
HBIX 9HCEJl @ [EPEHOCATCH), W, BO3MOXKHO, HEKOTOPbIE HECTAHIAPTHBIE
qHCIIA.

IIpunnun neperoca rapauTUPYeET, ITO /10 Koneunoro M necrammapt-
HBIX 37eMeHTOB B *M He mosiBuTcs. B camom nerne, mycTh, ckaxkem, B M
pPOBHO Tpu djieMeHTa a, b u ¢. Torma dpopmysta

Ve (M(z) & (@ =a) V(@ =) V (z = ),

B KoTOpOii M (x) — npenukar, coOOTBeTCTBYOMMI MHOXKecTBY M, ucTun-
ma B R. Ilo mpunmuny mnepexnoca oHa ucTWHHA U B "R, Tak uro m *M
COCTOUT W3 TPEX IJIEMEHTOB, SIBJISIIOIINXCSA 3HAYEHUSIMUA KOHCTAHT @, b
u ¢ (OTOXKIECTBJIEHHBIX CO CTAHIAPTHBIMU AEHCTBUTELHBIMA TUCIIAMHA ).

BuocitencrBun MbI yBuanM, 9T0 OeCKOHEUYHOE MHOXKECTBO M 00si3a-
TEJILHO TPUOOPETET HOBBIE HECTAH/IAPTHBIE IJIEMEHTDI IIPU [IEPEXOJIE OT
R x *R.

HeckosbKo POCTHIX CIIECTBUI IPUHIIATIA [TIEPEHOCA:

e M C N & *M C *N (upumeHsieM IPUHIMI IepeHoca K dhopmysie
Va (M(z) — N(x)));

e (MUN)="*MU*N, (upuMeHsieM IIPUHIUII IeDeHOCa K dhopMyIie
Ve ((M(z)V N(x)) < K(x)), tne K — obbenunenne M u N);

® aHaJIOTUYIHbIEC YTBEPXKJ/I€HW I BEPHBI U JIJIgl IepeCeIeHUsd 1 Pa3HOCTHU
MHOXKECTB.

165. ITokaxkure, 9TO JijIsi CYETHONO OO'bEINHEHUS AHAJOI'UNYHOE YTBEPK Ie-
HEUEe MOXKeT He ObITb BepHbIM U (Mo U M1 U Mz U ... ) MOXKeT OTJIMYaThCsL OT
(*M()U*M1 U*MQU...).

Hecrangaprabie anajgorn mMeroT He TOJIBKO MHOXKECTBA, HO U (DYHK-
uu. Mbl yKe TOBOPHJIM O HECTAH/IAPTHOM AHAJOre CHHYyca. 1OYHO Tak
JKe MOXKHO OIPEJe/INTh HECTAHJAPTHBII aHaJIOr JI000il BCIOLy ompese-
sénnoit dyukuu (1o6oro duciaa aprymentos). s He BCIOLy ompee-
JIEHHBIX (pyHKIWI (HapuMmep, 1y QYHKIUA KBAJAPATHOIO KOPH:) HAJ0
paccMoTpeTh €€ rpaduk Kak Npeaukar (s KOPHs 9TO OYJET IIPEeJIuKaT
JIByX apryMEHTOB) U B3dThb €0 HECTAHJAPTHBIA aHAJOL. DTOT HeCTaH-
JapTHBI anajor 6yger rpadukoM dacTunaHoit MyHKIWKE (K60 CBOHCTBO
«BBITh TpadUKOM YacTHIHON (DyHKIMI» 3anucbiBaercs dhopmydoii). Co-
OTBETCTBYIOIast PYHKIUsI U Oy/IeT HECTAHIAPTHBIM AHAJIOTOM MCXOTHOM.

166. [TokarxuTe, 9T0 (IIOCTPOEHHDBIN MO STOH CXxeMe) HECTAHIAPTHBIA KBaJI-
paTHBI KOPeHb UMeeT 00JIaCThIO OIPeIeSIEHHsI MHOXKECTBO HEOTPHUIATETbHBIX
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PUIEpeHCTBUTELHBIX qrces 1 uTo (/Z)? = 2 1y JII060ro HeOTPUIATETLHOTO
TUEPAEHCTBUTEILHOTO YUCTA T.

167. Ilokaxkure, 4TO JJIsi BCIO/LY OMpEAEIEHHON (pyHKIMM gBa crocoba eé
nponosKenns (Kak byHKIUM 1 Yepe3 rpaduK) 0T OfHY U Ty Ke (PyHKIIHIO.

168. IlokaxxuTe, 9TO €C/iu MHOXKECTBO A sIBJIsIeTCs 0OJIACTBIO OIpesese-
HUSI 9aCTUIHON (DYHKIUU , TO €ro HEeCTAHJAPTHBIA aHajor “A coBmajaer ¢
06J1aCTBIO ONpeieseHnsT (DYHKIUHA .

Mg GyzieM 9acTo omycKaTh 3BE3I0UKN B 3anucax sujia *f (), cauras,
9TO ec/Ii PeYb UIET O 3HAYEHNN (DYHKIMH HA TUIEPIeCTBATEIbHOM YUC-
Jie, TO TO/APa3yMEBAETCsl HECTAHIAPTHBIN aHAJIOT TONW (DYHKITIH. (HyTa—
HUITHI He OYIeT, TaK KaK Ha CTAHIAPTHBIX UUCJIaX 3HAUCHUST (PYHKITUU U
€€ TUIePIEeliCTBUTEIHLHONO AaHAJIOIA COBIAIAIOT. )

169. AGCOTIOTHYO BEJIMYUHY TUIEDP/IEHICTBUTEILHOTO YHC/IA T MOYKHO OIIpe-
nemth Kak & upu ¢ > 0 u kak (—z) npu z < 0. C Apyroil cTOPOHBI, MOXKHO
pPaccMOTpeTh HECTAHJAPTHLIA anajgor dyskiuun & — |x|. Ilokaxkure, uro mo-
JIYIUTCA OHO M TO 2Ke.

170. ITokaxkuTe, 9TO TOJIE THIEPAECHCTBUTEILHBIX UUCEsI SBJISETCS BeIlle-
CTBEHHO 3aMKHYTBIM (COIVIACHO OIIpEJesIeHnIo Ha ¢. 183)

JIroboe rumepeficTBUTEILHOE YUCI0 & MOYKHO IIPEJICTABUTH B BUIE
CYMMBI TUIIEPIIEJIOTO UUCJIa N M1 HEKOTOPOTO TUTEP/IEICTBUTEIHLHOTO HC-
Jaa «, gy kotoporo 0 < a < 1. Urobbl yOeauTbest B 9TOM, JTOCTATOYHO
paccMOTpeTh HeCTaHJIAPTHBIE AHAJOTU (DYHKIMI 1esI0if U ApoOHOM 1a-
ctu. [Ipuninun neperoca rapaHTUPYET, ITO OHU COXPAHAT CBOU CBOHCTBA.
B wacrHOCTH, B CyMMe OHU JJAIOT UCXOJIHOE YHCJIO, & JPOOHAST YaCTh BCe-
rJla He MEHbIIIE HyJId U MEHbIIE eIUHUIIbL.

ITenvro pacmupennst OBLIO TOJIYIUTH BO3MOYKHOCTH PACCMATPUBATH
beckonevHo OosbIe n 6eCKOHETHO MaJible ducya. JlajmmM cooTBeTCTBY-
IOIIHE OIpeeIeHNUs].

lM'unepaeiicTBUTEILHOE YHUCJIO (r, OOJIBIEE BCEX CTAHIAPTHBIX IHCET,
HAa3bIBAETCS NOAOHCUMEALHDIM OECKOHEUHO O0ALULUM TUCTOM. AHAJIO-
TUYHO OMPEIEeSIOTCS OTPUNATETbHBIE OECKOHETHO OOJIBITINE TUCTIA.

171. JlokaxxuTe, 9TO YUCJIO (v SIBJISIETCST OTPUIIATETHHBIM OECKOHETHO 6OJTb-
UM TOTJa WU TOJIBKO TOrJda, KOrJa — & ABJIACTCA ITOJIO2KUTEJIbHBIM 6eCKOHe‘{HO
GosbiuM. JIoKarKuTe, ITO |o| SIBJISIETCA IIOJIOXKUTEJILHBIM GECKOHEYHO GOJIb-
MMM TOTJIa W TOJBKO TOTrJA, KOIJa ( ABJIAETCS JIMOO IMOJIOXKUTEIbHBIM, JTHOO
OTPHUIATEIHHBIM OECKOHETHO OOIBIITNM.

I'uniepeticTBUTETbHBIE YHCIA, HE SBJIAIONINECST OECKOHETHO OOIBINN-
MM, HA3BIBAIOT KOHEYHLIMH. /Ipyrumu cjoBaMu, THUIEpPIeHCTBUTEIHHOE
9UCJIO T KOHEWHO, €CJIU OHO HAXOJWTCH B IMPOMEX)YTKe a < T < b co
CTAaHJAPTHBIMU KOHIIAMU @ H b.

