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[1peancnosue

IIpemaraemas BamreMy BHUMAHHUIO KHUTA HAIMCAHA 110 MaTepPHAJIAM
JIEKIIN JIJI MJIRJIIIEKY PCHUKOB, KOTOPBIE YUTAJIMCh aBTOPaMH B pa3-
HbIE TOJIbI Ha MeXaHUKO-MaTeMarudeckoM dakynbrere MIY. (B sty xe
cepuio BxonaT kauru «Hadaja Teopun MHOXKeCTB» U «SI3bIKM U mcduc-
JICHUST». )

Teopust BEIMUCIUMBIX (C TTOMOINIBIO KOMIIBIOTEPOB) (DYHKIMH MOSIBU-
stack B 1930-e rojpl, KOT/1a HUKAKMX KOMITBIOTEPOB elné He ObL1o. [lepBhie
KOMITBIOTEpHI ObLIN pasdpaboransl B 1940-x rojax, u cpeu ux pazpador-
9UKOB ObLT aHrIuiickuit MareMaTuk Ajian ThIOpUHT, OJUH U3 co3maTeieit
Teopuu BeIYUCIUMBIX dyukimit. B 1936 roxy o ommcan abcrpakTHbBIE
MAaIlIMHbI, KOTOPbIE Teleph HA3BIBAIOT MAUWUHAMU 1b0putea, 1 MOXKHO
[oJIaraTh, YTO HJiesl XPAHUMOI B TAMSITH KOMIIBIOTEPA IIPOrPaMMbI ObLIa
ITO/ICKAa3aHa JIOKA3aTEeJILCTBOM TEOPEMBI O CYIECTBOBAHUM YHUBEPCAJIb-
HO# Marmwabl ThOpUHTA.

Vike I09TOMY OCHOBHBIE TIOHSITUSI TEOPUU BBIUUCIMMOCTH (MM, KaK
rOBODAT, 00l TeOpUU AJIrOPUTMOB) JOCTOWHBI BHUMAHUS MATEMATH-
KOB 1 mporpammucToB. Ho ata Teopusi umeer u GoJiee MIUPOKUIT KyJTb-
Typubiit acnekr. OnuH U3 €€ ocHOBaTesell, aMEPUKAHCKUI MaTeMATUK
Ommite [ocr, ucan B 1944 romy, 910 «OPMYIUPOBKA 9TOTO TMOHSITHSI
[BBIMECIMMOCTH| MOMKET CBHITPATH B UCTOPWUHU JUCKPETHOH MaTeMATHKH
POJIb, YCTYIAIONIYIO 110 3HAYEHUIO JIUIIb (DOPMYJIMPOBKE IIOHSITHS HATY-
PAJILHOTO YHCTIAs.

Tloxkamyit, ceitqyac 3To BbIcKasbiBanue llocTa BBINISIUT mpeyBesn-
YeHueM: 3 IOCJeIHIE JIECATUIIETHsI CTAJIO0 SICHO, YTO PA3JINYNE MEXKJLy
OBICTPO U JIOJITO PEIIaeMbIMU 33JIadaMu He MeHee (puocodckn BaxKHO,
JeM paz/invuue MeXK Iy aJIfOPUTMUAYECKU PA3PEIIUMbIMI U HEPA3PEITNMbI-
MW, U TEOPHUs CJIOKHOCTH BBIYUCJIEHUN CTajIa OHON M3 IEHTPAJIbHBIX B
Jioruke (1 BooOIIe B MaTeMaTHKE).

Mpbt co3HaTETBHO HE KACAEMCS TEOPUU CJIOXKHOCTH BBIUUCIEHUH — 9TO
GoJibIllas U OTIEIbHAsT TeMa. BMeCcTo 3TOro MbI IOIMBITAJINCH OTOOPATH
[EHTPAJIbHBIE TIOHATHs U (DAKTHI ODIIEN TEOPUH AJITOPUTMOB U U3JIOXKUTH
UX MOHSTHO, CTAPAsCh HE 3aCIOHATH IIPOCTHIE ODIINE UIEH TEXHUIECKU-
MU JeTansaMu. Mbl He mpejmoiaraeM HIKAKUX CHEIHAIBHBIX IPeIBaPH-
TEJIbHBIX 3HAHUI, XOTs PACCUUTHIBAEM Ha HEKOTODBIH YPOBEHb MaTeMa-
THUYECKON KYJIbTYDHI (1 He O0bsICHSIEM, CKayKeM, ITO TAKOe MHOXKECTBO,
dyHKIMA Win JefCTBUTEIBHOE YUCIO).

Hameemcs, 9To epBoe 3HAKOMCTBO C T€OPHEH aJITOPUTMOB JIOCTABUT
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yIOBOJIbCTBHE. J[Jisi TeX, KTO 3aX09YeT MPOIOJIKATH 3HAKOMCTBO C 3TOMH
Teopueil (ABJIAOIIEHCs IEHTPAJIBHOI YaCThI0 MATEMATHIECKO JIOTHKH ),
MBI yKa3bIBaeM Ha C. 150 HeKOTOpble N3JJaHHbIE Ha PYCCKOM SI3bIKEe KHUTH.

ABTODPBI TOIB3YIOTCS CITydIaeM H0HJIAr0IApUTH CBOETO yuanTesisi, Bira-
auMupa AHjpeeBnYa YCIEHCKOrO, JIEKIMH, TEKCThI U BHICKA3BIBAHUS KO-
TOPOrO IOBJUSAIN HA HUX (M Ha COJEp:KaHUE ITOH KHUIH), BEPOSATHO,
Iake B OOJIBINEIl CTEIIeHN, Y€M aBTOPBI ITO OCO3HAIOT.

[Ipu moaroroBke TekcTa UCHOJb30BaHbl 3amucu A. EBpumbeBcKoro
u A. Pomamenko (KOTOpBIi TakzKe IPOYEN [IPeBAPUTEIbHBIA BAPHAHT
KHUTU U HAIIET TaM HEMAJIO OIIMUOOK ).

Opurunai-maker mepBoro nsnanus kauru nogrorosser B. B. [lysa-
JIOBBIM; 6e3 ero HacTOWYMBOCTU (BIUIOTH JI0 MOTOBHOCTU Pa3JIEJIATH OT-
BETCTBEHHOCTDb 3a OLIMOKHU) OPUIMHAJI-MAKET BPSJl JIA IOABUJICH Obl K
KaKOMY-JTI0O CPOKY.

Asrops npusnaressasl Ecole Normale Supérieure de Lyon (®pan-
Us1) 38 NOJJIEPIKKY U FOCTEIIPUMMCTBO BO BPEMs HAIIUCAHUS ITOU KHUTH.

[TepBoe m3manme KHUTHM CTAJIO BO3MOXKHBIM Oj1aromapsi Poccuiickomy
douay PpyHIAMEHTATBLHBIX HCCaIemoBanmii, a Takxke . B. dmenko, ko-
TOPBIN yTOBOPUJI aBTOPOB IOJATH TY/a 3asABKY. BO BTOpOM M3JaHUM UC-
[PABJIEHBI 3aMevYeHHble OlledaTKN (YBbl, MHOTOUNCJIEHHBIE) U J00aBJIEHO
HECKOJIBKO 3ajiad. B TpeTbeMm n3jaHuu ObLI JIOIOJIHEH UMEHHON yKaza-
TeJib; B 9eTBEPTOM JT00ABJIEH MaTeprua 00 OHO3ZHAYHBIX HYyMEPAIUsX U
HECKOJIbKO 3a71a4 (a TakKe u3MeHEH (hopMaT BEPCTKU U UCIOJIH30BAHBI
mpudrer LH).

ITpocum coobrars 0 Beex OmMOKax U oledaTKkax aBTopaM (JIeKTPOH-
Hble aJipeca ver at mccme dot ru, nikolay dot vereshchagin at gmail
dot com; sasha dot shen at gmail dot com, alexander dot shen at 1irmm
dot fr; mourossrit agpec: Mocksa, 119002, Bosbmoit BiracseBckuit mep.,
11, MocKOBCKUil EHTD HEIIPEPHIBHOIO MATEMATUIECKOI0 00PAa30BaAHMS ).

Hakomner, Mbl 61arolapuM COTPYIHHUKOB, aCIUPAHTOB U CTYIEHTOB
kadenpsl MaremMaTnueckoit soruku mexmara MIY (ormesnbhas 6iaro-
napaoctb — M. P.Ilenrycy, HammemnieMy HeMaJO ONEYATOK), & TaK¥Ke
BCEX YYACTHUKOB HAIMWX JIEKIIW ¥ CEMUHAPOB U YUTATEEH IpeIBapu-
TEJIbHBIX BAPUAHTOB 3TON KHHUIU.

H. K. Bepewazun, A. Hlens



1. Boluncinmble pyHKUMM, pa3pelinmble u
nepevyncanmMble MHOXECTBA

1.1. Beluncnnmble yHkymn

Oyukims f ¢ HATYpaJbHBIMEA apr'yMeHTaMU U 3HAYEHUSIMU HA3bIBa-
eTcd 6uYUCAUMOT, €CTIN CYIIECTBYET aJIlOPUTM, €€ BBIYUC/IAIONIH, TO
eCcTb Takoi ajropurm A, 9T0

e ecau f(n) oupeesieHO JJIsi HEKOTOPOI'O HATYDAIBHOIO 72, TO AJII0-
purMm A ocraHaBiauBaercs Ha BXoze n U nedaraer f(n);

e ecau f(n) He olpeJesIeHO, TO aJropuT™M A He OCTAHABIMBAETCH Ha
BXOJIE T.

Heckosibko 3aMedaHmii 110 TIOBOJLY 9TOIO OLPEIEIEHIS:

1. TloHsiTve BBIYUCIUMOCTH OIPENEJSIETCS 3eCh JJId YAaCTHUIHBIX
dbynkuuit (061aCTBIO ONpEJIE/IeHUsT KOTOPBIX SIBJISIETCS HEKOTOPOE 10
MHOXKECTBO HATYDPaJIbHOIO psna). Hampumep, Hurme e orpeeséHHas
dyukuus BerauciauMa (B kadecrse A Ha/0 B34Th IPOrPAMMY, KOTOpasi
BCer/1a 3aI[KJINBACTCH).

2. Moxuo ObLTO OBl M3MEHHUTDL OIpPEIeeHUe, CKa3aB TaK: <EeCJId
f(n) we ompenesneno, To ubo asropur™m A He OCTAHABIUBACTCH, JIU-
60 OCTaHABIMBAETCsI, HO HUYEro He mevyaraers. Ha camom jiesie oT 3T0ro
HU4Yero Obl He M3MEHWJIOCh (BMECTO TOrO, YTOOBI OCTAHABJIUBATHCS, HU-
9ero He HAIEYATAB, AJITOPUTM MOYKET 3al[MKJINBATHCS).

3. BxogaMu u BBIXOIaMU AJITOPUTMOB MOI'YT OBITH HE TOJBKO HATY-
paJIbHBIE YUCIA, HO U JIBOMYHBIE cTpoKH (csoBa B andasute {0, 1}), naps
HATYPAJIBHBIX YUCEJ, KOHEUHBIE TIOCJIEI0OBATEILHOCTH CJIOB U BOOOIIIE JTI0-
Oble, KaK TOBOPST, «<KOHCTPYKTHUBHBIE O0BEKTHI». [[09TOMY aHAIOrHIHBIM
06pa30M MOYKHO OIPEJIEIUTh [TOHSATHE, CKAYKEM, BBITUCIUMON (DyHKINN
C JIBYMsI HATYPAJIbHBIME apryMEHTAME, 3HAYEHUSIMU KOTOPOIl sIBJISFOTCS
paIMOHAIBHBIE YUC/IA.

Jas dyHKImii, ckaxkeMm, ¢ JeHCTBATEILHBIMA APIyMEHTAMY U 3Ha-
YEHUSIMU TIOHSTHE BBIYUCIUMOCTH TPEOYET CIENUaATbHOTO OIPE/IeIeHNUs.
3mech cuTyanus CJIOXKHEE, OINpe/eeHrs] MOTYT ObITh Pa3HBIMU, U MBI
O BBIYUCJIUMOCTH TaKMX (DYHKIWI roBopuTh He 6yjgeMm. OTMeTuM TOJIb-
KO, UTO, HAIPUMED, CUHYC (IPU PA3yMHOM OIPEIEJIEHIN BBIYUCIIMOCTH )
OKa3bIBAETCA BBIYUCIUMBIM, a dyukius sign(x), pasaag —1, 0 u 1 npu
x < 0,z =0wux > 0 coorBerctBeHHO — HeT. TO9HO Tak ke TPedy-
€T CIENUATLHOTO OIPE/IeJIeHNsT BEITUCIUMOCTh (DYHKITUIN, apryMeHTaMu
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KOTOPBIX SIBJISIOTCS OECKOHEUHBIE [TOCJIEIOBATEIbHOCTH HYJIEH U €INHUAIL
7 T.10.

4. HecKoJIbKO JIeCATUIIETHII Ha3a/| [IOHATHE aJropuTMa TpeboBaJjIo
crenuaabHOro padbsacHenus. Ceifiuac («KOMIbIOTEPHAsI IPAMOTHOCTH> ?)
Takne OObsICHEHUS BCE PABHO HUKTO YUTATh HE OYyJIET, IIOCKOJIBKY M Tak
sICHO, ITO Takoe ajaroput™. Ho Bcé ke Hai0 cOOJIIOIATH OCTOPOKHOCTD,
9TOOBI HE MPUHSITH 32 aJITOPUTM TO, YTO MM He sIBJisieTcs. BoT mpumep
HEBEPHOI'O PACCYKICHUS:

«JlokaxkeM», 9TO BCsIKasl BBIYUC/IUMAasi (PYHKIUsS [ C HATypaJibHBI-
MM apryMeHTaMH U 3HAYEHUSIMU MOXKET OBbITH IIPOJIOJI2KEHA JO BCIOILY
onpenenénnoit Berancanmoii dyukmuu g: N — N. B camom nese, eciu
f BBIUHCIsIETCS AITOPUTMOM A, TO CJIeAyIoNwii ajaroputM B BbeIIucs-
er PYHKINIO ¢, MPOJOJIKAIOILYI0 f: «eciu A ocraHaBIMBaeTCs Ha N, TO
B nmaér Tor ke pe3yabTar, 9ro u A; ecim A He OCTAHABIUBAECTCS HA N, TO
B naér pesyabrar (ckaxeM) 0». (B uém ommbka B 3TOM paccykiaeHnu?)

1.2. Pa3pelwnmblie MHOXeCTBa

MHOKeCTBO HATYPAILHBIX drcel X HA3BIBACTCS PA3PEUUMbBLM, €CITA
CYIIECTBYET AJTOPUTM, KOTOPBIN MO JIFOOOMY HATYPAJILHOMY 7. OIpejie-
JIsIeT, TIPUHAJJIEXKUT JIN OHO MHOXKECTBY X .

Hpyrumu ciaoBamu, X paspermMo, eCJId €ro TapaKmepucmuieckas
dynryua x(n) = (if n € X then 1 else 0 fi) Boraucimma.

OueBnHO, TepecederHne, OODbEIUHEHNE W PA3HOCTH Pa3PEIIIMbBIX
MHO>KECTB pa3pemuMbl. J[1000e KOHETHOe MHOXKECTBO PA3PEITHMO.

AHAJIOTUYIHO ONPEIENAIOT PA3PENIMMOCTD MHOXKECTB AP HATYPAJIb-
HBIX YHUCEJI, MHOXKECTB PAIlMOHAIBHBIX YHCET U T. 1I.

1. JlokaxxkuTe, 9TO MHOXKECTBO BCEX DAIMOHAJBHBIX UHMCEJ, MEHBITUX THC-
Ja e (OCHOBaHUs HATYPAJbHBIX JIOrapu(pMOB), PA3PEIINMO.

2. JlokazkuTe, 9TO HEIyCTOE MHOXKECTBO HATYPAJbHBIX YUCEs Pa3PEIINMO
TOI'JTa U TOJIBKO TOI'/la, KOT/Jla OHO €CThb MHOXKECTBO 3HAYECHUN BCIOJly OIIpe/e-
JIEHHOU HEyOBIBAIONIEH BBLIUNCINMON (DYHKIHH C HATYPAIbHLIMA apryMeHTaMu
" 3HAYCHUAMMU.

OTMeruM TOHKHMH MOMEHT: MOYXKHO JIOKA3aTh Pa3pernmMOCTh MHOYKE-
CTBa HEKOHCTPYKTHUBHO, HE TIPE/IbSABIISAS aIrOpUTMa. BOT TpaIuIuOHHbIH
IpuMep: MHOXKECTBO Te€X 1, JIJIsT KOTOPBIX B YUCJIE T €CTh HE MEHee N Jie-
BSTOK IOJIPsJI, Pa3PEIuMo. B caMoM Jiesie, 3T0 MHOXKECTBO COJIEPIKHUT
Jnb0 BCe HATYPAJIbHBIE TUCIIA, TUOO BCe HATYPAJIbHbIE YHCJIA BIJIOTH J0
HEKOTOpOTro. B 0boux ciydasix oHO paspemunMo. TeM He MeHee Mbl Tak 1
HE MPEIbsABIIA AJTOPUTMA, KOTOPBIA 10 1 y3HABAJ ObI, €CTh JIU B T HE
MeHee N JEBATOK MOJIPSIJI.
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3. Mcnosb30Banbl i B 9TOM PACCy’KICHUM KaKHe-TO CBOMCTBA WHCJIA 7!
YTo M3MEHUTCs, €C/M 3aMEHUTH CJIOBA «HE MeHee N JEeBATOK» Ha «POBHO 1
JIEBSITOK (OKPY?KEHHBIX He-JeBSITKAMHA)» 7

CymecrByior ju Hepasperumble MHOXKecTBa? CyInecTByIOT — IIpO-
CTO MOTOMY, 9TO AJI'OPUTMOB (M HO3TOMY Pa3PENIMMbIX [IOJMHOXKECTB
HATYPAJILHOIO PAJIa) CIETHOE YHUCIIO, 8 BCEX MOJAMHOXKECTB HATYPAJILHOIO
psAa HeCYETHOE YNCII0. Boslee KOHKPETHBIE TPUMEDPHI MBI €1T€ IOCTPOUM.

1.3. lNepeuncnumble MHOXeCTBa

MHOXKeCTBO HATYPAIbHBIX YHUCE] HA3BIBACTCS NEPEeHUCAUMDBIM, ECIIUT
OHO II€epEeYIHnC/IsieTCsd HEKOTOPBbIM aJITOPUTMOM, TO €CTbhb €CJIn CYIIeCTBY-
eT AJIrOpUTM, KOTODLIii nedaTaer (B IPOU3BOJBHOM IIOPSAIKE U C [IPOU3-
BOJIbHBIMHA ITPOMEXKYTKaMH BpeMeHI/I) BCE€ 9JIEMEHTDHI 9TOI'0O MHO>KECTBa 1N
TOJIBKO UX.

Takoit aJropuT™M He UMeeT BXOJa; HAIEYATAB HECKOJbKO YHUCEs, OH
MOXKET HaJ0JIr0 3aJyMaTbCs M CJeAyIOINee YUCJIO HaledaTaTb I10CJe
6OJILIIOrO TIEpephIBa (8 MOKET BOOOIIE GOJIbIle HUKOTa HAYEro He Ha-
HeyaraTb — TOLJA MHOXKECTBO OyIeT KOHEUHBIM).

CyImecTByeT MHOTO 3KBHBAJEHTHBIX OINPEJEJIEHUI TePEeTUCIMMOTO
MHOZKECTBa. BOT HEKOTOPbIE U3 HUX:

1) MHOXKeCTBO IEePEYUCoUMO, €CJIM OHO €CTh O0JIACTH OIIPEJIEJICHUs]
BBIYHACIUMON (DYHKITAH.

2) MHOXKeCTBO HEPEUYNCINMO, eCIU OHO €CTh OOJIACTh 3HAYEHWH BbI-
qUCTUMON DYHKIUH.

3) MuoxkecTBo X HEPEUHUCIUMO, eciii ero (KaK HHOIJA TOBOPSIT) «I0-
JIyXapaKkTepucTudeckasy (pyHKiusi, paBHas 0 Ha smemenTax X u
He omnpeJiesiéHHas BHe X, BOIYACIIMA.

YT06bI J0KA3aTh SKBUBAJEHTHOCTH ITUX OIPEJEJIEHUIl, BOCIOIb3Y-
€MCsl BO3MOYKHOCTBIO TIOIIArOBOr0 UCIIOJTHEHUSI AJITOPUTMA.

Ilycts X nepeuncisiercs vekoropbiM ajaroputmoM A. [Tokazkem, aTo
[OJTyXapaKTepUCTUIecKas: (pyHKIMs MHOXKecTBa X BbIYUCAHMA. B ca-
MOM JIeJie, AJITOPUTM €€ BBIYNCJIEHUs] TAKOB: TOJIYYUB HA BXOJ, YUCJIO 1,
IOIIAT0OBO BBITOIHATE AJTOPUTM A, OKHUasl, IIOKa OH HAIEYaTAET IUC-
g0 n. Kak Tosbko OH 3TO cienaer, BbIIATh Ha BbIXOJ 0 M 3aKOHYUTH
pabory.

HaoGopor, mycts X ectb 06/1acTh onpeiesienus (BoaucanMoii) hyHk-
nun f, Beraucisiemoit HekoropbiM ajiropurmoMm B. Torma X mepeunciis-
eTcst TaKUM ajaroputMom A:
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IapaJsnenpro 3amyckars B Ha Bxomax 0,1,2,..., gemast Bcé 6oJibiire
maroB pabornl ajaropurma B (cnauasa oqun mar pabors Ha Bxogax 0
u 1; morom mo gBa mara paborsl Ha Bxogax 0, 1, 2, moToM 1o Tpu Ha BXO-
aax 0,1,2,3 u rak gasee). Bce aprymenTsl, Ha KOTOPBIX aJiropur™m B
3aKaHIIBAET paboTy, MedaTaTh 10 Mepe OOHAPYKEHHSI.

Urak, MBI yCTAHOBUIU SKBUBAJIEHTHOCTH HMCXOJHOIO OIPEIEICHUs
onpegesienusm 1 u 3. Ecim B TOJIBKO 9TO MPUBEJEHHOM OMUCAHUU aJIr0-
purMma A medaTaTh He apryMeHTBI, Ha KOTOPBIX B 3akanduBaeT pabory,
a Pe3yJIbTATHI 9TOM PabOTHI, TO MOIYUIAETCS AJTOPUTM, [T€PETUCIISTIONTII
obsractb 3Havenuit pyukmun f. OcTanoch emg yoeauThes, YTO BCAKOE TIe-
PEYHCIMMOE MHOYKECTBO €CTh 00JIaCTh 3HAYEHUH BBIYUCIUMON (DyHKINN.
DTO MOXKHO CJIeIaTh, HAIPUMED, TakK: MycTh X eCcTh 00JIaCTh Olpeesie-
HUsl BEIYUCTAMON (DYHKIMH, BBIYUCIAEMON HEKOTOPBIM ajaropuTMoM A.
Torma X ectnb obacTb 3HadeHUt QYHKITAN

5 x, ecau A 3akaHuuBaeT paboTy HA T,

(@) = He OIIpe/IeJIEHO B IPOTUBHOM CJIydae.
Beruncsstroruii 91y GyHKITIO aJrOpUTM JIEHCTBYET Tak Ke, Kak u A, HO
TOJILKO BMECTO pe3yJibraTa paboThl ajropuT™Ma A BbIIAET KOIUIO BXOZA.

Emgé omHo sKBUBaJIEHTHOE OLPEEIeHIEe [IEPEUUCIUMOr0 MHOKECTBA!
MHOKECTBO HATYPAJIbHBIX YUCEJI IIEPEIUCIIMMO, €CJIH OHO JIMOO ILyCTO, JIU-
60 eCTh MHOXKECTBO 3HAYEHUIT BCIOJLy OIIPEJIEJIEHHON BBIYNCINMON (DyHK-
U (IPYrUMHU CJIOBAMHU, €r0 3JIEMEHThI MOXKHO PACIOJIOXKHUTH B BBIUHC-
JIIMYTO TI0CJIE0OBATEIbHOCTD ).

B camom zete, mycTh nepedncauMoe MHOKECTBO X, II€PEYHUCIIAEMOe
anropurMoM A, Hemycto. Bo3pMéM B HEM KaKOR-TO 3jieMeHT . Tenepb
PACCMOTPHM TaKYI0 BCIOJLY OIIPeIeNSHHY0 (DYHKIMIO G: €CJIM HA N-M IIa-
re paborel ajgropur™Ma A nosiBisiercst 4ucsio t, To mosjoxuMm a(n) = t;
€CIM 2Ke HUYEro He HOsiBJIsieTcsi, TO mojokuM a(n) = zg. (Mer npea-
[OJIATaeM, YTO Ha JAHHOM Inare paboThl ajrOPUTMA MOYKET IOSBUTHCSI
TOJIKO OJ[HO YHCJIO — B IPOTHUBHOM CJiydae pabory Hajo pa30bUThb Ha
GoJiee MeJIKHUe IIari. )

3aMeTuM, 9TO 9TO PACCYKJCHWE HEKOHCTPYKTHUBHO — WMesl aJjiro-
put™ A, MBI MOXKEM HE 3HATD, IIYCTO JIM [IEPEUNCISIEMOE UM MHOXKECTBO
WJIN HeT.

Teopema 1. Ilepecedenre u oObeIMHEHNE IEPEYNCIUMBIX MHOXKECTB
MIEPEYINCTUMBI.

< Ecmn X n Y nepeuncisiiores anroputmamu A u B, 1o ux 06be1u-
HEHHE TEPEIUCIIIETCs] AJITOPUTMOM, KOTOPBIN MapaJUIeILHO BBIOTHSIET
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o maraM A u B u nedaraer Bcé, uro nedaraior A u B. C nepeceyenuem
HEMHOI'O CJIOYKHee — pe3ysIbTaThl paboTel A U B HaJl0 HAKAIIMBATH U
CBEPATH JIPYT C JIPYTOM; UTO MOSIBUTCS ODOIIEro — revdarars. >

4. [IpoBemuTe 3TO paccyKAeHUE, UCIOIb3Ys KAK0e-JInbOo JIpyroe SKBUBa-
JICHTHOE€ OIIpeJe/IeHuEe IIePEeInCIMMOCTH.

Kak MbI yBUIUM, JOMOJIHEHUE TIEPEIUCTIUMOTO MHOYKECTBA, HE 005132~
HO OBITH TEPEYNUCTUMBIM.

5. lHorma roBopsT 0 Tak HAa3bIBAEMBIX «HEIETEPMUHUPOBAHHBIX AJTOPUT-
Max» (OKCIOMODOH, HO DACIPOCTPAHEHHDIH) — TaKON aJrOpUTM BKJIIOYAET B
cebst KOMaHIbl TUIA

n = IIPOU3BOJJIbHOE HATYPAJIbHOE THUCJIO

(mocrarouno, BrpodeM, KoMaHabl «n := 0 mwin 1», Tak KaK HPOU3BOJILHOE THC-
JI0 MOXKHO opMuUpoBaTh 110 6uram). HeerepMuHUpOBaHHBIH ajgroput™ (npu
OJIHOM M TOM K€ BXOZIE€) MOXKET NEHCTBOBATH IIO-PA3HOMY, B 3ABUCUMOCTH OT
TOTO, KaKHe <«IIPOU3BOJIbHbIE» YHCJIa OyyT BbIOpaHbl. JloKaxXure, 9To Irepe-
YHUCJIMMOE MHOXKECTBO MOYKHO 9KBUBAJIEHTHO OIPEJIEJIUTH KAK MHOYXKECTBO YH-
CeJi, KOTOPbIe MOTYT TIOSBATHCS Ha BBIXOE HEJAETEPMUHUPOBAHHOI'O aJrOPUTMa
(upu puKCHPOBAHHOM BXOJE).

6. Tokarkure, uro eciim MmuoxkecrBa A C N u B C N nepeunciumbl, To ux
nexkaproBo npoussegenne A X B C N x N Takke nepednciammo.

1.4. Tepeyncnumble n paspelnMbie MHOXECTBA

Teopema 2. Besikoe pa3pernMoe MHOYKECTBO HATYPAIBHBIX THUCEJT TIe-
peunciaumMo. Ecin MHOXKecTBO A U ero jpononHenye (10 MHOMKECTBa BCEX
HATYDPAJBHBIX IHCEN) IIEPEUNUCTUMBI, TO A paspermumo.

<1 Ecmu npuHaj1e2kHOCTh 9nc/ia K MHOXKECTBY A MOXKHO IIPOBEPUTH
HEKOTOPBIM aJIFOPUTMOM, TO A 1 ero J0mo/IHeHre IePeIrC/IMMbL: HAJIO 110
ovepein MIPOBePATh MPUHAIEXKHOCTD yncen 0, 1,2, ... 1 medyaraTs Te U3
HUX, KOTOpbIe npuHajyiexkar A (i Te, KoTopble He npuHajex)ar A).

B npyryio cropomy: ecin y HAC €CTh AJITOPUTM, MEPEeducsonuii A,
a TaKXKe JIPYTOil aJrOpUTM, [EPEdncCIsionuii Jomoinenne Kk A, To st
BBISICHEHUSI IIPUHAJJIE’KHOCTU 38JJAHHOTO dncia n K A Hajo 3amycTuTh
06a 9TH ANTOpPUTMa U JKJATh, [IOKA OJUH U3 HUX HamedaTaeT N (Mbl 3Ha-
€M, 9TO PAHO WJIU IIO3/[HO POBHO OJWMH U3 HUX 9TO cuenaet). IlocMoTpes,
KAKOI aJIrOPUTM 3TO CJEIAJ, Mbl Y3HAEM, JIEKUT i n B A. >

Oror dhakT HazbBAOT meopemoti IIdcma.

OHa roBOpHUT, YTO Pa3pEIINMble MHOXKECTBA — 3TO IMIEPEUUCTUMBIE
MHO2KECTBA C IIEPEYUCTUMBIMU JOMOIHeHnAMY. HampoTus, mepeduciu-
MbI€ MHOYKECTBA MO2KHO OIPEJEIUTh YePe3 pa3peninMble:
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Teopema 3. MuokecTBO P HATypaJIbHBIX YUCEJ IEPEIUCTUMO TOTIA U
TOJILKO TOTJIA, KOT/Ia OHO SIBJISIETCS IPOEKIINeil HEKOTOPOTO Pa3PEIInMOro
MHOKeCTBa () ap HaTypajabHbix duced. (IIpoekius nosxyvaercs, ecau or
ap OCTaBUTh UX IepBble KoMIOHeHTH: = € P < Jy((z,y) € Q).)

< Ipoekuumst H06OroO MEPEIUCIUMOrO MHOKECTBA, Hiepeducuma (1e-
PEYUC/IAIONUl aJrOPUTM JIOJIXKEH JIUIIh YIAAJSITh BTOPbIE YJI€HBI Hap),
TaK 9TO IMPOEKIINs PA3PEIINMOr0 MHOXKECTBA TeM 0oJiee IepedncinMa.

Hamporus, ecnin P — mepedncinMoe MHOYKECTBO, IEPETUCTIEMOE aJl-
roput™MoM A, TO OHO €CTb IPOEKITUsT PA3PEIIIMOro MHOXKeCTBa (), COCTO-
SIIEro U3 BCeX TAKHUX map (X, n), 9TO & HOSIBJISIETCsI B TEUEHNH [IEPBBIX 1
nraros paborer ajropurma A. (DTo CcBOHCTBO, 09EBUIHO, PA3PEIIUMO. ) [>

1.5. rlepe‘-IVICfIVIMOCTb N BbIHNCIIMMOCTb

Mpb1 Buzesid, 9TO MEPEIUCTUMOE MHOXKECTBO MOXKHO OIIPEIE/INTh B
TePMUHAX BBIYUCJUMBIX DYHKIWI (HalpuMep, Kak 06JacTb Olpejese-
HUst BRraucanMoit dyHkmn). MoxkHO ¢enaTh u Ha060pOT:

Teopema 4. @yukius f ¢ HATYpaJbHBIMU apryMeHTaMU U 3HAYEHUsI-
MM BBIUHCJIIMA, TOTJA U TOJIBKO TOTJA, KOrja eé rpaduk

F = {{x,y) | f(z) onpezneneno u pasHo y}

SIBJISIETCS TIEPEYUCTUMBIM MHOYKECTBOM AP HATYPAJHHBIX YHCEJT.

< ITycre f Beramcaunma. Torma cyriecTByeT ajropuTM, MEPEIUCTISIO-
it e€ 0b61acTh OIpeJIeIeHNs], TO €CTh MEeYATAIONIHI BCe X, Ha KOTOPBIX
f ompegnesnena. Eciu temnepn Ui KaXKJI0TO U3 TaAKUX & BBIYUC/IATH €I
u 3HaueHne f(x), MOJYyINM aJrOPUTM, [EPEIUCIISIONH MHOXKeCTBO F.

Hamporus, eciiv mmeercst ajaropurm, rnepeducisommiit F', To GpyHK-
nust f BBIYUCIISETCS TAKAM AJTOPUTMOM: UMesT Ha BXONE 7, YKJIEM I10-
siBJIeHUsT B F' 1apbl, MEpBLI 9IeH KOTOPOH PABEH M; KAK TOJHKO TaKas
rapa IMosiIBUJIACh, TledaTaeM e€ BTOPOil WieH u KOH9aeM pabory. [>

IIycrs f — gacTtuuynas GYHKIUSA ¢ HATYPAJbHBIMA apryMEHTaMu U
snavyenusiMu. Ob6pas MuOKecTBa A Tipu f onpejiesnisieTcst Kak MHOXKECTBO
Beex uuces f(n), pig koropeix n € A u f(n) onpeuneneno. IIpoobpas
mHOXKecTBa A mpu f omnpejiesisieTcss KAK MHOXKECTBO BCEX TeX N, MpU
KOTOPBIX f(Nn) OUpeeseHo U NPUHAIIEKUT A.

Teopema 5. IIpoobpa3 u 0b6pa3 mepeInucanMoro MHOXKECTBA, TIPU BbI-
YUCTUMON (DYHKIUHN [IE€PEUNCTUMBI.

<1 B camomMm geire, mpoobpas mepedncamMoro MHOXKeCTBa A Ipu BbI-
qucauMOoil (pyHKIN f MOXKHO IOJIy9ATh TAaK: B3ATh rpaduk f, mepecedn
€ro ¢ MepedncaInMbIM MHOXKeCTBOM N X A U CIIpOeKTHpOBAThH Ha TEPBYIO
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KoopauHaTy. Paccykmenne a1 06pa3oB aHAJIOTHIHO, TOJIBKO KOOPINHA-
TBI MEHSIOTCSI MecTamMu. >

7. llycte F' — mepedncanMoe MHOXKECTBO Iap HATypaJibHbIX uuces. [lo-
KayKUTe. 9TO CYIIECTBYeT Bbluucaumasi (PyHKIus f, onpeleséHHas HA TeX U
TOJIBKO T€X &, Jylsd KOTOPBIX Haiinércs y, upu KoropoM (x,y) € F, npuuém
snadenne f(r) ABISAETCA OAHUM M3 TakuX Y. (DTO yTBEpXKJCHUE HA3BIBAIOT
uHOTZA Meopemoli 06 YyHuPopmu3ayuy. )

8. /laHbI J1Ba repecekaroImxcs mepeuncjauMbix Muoxkectsa X u Y. /loka-
JKHTe, 9TO HAHyTCs HellepeceKaroIecs epeducinMbie MaoxectBa X' C X
nY' CY, nna xoropuix X' UY' = X UY.

9. JTuogarmosvim Ha3bIBaETCs ypaBHeHNe, umemomee Bun P(z1,...,x,) =
= 0, rme P — MHOTOWIEH ¢ nesbiMu Koaddurmentamu. Jlokaxkure, 970 MHO-
2KECTBO JMOMAHTOBBIX YPABHEHUH, UMEIOIIUX IEJIble PEIIEeHNUs], TIePEIUCTIMO.
(OHo HepazpemuMo: B 5TOM COCTOUT M3BeCTHBIH pesyibrar H0. B. Marusicesu-
94, IBUBINUICS permenneM 3HaMeHnToil «10-i mpobaembr ['minbepTas. )

10. He ccoinasice na teopemy Pepma, mOKaxkKuTe, 9TO MHOXKECTBO BCEX I10-
Kazareyieil n, JJis KOTOPBIX CYIIECTBYeT pelnenue ypasuenus " + y" = 2"
B IEJIBIX TOJIOXKUTENIBHBIX Yncjaax, nepeancanmo. (Kak reneps mssecrno, sTo
MHOXKECTBO COJEPKUT JIMIID dncya 1 u 2.)

11. [TokaxkuTe, 9TO BCSIKOE GECKOHEUHOE TIEPETUCTUMOE MHOYKECTBO MOK-
Ho 3anucars B Buge {a(0),a(1),a(2),...}, rme a — Beraucimmas dbyHKIUS,
BCe 3HA4YeHMsl KOTOPOil pa3in4Hbl. (YKa3aHUe: B XO/ie [IePedrCIIeHNs] yIalseM
HOBTOPEHUSL. )

12. TlokakuTe, 9TO BCIKOE OECKOHEYHOE MEPEUYMCIUMOE MHOXKECTBO CO-
JIepKUT GECKOHEYHOE pa3pelInMoe IOAMHOXKeCTBO. (YKa3aHue: BOCIOJIb3yeMCsl
IpeIbIIy el 3a1adeii 1 BBIGEpeM BO3PACTAIONLYIO TOANOCIEI0BATEBHOCTD. )

13. Ilokaxkure, 9TO st BCAKON BBIYHCIAMMON dyHKumu f cyliecrByer
BBIYUCIUMAsT (DYHKIIUsI, SIBJISIOIIASICS <«IICEBA00OpaTHO» K f B clemyroieMm
CMBICJIe: ODJIACTh OIPE/IeJIEHNsI § COBIAMAET C OOJIACTHIO 3HAYeHUit f, u mpu
stoM f(g(f(z))) = f(x) nna Beex z, npu KoTopbIx f() onpeseseHo.

14. JleficTBATEILHOE THCJIO (v HA3BIBAETCS 8bHUCAUMBIM, ECITH CYIIECTBYET
BBIYKCIUMAs (DYHKIUS @, KOTOpasi 110 JII0OOMY palioHaJIbHOMY € > 0 1aér pa-
[MOHAJIbHOE NPUOJIKeHNe K « ¢ omubKoii He Gosee €, T.e. |a —a(e)| < € ma
mo6oro panuoHaabHOTo € > 0. (Panumonansbaoe IruCIo ABASETCI KOHCTPYKTHB-
HBIM OOBEKTOM, TaK YTO IOHSTUE BBIYMCJIUMOCTH HE TpEOyeT CIEerUuabHOIO
YTOYIHEHUS. )

(a) Jdokakure, 9TO YUCJIO (¢ BBIYUCIMMO TOTJA M TOJBKO TOTJA, KOTJA
MHOXKECTBO PAIMOHAJBHBIX YNCEJ, MEHBIIUX (v, PA3PELIUMO.

(6) JlokaxkuTe, ITO IUCJIO (v BEIYUCIUMO TOTJIA U TOJBKO TOT/IA, KOTJA MO~
CJIeJI0BATEJIbHOCTb 3HAKOB IIPECTABJIAIONIECH €TI0 JeCATUIHON (mm ,II;BOI/I‘{HOI‘/'I)
po6U BBIYUCIAMA.

(B) Jlokaxkwure, 9TO WMCIO (¢ BBIMUCIUMO TOTJA M TOJBKO TOTJA, KOTJIA
CYIIECTBYET BBIMUCIUMAs IIOCJIEI0BATEILHOCTD PAIIMOHAIBHBIX YUCEJI, BHITIC-
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JIIMO CXOIAMAACA K ¢ (TIOCIeTHEE O3HATAET, ITO MOXKHO AJITOPUTMUAIECKU yKa-
3arb N II0 € B CTAaHJAPTHOM &-N-ONPEIEICHAN CXOIUMOCTH. )

(r) Iokaxkure, 9TO CyMMa, IPOU3BE/EHHE, PA3HOCTh U YACTHOE BBIYMCIIH-
MBIX JeHCTBATEIBLHBIX YUCE BBIYUCTUMBI. [[0KayKuTe, 9T0 KOPEHb MHOTOWJIEHA
C BBIYUCJIUMBIME KO3 DUIMEHTAMYI BHIYUCIUM.

() Chopmynupyiite n oKaKUTE YTBEPXKIEHHUE O TOM, ITO IIPEEsI BHIUUC-
JIMMO CXOZISATIENHCS TTOCIEI0BATETEHOCTH BHIYACIUMBIX JeHCTBATETEHBIX IUCETT
BBIYUCJIAM.

(e) [deitcTBuTesbHOE YHCIIO (v HABBIBAIOT NEPEHUCAUMDIM CHUSY, ECITA MHO-
2KECTBO BCEX PAIMOHAJBHBIX YUCEs, MEHBIMUX «, epeancaumo. (Ilepeancim-
MOCTB CBEPXY OIIPEIEJISIeTCsl AaHAJIOMMYHO.) JJoKaXKnuTe, YTO 9UCIO (¢ IIEPEIHC-
JINMO CHU3Y TOTJa W TOJILKO TOIJIa, KO/ OHO SIBJISIETCS MIPEIEIOM HEKOTOPOX
BBIYUCJIAMON BO3PACTAIONIEH TTOCIEOBATEILHOCTH PAIMOHAIBHBIX YUCE].

(x) Jokarkure, 9TO JEHCTBUTEIBHOE HUUCJIO BBIYUCIMMO TOLZA U TOJBKO
TOr/Ia, KOTJA OHO MEPEYrCIUMO CHU3Y U CBEPXY.

JlaJibHeliIme cBOMCTBA BBIYUCIUMBIX JIEHCTBUTEIBHBIX UHCEJT CM. B
3ajtaue 25.

15. TTokaxkuTe, 9TO CJIe/IyIONUe TPU CBOHCTBA MHOXKECTBA X DABHOCUJIBHBI:

(1) X moxkno mpeacrasurs B Buge A\ B, rape A — mepedncimMoe MHO-
JKECTBO, a B — ero mepequncimmoe moMHOXKECTEO;

(2) X moxkuo npezcrasuth B Buge A \ B, rne A u B — nepeduciuMble
MHO>KECTBA;

(3) X MOXKHO HPEICTABUTH B BUJE CUMMETPUIECKONH PA3HOCTH JBYX II€pe-
YUCJIMMBIX MHOYKECTB.

16. ITokaxxkure, uro MHO)KecTBO X MOKHO npescrasuts B Buje A\ (B\C),
rne A D B D C — nepednciiuMble MHOYKECTBA, €CJIU U TOJIBKO €CJIM €r0 MOYXKHO
[IPEJICTABUTD B BUJE CHMMETPUYIECKON Pa3HOCTH (CYMMBI IO MOIYJIIO 2) TPEX
MIEPEYUCTIUMBIX MHOXKECTE.



2. YHunBepcanbHble yHKLUUN U HEPA3PELIMMOCTb

2.1. YHuBepcanbHble PyHKLUN

Ceifgac MBI IOCTPOUM IPUMED TIEPEIUCTUMOTO MHOXKECTBA, He SIBJISI-
orerocs paspemuMbiM. [Ipu 3ToM OyIeT ucmobp30BaThCs TaK Ha3bIBae-
Masl YHUBepCAJIbHAsT (PyHKITUS.

ToopsiT, uro dyarnus U nByX HATYpPAJbHBIX apIyMEHTOB SIBJISETCS
YHUBEPCAADHOU JJISI KJIACCA BBHIYUCIUMBIX (DYHKITMI OHOTO apryMeHTa,
€CJIN IS KayKI0T0 1 (DYHKITHST

Un,: x+—U(n,z)

(«ceuenne» dynkuun U npu GUKCHPOBAHHOM 1) SIBJISIETCST BEIYHCIUMOMN
U ecjii BCe BbIUUCIUMbIe (DYHKIUU (OJHOTO apryMeHTa) BCTPEYAIOTCs
cpenu U,,. (Hamomuum, uro vu dyrkius U, HU BbraucauMble (DyHKIUHT
OJIHOI'O apryMeHTa He 00s3aHbI ObITh BCIOY OIIPE/ICJIEHHBIMI. )

AmnajioruvdHoe OmpeJie/ieHne MOXKHO JaTh W JJIs JPYIUX KJIACCOB
dbynxmit (omHOTO aprymenTa): Hanpumep, dbyHakus U AByX apryMeHTOB
OyIeT yHUBEPCAJIBHON JJIsI KJIACCa BCEX BCIOIY ONPEIEIEHHBIX BHIYUCIH-
MBIX (DYHKIIHN OJHOTO apTyMEHTa, ecyn eé cedeHus U, sIBJISIOTCS BCIOILY
OIIPEICJIEHHBIMI BBIYUCIUMBIMEU (DYHKIIUSIMA OJIHOTO APTyMEHTa M WC-
YepIBIBAIOT Bee Takne (hyHkinu. OUeBUHO, YHUBEPCAJIbHbBIE (DYHKINN
CYIIECTBYIOT JIJIs JIOOBIX CUETHBIX KJIACCOB (M TOJIBKO JIJIST HUX).

KiroueByto posib B 9TOM pa3zjiesie urpaer Takoil hakr:

Teopema 6. CymecrByer BbramcimMasi (DYHKIMS JIBYX apryMeH-
TOB, SIBJISIONIASICS YHUBEPCAIbHON (DYHKITHEH [JTsT KJIACCA BBIIUCIUMBIX
dbyHKIMit 0IHOTO apryMenTa.

<1 3ammineM Bce TPOrPaMMBI, BBIYUCIIAIONHE (DYHKIIMA OJTHOTO ap-
[YMEHTa, B BBIUUCIUMYIO IIOCJIEI0BATEILHOCTD Do, P1, ... (HANPUMED, B
nopsizike Bozpactanus ux Jyuabl). [lomoxkum U (i, ) paBHBIM DPE3yJib-
TaTy pabOTHI i-0#f mporpammbl Ha Bxoje x. lorma dywknus U u Oy-
JIET MCKOMOW BBIYUCIUMON yHUBepcagbHOoil dyukmueit. Ceuenne U; Gy-
JIeT BBIYHUCJIUMOI (DYHKIIMEl, BBIUNC/ISIEMOl IIPOrpaMMoii p;. AJropur,
BBRIUUCsOMUit camy GyHKImo U, ecTh MO CYyMeCTBY HHTEPIIPETATOP
JIJIST UCIIOJIb3YEMOIO sI3bIKa [IPOrPAMMMPOBAHU (OH IPUMEHSIET IIePBBIi
apryMeHT KO BTOPOMY, €CJId OTOXKJIECTBUTD IIPOIPAMMY U €€ HOMED). [>

17. Bce ceuenns U,, HekoTopoit dyukimu U 1ByX apryMeHTOB BBIUNCIUMBL.
Crenyer sz orcrona, uro ¢dpyukius U Berancanma?

18. JlaiiTe (ecTecTBEeHHOE) ONpEIEIEHUE TIOHATHS BBIYUCIUMON QyHKIMN
TPEX apryMEHTOB, YHUBEPCAJbHOMN JJIsi KJIaCCa BBIYUCIUMBIX (DYHKITHUN JIBYX
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APryMEeHTOB, U JOKazKUTe eé CymieCcTBOBaHUE.

LIt MHOKECTB HMCHOIB3yeTCs aHAJOTHYHAs TEPMUHOJIOTHS: MHO-
xkectBo W C N x N HazbBaior yrusepcasbhvum A HEKOTOPOTO KJIacca
MHOXKECTB HaTyPaJIbHBIX YHCEJI, €CJIU BCe CeYeHUs

W, ={z | (n,z) e W}

MHO)KeCTBa W HpUHA/JIEXKAT STOMY KJIACCY U JIPYTUX MHOYKECTB B KJIacce
HET.

Teopema 7. CymiecTByeT IepedrC/JIMMOE MHOXKECTBO Iap HATypaJib-
HBIX YHCeJI, YHUBEPCAJIBHOE JJIsi KJIACCA BCEX IEPEUUCTUMBIX MHOYKECTB
HATYPAJIBHBIX YUCEI.

< Paccmorpum obstacth onpesiesiennst yauBepcaabaoit dyaxnun U.
Ona Oy/ieT yHUBEPCAJBHBIM TEPEIUCTUMBIM MHOYKECTBOM, MMOCKOJBKY
BCSKOE IEPEYUCIMOE MHOXKECTBO SIBJISIETCSI ODJIACTBIO OIpPeJIeICHIsT
HEKOTOpPOi#t BeraucanMoii dyukmuu U,. >

19. Kak IIOCTPOUTH YHUBEPCaAJIbHOE€ MHO2KECTBO, UCXO/Id U3 TOI'O, 9TO BCs-
KOe TMEePEUNCINMOe MHOYKECTBO €CTh MHOXKECTBO 3HAYEHWI HEKOTOPO (DyHK-
mau U, ?

20. CymiecTByeT JiM pa3penmMoe MHOXKECTBO I1ap HATYPAJbHBIX YHUCEJI,
YHHUBepCaJIbHOE JIJIsI KJIacCa BCEX Pa3PEelIMMbIX MHOXKECTB HATYDaJIbHBIX YH-
cest?

2.2. [lnaroHanbHasi KOHCTPYKLMSA

B mpenpiaymem pazzese Mbl IOCTPOWIA YHUBEPCAIBHYIO (DYHKITIIO
JJIsT KJIACCA BCEX BBIYUCIUMBIX (DYHKIIUN OFHOrO aprymeHTa. MoxKHO jim
cZlesaTh TO YK€ CaMoe I KJIACCa BCIOJY OIPEIEJIEHHBIX BBIYHCIMMBIX
dyuknumit? OKa3bpIBaeTCsI, 9TO HET.

Teopema 8. He cyrmecTByeT BBIMHCINMOI BCIOLY OIIPEIETEHHON (PYHK-
UK JBYX apryMEHTOB, YHUBEPCAJBHON I KJIACCA BCEX BBIYHC/IMMBIX
BCIOJLy OIPEJIEEHHBIX (PYHKIUI OJHOINO ApPTryMEHTA.

<1 Bocnosibayemcst «uaroHaabHON KOHCTPYKIMEH» — TOYHO TaK Ke
JIOKA3bIBAETCS HECIETHOCTh MHOYXKECTBA BCEX OECKOHEUHBIX JIECATUIHBIX
npobeit. Ilycrs U — mpowm3BosibHAS BBIYUACAAMAS BCIOJY OIIPEIEIEH-
Hast PYHKIUS JBYX apryMeHTOB. PaccMOTpUM IMAroHAJbHYIO (DyHK-
o u(n) = U(n,n). OgeBunHo, Ha aprymenTe n GbyHKIAS U COBIAIAET
¢ dyuknpmeit U, a dyakuus d(n) = u(n) + 1 ormgaercs ot U,,. Takum
06pa3oM, BEIYHC/IUMAZ BCIOLY onpeeénnas dhyHkus d(n) oramdaeTcs
ot Bcex cedennit Uy, u moromy ¢yukius U He SBIISIETCS yHUBEPCAJb-
HO#. >
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IToueMy 3TO paccyKJeHne He IPOXOIUT JJId KJIACCA 6CET BLIMUCIIN-
Mbrx GyHKIMA (B ToM umcse gactuanbix)? Jleso B TOM, 9TO 3HAUEHUE
d(n) = U(n,n)+1 reneps He 00g3aHO OTINIATHCA OT 3HadeHus Uy (n) =
= U(n,n), Tak Kak 06a OHU MOT'YT ObITH HE OIPEJIEJIEHBL.

Tem He MeHee, YACTh PACCYKICHUST OCTAETCS B CHJIE.

Teopema 9. Cymecryer BoruncauMas Gyuknusa d (¢ HATYpPATbHBIMA
apryMeHTaMU U 3HAYEHUsIMU), OT KOTOPO#l HUKaKas Bbraucaumas GyHkK-
nust f He MOXKeT BCIOAY OTJIUYATHCS: s JF000# BBIYUCIUMON (DYyHK-
muu f Hahaéres rakoe duciao n, uro f(n) = d(n) (umocsennee paBeHCTBO
MOHUMAETCST B TOM CMBICJIE, ITO Jn60 0ba 3Havenust f(n) u d(n) He onpe-
JIeJIEHDI, JTUOO0 064 ONPEIEJICHbI U PABHDI).

< Ilo cymecTBy BCE yKe CKA3aHO: TAKOBA JUATOHAJILHAS (DYHKIUS
d(n) = U(n,n) (3mece U — BbrunciauMas QyHKIMs ABYX apryMEHTOB,
YHUBepcaJjbHast JJIs KJIacCa BBIYUCIUMBIX (DYHKIIUH OIHOrO apTyMeHTa).
Jliobast BbranciuMast pyukiust f ectb U, Ipu HEKOTOPOM 7 U IIOTOMY
f(n) =U,(n) =U(n,n) =d(n). >

Teopema 10. CyrecTByeT BhIYHCIUMAsT (DYHKIHsI, HE UMEIOIIas BCIO-
Jly OIPEJIEJIEHHOTO BBIYUCIMMOTO TPOJIOJIZKEHSI.

< Takosa, nanpumep, dyukius d'(n) = d(n) + 1, tae d — dyukImMst
u3 MpebIayIeit TeopeMbl. B camMoM Jienie, i0060e €€ BCIOy OIpeeséH-
HOE IIPOJIOJIXKEHHE BCIO/Ly OTm4daeTcs ot d (B Tex MecTax, rjae GyHkms d
onpenesiena, pyaknus d’ Ha e UHUILY 60JbIIE d U TOTOMY JII060E TPOI0JI-
sxerne GyHKmm d’ oTamyaaeTcs otT d; TaM, rae d He ONpeaenenHa, Jodast

BCIOJLy olipejiesiéHHast (DYHKIUs OTindaercs ot d). >
21. Jlokaxkute, 4T0 U cama (pyHKIHUA d U3 TOKA3ATETHCTBA TPEIBIIYIIEi
TEOPEMBI HE MMEET BBIYMCJIMMOTO BCIOLY OMPEIETIEHHOTO MPOIOJIZKEHUS.

2.3. I'Iepeqmcnmmoe HEPa3peELNMOE MHOXECTBO

Terepb MBI MOXKEM [IOKA3aTh OOEIIAHHOE yTBEPXK/ICHUE.

Teopema 11. CymiecTByeT MepevIncJInMOe HEPA3PENTNMOe MHOYXKECTBO.
(IlepedopMyIMpOBKa: CyIECTBYET MEPEYNCINMOE MHOYKECTBO C Helepe-
YUCJMMBIM JIOIIOTHEHHIEM. )

< Paccmorpum Berunciaumyo byHkiwo (), He UMEIONIYIO BCIO-
JIy OIIPEJIEJIEHHOTO BBIYMCIUMOrO IIPOJoJKeHus. € obacTh onpesee-
uust F GyJier HCKOMBIM MHOXKeCTBOM. B camom jgeste, F' nepeauncmmo (1o
OZIHOMY W3 olpeesienuii nepeanciaumoctn). Ecjm 661 F' 6b110 pasperiu-
MO, TO (DyHKIHIS
f(z), ecmx € F,

€Tr) =
9() 0, eciu x ¢ F
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ObL1a OBl BBIYUCIMMBIM BCIOY OIIPEIETEHHBIM TPOIOJIZKEHUEM (DYyHK-
muu f (upu BbraucseHuu () Mbl CHAYAJIA IPOBEPsIeM, JIe?KUT Jid & B F,
€CJIN JIEXKUT, TO BeramciseM f(z)). >

[Tonezro mpocieuTh, KAKOE MMEHHO MHOXKECTBO B UTOI'e OKAa3aJI0Ch
[IEPEYNCTUMBIM U HEPa3pemuMbIM. JIerKo MOHATH, YTO 9TO MHOXKECTBO
Tex n, upu Kotopbix U(n,n) ounpenesnero. Eciu BCIOMHUTB KOHCTDYK-
nuto GyHkun U, TO 3TO MHOXKECTBO TE€X 7, IPA KOTOPBIX 7-s1 TPOrPAMMA,
octaHaBuBaeTcs Ha n. [loaToOMy MHOTIA TOBOPST, 9TO «IpObJIEMa CaMO-
IPUMEHUMOCTU» (IIPUMEHMMOCTH IIPOIPAMMBI K CBOEMY HOMEpY) Hepas-
peruMa.

3aMeTuM, 9TO OTCIONA CJIE/yeT, 9TO U OOJACTb OIpeleeHus] Beeil
yHuBepcabHO GyHKIN U sBII€TCS MEPEINUCTIMBIM HEPA3PEITUMbIM
muOKecTBOM 11ap. (Ecim 661 pobiiema BbIsICHEHNsT IIPUMEHUMOCTH [IPO-
rpaMMbl K IIPOM3BOJIBHOMY apryMeHTy ObLjaa Obl pa3permmma, TO U eé
9aCTHBIN CIydail — MIPUMEHUMOCTb IIPOrpaMMbl K cebe — ObLT ObI pa3-
permm. )

D1y 6osee 0b6MIIyI0 — U OOJIEe eCTECTBEHHYIO, Y€M BBISCHEHUE CAMO-
PUMEHUMOCTH, — 3aja4y (y3HATb, OCTAHOBUTCS JIM JIAHHAS [IPOrPAMMA
HAa JIAHHOM BXOJIe) Ha3BIBAIOT MHOTA «IIPoGJeMoit octanoBKm». (MHorne
CJIyIIaTe/Id KypPCoB I10 JIOTUKE W TEOPUU AJITOPUTMOB IIOMHST TAUHCTBEH-
HBbIE U I'po3HbIe cjioBa «[Ipobiiema ocranoBKY jijist MamuH TeopuHTa aJ-
POPUTMUYECKU HEPa3PeNInMay, JIazKe 3a0blB BCE OCTAJIbHOE. )

22. Ilycte U — mepedncimmoe MHOXKECTBO Map HATYPAJLHBIX YHUCEJT, YHU-
BepcCaJiIbHOE IJId KJlaCCa BCEX IIEPEYUC/IMMbBIX MHO2KECTB HaTypPaJIbHBIX YHCEJI.
Jlokaxkute, 9TO €ro «uaroHajabHoe ceuenne» K = {z | (z,z) € U} saBusercs
IIEPEIUCJINMBbIM HEPa3pPEIINMbIM MHOXKECTBOM.

23. HekoTtopoe MHO2kKeCTBO S HATYypaIbHBIX JHCEN paspennmo. Pazmoxum
BCe uncia u3 S Ha MPOCThIE MHOYKUTEU M COCTABAM MHOXKeCTBO [ BCex IIpo-
CTBIX YHCEeJI, BCTPEYAIOIIUXCA B 3TUX PAZJIOZKECHUAX. MO}KHO JIX yTBEP2K/1aTh,
9TO MHOXKeCTBO ) pazperumo?

24. Muoxectso U C N X N pazpermumo. MoxkHO u yTBEpKIATH, ITO
MHOKECTBO «HHKHUX TOYeK» MHOxKecTBa U, TO eCTh MHOXKECTBO

V={z,y)| (z,y) €U)nu ((z,z) ¢ U nya Bcex z < y)}

SABJIsIeTCsT pa3permuMbiM? MOoXKHO 1 yTBep:K/IaTh, YTO V IEPEYNCTUMO, €CJTH
U mepeunciaumo?

25. [lokaxkuTe, 9TO CyHmIECTBYIOT MEPEYUCIUMbIE CHU3Y, HO HE BBIYUCIIU-
MBI€ YNCJIA B CMBICJIE ONIPEIesIeHnH, TanHbIX Ha c. 14. (Ykazanne. PaccMorpum
cymmy psma 3 27F o Becem k M3 KaKOTO-THGO MEPETHCIMMOrO MHOMKeCTBA, P.
Omna Bcerja nepevdncanMa CHU3Y, HO OyIeT BBIYUCIUMOI TOJBKO IPU Pa3PEIIi-

mom P.)
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Mgl BepHEMCS K BBIYUCIUMBIM JIEHCTBUTEIBHBIM YHCJIAM B 337~
Jax 35 u 68.

26. ITokaxkurte, 9TO CyIIECTBYET MHOYXKECTBO, KOTOPOE MOYKHO IIPEJICTABUTH
B BHJI€ CUMMETPHUYIECKON PA3HOCTU TPEX MEPEUNCIUMBIX MHOXKECTB, HO HEJIb3S
IIPEJICTABUTH B BUJIE CHMMETPUYECKONH DPA3HOCTU JBYX II€PEYUCIUMBIX MHO-
xectB. CMm. 3amaqm 15 u 16. (Ykasanue. B kjacce MHOXKECTB, KOTOPBIE MOXKHO
[IPE/ICTABUTH B BUJIE CHMMETPUYIECKON PA3HOCTU JABYX IMEPEUUCIUMBIX MHO-
JKECTB, €CTh YHUBEPCAJILHOE. )

2.4, I'IepeqmchMble HEOTAESINMbIE MHOXXECTBA

Hebompmas moandukamms paccyKIeHns MO3BOISIET J0Ka3aTh yCH-
JIeHVEe JIOKA3aHHOM BBIIIE TEOPEMBI:

Teopema 12. CymectByer BbIYHCIHMAsi (DYHKIUS, TPUHAMAIONIAS
ToJIbKO 3HavUeHnda 0 m 1 u He mMeromasa BCIOY ONPEIETEHHOTO BHIMUCTI-
MOT'O IIPOJOJIKEHUS.

< Bumecro dyukmun d’'(z) = d(z) + 1 MoxkHO paceMoTpersh DyHKITHIO

g 1, ecim d(z) =0,
(@) = 0, ecsm d(x) >0

(nmeercst B By, uTo d”(x) He ompemeneno, ecamn d(x) He ONPEIETEHO).
Torpa soboe Beiomy onpejesénnoe npojoszkenne dgynxiuu d’ Gymer
[TO-TIPEsKHEMY OTJIMYAThCA OT d BCIOJy W IIOTOMY HE OYIET BBIYUCJIH-
MBIM. >

DTOT pe3ysbTaT MOXKHO IMEPEBECTH HA SI3BbIK MEPEeYUCIUMBIX MHO-
2KecTB. ['0BOpAT, ITO JIBa HEIEPECEKAIONINXCsT MHOXKecTBa X u Y om-
deasromes muoxkectBoM C, eciim MHOXKecTBO C' COJIEP’KUT OJIHO U3 HUX
U He [IEPECEKAeTCs C JIPYTHUM.

Teopema 13. CymiecTByIOT JiBa HEIEPECEKAIONIMXCS TEPEIUCTUMBIX
MHOKecTBa X M Y, KOTOpDbIe HE OTIEJSIOTCS HUKAKUM Pa3pPelnMbIM
MHOXKECTBOM.

<1 B camom neste, mycth d — BbIYucanMast QyHKIUsI, TPTHIMAOIIAS
ToJIbKO 3HavdeHnd 0 1 1 u He mMeroIas BCIOY ONPEJIETIEHHOTO BBIMHUCIH-
moro npoxposnkenus. I[Iyers X = {z | d(z) =1} u Y = {z | d(z) = 0}.
Jlerko BujieTh, yTo MHOXKecTBa X 1 Y mnepedncyiumMbl. [lycTb OHE OTIE IS
I0TCsl paspermuMbiM MHEOXKecTBOM C'; 6yeM cuantarh, uro C' comepkut X
u He nepecekaercd ¢ Y (ecam Hao0OpOT, HepeiéM K gonosaHenuo). To-
rja xapakrepucrudeckad ynkiusa muoxecrsa C (paBuas 1 Buyrpu C
u 0 BHe Hero) mpojoKaer d. >
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3aMeTnM, 9TO 9TOT Pe3y/IbTaT YCUINBAET YTBEPKICHUE O CYIIECTBO-
BaHUM [EPEYUCIUMOrO HEPA3PENInMOro MHOXKECTBa (eC/iu JiBa MHOXKe-
CTBa HE OTHEJIMMbI PA3PEIIUMbIMUA MHOXKECTBAMHU, TO HUA OJIHO U3 HUX HE
pas3permmo).

27. Kak onucaTth HOCTPOEHHBIE [TEPEYNCINMbIE HEOT/IENMbIE MHOYKECTBA B
TepMuHaxX yHHUBepcasnbHoil dyskupn U(n,z)?

28. ITokaxkure, YTO CyIIECTBYET CYETHOE UHUCJIO HEIIEPECEKAIOIIMXCsI ITepe-
YUC/IMMBIX MHOXKECTB, HUKAKUE JIBA U3 KOTOPBIX HEJIb3sl OTIEJUTH Pa3pelu-
MBIM MHO?KECTBOM.

29. [oarwvim dsouunvim depesom ByieM Ha3BIBATH MHOYKECTBO BCEX JTBOUY-
HBIX CJIOB (KOHEYHBIX MOCJIEI0BATEIBHOCTEH HyJIEH U eIMHMUI); €r0 JEMEHTbI
HA3BbIBAIOT 6EPUIUHAMU JIEPEBA; IIyCTOE CJIOBO SIBJISETCS KOPHEM ITOTO Jepe-
Ba, a cioBa x0 u xl SBISIOTCS CHIHO6LAMU BEPIIUHBI X, KOTOPAs SIBJISIETCS
omuyoMm CBOUX CbIHOBe#. [loddepecom TOJTHOIO JIBOMYHOIO JI€PEBa HA3BIBAIOT
MHOKECTBO BEPIINH, KOTOPOE BMECTE C KarKJI0il BEPIIMHON COIEPXKUT €€ OTIA.

ITokaxkuTe, 4TO OECKOHEYHOE MOAAEPEBO BCETIa NIMEET HECKOHEUWHYIO 8EMBH
(mocsteIOBATEILHOCTD BEPIINH, B KOTOPOH KayK1asl CJIC/LyIOIasl SIBJISIeTCs Chl-
HOM TIPEABIAYINEH ); 9TO yTBEpXKIEHUE HAZBIBAIOT Aemmoti Kénuea. Tlokaxnre,
qT0 3P HeKTUBHBII BapuaHT ieMMbl KEHITa HEBepeH: CYIecTBYeT OECKOHETHOE
Pa3peIInMOoe II0JIJIEPEBO IIOJHOI'O JIBOUYHOI'O JepeBa, He MMEIOIee BBIYUCIIU-
Moit 6eckoneunoi BeTBH. (YKasanme. B3ss mapy nepevncimMbIX HEOTIETMMbIX
MHOKECTB, MOXKHO IIOCTPOUTH JIEPEBO, B KOTOPOM Ji0basi OeCKOHEUHAsT BETBb
II0BOPAYMBAET HAIIPABO B TOYKAX IIEPBOTO MHOXKECTBA U HAJIEBO B TOYKAX BTO-
poro. Ilpu 3TOM MOAIEPEBO MOXKHO CAETIATH PA3PEINIUMBIM, TaK KaK 3aIllpeT
TIOBOPOTA MOYKHO HAJIOKUTH HA IMPOU3BOJILHO BBICOKOM YPOBHE, KOTJA BbISIC-
HUTCsI IPUHAJJIE?KHOCTD OJJHOMY U3 MHOXKECTB. )

2.5. lNpocTble MHOXecTBa: koHCTpyKums [locTa

CymiecTByIOT U APYTHe KOHCTPYKIUHU [IEPEUNCINMBIX HEPA3PEIIIMBIX
MHOXkecTB. Bor ofna n3 Hux (npemnoxkennas 9. [Tocrom).

Ha30BéM MHOXKECTBO UMMYHHbLM, ECJIE OHO OECKOHEYHO, HO HE COJEP-
JKUT OECKOHEYHBIX IIEePEUNCJINMBIX IIOAMHOXKeCTB. llepedncimmoe MHO-
JKECTBO HA3BIBAIOT NPOCMbIM, €CIIA €TI0 JIONoIHeHne nMMyHHO. (OueBu/1-
HO, TaKOe MHOXKECTBO HE MOYKET OBITH PA3PEIINMBIM. )

Teopema 14. CyrmrecTByeT IpPOCTOE MHOXKECTBO.

< Ham Hy»KHO, 9TOOBI II€PEUNCINMOE MHOXKECTBO S HMEJIO UMMYH-
HOE JIOIIOJIHEHHE. DTO 03HAYAET, YTO S JIOJKHO [IEPECeKaThCsl C JIIOOBIM
GECKOHEIHBIM [IePEUNCIUMBIM MHOKECTBOM. UTOOBI rapaHTHPOBATH ITO,
IIOJIE3HO TSI KaXKJJOT'0 IEPETHCIIMOr0 MHOXKeCTBa V' J0OABUTH KAKOH-TO
ero aeMeHT B S (xorst 66 115 Geckonednsix V). IIpu srom Hato no3abo-
TUTBCSI O TOM, ITOOBI BHE S 0CTAI0Ch OECKOHETHO MHOT'O 3JIEMEHTOB. DTO
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MOXKHO TapaHTUPOBATH, €CJIU JT00ABJISTH JOCTATOYHO OOJIBIIAE dJIEMEH-
ThI (HAIIPUMED, U3 MHOXKECTBA HOMED 4 JOBABJIATH TOJBKO OJMH JIEMEHT,
upuroM O66ubIIHi 27).

O06bsiciuM KOHCTpYKIWIO Toapobuee. Ilycts W — yHuBepcaibHOE
[IEPEYNCINMOE MHOYKECTBO I1ap, cpeau cederuit W,; KOTOporo Bcrpeda-
IOTCsT BCE IMEPEYUCMMBbIE MHOYXKECTBA HATYPAJIbHBIX duces. Bymem Ha-
3piBaTh W «IIEpeUnCIUMBbIM MHOXKECTBOM HOMED i» (IPU 9TOM DA3HBIM
HOMEepaM MOXKeT COOTBETCTBOBATL OJIHO U TO YK€ MHOXKecTBO). Paccmor-
pum muoxkectso map T = {(i,z) | (x € W;) u (x > 2i)}. Dro MHO-
JKECTBO IepedncanMo (Kak rnepecederne W u paspernmmMoro MHOKECTBA
{(i,x) | © > 2i}). Ilepeuncisiss ero, GymemM oTOPaCHIBATH HAPBI, ¥ KOTO-
PBIX TEPBBI WieH yxke BcTpedascs paHee. OCTaHeTCs HEKOTOPOE Iepe-
gucauMoe noaMuokecTso 17 C T. PaccMOTpUM Tenephb MepedncInMoe
MHOXKECTBO S BTOPBIX YJIEHOB Iap, BXoAdamux B 1.

DTO MHOXKECTBO IEPECEKAETCsI C JIIOOBIM OECKOHEYHBIM HEePETUCIH-
MBIM MHOXKeCTBOM. B camom nese, ecau W,; 6eCKOHEYHO, TO OHO COJEp-
JKUT U 9ucia, 66sbime 2i, nosromy B T (a, 3uauut, u 8 T”) ecTb napbl ¢
HEepBLIM 9JICHOM 7. BTOpoil 4ien Takoit napbl u3 1" Oyaer jgexxaTh U B S,
uB W;.

C apyroit cTOpOHBI, MHOXKECTBO S MMeeT OECKOHETHOE JIOTOJIHEHNE,
OCKOJIBKY cpeau auces ot 0 710 2n — 1 MaKCUMyM 1 Pa3JIMIHBIX THCEJT
MOI'YT IPUHAJIIEKATH S (3T0 Ymciia, monasmme B S ¢ OJHON U3 NEePBbIX N
BepTUKaJell — Bce ocralbable OyiayT yxKe 6osbiie 2n). >

30. ,HOK&}KI/ITG, 9T0 OECKOHEYHOE MHO2KECTBO, HE CO/iepzKalllee OECKOHEYHBIX
Pa3permruMbIX ITIOJMHOXKECTB, UMMYHHO.

31. JlokaknuTe, 9TO CyNIIECTBYET MIEPEUNCIUMOE MHOYKECTBO, JJIsI KOTOPOTO
HpHMOﬁ Hepec'{éT (HOCJIe,ZLOBaTeJIbHOCTb JIEMEHTOB B IIOPsAJKE BO3paCTaHUA
663 HOBTOpeHI/IfI) €ro JOIIOJTHEHUA HEe OTPAHUYCH CBEPXY HUKAKOMI BCIOY OIIpe-
JeJEHHON BBIYUCIUMON pyHKImeid. JJokazkuTe, 9T0 3TO MHOXKECTBO SBJIAETCS
IIPOCTBIM.



3. Hymepauum un onepaymn

3.1. MnaBHble yHUBEpPCasbHbIE DYHKLUN

OueBUHO, KOMIO3UIMS JIBYX BBIYUCTUMBIX (DYHKIMNA BBIYUCIUMA.
[Ipu sTOoM 3TO yTBep:KIeHME KayKeTCs «d(P(PEKTUBHBIM» B TOM CMBICIIE,
YTO IO MPOTPAMMaM JIBYX (PYHKIMI MOXKHO AJITOPUTMUYECKH IOy IUTH
[IPOrpaMMy WX KOMIIO3WUIMH. B pasyMHOM si3bIKe IIPOrPAMMUPOBAHUSI
OHAa OYIET COCTOSITh U3 JABYX MOIIPOrPAMM, COOTBETCTBYIOIIUX JIBYM BbI-
YUCTUMBIM (DYHKIUSIM, ¥ TJIABHON TPOrpaMMBbl C €IMHCTBEHHON CTPOKOM
«return (f(g(x)))».

OHAKO MBI XOTUM IOBOPUTH He O Iporpammax (4robbl He BIABATHCS
B JleTaJIM A3bIKa IPOrPAMMUPOBaHUs ), & 0 HoMepax dyHkuii. Ijis sToro
y Hac ecTb cpejicTBa. VIMenno, Besikast yauBepcaiabhas dyuxnus U mjist
KJIACCA BBIYUCIUMBIX (DYHKIWI OJTHOIO apryMeHTa 3aJaéT HYMEPAIUo
9TOTO KJIacca: IUCII0 N sABJsgeTcs HomepoM byukuun Uy, : x — U(n, z).

Boobmie nymepayuet; (6osiee TOUHO, Hamypasbrol Hymepayued) Ipo-
MU3BOJIBHOIO MHOXKECTBa J HA3BIBAIOT BCIOY ONPENEIEHHOEe 0TOOpayke-
nue v: N — F, obnacTb 3HA4YEHUI KOTOPOIO €CTh BCE MHOXKECTBO F.
Ecin v(n) = f, 10 uncio n HaseiBAlOT Homepom obbekrta f. Takum
00pa3oM, BesiKasi (DyHKIUS IBYX apryMEHTOB 33J[aéT HyMepaIluio HEKO-
Toporo kjiacca MyHKIMHA OHOro apryMenTa (U sBJIseTCsd YHUBEPCAIbHOI
JUISL 9TOTO KJTACCA).

Hama nens — chopmysimpoBaTh U JI0OKa3aTh TaKOe yTBEPKICHUE:
(IpM HEKOTOPBIX YCJIOBUSIX HA HYMEDAIMIO BBIYUCIUMBIX (DyHKIMI) Cy-
MECTBYET AJITOPUTM, KOTOPBIA IO JIIOOBIM JBYM HOMEDPAM BBIYHACTHMBIX
byHKII Ta6T HEKOTOPBIM HOMED UX KOMIIO3UIIAH.

[Ipexk e Bcero Mbl moTpedbyeM, YTOOBI yHUBEpCabHAs (DYHKINS, 38~
JAIOIast HyMepanuto, Obuia BoraucauMoit. (Takue HyMepanuu Ha3bIBAIOT
soruucaumoimu.) OIHAKO ITOrO yCJIOBUs MAJIO: HaM MOTpedyeTcs, 4To0bl
HyMepalys Obljla, KaK MOBOPAT, 24a6H0l (2Edenesot).

I[Mycrs U — jaBymecTHasl BBIYUCAUMAsT YHUBEpCAIbHasl (DYHKIIUS
JLJIST KJIACCA OJIHOMECTHBIX BBIYUCIMMBIX (DYHKIMA (TepMun «k-mecTHast
dyukuus» oznauaer «byukiys k aprymentoss). Eé HaspiBaoor 24a6-
HOU YHUBEPCAJIbHON (DYHKIIMEH, eCau JjIs JII0OOH JBYMECTHON BBIUUC/IN-
Moit pyHKImE V' cyliecTByeT BCIOLy ONpee/iEHHAs BbIAUCIUMast (PYHK-
s s(m), Jys KOTopoi

V(im,z) = U(s(m),x)
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upu Bcex m U & (PABEHCTBO IOHUMAETCH, KaK OOBIYHO, B TOM CMBICJIE,
970 J1nb0 062 3HAUEHMsI He OIIPEJIeJIeHbI, JTUOO OIPE/IEIeHbl U PABHbI).

