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Ââåäåíèå

Î ÷åì ýòà êíèãà

Îñíîâíàÿ èäåÿ ýòîé êíèãè � ïîêàçàòü, êàê àëãåáðàè÷åñêèå èäåè âîçíèêàþò è ðàáîòàþò

ïðè ðåøåíèè òîïîëîãè÷åñêèõ çàäà÷. Îñíîâíîå åå ñîäåðæàíèå � àëãîðèòìè÷åñêè ìî-

òèâèðîâàííîå ââåäåíèå â àëãåáðàè÷åñêóþ òîïîëîãèþ (òî÷íåå, â òåîðèþ ãîìîëîãèé è â

òåîðèþ ïðåïÿòñòâèé). Äàåòñÿ ïîïóëÿðíûé îáçîð ñ îñíîâíûìè èäåÿìè äîêàçàòåëüñòâ,

äîñòóïíûìè íåñïåöèàëèñòàì.

Õîðîøî èçâåñòíî, ÷òî ñóùåñòâóåò áûñòðûé (òî÷íåå � ëèíåéíûé) àëãîðèòì, îïðå-

äåëÿþùèé, âëîæèì ëè äàííûé ãðà� â ïëîñêîñòü, ò.å., ìîæíî ëè ãðà� ðàñïîëîæèòü

íà ïëîñêîñòè òàê, ÷òîáû åãî ðåáðà íå ïåðåñåêàëèñü è íå ñàìîïåðåñåêàëèñü (Õîïêðî�ò-

Òàðäæàí, 1974). Ìû ðàññìîòðèì àíàëîãè÷íóþ çàäà÷ó äëÿ ãèïåðãðà�îâ â ïðîñòðàí-

ñòâàõ ïðîèçâîëüíîé ðàçìåðíîñòè: êàê ðàñïîçíàòü âëîæèìîñòü n-ìåðíîãî ãèïåðãðà�à â
m-ìåðíîå ïðîñòðàíñòâî? Òåîðèÿ ãèïåðãðà�îâ (òî÷íåå, ñèìïëèöèàëüíûõ êîìïëåêñîâ) �
áóðíî ðàçâèâàþùèéñÿ ðàçäåë ìàòåìàòèêè, âîçíèêøèé íà ñòûêå êîìáèíàòîðèêè, òîïî-

ëîãèè è ïðîãðàììèðîâàíèÿ.

Âñå íåîáõîäèìûå îïðåäåëåíèÿ (ãèïåðãðà�, âëîæèìîñòü, NP-òðóäíîñòü, ãðóïïû ãî-

ìîëîãèé, ïðåïÿòñòâèå Âàí Êàìïåíà è ò.ä.) ïðèâîäÿòñÿ â êíèãå. Îïðåäåëåíèÿ è ïðèìåðû

ãèïåðãðà�îâ è ñèìïëèöèàëüíûõ êîìïëåêñîâ ïðèâåäåíû â �6. Íåêîòîðûå ðåçóëüòàòû î

ðåàëèçóåìîñòè ãèïåðãðà�îâ ïðèâåäåíû â [Sk14℄ íà ÿçûêå ñèñòåì òî÷åê. Èçó÷àþòñÿ ðåà-

ëèçàöèÿ ãðà�îâ íà ïëîñêîñòè (�1). Ñîîòâåòñòâóþùèé àëãîðèòì îáîáùàåòñÿ íà âûñøèå

ðàçìåðíîñòè â ï. 6.8, 6.9.

¾Ïîíÿòèå ïðåïÿòñòâèÿ, ïî-âèäèìîìó, âïåðâûå âîçíèêëî ó Âàí Êàìïåíà ïðè ðåøå-

íèè ïðîáëåìû î âëîæèìîñòè n-ìåðíûõ ïîëèýäðîâ â R2n
äëÿ n ≥ 2¿ [No76℄. (Ëþáîé n-

ìåðíûé ïîëèýäð âëîæèì â R2n+1
ïî òåîðåìå îáùåãî ïîëîæåíèÿ.) Ñì. [RS96, �2℄, [RS99,

�2℄, [RS99', �2℄, [Fo04℄, [Sk06, �4℄. Íî ïîêàçàòü îñíîâíóþ èäåþ ïðåïÿòñòâèÿ âàí Êàìïåíà

ãîðàçäî ïðîùå íà ÿçûêå òåîðèè ãðà�îâ: íà ïðèìåðå ïðîáëåì ïëàíàðíîñòè ãðà�îâ (â

ýòîì ïàðàãðà�å), ðàìñååâñêîé òåîðèè çàöåïëåíèé [Sk14℄ è àïïðîêñèìèðóåìîñòè ïóòè

âëîæåíèÿìè (�3). Â �3 ïðèâîäèòñÿ ýëåìåíòàðíîå èçëîæåíèå ïðîáëåìû óñòîé÷èâîñòè ñà-

ìîïåðåñå÷åíèé ïóòè íà ïëîñêîñòè [Mi97℄, [RS96, �9℄, [CRS98, �4℄, [RS98, �1℄, [ARS02, �4℄,

[Sk16'℄. Íà ýòîì ìàëîìåðíîì ïðèìåðå ìû ïîêàçûâàåì îñíîâíóþ èäåþ ïîñòðîåíèÿ ïðå-

ïÿòñòâèÿ âàí Êàìïåíà ê âëîæèìîñòè n-ìåðíûõ ãèïåðãðà�îâ â 2n-ìåðíîå ïðîñòðàíñòâî
(�6.8, 6.9). Îñíîâíûå îïðåäåëåíèÿ è ðåçóëüòàòû î ðåàëèçóåìîñòè ãèïåðãðà�îâ ïðèâåäå-

íû â �6. ï. 6.8, 6.9, 6.11 è

Â �10 íàïèñàíî, êàê ïðè èçó÷åíèè âëîæèìîñòè ãèïåðãðà�îâ â òðåõìåðíûå ìíîãî-

îáðàçèÿ âîçíèêàþò ãðóïïû êîãîìîëîãèé, è êàê îíè ïîìîãàþò äîêàçûâàòü êðàñèâûå

ìàòåìàòè÷åñêèå è àëãîðèòìè÷åñêèå ðåçóëüòàòû.

Ïðèâîäèìûå ðåçóëüòàòû è ìåòîäû èíòåðåñíû â êà÷åñòâå èçó÷åíèÿ îáùèõ ïðîáëåì

âëîæèìîñòè è çàóçëèâàíèÿ. Ñîãëàñíî Çèìàíó [Ze℄, êëàññè÷åñêèìè ïðîáëåìàìè òîïîëî-

ãèè ÿâëÿþòñÿ ñëåäóþùèå.

Ïðîáëåìà ãîìåîìîð�èçìà. Êîãäà äàííûå äâà ïðîñòðàíñòâà N è M ãîìåîìîð�íû?

Êàê îïèñàòü ìíîæåñòâî ãîìåîìîð�è÷åñêèõ êëàññîâ ìíîãîîáðàçèé èç çàäàííîãî êëàññà,

íàïðèìåð, çàäàííîé ðàçìåðíîñòè n?
Ïðîáëåìà âëîæèìîñòè. Êàêèå ïðîñòðàíñòâà N âëîæèìû â Rm

äëÿ äàííîãî m?
Ïðîáëåìà çàóçëèâàíèÿ. Êàêèå âëîæåíèÿ f, g : N → Rm

èçîòîïíû? Êàê îïèñàòü

ìíîæåñòâî èçîòîïè÷åñêèõ êëàñîâ âëîæåíèé N → Rm
?

Èäåè è ìåòîäû, ïðèìåíÿåìûå äëÿ èçó÷åíèÿ ïðîáëåì âëîæèìîñòè è çàóçëèâàíèÿ,

ïðèìåíÿþòñÿ è äëÿ äðóãèõ ïðîáëåì òîïîëîãèè è åå ïðèëîæåíèé.

Îáíîâëÿåìàÿ âåðñèÿ ïîääåðæèâàåòñÿ íà www.m

me.ru/
ir
les/oim/algor.pdf.
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Î ñòèëå ýòîé êíèãè

Îñíîâíûå èäåè ïðåäñòàâëåíû íà ¾îëèìïèàäíûõ¿ ïðèìåðàõ: íà ïðîñòåéøèõ ÷àñòíûõ

ñëó÷àÿõ, ñâîáîäíûõ îò òåõíè÷åñêèõ äåòàëåé, è ñî ñâåäåíèåì ê íåîáõîäèìîìó ìèíèìóìó

íàó÷íîãî ÿçûêà. Áëàãîäàðÿ ýòîìó è òåêñò ñòàíîâèòñÿ äîñòóïíûì äëÿ íà÷èíàþùèõ, è

óäàåòñÿ áûñòðî äîáðàòüñÿ äî èíòåðåñíûõ ñëîæíûõ è âàæíûõ ðåçóëüòàòîâ, ìåòîäîâ è

òåîðåòè÷åñêèõ èäåé.

Òàêèì îáðàçîì, ìíîãèå èç ïðèâåäåííûõ èäåé ðàáîòàþò äëÿ áîëåå îáùèõ ñëó÷àåâ.

Ìû íå òðàòèì âðåìÿ ÷èòàòåëÿ íà íåñëîæíûå îáîáùåíèÿ. Èõ ëåãêî ïðèäóìàòü èëè íàé-

òè â ëèòåðàòóðå. Òðóäíî èìåííî ïðèìåíèòü îáùóþ òåîðèþ äëÿ ÿðêèõ ðåçóëüòàòîâ,

ñ�îðìóëèðîâàííûõ âíå ýòîé òåîðèè, êîãäà íåèçâåñòíî çàðàíåå, êàêóþ òåîðèþ íóæíî

ïðèìåíÿòü (è âîîáùå, ìîæíî ëè õîòü êàêóþ-òî òåîðèþ ïðèìåíèòü).

`Listeners are prepared to a

ept unstated (but hinted) generalizations mu
h more than

they are able, on the spur of the moment, to de
ode a pre
isely stated abstra
tion and to

re-invent the spe
ial 
ases that motivated it in the �rst pla
e.'

1

[Ha74℄

`The pre
eding theorem generalizes to many situations. In fa
t, there may not a
tually be

an optimal generalization in the sense that no matter what generalization is given, someone


ould produ
e a more general one. One of the advantages of being an understander rather

than a theorem quoter is that one may be able to obtain approa
hes to a wide variety of

theorems some of whi
h may not even have been formulated yet.'

2

[Bi83℄

Áîëåå ïðîñòîé ìàòåðèàë ïðèâîäèòñÿ, ÷òîáû ñäåëàòü åñòåñòâåííûì è äîñòóïíûì áî-

ëåå ñëîæíûé. Ïîïûòêà íà÷èíàòü ñ áîëåå ïðîñòîãî (íàïðèìåð, ñ ÷àñòíûõ ñëó÷àåâ) ïî-

âûøàåò ñàìîñòîÿòåëüíîñòü � à, çíà÷èò, ãëóáèíó è íàäåæíîñòü � îñâîåíèÿ ìàòåðèàëà.

Ïðîùå ñàìîìó äîêàçàòü ÷àñòíûé ñëó÷àé, ñàìîìó ïðîäóìàòü ïåðåõîä îò ÷àñòíîãî ê îáùå-

ìó, ÷åì ñàìîìó ñðàçó äîêàçàòü îáùèé ñëó÷àé. Ñàìîñòîÿòåëüíî ïðèäóìàííîå íàäåæíåå

çàïîìèíàåòñÿ è ëåã÷å ìîäè�èöèðóåòñÿ. Êðîìå òîãî, îáû÷íî íà ÷àñòíîì ñëó÷àå ïðîùå

îòëîâèòü è èñïðàâèòü îøèáêè. Ïîäðîáíåå ñì. [ZSS, �11.2℄.

Êàê ïðàâèëî, ìû ïðèâîäèì �îðìóëèðîâêó êðàñèâîãî èëè âàæíîãî óòâåðæäåíèÿ ïå-

ðåä ïîñëåäîâàòåëüíîñòüþ îïðåäåëåíèé è ðåçóëüòàòîâ, ñîñòàâëÿþùèõ åãî äîêàçàòåëü-

ñòâî.

3

Â òàêèõ ñëó÷àÿõ äëÿ äîêàçàòåëüñòâà óòâåðæäåíèÿ òðåáóåòñÿ ÷àñòü äàëüíåéøåãî

ìàòåðèàëà. Îá ýòîì óêàçàíî ïîñëå �îðìóëèðîâêè óòâåðæäåíèÿ. Íåêîòîðûå ðåçóëüòàòû

ïðèâåäåíû áåç äîêàçàòåëüñòâ, òîãäà äàþòñÿ ññûëêè âìåñòî óêàçàíèé. Åñëè ê óòâåðæäå-

íèþ (èëè çàäà÷å) íå ïðèâåäåíî íè äîêàçàòåëüñòâî, íè ññûëêà íà íåãî, òî îíî íåñëîæíî.

Îñíîâíûå ðåçóëüòàòû íàçûâàþòñÿ ¾òåîðåìàìè¿, ìåíåå âàæíûå ðåçóëüòàòû � ¾óòâåð-

æäåíèÿìè¿, âàæíûå âñïîìîãàòåëüíûå ðåçóëüòàòû � ¾ëåììàìè¿.

Â òåêñòå åñòü íåáîëüøîå êîëè÷åñòâî çàäà÷ (ïîëåçíî ðàññìàòðèâàòü è óòâåðæäåíèÿ

êàê çàäà÷è). Èçó÷åíèå ïóòåì ðåøåíèÿ çàäà÷ õàðàêòåðíî äëÿ ñåðüåçíîãî îáó÷åíèÿ ìà-

òåìàòèêå, ñì. [HC19, �1.1℄, [ZSS, �1.2℄ è äàííûå òàì ññûëêè. Îíî ïðîäîëæàåò äðåâíþþ

êóëüòóðíóþ òðàäèöèþ.

4

1

Ñëóøàòåëè â ãîðàçäî áîëüøåé ñòåïåíè ãîòîâû âîñïðèíèìàòü íå ñ�îðìóëèðîâàííûå (íî óïîìÿ-

íóòûå) îáîáùåíèÿ, ÷åì ñïîñîáíû ¾íàâñêèäêó¿ ðàñêîäèðîâàòü ÿâíî ñ�îðìóëèðîâàííóþ àáñòðàêöèþ è

âîñïðîèçâåñòè òå êîíêðåòíûå ïðèìåðû, êîòîðûå èçíà÷àëüíî åå ìîòèâèðîâàëè.

2

Ïðåäøåñòâóþùàÿ òåîðåìà èìååò ìíîãî÷èñëåííûå îáîáùåíèÿ. Â äåéñòâèòåëüíîñòè, ¾íàèëó÷øåãî¿

îáîáùåíèÿ ìîæåò è íå áûòü, â òîì ñìûñëå, ÷òî äëÿ êàæäîãî îáîáùåíèÿ êòî-òî ñìîæåò íàéòè åùå

áîëåå îáùåå. Îäíèì èç ïðåèìóùåñòâ ÷èòàòåëÿ, îðèåíòèðîâàííîãî íà ïîíèìàíèå ñóòè, à íå ïðîñòî íà

öèòèðîâàíèå òåîðåì, ÿâëÿåòñÿ ñïîñîáíîñòü ïîëó÷àòü ïîäõîäû ê øèðîêîìó ñïåêòðó òåîðåì, íåêîòîðûå

èç êîòîðûõ ìîãóò áûòü äàæå åùå íå ñ�îðìóëèðîâàíû.

3

×àñòî ïðîèñõîäèò îáðàòíîå: �îðìóëèðîâêè êðàñèâûõ ðåçóëüòàòîâ è âàæíûõ ïðîáëåì, ðàäè êîòî-

ðûõ áûëà ïðèäóìàíà òåîðèÿ, ïðèâîäÿòñÿ òîëüêî ïîñëå ïðîäîëæèòåëüíîãî èçó÷åíèÿ ýòîé òåîðèè (èëè

íå ïðèâîäÿòñÿ ñîâñåì). Ýòî ðàçâèâàåò ïðåäñòàâëåíèå î ìàòåìàòèêå êàê íàóêå, èçó÷àþùåé íåìîòèâèðî-

âàííûå ïîíÿòèÿ è òåîðèè. Òàêîå ïðåäñòàâëåíèå ïðèíèæàåò öåííîñòü ìàòåìàòèêè.

4

Íàïðèìåð, ïîñëóøíèêè äçåíñêèõ ìîíàñòûðåé îáó÷àþòñÿ, ðàçìûøëÿÿ íàä çàãàäêàìè, äàííûìè èì
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Åñëè óñëîâèå çàäà÷è ÿâëÿåòñÿ �îðìóëèðîâêîé óòâåðæäåíèÿ, òî â çàäà÷å òðåáóåòñÿ

ýòî óòâåðæäåíèå äîêàçàòü (è òîãäà â ññûëêàõ ìû íàçûâàåì ýòî óòâåðæäåíèå óòâåðæäå-

íèåì, à íå çàäà÷åé). Êðàòêèå óêàçàíèÿ ê çàäà÷àì ïðèâîäÿòñÿ ñðàçó, áîëåå äëèííûå â

êîíöå ïàðàãðà�à. Çàãàäêîé íàçûâàåòñÿ íå ñ�îðìóëèðîâàííûé ÷åòêî âîïðîñ; çäåñü íóæ-

íî ïðèäóìàòü è ÷åòêóþ �îðìóëèðîâêó, è äîêàçàòåëüñòâî. Åñëè íîìåð çàäà÷è ïîìå÷åí

çâåçäî÷êîé, òî ýòà çàäà÷à ïîñëîæíåå ñîñåäíèõ, èëè ìåíåå âàæíà äëÿ äàëüíåéøåãî.

Îïðåäåëåíèÿ âàæíûõ ïîíÿòèé äàíû æèðíûì øðè�òîì, ÷òîáû èõ áûëî ïðîùå

íàéòè. �àçäåëû è çàäà÷è, îòìå÷åííûå çâåçäî÷êîé, à òàêæå çàìå÷àíèÿ, íå èñïîëüçó-

þòñÿ â äàëüíåéøåì.

Íà÷èíàòü èçó÷åíèå êíèãè ìîæíî ñ ëþáîãî ïàðàãðà�à (ïîñêîëüêó äàæå ïï. 6.1 è 9.1-

9.3 èíòåðåñíû, íî íå èñïîëüçóþò ïðåäûäóùåãî ìàòåðèàëà). Ïóíêòû, îòìå÷åííûå çâåç-

äî÷êîé (è âåñü �3) ìîæíî ïðîïóñòèòü áåç óùåðáà äëÿ ïîíèìàíèÿ îñòàëüíîãî ìàòåðèàëà.

Ïàðàãðà� 1 èñïîëüçóåòñÿ â �3 è �îðìàëüíî íå èñïîëüçóåòñÿ â îñòàëüíûõ ïàðàãðà�àõ.

Âñå ïàðàãðà�û, êðîìå �1, ïî÷òè íåçàâèñèìû äðóã îò äðóãà.

Îáùåå ââåäåíèå ê �1 è �2

Îñíîâíûå ðåçóëüòàòû äàííûõ ïàðàãðà�îâ ñëåäóþøèå:

• ïîëèíîìèàëüíûé àëãîðèòì ðàñïîçíàâàíèÿ ïëàíàðíîñòè ãðà�îâ (óòâåðæäåíèå 1.5.8)

è îáúÿñíåíèå, êàê åãî ïðèäóìàòü (ï. 1.5);

• ýëåìåíòàðíûå �îðìóëèðîâêè òåîðåì �àäîíà è Òâåðáåðãà äëÿ ïëîñêîñòè (ëèíåéíûõ

è òîïîëîãè÷åñêèõ) 2.1.1, 2.2.2, 2.1.4, 2.3.1, à òàêæå ýëåìåíòàðíîå äîêàçàòåëüñòâî òåîðåìû

�àäîíà (�2.1).

Ýëåìåíòàðíûå äîêàçàòåëüñòâà, êîòîðûå ìû ïðèâîäèì, íå óïîìèíàþò êîí�èãóðà-

öèîííûõ ïðîñòðàíñòâ è êîãîìîëîãè÷åñêèõ ïðåïÿòñòâèé. Îäíàêî îñíîâíîå ñîäåðæàíèå

ýòîãî òåêñòà � ââåäåíèå â àëãåáðàè÷åñêóþ òîïîëîãèþ (òî÷íåå, â òåîðèþ êîí�èãóðà-

öèîííûõ ïðîñòðàíñòâ è êîãîìîëîãè÷åñêèõ ïðåïÿòñòâèé) ìîòèâèðîâàííîå àëãîðèòìè-

÷åñêèìè, êîìáèíàòîðíûìè è ãåîìåòðè÷åñêèìè çàäà÷àìè. Ìû ïðåäñòàâèì íåêîòîðûå

èäåè ðåøåíèÿ òîïîëîãè÷åñêîé ãèïîòåçû Òâåðáåðãà, ïîñòàâëåííîé â 1966 ã. è ðåøåííîé

íåäàâíî, ñì. îáçîð [Sk16℄ è ññûëêè â íåì.

Äâà âûøåóêàçàííûõ íàïðàâëåíèÿ ñâÿçàíû ìåæäó ñîáîé ïîíÿòèåì ÷èñëà âàí Êàìïå-

íà, îáîáùåíèÿ êîòîðîãî òðåáóþòñÿ äëÿ îáîèõ ïóíêòîâ. Èäåÿ áîëåå îáùåãî ïðåïÿòñòâèÿ

(=èíâàðèàíòà) âàí Êàìïåíà íóæíà è äëÿ ïðèäóìûâàíèÿ ïîëèíîìèàëüíîãî àëãîðèòìà

ðàñïîçíàâàíèÿ ïëàíàðíîñòè, è äëÿ �îðìóëèðîâêè òåîðåìû Åçàéäûíà.

Subse
tions of �1 and �2 
an be read independently on ea
h other, and so in any order.

In one subse
tion we indi
ate relations to other subse
tions, but these indi
ations 
an be

ignored. In one subse
tion we may use a de�nition or a result from the other, but then only

a spe
i�
 shortly stated de�nition or result. However, we re
ommend to read subse
tions in

any order 
onsistent with the following diagram

1.1 // 1.2 // 1.4 //

""❉
❉❉

❉❉
❉❉

❉ 1.5

1.3
$$

<<③③③③③③③③

2.1 // 2.2

Îáùåå ââåäåíèå ê �4 è �5

Ïîíÿòèå êîý��èöèåíòà çàöåïëåíèÿ äâóõ íåïåðåñåêàþùèõñÿ çàìêíóòûõ ëîìàíûõ â ïðî-

ñòðàíñòâå � îäíî èç âàæíåéøèõ áàçîâûõ ïîíÿòèé äëÿ òîïîëîãèè è åå ïðèëîæåíèé ê

íàñòàâíèêàìè. Âïðî÷åì, ýòè çàãàäêè ÿâëÿþòñÿ ñêîðåå íàâîäÿùèìè íà ðàçìûøëåíèÿ ïàðàäîêñàìè, à

íå çàäà÷àìè. Ñì. ïîäðîáíåå [Su℄.
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�èçèêå. Òî æå ñïðàâåäëèâî äëÿ ¾òðîéíîãî êîý��èöèåíòà çàöåïëåíèÿ¿ òðåõ ïîïàðíî

íåïåðåñåêàþùèõñÿ çàìêíóòûõ ëîìàíûõ. Âàæíûå ïðèìåíåíèÿ ýòèõ ïîíÿòèé � äîêàçà-

òåëüñòâà íåðàñöåïëÿåìîñòè ëîìàíûõ. �îâîðÿ íå�îðìàëüíî, êîý��èöèåíò çàöåïëåíèÿ �

êîëè÷åñòâî îáîðîòîâ, êîòîðûå îäíà ëîìàíàÿ äåëàåò âîêðóã äðóãîé. Ýòî ïîíÿòèå ÿâëÿåò-

ñÿ òð¼õìåðíîé âåðñèåé êîëè÷åñòâà îáîðîòîâ ëîìàíîé âîêðóã òî÷êè (�2.3). Ìû ïðèâîäèì

ñòðîãîå îïðåäåëåíèå, óäîáíîå äëÿ âû÷èñëåíèÿ íà êîìïüþòåðå (�4.3).

Ñíà÷àëà çàöåïëåííîñòü èçó÷àåòñÿ äëÿ ïðîñòåéøåãî ñëó÷àÿ, êîãäà îáå ëîìàíûå ÿâëÿ-

þòñÿ òðåõçâåííûìè (�4.1). Ýòà êîíñòðóêöèÿ îáîáùàåòñÿ äî çàöåïëåííîñòè ïî ìîäóëþ 2

ïðîèçâîëüíûõ ëîìàíûõ (�4.2). Îïðåäåëåíèå êîý��èöèåíòà çàöåïëåíèÿ, ïðèâåäåííîå â

�4.3, îòëè÷àåòñÿ îò îáû÷íî èçëàãàåìîãî íà ìàòåìàòè÷åñêèõ êðóæêàõ, êîòîðîå èñïîëüçó-

åò ïðîåêöèþ ëîìàíûõ íà ïëîñêîñòü (ñì. óòâåðæäåíèÿ î ïðîåêöèè 4.2.7 è 4.3.5, à òàêæå

[Sk20u, ��4,8℄). Ïðèâåäåííîå îïðåäåëåíèå áîëåå åñòåñòâåííî: îíî

• íå òðåáóåò äëÿ äîêàçàòåëüñòâà åãî âàæíåéøåãî ñâîéñòâà (èçîòîïè÷åñêîé èíâàðè-

àíòíîñòè) òåõíè÷åñêè íåïðîñòîãî óòâåðæäåíèÿ [Sk20u, òåîðåìà �åéäåìåéñòåðà 3.4℄;

• ïîçâîëÿåò ïðîäåìîíñòðèðîâàòü íåêîòîðûå áàçîâûå èäåè òåîðèè ãîìîëîãèé íà ýëå-
ìåíòàðíîì ÿçûêå, äîñòóïíîì íåñïåöèàëèñòàì, íà ïðèìåðå äîêàçàòåëüñòâà ñâîéñòâ êî-

ý��èöèåíòà çàöåïëåíèÿ.

Íå�îðìàëüíî, äâå íåïåðåñåêàþùèåñÿ çàìêíóòûå ëîìàíûå èçîòîïíû, åñëè îäíà ìî-

æåò áûòü ïðåîáðàçîâàíà â äðóãóþ äå�îðìàöèåé, ïðè êîòîðîé ýòè ëîìàíûå îñòàþòñÿ

íåïåðåñåêàþùèìèñÿ. Ñòðîãîå îïðåäåëåíèå äàåòñÿ ñíà÷àëà äëÿ ¾êîìáèíàòîðíîé¿ �îð-

ìàëèçàöèè (�4.5), à çàòåì äëÿ ¾òîïîëîãè÷åñêîé¿ (�4.4).

Â ïðîñòðàíñòâå ìîæíî çàöåïèòü òðè êîëüöà, ÷òîáû èõ íåëüçÿ áûëî ðàñöåïèòü, íî

ïîñëå ðàçðåçàíèÿ ëþáîãî èç íèõ îíè ðàñöåïëÿëèñü. Àíàëîãè÷íûé ïðèìåð åñòü è äëÿ

áîëüøåãî ÷èñëà êîëåö. Ýòè ïðèìåðû ïðèâîäÿòñÿ è îáñóæäàþòñÿ â �4.6 (ïëîñêèé àíà-

ëîã ïðèâåäåí â [Sk20, çàäà÷à 3.2.2℄). Äëÿ äîêàçàòåëüñòâà íåðàñöåïëÿåìîñòè ââîäèòñÿ

ñâîéñòâî çàöåïëåííîñòè ïî ìîäóëþ 2 òðåõ çàìêíóòûõ ëîìàíûõ (íèêàêèå äâå èç êîòî-

ðûõ íå çàöåïëåíû ïî ìîäóëþ 2). Ýòî ñâîéñòâî è ¾òðîéíîé êîý��èöèåíò çàöåïëåíèÿ¿

(÷èñëî Ìèëíîðà) òðåõ çàìêíóòûõ ëîìàíûõ îïðåäåëÿþòñÿ â �4.9. Ïðèâîäèìûå îïðåäå-

ëåíèÿ èñïîëüçóþò òðîéíûå ïåðåñå÷åíèÿ íåêîòîðûõ ïîâåðõíîñòåé, îãðàíè÷åííûõ ýòèìè

ëîìàíûìè. Áîëåå òî÷íî, èñïîëüçóþòñÿ êîìáèíàòîðíûå àíàëîãè òàêèõ ïîâåðõíîñòåé, ò.å.

çåé�åðòîâû öåïè (�4.8). Äëÿ èõ îïðåäåëåíèÿ íåîáõîäèì íîâûé âçãëÿä íà ¾äâîéíîé¿ êî-

ý��èöèåíò çàöåïëåíèÿ � îñíîâû êîìáèíàòîðíîé (àëãåáðàè÷åñêîé) òåîðèè ïåðåñå÷åíèé

â ïðîñòðàíñòâå (�4.7).

Ìíîãèå îáëàñòè çíàíèÿ è òåõíèêè � ïðåæäå âñåãî ìàòåìàòèêà, ïðîãðàììèðîâàíèå

è �èçèêà � ÷àñòî ðàáîòàþò ñ ìíîãîìåðíûì ïðîñòðàíñòâîì. Èçó÷åíèå �5.1 ïîçâîëèò

îñâîèòü áàçîâûå íàâûêè òàêîé ðàáîòû: ðàçâèâàòü ïðîñòðàíñòâåííîå âîîáðàæåíèå è èí-

òóèöèþ, à òàêæå ïðîâåðÿòü èõ ñòðîãèìè ðàññóæäåíèÿìè. Ýòî ïîëåçíî äëÿ ïîñëåäóþùå-

ãî èçó÷åíèÿ êîìïüþòåðíîé ãðà�èêè è íåîáõîäèìîé äëÿ íåå áàçû èç ëèíåéíîé àëãåáðû

è ãåîìåòðèè. Â �5.1 íå òðåáóåòñÿ ïðåäâàðèòåëüíûõ çíàíèé ïî ñòåðåîìåòðèè. Ïîëåçíû

ïðîñòðàíñòâåííîå âîîáðàæåíèå è óìåíèå ðåøàòü ñèñòåìû ëèíåéíûõ óðàâíåíèé (ñì. çà-

äà÷ó 5.1.2). Â �5.2��5.4 ïðèâîäÿòñÿ ïðîñòåéøèå àíàëîãè ïðåäûäóùåãî ìàòåðèàëà äëÿ

çàöåïëåííîñòè â ÷åòûðåõìåðíîì è â ìíîãîìåðíîì ïðîñòðàíñòâå.

Â ýòèõ ïàðàãðà�àõ ¾òðåõìåðíîå ïðîñòðàíñòâî R3
¿ êîðîòêî íàçûâàåòñÿ ¾ïðîñòðàí-

ñòâîì¿. Åñëè íå îãîâîðåíî ïðîòèâíîå, òî �èãóðû ðàññìàòðèâàþòñÿ â ïðîñòðàíñòâå, è

ñëîâà ¾â ïðîñòðàíñòâå¿ ÷àñòî ïðîïóñêàþòñÿ.

Ñîãëàøåíèÿ

Ïîä k òî÷êàìè íà ïëîñêîñòè (â ïðîñòðàíñòâå) ïîäðàçóìåâàåòñÿ k ïîïàðíî ðàçëè÷íûõ
òî÷åê. Ìû ÷àñòî îáîçíà÷àåì òî÷êè ïðîñòî ÷èñëàìè, à íå áóêâàìè ñ ÷èñëîâûìè èíäåêñà-
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ìè. Ïîä òðåóãîëüíèêîì ∆ ïîäðàçóìåâàåòñÿ ÷àñòü ïëîñêîñòè, îãðàíè÷åííàÿ çàìêíóòîé

òðåõçâåííîé ëîìàíîé (êîíòóðîì) ∂∆. Êîíòóð òðåóãîëüíèêà T îáîçíà÷àåòñÿ ÷åðåç ∂T .
¾Êóñî÷íî-ëèíåéíûé¿ ñîêðàùàåòñÿ äî ¾PL¿. Äëÿ êîíå÷íîãî ìíîæåñòâà S ìû îáîçíà-

÷àåì ÷åðåç |S| êîëè÷åñòâî ýëåìåíòîâ â ìíîæåñòâå S, à ÷åðåç |S|2 ÷åòíîñòü êîëè÷åñòâà
ýëåìåíòîâ.

Áëàãîäàðíîñòè

Êíèãà íàïèñàíà ïî ìàòåðèàëàì ñïåöêóðñîâ è äîêëàäîâ íà ìåõìàòå Ì�Ó, íà ÔÈÂÒ

ÌÔÒÈ, â ÍÌÓ, â ëåòíåé øêîëå ¾Ñîâðåìåííàÿ ìàòåìàòèêà¿ (äî 2015 ã.) è Ìîñêîâñêîé

âûåçäíîé îëèìïèàäíîé øêîëå.

Áëàãîäàðþ Ñ. Àââàêóìîâà, Ý. Àëêèíà, Ï. Áëàãîåâè÷à, È. Áîãäàíîâà, Ó. Âàãíåðà,

À. Âèäèíååâà, Ñ. Äæåíæåðà, �. Æèâàëåâè÷à, È. Æèëüöîâà, Ò. Çàéöåâà, Ï. Çàõàðîâà,

À. Åííý, �. Êàðàñåâà, Þ. Ìàêàðû÷åâà, È. Ìàòóøåêà, À. Ìèðîøíèêîâà, Å. Ìîðîçîâà,

À. �ÿáè÷åâà, Ì. Ñêîïåíêîâà, �. Ñîêîëîâà, Ì. Òàíöåðà, �. Ôóëåêà, Ò. Õàðõàëóïà, �.

×åëíîêîâà è Ì. Øå�åðà çà ïîëåçíûå îáñóæäåíèÿ. Áëàãîäàðþ Å. Ìîðîçîâà è Ñ. Äæåí-

æåðà çà ïåðåâîä ÷àñòè òåêñòà íà ðóññêèé ÿçûê. Êîìïüþòåðíûå âåðñèè ìíîãèõ ðèñóíêîâ

ïîäãîòîâëåíû èçäàòåëüñòâîì ÌÖÍÌÎ.
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1 Àëãîðèòìè÷åñêèå ðåçóëüòàòû î ïëàíàðíîñòè ãðà�îâ

Íàïîìíèì ñòðîãèå îïðåäåëåíèÿ íåêîòîðûõ ïîíÿòèé òåîðèè ãðà�îâ.

�ðà�îì (êîíå÷íûì) (V,E) íàçûâàåòñÿ êîíå÷íîå ìíîæåñòâî V âìåñòå ñ íàáîðîì

E ⊂
(
V
2

)
åãî äâóõýëåìåíòíûõ ïîäìíîæåñòâ (ò. å. íåóïîðÿäî÷åííûõ ïàð íåñîâïàäàþùèõ

ýëåìåíòîâ). (Îáùåïðèíÿòûé òåðìèí äëÿ ýòîãî ïîíÿòèÿ � ãðà� áåç ïåòåëü è êðàòíûõ

ðåáåð èëè ïðîñòîé ãðà�.)

Ýëåìåíòû äàííîãî êîíå÷íîãî ìíîæåñòâà íàçûâàþòñÿ âåðøèíàìè. Ìû ñ÷èòàåì, ÷òî

V = {1, 2, . . . , |V |}, åñëè íå îãîâîðåíî äðóãîå.

Ïàðû âåðøèí èç E íàçûâàþòñÿ ðeáðàìè. �åáðî, ñîåäèíÿþùåå âåðøèíû i è j, îáî-
çíà÷àåòñÿ ÷åðåç ij (íî íå ÷åðåç (i, j), ÷òîáû íå ñïóòàòü ñ óïîðÿäî÷åííîé ïàðîé âåðøèí).

K

5

K

3;3

�èñ. 1.0.1: (Ñëåâà) Íåïëàíàðíûå ãðà�û K5 è K3,3.

(Ñïðàâà) Èçîáðàæåíèå ãðà�à K5 áåç îäíîãî èç ðåáåð íà ïëîñêîñòè

�ðà� ñ n âåðøèíàìè, ëþáûå äâå èç êîòîðûõ ñîåäèíåíû ðåáðîì, íàçûâàåòñÿ ïîëíûì

è îáîçíà÷àåòñÿ Kn. ×åðåç Km,n îáîçíà÷àåòñÿ ïîëíûé äâóäîëüíûé ãðà� ñ äîëÿìè èç m
è èç n âåðøèí: â íåì ñîåäèíåíû ðåáðàìè âñå ïàðû âåðøèí èç ðàçíûõ äîëåé, è òîëüêî

îíè. Ñì. ðèñ. 1.0.1.

�îâîðÿ íåñòðîãî, ãðà� ðåàëèçóåì íà ïëîñêîñòè, åñëè åãî ìîæíî ¾áåç ñàìîïåðåñå÷å-

íèé¿ íàðèñîâàòü íà ïëîñêîñòè. Â ï. 1.1 è 1.2 ìû ïðåäñòàâëÿåì äâå �îðìàëèçàöèè ýòîãî

ïîíÿòèÿ: ëèíåéíóþ âëîæèìîñòü è ïëàíàðíîñòü (ò.å. êóñî÷íî-ëèíåéíóþ âëîæèìîñòü).

(Îíè îêàçûâàþòñÿ ýêâèâàëåíòíûìè ïî òåîðåìå Ôàðè 1.2.1; èõ ìíîãîìåðíûå âåðñèè íå

ýêâèâàëåíòíû, ñì. çàìå÷àíèå 6.5.1.) Âàæíû îáå �îðìàëèçàöèè. Îíè ââîäÿòñÿ íåçàâè-

ñèìî äðóã îò äðóãà, ïîýòîìó ï. 1.1 �îðìàëüíî íå èñïîëüçóåòñÿ äàëåå (êðîìå ïðîñòîãî

óòâåðæäåíèÿ 1.1.1.b, îáëåã÷àþùåãî äîêàçàòåëüñòâî ëåììû 1.4.3, è çàìå÷àíèÿ 1.1.4).

Îäíàêî ïåðåä áîëåå ñëîæíûì èçó÷åíèåì ïëàíàðíîñòè ìîæåò áûòü ïîëåçíî èçó÷èòü ëè-

íåéíóþ âëîæèìîñòü.

1.1 Ëèíåéíàÿ âëîæèìîñòü ãðà�îâ

Óòâåðæäåíèå 1.1.1.

5

(a) (Ñð. ñ òåîðåìàìè 1.4.1 è 2.1.1) Èç ëþáûõ 5 òî÷åê ïëîñêî-

ñòè ìîæíî âûáðàòü äâå òàêèå íåïåðåñåêàþùèåñÿ ïàðû òî÷åê, ÷òî îòðåçîê, ñîåäèíÿ-

þùèé òî÷êè ïåðâîé ïàðû, ïåðåñåêàåò îòðåçîê, ñîåäèíÿþùèé òî÷êè âòîðîé ïàðû.

(b) (
f. Proposition 2.1.2 and Lemma 1.4.3) Åñëè ñðåäè 5 òî÷åê ïëîñêîñòè íèêàêèå

òðè íå ëåæàò íà ïðÿìîé, òî êîëè÷åñòâî òî÷åê ïåðåñå÷åíèÿ âíóòðåííîñòåé îòðåç-

êîâ, ñîåäèíÿþùèõ äàííûå òî÷êè, íå÷åòíî.

(
) (
f. Remark 1.4.4.b) Äëÿ ëþáûõ 6 òî÷åê ïëîñêîñòè, ðàçáèòûõ íà äâå òðîéêè,

ñóùåñòâóþò äâà ïåðåñåêàþùèõñÿ îòðåçêà, íå èìåþùèå îáùèõ âåðøèí, êàæäûé èç

êîòîðûõ ñîåäèíÿåò òî÷êè èç ðàçíûõ òðîåê.

(d) Ñðåäè 6 òî÷åê ïëîñêîñòè íèêàêèå òðè íå ëåæàò íà ïðÿìîé. Ýòè 6 òî÷åê ðàç-

áèòû íà äâå òðîéêè. Òîãäà êîëè÷åñòâî òî÷åê ïåðåñå÷åíèÿ âíóòðåííîñòåé îòðåçêîâ,

ñîåäèíÿþùèõ òî÷êè èç ðàçíûõ òðîåê, íå÷åòíî.

5

Ýòî ¾ëèíåéíûå¿ âåðñèè íåïëàíàðíîñòè ãðà�îâ K5 è K3,3. Íî äîêàçûâàþòñÿ îíè ïðîùå, èáî íå

òðåáóþò ëåììû î ÷åòíîñòè 1.3.3.b.
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Óòâåðæäåíèÿ 1.1.1.ab ëåãêî äîêàçûâàþòñÿ ñ ïîìîùüþ ðàññìîòðåíèÿ âûïóêëîé îáî-

ëî÷êè òî÷åê (ñì. îïðåäåëåíèå â �2.1). Â ï. (
,d) àíàëîãè÷íûé ïåðåáîð ñëèøêîì âåëèê,

ïîýòîìó ëó÷øå èñïîëüçîâàòü èäåþ ñëåäóþùåãî äîêàçàòåëüñòâà ï. (b), êîòîðàÿ òàêæå

ïîëåçíà äëÿ ëåìì 1.4.3 è 1.5.6 è èõ ìíîãîìåðíûõ àíàëîãîâ.

Äðóãîå äîêàçàòåëüñòâî óòâåðæäåíèÿ 1.1.1.b. Îáîçíà÷èì ÷åðåç

• f íàáîð ïÿòè òî÷åê íà ïëîñêîñòè, íèêàêèå òðè èç êîòîðûõ íå ëåæàò íà ïðÿìîé, è

• v(f) � íóæíóþ ÷åòíîñòü ÷èñëà òî÷åê ïåðåñå÷åíèé.

For the set f0 of 5 points from Figure 1.0.1, left, we have v(f0) = 1. Hen
e it su�
es
to prove that v(f) is not 
hanged if we 
hange one point keeping the remaining 4 �xed,

so that new 5 points are in general position. Ïóñòü L ∈ f , L′ ∈ R2 − f è â ìíîæåñòâå

f ′ := (f − {L}) ∪ {L′} íèêàêèå òðè òî÷êè íå ëåæàò íà ïðÿìîé.

First we prove that v(f) = v(f ′) when íèêàêèå òðè òî÷êè èç f ∪ {L′} íå ëåæàò íà

ïðÿìîé. Äëÿ A ∈ f − {L} è X ⊂ R2
îáîçíà÷èì ÷åðåç X∗

÷åòíîñòü êîëè÷åñòâà òî÷åê

ïåðåñå÷åíèÿ ìíîæåñòâà X è êîíòóðà òðåóãîëüíèêà ñ âåðøèíàìè èç f − {L,A}. Òîãäà

v(f ′)− v(f) =
∑

A∈f−{L}
(LA∗ − L′A∗) =

∑

A∈f−{L}
L′L∗ = 0.

Çäåñü âòîðîå ðàâåíñòâî ñëåäóåò èç òîãî, ÷òî ∂(LL′A)∗ = 0 (ïî î÷åâèäíîé ëåììå î ÷åò-

íîñòè 1.3.3.a). Ïîñëåäíåå ðàâåíñòâî ñëåäóåò èç òîãî, ÷òî äëÿ êàæäîãî ïîäìíîæåñòâà

{P,Q} ⊂ f −{L} ñóùåñòâóåò ðîâíî äâà òðåóãîëüíèêà ñ âåðøèíàìè èç f −{L}, êîòîðûå
ñîäåðæàò îòðåçîê PQ, ñëåäîâàòåëüíî, ÷èñëî |L′L∩PQ| ¾âõîäèò¿ ðîâíî â äâà ñëàãàåìûõ
èç ñóììû.

Now we prove that v(f) = v(f ′) in general. There exists a point L′′
su
h that both

f ∪ {L′′} and f ′ ∪ {L′′} are general position sets. Then v(f) = v((f − {L}) ∪ {L′′}) = v(f ′)
by the previous 
ase.

Òåîðåìà 1.1.2 (Îáùåãî ïîëîæåíèÿ; ñì. äîêàçàòåëüñòâî â �1.7). Äëÿ ëþáîãî n ñóùå-

ñòâóþò òàêèå n òî÷åê â òðåõìåðíîì ïðîñòðàíñòâå, ÷òî îòðåçêè, èõ ñîåäèíÿþùèå,

íå èìåþò îáùèõ âíóòðåííèõ òî÷åê.

Äîêàçàòåëüñòâî.

6

Íàáîð òî÷åê â ïðîñòðàíñòâå íàçûâàåòñÿ íàáîðîì (ñëàáîãî) îáùåãî

ïîëîæåíèÿ, åñëè íèêàêèå ÷åòûðå èç íèõ íå ëåæàò â îäíîé ïëîñêîñòè. Â ñëåäóþùåì

àáçàöå ìû äîêàæåì, ÷òî äëÿ êàæäîãî n ñóùåñòâóåò n òî÷åê îáùåãî ïîëîæåíèÿ â

ïðîñòðàíñòâå.

7

Èñïîëüçóåì èíäóêöèþ ïî n. Áàçà n = 1 î÷åâèäíà. Äëÿ äîêàçàòåëüñòâà øàãà èí-

äóêöèè ïðåäïîëîæèì, ÷òî åñòü n òî÷åê îáùåãî ïîëîæåíèÿ â ïðîñòðàíñòâå. Ñóùåñòâóåò
êîíå÷íîå ÷èñëî ïëîñêîñòåé, ïðîõîäÿùèõ ÷åðåç òðîéêè ýòèõ n òî÷åê. Çíà÷èò, â ïðîñòðàí-
ñòâå ñóùåñòâóåò òî÷êà, íå ïðèíàäëåæàùàÿ íè îäíîé èç ýòèõ ïëîñêîñòåé. Äîáàâèì ýòó

òî÷êó ê èìåþùèìñÿ n òî÷êàì. Òàê êàê îíà íå ëåæèò â îäíîé ïëîñêîñòè íè ñ êàêîé òðîé-
êîé èç n èìåþùèõñÿ òî÷åê, òî ïîëó÷åííûå n + 1 òî÷åê íàõîäÿòñÿ â îáùåì ïîëîæåíèè.

Øàã èíäóêöèè îáîñíîâàí.

Âûáåðåì n òî÷åê îáùåãî ïîëîæåíèÿ â ïðîñòðàíñòâå. Åñëè êàêèå-òî äâà îòðåçêà,

ñîåäèíÿþùèå ýòè òî÷êè, íå èìåþò îáùèõ êîíöîâ, íî ïåðåñåêàþòñÿ, òî ÷åòûðå êîíöà

6

Âîò èäåÿ äðóãîãî äîêàçàòåëüñòâà (êóñî÷íî-ëèíåéíîãî àíàëîãà) òåîðåìû. Íàðèñóåì äàííûé ãðà�

(âîçìîæíî, ñ ñàìîïåðåñå÷åíèÿìè) íà ïëîñêîñòè òàê, ÷òîáû ðåáðà íå ñàìîïåðåñåêàëèñü. Åñëè îáðàçîâà-

ëèñü òî÷êè ïåðåñå÷åíèÿ (êðîìå âåðøèí) áîëåå ÷åì äâóõ ðåáåð, òî ïîäâèíåì íåêîòîðûå ðåáðà òàê, ÷òîáû

îñòàëèñü òîëüêî äâóêðàòíûå òî÷êè ïåðåñå÷åíèÿ. ¾Ïîäíèìåì¿ îäíî èç êàæäûõ äâóõ ïåðåñåêàþùèõñÿ

ðåáåð â ïðîñòðàíñòâî òàê, ÷òîáû êàæäîå ïåðåñå÷åíèå ïðîïàëî.

7

×òîáû îñîçíàòü íåòðèâèàëüíîñòü ýòîãî �àêòà, ïîïðîáóéòå ïðèäóìàéòå àëãîðèòì, êîòîðûé ïî ÷èñëó

n ñòðîèò n òî÷åê îáùåãî ïîëîæåíèÿ â ïðîñòðàíñòâå. Ñð. çàäà÷ó 1.3.2.

Èäåÿ àëãåáðàè÷åñêîãî äîêàçàòåëüñòâà (è àëãîðèòìà). Âîçüìåì òî÷êè A(t) = (t, t2, t3) äëÿ t = 1, . . . , n.

10



ýòèõ îòðåçêîâ ëåæàò â îäíîé ïëîñêîñòè. Åñëè êàêèå-òî äâà îòðåçêà, ñîåäèíÿþùèå ýòè

òî÷êè, èìåþò îáùèé êîíåö è äðóãóþ îáùóþ òî÷êó, òî òðè êîíöà ýòèõ äâóõ îòðåçêîâ

ëåæàò íà îäíîé ïðÿìîé. Ïðîòèâîðå÷èå.

�ðà� (V,E) íàçûâàåòñÿ ëèíåéíî (ñèìïëèöèàëüíî) âëîæèìûì â ïëîñêîñòü, åñëè

ñóùåñòâóåò |V | òî÷åê íà ïëîñêîñòè, ñîîòâåòñòâóþùèõ âåðøèíàì, òàêèõ, ÷òî íèêàêîé

îòðåçîê, ñîåäèíÿþùèé ïàðó (òî÷åê) èç E, íå ïåðåñåêàåò âíóòðåííîñòü íèêàêîãî äðóãîãî
òàêîãî îòðåçêà.

8

Íàïðèìåð,

• ãðà� K4 è äàæå ãðà� K5 áåç ðåáðà ëèíåéíî âëîæèìû â ïëîñêîñòü (ðèñ. 1.0.1

ñïðàâà;

• íè ãðà� K5, íè ãðà� K3,3 íå âëîæèì ëèíåéíî â ïëîñêîñòü (óòâåðæäåíèe 1.1.1.a
).

Ëèíåéíàÿ âëîæèìîñòü ãðà�à â òðåõìåðíîå ïðîñòðàíñòâî îïðåäåëÿåòñÿ àíàëîãè÷-

íî ñëó÷àþ ïëîñêîñòè. Ëþáîé ãðà� ëèíåéíî âëîæèì â òðåõìåðíîå ïðîñòðàíñòâî ââèäó

òåîðåìû îáùåãî ïîëîæåíèÿ 1.1.2.

Óòâåðæäåíèå 1.1.3 ([Ta, ãë. 1 è 6℄). Ñóùåñòâóåò àëãîðèòì ðàñïîçíàâàíèÿ ëèíåéíîé

âëîæèìîñòè ãðà�îâ â ïëîñêîñòü, ëèíåéíûé ïî êîëè÷åñòâó âåðøèí n.

Çàìå÷àíèå 1.1.4. (a) Ñòðîãîå îïðåäåëåíèå àëãîðèòìà íåïðîñòîå, ïîýòîìó ìû íå ïðè-

âîäèì åãî. Ýòîò òåêñò ìîæíî èçó÷àòü, îñíîâûâàÿñü íà èíòóèòèâíîì ïðåäñòàâëåíèè îá

àëãîðèòìå. Áîëåå àêêóðàòíî, ñ�îðìóëèðîâàííîå óòâåðæäåíèå îçíà÷àåò, ÷òî ñóùåñòâóåò

àëãîðèòì âû÷èñëåíèÿ �óíêöèè èç ìíîæåñòâà âñåõ ãðà�îâ â ìíîæåñòâî {0, 1}, êîòîðàÿ
ñîïîñòàâëÿåò ãðà�ó 0, åñëè îí ëèíåéíî âëîæèì â ïëîñêîñòü, è 1 èíà÷å. Àíàëîãè÷íî

�îðìàëèçóþòñÿ äðóãèå óòâåðæäåíèÿ îá àëãîðèòìàõ â ýòîì òåêñòå.

(b) Ëèíåéíîñòü àëãîðèòìà îçíà÷àåò ñóùåñòâîâàíèå òàêîãî ÷èñëà C, ÷òî äëÿ ëþáîãî
ãðà�à ÷èñëî øàãîâ â àëãîðèòìå íå ïðåâîñõîäèò Cn. Ïîñêîëüêó äëÿ ïëîñêîãî ãðà�à ñ n
âåðøèíàìè è e ðåáðàìè âûïîëíåíî e ≤ 3n−6, è ïîñêîëüêó ñóùåñòâóþò ãðà�û, ëèíåéíî
âëîæèìûå â ïëîñêîñòü, äëÿ êîòîðûõ e = 3n − 6, òî ¾ñëîæíîñòü¿ ïî êîëè÷åñòâó ðåáåð

¾òàêàÿ æå¿, êàê ïî êîëè÷åñòâó âåðøèí.

(ñ) Ñóùåñòâîâàíèå àëãîðèòìà â óòâåðæäåíèè 1.1.3 ñëåäóåò èç òîãî, ÷òî äëÿ ëþáîãî

n ñóùåñòâóåò àëãîðèòì ïîñòðîåíèÿ âñåõ n-ýëåìåíòíûõ ìíîæåñòâ íà ïëîñêîñòè ñ òî÷-

íîñòüþ äî èçîòîïíîñòè. Äâà ïîäìíîæåñòâà L,M ⊂ R2
íàçûâàþòñÿ èçîòîïíûìè, åñëè

ñóùåñòâóåò áèåêöèÿ f : L→ M òàêàÿ, ÷òî òî÷êè A,B,C,D ∈ L îáðàçóþò âûïóêëûé ÷å-

òûðåõóãîëüíèê òîãäà è òîëüêî òîãäà, êîãäà òî÷êè f(A), f(B), f(C), f(D) ∈M îáðàçóþò

âûïóêëûé ÷åòûðåõóãîëüíèê.

(d) Ñóùåñòâîâàíèå ëèíåéíîãî àëãîðèòìà â óòâåðæäåíèè 1.1.3 ñëåäóåò èç òåîðåìû

Ôàðè 1.2.1 è óòâåðæäåíèÿ 1.2.2. Êðèòåðèé ëèíåéíîé âëîæèìîñòè ãðà�à â ïëîñêîñòü

ñëåäóåò èç òåîðåìû Ôàðè 1.2.1 è ëþáîãî êðèòåðèÿ ïëàíàðíîñòè (íàïðèìåð, òåîðåìû

Êóðàòîâñêîãî 1.2.3.e).

1.2 Êóñî÷íî-ëèíåéíàÿ âëîæèìîñòü ãðà�îâ

�ðà� (V,E) íàçûâàåòñÿ ïëàíàðíûì (èëè êóñî÷íî-ëèíåéíî âëîæèìûì â ïëîñêîñòü),

åñëè íà ïëîñêîñòè ñóùåñòâóåò

• íàáîð |V | òî÷åê, ñîîòâåòñòâóþùèõ âåðøèíàì ãðà�à, è

• íàáîð íåñàìîïåðåñåêàþùèõñÿ ëîìàíûõ, êàæäàÿ èç êîòîðûõ ñîåäèíÿåò ïðèíàäëå-

æàùóþ E ïàðó òî÷åê, ïðè÷åì íèêàêàÿ èç ëîìàíûõ íå ïåðåñåêàåò âíóòðåííîñòü äðóãîé

ëîìàíîé.

9

8

Ìû íå òðåáóåì, ÷òîáû íèêàêàÿ èçîëèðîâàííàÿ âåðøèíà íå ëåæàëà íè íà îäíîì èç îòðåçêîâ, ïîòîìó

÷òî ýòîãî âñåãäà ìîæíî äîáèòüñÿ.

9

Òîãäà ëþáûå äâå ëîìàíûå ëèáî íå ïåðåñåêàþòñÿ, ëèáî ïåðåñåêàþòñÿ òîëüêî ïî èõ îáùåé êîíöåâîé

âåðøèíå. Ñì. ñíîñêó 8 è ýêâèâàëåíòíîå îïðåäåëåíèå ïëàíàðíîñòè â íà÷àëå ï. 1.5.1.

11



Íàïðèìåð, ãðà�û K5 è K3,3 (ðèñ. 1.0.1) íå ïëàíàðíû ïî òåîðåìå 1.4.1 è çàìå÷àíèþ

1.4.4.b. Çàìåòèì, ÷òî îáû÷íî ïðèâîäèìûé âûâîä íåïëàíàðíîñòè ãðà�à K5 èç �îðìóëû

Ýéëåðà áëèçîê ê ïîðî÷íîìó êðóãó, ñì. [Sk20, Çàìå÷àíèå â ðåøåíèè çàäà÷è 1.3.2.a℄.

Ñëåäóþùèé ðåçóëüòàò ïîêàçûâàåò, ÷òî ëþáîé ïëàíàðíûé ãðà� ìîæíî íàðèñîâàòü

áåç ñàìîïåðåñå÷åíèé íà ïëîñêîñòè òàê, ÷òî êàæäîå ðåáðî áóäåò îòðåçêîì.

Òåîðåìà 1.2.1 (Ôàðè). Åñëè ãðà� ïëàíàðåí, òî îí ëèíåéíî âëîæèì â ïëîñêîñòü.

Èñòîðè÷åñêàÿ ñïðàâêà (âêëþ÷àÿ ïåðå÷èñëåíèå ìàòåìàòèêîâ, êîòîðûì ïðèïèñûâàåò-

ñÿ äàííûé ðåçóëüòàò) è äîêàçàòåëüñòâà ñîäåðæàòñÿ â [Ta, ãë. 6℄.

Óòâåðæäåíèå 1.2.2. Ñóùåñòâóåò àëãîðèòì ðàñïîçíàâàíèÿ ïëàíàðíîñòè ãðà�îâ, ëè-

íåéíûé ïî êîëè÷åñòâó âåðøèí n.

Çàìå÷àíèå 1.2.3. (a) Àëãîðèòìû ðàñïîçíàâàíèÿ ïëàíàðíîñòè ãðà�îâ ïîëó÷àþòñÿ

• èç óòâåðæäåíèÿ 1.1.3 è òåîðåìû Ôàðè 1.2.1, èëè

• èç ïðèâåäåííîé â (e) òåîðåìû Êóðàòîâñêîãî (ñì. äåòàëè â [Ta, ãë. 1 è 6℄), èëè

• ïðè ïîìîùè óòîëùåíèé [Sk20, �1℄.

Îäíàêî ýòè àëãîðèòìû ìåäëåííî ðàáîòàþò, ò.å. ÿâëÿþòñÿ ¾ýêñïîíåíöèàëüíûìè¿

(ïðè áîëüøèõ n èìåþò áîëåå, ÷åì 2n øàãîâ äëÿ ãðà�îâ ñ n âåðøèíàìè) èëè ¾ãàëàêòè-

÷åñêèìè¿ (ñì. [Bi21, çàìå÷àíèå 1.2b℄).

(b) Àëãîðèòì èç óòâåðæäåíèÿ 1.2.2 îñíîâàí íà òîì, ÷òî

• ãðà� ïëàíàðåí òîãäà è òîëüêî òîãäà, êîãäà êàæäûé åãî áëîê (êîìïîíåíòà òðåõ-

ñâÿçíîñòè) ïëàíàðåí;

• òðåõñâÿçíûé ãðà� äîïóñêàåò íå áîëåå îäíîãî âëîæåíèÿ â ïëîñêîñòü.

Ñì. äåòàëè â [HT74℄ è (áîëåå ïðîñòîå èçëîæåíèå) â [BM04℄.

(
) Â �1.5 ïðèâîäèòñÿ àëãîðèòì ðàñïîçíàâàíèÿ ïëàíàðíîñòè ãðà�îâ, êîòîðûé (â îò-

ëè÷èå îò àëãîðèòìîâ èç (a,b)) îáîáùàåòñÿ

• íà âûñøèå ðàçìåðíîñòè (ñð. òåîðåìà 6.6.1);

• íà öåëî÷èñëåííûå è ïî ìîäóëþ 2 âëîæåíèÿ ãðà�îâ â ïîâåðõíîñòè (ñì. [S
13, FK19,

Bi21℄; èñòîðè÷åñêèå êîììåíòàðèè ñì. â [S
13, çàìå÷àíèå ïîñëå òåîðåìû 1.18℄ è [Sk18,

çàìå÷àíèå 1.6.6℄);

• íà ìíîãîêðàòíûå ïåðåñå÷åíèÿ (ñì. [MW15, AMS+, MW16, Sk17℄ è îáçîð [Sk16℄).

Ýòîò àëãîðèòì ïîëèíîìèàëåí ïî êîëè÷åñòâó âåðøèí n. (Ïîëèíîìèàëüíîñòü îçíà÷à-
åò ñóùåñòâîâàíèå òàêèõ ÷èñåë C è k, ÷òî äëÿ ëþáîãî ãðà�à ÷èñëî øàãîâ â àëãîðèòìå

íå ïðåâîñõîäèò Cnk.) Ïîñòðîåíèå àëãîðèòìà èñïîëüçóåò ýêâèâàëåíòíîñòü ïëàíàðíîñòè
è ðàçðåøèìîñòè íåêîòîðîé ñèñòåìû ëèíåéíûõ óðàâíåíèé íàä Z2 (ïðåäëîæåíèå 1.5.8 íè-

æå). À äëÿ ðàñïîçíàâàíèÿ ðàçðåøèìîñòè ñèñòåìû N ëèíåéíûõ óðàâíåíèé ñ êîý��èöè-

åíòàìè â Z2 ñ íå áîëåå ÷åì N íåèçâåñòíûìè ñóùåñòâóåò ïîëèíîìèàëüíûé ïî N àëãîðèòì

(êîòîðûé ñòðîèòñÿ ñ ïîìîùüþ èñêëþ÷åíèÿ íåèçâåñòíûõ, ñì. äåòàëè â [CLR, Vi02℄).

(d) Îïðåäåëåíèå ãîìåîìîð�íîñòè ãðà�îâ ïðèâåäåíî, íàïðèìåð, â [GDI, �2.4℄, [Sk20,

ï. 5.3 áóìàæíîé âåðñèè èëè çàìå÷àíèå 5.2.1.a ýëåêòðîííîé℄. �ðà� ïëàíàðåí òîãäà è

òîëüêî òîãäà, êîãäà íåêîòîðûé ãðà�, ãîìåîìîð�íûé åìó, ëèíåéíî âëîæèì â ïëîñ-

êîñòü.

10

(e) (òåîðåìà Êóðàòîâñêîãî) �ðà� ïëàíàðåí òîãäà è òîëüêî òîãäà, êîãäà îí íå ñî-

äåðæèò ïîäãðà�à, ãîìåîìîð�íîãî ãðà�ó K5 èëè K3,3 (ðèñ. 1.0.1).

Èñòîðè÷åñêàÿ ñïðàâêà (âêëþ÷àÿ ïåðå÷èñëåíèå ìàòåìàòèêîâ, êîòîðûì ïðèïèñûâà-

åòñÿ äàííûé ðåçóëüòàò) è äîêàçàòåëüñòâà ñîäåðæàòñÿ â [Th81℄. Ñðàâíèòåëüíî ïðîñòîå

äîêàçàòåëüñòâî ýòîé òåîðåìû ïðèâåäåíî, íàïðèìåð, â [Ma97℄, [GDI, �2.9℄.

10

Äåéñòâèòåëüíî, åñëè ãðà� ïëàíàðåí, òî êàæäîå ðåáðî � ýòî ëîìàíàÿ. Îòìåòèâ âåðøèíû êàæäîé

ëîìàíîé êàê âåðøèíû íîâîãî ãðà�à, à çâåíüÿ êàæäîé ëîìàíîé êàê ðåáðà íîâîãî ãðà�à, ïîëó÷èì

òðåáóåìîå. Äîêàçàòåëüñòâî â äðóãóþ ñòîðîíó àíàëîãè÷íî.
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1.3 ×èñëî ïåðåñå÷åíèÿ è ëåììà î ÷åòíîñòè íà ïëîñêîñòè

Èíòåðåñíûå ïðèëîæåíèÿ ýòîãî ïóíêòà ïðèâåäåíû äàëåå; ïðèëîæåíèÿ ê òåîðåìå Æîð-

äàíà è àëãîðèòìè÷åñêèì âîïðîñàì ïðèâåäåíû â [Sk20, �1.4℄ (òåîðåìà Æîðäàíà òàì è

ñ�îðìóëèðîâàíà). Èçó÷åíèå ýòîãî ïóíêòà ìîæíî íà÷àòü ñ äîêàçàòåëüñòâà óòâåðæäåíèé

1.3.5, êîòîðûå ÿðêî èëëþñòðèðóþò íåòðèâèàëüíîñòü ìàòåðèàëà.

Óòâåðæäåíèå 1.3.1. Åñëè íèêàêèå òðè èç âåðøèí äâóõ ïëîñêèõ ëîìàíûõ íå ëåæàò

íà îäíîé ïðÿìîé, òî ëîìàíûå ïåðåñåêàþòñÿ â êîíå÷íîì ÷èñëå òî÷åê.

Äîêàçàòåëüñòâî. Ëîìàíàÿ ÿâëÿåòñÿ îáúåäèíåíèåì êîíå÷íîãî ÷èñëà îòðåçêîâ. Åñëè íè-

êàêèå òðè âåðøèíû äâóõ îòðåçêîâ íå ëåæàò íà îäíîé ïðÿìîé, òî ýòè îòðåçêè ïåðåñåêà-

þòñÿ â êîíå÷íîì ÷èñëå òî÷åê. Ïîñêîëüêó (A∪B)∩C = (A∩C)∪(B∩C), òî óòâåðæäåíèå
äîêàçàíî.

Ìíîæåñòâî òî÷åê íà ïëîñêîñòè íàõîäèòñÿ â îáùåì ïîëîæåíèè, åñëè

• íèêàêèå òðè èç íèõ íå ëåæàò íà îäíîé ïðÿìîé, è

• íèêàêèå òðè îòðåçêà ñ êîíöàìè â ýòèõ òî÷êàõ íå èìåþò îáùåé âíóòðåííåé òî÷êè.

Íàïðèìåð,

• ìíîæåñòâî âñåõ òî÷åê îêðóæíîñòè íå íàõîäèòñÿ â îáùåì ïîëîæåíèè (èáî ëþáûå

òðè äèàìåòðà ïåðåñåêàþòñÿ â îäíîé òî÷êå);

• ìíîæåñòâî âñåõ òî÷åê âèäà (t, t2), ãäå t ∈ (0, 1), íå íàõîäèòñÿ â îáùåì ïîëîæåíèè

(¾êðèâàÿ ìîìåíòîâ¿; èáî íåêîòîðûå òðè õîðäû ïåðåñåêàþòñÿ â îäíîé òî÷êå);

• ìíîæåñòâî âåðøèí ïðàâèëüíîãî (2k+1)-óãîëüíèêà íàõîäèòñÿ â îáùåì ïîëîæåíèè

äëÿ ëþáîãî k (äîêàæèòå èëè ñì. [ZSS, �4.8℄).
Äàëåå âìåñòî �ðàçû ¾ìíîæåñòâî òî÷åê íàõîäèòñÿ â îáùåì ïîëîæåíèè¿ ìû ïèøåì

¾òî÷êè íàõîäÿòñÿ â îáùåì ïîëîæåíèè¿.

Çàäà÷à 1.3.2. (a) Êîíå÷íîå ÷èñëî ïðÿìûõ íå ïîêðûâàåò ïëîñêîñòü.

(b) Äëÿ ëþáîãî n ñóùåñòâóþò n òî÷åê îáùåãî ïîëîæåíèÿ íà ïëîñêîñòè.

Hint. (a) Sin
e the plane has in�nitely many points, it has in�nitely many lines. Hen
e

there is a ïðÿìàÿ l, îòëè÷íàÿ îò äàííûõ. Åé ïðèíàäëåæèò áåñêîíå÷íîå ÷èñëî òî÷åê.

Êàæäàÿ ïðÿìàÿ ïåðåñåêàåò l íå áîëåå ÷åì â îäíîé òî÷êå. Ñëåäîâàòåëüíî, íàéäåòñÿ òî÷êà

íà l, íå ïðèíàäëåæàùàÿ íè îäíîé èç äàííûõ ïðÿìûõ.
(b) Èíäóêöèÿ ïî n. Áàçà äëÿ n = 1 î÷åâèäíà. Ïåðåõîä ñëåäóåò èç ï. (a).

Ëåììà 1.3.3 (î ÷åòíîñòè). (a) Åñëè èç øåñòè âåðøèí äâóõ òðåóãîëüíèêîâ íà ïëîñ-

êîñòè íèêàêèå òðè íå ëåæàò íà ïðÿìîé, òî êîíòóðû ýòèõ òðåóãîëüíèêîâ ïåðåñåêà-

þòñÿ â ÷åòíîì ÷èñëå òî÷åê.

(b) Åñëè âåðøèíû äâóõ çàìêíóòûõ ïëîñêèõ ëîìàíûõ íàõîäÿòñÿ â îáùåì ïîëîæå-

íèè, òî ëîìàíûå ïåðåñåêàþòñÿ â ÷åòíîì ÷èñëå òî÷åê.

11

(ñ) Åñëè íèêàêîé îòðåçîê îäíîé èç äâóõ çàìêíóòûõ ïëîñêèõ ëîìàíûõ íå ïðîõîäèò

÷åðåç âåðøèíó äðóãîé, òî êîëè÷åñòâî ïàð (a, b) ïåðåñåêàþùèõñÿ îòðåçêîâ a è b ïåðâîé
è âòîðîé ëîìàíîé, ñîîòâåòñòâåííî, ÷åòíî.

Äîêàçàòåëüñòâî. (a) Ïåðåñå÷åíèå ïåðâîãî òðåóãîëüíèêà è êîíòóðà âòîðîãî ÿâëÿåòñÿ

îáúåäèíåíèåì êîíå÷íîãî ÷èñëà íåâûðîæäåííûõ ëîìàíûõ. Òî÷êè ïåðåñå÷åíèÿ êîíòóðîâ

ñóòü êîíöû ýòèõ ëîìàíûõ. Èõ ÷èñëî ÷åòíî. Èç ýòîãî è ñëåäóåò íóæíûé �àêò.

11

Ýòî íåòðèâèàëüíî, ïîñêîëüêó ëîìàíûå ìîãóò èìåòü ñàìîïåðåñå÷åíèÿ, è ïîñêîëüêó òåîðåìàÆîðäà-

íà íåòðèâèàëüíà. Âûâîäèòü ëåììó î ÷åòíîñòè èç òåîðåìû Æîðäàíà èëè �îðìóëû Ýéëåðà íåðàçóìíî,

èáî èõ äîêàçàòåëüñòâà èñïîëüçóþò ëåììó î ÷åòíîñòè èëè áëèçêîå óòâåðæäåíèå.

Áóäüòå îñòîðîæíû: óòâåðæäåíèå [Pr04, çàäà÷à 1.2℄ íåâåðíî äëÿ ¾âîñüìåðêè¿ è êîíòóðà òðåóãîëüíèêà,

ïðîõîäÿùåãî ÷åðåç òî÷êó ñàìîïåðåñå÷åíèÿ ¾âîñüìåðêè¿.
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(a) Íàáðîñîê äðóãîãî äîêàçàòåëüñòâà. Ñíà÷àëà äîêàæèòå, ÷òî òðåõçâåííàÿ ëîìàíàÿ

ðàçáèâàåò ïëîñêîñòü. Â îòëè÷èå îò òåîðåìû Æîðäàíà, ýòî äîêàçûâàåòñÿ áåç èñïîëü-

çîâàíèÿ ëåììû î ÷åòíîñòè. Êîíòóð îäíîãî òðåóãîëüíèêà çàõîäèò âíóòðü äðóãîãî òðå-

óãîëüíèêà ñòîëüêî æå ðàç, ñêîëüêî âûõîäèò íàðóæó. (Ïîýòîìó åñëè îäíà èç ëîìàíûõ

òðåõçâåííàÿ, òî ï. (b) äîêàçûâàåòñÿ àíàëîãè÷íî ï. (a).)

12

3

4

5

n

b

�èñ. 1.3.1: Äîêàçàòåëüñòâî ëåììû î ÷åòíîñòè 1.3.3.b

(b) Äîêàæåì ëåììó ïðè ïîìîùè èíäóêöèè ïî ñóììå êîëè÷åñòâ çâåíüåâ ëîìàíûõ.

Áàçà � ï. (a). Â äîêàçàòåëüñòâå øàãà îáîçíà÷èì ÷åðåç B1 . . . Bk çàìêíóòóþ ëîìàíóþ ñ

ïîñëåäîâàòåëüíûìè âåðøèíàìè B1, . . . , Bk. Ìîæíî ñ÷èòàòü, ÷òî â ïåðâîé ëîìàíîé áîëåå

òðåõ çâåíüåâ. Îáîçíà÷èì åå ÷åðåç A1 . . . An, à âòîðóþ ëîìàíóþ ÷åðåç b. Òîãäà (ðèñ. 1.3.1)

|A1A2A3 . . . An ∩ b| ≡
2
|A1A2A3 ∩ b|+ |A1A3A4 . . . An ∩ b| ≡

2
0.

Çäåñü âòîðîå ñðàâíåíèå ñëåäóåò èç áàçû è ïðåäïîëîæåíèÿ èíäóêöèè.

�èñ. 1.3.2: Èäåÿ ñèíãóëÿðíîãî êîíóñà

(ñ) Àíàëîãè÷íî ï. (b) óæå íå ïîëó÷èòñÿ. Ïðèâåäåííîå íèæå äîêàçàòåëüñòâî îñíîâàíî

íà èäåå íåïðåðûâíîãî äâèæåíèÿ ëîìàíîé íà áåñêîíå÷íîñòü [BE82, �5℄, êîðîòêî �îðìà-

ëèçîâàííîé ïðè ïîìîùè ñèíãóëÿðíîãî êîíóñà. Îíî ïîçâîëÿåò ïðîäåìîíñòðèðîâàòü îäíó

èç áàçîâûõ èäåé òåîðèè ãîìîëîãèé íà ýëåìåíòàðíîì ÿçûêå, äîñòóïíîì íåñïåöèàëèñòàì.

Îíî îáîáùàåòñÿ íà âûñøèå ðàçìåðíîñòè (�4).

Ïóñòü ñíà÷àëà îäíà èç ëîìàíûõ b òðåõçâåííàÿ. Îáîçíà÷èì äðóãóþ ëîìàíóþ ÷åðåç

a. Âîçüìåì òî÷êó A 6∈ b, äëÿ êîòîðîé íè îäèí èç îòðåçêîâ, ñîåäèíÿþùèõ åå ñ âåðøèíîé
ëîìàíîé a, íå ñîäåðæèò âåðøèí ëîìàíîé b. Òîãäà (ðèñ. 1.3.2)

|a ∩ b| =
∑

MN

|MN ∩ b| ≡
2

∑

MN

|∂AMN ∩ b| ≡
2
0.

Çäåñü ñóììèðîâàíèå èäåò ïî âñåì ðåáðàì MN ëîìàíîé a; ïîñëåäíåå ñðàâíåíèå ñëåäóåò
èç ï. (a).

Îáùèé ñëó÷àé ñâîäèòñÿ ê ðàññìîòðåííîìó ÷àñòíîìó àíàëîãè÷íî ñâåäåíèþ ÷àñòíîãî

ê ï. (a).

Ïóñòü A,B,C,D � òî÷êè íà ïëîñêîñòè, íèêàêèå òðè èç êîòîðûõ íå ëåæàò íà îäíîé

ïðÿìîé. Çíàêîì òî÷êè ïåðåñå÷åíèÿ îðèåíòèðîâàííûõ îòðåçêîâ

−→
AB è

−−→
CD íà ïëîñêîñòè

íàçîâåì +1, åñëè îáõîä ABC ïðîèñõîäèò ïî ÷àñîâîé ñòðåëêå, è −1 â ïðîòèâíîì ñëó÷àå.
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�èñ. 1.3.3: Çíàê òî÷êè ïåðåñå÷åíèÿ

+−

�èñ. 1.3.4: Äâå ëîìàíûå íà ïëîñêîñòè, ïåðåñåêàþùèåñÿ â ÷åòíîì ÷èñëå òî÷åê, ñóììà

çíàêîâ êîòîðûõ ðàâíà íóëþ (ñëåâà) è íå ðàâíà íóëþ (ñïðàâà)

Ëåììà 1.3.4 (î òðèâèàëüíîñòè). Åñëè âåðøèíû äâóõ çàìêíóòûõ ïëîñêèõ ëîìàíûõ

íàõîäÿòñÿ â îáùåì ïîëîæåíèè, òî ñóììà çíàêîâ òî÷åê ïåðåñå÷åíèÿ ëîìàíûõ ðàâíà

íóëþ.

Àíàëîãè÷íî ëåììå î ÷åòíîñòè 1.3.3.b ýòà ëåììà ñâîäèòñÿ ê ÷àñòíîìó ñëó÷àþ òðåõ-

çâåííûõ ëîìàíûõ, êîòîðûé äîêàçûâàåòñÿ àíàëîãè÷íî ëåììå î ÷åòíîñòè 1.3.3.a.

Çàäà÷à 1.3.5. Íà ïëîñêîñòè èìååòñÿ 14 òî÷åê: 7 êðàñíûõ è 7 æåëòûõ. Íèêàêèå òðè

èç íèõ íå ëåæàò íà îäíîé ïðÿìîé.

(a) Êîëè÷åñòâî ïàð (a, b) ïåðåñåêàþùèõñÿ êðàñíûõ (ò.å. ñîåäèíÿþùèõ êðàñíûå òî÷-

êè) îòðåçêîâ a è æåëòûõ îòðåçêîâ b ÷åòíî.
(b) Ïî êðàñíûì îòðåçêàì òå÷åò òîê. Ñóììà òîêîâ, âõîäÿùèõ â ëþáóþ êðàñíóþ òî÷êó,

ðàâíà ñóììå òîêîâ, èç íåå âûõîäÿùèõ. Ïî æåëòûì îòðåçêàì òå÷åò òîê ñ âûïîëíåíèåì

òîãî æå ïðàâèëà Êèðõãî�à. Îðèåíòèðóåì êàæäûé êðàñíûé èëè æåëòûé îòðåçîê íà-

ïðàâëåíèåì òîêà, òåêóùåãî ïî íåìó. Äëÿ ëþáûõ ïåðåñåêàþùèõñÿ êðàñíîãî è æåëòîãî

îòðåçêîâ âîçüìåì ïðîèçâåäåíèå òîêîâ, òåêóùèõ ïî íèì, íà çíàê òî÷êè ïåðåñå÷åíèÿ.

Òîãäà ñóììà âñåõ âçÿòûõ ÷èñåë (ïîòîê êðàñíîãî òîêà ÷åðåç æåëòûé) ðàâíà íóëþ.

Óêàçàíèÿ. (a) Îáúåäèíåíèå êðàñíûõ îòðåçêîâ åñòü ñóììà ïî ìîäóëþ 2 êîíòóðîâ

êðàñíûõ òðåóãîëüíèêîâ. È (A⊕B)∩C = (A∩C)⊕ (B ∩C). Ï. (a) òàêæå äîêàçûâàåòñÿ
ëþáûì èç ñïîñîáîâ, ïðèâåäåííûõ â çàìå÷àíèè 1.3.6.a.

(b) Äîêàçàòåëüñòâî àíàëîãè÷íî ï. (a).

Çàìå÷àíèå 1.3.6. Âåðíû ñëåäóþùèå âåðñèè äëÿ öèêëîâ ëåììû î ÷åòíîñòè 1.3.3 è

ïðåäëîæåíèÿ 1.3.5.a. Cf. [MNS℄.

(a) Íàçîâåì 1-öèêëîì êîíå÷íûé íàáîð îòðåçêîâ (íå âûðîæäåííûõ â òî÷êó) íà ïëîñ-

êîñòè, òàêîé ÷òî êàæäàÿ òî÷êà ïëîñêîñòè ÿâëÿåòñÿ êîíöîì ÷åòíîãî ÷èñëà îòðåçêîâ íàáî-

ðà. An example of a 1-
y
le is the set of all edges of a 
losed polygonal line. Òîãäà ëþáûå äâà

1-öèêëà, âñå êîíöû îòðåçêîâ êîòîðûõ íàõîäÿòñÿ â îáùåì ïîëîæåíèè, ïåðåñåêàþòñÿ

â ÷åòíîì ÷èñëå òî÷åê.

Äîêàçàòåëüñòâî àíàëîãè÷íî âûøåïðèâåäåííîìó äîêàçàòåëüñòâó ëåììû î ÷åòíîñòè

1.3.3.b; èñïîëüçóåòñÿ èíäóêöèÿ ïî ìèíèìàëüíîìó êîëè÷åñòâó îòðåçêîâ â 1-öèêëå. Äðó-

ãîå äîêàçàòåëüñòâî èñïîëüçóåò ¾ñèíãóëÿðíûé êîíóñ¿ (îíî ïîëó÷àåòñÿ èç äîêàçàòåëüñòâà

ëåììû 1.3.3.
 çàìåíîé ¾ëîìàíûõ¿ íà ¾1-öèêëû¿). Åùå îäíî äîêàçàòåëüñòâî � âûâîä èç

ëåììû î ÷åòíîñòè 1.3.3.b.

(b) Íàçîâåì 2-öèêëîì êîíå÷íûé íàáîð òðåóãîëüíèêîâ (íå âûðîæäåííûõ â òî÷êó èëè

îòðåçîê) íà ïëîñêîñòè, òàêîé ÷òî ëþáîé îòðåçîê íà ïëîñêîñòè ÿâëÿåòñÿ ñòîðîíîé ÷åò-
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íîãî ÷èñëà òðåóãîëüíèêîâ íàáîðà. An example of a 2-
y
le is the plane proje
tion of fa
es

of a tetrahedron (or of another `triangulated surfa
e'). Òîãäà åñëè òî÷êà ïëîñêîñòè íà-

õîäèòñÿ â îáùåì ïîëîæåíèè ñ âåðøèíàìè íåêîòîðîãî 2-öèêëà, òî îíà ïðèíàäëåæèò

÷åòíîìó ÷èñëó òðåóãîëüíèêîâ 2-öèêëà.

Äîêàçàòåëüñòâî èñïîëüçóåò ðàâåíñòâî |AB∩∂∆| ≡
2
|A∩∆|+ |B∩∆| äëÿ îòðåçêà AB

è òðåóãîëüíèêà ∆, ñð. óòâåðæäåíèå 2.2.1.

1.4 Èíâàðèàíò ñàìîïåðåñå÷åíèÿ èçîáðàæåíèÿ ãðà�à

Ìû ðàññìàòðèâàåì èçîáðàæåíèÿ ãðà�îâ íà ïëîñêîñòè, ïðè êîòîðûõ ðåáðà èçîáðàæà-

þòñÿ ëîìàíûìè (è äîïóñêàþòñÿ ïåðåñå÷åíèÿ ýòèõ ëîìàíûõ). Ñòðîãî ãîâîðÿ, îòîáðà-

æåíèåì (êóñî÷íî-ëèíåéíûì, PL) f : K → R2
ãðà�à K â ïëîñêîñòü íàçûâàåòñÿ

• íàáîð òî÷åê ïëîñêîñòè, ñîîòâåòñòâóþùèõ âåðøèíàì, âìåñòå ñ

• íàáîðîì (íåçàìêíóòûõ) ëîìàíûõ íà ïëîñêîñòè, êàæäàÿ èç êîòîðûõ ñîåäèíÿåò òå

ïàðû èç íàáîðà òî÷åê, êîòîðûå ñîîòâåòñòâóþò ïàðàì ñìåæíûõ âåðøèí ãðà�à.

Îáðàç f(σ) ðåáðà σ (ïðè îòîáðàæåíèè f) � ýòî îáúåäèíåíèå îòðåçêîâ ñîîòâåòñòâó-

þùåé ëîìàíîé. Îáðàç íàáîðà ðåáåð � ýòî îáúåäèíåíèå îáðàçîâ âñåõ ðåáåð èç íàáîðà.

Òåîðåìà 1.4.1 (òåîðåìà âàí Êàìïåíà-Ôëîðåñà äëÿ ïëîñêîñòè, ñð. óòâåðæäåíèå 1.1.1.a

è òåîðåìó 2.2.2). Äëÿ ëþáîãî PL îòîáðàæåíèÿ ãðà�à K5 â ïëîñêîñòü íàéäóòñÿ äâà

íåñìåæíûõ ðåáðà, îáðàçû êîòîðûõ ïåðåñåêàþòñÿ.

Ýòà òåîðåìà âûâîäèòñÿ èç åå ¾êîëè÷åñòâåííîé âåðñèè¿ (ëåììû 1.4.3): ïðè ¾ïî÷òè

ëþáîì¿ èçîáðàæåíèè ãðà�à K5 íà ïëîñêîñòè êîëè÷åñòâî òî÷åê ïåðåñå÷åíèÿ íåñìåæ-

íûõ ðåáåð íå÷åòíî (ïîäóìàéòå, êàê �îðìàëèçîâàòü ¾ïî÷òè ëþáîì¿ è ñðàâíèòå ñ íèæå-

ïðèâåäåííîé �îðìàëèçàöèåé). Â âûâîäå èñïîëüçóåòñÿ àïïðîêñèìàöèÿ, ñð. ñ çàìå÷àíè-

åì 7.2.3.b è [Sk20, ëåììà 1.4.6b îá àïïðîêñèìàöèè℄.

PL îòîáðàæåíèå ãðà�à â ïëîñêîñòü íàçûâàåòñÿ PL îòîáðàæåíèåì îáùåãî ïîëîæå-

íèÿ (PLGP îòîáðàæåíèåì), åñëè âñå âåðøèíû ëîìàíûõ èç îïðåäåëåíèÿ îòîáðàæåíèÿ

íàõîäÿòñÿ â îáùåì ïîëîæåíèè. Äëÿ PLGP îòîáðàæåíèÿ f îáðàçû ëþáûõ äâóõ íåñìåæ-

íûõ ðåáåð ïåðåñåêàþòñÿ â êîíå÷íîì ÷èñëå òî÷åê (ïî óòâåðæäåíèþ 1.3.1). ×èñëîì âàí

Êàìïåíà (èëè èíâàðèàíòîì ñàìîïåðåñå÷åíèÿ) v(f) ∈ Z2 íàçûâàåòñÿ ÷åòíîñòü ÷èñëà

òî÷åê ïåðåñå÷åíèÿ îáðàçîâ íåñìåæíûõ ðåáåð.

Ïðèìåð 1.4.2. Äâà îòðåçêà íà ïëîñêîñòè, èìåþùèå îáùóþ âíóòðåííþþ òî÷êó, îá-

ðàçóþò PLGP îòîáðàæåíèå f : K → R2
ïëàíàðíîãî ãðà�à K, äëÿ êîòîðîãî v(f) = 1.

Âûïóêëûé ÷åòûðåõóãîëüíèê è åãî äèàãîíàëè îáðàçóþò PLGP îòîáðàæåíèå f :
K4 → R2

, äëÿ êîòîðîãî v(f) = 1.
Âûïóêëûé ïÿòèóãîëüíèê è åãî äèàãîíàëè îáðàçóþò PLGP îòîáðàæåíèå f : K5 →

R2
, äëÿ êîòîðîãî v(f) = 1.
Åñëè ãðà� K ïëàíàðåí, òî v(f) = 0 äëÿ íåêîòîðîãî PLGP îòîáðàæåíèÿ f : K → R2

.

Åñëè K � íåñâÿçíîå îáúåäèíåíèå äâóõ öèêëîâ, òî ëåììà î ÷åòíîñòè 1.3.3.b îçíà-

÷àåò, ÷òî v(f) = 0 äëÿ ëþáîãî PLGP îòîáðàæåíèÿ f : K → R2
.

Ëåììà 1.4.3 (ñð. óòâåðæäåíèå 1.1.1.b). Äëÿ ëþáîãî PLGP îòîáðàæåíèÿ ãðà�à K5 â

ïëîñêîñòü ÷èñëî âàí Êàìïåíà íå÷åòíî.

Äîêàçàòåëüñòâî. Ââèäó óòâåðæäåíèÿ 1.1.1.b ëåììà âåðíà äëÿ îòîáðàæåíèé, ïðè êîòî-

ðûõ îáðàç êàæäîãî ðåáðà ÿâëÿåòñÿ îòðåçêîì, êîíöû êîòîðîãî � îáðàçû êîíöîâ ðåáðà.

Ïîýòîìó äîñòàòî÷íî äîêàçàòü, ÷òî v(f) = v(f ′) äëÿ ëþáûõ äâóõ PLGP îòîáðàæåíèé

f, f ′ : K5 → R2
, îòëè÷àþùèõñÿ òîëüêî íà âíóòðåííîñòè îäíîãî ðåáðà σ, ïðè÷åì fσ �
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îòðåçîê (ðèñ. 1.4.1). �åáðà ãðà�à K5, íåñìåæíûå ñ σ, îáðàçóþò öèêë (èìåííî ýòî ñâîé-
ñòâî ãðà�à K5 íåîáõîäèìî äëÿ äîêàçàòåëüñòâà). Îáîçíà÷èì ýòîò öèêë ÷åðåç ∆. Òîãäà

v(f)− v(f ′) =
∑

τ : σ∩τ=∅
(|fσ ∩ fτ |2 − |f ′σ ∩ f ′τ |2) = |(fσ ∪ f ′σ) ∩ f∆|2 = 0.

Çäåñü ïîñëåäíåå ðàâåíñòâî ñïðàâåäëèâî ïî ëåììå î ÷åòíîñòè 1.3.3.b.

�èñ. 1.4.1: Íåçàâèñèìîñòü v(f) îò f

Çàìå÷àíèå 1.4.4. (a) Ïóñòü N ⊂ Rm
è Y ⊂ Rn

. Îòîáðàæåíèå f : N → Y íàçûâàåòñÿ

íåïðåðûâíûì, åñëè äëÿ ëþáûõ x ∈ N è ε > 0 ñóùåñòâóåò òàêîå δ > 0, ÷òî ïðè ëþáûõ
y ∈ N , óäîâëåòâîðÿþùèõ óñëîâèþ |x− y| < δ, âûïîëíåíî íåðàâåíñòâî |f(x)− f(y)| < ε.
Êàê ïðàâèëî, ìû ïðîïóñêàåì ñëîâî ¾íåïðåðûâíûé¿ äëÿ îòîáðàæåíèé è äåéñòâèé ãðóïï.

Âåðåí àíàëîã òåîðåìû 1.4.1, ïîëó÷åííûé çàìåíîé `PL' íà `íåïðåðûâíîãî'.

(b) Âåðíû àíàëîãè òåîðåìû 1.4.1 è ëåììû 1.4.3, ïîëó÷åííûå çàìåíîé ãðà�à K5 íà

ãðà� K3,3.

K3,3

••

• •

••

K5

•

• •

••

�èñ. 1.4.2: ¾Ïî÷òè-âëîæåíèå¿ K5 → K3,3

(
) Íåïëàíàðíîñòü ãðà�à K3,3 âûòåêàåò òàêæå èç òåîðåìû 1.4.1 è ðèñ. 1.4.2 [Sk03℄.

1.5 Ïîëèíîìèàëüíûé àëãîðèòì ðàñïîçíàâàíèÿ ïëàíàðíîñòè

1.5.1 �àññòàíîâêà ïåðåñå÷åíèé

Ïîëèíîìèàëüíûé àëãîðèòì ðàñïîçíàâàíèÿ ïëàíàðíîñòè ïîëó÷àåòñÿ èç êðèòåðèÿ âàí

Êàìïåíà-Õàíàíè-Òàòòà ïëàíàðíîñòè ãðà�îâ (óòâåðæäåíèå 1.5.8). Åãî �îðìóëèðîâêà

�îðìàëüíî íåçàâèñèìà îò ïðåäûäóùåãî ìàòåðèàëà. Îäíàêî ìû ïîêàçûâàåì, êàê ïðè-

äóìàòü ýòîò êðèòåðèé. Ìû ðàññìîòðèì åñòåñòâåííûé îáúåêò (ðàññòàíîâêó ïåðåñå÷åíèé)

äëÿ ëþáîãî ¾õîðîøåãî¿ (PLGP) îòîáðàæåíèÿ ãðà�à â ïëîñêîñòü (ï. 1.5.1). Äàëåå ìû

èññëåäóåì, êàê ýòîò îáúåêò çàâèñèò îò îòîáðàæåíèÿ (óòâåðæäåíèå 1.5.4). Òàê ìû ïîëó-

÷èì èç ýòîãî îáúåêòà ïðåïÿòñòâèå ê ïëàíàðíîñòè, óæå íå çàâèñÿùåå îò îòîáðàæåíèÿ.

Ëèíåéíî-àëãåáðàè÷åñêàÿ (=êîãîìîëîãè÷åñêàÿ) èíòåðïðåòàöèÿ ýòîãî ïðåïÿòñòâèÿ è äàåò

íóæíûé êðèòåðèé ïëàíàðíîñòè.
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�ðà� íàçûâàåòñÿ Z2-ïëàíàðíûì, åñëè ñóùåñòâóåò òàêîå åãî PLGP îòîáðàæåíèå â

ïëîñêîñòü, ïðè êîòîðîì îáðàçû ëþáûõ äâóõ íåñìåæíûõ ðåáåð ïåðåñåêàþòñÿ â ÷åòíîì

÷èñëå òî÷åê.

Íàïðèìåð, ãðà�K5 íå ÿâëÿåòñÿ Z2-ïëàíàðíûì ââèäó ëåììû 1.4.3. Àíàëîãè÷íî, ãðà�

K3,3 íå ÿâëÿåòñÿ Z2-ïëàíàðíûì ââèäó çàìå÷àíèÿ 1.4.4.b). Ïîýòîìó è íèêàêîé ãðà� K,

ãîìåîìîð�íûé K5 èëè K3,3, íå ÿâëÿåòñÿ Z2-ïëàíàðíûì (èáî ëþáîå PLGP îòîáðàæåíèå

K → R2
ñîîòâåòñòâóåò íåêîòîðîìó PLGP îòîáðàæåíèþ K5 → R2

èëè K3,3 → R2
). Èç

ýòîãî è òåîðåìû Êóðàòîâñêîãî 1.2.3.e âûòåêàåò ñëåäóþùèé ðåçóëüòàò.

Òåîðåìà 1.5.1 (Õàíàíè-Òàòòà; ñð. Theorem 6.9.2 and [Sk18, òåîðåìû 2.4.2a è 3.3.4℄).

�ðà� ïëàíàðåí òîãäà è òîëüêî òîãäà, êîãäà îí Z2-ïëàíàðåí.
12

Èòàê, îñòàëîñü ïîñòðîèòü àëãîðèòì ðàñïîçíàâàíèÿ Z2-ïëàíàðíîñòè.

Ïðèìåð 1.5.2. Ïóñòü äàí ãðà� è ïðîèçâîëüíîå óïîðÿäî÷åíèå åãî âåðøèí. �àññòàâèì

åãî âåðøèíû íà îêðóæíîñòè â çàäàííîì ïîðÿäêå, òàê ÷òîáû íèêàêèå òðè ñîåäèíÿ-

þùèå èõ õîðäû íå ïåðåñåêàëèñü â îäíîé òî÷êå. Âîçüìåì õîðäó äëÿ êàæäîãî ðåáðà.

Ïîëó÷èì ëèíåéíîå îòîáðàæåíèå îáùåãî ïîëîæåíèÿ ãðà�à â ïëîñêîñòü. Äëÿ ëþáûõ

íåñìåæíûõ ðåáåð σ, τ ãðà�à êîëè÷åñòâî òî÷åê ïåðåñå÷åíèÿ èõ îáðàçîâ èìååò òó æå

÷åòíîñòü, ÷òî è êîëè÷åñòâî êîíöîâ ðåáðà σ, ëåæàùèõ ìåæäó êîíöàìè ðåáðà τ .

Ïóñòü f : K → R2
� PLGP îòîáðàæåíèå ãðà�à K. Âîçüìåì ëþáûå äâà íåñìåæíûõ

ðåáðà σ, τ . Ïî óòâåðæäåíèþ 1.3.1 ïåðåñå÷åíèå fσ∩fτ ñîñòîèò èç êîíå÷íîãî ÷èñëà òî÷åê.
Ïîñòàâèì â ñîîòâåòñòâèå ïàðå {σ, τ} âû÷åò

|fσ ∩ fτ |2.

Îáîçíà÷èì ÷åðåçK∗
ìíîæåñòâî íåóïîðÿäî÷åííûõ ïàð íåñìåæíûõ ðåáåð ãðà�àK. Íàçî-

âåì ïîëó÷åííîå îòîáðàæåíèå K∗ → Z2 ðàññòàíîâêîé (èëè êîöèêëîì) ïåðåñå÷åíèé

(ïî ìîäóëþ 2). Ìû íàçûâàåì åãî ðàññòàíîâêîé, ÷òîáû íå ïóòàòü ñ îòîáðàæåíèåì f .
Îòîáðàæåíèå K∗ → Z2 áóäåì îòîæäåñòâëÿòü ñ ïîäìíîæåñòâîì â K∗

(ñîñòîÿùèì èç

ïàð, ïåðåõîäÿùèõ â åäèíèöó).

13

Çàìå÷àíèå 1.5.3. (a) Åñëè ãðà� Z2-ïëàíàðåí, òî ðàññòàíîâêà ïåðåñå÷åíèé íóëåâàÿ äëÿ

íåêîòîðîãî PLGP îòîáðàæåíèÿ ýòîãî ãðà�à â ïëîñêîñòü.

(b) (ñð. ñ ïðèìåðîì 1.5.2) Âîçüìåì ëèíåéíîå îòîáðàæåíèå f : Kn → R2
, äëÿ êîòîðî-

ãî f(1)f(2) . . . f(n)� âûïóêëûé n-óãîëüíèê. Äëÿ n = 4 è n = 5 ðàññòàíîâêè ïåðåñå÷åíèé
ñîîòâåòñòâóþò ïîäìíîæåñòâàì

{
{13, 24}

}
è

{
{13, 24}, {24, 35}, {35, 41}, {41, 52}, {52, 13}

}
.

12

Ïðÿìîé âûâîä ïëàíàðíîñòè èç Z2-ïëàíàðíîñòè ñì. â [S
13℄. Ïðÿìîé âûâîä Z2-ïëàíàðíîñòè èç îò-

ñóòñòâèÿ ïîäãðà�îâ, ãîìåîìîð�íûõ K5 è K3,3, ñì. â [Sa91℄.

13

Îòîáðàæåíèå K∗ → Z2 ìîæíî òàêæå ïîíèìàòü êàê ¾÷àñòè÷íóþ ìàòðèöó¿, ò.å. ñèììåòðè÷íóþ ðàñ-

ñòàíîâêó íóëåé è åäèíèö â òåõ êëåòêàõ òàáëèöû ðàçìåðà e × e, êîòîðûå îòâå÷àþò ïàðàì íåñìåæíûõ

ðåáåð, ãäå e � êîëè÷åñòâî ðåáåð ãðà�à K. Çíàêîìûå ñ ïîíÿòèåì êîìïëåêñà (ï. 6.3) ìîãóò ïðåäñòàâ-

ëÿòü ñåáå K∗
êîìïëåêñîì. Òîãäà ðàññòàíîâêà ïåðåñå÷åíèé � ðàññòàíîâêà íóëåé è åäèíèö íà âñåõ òåõ

¾ïðÿìîóãîëüíèêàõ¿ êîìïëåêñà K∗
, êîòîðûå ÿâëÿþòñÿ ïðîèçâåäåíèÿìè íåñìåæíûõ ðåáåð. Ñð. ñ ï. 8.2.

Äëÿ ëþáîãî PLGP îòîáðàæåíèÿ f : K → R2
ãðà�à K ÷èñëî âàí Êàìïåíà v(f) ðàâíî ñóììå çíà÷åíèé

êîöèêëà ïåðåñå÷åíèé íà âñåâîçìîæíûõ íåóïîðÿäî÷åííûõ ïàðàõ íåñìåæíûõ ðåáåð.
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Ïîëó÷àþòñÿ ñëåäóþùèå ÷àñòè÷íûå ìàòðèöû (ðåáðà óïîðÿäî÷åíû ëåêñèêîãðà�è÷åñêè).




- - - - - 0
- - - - 1 -

- - - 0 - -

- - 0 - - -

- 1 - - - -

0 - - - - -




è




- - - - - - - 0 0 0
- - - - - 1 1 - - 0
- - - - 0 - 1 - 1 -

- - - - 0 0 - 0 - -

- - 0 0 - - - - - 0
- 1 - 0 - - - - 1 -

- 1 1 - - - - 0 - -

0 - - 0 - - 0 - - -

0 - 1 - - 1 - - - -

0 0 - - 0 - - - - -




.

(
) A subset C ⊂ K∗
is 
alled a 2-
y
le (modulo 2) if for ea
h edge σ and vertex A 6∈ σ

there is an even number of edges τ having a vertex A and su
h that {σ, τ} ∈ C. For a PLGP
map f : K → R2

de�ne the C-van Kampen number

vC(f) :=
∑

{σ,τ}∈C
|fσ ∩ fτ | ∈ Z2.

Analogously to Lemma 1.4.3 vC(f) is independent of f , and so depends only on K and C.
A graph K is Z2-planar if and only if the its C-van Kampen number is zero for any

2-
y
le C ⊂ K∗
.

This is dedu
ed from Proposition 1.5.7 (àíàëîãè÷íî óòâåðæäåíèþ 9.2.8.b), and gives a

polynomial algorithm re
ognizing planarity.

1.5.2 �àññòàíîâêè ïåðåñå÷åíèé äëÿ ðàçíûõ îòîáðàæåíèé

�àññòàíîâêè K∗ → Z2 ìîæíî ñêëàäûâàòü ïîòî÷å÷íî (ïîêîìïîíåíòíî): ñêëàäûâàþòñÿ

ïî ìîäóëþ 2 îáðàçû êàæäîé ïàðû. Ýòî ñîîòâåòñòâóåò ñëîæåíèþ ïî ìîäóëþ 2 (ò.å. ñèì-

ìåòðè÷åñêîé ðàçíîñòè) ïîäìíîæåñòâ ìíîæåñòâà K∗
.

I II III IV V

fσ

fA

�èñ. 1.5.1: Ïðåîáðàçîâàíèÿ �àéäåìàéñòåðà äëÿ ãðà�îâ â ïëîñêîñòè

Óòâåðæäåíèå 1.5.4. (a) �àññòàíîâêà ïåðåñå÷åíèé íå ìåíÿåòñÿ ïðè ïðåîáðàçîâàíèÿõ

�àéäåìàéñòåðà íà ðèñ. 1.5.1.I-IV. (Îòîáðàæåíèå ãðà�à èçìåíÿåòñÿ â êðóãå, êàê íà

ðèñóíêàõ, à âíå ýòîãî êðóãà îñòàåòñÿ áåç èçìåíåíèé. Â ï. (a) íèêàêèå îáðàçû ðåáåð,

êðîìå èçîáðàæåííûõ, ýòîò êðóã íå ïåðåñåêàþò.)

(b) Ïóñòü K � ãðà� è âåðøèíà A íå ÿâëÿåòñÿ êîíöîì ðåáðà σ. Ýëåìåíòàðíîé êî-
ãðàíèöåé ïàðû (A, σ) íàçûâàåòñÿ ïîäìíîæåñòâî δK(A, σ) = δ(A, σ) ⊂ K∗

, ñîñòîÿùåå

èç âñåõ ïàð {σ, τ} ñ τ ∋ A. Òîãäà ïðè ïðåîáðàçîâàíèè �àéäåìàéñòåðà íà ðèñ. 1.5.1.V
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ê ðàññòàíîâêå ïåðåñå÷åíèé äîáàâëÿåòñÿ δ(A, σ). (Â ï. (b) îáðàçû ðåáåð, êðîìå èçîáðà-

æåííûõ, ìîãóò ïåðåñåêàòü êðóã, â êîòîðîì äåëàåòñÿ ïðåîáðàçîâàíèå. Çàòî ¾ïàðàë-

ëåëüíûå¿ îòðåçî÷êè ïðîõîäÿò ¾î÷åíü áëèçêî¿ äðóã ê äðóãó.)

Ïðèìåð 1.5.5. (a) Èìååì δK4(1, 24) = δK4(2, 13) = δK4(3, 24) = δK4(4, 13) =
{
{13, 24}

}
.

Èòàê, ðàññòàíîâêà ïåðåñå÷åíèé èç çàìå÷àíèÿ 1.5.3.b äëÿ n = 4 ÿâëÿåòñÿ ýëåìåíòàð-

íîé êîãðàíèöåé.

(b) Èìååì δK5(3, 12) =
{
{12, 34}, {12, 35}

}
. Ïîýòîìó ðàññòàíîâêà ïåðåñå÷åíèé èç

çàìå÷àíèÿ 1.5.3.b äëÿ n = 5 íå ÿâëÿåòñÿ ñóììîé íåñêîëüêèõ ýëåìåíòàðíûõ êîãðàíèö.

Äåéñòâèòåëüíî, ïðèáàâëåíèå ýëåìåíòàðíîé êîãðàíèöû íå ìåíÿåò ÷åòíîñòü êîëè÷å-

ñòâà åäèíèö, êîèõ ïÿòü.

(
) For every edge σ of a graph K we have

∑
A∈V (K)−∂σ

δ(A, σ) = 0.

Íàçîâåì ðàññòàíîâêè ν1, ν2 : K
∗ → Z2 (èëè ν1, ν2 ⊂ K∗

) êîãîìîëîãè÷íûìè, åñëè

ν1 − ν2 = δ(A1, σ1) + . . .+ δ(Ak, σk)

äëÿ íåêîòîðûõ âåðøèí A1, . . . , Ak è ðåáåð σ1, . . . , σk (íå îáÿçàòåëüíî ðàçëè÷íûõ).
Óòâåðæäåíèå 1.5.4.b è ñëåäóþùàÿ ëåììà 1.5.6 ïîêàçûâàþò, ÷òî êîãîìîëîãè÷íîñòü

� ýòî òî îòíîøåíèå ýêâèâàëåíòíîñòè íà ðàññòàíîâêàõ, êîòîðîå ïîðîæäàþò èçìåíåíèÿ

îòîáðàæåíèÿ ãðà�à â ïëîñêîñòü.

