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Çàíÿòèå 18.

Îïðåäåëåíèå. Ïóñòü a1, a2, ..., an - ïðîèçâîëüíûå ÷èñëà. 1) Ñðåäíèì àðèôìåòè÷åñêèì ýòèõ ÷è-
ñåë íàçûâàåòñÿ ÷èñëî A(a1, a2, ..., an) = a1+a2+...+an

n
. 2) Ñðåäíèì ãåîìåòðè÷åñêèì ýòèõ ÷èñåë íàçû-

âàåòñÿ ÷èñëî G(a1, a2, ..., an) = n
√
a1 · a2 · ... · an. 3) Ñðåäíèì ãàðìîíè÷åñêèì ýòèõ ÷èñåë íàçûâàåò-

ñÿ ÷èñëî H(a1, a2, ..., an) = n
1
a1

+ 1
a2

+...+ 1
an

. 4) Ñðåäíèì êâàäðàòè÷íûì ýòèõ ÷èñåë íàçûâàåòñÿ ÷èñëî

S2(a1, a2, ..., an) =

√
a21+a22+...+a2n

n
.

Çàìå÷àíèå. Â ñëó÷àå ñðåäíåãî ãåîìåòðè÷åñêîãî ìû áóäåì ñ÷èòàòü, ÷òî a1, a2, ..., an ≥ 0.

Ïðèìåð 1. Íàéäèòå A, G, H, S2 äëÿ a1 = 1, a2 = 4 è ñðàâíèòå èõ.
Íåðàâåíñòâî î ñðåäíèõ: ïóñòü a1,a2 ...,an ≥ 0, òîãäà âåðíî ñëåäóþùåå ðàâåíñòâî:

min(a1, a2, ...an) ≤ H(a1, a2, ...an) ≤ G(a1, a2, ...an) ≤ A(a1, a2, ...an) ≤ S2(a1, a2, ...an) ≤ max(a1, a2, ...an),

ãäå min è max îáîçíà÷àþò ñîîòâåòñòâåííî ìèíèìàëüíîå è ìàêñèìàëüíîå èç ÷èñåë a1, a2, ..., an.
Ïðèìåð 2. Äîêàçàòü íåðàâåíñòâî î ñðåäíèõ â ñëó÷àå n=2:

min(a, b) ≤ 2
1
a
+ 1

b

≤
√
ab ≤ a+ b

2
≤

√
a2 + b2

2
≤ max(a, b)

.

Çàäà÷à 1. à) Äîêàçàòü, ÷òî ïðè a > b > 0 âûïîëíÿåòñÿ 1
b
> 1

a
. á) Ïóñòü G ≤ A âûïîëíÿåòñÿ äëÿ

ëþáîãî íàáîðà a1, a2, ..., an. Äîêàæèòå, ÷òî òîãäà H ≤ G äëÿ ëþáîãî íàáîðà a1, a2, ..., an.
Çàäà÷à 2. à) Ñóììà ïÿòè ïîëîæèòåëüíûõ ÷èñåë ðàâíà 10, äîêàæèòå, ÷òî ñóììà êâàäðàòîâ ÷èñåë

íå ìåíüøå 20. á) Êàêîå íàèìåíüøåå çíà÷åíèå ìîæåò ïðèíèìàòü ñóììà ÷åòûðåõ ÷èñåë, åñëè èõ ïðîèç-
âåäåíèå ðàâíî 16. â) Äîêàæèòå äëÿ x ≥ 0 íåðàâåíñòâî x5 +3x4− 9x3 + 9 ≥ 0. ã) Äëÿ ïîëîæèòåëüíûõ
a, b, c, d äîêàæèòå íåðàâåíñòâî ab2c3d4 ≤ (a+2b+3c+4d

10
)10.

Çàäà÷à 3. Äîêàæèòå äëÿ ïîëîæèòåëüíûõ a1, ..., an íåðàâåíñòâî (a1 + ...+ an)(
1
a1

+ ...+ 1
an
) ≥ n2.

Íåðàâåíñòâî Êîøè-Áóíÿêîâñêîãî: (a1b1 + ...+ anbn)
2 ≤ (a21 + ...+ a2n)(b

2
1 + ...+ b2n)

Çàäà÷à 4. Äîêàæèòå íåðàâåíñòâî Êîøè-Áóíÿêîâñêîãî à) ïðè n=2; á) ïðè n=3.

Òðàíñ-íåðàâåíñòâî (ïåðåñòàíîâî÷íîå íåðàâåíñòâî): ïóñòü a1 ≤ a2 ≤ ... ≤ an, b1 ≤ b2 ≤ ... ≤
≤ bn, òîãäà

a1b1+a2b2+ ...+an+1bn−1+anbn ≥ a1b
′
1+a2b

′
2+ ...+an−1b

′
n−1+anb

′
n ≥ a1bn+a2bn−1+ ...+an−1b2+anb1,

ãäå b′1, b
′
2, ..., b

′
n - êàêàÿ-òî ïåðåñòàíîâêà b1, b2, ..., bn.

Çàäà÷à 5.Äîêàæèòå òðàíñ-íåðàâåíñòâî à) äëÿ n=2 (a1 ≤ a2, b1 ≤ b2, òîãäà a1b1+a2b2 ≥ a1b2+a2b1);
á)* äëÿ n=3; â)* äëÿ ïðîèçâîëüíîãî n.

Çàäà÷à 6. à) Äîêàæèòå íåðàâåíñòâî î ñðåäíèõ ïðè n=4. á) Èñïîëüçóÿ çàìåíó a4 = 3
√
a1a2a3 è

ïóíêò à), äîêàæèòå åãî äëÿ n=3. â) Äîêàæèòå A ≤ S2 äëÿ ïðîèçâîëüíîãî n. ã) Äîêàæèòå äëÿ n
ðàâíîãî ñòåïåíè äâîéêè G ≤ A. ä) Ïðèäóìàéòå çàìåíó äëÿ a8 ïî àíàëîãèè ñ ïóíêòîì á), êîòîðàÿ
ïîçâîëÿåò âûâåñòè G ≤ A äëÿ n=7 èç G ≤ A äëÿ n=8. å) Âûâåäèòå G ≤ A äëÿ n=6 èç G ≤ A äëÿ
n=7. æ)* Äîêàæèòå G ≤ A äëÿ ïðîèçâîëüíîãî n.