Hpyrumu ciosamu, Vi, = Ug (), TO ecTb dynknug s jaér mo V-mo-
Mepy HEKOTOpOi MYHKINN HEKOTOPBIit U-HOoMep Toi 2Ke dyukiun. Ecim
npeicTaBisaTh cebe U n V' Kak mHTEPIPETaTOPhl HEKOTOPBIX S3BIKOB ITPO-
rpammupoBanus (U(p, x) ecTb pe3ysibTaT NPUMEHEHUS IIPOIPAMMBIL P KO
BXOIy & W T.J.), TO Halle TpebOBaHue O3HAYAET, YTO Jyisl JIOOOro A3bl-
Ka MMPOrPAMMUPOBAHUs V CYIECTBYET TPAHC/SITOD S, MPeobpasyromuit
o0y V-tporpaMMy m B 9KBUBaJIeHTHY1O U-mporpaMmy s(m).

Teopema 15. CymrecTByer 1yiaBHas yHUBEPCAJIbHAST (DYHKITHSI.

< (Ilepsbiit cnoco6.) IokaxkeM, 9TO OIUCAHHOE B JIOKA3ATEIHCTBE
reopembl 6 (c. 16) mocTpoenue yHUBEPCAIBHON (DYHKIUK Aa6T TJIABHYIO
yHUBepcabHyo YyHKINIO. HATOMHUM, 9TO MBI TEPEYUCIISIIIN BCE TIPO-
IPaMMBI Pg, P1, P2, - - - KAKOTO-TO €CTECTBEHHOTO SI3BIKA TPOTPAMMHIPOBaA~
HUsI B IOPsIIKE BO3PACTAHUS WX JUIMH M nosaraiu U(n, ) paBHBIM pe-
3yJIBTATY MPUMEHEHUsI TPOrPaMMbI P, K BXoxy x. IlycTh Temeph ecThb
KaKas-TO Jpyras BblaucauMast pyHKIus V aByx aprymenToB. Ham Ha-
JI0 TIO JIIOOOMY HATYPAJBHOMY 1M MOy YATH IpOorpamMmy GyHKIuu V,y,, TO
ecTb DYHKIMH, KOTOPasi MOJIyYnuTcs, eciu B V 3adukcupoBars HepBbIit
apryMeHT DaBHBIM m. ZICHO, 4TO Takyio mporpaMmy (B GOJIBIIHHCTBE
SI3BIKOB IIPOrPAMMUPOBAHHUS) MOJIYYUTh JIETKO — HAJI0 TOJBKO B IIPO-
rpamme Jijisg V 3aMEHHTH MEPBBIi apryMEHT Ha OIPE/Ie/IEHNe KOHCTAHTHI
(WM UCIoOIB30BaTh MPOrpaMMmy i V' B KadecTBe MOZAIPOIPAMMBI, a B
OCHOBHOI1 TpOTrpaMMe BhI3BIBATH V' ¢ (DUKCHPOBAHHBIM MIEPBBIM apryMeH-
TOM).

(Bropoii crioco6.) Ho MOXKHO U HEe BIABATHCA B JETAIMA IOCTPOCHUS
YHUBEPCAJIbHON (DYHKIMH, & BOCIOJIb30BATLCS JHUIIL (PAKTOM €€ CcyIie-
CTBOBAHUSI.

3amMeTuM cHaYaJa, 9TO CyIIEeCTBYeT BhIYUCIAUMast (DYHKIUs TPEX ap-
I'YMEHTOB, yHUBEPCAJbHAS JJIsT KJIACCA BBIYUCTUMBIX (DYHKITHI JIBYX ap-
I'yMEHTOB, TO €CTb Takas (PYHKIMs 1', 94TO pu (PUKCAIUU [IEPBOIO ap-
rymenta cpeau byaxmuii T, (u,v) = T(n,u, v) BCTPEYAIOTC BCE BHIYUC-
JiuMble (DYHKIUH JBYX apryMeHTOB.

Taky1o pyHKITHIO MOKHO TOCTPOUTDH Tak. PUKCHPyeM HEKOTOPYIO BbI-
YUCIMMYIO HYMEPAIUIO Tap, TO €CTh BBIYUCINMOE B3aUMHO OJHO3HAY-
Hoe cooTBercTBHE (u,v) < [u,v] Mexxay N x N u N; uncio [u,v], co-
oTBeTcTByOIIee nape (u,v), Mbl Oy/eM Ha3bBATH HOMEPOM STOH IIapHI.
Ecmu Temeps R — aBymecTHasi BBIYUC/IMMAasi YHUBEPCaIbHAS (DYHKITUS
JIUTST BBIYUCJUMBIX OJTHOMECTHBIX (DYHKIIWIA, TO Bhraucaumas pyukims T,
oupezenénnas dhopmyioii T'(n, u,v) = R(n, [u,v]), bylaer yHEBepCAILHOI
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JJIST BBIYUCIUMBIX ABYMeCTHBIX (yHKouit. B camom gene, mycrs F —
IPOM3BOJIbHAA BBIYUCIMMAA (PYHKIHS IBYX apryMEHTOB. PaccMOTpUM
BBIMUCJIUMYIO OZHOMECTHYIO (DYHKIHIO [, OIPEIEJEHHYI0 COOTHOIICHHU-
em f([u,v]) = F(u,v). Hockonbky R yHUBEpCATbHA, HAWIETCS THUCIO N,
st Koroporo R(n,x) = f(z) npu Beex x. Iljist 3T0r0 m BBINOJHEHBI Pa-
sercrBa T'(n,u,v) = R(n,[u,v]) = f([u,v]) = F(u,v), n noromy n-oe
ceuenne dyukimu 1 coBmagaer ¢ F. Urtak, yHuBepcasbHas byHKIIH
TPEX apryMeHTOB IIOCTPOEHA.

Tenepnb UCHOIB3yeM €€ I ONPEJEIeHUs TJIABHON yHUBEPCAJILHOM
dyukmuu U aByx aprymenTob. HedopMaJbHO roBOpsi, MBI BCTPOUM
BHyTpb U BCe JApyrue BLMUCIUMbIE (DYHKIUHU JIBYX ApryMEHTOB, U TeM
cambim U craner riauaoit. @opMaibio roBops, nostoxkuMm U ([n, u], v) =
= T'(n,u,v) u uposepum, uro byuxuusa U Oyuer riaasuoii. Jlobas Bbl-
qucauMas GyHKIES V' IByX apryMEHTOB BCTPEYAETCH CPEIU CEYeHUit
dbyuxun T MoxkHO HaiiTi Takoe n, 910 V (u,v) = T(n, u,v) s Bcex u
n v. Torpa V(u,v) = U([n,u],v) aus Beex u u v u noromy byHKIUS S,
onpeesnénnas dhopmysoi s(u) = [n,ul], yaosiaersopser TpeboBaHUAM U3
OIpeiesIennsi TJIABHOM yHUBEPCAJIBbHON hyHKINU. >

Hymepanuu, COOTBETCTBYIONIME TJIABHBIM YHUBEPCAJIBHBIM (DYHK-
UM, HA3BIBAIOT 2A06HBIMU, WA 260eAe6bIMU.

Tenepb y»Ke MOXKHO JI0OKa3aTh TOYHBII BADUAHT YTBEPXKIEHHs, C KO-
TOPOTO MBI HAMAJIN.

Teopema 16. Ilycts U — aBymecTHas riaBHAsi yHUBEPCAJIbHAsS (DYHK-
U JUIA KJIacca BBIYUCIMMBIX (DYHKIMIT OJHOTO apryMmeHTa. Torma cy-
IIECTBYET BCIOMY ONpeIeIcHHas QyHKIM ¢, KOTOpagd 110 HOMEPaM P U ¢
nByx byHKIu 0JHOro aprymeHra Jaér HOMeD ¢(p,q) UX KOMIIO3UIHN:
Uc(p,q) €cTb xOMOozuius Uy, o Uy, TO ecTh

Ule(p,q),z) =U(p,U(g,x))

JUIS BCEX P, ¢ U .

<1 PaceMOTpUM JBYMECTHYIO BEIMUCIUMYIO PYHKIHIO V| 1171t KOTOPOit
V([p,q],x) = U(p,U(q,x)). Ilo onpesiesieHnio 1I1aBHOIl yHUBEPCAIBHOMN
dyHKIuM, HARIETCA TaKasd BCIOLY OIPENeJEHHAs ONHOMECTHAS BBIYHC-
muMas GyHkIws s, 9r0 V(m, z) = U(s(m),z) ans Bcex m u z. Torma
V([p,q],x) = U(s([p,q]), z) u noromy dbyHKIms ¢, OIpEAENEHHAS COOT-
nomrenueM ¢(p, q) = s([p, q]), Gyxer nckomoit. >

ITosTOPUM 3TO JOKazaTeqLCTBO HedopMasbHo. OTpe/enenue rias-
HOMl yHUBepcaIbHOM DyHKIUH TpedyeT, ITOOb JJist JTF0O0TO APYToro si3bl-
Ka, IIPOIPaMMHUPOBAHUSA, JJIsI KOTOPOIO NMEETCs BBIYHCIAMBINA HHTEPIIPEe-
Tarop V, CymecTBOBaJ Obl BEIYUCIUMBINA TPAHCAATOD S IPOIPAMM TOTO
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SI3BIKA B IPOrpaMmbl g3bika U. (s KpaTKOCTH Mbl He Pa3JindaeM IIpo-
rpaMMbl W WX HOMeEpa W PacCMATPUBAEM UHUCJIO M Kak U-mporpammy
dyukuun Uy,.)

Teneps paccMOTpUM HOBBII CIIOCOO MPOrpaMMUPOBAHUSI, MPH KO-
TopoM napa (p,q) 00bABIIAETCH NPOrPAMMOIl KOMIO3UIMK (DYHKIWIA C
U-nporpammamvu p u ¢q. Ilo ycioBuio, Takme mTporpaMMbl MOXKHO aJi-
TOPUTMUYIECKNA TPAHCIUPOBATHL B U-porpaMMbl, 9TO U TpeDOBAJIOCH
JI0Ka3aTh.

JI10601BITHO, YTO BEPHO U 0OpaTHOE K TeopeMe 16 yTBepKIeHue:

32. Ilycts U — nByMecTHasl BBIMHC/IMMAs yHUBEPCAIbHAS (DYHKIUS I
KJIACCA BBIYUCIUMBIX (DYHKIUI ofHOro aprymenTa. Eciu cymecTByer BbIYmC-
JIMMAast BCIOJLY OIIpeJie/IEHHas (DYHKIHS, KOTOPasi 10 HOMEepaM p U ¢ JIBYX (DyHK-
LU OJIHOTO apryMeHTa HaET KaKOW-Inb0 HOMEp X KOMIIO3UIUH, TO (DPYHKIU
U sBisierca rnaBHO. (YKa3aHUe: IOKAXKHUTE, UTO IO k MOXKHO AJIIOPUTMIIE-
cku nosydars U-HoMep dyHKImu z — [k, z].)

EcrecTBennbiit BOpoc: CyIIeCTBYIOT JIU BBITUCIUMbBIE YHUBEPCATIb-
Hble (DYHKIMK, HE SIBJISIIOINMECs TJIaBHbBIMU? Mbl yBUIUM JAJIbIIE, UTO
CYIIECTBYIOT.

33. lsmeHuM oIpejiesieHre TJIABHOW YHUBEPCAJIBHONW (DYHKIMH U Oyjem
TpeboBaTh CYNIECTBOBAHUS «TPAHCJISATODPA» S JIMIIb IS YHUBEPCAJIbHBIX BbI-
qucauMbix Gyuknuit Vo (a e 11s m100bIX, Kak pasbiie). Ilokaxkure, 910 HO-
BOE OIIpe/ieJIeHNe SKBUBAJIEHTHO crapoMy. (YkasaHue: Jiro0yro QyHKIUIO MOXK-
HO HCKYCCTBEHHO II€peJIe/IaTh B YHUBEPCAJIBHYIO, «PACTBOPHUB» B Heil JIIOOYIO
JIPYT'YIO yHUBEPCAIBHYIO (DYHKIIHIO. )

34. llycte U — rnmaBHas yHuBepcasbHasi dyHKnusa. /lokaxkure, 94T0 A5
s060# Bbrancaumoit dyukuuu V(m,n, ) cyuecTByeT Takas BCIOLY OIpeJe-
JiéHHas Beruucanmasi GyHnkuus s(m,n), aro V(m,n,z) = U(s(m,n),z) upu
Bcex m, n u x. (YkazaHue: 00bEJUHUTD T U N B 1APY.)

3.2. Bbluncnmmele nocnenoBaTenbHOCTM
BbIYUCTUMbBIX PYHKLWI

IIycTe mana HEKOTOpAS MOCIEIOBATEIBHOCTD fo, f1, ... BBIAUCIAMBIX
$yHKIME 0HOrO aprymMenTa. Mbl XOTUM TPHUIATH CMBICJ BBIPAYKEHUIO
«II0CJIeJIOBATEILHOCTD | — f; BBIYACAUMA». DTO MOXKHO CIAEJIATDH JIBYMS
criocobaMu:

® MOXKHO HAa3BIBATH 3Ty MOCIEIOBATEIbHOCTH BBITUCIMMON, €CIH
dyukuua F nyx aprymenrtos, 3ajgannas dopmysoi F(i,n) =
= fi(n), aBisiercs BBIYUCIUMOIL.
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® MOXKHO Ha3bIBaTbh 3Ty I[I0CJIEJ0BATEIbHOCT BBIUYUCINMOI, €CIu Cy-
MIeCTBYET BBIYUCINMAd I0CIE0BATEIbHOCTD YUCeI Co, Cl, . . . , JJIA
KOTODOIi ¢; SBJISIETCS OHUM M3 HOMEPOB (DYHKIUU f;.

Bropoe ompejenenne (B oTAUMe OT MEPBOrO) 3aBUCUT OT BHIOOpA
HyMepaIyu.

Teopema 17. Ecau Hymeparyst sIBJASIETCS BBIYUCIUMOI (TO €CTh CO-
OTBETCTBYIONIAsl YHUBEPCaJbHas (DYHKIMS BBIYUCIUMA), TO U3 BTOPOTO
ompeJieSIeHns caeayeT mepBoe. Kcam myMmeparnus sABJseTcss K TOMY Ke
TJIABHOM, TO U3 MEPBOTO OIPEJIE/IeHUsI CJIEIyeT BTOPOE.

(Bupe/ib, roBOpsi O BBIYHUCJIUMOfT TIOCJIEIO0BATEIHHOCTH BHIYUCIUMBIX
dyHKIMA, MBI OyJeM BCeria MPeanoaraTb, 9T0 HyMEpAIds SBJISETCS
[VIABHOI, TAK YTO MOXKHO IOJIb30BATHCS JIIOOBIM U3 JABYX OIIPEJIeJICHHUIA. )

<l Ecom U — Bbrumcimmasi yHuBepcabHas (DYHKIHS, & IIOCIeI0Ba~
TeJILHOCTB § — ¢; BhIYucInMa, 1o Gyuxmus F: (i, z) — fi(z) = U(c,x)
BBITUCNMA, KAK PE3Y/JIbTAT MOJICTAHOBKH OJHON BBITUCIUMOI (DYHKIINN
B JIPYTYIO.

Hamporus, ecnu dyuxmusa F BboAuc/ImMa, a YyHUBEpcaJabHas (pyHK-
nust U saBjisieTcst TyIaBHOM, TO (DYHKIMS-TPAHCISATOD, CYIIECTBYIONIAs 110
OIIPEIeJIEHUIO TJIABHOW yHUBEPCAJBHON (DYHKINHN, KaK pa3 U JaéT 10 %
OMH W3 HOMEpOB pyHKIMHA f;. >

35. Ilycrs dukcupoBaHa TyiaBHas yHUBepCagbHAas (DYHKINSA IS KJIACCA
BBIYUCJUMBIX (DYHKIUI OHOTO apryMeHTa. 1orjia BOZHUKAET HyMepallus BbI-
YUCJINMBIX ,I[eIL/'ICTBI/ITe.HbHBIX quceJl B COOTBETCTBUU C OIlIpe/ieJIeHneM Ha C. 14:
HOMEPOM YHCJIa (¢ SIBJISETCS 000t HOMED J1t000# dyHKIMM, KOTOpas MO pa-
nuoHaJIbHOMY € > (0 maér e-mpubIIIKeHne K .

(a) ITokaxkuTe, YTO CYIMIECTBYET AJITOPUTM, KOTOPBIH O JIIOOBIM JIBYM HO-
MepaM JABYX BbIYUCJ/IUMBbIX ,HeﬁCTBHTeJIBHLIX quceJi ,[La'éT (HeKOTOprﬁ) HOMED
UX CYMMBI.

(6) TTokarkuTe, 9TO HE CYMECTBYET AJITOPUTMA, KOTOPBIH 110 JIIOGOMY HOME-
Py 71106010 BBIYUCIUMOTO AEHCTBUTE/ILHOIO YHUC/Ia OTBEYAET Ha BOIPOC, PABHO
JIX 9TO YHCJIO HYJIIO.

(B) Kak Mbl Buzesim B 3amade 14, BCSIKOE BBIYUCIMMOE JI€ICTBUTEJILHOE
YUCJIO UMeEET BBIYUCIMMOE IECATUIHOE Pa3JIOZKEHHE. l—IOKa)KI/ITe7 9TO TEM HE
MeHee HET aJI'OPUTMa, KOTOPBIA IO JII0OOMY HOMEPY JIIOOOr0 BBIYUCIHMOIO
IefCTBUTEILHOIO YHCIa JaéT HOMED BBIUMCIMMON (DYHKIUH, 3a1af0Ileil ero
JAECATUIHOE PA3JIOZKEHHE.

3.3. [naBHble yHMBepCanbHble MHOXECTBA

ITo amanorun ¢ dpyuknusmu, nepeducanmoe MaokecTBO W C N x N
HA3BIBAETCS 2AABHOIM YHUBEPCANLHOLM NEPEUUCAUMBIM  MHOHCECTNEOM
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(I1s KJlacca BeexX MepedncyiuMbIX moamuozkectB N), ecsm s jio6oro
Jpyroro nepeunciaumoro MaoxkectBa V' C N x N Haitjiércs Takast BCiomy
omnpeaenénnasa Borancanmasa Gyakimsg s: N — N, aro

(n,z) eV & (s(n),z) e W

st Beex no U x. (O4eBHIHO, 9TO M3 ITOrO CBOICTBA CJlejlyeT yHUBEp-
CaJIbHOCTH. )

Kak n gy bynskimit, MoxkHO mepeiitu K HymeparusiM. Kaxtoe MHO-
xkectBo U C N x N 331861 HyMepamnuio HEKOTOPOTO CeMeNRCTBa TOIMHO-
JKECTB HATYPAJIHHOIO Psiia: GUCJI0 N SIBJISETCS HOMEPOM N-TO CeYEHUsI
U, ={z| (n,z) € U}. Ilepeancanmoe noamuozkectso MuokecTBa N X N
3a/1a8T HyMEepAIINIO0 HEKOTOPOT'O CEMEHCTBA, TePEINCIUMBIX TIOJIMHOXKECTB
HATYPAJBLHOTO Psijia; TaKue HyMepaluyd Ha3bIBAIOT 6uluuUCAUMbLMU. 1le-
peuncianmoe muozkectBo W C N x N yHuBepcasbHo, eciin ¥ TOJIBKO ecJin
BCSIKOE TIEPEIHMCINMOE ITOIMHOKECTBO HATYPAJIBHOTO psifa umeer W-Ho-
Mep; OHO SIBJISIETCS TVIABHBIM TOTJA W TOJIBKO TOTJIA, KOTJa JII00asi BbI-
qucanMast Hymeparust Vo (060ro ceMeficTBa TIEPEeUNCIMMBIX MHOYKECTB )
BBIYUCIUMO cBojiuTcs K W-nymepaiun B ToMm cmbicie, uto Vi, = W,
JIJIsT HEKOTOPOU BBIYUCIUMOM (DYHKIMK S U JIJIsT BCEX T.

Teopema 18. CymecTByeT IJIaBHOE YHUBEPCAJIHHOE IMEPEIUCIIIMOE
muokectso W C N x N.

<1 DTa TeopeMa SBJISETCS OYEBUIHBIM CJIE/ICTBHEM TAKOTO yTBEPK 16~
HUS:

Nemma. O6GrnacTp ompesesieHusI [VIABHON YHUBepcAJIbHON (DyHKINN
JUTST KJIACCA BBIYUCJUMBIX (DYHKIIUI OJTHOIO apryMEHTa, SIBJISIETCS TJIAB-
HBIM YHUBEPCAJIBHBIM MHOXKECTBOM JIJTsl KJIACCA [T€PEUUCTUMBIX [TOIMHO-
xxecTB N.

Jokaszarenbcrso jieMMbl. [lycrs U — riiaBHast yHUBepcajbHas QyHK-
nust, a W — objiacts eé onpenenenus. [lycrs V' C N x N — npoussoJib-
HOE TIEPEYUCTUMOE MHOXKECTBO. PaccMoTpuM Beraucanmyio ysrnuio G
¢ obnacteio onpeaenenus V. [lockonbky dyuknus U sBiseTcs riaaBHOM’,
HalIéTCs BCIOMY ompejenénnas BeraucanMast Gyukmmsa s: N — N, maaa
kotopoit Gy, = Uy, npu Beex n. Toryia paBubl n 06/1acTH ONpe/Iie/IeHns
bynknuit G, u Uy, T0 ectb V,, = W(y). >

36. IlocTpoiiTe raBHOE YHUBEPCATBHOE MHOYKECTBO HEIIOCPEICTBEHHO, UC-
IIOJIB3ys YHHUBEPCAJIbHOE ITO/IMHO2KECTBO N3 (HO AHAJIOTUHN C BBIIIE HpI/IBe,ZIéH-
HBIM IIOCTPOEHMEM IVIABHOI yHHUBEPCAJIbHOM (byHKIMN).

Kak u st dyHKIMiA, MBI TEIeph MOXKEM JIOKA3bIBATH, UTO PA3JIAYI-
HBIM OTIEPAIIUAIM HaJ| MHOYKECTBAMHU COOTBETCTBYIOT BBIYHCJIUMBIE IPe-
obpa3oBaHust HOMEPOB. BOT JUIb OMUH TpUMeEp TaKOTO POJa:
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Teopema 19. ITycte W C NxN — riaBHOe yHUBEpPCAIBHOE TIEPEIUCIIU-
Moe MHOKecTBO. Torma mo W-HoMepaM JIByX MEpedncIMMbIX MHOXKECTB
MOKHO aJITOPUTMUIECKH TIOJIyIUTh HOMED MX [EPECEUEHUs : CYIIECTBYET
TaKasl BBIYUCIUMAsI BCIOJY ONpeaeséHHass (DYHKIMSA IBYX apryMEHTOB S,
9TO

Ws(m,n) =W, NW,

JIIsT JTIOOBIX JIBYX M W M.
<1 Paccmorpum muoxkectBo V' C N x N, onpenenénnoe Tak:

(fm,n],z) eV axe (W, NW,)

(3mech KBapaTHBbIE CKOOKU OGO3HAYAIOT HOMEp IAapbl) M IIPUMEHUM K
HeMy OIpefieIeHIe TJIaBHOTO YHUBEPCAJIBLHOTO MHOXKeCTBa. [>

Kak n mis dynknmil, HOHSITHE BBIMUCIUMOCTH 10CJIEI0BATEIHHOCTH
IIEPEYNCIUMBIX MHOXKECTB MOKET OBITH OIIPEJIe/IEHO JBOSIKO: MOYKHO CUH-
TaTh BBIYUCJIMMOI IT0C/IefI0BaTeIbHOCTD Vo, V71, ... cedeHmil IpOU3BOJIb-
HOT'O IIE€PEYNCINMOr0 MHOXKeCTBa V, a MOXKHO TpeboBaTb, ITOOBI IO §
MOKHO OBLIIO JIrOPUTMUYECKU yKa3aTh OJINH U3 HOMEPOB -I'0 WJIEHA I10-
CJI€/IOBATEIbHOCTH B IVIABHON HyMeEPAIUH. DTU OLPeJIeIeHIs] PABHOCUIb-
HbI (JI0KA3ATEIHCTBO IIOJIHOCTHIO AHAJIOIMYHO PACCYKIACHUIO [ (DyHK-
Iuit).

37. ITokaskure, 4TO [0 N MOXKHO AJTOPUTMHUYECKU HOJLyYUTh HOMED (OJUH
73 HOMEPOB) MHOXKECTBA {n} B IVIABHOI HyMepPAIluy [ePEUNCTUMBIX MHOKECTB.



4. CpoiicTBa rnaBHbIX Hymepauuii

4.1. MHoxecTBa HOMEpPOB

Hauném ¢ Takoro npumepa. PaccMoTpuM MHOXKECTBO HOMEPOB HUTIE
He OIpeIeIEHHON (DYHKIINHT JJTsi KAKOH-1100 raBHOi Hymepanuu. Bymaer
Jin oHO paspermmo? MoKHO i 10 HOMepY (DYHKIMKA B TJIABHOM HyMe-
DAL ONIPEJICJIUTh, SIBJSETCS Jii 3Ta (DYHKIUS HATJIE HE OIIPEeJIeIEHHON T

IIpexk e vem oTBedaTH HA ITOT BOIIPOC, 3AMETUM, YTO OTBET HE 3aBU-
CUT OT TOrO, KaKasd IVIaBHasd HyMepalus Bbibpana. B camom rese, eciu
€CTb JIBe pas3Hble I'JIaBHbIE HyMepalluu, TO OHU, KaK IOBOPSIT, «CBOJSAT-
cst» JPYr K APYry: 1o HOMepy (YHKIWW B OIHOI HyMepaluu MOXKHO
AJITOPUTMUYECKHU OJIYIUTh HOMED TOH ke (DYHKIMM B JAPYroil HyMmepa-
nuu. Ecim Obl B OfHON HyMepamum MOXKHO OBLIO ObI MPOBEPSATH «HU-
TJIe-He-0IPeIeIEHHOCTEY (PYHKITUN, TO 9TO MOXKHO OBLIO OBI Je/IaTh U B
Japyroii (mpuMeHuB «DyHKIUN [Iepexoas ).

Cremytomasi TeopemMa MOKa3bIBAET, ITO OTBET HA MCXOIHBINH BOIIPOC
OyJIeT OTPUIATETLHBIM.

Teopema 20. Ilycte U — mnpomsBoJibHAs IJIaBHAS YHHUBEPCAJIbHAS
dyukims. Torma MHOKECTBO TeX N, IpU KOTOPBIX dyHKIuUs U, SIBIgET-
Csl HUTJIe He OIPeJIeIEHHON, Hepa3penuMo.

<1 Ucnonp3yeM MeTOjI, HA3BIBAEMBIN «CBEJIEHUEM» — IIOKAXKEM, UTO
ecau ObI 9TO MHOXKECTBO OBLJIO Pa3peruMbIM, TO W BOOOIIE Jitoboe Tie-
PEeYUCAMMOe MHOXKECTBO ObL10 Obl paspemmMbiM. (10, KAk Mbl 3HAEM,
HEBEPHO. )

IIycte K — mpomn3BoJIbHOE ITEPEYUCTIMOE HEPAIPEITUMOE MHOXKECT-
Bo. Paccmorpum Takyio BeraucaumMyio GYHKIHIO V' ABYyX apryMeHTOB:

0, eciu n € K,
V(Tl, iL’) =
He orpejiesieHo, ecau n ¢ K.

Kak Buzano, Bropoit apryMenT 3Toit pyHKImNn GUKTUBEH, U OHA IO CYIIe-
CTBY COBIIQJIAET C TIOJIyXaPAKTEPUCTUIECKON (DyHKIMEH MHOXKEeCTBA K OT
nepBoro aprymenTa. OueBuHO, 3Ta PYHKIMSI UMEET CeUeHUsl JIBYX TH-
nos: nupu n € K ceuenne V;, siBisieTcs HyJsiepoit dbyHkuumeit, npu n ¢ K —
HUTIE He ONpPEeIeIEHHON (DyHKIHe.

Tak kax dyukimsa U sBjsercs IJIaBHOMN, CYIECTBYET BbIYHCIUMAs
BCIOy onpeneéauas pyHKius s, j1ya koropoit V(n,z) = U(s(n), )
upu Bcex n u &, T.e. V, = Ugyy. [losromy npu n € K 3mauenue s(n)
spisgercsa U-HomepoMm HyJeBoil ¢dyHkumu, a upu n ¢ K 3nauenue s(n)
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saBisercs: U-HOMepOM HUTIe He ompenesénnoit pyuknun. [losromy eciu
6b1 MHO2KeCTBO U-HOMEPOB HUTJIE HE ONPEIeIEHHON (DyHKINN pa3perra-
JIOCh Obl HEKOTOPBLIM aJrOPUTMOM, TO MbI ObI MOIVIM IPUMEHUTH ITOT
ajaroput™ K $(n) M y3HATh, IPUHAJJIEXKAT JIA YUCIO N MHOXKECTBY K
win HetT. Takum 06pasoM, MHOKECTBO K ObLIO ObI pa3pelrMbiM B IIPO-
TUBOPEYNN C HAIMM IIPEITOJIOKEHIEM. [>

B wacTHOCTH, MBI MOYXKEM 3aK/IIOYUTH, YTO HUTJE HE OMPEICICHHAS
byHKINT nMeeT OECKOHETHO MHOTO HOMEPOB B JII000# TTaBHO HyMepa-
1 (TIOCKOJIBKY JIE000€ KOHETHOE MHOYKECTBO PA3PEIINMO).

Kpome Toro, MOXKHO 3aMeTUTh, YTO MHOXKECTBO HOMEDOB HUTJIE HE
Ompee/IEHHON (DYHKIMU He TOJIPKO He Pa3pEIMMO, HO W HE [IePeUnC-
sumo. B camom 7ese, ero momosiHeHne — MHOXKECTBO BCEX HOMEDPOB BCEX
dbyuKuuit ¢ Heycroii 06/IaCThIO OLPeieIeH s — HePednucauMo. (DTo Bep-
HO JIJTsT JIIO0OM BBIYUCIUMON HYMepalluy, a He TOJbKO JJIsI TJIABHOM: Ia-
pajuiesabHO Bbluucysis U(n,x) s BCeX N U L, Mbl MOYXKEM IeJ4aTaTh
Te M, JJisi KOTOPBIX OOHAPYKUJIOCh Z, npu KotopoMm U(n,x) onpemnese-
HO.) A eciu JOIOJIHEHUE HEePA3PEIIMMOro MHOKECTBA [EPEUUCIUMO, TO
caMO MHOXKeCTBO Herepeducsumo (1o teopeme Ilocra, c. 12).

CrupaseymBo u 60Jiee o0IIee yTBepKIeHne, Ha3bIBAeMOe HHOT/IA TeO-
pemoii Ycrenckoro — Paiica. Obo3HaUNM KJIacC BCEX BBIYUCIUMBIX (DYHK-
it (oHOTO aprymenTa) yepes F.

Teopema 21. Ilycts A C F — npousBoOJIbHOE HETPUBHAILHOE CBOIi-
CTBO BBIYUCIUMBIX QYHKIUI (HETPUBUAIBHOCTD O3HAYALT, YTO €CTh KaK
dbyHKIINN, eMy YIOBJIETBOPSIONINE, TaK U (DYyHKIUU, eMy He YIO0BJIETBO-
PSIIOIITE, TO €CTh UTO MHOXKECTBO 4 HemycTo u He coBmagaer co secem F).
IIycrs U — riaBHast yHuBepcaJsbHas GpyHKIMs. Toraa He cyInecTByer aJ-
ropuTMa, KOTOPBIH 110 U-HOMEPY BBIYUCIUMON (DYHKITMH TPOBEPSLT ObI,
obsagaer jin ona ceoitcrBoM A. Ipyrumu ciosamu, Muoxkectso {n | U, €
€ A} mepaspemnumo.

<1 IlocmoTpuM, IPUHA/JIEXKUT JIX HUATJE HE ONPeeSEHHAsA (DYHKIINA
(oboznaumm eé () kaaccy A, 1 BO3BMEM IPOU3BOJIBHYIO MYHKIMIO & «C
Jpyroit croponsl» (ecau ¢ € A, to £ ¢ A u Haobopor).

HaJiee meficTByeM KaK PaHbIIE, HO TOJBKO BMECTO HYJIEBOil (DyHKIMN
BO3bMEM (DYHKIUIO &: TIOJIO2KIM

Vin.z) &(z), ecmun € K,
n,x) =
He onpejeseHo, ecau n ¢ K.

Kak u panbiie, Gyaxius V Oymer BoIYUCIUMON (15l JAHHBIX 7 U & MbI
OXKHJIaeM HOsBJEeHUs N B MHOXKecTBe K, mocsie dero soraucisieM £(x)).
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IIpu n € K dyukuua V;, cosuagaer ¢ &, upu n ¢ K — ¢ (. Takum 06-
pa3oM, 1poBepsis cBoiicTBo V,, € A (ecsim 6B 9T0 MOXKHO OBLIO CIEJIATH
BOIPEKHU yTBEPKIEHUIO TEOPEMBI ), MOKHO OBLIO OBl Y3HATH, IPUHAIIE-
JKUT JIM 9UCJIO N MHOKeCTBY K ujm Her. [>

HekoTopbIM HEZOCTATKOM 3TOTO JIOKA3ATEILCTBA SIBJISIETCS €0 He-
CUMMETPUIHOCTH (¢ OZHON CTOPOHBI OT A MbI GepéM HUIJE HE OIpeje-
JIEHHYIO (DYHKIUIO, ¢ APYroil cTOpoHbl — Jit00yi0). Bor Gosee cummer-
puuHbi BapuaHT. [Tokaxkem, 9T0 ecyim CBOMCTBO A MOXKHO pacrio3Ha-
BaTh 110 U-HOMEpaM, TO JII0ObIE JIBA HEIIEPECEKAIOIINXC ST TePEIUCTUMBIX
MHOKeCTBa, P 1 () OTIeIMMBI pa3perimMbiM MHOXKECTBOM. BbibepeM Ka-
Kue-HuOy/Ib J1Be (pyHKIUU & U 1), HAXOMISAIIUECS «II0 PA3HBbIE CTOPOHBI»
or A. Pacemorpum dyHKImoO

&(z), ecmu n € P,
V(n,x) =< n(z), ecmu n € Q,

He olpejiesieHo, eci n ¢ P U Q.

Ota QyHKIUS BHIYUCIAMA: JUTs 38JaHHBIX 1 U & OKHUIAEM, TIOKa 1 TO-
apuTcsa jubo B P, mubo B (), 10OCjIe 9ero 3allyCKaeM BbIYUCJIEHHE COOT-
BercTBeHHO &(2) mm ().

Ecim n € P, 1o V,, coBnagaer ¢ &; eciu n € @, To V,, coBuamaer
¢ 7. osromy, mposepsisi, mpuHasjexRkuT ju V, Kiaccy A, Mbl Morin
651 pasperumo otaesuTb P ot Q. Tlosmygaem nmporuBopedne, KOTopoe u
3aBepIaeT ITOT OoJiee CHMMETPUIHBIN BAPUAHT JOKA3aTETHCTBA.

Bropoit BapraHT JJoKa3aTeIbCTBA MOKA3BIBAET, YTO BEPHO CJIEAYIONIEe
YCHUJIEHHE 3TOM TEeOPEeMbI: JJIsl JIFOOBIX PA3JUYHBIX BBIYUCIUMBIX (DYHK-
nuit ¢ u ¥ u b0 rIaBHON yHuUBepcaabHON dyHKmmm U MHOXKECTBa
Bcex U-HoMepoB GyHKIMH ¢ ¥ DYHKIUH 1) HE OTJETUMBI PA3PEITAMBIM
MHOXKeCTBOM. (3aMeruM, 9TO 9TH MHOXKECTBA HE [EePEYUCIUMbI, KAK MBI
BIIOCJIEJICTBUH YBUJIUM. )

Teneps Jierko ykasarhb [IPUMED BBIYUCJIUMON yHUBEPCAJBbHON (DYyHK-
U, He siBJIsTfoIelicst riaBHoit. JlocTarouno craenarh Tak, 9TOOBI HUTIIE
He onpejieiéHHas (BYHKIMSA UMeJIa eIUHCTBEHHBI HOMEpP. DTO HECIOXK-
Ho. ITycte U(n, 2) — npousBosibHAS BBIYUC/IUMAs yHUBEPCAJIbHAsT (DyHK-
nusi. Pacemorpum muOXKecTBO D Beex U-HOMepOB Beex (PYHKIINN ¢ HEITy-
croil obJiacThio onpejesierns. Kak Mbl y2Ke NOBOPHJIM, 9TO MHOXKECTBO
[IEPEYUCUMO. PacCMOTPUM BCIOJIy OIIPEJIEJIEHHYIO BBIYUCIUMYO (DYHK-
muio d, ero nepeuncisgontyio: D = {d(0),d(1),...}. Teneps paccmorpum
dyukuuio V (i, x), ays koropoii V (0, ) He Olpeie/IeHO HU [IPH KAKOM T, &
V(i+1,2) = U(d(i), z). Apyrumu ciaoBamu, GyHKus Vo HUrIE He OIpe-



[m. 2] O01o3HaUHbIE HYMEDPAUUU 33

i F(i,j)

Puc. 1. Uz06paxkenne OyHKIMN B BUIAe TaOIAIIBI

Jenena, a gynxnusa Vi1 cosnanaer ¢ Uggy. Jlerko nonars, uro dyHk-
nus V' BBIYHC/INMA; OHA YHUBEPCAJIBHA 110 IIOCTPOEHUIO, U €IIMHCTBEHHBIM
V-HOMepOM HHTJIE He OnpeeséHHON (DYHKINH sBiisieTcst aucyo 0.

Ha camowm fieste cymmecTByIOT u 60oJiee 9K30THIECKIE HYMEPAIUu: Kak
nmokazasn DPpuabdepr, MOXKHO TOCTPOUTH YHUBEPCAJIBHYIO BBIUACIAMYIO
dbyHKIMO, 1 KOTOPO# KarKiasi BblYUCINMas (DYHKIHS OyeT WMeThb
poHO ouH HOMep. COOTBETCTBYIONINE HyMEPAINH HAZBIBAIOT 00H03HA -
HbLMU; OY€BUJIHO, OHU HE MOT'YT OBITH TJIABHBIMU. 3abaBHast epedopmy-
JINPOBKA: MOXKHO pa3paboTaTh TaKOH SI3bIK IPOIPAMMUPOBAHUSI, B KOTO-
POM KazK/1yIo IPOI'PAMMUCTCKYIO 3a/[a1dy MOXKHO DEIIUTD €MHCTBEHHBIM
obpazom. Mbl TpuBeIEM MOKA3ATEIBCTBO ITOH TEOPEMBI B CJIEIYIONIEM
paszesie (Kak obpasel] CyIIecTBEHHO 6ojiee XUTPOYMHOIO PACCY 2K IEHUSI,
YeM BCE TPEJBIIYIIne — 1 OOJBITUHCTBO TTOCIETYOIIHX ).

4.2. OpHO3HaYHbIE HYMepaLun

Teopema 22. CymmecrByer Bhramcanmasi Gyskius U IByX IepeMeH-
HBIX, YHABEPCAJIbHAS JJIsI KJIACCA BBIYUCIUMBIX (DYHKIIWIA OIHON Iepe-
MEHHO, J1J1sT KoTopoit Bee cedennst U, : x — U(n, ) pa3indHbL.

<l @yHKIMYU JBYX HATYPaJbHBIX apryMEHTOB yI0OHO M300parkaThb B
Bujle GECKOHEYHON (BOPABO M BHU3) TabJUILL: B CTPOKE § B IIO3UIUU
J ™Mbl numeMm 3uadenne F(i,j), cm. puc. 1. ITycroie kierouku tabiu-
1Bl COOTBETCTBYIOT MapaM YHCeJI, JJjis KOTOPBIX 3HadeHue (PyHKIUN He
OIIPEIENIEHO.

Eciun dyHKIMa BbIYACINMA, TO TaKyIO TAOJIUILy MOYKHO ITOCTEITeH-
HO 3aII0JHSATH AJITOPUTMHUYECKH: JIeJiasl MapasiesibHO BCE OOJIbIIe MIaroB
BBIUNCJIEHNsT HA BCEBO3MOXKHBIX BXOJAX, MbI BIIUCHIBAEM BCe OOHADYKUB-
IIHeCs PE3YIbTATHI B COOTBETCTBYIOMME KieTku Tabsuibl. Haobopor, aJ-
POPUTM 3aI0JIHEHUsT Tab/UIbl (BpeMsl OT BPEMsl BIIUCBHIBAIOINIMIA YUCJIA B
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F U

—

Puc. 2. Kaxxnas crpoka F-tabsmnpsl Becrpedaercsa B U-rabiurie.

KJIETKW; BIIUCAHHOE YUCJIO HEJIb3sl CTE€PETh WM U3MEHUTH) 3aa6T BbI-
YUCTUMYIO (DYHKITHIO JTBYX apryMEHTOB.

Eciu Tabsuia coorsercrByer dyukimun F, 1o €€ i-asi CTpOKa COOT-
BercrByer dynkuun Fy: x — F(i,2). B 9Tux TepMuHAX JOKA3bIBAEMOE
HAMHU YTBEPXKIEHUE MOYXKHO 11epedOPMYJINPOBATH TaK: MOYKHO aJTOPUT-
MHUYECKHU 3aIOJHATH TaOJUIy TAKUM 0Opa30M, UTOOBI J1I00asT BBIMHCIU-
Mast PYHKIUS BCTpevaIach Obl B HEKOTOPOH CTPOKE, 1 9TOOBI BCEe CTPOKH
OBLIM PA3HBIMU.

MozkHO cKa3aTh emé u Tak: MbI IVISUM, KaK KTO-TO 3aII0JIHseT Tab-
JIMILY [IJTsl YHUBEPCAJIBHOW (DYHKIME F', 1 mapaJuie/ibHO CaM¥ 3aIl0JIHSIEM
JPYTyIo TabJuIly — JJisi JApyroit (OyHKIMH, KOTOPYI MbI Ha30BéM U.
(puc. 2). B upezese nam xoTesoch 6b1, 91066l B U-Tabiiulle BCTPeYaiuch
Bce cTPOKU F-Tabuiipl u 9T00b! Bce cTpoKu U-Tad uIibl ObLIN PA3HBIMA.

MozxuO 0OpMUTE ITO B BHE UTPBHI: IPOTUBHUK 3amojHseT F-tab-
sty (Ha KaxKJOM XOJy 3allMChiBasl YUCJIa B KOHEYHOM YUCJE KJIETOK,
BO3MOXKHO, HH B OJ[HOI1), MbI HAJIOINYHBIM 06pa3oM 3anosHsieM U-tab-
smity. VITpOKHU XOJAT 110 0Yepejin; UI'Pa MPOJI0JIZKAETCsSI HEOIPDAHUYEHHO.
Mpr1 BoiurpeiBaeM (B 6eckoneunoit napruu), ecau (1) yiobag cTpoka npe-
JesbHoil F-rabiunel Berpedaercs B npedeabroit U-rabmuie, u (2) Bee
crpoku (upesenbroit) U-rabiuibl pa3indabl. Tenepb ckazaHHOe BbIIIe
MO2KHO C(HOPMYJIMPOBATH TOYHEE: U3 HAAUNUA GA20PUMMULECKOT 6bili2-
poiwnoti cmpamezuu 6 5moti uepe caedyem ymeepocoenue meopemol.:

B camowm mene, mpeactaBuM cebe, YTO TPOTUBHUK 3amOHSAET F-Tabd-
JIMILYy 3HAYEHUSIME KaKo#-TO yHuBepcasibHOi dbyHKuun (1 He obpamaer
BHUMAaHUS Ha HAIM X0l B U-tabuie). II0CKOJIbKY BLIUTDBIITHAS CTPa-
TErusi MPEJIINOJIAraeTCs BEITUCJIUMON, TO U DYHKIWS B Tadsuie F Oyrer

HIpeuMyImecTBo TaKol «UIPOBOi» (DOPMYIMPOBKH B TOM, YTO TEePh MbI MOYKEM
BPEMEHHO 3a0bITh O TEOPUU BBIYUCIUMBIX (DYHKIUNA U JyMaTh JIMIIbL O TOM, KaK ra-
paHTUPOBaTH cebe BBIMI'PHIII B STOM UrPE.
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Boraucaumoii. [IpaBusa urpel (OnpejeseHre BHIUIPHINA) TAPAHTUPYET,
9TO OHa OYIET MCKOMOIA.

OcTasioch OMMCcaTh BBIYUCIUMYIO BHIUTPBINIHYIO cTpareruio. Mol ¢ie-
JlaeM 3TO B JIBa IpHEMa: CHAYaJa Mbl ONWIIEM OOJerdéHHbI (11 Hac)
BapUAHT UI'PHI ¥ BBIUTPHINTHYIO CTPATErHI0 B HEM, & 3aTeM CKaXKeM, Kak
HAJ0 BAJOM3MEHUTDH CTPATETHIO, 9TOOBI 3aBEPIIUTH JOKA3ATETHCTBO.

Ynpowénnasn uepa. Pazpermmm cebe (TO €CTb UIPOKY, 3aII0JHAIOIIEMY
U-rabumily) «BbIYEPKUBATH> HEKOTODbIE CTPOKH. BbIUuepKHyTas CTpOKa
GOJIbIlle He YIUTHIBAETCS (BEPHYTH €€ B UTPY HEJIb3s1). YCJIOBUE BBIUTPHI-
ma (Ha IpejenbHy0 KoHbuUrypanuio) takoe: (1) sce cmpoku F-mabau-
ybl 6empenaromes cpedu nesvuepkrymur cmpok U-mabauyw, u (2) ece
nesviuepkrymoe cmpoxu U-mabauybe pasuoie. (B onucbiBaemoit nasee
CTpaTeruu BCe HEBBIYEPKHYTBbIe cTpoku U-tabsuibl OymyT Oparbcs u3
F-rabiuipl, XOTsI TO JJIsS BBINTPHINIA HE 0BS3aTEIbHO. )

Mg OyzieM peajii30BBIBATH HAILY CTPATETMIO C IIOMOIIBIO ITOMOIII-
HUKOB: HA3HAYMUM JIJIs KaXKJIOi CTPOKU F-TabJiAIibl TOMOIIHUKA, OTBET-
CTBEHHOTO 32 9Ty CTPOKY, KOTOPbIi OyieT (IIpH OIpeIeI6HHbIX yCIOBHIX)
KOIMPOBATDH JIOBEPEHHYIO eMy cTpoKy B U-tabsuiry. [lomormanku OyyT
BBOJUTBHCS B JI€JIO MTOCTEIIEHHO, HAIPUMED, CBEPXY BHU3: MOXKHO CUH-
TaTh, YTO K N-MY XOJIy B UI'DY BKJIIOYUJIUCH OTBETCTBEHHBIE 33 IIEPBBIE 7
crpok F-tabauiel. Kaxkapiii n3 IOMOIIHUKOB pe3epBUpPyeT cebe CTPOKY
B U-Tabimiie, u 1ocjie 9TOr0 Apyrue 3Ty CTPoKy He Tporaior. OH MoXKeT
3AI0JIHATH BHIOPAHHYIO (3apE3ePBUPOBAHHYIO) CTPOKY, 8 TAKXKE MOXKET
pemuThb 31y cTpoky (U-Tabiiuibl) BEIYEPKHYTH U 3ape3epPBUPOBATH cebe
Apyryio (u3 4ducia cBOOOAHBIX — TaKue BCErJa €CTh, TAK KAK KOHETHOEe
YUCJIO yKe BCTYIHUBIINX B WPy MOMOIIHUKOB MOIJIO 3ape3epBUPOBATH
WJIM BBIYEPKHYTH JIUIIh KOHEYHOE YHCJIO CTPOK ).

Ocrajioch MTPOUHCTPYKTHPOBATH OMOIHUKOB: B KAKUX CIYYasxX UM
HAJIJIE’KUT KOITMPOBATH BBEPEHHYIO UM CTPOKY F-Tabuinl B 3ape3epBu-
POBAHHYIO JIJIsI 3TO 1esu cTpoKy U-Tab/uibl, a B KAKUX BBIYEPKUBATD
3ape3epBUPOBAHHYIO CTPOKY (BMECTE CO BCEM €€ COJEPXKUMBIM) U pe3ep-
BUpPOBaTh HOBYIO. «CBepx3aiadasy TYT JIBOSIKASI:

e ccau (B mpejiesie) BBEPEHHAs HOMOIIHUKY CTPOKA OTIIMYAETCH OT
BCEX TPEJBIIYIINX CTPOK F-TabuuIsl, TO BTOpoe meicrue (Tepe-
XOJl K HOBOI CTPOKE) BBIIIOJHSIETCS] KOHEUHOE YHUCIJIO Pa3, a Mocie
9TOro OyJIeT TOJBKO KOIUPOBAHMUE;

e cciu (B IIpeiesie) BBEPEHHAsI IIOMOIHUKY CTPOKA BCTPEYAETCsI Bb-
e B F-Tabune, TO BIMEPKUBAHNE TPOU30HIET GECKOHETHO MHOTO
pa3, u B U-Tabiuiie HU4ero B UTOre He OCTAHETCS.
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Kak sroro moctmap? Kakblit MOMOITHUK TIOMHUT, CKOJIBKO Pa3 OH
Pe3epBUPOBAJl HOBYIO CTPOKY, BBIUEPKUBAZ CTapylo (yBeJmduBasi CUET-
YUK <IIEPECKOKOB» KaxKiplil pasd Ha 1). Ilycrb 3Hauenue cuérduka B 1aH-
HBIl MOMEHT paBHO M. [IOMOIIHUK CMOTPHUT Ha TEKYIIEe COIEPIKIMOE
[EPBBIX M HO3UIKHA B CBOEil CTpOKe (IIyCTh €€ HOMeD k) U BO BCEX IIPeIbl-
naymux. Eciin obHapyKuBaeTcst CTpoka BhIIIe k, T7e IepBbIe 17 MTO3UIIHA
TaKWe 2Ke, OH BRIYEPKUBAET 3aPE3€PBUPOBAHHYIO CTPOKY U BBIOMPAET HO-
Byio. Eciin Her, TO OH KOIHUpPYyeT TEKyIlee COMEePKUMOe BBEPEHHOI eMy
CTPOKH k B TEKYIIYIO 3aPEe3€PBUPOBAHHYIO CTPOKY.

JlokaxkeM, 9TO 9TH NpaBUjIa rapaHTupyior Tpedyemoe. Ilycrs B mpe-
neite k-s cTpoka F-rmabuuibl oTimdaeTcst OT BeeX Ipeblaymux. Boide-
PEM IOCTATOYTHO OOJIBITIOE 171, TOT/Ia HAYNHAS C HEKOTOPOTO MOMEHTA k-1
CTPOKa OTJIMYAETCS OT NPEIbIAYINIAX B OMHON U3 IEPBBIX 1M HO3UIUI.
(TTocmoTpuM, T7i€ €CTh OTIIMYUsT, BO3bMEM M JAJIbIIe U HOJO0XKIEM, [IOKA
BCe KJIETKU B IIEPBBIX M [MTO3UIMAX IIEPBLIX k CTPOK IIPUMYT OKOHIATE b~
Hble 3HaYeHusd.) Ternepb BUJHO, YTO IIEPECKOK HE MOXKET IIPOUCXOIUTDH
OECKOHEYHO MHOTIO pa3: BEIb B 3TOM CJIyYae PAHO WJIN MO3HO CUETIUK
[IEPECKOKOB IIPEBBICUT M U k-s1 CTPOKA OTIEIUTCS OT BCEX IPEIbIITY-
X, — IIOCJIE 9TOI'O IIEPECKOKOB YK€ OBITH HE MOXKET.

C apyroii CTOPOHBI, IIPEIIOJIOXKHUM, YTO TIOMOIIHUK COBEPIIAET JIUIIb
KOHEYHOE JHCJIO TEPECKOKOB. IlycTh m — npeebHOe 3HAUEHNE CUETIN-
ka. [Tocyie Toro Kak OHO OYJET JOCTUTHYTO, TEKyIee coiepxKumoe k-it
CTPOKU B TEPBBIX M MO3UIUAX YK€ HE MOXKET COBIIACTH C TEKYIIHUM CO-
JIEPXKUMBIM TPEIBLIYINNX CTPOK. 3HAYUT, U MpeJesibHOe cocTosiHue k-it
CTPOKH He MOYKET COBIIACTD C IIPEJIEIbHBIM COCTOSHIEM OJHON M3 IPEebI-
JIyIIUIX CTPOK. YTIPOIIEHHBIN BApUAHT UT'PHI Pa300paH.

Oxonuamenvras cmpamezus. Mbl TOJZKHBI 30aBUTHCST OT 3a9EPKU-
BaHuit. BMecTo 3auépKuBanms CTPOKU MBI OYIEM JIOTIOJHITH €€ HEKOTO-
PBIM KOHEYHBIM YHCJIOM 3HAYEHUN U OCTABJIATH B TAKOM BHJIE HABCELIA.
Hamo Tonpko 1103ab60TUTHCSA O TOM, YTOOBI 3TU KOHEYHBIE CTPOKH TOXKE
BcTpedauch B U-TabJiuile 10 OJHOMY pa3y U He ILyTaJuCh CO CKOIUPO-
BaHHBIMU CTPOKAME. DTO MOXKHO CJI€JIAThH, HAIIPUMED, C TOMOIIBIO TAKOTO
TPIOKA.

Boigenmnm cpenn Becex dyHKImit Te, y KOTOPBIX 00JIACTD OIpeesie-
HUsl KOHEYHA, U COIEPXKUT HeuémHoe KOJUIECTBO djieMeHTOB. Bynem na-
3bIBATh TaKue (DYHKIUU U COOTBETCTBYIOIINE UM CTPOKU TMYNUKOEHLLMU.
Bynem otnesbHO 3a00TUTBCST O TOM, YTOOBI KarKasl TYIHKOBasi CTPOKA
Berpermiach B U-taburie 1o pasy. Torga TynukoBbie cTpoku F-Tab/uibt
HAC HE MHTEPECYIOT, U Mbl MOYXKEM CUYATATh 0e3 OrpaHNYeHUs OOIHOCTH,
9TO B KaXKJIYIO0 CTPOKY [F'-Tab/IuIbl HOBBIE 3HAYUEHNUST TOOABSIOTCS Tapa-
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Mu (OTKJIaJbIBaeM J100aBjIeHIe [IEPBOrO JIeMEHTa Oy IyIeil napbl, IoKa
HE IIOABUTCS BTOPO#l — HA HETYHHMKOBBIX CTPOKAX ITO HE CKAYKETCH ).

MucTpyKIuy IOMOIITHIKAM OCTAIOTCS ITOYTH 0e3 U3MEHEeHU, HO BMe-
CTO 3a4épKUBaHUsI HY>KHO JIOIOJHUTH TEKYILYI0 3ape3epBUPOBAHHYIO
CTPOKY JI0 KaKOH-HUOY/Ib TYIUKOBOIl, KOTOpasl He BCTPEYIAETCSI B JPYTHUX
mecrax U-tabmumpr. OTAeIbHO HyKHO HA3HAYUTH OTBETCTBEHHOTO 32 TO,
9T00OBI BCE TYIHMKOBBIE CTPOKH Berpedasnch B U-tabsmre. On mpocMar-
pUBAET 110 OYepe BCe TYIHKOBbIE (DYHKIINU; €CJIM II0Ka TAKOW CTPOKHU
B U-tabiuiie HeT, OH €€ J100aBJIsET.

To ke camoe paccyKeHre, YTO U PaHbIIe, IOKA3BIBAET, 9TO BCE HETY-
MMUKOBBIE CTPOKU F-Tabsuilel BecTpeTdaTes B U-Tabimiie o 0HOMY pasy.
Tyuukosbie crpoku B U-rabiuie TOXKe He HOBTOPSIOTC (II0 HOCTPOe-
HUIO), U BCsKAs TYNMKOBas CTPOKA TaM eCTb. [>

38. CdhopmymupyiiTe n JOKaKUTE aHAJOTUIHOE TeopeMe 22 yTBEPXKIEHUE
JJIA IIEPEIUCIIUMBIX MHO2KECTB BMECTO BBIYUCJIMMBIX (byHKLH/II‘/JI

Ha sroM MBI 3akaHvunBaeM Hallle OTCTYILUIEHHE U BO3BPAIAEMCS K
GoJtee TIPOCTHIM (M BAYKHBIM) PE3YJIBTATAM.

4.3. HoBble HOMepa cTapbIx OyHKLMi

Teopema ¥Ycrenckoro—Palica moka3biBaeT, UTO B IVIABHON HyMepa-
[ MHOXKECTBO HOMEPOB JIFOOOI KOHKPETHOU (DYyHKITUU HEPA3PEITUMO U
noromy OeckornedHo. Celigac MbI TOKaxKeM Oojiee CIIIBHBIN (haKT: IO HO-
Mepy Jr000i (DYHKIUY B [VIABHOU HyMepaIui MOXKHO aJTOPUTMUICCKA
[TOJIYIUTh CKOJIBKO YTOJIHO JIPYTUX HOMEPOB TOii ke dyHKImH. PopMasb-
HO 9TO MOYKHO BBIPDa3WThb, HAIIPUMED, TAK:

Teopema 23. Ilycts U — rnaBHasi yHUBepcajbHas GyHKus. Torma
CYIIECTBYET BCIOMY ONpeesiéHHast (DYHKIIUS ¢ JIBYX apryMEHTOB ¢ TAKUM
cBoiicTBoM: fyis jioboro @ uuciaa g(i,0), g(i,1), ... ABIAIOTCH PA3IUIHbI-
mu U-nomepamu dyukiun U;.

< Ilman TakoB: MbI IIOCTPOUM JAPYTYIO CHCTEMY IIPOrPAMMUPOBAHMUS,
B KOTOPO#l 3aanHast pyHKIus U; nMeeT 6ECKOHEYHO MHOTO ITPOTPaMM.
3areM, OJB3ysACh TeM, 910 MyHKIMs U — ryiaBHast, Oy/IeM «TPaHCIAPO-
BaTb» 9TU IPOrpPaMMBbI U TOJIy4IaTh U-HOMepa HHTepecyIolei Hac QyHK-
nun. KoHedHo, Hy»KHBI CIIEIUAJIbHBIE XUTPOCTH, ITOOBI TAPAHTUPOBATH,
YTO IMOJIyUYUTCH OECKOHEYHO MHOI'O0 Pa3HbIX HOMEPOB: BOODIIE TOBODSI,
pasHbIe IPOrPaMMBbI II0C/Ie TPAHCAIIUr MOryT ciaurbed. (Hanpumep, ec-
JIN B HAIEH CHCTEeMe IIPOrPAMMUPOBAHUS PA3PEIIeHbl KOMMEHTAPUH, TO
HUYEr0 HE CTOUT HANTHU CKOJBKO YIOJHO PA3JIMYHBIX TPOrPaMM JIJIst Ol
HOIT 1 TO#1 7Ke (pyHKIINH, 100aBIIsist pa3Hble KOMMEHTaPHUH K ITPOrpaMMe —
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HO €CJIM TPAHCJISITOP HAYMHAET CBOIO PA0OTY C yajeHus KOMMEHTapPUEB,
TO HUYErO XOPOIIero He BLIHIET. )

Bor xak peammsyercss ommcaHHbI Bbie mwiaaH. I[lycts h — mpowus-
BoJibHast (pyHKIus. [Tokaxkem, 9TO CyIECTBYeT aJI'OPUTM, OTHICKHBAIO-
muii 6eCKOHEYHO MHOTO pasiaudHblx U-#HoMepos dyukmuu h. (B reope-
Me YTBEpKJAETCsI, YTO ITO MOXKHO CIEJIaTh He TOJBKO JIjIsi KOHKPETHOM
dbyuxnun h, HO U s Beex dyukimit U;, KaKk TOBOPSAT, «PaBHOMEPHO
1O i», HO BPEMEHHO 3a0yJeM IIpo 3T0.)

IIycts P — mepeduncanmMoe Hepas3perrmmMoe MHOKECTBO. PaceMoTpum
BBIUHUCJIUMYO (DYHKIIAIO

Vin, ) h(x), eciu n € P,
n,z) =
’ He OIIpeJIesIeHo, ecau n ¢ P.

Cpemu dyuknumit V,, BcTpevatorcs: Bcero spe: eciau n € P, o V, = h;
eciu n ¢ P, o V,, — Hurge He onpejeséanas MyHKIUA, KOTOPYIO MbI
o6o3naunm udepes (. Bynem noka caurars, uro h # ¢ (upu h = ¢ sta
KOHCTPYKIIUsI He paboTaeT U HAM HOTPebyeTcs 4yTh DoJiee CJIOXKHAS).
Tak kax U — riaBHas yHuUBepcajbHass (PYHKIHS, TO CYIIECTBYET
TPaHCJIATOP S, nepeBojsmuii V-aHomepa B U-HoMmepa. [Ipu aTom

[ nEP#US(n)ZVnZh;
(] n%PiUs(n)ZVnZC.

Takum obpaszom, ecau p(0),p(1l),... — BBIYHCIUMOE HEpeYHCIIEHUe
mHOXKecTBa, P, 10 Bee uncaa s(p(0)),s(p(1)),... Oyayr U-aomepamu
dbyuxnun h. [lokaxkem, 9To cpenu 3TUX Yncesa OGECKOHEYHO MHOIO pa3-
JIMYHBIX (M [IOTOMY MOYKHO BBIYUCJISTH MX OJHO 3a APYIUM, [IOKA He
OBHAPY>KUTCs HOBBIH, €IIE HEe MCIOJb30BaHHbIN, HOMED dyHKIUM h).

ITycrb 970 He Tak, u MHOXKecTBO X = {s(n) | n € P} koneuno. Torza
X paspemmmo. Eciu n € P, 1o s(n) € X no nocrpoennio; eciau n ¢ P,
To $(n) — Homep dyukuuu ( U MOTOMY HE MOXKET IPUHAIJIE)KATH X
(nanomuum, uro h # (). CuemoBarensro, n € P pasHocwibHO s(n) €
€ X, u nmoroMy u3 paspemuMocTu X CieayeT pas3penuMocTs P, 4To
IPOTUBOPEYUT IIPEIIOJIOKEHUIO.

DTO0 paccyzKJeHue, OJIHAKO, He [IPOXOIUT, ecjii (DYHKIMs h HUrme He
onpesesera. Xorst aucaa s(p(0)), s(p(1)), ... mo-upexuemy Oy/yT HOMe-
pamMu h, HUYTO HEe TapaHTUPYeT HAM, 9TO CPEIU HUX OECKOHETHO MHO-
ro pasjuYHBIX. B 3TOM cilydae MOCTyIMM 9yTh XATPEE W PACCMOTPUM
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Juo0yI0 BeIYUCIUMYIO (byHKIuio &, orauunyio or ¢ (Hampumep, TOXKe-
CTBEHHO HYJIEBY10). PaccMOTpUM /1Ba EPEUNCAMMBIX HEOTIEIMMbIX MHO-
xkectBa P 1 (Q ¥ BBIYUCIUMYIO (DYHKITUIO

h(z), ectu n € P,
V(n,z) =< &(x), eciu n € Q,

He onpezeseHo, ec n ¢ P U Q.

IIycts s — Tpancasarop, nepeoagamuit V-nomepa B U-Homepa. Torma
enelP=Uy=
e n€Q = Uy =¢;
en¢g PUQ = Uy =C.

Kak u panbine, aucia s(p(0)), s(p(1)),... Gymsyr HOMepamu (byHK-
nuu h. TTokaxkem, uro eciiu h # £, T0O MHOXKeCTBO X TakUX YHCE HEpas3-
pemmmmo (u oromy Geckonedno). B camom zene, eciau X paspemumo, To
MBI MOYKEeM OTJEJIUTh P 0T () pa3permMbiM MHOKeCTBOM. VIMEHHO, MHO-
xecTBO {n | s(n) € X} comepxur P (110 IOCTPOEHUIO) U HE IEPECEKACTCs
¢ @ (mockosbky npu n € @ uncao s(n) Gyaer HomepoM YHKIMA & 1
[IOTOMY HE MOKET Jie?KaTh B X ).

Takum 06pa3oM, y HAC €CTh JBe KOHCTPYKIMH, TO3BOJISIIONIIE TIOJTY-
qaTh Apyrue HoMmepa 3agannoi ¢pyukiun h. [lepBas u3 Hux 3aBe10MO T0O-
nurest (1aér 6eCKOHEeTHO MHOIO HOBBIX HOMEPOB), eCii i XOTst ObI Te-TO
OIIpe/IesIeHa; BTOPAasl 3aBeJIOMO JEUCTBYET JIJIsl HUTJE He OIPE/IeIEHHOM .
IIycre HaMm Teneps mana yHKIMs h U 3apaHee He M3BECTHO, SIBJISIETCST
JIK OHa HUTJE He onpeiesénuoi win Het. dro Torma? Torma MOXKHO TIpu-
MEHSThH TapalIeIbHO 00e KOHCTPYKIINHU, MMOKA OJIHA U3 HUX HE JTACT HAM
TpebyeMblit HOBBIIT HOMEp — MBI 3HA€M, UTO 0 KpaiiHeit Mepe OgHa U3
KOHCTPYKIIUN 00si3aHa cpaboTaTh, XOTs U He 3HAEM, KaKasl.

DTO MMO3BOJISIET HAM IIPOBECTU PACCYXKJIEHUE PABHOMEPHO 110 i. Dop-
MaJIbHO TOBOPs, HAJO NEHCTBOBATH TaK. PacCMOTPUM JIBé BBIUHUC/INMbBIE
dbyuknun V) u Vo 1ByX aprymMeHTOB, OIpeeIeHHbBIE COOTHOIIEHUSIMI

) U(i,z), eciu n € P,
Vi([i,n], z) =
He ompejesieHo, ecau n ¢ P,
U(i,x), ecnun € P,
%([ian]vx): 0, eciu n € Q,

He onpejeseHo, eciu n ¢ PUQ
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(P u Q — duUKCUPOBAHHBIE [EPEUUCIUMbBIE HEOTJEJUMbIE MHOXKECTBA,
[u,v] — Homep mapel (u,v) B (DUKCHPOBAHHON BBIYUCIMMON HyMepa-
muu nap). Iockoabky U — riiaBHasi yHuBepcajbHas (DYHKIWs, MOXK-
HO HalTH TaKue BBIYMC/IUMBIE BCIOJY ONPEIEJEHHbIe (DYHKIUKN S U 82,
aro Vi([i,n],x) = U(s1([i,n]), ) u Va([i,n],x) = U(s2([i,n]), x). ycrs
p — BCIOAYy olpejejiéHHasg (DYHKIUS OJHOIO apryMEHTa, JJig KOTOPOH
P = {p(0),p(1),...}. Uckomyio byHKIHUIO g MOXKHO OLDEIEIUTH TaK:
g(i, k) ectb k-oe (6e3 y4uéra MOBTOPEHUIT) YHUCIIO B [IOCJIEI0BATEIHLHOCTI

s1([t, p(0)]), s2([é, p(0)]), s1([¢, p(1)]),
sa([i, p(1)]), s1([i, p(2)]), s2([i, p(2)]), - . >

4.4, lsomopdu3M rnaBHbIX HyMepaLuii

JlokazaHHOE TOJIBKO ITO YTBEPIKJEHUE O II0JIyYeHUH HOBBIX HOMEPOB
UCIIOJIb3YETCs IIPH JJOKa3aTeIbCcTBa TeopeMbl Poszkepca 06 n3oMopdusme
riaBHbIX (réneseBbix) HyMepanuii. Bor eé dopmynuposka:

Teopema 24. Ilycts Uy u Uy — jiBe ryiaBHBIE yHHBEpPCAJIbHBIE (DYHK-
U JJIsT KJIacca BBIYUCJINMBIX (DYHKIUH ofHOro aprymenta. Torga cy-
IIIECTBYIOT JIBE BCIOJLy OIIpEJIeJIEHHbIE B3aMMHO OODATHBIE BBIUUCIIIMbBIE
dyHKIUM S12 U S21, JIJIsT KOTOPBIX

Ui(n,z) = Us(s1a(n),z) u Us(n,x) = Ui(s21(n),x)

IIpH JIIOOBIX N U .

DTa TeopeMa MOKAa3bIBAET, YTO TPAHCJSTOPBI, CBOJSIINE OJIHY TJIaB-
HYIO0 HYMepaIuo K JAPYyroii m HaobOpOT, MOXKHO BBIODATH B3AWMHO 00-
PATHBIMH, TaK YTO JIIOOBIE JIBE TVIABHBIE HyMepPaIluu OTIMIAIOTCS JIUIIh
BBIUUCJIUMOl [1€PEeCTAHOBKOW HOMEpOB. (3aMeTuM, 4YTO yTBEpPXKIEHUEe
IIPEIBIAYINENl TeOpeMBbI 23 fABJISETCH CJEJICTBHEM TEOPEeMBI 00 M30MOD-
dusMe rIaBHBIX HyMmepalmii. B camom jeste, j1jisi HEKOTOPBIX IJIABHBIX
HyMepaluii — HalpuMep, JJIs HyMepaluil, MOy Yalonuxcs U3 si3bIKOB
IPOrPaMMUPOBAHUS, — €CTh CIIOCOOBI TIOJIYIATh CKOJIBKO YTOTHO HOBBIX
HOMEPOB TOM Ke (DyHKINHN, IOITOMY B CHJTy H30MODP(MU3Ma TaKOH Cr1ocod
ecTb ¥ Jist JII000M JIPYrofi TJIaBHOW HyMepalluH. )

<1 Mu1 OyzieM JieficTBOBaTh IPUMEPHO TaK Ke, KaK U IIPU JI0Ka3aTe b
CTBe U30MOPGU3Ma, CUETHBIX IJIOTHBIX BCIOJY YIIOPSIOYEHHBIX MHOYKECTB
6e3 TEepBOro M IOCJIEIHErO dIeMeHTOB. [locTpoeHne MCKOMBIX OmMeKIuit
MIPOUCXOAUT 1o maraMm. Ha k-M 1mare cTpouTcss HEKOTOPOE B3aUMHO OfI-
HO3HAYHOE COOTBETCTBUE

ap <—>bl,a2<—>b2,...,ak<—>bk
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MEXKIy JBYMS KOHETHBIMU k-3JIEMEHTHBIMHI ITOAMHOYKECTBAMHI HATY PAJTh-
HOro psiaa. [Ipu 3ToM AJ1st KaXKI0ro 4 9uciia a; U b; sSBIIsOTCS HOMepaMu
OJIHOU U TO¥i Ke (DYHKIWH, TOJIHKO B Pa3HBIX HyMmepauusix (a; — OTHO-
curesibHo Uy, a b; — orHOCUTENbHO Us).

Ha kazk1om 1m1are mocTpoenust Mbl J00aBJIsieM HOBYIO TIApy Gy < by ¢
COXpaHeHUeM YKA3aHHOTO CBOHMCTBa. IIpm 3TOM MOCTETIEHHO ¢ 06enX CTO-
POH MBI BKJIIOUUM BCE HATYPAJIbHBIE YACIA. TeM CAMBIM MBI TIOJLY IUM UC-
KOMOE B3aUMHO OJIHO3HAYHOE COOTBETCTBUE, U OHO OYJIET BBIYUCIUMBIM,
pa3 Hallla KOHCTPYKIAS BBIYACIUMA.

Uraxk, kak MbI obassieM HOBYIO tapy ! Ha 4érupix marax Mbr 6epém
HaWMeHbIIlee HATYPAJILHOE YNCIIO U, He BXOJSIIEe B JIEBYIO CTOPOHY CO-
orBercrBus (He BeTpedaronieecs cpeau a;). Ono asisierca Up-HOMEpOM
nekoropoit dyaknun. Ilockonbky mymeparus U, 1uiaBHast, MBI MOXKEM
[OJIyIUTh HEKOTOPBIi Us-HOMEp TOM Ke dyHKnmun. O603Ha4IUM €ro v.
Ecin v ne Berpeuaercst cpenn b;, neso crenano: Mbl 100aBIIsIEM IIapy
U <> U K HaleMmy cooTBeTcTBHIO. Ecim BcTpedaeTcs, Mbl IOJIb3yeMCs
TeopeMoii 23 u nosydaeMm apyrue Us-Homepa Toii ke DYHKIUH JO TeX
110D, IIOKA CPeJIN HUX He OKAXKEeTCs HOBOIO, €Ilé He BCTPEYABIIEr0Cs Cpe-
au b;.

Ha mewérHBbIX mmarax Mbl JIefiCTBYeM aHAJIOTMYHBIM 0Opa30M, HO Ha-
9UHAEM C HAWMEHBIIIEr0 UUCJIa, HEe BCTPEYAIONIErocs cpemu b;. >

3ameuanue Jisi IPOrPAMMUCTOB (KOTOPOE He CJIeyeT BOCIPUHUMATH
CepBE3HO): MOCKOJIBKY, CKAYKeM, NACKAJIb U CH MOYKHO CIMTATH [VIABHBI-
MH HyMepaIusMH, TO 110 JIOKa3aHHOU TeopeMe CYIIECTBYIOT He IIPOCTO
TPAHCJIATOPDI U3 IaCKaJIsl B CU 1 HA0BOPOT, a B3auMuo obparubie. (Bipo-
YeM, OCHOBHadA YacCTh JOKa3aTeJIbCTBa IIPH 3TOM HE HCIOJIb3yeTcd, I0-
CKOJIBKY B ITACKaJjle U CH B IIPOrPAMMY MOXKHO J00aBJIATH KOMMEHTAPUM,
[OJIy9asl CKOJIBKO YTOJHO SKBUBAJIEHTHBIX [IPOIPAMM.)

AHajiornyHasi TeopeMa BEpHA U JIjIsl IJIABHBIX HyMepalluil Iepednciu-
MBIX MHOXKECTB: JIIOObIE J[BE TAKUE HyMepalu B30MOPMOHDI (OTIMIAI0TCST
BBIUUCJIUMOIL [IePEeCTAaHOBKON HOMEPOB). JloKa3aTeabcTBO Takoe JKe: CHa-
qajia HyKHO IIOKa3aTb, YTO B IVIABHOW HYyMepAaIUH II0 JI0O0MY HOMEDY
MOKHO aJI'OPUTMHUYECKHU IIOJIyYUTb CKOJIBKO YI'OJHO HOMEPOB TOI'O 2Ke
MHOXKeCTBa. 1Ipu 3TOM MPUMEHSIIOTCSI JIBA CIIOCO0a — OJIMH TOIUTCSI JIJIsT
BCEX MHOKECTB, KPOMe IIyCTOr'O, JIpDYT'Oil JIjIsl IIyCTOrO.

39. IIpoBemauTe 3TO paccyKjaeHue MmMoaApOOHO.
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4.5. [Mepeuncnumelie cBocTBa (PYHKLUIA

Mzt yxe Bujenn (Teopema 21), 94T0 HUKaKne (HETPUBHAJIBHbIE) CBOIi-
cTBa (DYHKIMI He SABJSIFOTCS Pa3peiuMbiMUu. HO HEKOTOPBIE SIBJISIOTCS
[ePEeYNCIUMBIMA (B TOM CMBICJIE, UTO MHOXKECTBO BCEX HOMEDPOB BCEX
dbynkuuii, obaagaomux 3TuM cBoicTBOM, nepedncyaunmo). Hanpumep, ta-
KOBO CBO#CTBO (DyHKIMU «OBITH TJe-TO OPEIeaeHHof» (cM. Boime). py-
roii mpumep: csoiictBo «f(19) oupeneseno u pasuo 98».

VmMeercst JOBOJIBHO TIPOCTOE ONMCAHUE BCEX MEPEIMCIUMBIX CBOMCTB.
Yt0661 ero chopMyIUpOBaATH, TOTPEOYIOTCST HEKOTOPHIE OIIPEICICHUSI.

Bynem nasbiBarh 06pasuom GYyHKIMIO ¢ HATYPAJLHBIMU APy MeHTa-
MU ¥ 3HAYEHUIMU, UMEIOILYI0 KOHEIHYIO 00J1acTh onpeaesenus. JIpyru-
MU CJIOBaMu, 00pa3er ecTb KOHEYHbII CIUCOK Hap (apryMeHT, 3HaYeHue)
(B KOTOpOM BCe aprymeHThbl pa3iudHbl). O6pasibl MOXKHO paccMaTpH-
BATh KAK KOHCTPYKTHUBHBIE OOBEKTHI (KOIUPOBATH JIBOUIHBIME CJIOBAMU,
HATYPAJILHBIMYA YACJIAMHA U T.1I.). DTO MO3BOJISIET TOBOPUTH O PA3PEIlu-
MOM MHOYKECTBEe 00pPa3IOB, IIEPEUNCIUMOM MHOYKECTBE 00PA3IOB U T. II.