Ëåììà 1.5.6. �àññòàíîâêè ïåðåñå÷åíèé ðàçíûõ PLGP îòîáðàæåíèé îäíîãî ãðà�à â

ïëîñêîñòü êîãîìîëîãè÷íû.

Äîêàçàòåëüñòâî ëåììû 1.5.6, ïðèâåäåííîå íèæå, ÿâëÿåòñÿ íåòðèâèàëüíûì îáîáùå-

íèåì äîêàçàòåëüñòâà ëåììû 1.4.3.

Óòâåðæäåíèå 1.5.7. �ðà� Z2-ïëàíàðåí òîãäà è òîëüêî òîãäà, êîãäà ðàññòàíîâêà ïå-

ðåñå÷åíèé íåêîòîðîãî (èëè, ýêâèâàëåíòíî, ëþáîãî) åãî PLGP îòîáðàæåíèÿ â ïëîñ-

êîñòü êîãîìîëîãè÷íà íóëåâîé ðàññòàíîâêå.

Ýòî ñëåäóåò èç ëåììû 1.5.6 è óòâåðæäåíèÿ 1.5.4.b.

Óòâåðæäåíèå 1.5.8. Ïóñòü äàí ãðà� è ïðîèçâîëüíàÿ íóìåðàöèÿ åãî âåðøèí. Ýòîò

ãðà� ïëàíàðåí òîãäà è òîëüêî òîãäà, êîãäà ñëåäóþùàÿ ñèñòåìà ëèíåéíûõ óðàâíåíèé

íàä Z2 ðàçðåøèìà.

Êàæäîé ïàðå A, e, ñîñòîÿùåé èç âåðøèíû è ðåáðà òàêèõ, ÷òî A /∈ e, ñîïîñòàâèì
ïåðåìåííóþ xA,e. Äëÿ êàæäîé íåóïîðÿäî÷åííîé ïàðû íåñìåæíûõ ðåáåð σ, τ îáîçíà÷èì
÷åðåç bσ,τ ∈ Z2 ÷åòíîñòü êîëè÷åñòâà êîíöîâ ðåáðà σ, íîìåðà êîòîðûõ ëåæàò ìåæäó

íîìåðàìè êîíöîâ ðåáðà τ . Äëÿ ëþáûõ òàêèõ ïàð (A, e) è {σ, τ} ïîëîæèì

aA,e,σ,τ =

{
1, åñëè (A ∈ σ è e = τ) èëè (A ∈ τ è e = σ)

0, èíà÷å

.

Äëÿ êàæäîé òàêîé ïàðû {σ, τ} âûïèøåì óðàâíåíèå

∑
A/∈e

aA,e,σ,τxA,e = bσ,τ .

Ýòî ñëåäóåò èç òåîðåìû 1.5.1 Õàíàíè-Òàòòà, ïðèìåðà 1.5.2 è óòâåðæäåíèÿ 1.5.7. For

a 
ombinatorial interpretation see Remark 1.7.3.a.
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1.5.3 Äîêàçàòåëüñòâî ëåììû 1.5.6

Ïóñòü äàíû ãðà� K è PLGP îòîáðàæåíèÿ f, f ′ : K → R2
.

14

Äîêàçàòåëüñòâî äëÿ ÷àñòíîãî ñëó÷àÿ, êîãäà îòîáðàæåíèÿ f è f ′
îòëè÷àþòñÿ òîëü-

êî íà âíóòðåííîñòè îäíîãî ðåáðà σ, ïðè÷åì fσ � îòðåçîê. Âîçüìåì òî÷êó O íà ïëîñ-

êîñòè, íàõîäÿùóþñÿ â îáùåì ïîëîæåíèè îòíîñèòåëüíî ìíîæåñòâà âñåõ âåðøèí âñåõ

ëîìàíûõ fα è f ′α (äëÿ âñåõ ðåáåð α). Äëÿ ëîìàíîé X â îáùåì ïîëîæåíèè ñ öèêëîì

fσ ∪ f ′σ îáîçíà÷èì

X∗ := |(fσ ∪ f ′σ) ∩X|2.

Äîñòàòî÷íî äîêàçàòü, ÷òî ðàçíîñòü ðàññòàíîâîê ïåðåñå÷åíèé ν(f) äëÿ f è ν(f ′) äëÿ f ′

ðàâíà

ν(f)− ν(f ′) =
∑

B 6∈σ
Of(B)∗δ(B, σ) = δ(B1, σ) + . . .+ δ(Bk, σ),

ãäå B1, . . . , Bk � âñå òå âåðøèíû B 6∈ σ, äëÿ êîòîðûõ îòðåçîê Of(B) ïåðåñåêàåò öèêë
fσ ∪ f ′σ â íå÷åòíîì ÷èñëå òî÷åê. (Ñðàâíèòå ñ óòâåðæäåíèÿìè 2.2.1.ab. Íàáîð âåðøèí

B1, . . . , Bk çàâèñèò îò âûáîðà òî÷êè O, íî �îðìóëà ñïðàâåäëèâà ïðè ëþáîì âûáîðå.)

Äëÿ ëþáûõ ðåáåð α è β, êàæäîå èç êîòîðûõ îòëè÷íî îò σ, çíà÷åíèÿ ðàññòàíîâîê

ïåðåñå÷åíèé ν(f) è ν(f ′) íà ïàðå {α, β} ðàâíû.
Äëÿ ëþáîãî ðåáðà PQ, íåñìåæíîãî ñ σ, çíà÷åíèå íà ïàðå {σ, PQ} ðàçíîñòè ν(f) −

ν(f ′) ðàâíî

(ν(f)− ν(f ′)){σ,PQ} = f(PQ)∗
(2)
= Of(P )∗ +Of(Q)∗ =

(∑

B 6∈σ
Of(B)∗δ(B, σ)

)

{σ,PQ}

.

Çäåñü ðàâåíñòâî (2) ñïðàâåäëèâî, èáî ïî ëåììå î ÷åòíîñòè 1.3.3.b

0 = (Of(P ) ∪ Of(Q) ∪ f(PQ))∗ = Of(P )∗ +Of(Q)∗ + f(PQ)∗.

f(A)
f ′(A) f(A)

f ′(A)
−→

�èñ. 1.5.2: Ìîäè�èêàöèÿ PLGP îòîáðàæåíèÿ

Ñâåäåíèå îáùåãî ñëó÷àÿ ê ÷àñòíîìó. Äîñòàòî÷íî äîêàçàòü ëåììó äëÿ îòîáðàæåíèÿ

f , îòëè÷àþùåãîñÿ îò f ′
òîëüêî íà ìíîæåñòâå ðåáåð, âûõîäÿùèõ èç îäíîé âåðøèíû A.

Ñîåäèíèì f(A) ñ f ′(A) ëîìàíîé îáùåãî ïîëîæåíèÿ.15 Äëÿ ðåáåð σ, íå âûõîäÿùèõ èç A
¾ïîäòàùèì îáðàçû fσ = f ′σ ê f ′(A) âäîëü ëîìàíîé¿ òàê, ÷òî

• ýòà ëîìàíàÿ íå ïåðåñåêàåò ìîäè�èöèðîâàííûõ îáðàçîâ ðåáðà σ, è

14

Ëåììà 1.5.6 âûòåêàåò èç ñëåäóþùåãî �àêòà: ëþáûå äâà PLGP îòîáðàæåíèÿ îäíîãî ãðà�à â ïëîñ-

êîñòü ìîæíî ïåðåâåñòè äðóã â äðóãà ïðåîáðàçîâàíèÿìè �àéäåìàéñòåðà íà ðèñ. 1.5.1. Âïðî÷åì, äîêàçàòü

ëåììó ïðîùå, ÷åì ýòîò �àêò.

15

Âîò íåìíîãî äðóãîå çàâåðøåíèå ñâåäåíèÿ (ïðåäëîæåíî �. Êàðàñåâûì). Âîçüìåì îòîáðàæåíèå f ′′
,

ïîëó÷åííîå èç f ¾ïîäòàñêèâàíèåì îêðåñòíîñòè âåðøèíû f(A) ê f ′(A) âäîëü ëîìàíîé¿ (ñð. ñ ðèñ. 1.5.2 è
ðèñ. 1.5.1.V). Àíàëîãè÷íî óòâåðæäåíèþ 1.5.4.b (èëè äðóãîìó äîêàçàòåëüñòâó óòâåðæäåíèÿ 1.1.1.b) ðàñ-

ñòàíîâêè ïåðåñå÷åíèé ν(f) è ν(f ′′) êîãîìîëîãè÷íû. Ïî ðàññìîòðåííîìó ÷àñòíîìó ñëó÷àþ ðàññòàíîâêè

ïåðåñå÷åíèé ν(f ′) è ν(f ′′) êîãîìîëîãè÷íû. Çíà÷èò, ν(f) è ν(f ′) êîãîìîëîãè÷íû.
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• òî÷êè ïåðåñå÷åíèÿ îáðàçîâ òàêèõ ðåáåð σ îñòàþòñÿ ïðåæíèìè.

Îáîçíà÷èì ÷åðåç

• f è f
′
îòîáðàæåíèÿ, ïîëó÷åííûå èç f è f ′

òàêèì ¾ïîäòàñêèâàíèåì¿;

• f ′′
îòîáðàæåíèå, ïîëó÷åííîå èç f ¾ïîäòàñêèâàíèåì îêðåñòíîñòè âåðøèíû f(A) =

f(A) ê f ′(A) = f
′
(A) âäîëü ëîìàíîé¿.

Ñì. ðèñ. 1.5.2. Òîãäà

ν(f) = ν(f) = ν(f ′′)
(1)
∼ ν(f

′
) = ν(f ′).

Çäåñü êîãîìîëîãè÷íîñòü (1) ñïðàâåäëèâà ïî ðàññìîòðåííîìó ÷àñòíîìó ñëó÷àþ.

1.5.4 Ïåðåñå÷åíèÿ ñî çíàêîì

Here we generalize previous 
onstru
tions from residues modulo 2 to integers. Ýòî îáîáùå-

íèå �îðìàëüíî íå èñïîëüçóþòñÿ äàëåå. Îäíàêî ýòî ïðîñòîå îáîáùåíèå (è, âîçìîæíî,

çàìå÷àíèå 1.7.5) ïîëåçíî ïðîäåëàòü ïåðåä áîëåå ñëîæíûìè îáîáùåíèÿìè â ï. 6.8, 6.9 è

[Sk18, ï. 2.3.3 è 2.4℄.

Suppose that l and p are (oriented) polygonal lines in the plane whose verti
es are in

general position. Îïðåäåëèì àëãåáðàè÷åñêîå ÷èñëî ïåðåñå÷åíèÿ l · p ëîìàíûõ l è p êàê

ñóììó çíàêîâ èõ òî÷åê ïåðåñå÷åíèÿ. Ñì. ðèñ. 1.3.4.

Çàäà÷à 1.5.9. (a) Èìååì l · p = −p · l.
(b) Ïðè èçìåíåíèè îðèåíòàöèè ëîìàíîé l ÷èñëî l · p èçìåíèò çíàê.
(
) Ïðè èçìåíåíèè îðèåíòàöèè ïëîñêîñòè, ò.å. ïðè îñåâîé ñèììåòðèè, ÷èñëî l · p

èçìåíèò çíàê.

Ïóñòü f : K → R2
� PLGP îòîáðàæåíèå ãðà�à K. Îðèåíòèðóåì ðåáðà ãðà�à K.

Ïîñòàâèì â ñîîòâåòñòâèå óïîðÿäî÷åííîé ïàðå (σ, τ) íåñìåæíûõ ðåáåð àëãåáðàè÷åñêîå

÷èñëî fσ · fτ ïåðåñå÷åíèÿ. Îáîçíà÷èì ÷åðåç K̃ ìíîæåñòâî óïîðÿäî÷åííûõ ïàð íåñìåæ-

íûõ ðåáåð ãðà�à K. Ïîëó÷åííàÿ ðàññòàíîâêà (=îòîáðàæåíèå) · : K̃ → Z íàçûâàåòñÿ

öåëî÷èñëåííîé ðàññòàíîâêîé ïåðåñå÷åíèé (for given orientations).

Óòâåðæäåíèå 1.5.10. Analogues of Propositions 1.5.4.ab are true for the integral interse
tion


o
y
les, with the following de�nition. Let K be an oriented graph and A � âåðøèíà, íå

ÿâëÿþùàÿñÿ êîíöîì ðåáðà σ. Êîñîñèììåòðè÷íîé ýëåìåíòàðíîé êîãðàíèöåé ïàðû

(A, σ) íàçûâàåòñÿ ðàññòàíîâêà δ(A, σ) : K̃ → Z, ïðè êîòîðîé

• â åäèíèöó îòîáðàæàåòñÿ êàæäàÿ ïàðà (σ, τ), äëÿ êîòîðîé τ âûõîäèò èç A, è
êàæäàÿ ïàðà (τ, σ), äëÿ êîòîðîé τ âõîäèò â A,

• â ìèíóñ åäèíèöó îòîáðàæàåòñÿ êàæäàÿ ïàðà (σ, τ), äëÿ êîòîðîé τ âõîäèò â A,
è êàæäàÿ ïàðà (τ, σ), äëÿ êîòîðîé τ âûõîäèò èç A,

• â íîëü îòîáðàæàþòñÿ âñå îñòàëüíûå ïàðû.

Íàçîâåì ðàññòàíîâêè N1, N2 : K̃ → Z êîñîñèììåòðè÷íî êîãîìîëîãè÷íûìè, åñëè

N1 −N2 = m1δ(A1, σ1) + . . .+mkδ(Ak, σk)

äëÿ íåêîòîðûõ âåðøèí A1, . . . , Ak, ðåáåð σ1, . . . , σk è öåëûõ ÷èñåë m1, . . . , mk (íå îáÿçà-

òåëüíî ðàçëè÷íûõ).

Ñëåäóþùèé öåëî÷èñëåííûé àíàëîã ëåììû 1.5.6 is proved analogously using the Triviality

Lemma 1.3.4.

Ëåììà 1.5.11. The integer interse
tion 
o
y
les of di�erent PLGP maps of the same graph

to the plane are skew-symmetri
ally 
ohomologous.
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Óòâåðæäåíèå 1.5.12. Óäâîåííàÿ öåëî÷èñëåííàÿ ðàññòàíîâêà ïåðåñå÷åíèé ëþáîãî PLGP

îòîáðàæåíèÿ ãðà�à â ïëîñêîñòü êîñîñèììåòðè÷íî êîãîìîëîãè÷íà íóëåâîé ðàññòàíîâ-

êå.

This follows by Assertion 1.5.9.
 and Lemma 1.5.11. Cf. [Sk18, Proposition 2.4.7℄.

Çàìå÷àíèå 1.5.13. �ðà� íàçûâàåòñÿ Z-ïëàíàðíûì, åñëè ñóùåñòâóåò åãî PLGP îòîáðà-

æåíèå â ïëîñêîñòü, ïðè êîòîðîì ñóììà çíàêîâ òî÷åê ïåðåñå÷åíèÿ îáðàçîâ ëþáûõ äâóõ

íåñìåæíûõ ðåáåð ðàâíà íóëþ, äëÿ íåêîòîðûõ (èëè, ýêâèâàëåíòíî, äëÿ ëþáûõ) îðèåí-

òàöèé íà ýòèõ ðåáðàõ. One 
an prove analogously to Theorem 1.5.1, or dedu
e from it,

that ãðà� ïëàíàðåí òîãäà è òîëüêî òîãäà, êîãäà îí Z-ïëàíàðåí. Integral analogue of

Proposition 1.5.7 is 
orre
t and follows by Lemma 1.5.11 and Proposition 1.5.10.

1.6 Àëãîðèòì ðàñïîçíàâàíèÿ èçîòîïíîñòè âëîæåíèé

Âëîæåíèåì (êóñî÷íî-ëèíåéíûì, PL) ãðà�à â ïëîñêîñòü íàçûâàåòñÿ íàáîð âåðøèí è

ëîìàíûõ èç îïðåäåëåíèÿ ïëàíàðíîñòè, äëÿ êîòîðîãî íèêàêàÿ èçîëèðîâàííàÿ âåðøèíà

íå ëåæèò íè íà îäíîé èç ëîìàíûõ. Ýòî òî æå, ÷òî åãî PL îòîáðàæåíèå â ïëîñêîñòü, äëÿ

êîòîðîãî îáðàçû âåðøèí ïîïàðíî ðàçëè÷íû, ñóæåíèÿ íà ðåáðà (=ëîìàíûå) íåñàìîïå-

ðåñåêàþùèåñÿ, è íèêàêîé îáðàç ðåáðà íå ïåðåñåêàåò âíóòðåííîñòè íèêàêîãî äðóãîãî

îáðàçà ðåáðà. Îïðåäåëåíèå ïî÷òè âëîæåíèÿ ïðèâåäåíî â Remark 6.10.3.a è â [ABM+,

�4℄. (�åçóëüòàòû è ïîñòðîåíèÿ ýòîãî ïóíêòà ñïðàâåäëèâû è äëÿ òîïîëîãè÷åñêèõ âëîæå-

íèé, îïðåäåëåíèå êîòîðûõ èçâåñòíî íåêîòîðûì ÷èòàòåëÿì.)

Äâà (ïî÷òè) âëîæåíèÿ f, g : K → R2
ãðà�à K â ïëîñêîñòü íàçûâàþòñÿ (ïî÷òè)

èçîòîïíûìè, åñëè îäíî ìîæíî íåïðåðûâíî ïðîäå�îðìèðîâàòü â äðóãîå òàê, ÷òîáû â

ïðîöåññå äå�îðìàöèè îòîáðàæåíèå îñòàâàëîñü (ïî÷òè) âëîæåíèåì. Âîò ñòðîãàÿ �îðìó-

ëèðîâêà ýòîãî óñëîâèÿ: ñóùåñòâóåò ñåìåéñòâî (ïî÷òè) âëîæåíèé ft : K → R2
, íåïðåðûâ-

íî çàâèñÿùåå îò ïàðàìåòðà t ∈ [0, 1], äëÿ êîòîðîãî f0 = f è f1 = g.
Íàïðèìåð, ïàðû âëîæåíèé íà êàæäîì èç ðèñ. 1.6.1.ab
 íå èçîòîïíû (è äàæå íå ïî÷òè

èçîòîïíû).

1

2

3 1

3

2 2

3

1 1

3

2

�èñ. 1.6.1: �àçëè÷íûå âëîæåíèÿ (a) íåêîòîðîãî ãðà�à, (b) îêðóæíîñòè, è (
) òðèîäà

Òåîðåìà 1.6.1. Äâà âëîæåíèÿ ñâÿçíîãî ãðà�à â ïëîñêîñòü èçîòîïíû òîãäà è òîëüêî

òîãäà, êîãäà èõ ñóæåíèÿ íà ëþáîé òðèîä è íà ëþáîé íåñàìîïåðåñåêàþùèéñÿ öèêë

èçîòîïíû (ò.å. íå òàêîâû, êàê íà ðèñ. 1.6.1.b
).

Ýòó òåîðåìó ìîæíî ñíà÷àëà äîêàçàòü äëÿ äåðåâüåâ, à ïîòîì ñâåñòè îáùèé ñëó÷àé ê

ñëó÷àþ äåðåâüåâ ïóòåì âûäåëåíèÿ ìàêñèìàëüíîãî äåðåâà. Äåòàëè òåõíè÷åñêè íåïðîñòû

(êàê ýòî ÷àñòî áûâàåò äëÿ áàçîâûõ ðåçóëüòàòîâ òîïîëîãèè ïëîñêîñòè).

16

Àíàëîã òåîðåìû

1.6.1 áåç óòâåðæäåíèÿ â ñêîáêàõ ñïðàâåäëèâ äëÿ âëîæåíèé â ñ�åðó, òîð è äðóãèå ñ�åðû

ñ ðó÷êàìè. Äîêàçàòåëüñòâî àíàëîãè÷íî.

16

Òåîðåìà 1.6.1 ñ�îðìóëèðîâàíà â êíèãå [Wu65℄ ñî ññûëêîé íà ñòàòüþ Ìàêëåéíà-Ýäêèññîíà, êî-

òîðóþ íå óäàëîñü íàéòè â óêàçàííîì òàì ñáîðíèêå. Ñïåöèàëèñòû ïî òîïîëîãè÷åñêîé òåîðèè ãðà�îâ

ïîäòâåðæäàþò, ÷òî ýòà òåîðåìà èçâåñòíà (è âåðíà). Â êíèãå [Wu65℄ òåîðåìà 1.6.1 ñ�îðìóëèðîâàíà äëÿ

âëîæåíèé äàæå ëîêàëüíî ñâÿçíîãî êîíòèíóóìà (â ÷àñòíîñòè, ïîëèýäðà).
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Î êëàññè�èêàöèè ïîãðóæåíèé (ò.å. ¾ëîêàëüíûõ âëîæåíèé¿) ãðà�à â ïëîñêîñòü ñ

òî÷íîñòüþ äî ðåãóëÿðíîé ãîìîòîïèè (ò.å. ¾ëîêàëüíîé èçîòîïèè¿) ñì. [Pe08, Pe16℄.

Ìû ïðèâåäåì áîëåå ñëîæíûé êðèòåðèé èçîòîïíîñòè (ó÷àñòâóþùèå â íåì òåðìè-

íû îïðåäåëåíû ïîñëå íåãî). Îí èíòåðåñåí òåì, ÷òî äàåò ïîëèíîìèàëüíûé àëãîðèòì

ðàñïîçíàâàíèÿ èçîòîïíîñòè âëîæåíèé, ãèïîòåòè÷åñêè îáîáùàåòñÿ íà êðèòåðèé ïî÷òè

èçîòîïíîñòè ïî÷òè âëîæåíèé, à òàêæå îáîáùàåòñÿ íà âûñøèå ðàçìåðíîñòè [Sk06, �4℄.

Óòâåðæäåíèå 1.6.2. Ñëåäóþùèå óñëîâèÿ íà âëîæåíèÿ ãðà�à K â ïëîñêîñòü ðàâíî-

ñèëüíû:

(i) îíè èçîòîïíû;

(i') îíè ïî÷òè èçîòîïíû;

(ii) èõ C-÷èñëà Âó ðàâíû äëÿ ëþáîãî öåëî÷èñëåííîãî 1-öèêëà C â ãðà�å K�2
;

(iiS) èõ C-÷èñëà Âó ðàâíû äëÿ ëþáîãî ñèììåòðè÷íîãî öåëî÷èñëåííîãî 1-öèêëà C â

ãðà�å K�2
;

(iii) èõ ïîëóöåëî÷èñëåííûå ðàññòàíîâêè âðàùåíèé êîãîìîëîãè÷íû;

(iiiS) èõ ïîëóöåëî÷èñëåííûå ðàññòàíîâêè âðàùåíèé ñèììåòðè÷íî êîãîìîëîãè÷íû.

Äàëåå â ýòîì ïóíêòå K � ëþáîé ãðà� è f : K → R2
� ëþáîå (ïî÷òè) âëîæåíèå.

Îïðåäåëèì ãðà� K�2
� âçðåçàííûé áîêñ-êâàäðàò ãðà�à K. Âåðøèíàìè ãðà�à K�2

ÿâëÿþòñÿ óïîðÿäî÷åííûå ïàðû ðàçëè÷íûõ âåðøèí ãðà�à K. Âåðøèíû (a, b) è (a′, b′)
ãðà�à K�2

ñîåäèíåíû ðåáðîì â K�2
, åñëè ëèáî a = a′ è bb′ � ðåáðî â K, ëèáî b = b′ è

aa′ � ðåáðî â K. �åáðî, ñîåäèíÿþùåå (a, b) ñ (a, b′) ((a, b) ñ (a′, b)) îáîçíà÷àåòñÿ (a, bb′)
((aa′, b)). Ñì. ïîäðîáíåå [MNS, �1.9, ðèñ. 13 è ïðèìåðû ïîñëå íåãî℄.

Êîëè÷åñòâî îáîðîòîâ w′(p, O) ∈ R ëîìàíîé p âîêðóã òî÷êè O îïðåäåëåíî â [ABM+,

�1℄.

Çàäàäèì íàïðàâëåíèÿ íà ðåáðàõ ãðà�à K. Âîçüìåì åãî ðåáðî bc, îðèåíòèðîâàííîå
îò b ê c. Äëÿ ðåáðà (bc, a) ãðà�à K�2

îïðåäåëèì ÷èñëî wf(bc, a) := w′(f |bc, f(a)) ∈ R

êàê êîëè÷åñòâî îáîðîòîâ âåêòîðà ñ íà÷àëîì â f(a) è êîíöîì, ïðîáåãàþùèì ëîìàíóþ

f |bc. Îïðåäåëèì wf(a, bc) àíàëîãè÷íî, òîëüêî ïîìåíÿâ ìåñòàìè íà÷àëî è êîíåö âåêòîðà.
Ïîëó÷èòñÿ wf(a, bc) = wf (bc, a). Ïîñòðîåííóþ ðàññòàíîâêó wf ÷èñåë íà îðèåíòèðîâàí-

íûõ ðåáðàõ ãðà�à K�2
íàçîâåì ðàññòàíîâêîé âðàùåíèé (èëè êîöèêëîì âðàùåíèé, ñì.

óòâåðæäåíèå 1.6.3.d).

Äëÿ êàæäîé âåðøèíû a ãðà�à K âîçüìåì íà ðåáðàõ (a, e) è (e, a) ãðà�à K�2
íàïðàâ-

ëåíèÿ, ñîîòâåòñòâóþùèå íàïðàâëåíèþ íà ðåáðå e ãðà�à K. Öåëî÷èñëåííûå 1-öèêëû

â ãðà�å ñ îðèåíòèðîâàííûìè ðåáðàìè îïðåäåëåíû â [Sk20, �10.5℄. Ïðèìåðû öåëî÷èñ-

ëåííûõ 1-öèêëîâ â ãðà�å K�2
ïðèâîäÿòñÿ àíàëîãè÷íî [MNS, �1.9℄: C × a, ∂(ab × cd).

Îáîçíà÷èì ÷åðåç E ìíîæåñòâî ðåáåð ãðà�à K�2
. Äëÿ ëþáîãî öåëî÷èñëåííîãî 1-öèêëà

C : E → Z â ãðà�å K�2
îïðåäåëèì C-÷èñëî Âó �îðìóëîé wf(C) :=

∑
e∈E wf(e)C(e) (ñð.

îïðåäåëåíèå ïåðåä óòâåðæäåíèåì 9.2.4).

Çàäà÷à 1.6.3. Ïóñòü f : K → R2
� (ïî÷òè) âëîæåíèå.

(a) Âîçüìèòå íàïðàâëåíèÿ íà ðåáðàõ ãðà�îâ K = K3 è K = K3,1. Äëÿ êàæäîãî èç

ðèñóíêîâ 1.6.1.b
 è ïàðû âëîæåíèé f, f ′
íà íåì íàéäèòå öåëî÷èñëåííûé 1-öèêë C, òàêîé

÷òî wf(C) 6= wf ′(C).
(
) For any vertex a in K and oriented 
y
le C in K − a ÷èñëî wf(C × a) ðàâíî ÷èñëó

îáîðîòîâ çàìêíóòîé ëîìàíîé f |C âîêðóã òî÷êè f(a) (ñì. îïðåäåëåíèå â �2.3).
(d) (ñð. çàìå÷àíèå 1.7.5.
 è [ABM+, ëåììà 2.5℄) Äëÿ ëþáûõ íåñìåæíûõ ðåáåð ab è

cd â K èìååì wf(∂(ab × cd)) = 0.
(e) For any integer 1-
y
le C in K�2

the number wf(C) is an integer.
(f) Åñëè â ãðà�å K�2

âåðøèíû (a, b) è (b, a) ñîåäèíåíû ïóòåì l, òî ÷èñëî 2
∑

e∈l wf(e)
öåëîå è íå÷åòíîå.
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(b) Åñëè (ïî÷òè) âëîæåíèÿ f, f ′ : K → R2
(ïî÷òè) èçîòîïíû, òî wf(C) = wf ′(C) äëÿ

ëþáîãî C.
(g) (riddle; open problem; see [ABM+, Ga23℄) Given K and integer 1-
y
les C1, . . . , Cs

in K�2
des
ribe the subset {(wg(C1), . . . , wg(Cs)) : g : K → R2

is an almost embedding} ⊂
Zs.

Â óòâåðæäåíèè 1.6.2 èìïëèêàöèÿ (i)⇒(ii) âûòåêàåò èç (b), à èìïëèêàöèÿ (ii)⇒(i)

âûòåêàåò èç (a) è òåîðåìû 1.6.1.

Îïðåäåëåíèå ïîëóöåëî÷èñëåííîé ðàññòàíîâêè âðàùåíèé. Åñëè f -îáðàçû âåðøèí ãðà-

�à íå ëåæàò íà îäíîé ïðÿìîé, òî íå âñå ÷èñëà wf(a, bc) áóäóò ïîëóöåëûìè. Ïðèâåäåì
ïîñòðîåíèå äðóãîé ðàññòàíîâêè uf,l, äëÿ êîòîðîãî âñå ÷èñëà uf,l(a, bc) áóäóò ïîëóöåëûìè,
à C-÷èñëà Âó � ïðåæíèìè. Âîçüìåì ëþáóþ (íåîðèåíòèðîâàííóþ) ïðÿìóþ l íà ïëîñêî-
ñòè, íå ïàðàëëåëüíóþ íè îäíîé ïðÿìîé, ñîåäèíÿþùåé âåðøèíû ëîìàíûõ, ÿâëÿþùèõñÿ

îáðàçàìè ðåáåð ãðà�à.

�àññìîòðèì âåêòîð ñ íà÷àëîì â f(a) è êîíöîì, ïðîáåãàþùèì ëîìàíóþ f |bc â çàäàí-
íîì (íà ðåáðå bc) íàïðàâëåíèè. Îïðåäåëèì ïîëóöåëîå ÷èñëî uf,l(a, bc) êàê ïîëóðàçíîñòü
êîëè÷åñòâ ïðîõîæäåíèé ýòèì âåêòîðîì íàïðàâëåíèÿ ïðÿìîé l â ïîëîæèòåëüíîì è â

îòðèöàòåëüíîì íàïðàâëåíèè (ñð. ñ ï. 1.5.4).

Èíûìè ñëîâàìè, îïðåäåëèì îòîáðàæåíèå f̃ : bc→ S1
ðåáðà bc â îêðóæíîñòü �îðìó-

ëîé f̃(x) :=
f(x)− f(a)

|f(x)− f(a)|
. Òîãäà uf,l(a, bc) åñòü ïîëóñóììà çíàêîâ [Sk20, �8℄ f̃ -ïðîîáðàçîâ

äâóõ òî÷åê îêðóæíîñòè, îòâå÷àþùèõ ïðÿìîé l.
Îïðåäåëèì uf,l(a, cb) àíàëîãè÷íî, òîëüêî êîíåö âåêòîðà ïðîáåãàåò ëîìàíóþ f |bc â íà-

ïðàâëåíèè, ïðîòèâîïîëîæíîì çàäàííîìó. Îïðåäåëèì uf,l(bc, a) è uf,l(cb, a) àíàëîãè÷íî,
òîëüêî ïîìåíÿâ ìåñòàìè íà÷àëî è êîíåö âåêòîðà. Ïîëó÷èòñÿ uf,l(e, a) = uf,l(a, e), èáî
ïðÿìàÿ l íåîðèåíòèðîâàííàÿ.

Ïîñòðîåííóþ ðàññòàíîâêó uf,l ÷èñåë íà îðèåíòèðîâàííûõ ðåáðàõ ãðà�à K
�2

íàçîâåì

ïîëóöåëî÷èñëåííîé ðàññòàíîâêîé (èëè êîöèêëîì) âðàùåíèé.

Âñå C-÷èñëà Âó ðàññòàíîâîê uf,l è wf ðàâíû ââèäó [ABM+, óòâåðæäåíèå 2.4.a℄.

Çàäà÷à 1.6.4. (a-d) Âîçüìèòå íàïðàâëåíèÿ íà ðåáðàõ ãðà�îâ K = K3 è K = K3,1, à

òàêæå ïðÿìóþ l íà ïëîñêîñòè. Íàéäèòå ïîëóöåëî÷èñëåííóþ ðàññòàíîâêó âðàùåíèé äëÿ

êàæäîãî èç ÷åòûðåõ âëîæåíèé f íà ðèñ. 1.6.1.b
. Òî æå äëÿ ïðÿìîé l′ ⊥ l.

Êîãðàíèöåé δv âåðøèíû v ãðà�à K�2
íàçûâàåòñÿ ðàññòàíîâêà

• ÷èñåë +1/2 íà ðåáðàõ ãðà�à K�2
, âõîäÿùèõ â v,

• ÷èñåë −1/2 íà ðåáðàõ, âûõîäÿùèõ èç v, è
• íóëåé íà îñòàëüíûõ ðåáðàõ.

Çàäà÷à 1.6.5. Çíà÷åíèå êîãðàíèöû íà ëþáîì 1-öèêëå ðàâíî íóëþ.

�àññòàíîâêè ïîëóöåëûõ ÷èñåë íà îðèåíòèðîâàííûõ ðåáðàõ ãðà�à K�2
íàçûâàþòñÿ

êîãîìîëîãè÷íûìè, åñëè èõ ðàçíîñòü ÿâëÿåòñÿ öåëî÷èñëåííîé ëèíåéíîé êîìáèíàöèåé

êîãðàíèö âåðøèí ýòîãî ãðà�à.

Consider the symmetry (involution) t of K�2
swit
hing the fa
tors (i.e. t(x, y) = (y, x)),

and the map indu
ed by this symmetry on assignments.

Ñèììåòðèçîâàííîé êîãðàíèöåé âåðøèíû v ãðà�à K�2
íàçûâàåòñÿ ðàññòàíîâêà δv+

δtv. �àññòàíîâêè ïîëóöåëûõ ÷èñåë íà îðèåíòèðîâàííûõ ðåáðàõ ãðà�à K�2
íàçûâàþòñÿ

ñèììåòðè÷íî êîãîìîëîãè÷íûìè, åñëè èõ ðàçíîñòü ÿâëÿåòñÿ öåëî÷èñëåííîé ëèíåé-

íîé êîìáèíàöèåé ñèììåòðèçîâàííûõ êîãðàíèö âåðøèí ýòîãî ãðà�à.

Â óòâåðæäåíèè 1.6.2

• èìïëèêàöèè (iii)⇒(ii) è (iiiS)⇒(iiS) âûòåêàþò èç óòâåðæäåíèÿ 1.6.5;

• èìïëèêàöèè (ii)⇒(iii) è (iiS)⇒(iiiS) äîêàçûâàþòñÿ àíàëîãè÷íî óòâåðæäåíèþ 9.2.4.b.
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Çàäà÷à 1.6.6. (a) Ïîëóöåëî÷èñëåííûå ðàññòàíîâêè âðàùåíèé, ïîñòðîåííûå Âàìè

äëÿ äâóõ âëîæåíèé íà ðèñ. 1.6.1.b, íå ÿâëÿþòñÿ ñèììåòðè÷íî êîãîìîëîãè÷íûìè. Òî æå

äëÿ ðèñ. 1.6.1.
.

(
') Äëÿ ëþáîé âåðøèíû v ãðà�à K�2
ñóùåñòâóþò ïðÿìûå l, l′, äëÿ êîòîðûõ

uf,l − uf,l′ = δv + δtv.
(
) Äëÿ ëþáûõ ïðÿìûõ l, l′ ðàññòàíîâêè uf,l, uf,l′ ñèììåòðè÷íî êîãîìîëîãè÷íû.
(d') Äëÿ ëþáîé âåðøèíû v ãðà�à K�2

ñóùåñòâóåò (ïî÷òè) âëîæåíèå f ′ : K → R2
,

(ïî÷òè) èçîòîïíîå (ïî÷òè) âëîæåíèþ f , è ïðÿìàÿ l, äëÿ êîòîðûõ uf,l − uf ′,l = δv + δtv.
(d) Äëÿ ëþáîé ïðÿìîé l ïîëóöåëî÷èñëåííûå ðàññòàíîâêè âðàùåíèé ëþáûõ (ïî÷òè)

èçîòîïíûõ (ïî÷òè) âëîæåíèé f, f ′ : K → R2
ñèììåòðè÷íî êîãîìîëîãè÷íû.

Îñìûñëåííîñòü óñëîâèÿ 1.6.2.iii (ò.å. íåçàâèñèìîñòü êëàññà ñèììåòðè÷íîé êîãîìîëî-

ãè÷íîñòè ïîëóöåëî÷èñëåííîé ðàññòàíîâêè âðàùåíèé îò âûáîðÿ ïðÿìîé l) âûòåêàåò èç

óòâåðæäåíèÿ 1.6.6.
. Èìïëèêàöèÿ (iii)⇒(i) âûòåêàåò èç òåîðåìû 1.6.1 è óòâåðæäåíèÿ

1.6.6.a. Èìïëèêàöèÿ (i)⇒(iii) âûòåêàåò èç óòâåðæäåíèÿ 1.6.6.d.

Çàäà÷à 1.6.7. There are non-almost-isotopi
 almost embeddings K → R2
(even of a


onne
ted graph K) for whi
h either of the equivalent 
onditions (ii), (iiS), (iii), (iiiS) holds.

Íàçîâåì êîöèêëîì ðàññòàíîâêó ïîëóöåëûõ ÷èñåë íà ðåáðàõ ãðà�à K�2
, óäîâëåòâî-

ðÿþùóþ óñëîâèþ èç óòâåðæäåíèÿ 1.6.3.d. Îáîçíà÷èì ÷åðåç H1
s (K̃; 1

2
Z) ãðóïïó ñèììåò-

ðè÷íûõ êîöèêëîâ ñ òî÷íîñòüþ äî ñèììåòðè÷íîé êîãîìîëîãè÷íîñòè. Èíâàðèàíòîì Âó

Wu(f) := [uf,l] ∈ H1
s (K̃; 1

2
Z) íàçûâàåòñÿ êëàññ ñèììåòðè÷íîé êîãîìîëîãè÷íîñòè ïîëóöå-

ëî÷èñëåííîé ðàññòàíîâêè âðàùåíèé. Êîððåêòíîñòü îïðåäåëåíèÿ âûòåêàåò èç óòâåðæäå-

íèé 1.6.6.
d. Ââèäó óòâåðæäåíèé 1.6.3.ef ðàçíîñòü Wu(f)−Wu(g) ïðèíèìàåò çíà÷åíèÿ â

ïîäãðóïïå H1
s (K̃;Z) ⊂ H1

s (K̃; 1
2
Z), ïîëó÷åííîé àíàëîãè÷íî èç ðàññòàíîâîê öåëûõ ÷èñåë.

Ñð. ï. 9.3.

1.7 Ïðèëîæåíèå: íåêîòîðûå äåòàëè ê �1

1.1.1.a. Ïðèâåäåì äðóãîå äîêàçàòåëüñòâî. Îíî áîëåå ñëîæíî, íî ïîëåçíî äëÿ ï. (
),

äðóãîãî äîêàçàòåëüñòâà òåîðåìû 1.4.1 è ìíîãîìåðíûõ îáîáùåíèé [Sk14℄.

Ïðåäïîëîæèì, íàïðîòèâ, ÷òî ñóùåñòâóþò òàêèå 5 òî÷åê O,A,B, C,D íà ïëîñêîñòè,

÷òî íóæíóþ ïàðó âûáðàòü íåëüçÿ. Òîãäà A 6∈ OB è B 6∈ OA. Çíà÷èò, A íå ëåæèò íà

ëó÷å OB. Ïîýòîìó ìîæíî ñ÷èòàòü, ÷òî òî÷êè A,B,C,D èäóò â òîì ïîðÿäêå, â êîòîðîì

îíè âèäíû èç O. Òîãäà êîíòóðû òðåóãîëüíèêîâ OAC è OBD ïåðåñåêàþòñÿ â åäèíñòâåí-

íîé òî÷êå O. Çíà÷èò, ïî ñëåäóþùåé âåðñèè ëåììû î ÷åòíîñòè 1.3.3 AC ∩ BD 6= ∅ �

ïðîòèâîðå÷èå.

Ïóñòü êîíòóðû äâóõ òðåóãîëüíèêîâ íà ïëîñêîñòè ïåðåñåêàþòñÿ òîëüêî â èõ îáùåé

âåðøèíå. Ïóñòü ïðÿìàÿ, äîñòàòî÷íî áëèçêàÿ ê íåé, ïåðåñåêàåò êîíòóð ïåðâîãî òðå-

óãîëüíèêà â òî÷êàõ X, Y , à êîíòóð âòîðîãî � â òî÷êàõ Z, T , ïðè÷åì òî÷êè X, Y, Z, T
ïîïàðíî ðàçëè÷íû. Òîãäà îòðåçîê XY ñîäåðæèò ëèáî îáå, ëèáî íè îäíîé èç òî÷åê Z, T
(ò.å. òî÷êè X, Y çàöåïëåíû ñ òî÷êàìè Z, T .

Äîêàçàòåëüñòâî.Îáîçíà÷èì òî÷êó ïåðåñå÷åíèÿ O, à òðåóãîëüíèêè �OX ′Y ′
èOZ ′T ′

,

òàê, ÷òî X, Y, Z, T � òî÷êè ïåðåñå÷åíèÿ ïðÿìîé è OX ′, OY ′, OZ ′, OT ′
ñîîòâåòñòâåííî.

Îáîçíà÷èì a := ∂(OX ′Y ′) è b := ∂(OZ ′T ′). Óòâåðæäåíèå ñëåäóåò èç

|XY ∩ {Z, T}| = |XY ∩ b| = |∂(OXY ) ∩ b| − 1 ≡
2
|a ∩ b|+ |∂(XY Y ′X ′) ∩ b| − 1 ≡

2
0.

Çäåñü ïîñëåäíåå ñðàâíåíèå âûïîëíåíî ââèäó óñëîâèÿ |a ∩ b| = 1 è ëåììû î ÷åòíîñòè

1.3.3.b (äëÿ êîíòóðà b òðåóãîëüíèêà).
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1.4.1. Äðóãîå äîêàçàòåëüñòâî (èäåÿ êîòîðîãî íå èñïîëüçóåòñÿ äàëåå) àíàëîãè÷íî

äîêàçàòåëüñòâó óòâåðæäåíèÿ 1.1.1.a, ïðèâåäåííîìó âûøå. Â íåì íóæíî çàìåíèòü ¾êîí-

òóðû òðåóãîëüíèêîâ¿ íà ¾ëîìàíûå¿.

Òî÷êà x ïåðåñå÷åíèÿ äâóõ ëîìàíûõ íà ïëîñêîñòè íàçûâàåòñÿ òðàíñâåðñàëüíîé, åñëè
ëîìàíûå íåñàìîïåðåñåêàþùèåñÿ â îêðåñòíîñòè ýòîé òî÷êè è ëþáàÿ äîñòàòî÷íî ìàëàÿ

îêðóæíîñòü Sx ñ öåíòðîì â x ïåðåñåêàåò ëîìàíûå ïî ïàðàì òî÷åê, ÷åðåäóþùèìñÿ âäîëü

îêðóæíîñòè (ò.å. åñëè îáîçíà÷èòü ÷åðåç A1, B1 òî÷êè ïåðåñå÷åíèÿ ïåðâîé ëîìàíîé ñ

Sx è ÷åðåç A2, B2 òî÷êè ïåðåñå÷åíèÿ âòîðîé ëîìàíîé ñ Sx, òî ýòè òî÷êè ïåðåñå÷åíèÿ

ðàñïîëîæåíû íà îêðóæíîñòè â ïîðÿäêå A1A2B1B2). Èíûìè ñëîâàìè, åñëè äâà çâåíà

îäíîé ëîìàíîé, âûõîäÿùèå èç òî÷êè ïåðåñå÷åíèÿ, íàõîäÿòñÿ ¾ïî ðàçíûå ñòîðîíû¿ îò

äðóãîé ëîìàíîé â ìàëîé îêðåñòíîñòè òî÷êè ïåðåñå÷åíèÿ.

Ìîæíî ñ÷èòàòü, ÷òî ïåðåñå÷åíèå ëîìàíûõ OAC è OBD òðàíñâåðñàëüíî. Çíà÷èò, ïî

ñëåäóþùåé âåðñèè ëåììû î ÷åòíîñòè 1.3.3 ëîìàíûå AC è BD ïåðåñåêàþòñÿ.

Äâå çàìêíóòûå íåñàìîïåðåñåêàþùèåñÿ ëîìàíûå íà ïëîñêîñòè, ïåðåñåêàþùèåñÿ â

êîíå÷íîì ÷èñëå òî÷åê òðàíñâåðñàëüíî, ïåðåñåêàþòñÿ â ÷åòíîì ÷èñëå òî÷åê.

1.3.5. Âîò äðóãèå äîêàçàòåëüñòâà, èñïîëüçóþùèå ñèíãóëÿðíûå êîíóñû.

(a) Îáîçíà÷èì æåëòûå òî÷êè ÷åðåç A1, A2, . . . , A7, à êðàñíûå � ÷åðåç B1, B2, . . . , B7.

Âîçüìåì äâå òî÷êè C è D, òàê ÷òîáû âñå 16 òî÷åê áûëè â îáùåì ïîëîæåíèè. Òîãäà

0 ≡
2

∑

i<j, k<l

|∂CAiAj ∩ ∂DBkBl| ≡
2

∑

i<j, k<l

|AiAj ∩BkBl|.

Çäåñü ïåðâîå ðàâåíñòâî ñëåäóåò èç �àêòà, ïðèâåäåííîãî â óêàçàíèè, à âòîðîå èç òîãî,

÷òî êàæäûé îòðåçîê CAi èëè DBj ïðèñóòñòâóåò â øåñòè êîíòóðàõ òðåóãîëüíèêîâ, ñëå-

äîâàòåëüíî ëåæàùèå íà íåì òî÷êè ïåðåñå÷åíèÿ ¾ïîñ÷èòàíû¿ â ïåðâîé ñóììå ÷åòíîå

÷èñëî ðàç.

Çàìå÷àíèå. Ýòî ðåøåíèå ìîæíî èçëîæèòü, ïóñòèâ ïî îòðåçêàì ¾òîêè ïî ìîäóëþ 2¿

è äîêàçàâ èõ áèàääèòèâíîñòü, êàê â ðåøåíèè ï. (b).

(b) Íàçîâåì êðàñíûì òîêîì (ñîîòâ., æåëòûì) ðàññòàíîâêó òîêîâ (=÷èñåë) íà êðàñ-

íûõ (ñîîòâ., æåëòûõ) îòðåçêàõ, óäîâëåòâîðÿþùóþ ïðàâèëó Êèðõãî�à. Äëÿ äîêàçàòåëü-

ñòâà çàìåòèì, ÷òî åñëè âçÿòü äâà êðàñíûõ òîêà è îäèí æåëòûé, òî ïîòîê ñóììû êðàñ-

íûõ òîêîâ ÷åðåç æåëòûé áóäåò ðàâåí ñóììå ïîòîêîâ. Àíàëîãè÷íî, äëÿ îäíîãî êðàñíîãî

è äâóõ æåëòûõ òîêîâ ñóììà ïîòîêîâ ðàâíà ïîòîêó ñóììû. �îâîðÿò: ïîòîê áèàääèòèâåí.

Äîáàâèì ê æåëòûì òî÷êàì òî÷êó C, à ê êðàñíûì � òî÷êó D, òàê ÷òîáû âñå 16 òî-

÷åê íàõîäèëèñü â îáùåì ïîëîæåíèè, è íà îòðåçêàõ CAi è DBj ïîëîæèì òîêè ðàâíûìè

íóëþ. Äëÿ êàæäîãî îòðåçêà AiAj ðàññìîòðèì òîê, òåêóùèé ïî êîíòóðó òðåóãîëüíèêà

CAiAj, ðàâíûé èñõîäíîìó æåëòîìó òîêó íà AiAj (è íóëåâîé âíå ýòîãî êîíòóðà). Òîãäà
ñóììà ýòèõ

(
7
2

)
òîêîâ ðàâíà èñõîäíîìó æåëòîìó òîêó. Àíàëîãè÷íî, ðàçîáüåì êðàñíûé

òîê â ñóììó

(
7
2

)
òîêîâ, òåêóùèõ ïî êîíòóðàì òðåóãîëüíèêîâ DBkBl. Ïîëüçóÿñü áèàääè-

òèâíîñòüþ è ïðèìåíÿÿ àíàëîã äëÿ 3+3 òî÷åê, ïîëó÷àåì òðåáóåìîå.

Óòâåðæäåíèÿ 1.7.1 è 1.7.2 èëëþñòðèðóþò íåêîòîðûå èäåè òåîðåìû 6.6.3 îá NP-

òðóäíîñòè. Ñð. ñ ïðåäëîæåíèÿìè 4.1.5 è 5.2.4.

Óòâåðæäåíèå 1.7.1. Ïóñòü ñðåäè ïÿòè òî÷åê 1, 2, 3, 4, 5 íà ïëîñêîñòè íèêàêèå òðè

íå ëåæàò íà ïðÿìîé.

(a) Åñëè îòðåçêè jk, 1 ≤ j < k ≤ 5, (j, k) 6= (1, 2), èìåþò íåïåðåñåêàþùèåñÿ

âíóòðåííîñòè, òî òî÷êè 1 è 2 íàõîäÿòñÿ ïî ðàçíûå ñòîðîíû îò òðåóãîëüíèêà 345,

ñð. ñ ðèñ. 1.0.1 ñïðàâà;

(b) Åñëè îòðåçêè jk, 1 ≤ j < k ≤ 5, (j, k) 6∈ {(1, 2), (1, 3)}, èìåþò íåïåðåñåêàþùèåñÿ

âíóòðåííîñòè, òî
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ËÈÁÎ òî÷êè 1 è 2 íàõîäÿòñÿ ïî ðàçíûå ñòîðîíû îò òðåóãîëüíèêà 345,

ËÈÁÎ òî÷êè 1 è 3 íàõîäÿòñÿ ïî ðàçíûå ñòîðîíû îò òðåóãîëüíèêà 245.

(
) Åñëè îòðåçêè jk, 1 ≤ j < k ≤ 5, (j, k) 6∈ {(1, 2), (1, 3), (1, 4)}, èìåþò íåïåðåñåêà-

þùèåñÿ âíóòðåííîñòè, òî

ËÈÁÎ òî÷êè 1 è 2 íàõîäÿòñÿ ïî ðàçíûå ñòîðîíû îò òðåóãîëüíèêà 345,

ËÈÁÎ òî÷êè 1 è 3 íàõîäÿòñÿ ïî ðàçíûå ñòîðîíû îò òðåóãîëüíèêà 245,

ËÈÁÎ òî÷êè 1 è 4 íàõîäÿòñÿ ïî ðàçíûå ñòîðîíû îò òðåóãîëüíèêà 235.

(d) Îé... Âû óæå äîãàäàëèñü, êàê �îðìóëèðóåòñÿ ýòî óòâåðæäåíèå è âîîáùå êàê

ïðè èçó÷åíèè âëîæèìîñòè âîçíèêàþò áóëåâû �óíêöèè.

Äîêàçàòåëüñòâî. (a) Ïÿòü òî÷åê ìîæíî ïðèâåñòè â îáùåå ïîëîæåíèå, íå èçìåíÿÿ íè

îäíîãî èç ðàññìàòðèâàåìûõ ñâîéñòâ. Ïî óñëîâèþ êîëè÷åñòâî òî÷åê ïåðåñå÷åíèÿ îòðåçêà

12 ñ êîíòóðîì òðåóãîëüíèêà 345 ðàâíî êîëè÷åñòâó òî÷åê ïåðåñå÷åíèÿ âíóòðåííîñòåé

îòðåçêîâ, ñîåäèíÿþùèõ äàííûå ïÿòü òî÷åê. Îíî íå÷åòíî ïî óòâåðæäåíèþ 1.1.1.b.

(b,
,d) Ýòè óòâåðæäåíèÿ àíàëîãè÷íûì îáðàçîì ñëåäóþò èç óòâåðæäåíèÿ 1.1.1.b.

Óòâåðæäåíèå 1.7.2. Óäàëèì èç K5 ðåáðî 12. Ïðè ëþáîì PL âëîæåíèè â ïëîñêîñòü

ïîëó÷åííîãî ãðà�à ëþáàÿ ëîìàíàÿ, ñîåäèíÿþùàÿ îáðàçû âåðøèí 1 è 2, ïåðåñåêàåò îáðàç

öèêëà 345 (ò.å. îáðàçû âåðøèí íàõîäÿòñÿ ïî ðàçíûå ñòîðîíû îò îáðàçà öèêëà).

Ýòî äîêàçûâàåòñÿ àíàëîãè÷íî óòâåðæäåíèþ 1.7.1. Âìåñòî óòâåðæäåíèÿ 1.1.1.b íóæ-

íî èñïîëüçîâàòü ëåììó 1.4.3. Àíàëîãè÷íî �îðìóëèðóþòñÿ è äîêàçûâàþòñÿ PL àíàëîãè

óòâåðæäåíèé 1.7.1.b
d.

Çàìå÷àíèå 1.7.3. (a) The solvability of the system of Proposition 1.5.8 is equivalent to the

following. Ñóùåñòâóþò âåðøèíû V1, . . . , Vs è ðåáðà γ1, . . . , γs, äëÿ êîòîðûõ Vi 6∈ γi ïðè
ëþáîì i = 1, . . . , s è äëÿ ëþáûõ íåñìåæíûõ ðåáåð σ, τ ãðà�à ñëåäóþùèå ÷èñëà èìåþò

îäèíàêîâóþ ÷åòíîñòü:

• êîëè÷åñòâî êîíöîâ ðåáðà σ, íîìåðà êîòîðûõ ëåæàò ìåæäó íîìåðàìè êîíöîâ ðåáðà
τ ,

• êîëè÷åñòâî òåõ i = 1, . . . , s, äëÿ êîòîðûõ ëèáî Vi ∈ σ è γi = τ , ëèáî Vi ∈ τ è γi = σ.
(b) The above property is not ful�lled for K5 and for K3,3. Let us present a dire
t

reformulation of this for K5 (for K3,3 the reformulation and the proof are analogous).

Èìååòñÿ 5 ìóçûêàíòîâ ðàçíûõ âîçðàñòîâ. Íåêîòîðûå ïàðû ìóçûêàíòîâ èñïîëíèëè

ïüåñó, êàæäàÿ ïàðà íåêîòîðûì èç îñòàâøèõñÿ òðåõ ìóçûêàíòîâ (âîçìîæíî, íèêîìó èç

íèõ). Òîãäà äëÿ íåêîòîðûõ äâóõ íåïåðåñåêàþùèõñÿ ïàð ìóçûêàíòîâ ñóììà ñëåäóþùèõ

òðåõ ÷èñåë íå÷åòíà:

• êîëè÷åñòâî ìóçûêàíòîâ ïåðâîé ïàðû, âîçðàñò êîòîðûõ ëåæèò ìåæäó âîçðàñòàìè

ìóçûêàíòîâ âòîðîé ïàðû,

• êîëè÷åñòâî ìóçûêàíòîâ ïåðâîé ïàðû, ñëóøàâøèõ âòîðóþ ïàðó,

• êîëè÷åñòâî ìóçûêàíòîâ âòîðîé ïàðû, ñëóøàâøèõ ïåðâóþ ïàðó.

À âîò ïåðå�îðìóëèðîâêà íà ìàòåìàòè÷åñêîì ÿçûêå. Ïóñòü A1, . . . , A5 � ïÿòü ñå-

ìåéñòâ (íåóïîðÿäî÷åííûõ) ïàð (ðàçëè÷íûõ ýëåìåíòîâ) èç {1, 2, 3, 4, 5} òàêèõ, ÷òî íè-

êàêîå j ∈ {1, 2, 3, 4, 5} íå âõîäèò íè â îäíó ïàðó èç Aj . Òîãäà äëÿ íåêîòîðûõ ÷åòûðåõ

ðàçëè÷íûõ ÷èñåë i, j, k, l ∈ {1, 2, 3, 4, 5} ñóììà ñëåäóþùèõ òðåõ ÷èñåë íå÷åòíà:

• êîëè÷åñòâî ýëåìåíòîâ â {i, j}, ëåæàùèõ ìåæäó k è l;
• the number of elements s ∈ {i, j} su
h that As ∋ {k, l};
• the number of elements s ∈ {k, l} su
h that As ∋ {i, j}.
(Óêàçàíèå. Ïðîñóììèðóåì ðàññìàòðèâàåìûå êîëè÷åñòâà ïî âñåì 15 íåóïîðÿäî÷åí-

íûì ïàðàì íåïåðåñåêàþùèõñÿ ïàð ìóçûêàíòîâ. Äîêàæèòå, ÷òî ñóììà íå÷åòíà äëÿ ëþ-

áîãî âûáîðà èñïîëíåíèé. Ñì. ãåîìåòðè÷åñêóþ èíòåðïðåòàöèþ â ïðèìåðå 1.5.5.b.)
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Çàìå÷àíèå 1.7.4. (a) Îáîçíà÷èì ÷åðåç H2(K∗;Z2) ìíîæåñòâî ðàññòàíîâîê K∗ → Z2

ñ òî÷íîñòüþ äî êîãîìîëîãè÷íîñòè. (Îíî íàçûâàåòñÿ äâóìåðíîé ãðóïïîé êîãîìîëîãèé

ñ êîý��èöèåíòàìè â Z2 2-êîìïëåêñà K
∗
.) Ïðåïÿòñòâèåì Âàí Êàìïåíà ïî ìîäóëþ 2

v(K) ∈ H2(K∗;Z2) íàçûâàåòñÿ êëàññ êîãîìîëîãè÷íîñòè ðàñòàíîâêè ïåðåñå÷åíèé íåêî-

òîðîãî (èëè, ýêâèâàëåíòíî, ëþáîãî) PLGP îòîáðàæåíèÿ f : K → R2
. Ëåììà 1.5.6 è

óòâåðæäåíèå 1.5.7 ïåðå�îðìóëèðóþòñÿ òàê:

• êëàññ v(K) îïðåäåëåí êîððåêòíî, ò.å. íå çàâèñèò îò âûáîðà îòîáðàæåíèÿ f .
• ãðà� K ÿâëÿåòñÿ Z2-ïëàíàðíûì òîãäà è òîëüêî òîãäà, êîãäà v(K) = 0.

(b) Denote the set of skew-symmetri
 (
f. Assertion 1.5.9.a) maps K̃ → Z up to skew-

symmetri
 
ohomology by H2
ss(K̃;Z). A skew-symmetri
 
ohomology 
lass of the integral

interse
tion 
o
y
le of some (or, equivalently, of any) general position PL map f : K → R2

is 
alled the integral van Kampen obstru
tion V (K) ∈ H2
ss(K̃;Z). Cf. Remark 1.5.13.

(
) If in �1.5.4 we assume that 
ells σ × τ and τ × σ of K̃ (
onsidered as a 
ell 
omplex)

are oriented 
oherently with the involution (x, y)
t
↔ (y, x) (and so not ne
essarily oriented

as the produ
ts), and de�ne the interse
tion 
o
hain by assigning the number fσ · fτ to

the 
ell σ × τ oriented as the produ
t (and so not ne
essarily positively oriented), then we

obtain symmetri
 
o
hains / 
oboundaries / 
ohomology and the van Kampen obstru
tion

in the group H2
s (K̃;Z) ∼= H2(K∗;Z). We have H2

s (K̃;Z) ∼= H2
ss(K̃;Z). The two van Kampen

obstru
tions go one to the other under this isomorphism. Analogous remark holds for the

van Kampen obstru
tion for embedding of n-
omplexes in R2n
[Sh57, �3℄, [Sk06, �4.4℄.

I am grateful to S. Melikhov for indi
ating that in [FKT, �2.3℄ the signs are not a

urate

[Me06, beginning of �1℄. The sign error is in the fa
t that for n := dimK odd and of
the integer interse
tion 
o
y
le both equalities of(σ × τ) = fσ · fτ [FKT, �2.3, line 7℄ and

t(σ × τ) = τ × σ [FKT, p. 168, line -4℄ for ea
h σ, τ 
annot be true. If 
ells σ × τ are

oriented as the produ
ts (as in [Sh57, �3℄, [Sk06, �4.4℄), then of(σ × τ) = fσ · fτ but

t(σ × τ) = (−1)nτ × σ. If 
ells σ × τ are oriented 
oherently with the involution t (as in
[Me06, �2, Equivariant 
ohomology and Smith sequen
es℄), then t(σ× τ) = τ × σ but either

of(σ× τ) = −fσ · fτ or of(τ × σ) = −fτ · fσ. (The orientation assumption is not expli
itly
introdu
ed in [FKT, �2℄.)

17

De�nitions of the van Kampen obstru
tion in �1.5.4 (and in [MTW, Appendix D℄) use the

produ
t orientation on σ × τ and do not mention the wrong (for n odd and this orientation


onvention) formula t(σ × τ) = τ × σ. So they do not have the sign error.

Çàìå÷àíèå 1.7.5. (a) Òîïîëîãè÷åñêàÿ òåîðåìà �àäîíà äëÿ ïðÿìîé. Äëÿ ëþáîãî íåïðå-

ðûâíîãî îòîáðàæåíèÿ òðåóãîëüíèêà â ïðÿìóþ îáðàç íåêîòîðîé âåðøèíû ëåæèò íà îá-

ðàçå ïðîòèâîïîëîæíîãî ðåáðà.

Äîêàçàòåëüñòâî. Îáðàç îäíîé èç âåðøèí òðåóãîëüíèêà ëåæèò íåñòðîãî ìåæäó îá-

ðàçàìè äâóõ äðóãèõ. Òàê êàê îòîáðàæåíèå íåïðåðûâíî, òî îáðàç ýòîé âåðøèíû è ëåæèò

íà îáðàçå ïðîòèâîïîëîæíîãî ðåáðà.

(b) �ðà� íàçûâàåòñÿ k-ðåàëèçóåìûì íà ïðÿìîé, åñëè åãî âåðøèíû ìîæíî ðàñïîëî-

æèòü íà ïëîñêîñòè òàê, ÷òîáû ëþáàÿ ïðÿìàÿ, ïåðïåíäèêóëÿðíàÿ íåêîòîðîé �èêñèðî-

âàííîé ïðÿìîé, ïåðåñåêàëà îáúåäèíåíèå îòðåçêîâ, ñîîòâåòñòâóþùèõ ðåáðàì ãðà�à, íå

áîëåå ÷åì â k òî÷êàõ. Äðóãèìè ñëîâàìè, åñëè ñóùåñòâóåò îòîáðàæåíèå ãðà�à â ïðÿìóþ,
ïðè êîòîðîì ëþáàÿ òî÷êà ïðÿìîé èìååò íå áîëåå k ïðîîáðàçîâ.

17

I am grateful to V. Krushkal for helping me to lo
ate the sign error in [FKT, �2.3℄. The more so be
ause

the explanation in [Me06, �3, footnote 6℄ of the sign error is 
onfusing. Indeed, in [Me06, �2℄ the `
oherent'

orientation is �xed, and without 
hange of the orientation 
onvention in [Me06, �3, Geometri
 de�nition of

ϑ(X)℄ the `produ
t' orientation is used (otherwise the formula t(σ× τ) = (−1)nτ ×σ is in
orre
t for n odd).

The sign error appears exa
tly be
ause of di�eren
e between these orientation 
onventions.
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ßñíî, ÷òî ñâÿçíûé ãðà� 1-ðåàëèçóåì íà ïðÿìîé òîãäà è òîëüêî òîãäà, êîãäà îí

ÿâëÿåòñÿ ïóòåì. Î êðèòåðèè 2-ðåàëèçóåìîñòè äåðåâüåâ ñì. [Kho℄ è ññûëêè â ýòîé ñòàòüå.

Èíòåðåñíî íàéòè êðèòåðèé è ý��åêòèâíûé àëãîðèòì ðàñïîçíàâàíèÿ k-ðåàëèçóåìîñòè.
(
) Äëÿ ëþáûõ distin
t points x, y, z, t ∈ R the following number is even:

|x ∩ [z, t]| + |y ∩ [z, t]| + |[x, y] ∩ z| + |[x, y] ∩ t|.

(d) Ïóñòü f : K → R � PL îòîáðàæåíèå ãðà�à K, ïåðåâîäÿùåå âåðøèíû â ðàçëè÷-

íûå òî÷êè, îòëè÷íûå îò ¾òî÷åê âîçâðàòà¿ ðåáåð (PLGP îòîáðàæåíèå). �àññòàíîâêîé

ïåðåñå÷åíèé íàçîâåì ñîïîñòàâëåíèå ÷èñëà |(f |σ)
−1f(a)| êàæäîé ïàðå a, σ èç âåðøèíû

è íå ñîäåðæàùåãî åå ðåáðà (ò.å. ÷èñëà |f(a) ∩ f(σ)|, åñëè f |σ ëèíåéíî). Êàê ìåíÿåò-

ñÿ ðàññòàíîâêà ïåðåñå÷åíèé ïðè èçìåíåíèè îòîáðàæåíèÿ f? �àçìûøëÿÿ îá ýòîì, Âû

ïðèäåòå ê îïðåäåëåíèÿì èç ïï. (e,f). Íà÷íèòå ñ ïðèäóìûâàíèÿ àíàëîãà ïðåîáðàçîâàíèé

�àéäåìàéñòåðà íà ðèñ. 1.5.1.

(e) Íå�îðìàëüíî ãîâîðÿ, ãðà�îì K∗(1)
íàçûâàåòñÿ ìíîæåñòâî íåóïîðÿäî÷åííûõ ïàð

{x, y} òî÷åê ãðà�à K (òî÷íåå, åãî òåëà), îäíà èç êîòîðûõ ÿâëÿåòñÿ âåðøèíîé, à äðóãàÿ

ëåæèò íà ñòîðîíå, íå ñìåæíîé ñ ýòîé âåðøèíîé. Ôîðìàëüíî, âåðøèíû ãðà�à K∗(1)

� íåóïîðÿäî÷åííûå ïàðû {a, b} ðàçëè÷íûõ âåðøèí ãðà�à K. Äëÿ êàæäûõ âåðøèíû

a è íå ñîäåðæàùåãî åå ðåáðà bc â ãðà�å K ñîåäèíèì ðåáðîì â ãðà�å K∗(1)
âåðøèíû

{a, b} è {a, c}. Ýòî ðåáðî îáîçíà÷àåòñÿ {a, bc}. Äðóãèõ ðåáåð â ãðà�å K∗(1)
íåò. Ñð. ñ

îïðåäåëåíèåì ãðà�à K�2
ïîñëå óòâåðæäåíèÿ 1.6.2.

Êàêèå ãðà�û K∗(1)
ïîëó÷àòñÿ, åñëè K � öèêë ñ òðåìÿ âåðøèíàìè, òðèîä, K4?

(f) Îïðåäåëåíèÿ êîãðàíèöû è êîãîìîëîãè÷íîñòè ïðèâåäåíû ïîñëå óòâåðæäåíèÿ 9.2.3.

Cóùåñòâóåò ëèíåéíîå îòîáðàæåíèå f : K → R, òàêîå ÷òî f(a) 6∈ f(σ) äëÿ ëþáûõ

âåðøèíû a è ðåáðà σ 6∋ a (ò.å. ïî÷òè âëîæåíèå, ñð. ñ 1-ðåàëèçóåìîñòüþ èç ï. (b))

òîãäà è òîëüêî òîãäà, êîãäà ðàññòàíîâêà ïåðåñå÷åíèé íåêîòîðîãî PLGP îòîáðàæåíèÿ

K → R êîãîìîëîãè÷íà íóëåâîé.

Ýòî ñëåäóåò èç òîãî, ÷òî óñëîâèå íà ðàññòàíîâêó ïåðåñå÷åíèé íå âûïîëíåíî íè äëÿ

òðèîäà K, íè äëÿ öèêëà K.

(g) Êîöèêëîì íàçûâàåòñÿ òàêàÿ ðàññòàíîâêà íóëåé è åäèíèö íà ðåáðàõ ãðà�à K∗(1)
,

÷òî ñóììà ÷åòûðåõ ÷èñåë ðåáðàõ {a, cd}, {b, cd}, {c, ab}, {d, ab} ÷åòíà äëÿ ëþáûõ íåïå-
ðåñåêàþùèõñÿ ðåáåð ab, cd ãðà�à K. Ââèäó ï. (
) ðàññòàíîâêà ïåðåñå÷åíèé � êîöèêë.

Êðîìå òîãî, δK∗(1){a, b} � êîöèêë.

(h)* Äëÿ êàæäûõ êîöèêëà ν è íåóïîðÿäî÷åííîé ïàðû {ab, cd} íåïåðåñåêàþùèõñÿ

ðåáåð ãðà�à K îáîçíà÷èì ÷åðåç

Sq 1ν{ab, cd} := ν{a, cd}+ ν{b, cd} = ν{ab, c}+ ν{ab, d}

ñóììó äâóõ ÷èñåë íà ¾ïðîòèâîïîëîæíûõ¿ ðåáðàõ ¾ïðÿìîóãîëüíèêà¿ ab×cd. Ïîëó÷èòñÿ
îòîáðàæåíèå Sq1 ν : K∗ → Z2.

Òîãäà Sq1(µ+ ν) = Sq1 µ+ Sq1 ν è Sq1 δK∗(1){a, b} =
∑
σ∋b

δ(a, σ) =: δ(a× δKb).

Îïðåäåëèì ãðóïïó H1(K∗) êàê ãðóïïó êîöèêëîâ ñ òî÷íîñòüþ äî êîãîìîëîãè÷íîñòè.

Îáîçíà÷èì ÷åðåç H2(K∗) ãðóïïó îòîáðàæåíèé K∗ → Z2 (ò.å. ðàññòàíîâîê íóëåé è åäè-

íèö íà K∗
) ñ òî÷íîñòüþ äî êîãîìîëîãè÷íîñòè. Ââèäó �îðìóë èç ïðåäûäóùåãî àáçàöà

êâàäðàò Áîêøòåéíà-Ñòèíðîäà Sq1 : H1(K∗) → H2(K∗) êîððåêòíî îïðåäåëåí �îðìó-

ëîé Sq1[ν] := [Sq1 ν]. (Ýòó îïåðàöèþ ìîæíî îïðåäåëèòü è äëÿ ïðîèçâîëüíîãî äâóìåðíîãî

êîìïëåêñà, íî ìû îãðàíè÷èëèñü íåîáõîäèìûì çäåñü ÷àñòíûì ñëó÷àåì, â êîòîðîì îïðå-

äåëåíèå ïðîùå. Ìîæíî îïðåäåëèòü áèëèíåéíîå óìíîæåíèå Êîëìîãîðîâà-Àëåêñàíäåðà

⌣: H1(K∗)×H1(K∗) → H2(K∗), äëÿ êîòîðîãî Sq1 x = x ⌣ x.)
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(i) Ïðåïÿòñòâèåì Âàí Êàìïåíà v1(K) ∈ H1(K∗) ê Z2-âëîæèìîñòè ãðà�à K â ïðÿ-

ìóþ íàçûâàåòñÿ êëàññ êîãîìîëîãè÷íîñòè ðàññòàíîâêè ïåðåñå÷åíèé íåêîòîðîãî (èëè, ýê-

âèâàëåíòíî, ëþáîãî) PLGP îòîáðàæåíèÿ f : K → R. Êîððåêòíîñòü îïðåäåëåíèÿ ïðîâå-

ðÿåòñÿ àíàëîãè÷íî ëåììå 1.5.6. Ñð. çàìå÷àíèå 1.7.4.a.

Òîãäà v(K) = Sq1 v1(K).
Óêàçàíèå. Âîçüìåì ëèíåéíîå îòîáðàæåíèå g : K → R2

, îáðàçû âåðøèí ïðè êîòîðîì

ëåæàò íà îêðóæíîñòè S (ñì. ïðèìåð 1.5.2), ïðè÷åì g-îáðàç íè îäíîãî èç ðåáåð íå ÿâëÿ-
åòñÿ äèàìåòðîì. Îáîçíà÷èì ÷åðåç f : K → S êîìïîçèöèþ îòîáðàæåíèÿ g è öåíòðàëüíîé
ïðîåêöèè èç öåíòðà îêðóæíîñòè. Òîãäà Sq1 ïåðåâîäèò ðàññòàíîâêó ïåðåñå÷åíèé îòîáðà-
æåíèÿ f â ðàññòàíîâêó ïåðåñå÷åíèé îòîáðàæåíèÿ g.
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2 Íåîòúåìëåìûå ïåðåñå÷åíèÿ äëÿ ïëîñêîñòè

2.1 Ëèíåéíûå òåîðåìû î íåîòúåìëåìûõ ïåðåñå÷åíèÿõ

Óòâåðæäåíèå 2.1.1 (ñð. óòâåðæäåíèå 1.1.1.a). Äëÿ ëþáûõ 4 òî÷åê íà ïëîñêîñòè ëèáî

îäíà èç íèõ ëåæèò âíóòðè òðåóãîëüíèêà, îáðàçîâàííîãî îñòàâøèìèñÿ òî÷êàìè, ëèáî

èõ ìîæíî ðàçáèòü íà äâå ïàðû òàê, ÷òî îòðåçîê, ñîåäèíÿþùèé òî÷êè â ïåðâîé ïàðå,

ïåðåñåêàåò îòðåçîê, ñîåäèíÿþùèé òî÷êè âî âòîðîé ïàðå.

Ñëåäóþùèå ïðèìåðû ïîêàçûâàþò, ÷òî óòâåðæäåíèå 2.1.1 ÿâëÿåòñÿ ¾íàèëó÷øèì¿.

• Íà ïëîñêîñòè âîçüìåì òðåóãîëüíèê è òî÷êó âíóòðè íåãî. Äëÿ ëþáîãî ðàçáèåíèÿ

ýòèõ ÷åòûðåõ òî÷åê íà äâå ïàðû îòðåçîê, ñîåäèíÿþùèé òî÷êè â ïåðâîé ïàðå, íå ïåðå-

ñåêàåò îòðåçîê, ñîåäèíÿþùèé òî÷êè âî âòîðîé ïàðå.

• Íà ïëîñêîñòè âîçüìåì âåðøèíû êâàäðàòà. Íè îäíà èç ýòèõ ÷åòûðåõ òî÷åê íå ëåæèò

âíóòðè òðåóãîëüíèêà, îáðàçîâàííîãî îñòàâøèìèñÿ òî÷êàìè.

Äîêàçàòåëüñòâà óòâåðæäåíèé 2.1.1 è 2.1.2 ïðèâåäåíû â êîíöå ýòîãî ðàçäåëà.

Âûïóêëîé îáîëî÷êîé 〈X〉 êîíå÷íîãî íàáîðà X òî÷åê ïëîñêîñòè íàçûâàåòñÿ íàè-

ìåíüøèé (ïî âêëþ÷åíèþ, èëè ïî ïëîùàäè) âûïóêëûé ìíîãîóãîëüíèê, èõ ñîäåðæàùèé.

Ñð. ñ îïðåäåëåíèåì â ï. 7.1.

Óòâåðæäåíèå 2.1.1 ïåðå�îðìóëèðóåòñÿ òàê: ëþáûå 4 òî÷êè íà ïëîñêîñòè ìîæíî

ðàçáèòü íà äâà ìíîæåñòâà, âûïóêëûå îáîëî÷êè êîòîðûõ ïåðåñåêàþòñÿ. Âîò áîëåå

ñèëüíàÿ ¾êîëè÷åñòâåííàÿ¿ âåðñèÿ.

Óòâåðæäåíèå 2.1.2 (ñð. óòâåðæäåíèå 1.1.1.b). Åñëè íèêàêèå òðè èç 4 òî÷åê íà ïëîñ-

êîñòè íå ëåæàò íà ïðÿìîé, òî ñóùåñòâóåò ðîâíî îäíî èõ ðàçáèåíèå íà äâà ìíîæå-

ñòâà, âûïóêëûå îáîëî÷êè êîòîðûõ ïåðåñåêàþòñÿ.

�àññìîòðèì òåïåðü ðàçáèåíèÿ ïîäìíîæåñòâ ïëîñêîñòè áîëåå ÷åì íà äâà íåïåðåñåêà-

ùèõñÿ ìíîæåñòâà.

Ïðèìåð 2.1.3. Íà ïëîñêîñòè âîçüìåì ïî r−1 òî÷êå â êàæäîé âåðøèíå òðåóãîëüíèêà

(èëè áëèçêèé íàáîð ðàçëè÷íûõ òî÷åê). Ïðè ëþáîì ðàçáèåíèè ýòèõ 3r − 3 òî÷åê íà r
ìíîæåñòâ âûïóêëûå îáîëî÷êè ýòèõ ìíîæåñòâ íå èìåþò îáùåé òî÷êè. (Äîêàæèòå,

íà÷àâ ñ r = 3.)

1

2

3

4 5

6

7

1

2

3

4

5

6

7

�èñ. 2.1.1: Ê òåîðåìå 2.1.4: îáùàÿ òî÷êà âûïóêëûõ îáîëî÷åê

Òåîðåìà 2.1.4 (Òâåðáåðã). Äëÿ ëþáîãî r ëþáûå 3r − 2 òî÷êè ïëîñêîñòè ìîæíî ðàç-

áèòü íà r ìíîæåñòâ, âûïóêëûå îáîëî÷êè êîòîðûõ èìåþò îáùóþ òî÷êó.
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Ñëåäóþùèå ïðèìåðû ïîêàçûâàþò, ÷òî òåîðåìà 2.1.4 ÿâëÿåòñÿ ¾íàèëó÷øåé¿ äëÿ r =
3.

• Íà ïëîñêîñòè âîçüìåì âåðøèíû âûïóêëîãî 7-óãîëüíèêà. Òîãäà íè îäíà èç âåðøèí

íå ëåæèò íè â îäíîì èç òðåóãîëüíèêîâ, îáðàçîâàííûõ îñòàâøèìèñÿ òî÷êàìè.

• Íà ïëîñêîñòè îòìåòèì âåðøèíû ïðàâèëüíîãî òðåóãîëüíèêà è åãî öåíòð. Îòìå-

òèì òàêæå ñåðåäèíû îòðåçêîâ, ñîåäèíÿþùèõ âåðøèíû ñ öåíòðîì. Âîçüìåì ëþáûå äâà

îòðåçêà, ñîåäèíÿþùèå äâå íåïåðåñåêàþùèåñÿ ïàðû îòìå÷åííûõ òî÷åê. Òîãäà ëèáî ýòè

îòðåçêè íå ïåðåñåêàþòñÿ, ëèáî èõ òî÷êà ïåðåñå÷åíèÿ íå ëåæèò â òðåóãîëüíèêå, îáðàçî-

âàííîì òðåìÿ îñòàâøèìèñÿ îòìå÷åííûìè òî÷êàìè.

18

Ìîòèâèðîâàííîå èçëîæåíèå àëãåáðàè÷åñêîãî äîêàçàòåëüñòâà òåîðåìû 2.1.4 ñì. â

[RRS℄. Áûëî áû èíòåðåñíî íàéòè ãåîìåòðè÷åñêîå äîêàçàòåëüñòâî, õîòÿ áû äëÿ r = 3.
�åîìåòðè÷åñêèå äîêàçàòåëüñòâà áîëåå ñëàáûõ óòâåðæäåíèé ïðèâåäåíû â êîíöå ýòîãî

ðàçäåëà.

Ïðèìåð 2.1.5 (ñð. óòâåðæäåíèå 2.1.2). Äëÿ ìíîæåñòâà âåðøèí ïðàâèëüíîãî ñåìè-

óãîëüíèêà êîëè÷åñòâî ðàçáèåíèé èç òåîðåìû 2.1.4 ðàâíî 7. Êàæäîå òàêîå ðàçáèåíèå

ïîëó÷àåòñÿ ïîâîðîòîì èç ðàçáèåíèÿ íà ðèñ. 2.1.1 ñëåâà.

Äëÿ ìíîæåñòâà òî÷åê, èçîáðàæåííîãî íà ðèñ. 2.1.1 ñïðàâà, êîëè÷åñòâî ðàçáèåíèé

èç òåîðåìû 2.1.4 ðàâíî 4.

(Ýòî ñëåäóåò èç òîãî, ÷òî â ëþáîì òàêîì ðàçáèåíèè îäíà èç âûïóêëûõ îáîëî÷åê

äîëæíà áûòü òðåóãîëüíèêîì, îäíà èç âåðøèí êîòîðîãî � 4, äðóãàÿ � 1 èëè 2, è
òðåòüÿ � 6 èëè 7.)

Òàêèì îáðàçîì, ñëåäóþùàÿ ñóììà èìååò ðàçíóþ ÷åòíîñòü äëÿ äâóõ ðàññìîòðåííûõ

âûøå 7-ýëåìåíòíûõ ìíîæåñòâ M1 è M2

v(Mi) :=
∑

{R1,R2,R3} : Mi=R1⊔R2⊔R3

| 〈R1〉 ∩ 〈R2〉 ∩ 〈R3〉 |.

Îäíàêî ýòîò ïðèìåð ïîäñêàçûâàåò, ÷òî êîëè÷åñòâî ðàçáèåíèé èç òåîðåìû 2.1.4 åñòü

÷èñëî âèäà 3k + 1. Ýòî âåðíî, òîëüêî åñëè â ïðèâåäåííîé ñóììå óäà÷íî ðàññòàâèòü

çíàêè ±1 ïåðåä ñëàãàåìûìè.

Óêàçàíèÿ ê íåêîòîðûì äîêàçàòåëüñòâàì

2.1.1. �àññìîòðèì ÷åòâåðêó òî÷åê A,B,C,D íà ïëîñêîñòè.

Åñëè êàêèå-òî 3 èç íèõ ëåæàò íà îäíîé ïðÿìîé, òî íåêîòîðàÿ èç íèõ, ñêàæåì B,
ëåæèò íà îòðåçêå ìåæäó äâóìÿ äðóãèìè, íàïðèìåð, ìåæäó A è C. Îáîçíà÷èì ÷åðåç

[XY ] îòðåçîê ñ âåðøèíàìè X, Y . Òîãäà [AC] ∩ [BD] 6= ∅.
Çíà÷èò, íèêàêèå 3 òî÷êè íå ëåæàò íà îäíîé ïðÿìîé. Åñëè îäíà èç ýòèõ òî÷åê ëåæèò

âíóòðè òðåóãîëüíèêà, îáðàçîâàííîãî îñòàëüíûìè, òî çàäà÷à ðåøåíà. Èíà÷å êàæäàÿ èç

ýòèõ òî÷åê ëåæèò ñíàðóæè òðåóãîëüíèêà, îáðàçîâàííîãî îñòàëüíûìè. Ïîñêîëüêó òî÷êà

D ñíàðóæè △ ABC, òî îíà ëèáî âíóòðè îäíîãî èç óãëîâ, âåðòèêàëüíûõ óãëàì △ ABC,
ëèáî âíóòðè îäíîãî èç óãëîâ △ ABC.

Ñëó÷àé 1. Òî÷êà D âíóòðè îäíîãî èç óãëîâ, âåðòèêàëüíûõ óãëàì △ ABC. Áåç îãðà-
íè÷åíèÿ îáùíîñòè, D âíóòðè óãëà, âåðòèêàëüíîãî óãëó ∠ACB. Òîãäà òî÷êà C âíóòðè

ABD, ïðîòèâîðå÷èå.
Ñëó÷àé 2. Òî÷êàD âíóòðè îäíîãî èç óãëîâ△ ABC, ñêàæåì ∠BAC. Ïîñêîëüêó òî÷êà

D âíå △ ABC è âíóòðè óãëà BAC, òî òî÷êè D è A ëåæàò ïî ðàçíûå ñòîðîíû îò ïðÿìîé

BC. Ñëåäîâàòåëüíî, îòðåçêè [AD] è [BC] ïåðåñåêàþòñÿ.

18

Äîêàæåì ýòî. Ëþáóþ ïàðó ïåðåñåêàþùèõñÿ îòðåçêîâ ìîæíî äâèæåíèåì ïåðåâåñòè â îäíó èç ïàð

{AB1, BA1}, {AO,A1B1}, {AO,BA1}. Òàêæå A1 = AO ∩ A1B1 = AO ∩ A1B íå ëåæèò íè â △BC1C, íè

â △B1C1C, à AB1 ∩BA1 íå ëåæèò â △ OC1C.
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2.1.2. Òàê êàê òî÷êè îáùåãî ïîëîæåíèÿ, òî èõ âûïóêëàÿ îáîëî÷êà � èëè òðåóãîëü-

íèê, èëè ÷åòûðåõóãîëüíèê. Åñëè âûïóêëàÿ îáîëî÷êà äàííûõ 4 òî÷åê � ÷åòûðåõóãîëü-

íèê, òî íóæíàÿ (¾ðàäîíîâñêàÿ¿) òî÷êà � òî÷êà ïåðåñå÷åíèÿ äèàãîíàëåé. Åñëè æå âû-

ïóêëàÿ îáîëî÷êà � òðåóãîëüíèê, òî íóæíàÿ òî÷êà � òà òî÷êà ìíîæåñòâà, êîòîðàÿ íå

ÿâëÿåòñÿ âåðøèíîé åãî âûïóêëîé îáîëî÷êè.

2.1.3. Äðóãîå ïîñòðîåíèå. (a) Âîçüìåì 6 âåðøèí âûïóêëîãî øåñòèóãîëüíèêà, êîòî-

ðûå ÿâëÿþòñÿ òî÷êàìè îáùåãî ïîëîæåíèÿ. Åñëè â êàêîì-òî èç 3 ìíîæåñòâ ðàçáèåíèÿ

îäíà òî÷êà, òî èç-çà âûïóêëîñòè øåñòèóãîëüíèêà ýòà òî÷êà íå ëåæèò âíóòðè âûïóêëîé

îáîëî÷êè ëþáîãî ìíîæåñòâà îñòàâøèõñÿ òî÷åê, ñëåäîâàòåëüíî ó òðåõ íàøèõ îáîëî÷åê

íåò îáùåé òî÷êè. Åñëè æå â êàæäîì èç ìíîæåñòâ ðàçáèåíèÿ ïî 2 òî÷êè, òî íàøè îáî-

ëî÷êè � ýòî 3 îòðåçêà. Òàê êàê íàøè òî÷êè îáùåãî ïîëîæåíèÿ, òî ýòè îòðåçêè íå èìåþò

îáùåé òî÷êè.

(b) Ïðåäïîëîæèì ïðîòèâíîå. Âîçüìåì âûïóêëûé (3r − 3)-óãîëüíèê, íèêàêèå 3 äèà-
ãîíàëè êîòîðîãî íå ïåðåñåêàþòñÿ â îäíîé òî÷êå. Ïî ïðèíöèïó Äèðèõëå, ñðåäè ìíîæåñòâ

ðàçáèåíèÿ åñòü ëèáî ìíîæåñòâî èç 1 âåðøèíû, ëèáî 3 ìíîæåñòâà èç 2 âåðøèí. Â ïåð-

âîì ñëó÷àå ïîëó÷àåì ïðîòèâîðå÷èå âñëåäñòâèå âûïóêëîñòè ìíîãîóãîëüíèêà, âî âòîðîì

ñëó÷àå � áëàãîäàðÿ îáùíîñòè ïîëîæåíèÿ âåðøèí.

1
2

3

4

56

7

8

�èñ. 2.1.2: Âûïóêëûé âîñüìèóãîëüíèê

Äîêàçàòåëüñòâà àíàëîãîâ òåîðåìû 2.1.4. Äëÿ r = 3 è âåðøèí âûïóêëîãî âîñüìèóãîëü-
íèêà. Ñì. ðèñ. 2.1.2. Îáîçíà÷èì âåðøèíû âîñüìèóãîëüíèêà â ïîðÿäêå îáõîäà ÷åðåç

1, 2, 3, 4, 5, 6, 7, 8. �àçîáüåì èõ íà òðè ìíîæåñòâà {1, 3, 5, 7}, {2, 6} è {4, 8}. Èõ âûïóêëûå
îáîëî÷êè � ÷åòûðåõóãîëüíèê 1357 è îòðåçêè 26, 48, ñîîòâåòñòâåííî. Clearly, segments 26
and 48 have an interse
tion point, say A. Clearly, A does not belong to any of the triangles

123, 345, 567, 781. Ïîýòîìó òðè âûïóêëûå îáîëî÷êè èìåþò îáùóþ òî÷êó.

Äëÿ r = 3 è 11 òî÷åê. Åñëè ó âûïóêëîé îáîëî÷êè äàííûõ 11 òî÷åê íå ìåíåå 8

âåðøèí, òî ðåçóëüòàò äîêàçàí âûøå. Åñëè æå ó íåé ìåíåå 8 âåðøèí, òî îáîçíà÷èì ÷åðåç

S ìíîæåñòâî ýòèõ âåðøèí. Îñòàâøèõñÿ òî÷åê íå ìåíåå 4. Ïîýòîìó èõ ìîæíî ðàçáèòü

íà äâà ìíîæåñòâà âûïóêëûå îáîëî÷êè êîòîðûõ ïåðåñåêàþòñÿ. Ýòî ïåðåñå÷åíèå áóäåò

ëåæàòü è â âûïóêëîé îáîëî÷êå ìíîæåñòâà S.
Äëÿ r = 3 è âåðøèí âûïóêëîãî ñåìèóãîëüíèêà. (Ïðåäâàðèòåëüíàÿ âåðñèÿ íàïèñàíà

À. Ëüâîâûì è Ò. Êîâàëåâûì. Àíàëîãè÷íîå ðåøåíèå ïðèäóìàíî Â. Êóëèøîâûì.)

Îáîçíà÷èì âåðøèíû ñåìèóãîëüíèêà â ïîðÿäêå îáõîäà ÷åðåç 1, 2, 3, 4, 5, 6, 7.
Åñëè X := 37 ∩ 26 ∈ △145, òî ðàçáèåíèå 37, 26, 145 � èñêîìîå (¾òâåðáåðãîâñêîå¿).
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Åñëè X 6∈ △145, òî íå óìàëÿÿ îáùíîñòè ìîæíî ñ÷èòàòü, ÷òî X ëåæèò âíóòðè ÷åòû-

ðåõóãîëüíèêà 1567. Òàê êàê X íå ëåæèò âíóòðè ïÿòèóãîëüíèêà 12345, òî Y := 15 ∩ 37
íå ëåæèò âíóòðè ÷åòûðåõóãîëüíèêà 1267. Òàê êàê 15 ∩ △234 = ∅, òî Y 6∈ △234. Òàê
êàê 37 ∩ △456 = ∅, òî Y 6∈ △456. Ïîýòîìó Y ∈ △246. Çíà÷èò, ðàçáèåíèå 15, 37, 246 �
èñêîìîå.

Ñëåäóþùèå äîêàçàòåëüñòâà íàïèñàíû È. Áîãäàíîâûì è À. Ïîëÿíñêèì.

Òåîðåìà î öåíòðàëüíîé òî÷êå. Äëÿ ëþáûõ 3k òî÷åê íà ïëîñêîñòè íàéäåòñÿ òàêàÿ

òî÷êà ïëîñêîñòè, ÷òî ëþáàÿ ïîëóïëîñêîñòü, ñîäåðæàùàÿ ýòó òî÷êó, ñîäåðæèò íå ìåíåå

k òî÷åê èç äàííûõ 3k.

Äîêàçàòåëüñòâî. �àññìîòðèì âûïóêëûå îáîëî÷êè ëþáûõ 2k + 1 è áîëåå òî÷åê. Ïî

òåîðåìå Õåëëè âñå îíè èìåþò îáùóþ òî÷êó O (ò.ê. ëþáûå òðè èç íèõ èìåþò îáùóþ òî÷-

êó). Äîêàæåì, ÷òî òî÷êà O öåíòðàëüíàÿ. Åñëè ýòî íå òàê, òî ñóùåñòâóåò òàêàÿ ïðÿìàÿ,

ïðîõîäÿùàÿ ÷åðåç O, òàêàÿ ÷òî îäíà èç ïîëóïëîñêîñòåé, ñîäåðæàùàÿ òî÷êó O, ñîäåðæèò
ìåíåå k òî÷åê. Çíà÷èò, åå äîïîëíåíèå ñîäåðæèò áîëåå 2k òî÷åê. Çíà÷èò, ìíîãîóãîëüíèê,
îáðàçîâàííûé ýòèìè 2k òî÷êàìè, ñîäåðæèò òî÷êó O. Ïðîòèâîðå÷èå.

Äîêàçàòåëüñòâà àíàëîãîâ òåîðåìû 2.1.4. Äëÿ 9r òî÷åê. Öåíòðàëüíàÿ òî÷êà O ëåæèò

â âûïóêëîé îáîëî÷êå ëþáûõ 6r + 1 èç äàííûõ òî÷åê. Ò.å. èç ëþáûõ 6r + 1 äàííûõ

òî÷åê ìîæíî âûáðàòü òðè òàêèõ, ÷òî òðåóãîëüíèê ñ âåðøèíàìè â íèõ ñîäåðæèò O.
Áóäåì âûáèðàòü òàêèå òðåóãîëüíèêè, âûêèäûâàòü èõ, âûáèðàòü íîâûå è ò.ä. Ýòî ìîæíî

ñäåëàòü õîòÿ áû r ðàç.
Äëÿ 3r òî÷åê. Ïðîíóìåðóåì òî÷êè îò 1 äî 3r òàê, ÷òîáû íîìåðà íåñòðîãî âîçðàñòàëè

ïî ÷àñîâîé ñòðåëêå îòíîñèòåëüíî öåíòðàëüíîé òî÷êè O. Òàê êàê òî÷êà O öåíòðàëüíàÿ,

òî îíà ëåæèò â òðåóãîëüíèêå ñ âåðøèíàìè i, i+ r, i+ 2r (mod 3r).

2.2 Òîïîëîãè÷åñêàÿ òåîðåìà î äâóêðàòíûõ ïåðåñå÷åíèÿõ

Ëþáîå ïîäìíîæåñòâî ïëîñêîñòè ðàçáèâàåòñÿ íà êîìïîíåíòû (ñâÿçíîñòè), òàêèå ÷òî

ëþáûå äâå òî÷êè îäíîé êîìïîíåíòû ìîæíî ñîåäèíèòü ëîìàíîé, ëåæàùåé â ïîäìíîæå-

ñòâå, à íèêàêèå äâå òî÷êè èç ðàçíûõ êîìïîíåíò � íåëüçÿ.

�èñ. 2.2.1: Øàõìàòíûå ðàñêðàñêè è âíóòðåííîñòè ïî ìîäóëþ 2

Çàäà÷à 2.2.1. Âîçüìåì çàìêíóòóþ ïëîñêóþ ëîìàíóþ l, âåðøèíû êîòîðîé íàõîäÿòñÿ

â îáùåì ïîëîæåíèè.

(a) Äîïîëíåíèå R2−l äîïóñêàåò ¾øàõìàòíóþ ðàñêðàñêó¿, òàêóþ ÷òî êîìïîíåíòû äî-

ïîëíåíèÿ, ñîñåäñòâóþùèå ïî íåêîòîðîìó îòðåçêó ëîìàíîé, ïîêðàøåíû â ðàçíûå öâåòà,

ñì. ðèñóíîê 2.2.1

(b) Êîíöû ëîìàíîé p, âåðøèíû êîòîðîé íàõîäÿòñÿ â îáùåì ïîëîæåíèè ñ âåðøèíàìè

ëîìàíîé l, èìåþò îäèíàêîâûé öâåò òîãäà è òîëüêî òîãäà, êîãäà |p ∩ l| ÷åòíî.

Hint. (a) Âîçüìåì òî÷êó A 6∈ l è ïîêðàñèì åå â öâåò 0. Êàæäóþ òî÷êó 6∈ l ïîêðàñèì â

öâåò 0 èëè 1, ñîâïàäàþùèé ïî ÷åòíîñòè ñ ÷èñëîì òî÷åê ïåðåñå÷åíèÿ ñ l ïóòè, ñîåäèíÿþ-
ùåãî X ñ A, âñå âåðøèíû êîòîðîãî, êðîìå X , âìåñòå ñ âåðøèíàìè ëîìàíîé l, íàõîäÿòñÿ
â îáùåì ïîëîæåíèè. Òàêàÿ ðàñêðàñêà êîððåêòíî îïðåäåëåíà ïî ëåììå î ÷åòíîñòè.
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Ïðè ïåðåõîäå â ñîñåäíþþ îáëàñòü ÷èñëî òî÷åê ïåðåñå÷åíèÿ èç ïðåäûäóùåãî àáçàöà

óâåëè÷èâàåòñÿ íà 1, ïîýòîìó ñîñåäíèå îáëàñòè ïîêðàøåíû â ðàçíûå öâåòà.

Âíóòðåííîñòüþ ïî ìîäóëþ 2 ïëîñêîé ëîìàíîé, âåðøèíû êîòîðîé íàõîäÿòñÿ â

îáùåì ïîëîæåíèè, íàçûâàåòñÿ îáúåäèíåíèå ÷åðíûõ îáëàñòåé øàõìàòíîé ðàñêðàñêè åå

äîïîëíåíèÿ (ïðè óñëîâèè, ÷òî ¾áåñêîíå÷íàÿ¿ îáëàñòü áåëàÿ). Ñì. ïîäðîáíåå [ABM+,

�2℄.

Êóñî÷íî-ëèíåéíûå (PL) è PL îáùåãî ïîëîæåíèÿ (PLGP) îòîáðàæåíèÿ ãðà�à â ïëîñ-

êîñòü îïðåäåëåíû â �1.4.

Òåîðåìà 2.2.2 (Òîïîëîãè÷åñêàÿ òåîðåìà �àäîíà äëÿ ïëîñêîñòè [BB79℄, ñð. òåîðåìû

1.4.1 è 2.1.1). (a) Äëÿ ëþáîãî PLGP îòîáðàæåíèÿ f : K4 → R2
ëèáî

• îáðàçû íåêîòîðûõ íåñìåæíûõ ðåáåð ïåðåñåêàþòñÿ, ëèáî

• îáðàç íåêîòîðîé âåðøèíû ëåæèò âî âíóòðåííîñòè ïî ìîäóëþ 2 îáðàçà öèêëà èç

òðåõ ðåáåð, íå ñîäåðæàùèõ ýòó âåðøèíó.

(b) Äëÿ ëþáîãî íåïðåðûâíîãî (èëè PL) îòîáðàæåíèÿ òåòðàýäðà â ïëîñêîñòü ëèáî

• îáðàçû íåêîòîðûõ ïðîòèâîïîëîæíûõ ðåáåð ïåðåñåêàþòñÿ, ëèáî

• îáðàç íåêîòîðîé âåðøèíû ëåæèò â îáðàçå ïðîòèâîïîëîæíîé ãðàíè.

Íàáðîñîê äîêàçàòåëüñòâà. Ïóíêò (a) âûâîäèòñÿ èç ñâîåé ¾êîëè÷åñòâåííîé¿ âåðñèè (ëåì-

ìà 2.2.3) ñ ïîìîùüþ àïïðîêñèìàöèè, ñð. çàìå÷àíèå 7.2.3.b è [Sk20, ëåììà 1.4.6.b℄.

Ïóíêò (b) äëÿ PLGP îòîáðàæåíèÿ ñëåäóåò èç ï. (a), ïîñêîëüêó îáðàç f(∆) ãðàíè ∆
ñîäåðæèò âíóòðåííîñòü ïî ìîäóëþ 2 îáðàçà ãðàíèöû ∂∆ ýòîé ãðàíè. (Ýòî ñëåäóåò èç

çàìå÷àíèÿ 1.3.6.b èëè [Sk20, óòâåðæäåíèå 3.6.2℄; äëÿ PLGP îòîáðàæåíèÿ f : ∆ → R2

ëþáàÿ òî÷êà âíóòðåííîñòè ïî ìîäóëþ 2 ëîìàíîé f |∂∆ èìååò íå÷åòíîå ÷èñëî ïðîîáðàçîâ.)

Ïóíêò (b) âûâîäèòñÿ èç ï. (b) äëÿ PLGP îòîáðàæåíèé ñ ïîìîùüþ àïïðîêñèìàöèè.

(Çàìåòèì òàêæå, ÷òî ï. (b) ýêâèâàëåíòåí ï. (a), ñì. [S
04, SZ05℄.)

Äëÿ PLGP îòîáðàæåíèÿ f îáðàçû ëþáûõ äâóõ íåñìåæíûõ ðåáåð ïåðåñåêàþòñÿ â

êîíå÷íîì ÷èñëå òî÷åê (ïî óòâåðæäåíèþ 1.3.1). ×èñëîì �àäîíà ρ(f) ∈ Z2 íàçûâàåòñÿ

ñóììà ÷åòíîñòåé

• ÷èñëà òî÷åê ïåðåñå÷åíèÿ îáðàçîâ íåñìåæíûõ ðåáåð, è

• ÷èñëà òåõ âåðøèí ãðà�à K4, îáðàçû êîòîðûõ ëåæàò âî âíóòðåííîñòè ïî ìîäóëþ 2

îáðàçà öèêëà èç òðåõ ðåáåð, íå ñîäåðæàùèõ ýòó âåðøèíó.

19

Ëåììà 2.2.3 (ñð. ëåììó 1.4.3 è óòâåðæäåíèå 2.1.2). Äëÿ ëþáîãî PLGP îòîáðàæåíèÿ

ãðà�à K4 â ïëîñêîñòü ÷èñëî �àäîíà íå÷åòíî.

Äîêàçàòåëüñòâî. Ââèäó óòâåðæäåíèÿ 2.1.2 ëåììà âåðíà äëÿ îòîáðàæåíèé, ïðè êîòî-

ðûõ îáðàç êàæäîãî ðåáðà ÿâëÿåòñÿ îòðåçêîì, êîíöû êîòîðîãî � îáðàçû êîíöîâ ðåáðà.

Ïîýòîìó äîñòàòî÷íî äîêàçàòü, ÷òî ρ(f) = ρ(f ′) äëÿ ëþáûõ äâóõ PLGP îòîáðàæåíèé

f, f ′ : K4 → R2
, îòëè÷àþùèõñÿ òîëüêî íà âíóòðåííîñòè îäíîãî ðåáðà σ, ïðè÷åì f |σ

ëèíåéíî. Îáîçíà÷èì ÷åðåç τ ðåáðî ãðà�à K4, íåñìåæíîå ñ σ, à ÷åðåç S � âíóòðåííîñòü

ïî ìîäóëþ 2 ëîìàíîé ∂S := fσ ∪ f ′σ. Òîãäà

ρ(f)− ρ(f ′) = |∂S ∩ fτ |2 + |S ∩ f(∂τ)|2 = 0.

Çäåñü âòîðîå ðàâåíñòâî ñëåäóåò èç óòâåðæäåíèÿ 2.2.1.b.

20

19

For a PLGP map g of a tetrahedron to the plane one 
an de�ne the van Kampen number v(g) ∈ Z2

[Sk16, �4.2℄ so that v(g) = ρ(g|K4
).

20

Èìååòñÿ ïðÿìîå äîêàçàòåëüñòâî òîãî, ÷òî ÷èñëî âàí Êàìïåíà PLGP îòîáðàæåíèÿ K5 → R2
ñîâïà-

äàåò ñ ÷èñëîì �àäîíà ñâîåãî îãðàíè÷åíèÿ íà K4 [Sk16, �4.2℄. Òàêèì îáðàçîì, ëåììû 2.2.3 è 1.4.3 ìîãóò

áûòü âûâåäåíû äðóã èç äðóãà íàïðÿìóþ.
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Óòâåðæäåíèå 2.2.4 (ìàëîìåðíàÿ âåðñèÿ ëåììû î êîëüöàõ Áîððîìåî 6.14.7.b). Íà

ïëîñêîñòè äàíû äâå çàìêíóòûå ëîìàíûå a, b (âîçìîæíî, ñàìîïåðåñåêàþùèåñÿ) è òî÷-

êè Paa, Pab, Pba, Pbb. Âåðøèíû ëîìàíûõ è ýòè òî÷êè íàõîäÿòñÿ â îáùåì ïîëîæåíèè.

Ëîìàíàÿ a ïåðåñåêàåò êàæäûé èç îòðåçêîâ PaaPab è PbaPbb â ÷åòíîì êîëè÷åñòâå òî-

÷åê, à êàæäûé èç îòðåçêîâ PaaPba è PabPbb � â íå÷åòíîì. Ëîìàíàÿ b, íàîáîðîò, ïåðå-
ñåêàåò êàæäûé èç îòðåçêîâ PaaPab è PbaPbb â íå÷åòíîì êîëè÷åñòâå òî÷åê, à êàæäûé

èç îòðåçêîâ PaaPba è PabPbb � â ÷åòíîì. Òîãäà ëîìàíûå a è b ïåðåñåêàþòñÿ.

Äîêàçàòåëüñòâî. Òàê êàê âåðøèíû ëîìàíîé a íàõîäÿòñÿ â îáùåì ïîëîæåíèè, òî ÷àñòè,

íà êîòîðûå îíà ðàçáèâàåò ïëîñêîñòü ìîæíî ðàñêðàñèòü â ÷åðíûé è áåëûé öâåòà òàê, ÷òî

ñîñåäíèå ÷àñòè ðàçíîöâåòíû (ñì. óòâåðæäåíèå 2.2.1). Îáîçíà÷èì ÷åðåç α îáúåäèíåíèå

÷åðíûõ ÷àñòåé. Àíàëîãè÷íî ïîñòðîèì äâóìåðíîå ìíîæåñòâî β ïî ëîìàíîé b.
Çàâåðøåíèå äîêàçàòåëüñòâà. Åñëè a∩ b = ∅, òî îäíî èç ìíîæåñòâ α∩β, α−β, β−α

èëè R2 − α − β ïóñòî. Íå óìåíüøàÿ îáùíîñòè, Paa ∈ α ∩ β (èíà÷å ïåðåêðàñèì). Òîãäà

Pab ∈ β − α, çíà÷èò, Pbb ∈ R2 − α− β, ïîýòîìó Pba ∈ α− β. Ïðîòèâîðå÷èå.
Äðóãîå çàâåðøåíèå äîêàçàòåëüñòâà. Âîçüìåì òî÷êó C â îáùåì ïîëîæåíèè ñ âåð-

øèíàìè ëîìàíûõ è òî÷êàìè Paa, Pab, PbaPbb. Îáîçíà÷èì ÷åðåç γ îáúåäèíåíèå îòðåçêîâ

CPaa ∪ CPab ∪ CPba ∪ CPbb.
Åñëè ëîìàíûå a è b íå ïåðåñåêàþòñÿ, òî a ∩ β åñòü ëèáî a, ëèáî ∅, è α ∩ b åñòü ëèáî

b, ëèáî ∅. Òîãäà ñëåäóþùàÿ öåïî÷êà ñðàâíåíèé ïî ìîäóëþ 2 äàåò ïðîòèâîðå÷èå.