Hakomer, rumepieficTBUTETLHOE THUCIO HA3BIBACTCA OECKOHEUWHO M-
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AbLM, €CTU ero abCOJIIOTHAS BEJIMYMHA MEHbIIE JIF000TO CTAaHIAPTHOTO
nos1okuTeabHOro yncia. (CoryiacHo TOMY OILIPEIEJICHUIO HYJIb TOXKE siB-
JiteTes GECKOHEYHO MAaJIbIM 9HCJIOM.) JIETKO NpOBEpHUTH, 9TO HEHYJIe-
BOE YHCJIO € SIBJISeTCsl OECKOHEYHO MaJjibIM TOTJA U TOJBKO TOIJa, KO-
riaa 1/e GeckoHeuHO BeswKo. B camoM jieste, 1ycTh, Hampumep, e > 0
6eckoneuno masio. Torga 1/e Gosbiie 1060ro crangapTHOro ducia ¢ > 0,
Tak Kak e < 1/c¢. Ocrasbhble ciydan pa3bupaioTcs aHAJIOTUIHO.

CyMMa 1 IpomM3BeJIeHNE JIBYX KOHEIHBIX Ynces KOHedHbl. Ecin a mo
MO/TYJII0 MEHBIIIe CTAHAPTHOIO YUCHIa a, & 3 — CTaHJapTHOrO JucJa b,
TO o+ 110 MOJLYJIFO MEHbIIIe CTaHIAPTHOrO Yucia a + b, a af 1mo Moiy-
o menbuie ab. (Hepasencrsa B TUIEpIEHCTBUTEIBHBIX YUCIAX MOXKHO
CKJIQJIBIBATh W YMHOXKATh, TAK KaK ODBIYHBIE CBOWCTBA HEPABEHCTB 3a-
UCBIBAIOTCs (GOPMYJIAMU U JOILyCKAIOT [IE€PEHOC. )

B obbranom Kypce mMareMaTndeckoro aHAJIM3a AHAJIOTOM ITOTO PAC-
CYXKJIEHUS SIBJIFIETCS YTBEP2KJIEHHE O TOM, YTO CyMMa U IIPOU3BEJIEHUE
OrpaHUYEHHBIX II0CJIe0BaTe/IbHOCTEN OrpaHuveHbl. /Ipyroe crasgapr-
HOE yTBEpKJIeHUE U3 KypPCa aHAJN3a — O POU3BEJICHUN OIPAHUIEHHBIX U
GECKOHETHO MAJIBIX (CXOMSIIUXCS K HYJIIO) TOCIEI0BATEIbHOCTEH — TaK-
2K€ MMEeT eCTeCTBEHHBIN aHAJIOr: IIPONU3BEeHNEe KOHETHOIO U OECKOHEed-
HO MaJIOr0 THIIEP/IEHCTBUTEIbHBIX YUCEST ABJISETCH OECKOHEYHO MAaJIbIM
IUIEP/IEHCTBUTE/IBHBIM YUCJIOM. JIOKAa3aTeIbCTBO TAKYKE BIIOJIHE TPA M-
[IMOHHO: €CJIM (¢ He IPEBOCXOJIUT CTAHJAPTHOIO YHUCiIa a, a |3| MeHbIe
JIF00OT0 CTAHJIAPTHOTO TOJIOXKUATEIHFHOTO YUC/IA, TO (f MEHbIIE JIF000ro
CTAHIAPTHOTIO HOJIOXKUTEIBHOIO e, Tak Kak |(| < e/a.

JlBa runepaeiicTBUTEIbHBIX 9UCIA , 3 OeCKOHeUHO OAU3KU, €CTU UX
pasHocTh Heckoreuno majia. Obosnadenue: a == 3.

172. Jokaxkute, 9to ecint & =~ 3, T0 o+ v =~ 3+ 7y jjist 106Oro runepieii-
CTBHUTEJIBHOTO 7Y, & 7y R [37y 151 JII0O0r0 KOHETHOI'O TUIIEPAEHCTBUTEILHOTO 7.
IlokazkuTe, 9TO yC/IOBUE KOHEYHOCTU CYIIECTBEHHO.

173. Ilokaxkure, 9TO JiBA KOHEYHBIX T'HIIEPIEHCTBUTEILHBIX YUCJIa OECKO-
HEYHO 6JII/I3KI/I TOTJa W TOJIBKO TOrJa, KOrJa MEXKJly HUMHU HeJIb3d BCTaBUTh
ABYX Pa3HBbIX CTaHAAPTHBIX YUCEJI.

Jlerko mpoBepuTH, YTO OTHOIIEHNE OECKOHEYHON OJIM30CTU SIBJISIET-
CsI OTHOIIIEHEM SKBUBAJIEHTHOCTU Ha MHOYKECTBE I'HIEDP/IEHCTBUTEIBHBIX
ynces. Kiacchl 9KBUBaJIEHTHOCTH 3TOIO OTHOIIEHHS WHOIJA HA3BIBAIOT
MOHAAAMU (TepMI/IH7 WCIIOJIb30BABIITUIACS €IIé JIeI?I6HHueM).

Teopema 79. Besikoe KoHEUHOE THIEPACHCTBUTEILHOE UHCIO OECKO-
HEYHO OJIM3KO K HEKOTOPOMY CTaHIAPTHOMY YHCILY.

(Bamerum, 4TO 0GpATHOE YTBEPXKIECHUE OYEBUIHO: BCAKOE TUIIEDIeii-
CTBUTEJIBHOE YUCJI0, DECKOHEYHO OJIM3KOe K HEKOTOPOMY CTaHIaPTHO-
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MY @, KOHEIHO, TOCKOJIbKY COJEPIKUTCS MEYKJLy CTAHIAPTHBIMY YUCIAMU
a—lua+1l.)

< Ilycte @ — KOHEUHOE TUIepAelicTBUTEIbHOE InCI0. PaccMoTpum
MHOXKECTBO MHOYKECTBO L BCEX CTAHJIAPTHBIX JEHCTBUTEIHHBIX UYHUCE,
MEHBIIUX WU PABHBIX (v, 8 TAKyKe MHOYKECTBO R Bcex cTaH apTHBIX Jeii-
CTBUTEJILHBIX YNCeJI, OOJIBIINX WU PABHBIX . KOHEYHOCTH Yncia o ra-
PAHTHUPYET, 9TO 00a ITUX MHOKECTBA HEIyCThI (ecyu Obl, ckaxkeM, R Gbl-
JIO MyCTO, TO (¢ OBLIO Obl MOJOKUTEJHLHBIM GECKOHEIHO GoJbimM). 3a-
meTuM, 9T0 L u R He mepecekarorcs (eciim TOIBKO ( CAMO HE sIBJISETCSI
CTAHJAPTHBIM, U TOIJIA JIOKA3bIBATH HEYEro) U B O0bEIMHEHUN JAI0T BCE
MHO2XKecTBO R.

ITo akcrome TIOJTHOTHI CYIIECTBYET AEHCTBATEIHLHOE 9UCIIO G, JJIst KO-
toporo L < a < R. Ilokaxewm, aro o — a Heckomeuno majo. [Iposepum,
HAIpUMED, YITO JIIst JIIOOOTro cTaHAapTHOrO € > () BBIIOJHEHO HEPABEH-
CTBO @ — a < €, TO ecTh @@ < @ + e. DTO MOHATHO: eciu a + e < qQ,
10 a + e € L, uro nporusopeunt coitctBy L < a. Ilo anmamormanbim
IpuauHaM @ — @ > —e. >

CranmapTHOE YHUC/IO ¢, ODECKOHEYHO OJIM3KOe K KOHEYHOMY THIIEepIeii-
CTBUTEJILHOMY (v, HA3bIBACTCS cmandapmmots wacmvio ducia «. Crad-
JlapTHAs 9acTh OMPeJe/IeHa OTHOZHAYHO, TAK KaK JIBa PA3HBIX CTAH/IAPT-
HBIX 9HCJIa HE MOTYT ObITh OECKOHEYHO OJIM3KU K OJHOMY M TOMY K€
TUIEPIefCTBUTETFHOMY YUCTy (TOraa 6bI OHM OBLITN OJIM3KY JPYT K JIPY-
Iy, 9TO HEBO3MOXKHO). I109TOMY MOXKHO BBeCTH O0O3HAUeHUe St st
CTAHIAPTHON YaCTH KOHETHOIO IUCTIA (V.

174. JlokaxkuTe, 9TO ecau & u [ KOHEYHBI, TpuiéM o < 3, To u st a < st 3.

Teopema 80. Cpeau rurepeificCTBUTEIbHBIX YUCE] €CTh HEHYJIEBBIE
OECKOHEYHO MaJible, a TaKyKe DECKOHEYHO OOJIbIINe JHCIIa.