Kaxmomy obpasity ¢t cooTBeTCTByeT CBOWCTBO (DYHKIIUU <IIPOIOJI-
JKaTh 9TOT 06pasely, To ecTb MHOXKecTBO I'(t) Bcex (BbIYMCIUMBIX) (DYHK-
Uil, KOTOPBIE SABJIAIOTCS MPOAOKeHusiMA t. (3amMeTnM B CKOOKax, 4To
mHOXKecTBa ['(t) o6pasyror 6a3y TOIOJOTUM HA MHOXKECTBE BCeX BBIUHC-
sumbix GyHknumit.) Jlerko npoBepurh, 9TO i JIIO0OTo t U myist Joboi
BBIYHCIUMOM Hymeparuu [ MHOXKECTBO BCEX HOMEDPOB BCEX (DYHKITHI
u3 I'(t) nepednciumo. B camom jeste, HaJ0 NapaIebHO BBIYUCIIATD
suavenus U, () [yl BceX n U T; KaK TOJbKO HAKOIUIEHHBIE JaHHbIE 1103
BOJISIIOT yTBEPKAATh, 40 U, € I'(t), nano nevarars n. (Ecau U, € T'(¢),
TO 9TO OGHAPYKUTCST HA KOHEYHOM ITIare, TakK Kak 00J1acTh OIpPe/Ie/IeHIsT
obpa3sria ¢ KOHeJHA. )

Iycrs T — upousBosibHOe MHOXKecTBO 00pasuos. Yepes I'(T) obo-
3HAYUM MHOXKECTBO BCEX BBIYUCIUMBIX (DYHKIHI, KOTOPBIE IPOIOJIKA-
10T XOTs Ol 07iuH o6paser u3 T, To ecTh 06beuHeHne MHOXKecTB ['(t) mo
BceM t € T. Teniepb MbI MOKeM ¢HOPMYJIUPOBATH OOEIIAHHDIH PE3YJILTAT:

Teopema 25. (a) Ilycrs T — 1pou3BoJIbHOE IEPEUUCTUMOE MHOXKECTBO
00pasnos, a U — BbIYucanMas yHUBEPCAJIbHAsT (DYHKITUS 15T KJIACCA BbI-
YUCAUMBIX (DYHKINN OHOrO aprymMeHnTa. 1orja MHOXKEeCTBO Bcex U-HO-
Mmepos Beex dynkimit u3 I'(T) mepeuncianmo. (6) Iycts U — ruasHas
yHUBepcasbHas ByHKIUsS (sl KJIACCa BBIYMCIUMBIX (DYHKIMA OIHOTO
aprymenta). I[lyctb G — HEKOTOpPOE MOJAMHOXKECTBO ITOrO KJacca. Feu
muO)kecTBO {n | U, € G} Bcex U-HOMEpOB Beex dyHKImiA u3 Kiaacca G
nepeuanciumo, 1o G = I'(T') 1y1st HEKOTOPOIrO IEPEYNCIUMOIO MHOYKECTBA
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obpagzmos 1.

Hanpumep, yHnoMUHABIIUFCS BBIMIE KJIACC TJIE-TO OIPEIEJEHHBIX
dbyHKIMI coOTBETCTBYET MHOXKECTBY BCEX HEIYCTBIX 00pasioB (a Tak-
JKe, CKaXkKeM, MHOYKECTBY BCeX 00pa3IOB C OJJHOJIEMEHTHOH 00JIacThio
OIIPEJIEJICHNS ).

< Yactb (a) yTBepKIEHUs JTOKA3BIBAETCS JIEIKO: HAJIO MaPAJLIEbHO
BBIUUC/ATH Bee 3Hadenus U(n,x) u nepeducyarsh Bece obpasinl u3 T
KaK TOJIbKO OOHAPYKUBAETCS, IYTO Kakas-To u3 yukimit U, saBiasercs
TPOJTOJIZKEHIEM KAKOro-To 0bpasna u3 T, ciieyer medararsb n.

CoznepkarebHOil siBjisiercs 9acThb (6), e Mbl HCHOJIb3yeM TOT (hakT,
9TO HyMepanus aBiasercs riaasHoil. HaM moramobsaTes nBe JeMMbL.

Nemma 1. Eciin Berancimmast (QyHKIWST b SIBJISIETCS TIPOJIOJI2KEHUEM
BBIYUC/INMON (DYHKIIUU ¢, TPUHAJJIEXKAIIel Kiaccy G, To u gpyHKus h
MIPUHAJIEXKUT KJaaccy §.

Nemma 2. Ecim Boraucanmas GyHKIMS ¢ IPUHAIIEKAT Ki1accy G, To
cymecrByer (byHKIMA A ¢ KOHEUHOi 06/1acThio onpenesenns (obpaserr),
MPUHAJJIEXKAINAsT KJaccy G, MPOIOJIZKEHINEM KOTOPOIi § SIBJSETCSI.

(3ameuanne B ckoOKax. B COBOKYIHOCTH 9TH JiBe JIEMMBI YTBEPKIa-
0T, 9TO JII060€ [EePEeINCIIMOe CBOHCTBO § SIBJISIETCS OTKPBITBIM B OIIA-
CaHHOM BBIIIlE€ TOIOJIOIHH. )

[Tokaxkem, Kak U3 STUX JEeMM BbITEKaeT TpebyeMoe yTBep:KICHHE.
3ameTuM, 9TO MHOYKeCTBO 1’ BCex 00pa3IoB, IIPUHAJIEKAIINX K1accy G,
nepeuncanMo. B camoMm mere, 110 00pasily Kak KOHCTPYKTUBHOMY OOb-
ekTy (T.e. 110 CIHCKY mnap (apryMeHT, 3HAYEeHHE)) MOYKHO IOJYIUTH €ro
U-nomep, nockousbky dyukius U ssisercs raasaoii. (PopMaibHo: pac-
cmorpuM dbyrknuo (t,z) — (3HaueHme obpasia t B TOYKe T) U NPU-
MEHUM OIIpe/IeJIEHUe IVIABHON yHUBEpCaabHOol dyHkimu.) TTosroMmy MHO-
2KeCTBO T’ SIBJISIETCSI TIEPEUNCTUMBIM KaK IPO06Pa3 MepeunCauMOro MHO-
kecTBa Bcex U-HOMEpOB Beex MYyHKIM n3 Kjiaacca G.

Jlemmsbr 1 u 2 rapanatupytor, uro G = I'(T'). B camom jedte, o jemme 1
mobas dyukiusa uz I'(T) npunajiexkut Kiaccy G, Tak KaK HEKOTOpast €6
qacTh npuHaaiexRut G. C apyroit CTOpOHBI, JieMMa 2 TapaHTUPYET, 9TO
Besikast pyHKIUsS ¢ u3 § MMeeT KOHEYHYIO YaCTh, IPUHAIJIEKAIYIO §
(rem cambim u T') n notomy g € I'(T).

Ocranocy mokasarb Jjiemmbl 1 u 2. Ilycrs, B mporuBopednu ¢ Jjiem-
Moit 1, HekoTOpast MYHKIMA ¢ IPUHAJJIEKAT Kiraccy G, a eé mpomoJrKe-
ure h — Her. Bo3bMEM mepedncanMoe Hepa3permMoe MHOKeCTBO K u
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PacCMOTpUM TaKylo (PYHKINIO ABYX apryMeHTOB:

h(z), ecru n € K,

V(n,x) =
g(z), eciun ¢ K.
Ota dyHKIMs BeAUCANMa. B camom Jeste, eé rpaduk, Kak JEerko mpo-
BEPUTh, MEPEINCTUM KaK 00beInHEeHne rpaduKa ¢, yMHOKEHHOTO Ha N,
n rpacduka h, ymaoxkenunoro Ha K. /Ipyrumu cjioBamu, 4TOOBI BBIUHUC-
stk V(n, ), MBI 3aIrycKaeM 1porecc nepeuncienus K, a rakxke (napasi-
JIEJIBHO C 9THUM IIpoIieccoM) Bbraucienus g(x) u h(x). Pesyibrar BegaéT-
Csl, €CJIM 3aBEPINUIIOCH Bhluncsierne g(x) (B 9TOM cilydae yxKe HEBayKHO,
siexxut i 1 B K| Tak Kak h ecThb IPOJI0JIZKEHNE ¢) WIIH €CJIHM 3aBEPIIHIIOCH
BeIUmCIIeHne h(x) U K TOMY Ke n 06HapyKUIoch B K.

ITockoubky dyukmms U siBiisieTcst TJIABHOI, CYIIECTBYET BCIO/LY OLIPe-
Jenénnast GyHKIus S ¢ TAKUM CBOWCTBOM:

e ncK=Upny=h=>Uym ¢G
e n¢ K=Usn=9=Usm €0

Tem cambiM gononnenne K K aBIseTcss MpooOpa3oM IEPEYnCIUMOrO
MHO2KECTBA HOMEPOB (PYHKINN 13 § TPU BBIYUCIUMOM OTOOPAXKEHUU S
u noromy (Teopema 5) nepednciumo. [losrydennoe nporusopeyne 3aBep-
AT JIOKA3aTEeTHCTBO JIEMMbI 1.

Jlemma 2 J10Ka3BIBAETCSI aHAJIOTMYHBIM paccyxkjeHneM. Ilycrs (Bo-
OPEKH yTBEPKJICHUIO JIeMMbI) (DYHKIUs ¢ MPUHAIJIEKUT Kjaaccy G, HO
HUKaKas €€ KOHEYHAs JaCThb HE MPUHAJIJIEKUT STOMY Kjaccy. Paccmor-
puM QYHKIIIO

g(x), ecau mocse & mwaros nepedncieHus K
V(n,z) = YHCJIO M €MIE HEe MOSBUIIOCH,

HEe oIpeaesieHo, €CJId II0ABUJIOCH.

Jlerko Bugers, uro npu n ¢ K dbyuxius V,, coBmagaer ¢ g, u mMoTOMy
npuHagiexut G, a npu n € K dyukius V,, gBasgercss KOHEIHON JaCThIO
dbyurnun g m noromy He npuHaeX)RuT §. lamee paccyxkmaem Kak B
aemme 1. >



5. Teopema 0 HemoABUXXHOI TO4Ke

5.1. HeI'IOp,BI/I)KHaH TOYKa N OTHOWEHNA SKBUNBANIEHTHOCTHN

Teopema 26. ITycts U — ry1aBHas BRIYUCINMAs YHABEPCATIbHAA PYHK-
nus I KJIacca BBIYUCIUMBIX (DYHKIUN OJHOrO apryMeHTta, a h — mpo-
U3BOJIbHAS BCIOJLY OIpEJIeIEHHAs] BBIYUCIUMAs (DYHKIIAST OJHOTO apry-
menra. Torga cymecrsyer takoe 9ucio n, 9to U, = Up(p), TO €CTb N
u h(n) — HOMepa OJ{HON DYHKIUN.

Jlpyrumu cjioBamMu, HeJib3sl HATH aJIrOpUTMA, IPeodPas3yoIero mpo-
I'PaMMbI, KOTOPBIH ObI 110 KAzKJI0H IpOrpaMMe JIaBaJl JAPYryio (He SKBUBA-
JIGHTHYIO eii). DTy TeopeMmy Ha3bIBAIOT meopemoti Kaunu o nenodsuoic-
HOT MOovKe NN Meopemoti 0 PEKYPCUU.

<! MBI 6yzieMm eiicTBOBATH IO AHAJIOTMH C IIOCTPOEHUEM BBITUCIMMON
dbyHKIINA, HE UMEIOIIEH BCIOLY OIIPEIETEHHOTO BEITUCIIMOTO ITPOIOJIZKe-
Hus (rviasa 2).

PaccMOTpuM OPOM3BOJIBHOE OTHOIIEHUE IKBUBAJIEHTHOCTH (KOTOPOE
MbI GyZieM 0603HAYATH T = YY) HA MHOXKECTBE HATYDPAJbHBIX uuces. Mepl
ITOKakKeM, UTO CJIEIYIONINEe JIBa CBOHCTBA 3TOrO OTHOIIEHUS HE MOTYT
BBIIIOJIHSITHCST OJHOBPEMEHHO:

o Jls BesikoM BhraucanMoi (pyHKIuU f CyIIecTByeT BCIOY OIpejie-
JIEHHAs BBIYHCIUMAs (DYHKIUS ¢, SABJISAIOMASCT €€ =-IIPOJI0JIZKe-
HEEM (9TO 03HavaeT, YTO ecyu f(2) Olpe/esieHo IPH HEKOTOPOM I,

o g(z) = f()).

e CymiecTByeT BCIOLY Omnpene/iéHHast BblaucanMas (GpyHKius h, He

UMEIoNas =-HeNOABIKHOI TOUKH (TO ecTh (QyHKIHUS, I KOTO-
poit n Z h(n) auys Beex n).

Eciu © = y — orHomenue pasencrsBa (r = y), TO BTOPOE CBOWCTBO
BBIIIOJIHEHO ([I0JI0KUM, HanpuMeDp, h(n) = n+1), H09TOMY He BBIIIOJIHEHO
nepgoe. Teopema 0 HEMOABUKHON TOYKE TIOJYIUTCS, €CJIA & = Y MOHU-
Marh Kak U, = Uy (dncsa @ u y — HOMepa OJHOI U TOi Ke (DyHKIMH).
B sTOM CiIy4ae BBIIOJHEHO EPBOE CBOMCTBO, KAK MBI ceiidac yOeammes,
U [IOTOMY HE BBIIIOJIHEHO BTODPOE.

IMoyemy BBINONTHEHO TIEepBOe cBOiicTBO? IlycTh f — mpouM3BOJBHAS
BbraucuMas (DYHKIUSA OJHOIO apryMEeHTa. PacCMOTPUM BBIYUCIUMYIO
dyukumio V' asyx aprymenros: V(n,x) = U(f(n),x). Ilockoabky U sB-
JIsieTCs TJIABHON yHUBEDPCAJIBHON (DyHKIHEil, HAMAETCA BCIOLY OIpele-
néunas GyHKIys s, g koropoit V(n,z) = U(s(n), z) nupu Beex n u .
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Ota byHKIMS U Oy/IeT HCKOMBIM =-IIPOJIOJI2KeHneM. B camoMm neste, ecin
f(n) oupeneneno, To s(n) Gymer APYruM HOMEPOM TOM Ke PYHKIMHU, YTO
u f(n). (Ormernm, aro eciu f(n) me oupenesneno, To s(n) Gymer oxHuM
U3 HOMEPOB HUT/IEe He ONpeIeeHHON (DyHKIMN. )

Jlyist 3aBepIieHust JTIOKA3aTeIhCTBA TEOPEMBI O HEMOIBUXKHON TOUKE
OCTAJIOCh TTPOBEPUTD, UTO YKA3AHHBIE JIBA CBOMCTBA OTHOIIEHUST SKBUBA-
JIEHTHOCTH HECOBMECTHBI. DTO JIEJIaeTCs TaK ke, Kak B Teopeme 10 (pas-
ziest 2.2), rje OTHOIIEHUEM SKBUBAJIEHTHOCTH OBLIIO PABEHCTBO. Bo3bMéEM
BBIYMCIUMYIO (DYHKIUIO f, OT KOTOPOH HUKAaKasl BbIUACIUMAas (DYHK-
sl HE MOYKET OTJIMYATHCsI BCIOAY (HAIPHMED, JMArOHAJIBHYIO (yHK-
o & — U(z,x) 7y HEKOTOPOH BBIYUCIUMON YHUBEPCAILHONW (ByHK-
muu U). Io npeaonokeHuo cymecTByeT BCIOLY OLPEIeIEHHOE BbIYUC-
Jgumoe =-upogosrkenune g dbyukiuu f. Pacemorpum dyukuuio t(z) =
= h(g(x)), rme h — BBIMUCIMMAsT BCIOMLY OTIpe/TeséHHast (DYHKINSI, HE MMe-
formasi =-aenopmwkHoi Touku. Torga ¢ 6yer BCogy oTaumdaThesi OT f.
B camom giente, ecan f(x) onpeneneno, To f(x) = g(x) £ h(g(x)) = t(z),
u noromy f(x) # t(z). Ecau xxe f(x) He onpenesieHo, TO 10T hakT cam
o cebe yxe ormmdaer f(x) n t(z). >

Teopemy 0 HENOABUKHOI TOUKE MOXKHO 11epebOPMYJINPOBATH U TAK:

Teopema 27. Ilycts U(n,x) — riiaBHasi BBIYUCIAMAsl YHUBEPCAJIbHAS
QYHKIST JIJIsT KJIACCa BBIYUCIUMBIX (DYHKIMIA OJJHOTO aprymMmenTa. IlycTs
V (n, z) — upousBosbHag BoraucaumMas Gynknus. Torma dyukuuu U u V
COBIIIAIOT HA HEKOTOPOM CedeHMN: Haiinércs Takoe p, 9To U, = V), To
ects U(p,n) = V(p,n) pna moboro n.

< Tax kax dynkiusg U sBisgercd IVIaBHOM, HalIEM TaKyO BCIOLY
ONpEJIENIEHHY 0 BBraucanMyo dyHkuumio h, aro V(n,z) = U(h(n), x) npn
Bcex n U x. OCTamoch B3ATh B KAUECTBE P HEMOJBIKHYIO TOUKY (DYHK-
uyuua h. >

(Ilpumep ciiecTBUs U3 9TOI TEOpEMbl: KaK Obl HU CTAPAJUCH Da3-
paboTUMKH, JJIsl JIIOOBIX JIBYX BEPCHUNl KOMIMIATOPA CYIIECTBYET IIPO-
rpamMma, KOTopasl OJMHAKOBO PaboTaeT B 0GEMX BEpPCHUsIX — HAIPUMED,
3AIUK/INBAETCS M TaM, ¥ TaM. BOopodeM, 3TO BCE Ke He HABEPHSKA, a
TOJIBKO €CJIU KOMITUJIATOP 3aJaT TJIABHYIO0 yHUBEPCAILHYIO (DYHKIINIO —
HO HAJI0 OYEHb MOCTAPATHC, YTOObI 9T0 ObLIO HE Tak!)

[ToyuuTenbHO pasBEPHYTH LENOYKY MPUBEIEHHBIX DACCYKJIECHUNA 1
[IPOCJIESIUTH, KAK CTPOUTCS HEMOBUKHAS TOUKA. JIJIsT HATJISITHOCTH BMe-
cro U(n,z) Ml GyneM nucarhb [n](r) u IUTATH 9TO «pe3y/bTAT LIPUMe-
HEHUS TPOrPAMMBI 1 K BXOJLY X}

Paccykenmne HAMMHAETCA C PACCMOTPEHUS «IUATOHAJIBHOW» (DyHK-
mn U(z, x), KOTOPYIO Temepb MOXKHO 3alicaTh Kak [z](x) (pe3yasbrar
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NPUMEHEHns IPOrpaMMbl T K cebe). [lasee Mbl CTPOMM €€ BCIOy Ompe-
JICJIEHHOE =-TIPOJIOJIZKEHne. DTO Jesaercd Tak. Beipaxenue [[z](z)](y)
BBIIHCIIMMO 3aBUCAT OT ABYX apryMeHToB. Mbl Bcnomuuaem, uro U ectb
rJIaBHAs YHUBEPCAJTbHAA (DYHKIHsI, N HAXOJUM TAKYIO IIPOTPAMMY ¢, YTO
[[g](2))(y) = [[=](z)](y) npu Bcex x u y. IIpu s1om [g](x) oupeneseno
JUTst BCeX . IlyCTh MBI XOTMM HAfiTH HENOJBUKHYIO TOYKY IPOTPAM-
Mbl h. Mer paccmarpuBaem komnosunumio [h]([g](x)). D10 BbIpakenune
BBIYMCIMMO 3aBHCHT OT X, U IOTOMY CYIIECTBYET IPOrPaMMa t, JJIsd
koropoii [t](z) = [h]([g](z)) mpu Beex x. DTa mporpamMma mpUMeHUMA
KO BCEM T, TIOCKOJIbKY TaKOBbI 1 M ¢. Temeph HEMOABUXKHOM TOYKOM
Gyzer [g](t). Irobel yOenuThCss B 9TOM, MBI JIOJKHBI IIPOBEPHUTH, UTO
[g](®)](z) = [[h]([9](t)](x) mas Bcex x. B camom mese, mo CBOWCTBY ¢
umeeM [[g](¢)](x) = [[t](¢)](x). Bcuomunas oupezesnenue t, 310 BbIpazke-
HEe MOXKHO nieperncaTh Kak [[h]([g](¢))](z) — uro kax pas u TpeGoBAIOCH.

5.2. lporpamma, nevaTatouias CBON TeKCT

Krnaccnaeckum mpuMepoM TPUMEHEHHsT T€OPEMBI O HEIOIBUKHOIT
TOYKE SIBJISETCS TaKOoe e€ CJIECTBHE: CYIECTBYET IIpOrpaMMa, medaraio-
mast (Ha Jr060M BXoze) CBO# cOBCTBEHHBIH TeKCT. B camom mere, ecian
OBbI Tako#l IporpaMMbl He OBLIIO, TO IIPeobpPa3OBaHIe

p +— (uporpaMma, KOTOpas Ha JIIOOOM BXOJe [eYaTaeT p)

HE UMeJIO0 ObI HEOJBUKHON TOIKH.

DOpMAaIBHO TOBOPS, 3TO CJIEJCTBAE MOXKHO BBIPDA3UTH TaK:

Teopema 28. Ilycts U(n, x) — riaBHAsi BBIYUCINMAsl yHUBEPCAJIbHAS
dbyuknua g kaacca BCeX BBIYMCIUMBIX (DYHKIUNA OHOIO apryMeHTa.
Torma cymecrByer Takoe uucio p, aro U(p,z) = p mis moboro .

B nporpamMucrckux repmunax: mycth U(p, ) — pe3ysbTaT nmpumMe-
HEHUS [IaCKAJb-IIPOIPAMMbBI P K CTAHJAPTHOMY BXOLY . (YTOYHEHHS:
(1) MBI OTOXKIECTBIIAEM YHCJIA U IOCJeg0BaTeabHOCTH Oaiitos; (2) ec-
JII IPOrpaMMa He 3aBEPINAeT pabOTbI, Mbl CIMTAEM, UTO PE3YJILTAT He
OIIPEJIENIEH, JlaxKe e€CJI Ha CTAHJAPTHBIN BBIXOJ UTO-TO MOCJIAHO.) ZcHo,
uro dbyukiua U Gyner riuasHoil ynusepcaabHoit dynkuumeii. ITosromy K
Hell MOXKHO IPUMEHUTHh CHOPMYJIUPOBAHHOE TOJIBLKO YTO YTBEPKJICHUE;
MIOJIy UM TTPOIPAMMY P, KOTOpast IpH JIO0OM BXOJIE Ha BBIXOJE JAET p.

SlcHo, 9TO ITO paCCyKIEHUE MPUMEHUMO I JIHOOOr0 A3bIKa IIPO-
IPAMMEUPOBAHHNS; TO, UTO MbI yIIOMSHYJIH S3bIK HACKAJb, POJIA HE UTPAET.

40. JlokaxXuTe, ITO CYIIECTBYET MACKAJIb-IIPOrPAMMa, KOTOPas [I€9aTaeT
CBOII TEKCT 3aJI0M HAIEPE]T.
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41. ITokarkuTe, YTO €CTH JIBE PA3IUIHbBIE TACKATIb-TIPOrpaMMbl P u () ¢ Ta-
KUMU CBOMCTBaMu: IporpaMma P medaTaer TeKCT IporpaMMbl (), a IporpamM-
Ma @ meuaraer Tekct nporpammbl P. (Ecim #e TpeGoBaTh pasimHams Mexy
P u Q, To B kauectBe P u () MOXKHO B3ATb OJIHY U Ty 2K€ IPOrpaMMYy, IedaTa-
IOIILYIO CBOM TEKCT.)

Brinumiem sBHO mporpamMmy Ha MackaJjie, MeYaTaloNIyio CBOM TEKCT.
(910 — x0opomas 3ana4ua Jja Joduresei nporpammuposanus.) s Ha-
Jajia HamuieM HeOpMaabHYIO WHCTPYKIMIO Ha, PYCCKOM sI3bIKE:

HareJyaTaTh J[Ba pa3a, BTOPOH pa3 B KaBbIUKaX, TaKOH TEKCT: «HaIle-
“ qaTaTh J[Ba pa3a, BTOPOH pa3 B KaBbIUKaX, TAKOH TEKCT:»

YT06bI HAIIICATH YTO-TO IOXOXKee Ha, IMacKaJie, MOHa 00aTCa HEKOTO-
pble IOTOJTHUTEIbHBIE XUTPOCTH, HO Wes SICHA: CTPOKOBasT KOHCTAHTA
HCIIOJIB3YEeTCs IBa pa3a. BoT oiMH U3 BO3MOXKHBIX BAPUAHTOB:
program selfprint;

var a:arrayl[l..100]of string;i:integer;

begin

a[1] :=’program selfprint;’;

a[2]:=’ var a:array[l..100]of string;i:integer;’;
a[3]:="begin’;

a[4]:="for i:=1 to 3 do writeln(alil);’;

a[5]:="for i:=1 to 11 do begin’;

al[6]:=> write(chr(97),chr(91),i);’;

al7]:=" write(chr(93),chr(58),chr(61));?;

al8]:=’ writeln(chr(39),ali],chr(39),chr(59));’;

a[9]:=’end;’;

a[10] :=>for i:=4 to 11 do writeln(al[il);’;

al11] :=’end.’;

for i:=1 to 3 do writeln(alil);

for i:=1 to 11 do begin
write(chr(97),chr(91),1i);
write(chr(93),chr(58),chr(61));
writeln(chr(39),alil],chr(39),chr(59));

end;

for i:=4 to 11 do writeln(alil);

end.

Yuras 9Ty IIpOrpaMmy, II0JIE3HO UMETb B BUJAY COOTBETCTBUEC ME2KIY
CHMBOJIaAaMHU U UX KOJaMH:

a [ 1 == = 2 4
97 91 93 58 61 39 B9
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Bumnao, aTo 3Ty mporpamMmy Jierko MOAUMDUIUPOBATH, YTOOBI OHA, CKa-
JKeM, TiedaTaja CBOM TeKCT 3aJI0M HAIlepésn — BMeCTO KOMaH] Wwrite u
writeln, meyaTarNuxX TEKCT, HAJIO HAIIUCATH KOMAH/IbI, 3AIIUCHIBAIOIIIE
ero B dair (mam B MaccuB GalTOB), & MOTOM KOMAHJIBI, NIEYATAIOIINE
910T ailal wim Maccup B 0OpaTHOM ITOPsiJIKE.

Crenas emg oJuH Iar, MOXKHO HOJYUUTh U JIOKA3aTeJIbCTBO Teope-
MBI O HemOABMKHOM Touke. [lycTh h — HeKOTOpOE mpeobpa3oBaHme mac-
KaJIb-TIPOr'PAMM, ¥ KOTOPOT'O MBI XOTUM HANTH HEITOABUKHYIO TOUKY. 10-
I8 HAIHUIEM IPOrPaMMYy HAIIOI00HE TOJIBKO UTO PUBEIEHHON, KOTOPast
Oy/ieT 3alUCHIBATH CBOU TEKCT B CTPOKY P, 3aT€M HPUMEHSITH h K P, 110-
Jiydasi HEKOTOPYIO JIDYTYIO CTPOKY ¢, & 3aTeM 3allyCKaTh HHTEPIPETATOD
Tackasga Ha crpoke q (KCHOJIB3ysl B KAYECTBE BXOJA IPOrPAMMBI q BXOJ
ucxoauoi nporpammel). Koneuno, sra nporpamma yke He Oyuer Takoil
KODOTKOIi, Tak Kak Oyzer BKIo4aTh B cebs (U Jaxke /[Ba pa3a — IEPBbIil
pa3 mpoCTO TakK, a BTOPOi pa3 B KABBIYKAX) WHTEPIPETATOD MACKAJIS,
HaIMCAHHBIN Ha I1acKaJie.

fcHo, uTo Takasi mporpamMMa OyJIeT HEIOJIBMXKHON TOYKOI mpeobpa-
30BaHus h, TaK KakK €€ BBIIOJHEHNE HAYNHAETCsI POBHO C TOTO, YTO BbI-
qucsisieTcs 3HadeHne GpyHKImn h Ha e TeKCTe, TOC/Ie 9ero 3TO 3HAUYEHUe
BOCIIPUHUMAETCS KAK MMPOrPAMMa U TIPUMEHSIETCsT K BXOJLY.

Ha camom geste 910 /10KA3aTE/IBCTBO B CYIITHOCTH ITOBTOPSIET IIPE/IBI-
JiyIee, TOJBKO B 6oJiee TPOrpaMMUCTCKIX TEPMHUHAX.

5.3. CucrtemHebIii TpIOK: eLé 0aHO A0KA3aTENbCTBO

Ecsiz nottpocuts sio0buTeseit pa3ubIx A3bIKOB IPOrPAMMUPOBAHAS Ha-
[ICATH HA CBOEM JIIOOMMOM SI3BIKE 10 BO3MOYKHOCTH KOPOTKYIO IIPOrPaM-
My, KOTOpast OblI TiedaTasia CBOW UCXOIHBIN TEKCT, TO YEeMIINOHOM, CKOpee
BCEro, OKaKeTcsi KOPOTKasl IporpaMma, Ha, Oeficuke:

10 LIST

Hemo B ToM, uTO B Oeiicuke ecTh Komana LIST, KoTopas nmedaraeT TEKCT
IIPOrPAMMBI M MOYKET GBITH 3aIlyleHa W3HYTPHU IIPOrPAMMEL. -

IIpex e Bcero, aTo xopomras mryTka. Ho MoxKHO oTHecTHCh K Heit
HEOXKHJIAHHO CEPBE3HO M MCIOJIB30BATh Ty HWJIEI0 B €IE OJIHOM JI0Ka3a-
TEJIHCTBE TEOPEMbI O HEIOJBUXKHOI TOUYKe (TOYHEe, B €Ié OJHOM Bapu-
AHTE TOTO K€ JI0KA3aTeIbCTBA).

I Ecn Kakoi-mmu60 sI3bIK JOIyCKaeT IIyCTYIO IIPOrPaMMy, KOTOPasl HIYEro He JeIa-
€T, TO 3TO OyJeT elie 6oJiee KOPOTKUM IIPHUMEPOM — IIPaB/ia, HE TAKUM IOy YU TEbHBIM.
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IIpexkie Bcero 3amMeTnM, 9TO TE€OPEMY JOCTATOYHO JIOKA3aTh JIJIS Ka-
KO¥-TO OHOI TJIaBHOI HyMeparuu. B camMoMm jere, MycTh st KAKOH-TO
JPYTOif TVIABHOW HyMepaluu CyIIecTByeT (DYHKIHS 0e3 HEemoIBUKHOMN
TOYKH, TO €CTh UMEETCs CII0cob MPeodPa30BLIBATE MIPOTrPAMMBI B 3aB€/10-
MO HEIKBUBaJIEHTHBIE. TOra C IOMOIIBIO TPAHC/ISIIUU TYIa U 00PATHO
TaKOM Crocot MOXKHO HANTH U Jisl IEPBO HyMeparuu (J1jis KOTOPOii MbI
TEOPEMY CYMTAEM JOKA3AHHOI).

Teneps paccMOTPUM SI3BIK ITPOrPAMMHUPOBAHUS, B KOTOPOM IIOMUMO
OOBIYHBIX BO3MOYKHOCTEl €CTh BCTPOEHHAs IIPOIIELyPa

GetProgramText (var s: string)

OTa mpoIeLypa MOMEIIAeT TEKCT HCXOMIHONW IMPOrpaMMbI B CTPOKY S.
HecmoTps Ha HEKOTOPYIO HEOOBITHOCTD ITOH UJIEU, BIIOJTHE MOXKHO TIPEJI-
CcTaBUTH cebe MHTEPIPETATOP ITOr0 S3bIKA — U MHTEPIIPEeTaIlds ITOM
IIPOIIELyPhl HE IPEJICTABIIAET TPYAa, TaK KaK MHTEPIPETATOPY, pa3yMe-
eTcs1, TOCTYyIeH TeKCT mporpammbl. CremaeM ermé oJinH Iar U mpejicTa-
BHUM cebe, YTO B 9TOM $3bIKE €CTh TaKKe IIPOIIE/Lypa

ExecuteProgram (s: string)

Dra nponeypa (6€3803BpaTHO) IEPeAET YIPABJIEHUE IIPOIPAMME, TEKCT
KOTOPOI HAaXOJUTCS B CTPOKE S, CUATAT BXOJOM 3TOI MPOrpaMMbl BXOJ,
UCXOJHOM TIPOrpaMMBbl (KakK CKas3aJl Obl HACTOSIIIUI IPOIPAMMUCT, <«IIepe-
JlaBasi IporpaMMe s JEeCKPUIITOP BXOJHOIO IIOTOKay ). VI B aToM ciiydae
IIOHATHO, KaK JIOJI?KEH JIefiCTBOBATh MHTEPIPETATOD A3bIKa: OH JIOJIKEH
PEKyPCHBHO BbI3BATH €05l Ha COIEP?KIMOM CTPOKH S M BXOJHBIX JTAHHBIX.
Harmr oboraménnslii 36K IPOrPaMMUPOBaHUS, Pa3yMeeTcs, JOIyC-
KaeT TPAHCJIAINNIO C HETO B OOBIYHBIE SI3BIKU (IIOCKOJIBKY MMEET MHTep-
uperaTop) u HaobOpOT (TaK KakK MOXKHO He I0JIb30BATHCA HOBBHIMU KOH-
crpykuusamu). Ilosromy 3ajaBaeMas UM HyMepaIus BEIYUCIUMbIX BDyHK-
nnit aBjstercs raasBHoit. [lycTts h — BCromy onpejieséHHAs BBITHCIIMAST
bYHKIWS, Y KOTOPOil MBI XOTHM HAWTH HEIOJBUKHYIO TOUYKY. 3aIUIIEeM
BBIYHCJISIONINI €€ aJrOPUTM B BUJIE ITPOIIE/IYPhI HAIIIETO SI3bIKA!

function Compute_h (x: string) : string;
begin

end;

(IIpu aTOM HaM J1a2Ke HEe Hy2KHbI HOBble BO3MOzKHOCTH. ) Tereps Harmiem
IIPOTPAMMY, SIBJISIIOIIYIOCS HETIOABUKHOM TOYKON (byHKIun h:
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program fixed_point;
var s: string;
function Compute_h (x:string) : string;
begin
end;
begin
GetProgramText (s);
s := Compute_h (s);
ExecuteProgram (s);
end.

Brimotnenue 3Toit mporpaMMbl €pa3y »Ke CBOJUTCS K BBITIOJTHEHUIO
IPOTrPaMMBI, MTOJIyYAaroIIeiicsi IpuMeHeHneM K Heil pyHKuu h, Tak 91O
oHa OyJeT HEMOABMKHOM TOYKOI IO TOCTPOEHUIO.

42. ITycrs h — ToxecTBenHas GyHKuys, 1o ectb h(xz) = z. (Torma, pasy-
Meercs, aobasg mporpamma OyeT eé HemoABIKHOM Toukoil.) Kakyro nmenno
IPOrpaMMy JacT HaM TOJBKO YTO onucaHHas KoHcTpykuus? (OrBer: mporpam-
My, KOTOpasl 3aIlMKJIUBAETCS Ha JIIOOOM BXOJIE.)

MBI TOSIBKO 9TO OOBSICHIIN, KAK C TIOMOIIBIO A3bIKA C JOMOJTHUTE b
HOH MPOIIEIYPOI «IIOJyINATH TEKCT IIPOrPaMMBI» MOXKHO JIOKa3aTh TEO-
peMy O HemoABUKHO Touke. Ho MoKHO paccyk7aTh U B 06paTHOM Ha-
MIPABJICHUN U OObACHUTD, TOYEMy IIPUMEHEHNE TEOPEMbBI O HETIOIBUKHOT
TOYKE 3aMEHSET TaKyIO JOIMOJHUTEIbHYIO TPOIEIYPY.

B camom neste, mycTh MBI mIMEEM IPOrpaMMy P, B KOTOPO# €CTh CTPO-
ka GetProgramText(s). 3aMeHUM 3Ty CTPOKY Ha OIE€PATOP IIPHUCBAM-
BaHuWS S := t, Tyie ¢ — HEKOTOpas CTPOKOBas KoHcTaHTa. [losryawmrcs
HOBasl mporpamma, 3asucsmag or t. Hazosém eé p(t). Coryacuo reope-
Me O HETIOJBMKHOU TOYKE, CyIECTBYeT TaKoe 3HadeHue t, TpU KOTOPOM
nporpammsbl ¢ u p(t) skBUBaJIeHTHBL. [Ipu 9TOM ¢ BBIIOJIHEHUE IIPOIPAM-
MBI { 9KBHUBAJIEHTHO BBIIIOJIHEHUIO €€ TEKCTa, B KOTOPOM B MOMEHT BBI30-
Ba nporeaypsbl GetProgramText (s) B CTPOKY S IOMeITAaeTCs TEKCT IPO-
rpaMMBbI { — Yero Mbl U XOTEJIH.

Tenepsb cTaHOBUTCs TOHSATHEE, IIOYEMY T€OPEMA, O HEITOIBUKHON TOU-
K€ Ha3bIBAETCH eIlé TeopeMoil o pekypcuu. B camom gese, pekypcust
COCTOUT B TOM, YTO Mbl BBI3bIBAEM IIPOI'PAMMY U3HYTPH €€ caMoii. 3/1ech
IIPOUCXOJUT JiarKe OOJIbIlle: MBI HE TOJIBKO MMEEM IIPaBO BHI3BATH IIPOT-
paMMYy, HO M MOYKEM TIOJIYYUTh JOCTYI K €€ TeKeTy! OObIHbIN BBI30B JIeii-
CTBUTEHHO SABJISIETCS YACTHBIM CJIYyYaeM JOCTYIA K TEKCTY, TaK KaK MBI
MOKEM BBI3BaTh IIPOIEYPY UHTepIpeTanuu Ha 3roM rexcre. (Koneuno,
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IIPU 3TOM HY?KHO BKJIIOYUTH B COCTaB IIPOIrPAMMBI TEKCT HHTEPIIPETATOPA
HAIIErO A3bIKA IIPOIPAMMUPOBAHUS, 3AIMCAHHBINA HA TOM sI3bIKE. )

5.4. Heckonbko 3ameyaHuii

BeckoHeyHoe MHOXXeCTBO HENOABUXHbIX TOYEK

Teopema 26 (0 HETIOJBUKHOM TOUKe) YTBEPXKIAET CYIECTBOBAHNE XO-
Tsi ObI OJIHOW HEIMOJBUYKHOI TOYKH. JIerKO MOHATH, 9TO Ha CAMOM Jejie
X OECKOHEYHO MHOTO: B 0DO3HAYEHUSIX TOI T€OpEMbI CyIIecTByeT Oec-
KOHEYHO MHOTO YHUCeN 1, IPH KOTOPBIX Uy, = Up(p)-

DTO MOXKHO OOBSICHUTH, HAIIPUMED, TaK: €CJIN Obl HEITOJIBUKHBIX TO-
9eK OBLJI0 ObI KOHETHOE UHCJIO, TO MOYKHO ObLIIO ObI U3MEHUTDH (DYHKITHIO A
B 9THUX TOYKAX TaK, YTOOBI HEIOJBUXKHBIX TOYEK He ocTajioch. Hejo-
CTATOK 3TOI0 PACCYKJEHWs B TOM, 9TO OHO He IMO3BOJIseT 3(PDOEKTUB-
HO II€PEYUCIIATH HEIOABUKHbIE TOUKK (yKa3aTh Jijid JaHHON (dyHKimu h
OGECKOHEYHOE TIEPEUNCTUMOE MHOXKECTBO, COCTOSIIIEE U3 €€ HEMOIBUKHBIX
To4€eK ). MOKHO CIIeJIaTh M 9TO, €CJIN BCIIOMHUTD JIOKA3aTEIHCTBO TEOPE-
Mbl 26. B HEM HENOJBMIKHBIMEM TOUKAMH OKadblBasuch dmcaa [g(t), a
GYHKIUIO g MOYKHO BBIOpATH TaK, YTOOBI BCe €€ 3HaUYeHMs ObLIN OOJIbIITe
Jo6oro Hanepés 3aJanHoro ucia (reopema 23, c. 37).

43. IIpoBeauTte 3TO paccyKjaeHue moapoOHO.

HenoaBumxHas Toyka ¢ napameTpom

Ecin npeobpaszoBaTesib IporpamMM BBIUYACIUMO 3aBUCUT OT HEKOTOPO-
ro mapamMerpa, TO U HEIOJBUXKHYK TOYKY MOYKHO BHIODATH BBIYMCJIIMO
3aBUCAINENl OT TOr0 IapaMerpa. LOYHbBI CMBICJI 3TOIO YTBEPXKICHUS
TAKOB:

Teopema 29. Ilycts U — riaBHas yHuUBepcaJibHas QYHKIUS JJIs1
KJIACCa BBIYUCIUMBIX (DYHKIUI OIHOIO apryMeHTa, a h — BCIOJy OIIpe-
JleJIEHHAs BRIYUCIUMAasi PYHKIMs ABYX aprymeHToB. Torma cymecTByer
BCIOJLy OIIPEJIeJIEHHAS BBIYUCIUMAS (DYHKIUS 7. OJHOIO apryMeHTa, KO-
TOpas 1O JTI000MY D YKa3BIBACT HEMOABUKHYIO TOUKY JJis (DYHKIUH hy,,
TaK 4T0 Up(p n(p)) = Un(p), WK, IPYTUMHU C/IOBaMHU,

U(h(p,n(p)),x) = U(n(p),z)

upu Bcex p U & (Kak 0OBIYHO, 00e 4acTu MOryT ObITh OJHOBDEMEHHO He
OIIPE/ICTIEHBI).

<I MBI Buzie/in, 9TO HEMOABUYKHASI TOYKA CTPOUTCSI KOHCTPYKTHUBHO.
ITosToMy ecm MBI HITIEM HETTOJBIZKHYIO TOUKY JJIst GYHKIN hy,, BBIYHC-
JINMO 3aBUCAIIEN OT mapamerpa p, TO U Pe3ybTaT HAIIErO MOCTPOEHUST
Oy/IeT BBIYUCIUMO 3aBUCETh OT HAapaMeTpa p.
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Konegno, Moxk#HO 66110 661 (hOPMATIBHO 3AIUCATH PACCYKIECHUE, Pea-
JIU3YIOIIee STOT IJIaH, HO OHO JIOBOJIBHO IPOMO3JKO (U BPsiJl JIU OT ITOrO
JI0KA3aTeJIbCTBO CTaHeT 60Jjiee HOHATHBIM). >

B sT0it Teopeme MBI TIpEIIONIAraI, ITO ceMeiicTBO DyHKIUHA hy, co-
CTOUT W3 BCIOY ONpeneqéHHbIX dyukimit. Ha camom mere 3To me 0bs-
3aTeJIbHO: JIJI ITPOU3BOJIBHOIO BBIUYHMC/IMMOIO CeMeHCTBa BBIUUCIMMBIX
dbyukuuit h, (IpyruMu cIoBaMu, I IPOU3BOJILHON BHIYUCINMON DyHK-
1y b IByX apryMEHTOB) CYIIECTBYET BCIOJLY OUPEIEIEHHAS BhIIUCIUMAST
byHKIMS N OTHOTO APTYMEHTa C TAKMM CBOICTBOM: IIPU KAXKIOM P JInOO
dbyukuus h, He ompezmesiena B Touke n(p), mmbo n(p) ABIIETCS Hemo-
JIBUZKHOI TouKol dbyHKIMN hyp.

44. Y6eauTechb, 9TO IPUBEIEHHAS B IOKA3ATEIHCTBE TEOPEMBI 29 KOHCTPYK-
IMsl Kak pa3 u 1aér GyHKIuo n(p) ¢ TAKAM CBOHCTBOM.

45. O6benuHss CrelaHHbIE BBIIIE 3aMeYaHUsl, IOKAXKUTE, UTO II0 JI0OO0M
BbruncauMoil pyHKImu h (33JaHHO CBOMM HOMEPOM OTHOCHTEJILHO (DUKCH-
POBaHHOI TIABHON yHMBEPCAIbHOH QyHKIMHN) MOXKHO 3bGMEKTHBHO yKa3aTh
GECKOHEYHO MHOIO YHCeJI, KasK0€e U3 KOTOPBIX Jn60 ByeT HenoABIKHOM TOU-
KOt nyist pyHKIMU h, Tu60 TOUKOI, T1e Ta DYHKIWS HE ONpeeseHa.

HeﬂOp'BVI)KHaﬂ TO4YKa ONdA NEPEHNCTINMbIX MHOXXECTB

Bcé ckazannoe mouTu 6€3 n3MeHeHuil IePpeHOCUTCS Ha TIABHBIE HyMe-
pAaIUy IEPEUNCTUMBIX MHOXKeCTB (ecsin W — ryiaBHOe yHUBEPCAJIBHOE T1e-
peYnCcIMMOe MHOXKECTBO, TO BCdAKAasl BBIUYUCIUMAs BCIOJY OIpeJe/IEHHAS
dyHKIMsS h MMeeT HEMOABUKHYIO TOUKY 1, st Koropoit W, = Wh(n))~

B camom jente, ecim W — riiaBHOE yHUBEpPCAJBHOE TEPEUUCTAMOE
MHOXKECTBO, TO K OTHOIIIEHUIO SKBUBAJIEHTHOCTH

a=bes W, =W,

MIPUMEHNMO DPACCYKJICHUE U3 [IO0KA3aTeJIbCTBA TeOPEeMbl 26, MOCKOJIbKY
Jobast BeraucsmMast GyHKIMs f MMeeT BBIYUCIUMOE BCIOJIY OIpPeJIeIeH-
HO€ =-IIPOJI0JI?KEHNE.

IIposepum 310. 151 9TOrO paccMOTPUM MHOXKECTBO

V = {(p,z) | f(p) onpeneneno u {f(p),z) € W}.

JIerko TOHSTBH, UTO 3TO MHOXKECTBO IIEPEYNCIINMO (HAIPUMED, OHO €CTh
obsacTh onpejesenusi BoraucanMmoit dyukmun (p,z) — w(f(p), ),
rge w — BbruucauMas GyHKIus ¢ obacteio onpenenenus W). Ilpu
atom V), = Wy(y,), ecmm f(p) ompeneneno, u V, = &, ectm f(p) me
onpeneseno. Benomunasi, aro W sBjsieTcss TVIABHBIM YHUBEPCAJIBHBIM
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MHO2KECTBOM, MbI HAXOIUM BCIOJLy OINPEIEIEHHYIO (DYHKIUIO S, JJI KO-
topoit V,, = Wy Takum obpazom, Wy = Wy, ana tex p, jaina
KOTODBIX f(p) oupezeneHo, 9To u TpeboBaIoCh.

46. [Tycrs W — rulaBHOE yHUBEPCAJIBHOE MHOXKECTBO (JIJIT KJIAcCca BCeX IIe-
PEUUCIUMBIX [TOJMHOXKECTB HATypasbHOro psaja). (a) Ilokaxkure, uro Haitaér-
cst auedio z, jist koroporo W, = {z}. (6) Ilokaxkure, 4To Hali/{yTCsl pa3nIHble
qucna ¢ u Yy, At koropsix Wy = {y} u W, = {z}.

Mpumep ucnons3osaHus

Ipocreiiniee (x0Tl He OYEHb TUIHMYHOE) IPUMEHEHHE TEOPEMBI O
HETIO/IBU2KHOI TOYKe — eIlé OJIHO JIOKA3aTeIbCTBO TeopeMbl 21 o Hepas-
PEIIMMOCTH CBOCTB BBIYUCIUMBIX (DYHKIMA. B camMom Jiesie, mycTh ecThb
HETPUBUAJILHOE CBOUCTBO A BBIYUCIUMBIX (DYHKIHH, KOTOPOE MOMKHO
pacmo3HaBaTh 10 HOMepaMm (dyHKImit B riaaoit Hymeparuu U. Ilycrs
P — KaKOH-TO HOMep Kakoi-To dymknum Uy, obiaaromeil STHM CBOIi-
CTBOM, & ¢ — KaKOW-TO HoMep Kakoi-To dynkmun Uy, M He ob1amaro-
muM. Torma dyHKIMST

h(x) q, ecmu dyukusa U, obiagaer cBoiictBom A,
xTr) =

p, ecau dyuknusa U, He obiagaer cBoiictBoM A

OyIeT BBIYUCIMMON U He OyIeT UMeTh HElOIBUYKHON TOYKH.

Nzomophuam yHnBEpCanbHbIX MHOXECTB

IIycts Uy u U — nBa MHOXKECTBa Hap HATYPAJIbHBIX 4dncesa. Mbl
Oy/1eM Ha3bIBATDH UX GOIHUCAUMO USOMOPHHOILMAU, €CITA MOXKHO HANTH BbI-
qUCIUMYTO TiepecTaHoBKy (6uekimio) i: N — N ¢ TakuM cBoficTBOM:

(z,y) € Ur < (i(x),i(y)) € Ua.

Teopema 30. Jliobble aBa TVIABHBIX YHUBEPCAJIHHBIX MHOXKECTBA JIJIsI
KJlaCcCa NEePpEeINUC/JINMBIX IIOAMHO2KECTB HaTypPaJIbHOI'O DsA/a BbIYHUCINMO
U30MOPQHBI.

< s Hagaia 0ObsICHUM PA3HUILY MEXK]y 9TOI TeopeMoil m Teope-
Moit 06 m3oMOpdu3Me TJIABHBIX HYMEpAIUil [MepeIUCIUMbIX MHOXKECTB
(Cl\T. 3aMevdaHne B KOHIIE pa3J/ieJla 44) Ta.l\/l MbI IIpUMEHAIN BbBIIUC/IN-
MYIO IIEPECTAHOBKY TOJIBKO K HOMEpaM, HO He K dJIeMEHTaM MHOYKECTB.
B renepermanx 0603HaveHnAX TEOpeMy 00 m30MOpduU3Me TIIABHBIX HyMe-
panuit MOXKHO 3aIlUCaTh TaK:

(z,y) € U1 & (i(z),y) € Ua.
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3aMeTrM, 9TO BBIYHC/INMAs IEePECTAHOBKA II0 BTOPOMY aApryMEHTY CO-
XpaHseT yHUBEPCAJIbHOCTh: ecau U C N? — riaBHoe YHUBEpPCAJIbHOE
MHOXKeCTBO, a ¢: N — N — BbIuucanMasi mepecTaHOBKa, TO MHOXKECT-
BO map (x,y), mis Koropbix (z,i(y)) € U, TakxKe sIBISETCS TIABHBIM
YHUBEPCAJIBHBIM MHOXKecTBOM. [losToMy M3 TeopeMbl 06 m3oMopdusmMe
IJIABHBIX HyMepaIuil IIepeYnCINMbIX MHOXKECTB MOYKHO BBIBECTU TAaKOE
CJIEJICTBUE: JIJISI BCAKOW BBIYUCJIMMOI TIEPECTAHOBKU ¢ HANIETCS Takas
BBIYHCIUMAs IIepecTaHoBKa i, 4To

(z,y) € Uh & (i'(2),i(y)) € V2.

Ecan mam 1osessio u ¢/ coBnajo ¢ ¢, To IepecTaHOBKa i Gyjer TpeOye-
MOit. MBI XOTHM 3aMEHUTH BE3EHUE CChLIKOM Ha TEOPEMY O HEIOIBUKHOMN
Touke. Ha 9TOM myTH ecTh HECKOJIBKO IPEIsITCTBUI, HO BCe OHU IIPEOJIO-
JINMBI — U MBI Cefi9ac KOPOTKO OIUIIEM, KaK.

[Ipexme Bcero HaJI0 BCIOMHUTDH JOKA3ATEIHCTBO TEOPEMBI 00 U30-
Mopdu3Me TIABHBIX HyMepanuii U NOHATH, 9T0 GyHKIms i’ (€€ HOMED)
AJITOPUTMUYECKU CTPOUTCs 110 pyHKImu ¢. Jlasee MBI XOTUM COCJIATHCS
Ha TeOpeMy O HEITOJIBIKHOI TOYKe, HO IIPObJIeMa B TOM, U4TO 3TO IOCTPOE-
HEe paboTaeT TOJIBKO JJIsl CIydasi, KOria (DYHKIHUS § SBJISIeTCS OMEeKIneii.
TlosTomy MBI O/KHBI MOAUMDUIIIPOBATE KOHCTPYKIMIO U3 TEOPEMBI 00
n3oMopduU3Me TaK, ITOOBI OHA ObLIA IPUMEHNMA KO BCIKOM BBHITUCIMMON
YHKIUY 7 ¥ Beerja JapaJia Obl KaKyIo-To OMEKIUIO ¢’ TOTa HelloBIK-
Hasl TOYKA aBTOMATUIECKH OyJ/ieT OmeKIiueii.

Cdopmynupyem cooTBercTByIONiee 0000IeHe TeopeMbl 06 H30MOp-
dusme rnaBHBIX Hymeparuii. JlajyuM mpeaBapuTesibHO OJHO BCIIOMOTa-
tenpHOe ompenesnenne. Ilycrs [: N — N — mpousBosibHast dyHKIms.
Bynem rosoputh, uro MHOXKeCTBO A I-coomeemcmeyem MHOXKeCTBY B,
ecsiu 6o B ecthb 06pa3 A npu orobpaxkenuu I, inbo A ectb npoobpas B
upu sroM orobpaxkenun. (Ecim [ — Guekiusi, 9T0 OJHO U TO XKe.)

[Tyctb Uy u Uy — mpou3BoIbHBIE IJIaBHBIE HYMEPAIIUU [IePEUNCIUMBIX
MHOXKeCTB, a I : N — N — Beraucimmast pyukiusi. Torma cymecrByer Ta-
kag BhrancanmMas ouekrys ¢ : N — N, 9o nmpu mo6om k MHOKECTBO ¢ HO-
mepoMm k B Hymeparun U; I-cooTBeTcTByeT MHOXKECTBY ¢ HOMepOM i’ (k)
B HyMeparuu Us.

D10 00001IEHNE TEOPEMBI 06 M30MOPMU3ME IJIaBHBIX HyMepaluil J10-
Ka3bIBAeTCA TaK 2Ke, KaK U caMa TeopeMma, ¥ HoMep (PYHKIHU i MOKeT
65ITH 3 dEKTHBHO TOIyUeH 110 HoMepy dhyHKnu I. DTo M03BOJIAET IPH-
MEHWTH ONUCAHHBIA IJIaH W HaliTH 6uekimio I, mpu kotopoit i’ = I, arto
u TpebOoBaIoCh. >
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47. [IpoBenuTe 3TO paccy:KaeHnE MOAPOOHO.

AHajioruyHoe yTBepKIEHHE BEPHO M JJIs IVIABHBIX YHUBEPCAJIbHBIX
dyHKITHIH.

Teopema 31. Ilycts F4, F5: N — N — 1Be 1yiaBHBIE YHUBEPCAJIHHDBIE
byHKIMA [JTsi BBIYACIUMBIX (DYHKIUN OHOrO aprymenTa. Torna Haii-
JETCA TaKas BbIYUC/INMas II€PECTAHOBKA %, YTO

Fi(z,y) = z & Fy(i(),i(y)) = i(2)

JI7IsT JTIOOBIX HATYPAJIbHBIX X, Y U 2.

48. IlpoBennTe NOKA3aTEIBCTBO TOM TEOPEMBI II0 AHAJIOTUU C IPEIbIILY-
mieit, ucmonab3ys Teopemy Pomkepca 06 m3omopduaMe TVIABHBIX HYMEPAIHii
(c. 40, reopema 24).

49. Jokaxkure, 4To B JIOGOM pasyMHOM (3aJarolleM IJIaBHYIO HyMepa-
[MI0) A3bIKE MPOTPAMMMPOBAHUS CYIIECTBYET MOCJIEIOBATEIBHOCTD MOMAPHO
PAa3JIMYHBIX [IPOTPAMM Po, P1, P2, - - . C TAKUM CBONRCTBOM: IIPOrDaMMa p; leda-
Taer IporpaMMy pi+i1. (YKasaHue: UCIOJIB3YiTe NPeBIAYILYIO 3a/1ady. )



0. M-CBOAUMOCTb 1N CBOWCTBA NepeyncanMbix
MHOXECTB

6.1. m-cBOAUMOCTb

MBI y2Ke BCTpEYAJMCh C TAKUM IIPHEMOM: YTOOBI JOKa3aTh HeEpaspe-
[IIMOCTH HEKOTOPOro MHOXKecTBa X (HalpuMep, MHOYKECTBA BCEX HOME-
POB BCEX TJIE-TO OLPEIEJEHHBIX (DYHKIWUN), Mbl IOKA3BIBAJIM, YTO €CJIU
6BI OHO OBLIO PA3PEIINMO, TO U J00E IePEeINCINMOe MHO2KECTBO K ObI-
J10 pazpermumo. st 3T0ro Mbl CTPOMIN BBIYUCTUMYIO DyHKIUO f Tak,
YTOOBI TPUHAJIEZKHOCTD JIIOOOT0 YUCJIA N MHOXKECTBY K ormpejesisiach
PUHAJJIEXKHOCTBIO ucia f(n) MHOKECTBY X .

Ceitgac MBI U3yYNM TaKue CUTyarnuu 60jee moIpoOHO.

ToBopsiT, 9T0 MHOXKECTBO A HATYPAJBHBIX TUCET M-CE00UMCA K JIPY-
TOMY MHOYKECTBY B HATYPAJIbHBIX YHCEJ, €CJIU CYIMECTBYET BCIOLY OIpe-
nesiéHHas BerancanMast yHknusa f: N — N ¢ Takum cBoiicTBOM:

re€A& f(z)eB

s Beex © € N. Takast dpyHnkius HaspiBaeTcs m-ceodawet A x B. O60-
suavenue: A <,, B.

Teopema 32. (a) Eciu A <,,, B u B pasperumo, 10 A paspemumo.
(6) Ecnu A <,;, B u B nepeuncaumo, To A nepeuncinmo. (8) Coau-
MocTb pediekcuBHa U TpansuTuBHa: A <, A;ecom A <, Bu B <,,, C,
10 A <y, C. (r) Ecoin A <, B, 7o N\ A <,,, N\ B.

<1 Bcee atu cBoiictBa mourn odesuansl. Ilycts A <,,, B 1 Mbl ume-
€M paspelalonyii aaroputM st B. YTo0bl y3HATH, IPUHAJJICIKAT JIA
JaHHoe T MHOXKeCTBY A, Mbl BoraucssgeM f(x) u y3HaéM, UPUHAIJIEKAT
au f(z) muoxkecrBy B. dpyrumu ciaoBamu, a(x) = b(f(x)), ecim a — xa-
pakrepucTuyeckas MyHKIMs MHOXKeCTBa A, a b — XapakTepucTuIecKas
dyHKIMS MHOXKeCTBa, B; I03TOMY ecii b BBIYuCIuMa, TO U @ BBIYUCIIMA,
KaK KOMIIOZUIUS BLIYUCIAMBIX (DYHKIIMIA.

Takoe 2Ke PaBEHCTBO MOYKHO 3AIMCATH JJIS <ITOJIyXapaKTePUCTHIE-
CcKUX» (QYHKIHH, TO3TOMY M3 IIEPEIUCTUMOCTH B CIIEyeT mepeduncim-
MocTb A. MOKHO cKa3aTh U HHAYE: MHOKECTBO A SIBISIETCS TPOOGPA3OoM
HepedrCcIMMOro MHOXKeCTBa B 1pn BeIMUCIUMOM 0TOGparkeHun f, U Io-
TOMY II€PEUUCIIIMO.

Toxecrsennas dyukiusa m-ceogutr A ¥ A. Eciu dyuknus f cBo-
mur A x B, a bynkmus g ceomur B k C, Tox € A & f(z) € B &
< g(f(x)) € C, Tak uro Kommnosuiws Gyukuit g u f ceogur A k C.
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Haxkownen, dyuxnus, ceoggamas A k B, 6ymer cBOAUTb U JIOMOJIHE-
nue A K gononHenuio B. >

BykBa «m» B Ha3zBaHWUM HUCTOPUYECKH IIPOUCXOIUAT U3 TEPMUHA
«many-one-reducibility»; Bupouem, kak ormedaer M. Cuncep B cBOoéM
y4ueOHUKE 110 TEOPHH CJIO2KHOCTU BBIYUCJIEHUI, BMECTO 3TOIO JIyHIIe I'o-
BopuTh «mapping reducibility» (cBOIUIMOCTB ¢ TTOMOIIBIO OTOGPaKEHNIH ),
coxpaHsist OyKBY 1M B 000O3HAUEHUH.

OTMmeTnM, 9TO 3TO OIpeJIe/IeHe He CHMMETPUYHO OTHOCUTEJIBLHO ITe-
PEX0/Ia K JIOTIOJTHEHUIO, €CJIU ITO JIEJIAETCS TOIHKO B OJIHOM U3 MHOYKECTB:
BoBce He obs3arenbuo A <, N\ A, xora Becerma A <,,, A.

50. IToxkaxure, uto A €m N\ A 11 nepedncanmoro Hepaspemumoro A.

Ormernm, 9T0 MHOXKECTBA & U N SIBJISIIOTCS OCOOBIMU CJTYIASME JIJIst
m-cBogumocTtu. Hanpumep, jroboe paspentmMoe MHOXKECTBO A CBOIUTCS
K JIIOOOMY MHOXKeCTBY B, eci TOJIbKO B He sIBJseTCsI MyCThIM U He COB-
nazaer ¢ N. B camom fente, eciiu p € B, g ¢ B u A paspenmmmo, To CBOJIsl-
1yto GYHKIUIO MOXKHO nocTpouTs Tak: f(z) = if © € A then p else ¢ fi.
Ecsin ke B nycro wiu coBragaer ¢ N, To TOJIBKO IycTOe MHOXKECTBO (CO-
orsercTBenHo N) cBojures K B.

51. CymiecTByer Jin MHOXKECTBO HATYPAJIbHBIX YHUCEJI, K KOTOPOMY M-CBO-
JIUTCsT JTIOO0e MHOXKECTBO HATYPAaJIbHBIX YUCET?

6.2. T-NoJIHbIE MHOXECTBa

Teopema 33. Cpeiu 11epedrcIMMbIX MHOXKECTB CYIIIECTBYIOT HANDOIIb-
e ¢ TOYKU 3PEeHUs 717-CBOAUMOCTH, TO €CTh MHOYXKECTBA, K KOTODPBIM
M~-CBOIUTCS JIIO00E MEPEINCTUMOE MHOXKECTBO.

<1 TakOBBIM SBJISIETCH YHABEPCAIBHOE MHOKECTBO ((hOPMAIbHO HAJIO
nepeiitu or map K ux #Homepam). Ilycre U C N x N — nepeunciumoe
MHO2KECTBO TIap HATYPAJIbHBIX YHCEJI, YHUBEPCAJIbHOE JIJIs KJIACCa Iepe-
YUCIUMBIX MHOXKECTB HATYPaJbHBIX uncesi. PaccmorpuMm muHOXKecTBO V/
HOMEPOB BCeX Iap, BXOAAMNX B U (151 KAKOH-TO BBIYUCINMON HyMepar-
muu nap (z,y) < [x,y] € N). Ipyrumu ciaosamu,

V ={[z,y]| (z,y) € U}.

IIycts T' — mpomsBoJibHOE TepeducanMoe MHOKecTBo. lorma 1T = U,
[IPA HEKOTOPOM 7. U TIOTOMY

reTszel,< (nz)elU S [n,x]eV.

Taxum obpasom, byukiws « — [n, x| ceogur T x V. >
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Hawubosbimie OTHOCUTENBHO M-CBOJUMOCTH TIEPEIUCTIMBIE MHOYKE-
CTBA HA3BIBAIOT M-NOAHbMU (TOTHEE, M-NOAHBMYU 6 KAGCCE NEPEUUCAU-
MBIT MHOHCECTNS).

3amerum, 4ro eci K <, A jy1st nnepeunciauMbix MHOKeCTB K u A u
1pu 3ToM K SIBJISIETCST M-TIOJHBIM, TO U A SIBJISIETCST M-TIOJTHBIM (B CHILY
TPAH3UTUBHOCTH ).

Eciu yHuBepcasibHOE MHOXKECTBO SIBJISIETCS] TJIABHBIM, TO €r0 JINArO-
HAJb TaKZXKe 1M-TTOJTHA!

Teopema 34. ITycts U C NXx N — riaBnoe yHuBepcajibHOE MHOYKECTBO
JUUTS KJTACCA TIEPETUCINMBIX MHOXKECTB. TOr1a ero «auaroHajgbHOe ceve-
aue» D = {z | (z,z) € U} asiasgercss m-10IHBIM.

(B wacTHOCTH, MHOXKECTBO BCEX CAMOIPHMEHUMBIX [IPOIPAMM sIBJIs-
€TCsT M-TIOJTHBIM. )

<1 OueBuyno, D nepeuncimumo. Ilycts K — Ipou3BOJIbHOE IT€PEUNC-
JIIMOE MHOXKeCTBO. PacCMOTpHM ITepednc/iuMoe MHOXKEeCTBO map V. =
= K x N. Ero ceuenust V;, 6yryT 60 mycrsl (npu n ¢ K), mu6o coBna-
narh co BeceM N (mpu n € K).

ITockombKy MHOMXKECTBO U SIBISETCS TVIABHBIM, CYIECTBYET BCIOY
onpejenéunas dbynkug s, Jig Koropoit Vi, = Ug(y,). Ipyrumu ciosamu,
Us(n) cosnagaer ¢ N npu n € K u nycro npu n ¢ K. Cuenosaresb-
1o, s(n) € Uy (m noromy s(n) € D) npu n € K u s(n) ¢ Uyp) (m
noromy s(n) ¢ D) npu n ¢ K. Takum obpaszom, s ceomgur K k D. >

52. JlokaxuTe, YTO MHOXKECTBO BCEX MPOI'PAMM, OCTAHABIMBAIOIINXCS HA
BXO/1e O7 ABJIACTCA MTM-ITOJTHBIM. ,Z[OKa)KI/ITe, YTO MHO2KECTBO BCE€X IIpOorpaMm,
OCTaHABJIMBAIOIMNUXCA XOTA 6BI Ha OJHOM BXOJ€, ABJIAETCA M-IIOJTHBIM.

53. HyCTb M — M-IIOJTHOEC MMEePEINCIMMOE MHOZKECTBO. HOKa}KI/ITe, 9TO Cy-
IIECTBYET aJI'OPUTM, KOTOPBI 110 HOMEPY JII000# BCIOY ONpeaeEéHHON dyHK-
1 h yKasblBaeT Takoe 4uciao n, uro (n € M) < (h(n) € M). (Ykazanue: aro
YTBEPXKIAEHUE COCTABJIAET COAEPzKaHUEe TEeOPEeMBbI O HeHOﬂBH}KHOﬁ TOYKE IJIA
HEKOTOPOI'0 OTHOIIECHUSA 3KBI/IBaHeHTHOCTI/I.)

6.3. m-nonHoTa n 3peKTNBHAS HEMEPEHNCIUMOCTb

Teopusi aaropuTMOB MTO3BOJISIET, KAK TOBOPST, «KOHCTPYKTHUBU3UPO-
BaTb» PA3JIMIHBIE ONPEJiesieHns. B KadecTBe mpuMepa BO3bMEM OIpe/ie-
JleHre OGEeCKOHEYHOT0 MHOXKeCTBa. UTO Takoe GECKOHETHOE MHOXKECTBO?
DTO MHOXKECTBO, KOTOPOE COJIEPXKUT HE MEHee 1 3JIEMEHTOB JIJIst JII0O0T0
HATypPaJILHOrO M. Termepb MOXKHO CKa3aTh TaK: MHOXKECTBO HA3BIBAETCST
«3(DHEKTUBHO OECKOHEIHBIM», €CJIU CYIIECTBYET AJITOPUTM, KOTOPBII 110
JIIOOOMY 7 YKA3bIBAET 7 PA3JIMYHBIX 3JIEMEHTOB 9TOTO MHOYKECTBA.
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54. Tlokakure, 9TO TPOU3BOJILHOE MHOXKECTBO A siByisierca 3dpdeKTUBHO
GECKOHEYHBIM TOTJIa U TOJBKO TOIA, KOT/Ia OHO COJIEPXKUT OECKOHEYHOe Iepe-
YHCIIMMOE MHOXKECTBO (T. . GECKOHEYHO, HO He sIBJIsIeTCSl UMMYHHBIM, CM. C. 21).

Ceituac Hac Oyner mHTepecoBaTh 3(P(EKTUBHBIA BAPUAHT MOHSATHSI
HEIEePEeYUCIUMOCTH. UTO 3HAYUT, YTO MHOXKECTBO A Hemepeduncammo?
Do o3Havaer (TpousM), 9T0 A oTiMYaeTcs OT J0OOro HepedncIuMOro
MHOXKeCTBa. EcTecTBeHHO Ha3bIBaTh MHOKECTBO A 3 HeKTUBHO Hemepe-
YUCUMBIM, €CJIU IO JIIOO0OMY MEPEUnCIMMOMY MHOYKECTBY MOXKHO YKa-
3aTh MECTO, I'Jle OHO OTJINYAeTCs: OT A.

Bouiee bopmasibHO, puKcupyeM HEKOTOpPOE IJIABHOE yHUBEPCAJBHOE
HepedncauMoe MHOKECTBO W (1 TeM caMbIM HYMEPAIHUIO IEPEIUCTUMBIX
MHOXKECTB: 9uCI0 n Oyzer HomepoM muoxkecrsa W,). Bymem rosopurs,
YTO MHOXKECTBO A ABJIIeTCS IPPHexmueto HENePesucAUMbLM, €CITH CYIIe-
CTBYET TaKasl BCIO/y OlpejeéHHas BoraucianMast dyukuus f, uro f(z) €
€ AA W, npu Beex z. (3aech /A 03HAUAET CUMMETPUIECKYIO PA3HOCTh;
JpyruMu cyiosami, f(z) siisiercst ToUKoii, rae A otimuaercst or W)

3aMeTuM, 9TO ITO CBONCTBO He 3aBUCUT OT BBIOOpA IJIABHOI'O YHU-
BEpCaJbHOTO MHOXKECTBA: OT HOMEPOB OTHOCHTEILHO OJTHOTO MHOXKECTBA
MOKHO 3(DDEKTUBHO MEPEXOIUTH K HOMEPAM OTHOCUTEIHLHO JIPYTOro.

CBoitcTBO 3D PEKTUBHOI HEITEPEIUCTUMOCTH JIOIIYCKAET ITPOCTYIO Xa-
PAKTEPU3AIAIO B TEPMHUHAX M-CBOAUMOCTH. HaqHéM ¢ TaKOro mpocToro
HaOJIIOICHIS].

Teopema 35. Ecin A <;, B u A 3¢dpekTuBHO HelepedncjimmMo, T U
B 3] deKkTuBHO HEIepedncInmMo.

<1 dTa TeopeMa ABIACTC «3(PMEKTUBHLIM BAPUAHTOM» TEOPEMBI 32,
gactb (6). To ke camoe MOXKHO CKa3aTh U 0 eé JoKazareaberBe. 1lycThb
MBI XOTUM HAUTH TOYKY, B KOTOPOH B OTIMYaeTcsi OT HEKOTOPOro Tie-
peuncauMoro Maoxkectsa X . PacemorpuM (pyHKIMIO f, KOTOpast m-CBO-
mut A x B. IIpoo6pasz f~!(X) nepeuncimmoro MEOKecTBa X MU BHIYHC-
JINMOM OTOOpPaKeHUH OyJIeT Iepedrc/iuM, [TO3TOMY MOXKHO HaifiTh TOY-
Ky m, B KoTopoii on ommmuaercs or A. Torma B orimuaercst or X B
Touke f(m).

Yrob6bI ¢enaTh 3T0 PACCYKACHUE TOYHBIM, HAM HYKHO JIUIIb JTOKA-
3aTh, YTO HOMeP TiepedncaumMoro Muoxkectsa f~1(X) Moxker GBITH 3¢b-
dEKTUBHO MOy I€H 10 HOMEPY MTepedancIuMoro Muoxkectsa X . /ljst sToro
MBI JIOJIZKHBI BOCIIOJIb30BATHCS TEM, UTO HyMepallusl SIBJISeTCs] TJIABHON —
cXeMa TYT Ta K€, YTO U IIPU BBIYUCJICHUN HOMEPA KOMIIO3UIUU JBYX BbI-
YUCIMMBIX (DYHKIWIA, 3aJaHHbIX cBoMMU HOMepamu (Teopema 16). Pac-
cMoTpuM Tmrepedncianmoe muoxkectso Vo= {(z,y) | (z, f(y)) € W} (ono
MIEPEYUCTIMO, TOCKOJIBKY SBJISIETCS TPOOOPA30OM MTEPEUUCIUMOrO MHO-
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s)kectBa W npu BeramcsamMoM orobpazkernu (x,y) — (z, f(y))). Jlerko
BusieTh, uto V, = f~1(W,,). Tak kax muOoxkecTBO W ABJIsIETCS TJIABHBIM
YHUBEPCAJIBHBIM MHOYKECTBOM, TO CYIIECTBYET BBITHCIUMAs BCIOJLY OIpe-
Jenénnasg GyHKI S, 11 Kotopolt Wy = Vi, = f_l(Wn) IIpU BCEX N.
Hpyrumu cnoBamu, GyHKIMs s 1o W-HOMEpY J1000r0 Me€pedancanMoro
MHOXKecTBa Haét W-HOMEp ero mpoobpasa mpu oTobpakeHuu f, 94TO U
TpebOoBaJIOCH. [>

Teopema 36. CyImecTByIOT IEpEIUCNMbIE MHOXKECTBA € 3D (DEKTUBHO
HEIEePeINCIUMBIMU JIOTIOJTHEHUSIMU.

< BHOBB paccMoTpuM JmaronasbHoe MHOXKecTBO D = {n | (n,n) €
€ W}. Ero nonossenre 6yaer 3bdeKTHBHO HenepeuncanMbiM. B camom
neie, MuOXKecTBa W, u D 0oIuHAKOBO cebst BEIyT B TOYKE 71, MOITOMY
W, ormmuaercsa ot gonosHnenus K D B 3Toit Touke. Takum obpasom, J10-
nosiaenne K D 3 deKTUBHO HEIIEPEINCIUMO, IPUIEM B KadecTBe (HyHK-
nun f u3 onpejesenus 3bOEKTUBHON HEIEPEIUCIUMOCTH MOYXKHO B3SITh
TOXKJIECTBEHHYIO (DYHKITHUIO. [>

U3 aByX NpeapyIyIiux TeOpeM MOJIydaeM TaKoe CJIEJCTBUE:

Teopema 37. Besikoe m-110/IHOE IEPEIUCTIMOE MHOXKECTBO UMeeT -
GEKTUBHO HEIEPeINCIUMOE JIOTOTHEHNE.

Ha camom neste BepHO 1 06parHOe. YTOOBI yOEIUTHCS B 9TOM, JOKAa-
JKeM Takou paxT:

Teopema 38. Ilycts K — nepeuncimmoe MHOKECTBO, a A addekTuBHO
Henepeuncanmo. Torga N\ K <,;, A (uro pasnocunbro K <, N\ A).

<1 Ha camowm jiesie Ham BaxkHO yMenne 3hdEKTHBHO OTInYaTh A JHUiib
OT JIBYX IIEPEIUCIUMBIX MHOYKECTB — OT IIyCTOI'O U OT BCET'O HATYPAJIbHO-
ro psja. OTmyanTh A OT IMyCTOro MHOXKECTBA O3HAYMAET YKA3aTh 9JIEMEHT
B A; OTJIMYUTE OT BCErO HATYPAIBHOTO PsiJIa O3HAYAET YKA3ATh JJIEMEHT
BHe A. VIMeHHO 9TH JIBe BEIY UCIIOJIB3YIOTCS TP cBeiennu. Bosee dop-
MaJsbHO, paccmorpuMm MuoxkectBo V. = K x N. Ero cedenuns V,, smbo
nyersl (npu n ¢ K), mmbo COBIAmAIOT CO BCEM HATYDAJIBHBIM DSIJIOM
(mpu n € K). Ionb3ysich TeM, 9TO MHOXKeCTBO W SIBJISIETCsI TJIABHBIM,
MBI HAXOJIUM BCIOJIy ONpPEJIeJIEHHYI0 QPYHKIHIO S, /st KOTOpoit W(,) =
=@mpun ¢ Knu Wy, = Nnopun € K. llycts f — dynxnus,
obecrreanBaorias 3pGEKTUBHYIO HEIIEPEIncInMOCTh MHOXKecTBa A. To-
ria f(s(n)) € Aumpun ¢ K u f(s(n)) ¢ A upu n € K. Ipyrumu
cioBamu, Komnosurws dyuaknuit f u s cBomur N\ K Kk mMHO)KecTBY A,
910 U TPebOBAJIOCH. [>

Orciozia 0YEBHIHO BBITEKAIOT TAKUE yYTBEPIKICHUS:

Teopema 39. Ilepeunciimmoe MHOKECTBO SIBJISIETCS 1M-TIOJHBIM TOLJIA
¥ TOJILKO TOTJIa, KOTJIa €ro JOoHoJHeHne 3D MEKTHBHO HEITEPETNCIIMO.
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Teopema 40. MuoxkecTBO 3(hpDEKTUBHO HEIIEPEINCTIUMO TOTIA U TOTb-
KO TOrJIa, KOIJIa K HEMY 1M-CBOJIUTCS JIOIIOJIHEHNE HEKOTOPOro (BapUaHT:
JII06OI0) 1M-IOJIHOIO MHOXKECTBA.