0 =
(1)

|∂(γ∩α∩β)| =
(2)

| ∂γ︸︷︷︸
={Paa,Pab,PbaPbb}

∩α∩β| + |γ∩ ∂α︸︷︷︸
=a

∩β| + |γ∩α∩ ∂β︸︷︷︸
=b

| =
(3)

1+0+0 = 1.

Çäåñü (1) âûïîëíåíî, ïîñêîëüêó γ ∩α∩β åñòü îáúåäèíåíèå êîíå÷íîãî êîëè÷åñòâà íåâû-

ðîæäåííûõ íåçàìêíóòûõ ëîìàíûõ, ó êîòîðûõ ÷åòíîå ÷èñëî êîíöîâ. Ñðàâíåíèå (2) äî-

êàçûâàåòñÿ íåñëîæíî (ýòî ¾�îðìóëà Ëåéáíèöà¿).

Äîêàæåì ñðàâíåíèå (3). Èìååì

∂γ ∩ α ∩ β = (∂γ ∩ α) ∩ (∂γ ∩ β) = {Paa, Pab} ∩ {Paa, Pba} = {Paa}.

Åñëè a ∩ β = ∅, òî γ ∩ a ∩ β = ∅. Åñëè æå a ∩ β = a, òî

|γ ∩ a ∩ β| = |γ ∩ a| = |PaaPba ∩ a|+ |PabPbb ∩ a| = 1 + 1 = 0.

Èòàê, â îáîèõ ñëó÷àÿõ |γ ∩ a ∩ β| = 0. Àíàëîãè÷íî |γ ∩ α ∩ b| = 0.

2.3 Òîïîëîãè÷åñêàÿ òåîðåìà î ìíîãîêðàòíûõ ïåðåñå÷åíèÿõ

Òîïîëîãè÷åñêàÿ òåîðåìà Òâåðáåðãà äëÿ ïëîñêîñòè îáîáùàåò êàê òåîðåìó Òâåðáåðãà äëÿ

ïëîñêîñòè 2.1.4, òàê è òîïîëîãè÷åñêóþ òåîðåìó �àäîíà äëÿ ïëîñêîñòè 2.2.2. Äëÿ �îðìó-

ëèðîâêè ïîíàäîáèòñÿ ñëåäóþùåå îïðåäåëåíèå. ×èñëîì îáîðîòîâ çàìêíóòîé ïëîñêîé

ëîìàíîé l = A1 . . . An âîêðóã íå ëåæàùåé íà íåé òî÷êè O íàçûâàåòñÿ ñëåäóþùàÿ ñóììà

îðèåíòèðîâàííûõ óãëîâ, äåëåííàÿ íà 2π:

w(l) = w(l, O) := (∠A1OA2 + ∠A2OA3 + . . .+ ∠An−1OAn + ∠AnOA1)/2π.

Ñì. ïîäðîáíåå [ABM+, ��1,2℄, [Wn℄.

Òåîðåìà 2.3.1 (Òîïîëîãè÷åñêàÿ òåîðåìà Òâåðáåðãà äëÿ ïëîñêîñòè [BSS, Oz, Vo96℄; ñð.

ñ òåîðåìàìè 2.1.4, 2.2.2 è ãèïîòåçîé 7.3.1). Åñëè r � ñòåïåíü ïðîñòîãî, òî äëÿ ëþáîãî

PL îòîáðàæåíèÿ f : K3r−2 → R2
ëèáî

37



�èñ. 2.3.1: Ê òîïîëîãè÷åñêîé òåîðåìå Òâåðáåðãà äëÿ ïëîñêîñòè äëÿ r = 3: êîíòóð ñèíåãî
òðåóãîëüíèêà îáõîäèò âîêðóã òî÷êè ïåðåñå÷åíèÿ êðàñíîãî è çåëåíîãî îòðåçêîâ

• îáðàçû r − 1 òðåóãîëüíèêîâ îáõîäÿò âîêðóã îáðàçà îäíîé âåðøèíû, ëèáî

• îáðàçû r−2 òðåóãîëüíèêîâ îáõîäÿò âîêðóã íåêîòîðîé òî÷êè ïåðåñå÷åíèÿ îáðàçîâ

äâóõ ðåáåð,

ãäå òðåóãîëüíèêè, ðåáðà è âåðøèíû ïîïàðíî íå ïåðåñåêàþòñÿ.

Òî÷íåå, ìîæíî òàê çàíóìåðîâàòü âåðøèíû ÷èñëàìè 1, . . . , 3r − 2, ÷òî ëèáî
• ÷èñëî îáîðîòîâ îáðàçà êàæäîãî èç öèêëîâ 3t − 1, 3t, 3t + 1, t = 1, 2, 3, . . . , r − 1,

âîêðóã îáðàçà òî÷êè 1 íå ðàâíî íóëþ, ëèáî

• ÷èñëî îáîðîòîâ îáðàçà êàæäîãî èç öèêëîâ 3t−1, 3t, 3t+1, t = 2, 3, . . . , r−1, âîêðóã
íåêîòîðîé òî÷êè ïåðåñå÷åíèÿ îáðàçîâ ðåáåð 12 è 34 íå ðàâíî íóëþ.

(Óñëîâèå ¾÷èñëî îáîðîòîâ íå ðàâíî íóëþ¿ íå çàâèñèò îò îðèåíòàöèè öèêëà f(ijk).)

Òåîðåìà 2.3.1 ýêâèâàëåíòíà ([S
04, Òåîðåìà 3.3.1℄, [SZ05, Òåîðåìà 5.8℄) åå ñòàíäàðò-

íîé �îðìóëèðîâêå � òåîðåìå 7.3.2.a äëÿ d = 2. Î åå äîêàçàòåëüñòâå è óäèâèòåëüíîì ïî-

ÿâëåíèè òåîðåòèêî-÷èñëîâîãî óñëîâèÿ íà ðàçìåðíîñòü â ýòîì òîïîëîãè÷åñêîì ðåçóëüòàòå

ñì. çàìå÷àíèå 7.3.7.a. Äàæå äëÿ äîêàçàòåëüñòâà ìàëîìåðíîé òåîðåìû Òâåðáåðãà 2.3.1

íåîáõîäèìî îáîáùåíèå ìíîãîìåðíîé òåîðåìû Áîðñóêà-Óëàìà 6.5.4.

Íåðåøåííàÿ çàäà÷à: âåðåí ëè àíàëîã òåîðåìû 2.3.1 äëÿ r = 6? à åñëè r � íå ñòåïåíü

ïðîñòîãî? Êîëè÷åñòâåííàÿ âåðñèÿ òåîðåì 2.1.4 è 2.3.1 íåèçâåñòíà!
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3 Óñòîé÷èâîñòü ñàìîïåðåñå÷åíèé ãðà�îâ íà ïëîñêîñòè

3.1 Àïïðîêñèìèðóåìîñòü ïóòåé âëîæåíèÿìè

Íà÷íåì ñ íàãëÿäíûõ çàäà÷, ïîÿñíÿþùèõ ïðîáëåìó àïïðîêñèìèðóåìîñòè âëîæåíèÿìè

(èëè óñòîé÷èâîñòè ñàìîïåðåñå÷åíèé). Îáùèå çàìå÷àíèÿ îá ýòîé ïðîáëåìå ïðèâåäåíû â

êîíöå ïóíêòà.

Çàäà÷à 3.1.1. (a) Îõîòíèê ãóëÿåò ïî ëåñíîé äîðîæêå, èìåþùåé �îðìó ïðÿìîëèíåé-

íîãî îòðåçêà (äëèíû 1 êì). Ïðè ýòîì îí ìîæåò ìåíÿòü íàïðàâëåíèå ñâîåãî äâèæåíèÿ.

Îí âåäåò íà ïîâîäêå äëèíîé 1 ì ñîáàêó (ò.å. ðàññòîÿíèå ìåæäó ñîáàêîé è îõîòíèêîì

íå ïðåâîñõîäèò 1 ì). Äîêàæèòå, ÷òî íåçàâèñèìî îò äâèæåíèÿ îõîòíèêà ñîáàêà ìîæåò

äâèãàòüñÿ òàê, ÷òîáû íå ïåðåñåêàòü ñâîé ñëåä.

(b) Òî æå äëÿ äîðîæêè â �îðìå îêðóæíîñòè (ðàäèóñà 1 êì).

(
) Äâà îõîòíèêà ïðîøëè (ðàâíîìåðíî è íå ìåíÿÿ íàïðàâëåíèÿ, â îòëè÷èå îò ï.

(a) è (b)) ïî ïðÿìîëèíåéíûì äîðîæêàì, ïåðåñåêàþùèìñÿ ïîä ïðÿìûì óãëîì â òî÷êå,

îòñòîÿùåé îò êàæäîãî èç èõ êîíöîâ íà 1 êì (ðèñ. 3.1.1, íà êîòîðîì ϕ(I1) è ϕ(I2) �
ïóòè îõîòíèêîâ). Êàæäûé èç íèõ âåë íà ïîâîäêå äëèíû 1 ì ñîáàêó. Äîêàæèòå, ÷òî îäíà

ñîáàêà ïåðåñåêàëà ñëåäû äðóãîé.

f(I

1

)

f(I

2

)

�èñ. 3.1.1: Òðàíñâåðñàëüíîå ïåðåñå÷åíèå íå àïïðîêñèìèðóåìî âëîæåíèÿìè, f → ϕ

Çàäà÷à 3.1.2. (a) Îõîòíèê äâèãàëñÿ (ðàâíîìåðíî è íå ìåíÿÿ íàïðàâëåíèÿ) ïî ëåñ-

íîé äîðîæêå â �îðìå îêðóæíîñòè äèàìåòðîì 1 êì, ñäåëàâ äâà îáîðîòà. Îí âåë íà ïî-

âîäêå äëèíîé 1 ì ñîáàêó, êîòîðàÿ â êîíöå äâèæåíèÿ òîæå âåðíóëàñü â èñõîäíóþ òî÷êó.

Äîêàæèòå, ÷òî ñîáàêà îáÿçàòåëüíî ïåðåñåêàëà ñâîé ñëåä (â íåêîòîðûé ìîìåíò âðåìåíè,

îòëè÷íûé îò êîíå÷íîãî).

(b) Âåðåí ëè àíàëîã ï. (a) áåç ïðåäïîëîæåíèÿ î òîì, ÷òî ñîáàêà âåðíóëàñü â èñõîäíóþ

òî÷êó?

(
)* Âåðåí ëè àíàëîã ï. (a) áåç ïðåäïîëîæåíèÿ î ðàâíîìåðíîñòè è ïîñòîÿíñòâå íà-

ïðàâëåíèÿ?

(d) Âåðåí ëè àíàëîã ï. (a) äëÿ ñëó÷àÿ, êîãäà îõîòíèê ñäåëàë òðè îáîðîòà?

(e) Äëÿ êàêîãî ÷èñëà îáîðîòîâ âåðåí àíàëîã ï. (a)?

Ïðèâåäåì �îðìàëüíûå îïðåäåëåíèÿ.

Ëîìàíàÿ A1 . . . An íàçûâàåòñÿ ïîâåðøèííî àïïðîêñèìèðóåìîé âëîæåíèÿìè, åñëè

ñóùåñòâóåò ñêîëü óãîäíî áëèçêàÿ (ïîâåðøèííî) ê íåé ëîìàíàÿ áåç ñàìîïåðåñå÷åíèé.

Èëè, �îðìàëüíî, åñëè äëÿ ëþáîãî ε > 0 ñóùåñòâóåò íåñàìîïåðåñåêàþùàÿñÿ ëîìàíàÿ

B1 . . . Bn, äëÿ êîòîðîé |AjBj| < ε äëÿ ëþáîãî j = 1, . . . , n. Àíàëîãè÷íî îïðåäåëÿåòñÿ

ïîâåðøèííàÿ àïïðîêñèìèðóåìîñòü âëîæåíèÿìè çàìêíóòîé ëîìàíîé è äàæå ïðîèçâîëü-

íîãî ëèíåéíîãî îòîáðàæåíèÿ ϕ : G → R2
ãðà�à G (ñì. îïðåäåëåíèå â ï. 1.4). Áûëî áû

èíòåðåñíî íàéòè àíàëîãè ðåçóëüòàòîâ ýòîãî ïàðàãðà�à äëÿ ïîâåðøèííîé àïïðîêñèìè-

ðóåìîñòè âëîæåíèÿìè. Îíè ñ�îðìóëèðîâàíû äëÿ ñëåäóþùåé êóñî÷íî-ëèíåéíîé âåðñèè

ýòîãî ïîíÿòèÿ.

Äàëåå âñå îòîáðàæåíèÿ ñ÷èòàþòñÿ êóñî÷íî-ëèíåéíûìè (ï. 1.4), åñëè íå îãîâîðå-

íî ïðîòèâíîå (âïðî÷åì, îïðåäåëåíèÿ îñìûñëåíû äàæå äëÿ íåïðåðûâíûõ îòîáðàæå-
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íèé). Âëîæåíèåì ãðà�à â ïëîñêîñòü åãî íàçûâàåòñÿ èçîáðàæåíèå áåç ñàìîïåðåñå÷åíèé

(ñì. �îðìàëüíîå îïðåäåëåíèå â ï. 1.4). Îáîçíà÷èì ÷åðåç I := [0, 1] îòðåçîê è ÷åðåç

S1 := {x ∈ C : |x| = 1} îêðóæíîñòü. Ïóòü ϕ : I → R2
íà ïëîñêîñòè íàçûâàåòñÿ àï-

ïðîêñèìèðóåìûì âëîæåíèÿìè, åñëè ñóùåñòâóåò ñêîëü óãîäíî áëèçêèé ê íåìó ïóòü

áåç ñàìîïåðåñå÷åíèé. Èëè, �îðìàëüíî, åñëè äëÿ ëþáîãî ε > 0 ñóùåñòâóåò òàêîå âëîæå-
íèå f : I → R2

, ÷òî |f(x), ϕ(x)| < ε äëÿ ëþáîé òî÷êè x ∈ I. Àíàëîãè÷íî îïðåäåëÿåòñÿ
àïïðîêñèìèðóåìîñòü âëîæåíèÿìè öèêëà ϕ : S1 → R2

è äàæå îòîáðàæåíèÿ ϕ : G → R2

ïðîèçâîëüíîãî ãðà�à G.
Ñòðîãèå �îðìóëèðîâêè çàäà÷ 3.1.1 è 3.1.2.a òàêîâû:

• åñëè îáðàçîì ϕ(I) ïóòè ϕ : I → R2
ÿâëÿåòñÿ îòðåçîê èëè îêðóæíîñòü, òî ýòîò ïóòü

àïïðîêñèìèðóåì âëîæåíèÿìè;

• òðàíñâåðñàëüíîå ïåðåñå÷åíèå ϕ : I1 ⊔ I2 → R2
(ðèñ. 3.1.1) íå àïïðîêñèìèðóåìî

âëîæåíèÿìè;

• êîìïîçèöèÿ ϕ : S1 → S1 ⊂ R2
äâóêðàòíîé íàìîòêè è ñòàíäàðòíîãî âêëþ÷åíèÿ íå

àïïðîêñèìèðóåòñÿ âëîæåíèÿìè.

a

b

�èñ. 3.1.2: Ïîëÿíêè è òðîïèíêè

Ïðèâåäåì ýêâèâàëåíòíóþ êîìáèíàòîðíóþ �îðìóëèðîâêó çàäà÷è 3.1.2.a (àíàëîãè÷íî

ïåðå�îðìóëèðóåòñÿ îáùåå ïîíÿòèå àïïðîêñèìèðóåìîñòè âëîæåíèÿìè; ýêâèâàëåíòíîñòü

äîêàçàíà â [Mi97℄). �àññìîòðèì äâå ïîëÿíêè (ò.å. äâà êðóãà), ñîåäèíåííûõ äâóìÿ òðî-

ïèíêàìè (ò.å. ïîëîñêàìè) a è b, êàê íà ðèñ. 3.1.2. Ñîáàêà áåãàëà ïî ïîëÿíêàì è òðîïèíêàì

è âåðíóëàñü â èñõîäíóþ òî÷êó. Êàæäûé ðàç, êîãäà ñîáàêà ïåðåáåãàëà ñ ïîëÿíêè íà òðî-

ïèíêó, îíà çàïèñûâàëà îáîçíà÷åíèå ýòîé òðîïèíêè. Â çàäà÷å 3.1.2.a óòâåðæäàåòñÿ, ÷òî

åñëè ïîëó÷èëàñü çàïèñü abab, òî ñîáàêà îáÿçàòåëüíî ïåðåñåêàëà ñâîé ñëåä (â íåêîòîðûé
ìîìåíò âðåìåíè, îòëè÷íûé îò êîíå÷íîãî).

Çàäà÷à 3.1.3. (a) Ïóòü èëè öèêë â ãðà�å íàçûâàåòñÿ ýéëåðîâûì, åñëè îí ïðîõîäèò

ïî êàæäîìó ðåáðó ãðà�à ðîâíî îäèí ðàç. Ýéëåðîâ ïóòü èëè öèêë â ãðà�å íà ïëîñêîñòè

àïïðîêñèìèðóåì âëîæåíèÿìè òîãäà è òîëüêî òîãäà, êîãäà îí íå èìååò òðàíñâåðñàëüíûõ

ñàìîïåðåñå÷åíèé (ðèñ. 3.1.1).

(b) Ñóùåñòâóåò ïóòü, íå ñîäåðæàùèé òðàíñâåðñàëüíûõ ïåðåñå÷åíèé è íå àïïðîêñè-

ìèðóåìûé âëîæåíèÿìè.

Ïðèìåðû ê çàäà÷å 3.1.3.b ïðèâåäåíû íà ðèñ. 3.1.3, ãäå äëÿ íàãëÿäíîñòè íàðèñîâàí

íå ñàì ïóòü, à áëèçêèé ê íåìó ïóòü îáùåãî ïîëîæåíèÿ. Ñì., âïðî÷åì, [Mi97℄, [Sk03'℄.

Çàäà÷à 3.1.4. (ab
d) Ïóòè íà ðèñ. 3.1.3 íå àïïðîêñèìèðóåìû âëîæåíèÿìè.

(Óêàçàíèå. Ìîæíî ñâåñòè ê íåïëàíàðíîñòè ãðà�îâ Êóðàòîâñêîãî K5 è K3,3. Ïóíê-

òèðíàÿ ëèíèÿ íà ðèñ. 3.1.3 ïîìîæåò ñäåëàòü ýòî. Äðóãîå ðåøåíèå íàìå÷åíî â ï. 3.2.)

Çàäà÷à 3.1.5. Îáîçíà÷èì ÷åðåç P,H,X ãðà�û, ãîìåîìîð�íûå áóêâàì P,H,X . Âåð-

íî ëè, ÷òî êîìïîçèöèÿ ϕ : K → I ⊂ R2
ïðîèçâîëüíîãî îòîáðàæåíèÿ è ñòàíäàðòíîãî

âêëþ÷åíèÿ àïïðîêñèìèðóåìà âëîæåíèÿìè, åñëè

(a) K = S1
; (b) K = P ; (
) K = H ; (a) K = X?
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'(I)

f(I)

f(I)'(I)

a) b)

'(I)

f(I)


) d)

�èñ. 3.1.3: Ïóòè, íå àïïðîêñèìèðóåìûå âëîæåíèÿìè

(Âàøè îòâåòû ïîçâîëÿò îïèñàòü âñå ïàðû (K,L) ãðà�îâ, äëÿ êîòîðûõ êîìïîçèöèÿ

ϕ : K → L ⊂ R2
ïðîèçâîëüíîãî îòîáðàæåíèÿ è íåêîòîðîãî âêëþ÷åíèÿ àïïðîêñèìèðóåìà

âëîæåíèÿìè.)

Çàìå÷àíèÿ. Ïðîáëåìà àïïðîêñèìèðóåìîñòè ïóòåé âëîæåíèÿìè èíòåðåñíà ñ òî÷êè

çðåíèÿ òîïîëîãèè, òåîðèè ãðà�îâ è êîìïüþòåðíîé íàóêè, ñì. [Sk16'℄ è ññûëêè òàì. Ýòà

ïðîáëåìà ïîõîæà íà êëàññè÷åñêóþ ïðîáëåìó ïëàíàðíîñòè ãðà�îâ (�1) è äàæå ñâîäèòñÿ ê

ðàñïîçíàâàíèþ ïëàíàðíîñòè ãðà�îâ [Sk94℄. (Âïðî÷åì, ÷èñëî ãðà�îâ, ïëàíàðíîñòü êîòî-

ðûõ íàäî âûÿñíèòü äëÿ îäíîãî äàííîãî ïóòè, âåëèêî.) Íåòðóäíî äîêàçàòü, ÷òî ïðîáëåìà

àïïðîêñèìèðóåìîñòè âëîæåíèÿìè àëãîðèòìè÷åñêè ðàçðåøèìà [Sk94, Sk03'℄. Îäíàêî

èíòåðåñíî ïîëó÷èòü áûñòðûé àëãîðèòì ðàñïîçíàâàíèÿ àïïðîêñèìèðóåìîñòè âëîæåíèÿ-

ìè. Kðèòåðèé â òåðìèíàõ ïðåïÿòñòâèÿ Âàí Êàìïåíà (ñì. äàëåå) äàåò ïîëèíîìèàëüíûé

àëãîðèòì. Äëÿ ïðîáëåìû àïïðîêñèìèðóåìîñòè âëîæåíèÿìè àíàëîãà êðèòåðèÿ Êóðàòîâ-

ñêîãî 1.2.3.e íå ñóùåñòâóåò [Sk03'℄.

Çàäà÷à 3.1.6. Ïàðà ïóòåé ϕ, ψ : [0, 1] → R2
íà ïëîñêîñòè íàçûâàåòñÿ ðàçâîäèìîé,

åñëè ñóùåñòâóþò ñêîëü óãîäíî áëèçêèå ê íèì ïóòè áåç ïåðåñå÷åíèé. Èëè, �îðìàëüíî,

åñëè äëÿ ëþáîãî ε > 0 ñóùåñòâóþò òàêèå ïóòè f, g : [0, 1] → R2
, ÷òî ðàññòîÿíèå ìåæäó

òî÷êàìè f(x) è ϕ(x), à òàêæå ìåæäó g(x) è ψ(x), ìåíüøå ε äëÿ ëþáîé òî÷êè x ∈ [0, 1].
(Äëÿ îòîáðàæåíèé ãðà�îâ â ïëîñêîñòü ìîæíî ââåñòè àíàëîãè÷íîå ïîíÿòèå ðàçâîäèìîñòè

è ïîñòàâèòü àíàëîãè÷íûå ïðîáëåìû.)

(a) Åñëè îáðàçàìè ïóòåé ϕ, ψ : I → R2
ÿâëÿþòñÿ îòðåçîê èëè îêðóæíîñòü (îäèí è

òîò æå îáðàç ó äâóõ ðàçíûõ ïóòåé), òî ýòè ïóòè ðàçâîäèìû.

(b) Ñóùåñòâóåò íå ðàçâîäèìàÿ ïàðà ïóòåé, íå ñîäåðæàùàÿ òðàíñâåðñàëüíûõ ïåðåñå-

÷åíèé.

(
)* Íàéäèòå ïîëèíîìèàëüíûé àëãîðèòì ðàñïîçíàâàíèÿ ðàçâîäèìîñòè äëÿ êóñî÷íî-

ëèíåéíûõ ïóòåé íà ïëîñêîñòè.

(d) Îáîçíà÷èì ÷åðåç T ãðà�, ãîìåîìîð�íûé áóêâå T . Ñóùåñòâóåò íå ðàçâîäèìîå

îòîáðàæåíèå T ⊔ T → T ⊂ R2
.
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3.2 Èäåÿ ïîñòðîåíèÿ ïðåïÿòñòâèÿ Âàí Êàìïåíà

×òîáû îáúÿñíèòü èäåþ ïîñòðîåíèÿ ïðåïÿòñòâèÿ Âàí Êàìïåíà, ïðèâåäåì íàáðîñêè íåêî-

òîðûõ ðåøåíèé. Ñð. ñ óòâåðæäåíèÿìè 1.1.1.b, 1.4.3 è ïðèìåðîì 1.4.2.

f(i − 1) f(i)

f(j − 1) f(j)

f(i − 1) f(j)

f(j − 1) f(i)

f(i − 1) f(j − 1)

f(j) f(i)

0 (a) 1 (b) 1 (
)

�èñ. 3.2.1: Êàê ñòàâÿòñÿ ÷èñëà íà ïîëÿíêå

Íàáðîñîê ïåðâîãî ðåøåíèÿ çàäà÷è 3.1.2.a. Âîçüìåì ïîëÿíêè è òðîïèíêè äëÿ ïóòè ϕ
(ðèñ. 3.1.2).

Íàçîâåì ïóòü ñîáàêè íåçàòåéëèâûì, åñëè âî âðåìÿ äâèæåíèÿ ïî òðîïèíêàì îíà íå

ïåðåñåêàëà ñâîè ñëåäû. Äîñòàòî÷íî äîêàçàòü óòâåðæäåíèå çàäà÷è äëÿ íåçàòåéëèâûõ

ïóòåé.

Âûáåðåì ïðîèçâîëüíûé íåçàòåéëèâûé ïóòü f . Ïîñòàâèì íà êàæäîé ïîëÿíêå íîëü,

åñëè òî÷êè âõîäà ñîáàêè íà ïîëÿíêó è åå âûõîäà ñ ïîëÿíêè ðàñïîëàãàþòñÿ, êàê íà

ðèñ. 3.2.1.a, è åäèíèöó â ïðîòèâíîì ñëó÷àå, êàê íà ðèñ. 3.2.1.b,
. Îáîçíà÷èì ÷åðåç v(f)
ñóììó ïî ìîäóëþ 2 ýòèõ äâóõ ÷èñåë. Äëÿ ïóòè f ñîáàêè íà ðèñ. 3.1.2 v(f) = 1. ßñíî,
÷òî v(f) çàâèñèò òîëüêî îò ðàñïîëîæåíèÿ îòðåçêîâ ïóòè ñîáàêè íà òðîïèíêàõ. Ïðè èç-

ìåíåíèè òàêîãî ðàñïîëîæåíèÿ íà îäíîé òðîïèíêå ÷èñëî íà êàæäîé ïîëÿíêå èçìåíèòñÿ,

ïîýòîìó v(f) íå èçìåíèòñÿ. Òàê êàê îò ëþáîãî ðàñïîëîæåíèÿ îòðåçêîâ ïóòè íà òðîïèí-
êàõ ìîæíî ïåðåéòè ê ëþáîìó äðóãîìó óêàçàííûìè îïåðàöèÿìè, òî v(f) = 1 äëÿ ëþáîãî
íåçàòåéëèâîãî ïóòè f . Ïîýòîìó ñîáàêà îáÿçàòåëüíî ïåðåñåêàëà ñâîé ñëåä. QED

Íàáðîñîê âòîðîãî ðåøåíèÿ çàäà÷è 3.1.2.a. �àçäåëèì âðåìÿ ðàâíîìåðíîãî äâèæåíèÿ

îõîòíèêà íà øåñòü ðàâíûõ ïðîìåæóòêîâ. Ïóñòü e1, . . . , e6 � ñîîòâåòñòâóþùèå îòðåçêè

ïóòè f ñîáàêè. Ïîëîæèì ei+6 := ei. Ìîæíî ñ÷èòàòü, ÷òî ýòîò ïóòü îáùåãî ïîëîæåíèÿ.

Òîãäà ëþáûå äâà èç îòðåçêîâ ei ïåðåñåêàþòñÿ â êîíå÷íîì ÷èñëå òî÷åê. Ïîëîæèì

v(f) :=
∑

{i,j} : |i−j|>1

|ei ∩ ej | mod 2.

Äëÿ ïóòè f0 ñîáàêè, ïîêàçàííîãî íà ðèñ. 3.1.2 v(f0) = 1.
Àíàëîãè÷íî ëåììå 1.4.3 v(f) íå çàâèñèò îò f . Äåéñòâèòåëüíî, åñëè îòîáðàæåíèÿ f è

f ′
îòëè÷àþòñÿ òîëüêî âíóòðåííîñòüþ ïóòè ei 6= e′i (ðèñ. 3.2.2), òî

v(f)− v(f ′) = |(ei ∪ e
′
i) ∩ (ei+2 ∪ ei+3 ∪ ei+4)| mod 2 = 0.

e

i

e

′

i

e

i+5

= e

i−1

e

i+2

e

i+1

e

i+4

e

i+3

�èñ. 3.2.2: Íåçàâèñèìîñòü v(f) îò f
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Ïîñëåäíåå ðàâåíñòâî ñïðàâåäëèâî, ïîñêîëüêó ïóòü ei+2 ∪ ei+3 ∪ ei+4 ìîæíî çàìêíóòü äî

öèêëà, íå äîáàâëÿÿ íîâûõ ïåðåñå÷åíèé ñ öèêëîì ei∪e
′
i. (ìû íå äîêàçûâàåì ýòî èíòóèòèâ-

íî î÷åâèäíîå óòâåðæäåíèå). Âûâîä íåçàâèñèìîñòè èç ýòîãî ÷àñòíîãî ñëó÷àÿ àíàëîãè÷åí

ëåììå 1.4.3. Ñëåäîâàòåëüíî, ëþáîé ïóòü ñîáàêè èìååò ñàìîïåðåñå÷åíèÿ. QED

Ïóòü ϕ : I → R2
íàçûâàåòñÿ ñèìïëèöèàëüíûì, åñëè ñóùåñòâóåò ðàçáèåíèå îòðåçêà

íà òàêèå îòðåçî÷êè, ÷òî íà êàæäîì îòðåçî÷êå ïóòü ëèíååí, è ÷òî îáðàçû ëþáûõ äâóõ

îòðåçî÷êîâ íå ïåðåñåêàþòñÿ èëè ñîâïàäàþò. Èëè, �îðìàëüíî, åñëè äëÿ íåêîòîðîãî n
ñóùåñòâóþò òàêèå ÷èñëà 0 = a0 < a1 < · · · < an = 1, ÷òî

(1) ñóæåíèå ϕ|[ai−1,ai] ëèíåéíî äëÿ ëþáîãî i = 1, . . . , n è

(2) îáðàçû îòðåçêîâ [ai−1, ai] ëèáî íå ïåðåñåêàþòñÿ, ëèáî ñîâïàäàþò.
Áóäåì ñ÷èòàòü âñå âñòðå÷àþùèåñÿ ïóòè ñèìïëèöèàëüíûìè (ñ ðàçíûìè n).

�èñ. 3.2.3: Ïîëÿíêè è òðîïèíêè

Äëÿ ñèìïëèöèàëüíîãî ïóòè ϕ ñóùåñòâóåò îêðåñòíîñòü Oϕ(I) ãðà�à ϕ(I), ïðåäñòàâ-
ëåííàÿ åñòåñòâåííûì îáðàçîì â âèäå îáúåäèíåíèÿ `ïîëÿíîê' (ò.å. äèñêîâ, îêðóæàþùèõ

òî÷êè ϕ(ai)) è `òðîïèíîê' (ò.å. `ëåíòî÷åê', ñîåäèíÿþùèõ ïîëÿíêè âäîëü ðåáåð ãðà�à

ϕ(I)). Ñì. ðèñ. 3.2.3 äëÿ ïóòè íà ðèñ. 3.1.3.b. (Ýòî óòîëùåíèå ãðà�à ϕ(I), îïðåäåëåí-
íîå â [Sk20, ï. 1.5 ¾Ïëàíàðíîñòü óòîëùåíèé¿℄.)

Ïåðå�îðìóëèðîâêà ñâîéñòâà àïïðîêñèìèðóåìîñòè âëîæåíèÿìè íà ÿçûê ïîëÿíîê è

òðîïèíîê ïðîâîäèòñÿ àíàëîãè÷íî ïåðå�îðìóëèðîâêå çàäà÷è 3.1.2.à.

Íàçîâåì ïóòü f : I → Oϕ(G) íåçàòåéëèâûì, åñëè íà òðîïèíêàõ íåò åãî ñàìîïåðåñå-
÷åíèé.

Íàáðîñîê ðåøåíèÿ çàäà÷è 3.1.4.b. Ìû îáîáùàåì ïåðâîå ðåøåíèå çàäà÷è 3.1.2.a. Ìû

èñïîëüçóåì ïåðå�îðìóëèðîâêó ñâîéñòâà àïïðîêñèìèðóåìîñòè âëîæåíèÿìè íà ÿçûêå ïî-

ëÿíîê è òðîïèíîê (ðèñ. 3.2.3). Âûáåðåì ïðîèçâîëüíûé íåçàòåéëèâûé ïóòü f . Ïîñòàâèì
íà ëåâîé ñðåäíåé ïîëÿíêå íîëü, åñëè òî÷êè âõîäà ïóòè íà ïîëÿíêó è åãî âûõîäà ñ ïî-

ëÿíêè ðàñïîëàãàþòñÿ êàê íà ðèñ. 3.2.1.a, è åäèíèöó â ïðîòèâíîì ñëó÷àå (ðèñ. 3.2.1.b).

Ïî ïðàâîé ïîëÿíêå ïóòü ïðîõîäèò òðè ðàçà. �àññìîòðèì òîëüêî ïåðâîå è ïîñëåäíåå

ïðîõîæäåíèå ïóòè ïî ïðàâîé ïîëÿíêå è ïîñòàâèì íà íåé íîëü èëè åäèíèöó ïî òîìó æå

ïðàâèëó. Îáîçíà÷èì ÷åðåç v(f) ñóììó ïî ìîäóëþ 2 ýòèõ äâóõ ÷èñåë. Äëÿ ïóòè f íà

ðèñ. 3.1.3.b v(f) = 1. Äàëåå äîêàçàòåëüñòâî äîñëîâíî ïîâòîðÿåò ïåðâîå ðåøåíèå çàäà÷è
3.1.2.a.

3.3 Ïðåïÿòñòâèå Âàí Êàìïåíà

Òåîðåìà àïïðîêñèìèðóåìîñòè. Ñèìïëèöèàëüíûé ïóòü ϕ : I → R2
, íå îòîáðàæà-

þùèé íè îäèí îòðåçîê â òî÷êó, àïïðîêñèìèðóåì âëîæåíèÿìè òîãäà è òîëüêî òîãäà,

êîãäà ðàññòàíîâêà ïåðåñå÷åíèé êîãîìîëîãè÷íà íóëåâîé (èëè, ýêâèâàëåíòíî, êîãäà ïðå-

ïÿòñòâèå Âàí Êàìïåíà v(ϕ) ∈ Z
c(ϕ)
2 íóëåâîå).

Â îñòàâøåéñÿ ÷àñòè ýòîãî ïóíêòà ìû ïðèâîäèì îïðåäåëåíèå ÷èñëà c(ϕ) è âåêòîðà

v(ϕ). Íåîáõîäèìîñòü â òåîðåìå àïïðîêñèìèðóåìîñòè ñëåäóåò èç óòâåðæäåíèÿ 3.3.3.a.
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Äîêàçàòåëüñòâî äîñòàòî÷íîñòè ìû íå ïðèâîäèì. Îíî áûëî ïîëó÷åíî ñëóøàòåëåì ëåê-

öèé, ïî ìàòåðèàëàì êîòîðûõ íàïèñàí ýòîò ïàðàãðà� [Sk03'℄.

2×4

2×6

1×7

4×6

�èñ. 3.3.1: Ñèíãóëÿðíûé ãðà� ∆

Îïðåäåëåíèå ñèíãóëÿðíîãî ãðà�à ∆. Âûáåðåì òî÷êè 0 = a0 < a1 < · · · < an = 1 êàê
â îïðåäåëåíèè ñèìïëèöèàëüíîñòè (�3.2). Âåðøèíû ãðà�à ∆ � òàêèå ïàðû

i× j, ÷òî ϕ(ai) = ϕ(aj) è i < j.

�åáðà ãðà�à ∆ ñîåäèíÿþò âåðøèíû i × j è (i ± 1) × (j ± 1) ýòîãî ãðà�à, åñëè òàêèå

âåðøèíû åñòü. Çäåñü çíàêè ± âûáèðàþòñÿ íåçàâèñèìî.

Íàïðèìåð, ñì. ðèñ. 3.3.1 äëÿ ïóòè íà ðèñ. 3.1.3.b: âåðøèíû ãðà�à � 1×7, 2×6, 2×4
è 4× 6; ðåáðîì ñîåäèíåíû òîëüêî ïåðâûå äâå.

Çàäà÷à 3.3.1. �ðà� ∆ çàâèñèò íå òîëüêî îò ϕ, íî è îò âûáîðà òî÷åê a0, a1, . . . , an.

Îïðåäåëåíèå ÷èñëà c(ϕ). Îáîçíà÷èì ÷åðåç c(ϕ) êîëè÷åñòâî êîìïîíåíò ñâÿçíîñòè ãðà-
�à ∆, íå ñîäåðæàùèõ âåðøèí i× (i− 2), i× 0 è n× i.

Íàïðèìåð, äëÿ ïóòè ϕ íà ðèñ. 3.1.3.b èìååì c(ϕ) = 1.

Çàäà÷à 3.3.2. ×èñëî c(ϕ) çàâèñèò òîëüêî îò ϕ, íî íå îò âûáîðà òî÷åê a0, a1, . . . , an.

Îïðåäåëåíèå ðàññòàíîâêè ν(f). Âûáåðåì òî÷êè 0 = a0 < a1 < · · · < an = 1 êàê

â îïðåäåëåíèè ñèìïëèöèàëüíîñòè (�3.2). Ìû èñïîëüçóåì ïåðå�îðìóëèðîâêó ñâîéñòâà

àïïðîêñèìèðóåìîñòè âëîæåíèÿìè íà ÿçûêå ïîëÿíîê è òðîïèíîê (ðèñ. 3.2.3). Âîçüìåì

ïðîèçâîëüíûé íåçàòåéëèâûé ïóòü f . �àññìîòðèì âåðøèíó i × j ãðà�à ∆ è ïîëÿíêó,

ñîäåðæàùóþ ϕ(ai) = ϕ(aj). (Çàìåòèì, ÷òî ê ïîëÿíêå ìîæåò ïðèìûêàòü áîëåå äâóõ òðî-
ïèíîê.) Ïîñòàâèì â âåðøèíó i× j åäèíèöó, åñëè òî÷êè ïåðåñå÷åíèÿ îáðàçîâ f [ai−1ai+1]
è f [aj−1aj+1] ñ ãðàíè÷íîé îêðóæíîñòüþ ýòîé ïîëÿíêè ÷åðåäóþòñÿ íà ýòîé îêðóæíî-

ñòè (ðèñ. 3.2.1.b,
) è íîëü â ïðîòèâíîì ñëó÷àå (ðèñ. 3.2.1.a). Ïîëó÷åííóþ ðàññòàíîâêó

îáîçíà÷èì ÷åðåç ν(f).

Íàïðèìåð, äëÿ ïóòåé ϕ è f íà ðèñ. 3.1.3.b èìååì ν(f) = (0, 1).

Çàäà÷à 3.3.3. (a) Åñëè ïóòü f íåñàìîïåðåñåêàþùèéñÿ, òî ðàññòàíîâêà ν(f) íóëåâàÿ.
(b) Îáðàòíîå íåâåðíî.

(
) �àññòàíîâêà ν(f) íóëåâàÿ òîãäà è òîëüêî òîãäà, êîãäà ïóòü f ìîæíî òàê èçìåíèòü
íà ïîëÿíêàõ, íå ìåíÿÿ íà òðîïèíêàõ, ÷òîáû îí ñòàë íåñàìîïåðåñåêàþùèìñÿ.

(d) �àññòàíîâêà ν(f) çàâèñèò íå òîëüêî îò ϕ, íî è îò f è îò âûáîðà òî÷åê a0, a1, . . . , an.

Îïðåäåëåíèå ïðåïÿòñòâèÿ Âàí Êàìïåíà v(ϕ) ∈ Z
c(ϕ)
2 . Äëÿ êàæäîé èç c(ϕ) ðàñ-

ñìîòðåííûõ êîìïîíåíò ñâÿçíîñòè ãðà�à ∆ âû÷èñëèì ñóììó mod 2 ÷èñåë ðàññòàíîâêè
ν(f) â âåðøèíàõ ýòîé êîìïîíåíòû. Ïîëó÷åííûé íàáîð v(ϕ) = v(ϕ, f) ∈ Z

c(ϕ)
2 íàçîâåì

ïðåïÿòñòâèåì Âàí Êàìïåíà (ñ êîý��èöèåíòàìè â Z2) ê àïïðîêñèìèðóåìîñòè ïóòè ϕ
âëîæåíèÿìè.

Íàïðèìåð, äëÿ ïóòåé ϕ è f íà ðèñ. 3.1.3.b èìååì v(ϕ, f) = (1).

Äîêàçàòåëüñòâî íåçàâèñèìîñòè v(ϕ, f) îò f ïðè �èêñèðîâàííûõ òî÷åê a0, a1, . . . , an.
ßñíî, ÷òî ðàññòàíîâêà ν(f) çàâèñèò òîëüêî îò ðàñïîëîæåíèÿ îòðåçêîâ ïóòè f íà òðî-

ïèíêàõ. �àññìîòðèì ïðåîáðàçîâàíèå òàêîãî ðàñïîëîæåíèÿ íà ïðîèçâîëüíîé îäíîé òðî-

ïèíêå äëÿ äâóõ îòðåçêîâ [ai−1ai] è [aj−1aj ], îáðàçû êîòîðûõ ïåðåñåêàþò ýòó òðîïèíêó.
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Îò ëþáîãî f (ò.å. ðàñïîëîæåíèÿ îòðåçêîâ ïóòè íà òðîïèíêàõ) ìîæíî ïåðåéòè ê ëþáîìó
äðóãîìó f ′

òàêèìè ïðåîáðàçîâàíèÿìè. Ïîýòîìó íåçàâèñèìîñòü v(ϕ, f) îò f âûòåêàåò èç
ñëåäóþùåé çàäà÷è. QED

Çàäà÷à 3.3.4. Âåêòîð v(ϕ, f) íå èçìåíÿåòñÿ ïðè òàêèõ ïðåîáðàçîâàíèÿõ, åñëè

(a) i 6= j − 1 è i 6= 1 è j 6= n. (b) i = j − 1 èëè i = 0 èëè j = n.
(Óêàçàíèå ê ï. (a). ×èñëà â âåðøèíàõ i×j è (i−1)×(j−1) (èëè i×(j−1) è (i−1)×j)

ãðà�à ∆ èçìåíÿòñÿ íà 1, à ÷èñëà â îñòàëüíûõ âåðøèíàõ íå èçìåíÿòñÿ.)

Çàäà÷à 3.3.5. (a) v(ϕ, f) íå çàâèñèò îò âûáîðà òî÷åê a0, a1, . . . , an.
(
) Åñëè v(ϕ) = 0, òî ñóùåñòâóåò òàêîå îòîáðàæåíèå f : I → R2

îáùåãî ïîëîæåíèÿ,

áëèçêîå ê ϕ, ÷òî f [ai−1, ai] ∩ f [aj−1, aj ] = ∅ äëÿ ëþáîé ïàðû i × j ðåáåð îòðåçêà I, äëÿ
êîòîðîé âåðøèíà i × j ãðà�à ∆ íå ñîäåðæèòñÿ â êîìïîíåíòå ñâÿçíîñòè ñ âåðøèíàìè

i× (i− 2), i× 0 è n× i (òàêîå îòîáðàæåíèå f íå îáÿçàíî áûòü âëîæåíèåì).

Çàäà÷à 3.3.6. (a) Ïîñòðîéòå àíàëîãè÷íî ïðåïÿòñòâèå Âàí Êàìïåíà ê àïïðîêñèìè-

ðóåìîñòè âëîæåíèÿìè ñèìïëèöèàëüíîãî öèêëà ϕ : S1 → R2
.

(b) Äîêàæèòå, ÷òî îíî íåïîëíî.

(
) Äîêàæèòå, ÷òî îíî íåïîëíî äàæå äëÿ îòîáðàæåíèÿ, îáðàçîì êîòîðîãî ÿâëÿþòñÿ

òðèîäû.

(d) Ïîñòðîéòå àíàëîãè÷íî ïðåïÿòñòâèå Âàí Êàìïåíà ê àïïðîêñèìèðóåìîñòè âëîæå-

íèÿìè ñèìïëèöèàëüíîãî îòîáðàæåíèÿ ϕ : I1 ⊔ I2 → R2
(ñð. ñ êîíöîì �3.1).

(e) Ïîëíî ëè îíî?

Öåëî÷èñëåííîå ïðåïÿòñòâèå Âàí Êàìïåíà V (ϕ) ∈ Zc(ϕ) ñòðîèòñÿ àíàëîãè÷íî. Íåîá-

õîäèìû ëèøü ñëåäóþùèå èçìåíåíèÿ. Íóæíî âûáðàòü îðèåíòàöèþ â R2
. Ïðè ïîñòðîåíèè

ðàññòàíîâêè ν(ϕ) â âåðøèíó i × j ñòàâèòñÿ åäèíèöà, åñëè òî÷êè âõîäà ïóòè f íà ýòó

ïîëÿíêó è òî÷êè åãî âûõîäà ñ ýòîé ïîëÿíêè ðàñïîëàãàþòñÿ, êàê íà ðèñ. 3.2.1.b, è ìèíóñ

åäèíèöà, åñëè îíè ðàñïîëàãàþòñÿ êàê íà ðèñ. 3.2.1.
. Ïîëó÷åííàÿ ðàññòàíîâêà îáîçíà÷à-

åòñÿ N(ϕ). Äëÿ êàæäîé èç c(ϕ) ðàññìîòðåííûõ êîìïîíåíò ñâÿçíîñòè ãðà�à ∆ âû÷èñëèì

ñóììó ÷èñåë â âåðøèíàõ ýòîé êîìïîíåíòû. Ïîëó÷åííûé íàáîð V (ϕ) = V (ϕ, f) ∈ Zc(ϕ)

íàçûâàåòñÿ ïðåïÿòñòâèåì Âàí Êàìïåíà (ñ êîý��èöèåíòàìè Z) ê àïïðîêñèìèðóåìîñòè

ïóòè ϕ âëîæåíèÿìè.

Çàäà÷à 3.3.7. (a,b,
,d) �åøèòå àíàëîãè çàäà÷ 3.3.6 äëÿ öåëûõ êîý��èöèåíòîâ.

3.4 Äðóãîå ïîñòðîåíèå ïðåïÿòñòâèÿ Âàí Êàìïåíà *

Ýòî ïîñòðîåíèå îáîáùàåò âòîðîå ðåøåíèå çàäà÷è 3.1.2.a. Îíî ñëîæíåå ïðåäûäóùåãî,

íî èìåííî îíî îáîáùåíî â ï. 1.5 äî ïðåïÿòñòâèÿ Âàí Êàìïåíà ê âëîæèìîñòè ãðà�îâ â

ïëîñêîñòü (è â ï. 6.8, 6.9 � k-ìåðíûõ êîìïëåêñîâ â 2-ìåðíîå ïðîñòðàíñòâî). Âïðî÷åì,
�îðìàëüíî ï. 1.5, 6.8 è 6.9 íåçàâèñèìû îò íàñòîÿùåãî ïóíêòà.

Ïóñòü ϕ : I → R2
� ëîìàíàÿ (ò.å. ñèìïëèöèàëüíûé ïóòü) îáùåãî ïîëîæåíèÿ íà ïëîñ-

êîñòè. Âûáåðåì òî÷êè 0 = a0 < a1 < · · · < an = 1 êàê â îïðåäåëåíèè ñèìïëèöèàëüíîñòè.
Îáîçíà÷èì îòðåçîê [ai−1, ai] ÷èñëîì i.

Îáîçíà÷èì ÷åðåç I∗ âåðõíþþ ¾íàääèàãîíàëü¿ òàáëèöû n×n, ò.å. îáúåäèíåíèå êëåòîê
i × j ñ i < j − 1 (îòâå÷àþùèõ ïàðàì íåñîñåäíèõ ðåáåð ãðà�à I), ðèñ. 3.4.1. Áóäåì
îáîçíà÷àòü òàêóþ êëåòêó {i, j}, ãäå |i− j| > 1,íî íå îáÿçàòåëüíî i < j − 1.

Äëÿ ëþáîãî ïóòè f : I → R2
îáùåãî ïîëîæåíèÿ, äîñòàòî÷íî áëèçêîãî ê ϕ, è ëþ-

áûõ äâóõ íåñîñåäíèõ ðåáåð i, j ïåðåñå÷åíèå fi ∩ fj ñîñòîèò èç êîíå÷íîãî ÷èñëà òî÷åê.
Ïîñòàâèì â êëåòêå {i, j} ∈ I∗ ÷èñëî |fi∩ fj| mod 2. Ïîëó÷åííóþ ðàññòàíîâêó íàçîâåì

ðàññòàíîâêîé (èëè êîöèêëîì) ïåðåñå÷åíèé è îáîçíà÷èì ÷åðåç ν(f). Åñëè ïóòü f
íåñàìîïåðåñåêàþùèéñÿ, òî ν(f) = 0.
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�èñ. 3.4.1: Âåðõíÿÿ íàääèàãîíàëü I∗

Ïîêðàñèì â ÷åðíûé öâåò âñå òå êëåòêè {i, j} òàáëèöû I∗, äëÿ êîòîðûõ ϕi ∩ ϕj = ∅.
Òàê êàê ïóòü f áëèçîê ê ϕ, òî ν(f) = 0 â ÷åðíûõ êëåòêàõ.

Çàäà÷à 3.4.1 (ñð. [ABM+, ëåììà 2.6℄). (a) Â êàæäîé òî÷êå (x, y) íà ðåáðå òàáëèöû
I∗ ïîñòàâèì âåêòîð ñ íàïðàâëåíèåì îò f(x) ê f(y). Òîãäà â êàæäîé êëåòêå òàáëèöû I∗

ñòîèò ÷åòíîñòü ÷èñëà îáîðîòîâ âåêòîðà ïðè îáõîäå ïî åå ãðàíèöå.

(b) Åñëè ñèìïëèöèàëüíûé ïóòü ϕ : I → R2
íå îòîáðàæàþùèé íè îäèí îòðåçîê â

òî÷êó, àïïðîêñèìèðóåì âëîæåíèÿìè, òî

(R) äëÿ ëþáîãî íåïðåðûâíîãî äâèæåíèÿ òî÷åê x è y ïî îòðåçêó I, â ïðîöåññå êîòî-
ðîãî ϕ(x) 6= ϕ(y), à â êîíöå êîòîðîãî òî÷êè x è y âîçâðàùàþòñÿ êàæäàÿ â ñâîå èñõîäíîå

ïîëîæåíèå (ò.å. äëÿ ëþáîãî íåïðåðûâíîãî îòîáðàæåíèÿ S1 → {(x, y) ∈ I × I | ϕ(x) 6=
ϕ(y)}), ÷èñëî îáîðîòîâ âåêòîðà ϕ(x)− ϕ(y) â ïðîöåññå ýòîãî äâèæåíèÿ ðàâíî íóëþ.

�èñ. 3.4.2: Ïðåîáðàçîâàíèe �àéäåìàéñòåðà äëÿ ïóòåé â ïëîñêîñòè

Ïðè ïðåîáðàçîâàíèè �àéäåìàéñòåðà ïóòè f , èçîáðàæåííîì íà ðèñ. 3.4.2, ðàññòàíîâêà

ν(f) èçìåíÿåòñÿ ðîâíî â äâóõ ñîñåäíèõ êëåòêàõ {i, j} è {i, j−1}. Åñëè îäíà èç ýòèõ äâóõ
êëåòîê íå ëåæèò â I∗, òî ÷èñëî â íåé íå ñòîèò è íå ìåíÿåòñÿ. �àññòàíîâêà åäèíèö â äâóõ
êëåòêàõ òàáëèöû I∗, ñîñåäíèõ ñ ðåáðîì {i, aj} òàáëèöû, è íóëÿ â îñòàëüíûõ êëåòêàõ

òàáëèöû íàçûâàåòñÿ ýëåìåíòàðíîé êîãðàíèöåé ðåáðà {i, aj} è îáîçíà÷àåòñÿ δ{i, aj}.
Ïîêðàñèì â áåëûé öâåò òå ðåáðà {i, aj} òàáëèöû I∗, äëÿ êîòîðûõ ϕaj ∈ ϕi. Òàê êàê

f áëèçêî ê ϕ, òî óêàçàííîå ïðåîáðàçîâàíèå �àéäåìàéñòåðà âîçìîæíî ëèøü äëÿ áåëîãî
ðåáðà.

Çàäà÷à 3.4.2. Äëÿ ïóòè f îáîçíà÷èì ÷åðåç fe1,...,ek ïóòü, ïîëó÷åííûé óêàçàííû-

ìè ïðåîáðàçîâàíèÿìè �àéäåìàéñòåðà äëÿ ðåáåð e1, . . . , ek òàáëèöû I∗. Òîãäà ν(f) −
ν(fe1,...,ek) = δe1 + · · ·+ δek.

Îáîçíà÷èì ÷åðåç X ìíîæåñòâî âñåõ ðàññòàíîâîê íóëåé è åäèíèö â êëåòêàõ òàáëèöû

ñ íóëÿìè â ÷åðíûõ êëåòêàõ. Íàçîâåì ðàññòàíîâêè ν1, ν2 ∈ X êîãîìîëîãè÷íûìè, åñëè

ν1 − ν2 = δe1 + · · ·+ δek äëÿ íåêîòîðûõ áåëûõ ðåáåð e1, . . . , ek.

Ëåììà 3.4.3. (Ñð. ñ ëåììîé 1.5.6.) �àññòàíîâêè ïåðåñå÷åíèé ðàçíûõ ñèìïëèöèàëüíûõ

ïóòåé îáùåãî ïîëîæåíèÿ, äîñòàòî÷íî áëèçêèõ ê îäíîìó ñèìïëèöèàëüíîìó ïóòè, êî-

ãîìîëîãè÷íû.
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Äîêàçàòåëüñòâî êîãîìîëîãè÷íîñòè ðàññòàíîâîê ïåðåñå÷åíèé äëÿ ïóòåé f, f ′ : I →
R2

îáùåãî ïîëîæåíèÿ, áëèçêèõ ê ϕ è îòëè÷àþùèõ òîëüêî íà âíóòðåííîñòè îäíîãî

ðåáðà j. Äëÿ êàæäîé âåðøèíû ai ïðîâåäåì íåêîòîðûé ïóòü, ñîåäèíÿþùèé ýòó âåðøèíó

ñ áåñêîíå÷íîñòüþ, è íàõîäÿùèéñÿ â îáùåì ïîëîæåíèè îòíîñèòåëüíî öèêëà f(j) ∪ f ′(j).
Îáîçíà÷èì ÷åðåç b1, . . . , bk âñå òå âåðøèíû, ïðîâåäåííûå ïóòè êîòîðûõ ïåðåñåêàþò öèêë
f(j) ∪ f ′(j) â íå÷åòíîì ÷èñëå òî÷åê (íàáîð ýòèõ âåðøèí íå çàâèñèò îò âûáîðà ïóòåé).

Òîãäà

ν(f)− ν(f ′) = δ{b1, j}+ · · ·+ δ{bk, j}.

Íàáðîñîê äîêàçàòåëüñòâà ëåììû 3.4.3. Âîçüìåì ïðîèçâîëüíóþ ãîìîòîïèþ ft : I →
R2
, t ∈ [0, 1], îáùåãî ïîëîæåíèÿ, áëèçêóþ ê ϕ, ìåæäó çàäàííûìè ïóòÿìè f0, f1 : I → R2

îáùåãî ïîëîæåíèÿ. Íà êàæäîì ðåáðå {i, aj} òàáëèöû I∗ ïîñòàâèì ÷åòíîñòü êîëè÷åñòâà

ìîìåíòîâ âðåìåíè t, äëÿ êîòîðûõ ft(ai) ∈ ft(j). Ýòî êîëè÷åñòâî êîíå÷íî ïî ñîîáðàæå-
íèÿì îáùåãî ïîëîæåíèÿ. Îáîçíà÷èì ÷åðåç e1, . . . , ek âñå ðåáðà, íà êîòîðûõ ïîñòàâëåíà

åäèíèöà. Òàê êàê ft(x) áëèçêî ê ϕ(x), òî èç ϕai 6∈ ϕj âûòåêàåò ft(ai) 6∈ ft(j). Ïîýòîìó
âñå ðåáðà e1, . . . , ek áåëûå. Ìîæíî ïðîâåðèòü, ÷òî

ν(f0)− ν(f1) = δe1 + . . .+ δek.

Ýòó èäåþ ïðîùå âñåãî �îðìàëèçîâàòü, çàìåíèâ íåïðåðûâíîå äâèæåíèå íà äèñêðåòíóþ

ïîñëåäîâàòåëüíîñòü ïðåîáðàçîâàíèé, êàê â äîêàçàòåëüñòâå ëåììû 1.5.6.

Çàäà÷à 3.4.4. (a) Ïîêðàñèì â ÷åðíûé öâåò âñå ðåáðà, îòëè÷íûå îò áåëûõ. Òîãäà

ãðàíèöà ÷åðíîé êëåòêè ñîñòîèò èç ÷åðíûõ ðåáåð, íî ìîãóò áûòü è äðóãèå ÷åðíûå ðåá-

ðà. �ðóïïà H2
ϕ(I

∗) = X/ ∼ ðàññòàíîâîê ñ òî÷íîñòüþ äî êîãîìîëîãè÷íîñòè íàçûâàåòñÿ

äâóìåðíîé ãðóïïîé êîãîìîëîãèé (ñ êîý��èöèåíòàìè â Z2) ïðîñòðàíñòâà I
∗
îòíîñè-

òåëüíî åãî ÷åðíîãî ïîäïðîñòðàíñòâà. (Ñòàíäàðòíîå îáîçíà÷åíèå: H2(I∗, I∗ϕ), ãäå I∗ϕ �
îáúåäèíåíèå ÷åðíûõ êëåòîê è ðåáåð.)

Òîãäà H2
ϕ(I

∗) ∼= Zk2, ãäå k � ÷èñëî êóñêîâ òàáëèöû I∗, îãðàíè÷åííûõ ÷åðíûìè ðåá-

ðàìè (ò.å. â ãðàíèöå êîòîðûõ òîëüêî ÷åðíûå ðåáðà) è ñîäåðæàùèõ õîòÿ áû îäíó áåëóþ

êëåòêó.

Ïðåïÿòñòâèå Âàí Êàìïåíà (ñ êîý��èöèåíòàìè â Z2) îïðåäåëÿåòñÿ êàê v(ϕ) =
[ν(f)] ∈ H2

ϕ(I
∗). Òàê êàê v(f) = 0 äëÿ âëîæåíèÿ f , òî v(ϕ) ÿâëÿåòñÿ ïðåïÿòñòâèåì ê

àïïðîêñèìèðóåìîñòè ïóòè ϕ âëîæåíèÿìè.

(b) Èìååì k = c(ϕ), ñì. ï. 3.3. Ñóùåñòâóåò åñòåñòâåííûé èçîìîð�èçì (Ïóàíêàðå)

Z
c(ϕ)
2

∼= H2(I∗ϕ). Äâà ïîñòðîåííûõ ïðåïÿòñòâèÿ Âàí Êàìïåíà ïåðåõîäÿò äðóã â äðóãà ïðè
ýòîì èçîìîð�èçìå.

(
) �àññìîòðèì áîëåå ñëàáóþ �îðìó (r) óñëîâèÿ (R) èç ïðåäëîæåíèÿ 3.4.1.b: ÷èñëî

îáîðîòîâ ÷åòíî. Òîãäà (r) ⇔ (v(ϕ) = 0). Óñëîâèå v(ϕ) = 0 ñëîæíåå �îðìóëèðóåòñÿ, íî
ãîðàçäî ïðîùå ïðîâåðÿåòñÿ, ÷åì (r).

(d) Ïîñòðîéòå àíàëîãè÷íî ïðåïÿòñòâèå äëÿ àïïðîêñèìèðóåìîñòè âëîæåíèÿìè çà-

ìêíóòûõ ëîìàíûõ (ò.å. ñèìïëèöèàëüíûõ öèêëîâ).

Ïðåïÿòñòâèå Âàí Êàìïåíà V (ϕ) ñ öåëûìè êîý��èöèåíòàìè ñòðîèòñÿ òàê. Âû-

áåðåì îðèåíòàöèþ â R2
è íà I. Äëÿ ëþáîãî îòîáðàæåíèÿ f : I → R2

îáùåãî ïî-

ëîæåíèÿ, äîñòàòî÷íî áëèçêîãî ê ϕ, è ëþáûõ äâóõ íåñîñåäíèõ ðåáåð i, j, ïåðåñå÷åíèå
fi ∩ fj ñîñòîèò èç êîíå÷íîãî ÷èñëà òî÷åê. Ïîñòàâèì â êëåòêå i× j èíäåêñ ïåðåñå÷åíèÿ
fi · fj =

∑
{signP | P ∈ fi ∩ fj}, ãäå signP = +1, åñëè âåêòîðû îðèåíòàöèé fi è fj (â

ýòîì ïîðÿäêå) ñîñòàâëÿþò áàçèñ îðèåíòàöèè ïëîñêîñòè R2
, è signP = −1 â ïðîòèâíîì

ñëó÷àå. Îáîçíà÷èì ïîëó÷åííóþ ðàññòàíîâêó ÷åðåç N(f). Îáîçíà÷èì ÷åðåç X ìíîæåñòâî

âñåõ ðàññòàíîâîê öåëûõ ÷èñåë â êëåòêàõ òàáëèöû ñ íóëÿìè â ÷åðíûõ êëåòêàõ. Îïðåäå-

ëèì êîãîìîëîãè÷íîñòü àíàëîãè÷íî è ïîëîæèì V (ϕ) = [N(f)] ∈ H2
ϕ(I

∗;Z) := X/ ∼.
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Íåòðóäíî ïîêàçàòü, ÷òî V (ϕ) çàâèñèò îò âûáîðà îðèåíòàöèé â R2
è íà I ëèøü ñ

òî÷íîñòüþ äî àâòîìîð�èçìà ãðóïïû H2
ϕ(I

∗;Z).

Çàäà÷à 3.4.5. (a) H2
ϕ(I

∗;Z) ∼= Zk. (b) (R) ⇔ (V (ϕ) = 0).

Ïðåïÿòñòâèå Âàí Êàìïåíà ÿâëÿåòñÿ ÷àñòíûì ñëó÷àåì ïðåïÿòñòâèé èç �9 ¾�îìîòîïè-

÷åñêàÿ êëàññè�èêàöèÿ îòîáðàæåíèé¿. Äåéñòâèòåëüíî, òàáëèöó I∗ ìîæíî ðàññìàòðèâàòü
êàê äâóìåðíûé ïîëèýäð, à êëåòêè i× j êàê åãî äâóìåðíûå êëåòêè.

3.5 Ïðåïÿòñòâèå Âàí Êàìïåíà ê ðàñïðîåêòèðóåìîñòè

Îòîáðàæåíèå ϕ : G → R êîíå÷íîãî ãðà�à G â ïðÿìóþ íàçûâàåòñÿ ðàñïðîåêòèðóåìûì,

åñëè ñóùåñòâóåò òàêîå âëîæåíèå f : G → R2
, ÷òî ϕ = π ◦ f , ãäå π : R2 → R � îðòîãî-

íàëüíàÿ ïðîåêöèÿ.

�èñ. 3.5.1: Ïðèìåð ðàñïîëîæåíèÿ

Ïðèâåäåì åùå áîëåå ýëåìåíòàðíóþ ïåðå�îðìóëèðîâêó ýòîãî îïðåäåëåíèÿ äëÿ êóñî÷íî-

ëèíåéíûõ îòîáðàæåíèé ϕ îáùåãî ïîëîæåíèÿ (ðèñ. 3.5.1). (Îáùíîñòü ïîëîæåíèÿ îçíà-

÷àåò çäåñü, ÷òî íèêàêîé îòðåçîê íå ïåðåõîäèò â òî÷êó.) Äëÿ ýòîãî �èêñèðóåì äåêàðòîâó

ñèñòåìó êîîðäèíàò íà ïëîñêîñòè. Íàçîâåì ðàñïîëîæåíèåì òàêîå èçîáðàæåíèå (ñ ñàìî-

ïåðåñå÷åíèÿìè) ãðà�à G íà ïëîñêîñòè, äëÿ êîòîðîãî

(1) àáñöèññû âåðøèí öåëûå,

(2) åñëè äâå âåðøèíû ñîåäèíåíû ðåáðîì â íàøåì ãðà�å, òî èõ àáñöèññû îòëè÷àþòñÿ

ðîâíî íà 1, è ýòî ðåáðî ÿâëÿåòñÿ îòðåçêîì.

�àñïîëîæåíèå íàçûâàåòñÿ âëîæåíèåì, åñëè âíóòðåííîñòè îáðàçîâ ëþáûõ äâóõ åãî

ðåáåð íå ïåðåñåêàþòñÿ. �àñïîëîæåíèå íàçûâàåòñÿ ðàñïðîåêòèðóåìûì, åñëè âîçìîæíî

ïðåîáðàçîâàòü åãî âî âëîæåíèå ïóòåì îäíîâðåìåííîé ïåðåñòàíîâêè âåðøèí, íå èçìåíÿ-

þùåé èõ àáñöèññ, è ñîîòâåòñòâóþùåãî èçìåíåíèÿ ðåáåð.

�èñ. 3.5.2: Ïðîñòåéøèå íåðàñïðîåêòèðóåìûå ðàñïîëîæåíèÿ

Çàäà÷à 3.5.1. (a) Ëþáîå îòîáðàæåíèå îòðåçêà â îòðåçîê ÿâëÿåòñÿ ðàñïðîåêòèðóå-

ìûì.

(b) �àñïîëîæåíèÿ íà ðèñ. 3.5.2 íå ÿâëÿþòñÿ ðàñïðîåêòèðóåìûìè.
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(
) (�èïîòåçà) �àñïîëîæåíèå ãðà�à â ïëîñêîñòè, àáñöèññû âåðøèí êîòîðîãî ðàâíû

0 èëè 1, ÿâëÿåòñÿ ðàñïðîåêòðèóåìûì òîãäà è òîëüêî òîãäà, êîãäà îíî íå ñîäåðæèò ðàñ-

ïîëîæåíèÿ îêðóæíîñòè ñ ÷åòíûì ÷èñëîì âåðøèí, àáñöèññû êîòîðûõ ðàâíû ïîî÷åðåäíî

íóëþ èëè åäèíèöå (ðèñ. 3.5.2 ñëåâà) èëè ðàñïîëîæåíèÿ òðèîäà íà ðèñ. 3.5.2 ñïðàâà.

(d) �àñïîëîæåíèÿ áóêâ H è X ñ [ARS02, Fig. 2℄ (äàæå áëèçêèå ê íèì) íå ÿâëÿþòñÿ

ðàñïðîåêòèðóåìûìè.

Óêàçàíèå. Åñëè íå ïîëó÷àåòñÿ, òî ñì. íèæå.

Â ýòîì ïóíêòå èññëåäóåòñÿ ñëåäóþùàÿ ïðîáëåìà: êàêèå ñèìïëèöèàëüíûå îòîáðà-

æåíèÿ îáùåãî ïîëîæåíèÿ ÿâëÿþòñÿ ðàñïðîåêòèðóåìûìè? Ïîíÿòèå ðàñïðîåêòèðóåìî-

ñòè (ñïðîåêòèðîâàííîãî âëîæåíèÿ) âîçíèêëî â [Sz91℄, [Ak00℄ è èçó÷àëîñü â [ARS02℄ â

ñâÿçè ñ ïðîáëåìîé àïïðîêñèìàöèè âëîæåíèÿìè îòîáðàæåíèé ãðà�îâ â ïëîñêîñòü, ñì.

òàêæå ññûëêè â [Sk16'℄. Ïî ïîâîäó àëãîðèòìè÷åñêîé ðàçðåøèìîñòè ïðîáëåìû ðàñïðîåê-

òèðóåìîñòè è íåâîçìîæíîñòè êðèòåðèÿ òèïà Êóðàòîâñêîãî ìîæíî ñäåëàòü çàìå÷àíèÿ,

àíàëîãè÷íûå ïðèâåäåííûì âûøå ïî ïðîáëåìå àïïðîêñèìèðóåìîñòè âëîæåíèÿìè.

Òåîðåìà ðàñïðîåêòèðóåìîñòè. Åñëè îòîáðàæåíèå ϕ : G → R ðàñïðîåêòèðóåìî,

òî ïàðà òî÷åê íå ìîæåò íåïðåðûâíî äâèãàòüñÿ ïî ãðà�ó G òàê, ÷òîáû â ïðîöåññå

äâèæåíèÿ èõ ϕ-îáðàçû ñîâïàäàëè, à ñàìè òî÷êè íå ñîâïàäàëè, è â ðåçóëüòàòå äâèæå-

íèÿ òî÷êè ïîìåíÿëèñü áû ìåñòàìè.

Äëÿ ñèìïëèöèàëüíîãî îòîáðàæåíèÿ ϕ : G→ R îáùåãî ïîëîæåíèÿ ýòî íåîáõîäèìîå

óñëîâèå (Âàí Êàìïåíà) ÿâëÿåòñÿ äîñòàòî÷íûì, åñëè èç êàæäîé âåðøèíû ãðà�à G
âûõîäèò íå ìåíåå òðåõ ðåáåð.

Çàäà÷à 3.5.2. (a) Äîêàæèòå íåîáõîäèìîñòü â òåîðåìå ðàñïðîåêòèðóåìîñòè.

(b) Äîêàæèòå íåîáõîäèìîñòü àíàëîãè÷íîãî óñëîâèÿ Âàí Êàìïåíà äëÿ ðàñïðîåêòè-

ðóåìîñòè ðàñïîëîæåíèé, ïîëó÷åííîãî èç ñ�îðìóëèðîâàííîãî âûøå çàìåíîé 'ϕ-îáðàçîâ'
íà 'àáñöèññû'.

Íàïðèìåð, ñëåäóþùèå ïîñëåäîâàòåëüíîñòè ïàð ïîêàçûâàþò, ÷òî ðàñïîëîæåíèÿ ñ

[ARS02, Fig. 2℄ íå ÿâëÿþòñÿ ðàñïðîåêòèðóåìûìè (ýòî ðåøàåò çàäà÷ó 3.5.1.d):

aa1, ee1, d1d2, b2b1, c2c1, e2e, b2b, d1d, c1c, a1a;

aa1, dd3, cc1, ff1, d1d2, e2e1, c2c1, d4d3, b2b1, d5d3, f2f, b2b, e2e, d3d, a1a.

Â [ARS02℄ äëÿ ñèìïëèöèàëüíûõ îòîáðàæåíèé îáùåãî ïîëîæåíèÿ äîêàçàíî, ÷òî íåîá-

õîäèìîå óñëîâèå Âàí Êàìïåíà äåéñòâèòåëüíî ðàâíîñèëüíî íåêîòîðîìó àëãåáðàè÷åñêî-

ìó óñëîâèþ, áîëåå ïîõîæåìó íà âûøåîïèñàííûå ïðåïÿòñòâèÿ Âàí Êàìïåíà. Èç ýòîãî,

â ÷àñòíîñòè, âûòåêàåò, ÷òî óñëîâèå Âàí Êàìïåíà ëåãêî ïðîâåðÿòü àëãîðèòìè÷åñêè (ñì.

ïðÿìîå äîêàçàòåëüñòâî íèæå). Â [ARS02℄ âûäâèíóòà òàêæå ãèïîòåçà î äîñòàòî÷íîñòè.

Äîñòàòî÷íîñòü â òåîðåìå ðàñïðîåêòèðóåìîñòè âûòåêàåò èç [ARS02℄, [Sk03'℄. Çàìåòèì,

÷òî òàêîå äîêàçàòåëüñòâî î÷åíü íåïðÿìîå. Ïðÿìîå äîêàçàòåëüñòâî ïðè äðóãîì äîïîë-

íèòåëüíîì îãðàíè÷åíèè ñì. â [GS79℄.

Ïðèâåäåì ïåðå�îðìóëèðîâêó íåîáõîäèìîãî óñëîâèÿ Âàí Êàìïåíà. Èç ïåðå�îðìó-

ëèðîâêè áóäåò ÿñíî, ÷òî åãî ëåãêî ïðîâåðèòü àëãîðèòìè÷åñêè [ARS02℄. Óïîðÿäî÷åííóþ

ïàðó (A,B) äâóõ òàêèõ ðàçëè÷íûõ âåðøèí ãðà�à G, ÷òî ϕ(A) = ϕ(B), áóäåì íàçûâàòü

ïðîñòî ïàðîé è îáîçíà÷àòü AB. Ïàðà A1B1 íàçûâàåòñÿ ýëåìåíòàðíî äîñòèæèìîé èç

ïàðû AB, åñëè ãðà� G ñîäåðæèò ðåáðà AA1 è BB1. Ïàðà ST íàçûâàåòñÿ äîñòèæèìîé

èç ïàðû AB, åñëè ST ìîæåò áûòü ïîëó÷åíà èç AB ïîñëåäîâàòåëüíîñòüþ ýëåìåíòàð-

íî äîñòèæèìûõ ïàð. Îáîçíà÷åíèå: ST ∼ AB. Î÷åâèäíî, äîñòèæèìîñòü � îòíîøåíèå

ýêâèâàëåíòíîñòè. Íåîáõîäèìîå óñëîâèå Âàí Êàìïåíà ðàâíîñèëüíî ñëåäóþùåìó (äëÿ

ðàñïîëîæåíèé): íèêàêàÿ ïàðà AB íå äîñòèæèìà èç ïàðû BA. Ïðèâåäåííàÿ ãèïîòå-

çà ïðèíèìàåò ñëåäóþùóþ �îðìó: ðàñïîëîæåíèå, äëÿ êîòîðîãî íèêàêàÿ ïàðà AB íå

äîñòèæèìà èç ïàðû BA, ÿâëÿåòñÿ ðàñïðîåêòèðóåìûì.
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4 Çàöåïëåííîñòü â òðåõìåðíîì ïðîñòðàíñòâå

4.1 Çàöåïëåííîñòü òðåóãîëüíèêîâ

Â ýòîì ïóíêòå ∆ è ∆′
� íåâûðîæäåííûå òðåóãîëüíèêè (â ïðîñòðàíñòâå), êîíòóðû êî-

òîðûõ íå ïåðåñåêàþòñÿ.

Ïóñòü ñíà÷àëà íèêàêèå ÷åòûðå èç âåðøèí äâóõ òðåóãîëüíèêîâ íå ëåæàò â îäíîé

ïëîñêîñòè. Òðåóãîëüíèêè íàçûâàþòñÿ çàöåïëåííûìè, åñëè êîíòóð ïåðâîãî ïåðåñåêàåò

âòîðîé ðîâíî â îäíîé òî÷êå (ðèñ. 4.1.1).

A

6

A

5

A
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A

3

A

2

A

1

�

�

�

�

�

�

A
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A

5

A

4

A

3

A

2

A

1

�

�

�

�

��

�èñ. 4.1.1: Çàöåïëåííûå òðåóãîëüíèêè

Â îáùåì ñëó÷àå òðåóãîëüíèêè ∆ è ∆′
íàçûâàþòñÿ çàöåïëåííûìè, åñëè âûïîëíåíî

ëþáîå èç ñëåäóþùèõ ðàâíîñèëüíûõ óñëîâèé.

Çàäà÷à 4.1.1. Ñëåäóþùèå óñëîâèÿ ðàâíîñèëüíû.

(1) Êàæäûé èç òðåóãîëüíèêîâ ïåðåñåêàåò êîíòóð äðóãîãî.

(2) Ïåðåñå÷åíèå òðåóãîëüíèêîâ åñòü îòðåçîê, êîíöû êîòîðîãî ëåæàò íà êîíòóðàõ

ðàçíûõ òðåóãîëüíèêîâ.

(3) Ïåðåñå÷åíèå ∂∆ ∩∆′
åñòü îäíà òî÷êà, è äâà îòðåçêà êîíòóðà ∂∆, âûõîäÿùèå èç

ýòîé òî÷êè, íàõîäÿòñÿ ïî ðàçíûå ñòîðîíû îò ïëîñêîñòè òðåóãîëüíèêà ∆′
.

(3') Òî æå, ÷òî â (3), ñ ïåðåìåíîé ìåñòàìè ∆ è ∆′
.

(4) Ïëîñêîñòü òðåóãîëüíèêà ∆′
ïåðåñåêàåò êîíòóð ∂∆ â äâóõ òî÷êàõ, ëåæàùèõ ïî

ðàçíûå ñòîðîíû îò êîíòóðà ∂∆′
(òàêàÿ ïàðà òî÷åê íàçûâàåòñÿ çàöåïëåííîé ñ ∂∆′

).

(4') Òî æå, ÷òî â (4), ñ ïåðåìåíîé ìåñòàìè ∆ è ∆′
.

(5) Ïëîñêîñòè òðåóãîëüíèêîâ ïåðåñåêàþòñÿ ïî ïðÿìîé, ïåðåñå÷åíèå êîòîðîé ñ êîí-

òóðîì êàæäîãî èç òðåóãîëüíèêîâ åñòü ïàðà òî÷åê, ïðè÷åì ýòè ïàðû òî÷åê ÷åðåäóþòñÿ

âäîëü ïðÿìîé (òàêèå ïàðû òî÷åê íàçûâàþòñÿ çàöåïëåííûìè íà ïðÿìîé; ðèñ. 4.1.1).

Óêàçàíèå. Ïðè êàæäîì èç ýòèõ óñëîâèé ïåðåñå÷åíèå ∆ ∩∆′
ÿâëÿåòñÿ ëèáî ïóñòûì,

ëèáî îäíîé òî÷êîé, ëèáî îòðåçêîì (íî íå òðåóãîëüíèêîì).

Óòâåðæäåíèå 4.1.2 (î öåíòðàëüíîé ïðîåêöèè). Åñëè íèêàêèå ÷åòûðå èç òî÷åê A,B,C,
D,E, F,O íå ëåæàò â îäíîé ïëîñêîñòè, òî ñëåäóþùèå óñëîâèÿ ðàâíîñèëüíû.

(1) Òðåóãîëüíèêè ABC è DEF çàöåïëåíû.

(2) Îòðåçîê BC ïðîõîäèò íèæå ðîâíî îäíîé èç ñòîðîí òðåóãîëüíèêà DEF ïðè

âçãëÿäå èç òî÷êè A (ò.å. ñóùåñòâóåò åäèíñòâåííàÿ ïàðà (P, x), ñîñòîÿùàÿ èç òî÷êè

P ∈ BC è ñòîðîíû x òðåóãîëüíèêà DEF , òàêàÿ ÷òî îòðåçîê AP ïåðåñåêàåò ñòîðîíó

x).
(3) Êîíòóð òðåóãîëüíèêà ABC ïðîõîäèò íèæå êîíòóðà òðåóãîëüíèêàDEF íå÷åò-

íîå ÷èñëî ðàç ïðè âçãëÿäå èç òî÷êè O.

Äëÿ äîêàçàòåëüñòâà ðàâíîñèëüíîñòè (1) ⇔ (3) ïîòðåáóåòñÿ ëåììà î ÷åòíîñòè 4.2.5,

à äëÿ äîêàçàòåëüñòâà óòâåðæäåíèÿ 4.1.2

′
� åå àíàëîã.
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Óòâåðæäåíèå 4.1.2

′
(î ïðîåêöèè). Ïóñòü íèêàêèå ÷åòûðå èç òî÷åê A,B,C,D,E, F

íå ëåæàò â îäíîé ïëîñêîñòè, à òàêæå íèêàêèå òðè èç èõ ïðîåêöèé íà ïëîñêîñòü

Oxy íå ëåæàò íà îäíîé ïðÿìîé. Òîãäà òðåóãîëüíèêè ABC è DEF çàöåïëåíû òîãäà

è òîëüêî òîãäà, êîãäà êîíòóð òðåóãîëüíèêà ABC ïðîõîäèò íèæå êîíòóðà òðåóãîëü-

íèêà DEF íå÷åòíîå ÷èñëî ðàç (ò.å. êîëè÷åñòâî òî÷åê ïåðåñå÷åíèé ïðîåêöèé êîíòóðà

òðåóãîëüíèêà ABC è ïðîåêöèé êîíòóðà òðåóãîëüíèêà DEF íà ïëîñêîñòü Oxy, â êî-
òîðûõ z-êîîðäèíàòà ñîîòâåòñòâóþùåé òî÷êè êîíòóðà òðåóãîëüíèêà ABC ìåíüøå

òàêîâîé äëÿ DEF , íå÷åòíî).

Çàäà÷à 4.1.3. Ñóùåñòâóþò ëè 100 ïîïàðíî çàöåïëåííûõ òðåóãîëüíèêîâ?

Çàäà÷à 4.1.4. Â ïðîñòðàíñòâå èìååòñÿ 13 òî÷åê: 3 êðàñíûõ è 10 æåëòûõ. Íèêàêèå

÷åòûðå èç íèõ íå ëåæàò â îäíîé ïëîñêîñòè. Òîãäà êîëè÷åñòâî æåëòûõ òðåóãîëüíèêîâ,

çàöåïëåííûõ ñ êðàñíûì òðåóãîëüíèêîì, ÷åòíî. Êðàñíûì (æåëòûì) òðåóãîëüíèêîì íà-

çûâàåòñÿ ëþáîé òðåóãîëüíèê ñ êðàñíûìè (æåëòûìè) âåðøèíàìè. Òðåóãîëüíèêè, îòëè-

÷àþùèåñÿ ïåðåñòàíîâêîé âåðøèí, ñ÷èòàþòñÿ îäèíàêîâûìè.

Çàäà÷à 4.1.5. Äëÿ ëþáûõ 6 òî÷åê 0, 1, 2, 3, 4, 5
(a) åñëè ëþáûå äâà îáúåêòà èç òðåóãîëüíèêîâ 0jk, 1 ≤ j < k ≤ 5, k 6= 2, è îòðåçêà 12

íå èìåþò îáùèõ âíóòðåííèõ òî÷åê, òî êîíòóð òðåóãîëüíèêà 012 ïåðåñåêàåò òðåóãîëüíèê
345; áîëåå òîãî, òðåóãîëüíèêè 012 è 345 çàöåïëåíû;

(b) åñëè ëþáûå äâà îáúåêòà èç òðåóãîëüíèêîâ 0jk, 1 ≤ j < k ≤ 5, (j, k) 6∈ {(1, 2), (1, 3)},
è îòðåçêîâ 12, 13 íå èìåþò îáùèõ âíóòðåííèõ òî÷åê, òî çàöåïëåíû ëèáî òðåóãîëüíèêè

012 è 345, ëèáî òðåóãîëüíèêè 013 è 245;
(
) åñëè ëþáûå äâà îáúåêòà èç òðåóãîëüíèêîâ 0jk, 1 ≤ j < k ≤ 5, (j, k) 6∈ {(1, 2), (1, 3), (1, 4)},

è îòðåçêîâ 12, 13, 14 íå èìåþò îáùèõ âíóòðåííèõ òî÷åê, òî çàöåïëåíû ëèáî òðåóãîëü-

íèêè 012 è 345, ëèáî òðåóãîëüíèêè 013 è 245, ëèáî òðåóãîëüíèêè 014 è 235.
(d) Ïîïðîáóéòå óãàäàòü óòâåðæäåíèå!

Óòâåðæäåíèÿ 4.1.5.ab
 ñëåäóþò èç êîëè÷åñòâåííîé ëèíåéíîé òåîðåìû Êîíâåÿ-�îðäîíà-

Çàêñà [Sk14, òåîðåìà 1.2'℄, ñð. òåîðåìó 4.2.9.a. Óòâåðæäåíèÿ 1.7.1, 1.7.2, 4.1.5 è 5.2.4

èëëþñòðèðóþò íåêîòîðûå èäåè äîêàçàòåëüñòâà òåîðåìû îá NP-òðóäíîñòè 6.6.3.

Çàäà÷à 4.1.6. There are six points 1, 2, 3, 4, 5, 6 in the 3-spa
e su
h that

• no three of them lie in the same line,

• the outline of the triangle 123 interse
ts the triangle 456 at exa
tly one point, and
• the outline of the triangle σ interse
ts the triangle τ at an even number of points, for

any other unordered pair {σ, τ} of triangles having disjoint verti
es.
By a triangle ijk we mean the part of the plane passing through points i, j, k, that is

bounded by the union of segments ij, jk, ki.
(Re
all that triangles su
h as 123 and 456 are 
alled linked.)

Ïîäñêàçêà ê ÷àñòè çàäà÷è 4.1.1. Îáîçíà÷èì ÷åðåç l ïðÿìóþ èç (5).

Äîêàçàòåëüñòâî èìïëèêàöèè (3)&(3′) ⇒ (5). Ââèäó (3), ∆ ïåðåñåêàåò ïëîñêîñòü

òðåóãîëüíèêà ∆′
, ïîýòîìó ∆ ∩ l 6= ∅. Ïåðåñå÷åíèå ∆ ∩ l ñîäåðæèò òîëüêî äâå òî÷êè,

íàçîâåì èõ A,B. Àíàëîãè÷íî, ââèäó (3'), ïåðåñå÷åíèå ∆′∩ l ñîäåðæèò òîëüêî äâå òî÷êè,
íàçîâåì èõ A′, B′

. Ïåðåñå÷åíèå ∆′ ∩ ∂∆ ñîäåðæèòñÿ â îòðåçêå A′B′
. Çíà÷èò, ðîâíî îäíà

èç òî÷åê A è B ëåæèò íà îòðåçêå A′B′
. Ïîýòîìó ïàðû A,B è A′, B′

çàöåïëåíû â l.
Äîêàçàòåëüñòâî èìïëèêàöèè (4)&(5) ⇒ (3). Ïðåäïîëîæèì, ÷òî ïàðû {A,B} = ∆∩l

è {A′, B′} = ∆′ ∩ l çàöåïëåíû â l. Òîãäà (3) ñëåäóåò èç (4).

Äîêàçàòåëüñòâî ðàâíîñèëüíîñòè (1) ⇔ (2) â óòâåðæäåíèè 4.1.2. Êîãäà P ïðîáå-

ãàåò îòðåçîê BC, îòðåçîê AP çàìåòàåò òðåóãîëüíèê ABC. Ïîýòîìó êîëè÷åñòâî ñòîðîí
òðåóãîëüíèêà DEF , íèæå êîòîðûõ îòðåçîê BC, ðàâíî êîëè÷åñòâó òî÷åê ïåðåñå÷åíèÿ

êîíòóðà òðåóãîëüíèêà DEF ñ òðåóãîëüíèêîì OBC.
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Ïîäñêàçêà ê 4.1.3. Îòâåò: äà.

�åøåíèå. (Ïðèäóìàíî Å. Êîãàíîì, ïðåäâàðèòåëüíàÿ âåðñèÿ íàïèñàíà �. Êàðàñåâûì.)

Âîçüìåì ïðàâèëüíûé òðåóãîëüíèê T . Îáîçíà÷èì ÷åðåç AB îäíó èç åãî âûñîò, à ÷åðåç

Rε = Rε,ε
AB ïðåîáðàçîâàíèå ïðîñòðàíñòâà, ÿâëÿþùååñÿ êîìïîçèöèåé ïåðåíîñà íà âåêòîð

ε
−→
AB è âðàùåíèÿ âîêðóã

−→
AB íà óãîë ε (âèíòîâîå äâèæåíèå). Ïðè äîñòàòî÷íî ìàëîì

ε òðåóãîëüíèêè T è Rε(T ) çàöåïëåíû, òàê êàê ïåðåñå÷åíèå èõ ïëîñêîñòåé ñîäåðæèò

âûñîòû êàæäîãî èç íèõ è â ýòîì ïåðåñå÷åíèè êîíòóð îäíîãî èç íèõ ïðîõîäèò ÷åðåç

âûïóêëóþ îáîëî÷êó äðóãîãî. Ïîýòîìó òðåóãîëüíèêè

Rmε/100(T ) è Rnε/100(T ) = R(n−m)ε/100(Rmε/100(T ))

çàöåïëåíû ïðè ëþáûõ 0 ≤ m < n < 100.
Îòðåäàêòèðîâàííîå ðåøåíèå Þ. Ñåìåíîâà.Ïîêàæåì, êàê ñòðîèòü ïðèìåð ïî èíäóê-

öèè. Ïóñòü ó íàñ åñòü íåñêîëüêî ïîïàðíî çàöåïëåííûõ òðåóãîëüíèêîâ è êîíòóð îäíîãî

èç íèõ íàõîäèòñÿ íà ðàññòîÿíèè íå ìåíåå ε îò êîíòóðîâ âñåõ äðóãèõ. Òîãäà ýòîò òðå-

óãîëüíèê T ìîæíî ïîøåâåëèòü ìåíåå ÷åì íà ε è ïîëó÷èòü òðåóãîëüíèê T ′
, çàöåïëåííûé

ñ T (íàïðèìåð, ðàáîòàåò êîíñòðóêöèÿ èç ïðåäûäóùåãî ðåøåíèÿ äëÿ äâóõ òðåóãîëüíè-

êîâ). Òàê êàê ïðè øåâåëåíèè êîíòóð äâèãàëñÿ ìåíåå ÷åì íà ε, òî êîíòóð äâèæóùåãîñÿ

òðåóãîëüíèêà íå ïåðåñåêàë êîíòóðû äðóãèõ òðåóãîëüíèêîâ. Ñëåäîâàòåëüíî, T ′
çàöåïëåí

ñ êàæäûì èç îñòàëüíûõ òðåóãîëüíèêîâ, êàê è T (ñì. óòâåðæäåíèå 4.4.1.b è çàìå÷àíèå

4.4.6).

Ïîäñêàçêà ê 4.1.4. ×åòíîñòü ýòîãî êîëè÷åñòâà ðàâíà ñóììå êîëè÷åñòâ òî÷åê ïåðå-

ñå÷åíèÿ (âûïóêëûõ îáîëî÷åê) æåëòûõ òðåóãîëüíèêîâ ñ êîíòóðîì êðàñíîãî. Ýòà ñóììà

÷åòíà, ïîñêîëüêó îáúåäèíåíèå æåëòûõ òðåóãîëüíèêîâ ðàçëàãàåòñÿ â ñóììó ïî ìîäóëþ 2

ïîâåðõíîñòåé íåêîòîðûõ òåòðàýäðîâ. Ñð. óòâåðæäåíèå 4.7.5.a è ëåììó î ÷åòíîñòè 4.7.2.

�åøåíèå È. Áîãäàíîâà. �àññìîòðèì ïîëíûé äâóäîëüíûé ãðà� íà ìíîæåñòâå æåëòûõ

òî÷åê: îäíà äîëÿ � òî÷êè ñ îäíîé ñòîðîíû îò ïëîñêîñòè êðàñíîãî òðåóãîëüíèêà, äðóãàÿ

� ñ äðóãîé. Ïîêðàñèì ðåáðî â êðàñíûé, åñëè îíî ïåðåñåêàåò êðàñíûé òðåóãîëüíèê,

è â ÷åðíûé èíà÷å. Òîãäà êîëè÷åñòâî òðåóãîëüíèêîâ, çàöåïëåííûõ ñ êðàñíûì, � ýòî

êîëè÷åñòâî ïàð ðàçíîöâåòíûõ ðåáåð ñ îáùèì êîíöîì (íàçîâåì èõ ãàëêàìè).

Åñëè îáå äîëè íå÷åòíû, òî êîëè÷åñòâî ãàëîê ñ öåíòðîì â ëþáîé âåðøèíå ÷åòíî.

Åñëè îáå äîëè ÷åòíû, òî êîëè÷åñòâî ãàëîê ñ öåíòðîì â äàííîé âåðøèíå íå÷åòíî

òîãäà è òîëüêî òîãäà, êîãäà åå (êðàñíàÿ) ñòåïåíü íå÷åòíà. Ïîñêîëüêó êîëè÷åñòâî òàêèõ

âåðøèí ÷åòíî, òî è îáùåå êîëè÷åñòâî ãàëîê òîæå ÷åòíî.

4.2 Çàöåïëåííîñòü ïî ìîäóëþ 2 çàìêíóòûõ ëîìàíûõ

Óçëîì íàçûâàåòñÿ çàìêíóòàÿ íåñàìîïåðåñåêàþùàÿñÿ ëîìàíàÿ. Çàöåïëåíèåì íàçûâà-

åòñÿ íàáîð ïîïàðíî íåïåðåñåêàþùèõñÿ óçëîâ, êîòîðûå íàçûâàþòñÿ êîìïîíåíòàìè çà-

öåïëåíèÿ (ðèñ. 4.2.1). Òàêèå óïîðÿäî÷åííûå íàáîðû íàçûâàþòñÿ óïîðÿäî÷åííûìè èëè

ðàñêðàøåííûìè çàöåïëåíèÿìè, à òàêèå íåóïîðÿäî÷åííûå íàáîðû íàçûâàþòñÿ íåóïîðÿ-

äî÷åííûìè èëè íåðàñêðàøåííûìè çàöåïëåíèÿìè. Â äàëüíåéøíåì ìû áóäåì ñîêðàùàòü

¾óïîðÿäî÷åííîå çàöåïëåíèå¿ äî ¾çàöåïëåíèå¿, ïîñêîëüêó áóäåì ðàññìàòðèâàòü òîëüêî

óïîðÿäî÷åííûå çàöåïëåíèÿ.

Â ��4.2,4.3 ÷åðåç a è b îáîçíà÷åíû íåïåðåñåêàþùèåñÿ óçëû.

�îâîðÿ íå�îðìàëüíî, äâóõêîìïîíåíòíîå çàöåïëåíèå çàöåïëåíî ïî ìîäóëþ 2, åñëè

ïîâåðõíîñòü ¾îáùåãî ïîëîæåíèÿ¿ (¾ñëó÷àéíàÿ¿), íàòÿíóòàÿ íà ïåðâóþ êîìïîíåíòó, ïå-

ðåñåêàåò âòîðóþ êîìïîíåíòó â íå÷åòíîì ÷èñëå òî÷åê (ñì. ïîäðîáíåå çàìå÷àíèå 4.2.8.a).

Ïóòü ê óäîáíîé �îðìàëèçàöèè ýòîãî ïîíÿòèÿ íå òàê êîðîòîê. Âî-ïåðâûõ, ïîâåðõíîñòü

óäîáíî âçÿòü ñàìîïåðåñåêàþùåéñÿ, à òîãäà è ïðîñòî ¾äèñêîì¿ (ïîäðîáíåå ñì. çàìå÷àíèå
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Зацепление Хопфа Тривиальное зацепление





Зацепление Уайтхеда

�èñ. 4.2.1: Ïðèìåðû çàöåïëåíèé

4.2.8.b,d). Âî-âòîðûõ, âìåñòî ýòîé ïîâåðõíîñòè (èëè äèñêà) óäîáíî ðàññìàòðèâàòü íàáîð

òðåóãîëüíèêîâ, ò.å. âìåñòî ãåîìåòðè÷åñêîãî îáúåêòà � àëãåáðàè÷åñêèé. Ïîñëåäíåå ïîä-

âîäèò ê îäíîé èç îñíîâíûõ èäåé òåîðèè ãîìîëîãèé (ñì. òàêæå áîëåå îáùåå îïðåäåëåíèå

çàöåïëåííîñòè ïî ìîäóëþ 2 â �4.8).

Òî÷êà O íàõîäèòñÿ â îáùåì ïîëîæåíèè ñ çàöåïëåíèåì (a, b), åñëè O íå ëåæèò

• íà îäíîé ïðÿìîé íè ñ êàêèìè äâóìÿ âåðøèíàìè (îäíîé èëè ðàçíûõ) ëîìàíûõ, è

• â îäíîé ïëîñêîñòè íè ñ êàêîé èç òåõ òðîåê âåðøèí (îäíîé èëè ðàçíûõ) ëîìàíûõ,

êîòîðûå íå ëåæàò íà îäíîé ïðÿìîé.

Íàïðèìåð, íèêàêàÿ âåðøèíà îäíîé èç ëîìàíûõ íå íàõîäèòñÿ â îáùåì ïîëîæåíèè ñ

çàöåïëåíèåì.

Çàäà÷à 4.2.1. Êàêèå òî÷êè êóáà íàõîäÿòñÿ â îáùåì ïîëîæåíèè ñ ãðàíèöàìè ïðî-

òèâîïîëîæíûõ ãðàíåé êóáà?

Ëåììà 4.2.2. (a) Äëÿ ëþáîãî äâóõêîìïîíåíòíîãî çàöåïëåíèÿ åñòü òî÷êà, íàõîäÿùà-

ÿñÿ ñ íèì â îáùåì ïîëîæåíèè.

(b) Åñëè òî÷êà O íàõîäèòñÿ â îáùåì ïîëîæåíèè ñ (a, b), òî äëÿ êàæäîãî ðåáðà

MN óçëà a
• îòðåçîê OM íå ïåðåñåêàåòñÿ ñ b;
• òðåóãîëüíèê OMN íå ñîäåðæèò âåðøèí óçëà b;
• ïåðåñå÷åíèå OMN ∩ b ñîñòîèò èç êîíå÷íîãî ÷èñëà òî÷åê.

Ïîäñêàçêà. Ïîñëåäíåå ñâîéñòâî â ï. (b) ñëåäóåò èç òîãî, ÷òî äëÿ êàæäîãî ðåáðà MN
óçëà a è äëÿ êàæäîãî ðåáðà PQ óçëà b ïåðåñå÷åíèå OMN∩PQ ëèáî ïóñòî, ëèáî ÿâëÿåòñÿ

âíóòðåííåé òî÷êîé êàê òðåóãîëüíèêà OMN , òàê è îòðåçêà PQ.
Óçëû a, b (èëè çàöåïëåíèå (a, b)) íàçûâàþòñÿ çàöåïëåííûìè ïî ìîäóëþ 2, åñëè

ñóùåñòâóåò òî÷êà O â îáùåì ïîëîæåíèè ñ (a, b), äëÿ êîòîðîé íå÷åòíà ñóììà
∑

MN

|OMN ∩ b|,

ãäå ñóììèðîâàíèå âåäåòñÿ ïî ðåáðàì MN óçëà a. Ýòî îïðåäåëåíèå îñìûñëåíî ââèäó

ëåìì 4.2.2.ab. Ñð. ëåììó 4.2.4.a.

Çàäà÷à 4.2.3. Êàêèå èç çàöåïëåíèé íà ðèñ. 4.2.1 è 4.2.2.bw çàöåïëåíû ïî ìîäóëþ

2? (Âîçüìèòå ëþáûå çàöåïëåíèÿ ñ äàííûìè ïðîåêöèÿìè íà âàø âûáîð; èñïîëüçóéòå

áåç äîêàçàòåëüñòâà ëåììó 4.2.4.a; äëÿ ðèñóíêà 4.2.2.b ðàññìîòðèòå äâóõêîìïîíåíòíûå

ïîäçàöåïëåíèÿ.)
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(b) (t)(w)

�èñ. 4.2.2: Êîëüöà Áîððîìåî, çàöåïëåíèå Óàéòõåäà è òðèëèñòíèê

Îïðåäåëåíèå ñâÿçíîé ñóììû çàöåïëåíèé ïðèâåäåíî, íàïðèìåð, â [Sk20u, êîíåö �7℄.

Ëåììà 4.2.4. (a) Çàöåïëåíèå (a, b) ÿâëÿåòñÿ çàöåïëåííûì ïî ìîäóëþ 2 òîãäà è òîëü-

êî òîãäà, êîãäà ñóììà

∑
MN

|OMN∩b| íå÷åòíà äëÿ êàæäîé òî÷êè O â îáùåì ïîëîæåíèè

ñ çàöåïëåíèåì.

(b) Äâà òðåóãîëüíèêà, èìåþùèå íåïåðåñåêàùèåñÿ êîíòóðû, çàöåïëåíû (â ñìûñëå

�4.1) òîãäà è òîëüêî òîãäà, êîãäà îíè çàöåïëåíû ïî ìîäóëþ 2 (â ñìûñëå ýòîãî ðàçäåëà).

(
) Çàöåïëåííîñòü ïî ìîäóëþ 2 ÿâëÿåòñÿ ¾àääèòèâíîé¿ ïî îòíîøåíèþ ê ñâÿçíîé

ñóììå äâóõêîìïîíåíòíûõ çàöåïëåíèé.

Ïîäñêàçêà. Â (a) èñïîëüçóéòå ëåììó 4.2.5.

ßñíî, ÷òî åñëè ëîìàíàÿ íå ïåðåñåêàåò êîíòóð òðåóãîëüíèêà è íè îäíà èç âåðøèí

ëîìàíîé íå ëåæèò â òðåóãîëüíèêå, òî ëîìàíàÿ ïåðåñåêàåò òðåóãîëüíèê â êîíå÷íîì ÷èñëå

òî÷åê (ñð. Proposition 1.3.1).

Ëåììà 4.2.5 (î ÷åòíîñòè; ñð. ëåììó î ÷åòíîñòè 1.3.3). (a) Äàíû çàìêíóòàÿ íåñàìîïå-

ðåñåêàþùàÿñÿ ëîìàíàÿ è òåòðàýäð. Ëîìàíàÿ íå ïåðåñåêàåò ðåáåð òåòðàýäðà, è íè îäíà

èç âåðøèí ëîìàíîé íå ëåæèò íè íà îäíîé ãðàíè òåòðàýäðà. Òîãäà ëîìàíàÿ ïåðåñåêàåò

ïîâåðõíîñòü òåòðàýäðà â ÷åòíîì ÷èñëå òî÷åê.

(b) Òî æå, íî òåòðàýäð ìîæåò áûòü âûðîæäåííûì (ò.å. ëåæàòü â ïëîñêîñòè),

è óòâåðæäàåòñÿ ÷åòíîñòü ñóììû

∑
α |α ∩ b|, ãäå ñóììèðîâàíèå èäåò ïî ãðàíÿì α

òåòðàýäðà, à b � ëîìàíàÿ.

Óêàçàíèå ê (a). Òåòðàýäð ðàçáèâàåò ïðîñòðàíñòâî, äàëåå àíàëîãè÷íî ëåììå î ÷åòíî-

ñòè 1.3.3.a.

21

Îáîçíà÷èì ÷åðåç ∂XY ZT ïîâåðõíîñòü òåòðàýäðà XY ZT .

Íàáðîñîê äîêàçàòåëüñòâà ëåììû 4.2.4.a. Ïóñòü ïàðà {O,O′} òî÷åê íàõîäèòñÿ â îá-

ùåì ïîëîæåíèè ñ çàöåïëåíèåì (a, b). Ýòó îáùíîñòü ïîëîæåíèÿ íóæíî îïðåäåëèòü òàê,
÷òîáû íèæåïðèâåäåííîå äîêàçàòåëüñòâî ïðîøëî. Íóæíî ïîòðåáîâàòü, ÷òîáû êàæäàÿ èç

òî÷åê O,O′
íàõîäèëàñü â îáùåì ïîëîæåíèè ñ (a, b). Äîïîëíèòåëüíî íóæíî ïîòðåáîâàòü,

íàïðèìåð, ÷òîáû O,O′
è ëþáûå äâå âåðøèíû (îäíîé èëè ðàçíûõ) ëîìàíûõ íå ëåæàëè

â îäíîé ïëîñêîñòè. Òîãäà

∑

MN

(|OMN ∩ b|+ |O′MN ∩ b|) ≡
2

∑

MN

|∂OO′MN ∩ b| ≡
2
0.

21

Alternatively, analogously to the Parity Lemma 1.3.3 for (a) it su�
es to prove that Åñëè íèêàêèå

÷åòûðå èç ñåìè âåðøèí òðåóãîëüíèêà è òåòðàýäðà íå ëåæàò íà îäíîé ïëîñêîñòè, òî êîíòóð òðå-

óãîëüíèêà ïåðåñåêàåòñÿ ñ ïîâåðõíîñòüþ òåòðàýäðà â ÷åòíîì ÷èñëå òî÷åê. Ýòà ëåììà î ÷åòíîñòè

ñëåäóåò èç òîãî, ÷òî ïåðåñå÷åíèå òðåóãîëüíèêà è ïîâåðõíîñòè òåòðàýäðà ÿâëÿåòñÿ êîíå÷íûì îáúåäèíå-

íèåì ëîìàíûõ. Ýòî îáúåäèíåíèå èìååò ÷åòíîå ÷èñëî êîíöîâ, êîòîðûå è ÿâëÿþòñÿ òðåáóåìûìè òî÷êàìè

ïåðåñå÷åíèÿ. (Àëüòåðíàòèâíî, çàìåòèì, ÷òî ïëîñêîñòü òðåóãîëüíèêà ïåðåñåêàåò ïîâåðõíîñòü òåòðàýäðà

ïî êîíå÷íîìó ÷èñëó ëîìàíûõ, è èñïîëüçóåì ëåììó î ÷åòíîñòè 1.3.3.)
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Çäåñü

• ñóììèðîâàíèå âåäåòñÿ ïî ðåáðàì MN óçëà a;
• âòîðîå ñðàâíåíèå ñëåäóåò èç ëåììû 4.2.5.a.

Åñëè êàæäàÿ èç äâóõ òî÷åê O,O′
íàõîäèòñÿ â îáùåì ïîëîæåíèè ñ (a, b), òî ñóùå-

ñòâóåò òî÷êà O′′
, äëÿ êîòîðîé êàæäàÿ èç ïàð {O,O′′} è {O′′, O′} íàõîäèòñÿ â îáùåì

ïîëîæåíèè ñ (a, b).