<! Hamomumm, 49To 110 HameMy mpefmnosiokennio *R He coBmamaer ¢
R, TO ecTh CyIecTByeT HEKOTOPOE HECTAHIAPTHOE TUIEPAeiCTBUTEIbHOE
qucso . Ecin o 6eckonedno, To 1/ — nckoMoe HeHysieBoe GECKOHETHO
Majoe uucso. Ecim o koneuno, 1o a — st(«) Oymer UCKOMBbIM HEHyJe-
BbIM GECKOHEYHO MaJIbIM 4ucsioM (a obparHoe K HeMy OyieT 6eCKOHEYHO
GOoJIbIITIM ). >

3aMeTuM, 9TO TIPU TOCTPOECHUH TUIEPIeHCTBUTETLHBIX YUCET C TTIOMO-
mpio hopMyst ¢ > a (11 HOBOI KOHCTAHTBI ¢ M BCEX CTAHIAPTHBIX G) U
TEOpEeMbI KOMIIAKTHOCTH CYIIECTBOBAHUE OECKOHEYHO OOJIBIIUX JIEMEH-
TOB OYEBHUHO: TAKOBBIM OyJIeT 3HAYEHHE STON caMOil KOHCTAHTHI C.

Tenepb 0OpaTUMCsT K HATYPAJIBHBIM U IEJIBIM THCJIAM.

Teopema 81. CyIecTByIOT HECTAHJIAPTHBIE TUIIEPHATYPAJBHBIE TUC-
Jia, IPU 9TOM BCe OHM GECKOHEYHO BEJTHKH.
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(Takum o6pa3oM, Jjis THIEPHATYPAJIbHBIX YUCE] KOHEYHOCTD U CTAH-
JIAPTHOCTb PABHOCHJILHBI. )

<1 Besikoe mnostozkuTeibHOE JIEHCTBUTEIBHOE YUCIO €CTh CyMMa, HATY-
paJsibHOTO 1 uncia u3 [0, 1). IIpuaimn nepeHoca rapaHTHPYET, 9TO BCIKOE
MTOJIOYKUTETHHOE THIEPAEHCTBUTEILHOE THUCIO (¢ €CTh CyMMa THIEPHATY-
PaIbLHOTO V W TUNEPAEHCTBUTEIBHOTO T, st KoToporo 0 < 7 < 1. Bo3b-
MEM « OECKOHEYHO OOJIBIINM, TOT/a U ¥V Oy/ieT GECKOHEYIHO OOJIBIITNIM.
ITepBoe yTBEpXKIeHUE TOKA3AHO.

Ilycts Temeph v — KOHeYHOE ruUmepHATypagbHoe uncyo. [lo ompe-
JIEJIEHUIO KOHEYHOCTU OHO MEHBIIE HEKOTOPOI'O CTAHIAPTHOTO YUC/IA
ckazkeM, uncia 5. Ho B cranmapTHO Mojiesin BepHa hopMyJia

Vo (((z e N)A (2 <)) —
—((z=0)V(@e=1)V(z=2)V(z=3)V(z=4))).

Ilo npunmuny nepexHoca ona BepHa U B “R, T03TOMY YHCJIO I COBIAIAET
¢ oHUM U3 cTaHjaapTHbIX yncera 0,1, 2,3, 4. >

175. ITokaxkuTe, 94TO /15T BCSAKOT'O TUIIEPIEHCTBUTEIBHOIO YHCIa CYIIECTBY-
eT GOJIbITIee €ro TUMIEPHATYPAJIHHOE.

176. PaCCMOTpI/IM ruriepHaTypaJibHble 9nCJ/la KaK YIIOPAJO0OYCHHOE MHOXKe-
crBo. [lokaxkure, aro ono mzomopduo N+ Z X F, rme F' — miorHOe JUHEHHO
YIOPsIIOYEHHOE MHOXKECTBO 6€3 IepBoro u mnociensero siaeMmenTosn. (Ilopsamox
Ha 7ZxF TaKOM: CPpaBHUBaIOTCA CHa4daJla BTOPbIE 9JIEMEHTDBI, a IIPU paBEHCTBE —
nepBhIe. )

lM'unepuarypaJsibHble YHCIA TIO3BOJISIIOT TOBOPUTH O GECKOHETHO a6~
KHX 4jleHax (CTaHJAPTHBIX) [OCIeI0BATEIBHOCTE eHCTBATENBHBIX Y-
cen. Ilycrb ag, ay, . .. — Takas ocJieI0BaTeIbHOCTh. Paccmorpum eé rpa-
dux, To ectb Muoxkecrso nap (0, ag), (1,a1),..., Kak AByMeCTHbI 1pe-
JUKAT. Y TBEPXKJIEHNE O TOM, YTO ITOT IPEIUKAT 33a€T rpaduk OyHK-
I[UU, ONPEIEJIEHHON HA HATYDPAJBHBIX YHCJAX, MOKHO 3aIUCATh B BHJE
dopmysibl. [IpuHIMn IEpeHoca rapaHTUPYeT, YTO IUIepIeiiCTBUTE IbHBIN
aHaJIOr ITOrO NpeauKaTa OyaeT dyHKIMEH, OnpeIe/IEHHO Ha rUiepHa-
TYPAJIbHBIX YUCJIAX U OPUHUMAIOIIEH MUIepAeiiCTBUTE/ILHbIE 3HAYCHUS.
Sunaduenue 3Toil (HYHKINU HA TUIEPHATYPATHLHOM YHCJE 7 MOXKHO 000-
3HAYATH Gy, He OlIACALACH IIyTAHUIBI (DU CTAHIAPTHLIX 72 MBI [IOJIYYaeM
OJIHO U TO JKE).

Takwum obpazom, T00as MOCIEI0BATEIBHOCTD TPUOOPETAET — IOMU-
MO CBOErO KeJIaHus — OECKOHEUHBIN «XBOCT».

177. Tlokaxkure, 9TO €CaU JABE IOCTEIOBATEIHLHOCTH OTIUYAIOTCS JIUIIL B
KOHEYHOM 4YHCJI€ IJIEHOB, TO UX 66CKOH€“IHI)I€ XBOCTBI OJJMUHAKOBBI.
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Ceituac MbI UCITOJIB3YEM TPOJIOJIZKEHUE MTOCIEI0BATEILHOCTEH JJIs 0~
Ka3aTeJbCTBa TAKOTO (pakTa:

Teopema 82. HecrammapTHbiit anajor *A MmuoxkecrBa A 1elfiCTBATEb-
HBIX YHCEJI COBIAJAET ¢ A TOTIa M TOJBKO TOT/A, KO/ MHOMXKECTBO A
KOHEYHO.

< Eciun A koHeuHo, u, CKayKeM, COCTOUT U3 TPEX JIEMEHTOB P, ¢, T,
TO MOXKHO 3aIUCaTh GOPMYILY

Vr((z € d) = (z=p)V(z=q)V(r=r)).

[To mpunmumy mnepemoca 3ta dopmysia ocraércss ucTwHHOM B R, Tak
910 *A COCTOUT U3 TeX K€ TPEX IJIEMEHTOB.

IIyctb Teneppr A 6eckoneuno. ITokaxkem, 4To *A comepKUT 3J1€MEH-
oI, He Bxoggamue B A. Ilycrb ag,ai,... — MOCIEIOBATEIHLHOCTD pPas3-
JIMIHBIX 3jIeMeHTOB MHOXKecTBa A. Hanummem dbopmyny, KoTopast yrBep-
2KJIAET, YTO BCE JIEMEHTHI 3TOH IOC/Ie0BATETLHOCTY PA3JIUYIHBI U TTPU-
naggexar A. I[lo npuanuny nepenoca Bce 6ECKOHEUYHBIE YJIEHBI 9TOM I10-
CJIEIOBATENILHOCTH (TOYHEe, €€ IUIepIeHCTBUTENHLHOTO aHAJIOTa) TAKXKe
pa3/IMIHbI, TPUHAJIEXKAT *A M OTJIMYIAIOTCS OT BCEX KOHEYHBIX UJIEHOB
nocienoBareabrocTH. OHU U OYAYyT MCKOMBIMH HECTAHIAPTHBIMU 3JIe-
mentamu *A. B camom nese, GeCKOHEYHBIN WieH a, Npu OECKOHEIHOM
THIIEPHATYPAJIHLHOM ¥ HE MOYKET COBIIACTh C KOHEYHBIMU YJI€HAMHM, & TaK-
JKe He MOKET COBIIACTH CO CTAHIAPTHBIM JIEMEHTOM ¢ € A, He BXOIAIIUM
B MCXOJHYIO II0CJIEJI0BATENBHOCTD (MO0 YyTBEPXKIECHNE «Qy # G TIPH BCEX
n» 3anuchiBaeTCs GOPMYJIONt). >

Taraxmuroti TUTIEPIEHCTBATEILHOTO YHUCJIA (v HA3BIBAIOT MHOYKECTBO
BCEX T'MIIEPIAEHCTBUTEIBLHBIX (3, 1JIs1 KOTOPBIX PA3HOCTb ( — (3 KOHEYHA.

178. HOKa}KI/ITe, 9TO MHO>KECTBO FI/IHGP,HGIZCTBI/ITGJIBHI)IX quceJ pa36I/IBaeT-
Cd Ha TaJIaKTUKHU. OHpe,ILeJ'II/ITe Ha raJlakKTUKaX €CTE€CTBECHHOE€ OTHOIIICHUE JIN-
HeWHOoro IOpsAAKa U IIOKaKUTE€, YTO I3TOT IMOPAIOK IJIOTHBIA 1 HEe UMeeT Hau-
60JH)H.I€FO N HaAaUMEHBIIIETO JIEMEHTOB.