OTMeTnM, 9TO HE BCSKOE HEITEPEeYUCUMOE MHOXKECTBO 3(hdEeKTUBHO
HEIIEPeJNC/IMMO. DTO BUJIHO, HAIIPUMED, U3 TAKOro (haxTa:

Teopema 41. JIioboe 3(HPEKTUBHO HEMEPEIUCIIMOE MHOXKECTBO CO-
JIEPKUT GECKOHEUHOE IIEPEYUCIMMOE HOJAMHOXKECTBO (T.€. He SABJISETCS
UMMYHHBIM).

< B camom gene, myctb MHOXKeCTBO A 3(DHEKTUBHO HElepevInc.in-
Mo. Torga oTMYuM €ro OT IyCTOrO MHOXKECTBa — TO €CTh HailjéM B
HéM sj1emenT. [locsie 3TOro oTIMdUM €ro OT OJHOZJIEMEHTHOI'O MHOXKe-
CTBa, KOTOPOE COCTOUT U3 TOTO IJIEMEHTA — M HAWIEM APYTOil SJIEMEHT.
HeiicTBysl TaK, MbI MO2KET AJITOPUTMUYECKN HAUTH CKOJIb YTOIHO MHOTO
DPA3JINYHBIX SJIEMEHTOB.

B sroMm paccyzkieHun Mbl HCIIOJIb30BAJIA TAKOH (DAKT: 110 KOHETHOMY
MHOXKECTBY, 38J[AHHOMY CIUCKOM €rO 3JIEMEHTOB, MOYKHO IIOJIyIUTH €0
HOMep (TOYHee, OJIMH U3 HOMEPOB) B IVIABHON HyMepAIMU MePEUUCTUMBIX
MuOKecTB. [Touemy s1o Tak? IlycTh dpuKcupoBaHa HEKOTOPas BHIYUCIH-
Mast HyMepaIlys KOHeYHbIX MHOYXKeCTB. Bynem 0603Ha49aTh n-0e KOHEYHOE
MHOYKECTBO B 3Toi myMeparuu depe3 D,,. Torna D,, 6ymer n-biM cete-
HHUEM [ePEYnC/UMOro (U JIazKe Pa3pelmMoro) MHOXKECTBA

D = {(n,x) | x € Dy}.

Ocraércst BOCIOJIB30BATBCS OIpeJeIeHreM TJIABHON HyMepaluu Iepe-
IHUCIUMBIX MHOXKECTB. [>

IIpocrble MHOXKECTBa, KOTOPbIE, KAK Mbl 3HAEM, CYIIECTBYIOT (Teope-
Ma 14), SIBJISTIOTCSI TPUMEPAMHE TIEPETUCTIMBIX MHOXKECTB, HE SIBJISTIOIIIX-
Csl M-TIOJHBIME. VIMEHHO TaK ¥ BO3ZHUKJIO IIOHSATHE IIPOCTOr0 MHOXKECTBA::
Iloct nckan npuMep HEepPeYnCaNMOro HEpa3permMoro MHOXKECTBa, KOTO-
poe He OBITIO OB 1M-TIOJTHBIM.

6.4. lsomopdr3am m-nonHbIX MHOXKECTB

B srom pazzese Mbl jokakeM, 9TO BCE M-IIOJTHBIE MHOYKECTBA «yCTPO-
€HbI OJINHAKOBO» U OTJIUYAIOTCS JAPYT OT JAPYyTa TOJIHKO BBIYUCIUMOIL IIe-
PEeCTaHOBKO.

Teopema 42. Ilycts A u B — m-110/IHBIE TIEPEYHCINMbIE MHOYKECTBA..
Torma cyiiecTByeT BBIYUCIUMAS [EPECTAHOBKA (BBIYUCIUMOE B3AUMHO
onuozuaunoe coorsercreue) f: N — N, upu koropoit A nepexoqur B B,
To ectb © € A < f(x) € B 1pu Beex z.
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< MbI OyZieM HCIOIB30BATH TOT YK€ MPUEM, 9TO M B HPUBEIEHHOM
BBIIE JOKa3aTeabCcTBE TeopeMbl Pomkepca 06 m3oMopdu3amMe TIaBHBIX
uyMmepaiwii (cM. c. 40). VimeHHO, MBI JIjIsl HAYAJIA JTOKAXKEM TaKyIO JIEMMY:

JNlemma. Ilyctb A — m-10JIHOE TTEPEYUCUMOE MHOXKEeCTBO. Torma cy-
MECTBYET CIIoco0 Mo JIFOOOMY HATYPAJIBHOMY UUCIY 7 AJTOPUTMUIECKU
yKa3aTh CKOJIBKO YIOJHO JPYIUX HATYPAJTBHBIX YUCE], KOTOPBIE TTPUHAI-
JieyKaT Wi He TpUHaIexRar A oIHOBPEMEHHO C N.

HokazaTenbcTBo JeMMbl. Kak u panbIie, y HAC OYIyT 1aBa Criocoda
[OJIy9aTh HOBBIE YHCJIa, KOTOPBIE BEIyT cebsi 10 OTHOIIEHWIO K A Tak
ke, Kak 1 ucxonunoe. OuH u3 HuxX OyJeT rapaHTHPOBAHHO JaBaTh HOBOE
qucio, eciu ¢ € A, npyroit — ecau x ¢ A. IIpu 570M MBI MOXKEM UpPU-
MeHATH 002, He 3Hasl, KAKOil U3 CJlyuaeB UMeeT MEeCTO Ha caMoM Jeje (1
MOYKEM TaK TOTO U He Y3HATh).

ITepBeiit criocob cocrour B ciaemyomeM. Ilycrs P — mepedwnciiu-
MO€e Hepa3permMoe MHOXKECTBO. PacCMOTPUM MEPEUNCINMOe MHOXKECT-
Bo map A x P. Ouno cBojgurcst K A, Tak Kak A SBJSETCS M-TIOJHBIM.
(Boo61mie-To B OIpe/iesieHnn CBOJMMOCTH ILJIA PeYb O MHOYKECTBAX Ha-
TYpaJbHBIX YHCEJ, a He Iap, HO, KAK BCerja, 3TO He UrpaeT POoJid —
napbl MOXKHO BBIYUCIMMO HyMEpOBaTh.) JpyruMu cjioBamu, CyIIecTBY-
€T BBIYUCJUMAs BCIOLY Ompejieiennas (GyHKius f ABYX HATYPAJIbHBIX
apryMeHTOB C TAKUM CBOHCTBOM:

fn,m)e As (ne A)u(me P).

B uacraoctu, upu m € P uucaa n u f(n,m) OIHOBPEMEHHO MPHHAI-
sexkar win He npunazexar A. Ilostomy, pacrnonokus P B BBIYUC/IU-
Myto nocsenoBarenbHocTb p(0),p(1),..., MBI MOXKEM BBIUHCIIATD IHC-
aa f(n,p(0)), f(n,p(1)),... u HOIYyYATH HOBBIE YUC/IA, KOTOPBIE IPUHA/I-
JIeXKAT WJIA HE MPUHAIE)KAT A OJHOBPEMEHHO C 7.

[Iycrs n € A. Tlokaxkem, 9T0 MHOYXKECTBO X TOJIy9aeMbIX TAKUM 00-
pasoM umces (BCe OHU B 9TOM CJIydae Toxke npunaexar A) Gyzer Gec-
KoHeuHo. B camom zene, f(n,m) € X npu m € P (no nocrpoernto X)
u f(n,m) ¢ X upu m ¢ P (mockosubKy B 3TOM ciaydae f(n,m) ¢ A,
a X C A). Takum obpazom, dyukuus m +— f(n,m) CBOAUT Hepa3peu-
MO€e MHOXKeCTBO P K MHOKecTBY X, Tak 9T0 X HEpas3permMo U IOTOMY
GeCKOHEYHO.

Teneps onmmieM ApPyToii Coco6, KOTOPBIA rapaHTHPYeT YCIIeX HpH
n ¢ A. Bo3bMéM JiBa MEPEUUCIIUMBIX HEOTIEJUMbBIX MHOXKeCTBa P u Q.
Paccmorpum nepeunciumoe muozxkecrso nap (A x P) U (N x Q). Ilycrs
dyukuusa f ceogur ero k A. Drto oznagaer, yro f(n,m) € A roruma
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u TOJIbKO TOorja, Korma (n € A um € P) uin m € Q. Kak u npexne,
upu m € P aucnan u f(n, m) 0qHOBpeMEHHO IPUHAJJIEIKAT UK HE [IPU-
HaJIesKaT A, TaK 9TO MBI MOXKEM CHOBa PACCMOTDETH MOCJIEI0BATEb-
Hocth f(n,p(0)), f(n,p(1)),...; ocranocs mokasarh, uro (npu n ¢ A) B
9TOI TIOC/IEI0BATEIBHOCTY GECKOHEYHO MHOIO PA3/JIUYHBIX YJICHOB.

IIycTb 3TO He Tak M MHOXKeCTBO X BCEX YJIEHOB 3TOU ITOCJIEI0BATEb-
HocTu KoHewHO. [lo npemnosioxkennio X He mepecekaercs ¢ A. 3ameTn,
aro f(n,m) € X upum € P (no nocrpoenuro) u f(n,m) ¢ X upum € Q
(Tak KaK B 9TOM ciydae (1, m) IPUHAJJIEIKUT HAIIEMY [EPEUUCTUMOMY
MHOXKecTBY nap u f(n,m) upunajiexur A). Takum o6pazom, npoobpas
mHOkecTBa, X 1pu orobpaxkenun m — f(n,m) ormensier P or Q. Ho
9TOT npoobpa3 paspemmM (X paspemmumMo, u60 KOHEUHO, a yKa3aHHOE
0TOOpazKeHre BCIOY ONPEEIEHO U BLIYUCIUMO). A MbI [IPEIIOIOKUIIN,
9TO MHOKeCTBa P 1 () HEb3s OTJIEUTH PAa3PENIMMBIM MHOXKECTBOM.

Wrak, Mbl IIpUBEJH JiBa CHOCODA MOJYYATh HOBBIE 3JIEMEHTHI, KOTO-
pbI€ IPUHAJIEXKAT WA HE TPHHAIERAT A OTHOBPEMEHHO ¢ UCXOIHBIM.
[Ipumensis nx napasueIbHO, MBI HABEPHSKA J100bEMCH pe3yiabraTa. Jlem-
Ma JOKa3aHa.

IIycts Teneps A m B — jaBa M~IIOJIHBIX TEPEYUCTUMbBIX MHOYXKECTBA.
JlokazkeM, 9TO OHU OTJIMYAIOTCS JIUIIb BHITUCIMMON TI€PECTAHOBKON Ha-
TYPAJILHOrO pAja. ByJieM CTpOuTDb 3Ty mepecTaHoBKY 1o maram. Ha k-
mrare Mbl IMeeM B3aMMHO OJHO3HAYHOE COOTBETCTBUE

ap < by, a2 < ba,...,ar < by,

Ipu KOTOpoM a; € A < b; € B nipu Bcex i. Ha 9éTHBIX marax Mbl 6epém
MHUHUMAaJIbHOE YUCJIO, He BXOJMIee B JIEBYIO YacTh 3TOI'O COOTBETCTBUS.
Ucnonb3ys dakt m-ceogumoct A K B, Mbl HAXOIUM €My KOMIIAHBOHA.
IIpu sToM mOKa3aHHAS HAME JIEMMAa [TO3BOJISIET BHIOPATH KOMIIAHBOHA, HE
BCTPEYAIOIIETOCS CPEeIH yKe UMEIOITNXCs cupasa dj1emenTtos. Ha neuér-
HBIX ITarax Mbl JlejIaeM TO Ke caMoe, TOJIBKO CIpaBa HaJleBO.

B npezese sTor mpornecc Ja€T MCKOMYIO BBIYUCIUMYIO IIEPECTAHOBKY,
cBsizbIBatonIyo A u B. >

C TOYKHU 3peHUsI TEOPUH AJITOPUTMOB JIBA MHOYKECTBA, OTJIUIAIOIIN-
€Csl JINIIb BBIYUCJIMMON IIePEeCTAHOBKOM, 00JIaJal0T OJMHAKOBBIMU CBOM-
crBamu. IlosTomMy JOoKaszaHHast TeopeMa ITOKA3BIBAET, YTO IO CYIIECTBY
UMEETCS JIUITh OJHO TM-IIOJTHOE IIEPEIUCIAMOE MHOKECTBO (MJIHM, 9TO TO
2Ke, JIAIIb OTHO [IEPEIUCTUMOE MHOXKECTBO ¢ 3D MEKTUBHO HEITEPEIUCTH-
MBIM JIOIOJTHEHUEM ).
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6.5. [poflyKTBHbIE MHOXECTBA

B sroM pasmesie MbI HCIIOJIB3YyEM TEOPEMY O HEIMOJBUXKHOI TOUYKe
JIJISL TIOJIy YeHUs TAKOro (HEOXKUJAHHOIO Ha IIE€PBbIil B3JIsM) Pe3y/IbraTa;
omnpejiesienne 3hMEKTUBHON HEIEPEUINCINMOCTH MHOXKECTBa A He u3Mme-
HUTCSI, €CJIA Mbl OTPAHUYIMMCH JIIIb (HePEeYUCTUMbIMU) OJAMHOXKECTBA~
MU MHOXKecTBa A.

3aduKrcupyeM HEKOTOPYIO TJIABHYIO HYMEDAIIUIO IIEPEUUCTUMBIX MHO-
2KeCTB (MHOXKECTBO ¢ HOMEpOM 7. Mbl oboznadaem W,,). Tosopsr, uro
MHOXKECTBO A SBJISIeTCs] npodyKkmueHsiM, €CIIU CYIIECTBYET BHITUCTUMAST
(ne obsi3aTesIbHO BCIOMLY onpejeséntast) dyHKIms f ¢ TAKMM CBOMCTBOM:
OHA TIPUMEHUMa K JII000OMY HOMEpPY 7 JII00Oro moaMHoxKectsa W,, MHO-
xkecTBa A 1 JaéT SJIeMEeHT B UX PA3HOCTU:

55. Jlokaxkure, 9TO IPOIYKTUBHOE MHOYKECTBO HE MOXKET OBITH UMMYHHBIM.

dcHo, 9r0o TpebOoBaHUsI B OIPEJEIEHUU IIPOJyKTUBHOCTA — JIHIIb
qacTh TpebOBaHUil U3 OmIpeie/ieHnst IPPEKTUBHO HEITEPEIUCTIMOIO MHO-
2KECTBa, TaK 4TO Ji000e 3(hDHEKTUBHO HEIEPEINCIUMOE MHOXKECTBO IIPO-
JYKTHUBHO. YIMBUTEJIbHBIM 00PA30M OKa3bIBAETCS, YTO BEPHO U 00paT-
HOe.

Teopema 43. Ilyctes A — NpOyKTUBHOE MHOXKECTBO, K — IIPOU3BOJIb-
HOe [lepedunc/mMoe MHOXKecTBO. Tora nomosiaenne K K m-cBogurces K A.

(W3 sroro caenyer, uro A saisercs 3GGEKTUBHO HEePEUUuCIUMbIM,
CM. BBIIIIE.)

< Ilyers f — dyukiums u3 onpeiesieHus: NPOILyKTUBHOCTU (OHA JAET
9JIEMEHT BHE TIOJIMHOXKECTBA C yKA3AHHBIM €if HOMEpOM).

MBI TOCTPOUM BCIOY OIPEIEIEHHYO BHIYUCIUMYIO (DYHKIUIO S C Ta-
KHAMU CBOACTBAMMU:

e r ¢ K= Wy, =a;
o v € K= Wy ={f(s(z))}.

(BTOpOE CBOIiCTBO MOZPasyMesaert, uro f(s(x)) oupezneneno upu x € K).
[Ipexkie 1eM Jies1aTh TO € TMOMOIIBIO TEOPEMBI O HEMOJBUYKHON TOUKE,
3aMeTHM, 9TO B IIepBoM ciydae f(s(x)) onpeneneno n npuHayiexur A:
[IOCKOJIBKY MHOYKECTBO C HOMEPOM S(Z) IIyCTO W SIBJISIETCS IIOJMHOMKE-
crBoM A, uncio f(s(z)) nomxkuo 66T 3eMenToM A. Hanporus, Bo Bro-
poMm caydae f(s(x)) ne npunarexur A. B camom gene, ecan 651 f(s(x))
npuHa/Iexkano A, To MHoxkecTBo Wy () ObLI0 ObI IOIMHOKeCTBOM A, 1
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noroMmy uncio f(s(x)) gomKkHO GbLIO OGbI OBITH IeMEHTOM A, He BXOs-
M B 9TO TOJMHOXKECTBO — & OHO BXOJIWT.

TlosToMy ecsim HaM yIACTCs MMOCTPOUTD TAKYIO (PYHKIHIO S, TO PYyHK-
must ¢ — f(s(z)) Gymer m-cBoauTh JOMOIHEHNE MHOXKecTBa K K MHO-
xKecTBy A, Kak Mbl u obemasm. Kak ke eé crpoutsb?

Ecsin 661 Bo BTOpOM cBOjicTBe (11 @ € K) crosino we f(s(z)), a,
ckazeM, 1pocto f(x), nukakoii npobsembl 661 He Obuio. Kak 06brdHO,
MBI PACCMOTPEJIN OBl TIEPEIUCTUMOE MHOYKECTBO 1ap

V={(zy)|reKny=f(z)}

CevUeHnsT ITOTO MHOXKECTBA WM Obl TpeOyeMbIil B W OCTAJOCH OBI
TOJIBKO BOCIIOJIB30BAThLCsI T€M, UTO HyMepalysi — ryiaBHas. Ho B Harem
caiydae, KOTJIa B IPaBoil YacTi BTOporo coiicrsa crout f(s(x)), Tak mpo-
CTO MOCTYIUTH HEJIb3s: KaK B MCTOPUU O KYDUIIE U sille, JJisl IOCTPOe-
Hust V' HaM HaJ10 UMeTh $(T), & JJIs nocTpoeHust s(x) Hajlo uMeTh V.

VIMeHHO TAKOTO pPOJIa TPYJHOCTH MO3BOJISIET IIPEOIOJIEBATH TEOPEMA
0 HeNo/BUXKHOI Touke. [TocTponM BCIOY ONPEIETEHHYIO BBIYUCIUMYIO
GYHKIMIO JBYX apryMeHTOB /i ¢ TAKMMU CBOMCTBAMU:

[ I ¢ K = Wh(m,t) = J;
e rc K= Wh(a;,t) = {f(t)}

(TTomoGHBIE BEMU MBI JEJaIn MEOTOKPATHO — TIOCJIEIHUN PAa3 B TIPeThI-
nymeM abzane. Ormerus, 9o f(t) MoXKeT OBITH U HE OIIPEJIeJIEHO, TOTIA
nox { f(t)} Mbl moENMaem mycroe MHOXKeCTBO.) 1o Teopeme 0 HEOBIK-
HOIt TOUKe (J|JIsl IEPEINCINMBIX MHOYKECTB) IPU KasKI0M & MyHKIUS t —
— h(xz,t) uMeeT HENOABUKHYIO TOYKY, M, KAK Mbl FOBOPWIU B Pa3iese
0 HENIOJBIZKHON TOYKE ¢ IAPaMETPOM, 3Ty HEIOABUKHYIO TOYKY MOXK-
HO BBIOPATDH BBIUHUCJINMO 3aBUCAIIEH 0T x. TakuMm 00pa3oM, CyIecTByeT
BCIOJIy OIIPEJIEJIEHHAST BRIYUCIUMas (QDYyHKIMS S, JJIsd KOTOPOU

Wi@) = Wha,s(a))
[IPU BCEX L. DTO PABEHCTBO MOYKHO IIPOJIOJIXKUTh:

g, ez ¢ K,

Wsw =W z,s(x)) —
(@) = s @) T £ 5 (s(2))), ecm z € K,

KaK Mbl U XOTeJH. 3aMerTnM, 4To 3Hadenue f(s(z)) oupemeneno mpu
Beex o (mmave Wy, = @, u f(s(z)) momxno 6biTh onpezeneno). Tem
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caMbIM, TeopeMa O HEIOJBUKHON TOYKE II03BOJISET OTBICKATHh B3aMMHO
COIJIaCOBaHHbIE AMII0 M KYPHUILYy U 3aBepIIaeT JI0Ka3aTeJbCTBO. [>

[lepeuncianmble MHOXKECTBA, JOMOJHEHUS KOTOPBIX IIPOIYKTUBHBI,
HA3BIBAIOTCS KpeamusHumu (Creative; MHOTIA 9TO CIIOBO TIEPEBOJIAT KAK
«TBOpUecKue» ). HaspaHne OoObSICHSIETCS TaK: 9TO MHOMKECTBO (TOUHEe,
€ro JIoToJIHeHne) 6ojiee U300PETaTeIbHO, YeM JII000I aIropuTMUIeCKuil
MIPOIIECC: €CIM KTO-TO IPEIJIaraeT CIocod MOPOXKIATh HEKOTOPBIE 3JIe-
MEHTBI U3 JIONOJHEHNS, TO B OTBET MOXKHO YKa3aTh 3JIeMEHT JIOTIOJIHEHN,
KOTODBIIl HEJIb3s MOJIYIUTh TAKUM CIIOCOOOM.

Kak Mbl BujinM, TBOpUECKIE MHOXKECTBA, [IE€PEIUCITIMbIE MHOXKECTBA
¢ 3bPEeKTUBHO HENEePEIUCTUMBIM JOTIOJTHEHHEM U M-TIOJIHbIE MHOXKe-
CTBa — OJMH U TOT Ke KJIACC, U JIFOObIe J[Ba, MHOXKECTBA M3 TOr0 KJIacca
B HEKOTOPOM CMBICJIE€ U30MOPMHBI (OTJIMIAIOTCSI JIUITH BHIYUCIUMOM 116
DPECTAHOBKOIA ).

Ecsin MHO2XK€CTBO IPOyKTUBHO, TO MOYKHO ITOPOXKIATH €0 SJIEMEHTHI
CJIEJTY IOIIMM WHIyKTUBHBIM 11porieccoM. Ha mepBow 1iare nmeercs mycroe
MHOXKeCTBO. [IpUMeHnB K HeMy TPOAYKTHBHYIO QyHKIMIO (T.e. dyHK-
11O, CYIIECTBYIOILYIO 110 OIIPEIEICHAIO IPOLYKTUBHOIO MHOXKECTBA), MbI
MMOJIy9IMM HEKOTOpPBIit demMenT. OH 0obpa3yer OJHO3IEMEHTHOE ITOIMHO-
kecTBO. [IpuMeHNB K 9TOMY MOIMHOYXKECTBY IPOLYKTUBHYIO (DYHKIIHIO,
[IOJIY9IUM APYTOi jteMeHT. K moydeHHOMY JIBYX3/IEMEHTHOMY IIOJIMHO-
2KECTBY MOKHO CHOBA IIPUMEHUTD IIPOJAYKTUBHYIO (DYHKIUIO U TaK Jlajlee.
TTostyunrcest 6ecKOHEYHAST BBIYUC/IMMAST [TOCJIEI0BATEILHOCTD 9JIEMEHTOB
[POJYKTUBHOIO MHOXKECTBa. (DTO MbI y2Ke JeJIaIU, KOTJa JOKA3bIBAJIN,
910 3(DEKTUBHO HEMEPEIUCTUMOE MHOYXKECTBO COJIEPKUT OECKOHETHOE
[IEePeYUCIUMOe OJAMHOXKeCTBO.) Ho 9T0T MHJIyKTUBHBI IIpOIIECC MOXKHO
«TPaHCPUHUTHO» IIPOJIOJIKUTH, 110 KpaifHeil Mepe eIné HEMHOIO: MMesi
[IePEINCIINMOE OMHOYKECTBO HAIIIETO POy KTHBHOIO MHOXKECTBa (MHO-
JKECTBO YJIEHOB TI0CJIEI0BATEIbHOCTH ), MOXKHO HANTH eIlé OJIUH JIeMEHT
[IPOJLyKTUBHOIO MHOXKECTBA (TaK CKa3aTh, 3JEMeHT HOMeD w). Jlobasum
€ro K IOCJIE0BATELHOCTH, CHOBA IIPUMEHUM IIPOLYKTUBHYIO (DYHKIIUIO,
nosyuurces (w+ 1)-blif 2/1eMeHT U Tak Jjajiee, 3aTeM II0JIy YUTCsI HOBasl 110-
CITeJIOBATEILHOCTD, (w - 2)-if 3eMenT, (w - 3)-it,. . ., w’-if sj1eMenT u T. 1.

Ho, koHe4uHO, MOMYyYIUTh TAKIM 00Pa30M aJrOPUTM, TTEPEUUCISTIONTIIT
IPOJYKTUBHOE (M MOTOMY HEIEPEUUCUMOE) MHOXKECTBO, HE YAACTCSL.

56. He mcmosb3yst TeopeMy O HemOIBMKHON Touke (m Teopemy 43), mo-
KarKuTe, YTO I BCAKOIO MPOJAYKTUBHOI'O MHOXKECTBa A CyIIeCTBYeT BCIOLY
onpeeséHHasi BbrauciauMmas dyHknus f, s koropoit u3 W, C A crenyer
f(n) € A\ W,. (Vkazanue: gepenyiire W,, ¢ myCTBIM MHOXKECTBOM, KaK 3TO
JIeIaeTCs TIPYU JOKA3aTe/IbCTBE JIEMMBI K TeopeMe 42.)
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6.6. [Napbl HEOTAENNMBIX MHOXECTB

B sTom paszzeste MbI cchopMysinpyeM HEKOTOPBIE PE3yJIBTATHI, KACAIO-
IIIUECsT TIAp HEMEPECEKAIOIINXCS TIEPEINCIMMbIX MHOXKECTB. DTHU Pe3yJib-
TaThI APAJIIEBHBI TOJBKO 9TO JOKA3aHHBIM HAMU T€OPEMAaM O 1M-I10JI-
HOTE, IPOYKTUBHOCTH, 3(DPGMEKTUBHON HEIEPEINCIUMOCTH U 00 M30MOP-
duzMe M-TIOJTHBIX MHOYKECTB.

IIycte A u B — nBa HellepeceKalonuxcsl MHOYKeCTBa (HATYpaIbHbBIX
quces). HalloMHIM, 9TO OHM HA3BIBAIOTCS HEOT/IEJIMMBIMU, €CJIN He CYIIe-
CTBYET Pa3pentuMoro MHOXKECTBA, COJIEPXKAIIEro OHO U3 HUX U HE Iepe-
CEKAIOIIEToCsl € JIPYTUM. DTO OIpPeJIeJIeHIe MOXKHO epedOpMyTUPOBATE
rak: ecsiu W, u W, — nBa HellepeceKaromuXxcs IePeInCIUMbIX MHOKe-
cTBa, cozjepxKamue A u B cooTBeTCTBEHHO, TO o0beauHenue W, U W),
COJIEPXKUT He Bce HarypasbHble uncia. (Ham Gyner yaobHo obo3HAUATH
HepedncInMble MHOXKecTBa depe3 W, m Wy, canras, aro W — riasHOe
YHUBEPCAIBHOE MHOXKECTBO. )

Temnepnb sicHO, KaK MOXKHO CHOPMYINPOBATH IPHEKTUBHBIN BAPUAHT
9TOTO OIpeJie/IeHus. By/IeM TOBOPHUTD, YTO HEIEPECEKAIONNECsT MHOYKEe-
crBa A u B apexmuero neomdeaumot, €CJIA CyIIECTBYET BbHIYUCTAMAST
dbyuximsa h ¢ rakum coiicrsoM: ecit A C W, BC W, u W, NW, = @,
to h(z,y) ompeneseno u h(z,y) ¢ Wy UW,,.

Ormpesiesienne HEOTIAEJIUMOCTH MOYXKHO CHOPMYIUPOBATH UyTh-UyTh
MHade: He CYyNIECTBYET BBIYUCTUMO (DYHKITUH ,, , KOTOPas ObLIa ObI BCIO-
Jly OIPEJICJIEHHOMN, BO BCEX TOYKaX MHOXKecTBa A paBHsIach ObI HYJIIO,
a BO BCeX TOYKax MHOXKecTBa B — emunune. (Bymem cuurarh, 9To ¢ —
rJlaBHag yHuBepcasbHas yHkiwms.) CoOTBETCTBEHHO U3MEHUTCA U -
deKTuBHBINA BapuaHT: MHOKecTBa A 1 B cuavho aexmuerno neomade-
AUMDL, €CITH CYIIECTBYET BCIOJLy OIpeIeJIEHHAs BhraucanMas MyHkius b,
KOTOpasl 110 JII060MY 1 yKasblBaeT TOUKy h(n), B KoTopoil byHKIUS ¢y,
«ommubaercsty. OmubKka BO3MOXKHA TPEX BHUJIOB: JHG0 ¢, (h(n)) He ompe-
nesiero, 6o h(n) € A, 1o ¢, (h(n)) ne pasuo nyso, 6o h(n) € B, HO
©n(h(n)) He paBHO eauHUILIE.

57. ITokaxkure, 4T0 M3 CHILHON 3(PDEKTUBHON HEOTIEINMOCTH BLITEKAET
adbdbeKkTuBHAST HEOTAETUMOCTD (ITO ONMPABIBIBAET HCIIONb3YEMyI0 HAMH TEp-
MHUHOJIOTHIO).

ObpaTHOe yTBep:K/IeHNE TaKyKe BEpHO, HO JIOKA3BIBAETCS HECKOIBKO
CJIOYKHEE, 1 Mbl K HEMY €Il€é BEPHEMCH.

Cy1ecTByOT i CUIBHO 3D (MEKTUBHO HEOTIEINMbIE T€PEINCTUMBIE
MHO)KecTBa? JIerko MOHSTh, 9TO CTaHJAPTHAS AUATOHAIbLHAST KOHCTPYK-
usl TAET [apy TaKUX MHOXKECTB, a UMEHHO MHOXKecTBa {x | ¢, () = 1}
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u {z | () = 0}, qyst KOTOpPBIX B KadecrBe (bYyHKIUH h MOXKHO B35Th
TOXKIECTBEHHYIO (DYHKIIHTO.

58. IIposepbTe 3TO.

ITpososizKast Hally aHAJNOTHIO (MeXKJy MHOMKECTBAMHU U HAPaMH),
OIpesie/INM TOHSTUE M-CBOAUMOCTH JJIsi map. 3JeCh TOXKe OyIeT IBa
apuanra. [lycrs (A, B) u (C, D) — nBe mapbl HelEePeCeKAIONIUXCs 116
peudnciuMbix MHOXKecTB (A He nepecekaercs ¢ B, a C' — ¢ D). Byuem
FOBOPUTH, YTO BBIYUC/IMMAas BCIOJy olpeleiéHHast GpyHKuus f m-ceo-
dum (A, B) x (C,D), ecu f(A) C Cu f(B) C D.

59. (a) Ilokaxkure, uro ecam f csomgur (A,B) x (C,D) u C ormennmo
or D paspemuMbIM MHOXKECTBOM, TO U A OTJIeMMO OT B paspemmnMbM MHO-
skectBoM. (6) ITokaxkure, uro eciau f ceomur (A, B) x (C,D) u napa (A, B)
acdbdexrusHO HEOTHEMMA, TO U apa (C, D) addexrusno neornemmma. (8) Ilo-
kaxkure, 9o ecau f ceogut (A, B) k (C, D) u napa (A, B) cuiibHO 3pPeKTUBHO
HeorgeauMma, To u napa (C, D) cuibHO 3¢ eKTUBHO HeoTAe M.

OrpejiesieHne CBOAMMOCTH MOXKHO YCUJIUTH, IIOTPeOOBaB JOMOJTHU-
TesibHO, 4To0bI pn & ¢ A U B Bemmonusanocs f(x) ¢ C U D (mpyrn-
Mu cjoBamu, [ pomkHa cBoguth A k C u omuoBpemenuo B x D). B
9TOM CJIy9ae MbI OyJieM TOBOPHUTH, uTO [ cuavho ceodum mapy (A, B) x
nape (C, D).

Temepb MBI MOYXKEM OIPEACTUTD M-NOAHOMY U CUALHYIO M-NOAHOMY
JI7IsT TIAPBI HETIEPECEKAIOINXCS TTEPEINCINMBIX MHOXKECTB, TPEOYsT mM-CBO-
JIIMOCTH (COOTBETCTBEHHO CHJIBHOMN 1M-CBOJMMOCTH) JIFOOOI TaKOil Hapbl
K JaHHOIL.

60. TTokaxxuTe, 9TO ecIM Mapa ABJISETCA CUIBHO 3(PHEKTUBHO HEOT/e -
MOii, TO OHa siBJIsieTCst CHIIbHO m-nosHoil. (Ykazaunue. Ilycrs napa (A, B) cuib-
HO 3 dexTuBHO HeoTeauMa, a (K, L) — mobas napa HellepeceKalomuXcs me-
PEYUCIUMBIX MHOXKECTB. 110 J1060My HATYpPAJIBLHOMY YHCILY T MOXKHO TOCTPO-
WUTH BBIMUCIUMYIO DYHKINIO 1), C TAKUM CBOWCTBOM: eciu © € K, To 1), Bciony
OlIpejiesieHa ¥ OTJIMYAETCS] OT €JIMHUIBL JIUIIb B KOHEYHOM YHCJIE TOYeK, IPU-
4éM BCe 9TU TOYKHU TpuHasIex)ar A; eciiu x € L, To 1), BCIOIy ONpeesieHa 1
OTJIMYAETCS OT HYJIs JIWIIb B KOHEYHOM YHCJI€ TOYEK, TIPUYEM BCE 3TU TOYKHU
npuHazyiexkar B; econ ¢ ¢ K U L, To ¢, pasHa Hy/Ii0 Ha A u exunuie Ha B.
Yro6bl mOCTPOUTH TaKyto PYHKIMIO, epednciaseM K u L; moka x He obHa-
PYZKHUJIOCHh B OTHOM W3 9THUX MHOXKECTB, J100aBJyisieM B rpaduk 1, mapbl BUIA
(a,0) u (b,1); xorma x obHapy:KuBaeTcs, nepecrpanBaemcs. lajee ocraéres
BOCITOJIb30BAaTHCsT CBOMCTBAMU TJIABHOUW HYMEpAIUU ¢ W CHJIBHOU 3PHEKTUB-
Hoit HeoTmesmmocTbio A u B.)

61. TTokaxkuTe, 9TO BCSIKAst M-TIOJTHAST IAPA SIBJISIETCST CUITHHO 3 HEKTUBHO
HeoraeanMoil. (YkasaHue: cuiIbHO 3(bdEKTUBHO HEOTenMast Hapa CyIecTBY-
€T ¥ K Hell CBOIUTCS. )

N3 chopmymnpoBaHHBIX B KadecTBE 3a/1a9 YTBEPXKICHUN BBITEKAET,
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9TO CBOMCTBA M-TIOJHOTBI, CUILHON M~TIOJTHOTHI U CHUJIBHON 3(HPEeKTUB-
HOW HEOTJIEJIMMOCTH TIap HEIePeCeKAIONMXCsl MHOXKECTB SKBUBAJIEHTHBHI.
MozkHO T0Ka3aTh, 9TO 1 KaxKyIieecs OoJiee c1abbiM CBOMCTBO 3 hEeKTUB-
HOI HEOTJEMMOCTH SKBUBAJECHTHO M. PaccyxKaeHue mpu 3TOM aHAJIO-
TUYHO JIOKA3aTEILCTBY T€OPEMBI 43 0 TOM, YTO BCSAKOE KPEATUBHOE MHO-
2KECTBO SBJISETCH M-IOJTHBIM. 3aMETHM, 9TO PA3HUIA MEXK Ty 3P DEKTUB-
HO# HEOT/EJIMMOCTBIO U CHJIBHON 3 MEKTUBHON HEOTIETUMOCTHIO IIPH-
MEpPHO Takas »Ke, KaK MeXJy MPOJIYKTUBHOCTHIO U 3 PeKTUBHON Here-
PEYUCIIMOCTBIO.

62. Ilycts (A, B) — 3 deKTuBHO HEOTAEMMAs TTapa HEMEPECEKAIOMIAXCS
IIepeInC/JIMMbIX MHOXKECTB. HOKa)KI/ITe, YTO OHa ABJISIETCS CUJILHO 1M-IIOJIHOM.
(Vkazanue. Ilycrs K u L — npou3BOJIbHBIE HENEPECEKAIOIUECs] EPEINCIIN-
Mble MHOXKeCTBa. llycts h — dyHKINS u3 onpeneneHus 3pOEKTUBHON HEOT-
nenuvoctu (MaOXKeCTB A 1 B). C NOMOIIBIO TEOPEMBI O HENOBUXKHOM TOUKe
[IOCTPOIATE BCIOMLY OIPEEJIEHHbIE BBITUCIUMbIe DyHKImY x(n) 1 y(n) ¢ TaKuMI
ceoiicrBaym: (1) ecmr n € K, 10 Wyny = A m Wy, = BU {h(z(n),y(n))};
(2) ecrm n € L, To Wy = AU {h(z(n),y(n))} u Wyny = B; (3) ecin
n ¢ KUL, o Wyn) = A, Wy = B. Beisenure orciona, uro npu n € K
suavenue h(z(n),y(n)) onpeneseno u npunajyiexur A, upu n € L 3nade-
uue h(z(n),y(n)) oupenesneno u npunamaexxur B, a upu n ¢ K U L 3HadeHne
h(z(n),y(n)) oupenesneno n sexur e AU B.)

Wrak, BCce derbipe cHOPMYJIUPOBAHHBIX CBONCTBA KBUBAJIEHTHBHI.
[Ipomosrkasi aHAIOTHIO, MOXKHO HOKA3aTh U30MOP(HOCTD JIIOOBIX JIBYX
map 3P PEKTUBHO HEOTAECTUMBIX MHOXKECTB, JJIsT U€ro MPEIBAPUTEIHHO
HAYyYUThCHA TOJIyYaTh CKOJIb YTOJIHO MHOIO YHCEJ, <«IKBUBAJEHTHBIX»
JAHHOMY C TOYKHU 3peHust napbl 3DPEKTUBHO HEOTAETUMBIX MHOYKECTB.

Boutee TouHO, mycTh UMEIOTCsT HENIEpEeCcEKAOIINECsT MHOXKecTBa A u B.
Hazosém nBa uucia (A, B)-5KBUBAJEHTHBIME B JIIOOOM U3 CJIEILYIONIAX
TPEX caydaes: 00a OHM NpHUHAIEXKAT A, 00a OHU IpuHAIIeKaT B uiu
06a ouu ne npunaggiexkar A U B. (Takum obpasoM, ecTb Tpu Kiacca
SKBUBAJIEHTHOCTH — MHOXKECTBO A, MHOXKeCTBO B 1 0CTaToK.)

63. Ilycre (A, B) — cuiIbHO M-IIOJHAsl Iapa HElepeceKalomnuXcsl mepe-
qUCIUMBIX MHOXKeCTB. [lokaxkuTe, 9T0 1O JTI000MY YHCTY kK MOXKHO aJroput-
MUYECKHU I0JIy9aTh CKOJIb YIOJHO MHOTO PA3JIMYHBIX YHCEN, KOTOpbIe OyIyT
(A, B)-sxBuBasnenTssl k. (YkasaHue: JeficTByiiTe 110 aHAJIOIMA C JI0KA3aTEIb-
CTBAMU TEOPEMBI 23 1 JIEeMMBI K Teopeme 42.)

64. IIycts (A1, B1) u (A2, Ba) — aBe CHIILHO M-IIOJIHBIE TIAPBI HEllepeceKa-
IOIMUXCA IIEePEIUCTIUMbBIX MHO>KECTB. TOI‘,[L& OHMU BBIYUCJITIMO I/I3OI\IOpCbHI:»I B CJIEe-
JIyIONIEM CMBICJIE: CYIECTBYET BBIUUCIUMAs NepecTaHoBKa (Guekims) i: N —
— N, npu xoropoit i(A1) = A2 u i(B1) = Bs2. (Ykazauue: IeiicTByiiTe 10
AHAJIOTHU C JIOKA3aTeIhCTBAMA TeopeM 24 m 42.)



7. Bblyucnerusi ¢ opakyaom

7.1. MawwHbl ¢ opakynom

Eciu MmuOXKECTBO B M~-CBOANUTCS K PA3PEITUMOMY MHOXKeCTBY A, TO 1
B paspemmo. Bostee Toro, ecin jaxke A v Hepa3permMo, HO y HAC eCTh
JIOCTYII K «OPaKy/Iy» it A, KOTOPBIl OTBEYaeT Ha BOIPOCHI O IPUHA/I-
JIEKHOCTH YHCEJI MHOYKECTBY A, TO MBI MOXKEM C €ro IMOMOIIBI0 OTBEYATH
Ha BOIPOCHI O MPUHAJIEZKHOCTH Yucesl MHOXKecTBY B. B camom nerne,
ecu f — cBogsmas (DYHKINS U €CJIU Mbl XOTHM y3HATD, TTPUHAIJIEIKUT
JIH HEKOTOPOE YHUCJIO & MHOXKECTBY B, JJOCTATOYHO CIPOCUTH Y OPaKyJa,
npuHaIeXRAT Ju f(x) MHEOXKeCTBY A.

Jlerko BUIETH, YTO M-CBOIUMOCTD KCIIOJIB3yeT BO3MOXKHOCTH Opa-
KyJIa JIOBOJIHO OTPAHUYIEHHBIM 00PA30M: BO-IIEPBBIX, OPAKYILY 3aaETCst
TOJILKO OJINH BOIIPOC, BO-BTOPBIX, OTBET HA ITOT BOIPOC U CAUTAETCS OT-
BETOM Ha UCXOJHBIN BOIIPOC O IMPWHAJJIEKHOCTH 9UCTIA T MHOXKeCTBY B.
Bor npumep, He yKIAIBIBAIOIIUICS B TAKyIO CXEMy: MMesi OPaKyJl JIJIst
MHOXKeCTBa A, MBI MOXKEM OTBeYaTh Ha BOIIPOCHI O PUHAJIEXKHOCTH K-
cen muoxkectBy B = N\ A. 31ech Boupoc mo-npe:kHemy OJUH, HO OTBET
Ha HEro 3aMeHsIeTCsl Ha IPOTUBONIOJIOXKHBIA. [pyroit mpumep: nmMest opa-
KYJI JIJIsT MHOXKECTBA A, MOXKHO OTBEYATh HA BOIIPOCKHI O TPUHA/JIEZKHOCTH
apbl HATYPaJIbHBIX dncest MHOXKecTBY B = A X A. (3mech opakyity Haso
3a/IaTh y2Ke JIBa BOIPOCA.)

[TosToMy ecTecTBEHHO KeJlaHNe OTKA3ATHCS OT STUX OIPAHUIEHUN U
JlaTh 00IIee ONpeJIe/IeHne CBOJAUMOCTH MHOXKeCTBa B K MHOXKecTBY A.
Hawnbosee obiiee m ecTecTBEeHHOE OIpeNeeHHEe TakKoBO: B cBoanuTcs
K A, eciu cyIecTByeT aJrOpUTM, KOTODPBIA pa3pernaer MHOXKEeCTBO B
[IpU YCJIOBUU, YTO €My IIPEJOCTaBJIeH JOCTYII K OpaKyjLy, OTBedYaro-
eMy Ha BOIOPOCHI Mpo MHOXKecTBO A. B 6Gosiee mporpaMMuCTCKUX
TEPMUHAX: €CTh aJTOPUTM, COJEPXKAIIUI BBI3OBBI BHEITHEH (QyHKIMN
a(x:integer) :boolean (He ONMCAHHOW BHYTPH AJICOPUTMA); ITOT AJl-
TOPUTM Ppa3pelnraeT MHOXKECTBO B, eciam BbI30BbI a(xX) BO3BpAIIAOT
[IpaBUJIbHBIE OTBETHI IIPO MHOXKECTBO A.

DTOT BUJ, CBOIUMOCTH HA3BIBACTCS C800uMOCcvio no Toropuney, nim
T-comgumoctbio. Oboznavenne: B <r A osmauaer, uro B cBoguTCs 110
Trropunry k¥ A. Bor HECKOJIBKO IPOCTHIX (PAKTOB PO 1 -CBOIAMMOCTD:

Teopema 44. (a) Ecimu B <, A, 10 B <1 A. (6) A <7 N\ A npu
mobom A. (B) Ecou A<y BuB <7 C, 10 A<y C. (r) Ecou A <1 B
u B pazpemmumo, To A paspemummo.

<1 Bce atu yTBepXKI€HUS TIOYTH OYEBHJIHBI — IOSICHUM, HAIPUMED,
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yreepxkaenue (B). Ilycrs y Hac ects anropurm Jyist A, BKIOYaONuil
BBI3OBBI BHEIIHEH Paspemaiomeil mponeypsl 4 B, a Takske aaroputMm
JUist B, BKJIIOUaIONIMii BHI30BBI BHEIHElH nporenypbl Jyisa C. Torpa Moxk-
HO 3aMEHUTDb BBI30BbI BHENIHEil B-IIpolie/lypbl Ha 3TOT BTOPOil aJropuTM
U TIOJIy9UTCSI Pa3penIaionyii aJIropuT™ i A, HCIONb3y oMMl BEI30BBI
BHeIHel nponeaypsl s C. >

SameruM, 4T0 (B OTJIMYUE OT 1M-CBOAUMOCTH) HEIIEPEIUCIUMOE MHO-
JKEeCTBO BIIOJIHE MOYKeT T-CBOAMTHCS K TepeuncanMomMy. Hampumep, mo-
[IOJTHEHUE TIEPEIHCTMMOrO HEPa3peImMoro MHOXKeCTBa K CBOJUTCS K ca-
MOMY MHOXKecTBy K.

MOo2KHO rOBOPUTD HE TOJBLKO O CBOJMMOCTH K MHOXKECTBY A, HO U BO-
obmie 06 anropuTMax, NMENAX JOCTYI K OPaKysy JJis MHOXKeCTBa A.
ITycTh Takoil aJropuTM BBIYHUC/ISIET HEKOTOPYIO (hyHKIUIO f. DTO O3HA-
Yaer, HAIIOMHUM, 4TO ecyid f(x) OIpeseseHo, TO Ha BXOJE T aJlrOPHTM
ocraHaBimBaercsi U 1aét oreer f(x), a ecam f(x) He ompejesneHo, TO He
ocranasausaercd. (IIpeaosaraercs, €CTeCTBEHHO, YTO OPAKYJ <HE 3a-
BHCAET» W BBIJAET OTBETHI, IPUTOM IPABUILHBIE, HA BCE 3aJAHHDBIE MY
Borpockl.) B aTom cirygae rosopsrt, uro (yacrudnast) byHKIms f BBIYHC-
JINMA OTHOCHUTETHLHO MHOXKECTBA A.

B mameMm onpeiesienun CBOJMMOCTH BbI3bIBaeMasi BHENIHAS (DYHKIIUS
IPUHUMAJIA TOJBKO JiBa 3HaueHus («Ja» u «Her» ). Takoe orpaHnueHune
BoBce He obs3aresibHO. [lycts ao: N — N — mpomsBosibHast BCIOIy ompe-
nmesténHas QyHKIWA. Torga MO2KHO TOBOPUTH O (DYHKITUSX, 8b4UCAUMDBLE
OMHOCUMENBHO (v; BBIYUCIISIIONIIE UX AJTOPUTMBI BKJIIOYAIOT B Ce0s BbI-
30BbI pyHKIMK . OHAKO 3TO 0DOOIIEHNE HE SIBJISETCS] CYIIECTBEHHbBIM:

Teopema 45. Yactuunas pyHKIMA [ BBIYUCIIMA OTHOCUTEJILHO BCIO-
Jly OIpeesIéHHoi (hyHKIMKM (¢ TOT/Ia U TOJBKO TOTJA, KO/ OHA BLITHC-
JINMa, OTHOCHTEJIEHO MHOYKECTBA, ABJISIONErocs rpacdukom OyHKINAA o,
TO €CThb OTHOCUTENBHO MHOXKecTBa {(n, a(n)) | n € N}.

<1 B camoMm Jiesie, ecim MbI MOXKEM BBI3BIBATEH (DYHKITHIO (¥, TO MOYKEM
U OTBeYaTh Ha BOIIPOCHI O IMPHUHAJJIEXKHOCTU IMPOU3BOJILHON Maphbl I'Pa-
duky dpynknun «. HanpoTus, ecam MBI MOXKeM paspemraTh rpaduk o,
TO MOXKeM HalTu «(x) JJig JAHHOIO T, 33JaBasl [0 0YePeIr BOIPOCHL O
upuHajyiexkaocru rpaduky nap (z,0), (z,1),..., moka He MOJYYUM O~
JIO’KUTEJIbHBIA OTBET. >

Omnpeiesisst BEIMUCIUMOCTH OTHOCUTENIBHO (DYHKIMU (v, MBI IIPEIIIO-
JIarajiy, 9TO (@ BCIOLY OIpeJeseHa. DTO OrpaHrYeHre MPUHIUIAAIBLHO:
JUIST HE BCIOJY OINPEEICHHBIX (DYHKIMHA MEXaHU3M OODAIIEHUS K HEM
(KaK K BHENIHUM IIpolielypaM) Tpebyer yrounenuii. JJomycrum, Mbl Bbi-
3BasIM (), & OKA3aJI0Ch, 4TO (DYHKIWUS ¢ He onpejesnena Ha x. O3uagaer
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JIK TO, UTO aJTOPUTM <«3aBUCAET» U YK€ HE MOYKET BBIIATH PE3yJbTar?
Witn MBI MOXKEM TTapaJsijieIbHO pa3BepHYTh KAKUE-TO BHIYUCJIEHUS U B Ka-
KUX-TO CJIy4asiX BbLIATH Pe3yJsbraT, He JoxkKuuasich orsera or a(x)? Mo-
JKEM JIH MbI TIAPaJIjIeIbHO 3AIIPOCUTh HECKOJIBKO 3HAYEHUN (DYHKIH !
CkazkeMm, siisiercst i dbyHKuus f(x), 3anannast hbopmynoi

0, eciim a(2x) mum (22 4 1) onpesiesneno,

fz) =

He OlpeJie/IeHO B IPOTUBHOM CJIydvae

BBIUMC/IMMON OoTHOcUTEbHO «f Kopoue roBopsi, B OoTjim4Iue OT Cirydast
BCIOJLY OLPEIEJEHHBIX (DYHKIUA, TYT ecTh pa3uble (M IPUTOM He SKBHU-
BaJICHTHBIE) BAPUAHTHI OLPEJEIeHUN, U BCErja HaJ0 YyTOYHATH, KaKoe
WMEHHO MOHATHE UMeeTCs B BuLy. 1109TOMY MBI, TOBOPST O BEIYUCIUMOCTH
OTHOCUTEJIBHO HEKOTOPOH (DYHKIUU (v, TIpEAroaraeM, IYTo MOyHKIAT o
BCIOJLy OIIpe/IeJICHa.

65. IlycTe ecTh iBa pa3aum4yHbIX MHOXKecTBa X H Y. Bynem paccmarpusaTh
MIPOrPaMMBbI, UMEIOIIUE JIOCTYI K JABYM opakymam jjs X u i Y, u QyHK-
1H, KOTOPble MOXKHO BBIYHCJIUTH C IOMOIIBIO Takux mnporpamm. llokazkwnre,
YTO 9TO OIpeJiesIeHNe He NaéT HIYero CyIeCTBEHHO HOBOIO, YKa3aB TaKOe MHO-
KeCTBO Z, 910 X-Y -BBIUYUCIUMOCTD COBIAIAET C Z-BBIIUCIUMOCTBIO.

7.2. OTHOoCMTENbHAsA BbIYUCINMOCTb:
SKBUBAJIEHTHOE ONNCaHNE

Ceifqac MBI JaJUM SKBUBAJEHTHOE OIPEJEICHNEe BBIYUCIUMOCTH
GYHKIMKE OTHOCUTENIBHO (v, He ale/Iupyoliee K IIporpaMMaM C Bbi-
30BOM OpaKyJIa.

Mpur HasbBaM 06pa3noM (BYHKIUIO C HATYPAJIbHBIMEA apryMeHTaMu
¥ 3HAYEHUSIMU, OMPEIEICHHYI0 Ha KOHEYHOM TOJMHOXKECTBE HATYPAJIb-
Horo psiza. Takoit obpaserr 3aa8Tcsd CHUCKOM 11ap (apryMeHT, 3HAUEHHUE);
00pasIbl MOYKHO BBITUC/IMMO ITPOHYMEPOBATH, MOCJIE Yero He pa3jindaTh
obpa3zer; u ero HOMep U FOBOPHUTDH O Pa3pENInMOM MHOYKECTBe 00Pa3IoB,
TIEPEINCTNMOM MHOXKECTBE 0OPA3IOB U T. II.

JlBa 06pasia HA3bIBAIOTCS COBMECTNHLMU, €CITA 00bEIMHEHNE UX I'Pa-
UKOB ecTh mo-TipexkHEeMy Tpaduk (YHKINN, TO €CTh €CJU HET TAKON
TOYKHU, B KOTOPOi 00a 0b6pa3ia ObLIr ObI OIIPEIeIeHbI U TPUHUMAJH Pa3-
HbIe 3HAYEHUS.

IMycrs umeerca muoxkecTBO M Tpoek Buua (x,y,t), Tae © u y —
HATYpaJibHbIe 4mCiIa, a t — obpasern. Bynem roBopurh, 4To ABE TPOii-
ki (71,Y1,t1) u (T2, Y2, t2) npomuseopenam JAPYT NIPYTY, €CIM T1 = Iz,
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Y1 7 Yo, a 00pasipl t1 u ty coBMecTHbI. MuOXKecTBO M Oy/ieM HA3BIBATH
KOPPEKMHbLM, €CJIU B HEM HET TPOTUBOPEYAINNX JIPYT JAPYTY TPOEK.

IIycts M — KOppeKTHOE MHOXKECTBO, & (x — HEKOTOpasi (PyHKITUSI.
Ot16epém B M Bce Tpoliku Buma (x,y,t), sl KOTOPBIX ¢ SIBJISIETCS da-
crbio v (rpaduk t siBiIsieTcsl IOMHOXKeCTBOM Ipaduka «). Bxogsiue B
HUX 0OpAa3Ibl COBMECTHBI, TI09TOMY (B CHJIy KOPPEKTHOCTH) CPEIU OTO-
OpaHHBIX TPOEK HET JIBYX, Y KOTOPBIX IEPBbIE YJIEHBI PABHBI, 8 BTOPHIE —
HET. 3HAYUT, OTOPOCUB TPETHU KOMIIOHEHTHI B OTOOPAHHBIX TPOHKAX, MBI
nosyanM rpaduk HEKOTOpol dbyHKImu (BOOOIIE TOBODsI, IACTHYHON).
Byznem o6osHauats o1y dyuKImo M.

Teopema 46. Yacruunas dyuknusa f: N — N Bbramcinma oTHOCH-
TeJILHO BCIOy onpenenénnoit dyukmuu «: N — N rorga u Tosbpko Torma,
KOIJIa CYIIECTBYET MMePEIUCIUMOe KOPPEKTHOE MHOKECTBO TpoeK M, jjist
koroporo f = M|a].

< Ilycres uMeercs: nmporpaMMa p, BEIYUC/IAONMAs [ U BKIIOYAOMAS B
cebst obpalrieHnst K BHEIIHEH Iporeaype a. ByJieM st Bcex HaTypasib-
HBIX 1 MOJIEJINPOBATH PAbOTy ITOM MPOrpaMMbl Ha BXOZE M [0 BCEM IIy-
TSM, TO €CTh IPEAyCMAaTPHUBas BCe BO3MOXKHbIE 3HAYEeHUs (n) JJId KazK-
JIoro obpalleHusi K BHeMIHe mporierype. st KaxKIoro n mosrydaercs
JIEPEBO BAPUAHTOB — KarKJIOMY ODDAIEHUIO K BHEITHEH IpOoIemLype co-
OTBETCTBYET Pa3BUJIKA CO CYETHBIM BeTBjieHHEeM. Ha HEKOTOPBIX BETBSIX
9TOTO JiepeBa BLIUHCJIEHHUS 3aBEPIIAIOTCA U IPOrpaMMa BLIIAET OTBET.
Kak T0JbKO MBI OOHADY?KMBAEM, YTO Ha BXOJE T BO3MOXKEH OTBeT Yy (Ha
HEKOTOPOii BeTBH), Mbl 06pa3yeM TpPOWiKy (z,y,t), rue t — obpaser, co-
JIepKAIUil BCce apryMeHThI U 3HAYEHUsT (DYHKIIUU (v, UCIOJb30BAHHBIE HA
3TOH BETBU.

[Toyuennoe MHOXKECTBO TpOeK, KOTopoe MbI obosnauum M, Oyaer
[epPeYnCHUMbIM (OIIMCAHHASL IIPOIE/LYPA [O3BOJISIET BBIIUCHLIBATH BCE €I0
9JIeMeHTHI). B 9TOM MHOXKeCTBe HET IIPOTUBOPEYAINUX APYT APYrY TPO-
ek. B camoMm Jieste, ecsu st OJTHOTO M TOTO K€ T B HETrO BOIILJIU TPO¥i-
KU (X, y1,t1) 1 (X, ya,t2) C Y1 # Y2, TO OHU COOTBETCTBYIOT PA3HBIM IIYTSIM
B JiepeBe BBIUUC/IEHUI Ha OJTHOM M TOM Ke BXOJIE £. DTHU IIyTU B KAKOM-TO
MeCTe PA30IINCh, TO €CTh Ha OJIMH W TOT YK€ BOIPOC B HUX OBLIN TOJIY-
YEHBI PA3HBIE OTBETHI. DTHU OTBETHI BOILIN B 00paspl {1 U g, U TIOTOMY
9THU 00pa3Ibl HeCOBMECTHBI. Tak, MHOXKecTBO M KOPPEKTHO.

Ilycts o — Beiogy onpenenénnas dyukius. [Ipucoeuanm eé K mpo-
rpamme p. Ilocie sroro nporpamma p Borauciasier dysxnuio f. IToka-
xeM, uro f = MJa]. B camom gene, nycrs f(z) = y, T0 ecth pabora
IPOrpaMMBbl p Ha BXOJE X Jaja OTBET Y. DTa paboTa BKJIOYAIA B Ce-
6s1 HECKOJILKO BBI30BOB (DYHKIIMMA (v U COOTBETCTBOBAJIA HEKOTOPOU BET-
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BH PaCcCMOTPEHHOTO BBIIIE JepeBa. 1lycTs ¢ — obpasen, comepkaimuii Bee
3aJIAHHBIE TIPU 3TOM BOIPOCHI U MIOJIyY€HHbIE HA HUX OTBETHI. Torma t saB-
Jtercsd YacThio . Kpome Toro, Tpoiika (x,y,t) BxoauT B MHOKeCTBO M.
Caenosarenbro, M[a|(x) onpeneneHo n paBHO y.

Hanporus, ecin M[a)(z) = y, To cymecrsyer Tpoiika {(x,y,t) € M,
JUISt KOTOPO# ¢ IBJISIETCS 9aCTBIO (v. DTa TPOHKa COOTBETCTBYET HEKOTO-
poii BeTBU JiepeBa BhraucyeHnii. [IocKOIbKy t SBIIsI€TCS 9aCThIO (v, TIPU-
COEIMHEHNE K MPOTPAMME P BHEITHEH MpOoIeypbl (v IPUBEIET K TOMY,
YTO BBIYMCJIEHUS MOWJIYT MMEHHO IO STOMY IIyTH, U IPOTPAMMAa JACT
OTBET Y.

Wrak, as ar060# MporpaMMBbl p MbI HOCTPOMJIA KOPPEKTHOE MHO-
kKecTBO M, KOTOpoe 3a1aéT Ty ke (DYyHKIMIO, 9TO W MPOrpamMMa p, #
nepBas MOJOBUHA yTBEPIKIECHUS TEOPEMBI JOKA3AHA.

Yrobbl J0Ka3aTh BTOPYIO MOJOBUHY, MPEIIOJIOKUM, UYTO UMEETCs
KOPPEKTHOe MHOXKeCTBO M, U MOCTPOUM SKBUBAJEHTHYIO €My [IpOrpaM-
My p. DTa muporpamma Oyger (Hocje IPUCOeJIUHEHUs] K Heil opakyJa,
BBIUUCJISIONIEro «) Boraucysath Gyuknuio M[a]. [Iporpamma p aeiicrsy-
€T TaK: MOJIy9MB BXOJ| X, OHA IEPEINCIAEeT MHOXKECTBO M m orbupaer
B HEM TPOWKM, MEPBBIM WIEHOM KOTODBIX sIBJsieTcst . JIjis KaxKkIoit Ta-
KOIt TpOHKM (2, y,t), BRI3bIBasi BHEIIHIOK TIPOIEAyDy (3a7aBas BOIPOCHI
OpaKyJly) Mbl BBIACHSEM, ABJIAETCH Jid ¢ 9acThio dyHkimu «. Eciu as-
JIAETCsl, TO BBIYUCJICHUE 3aKAHIUBACTCSA U BBLIAGTCH OTBET Y, €CJIM HET,
MEPEINCIEHne MHOKECTBA, M TIPOIOIIZKAETCS.

OueBnHO, 9TO 3TA MporpaMma p Beraucisier dbyaknuo M [a]. >

66. IIpenmooKumM, ITO MBI IIPOBEJIN ITO ITOCTPOEHHE B 00€ CTOPOHBL: CHA-
9ajia o KOPPEKTHOMY MHOXKeCTBY M MOCTPOMIN HEKOTOPYIO MIPOTPAMMY, KaK
BO BTOPOI YacCTH JI0OKa3aTeIbCTBa, & 3aTEM I10 IIPOrPaMMe IIOCTPOUIA HEKOTO-
poe KoppekTHoe MHOxkecTBo M’. Mozker ju M’ ornugarses or M?

7.3. Penatueusauyus

IIycTb durcupoBaHa HEKOTOpas BCIOJY OIpejesiéHHAs (DYHKIIUS (.
Torna Bcst Teopusi BBIMUCIUMBIX (DYHKIUN MOXKET OBITh, KAK T'OBOPSIT,
«pEJISITUBU30BaHA» OTHOCUTEJBHO (v, €CJM BO BCEX OIPEMEJEHUSX U
bOpMyIIPOBKAX 3aMEHUTHh BBIYUCIUMBbIE (DYHKIUM HA (DYHKIUHA, BbI-
YHUCAMMBbIE OTHOCUTEJIBHO (¢ (KOTOpBIE JIJIsi KPATKOCTU HA3BIBAIOT TAKIKE
a-svrucaumovim). TIpu aToM Bee ¢hOPMYITUPOBAHHBIE BBIIIE PE3YIIbTAa-
ThI OCTAIOTCS B CHJIE, U JIOKA3ATE/IbCTBA OCTAIOTCS IIOYTH TAKHUMU Ke.

B 1gacTtHOCTH, MOYKHO OIPEJIETUTH HOHSITHE NEPEUUCAUMO20 OMHOCU-
meavro @ (WM Q-NepeduciuMOo20) MHOKECTBA JIOOBIM U3 SKBUBAJICHT-
HBIX CIIOCODOB: KaK 0DJIACTD OMPEIETEHUST (-BBITUCTUMON DYHKITUN, KaK
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MHOXKECTBO 3HAYEHHI (-BLIYUCIUMON (DYyHKIMH, KaK HPOCKIHUIO (-Pas-
pemuMoro (paspenmmMoro OTHOCHTENBHO () MHOXKECTBa W T. 7. MOKHO
yKazaTh U 00JIee IPIMOE OIMUCAHUE KJIACCa (-TIEPEUUCTUMbIX MHOMKECTB.

ITycts F — npou3BoJIbHOE MHOYKECTBO Nap BUJA (T, t), Tje & — JucIo,
a t — obpasern. Ilyctb o« — HeKOTOpasi BCIOLY OIpejieeHHast (OYyHKIIUSI.
OTt6epémM B MHOKeCTBe F Te mapsl, y KOTOPBIX BTOPBIE YJIEHbI SABJISIOTCS
YaCTBIO (v; HEPBbIE WICHBI TAKUX I1ap 00pPa3yI0T MHOXKECTBO, KOTOPOE MBI
obosnaunm Ela].

Teopema 47. MuoxectBo X ¢ABJIAETCSI Q-TIEPEIUCTUMBIM TOTJA U
TOJBKO TOTMA, Korjma X = FEla] mjs HEKOTOPOro MepevncJuMOoro MHO-
xkecrBa E. (Bamerum, 4ro B 9TOM ciiydae He TPeOyeTcss HUKAKOIO CIie-
[UATBHOTO YCJIOBHS TUIA KOPPEKTHOCTH. )

< Iycre X ecTb 00J1aCTh OIIpEIEIEHIS BRIMUCIUMON OTHOCUTEIBHO (¥
dbyuxmun f. Torga f = M|a] aj1st HEKOTOPOTO TEPEUUCTIMOTO KOPPEKT-
Horo muaOokectBa M. OcTaBuM OT Beex TpoeK B M TOJILKO IepBblii 1 Tpe-
THil 9JIEHBI; TOJyYNTCA HEKOTOPOE Mepedncanmoe MaoxkecTso F. Jlerko
nposeputh, 4T0 EJa] Gyaer obnacteio onpeenenus dyakuun M o] =
= f, tak aro FEa] = X.

Hanporus, nycts X = Efa] mns mexoroporo a. Torma pacemorpum
MHOYKecTBO M , KOTOpOe oIy YU TCsl, €CJIU B CepeInHy KaskJI0i napnl u3 F
nobasuthb unciao 0. fdcno, uro MuoxkecTBo M 6yaeT KOPPEKTHBIM B UTO
M]Ja] 6yner dynkiwpeit, onpenenénnoit Ha X = Ffa] u npuanmaromei
TOJIBKO HYJIEBBIE 3HATEHUS. [>

B o6brvHON (HEPETSATHBU30BAHHON) TEOPUM AJITOPATMOB, BayKHYIO
poJib urpaer Teopema 06 yHuBepcaabnoil dpyuknun. Ona ocraéres Bep-
HOH 7 TIoC/Ie pesIATUBU3AINN:

Teopema 48. [lyctb o« — BCromy onpeneniénnast pyukims. CymectByer
BLIYUC/IAMAasA OTHOCUTEIHLHO ¢ (DYHKIUSA JBYX apryMEHTOB, SIBJISIONIA-
¢l YHUBEPCAJIBHOM I KJIaCCa BHIYUCIUMBIX OTHOCUTEIBHO (v (DyHKIUiT
OJIHOTO apryMeHTa.

< Kak u B gpyrux ciydasix, MOXKHO HOYTH 6e3 M3MEHeHHUil BOCIIpO-
M3BECTU JO0KA3aTeIbCTBO COOTBETCTBYIOMEH HEepeIATHBA30BAHHON Teo-
pembl. DUKCHpyeM KAKON-TO SI3BIK TPOrPAMMHUPOBaHUs (IPEIyCMaTpH-
BAIOIMI HA 3TOT Pa3 BBI30BBI BHEITHWX MTPOTIEITYD) W TIEPEHYMEpPYEM BCe
POrpaMMBbl, KOTOPBIE BKJIIOUAIOT B Ce0sl BBI3OBBI BHEITHEH IPOLIELY PBI (.
Tenepb B KauecTBe yHUBEPCAILHOI MOYKHO B3SITh (PYHKIIUIO

U, (i, ) = (pe3ysabTar NpUMEHEHUs 4-0if IPOrPAMMBIL K ).

bl WCIIOJIb30BAJIN HUKHANW WHAEKC, 9TOOBI MOAYEPKHYTH, UT! HK-
M CITOTb30BA, eKc, 9Tob o1Ie , 9ITO
nust U, 3aBucuT oT . Bupoduem, TEKCT BBIYUCIISIONIEN €€ MPOrpamMMbl
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OT ( He 3aBUCHUT (XOTsl, ECTECTBEHHO, COJEPKUT BHI30BLI (DYHKIIUH ().

IMoyunTesTbHO PUBECTH U APYTOE JOKA3ATENHCTBO, KOTOPOE OMUPa-
€TCsl Ha ONIPEJIeTIeHNE BBIUUCIUMOCTA B TEDMUHAX KOPPEKTHBIX MIEPETHC-
JIUMBIX MHOKECTB.

PaccMoTpuM yHUBEPCAIBHOE MEPEUUCIUMOE MHOKECTBO Z IE€TBEPOK
Buga (n,x,y,t), rue n, x uy — ducia, a t — obpaserr. ['oBops 06 yHuBep-
CAJILHOCTH, MBI IMEEM B BUJLY, ITO IIPH PA3JMIHBIX 7 CPEJW CeIeHnil 7,
COZIEPIKATCST BCE TIEPEUNCTNMBIE MHOXKECTBA TPOEK.

Cpesi 3THUX MEpeYnCIUMBIX MHOXKECTB TPOEK MOTYT OBITH U KOD-
PEKTHBIE, U HEKOPPEKTHDIE. MbI XOTUM MPUHYAUTEIHHO KOPPEKTUPOBATD
HEKOPPEKTHBIE CEYeHUs, He MEHsis KOPPEKTHBIX. JIpyruMu CJIOBAME, MbI
XOTHM TIOCTPOUTH HOBOE MEPEINCIUMOE MHOXKECTBO ' C TAKUMHU CBOH-
crBamu: (1) Bee ceuenmnst Z' KoppekTHBL; (2) ecam cevdenne Z, TPU HEKO-
TOPOM N GBIIIO KOPPEKTHO, TO OHO He U3MeHWI0ch (Z), = Z,).

DT0 JlemaeTes IPOCTO: Hy2KHO MEPEIUC/IATL 7, oTOpachiBag (He Ipo-
nyckag B Z') a7eMenThl, JobaBieHne KOTOPhIX JIeIaeT HEKOTOPOoe cede-
HUE HEKOPPEKTHBIM. M TaK, MBI TOCTPOMIIA TIEPEIUCTAMOE MHOXKECTEO 2,
YHUBEPCATIBHOE JIJIST KJTACCA KOPPEKTHBIX MEPETNCIUMBIX MHOYKECTB.

Teneps serko ykasaTh KOppeKTHOe MHO2KecTBO W, 3ajaroiee yHuU-
BEPCAJIbHYI0 Q-BblunCInMylo dyHKImo. VMenHo, Tpoiika ((n,x),y,t)
(Temepb €€ IEpBBIM UJIEHOM SIBJISIETCsI IIapa, Tak KaK YHUBEPCAJIb-
nag yHKIMsS 3aBUCUT OT JBYX apryMEHTOB) NpuHaIjex)uT W, ec-
ma (n,x,y,t) € Z'. Jlerko noHATH, 4T0 MHOXKECTBO W KODPPEKTHO.
ITpn mamvOi DYHKIMH ¢ 9TO KOPPEKTHOE MHOMKECTBO 3aJIaET HEKOTO-
pyI0 a-BbranciauMyro byHknuio U, IBYX apryMeHTOB; eé n-0e ceueHne
ects Z) o], tne Z! — n-oe cedenne muOXKecTBa Z'. Iloaromy cpeau ce-
uennit Gyukuun U, BCTPEYAOTCS BCE (-BbIYUCIUMbIE (DYHKIUU, YTO U
TpPebOBAJIOCH TOKA3ATh. >

B pensiTMBH30BaHHOI TEOPUH AJTOPUTMOB UMEETCsI, KOHETHO, W aHA~
JIOT TIOHSITHsI TJIABHOM YHUBEPCAIBbHON MYHKINN: (-BBIYUCIUMYIO (DYHK-
M0 JIBYX apr'yMEHTOB HAa3bIBAIOT 2AG6HOTU YHUBEPCANOHOT PYHKUUET
0AfL KAGCCA Q-BVHUCAUMBE  PYHKUUT 00H020 GP2YMEHMA, €CIH OHA
Q-BBIYUCIUMA, YHUBEPCAJbHA I KJIACCA (-BBIYUCIUMBIX (DYHKIWI
OJIHOTO apTyMEHTa W JJIST BCAKOH a-Bhramesmmoit pynkmmm V' mByx ap-
IYMEHTOB CYIIECTBYET BCIOY ONPEeIEHHAs (-BhIUUCIUMAs (DYyHKIUS S
OJIHOTO apryMeHTa (<«TPaHCIATOP» ), 1Jist Kotopoit V(n,z) = U(s(n), x)
IpY BCEX N U .

O6branoe moKa3aTeabCTBO (C. 24, Teopema 15) MOKa3bIBAET, 9TO IIAB-
HBIE YHUBEPCATbHBIE (DYHKIAH TSl KJIACCA (-BBITACTUMBIX (DYHKIHI Cy-
MEeCTBYIOT. BoJtee TOro, MOXKHO 3aMETUTh, UTO MMOCTPOEHHAS! TIPU JTOKA3a-
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TesiberBe (eM. Bbiie) MYHKIUA § OyJeT He TOJbKO (-BBIYUCIUMOI, HO U
IPOCTO BHIYUCJIUMOIT (B OJJHOM 13 BAPHAHTOB JIOKA3aTEIbCTBA (DYHKIUS S
UMeNa BUJ X — [n, ], TJe KBaIpaTHBIE CKOOKH 0003HAYAIT (BUKCHPO-
BAHHYIO BBIYHCIUMYIO HyMEPAIHIO 11ap, & 1 — HEKOTOpoe (OUKCHPOBAH-
HO€ YHCJIO).

V106H0, TOBOPS O HOMEPAX (-BBIYUCIUMBIX (DYHKIIAN, IMETD B BUJLY
X HOMEpa B TAKUX «CHJIBHO IVIABHBIX» HyMepalusxX. KcrecTBeHHAsT HY-
Mepanust (OPSIKOBbIE HOMepa IIPOTPAMM) SIBJISIETCST «CUJIBHO TIIABHOM»
HyMepaIueil.

ToBopst 0 peATUBU30BAHHON TEOPHUN AJITOPUTMOB, WHOT/IA YIOTPED-
JIsioT Takyto Metadopy. I[lycrs A — Kakoe-TO HepazpenmmMoe MHOXKECT-
Bo. MoXKeT 0oKa3aThCsi, YTO €CTh TaKas BHE3eMHAsl ITMBUJIM3AINsI, KOTO-
POt MHOXKECTBO A KayKeTCsl Pa3peniuMbIM; VISl Ha THCJIO T, OHU CPa3y
MMOHUMAIOT, JIESKUT JIX OHO B MHOYKECTBE A UJIM HET, U 3Ta MPOBEPKa — Ta-
KOE K€ 9JIeMEeHTApHOe JIEHCTBIE B X MPOrpaMMax, KaK y HAC CpaBHEHUE
IByX umces. Torga BCst MX TEOpHUsl aJrOPUTMOB Oy/IeT aBTOMATHYECKU
PEJIITHBU30BAHHON OTHOCUTEIHLHO A, HO OHH 3TOTO 3aMedaThb He OyIyT
U TOTOMY IIPOYTYT HAIIM DPACCY?KJEHWs BIUIOTH JIO 9TOTO pasjeiia (He
BKJIIOYAS €r0) M COIIACATCS CO BCEMM TeopeMaMu. Bojiee Toro, oHu Mo-
YT MPOYECTh W ITOT Pa3Jes O PEIATUBU3ANMA — HO TO, YTO JJIs HUX
OyeT B-BbIUUCIUMBIM, JiJis HAC Oyer A- B-BbIYuCIUMbBIM (BBIYUCIUMbBIM
¢ nByMmst opakynamu A u B).

Bupouewm, k 910it MeTadope He CTONT OTHOCUTHCS CJUIIKOM CEPbE3HO.

7.4. 0'-Bbluncnenns

B srom pasmene MbI pacCMOTPUM BBIYUCJIUMOCTH OTHOCUTEIHLHO
M-TIOJTHOTO TIEPEYUCIUMOTO MHOYKECTBA. JI100bIe J1Ba TAKUX MHOMKECTBA
M-CBOIATCA APYT K APYyTY, W TeM 6osiee T-CBOAATCS JAPYyr K JPYTY.
ITosToMy ecim Kakas-TO (DYHKIUS BBIYUCINMA OTHOCHTEIHLHO OJIHOTO
U3 HUX, TO OHA BBIYMC/IMMA ¥ OTHOCHTEILHO JApyroro. Takue yHKImn
Ha3bIBAIOT 0 -6o1MUCAUMBIMU.