Óòâåðæäåíèå 4.2.6 (î ñèììåòðè÷íîñòè). Çàöåïëåííîñòü ïî ìîäóëþ 2 ïàðû ëîìàíûõ

íå çàâèñèò îò ïîðÿäêà ëîìàíûõ.

Íàáðîñîê äîêàçàòåëüñòâà óòâåðæäåíèÿ 4.2.6. Èñïîëüçóåì ñèíãóëÿðíûå êîíóñû (óòâåð-

æäåíèå 4.2.6 òàêæå ñëåäóåò èç óòâåðæäåíèÿ î ïðîåêöèè 4.2.7). Êàê è â äîêàçàòåëüñòâå

ëåììû 4.2.4.a, äîñòàòî÷íî ðàññìîòðåòü ñëó÷àé, êîãäà ïàðà {O,O′} òî÷åê íàõîäèòñÿ â

îáùåì ïîëîæåíèè ñ çàöåïëåíèåì (a, b). Ýòó îáùíîñòü ïîëîæåíèÿ íóæíî îïðåäåëèòü

òàê, ÷òîáû íèæåïðèâåäåííîå äîêàçàòåëüñòâî ïðîøëî; ýòî îïðåäåëåíèå íå îáÿçàíî ñîâ-

ïàäàòü ñ îïðåäåëåíèåì, äàííûì â íàáðîñêå äîêàçàòåëüñòâà ëåììû 4.2.4.a; íî âîçüìåì

òî æå îïðåäåëåíèå. Òîãäà

∑

MN

|OMN ∩ b|
(1)
=

∑

MN,PQ

|OMN ∩ PQ|
(2)
≡

∑

MN,PQ

|OMN ∩ ∂O′PQ|
(3)
≡

(3)
≡

∑

MN,PQ

|∂OMN ∩O′PQ|
(4)
≡
∑

PQ

|a ∩ O′PQ|.

Çäåñü ñóììèðîâàíèå âåäåòñÿ ïî âñåì ðåáðàìMN óçëà a è ðåáðàì PQ óçëà b; ñðàâíåíèÿ
ïî ìîäóëþ 2. Ñðàâíåíèå (3) ñïðàâåäëèâî, ïîñêîëüêó

• ëèáî OMN ∩ O′PQ = ∅, òîãäà OMN ∩ ∂OPQ = ∂OMN ∩ O′PQ = ∅,
• ëèáî OMN∩O′PQ ÿâëÿåòñÿ íåâûðîæäåííûì îòðåçêîì, èìåþùèì äâà êîíöà, òîãäà

|OMN ∩ ∂O′PQ| ≡
2
|∂OMN ∩ O′PQ|.

Ñðàâíåíèå (4) àíàëîãè÷íî ñðàâíåíèÿì (1) è (2).

Óòâåðæäåíèå 4.2.7 (î ïðîåêöèè; ñð. óòâåðæäåíèå î ïðîåêöèè 4.1.2

′
). Ïóñòü âåðøè-

íû îðòîãîíàëüíîé ïðîåêöèè íåêîòîðîãî äâóõêîìïîíåíòíîãî çàöåïëåíèÿ íà íåêîòîðóþ

ïëîñêîñòü íàõîäÿòñÿ â îáùåì ïîëîæåíèè (ñì. îïðåäåëåíèå â �1.3). Â òî÷êàõ, ãäå ïðî-

åêöèè êîìïîíåíò ïåðåñåêàþòñÿ, îòìåòèì, êàêàÿ èç êîìïîíåíò ¾ïðîõîäèò âûøå¿

äðóãîé (êàê íà ðèñ. 4.2.1 è 4.2.2). Çàöåïëåíèå ÿâëÿåòñÿ çàöåïëåííûì ïî ìîäóëþ 2 òî-

ãäà è òîëüêî òîãäà, êîãäà ÷èñëî òî÷åê ïåðåñå÷åíèÿ, ãäå ïåðâàÿ êîìïîíåíòà ïðîõîäèò

âûøå âòîðîé, íå÷åòíî.

Çàìå÷àíèå 4.2.8. (a) Ïóñòü ñóùåñòâóåò ¾èçîòîïèÿ¿ ([Sk20u, �1℄, �4.4) ìåæäó äâóìÿ

äâóõêîìïîíåíòíûìè çàöåïëåíèÿìè, ïðè êîòîðîé âòîðàÿ êîìïîíåíòà íåïîäâèæíà. Òî-

ãäà ñëåä ïåðâîé êîìïîíåíòû ÿâëÿåòñÿ ñèíãóëÿðíûì (ò.å. êðèâîëèíåéíûì è ñàìîïåðå-

ñåêàþùèìñÿ) öèëèíäðîì, íå ïåðåñåêàþùèì âòîðóþ êîìïîíåíòó. Åñëè ïîñëå èçîòîïèè

êîìïîíåíòû ñîäåðæàòñÿ â íåïåðåñåêàþùèõñÿ øàðàõ, òî öèëèíäð ìîæåò áûòü äîïîëíåí

äî ñèíãóëÿðíîãî äèñêà, íå ïåðåñåêàþùåãî âòîðîé êîìïîíåíòû. Ýòî ìîòèâèðóåò íå�îð-

ìàëüíîå îïèñàíèå â íà÷àëå �4.2.

(b) Äëÿ òî÷êè O è ïîäìíîæåñòâà Γ ⊂ R3
ñèíãóëÿðíûì êîíóñîì O∗Γ íàä Γ íàçûâàåò-

ñÿ îáúåäèíåíèå îòðåçêîâ

⋃
M∈Γ

OM . Åñëè OM ∩ON = {O} äëÿ êàæäûõ äâóõ ðàçëè÷íûõ

òî÷åê M,N ∈ Γ, òî ñèíãóëÿðíûé êîíóñ íàçûâàåòñÿ ïðîñòî êîíóñîì.

(
) Ñóùåñòâóþò çàöåïëåíèå (a, b) è òî÷êà O â îáùåì ïîëîæåíèè ñ ýòèì çàöåï-

ëåíèåì, òàêèå ÷òî çàöåïëåíèå ÿâëÿåòñÿ çàöåïëåííûì ïî ìîäóëþ 2, íî |(O ∗ a) ∩ b|
÷åòíî.
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Äåéñòâèòåëüíî, âîçüìåì óçåë a, ó êîòîðîãî åñòü íåïåðåñåêàþùèåñÿ ñêðåùèâàþùèåñÿ
ðåáðà PQ è RS, âîçüìåì òî÷êó O, òàêóþ ÷òî òðåóãîëüíèêè OPQ è ORS èìåþò îáùóþ

òî÷êó, îòëè÷íóþ îò O, è âîçüìåì óçåë b, ïðîõîäÿùèé ÷åðåç ýòó òî÷êó.

(d) Ñëåäóþùåå ýêâèâàëåíòíîå îïðåäåëåíèå çàöåïëåííîñòè ïî ìîäóëþ 2 áîëåå íà-

ãëÿäíî, íî ñ íèì ñëîæíåå ðàáîòàòü (ïîñêîëüêó (
) ïîêàçûâàåò, ÷òî íóæíî áîëåå ñèëüíîå

óñëîâèå îáùåãî ïîëîæåíèÿ, ïðèâåäåííîå íèæå).

Çàöåïëåíèå (a, b) ÿâëÿåòñÿ çàöåïëåííûì ïî ìîäóëþ 2, åñëè |(O ∗ a) ∩ b| íå÷åòíî äëÿ
íåêîòîðîé (èëè, ÷òî ýêâèâàëåíòíî, äëÿ ëþáîé) òî÷êè O, òàêîé ÷òî

• íè îäíà âåðøèíà óçëà b íå ïðèíàäëåæèò O ∗ a è
• åñëè M ÿâëÿåòñÿ ëèáî âåðøèíîé ëîìàíîé a, ëèáî òî÷êîé ëîìàíîé a, äëÿ êîòîðîé

âíóòðåííîñòü îòðåçêà OM ïåðåñåêàåò a, òî b ∩OM = ∅.

Óòâåðæäåíèå 4.2.9. (a) (Êîíâåé��îðäîí�Çàêñ) Â ïðîñòðàíñòâå äàíû 6 òî÷åê. Ëþáûå

äâå èç íèõ ñîåäèíåíû íåñàìîïåðåñåêàþùåéñÿ ëîìàíîé, ïðè÷åì ïåðåñåêàþòñÿ òîëüêî ëî-

ìàíûå, èìåþùèå îáùèé êîíåö, è òîëüêî â ýòîì êîíöå. Òîãäà íàéäóòñÿ äâà çàöåïëåí-

íûõ ïî ìîäóëþ 2 öèêëà äëèíû 3. (Èíûìè ñëîâàìè, â îáðàçå ëþáîãî êóñî÷íî-ëèíåéíîãî

âëîæåíèÿ ãðà�à K6 â ïðîñòðàíñòâî íàéäóòñÿ äâà çàöåïëåííûõ ïî ìîäóëþ 2 öèêëà

äëèíû 3.)

(b) (Çàêñ) Â ïðîñòðàíñòâå äàíû 4 êðàñíûå è 4 ñèíèå òî÷êè. Ëþáûå äâå ðàçíîöâåò-

íûå èç íèõ ñîåäèíåíû íåñàìîïåðåñåêàþùåéñÿ ëîìàíîé, ïðè÷åì ïåðåñåêàþòñÿ òîëüêî

ëîìàíûå, èìåþùèå îáùèé êîíåö, è òîëüêî â ýòîì êîíöå. Òîãäà íàéäóòñÿ äâà çàöåïëåí-

íûõ ïî ìîäóëþ 2 öèêëà äëèíû 4. (Èíûìè ñëîâàìè, â îáðàçå ëþáîãî êóñî÷íî-ëèíåéíîãî

âëîæåíèÿ ãðà�à K4,4 â ïðîñòðàíñòâî íàéäóòñÿ äâà çàöåïëåííûõ ïî ìîäóëþ 2 öèêëà

äëèíû 4.)

Ýòè óòâåðæäåíèÿ äîêàçûâàþòñÿ àíàëîãè÷íî èõ ¾ëèíåéíûì¿ àíàëîãàì [Sk14, �2℄. Ñì.

ïðîñòîå äîêàçàòåëüñòâî â [Zi13℄.

4.3 Êîý��èöèåíò çàöåïëåíèÿ çàìêíóòûõ ëîìàíûõ

Ìîòèâèðîâêè ê íèæåïðèâåäåííîìó ñòðîãîìó îïðåäåëåíèþ êîý��èöèåíòà çàöåïëåíèÿ

àíàëîãè÷íû ìîòèâèðîâêàì, ïðèâåäåííûì â íà÷àëå �4.2. Àëüòåðíàòèâíûå îïðåäåëåíèÿ

ïðèâåäåíû â óòâåðæäåíèè î ïðîåêöèè 4.3.5, â çàìå÷àíèè 4.3.6.ab, à òàêæå â �4.8.

Îòðåçîê è òðåóãîëüíèê íàçûâàþòñÿòðàíñâåðñàëüíûìè, åñëè âåêòîð e îòðåçêà âìåñòå
ñ áàçèñîì f1, f2 ïëîñêîñòè òðåóãîëüíèêà îáðàçóþò áàçèñ e, f1, f2 ïðîñòðàíñòâà.

Çíàêîì sgnX òî÷êè ïåðåñå÷åíèÿ X òðàíñâåðñàëüíûõ îðèåíòèðîâàííûõ îòðåçêà è

òðåóãîëüíèêà íàçûâàåòñÿ ÷èñëî +1, åñëè âåêòîð e îòðåçêà âìåñòå ñ ïîëîæèòåëüíûì

áàçèñîì f1, f2 òðåóãîëüíèêà îáðàçóþò ïîëîæèòåëüíûé áàçèñ e, f1, f2 ïðîñòðàíñòâà, è

÷èñëî −1 â ïðîòèâíîì ñëó÷àå. Èíûìè ñëîâàìè, çíàêîì íàçûâàåòñÿ ÷èñëî +1, åñëè
îðèåíòàöèè îòðåçêà è òðåóãîëüíèêà ñîãëàñîâàíû ïî ïðàâèëó ëåâîé ðóêè (ëåâîãî âèíòà),

è −1, åñëè íå ñîãëàñîâàíû.

Êîý��èöèåíòîì çàöåïëåíèÿ lk(a, b) îðèåíòèðîâàííîãî çàöåïëåíèÿ (a, b) íàçûâà-
åòñÿ

lk(a, b) :=
∑

MN

∑

X∈OMN∩b
sgnX,

ãäå òî÷êà O íàõîäèòñÿ â îáùåì ïîëîæåíèè ñ çàöåïëåíèåì è ïåðâîå ñóììèðîâàíèå âå-

äåòñÿ ïî îðèåíòèðîâàííûì ðåáðàì MN óçëà a.

Çàäà÷à 4.3.1. Íàéäèòå êîý��èöèåíòû çàöåïëåíèÿ çàöåïëåíèé íà ðèñ. 4.2.1. (Âîçü-

ìèòå íåêîòîðóþ îðèåíòàöèþ çàöåïëåíèé ñ äàííîé ïðîåêöèåé íà âàø âûáîð; èñïîëüçóéòå

áåç äîêàçàòåëüñòâà ëåììó 4.3.2.a.)
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Ëåììà 4.3.2. (a) (Ñð. ëåììó 4.2.4.a.) Êîý��èöèåíò çàöåïëåíèÿ êîððåêòíî îïðåäåëåí,

ò.å. íå çàâèñèò îò âûáîðà òî÷êè O.
(b) Äëÿ êàæäîãî n ∈ Z ñóùåñòâóåò îðèåíòèðîâàííîå çàöåïëåíèå, èìåþùåå êîý�-

�èöèåíò çàöåïëåíèÿ n.
(
) Êîý��èöèåíò çàöåïëåíèÿ àääèòèâåí ïî îòíîøåíèþ ê ñâÿçíîé ñóììå äâóõêîì-

ïîíåíòíûõ çàöåïëåíèé.

(d) Äëÿ êàæäîé òðîéêè öåëûõ ÷èñåë k, l,m ñóùåñòâóåò òðåõêîìïîíåíòíîå îðèåí-

òèðîâàííîå çàöåïëåíèå ñ ïîïàðíûìè êîý��èöèåíòàìè çàöåïëåíèÿ k, l,m.

Ëåììà 4.3.2.a è óòâåðæäåíèÿ 4.3.4, 4.3.5, 4.4.4 äîêàçûâàþòñÿ àíàëîãè÷íî èõ àíàëîãàì

ïî ìîäóëþ 2, ñ èñïîëüçîâàíèåì ïîäõîäÿùåé âåðñèè ñëåäóþùåé ëåììû.

�èñ. 4.3.1: Ñîãëàñîâàííûå îðèåíòàöèè

Ëåììà 4.3.3 (ñð. ëåììó î òðèâèàëüíîñòè 1.3.4 è ëåììó î ÷åòíîñòè 4.2.5). (a) Äà-

íû çàìêíóòàÿ îðèåíòèðîâàííàÿ íåñàìîïåðåñåêàþùàÿñÿ ëîìàíàÿ è îðèåíòèðîâàííûé

òåòðàýäð (ò.å. òåòðàýäð ñ ñîãëàñîâàííûìè îðèåíòàöèÿìè ãðàíåé, ñì. ðèñ. 4.3.1). Ëî-

ìàíàÿ íå ïåðåñåêàåò ðåáåð òåòðàýäðà, è íè îäíà èç âåðøèí ëîìàíîé íå ëåæèò íà

ïîâåðõíîñòè òåòðàýäðà. Òîãäà ñóììà çíàêîâ òî÷åê ïåðåñå÷åíèÿ ëîìàíîé è ïîâåðõíî-

ñòè òåòðàýäðà íóëåâàÿ.

(b) Òî æå, íî òåòðàýäð ìîæåò áûòü âûðîæäåííûì (ò.å. ëåæàòü â ïëîñêîñòè),

è óòâåðæäàåòñÿ, ÷òî

∑
α

∑
X∈α∩b sgnX = 0, ãäå ñóììèðîâàíèå èäåò ïî ãðàíÿì α

òåòðàýäðà, à b � îðèåíòèðîâàííàÿ ëîìàíàÿ.

Óòâåðæäåíèå 4.3.4 (î ñèììåòðè÷íîñòè). (a) (Ñð. óòâåðæäåíèå î ñèììåòðè÷íîñòè

4.2.6.) Êîý��èöèåíò çàöåïëåíèÿ ïàðû ëîìàíûõ íå çàâèñèò îò ïîðÿäêà ëîìàíûõ.

(b) Èçìåíåíèå îðèåíòàöèè îäíîé èç êîìïîíåíò ìåíÿåò êîý��èöèåíò çàöåïëåíèÿ

íà ïðîòèâîïîëîæíûé.

(
) Çåðêàëüíàÿ ñèììåòðèÿ ìåíÿåò êîý��èöèåíò çàöåïëåíèÿ íà ïðîòèâîïîëîæ-

íûé.

Óòâåðæäåíèå 4.3.5 (î ïðîåêöèè). Â óñëîâèÿõ óòâåðæäåíèÿ î ïðîåêöèè 4.2.7, äëÿ îðè-

åíòèðîâàííîãî çàöåïëåíèÿ êîý��èöèåíò çàöåïëåíèÿ ðàâåí ñóììå çíàêîâ (îïðåäåëåíèå

ïðèâåäåíî â �1.3) òåõ òî÷åê ïåðåñå÷åíèÿ, â êîòîðûõ ïåðâàÿ êîìïîíåíòà ïðîõîäèò íàä

âòîðîé.

Çàìå÷àíèå 4.3.6. (a) Ïóñòü f, g : S1 → R3
� (êóñî÷íî-ëèíåéíûå, ãëàäêèå èëè íåïðå-

ðûâíûå) îòîáðàæåíèÿ ñ íåïåðåñåêàþùèìèñÿ îáðàçàìè. Êîý��èöèåíò çàöåïëåíèÿ èõ

îðèåíòèðîâàííûõ îáðàçîâ ðàâåí ñòåïåíè [Sk20, �8℄ îòîáðàæåíèÿ S1 ×S1 → S2
, îïðåäå-

ëÿåìîãî �îðìóëîé (x, y) 7→
f(x)− g(y)

|f(x)− g(y)|
.

(b') (a dis
retization of (b)) Let a and b be disjoint oriented 
losed polygonal lines in

3-spa
e. Their linking number equals the sum

1
4π

∑
MN,PQ

Ω(MN,PQ) over all oriented edges

MN of a and PQ of b, where Ω(MN,PQ) is the oriented solid angle given by the set

of ve
tors from points of MN to points of PQ, i.e. is the oriented area of the spheri
al

quadrilateral formed by ve
tors

~MP , ~MQ, ~NQ, ~NP in this order.
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(b) (the Gauss integral formula for linking number) Äëÿ íåïåðåñåêàþùèõñÿ ãëàäêèõ

çàìêíóòûõ êðèâûõ f, g : [0, 2π] → R3
èìååì

lk(f, g) =

∫

[0,2π]2

f(x)− g(y)

|f(x)− g(y)|3
∧ f ′(x) ∧ g′(y)dxdy.

(
) Äëÿ âëîæåíèÿ ãðà�à â R3
ìîæíî îïðåäåëèòü àíàëîã êîý��èöèåíòà çàöåïëåíèÿ

� èíâàðèàíò Âó (àíàëîãè÷íî ïï. 1.5, 1.6). Ñì. ïîäðîáíåå [Sk06, ��4,5℄.

(d) Ñì. óòâåðæäåíèÿ 6.14.2.ab
 è äàëüíåéøèå îáñóæäåíèÿ â [BE82, �19℄, [RN11℄.

4.4 Èçîòîïíîñòü çàöåïëåíèé

Óòâåðæäåíèå 4.4.1 (óñòîé÷èâîñòü). Äëÿ ëþáîãî äâóõêîìïîíåíòíîãî çàöåïëåíèÿ ñó-

ùåñòâóåò δ > 0, òàêîå ÷òî ïðè ëþáîì ñäâèãå âåðøèí ëîìàíûõ íà ðàññòîÿíèÿ, íå

ïðåâûøàþùèå δ,
(a) ñäâèíóòûå êîìïîíåíòû íå ïåðåñåêàþòñÿ;

(b) ñäâèíóòûå êîìïîíåíòû çàöåïëåíû ïî ìîäóëþ 2 òîãäà è òîëüêî òîãäà, êîãäà

èñõîäíûå êîìïîíåíòû çàöåïëåíû ïî ìîäóëþ 2.

×àñòü (a) äîêàçûâàåòñÿ íåñëîæíî. À âîò äëÿ äîêàçàòåëüñòâà ÷àñòè (b) ïîëåçíî ïî-

íÿòèå èçîòîïíîñòè çàöåïëåíèé, ââåäåííîå íèæå.

�èñ. 4.4.1: Ýëåìåíòàðíàÿ èçîòîïèÿ

Ïóñòü ñòîðîíû AC è CB òðåóãîëüíèêà ABC � ðåáðà íåêîòîðîãî óçëà, íå ïåðåñåêà-

þùåãî òðåóãîëüíèê ABC íè â êàêèõ äðóãèõ òî÷êàõ. Ýëåìåíòàðíàÿ èçîòîïèÿ ACB →
AB � çàìåíà äâóõ ðåáåð AC è CB ðåáðîì AB (ðèñ. 4.4.1). Äâà óçëà íàçûâàþòñÿ

(êóñî÷íî-ëèíåéíî îáúåìëåìî) èçîòîïíûìè, åñëè èõ ìîæíî ñîåäèíèòü ïîñëåäîâàòåëü-

íîñòüþ óçëîâ, â êîòîðîé ñîñåäíèå ïîëó÷àþòñÿ äðóã èç äðóãà ýëåìåíòàðíîé èçîòîïèåé.

Àíàëîãè÷íûì îáðàçîì îïðåäåëÿåòñÿ èçîòîïíîñòü çàöåïëåíèé.

Óòâåðæäåíèå 4.4.2. Èçîòîïíûå (äàæå êóñî÷íî-ëèíåéíî ñèíãóëÿðíî ãîìîòîïíûå) äâóõ-

êîìïîíåíòíûå çàöåïëåíèÿ îäíîâðåìåííî çàöåïëåíû ïî ìîäóëþ 2 èëè íå çàöåïëåíû ïî

ìîäóëþ 2.

Íàáðîñîê äîêàçàòåëüñòâà.Äîñòàòî÷íî ðàññìîòðåòü ýëåìåíòàðíóþ èçîòîïèþ ACB →
AB, ìåíÿþùóþ çàöåïëåíèå (a, b) íà çàöåïëåíèå (a′, b). Ñóùåñòâóåò òî÷êà O îáùåãî ïî-

ëîæåíèÿ, ò.å.

• íàõîäÿùàÿñÿ â îáùåì ïîëîæåíèè ñ (a, b), â îáùåì ïîëîæåíèè ñ (a′, b), ïðè÷åì
• òàêàÿ ÷òî íèêàêàÿ âåðøèíà ëîìàíîé b íå ëåæèò íà ïîâåðõíîñòè òåòðàýäðà OABC

è b íå ïåðåñåêàåò ðåáåð OABC.
Òàê êàê ABC ∩ b = ∅, òî ïî ëåììå î ÷åòíîñòè 4.2.5 èìååì

|OAC ∩ b|2 + |OCB ∩ b|2 = |OAB ∩ b|2.

Èñïîëüçóÿ òî÷êó O, ïîëó÷èì, ÷òî çàöåïëåíèÿ (a, b) è (a′, b) ëèáî îáà çàöåïëåíû ïî

ìîäóëþ 2, ëèáî îáà íå çàöåïëåíû ïî ìîäóëþ 2. QED

Òðèâèàëüíûì çàöåïëåíèåì (ñ ëþáûì ÷èñëîì êîìïîíåíò) íàçûâàåòñÿ çàöåïëåíèå,

ñîñòîÿùåå èç ïîïàðíî íåïåðåñåêàþùèõñÿ òðåóãîëüíèêîâ.
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Ïðèìåð 4.4.3. Ñóùåñòâóåò äâóõêîìïîíåíòíîå çàöåïëåíèå, íå çàöåïëåííîå ïî ìîäóëþ

2 è íå èçîòîïíîå òðèâèàëüíîìó.

Â êà÷åñòâå ïðèìåðà ìîæíî âçÿòü ëþáîå çàöåïëåíèå ñ êîý��èöèåíòîì çàöåïëåíèÿ

2, íàïðèìåð, òðåòüå çàöåïëåíèå íà ðèñ. 4.2.1. Íåèçîòîïíîñòü äîêàçûâàåòñÿ ïðè ïîìî-

ùè êîý��èöèåíòà çàöåïëåíèÿ; îíà ñëåäóåò èç ðåçóëüòàòà çàäà÷è 4.3.1, ëåììû 4.3.2.a è

óòâåðæäåíèÿ 4.4.4.ab.

Óòâåðæäåíèå 4.4.4. (a) Èçîòîïíûå îðèåíòèðîâàííûå äâóõêîìïîíåíòíûå çàöåïëå-

íèÿ èìåþò ðàâíûå êîý��èöèåíòû çàöåïëåíèÿ.

(b) Èçîòîïíûå äâóõêîìïîíåíòíûå çàöåïëåíèÿ èìåþò ðàâíûå ìîäóëè êîý��èöèåí-

òîâ çàöåïëåíèÿ.

Ïðèìåð 4.4.5. Ñóùåñòâóåò äâóõêîìïîíåíòíîå çàöåïëåíèå, èìåþùåå íóëåâîé êîý�-

�èöèåíò çàöåïëåíèÿ, íî íå èçîòîïíîå òðèâèàëüíîìó.

Ïðèìåðîì ÿâëÿåòñÿ çàöåïëåíèå Óàéòõåäà (ðèñ. 4.2.2.w è ïðåäïîñëåäíåå çàöåïëåíèå

íà ðèñ. 4.2.1). Íåèçîòîïíîñòü äîêàçûâàåòñÿ ÷åðåç ¾âûñøèé êîý��èöèåíò çàöåïëåíèÿ¿

(÷èñëî Ñàòî�Ëåâèíà); îíà ñëåäóåò èç ðåçóëüòàòîâ çàäà÷ 4.9.10.abg.

Çàìå÷àíèå 4.4.6. Ñïðàâåäëèâ àíàëîã óòâåðæäåíèé 4.4.1.ab äëÿ òðåóãîëüíèêîâ è èõ

çàöåïëåííîñòè. Îáñóäèì äîêàçàòåëüñòâî àíàëîãà óòâåðæäåíèÿ 4.4.1.b.

Ïóñòü íèêàêèå ÷åòûðå èç øåñòè âåðøèí äâóõ òðåóãîëüíèêîâ íå ëåæàò â îäíîé ïëîñ-

êîñòè. Êîëè÷åñòâî òî÷åê ïåðåñå÷åíèÿ îòðåçêîâ è òðåóãîëüíèêîâ (èç ïÿòè âåðøèí êîòî-

ðûõ íèêàêèå ÷åòûðå íå ëåæàò â îäíîé ïëîñêîñòè) ñîõðàíÿåòñÿ ïðè äîñòàòî÷íî ìàëîì

øåâåëåíèè ýòèõ ïÿòè âåðøèí. Òîãäà àíàëîã óòâåðæäåíèÿ 4.4.1.b âûòåêàåò èç ñëåäóþ-

ùåãî ðåçóëüòàòà (êîòîðûé ñëåäóåò èç ïðîñòîãî ÷àñòíîãî ñëó÷àÿ ëåììû 4.2.5).

Ïóñòü íèêàêèå ÷åòûðå èç ñåìè âåðøèí òðåóãîëüíèêà ∆ è òî÷åê A,B,C,X, Y, Z, Z ′

íå ëåæàò â îäíîé ïëîñêîñòè. Åñëè (XZZ ′ ∪ Y ZZ ′) ∩ ∂∆ = ∅, òî ïàðû (∆, XY Z) è
(∆, XY Z ′) ëèáî îáå çàöåïëåíû, ëèáî îáå íå çàöåïëåíû.

Èíòåðåñíî, ÷òî ïåðåíåñåíèå ñòîëü åñòåñòâåííîãî ðàññóæäåíèÿ íà îáùèé ñëó÷àé âêëþ-

÷àåò òåõíè÷åñêèå ñëîæíîñòè, ïîýòîìó äëÿ îáùåãî ñëó÷àÿ óäîáíåå èñïîëüçîâàòü áîëåå

îáùåå ïîíÿòèå çàöåïëåííîñòè ëîìàíûõ ïî ìîäóëþ 2: àíàëîã óòâåðæäåíèÿ 4.4.1.b âûòå-

êàåò èç óòâåðæäåíèÿ 4.4.1.b è ëåììû 4.2.4.b.

4.5 Êîìáèíàòîðíàÿ èçîòîïíîñòü çàöåïëåíèé òðåóãîëüíèêîâ

Åñëè âåðøèíû äâóõ òðåóãîëüíèêîâ äâèæóòñÿ íåïðåðûâíî òàê, ÷òî êîíòóðû òðåóãîëü-

íèêîâ â ëþáîé ìîìåíò íå ïåðåñåêàþòñÿ, òî òðåóãîëüíèêè îñòàþòñÿ çàöåïëåííûìè èëè

íåçàöåïëåííûìè. Ñòðîãàÿ �îðìóëèðîâêà ýòîãî �àêòà íà ¾äèñêðåòíîì¿ ÿçûêå (óòâåð-

æäåíèå 4.5.1.a) èñïîëüçóåò íèæåïðèâåäåííîå ïîíÿòèå êîìáèíàòîðíîé èçîòîïíîñòè.

Ìû íå ðàçëè÷àåì òðåóãîëüíèêè, îòëè÷àþùèåñÿ ïåðåñòàíîâêîé âåðøèí. Ïóñòü (∆, XY Z)
� çàöåïëåíèå äâóõ òðåóãîëüíèêîâ, à Z ′

� òî÷êà âíå ïðÿìîéXY , äëÿ êîòîðîé (XZZ ′ ∪ Y ZZ ′)∩
∂∆ = ∅. Òîãäà ýëåìåíòàðíîé êîìáèíàòîðíîé èçîòîïèåé íàçîâåì çàìåíó XY Z íà

XY Z ′
. Ýëåìåíòàðíîé êîìáèíàòîðíîé èçîòîïèåé íàçîâåì òàêæå àíàëîãè÷íîå ïðåîáðà-

çîâàíèå ïåðâîãî òðåóãîëüíèêà ïðè íåèçìåííîì âòîðîì. Äâà çàöåïëåíèÿ òðåóãîëüíèêîâ

íàçîâåì êîìáèíàòîðíî èçîòîïíûìè, åñëè èõ ìîæíî ñîåäèíèòü ïîñëåäîâàòåëüíîñòüþ

çàöåïëåíèé òðåóãîëüíèêîâ, â êîòîðîé ñîñåäíèå ïîëó÷àþòñÿ äðóã èç äðóãà ýëåìåíòàð-

íîé êîìáèíàòîðíîé èçîòîïèåé.

Óòâåðæäåíèå 4.5.1. (a) Êîìáèíàòîðíî èçîòîïíûå çàöåïëåíèÿ òðåóãîëüíèêîâ îäíî-

âðåìåííî çàöåïëåíû èëè íå çàöåïëåíû. (Çíà÷èò, ñóùåñòâóþò äâà çàöåïëåíèÿ òðå-

óãîëüíèêîâ, íå ÿâëÿþùèåñÿ êîìáèíàòîðíî èçîòîïíûìè.)
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(b) Åñëè äâà òðåóãîëüíèêà íå çàöåïëåíû, òî îáðàçîâàííîå èìè çàöåïëåíèå êîìáè-

íàòîðíî èçîòîïíî òðèâèàëüíîìó çàöåïëåíèþ òðåóãîëüíèêîâ.

(
) Ëþáûå äâå ïàðû çàöåïëåííûõ òðåóãîëüíèêîâ êîìáèíàòîðíî èçîòîïíû.

Ïóíêò (a) ñëåäóåò èç óòâåðæäåíèÿ 4.4.1.b (èëè èç ëåììû 4.2.4.b èëè óòâåðæäåíèÿ

4.4.2), ïî
êîëüêó ýëåìåíòàðíóþ êîìáèíàòîðíóþ èçîòîïèþ ìîæíî ñäåëàòü çà äâå ýëå-

ìåíòàðíûå èçîòîïèè. Ïóíêò (ñ) âûòåêàåò èç ñâîéñòâà 4.1.1.(2); çàïèñàòü äîêàçàòåëüñòâî

èíòåðåñíî, èáî îíî äàñò àëãîðèòì ïðåîáðàçîâàíèÿ ïàðû çàöåïëåííûõ òðåóãîëüíèêîâ

ê ñòàíäàðòíîìó âèäó, à òàêæå ïîçâîëèò ïîäîéòè ê ãèïîòåçàì 5.2.6, 5.2.8. Ñð. [Ko19℄,

[Sk20u, óòâåðæäåíèå 4.5℄.

Çàìå÷àíèå 4.5.2. (a) Èç óòâåðæäåíèé 4.5.1.b
 âûòåêàåò, ÷òî ëþáîå çàöåïëåíèå òðå-

óãîëüíèêîâ êîìáèíàòîðíî èçîòîïíî ëèáî òðèâèàëüíîìó çàöåïëåíèþ, ëèáî çàöåïëåíèþ

òðåóãîëüíèêîâ, àíàëîãè÷íîìó çàöåïëåíèþ Õîï�à íà ðèñ. 4.2.1. (Èíûìè ñëîâàìè, äâà

òðåóãîëüíèêà çàöåïëåíû òîãäà è òîëüêî òîãäà, êîãäà ñîîòâåòñòâóþùåå çàöåïëåíèå íå

òðèâèàëüíî.)

(b) Áûëî áû èíòåðåñíî äîêàçàòü, ÷òî ñóùåñòâóþò òðè çàöåïëåíèÿ îðèåíòèðîâàííûõ

òðåóãîëüíèêîâ, äëÿ êîòîðûõ ëþáîå òàêîå çàöåïëåíèå îðèåíòèðîâàííî êîìáèíàòîðíî

èçîòîïíî îäíîìó èç íèõ. (Äàéòå íåîáõîäèìûå îïðåäåëåíèÿ ñàìîñòîÿòåëüíî. Ýòî àíàëîã

óòâåðæäåíèé 4.5.1.b
.)

(
) Èç óòâåðæäåíèÿ 4.5.1.
 âûòåêàåò, ÷òî êîìáèíàòîðíàÿ èçîòîïíîñòü ïàð òðåóãîëü-

íèêîâ ðàâíîñèëüíà èçîòîïíîñòè (îïðåäåëåííîé â ï. 4.4). Áûëî áû èíòåðåñíî âûÿñíèòü,

ðàâíîñèëüíû ëè îíè äëÿ çàöåïëåíèé áîëåå äâóõ òðåóãîëüíèêîâ.

4.6 Êîëüöà è òðåóãîëüíèêè Áîððîìåî

Ïðèìåð 4.6.1 (êîëüöà Áîððîìåî). (a) Ñóùåñòâóåò òðåõêîìïîíåíòíîå çàöåïëåíèå,

íå èçîòîïíîå òðèâèàëüíîìó, êàæäîå äâóõêîìïîíåíòíîå ïîäçàöåïëåíèå êîòîðîãî èçî-

òîïíî òðèâèàëüíîìó (ðèñ. 4.2.2.b è 4.6.1).

(b) Äëÿ êàæäîãî r ñóùåñòâóåò r-êîìïîíåíòíîå çàöåïëåíèå, íå èçîòîïíîå òðèâè-
àëüíîìó, êàæäîå (r − 1)-êîìïîíåíòíîå ïîäçàöåïëåíèå êîòîðîãî èçîòîïíî òðèâèàëü-
íîìó. [BL, BL4℄

Â êà÷åñòâå êîëåö Áîððîìåî ìîæíî âçÿòü òðè ýëëèïñà (ðèñ. 4.6.1, ñïðàâà), çàäàííûå

óðàâíåíèÿìè

{
x = 0

y2 + 2z2 = 1
,

{
y = 0

z2 + 2x2 = 1
è

{
z = 0

x2 + 2y2 = 1
.

Ïîñòðîåíèå êîëåö Áîððîìåî ïðè ïîìîùè òîðà. Ñì. ðèñ. 4.6.2. �àññìîòðèì ñòàí-

äàðòíûé òîð, ò.å. �èãóðó, îáðàçîâàííóþ âðàùåíèåì îêðóæíîñòè (x − 2)2 + y2 = 1
âîêðóã îñè Oy. Ïåðâàÿ êðèâàÿ � îêðóæíîñòü âíå òîðà, áëèçêàÿ ê ìåðèäèàíó òîðà. Âòî-

ðàÿ êðèâàÿ � îêðóæíîñòü, çàöåïëåííàÿ ñ ìåðèäèàíîì òîðà è ïåðåñåêàþùàÿ òîð â äâóõ

òî÷êàõ. Òðåòüÿ êðèâàÿ � êðèâàÿ íà òîðå, áëèçêàÿ ê ãðàíèöå êâàäðàòà, ïîëó÷åííîãî èç

òîðà ðàçðåçàíèåì âäîëü ïàðàëëåëè è ìåðèäèàíà.

ßñíî, ÷òî ïîñòðîåííûå òðè ëîìàíûå (èëè êðèâûå) ïîïàðíî íå çàöåïëåíû. Íåòðèâè-

àëüíîñòü â ïðèìåðå 4.6.1.a ñëåäóåò èç ëåìì 4.9.1.ab è óòâåðæäåíèÿ 4.9.2. Àíàëîãè÷íî

äîêàçûâàþòñÿ ïðèìåð 4.6.1.b è óòâåðæäåíèÿ ??.ab.

Äðóãîå äîêàçàòåëüñòâî íåðàñöåïëÿåìîñòè èñïîëüçóåò �óíäàìåíòàëüíóþ ãðóïïó (ñì.,

íàïðèìåð, [Sk20, ï. 14.1℄). Ïðèâåäåì ýòî äîêàçàòåëüñòâî äëÿ ïîñòðîåíèÿ íà ðèñ. 4.6.2.
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•

•

•

•

y = (y1 . . . yd)

T1

T2

S2

S3

x = (x1 . . . xd)

z = (z1 . . . zd)

S1

�èñ. 4.6.1: Ñëåâà: òðåóãîëüíèêè Áîððîìåî. Ñïðàâà: ýëëèïñû Áîððîìåî. Âåðñòàëüùèêó:

çàìåíèòå d íà l; óáåðèòå ëèíèè T1, T2 è èõ îáîçíà÷åíèÿ

3

2

1

�èñ. 4.6.2: Ïîñòðîåíèå êîëåö Áîððîìåî ïðè ïîìîùè òîðà

Îáîçíà÷èì ÷åðåç S è S ′
ïåðâóþ è âòîðóþ êðèâóþ. �ðóïïà π1(R

3 − S − S ′) èçîìîð�-
íà ñâîáîäíîé ãðóïïå ñ äâóìÿ îáðàçóþùèìè. Ïàðàëëåëü è ìåðèäèàí òîðà (ïðîèçâîëüíî

îðèåíòèðîâàííûå) ïðåäñòàâëÿþò ïåðâóþ è âòîðóþ îáðàçóþùèå ñîîòâåòñòâåííî. Òðåòüÿ

êðèâàÿ ïðåäñòàâëÿåò èõ êîììóòàòîð. Òàê êàê îí íå ðàâåí åäèíèöå è äàæå íå ñîïðÿæåí

ñ íåé, òî òðåòüÿ êðèâàÿ íå ãîìîòîïíà âíå S ∪ S ′
îòîáðàæåíèþ â òî÷êó.

Çàäà÷à 4.6.2. (a) Ñóùåñòâóåò òðè òðåóãîëüíèêà, ïðîåêöèè êîòîðûõ ïîêàçàíû íà

ðèñ. 4.6.1 ñëåâà (ñð. [Val, CKS+, GSS+℄).

(b) (íåðåøåííàÿ çàäà÷à) Ïðè êàêèõ r ñóùåñòâóåò r ïîïàðíî íåïåðåñåêàþùèõñÿ òðå-

óãîëüíèêîâ ñî ñâîéñòâîì èç ïðèìåðà 4.6.1.b?

(
) (íåðåøåííàÿ çàäà÷à) Îïèøèòå êëàññû êîìáèíàòîðíîé èçîòîïíîñòè çàöåïëåíèé

òðåõ òðåóãîëüíèêîâ. (Êîìáèíàòîðíàÿ èçîòîïíîñòü çàöåïëåíèé èç òðåõ òðåóãîëüíèêîâ

îïðåäåëÿåòñÿ àíàëîãè÷íî ñëó÷àþ ïàð. �èïîòåçà è ïðîäâèæåíèÿ ïðèâåäåíû â [Ko19℄.)

4.7 Àëãåáðàè÷åñêîå ÷èñëî ïåðåñå÷åíèé

Îñíîâíûå ðåçóëüòàòû ýòîãî ïóíêòà � ëåììû î ÷åòíîñòè 4.7.2 è î òðèâèàëüíîñòè 4.7.4.

Îíè îáîáùàþò ëåììó î ÷åòíîñòè 1.3.3 è ëåììó 4.2.5 è ñîîòâåòñòâåííî ëåììó î òðèâèàëü-
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íîñòè 1.3.4 è ëåììó 4.3.3. Ïðèëîæåíèÿ ýòîãî ïóíêòà ïðèâåäåíû â ï. 4.8 (êîòîðûé íóæåí

äëÿ ï. 4.9, êîòîðûé íóæåí äëÿ äîêàçàòåëüñòâ ðåçóëüòàòîâ ï. 4.6). Èçó÷åíèå ýòîãî ïóíê-

òà ìîæíî íà÷àòü ñ ðåøåíèÿ çàäà÷è 4.7.5, êîòîðàÿ ÿðêî èëëþñòðèðóåò íåòðèâèàëüíîñòü

ìàòåðèàëà.

Â ýòîì ïóíêòå a � íàáîð îòðåçêîâ, à β � íàáîð òðåóãîëüíèêîâ.

Íàáîðû a è β íàçûâàþòñÿ íàõîäÿùèìèñÿ â îáùåì ïîëîæåíèè, åñëè äëÿ ëþáîãî

îòðåçêàMN èç a è ëþáîãî òðåóãîëüíèêà ∆ èç β âûïîëíåíî {M,N}∩∆ =MN∩∂∆ = ∅.
Äëÿ òàêèõ íàáîðîâ îïðåäåëèì àëãåáðàè÷åñêîå ÷èñëî ïåðåñå÷åíèé ïî ìîäóëþ 2

a ∩2 β :=
∑

MN,∆

|MN ∩∆|2 ∈ Z2,

ãäå ñóììèðîâàíèå âåäåòñÿ ïî âñåì îòðåçêàì MN èç a, à òàêæå òðåóãîëüíèêàì ∆ èç β.
Ýòî ÷åòíîñòü êîëè÷åñòâà ïàð MN,∆, îáðàçîâàííûõ ïåðåñåêàþùèìèñÿ îòðåçêîì MN
èç ìíîæåñòâà a è òðåóãîëüíèêîì ∆ èç ìíîæåñòâà β.

Âåðøèíàìè íàáîðà îòðåçêîâ (òðåóãîëüíèêîâ) íàçûâàþòñÿ êîíöû åãî îòðåçêîâ (âåð-

øèíû åãî òðåóãîëüíèêîâ). Òåëîì |γ| íàáîðà γ îòðåçêîâ (òðåóãîëüíèêîâ) íàçûâàåòñÿ

îáúåäèíåíèå åãî îòðåçêîâ (òðåóãîëüíèêîâ).

Çàìå÷àíèå 4.7.1. (a) Àëãåáðàè÷åñêîå ÷èñëî ïåðåñå÷åíèé íóæíî äëÿ ðàáîòû ñ íåïåðå-

ñåêàþùèìèñÿ ëîìàíûìè, âåðøèíû êîòîðûõ íè â êàêîì ñìûñëå íå íàõîäÿòñÿ â îáùåì

ïîëîæåíèè. Êðîìå òîãî, ÷åì áîëüøå ðàçìåðíîñòü åâêëèäîâà ïðîñòðàíñòâà è ïåðåñå-

êàþùèõñÿ îáúåêòîâ, òåì áîëåå ãðîìîçäêèìè ñòàíîâÿòñÿ óñëîâèÿ îáùåãî ïîëîæåíèÿ,

íåîáõîäèìûå äëÿ ðàáîòû ñ ãåîìåòðè÷åñêèìè ïåðåñå÷åíèÿìè, ñì. (ii) â (d).

(b) Åñëè íèêàêèå ÷åòûðå âåðøèíû îòðåçêîâ èç a è òðåóãîëüíèêîâ èç β íå ëåæàò â

îäíîé ïëîñêîñòè, òî a è β íàõîäÿòñÿ â îáùåì ïîëîæåíèè.

(
) Äëÿ ëþáîãî òðåóãîëüíèêà ∆ âûïîëíåíî a∩2 ∆ = ||a| ∩∆|2, åñëè íèêàêèå ÷åòûðå
âåðøèíû îòðåçêîâ èç a íå ëåæàò â îäíîé ïëîñêîñòè (íî íå áåç ýòîãî óñëîâèÿ).

(d) Íàáîð òî÷åê íàõîäèòñÿ â îáùåì ïîëîæåíèè, åñëè

(i) íèêàêèå 4 èç íèõ íå ëåæàò â îäíîé ïëîñêîñòè è

(ii) äëÿ ëþáûõ ïàðû x, òðîéêè y è òðîéêè y′ ñðåäè íèõ, äëÿ êîòîðûõ x ∩ y =
x ∩ y′ = ∅ è y 6= y′, ïðÿìàÿ, ïðîõîäÿùàÿ ÷åðåç x, ïëîñêîñòü, ïðîõîäÿùàÿ ÷åðåç y, è
ïëîñêîñòü, ïðîõîäÿùàÿ ÷åðåç y′, íå èìåþò îáùèõ òî÷åê. (Ïëîñêîñòü, ïðîõîäÿùàÿ ÷åðåç
y, îïðåäåëåíà, òàê êàê åñëè òî÷êè ìíîæåñòâà y ëåæàò íà îäíîé ïðÿìîé, òî, äîáàâèâ ê

íèì òî÷êó èç x, ïîëó÷èì ïðîòèâîðå÷èå ñ óñëîâèåì (i).)

(e) Èìååì a∩2 β = ||a| ∩ |β||2, åñëè âñå âåðøèíû îòðåçêîâ èç a è òðåóãîëüíèêîâ èç β
íàõîäÿòñÿ â îáùåì ïîëîæåíèè (íî íå áåç ýòîãî óñëîâèÿ, ñì. çàìå÷àíèå 4.2.8.
).

(f) Äëÿ ëþáîãî N ñóùåñòâóþò N òî÷åê îáùåãî ïîëîæåíèÿ â ïðîñòðàíñòâå. Ïîñòðî-

åíèå àíàëîãè÷íî çàäà÷å 1.3.2.b.

Îïðåäåëåíèÿ 1-öèêëà è 2-öèêëà â ïðîñòðàíñòâå àíàëîãè÷íû ñëó÷àþ ïëîñêîñòè, ñì.

çàìå÷àíèå 1.3.6. Ñð. [MNS℄.

Ëåììà 4.7.2 (î ÷åòíîñòè). Åñëè 1-öèêë a è 2-öèêë β íàõîäÿòñÿ â îáùåì ïîëîæåíèè,

òî a ∩2 β = 0.

Àíàëîãè÷íî äðóãîìó äîêàçàòåëüñòâó ëåììû î ÷åòíîñòè 1.3.3.b, èñïîëüçóþùåìó ñèí-

ãóëÿðíûé êîíóñ, ëåììà ñëåäóåò èç ñâîåãî ÷àñòíîãî ñëó÷àÿ, â êîòîðîì 2-öèêë ÿâëÿåò-

ñÿ ìíîæåñòâîì âñåõ ãðàíåé òåòðàýäðà (âîçìîæíî, âûðîæäåííîãî; ìîæíî äîïîëíèòåëü-

íî ïðåäïîëàãàòü, ÷òî 1-öèêë ÿâëÿåòñÿ òðåóãîëüíèêîì). Ýòîò ñëó÷àé àíàëîãè÷åí ëåììå
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4.2.5.

22

Çàìå÷àíèå 4.7.3. (a) Åñëè âåðøèíû çàìêíóòîé ëîìàíîé è 2-öèêëà íàõîäÿòñÿ â îáùåì

ïîëîæåíèè (ñì. çàìå÷àíèå 4.7.1.d), òî ëîìàíàÿ ïåðåñåêàåò òåëî 2-öèêëà â ÷åòíîì ÷èñëå

òî÷åê.

(b) Åñëè óñëîâèå (ii) èç çàìå÷àíèÿ 4.7.1.d òðåáîâàòü òîëüêî äëÿ ïîïàðíî íåïåðåñå-

êàþùèõñÿ x, y, y′, òî ïîëó÷åííûé àíàëîã óòâåðæäåíèÿ (a) áóäåò íåâåðåí (àíàëîãè÷íî

çàìå÷àíèþ 4.2.8.
).

(
) Ëåììû î ÷åòíîñòè 1.3.3 è 4.7.2, à òàêæå èõ îáîáùåíèÿ íà p-öèêëû è q-öèêëû â

Rp+q
èçâåñòíû â �îëüêëîðå. Íàïðèìåð, [Sk03, ëåììà î ÷åòíîñòè 3℄ ñ�îðìóëèðîâàíà â

êà÷åñòâå ïðîñòîãî ðåçóëüòàòà � áåç ÿâíîãî îïðåäåëåíèÿ îáùåãî ïîëîæåíèÿ, à òàêæå â

òåðìèíàõ òåë (êàê â (a), â çàìå÷àíèè 4.7.1.e è â the Parity Lemma 1.3.3.b). Îäíàêî äàòü

ïðàâèëüíóþ �îðìóëèðîâêó ëåììû î ÷åòíîñòè, ëèáî ÿâíî îïðåäåëèâ îáùåå ïîëîæåíèå

(êàê â çàìå÷àíèè 4.7.1.d), ëèáî èñïîëüçîâàâ àëãåáðàè÷åñêèå ïåðåñå÷åíèÿ (êàê â ëåììå î

÷åòíîñòè 4.7.2), íå òàê ïðîñòî, êàê ìîæåò ïîêàçàòüñÿ. Íàïðèìåð, ñëó÷àé p = q = 1 (äëÿ
1-öèêëîâ íà ïëîñêîñòè) íåâåðíî ñ�îðìóëèðîâàí â [Pr04, çàäà÷à 1.2℄, à ñëó÷àé p = 1,
q = 2 (äëÿ 1-öèêëà è 2-öèêëà â òðåõìåðíîì ïðîñòðàíñòâå) íåâåðíî ñ�îðìóëèðîâàí â

ëåììå 4.6 â àðõèâíîé âåðñèè 6 ñòàòüè [Sk14℄ (ñîîòâåòñòâóþùèå óòâåðæäåíèÿ â äðóãèõ

âåðñèÿõ âåðíû).

Öåëî÷èñëåííûì (èëè îðèåíòèðîâàííûì) 1-öèêëîì íàçûâàåòñÿ íàáîð (íå îáÿçà-

òåëüíî ðàçëè÷íûõ) îðèåíòèðîâàííûõ îòðåçêîâ (íå âûðîæäåííûõ â òî÷êó), òàêîé ÷òî

äëÿ êàæäîé òî÷êè êîëè÷åñòâî âõîäÿùèõ îòðåçêîâ ðàâíî êîëè÷åñòâó èñõîäÿùèõ.

Öåëî÷èñëåííûì (èëè îðèåíòèðîâàííûì) 2-öèêëîì íàçûâàåòñÿ íàáîð (íå îáÿçà-

òåëüíî ðàçëè÷íûõ) îðèåíòèðîâàííûõ òðåóãîëüíèêîâ (íå âûðîæäåííûõ â îòðåçîê èëè

òî÷êó), òàêîé ÷òî äëÿ êàæäîãî îðèåíòèðîâàííîãî îòðåçêà êîëè÷åñòâî âõîäÿùèõ òðå-

óãîëüíèêîâ ðàâíî êîëè÷åñòâó èñõîäÿùèõ (ðèñ. 4.3.1). Îðèåíòèðîâàííûé òðåóãîëüíèê

ABC âõîäèò â îðèåíòèðîâàííûé îòðåçîê BA è âûõîäèò èç îðèåíòèðîâàííîãî îòðåçêà

AB.

Ëåììà 4.7.4 (î òðèâèàëüíîñòè). Åñëè öåëî÷èñëåííûå 1-öèêë è 2-öèêë íàõîäÿòñÿ â

îáùåì ïîëîæåíèè, òî ñóììà çíàêîâ òî÷åê ïåðåñå÷åíèÿ ïî âñåì ïàðàì ïåðåñåêàþùèõñÿ

îòðåçêîâ 1-öèêëà è òðåóãîëüíèêîâ 2-öèêëà ðàâíà íóëþ.

Çàäà÷à 4.7.5. (Ýòîò ÿðêèé ÷àñòíûé ñëó÷àé ëåìì î ÷åòíîñòè 4.7.2 è î òðèâèàëüíîñòè

4.7.4 ïðåäëàãàëñÿ 01.04.2015 íà ÔÎÏÔ ÌÔÒÈ â êóðñå ¾Ñîâðåìåííûå òîïîëîãè÷åñêèå

ìåòîäû â �èçèêå¿.)

Â ïðîñòðàíñòâå èìååòñÿ 17 òî÷åê: 7 êðàñíûõ è 10 æåëòûõ. Íèêàêèå ÷åòûðå èç íèõ

íå ëåæàò â îäíîé ïëîñêîñòè.

(a) Ìîæåò ëè êîëè÷åñòâî ïàð ïåðåñåêàþùèõñÿ êðàñíîãî îòðåçêà (ò.å. îòðåçêà, ñî-

åäèíÿþùåãî êðàñíûå òî÷êè) è æåëòîãî òðåóãîëüíèêà (ò.å. òðåóãîëüíèêà, íàòÿíóòîãî íà

æåëòûå òî÷êè) áûòü ðàâíûì 7?

Óêàçàíèå. Åñëè êðàñíûõ òî÷åê 3, à æåëòûõ � 4, òî êîëè÷åñòâî òàêèõ ïàð ÷åòíî, ñì.

ëåììó 4.2.5. Äàëåå àíàëîãè÷íî óòâåðæäåíèþ 1.3.5.a.

Ïðèìå÷àíèå. �àññìàòðèâàåìîå êîëè÷åñòâî ðàâíî êîëè÷åñòâó òî÷åê ïåðåñå÷åíèÿ êðàñ-

íûõ îòðåçêîâ è æåëòûõ òðåóãîëüíèêîâ òîëüêî â ïðåäïîëîæåíèè, ÷òî íèêàêîé êðàñíûé

îòðåçîê íå ïåðåñåêàåò íèêàêîé îòðåçîê ïåðåñå÷åíèÿ æåëòûõ òðåóãîëüíèêîâ.

22

Àíàëîãè÷íî, ëåììà î ÷åòíîñòè 4.7.2 ñëåäóåò èç ñâîåãî ÷àñòíîãî ñëó÷àÿ, â êîòîðîì 1-öèêë ÿâëÿåòñÿ

òðåóãîëüíèêîì. Â ýòîì ñëó÷àå ïåðåñå÷åíèå 2-öèêëà è ïëîñêîñòè òðåóãîëüíèêà ÿâëÿåòñÿ íàáîðîì îòðåç-

êîâ, îáðàçóþùèõ 1-öèêë íà ïëîñêîñòè, è ìíîæåñòâ, íå ïåðåñåêàþùèõ òðåóãîëüíèê. Ïîýòîìó ÷àñòíûé

ñëó÷àé ñëåäóåò èç ëåììû î ÷åòíîñòè 1.3.3.
 (òî÷íåå, èç åå âåðñèè, â êîòîðîì îäíà ëîìàíàÿ ÿâëÿåòñÿ

òðåóãîëüíèêîì, à äðóãàÿ çàìåíÿåòñÿ íà 1-öèêë, ñì. çàìå÷àíèå 1.3.6.a).
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(b) Ïîñëå ðåøåíèÿ ïóíêòà (a) Èëüÿ Ìóðîìåö ïîäîøåë ê òî÷êàì ïîáëèæå. Îí óâèäåë,

÷òî ïî êðàñíûì îòðåçêàì òå÷åò òîê. ×ó! Ñêîëüêî â êðàñíóþ òî÷êó ìèëëèàìïåð âõîäèò,

ñòîëüêî èç íåå è âûõîäèò.

À ïî îðèåíòèðîâàííûì æåëòûì òðåóãîëüíèêàì ñâèñòèò ñâèñò. Ò.å. íà êàæäîì îðè-

åíòèðîâàííîì æåëòîì òðåóãîëüíèêå ñòîèò ñîëîâüåìåòð, èçìåðÿþùèé ñâèñò â Ñîëîâüÿõ

(1C=1A

2
). ×ó! Ñêîëüêî â îðèåíòèðîâàííûé æåëòûé îòðåçîê ìèêðîñîëîâüåâ âõîäèò,

ñòîëüêî èç íåãî è âûõîäèò.

Äëÿ êàæäîé ïàðû ïåðåñåêàþùèõñÿ êðàñíîãî îòðåçêà è æåëòîãî òðåóãîëüíèêà èìååò-

ñÿ ãðèâíîìåòð. Ïî çàêîíó Âëàäèìèðà-Êðàñíîå-Ñîëíûøêî ïîêàçàíèå ãðèâíîìåòðà ðàâíî

ïðîèçâåäåíèþ ïîêàçàíèé ñîîòâåòñòâóþùèõ àìïåðìåòðà è ñîëîâüåìåòðà, åñëè íàïðàâëå-

íèå êðàñíîãî òîêà è îðèåíòàöèÿ æåëòîãî òðåóãîëüíèêà ñîãëàñîâàíû ïî ïðàâèëó ëåâîé

ðóêè (áóðàâ÷èêà), è ìèíóñ ýòîìó ïðîèçâåäåíèþ, åñëè íå ñîãëàñîâàíû. (Òàêèì îáðàçîì,

1 �ðí=1C×1A=1A3
.)

Çà ïîíèìàíèå óñëîâèÿ ïóíêòà (b) êíÿçü îäàðèë Èëüþ âåëè÷èíîé ïîòîêà òîêà ÷åðåç

ñâèñò, ò.å., ñóììîé ïîêàçàíèé ãðèâíîìåòðîâ. Ìîãëè ëè òàê ðàñïîëîãàòüñÿ òî÷êè, òå÷ü

òîê ïî êðàñíûì îòðåçêàì è ñâèñòåòü ñâèñò ïî æåëòûì òðåóãîëüíèêàì, ÷òî Èëüÿ ïîëó÷èë

42 íàíîãðèâíû?

Óêàçàíèå. Åñëè êðàñíûõ òî÷åê 3, à æåëòûõ � 4, òî ïîòîê òîêà ÷åðåç ñâèñò ðàâåí

íóëþ ââèäó ëåììû 4.3.3.

4.8 Êîý��èöèåíò çàöåïëåíèÿ è çåé�åðòîâû öåïè

Çäåñü ìû ïðèâîäèì áîëåå îáùèå îïðåäåëåíèÿ êîý��èöèåíòà çàöåïëåíèÿ (óòâåðæäåíèÿ

4.8.3 è 4.8.5), êîòîðûå èñïîëüçóþòñÿ â �4.9, à òàêæå èíòåðåñíû ñàìè ïî ñåáå.

Çåé�åðòîâîé öåïüþ (èëè êîãðàíèöåé) óçëà a íàçûâàåòñÿ êîíå÷íûé íàáîð S òðå-

óãîëüíèêîâ (íå âûðîæäåííûõ â îòðåçîê èëè òî÷êó), òàêîé ÷òî

• êàæäîå ðåáðî óçëà a ÿâëÿåòñÿ ñòîðîíîé ðîâíî îäíîãî òðåóãîëüíèêà èç S;
• êàæäûé îòðåçîê, íå ÿâëÿþùèéñÿ ðåáðîì èç a, ÿâëÿåòñÿ ñòîðîíîé ÷åòíîãî (âîçìîæ-

íî, íóëåâîãî) êîëè÷åñòâà òðåóãîëüíèêîâ èç S.
Ïðèìåðàìè çåé�åðòîâûõ öåïåé ÿâëÿþòñÿ íàáîð òðåóãîëüíèêîâ ñèíãóëÿðíîãî êîíóñà

O ∗ a äëÿ íåêîòîðîé òî÷êè O (çàìå÷àíèå 4.2.8.b), à òàêæå òðèàíãóëÿöèÿ ïîâåðõíîñòè

Çåé�åðòà [Pr95, �3℄. Áîëåå îáùèå çåé�åðòîâû öåïè, ÷åì ñèíãóëÿðíûå êîíóñû, íàì íóæ-

íû, íàïðèìåð, äëÿ îïðåäåëåíèÿ ÷èñëà Ìèëíîðà, ò.å. äëÿ íèæåïðèâåäåííîé ëåììû 4.8.4.

Äëÿ ìíîæåñòâà β òðåóãîëüíèêîâ ïîëîæèì ∂β :=
∑
∆∈β

∂∆, ãäå ñóììèðîâàíèå âåäåòñÿ

ïî ìîäóëþ 2.

Çàäà÷à 4.8.1. (a) Åñëè S ÿâëÿåòñÿ çåé�åðòîâîé öåïüþ óçëà a, òî ∂S ÿâëÿåòñÿ 1-

öèêëîì, òåëî êîòîðîãî ñîâïàäàåò ñ a.
(b) Äëÿ îäíîé èç êîìïîíåíò çàöåïëåíèÿ Óàéòõåäà íàðèñóéòå çåé�åðòîâó öåïü, íå

ïåðåñåêàþùóþ îñòàâøóþñÿ êîìïîíåíòó.

(
) Äëÿ îäíîãî èç êîëåö Áîððîìåî íàðèñóéòå çåé�åðòîâó öåïü, íå ïåðåñåêàþùóþ

îáúåäèíåíèå äâóõ äðóãèõ êîëåö.

Ëåììà 4.8.2. Äëÿ ëþáûõ íåïåðåñåêàþùèõñÿ óçëîâ a è b ñóùåñòâóåò çåé�åðòîâà öåïü

S óçëà a, íàõîäÿùàÿñÿ â îáùåì ïîëîæåíèè ñ b (îïðåäåëåíèå ïðèâåäåíî â íà÷àëå �4.7).

Óòâåðæäåíèå 4.8.3. Ñëåäóþùèå óñëîâèÿ ýêâèâàëåíòíû äëÿ çàöåïëåíèÿ (a, b):
(i) çàöåïëåíèå íå çàöåïëåíî ïî ìîäóëþ 2;

(ii) äëÿ íåêîòîðîé (èëè, ÷òî ýêâèâàëåíòíî, äëÿ ëþáîé) çåé�åðòîâîé öåïè S óçëà

a, íàõîäÿùåéñÿ â îáùåì ïîëîæåíèè ñ b, âûïîëíåíî b ∩2 S = 0;
(iii) ñóùåñòâóåò çåé�åðòîâà öåïü óçëà a, òåëî êîòîðîé íå ïåðåñåêàåò b;
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(iv) äëÿ íåêîòîðîé (èëè, ÷òî ýêâèâàëåíòíî, äëÿ ëþáîé) çåé�åðòîâîé öåïè S óçëà

a, äëÿ êîòîðîé êîíòóð ëþáîãî òðåóãîëüíèêà èç S íå ïåðåñåêàåò b, êîëè÷åñòâî òðå-

óãîëüíèêîâ èç S, çàöåïëåííûõ ïî ìîäóëþ 2 ñ b, ÷åòíî;
(v) äëÿ íåêîòîðûõ (èëè, ÷òî ýêâèâàëåíòíî, äëÿ ëþáûõ) çåé�åðòîâûõ öåïåé S óçëà

a è T óçëà b, òàêèõ ÷òî êîíòóð ëþáîãî òðåóãîëüíèêà èç S íå ïåðåñåêàåò êîíòóðà íè

îäíîãî òðåóãîëüíèêà èç T , êîëè÷åñòâî çàöåïëåííûõ ïî ìîäóëþ 2 ïàð (∆,Γ) òðåóãîëü-
íèêîâ ∆ èç S è Γ èç T ÷åòíî.

Íàáðîñîê äîêàçàòåëüñòâà. Ýêâèâàëåíòíîñòü (i) ⇔ (ii) è ýêâèâàëåíòíîñòü ¾äëÿ íåêîòî-

ðîãî¿ è ¾äëÿ ëþáîãî¿ â (ii) ñëåäóþò èç ëåììû î ÷åòíîñòè 4.7.2.

Î÷åâèäíî, ÷òî (iii) ⇒ (ii). Îáðàòíàÿ èìïëèêàöèÿ äîêàçûâàåòñÿ ñäâèãîì S â îáùåå

ïîëîæåíèå òàê, ÷òîáû ||S| ∩ b| áûëî ÷åòíûì, à òàêæå äîáàâëåíèåì ðó÷åê ê |S|.
Ýêâèâàëåíòíîñòü (ii) ⇔ (iv) ((ii) ⇔ (v)) ïîëó÷àåòñÿ èç ïåðâîãî ðàâåíñòâà (èç îáîèõ

ðàâåíñòâ)

b ∩2 S =
∑

∆∈S
b ∩2 ∆ =

∑

∆∈S, Γ∈T
∂Γ ∩2 ∆.

Ýòè ðàâåíñòâà ñëåäóþò èç àääèòèâíîñòè àëãåáðàè÷åñêîãî ïåðåñå÷åíèÿ, âòîðîå èç íèõ �

ñ ó÷åòîì óòâåðæäåíèÿ 4.8.1.a.

Ëåììà 4.8.4. Åñëè (a, b, c) � çàöåïëåíèå, â êîòîðîì a íå çàöåïëåíî ïî ìîäóëþ 2 íè ñ

b, íè ñ c, òî ñóùåñòâóåò çåé�åðòîâà öåïü óçëà a, òåëî êîòîðîé íå ïåðåñåêàåò b ∪ c.

Ýòà ëåììà äîêàçûâàåòñÿ àíàëîãè÷íî èìïëèêàöèè 4.8.3.(ii) ⇒ 4.8.3.(iii).

Àíàëîãè÷íî âûøåñêàçàííîìó îïðåäåëÿåòñÿ öåëî÷èñëåííàÿ çåé�åðòîâà öåïü S îðè-

åíòèðîâàííîãî óçëà a, åå òåëî, à òàêæå àëãåáðàè÷åñêîå ÷èñëî ïåðåñå÷åíèé S ·b ∈ Z. Ñëå-

äóþùèå ðåçóëüòàòû äîêàçûâàþòñÿ àíàëîãè÷íî èõ àíàëîãàì ïî ìîäóëþ 2 (óòâåðæäåíèþ

4.8.3 è ëåììå 4.8.4).

Óòâåðæäåíèå 4.8.5. Ïóñòü (a, b) � îðèåíòèðîâàííîå çàöåïëåíèå.

(a) Äëÿ ëþáîé çåé�åðòîâîé öåïè S óçëà a â îáùåì ïîëîæåíèè ñ b âûïîëíåíî

lk(a, b) = S · b.
(b) Öåëî÷èñëåííàÿ çåé�åðòîâà öåïü óçëà a, òåëî êîòîðîé íå ïåðåñåêàåò b, ñóùå-

ñòâóåò òîãäà è òîëüêî òîãäà, êîãäà lk(a, b) = 0.

Ëåììà 4.8.6. Åñëè (a, b, c) � îðèåíòèðîâàííîå çàöåïëåíèå, äëÿ êîòîðîãî lk(a, b) =
lk(a, c) = 0, òî ñóùåñòâóåò öåëî÷èñëåííàÿ çåé�åðòîâà öåïü óçëà a, òåëî êîòîðîé íå

ïåðåñåêàåò b ∪ c.

Çàäà÷à 4.8.7. (a) Àíàëîãè÷íî âûøåñêàçàííîìó îïðåäåëèòå çåé�åðòîâó öåïü Sa ïî
ìîäóëþ 3 îðèåíòèðîâàííîãî óçëà a, åå òåëî, à òàêæå àëãåáðàè÷åñêîå ÷èñëî ïåðåñå÷åíèé
Sa · b ∈ Z3 ïî ìîäóëþ 3.

(b),(
),(d) Ñ�îðìóëèðóéòå è äîêàæèòå àíàëîãè ïî ìîäóëþ 3 óòâåðæäåíèé 4.8.5.ab è

ëåììû 4.8.6.

4.9 Òðîéíîé êîý��èöèåíò çàöåïëåíèÿ

Â ýòîì ðàçäåëå ÷åðåç (a1, a2, a3) îáîçíà÷àåòñÿ òðåõêîìïîíåíòíîå çàöåïëåíèå, êîìïîíåí-
òû êîòîðîãî ïîïàðíî íå çàöåïëåíû ïî ìîäóëþ 2.

Ïî ëåììå 4.8.4 ñóùåñòâóþò çåé�åðòîâû öåïè S1, S2, S3 óçëîâ a1, a2, a3, òàêèå ÷òî

|Si| ∩ aj = ∅ äëÿ âñåõ i 6= j. Áîëåå òîãî, ìîæíî âûáðàòü çåé�åðòîâû öåïè â òðîé-

íîì îáùåì ïîëîæåíèè, ò.å. òàêèå ÷òî äëÿ ëþáûõ òðåóãîëüíèêîâ ∆k ∈ Sk, k = 1, 2, 3,
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ïåðåñå÷åíèå ∆1∩∆2∩∆3 ëèáî ïóñòî, ëèáî ÿâëÿåòñÿ âíóòðåííåé òî÷êîé â êàæäîì èç òðå-

óãîëüíèêîâ ∆1,∆2,∆3. Çàöåïëåíèå (a1, a2, a3) íàçûâàåòñÿ çàöåïëåííûì ïî ìîäóëþ

2, åñëè êîëè÷åñòâî òðîåê (∆1,∆2,∆3), èìåþùèõ îáùóþ òî÷êó, íå÷åòíî.

ßñíî, ÷òî ýòî ñâîéñòâî íå çàâèñèò îò ïåðåñòàíîâêè òðåõ êîìïîíåíò.

Ëåììà 4.9.1. (a) Êîëüöà Áîððîìåî çàöåïëåíû ïî ìîäóëþ 2 (èñïîëüçóéòå ëþáóþ èç

êîíñòðóêöèé �4.6 íà âàø âûáîð; èñïîëüçóéòå (b) áåç äîêàçàòåëüñòâà).

(b) Çàöåïëåííîñòü ïî ìîäóëþ 2 êîððåêòíî îïðåäåëåíà, ò.å. íå çàâèñèò îò çåé�åð-

òîâûõ öåïåé S1, S2, S3 îáùåãî ïîëîæåíèÿ.

(
) Çàöåïëåííîñòü ïî ìîäóëþ 2 ¾àääèòèâíà¿ îòíîñèòåëüíî ñâÿçíîé ñóììû òðåõ-

êîìïîíåíòíûõ çàöåïëåíèé.

Óòâåðæäåíèå 4.9.2. Èçîòîïíûå (äàæå êóñî÷íî-ëèíåéíî ñèíãóëÿðíî ãîìîòîïíûå) òðåõ-

êîìïîíåíòíûå çàöåïëåíèÿ îäíîâðåìåííî çàöåïëåíû ïî ìîäóëþ 2 èëè íå çàöåïëåíû ïî

ìîäóëþ 2.

Äâà íàáîðà S1 è S2 òðåóãîëüíèêîâ íàõîäÿòñÿ â îáùåì ïîëîæåíèè, åñëè êîíòóðû

òðåóãîëüíèêîâ èç ðàçíûõ íàáîðîâ íå ïåðåñåêàþòñÿ è íèêàêîé òðåóãîëüíèê îäíîãî èç

íèõ íå ñîäåðæèò âåðøèíû íèêàêîãî òðåóãîëüíèêà èç äðóãîãî.

Ïåðåñå÷åíèå òåë äâóõ 2-öèêëîâ îáùåãî ïîëîæåíèÿ â R3
ìîæåò áûòü ¾áóêâîé θ¿ (ò.å.

ãðà�îìK3,2). Äåéñòâèòåëüíî, â êà÷åñòâå ïåðâîãî öèêëà âîçüìåì ïîâåðõíîñòü òåòðàýäðà,

à âî âòîðîì öèêëå âîçüìåì äâà òðåóãîëüíèêà, ïåðåñå÷åíèå êîòîðûõ ëåæèò íà ãðàíè

òåòðàýäðà. Ñð. çàìå÷àíèå 4.2.8.
. Ýòîò ïðèìåð ìîòèâèðóåò ñëåäóþùåå îïðåäåëåíèå.

Îïðåäåëèì

S1 ∩ S2 := {∆1 ∩∆2 : ∆1 ∈ S1, ∆2 ∈ S2}.

Çàäà÷à 4.9.3. (a) Ïåðåñå÷åíèå äâóõ 2-öèêëîâ â îáùåì ïîëîæåíèè ÿâëÿåòñÿ 1-öèêëîì.

(b) Ïóñòü S1 è S2 � ìíîæåñòâà òðåóãîëüíèêîâ â îáùåì ïîëîæåíèè, äëÿ êîòîðûõ

|S1| ∩ |∂S2| = |S2| ∩ |∂S1| = ∅. Òîãäà S1 ∩ S2 ÿâëÿåòñÿ 1-öèêëîì.

(
) (çàãàäêà) Ïóñòü f, g : S2 → R3
ÿâëÿþòñÿ êóñî÷íî-ëèíåéíûìè îòîáðàæåíèÿìè â

îáùåì ïîëîæåíèè (îïðåäåëèòå, ÷òî ýòî!). Òîãäà f−1(g(S2)) ÿâëÿåòñÿ òåëîì 1-öèêëà â S2

(îïðåäåëèòå, ÷òî ýòî!).

(Ïî ï. (a), f(S2) ∩ g(S2) ÿâëÿåòñÿ òåëîì 1-öèêëà â R3
. Îáîáùåíèå ñì. â [Al22℄.)

Óòâåðæäåíèå 4.9.4. Çàöåïëåíèå (a1, a2, a3) çàöåïëåíî ïî ìîäóëþ 2 òîãäà è òîëüêî

òîãäà, êîãäà óçåë a3 çàöåïëåí ïî ìîäóëþ 2 ñ 1-öèêëîì S1 ∩ S2 äëÿ íåêîòîðûõ (èëè,

÷òî ýêâèâàëåíòíî, äëÿ ëþáûõ) çåé�åðòîâûõ öåïåé S1 è S2 â îáùåì ïîëîæåíèè, äëÿ

êîòîðûõ |S1| ∩ (a2 ∪ a3) = |S2| ∩ (a1 ∪ a3) = ∅.
(Òàêèå çåé�åðòîâû öåïè ñóùåñòâóþò ïî ëåììå 4.8.4. Ïåðåñå÷åíèå S1 ∩ S2 ÿâëÿ-

åòñÿ 1-öèêëîì ïî óòâåðæäåíèþ 4.9.3.b. Çàöåïëåííîñòü ïî ìîäóëþ 2 äëÿ 1-öèêëîâ ñ

íåïåðåñåêàþùèìèñÿ òåëàìè îïðåäåëÿåòñÿ àíàëîãè÷íî �4.2.)

Óòâåðæäåíèå 4.9.5. (a) Äàíû äâà ìíîæåñòâà M,N òî÷åê íà îêðóæíîñòè, â êàæ-

äîì èç êîòîðûõ ÷åòíîå ÷èñëî òî÷åê. �àçîáüåì òî÷êè ìíîæåñòâà M íà ïàðû. Âîçü-

ìåì íåêîòîðûå äóãè îêðóæíîñòè òàê, ÷òî êàæäàÿ äóãà ñîåäèíÿåò òî÷êè íåêîòîðîé

ïàðû. Ìíîæåñòâà M è N íàçûâàþòñÿ çàöåïëåííûìè ïî ìîäóëþ 2 íà îêðóæíîñòè,

åñëè êîëè÷åñòâî äóã, ñîäåðæàùèõ íå÷åòíîå ÷èñëî òî÷åê èç N , íå÷åòíî, ò.å. ñóììà∑
a |a∩N |2 ïî âñåì äóãàì a íå÷åòíà. Ñâîéñòâî çàöåïëåííîñòè ïî ìîäóëþ 2 íå çàâèñèò

îò âûáîðà ðàçáèåíèÿ è äóã.

(b) Ïóñòü D1, D2 ⊂ R3
� íåïåðåñåêàþùèåñÿ ¾âëîæåííûå ìíîãîãðàííûå 2-äèñêè¿

(íàïðèìåð, ñèíãóëÿðíûå êîíóñû, îãðàíè÷åííûå óçëàìè a1, a2) â îáùåì ïîëîæåíèè ñ a3,
òàêèå ÷òî ai = ∂Di äëÿ êàæäîãî i = 1, 2. Òîãäà äëÿ êàæäîãî j = 1, 2 ïåðåñå÷åíèå Dj∩a3
ñîñòîèò èç ÷åòíîãî êîëè÷åñòâà òî÷åê âíå D3−j. Çàöåïëåíèå (a1, a2, a3) çàöåïëåíî ïî
ìîäóëþ 2 òîãäà è òîëüêî òîãäà, êîãäà D1 ∩ a3 è D2 ∩ a3 çàöåïëåíû ïî ìîäóëþ 2 â a3.
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Íàáðîñîê äîêàçàòåëüñòâà ï. (b). Âîçüìåì çåé�åðòîâû öåïè S1, S2 â îáùåì ïîëîæå-

íèè, äëÿ êîòîðûõ |S1| ∩ (a2 ∪ a3) = |S2| ∩ (a1 ∪ a3) = ∅. Ïîñêîëüêó a1, a2 îãðàíè÷èâàþò
D1, D2, òî ìîæíî âûáðàòü S1, S2, äëÿ êîòîðûõ Si ∩D3−i = ∅. Îáîçíà÷èì ÷åðåç C1 âíóò-

ðåííîñòü ïî ìîäóëþ 2 (îïðåäåëåíèå àíàëîãè÷íî [Sk18, �2.2℄) 2-öèêëà D1 ∪ S1. Òîãäà

âîçüìåì C1 ∩ a3 â êà÷åñòâå îáúåäèíåíèÿ äóã èç (a). Ïðèìåíèì ëåììó î ÷åòíîñòè 4.7.2 ê

a3 è D2∪S2. Ïîëó÷èì, ÷òî ìíîæåñòâà D1∩a3 è D2∩a3 çàöåïëåíû ïî ìîäóëþ 2 â a3 òîãäà
è òîëüêî òîãäà, êîãäà |C1 ∩ a3 ∩D2|2 = |a3 ∩ C1 ∩ S2|2 íå÷åòíî. Ïîñêîëüêó C1 ∩D2 = ∅,
ââèäó îáùíîñòè ïîëîæåíèÿ èìååì

∂(C1 ∩ S2) = (∂C1 ∩ S2) ∪ (C1 ∩ ∂S2) = ∂C1 ∩ S2 = S1 ∩ S2.

Òåïåðü ï. (b) ñëåäóåò èç óòâåðæäåíèÿ 4.9.4. Ñð. [Ko91, óòâåðæäåíèå 3.10℄.

Â îñòàâøåéñÿ ÷àñòè ðàçäåëà (a1, a2, a3) ÿâëÿåòñÿ îðèåíòèðîâàííûì çàöåïëåíèåì ñ

íóëåâûìè ïîïàðíûìè êîý��èöèåíòàìè çàöåïëåíèÿ. Ïî ëåììå 4.8.6 ñóùåñòâóþò öåëî-

÷èñëåííûå çåé�åðòîâû öåïè S1, S2, S3 óçëîâ a1, a2, a3, òàêèå ÷òî |Si| ∩ aj = ∅ äëÿ ëþáûõ
i 6= j. Áîëåå òîãî, ìîæíî âçÿòü öåëî÷èñëåííûå çåé�åðòîâû öåïè âòðîéíîì îáùåì ïîëî-

æåíèè (îíî îïðåäåëÿåòñÿ òàê æå, êàê äëÿ çåé�åðòîâûõ öåïåé ïî ìîäóëþ 2). Òðîéíûì

êîý��èöèåíòîì çàöåïëåíèÿ µ(a1, a2, a3) íàçûâàåòñÿ ñóììà çíàêîâ òðîéíûõ òî÷åê

ïåðåñå÷åíèÿ:

µ(a1, a2, a3) :=
∑

∆k∈Sk, k=1,2,3, ∆1∩∆2∩∆3 6=∅
sgn(∆1,∆2,∆3) ∈ Z,

ãäå çíàêîì sgn(∆1,∆2,∆3) ÿâëÿåòñÿ çíàê áàçèñà â R3
, îáðàçîâàííîãî òðåìÿ âåêòîðàìè

íîðìàëåé ê ∆k, ñîãëàñîâàííûõ ñ îðèåíòàöèÿìè íà ∆k ïî ïðàâèëó ëåâîé ðóêè (ëåâîãî

âèíòà). Ýòî ÷èñëî áûëî ââåäåíî â 1954-68 ãã. Ìèëíîðîì, Õå�ëèãåðîì, Ñòèðîì, Ìàññè

è, âîçìîæíî, äðóãèìè. Ïðèâåäåííîå îïðåäåëåíèå ñëåäóåò [Mo08, �9.1℄.

Ëåììà 4.9.6. (a) Òðîéíîé êîý��èöèåíò çàöåïëåíèÿ êàê-òî îðèåíòèðîâàííûõ êîëåö

Áîððîìåî ðàâåí ±1 (äîêàæèòå â ïðåäïîëîæåíèè ï. (b)).

(b) Òðîéíîé êîý��èöèåíò çàöåïëåíèÿ êîððåêòíî îïðåäåëåí, ò.å. íå çàâèñèò îò

âûáîðà çåé�åðòîâûõ öåïåé S1, S2, S3 â îáùåì ïîëîæåíèè.

(
) Äëÿ êàæäîãî n ∈ Z ñóùåñòâóåò òðåõêîìïîíåíòíîå çàöåïëåíèå ñ òðîéíûì

êîý��èöèåíòîì çàöåïëåíèÿ n.
(d) Òðîéíîé êîý��èöèåíò çàöåïëåíèÿ àääèòèâåí îòíîñèòåëüíî ñâÿçíîé ñóììû

òðåõêîìïîíåíòíûõ çàöåïëåíèé.

Óòâåðæäåíèå 4.9.7 (î ñèììåòðèè). (a) Ïðè ïåðåñòàíîâêå êîìïîíåíò òðîéíîé êîý�-

�èöèåíò çàöåïëåíèÿ óìíîæàåòñÿ íà çíàê ïåðåñòàíîâêè.

(b) Ïðè èçìåíåíèè îðèåíòàöèè îäíîé èç êîìïîíåíò òðîéíîé êîý��èöèåíò çàöåï-

ëåíèÿ ìåíÿåò çíàê.

(
) Ïðè çåðêàëüíîé ñèììåòðèè òðîéíîé êîý��èöèåíò çàöåïëåíèÿ ìåíÿåò çíàê.

Óòâåðæäåíèå 4.9.8. Èçîòîïíûå (äàæå êóñî÷íî-ëèíåéíî ñèíãóëÿðíî ãîìîòîïíûå) òðåõ-

êîìïîíåíòíûå çàöåïëåíèÿ èìåþò ðàâíûå òðîéíûå êîý��èöèåíòû çàöåïëåíèÿ.

Îñòàâøèåñÿ çàäà÷è ýòîãî ïóíêòà ìîãóò áûòü íåïðîñòû äëÿ íà÷èíàþùåãî.

Çàäà÷à 4.9.9. (a) Çàöåïëåíèå (a1, a2, a3) ñèíãóëÿðíî ãîìîòîïíî òðèâèàëüíîìó çà-

öåïëåíèþ, åñëè µ(a1, a2, a3) = 0.
(b) Äâà îðèåíòèðîâàííûõ çàöåïëåíèÿ a1, a2, a3 è b1, b2, b3 ñ íóëåâûìè ïîïàðíûìè

êîý��èöèåíòàìè çàöåïëåíèÿ ñèíãóëÿðíî ãîìîòîïíû, åñëè µ(a1, a2, a3) = µ(b1, b2, b3).
(Èñïîëüçóéòå, ÷òî ¾êîíêîðäàíòíîñòü âëå÷åò ñèíãóëÿðíóþ ãîìîòîïíîñòü äëÿ çàöåï-

ëåíèé¿.)
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Çàäà÷à 4.9.10 (î âûñøåì êîý��èöèåíòå çàöåïëåíèÿ). (Âû ìîæåòå íà÷àòü èçó÷åíèå

ýòîãî ìàòåðèàëà ñ åãî àíàëîãà ïî ìîäóëþ 2.) Ïóñòü (a, b) ÿâëÿåòñÿ îðèåíòèðîâàííûì

äâóõêîìïîíåíòíûì çàöåïëåíèåì, äëÿ êîòîðîãî lk(a, b) = 0. Ïî óòâåðæäåíèþ 4.8.5.b,

ñóùåñòâóþò öåëî÷èñëåííûå çåé�åðòîâû öåïè Sa óçëà a è Sb óçëà b, äëÿ êîòîðûõ |Sa| ∩
b = ∅ = a ∩ |Sb|. Ìîæåì ñ÷èòàòü, ÷òî Sa è Sb íàõîäÿòñÿ â îáùåì ïîëîæåíèè. Òîãäà

àíàëîãè÷íî óòâåðæäåíèþ 4.9.3.b ïåðåñå÷åíèå Sa∩Sb ÿâëÿåòñÿ öåëî÷èñëåííûì 1-öèêëîì.

Êàæäûé îðèåíòèðîâàííûé îòðåçîê MN öåëî÷èñëåííîãî 1-öèêëà Sa ∩ Sb ñîäåðæèòñÿ â

òðåóãîëüíèêå ∆MN èç Sa. Ïåðåíåñåì MN íà ìàëåíüêèé âåêòîð, êàñàòåëüíûé ê ∆MN

è îáðàçóþùèé âìåñòå ñ MN ïîëîæèòåëüíûé áàçèñ â ∆MN . Ýòè ìàëåíüêèå âåêòîðû

ìîæíî âûáðàòü òàê, ÷òîáû ïîñëå âñåõ ïåðåíîñîâ ïîëó÷èëñÿ öåëî÷èñëåííûé 1-öèêë s′.
Îïðåäåëèì ÷èñëî Ñàòî�Ëåâèíà êàê lk(Sa ∩ Sb, s

′).
(a) ×èñëî Ñàòî�Ëåâèíà êîððåêòíî îïðåäåëåíî, ò.å. íå çàâèñèò îò öåëî÷èñëåííûõ

çåé�åðòîâûõ öåïåé Sa è Sb îáùåãî ïîëîæåíèÿ, à òàêæå îò äîñòàòî÷íî ìàëîãî ñäâèãà

Sa ∩ Sb âäîëü Sa.
(b) Íàéäèòå ÷èñëà Ñàòî�Ëåâèíà çàöåïëåíèÿ íà ðèñ. 4.2.2.w, à òàêæå ïîñëåäíèõ äâóõ

çàöåïëåíèé íà ðèñ. 4.2.1 (âîçüìèòå îðèåíòàöèþ íà âàø âûáîð).

(
) Äëÿ êàæäîãî ÷åòíîãî n ñóùåñòâóåò çàöåïëåíèå ñ ÷èñëîì Ñàòî�Ëåâèíà, ðàâíûì

n.
(d) Êàê ïðè ïåðåñòàíîâêå êîìïîíåíò ìåíÿåòñÿ ÷èñëî Ñàòî�Ëåâèíà?

(e) Êàê ïðè èçìåíåíèè îðèåíòàöèè îäíîé èç êîìïîíåíò ìåíÿåòñÿ ÷èñëî Ñàòî�Ëåâèíà?

(f) Êàê ïðè çåðêàëüíîé ñèììåòðèè ìåíÿåòñÿ ÷èñëî Ñàòî�Ëåâèíà?

(g) Èçîòîïíûå çàöåïëåíèÿ èìåþò îäèíàêîâûå ÷èñëà Ñàòî�Ëåâèíà (ýòî íåâåðíî äëÿ

ñèíãóëÿðíî ãîìîòîïíûõ çàöåïëåíèé).

(h) Âåðíî ëè, ÷òî ÷èñëî Ñàòî�Ëåâèíà çàöåïëåíèÿ (a1, a2#a3) ðàâíî ±2µ(a1, a2, a3)?
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5 Çàöåïëåííîñòü â ÷åòûðåõìåðíîì ïðîñòðàíñòâå

5.1 Êàê ðàáîòàòü ñ ÷åòûðåõìåðíûì ïðîñòðàíñòâîì?

Çàäà÷à 5.1.1. Ñêîëüêî òî÷åê ìîæåò áûòü â ïåðåñå÷åíèè ïðÿìîé è ïëîñêîñòè â òðåõ-

ìåðíîì ïðîñòðàíñòâå?

Çàäà÷à 5.1.2. Ñêîëüêî ðåøåíèé ìîæåò áûòü ó ñèñòåìû ëèíåéíûõ óðàâíåíèé

(a) 2× 2; (b) 2× 3 (2 óðàâíåíèÿ, 3 ïåðåìåííûõ); (
) 3× 2?

Îïðåäåëèì

• ïðÿìóþ êàê ìíîæåñòâî äåéñòâèòåëüíûõ ÷èñåë;

• ïëîñêîñòü R2
êàê ìíîæåñòâî âñåõ óïîðÿäî÷åííûõ ïàð (x, y) äåéñòâèòåëüíûõ ÷èñåë;

• (òðåõìåðíîå) ïðîñòðàíñòâî R3
êàê ìíîæåñòâî âñåõ óïîðÿäî÷åííûõ òðîåê (x, y, z)

äåéñòâèòåëüíûõ ÷èñåë;

• ÷åòûðåõìåðíîå ïðîñòðàíñòâî R4
êàê ìíîæåñòâî âñåõ óïîðÿäî÷åííûõ ÷åòâåðîê

(x, y, z, t) äåéñòâèòåëüíûõ ÷èñåë.
Îïðåäåëåíèå d-ìåðíîãî ïðîñòðàíñòâà Rd

äëÿ d > 4 äàåòñÿ àíàëîãè÷íî.
Íàïóòñòâèå. Â ïëàíèìåòðèè è ñòåðåîìåòðèè îáû÷íî òîëüêî ïðîñòåéøèå ñâîéñòâà

âûâîäÿòñÿ èç àíàëèòè÷åñêèõ îïðåäåëåíèé (èëè æå ïðèíèìàþòñÿ çà àêñèîìû). Áîëåå

ñëîæíûå ñâîéñòâà ìîãóò áûòü âûâåäåíû èç ïðîñòåéøèõ ¾ñèíòåòè÷åñêè¿ (ò.å. êàê â

øêîëüíîé ãåîìåòðèè, áåç èñïîëüçîâàíèÿ àíàëèòè÷åñêèõ îïðåäåëåíèé). ×àñòî áûâàåò

óäîáíî ñâåñòè äâóìåðíóþ çàäà÷ó ê îäíîìåðíîé (ò.å. ê çàäà÷å íà ïðÿìîé), à òðåõìåðíóþ

çàäà÷ó � ê äâóìåðíîé. Àíàëîãè÷íî, óäà÷íûé ïîäõîä ê ÷åòûðåõìåðíûì çàäà÷àì � ýòî

àíàëîãèÿ ñ òðåõìåðíûìè çàäà÷àìè èëè ñâåäåíèå ê íèì.

Äëÿ òî÷åê A = (x1, y1, z1, t1), B = (x2, y2, z2, t2) ∈ R4
è ÷èñëà λ ∈ R îáîçíà÷èì

λA := (λx1, λy1, λz1, λt1) è A+B := (x1 + x2, y1 + y2, z1 + z2, t1 + t2).

Çàäà÷à 5.1.3. �àçáèâàåò ëè äâóìåðíàÿ ïëîñêîñòü ÷åòûðåõìåðíîå ïðîñòðàíñòâî íà

êóñêè? Ò.å. äëÿ ëþáûõ ëè äâóõ òî÷åê, íå ëåæàùèõ â äâóìåðíîé ïëîñêîñòè x = y = 0
÷åòûðåõìåðíîãî ïðîñòðàíñòâà (x, y, z, t), ñóùåñòâóåò ëîìàíàÿ, ñîåäèíÿþùàÿ ýòè òî÷êè

è íå ïåðåñåêàþùàÿ ïëîñêîñòü?

Äëÿ òî÷åê A,B ∈ R4
îòðåçêîì AB íàçûâàåòñÿ ìíîæåñòâî {λA+(1−λ)B : λ ∈ [0, 1]}.

Ëîìàíîé A1A2 . . . An íàçûâàåòñÿ îáúåäèíåíèå îòðåçêîâ AiAi+1 ïî âñåì i = 1, 2, . . . , n−1.
Óêàçàíèå. Äëÿ òî÷åê A = (x0, y0, z0, t0) è B, íå ëåæàùèõ íà ïëîñêîñòè x = y = 0,

îïðåäåëèì òî÷êè

Ax = A+ (1, 0, 0, 0) = (x0 + 1, y0, z0, t0) è Ay = A + (0, 1, 0, 0) = (x0, y0 + 1, z0, t0).

Äîêàæèòå, ÷òî õîòÿ áû îäíà èç ëîìàíûõ AB, AAxB è AAyB íå ïåðåñåêàåò ïëîñêîñòü

x = y = 0.

Çàäà÷à 5.1.4. ×åì ÿâëÿåòñÿ ïåðåñå÷åíèå äâóìåðíîé ñ�åðû

S2 := {(x, y, z) ∈ R3 : x2 + y2 + z2 = 1}

ñî ñëåäóþùèìè ìíîæåñòâàìè:

(a) ïðÿìàÿ x = y = 0, ñîäåðæàùàÿ öåíòð ñ�åðû;

(b) ïëîñêîñòü x = 0, ñîäåðæàùàÿ öåíòð ñ�åðû;

(
) ïåðåñå÷åíèå íåîòðèöàòåëüíîãî îêòàíòà â R3
è îáúåäèíåíèÿ äâóìåðíûõ êîîðäè-

íàòíûõ ïëîñêîñòåé, òî åñòü ìíîæåñòâî

{(x, y, z) ∈ R3 : x ≥ 0, y ≥ 0, z ≥ 0 è xyz = 0}.
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Çàäà÷à 5.1.5. ×åì ÿâëÿåòñÿ ïåðåñå÷åíèå òðåõìåðíîé ñ�åðû

S3 := {(x, y, z, t) ∈ R4 : x2 + y2 + z2 + t2 = 1}

ñî ñëåäóþùèìè ìíîæåñòâàìè:

(a) ïðÿìàÿ x = y = z = 0, ñîäåðæàùàÿ öåíòð ñ�åðû;

(b) ïëîñêîñòü x = y = 0, ñîäåðæàùàÿ öåíòð ñ�åðû;

(
) (òðåõìåðíàÿ) ãèïåðïëîñêîñòü x = 0, ñîäåðæàùàÿ öåíòð ñ�åðû;

(d) ïåðåñå÷åíèå íåîòðèöàòåëüíîé ¾îäíîé øåñòíàäöàòîé¿ R4
è îáúåäèíåíèÿ äâóìåð-

íûõ êîîðäèíàòíûõ ïëîñêîñòåé, òî åñòü ìíîæåñòâî

{(x, y, z, t) ∈ R4 :

x ≥ 0, y ≥ 0, z ≥ 0, t ≥ 0 è õîòÿ áû äâà èç ÷åòûðåõ ÷èñåë x, y, z, t ðàâíû íóëþ}.

Ïîäìíîæåñòâî L ⊂ R4
íàçûâàåòñÿ ïðÿìîé, åñëè L íå ÿâëÿåòñÿ òî÷êîé è íàéäóòñÿ

òî÷êè A,B ∈ R4
, äëÿ êîòîðûõ L = {A+Bt : t ∈ R}.

Ïîäìíîæåñòâî L ⊂ R4
íàçûâàåòñÿ (äâóìåðíîé) ïëîñêîñòüþ, åñëè L íå ÿâëÿåòñÿ íè

òî÷êîé, íè ïðÿìîé, è íàéäóòñÿ òî÷êè A,B,C ∈ R4
, äëÿ êîòîðûõ L = {A + Bt + Cu :

t, u ∈ R}.

Çàäà÷à 5.1.6. Íàïèøèòå àíàëîãè÷íîå îïðåäåëåíèå (òðåõìåðíîé) ãèïåðïëîñêîñòè

â R4
.

Â ðåøåíèÿõ ñëåäóþùèõ çàäà÷ âû ìîæåòå èñïîëüçîâàòü áåç äîêàçàòåëüñòâ ðåçóëüòàòû

çàäà÷è 5.1.7, à òàêæå âñå ñòðîãî ñ�îðìóëèðîâàííûå âàìè âåðíûå �àêòû î ðåøåíèÿõ

ñèñòåì ëèíåéíûõ óðàâíåíèé.

Çàäà÷à 5.1.7. (a) Ïîäìíîæåñòâî L ⊂ R4
ÿâëÿåòñÿ ãèïåðïëîñêîñòüþ òîãäà è òîëüêî

òîãäà, êîãäà L 6= ∅, L 6= R4
è ñóùåñòâóþò a, b, c, d, e ∈ R, äëÿ êîòîðûõ

L = {(x, y, z, t) ∈ R4 : ax+ by + cz + dt = e}.

(b) Ïîäìíîæåñòâî L ⊂ R4
ÿâëÿåòñÿ ïëîñêîñòüþ òîãäà è òîëüêî òîãäà, êîãäà L 6= ∅,

L 6= R4
, L íå ÿâëÿåòñÿ ãèïåðïëîñêîñòüþ è ñóùåñòâóþò a1, b1, c1, d1, e1, a2, b2, c2, d2, e2 ∈ R,

äëÿ êîòîðûõ

L = {(x, y, z, t) ∈ R4 : a1x+ b1y + c1z + d1t = e1, a2x+ b2y + c2z + d2t = e2}.

(
) Ñ�îðìóëèðóéòå è äîêàæèòå àíàëîãè÷íîå óòâåðæäåíèå äëÿ ïðÿìîé â R4
.

Çàäà÷à 5.1.8. ×åì ìîæåò áûòü ïåðåñå÷åíèå â R4
:

(a) ïðÿìîé è ãèïåðïëîñêîñòè? (b) ïðÿìîé è ïëîñêîñòè?

(
) ïëîñêîñòè è ãèïåðïëîñêîñòè? (d) äâóõ ãèïåðïëîñêîñòåé? (e) äâóõ ïëîñêîñòåé?

Óêàçàíèå ê (a). Îòâåò. Ïóñòîå ìíîæåñòâî, òî÷êà, ïðÿìàÿ.

Ïðèìåðû. Ïðÿìàÿ x = y = z = 0 ïåðåñåêàåòñÿ ñ ãèïåðïëîñêîñòüþ x = 1 ïî ïóñòîìó
ìíîæåñòâó. Ïðÿìàÿ x = y = z = 0 ïåðåñåêàåòñÿ ñ ãèïåðïëîñêîñòüþ t = 0 ïî òî÷êå.

Ïðÿìàÿ x = y = z = 0 ïåðåñåêàåòñÿ ñ ãèïåðïëîñêîñòüþ x = 0 ïî ïðÿìîé.
Äîêàçàòåëüñòâî òîãî, ÷òî äðóãèå ïåðåñå÷åíèÿ íåâîçìîæíû. Äîñòàòî÷íî äîêàçàòü,

÷òî åñëè ïåðåñå÷åíèå â R4
ïðÿìîé l è ãèïåðïëîñêîñòè ñîäåðæèò õîòÿ áû äâå òî÷êè, òî ïå-

ðåñå÷åíèå ñîâïàäàåò ñ ïðÿìîé l. Ýòî âåðíî, òàê êàê äëÿ ëþáûõ äâóõ òî÷åê ñóùåñòâóåò
åäèíñòâåííàÿ ïðÿìàÿ, ñîäåðæàùàÿ îáå ýòè òî÷êè. Ïîñëåäíèé �àêò ëåãêî âûâîäèò-

ñÿ èç îïðåäåëåíèÿ ïðÿìîé. (Âî ìíîãèõ äðóãèõ èçëîæåíèÿõ ýòîò �àêò ïðèíèìàåòñÿ çà

àêñèîìó.)
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Çàäà÷à 5.1.9. Äëÿ ðàçëè÷íûõ òî÷åê X, Y ∈ R4
îïðåäåëèì ïðÿìóþ XY êàê {X +

(Y − X)t = (1 − t)X + tY : t ∈ R}. Äëÿ òî÷åê X, Y, Z ∈ R4
, íå ëåæàùèõ íà îäíîé

ïðÿìîé, îïðåäåëèì ïëîñêîñòü XY Z êàê

{X + (Y −X)t+ (Z −X)u = (1− t− u)X + tY + uZ : t, u ∈ R}.

Íèêàêèå ïÿòü èç âîñüìè òî÷åê 1,2,3,4,5,6,7,8 â R4
íå ëåæàò íà îäíîé ãèïåðïëîñêîñòè.

×åì ìîæåò áûòü ïåðåñå÷åíèå:

(b) ïðÿìîé 12 è ïëîñêîñòè 567? (d) ãèïåðïëîñêîñòåé 1234 è 5678?

(e) ïëîñêîñòåé 123 è 567?

Îòâåòû.

5.1.1. 0, åñëè ïðÿìàÿ è ïëîñêîñòü ïàðàëëåëüíû; 1, åñëè ïðÿìàÿ ïåðåñåêàåò ïëîñêîñòü;

∞, åñëè ïðÿìàÿ ëåæèò â ïëîñêîñòè.

5.1.4. (a) Ïàðà òî÷åê (0, 0, 1) è (0, 0,−1). (b) Îêðóæíîñòü

{
x = 0,

y2 + z2 = 1
.

(
) Îáúåäèíåíèå ÷åòâåðòåé òðåõ îêðóæíîñòåé:

{
x = 0, y > 0, z > 0

y2 + z2 = 1
,

{
y = 0, x > 0, z > 0

x2 + z2 = 1
è

{
z = 0, x > 0, y > 0

x2 + y2 = 1
.

5.1.5. (a) Ïàðà òî÷åê (0, 0, 0, 1) è (0, 0, 0,−1).

(b) Îêðóæíîñòü

{
x = y = 0

z2 + t2 = 1
. (
) Ñ�åðà

{
x = 0

y2 + z2 + t2 = 1
.

(d) �ðà� K4, îáðàçîâàííûé îáúåäèíåíèåì ÷åòâåðòåé øåñòè îêðóæíîñòåé, îäíà èç

êîòîðûõ �

{
x = y = 0, z > 0, t > 0

z2 + t2 = 1
.

5.1.8. (b) Ïóñòîå ìíîæåñòâî, òî÷êà (åñëè ïðÿìàÿ ïåðåñåêàåò ïëîñêîñòü), ïðÿìàÿ

(åñëè ïðÿìàÿ ñîäåðæèòñÿ â ïëîñêîñòè).

(
) Ïóñòîå ìíîæåñòâî, ïðÿìàÿ (åñëè ïëîñêîñòü ïåðåñåêàåò ãèïåðïëîñêîñòü), ïëîñ-

êîñòü (åñëè ïëîñêîñòü ñîäåðæèòñÿ â ãèïåðïëîñêîñòè).

(d) Ïóñòîå ìíîæåñòâî, ïëîñêîñòü (åñëè ãèïåðïëîñêîñòè ïåðåñåêàþòñÿ), ãèïåðïëîñ-

êîñòü (åñëè ãèïåðïëîñêîñòè ñîâïàäàþò).

(e) Ïóñòîå ìíîæåñòâî, òî÷êà èëè ïðÿìàÿ (åñëè ïëîñêîñòè ïåðåñåêàþòñÿ), ïëîñêîñòü

(åñëè ïëîñêîñòè ñîâïàäàþò).

5.1.9. (b) Ïóñòîå ìíîæåñòâî. (d) Ïëîñêîñòü èëè ïóñòîå ìíîæåñòâî.

(e) Òî÷êà èëè ïóñòîå ìíîæåñòâî.

5.2 Çàöåïëåííîñòü ñèìïëåêñîâ

Åñëè íèêàêèå ïÿòü èç øåñòè âåðøèí äâóõ òðåóãîëüíèêîâ â R4
íå ëåæàò â îäíîé (òðåõ-

ìåðíîé) ãèïåðïëîñêîñòè, òî êîíòóð ïåðâîãî íå ïåðåñåêàåò âòîðîé (ýòî ñëåäóåò èç îòâåòà

ê çàäà÷å 5.1.9.a).

Îïðåäåëåíèÿ êîíóñà è ñèíãóëÿðíîãî êîíóñà ïðèâåäåíû â çàìå÷àíèè 4.2.8.

Ëåììà 5.2.1. Åñëè êîíòóðû äâóõ òðåóãîëüíèêîâ â R4
íå ïåðåñåêàþòñÿ, òî êîíóñ ñ

íåêîòîðîé âåðøèíîé íàä îäíèì èç êîíòóðîâ íå ïåðåñåêàåò äðóãîé êîíòóð.

Ýòî îçíà÷àåò, ÷òî òðåóãîëüíèêè â R4
¾íå çàöåïëåíû¿.
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Ïðèìåð 5.2.2. There are a tetrahedron and a triangle in R4
su
h that their boundaries are

disjoint, and any one of them interse
ts the boundary of the other.

Ïîäñêàçêà. Èñïîëüçóéòå ïîíèæåíèå ðàçìåðíîñòè èëè [Sk16h, Example 2.1℄.

Òðåóãîëüíèê è òåòðàýäð â R4
, êîíòóð è ïîâåðõíîñòü êîòîðûõ íå ïåðåñåêàþòñÿ, íàçû-

âàþòñÿ çàöåïëåííûìè, åñëè âûïîëíåíî ëþáîå èç ñëåäóþùèõ ðàâíîñèëüíûõ óñëîâèé.