179. Kaxoe neficTBUTEIBHOE YHUCIO G, HE SIBJISIIONIEECS TBOMTHO-PAIO-
HAJIbHBIM, MOYKHO €IMHCTBEHHBIM 00pa30M 3alucaTh B BUJie OECKOHEYHOMN JTBO-
WYHOM JpodH . ..,a0a1 . ..; APYTUMHU CJIOBAMH, €My COOTBETCTBYET IIOCJIEI0BA~
TEIBHOCTD HyJsel u exmuun (Hac GyleT MHTEPECOBATH JIUIIDL JPOOHAS IACTh
nocste 3ansAToii). PukcupyeM GECKOHEUHOE THIIEPHATYPAJIbHOE Y U PACCMOT-
puM T€ 4Jucjia a, y KOTOPbIX Gy = O I_IOKB,)KI/I‘T‘G7 YTO MHOXKECTBO TaKHUX YUCEJI
MIEPEXOIUT B CBOE JIOMOJTHEHUE MPU CUMMETPHUH OTHOCUTEIBLHO JII00O0M JBOMY-
HO-PAIMOHAJILHON ToukM (apyrumu cjaoBamu, a € M < r—a ¢ M nns nso-
NIHO-PAIIUOHAJIBHBIX T’) U IIOTOMY HE MO2KeT 6bITb U3MEPUMBIM I10 I[e6e[‘y.

180. /lokarkuTe, YTO TUMIEPPAITMOHATBHBIMU YUCIAMHU SBJISIIOTCS OTHOIIIE-
HUsI THIEPIEBIX YUCEJT U TOJBKO OHHU. JloKarkuTe, 4TO KaxKJ0e TuIepeii-
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CTBUTEJIBHOE YHUCJIO 6€CKOH€‘{HO 6J'II/13KO K HEKOTOPOMY THUIIepPalliOHAJIBHOMY
GUCITY.

TTokazkem Temnepb, KAK MOXKHO BBECTU OCHOBHbBIE TIOHSTHST MATEMAaTH-
YECKOI'0 aHAJIN3a, UCIOIb3Ysd OECKOHEIHO MaJible 1 OECKOHETHO OOJIbIIne
YUCTIA.

Teopema 83. Ilycre M C R. Muoxkectso M orpanudeno (B 0ObIYHOM
CMBICJIE) TOTJIA ¥ TOJIKO TOIJIA, KOIJIA BCE SJIEMEHTHI ero I'HIepeiicTBu-
TEJIbHOI'O AHAJIOra KOHEYHBI.

Takwum o6pazom, B Kypce HECTAHAAPTHOIO AHAJIM3a MOXKHO OIIPejie-
JIATH OIPaHUYEHHbIE MHOXKECTBA KaK MHOXKECTBa, He cojiepxKarnue Oec-
KOHEUYHBIX 3JIEMEHTOB.

< Ecnu Bce sslementsl M MeHbIlle HEKOTOPOI'O CTAHAAPTHOIO @ IIO
MOJLYJTIO, TO U BCE 3JIeMeHThI “M MeHbIIe TOro ke ¢ (IPUHITHIL IePeHOCca),
II0O9TOMY B OJIHY CTOPOHY YTBEDXKJIEHIE OUYEBHIHO.

ITycrs Teneps M He orpannveno (ckaxem, ceepxy). Torna B R BepHO
TaKOe yTBEp:KJEHUE: JJIsi BCIAKOTO ¢ HAMIETCsT 3JIeMeHT MHOXKecTBa M,
6osbmuit c. [IpumerrM TpuHIUI IEpEHOCa U BO3bMEM HECKOHETHO DOJIb-
moe c. [Toayawmm, aro B *M ecTh OECKOHEYHO OOJIBINON JIEMEHT. [>

181. ITokaxkuTe, 9TO €CJiM BCE IJIEMEHTHI MHOXKeCTBa M MeHbIIe HEKOTO-
pOro runepaeicTBUTELHOrO ¢, TO M OorpaHuYeHo.

182. T'oBOpST, YTO MHOXKECTBO S TUNEPAEHCTBUTEIHHBIX YUCEJ SBJISETCSH
6HYMpeHHUM, €CJIN OHO €CTb FHHep,ZLeP‘ICTBHTeJIbeIﬁ aHaJIOI' HEKOTOPOI'o MHO-
KeCTBa A ,HeﬁCTBHTeﬂbeIX quceJI. HOKa)KI/ITe, 9TO MHOXKECTBO KOHEYHBIX I'l-
Hep,ﬂel‘/’ICTBI/ITeHI)HI)IX YUCeJI HE ABJIAETCA BHYTPEHHUM.

183. [okaxure, aro muHOXKecTBO S C “R BRIpasmmMo (B paccMaTpuBaeMoit
HAMU CUTHATYPE, COJIep>Kallleif CAMBOJIBI JJIsi BceX (DYHKIMA U TIPETUKATOB Ha
MHO>KeCTBe R) TOTJa U TOJIBKO TOrJla, KOrZ[a OHO ABJIAETCA BHYTPEHHUM.

Hecrannapraeiit aHaan3 MO3BOJISET 1aTh €CTECTBEHHBIE OIIPEIEJIEHUS
IIPEJIEJILHOI TOYKHU U IIPEJIEIA.

Teopema 84. Hucsio a siBisieTcst IpeJeIbHON TOYKOM 110C/IeI0BATE b=
HOCTHU JeNCTBUTEJIbHBIX YHUCeJ ag, a1, ... TOLJA U TOJBKO TOrJIA, KOIJIa
HaIETCst OECKOHEYHO JAJIEKUI YJIeH I0C/Ie0BATEIbHOCTH, OECKOHETHO
OIM3KWUIL K a.

(BeckoHEYHO MAEKMM YJIEHOM IOCJIEI0BATEILHOCTH Mbl HA3bIBAEM
3HAYEHUE @, NPU GECKOHEYHOM I'MIIEPHATYPAIHHOM V)

< Ecam a siBjsiercst mpejiesibHON TOYKOM, TO JIJIsi BCAKOTO IMOJIOXKU-
TEJIHOI'O € U BCSKOIo HarypajbHoro N Haiinércs HarypaJibHoe 1 > IV,
IJIS KOTOPOTO |a, — a| < €. IIpuMeHuM OPHUHIUI NEPEHOCA, TIOJIOKUB £
6eckonedno MajbiM u [N OeckoHedHO OosibinmM. [lomydmm nekombrit bec-
KOHEYIHO OJIM3KUil K @ 9jaeH ¢ 6ECKOHETHO OOJIBINM TUTIEPHATY PATHHBIM
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HOMEPOM.

Hamporus, eciin 111 HEKOTOPOTO HATYpAIbHOTO N 1 JI71ST HEKOTOPOTO
€ > 0 Bce WIEHBI TIOC/IEI0BATEILHOCTH, HAYUHAA C [N-TO, OTCTOAT OT G
boJiee yeM Ha €, TO IO MPUHIAIY IEPEHOCA BCe OECKOHETHO IAJIEKUE
YJIeHBI TT0CJIE0BATEILHOCTH TaK¥Ke OTCTOSIT OT a OoJiee YeM Ha €. [>

184. IlokazkuTe, ITO YUCJIO @ MPUHAJIEKUT 3aMbIKAHUIO MHOXKecTBa M C
C R Torzma u TOJILKO TOr/Ia, KOTJIa HEKOTOPBIH 3JIeMeHT MHOKeCTBa “M Gecko-
HEYHO OJIM30K K d.

185. Kak onpeneuTh B TEpMUHAX HECTAHIAPTHOTO aHAJIN3a, IIOHATHE IIPe-
JIeJIbHON TOYKU MHOXKeCTBa (B JII060H OKPECTHOCTH KOTOPOi 6ECKOHETHO MHOTO
YJIEHOB MHO)KeCTBa)?

Teneps BUIHO, YTO HECTAHIAPTHBIN aHAJM3 ITO3BOJISIET B JIBA CUETA
JIOKa3aTh TEOPEMY O TOM, UTO OTPAHUYEHHAS MOCIETOBATETHHOCTD UMe-
€T MpEeIEeIbHYIO TOYKY: B CAMOM JieJIe, JTI000M OECKOHEYHO JAJEKUIT TIeH
3TOM MOCIETOBATEIHLHOCTH KOHEUEH, U €0 CTAHIaPTHAS YaCTh OyIeT Ipe-
JNIeJIbHOI TOYKOIA!

Teopema 85. IloceoBaTeIbHOCTD g, A1, - . . JAEACTBUTETBHBIX TUCET
CXOIUTCST K YUCJIYy @ TOT/a W TOJIBKO TOTJA, KOTJa BCe €€ OeCKOHEeYHO
JAaJIEKHe 9JIeHBI OECKOHEIHO OJIM3KH K a.

< Ilycrb a sBasiercs npenenom. Torma jjist Besskoro € Hagéres N,
HaYMHAS C KOTOPOT'O BCE YJIEHBI TTOCJIEIOBATETLHOCTH OTCTOAT OT @ MEHee
qeM Ha €. B wacTHOCTH, BCe OECKOHEUHO MAEKME IJIEHBI TAKOBBI U UX
paccTostHIE JI0 @ MEeHbIIE JIF000ro CTaHIAPTHOTO £.