Benomunast, uro Muoxkectso nap {(p,z) | nporpamma p 3asepiiaer
paboTy Ha BXOJIE &} ABJSETCs OJHUM U3 TM-HOJIHBIX II€PEYUCIUMBIX MHO-
JKECTB, MOYKHO CKa3aTb, 4T0 0’-BbraucimMble (DyHKIMU BBIYUC/IAIOTCS
MAallMHAMHU, KOTOPBIM NpHUJaH CIIeMUAIbHBIA OpaKyJl, Peraionyii Ipo-
6J1eMy OCTAHOBKH: 3TOMY OpaKy/y HOCBLIAIOT IPOrpaMMy M BXOJ, U OH
OTBEYAET, OCTAHABJIMBACTCS JIM 3Ta IMPOTPAMMa Ha 3TOM BXOJe WA HE
ocranasiauBaercd. (IIpu aroM nocbuIaemMas Ha IKCIEPTUIY IPOrPaAMMa —
camas obblyHasi, 6e3 00palleHuii K 0paKyiLy.)
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feno, aro moboe mepedncauMoe MHOXKECTBO sBasierca 0'-paspemmn-
MBIM, TaK KaK CBOJUTCS K 1M~IIOJHOMY [IepedncauMomy Muoxectsy. (O6-
PATHOE, 0YEBUJIHO, HEBEPHO — JIOINOJHEHUE K IIEPEYUCIMMOMY HEPa3pe-
IIIMOMY MHOXKECTBY TakxKe 0'-paspemmmo, HO He TePEUnCIIIMO. )

Nnmeercs creaytommee npocroe onucanue 0-BoIYUCIMMBIX (DYHKITHIA:

Teopema 49. (a) ITycrs T — BCroy onpeie/iéHHAsT BBIYUCIUMAst PyHK-
us ABYX HATYPaJIbHBIX apryMeHTOB. IlepeiiiéM K mpesery o BTopoMy
apryMeHTY, PACCMOTPEB (DyHKITAIO

t: xz— lim T(x,n).
n—oo
(Dra byukius yxke He 0bs3aHa OBITH BCIO/LY OIIPEIEJEHHOI, TaK KaK IIPU
HEKOTOPBIX & YKA3aHHBIA [IPeJieJl MOXKET He CyiecTBoBaThb.) Oyukuus ¢
Gyzner 0'-prancaumoii. (6) Besikast 0-eraucinmast GyHKIHs ¢ MOXKeT
OBITD TIOJIyIeHA YKA3aHHBIM 0OPA30M U3 HEKOTOPOI BBIYMCIUMOl BCIOJLY
onpenenénnoit pyukmum 1.

< (a) IIycrs T — Borunc/uMast BCIOLY ONpeIe/EéHHast (DYHKIMA TBYX
aprymenToB. Hazosém napy (x,n) crabuibnoii, eciaun T'(x,n) = T'(x, m)
JUISL JAHHOTO T W ISl BCEX M > n. 3aMeTHM, 9TO MHOYKECTBO HeCTa-
OGUIIbHBIX HAap nepedncanMo (Hadijs gpe mapel (z,n) u (x,m) cn < m
u T(x,n) # T(xr,m), Mbl BKIIOYaeM 1apy (r,n) B IEPEIUCICHUE BCEX
HecTabuiIbHbIX 1ap). [losroMy MHOXKeCTBO HecTabuIbHBIX ap 0'-paspe-
mmo. Jpyrumu ciosamu, 0'-aaroput™ st JII060i TAPBI MOKET MPOBE-
puTH, CTAOUIbHA JIX OHA.

PaccmoTpumM Tenepsb cieyiomuii 0-aropuTy BHIMUCIECHUS TIPEETh-
Hoit yukiuu t. [Toydus BXOJ -, MBI PACCMATPUBAEM II0 OYEPEJIN Ia-
pot {(,0),{(x,1),... u ajia KaxK10ii U3 HUX IIPOBEPSIEM, SBJISIETCA JIT OHA
crabuibnoii. Kak Tonbko crabusbhas napa (r,n) Oyuer oOHApyzKeHa,
suavenne 1'(x,n) BbIAaéTCA B KadecTBe pe3ysbrara. O4eBuHO, ONUCAH-
upiii 0’-aaropuT™ BerAUCIgET GYHKIHMIO .

(6) JokazkeM Terepb oOpaTHOe yTBepXKAeHue. [IycTb t — yacTuaHast
0’-BerancimMast (PyHKIMA OJHOTO apryMenTa. HaM HaJi0 MOCTPOUTD BbI-
YUCAUMYIO (B OOBIYHOM CMBIC/IE) BCIOZY OIPEIEJICHHYIO (DYHKIUIO IBYX
apryMeHToB 1', JIJIsT KOTOPO

t(z) = lim T(z,n)
n—oo
upu Beex (1 06e 4acTu 9TOr0 PABEHCTBA OILPEIEIEHbl OJHOBPEMEHHO).
[Ipexme Bcero Mbl cuemaeMm cebe HEOOBINOE TOCTabJIEHIE, Pa3PEInB
dyuxuu T TPUHUMATH TaK¥Ke U HEKOTOPOe CIENUAIbHOE SHAYEHUE, KO-
TOpoe MbI OyJieM 00O3HaYaTh 3BE3704UKOit. [Ipu 3ToM nh_)rréo T(x,n) =a
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O3HAYAET, YTO IIPU BCEX JIOCTATOYHO GoJibiiux n 3uadenue T (x,n) pas-
HO @ (U, B YACTHOCTH, HE PABHO *).

Takoe mocsiabjieHne Ha caMOM Jiejie HeCYIEeCTBEHHO: €CJIH B TOCTe-
JIOBATEJILHOCTH, B KOTOPOI €CTh 3BE3JI0YUKHU, KaXK/IYI0 U3 HUX 3aMEHUTD
Ha JIBa PA3JIMUHBIX [OAPS] MAYIUX WieHa (BCé PaBHO KAKHX), TO MO-
CJIEI0BATENLHOCTD OyJIeT UMeTh IIPEXKHUil npeest (iu mo-IpexKHeMy He
HMETh IPEJIeIa).

Teneps onpenemnm dpyukimuio 1. ITo mpeanomoxkennto GyHKIMS t BbI-
YUCJIAeTCd HEKOTOPOII HPOrpaMMOR p, UMEIOIIEHl JIOCTYIl K XapaKTepu-
CTUIECKON (DYHKIMM HEKOTOPOro IepedncguMoro Muoxkectsa K. O60-
3HaUMM 4epe3 K, KOHeYHOe MOJMHOYKECTBO MHOXKecTBa I, cocrosiiiee
M3 TEX €ro JIEMEHTOB, KOTOPBIE YCIeIn OOHAPYKUTHCS 38 M IMAr0B Ie-
peuncienus MHox)ectBa K. Boraucias T'(xz,n), Mbl cuesgaeM n I1aros
paboThl TPOrpaMMBbl p, TPH ITOM HCIOJIB3Ys BMecTO K ero KOHedHOoe
npubsimkenne K. Ecau 3a 3Tu n maros mporpamma p He JacT OTBETa
(4TO0 MOXKET OBITH 1O PA3HBLIM MIPUYUHAM — OTBEJISHHOE €l BpeMs MOo-
XKeT ObITH HemocTaTovuHo, K, MoxkeT oTamdarbes or K, ma m BoobIe
dyukuusa ¢ na r Moxer ObiTh He onpezesena), o T(x,n) = x. Eciu
JKe 32 N IaroB IporpaMMa OTBET JACT, TO 3TOT OTBET U OyJ/IeT 3HAYEHU-
eMm T'(x,n) (3a OHUM MCKIIIOYEHHEM, O KOTOPOM MBI CKayKeM H03Ke).

ITonpoGyeM nokazaTh, 410 t(x) = T}ergo T(xz,n). ycrs t(z) pasuo

HekoTopomy a. Torga paGora mporpaMMbl p (C IPABUIBHBIM OPaKYy-
soM K') yepe3 HEKOTOpOE BpeMsl 3aBepIuaeTcs U Jaér orser a. [Ipu sTom
BBIUKCJIEHUU HUCIIOJIb3YeTCsl JIUIIh KOHEYHOE YKCJIO BOIIPOCOB K OPaKYyJIy.
[TosTomy mpu mocTaTodHO GOJIBIIIOM 7o MHOXKECTBO K, B 9THX MeCTax
yxe Oyner coBuajarb ¢ K. Yeeauuus n emg, ecau Hajgo (9T06bl OHO
PEB30ILIIO BpeMsl PabOThl IPOrPAMMBI D), MBI MOXKEM TI'apaHTHPOBATD,
YTO IIPU ITOM 7 ¥ [IPH Beex 66ubmux n 3uadenue 1'(z, n) Gyuer paBHO a.
Ho mam Ha/10 €1mé JoKa3aTh, 9TO eCJin IPeJIes CYIeCTBYEeT U PaBeH a,
To t(x) = a. 31mech HAC OXKUJAET TPYJHOCTh, COCTOSINAS B CJIELYOIIEM.
ITyctb npu Hacrosmem K pabora mporpaMMbl p He 3aBepiiaercs. Ho Tem
HE MEeHee MOYKET MMOJIYIUThCsI TaK, YTO [MPU KarXKJIOM 7 HAIE BBIYUCICHIE
3aBEPIIHUTCS 33 CIET TOTO, UTO MHOXKECTBO K, OTJIHYAETCS OT HACTOS-
mero K, u ciiygaifHO Bce 9TU BBIYUCJIEHUS TQJIyT OJMHAKOBBI OTBET.
Y00l CHPaBUTBCS C STOH TPYAHOCTHIO, W3MEHHM OIIpejieJIeHue
dyuxyn T'. A UMEHHO, IOTOBOPUMCS, YTO ecyiu npu Beraucsernu T (x,n)
u T(z,n — 1) IpOTOKOJIBI OOpAIeHU K OpaKy/ly ObLIM pasHbIMU (3314~
BaJIMCh Pa3HbIE BOIIPOCHI WU OBIIH MOy YeHBI PA3HbIE OTBETHI HA OJIUMHA~
KOBBIe BOIPOCHI), T0 T'(x,n) = *. DT0 HE HOPTUT HAIIErO [PEIBIIYIIErO
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paccyXIeHns, IMOCKOJIbKY TaM HpH OOJBIIAX 7 3aJaBaeMble BOIPOCHI
U JaBaeMble OTBETHI TaKue 2Ke, KaK B <«HACTOSINEM» BBIUMCJICHUU. 3a-
TO Telmepb MbI MOXKEM OBITH yYBEPEHBI, UTO €CJU II0CJIEI0BATEIHHOCTD
T(x,0),T(x,1),... umeer npezedn, o u t(x) oupemesnero. B camom Jedte,
€CJIn OHA UMeeT Ipejesl, TO COIEP:KUT KOHEUHOe YUCJIO 3BE3J04UeK. 3Ha-
9UT, IPUA BCEX JOCTATOTHO OOJIBINNX 7 OPAKYILY 3aIAI0TCA OJHU U T€ XKe
BOITPOCHI U TOJIYIaIOTCA OJHN U T€ YK€ OTBETHI. SHAYUNT, 9TH OTBETHI IIPa-
BUJIBHBI, TaK Kak B mpemenie K, crpemurca K K. IlosTomy Hacrosiee
BBIYHCJIEHUE TAKXKe 3aBepiiaercst (¢ TeM Ke OTBETOM). [>

67. Hanoxxum Ha dpyakumio T u3 3T0# T€OpeMbl JOIMOJHATEILHOE OrPAHM-
venue: nocsenosarenbHocts 1'(z,0),T(x,1),... COZEPKAT TOJIBKO HYJIH €Iy-
HUIIBI, HAYMHAECTCS C HyJId U IMeeT He 6osiee m n3MeHeHuit (epexomos OT HyJist
K eJMHUIe U HA00OPOT), TJe M — HEeKOTOpas KoHcTaHTa. [Ipenenbuyio dbyHK-
o limy, T'(z,n) GyzemM paccMaTpUBaTh KaK XapaKTePUCTUIECKYIO (DyHKIHUIO
HEKOTOPOro MHOXKeCTBa. [loKaxKuTe, 9T0 TaKUM 00pPa30M MOJIYYATCsT BCE MHO-
2KeCTBa, KOTOPBIE IPEJICTABUMBI B BHJE CUMMETPUYECKON PA3HOCTH M Iepe-
YUCIUMBIX MHOXKECTB, U TOJILKO OHH. lloKaskure, ITO ¢ pOCTOM ™M KJIacc BO3-
HUKAIOMUX TaKuM 00pa3oM MHOXKeCTB yBeqamuuBaercs. Cp. 3amaun 15, 16, 26.

Bosnukaromue B 3T0i 3ajavu€e KJIACChI MHOYKECTB HA3BIBAIOT KOHEY-
HOMU YPOSHAMY uepaprut, Epwosa (HO-aHIIUACKU TOBOPAT TaK¥kKe O
difference hierarchy).

68. Ilpusenénnoe B 3azaque 14 (c. 14) ompemesneHmne BBIMUCIUMOTO JIEH-
CTBUTEJILHOTO YHCJIA MOXKHO PEJISITUBH30BATH OTHOCUTEIBLHOTO JIIOOOr0 MHO-
skectBa A. Ilokazkure, 9T0 4uCIO (v ABJsAETCA 0'-BHIYUCIUMBIM TOT/IA W TOJIb-
KO TOTJIa, KOI/Ia OHO SIBJISIETCS IIPEEIOM BBIYHCJIMMOM II0CJI€I0BATEIHHOCTH
PAIMOHAJLHBIX YUCEJ.

69. ITokaxkure, 9TO BCAKOe GECKOHEYHOE Pa3peniuMoe MOJIEPEeBO MOJTHOTO
JIBOMYHOTO JiepeBa (3a1a4da 29, c. 21) nmeer 66CKOHEUHYIO BETBb, BBITUCIMMYIO
orHocuTenbHO 0.

70. [TokazkuTe, uTO B HpeAbLLyIeH 3amaue 0’ MOXKHO 3aMeHUTh Ha JTI060e
MHOXKECTBO, OTeJstonmee 3P@PEKTUBHO HEOTJEIMMbIE [T€PETIHCINMbIE MHOYKE-
cTBa, cM. pazzaen 6.6. (Ykasanue. Hauas ¢ KopHs, 6yzeM cTPOUTH GECKOHETHY O
BerBb. Ha KaxkJIoM miare HaJio pemarhb, UIEM Mbl HAJIEBO WJIM HAIIPABO, U IIO-
magarh B GeckoHedHOoe IojepeBo. KoneduHoCTh moiiepeBa — IepedncanMoe
CBOWCTBO, U 00a MOIepeBa KOHEYHBIMU OBITH HE MOTYT, 3HAYHUT, JJIs BBHIOODA
MOXKHO BOCIIOJIb30BAThHCs OTJIEJIUTEIIEM. )

7.5. HecpaBHUMble MHOXeCTBa

Oupenenenne cBogumoctu 110 Trhiopunry (mamomunM, 9to A cBoguUT-
cs1 10 Thiopunry K B, ecjin MHOXKECTBO A paspermnmo ¢ opaxky/iom s B)
MOXKHO PACCMATPUBATE KaK CIIOCO0 CPABHUBATD 3a/[a9H PA3peNIeHus Pa3-
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JIMYHBIX MHOXKECTB <110 Tpyasocrus. (Eciu A <r B, o 3ama4a pasperie-
HUsI MHOXKeCTBa A B HEKOTOPOM CMBICJIE TIPOITIE, YeM 3a1a9a Pa3PeIeHnst
MHOXKecTBa B.)

BosHukaer MHOXKECTBO €CTECTBEHHBIX BOIIPOCOB, CBSI3aHHBIX C TAKOI
kJtaccudpukanueii. Hanpumep, cymecrByer Jjin camasi TpyiHasl B MUPe 3a-
Jlada pa3perieHnsi, T eCTh TaKoe MHOXKeCTBO A, uro B <1 A mjist 1106010
MHO)KecTBa B? OTBeT, KaK JIETKO MOHATH, OTPUIIATE/ILHBINA: B PEJISITUBH-
30BaHHOM OTHOCHUTEIHLHO A MHUpE €CTh CBOM HEpa3pernMble MHOXKECTBA
(n maxe A-mepeunciumble A-HepaspenmMble MHOXKECTBA) — IMOCKOJIb-
Ky TaM BBIIIOJIHEHBI OOBIYHBIE TEOPEMbl Teopun aaropurmos. (Moxkuo
TaK>Ke 3aMETUTh, YTO IOCKOJIBbKY PA3IUIHBIX ITPOIPAMM CUYETHOE IUCJIO,
TO TIpH JIIOOOM MHOXKeCTBe A ceMelcTBO Beex A-paspenmMbiX MHOXKECTB
CUETHO. )

Hpyroit, MeHee TPUBUAJIBLHBIN BOIIPOC TAKOM: JITOObIE JIN JIBA MHOYXKEe-
crBa cpaBHUMBI? OKa3bIBaeTCs, YTO HET, KaK IIOKA3bIBAET CJIE/YIOIast
TeopeMa, JokazanHass Kymuan u [TocTom.

Teopema 50. CymecrByior iBa Takux Muoxkectsa A u B, uro A L1+ B
u B €1 A. 9TH MHOKECTBa MOXKHO B34Th 0'-pa3permMbIMH.

<! MuoxkectBa A 1 B JOJKHBI YIOBJIETBOPATH TAKUM TPEOOBAHUSIM:
HUKaKas IIPorpaMma, K KOTOPOil IIPUCOeIMHEH B-0opaKyJl, He pa3peliaer
MHOXKECTBa A, 1 HUKakas IporpaMMa, K KOTOPOI mpucoeaunén A-opa-
KyJI, He pa3peraeT MHOXKeCTBa B.

Takum 06pa30M, UMEETCsi CYETHOE YHUCIO TpebGoBaHUil (IIOCKOJIbKY
ecThb CYETHOE 4YUCJIO IporpaMm). Mbr Gymem o6CiIyKUBATH MX IO OUe-
peiu, Kaxkioe [0 OJHOMY pa3y — ODeCIednB BBINOJHEHHE HEKOTOPOIro
TpebOBaHUsI, MbI y2Ke K HeMy Bo3Bpamarbcst He Oyiem. [Tocie kaxkmoro
mara 0yieT (GPUKCUPOBAHO TIOBEJEHNE MHOXKECTB A U B Ha HEKOTOPBIX OT-
PE3Kax HATYPATLHOIO Psijia, TapaHTUPYIONIEe BHITIOJHEHNE YKe PACCMOT-
pennbix TpeboBanuit. Ha ciremyromem maru 3T oTpe3Ku OyayT O60bIie,
U TaK jrajiee — B Ipejiesie ToJydaTcs iBa MHOKecTBa A u B, ynoBiaeTBo-
psonye BceM TpeboBanuaM. Bes KoHCTpyKius Oyzaer 0'-BbIMHCIIMOIT,
TaK 9TO pe3yabTUPYIomue MHOKecTBa OyayT 0'-paspenmMbIvMi.

Omnumem paccyxpaenne 6osee mogapobHo. Hazosém  ¢pazmenmom
dyHKIMIO, KOTOpas OlpejesieHa Ha HEKOTOPOM (KOHEYHOM) HAYAJIb-
HOM OTpe3Ke HATYPAJBHOIO psijia u npuanMaer 3Hadenus: 0 u 1. Bymem
TOBOPHUTH, UTO MHOXKECTBO A cozaaco8ano ¢ (pparMeHTOM @, €CJIU Xa-
pakTepucruveckasi (pyHKIMs MHOXKecTBa A mpojosnkaer a. pyrumu
CJIOBAMM, COTJIACOBAHHOCTH C JAHHBIM (DPATMEHTOM OIpeIesIseT MoBee-
HUEe MHOYKECTBA Ha HAYAJBHOM OTPe3Ke HATYPAJIBHOTO Psijia.

Ecsin dparment as nponoirkaer pparMent aj (TO eCTh OIpPeesiéH Ha
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GOJIbIIIEM OTPE3KE ¢ COXPAHEHUEM IIPEXKHUX 3HAYCHUI HA MEHBIIEM), TO,
O0YEeBUIHO, COTJIACOBAHHOCTH C HUM HAKJIAJILIBAET OOJIbINE OrPAHUIEHUN
Ha MHOXKECTBO.

Jlemma. Ilycts a u b — nBa dparmenTa, a p — mIporpamMma, cojepKa-
mast BBI3OBBLI BHENIHEH poneayphl. Torma cymecTByoT NpoaozKenus a’
n b 3TEx HparMeHToOB ¢ TAKUM CBOWCTBOM: HH JJIl KAKUX MHOXKECTB A
n B, cormacoBannbix ¢ @’ u b, mporpamma p, nMest TOCTYTI K XapaKTepH-
crudeckoii pyHKuuu st B, He OymeT paspemraTbh MHOXKECTBO A.

JlokazaB 3Ty JieMMy, MOXKHO II0OYEPEIHO PACCMATPHUBATH BCE IIPO-
rpaMMbl U TapaHTHPOBaTh, YTO HU OJIHA U3 HUX He paspernaer A OTHO-
curesibio B. Ecu npu atom depesoBath A u B B IpUMeHEHUN 3TOH JieM-
MBI, TO OJHOBPEMEHHO MOXKHO TapaHTHUPOBATH, 9TO HU OIHA ITPOrPAMMA
He pasperiaer B oTHOCHUTEHHO A.

(3ameuanne. OueBMIHO, MOKHO Tpeanosaratb, aro a' u b’ mawH-
Hee a U b — UX Bcerja MOXKHO UCKYCCTBEHHO YJJIMHUTh. Torna B mpejesie
MBI ITOJTyIMM OECKOHEUHBIE MTOCJIeI0BATEILHOCTH, SIBJISTIONUECS XapaKTe-
puctudeckuMu QYHKIUSIMHA JIBYX UCKOMBIX MHOXKECTB. Bripodem, 310 He
005132 TeJIbHO: €CJIA B IIPEJIesie BAPYT MOy IATCsd KOHETHbIE (PPATrMEHTHI —
BO3bMEM JIIOObIE MHOXKECTBA, C HUMU COIVIACOBAHHBIE. )

Wrak, /s IoCTPOeHUsI MHOXKeCTB A 1 B 0CTaJIOCh JIOKA3aTh JIEMMY.
(K Bompocy 0 0'-BBIYHCIUMOCTH MBI €18 BEPHEMCL. )

B dopmyuposky jiemmbl MHOXKECTBa A 11 B BXOJISIT HECUMMETPUIHO,
[IO9TOMY U paccyzkaeHue Oyner Hecummerpudnoe. Pukcupyem HEKOTOPOE
9UCJIO T, KOTOPOE He BXOAUT B 00JIACTH onpeiesieHus (pparMenTa a, i 3a-
JaguM cebe BOIIPOC: CYIIECTBYET JIM TAKOe MHOXKECTBO BB, COrIacOBaHHOE
¢ ¢parmeHTOM b, YTO IMOCJE NPUCOEIUHEHUs] €r0 XapaKTePUCTUIeCKON
dyHKIMK K TIporpamMMe p 3Ta IporpaMMa JaéT Ha BXOJe & KaKOH-TO u3
OTBETOB «Jla» U <«HeT». Eciim Takoro MHOXKECTBa HET, TO BooOIIe 3a00-
TUTHCS HE O 9YeM — YTBEPXKJIEHUE JIEMMbI OyIeT BePHBIM, €CJIH IIPOCTO
oJIoKUThH ' = a, b’ = b.

[TycTb Takoe muO)KecTBO B cymectByer. [Ipociemum 3a paboToii mpo-
rpaMMbl p Ha BXojle T Jjist 3Troro MHOXKecTBa, B. Ilpexe uem BbIIATH
CBO1 OTBeT, MpOrpaMMa MOYKET HEKOTOPOe KOHEYHOE UUCJIO Pa3 BBI3bI-
BaTh XapaKTEPUCTUIECKyIO (PYyHKIMIO MHOKecTBa B. Bozbpmém dpar-
MeHT b, ¢ KOTOpbIM B cOrIacOBaHO, ¥ IPUTOM JOCTATOYHO JJTMHHBIIA,
9TOOBI IOKPBITH U 3a(DPUKCUPOBATH BCE T€ MECTA, K KOTOPBIM 00pallaiach
nporpamma p. Torma nporpamma p Oyzer jgaBaTh TOT K€ CAMbI OTBET
HE TOJIBKO JIJIsi MHOXKeCTBa B, HO u Jijist JTIOOBIX MHOXKECTB, COTJIACOBaH-
meix ¢ b'. Ocraéres o6ecneanTh, YTOOBI 3TOT OTBET OBLI HEBEPHBIM, YTO
MOXKHO CJI€JIaTh, BKJIIOYNB T B 00JaCTh onpesienenns a’ n BbIOpas a’ ()
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[IPOTUBOpEYAIUM 3TOMY OTBeTy. Jlemma jokasana.

Ocrajioch UMb JTOKA3aTh yTBEPIKJIEHUE TEOPEMBI, OTHOCSIIEECS K
0/-BBIYUCIUMOCTH, JIJIT 9ero HaJo yoenuThes, 9To nocrpoenue a’ u b’ B
JIOKA3aTeIbCTBE JIEMMbBI MOXKHO c¢aesaTh 0'-anmropurmuaecknm. Kiroue-
BOIT MOMEHT 3/1€Ch — OTBET Ha ¢(POPMYJIMPOBAHHBIN [IPU JTOKA3aTETHCTBE
JieMMbl Borpoc. KoHeuHO, OYKBaJIbHO IepeOpaTh KOHTUHYYM BO3MOXK-
HBIX MHOXeCTB B, coryiacoBaHHbIX ¢ (dpparmMeHToM b, HeBO3MOxKHO. Ho
9TO U He TpebyeTcsi — HAJ0 MPOCTO MPOCMATPUBATL BCE BAPUAHTHI Pa-
60oTeI TIporpaMmbl p. Korga oHa 3a7aéT BOIPOC TPO HE BXOAAIIEe B b
YUCJI0, IPOCMOTP Pa3BeTBJISIETCsS HA JIBa HAIPABJICHUS B 3aBUCUMOCTH
oT AByx Bo3MoxkHOcTel. [losydaeTcst BeTBsIEecs JIepeBO BAPUAHTOB, 1
BOIIPOC COCTOUT B TOM, IOJIy9IaeTCs JIU OTBET «Ja» UM «HET» XOTb Ha
KaKON-TO BETBU. A 3TOT BOIIPOC MOYXKHO 11epedopMyJIHpoBaTh KaK BOIIPOC
0 TOM, OCTAHOBHUTCS JIM HEKOTOpasg Iporpamma (& UMEeHHO, IPOrpaMMa,
[IPOCMATPHUBAIOIIAS TAPAJIJIEIbHO BCE BETBU M OCTAHABJINBAIOIIASICS, KAK
TOJIBKO Ha OJIHOM M3 HUX IIOSIBUTCS OTBET «J1a» WJIA <HET» ).

D10 3aMevaHue U 3aBEPIIAeT JI0KA3aTeJIHCTBO TEOPEMBI. [>

Topazmo Gostee citozkeH BOIPOC O TOM, CYIIECTBYIOT JI HE IIPOCTO
0’-paspemmuMble HeCpaBHUMBIE 10 THIOPUHTY MHOXKECTBA, & MePeuUCHU-
Mble HeCpaBHUMBIE 110 THIOPUHTY MHOXKeCTBaA. DTy mpobieMy (HA3BIBa-
eMyto npobaemot ITocma) HE3ABUCUMO DENTMIIN AMEPUKAHCKUN MaTeMar-
tuk Ppuibepr (TOT caMblii, YTO IOCTPOUJ OJHOIHAYHBIE HYMEDAIUH,
cM. pazzpen 4.2) u Anpbepr Abpamosud MydHIK; HHTEPECHO, YTO IS
[TOCTPOEHHUsI HCKOMBIX MHOYKECTB OHU MCIIOJIB30BAJIA OJIUH U TOT Ke TIOJI-
X071, KOTOPBIil IOy YN/ Ha3BAHUE «METOJ] IPUOPUTETAS.

7.6. Teopema MyuyHunka— Ppuagbepra: obuiasi cxema

Teopema 51. CymecTByIOoT HecpaBHUMBIE TI0 THIOPUHTY HEPEINCIIH-
MBbI€ MHOYKECTBA.

Mpbl npuBOIMM JIOKA3aTEILCTBO ITOM TeOpeMbl Kak IpuMep Oosiee
M30MIPEHHON TEXHUKH, UCIOJIB3YEMOI B TEOPUU BBIYUCTUMBIX (PYHKITUIA.
Opnnako Hasi0 UMerhb B Buuy, 9ro B 1960-b1e u 1970-ble rombl mepeaHuit
Kpail 3Toit 06/1acTH YIIET JaJIeKO 38 TOPU30HT, U IIPUBOINMOE HUXKE Pac-
CyXKJIeHIE CTAJI0 CKOpee 00pa3IoM IPOCTOTHI, YeM CJIOZKHOCTH.

< NTak, MBI XOTUM TOCTPOUTH JIBA MEPEUUCTUMBIX MHOXKECTBA, HHI
OIHO M3 KOTOPBLIX HE CBOAMTCS K Apyromy mo Tbniopumary. Mbr Oymem
CTPOUTH HX IO IIAraM; Ha KaXKJIOM Iare Oy/1eT n3BeCTHA JIUIIb KOHETHAs
qacTh Oyaymux MHOXKecTB. Ham Oy/mer ymobHa Takash TePMUHOJIOTHSI.

daemermom MBI OyJIeM HA3BIBATH MTPOU3BOJIBHYIO Mapy KOHEIHBIX



[o. 6] Teopema Mywnuka — Ppudbepza: obwasn crema 85

muoxkecTB (A, B) HarypasjbHbIX 4YuceJ. ByjeM roBOpUTb, 4YTO 3Jie-
ment (A', B') npodoasicaem snement (A, B), eerm A C A’ u B C B'.
MbI TOCTPOMM BBIMUCIUMYIO HOCJIEI0BATEILHOCTD 3JIEMEHTOB, KAKJIbIi
13 KOTOPBIX IIPOJIOJKAET TIPEBIAYIIN; B Ipeesne (00beInHeHn ) OHI
JIaJIyT UCKOMBIE IIepeunCIUMble HECPABHUMBIE MHOYKECTBA.

Vrkasarnuem Mbl OyJeM Ha3bIBATH YETBEPKY KOHEYHBIX MHOXKECTB
(A* A=, B* B™), B kotopoii AT ne nepecekaercs ¢ A~ u BT ne ne-
pecekaercss ¢ B~. CJloBO «yKaszaHUe» OObSICHSETCS TEM, YTO TaKue
YeTBEPKH YKA3BIBAIOT, 9eT0 MBI XOTHM OT 3jieMentTos: AT — 310 umca,
KOTOpBIE JIOJDKHBI BXOIUTH B A, a A~ — w4uciia, KOTOpbIE HE JIOJIKHBI
BxoquTh B A; ananormano miug B. @opmanabHO, MBI TOBOPHM, UTO 3JI€-
ment (A, B) coznacosan ¢ ykazanumem (AT A~ BT B7) eciu AT C A,
A"NA=g@, Bt C B, BN B = @. Bylem ropopuTb, 4To yKa3aHHe Usa
cuAvHee YKA3aHUs U1, €CJIU BCSIKUI 3JIEMEHT, COIJIACOBAHHBIN C Ug, CO-
[JIACOBAH U ¢ U1 (TO €CTh KaXKJasd U3 YETHIPEX KOMIIOHEHT YKA3AHUS U
BKJIIOYAET B ¢e0si COOTBETCTBYIONLYIO KOMIIOHEHTY YKA3AHUS U1 ).

IMycrs a(X,Y) — Hekoropoe cpoiicrBo mapel muoxkects X,Y C N.
C KaKJbIM TaKUM CBOMCTBOM CBsI?KeM HEKOTOPYIO UTPY JIBYX [epPCOHa-
xkeft — Pykosomgurenst (P) u Ucnosanrens (11). Mrpa npoucxoqur Tax:
BHadasie U npeabssisier P HeKoTOpOe ykazanume ug U HEKOTOPBIH 3Jie-
MEHT €(, COTJIACOBAHHBIN € Ug. MBI Oy/1eM HA3BIBATD NX HAYAJIBHBIM yKa-
3aHWEM W HAYaJbHBIM dieMeHToM. (Kax MBI yBHIMM, B OKOHYATETHHOM
KOHCTPYKIIUK PYKOBOJIUTEJIEH OyIeT HECKOJIBKO, M HAYAJILHOE yKa3aHue
U 3JIEMEHT JOCTAIOTCS CBEKEHAZHAYCHHOMY PYKOBOJIUTEIIIO OT €r0 IPEI-
NIECTBEHHUKOB — HO 06 3TOM JaJjbiie.) P orBedaerT HEKOTOPBIM yKa3a-
HUEM U1, IOCTe 3TOro U BHIOMpAeT COrJIACOBAHHBIN C HUM 3JIEMEHT €7,
zareM P Boibupaer ug, V1 BoiOupaer e 1 Tak gajee (MIpa MpoIoJiKaeTcst
6eckoneqno). IIpu sTom:

o Kaxnpriit ciemyromuii Beioupaembiii U s1eMeHT [OJIZKEH TPOIOJI-
JKaTh IPeAbLIyIHiA (1 IIOTOMY BCE OHM IIPOJIOJIZKAIOT HAYAIbHDII );
OH TaKKe JOJ?KEH ObITH COTVIACOBAH C TOCJIETHUM yKas3anueMm P, Ho
MOYKeT He ObITh COTJIACOBAH C €0 MPEIbIAYIITUMIA YKAZAHUIMHE.

e Bce ykasanus P 10/KHBI ObITH CUJIbHEE HAYAJILHOIO yKa3aHus (HO
He 00s13aHbI ObITH CHJIbHEE ero MPeJbLIYIINX YKa3aHuii!).

e Ecin ouepennoe ykazanue P BoibiBaer nar (to ects y U Her aJie-
MeHTa, KOTOPBIi ObLI C HUM COIVIACOBAH U IIPOJIOJIZKAJI IIPEJIBILY-
Ui 9JIEMEHT), TO UI'Pa 3aKaHYUBAETCA U P IPOUrPLIBAET.
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e Eciu urpa GeckonedHa, TO MbI cuuTaeM P mobeauresieM mpu BbI-
[MOJIHEHUH JIBYX ycJoBwii. [lepBoe M3 HUX COCTOUT B TOM, 4TO yKa-
3aHus P, HaUnHAs ¢ HEKOTOPOrO MOMEHTa UT'PBI, HE MEHSIOTCS.

e Haxomner, BTOopoe ycjoBUE COCTOMT B TOM, 9TO NpPEIEIbHBIE MHO-
xkectBa X u Y ynosnersopsior yeaosuio «(X,Y), o koropom
MBI TOBOPWJIM JI0 Havasa onmcanust urpel. (Ecim i-biit smement e;
ectb (X;,Y;), 70 X 'Y ecrb 00beiuHe s BO3PACTAIONINX [EIIOYEK
muOXKecTB X C X1 C...uYp CY1 C...)

Bynem maspBaTH yCiioBHE 6bIUPLIUHDBIM, E€CTH CYIIECTBYET BBIYHC-
JguMas (peanu3yeMasi aJrOPUTMOM) CTparerus g P, rapanTupyiomas
ero Boinrpelt. JlagpHeimmit tan geiicteuit Takoit. Mbl mokazkeM, 910
JUTsL JII0001 IIPOrpaMMBbI P ¢ BBI30BAMU BHEITHE} IPOIIELY Pl YCIOBUE <P C
opaxysioM Jyist Y He paspemaer X » sIBJISIETCS BBIMTPBIIHBIM. (DTO pac-
CYy2KJIeHHe B 3HAQUYUTEJIbHOU Mepe IIOBTOPsieT PacCyXKJIeHUe U3 TeOpEeMbl
Kounu —IMocra, HO HECKOJIBKO GoJiee ¢i0xkHO.) BoJiee Toro, Mbl ycrano-
BHUM, YTO COOTBETCTBYIOIIas CTpPaTEerusd BBIUUCINMO 3aBUCUT OT P.

C Apyroit CTOPOHBI, MBI IIOKAXKEM, UTO JIJIsI JTFOOOT0 YUC/Ia BBHIUTPDIII-
HBIX YCJOBHUH v;, I KOTOPBIX CTPATETHH MOXKHO BHIOPATH BLIYUCIIMO
3aBUCAIIAMU OT %, MOXKHO HalTU Hapy NePeYUCIUMBIX MHOXKECTB, yJI0-
BJIETBOPSIONTYIO BCEM yCJIOBUsiM. VIMEHHO 3TO MOC/emHee PACCYKICHUE
OyIeT WCIIO/IH30BATh UJIEI0 «IIPUOPUTETA»: y HAC Oy/IeT OJIUH HUCIIOJIHU-
TeJIb U CIETHOE YHCJIO PYKOBOJUTENEll ¢ Pa3HbIMU YPOBHIMHU IIPHOPUTE-
Ta(IJIaBHBIN, MEHee IVIABHBIH, €I MeHee IVIABHbIH 1 T. J1.).

7.7. Teopema MyuHuka—Ppunabepra: BoINrpbllLHbIE YCNOBUS

Wrak, nmycts dukcupoBana mporpamma p, KOTopoit P xoder mome-
MaTh pa3penaTbh MHOXKECTBO X OTHOCUTEIbLHO MHOXKecTBa Y. HUro on
JIOJIKeH Jtst 91010 jenarb? (Mbl 6y1eM OIHUChIBATD BCE IIPOUCXOZIINEe C
€ro TOYKU 3PEHusI. )

B magasne P nmonydaer HeKOTOpOe yKa3aHUe M HEKOTOPBII JIEMEHT, C
HUM COIVIACOBaHHBIA. Bee maspheiinme yka3aHust JTOJ2KHBI ObITH CHIIbHEe
9TOT0 — MBI BCET/IA JOJIYKHBI YKA3BIBATH BKJIIOUNTH OMIPEIEICHHBIE TUCTIA
B X uY u He BKJIIOYATH HEKOTOPBIE Apyrue (U TexX, U JAPYIUuX — KOHed-
HOe MHOXKeCTBO). Kpome Toro, ecrb HEKOTOPBIA HAYAJIBLHBIN SJIEMEHT —
HavaJbHas mapa MHOXKecTB. Co Bpemenem U yBenmdmBaeT 9T MHOXKe-
CTBa 10 COOCTBEHHOMY YCMOTPEHUIO; €IMHCTBEHHOE, KAK MBI MOXKEM Ha
9TO MOBJIAATH — JlaBasi YKA3aHUS.

Wrak, 9To ke MbI JeaaeM?
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Ha mepBom 1miare BbIOepeM KakKoe-TO YHUCJIO T, HE BXOJSINEe B Ha-
qajibHOe 3HadeHre X W He 3aTPOHYTOE HAYAJILHBIM yKa3aHueM. B Ha-
[eM [MePBOM YKa3aHUM MbI TIOMPOCUM HE BKJIOYATH 3TO £ B X, TO €CThb
J106aBUM X BO BTOPYIO KOMIIOHEHTY HAYAJIBLHOIO yKa3aHUs, KOTOPYIO MbI
koryia-To obosHadamu A~. (Eciu 661 MbI XOTeJH, YTOOBI IPOrpaMMa. He
paspemasa Y, Mbl ObI IeCTBOBAIN CAMMETPUIHO U JTOOABJIAIN OBl UNC-
JIO B 9€TBEPTYIO KOMIIOHEHTY, KOTOpas 0bo3HavYaacs, B .)

Yro 310 HaM Haér? Ecim Mbl OyaeMm u gajblie ay0/MpoBaTh [1€pBOE
yKa3aHue, TO MbI JOObEMCsI, ITOOBI YUCJIO & HE TPUHAJIEKAIIO [TPEeIb-
HOMy MHOXKecTBY X . Ho eciin B KAKO#-TO MOMEHT MBI IIEPEIyMaeM U 3a-
XOTHM, YTOOBI T TPUHAIIEIKAIO X ;, 9TO MOXKHO — JIOCTATOYHO U3bSITh &
uz A~ u jiobasuTh ero B AT, uto He BhIZOBET TaTa. (3aMeTHM, YTO ITO
HOBOE yKaz3aHue He OyJeT CHIbHee MPEXKHEro — HO HO-TPeKHeMy OyJ1er
CHJIbHEE HAJaJIbHOI'O, a TOJIBKO 9TO U TpebyeTcs.)

Tak mim mHave, Mbl BBIOpaAJN TaKoe X, ChOPMUPOBAJIU TIEPBOE yKa-
3aHMe U AyOJUpyeM ero, moKa He BUJIMM IPUYUH U3MEHUTH CBOE MHEHUE.
TIpuausabl 3T MOTYT COCTOSTH B cjeaytomeM. Ha n-oM X0y Urpbl Mbl
BBIIIOJIHSIEM 7 IIAr0B paboThI porpaMmbl p Ha Bxoge . (Hamomuum, aro
p — Ta caMasi IporpaMMa, KOTOpO# MbI XOTHM He JIaTh paspemarb X ¢
opakysoM nyist Y.) IIpm 9TOM, KOTia IporpaMMa BbI3BIBAET BHEITHIOH
nporeaypy st Y, Mbl 1aéM OTBETHI B COOTBETCTBUU C TEKYIIUM COCTO-
sareM Y (TO eCTh B COOTBETCTBHUH C IOCJECIHUM 3JIEMEHTOM, HAIIUCAH-
upiM 1). Tpeacrasum cebe, 9T0 JEHCTBUTEIBHO 3a 7 MIATOB HOJLY IHJICST
Kakoit-To pesysbrat. Torma Mbl TpoOYKIAeMCsT I CMOTPHUM, TPUHAIICK-
HOCTb U HEIIPUHA/JIE?KHOCTH KAKUX SJIEMEHTOB MHOXKECTBY Y ObLIa IIpU
9TOM HCIOJIb30BaHa, U (PUKCUPYEM TEKYIIee IMOJIOKEHNEe JIeJI B HAIIEeM
CJIEJIYIONIEM U BCEX MHOC/eAyomux (6oJblie OHU MEHATHCA He OyIyT)
yKazaHuax. TeM caMbIM OyJeT TapaHTHPOBAH TOT K€ OTBET MPOTPAM-
MBI p Ha TpefeabHOM MHOXKecTBe Y. C Jpyroit CTOpOHBI, MBI MOYKEM
J106UTHCs, YTOObI & NPUHAJIEKAIO X WM HET 110 YKeJIaHUIO (ITOOBI He
[IpUHAJJIEXKAJI0, He HaJIO JIeJIaTh HIYero, YTo0bl IPUHAJIEXKAJI0 — Iepe-
HECEM €r0 B IIOJIOKUTEJIbHYIO YaCTh yKa3aHus, cM. Bbime). Cuemaem 310
TakK, 9T00BI OTBET IIPOTPAMMBI P CTAJ HEIIPABUIHHBIM.

[Tokaxkem, 9TO 3Ta CTpaTerus JEHCTBUTENHHO BBIMUTDHINIHASA. FKCTh
JBa caydast. Kcim Mbl B KAKO-TO MOMEHT MPOOY/UINCh, TO IO TIOCTPOe-
HUIO TIPOrpaMMa P JAaéT HelpaBUJIbHBINA OTBET Ha uucjie . Ecjm ke Mbl
TaK ¥ He IPOOYIUINCH, TO IIPOrpaMMa p He JaéT Ha T HUKAKOI'O OTBETA
(upu npezenbHOM 3HaYeHUN Opakyia). [louemy? B camom zene, jo6oit
TaKOIl OTBET 3aBUCUT OT KOHEYHOI'O JHCJIa BOIIPOCOB K OPAaKYJly U TpeOy-
€T KOHEYHOTO YUCJIa MAroB paboThl — TaK YTO HA JOCTATOYHO JTAJIEKOM
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mare Wrpbl, KOrJia BCe HY’KHBIE YUCIa B OPAKYJIe MOSBIATCS U BPEMEHU
Ha BBIYUCIEHNE OYAeT JOCTATOYHO, MBI JIOJI>KHBI OBLIH OBI TPOOYINTHCS.

Boraucsimmocts Hamed crpateruu (B TOM YUC/IE BBIYUCIAMASA 3aBU-
CHMOCTH OT IIAPAMETPa, TO €CTh OT IPOrpaMMbl p) odesuaua. Ocraaoch
OOBSICHUTD JIUIIb, TOYEMY YUCIO PA3JIUYHBIX YKa3aHUi OyjeT KOHEIHO.
Ha camom sresie ux MOXKeT OBITH MAKCUMYM JIBA — €CJIH MBI KOT/Ia-TO ITPO-
6y 2K JaJIUCh, YTODOBI Jlajiee 3aCHY Th HABEKHU (a ecyiu He IPOOYKIAJIUCH, TO
BOOOIIIE OJTHO).

7.8. Teopema MyuHuka—®Ppuabepra: metoa npuoputeTa

Tereph MOXKHO 3a0BITH O KOHKPETHON TPUPOIE IJIEMEHTOB W yKa-
3aHUl 1 IIoKa3aThb, 9YTO €CJIM €CTb II0CJIeJ0BaTE/IbHOCTDb BBIUI'DBITITHBIX
YCJIOBHIA (1, (va, . . . , IPUYIEM BBIUTPBINIHBIE CTPATErUN JJIsi P BBIYUCIIMO
3aBUCAT OT %, TO €CTh Iapa MEPEUUCTUMBIX MHOXKECTB, YIOBJIETBOPSIIO-
Iasi BCEM YCJIOBUSIM.

Ijist sTOro IpejcraBuM cebsi Ha MeCTe WCIIOJIHUTEJIsI, HaJl KOTOPBIM
€CTh IOCJIEIOBATEIbHOCTh PYKOBOJIUTEIEl, IPUOPUTETHI KOTOPBIX YOBI-
BaloT (IIEPBBI — caMblil BayKHBIA, BTOPOH — MeHee BaXKHbBIH U T.1.).
Kax it m3 pykoBomuTeseil oTBedaeT 3a CBOE YCJIOBHE U UMEET CBOIO
BBIMTPLIIIHYIO CTPATErnio. BHavyase Mbl HAYMHAEM UTPATH C IIEPBBIM PYy-
KOBOJIUTEJIEM ¥ BBINOJIHATDH €ro ykasanus. Kormga oHN HaYMHAIOT IIOBTO-
PSTbCsI, MBI HAJIEEMCs, UTO IEPBBI PYKOBOIUTEb y2Ke OOJIbIe MEHSTH
ux He Oyjier, u 1epemgaéM TEeKyIIuil 3JIEMEHT U TeKyllee yKa3aHue B Ka-
YecTBEe HAYaJbHBIX BTOPOMY DYKOBOJMTENIO, u urpaem ¢ num. (Bee yka-
3aHUA BTOPOrO OYIyT CHJIbHEE BPEMEHHO CTAOMIM3MPOBABIINXCS yKa3a-
Huii nepsoro.) Korna ykazaHnus Broporo Toxe cTabiIn3upyoTCs, MOKHO
[TOJIKJIFOUYHUTDh TPETHETO U T. .

Yro Ke MPOUCXOINT, €CJIN KAKON-TO U3 PyKOBOAUTE I HEOKUTAHHO
u3MeHms1 cBoé yKasanue? B 3ToM ciiydae MBI cjie/lyeM ero yKa3aHuio, He
obparasi BHUMAHUsSI Ha yKA3aHUs MeHee IPUOPUTETHBIX, a Hepes HUMU
U3BUHSEMCsI U TOBOPUM, UTO MPUIJIACUIN UX CJIMINKOM paHo. Ho 3arem
MBI CHOBa, IIOCTEIIEHHO IIPUIJIAIIAEM MX II0 TOIl XKe CXeMe.

TTokazkem, 9TO KaKIbIil PYKOBOJINUTENb PAHO HJIH TO3IHO IIOIYIUT
BO3MOYKHOCTDH OECCMEHHO PYKOBOAUTH. B caMoM jese, mMEpPBBIA BOOOIIE
HUYEro He 3HAET O JIPYIHUX, HOCKOJbKY €ro YKa3aHWHs CaMble BaKHbIE U
BCerja UCIOJIHSOTCsI. SHAYUT, B HEKOTOPBII MOMEHT OH ITI€PECTaHEeT Jia-
BaTh HOBBbIE YKa3aHUs. JaIlyIIeHHAs IOCJe 9TOr0 MHKAPHAIUS BTOPOTO
DPYKOBOIUTEIS YK€ HE BCTPETUT HUKAKUAX ITOMEX, HOCKOJbKY JIUIIb U3~
MeHEeHNe YKa3aHUil IepBOro MOXKET il IOMEIaTh, MO3TOMY U yKa3aHUs
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BTOPOTO CTAOUIM3UPYIOTCs, U T. . [Ipu 9TOM KaxKIbIil pyKOBOIUTED 10~
OLETCS BBITIOJTHEHNUST CBOETO CBOMCTBA.

Temepb BuAHO, ITOYEMy B ONpPEIEICHUN UTPHI ObLIN BayKHBI HAYTAIb-
HBIE JIEMEHTBI U YCJIOBUs — HACToANNH PyKoBOAMTEND JTOMXKEH JTO0U-
BaTbhCd CBOErO, MCXOJd U3 JII00O0H HAaYabHON cuTyanuu (KTO 3HAET, IO
Yero JOBeLyT JeJI0 Ipeabryme!).

BorauciumocTs Beex crpareruii Bcex pykoBojguTesieil (IIH0C BBIYHUC-
JIIMasi 3aBUCHMOCTH OT HOMEPa PYKOBOIWTEJIsI) TAPAHTUPYET BBHIYHCIIU-
MOCTH OIIMCAHHOTO IIPOIecca, TaK UTO IIOJIydaTcs IepeducaIuMble MHO-
2KECTBA, KOTOPBIE YJIOBJIETBOPSAIOT BCEM YCJOBUSIM.

DTO paccyxXKJeHue 3aBepinaeT JI0Ka3aTeJbCTBO TeopeMbl MyuwHu-
ka— @punbdepra. >

71. ITokaxkure, 9TO CyIIECTBYET CIETHOE UMCIIO [IEPEIUCIUMBIX MHOYKECTB,
HUKAKUE JIBA U3 KOTOPBIX HE CPABHUMBI 110 ThIOPUHTY.

72. IlokazkuTe, 9T0 MOXKHO mocTpouTsb ase napst (A, B) n (C, D) nepeunc-
JINMBIX HEOT/EJIMMBIX MHOXKECTB C TAKUM CBOWCTBOM: JIIODOE MHOXKECTBO X,
otaensitomee A or B, u moboe muoKecTBO Y, ornesnsiomee C' or D, He cpas-
aumbl 0 Toiopunary: X €7 Y n Y £r X. (Vkazanue. Bynem neficrsoBarn
10 AHAJIOI'MH C JI0Ka3aTeJbCTBOM TeopeMbl Myunuka— @pugbepra: pyKoBo -
TeJIb MOYKET BEJIeTh BKJIIOUUTH HEKOTOPBIE 3jieMeHThl B A, Hekoropbie B B, a
HEKOTOPBIe TIOKA HUKY/la He BKJIYaTh; aHagornduo maias C u D. Ytobsr BbI-
[IOJIHATH YCJIOBHE <«JIaHHAsl MalllMHA He CBOJIUT HUKAKON orinenurens A u B
HU K KakoMmy oraenurento C' u D», pyKOBOJIUTEIb PE3EPBUPYET SJIEMEHT, HE
BXOJsMit HU B A, HU B B, ¥ CMOTPUT, BBIJACT JIM MAIlIMHA HA 3TOM JIEMEHTE
KaKON-TO OTBET, UCIIOJIb3Ysl B KadeCTBe OpakyJia TeKylue npuosvkenus Kk C
u D. Kak TOJIbKO BBIIACT, PYKOBOJUTENb MPOCUT (PUKCUPOBATH UCIIOJIH30BAH-
uole eMedThl B C' u B D, a Tak»Ke jiesiaeT BbIIaHHbBIA OTBET HEIIPABUILHBIM,
106aBIIsAsl 3ape3ePBUPOBAHHEIN 1eMeHT B A nnu B.)

7.9. PewéTka Meppenera

B paznene 6.6 MBI U3y4dasn m-CBOIUMOCTD 33J1a9 OTJEJIEHUST APl
MHOKECTB (HA3bIBasl €e 1M-CBOJAUMOCTBIO OJIHOM Iaphl MHOXKECTB K Jpy-
roit mape muOXKecTB). C HMOMOINBIO MAIIUH C OPAKYJIOM MOXKHO €CTe-
CTBEHHBIM 00Pa30M OIPENEJINTh U CBOAUMOCTD 10 ThIOpHUHTY 1Tst 3878
oraesenusd. s TOro, 4ToObI OMPEIETUTH TAKYI0 CBOIUMOCTH, YIOOHO
paccMOTpeTh aJTOPUTMUYIECKUE MPOOJIeMbl OoJiee OOIIEro BHA, HA3DLI-
BaeMBIE GA20PUMMUMECKUMU MACCOGbLMU Npobaemamu no Medsedesy. A
UMEHHO, GA20PUMMUYECKOT MACCO80T Npodaemot; OYIeM Ha3bIBATD IIPO-
U3BOJIBHOE CEMEICTBO BCIOJY OIIPEIeJIEHHBIX (DYHKIIUN C HATYPATbHBIMA
apryMeHTaMU U 3HAYEHUSAMU. DJIEMEHTBI 3TOrO ceMeiicTBa OymeM Ha3bi-
BaTh PeWEeHUAMY COOTBETCTBYIOIMEH MaccoBoil mpobiembl. Ilycroe ce-
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MEeNCTBO #ABJIAEeTCH 3aJaéT mpobJieMy, He UMEIOILyIo perrenns. Hampo-
THB, CEMENCTBO BCEX BCIOY OIPEIETEHHBIX (DYHKIINN 3a1a6T mpobiemMy,
JI7Is1 KOTOPOit Jiiobast DYHKIN sABJsIeTcs perenneM. Ecin cemeitcTBO co-
CTOUT W3 €JIMHCTBEHHON (DYyHKINH, SIBJIAIOMIENCS XapaKTepUCTUIeCKON
dyHKIMEH JIsi HEKOTOPOro MHOXKeCTBa A, mojiydaeM 3adauy paspeuie-
HUA MHOXKECTBa, A. AITOPUTMHIIECKYTIO MACCOBYIO TPOBJIEMY, COCTOSIIITYTO
73 BCEX XapaKTePUCTUIEeCKHX (DYHKIWMI OTHe/nTes el HEKOTOPOH Hapbl
MHOXKECTB, OyJeM Ha3bIBaTh, 3a0aueli omdeseHus ITUX MHOMXKECTB.

ToBopsiT, uTO ajnropurmMuyeckas maccobas mnpobiema A ceodumcs
aJITOPUTMHUIECKON MacCOBOI mpobjiemMe 3, ecjiu CyIecTBYeT aJIrOPUTM
C OpPaKyJIOM C TAKUM CBOMCTBOM: €CJIM B KAYeCTBE OPaKy/ia eMy IaTh
100y 10 PyHKINIO n3 cemeiicTBa 3, TO aJIrOPUTM BBIYHUCJIAT HEKOTOPYIO
dyukuuio u3 cemeiicrsa A. (AJIropur™ oiuH U TOT XKe JJisd BeeX (DyHK-
uit u3 B, HO BbIYUC/sIeMast UM (DYHKITUSI MOXKET 3aBUCETh OT OpaKyJia.
Eciin B kauecTBe opaky/ia aJIrOPUTMY JaTh (DYHKIUIO, He [IPUHAIJIeXKa-
IIyI0 ceMeicTBy I3, TO ajropuTM MOXKET BeCcTu cebsi KaK yrOJHO U He
00s13aH ocTaHaBnBaThes. ) Ko B kauectse cemedicts A, B paccMoTperhb
3a/a9N pa3peIreHusi, TO OJIyIaeTCsd OObIYHAsT CBOJIUMOCTD 0 1 bIOPUH-
ry. Eciun B kadectBe cemeiicts A, B paccMOTperh 3a1adu OTIESIECHHUH,
TO TOJIy4aeTcs: 1 -CBOJMMOCTD 33184 OTIEJIEHNsI, KOTOPYIO Mbl M XOT€JIN
OIIpeieSINTh. SICHO, U4TO ec/in O/iHA Mapa MHOXKECTB 17-CBOIUTCS K JIPYTOi
rmape, To oHa u T'-CBOJIUTCS K HEW.

73. (a) Hdoxaxwure, yro obparnoe HeBepHo. (6) Bosee Toro, cymecrsyior
ZBe mapbl nepevucaumsr MHOKecTB A, B u C, D, mst KOTOPBIX IepBasl mapa
T-cBOmUTCS, HO HE M-CBOAWTCs, KO BTOPOi mape. (Ykasanue. (a) MoxuOo B
KadecTBe A B3SATH IEPedrcaIuMOe HEPa3pelImMoe MHOYXKECTBO, U TIOJIOXKUTL B
paBHBIM €ro JonoJHeHnto, a B nape C, D caenars HaoGopor. (6) MoxHo 1m0-
goxurh D = A u C = B, 9To 06ecrneduT CBOAMMOCTD 110 TBHIOPUHTY, U JJIst
O6eCHe“IeHI/IH HEe-mM-CBOAMMOCTHU HMCIIOJIB30BaThb METO HpI/IOpI/ITeTa.)

CBOIUMOCTD AJTOPUTMUYIECKAX MACCOBBIX ITPOOJIEM TIO3BOJISIET CTa-
BUTB BOIIPOCHI O CBOJMMOCTH 33Jiad OTJIEeJEeHHs K 3aJadaM pa3pelre-
Husl, ¥ HaoOopoT. Hampumep, HETPYIHO MOHATH, YTO eciau A sBjser-
cs1 T-TIOJTHBIM TIEPEYUCIMMBIM MHOYKECTBOM, TO K 3ajade pasperienus A
CBOIMTCH JII00Ast 3371298 OTIEJIEHIS HEIIEPECEKAIONINXC S IIePEINCIUMBIX
MHO)KecTB. ObOpaTHOE HEBEPHO, KAK MOKA3BIBALT CJIEYIONAs 3a/1a44a.

74. Ilycts 3amada pa3pelneHnss MHOXKeCTBa A CBOIUTCS K 3ajlade OTIesIe-
HUsl HelepeceKaromuxcs nepednciaumbix muoxkects C, D. Torpa muoxkectso A
pas3pemnmmo.

Boisee moapobHo 06 anropuTMutecKux MacCoBBIX Ipobsemax mo Mei-
BeJIeBy MOXKHO mpounTtarh y Pomkepea [3].



8. ApudpmeTuyeckast nepapxms

8.1. Knaccel X, n 11,

MBI y2Ke TOBOPUJIM, UTO MEPEUNC/IMMbIE MHOYXKECTBA MOXKHO SKBUBA-
JIEHTHO OIPEJE/IUTh KaK ITPOEKIIUU PAa3PEINMbIX MHOYKECTB: MHOYKECT-
Bo A C N mepeuncinMo TOTJIa U TOJIBKO TOTJA, KOL/Ia CYIIECTBYET pa3-
permumoe MHO)kecTBO B C N X N, mpoekiineit KOTOpOro OHO SIBJISIETCH.
Eciu 0ToXKIeCTBASATH MHOYXKECTBA CO CBOHCTBAMU, TO MOXKHO CKa3aTh,
49TO CBOHCTBO A(Z) HATYDAJIBHBIX UUCEN HEPEIUCIUMO TOIJA M TOJBKO
TOTA, KOIJ/Ia €ro MOXKHO IIPEJICTABUTH B BUJIE

A(x) & JyB(z,y),

rue B(x,y) — HEKOTOpOE paspentuMoe CBOHCTBO.

(B aTOM paszesie Mbl IPEIIOIAraeM 3HAKOMCTBO YUTATEIsI C TIPOCTEH-
IIAMHA JIOTUIECKUMU O0O3HAYEHUAME: KBAHTOP 1 IATACTCS KaK «CyIIe-
CTBYET Z», KBAHTOP V& YUTaeTCA KaK «JI BCEX T'», 3HAK A YATACTCA KK
«W» U HA3BIBAETCS KOH'BIOHKITMEH, 3HAK V YNTAETCsI KAK «MJIN» U HA3bIBa-
eTca TU3bIOHKINEI, 3HAK — YATaeTcs KaK «HeBEPHO, YTO» U Ha3bIBACTCS
orpunanueM. Kak u panbliie, 3HAK <> 03HAYAET PABHOCUIBHOCTD. )

BO3HHMKaeT eCTeCTBEHHBII BOIPOC: 9TO MOXKHO CKa3aTh PO JIPYIHE
nabops! kBanTopos? Hanpumep, Kakue CBOWCTBa MPeICTABUMBI B BUJIE

A(z) & FyF0(x,y, 2),

rie C — paspermmoe CBOCTBO TPOCK HATYPAIbHBIX dncen? JIerko coob-
PA3HTh, YTO 3TO HO-IIPE;KHEMY HepeducIMble MHOXKECTBa. B caMoM fe-
Jie, JIBa MOJAPA, MIyIX KBAHTOPA OJHOIO B MOXKHO 3aMEHUTH OJHUM,
UCTIOJIB30BAB BBIYUCIUMYIO HyMEPAIWIO T1ap (KOTOPYI0 MBI 0GO3HAUAEM
KBaJIpaTHBIMU CKOOKammu): cgoitcrBo C’, st kotoporo C'(z, [y, z]) <
< C(z,y, z), rakxke paspenmmo, u A(z) < JwC’ (x,w).

Hpyroit Bompoc: Kakue CBOWCTBA MPEICTABUMBI B BUJIE

A(z) & YyB(z,y),

rie B(z,y) — Hekoropoe paspermmnmoe cgoiicrso? OTBeT: Te, OTpHUIaHUS
KOTOPBIX II€PEYUCIUMbI (KaK MHOLJA TOBOPAT, Konepeuucaumoie). B ca-
MOM JieJie, TIePEX0/Is K OTPUTIAHUSIM, TMEEM

-A(z) & “VyB(z,y) & Jy(—B(z,y)),
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a paspenmMble CBOMCTBA OCTAIOTCA PA3PEIIUMBIMA IIPH MEPEXOJIe K OT-
PUIAHASIM.

Hamum obiee onpenenerne. CpoitctBo A npunadaesrcum xaaccy 3y,
€CJIM €r0 MOYKHO IIPEJICTABUTh B BUJIE

A(z) < Iy Vy2Tys ... B(z,y1, 92, -, Un)

(B IpaBOit YaCTH CTOUT N YEPEYIOIINXCS KBAHTOPOB) JIJIsi HEKOTOPOTO
paspemuMoro ceoiicrsa B. Ecju B npaBoil 4acTu MOCTaBUTH N Y€pPeLyro-
IUXCst KBAHTOPOB, HAYMHAS C KBAHTOPA BCEOOITHOCTH Y, TO IMOJIYIUATCS
onpenenenue kaacca 11,.

OTMeTnM JiBa CBOHCTBA, KOTOPBIE MBI II0 CYIIECTBY YK€ JOKA3AJIM:

Teopema 52. (a) Omupenenenve knacca X, [II,] He usmenutcs, ecan
B IPaBOil 9acTU pa3peniuTh OOJIbIee YUCIO0 KBAHTOPOB U TPEOOBATH,
9TO0BI IIEPBBI KBAHTOD ObLI KBAHTOPOM CYIIECTBOBaHUS [BCeoOIHOCTH]
¥ YIUCJIO TPYII OJWHAKOBBIX CTOSIINX PAJIOM KBAHTOPOB PABHAIOCH N.
(6) Orpunanus cBOiicTB U3 Kjacca Y., HpuHAJeXKar Kiaccy 11, u na-
0060POT.

< st 1okasare/ibCTBa IEPBOrO YTBEPKIEHUS JIOCTATOYHO COEIH-
HSITh PSIJIOM CTOSIIHE OJINHAKOBBIE KBAHTOPHI C IOMOIIBIO HyMepaIun
map. s mokasaresrbecTBa BTOPOTO HAJAO0 MPOHOCUTH OTPHUIIAHNE BHYTPD
(MeHsist TUII KBAHTODA), IIOKA OHO HE OKAXKETCS Y PA3PEIIMOro CBOACTBa
(rze oHO posM He Hrpaer). >

MpsI roBopuIn 0 CBOIICTBAX; Ha S3bIKE MHOXKECTB MOYKHO CKa3aTh TaK:
MHOXKECTBA KJIACCA, Y., MOJIYYAIOTCs U3 PA3PEIIUMBIX C ITIOMOIIBIO TIOCTIe-
JIOBATEJILHOCTHU OIMEPAIIAN «ITPOEKITHSI — JTOTIOJTHEHUE — ITPOEKITUS — JOITOJI-
HEHWE — . . . —IPOEKIUsI», B KOTOPOM BCEro n orneparumii mpoexnnu. Karxk-
Jlasi ollepalysl IPOEKIMK YMEHBIIAeT Pa3MEePHOCTb MHOYKECTBa (4HCIIO0
apryMeHTOB y CBOWCTBA) Ha eIUHUILY, TAK 9TO HAYMHATH HAJO C Paspe-
MIIMBIX HOMMHOMKecTB N7 1T,

Teopema 53. Ilepeceuenne u ob6beuHEHNE IBYX MHOMXKECTB U3 KJIAC-
ca Y, TPUHAIJIEKAT Y,. llepecedenne n oObeINHEHNE ABYX MHOYKECTB
n3 kiaacca II, mpunamgmexut I1,.

<l ¥Y100HO BBIPA3UTh ITO YTBEPIK/IEHUE HA JIOTUIECKOM SI3bIKE, CKa-
3aB, YTO KOHBIOHKIMS U JU3bIOHKIUSI JIFOOBIX JBYX CBONCTB M3 KJIac-
ca X, Jexar B TOM ke Kiacce (ananorunano jyis 11,). Ha arom xe s3bike
YA0OHO MPOBECTH U JIOKA3ATEIHLCTBO: €CJIN, CKAXKEM,

A(x) & IyVzB(z,y, 2),
C(z) & JuvvD(x,u,v),
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TO

A(z) A C(z) & FyFuVzVou[B(z,y, z) A D(x,u,v)],

3alMCAHHOE B KBaJPATHBIX CKOOKAX CBOMCTBO pa3pemmmMo M OCTAETCsI
TOJILKO COEIWHUTH Hapbl KBAHTOPOB B OJNH, KaK OOBSICHSIIOCH BBIIIIE.
AHaJIoru9HO MOXKHO HefCTBOBATH IJjist KJIACCOB Y, u Il, mpu mnpoums-
BOJIBHOM N. >

Mpbr ompesessiin KJIacchl Y, u 1, [ MHOXKECTB HATYPAJIbHBIX UM-
ceJl; aHAJIOTUYHBIM 00Pa30M 9TO MOXKHO CIejiaTh U JIJIs MHOXKECTB IIap
HaTypPaAJIbHBIX YHCEJI, TPOEK U BOOOIIE JTFOOBIX «KOHCTPYKTUBHBIX 00bEK-
TOB». 3aMETHM, UITO MPOEKITHsT MHOYKECTBA Tap, MPUHAIIEIKAIIETO KIac-
cy X, TAKXKe IPUHAJIEKUT 2y, (IIOCKOJIbKY JIBA KBAHTOPA CYIIECTBOBA~
HUs B Ha4Yaje MOYKHO OObEJIUHUTD B OJMH).

Hobapisist pUKTUBHBIE KBAHTOPBI, JIETKO YOEIUTHCS, ITO KaXKIbIN 13
IBYX KJyaccoB X, u II,, comepkuTcs B KarXKJ0M U3 KJIACCOB 2y 1 U 1L, 4 1.
MozxHo HammcaTs emé tak: 2, UIl, C X110 NIl,4q.

Teopema 54. Knaccor X, u I, «HacecTBEHHBI BHU3» OTHOCATEIHLHO
m~ceogumMoctn: ecit A <, Bu B € X, [BeIl,], tou Ae X, [Ac€
€ I1,,].

< B camom giene, iycts A cBoguTcst K B ¢ OMOIIBIO BCIOMY OIpe-
JesiéaHoi Berancsmmoit dyukuuu f, o ecrb x € A & f(x) € B. Ilycrs
B npunaaiexuT, HAIIPUMED, KJIACCY L3, TO €CTh

x € B & JyVzIuR(z,y, z,u),
riae R — nekoropoe pasperuMoe cBoiicTso. Torma
x€ A& f(r) € B< IVzIuR(f(x),y,z,u),

U OCTAJIOCh 3aMeTuTh, uTo yciosue R(f(x),y, z,u) 3anaér paspenmmoe
MHOXKECTBO YeTBEPOK (T, Y, 2, u)). >

75. Tokaxkure, 94TO €CJIU MHOXKECTBO A NPUHAIJIEIKUT KJIACCY ip, TO MHO-
KecTBO A X A TakKe NPUHAJJIEIKUT STOMY KJIACCY.

76. Jokazkute, uTo eciiu MHOKecTBa A m B npuHaIIEXKAT KIACCY Yy, TO
nx pasHoctb A \ B npuHaiiexuT Kaaccy Spt1 N I41.

8.2. YHuBepcanbHble MHOXeCTBa B X, u I,

o cux mop MBI He MOKa3aJju, 49TO KJiacchl X, u Il, meficrBuresb-
HO Pa3/IMYaioTCs MPU PA3HBIX 1. UTOOBI TOKA3aTh 9TO, yOEIUMCs, 9TO B
KaXKJIOM U3 9TUX KJIACCOB UMEETCsl YHUBEPCAIBHOE MHOXKECTBO (17151 COOT-
BETCTBYIONIErO KJIacca) U 9TO OHO He [IPUHAIJIEIKUT MEHbIINM KJIACCAM.
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Teopema 55. s goboro n B Kjacce Y, CYIIECTBYeT MHOXKECTBO,
YHUBEDPCAJIBHOE JJIsl BCEX MHOXKECTB Kjacca Xy, (Ero monosnnenue 6ymer
yHUBepCaJbHbIM B Kiacce I1,,.)

ToBopst 06 yHEUBEPCAJIBHOM MHOYKECTBE U3 KJIACCA X, MBI UIMEEM B BU-
JIy MHOXKECTBO IIap HATYPAJIbHBIX YHCEJI, KOTOPOe NMPUHAJIEXKUT KJIac-
cy Y U CpeIy CEYEHUII KOTOPOrO BCTPEYAIOTCS BCE MHOXKECTBA HATY-
PAJIBHBIX YUCeJT, TIPUHAJIIEKAIIIE KIIACCy Yy, .

< Hus kimacca 31 (II€PEYUCIMMBIX MHOXKECTB) CyIIECTBOBAHHUE YHIU-
BEPCAJILHOTO MHOXKECTBA MbI yKe 00cyk7aiu. C ero moMomnibo MOKHO
[IOCTPOUTH YHUBEPCAJbHBIE MHOYKECTBA U JJIsi 00OJiee BBICOKUX KJIACCOB
uepapxuu. (Hauunarsh HaIO ¢ IEPBOrO ypOBHs, TAK KAK Ha <HYJIECBOM»
YPOBHE He CYNIECTBYET YHUBEPCAJIBLHOIO PA3PEIIMMOr0 MHOXKECTBA. )

ITo oupenesienuto cpoiicrsa kiacca Ils umeror Bux Vy3IzR(x,y, z),
riae R — HekoTopoe paspeninMoe cBoiicTBO. Ho mX MOXKHO 9KBHBAJIEHT-
HO ONpEJIeJINTh M Kak cBoicta Buna VyP(z,y), rme P — HekoTopoe
nepevncumoe cBoiictBo. Temneph y»ke BUIHO, KaK OCTPOUTH YHUBEP-
caJlbHOEe MHOKeCTBO Kitacca [1z. Bo3bMéM yHUBEpCATBHOE IEPEIUCTUMOE
csoiictBo U(n, x,y), n3 KOTOpOro (ukcamnuei pasindHbiX 1 MOJIYYaI0TCs
BCe MEPEUNC/IMMbIE CBOWCTBA AP HATYPAJbHBIX dmces. Torma u3 cBoii-
crBa T'(n,z) = VyU(n,x,y) Ipu PasiIndHBIX HATYPAJIbHBIX 7 TIOJyda-
torcst Bee Ilo-cBoiicTBa HaTypasibHbIX ducesl. C Ipyroil CTOpOHBI, CAMO
cBOcTBO T’ IO TOCTPOEHUIO TPUHAIEXKAT Kaaccy 1ls.

Jonosiaenrne K yHUBEpCAJIbHOMY [lo-MHOXKECTBY OyJIeT, OYEBUJIHO,
VHUBEPCAJIHHBIM Yi9-MHOYKECTBOM.

AnasiorudHo MOXKHO JeiicrBoBaTh u i 23- u [I3-muO)ecTB (ym006-
Hee CHAYaJIa PACCYKIATh O Y3-MHOXKECTBaX, TAK KaK B HUX BHYTPEHHU
KBAHTOP SIBJISIETCS KBAHTOPOM CYINECTBOBAHUS U 33JIaET MEPEUUCTIIMOE
MHOXKECTBO), U BOOOIIEe s Xy~ u 11,-MHOXKECTB. >

Teopema 56. YuusepcasibHOe Y, -MHOKECTBO HE ITPUHA JIEIKUT KJIAC-
cy II,,. Anasiormaasiv 06pasoM, yHUBepcaabHoe I1,-MHOKecTBO He Ipu-
HaJJIEXKUT KJIACCY X, .

< Pacemorpum yHEBepcasbHoe X, -coiicTBo T'(m, x). ITo onpeseie-
HUIO 9TO O3HAYAET, 4TO CPEJIU €0 CeIeHMl (II0JIy YArOIMXCH, eCJiu 3aduK-
CHPOBATDH M) €CThb Bee Ly,-cBoiicTBa. [lycrs T nupunaiexkur xiaccy Il,.
Torma ero guaronass, ceoiicrso D(x) = T(x,x), Takxke sexur B 11,
(mampumep, moromy, uro D <, T), a eé orpunanue, csoiicteo —D(x),
MIPUHAJIEXKUT KJIaccy Y,. Ho ororo He mMoxkeT ObITH, Tak Kak —[) oOr-
JITYHO OT BCexX cedenuii coiicrBa T (OHO OTIMYAETCS OT M-TO CEUCHUSI
B TOUKe M), a T yHUBEpCAJbHO. >

W3 3T0it TeopeMbl ciieIyeT, B IaCTHOCTH, UITO JI000H U3 KJIACCOB Xp
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u 11, ssBisieTcst COOCTBEHHBIM TTOJMHOXKECTBOM JIIODOTO U3 KJIACCOB Yy 41
u I, 1. (Ml yBuuM Bekope, 9To naxke obbepunenue X, UIL, asiasgercs
COBCTBEHHBIM IIOJIMHOYKECTBOM Iiepecedenus Y, 11 NIl 11.)

8.3. Onepauus ckayka

MBI XOTUM IIOKa3aTh, 9TO KJIACC Y, COBIAJAET ¢ KJIACCOM Beex A-Ie-
PEYUC/IUMbBIX MHOYKECTB I HEKOTOPOro MHOXKecTBa A (3aBHUCAIIEro
or 1, ecrecTBeHHO). UT0ObI OObLICHUTH, YTO ITO 33 MHOXKECTBO, HAM
MOHATO0NTCS TaK HA3bIBAEMAas OIEPAIUs CKAYKA.

I[Iycrs X — mpoussosibHOe MHOXKeCTBO. Cpesn X -IIepedncmMbix
MHOXKECTB €CTh YHHMBEPCAJbHOE. JTO MHOXKECTBO OyJIeT mM-IIOJHbIM B
KJtacce X-TIepeunc/JUMBIX MHOXKECTB B TOM CMBICJIE, UTO BCE Jpyrue
X-nepeunciiiMble MHOXKECTBa K HeMy m-cBopsarcsa. Cogsimast (pyHK-
Isl, KaK MBI BUJIEJIN, HMEET BUJ & — [n, x| (1 BerancinMa 6e30 BCSIKOTo
OpakyJia, KaK TOro U Tpebyer olpejiesieHue m-CBOAUMOCTH ). Bynem o6o-
3HavaTh Yepes X' y1o6oe m-II0JIHOe MHOXKECTBO B KJlacce X -IepeduciIi-
MBIX MHOXKECTB. MOKHO cKazaTh, 9T0 X' OIpeIeleHO ¢ TOYHOCTBIO 0
TM-3KBUBAJIEHTHOCTH.