Çàäà÷à 5.2.3 (ñð. óòâåðæäåíèå 4.1.1). Îáîçíà÷èì ÷åðåç ∆ è τ âûïóêëûå îáîëî÷êè
òðåóãîëüíèêà è òåòðàýäðà â R4

. Åñëè ∂∆∩∂τ = ∅, òî ñëåäóþùèå óñëîâèÿ ðàâíîñèëüíû:
(1) ∆ ∩ ∂τ 6= ∅ 6= ∂∆ ∩ τ ;
(2) ïåðåñå÷åíèå ∆∩τ åñòü îòðåçîê, îäèí êîíåö êîòîðîãî ëåæèò íà êîíòóðå òðåóãîëü-

íèêà, à äðóãîé � íà ïîâåðõíîñòè òåòðàýäðà;

(3) ïåðåñå÷åíèå ∂∆ ∩ τ åñòü îäíà òî÷êà, è äâà îòðåçêà êîíòóðà ∂∆, âûõîäÿùèå èç
ýòîé òî÷êè, íàõîäÿòñÿ ïî ðàçíûå ñòîðîíû îò ãèïåðïëîñêîñòè òåòðàýäðà τ ;

(3') ïåðåñå÷åíèå ∆∩ ∂τ åñòü îäíà òî÷êà, è ìàëåíüêóþ òðåõìåðíóþ ñ�åðó ñ öåíòðîì

â ýòîé òî÷êå ∆ è ∂τ ïåðåñåêàþò ïî çàìêíóòûì ëîìàíûì, çàöåïëåííûì â ýòîé ñ�åðå;

(4) ïëîñêîñòü òðåóãîëüíèêà ïåðåñåêàåò τ ïî îòðåçêó, îäèí êîíåö êîòîðîãî ëåæèò â

∆, à äðóãîé � íåò;

(4') ãèïåðïëîñêîñòü òåòðàýäðà ïåðåñåêàåò ∆ ïî îòðåçêó, îäèí êîíåö êîòîðîãî ëåæèò

â τ , à äðóãîé � íåò;

(5) ïðÿìàÿ ïåðåñå÷åíèÿ ïëîñêîñòè òðåóãîëüíèêà è ãèïåðïëîñêîñòè òåòðàýäðà ïåðå-

ñåêàåò êàæäûé èç íèõ ïî ïàðå òî÷åê, è ýòè ïàðû ÷åðåäóþòñÿ íà ïðÿìîé.

Çàäà÷à 5.2.4. Âîçüìåì ëþáûå ñåìü òî÷åê â ÷åòûðåõìåðíîì ïðîñòðàíñòå, íèêàêèå

ïÿòü èç êîòîðûõ íå ëåæàò â îäíîé ãèïåðïëîñêîñòè, à òàêæå òðåóãîëüíèê T , âåðøèíàìè
êîòîðîãî ÿâëÿþòñÿ òðè èç íèõ.

(a) Ïóñòü íèêàêèå äâà òðåóãîëüíèêà, îáðàçîâàííûå òî÷êàìè èç ñåìè äàííûõ, îòëè÷-

íûå îò T è íå èìåþùèå îáùèõ âåðøèí, íå ïåðåñåêàþòñÿ (ñð. Example 6.2.1.f). Òîãäà T
çàöåïëåí ñ òåòðàýäðîì, îáðàçîâàííûì îñòàâøèìèñÿ ÷åòûðüìÿ èç ñåìè òî÷åê.

(b),(
),(d) Ïîïðîáóéòå äîãàäàòüñÿ äî óòâåðæäåíèé, àíàëîãè÷íûõ ï. (a) è çàäà÷å 4.1.5!

Ïîäñêàçêà. Óòâåðæäåíèÿ (a),(b),(
),(d) ñëåäóþò èç êîëè÷åñòâåííîé ëèíåéíîé òåîðå-

ìû âàí Êàìïåíà�Ôëîðåñà [Sk14, òåîðåìà 1.5'℄, whi
h is a `linear' analogue of Lemma 6.7.3.

Ñð. Assertions 1.7.1 è 1.7.2.

Çàöåïëåíèåì ñèìïëåêñîâ (âîçìîæíî, èìåþùèõ ðàçíûå ðàçìåðíîñòè) â Rd
íàçûâàåò-

ñÿ íàáîð íåâûðîæäåííûõ ñèìïëåêñîâ â Rd
, ãðàíèöû êîòîðûõ ïîïàðíî íå ïåðåñåêàþòñÿ.

Òðèâèàëüíîñòü çàöåïëåíèÿ ñèìïëåêñîâ îïðåäåëÿåòñÿ àíàëîãè÷íî ñëó÷àþ òðåóãîëüíè-

êîâ â ïðîñòðàíñòâå (�4.4).

Ïóñòü (∆, Z ∗ δ) � çàöåïëåíèå äâóõ ñèìïëåêñîâ, à Z ′
� òî÷êà âíå ãèïåðïëîñêîñòè

ñèìïëåêñà δ, äëÿ êîòîðîé ∂∆ íå ïåðåñåêàåò íè îäíîãî èç îòðåçêîâ, ñîåäèíÿþùèõ íåêî-

òîðóþ òî÷êó îòðåçêà ZZ ′
ñ íåêîòîðîé òî÷êîé ãðàíèöû ∂δ. Òîãäà ýëåìåíòàðíîé êîì-

áèíàòîðíîé èçîòîïèåé íàçîâåì çàìåíó Z ∗ δ íà Z ′ ∗ δ. Ýëåìåíòàðíîé êîìáèíàòîðíîé

èçîòîïèåé íàçîâåì òàêæå àíàëîãè÷íîå ïðåîáðàçîâàíèå ïåðâîãî ñèìïëåêñà ïðè íåèç-

ìåííîì âòîðîì. Äâà çàöåïëåíèÿ ñèìïëåêñîâ íàçîâåì êîìáèíàòîðíî èçîòîïíûìè, åñëè

èõ ìîæíî ñîåäèíèòü ïîñëåäîâàòåëüíîñòüþ çàöåïëåíèé ñèìïëåêñîâ, â êîòîðîé ñîñåäíèå

ïîëó÷àþòñÿ äðóã èç äðóãà ýëåìåíòàðíîé êîìáèíàòîðíîé èçîòîïèåé.

Ïî ëåììå 5.2.1 ëþáîå çàöåïëåíèå äâóõ òðåóãîëüíèêîâ â R4
êîìáèíàòîðíî èçîòîïíî

òðèâèàëüíîìó. Òî æå ñïðàâåäëèâî äëÿ çàöåïëåíèÿ ëþáîãî êîëè÷åñòâà òðåóãîëüíèêîâ.

Çàäà÷à 5.2.5. (a) Êîìáèíàòîðíî èçîòîïíûå çàöåïëåíèÿ òðåóãîëüíèêà è òåòðàýäðà

â R4
îäíîâðåìåííî çàöåïëåíû èëè íå çàöåïëåíû.

(b) Åñëè òðåóãîëüíèê è òåòðàýäð â R4
íå çàöåïëåíû, òî îáðàçîâàííîå èìè çàöåïëåíèå

êîìáèíàòîðíî èçîòîïíî òðèâèàëüíîìó çàöåïëåíèþ.
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Ï. (a) îçíà÷àåò, ÷òî ñóùåñòâóþò äâà çàöåïëåíèÿ òðåóãîëüíèêà è òåòðàýäðà â R4
, íå

ÿâëÿþùèåñÿ êîìáèíàòîðíî èçîòîïíûìè: òðèâèàëüíîå è ïàðà èç çàöåïëåííûõ òðåóãîëü-

íèêà è òåòðàýäðà.

�èïîòåçà 5.2.6 (ñð. óòâåðæäåíèå 4.5.1.
). Ëþáûå äâå ïàðû çàöåïëåííûõ òðåóãîëüíèêà

è òåòðàýäðà â R4
êîìáèíàòîðíî èçîòîïíû.

�èïîòåçà 5.2.6 îçíà÷àåò, ÷òî ñóùåñòâóþò äâà çàöåïëåíèÿ òðåóãîëüíèêà è òåòðàýäðà

â R4
(òðèâèàëüíîå è çàöåïëåíèå èç ïðèìåðà 5.2.2), äëÿ êîòîðûõ ëþáîå òàêîå çàöåïëåíèå

êîìáèíàòîðíî èçîòîïíî îäíîìó èç íèõ. Ââèäó óòâåðæäåíèÿ 5.2.5.a ýòè äâà çàöåïëåíèÿ

íå ÿâëÿþòñÿ êîìáèíàòîðíî èçîòîïíûìè. �èïîòåçà 5.2.6 òàêæå îçíà÷àåò, ÷òî òðåóãîëü-

íèê è òåòðàýäð â R4
çàöåïëåíû òîãäà è òîëüêî òîãäà, êîãäà îíè çàöåïëåíû ïî ìîäóëþ

2 (ñì. ñëåäóþùèé ïóíêò).

Ïî-âèäèìîìó, äîêàçàòåëüñòâî ãèïîòåç 5.2.6 è 5.2.8 íåñëîæíî âûòåêàåò èç ñâîéñòâà

5.2.3.(2) è åãî ìíîãîìåðíîãî àíàëîãà.

Óòâåðæäåíèå 5.2.7. (a) Åñëè d ≥ k+ l è ïîâåðõíîñòè k-ìåðíîãî è l-ìåðíîãî ñèìïëåê-
ñîâ â Rd

íå ïåðåñåêàþòñÿ, òî êîíóñ ñ íåêîòîðîé âåðøèíîé íàä îäíîé èç ïîâåðõíîñòåé

íå ïåðåñåêàåò äðóãóþ ïîâåðõíîñòü.

(b) Ïðè ëþáûõ k, l ñóùåñòâóåò çàöåïëåíèå k-ìåðíîãî è l-ìåðíîãî ñèìïëåêñîâ â

Rk+l−1
, íå ÿâëÿþùååñÿ êîìáèíàòîðíî èçîòîïíûì òðèâèàëüíîìó.

(ñ) Åñëè k, l < d < k + l − 1 è ïîâåðõíîñòè k-ìåðíîãî è l-ìåðíîãî ñèìïëåêñîâ â Rd

íå ïåðåñåêàþòñÿ, òî one of them is disjoint with the boundary of the other.

Ïï. (a,
) îçíà÷àþò, ÷òî ëþáîå çàöåïëåíèå k-ìåðíîãî è l-ìåðíîãî ñèìïëåêñîâ â Rd

êîìáèíàòîðíî èçîòîïíî òðèâèàëüíîìó ïðè d 6= k + l − 1.

�èïîòåçà 5.2.8. Ïðè ëþáûõ k, l ñóùåñòâóþò äâà çàöåïëåíèÿ k-ìåðíîãî è l-ìåðíîãî
ñèìïëåêñîâ â Rk+l−1

, äëÿ êîòîðûõ ëþáîå çàöåïëåíèå òàêèõ ñèìïëåêñîâ êîìáèíàòîðíî

èçîòîïíî îäíîìó èç íèõ.

5.3 Çàöåïëåííîñòü ëîìàíûõ è äâóìåðíûõ ¾ìíîãîãðàííèêîâ¿

Ëåììà 5.3.1 (ñð. ëåììó 5.2.1). (a) Äëÿ ëþáûõ äâóõ çàìêíóòûõ íåïåðåñåêàþùèõñÿ

ëîìàíûõ â R4
íåêîòîðûé ñèíãóëÿðíûé êîíóñ íàä îäíîé èç íèõ íå ïåðåñåêàåò äðóãóþ.

(b) Äëÿ ëþáîé çàìêíóòîé íåñàìîïåðåñåêàþùåéñÿ ëîìàíîé â R4
íåêîòîðûé ñèíãó-

ëÿðíûé êîíóñ íàä íåé ÿâëÿåòñÿ êîíóñîì.

(
) Äëÿ ëþáûõ äâóõ çàìêíóòûõ íåïåðåñåêàþùèõñÿ íåñàìîïåðåñåêàþùèõñÿ ëîìàíûõ

â R4
íåêîòîðûé ñèíãóëÿðíûé êîíóñ íàä îäíîé èç íèõ íå ïåðåñåêàåò äðóãóþ è ÿâëÿåòñÿ

êîíóñîì.

Ïîäñêàçêà ê ï. (b). Äëÿ êàæäîé ïàðû ðàçëè÷íûõ îòðåçêîâ âîçüìèòå à��èííîå ïîä-

ïðîñòðàíñòâî (ò.å. ãèïåðïëîñêîñòü, ïëîñêîñòü èëè ïðÿìóþ), íàòÿíóòîå íà ýòó ïàðó. Âîçü-

ìèòå òî÷êó â R4
, ëåæàùóþ âíå îáúåäèíåíèÿ òàêèõ ïîäïðîñòðàíñòâ.

Îäíîìåðíûå óçëû è çàöåïëåíèÿ â Rd
, à òàêæå èõ òðèâèàëüíîñòü è èçîòîïíîñòü,

îïðåäåëÿþòñÿ àíàëîãè÷íî ñëó÷àþ d = 3 (�4.4, ñð. îïðåäåëåíèÿ â ï. 1.6, [Is℄). Ëåììû

5.3.1.b
 ïîêàçûâàþò, ÷òî

• ëþáîé óçåë â R4
èçîòîïåí êîíòóðó òðåóãîëüíèêà;

• ëþáîå äâóõêîìïîíåíòíîå çàöåïëåíèå â R4
èçîòîïíî òðèâèàëüíîìó.

Àíàëîãè ýòèõ ëåìì è óòâåðæäåíèé ñïðàâåäëèâû äëÿ çàöåïëåíèé èç ëþáîãî êîëè÷å-

ñòâà êîìïîíåíò, äëÿ îðèåíòèðîâàííûõ çàöåïëåíèé, à òàêæå â Rd
ïðè ëþáîì d > 3.
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Îïðåäåëåíèÿ 1-öèêëà è 2-öèêëà (ïî ìîäóëþ 2 è öåëî÷èñëåííûõ) â R4
, à òàêæå èõ

òåë, àíàëîãè÷íû ñëó÷àþ ïëîñêîñòè è ïðîñòðàíñòâà, ñì. çàìå÷àíèå 1.3.6 è �4.7.

Îïðåäåëåíèå çàöåïëåííîñòè ïî ìîäóëþ 2 äëÿ 1-öèêëà è 2-öèêëà ïî ìîäóëþ 2 â R4

ñ íåïåðåñåêàþùèìèñÿ òåëàìè àíàëîãè÷íî îïðåäåëåíèþ èç ï. 4.2. Ââèäó ïðèìåðà 5.2.2

ñóùåñòâóþò 1-öèêë è 2-öèêë ïî ìîäóëþ 2 â R4
, çàöåïëåííûå ïî ìîäóëþ 2.

Çàäà÷à 5.3.2 (çàãàäêà). Ïðèäóìàéòå è äîêàæèòå (èëè îïðîâåðãíèòå) àíàëîãè ëåìì

4.2.2.ab è 4.2.4.ab äëÿ 1-öèêëà è 2-öèêëà ïî ìîäóëþ 2 â R4
. (Ïî ïîâîäó àíàëîãà òåîðåìû

4.2.9.a ñì. [Sk14, �2.6℄ è [St24℄.)

Äëÿ çàäà÷è 5.3.2 íóæíà ëåììà î ÷åòíîñòè 5.3.4.
. Íà÷íåì ñ ÿðêîãî ÷àñòíîãî ñëó÷àÿ.

Çàäà÷à 5.3.3 (ñð. ñ óòâåðæäåíèÿìè 1.3.5.a è 4.7.5). Â R4
èìååòñÿ 16 òî÷åê: 8 êðàñ-

íûõ è 8 æåëòûõ. Íèêàêèå ïÿòü èç íèõ íå ëåæàò â îäíîé ãèïåðïëîñêîñòè. Òîãäà êîëè÷å-

ñòâî ïàð (∆,∆′) ïåðåñåêàþùèõñÿ êðàñíûõ (ò.å. íàòÿíóòûõ íà êðàñíûå òî÷êè) òðåóãîëü-
íèêîâ ∆ è æåëòûõ òðåóãîëüíèêîâ ∆′

÷åòíî.

Äâà íàáîðà òðåóãîëüíèêîâ â R4
íàõîäÿòñÿ â îáùåì ïîëîæåíèè, åñëè íèêàêîé òðå-

óãîëüíèê îäíîãî èç íèõ íå ïåðåñåêàåò êîíòóð íèêàêîãî òðåóãîëüíèêà èç äðóãîãî.

Ëåììà 5.3.4 (î ÷åòíîñòè; ñð. ëåììû î ÷åòíîñòè 1.3.3 è 4.2.5, 4.7.2). (a) Åñëè íèêàêèå

ïÿòü èç âîñüìè âåðøèí äâóõ òåòðàýäðîâ â R4
íå ëåæàò â îäíîé ãèïåðïëîñêîñòè, òî

ïîâåðõíîñòè ýòèõ òåòðàýäðîâ ïåðåñåêàþòñÿ â ÷åòíîì ÷èñëå òî÷åê.

(b) Åñëè ñðåäè âåðøèí äâóõ 2-öèêëîâ ïî ìîäóëþ 2 â R4
íèêàêèå ïÿòü íå ëåæàò

â îäíîé ãèïåðïëîñêîñòè è íèêàêèå òðè òðåóãîëüíèêà, íàòÿíóòûå íà ýòè âåðøèíû,

íå èìåþò îáùåé âíóòðåííåé òî÷êè, òî òåëà ýòèõ 2-öèêëîâ ïåðåñåêàþòñÿ â ÷åòíîì

÷èñëå òî÷åê.

(
) Åñëè äâà 2-öèêëà ïî ìîäóëþ 2 â R4
íàõîäÿòñÿ â îáùåì ïîëîæåíèè, òî êîëè-

÷åñòâî ïàð (∆,∆′) ïåðåñåêàþùèõñÿ òðåóãîëüíèêîâ ∆ è ∆′
ñîîòâåòñòâåííî ïåðâîãî è

âòîðîãî 2-öèêëà, ÷åòíî.

Óêàçàíèå. Äîêàçàòåëüñòâî àíàëîãè÷íî äîêàçàòåëüñòâó ëåììû î ÷åòíîñòè 4.7.2. Äëÿ

ï. (a) ðàññìîòðèòå ïåðåñå÷åíèå âûïóêëûõ îáîëî÷åê òåòðàýäðîâ. Àëüòåðíàòèâíî, âîçü-

ìèòå ñå÷åíèå ãèïåðïëîñêîñòüþ îäíîãî èç òåòðàýäðîâ; ïðîâåðüòå îáùåå ïîëîæåíèå ïåðåä

èñïîëüçîâàíèåì ëåììû î ÷åòíîñòè 1.3.3.

Ïàðà òðåóãîëüíèêîâ â R4
íàçûâàåòñÿ òðàíñâåðñàëüíîé, åñëè áàçèñ e1, e2 ïëîñêîñòè

ïåðâîãî òðåóãîëüíèêà âìåñòå ñ áàçèñîì f1, f2 ïëîñêîñòè âòîðîãî òðåóãîëüíèêà îáðàçóþò
áàçèñ e1, e2, f1, f2 ïðîñòðàíñòâà R4

. Çíàêîì sgnX òî÷êè ïåðåñå÷åíèÿ X òðàíñâåðñàëüíîé

ïàðû îðèåíòèðîâàííûõ òðåóãîëüíèêîâ â R4
íàçûâàåòñÿ ÷èñëî +1, åñëè ïîëîæèòåëüíûé

áàçèñ e1, e2 ïåðâîãî òðåóãîëüíèêà âìåñòå ñ ïîëîæèòåëüíûì áàçèñîì f1, f2 âòîðîãî òðå-
óãîëüíèêà îáðàçóþò ïîëîæèòåëüíûé áàçèñ e1, e2, f1, f2 ïðîñòðàíñòâà R4

, è ÷èñëî −1 â

ïðîòèâíîì ñëó÷àå.

Çàäà÷à 5.3.5. Çíàê òî÷êè ïåðåñå÷åíèÿ òðàíñâåðñàëüíîé ïàðû îðèåíòèðîâàííûõ

òðåóãîëüíèêîâ â R4
íå ìåíÿåòñÿ ïðè ïåðåñòàíîâêå òðåóãîëüíèêîâ â ïàðå (ñð. óòâåð-

æäåíèå 1.5.9.a).

Çàäà÷à 5.3.6. Îïðåäåëåíèå êîý��èöèåíòà çàöåïëåíèÿ äëÿ öåëî÷èñëåííûõ 1-öèêëà

è 2-öèêëà â R4
ñ íåïåðåñåêàþùèìèñÿ òåëàìè àíàëîãè÷íî îïðåäåëåíèþ èç ï. 4.3.

(a) Äëÿ ëþáîãî n ∈ Z ñóùåñòâóþò öåëî÷èñëåííûå 1-öèêë è 2-öèêë â R4
, êîý��èöè-

åíò çàöåïëåíèÿ êîòîðûõ ðàâåí n.
(b) (çàãàäêà) Àíàëîãè êàêèõ óòâåðæäåíèé ï. 4.3 âåðíû äëÿ öåëî÷èñëåííûõ 1-öèêëà

è 2-öèêëà â R4
?

Ëåììà 5.3.7 (î òðèâèàëüíîñòè). Åñëè äâà öåëî÷èñëåííûõ 2-öèêëà â R4
íàõîäÿòñÿ â

îáùåì ïîëîæåíèè, òî ñóììà çíàêîâ òî÷åê ïåðåñå÷åíèÿ ïî âñåì ïàðàì (∆,∆′) ïåðåñå-
êàþùèõñÿ òðåóãîëüíèêîâ ñîîòâåòñòâåííî ïåðâîãî è âòîðîãî 2-öèêëà, ðàâíà íóëþ.
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Ïðèìåð 5.3.8 (ñð. ïðèìåð 4.4.5). �àññìîòðèì çàöåïëåíèå Óàéòõåäà â R3
(ðèñ. 4.2.2.w

è ïðåäïîñëåäíåå çàöåïëåíèå íà ðèñ. 4.2.1). �àññìîòðèì R3
êàê ãèïåðïëîñêîñòü â R4

.

Ïîñòðîèì îáúåäèíåíèå äâóõ êîíóñîâ íàä åãî ïåðâîé êîìïîíåíòîé, âåðøèíû êîòîðûõ

ëåæàò ïî ðàçíûå ñòîðîíû îò ãèïåðïëîñêîñòè. Ýòî îáúåäèíåíèå è âòîðàÿ êîìïîíåí-

òà çàöåïëåíèÿ Óàéòõåäà îáðàçóþò çàöåïëåííûå çàìêíóòóþ ëîìàíóþ è ¾âëîæåííóþ

ìíîãîãðàííóþ äâóìåðíóþ ñ�åðó¿, êîý��èöèåíò çàöåïëåíèÿ êîòîðûõ ðàâåí íóëþ (ïðè

ëþáîé èõ îðèåíòàöèè).

D3

D2 D1

t

y

z

�èñ. 5.3.1: Òðè ïîëóýëëèïñîèäà D1, D2, D3 â R4
+, îãðàíè÷åííûå êîëüöàìè Áîððîìåî.

Èçîáðàæåíî ñå÷åíèå ãèïåðïëîñêîñòüþ x = 0. Êîëüöà Áîððîìåî ïåðåñåêàþò ãèïåðïëîñ-
êîñòü ïî äâóì ïàðàì òî÷åê (îäíà íà îñè y, äðóãàÿ íà îñè z) è ýëëèïñó (â ïëîñêîñòè yz).
Ïîëóýëëèïñîèäû ïåðåñåêàþò ãèïåðïëîñêîñòü ïî äâóì ïîëóýëëèïñàì è ïîëóýëëèïñîèäó.

Ïîêàçàíî, êàê ïîëóýëëèïñîèä D1 ïðåâðàòèòü ïðèêëåèâàíèåì ðó÷êè â òîð ñ âûðåçàííûì

äèñêîì.

Ïðèìåð 5.3.9. �àññìîòðèì êîëüöà Áîððîìåî â R3
(ïðèìåð 4.6.1.a), çàäàííûå óðàâíå-

íèÿìè. �àññìîòðèì R3
êàê ãèïåðïëîñêîñòü t = 0 â R4

. Âîçüìåì äâóìåðíûå ýëëèïñîèäû

â R4
, çàäàííûå óðàâíåíèÿìè

{
y = 0

z2 + 2x2 + 2t2 = 1
è

{
z = 0

x2 + 2y2 + 1.5t2 = 1
.

Ýòè äâà ýëëèïñîèäà âìåñòå ñ ïåðâûì êîëüöîì Áîððîìåî ïîïàðíî íå ïåðåñåêàþòñÿ (èáî

íà ïåðåñå÷åíèè ýëëèïñîèäîâ èìååì 2x2 +2t2 = 1 = x2 +1.5t2; ðèñ. 5.3.1). Èç íèõ ëþáûå
äâà îáúåêòà áåç òðåòüåãî ¾íå çàöåïëåíû¿ (ò.å. îäèí ýëëèïñîèä îãðàíè÷èâàåò òðåõìåð-

íûé ¾øàð¿, íå ïåðåñåêàþùèé äðóãîé ýëëèïñîèä, è íå ïåðåñåêàåò íåêîòîðûé äâóìåðíûé

¾äèñê¿, îãðàíè÷åííûé ïåðâûì êîëüöîì Áîððîìåî). Âñå òðè îáúåêòà âìåñòå çàöåïëåíû

(ò.å. èçîòîïíû îáúåäèíåíèþ îáúåêòîâ, ëåæàùèõ â íåïåðåñåêàþùèõñÿ øàðàõ).

Â âûñøèõ ðàçìåðíîñòÿõ ñóùåñòâóþò çàóçëåííûå ñ�åðû è çàöåïëåííèÿ èç ñ�åð � â

÷àñòíîñòè, ¾ñ�åðû Áîððîìåî¿, àíàëîãè÷íûå ïðèìåðàì 4.6.1.a è 5.3.9. Î êëàññè�èêàöèè

ìíîãîìåðíûõ óçëîâ è çàöåïëåíèé ñì. ïðèìåð 6.14.5, [Sk06, �3℄, [Sk16h, Sk16s℄.

5.4 Êîý��èöèåíòû çàöåïëåíèÿ êàê ïåðåñå÷åíèÿ â R4

Îáîçíà÷èì ÷åðåç

R4
+ := {(x, y, z, t) ∈ R4 : t ≥ 0}
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÷åòûðåõìåðíîå ïîëóïðîñòðàíñòâî.

Àíàëîãè÷íî ñëó÷àþ òðåõìåðíîãî ïðîñòðàíñòâà (ï. 4.7) îïðåäåëÿþòñÿ

• îáùíîñòü ïîëîæåíèÿ äâóõ íàáîðîâ òðåóãîëüíèêîâ â R4
;

• àëãåáðàè÷åñêîå ÷èñëî ïåðåñå÷åíèé A ·B äâóõ íàáîðîâ A,B îðèåíòèðîâàííûõ òðå-

óãîëüíèêîâ â R4
, íàõîäÿùèõñÿ â îáùåì ïîëîæåíèè.

Çåé�åðòîâû öåïè îïðåäåëåíû â ï. 4.8.

Ëåììà 5.4.1. Ïóñòü êîìïîíåíòû a, b çàöåïëåíèÿ â R3
îãðàíè÷èâàþò çåé�åðòîâû

öåïè A,B îáùåãî ïîëîæåíèÿ â R4
+.

(a) Çàöåïëåíèå çàöåïëåíî ïî ìîäóëþ 2 òîãäà è òîëüêî òîãäà, êîãäà |A∩B| ÷åòíî.
(b) Åñëè a, A è b, B öåëî÷èñëåííûå è îðèåíòèðîâàíû ñîãëàñîâàííî, òî lk(a, b) = A·B.
Â ÷àñòíîñòè, åñëè öåëî÷èñëåííûå çåé�åðòîâû öåïè íå ïåðåñåêàþòñÿ, òî lk(a, b) =

0.

Íàáðîñîê äîêàçàòåëüñòâà ï. (b). Îáîçíà÷èì ÷åðåç A′ ⊂ R4
− îðèåíòèðîâàííûé äèñê

(íàïðèìåð, êîíóñ), îãðàíè÷åííûé ëîìàíîé a. Îáîçíà÷èì ÷åðåç B′ ⊂ R3
öåëî÷èñëåííóþ

çåé�åðòîâó öåïü ëîìàíîé b, íàõîäÿùóþñÿ â îáùåì ïîëîæåíèè ñ a. Èìååì

A′ ∩ (B ∪B′) = ∅, ïîýòîìó (A ∪A′) ∩ (B ∪B′) = (A ∩B) ∪ (a ∩B′).

Îáîçíà÷èì òåìè æå áóêâàìè öåëî÷èñëåííûå öåïè, íîñèòåëÿìè êîòîðûõ ÿâëÿþòñÿ a, A,A′, B.
Òîãäà ïî ëåììå î òðèâèàëüíîñòè 5.3.7

lk(a, b) = a · B′ = A · B − (A− A′) · (B − B′) = A · B.

Äâà èç òðåõ êîëëåö Áîððîìåî ìîæíî çàöåïèòü òàê, ÷òîáû òðåòüå ¾ñíÿëîñü¿ ñ èõ

îáúåäèíåíèÿ. Ïîñëå ýòîãî äâà êîëüöà ìîæíî ðàñöåïèòü îáðàòíî. Ñëåäóþùèé ïðèìåð

äàåò ñîîòâåòñòâóþùóþ ÷åòûðåõìåðíóþ êîíñòðóêöèþ.

Ïðèìåð 5.4.2 (ðèñ. 5.3.1). Ñóùåñòâóþò ïîëóýëëèïñîèäû D1, D2, D3 ⊂ R4
+ ¾îáùåãî ïî-

ëîæåíèÿ¿, îãðàíè÷åííûå êîëüöàìè Áîððîìåî (¾çåé�åðòîâû¿), äëÿ êîòîðûõ D1∩D3 =
D2 ∩D3 = ∅, à D1 ∩D2 ÿâëÿåòñÿ ïàðîé òî÷åê.

Ïîñòðîåíèå. Âîçüìåì ïîëóýëëèïñîèäû D1, D2, D3 ⊂ R4
+, çàäàííûå óðàâíåíèÿìè

{
x = 0

y2 + 2z2 + t2 = 1
,

{
y = 0

z2 + 2x2 + 2t2 = 1
è

{
z = 0

x2 + 2y2 + 1.5t2 = 1

ñîîòâåòñòâåííî. Ýòè ïîëóýëëèïñîèäû îãðàíè÷åíû êîëüöàìè Áîððîìåî. Íà ïåðåñå÷åíèè

D1 ∩ D3 èìååì y2 + t2 = 2y2 + 1.5t2 = 1, ñëåäîâàòåëüíî, D1 ∩ D3 = ∅. Àíàëîãè÷íî
D2 ∩D3 = ∅. Ìíîæåñòâî D1 ∩D2 ÿâëÿåòñÿ ïàðîé òî÷åê (0, 0, 1√

3
, 1√

3
), (0, 0,− 1√

3
, 1√

3
).

(Ïðåâðàòèâ ïîëóýëëèïñîèä D1 â ïðîêîëîòûé òîð ïðèêëåèâàíèåì ðó÷êè, ñì. ðèñ.

5.3.1, ïîëó÷èì ïîïàðíî íåïåðåñåêàþùèåñÿ çåé�åðòîâû öåïè â R4
+, îãðàíè÷åííûå êîëü-

öàìè Áîððîìåî.)

Ïóñòü P è Q ÿâëÿþòñÿ òî÷êàìè ïåðåñå÷åíèÿ âíóòðåííîñòåé êóñî÷íî-ëèíåéíî âëî-

æåííûõ 2-äèñêîâ D1, D2 ⊂ R4
â îáùåì ïîëîæåíèè. Ñîåäèíèì P è Q äóãàìè l1 ⊂ D1

è l2 ⊂ D2, íå ñîäåðæàùèìè òî÷åê ïåðåñå÷åíèÿ, îòëè÷íûõ îò D1 è D2 (ðèñ. 5.4.1). Äèñê

Óèòíè (÷åðíûé íà ðèñ. 5.4.1) � âëîæåííûé â R4
2-äèñê îáùåãî ïîëîæåíèÿ, ãðàíèöåé

êîòîðîãî ÿâëÿåòñÿ l1 ∪ l2. Òàêîé äèñê ñóùåñòâóåò ïî ëåììå 5.3.1.b.

Ïðèìåð 5.4.3. Äëÿ äâóõ òî÷åê ïåðåñå÷åíèÿ D1 ∩ D2 èç ïîñòðîåíèÿ ïðèìåðà 5.4.2

ñóùåñòâóåò äèñê Óèòíè, ïåðåñåêàþùèé D3 ðîâíî â îäíîé òî÷êå.
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P Q

l2

l1D1

�èñ. 5.4.1: Äèñê Óèòíè

Ïîñòðîåíèå. Èñïîëüçóåì äèñêè èç ïîñòðîåíèÿ ïðèìåðà 5.4.2. Ïàðà òî÷åê D1∩D2 îãðà-

íè÷èâàåò â D1 è â D2 äóãè l1 è l2, çàäàííûå óðàâíåíèÿìè





x = y = 0

z2 ≤ 1/3

2z2 + t2 = 1

è





x = y = 0

z2 ≤ 1/3

z2 + 2t2 = 1

.

Îáúåäèíåíèå ýòèõ äóã îãðàíè÷èâàåò â R4
+ äèñê (Óèòíè) D, çàäàííûé óðàâíåíèÿìè





x = y = 0

z2 ≤ 1/3
1−z2
2

≤ t2 ≤ 1− 2z2
.

Ëåãêî ïðîâåðèòü, ÷òî D ∩D3 = {(0, 0, 0,
√
2/3)}.

Ëåììà 5.4.4. Ïóñòü D1, D2, D3 ⊂ R4
+, i = 1, 2, 3, ÿâëÿþòñÿ ñîáñòâåííûìè çåé�åðòî-

âûìè äèñêàìè îáùåãî ïîëîæåíèÿ äëÿ çàöåïëåíèÿ L := (∂D1, ∂D2, ∂D3). (Ñîáñòâåííûå
îçíà÷àåò IntDi ∩ R3 = ∅.)

(a) (Ñð. çàäà÷ó 4.9.5.) Ïóñòü çàöåïëåíèå L ïîïàðíî íå çàöåïëåíî ïî ìîäóëþ 2. Òîãäà

ïî ëåììå 5.4.1.a ÷èñëî |Di ∩Dj| ÷åòíî. Ïîýòîìó ìîæíî ðàçáèòü òî÷êè ïåðåñå÷åíèÿ

Di ∩ Dj íà ïàðû. Âîçüìåì äèçúþíêòíîå îáúåäèíåíèå Wij äèñêîâ Óèòíè ¾îáùåãî ïî-

ëîæåíèÿ¿, ñîîòâåòñòâóþùèõ ýòîìó ðàçáèåíèþ. Çàöåïëåíèå çàöåïëåíî ïî ìîäóëþ 2

òîãäà è òîëüêî òîãäà, êîãäà |W12 ∩D3|+ |W23 ∩D1|+ |W31 ∩D2| íå÷åòíî.
(b) (Ñð. [AK21, îïðåäåëåíèå 3.4℄.) Ïóñòü ïîïàðíûå êîý��èöèåíòû çàöåïëåíèÿ êîì-

ïîíåíò íóëåâûå. Âûáåðåì îðèåíòàöèè íà äèñêàõ è ñîîòâåòñòâóþùèå îðèåíòàöèè íà

êîìïîíåíòàõ çàöåïëåíèÿ. Òîãäà Di ·Dj = 0 ïî ëåììå 5.4.1.b. Ïîýòîìó ìîæíî ðàçáèòü

òî÷êè ïåðåñå÷åíèÿ Di ∩Dj íà ïàðû òî÷åê ñ ðàçíûìè çíàêàìè. Âîçüìåì ïîïàðíî íåïå-

ðåñåêàþùèåñÿ äèñêè Óèòíè, ñîîòâåòñòâóþùèõ ýòîìó ðàçáèåíèþ. Îáîçíà÷èì ÷åðåç

Wij =W(i,j) èõ îáúåäèíåíèå (ñóììó). We may 
hoose Whitney disks so that W12,W13,W2,3

are pairwise disjoint. Íà êàæäîì äèñêå èç Wij âûáåðåì òó îðèåíòàöèþ, êîòîðàÿ çàäàåò

íà ãðàíè÷íîé îêðóæíîñòè äèñêà íàïðàâëåíèå îò îòðèöàòåëüíîé òî÷êè ïåðåñå÷åíèÿ ê

ïîëîæèòåëüíîé âäîëü Di, à âäîëü Dj íàîáîðîò. Òîãäà µ(L) = W12·D3+W23·D1+W31·D2.

Sket
h of a proof of (b). (I am grateful to T. Garaev for �nding a gap in the earlier version of

this argument.) Assume that the sublink ∂D1⊔∂D2 is trivial. Then as in the integer analogue

of Assertion 4.9.5.b, take disjoint oriented 2-disks D′
1, D

′
2 ⊂ R3

spanned by ∂D1, ∂D2. We

may assume that D′
1, D

′
2 are in general position, so that D

′
1∩ ∂D3 and D

′
2∩ ∂D3 are disjoint

�nite sets of points.
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Let D′′
3 ⊂ R4

− be the 
one over ∂D3 whose vertex is far away from R3 ⊂ R4
−, so that the


one is 
lose to the 
ylinder. For j = 1, 2 we 
an push the interior of D′
j slightly to R4

− to

obtain proper 2-disk D′′
j ⊂ R4

− su
h that every interse
tion point of D′
j ∩ ∂D3 
orresponds

to an interse
tion point of D′′
j ∩D

′′
3 . Hen
e interse
tion points of D′′

j ∩D
′′
3 
an be split into

pairs of the opposite signs. Denote by W ′′
j,3 the union of general position oriented Whitney

2-disks in R4
− 
orresponding to all su
h pairs of points.

Then

µ(L) = lk ∂D3(D
′
1 ∩ ∂D3, D

′
2 ∩ ∂D3) =W ′′

31 ·D
′′
2 +W ′′

32 ·D
′′
1 = W12 ·D3 +W23 ·D1 +W31 ·D2.

Here the �rst equality is the integer analogue of Assertion 4.9.5.b, the se
ond equality is yet

to be proved, and the third equality holds by the following Triple Triviality Lemma.

Ëåììà 5.4.5 (Triple Triviality). Let S1, S2, S3 be embedded oriented 2-spheres in R4
in

general position. De�ne W12,W13,W23 analogously to Lemma 5.4.4.b. Then

W12 · S3 +W23 · S1 +W31 · S2 = 0.

This is a parti
ular 
ase of [Ma78, Proposition 4℄ (whi
h has a simple geometri
 proof).

Observe that the analogue of this lemma for spheres with handles instead of spheres is

in
orre
t (this is proved using ïîïàðíî íåïåðåñåêàþùèåñÿ çåé�åðòîâû ïîâåðõíîñòè â R4
+,

îãðàíè÷åííûå êîëüöàìè Áîððîìåî, see 
onstru
tion of Example 5.4.2).

Çàìå÷àíèå 5.4.6 (îá îðíàìåíòàõ; [AMS+℄). Îáîçíà÷èì ÷åðåç S = S1 ⊔ . . . ⊔ Sr äèçú-
þíêòíîå îáúåäèíåíèå r êîïèé ñ�åðû Sn, à ÷åðåç D = D1⊔ . . .⊔Dr äèçúþíêòíîå îáúåäè-

íåíèå r êîïèé äèñêà Dn+1
; ðàçìåðíîñòè îáúåäèíåíèé S,D ÿñíû èç êîíòåêñòà. Íàçîâåì

r-êîìïîíåíòíûì n-îðíàìåíòîì â Sd êóñî÷íî-ëèíåéíîå îòîáðàæåíèå f : S → Sd îáùåãî
ïîëîæåíèÿ (ñì. îïðåäåëåíèå â [RS72℄), òàêîå ÷òî fS1 ∩ . . . ∩ fSr = ∅.

Ïóñòü r ≥ 2 è f ÿâëÿåòñÿ r-êîìïîíåíòíûì (k(r − 1) − 1)-ìåðíûì îðíàìåíòîì â

Skr−1
. Ïðîäîëæèì f äî êóñî÷íî-ëèíåéíîãî îòîáðàæåíèÿ g : D → Bkr

îáùåãî ïîëîæåíèÿ

(ïðîäîëæåíèå ñòðîèòñÿ, íàïðèìåð, ïðè ïîìîùè ïîñòðîåíèÿ êîíóñà íàä êàæäûì f |Si
ñ

âåðøèíîé âî âíóòðåííåé òî÷êå øàðà Bkr
, ïðè÷åì áåðåòñÿ ñâîÿ âåðøèíà äëÿ êàæäîé

êîìïîíåíòû). Îïðåäåëèì êîý��èöèåíò r-çàöåïëåíèÿ ïî ìîäóëþ 2 îòîáðàæåíèÿ f êàê

lk 2f := |gD1∩. . .∩gDr|2 ∈ Z2. Ýòî îáîáùåíèå êîý��èöèåíòà çàöåïëåíèÿ (îí ïîëó÷àåòñÿ
äëÿ r = 2, ñì. ëåììó 5.4.1) è µ-èíâàðèàíòà [FT77℄ (îí ïîëó÷àåòñÿ äëÿ r = 3 è k = 1).

(a) Òîãäà lk2 f êîððåêòíî îïðåäåëåí, ò.å. íå çàâèñèò îò âûáîðà ïðîäîëæåíèÿ g.
(b) Îáîçíà÷èì I := [0, 1]. Êîíêîðäàíòíîñòüþ îðíàìåíòà ÿâëÿåòñÿ îòîáðàæåíèå F :

S × I → Sd × I, òàêîå ÷òî

F (·, t) ⊂ Sd×{t} äëÿ êàæäîãî t ∈ {0, 1} è F (S1×I)∩F (S2×I)∩. . .∩F (Sr×I) = ∅.

Òîãäà lk2 f ÿâëÿåòñÿ èíâàðèàíòîì êîíêîðäàíòíîñòè îðíàìåíòà.

(
) Äëÿ r = 3 è k = 1 âåðíî ëè, ÷òî lk2 f = |fS1 ∩ fS2 ∩ Int2 fS3|2?
(d) Àíàëîãè÷íî îïðåäåëÿåòñÿ êîý��èöèåíò r-çàöåïëåíèÿ lk f ∈ Z êàê ñóììà çíàêîâ

òî÷åê â ïåðåñå÷åíèè gD1 ∩ . . . ∩ gDr.

Åñëè f îãðàíè÷èâàåò îòîáðàæåíèå g : D → Bkr
, òàêîå ÷òî gD1 ∩ . . . ∩ gDr = ∅, òî

lk f = 0.
Îáðàòíîå âåðíî äëÿ êàæäîãî k ≥ 2 [AMS+, òåîðåìà 1.13.a℄.

Äëÿ k = 1 îáðàòíîå î÷åâèäíî ïðè r = 2 è íåâåðíî íè äëÿ êàêîãî r ≥ 3 [AMS+,

òåîðåìà 1.10℄.

Êîý��èöèåíò r-çàöåïëåíèÿ îïðåäåëÿåò áèåêöèþ ìåæäó Z è ìíîæåñòâîì êëàññîâ

êîíêîðäàíòíîñòè r-êîìïîíåíòíûõ (k(r−1)−1)-ìåðíûõ îðíàìåíòîâ â Skr−1
äëÿ êàæäîãî

r, k ≥ 2 [AMS+, òåîðåìà 1.13.a℄.
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6 �åàëèçóåìîñòü ãèïåðãðà�îâ è êîìïëåêñîâ

6.1 Íàãëÿäíûå çàäà÷è î ñêëåéêàõ â ïðîñòðàíñòâå

Â ýòîì ïóíêòà òðåóãîëüíèê è äðóãèå �èãóðû ïðåäïîëàãàþòñÿ ¾äâóìåðíûìè è ðàñòÿæè-

ìûìè¿. Äëÿ îáîñíîâàíèÿ îòâåòà ¾ìîæíî¿ äîñòàòî÷íî íàðèñîâàòü ïîíÿòíóþ êàðòèíêó,

êàê íà ðèñ. 6.1.1 ñïðàâà. Äîñòàòî÷íî íåñòðîãèõ îáîñíîâàíèé îòâåòà ¾íåëüçÿ¿, à ñòðîãèå

äàéòå ïîñëå èçó÷åíèÿ ñëåäóþùèõ ïóíêòîâ, â êîòîðûõ ïðèâåäåíà �îðìàëèçàöèÿ.

Çàäà÷à 6.1.1. Èçîáðàçèòå áåç ñàìîïåðåñå÷åíèé â òðåõìåðíîì ïðîñòðàíñòâå R3
�è-

ãóðó, ïîëó÷åííóþ ñêëåéêîé ñ óêàçàííûìè íàïðàâëåíèÿìè ñòîðîí

(a)

−→
AB,

−→
AC è

−−→
BC òðåóãîëüíèêà ABC (øóòîâñêîé êîëïàê Çèìàíà);

(b)

−→
AB è

−−→
DC,

−−→
BC è

−−→
AD êâàäðàòà ABCD.

Çàäà÷à 6.1.2. Â R3
íåâîçìîæíî èçîáðàçèòü áåç ñàìîïåðåñå÷åíèé �èãóðó, ïîëó÷åí-

íóþ ñêëåéêîé

(a) ñòîðîí

−→
AB è

−−→
CD,

−−→
BC è

−−→
AD êâàäðàòà ABCD (áóòûëêà Êëåéíà);

(b) ñòîðîí

−→
AB è

−−→
CD,

−−→
BC è

−−→
DA êâàäðàòà ABCD (ïðîåêòèâíàÿ ïëîñêîñòü RP 2

);

(
) òðåóãîëüíèêà è ëåíòû Ìåáèóñà òàê, ÷òîáû êîíòóð òðåóãîëüíèêà ïðèêëåèëñÿ ê

ñðåäèííîé îêðóæíîñòè ëåíòû Ìåáèóñà.

Ýòî äîêàçûâàåòñÿ ïðè ïîìîùè ¾íåîðèåíòèðóåìîñòè¿ �èãóð, ïîëó÷åííûõ ñêëåéêîé,

è (äëÿ ï. (a,b)) òðåõìåðíîé òåîðåìû Æîðäàíà.

Îïðåäåëåíèÿ ñèìïëèöèàëüíîé è PL âëîæèìîñòè (ïï. 6.4 è 6.5) ïîçâîëÿþò äàòü ñòðî-

ãèå �îðìóëèðîâêè çàäà÷ 6.1.1.a è 6.1.2.ab:

• íåêîòîðûé 2-êîìïëåêñ, ïðåäñòàâëÿþùèé øóòîâñêîé êîëïàê Çèìàíà, âëîæèì â R3
;

• íèêàêîé 2-êîìïëåêñ, ïðåäñòàâëÿþùèé ïðîåêòèâíóþ ïëîñêîñòü èëè áóòûëêó Êëåé-

íà, íå âëîæèì â R3
.

(Îáà óòâåðæäåíèÿ âåðíû è äëÿ ñèìïëèöèàëüíîé, è äëÿ PL âëîæèìîñòè.)

�èñ. 6.1.1: Ñêëåèâàíèå ðåáåð

Âîçüìåì â R3
ïðÿìîóãîëüíèêè XYBkAk, k = 1, 2, . . . , n, ëþáûå äâà èç êîòîðûõ ïåðå-

ñåêàþòñÿ òîëüêî ïî îòðåçêó XY . Êíèæêîé ñ n ëèñòàìè íàçûâàåòñÿ îáúåäèíåíèå ýòèõ

ïðÿìîóãîëüíèêîâ. Ñì. ðèñ. 6.1.1 ñëåâà äëÿ n = 3. Äëÿ ïåðåñòàíîâêè σ ∈ Sn íàçîâåì

σ-ñêëåéêîé ñêëåéêó, ñ óêàçàííûìè íàïðàâëåíèÿìè, ñòîðîí

−−→
XAk è

−−−−→
Y Bσ(k) êíèæêè ñ n

ëèñòàìè äëÿ êàæäîãî k = 1, 2, . . . , n. Ñì. ðèñ. 6.1.1 äëÿ n = 3 è σ = id.

Çàäà÷à 6.1.3. Ìîæíî ëè â R3
îñóùåñòâèòü áåç ñàìîïåðåñå÷åíèé σ-ñêëåéêó äëÿ

(3) n = 3, σ = (123); (21) n = 3, σ = (12)(3); (22) n = 4, σ = (12)(34);
(31) n = 4, σ = (123)(4); (211) n = 4, σ = (12)(3)(4); (32) n = 5, σ = (123)(45)?

Çàäà÷à 6.1.4. Äëÿ êàêèõ ïåðåñòàíîâîê σ â R3
ìîæíî îñóùåñòâèòü áåç ñàìîïåðåñå-

÷åíèé σ-ñêëåéêó?

Çàäà÷à 6.1.5. Äëÿ êàæäîãî ðåáðà AB íåêîòîðîãî ãðà�à âîçüìåì ïðÿìîóãîëüíèê

ABB′A′
. Âîçüìåì íåñâÿçíîå îáúåäèíåíèå òàêèõ ïðÿìîóãîëüíèêîâ. (Â íåì ðàçíûå ðåáðà

AA′
îáîçíà÷åíû îäèíàêîâî.) Äîêàæèòå, ÷òî â R3

ñóùåñòâóåò �èãóðà, ïîëó÷åííàÿ èç
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ýòîãî îáúåäèíåíèÿ ñêëåéêîé ðåáåð

−−→
AA′

ðàçíûõ ïðÿìîóãîëüíèêîâ äëÿ êàæäîé âåðøèíû

A ãðà�à. (Ñòðîãàÿ �îðìóëèðîâêà äàíà â çàäà÷å 6.17.6.b.)

Îòâåòû ê 6.1.3. (3,22) � äà, (21, 31, 211, 32) � íåò.

Îòâåò ê 6.1.4. Äëÿ ïåðåñòàíîâîê σ, ñîïðÿæåííûõ ñòåïåíÿì öèêëà (12 . . . n).

6.2 Âëîæåííûå ñåìåéñòâà òðåóãîëüíèêîâ

A set of non-degenerate triangles in d-dimensional Eu
lidean spa
e Rd
is embedded, if every

two of them either are disjoint, or interse
t only at a 
ommon vertex, or interse
t only by a


ommon side.

Ïðèìåð 6.2.1. (a) Clearly, for any 4 points in the plane, the set of all the triangles spanned

by them is not embedded.

�èñ. 6.2.1: Left: The embedded 
one.

Right: Realization in R3
of the 
omplete two-homogeneous hypergraph on 5 verti
es, i.e. of

the union of 2-fa
es of 4-dimensional simplex

(b) In Figure 6.2.1, left, one 
an see a point O and 4 points in 3-spa
e su
h that the set

of all the triangles formed by O and some two of the four points, is embedded.

Clearly, no point O and 5 points with this property exist [Sk14, Proposition 2.4.a℄.

(
) In Figure 6.2.1, right, one 
an see 4 verti
es of a tetrahedron and a point inside it.

These are 5 points in 3-spa
e su
h that the set of all triangles with the verti
es at these points

is embedded.

By (b), no 6 points with this property exist (even there are no 6 points in 3-spa
e su
h

that the set of all but one triangles with the verti
es at these points is embedded).

(
') There are 6 points in 3-spa
e su
h that the set of all but two triangles with the verti
es

at these points is embedded.

Indeed, take tetrahedron ABCD together with points E and F inside ABCD 
lose to

midpoints of AB and CD; ex
ept triangles ABF and CDE.
(
�) Suppose that the set of all triangles with verti
es at some 5 points in 3-spa
e is

embedded. Then for any point A of 3-spa
e outside these triangles, the interior of some

segment joining A to the given points, interse
ts the interior of some triangle.

This follows from Radon Theorem.

(d) Analogously to (b), for every n there exist a point O and n points in 4-spa
e su
h

that the set of all the triangles formed by O and some two of the n points, is embedded.

The 
onstru
tion is analogous to the `
one over K4' 
onstru
tion of Figure 6.2.1, left, in

whi
h the 2-dimensional plane in R3
we now regard as a 3-dimensional hyperplane in R4

.

Namely, by General Position Theorem 1.1.2 there exist n points A1, . . . , An in a hyperplane
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in R4
so that the set of all the segments joining the points is embedded. Take a point O ∈ R4

not belonging to the hyperplane. Then the points O,A1, . . . , An are the required ones.
(e) Analogously to (
), 5 verti
es of a 4-dimensional simplex and a point inside it are 6

points in 4-spa
e su
h that the set of all triangles with verti
es at these points is embedded.

No 7 points with this property exist [Sk14, Theorem 1.5℄ (
f. Proposition 6.5.3.a and the

van Kampen-Flores Theorem 7.2.2).

(f) There are 7 points in 4-spa
e su
h that the set of all but one triangles spanned by

these points is embedded.

An embedded set of k-simpli
es in Rd
is de�ned analogously to k = 2.

Sket
h of a proof of (f). We present a 
onstru
tion in more generality required for Example

6.7.1; start �lling details with the 
ase k = 2. Take the verti
es A0, A1, . . . , A2k of a 2k-
simplex in R2k

. Take its bary
enter

B :=
A0 + A1 + . . .+ A2k

2k + 1
, and set C := λ0A0 + λ1A1 + . . .+ λ2kA2k, where

λ0 + λ1 + . . .+ λ2k = 1, 0 < λ1, . . . , λk < λ0 =
1

2k + 1
< λk+1, . . . , λ2k,

and no 2k+1 points of A0, A1, . . . , A2k, B, C lie in the same (2k−1)-dimensional hyperplane.
By Assertion 6.2.2.
 it su�
es to prove that every two k-simpli
es ∆B,∆C with disjoint

verti
es, ex
ept CA1 . . . Ak and BAk+1 . . . A2k, are disjoint. For this, separate the simpli
es by

a (2k−1)-dimensional hyperplane. It su�
es to 
onsider the 
ase when B ∈ ∆B and C ∈ ∆C .

Denote by b0, b1, . . . , b2k bary
entri
 
oordinates w.r.t. A0, A1, . . . , A2k (or, alternatively, take

Aj ∈ R2k+1
be the j-
oordinate unit point, so that R2k

is the hyperplane

∑2k
j=0 bj = 1). Then

the hyperplane is given by bj = bl for 
ertain j, l.
More pre
isely, take i = 0, 1, . . . , 2k su
h that Ai is not the vertex of the simpli
es.
If i = 0, then there are j, l ∈ [2k] su
h that l > k ≥ j, Aj ∈ ∆B and Al ∈ ∆C . Then

bl ≤ bj on ∆B, and bl ≥ bj on ∆C .

If i 6= 0, then w.l.o.g. i > k. Assume that A0 ∈ ∆B; the sub
ase A0 ∈ ∆C is proved

analogously. Take j su
h that ∆B = BA0Aj. ???If ∆B 
ontains Aj with j > k, then b0 ≥ bi
on ∆B, and b0 ≤ bi on ∆C . ???If j > k, then b0 ≥ bi on ∆B, and b0 ≤ bi on ∆C

Çàäà÷à 6.2.2. (a) No four of some points in R3
lie in one plane. Then a set of triangles

with verti
es at these points is embedded if and only if triangles without 
ommon verti
es

are disjoint, and triangles having exa
tly one 
ommon vertex interse
t only by this vertex.

(b) No �ve of some points in R4
lie in one hyperplane. Then a set of triangles with verti
es

at these points is embedded if and only if triangles without 
ommon verti
es are disjoint.

(
) No d+1 of some points in Rd
lie in one (d− 1)-dimensional hyperplane. For d ≥ 2k a

set of k-simpli
es with verti
es at these points is embedded if and only if k-simpli
es without

ommon verti
es are disjoint.

A `small shift' (or `general position') argument shows that every graph is realizable in

R3
. A straightforward generalization shows the following.

Çàäà÷à 6.2.3. (a) For every n there exist n points in R5
su
h that the set of all the

triangles spanned by the points is embedded.

(b) For every k and n there exist n points in R2k+1
su
h that the set of all the k-simpli
es

spanned by the points is embedded.

The proof is analogous to General Position Theorem 1.1.2: take n points in R2k+1
, of

whi
h no 2k + 2 lie in one 2k-dimensional hyperplane.
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6.3 Îïðåäåëåíèÿ è ïðèìåðû ãèïåðãðà�îâ è êîìïëåêñîâ

Îïðåäåëèì k-ãèïåðãðà� (áîëåå òî÷íî, k-ìåðíûé èëè (k + 1)-îäíîðîäíûé ãèïåðãðà�)

(V, F ) êàê êîíå÷íîå ìíîæåñòâî V âìåñòå ñ íåêîòîðûì íàáîðîì F ⊂
(
V
k+1

)
, ñîñòîÿùèì

èç (k + 1)-ýëåìåíòíûõ ïîäìíîæåñòâ ýòîãî ìíîæåñòâà.
Â òîïîëîãèè áîëüøå ïðèíÿòî (ïîòîìó ÷òî èíîãäà òàê óäîáíåå) ðàáîòàòü íå ñ ãèïåð-

ãðà�àìè, à ñ êîìïëåêñàìè (ìû íå áóäåì èñïîëüçîâàòü áîëåå ãðîìîçäêèé òåðìèí ¾àá-

ñòðàêòíûé êîíå÷íûé ñèìïëèöèàëüíûé êîìïëåêñ¿). �åçóëüòàòû íèæå ñ�îðìóëèðîâàíû

äëÿ êîìïëåêñîâ, õîòÿ íåêîòîðûå èç íèõ ñïðàâåäëèâû è äëÿ ãèïåðãðà�îâ.

Êîìïëåêñ K = (V, F ) � ýòî êîíå÷íîå ìíîæåñòâî V = V (K) âìåñòå ñ íàáîðîì

F = F (K) ⊂ 2V ïîäìíîæåñòâ ìíîæåñòâà V òàêèì, ÷òî åñëè ïîäìíîæåñòâî σ ñîäåðæèòñÿ
â ýòîì íàáîðå, òî è êàæäîå ïîäìíîæåñòâî ìíîæåñòâà σ ñîäåðæèòñÿ â ýòîì íàáîðå.

(Ñëåäîâàòåëüíî, F ∋ ∅.) Íà ýêâèâàëåíòíîì ãåîìåòðè÷åñêîì ÿçûêå êîìïëåêñ ÿâëÿåòñÿ

íàáîðîì çàìêíóòûõ ãðàíåé íåêîòîðîãî ñèìïëåêñà. Íàçîâåì k-êîìïëåêñîì êîìïëåêñ,

ñîäåðæàùèé òîëüêî íå áîëåå ÷åì (k + 1)-ýëåìåíòíûå ìíîæåñòâà, ò.å. íå áîëåå ÷åì k-
ìåðíûå ñèìïëåêñû.

Ýëåìåíòû ìíîæåñòâ V è F íàçûâàþòñÿ âåðøèíàìè è ãðàíÿìè ñîîòâåòñòâåííî.

�åáðîì íàçûâàåòñÿ äâóõýëåìåíòíàÿ (ò.å. îäíîìåðíàÿ) ãðàíü.

Ïîëíûé k-êîìïëåêñ íà n âåðøèíàõ (èëè k-ìåðíûé îñòîâ (n − 1)-ìåðíîãî ñèì-
ïëåêñà)

∆k
n−1 :=

(
[n],

(
[n]

≤ k + 1

))

� ýòî n-ýëåìåíòíîå ìíîæåñòâî [n] âìåñòå ñ íàáîðîì
(

[n]
≤k+1

)
âñåõ åãî íå áîëåå ÷åì (k+1)-

ýëåìåíòíûõ ïîäìíîæåñòâ. Ñì. ðèñ. 6.2.1 ñïðàâà. Äëÿ k = 2 ýòî ïîëíûé ãðà� Kn. Äëÿ

k = 0 ìû îáîçíà÷àåì ýòîò êîìïëåêñ ÷åðåç [n], äëÿ n = k + 1 � ÷åðåç Dk
(ýòî k-ìåðíûé

ñèìïëåêñ èëè k-ìåðíûé äèñê), è äëÿ n = k + 2 � ÷åðåç Sk (ýòî k-ìåðíàÿ ñ�åðà).
Êîíóñîì ConK íàä ãðà�îì K = (V,E) íàçûâàåòñÿ 2-êîìïëåêñ ñ ìíîæåñòâîì âåð-

øèí V ∪ {c}, c 6∈ V , è ãðàíÿìè {c, i, j}, ãäå {i, j} ∈ E. Ñì. ðèñ. 6.2.1 ñëåâà. Íàçâàíèå
¾êîíóñ¿ ïðèíÿòî ïîòîìó, ÷òî êîíóñ íàä öèêëîì ¾âûãëÿäèò¿ êàê áîêîâàÿ ïîâåðõíîñòü

¾îáû÷íîãî¿ êîíóñà. Êîíóñ íàä êîìïëåêñîì îïðåäåëÿåòñÿ àíàëîãè÷íî.

KI
∼
= K5 KII

∼
= K3,3 KIII

∼
= S2 KIV KV KVI KVII

�èñ. 6.3.1: Äâóìåðíûå êîìïëåêñû, íå ðåàëèçóåìûå â ïëîñêîñòè

Êíîïêîé íàçûâàåòñÿ 2-êîìïëåêñ ñ âåðøèíàìè c, 0, 1, 2, 3, ãðàíè êîòîðîãî � {0, 1, 2},
{0, 1, 3}, {0, 2, 3}, âñå èõ äâóõýëåìåíòíûå ïîäìíîæåñòâà è {c, 0}; ñì. ðèñ. 6.3.1, KV I .

Ñì. äðóãèå ïðèìåðû íà ðèñ. 6.3.1.

Ïðèìåðû êîìïëåêñîâ �àêòè÷åñêè ïðèâåäåíû â ï. 6.2.

See another examples in �6.16 and in �6.17.

6.4 Ñèìïëèöèàëüíàÿ âëîæèìîñòü êîìïëåêñîâ

Îïðåäåëåíèå ðåàëèçóåìîñòè ãèïåðãðà�îâ è êîìïëåêñîâ â Rd
ïîõîæå íà îïðåäåëåíèå

ðåàëèçóåìîñòè ãðà�îâ íà ïëîñêîñòè. Íàïðèìåð, â ñëó÷àå 2-êîìïëåêñà êàæäîìó òðåõ-

ýëåìåíòíîìó ïîäìíîæåñòâó ñîïîñòàâëÿåòñÿ òðåóãîëüíèê â Rd
. Ñóùåñòâóþò ðàçíûå �îð-

ìàëèçàöèè èäåè ðåàëèçóåìîñòè.
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Êîìïëåêñ (V, F ) ñèìïëèöèàëüíî (èëè ëèíåéíî) âëîæèì â Rd
, åñëè ñóùåñòâóåò

áèåêöèÿ V → V ′ ⊂ Rd
ñî ñëåäóþùèìè ñâîéñòâàìè:

• äëÿ ëþáîãî ïîäìíîæåñòâà σ ⊂ V ′
, ñîîòâåòñòâóþùåãî ãðàíè, åãî âûïóêëàÿ îáîëî÷êà

〈σ〉 ÿâëÿåòñÿ ñèìïëåêñîì ðàçìåðíîñòè |σ| − 1;
• äëÿ ëþáûõ ïîäìíîæåñòâ σ, τ ⊂ V ′

, ñîîòâåòñòâóþùèõ ãðàíÿì, âûïîëíåíî ðàâåíñòâî

〈σ〉 ∩ 〈τ〉 = 〈σ ∩ τ〉.23

Ýòè ñâîéñòâà �îðìàëèçóþò ¾îòñóòñòâèå ñàìîïåðåñå÷åíèé¿.

Ïðèìåð 6.4.1.

24

(a) Êàæäûé èç 2-êîìïëåêñîâ, èçîáðàæåííûõ íà ðèñóíêå 6.3.1, ñèì-

ïëèöèàëüíî âëîæèì â R3
(÷òî ïîêàçûâàåò ñàì ðèñóíîê), íî íå â R2

.

(b) Ïîëíûé 2-êîìïëåêñ ñ 4 âåðøèíàìè ñèìïëèöèàëüíî âëîæèì â R3
, íî íå â R2

.

(
) Ïîëíûé 2-êîìïëåêñ ñ 5 âåðøèíàìè ñèìïëèöèàëüíî âëîæèì â R3
(ðèñ. 6.2.1

ñïðàâà).

(d) Êîìïëåêñ, ïîëó÷åííûé èç ïîëíîãî 2-êîìïëåêñà ñ 6 âåðøèíàìè óäàëåíèåì äâóõ

ãðàíåé, íå èìåþùèõ îáùèõ âåðøèí, ñèìïëèöèàëüíî âëîæèì â R3
(ïðèìåð 6.2.1.
').

(e) Îáúåäèíåíèå ïîëíîãî 2-êîìïëåêñà ñ 5 âåðøèíàìè è êîíóñà íàä ìíîæåñòâîì åãî

âåðøèí íå ÿâëÿåòñÿ ñèìïëèöèàëüíî âëîæèìûì â R3
(ïðèìåð 6.2.1.
�).

(f) Êîíóñ íàä ëþáûì ïëàíàðíûì ãðà�îì ñèìïëèöèàëüíî âëîæèì â R3
(ðèñ. 6.2.1

ñëåâà), íî (äëÿ ãðà�à, èìåþùåãî âåðøèíó ñòåïåíè 3) íå â R2
.

(g) Ïîëíûé 2-êîìïëåêñ ñ 6 âåðøèíàìè ñèìïëèöèàëüíî âëîæèì â R4
(àíàëîãè÷íî

ðèñ. 6.2.1 ñïðàâà), íî íå â R3
(ïîñêîëüêó îí ñîäåðæèò ConK5).

(h) Ïîëíûé 2-êîìïëåêñ ñ 7 âåðøèíàìè ñèìïëèöèàëüíî âëîæèì â R5
(ïî òåîðåìå

6.4.2 íèæå), íî íå â R4
(ïî ëèíåéíîé òåîðåìå âàí Êàìïåíà-Ôëîðåñà 7.1.2).

(i) Êîìïëåêñ, ïîëó÷åííûé èç ïîëíîãî 2-êîìïëåêñà ñ 7 âåðøèíàìè óäàëåíèåì ãðàíè,

ñèìïëèöèàëüíî âëîæèì â R4
(ïðèìåð 6.2.1.f).

(j) Êîíóñ íàä ëþáûì íåïëàíàðíûì ãðà�îì ñèìïëèöèàëüíî âëîæèì â R4
(àíàëîãè÷-

íî ðèñ. 6.2.1 ñëåâà), íî íå â R3
.

(k) Ñêëåéêà äâóõ êîíóñîâ íàä ëþáûì êîìïëåêñîì K ïî èõ îáùåìó îñíîâàíèþ (ò.å.

íàäñòðîéêà ΣK = K ∗ [2]) ñèìïëèöèàëüíî âëîæèìà â Rd+1
òîãäà è òîëüêî òîãäà,

êîãäà K ñèìïëèöèàëüíî âëîæèì â Rd
[AKM, óòâåðæäåíèå 13℄.

(l)* Âåðíî ëè, ÷òî åñëè êîíóñ íàä êîìïëåêñîì K, íå ãîìåîìîð�íûì Sd, ñèìïëèöè-
àëüíî âëîæèì â Rd+1

, òî K ñèìïëèöèàëüíî âëîæèì â Rd
? (Îòâåò ìíå íåèçâåñòåí.

Äâà êîìïëåêñà íàçûâàþòñÿ ãîìåîìîð�íûìè, åñëè îäèí ìîæíî ïîëó÷èòü èç äðóãîãî

îïåðàöèÿìè ïîäðàçäåëåíèÿ ðåáðà íà ðèñ. 6.5.1 ñëåâà è îáðàòíûìè ê íèì.)

Òåîðåìà 6.4.2 (îáùåãî ïîëîæåíèÿ). Ëþáîé k-êîìïëåêñ ñèìïëèöèàëüíî âëîæèì â

R2k+1
.

This is a reformulation of Assertion 6.2.3.b.

Åùå íà çàðå ðàçâèòèÿ òîïîëîãèè ìàòåìàòèêè ïîíÿëè, ÷òî â òåîðåìå îáùåãî ïî-

ëîæåíèÿ 6.4.2 ÷èñëî 2k + 1 íåëüçÿ óìåíüøèòü. Ñì. ëèíåéíóþ òåîðåìó âàí Êàìïåíà-

Ôëîðåñà 7.1.2; ñð. ñ òåîðåìîé âàí Êàìïåíà-Ôëîðåñà 7.2.2 è óòâåðæäåíèåì 6.5.3.

Óòâåðæäåíèå 6.4.3 (ñð. óòâåðæäåíèå 1.1.3). Äëÿ ëþáûõ �èêñèðîâàííûõ d, k ñóùå-

ñòâóåò àëãîðèòì ðàñïîçíàâàíèÿ ñèìïëèöèàëüíîé âëîæèìîñòè k-êîìïëåêñîâ â Rd
.

25

23

This property means that there is an embedded set of simpli
es in Rd
whose verti
es 
orrespond to V

and whose simpli
es 
orrespond to F (an embedded set of simpli
es of di�erent dimensions in Rd
is de�ned

analogously to �6.2).

24

Parts of this example are dis
ussed in a simpler language in �6.2. Óòâåðæäåíèÿ, ïðèâåäåííûå â ýòîì

ïðèìåðå áåç ññûëîê, äîêàçûâàþòñÿ íåñëîæíî.

25

This problem is PSPACE, meaning that there is an algorithm that uses polynomial spa
e for 
omputation
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Î ñëîæíîñòè ðàñïîçíàâàíèÿ ñèìïëèöèàëüíîé âëîæèìîñòè ñì. [AKM℄. We 
onje
ture

that the analogue of Theorem 6.6.3 for simpli
ial embeddability holds. M. Tan
er suggests

that it is plausible to approa
h the 
onje
ture the same way as in [MTW, ST17℄.

6.5 Êóñî÷íî-ëèíåéíàÿ âëîæèìîñòü êîìïëåêñîâ

Îïåðàöèÿ ïîäðàçäåëåíèÿ ðåáðà èçîáðàæåíà íà ðèñ. 6.5.1 ñëåâà (óïðàæíåíèå: âûðàçèòå

îïåðàöèþ ïîäðàçäåëåíèÿ ãðàíè íà ðèñ. 6.5.1 ñïðàâà ÷åðåç îïåðàöèþ ïîäðàçäåëåíèÿ ðåá-

ðà è îáðàòíóþ ê íåé). Ïîäðàçäåëåíèåì êîìïëåêñà K íàçûâàåòñÿ ëþáîé êîìïëåêñ,

ïîëó÷åííûé èç K ïóòåì íåñêîëüêèõ îïåðàöèé ïîäðàçäåëåíèÿ ðåáðà.

�èñ. 6.5.1: Ïîäðàçäåëåíèÿ ðåáðà è ãðàíè

Êîìïëåêñ PL (êóñî÷íî-ëèíåéíî) âëîæèì â Rd
, åñëè íåêîòîðîå åãî ïîäðàçäåëåíèå

ñèìïëèöèàëüíî âëîæèìî â Rd
.

Çàìå÷àíèå 6.5.1. (a) ßñíî, ÷òî èç ñèìïëèöèàëüíîé âëîæèìîñòè êîìïëåêñà â Rd
âû-

òåêàåò åãî PL âëîæèìîñòü â Rd
. Îáðàòíîå âåðíî äëÿ d = 2: åñëè êîìïëåêñ PL âëîæèì

â ïëîñêîñòü, òî îí ñèìïëèöèàëüíî âëîæèì â ïëîñêîñòü (ýòî ñëåäóåò èç òåîðåìû Ôà-

ðè 1.2.1). Îáðàòíîå íåâåðíî äëÿ 2-êîìïëåêñîâ è d ∈ {3, 4} [vK41, PW℄, [MTW, �2℄, ñð.

[MTW, Corollary 1.2℄. Òåì íå ìåíåå, âñå ðåçóëüòàòû èç ïðèìåðà 6.4.1 î ñèìïëèöèàëüíîé

íåâëîæèìîñòè âåðíû è äëÿ PL íåâëîæèìîñòè; äîêàçàòåëüñòâà àíàëîãè÷íû.

(b) A simpli
ial, PL or topologi
al (TOP) embedding of a 
omplex K in Rd
is an inje
tive

simpli
ial, PL or 
ontinuous map |K| → Rd
of the body of the 
omplex. Clearly, a 
omplex

is simpli
ially (PL) embeddable in Rd
if and only if there is a simpli
ial (PL) embedding of

the 
omplex in Rd
. A 
omplex is 
alled TOP embeddable in Rd

if there is a TOP embedding

of the 
omplex in Rd
. ïîíÿòèå òîïîëîãè÷åñêîé âëîæèìîñòè íå èñïîëüçóåòñÿ â äàííîì

òåêñòå outside this remark and Remark 6.10.1.

(
) Clearly, PL embeddability implies TOP embeddability. PL and TOP embeddability

of k-
omplexes in Sd are equivalent for d ≥ k + 3 [Br72℄ or for d = k + 1 ∈ {2, 3} [Mo77℄.

Apparently they are equivalent for d = k ∈ {2, 3}. They are not equivalent for d = k = 5
be
ause the double suspension over Poin
ar�e 3-sphere is homeomorphi
 to S5

but not PL

homeomorphi
 to S5
. Apparently they are not equivalent for max{4, k} ≤ d ≤ k + 1. (E.g.

a homology 3-sphere with non-trivial Rokhlin invariant topologi
ally embeds in S4
but does

not smoothly embed in S4
, so apparently does not PL embed in S4

.) It would be interesting

to know if they are equivalent for d = k + 2 ≥ 4. Cf. [MTW, Appendix C℄.

(but not polynomial time). It turns out from the 
omplexity theory that the time is bounded by an

exponential fun
tion. Also, whatever problem is solvable in NP, it is also solvable in PSPACE. But it is


onje
tured that PSPACE is in general worse than NP and in parti
ular than P.
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Çàäà÷à 6.5.2. (a) The 
one over a 
omplex K not PL homeomorphi
 to Sd (i.e., not
having a 
ommon subdivision with Sd) PL embeds in Rd+1

if and only if K PL embeds in

Rd
.

(b) If a (d−1)-hyperplane splits d-simplex into parts, then every part is PL homeomorphi

to the d-simplex.

Hints. For the `only if' impli
ation of (a), take a small (d+1)-simplex in Rd+1

ontaining

the vertex of the 
one in its interior, and one of whose d-fa
es is disjoint with the 
one. Use
(b).

For (b), take a point on the hyperplane in the interior of d-simplex. Then (b) is essentially
redu
ed to the 
ase when the hyperplane passes through the vertex of the d-simplex. Hen
e
the hyperplane splits the (d− 1)-simplex opposite to the vertex, and one 
an use indu
tion.

(
) The boundary of (d+ 1)-simplex is not PL embeddable in Rd
.

Hint. Prove and use higher-dimensional analogue of Remark 1.3.6.

Óòâåðæäåíèå 6.5.3. Äëÿ ëþáîãî k íèêàêîé èç ñëåäóþùèõ k-êîìïëåêñîâ PL (è, êàê

ñëåäñòâèå, ñèìïëèöèàëüíî) íåâëîæèì â R2k
.

(a) Ïîëíûé k-êîìïëåêñ ñ 2k + 3 âåðøèíàìè.
(b) Êîìïëåêñ ðàçìåðíîñòè k ñ 3(k + 1) âåðøèíàìè, ðàçáèòûìè íà k + 1 òðîåê, â

êîòîðîì íà ëþáóþ k+1 âåðøèíó èç ðàçíûõ òðîåê íàòÿíóòà ãðàíü (ýòî ãðà� K3,3 ïðè

k = 1; ýòî (k + 1)-ÿ äæîéíîñòåïåíü [3]∗k+1
òðîåòî÷èÿ, ñì. ï. 6.16).

(
) Äåêàðòîâà k-ÿ ñòåïåíü ëþáîãî íåïëàíàðíîãî ãðà�à (ñì. îïðåäåëåíèå â ï. 6.17).

Ýòî óòâåðæäåíèå � îäèí èç ðàííèõ ðåçóëüòàòîâ êîìáèíàòîðíîé òîïîëîãèè (ñåé-

÷àñ íàçûâàåìîé àëãåáðàè÷åñêîé òîïîëîãèåé) è òîïîëîãè÷åñêîé êîìáèíàòîðèêè (òàêæå

ÿâëÿþùåéñÿ îáëàñòüþ àêòèâíûõ èññëåäîâàíèé).

Ïóíêòû (a) è (b) âûâåäåíû Ýãáåðòîì âàí Êàìïåíîì â 1933 ã. [vK32℄ èç ëåììû 6.7.3

(è åå àíàëîãà äëÿ [3]∗k+1
) ïðè ïîìîùè àïïðîêñèìàöèè. (Ôàêòè÷åñêè âûâåäåíà òåîðåìà

âàí Êàìïåíà 7.2.2, ïîñêîëüêó ëþáîå îòîáðàæåíèå â R2k
èç k-ìåðíîãî îñòîâà ñèìïëåêñà

ïðîèçâîëüíîé ðàçìåðíîñòè ïðîäîëæàåòñÿ íà âåñü ñèìïëåêñ, ñì., íàïðèìåð, [Sk20, �3.4℄.)

Ýòè ïóíêòû òàêæå âûâåäåíû Àëåõàíäðî Ôëîðåñîì â 1934 ã. [Fl34℄ èç òåîðåìû Áîðñóêà-

Óëàìà 6.5.4, ñì. íèæå. Ïóíêò (
) ñ�îðìóëèðîâàí â êà÷åñòâå ãèïîòåçû Êàðëîì Ìåíãåðîì

â 1929 ã., íî äîêàçàí òîëüêî Áðàéàíîì Óììåëåì â 1978 ã. äëÿ k = 2 [Um78℄ è Ìèõàèëîì

Ñêîïåíêîâûì â 2003 ã. äëÿ ïðîèçâîëüíîãî k [Sk03℄, ñì. èçëîæåíèå èäåè â îáçîðå [Sk14℄.

Proof of Proposition 6.5.3.b. We present the proof for k = 2; the general 
ase is analogous.26

Let T = K3,1 = [1] ∗ [3] be the triod. By Assertion 6.17.4.e the 
ube T 3
is PL homeomorphi


to the 
one over [3]∗3. So by Assertion 6.5.2.a it su�
es to prove that T 3
does not embed

into R5
.

Suppose to the 
ontrary that there is an embedding f : T 3 → R5
. Let p : D2 → T be

a map whi
h does not identify any antipodes x,−x ∈ D2 − {0} (e.g. the map from Figure

6.5.2). De�ne the map

q : ∂D6 → T 3
by q(x1, . . . , x6) := (p(x1, x2), p(x3, x4), p(x5, x6))

Clearly, q does not identify any antipodes. Then q ◦ f does not identify any antipodes. This


ontradi
ts the following Borsuk-Ulam Theorem 6.5.4.

26

Àíàëîã ýòîãî äîêàçàòåëüñòâà äëÿ k = 1 îáîáùàåò äîêàçàòåëüñòâî çàìå÷àíèÿ 1.7.5.a ïðè ïîìîùè

îáðàçîâ õóëèãàíà è ïîëèöåéñêîãî, ïðèâåäåííîå ïåðåä çàäà÷åé 8.1.2.

This proof is essentially a simpli�ed exposition of Flores' proof [Fl34℄, [Ma03, �5℄. We do not mention deleted

join (whi
h is not really required for this proof) and we work with the property `ConC embeds in Rd
' simpler

than `there is a map f : ConC → Rd
su
h that f(C) ∩ f(ConC − C) = ∅'. This exposition was invented by

E. S
hepin and the author [S
84, Appendix℄, [RS01℄, [Sk06, �5℄.
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T

�èñ. 6.5.2: A 
ontra
tion

Îáîçíà÷èì

Sn := {(x1, . . . , xn+1) ∈ Rn+1 : x21 + . . .+ x2n+1 = 1}.

We 
onsider only 
ontinuous maps and omit `
ontinuous'. For a dis
ussion and simple proof

of the following result see [Ma03℄, [Sk20, �8℄.

Òåîðåìà 6.5.4 (Áîðñóêà-Óëàìà). Äëÿ ëþáîãî îòîáðàæåíèÿ f : Sd → Rd
ñóùåñòâóåò

òàêîå x ∈ Sd, ÷òî f(x) = f(−x).

6.6 Àëãîðèòìè÷åñêèå ðåçóëüòàòû î PL âëîæèìîñòè

Òåîðåìà 6.6.1 (ñð. ñ óòâåðæäåíèåì 1.2.2). Äëÿ ëþáûõ �èêñèðîâàííûõ d, k òàêèõ, ÷òî
k = 2 6= d − 2 èëè d ≥ 3k+3

2
, ñóùåñòâóåò àëãîðèòì ðàñïîçíàâàíèÿ PL âëîæèìîñòè

k-êîìïëåêñîâ â Rd
.

Â [MTW, ïðèëîæåíèå A℄ îáúÿñíÿåòñÿ, ÷òî òåîðåìà 6.6.1 äëÿ k = d = 2 (äàæå ñ ëèíåé-
íûì àëãîðèòìîì) ñëåäóåò èç êðèòåðèÿ òèïà Êóðàòîâñêîãî ïëàíàðíîñòè 2-êîìïëåêñîâ.

Ýòîò êðèòåðèé äîêàçàí �. Õàëèíîì è Õ.À. Þíãîì â 1964, ñì. [MTW, ïðèëîæåíèå A℄.

Òåîðåìà 6.6.1 äëÿ k = d− 1 = 2 äîêàçàíà â [MST+℄. Â [CKV, òåêñò ïîñëå òåîðåìû 1.4℄,

[ST17, �1℄ îáúÿñíÿåòñÿ, ÷òî òåîðåìà 6.6.1 äëÿ d ≥ 3k+3
2

(äàæå ñ ïîëèíîìèàëüíûì àëãî-

ðèòìîì) ñëåäóåò èç [CKV, òåîðåìà 1.1℄ è êðèòåðèÿ âëîæèìîñòè êîìïëåêñîâ â òåðìèíàõ

êîí�èãóðàöèîííûõ ïðîñòðàíñòâ. Ýòîò êðèòåðèé äîêàçàí Àíäðå Õå�ëèãåðîì è Êëîäîì

Âåáåðîì, ñì. òåîðåìó 8.2.4.

Ïðåäïîëîæåíèÿ òåîðåìû 6.6.1 âûïîëíåíû ïðè d = 2k ≥ 6. Èäåÿ äîêàçàòåëüñòâà äëÿ
d = 2k ≥ 6 îáîáùàåò ñëó÷àé d = 2k = 2 (�1.5), ñì. �6.8 è �6.9.

Òåîðåìà 6.6.2. Äëÿ ëþáûõ �èêñèðîâàííûõ d, k òàêèõ, ÷òî 5 ≤ d ∈ {k, k + 1}, íå
ñóùåñòâóåò àëãîðèòìà ðàñïîçíàâàíèÿ PL âëîæèìîñòè k-êîìïëåêñîâ â Rd

.

Â [MTW, òåîðåìà 1.1℄ ýòî âûâîäèòñÿ èç òåîðåìû Ñåðãåÿ Ïåòðîâè÷à Íîâèêîâà î

íåðàñïîçíàâàåìîñòè ñ�åðû. Àíàëîã òåîðåìû 6.6.2 äëÿ 8 ≤ d ≤ 3k+1
2

àíîíñèðîâàí â

ñòàòüå [FWZ℄, ñîäåðæàùåé îøèáêó [Sk20e, �3℄ (ñì. òàêæå [KS20℄).

Àëãîðèòìè÷åñêàÿ çàäà÷à ïðèíàäëåæèò êëàññó NP, åñëè åå îòâåò ìîæíî ïðîâåðèòü

çà ïîëèíîìèàëüíîå (îòíîñèòåëüíî ïàðàìåòðîâ çàäà÷è) ÷èñëî øàãîâ. Çàäà÷à íàçûâà-

åòñÿ NP-òðóäíîé, åñëè ëþáàÿ çàäà÷à êëàññà NP ñâîäèòñÿ ê íåé çà ïîëèíîìèàëüíîå

÷èñëî øàãîâ. Ïðèâåäåì äåòàëüíîå îïðåäåëåíèå íà ýêâèâàëåíòíîì ÿçûêå. Íàçîâåì 3-

ÊÍÔ-�îðìóëîé �îðìóëó, ÿâëÿþùóþñÿ êîíúþíêöèåé äèçúþíêöèé, â êîòîðîé êàæäàÿ

äèçúþíêöèÿ ¾ñîäåðæèò¿ òðè ïåðåìåííûõ èëè èõ îòðèöàíèÿ (íàïðèìåð, (x1∨x2∨x3)(x2∨
x3∨x4)(x1∨x2∨x4)). Àëãîðèòìè÷åñêàÿ çàäà÷à ðàñïîçíàâàíèÿ ñâîéñòâà α(K) ¾îáúåêòà¿
K íàçûâàåòñÿ NP-òðóäíîé, åñëè ñóùåñòâóåò ïîëèíîìèàëüíûé ïî êîëè÷åñòâó êîíúþíê-

öèé â 3-ÊÍÔ-�îðìóëå Φ àëãîðèòì, ñòðîÿùèé ïî Φ îáúåêò K(Φ) òàêîé, ÷òî α(K(Φ))
âûïîëíåíî òîãäà è òîëüêî òîãäà, êîãäà �îðìóëà Φ íå çàäàåò òîæäåñòâåííûé íóëü (ñð.

ñ [ST17, Theorem 2℄).
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Òåîðåìà 6.6.3. Äëÿ ëþáûõ �èêñèðîâàííûõ d, k òàêèõ, ÷òî 3 ≤ d ≤ 3k
2
+ 1, àëãî-

ðèòìè÷åñêàÿ çàäà÷à ðàñïîçíàâàíèÿ PL âëîæèìîñòè k-êîìïëåêñîâ â Rd
ÿâëÿåòñÿ NP -

òðóäíîé.

Ýòî äîêàçàíî äëÿ d ≥ 4 è d = 3 Èðæè Ìàòóøåêîì, Ìàðòèíîì Òàíöåðîì è Óëüðèõîì

Âàãíåðîì â 2008 [MTW℄ è Àðíî äå Ìåñìý, Éîàâîì �èêîì, Ýðèêîì Ñåãäâèêîì è Ìàðòè-

íîì Òàíöåðîì â 2017 [MRS+℄, ñîîòâåòñòâåííî. Ñì. áîëåå ïðîñòîå èçëîæåíèå äëÿ ñëó÷àÿ

d ≥ 4 â [ST17℄ (ãäå òàêæå äîêàçàíî îáîáùåíèå). Äîêàçàòåëüñòâî äëÿ ñëó÷àÿ d ≥ 4
èñïîëüçóåò ïîñòðîåíèå [SS92, FKT, SSS℄ êîíòðïðèìåðîâ ê àíàëîãó óïîìÿíóòîìó âû-

øå êðèòåðèÿ âëîæèìîñòè êîìïëåêñîâ â òåðìèíàõ êîí�èãóðàöèîííûõ ïðîñòðàíñòâ (ïðè

îòñóòñòâèè ðàçìåðíîñòíîãî îãðàíè÷åíèÿ, èìåþùåãîñÿ â êðèòåðèè). Îáúÿñíåíèå èäåé

ýòîãî äîêàçàòåëüñòâà íà ìàëîìåðíûõ ïðèìåðàõ ñîäåðæèòñÿ â óòâåðæäåíèÿõ 1.7.1, 1.7.2

è â ïï. 6.11, 6.12.

Ñëåäóþùàÿ òàáëèöà ïîäûòîæèâàåò óïîìÿíóòûå âûøå ðåçóëüòàòû ïî àëãîðèòìè÷å-

ñêîé çàäà÷å ðàñïîçíàâàíèÿ PL âëîæèìîñòè k-êîìïëåêñîâ â Rd
(+ = êîìïëåêñ âñåãäà

âëîæèì, P = çàäà÷à àëãîðèòìè÷åñêè ðàçðåøèìà çà ïîëèíîìèàëüíîå âðåìÿ, D = çàäà÷à

àëãîðèòìè÷åñêè ðàçðåøèìà, NPh = çàäà÷à NP-òðóäíàÿ, UD = çàäà÷à àëãîðèòìè÷åñêè

íåðàçðåøèìà).

k\ d 2 3 4 5 6 7 8 9 10 11 12 13 14

1 P + + + + + + + + + + + +
2 P D,NPh NPh + + + + + + + + + +
3 D,NPh NPh NPh P + + + + + + + +
4 NPh UD NPh NPh P + + + + + +
5 UD UD NPh NPh P P + + + +
6 UD UD NPh NPh NPh P P + +
7 UD UD NPh NPh NPh P P P

Â ÷àñòíîñòè, íåèçâåñòíî, ñóùåñòâóåò ëè àëãîðèòì ðàñïîçíàâàíèÿ PL âëîæèìîñòè

2-êîìïëåêñîâ â R4
.

6.7 Van Kampen number for k-
omplexes in R2k

In this se
tion we present a simple proof of Theorem 7.2.2 (and hen
e of Proposition 6.5.3.a).

Theorem 7.2.2 follows from Lemma 6.7.3 below by the usual approximation argument (
f.

�1.4). Ýòî äîêàçàòåëüñòâî èíòåðåñíî äàæå äëÿ k = 2 (äëÿ k = 1 îíî ïîâòîðÿåò ðàññóæ-
äåíèÿ èç ï. 1.4).

Ïðèìåð 6.7.1. For any k there exist 2k + 3 points in R2k
su
h that no 2k + 1 them lie in

one (2k−1)-hyperplane and only for one non-ordered pair of disjoint (k+1)-element subsets
formed by these points, the 
onvex hulls of the subsets interse
t.

This is a version (of a higher-dimensional analogue) of Example 6.2.1.f.

Îòîáðàæåíèå f : ∆ → Rd
ñèìïëåêñà ∆ íàçûâàåòñÿ ëèíåéíûì, åñëè

f(λx+ (1− λ)y) = λf(x) + (1− λ)f(y)

äëÿ ëþáûõ λ ∈ [0, 1], x, y ∈ ∆.
Let K be a 
omplex. The body (or geometri
 realization) |K| of K is the union of fa
es


orresponding to F of a simplex with the set V of verti
es. Below we often abbreviate |K|
to K; no 
onfusion should arise. Îòîáðàæåíèå |K| → Rd

íàçûâàåòñÿ ñèìïëèöèàëüíûì,
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åñëè îíî ëèíåéíî íà êàæäîé ãðàíè êîìïëåêñà K. Îòîáðàæåíèå |K| → Rd
íàçûâàåòñÿ

PL (êóñî÷íî-ëèíåéíûì), åñëè îíî ëèíåéíî íà êàæäîé ãðàíè íåêîòîðîãî ïîäðàçáèåíèÿ

êîìïëåêñà K.

Íåñêîëüêî òî÷åê â R2k
íàõîäÿòñÿ â îáùåì ïîëîæåíèè, åñëè íèêàêèå 2k+1 èç íèõ íå

ëåæàò â îäíîé (2k− 1)-ãèïåðïëîñêîñòè, è íèêàêèå òðè k-ñèìïëåêñà, íàòÿíóòûå íà íèõ,
íå èìåþò îáùåé âíóòðåííåé òî÷êè. PL îòîáðàæåíèå K → Rd

íàçûâàåòñÿ îòîáðàæåíèåì

îáùåãî ïîëîæåíèÿ (PLGP îòîáðàæåíèåì), åñëè îáðàçû âåðøèí íåêîòîðîãî ïîä-

ðàçáèåíèÿ êîìïëåêñà K, íà êàæäîé ãðàíè êîòîðîãî îòîáðàæåíèå ëèíåéíî, íàõîäÿòñÿ â

îáùåì ïîëîæåíèè.

Óòâåðæäåíèå 6.7.2 (ñð. óòâåðæäåíèå 1.3.1). Äëÿ ëþáûõ PLGP îòîáðàæåíèÿ f : K →
R2k

êîìïëåêñà K è åãî íåñìåæíûõ ãðàíåé σ, τ îáðàçû fσ è fτ
• íå ïåðåñåêàþòñÿ ïðè dim σ + dim τ < 2k è

• ïåðåñåêàþòñÿ â êîíå÷íîì ÷èñëå òî÷åê ïðè dim σ + dim τ = 2k.

Denote by ∆n the n-dimensional simplex. Let f : ∆2k+2 → R2k
be a PLGP map. By

Proposition 6.7.2 the images of any two disjoint k-fa
es interse
t at a �nite number of points.
The van Kampen number (`the self-interse
tion invariant') v(f) ∈ Z2 is de�ned to be the

parity of the number of all su
h interse
tion points.

Ëåììà 6.7.3 (
f. Lemmas 1.4.3 and 2.2.3). Äëÿ ëþáîãî PLGP îòîáðàæåíèÿ f : ∆2k+2 →
R2k

÷èñëî âàí Êàìïåíà íå÷åòíî.

Ýòà ëåììà èíòåðåñíà äàæå äëÿ ëèíåéíûõ âëîæåíèé ïðè k > 1. Lemma 6.7.3 follows
from Example 6.7.1 and Assertion 6.7.4.
.

Çàäà÷à 6.7.4. For any two PLGP maps f0, f1 : ∆2k+2 → R2k

(a) 
oin
iding on (k − 1)-skeleton we have v(f0) = v(f1).
(b) 
oin
iding on (k − 2)-skeleton we have v(f0) = v(f1).
(
) we have v(f0) = v(f1).

Sket
h of a proof. Part (a) is proved analogously to Lemma 1.4.3 using 2k-dimensional analogue
of the Parity Lemma 5.3.4.b.

Part (b) is proved analogously to the alternative proof of Assertion 1.1.1.b (
f. end of the

proof of Lemma 1.5.6).

(Alternatively, (b) is proved as follows. Ïðèäóìàéòå ìíîãîìåðíûé àíàëîã ïðåîáðàçî-

âàíèÿ �àéäåìàéñòåðà íà ðèñ. 1.5.1.V; äëÿ k = 2 ñì. çàäà÷ó 5.2.2.a. Prove that any two

PLGP maps ∆2k+2 → R2k

an be made the same on (k−1)-skeleton by Reidemeister moves,

and by homotopies keeping images of non-adja
ent k-fa
es disjoint.)
Part (
) follows by (b) sin
e any two PLGP maps ∆2k+2 → R2k


an be made the same on

(k − 2)-skeleton by PLGP homotopies keeping images of non-adja
ent k-fa
es disjoint.

Re
all that I = [0, 1].

Äðóãîå äîêàçàòåëüñòâî óòâåðæäåíèÿ 6.7.4.
 äëÿ k = 1. (This proof 
an be generalized

to higher dimensions.) For t = 0, 1 de�ne the self-interse
tion (van Kampen) set

V (ft) := {x ∈ R2 : |f−1
t (x)| > 1}.

Let ft : K5 → R2
be a general position PL homotopy between f0 and f1. De�ne the self-

interse
tion (van Kampen) set

V := {(x, t) ∈ R2 × I : |f−1
t (x)| > 1}.

The required equality v(f0) = v(f1) follows be
ause
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�èñ. 6.7.1: A homotopy

(*) V åñòü îáúåäèíåíèå êîíå÷íîãî ÷èñëà (çàìêíóòûõ è íåçàìêíóòûõ) ïîïàðíî íåïå-

ðåñåêàþùèõñÿ ëîìàíûõ, ìíîæåñòâî êîíöîâ êîòîðûõ åñòü V (f0) ⊔ V (f1).
The assertion (*) 
an be proved using the following di�erent view at ft and V . Regard

the homotopy ft (�g. 6.7.1) as a general position PL map F : K5 × I → R2 × I su
h that

F (K5 × t) ⊂ R2 × t for every t ∈ I and F (x, t) = (ft(x), t) for ea
h t = 0, 1.

Then

V = V (F ) := {(x, t) ∈ R2 × I : |F−1(x, t)| > 1}.

Denote by K5 the body of graph K5, i.e. the 1-skeleton of the 4-simplex, or 
ertain subset

of R3
. Ñèìïëèöèàëüíûì âçðåçàííûì êâàäðàòîì ãðà�à K5 íàçûâàåòñÿ îáúåäèíåíèå

K̃5 := ∪{σ × τ ⊂ K5 ×K5 : σ, τ � ðåáðà ãðà�à K5 è σ ∩ τ = ∅}.

(Ò.å. K̃5 � êëåòî÷íûé ïîäêîìïëåêñ êëåòî÷íîãî 2-êîìïëåêñà K5×K5, ñîñòîÿùèé èç âñåõ

êëåòîê σ × τ , íå ñîäåðæàùèõ íè îäíîé ¾äèàãîíàëüíîé¿ âåðøèíû.) Then the set

Σ := {(x, y, t) ∈ K̃5 × I : Ft(x) = Ft(y)}

is `two 
opies of V (F )'. The assertion (*) now follows from its analogue for V repla
ed by

Σ, and Vt repla
ed by
Σt := {(x, y) ∈ K̃5 : ft(x) = ft(y)}.

This analogue is proved analogously to [Sk20, Assertions 8.3.6, 8.3.7a, 6.8.3, 6.8.5 of ele
troni


version℄ be
ause

for ea
h vertex A and edge σ of K5 su
h that A 6∈ σ there are exa
tly two edges τ ∋ A
disjoint with σ.27

(To prove this analogue, one 
an de�ne a map F : K̃5 × I → R2
by F (x, y, t) = ft(x) −

ft(y). Then Σ = F
−1
(0).)

6.8 �àñïîçíàâàíèå Z2-âëîæèìîñòè k-êîìïëåêñîâ â R2k

Â ýòîì è ñëåäóþùåì ïóíêòàõ ìû, îáîáùàÿ ïîñòðîåíèÿ èç ï. 1.5, ïðèâåäåì èäåþ äîêà-

çàòåëüñòâà òåîðåìû ðàñïîçíàâàåìîñòè 6.6.1 äëÿ m = 2n. Îíà ñëåäóåò èç òåîðåìû Âàí

Êàìïåíà-Øàïèðî-Âó 6.9.2.a è óòâåðæäåíèÿ 6.9.3. Ïîñêîëüêó ìû èñïîëüçóåì òåîðåìó

Âàí Êàìïåíà-Øàïèðî-Âó 6.9.2.a áåç äîêàçàòåëüñòâà, òî çíàòü îïðåäåëåíèå PL âëîæå-

íèÿ äëÿ èçó÷åíèÿ ýòîãî ïóíêòà íå íóæíî. Âìåñòî ýòîãî ïîíàäîáèòñÿ îïðåäåëåíèÿ PL

îòîáðàæåíèÿ êîìïëåêñà â Rd
(�6.7). ×òîáû ïðîäåìîíñòðèðîâàòü îñíîâíóþ èäåþ, äîêà-

æåì ñëåäóþùåå óòâåðæäåíèå 6.8.2.

27

Moreover, K̃5 is a 2-manifold, see Problem 8.2.1.f.
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PLGP îòîáðàæåíèå f : K → R2k
êîìïëåêñà K íàçûâàåòñÿ Z2-âëîæåíèåì, åñëè f -

îáðàçû ëþáûõ äâóõ íåïåðåñåêàþùèõñÿ k-ìåðíûõ ãðàíåé ïåðåñåêàþòñÿ â ÷åòíîì ÷èñëå

òî÷åê. For motivations see �6.10. E.g. ∆2k+2 is not Z2-embeddable to R2k
by Lemma 6.7.3.

Óòâåðæäåíèå 6.8.1 ([Me06, Example 3.6℄). Äëÿ ëþáîãî k ≥ 2 ñóùåñòâóåò k-êîìïëåêñ,
Z2-âëîæèìûé â R2k

, íî íå âëîæèìûé â R2k
(è äàæå íå Z-âëîæèìûé â R2k

, ñì. �6.9).

Óòâåðæäåíèå 6.8.2. Äëÿ ëþáîãî k ñóùåñòâóåò ïîëèíîìèàëüíûé (ïî êîëè÷åñòâó âåð-

øèí) àëãîðèòì ðàñïîçíàâàíèÿ Z2-âëîæèìîñòè k-êîìïëåêñîâ â R2k
.

Ýòî ñëåäóåò èç óòâåðæäåíèÿ 6.8.8 àíàëîãè÷íî ñëó÷àþ k = 1 (�1.5).
Ïóñòü äàíî PLGP îòîáðàæåíèå f : K → R2k

êîìïëåêñà K. Âîçüìåì ëþáûå äâå

íåïåðåñåêàþùèåñÿ k-ìåðíûå ãðàíè σ, τ . Ïîñòàâèì â ñîîòâåòñòâèå íåóïîðÿäî÷åííîé ïàðå

{σ, τ} âû÷åò
|fσ ∩ fτ | mod 2.

Îáîçíà÷èì ÷åðåç K∗
ìíîæåñòâî íåóïîðÿäî÷åííûõ ïàð íåïåðåñåêàþùèõñÿ k-ìåðíûõ ãðà-

íåé êîìïëåêñà K. �àññòàíîâêîé (èëè êîöèêëîì) ïåðåñå÷åíèé (ïî ìîäóëþ 2) îòîá-

ðàæåíèÿ f íàçûâàåòñÿ ïîëó÷åííîå îòîáðàæåíèå K∗ → Z2, èëè ñîîòâåòñòâóþùåå ïîä-

ìíîæåñòâî â K∗
. Îòîáðàæåíèÿ K∗ → Z2 áóäåì îòîæäåñòâëÿòü ñ ïîäìíîæåñòâàìè â K∗

(ñîñòîÿùèìè èç ïàð, ïåðåõîäÿùèõ â 1 ∈ Z2).

ßñíî, ÷òî ðàññòàíîâêà ïåðåñå÷åíèé íóëåâàÿ äëÿ ëþáîãî Z2-âëîæåíèÿ.

Ïðèìåð 6.8.3. Îáîçíà÷èì M(t) := (t, t2, . . . , t2k).
(a) Äëÿ ëþáûõ 0 < u0 < u1 < . . . < un íèêàêèå 2k+1 èç òî÷åêM(u0),M(u1), . . . ,M(uk)

íå ëåæàò â îäíîé (2k − 1)-ìåðíîé ãèïåðïëîñêîñòè.

(b) Äëÿ ëþáûõ äâóõ íàáîðîâ

0 < u0 < u1 < . . . < uk è 0 < v0 < v1 < . . . < vk

ñèìïëåêñû M(u0)M(u1) . . .M(uk) è M(v0)M(v1) . . .M(vk)

ïåðåñåêàþòñÿ òîãäà è òîëüêî òîãäà, êîãäà ýëåìåíòû íàáîðîâ ÷åðåäóþòñÿ (ò.å. êîãäà

u0 < v0 < u1 < v1 < u2 < . . . < vk èëè òî æå ñ ïåðåìåíîé ìåñòàìè u è v).
(This 
an be used for a mod 2 analogue of Example 6.7.1.)

(
) Íàéäèòå ðàññòàíîâêó ïåðåñå÷åíèé äëÿ ëèíåéíîãî îòîáðàæåíèÿ ∆n → R2k
îá-

ùåãî ïîëîæåíèÿ, ïåðåâîäÿùåãî âåðøèíû â M(0),M(1), . . . ,M(n).

Çàäà÷à 6.8.4. Ïóñòü f : K → R2k
� PLGP îòîáðàæåíèå k-êîìïëåêñà K, à σ, τ �

íåïåðåñåêàþùèåñÿ k-ìåðíûå ãðàíè. Êàæäîé òî÷êå (x, y) ãðàíèöû ∂(σ×τ) ïðîèçâåäåíèÿ

σ × τ ñîïîñòàâèì åäèíè÷íûé âåêòîð f̃(x, y) := f(x)−f(y)
|f(x)−f(y)| ∈ S2k−1

ñ íàïðàâëåíèåì îò

f(y) ê f(x). Òîãäà |fσ ∩ fτ | èìååò òó æå ÷åòíîñòü, ÷òî ñòåïåíü ýòîãî îòîáðàæåíèÿ

f̃ : ∂(σ × τ) → S2k−1
.

Êàê ìåíÿåòñÿ ðàññòàíîâêà ïåðåñå÷åíèé ïðè ìíîãîìåðíîì àíàëîãå ïðåîáðàçîâàíèÿ

�àéäåìàéñòåðà íà ðèñ. 1.5.1.V? Îòâåò äàåòñÿ ñëåäóþùèì îïðåäåëåíèåì è óòâåðæäåíè-

åì.

Ýëåìåíòàðíîé êîãðàíèöåé ïàðû (α, σ) íåïåðåñåêàþùèõñÿ (k − 1)- è k-ìåðíûõ
ãðàíåé íàçûâàåòñÿ ïîäìíîæåñòâî δ(α, σ) ⊂ K∗

, ñîñòîÿùåå èç âñåõ ïàð {σ, τ} ñ τ ⊃ α.

Óòâåðæäåíèå 6.8.5. Äàíû k-êîìïëåêñ K è åãî íåïåðåñåêàþùèåñÿ (k−1)- è k-ìåðíûå
ãðàíè α è σ. Òîãäà äëÿ ëþáîãî PLGP îòîáðàæåíèÿ f : K → R2k

ñóùåñòâóåò PLGP

îòîáðàæåíèå f ′ : K → R2k
, òàêîå ÷òî ðàçíîñòü ðàññòàíîâîê ïåðåñå÷åíèé äëÿ f è äëÿ

f ′
ðàâíà δ(α, σ).
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Çàäà÷à 6.8.6. (a) Íàéäèòå ýëåìåíòàðíóþ êîãðàíèöó ïàðû ({4, 5}, {1, 2, 3}) äëÿ ∆2
5.

(b) Òî æå äëÿ ∆2
6.

(
) ßâëÿåòñÿ ëè ðàññòàíîâêà {{135}, {246}} ýëåìåíòàðíîé êîãðàíèöåé äëÿ ∆2
5?

(d) (ñð. ñ ïðèìåðîì 6.7.1 äëÿ k = 2) ßâëÿåòñÿ ðàññòàíîâêà {{135, 246}} ýëåìåíòàðíîé
êîãðàíèöåé äëÿ ∆2

6? À ñóììîé íåñêîëüêèõ ýëåìåíòàðíûõ êîãðàíèö?