Hamporus, nycTb a He SBJSETCS TPEIETIOM U i Beakoro N Hali-
HETCs 9iIeH a, ¢ HoMepoM n > N, orcrodmunii or a 6oJsee yeM Ha £ > 0
(moka 9To BCe mapaMeTphbl CTaHAapTHBI). [[puMeHrM IpUHIUI IepeHoca,
B3saB N O0eCKOHEYHO OOJIBIINM, U HaliAEM OECKOHEYHO HAJIEKUI 9jIeH I10-
CJIeI0BaTeIbHOCTH, OTCTOSIINI OT a 6oJiee 4eM Ha, crangaptaoe € > 0. >

IIpuBeém Terneph HeCTAHIAPTHBIE KPUTEPUU CTAHIAPTHBIX TOIOJIO-
THYECKUX IMOHSATHIA.

Teopema 86. MuoxkectBo M C R OTKpBITO TOrJa U TOJBKO TOTJIA,
KOT/Ia BMECTE CO BCAKOU TOUKON m € M OHO CONEPXKUT U BCIO €€ MOHATY,
TO €CTh BCE TUIEPACHCTBUTEIbHBIE TOUYKH, OECKOHETHO OJTM3KHIE K M.

(Crporo roopsi, ciiefoBajio Obl CKa3aTh «ero HECTAHIAPTHBINA aHa-
Jior *M'> BMECTO «OHO»; HAIIOMHUM Takke, aTo M u *M comepxkat omHu
U Te XKe CTaHJAPTHBIE YUCIA.)

< Ecitu M OTKpBITO U COJMEP>KUT BMECTe ¢ TOUKoi m € M eé €-0k-
PECTHOCTb, TO MOHA/Ia 1M 10 IPUHIIUITY IIepeHoca cojeputcst B M.

Ecmm xe mekoTopast Touka m € M He sBIsSeTCS BHYTpPEHHEH W st
BCAKOTO JeficTBUTeIbHOTO € > () Haiimércsa Touka BHe M Ha pacCTOSTHUH
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MEHbIIE €, TPUMEHUM IIPUHITAI IEePEeHOCa U BO3bMEM OECKOHETHO MAaJIoe
€. MbI mostyanm gmciio, 6ecKOHEIHO OJIM3KOe K m U He Jiexkarree B “M. >
Ilepexonsa K jgomoHeHUsIM, MOJytdaeM, 94To MHOXKecTBO M C R 3a-
MKHYTO TOTJIa M TOJIBKO TOI/A, KOIa JII0basi CTaHIapTHas TOYKa, Oec-
KOHEYIHO OJIM3Kasi K HEKOTOpOit Touke n3 *M, mpunamiexut M.

Ha npsimoit KoMIIaKTHBIMEU OYIyT 3aMKHYTHIE OTPaHUYEHHBIE MHOMXKE-
crBa. CoeMHIM HECTAHIAPTHBIE KPUTEPUHM 3aMKHYTOCTH U OT'PAHIYICH-
HOCTH:

Teopema 87. MuoxxectBo M C R KOMIIAKTHO TOTJa U TOJIBKO TOLJIA,
KOTJIa JII000i 91eMeHT MHOXKecTBa *M GecKoHedHO OJIM30K K HEKOTOPOMY
(cTaHIapTHOMY ) 9JIeMEHTY MHOKecTBa M.

< B camoMm pene, OrpaHMYEHHOCTH O3HAYAET, UTO JIFOOOH JIEMEHT
MHOXKecTBa M KOHEeYeH, TO eCTh OECKOHEUYHO OJM30K K CTAHIAPTHOMY
9HICITY, & 3aMKHYTOCTD MTO3BOJIAET 3aKJIIOYUTh, YTO ITO UUCJIO TPUHA/IIe-
xut M. >

186. Vcriosib3ys oIy YeHHbIE TOJBKO 9TO KPUTEPUH, IIOKAYKUATE, UTO JIFOOOM
OTpe30K [a, b] meficTBUTENIbHOM NPsSIMOil KOMIIAKTeH, & Jroboit nHTepBa (a, b)
OTKPBIT.

187. IlokaxkuTe, UCHONB3YsT HECTAHIAPTHBIN KPUTEPUIl OTKPBITOCTH, YTO
o0beuHeHrE JTI060TO IUCIa OTKPBITBIX MHOXKECTB OTKpbITo. (Hanomunanwme:
PUATIEPAEHCTBUTE/ILHBIN aHAJION OObeUHEHUs] MOXKET HE COBHAIATh C 00beIu-
HEHUEM FHHepﬂeﬁCTBHTeJ’IBHbIX a,Ha.HOl"OB!)

188. ITokaxkuTe, 4TO IepeceveHre ABYX (MM JIO60r0 KOHEYHOIO YHCIIA)
OTKPBITBIX MHOXKECTB OTKPBITO. ([71e mcmonb3yercsas KoHeIHOCTH?)

189. [TokaxkuTe, 9TO IOCIEI0BATEILHOCTD (DYH1aMEHTAIbHA TOTA U TOJIb-
KO TOTJ[a, KOTJIa JTI00bIE JBa e¢ 6ECKOHETHBIX 1IeHa GECKOHEIHO 6yin3ku (Tpes-
BapUTEJILHO YTOYHUB (DOPMYIUPOBKY ITOTO YTBEPIKICHUA).

190. Tokaxkure, 9TO BCsiKasd PyHIaAMEHTAIbHAS TOCIEIO0BATEIBHOCTD CXO-
JIATCsl, UCIIOJIB3Ysl IIPUBEIEHHBINA KpuTepuil dyHaaMeHTaIbHOCTH. (YKa3aHue.
OFpaHH‘{eHHOCTB OPpUXOJUTCA AOKA3bIBATh, UCXOA U3 CTaHIAPTHBLIX OIIpele-
JICHUIA. )

191. /lokaxkuTte, 9TO €CJIU MOCJIEI0BATEIbHOCTD OTPAHUYEHA U UMEET €JTUH-
CTBEHHYIO IIPEJIEJIbHYIO TOUKY, TO OHA CXOIUTCA (K 9TOH TOUKE).

192. JlokaxkuTe, YTO OrpAHHYEHHAS BO3PACTAIONIAS ITOCJIEI0BATEILHOCTD
uMeeT Ipejed.

Iepeiiém K HYHKIUSIM JEHCTBUTEIHLHOIO IEPEMEHHOIO U JIA UM He-
CTaHJIAPTHOE OUpeieieHne npeesia (AHAIOTUIHOe IIPUBEIEHHOMY BbIIIE
IS TIOCJIEZI0BATEJLHOCTEI ).

Teopema 88. Hucsio b € R ects npenen dyaknun f: R — R B Touke
a € R rorma u Toabko torma, korga f(z) ~ b miug Bcex x, GECKOHEIHO
OJIN3KUX K @, HO OTJIMYHBIX OT (.
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< [ycrs dyurnust f uMeer npejes b CONIACHO £-0-OMPEIEICHIIO 1
JTst Beskoro € > 0 maiigéres § > 0 ¢ HyKHBIME CcBoficTBaMu. BecKoHeTHO
6/IM3KOe K a 9UCJIO T TONAJAaeT B J-OKPECTHOCTh TOYKHU @ MPU JTFOOOM
cranzapTHOM 6 > 0, mosToMy f(2) momazaer B e-OKPECTHOCTH TOYKH b.

Hanporus, eciin mpu mekoropom € > 0 st sioboro § > 0 mHaiijgéres
TOYKA &, JJIst KOTOPOoil |t —a| < 0, Ho | f(x)—b| > €, TO MOKHO HIPUMEHHUTD
IPUHIMI TIepeHoca (JJIs JAHHOTO CTAHJAPTHOTO €) M B3sITh GECKOHETHO
majioe 4. >

HerocpeicTBEHHBIM  CJIEJICTBUEM SIBJISIETCS HECTAH/IAPTHBIN KPHUTE-
puii HenpepbiBHOCTH: (byHKnug f: R — R HenpepsiBHa B (CTaHIAPTHOI’ )
TOYKE @ TOrJIa W TOJBLKO Torda, korga f(z) = f(a) mia Becex x, Gecko-
HEYHO OJIM3KHX K Q.

st dyHKIMM, onpenenéHHoil Ha HekoTopoMm MHOXKectBe M C R,
KPUTEPUil HElIPEPBIBHOCTH B TouKe m € M Boiryisiaut Tak: f(m) = f(m’)
s Begkoit Toukn m’ € *M, 6eckonedHo GJu3KOM K m.

193. IlpoBepbTe 3T0O.

[ToyunrenbHO MOHATH, YEM ITO CBOWCTBO OTJIMYAETCSI OT PABHOMED-
HOII HEIPEPBIBHOCTH.

Teopema 89. @yukius f: R — R paBHOMEpPHO HEIpepbIBHA HA MHO-
xkectBe M C R Torga m TOJIBKO TOTAa, KOTJa JJs BceX X,y € "M BbI-
nosnmeHo x &y = f(z) = f(y).