Bostee dopmanbuo, 6ymem rooputhb, 9To MHOXKECTBa P 1 () sBIIs-
10TCH M-9Ksusanenmuvimu, ecan P <, Q u Q <,, P. (Jlerko Buuern,
YTO 3TO JEHCTBUTEIBHO OTHOIIEHNE KBuBaseHTHOCTH.) Kitace sxBuBa-
JIBHTHBIX MHOXKECTB HAa3BIBAIOT 1M-CMENEHBHI0. TaKuM 00pa3oM, MOXKHO
CKa3aTh, YTO MBI JIJIsi KAXKJI0IO0 MHOYXKeCTBa X OIIPEJIENIA HEKOTOPYIO
m-crenenb X .

AmnasiornunbivM 06pazoM onpenensdior T-cmenenu (KOTOPble HA3bIBA-
0T TAKXKe MBIOPUHZ06DIMU CMENEHAMU WIA CMENEHAMY HEPA3PEWU-
MOCMU) KaK KJIacchl T-3KBUBAJIEHTHBIX MHOXKECTB; MHOXKecTBa P u @
HA3bIBAIOT T-9K6UBAACHMHbLMU, WU IKEUBAAEHMHbIMY N0 Thropuney,
ecsim P <7 Q u Q <t P, TO eCTb eCc/in KaxKJI0e U3 MHOMKECTB pas3pe-
MIAMO OTHOCUTEJBHO apyroro. Ecim muokectBa P u () S5KBUBaJIEHTHBI
o ThiopuHTy, TO K1acc P-BeIYuCINMBIX (DYHKIII COBITAIAET ¢ KJIACCOM
Q-BbranciuMblX QyHKIWI (a Kiiace P-nepedncimMbiX MHOXKECTB COBIIA-
JIAeT C KJIACCOM (Q-TIepevmCINMbIX MHOXKeCTB). BBeis monsitne T-cre-
MIeHN, MOYKHO CKa3aTb, UTO mM-CTeleHb X' omnpejensiercs T-CTEeneHbio
MHOXKecTBa X U TE€M CaMBIM OIIPEIEJIEHO OTOOPaKeHNe MHOXKECTBA, BCEX
T-crereneit B MHOYXKECTBO BCEX M-CTeNeHel. DTo oToOparkeHne Ha3bIBa-
0T onepayueli ckawka; MHOYXKECTBO (TOUHee, m-cTeneHb) X' Ha3BIBAIOT
crawkom MHOXKecTBa (Tounee, T-cremenu) X.

77. MoryT sim pu 9TOM OTOOpaKeHUM pa3Hble T-CTEIeHN MEePEXOIUTh B
OIHY M Ty K€ 1M-CTENEHb !
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78. JlokarkuTe, UTO JIIOOBIE J[BA M-TOJHBIX B KJIACCE Y, MHOYKECTBA BBI-
YHCIUMO M30MOP(MHBI (OTJIMIAIOTCA BBIYUCIMMON [IEPECTAHOBKOIN).

79. [TokazkuTe, 9TO [JIs1 JIFOOOTO MEPEUUCITUMOTO MHOYKECTBA A MOXKHO yKa-
3aTh TaKoe ﬂeﬁCTBI/ITeJII)HOe YUCJIO (Y, 9YTO MHO2KECTBO BCEX pPallMOHaJIBHBIX
qrces, MEHBINNX (v, OYIeT MePEeUNCIANMO U SKBUBAJIEHTHO 1O TBIOPUHTY MHO-
xKecTBy A.

OO6bIYHO, BIPOYEM, OIEPAIUI0 CKadKa paccMaTrpuBaioT Ha 1 -crere-
HSIX, CUUTast €€ pe3yabTaToM T-cTeneHnb, comepxkantyio X' (3To 3aKOHHO,
Tak Kak T-kjaccudukanus 6osee rpybdast).

Hawm nonaznobsrest cienytomue T-crenenu: 0 (crenenb, comeprKalias
BCe paspemmmble MHOXKecTBa), 0’ (€8 CKavoK, CTeneHb M~MOJHOTO IIe-
PEYUCIMMOr0 HEPA3PENIMMOr0 MHOKECTBA; MbI €€ y2Ke PacCMaTPUBAJIN),
sarem 0 (cxadok cremenn 0'), 0" u Tak masee; BooGme 0"+ = (0™

Teopema 57. IIpu mob6oM n > 1 Kaace X, COBIAIaeT ¢ KJIACCOM BCEX
0"~ 1) _mepedncamMbIX MHOKECTB.

(TToka uTO MBI 3HAEM 3TO Iipu n = 1.)

< JIokarkeM cHadaJia, 9TO BCE X;,-MHOYKECTBA MEPEIUCTUMBI OTHOCH-
respro 00"~ Do nemaercs wHayknuei mo n. IIpu n = 1 310 n3BecTHO.
PaccmoTpum Temreps mpomsBosbHOE MHOKeCTBO X 13 Xo. [lo ompenene-
HUIO,

z € X & FyVzR(x,y, 2),

riae R — paspemmmoe cgoficto. Ceotictso VzR(z, y, 2) mMeeT nepednc-
JIIMOE OTpHUIIAHKe. JTO OTPHUIAHUE pa3pemmMo oTHocuTeabHo 0/, Tak
KaK M-CBOJUTCS K M-IIOJIHOMY [E€PEUUCTUMOMY MHOYKECTBY. SHAYUT, U
camo cBoiictso VzR(z,y, z) paspemmmo oraocuresnbo 0'. Tlosromy ero
MIPOEKIUsT, MHOKECTBO X , TIEPEUUCINMO OTHOCUTETLHO 0.

AHAJIOTUIHO MOXKHO PAcCykKJIarTh U st 66abmux n. Eeiun X mpu-
HaJJTEXKUAT Y3, TO

z € X & JyR(x,y),

riae R npunajmexur IIs. Orpunanne R npuHamiexuT Yo (10 g0Ka3aH-
HOMYy ), nosromy 0’-nepednciimmo, mosromy 0”-paspemumo, mosTomy ca-
Mo R Toxke 0”-paszpemmmo, a ero npoeknus 0”-mepednciuma.

IlepBasi 110JI0BUHA TEOPEMBI JIOKA3aHA.

st moKasaTebCTBA BTOPOI IOJIOBHHBI HaM IOTPeOyeTcsl HEKOTO-
poe cBoiicTBO KjaccoB X, u 1I,,. PaccmoTpuM Kakyio-HUOY/Ib BBIMHCIU-
MY HYMEPAIWIO BCEX KOHEYHBIX MHOXKECTB HATypasbHbIX duces. O6o-
3HaunM 4yepe3 D, KOHEYHOe MHOXKECTBO HOMep Z. s IpOM3BOJILHOIO
MHOXkKeCTBa, A paccMOTpPHM MHOXKeCTBO Subset(A) Bcex KOHEUHBIX IOJ-
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MHOXKECTB A, TOUHEE, MHOXKECTBO BCEX MX HOMEDPOB:
x € Subset(4) & D, C A.

Nemma 1. Ecsin MHOXKeCTBO A IpMHAIIEKUT Kaaccy Xy, [uom I1,], To
MHO)KeCTBO Subset(A) TakKe NPUHAJIEKAT KIACCY Lj, [COOTBETCTBEH-
uo IL,,].

(YrBepxKuenue 1ol JieMMbl 06061maeT cHOpMyIMPOBAHHOE B 33/~
1e 75 yTBepKieHne 0 MHOXKecTBe A X A: Tenepb Mbl pacCCMaTPUBAEM HE
apbl, & IMPOU3BOJILHBIE KOPTEXKU. )

JlokazareabcTBo JeMMbl. [IycTh MHOXKECTBO A MpUHAIIEKUT, HAITPH-
Mep, KJIaccy s:

x € As WWVIAR(x,y, 2, t),

rae R — paspemmmoe cpoiicro. Ceoiicrso {z1,...,2,} C A MOXKHO
3ammcarb TaK:

Y1y Yn)V(21s ooy 2n) I, - ) [R(21, 1, 21, 81) AL
o e ANR(Zp, Yny Zns tn)]

Dta (opMmyIa UCIOIb3yeT KBAHTOPHI IO KOPTEXKAM HATYPAJIBHBIX THCEJT
(mepeMeHHOM JJIMHBI), HO MUX MOYKHO 3aMEHUTh HA HOMEpA 3THX KOpTe-
Kell B KaKOHW-HUOYIb BBIYUCJIUMON HyMmepanuu. 1Ipu aToMm cTosimas mo
KBaHTOpaMu dbopmyia (OHA 3alrcaHa HECKOJIBKO YCJIOBHO: CHUMBOJIMYE-
CKasl KOHBIOHKIIUST Ha CAMOM JIeJIe NMeeT IIEPEMEHHYIO JIINHY ) SIBJISIETCST
Pa3peImMbIM CBOMCTBOM HOMEPOB KOPTEXKeil, IO9TOMY BCsI TPaBast YaCTh
SABJISIETCST Y.3-CBOMCTBOM.

(Ha camom giejie MbI JOIyCTUIIN €Ié OJIHY BOJBHOCTb Pedl: [IpaBasi
JaCTh SIBJSETCS CBOMCTBOM He KOHEYHOTO MHOXKECTBA {T1,...,Tn}, a
KopTexka (YIOPSJOUeHHON MOCIe0BATENBbHOCTH) (X1, . . . , Tp). HO 1epe-
XOJT OT HOMEPa, MHOYKECTBa K HOMEPY KaKOI'O-TO KOPTEXKa, COJIEPIKAIIETO
BCE €ro 3JIEMEHTBI, BBIYUCJIAM, TAK 9TO IPOOJIEMBI TYT HET.)

Jlemma mokazama.

80. Tokarkure, 4T0 eciin A npuHa uIesKuT Kiaaccy Yy, [IL,], To 1 MHOXKeCT-
Bo Intersect(A) HOMEPOB KOHETHBIX MHOXKECTB, TIEPECEKAIONAXCA C A, IpUHAJI-
JIEXKAT KAaccy Ly [IL,].

81. ITycrs cBoiictBo R(x,y) map HATYpPaJIbHBIX YUCEJT IPUHAJIEIKUT KIIACCY
Yn. [lokaxkure, 9T0 CBONCTBO

S(z) = (Vy < z) R(z,y)

HpUHAAIEXKAT Y. (Orpanmdenusiii kantop (Vy < ) UuTaeTCd KaK <«JLIs
BCEX Y, HE IPEBOCXOJAIINX T».)
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Ilepexona K DOIOTHEHUAM, IIOIyYaeM TAKOe yTBEP2KICHUE:

Nlemma 2. Eciu A npunajgiexxur kiaccy %, [II,], To mHOX)KecTBO
Disjoint(A), cocrosiiiee u3 HOMEPOB KOHEYHBIX MHOXKECTB, HE IIepEceKa-
foruxcest ¢ A, npunajgexuat I, [5,].

JoxkaszarenscTBo JgeMMmbl. He mepecekarbes ¢ A ozHadaeT ObITh 110JI-
MHOKECTBOM JIonosiHeHnst K A. OcTaéTest BOCIIONIb30BATHC TIPEABIILY e
JIEMMOI ¥ Te€M, 4TO JONOJIHEHUE K MHOXKECTBY U3 Kjacca L, [II,] sexur
B kiacce I, [2,]. Jlemma mokasana.

Tenepb MBI MOXKEM IIEPEATH K JOKA3ATEILCTBY TOrO (haKTa, 4TO BCe
MHOYKECTBa, IepedncinMble orrocuTensro 071 | nmpunayuexar Kiac-
cy Xp,. DTO TakyKe JOKa3bIBACTCS WHILYKIEH 110 7.

HaunéMm ¢ mepBoro HeTpUBUAILHOIO CIIydas: IIOYeMY MHOMKECTBO, IIe-
peuncimmoe otHocuTesbHO 0/, nexut B YXo? (3mech MOXKHO ObLTO GBI
IPUMEHUTHL KpuTepuii 0'-BLIMUCINMOCTH, IIPUBEJACHHBIN BbIIE, HO MbI
IpeoYnTaeM JeiCcTBOBaTh MO ODIIeil cxeme, KOTopas TOAUTCA W JJIsd
6OABIIHX N.)

WTak, ImycTh HEKOTOPOE MHOXKECTBO A MEpPEedmCIMMO OTHOCHTE]Ib-
mo 0. Torma oHO mEpEYIMCINMO OTHOCHTEIBHO HEKOTOPOTO IEPEYUCIH-
MOTr'0 MHOXKECTBA B, TO €CTh IepeYnCInMO OTHOCUTEIHLHO XapaKTePUCTH-
vyeckoil pynknuu b muoxkecrBa B. CornacHo 0Ka3zaHHOMY HaMH BBIIIE
kpurepuio (Teopema 46, ¢. 74), 9TO 03HAYAET, YTO CYIIECTBYET II€PEIUC-
JIuMoe MHOXKecTBO () map Buma (x,t), vae © — gucio, a t — obpasern,
ILJIsT KOTOPOTO

x € As Ft[((z,t) € Q) u (b uponoskaer t)].

Be3 orpanuvenust oOITHOCTH MOYXKHO CUNTATh, UTO 0Opa3elr ¢ mpeacTaB-
Jister cob0il (PyHKIUIO, OIIPeIe/IEHHYI0 HA KOHEYHOM MHOXKECTBE W IIPH-
aumMatonyio 3aadenus 0 u 1. (Ecaum y ¢ ecTh Kakue-TO JApyrue 3HaAYEHUs,
TO OH He MOYXKET ObITh YaCThI0 XapaKTEPUCTUICCKON (DYHKIUU MHOKE-
crBa B u posn He urpaer.) YcjoBue «b mpojoizkaer t» B TepMHHAX
MHOXKECTBa B 3By4nT Tak: B COIEPKUT MHOXKECTBO TeX apryMeHTOB, Ha
KOTOPBIX ¢ IPUHUMAET 3HaUYeHNe 1, 1 He IepeceKaeTcsi C MHOXKECTBOM TeX
apryMeHTOB, Ha KOTOpBIX ¢ mpuauMaer 3uadenue 0. [TosTomy BMecTo 06-
PAa3I0B MOYXKHO TOBOPUTH O Mapax KOHEYHBIX MHOYKECTB; TOTIa BMECTO ()
HAJI0 PACCMOTPETh [ePEeUIncmMoe MHOXKeCTBO P Tpoek Buja (x,u,v) u
HAIACATH TaK:

z € Ae Juv[({(x,u,v) € P) u (D, conepxurcs B B)

u (D, ue nepecekaercs ¢ B)].
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Tenepn Bmecro «D, comepxurcs B B» nanumem «u € Subset(B)», a
BMecto «D, He mepecekaercs ¢ By nanumem «v € Disjoint(B)». Ocra-
éTcsl 3aMEeTUTD, 9TO BCE TPU CBOMCTBA, COEIMHEHHDBIE COIO30M «U» B IIPa-
BOIl 4acTu, IpUHAJJIEXKAT KJIACCy Yo U JlayKe MEHbIIUM Kjaccam. VIMeH-
HO, IIEPBBIE JIBa IPUHAJJIEXKAT KJIACCy X1, Tak Kak P u B mepedncjimMbl
(mg BrOporo ceoiicrBa npumMensieM jemmy 1). Tperbe ke npuHaIeKUAT
rutacey Iy mo semme 2. TlosToMy mX KOHBIOHKITHST TPUHAJIEIKAT KJIAC-
cy Yo, u onepals UpoeKiuy (KBAHTOPbI Ju3v) He BBIBOAUT 3a IIPEJIeJIbl
sroro kiacca. Ciydait n = 2 pazobpan.

Jasee, ecu KaKoe-TO MHOXKecTBO A mepedncianMo oTHocuTeabHo 07,
TO II0 OIPEJIEJIEHUIO 3TO O3HAYAET, YTO OHO MEPEUUCTIIMO OTHOCUTETHHO
HEKOTOPOro B, KOTOpOe IepeuncInMo OTHOCUTEIBHO 0 U II0TOMY JIEXKUT
B Yo. [locse aTOro Bce paccyzKaeHus MPOXOJAAT TOYHO TaK YKe CO CIBUTOM
Ha 1. AHAJIOrUYHO pasbUPAIOTCs U BCE CJIEAYIONINE 3HAYCHUS 1. [>

W3 mokazaHHON TeopeMbl HEMEIJIEHHO BBITEKAET TAKOE CJIEICTBUE:

Teopema 58. Ilepeceuenne kmaccos Y, N I, coBmamaer ¢ Kiaaccom
paspermmMbix orrocuTeasro 0~ MuoxkecTs.

< B camom gneste, pessituBusoBaHHasi Teopema Ilocra (Teopema 2,
c. 12) yrBepkKaaer, 4T0 HEKOTOPOE MHOMKECTBO sIBJIsieTCs X -pa3pernu-
MBIM TOTJIA M TOJBKO TOTJIA, KOTJa OHO M €ro JIOTOJHeHne X -[ePedncIu-
MBI (371ech X — IPOU3BOJILHBII OpaKyJI). >

Teopema 59. Knacc ¥, UII,, aBistercss cOOCTBEHHBIM ITOIMHOXKECTBOM
riracca Lp4q NI, 4.

<1 Bemomum, ato takoe 00, D1o — cremnens MuoxkecTBa X, sSIBIISIO-
merocst m-noHbIM B Kaacce 00"~V -mepeancmmprx MuoxkecTs. I10cKOIb-
Ky X sIBJIsIeTCsl M-TIOJHBIM B yKa3aHHOM Kiacce, oro He 00" ~1-paspe-
IIIIMO, TO €CTh €ro jonosHenne He sipisiercss 00"~ D -mepedncimMpi.

3HAYNT, IO TOKA3AHHO TOJBKO 9TO TeopeMe X MPUHAIJIEKUAT KIac-
cy Xp, a ero jomnoJsinenne — HeT. Hamportus, pomoHenne K X TpUHAI-
gexut 11, Ho He X,,. PaccMoTpuM Terneph «COeJIMHEHNEe» MHOYXKECTBa X
C €ro JIOTIOJTHEHUEM, T. €. MHOXKECTBO

{2n|neX}Uu{2n+1|n¢ X}.

K sromy mMHOXKecTBY m-cBOggATCs KaK X, TAK M €ro JOMOJHEHHE, TI09TO-
My OHO HE MOXKET NPUHAJJIeXKaTb HUA Y,, aHu 1l,. C apyro#t cropoHsl,
OHO, OYEBU/IHO, PA3PEIINMO OTHOCUTEIHLHO X, MOITOMY I10 JOKA3AHHOMN
TeopeMe MPUHAIIEKUT U Ly 1, U 141, >

CkobKO-HUOYIb TTOIPOOHOE N3y YEeHNE CBONCTB OMEPAIINY CKAIKA J1a-
JIEKO BBIXOJIUT 33 PAMKH 3TOI KHUTH: CAMbBIE €CTECTBEHHBIE BOIIPOCHI TYT
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JaJIeKO He MpOoCThl. MBI MMOKa He 3HaeM, HalpUMep, MOT'YT JIM CKadYKU
JIBYX Pa3HBIX ThIOPMHI'OBLIX CTelleHel copnacTh. Cireayiomnas 3a1a4a 1mo-
Ka3blBaeT, 4To MOryT (eciu B3AThb B KadecrBe A u B nepeduciumble
HEOT/IE/IUMbIE MHOYKECTBA).

82. Ilycts A u B — HenepeceKaiomuecs: nepeducauMble MHOKecTBa. [Toka-
JKHTe, YTO CYIIECTByeT OT/e/stonee ux Muoxectso C, nys koroporo C' = 0.
(Vkazanme. [Iokaxkure, 9TO B JIOOOM pPa3peIIMMOM TMOJJIEPEBE GECKOHETHOTO
JIBOUYHOTO JiepeBa ecTh 1yTh C' ¢ TakuM cBoiicrBoM. Paccmarpusast 110 odepein
BCe BBIMHCJIEHHSI C OPAKYJIOM, Cy?KaeM JepPeBO: eCJIH JJjisi HEKOTOPOil GeCKOHeq-
uoit BerBu C' BeraucseHue ¢ opakyioM C MOKET He OCTAHOBUTDLCS, OCTABJISIEM
TOJIbKO TAKHE BETBU.)

8.4. Knaccudpmkaums MHOXECTB B Mepapxuu

WMaTepecHo OCMOTPETh, KaKOe MECTO Pa3Hble KOHKPEeTHBIE MHOXKe-
CTBa 3aHUMAIOT B ONMCAHHON HaMu mepapxuu. Hampumep, 94TO MOXKHO
CKa3aTh O MHOXKECTBE HOMEDPOB KAKOW-TO (DUKCHPOBAHHON BBIYHCINMON
bYHKIIM B TJIABHON HyMeparm?!

Ms1 y2Ke roBOpHMIIM, YTO MHOYKECTBO BCEX HOMEDOB BCexX (PYHKIHUI ¢
HEIyCTO! 00JIACTHIO OMPEIEICHIS TEPEINCTUMO, TO €CTh TPUHAIJICKUT
kiaccy 1. llosroMmy ero momosineHne, MHOYXKECTBO BCEX HOMEPOB HUTIIE
He omnpejesénnoil dbyukimu, npunagexur kiaaccy 11;. (Kmaccy 31 ono
[PUHAJIEXKATH He MOYKET, TaK KaK HEPa3pelmMo, cM. Teopemy 21, ¢. 31.)

83. /lokaxkuTe, YTO MHOKECTBO HOMEPOB HUT/IE€ HE ONPEIETIEHHON DyHKIINI
B JIIO0O¥ IJIaBHOM HyMepaluun fABJIdeTCd MM-11I0JIHBIM B KJlacCe H1 MHOZKEeCTBOM.

A 4uro MOXKHO cKa3aTh 0 HOMepax japyrux dpyukiuit? Hanpumep, aro
MOXKHO CKa3aTh O MHOXKECTBE HOMEPOB TOXKJIECTBEHHO HYJIEBOM (DyHK-
run? OKa3bIBAETCS, MOXKHO TIOJIY9IATh B HEKOTOPOM CMBICJIE TTOJIHBIH OT-
BET Ha 3TOT BOIIPOC.

Teopema 60. (a) ITycrs U — Bbluuc/uMasi yHUBEPCAIbHAA DYHKIUA
I KJIACCa BBIYUCIAMMBIX (hyHKIUi. Torma MHOXKECTBO TeX 1, IPU KO-
Topbix U, BCIOZy OIpEIEeeHO U TOXKIECTBEHHO paBHO (), IPUHAIJIEKUT
kiaccy Ia. (6) Ilyets U — riaBHasi yHuBepcasbHast dynkims. Torma
YKa3aHHOE MHOXKECTBO SIBJISIETCSI M-TIOJIHBIM B Kiiacce I1s.

3ameruM, 4r0 TpebOBaHME IVIABHOCTU B IMyHKTE (6) CYIIECTBEHHO: B
OJIHO3HAYHOl HyMepaiuu (CM. €. 33) 9TO MHOXKECTBO COCTOUT U3 €JMH-
CTBEHHOI'O HOMeEDA.

< Hnrepecytomee HAC CBOUCTBO YHCIa N MOYKHO 3allUCATh TaK:
ajst oboro k Hamércs Takoe t, 9TO 3a t IIaroB BBITHCACHHE 3HA-
gennss U(n, k) 3akomunrcss n gact pesyasrar 0. Belgenennas 4gactb
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SIBJISIETCS] PA3PENIUMbIM CBOMCTBOM, & mepejs Heill CTOAT JiBa KBAHTODPA
KaK pa3 Hy»KHOro Buja. Vtak, myHKT (a) J0Ka3aH.

Hoxazkem yreepkaenue (6). Ilycrs mMeercst mpor3BoIbHOE MHOMKECT-
Bo P u3 kmacca Il,. Ilpu stom

x € P& Vy3zR(x,y, 2),

rie R — HekoTopoe paspernimmoe cBoiicTBo. PaccMorpuM Tenepb (PyHK-
o S(z,y), BBIUACASEMYO TAKMM aJlOPUTMOM: Iepebupast BCe JHCIIa,
UIEM YUCIO 2, 1jig KoToporo R(x,y, 2); Kak ToJbKo (1 eciin) Takoe Juc-
J10 HaiizieHo, Beimaém Ha Beixoz 0. fcuo, uto z-oe cedenne S, dyukiun S
Oy/eT TOXKIECTBEHHO HYyJIeBOH (DYHKIMEH B TOM U TOJHKO TOM CJIy4ae,
korga x € P. IlpuMmennm cBOMCTBO TVIABHOCTH M HOJIYYUM (DYHKITHIO S,
Juig kotopoit Ug,)y = Sp. Ona u Gyzer cBoguTh P K MHOXKECTBY BCex
HOMEPOB TOXKJECTBEHHO HYJIEBOI (DyHKIMU. [>

Yro MmoKHO cKa3aTh 1po apyrue dyarmun ! s ro060it BerancamMoit
yuuBepcasibHoit dyukiun U u mroboit Boraucanmoit GyHkimn f MHO-
kecTBO Beex U-nomepoB dyukimu f spisercs Ilo-mHOXKecTBOM. Bepen
naxke Gosiee cuuibHBINA dakT: coiicrso U, = U, (uucia m u n ssis-
IOTCsl HOMEPaMU OJHON U Toil ke dyHkimu) apisercsa [lo-cBOHCTBOM
napsl (m,n), mo3roMy TeM GoJiee Ji0Goe ero cedenue (T.e. MHOXKECTBO
BCEX HOMEPOB JII000# KOHKPeTHOI dyHKIMN) saBisgercs [1o-MHOKECTBOM.
B camom gmene, cBoiictso U, = U, M0KHO cHOPMYIUPOBATH TAK: <«JJIs
BCAKHUX & U t1 HaWJIETCS Takoe to, YTO €CJIH BHIIHCJICHHUE U(m7 x) 3aBep-
maercst 3a t1 maros, To Beraucaenue U(n,x) 3aBepmiaercs 3a to IArOB
C TeM Ke pe3yJIbTaToM, H Hao6opoT». BblmeeHHast 9acTh pa3pemmma, a
1o meé crout Ilx-tipedpukc.

MoKHO Jjazke TOHATD, /st KAKUX (DYHKIUI MHOYKECTBO HOMEPOB $1B-
nsercsa [lo-momubIM: Tt QYHKIHI ¢ OECKOHEYTHOI 00JaCThIO Ompeie-
snenust. Eciu obsracth ornpesenerns (pyHKIUH KOHEYHA, TO MHOXKECTBO
BCex eé HoMepoB siByisiercst 0'-paspenmmbiv (1 oToMmy He Ia-TI0/HBIM):
“Mesi OPaKyJI Jjis MPOOJIEMBl OCTAHOBKY, MOYXKHO yOeIUuThCsI, ITO (DyHK-
IUsl OIpeJIesIeHa BCIO/LY, TJIe OHa J0JKHA ObITh onpejesieHa (Iocie 4ero
[IPOBEPUTH, YTO 3HAYEHUs [[PABUJIbHBI), & 3aT€M IPOBEPUTH, YTO HU B
OJTHOIi U3 OCTABIIMXCS TOYEK OHA HE OIpejesieHa (IIPOIece HOMCKa TOUKH
BHE JIAHHOI'O KOHEYHOI'0 MHOYKECTBA, B KOTOPOH (DYHKIIHSI OIIPE/IEIEHA,
SIBJISIETCS TIEPEIUCIMMBIM ITPOIECCOM U MOTOMY €0 yCIIEITHOCTh MOXKET
ObITH IIPOBEpeHa ¢ moMoIIbio 0'-opakyia).

Ecin xxe bynkmus nveer 6eCKOHEIHYIO 00IaCTH OIIPEEeIeHNs, TO CY-
MEeCTBYeT OECKOHEYHOE DA3PEINMOe MHOXKECTBO, BO BCEX TOYKAX KOTO-
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poro dyHKIwms onpeenena (3amada 12, c. 14). 3areM MOXKHO UCIOIB30-
BaTbH IO CYIIECTBY Ty K€ KOHCTPYKIIHMIO, IYTO U JJIsI Hy/IeBOi (PYHKITNN, HO
TOJIBKO BHYTPHU 9TOTO MOJAMHOMKECTBA (He TPOrasl 3JIeMeHTOB BHE Hero).

84. IIpoBeuTre 9TO paccyk/ieHue 1I0IPOGHO.

85. IlokaxkuTe, 9TO MHOXKECTBO BCEX HOMEDPOB BCEX BCIOAY OMPEICTEHHBIX
dyukimit (B riaBHOi HyMepaiun) sBJsiercs 11o-I1oaHbIM.

86. B kaKOM HaMMEHBIIIEM KJIACCE apUPMETHIECKOW NePAPXHUN JIE?KAT MHO-
2KECTBO HOMEPOB Bcex (DyHKIU ¢ 6ecKOHEeUHOI 06J/1acThIo onpejesenus? Byaer
JIN OHO M-TIOJIHBIM B 9TOM KJjacce?

87. Ilokaxkwmre, uro misa moboil (e obg3aTesbHO TIaBHOM!) HyMmeparyn
MHOYKECTBO BCEX HOMEDPOEB BCIO[Ly OIPEIeIEHHBIX (DYyHKIUN HernepedncamMo.
Bosiee Toro, oHO He MMeET IEPEUMCIUMOrO MOJMHOXKECTBA, BKJIIOYAIIETO B
cebst XOTsT OBl TIO OTHOMY HOMEPY KaXKJOW BBITHCIUMOM BCIOLY OMpPEIeIEHHOM
dyukmun. (YkazaHnue: ucrnoab3yiTe JUMaroHaIbHYI0 KOHCTPYKIIUIO. )

B kmure X.Pomxkepca ([8], maparpad 14.8) mpusemeno MHOTO pe-
3yJILTATOB TOJIOOHOTO POJia JIsi MHOTHX JPYTUX CBOMCTB BBIUHUCIUMBIX
dYHKIMI 1 IEPEeYNC/IMMbIX MHOXKeCTB. Harpumep, jist Jitob0ro m-moJi-
HOT'O MHOKeCTBa K MHOXKECTBO BCEX €TI0 HOMEPOB sIBJisteTcs [1o-1ToTHBIM.
(3zech u nasee, roBOpst 0 HOMepax, Mbl UMEEM B BHUJLY [VIABHYIO HyMepa-
U0 [IE€PEeYUCIIUMBIX MHOYKECTB.) MHOXKeCTBO HOMEPOB BCEX KOHEUYHBIX
MHOYKECTB SIBJIAETCS Yo-TIOJHBIM. MHOKECTBO HOMEPOB MHOXKECTB, CO-
JIEp2KAIuX XOTs Obl OJIMH HOMED OECKOHEYHOI'0 MHOXKECTBA, sIBJISIETCS
>3-11oJIHBIM. MHOXKECTBO HOMEPOB BCEX PAa3PEIIMMbIX MHOXKECTB SIBJISI-
eTcst X3-TIOJIHBIM. MHOXKeCTBO HOMEDPOB BCEX MHOXKECTB C KOHEUYHBIMU
JIOTTOJTHEHUSIME STBJIIETCS 2,3-TIOJTHBIM.

88. JlokaxkuTe TepevrCIeHHble YTBEPXKIEHUs] WM IPOYTUTE UX JIOKA3a-
resibeTBa B KHure Pomxepca [8]. (IlpuBeném ykasaHue K HOC/IEJHEMY yTBED-
KJIEHUIO O MHOKECTBAxX ¢ KOHeuHbIME jonosHenusvu. Cremyst JIvioucy Kap-
POJLTY, PACCMOTPUM YaelluThe, B KOTOPOM YyUYaCTHUKHU CUJAT BIOJb OECKOHeU-
HOTO BIPABO CTOJA. BpeMsi OT BPEMEHU KTO-TO M3 yIaCTHUKOB ITE€PEBOPATH-
BaeT CBOIO YAIlKy, MPOJUBas 9ail Ha CTOJI, M TOTJIa OH M BCE CIIPABa OT HETO
CUJISININE CABUTAIOTCS BIPABO: KaXKJbIH CAIUTCsl HA MECTO COCEJa CIpaBa, U
MO-TIPE’KHEMY BCE CUJAT HA THUCTBIX MeCTaX. JlemMma: MHOXKECTBO HMCIaIKaH-
HBIX MECT UMEET KOHEYHOE JIOTIOJTHEHNE TOTJIa M TOJBKO TOT/IA, KOTJA OJIUH U3
YUACTHUKOB [IPOJIMBaeT Jail GECKOHEYHO MHOIO Pas.)

89. Paccmorpum kBanTOp 1°°%, KOTOPBIA YATAETCS KAK «CYIIECTBYET Gec-
KOHEYHO MHOTO X, JIJIsi KOTOPBIX». [loKaykuTe, 9TO BCE CBOMCTBA M3 KJIAC-
ca Il (1 TOJBKO OHM) HpeACTABMMBI B BHJe 1°°z (paspelmmMoe CBOKUCTEO),
W 9TO BCEe CBOMCTBa W3 Kjacca Y3 (M TONBKO OHM) TPEACTABUMBI B BHJIE
3°°x Vy (paspermunmoe cBoiicTBo). (AHAIOIMYHOE YTBEPXKIECHUE BEPHO U s
CTapImx Kiaccos, cM. Teopemy X VIII B pasnmese 14.8 kuuru [3].)



9. MawwHbl TeropuHra

9.1. 3a4eMm Hy>KHbI MPOCTbIE BLIYNCANTENbHBIE MOAENN?

o cux mop HaM OBLIO YI0OHO CCHLIATHCS Ha ITPOTPAMMUCTCKUI OIIBIT,
roBOPst 00 ATOPUTMAaX, IPOrPAMMaX, HHTEPIPETATOPAX, MOIATOBOM BbI-
[IOJIHEHUH | T. JI. DTO IIO3BOJISIIIO HAM UI'HOPUPOBATH JETAJH IIOCTPOCHUS
TeX WU UHBIX aJI'OPUTMOB IO/ TE€M IPEJJIOTOM, YTO YUTATEIh UX JIETKO
BOCCTAHOBUT (MJiU XOTs OBl HOBEPUT — BCE-TAKU He KAXKJbIil YnTaTe/b B
CBOEH YKU3HU IIHCAJI MHTEPIPETATOP HacKaJlsd Ha [AcKae).

Ho B HekoTopbIX ciydasx 3Toro Hemocratodno. Ilycrs, mampumep,
MBI XOTHM JI0Ka3aTh aJTOPUTMUYECKYIO HEPa3peINMOCTh KaKOH-TO 3a-
JIa9M, B ONPEJEJICHUN KOTOPOI HUYEro He TOBOPUTCI O Hporpammax (B
9TOM pa3sjiesie, HAIPUMED, MbI JTOKAXKeM Hepa3pennMOCTb IPOOJIEMBbL pa-
BEHCTBA CJIOB B TOJIYTPYIIaX, 33JIAHHBIX OOPa3yIOMIMMU W COOTHOIIE-
HUSIMHI). DTO OOBIYHO Jenaercst Tak. MBI moKasbiBaeM, 9TO mpobiemMa
OCTAHOBKH CBOJIUTCSI K 9TOM 3a1a4e. [luist 9T0r0 Mbl MojiesimpyeM pabory
[IPOM3BOJILHOIO AJIFOPUTMa B TEPMUHAX PACCMATPUBAEMON 3a1a4n (dTo
9TO 3HAYUT, OyJeT BUIHO U3 IIPUBOAUMOIO HUXKe Ipumepa). Ilpu sTom
HaM BaXKHO, YTOOBI OIIPeieJIeHne aJrOPATMa OBLIO KAK MOXKHO IIPOIIIE.

Takum obpazoM, HAI TJIAH TAKOB. MBI ONWINEM JOBOJIBLHO ITPOCTO
ompeiesisieMblil KJIacC MalluH (ero MOYKHO BBIOMDATH MO-PA3HOMY, MBI
Gy/1eM UCIIOJIb30BaTh TakK HA3bIBAEMbIE MAINHBL THIOPHUHTA), 3aTeM 00b-
SIBUM, YTO BCSIKast BEIYUCAUMAs (DYHKIUS MOXKET OBITh BBIUHC/ICHA Ha Ta-
KO MAaIlMHe, a 3aTeM MOKayKeM, YTO BOIPOC 00 OCTAHOBKE MAITHHBI T bio-
pUHTa MOXKHO CBECTH K BOIIPOCY O PABEHCTBE CJIOB B TOJIYTDYIIIIE.

Ilpyras npuvuHa, 10 KOTOPOil BayKHBI IPOCTHIE BBIYUCIUTEIHHBIE MO-
Jlesn (Takux Mojiesieli MHOTO — pa3Hble BUJIbI MainuH ThOpuHTa, aapec-
HbIE MAIIAHBI U T. II.), CBS3aHA C T€OPHUEil CJI0KHOCTU BBIYUCJICHU, KOTIa
HaC HAYMHAET WHTEPECOBATH BpeMs BbINOJIHEeHUs iporpamM. Ho sToT Bo-
[IPOC BBIXOJUT 33 PAMKHU KJIACCHYIECKON TEOPHUU AJITOPUTMOB.

9.2. MawwuHbl TblopuHra: onpegenexmne

Mawuna Teropunea nmeer GECKOHEUHYIO BJIEBO U BIIPABO AEHMY, Pa3-
JIeJIEHHYI0 Ha KBajaparuku (sauetiku). B Kaxkmoit siueiike moxer ObITh
3alKCaH HEKOTODbII CHUMBOJI M3 (DUKCHPOBAHHOIO (Uil JAHHON Mallm-
HbI) KOHEYHOTO MHOYKECTBA, HA3BIBAEMOI'O aAPaGUMOM JTAHHON MAIIUHBL.
Opuna u3 cuMBOJIOB a/ihaBUTa BBIIEIEH W HA3BIBAETCH <«IIPODEIOM» —
[IPE/IITOIAraeTCsd, YTO M3HAYAIBHO BCS JIGHTA IIyCTa, TO €CTh 3aI0JHEHA
mpobeIaMm.
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Mamuna Triopuara MOXKeT MEHATH COJAEPKUMOE JIEHTHI ¢ TTOMOIIBIO
CHEeIUAJIbHON YUTAIOIIEl U MUITYIIEH 20.406KU, KOTOPas ABUXKETCA BIOJIb
JienThl. B KaXK/1bIii MOMEHT I'0JIOBKA HAXOUTCS B OJIHOI 13 sueek. Marm-
Ha ThiopuHTa MOIyYaeT OT TOJIOBKUA HH(MOPMAIIUIO O TOM, KAKOW CHUMBOJI
Ta BUJUT, U B 3aBUCUMOCTH OT 9TOrO (M OT CBOErO BHYTPEHHEIO COCTOSI-
HUsl) PEIIAeT, YTO JIeJIaTh, TO €CTh KAKOW CHMBOJI 3allUCATh B TEKYIlel
sgeiike U Kyjla CABUHYTHCS [OCJIE 3TOr0 (HAJIEBO, HAIIPABO UJIM OCTATHCS
Ha Mecre). [Ipu 9TOM TakKe MeHseTCsl BHYTDEHHEe COCTOSIHIE MAallMHBI
(MBI TIpeAIIOIAraeM, ITO MAIIMHA — HE CUUTAsS JIEHTHI — UMEEeT KOHed-
HYIO [aMsiTh, TO €CTh KOHEYHOE YHCJIO BHYTPEHHUX cocTosiHmit). Emé
HAJI0 JOTOBOPUTHCH, C 9€r0 Mbl HAYMHAEM U KOTJIa KOHYaeM paboTy.

Takum obpazom, 4TOOBI 33/1aTh MaliuHy ThIOpUHTa, HAJI0 YKa3aThb
ciesryionmue 00bEKThI:

® IIPOU3BOJIbHOE KOHCYHOE MHOXKECTBO A (aﬂgﬁaeum); €ro 3JIEMEHTBbI
Ha3bIBAIOTCA CUMEBOAAMU;

® HEKOTOPBIA BBIIEICHHBIH cUMBOMI ag € A (npobea, wiu nycmot
CUMBOA);

® KOHE€YHO€ MHOXKECTBO S, Ha3bIBa€eMO€ MHO2KECTBOM cocmo;muﬁ;

® HEKOTOPOE€ BBIAEJIEHHOE COCTOAHUE Sg € S, Ha3bIBaeMO€ HaA4aAb-
HbIM COCTOAHUEM;

® Mmabaulyy nepexrodos, KOTOpasi ONpeessieT MOBEJIeHNEe MAIIUHbI B
3aBUCUMOCTHU OT COCTOSIHUS M TEKYIIEr0 CUMBOJIA (CM. HUXKE);

® HEKOTOpOoe IIOAMHO2KECTBO F C S, 3JIEMEHTBI KOTOPOI'O Ha3bIBarOT-
Cd 3aKAMNOYUMENDHBIMU COCTNOAHUAMUY (HOHaB B TaKO€ COCTOdAHNE,
MalInHa OCT&H&BHHB&GTCH) .

Tabmura mepexoI0B yCTPOeHa CASTYIONINM 00pa30M: It KayK 10 ma-
pBI (TeKyIlee COCTOSIHUE, TEKYIUI CUMBOJI) yKa3aHa TPoiika (HOBOE CO-
CTOsIHUE, HOBBIN CHMBOJI, CIIBUT). 31eCh CIBUT — OJHO u3 unces —1 (Bire-
B0), 0 (Ha mecre) u 1 (Hampaso). Takum o6pa3oM, TabJIHIEA IEPEXOIOB
ectb dynkiua Tuna S X A — S x A x {—1,0,1}, oupenenéunas na rex
napax, B KOTOPBIX COCTOSTHHE HE SIBJISETCS 3aK/IIOIATETHLHBIM.

Ocraéres onmcarh 1IOBeJEHUE MANIMHBL Thiopunra. B KaxKupiii Mo-
MEHT MMEETCsl HEKOTOpasd KOHEU2Ypauus, CKIIaIbIBAIONIAICT U3 COIep-
JKUMOTO JIeHTBI ((bOPMAJIbHO T'OBODsI, COIEPKUMOE JIEHTBI €CTh IIPOU3-
BOJIbHOE oTOOpaxkenue Z — A), TeKyieii IO3UIUI FOJIOBKU (HEKOTOPOe
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IieJI0e IHUCJI0) ¥ TEKYIIEro cocTostHusi Mammubl (1ement S). IIpeoGpa-
30BaHHe KOH(MUIYDPAIUA B CJIEIYIONLYI0 MPOUCXOUT IO €CTECTBEHHBIM
[IPABUJIAM: MBI CMOTPHUM B TabJInIle, YTO HAJO JeJaTh JIJIA JAHHOIO CO-
CTOSIHUSI U JUISI JJAHHOTO CHMBOJIA, TO €CTh BBISICHsIEM HOBOE COCTOSIHUE
MAIIMHBI, MEHSIEM CHMBOJI Ha YKA3aHHBIH U HOCJE STOrO CIABUTAEM I'O-
JIOBKY BJICBO, BIIPABO WJIM OCTaBJisieM Ha Mecre. IIpu aToM, ecim HOBOe
COCTOSTHUE SIBJISACTCS OJHHUM M3 3aKJIIOYATEJBHBIX, pPaboTa MAITHHBI 3a-
KaHIMBACTCH.

Teneps Ha/I0 JOrOBOPUTHCS, KAK MBI IOAAEM HH(MOPMAIIHIO HA BXOJL
MAIIMHBI ¥ 9TO CUUTAETCS PE3YJIBTATOM eé paboTel. Bynem cunrtarsh, uTo
asaBUT MAIMHBI, HOMUMO Ipobesia, coaep:kutT cuMBobl 0 u 1 (a Tak-
K€, BO3MOXKHO, €INE KAKHe-TO CHMBOJIBI). BXOZOM ¥ BBIXOJIOM MAIIMHBI
Oy/yT KOHEUYHbIE [OC/IE0BATEILHOCTH HyJell U euHuL (JBOUIHBIE CJIO-
Ba). BXozHOE €II0BO 3aIMCHIBAETCS HA ILYCTOH JIEHTE, TOJIOBKA MAIIMHBL
CTABUTCSI B €0 MEPBYIO KJIETKY, MAINHA IPUBOJUTCS B HAYAJIBHOE CO-
CTOsIHIE U 3allycKaeTcs. ECi MaIllnHa OCTAHABINBAETCSI, PE3YIIbTaATOM
CYUTAETCS JTBOMIHOE CJIOBO, KOTOPOE MOYKHO IIPOYECTb, HAYMHAS C HO3K-
I[UX TOJIOBKH ¥ JIBUTASICH HAIPABO (IIOKA HE HOSABUTCH CHMBOJI, OTIIMIHBII
or O ml).

Takum obpasom, jobas MamuHa ThIOPUHTA 33/1a6T HEKOTOPYIO Ya-
cTUYHY0 (DYHKIMIO Ha JIBOMYHBIX CjioBaxX. Bce Takme yHKIMH ecre-
CTBEHHO HA3BaTb 8blYUCAUMbBLMYU Ha mawunar Tvropunea.

9.3. MawwnHbl TbtopuHra: obcyxaeHue

Pasymeercsi, Halle ornpejiesieHue COIep:KUT MHOIO KOHKPETHBIX JeTa-
Jieit, KOTOpble MOXKHO ObLI0 ObI m3MeHnTh. Hampumep, JieHTa MOXKeT ObITh
GECKOHEYHOI TOJIBKO B OJIHY CTOPOHY. MO2KHO IPUIATH MAIIAHE JIBE JICH-
Tbl. MOXKHO CIMTATH, YTO MAIITIMHA MOYKET JINOO HAIMCATH HOBBI CHMBOJI,
JmbO CIBUHYTHCSI, HO HE TO U Jipyroe BMecTe. MOXKHO OrpaHUYIHUTH aJl-
daBut, cuuTasi, CKaykeM, 9YTO B HEM JIOJ2KHO ObITH poBHO 10 CHUMBOJIOB.
MozkHO moTpeboBaTh, YTOOBI B KOHIIE Ha JIEHTE€ HUYETrO He OBbLIO, KPOoMe
pesysbrara paboThbl (OCTaJbHBIE KJIETKH JOJKHBL ObITH IycThl). Bee 1e-
peYHCIeHHbIE U MHOTHE JIPYyTHE U3MEHEHUST He MEHSIOT KJIACCA BBIYUCIIH-
MBIX Ha MarmuHax Teriopunra ¢yuknuit. Konearno, ecth n Hebe300u1HbIE
u3MeHeHus. Harpumep, eciu 3alpeTUTh MaIlliHE JBUIATHCS HAJIEBO, TO
9TO PAJUKAJIHHO HOMEHSIET JIEJI0 — 10 CYMIECTBY JIEHTa CTaHeT becroJies-
HOM, TaK KaK K CTAPBIM 3AIUCAM yKe HeJIb3si Oy/1eT BEpHYTHCH.

Kak momsaTh, Kakne m3menenns 6e300uIHbI, a Kakue HeT? Buanmmo,
TYT HEOOXOJUM OIBIT MPAKTHIECKOTO MPOrPAMMHUPOBAHMST HA MAIIH-
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nax Tbpropunra, xorss 661 HEOOJBION. [locte 3TOTO y2KE MOXKHO TIpes-
CTaBJIATH cebe BO3MOXKHOCTU MAIUHBI, HE BBIIUCHIBASA ITPOTPAMMBI [TOJI-
HOCTBIO, & PYKOBOJCTBYSCH JIUIIb HPUOJIM3UTENIHHBIM ONUCAHHEM. B
KaJecTBe IIPUMePa OIMIIEM MAIUHY, KOTOPasi YIBAUBAET BXOJHOE CJIOBO
(usrorasausaer cioso X X, eciau Ha BXozEe ObLI0 €10BO X ).

Ecsin mamuua Buzur upobest (BXOAHOE CJIOBO IIyCTO), OHA KOHYAET
paboty. Ecin Her, ona 3arroMuHaeT TEKYIIMil CHMBOJI U CTABUT Ha HEM
nomerky (B asndasure nmommumo cumposio 0 u 1 GyayT em@ ux «mome-
YyeHHble BapuaHThl» 0 u 1). 3aTeM OHa JBUKETCS HAIIPABO JIO ITyCTOM
KJIETKH, TIOCJIe 9Eero MHUIIET TaM KOIUIO 3allOMHEHHOTO CHMBOJIA. 3aTeM
OHA JIBUZKETCS HAJIEBO JI0 IOMETKH; YTKHYBIINICH B IOMETKY, OTXOJUT Ha~
3a/1, 3aIOMUHAET CJEYIOMNN CUMBOJI U TaK JaJiee, IIOKA He CKOIUPYeT
BCE CJIOBO.

Vmest HEKOTODBINT OIBIT, MOXKHO 33 BCEMHU STUMH (DpPa3aMu BUJIETHh
KOHKDETHbBIE KYCKHU IIPOrPaMMBbI Jjist Mamuubl 1biopunra. Hampumep,
CJIOBA «3AIIOMUHAET CHMBOJI U JBUXKETCS HAIPABO» O3HAYAIOT, UYTO €CTh
JIBE TPYIIIbI COCTOSTHUMN, OJIHA JIJIsT CATYAIIUN, KOTJa 3alIOMHEH HYJIb, JIPY-
rasi — KOIJ/Ia 3aIlOMHEHa, €/IMHUTIA, U BHYTPU KaXKJI0H IPYIIIIBI 3aIIPOrPaM-
MUPOBAHO JIBUKEHIE HAIIPABO JI0 MEPBOI MyCTON KJIETKH.

Wmest emig 4y Th OOJIBIIE OIBITA, MOXKHO IIOHSITH, UTO B 9TOM OIMCAHUN
eCTb OIMOKa — He MIPeyCMOTPEH MEXaHU3M OCTAHOBKHU, KOTJ[a BCE CJIOBO
OyIeT CKOIMMPOBAHO, ITOCKO/IBKY KOIIMU CUMBOJIOB HUYEM HE OTIMIAIOTCS
OT CHMBOJIOB HCXOJHOTO CJIOBa. ZICHO W TO, KaK OIMMOKY HUCIPABUTH —
HAJI0 B KAYECTBE KOIHil MACATH CIeIUAIbHBIe cuMBOJIEI 0 1 1, a Ha TI0-
CJIEJTHEM dTalle BCe IOMETKH Y/IAIUTh.

90. Ilokakure, 9T0o (DYHKIHMS <«OOpaIIeHuEe», MePEeBOPAYUBAIOIIAA CJIOBO
3a/10M Hanep'éa, BbIYHUCJ/INMa Ha MalllUHE TbIOpI/IHFa.

Hpyroit mpumep HeDOPMATHLHOTO PACCYKICHUS: O0BICHUM, TOYEMY
MO2KHO HE HCIIOJIb30BATH JOIOJIHUTEIbHBIX CHUMBOJIOB, KpoMme 0, 1 u my-
croro cumBoJa. [lycth ecTth Maruna ¢ 60abmuM asidpaButom u3 N cum-
BOJIOB. ITocTponM HOBYIO MaIlIMHY, KOTOPasi 6y/1eT MOJEIMPOBaTh paboTy
cTapoil, HO KaXKJ0# KJIETKE CTapoil OyJIeT cOOTBETCTBOBATH OJIOK u3 k
KJ1eTOK HOBOI. Pasmep Gisioka (aucsio k) Oyner dukcuposan tak, 9To0bI
BHYTpPH OJIOKA MO2KHO OBLIO OBl 3aKOAUPOBATH HYJISMHU U €IUHUIIAMEI BCE
cuMBOJIBI 60JbIIIOr0 asidasurta. Vcxonnsie cumBodst 0, 1 u mycroit Oymem
KOZMpoBaTh Kak 0, 3a KOTopbiM UayT (k— 1) mycTeiX cuMBOIIOB, 1, 3a KO-
TOpbIM UAyT (k—1) IMyCTBIX CUMBOJIOB, U TPYIILY U3 Kk IIyCTHIX CUMBOJIOB.
Jist Hava a HAZO Pa3BUHYThH OYKBBI BXOJIHOTO CJI0OBa Ha paccrosHue k,
9TO MOXKHO CleJ1aTh 6e3 JIONOJHUTEbHBIX CUMBOJIOB (10fis 10 Kpaii-
Helt OYKBBI, OTOBUTAEM €€, 3aTeM OIS /10 CJIeIYIONIei, OTOIBUTAEM €6
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U KpailHIOI0O U TaK Jajiee); HaJO TOJbKO IIOHUMATh, YTO MOXKHO HJICH-
TUUIIPOBATH KOHEI[ CJIOBA KaK MO3UIINIO, 33 KOTOPOH ciemyer OoJiee
k mycThIX CHMBOJIOB. ZICHO, YTO B 9TOM IIPOIECCE MBI JOJKHBI XPAHUTH
B ITAMSITA HEKOTOPBIM KOHEYHBINH 00bEM MH(MOPMAIMH, TAK YTO ITO BO3-
MoKHO. [locsie 9Toro yKe MOXKHO MOZEJIMPOBaTh pabOTy MCXOMHON Ma-
HIMHBI [0 MIaraM, U JJisl TOTO TOXKE JOCTATOYHO KOHEUHO naMaru (T.e.
KOHEYHOI'O YHCJIa COCTOMHMI), TaK KAK HAM BAyKHA TOJIKO HEOOJIbINAST
OKPECTHOCTh TOJIOBKH MOJeIupyeMoil Mmarmuabl. Hakoner, Hamo cxkarb
pe3yabTaT 00paTHO.

VTBepKIeHNEe O TOM, YTO BCSKasl BBIYUC/IUMAsT (PYHKIIUST BBITUCIIH-
Ma Ha MamuHe ThIopuHra, Ha3bIBAIOT Mme3ucom Tbiopunea. Koneuno,
€ro CMBICJI 3aBUCUT OT TOTO, YTO MOHUMATH O] CJIOBAMU «BBIIUC/IIMAsT
dyuknusay. Ecian nonnMars nx B paCIIbIBYATO-UHTYUTUBHOM CMBICJIE
(«yHKIMST BBIYUCIISIETCST AITOPUTMUIECKH, TO €CTh 10 YETKUM, HEJBY-
CMBICJIEHHBIM, OJHO3HAYHBIM [PABUJIAM> UJIM ITO-TO B TAKOM POJIE), KO-
HEYHO, HU O KAKOM JIOKA3aTeJbCTBE Te3nca 1hIOPUHTa HE MOXKET OBITh
peun. MoXHO JIUIIF TOBOPUTH, YTO MHOTOBEKOBAsS MMPAKTUKA YeJIOBEUE-
crBa ot EBkinpa mo Kuyra me BCcTpermsach ¢ IPUMEPOM aJTOPUTMA,
KOTOPBIit HeJIb3sT ObLIO ObI 3amrcaTh KaK IMPOorpaMMy Mariuibl ThiopuH-
ra u T.1. BrupoueM, emé onuH (He CJIUIIKOM yOeuTesNbHbIH) apryMeHT
IIPUBEJIEH HUXKE.

Ho eciin moHmMMAaTh CIOBO «BBIYHCUMAs» B Te3nce ThIOpHHTa Kak
«BBIYHUCJIIMAS C ITOMOIIBIO IPOTPAMMBI Ha MACKAJIE» U IPEJICTABUTH Ce-
6e Ha MHHYTY, 9TO CHHTAKCHUC U CEMAHTHKA ACKAJb-IIPOTPAMM TOYHO
OIpesiesIeHbl, TO Te3uc ThIOpUHIa CTAHET YK€ YETKUM YTBEDXKJIEHUEM,
KOTOpPOE MOKeT ObITh MCTUHHBIM WJIA JIOXKHBIM M KOTOPOE MOYKHO JI0-
Ka3bBaTh. KKOHEYHO, TaKOe JTOKA3aTEIbCTBO M0 HEOOXOIUMOCTH JIOJIXKHO
HCITO/IH30BaTh (DOPMATbHOE ONMMCAHNE CHHTAKCUCA 1 CEMAHTUKY [TACKAJIHA,
U IOTOMY HUKEM He IIPOBOIUJIOCH, HO JJIsi D0JIee IIPOCTHIX BBIYUCIUTE b
HBIX MOJIeJIell 9TO JefICTBUTEIFHO MOXKHO (DOPMAJIbHO JI0Ka3aTh. BIipo-
eM, TAKOTO POJIA JI0KA3aTeIhCTBA CPOJHU JTOKA3ATEILCTBY KOPPEKTHO-
CTH JIJIMHHOW ITPOrPAMMbI, ¥ IOTOMY KEJIAIOIINX WX MMHUCATh U TeM OoJiee
9UTATh HEMHOTO.

B zaksrouenne o0cyxkiennst TPUBEIEM OOCIIAHHDBIN BHIIIE APTYMEHT B
[IOJIb3Y TOT'O, UTO JII00ast BEIYUCIUMA DYHKITHS BEIYUCIIMA Ha MaIIUHEe
Trropunra. [lycTb ecTb PYHKIMS, KOTOPYIO Y€JIOBEK YMEET BBIUHUCJIATH.
IIpu sTOM, OH, €CTECTBEHHO, JOJI?KEH KCIIOJIHL30BATh KapaHIall u OyMa-
Iy, TaK KaK KOJUYIECTBO MH(MOPMAINU, KOTOPOE OH MOYKET XPAHWUTDH «B
yMe», orpaHndeHo. Byaem canTarh, 9TO OH HUIIET HA OT/EJIHHBIX JINCTAX
oymaru. [TomMmumo TeKyITero Jamncra, eCTh CTOMKA OyMar cripaBa M CTOIKA,
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cJieBa; B JIIOOYIO M3 HUX MOXKHO ITOJIOXKUTb TEKYIIHA JIUCT, 3aBEPIIUB C
HUM PabOTy, a U3 APYTOil CTONKHU B3ATh CIEAYIOMMiA. Y UeJOBEKa eCThb
KapaHJaIl u JacTuk. [JoCcKoIbKy oueHb MesKie OYKBbBI He BUJHbBI, 9UCTIO
OTYETIINBO PA3JINUYNMBIX COCTOSIHUII JINCTA KOHEYHO, U MOYXKHO CUUTATh,
YTO B KaXKJbIIi MOMEHT Ha JINCTEe 3allicaHa OfHa OYKBa M3 HEKOTOPOI'O
KOHEYHOro (X0Ts U BecbMa 60JbInoro) aidasura. JeoBek Toxe umMeer
KOHEUYHYIO [TAMSATh, TAK ITO €r0 COCTOSIHUE €CTh JIEMEHT HEKOTOPOrO KO-
HEIHOT'O MHOXKECTBa. [Ipr 9TOM MOXKHO COCTABUTH HEKOTOPYIO TabJIHILY,
B KOTOPO# 3alUCAHO, YeM KOHUYUTCS ero paboTa HaJl JINCTOM C JIAHHBIM
COJIEP’KMMBIM, HAUaTasl B JIAHHOM COCTOSIHUM (9ITO Oy/eT Ha JIUCTe, B Ka-
KOM COCTOSTHUY OYyJIeT YeJI0BEK U U3 KAKOM MadKu OyIeT B3ST CJIeMyOIuit
ser). Terepsb yke BUIHO, 9TO jeficTBUS Y€I0BEKA KAK Pa3 COOTBETCTBY-
10T pabore Mamuubl ThiopuHra ¢ 60JbIIUM (HO KOHEYHBIM) aaihaBUTOM
1 GobmuM (HO KOHEUHBIM) YHCJIOM BHYTPEHHUX COCTOSTHUI.

9.4. AccoumaTumBHbIe UCHUCNIEHNSA

Ceifuac MBI HCIIOJIB3YeM MaIIMHbI ThIOprUHTra, 9TOObI JI0Ka3aTh HEpas3-
PEIUMOCTh HEKOTOPOit aJITOPUTMUIECKON MPOOJIEMBbI, CBA3AHHON C TakK
HA3bIBAEMBIMU ACCOIMATUBHBIMY UCUUCIEHUSIMHY.

Hanomuuwm, 4to aagasumom HA3BIBAIOT KOHETHOE MHOYKECTBO, dJIe-
MEHTBI €r0 HA3BIBAIT CUMBOAAMU, U OYKEAMU, 8 KOHETHBIE ITOCIIEI0-
BaTEJLHOCTA OYKB — CA08AMU.

IIycrs dpukcuposan andasur A. BymeMm Ha3bBaTh NpasuAOM TIPOU3-
BOJIBHYIO 3anmch Buga P — @, rme P u (Q — ciioBa storo andasuta (Mbl
cuuTaeM, 9TO CaMa CTPeJIKa He ABJisgercs OykBoil andasura). Bygem na-
3BIBATD ACCOUUATNUGHBIM UCHUCACHUEM KOHEUHbIH Habop mnpasui. (Ilo-
PAJIOK IpaBW B Habope He urpaet pouu.) Kaxioe npaBuio paccMarpu-
BaeTCs KAaK MMPAaBUJIO Ipeodpa3oBanust CjI0B. VIMeHHO, MbI TOBOPUM, 9TO K
cioBy X MOYKHO IIPUMEHUTH IIpaBuiio P — @, ecu B cjioBe X eCThb y4a-
CTOK W3 MoApsJ uaynmx Oyks (1mozcsioBo), copnajaronmii ¢ P. B arom
cJIydae ero paspernaercs: 3aMeHUTb Ha (). Takumx y9IacTKOB MOXKeT OBITh
HECKOJIBKO, TaK 9TO K OJHOMY U TOMY K€ CJIOBY MOXKHO IPHUMEHUTH OJl-
HO U TO K€ MPABUJIO HECKOJIBKAMHU Pa3HbIMU criocobamu. Kpome toro, B
UCYUCTIEHUN MOXKET OBITH HECKOJIBKO IIPABUJI, IPUMEHUMBIX K JIAHHOMY
CJIOBY, ¥ TOIJIa, MOXKHO IIPUMEHSITH JIF060e u3 HuX. Ilocjie 9Toro MoXKHO
CHOBA IIPUMEHUTDH TO K€ CaMOe WJIU JIPYroe MPABUJIO UCUUCIEHUSI, U TaK
JaJgee.

IToBTopum 310 ompenesiernne Gosee dhopmanabuo. ['oBOpAT, YTO CAO-
60 X MO0oCcHO Npeobpa3osams 6 ca060 Y N0 Npasusam ucHucaerus I,
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€CJIN CyIIeCTBYeT KOHEYHad IIOC/IeA0BATC/ILHOCTL CJIOB
X =20,21,2,..., 21,2k =Y,

B KOTOPOH KaXKJI0€ CJIOBO Z; TOJIYIAETCs U3 IIPEIBLIYIIEro CJIoBa Z;_1 10
OJIHOMY M3 IIPABUJI UCYnCaeHus I, To ecTb B I CyIeCTByeT TaKOe IIPABH-
a0 P — Q, aro Z;_1 = RPS u Z; = RQS 1yt HeKOTOPBIX cJioB R u S.
Takum 06pa3oM, KaxKJIOMy HUCUHUCJIEHHIO COOTBETCTBYET HEKOTOPOE
MHOXKECTBO Iap CJIOB — MHOXKecTBO Takux map (X,Y), aro X MoxHO
1peo0pa3oBaTh B Y IO MPABUJIAM ITOrO UCIUC/ICHUS.
Teopema 61. JIj1s1 BCIKOTO MCUUCTEHUST 9TO MHOYKECTBO IIEPETUCTUMO.
Cy1imecTByeT UCUHUC/IeHNE, Jjis KOTOPOro 9TO MHOXKECTBO HEPA3PEIINMO.
Mp1 mokarkeMm 3Ty TeopeMy B ciefytorieM paszese. [lepBas eé gacth
JOKA3bIBAETCH JIETKO: MHOXKECTBO BCEX IIOCIEI0BATENbHOCTER Zj —
— 7y — ... — Z}, COIJIACOBAHHBIX C IIPABUJIAMU UCYUCJIEHNS, PA3PENIn-
MO W IIOTOMY IE€PEeYUCIUMO. Ecau oT KaxKJI0#l M3 HUX OCTABUTH TOJIBKO
Ha4YaJjI0 U KOHEIl, [TOJIyYUTCsI [IePednC/IeHIe NCKOMOI'O MHOYKECTBA..
Ocrasoch MOCTPOUTH MPUMED HEPA3PEITUMOrO ACCOIMATUBHOIO UC-
qycienus (MCYMCIIeHNs], [ KOTOPOro YKa3aHHOe MHOYKECTBO Hepa3pe-
mumMo). st 9Toro Ml mokazkeM, 4ro pabory Jro6oit Mammubl ThopuHra
MOXKHO B HEKOTOPOM CMBbICJIE MOJIEJTUPOBATH C IIOMOIIBIO ACCOIUATUBHOIO
WCYUCJIEHNUSI, & 3aT€M BO3bMEM HWCUUCJIEHNE, COOTBETCTBYIOINIEE MAIIUHE
C Hepa3pemuMoil mpodIeMOil OCTAHOBKH.

9.5. MogennposaHne MawmnH TetopuHra

Teopema 62. Ilycte M — wmamuua Tbhoopusra, ajadgaBAT KOTOPOI
BrsogaeT 0 u 1. Torma MOYXKHO TOCTPOUTH aCCONMATUBHOE UCUHUCIeHue |
C TAKUM CBOHCTBOM: JIBOMYHOE CJIOBO Y SIBJISIETCS PE3YJIbTaTOM PabOTHI
MAIUHBI Ha, BOMTHOM CJTOBe X TOT/a M TOJBKO TOTIa, Koraa coBo [ X ]
110 TTpaBUJIaM UcUncgaenns I MOXKHO peobpa30BaTh B CJIOBO Y .

HamomuamM, 9TO pe3ysibTaT padOThI MAIIUHBI MbI ONPEJIECJININ KaK
MaKCUMAJIbHBINA OJIOK HyJIeil U eIMHNI, HAYNHAS C TO3UIUHA TOJIOBKU. 3a-
MeTuM Takke, 9T0 ajdasur ucuncjienns I comepxkut cumBosibl 0 n 1,
JOMOJIHATEIbHBIE CUMBOJIBI [ 1 ] U MOXKeT comepKarh IPyrue CHMBOJIBI.

91. Ilokazkure, 9TO0 6GE3 JTOMOJHUTEIBHBIX CUMBOJIOB [ M ] yTBepxKIeHHE
TeopeMbl He OymeT BepHbIM. (YKazaHme: ecam CJO0BO Y MOXKHO IIOJYyYUTH U3
cioBa X 10 IpaBuUIaM UCUUCIEHUs, TO cJI0BO PY () MOXXHO IOJIyYUThb U3 CJIO-
Ba PX (@ 1o npaBmiaM UCIHUCIIEHUSI. )

<! Unes MomenmmpoBaHust COCTOUT B CJeAyOMEM. ByaeM KoIupoBaTh
KOHMUIypanuio MamuHbl ThiopuHra (COAEPKUMOE JIEHTBI, II0JIOKEHUE
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POJIOBKH, COCTOsIHUE) B BuUjie cjioBa. Torma mepexox oT KoHGUrypanuu K
CJIeJIYIOIIEH 110 MpaBUIaM MAaIUHBI ThIOPUHTa COOTBETCTBYET MPUMEHEe-
HUIO MMPABUJIA ACCONUATHBHOIO MCIUCICHUS.

Koneuno, mjist 3Toro Haj0 NnpaBMJIBHO BBIOpaTh KogupoBaHwme. Mbl
OyzIeM [ejiaTh 9TO TaK: KOH(MUTYpaIust

koaupyercsi ciiopoM [PsQ]. Takum o6pasoM, ajipaBUT HAIIETO UCIUCTIE-
HUsI OyJeT BKJIIOYATh Bce OYKBBI ajiaBuTa MalInHbl ThIOPUHTA, BKIIIO-
qag 1pobest (KOTOPBIA Mbl H300pazkaeM Kak «_»), U BCE €€ COCTOSIHUS
(MBI cunTaeM, 94TO MHOYKECTBO COCTOSIHUII He lepecekaercd ¢ ajbabu-
TOM), & TaKXKe ClieluasbHble CUMBOJIBL [ 1 ]. 3aMeTuM, 9T0 KOJUpOBaHUe
HE OJIHO3HAYHO 38 CYET TOTO, UTO CJIOBO P MOXKeT HAYMHATHCS ¢ IIpobesta,
a cJioBo () M KoHUaThcst. Hampumep, ecin a, b u ¢ — OyKBbI asidabura,
a s — cocrosinue, TO CJoBO [absc] cOOTBETCTBYET COCTOSIHUIO S, JIEH-
Te ...abC. .. U I'OJIOBKE HAIIPOTHUB C; cyioBa [_absc] u [absc_] coorBer-
CTBYIOT TOit ke Kouduryparun. JIpyrue npuMepbl KOAUPOBAHUA KOHPHU-
ryparuii: cjioBo [sabc] coOTBETCTByeT COCTOSHUIO S, JIEHTE . ..abc. ..
U TOJIOBKE HAIIPOTHUB a, CJI0BO [abcs] — JienTe .. .abc... ¢ TOJIOBKOM
cupasa oT ¢, a cj0BO [s] cooTBeTcTBYyeT IIyCTOil JIeHTE.

Teneps Has0 HanUCATH MPABUJIA HAIIEr0 UCYHUCIeHHHA. MBI XOTHM,
4TOOBI K KOy J1I000# KOHMUTryparmn 6bLI10 TPUMEHUMO POBHO OJHO IIpa-
BIJIO U ITOOBI IOJIYYAIOIIEecs [IPU €ro MIPUMEHEHUU CJIOBO OBLIO KOJIOM
crenyionieit KOHMUryparua. JT0 MOXKHO CIeJIaTh, IIOCTPOIHO IEPEBO/Is
TabJINIly TIePEeXOJ0B MAIMUHbI ThIOpHHTa Ha S3bIK mpaBmi. IlycTs, Ha-
puMep, B TaOJIHIE €CTh MHCTPYKIUS «HAXOJSICh B COCTOSTHUU S U IUTast
OyKBy x, epeliTu B COCTOAHUE s, HamedaTaTh OYKBY &' W OCTATHCA Ha
Mmectey. Torga Mbl BKJIIOYaeM B HAllle UCUHUCICHHE IPABUIIO

sx — s,

MHCTpYKINS «HAXO/SCh B COCTOAHNU § M 4YnTasg OYKBY X, IepeiTu
B cocTognue s, Hamedararb OyKBY &' M CABUHYTHCH BJIEBO» MOPOXKIAET
HIpaBHUJIA

ST — S/OZI/

J7IsT BceX OYyKB (v ayipaBUTa MAITHHBI T HIOpWHTA.
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MHCTpyKIMs «HAXOIICH B COCTOAHUN S U YUTas OYKBY &, IepeiTu B
cocTosinue s', HanmedaTaTh OyKBY &' U CABUHYTLCS BIPABO» HMOPOZKIAET
[IPaBUJIO

st — x's.

Ho Haj0 emé mo3aboTuThCst 0 CUTyaluu, KOrua cjioBa P uiu @ 1mycThl.

JLj1si 3TOr0 HY>KHBI TaKHe [IPABUJIA:

eCJI1 B Ta6m/1ue €CTb MHCTPYKIHAL. . . IIpaBUJIO

YuTasl T B COCTOSHHU S, IIEPEHTH B
cocrosiHue §', HameyaTaTh T’ U CJIBU-
HYTbCST HAJIEBO

quTas Mpobes B COCTOAHUHY S, TIEPeii-
TH B COCTOsIHME S', HaledaTaTb T’ u s] — s'z']
OCTaThCs Ha MECTe
quTas mpobest B C(/)CTOHHI/II/I s, nepc;fl— as] — s'az']
TH B cOCTOsIHME S', HaledaTaTb T’ U [s] — [s'_ 2]
CJIBUHYTBHCA HAJIEBO

quTasd Mpobes B COCTOAHUHY S, TIePeii-
TH B cocTodHHUe s', HamedaTaTb T’ 1
CJIBUHYTHCS HAIIPABO

[sx — [s'_a'

s] — a's']

Ocobble ciryvuan, pacCMOTpPEHHBIE B 3T0# TabJuie — 3To ciaydail mpobesa
I0JT, TOJIOBKO# M IIyCTOrO CJIOBA (), & TaK»Ke CIABUTA HAJIEBO IPHU IIyCTOM
ciioBe P.

[Ipumenenue 3TUX IpaBUII Al 3a IIANOM MOJIEJIUPYET IIPOIECC BbI-
qncsaenns Mmamuiabl Teiopuara. Ho Haso emé «IoiroTroBuTh BXOJ» U
«04nCTUTH BBIXO/». [locsie 3aBepienns paboOThl MaIlluHA OKAa3bIBACTCH
B HEKOTOPOM 3aKJIIOUNTEHHOM COCTOSIHUU S, M KO KOH(MUTY DAY TMe-
er Bug [PsQ]. A HaMm Ha/0 IOJIYYUTh CJIOBO, ABJISIIOIIEECS PE3YJIHLTATOM
paboTsl MamuHbl. 1O €CTh, IO HAIIMM IPABUJIAM OIpPEIEIEHUS PEe3YJib-
TaTa, HaJO0 YJAAJIUTh P 1 OTKPBIBAIOILYIOCS CKOOKY, a TakxkKe B () Bblje-
JINTh MAaKCUMAJIbHOE HAYAJIO M3 HYJEH U eIUHUIl, U BCE MOCEIyIOIee
ymanuthk. Bor kak 310 mesnaercs. BBeméM JIOTOMHUTENBHBIN CUMBOJT <,
npaBmwia § — < JJI KaXKJIOr0 3aKJIOYATEIHLHOIO COCTOSHUS S, IPABU-
Ja a<d — < 7 Bcex OyKB o u mpasmio [< — . Torma cumBos < mo-
SIBUTCSI Ha MECT€ 3aKJIIOIUTEIHHOTO COCTOSIHIS, CheCT BCE cjileBa OT cebds,
a B KOHIIE BCTPETUT CKOOKY U IIPEBPATUTCS B HOBBIN cuMBOJI >. [jist aTo-
0 CHMBOJIa MBI HCHOJIB3yeM Ipasuiaa >0 — 0>, >1 — lp mwba — Vo
(mocsiesHee paBUII0 — JI BeeX (v U3 ajdaBuTa Mauibl, Kpome 0 u 1,
a Takxke it o = ). CEUMBOJI > [IPOILyCKAET PE3yJIbTaT HAJEeBO OT cebs
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U [PEBPAIAeTCs B CUMBOJI V. A 9TOT CUMBOJI yHHUYTOXKAET BCE CIIpaBa
oT cebs U 3aTeM CAMOYHUYITOXKAETCS B IIAPE C 3aKPHIBAIONIENCS CKOOKOIL;
[IPaBUJIA TAKOBBL: V(& — V JIJIsI BCEX CHMBOJIOB (v U3 aJihaBUTa MAIIUHBI,
a takxke V] — A (A ob6osHauaer mycroe cJoBo).

OTH TpaBUiIa MO3BOJISIOT BBIIEIUTH PE3YIbTAT PAOOTHI MAITUHBI U3
KOJ[a 3aKJII0UNTeIbHON KOHDHUryparuu. Terepb y2Ke MOXKHO CKa3aTh, ITO
MarnuHa Ha Bxoze X Jaér pe3yabrar Y TOrja M TOJILKO TOra, KOrjia 1o
TuM mpaBmwiaM u3 cyioBa [$o X1 mMoxkHO moyanTs cioso Y. Enuncreen-
HOe pazymane ¢ GOPMYJIUPOBKON TEOPEMBI COCTOUT B TOM, YTO TaM HET
CHMBOJIA S, HO 3TO MCIPABUTDL JIEIKO: H0GABUM emé oiun cuMBos [
npasuio [ — ['sg, m Bo Bcex ocTambHBIX Tpasmaax 3amenum [ ma [

Tenepnb yke BCE B TOYHOCTH COOTBETCTBYET (DOPMYJIUPOBKE TEOPEMBI,
U JI0KA3aTeJbCTBO MOYKHO CUYMATATH 3aBEPINEHHBIM. (YBbBI, aKKypaTHOE
IPOBEJICHNE TTOYTH OYEBUIHON MU JACTO TPEOYET MEePEednC/IeHnsT MHO-
rux gerajeil, B KOTOPBIX K TOMY K€ JIEFKO IIPOIyCTUTH KAKOH-HUOYIH
cJlydail Wiy JOIyCTUTh OMmubKy.) >

Tenepp yrke MOXKHO IOCTPOUTH ODEIAHHOE HEPA3PENINMOe acCOINa-
TUBHOE MCYHCJICHIE.

BosbMmém nepedncimmoe Hepaspermmoe MEOXKecTBO K. Bo3bMéM Ma-
muHy TeiopuHra, KoTopas Ha BXojax u3 K ocTaHaBIuBaeTCsS U Ja8T Iy-
CTOE CJIOBO, a Ha BXoZax He u3 K He ocraHaBMBaeTCs (II0JIyXapaKTepu-
cTrdeckasi QYyHKIUS MePEeInCIUMOr0 MHOYKECTBA, HATOMHIM, BBIYUCJIH-
Ma, ¥ [I0TOMY BBIYHCJIMMA Ha MamuHe Thioputra 1o Tesucy Tohropunra).