Íàçîâåì ðàññòàíîâêè ν1, ν2 : K
∗ → Z2 êîãîìîëîãè÷íûìè, åñëè

ν1 − ν2 = δ(ν1, τ1) + . . .+ δ(νs, τs)

äëÿ íåêîòîðûõ ïàð (ν1, τ1), . . . , δ(νs, τs).

Ëåììà 6.8.7. �àññòàíîâêè ïåðåñå÷åíèé ðàçíûõ PLGP îòîáðàæåíèé îäíîãî k-êîìïëåêñà
â R2k

êîãîìîëîãè÷íû.

The proof is analogous to the proof of Assertion 6.7.4, or to the proof of Lemma 1.5.6

given below.

Óòâåðæäåíèå 6.8.8 (
f. Proposition 1.5.7). Êîìïëåêñ ðàçìåðíîñòè k ÿâëÿåòñÿ Z2-

âëîæèìûì â R2k
òîãäà è òîëüêî òîãäà, êîãäà ðàññòàíîâêà ïåðåñå÷åíèé íåêîòîðîãî

(èëè, ýêâèâàëåíòíî, ëþáîãî) åãî PLGP îòîáðàæåíèÿ â R2k
êîãîìîëîãè÷íà íóëåâîé ðàñ-

ñòàíîâêå.

Ýòî óòâåðæäåíèå ñëåäóåò èç óòâåðæäåíèÿ 6.8.5 è ëåììû 6.8.7.

Äðóãîå äîêàçàòåëüñòâî ëåììû 1.5.6. (This proof 
an be generalized to Lemma 6.8.7 and

perhaps to higher multipli
ity, see [Sk18, Problem 2.3.7℄.) Let K be the graph. Âîçüìåì

ïðîèçâîëüíóþ PL ãîìîòîïèþ ft : K → R2
, t ∈ I, îáùåãî ïîëîæåíèÿ ìåæäó äàííûìè

PLGP îòîáðàæåíèÿìè f0 è f1. Then for every vertex A and edge α 6∋ A there is a �nite

number of t ∈ I su
h that ftA ∈ ftα. This follows by general position be
ause this number
equals F (A × I) ∩ F (α × I), where the map F : K × I → R2 × I is de�ned by F (x, t) :=
(ft(x), t).

Îáîçíà÷èì ÷åðåç (A1, α1), . . . , (As, αs) âñå òàêèå ïàðû (A, α), äëÿ êîòîðûõ êîëè÷åñòâî
òàêèõ t íå÷åòíî. Äîñòàòî÷íî äîêàçàòü, ÷òî ðàçíîñòü ðàññòàíîâîê ïåðåñå÷åíèé ν(f0) äëÿ
f0 è ν(f1) äëÿ f1 ðàâíà

ν(f0)− ν(f1) = δ(A1, α1) + . . .+ δ(As, αs).

This equality follows be
ause

ν(f0)σ,τ − ν(f1)σ,τ = |f0σ ∩ f0τ |2 + |f1σ ∩ f1τ |2
(2)
=

(2)
= |F (∂σ× I)∩F (τ × I)|2+ |F (σ× I)∩F (∂τ × I)|2 =

∑

A 6∈α
|F (A× I)∩F (α× I)|2δ(A, α)σ,τ .

Let us prove equality (2). By general position for every two disjoint edges σ, τ the interse
tion
C := F (σ × I) ∩ F (τ × I) is a �nite union of non-degenerate segments. Every two of these

segments are either disjoint or interse
t only by their 
ommon vertex. The number of odd-

degree verti
es in the graph C is even (note that C 
an have verti
es of degree greater than

2). So

0 = |∂C|2 = |f0σ ∩ f0τ |2 + |f1σ ∩ f1τ |2 + |F (∂σ× I)∩F (τ × I)|2 + |F (σ× I)∩F (∂τ × I)|2.
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Çàäà÷à 6.8.9. Ïóñòü L � ïîäêîìïëåêñ â 2-êîìïëåêñå K, à f : K → B4
� PLGP

îòîáðàæåíèå, äëÿ êîòîðîãî f |L : L→ ∂B4
� âëîæåíèå è f(K − L) ⊂ IntB4

.

(a) Åñëè σ ⊂ L, òî ðàññòàíîâêà ïåðåñå÷åíèé îòîáðàæåíèÿ f íóëåâàÿ íà {σ, τ} äëÿ

ëþáîãî τ .
(b) �àññòàíîâêè ïåðåñå÷åíèé òàêèõ îòîáðàæåíèé f, f ′ : K → B4

êîãîìîëîãè÷íû ïî

ìîäóëþ L, ò.å. èõ ðàçíîñòü ðàâíà ñóììå íåêîòîðîãî ÷èñëà ýëåìåíòàðíûõ êîãðàíèö ïàð

(α, σ) íåïåðåñåêàþùèõñÿ (k− 1)- è k-ìåðíûõ ãðàíåé, íè îäíà èç êîòîðûõ íå ëåæèò â L.
(
) Åñëè f |L ïðîäîëæàåòñÿ äî Z2-âëîæåíèÿ K → B4

, òî ðàññòàíîâêà ïåðåñå÷åíèé

îòîáðàæåíèÿ f êîãîìîëîãè÷íà íóëåâîé ïî ìîäóëþ L.
(d) Äîêàæèòå îáðàòíîå ê (
).

Ïðåïÿòñòâèå ê Z2-âëîæèìîñòè èç óòâåðæäåíèÿ 6.8.9 íåïîëíî äëÿ âëîæèìîñòè ââèäó

ïðèìåðà 6.11.1.a.

Çàäà÷à 6.8.10. * PLGP îòîáðàæåíèå (de�ne!) f : K → Rd
êîìïëåêñà K ðàçìåðíî-

ñòè ìåíåå d íàçûâàåòñÿ Z2-âëîæåíèåì, åñëè f -îáðàçû ëþáûõ äâóõ íåñìåæíûõ ãðàíåé,

ñóììà ðàçìåðíîñòåé êîòîðûõ ðàâíà d, ïåðåñåêàþòñÿ â ÷åòíîì ÷èñëå òî÷åê.

PLGP îòîáðàæåíèå f : K → Rd
êîìïëåêñà K íàçûâàåòñÿ Z2-âëîæåíèåì, åñëè |σ ∩

f−1fτ | ÷åòíî äëÿ ëþáûõ äâóõ íåñìåæíûõ ãðàíåé σ, τ , ñóììà ðàçìåðíîñòåé êîòîðûõ

ðàâíà d, è ðàçìåðíîñòü ïåðâîé èç êîòîðûõ ïîëîæèòåëüíà.
(a) �ðàíèöà (k + 1)-ñèìïëåêñà íå ÿâëÿåòñÿ Z2-âëîæèìîé â Rk

.

Ýòà Z2-âåðñèÿ òîïîëîãè÷åñêîé òåîðåìû �àäîíà 7.2.1 ñëåäóåò èç çàìå÷àíèÿ 7.2.3.d.

(b) Äëÿ ëþáûõ k è d ñóùåñòâóåò ïîëèíîìèàëüíûé àëãîðèòì ðàñïîçíàâàíèÿ Z2-

âëîæèìîñòè k-êîìïëåêñîâ â Rd
. (Íà÷íèòå ñ k = 2 è d ≤ 3.)

(ñ) Ïîñòðîéòå 2-êîìïëåêñ, PL íåâëîæèìûé â R3
, íî Z2-âëîæèìûé â R3

.

(d) Ïóñòü f : K → R3
� PLGP îòîáðàæåíèå 2-êîìïëåêñàK. Îáîçíà÷èì ÷åðåç K̂ ìíî-

æåñòâî ïàð (σ, e) èç íåñìåæíûõ äâóìåðíîé ãðàíè σ è ðåáðà e. Ïîñòàâèì â ñîîòâåòñòâèå

ïàðå (σ, e) âû÷åò |fσ ∩ fe|2. �àññòàíîâêîé ïåðåñå÷åíèé îòîáðàæåíèÿ f íàçûâàåòñÿ

ïîëó÷åííîå îòîáðàæåíèå K̂ → Z2, èëè ñîîòâåòñòâóþùåå ïîäìíîæåñòâî â K̂. (Îòîáðà-

æåíèÿ K̂ → Z2 áóäåì îòîæäåñòâëÿòü ñ ïîäìíîæåñòâàìè â K∗
, ñîñòîÿùèìè èç ïàð,

ïåðåõîäÿùèõ â 1 ∈ Z2.)

Ýëåìåíòàðíîé êîãðàíèöåé ïàðû (σ,A) èç äâóìåðíîé ãðàíè è íå ëåæàùåé â íåé

âåðøèíû íàçûâàåòñÿ ïîäìíîæåñòâî δ(σ,A) ⊂ K̂, ñîñòîÿùåå èç âñåõ ïàð (σ, e) ñ e ∋ A.
Ýëåìåíòàðíîé êîãðàíèöåé ïàðû (e, e′) íåïåðåñåêàþùèõñÿ ðåáåð íàçûâàåòñÿ ïîä-

ìíîæåñòâî δ(e, e′) ⊂ K̂, ñîñòîÿùåå èç âñåõ ïàð (σ, e) ñ σ ⊃ e′.
Òîãäà ñóììà ðàññòàíîâîê ïåðåñå÷åíèé ðàçíûõ PLGP îòîáðàæåíèé îäíîãî 2-êîìïëåêñà

â R3
ðàâíà ñóììå íåêîòîðîãî ÷èñëà ýëåìåíòàðíûõ êîãðàíèö.

Çàìå÷àíèå. Àíàëîãè÷íî ïðåäûäóùåìó è çàìå÷àíèþ 1.7.4 ñòðîèòñÿ ïðåïÿòñòâèå Âàí

Êàìïåíà v(K) ∈ Hd(K∗) ê Z2-âëîæèìîñòè êîìïëåêñà K â Rd
. Àíàëîãè÷íî çàìå÷àíèþ

1.7.5 �îðìóëèðóåòñÿ è äîêàçûâàåòñÿ ðàâåíñòâî vd(K) = v1(K)d.
(e) Generalized Z2-Menger 
onje
ture. Suppose that 
omplexes K and L are not Z2-

embeddable to Rm
and in Rn

, respe
tively, m > dimK and n > dimL. Then K × L is not

Z2-embeddable to Rm+n
.

Ýòî ñâÿçàíî ñî ñëåäóþùåé àëãåáðàè÷åñêîé ïðîáëåìîé Ìåíãåðà [Pa20, Conje
ture 2℄:

Êîìïëåêñû K,L èìåþò íåòðèâèàëüíûå ïðåïÿòñòâèÿ âàí Êàìïåíà êî âëîæèìîñòè â

Rm
è Rn

, ñîîòâåòñòâåííî (ñì. îïðåäåëåíèå íàïðèìåð â [Sk18, �1.5℄). Èìååò ëè K ×L
íåòðèâèàëüíîå ïðåïÿòñòâèå âàí Êàìïåíà êî âëîæèìîñòè â Rm+n

?

Ñì. êîíòðïðèìåð ê àíàëîãè÷íîé ãèïîòåçå äëÿ äæîéíîâ â [Pa21, Me22℄, ñð. [Sk23℄.
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6.9 �àñïîçíàâàíèå âëîæèìîñòè k-êîìïëåêñîâ â R2k

Òåïåðü îáîáùèì ïðåäûäóùèå ðàññóæäåíèÿ (ïï. 1.5.4 è 6.8) äî àëãîðèòìà ðàñïîçíàâà-

íèÿ âëîæèìîñòè. Äîêàçàòåëüñòâà óòâåðæäåíèé ýòîãî ïóíêòà (êðîìå òåîðåì 6.9.2.ab)

àíàëîãè÷íû ïðåäûäóùèì.

Çíàê òî÷êè ïåðåñå÷åíèÿ óïîðÿäî÷åííîé ïàðû (a, b) îðèåíòèðîâàííûõ k-ñèìïëåêñîâ
â R2k

, âåðøèíû êîòîðûõ íàõîäÿòñÿ â îáùåì ïîëîæåíèè, ðàâåí +1, åñëè äëÿ ïîëîæè-

òåëüíûõ áàçèñîâ s1, . . . , sk è t1, . . . , tk â a è b, ñîîòâåòñòâåííî, áàçèñ s1, . . . , sk, t1, . . . , tk â
R2k

ÿâëÿåòñÿ ïîëîæèòåëüíûì. Çíàê ðàâåí −1, åñëè ýòîò áàçèñ ÿâëÿåòñÿ îòðèöàòåëüíûì.
Ïóñòü äàíû PL îòîáðàæåíèÿ f, g : ∆k → R2k

îðèåíòèðîâàííîãî k-ñèìïëåêñà, íàõî-
äÿùèåñÿ â îáùåì ïîëîæåíèè äðóã îòíîñèòåëüíî äðóãà (ò.å. PLGP îòîáðàæåíèå f ⊔ g :
∆k ⊔ ∆k → R2k

). Îáîçíà÷èì ÷åðåç f · g ñóììó çíàêîâ òî÷åê ïåðåñå÷åíèÿ èõ îáðàçîâ

(îðèåíòàöèè â îáðàçàõ ïðèõîäÿò èç îðèåíòàöèè k-ñèìïëåêñà).

Çàäà÷à 6.9.1. (a) f · g = (−1)kg · f .
(b) Êàê ìåíÿåòñÿ f · g ïðè èçìåíåíèè îðèåíòàöèè ïðîñòðàíñòâà R2k

, ò.å. ïðè êîìïî-

çèöèè îòîáðàæåíèé f, g ñ çåðêàëüíîé ñèììåòðèåé?
(
) Êàê ìåíÿåòñÿ f · g ïðè èçìåíåíèè îðèåíòàöèè k-ñèìïëåêñà äëÿ f , ò.å. ïðè ïðå-

êîìïîçèöèè îòîáðàæåíèÿ f ñ çåðêàëüíîé ñèììåòðèåé?

PLGP îòîáðàæåíèå f : K → R2k
êîìïëåêñà K íàçûâàåòñÿ Z-âëîæåíèåì, åñëè äëÿ

ëþáûõ äâóõ íåïåðåñåêàþùèõñÿ k-ìåðíûõ ãðàíåé ñóììà çíàêîâ òî÷åê ïåðåñå÷åíèÿ èõ

f -îáðàçîâ ðàâíà íóëþ, äëÿ íåêîòîðûõ (èëè, ýêâèâàëåíòíî, äëÿ ëþáûõ) îðèåíòàöèé íà

ýòèõ ãðàíÿõ.

Òåîðåìà 6.9.2. (a) (Âàí Êàìïåí-Øàïèðî-Âó) Êîìïëåêñ ðàçìåðíîñòè k 6= 2 PL âëî-

æèì â R2k
òîãäà è òîëüêî òîãäà, êîãäà îí Z-âëîæèì â R2k

.

(a') A 
omplex of dimension k 6= 2 is PL embeddable into a simply 
onne
ted PL 2k-
manifold M if and only if the 
omplex is Z-embeddable to M .

(b) (Ôðèäìàí-Êðóøêàëü-Òàéõíåð) Ñóùåñòâóåò 2-êîìïëåêñ, PL (äàæå TOP) íå âëî-

æèìûé â R4
, íî Z-âëîæèìûé â R4

.

Òåîðåìà 6.9.2.a íå äîêàçûâàåòñÿ â ýòîì òåêñòå, ñì. äîêàçàòåëüñòâî, íàïðèìåð, â [Sk06,

�4℄. Íàáðîñîê äîêàçàòåëüñòâà òåîðåìû 6.9.2.b ïðèâåäåí â ï. 6.11. (Òåîðåìà 6.9.2.a äëÿ

k = 1 óæå óïîìèíàëàñü â çàìå÷àíèè 1.5.13.)

Comments on the proof of (a'). For k = 1 part (a) follows by the Hanani-Tutte Theorem, see
survey [Sk18, Theorem 1.5.3℄ (be
ause a 
ompa
t simply 
onne
ted 2-manifold is a sphere).

Assume that k ≥ 3. For M = R2k
part (a) is proved in [vK32, Sh57, Wu58℄; for a simple

exposition see [FKT, �2℄, [Sk06, �4℄. The general 
ase is proved in the same way, just note

that in [FKT, Lemma 4, 5 and appli
ation of the Whitney tri
k in the proof of Theorem 3℄

R2k

ould be repla
ed by M . See details in [Jo02, Corollary 2 and Theorem 4℄, 
f. [Ha69℄.

The proofs of [Jo02℄ mentioned here are written for `smooth' maps of 
omplexes but work

for PL maps.

The analogue of Theorem 6.9.2.a' for k = 1 and non-simply 
onne
ted manifolds (i.e. for
manifolds distin
t from the 2-disk and the 2-sphere) states that if a graph has a Z-embedding

on a surfa
e, then it has an embedding into that surfa
e. This is unknown. (The analogue

with `Z-embedding' repla
ed by `almost embedding' de�ned in 6.10 is also unknown.) The

analogue with `Z-embedding' repla
ed by `Z2-embedding' is wrong [FK19℄ (see also [FPS℄).

Óòâåðæäåíèå 6.9.3. Ñóùåñòâóåò ïîëèíîìèàëüíûé àëãîðèòì ðàñïîçíàâàíèÿ

Z-âëîæèìîñòè k-êîìïëåêñîâ â R2k
.
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Ýòî ñëåäóåò èç óòâåðæäåíèÿ 6.9.5.b àíàëîãè÷íî ï. 1.5. Äëÿ �îðìóëèðîâêè óòâåð-

æäåíèÿ 6.9.5.b, ò.å. äëÿ ïîñòðîåíèÿ àëãîðèòìà, íóæíû ñëåäóþùèå îïðåäåëåíèÿ.

Äëÿ PLGP îòîáðàæåíèÿ f : K → R2k
êîìïëåêñà K ïîñòàâèì â ñîîòâåòñòâèå óïîðÿ-

äî÷åííîé ïàðå (σ, τ) îðèåíòèðîâàííûõ k�ìåðíûõ ãðàíåé ÷èñëî fσ · fτ òî÷åê èõ ïåðåñå-

÷åíèÿ ñî çíàêîì. Îáîçíà÷èì ÷åðåç K̃ ìíîæåñòâî óïîðÿäî÷åííûõ ïàð íåïåðåñåêàþùèõñÿ

îðèåíòèðîâàííûõ k-ìåðíûõ ãðàíåé êîìïëåêñà K. Òîãäà ïîëó÷åíî îòîáðàæåíèå K̃ → Z.

Íàçîâåì åãî öåëî÷èñëåííîé ðàññòàíîâêîé (èëè êîöèêëîì) ïåðåñå÷åíèé. Îíî ñèì-

ìåòðè÷íî ïðè ÷åòíîì k è êîñîñèììåòðè÷íî ïðè íå÷åòíîì k.
ßñíî, ÷òî ðàññòàíîâêà ïåðåñå÷åíèé íóëåâàÿ äëÿ ëþáîãî Z-âëîæåíèÿ.

Ïðè 2k-ìåðíîì àíàëîãå ïðåîáðàçîâàíèÿ �àéäåìàéñòåðà íà ðèñ. 1.5.1.V ê ðàññòàíîâ-

êå ïåðåñå÷åíèé äîáàâëÿåòñÿ ýëåìåíòàðíàÿ (öåëî÷èñëåííàÿ) êîãðàíèöà ïàðû (α, σ)
îðèåíòèðîâàííûõ íåïåðåñåêàþùèõñÿ (k−1)- è k-ìåðíûõ ãðàíåé. Îíà îïðåäåëÿåòñÿ àíà-
ëîãè÷íî ñëó÷àþ k = 1 (ï. 1.5.4). Ïðèâåäåì äåòàëè.

Let α be an oriented (k−1)-fa
e ofK whi
h is not 
ontained in the boundary of a k-fa
e σ

of K. An (integer) elementary 
oboundary of the pair (α, σ) is the map δ(α, σ) : K̃ → Z

assigning

(−1)k[τ : α] to (σ, τ), [τ : α] to (τ, σ) and 0 to any other pair.

where the in
iden
e 
oe�
ient [τ : α] is de�ned e.g. in [HG, �3℄.

Çàäà÷à 6.9.4 (Ñð. ñ óòâåðæäåíèåì 6.8.5). Ïóñòü äàíû k-êîìïëåêñ K è åãî íåïåðå-

ñåêàþùèåñÿ îðèåíòèðîâàííûå (k−1)- è k-ìåðíûå ãðàíè α è σ. Òîãäà äëÿ ëþáîãî PLGP
îòîáðàæåíèÿ f : K → R2k

ñóùåñòâóåò PLGP îòîáðàæåíèå f ′ : K → R2k
îáùåãî ïîëî-

æåíèÿ, äëÿ êîòîðîãî ðàçíîñòü (öåëî÷èñëåííûõ) ðàñòàíîâîê ïåðåñå÷åíèé äëÿ f è äëÿ f ′

ðàâíà δ(α, σ).

Êîãîìîëîãè÷íîñòü (öåëî÷èñëåííàÿ) ðàññòàíîâîê K̃ → Z, îïðåäåëÿåòñÿ àíàëîãè÷-

íî ñëó÷àþ k = 1 (ï. 1.5.4). Co
y
les ν, ν ′ : K̃ → Z are 
alled 
ohomologous if

ν − ν ′ = c1δ(α1, σ1) + . . .+ ckδ(αk, σk)

for some integers c1, . . . , ck ∈ Z, (k − 1)-fa
es α1, . . . , αk, and k-fa
es σ1, . . . , σk (not

ne
essarily distin
t). Observe that 
hange of the orientation of α for
es 
hange of the sign

of δ(α, σ). Hen
e the 
ohomology equivalen
e relation does not depend on the orientations

of (k − 1)-fa
es.

Çàäà÷à 6.9.5 (
f. Lemma 6.8.7 and Propositions 6.8.8, 1.5.12). (a) �àññòàíîâêè ïåðå-

ñå÷åíèé ðàçíûõ PLGP îòîáðàæåíèé îäíîãî k-êîìïëåêñà â R2k
êîãîìîëîãè÷íû.

(b) Êîìïëåêñ ðàçìåðíîñòè k ÿâëÿåòñÿ Z-âëîæèìûì â R2k
òîãäà è òîëüêî òîãäà,

êîãäà öåëî÷èñëåííàÿ ðàññòàíîâêà ïåðåñå÷åíèé íåêîòîðîãî (èëè, ýêâèâàëåíòíî, ëþáîãî)

åãî PLGP îòîáðàæåíèÿ â R2k
êîãîìîëîãè÷íà íóëåâîé ðàññòàíîâêå.

(
) Óäâîåííàÿ öåëî÷èñëåííàÿ ðàññòàíîâêà ïåðåñå÷åíèé ëþáîãî PLGP îòîáðàæåíèÿ

k-êîìïëåêñà â R2k
êîãîìîëîãè÷íà íóëåâîé ðàññòàíîâêå.

6.10 Almost embeddings, Z2- and Z-embeddings

A map f : K → Y of a 
omplex K to a subset Y ⊂ Rd
is 
alled an almost embedding if the

images of non-adja
ent fa
es are disjoint, i.e. if fσ ∩ fτ = ∅ for any non-adja
ent fa
es σ, τ .
This notion naturally appears in

• geometri
 topology (studies of embeddings),
• 
ombinatorial geometry (Helly-type results on 
onvex sets), and
• topologi
al 
ombinatori
s (topologi
al Radon and Tverberg theorems).
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See [FKT, �4℄, [Mat97, GPP+℄ and surveys [Sk16, �1℄, [Sk06℄.

Continuous deformation through almost embeddings (almost isotopy) is studied under

the names weak homotopy and vertex homotopy for graphs in R3
sin
e [Ta94℄; for a later

paper involving later referen
es see [FN09℄.

The related notions of Z2- and Z-embedding (de�ned in ��6.8,6.9) also naturally appear in

studies of embeddings. The notion of a Z2-embedding (a.k.a. Hanani-Tutte drawing) is most

a
tively studied for graph drawings on surfa
es, see survey [S
13℄ and [SS13, FK19, Bi21℄.

An even more general notion (AT graph) has been studied sin
e [KLN℄; for a re
ent paper

involving re
ent referen
es see [Ky20℄. This general notion is so natural and useful that it

was used in [Sk02, Disjun
tion Theorem 3.1℄ without naming it.

For re
ent papers on almost embeddings see [ABM+, Ak, AM25℄ (graphs in the plane)

and [PT19, DS22℄ (k-
omplexes in 2k-manifolds).
A related but di�erent notion was studied under the name of almost embedding in [Sk05i,

Sk06
, CRS, CRS'℄.

Çàìå÷àíèå 6.10.1. (a) Why almost embeddings are useful for embeddings? Some proofs

of the non-embeddability of 
omplexes into Rd
a
tually show that these 
omplexes are not

almost embeddable to Rd
, are not Z2- or Z-embeddable to Rd

for d = 2k. This is so e.g.

for the boundary of (d+1)-simplex (the non-almost embeddability is the topologi
al Radon
Theorem 7.2.1), as well as for the k-
omplex ∆k

2k+2 and d = 2k. See e.g. surveys [Sk18, ��1.4,
2.2℄, [Sk14, Theorem 1.4℄ and [KS21, Remark 1.2.d℄. E.g. Theorem 6.9.2.b follows from (b)

and Theorem 6.10.3.a.

On the other hand, some 
onstru
tions of embeddings have 
onstru
tions of almost or

Z-embeddings as a 
onvenient intermediate step allowing to stru
ture the proof, and to

des
ribe the relation to known results and methods. See �6.8, �6.9 and Remarks 8.2.5.ab.

(b) Clearly, the property of being an almost embedding is preserved under su�
iently

small perturbation of the map (as opposed to the property of being an embedding). Thus, by

approximation of 
ontinuous maps with PL maps, we observe that for 
omplexes in manifolds

• topologi
al embeddability implies PL almost embeddability;

• a PL or topologi
al embedding 
an be approximated by a general position PL almost

embedding;

• PL almost embeddability is equivalent to topologi
al almost embeddability.

(
) Studies of embeddings of k-
omplexes into 2k-manifolds for k > 1 are analogous to

studies of Z2-embeddings (not embeddings) of graphs to surfa
es. For an idea in some sense

repla
ing the Euler formula, and implementation of this idea see [Ka91℄, [Ad18℄, [DS22, �6℄.

Òåîðåìà 6.10.2. If d ≤ 3(k+1)
2

and a k-
omplex almost embeds in Rd
, then the 
omplex PL

embeds in Rd
.

See [We67, Sk98℄ and survey [Sk06, �8℄; 
f. Theorem 6.6.1.

Òåîðåìà 6.10.3. (a) There is a 2-
omplex Z-embeddable but not almost embeddable to R4
.

(b) For every d, k su
h that k + 2 ≤ d ≤ 3k
2
+ 1 (in parti
ular, for d = 2k = 4) there is a

k-
omplex almost embeddable in Rd
but not PL embeddable in Rd

.

For (a) see [FKT, �3.2, �3.3, �4℄, [AMS+, Theorem 1.6℄, [Al22℄. For (b) see [SSS, Example

in p. 338℄; 
f. [SS92℄ and çàäà÷è 6.11.5, 6.11.6; äàëüíåéøåå èçëîæåíèå èäåè äîêàçàòåëüñòâà

èç [SSS℄ ïðèâåäåíî â [Sk06, �7℄.

Òåîðåìà 6.10.4 (
f. Theorem 6.6.3). For every �xed d, k su
h that k + 2 ≤ d ≤ 3k
2
+ 1 the

algorithmi
 problem of re
ognizing almost embeddability of k-
omplexes in Rd
is NP -hard.

[ST17, Al22℄ (For d < 3k
2
+ 1 this is work in progress.)
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Ïðîáëåìà 6.10.5. For whi
h k, d there is an algorithm re
ognizing almost embeddability of

k-
omplexes to Rd
?

For d ≥ 3(k + 1)/2 there is a polynomial algorithm. So the `�rst non-trivial 
ase' is

k = 2l ≥ 4, d = 3l + 1.
Is there a simpli
ial almost embedding K3 ×K2 (with the standard triangulation) to R3

whi
h is not an embedding? Is there a triangulation of K4 × K4 whi
h admits an almost

embedding to R3
?

6.11 2-êîìïëåêñ, íåâëîæèìûé â R4
, íî Z-âëîæèìûé â R4

Â ýòîì ïóíêòå ìû ïðèâåäåì èäåþ äîêàçàòåëüñòâà òåîðåìû 6.9.2.b � ïåðâîãî øàãà ê òåî-

ðåìàì 6.6.3 è 6.10.4 îá NP-òðóäíîñòè. Òåîðåìà 6.9.2.b âûòåêàåò èç óòâåðæäåíèé 6.11.3.a

è 6.11.4.
. Óòâåðæäåíèå 6.11.3.a îñíîâàíî íà ëåììå 6.14.7.b î êîëüöàõ Áîððîìåî è ¾êî-

ëè÷åñòâåííîé¿ òåîðåìå âàí Êàìïåíà-Ôëîðåñà � ëåììå 6.7.3 äëÿ k = 2 (ññûëêè íà ïî-

ñëåäíþþ ìîæíî çàìåíèòü ññûëêàìè íà åå ñëåäñòâèå � PL àíàëîã óòâåðæäåíèÿ 5.2.4).

Çàäà÷à 6.11.1. Âëîæåíèå ¾êîëüöà Áîððîìåî¿ S1 ⊔ S1 ⊔ S1 → S3
íå ïðîäîëæàåòñÿ

äî âëîæåíèÿ D2 ⊔D2 ⊔D2 → D4
, íî ïðîäîëæàåòñÿ äî

(a) Z2-âëîæåíèÿ; (a) Z-âëîæåíèÿ;

D2 ⊔D2 ⊔D2 → D4
.

Â ýòîì è ñëåäóþùåì ïóíêòàõ îáîçíà÷èì ÷åðåç (ij) ðåáðî ñ êîíöàìè i è j, ÷åðåç (ijk)
� ãðàíü êîìïëåêñà, ÷åðåç (ijk) � åå âíóòðåííîñòü, ÷åðåç ∂(ijk) � îáúåäèíåíèå ðåáåð

(ij), (jk), (ki).

Çàäà÷à 6.11.2. Â ýòîé çàäà÷å, �îðìàëüíî íå èñïîëüçóåìîé â äàëüíåéøåì, ìû ïðåä-

âàðÿåì ÷åòûðåõìåðíûå ðàññóæäåíèÿ èõ òðåõìåðíûì àíàëîãîì.

Îáîçíà÷èì K := 0 ∗ K5 ∪ (06). Îáîçíà÷èì ÷åðåç X êîìïëåêñ, ïîëó÷àþùèéñÿ èç 8-

óãîëüíèêà ñêëåéêîé ñòîðîí â ñîîòâåòñòâèè ñî ñëîâîì acbc−1a−1cb−1c−1
. Ýòîò êîìïëåêñ

ïîëó÷àåòñÿ èç òîðà ñêëåéêîé äóã, ëåæàùèõ íà òîðå è èìåþùèõ îáùèé êîíåö. Åãî ìåðè-

äèàíîì a è ïàðàëëåëüþ b íàçîâåì îêðóæíîñòè, îòâå÷àþùèå áóêâàì a è b, ñîîòâåòñòâåííî.
Åãî äðåâêîì c íàçîâåì îòðåçîê, îòâå÷àþùèé áóêâå c.

(a) Îáîçíà÷èì øòðèõîì êîïèþ êîìïëåêñà èëè åãî ýëåìåíòà. Êîìïëåêñ

P := (K − (012))
⋃

6=6′

(K ′ − (012)′)
⋃

∂(012)=a, ∂(012)′=b, [06]∪[6′0′]=c
X.

(ðèñ. 6.11.1) íå PL âëîæèì â R3
. (Ïîäñêàçêà: èñïîëüçóéòå óòâåðæäåíèå 6.14.6.b è àíàëîã

òåîðåìû 4.2.9 Êîíâåÿ-�îðäîíà-Çàêñà.)

�èñ. 6.11.1: www.m

me.ru/
ir
les/oim/algor�g.pdf, P = Px1∨x1

(b) Êîìïëåêñ (K − (012))
⋃

∂(012)=a

X íå PL âëîæèì â R3
. (Ï. (b) ïîêàçûâàåò, ÷òî ï.

(a) öåíåí ëèøü êàê òðåõìåðíîå îáúÿñíåíèå ÷åòûðåõìåðíîé èäåè.)

Íàáðîñîê äîêàçàòåëüñòâà óòâåðæäåíèÿ 6.11.2.a. Ïóñòü, íàïðîòèâ, P PL âëîæèì â R3
.

Áóäåì ðàññìàòðèâàòü åãî êàê ïîäìíîæåñòâî â R3
, ò.å. îòîæäåñòâèì åãî ñ åãî îáðàçîì.

Ïî òåîðåìå 4.2.9 Êîíâåÿ-�îðäîíà-Çàêñà çàìêíóòàÿ ëîìàíàÿ ∂(345) çàöåïëåíà ñ ìåðè-

äèàíîì ∂(012) = a êîìïëåêñà X . Àíàëîãè÷íî çàìêíóòàÿ ëîìàíàÿ ∂(345)′ çàöåïëåíà ñ

ïàðàëëåëüþ ∂(012)′ = b êîìïëåêñà X . Ïî îïðåäåëåíèþ âëîæåíèÿ íè îäíà èç ëîìàíûõ

∂(345) è ∂(345)′ íå ïåðåñåêàåò êîìïëåêñ X . Çàìêíóòûå ëîìàíûå ∂(345) è ∂(345)′ îãðà-
íè÷èâàþò íåïåðåñåêàþùèåñÿ äèñêè ∆ := (034)∪ (035)∪ (045) è ∆′

, ñîîòâåòñòâåííî. Òàê
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êàê ∆∩ b = ∅, òî ∂(345) íå çàöåïëåíà ïî ìîäóëþ 2 ñ b. Àíàëîãè÷íî ∂(345)′ íå çàöåïëåíà
ïî ìîäóëþ 2 ñ a. Ïðîòèâîðå÷èå ñ àíàëîãîì óòâåðæäåíèÿ 6.14.6.b.

Îáîçíà÷èì ÷åðåç T òîð, ÷åðåç a è b åãî ìåðèäèàí è ïàðàëëåëü. Òîð òðèàíãóëèðîâàí
òàê, ÷òî a è b ÿâëÿþòñÿ öèêëàìè äëèíû 3 èç ðåáåð òðèàíãóëÿöèè.

Çàäà÷à 6.11.3. Êîìïëåêñ

Q = Qx1∨x1 :=
(
∆2

6 − (012)
) ⋃

0=0′

(
∆2′

6 − (012)′
) ⋃

∂(012)=a, ∂(012)′=b

T.

(a) íå PL âëîæèì â R4
; (b) íå ïî÷òè âëîæèì â R4

(à çíà÷èò, íå TOP âëîæèì â R4
).

Äëÿ äîêàçàòåëüñòâà íóæíà ëåììà 6.14.7.b
 î (ñèíãóëÿðíûõ) êîëüöàõ Áîððîìåî. Ñì.

äåòàëè â äîêàçàòåëüñòâå ÷àñòè ¾òîëüêî òîãäà¿ ëåììû 6.12.2.

Çàäà÷à 6.11.4. (a) Ñóùåñòâóåò PL âëîæåíèå (∆2
6 − (012))

⋃
0=0′

(
∆2′

6 − (012)′
)
→ R4

.

(b) Ñóùåñòâóåò Z2-âëîæåíèå Q→ R4
. (
) Ñóùåñòâóåò Z-âëîæåíèå Q→ R4

.

Óêàçàíèå ê ï. (b). Ïðîäîëæèòå âëîæåíèå èç ï. (a) äî PLGP îòîáðàæåíèÿ f : Q→ R4
.

Ïî ëåììå î ÷åòíîñòè |fT ∩ f∂(3456)| ≡ |fT ∩ f∂(3456)′| ≡ 0 mod 2. Äàëåå èñïîëüçóéòå
¾ïàëüöåâûå äâèæåíèÿ¿ âàí Êàìïåíà (óòâåðæäåíèå 6.8.5).

Íàáðîñîê äîêàçàòåëüñòâà óòâåðæäåíèÿ 6.11.2.b. Ïóñòü, íàïðîòèâ, êîìïëåêñ PL âëî-

æèì â R3
. Áóäåì ðàññìàòðèâàòü åãî êàê ïîäìíîæåñòâî â R3

, ò.å. îòîæäåñòâèì åãî ñ åãî

îáðàçîì. Çàìêíóòàÿ ëîìàíàÿ [345] îãðàíè÷èâàåò äèñê (034) ∪ (045) ∪ (045). Ýòîò äèñê
ïåðåñåêàåò òîð â åäèíñòâåííîé òî÷êå 0. Äîïîëíåíèå äèñêà äî ýòîé òî÷êè íàõîäèòñÿ ïî

îäíó ñòîðîíó îò òîðà. Òîãäà ýòîò äèñê ìîæíî çàìåíèòü íà äðóãîé äèñê â R3
ñ òîé æå

ãðàíè÷íîé îêðóæíîñòüþ [345], êîòîðûé óæå íå ïåðåñåêàåò òîðà. (×òîáû ýòî ñòðîãî äî-

êàçàòü, ìîæíî ðàññìîòðåòü ìàëåíüêóþ ñ�åðó ñ öåíòðîì â òî÷êå 0.) Çíà÷èò, ïî ëåììå î

÷åòíîñòè ëîìàíàÿ [345] íå çàöåïëåíà ñ ïàðàëëåëüþ [012] òîðà. Ïðîòèâîðå÷èå ñ òåîðåìîé
Êîíâåÿ-�îðäîíà-Çàêñà.

Çàäà÷à 6.11.5. (a) ×åìó ãîìåîìîð�íî R4 − R2 × 0− 0× R2
?

(b) ×åìó ãîìåîìîð�íî äîïîëíåíèå äî çàöåïëåíèÿ Õîï�à â R3
?

Çàäà÷à 6.11.6. Take `standard' embeddings f, g : D2 → B4
with disjoint images. There

exist proper embeddings f ′, g′, h′ : D2 → B4
su
h that f = f ′

and g = g′ on ∂D2
,

h′S1 ∩ (fD2 ∪ gD2) = h′D2 ∩ (f ′D2 ∪ g′D2) = ∅ 6= f ′D2 ∩ g′D2,

and h′|S1
is not null-homotopi
 in B4 − (fD2 ∪ gD2).

6.12 NP-òðóäíîñòü ïðîáëåìû âëîæèìîñòè êîìïëåêñîâ

Â ýòîì ïóíêòå ìû ïðèâåäåì èäåþ äîêàçàòåëüñòâà òåîðåì 6.6.3 è 6.10.4 îá NP-òðóäíîñòè.

Ïóñòü èìååòñÿ �îðìóëà f äëÿ áóëåâîé �óíêöèè, ÿâëÿþùàÿñÿ äèçúþíêöèåé êîíú-

þíêöèé ïåðåìåííûõ è èõ îòðèöàíèé. Ïóñòü ïðè ýòîì â êàæäîì ¾ñëàãàåìîì¿ íå áîëåå

òðåõ ¾ñîìíîæèòåëåé¿. Ìû ïîñòðîèì 2-êîìïëåêñ Qf ñî ñëåäóþùèì ñâîéñòâîì: Qf âëî-

æèì â R4
òîãäà è òîëüêî òîãäà, êîãäà f 6≡ 1 (ëåììà 6.12.2). Áîëåå òîãî, êîëè÷åñòâî

ãðàíåé (âñåõ ðàçìåðíîñòåé) â êîìïëåêñå Qf ÿâëÿåòñÿ ïîëèíîìîì îò êîëè÷åñòâà ïåðåìåí-

íûõ n â �óíêöèè f , è ïîñòðîåíèå êîìïëåêñà Qf ïî f ðåàëèçóåòñÿ ïîëèíîìèàëüíûì ïî

n àëãîðèòìîì. Ýòîãî äîñòàòî÷íî äëÿ òåîðåìû 6.6.3 îá NP-òðóäíîñòè (ïðè d = 2k = 4).
Äëÿ òåîðåìû 6.10.4 íóæíî äîïîëíèòåëüíî óòâåðæäåíèå 6.12.4.

Íà÷íåì ñ ÷àñòíûõ ñëó÷àåâ, îòâå÷àþùèõ ïðîñòûì �îðìóëàì f .
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Çàäà÷à 6.12.1. (a) Êîìïëåêñ Qx1 := (∆2
6 − (012))

⋃
∂(012)=a

T PL âëîæèì â R4
.

(b) (Çàãàäêà) Ïî÷åìó íå ïðîõîäèò äîêàçàòåëüñòâî íåâëîæèìîñòè êîìïëåêñà Qx1∨x1
â R4

(óòâåðæäåíèå 6.11.3.a) äëÿ ñëåäóþùåãî êîìïëåêñà?

Qx1x2∨x1 := Qx1∨x1 − (013) =
(
∆2

6 − (012)− (013)
) ⋃

0=0′

(
∆2′

6 − (012)′
) ⋃

∂(012)=a, ∂(012)′=b

T.

(
)* Êîìïëåêñ Qx1x2∨x1 PL âëîæèì â R4
.

(d) Ñëåäóþùèé êîìïëåêñ (ðèñ. 6.12.1) íå PL âëîæèì â R4
:

Qx1x2∨x1∨x2 :=
(
∆2

6 − (012)− (013)
) ⋃

0=0′

(
∆2′

6 − (012)′
) ⋃

0=0′′

(
∆2′′

6 − (013)′′
) ⋃

∂(012)=a, ∂(012)′=b,
∂(013)=a′, ∂(013)′′=b′

T∪T ′.

�èñ. 6.12.1: www.m

me.ru/
ir
les/oim/algor�g.pdf: Qx1x2∨x1∨x2

(e) (çàãàäêà) Ïî÷åìó íå ïðîõîäèò äîêàçàòåëüñòâî íåâëîæèìîñòè â R4
èç ïóíêòà (d)

äëÿ ñëåäóþùåãî êîìïëåêñà?

Qx1x2∨x1x2 :=
(
∆2

6 − (012)− (013)
) ⋃

0=0′

(
∆2′

6 − (012)′ − (013)′
) ⋃

∂(012)=a, ∂(012)′=b,
∂(013)=a′, ∂(013)′=b′

T ∪ T ′.

�èñ. 6.12.2: www.m

me.ru/
ir
les/oim/algor�g.pdf: Qx1x2x3∨x1∨x2∨x3

(f) Ñëåäóþùèé êîìïëåêñ (ðèñ. 6.12.2) íå PL âëîæèì â R4
:

Qx1x2x3∨x1∨x2∨x3 :=
(
∆2

6 − (012)− (013)− (014)
) ⋃

0=0′

(
∆2′

6 − (012)′
) ⋃

0=0′′

⋃

0=0′′

(
∆2′′

6 − (013)′′
) ⋃

0=0′′′

(
∆2′′′

6 − (014)′′′
) ⋃

∂(012)=a′, ∂(012)′=b′,
∂(013)=a′′, ∂(013)′′=b′′,
∂(014)=a′′′ , ∂(014)′′′=b′′′

T ′ ∪ T ′′ ∪ T ′′′.

(g) Ñëåäóþùèé êîìïëåêñ íå PL âëîæèì â R4
:

Qx1x2∨x1x2∨x1 :=
(
∆2

6 − (012)− (013)
) ⋃

0=0′

(
∆2′

6 − (012)′ − (013)′
) ⋃

0=0′′

⋃

0=0′′

(
∆2′′

6 − (012)′′
) ⋃

∂(012)=a, ∂(012)′′=b,
∂(012)′=a′, ∂(012)′′=b′,
∂(013)=a′′ , ∂(013)′=b′′

T ∪ T ′ ∪ T ′′.

Óòâåðæäåíèÿ (d,f,g) äîêàçûâàþòñÿ àíàëîãè÷íî íåâëîæèìîñòè êîìïëåêñà Qx1∨x1 .

Ëåììà 6.12.2. Ïóñòü äàíà �îðìóëà

f(x1, . . . , xn) =
m∨

s=1

xαs

ps(2)
xβsps(3)x

γs
ps(4)

.
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Çäåñü x0 = x, x1 = x è ps : {2, 3, 4} → [n] èíúåêöèè !!!. Ïîëîæèì

Qf :=
⋃

01=02=···=0m

(
∆2

6 − (012)− (013)− (014)
)
s

⋃

∂(01p−1
i (k))i=aijk , ∂(01p

−1
j (k))j=bijk

∪ijkTijk.

Çäåñü èíäåêñû s è ijk îçíà÷àþò íîìåð êîïèè, ïðè÷åì

• s ïðîáåãàåò âñå öåëûå ÷èñëà îò 1 äî m;
• ijk ïðîáåãàåò âñå (óïîðÿäî÷åííûå) òðîéêè (i, j, k) ∈ [m]× [m] × [n], äëÿ êîòîðûõ

â i-ì ñëàãàåìîì åñòü xk, à â j-ì åñòü xk; òàêèå òðîéêè íàçîâåì êîí�ëèêòíûìè.

Êîìïëåêñ Qf PL âëîæèì â R4
òîãäà è òîëüêî òîãäà, êîãäà ñóùåñòâóåò a ∈ Zn2 ,

äëÿ êîòîðîãî f(a) = 0.

Çàäà÷à 6.12.3. Â îáîçíà÷åíèÿõ ëåììû 6.12.2 åñëè f ≡ 1, òî ñóùåñòâóåò
(a) êîí�ëèêòíàÿ òðîéêà ijk.
(b) êîí�ëèêòíàÿ òðîéêà ijk, äëÿ êîòîðîé xk è xk ñòîÿò íà ïåðâîì ìåñòå (ò.å. pi(2) =

pj(2) = k).
Óêàçàíèå. Òàê êàê f ≡ 1, òî äëÿ ëþáîãî âûáîðà îäíîãî ñîìíîæèòåëÿ èç êàæäîãî

¾ñëàãàåìîãî¿ íàéäóòñÿ äâà ñîìíîæèòåëÿ xk è xk ñðåäè âûáðàííûõ.

Äîêàçàòåëüñòâî ÷àñòè ¾òîëüêî òîãäà¿ ëåììû 6.12.2. Ïóñòü, íàïðîòèâ, f ≡ 1 è Qf

âëîæèì â R4
. Áóäåì ðàññìàòðèâàòü Qf êàê ïîäìíîæåñòâî â R4

, ò.å. îòîæäåñòâèì åãî

ñ åãî îáðàçîì. Ïî ëåììå 6.7.3 (èëè ïî åå ñëåäñòâèþ � PL àíàëîãó óòâåðæäåíèÿ 5.2.4)

ìîæíî ñ÷èòàòü, ÷òî äëÿ ëþáîãî s ∈ [m] ñ�åðà ∂(3456)s è çàìêíóòàÿ ëîìàíàÿ ∂(012)s
çàöåïëåíû ïî ìîäóëþ 2 (òîãî, ÷òîáû èìåííî îíè áûëè çàöåïëåíû, ìîæíî äîáèòüñÿ, ïåðå-

íóìåðîâàâ âåðøèíû 2s, 3s, 4s). Ïî óòâåðæäåíèþ 6.12.3 ñóùåñòâóåò êîí�ëèêòíàÿ òðîéêà

ijk, äëÿ êîòîðîé xk è xk ñòîÿò íà ïåðâîì ìåñòå. Äëÿ {s, s′} = {i, j} çàìêíóòàÿ ëîìàíàÿ
∂(012)s îãðàíè÷èâàåò äèñê (015)s ∪ (125)s ∪ (025)s, íå ïåðåñåêàþùèé ñ�åðó ∂(3456)s′.
Ïðîòèâîðå÷èå ñ ëåììîé 6.14.7.b î êîëüöàõ Áîððîìåî äëÿ ñ�åð ∂(3456)i, ∂(3456)j è òîðà
Tijk.

Äîêàçàòåëüñòâî ÷àñòè ¾òîãäà¿ èëëþñòðèðóåòñÿ óòâåðæäåíèÿìè 6.12.1.a
 è ïðèâî-

äèòñÿ â [MTW℄.

Çàäà÷à 6.12.4. Â îáîçíà÷åíèÿõ ëåììû 6.12.2 åñëè êîìïëåêñ Qf ïî÷òè âëîæèì â R4
,

òî ñóùåñòâóåò a ∈ Zn2 , äëÿ êîòîðîãî f(a) = 0.

6.13 Âëîæèìîñòü êîìïëåêñîâ â ïëîñêîñòü

Òåîðåìà 6.13.1 (Halin-Jung, [HJ64℄). Ñëåäóþùèå óñëîâèÿ íà 2-êîìïëåêñ K ðàâíîñèëü-

íû:

(i) K PL âëîæèì â ïëîñêîñòü;

(ii) íèêàêîå ïîäðàçáèåíèå êîìïëåêñà K íå ñîäåðæèò ïîäðàçáèåíèé ãðà�à K5, ãðà�à

K3,3, êíîïêè KV I èëè ñ�åðû S2
(ðèñ. 6.3.1).

(iii) K íå ñîäåðæèò ïîäðàçáèåíèé êîìïëåêñîâ, èçîáðàæåííûõ íà ðèñ. 6.3.1.

Èìïëèêàöèè (i) ⇒ (ii), (i) ⇒ (iii) è (ii) ⇒ (iii) î÷åâèäíû. Èìïëèêàöèÿ (iii) ⇒ (i)
äîêàçàíà â [HJ64℄. Íèæå äîêàçàíà èìïëèêàöèÿ (ii) ⇒ (i). Âèäèìî, ïðèâîäèìîå äîêà-
çàòåëüñòâî ÿâëÿåòñÿ �îëüêëîðíûì, ñì. [Sk05℄. Îíî ïðîùå äîêàçàòåëüñòâà èìïëèêàöèè

(iii) ⇒ (i) â [HJ64℄.

Íàáðîñîê äîêàçàòåëüñòâà èìïëèêàöèè (ii) ⇒ (i). Äîñòàòî÷íî äîêàçàòü èìïëèêàöèþ äëÿ

ñâÿçíûõ 2-êîìïëåêñîâ. Ïóñòü ñâÿçíûé 2-êîìïëåêñ N 6∼= S2
íå ñîäåðæèò íè ãðà�îâ K5,
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�èñ. 6.13.1: Ïðåîáðàçîâàíèå îêðåñòíîñòè òî÷êè

K3,3, íè çîíòèêà KV I . Òàê êàê N íå ñîäåðæèò çîíòèêà, òî îêðåñòíîñòü ëþáîé òî÷êè â N
ÿâëÿåòñÿ îáúåäèíåíèåì äèñêîâ è îòðåçêîâ, ñêëååííûõ çà îäíó òî÷êó (ðèñ. 6.13.1 ñëåâà).

Åñëè ýòèõ äèñêîâ áîëüøå îäíîãî, òî çàìåíèì ýòó îêðåñòíîñòü íà èçîáðàæåííóþ íà

ðèñ. 6.13.1 ñïðàâà. Ïðè ýòîì ïðåîáðàçîâàíèè íå ïîÿâèòñÿ ïîäãðà�îâK5 èK3,3. Îáðàòíîå

ïðåîáðàçîâàíèå ÿâëÿåòñÿ ñòÿãèâàíèåì ¾çâåçäû ñ íåñêîëüêèìè ëó÷àìè¿ è ïîýòîìó ñîõðà-

íÿåò ïëàíàðíîñòü. Çíà÷èò, äîñòàòî÷íî äîêàçàòü òåîðåìó äëÿ ïîëó÷åííîãî 2-êîìïëåêñà

N ′
. Îáîçíà÷èì ÷åðåç N îáúåäèíåíèå åãî äâóìåðíûõ ãðàíåé. Òîãäà îêðåñòíîñòü ëþ-

áîé òî÷êè â N ÿâëÿåòñÿ äèñêîì (ñì. �îðìàëèçàöèþ â íà÷àëå çàäà÷è 6.14.1). Çíà÷èò,

ïî òåîðåìå êëàññè�èêàöèè 2-ìíîãîîáðàçèé [Sk20, �5.1℄ N ÿâëÿåòñÿ ñ�åðîé ñ ðó÷êàìè,

ïëåíêàìè Ìåáèóñà è äûðêàìè. Ïîñêîëüêó êàæäûé èç ãðà�îâ K5 è K3,3 âëîæèì è â òîð

ñ äûðêîé, è â ëèñò Ìåáèóñà, òî N åñòü íåñâÿçíîå îáúåäèíåíèå äèñêîâ ñ äûðêàìè.

�èñ. 6.13.2: Ïðåîáðàçîâàíèå äèñêà ñ äûðêàìè

Çàìåíèì êàæäûé èç ýòèõ äèñêîâ ñ äûðêàìè íà ãðà� ñ ðèñ. 6.13.2. Ïîñêîëüêó N ′

íå ñîäåðæèò ãðà�îâ K5 è K3,3, òî è â ïîëó÷åííîì çàìåíîé ãðà�å N̂ èõ íåò. Çíà÷èò,

ïî òåîðåìå Êóðàòîâñêîãî 1.2.3.e ãðà� N̂ ïëàíàðåí. Ïî âëîæåíèþ ãðà�à N̂ â ïëîñêîñòü

ëåãêî ïîñòðîèòü âëîæåíèå 2-êîìïëåêñà N ′
â ïëîñêîñòü.

6.14 Âëîæåíèÿ è çàöåïëåííîñòü â ïðîñòðàíñòâå

Çàäà÷à 6.14.1. Òðèàíãóëÿöèåé 2-ìíîãîîáðàçèÿ íàçûâàåòñÿ 2-êîìïëåêñ, ëþáîå ðåáðî

êîòîðîãî ñîäåðæèòñÿ â íåêîòîðîé ãðàíè è äëÿ ëþáîé âåðøèíû v êîòîðîãî âñå ãðàíè, åå
ñîäåðæàùèå, îáðàçóþò ¾öåïî÷êó¿

{v, a1, a2}, {v, a2, a3} . . . {v, an−1, an} èëè {v, a1, a2}, {v, a2, a3} . . . {v, an−1, an}, {v, an, a1}

äëÿ íåêîòîðûõ ïîïàðíî ðàçëè÷íûõ âåðøèí a1, . . . , an. Åñëè äëÿ âñåõ v èìååò ìåñòî

âòîðîé ñëó÷àé, òî òðèàíãóëÿöèÿ 2-ìíîãîîáðàçèÿ íàçûâàåòñÿ çàìêíóòîé.

(a) Åñëè ñâÿçíàÿ òðèàíãóëÿöèÿ 2-ìíîãîîáðàçèÿ ëèáî íåçàìêíóòà, ëèáî îðèåíòèðóåìà

òî îíà PL âëîæèìà â R3
. (Ñì. îïðåäåëåíèå îðèåíòèðóåìîñòè â [Sk20, �5℄, ñð. ñ ðèñ. 4.3.1.

Èñïîëüçóéòå òåîðåìó êëàññè�èêàöèè òðèàíãóëÿöèé 2-ìíîãîîáðàçèé [Sk20, �5℄.)

(b) Ëþáàÿ òðèàíãóëÿöèÿ 2-ìíîãîîáðàçèÿ PL âëîæèìà â R4
.
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(
) Íèêàêàÿ çàìêíóòàÿ íåîðèåíòèðóåìàÿ òðèàíãóëÿöèÿ 2-ìíîãîîáðàçèÿ íå ÿâëÿåòñÿ

PL âëîæèìîé â R3
.

Ïðèìåðû èç óòâåðæäåíèÿ 6.14.1.
 (èëè 6.1.4) äàþò áåñêîíå÷íîå ñåìåéñòâî 2-êîìïëåêñîâ,

íå ÿâëÿþùèõñÿ PL âëîæèìûìè â R3
, íè îäèí èç êîòîðûõ íå ñîäåðæèò äðóãîé.

Îáîáùåíèå íà âëîæèìîñòü â òðåõìåðíûå ìíîãîîáðàçèÿ ñì. â �10.

Çàäà÷à 6.14.2. (a) Ïðè ëþáîì PL âëîæåíèè ëåíòû Ìåáèóñà â R3
åå êðàé çàöåïëåí

ïî ìîäóëþ 2 ñî ñðåäíåé ëèíèåé.

(b) Ïðè ëþáîì PL âëîæåíèè áóòûëêè Êëåéíà ñ äûðêîé â R3
åå êðàé çàöåïëåí ïî

ìîäóëþ 2 ñ íåêîòîðîé çàìêíóòîé êðèâîé íà áóòûëêå Êëåéíà.

(
) Ïðè ëþáîì PL âëîæåíèè â R3
íåîðèåíòèðóåìîé ïîâåðõíîñòè, êðàé êîòîðîé ÿâ-

ëÿåòñÿ îäíîé îêðóæíîñòüþ, åå êðàé çàöåïëåí ïî ìîäóëþ 2 ñ ëþáîé èç òåõ çàìêíóòûõ

êðèâûõ íà ïîâåðõíîñòè ïðè îáõîäå âäîëü êîòîðîé ìåíÿåòñÿ îðèåíòàöèÿ.

(d) * Ïðè ëþáîì PL âëîæåíèè â R7
äîïîëíåíèÿ ïðîñòðàíñòâà RP 4

äî âíóòðåííîñòè

÷åòûðåõìåðíîãî øàðà êðàåâàÿ 3-ñ�åðà çàöåïëåíà ïî ìîäóëþ 2 ñ RP 3 ⊂ RP 4
.

Óòâåðæäåíèå 6.14.3 ([Pa20, Theorem 1℄, see also [Sk18o, Theorem 1℄). Let L be a graph

su
h that the join L∗ [3] (i.e., the union of three 
ones over L along their 
ommon bases) PL

embeds into R4
. Then L admits a PL embedding into R3

su
h that any two disjoint 
y
les

have zero linking number.

Äîêàçàòåëüñòâî. Consider L∗ [3] as a sub
omplex of some triangulation of R4
. Then there

is a small general position 4-dimensional PL ball∆4

ontaining the point ∅∗1 ∈ R4

. Hen
e the

interse
tion ∂∆4∩ (L∗ [3]) is PL homeomorphi
 to L. Let us prove that this very embedding
of L into the 3-dimensional sphere ∂∆4

satis�es the required property.

Take any two disjoint oriented 
losed polygonal lines a, b ⊂ ∂∆4 ∩ (L ∗ [3]) ∼= L. Then
(a∗{1, 2})−Int∆4

and (b∗{1, 3})−Int∆4
are two disjoint 2-dimensional PL disks in R4−∆4

whose boundaries are a and b. Hen
e a and b have zero linking number in the 3-dimensional
sphere ∂∆4

(by Lemma 5.4.1.b applied to R4 − Int∆4
instead of R4

+).

Çàìå÷àíèå 6.14.4. (a) Proposition 6.14.3 trivially generalizes to a d-dimensional �nite
simpli
ial 
omplex L and embeddings L ∗ [3] → R2d+2

, L → R2d+1
. For d 6= 2 and a d-


omplex L embeddability of L ∗ [3] into R2d+2
even implies embeddability of L into R2d

. For

the 
ase d = 1 
onsidered in Proposition 6.14.3 this improvement follows from a theorem of

Gr�unbaum [Gr69℄ (whose proof is more 
ompli
ated). For the 
ase d ≥ 3 this improvement
is proved in [MS06, (iv) ⇒ (i) of Corollary 4.4℄, [Pa20℄, [PS20℄.

(b) The above proof of Theorem 6.14.3 is analogous to [Sk03, Example 2℄ where a relation

between intrinsi
 linking in 3-spa
e and non-realizability in 4-spa
e was found and used.

Although the proof is simple, it easily generalizes to non-trivial results like a simple solution

of the Menger 1929 
onje
ture and its generalizations [Sk03, Example 2, Lemmas 2 and 1'℄,

see survey [Sk14℄.

Ïðèìåð 6.14.5. (a) (Artin, 1925) Ñóùåñòâóåò PL âëîæåíèå S2 → R4
, íå èçîòîïíîå

ñòàíäàðòíîìó.

Hint: rotate R3
+ ⊂ R4

around R1 ⊂ R3
+.

(b) (Rolfsen, 1975) Ñóùåñòâóåò PL âëîæåíèå S2 ⊔ S2 → R4
, íå èçîòîïíîå âëîæå-

íèþ, îáðàçû êîìïîíåíò ïðè êîòîðîì ëåæàò â íåïåðåñåêàþùèõñÿ øàðàõ, è ñóæåíèÿ

êîòîðîãî íà êîìïîíåíòû èçîòîïíû ñòàíäàðòíûì âëîæåíèÿì. (Èõ êîý��èöèåíò çà-

öåïëåíèÿ ðàâåí íóëþ, èáî H2(R
4 − f(S2);Z) = 0.)

Çàìå÷àíèå 6.14.6. (a) Ñëåäóþùåå óòâåðæäåíèå (b) ïîêàçûâàåò, ÷òî ïåðåñå÷åíèå òîðà

ñ îäíèì èç êîëåö Áîððîìåî â ïîñòðîåíèè êîëåö Áîððîìåî ïðè ïîìîùè òîðà (�4.6) íå
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ñëó÷àéíî. Óòâåðæäåíèÿ (b,
), âìåñòå ñî ñâîèìè ìàëîìåðíûì è ìíîãîìåðíûì àíàëîãàìè

(óòâåðæäåíèÿìè 2.2.4 è 6.14.7) èëëþñòðèðóþò îäíó èç èäåé äîêàçàòåëüñòâà òåîðåìû îá

NP òðóäíîñòè 6.6.3.

(b) Â ïðîñòðàíñòâå äàíû PL âëîæåííûå òîð è íåïåðåñåêàþùèåñÿ äèñêè Da, Db, äëÿ

êîòîðûõ

• Db íå ïåðåñåêàåò ïàðàëëåëè òîðà, à Da � ìåðèäèàíà,

• ∂Da çàöåïëåíî ïî ìîäóëþ 2 ñ ïàðàëëåëüþ òîðà, à ∂Db ñ ìåðèäèàíîì.

Òîãäà òîð ïåðåñåêàåò îáúåäèíåíèå ãðàíèö äèñêîâ.

(
) Â ïðîñòðàíñòâå äàíû PL âëîæåííûé òîð è ïåðåñåêàþùèåñÿ ðîâíî â îäíîé òî÷êå

çàìêíóòûå ëîìàíûå Sa, Sb, äëÿ êîòîðûõ
• Sa íå çàöåïëåíà ïî ìîäóëþ 2 ñ ìåðèäèàíîì òîðà, à Sb � ñ ïàðàëëåëüþ;

• Sa çàöåïëåíà ïî ìîäóëþ 2 ñ ïàðàëëåëüþ òîðà, à Sb � ñ ìåðèäèàíîì.

Òîãäà òîð ïåðåñåêàåò îáúåäèíåíèå ëîìàíûõ.

(d) Àíàëîã óòâåðæäåíèÿ (
) íåâåðåí ñ çàìåíîé óñëîâèÿ ¾ïåðåñåêàþùèåñÿ ðîâíî â

îäíîé òî÷êå¿ íà ¾íåïåðåñåêàþùèåñÿ¿. Äåéñòâèòåëüíî, îñü ïîëíîòîðèÿ (îêðóæíîñòü) è

îñü ñèììåòðèè ïîëíîòîðèÿ (ïðÿìàÿ) � íåïåðåñåêàþùèåñÿ çàìêíóòûå ëîìàíûå Sa, Sb,
íå ïåðåñåêàþùèå òîð, äëÿ êîòîðûõ âûïîëíåíû ÷åòûðå ñâîéñòâà èç óòâåðæäåíèÿ (ñ). Íî

àíàëîã óòâåðæäåíèÿ (
) ñ çàìåíîé ýòîãî óñëîâèÿ íà ¾íåïåðåñåêàþùèõñÿ íå çàöåïëåí-

íûå¿ âåðåí.

(e) Ïðîñòîå äîêàçàòåëüñòâî óòâåðæäåíèé (b,
) ìîæíî ïîëó÷èòü àíàëîãè÷íî óòâåð-

æäåíèþ 2.2.4, ñì. [AMS+℄. Ïðèâåì èäåþ áîëåå ñëîæíîãî äîêàçàòåëüñòâà, èñïîëüçóþ-

ùåãî �óíäàìåíòàëüíóþ ãðóïïó (óòâåðæäåíèå (
) äîêàçûâàåòñÿ àíàëîãè÷íî ñ èñïîëüçî-

âàíèåì òåîðåìû Ñòîëëèíãñà î íèæíåì öåíòðàëüíîì ðÿäå ãðóïïû [FKT, Lemma 7℄).

Åñëè áû â óòâåðæäåíèè (b) íè ∂D, íè ∂D′
íå ïåðåñåêàëè òîð, òî êðèâóþ X íà

òîðå, áëèçêóþ ê ãðàíèöå êâàäðàòà, ïîëó÷åííîãî èç òîðà ðàçðåçàíèåì ïî ïàðàëëåëè è

ìåðèäèàíó, ìîæíî áûëî ñòÿíóòü ñ ∂D ∪ ∂D′
ïî òîðó. Íî ýòî íåâîçìîæíî àíàëîãè÷íî

äîêàçàòåëüñòâó íåðàñöåïëÿåìîñòè â ïðèìåðå 4.6.1.a.

Èäåÿ äîêàçàòåëüñòâà óòâåðæäåíèÿ (b). Òàê êàê äèñêè D,D′
êóñî÷íî-ëèíåéíî âëî-

æåíû è íå ïåðåñåêàþòñÿ, òî çàöåïëåíèå ∂D ⊔ ∂D′
èçîòîïíî ñòàíäàðòíîìó. Ïîýòîìó

ãðóïïà π1(R
3 − ∂D ⊔ ∂D′) èçîìîð�íà ñâîáîäíîé ãðóïïå ñ äâóìÿ îáðàçóþùèìè. Òàê êàê

ïàðàëëåëü òîðà íå ïåðåñåêàåò D′
è çàöåïëåíà ïî ìîäóëþ 2 ñ ∂D, òî ïàðàëëåëü ïðåäñòàâ-

ëÿåò íå÷åòíóþ ñòåïåíü îäíîé èç îáðàçóþùèõ. Àíàëîãè÷íî ìåðèäèàí òîðà ïðåäñòàâëÿåò

íå÷åòíóþ ñòåïåíü äðóãîé îáðàçóþùåé. Îáîçíà÷èì ÷åðåç S êðèâóþ íà òîðå, áëèçêóþ ê

ãðàíèöå êâàäðàòà, ïîëó÷åííîãî èç òîðà ðàçðåçàíèåì ïî ïàðàëëåëè è ìåðèäèàíó. Îêðóæ-

íîñòü S ïðåäñòàâëÿåò êîììóòàòîð ýòèõ îáðàçóþùèõ, êîòîðûé íå ðàâåí åäèíèöå. Íî S
ãîìîòîïíà íóëþ â òîðå. Ïîýòîìó îí ïåðåñåêàåò ëèáî ∂D, ëèáî ∂D′

.

Çàäà÷à 6.14.7. Îáîçíà÷èì ÷åðåç a := S1 × 1 ïàðàëëåëü òîðà è ÷åðåç b := 1 × S1

ìåðèäèàí òîðà. Ïóñòü f : S1 × S1 ⊔ S2
a ⊔ S

2
b → R4

PL îòîáðàæåíèå, ïðè êîòîðîì îáðàçû

ìíîæåñòâ a∪b è S2
a⊔S

2
b íå ïåðåñåêàþòñÿ. Äëÿ x, y ∈ {a, b} îáîçíà÷èì ÷åðåç (xy) ñâîéñòâî

¾fS2
x çàöåïëåíà ïî ìîäóëþ 2 ñ fy¿.
(a) Â R4

ñóùåñòâóþò íåïåðåñåêàþùèåñÿ PL âëîæåííûå òîð è ñ�åðà Sa, äëÿ êîòîðûõ
âûïîëíåíî ñâîéñòâî (aa) è íå âûïîëíåíî ñâîéñòâî (ab). Òîãäà, âçÿâ Sb âäàëè îò òîðà è
Sa, ïîëó÷èì, ÷òî íå âûïîëíåíî ñâîéñòâà (ba) è (bb).

(b) (ëåììà î êîëüöàõ Áîððîìåî) Åñëè äëÿ PL âëîæåííîãî òîðà è íåïåðåñåêàþùèõñÿ

PL âëîæåííûõ ñ�åð S2
a , S

2
b â R4

, íè îäíà èç êîòîðûõ íå ïåðåñåêàåò îáúåäèíåíèå ïàðàë-

ëåëè è ìåðèäèàíà, âûïîëíåíû ñâîéñòâà (aa), (bb) è íå âûïîëíåíû ñâîéñòâà (ab), (ba),

òî òîð ïåðåñåêàåò îáúåäèíåíèå ñ�åð.

(
) (ëåììà î ñèíãóëÿðíûõ êîëüöàõ Áîððîìåî) Íå ñóùåñòâóåò PL îòîáðàæåíèÿ f :
S1 × S1 ⊔ S2

a ⊔ S2
b → R4

, ïðè êîòîðîì îáðàçû êîìïîíåíò ïîïàðíî íå ïåðåñåêàþòñÿ,
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âûïîëíåíû ñâîéñòâà (aa), (bb) è íå âûïîëíåíû ñâîéñòâà (ab), (ba).

(d) Òî æå, ÷òî â (b) è (
), áåç ñâîéñòâà (ba).

(e) Òî æå, ÷òî â (
), äëÿ PL îòîáðàæåíèÿ f : S1 × S1 ⊔ S2
a ∨ S

2
b → R4

, ïðè êîòîðîì

f(S1 × S1) ∩ f(S2
a ∨ S

2
b ) = ∅ è f(S2

a) ∩ f(S
2
b ) ñîñòîèò èç îáðàçà îáùåé òî÷êè ñ�åð.

Ëåììû (b,
) äîêàçûâàþòñÿ àíàëîãè÷íî óòâåðæäåíèþ 2.2.4, ñì. äåòàëè â [AMS+,

�2.2℄, [Al22℄ (ñð. ñ çàìå÷àíèåì 6.14.6). Îíè âàæíû äëÿ äîêàçàòåëüñòâà òåîðåì 6.6.3 è

6.10.4 îá NP-òðóäíîñòè ïðîáëåìû (ïî÷òè) ðåàëèçóåìîñòè ãèïåðãðà�îâ â Rd
.

6.15 On the number of fa
es in a k-sub
omplex of 2k-spa
e

The following Theorem 6.15.1.a is a higher-dimensional generalization of upper estimation

on the number of edges in a planar graph.

An embedding of a simpli
ial 
omplex into R2d+1
is 
alled linkless if the images of any

two d-dimensional spheres have zero linking number.

Òåîðåìà 6.15.1. (S. Parsa) (a) For every d there is C su
h that for every n every d-

omplex having n verti
es and embeddable into R2d


ontains less than Cnd+1−31−d

simpli
es

of dimension d.
(b) For every d there is C su
h that for every n every d-
omplex having n verti
es and

linklessly embeddable into R2d+1

ontains less than Cnd+1−41−d

simpli
es of dimension d.

The result (a) improves analogous result with Cnd+1−3−d

[De93℄ and is 
overed by the

Gr�unbaum-Kalai-Sarkaria 
onje
ture (whose proof is announ
ed in [Ad18℄; see [Sk21d, Example

3.1℄). See [Pa20, Theorems 3 and 4℄.

By Proposition 6.5.3.b the d+1 join power [3]∗(d+1) = [3] ∗ . . . ∗ [3] (d+1 
opies of [3]) is
not (PL or topologi
ally) embeddable into R2d

. The d+1 join power [4]∗(d+1)
is not linklessly

embeddable into R2d+1
[Sk03, Lemma 1℄ (we have [4]∗2 = K4,4, so the 
ase d = 1 is due to

Sa
hs). Theorem 6.15.1 is implied by these results and the following theorem.

Òåîðåìà 6.15.2. For every d, r there is C su
h that for every n every d-
omplex having
n verti
es and not 
ontaining a sub
omplex homeomorphi
 to [r]∗(d+1)


ontains less than

Cnd+1−r1−d

simpli
es of dimension d.

Proof of Theorem 6.15.2 is based on the following lemma similar to the estimation of the

number of edges in a graph not 
ontaining Ks+1,a (Kovari-Sos-Tura�n Theorem).

Ëåììà 6.15.3. For every integers r,m, a, s and subsets S1, . . . , Sm ⊂ [a] every whose r-tuple
interse
tion 
ontains at most s elements we have

|S1|+ . . .+ |Sm| ≤ r(ma1−1/rs1/r + a).

The 
ase r = 3 of Theorem 6.15.2 and of Lemma 6.15.3 is essentially proved in [Pa20℄.

The 
ase of arbitrary r is analogous.

Proof of Lemma 6.15.3. Denote by dq the number of subsets among S1, . . . , Sm 
ontaining

element q ∈ [a]. We may assume that there is ν ≤ a su
h that dq ≥ r when q ≤ ν and dq < r
when q > ν. Then the required inequality follows by

m∑

j=1

|Sj| =
a∑

q=1

dq < ra+

ν∑

q=1

dq and

(
ν∑

q=1

dq

)r
(1)

≤ νr−1
ν∑

q=1

drq
(2)

≤ rrνr−1
ν∑

q=1

(
dq
r

)
≤ rrar−1

a∑

q=1

(
dq
r

)
(3)
=
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(3)
= rrar−1

∑

{j1,...,jr}
|Sj1 ∩ . . . ∩ Sjr |

(4)

≤ rrar−1s

(
m

r

)
< rrmrar−1s.

Here

• the inequality (1) is the inequality between the arithmeti
 mean and the degree r mean;
• sin
e dq ≥ r when q ≤ ν, the inequality (2) follows by

rr
(
dq
r

)
=
rrdrq
r!

(
1−

1

dq

)(
1−

2

dq

)
. . .

(
1−

r − 1

dq

)
≥
rrdrq
r!

r − 1

r

r − 2

r
. . .

1

r
= drq;

• the (in)equalities (3) and (4) are obtained by double 
ounting the number of pairs

({j1, . . . , jr}, q) of an r-element subset of [m] and q ∈ Sj1 ∩ . . . ∩ Sjr .

Proof of Theorem 6.15.2. Indu
tion on d. The base d = 1 follows be
ause if a graph on n
verti
es does not 
ontain a subgraph homeomorphi
 to Kr,r, then the graph does not 
ontain

a subgraph homeomorphi
 to K2r and hen
e has O(n) verti
es [BT98℄ (this was apparently
proved in the paper [Ma68℄ whi
h is not easily available to me).

Let us prove the indu
tive step. If a d-
omplex K having n verti
es does not 
ontain a

sub
omplex homeomorphi
 to [r]∗(d+1)
, then any r-tuple interse
tion of the links of verti
es

from K does not 
ontain a sub
omplex homeomorphi
 to [r]∗d. Apply Lemma 6.15.3 to the
set of a ≤

(
n
d

)
< nd simpli
es of K having dimension d − 1, and to m = n subsets de�ned

by links of the verti
es. By the indu
tive hypothesis s ≤ Cnd−r
2−d

. Hen
e the number of

d-simpli
es of K does not ex
eed rnn(r−1)d/r
(
Cnd−r

2−d
)1/r

= C ′nd+1−r1−d

.

The following version of Lemma 6.15.3 is also possibly known. It was (re)invented by I.

Mitrofanov and the author in dis
ussions of the r-fold Khint
hine re
urren
e theorem, see

[OC, Problem 5℄.

Ëåììà 6.15.4. For every integers r,m, a and subsets S1, . . . , Sm ⊂ [a] we have

ar−1

m∑

j1,...,jr=1

|Sj1 ∩ . . . ∩ Sjr | ≥

(
m∑

j=1

|Sj|

)r

.

Äîêàçàòåëüñòâî. Consider the de
omposition of [a] by the sets Sj and their 
omplements.
The sets of this de
omposition 
orrespond to subsets of [m]. Denote by µA the number of

elements in the set of this de
omposition 
orresponding to a subset A ⊂ [m].
To every pair (A, j) of a subset A ⊂ [m] and a number j ∈ [m] assign 0 if j 6∈ A and

assign µA if j ∈ A. Let us double 
ount the sum Σ of the obtained 2m · m numbers. We

obtain

m∑

j=1

|Sj| = Σ =
∑

A⊂[m]

|A|µA.

To every pair (A, (j1, . . . , jr)) of a subset A ⊂ [m] and a ve
tor (j1, . . . , jr) ∈ [m]r assign 0 if
{j1, . . . , jr} 6⊂ A and assign µA if {j1, . . . , jr} ⊂ A. Let us double 
ount the sum Σr of the
obtained 2m ·mr

numbers. We obtain

m∑

j1,...,jr=1

|Sj1 ∩ . . . ∩ Sjr | = Σr =
∑

A⊂[m]

|A|rµA.

Hen
e by the inequality between the weighted arithmeti
 mean and the weighted degree r
mean, and using

∑
A⊂[m] µA = a, we obtain

ar−1Σr ≥


∑

A⊂[m]

|A|µA



r

=

(
n∑

j=1

|Sj|

)r

.
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6.16 Äæîéí

The following 
onstru
tions generalize the de�nition of 
one (�6.3).

Assume that subsets U, V ⊂ Rd
lie in skew a�ne subspa
es. For U, V 6= ∅ de�ne the

(geometri
) join

U ∗ V := {tx+ (1− t)y ∈ Rd : x ∈ U, y ∈ V, t ∈ [0, 1]}.

De�ne U ∗ ∅ := U and ∅ ∗ V := V .
The topologi
al join U ∗ V is the topologi
al spa
e obtained from U × V × [0, 1] by

identi�
ations (x, y, 0) ∼ (x′, y, 0) and (x, y, 1) ∼ (x, y′, 1) for ea
h x, x′ ∈ U , y, y′ ∈ V . (If
you do not know the quotient 
onstru
tion for topologi
al spa
es, then regard this as an

informal interpretation.)

Çàäà÷à 6.16.1. If U and V are unions of fa
es of some simplex ∆n and are disjoint, then

U ∗ V is the union of all fa
es of ∆n that 
orrespond to subsets σ ⊔ τ , where σ, τ ⊂ [n + 1]

orrespond to fa
es of U, V , respe
tively.

Complexes K and L are 
alled isomorphi
 if there is a bije
tion f : V (K) → V (L) su
h
that a subset A ⊂ V (K) is a fa
e if and only if the subset f(A) ⊂ V (L) is a fa
e. For

simpli
ity, we use the equality sign between isomorphi
 
omplexes, although formally being

isomorphi
 is not the same as being equal.

For 
omplexes K and L take a 
omplex L′
isomorphi
 to L su
h that V (K)∩V (L′) = ∅.

Then the (simpli
ial) join K ∗ L is the 
omplex with the set V (K) ⊔ V (L′) of verti
es and
the set {σ ⊔ τ : σ ∈ F (K), τ ∈ F (L′)} of fa
es. Clearly,

ConK = K∗[1], K = K∗∅ ⊂ K∗L, K∗L = L∗K, and (K1∗K2)∗K3 = K1∗(K2∗K3).

For subsets U1, . . . , Ur ⊂ Rd
lying in skew a�ne subspa
es the (geometri
) r-tuple join is

U1 ∗ . . . ∗ Ur := { t1x1 + . . .+ trxr ∈ Rd : xj ∈ Uj , tj ∈ [0, 1], t1 + . . .+ tr = 1 }.

Analogously one interprets the (simpli
ial) r-tuple join of r 
omplexes. The k-tuple join of

k 
opies of a 
omplex K is denoted by K∗k
.

Çàäà÷à 6.16.2. (a) [1]∗k = Dk−1
; (b) Dk ∗Dl = Dk+l+1

.

For more dis
ussions of the geometri
, topologi
al, and 
ombinatorial join see [Ma03,

�4.2℄.

Äâà êîìïëåêñà íàçûâàþòñÿ (PL) ãîìåîìîð�íûìè, åñëè îäèí ìîæíî ïîëó÷èòü

èç äðóãîãî (òî÷íåå, èç êîìïëåêñà, èçîìîð�íîãî äðóãîìó) îïåðàöèÿìè ïîäðàçäåëåíèÿ

ðåáðà è îáðàòíûìè ê íèì. Îáîçíà÷åíèå: K ∼= L. Õîòÿ çàäà÷è ýòîãî ïóíêòà ñ�îðìóëè-

ðîâàíû äëÿ PL ãîìåîìîð�íîñòè êîìïëåêñîâ, âû ìîæåòå âìåñòî ýòîãî ïðèâåñòè äîêàçà-

òåëüñòâî òîïîëîãè÷åñêîé ãîìåîìîð�íîñòè èõ òåë (ñì. îïðåäåëåíèå â ï. 6.7 è ïîäðîáíî-

ñòè â [Sk20, �5℄).

Çàäà÷à 6.16.3. (a) [2]∗k ∼= Sk−1
; (b) (S1)∗k ∼= S2k−1

;

(
) Sk ∗Dl ∼= Dk+l+1
; (d) Sk ∗ Sl ∼= Sk+l+1

.

Part (
) follows by part (a) and assertion 6.16.2.a. Parts (b,d) follow by part (a).

Hint to (a). Èíäóêöèÿ ïî k. Áàçà k = 1 î÷åâèäíà. Äëÿ äîêàçàòåëüñòâà øàãà èíäóêöèè
äîñòàòî÷íî ïîêàçàòü, ÷òî Sk ∼= Sk−1 ∗ [2]. Îáîçíà÷èì ÷åðåç Fk :=

(
[k+2]
6k+1

)
ìíîæåñòâî âñåõ

ãðàíåé ñ�åðû Sk. Îòîæäåñòâèì [2] ñ {k+2, k+3}. �àâåíñòâî Sk ∼= Sk−1 ∗ [2] ñëåäóåò èç
òîãî, ÷òî Fk ïåðåâîäèòñÿ ïîäðàçáèåíèåì ãðàíè [k + 1] âåðøèíîé k + 3 â ìíîæåñòâî

Fk−1

⋃
{σ ∪ {k + 2} : σ ∈ Fk−1}

⋃
{σ ∪ {k + 3} : σ ∈ Fk−1}
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âñåõ ãðàíåé äæîéíà Sk−1 ∗ [2].

Çàäà÷à 6.16.4. Any map (a) S1 → [3]∗3; (b) Sk → [r]∗k+2
is null-homotopi
.

Part (a) and the 
ase k = 1 of part (b) are proved using Seifert-van Kampen Theorem

[Sk20, �14℄. Then part (b) is proved using Hurewi
z Theorem and Mayer-Vietoris sequen
e

[Sk20, ��11, 14℄.

If K is a k-
omplex, 2m ≥ 3k+3 and the join K ∗ [3] PL embeds into Rm+2
, then K PL

embeds into Rm
. [PS20℄

6.17 Äåêàðòîâî ïðîèçâåäåíèå

Â ýòîì ïóíêòå K è L � ãðà�û ñ âåðøèíàìè 1, 2, . . . , vK è 1, 2, . . . , vL, íå èìåþùèå

èçîëèðîâàííûõ âåðøèí.

Äëÿ ïîäìíîæåñòâà U ⊂ Rd
(ãåîìåòðè÷åñêèì) öèëèíäðîì íàä U íàçûâàåòñÿ

U × D1 := {(x, t) ∈ Rd+1 : x ∈ U, t ∈ [−1, 1]}. Íàçâàíèå ¾öèëèíäð¿ ïðèíÿòî ïîòîìó,

÷òî öèëèíäð íàä îêðóæíîñòüþ ÿâëÿåòñÿ áîêîâîé ïîâåðõíîñòüþ ¾îáû÷íîãî¿ öèëèíäðà.

Öèëèíäðîì (êîìáèíàòîðíûì) íàä ãðà�îìK íàçûâàåòñÿ ëþáîé 2-êîìïëåêñ K×D1
,

PL ãîìåîìîð�íûé ëþáîìó èç äâóõ ñëåäóþùèõ (PL ãîìåîìîð�íûõ äðóã äðóãó).

Ïåðâûé êîìïëåêñ ñòðîèòñÿ ïî íàáîðó îðèåíòàöèé íà ðåáðàõ ãðà�àK, èìååò âåðøèíû

1, 2, . . . , vK , 1
′, 2′, . . . , v′K , è âñå ãðàíè {i, j, i′}, {i′, j′, j}, ãäå (i, j) � îðèåíòèðîâàííîå ðåáðî

ãðà�à K (ðèñ. 6.17.1 ñëåâà).

Âòîðîé êîìïëåêñ èìååò âåðøèíû 1, 2, . . . , vK , 1
′, 2′, . . . , v′K , u1, . . . , ue, ãäå e � êîëè-

÷åñòâî ðåáåð ãðà�à, è âñå ãðàíè {i, j, ue}, {i
′, j′, ue}, {i′, j, ue}, {i, j′, ue}, ãäå e = (i, j) �

ðåáðî ãðà�à.

Aik

Ai l

Ajk

Aj l

A11

A12

A13
A23

A21

A22

A31

A33 A32

�èñ. 6.17.1: Left: Realization in R2
of the square of the 
omplete graph on 2 verti
es.

Middle: Realization in R3
of the produ
t of the 
omplete graphs on 2 and on 3 verti
es.

Right: Realization in R3
of the square of the 
omplete graph on 3 verti
es.

�èñ. 6.17.2: Realization in R3
of the produ
t of the 
omplete graphs on 5 and on 2 verti
es.
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For instan
e, the 
ylinders overK2 = D1
,K3 = S1

andK5 (or rather their PL `realizations'

in R3
, see �6.5) are shown in Figures 6.17.1, left, 6.17.1, middle, and 6.17.2, respe
tively.

Çàäà÷à 6.17.1. (a) Öèëèíäð íàä ïóòåì, êîíóñ íàä ïóòåì, êîíóñ íàä öèêëîì è 2-äèñê

D2
ïîïàðíî PL ãîìåîìîð�íû.

(b) Öèëèíäðû íàä ãîìåîìîð�íûìè ãðà�àìè ãîìåîìîð�íû.

(
) Öèëèíäð íàä n-îäîì K1,n = [1] ∗ [n] PL ãîìåîìîð�åí êîíóñó íàä n-îäîì. (Ýòè
êîìïëåêñû èçîáðàæàþòñÿ êàê êíèæêà ñ n ëèñòàìè, ñì. ðèñ. 6.3.1 è [Sk20, ï. 2.2℄.)

Çàäà÷à 6.17.2. (a) Ïîñòðîéòå ¾ðàçáèåíèå¿ ïðèçìû (ãåîìåòðè÷åñêîãî öèëèíäðà)

Dk ×D1 ⊂ Rk+1
íà (k + 1)-ñèìïëåêñû.

(a') Òî æå, íî âåðøèíû êàæäîãî èç (k + 1)-ñèìïëåêñîâ ÿâëÿþòñÿ íåêîòîðûìè âåð-

øèíàìè ïðèçìû. (Íå çàáóäüòå äîêàçàòü, ÷òî ýòî ¾ðàçáèåíèå¿.)

(b) Îïðåäåëèòå êîìáèíàòîðíûé öèëèíäð íàä ïðîèçâîëüíûì êîìïëåêñîì.

(
) Öèëèíäðû íàä ãîìåîìîð�íûìè êîìïëåêñàìè ãîìåîìîð�íû.

Äëÿ ïîäìíîæåñòâ U, V ⊂ Rd
èõ (ãåîìåòðè÷åñêèì) ïðîèçâåäåíèåì íàçûâàåòñÿ

U × V := {(x, y) ∈ R2d : x ∈ U, y ∈ V }.
The produ
t Km ×Kn is any 2-
omplex PL homeomorphi
 to any of the following two

2-
omplexes (PL homeomorphi
 to ea
h other):

• 2-
omplex onmn verti
es (j, p), where j ∈ [m], p ∈ [n], and whose fa
es are all 3-element
sets

(∗) {(j, p), (k, q), (j, q)} and {(j, p), (k, q), (k, p)} ,

where 1 ≤ j < k ≤ m, 1 ≤ p < q ≤ n.
• 2-
omplex on mn +

(
m
2

)(
n
2

)
verti
es (j, p), where j ∈ [m], p ∈ [n], and (a, b), where

a ∈
(
m
2

)
, b ∈

(
n
2

)
, and whose fa
es are all 3-element sets

(∗∗) {(j, p), (j, q), ({j, k}, {p, q})} and {(j, p), (k, p), ({j, k}, {p, q})} ,

where 1 ≤ j < k ≤ m, 1 ≤ p < q ≤ n.
For instan
e, the produ
t K3×K3 = S1×S1

(the torus) is shown in Figure 6.17.1, right.

Ïðîèçâåäåíèåì (êîìáèíàòîðíûì)K×L ãðà�îâK è L íàçûâàåòñÿ ëþáîé 2-êîìïëåêñ,
PL ãîìåîìîð�íûé ëþáîìó èç äâóõ ñëåäóþùèõ (PL ãîìåîìîð�íûõ äðóã äðóãó).

Ïåðâûé êîìïëåêñ ñòðîèòñÿ ïî íàáîðàì îðèåíòàöèé íà ðåáðàõ ãðà�îâ K è L, èìååò
âåðøèíû (j, p), j ∈ [vK ], p ∈ [vL], è âñå ãðàíè (*), ãäå (j, k) è (p, q) � îðèåíòèðîâàííûå

ðåáðà ãðà�îâ K è L.
Âòîðîé êîìïëåêñ èìååò âåðøèíû (j, p), j ∈ [vK ], p ∈ [vL], è (e, f), ãäå e è f � ðåáðà

ãðà�îâ K è L, à òàêæå âñå ãðàíè (**), ãäå {j, k} è {p, q} � ðåáðà ãðà�îâ K è L.

Çàäà÷à 6.17.3. (a) Êâàäðàò T × T òðèîäà T := K3,1 = [1] ∗ [3] PL ãîìåîìîð�åí

êîíóñó íàä íåêîòîðûì ãðà�îì (íàä êàêèì?).

(b) Åñëè K ∼= K ′
è L ∼= L′

äëÿ ãðà�îâ K,L,K ′, L′
, òî K × L ∼= K ′ × L′

.

Çàäà÷à 6.17.4. (a) Ïîñòðîéòå ¾ðàçáèåíèå¿ ïðèçìû (ãåîìåòðè÷åñêîãî ïðîèçâåäåíèÿ)

Dk ×Dl ⊂ Rk+l
íà (k + l)-ñèìïëåêñû.

(a') Òî æå, íî âåðøèíû êàæäîãî èç (k+ l)-ñèìïëåêñîâ ÿâëÿþòñÿ íåêîòîðûìè âåðøè-
íàìè ïðèçìû. (Äîêàæèòå ñíà÷àëà äëÿ k = l = 2; ¾ñîæìèòå ãðàíè¿ â ïîñòðîåííîé Âàìè
òðèàíãóëÿöèè ïðîèçâåäåíèÿ D2 ×D1 ×D1

; íå çàáóäüòå äîêàçàòü, ÷òî ýòî ¾ðàçáèåíèå¿.)

(b) Îïðåäåëèòå êîìáèíàòîðíîå ïðîèçâåäåíèå ïðîèçâîëüíûõ êîìïëåêñîâ.

(
) The join P ∗Q 
ontains the produ
t P ×Q.
(d) Con(P ∗Q) ∼= ConP × ConQ äëÿ ëþáûõ êîìïëåêñîâ P è Q.
(e) T k ∼= Con([3]∗k).
Â ï. (
,d,e) äîêàæèòå, íà Âàø âûáîð, òîïîëîãè÷åñêóþ ñîäåðæèìîñòü / ãîìåîìîð�-

íîñòü ãåîìåòðè÷åñêèõ êîíóñîâ / äæîéíîâ / ïðîèçâåäåíèé, èëè PL ñîäåðæèìîñòü / ãî-

ìåîìîð�íîñòü êîìáèíàòîðíûõ êîíóñîâ / äæîéíîâ / ïðîèçâåäåíèé.
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Çàäà÷à 6.17.5. Âëîæèìî ëè êóñî÷íî-ëèíåéíî â ïëîñêîñòü ïðîèçâåäåíèå

(a) K2 ×K3; (b) K2 × T ; (
) K3 ×K3?

Çàäà÷à 6.17.6. Âëîæèìî ëè êóñî÷íî-ëèíåéíî â R3
ïðîèçâåäåíèå

(a) K2 ×Kn; (b) ïðîèçâîëüíîãî ïëàíàðíîãî ãðà�à íà K3; (
) T × T ?

Çàìå÷àíèå 6.17.7. (a) Analogously to [Sk14, �4℄ the produ
ts K5 × K3, K4 × K4 and

K3,3 × K3 are not PL embeddable into R3
. This and the answers to Problems 6.17.6.ab


imply that

• the produ
t Km×Kn is PL embeddable into R3
if and only if either min{m,n} = 2 or

or m = n = 3 or {m,n} = {3, 4}.
• the produ
t G × H of graphs is PL embeddable into R3

if and only if either one of

the graphs is a point, or one of the graphs is homeomorphi
 to D1
, or one of the graphs is

homeomorphi
 to S1
and the other is planar.

(b) Analogously to [Sk14, �4℄ the produ
t K5 × K5 is not PL embeddable into R4
.

On the other hand, [Sk14, Example 4.4℄ generalizes to show that the produ
t K4 × Kn

is PL embeddable R4
for every n. (Áîëåå òîãî, äåêàðòîâî ïðîèçâåäåíèÿ ëþáûõ äâóõ ãðà-

�îâ, îäèí èç êîòîðûõ ïëàíàðåí, PL âëîæèìî â R4
.) Hen
e the produ
t Km × Kn is PL

embeddable into R4
if and only if min{m,n} ≤ 4.

(
) The following is proved in [Sk03℄ (
f. [ARS01℄): Let G1, . . . , Gn be 
onne
ted graphs,

not homeomorphi
 to the point, to D1
and to S1

. The minimal dimension d su
h that G1 ×
. . .×Gn × (S1)s × (D1)i is PL embeddable into Rd

is

{
2n+ s+ i either i 6= 0 or some Gk is planar

2n+ s+ 1 otherwise

.

Answers to 6.17.5. (a) � äà, (b,
) � íåò.

Hints to 6.17.6. Îòâåòû: (a,b) � äà, (
) � íåò.

For (a) the PL embeddability follows be
ause in the 
onstru
tion in [Sk14, �4.3℄

• for any 1 ≤ p < q ≤ n the triangles A1pA2qA2p and A1pA2qA1q interse
t exa
tly by the


ommon side and lie in the parallelogram 12× pq.
• sin
e points (0, 0, 0), V, A11, . . . A1n are in general position, if parallelograms 12×pq and

12× rs have a 
ommon point, then they interse
t by a 
ommon side.
For (b) the realizability improvement is 
he
ked analogously.

(
) T × T ∼= ConK3,3.

6.18 Embeddability of produ
ts and twisted produ
ts *

Ïðèâåäåì çàäà÷è äëÿ èññëåäîâàíèÿ î âëîæèìîñòè êîñûõ ïðîèçâåäåíèé

Êîñûì ïðîèçâåäåíèåì Gϕ ãðà�à G íà îêðóæíîñòü, îòâå÷àþùèì àâòîìîð�èçìó

ϕ íàçûâàåòñÿ �èãóðà, ïîëó÷åííàÿ èç öèëèíäðà íàä ãðà�îì G ñêëåéêîé ðåáåð A′B′
è

ϕ(AB) äëÿ êàæäîãî ðåáðà AB ãðà�à G. ßñíî, ÷òî êîñîå ïðîèçâåäåíèåì ãðà�à G íà

îêðóæíîñòü ¾âûãëÿäèò¿ êàê

• áîêîâàÿ ïîâåðõíîñòü (îáû÷íîãî) öèëèíäðà èëè êàê ëåíòà Ìåáèóñà äëÿ ïóòè G,
• òîð èëè áóòûëêà Êëåéíà (çàäà÷à 6.1.1.b è ïðèìåð ïîñëå íåå) äëÿ öèêëà G,
• ðåçóëüòàò íåêîòîðîé σ-ñêëåéêè äëÿ n-îäà G.

Çàäà÷à 6.18.1. (a) (K4)id PL âëîæèì â R3
.

(b)* Äëÿ êàêèõ àâòîìîð�èçìîâ ϕ : K4 → K4 â R3
PL âëîæèì (K4)ϕ?

(
) (K5)id PL íåâëîæèì â R3
.

(d)* Äëÿ êàêèõ àâòîìîð�èçìîâ ϕ : K5 → K5 â R3
PL âëîæèì (K5)ϕ?
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Çàäà÷à 6.18.2. * Äëÿ êàêèõ ãðà�îâ G è àâòîìîð�èçìîâ ϕ : G → G êîñîå ïðîèçâå-

äåíèå Gϕ PL âëîæèìî â R3
?

Îïðåäåëåíèå I- è S1
-ðàññëîåíèé íàä ãðà�àìè ñì. â [Sk20, ï. 13.1℄.

Çàäà÷à 6.18.3. (a) Ëþáîå I-ðàññëîåíèå íàä ãðà�îì PL âëîæèìî â R3
.

(b) S1
-ðàññëîåíèå íàä ãðà�îì PL âëîæèìî â R3

òîãäà è òîëüêî òîãäà, êîãäà ãðà�

ïëàíàðåí, à ðàññëîåíèå ÿâëÿåòñÿ ïðÿìûì ïðîèçâåäåíèåì.

(
)* Êàêèå ðàñëîåíèÿ íàä îêðóæíîñòüþ S1
ñî ñëîåì ãðà� PL âëîæèìû â R3

?

(d) T -ðàññëîåíèå íàä ñâÿçíûì ãðà�îì PL âëîæèìî â R3
òîãäà è òîëüêî òîãäà, êîãäà

ýòîò ãðà� ÿâëÿåòñÿ öèêëîì è ïåðåñòàíîâêà ðåáåð òðèîäà, îïðåäåëÿþùàÿ T -ðàññëîåíèå,
÷åòíàÿ. (Îïðåäåëåíèå T -ðàññëîåíèÿ äëÿ òðèîäà T àíàëîãè÷íî îïðåäåëåíèþ I- è S1

-

ðàññëîåíèé.)

�åøåíèÿ çàäà÷ 6.18.3 ïîçâîëÿò îïèñàòü âñå êîñûå ïðîèçâåäåíèÿ ãðà�îâ, PL âëîæè-

ìûå â R3
.

Çàäà÷à 6.18.4. (a) Ïðîèçâåäåíèå P × S1
2-êîìïëåêñà P è îêðóæíîñòè (ýòî òðåõ-

ìåðíûé êîìïëåêñ) PL âëîæèìî â R3
òîãäà è òîëüêî òîãäà, êîãäà P ïëàíàðåí.

(b) �èïîòåçà. Öèëèíäð P × I íàä 2-êîìïëåêñîì P (ýòî òðåõìåðíûé êîìïëåêñ) PL

âëîæèì â R3
òîãäà è òîëüêî òîãäà, êîãäà íèêàêîé ãîìåîìîð�íûé P êîìïëåêñ íå ñîäåð-

æèò ïîäêîìïëåêñà, ãîìåîìîð�íîãî êíîïêe (ðèñ. 6.3.1, KV I) èëè ëåíòå Ìåáèóñà. (Îáà

ýòè ñâîéñòâà ðàâíîñèëüíû PL âëîæèìîñòè P â ñ�åðó ñ íåêîòîðûì êîëè÷åñòâîì ðó÷åê.

Èñïîëüçóéòå èäåþ äîêàçàòåëüñòâà òåîðåìû Õàëèíà-Þíãà 6.13.1.a.)

(
) Êàêèå ïðÿìûå ïðîèçâåäåíèÿ 2-êîìïëåêñà íà ãðà� PL âëîæèìû â R3
?

(d)* Êàêèå I-ðàññëîåíèÿ íàä 2-êîìïëåêñàìè PL âëîæèìû â R3
?

(e)* A S1
-ðàññëîåíèÿ?
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7 Òåîðåìû î íåîòúåìëåìûõ ïåðåñå÷åíèÿõ

7.1 Ëèíåéíûå òåîðåìû î íåîòúåìëåìûõ ïåðåñå÷åíèÿõ

Â ýòîì ïàðàãðà�å ñëîâà ¾äëÿ ëþáûõ öåëûõ d, r, N, k > 0¿ â íà÷àëå �îðìóëèðîâîê ïðî-

ïóñêàþòñÿ.

Ïîäìíîæåñòâî â Rd
íàçûâàåòñÿ âûïóêëûì, åñëè äëÿ ëþáûõ äâóõ åãî òî÷åê ñîåäè-

íÿþùèé èõ îòðåçîê ñîäåðæèòñÿ â ýòîì ïîäìíîæåñòâå. Âûïóêëîé îáîëî÷êîé 〈X〉
ïîäìíîæåñòâà X ⊂ Rd

íàçûâàåòñÿ íàèìåíüøåå ïî âêëþ÷åíèþ âûïóêëîå ìíîæåñòâî, ñî-

äåðæàùåå X . Âûïóêëîé îáîëî÷êîé êîíå÷íîãî íàáîðà òî÷åê p1, . . . , pn ∈ Rd
ÿâëÿåòñÿ

ìíîæåñòâî

{α1p1 + . . .+ αnpn : α1, . . . , αn ≥ 0, α1 + . . .+ αn = 1}.

Âûïóêëàÿ îáîëî÷êà êîíå÷íîãî íàáîðà òî÷åê íà ïëîñêîñòè � íàèìåíüøèé ïî âêëþ÷åíèþ

âûïóêëûé ìíîãîóãîëüíèê, èõ ñîäåðæàùèé.

Âåðøèíû d-ìåðíîãî ñèìïëåêñà îáðàçóþò ìíîæåñòâî èç d+1 òî÷êè â Rd
, ïðè ëþáîì

ðàçáèåíèè êîòîðîãî íà äâà ìíîæåñòâà âûïóêëûå îáîëî÷êè ìíîæåñòâ íå ïåðåñåêàþòñÿ.

Òåîðåìà 7.1.1 (�àäîí, ñð. òåîðåìó 2.1.1). Ëþáûå d+2 òî÷êè â Rd
ìîæíî ðàçáèòü íà

äâà ìíîæåñòâà, âûïóêëûå îáîëî÷êè êîòîðûõ ïåðåñåêàþòñÿ.

�åîìåòðè÷åñêîå èíäóêòèâíîå äîêàçàòåëüñòâî ïðèâåäåíî íèæå, ñð. [Pe72, Ko18, Sk14,

RRS℄. Ñòàíäàðòíîå àëãåáðàè÷åñêîå äîêàçàòåëüñòâî ñì., íàïðèìåð, â [BZ16, RRS℄.

�àçáèåíèå èç òåîðåìû �àäîíà åäèíñòâåííî, ñð. ñ óòâåðæäåíèåì 2.1.2.

Âåðøèíû 2k-ìåðíîãî ñèìïëåêñà è åãî öåíòð îáðàçóþò 2k+2 òî÷êè â R2k
, ïðè ëþáîì

ðàçáèåíèè êîòîðûõ íà äâà (k+1)-ýëåìåíòíûõ ìíîæåñòâà âûïóêëûå îáîëî÷êè ìíîæåñòâ
íå ïåðåñåêàþòñÿ.

Òåîðåìà 7.1.2 (Ëèíåéíàÿ òåîðåìà âàí Êàìïåíà�Ôëîðåñà, ñð. óòâåðæäåíèå 1.1.1.a). Èç

ëþáûõ 2k + 3 òî÷åê â R2k
ìîæíî âûáðàòü äâà íåïåðåñåêàþùèõñÿ (k + 1)-ýëåìåíòíûõ

ìíîæåñòâà, âûïóêëûå îáîëî÷êè êîòîðûõ ïåðåñåêàþòñÿ.

Àëãåáðàè÷åñêîå äîêàçàòåëüñòâî ñì. â [BM15℄. Òåîðåìà 7.1.2 èìååò ¾êîëè÷åñòâåííóþ

âåðñèþ¿, àíàëîãè÷íóþ óòâåðæäåíèþ 1.1.1.b. Âåðñèÿ òåîðåìû 7.1.2 â íå÷åòíûõ ðàçìåðíî-

ñòÿõ (òåîðåìà Êîíâåÿ-�îðäîíà-Çàêñà-Ñïåøà-Ñåãàëà-Ëîâàñà-Øðèéâåðà-Òàíèÿìû) ïðè-

âåäåíà, íàïðèìåð, â [Sk14, Òåîðåìà 1.6℄ èëè â [Sk16, �4℄, ñì. (V KFd) äëÿ d íå÷åòíîãî.
�åîìåòðè÷åñêîå èíäóêòèâíîå äîêàçàòåëüñòâî òåîðåìû 7.1.2 (âêëþ÷àÿ êîëè÷åñòâåííóþ

âåðñèþ è êîëè÷åñòâåííóþ âåðñèþ â íå÷åòíûõ ðàçìåðíîñòÿõ) àíàëîãè÷íî äîêàçàòåëü-

ñòâó äëÿ ìàëîìåðíûõ ñëó÷àåâ, èçëîæåííîìó â îáçîðå [Sk14℄. Theorem 7.1.2 also follows

from its topologi
al version 7.2.2 (surprisingly, su
h a dedu
tion from a stronger result is not

mu
h harder than a dire
t proof).

Ëèáî âîçüìåì âåðøèíû d-ìåðíîãî ñèìïëåêñà, êàæäóþ ñ êðàòíîñòüþ r− 1, ëèáî äëÿ
êàæäîé èç âåðøèí âîçüìåì r − 1 áëèçêèõ òî÷åê, ëåæàùèõ â îáùåì ïîëîæåíèè, ëèáî

âîçüìåì ëþáûå (d+1)(r−1) òî÷åê îáùåãî ïîëîæåíèÿ â Rd
. Ïîëó÷èì (d+1)(r−1) òî÷êè

â Rd
, ïðè ëþáîì ðàçáèåíèè êîòîðûõ íà r ìíîæåñòâ âûïóêëûå îáîëî÷êè ýòèõ ìíîæåñòâ

íå èìåþò îáùåé òî÷êè.

Òåîðåìà 7.1.3 (Òâåðáåðã, ñð. òåîðåìó 2.1.4). Ëþáûå (d+1)(r−1)+1 òî÷åê â Rd
ìîæíî

ðàçáèòü íà r ìíîæåñòâ, âñå r âûïóêëûõ îáîëî÷åê êîòîðûõ èìåþò îáùóþ òî÷êó.