< ITycThb BBITOJIHEHO OOBIMHOE £-0-OIIpe/jiesIeHue PABHOMEPHON Herrpe-
pbiBHOCTU. BecKoHEeUHO OIM3KMe TOYKHU X,y OTIMIAIOTCS MEHee IeM Ha
(cranmaprHOe) 0, a OTOMY UX 00pa3bl OTINIAIOTCA MEHEe YeM Ha £. DTO
BepHO s Jioboro crangaprTHoro €, nosromy f(x) ~ f(y).

Ob6patHo, ecyin DYHKIHS HE SBJISIETCS PABHOMEDHO HEIIPEPBIBHOIA, TO
JIIsT HEKOTOPOTO € U JIJIst JIIOOOr0 ¢ HAMIyTCs TOYKH, OTCTOSIIAE MEHee
1eM Ha §, 00pa3bl KOTOPBIX OoTCcTOAT Oojiee 1eM Ha €. Ocraérest mpume-
HUTDH [P JIAHHOM £ IPUHITUII IEPEHOCA U B3dATh OECKOHEYTHO MaJjoe §. >

YeM 3TO OTIIMYAETCS OT HENPEPBIBHOCTH BO BCEX TOYKAX MHOXKE-
crBa M7 HempepbiBHOCTE BO Bcex TouKax M 0O3HaAYaeT, 4TO sl JIFOOOIro
crangapraoro m € M u jo6oro 6eckonedno 6Ju3koro K nemy m' € *M
Mmbl uMeeM f(m) =~ f(m’). Orcroma ciaeayer, uro st obbix m’,m’ €
€ *M, beckonedHo OJIM3KUX K HEKOTOPOMY cTanmaptaHomy m € M, BbI-
nosnreno f(m’) = f(m”). Ho B mEOX)ecTBE *M MOTYT GBITH GECKOHETHO
GJIM3KME 3JIEMEHTBI, CTAHJIAPTHAsI YaCTh KOTODPBIX He JieXKuT B M (nam
BOOOIIIE HE UMEIOIIHe CTaHJAPTHO JacTH, TO ecTh GecKOHeHbIe). JIerko
[OHATD, YTO JJis KOMIAKTHOrO M Takoro ObITh He MOXKeT (CTaHmapT-
Has 9acTh J000ro 3nementa m’ € *M npunamuexxut M cormacHo Teo-
peme 87). Tem caMbIM MBI IOy YIHIX (IIOYTH YTO TPUBHAJIBHOE) HECTAH-
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JIAPTHOE JI0KA3aTEIbCTBO KJIACCHIECKON TEOPEMbI: HEITPEPHIBHAS HA KOM-
makTe OYHKIWS PABHOMEPHO HEIIPEPBLIBHA.

Bor ermmé HecKoJIBKO «HECTAHIAPTHBIX» JOKA3ATEIbCTB CTAHIAPTHBIX
(BO BCeX CMBICJIAX ITOrO CJIOBA) TEOPEM M3 KypPCa MATEMATUIECKOIO aHa-
Jm3a.

Teopema 90. OyukIms, HEIPEPHIBHAA HA OTPE3KE M IIPUHUMAIOINIAS
3HAYEHUs PA3HBIX 3HAKOB HA €r0 KOHIAX, UMeeT HYJIb Ha 9TOM OTPE3Ke.

< Pazgenmum orpesok mHa n paBHbIx dacreit. Cpenn Hux HafigéTcs
4acTh, HA KOTOPO# (DyHKIMS MeHseT 3HakK. 1lo mpuunumy nepenoca u
IIpU JIeJIEHUU OTPe3Ka Ha DECKOHEYHOe TUIIEPHATYPAJILHOE YUCII0 JacTel
HaIETCsT 9acTh, HA KOTOpOil (byHKIMs MeHsieT 3HaK. HO KOHITBI 3TOi
qacTu OeCKOHEYHO OJIM3KU K HEKOTOPOil CTAHIapPTHON TOYKE OTpPEe3KA.
Ora Touka Gyaer Hyném dbyHknuu (ecau B Hell PYHKIUS, CKAXKEM, OJI0-
2KHUTEJIbHA, TO [0 HEIPEPHIBHOCTH B OECKOHEYHO OJIM3KUX K Hell KOHIAX
OTpe3Ka M3MEHEeHUs 3HaKa (DYHKIWs Oy/eT HOJIOKUTEIHHOMN). [>

Teopema 91. HenpepniBHas BO BCeX TOYKAX KOMITAKTA (DYHKITUS OrPa-
HUYEHa Ha HEM.

< Ilycrs dyuknus f menpepbiBa Ha KommakTe M. Creryst HecTaH-
JIAPTHOMY KPUTEPUIO OIPAHUIEHHOCTH, MbI JOJI?KHBI [I0KA3aTh, 9TO 3Ha-
genns Gysrnun *f Bo Bcex Toukax *M komeunbl. Ho Besikast Touka x €
€ *M Geckonedno 61M3Ka K HEKOTOPOI crangapTHoil Touke y € M (kom-
MAaKTHOCTE), a mortoMmy *f(z) = *f(y) (mempepwiBHOCTE), O3TOMY *f ()
KOHEYHO. >

O6parure BHUMaHUE, 9TO MbI HOJIb30BAJIUCH AKCUOMOI HOJHOTHI (71151
MHOXKeCTBa R) TOJIBKO OJMH pa3, IIpH J0Ka3aTeJbCTBe TeopeMbl 79. D1o
U HE YIUBUATEJIHHO, TOCKOJIBKY M3 YTBEDPXK/IEHUsI ITOM TEOPEMBI CJIe/IyeT
aKCHOMa IIOJIHOTHI.

194. Yb6emaurech B 9TOM, Cliejysi Takoii cxeme. [lycte A — mpousBoJIbHOE
OrpaHUYE€HHOE MHOXKECTBO ﬂeﬁCTBHTeJII)HLIX quceJI. HOK&)KI/ITG (CTaHﬂapTHLI—
MU PACCYZKJICHUSIMU ), YTO JJIsl JIIOOOTr0 € HAWIETCS IUCIIO ¢, ABIISAIOIIEEC BEepX-
Heil I'PaHblO, /JIsI KOTOPOI'O C — & HE 6y,ﬂeT BerHeI;'I I'PaHblO. HpI/IMeHI/ITe IIpUH-
AT TIEPEHOCA, B3sB OECKOHEYHO MAaJioe € M PACCMOTPEB CTAHIAPTHYIO YaCTb
COOTBETCTBYIOIIETrO YUC/Ia C.

195. JlokarkuTe, 9TO TpOM3BOIHAs CTaHmapTHON dyHkiuu f: R — R B
CTa.H,ZIapTHOfI TOYKE a paBHa CTaHAApPTHOMY YHUCJIY b TOrla U TOJIBKO TOr/a,
korzpa (f(a+ h) — f(a))/h = b s Bcex GeckoHeaHO MaJIBIX h # 0.

196. TTokaskure, uro (")’ = nax™ ' coracHo HeCTAHIAPTHOMY OIpe/eic-
HUIO TIPOU3BOMHON (IPeABIIyIIas 3a71a19a).

197. Ka,K HCIIOJIB30BAaThH HeCTaH,ZLapTHbeI aHaJIn3 OJId OIIpeae/IeHudA ITOHA-
TUs UHTErpaJia’
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B namux mpumepax BCe PaCCMOTPEHHUs ObLIN OIPAHHYEHBI MHOZKE-
CTBOM I'MIEPICHCTBUTEIBHBIX YHCEJI. DTO OIDAHHYCHHE KaXKETCHd CyIIe-
CTBEHHBIM — He BIIOJIHE fICHO, KAaKUM OOpPa30M MOXKHO IIPUMEHHTH T€ XKe
METO/BI K [IPOU3BOJIEHOMY TOIIOJIOIHIECKOMY HIPOCTPAHCTBY (B KOTOPOM
HeT GecKOHEUHO GoubInmx umces). TeM He MeHee 9TO BO3SMOXKHO, U 00
9TOM MOKHO IpovecTh B KHurax Jssuca || 1] mam Yemenckoro [27].
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HOpMaJbHadA 75, 113, 114, 167, 174
HOCHUTEJIb 75
noacTpykrypa 115
pacmiupenue 115
3JIeMeHTapHoe paciiupenue 115
Nuryunmonuncrckas jgoruka 45, 58
Vckmiouénnoro Tperbero 3akoH 45
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VcTunnas mpomo3uimonaIbHast
rniepeMenHas 64
WcrTunnaa dopmyna 78, 174
Vcrunnoe Bricka3biBanue 8
Hcrunnocraoe 3nadyenue
BBICKA3bIBAHUS &
Ncuncnenune
BbIcKa3biBanwmit 40, 130
BeIBOL, 40
BBIBOZMMas popmysia 41
UHTYUIMOHUCTCKOE 58
KJIacCu4eckKoe 58
cxeMbl akcuom 40
Teopema 41
TeHIIEHOBCKOT'O THUIa H3
rIEOEPTOBCKOTO THIA 53
npeaukaToB 48, 128
KOPPEKTHOCTH 136
CeKBeHIUiT 53
aKCHOMBI D5
IIpaBUJIa BBIBOJA DO