IlocTponm accoruaTuBHOE UCUUCIEHNE, MOMIEJIAPYIOIIEE STY MAIIAHY
B TOJIBKO YTO OIIMCAHHOM CMBICJIEe. /115t Hero HeT ajJropuTMa, KOTOPBI 110
mape cjioB X u Y BBISCHSIET, MOXKHO Ji Ipeodpa3oBaTth X B Y. B camom
JeJie, ecu ObI TAKOW AJrOPUTM OBLI, TO MOXKHO OBLIO OBl IIPUMEHHUTH
ero K ciioBam [X] u A (mycroe cjioBO) U y3HATH, JIEXKUT Jid CJI0BO X B
MHO2KeCTBe K WiIn He JIeXKHuT.

9.6. [lgycTOopoHHME ncyncneHns

OkaspIBaeTCsl, 9TO PACCyKJEHUE MPEABIIYINero pas/iesaa MOXKHO
HEMHOTrO ycminTh. Ha30BéM acconmaTuBHOe ucYucseHne (T.e. Habop
UpaBuil) d8YCMOPOHHUM, €CJIM OHO BMECTE € KasKbIM MpaBujioM X — Y
COJIEPKHUT M CUMMETPUYIHOe TTpaBmwiio ¥ — X.

Teopema 63. CyrecTByeT JByCTOPOHHEE UCUUCIIEHUE, JJIsi KOTOPOTr'O
HeT aJITOPUTMA, BBIICHSIONIET0, MOYKHO JIM OJIYIUTh OJHO CJIOBO U3 JPY-
roro I0 MPaBUJIAM 3TOrO UCYUC/IEHUS.

< st moka3aTebCcTBa MbI BOCIIOIB3YEMCs TO 2Ke KOHCTPYKITHEl ¢
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HeboIbIuMuU u3MeHenusivmu. Jjist madasa npasuio V] — A 3amenum Ha
upaBmwiio V] — % (MBI BCKOpe yBHJIHUM, 3a4eM 3T0 HyKHO). [Tocsie sToro
JUIsl KasKJ0ro IIpaBHiia J100aBUM obpaTHOe. 9TO HOBoe ucuucjenue I’
TaK»Ke MOJIeJINPYeT MaIlluHy T hbIOpUHTa:

JNlemma. /IBoudHOe CJI0BO Y sIBJISIETCsI pE3YJIBTATOM PAbOThI MAIIUHBI
Ha JBOMYIHOM cjioBe X TOrJa M TOJBKO TOTIa, Korma caoBo [ X ] MoxkHO
Ipeobpa30BaTh B CIOBO Y * IO MpaBWIaM ACIUCIeHud 1.

HoxkazarenbcTBo jleMMbl. Ecin He m100aBIATH OOpaTHBIE MPABHUIA,
To I’ HUYEM He OTJIMYAeTCsI OT paHee TIOCTPOEHHOTO UCINCIIEHUsT (KpOoMe
[TOCJIEJTHETO Iara, TJe OCTaETCs 3BE3/I0UKA — HO 9TO, OUEBH/IHO, HECYIIIE-
crBenno). IlosroMy HaM HaO JUIIL NOKa3aTh, 9ro ecm [ X ] MOXKHO
peobpa3oBaTh B CJIOBO Y x IO TPABWJIAM HCIUCIEHAs I/, TO 3TO MOXKHO
cesiaTh 6e3 IpUMeHeHUsT 0OPATHBIX TPABUJI, TOJBKO IIPSIMBIMHA.

JokazbiBaeTcst 3T0 Tak. Ha30BEM «aKTUBHBIMUY CJIEIYIOIIAE CUMBO-
abl aspasuTa ucuncsaerns I': cumpost [ (KOTODBIH, HAIIOMHUM, 3aMeHsI-
€TCsl Ha IIEPBOM K€ IIare), BCe COCTOSHUS MAIIUHGL, >, <, V u . Toryma B
KasKJIOM TIPaBUJIE HAIEr0 UCUUCICHUs CJIEBA U CIPaBa €CTh POBHO OJIMH
akTUBHBIN cuMBOoJI. Cite/loBaTeIbHO, B JTIO00M MTOCIEI0BATEIHHOCTH TIPS
MBIX 1 0OpaTHBIX ITpaBu, coeaunnsionieii [ X ] ¢ Y, Bce cioBa comepkar
10 OJTHOMY AKTHUBHOMY CUMBOJIY.

Tenepb 3aMeTUM, UTO K CA08Y, 68 KOMOPOM 00UH GKMUBHBLT CUMBOAN,
NPUMEHUMO He bosee 001020 NPAMO20 NPasuad. (DTO JIErKo NPOBEPUTD,
DJI/sl HA MpaBUja; TPUYMHA 371€Ch B TOM, YTO OHU MOJEJIUPYIOT pa-
60Ty JeTEePMUHUPOBAHHON MAIUHBI ThIOpUHTA, B KOTOPOH CJIe/IyTOTast
KOHMUTYPAIHsl OIIpeIeIeHa OTHOZHATHO. ) 1109TOMY MOYKHO yIAIUTE BCE
obpaTHBIe paBUJIa U3 [IOCJIeI0BaTe IbHOCTH TpeobpasoBanuii [ X ] B Yx.

B camom geste, paccMoTpuM IOC/IEIHEE BXOXKIEHHE OOPATHOrO IIpa-
BHUJIA B IIOCJIEI0BATEIBHOCTD peobpasoBanuii. OHO He MOXKeT OBITH ca-
MBIM TIOCJIEJTHUM B MOCJIEIOBATEIBHOCTH, TAK KaK 00paTHOEe IIPABUJIO HE
MTOPOXKJIAET CUMBOJI *. 3HAYWT, 38 HUM CJIeJlyeT MPUMEHEHNe KaKOro-TO
npsiMoro npasuiia. Ho OiHO mpsiMOe IIpaBUjIo, KOTOPOE MOXKHO IIPUME-
HUTH, YK€ €CTh — 3TO TO, K KOTOPOMY OBLIO 0OpaTHO Halme oOpaTHOe
NpaBmwjio. B cuily eIMHCTBEHHOCTH JPYTrOro MpsIMOrO MpaBuia ObITH He
moxkeT. [losToMy mpuMeHeHre 0OPATHOrO, a 3a HUM IPSMOTO MPaBUJIA
MOYKHO B3aMIMHO COKPATUTHh U MOJYYATH H0jiee KOPOTKYIO HOCJIEI0Ba-
TeJIbHOCTh, B KOTOPOIi CHOBa HAWTH IOCJIeIHEE 0OPATHOE MTPABUJIO U T. II.
Jlemma mokazaHa.

W3 meé cpasy ke cliemyeT CymeCTBOBaHWE HEPA3PENIUMBIX IBYCTO-
POHHUX ACCOIUATUBHBIX UCYUCIEHU, KOTOPOE U COCTABJISLIIO YTBEPIKIE-
HUEe OCHOBHOI TeOpeMbl 3TOr0 pasiena. >
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9.7. Monyrpynnel, 0bpasytouime n COOTHOLLIEHNS

Ceitgac MBI 0ObSICHIM, KaK TOJIBKO YTO JOKA3aHHOE YTBEPXKIEHUE O
JIBYyCTOPOHHUX aCCOIUATUBHBIX UCUNCIEHUSIX IEPEBOINTCS HA ajrebpan-
vyeckuii a3b1K. (Hudgero HOBOro no cyinecTBy Ipu 9TOM HE yTBEPKIAETCS,
9TO poCTo 1epeBoz.) HamoMHuM HEeKOTOpBIE CBeJIeHUs U3 AJIrebphl.

Honyepynnotll HA3BIBAETCS TTPOU3BOJBHOE HEIIYCTOE MHOXKeCTBO G ¢
aCcCOIMATUBHON Olepalneil, 3aChIBAEMOM KaK YMHOXKEHUE, TPUIEM CYy-
IIECTBYET €JIMHUYHBIN 3jieMeHT 1, i1t Kotoporo 1 X ¢ = o X 1 = x g
Beex © € G. (Iomyrpynnbl 6e3 eIUHUIHOTO JEMEHTa HaM He IOTPe-
Oytorca.) ITycrs G — Hekoropast moJyrpynia. [OBOPAT, 4TO MHOXKECT-
BO A C G 9BASETCT MHOIHCECTNEOM 00pa3ytowux Iy Toayrpynnsl G,
€CJIN BCSKUN 3JIEMEHT TIOJIYTPYTIIIBI MOYXKET OBITh MOJIYUeH KaK ITPOU3Be-
JleHne o0pa3yromux (BO3MOXKHO, IIyCTOe — TaKoe [IPOM3BEe/IeHNe CUUTa-
ercs paBHbIM 1). ITosyrpymima Ha3bIBaeTCs KOHEUHO NOPONHCOEHHOT, eCIn
OHA MMeeT KOHEYHOE MHOXKECTBO 00Pa3yIOIINX.

IMycrs A = {aq,...,a,} — andasur. Torma MHOXKECTBO BCEX CJIOB
B andasure A obpasyer MOJyrpymmy. YMHOXKEHHE B Hel — 3TO KoH-
KQMeHAUUsA CJIOB, TO €CTh MPUIUCHIBAHUE OHOTO K Apyromy. Enmamg-
HBI 9JIeMeHT — TycToe cjioBo. QUYeBUIHO, aq, ..., ad, SBJISIOTCSI 0Opa-
gytonmMu 1ol nostyrpymnnsl. (Todnee cienoBano 661 roBopuTh 06 O
HOOYKBEHHBIX CJIOBaX KakK OOPa3yIomuX.) DTa MOIyTPYINa Ha3bIBAETCS
60600107, MOAY2PYNMOT C OOPA3YIOIIUMHA A1, - . . , Gy DyIeM 0003HAYATH
eé Flay,...,an).

IIycte G — npousBoJibHAS TOJYTPYIIIA, U g1, - - - , §p, — JIFOOBIE €€ 3J1e-
MeHTBI. Torja CyIiecTByeT eIUHCTBEHHBIA TOMOMOP(MU3M h TOIyrpyIi-
usl F(aq,...,a,) B noayrpyuny G, mia koroporo h(a;) = g;. (Lomo-
MOPPUMOM TIOTYTPYIIT HABBIBAIOT OTOOpaykeHne, Mpu KOTOPOM 00pa3
[IPOM3BEJEHNs] PaBEH IIPOM3BEIEHUIO 00PA30B W eJWHUIA [IEPEXOIUT B
equnnity.) OH IIEPEBOJUT CJIOBO U3 CHUMBOJIOB (; B IPOU3BEIEHUE COOT-
BETCTBYIOIIUX JIEMEHTOB ¢;; 00Pa30M IIyCTOTO CJIOBA SIBJISETCS €IIMHITI-
HBI 971eMenT. OueBHIHO, 06Pa3 3TOro roMOMOpPGU3MAa COBIAIAET CO BCEi
mostyrpymnnoit G Torjga u TOJBKO TOTJIA, KOTJA SJIEMEHTHI g1, . . . , §n SIB-
JIIIOTCST 00pasy oMy rpyuisl G.

CoomnoweHnuamu Mbl OyjieM Ha3blBaTh PaBeHCTBa Buja X = Y, rie

X nY — snemenTs! cBOGOHOMN nosryrpynnbl F(ay, . . ., ay ), TO €CTh CJIOBA
B ajsipaBure A. ['oBopsit, 94T0 coorHOoIenne X = Y BBINOJHEHO B IOJIY-
rpymne G ¢ BbIIEJTEHHBIMU 3JIEMEHTAMU (1, . - - , §n, €CJITH 00pa3bl CJIOB X

u Y 1IpH OIMUCAHHOM TOMOMOP(MHU3ME, TO €CTh IPOU3BEEHUsI COOTBET-
CTBYIOIIUX 3JIEMEHTOB ¢;, paBHBI. IlycTh nMeeTcss HEKOTODBI HAOOD CO-
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ornomennit X1 = Y1,..., X, = Yi. Bynmem paccmarpuBarh pasimdaHble
moyrpynmbl G ¢ BBIIETEHHBIMU N 3JIEMEHTAMU, B KOTOPBIX BLIITOJTHEHBI
BCE 9TU COOTHOIIIEHUs, I B KOTOPBLIX BbIJIEJIEHHBIE JIEMEHTBI SIBJIAIOTCS
obpasytonumu. (Hampumep, mosryrpynna u3 e JMHCTBEHHOTO €JIMHUIHOTO
9JIEMEHTA TAKXKe BXOAUT B UX 4ncJio.) Cpeiy TaKuxX IOJIyTrPYIIIL, KAK MbI
ceffyac yBUIUM, €CTh «MAKCUMAJIbHAA», B KOTOPOU BBIMIOJTHEHO MEHbIIE
BCEr0 COOTHOIICHUM.

Beeném na cioBax ajndabura A OTHOIEHNE SKBUBAJIEHTHOCTH, CUH-
Tast, 9ro P = @, eciin P MOXKHO 11peobpa3oBaTh B () B JIByCTOPOHHEM ac-
COIMATHBHOM WCYUCJEHUN ¢ npaBuiaamn X1 <« Yy, ..., Xy < Yi. (Opy-
TUMU CJIOBaMH, B JIIOOOM CJIOBE Pa3peIIaeTcs 3aMEeHUTD ero MoJICI0BO X;
Ha TOICJI0BO Y; 1 Hao6opoT.) OueBUIHO, 9TO OTHOIIEHHE JIEiCTBATE b
HO OyJ/IeT OTHOIEHHEM SKBHUBAJEHTHOCTU. 3aMeTuMm, 4To ecim P = @),
To PR = QR u RP = R(Q nys npon3BoabHOro cioa R (B memovke mpe-
06pa30BaHMii MOXKHO JIONICATh KO BCEM CJIOBaM R ciieBa mim crpasa).
PaccmoTprm Kj1acchl 9KBUBaJIEHTHOCTH 9TOTO OTHOIIeHUs. Ha HUX MOXK-
HO OIIPEJIESTUTH OMEPAINIO IPOU3BEJECHNUSI, CINTAs [TPOU3BEICHUEM JIBYX
KJIACCOB, COZlepKaIIuX cjioBa P u (), Kiacc, ComepzKaIuii X KOHKaTeHa-
nuio PQ. OTMedenHO€e CBOCTBO OTHOIIEHUST SKBUBAJEHTHOCTH TaPAHTH-
pPyeT KOPPEKTHOCTb 9TOTO OlpeeseHns (KIacc-IPOu3Be/IeHIe He 3aBU-
CHUT OT BBIOOpA IIPEICTABUTEICH B COMHOKUTESIX ). TeM CaMbIM MBI I10-
JgygaeMm mosryrpynny (G, B KOTOPOi €MHUIHBIM 3JIEMEHTOM Oy/IeT KJIacc
IIyCTOT'O CJIOBA, & KJIACCHL ¢; = [a;] SKBUBAJEHTHOCTU OIHOOYKBEHHBIX
cJIoB OyyT obpazyiomumu. Eé obo3nagaoT

f(al,...,an)/(Xl :Yl,...,Xk :Yk)

¥ HA3BIBAIOT MOAY2PYNNOt ¢ 00pa3yUUMY G, . . ., Ak U COOMHOWENHU-
amu X1 = Y1,..., Xy = Y. dcwo, uro B mosyrpynne G BBITIOJTHEHBI
HMCXOIHBIE COOTHOIIeHUst X; = Y;. JIerko moHSTh Tak»Ke, 9TO B HEl HeT
HUKAKWX JIPYTUX COOTHOIIEHMI, KPOME CJIEJCTBUI NCXOIHBIX:

Teopema 64. Eciin coornonierrie X = Y BBIIOJIHEHO B HOJIYTDYIIIIE

.7-'(a17...,an)/(X1 :Yh...,Xk :Yk),

TO OHO BBITIOJIHEHO B JI000#1 mostyrpymie G ¢ BBIIEJEHHBIMIA SJIEMEHTa~
MH g1, ..., Jn, B KOTOPOH BBITIOJTHEHBI Bce cooTHOImeHus X; = Y;.

< B camom gene, ciioBaM X u Y COOTBETCTBYIOT UX KJIACCHI 9KBU-
BAJICHTHOCTU TIO OIMUCAHHOMY OTHOIIEHHIO, TaK UTO M3 X MOXKHO IOJIYy-
quTh Y 10 MPaBUJIAM JIBYCTOPOHHErO aCCOIMATHUBHOIO mcyucjienns. Ho
BCe 9TH NPABWIA He MEHAIOT 3HAYEHHE JIEMEHTA B JIODOI HOJIyrpyIe,
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B KOTOPO# BBIMOJHEHBI COOTHOMmEeHNA X; = Y;, W IIOTOMY B JIi00O# Ta-
KO#t moJtyrpyitie ciioBaM X u Y OyJeT COOTBETCTBOBATH OJWH W TOT Ke
JIEMEHT. [>

92. PaccMoTpuM HOJIyIpyIITy ¢ ABYyMsI OOPa3yIONUMU @1 ¥ a2 W COOTHOIIIE-
Huamu araz2 = A, aza; = A. Yro 3ro 3a nonyrpynma?

93. PaccMOTpUM OJIYTPYIITY € ABYMsI OOPA3yOIMMA a1 U G2 ¥ COOTHOIIIE-
HUEM Q102 = a201. UTO 3TO 3a moayrpynmna’

94. PaccMOTprM TOJIyTPYIITY € ABYyMsi OOPa3yIOMUMU G U A2 U COOTHOIIIE-
HUSAME a1a1 = A, azae = A, a1a2 = aza1. Yro 310 3a noxyrpymnma?

95. PaccMOTpUM TOJIYyTpyIITy ¢ ABYyMsi OOpa3yOMUMHI 1 U a2 U COOTHOIIIE-
HuaMu a1a1 = A, azasas = A, a1as = azaza;. Yro 3o 3a nomyrpymmna?

Ternepb MBI MOKEM CPOPMYIUPOBATH YTBEPIKICHIE O CYIIIECTBOBAHUT
HEePa3pENNMBIX JIBYCTOPOHHUX ACCOIMATUBHBIX NCUHUCJIEHUI B TEPMIHAX
IIOJIYTPYIIIL.

Teopema 65. CymiecTByeT moJsiyrpyiina ¢ KOHEIHBIM YHUCIOM 0Opa3y-
IOIUX U KOHEYHBIM YHCJIOM COOTHOIIEHUI, B KOTOPO# 3a/1a1ua IPOBEPKHA
pPaBEHCTBa JBYX CJIOB, COCTABJIEHHBIX N3 00PA3YIONINX, AJITOPUTMUATIECKHI
HepaspelnMa (HeT ajJropuTMa, KOTODPBI [0 JIBYM CJI0BaM TAKOIO BUJA
y3HaBaJl, PABHBI OHU B 9TOM MOJIYTPYIIE WK HE DABHBI).

< CorjiacHO OIpeIeJIEHUI0, PABEHCTBO JBYX CJIOB, COCTABJIEHHBIX W3
00pa3yrommx, 03Ha4aeT BO3MOYKHOCTH IPeobpa30BaTh OIHO U3 HUX B
Jpyroe 1o MpaBUJIAM JIBYCTOPOHHET'O HCYUCIEHUS, TAK UTO 3Ta TeOpe-
Ma IIpeJcTaBiisger coboit nepedopMyupoBKy Teopemsbr 63 (c. 112) >

Dra Teopema ObuIa gokazana B 1947 roxy nezasucumo [locrom u Auppeem
Annpeesnuem MapkosbiM (MitaammM); Bckope mocste storo Ilérp Cepreesuyu
HoBukoB ycmini €€, IOCTpOMB MpHUMED Ipynibl (& HE TOJBKO IOJyTrpynibt!)
C KOHEYHBIM YHCJIOM ODPa3yIOIIUX U COOTHOIIEHU, JIJIsI KOTOPO# mpobJema
PABEHCTBA JBYX CJIOB U3 00pa3yoIUX HepaspelmmMa.



10. ApupMETUYHOCTE BBIYUCANMBIX (OYHKLU

10.1. lNporpaMmbl C KOHEYHbBIM YUCIOM MEPEMEHHbBIX

MpbI XOTHM TOKa3aTb, YTO I'PAMUK BCIKONU BBIYUCIUMON (DyHKITIH
SABJISIETCsT ApUPMETHIECKUM MHOXKECTBOM, TO €CTh BBIPA3UM (DOPMYJION
apudmeruru. s storo ymobuo mepeiitu oT Marui ThiopuHra K Ipy-
roit MOJIeJId, KOTOPYI0 MOXKHO yCJIOBHO HA3BATh MAITMHAMU C KOHEYHBIM
9UCJIOM PErUCTPOB.

[Tporpamma Jijist TaKO# MAITUHBI UCIIOJb3YeT KOHEYHOE UUCJIO TIepe-
MEHHBIX, 3HAYEHUSIMU KOTOPBIX SIBJIAIOTCA HATYPAJIbHBIE UUCTIA. duCia
9TH MOTYT OBITH TPOU3BOJBLHOTO pa3Mepa, TaK ITO MAIIIHA PEATHHO UMe-
eT MmaMsTh HeorpaHudeHHoro obbéma. IIporpamma cocrout n3 Hymepo-
BAHHBIX 10 MOPSAJKY KOoMaHI. Kakias KOMaHJ1a UMEEeT OJIUH U3 CJIeJly-
FOIUX BUJOB:

® a:=
e a:=b

e a:=b+1
e a:=b-1

e goto (Homep)
e if a=0 then goto (momepl) else goto (HOMEpP2)
e stop

st Tex, KTO He CTAJIKUBAJICS ¢ KOMAHJIOW goto, MOSCHUM, YTO UMEETCs
B BHJy B KOMaHJe if: ecju 3HaYeHWe NepEeMEHHON a paBHO HYJIO, TO
JlaJiee MCIIOJIHAETCsT KOMaHa ¢ HOMEPOM, YKa3aHHBIM HocJe then (sToT
HOMED — KOHKPETHOE HATYPabHOE YUCJIO, He MPEBOCXOISINEE TUCIa KO-
MaHJI B IIPOIPAMMe); €CJU @ He PABHO HYJIO, TO JAJIbIIe BbIIOJHAETCS
KOMaHJIa ¢ HOMEPOM, yKa3aHHBIM 1ociie else. Komamnga goto 6e3 yciio-
BUsI BCET/IA BBITIOJIHSET IEPEXO0/l K KOMAH/Ie C YKA3aHHBIM B HEIl HOMEPOM.

[TockobKY MBI CUATaEM, 9TO 3HAYEHUSI [IEDEMEHHBIX — HATYPaJIbHbBIE
(ueJible HEOTPUIATELHBIE) YUCIA, YCIOBUMC CUYATATH pa3HocTh 0 — 1
pasHoit 0 (BIpodeMm, 3T0 He TaK BaXKHO — MOXKHO ObLIO Obl CYUTATH ITO
aBapueii).

Hoiinsa 1o KOMaHIAbI Stop, IPOrpaMMa 3aKaHIUBaeT PaboTy.
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Kak n pgna mamwmn Teiopunra, mosie3na HEKOTOpasl TPAKTHKA ITPO-
rpammupoBanusi. s TPEHHPOBKU HAIWIIEM IPOIPAMMY CJIOXKEHUST
nByx unces. OHa ITOMEINAET B C CyMMY YHCeN, KOTOpbIe ObLIN B Iepe-
MeHHBIX a u b. Takas mporpamma Ha TacKaJje uMesa Obl BU/T

c:=a;
{umBapuaHT: oTBeT=CyMMa TeRyuLUX 3HaYeHW# C u b}
while b<>0 do begin
1=c+1;
b:=b-1;
end;

NMuTupyst IuKJI ¢ TOMOIIIHIO OIIEPATOPOB MEPEXOIA, TIOJIyIaeM IPOrpaM-
My JJId Halleil MalllnHbL:

1 c:=a

2 if b=0 then goto 6 else goto 3
3 c:=c+l

4 b:=b-1

5 goto 2

6 stop

Temnepsb JIerko MOHSATH, KAK HAIMCATH MPOTPAMMBI JjIs BBIAUTAHUS,
YMHOXKeHUsI (KOTOPOe PeaM3yeTcs KaK IUKJ ¢ HOBTOPHBIM CJIOYKEHH-
eM), JIEJIEHUS C OCTATKOM (KaK Y9I ermé DHresbe B 3a0bITOI HbIHE KHU-
re «J/IuajeKTuKa IPUPOILI», JEJIEHUE €CTh COKPAIIEHHOE BBIYUTAHUE),
BO3BEJIEHUsI B CTEIEHb, [IPOBEPKU IIPOCTOTHI, OTHICKAHWS 7-T'0 IIPOCTO-
ro Yucja U T.11. BooOIne mo CpaBHEHWIO ¢ MaIllMHAMU | BIOPUHTA STOT
A3bIK 0OJIee MPUBBIYEH U IOTOMY JIerde IMOBEPUTH, ITO HA HEM MOYKHO
3aIPOI'PAMMUPOBATH BCE AJITOPUTMBI.

Enuncrsentoe, 4ero B HEM peasibHO He XBaTaeT — 3TO MAaCCHBOB
Ho sr10 Jierko 060#iTH, IMOCKOJIBKY €CTh YMC/Ia IIPOU3BOJIBHOIO pa3Me-
pa U HAC HE UHTEpeCyeT 4HC/IO oneparuil (Kak 3TO NPUHATO B obImedt
Teopuu aJroputMoB). Bmecro MaccuBa GUTOB MBI MOYXKEM XPAHUTH IHC-
JIO, IBOUYHOM 3AIMCHI0 KOTOPOTO OH SIBJISETCS, a JIJIsi MACCUBOB UHCEJI
BOCIIOJIB30BaThC s, CKaYKeM, OCHOBHOI TeopeMoil apudMeTUKN U XPAHUTH
HOCﬂeﬂOBaTeﬂbHOCTB<a7b,C,d,€>KaKiQHCﬂC)2a3b5C7dlle.IHHISTONIOHG-
paruu ali] :=b u b:=a[i] 3amensiroTcs Ha HEOOJIBIIIE TPOTPAMMBI, KO-
TOpBIE COJIEpPKAT IEepPeMeHHbIe a, b, 1 U emé HEeCKOJbKO IepPeMEeHHbIX.
(JacTpio 9TUX IPOrpaMM fBJISETCs HAXOXKJEHHE IIPOCTOrO YUCJA C 3a-
JIAHHBIM IIODSIIKOBBIM HOMEDOM. )
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JIerko oupeieuTh HOHATHE BLIYUCAUMON (B 9T0i Mojiesn) byHKIMH.
[Tycts ecTb nporpaMMa ¢ AByMsI IIEPEMEHHBIMU X U Y (1, BO3MOXKHO, JPY-
rumn). [Tomecrum B X HEKOTOpPOE YHUCJIO T, & B OCTAJIbHBIE II€PEMEHHbIE
[IOMECTUM HyJIU. 3alycTuM nporpammy. Eciin oHa He OCTaHOBHUTCSI, TO
BBIUMC/IsIeMast eil (PYHKIMsI B TOYKE N He olpejeseHa. Ecin ocraHOBUAT-
Csl, TO COJIEPYKUMOE TTEPEMEHHON y ITOC/Ie OCTAHOBKY U Oy/IeT 3HAYCHUEM
dbyukuuu, BeraucisieMoil Haieil nuporpaMmoii (B Touke n). OyHKIMA HA-
3BIBAETCS BBIYUCIUMOI (B 9TOH MOJENN), €CIIA CYIIECTBYET BBIUUCIISIO-
mas e€ mporpaMma.

Kak Bcerja, npu ompejiesieHnn Mbl (DUKCHPOBAJIN PA3JINYHBIE JI€TAJIH,
GOJIBIIMHCTBO U3 KOTOPBIX HE SIBJIIOTCS CYIECTBEHHBIMU. MOXKHO OBLIO
661 JO6ABATH HEKOTOPbIE KOMAHIBI (CJIOKEHHUE, HAIIPUMED) — HJIU JarKe
UCKJIIOUNTH (HAanpuMmep, 6e3 KONUPOBAHUS MOXKHO OGONTHCH ¢ IOMOIIBIO
HeGOJIBINONH XUTPOCTH ).

96. ITokarkuTe, YTO KJIACC BRIYUCTUMBIX (DYHKIUN HE U3MEHUTCSI, €CJTH UC-
KJIIOYUTDh U3 OIIPpEeNeJIEHUA KOMaHAy KOIIMPOBaAHUA a:=b.

Heckouibko 6oJtee yIMBUTENBHO, 9TO YUCJIO IIEPEMEHHBIX MO2KHO OI'Da-
HUYUTDH, CKa>keM, COTHEl — HO M 9TO HE TaK YK CTPaHHO, €CJIU BCIIOM-
HUTBH, YTO MBI MOXKeM XPaHUTh B OJTHOU IlepeMeHHOU IesIbIii MacCHUB.

97. IIposepbre 3T0.

10.2. MawwuHbl TblopyHra n nporpaMmsi

[TocTpoennas BoraucanTEIbHAS MOIEb He ciabee MammH ThIOpUHTa
B TOM CMBICJIE, ITO JIOOYIO BEIIUCIUMYTO MamuHoit ThiopuHra QyHKIIUIO
MOXKHO BBIYHCJIUTDH IIPOrPAMMOI ¢ KOHEYHBIM YHCJIOM IT€PEMEHHBIX.

Teopema 66. Besikast dyHKIMsI, Bhauc/nMasi MalluHOi TbiOpHUHTa,
MOXKEeT OBITH BBIUUCJIEHA C ITOMOIIBIO TPOTPAMMBI OITUCAHHOIO BUIA.

Crenyer yTOYHUTH, OJHAKO, UYTO MBI MMEEM B BUIY, TaK KaK JJIs
manuH ThIOpUHTa UCXOIHOE TAHHOE U PE3YJILTAT ObLIN IBOMIHBIMHU CJIO-
BaMH, & JIJIsl IPOrPAMM — HATYPAJIbHBIMH YUACIAME. MBI OTOX IECTBIIsIEM
Te U PyTHe 110 eCTECTBEHHOMY IIPABUILY, IPU KOTOPOM cyioBa A (mycroe),
0, 1, 00, 01,. .. coorBercrByior uuciaam 0, 1, 2, 3, 4. .. (9T00bI Oy IUTH
U3 YHCIA CJIOBO, IPUOABUM K HEMY EIUHUILY, IEPEBEAEM B JIBOUIHYIO
cucTeMy ¥ OTOPOCUM €JIMHUILY B CTapIIeM paspsije).

<1 Kak u panbIiie, MbI IPUBEJIEM JIAIIb IPUOIU3UTEILHOE OINCAHUE
TOro, KaK 10 MallrHe ThIOpUHIa CTPOUTCS IIPOrPaMMa ¢ KOHEYHBIM YUC-
JIOM TIepEMEHHBIX, BBIYUC/IAONMas Ty ke pyHknuto. [Ipex e Bcero Kou-
durypamyu mamuabl ThIOpUHTa HAO 3aKOAUPOBATH ducaaMu. MoKHO
CesIaTh 9TO, HAIPUMED, IIOCTABUB B COOTBETCTBUE KaXKJ0W KOHMUTYPa-
[N 9€ThIPE YUCJIA: HOMED TEKYIIEro COCTOsHUs, HOMED TEKYIIEro CHM-
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BoJIa (B sideiike, TJie CTOUT TOJIOBKA MAIIUHBI), KO COAEPIKUMOIO JIEHTEI
CJIeBa OT TOJIOBKH U KOJT COJIEPZKUMOTO JIEHTHI CIIpaBa OT TOJIOBKU.

YTo06b! penuTh, KaK yI00Hee KOJAUPOBATEH COAEPKUMOE JIEHTHI CJIEBA
U CIIpaBa OT TOJIOBKH, 3aMETUM, YTO MaruHa ThiopuHra obparaercs ¢
JBYMsI TTOJIOBUHAMU JIEHTAMHU CJIEBA U CIIPABa, OT I'OJIOBKU KaK CO CTEKa-
mu. (CrekoM Ha3bIBaeTCsd CTPYKTYPa JAHHBIX, HAIIOMUHAIOMIAS CTOIKY
JmcToB. B HEE MOXKHO MOJIOXKUTH JIUCT HABEPX, B3sTh BEPXHUN JIACT, &
TakKe IIPOBEPUTD, €CTh JIU €IlE JHUCTHL.) B caMoM JieJie, Ipu JIBUXKEHUH
TOJIOBKM HAIIPABO U3 IIPABOI'0O CTeKa OEPETCs BEPXHUIl JIEMEHT, a B Jie-
BBIIl CTEK KJIQJETCs; IIPY JIBUXKEHUU HajieBo — HaoboporT. Creku Jierko
MOJIEJTUPOBATH C MOMOIIBIO YHCEJI: HAIPUMED, €CJIH B CTEKE XPAHATCS
cumvBosibl 0 u 1, TO m00aBjIeHNE HYJIsE COOTBETCTBYET OIEPAIUH T — 2,
00aBIEHNE eMUHUIBI — OIePAIlud T — 2T + 1, BEPXHUI SJIEMEHT eCThb
OCTATOK IIDH JIeJIEHNU Ha 2, a yJaJeHue BEPXHETro dJIEMEHTa €CTh JleJIeHIe
Ha 2 (¢ orbpacbiBanueM ocTaTka). JIpyTruMu CJIOBAMY, Mbl BOCIIPUHIMAEM
JIBOUYIHYIO 3aIIUCh YHUC/Ia KaK CTEK, BEPIITNHA, KOTOPOTO HAXOIUTCS CIIPa-
Ba, y MJIaJIIero pa3pgaaa. ToaHo Tak ke MOXKHO HCIOJIB30BATb N-UIHYIO
CHACTEMY CUUCJIEHHUS W MPEJCTABUTH CTEK C 7 BO3MOYKHBIMHI CHMBOJIAME
B KaxKJIO HO3UIINN.

Terteph OCHOBHO# TIMKJ MaIUHbI THhIOPUHTA MOYKHO 3aIMCATh KakK
[POrPAMMY, OIIEPUPYIOIILYIO € YKA3AHHBIME Y€THIPbMsI YUCAaMHI (CUMBOJI,
COCTOsIHUE, JIEBBII CTEK M MpaBblil crek) — 6e3 ocobbix xurpocreit. Ho
HECKOJIBKO BeITell BCE-TaKHd HaJ0 UMETh B BUILY.

Bo-niepBbIX, cTekn KOHEYHBI, a JIEHTa OECKOHEYHA, — MBI JIOJI?KHBI J10-
TOBOPUTBCSI, UTO €CJIM CTEK OIIyCTOIIaeTCsl, TO B HEro aBTOMATHYECKU
J106aBJIsIeTCST CUMBOJI 1Ipobesia. TeM camMbiM GECKOHEUHBIN IIyCTON XBOCT
JICHTBI IPUCYTCTBYET B CTEKE, KaK TEIePh T'OBOPIT, «BUPTYaJIbLHO>.

Bo-BropbIX, HAIOMHNM, 9TO MBI IOTOBOPUJINCH OTOXKIECTBJISIT JTBO-
UYHBIE CJI0Ba (KOTOpBIE MOJAIOTCS HA BXOJ MAallUHbI ThIOpHHIa) U UX
KOJIbI (KOTOpBIE XPAHSATCS B HEPEMEHHBIX Hailleil nporpammsi). [Tosro-
MYy, TOJIYYUB KOJ| BXOJIHOI'O CJIOBA, HAJO €ro pa3o0paThb MO CUMBOJIAM
U TI0JIOKUTH TU CUMBOJIBI OJMH 34 JPYIUM B CTeK (OCHOBAHUS CHCTEM
CUUCJIEHUS Pa3HbIe, TAK YTO IPOCTO TAK [EPENUuCaTh 3TO HeJb3sd). AHa-
JIOTMYHBIE TPOOJIEMBl BO3HUKAIOT U IIPH HPEBPAINEHAN BbIXOAa (dacTu
COZIEPKHUMOI'0 [IPABOIO CTE€KA) B COOTBETCTBYIOIIEE YUCJO, HO BCE OHU
JIETKO TIPEOJIOJIUMBI, U MBI He Oy/IeM B/IaBaThCs B MOApOOHOCTH. [>

Bepno u obpaTHOe yTBepKIeHNE:

Teopema 67. Besikast pyHKIHS, BRIYUCIAMAs TPOTPAMMOIl ¢ KOHEY-
HBIM YHUCJIOM [I€PEMEHHBIX, BBIUUCINMA HA MarmnHe ThopuHra.

<1 Ham Ha/10 MOMIEIMpOBATDH MOBEIEHNE TPOrPAMMBI C ITOMOIIBIO Ma-
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muabl Triopunra. BygeM cauTarh, 9TO 3HAYEHUS MEPEMEHHBIX 3aIICa-
Hbl Ha JieHTe (B JIBOMYHON CHCTEME) M Pa3JesIeHbl CHElMAJbHBIM Da3-
JEJINTEIbHBIM CAMBOJIOM. TOrja MamimHa MOXKET HaiiTu Jo0yio Iepe-
MEHHYIO, UJd OT HadaJja JIEHTbl W CUHUTas pa3/leUTeIbHble CUMBOJIBI,
clleIaTh 9TO-TO € 9TOIH IMEPEMEHHOI U 3aTeM BEPHYThCs OOpPaTHO B Ha-
qaso. (Her HeoGXoAuMOCTH 3alMCHIBATD HA JIEHTE HOMED HCIOJIHIEMOIt
KOMAaH/Ibl, IIOCKOJIbKY KOMaH/I KOHEYHOE YNCJI0 U MAalllnHA MOXKeT IIOM-
HUTH HOMEpP TeKyIleil KOMaHIbl KaK 4acTh cBoero cocrosuus.) Onepa-
UU IPUOABJIEHUS U BBIYUTAHUS €IMHUIIBI TAKXKE JIEFKO BBIIOJHUMBI B
JIBOMYHON 3ammcu (ecjau MATH copasa Hajeso). Hajo TOJIBKO UMETh B
BUJLY, 9YTO Pa3Mep YHUCJIa MOXKET yBEJIUYUTHCS, U TOTJa HY2KHO JIJIsl HETO
0OCBODOIUTH MECTO, CABAHYB BCE CHMBOJIBI CIIPABA OT TOJIOBKH HA OJHY
nosutmio. (IIpu yMmenblieHnn Hy»KHO CABUHYTH BjeBo.) fcHO, 4ro 910
TaKKe JIEI'KO BBIIOJHUTH C IOMOIIBIO MAINMUHBI T HIOPUHTA.

Ecsiu MbI 3anmcbiBaeM 4uciia B IBOUYHON CHUCTEME, TO TPOOIEMBI C
LIePEKOIMPOBAHUEM 11D BBOJe-BBIBO/IE MUHUMAJIBHBI (HAJIO JIAIIb JIOMHU-
caTh HYJIU JiJIs 3HAYEHU OCTAJbHBIX IIEPEMEHHBIX B Hadaje paboThl U
BCTATh B HY?KHOE MECTO JICHTHI B KOHIIE). [>

10.3. ApnpMETUYHOCTL BbIYNCINMbBIX (DYHKL NI

Ceituac MBI JIOKaXKeM, 9TO (DYHKINN, BHIYUCIUMBIE TIPOIPAMMAMU C
KOHEYHBIM YHCJIOM II€PEMEHHBIX, apu(dMETUYIHBI, TO €CTh UX rpadukn
SIBJISTFOTCS apudPMeTHIeCKUMI MHOYKeCTBaMu. B 3TOoM pa3jiesie Mbl BHOBb
[IPEeJIToIaraeM HEKOTOPOE 3HAKOMCTBO YUTATEJIS C JIOTHIeCKUMU 0003Ha~
9eHUsIMU, U OyJIeM PaCCMATPUBATD APUPMEMUUECKUE POPMYAbL, COIEP-
JKallye mepeMEHHbBIE 110 HATYPAJbHBIM YICJIaM, PABEHCTBO, KOHCTAHTHI ()
u 1, olepanyu CJIOXKEHUsl U yMHOXKeHus, jorudeckue cssku (11, WJIN,
HE) u KBaHTODBI «IJIst BCEX» U «CyIiecTByeT». POPMAIbHO FOBODST, MBI
paccMaTpUBaeM CHTHATYPY, COIEPXKAIILYI €JIWHCTBEHHBIN JIBYMECTHBIN
[PEIUKATHBII CUMBOJI (PABEHCTBO), jiBe KoHcTanThl 0 u 1 u jBa AByMecT-
HBIX (DYHKIMOHAJLHBIX CUMBOJIA (CJIOXKEeHHE U yMHOXKeHue). [oBopst 00
UCTUHHOCTUA TAaKuUX (POPMYJI, Mbl UMEEM B BUJIy WX UCTUHHOCTb B CTaH-
JapTHON MHTEPIIPETAINN, HOCUTEJEM KOTOPOW SIBJISIETCHS MHOXKECTBO N
HATYPAJIBHBIX IUCEJT.

Mmnozkectso A C NF nassiBaercs apugmemureckum, eCm CymecTBy-
er apudmMerndeckas: GopMyJia (¢ ¢ TapaAMETPAMU T1, . . . , Tk, KOTOPAs €ro
[PEJCTABJISAET B CJEMYIOMIEM CMbICE: (N, . . ., Ny ) IPUHAIJIEIKAT MHOXKE-
cTBY A TOrJa ¥ TOJIBKO TOTJA, KOTJa (DOPMYJIa (v HCTUHHA PU 3HAYCHUAX
apaMeTpoB X1 = N, ..., Tk = Nk.



122 Apudmemuirocmd 8uHUCAUMDLT GYHKUUL [ru1. 10]

Teopema 68. I'paduk 10060it DyHKIMM, BEIYUCISIEMON IPOIPAMMOIi ¢
KOHEYHBIM YHCJIOM HEPEMEHHBIX — apuMMETHIeCKOe MHOXKECTBO.

< Ilycrs f: N — N — dyukius, BeIYucanMas HEKOTOPOIi TporpaM-
Mot P ¢ KOHEUHBIM 9HCJIOM TIEpEMEHHBIX k1, . . ., ky. Byaem caurathb, 9To
BXO/IHO¥ ITepeMEHHOIA siBJIsteTcst k1, & BBIXOIHOW — ko. HaMm Hy»KHO Hamm-
caThb POPMYJTy C JIByMs IIEPEMEHHBIMU T, Y, KOTOpas ObLIa Obl NCTUHHA
Torja M TOJIbKO Torya, Korga y = f(x). CocrosHue mporpaMMbl ¢ KO-
HEYHBIM YHCJIOM [T€PEMEHHBIX HOJHOCTHIO OMUCHIBAETCS 3HAYEHUAMH TIe-
PEMEHHBIX M HOMEPOM TeKyIleil KOMaH (bl (B [IPOIECCOPAaX COOTBETCTBY-
IOIMUIl PEruCTp YaCTO HA3BIBAIOT program counter, mo-pyccku CUETIUK
KOMaH[). JIerko IOHATH, YTO COOTBETCTBHE MEXKJy JBYMS IIOCJIEI0BA~
TEJIBHBIMU COCTOSTHUSIMU ITPOTPAMMBI C KOHETHBIM 9HCJIOM E€PEMEHHBIX
apudmernaHo. MBI nMeeM B BHIY, ITO MOXKHO HAIHCATEH apudMeTHIe-

cKkyto hopmyTy
Step(slv <3SN D, 8/17 L) s?va,)7

¢ 2N + 2 mepeMeHHBIMU, KOTOpas YTBEP:KJAET, ITO JAHHAS MTPOTpPaM-
Ma P u3 cocTosiHus, T/e IepeMeHHbIe PABHBI S1, ..., SN, & CIETINK KO-
MaHJ PaBeH p, 33 OJIUH IIar IEPEXOJUT B COCTOsHUE, IJ€ IePEeMEHHbIE

paBHBL 8], ...,s, a cuéruuk komany pasen p’. (lorosopumcs, 94To 3Ha-

19N
genue p' = 0 coorBercTByeT OCcTaHOBKE nporpammbl.) Takas dbopmysa
ABJIETCA KOHBIOHKIIMEH OT/IeIbHBIX YTBEPKJICHUN, COOTBETCTBYIOIIUX
KaxKJioit crpoke nporpaMmmsbl. [lycTb, Hanpumep, cTpoka 7 MpoOrpaMMbl

nmMmeeT BUJ, ko :=ks. Torma B KOHBIOHKITUN OYIET “IJIEH BUIA

7151 CTPOKU € YCJIOBHBIMU II€peXOfaMu THIIa
3 1if ks=0 then goto 17 else goto 33
B dopMyiie Oy/ieT 1Ba KOHbIOHKTHBHBIX WieHa (Ha J[Ba CJIydast IIEPEXo/ia,)

((p=3) A (35 = 0)=((} = 1) A A(sly = s3) A (P = 17))

(p=3)A(s5 #0)=((s1 =s1) A... A sy = sw) A (p = 33)).

Hano emgé nmobaButh yrBepkieHne o ToMm, ¥to npu p = 0 pabora mpe-
KpaITaeTcsl, TO €CTh 9TO IepEeMEHHbIe Ha CJIeYIOMEM IMare COXpaHsioT
CBOM 3HaYeHHdA, U P’ OCTAETCA PaBHBIM 0.
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Takum ob6pazoM, apudPMETHIHOCTD OTHOTO Iara PaboThI TPOrPAMMBI
JIOKa3aTh HecJa0KHO. OcTaéres TJIABHBIH BOIMPOC: KaK 3aIlUCATh B BUJIE
dopmysbl TOT BHaKT, YTO CYMIECTBYET N0CACJOBAMEAPHOCMb TATOB, KO-
TOpasi HAUMHAETCS C UCXOJIHOTO COCTOSIHUsI, 3aKAHUMBAETCS B JIAHHOM U
B KOTOPOIi KaKJbIil IIar npaBujieH. 1T pyJIHOCTb B TOM, 9TO 3/eCh HYKHO
KaK OBl HAIMMCATH MEPEMEHHOE YHMCJIO0 KBAHTOPOB CYIIECTBOBAHUS — WJIA
KBaHTODP «CYIIECTBYET KOHEUHAsI TIOCJIEI0BATEILHOCTh HATYPATHHBIX TH-
ce.

OTO JeJIaeTcs € HOMOIIBI0 IPUEMA, TPAJUIUOHHO HA3BIBAEMOI'O
«B-dynkimeit [€nensy. Bor uro nmeercs B Buy.

Nemma 1. st siroboro k MOYKHO HAfTH CKOJIb YTOIHO OOJIBIIOE IEJI0e
MOJIOXKUTEBHOE YUCIO b, TIPU KOTOPOM MEepBbie Kk UJICHOB IOCIEI0Ba-
tespuocTH b+ 1,20+ 1,30+ 1,... monapHo B3aUMHO IIPOCTHI.

HoxkazarenbcTBo. JI1060it obmuit mpocToit AeauTe b ABYX M3 ITHX
quces OyJieT JeJuTeeM UX pa3HOCTU, TO ecTh uucya (b mpu 0 < [ < k;
B34B b KpaTHBIM k!, MBI TapaHTUPYEM, UTO OH OyJeT JeJInTeIeM JUCIa b,
HO BCE YJIeHBI HAIEeH TOCIeI0BATEbHOCTH B3AUMHO POCThI ¢ b. Jlemma
JIOKa3aHa.

Jlemma 2. s mro60it mocae10BaTeMbHOCTH L, L1, - - - , Ly, HATYPATID-
HBIX YMCEJI MOXKHO HAWTH TaKue 4nucjia ¢ U b, 9T0 T; eCThb OCTaTOK OT
nenenust ¢ Ha b(i + 1) + 1.

Hoxkazarenncro. CoracHo npeapiyieii gemme, gesurenn b(i+ 1)+
+1 MOXKHO B34Th B3aUMHO IPOCTBIMU (U CKOJIb yTOJHO GOJIBIIUMH ), OCTA~
éTCsl BOCIIOJIb30BAThCA «KUTAMCKOM TeopeMoii 06 ocTaTKax». JTa Teope-
Ma YTBEPK/JIAeT, ITO €CJIU IeJIble MMOJIOXKUTEIbHbIe Jucia d, . .., dj B3a-
WMHO TIPOCTBI, TO IPHU JEJEHUHN IeJ0r0 % Ha HUX MOXKET IOJIyIUThCS
JII0001 3aTaHHBIN HAOOP OCTaTKOB. B camom mee, Takux HabOpPOB Oy-
zet dyds . . . dj (IOCKOJIbKY 1IpH Jiejienun Ha d; BO3MOXKHBI ocTaTku or ()
no d; — 1). Ilpu penenun uncen u = 0,1,...,dids ... d; — 1 nosy4datorcs
pasHble HAGOPBI OcTaTKOB (ecam JBa uncaa « u u” 7aT onuHAKOBBIE
OCTATKM, TO MX PA3HOCTHb IEJIMTCA Ha BCe d;, 9TO HEBO3MOXKHO B CHJLY
B3aMMHOI TIPOCTOTHI). [103TOMY HYHCET CTOJBKO K€, CKOJIbKO HabOPOB
OCTATKOB, U JIOJI?KHBI IOSIBUTHCS Bee HAOOpHI. JleMMa 2 jqokazaHa.

OTa JileMMa TOKa3bIBaeT, UTO MOCJEI0BATEIBHOCTh TPOU3BOJIHLHOMN
JJIMHBL MOXKHO 3aKOJMPOBATH TPeMsl YUCIAMU a, b u n (1ocsieHee duc-
JIO — JITMHA TOCJIeI0BATENILHOCTH). TakuM 06pa3oM, YCIOBHO TOBOPS,
MOYKHO 3aMEHHUTH «(DOPMYJIY»

Hxoy ..oy xn) (Vi< n).oay .. ]

(KoTOpast Ha caMOM Jiejie He siBJIAeTcs apudMeTuIecKoil popMyIioii, Tak
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KaK COJIEPKUT KBAHTOP 110 KOHEYHDBIM I[OCJIEJ0BATEILHOCTAM) HA (HOp-
MYyJ1y

Ja 3b3In (Vi < n)]... (ocrarok or menenus a Ha b(i + 1) +1)...].

Mbe1 6y1eM 3aKchIBaTh OCTATOK OT nesenust a Ha b(i+1)+1 xak ((a, b, 1)
(orciona u Hazsanue «Gera-DyHKIUA> ).
Bossparnasics K Harmeii nporpamme P ¢ KOHEYHBIM 9HCIOM [EpEMeH-

HBIX k1, ..., kN ¥ BbMuCIgeMoil eif pyHKIMH f, MOXKHO 3allicaTh yTBep-
JKjeHne Buja f () = y Tak: CyNECTBYIOT TAKOE YHCJIO IIAr0B 1 U TaKue
qucaa ai, by, as,bs,...,an,by,a,b, aTO

e ((ay,b1,0),...,0(an,bn,0) SABISIFOTCS TPABANBHBIME HAYAJIBHBI-

MU 3HAYCHUIMHU [E€PEMEHHBIX (IIePBOE DABHO T, OCTAJILHBIE PaB-
uet 0); B(a,b,0) ecTb NpaBuIbHOE HAYAIHHOE 3HAUECHHS CYETUUKA
KOMaH/I, TO eCTh 1;

e sl Kaxkaoro ¢ ot 0 10 n — 1 umeer MecTo

Step(ﬂ(ahblai)a ce aﬂ(a’N7bN7i)a/8(a7bvi)7
ﬁ(ahblai—i_ 1), aﬁ(aNab]\ﬁi—"_ 1)aﬁ(aab7i+ 1))a

TO €CTb Ka}K,HLIﬁ nepexo COOTBETCTBYET IIPOI'paMMe;

e (B(az,by,n) =y (3Ha"eHUE BHIXOAHOI IIepeMEHHON ko B KOHIE BbI-
qucienus pasuo y) u 3(a,b,n) = 0 (3HaveHue cIETINKA KOMAH B
KOHIIE BbIYMC/IeHust paBHo 0, UTO 1O HAIleil JJOrOBOPEHHOCTU COOT-
BETCTBYeT OCTAHOBKE MAIIWHBI).

Urak, apudmMeTuIHOCTh BBIUUCIUMBIX (HA MAIIMHAX C KOHEYHBIM YHC-
JIOM IlepeMeHHBIX) QyHKIMi JoKazaHa. >

Benomunasi Teopemy 66, MBI 3aKJII0Ya€M, UTO BCAKAST BBIYUCIAMAS
na mammiae Toiopunra dyakius apudmerudna. [Ipuanmas tesuc Tohio-
PUHTa, MOXKHO CKa3aTh, 9YTO I'PadUK JIFOOOH BHIYUCIUMON (DYyHKIUU siB-
JITeTCsi apuPMETHIECKUM MHOXKECTBOM.

10.4. Teopembl Tapckoro un [€gens

ITockobKy TpaduKu BBIYUCIUMBIX (DYHKIUH apu]pMeTuIHbI, OUe-
BUJIHO, pa3pelnuMble U IePEednC/InMble MHOXKECTBA TOXKe OyayT apud-
MeTHu4eCKMH. TeM caMbIM MBI MOXKEM OIPABIATL Ha3BaHHe «apudme-
TUIECKasT MEPAPXUA> M KIACCOB X, 1 11,:
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Teopema 69. IIpu sr060M 71 JTE060E MHOXKECTBO U3 KJacca >, win 11,
apudmeTnaHo (ecTh (hopmysia apudMETUKH, BBIPAZKAIONIAS IIPUHAJIJIEK-
HOCTb 9TOMY MHOXKECTBY ).

< ITocsie Toro, Kak MbI JIOKa3aJd apu(pMETUIHOCTh BBIYHCIMMBIX
dyHKIMIA, BCE SICHO — MHOXKECTBa U3 KJIACCOB X, u ll, mosydatorcs
HaBEIIMBAHNEM KBAHTOPOB HAa Pa3PENINMbIe MHOXKECTBA, & PA3PEITIMOe
MHOXKECTBO apu(dMETHIHO. [>

Bepmo n obpatHoe:

Teopema 70. Bcesikoe apudmeruteckoe MHOXKECTBO JIEXKUT B KJIacC-
ce X, mwimn 11, 71t HEKOTOpOro N (U, eCTECTBEHHO, JJIsl BCeX OOIBIINX N).

< @opmyity, 33Ja0MYI0 apUMOMETUIECKOe MHOXKECTBO, IMPUBEIAEM K
npeaBapEéHHON HOPMaJIbHON (hopMe (BbIHECS KBAHTOPBI HAPYKY). fcHO,
4qT0 GECKBAHTOPHAS 9aCTh 3a[a8T PAa3peninMoe MHOYKECTBO, TIO9TOMY UC-
XOJTHOE MHOYKECTBO ITPUHAJIEXKAT KAKOMY-TO U3 KJIACCOB X, win I1,,.

MoKHO ¥ He HCIIOJIb30BaTh IPEeIBAPEHHOIl HOpMaJbHOI (DOpMBI, a
MIPUMEHUTDH WHIYKIUIO 0 JITNHE (DOPMYJIbI U COCJIATHCST HA TO, UTO IIe-
pecedenue, OObeIMHEHNE U JONOJHEHNE, 8 TaKyKe TIPOEKIIUs He BHIBOJISIT
3a npeJiesibl apudMeTHIecKoii nepapxun (00beIMHEeHNsT BCeX KIACCOB Y,
nll,). >

Paccmorpum Tenieps MHOXKeCTBO 17, 3JIeMEHTAMEU KOTOPOT'O SIBJISIIOTCSI
BCe ucTuHHbIE apudmernyeckue GhopMyIbl 6e3 mapaMerpos (ToYHee, UX
HOMEpPa B KAKOW-TO BBIYMCJMMON HyMeparuu Bcex (pOpMyJl — 3TO 3Ha-
9uT, 9TO MO (POPMYJIE MOXKHO AJTOPUTMHUYECKH IOJIYIUTh €€ HOMEp U
Hao60poT).

Teopema 71. JIio6oe apudmeTnaeckoe MHOKECTBO M-CBOJUTCS K MHO-
>xecTBY T

<1 DTO yTBepXKIEHHE MOYTH OUeBHUIHO. IlycTh A — IPOU3BOJIBHOE
apudmerrueckoe MuokKecTBO. Ilycrs () — dbopmysia ¢ omHol nepemen-
HOIi, KOTOPast BBIPAXKaeT MIPUHAJIEKHOCTh MHOXKECTBY A. DTO 03HAUAET,
49T0 ((Nn) UCTUHHO LPU TEX M TOJBKO TeX 7, KOTOpble IpuHajexar A.
Torma Boraucaumas GyHKIma 1 — (HOMep (POPMYJIBI, KOTOPAs SBJISAETCS
PE3YJIbTATOM MOZACTAHOBKU KOHCTAHTBI o B a(x)) m-ceogur A xk T. >

Teopema 72. MuoxkectBo 1’ He apuPMETUTHO.

< Tlocse mpoBeIEHHOM HAMU TIOJATOTOBKH 9TO YTBEPXKICHIE OUEBU/I-
HO: ecyirt 661 T OBLIO0 aApUDMETUIECKUM, TO OHO JIE?KAJTIO0 ObI B HEKOTOPOM
KOHKPETHOM KJIacce Y, . II0CKOJIbKY BCsIKOe apuMETUIeCKOe MHOXKECT-
BO cBojuTcst K 1', TO 110 Teopeme 54 Bce apudMeTHIECKHE MHOXKECTBA
Jtexkauii Obl B 9TOM Kjacce. Ho Mbl 3HAEM, 9T0 MHOXKECTBa n3 0oJiee BbI-
COKHX KJIACCOB MEPAPXUU TOXKE apU(PMETUIHBI, HO B X, HE JIeXKaT. >

O1a Teopema HasbiBaeTcst meopemoti Tapckozo. Fé MoKHO TTpodYecTh
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TaK: MHOXKECTBO apr(PMETHICCKUX UCTUH He apudMeTuvro. Vi moms-
THEe apuMETHIECKON NCTUHBI HEBHIPA3UMO B apudpMeTHKe.

Teopema 73. Muoxkectso T apudMeTuIecKuX UCTUH HEITEPEIUCTUMO.

< B camowm pieste, s11060€ epevnciiMoe MHOYXKECTBO apU(PMeTHIHO. >

9DT0 yTBepXKAeHNEe HA3bIBaeTCa meopemoti Iédeas o nenoanome. Ero
MOYKHO TepedOpMyIHpOBATh TaK: BCIKOE WCUMCIEHHE, MOPOXKIAIOIIEE
dbopmysbl apudmernku (T.e. aJropuTM, HEPEUUCIIAIONMI HEKOTOPOe
MHOXKECTBO TakuX (HopMyi) Jamubo Headeksamro (TTOPOKIAET HEKOTOPYIO
JIOKHYIO (POpMyJLy ), Jub0o Henoano (He IOPOKIAET HEKOTOPOH MCTUHHOMN
dopmyibr).

98. ITokazkure, 4TO JJIsi JTFOOOrO HATYPAJIBHOIO YHCIa N MHOXKECTBO BCEX
ACTHUHHBIX 3aMKHYTBIX apudMeTudecKux HGopMmys, comepkaiux ne bomee N
KBaHTOPOB, apU(PMETUIHO.

99. ChopmysupyiiTe U IOKaXKUTE aHAJOTUYHOE YyTBEPXKIEHUs Iy (HOop-
MyJI OPPAHUYEHHONW KBAHTODPHOI IVIyOMHBI (MUCJIO BJIOXKEHHBIX KBAHTOPOB) M
JJIA CbOpMyJI C OrpaHUYE€HHBIM YHUCJIOM II€peMEH KBaAHTOPOB B HpeﬂBapéHHOﬁ
HOpMAaJIbHOU popMme.

10.5. lNpsimoe pokasaTenbcTBO TeopeM Tapckoro u [épens

B namem nznoxkenun teopemsl Tapckoro u ['€esrs momyyninch Kak
[IPOCTHIE CJICJCTBUS ONpeieeHnii n (PaKTOB, CBI3AHHBIX C TEOPHUEH aJi-
roput™MoB. C OJTHOI CTOPOHBI, 3TO MO3BOJISAET JIYUIIe IOHATH MECTO ITHX
TeopeM B 00ITEM KOHTEKCTE MATEeMATHIECKON JIOTUKY U TEOPUN AJITOPUT-
MOB. C JIpyroit CTOPOHBI, BOSHUKAET €CTECTBEHHOE YKEJIAHUE PA3BEPHYTh
IEHOYKY U IOJIyIUTDb OoJiee MpsIMbIE JIOKA3aTeILCTBA. TaKOBbIE MBI Ceii-
qaC U TPUBEIIEM.

Haunnas mokasbiBaTh Teopemy Tapckoro, mpemosioxKuM, 9TO MHO-
JKECTBO HOMEPOB BCEX MCTUHHBLIX apudmerndeckux dopmys (6e3 mapa-
merpos) apudmernguo. Ilycrs T — 310 MHOXKECTBO, & T(L) — COOTBET-
crByomast dopmya. [lepenymepyem takxke Bce (DOPMYIIBI C OJHAM ITa-
pamerpoMm x; nyctsb F, () — dopmyiia, uMeromas HoMep 1 B 9TO HyMe-
parmuu. PaccMoTpuM (pOpMyILy C €IMHCTBEHHBIM IapaMETPOM &, YTBEp-
2KJIAIONIYIO, YITO PE3Y/IbTAT HOJACTAHOBKU KOHCTAHTHI T B I-yIO (POPMYILY
C rapamMeTpoM JIOKeH. DTy HOPMYILy MOXKHO HAIMCATH TaK:

3z(—7(2) A Subst(z, z, x)),

rae Subst(p, g, ) — dopmysa ¢ TpeMs apaMeTpaMu, BHIPAYKAIOIIAs Ta-
KO€ CBOMCTBO: «p €CTh HOMED (B HyMmeparnuu Beex popMyst 6e3 mapaMer-
pOB) Toil (bOPMyYJIbI, KOTOPast TIOJTyYUTCH, €CJH B g-10 (DOPMYJTY € OJIHUM
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mapaMeTpoM IOJCTABUTH KOHCTAHTY T BMECTO TOTO IMapaMerpay. 3au-
CaHHOE B KABBIYKAX CBONCTBO ONUCHIBAET I'PAMUK HEKOTOPOIl BBIYUCIIH-
MOt pyHKIuY (COOTBETCTBYIOIIE] IIPOCTHIM CHHTAKCHYECKHUM JIefCTBUSIM
U IIepexojly OT OJHON HyMepanuw K JPyroii) ¥ HOTOMY CyIIECTBYET BbI-
pazkaoras ero opMmyJia.

Wrak, MbI Hanucam HEKOTOPYIO (POPMYJTY C €IMHCTBEHHBIM TapaMeT-
poM x. Ilycts oma mmeet mekoropsiit Homep N. ITogcraBum sTor HOMep N
BMecTO e€ mapamerpa. [lomyauTrcs HekoTopas dpopMyia 6e3 mapamMeTpoB.
W3 nocrpoenus: BugHO, 4TO 3Ta (HOPMyJia UCTUHHA TOTJIA M TOJIBKO TO-
I8, KOrja pe3ysbrar nojgcranoBku aucaa N B dopmysry momep N (1o
ecTb caMa 3ra dpopMmysial) JIoKeH.

[Toygyennoe mpoTuBOpEUNEe 3aBEPIIAET MPAMOE JOKAZATETHCTBO TEO-
pembr Tapckoro. Mbr Buanm, 9TO HaM TOTPeOOBAIACH BBIPA3UMOCTDL B
apudMeTuKe He JIOOBIX BBIYUCAUMBIX (DYHKIH, & OJTHON BIIOJHE KOH-
kperHoil. IIpu 70CTATOYHOM TEpIIEHUN COOTBETCTBYIOILYIO (DOPMYJLY
MOXKHO-TAaK/ HAIUCATh, U TEM CAMBIM JOKA3aTeJbCTBO CTAHET COBCEM
«OCSI3aE€MBIM>.

Teneps M370)KUM B TOM K€ CTHJIE JTOKA3aTEIbCTBO TeopeMbl 1€e-
jst. Kak Mbl y2Ke ToBOpWIIM, MCUUCJIEHHE — TO MeXaHU3M (&JrOpUTM),
KOTOPBII TO3BOJISIET TIOPOXKIATh HEKOTOPhIe (DOPMYJIBI SI3BIKA apudgmMe-
TUKH (1151 IIPOCTOTHI OYIE€M CIUTATD, 9TO MOPOXKIAIOTCA TOJLKO hOpMY-
Jibl 6e3 mapamerpos). Takum 06pa3soM, BO3HUKAECT HEKOTOPOE IIEPEUNC-
JINMOE MHOYKECTBO, KOTOPOE OOBITHO 33/[aI0T KAK IIPOEKIINIO0 PA3PEIIAMO-
ro MHOXKeCTBa. VIMEHHO, BBOAAT HEKOTOpOE IMOHSTHE JOKA3GMEAbCMEA.
IIpu sTOM J0Ka3aTEIHCTBA SBJIAIOTCH CJIOBAMU B HEKOTOPOM aJIDaBHUTE.
MHO0KeCTBO JOKA3aTEILCTB PA3PEIINMO, TO €CTh €CTh aJIOPUTM, OTJIM-
JaloIuii HACTOMAIINE JOKA3ATEIbCTBA OT TEKCTOB, KOTOPBI TAKOBBIMU
He gBistorcd. Kpome Toro, ectb (TakzKe paspeimmMmoe) CBOHCTBO JIBYX
CJIOB T 7 Y, KOTOPOE IJVIACHUT, YTO T €CTb JOKA3ATEIHbCTBO (DOPMYJIBI Y.
ITepenymepoBas Bce JJoKa3aTeaIbCTBA U POPMYJIBI U BHIPA3UB YKA3aHHbBIE
pa3peliuMble CBOWCTBA B 3bIKe apu(dPMETHKHU, MbI IIPUXOIUM K (HOpPMYy-
se Proof(z,y), KoTopasi HCTHHHA, KOTJIA & €CTh HOMED JIOKA3aTeIbCTBA
bOpMyJIBI C HOMEPOM Y.

Teneps namummem HopMyIy C OJHUM IApPaAMETPOM T, KOTOPasi FOBO-
PUT, YTO PE3YJIbTAT IOJACTAHOBKHU YHCJIA T BMECTO IIapaMerpa B I-YIO
dopMyJIy ¢ OJHUM HIAPAMETPOM HE UMEET JOKA3aATEIbCTBA.

—3z3p[Subst(z, z, x) A Proof (p, z)]

Dra dopmMysia UMeeT eIMHCTBEHHbIH napaMerp (x); MycTh eé HOMEp B
Hymepanuu Takux gopmyn pasen N. ITogctaBum N BMecTo mapamMeTpa.
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Ionyunrcs dopmysia 6e3 mapamerpoB . Ilo mocrpoenuto dopmyra
WCTUHHA, KOTJa pe3yabrarT moAcTaHoBKH N B N-10 GOpMyIy C OTHUM
[apaMeTpoM HeJloKazyeM. A 9TOT pe3ysibTaT ecTh cama (POPMYJIa ¢, Tak
YTO OHA UCTUHHA TOIJA W TOJBKO TOIJIA, KOT/a HeI0Ka3yema. SHAJUT,
HAllle UCUUC/IeHne Jub0o MO3BOJIeT JOKa3aTh JIOKHYIO (opmyay ¢ (ec-
JIL  JIOKHA; B TAKOM CJIydae ero Ha3blBAIOT HEeaJeKBATHBIM), JUOO HE
ITO3BOJISIET JTOKA3aTh UCTUHHYIO (POPMYITY (.

SaMeTI/H\/I, q9TO0 06a 9TUX JIOKa3aTeJIbCTBa HAIIOMHUHAIOT KaK IIOCTpOe-
HU€ HelOBUXKHOM TOYKHU, TAK U KJIACCHYECKUN TapaoKC JIXKEIA:

’yTBEP}K,ZLEHI/IE B PAMKE I[O)KHO‘

Bosee Tonkwnit aHasn3 1mo3BOJISIET YyCTAHOBUTD, UTO JJIsT JIIOOOH [10-
craTouno Goraroii dbopMabHON cucTeMbl (CKaxKkeM, i (POPMAILHOM
apuMeTHKI WM TEOPHU MHOYKECTB) MHOXKECTBO JO0KA3yeMbIX (hOpMYI
(TeopeM) U MHOXKECTBO OLPOBEPXKUMBIX (HOpMyJ (OTpUIAHUS KOTOPBIX
SIBJISIFOTCST TEOPEMAMM) SIBJISIFOTCSI TIEPEINCTUMBIME 3D HEKTUBHO HEOT-
JleIUMbIME MHO2KecTBaMu (cM. pazzesn 6.6). Dro jemaercs npuMepHO
Tak. PaccMOTpuM 1Ba POM3BOJIBHBIX HEEPECEKAOIUXCS TEePEIUCTH-
MbIX MHOXKeCTBa A u B u Berauciaumyo GyHKIHO f, KOTOpas Ha BCeX
9JIEeMEHTAaX MHOXKeCTBa A paBHA HYJIO, a Ha BCEX 3JIEMEHTAX MHOXKe-
crBa B pasna 1. IlockobKy Hama ¢gpopMaibHas CHCTEMA, «JIO0CTATOYHO
Gorarar, B Heil (1ist JFOGOrO TAHHOTO YHUCJIA 1) MOYXKHO HanucaTh Gop-
mysy F,, yrBepxpaomtyio, yro f(n) = 0. IIpu stom mua n € A dop-
mysna F,, Gymer mokasyemoil (mpoTokos paborbl f HA JAHHOM YHUCIE N,
3aBepIIAIONINANCS ToydeHneM orBera 0, MOXKHO IPEBPATUTH B JIOKA3a~
TestbeTBO TOro, uro f(n) = 0), anpun € B dopmymna F,, Gyaer onposep-
JKUMO# (IIOCKOJIBKY MOYKHO JI0Ka3aTh, uro f(n) = 1). CremosaresbHo,
napa (A, B) m-ceomurcs K nape (jokasyemble (pOPMyJIbl, OIPOBEPIKUMBIE
dopmyiibt), U OTOMY HOCJHEAHAS Tapa ABgeTcs YPHEKTUBHO HEOTIE-
JIAIMOIA.

Emg o0 JTI000IBITHOE yTBEPKIEHUE, CBA3BIBAIOIIEE TEOPUIO AJITO-
pUTMOB ¢ OPMATBLHBIMU CUCTEMaMU, TAKOBO. BylieM roBopuTh, 9To JB€
POIPAMMBI  JOKA3YEMO PA3AUMHDL, €CTU MOYXKHO (POPMATBLHO JIOKA3ATH
(ckaxkeM, B (hopMasIbHOI apudMeTrKe), 9TO CYIIECTBYeT BXOJ, Ha KOTO-
POM OHU JIAIOT Pa3HbIE PE3YJIbTATHI.

OkaspiBaeTCst, 9TO MOXKHO ITOCTPOUTH IIPOIPAMMY P C TAKAM CTPaH-
HBIM CBOFICTBOM: HUKAKAA NPOZDAMMG § HE ABAAEMCA JOKAYEMO PA3AUY-
1ot ¢ p. Ilporpammy p MO2KHO OBLIO OBI HA3BATH AOCOJIOTHO HEIIO3HA-
BaeMoii: BeJIb (POPMAIHLHO TOKA3aB JTI000€ CBOWCTBO (v 9TOH MTPOrpaMMBbI,
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MOXKHO OBIJIO OBbI JIOKA3yeMO OTJIMYUTH P OT IPOrPAMMBI ¢, He 00Jaia-
ommeii aruMm cpoiictBoM. (Mbl mpe/iosiaraeM, 9T0 MOXKHO [PEbIBUTDH
HEKOTOPYIO IIPOIPAMMY ¢, IIPO KOTOPYIO MOXKHO (POPMAJILHO JOKA3aTh,
ITO OHA He 00J1aJ[aeT CBOMCTBOM «.)

Cy1ecTBOBaHME HEITO3HABAEMOI IIPOTPAMMBI P JIETKO CJIEJIYET U3 TEO-
PeMBI O HEIOJBIKHOI Touke. B camMoM [ejie, pacCMOTPUM CJIeIyONTuit
Ipeodpa30BaTe b TPOrPAMM: IIOJIYIUB HA BXOJ, IPOTPAMMY U, MBI II€pe-
GupaeM Bce IIPOrPaMMBbL ¥ U BCE JI0KA3aTELCTBA B (DOPMAJIBHON Teopuu,
[I0Ka He HalJIEM HEKOTOPYIO IPOrpaMMy v, JOKa3yeMO PA3JIMYHYIO C U.
DTa mporpamMma v u OyIeT pe3yJibTaroM IIpecdbpazoBanusi. Eciu Obl Hero-
3HaBaEMOIl IPOrpaMMBbl He CYIIECTBOBAJIO, TO 3TOT IIPeodPa30BaTeh ObLI
OBbI BBIMUCIUMON (DYHKITHEH, He MMEIOIIeil HEIOIBU2KHON TOYKH.

(KoneduHo, 910 paccyKIeHue HEsIBHO UCIIOJIb3YeT MHOIOYHMCJIEHHbIE
cBoiicTBa (hOpMaIBHOM TEOPUU, KOTOPBIE MBI HE TOJBKO He JOKA3aJIH, HO
Jaxke u He cpopmyauponsasn. Hampumep, Mbl HESTBHO UCIIO/TH30BAJIH, ITO
JIOKA3yeMO Pa3JIMYHbIE IIPOI'PAMMBI JIEHCTBUTE/IBHO Pa3/IndHbI, TO €CTh
9TO BBIBOJIUMBIE B HAIEH TEOPUU YTBEPKIEHUS O PA3IUIUU [TPOTPAMM
UCTHHHBI, & TAKYKE MHOTOE JIPYroe.)

MoKHO OTMETHTD €I, YTO «HA CAMOM JIejie» HAIlla HEl03HABAeMas
[IporpaMMa HUTJE He OIPeJiesieHa, IIOCKOJIbKY ecju Obl OHa JlaBaJia pe-
3yJIbTaT HAa KAKOM-TO BXOJIe, TO ObLiIa ObI JIOKA3yeMO OTJIMYHA OT IIPO-
rpaMMbl, JTaloIleil Apyroil pe3yabraT Ha TOM ke Bxoje. lloyyaercs ma-
paJoKc: MbI Bpofe Obl JIOKa3ajd, 9TO Halla (DYHKIHUS OTIUIAETCS OT
(ckazkeM) Bcioiy HyJ1eBOH (DYHKIUM, B TO BPeMsl KAK HEIIO3HABAEMOCTH
KaK pa3 M O3HA4YaeT HEBO3MOXKHOCTb TAKOI'O J[0Ka3aTejbCcTBa. Pasraj-
Ka 9TOrO MapajiOKca COCTOUT B AHAJIN3E TEX CAMBIX HEsIBHO CIEJTaHHBIX
IIPEIIOIOKEHU T (B 9aCTHOCTH, O KOPPEKTHOCTU (hOPMABLHON CHCTEMBI:
W3BECTHAsI «BTOpast TeopeMa [€yeiisi» TOBOPUT, UTO CpeacTBamu pop-
MAaJIbHOI CHCTEMBI HEJIb3s JIOKA3aTh €6 HEeIPOTUBOPEYUBOCTD ).

10.6. ApndpmeTuyeckas nepapxms n Hucno
nepeMeH KBaHTOPOB

Mp! ycTaHOBHIM, 9TO KJIACC apUPMETHIECKHX MHOMKECTB €CTh 00D-
eIMHEeHne BCeX KaaccoB X, u 1l,. Ilocmorpum mogpobmee, Kak CBa3aH
HOMED KJIacCa C YUCJIOM IIEPEMEH KBAHTOPOB B (DOPMYyJIE.

YrobsI ciesiaTh 3TO, HAMO YTOUYHUTH, KaKue (pOPMYJIbI MBI CUATAEM
GeckBaHTOPHBIMU. FC/i MpecTaB/isiTh CJAOXKEHNE U YMHOXKEHUE TPei-
KATHBIMU CHMBOJIAMHU, TO OECKBAHTOPHBIE (DOPMYIIBI OYIyT JIOTHIECKUMU
KoMOmHAIAME GOPMYTT T; + T = Ty U Ty X T; = Tp; IPH ITOM y¥Ke
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Jist 3arnmcd pOpMyJibl @ + b + ¢ = d HaM TOHAJIOOWTCH KBAaHTOD: OHA
sammcsiBaercd Kak Ju((a +b = u) A (u+c¢ = d)). Mbl ke, Kak 970 00bI4-
HO JleJ1aeTcs, 6y/IeM CIUTaTh CJIOKEHUE U yMHOXKeHUe (DyHKIIMOHAIHbHBI-
MM CHMBOJIAMHM U TE€M CAMBIM PA3PEIUM HCIIOJIb30BATH IIPOU3BOJIbHBIE
MHOT'OYWIEHBI C IEJIbIMU KO3 duImeHTaM B 6eCKBAHTOPHBIX (POPMYJIaX.
IIpu sTom GeckBanTOpHBIME (DOPMYyJIAMU OYAYT JOTHIECKHE KOMOWHA-
uu Beipakenuit Buga P = @), rne P u () — npou3BOJIbHBIE MHOTOWIEHBI
¢ neabiMu Kodddurimentamu. Torga BepHa Takasi TeopeMa:

Teopema 74. MuoxecrBo A C N mpunamiexxur knaccy %, (n > 1)
TOI/Ia U TOJIBKO TOTJA, KOT/la IPUHAJJIEKHOCTh MY BbIpakaeTcst (op-
MYJIOi B IpeBapEHHON HOPMaJIBLHOM (hOpMe, HAUNHAIOIIENCS C KBAHTOPA
CYIIECTBOBAHUS U COJIEPIKAITEH 7 TPYIII OJHOUMEHHBIX KBAHTOPOB.