Quantitative analogues of Theorem 7.1.3 and Conje
ture 7.1.4 are unknown, even for

r > 2 a prime.
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Ìîòèâèðîâàííîå èçëîæåíèå èçâåñòíîãî äîêàçàòåëüñòâà ñì. â [RRS℄. Îíî îñíîâàíî íà

ñëåäóþùåé ¾öâåòíîé òåîðåìå Êàðàòåîäîðè¿ (äîêàçàííîé Áàðàíåì): Ïóñòü òî÷êà 0 ∈
Rn

ëåæèò â âûïóêëîé îáîëî÷êå êàæäîãî èç n+1 êîíå÷íûõ ìíîæåñòâM0,M1, . . . ,Mn ⊂
Rn

. Òîãäà ñóùåñòâóþò òî÷êè mi ∈Mi, äëÿ êîòîðûõ 0 ∈ 〈m0, m1, . . . , mn〉.
�àññìîòðèì â Rkr

âåðøèíû kr-ìåðíîãî ñèìïëåêñà è åãî öåíòð. Ëèáî âîçüìåì ýòè

kr + 2 òî÷êè, êàæäóþ ñ êðàòíîñòüþ r − 1, ëèáî äëÿ êàæäîé èç ýòèõ òî÷åê âîçüìåì

r− 1 áëèçêèõ òî÷åê, ëåæàùèõ â îáùåì ïîëîæåíèè. Ïîëó÷èì (r− 1)(kr+2) òî÷åê â Rkr

òàêèå, ÷òî äëÿ ëþáûõ r ïîïàðíî íåïåðåñåêàþùèõñÿ íàáîðîâ èç k(r− 1) + 1 òî÷åê âñå r
âûïóêëûõ îáîëî÷åê ýòèõ íàáîðîâ íå èìåþò îáùåé òî÷êè.

28

�èïîòåçà 7.1.4 (Ëèíåéíàÿ r-êðàòíàÿ ãèïîòåçà âàí Êàìïåíà�Ôëîðåñà). Èç ëþáûõ

(r − 1)(kr + 2) + 1 òî÷åê â Rkr
ìîæíî âûáðàòü r ïîïàðíî íåïåðåñåêàþùèõñÿ ïîäìíî-

æåñòâ ïî (k(r − 1) + 1) òî÷åê â êàæäîì, âñå r âûïóêëûõ îáîëî÷åê êîòîðûõ èìåþò

îáùóþ òî÷êó.

Ýòî âåðíî äëÿ r ïðîñòîãî [Sa91g℄ è äàæå äëÿ r ñòåïåíè ïðîñòîãî [Vo96v℄, íî ÿâëÿåòñÿ
îòêðûòîé ïðîáëåìîé äëÿ äðóãèõ r [Fr17, íà÷àëî �2℄.

Çàìå÷àíèå 7.1.5. Ñóùåñòâóþò ëè 6 òî÷åê íà ïëîñêîñòè, ïðè ëþáîì ðàçáèåíèè êîòîðûõ

íà 3 ìíîæåñòâà âûïóêëûå îáîëî÷êè íåêîòîðûõ äâóõ èç ýòèõ ìíîæåñòâ íå ïåðåñåêàþòñÿ?

Ýòî ÷àñòíûé ñëó÷àé ãèïîòåçû Reay, https://arxiv.org/abs/0710.4668

�åîìåòðè÷åñêîå èíäóêòèâíîå äîêàçàòåëüñòâî òåîðåìû �àäîíà 7.1.1. Èíäóêöèÿ ïî d.
Áàçà äëÿ d = 1 î÷åâèäíà.

�èñ. 7.1.1: Ê äîêàçàòåëüñòâó òåîðåìû �àäîíà

Ïåðåõîä îò d ê d + 1. Ñóùåñòâóåò d-ìåðíàÿ ãèïåðïëîñêîñòü α, äëÿ êîòîðîé ðîâíî

îäíà òî÷êà èç äàííîãî íàáîðà ëåæèò ïî îäíó ñòîðîíó îò α, à îñòàëüíûå � ïî äðóãóþ.

Îáîçíà÷èì ÷åðåç O îäíó òî÷êó íàáîðà, à ÷åðåç M ìíîæåñòâî îñòàâøèõñÿ òî÷åê íàáîðà

òàê, ÷òîáû α îòäåëÿëà O îò M . Äëÿ ëþáîé òî÷êè A ∈M îáîçíà÷èì A′ := α ∩OA.
Âîñïîëüçóåìñÿ òåîðåìîé �àäîíà äëÿ ìíîæåñòâà M ′ := {A′ | A ∈M } èç d+ 2 òî÷åê

â d-ìåðíîì ïðîñòðàíñòâå α. Ïîëó÷èì ðàçáèåíèå íà äâà ìíîæåñòâà U ′
1 è U

′
2, âûïóêëûå

îáîëî÷êè êîòîðûõ ïåðåñåêàþòñÿ â òî÷êå X ′
. Îáîçíà÷èì U1 := {A | A′ ∈ U ′

1 } è U2 :=
{A | A′ ∈ U ′

2 }.

28

For r = 3k = 3 
f. [Ma03, Example 6.7.4℄: `It is not known whether su
h triangles 
an always be found

for 9 points in R3
'.
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ßñíî, ÷òî U ′
1 ⊂ 〈O,U1〉. Ñëåäîâàòåëüíî, X

′ ∈ 〈O,U1〉, è, áîëåå òîãî, âåñü îòðåçîê OX
′

ñîäåðæèòñÿ â 〈O,U1〉. Îáîçíà÷èì ÷åðåç X1 òî÷êó, äëÿ êîòîðîé ïðÿìàÿ OX ′
ïåðåñåêàåò

〈O,U2〉 ïî îòðåçêó OX1. Òîãäà X1 ∈ 〈U1〉 è X
′ ∈ OX1.

Àíàëîãè÷íî, ÷åðåç X2 îáîçíà÷èì òî÷êó, äëÿ êîòîðîé ïðÿìàÿ OX ′
ïåðåñåêàåò 〈O,U2〉

ïî îòðåçêó OX2. Òîãäà X2 ∈ 〈U2〉 è X
′ ∈ OX2.

Òî÷êè X1 è X2 ëåæàò íà ëó÷å OX
′
. Íå óìàëÿÿ îáùíîñòè, X2 ëåæèò ìåæäó O è X1.

Òîãäà X2 ∈ 〈O,U1〉 ∩ 〈U2〉, ÷òî è òðåáîâàëîñü.

7.2 Òîïîëîãè÷åñêèå òåîðåìû î äâóêðàòíûõ ïåðåñå÷åíèÿõ

Îáîçíà÷èì ÷åðåç ∆N ñèìïëåêñ ðàçìåðíîñòè N .

Òåîðåìà 7.2.1 (Òîïîëîãè÷åñêàÿ òåîðåìà �àäîíà, [BB79℄, ñð. ñ òåîðåìîé 2.2.2). Äëÿ

ëþáîãî îòîáðàæåíèÿ ∆d+1 → Rd
îáðàçû íåêîòîðûõ íåñìåæíûõ ãðàíåé ïåðåñåêàþòñÿ.

Ýòî äîêàçûâàåòñÿ ñ èñïîëüçîâàíèåì ÷èñëà �àäîíà èëè çíàìåíèòîé òåîðåìû Áîðñóêà-

Óëàìà 6.5.4 (àíàëîãè÷íî ñëó÷àþ d = 2 â ï. 2.2 è ï. 8.1). Òåîðåìà 7.2.1 èíòåðåñíà êàê

¾ñèìïëèöèàëüíûé¿ àíàëîã òåîðåìû Áîðñóêà-Óëàìà6.5.4.

Òåîðåìà 7.2.2 (âàí Êàìïåí�Ôëîðåñ, ñð. ñ òåîðåìîé 1.4.1 è óòâåðæäåíèåì 6.5.3.a). Äëÿ

ëþáîãî îòîáðàæåíèÿ ∆2k+2 → R2k
îáðàçû íåêîòîðûõ íåñìåæíûõ k-ìåðíûõ ãðàíåé

ïåðåñåêàþòñÿ.

Ýòî ñëåäóåò èç òåîðåìû 7.2.1 äëÿ d = 2k+1 àíàëîãè÷íî çàìå÷àíèþ 7.2.3.e, èç òåîðåìû

Áîðñóêà-Óëàìà 6.5.4 (ñì. âûâîä â [Ma03, �5℄), èç ëåììû 6.7.3. Ýòî òàêæå äîêàçûâàåòñÿ

ñ èñïîëüçîâàíèåì èíäóêöèè ïî ðàçìåðíîñòè (àíàëîãè÷íî ìàëîìåðíûì ñëó÷àÿì [Sk14,

Zi13℄).

Çàìå÷àíèå 7.2.3. (a) Òåîðåìû 7.2.1 è 7.2.2 îáîáùàþò òåîðåìû 7.1.1 è 7.1.2, ñîîòâåò-

ñòâåííî. Àíàëîãè÷íûå çàìå÷àíèÿ äëÿ íèæåñëåäóþùèõ òåîðåì è ãèïîòåç ñïðàâåäëèâû

è ïðîïóñêàþòñÿ.

(b) Îòîáðàæåíèå f : ∆N → Rd
íàçûâàåòñÿ ëèíåéíûì, åñëè

f(λx+ (1− λ)y) = λf(x) + (1− λ)f(y)

äëÿ ëþáûõ λ ∈ [0, 1], x, y ∈ ∆. Îòîáðàæåíèå ∆N → Rd
íàçûâàåòñÿ êóñî÷íî-ëèíåéíûì

(PL), åñëè îíî ëèíåéíî íà êàæäîé ãðàíè íåêîòîðîé òðèàíãóëÿöèè ñèìïëåêñà ∆N .

Ñâîéñòâî ¾îáðàçû íåïåðåñåêàþùèõñÿ ãðàíåé íå ïåðåñåêàþòñÿ¿ óñòîé÷èâî, ò.å. ñîõðà-

íÿåòñÿ ïðè äîñòàòî÷íî ìàëîì øåâåëåíèè îòîáðàæåíèÿ (ñì. çàìå÷àíèå 6.10.3.b). Ïîýòîìó

åñëè â òåîðåìå 7.2.1 çàìåíèòü (ïðîïóùåííîå) ¾íåïðåðûâíîå¿ íà ¾PL¿ èëè íà ¾PL îá-

ùåãî ïîëîæåíèÿ¿, òî ïîëó÷àòñÿ ðàâíîñèëüíûå óòâåðæäåíèÿ. Àíàëîãè÷íûå çàìå÷àíèÿ

äëÿ íèæåñëåäóþùèõ òåîðåì è ãèïîòåç ýòîãî ïóíêòà ñïðàâåäëèâû è ïðîïóñêàþòñÿ.

(
) Òåîðåìû 7.2.1 è 7.2.2 èìåþò ¾êîëè÷åñòâåííûå âåðñèè¿: (d) è Lemma 6.7.3, àíà-

ëîãè÷íûå ëåììàì 1.4.3 è 2.2.3. Ïðÿìûå äîêàçàòåëüñòâà íåêîòîðûõ ñâÿçåé ìåæäó ýòèìè

ðåçóëüòàòàìè ñì. â ï. (e) è [Sk16, �4℄.

(d) For any general position PL map f : ∆d+1 → Rd
the number of non-ordered pairs

{x, y} of points in disjoint k and (d− k)-fa
es (for all k = 0, 1, . . . , d) su
h that f(x) = f(y),
is odd. (For k = 0, d this number 
an be di�erent from the number of interse
tion points in

Rd
of images of disjoint k and (d− k)-fa
es.)
The proof is analogous to Lemma 2.2.3.

(e) Ïðèâåäåì âûâîä òåîðåìû 1.4.1 (ò.å. òåîðåìû 7.2.2 äëÿ k = 1) èç òîïîëîãè÷åñêîé
òåîðåìû �àäîíà 7.2.1 äëÿ d = 3.
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Ïóñòü, íàïðîòèâ, f : K5 → R2
� îòîáðàæåíèå, äëÿ êîòîðîãî îáðàçû íåñìåæíûõ

ðåáåð íå èìåþò îáùåé òî÷êè. Ïðîäîëæèì f ïðîèçâîëüíî íà ∆4 (ñì. [Sk20, �3.4℄; îáú-

åäèíåíèå ðåáåð ñèìïëåêñà ∆4 åñòü ãðà� K5). Îáîçíà÷èì ÷åðåç ρ(x) ðàññòîÿíèå îò òî÷êè
x ∈ ∆4 äî îáúåäèíåíèÿ ðåáåð ñèìïëåêñà. Äîêàæåì, ÷òî f×ρ : ∆4 → R3

ÿâëÿåòñÿ êîíòð-

ïðèìåðîì ê òåîðåìå 7.2.1 äëÿ d = 3.
Ïóñòü, íàïðîòèâ, íåêîòîðûå äâå òî÷êè x1, x2 ∈ ∆4 ëåæàò â íåïåðåñåêàþùèõñÿ ãðàíÿõ

è îòîáðàçèëèñü ïðè f × ρ â îäíó òî÷êó â R3
. �àçìåðíîñòü îäíîé èç ýòèõ ãðàíåé (í.ó.î.,

ïåðâîé) íå áîëüøå

5
2
−1, ïîýòîìó îíà íå ïðåâîñõîäèò 1. Çíà÷èò, ρ(x1) = 0. Òîãäà ρ(x2) =

ρ(x1) = 0. Ïîýòîìó óñëîâèå f(x1) = f(x2) ïðîòèâîðå÷èò òîìó, ÷òî f -îáðàçû íåñìåæíûõ

ðåáåð íå èìåþò îáùåé òî÷êè.

7.3 Òîïîëîãè÷åñêèå ãèïîòåçû î ìíîãîêðàòíûõ ïåðåñå÷åíèÿõ

Íàïîìíèì, ÷òî êîìïëåêñîì íàçûâàåòñÿ íàáîð íåêîòîðûõ ãðàíåé ñèìïëåêñà. Îáúåäè-

íåíèå ýòèõ ãðàíåé áóäåì òàêæå íàçûâàòü êîìïëåêñîì (òî÷íåå, îíî íàçûâàåòñÿ òåëîì

êîìïëåêñà). Ñì. ïîäðîáíåå �6.4.

Îòîáðàæåíèå f : K → Rd
êîìïëåêñà K íàçûâàåòñÿ ïî÷òè r-âëîæåíèåì, åñëè îá-

ðàçû ëþáûõ r ïîïàðíî íåñìåæíûõ ãðàíåé σ1, . . . , σr íå èìåþò îáùåé òî÷êè:

f(σ1) ∩ . . . ∩ f(σr) = ∅.

Òåîðåìû 7.2.1 è 7.2.2 óòâåðæäàþò, ÷òî íå ñóùåñòâóåò ïî÷òè 2-âëîæåíèé ∆d+1 → Rd
è

îáúåäèíåíèÿ k-ìåðíûõ ãðàíåé ñèìïëåêñà ∆2k+2 â R2k
. Ñì. çàìå÷àíèÿ 6.10.3.b è 7.3.7.e.

�èïîòåçà 7.3.1 (Òîïîëîãè÷åñêàÿ ãèïîòåçà Òâåðáåðãà). Íå ñóùåñòâóåò ïî÷òè r-âëîæåíèÿ

∆(d+1)(r−1) → Rd
.

Èíûìè ñëîâàìè, äëÿ ëþáîãî îòîáðàæåíèÿ ∆(d+1)(r−1) → Rd
îáðàçû íåêîòîðûõ r

ïîïàðíî íåñìåæíûõ ãðàíåé èìåþò îáùóþ òî÷êó.

Ýòà ãèïîòåçà îáîáùàåò òåîðåìó Òâåðáåðãà 7.1.3 è òîïîëîãè÷åñêóþ òåîðåìó �àäîíà

7.2.1. �èïîòåçà âûäâèíóòà Ý. Áàéìî÷åì, È. Áàðàíåì [BB79℄ è Õ. Òâåðáåðãîì [GS79,

çàäà÷à 84℄. Îíà ñ÷èòàëàñü öåíòðàëüíîé íåðåøåííîé ïðîáëåìîé òîïîëîãè÷åñêîé êîìáè-

íàòîðèêè. Ïî ìîåìó ìíåíèþ, îäíà èç ïðè÷èí äëÿ ýòîãî ñëåäóþùàÿ. Åå èññëåäîâàíèå

� îäèí èç ïåðâûõ ïðèìåðîâ â òîïîëîãè÷åñêîé êîìáèíàòîðèêå, äëÿ êîòîðîãî äåéñòâèÿ

ãðóïïû Z2 íåäîñòàòî÷íû è íóæíî ðàññìàòðèâàòü áîëåå ñëîæíûå ãðóïïû.

Ýòà ãèïîòåçà âåðíà, åñëè r � ñòåïåíü ïðîñòîãî, è íåâåðíà èíà÷å.

Òåîðåìà 7.3.2. (a) [BSS, Oz, Vo96℄ Åñëè r � ñòåïåíü ïðîñòîãî, òî íå ñóùåñòâóåò

ïî÷òè r-âëîæåíèÿ ∆(d+1)(r−1) → Rd
.

(b) (ñì. [Oz, Gr10, BFZ14, Fr15, MW15℄ è ñíîñêó 29) Åñëè r � íå ñòåïåíü ïðîñòîãî

è d ≥ 2r + 1, òî ñóùåñòâóåò ïî÷òè r-âëîæåíèå ∆(d+1)(r−1) → Rd
.

×àñòü (a) äëÿ ïðîñòîãî r äîêàçàíà â [BSS℄, ñì. [Ma03, �6.2℄ è îáçîð [Sk16, �2.2℄. A

simpli�ed exposition of áîëåå ïðîñòîãî äîêàçàòåëüñòâà from [VZ93℄, [Ma03, �6.5, p. 166-

167℄ ïðèâåäåíî â �8.4. ×àñòü (a) äëÿ r ñòåïåíè ïðîñòîãî äîêàçàíà â [Oz, Vo96℄, ñì. îáçîð
[Sk16, �2.3℄.

Äëÿ ïåðâûõ êîíòðïðèìåðîâ ê òîïîëîãè÷åñêîé ãèïîòåçå Òâåðáåðãà 7.3.1 (òåîðåìà

7.3.2.b äëÿ d = 3r + 1) âàæíû ðàáîòû [Oz, Gr10, Fr15, BFZ14, MW15℄ Ì. Åçàéäûíà,

Ì. �ðîìîâà, Ô. Ôðèêà, Ï. Áëàãîåâè÷à, �. Öèãëåðà, È. Ìàáèéÿðà è Ó. Âàãíåðà.

29

Êîíòð-

ïðèìåð ñ íàèìåíüøåé (èç èçâåñòíûõ) ðàçìåðíîñòüþ d � ïî÷òè 6-âëîæåíèå ∆70 → R13
.

29

Çäåñü íå îáñóæäàåòñÿ ñîîòíîøåíèå âêëàäîâ ðàçíûõ àâòîðîâ, ñì. çàìå÷àíèå 7.4.3 è [Sk16, çàìå÷àíèå

1.9 è �5℄. Ïðèâåäåííîå òàì îáñóæäåíèå èíòåðåñíî íåñïåöèàëèñòó, ïîñêîëüêó çàòðàãèâàåò âàæíûå îáùèå
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Äëÿ d ≤ 2r è r íå ñòåïåíè ïðîñòîãî (íàïðèìåð, äëÿ d = 2 è r = 6) òîïîëîãè÷åñêàÿ ãè-

ïîòåçà Òâåðáåðãà 7.3.1 âñå åùå îòêðûòà. Ïîäõîä ê ñëó÷àþ d = 2r ïðåäëîæåí â [AMS+,

çàìå÷àíèå 3.1.a℄.

Òåîðåìà 7.3.3. (a) [FS20℄ Åñëè r � ñòåïåíü ïðîñòîãî, òî íå ñóùåñòâóåò ïî÷òè r-
âëîæåíèÿ ∆(d+1)r−1 → Rd

.

(b) [AKS℄ Åñëè r � íå ñòåïåíü ïðîñòîãî è N := (d + 1)r − r
⌈d+ 2

r + 1

⌉
− 2, òî ñóùå-

ñòâóåò ïî÷òè r-âëîæåíèå ∆N → Rd
.

Theorem 7.3.3.b is a partial result on [BFZ, Conje
ture 5.5℄ stating that åñëè r < d
� íå ñòåïåíü ïðîñòîãî, òî ñóùåñòâóåò ïî÷òè r-âëîæåíèå ∆(d+1)r−2 → Rd

. The proof of

Theorem 7.3.3.b uses Theorem 8.3.7. Áîëåå ïðîñòîé ïîäõîä, ïðèâîäÿùèé ê áîëåå ñëàáûì

ðåçóëüòàòàì, ñì. â çàìå÷àíèè 7.4.1.
.

�èïîòåçà 7.3.4 (r-êðàòíàÿ ãèïîòåçà âàí Êàìïåíà�Ôëîðåñà). Íå ñóùåñòâóåò ïî÷òè

r-âëîæåíèÿ îáúåäèíåíèÿ k(r − 1)-ìåðíûõ ãðàíåé ñèìïëåêñà ∆(kr+2)(r−1) â Rkr
.

Èíûìè ñëîâàìè, äëÿ ëþáîãî îòîáðàæåíèÿ f : ∆(kr+2)(r−1) → Rkr
ñóùåñòâóþò r ïî-

ïàðíî íåïåðåñåêàþùèõñÿ k(r−1)-ìåðíûõ ãðàíåé, îáðàçû êîòîðûõ èìåþò îáùóþ òî÷êó.

Ýòà ãèïîòåçà âåðíà, åñëè r � ñòåïåíü ïðîñòîãî, è íåâåðíà èíà÷å.

Òåîðåìà 7.3.5. (a) Åñëè r � ñòåïåíü ïðîñòîãî, òî íå ñóùåñòâóåò ïî÷òè r-âëîæåíèÿ

îáúåäèíåíèÿ k(r − 1)-ìåðíûõ ãðàíåé ñèìïëåêñà ∆(kr+2)(r−1) â Rkr
.

(b) Åñëè r � íå ñòåïåíü ïðîñòîãî è k ≥ 2, òî ñóùåñòâóåò ïî÷òè r-âëîæåíèå

îáúåäèíåíèÿ k(r − 1)-ìåðíûõ ãðàíåé ñèìïëåêñà ∆(kr+2)(r−1) â Rkr
.

×àñòü (a) äîêàçàíà â [Sa91g, Vo96v℄ àíàëîãè÷íî òåîðåìå 7.3.2.a. Ýòîò ðåçóëüòàò òàê-

æå ñëåäóåò èç òåîðåìû 7.3.2.a è íèæåïðèâåäåííîé ëåììû î ïðèíóæäåíèè 7.4.2. Ïëàí

äîêàçàòåëüñòâà ÷àñòè (b) ïðèâåäåí â �7.4 è �7.5 [Sk16, �3.1℄. Äëÿ k = 1 è r íå ñòåïåíè
ïðîñòîãî r-êðàòíàÿ ãèïîòåçà âàí Êàìïåíà�Ôëîðåñà âñå åùå îòêðûòà.

Òåîðåìà 7.3.6 ([AKS℄). Åñëè r íå ñòåïåíü ïðîñòîãî, òî îáúåäèíåíèå k-ìåðíûõ ãðàíåé

ëþáîãî ñèìïëåêñà äîïóñêàåò ïî÷òè r-âëîæåíèå â Rk+
⌈
k+3
r

⌉
.

Çàìå÷àíèå 7.3.7. (a) Äîêàçàòåëüñòâà ðåçóëüòàòîâ ýòîãî ïóíêòà îñíîâàíû íà êðàñèâîì

è ïëîäîòâîðíîì âçàèìîäåéñòâèè êîìáèíàòîðèêè, àëãåáðû è òîïîëîãèè. Íà ýòî óêàçû-

âàåò, â ÷àñòíîñòè, óäèâèòåëüíîå ïîÿâëåíèå òåîðåòèêî-÷èñëîâûõ óñëîâèé íà ðàçìåðíîñòü

â òîïîëîãè÷åñêèõ ðåçóëüòàòàõ. Ñì., íàïðèìåð, òåîðåìû 7.3.2.ab è òåîðåìû î ðåàëèçóå-

ìîñòè ìíîãîîáðàçèé [Sk20, �12.1℄. Òàêèå óñëîâèÿ ïîêàçûâàþò, ÷òî çà êðàñèâîé òîïîëî-

ãè÷åñêîé �îðìóëèðîâêîé ñêðûâàåòñÿ íåòðèâèàëüíàÿ àëãåáðà.

Áîëåå êîíêðåòíî, äîêàçàòåëüñòâà ïîëîæèòåëüíûõ ðåçóëüòàòîâ èñïîëüçóþò ýêâèâà-

ðèàíòíóþ àëãåáðàè÷åñêóþ òîïîëîãèþ êîí�èãóðàöèîííûõ ïðîñòðàíñòâ, ñì. �8.4, [Sk16,

�2℄. Óñëîâèå íà r èç òåîðåìû 7.3.2.a íåîáõîäèìî äëÿ ñâîéñòâ (ñâîáîäíîñòè èëè õîòÿ áû

ý��åêòèâíîñòè) äåéñòâèÿ ãðóïïû Zr íà êîí�èãóðàöèîííûõ ïðîñòðàíñòâàõ.

ïðèíöèïû íàó÷íûõ îáñóæäåíèé. Ïðè ýòîì â �7.4 è �7.5 [Sk16, �1.2, �3.1℄ ïðèâîäÿòñÿ òî÷íûå ññûëêè

íà êàæäûé øàã äîêàçàòåëüñòâà, ÷òîáû ÷èòàòåëü ìîã ñîñòàâèòü ñîáñòâåííîå ìíåíèå. Äðóãèå èçëîæåíèÿ

êîíòðïðèìåðîâ ê òîïîëîãè÷åñêîé ãèïîòåçå Òâåðáåðãà, à òàêæå îïèñàíèÿ âêëàäà ðàçëè÷íûõ àâòîðîâ,

ïðèâîäÿòñÿ â [BBZ, ïåðâûé àáçàö ñòð. 733 è `Êîíòðïðèìåðû' íà ñòð. 737℄, [BFZ, �1℄, [BZ16, �1 è íà÷àëî

�5℄, [JVZ, �1.1℄, [MW15, �1℄, [?, �1.1℄, [AMS+, àáçàö ïåðåä òåîðåìîé 1.1℄, [Fr17, ñòð. 1, âíèçó℄ [BS17℄,

[Sh18℄. Êðèòèêà íåêîòîðûõ èç íèõ ïðèâåäåíà â [Sk16, �5℄, âìåñòå ñ íàáëþäåíèÿìè î íàðóøåíèè âàæíûõ

îáùèõ ïðèíöèïîâ íàó÷íûõ îáñóæäåíèé.
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Äîêàçàòåëüñòâà êîíòðïðèìåðîâ èñïîëüçóþò, êðîìå ýòîãî, ýëåìåíòàðíóþ êîìáèíàòî-

ðèêó è ãåîìåòðè÷åñêóþ òîïîëîãèþ (óñòðàíåíèå ìíîãîêðàòíûõ ïåðåñå÷åíèé ïðè ïîìîùè

àíàëîãà òðþêà Óèòíè). Óñëîâèå íà r èç òåîðåìû 7.3.2.b ïîÿâëÿåòñÿ íà áîëåå ïðîñòîì

øàãå äîêàçàòåëüñòâà � òåîðåìå Îçàéäûíà [Sk16, òåîðåìà 3.3℄. Îíà óòâåðæäàåò, ÷òî àë-

ãåáðàè÷åñêîå ïðåïÿòñòâèå v(Σr) ê ïî÷òè r-âëîæèìîñòè (ÿâëÿþùååñÿ àíàëîãîì ÷èñåë

âàí Êàìïåíà è �àäîíà) ÿâëÿåòñÿ íóëåâûì ýëåìåíòîì íåêîòîðîé àáåëåâîé ãðóïïû (êî-

ãîìîëîãèé êîí�èãóðàöèîííîãî ïðîñòðàíñòâà). Îáîçíà÷èì ÷åðåç ap ÷àñòíîå îò äåëåíèÿ
÷èñëà a ∈ Z íà ñòåïåíü ÷èñëà p, âõîäÿùóþ â êàíîíè÷åñêîå ðàçëîæåíèå ÷èñëà a. Òîãäà
äîêàçûâàþòñÿ ñîîòíîøåíèÿ r!pv(Σr) = 0 äëÿ ëþáûõ ïðîñòîãî p è r 6= pα. Íàïðèìåð, äëÿ
r = 2 èìååì 2v(Σ2) = 0 [Sk18, óòâåðæäåíèå 1.5.13℄, à äëÿ r = 3 èìååì 3v(Σ3) = 0. Òîëüêî
åñëè r íå ÿâëÿåòñÿ ñòåïåíüþ ïðîñòîãî, èç ýòèõ ñîîòíîøåíèé âûòåêàåò, ÷òî v(Σr) = 0.

(b) Åñëè â òîïîëîãè÷åñêîé ãèïîòåçå Òâåðáåðãà 7.3.1 çàìåíèòü ∆(d+1)(r−1) íà åãî d-
ìåðíûé îñòîâ, òî ïîëó÷èòñÿ ðàâíîñèëüíîå óòâåðæäåíèå. Äåéñòâèòåëüíî, åñëè â íàáîðå

r ïîïàðíî íåïåðåñåêàþùèõñÿ ãðàíåé ñèìïëåêñà ∆(d+1)(r−1) ðàçìåðíîñòü õîòÿ áû îäíîé

ãðàíè áîëüøå d, òî ìàëûì øåâåëåíèåì ìîæíî ñäåëàòü îáðàçû îñòàâøèõñÿ r− 1 ãðàíåé
íå èìåþùèìè îáùåé òî÷êè. (Íà÷íèòå ñî ñëó÷àåâ r = 2, 3.)

(
) �èïîòåçà 7.3.1 îçíà÷àåò, ÷òî ñóùåñòâîâàíèå íåïðåðûâíîãî èëè PL ïî÷òè r-âëîæåíèÿ
ðàâíîñèëüíî ñóùåñòâîâàíèþ ñèìïëèöèàëüíîãî ïî÷òè r-âëîæåíèÿ (ïîñêîëüêó ýòà ãèïî-
òåçà äëÿ ñèìïëèöèàëüíûõ îòîáðàæåíèé âåðíà ââèäó òåîðåìû Òâåðáåðãà 7.1.3). Çíà÷èò,

ýòà ãèïîòåçà ÿâëÿåòñÿ ìíîãîìåðíûì r-êðàòíûì àíàëîãîì òåîðåìû Ôàðè 1.2.1, ñð. ñ

çàìå÷àíèåì 6.5.1.

(d) Áûëî áû èíòåðåñíî íàéòè r-êðàòíûå àíàëîãè òåîðåì î íåîòúåìëåìîé çàöåïëåí-

íîñòè ñì. [Sk18, ïðîáëåìó 4.4.d℄.

(e) Êîëè÷åñòâåííàÿ âåðñèÿ òåîðåì 7.3.2.a è 7.3.5.a íåèçâåñòíà.

(f) Èçó÷åíèå ïî÷òè r-âëîæåíèé ïîëåçíî ñðàâíèòü ñ èçó÷åíèåì ïîãðóæåíèé áåç r-
êðàòíûõ òî÷åê. Íàïðèìåð,

• çàìêíóòîå 2-ìíîãîîáðàçèå M äîïóñêàåò ïîãðóæåíèå â R3
áåç òðîéíûõ òî÷åê òîãäà

è òîëüêî òîãäà, êîãäà χ(M) ÷åòíî (�îëüêëîð);
• ëþáîå 3-ìíîãîîáðàçèå äîïóñêàåò ïîãðóæåíèå â R4

ñ ÷åòûðåõêðàòíîé òî÷êîé [Fr78℄.

7.4 Ïëàí äîêàçàòåëüñòâà òåîðåì 7.3.2.b è 7.3.5.b

Âîò ïëàí äîêàçàòåëüñòâà òåîðåì 7.3.2.b è 7.3.5.b.

• òåîðåìà 7.3.2.b äëÿ d = 2r+1 (êîíòðïðèìåð ê òîïîëîãè÷åñêîé ãèïîòåçå Òâåðáåðãà)
ñëåäóåò èç òåîðåìû 7.3.5.b (êîíòðïðèìåðà ê r-êðàòíîé ãèïîòåçå âàí Êàìïåíà�Ôëîðåñà)
è ëåììû î ïðèíóæäåíèè 7.4.2 (êîòîðàÿ óòâåðæäàåò, ÷òî òîïîëîãè÷åñêàÿ ãèïîòåçà Òâåð-

áåðãà âëå÷åò r-êðàòíóþ ãèïîòåçó âàí Êàìïåíà�Ôëîðåñà);

• ëåììà î ïðèíóæäåíèè 7.4.2 äîêàçàíà �ðîìîâûì è ïîçæå ïåðåîòêðûòà Áëàãîåâè÷åì-
Ôðèêîì-Öèãëåðîì (ñì. çàìå÷àíèå 7.4.3);

• òåîðåìà 7.3.5.b ñëåäóåò èç òåîðåì 7.5.1 è 7.5.2, ïðèíàäëåæàùèõ Ìàáèéÿðó-Âàãíåðó

è Åçàéäûíó;

30

• òåîðåìà 7.3.2.b äëÿ d > 2r + 1 âûòåêàåò èç ñëó÷àÿ d = 2r + 1 è çàìå÷àíèÿ 7.4.1.b

(ýòîò øàã íå íóæåí äëÿ ïåðâûõ êîíòðïðèìåðîâ).

Çàìå÷àíèå 7.4.1 (èñïîëüçîâàíèå äæîéíà). (a) Äëÿ äâóõ îòîáðàæåíèé f : ∆a → Bp
è

g : ∆b → Bq
îïðåäåëèì èõ äæîéí

f ∗g : ∆a+b+1 = ∆a∗∆b → Bp∗Bp = Bp+q+1
�îðìóëîé (f ∗g)(λx⊕µy) := λf(x)⊕µf(y).

30

Ñì. ññûëêè â �7.5. Òåîðåìà 7.5.1 äîêàçàíà Ìàáèéÿðîì-Âàãíåðîì òîëüêî äëÿ k ≥ 3, ÷òî äîñòàòî÷íî
äëÿ ïåðâûõ êîíòðïðèìåðîâ.
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Äæîéí ïî÷òè r-âëîæåíèé ÿâëÿåòñÿ ïî÷òè r-âëîæåíèåì.
(b) Åñëè ñóùåñòâóåò ïî÷òè r-âëîæåíèå ∆N → Rd

, òî ñóùåñòâóåò ïî÷òè r-
âëîæåíèå ∆N+r−1 → Rd+1

. [Lo, ïðåäëîæåíèå 2.5℄.

Äåéñòâèòåëüíî, ïóñòü f : ∆N → Rd
� ïî÷òè r-âëîæåíèå. Îòîáðàæåíèå g èç ∆r−2 â

òî÷êó B0
ÿâëÿåòñÿ ïî÷òè r-âëîæåíèåì. Ïî ï. (a), äæîéí f ∗ g : ∆N+r−1 = ∆N ∗∆r−2 →

Bd ∗B0 = Bd+1
ÿâëÿåòñÿ ïî÷òè r-âëîæåíèåì.

(
) Åñëè äëÿ íåêîòîðûõ öåëûõ r, a, d > 0 ñóùåñòâóåò ïî÷òè r-âëîæåíèå ∆a → Rd
,

òî äëÿ ëþáîãî öåëîãî k > 0 ñóùåñòâóåò ïî÷òè r-âëîæåíèå ∆k(a+1)−1 → Rk(d+1)−1
[BFZ,

ëåììà 5.2℄.

Äåéñòâèòåëüíî, ïî ï. (a) k-êðàòíûé äæîéí ïî÷òè r-âëîæåíèÿ ∆a → Bd
ÿâëÿåòñÿ

ïî÷òè r-âëîæåíèåì ∆k(a+1)−1 → Bk(d+1)−1
.

Ëåììà 7.4.2 (Î ïðèíóæäåíèè; �ðîìîâ-Áëàãîåâè÷-Ôðèê-Öèãëåð; [Gr10, 2.9.
℄, [BFZ14,

ëåììû 4.1.iii è 4.2℄, [Fr15, äîêàçàòåëüñòâî òåîðåìû 4℄). Åñëè ñóùåñòâóåò ïî÷òè r-
âëîæåíèå îáúåäèíåíèÿ k(r − 1)-ìåðíûõ ãðàíåé ñèìïëåêñà ∆(kr+2)(r−1) â Rkr

, òî ñóùå-

ñòâóåò ïî÷òè r-âëîæåíèå ∆(kr+2)(r−1) → Rkr+1
.

31

Äîêàçàòåëüñòâî. ×òîáû ñäåëàòü ýòî ðàññóæäåíèå áîëåå äîñòóïíûì, ðàññìîòðèì ÷àñò-

íûé ñëó÷àé r = 6 è k = 3: åñëè ñóùåñòâóåò ïî÷òè 6-âëîæåíèå ∆15
100 → R18

îáúåäèíåíèÿ

15-ìåðíûõ ãðàíåé 100-ìåðíîãî ñèìïëåêñà, òî ñóùåñòâóåò ïî÷òè 6-âëîæåíèå ñàìîãî 100-

ìåðíîãî ñèìïëåêñà â R19
. Îáùèé ñëó÷àé àíàëîãè÷åí.

Âîçüìåì ïî÷òè 6-âëîæåíèå ∆15
100 → R18

. Ïðîèçâîëüíî ïðîäîëæèì åãî äî îòîáðàæå-

íèÿ f : ∆100 → R18
. Îáîçíà÷èì ÷åðåç ρ(x) ðàññòîÿíèå îò òî÷êè ñèìïëåêñà ∆100 äî åãî

15-ìåðíîãî îñòîâà ∆15
100. Äîñòàòî÷íî äîêàçàòü, ÷òî f × ρ : ∆100 → R19

ÿâëÿåòñÿ ïî÷òè

6-âëîæåíèåì.
Ïóñòü, íàïðîòèâ, íåêîòîðûå 6 òî÷åê x1, . . . , x6 ∈ ∆100 ëåæàò â ïîïàðíî íåñìåæíûõ

ãðàíÿõ è ïåðåõîäÿò â îäíó è òó æå òî÷êó ïðè f × ρ. �àçìåðíîñòü îäíîé èç ýòèõ ãðàíåé
(í.ó.î., ïåðâîé) íå ïðåâîñõîäèò

101
6
−1, ïîýòîìó îíà íå ïðåâîñõîäèò 15. Çíà÷èò, ρ(x1) = 0.

Òîãäà ρ(x2) = . . . = ρ(x6) = ρ(x1) = 0, ò.å. x1, . . . , x6 ∈ ∆15
100. Ïîýòîìó óñëîâèå f(x1) =

. . . = f(x6) ïðîòèâîðå÷èò òîìó, ÷òî f |∆15
100

� ïî÷òè 6-âëîæåíèå.

Çàìå÷àíèå 7.4.3 (Èñòîðè÷åñêîå). Ëåììà î ïðèíóæäåíèè 7.4.2 (èëè, â �îðìóëèðîâêå

�ðîìîâà, ¾òîïîëîãè÷åñêàÿ òåîðåìà Òâåðáåðãà, êîãäà îíà âåðíà, âëå÷åò òåîðåìó âàí

Êàìïåíà�Ôëîðåñà¿ [Gr10, 2.9.
, ñòð. 445, ñòðîêè�1 è �2℄) äîêàçàíà â [Gr10, 2.9.
, ñòð.

446, 2é àáçàö℄.

32

Ýòà ëåììà íå îòíîñèòñÿ ê îñíîâíûì ðåçóëüòàòàì ðàáîòû [Gr10℄.

Ýòà ëåììà äîêàçàíà íåçàâèñèìî â [BFZ14, ëåììû 4.1.iii è 4.2℄, [Fr15, äîêàçàòåëü-

ñòâî òåîðåìû 4℄. Îïÿòü æå, öåëüþ ðàáîòû [BFZ14℄ áûëà íå ýòà ëåììà, à åå îáîáùåíèÿ

� ¾ìåòîä ïðèíóæäåíèÿ¿. Âàæíî, ÷òî ýòè îáîáùåíèÿ íå èñïîëüçóþòñÿ â îïðîâåðæåíèè

òîïîëîãè÷åñêîé ãèïîòåçû Òâåðáåðãà. Ïîýòîìó ëåììà î ïðèíóæäåíèè 7.4.2 íå ñ�îðìóëè-

ðîâàíà ÿâíî â [BFZ14℄, íî äîêàçàíà íåÿâíî ïðè äîêàçàòåëüñòâå äðóãèõ ðåçóëüòàòîâ. Ýòà

ëåììà íå ñ�îðìóëèðîâàíà ÿâíî è â [Fr15, BZ16℄. Ïîýòîìó ëåììà äîêàçûâàëàñü îòäåëüíî

äëÿ r ñòåïåíè ïðîñòîãî [BFZ14, ëåììû 4.1.iii è 4.2℄, [BZ16, �4.1℄ è äëÿ äðóãèõ r [Fr15,
äîêàçàòåëüñòâî òåîðåìà 4℄, [BZ16, �5℄, õîòÿ íè îäèí èç ýòèõ ñëó÷àåâ äîêàçàòåëüñòâà

ëåììû íå èñïîëüçóåò òîãî, ÷òî r ñòåïåíü ïðîñòîãî èëè íåò.
31

Ýòà ëåììà îáîáùàåò çàìå÷àíèå 7.2.3.e, â êîòîðîå ëåììà ïðåâðàùàåòñÿ ïðè r = 2.
32

Ôîðìóëèðîâêó áîëåå îáùåãî ðåçóëüòàòà, ïðèâåäåííîãî â [Gr10, 2.9.
, ñòð. 446℄, íåïðîñòî ïðî÷èòàòü.

Ïîýòîìó çàìåòèì, ÷òî

• ÷èñëî Ttop(q, n) åñòü ÷èñëî òîïîëîãè÷åñêèõ òâåðáåðãîâñêèõ ðàçáèåíèé, ñì. [Gr10, ñòð. 444 ñâåðõó è

òðåòèé àáçàö ï. 2.9.a℄;

• âìåñòî Ttop(q, n) äîëæíî áûòü Ttop(q, n+ 1);
• Ëåììà î ïðèíóæäåíèè 7.4.2 ïîëó÷àåòñÿ ïðè q := r, k := k(r − 1), n := kr, N = Nqn = Nnq :=
(kr + 2)(r − 1); èñïîëüçóåòñÿ èìïëèêàöèÿ `Ttop(q, n + 1) > 0 ⇒ m(q, n) > 0', à íå áîëåå ñèëüíîå

íåðàâåíñòâî [V KF ]q.
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7.5 Algebrai
 almost r-embeddings

Äëÿ �îðìóëèðîâêè òåîðåì 7.5.1 è 7.5.2 íóæíû ñëåäóþùèå îïðåäåëåíèÿ.

Ïóñòü K ÿâëÿåòñÿ k(r − 1)-êîìïëåêñîì è ïóñòü f : K → Rkr
� PL îòîáðàæåíèå

îáùåãî ïîëîæåíèÿ.

Òîãäà ïðîîáðàçû y1, . . . , yr ∈ K ïðîèçâîëüíîé r-êðàòíîé òî÷êè y ∈ Rkr
ëåæàò âî

âíóòðåííîñòÿõ k(r − 1)-ìåðíûõ ñèìïëåêñîâ êîìïëåêñà K. Âûáåðåì ïðîèçâîëüíî îðè-

åíòàöèþ íà êàæäîì èç ýòèõ k(r − 1)-ìåðíûõ ñèìïëåêñîâ. Ââèäó îáùíîñòè ïîëîæåíèÿ,

f à��èííî íà íåêîòîðîé îêðåñòíîñòè Uj òî÷êè yj äëÿ ëþáîãî j = 1, . . . , r. Âîçüìåì
ïîëîæèòåëüíûé áàçèñ èç k âåêòîðîâ â îðèåíòèðîâàííîì íîðìàëüíîì ïðîñòðàíñòâå ê

îðèåíòèðîâàííîìó fUj. Çíàêîì r-êðàòíîãî ïåðåñå÷åíèÿ òî÷êè y íàçûâàåòñÿ çíàê

±1 áàçèñà â ïðîñòðàíñòâå Rkr
, îáðàçîâàííîì r òàêèìè áàçèñàìè èç k âåêòîðîâ. (Ýòà

êîíñòðóêöèÿ êëàññè÷åñêàÿ äëÿ r = 2 [BE82℄ è àíàëîãè÷íà äëÿ r ≥ 3, ñð. [MW15, � 2.2℄.)

Îòîáðàæåíèå f íàçîâåì Z-ïî÷òè r-âëîæåíèåì, åñëè f -îáðàçû ëþáûõ r ïîïàðíî
íåïåðåñåêàþùèõñÿ (r − 1)k-ñèìïëåêñîâ ïåðåñåêàþòñÿ â íóëåâîì ÷èñëå òî÷åê ñ ó÷åòîì

çíàêà, ò.å. ñóììà çíàêîâ r-êðàòíûõ ïåðåñå÷åíèé âñåõ r-êðàòíûõ òî÷åê y ∈ fσ1 ∩ . . . ∩
fσr äëÿ íåêîòîðûõ (èëè, ýêâèâàëåíòíî, äëÿ ëþáûõ) îðèåíòàöèé íà ýòèõ ñèìïëåêñàõ

σ1, . . . , σr.
ßñíî, ÷òî ïî÷òè r-âëîæåíèå ÿâëÿåòñÿ Z-ïî÷òè r-âëîæåíèåì.

Òåîðåìà 7.5.1. Åñëè k ≥ 2 è ñóùåñòâóåò Z-ïî÷òè r-âëîæåíèå k(r − 1)-êîìïëåêñà K
â Rkr

, òî ñóùåñòâóåò ïî÷òè r-âëîæåíèå K → Rkr
.

Äëÿ k ≥ 3 ýòîò ðåçóëüòàò ñòàíäàðòíî ñëåäóåò èç [MW15, òåîðåìà 7℄; â [Sk16, �3℄ ïðè-

âîäèòñÿ íàáðîñîê áîëåå ïðîñòîãî äîêàçàòåëüñòâà, êîòîðîå îáîáùàåòñÿ íà k = 2 [AMS+℄.

Ñì. çàìå÷àíèå 7.5.4.

Òåîðåìà 7.5.2. Åñëè r íå ñòåïåíü ïðîñòîãî, òî ñóùåñòâóåò Z-ïî÷òè r-âëîæåíèå

îáúåäèíåíèÿ k(r − 1)-ìåðíûõ ãðàíåé ñèìïëåêñà ∆(kr+1)(r−1) (è äàæå ëþáîãî k(r − 1)-
êîìïëåêñà) â Rkr

.

Ýòîò ðåçóëüòàò âûòåêàåò èç ïðåäëîæåíèÿ 8.3.5 è òåîðåìû 8.3.6.

Ñëåäñòâèå 7.5.3 ([MW15, Corollary 5℄, [AMS+℄). Äëÿ ëþáûõ �èêñèðîâàííûõ k, r, òà-
êèõ ÷òî k + r ≥ 5 ñóùåñòâóåò ïîëèíîìèàëüíûé àëãîðèòì ðàñïîçíàâàíèÿ ïî÷òè r-
âëîæèìîñòè k(r − 1)-êîìïëåêñîâ â Rkr

.

Ýòî âûâåäåíî â [MW15, AMS+℄ èç òåîðåìû 7.5.1. Íèæåïðèâåäåííàÿ òåîðåìà 8.3.7

èìååò àíàëîãè÷íîå ñëåäñòâèå [FV21℄.

Áûëî áû èíòåðåñíî îòâåòèòü íà ñëåäóþùèå îòêðûòûå âîïðîñû. Äëÿ êàêèõ 2-êîìïëåêñîâ

ñóùåñòâóåò PL îòîáðàæåíèå âR3
áåç òðîéíûõ òî÷åê? Êàêèå 2-êîìïëåêû ïî÷òè 3-âëîæèìû

â R3
? Ñóùåñòâóþò ëè àëãîðèòìû ðàñïîçíàâàíèÿ ýòèõ ñâîéñòâ 2-êîìïëåêñîâ? Àíàëîãè÷-

íûå âîïðîñû ñ çàìåíîé R3
íà R2

.

Çàìå÷àíèå 7.5.4 (Èñòîðè÷åñêîå). Òåîðåìà 7.5.1 � íàèáîëåå íåòðèâèàëüíàÿ ÷àñòü îïðî-

âåðæåíèÿ òîïîëîãè÷åñêîé ãèïîòåçû Òâåðáåðãà 7.3.1. Åå ñëó÷àé k ≥ 3, íåîáõäèìûé äëÿ

ïîñòðîåíèÿ ïåðâîãî êîíòðïðèìåðà, ïðèíàäëåæèò Ìàáèéÿðó è Âàãíåðó. Èõ èäåÿ ïîõîæà

íà ¾h-ïðèíöèï Õå�ëèãåðà äëÿ âëîæåíèé¿ [Gr86, 2.1.1, (E), p. 50-51℄, [Sk06, �5℄ è íà

òðþê Óèòíè [RS72, Whitney Lemma 5.12℄, íî îòëè÷íà îò íèõ. (Î ñàìîì ¾h-ïðèíöèïå¿
ñì. [Gr86, p. 3℄.) Àíàëîãè h-ïðèíöèï Õå�ëèãåðà äëÿ âëîæåíèé è òðþêà Óèòíè äëÿ

êðàòíîñòè r ¾íîñèëèñü â âîçäóõå¿ ñ 1960õ [Sk06, �5.6℄. Ñð. ñ çàìå÷àíèåì 7.3.7.d. ¾Ïî-

ëîæèòåëüíûå ðåçóëüòàòû¿ èìåëèñü äëÿ çàöåïëåíèé; òðîéíîé òðþê Óèòíè èñïîëüçîâàí

Ñ. Ìåëèõîâûì [Me17, Me18℄ (ðàííèå âåðñèè ýòèõ ðàáîò èìåëèñü ñ 2007). Ïðîáëåìà [Gr10,
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end of 2.9.
, p. 446℄ (ïðîöèòèðîâàííàÿ êàê [AMS+, Remark 1.12.
℄) óêàçûâàåò, ÷òî �ðîìîâ

ïîíèìàë, ÷òî òåîðåìà 7.3.5.b ìîæåò áûòü âåðíà, è çàäàë ïðàâèëüíûé âîïðîñ. Îäíàêî

áûëè èçâåñòíû è êîíòðïðèìåðû [Sk06, �5.6℄. Ïîýòîìó r-êðàòíûé àíàëîã h-ïðèíöèïà Õå-
�ëèãåðà è òðþêà Óèòíè äëÿ ïî÷òè âëîæåíèé � âàæíûé âêëàä Ìàáèéÿðà-Âàãíåðà. Èõ

r-êðàòíûé òðþê Óèòíè âêëþ÷àåò àíàëîã ïîâûøåíèÿ ñâÿçíîñòè ìíîæåñòâà ñàìîïåðåñå-

÷åíèé ïóòåì åãî õèðóðãèè [Ha63℄, [HK98, Theorem 4.5 and appendix A℄, [CRS, Theorem

4.7 and appendix℄. Äðóãèìè ñëîâàìè, ýòî ïðèêëåèâàíèå âëîæåííîé 1-ðó÷êè âäîëü ïóòè

(¾piping¿) ñ ïîñëåäóþùèì ïðèêëåèâàíèåì ñîêðàùàþùåé âëîæåííîé 2-ðó÷êè âäîëü äèñ-

êà (¾unpiping¿) [Ha62k, �3℄, [Me17, proof of theorem 1.1 in p. 7℄. (Ìû ïðèìåíÿåì [Ha62k,

Proposition 3.3℄ äëÿ r = 0 è r = 1; îáà ðàçà ìû ïåðåõîäèì îò âëîæåíèÿ â B × 0 ê

âëîæåíèþ â B × 1.) Ïðèìåíåíèå ýòèõ êîíñòðóêöèé íåòðèâèàëüíî è ÿâëÿåòñÿ âàæíûì

äîñòèæåíèåì Ìàáèéÿðà-Âàãíåðà.
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8 Ïðèìåíåíèÿ êîí�èãóðàöèîííûõ ïðîñòðàíñòâ

8.1 Ïðîñòåéøèå ïðèìåíåíèÿ

Êîí�èãóðàöèîííûå ïðîñòðàíñòâà ïîëåçíû êàê â òîïîëîãèè, òàê è â äðóãèõ îáëàñòÿõ

ìàòåìàòèêè. Ïðèâîäèìûå â �8 ïðèìåíåíèÿ ÿâëÿþòñÿ ÷àñòíûìè ñëó÷àÿìè áîëåå îáùèõ

ìåòîäîâ, ïîëåçíûõ è äëÿ äðóãèõ çàäà÷. Äëÿ çíàêîìñòâà ñ �8 ïîëåçíî ïðîðåøàòü çàäà÷è

î íåïðåðûâíûõ îòîáðàæåíèÿõ èç [Sk20, �3.3℄ (õîòÿ �îðìàëüíî îíè íå èñïîëüçóþòñÿ).

Îòîáðàæåíèÿ f, g : X → Rn
ïîäìíîæåñòâà X ⊂ Rd

íàçûâàþòñÿ ε-áëèçêèìè, åñëè
|f(x), g(x)| < ε äëÿ ëþáîãî x ∈ X .

Çàäà÷à 8.1.1. Ýòà çàäà÷à ïîÿñíÿåò èäåþ ïðèìåíåíèÿ êîí�èãóðàöèîííîãî ïðîñòðàí-

ñòâà, íî íå èñïîëüçóþòñÿ äàëåå.

(a) Èç ïóíêòà A â ïóíêò B âåäóò äâå íåïåðåñåêàþùèåñÿ äîðîãè (ëîìàíûõ). Èçâåñòíî,

÷òî äâà ÷åëîâåêà (òî÷êè), ñîåäèíåííûå âåðåâêîé äëèíû 10ì, ñìîãëè ïðîéòè èç A â B
ïî ðàçíûì äîðîãàì, íå ðàçîðâàâ âåðåâêè. Ñìîãóò ëè ðàçúåõàòüñÿ êðóãëûå âîçû ðàäèóñà

5ì, åñëè îíè åäóò íàâñòðå÷ó äðóã äðóãó ïî ðàçíûì äîðîãàì?

(b) Ïîäìíîæåñòâî K ïëîñêîñòè íå ïåðåñåêàåò ñâîé îáðàç ïðè ñäâèãå íà âåêòîð a,
ò.å. K ∩ (K + a) = ∅. Òîãäà äâà êðóãà äèàìåòðà |a| íå ìîãóò ïîìåíÿòüñÿ ìåñòàìè ïðè

íåïðåðûâíîì äâèæåíèè èõ öåíòðîâ ïî K, â ïðîöåññå êîòîðîãî êðóãè íå ïåðåñåêàþòñÿ.

(
) Ïîäìíîæåñòâî K ïëîñêîñòè íå ïåðåñåêàåò ñâîé îáðàç ïðè ñäâèãå íà âåêòîð a, ò.å.
K ∩ (K + a) = ∅. Òîãäà öåíòðû äâóõ êðóãîâ äèàìåòðà |a| íå ìîãóò çàìåñòè îäèíàêîâîå

ïîäìíîæåñòâî â K ïðè èõ íåïðåðûâíîì äâèæåíèè ïî K, â ïðîöåññå êîòîðîãî êðóãè íå

ïåðåñåêàþòñÿ.

(b')* [RSS, KS99℄ Òî æå, ÷òî â (b), äëÿ äåðåâà K è ñ çàìåíîé ìíîæåñòâà K + a íà
îáðàç îòîáðàæåíèÿ f : K → R2

, êîòîðîå |a|-áëèçêî ê âêëþ÷åíèþ K ⊂ R2
.

(
')* (íåðåøåííàÿ ïðîáëåìà) Òî æå, ÷òî â (
), äëÿ äåðåâà K è ñ çàìåíîé ìíîæåñòâà

K + a íà îáðàç îòîáðàæåíèÿ f : K → R2
, êîòîðîå |a|-áëèçêî ê âêëþ÷åíèþ K ⊂ R2

.

Âåðíî ëè, ÷òî äëÿ ëþáîãî ε > 0 ñóùåñòâóåò òàêîå δ > 0, ÷òî äëÿ ëþáîãî äåðåâà K íà

ïëîñêîñòè åñëè K íå ïåðåñåêàåò ñâîé îáðàç ïðè îòîáðàæåíèè, δ-áëèçêîì ê âêëþ÷åíèþ,

òî äâå òî÷êè íà K íå ìîãóò çàìåñòè îäèíàêîâîå ïîäìíîæåñòâî â K ïðè èõ íåïðåðûâíîì

äâèæåíèè ïî K, â ïðîöåññå êîòîðîãî ðàññòîÿíèå ìåæäó òî÷êàìè áîëüøå ε?
(d) Äëÿ ëþáîãî âëîæåíèÿ f : T → R2

òðèîäà T := K3,1 ñóùåñòâóåò òàêîå ε > 0, ÷òî
îáðàç fε(T ) ëþáîãî ε-áëèçêîãî ê f âëîæåíèÿ fε : T → R2

ïåðåñåêàåòñÿ ñ îáðàçîì f(T ).
(e) (Òåîðåìà Ìóðà) Ïëîñêîñòü íå ñîäåðæèò íåñ÷åòíîãî ñåìåéñòâà ïîïàðíî íåïåðåñå-

êàþùèõñÿ òðèîäîâ T .

Ïðèâåäåì äðóãîå äîêàçàòåëüñòâî òîïîëîãè÷åñêîé òåîðåìû �àäîíà 7.2.1 (ñì. òàêæå

òåîðåìó 2.2.2.b è çàìå÷àíèÿ 1.7.5.a). Ïðîèëëþñòðèðóåì åãî èäåþ íà ïðèìåðå d = 1,
ñì. çàìå÷àíèå 1.7.5.a. Õóëèãàí è ïîëèöåéñêèé ìîãó äâèãàòüñÿ (íåïðåðûâíî) ïî ãðàíèöå

òðåóãîëüíèêà òàê, ÷òî â êàæäûé ìîìåíò âðåìåíè îäèí èç íèõ íàõîäèòñÿ â âåðøèíå, à

äðóãîé íà ñòîðîíå, ïðîòèâîïîëîæíîé ýòîé âåðøèíå (â ÷àñòíîñòè, âòîðîé ìîæåò íàõî-

äèòñÿ â âåðøèíå, ÿâëÿþùåéñÿ îäíèì èç êîíöîâ ýòîé ñòîðîíû). Òîãäà ïðè íåêîòîðîì èõ

íà÷àëüíîì ïîëîæåíèè îíè ñìîãóò ïîìåíÿòüñÿ ìåñòàìè. Ïîñìîòðåâ íà îáðàçû õóëèãà-

íà è ïîëèöåéñêîãî ïðè äàííîì íåïðåðûâíîì îòîáðàæåíèè, ïîëó÷èì òåîðåìó 7.2.1 äëÿ

d = 1, ò.å. ðåçóëüòàò çàìå÷àíèÿ 1.7.5.a.
Îáîáùèì ýòî äîêàçàòåëüñòâî íà d = 2 (îáîáùåíèå äëÿ ïðîèçâîëüíîãî d àíàëîãè÷íî).

Äëÿ ýòîãî ïåðåñêàæåì åãî íà áîëåå ñòðîãîì ÿçûêå.

Ïðèìåð 8.1.2. Îáîçíà÷èì ÷åðåç ∆̃2 ìíîæåñòâî óïîðÿäî÷åííûõ ïàð (x, y) òî÷åê òðå-
óãîëüíèêà ∆2, îäíà èç êîòîðûõ ÿâëÿåòñÿ âåðøèíîé, à äðóãàÿ ëåæèò íà ñòîðîíå, ïðî-

òèâîïîëîæíîé ýòîé âåðøèíå.
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(a) (Çàãàäêà) Ïðåäñòàâüòå ìíîæåñòâî ∆̃2 â âèäå îáúåäèíåíèÿ îòðåçêîâ. Ñêîëüêî

âåðøèí è ðåáåð â ïîëó÷åííîì ãðà�å? À ÷åìó îí ãîìåîìîð�åí?

(b) Ñóùåñòâóåò íåïðåðûâíîå îòîáðàæåíèå g = (g1, g2) : S1 → ∆̃2, äëÿ êîòîðîãî

g1(−s) = g2(s) ïðè ëþáîì s ∈ S1
.

Óêàçàíèå: ¾ïðåäñòàâüòå¿ S1 = {(x, y, z) ∈ R3 : x+ y + z = 0, x2 + y2 + z2 = 1}.

(
) Èìååì ∆̃2
∼=Z2 S

1
. Ò.å. ñóùåñòâóåò âçàèìíî-îäíîçíà÷íîå íåïðåðûâíîå îòîáðà-

æåíèå h : ∆̃2 → S1
, äëÿ êîòîðîãî h(y, x) = −h(x, y) ïðè ëþáûõ (x, y) ∈ ∆̃2. (Íåïðåðûâ-

íîñòü îïðåäåëåíà, ò.ê. ∆̃2 ⊂ R4
.)

Äðóãîå äîêàçàòåëüñòâî çàìå÷àíèÿ 1.7.5.a. Ïóñòü, íàïðîòèâ, ñóùåñòâóåò íåïðåðûâíîå

îòîáðàæåíèå f : ∆2 → R, ÿâëÿþùååñÿ êîíòðïðèìåðîì. Îïðåäåëèì íåïðåðûâíîå îòîá-

ðàæåíèå

f : ∆̃2 → R− {0} �îðìóëîé f(x, y) := f(x)− f(y).

Îíî ïåðåâîäèò òî÷êè (x, y) è (y, x) â ïðîòèâîïîëîæíûå. Ïîýòîìó åãî êîìïîçèöèÿ f ◦
g : S1 → R − {0} ñ îòîáðàæåíèåì èç óòâåðæäåíèÿ 8.1.2.a ïåðåâîäèò òî÷êè s è −s â
ïðîòèâîïîëîæíûå. Ýòî íåâîçìîæíî ïî òåîðåìå î ïðîìåæóòî÷íîì çíà÷åíèè.

Ïðèìåð 8.1.3. Îáîçíà÷èì ÷åðåç ∆̃3 ìíîæåñòâî óïîðÿäî÷åííûõ ïàð (x, y) òî÷åê òåò-
ðàýäðà ∆3, ëèáî

• îäíà èç êîòîðûõ ÿâëÿåòñÿ âåðøèíîé, à äðóãàÿ ëåæèò íà ãðàíè, ïðîòèâîïîëîæ-

íîé ýòîé âåðøèíå, ëèáî

• êîòîðûå ëåæàò íà ïðîòèâîïîëîæíûõ ðåáðàõ

(ò.å. òî÷åê, ëåæàùèõ â íåïåðåñåêàþùèõñÿ ñèìïëåêñàõ).

(a) (Çàãàäêà) Ïðåäñòàâüòå ìíîæåñòâî ∆̃3 â âèäå îáúåäèíåíèÿ ïðÿìîóãîëüíèêîâ è

òðåóãîëüíèêîâ. Ñêîëüêî âåðøèí, ðåáåð è ãðàíåé â ïîëó÷åííîì ìíîãîãðàííèêå? À ÷åìó

îí ãîìåîìîð�åí?

(b) Ñóùåñòâóåò íåïðåðûâíîå îòîáðàæåíèå g = (g1, g2) : S2 → ∆̃3, äëÿ êîòîðîãî

g1(−s) = g2(s) ïðè ëþáîì s ∈ S2
.

(
)* Èìååì ∆̃3
∼=Z2 S

2
. Ò.å. ñóùåñòâóåò âçàèìíî-îäíîçíà÷íîå íåïðåðûâíîå îòîáðà-

æåíèå h : ∆̃3 → S2
, äëÿ êîòîðîãî h(y, x) = −h(x, y) ïðè ëþáûõ (x, y) ∈ ∆̃3. (Íåïðåðûâ-

íîñòü îïðåäåëåíà, ò.ê. ∆̃3 ⊂ R6
.)

Äðóãîå äîêàçàòåëüñòâî òåîðåìû 2.2.2.b. Ïóñòü, íàïðîòèâ, ñóùåñòâóåò íåïðåðûâíîå îòîá-

ðàæåíèå f : ∆3 → R2
, ÿâëÿþùååñÿ êîíòðïðèìåðîì. Îïðåäåëèì íåïðåðûâíîå îòîáðàæå-

íèå

f : ∆̃3 → R2 − {0} �îðìóëîé f(x, y) := f(x)− f(y).

Îíî ïåðåâîäèò òî÷êè (x, y) è (y, x) â ïðîòèâîïîëîæíûå. Ïîýòîìó åãî êîìïîçèöèÿ f ◦
g : S2 → R2 − {0} ñ îòîáðàæåíèåì èç óòâåðæäåíèÿ 8.1.3.a ïåðåâîäèò òî÷êè s è −s â
ïðîòèâîïîëîæíûå. Ýòî íåâîçìîæíî ïî òåîðåìå Áîðñóêà�Óëàìà 6.5.4 (äëÿ d = 2).

Hint to 8.1.1. (b,
) Äëÿ ëþáûõ òî÷åêX, Y ∈ K, ðàññòîÿíèå ìåæäó êîòîðûìè áîëüøå

|a|, îïðåäåëèì îòíîøåíèå '<'. (Ýòî îòíîøåíèå íå îáÿçàòåëüíî áóäåò òðàíçèòèâíûì, ò.å.
óñëîâèÿ A < B è B < C íå îáÿçàòåëüíî âëåêóò A < C.) Äëÿ ýòîãî âîçüìåì òî÷êè X è

Y +a. Áóäåì äâèãàòü ïåðâóþ èç íèõ ïî K èç X â Y âäîëü êðàò÷àéøåé äóãè l, à âòîðóþ
� ïî K + a èç Y + a â X + a âäîëü äóãè l + a. Åñëè âåêòîð, íàïðàâëåííûé îò ïåðâîé

òî÷êè êî âòîðîé, ïîâåðíóëñÿ ïî ÷àñîâîé ñòðåëêå, òî ïîëîæèì X < Y , à åñëè ïðîòèâ �

ïîëîæèì Y < X . Óòâåðæäåíèÿ (b,
) âûòåêàþò èç òîãî, ÷òî ýòî îòíîøåíèå

• äåéñòâèòåëüíî îïðåäåëåíî äëÿ ëþáûõ òî÷åê X, Y ⊂ K, ðàññòîÿíèå ìåæäó êîòîðû-

ìè áîëüøå |a| (ò. å. âåêòîð îáÿçàòåëüíî ïîâåðíåòñÿ, à íå îñòàíåòñÿ íà ìåñòå);

• íåïðåðûâíî çàâèñèò îò òî÷åê X, Y .
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(b') Àíàëîãè÷íî âûøåïðèâåäåííîìó. Äëÿ ëþáûõ òî÷åê X, Y ∈ K, ðàññòîÿíèå ìåæäó

êîòîðûìè áîëüøå |a|, îïðåäåëèì îòíîøåíèå '<'. �àññìîòðèì äâèæåíèå äâóõ òî÷åê �

îäíîé â K, à äðóãîé â f(K). Â ïåðâûé ìîìåíò âðåìåíè îíè ñîâïàäàþò ñ òî÷êàìè X
è f(Y ), ñîîòâåòñòâåííî. Çàòåì ïåðâàÿ òî÷êà äâèæåòñÿ âäîëü äóãè l ⊂ K îò X ê Y , à
âòîðàÿ òî÷êà äâèæåòñÿ âäîëü äóãè f(l) ⊂ f(K) îò f(Y ) ê f(X). Åñëè âåêòîð, ñìîòðÿùèé
îò ïåðâîé òî÷êè êî âòîðîé, ïîâåðíåòñÿ ïî ÷àñîâîé ñòðåëêå, òî ïîëîæèì X < Y ; åñëè
ïðîòèâ, òî ïîëîæèì Y < X .

(d) Âîçüìåì ÷èñëî ε íàñòîëüêî ìàëûì, ÷òî íà òðèîäå f(T ) ìîæíî ïîìåíÿòü ìåñòàìè
äâå òî÷êè ïóòåì èõ íåïðåðûâíîãî äâèæåíèÿ, â ïðîöåññå êîòîðîãî ðàññòîÿíèå ìåæäó

íèìè áîëüøå ε. Òîãäà óòâåðæäåíèå âûòåêàåò èç ï. (b').
(e) Ëþáîå íåñ÷åòíîå ïîäìíîæåñòâî â ïîëíîì ïðîñòðàíñòâå çàìêíóòûõ îãðàíè÷åííûõ

ïîäìíîæåñòâ ïëîñêîñòè ñîäåðæèò ñõîäÿùóþñÿ ïîñëåäîâàòåëüíîñòü. Ïîýòîìó òåîðåìà

Ìóðà âûòåêàåò èç ï. (d).

Hint to 8.1.2.a, 8.1.3.b. Ñóùåñòâóåò íåïðåðûâíîå îòîáðàæåíèå (äàæå ãîìåîìîð-

�èçì)

Sd → Sd0 := {(x1, . . . , xd+2) ∈ Rd+2 : x1 + . . .+ xd+2 = 0, x21 + . . .+ x2d+2 = 1},

ïåðåâîäÿùåå àíòèïîäû â àíòèïîäû. Ïîýòîìó äîñòàòî÷íî äîêàçàòü óòâåðæäåíèå ñ çà-

ìåíîé Sd íà Sd0 . For x = (x1, . . . , xd+2) ∈ Rd+2
let x+ ∈ Rd+2

(x− ∈ Rd+2
) be the

ve
tor obtained from x by repla
ing all negative (all positive) 
oordinates with zeros. Let

|x| = |x1|+ . . .+ |xd+2|. De�ne a map

g : Sd → ∆̃d+1 by g(x) = (g1(x), g2(x)) := (x+/|x+|,−x−/|x−|).

Sin
e |x+| = |x−|, we have g1(−x) = g2(x).

Hint to 8.1.3. (
) Ïðåäñòàâüòå (ñð. [MNS, �1.9, ðèñ. 13℄)

∆̃3 = D2
+ ∪ ∆̃2 ×D1 ∪D2

−, ãäå ∆̃2
∼= S1

è ∂D2
± ∩ ∆̃2 ×D1 = ∆̃2 ×±1.

8.2 Êîí�èãóðàöèîííûå ïðîñòðàíñòâà è âëîæèìîñòü êîìïëåêñîâ

Ïðîâåðÿòü ïëàíàðíîñòü ãðà�îâ (è äàæå êîìïëåêñîâ) ïðîùå áåç êîí�èãóðàöèîííûõ ïðî-

ñòðàíñòâ � íàïðèìåð, ïî òåîðåìå Êóðàòîâñêîãî 1.2.3.e (è Õàëèíà-Þíãà 6.13.1). Îäíàêî

äëÿ âëîæåíèé êîìïëåêñîâ ðàçìåðíîñòè áîëüøåé äâóõ àíàëîãà òåîðåìû Êóðàòîâñêîãî

(è Õàëèíà-Þíãà) ïðîñòî íåò, à âîò ìåòîä êîí�èãóðàöèîííûõ ïðîñòðàíñòâ õîðîøî ðà-

áîòàåò (ñì. òåîðåìó 8.2.4 è çàìå÷àíèå 8.2.5.b).

�åîìåòðè÷åñêèì âçðåçàííûì êâàäðàòîì Ñ ïîäìíîæåñòâà N ⊂ Rd
íàçûâàåòñÿ

êâàäðàò ìíîæåñòâà N áåç äèàãîíàëè:

Ñ := {(x, y) ∈ N ×N : x 6= y},

Ñì. ðèñ. 8.2.1. Ýòî êîí�èãóðàöèîííîå ïðîñòðàíñòâî óïîðÿäî÷åííûõ ïàð ðàçëè÷íûõ òî-

÷åê â N . Äðóãèå îáîçíà÷åíèÿ: Ñ2
, N×,2

∆ , N2
.

Ñèìïëèöèàëüíûì âçðåçàííûì êâàäðàòîì êîìïëåêñà K íàçûâàåòñÿ ìíîæåñòâî

K̃ := ∪{σ × τ : σ, τ − ãðàíè êîìïëåêñà K, σ ∩ τ = ∅}.

Ò.å. K̃ � ïîäêîìïëåêñ êîìïëåêñà K ×K, ïîëó÷åííûé óäàëåíèåì âñåõ ¾îòêðûòûõ êëå-

òîê¿ Int(σ× τ), ñîäåðæàùèõ õîòÿ áû îäíó ¾äèàãîíàëüíóþ¿ âåðøèíó. Ýòî ïîíÿòèå �àê-

òè÷åñêè ïîÿâèëîñü â çàìå÷àíèè 1.7.5 è â ��1.6,1.5,8.1. Óòâåðæäåíèÿ 8.1.2.b è 8.1.3.


¾îïèñûâàþò¿ ñèìïëèöèàëüíûå âçðåçàííûå êâàäðàòû ãðàíèö òðåóãîëüíèêà è òåòðàýä-

ðà.
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N

N
fx

fy

f̃(x, y)

�èñ. 8.2.1: Âçðåçàííûé êâàäðàò è îòîáðàæåíèå �àóññà

Çàäà÷à 8.2.1. (Çàãàäêà) Êàêîìó èç èçâåñòíûõ Âàì ãðà�îâ èëè êîìïëåêñîâ PL ãî-

ìåîìîð�åí ñèìïëèöèàëüíûé âçðåçàííûé êâàäðàò

(a) ïóòè ñ n âåðøèíàìè; (b) öèêëà ñ n âåðøèíàìè; (
) òðèîäà K1,3;

(d) ãðà�à K4; (e) ãðà�à K2,3 (θ-ãðà�à); (f) ãðà�à K5; (g) ãðà�à K3,3;

(h) êíîïêè (èëè çîíòèêà), ò.å. êîìïëåêñà KV I íà ðèñ. 6.3.1?

Ïóñòü f : N → Rd
� âëîæåíèå ïîäìíîæåñòâà N ⊂ Rm

. Òîãäà îòîáðàæåíèå f̃ : Ñ →
Sd−1

êîððåêòíî îïðåäåëåíî �îðìóëîé �àóññà (ðèñ. 8.2.1)

f̃(x, y) =
f(x)− f(y)

|f(x)− f(y)|
.

ßñíî, ÷òî f̃(y, x) = −f̃(x, y). Îòîáðàæåíèå f : Ñ → Sd−1
íàçûâàåòñÿ ýêâèâàðèàíòíûì

(îòíîñèòåëüíî èíâîëþöèè (x, y) 7→ (y, x) íà Ñ , ïåðåñòàâëÿþùåé ñîìíîæèòåëè, è àíòè-

ïîäàëüíîé èíâîëþöèè íà Sd−1
), åñëè f̃(y, x) = −f̃(x, y) äëÿ ëþáûõ (x, y) ∈ Ñ . Èòàê,

ñóùåñòâîâàíèå ýêâèâàðèàíòíîãî îòîáðàæåíèÿ Ñ → Sd−1
� íåîáõîäèìîå óñëîâèå äëÿ

âëîæèìîñòè N â Rd
.

Çàäà÷à 8.2.2. There is an equivariant map

(a) Sd−1 → R̃d
; (b) Sd → S̃d; (
) R̃d → Sd−1

; (d) S̃d → Sd.
(The maps of (a,b) are in fa
t in
lusions. The maps you 
onstru
t in Assertions 8.2.2.
,d,

8.2.3.
, 8.2.6, 8.3.4, 8.4.1 are in fa
t equivariant strong deformation retra
tions.)

Çàäà÷à 8.2.3. (a) PL ãîìåîìîð�èçìû èç ðåøåíèÿ çàäà÷ 8.2.1 ìîæíî âûáðàòü òàê,

÷òîáû îíè ïåðåâîäèëè îòîáðàæåíèå ¾ïåðåñòàíîâêó ñîìíîæèòåëåé¿ K̃ → K̃ â ¾àíòèïî-

äàëüíîå¿ îòîáðàæåíèå (íà èçâåñòíîì Âàì ãðà�å èëè êîìïëåêñå).

(b) For a 
omplex K there is an equivariant surje
tive map C̃onK → ΣK̃ whose only

non-trivial preimages are those of the verti
es of the suspension and are c ×K and K × c,
where c is the vertex of the 
one and K is identi�ed with the base of the 
one. [Sk02, the

Cone Lemma 4.1.a℄

(
) For a 
omplex K there is an equivariant map |̃K| → K̃.

Òåîðåìà 8.2.4 (Âåáåð). Åñëè äëÿ k-êîìïëåêñà K ñóùåñòâóåò ýêâèâàðèàíòíîå îòîá-

ðàæåíèå K̃ → Sd−1
è ëèáî 2d ≥ 3k + 3, ëèáî d ≤ 2, òî K PL âëîæèì â Rd

.

Çàìå÷àíèå 8.2.5. (a) Äëÿ d ≤ 2 êðèòåðèé 8.2.4 ñëåäóåò [Wu65, SSS℄ èç êðèòåðèÿ Êóðà-

òîâñêîãî 1.2.3.e (Õàëèíà-Þíãà 6.13.1) ïëàíàðíîñòè ãðà�îâ (êîìïëåêñîâ), ðåçóëüòàòîâ

çàäà÷ 8.2.1.fgh è 8.2.3.a, à òàêæå òåîðåìû Áîðñóêà-Óëàìà 6.5.4. Ñëó÷àé 2d ≥ 3k + 3
ãîðàçäî áîëåå ñëîæíûé. Ïåðâûé øàã � àíàëîã êðèòåðèÿ 8.2.4 äëÿ ïî÷òè âëîæåíèé

(îïðåäåëåííûõ â �6.10; ñì. (b)), âòîðîé � òåîðåìà Âåáåðà 6.10.2.

(b) If a 
omplex K is almost embeddable in Rd
, then there is an equivariant map K̃ →

Sd−1
. For 2d ≥ 3k + 3 this ne
essary 
ondition is su�
ient. This analogue of the Weber

Theorem 8.2.4 is the �rst step in its proof.

Äðóãèå àíàëîãè òåîðåìû 8.2.4 îáñóæäàþòñÿ â �8.6 è â îáçîðå [Sk06, �5, �8℄.
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(
) Äëÿ êîìïëåêñà K ìîæíî ïîñòðîèòü àëãåáðàè÷åñêîå ïðåïÿòñòâèå ê ñóùåñòâîâà-

íèþ ýêâèâàðèàíòíîãî îòîáðàæåíèÿ K̃ → Sd−1
, èñïîëüçóÿ òåîðèþ ïðåïÿòñòâèé, îñíîâû

êîòîðîé èçëîæåíû â �9. (Äëÿ d = 2dimK ýòî ïðåïÿòñòâèå ðàâíî ïðåïÿòñòâèþ âàí

Êàìïåíà, ��1.5, 6.8, 6.9.) Òàê è äîêàçûâàåòñÿ òåîðåìà 6.6.1.

(d) If max{3, k} ≤ d ≤ 3k
2
+ 1, then there is a k-
omplex K not PL embeddable in Rd

but for whi
h there is an equivariant map K̃ → Sd−1
([SSS, GS06℄, see also [SS92, FKT℄).

(e) Assume that P 6= NP . If k+2 ≤ d ≤ 3k
2
+1, then there is a k-
omplex K not almost

embeddable in Rd
but for whi
h there is an equivariant map K̃ → Sd−1

[ST17, Al22℄.

Let us de�ne a `quantum analogue' of the deleted produ
t (to be used in �8.4).

The geometri
 deleted join N∗2
∆ of a subset N ⊂ Rn

is

N ∗N −

{
1

2
x⊕

1

2
x : x ∈ N

}
.

Îòîáðàæåíèå f : N∗2
∆ → Sd íàçûâàåòñÿ ýêâèâàðèàíòíûì, åñëè

f((1− t)y ⊕ tx) = −f((tx⊕ (1− t)y).

Çàäà÷à 8.2.6. There is an equivariant map (Rd)∗2∆ → Sd.

Denote by A′
a 
opy of A. The simpli
ial deleted join K∗2

∆ of a 
omplex K = (V, F )
is the 
omplex with the set V ⊔ V ′

of verti
es and the set {σ ⊔ τ ′ : σ, τ ∈ F, σ ∩ τ = ∅} of
fa
es.

Çàäà÷à 8.2.7. (Çàãàäêà) Êàêîìó èç èçâåñòíûõ Âàì ãðà�îâ èëè êîìïëåêñîâ PL ãî-

ìåîìîð�åí ñèìïëèöèàëüíûé âçðåçàííûé äæîéí êîìïëåêñà

(a) the n-element set for n = 1, 2, 3; (b) ∆k
∼= Dk

; (
) ∂∆k+1
∼= Sk; (d) [3]∗k;

(e)* K5; (f)* ∆k
2k+2?

(Hint to (b,
,d): prove and use Assertion 8.2.8.a. Warning to (
): ∂∆k+1 6= [2]k+1
.)

Çàäà÷à 8.2.8. Let K and L be 
omplexes.

(a) (K ∗ L)∗2∆ = K∗2
∆ ∗ L∗2

∆ .

(b) The deleted join 
ontains the deleted produ
t.

(
) K∗2
∆

∼=Z2 C̃onK (
f. Assertion 8.2.3.b).

Îòâåòû ê 8.2.1. (
) S1
; (f) ñ�åðå ñ 6 ðó÷êàìè; (g) ñ�åðå ñ 4 ðó÷êàìè; (h) S2

.

Óêàçàíèå ê (f,g). Ïðîâåðüòå, ÷òî âçðåçàííûé êâàäðàò ÿâëÿåòñÿ çàìêíóòûì ëîêàëüíî

åâêëèäîâûì 2-êîìïëåêñîì (ñì. çàäà÷ó 6.14.1), ò.å. çàìêíóòûì 2-ìíîãîîáðàçèåì. Âû÷èñ-

ëèòå åãî ýéëåðîâó õàðàêòåðèñòèêó è äîêàæèòå åãî îðèåíòèðóåìîñòü. Îðèåíòèðóåìîñòü

ñëåäóåò, íàïðèìåð, èç âëîæèìîñòè âçðåçàííîãî êâàäðàòà âî âçðåçàííûé äæîéí, êîòîðûé

ãîìåîìîð�åí S3
.

Hint to 8.2.3.
. [Sh57, Lemma 2.1℄, 
ite[�4℄Hu60. Denote

Eστ := ∪{Uσ × Uτ : Uσ, Uτ non-empty fa
es of σ, τ, respe
tively, and Uσ ∩ Uτ = ∅}.

Then σ× τ ∼= Eστ ∗ diag(σ ∩ τ). So for σ ∩ τ 6= ∅ there is an equivariant strong deformation
retra
tion σ × τ − diag(σ ∩ τ) → Eστ . These retra
tions agree on interse
tions, so together

they form the required map (retra
tion).

Îòâåòû ê 8.2.7. (a) [2], [2]× [0, 1], S1
; (b) Sk; (
) Sk × [0, 1]; (d) S2k−1

;

(e) S3
; (f) S2k+1

[Ma03, �5℄.
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8.3 Êîí�èãóðàöèîííîå ïðîñòðàíñòâî íàáîðîâ r òî÷åê

Çàäà÷à 8.3.1. Àëåêñàíäð, Áîðèñ è Âëàäèìèð ñòîÿò â âåðøèíàõ A,B è C òåòðàýäðà

ABCD. Îíè ìîãóò íåïðåðûâíî äâèãàòüñÿ ïî ðåáðàì òåòðàýäðà òàê, ÷òî â êàæäûé ìî-

ìåíò äâîå èç íèõ ñòîÿò â ðàçëè÷íûõ âåðøèíàõ, à òðåòèé � íà ïðîòèâîïîëîæíîì ðåáðå.

Ìîãóò ëè îíè ïåðåéòè â âåðøèíû D,B è A, ñîîòâåòñòâåííî?

Çàäà÷à 8.3.2. Îáîçíà÷èì ÷åðåç ∆̃N

3
ìíîæåñòâî óïîðÿäî÷åííûõ ïàð òðîåê (x, y, z)

òî÷åê â ∆N , ëåæàùèõ â ïîïàðíî íåïåðåñåêàþùèõñÿ ãðàíÿõ. Òîãäà

(1) ∆̃1

3
= ∅.

(2) Â ìíîæåñòâå ∆̃2

3
6 ýëåìåíòîâ.

(3) Ìíîæåñòâî ∆̃3

3
� ñâÿçíûé ãðà� ñ 24 âåðøèíàìè ñòåïåíè 3 (ãðà� Êíåçåðà ïåðå-

ñå÷åíèé ïî äâà òðåõýëåìåíòíûõ ïîäìíîæåñòâ ÷åòûðåõýëåìåíòíîãî ìíîæåñòâà).

(4) Ìíîæåñòâî ∆̃4

3
� îáúåäèíåíèå òðåóãîëüíèêîâ è êâàäðàòèêîâ, îáðàçóþùåå äâó-

ìåðíûé ïîëèýäð (íå ÿâëÿþùèéñÿ ìíîãîîáðàçèåì).

(5) Ìíîæåñòâî ∆̃N

3
� îáúåäèíåíèå ïðîèçâåäåíèé ñèìïëåêñîâ, ïðè÷åì ðàçìåðíîñòü

êàæäîãî ïðîèçâåäåíèÿ íå áîëåå N − 2.

Ñèìïëèöèàëüíîé âçðåçàííîé r-é ñòåïåíüþ êîìïëåêñà K íàçûâàåòñÿ

K̃r := ∪{σ1 × · · · × σr : σi ãðàíü êîìïëåêñà K, σi ∩ σj = ∅ äëÿ ëþáûõ i 6= j},

ò.å. îáúåäèíåíèå ïðîèçâåäåíèé σ1 × . . .× σr ïîïàðíî íåïåðåñåêàþùèõñÿ ãðàíåé.

Ïîäìíîæåñòâî K̃r ⊂ Kr
íå èìååò åñòåñòâåííîé ñòðóêòóðû êîìïëåêñà. Îäíàêî K̃r

ÿâ-

ëÿåòñÿ îáúåäèíåíèåì ïðîèçâåäåíèé ñèìïëåêñîâ ñ ¾õîðîøèìè¿ ïåðåñå÷åíèÿìè, ïîýòîìó

K̃r
� òåëî íåêîòîðîãî êîìïëåêñà (ñì. çàäà÷ó 6.17.4.a).

Îáîçíà÷èì ÷åðåç Σr ãðóïïó ïåðåñòàíîâîê r ýëåìåíòîâ. Ýòà ãðóïïà åñòåñòâåííî äåé-
ñòâóåò íà ìíîæåñòâå K̃r

, ïåðåñòàâëÿÿ òî÷êè â íàáîðå (p1, . . . , pr). ßñíî, ÷òî ýòî äåéñòâèå

ñâîáîäíî è êóñî÷íî-ëèíåéíî, ò.å. ñîãëàñîâàíî ñ íåêîòîðîé ñòðóêòóðîé êîìïëåêñà íà K̃r
.

Let Rd×r := (Rd)r be the set of real d × r-matri
es. �ðóïïà Σr äåéñòâóåò íà Rd×r

ïåðåñòàíîâêîé ñòîëáöîâ. Denote

diag r := {(x, x, . . . , x) ∈ Rd×r : x ∈ Rd}.

Óòâåðæäåíèå 8.3.3. (a) Åñëè êîìïëåêñ K ïî÷òè r-âëîæèì â Rd
, òî ñóùåñòâóåò

Σr-ýêâèâàðèàíòíîå îòîáðàæåíèå K̃r → Rd×r − diagr.
(b) Åñëè k(r−1)-êîìïëåêñ K ÿâëÿåòñÿ Z-ïî÷òè r-âëîæèìûì â Rkr

(ñì. îïðåäåëåíèå

â �7.5), òî ñóùåñòâóåò Σr-ýêâèâàðèàíòíîå îòîáðàæåíèå K̃r → Rkr×r − diagr.

Îáîçíà÷èì ÷åðåç S
d(r−1)−1
Σr

⊂ Rd×r
ìíîæåñòâî âñåõ òåõ ìàòðèö, äëÿ êîòîðûõ ñóììà

÷èñåë â ëþáîé ñòðîêå ðàâíà íóëþ, è ñóììà êâàäðàòîâ âñåõ ÷èñåë â ìàòðèöå ðàâíà 1. Ýòî

ìíîæåñòâî ãîìåîìîð�íî ñ�åðå ðàçìåðíîñòè d(r−1)−1. Îíî èíâàðèàíòíî îòíîñèòåëüíî
äåéñòâèÿ ãðóïïû Σr.

Óòâåðæäåíèå 8.3.4. There is a Σr-equivariant map Rd×r − diagr → S
d(r−1)−1
Σr

.

Ýòî äîêàçûâàåòñÿ àíàëîãè÷íî ïðèâåäåííîìó â �8.2 ðàññóæäåíèþ äëÿ r = 2 è óòâåð-
æäåíèþ 8.4.1.b.

Óòâåðæäåíèå 8.3.5. Ñóùåñòâóåò Z-ïî÷òè r-âëîæåíèå k(r − 1)-êîìïëåêñà K â Rkr

òîãäà è òîëüêî òîãäà, êîãäà ñóùåñòâóåò Σr-ýêâèâàðèàíòíîå îòîáðàæåíèå K̃r →
S
kr(r−1)−1
Σr

.
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Óòâåðæäåíèå 8.3.5 ÿâëÿåòñÿ îáîáùåíèåì [MW15, � 4.1 and Corollary 44℄ èçâåñòíûõ

ðåçóëüòàòîâ. Ñì. ïðîñòîå èçëîæåíèå äîêàçàòåëüñòâà â [Sk16, �3℄.

Òåîðåìà 8.3.6 ([AKS, Theorem 6℄). Åñëè r íå ñòåïåíü ïðîñòîãî è X ÿâëÿåòñÿ êîì-

ïëåêñîì ñî ñâîáîäíûì ñèìïëèöèàëüíûì äåéñòâèåì ãðóïïû Σr, òî ñóùåñòâóåò Σr-
ýêâèâàðèàíòíîå îòîáðàæåíèå X → S

2(r−1)−1
Σr

.

Âåðñèÿ äëÿ dimX = d(r − 1) è îòîáðàæåíèÿ X → S
d(r−1)−1
Σr

òåîðåìû 8.3.6 ïðèíàä-

ëåæèò Åçàéäûíó [Oz℄. (Ýòà âåðñèÿ ñ�îðìóëèðîâàíà íå â [Oz℄, à â [MW14, p. 173, the

paragraph before Theorem 3℄; eå íåñëîæíûé âûâîä èç [Oz℄ ïðèâåäåí â [Fr15, proof of

Corollary 3℄.) Â [Sk16, �3℄ ïðèâîäèòñÿ êîðîòêîå ïðÿìîå èçëîæåíèå äîêàçàòåëüñòâà ýòîé

âåðñèè. Äëÿ òåîðåìû 7.5.2 äîñòàòî÷íî ýòîé âåðñèè ïðè d = kr (ïîñêîëüêó äëÿ k(r − 1)-

êîìïëåêñà K âûïîëíåíî dim K̃r ≤ r dimK = kr(r − 1)).

Òåîðåìà 8.3.7. Ïóñòü K åñòü k-êîìïëåêñ è ëèáî rd ≥ (r+1)k+3, ëèáî d = 2r = k+2 6=
4. Ïî÷òè r-âëîæåíèå K → Rd

ñóùåñòâóåò òîãäà è òîëüêî òîãäà, êîãäà ñóùåñòâóåò

Σr-ýêâèâàðèàíòíîå îòîáðàæåíèå K̃r → S
d(r−1)−1
Σr

.

Ñëó÷àé (r − 1)d = rk òåîðåìû 8.3.7 äîêàçàí â [MW15, AMS+℄; ýòîò ñëó÷àé ïîêðû-

âàåòñÿ òåîðåìîé 7.5.1 è óòâåðæäåíèåì 8.3.5. Îáùèé ñëó÷àé äîêàçàí â [Sk17℄, ñì. òàêæå

[MW16, Sk17o℄.

Çàìå÷àíèå 8.3.8. (a) �åîìåòðè÷åñêîé âçðåçàííîé r-é ñòåïåíüþ ïîäìíîæåñòâà N ⊂ Rd

íàçûâàåòñÿ

Ñ r := {(x1, . . . , xr) ∈ N r : xi 6= xj äëÿ ëþáîãî i 6= j}.

Ýòî êîí�èãóðàöèîííîå ïðîñòðàíñòâî óïîðÿäî÷åííûõ íàáîðîâ äëèíû r ðàçëè÷íûõ òî÷åê
â N . Óäîáíûì îáîçíà÷åíèåì äëÿ Ñ r

áûëî áû N r
, ïîñêîëüêó ÷åðåç nr := n(n−1) . . . (n−

r + 1) îáîçíà÷àåòñÿ êîëè÷åñòâî óïîðÿäî÷åííûõ íàáîðîâ äëèíû r ðàçëè÷íûõ òî÷åê â

n-ýëåìåíòíîì ìíîæåñòâå (ò.å. ðàçìåùåíèé èç n ïî r).

Observe that Rd×r − diagr 6= R̃d
r
for r ≥ 3.

(b) Let r be an integer, N a 
losed manifold, and B ⊂ N a 
odimension 0 ball. Then

there is a Σr-equivariant map Ñ
r → Ñ r

B := {(x1, . . . , xr) ∈ Ñ r : |{x1, . . . , xr}∩ IntB| ≤ 1}.

(
) (
onje
ture) For a map f : |K| → Z of a 
omplex K denote |̃K|
r

f := {(x1, . . . , xr) ∈
|K|r : fxi 6= fxj for ea
h i, j}. For a 2-
omplex K take 2-fa
es σ, τ interse
ting by a vertex.
Take points A1, A2 ∈ Int σ and B1, B2 ∈ Int τ . Let f : |K| → |K|/(A1 ∼ B1, A2 ∼ B2) be

the quotient map. Then there is a Σr-equivariant map |̃K|
r
→ |̃K|

r

f .

It su�
es to prove the following stronger assertion. Let r be an integer, K a k-
omplex,
and B ⊂ |K| the union of two k-balls in the interiors of two k-fa
es of K interse
ting by a

vertex. Then there is a Σr-equivariant map |̃K|
r
→ |̃K|

r

B.

8.4 Proof of the topologi
al Tverberg Theorem 7.3.2.a for r a prime

The simpli
ial r-tuple deleted join of a 
omplex K is

K∗r
∆ := ∪{σ1 ∗ · · · ∗ σr : σi a fa
e of K, σi ∩ σj = ∅ for all i 6= j}.

Denote

diag +
r :=

{
1

r
x⊕ . . .⊕

1

r
x ∈ (Rd)∗r : x ∈ Rd

}
.

On K∗r
∆ and on (Rd)∗r − diag+r the symmetri
 group Σr a
ts by permuting the `fa
tors'

t1x1, . . . , trxr. Consider Zr as the subgroup of 
y
li
 permutations in Σr. An a
tion is 
alled
free if the map 
orresponding to any non-identi
al element has no �xed points.
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Óòâåðæäåíèå 8.4.1 (proof is postponed). (a) If K is a 
omplex almost r-embeddable to
Rd
, then there is a Σr-equivariant map K

∗r
∆ → (Rd)∗r − diag+r .

(b) There is a Σr-equivariant map (Rd)∗r − diag+r → S
(d+1)(r−1)−1
Σr

.

(
) For k = (d + 1)(r − 1) even there are a free a
tion of Zr on Sk−1
(whi
h is not

ne
essarily the restri
tion of the a
tion of Σr) and a null-homotopi
 Zr-equivariant map

Sk−1 → (∆k)
∗r
∆ .

(d) For any free a
tion of Zr on S
k−1

there is a Zr-equivariant map S
k−1
Σr

→ Sk−1
.

Òåîðåìà 8.4.2 (r-fold Borsuk-Ulam Theorem). For any free PL a
tion of Zr on Sn no

Zr-equivariant map S
n → Sn is null-homotopi
.

Sket
h of the proof. Take a map ω : Sn → Sn generating the a
tion. Sin
e the a
tion is PL,
there is a triangulation of Sn for whi
h ω is simpli
ial. Take a minimal set F of n-simpli
es
su
h that F ∪ ωF ∪ . . . ∪ ωr−1F is the set of all n-simpli
es. We may assume that the

given map g : Sn → Sn is identi
al on the (n− 1)-skeleton. Then the proof is analogous to

[Sk20, problem 8.3.8℄, repla
ingD+, D− by ∪F, ω(∪F ), . . . ωr−1(∪F ) and obtaining deg g ≡ 1
mod r (see details in [BSS, Lemma 2℄, [Ma03, p. 153-154℄; the formulation in that book is

more sophisti
ated, not only more general).

Proof of Theorem 7.3.2.a for a prime r. Denote k := (d+1)(r−1). Suppose to the 
ontrary
that f : ∆k → Rd

is an almost r-embedding. Sin
e r is prime, either r = 2 or k is even. Take
the 
omposition g : Sk−1

Σr
→ Sk−1

Σr
of Zr-equivariant maps from Propositions 8.4.1.ab
d. (For

r = 2 instead of Proposition 8.4.1.
 we apply the result of Problem 8.2.7.b.) Sin
e the map

of Proposition 8.4.1.
 is null-homotopi
, g is null-homotopi
. Sin
e r is a prime, the a
tion
of Zr on S

k−1
Σr

is free. This 
ontradi
ts Theorem 8.4.2.

Proof of Proposition 8.4.1. (a) For an almost r-embedding f : ∆k → Rd
de�ne the map f ∗r

by f ∗r(t1x1 ⊕ . . .⊕ trxr) := t1f(x1)⊕ . . .⊕ trf(xr). Clearly, f
∗r
is Σr-equivariant.

(b) For x ∈ Rd
let x+ := (1, x) ∈ Rd+1

. For x1, . . . , xr ∈ Rd
and t1, . . . , tr ∈ [0, 1] su
h

that t1 + . . .+ tr = 1 and pairs (x1, t1), . . . , (xr, tr) are not all equal de�ne

m+ := t1x
+
1 + . . .+ trx

+
r , y+j := tjx

+
j −

m+

r
and π+ :=

y+

|y+|
.

Then π+ : (Rd)∗r − diag+r → S
(d+1)(r−1)−1
Σr

is the required map.

(
) In this paragraph we 
onstru
t an isomorphism

A : (∆k)
∗r
∆ → [r]∗k+1.

Fa
es of (∆k)
∗r
∆ 
orrespond to r-tuples of pairwise disjoint (possibly, empty) subsets of [k+1].

The in
iden
e table of su
h an r-tuple is a disposition of stars in the r × (k + 1)-table su
h
that every 
olumn has at most one star. Su
h tables are in 1�1 
orresponden
e with fa
es

of [r]∗k+1
. (In another language this is an appli
ation of Assertion 6.16.2.a and an r-fold

analogue of Assertion 8.2.8.a.)

Consider the permutation a
tion of Σr on [r], and the joinpower a
tion of Σr on [r]∗k+1
.

Clearly, A is a Σr-isomorphism.
Take a Zr-invariant 
y
le S in the graph [r]∗ [r] = Kr,r. (For r = 3 we 
an take S = [3]∗2∆ .)

Then the subset S∗k/2 ⊂ [r]∗k ⊂ [r]∗k+1
is Zr-invariant. By Assertion 6.16.3.b there is a PL

homeomorphism h : S∗k/2 → Sk−1
. Take the a
tion of Zr on S

k−1
that is the `h-image' of

the a
tion on [r]∗k+1
restri
ted to S∗k/2

, so that h is Zr-equivariant. Then the required map

is A−1 ◦ h−1
. The sphere S∗k/2

bounds the disk S∗k/2 ∗ {1} ⊂ [r]∗k+1
. Hen
e the restri
tion

of A−1
to S∗k/2

is null-homotopi
. Hen
e A−1 ◦ h−1
is null-homotopi
.
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(d) Take a triangulation of Sk−1
Σr

for whi
h the a
tion of Zr is simpli
ial. Constru
t

a Zr-equivariant map Sk−1
Σr

→ Sk−1
by j-skeleta starting from j = 0. Êîãäà íà ãðàíè-

öå ãðàíè îòîáðàæåíèå óæå îïðåäåëåíî, òî íà ãðàíü îíî ïðîäîëæàåòñÿ ââèäó (k − 2)-
ñâÿçíîñòè ñ�åðû Sk−1

. Ïîòîì îòîáðàæåíèå ïðîäîëæàåòñÿ íà Zr-îðáèòó ýòîé ãðàíè ïî

Zr-ýêâèâàðèàíòíîñòè.

Çàìå÷àíèå 8.4.3. (a) A null-homotopi
 Zr-equivariant map S
k−1
Σr

→ (∆k)
∗r
∆ of Proposition

8.4.1.
d 
an be alternatively 
onstru
ted using the Zr-isomorphism A from the proof of

Proposition 8.4.1.
 and Assertion 6.16.4.b. The 
onstru
tion is by j-skeleta starting from

j = 0, analogously to the proof of Proposition 8.4.1.
d. This argument requires Seifert-van

Kampen, Hurewi
z and Mayer-Vietoris theorems on homology and homotopy groups (for

Assertion 6.16.4.b) instead of elementary argument from Proposition 8.4.1.
.

(b) Let us sket
h (for r odd) an idea of an alternative expli
it 
onstru
tion of a null-

homotopi
 Zr-equivariant map S
k−1
Σr

→ (∆k)
∗r
∆ of Proposition 8.4.1.
d. We 
onsider the 
ase

d = 0, the 
ase of arbitrary d is analogous. Identify with S1
any Zr-invariant 
y
le in the

graph [r] ∗ [r] = Kr,r. (For r = 3 we 
an take S = [3]∗2∆ .) Let ρ := (r − 1)/2. De�ne a map

h′′ : (S1)∗ρ → R by h′′(t1z1 ⊕ . . .⊕ tρzρ) = Re(t1z1 + e2πi/rt2z2 + . . .+ e2πi(ρ−1)/rtρzρ).

Take the 
orresponding Zr-equivariant map h
′ : (S1)∗ρ → Rr

, where Zr a
ts on Rr
by 
y
li


permutation of the 
oordinates, and on (S1)∗ρ by rotating every join-
oordinate through

2π/r. The image of h′ misses the zero, and is 
ontained in the subspa
e H formed by

ve
tors with zero sum of 
oordinates. Let h be the 
omposition of h′ with the proje
tion

H−{0} → Sr−2
Σr

. One 
an 
he
k that h is a homeomorphism (
f. Assertion 6.16.3.b; hopefully

one 
an simply write `inverse' formulas for a Zr-equivariant map S
r−2
Σr

→ (S1)∗ρ, and do not

are if this map is 1�1). The required map is the 
omposition A−1 ◦ h−1

.

(
) Proof of Proposition 8.4.1.
 is interpreted as follows.

An ordered partition (R1, R2, R3) of [6] = R1 ⊔ R2 ⊔R3 into three sets (possibly empty)

is 
alled spheri
al if no set R1, R2, R3 
ontains any of the subsets {1, 2}, {3, 4}, {5, 6}. E.g.
there are 63 = 216 
y
li
 partitions. (Indeed, ea
h of the pairs {1, 2}, {3, 4}, {5, 6} 
an be

distributed in 6 ways.) The union of 5-simpli
es of ∆∗3
5 := ∆5 ∗ ∆5 ∗ ∆5 
orresponding to

spheri
al partitions is PL homeomorphi
 to S5
.

Generally, for k even an ordered partition (R1, . . . , Rr) of [k] = R1 ⊔ . . . ⊔ Rr into r
sets (possibly empty) is 
alled spheri
al if for every j = 1, . . . , k/2 if 2j − 1 ∈ Rs, then

2j ∈ Rs−1 ∪Rs+1, where the r sets are numbered modulo r. Or, less formally, if 
onse
utive
odd and even integers are 
ontained in 
onse
utive sets. The union of (k − 1)-simpli
es of
∆∗r
k−1 
orresponding to spheri
al partitions is PL homeomorphi
 to Sk−1

.

The union of k-simpli
es of ∆∗r
k 
orresponding to `spheri
al' partitions (T1, . . . , Tr) of

[k + 1] into r sets su
h that k + 1 ∈ Tr is PL homeomorphi
 to ConSk−1 ∼= Dk
.

The above proof of Theorem 7.3.2.a for a prime r gives many `Tverberg partitions' [Ma03,

�6.5℄, and also the following re�nements (d,e) (whi
h are non-trivial even for d = 2; part
(
) also re�nes Theorems 2.1.4 and 7.1.3; for d = 2 part (e) is equivalent to the `spheri
al'
re�nement of Theorem 2.3.1).

(d) For any prime r any (d + 1)(r − 1) + 1 points in Rd

an be spheri
ally partitioned

into r sets whose 
onvex hulls have a 
ommon point.
(e) For any prime r and map ∆(d+1)(r−1) → Rd

there are r pairwise disjoint fa
es of

∆(d+1)(r−1) whose images have a 
ommon point and whi
h de
ompose verti
es of ∆(d+1)(r−1)

into a spheri
al partition.

(f) An ordered partition (R1, . . . , Rr) of [3r − 2] = R1 ⊔ . . . ⊔ Rr into r sets (possibly
empty) is 
alled rainbow if for every j = 1, . . . , r the set Rj interse
ts ea
h of the three

sets {1, . . . , r − 1}, {r, . . . , 2r − 2}, {2r − 1, . . . , 3r − 3} by at most one element. Parts (b,
)
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are true for `spheri
al' repla
ed by `rainbow' [BMZ15, Theorem 2.2℄, [MTW10, Theorem 2℄.

Observe that `spheri
al' is the same as `rainbow' for r = 3 but is di�erent for r > 3. So the
above proof of Theorem 7.3.2.a for r a prime is di�erent from [BMZ15, MTW10℄ not only

in exposition: these proofs give di�erent improvements.