KanToposckoe mpocrpancTso 51

Kareropuunas Teopus 183

Ksanpat, paspezanue 96

KsanTop 72

obJsiacTb aeiictus 131

Ksanropnas riybuna dopmynsr 120

Kiraccuyueckoe ucuunciienue
BBICKA3bIBAHUI HS

Konuposanue nocseioBareibHOCTEH
W MHO>KecTB 84

Kokoneunoe moamuoxkectso 202

Konnusus nepemennbix 132

Kommakrroe muoxkecto 220

Komnakraocts 153, 169

Kowmrutekcubie gucira 182

Koneuno akcmomarusupyemast
Teopus 175

Koneunoe runepieiicTBurebHoe
quciio 213

KoncekBenT nmimmkamym 8

Komcepsarop (B urpe
Opendoiixra) 117
Koncranra 74
cBexkas 144
Kourpanozurmus 13
KonTpupumep (k cexBennun) 54
KoubioukT 16
KonbloHKTHBHAS HOpMaJIbHAA
dopma 16
Konbronkus 9
Koppekrnas nogcranoska 132, 136
KoppekTHOCTh ucuncaenns
npeaukaTos 136, 144
Kpurepuit
Jlocsa —Boota 175
obmas dopma 176
ITocra 20

JI (noxp) 8
Jlemma
Kénura 52
Kpeiira 18
o nenyknuu 42, 61, 142, 144
o nobasiennn KoHCcTaHT 145, 149
o pacmmpenun 200
0 CBEXKUX KOHCTaHTax 144
Tapckoro 199
Ilopua 50, 203
Jluneitnas dpyukius 20
JInneitepIit mopsaiok 169
JIntepasn 16
Jloruka BbICKa3bIBaHUN 8
Jloruueckue cBaA3KU 8
JloxxHas mPOMO3UITMOHATIbHAS
riepemenHas 64
Jloxxnasa dbopmyna 78, 174
JloxxHoe BhICKa3bIBAHUE 8

Mautoe muO>kecTBO 201
Mup (B mkase Kpunke) 64
MuozkecTBa, 371€MeHTapHAS

SKBUBAJIEHTHOCTD 95
MuoxecTBO
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anrebpamyeckoe 102
apudmMernieckoe 82
6outbrtioe 201
TUIEPEHCTBUTENBHBIX YHCET
BHyTpeHHee 218
3aMbIKaHue 219
KoMItakTHOe 220
mastoe 201
omHOpOoIHOE 173
oTKpbITOE 219
nostyasirebpandeckoe 102
mpeesbHast Touka 219
9K3UCTEHINAJIBHO 3aMKHyTOe 124
MuoxkecTBO hbopmyIT
HenpoTuBopeunsoe 48, 148
rosiHoe 49, 148
nporuBopevuBoe 48, 146
coBMecTHOe 48
Monenn 146
Kpunke 63
HOpMaJIbHas 174
cuétHas 152
Teopun 144, 174
Monana 214
Momnowm 18
Mownorounnas dynkiums 17, 20
Mynprunaeiinas dyaknus 20

HenpepwiBras dyukims 221
Henporusopeunsast Teopust 146
HenporusopeunBoe MHOXKECTBO
dopwmyrt 48, 148
HecoBmecTHocTs Teopun 175
Hecranmapraoe
TUnepAeiCcTBUTEIbHOE
qucyo 211
Hecraunnaprasriit anaanz 209
Hosarop (B urpe dpendoiixra) 117
Hopmasnbrast uaTeprnperanus 75,
113, 114, 167, 174
Hopmanbras monens 168, 170
Hopmamnbaas dopma
IN3bIOHKTUBHAsS 16

KOHBIOHKTUBHasA 16

npeaBapéHuas 157

CKOJIEMOBCKas 165
Hocurens narepuperanun 75

Obsacts jeiicTBust KBanTopa 131
O6pa3syrorast moayrpynnsl 189
O6mesnaunmasi popmya 128
OHO3HAYHOCTH pa3bopa 14
OpaHOpOAHOE MHOXKECTBO 173
Onepanusi B3ATUS
MO UIIPOBAHHOIO
ocrtarka 106
OrkpbITOE MHOXKECTBO 219
Orpunanue 9
Omnenka 77

ITapa

rostHas 68

rporuBopevnBas 67

coBMmecTHasA 67
[Tapamerp dopmymsr 77
Ilepemennas

3Havenue 77

WHIUBUIHAS 73

rpono3urimoHaJibHas 10

cBobotHas 77

CcBODOTHOE BXOXKJIeHUE 77

CBsI3aHHOE BXOXKAeHue 77
IItoTHOE JTMHENHO YyHOPSAAOUYEHHOE

MHOXKECTBO 0€3 IepBOoro u
TOCJIEJTHETO 3JIeMeHTOB 216

IloBsimmenne mormaocTu 170, 172
ITonmuOX)KecTBO

KokoHeuHoe 202
Ilomo6ubre hbopmysbr 155
IToncranoBka

KOppeKkTHas 132
IToncranoBku mpasuio 43
Ilogctpykrypa 115, 123, 197
IToste 20

ajrebpamdeckn 3aMKHyTOEe 114,

182
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BEIIECTBEHHO 3aMKHyToe 183, 184,
213
ynopagodeHHoe 183
xapakTepucTuka 114
xapakTepuctuky 0 114
IIosre wacTaBIX 195
Tosuuaombr (2Kerankuna) 18
Ilosnas nmapa 68
Ilonnas cucrema csazok 15, 17
Ilonuast Teopust 147, 175
ITostrOe MHOXKECTBO hopmyst 49, 148
ITonuerit HAGOp OyIeBBIX
byukmit 24
ITonoxxurenbpaoe HeckOHETHO
6oJibIioe gucao 213
Ilosyasnreb6panygeckoe
MHOXKecTBO 102
ITonyrpymma 189
C 00pa3yIoUUMH U
cooTHomeHusaMu 189
cBobogHas 189
Ilosbckas 3amucey 15
IlocmemoBaTenbHOCTD
npejiesibHasg To4uka 218
cxomsmasics 219
Ilochinka nMmukanun 8
IIpaBuia BbIBOIA HCUIUCITICHUS
CeKBEHIIHH 55
IIpaBuio
modus ponens (MP) 40, 65
Bepnaiica 134, 144
KOHTpanosunuu 13
0606mmennst (Gen) 135
o/ICTaHOBKH 43
ceuenus 43
JIOIyCTUMOCTD 68
ITrypma 109
IIpensapénnas HopMasIbHAS
dopma, 157
IIpensapénnast popmyma 157
IIpenen dyukmun 220
IIpenenpras Touka
MHO>KecTBa 219

nocJjeioBaresbHocT 218
IIpenukar
k-mecTHBI 73
apudmernyeckuii 82
BbIparkaemblit popmysioir 80
BbIpa3uMbIit 80
ycToiquBbIil 87
[Ipemukarubiit cumBoa 73
IIpenukaroB ucuucienue 128
IIpennosabie knaccor 20
IIpunnun nepenoca 211
IIpucoennnenue kopHeit
MHOro4yIeHa 169
IIpo6nema xoneurnoro cuexkrpa 173
IIpobsiema nepebopa 23, 26
IIpoBoauuk 24
IIpousBomnas dbyukimn 222
[Iponozumnmonanbaast mepemenHast 10
uctuaHasg 64
JioykHas 64
[Tpornosunmonanbuast popmysta 10,
40
IIporuBopeunsas mapa 67
[IpoTrBOpeunBoe MHOXKECTBO
dopmyna 48, 146
IIporuBopeunBocTs Teopuu 175
[Ipororun dopmyssr 160

PasencrBa akcromer 167

Pasencrso 169, 186

PagencrBo (npenukaTHbI
cuMBoaT) 74

PasrOMepHO HempepbIBHAS
byukmsa 221

Pasmep cxemsbr 24, 36

Pazmep dopmyser 36

Pazpesanne xBagpara 96

Pazpemmmas Teopus 95, 102, 175

Pacmupenune narepnperarnun 115

PesyabranT 111

Pednexkcusrnocts 167

CamoznpoiicTBenHast dyHkims 20
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CBobomuast mepeMenHas 77
CBobomHast mosryrpyima 189
CBoboiHOE BXOXKI€HUE
nepeMenHoit 77, 131
CBsi3aHHOE BXOXKIEHUE
nepeMeHHo# 77, 132
Cessku (srormueckue) 8
Cssasku, coxpansomue 0/1 17
CekBennust 53
npejicTaBisionas dgopmysia 56
CemanTudeckoe ciemoBanue 153, 175
Ceuenns
npaBuiIo 43
Curnarypa 73, 174
uHTepuperanus 174
CumMBout
BAJIEHTHOCTD 73
IIPEJIUKATHBIA 73
byHKIMOHATIBHBIN 73
CummerpuvHocTh 167
Ckob6o4HBIi uTor 14
Ckonemuzanus 165
CKosieMOBCKasi HOpMaJibHast
dopma 165
CkosieMoBcKast GpyHKIms 163, 165
CuienoBanue cemantudeckoe 175
Cioso andasura 189
Cioxkenue 1o Moy 2 38
Cnoxkenne guced, riayousa 29
CitozkeHne 9uceji, CJIOKHOCTD 28
C0KHOCTD
OyneBoit dyuknuu 25, 36
TUNUIHO OysneBoit dyHKImm 25
GYHKIIUU TOJIOCOBAHUS 32
dbyukIuu cpasHeHus 26
CHsTre aBoitHoro orpunanust 13
CosMmecTHast mapa 67
CoBmecrnas Teopus 174
CoBMecTHOE MHOXKECTBO OpMysT 48,
146
Cootrnorrenne moayrpynnst 189
Cuektp dopmyssr 173
Cranjapraas 4acTb