(Ilepexozsi K JOIOJIHEHUIO, BUAUM, YTO MHOYKECTBO IIPUHAJJIEIKHUT
kiaccy 11, Torma u ToJBKO TOr/Ia, KOTjia IIPUHAJIEIKHOCTD €My BhIPAarXKa-
ercsi B IIpe/IBapEHHOM HOPMAJIBHON (bopMe ¢ 1 IPYIIIaMy OJHOMMEHHBIX
KBAHTOPOB, HAYMHAIOIIEHCS ¢ KBAHTOPA BCEOOITHOCTH. )

<I Mbr mokaxkeMm 3Ty Teopemy Jmiib oTdacTu. s Hada a 3aMeTuM,
9TO €CJIM MHOXKECTBO 3a7aércs (hOpMyJIoil B IPeIBApPEHHON HOPMAJIb-
HOW (bopMe ¢ 1 TpynnaMu KBAHTOPOB, TO OHO IPWHAJJIEKUT KJIACCY Yy,
(nnm TI,, — B 3aBUCUMOCTH OT TOTO, KAKOH KBAHTOD IeEPBbIil) — HAIIOM-
HUM, 9TO k TOJAPSIJ UIYIINX OJHOUMEHHBIX KBAHTOPOB MOXKHO 3aMEHUTH
Ha OJIMH C MOMOIIBIO BhIMmCIIMOil Guekrun mexkay NF i N.

Bosee cioxxuo mokazarh obparHoe yTBepkKaenne. OCHOBHYIO TPY/I-
HOCTH TIpejicTaBisieT caydait n = 1. B 1970 romy FO.B. Marusiceut,
pemas 10-to mpobsemy ['mibbepra, mokazas, YTO BCSIKOE MTEPEUNCTUMOE
MHOXKECTBO €CTh MHOXKECTBO HEOTPHIATE/IbHBIX 3HAYEHUN MHOTOYJIEHA
OT HECKOJIBKUX [IEPEMEHHBIX C IEJIBIMU KODMUIMEHTaMU IIPU HATY PAJIb-
HBIX 3HAYCHUAX MEPEMEHHBIX. A 9T0O CBOHCTBO, OYEBUIHO, 3AIUCHIBACTCS
B Buie (pOpMyJIbI ¢ KBAHTOPHOIN MPUCTABKON U3 KBAHTOPOB CYIIECTBOBA~
nus. Tem caMbiM ciy4ait n = 1 6611 pa3zobpaH.

Eciu cunrars pesynbrar MarusiceBuda U3BECTHBIM, TO JOKA3ATEJIb-
CTBO 3aKAHYNUBAETCS, TOCKOJIBKY KaKJIBII CJIEIY O KJTACC TOJTY IAeTCsT
U3 MPEBIIYINEro HABEIUBAHINEM OYePETHONO KBAHTOPA.

ITocmoTpuM, omHAKO, 9TO MOXKHO HM3BJI€Yb W3 MPUBEICHHOIO HAMU
JI0KA3aTeTbCTBA apU(PMETUIHOCTH BBITUCAUMBIX (yuknuit. [Iycrs mga-
HO IIPOM3BOJIBHOE IEPEYNC/IMMOE MHOXKECTBO. Ero MOXKHO IpejICcTaBUTh
Kak 00JIaCTh OIpejle/IeHrs] BRIYUCIUMON (DYHKINY, BCE 3HAYEHUS KOTO-
poOif paBHBI HYJIIO, W IPUMEHATH OMUCAHHYIO HaMU TpOIeaypy. lorma
nostyauTes hopMyJia, HAUUHAIOIALACH ¢ KBAHTOPOB CYIIECTBOBaHUs (Cy-
IMECTBYIOT YHCJIa, KOJUPYIOIIHE ITOC/IeI0BATETLHOCTH 3HAYEHNN KaXK IO
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[IepEeMEHHOM B cMbIciie (-KoaupoBanus 1o [éaemmo). 3areM UIgT KBAHTOP
BceobmHOCTU (110 HOMEDY IIara PaboThl IPOIPAMMBL Ha KasKJIOM IIare
[epexoJl JIOJIZKeH COOTBETCTBOBATL Iporpamme). 3areM HIAET hopMyIia,
KOTOpasi OblLi1a ObI OECKBAHTOPHOM, eciu ObI He cojieprKaJia B cebe ocTar-
KOB OT JIeJIEHUsI OJJHOI'O BBIpaXKeHusl Ha, ipyroe. Ho nx MOXKHO yCTpaHUTh,
100aBUB €Ié KBAHTOPBI BCEOOIITHOCTH: YTBEPK/IEHNE TUIIA

Vi [...octarok or nenenust P Ha Q.. ],

rme P u (Q — HeKoTOpble BBIPaXKEHUsl, COIEPKAIlye IepeMeHHble (U3
OIIPEIENIEHNST [3-KOJMPOBAHNUST) MOYKHO 3aMEHUTH 10 OIPEJIEIEHAIO OCTAT-
Ka Ha

ViVuVo [([P=uQ +v)A (v < Q)] =[...v...].

CrenoBaTesibHO, MBI MOXKEM MPEJCTABUTDH JIIOO0OE MMEPEIUCTUMOE MHO-
2kecTBO B Bugie 3. .. 3V ... V-bopmyssl. Tem cambIM J11060€ MHOYXKECTBO U3
KJIACCa X, MOYKHO MIPEJICTABUTEL (POPMYJIOH B ITpeIBAPEHHON HOPMAaJILHOM
dopme ¢ n + 1 rpynnaMu KBAaHTOPOB, HAUMHAIOIIENCSI ¢ KBAHTOPOB Cy-
[eCTBOBAHUA, a JI000e MHOXKeCTBO u3 Kjacca Il,, MOXKHO IpencTaBUTh
dopmysoit ¢ n 4+ 1 rpynmaMu KBaHTOPOB, HAYMHAIOIIEHCS C KBAHTOPA
BeeoburaocTu. (Mbr mosyymiu Gostee ciaabblil pe3yJsibTaT, B KOTOPOM YHC-
JIO TIlepeMeH KBaHTOPOB HA €JMHUILy OOJIbIlle, 3aTO 0€3 HCIIOJIb30BAHUA
TeopeMbl MaTusiceBuya.) >



11. PekypcusHbie dyHKLMY

11.1. NpuMNUTNBHO pekypcuBHble yHKL N

IIporpaMmbl ¢ KOHEYHBIM YHCIOM MEPEMEHHBIX HAIOMHIHAJN ACCEM-
0J1ep; pacCMaTPUBAEMbIe B 9TOM Pa3Jiejie PeKypPCuBHbIE (DYHKIINNA CKOpee
HaIOMUHAIOT (PYHKINOHAJIBHOE IIPOrPAMMUPOBAHNE, KOI1a OTHE (DYHK-
[IUU OIIPEJIENIIIOTCs Yepe3 apyrue. Mbl OyaeM paccMarpuBarh pyHKIUN
C HATYPAJbHBIMHA apryMeHTaMU U 3HadeHusiMu. Boobie roBopst, HyHK-
MU MOTYT OBITH HE BCIOIY ONpPEIe/IeHHBIMA, TAK 9TO TOBOPsi O (pyHKITUN
n aprymenToB (byukiun uz N B N| n-mecTHoii (hyHKIUM), MbI UMeeM
B BUIY (DYHKIIUIO, OIIPEIEJIEHHYIO Ha HEKOTOPOM HOJMHOXKecTBe N™ co
szuadeHussMu B N.

IIycts mmeercsa k-mectaas QyHKINa f U k MITYK N-MECTHBIX (PYHK-
it gi,...,gk. LToraa m3 HEUX MOKHO COPMUPOBATH OIHY N-MECTHYIO
dyHKIUO

(@1, oy Tn) — flor(z1, . xn), oy gk (21, oy 20)).

ToBopsaT, uTo ompemenéunast TakuM 00paszoM (YHKIHMS MOJydeHA W3
dbyHKIMiA f U g1,..., gk C IOMOIIBIO OIEPAIUU NOJCMAHOEK.

Jpyrast omeparusi, Ha3blBaeMasl OIepAIUeil pexypcuu, WIn NpuMu-
muenoll pexypcuu, npuMensiercs K k-mecrnoit dyukuun f u (k+2)-mect-
Hoit dyukuuu g. Eé pesynbrarom Gymer (k + 1)-mectnas dbyukims h,
orpeJiesisiemMast Tak:

h(z1,...,25,0) = f(z1,...,28);
hxy,...,z,y+ 1) =g(x1, ..., 25,9, h(z1, ..., 2%, Y)).

B mocsenosarensHoct  h(T1, ..., 20, 0), (21, .., 2y, 1),... KaxKI0e
3HAYEHUE OlpejiesideTcs depe3 IMIPeJblIyIee, MO3TOMY €CIu KaKOoe-TO
13 3HaYEHUIT He OIIPe/IeIeHO, TO He OIIPe/iesIeHbl U BCE IOC/Ee Y IOIIHeE.

s equHOOOpasust OyJieM CYATATh, YTO HYJIb-MeCTHbIE (DYHKIIAN
(byukimu 6e3 apryMeHTOB) CyTh KOHCTAHTBI; 9TO IMO3BOJIAET PEKYPCHB-
HO OIIPEIEJIATh (DYHKITUU OJHON IIepeMeHHO1.

Ipumumuero pexypcusHvimMy HA3BIBAIOT (DYHKIINNA, KOTOPBIE MOYXKHO
IIOJIyYUTh C IOMOIIBIO ONepaluii IIOJCTAHOBKUA U PEKYyPCUU U3 CJIELYIO-
mux 6a3ucHuir yHKIMI: KoHcTaHThI (), Oleparuu MpuOaB/ICHNS €TIH-
bl §: & — T + 1 u cemelicTBa OYHKIMIA IPOEKITUU: ITO CEMENHCTBO [IJIst
KazkJ10ro k colepskuT k mryK k-mecTHbIX byHKUuil 74 (71, ..., 7)) = T;.
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QOyHKIUT TPOEKIINU TO3BOJISIOT BBIIOJIHATH «HEOJIHOPOIHBIES TOI-
cranoBku. Hampumep, ¢ UX IIOMOIIBIO MOXKHO HOJIYIUTH (DYHKITIIO

(z,y) = fg9(z),h(y,z,y),2)

u3 pyukiwuit f, g u h, KOMOUHUPYs UX C (DYHKIUSIMU TPOEKIIUN: CHAYAIA,
nostygaem dbynxmuio (r,y) — g(x) (nogcranoka 3 B g), 3aTeM QyHK-
o (z,y) — h(y,x,y) (moacranoska w2, w4, 72 B h), 3aTeM MOy YeHHbIE
nBe byHKImE BMecTe ¢ byHKIHel 5 MoCTaBIsgeM B f.

[ToxcraBnsas koucrauty 0 B GYHKINIO TPUOABIEHNS €IUHUIIBI, TIOJIY-
qaeM KOHCTaHTY (hyHKImIO Hysst aprymeHToB) 1. 3areM MOXKHO MOJTY-

9UTh KOHCTAHTHI 2, 3 U T. 1.

11.2. TpyMepbl NPUMUTUBHO PEKYPCUBHBIX (DYHKLNIA

Kak 1 ¢ JIpyruMH BBLIMUCIATELHBIMU MOJEISME, BayKHO HAKOIUTh
HEKOTOPBIl IPOrPAMMUCTCKUII OITBIT.

Cnoxenve. @yuknus (x,y) — sum(z,y) = x + Yy NOayIaercs ¢ IOMO-
MIBIO PEKYPCHHU:

sum(z, 0) = x;
sum(z,y + 1) = sum(z,y) + 1.

Hamo, koHEYHO, TIPEICTABATH MPABYIO IACTh BTOPOTO PABEHCTBA KAK pe-
3yabTaT nopcraHoBku. @opmasbHO ToBOpst, h(x, Y, 2) B ONpeesieHun pe-
KyPCHUM HAJIO TIOJOXKUTh PABHBIM $(z), Tyie § — (DYHKIWMs NpubaBIeHnst
€JIMHUIIBL.

Vmuoxerune, Oyuxims (x,y) — prod(z,y) = xy noaydaercs ¢ HOMO-
HIBI0 PEKYPCUH (C UCIIOJIL30BAHUEM CJIOYKEHUS):

prod(z,0) = 0;
prod(z,y + 1) = prod(z,y) + «.
AnasornausiM 00pa30M MOYKHO IE€PEHTH OT YMHOXKEHHsI K BO3BEJIE-
HUIO B CTEIIE€Hb.
VceuéHHoe BbluuTarmne. Mbl rOBOPUM 00 «yCEUIEHHOM BBITUTAHUIY X —
y=cz—ynpux >2yunz=y =0m0pn z < y, TOCKOIbKY MBI NMeeM
JIEJIO TOJIBKO € HATYPAJIbHBIME (II€JIBIMA HEOTPUIATEILHBIME ) YUCIIAMU.

OptromecTHasT (DYHKIUS YCEIEHHOTO BEITUTAHIS €[MHUIIBI OIIPEJIEIISIeTCsT
PEKYPCUBHO:

0=1=0;
(y+1)=1=y.
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(Pexkypcusi 31ech bopMasibHa, TaK KaK [PeJblIylnee 3HaAYCHUe He UC-
nosb3yercs.) Ilociie 9Toro ycedéHHOE BBIYUTAHME JIJIsT IIPOU3BOJIBHBIX AP~
T'YMEHTOB MOXKHO OIIPEJIe/IUTDH TaK:

z=0=u;
z=(y+1)=(z+y) =1L

11.3. [pMMNTNBHO peKypPCUBHbIE MHOXECTBA

Bysiem HA3BIBATH MHOJKECTBO NPUMUMUEGHO DEKYPCUGHDBIM, ECITH €TO
xXapakrepuctnieckasi GyHKIIUS TPIMATHBHO peKypcuBHa. (BapwanT: ec-
JIV OHO SIBJISIETCS MHOXKECTBOM HYyJIEHl IIDIMUTHBHO PEKYPCHUBHOH (DYHK-
UK; 3TO TO KE CAMOE, TaK KaK MOXKHO CEJaTh IOJICTAHOBKY B (DyHK-
o ¢ — 1= 1x.)

Iepecevyenne m 0ObeIMHEHNE TPUMATHBHO PEKYPCUBHBIX MHOMKECTB
NPUMATHBHO PEKYPCUBHBI (CIOKAM WA TIEPEMHOKUM (DYHKITAH, MHOZKE-
CTBaMU HyJeil KOTOPBIX OHU SIBJIAIOTCs). J[OMOJIHEHNe TIPUMATHBHO De-
KYPCUBHOTO MHOKECTBA TPUMHUTUBHO peKypcuBHO. OTOXKIECTBIIAS MHO-
JKECTBa CO CBOMCTBAMHU, MO¥KHO CKa3aTh, YTO KOH'LIOHKIIUH, TA3HLIOHKIIAN
U OTPUIAHUS TPUMUTUBHO PEKYPCUBHBIX CBOUCTB OYIyT MPUMUATHBHO Pe-
KYDCHUBHBIL

CpoiicTBa © = y U & # Yy UPUMHUTUBHO PEKYDCHUBHBI (T = Yy TOIIa U
TOJIBKO TOra, Korja (z = y) + (y = x) = 0).

Dyuknus f(x), 3a/jaHHAST COOTHOIIIEHUEM

f(z) = [if R(x) then g(x) else h(x) fi ],
Oy/eT MPUMUTUBHO PEKYPCUBHOM, eC/Ti TaKOBLI (DYHKINN g U h U CBOIi-
crBo R. B camom mese, f(z) moxHO 3amucars Kak r(z)g(x) + (1 ~
r(x))h(z), rme r — xapakrepucruieckas HyHKIMA cBoiicrBa R.

Tenepb MOXKHO 3ammcaTh (GOPMYJLY JJIsl TPUOABICHAS €AHUILI 110
MOJLYJIIO 7 (JJIsl 9UCeJI, MEHDBIIUX N):

x+1modn=[ifx+1=nthenOelsex+1fi]
ITocse sToro dynxmuio  mod 1 (0CTATOK OT JETECHU Ha 1) MOZKHO OIpe-
JICJIATH PEKYPCUBHO:
0 mod n = 0;
(x 4+ 1) mod n = (z mod n) + 1 mod n.

TTokakeM, UTO OrpaHUYIEHHBbIE KBAHTODHI, IPUMEHEHHBIE K IIPHMUA-
THUBHO PEKYPCHBHBIM CBOHCTBAM (MHOXKECTBAM ), JIAIOT CHOBA [IPUMHUTUB-
HO PEKYPCHBHBIE CBOMCTBA. DTO O3HATAET, HAIPUMED, ITO €CJIM CBOIi-
crBo R(x,y) UpUMUTUBHO PEKYDPCHBHO, TO CBOWCTBA

S(z,2) = (Fy < z) Rlz,y) u T(y,2z) = (Vy < 2) B(z,y)
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TaK>Ke MPUMHUTHBHO PEKYPCHBHBI. UTOOBI yOeInThCS B 9TOM, 3aMETHM,
910 it (DYHKIMI OrPaHWYIEHHBIH KBAHTOP COOTBETCTBYET MEPEMHONKE-
HUIO WJIM CyMMHPOBAHUIO: eciu cBoiicTBo R(x,y) paBHOCHMIBbHO (X, Yy) =
=0, To

S(z,z) & Hr(m,y) =0

=0

A 1tpousBejieHUE JIETKO OMPEJIEIUTD PEKYPCUBHO:

0
1 r@.y) = r.0);
y=0
t+1

H’I‘(l‘,y): HT(.’L’,y) ~T(I,t+1);
y=0 y=0

¢ CyMMUPOBAHUEM MOYKHO MOCTYITUTH AHAJOIUYIHBIM 00Pa30M.

[Tocste TOrO JIErKO 3aMETUTD, YTO CBOHCTBO «OBITH MPOCTHIM» TPH-
MUTHBHO PEKYPCUBHO (IHCII0 GOJIbINE eJIUHUIIbL, 1 JTII0D0€ MEHBIIIEeE YUCIIO
UJIM MEHbIIe 2, WU He SIBJISIeTCH JIeJIUTEJIEM ).

ITokaxkeMm Tenepb, 9TO ecau rpaduk HEKOTOPOol (hyHKIuUH f IpuMu-
TUBHO PEKYPCUBEH U €€ 3HAYEHUsS OTPAHUYEHBI CBEPXY HEKOTOPOH IpH-
MWUTHUBHO DPEKYPCHUBHOU (DYHKIHMEH g, TO caMa (pyHKIus [ IPUMUTUBHO
pekypcuBHa. B camom jsienie, ecim r — XapakTepUCTHYeCKas (QOyHKIHs
rpaduka, To ectb r(z,y) = 1 upu y = f(z) u r(z,y) = 0 upu y # f(z)
(JI7IsT TIPOCTOTHI MBI PACCMATPUBAEM CIIydail (DYHKIUH OJTHOTO apryMeH-
Ta), TO

fl@)=>"y-r(zy),

a CyMMHPOBAHHE MOXKHO OTDAHMYUTH CBEPXY BbIpazkeHueM ¢(r) u BOC-
II0JIb30BAThCA IIPUMHUTHBHON PEKYPCUBHOCTHIO OI'DAHUYEHHOI CyMMBI.

Orciofa JIeTKO BBIBECTH CJIEIYIONIee YTBEPKIEHNE: eCaiu (DYHKIUS g
u cBoiictBo R(x,y) NIPUMUTUBHO PEKYDPCUBHBL, TO (DYHKIHSI

x +— f(x) = naumenniee y < g(x), ays koroporo R(x,y)

(ecmu 71t HEKOTOPOT'O & TAKOTO Y HET, TO TIoJaraeM 3HadeHne dbyHKIUN
paBHbIM, cKaxeM, g(x) + 1) Oymer npuMuTUBHO peKypcuBHOil. B camom
neite, rpaduk GyHKIUA f JErKO OMUCATH C MOMOINBIO OIPAHUIEHHBIX
KBaHTOPOB.
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Taxkoit crtocob onpeiesienHnst (QyHKINU HABBIBAIOT 02PAHUYEHHIM OTLE-
PAMOPOM MUHUMUZAUUY — B OTJIMYNE OT HEOIPDAHUIEHHOTO, I/ HeT 3a-
panee u3BecTHOi rpanunpl g(x). Kak Mbl yBuIuM, B HEOrpaHUYEHHOM
cJlydae IoJIydaromasics GyHKIUs He 00si3aHa ObITh IPUMUATHBHO PEKYP-
CUBHOM.

OrpaHnYeHHbBIN OMEPATOP MUHIMHU3AINN MOXKHO UCIIOIH30BATh, ITO-
6l yoeauTbes, 4To GyHKIMs & — (MUHMMAJIbHOE [IPOCTOE YUCII0, 6OJIb-
1Iee ) IPUMUTUBHO peKypcuBHa (paccyzkienne Epkimia o 6eckonedHo-
CTH MHOXKECTBa IPOCTBIX YHCEJI YCTAHABJIUBAET, YTO 9TO JHCJIO HE IIpe-
Bocxomut z! + 1, a dakropuan npuMuTuBHO pekypcusen). Ilocie sToro
dyukuusg n — (n-e MPOCTOE YUCJIO) JIEIKO OIPEAESIeTCs ¢ IOMOIIBIO
pPeKypCHH.

11.4. [lpyrue Buabl pekypcum

CroBa «peKypcuBHOE ompejiesieHrne (BYHKIMIy MOXKHO IMOHUMATh U1
B GoJiee NIMPOKOM CMBICJIE, HEXKEIM Mbl 9TO JeJadu (CM. BBIIIE OLpPe-
JleJIeHUe PEKYPCUU, UK IPUMUTUBHON DEKyPCUH) — Kak Jro0oii criocob
3aJianusi (DYHKIUU, KOTOPBIN CBSI3bIBAET 3HadeHne (DYHKIUHM B JAHHON
TOYKE C JIDYTUMU €€ 3HaYeHusIMU. Kak Mbl yBUJIUM HUXKe IpU 06Cy XK ie-
Hun QYHKIME AKKepMaHa, eCTh TaKHe CXEMbl PEKYPCHBHBIX OIpeiesie-
HUI, KOTOPBIE BBIBOIST U3 KJIACCA TPUMUTUBHO PEKYPCUBHBIX (DYHKITHI.
Ho ectb 1 Takme, KOTOpbIE MOXKHO CBECTH K PACCMOTPEHHOIN HAMU CXEME.

Mpr puBeiEM J[Ba IIpUMEpa MOCJETHEr0 THUIIA: COBMECTHOE OIIpejie-
JIEHV€ HECKOJIbKUX (DYHKIUIl U UCIIOJIb30BAHUE ITPOU3BOJIBHBIX MEHBIIIIX
3HAYEHUN apryMeHTa.

CosmecTHasi pekypcus. Ilycts aBe omnomectHble byHKIMU f U g 3a-
JIAaHBI COOTHONIECHUSIMU:

(0) =a,
(0) - b7
( 1) = F(n, f(n),g(n)),
+1)

G(n, f(n),g(n)),

rjie a u b — HekoTopble Yncia, a Gyurnun F' u G — IPUMUTHBHO PEKYP-
CUBHBIE (DYHKITMH TPEX aprymeHToB. [lokaxkeMm, 4To Torma pyHKIuud f
U g IPUMUTHBHO PEKYPCUBHBI.

Yro0BI OKA3aTh 9TO, HAM OTPEOyeTCs MPUMUTHUBHO PEKYPCHUBHASI
HyMepalus nap — Takas QyHKIud {(x,y) — [x,y] (HoMep mapbl Mbl
0603HaYaeM KBaJpPaTHBIMU CKOOKaMHU), KOTOpas Oblia Obl NPUMUTHBHO
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PEKYPCHBHA BMECTe C JIByMsl OOpATHBIME (DYHKIMAMA (JAIOMIUMHE 110 HO-
Mepy TIapbl €€ TIepBblil n BTOpOoii wienb). Torma MBI CMOXKEM HAIMCATH
peKypcuBHOe onpesenenne aius byuknun h(n) = [f(n), g(n)]:

h(0) = [a, b],
h(n+1) = [F(n, p1(h(n)), pa(h(n))), G(n, pr(h(n)), p2(h(n)))],

re QYHKIUN P U Pa JAKOT 10 HOMEPY Hapbl IEPBBIA U BTOPOIi €€ YJIeHbI.
Ecnu dyuxius h npuMuTuBHO peKypcusHa, TO U byHKimu f u g (KoM-
nosuiuu b ¢ GYHKIUAME P U Do) TAKXKE NPUMUTUBHO PEKYPCUBHBI.

Ocrasoch OObICHAUTD, KAK HANTH TPUMUTHBHO PEKYPCHBHYIO HyMe-
pamuo map. MOXHO 3aMeTUTh, 9TO €CTh MHOTOYJIEH BTOPOTO IOPSII-
Ka C JBYMsl IIepEMEHHBIMU, 3 Q0N B3aMMHO OJHO3HAYHOE COOTBET-
crBue N X N — N. 9710 coorBeTcTBIE BUIHO U3 TAOJIUIIBL:

6
3
1
0

(NN |

8
5 9

IIpuMuTHBHYIO PEKYPCUBHOCTH OOPATHBIX OTOOPArXKEHU P U Py MOXKHO
YCTAHOBUTH, BOCIIOJIb30BABIINCH OIPAHMYEHHON MUHUMU3AIIMEl, TaK KaK
p1(n) ecTb MUHHMAJBHOE T < M, JJId KOTOPOro Haljérca y < n, Ipu
KOTOpOM [z, y| = n.

Menee cuMMeTprIHAs HyMepaIus map MOXKeT ObITh 3aaHa pOpMy-
soit [a,b] = (2a+1)2° — 1. MOKHO Tak»Ke 3aMeTHTb, YTO HAM He HYKHO,
9T00BI BCE YHC/IA OBbLIM HOMEPAMHU KAKHUX-TO IIap, U BOCIIOJIb30BaTHCS
HyMepanueit [a, b] = 2¢3°.

3aMeTuM B 3aKJIIOYEHUE, 9TO AHAJOIMYHAS KOHCTPYKIHMS TPUMEHH-
Ma JJ1st GOJIBIIErO YNCIIa OJTHOBPEMEHHO OIPEIeIAeMbIX (DYHKINMN 1 J1j1st
byHKIHE OT 6OJBITEr0 YUCTa APTYMEHTOB.

BosepatHasi pekypcusi. Ciienyroree yTBepKeHNE IOKA3bIBAET, UTO
[IpY PEKYPCUBHOM OIIPEIEIEHNN MOYXKHO HCIIOJIb30BATEH HE TOJIBKO 3HAUE-
HUE B OpeAbLIyIeil TOYKe, HO U JI000€e MPEeIEeCTBYIONee 3HAYCHIE.

Teopema 75. Ilycts dyHKIMA g OMHOTO apryMeHTa IPUMUTUBHO pe-
KypcuBHa, npuiéM g(x) < x upu x > 0; nycrb F' — UPUMUTHBHO PEKyp-
cuBHasi (DYHKIMS JIBYX apryMeHTOB; IIyCTb ¢ — IPOU3BOJIbHASI KOHCTaH-
ta. Torma dyaruus h, ornpeeéHHasi COOTHOIIEHUSIMHI

h(0) =¢; h(z)= F(z,h(g(x))) npu z > 0

NIPUMUTHUBHO PEKypPCUBHA.
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<1 Yrobel H0Ka3aTh 3Ty TEOPEMY, HCHOJIL3YEM CJIeAYIOILyI0 HyMe-
paIIo KOHEUHBIX MOC/eI0BATETHHOCTEeH HATYPATLHBIX WHCET: HOMe-
POM IIyCTOi MOCIeA0BATETLHOCTH CUITAEM UHCJIO0 1, HOMEPOM OHO3JIe-
MEHTHO Toc/Ie/IoBaTeIbHOCTH {a) camtaem |ucio 2% mocmeposares-
HoCTh {a,b) mveer mHomep 2911381 nocnemosarensnocts (a, b, c) mmeer

momep 29F130+15¢+ y tak mamee (ocHOBammMA cTememell — MPOCTBIE
qucsa). Byzem 0603HadaTh HOMEpP HOcjegoBaTeabHocTu (A, b, . .., 2) de-
pe3 [a,b,...,z]. dra Hymepanuss B HEKOTOPOM CMBICJE MPUMHUTHBHO

pekypcusHa. Koredno, 6yKBaJIbHO 9TO MOHUMATD HEJIH3s1, TAK KAK HyMe-
PpAIlus [IpeJICTaBIIsieT COD0i «PYHKIUIO C TIePEMEHHBIM YUCJIOM apryMeH-
toBy. Ho pa3Hble cBsi3aHHBIE ¢ Hell (DYHKIUU IPUMUTHBHO PEKYPCUBHBL.
B gactrocTH, TaKOBBI (DYHKIIAN

e Length(x) = mmna mocae0BaTEILHOCTH ¢ HOMEPOM 5
e Select (i, r) = i-blil WieH IOCJIEIOBATEILHOCTH C HOMEPOM T;

e Append(zx,y) = HOMEp OCJIEIOBATEIILHOCTH, KOTOPasl IOJIy9aeTCsl
MIPUITUCHIBAHUEM YUCJIA Y K TTOCTETOBATEIHHOCTH C HOMEPOM X.

Bcee stu dyskuum (1 gpyrue aHaJOrudHble) CBOJATCS K PA3JIMIHBIM OIle-
pa].[I/IHN[ C IIpOCTbIl\H/I qucJIaM 1 MHOZKUTEJIAMMU, KOTOpI)Ie MBI B CyIH,HOCTI/I
y2Ke pasbupaJn.

Temepsb MBI TOKaXKeM, 9TO (DYHKIUST

x— H(x) =[h(0),h(1),...,h(x)]
UPUMUTHBHO peKypcuBHa. B camom nese, H(0) = [¢], a
H(k+1) = Append(H (k), F(k + 1, Select(g(k + 1), H(k)))). >

11.5. MawwHel ThloprHra n NpUMNUTHUBHO
PEKYpPCUBHbIE (DYHKLMN

MpbI paccMOTpesr HECKOJIBKO PA3IMIHBIX [TPUEMOB TOCTPOCHUST TTPH-
MUTHBHO PEKypPCUBHBIX byHKIm. TeM He MeHee OCTaTcsi HE BIIOJIHE
SICHBIM, HAaCKOJIBKO 3TOT Kjacc Iupok. Ceifyac Mbl IIOKayKeM, YTO OH
BKJIIOUYAET B ce0sl BCe JOCTATOYHO OBICTPO BBIUUC/IUMBIE (DYHKITUH.

Teopema 76. JIwobast dbyHKIHMS, BeraucInMast Ha MarrmHe ThOpuHTa
He Gojiee YeM 3a UPUMUTHBHO PEKypCHBHOE (OT JJIMHBI BXOZA) BPEMs,
[IPUMUTHBHO PEKYPCUBHA.
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< HamomMHWM, 9TO MBI CUMTAaE€M BXOJOM U BBIXOJIOM MAIMUHBI TbHIo-
puHTa CJIOBa U3 HyJsel u eauHuIl. [IoCKOIbKY apryMeHTaMu U 3HAYEHUSI-
MU IPUMUTHBHO PEKYPCHUBHBIX (DYHKIUN SBIILAIOTCH YHCIA, TeOpeMa Oy-
JeT UMETh CMBICJI, TOJIBKO €CJIA MBI JOTOBOPUMCSI OTOXKJIECTBJISTh UNUCIIA
u cjoBa. Kak y»Ke roBOpHIOChH, MbI OTOXKJIECTBJISIEM YHCJIO N CO CJIOBOM,
KOTOPOE TIOJTy9aeTCs TIOC/Ie yIajleHns crapiinero oura 1 B TBOMIHOM pa3-
JIoyKeHNN qucaa n + 1.

IIpu nmuTamyuu paboThl MamuH THIOPUHTA C TIOMOIITHIO TPOTPAMM MbI
KOJIMPOBAJIA COCTOSTHUE MAIIUHBI Y€THIPHMsI IUCIaMU (KOJI JIEBOH 4acTh
JIEHTBI, KOJ| TIPABOIl YaCTH JIEHTBI, COCTOsIHUE U OYyKBa IMOJ TOJIOBKOIf).
IIpu sToM ymobHO OBLIO TaKOe KOAWPOBAHWE: JIEBYIO YaCTh JIEHTHI MBI
CUMTAJIN 3aIMChI0 YHUCJIa B CHUCTEMEe CUYHUCJIEHUd, B KOTOPOH OCHOBaHUE
PaBHO YHCJIy CHMBOJIOB B a/I(DABUTE MAIIMHBI, 8 POOE CIUTAETCS Hy-
JIEM; C IIPaBO#l YaCTHIO JIEHTHI MBI IIOCTYIIAJIN TaK 2Ke, TOJBKO B 00paT-
HOM TopsiKe (MJajme paspsiibl y rosioBku). IIpu arom jpobasienune
WIN U3bITHE CAMBOJIA Y TOJIOBKH COOTBETCTBOBAJIO IPOCTOil apudme-
TUYecKoil onepanuu (yJajeHue — ITO JIeJEHUE HAIE/I0, J00aBIeHre —
YMHOKEHUE Ha OCHOBAHME CUCTEMbI CUUCJICHUs U cjoxkenue). [lpu rakom
KonupoBaHuy PYHKIWK 1epexosa (dersipe MyHKIMU YeTBIPEX apryMeH-
TOB, TIOKA3BIBAIOIIUE CJIEIYIONIEE COCTOSTHNE KaK (DYHKITUIO TIPEJIBIIYIIE-
o), 3aIIUCHIBAIOTCS IIPOCTLIMU (DOPMYJIAMU U IIPUMUTUBHO PEKYDPCUBHBL.

Tenepsb paccMOTPUM UTEPUPOBAHHYIO (PYHKIIHIO IIEPEXOIa, KOTOPas
TOBOPHUT, KAKOBO Oy/IEeT COCTOSHIE MAaIWHBI THIOPUHTA TOCTe ¢ IIMaroB.
Tounee, TyT uMeroTcs YeTbipe DYHKIUHU OT ISATH apryMEHTOB ([epBble
YeTbIpe apryMeHTa KOJHUPYIOT COCTOsIHUE, ISATHIA IPEJICTABISAET COOOM
quceo maros). VX onpejesieHrne UMEET BHJ COBMECTHON PEKYpPCHU, KO-
TOPYIO MbI TOJIBKO 9TO pazobpasin. [loaroMmy 3Tu hyHKINYT TPUMUTUBHO
pekypcuBHBI. Bynem cuuTarh, 9TO MOC/E MOSBICHUS 3aKII0IUTETHHOTO
COCTOSHIHN KOH(MUTypalust MaIMUHbL He MeHseTcd. Fcim Mbl 3HAaeM, 91O
9HCJIO MIAr0B PabOTHI OrPAHUYEHO IPUMHUTUBHO PEKYPCUBHOM DYHKIIHEH,
TO JIOCTATOYHO MOJCTABUTH €8 HA MECTO HATOrO apryMeHTa (IHucia mna-
roB), 4T00bI yOEIUTHCS, UTO 3aKI0UNTEIbHAST KOH(MUTYPALUA MAITUHDL
SIBJISIETCs] IPUMUTABHO PEKYPCUBHON (DYHKIHEH OT eé HAYaJbHON KOH-
durypamuu. CrieoBaTeIbHO, PE3YILTAT PADOTHI SIBJISIETCST IPUMUATHBHO
PeKypcuBHON (DYyHKIII HAYATHLHOTO JAHHOTO.

DT0 paccyXKJeHne HesIBHO UCIIO/Ib3yeT IPUMUTHBHYIO PEKYPCUBHOCTD
pasIuIHbIX (DYHKIMIA, CBSI3aHHBIX C IIEPEXOIOM OT OJHOIO IIPEJICTaBIIE-
HUS JAHHBIX K apyromy. Hampumep, Bxom Mamuubl ThloOpUHTa SIBISETCS
JBOUYHBIM CJIOBOM, KOTOPOE MBI JJOTOBOPUJIUCH OTOXKJECTBJ/IATDH C HEKO-
TOPBIM YUCJIOM Z. DTOMY BXOJY COOTBETCTBYET HaYaJbHAs KOHPUTYDaA-
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st MAIUHBL THIOPUHTA, KOTOPYIO MBI KOAUPYEM YeTBEpKoit unces. Ham
BayKHO, 9TO 9Ta IeTBEPKA MPUMHUTHBHO PEKYPCUBHO 3aBUCUT OT X. DTO
JIETKO TIOHSITh, TAK KaK [IPe0OPA30BaHUE CBI3aHO C IIEPEXO/IOM OT OJHON
CHCTEMBI CYUCJIEHUs] K JAPYTrof (OHO M TO JKe CJIOBO KOAUPYET Pa3Hble
YHUC/IA B PA3HBIX CHCTEMAX CUYMCJICHUS); IPUMUTHBHYIO PEKYPCHBHOCTH
TaKUX (PYHKIUI JETKO YCTAHOBUTD C ITOMOIIBIO OIMMCAHHBIX BBIIIE METO-
noB. Kpome Toro, Ham Ha/10 u3 BBIXOMHON KOH(MUIYPAIUH TPUMUATHBHO
PEKYPCHBHO W3BJIeYb PE3YJIbTAT M TaKKe [I€PEKOIUPOBATH €r0, a TaK-
JKe TI0 BXOJy IOJIyYATh ero JUInHYy (4TOOBI MOJCTABUTH B MPUMUTHBHO
PEKYPCUBHYIO (DYHKIMIO, OrPAHMIUBAIOILY0 1uciIo maros). Ho Beé aro
TaKKe He BBIXOJIUT U3 Kpyra pa300paHHBIX BBIIIE MPUEMOB, U TOAPOOHO
OCTaHABJIMBATHCS HA 9TOM MBI He Oyzmem. >

DTa TeopeMa ybexK1aeT HAC B IPUMUTUBHON PEKYPCUBHOCTH MHOTUX
JIOBOJIBHO CJIOZKHO OIpeesseMblx dyukiuit. Hampumep, paccMorpum
dbysKImO N (N-BIi KEeCATHYHBL 3HAK TnCsa 7). I3BeCTHO, YTO BBIYMC-
JIEHBI MUJIJTAOHBI TAKUX 3HAKOB, IIO3TOMY €CTh BCE OCHOBAHUS I10JIaraTh,
9TO U3BECTHBIE aJrOPUTMbI PabOTAIOT HE CJIMIIKOM JIOJIN0 — OBLIO ObI
OYeHb CTPAHHO, ecu Obl BpeMs uX PabOThl (Jlazke yIUThIBas HeyI00-
cTBO MamuHbl ThIOpUHTa JjIsi IPOrPAMMUPOBAHUS) HE OIEHUBAJIOCH ObI,
ckazkeM, (pyHKImeil ¢ X 2" npu J0CTaTovHO H6OJIBIIOM ¢. A Takas oreH-
Ka IIPUMUTHBHO PEKYPCHBHA, YTO IIO3BOJISIET COCJIATHCS HA TOJIBKO UTO
nokazannyio teopemy. (Ha camom mese TyT GoJiblmoit 3amac — cyiie-
CTBYIOT IPUMUTHBHO PEKYPCHUBHBIE (DYHKIMH, KOTOPBIE PACTYT TOpa3ia0
GbicTpee 2™.)

Hpyroe onucanne Kjaacca MIPUMUTUBHO PEKYPCUBHBIX (PYHKIUA, 60-
Jiee TIOHSATHOE IIPOTPAMMUCTAM: 3TO (DYHKITUU, KOTOPBIE MOYKHO BBIYHC-
JISTH [IPOrpaMMoii, cosepzkaireil if-then-else-sersiienus: u for-nukJibr, HO
He cozeprkaiue while-ukos (1 Tem 6osiee go to U Pa3HBIX JAPYIUX Ha-
KoCTell TUIa u3MeHeHus napamerpa for-1ukia BHYTPH IUKJIA,).

100. ChopmysupyiiTe n JOKaXKUTE COOTBETCTBYIOIIEE YTBEPXK ICHNUE.

11.6. HacTuyHo pekypcuBHble OyHKLMN

Omnepatopsl TPUMATHBHON DEKYPCHH W IOJCTAHOBKH HE BBIBOIAT
Hac U3 KJacca BCIO/y ompeenéHubix ¢dpyukiuit. He Tak obcrouT seo ¢
ONEPATMOPOM MUHUMUZAUUYU, O KOTOPOM MBI yke yrnomuHas . OH mpu-
menstercst K (k+ 1)-mectroit dbyukiun f u gaér k-MecTHyo HYyHKIMIO g,
oupejeasgemMyio Tak: ¢(xi,...,Tg) €CTb HAHMEHbBIIECE Y, IJIsI KOTOPO-
ro f(z1,...,2k,y) =0.

CMBICTT BBIZIEJIEHHBIX CJIOB $ICEH, ecyn (DYHKIWA f BCIOMy OIpeseste-
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na. Ecam HeT, TO MOHMMATH WX HAJO Tak: 3HaUeHUE §(T1,...,Tk) PaB-
o y, ecom f(x1,...,Tk,y) OUPEIEJEHO M DABHO HYJIO, & BCE 3HAYE-
wust f(z1,...,Yg,y’) 1pu Yy < Yy ONDPEIEIEHBI U HE PABHBI HYJIIO.

YacTo ucob3yercs 0003HaUeHue

g(x1,..., o) = py (f(21,...,28,y) = 0),

U IIOTOMY OIlepaToOp MUHUMM3AINN TaKzKe HA3BbIBAIOT [L-0NEPATOPOM.

dcHo, aTo Takoe ompeseneHne 06eCIeINBACT BEIYUCTUMOCTD ¢, €CJIN
Borancsuma f (Mbl IepebupaeM B MOPsKe BO3PACTAHUs BCE Y, OKUIIASI
IOSIBJIEHUS] HYJIEBOTO 3HAYEHUS).

101. IlokazkuTe, 9TO ecyin M3MEHUTH OIPEIEIEHNE U-OMEePpATOpa U pas3pe-
muth f(z1,...,Tk,y’) ObITL He onpeneéHHbIM Tipu Yy < y, To byHKIWHS g
MOXKE€T ObITh HEBBIYMCIMMON IIPYU BBIYUCIUMON f.

DyHKIMU, TOJTyJaoUecd U3 6a3UCHBIX (HyJIs, IPOEKIMU U IPUOAB-
JICHUS €JIMHUIIBI) C [IOMOIIBIO OLIEPATOPOB IMOJCTAHOBKU, IPUMHUTUBHOIL
PEKypCHH ¥ MUHUMW3AIINN, HA3BIBAIOTCS “ACMUYHO PEKYPCUBHbIMU. Fc-
Jin Takast (PYHKIINS OKA3bIBAETCS BCIO/LY OIPEJICIEHHOM, TO €€ Ha3bIBAIOT
obweperypcusHol MYHKITHEIA.

Takast cTpaHHasi TEPMUHOJIOTHS, BHAAMO, CJIOXKWIJIACH B DE3yJIbTATE IIe-
peBozoB ¢ aHrimiickoro. Ilo-anrymiicku O6bLIH “primitive recursive functions”
(mpumuTHBHO peKypcuBHBIE DyHKIMN). 3aTeM GbLI0 AaHO Gostee ob1uee (1o-aH-
rmiicku “general’) MOHATHE BBIYMCIMMON BCIOZY ONPENEEHHON (DyHKIMA, U
Takue pyHkuMn 6bLIM HasBaHBI “general recursive functions”. 3arem crasm
paccMaTpuBaTh U dacruunble (partial) BbrauciamMmble (DyHKIMM, Ha3blBast UX
“partial recursive functions”. B pycckom ke si3pike coBo “partial” momasio He
TYZa, 1 BMECTO YaCTUYIHBIX PEKYPCUBHBIX (DYHKIHI CTAIM TOBOPUTH O YACTUY-
HO PEKYPCUBHBIX (QYHKIMsIX. Ta Ke ydacTb IIOCTHIVIA U CJIOBO “‘general”;, Ko-
TOpPOE CTPAHHBIM OOpPa30M BOILLIO B IPHUJAraTeIbHOE <«ODIIEPEKYPCUBHAS> U
O3Ha4YaeT, 9TO (PYHKIWS BCIOAY OIpEJIesIeHa.

Teopema 77. Beakas GyHKIUsI, BBIYUCIUMAS C TIOMOIIBIO MAallln-
bl ThIOpUHTa, SIBJISIETCS YACTUYHO PEKYPCUBHOM.

< Ilycrs f — BBIYMCIMMAST € TIOMOIIBIO MaIuHbl Thiopunra (0603Ha~
quM 9Ty Mamnuny depes M) dyukuus ogHoro aprymenrta. Paccmorpum
cpoiicro T'(z,y,t), cocrosiiee B ToM, uro Mammua M Ha Bxoje T Ja-
ér oTBeT Yy 3a Bpems He Gosiee dem t. Kak Mbl Buean BBIIMIE, IO BXOY
MalHbl ThIOPUHIa W [0 BPEMEeHU t MOXKHO IPUMHUTUBHO PEKYPCUBHO
BBIYHUC/IUTH €€ COCTOsIHAE B MOMEHT t; sICHO, UTO MOXKHO TaKKe y3HATb,
3aKOHYUJIA JU OHA paboTy, U ecau 1a, TO ObLI Jim oTBeT paBeH y. UTak,
CBOMCTBO T’ IPUMHUTUBHO PEKYPCUBHO.



142 Pexypcusnvie pyrxyuu [ror. 11]

Tenepb 06beUHUM APIYMEHTHI § W § B TApPy C MMOMOIIBIO TPUMHU-
TUBHO PEKYPCUBHOIM HYMEPAIUH; TOJIYIUTCS TPUMUTHBHO DEKYPCUBHAS
byuxmus T', nus koropoit T'(x, [y, t]) = T(x,y,t); Ternepb MOXKHO Ha-
mucath f(z) = p1(pzT’(x,2)), rae p1 AaéT O HOMePY Haphbl €8 TePBhIH
WIEH, & [tz O3HAYaeT «HaUMEHBIIee z, JJisi KOTOPOro. . .». Takum obpa-
30M, QYHKIWSA [ sIBISETCST YACTUIHO PEKYPCUBHOM. [>

Bepno u obparHoe:

Teopema 78. Besikasi 9aCTHYHO PeKypCUBHAsT (DYHKIUS BBITHCIAMA
Ha mamwuae ThlopHuHTA.

< Jlerko Hammcarh IPOrpamMMy € KOHEUYHBIM YHUCJIOM IIE€PEMEHHBIX,
BBIUUCJISIONLY IO JIOOYIO YACTUYHO PEKYPCUBHYIO (DYHKIUIO (II0JCTAHOBKA
CBOJIUTCS K [TOCJIEI0BATEILHOMY BBITIOJTHEHUIO TPOIPAMM, PEKYPCUST — K
Ky Tuna for, MuHIMMU3aMg — K 1Ky Tuma while; ob6a Buma 1UKIIOB
JIErKO PEAIM3YIOTCs € HOMOIIBIO OLIEPATOPOB [IEPEXOJIA).

ITocste aToro ocraércest TOJIBLKO COCIATHCS HA TO, UTO BCsIKAsT (OYHKITHS,
BBIUKCJIsIEMAsT IIPOIPAMMOIl ¢ KOHEYHBIM YUCJIOM PErUCTPOB, BHITUCIMMA
Ha MamuHe Thiopunra (Kak Mbl Bujien B pasjeie 10.2, reopema 67). >

ITosToMy ecyin MBI BEpUM B «T€3HUC THIOPUHTA», TJIACAIIUN, 9TO BCS-
Kasl BBIYUCIMMas QyHKIMS BEIYUCIUMA Ha MamuHe ThiopuHra, TO JT0JIXK-
HbI BepUTH U B «Te3uc Yépuay (Besikas Bbraucmmas pyHKIUS JACTUIHO
PEKYDCHUBHA), TAK YTO 9TH TE3UCHl PABHOCHJILHBIL.

Ha camowm 1este uctopus 31ech cI0yKHEE U IPUMEPHO MOXKET ObITH OIHCAHA
tak. OmpeseseHne TPUMUTHBHO PEKYPCUBHON (DYHKITUN OBIIO JTaHO BEJIUKUAM
gorukoM Kyprom ['€neseM u MCIOIBb30BAHO KAaK TEXHUYECKOE CPEJICTBO IPU
JIOKa3aTe/IbCTBe TeopeMbl [61enst o HemosiHOTE, B Hadase 1930-x romos. O
2Ke JTaJT OTpe/iesienne obmepeKkypcuBHOi dhynknmu (He coBnasammee ¢ IpuBe-
JEHHBIM HAMM, HO SKBHBAJICHTHOE eMy). AmepukaHckuii soruk Asonzo Yépu
cOpPMYIUPOBAJI CBOI TE3UC JIJIsI BCIOAY OIPEIEJIEHHBIX (DYHKIUH, IIPEITosIo-
2KUB, YTO BCSAKAS BRITUCTUMASI BCIOMLY OIPEIeIEHHAS (DYHKITUST STBJISIETCST 00IIIe-
PEeKypCUBHOM. 3aTeM aMEepUKAHCKUA MaTeMaTuK KJIMHM TpeIIoKuiI pacipo-
CTPAHUTD STOT TE3UC Ha (PYHKIUH, He SIBJISTFOIIUECS BCIOLY OIPE/IeIEHHBIMH.

TTapastenbHo aHMIUACKAN MaTeMaTUK ThIOPUHT M aMEPUKAHCKUI MaTeMa-
tuk [locT mpeaioKuiim cBOU MOJE/N aOCTPAKTHBIX BBIYUCIUTEIbHBIX MallliH
(mammubl Triopusara u ITocta), OTAMYAIOIINECs JIUITb HEKOTOPBIME JETAJISIMHU,
U BBICKA3aJIM TIPEIIIOJIOXKEHNE O TOM, YTO TaKHe MAIUHBI MOKPBIBAIOT BECh
KJIACC AJITOPUTMHUYIECKHUX IIPOIECCOB. BCKOpe CTaIO SICHO, YTO BBIYMCIUMOCTD
dyHKIMN Ha TaKUX MAIIMHAX PABHOCUJIbHA YacTHIHON pexypcusHoctu. (Mc-
TOpHUYECKUE ITOAPOOHOCTH MOXKHO y3HATh n3 KHuru Kiuuau [4].)

Tak mim mHAUe, ceffyac BbIpaXKeHUsI «Te3uC ThIOpUHTa», «Te3uc Uépuas,
«te3uc [locray u T. M. 06BIYHO YIOTPEOIISIOT KAK CHHOHUMBI: 9TH TE€3UCHI yTBEP-
2KJIAIOT, YTO UHTYUTUBHO TIOHUMAEMBbI# KJIACC BBIYUCTUMBIX YACTUIHBIX (DYHK-
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1wt coBmaaeT ¢ OpPMAaIbHO OIPEIEIEHHBIM KJIACCOM YACTHIHO PEKYPCUBHBIX
dbyuxumii (Tesuc Yépua), BEIYUCIUMBIX Ha MamuHax Teopusra GyHkumii (Te-
suc Teropunra) u T.a. IIpu TakoM NOHMMAHHMU MOXKHO JOKa3aTh DABHOCHJIb-
HOCTh BCEX 9TUX TE3UCOB, TAK KAK BCE M3BECTHBIE (POPMAIbHBIE OIPEICTICHUS
BBIYHUC/IMMOCTH (IaCTUIHASL PEKYPCUBHOCTD, MAIMHBI THIOPUHIA U T. 1I.) IPH-
BOJISIT K OJTHOMY W TOMY K€ KJiaccy (PyHKITHIA.

(Bamerum B CKOOKax, WTO €mE OFHA BBIYUCIUTENHHAS MOJAETH — HOP-
MANBHBLE AA20PUPMDL, UITH arzopumms, Mapkosa, ObLau nipeyoxenbl Auape-
eM Annpeesndem MapKoBbIM-MIaAmuM — chiHoM Amjapest Auapeesuda Map-
KOBa-CTapIIero, B 9€CTh KOTOPOrO0 HA3BAHBI MAPKOBCKHUE IIEMMM M MapPKOBCKHUE
nporeccbl. 910 6610 yke B 1950-e rompl. MapKoB mucas CJIOBO a.420pugpm
qepe3 «@». COOTBETCTBYIOINN HIPUHIUAI <«BCSIKHUI aaropudM SKBUBAJIECHTEH
HOpMaJIbHOMY» MapKOB Ha3BIBAT NPUHUUNOM HOPpMarudayuu. B ero paborax
HOPMAaJIbHBbIE AJITOPUMMBI UCIIOJIH30BAJIACH JJIsl IIOCTPOEHNT HEPA3PENINMOro
aCCOIMATUBHOIO UCYUCIeHus, cM. pa3naea 9.4. Kpome Toro, MapkoB peajbHO
BBIIUCAJT BO BCEX JIETAISIX KOHCTPYKITAIO YHUBEPCAIBHOTO AJITOPUTMA U ITPOBET
TOYHOE JIOKA3aTEJIbCTBO €r0 KOPPEKTHOCTH; KAsKETCs, ITO JOCTHKEHIE OCTAET-
Csl HUKEM He MOBTOPEHHBIM — HU y KOTO OOJIbIlle HE XBATUJIO HACTONYUBOCTH,
9TOOBI JJIs KAKOTO-TO SI3bIKa TPOrPAMMUPOBAHUS HAIUCATD HA ITOM SI3bIKE €T0
UHTEPIPEeTaTOp U GPOPMAIBbHO JOKA3aTh €0 KOPPEKTHOCTS. )

Hame mokazareascTBo Teopem 77 u 78 MO3BOJISIET TAKKe HOJIYIUTh
TaKOe CJIEJICTBUE, HA3BIBAEMOE UHOT/IA Mmeopemoli Kaunu o Hopmasvrol
popme:

Teopema 79. Besikast wacTuuHO pekypcuBHast GyHKIMs f IIpeCcTaBu-
Ma B BUIE

f(2) = aluz(b(z, 2) = 0),
rie a u b — HEKOTOpble IPUMUTUBHO PEKYypPCHUBHBIE (DYHKIUN.

<1 B camowm jeste, ir0basi YaCTMYIHO PEeKypCUBHAsT (DYHKIIUST BBIYUC-
JINMa, Ha MaImuHe ThIOPUHTA, & CJIEIOBATEIHLHO, IIPEJICTABAMA, B HY2KHOM
HAM BUje, KAK BUJHO U3 JI0OKA3ATeIbCTBA TeopeMbl 77 (B KadecTse a Oe-
pércs DYHKIWMs, JAIONMIA IePBbIii 4IeH Naphbl 110 eé HOMepY ). >

Mpbr cchopMyTHPOBAJTH ITY TEOPEMY JIJIs CAydasi OJHOMECTHON (pyHK-
nuu f, HO AaHAJIOTUYHOE YTBEPKIEHUE BEPHO U JJIsi (DYHKIUI HECKOJIBKHIX
apryMeHTOB (U JOKa3aTeJbCTBO MOYTH HEe MEHACTCH).

102. TlokaxkuTe, YTO OJHUM U-OMIEPATOPOM, IPUMEHSIS €r0 MOCIEIHNM, HE
000MTHCH: He BCAKAA YACTUYHO PEKYPCHUBHAs (PYHKIUS IIPEJICTABUMA B BHUJIE

f(@) = pz(b(z, z) = 0)

rae b — HeKOTOpasi IPUMUTHBHO PEKYPCUBHAS (DYHKITHS.
U3 teopembr Knmman o HopmasibHO! hopMe BBITEKAET TAKOE YTBED-
JKJICHHE:
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Teopema 80. Besikoe nmepedncmmoe MHOZKECTBO €CTh IIPOEKIHS TIPH-
MUTHBHO PEKYPCUBHOTO MHOKECTBA.

< Ilepeunciimmoe MHOXKECTBO €CTh 00/IACTD OIPEE/ICHNs] PEKYPCUB-
HOI (DYHKIINH; TIPEJICTABUB €€ B HOPMAJILHOH (hOpMe, BUJIUM, 9TO 06JIaCTh
OlpeJIesIeHns €CTh IIPoeKIust MHOXKecTBa {(x, z) | b(z, z) = 0}. >

11.7. BbluncnmmocTb ¢ opakyniom

OrnpesiesieHne Kiiacca 9acTUIHO PEKYPCUBHBIX (DYHKITHI JIETKO MOJIH-
dunuposaTh JUId cilydasl BBIMUCIUMOCTH C opakysnoM. Ilycts mmeercs
HEKOTOpas BCIOJy olpeieiénnas ynkuusa «. Pacemorpum kiace Flal,
KOTOPBIN coCTONT U3 6A3UCHBIX (PYHKIWM, PYHKIUA ¢ U BCEX IPYTUX
dyHKIMA, KOTOPbIE MOTYT OBITH U3 HUX IIOJIyYEeHBI C IIOMOIIBIO II0J/ICTa~
HOBKU, IIPUMUTUBHON PEKYPCUU Y MUHUMU3AIUU.

(®opmabHO MOXKHO CKa3aTh Tak: JF[a] ecTh MUHUMAJBHBIH Kiacc,
KOTOPBI cofiepkuT Ha3ucHble DyHKINNA, DYHKINIO (¢ U 3aMKHYT OTHO-
CUTEJIbHO TOJCTAHOBKU, TPUMUTHBHON DPEKYPCHUM U MUHAMU3AIMH. 1a-
KOl MUHMMAJIbHBIH KJIACC CYIIECTBYeT — JIOCTATOYHO B3ATH [I€PECedeHne
BCEX KJIACCOB C 9TUMU CBOJCTBAMIL. )

Teopema 81. Kiace Fla] cocrout u3 Beex (QyHKIWH, BHIYHCIUMBIX
¢ OpakyaoM « (TO €CThb ¢ IOMOIIBIO MPOrPAMM, BBI3BIBAIONIMX (v KaK
BHEIIHIOIO IIPOLEIYDY ).

< IIpexne Bcero 3ameTuM, 9T0 Bee (DYHKIMK U3 Kiacca F[a] Bbrauc-
JINMBI € TIOMOIIBIO TAKUX [IPOIPAMM. DTO MOXKHO OObSICHUTH, HAIIPUMED,
Tak. [IporpaMMbl ¢ KOHEYHBIM YUCJIOM ITE€PEMEHHBIX BBIUUC/ISLIN BCE Ya-
CTUYHO-peKypcuBHble (byHKInu. Ecaun n106aBuTh K HUM MPUMUATHBHYIO
OTIEPAITNIO BBIYUC/IECHUS 3HAYCHUS (DYHKINH (¢ B 33 IAHHON TOYKE, TO OHU
TOYHO TaK Ke OyAyT BBIYUCIATH Bee PyHKIMM U3 Kiaacca Fla].

Boutee comepxaTebno o6paTHOE YTBEPKIEHIE: MbI XOTUM JI0KA3aTh,
9TO ecJu HeKOTopasl (YacTuaHasi, BOOOIE roBopst) QyHKIMs BBIUUCIUMA,
OTHOCHTEJILHO (¥, TO OHA MOXKET OBITH IOJIyUeHa U3 6A3UCHBIX (DyHKINT
U U3 (¢ C TIOMOIIBIO [TOJICTAHOBKH, PEKYPCUM U MUHUMUBAIIWM.

17151 9TOro BCHOMHMM KPUATEPHUl OTHOCUTEIHHON BEIYUCIUMOCTH, JTAH-
HBII HaMu Bbliie B pasueste 7.2 (teopema 46). Ilycrs dynkuus f Bbramc-
JINMa OTHOCHUTEJBHO BCIOy omnpenenaéunoil ¢dynknun «. Torma, Kak MbI
3HAEM, CYIIECTBYeT MepedrcanMoe MHOKecTBo W Tpoek Buza (x,y,t),
rje T U Yy — HATypaJbHble YUCIa, a t — o6pa3ipl (DYyHKIUU ¢ KOHEY-
HOIT 06JIACTBIO OIIpEJIesIeHNs] ), KOTOPOE SIBJISIeTC KOPPEKTHBIM (TPOHKY
C OJIMHAKOBBIM I, HO PAa3HBIMHU Y COJIEPXKAT HECOBMECTHbIE OOpA3Ibl) U
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LTSI KOTOPOTO
fx)=y< 3t ((z,y,t) € W u t ectb 9acTb GYHKIMA ).

Mar ceffuac OKazKeM, 9TO CBOMCTBO «t €CTh 9acThb (DYHKIINN (v» SBJISETCST
MIPUMUTUBHO PEKYPCUBHBIM OTHOCUTEIBHO (v €r0 XapaKTEePUCTUIECKAst
GYHKIHS TOJydaeTcs n3 0a3UCHBIX (DYHKIWN W U3 (¢ C TIOMOIIBIO OTie-
panuii mojctaHoBku u pekypcun. (HamoMHEM, 9TO MBI OTOXKIECTBIISIEM
00pAa3Ibl ¢ MX HOMEPAMHU B KAKO-TO HyMepalun; 0 eé BhIOOpe CM. HUKE. )

ITocne sroro ocramercs: 3amucars W Kak MPOEKIUIO NPUMUTUBHO
pekypcuBHoro muoxecrsa ({(x,y,t) € W < Ju (v(z,y,t,u) =0), rue
U IPUMHUTHUBHO DEKYDPCHBHA), U 3aMETUTh, YTO

f(x) =p1(pz V' (z,2) = 0).

3aech v\ — NPUMUTHBHO PEKypPCHBHAS OTHOCUTEIBHO v (PyHKIMS, IS
kotopoit v'(z, [y, t,u]) = 0 Torma u TonbKo TOTAA, Korga v(x,y,t,u) =0
u t ecTh 9acTh PYHKIUU v, & PYHKIINS pPi BBIJIEJSET U3 HOMEPa TPOHKHU
[y, t, u] €€ mepBbIit wWieH y.

Ocrasioch MOKa3aTh, YT0 MHOXKECTBO {t | oGpaser; ¢ HOMEPOM ¢ ecTh
gacTh (QYHKINN (v} ABJIAETCA MPUMHUTHBHO PEKYDPCUBHBIM OTHOCHUTEIh-
Ho . Ilpu mokazareinbcTBe MBI GyIeM IIPeoJaraTh, YTO HyMepalust
06pasIoB TaKoBa, 4TO cjeiylomue (PYHKIMU TPUMATUBHO PEKYPCHBHBI
(oHM onpe/IesIeHbI J1jIst 0GPA3IOE C HEMYCTOH 00JIACTHIO ONPE/ICCHUST; JJIs
MyCcTOro 06pasma JTOOMPEIEUM X KaK YTOIHO):

o last-x(t) — naubosibiiee U3 Ynces, HA KOTOPOM OIIPEIEJIEH 0Opaser
C HOMEPOM t;

e last-y(t) — 3nauenue pyHKkuuI-06pasE@a ¢ HOMEpOM ¢ B MAKCUMAJIb-
HOI TOUKe CBOE 00JIaCTU OIPeIeIeHNS;

e all-but-last(t) — Homep of6pasiia, KOTOPBIH MOJIyIUTCsT U3 00pasia
C HOMEpOM ¢, ec/ii yIauTh MAKCUMAJIbHYIO TOYKY OOJIACTH OIIpe-
JIeJICHUSI.

Torga MOXKHO 3aIIUCATH TAKOE PEKYPCUBHOE OIPEIEIEHHE: 00paser ¢
HOMEpPOM t eCTh JacThb (PYHKINN (v, €C/ii JIMOO 3TOT 0Opaser MycT, JTHO0
a(last-x(t)) = last-y(t) u obpaszer; ¢ HomepoM all-but-last(t) ects gacTh
dysKIIT O

DTo ompesiesieHne UCHOJIb3YeT <«BO3BPATHYIO PEKYPCUIO», KOTODPast
pazobpana B Teopeme 75 (c. 137); 3nauenue bYyHKIME OIpeeJiser-
Cs1 PEKYPCUBHO Yepe3 e€ 3HAa4YeHUsl B MEHBIMX TO4YKaX. Haao TOJBKO
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BLIOpATh HyMeparuio o0pas3inos Tak, 4robbl all-but-last(t) Gbuio MeHb-
mre ¢t g BeeX t. DTOro HECIOXKHO JOOUTHCA: HAIPHMED, MOXKHO HYy-
MEpOBaTh 00pPa3Ipbl C MOMOINBIO IIPOCTBIX YHUCEN, CIUTAad, YTO OOpa-
zen; {{(a,b),..., (e, f)} umeer HOMED pt(lb+1) . .pgf+1), e p; — IpPoCToe
9HCJI0 ¢ HOMEPOM 4 (Tak 4ro pg =2, p1 = 3, p2 = 5,...). >

3amMeTnM, 9TO JIOKA3aTEIbCTBO CTAJIO ObI HEMHOTO TIPOIIE, €CJIH HC-
MOJTB30BATH TOJILKO «CILIONTHBIE 00Pa3IBl» (06IACTBIO OMPETETEHUST KO-
TOPBIX SIBJISIETCST HEKOTOPBII HATAIBHBIH OTPE30K HATYPATBHOTO PAJIA) —
TOIJIa MO’KHO HAYaTh C TOTO, YTO YCTAHOBUTDH IPUMUTUBHYIO PEKYPCUB-
HOCTDH (oTHOCHTENLHO ) byukimu 1 — [a(0), a(1),. .., «(n)]. Jlerko mo-
HSTH TAK?KE, YTO B ONPEJEJCHIN OTHOCUTEIBHON BBIMUCIUMOCTH MOXKHO
OIPaHUYATHCA TOJBKO CILIOMIHBIMA OOpPA3IAMI.

11.8. OueHku ckopoctun pocta. PyHkuus AkkepmaHa

O6parumcst Terepb K BOIIPOCY, KOTOPBI MOXKHO ObLIO ObI 33/1aTh YKe
JIABHO: CYIIECTBYIOT Ji OOINEPEeKypPCUBHBIE, HO HE MPUMUTHBHO DPEKYD-
cuBHble dyHKIuu?! Mbl TpuBeéM 11Ba JOKA3aTEILCTBA CYIIECTBOBAHUS
TaKOBBIX. [lepBoe mcxoauT 3 OOIIX COOOPaAKEHMIA:

Teopema 82. CyrrecTByeT BCIOZY OIpee/IéHHAS BBIYUCIUMAast (DYHK-
IUsI IBYX apryMEHTOB, YHUBEPCAJbHAsS JIJIsl KJIACCa BCEX MPUMHUTHBHO
PEKYPCUBHBIX (DYHKIIHIT OJTHOTO apryMeHTa.

OuesnjHo, uro eciu U — rtakast dynknus, To GyHKIMS d, JJIsT KO-
topoii d(n) = U(n,n) + 1, Gyner BCIOY ONpeeTSHHON, BBITUCIUMON 1
OyJeT OTIMYaThCst OT JIOOOH IPUMUTUBHO PEKypCUBHON (dyHKumu (0T
n-0if — B TOYKE n).

<1 Besikast npuMUTUBHO peKypCcuBHast (DyHKITUS [TOJIydaeTcs u3 ba3uc-
HBIX C TIOMOIIBI0 HEKOTOPOH MOCIEI0OBATEILHOCTH OMEePAIUil MOCTAHOB-
KU U peKypcud. ZIcHO, 9TO TaKyIo MOCIe0BATEIbHOCTD MOYKHO OIHUCATH
CJIOBOM B KOHEYHOM aJipaBUTE — TAK CKA3aTh, IPOrpaMMoii (B KOTOPOH
ITOCJIEIOBATEILHO OIIPEIEISIOTCS PA3JIMYHbIE IPUMATHBHO PEKYPCUBHBIE
byHKIMA U T KaXK 10 HAMMCAHO, U3 KaKUX JAPYTUX OHA IOJIyIaeTCs U
¢ HOMOIIBIO Kakux onepanuii). 13 Bcex nporpamm ot6epéM IporpaMMbl
JIJIsL ONIHOMECTHBIX (DYHKIWII (padyMeercs, B KAYeCTBE IPOMEXKYTOUHBIX
GYHKINH MOYXKHO HCIOIH30BATH (DYHKIMHU C JIIOOBIM YIHCIOM apTyMeH-
TOB). MHOXKECTBO TAKMX IPOTPAMM PA3PEINNMO, UX MOYKHO IIPOHYMe-
pOBaTh BBIYUCIUMBIM o6pasom. PyHKIms (n,x) — (pe3ysibrar HpuMe-
HeHus (QYHKIUYU, 3aJaHHON IIPOrpaMMoOil HOMEp n, K 4uciy z) Oyier
BBIYUC/IMMA U TI0 MMOCTPOEHUIO OyJeT YHUBEPCAJIHHON JJIsl KJIacca MpH-
MUTHBHO PEKYPCUBHBIX DyHKIWHA. >



[o. 8] Ouenku ckopocmu pocma. DPynkuyus Axkepmana 147

OHAKO MHTEPECHO YKa3aTh U 00JIee KOHKPETHYIO MPUIHAHY, MEIIaio-
Iy 0 HEKOTOPBIM BBIYHCIUMBIM (DYHKIUSM OBITH IPUMATABHO PEKYPCHB-
HbIMH. BOT 0/1HA M3 BO3BMOYKHOCTEIH: IPUMUATHBHO PEKYPCUBHBIE (DYHKIUN
He MOTI'YT OBICTPO pacTh. JTa ujes BOCXOIUT K AKKepMaHy, KOTOPBIi
OCTpOousI (PYHKIMIO, PACTYILYI0 OBICTpee BCeX MPUMHTHBHO PEKYPCHB-
HBIX — Pynryuro Axxepmana. Celiaac Mbl U3JI0KHM 3Ty KOHCTPYKITHIO
(xoTsl reTasu nocTpoeHus Oy T UHBIMHE).

OmnpejieuM  OCJI6I0BATENBHOCTD (DYHKIWHA (g, (1, ... OT OJHOTO
aprymenTa. (Bce atn dynkiun Gymyt Beroxy onpezaenéaubivu.) [oso-
®uM ag(x) = x 4+ 1. Oupenensist o;, MBI OyJieM HCIOJIB30BATH TaKOe
obosnauenne: fIM(x) ozmawaer f(f(...f(z)...)), tme dbyskuus f uc-
OJIb30BaHa 1 pa3. Tak BOT,

a;(z) = a7 ()

(movemy ymo6HO TpuUMEHATH (DYHKIMIO ;1 POBHO X + 2 pa3a, Mbl yBH-
JIIM 9IyTh [1032Ke).

OueBnjiable cBoiicTBa ((POPMAIBHO MX MOXKHO JIOKA3ATh 10 UHIYK-
yn):

Q

i(x) > x upn Beex i n x;

e «;(x) BO3paAcTaeT C BO3pACTAHUEM I;

e «;(x) Bo3pacraer ¢ Bo3pacTanueM i (pu (HUKCUPOBAHHOM X );
o ai(z) = oi1(i-1(w)).

Tenepb MOXKHO OIIEHUTH CKOPOCTH POCTa JIIOOO0H TPUMUTHBHO PEKYP-
cuBHOW (byHKIINN.

Teopema 83. Ilycts f — mpuMuTHBHO peKypcuBHast QYHKIUS 1. ap-
rymenToB. Torma maiinércsa Takoe k, ITO

flx1,. .. x,) < ag(max(xq,...,x,))
DU BCEX L1, . - ., Tn.
< WUpest mpocTa — MOXKHO OIEHHTH CKOPOCTH POCTa KOMIIOZUIAH

byHKIMIA, 3HAsT ONEHKU JJIs KayKJI0M M3 HUX; aHAJOTUYHO I PEKYP-
cun. PopMaJIbHO T'OBOpsi, JOKA3aTEIbCTBO MCIOIB3YeT <«UHIYKIMIO 10
MMOCTPOEHUIO» MPUMUTUBHO PEKYDPCUBHBIX (DYHKITHN.

st 6a3ucHbIX QyHKIUN yTBEpKIeHME odeBuaHO. [locMoTpuMm Ha
MOACTAaHOBKY. IIycTh

f(@) = g(ha(), ..., hi(z))
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(u1st KpaTKOCTH MBI THAIIEM OfHY OYKBY X, UMesl B BHJy BEKTOD Iepe-
MeHHbIX). [Iycrs oy omenuBaer Bce dbyukimu hy, ..., hy u Gyskuuo g
cBepxy, 10 ecTb h;(x) < ay(max(x)) upu Bcex i u x, a Takke g(y) <
< an(max(y)) (3mech max(u) O3HAYACT MAKCUMAJBHBIN JIEMEHT B Ha-
6ope u). Torma f(x) He npeBocxOIUT

ay(max(hi(x),...,h(2))) < ay(an(z)) < ani1(x)

(MBI TIOJIB3yeMCsl YKa3aHHBIMU BBIIIe CBOficTBAMU (DYHKIWMH ;).
IMoxoxke (HO HEMHOTO CJIOXKHEE) ea0 obcTouT ¢ pekypeuei. Ilycrn
dbyuknus f onpeensercs PeKypPCUBHO:

f(ZL’,O) = g(z);
flz,n+1) = h(z,n, f(x,n)).

(3mech = Takke obo3HadUAET HAGOpP HECKOJIBKUX IlepeMeHHBIX.) Ilycrb
dbyurnuu g u h orenuBaroTcs cBepxy pyHKueir ay. Torma

f(xa 1) = h({E,O, f(l'v O)) < aN(maX(xv 0, f(x,O))) <
< ay(max(z, 0, ay(max(x)))) < ay(ay(max(z)))

(B mocJsie/iHEM TIEepexojie MBI MOJIb3yeMcst TeM, 9ro an(t) > t). Axaso-
ruaso f(x,2) < ay(ay(ay(max(x)))) u Boobie

F(a,i) < Y (max(2)) < a1 (max(i, max(z))),

9TO0 U TPeOOBAJIOCH JT0KA3aTh. [>

SaMeTnM, 4TO KazKIbIi OlepaTop MOACTAHOBKY W PEKYPCUN yBEJIU-
qIUBAET HOMEDP BepxHeil oreHkn Ha 1, Tak 9T0 (DYHKIINS, B OIPEIETCHUN
KoTopoit He bojiee 100 orrepaTopoB, pacTéT He ObICTpee (1 -

O4eBUIHBIM CJIEJICTBUEM TI0JTy YeHHOIN OIEHKU SIBJISIETCSI TAKOE YTBEP-
KIACHUE:

Teopema 84. Oyukuus A(n) = a,(n) pacrér 6picrpee 000 IPUMU-
TUBHO PEKYPCUBHON (DYHKITUNU.

OrMmernm, uto onpejesnenne (yHkiun AxkepMmana (Tounee, DyHK-
i (n, ) — oy, (2)) BIOJIHE MOXKHO Ha3BaTh PEKYPCUBHBIM — OJIHO 3HA-
qeHne 31Ol (PYHKIUU OMPEeesIseTcs Yepes JApyTrue, ¢ MEHBIITUM ePBbIM
aprymenToM. OHO SBJISIETCS TPUMEPOM PEKYPCHUBHOTO OIPEIEICHUS, He
CBOJISIIETOCS K MIPUMUATUBHON PEKYPCUH.

103. ITokarkuTe, 9TO NPsAMOI NepecuéT (B BO3pacTaroleM nopsiake) 6ecko-
HEYHOI'O IPUMUTUBHO PEKYPCUBHOI'O MHOXKECTBa MO2KET He 6])ITI) IIPUMHUTHUBHO
PEKYPCUBHO# (byHKIIHEIH.



[o. 8] Ouenku ckopocmu pocma. DPynkuyus Axkepmana 149

104. ITokaxxure, 9To PyHKIMA, 0OOpATHAST K MPUMUATHBHO PEKYPCUBHOI OU-
ek ¢: N — N, MoxkeT He ObITh IPUMHUTUBHO PEKYPCUBHOIL.

105. Tlokaxkure, 9TO JJIs JIEOOONW OHOMECTHOW MPUMUTHUBHO PEKYPCUBHOM
dyuKImu h 1 1151 11000# TPEXMECTHON MPUMUTHBHO PEKYPCUBHON DYHKITUN g
PEKYPCHUBHOE OIIpejIeJIeHUe

f(2,0) = h(z);
flzi+1) = g(, i, f(22,1))

3aJa€T IPUMUTHBHO PEKYPCUBHYIO DYHKIIHIO.
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