TUNEPACHCTBUTEILHOTIO
qucya 215
CrangapTHOE TUIEPAEHCTBUTETHHOE
qucyo 211
Crparerus 204
BeIurpbiHas 204
Cyxnenue 79
Cxema n3 GyHKIUOHAIBHBIX
3JIEMEHTOB 22, 24
rybuna 29, 36
pasmep 24, 36
Cxema dopmynsr 155
CxeMbl aKCHOM UCYUCTIEHUST
BbICKa3biBaHuit 40
Cxongmasics
OCJIeI0BATEJILHOCTEL 219
Cuérnas monenb 152

Tasrosorus 11, 40
Teopema

Bpayspa o menoxsukHOI
TO4Ke 58

Ténena 71

T'énenst o merosrnore 192

Ténensa o menommore (Bropas) 58

I'nnpbepra o vynsax 116, 116

I'musenko 71

HMCYUCJIEHUs] BBICKA3bIBaHUi 41

koMmakTHocTH 193, 211

KomnakTHocTu Ayt VIB 51

KOMITAKTHOCTH JIJIsT HOPMAJIbHBIX
mozeseit 169

KOMITAKTHOCTHU, TIPSIMOE
nokazareabcTso 201, 208

Jleenreitma — Ckosiema o
noBeIennu MorHocTu 170, 210

Jleenreitma — Ckosiema 06
3JIEMEHTapHOI mmoamoaenu 95,
123, 153

Jlocst 06
yabrpanpoussegenuax 206

Jlocsi— Tapckoro 197

Mopau 176, 178
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BBIBOJIIMOCTHU OE€CKBAHTOPHBIX
dopmya 160

KOMIIAKTHOCTH JIJIsI NCYUCJIEHUS
IpeauKaToB 153
KOPPEKTHOCTH U TIOJTHOTE
UCYUCJIEHUsI CEKBEHIN 56
KoppekTHoctu B 41
KoppekTHoctu B, BrOpas
dopwma 48

KOPPEKTHOCTU
uHTyHUImonucrckoro B
OTHOCHUTEJILHO IIKAaJI

Kpunke 65

KOPPEKTHOCTU MUCUUCTIEHUST
npeaukaTos 144
KOPPEKTHOCTU MCYUUCTIEHUS
[IPEINKATOB,
nepedopmyaupoBka 144, 146
IEPENMEHOBAHNN CBA3AHHBIX
IIepeMeHHbIX 155

nosimaoMax 2Kerasikuna 19
MOJTHOTE JIjIsi HOPMAaJIbHBIX
mozeseit 168

nonuote VB 40, 41

nonuore VB, Bropas dopma 49
IIOJIHOTE MHTYHUIIMOHUCTCKOTO
B orHOCUTEIBHO MIKAJ
Kpunke 66

TIOJTHOTE MCYUCTICHUS
[IPEINKATOB, CUIbHAS

dopma 147

TIOJTHOTE WCYIUCTIEHUSI
[IpeINKaTOB, ciabast popma 153
[IOJIHOTE CUCTEMBI CBA30K (A, V,
—, 1) 15,22

MMOJTHOTE TEOPUH aarebpamdecKu
3aMKHYTBIX IIOJIeH
XapaKTepUCTUK Hyab 114
IpeBapEHHON HOPMAJIbHOI
dopme 160

pas3buennnu KBajpara 96
CKOJIEMOBCKOII HOpMaJIbHOI
dopwme 165

00 ogHO3HAYHOCTHU paszbopa 14

Posta 109, 185

Tapckoro 192

Tapckoro — 3aiinendepra 101, 103,
114

Teopun 142, 174

Tuxonosa 52

Yépua 129, 166, 191

Usna—Jlocs — Cymko 198

Opbpana 161

Teopust 142, 146, 174

II; -akcnomaruzupyemasi 197

3-akcnomarusupyemas 197

Th(Q,=,<,+,0,1) 180

Th(Z,=,<,S,0) 179

Th(Z,=,S5,0) 178

abeseBbIx rpymm 186

anrebpamvIecKn 3aMKHYTBIX MMOJIeit
xapakTepuctuku 0 182

BEIECTBEHHO 3aMKHYTHIX
mosieit 184

rpymnm 186

KaTeropuyHas 183

KaTeropuvyHas B CIETHOMN
momtHocTH 175

KOHEYHO aKCcHoMaru3upyemasd 175

JINHEWHO YTOPSIIOYEHHBIX
MHOXKeCTB 186

momenb 146, 174

HenpoTuBopeunsas 146

IJIOTHBIX JIMHEHHO
VIIOPSIIOYEHHBIX MHOYKECTB 0e3
[IEPBOI'O U IOCJIEIHErO
jteMeHTa 177

nosiHast 147, 175

nosyrpynn 189

nporuBopeunsas 146

paseHcTBa 186

pazpemmumag 102, 175

¢ paBeHcTBoM 169, 174

coBmectHas 146, 174

TeopeMa, 174

Ilepmesno — @penkenst 76
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9K3UCTEHINAIBLHO 1oTHast 149
Tepwm 74

3HadeHHe 78
TpansurusrOCTL 167
Tpéxsuaunas jsoruka 62

YBenuuenue morHOCTH 169
Yabrpanpoussejsenue 206
Vnerpadbunsrp 202
YMHOXKEHME YnCe, CJI0KHOCTH 30
Yuopsimoyennoe nose 183
YcroitunBas byukius 87
YcroitanBocTh
OTHOCHUTEJILHO O0bEIMHEHUS
meneit 198
IIpH TIepexoie K
noACTpyKTypaMm 197
npu pacimpenun 197
YcroituuBbit npeaukar 87

QukTUBHBIN aprymMenT GyHknnn 31
QuipTp 201
riaBHBIA 202
DuabrpoBanHoe npoussejsenue 205
®DopmaspHas apudmernra 192
Dopmyta
aToMapHasa 74
BBIBOJIMAsi B UCYUC/IEHUN
BbICKa3bIBaHMil 41
BBIBOJIMMAs B Teopun 174
BeIBOJMMAas u3 [ 42, 142
BbImoTHUMast 48, 129
3aMKHyTas 79, 174
3aMbIKaHue 129
3HaueHue 78
ucTuHHaA 78, 174
KBaHTOpHas riryouna 120
JoxHadA 78, 174
obmesnadnMas 128
rapameTp 77
IIepBOro Nopsiaka 74
npeaBapéHHas 157
ITPEJICTABJISIONAsT CEKBEHIIMIO H0

nponosuimonaabuas 10
npororun 160
criekTp 173
cxema 155
Dopwmyita Teitsiopa 184
DopmyJIb
noobubIe 155
sKkBUBaJeHTHBIEe 11, 129
QyHKINOHAJIBHBINA CHIMBOJI 73
DyuKIMA
k-mectHas 73
OysteBa 11
rOJIOCOBaHUSA 32
UHTErpaJI 222
sunetiHas 20
MoHoToHHasA 20
MysabTHInHeHas 20
HenpepbiBHas 221
HeIpephIBHAS HA KOMITAKTe 222
peien 220
Opou3BOIHAS 222
paBHOMEpPHO HempepbiBHas 221
caMoiBoiicTBeHHas1 20
ckoseMoBckas 163, 165
coxpansifomas 0/1 20
cpaBHeHus 26
ycroitauBas 87
spbpanosckas 165

XapaxkTepuctuka moJist 114, 182

IlenTpupoBannasi cucrema
MHOXKECTB H2

Ilens snemenTapHBIX
pacmupenuit 199

YHacTu4HBII NOPSIOK, NPOJOJIKEHNE
no nuHeirHOTO 169
Yuciio
rurnepeiicTBuTebHOE 211

Ikama Kpunke 63

OkBuBajenTHbie dopmyssr 11, 129
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DK3UCTEHIINATIBHO 3aMKHYTOE
MHOXKecTBO 124

DK3UCTEHIINAJIBHO TIOJTHAS
Teopus 149

DJieMeHTapHAasT TEOPHUst
uHTepHperanuu 175

DjieMeHTapHAas YKBUBAJIEHTHOCTD 95,
111, 210

DJjieMeHTapHAs SKBUBAJIEHTHOCTH R
nQc (=,<,4+,0,1) 113

DJieMeHTapHast SKBUBAJIEHTHOCTD 7
uZ+7 113, 118

DmementapHoe pacmmupenue 115, 170
DuMuHAIAA KBaHTOPOB 89, 113,

178, 192
5 (Q,=,<) 93
B (Z,=,5,0) 90

B (Z,=,<,5) 92

B apudmerure [Ipecbyprepa 98

B I10JI€ KOMILJIEKCHBIX duces 110
pbpanosckast dyHKImg 165

Aszbikn
BTOpPOTro nopsjika 163
IIepBOro nopsaka 74
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