Çàäà÷à 8.4.4 (
f. [MTW10, Lemma 8℄). (a) For every j ∈ [6] and `spheri
al' partition

G of [6]− {j} there are exa
tly two spheri
al partitions of [6] extending G.
E.g. the spheri
al partition ({1}, {2, 4, 5}, {3}) of [5] extends to two spheri
al partitions

({1, 6}, {2, 4, 5}, {3, 6}) and ({1}, {2, 4, 5}, {3, 6}) of [6]. The extension ({1}, {2, 4, 5, 6}, {3})
is not spheri
al be
ause {2, 4, 5, 6} ⊃ {5, 6}.

Indeed, the number j 
an be added to two among three sets in the partition G be
ause

exa
tly one of the sets 
ontains the `twin' j ± 1 of j whi
h 
annot appear together with j.
(b) The set of all spheri
al partitions of [6] admits a 
hessboard 
oloring, i.e. a 
oloring in

two 
olors su
h that for every j ∈ [6] and spheri
al partition G of [6]−{j} the two spheri
al
partitions of [6] extending G have di�erent 
olors.

(
) A 5-simplex of ∆5 ∗∆5 ∗∆5 
orresponding to a partition R of [6] 
ontains a 4-simplex
of ∆5 ∗∆5 ∗∆5 
orresponding to a partition G of [6]− {j} if and only if R extends G.

(d) Take the 5-simplex of ∆5 ∗∆5 ∗∆5 
orresponding to a spheri
al partition (R1, R2, R3)
of [6]. If j ∈ Ri, then denote by ji the 
orresponding vertex of the 5-simplex. Orient the 5-
simplex as (1i1, 2i2, . . . , 6i6), where j ∈ Rij . Then su
h orientations of two 5-simpli
es having

a 
ommon 4-simplex disagree along this 4-simplex.

(e) Assume that a triangulation of an n-manifold and a 
olle
tion of orientations on n-
fa
es is given, so that these orientations disagree along every (n − 1)-fa
e. Assume further
that the fa
es admit a 
hessboard 
oloring. Then the manifold is orientable.

Çàìå÷àíèå 8.4.5. (a) Proofs of the Borsuk-Ulam Theorem and its r-fold generalization

use the notion of degree analogous to the notion of the Radon and van Kampen numbers (�1,

�2). So the idea of the above dedu
tion of Theorem 7.3.2.a is not essentially di�erent from

the idea of `Tverberg number' [Sk18, �2.3℄. However, the above language is more traditional

and more 
onvenient.

(b) Èìååòñÿ íóëüãîìîòîïíîå Z6-ýêâèâàðèàíòíîå îòîáðàæåíèå S
3 → S3

. Äåéñòâèòåëü-

íî, âîçüìåì

• àíòèïîäàëüíîå äåéñòâèå �àêòîðãðóïïû Z2 ãðóïïû Z6 íà S
1
;

• äåéñòâèå ¾ïîâîðîò íà 2π/3¿ �àêòîðãðóïïû Z3 ãðóïïû Z6 íà S
1
.

Âîçüìåì äæîéí ýòèõ äåéñòâèé S3 = S1 ∗S1
Äåéñòâèå íà S3

ïîëó÷àåòñÿ íå ñâîáîäíîå

(íî ý��åêòèâíîå).

(
) An alternative proof of Theorem 8.4.2 is by proving the following equivalent result.

Extend ω to Sn ∗ Zr by ω(ts ⊕ (1 − t)m) := tω(s) ⊕ (1 − t)(m + 1). Let ω0 : Rn+1 →
Rn+1

be a map whose only �xed point is 0 and su
h that ωr0 = idRn+1
. Then for any map

g : Sn ∗ Zr → Rn+1

ommuting with ω, ω0 (i.e. su
h that g ◦ ω = ω0 ◦ g) there is x ∈ Sn ∗ Zr

su
h that g(x) = 0.
This result is dedu
ed from its `quantitative version' analogous to [Sk18, Lemma 2.3.9℄,

[Ma03, S2.2℄.

8.5 Ïî÷òè r-âëîæåíèÿ êîìïëåêñîâ

Çàäà÷à 8.5.1 (obstru
tions to Z2-almost 3-embeddability). Let f : K → R3
a general

position map of a 2-
omplex. De�ne the modulo 2 triple interse
tion 
o
y
le

ν3,f : K
3/Σ3 → Z2 by ν3,f{σ, τ, η} := |fσ ∩ fτ ∩ fη|2.

(a,b,
) State and prove the analogues for v3 of Assertions 6.8.5, 6.8.7 and 6.8.8.
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The analogue (a) gives ïîëíîòó ïîñòðîåííîãî ïðåïÿòñòâèÿ. The 
ohomology 
lass v3(K) ∈
H6(K3/Σ3;Z2) of the 
o
y
le ν3,f is 
alled ïðåïÿòñòâèå âàí Êàìïåíà ê íàëè÷èþ îòîáðà-

æåíèÿ K → R3
îáùåãî ïîëîæåíèÿ, îáðàçû ïðè êîòîðîì ëþáûõ òðåõ ïîïàðíî íåïåðåñå-

êàþùèõñÿ 2-ñèìïëåêñîâ ïåðåñåêàþòñÿ â ÷åòíîì ÷èñëå òî÷åê (ò.å. Z2-ïî÷òè 3-âëîæåíèÿ

K → R3
).

Çàäà÷à 8.5.2. (a) Given orientations on ∆2
and on R3

, de�ne the algebrai
 triple

interse
tion f · g · h of general position maps f, g, h : ∆2 → R3
analogously to the de�nition

before Problem 4.9.7.

(b) How does f · g · h 
hange under permutations of f, g, h?
(
,d) State and prove analogues of Assertions 6.9.1.b
 for triple interse
tion f · g · h of

general position maps f, g, h : ∆2 → R3
.

Çàäà÷à 8.5.3 (obstru
tions to almost 3-embeddability). Let f : K → R3
a general

position map of a 2-
omplex. Analogously to Problems 8.5.1 and 8.5.2 de�ne the (integer)

triple interse
tion 
o
y
le N3,f : K3 → Z and the obstru
tion V3(K) ∈ H6
S3
(K3;ZT ) to

almost 3-embeddability.

(a,b,
) State and prove analogues of Assertions 6.9.4 and 6.9.5.a,b for N3,f .

(d)* (Analogue of Assertion 6.9.5.
) The 
o
y
le 6N3,f is null-
ohomologous for any K, f .

Çàìå÷àíèå 8.5.4. (a) For a k(r− 1)-
omplex K and a general position map f : K → Rkr

one de�nes the (integer) r-tuple interse
tion 
o
y
le Nr,f : Kr → Z analogously to the

previous problems [AMS+, Proposition 1.7℄. The analogues for Nr,f of Assertions 8.5.3.ab


are true. See Theorem 6.5.1 and Proposition 7.3.4.

(b) The analogue of Assertion 8.5.3.d states that the 
o
y
le

r!

pαp,r
Nr,f is null-
ohomologous

for any K, f, r and prime p. Here αp,r is the order of p in r!. Hen
e if r is not a prime power,
then the 
o
y
le Nr,f is null-
ohomologous for any K, f .

Çàäà÷à 8.5.5 (
f. Remark 5.4.3 and [AK21, �3℄). * Let K be a 2-
omplex and f :
K → R4

a Z2-embedding (then v2(K) = 0). Take disjoint 2-fa
es σ, τ of K. Split points in

fσ ∩ fτ into pairs. Take pairwise disjoint Whitney ar
s and pairwise disjoint Whitney disks


orresponding to su
h pairs. Denote by

• lστ ⊂ Int σ the union of those Whitney ar
s,

• Wστ ⊂ R4
the union of those Whitney disks,

• W = {Wστ} the 
olle
tion of su
h unions.

De�ne the map (the 
o
y
le)

ω3,f,W : K3/Σ3 → Z2 by ω3,f,W{σ, τ, η} := |Wστ ∩ fη|2 + |Wτη ∩ fσ|2 + |Wησ ∩ fτ |2.

(a) For any disjoint 2-fa
es σ, τ , edge e not 
ontained in σ ∪ τ , and 
olle
tion W there is

a pair f ′,W ′
su
h that ω3,f ′,W ′ = ω3,f,W + δ(e, σ, τ) (this is an analogue of Assertion 6.8.5).

Hint. See [AK21, Figure 8℄. Change fσ by a �nger move to fτ , i.e., by embedded


onne
ted sum with a small 2-sphere interse
ting fτ at two points. Take the Whitney disk

for the two additional interse
tion points of the images of σ and τ . Change it by a �nger

move to fe, i.e., by embedded 
onne
ted sum with a small 2-sphere `linking' fe in R4
.

(b) If ω3,f,W is null-
ohomologous, then there is a pair f ′,W ′
su
h that ω3,f ′,W ′ = 0.

(
) The map ω3,f,W may depend on W , not only of f .
(d) Is it 
orre
t that for any W and W ′

the maps ω3,f,W ′
and ω3,f,W are 
ohomologous?

(f) De�ne w3,f ∈ H6(K3/Σ3;Z2) to be the 
ohomology 
lass of ω3,f,W . (The analogue of

this 
lass is an obstru
tion to `modifying f to an almost embedding using the 
olle
tionW '.)

There are
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• an obstru
tion d(f, g) ∈ H3(K2/Σ2;Z2) for Z2-embeddings f, g : K → R4
to be

homotopi
 through Z2-embeddings, and

• a homomorphism (an operation) M : H3(K2/Σ2;Z2) → H6(K3/Σ3;Z2)
su
h that w3,f − w3,g =Md(f, g).
(g) How w3,f is related to the mod 2 version of the obstru
tion o3(K) from [Kr00℄?

(h; remark) Let K be a 2-
omplex and f : K → R4
a Z-embedding (then V2(K) = 0).

Take disjoint 2-simpli
es σ, τ of K. Split points in fσ ∩ fτ into pairs having opposite signs.
Take oriented Whitney disks 
orresponding to su
h pairs. Denote by Wστ the disjoint union

of the Whitney disks for pairs in fσ ∩ fτ . (The boundary of the regular neighborhood of

Wστ interse
ts fσ, fτ and fη by three 
olle
tions of 
ir
les, all of them pairwise disjoint.)

De�ne the 
o
y
le

Ω3,f,W : K3 → Z by Ω3,f,W (σ, τ, η) :=Wστ · fη +Wτη · fσ +Wησ · fτ.

This 
o
y
le is indeed Σ3-symmetri
. De�ne V3,f ∈ H6
Σ3
(K3,ZT ) to be the 
ohomology 
lass

of Ω3,f,W .

Assertion 6.9.5.d suggests the following questions. Does V3,f has �nite order? In parti
ular,
is it 
orre
t that 6V3,f = 0?

8.6 Êîí�èãóðàöèîííûå ïðîñòðàíñòâà è ïëàíàðíîñòü êîìïàêòîâ

Êîìïàêòîì íàçûâàåòñÿ çàìêíóòå îãðàíè÷åííîå ïîäìíîæåñòâî â Rd
. Ýòî ïîíÿòèå îáîá-

ùàåò ïîíÿòèå (ãèïåð)ãðà�à. Êîìïàêòû åñòåñòâåííî ïîÿâëÿþòñÿ ïðè èçó÷åíèè äèíàìè-

÷åñêèõ ñèñòåì (äàæå ãëàäêèõ!).

Çíàìåíèòîé íåðåøåííîé ïðîáëåìîé ÿâëÿåòñÿ ïðîáëåìà îïèñàíèÿ ñâÿçíûõ êîìïàê-

òîâ, âëîæèìûõ â ïëîñêîñòü.

Êîìïàêò íàçûâàåòñÿ îäíîìåðíûì, åñëè ó íåãî ñóùåñòâóþò ïîêðûòèÿ ñêîëü óãîäíî

ìåëêèìè îòêðûòûìè ìíîæåñòâàìè, íèêàêèå òðè èç êîòîðûõ íå ïåðåñåêàþòñÿ. ßñíî, ÷òî

ãðà� ÿâëÿåòñÿ îäíîìåðíûì êîìïàêòîì.

Ëþáîé ñòÿãèâàåìûé ãðà�, ò.å. äåðåâî, ïëàíàðåí (èç ñ�îðìóëèðîâàííîé íèæå òåî-

ðåìû Êëýéòîðà âûòåêàåò òàêæå, ÷òî ëþáîé ñòÿãèâàåìûé îäíîìåðíûé êîìïàêò Ïåàíî

ïëàíàðåí). Ñëåäóþùèé ïðèìåð ïîêàçûâàåò, ÷òî äëÿ êîìïàêòîâ äåëî îáñòîèò èíà÷å.

Çàäà÷à 8.6.1. (a) Ñóùåñòâóåò ñòÿãèâàåìûé îäíîìåðíûé íåïëàíàðíûé êîìïàêò.

(b) Äëÿ ëþáîãî n ñóùåñòâóåò ñòÿãèâàåìûé n-ìåðíûé êîìïàêò, íå âëîæèìûé â R2n
[RSS,

äîêàçàòåëüñòâî Ñëåäñòâèÿ 1.5℄, [RS01℄.

�èñ. 8.6.1: Ñòÿãèâàåìûé îäíîìåðíûé íåïëàíàðíûé êîìïàêò

Ï. (a) ÿâëÿåòñÿ �îëüêëîðíûì ðåçóëüòàòîì 1930-õ ãîäîâ. Â êà÷åñòâå òàêîãî êîìïàê-

òà ìîæíî âçÿòü N = T ×
(
0 ∪

{
1
k

})
∪ x × [0, 1], ãäå T � òðèîä è x ∈ T . ßñíî, ÷òî

êîìïàêò N ñòÿãèâàåì è îäíîìåðåí. Ïðîñòîå äîêàçàòåëüñòâî íåâëîæèìîñòè êîìïàêòà N
â ïëîñêîñòü [CRS98℄, [KS99℄ ïîëó÷àåòñÿ ïðèìåíåíèåì óòâåðæäåíèÿ 8.1.1.d ê f0 = fT×0.

Ïðèâåäåì äðóãîå äîêàçàòåëüñòâî, îñíîâàííîå íà òåîðåìå Áîðñóêà-Óëàìà. Åãî ïðåèìó-

ùåñòâî â òîì, ÷òî îíî ïîäõîäèò è äëÿ óòâåðæäåíèÿ 8.6.1.b.

130



Äîêàçàòåëüñòâî íåâëîæèìîñòè N â ïëîñêîñòü. Ïðåäïîëîæèì, ÷òî ñóùåñòâóåò

âëîæåíèå f : N → R2
. Çàìåòèì, ÷òî ñóùåñòâóåò îòîáðàæåíèå ϕ : S1 → T , êîòîðîå

íå ñêëåèâàåò àíòèïîäû (ò.å. äèàìåòðàëüíî ïðîòèâîïîëîæíûå òî÷êè). Òîãäà ìû ìîæåì

îïðåäåëèòü îòîáðàæåíèå ψ : S1 → T × T �îðìóëîé ψ(s) = (ϕ(s), ϕ(−s)). Òàê êàê ϕ íå

ñêëåèâàåò àíòèïîäîâ, òî ψS1 ∩ diag T = ∅. Ñëåäîâàòåëüíî, ìîæíî îïðåäåëèòü îòîáðà-

æåíèÿ

g0 : ψS
1 → S1

�îðìóëîé g0(x, y) =
f(x, 0)− f(y, 0)

|f(x, 0)− f(y, 0)|
è

gk : T × T → S1
�îðìóëîé gk(x, y) =

f(x, 0)− f
(
y, 1

k

)

∣∣∣f(x, 0)− f
(
y, 1

k

)∣∣∣
.

Îòîáðàæåíèÿ ψ, g0 è gk ýêâèâàðèàíòíû îòíîñèòåëüíî èíâîëþöèé íà ψS1 ⊂ T × T è

S1
, ïåðåñòàâëÿþùèõ ñîìíîæèòåëè è àíòèïîäû, ñîîòâåòñòâåííî. Òàê êàê |ψS1, diag T | >

0, òî äëÿ òî÷êè (x, y) ∈ ψS1
è äîñòàòî÷íî áîëüøîãî k òî÷êè g0(x, y) è gk(x, y) áóäóò

áëèçêèìè. Ñëåäîâàòåëüíî, îíè íå ìîãóò áûòü àíòèïîäàìè. Ïîýòîìó g0 ýêâèâàðèàíòíî
ãîìîòîïíî gk|ψS1

. Íî gk|ψS1
ïðîäîëæàåòñÿ íà ñòÿãèâàåìîå ïðîñòðàíñòâî T ×T è ïîýòîìó

íóëü-ãîìîòîïíî. Ñëåäîâàòåëüíî, g0 : ψS1 → S1
íóëü-ãîìîòîïíî. Çíà÷èò, îòîáðàæåíèå

g0 ◦ ψ : S1 → S1
ýêâèâàðèàíòíî è íóëü-ãîìîòîïíî, ÷òî ïðîòèâîðå÷èò òåîðåìå Áîðñóêà-

Óëàìà. QED

Ñâÿçíûé êîìïàêò íàçûâàåòñÿ ëîêàëüíî ñâÿçíûì (èëè êîíòèíóóìîì Ïåàíî), åñëè äëÿ

ëþáîé åãî òî÷êè x è åå îêðåñòíîñòè U ñóùåñòâóåò òàêàÿ ìåíüøàÿ îêðåñòíîñòü V òî÷êè

x, ÷òî ëþáûå äâå òî÷êè èç V ñîåäèíÿþòñÿ íåêîòîðûì ïóòåì, öåëèêîì ëåæàùèì â U
(èëè, ýêâèâàëåíòíî, åñëè îí ÿâëÿåòñÿ íåïðåðûâíûì îáðàçîì äóãè [0, 1]). Êîíòèíóóìû
Ïåàíî ìîãóò áûòü î÷åíü ñëîæíî óñòðîåíû [Ku68℄. Ïîýòîìó óäèâèòåëüíî, ÷òî èìååòñÿ

ñëåäóþùèé ðåçóëüòàò.

Òåîðåìà Êëýéòîðà. Êîíòèíóóì Ïåàíî âëîæèì â S2
òîãäà è òîëüêî òîãäà, êîãäà

îí íå ñîäåðæèò êîìïàêòîâ K5, K3,3, CK5 è CK3,3 (ðèñ. 8.6.2).

�èñ. 8.6.2: Êîíòèíóóìû Êóðàòîâñêîãî-Êëýéòîðà (ïîêà îòñóòñòâóåò)

Ïîñòðîåíèå êîìïàêòîâ CK5 è CK3,3. Âîçüìåì ðåáðî ab ãðà�à K5 è îòìåòèì íà íåì

íîâóþ âåðøèíó a′. Ïóñòü P = K5− (aa′). Ïóñòü Pn êîïèÿ ãðà�à P . Îáîçíà÷èì ÷åðåç an
è a′n âåðøèíû ãðà�à Pn, ñîîòâåòñòâóþùèå a è a

′
. Òîãäà

CK5 = (P1

⋃

a′1=a2

P2

⋃

a′2=a3

P3 . . . )
⋃

x=0

I,

ãäå {Pn} � ïîñëåäîâàòåëüíîñòü ãðà�îâ íà ïëîñêîñòè ñî ñòðåìÿùèìèñÿ ê íóëþ äèàìåò-

ðàìè, ñõîäÿùàÿñÿ ê òî÷êå x /∈ ⊔∞
n=1Pn. Òî÷íî òàê æå ìîæíî îïðåäåëèòü êîìïàêò CK3,3,

âçÿâ â íà÷àëå K3,3 âìåñòî K5.

ßñíî, ÷òî îòñóòñòâèå ïîäêîìïàêòîâ, ãîìåîìîð�íûõ îäíîìó èç ãðà�îâ K5 è K3,3

(äàæå âìåñòå ñ îòñóòñòâèåì ïîäêîìïàêòîâ, ãîìåîìîð�íûõ êîìïàêòàì CK5 è CK3,3),

íåäîñòàòî÷íî äëÿ ïëàíàðíîñòè êîìïàêòà (äîêàæèòå!). Ïîýòîìó äëÿ èçó÷åíèÿ óêàçàí-

íîé ïðîáëåìû íóæíû íîâûå ïðåïÿòñòâèÿ ê âëîæèìîñòè â ïëîñêîñòü. Â ýòîì ïóíêòå

ìû äîêàæåì, ÷òî ïðåïÿòñòâèå âçðåçàííîãî êâàäðàòà ïîëíî äëÿ êîíòèíóóìîâ Ïåàíî è

íåïîëíî äëÿ ïðîèçâîëüíûõ ñâÿçíûõ êîìïàêòîâ [Sk98℄.

Äîêàçàòåëüñòâî àíàëîãà òåîðåìû Õå�ëèãåðà-Âåáåðà äëÿ êîíòèíóóìîâ Ïåàíî N .

Ïî òåîðåìå Êëýéòîðà äîñòàòî÷íî äîêàçàòü, ÷òî íå ñóùåñòâóåò ýêâèâàðèàíòíûõ îòîá-

ðàæåíèé C̃K5 → S1
è C̃K3,3 → S1

. Ïóñòü, íàïðîòèâ, Φ : C̃K5 → S1
� ýêâèâàðèàíòíîå
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îòîáðàæåíèå. Îáîçíà÷èì ÷åðåç Sn îêðóæíîñòü â Pn, ñîñòàâëåííóþ èç ðåáåð, íå ñîäåð-

æàùèõ âåðøèí an è a
′
n. Äëÿ äîñòàòî÷íî áîëüøèõ n è m < l ïîñëåäîâàòåëüíî ïîëó÷àåì

ãîìîòîïè÷åñêóþ òðèâèàëüíîñòü ñóæåíèé Φ íà ñëåäóþùèå ìíîæåñòâà:

x× 1, Sn × 1, Sn × 0, Sn × Sm, Sm × Sl, Sm × am, Sm × a′m.

(Ïåðâûé ïåðåõîä âåðåí, òàê êàê Sn ñõîäèòñÿ ê x. Âòîðîé ïåðåõîä âåðåí, òàê êàê Φ|Sn×I
ÿâëÿåòñÿ ãîìîòîïèåé ìåæäó Φ|Sn×0 è Φ|Sn×1. Òðåòèé ïåðåõîä âåðåí, òàê êàê Sm ñõîäèòñÿ

ê x. Ïÿòûé ïåðåõîä âåðåí, òàê êàê Φ|Sm×am è Φ|Sm×a′m 'ãîìîòîïíû'.)

Çíà÷èò, Φ|P̃m
ýêâèâàðèàíòíî ïðîäîëæàåòñÿ íà P̃m ∪ Sm × (aa′)m ∪ (aa′)m × Sm. Ýòî

ïðîñòðàíñòâî ýêâèâàðèàíòíî ãîìíîìîð�íî K̃5, ÷òî ïðîòèâîðå÷èò îòñóòñòâèþ ýêâèâà-

ðèàíòíûõ îòîáðàæåíèé K̃5 → S1
.

Íåñóùåñòâîâàíèå ýêâèâàðèàíòíîãî îòîáðàæåíèÿ C̃K3,3 → S1
äîêàçûâàåòñÿ àíàëîãè÷-

íî. (Ñðàâíèòå ýòî äîêàçàòåëüñòâî ñ äîêàçàòåëüñòâîì íåâëîæèìîñòè â òåîðåìå Êëýéòî-

ðà [Sk05℄.) QED

Ïðèìåð òðåõàäè÷åñêîãî ñîëåíîèäà. Òðåõàäè÷åñêèé ñîëåíîèä Σ3 íå âëîæèì â

ïëîñêîñòü, õîòÿ ñóùåñòâóåò ýêâèâàðèàíòíîå îòîáðàæåíèå Φ : Σ̃3 → S1
[Sk98℄.

Ïðèâåäåì ïîñòðîåíèå çíàìåíèòîãî p-àäè÷åñêîãî ñîëåíîèäà Âèåòîðèñà-Âàí Äàíöèãà,

êîòîðûé âîçíèêàåò â ðàçíûõ îòäåëàõ òîïîëîãèè è òåîðèè äèíàìè÷åñêèõ ñèñòåì. Îí ÿâ-

ëÿåòñÿ ïåðåñå÷åíèåì áåñêîíå÷íîé ïîñëåäîâàòåëüíîñòè ïîëíîòîðèé, êàæäûé èç êîòîðûõ

âïèñàí â ïðåäûäóùèé ñî ñòåïåíüþ p. Áîëåå òî÷íî, âîçüìåì ïîëíîòîðèå T1 ⊂ R3
. Ïóñòü

T2 ⊂ T1 áóäåò ïîëíîòîðèåì, ïðîõîäÿùèì p ðàç âäîëü îñè ïîëíîòîðèÿ T1. Àíàëîãè÷íî,
ïóñòü T3 ⊂ T2 áóäåò ïîëíîòîðèåì, ïðîõîäÿùèì p ðàç âäîëü îñè ïîëíîòîðèÿ T2. Ïðî-
äîëæàÿ àíàëîãè÷íî, ïîëó÷àåì áåñêîíå÷íîå ñåìåéñòâî ïîëíîòîðèé T1 ⊃ T2 ⊃ T3 ⊃ . . . .
Ïåðåñå÷åíèå âñåõ ïîëíîòîðèé Ti è íàçûâàåòñÿ p-àäè÷åñêèì ñîëåíîèäîì Σp. Ôîðìàëüíî,

Σp = {(x1, x2, . . . ) ∈ l2(S
1) : xi ∈ S1, xpi+1 = xi}, ãäå S1 = {x ∈ C : |x| = 1}.

Ýòî ïðîñòðàíñòâî ðàññìàòðèâàåòñÿ ñ òîïîëîãèåé Òèõîíîâà (êàê è Σ̃ è Un â íèæåñëåäó-
þùåì äîêàçàòåëüñòâå).

Çàìåòèì, ÷òî p-àäè÷åñêèé ñîëåíîèä ëîêàëüíî âëîæèì â ïëîñêîñòü, íî íå âëîæèì

íè â êàêîå 2-ìíîãîîáðàçèå.

Ïîñòðîåíèå ýêâèâàðèàíòíîãî îòîáðàæåíèÿ Σ̃3 → S1
. Èìååì

Σ̃ = {(x1, y1, x2, y2, . . . ) | xi, yi ∈ S1, x3i+1 = xi,

y3i+1 = yi äëÿ êàæäîãî i è xi 6= yi äëÿ íåêîòîðîãî i}.

Îáîçíà÷èì

Un = {(x1, y1, x2, y2, . . . ) ∈ Σ̃ : |xn, yn| > 4−n}.

Òàê êàê |xn, yn| ≤ 3|xn+1, yn+1| äëÿ êàæäîãî n, òî |xn, yn| > 4−n äëÿ äîñòàòî÷íî áîëüøîãî

n. Ïîýòîìó U1 ⊂ U2 ⊂ . . . è Σ̃ =
∞⋃
n=1

Un. Òàê êàê Un îòêðûòî, äîñòàòî÷íî ïîñòðîèòü ïî-

ñëåäîâàòåëüíîñòü òàêèõ ýêâèâàðèàíòíûõ îòîáðàæåíèé Rn : Un → S1
, ÷òî Rn = Rn+1|Un

.

Îáîçíà÷èì Sn = {(x, y) ∈ S1 × S1 : |x, y| ≥ 4−n}. Äîñòàòî÷íî ïîñòðîèòü ïîñëåäîâà-
òåëüíîñòü òàêèõ ýêâèâàðèàíòíûõ îòîáðàæåíèé

rn : Sn → S1, ÷òî rn(x
3, y3) = rn+1(x, y) ïðè (x3, y3) ∈ Sn.

Ìû áóäåì ñòðîèòü òàêèå îòîáðàæåíèÿ rn ïîñëåäîâàòåëüíî. Ïóñòü r0 : S0 → S1
� ïðî-

èçâîëüíîå ýêâèâàðèàíòíîå îòîáðàæåíèå. Ïðåäïîëîæèì, ÷òî rn−1 óæå ïîñòðîåíî. Äëÿ
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ˆ
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+
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;
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3

−
1

3·4
n−1

˜

�èñ. 8.6.3: Îòîáðàæåíèå rn îïðåäåëåíî íà áåëûõ êîëüöàõ è ïðîäîëæàåòñÿ íà ÷åðíûå.

Çàìåíèòü

1
3·4n−1 → ε

äóãè M ⊂ S1
ñ êîíöàìè â a è b îáîçíà÷èì ÷åðåç A(M) =

{
(x, y) ∈ S1×S1 | arg x

y
∈M

}

êîëüöî ñ ãðàíè÷íûìè öèêëàìè A(a) è A(b). Îáîçíà÷èì ε = 1
3·4n−1 . Èñïîëüçóÿ óñëîâèå

rn(x, y) = rn−1(x
3, y3), ìû ìîæåì îïðåäåëèòü îòîáðàæåíèå rn íà îáúåäèíåíèè òðåõ êîëåö

(îáîçíà÷åííûõ áåëûì íà ðèñ. 8.6.3)

A
[
ε;
2π

3
− ε
]
∪A

[2π
3

+ ε;
4π

3
− ε
]
∪A

[4π
3

+ ε; 2π − ε
]
.

Òàê êàê ñóæåíèÿ îòîáðàæåíèÿ rn−1 íà îêðóæíîñòè A(3ε) è A(2π − 3ε) ãîìîòîïíû, òî

ñóæåíèÿ îòîáðàæåíèÿ rn íà îêðóæíîñòè A
(

2π
3
−ε
)
è A
(

2π
3
+ε
)
òîæå ãîìîòîïíû. Çíà÷èò,

rn ïðîäîëæàåòñÿ íà A
[
2π
3
− ε, 2π

3
+ ε
]
. Ñëåäîâàòåëüíî, rn ýêâèâàðèàíòíî ïðîäîëæàåòñÿ

íà Sn. Ìû áåðåì â êà÷åñòâå rn : Sn → S1
ëþáîå òàêîå ïðîäîëæåíèå. QED

�èïîòåçà. Ñóùåñòâóåò äðåâîâèäíûé êîìïàêò N , íå âëîæèìûé â ïëîñêîñòü, íî

äëÿ êîòîðîãî åñòü ýêâèâàðèàíòíîå îòîáðàæåíèå Ñ → S1
.

133



9 �îìîòîïè÷åñêàÿ êëàññè�èêàöèÿ îòîáðàæåíèé

�îìîòîïè÷åñêàÿ êëàññè�èêàöèè îòîáðàæåíèé Sn → Sn [Sk20, òåîðåìà 8.3.1℄ ïîëó÷åíà

Õàéíöåì Õîï�îì â 1926 ã. Îíà îáîáùåíà íà îòîáðàæåíèÿ n-êîìïëåêñà â Sn Õàéíöåì
Õîï�îì â 1932 ã. (¾ïî çàêàçó¿ Ïàâëà Ñåðãååâè÷à Àëåêñàíäðîâà). Ïðèâîäèìàÿ â �9.6

�îðìóëèðîâêà ýòîé êëàññè�èêàöèè ïðèíàäëåæèò Õàññëåðó Óèòíè (1937 ã.). Äàëüíåé-

øåå ðàçâèòèå òåîðåìà Õîï�à-Óèòíè ïîëó÷èëà â ðàáîòàõ Ñýìþýëÿ Ýéëåíáåðãà è Ñîí-

äåðñà Ìàêëåéíà (1940; �9.8), Ëüâà Ñåìåíîâè÷à Ïîíòðÿãèíà (1941), Íîðìàíà Ñòèíðîäà

(1947; �9.7), Äæîíà �åíðè Êîíñòàíòèíà Óàéòõåäà (1949) è Ìèõàèëà Ìèõàéëîâè÷à Ïîñò-

íèêîâà (1950). Ñì. òàêæå [Sk20, �14℄.

Äàëåå ÷åðåç K,L îáîçíà÷åíû ïðîèçâîëüíûå êîìïëåêñû (èëè èõ òåëà; ñì. îïðåäå-

ëåíèå â ï. 6.4). Îáîçíà÷èì ÷åðåç [K,L] ìíîæåñòâî íåïðåðûâíûõ (èëè, ýêâèâàëåíòíî,

PL) îòîáðàæåíèé K → L ñ òî÷íîñòüþ äî ãîìîòîïíîñòè. Ïîä ¾îïèñàíèåì¿ ìíîæåñòâà

[K,L] ìû ïîíèìàåì ¾àëãîðèòìè÷åñêîå¿ ïîñòðîåíèå ¾åñòåñòâåííîé¿ áèåêöèè ìåæäó íèì

è íåêîòîðûì ¾èçâåñòíûì¿ ìíîæåñòâîì. Ýòî ïðèìåðíî òî æå, ÷òî äîêàçàòåëüñòâî ñëå-

äóþùåãî óòâåðæäåíèÿ.

Óòâåðæäåíèå A(K,L). Ñóùåñòâóåò àëãîðèòì ðàñïîçíàâàíèÿ ãîìîòîïíîñòè çàäàí-

íûõ ñèìïëèöèàëüíûõ îòîáðàæåíèé K → L.

Ñòàíäàðòíûå îáîçíà÷åíèÿ Sn, Dn,RP n,CP n
îïðåäåëåíû, íàïðèìåð, â [Sk20, �3.1,

íà÷àëî �8, çàìå÷àíèå 8.4.3a, �8.7℄. Âñå îòîáðàæåíèÿ ñ÷èòàþòñÿ íåïðåðûâíûìè è ïðèëà-

ãàòåëüíîå ¾íåïðåðûâíîå¿ îïóñêàåòñÿ.

9.1 Îòîáðàæåíèÿ ãðà�à â îêðóæíîñòü

Îïèñàíèå ìíîæåñòâà [K,S1] (ò.å. äîêàçàòåëüñòâî óòâåðæäåíèÿ A(K,S1)) äëÿ ãðà�à K
ïðèâåäåíî â [Sk20, çàäà÷à 3.10.3℄ ïðè ïîìîùè ñòÿãèâàíèÿ ðåáåð. Çäåñü ìû ïðèâåäåì

îïèñàíèå íà äðóãîì ÿçûêå, ñëåäóÿ îáùåìó ìåòîäó òåîðèè ïðåïÿòñòâèé. Õîòÿ ïðèâåäåí-

íûå �îðìóëèðîâêà è äîêàçàòåëüñòâî áîëåå ñëîæíû, ñ ïîìîùüþ èõ îáîáùåíèÿ ìîæíî

ïîëó÷èòü ðåçóëüòàòû, êîòîðûå íå ïîëó÷àþòñÿ ïðè ïîìîùè ìíîãîìåðíîãî àíàëîãà ñòÿ-

ãèâàíèÿ ðåáåð (ñì. ï. 9.4 è äàëåå).

Òåîðåìà 9.1.1 (Õîï�-Óèòíè äëÿ ãðà�îâ). Äëÿ ëþáîãî ãðà�à K ñóùåñòâóåò áèåêöèÿ

deg : [K,S1] → H1(K;Z).

�ðóïïà H1(K;Z) è áèåêöèÿ deg îïðåäåëåíû ïîçæå. Îíè åñòåñòâåííî âîçíèêàþò

è ñòðîãî îïðåäåëÿþòñÿ â ïðîöåññå ïðèäóìûâàíèÿ êëàññè�èêàöèè, ê êîòîðîìó ìû ñåé÷àñ

ïåðåéäåì. Ñòåïåíü deg f îòîáðàæåíèÿ f : K → S1
áóäåò îïðåäåëåíà êàê ïðåïÿòñòâèå ê

ãîìîòîïíîñòè îòîáðàæåíèÿ f ïîñòîÿííîìó îòîáðàæåíèþ.

Àíàëîãè÷íûå çàìå÷àíèÿ ïî ïîâîäó ñëåäóþùèõ òåîðåì ïðîïóñêàþòñÿ.

Íà÷àëî äîêàçàòåëüñòâà òåîðåìû 9.1.1: îïðåäåëåíèå ïðåïÿòñòâóþùåé ðàññòàíîâ-

êè. Çíàêîìñòâî ñ ýòèì äîêàçàòåëüñòâîì ðåêîìåíäóåì íà÷àòü ñ ïðèìåðà K = K4.

Âûáåðåì ïðîèçâîëüíî íàïðàâëåíèå íà êàæäîì ðåáðå ãðà�à K (ïðåïÿòñòâèå deg f
áóäåò çàâèñåòü îò ýòîãî âûáîðà).

Ïðîèçâîëüíîå îòîáðàæåíèå K → S1
ãîìîòîïíî êëåòî÷íîìó, ò.å. òàêîìó, ïðè êîòî-

ðîì âñå âåðøèíû ãðà�à K ïåðåõîäÿò â òî÷êó 1 ∈ S1 ⊂ C (äîêàæèòå!). Ïîýòîìó äîñòà-

òî÷íî êëàññè�èöèðîâàòü êëåòî÷íûå îòîáðàæåíèÿ K → S1
ñ òî÷íîñòüþ äî ãîìîòîïèè,

îòîáðàæåíèÿ êîòîðîé íå îáÿçàòåëüíî êëåòî÷íû.

Âîçüìåì êëåòî÷íîå îòîáðàæåíèå f : K → S1
. Ïîñòàâèì íà êàæäîì ðåáðå ÷èñëî

îáîðîòîâ âåêòîðà f(x) ïðè ïðîõîäå òî÷êîé x ïî ýòîìó ðåáðó âäîëü åãî íàïðàâëåíèÿ.

Ïîëó÷åííóþ ðàññòàíîâêó öåëûõ ÷èñåë íà îðèåíòèðîâàííûõ ðåáðàõ ãðà�à K îáîçíà÷èì

γ(f) è íàçîâåì ïðåïÿòñòâóþùåé. (Íàó÷íîå íàçâàíèå � ïðåïÿòñòâóþùèé êîöèêë.)
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Åñëè f, g : K → S1
� êëåòî÷íûå îòîáðàæåíèÿ, äëÿ êîòîðûõ γ(f) = γ(g), òî f ≃ g.

�èñ. 9.1.1: Ïîäêðó÷èâàíèå îòîáðàæåíèÿ â îêðåñòíîñòè âåðøèíû

Èçìåíåíèå ïðåïÿòñòâóþùåé ðàññòàíîâêè. Ñóùåñòâóþò êëåòî÷íûå îòîáðàæåíèÿ

f0, f1 : K → S1
, äëÿ êîòîðûõ f0 ≃ f1, íî γ(f0) 6= γ(f1). Ïðèâåäåì ïðèìåð ñîîòâåòñòâó-

þùåé ãîìîòîïèè ft (ðèñ. 9.1.1). Âîçüìåì ëþáîå êëåòî÷íîå îòîáðàæåíèå f0 : K → S1

(íàïðèìåð, îòîáðàæåíèå â òî÷êó). Äëÿ âåðøèíû a ãðà�à K ïîñòðîèì ãîìîòîïèþ ft
òàê, ÷òîáû

• òî÷êà ft(a) ñäåëàëà îäèí îáîðîò ïðîòèâ ÷àñîâîé ñòðåëêè ïðè ïðîáåãàíèè ïàðàìåò-
ðîì t îòðåçêà [0, 1],

• òî÷êè ft(x) äëÿ x èç ìàëåíüêîé îêðåñòíîñòè U âåðøèíû a ¾ïîòÿíóëèñü¿ çà òî÷êîé
ft(a), à

• âíå îêðåñòíîñòè U îòîáðàæåíèå îñòàëîñü ïðåæíèì, ò.å. ft = f0 âíå U .
Ïîëó÷èì îòîáðàæåíèå f1 : K → S1

, ãîìîòîïíîå îòîáðàæåíèþ f0. Ïîíÿòíî, ÷òî
γ(f0) è γ(f1) îòëè÷àþòñÿ íà ðàññòàíîâêó ïëþñ èëè ìèíóñ åäèíèö (â çàâèñèìîñòè îò

îðèåíòàöèè) íà ðåáðàõ, ñîäåðæàùèõ âåðøèíó a, è íóëåé íà âñåõ îñòàëüíûõ ðåáðàõ. Ýòà
ðàññòàíîâêà íàçûâàåòñÿ ýëåìåíòàðíîé êîãðàíèöåé âåðøèíû a è îáîçíà÷àåòñÿ δa.

Îáîçíà÷èì ÷åðåç a1, . . . , aV âñå âåðøèíû ãðà�à K. B îêðåñòíîñòÿõ êàæäîé èç âåð-

øèí ñäåëàåì îïèñàííóþ âûøå ãîìîòîïèþ îòîáðàæåíèÿ f , ïîâîðà÷èâàÿ îáðàçû ýòèõ

âåðøèí íà n1, . . . , nV îáîðîòîâ, ñîîòâåòñòâåííî. Îáîçíà÷èì ïîëó÷åííîå îòîáðàæåíèå

÷åðåç fn1a1+...+nV aV . �àññòàíîâêè öåëûõ ÷èñåë íà ðåáðàõ ìîæíî ñêëàäûâàòü: äëÿ ýòî-

ãî ïðîñòî ñêëàäûâàþòñÿ ÷èñëà, ñòîÿùèå íà êàæäîì ðåáðå (òàêîå ñëîæåíèå íàçûâàåòñÿ

ïîêîìïîíåíòíûì). Òîãäà (ñð. [Sk20, �4.9℄)

(∗) γ(f)− γ(fn1a1+...+nV aV ) = n1δa1 + . . .+ nV δaV .

Òåïåðü ðàññìîòðèì ãîìîòîïèþ ft : K → S1
ìåæäó êëåòî÷íûìè îòîáðàæåíèÿìè f0, f1.

Äëÿ êàæäîé âåðøèíû aj îáîçíà÷èì ÷åðåç nj ÷èñëî îáîðîòîâ òî÷êè ft(aj) ïðè èçìåíåíèè
t îò 0 äî 1. Òîãäà (ñð. [Sk20, �4.9℄)

(∗∗) γ(f1)− γ(f0) = n1δa1 + . . .+ nV δaV .

Îïðåäåëåíèå îäíîìåðíîé ãðóïïû êîãîìîëîãèé H1(K;Z), îòîáðàæåíèÿ deg è äîêà-

çàòåëüñòâî åãî áèåêòèâíîñòè. Íàçîâåì ðàññòàíîâêè γ1, γ2 öåëûõ ÷èñåë íà îðèåíòè-

ðîâàííûõ ðåáðàõ ãðà�à K êîãîìîëîãè÷íûìè, åñëè γ1 − γ2 = n1δa1 + . . . + nV δaV
äëÿ íåêîòîðûõ öåëûõ ÷èñåë n1, . . . , nV . �ðóïïà H

1(K;Z) ðàññòàíîâîê ñ òî÷íîñòüþ äî

êîãîìîëîãè÷íîñòè íàçûâàåòñÿ îäíîìåðíîé ãðóïïîé êîãîìîëîãèé ãðà�à K (ñ êîý�-

�èöèåíòàìè â Z). Îáîçíà÷èì

deg f = [γ(f)] ∈ H1(K;Z)
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Ââèäó ðàâåíñòâà (**) ýòî îïðåäåëåíèå êîððåêòíî.

×òîáû äîêàçàòü ñþðúåêòèâíîñòü îòîáðàæåíèÿ deg, âîçüìåì ïðîèçâîëüíóþ ðàññòà-

íîâêó γ öåëûõ ÷èñåë íà ðåáðàõ. Ïîëîæèì f(a) = 1 äëÿ êàæäîé âåðøèíû a ãðà�à K.

Äëÿ êàæäîãî ðåáðà e â êà÷åñòâå f |e âîçüìåì γe-êðàòíûé îáõîä âäîëü îêðóæíîñòè S1
.

Äëÿ ïîñòðîåííîãî êëåòî÷íîãî îòîáðàæåíèÿ f èìååì γ(f) = γ, ïîýòîìó deg f = [γ].
Åñëè deg f = deg g äëÿ íåêîòîðûõ êëåòî÷íûõ îòîáðàæåíèé f è g, òî γ(f) − γ(g) =

n1δa1 + . . . + nV δaV äëÿ íåêîòîðûõ öåëûõ ÷èñåë n1, . . . , nV . Òîãäà âèäó ðàâåíñòâà (**)

èìååì f ≃ fn1a1+...+nV aV ≃ g. Ïîýòîìó îòîáðàæåíèå deg èíúåêòèâíî. QED

Çàäà÷à 9.1.2. (a) Îäíîìåðíûå ãðóïïû êîãîìîëîãèé, ïîëó÷åííûå äëÿ ðàçíûõ íàáî-

ðîâ îðèåíòàöèé ðåáåð, èçîìîð�íû.

(b) Îäíîìåðíûå ãðóïïû êîãîìîëîãèé ãîìåîìîð�íûõ ãðà�îâ èçîìîð�íû.

(
) (ñð. [MNS, óòâåðæäåíèå 1.3.5.a℄) Èìååì H1(K;Z) ∼= ZE−V+C
, ãäå E, V è C �

êîëè÷åñòâà ðåáåð, âåðøèí è êîìïîíåíò ñâÿçíîñòè ãðà�à K.

Çàäà÷à 9.1.3. Äëÿ îòîáðàæåíèé f, g : K → S1 ⊂ C ãðà�à K îïðåäåëèì îòîáðàæå-

íèé fg : K → S1
�îðìóëîé (fg)(x) := f(x)g(x).

(a) Ïîñòðîéòå ñîîòâåòñòâóþùóþ ñòðóêòóðó ãðóïïû íà [K,S1].
(b) Îòîáðàæåíèå deg : [K,S1] → H1(K;Z) ÿâëÿåòñÿ èçîìîð�èçìîì ãðóïï.

9.2 Îòîáðàæåíèÿ ãðà�à â ïðîåêòèâíóþ ïëîñêîñòü

Çàäà÷à 9.2.1. (a) Íàéäèòå |[K,RP 2]| äëÿ ñâÿçíîãî ãðà�à K ñ E ðåáðàìè è V âåð-

øèíàìè.

(b) Äîêàæèòå óòâåðæäåíèå A(K,RP 2) äëÿ ãðà�à K.

Óêàçàíèå: èñïîëüçóéòå ñòÿãèâàíèå ðåáðà è |[S1,RP 2]| = 2 (òî÷íåå, [Sk20, óòâåðæäå-
íèå 9.2.2.a℄). Äëÿ ï. (b) ìîãóò îêàçàòüñÿ ïîëåçíûìè îïðåäåëåíèÿ, ïðèâåäåííûå ïåðåä

óòâåðæäåíèåì 9.2.4.

Íàïîìíèì, ÷òî ìû ïðîïóñêàåì êîý��èöèåíòû Z2 â îáîçíà÷åíèè ãðóïï (êî)ãîìîëîãèé.

Òåîðåìà 9.2.2. Äëÿ ëþáîãî ãðà�à K ñóùåñòâóåò áèåêöèÿ deg : [K,RP 2] → H1(K).

RP
2

RP
1

RP
0

�èñ. 9.2.1: Êëåòî÷íîå ðàçáèåíèå ïðîåêòèâíîé ïëîñêîñòè

Íàáðîñîê îïðåäåëåíèÿ îäíîìåðíîé ãðóïïû êîãîìîëîãèé H1(K), îòîáðàæåíèÿ deg è

äîêàçàòåëüñòâà åãî áèåêòèâíîñòè. Ôèêñèðóåì íà ïðîåêòèâíîé ïëîñêîñòè òî÷êó RP 0
è

îêðóæíîñòü RP 1
, ðèñ. 9.2.1. Ëþáîå îòîáðàæåíèå f : K → RP 2

ãîìîòîïíî êëåòî÷íîìó,

ò.å. ïåðåâîäÿùåìó ëþáóþ âåðøèíó ãðà�à K â RP 0
, à ëþáîå ðåáðî â RP 1

. Ïîýòîìó

äîñòàòî÷íî êëàññè�èöèðîâàòü êëåòî÷íûå îòîáðàæåíèÿ f : K → RP 2
ñ òî÷íîñòüþ äî

ãîìîòîïèè, îòîáðàæåíèÿ êîòîðîé íå îáÿçàòåëüíî êëåòî÷íû.

136



Äëÿ êëåòî÷íîãî îòîáðàæåíèÿ f : K → RP 2
ïîñòàâèì íà êàæäîì ðåáðå ÷åòíîñòü

êîëè÷åñòâà îáîðîòîâ òî÷êè f(x) ∈ RP 1
ïðè ïðîõîæäåíèè ïî ýòîìó ðåáðó îò îäíîé

âåðøèíû äî äðóãîé. Ýòà ÷åòíîñòü íå çàâèñèò îò âûáîðà íàïðàâëåíèÿ íà ðåáðå. Ïî-

ëó÷åííóþ ðàññòàíîâêó íóëåé è åäèíèö íà ðåáðàõ ãðà�à K îáîçíà÷èì γ(f) è íàçîâåì

ïðåïÿòñòâóþùåé.

Åñëè f, g : K → RP 2
� êëåòî÷íûå îòîáðàæåíèÿ è γ(f) = γ(g), òî f ≃ g ââèäó

ãîìîòîïè÷åñêîé êëàññè�èêàöèè îòîáðàæåíèé S1 → RP 2
[Sk20, óòâåðæäåíèå 9.2.2.a℄.

Ìîæíî ïðîâåðèòü, ÷òî ëþáàÿ ãîìîòîïèÿ êëåòî÷íîãî îòîáðàæåíèÿ f ãîìîòîïíà êëå-

òî÷íîé, ò.å. òàêîé, â ïðîöåññå êîòîðîé îáðàçû âåðøèí íàõîäÿòñÿ íà îêðóæíîñòè RP 1
.

Ïðè ýòîì îòîáðàæåíèÿ, èç êîòîðûõ ñîñòîèò êëåòî÷íàÿ ãîìîòîïèÿ, íå îáÿçàòåëüíî êëå-

òî÷íû. Äëÿ âåðøèíû a êëåòî÷íîé ãîìîòîïèè ft : K → S1
ìåæäó êëåòî÷íûìè îòîáðà-

æåíèÿìè f0 è f1 ðàññìîòðèì êîëè÷åñòâî îáîðîòîâ òî÷êè ft(a) ïðè ïðîõîæäåíèè ïàðà-

ìåòðîì t îòðåçêà [0, 1]. Ïóñòü a1, . . . , as � âñå òå âåðøèíû ãðà�à K, äëÿ êîòîðûõ ýòî

êîëè÷åñòâî íå÷åòíî. Òîãäà

γ(f0)− γ(f1) = δa1 + . . .+ δas.

Êëàññ deg f = [γf ] ∈ H1(K) îïðåäåëÿåòñÿ êàê è â òåîðåìå Õîï�à-Óèòíè äëÿ ãðà�îâ

9.1.1, ñ çàìåíîé Z íà Z2 (ñì. îïðåäåëåíèÿ íèæå). Êîððåêòíîñòü îïðåäåëåíèÿ, èíúåê-

òèâíîñòü è ñþðúåêòèâíîñòü îòîáðàæåíèÿ deg äîêàçûâàþòñÿ àíàëîãè÷íî òîé òåîðåìå.

QED

Çàäà÷à 9.2.3. Ïóñòü íà ðåáðàõ ãðà�à çàäàíà íåêîòîðàÿ ðàññòàíîâêà çíàêîâ + èëè

−. Îïðåäåëèì íà ãðà�å ñëåäóþùóþ îïåðàöèþ: âûáèðàåì ïðîèçâîëüíóþ âåðøèíó è

èíâåðòèðóåì çíàêè ó âñåõ ðåáåð, êîòîðûì îíà ïðèíàäëåæèò.

(a) Äëÿ äåðåâà, ïðèìåíÿÿ îïèñàííóþ âûøå îïåðàöèþ íåñêîëüêî ðàç (ê ðàçëè÷íûì

âåðøèíàì), ìû ìîæåì èç ëþáîé ðàññòàíîâêè çíàêîâ ïîëó÷èòü ëþáóþ äðóãóþ.

(b) �àññìîòðèì ñâÿçíûé ãðà� ñ V âåðøèíàìè è E ðåáðàìè. Íàéäèòå íàèáîëüøåå

êîëè÷åñòâî òàêèõ ðàññòàíîâîê çíàêîâ + èëè − íà ðåáðàõ ãðà�à, ÷òî íè îäíà èç íèõ íå

ìîæåò áûòü ïîëó÷åíà íè èç êàêîé äðóãîé îïèñàííûìè âûøå îïåðàöèÿìè.

�àññòàíîâêó íóëåé è åäèíèö íà ðåáðàõ êîìïëåêñà (â ÷àñòíîñòè, ãðà�à) áóäåì êîðîò-

êî íàçûâàòü 1-ðàññòàíîâêîé (îáùåïðèíÿòîå íàçâàíèå: ñèìïëèöèàëüíàÿ 1-êîöåïü èëè 1-

öåïü).Êîãðàíèöåé δa âåðøèíû a êîìïëåêñà íàçûâàåòñÿ ðàññòàíîâêà åäèíèö íà ðåáðàõ,
âûõîäÿùèõ èç a, è íóëåé íà îñòàëüíûõ ðåáðàõ (èëè ìíîæåñòâî ðåáåð, âûõîäÿùèõ èç a).
1-�àññòàíîâêè íàçûâàþòñÿ êîãîìîëîãè÷íûìè, åñëè èõ ðàçíîñòü (=ñóììà) åñòü ñóììà

íåêîòîðûõ êîãðàíèö âåðøèí. Îäíîìåðíîé ãðóïïîé êîãîìîëîãèé H1(K) ãðà�à K
(ñ êîý��èöèåíòàìè â Z2) íàçûâàåòñÿ ãðóïïà 1-ðàññòàíîâîê ñ òî÷íîñòüþ äî êîãîìîëî-

ãè÷íîñòè.

Äëÿ H1(K) ñïðàâåäëèâû àíàëîãè óòâåðæäåíèé 9.1.2.b
, ñì. çàäà÷ó 9.2.3.

Ïðèìåíåíèÿ (àíàëîãîâ) ñëåäóþùåé íåáîëüøîé òåîðèè ïðèâåäåíû â �9.4, çàìå÷àíèè

1.5.3.
 è ï. 1.6.

Çíà÷åíèåì α(C) =
∫
C
α = α · C 1-ðàññòàíîâêè α íà ïðîñòîì öèêëå C (èëè åå

èíòåãðàëîì ïî C, èëè åå ñêàëÿðíûì ïðîèçâåäåíèåì íà C) íàçûâàåòñÿ ñóììà (ïî ìîäóëþ
2) åå ÷èñåë íà âñåõ ðåáðàõ öèêëà C. Îïðåäåëåíèå 1-öèêëà ïðèâåäåíî, íàïðèìåð, â [Sk20,
�6℄, [MNS, ïðåäèñëîâèå℄. Çíà÷åíèå 1-ðàññòàíîâêè íà 1-öèêëå îïðåäåëÿåòñÿ àíàëîãè÷íî.

Çàäà÷à 9.2.4. (a) (ñð. [Sk20, çàäà÷à 6.7.1b℄) Çíà÷åíèå êîãðàíèöû ëþáîé âåðøèíû

íà ëþáîì 1-öèêëå íóëåâîå.

(b) (ñð. [Sk20, çàäà÷à 6.7.4℄) 1-�àññòàíîâêà ÿâëÿåòñÿ ñóììîé êîãðàíèö íåêîòîðûõ

âåðøèí òîãäà è òîëüêî òîãäà, êîãäà åå çíà÷åíèå íà ëþáîì ïðîñòîì öèêëå (èëè, ýêâèâà-

ëåíòíî, íà ëþáîì 1-öèêëå) íóëåâîå.
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Ââèäó óòâåðæäåíèÿ 9.2.4.a �îðìóëà

[α] · C = ev[α](C) := α · C

êîððåêòíî îïðåäåëÿåò çíà÷åíèå êëàññà êîãîìîëîãèé [α] íà 1-öèêëå C. Îáîçíà÷èì ÷åðåç

H1(K) ãðóïïó 1-öèêëîâ â ãðà�å K. Ïîëó÷àþòñÿ áèëèíåéíîå óìíîæåíèå

· : H1(K)×H1(K) → Z2 è (÷òî òî æå ñàìîå) ãîìîìîð�èçì ev : H1(K) → H1(K)∗.

Çàäà÷à 9.2.5. Äëÿ ãðà�à ýòî óìíîæåíèå íåâûðîæäåíî (ñïðàâà è ñëåâà). Èíûìè

ñëîâàìè, îòîáðàæåíèå ev ÿâëÿåòñÿ èçîìîð�èçìîì.

Ïîäñêàçêà: ââèäó óòâåðæäåíèÿ 9.2.4.b.

1-�àññòàíîâêà â êîìïëåêñå íàçûâàåòñÿ 1-êîöèêëîì, åñëè åå çíà÷åíèå íà ãðàíèöå

ëþáîé äâóìåðíîé ãðàíè ðàâíî íóëþ.

Çàäà÷à 9.2.6. (a) Êîãðàíèöà ÿâëÿåòñÿ êîöèêëîì.

(b) 1-�àññòàíîâêà, êîãîìîëîãè÷íàÿ êîöèêëó, òîæå ÿâëÿåòñÿ êîöèêëîì.

Îäíîìåðíîé ãðóïïîé êîãîìîëîãèé H1(K) êîìïëåêñà K (ñ êîý��èöèåíòàìè â

Z2) íàçûâàåòñÿ ãðóïïà 1-êîöèêëîâ ñ òî÷íîñòüþ äî êîãîìîëîãè÷íîñòè.

1-�àññòàíîâêè íàçûâàþòñÿ ãîìîëîãè÷íûìè, åñëè èõ ðàçíîñòü åñòü ñóììà íåêîòî-

ðûõ ãðàíèö äâóìåðíûõ ãðàíåé. Îáîçíà÷èì ÷åðåç H1(K) ãðóïïó 1-öèêëîâ â êîìïëåêñå

K ñ òî÷íîñòüþ äî ãîìîëîãè÷íîñòè.

Çàäà÷à 9.2.7. (a) Áèëèíåéíîå óìíîæåíèå · : H1(K)×H1(K) → Z2 è ãîìîìîð�èçì

ev : H1(K) → H1(K)∗ êîððåêòíî îïðåäåëåíû �îðìóëàìè [α] · [C] = ev[α]([C]) := α · C.
(b) Ýòî óìíîæåíèå íåâûðîæäåíî (ñïðàâà è ñëåâà). Èíûìè ñëîâàìè, îòîáðàæåíèå ev

ÿâëÿåòñÿ èçîìîð�èçìîì.

�àññòàíîâêó íóëåé è åäèíèö íà äâóìåðíûõ ãðàíÿõ êîìïëåêñà áóäåì êîðîòêî íàçû-

âàòü 2-ðàññòàíîâêîé. Îïðåäåëåíèÿ 2-öèêëà â êîìïëåêñå è êîãðàíèöû ðåáðà (ïî ìîäóëþ

2) ïðèâåäåíû, íàïðèìåð, â [HG℄, [Sk20, �10.6 ¾îáùåå îïðåäåëåíèå ãðóïï ãîìîëîãèé¿℄, ï.

9.6.

Çàäà÷à 9.2.8 (ñð. ñ óòâåðæäåíèåì 9.2.4). (a) Åñëè â êîìïëåêñå íåò íåïóñòûõ 2-

öèêëîâ, òî ëþáàÿ 2-ðàññòàíîâêà åñòü ñóììà êîãðàíèö íåêîòîðûõ ðåáåð. (Îñòîðîæíî,

¾âèñÿ÷èõ¿ äâóìåðíûõ ãðàíåé ìîæåò íå áûòü, êàê â øóòîâñêîì êîëïàêå Çèìàíà èç çà-

äà÷è 6.1.1.a èëè â äîìå Áèíãà ñ äâóìÿ êîìíàòàìè, https://en.wikipedia.org/wiki/

House_with_two_rooms.)

(b) 2-�àññòàíîâêà ÿâëÿåòñÿ ñóììîé êîãðàíèö íåêîòîðûõ ðåáåð òîãäà è òîëüêî òî-

ãäà, êîãäà åå çíà÷åíèå íà ëþáîì 2-öèêëå íóëåâîå. (Çíà÷åíèå 2-ðàññòàíîâêè íà 2-öèêëå

îïðåäåëÿåòñÿ àíàëîãè÷íî îäíîìåðíîìó ñëó÷àþ.)

Çàäà÷à 9.2.9. (a,b) Ñ�îðìóëèðóéòå è äîêàæèòå äâóìåðíûå àíàëîãè óòâåðæäåíèé

9.2.7.ab.

9.3 Ýêâèâàðèàíòíûå îòîáðàæåíèÿ ãðà�à

Â ýòîì ïóíêòå K � ãðà� ñ èíâîëþöèåé (ñèììåòðèåé) τ : K → K, íå èìåþùåé íåïî-

äâèæíûõ òî÷åê. Ñì. ïðèìåðû èíâîëþöèé â [Sk20, �7.1℄. Ñð. [MNS, �1.5℄.

Îòîáðàæåíèå f : K → S1
íàçûâàåòñÿ ýêâèâàðèàíòíûì (îòíîñèòåëüíî τ), åñëè

f(τ(x)) = −f(x) äëÿ ëþáîãî x ∈ K. Òàêèå îòîáðàæåíèÿ âîçíèêàëè â ï. 8.2, ñì. òàê-

æå ïï. 1.6 è 8.6. Îáîçíà÷èì ÷åðåç [K,S1]τ ìíîæåñòâî ýêâèâàðèàíòíûõ îòîáðàæåíèé

K → S1
ñ òî÷íîñòüþ äî ýêâèâàðèàíòíîé ãîìîòîïèè (ò.å. ãîìîòîïèè â êëàññå ýêâèâàðè-

àíòíûõ îòîáðàæåíèé).

Ïî ýêâèâàðèàíòíîìó îòîáðàæåíèþ f : K → S1
ìîæíî ïîñòðîèòü îòîáðàæåíèå

f/τ : K/τ → RP 1 ∼= S1
. Ëåãêî ïðîâåðèòü, ÷òî îòîáðàæåíèå [K;S1]τ → [K/τ ;S1] êîð-
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ðåêòíî îïðåäåëåíî �îðìóëîé [f ] 7→ [f/τ ]. Ýòî îòîáðàæåíèå ÿâëÿåòñÿ áèåêöèåé, ÷òî íå

î÷åâèäíî, íî ñëåäóåò èç íèæåïðèâåäåííîé òåîðåìû 9.3.1.

�ðóïïà H1(K/τ ;Z) îïðåäåëåíà â ï. 9.1.

Òåîðåìà 9.3.1 (ýêâèâàðèàíòíàÿ òåîðåìà Õîï�à). Åñëè èíâîëþöèÿ τ ïåðåâîäèò êàæ-

äóþ âåðøèíó â âåðøèíó, òî îïðåäåëåííîå íèæå îòîáðàæåíèå deg : [K;S1]τ → H1(K/τ ;Z)
ÿâëÿåòñÿ áèåêöèåé.

Òåîðåìó 9.3.1 ìîæíî äîêàçàòü, èñïîëüçóÿ îäíîâðåìåííîå ñòÿãèâàíèå τ -ñèììåòðè÷íûõ
ðåáåð â K. Êàê è â ï. 9.1, ïðèâåäåì íàáðîñîê äîêàçàòåëüñòâà, ñëåäóþùåãî îáùåìó ìå-

òîäó òåîðèè ïðåïÿòñòâèé.

Íàáðîñîê îïðåäåëåíèÿ îòîáðàæåíèÿ deg è äîêàçàòåëüñòâà åãî áèåêòèâíîñòè.Ïðåä-
ïîëîæèì, ÷òî â ãðà�å K íåò ïåòåëü è êðàòíûõ ðåáåð (ïåðåíåñòè íàøè ïîñòðîåíèÿ íà

îáùèé ñëó÷àé íåñëîæíî).

Ïðîèçâîëüíîå ýêâèâàðèàíòíîå îòîáðàæåíèå K → S1
ýêâèâàðèàíòíî ãîìîòîïíî êëå-

òî÷íîìó, ò.å. òàêîìó, äëÿ êîòîðîãî êàæäàÿ âåðøèíà ãðà�àK ïåðåõîäèò â îäíó èç òî÷åê

1 èëè −1 (äîêàæèòå!). Ïîýòîìó äîñòàòî÷íî êëàññè�èöèðîâàòü êëåòî÷íûå ýêâèâàðèàíò-
íûå îòîáðàæåíèÿ ñ òî÷íîñòüþ äî ýêâèâàðèàíòíîé ãîìîòîïèè, îòîáðàæåíèÿ êîòîðîé íå

îáÿçàòåëüíî êëåòî÷íû.

Íåêîòîðîå ýêâèâàðèàíòíîå êëåòî÷íîå îòîáðàæåíèå f0 : K → S1
ìîæíî ïîëó÷èòü,

çàäàâ åãî ïðîèçâîëüíî íà âåðøèíàõ, à çàòåì ïðîäîëæèâ íà ðåáðà.

Ôèêñèðóåì îðèåíòàöèè íà îêðóæíîñòè S1
è íà ðåáðàõ ãðà�à K òàê, ÷òîáû îðèåí-

òàöèè íà ñèììåòðè÷íûõ ðåáðàõ áûëè ñîãëàñîâàíû. Âîçüìåì êëåòî÷íîå ýêâèâàðèàíòíîå

îòîáðàæåíèå f : K → S1
. Äëÿ êàæäîãî ðåáðà ðàññìîòðèì ïîëóöåëîå ÷èñëî îáîðîòîâ

âåêòîðà f(x) ïðè ïðîáåãàíèè x ýòîãî ðåáðà â íàïðàâëåíèè îðèåíòàöèè ðåáðà. Ïîñòàâèì
íà ýòîì ðåáðå ðàçíîñòü ýòîãî ÷èñëà è àíàëîãè÷íîãî ÷èñëà äëÿ f0. Ïîëó÷èì ðàññòàíîâêó

γ(f) ïîëóöåëûõ ÷èñåë íà ðåáðàõ ãðà�à K.

Òîãäà íà ïàðå ñèììåòðè÷íûõ ðåáåð ñòîÿò ðàâíûå ÷èñëà. Òàêèå ðàññòàíîâêè íàçûâà-

þòñÿ ñèììåòðè÷íûìè.

Êðîìå òîãî,

(i) ñóììà ÷èñåë íà ðåáðàõ ëþáîãî ïóòè, ñîåäèíÿþùåãî äâå ñèììåòðè÷íûå âåðøèíû,

öåëàÿ;

(ii) ñóììà ÷èñåë íà ðåáðàõ ëþáîãî öèêëà öåëàÿ.

Óòâåðæäåíèå (i) ñëåäóåò èç òîãî, ÷òî f(a) = −f(τa) è f0(a) = −f0(τa) äëÿ ëþáîé

âåðøèíû a.
Îïðåäåëèì ñèììåòðè÷íóþ êîãðàíèöó δ(a, τa) ïàðû èíâîëþòèâíûõ âåðøèí a, τa òàê:
• íà âñåõ ðåáðàõ, íå ñîäåðæàùèõ íè a, íè τa, ñòàâèì íóëè,

• íà ðåáðàõ, âõîäÿùèõ â îäíó èç ýòèõ âåðøèí, ñòàâèì +1/2,
• íà âûõîäÿùèõ ñòàâèì −1/2.
�åáåð, ñîåäèíÿþùèõ âåðøèíû a è τa íåò ââèäó îòñóòñòâèÿ êðàòíûõ ðåáåð è íåïî-

äâèæíûõ òî÷åê.

Êàê è â òåîðåìå Õîï�à-Óèòíè äëÿ ãðà�îâ 9.1.1 îïðåäåëÿþòñÿ

• îòíîøåíèå ñèììåòðè÷íîé êîãîìîëîãè÷íîñòè,

• ãðóïïà H1
τ (K; 1

2
Z) ñèììåòðè÷íûõ ðàññòàíîâîê ñ òî÷íîñòüþ äî ñèììåòðè÷íîé êîãî-

ìîëîãè÷íîñòè, è

• îòîáðàæåíèå deg : [K;S1]τ → H1
τ (K; 1

2
Z).

Äîêàçàòåëüñòâà êîððåêòíîñòè îïðåäåëåíèÿ îòîáðàæåíèÿ deg è åãî èíúåêòèâíîñòè

àíàëîãè÷íû äîêàçàòåëüñòâó òåîðåìû Õîï�à-Óèòíè äëÿ ãðà�îâ 9.1.1. Ýòî îòîáðàæåíèå

íå ñþðúåêòèâíî ââèäó ëþáîãî èç óòâåðæäåíèé (i), (ii). Ïîäãðóïïà â H1
τ (K; 1

2
Z) êëàñ-

ñîâ ðàññòàíîâîê, óäîâëåòâîðÿþùèõ óñëîâèÿì (i), (ii), ñîâïàäàåò ñ ïîäãðóïïîé H1
τ (K;Z),
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îïðåäåëÿåìîé àíàëîãè÷íî ÷åðåç ðàññòàíîâêè öåëûõ ÷èñåë (ïðîâåðüòå!). Êðîìå òîãî,

H1
τ (K;Z) ∼= H1(K/τ ;Z) (ïðîâåðüòå!). Ïîýòîìó ìîæíî ñ÷èòàòü, ÷òî îáëàñòü çàí÷åíèé

îòîáðàæåíèÿ deg åñòü H1(K/τ ;Z).
Äîêàæåì ñþðúåêòèâíîñòü (íîâîãî) îòîáðàæåíèÿ deg. Âîçüìåì ëþáóþ ñèììåòðè÷-

íóþ ðàññòàíîâêó γ öåëûõ ÷èñåë íà ðåáðàõ ãðà�à K. Äëÿ êàæäîé âåðøèíû a ∈ K ïîëî-

æèì f(a) := f0(a). Äëÿ êàæäîãî ðåáðà e â êà÷åñòâå f |e âîçüìåì ¾ïîäêðóòêó îòîáðàæå-

íèÿ f0|e íà γe îáîðîòîâ¿. Äëÿ ïîñòðîåííîãî êëåòî÷íîãî îòîáðàæåíèÿ f èìååì γ(f) = γ,
ïîýòîìó deg f = [γ]. QED

9.4 �åòðàãèðóåìîñòü êîìïëåêñà íà îêðóæíîñòü

Ïîäìíîæåñòâî A ⊂ X ⊂ Rm
íàçûâàåòñÿ ðåòðàêòîì ìíîæåñòâà X , åñëè ñóùåñòâóåò

îòîáðàæåíèå X → A, òîæäåñòâåííîå íà A.

Çàäà÷à 9.4.1. ßâëÿåòñÿ ëè ðåòðàêòîì îáúåìëþùåãî ïðîñòðàíñòâà

(a) êðàåâàÿ îêðóæíîñòü êîëüöà; (a') îáúåäèíåíèå êðàåâûõ îêðóæíîñòåé êîëüöà;

(b) êðàåâàÿ îêðóæíîñòü äèñêà; (ñ) ïàðàëëåëü òîðà;

(d) îêðóæíîñòü íà òîðå, ïðåäñòàâëåííàÿ äèàãîíàëüþ êâàäðàòà, èç êîòîðîãî ñêëååí òîð;

(e) ïàðàëëåëü îäíîãî èç òîðîâ â ñâÿçíîé ñóììå äâóõ òîðîâ;

(f) êðàåâàÿ îêðóæíîñòü òîðà ñ äûðêîé; (g) RP 1
â RP 2

;

(h) ïàðàëëåëü áóòûëêè Êëåéíà; (i) ìåðèäèàí áóòûëêè Êëåéíà?

Áóòûëêà Êëåéíà ïîëó÷åíà ñêëåéêîé ñòîðîí

−→
AB è

−−→
CD (îáðàçóþùèõ ìåðèäèàí),

−−→
BC

è

−−→
AD (îáðàçóþùèõ ïàðàëëåëü) êâàäðàòà ABCD.

Çàäà÷à 9.4.2. ßâëÿåòñÿ ëè ðåòðàêòîì ëåíòû Ìåáèóñà

(a) åå ñðåäèííàÿ îêðóæíîñòü; (b) åå êðàåâàÿ îêðóæíîñòü;

(
) îòðåçîê AB, åñëè ëåíòà Ìåáèóñà ïîëó÷åíà ñêëåéêîé îòðåçêîâ

−→
AB è

−−→
CD ïðÿìî-

óãîëüíèêà ABCD (ò.å. îòðåçîê, êîòîðûé íå ðàçáèâàåò ëåíòó è êîíöû êîòîðîãî ïðèíàä-

ëåæàò åå êðàåâîé îêðóæíîñòè)?

Çàäà÷à 9.4.3. (a) Ëþáàÿ ñ�åðà ñ ðó÷êàìè è äûðêàìè (ò.å. ëþáîå îðèåíòèðóåìîå 2-
ìíîãîîáðàçèå), êðîìå ñ�åðû è äèñêà, ðåòðàãèðóåòñÿ íà íåêîòîðóþ îêðóæíîñòü.

(b) Ëþáîå 2-ìíîãîîáðàçèå, êðîìå ñ�åðû, äèñêà è ïðîåêòèâíîé ïëîñêîñòè, ðåòðàãè-

ðóåòñÿ íà íåêîòîðóþ îêðóæíîñòü.

(
) Îêðóæíîñòü S â ñ�åðå ñ ðó÷êàìè N ÿâëÿåòñÿ åå ðåòðàêòîì òîãäà è òîëüêî òîãäà,

êîãäà N − S ñâÿçíî. (Ñð. ñ óòâåðæäåíèÿìè 9.4.9.b
 è çàäà÷åé 9.4.1.g.)

(d) Ëþáîé ïîäêîìïëåêñ, ãîìåîìîð�íûé îòðåçêó, ÿâëÿåòñÿ ðåòðàêòîì êîìïëåêñà.

Çàäà÷à 9.4.4. ßâëÿåòñÿ ëè îòîáðàæàåìàÿ îêðóæíîñòü S1
ðåòðàêòîì öèëèíäðà îòîá-

ðàæåíèÿ f : S1 → X (ñì. îïðåäåëåíèå, íàïðèìåð, â [Sk20e℄), åñëè

(a) X = S1
è f � òðåõêðàòíàÿ íàìîòêà (òîãäà öèëèíäð îòîáðàæåíèÿ ïîëó÷åí (123)-

ñêëåéêîé, ñì. îïðåäåëåíèå ïåðåä çàäà÷åé 6.1.3);

(b) (ïðèìåð Õîï�à) X = S1 ∨ S1
è f çàäàíî ñëîâîì a2b3.

Äëÿ ðàçáîðà ïðèìåðà Õîï�à íóæíû òåîðåìà Õîï�à 9.4.6.a è åå ïåðå�îðìóëèðîâêà

èç çàäà÷è 9.4.7.

Òåîðåìà 9.4.5. (a) Cóùåñòâóåò àëãîðèòì ïðîâåðêè ðåòðàãèðóåìîñòè êîìïëåêñà K
íà çàäàííûé ïîäêîìïëåêñ, ÿâëÿþùèéñÿ ïðîñòûì öèêëîì (ò.å. ãîìåîìîð�íûé îêðóæ-

íîñòè).

(b) Cóùåñòâóåò àëãîðèòì, êîòîðûé ïî êîìïëåêñó K, åãî ïîäêîìïëåêñó A è ñèì-

ïëèöèàëüíîìó îòîáðàæåíèþ f : A→ C â öèêë C ∼= S1
âûÿñíÿåò, ïðîäîëæàåòñÿ ëè f

äî îòîáðàæåíèÿ K → C.
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Ýòî ñëåäóåò èç òåîðåìû Õîï�à 9.4.6.

Ñëåäóþùèå öåëî÷èñëåííûå âåðñèè îïðåäåëåíèé, ïðèâåäåííûõ ïåðåä óòâåðæäåíèåì

9.2.4, �àêòè÷åñêè âîçíèêëè â ï. 9.1. �àññòàíîâêîé íàçûâàåòñÿ ðàñòàíîâêà öåëûõ ÷è-

ñåë íà îðèåíòèðîâàííûõ ðåáðàõ êîìïëåêñà (îáùåïðèíÿòîå íàçâàíèå: (ñèìïëèöèàëüíàÿ

öåëî÷èñëåííàÿ 1-êîöåïü). Çíà÷åíèåì ðàññòàíîâêè íà îðèåíòèðîâàííîì ïðîñòîì öèê-

ëå (èëè åå èíòåãðàëîì ïî ýòîìó öèêëó, èëè åå ñêàëÿðíûì ïðîèçâåäåíèåì íà ýòîò öèêë)

íàçûâàåòñÿ ñóììà ÷èñåë íà ðåáðàõ öèêëà ñ êîý��èöèåíòàìè +1, åñëè íàïðàâëåíèå öèê-
ëà ñîãëàñîâàíî ñ îðèåíòàöèåé ðåáðà, è −1, èíà÷å. �àññòàíîâêà íàçûâàåòñÿ 1-êîöèêëîì
(öåëî÷èñëåííûì îäíîìåðíûì êîöèêëîì), åñëè åå çíà÷åíèå íà ãðàíèöå ëþáîé äâóìåðíîé

ãðàíè ðàâíî íóëþ.

Òåîðåìà 9.4.6 (Õîï�). (a) Çàäàííûé êîìïëåêñ K ðåòðàãèðóåòñÿ íà çàäàííûé ïîä-

êîìïëåêñ C, ÿâëÿþùèéñÿ ïðîñòûì öèêëîì, òîãäà è òîëüêî òîãäà, êîãäà ñóùåñòâóåò

1-êîöèêë íà K, çíà÷åíèå êîòîðîãî íà C ðàâíî 1 (äëÿ íåêîòîðîé îðèåíòàöèè íà C).
Èëè, ÷òî ýêâèâàëåíòíî, êîãäà ëþáàÿ ðàññòàíîâêà íà C ïðîäîëæàåòñÿ äî 1-êîöèêëà

íà K.

(b) Ïóñòü A � ïîäêîìïëåêñ êîìïëåêñà K. Cèìïëèöèàëüíîå îòîáðàæåíèå f : A→ C
â öèêë C ∼= S1

ïðîäîëæàåòñÿ äî îòîáðàæåíèÿ K → C òîãäà è òîëüêî òîãäà, êîãäà

ñóùåñòâóåò 1-êîöèêë, çíà÷åíèå êîòîðîãî íà ëþáîì îðèåíòèðîâàííîì ïðîñòîì öèêëå

Γ â A ðàâíî deg f |Γ (äëÿ íåêîòîðîé îðèåíòàöèè íà C).

Çíà÷åíèå êîöèêëà â ï. (a) è ÷èñëî deg f |Γ â ï. (b) çàâèñÿò îò âûáîðà îðèåíòàöèè íà

C, íî ñóùåñòâîâàíèå íóæíîãî êîöèêëà îò ýòîãî âûáîðà íå çàâèñèò.

Óêàçàíèå ê äîêàçàòåëüñòâó íåîáõîäèìîñòè â òåîðåìå Õîï�à 9.4.6. �àññòàíîâêà

îïðåäåëÿåòñÿ ïî ðåòðàêöèè èëè ïðîäîëæåíèþ f : K → C àíàëîãè÷íî òåîðåìå Õîï�à-

Óèòíè äëÿ ãðà�îâ 9.1.1. Eå çíà÷åíèå íà öèêëå Γ ðàâíî êîëè÷åñòâó îáîðîòîâ òî÷êè

f(x) ïðè îáõîäå òî÷êîé x öèêëà Γ (ò.å. ñòåïåíè deg f |Γ). Ïîýòîìó ðàññòàíîâêà ÿâëÿåòñÿ
êîöèêëîì, è âûïîëíåíî ñâîéñòâî î åãî çíà÷åíèè. QED

Óêàçàíèå ê äîêàçàòåëüñòâó äîñòàòî÷íîñòè â òåîðåìå Õîï�à 9.4.6 (è ê ï. 9.5).

Èñïîëüçóéòå, ÷òî

(*) äëÿ ëþáîãî n ≥ 2 ëþáîå îòîáðàæåíèå Sn → S1
ïðîäîëæàåòñÿ íà Dn+1

[Sk20,

òåîðåìû 3.11.1 è 8.1.5b℄;

(**) äëÿ ïîäêîìïëåêñà A ⊂ K êîìïëåêñà K îòîáðàæåíèå f : A → S1
ïðîäîëæàåòñÿ

íà K òîãäà è òîëüêî òîãäà, êîãäà íåêîòîðîå îòîáðàæåíèå, ãîìîòîïíîå f , ïðîäîëæàåòñÿ
íà K (òåîðåìà Áîðñóêà î ïðîäîëæåíèè ãîìîòîïèè, ñð. [Sk20, çàäà÷à 3.7.d℄). QED

Äëÿ ðàçáîðà ïðèìåðà Õîï�à 9.4.4.b ïåðå�îðìóëèðóåì òåîðåìó Õîï�à 9.4.6.a íà

áîëåå ñëîæíûé ñòàíäàðòíûé ÿçûê. (Àíàëîãè÷íî ïåðå�îðìóëèðóåòñÿ òåîðåìà Õîï�à

9.4.6.b.)

Ýëåìåíòàðíàÿ êîãðàíèöà δa âåðøèíû a îïðåäåëåíà â òåîðåìå Õîï�à-Óèòíè äëÿ

ãðà�îâ 9.1.1. Íàçîâåì ðàññòàíîâêè γ1, γ2 öåëûõ ÷èñåë íà îðèåíòèðîâàííûõ ðåáðàõ êîì-
ïëåêñà K êîãîìîëîãè÷íûìè, åñëè γ1−γ2 = n1δa1+ . . .+nV δaV äëÿ íåêîòîðûõ öåëûõ

÷èñåë n1, . . . , nV . �ðóïïà H
1(K;Z) êëàññîâ êîãîìîëîãè÷íîñòè êîöèêëîâ íàçûâàåòñÿ îä-

íîìåðíîé ãðóïïîé êîãîìîëîãèé êîìïëåêñà K (ñ êîý��èöèåíòàìè â Z).

Äëÿ ïîêîìïëåêñà A ⊂ K êîìïëåêñà K è ðàññòàíîâêè γ öåëûõ ÷èñåë íà îðèåíòèðî-

âàííûõ ðåáðàõ îáîçíà÷èì ÷åðåç γ|A ñóæåíèå (îãðàíè÷åíèå) ýòîé ðàññòàíîâêè íà ðåáðà

ïîäêîìïëåêñà A.

Çàäà÷à 9.4.7. (a) Ñîîòâåòñòâèå [γ] 7→ [γ|A] êîððåêòíî îïðåäåëÿåò îòîáðàæåíèå

H1(K;Z) → H1(A;Z). Îíî íàçûâàåòñÿ ñóæåíèåì.

(b) Óñëîâèå èç òåîðåìû Õîï�à 9.4.6.a ðàâíîñèëüíî ñëåäóþùåìó: ñóùåñòâóåò x ∈
H1(K;Z), ñóæåíèå êîòîðîãî íà C ÿâëÿåòñÿ îáðàçóþùåé ãðóïïû H1(C;Z) ∼= Z.
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(
) Èëè ñëåäóþùåìó: íåêîòîðûé äâóìåðíûé ïðåïÿòñòâóþùèé êîöèêë (ðàññòàíîâ-

êà öåëûõ ÷èñåë íà îðèåíòèðîâàííûõ äâóìåðíûõ ãðàíÿõ) êîãîìîëîãè÷åí íóëåâîìó ïî

ìîäóëþ C (äàéòå íåîáõîäèìûå îïðåäåëåíèÿ ñàìîñòîÿòåëüíî).

(d) �ðóïïà H1(K;Z) íå ìåíÿåòñÿ ïðè ñäàâëèâàíèè (ñì. îïðåäåëåíèå â [Sk20, �5.9℄).

(e) Äëÿ K � öèëèíäðà îòîáðàæåíèÿ èç ïðèìåðà Õîï�à 9.4.4.b âû÷èñëèòå ãðóïïó

H1(K;Z) è ñóæåíèå H1(K;Z) → H1(S1;Z).

Çàäà÷à 9.4.8. (
,d,e) Íàéäèòå H1(K;Z) äëÿ òîðà, ïðîåêòèâíîé ïëîñêîñòè è áóòûëêè
Êëåéíà K. (Ñð. ñ çàäà÷àìè 9.5.1.bde.)

Çàäà÷à 9.4.9. Îïðåäåëåíèå ãðóïïû H1(K;Z) è åå ïðîñòåéøèå ñâîéñòâà ïðèâåäåíû,
íàïðèìåð, â [Sk20, ï. 10.5℄.

(a) Åñëè ïðîñòîé öèêë C â êîìïëåêñå K (òî÷íåå, â åãî îäíîìåðíîì îñòîâå) ÿâëÿåòñÿ

åãî ðåòðàêòîì, òî êëàññ [C] ∈ H1(K;Z) ïðèìèòèâåí, ò. å. íå äåëèòñÿ íè íà îäíî ÷èñëî,

îòëè÷íîå îò±1. (Êëàññ [C] çàâèñèò îò âûáîðà îðèåíòàöèè íà C, íî åãî ïðèìèòèâíîñòü íå
çàâèñèò. Ýòî ãîìîëîãè÷åñêèé àíàëîã íåîáõîäèìîãî óñëîâèÿ èç òåîðåìû Õîï�à 9.4.6.a.)

(b) Âåðíî ëè îáðàòíîå?

(
) Äëÿ çàìêíóòîãî îðèåíòèðóåìîãî n-ìíîãîîáðàçèÿ N óñëîâèÿ èç ï. (a) ðàâíîñèëü-

íû íàëè÷èþ çàìêíóòîãî îðèåíòèðóåìîãî (n− 1)-ïîäìíîãîîáðàçèÿ â N , òðàíñâåðñàëüíî
ïåðåñåêàþùåãî C ðîâíî â îäíîé òî÷êå.

(d) Çàìêíóòîå îðèåíòèðóåìîå ìíîãîîáðàçèå N ðåòðàãèðóåòñÿ íà íåêîòîðóþ (PL âëî-

æåííóþ) îêðóæíîñòü òîãäà è òîëüêî òîãäà, êîãäà ãðóïïà H1(N ;Z) áåñêîíå÷íà. (Ýòî
äîêàçàíî Ê. Áîðñóêîì â 1931-33 äàæå äëÿ êîìïëåêñîâ è ïåàíîâñêèõ êîíòèíóóìîâ, ñì.

https://math.sta
kex
hange.
om/questions/2678236/retra
tion-onto-a-
ir
le-in-a-simpli
ial-
omplex)

Îòâåòû ê 9.4.1: (a,
,d,e,h) äà; (b,f,g,i) íåò.

Óêàçàíèå ê 9.4.1. (b,f) Ïî ëåììå Øïåðíåðà è àíàëîãè÷íî åé.

(g,i) Êîìïîçèöèÿ âêëþ÷åíèÿ è ðåòðàêöèè åñòü òîæäåñòâåííîå îòîáðàæåíèå. Ïðèìå-

íèòå H1(·,Z) (èëè π1(·)).

Îòâåòû ê 9.4.2: (a,
) äà; (b) íåò.

Îòâåòû ê 9.4.4: (a) íåò; (b) äà.

9.5 Îòîáðàæåíèÿ êîìïëåêñà â îêðóæíîñòü

Çàäà÷à 9.5.1. (a) Ïîñòðîéòå áèåêöèþ ìåæäó ìíîæåñòâîì îòîáðàæåíèé äèñêà ñ n
ëåíòî÷êàìè (ñì. îïðåäåëåíèå â [Sk20, �2℄) â S1

ñ òî÷íîñòüþ äî ãîìîòîïíîñòè è ìíîæå-

ñòâîì Zn.

(b) Ïîñòðîéòå áèåêöèþ [N, S1] → Z2g
äëÿ ñ�åðû ñ g ðó÷êàìè N .

(
) Êàêèå îòîáðàæåíèÿ RP 1 → S1
ïðîäîëæàþòñÿ íà RP 2

?

(d) Ëþáîå îòîáðàæåíèå RP 2 → S1
ãîìîòîïíî îòîáðàæåíèþ â òî÷êó.

Óêàçàíèå. �îìîòîïèþ â òî÷êó ñóæåíèÿ íà RP 1
ìîæíî ïðîäîëæèòü íà RP 2

ââèäó

ñâîéñòâà (*) èç �9.4.

(e) Íàéäèòå [K,S1] äëÿ áóòûëêè Êëåéíà K.

(f) (Çàãàäêà) Îïèøèòå [N, S1] äëÿ 2-ìíîãîîáðàçèÿ N . (Ñîîáðàçèòå ñàìè, ÷åðåç êàêèå
äàííûå 2-ìíîãîîáðàçèÿ âûðàæàòü îòâåò.)

Çàäà÷à 9.5.2. (a) Ëþáîå îòîáðàæåíèå RP 3 → S1
ãîìîòîïíî îòîáðàæåíèþ â òî÷êó.

Óêàçàíèå: RP 1 ⊂ RP 2 ⊂ RP 3
.

(b) (Çàãàäêà) Îïèøèòå [S1 × S2, S1].
Óêàçàíèå. Ñíà÷àëà îïèøèòå [S1 ∨ S2, S1]. �îìîòîïèþ ìåæäó ñóæåíèÿìè íà S1 ∨ S2

ìîæíî ïðîäîëæèòü íà S1 × S2
ââèäó ñâîéñòâà (*) èç �9.4.

(ñ) (Çàãàäêà) Îïèøèòå [(S1)3, S1].
Óêàçàíèå: S1 ∨ S1 ∨ S1 ⊂ S1 × S1 × ∗ ∪ S1 × ∗ × S1 ∪ ∗ × S1 × S1 ⊂ (S1)3.
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Òåîðåìû ýòîãî è ñëåäóþùåãî ïóíêòîâ èíòåðåñíî ðàçîáðàòü äàæå äëÿ 3-ìíîãîîáðàçèé

è 2-êîìïëåêñîâ.

Òåîðåìà 9.5.3 (Áðóøëèíñêèé). Ïóñòü K � êîìïëåêñ.

(a) Óòâåðæäåíèå A(K,C) âåðíî äëÿ ëþáîãî öèêëà C ∼= S1
.

(b) Ñóùåñòâóåò áèåêöèÿ deg : [K,S1] → H1(K;Z).

Îïðåäåëåíèå îòîáðàæåíèÿ deg. Òàê æå, êàê è â òåîðåìå Õîï�à-Óèòíè äëÿ ãðà�îâ

9.1.1 îïðåäåëÿåòñÿ êëåòî÷íîñòü îòîáðàæåíèÿ K → S1
è, äëÿ êëåòî÷íîãî îòîáðàæåíèÿ

f : K → S1
, ïðåïÿòñòâóþùàÿ ðàññòàíîâêà γ(f) öåëûõ ÷èñåë íà îðèåíòèðîâàííûõ

ðåáðàõ. Ïî òåîðåìå ïðîäîëæàåìîñòè [Sk20, �3.10℄ ðàññòàíîâêà γ(f) ÿâëÿåòñÿ êîöèêëîì.
Îïðåäåëèì deg f = [γ(f)] ∈ H1(K;Z).

Äîêàæåì èíúåêòèâíîñòü îòîáðàæåíèÿ deg. Ñíà÷àëà ñîåäèíèì îòîáðàæåíèÿ îäè-

íàêîâîé ñòåïåíè ãîìîòîïèåé íà îáúåäèíåíèè K(1)
ðåáåð (àíàëîãè÷íî äîêàçàòåëüñòâó

òåîðåìû Õîï�à-Óèòíè äëÿ ãðà�îâ 9.1.1). Ýòó ãîìîòîïèþ ìîæíî ïðîäîëæèòü íà K,

ïîñëåäîâàòåëüíî ïðîäîëæàÿ íà ãðàíè, ââèäó ñâîéñòâà (*) èç �9.4.

Äîêàæåì ñþðúåêòèâíîñòü îòîáðàæåíèÿ deg. Äëÿ êîöèêëà γ ïîñòðîèì òàêîå íåïðå-

ðûâíîå îòîáðàæåíèå f : K(1) → S1
, ÷òî γ(f) = γ (àíàëîãè÷íî äîêàçàòåëüñòâó òåîðåìû

Õîï�à-Óèòíè äëÿ ãðà�îâ 9.1.1). Òàê êàê γ êîöèêë, òî ïî òåîðåìå ïðîäîëæàåìîñòè [Sk20,
�3.10℄ ïðîäîëæàåì îòîáðàæåíèå f íà êàæäóþ äâóìåðíóþ ãðàíü. Èñïîëüçóÿ ñâîéñòâî (*)

èç �9.4, ïðîäîëæàåì ïðîäîëæåíèå íà K.

Òåîðåìà 9.5.4. Äëÿ ëþáîãî îðèåíòèðóåìîãî (ãëàäêîãî èëè PL) n-ìíîãîîáðàçèÿ N ñó-

ùåñòâóåò áèåêöèÿ deg : [N, S1] → Hn−1(N, ∂;Z).

Îïðåäåëåíèÿ ãðóïïû Hn−1(N, ∂;Z) è áèåêöèè deg åñòåñòâåííî âîçíèêàþò â ïðîöåññå
ïðèäóìûâàíèÿ ýòîé êëàññè�èêàöèè. Ñðàâíèòå ñ îïðåäåëåíèåì â [Sk20, �9.4, �10.6℄. Äî-

êàçàòåëüñòâî ïðîâîäèòñÿ ïðè ïîìîùè êîíñòðóêöèè Ïîíòðÿãèíà, ñì., íàïðèìåð, [Sk20,

�8.8℄, [Pr04, �18.5℄. Óêàçàíèÿ ê äðóãîìó äîêàçàòåëüñòâó ïðèâåäåíû â [Sk20, çàäà÷à 14.9.2.ab
℄.

Çàäà÷à 9.5.5. Äëÿ ëþáîãî îðèåíòèðóåìîãî n-ìíîãîîáðàçèÿ N ñóùåñòâóåò èçîìîð-

�èçì (Ïóàíêàðå) H1(N ;Z) → Hn−1(N, ∂;Z). (Íå ïóòàéòå ýòî òðèâèàëüíîå ñëåäñòâèå

íàëè÷èÿ äâîéñòâåííîãî ðàçáèåíèÿ ñ íåòðèâèàëüíîé äâîéñòâåííîñòüþ Ïóàíêàðå [Sk20,

�9.4, �10.6℄.)

9.6 Îòîáðàæåíèÿ êîìïëåêñà â ñ�åðó òîé æå ðàçìåðíîñòè

Çäåñü ìû îáîáùèì îïèñàíèÿ ìíîæåñòâ [Sk, Sn] äëÿ k ≤ n è [N, Sn] äëÿ n-ìíîãîîáðàçèÿ
N [Sk20, �8.1, �8.3℄.

Òåîðåìà 9.6.1 (Õîï�-Óèòíè). Äëÿ ëþáîãî n-êîìïëåêñà K
(a) óòâåðæäåíèå A(K,Sn) âåðíî;
(b) ñóùåñòâóåò áèåêöèÿ deg : [K,Sn] → Hn(K;Z).

Íà÷àëî äîêàçàòåëüñòâà: îïðåäåëåíèå ïðåïÿòñòâóþùåé ðàññòàíîâêè. Àíàëîãè÷íî

òåîðåìå Õîï�à-Óèòíè äëÿ ãðà�îâ 9.1.1.

Âûáåðåì ïðîèçâîëüíî îðèåíòàöèþ íà êàæäîé n-ìåðíîé ãðàíè êîìïëåêñà K (ïðåïÿò-

ñòâèå deg f áóäåò çàâèñåòü îò ýòîãî âûáîðà).

Ââèäó ñâîéñòâ [Sk, Sn] = 0 äëÿ k < n (¾îáùåãî ïîëîæåíèÿ¿) [Sk20, �8.1℄ ëþáîå îòîá-
ðàæåíèå f : K → Sn ãîìîòîïíî êëåòî÷íîìó, ò.å. ïåðåâîäÿùåìó îáúåäèíåíèå (n − 1)-
ìåðíûõ ãðàíåé â (1, 0 . . . , 0) ∈ Sn. Ïîýòîìó äîñòàòî÷íî êëàññè�èöèðîâàòü êëåòî÷íûå

îòîáðàæåíèÿ ñ òî÷íîñòüþ äî ãîìîòîïèè, îòîáðàæåíèÿ êîòîðîé íå îáÿçàòåëüíî êëåòî÷-

íû.
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Äëÿ êëåòî÷íîãî îòîáðàæåíèÿ f : K → Sn ðàññìîòðèì ïðîèçâîëüíóþ n-ìåðíóþ
ãðàíü c ⊂ K. Îáðàç åå ãðàíèöû ∂c åñòü òî÷êà. Ïîýòîìó îòîáðàæåíèå f |c åñòü êîì-

ïîçèöèÿ ãîìåîìîð�èçìà c → Dn
, îïðåäåëåííîãî îðèåíòàöèåé ãðàíè c, ñõëîïûâàíèÿ

Dn → Sn ãðàíèöû Sn−1
â òî÷êó è íåêîòîðîãî îòîáðàæåíèÿ Sn → Sn. Ïîñòàâèì íà

ãðàíè c ñòåïåíü ïîñëåäíåãî îòîáðàæåíèÿ. Ïîëó÷åííóþ ðàññòàíîâêó îáîçíà÷èì γ(f) è
íàçîâåì ïðåïÿòñòâóþùåé.

Åñëè f0, f1 : K → Sn � êëåòî÷íûå îòîáðàæåíèÿ, äëÿ êîòîðûõ γ(f) = γ(g), òî f ≃ g.

Íàáðîñîê îïðåäåëåíèé n-ìåðíîé ãðóïïû êîãîìîëîãèé Hn(K;Z), îòîáðàæåíèÿ deg è
äîêàçàòåëüñòâà åãî áèåêòèâíîñòè.Êîãðàíèöà îðèåíòèðîâàííîé (n−1)-ìåðíîé ãðàíè,
êîãîìîëîãè÷íîñòü ðàññòàíîâîê, n-ìåðíàÿ ãðóïïà Hn(K;Z) êîãîìîëîãèé ñ êîý�-

�èöèåíòàìè â Z (êîìïëåêñà K ñ îðèåíòèðîâàííûìè n-ìåðíûìè ãðàíÿìè) è îòîáðàæå-

íèå deg îïðåäåëÿþòñÿ àíàëîãè÷íî òåîðåìå Õîï�à-Óèòíè äëÿ ãðà�îâ 9.1.1 (ñì. äåòàëè

íèæå).

Êîððåêòíîñòü îïðåäåëåíèÿ îòîáðàæåíèÿ deg, åãî ñþðúåêòèâíîñòü è èíúåêòèâíîñòü

äîêàçûâàþòñÿ àíàëîãè÷íî òåîðåìå Õîï�à-Óèòíè äëÿ ãðà�îâ 9.1.1. Äëÿ äîêàçàòåëüñòâà

êîððåêòíîñòè íåîáõîäèìî ñëåäóþùåå äîáàâëåíèå: ââèäó ñâîéñòâ [Sk, Sn] = 0 äëÿ k < n
(¾îáùåãî ïîëîæåíèÿ¿) [Sk20, �8.1℄ ìîæíî ñ÷èòàòü, ÷òî ãîìîòîïèÿ ìåæäó f, g : K → Sn

îòîáðàæàåò îáúåäèíåíèå (n− 2)-ãðàíåé êîìïëåêñà K â (1, 0 . . . , 0) ∈ Sn. QED

Äàëåå â ýòîì ïóíêòå K � êîìïëåêñ ïðîèçâîëüíîé ðàçìåðíîñòè ñ íàáîðîì îðèåíòàöèé

íà n-ìåðíûõ ãðàíÿõ.
Äëÿ ëþáîãî êëåòî÷íîãî îòîáðàæåíèÿ f : K → Sn ïðåïÿòñòâóþùàÿ ðàññòàíîâêà

γ(f) îïðåäåëÿåòñÿ òàê æå, êàê â òåîðåìå Õîï�à-Óèòíè 9.6.1. Èç êðèòåðèÿ ïðîäîëæàå-

ìîñòè íà Dn+1
îòîáðàæåíèÿ Sn → Sn ñëåäóåò, ÷òî äëÿ ïðåïÿòñòâóþùåé ðàññòàíîâêè

ñóììà ÷èñåë íà ãðàíèöå ëþáîé (n+ 1)-ìåðíîé ãðàíè ðàâíà 0.

�àññòàíîâêè ñ ýòèì óñëîâèåì íàçûâàþòñÿ êîöèêëàìè. Êîãðàíèöà îðèåíòèðîâàí-

íîé (n− 1)-ìåðíîé ãðàíè, êîãîìîëîãè÷íîñòü êîöèêëîâ, n-ìåðíàÿ ãðóïïà Hn(K;Z)
êîãîìîëîãèé (ñ êîý��èöèåíòàìè â Z êîìïëåêñà K) è îòîáðàæåíèå deg : [K,Sn] →
Hn(K;Z) îïðåäåëÿþòñÿ àíàëîãè÷íî òåîðåìå Õîï�à-Óèòíè äëÿ ãðà�îâ 9.1.1.

Ïðèâåäåì ÿâíî ýòè îïðåäåëåíèÿ (ñð. ñ îïðåäåëåíèåì ãðóïï ãîìîëîãèé â [Sk20, �10.6℄).

Îáîçíà÷èì ÷åðåç Cn = Cn(K;Z) ãðóïïó ðàññòàíîâîê öåëûõ ÷èñåë íà îðèåíòèðîâàí-

íûõ n-ìåðíûõ ãðàíÿõ (ñ îïåðàöèåé ïîêîìïîíåíòíîãî ñëîæåíèÿ). Äëÿ n-ìåðíîé ãðàíè

σ îïðåäåëèì åå ýëåìåíòàðíóþ êîãðàíèöó δσ ∈ Cn+1
êàê ðàññòàíîâêó ïëþñ èëè ìè-

íóñ åäèíèö íà (n + 1)-ìåðíûõ ãðàíÿõ, ñîäåðæàùèõ σ, è íóëåé íà îñòàëüíûõ (n + 1)-
ãðàíÿõ; óòî÷íèòå çíàêè, èñõîäÿ èç ïðåäûäóùèõ ïðèìåðîâ, ìîòèâèðóþùèõ ýòî îïðå-

äåëåíèå. Ýëåìåíòàðíûå êîãðàíèöû îïðåäåëÿþò ëèíåéíîå êîãðàíè÷íîå îòîáðàæåíèå

δn+1 : C
n → Cn+1

.

Çàäà÷à 9.6.2. δn+1 ◦ δn = 0.

Ïîëîæèì

Hn(X ;Z) := δ−1
n+1(0)/δn(C

n−1) äëÿ n ≥ 1 è H0(X ;Z) := δ−1
1 (0).

Îòîáðàæåíèå deg îïðåäåëÿåòñÿ �îðìóëîé deg[f ] = [γ(f)].

Çàäà÷à 9.6.3. (a) Îòîáðàæåíèå deg êîððåêòíî îïðåäåëåíî.
(b) Åñëè dimK = n+ 1, òî deg ñþðúåêòèâíî.

Ïîñêîëüêó ñóùåñòâóåò îòîáðàæåíèå S3 → S2
, íå ãîìîòîïíîå îòîáðàæåíèþ â òî÷êó

[Sk20, �8.7℄, òî îòîáðàæåíèå deg íå èíúåêòèâíî äëÿ dimK = n + 1 = 3.

Çàäà÷à 9.6.4. Ïóñòü A � ïîäêîìïëåêñ êîìïëåêñà K è dim(K − A) ≤ n + 1. Òî-
ãäà ñóùåñòâóåò àëãîðèòì ïðîâåðêè ïðîäîëæàåìîñòè íà K çàäàííîãî ñèìïëèöèàëüíîãî

îòîáðàæåíèÿ A→ Sn.
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Óêàçàíèå. Àíàëîãè÷íî âûøåïðèâåäåííîìó îïðåäåëèòå ãðóïïó Hn+1(K,A;Z) è ïî-

ñòðîéòå ïðåïÿòñòâèå o(f) ∈ Hn+1(K,A;Z) ê ïðîäîëæåíèþ f íà K.

Óñëîâèå dim(K−A) ≤ n+1 ìîæíî îñëàáèòü äî dim(K−A) ≤ 2n−1, ñ è
ïîëüçîâàíèåì
ãîðàçäî áîëåå ïðîäâèíóòûõ ìåòîäîâ (ñì. �9.7, �9.8).

Òåîðåìà 9.6.5 ([CKM12+, Theorem 1.4℄). For any n > 1 there is an algorithm that,

given simpli
ial 
omplexes A ⊂ K and Y , and a simpli
ial map f : A → Y , where Y is

(n− 1)-
onne
ted and dim(K −A) ≤ 2n− 1, de
ides whether f extends to a map X → Y .
Moreover, the algorithm runs in polynomial time in A,K, Y for n �xed.

Îäíàêî ïðè dim(K − A) = 2n òàêîãî àëãîðèòìà ìîæåò íå áûòü. Ýòî ïîêàçûâàåò

ñëåäóþùàÿ âåðñèÿ òåîðåìû [CKM+, Theorem 1.1℄, íåñëîæíî âûòåêàþùåé èç ðåçóëü-

òàòîâ Õîï�à-Óàéòõåäà î ãîìîòîïè÷åñêîé êëàññè�èêàöèè îòîáðàæåíèé S2n−1 → Sn è

S2n−1 → Sn ∨ Sn, ñì. îáçîð [Sk20e℄.

Òåîðåìà 9.6.6. Let Yn = Sn for n even and Yn = Sn∨Sn for n odd. For any n > 1 there is
no algorithm re
ognizing extendability of the identity map of Yn to a map K → Yn of a given
2n-
omplex K 
ontaining a subdivision of Yn as a given sub
omplex. (I.e., retra
tability of

K to Yn is unde
idable.)

Çàäà÷à 9.6.7. (a,b,
,d) Ñ�îðìóëèðóéòå è äîêàæèòå n-ìåðíûå àíàëîãè óòâåðæäåíèé
9.2.4 è 9.2.7 (ñð. óòâåðæäåíèå 9.2.8 è [Sk20, òåîðåìà 10.9.3℄).

9.7 Îòîáðàæåíèÿ êîìïëåêñà â ñ�åðó ìåíüøåé ðàçìåðíîñòè

Ïðèâåäåì áåç äîêàçàòåëüñòâà îïèñàíèå ìíîæåñòâà [K,Sn] äëÿ (n+ 1)-êîìïëåêñà K.

Òåîðåìà 9.7.1 (Ñòèíðîä). Äëÿ ëþáûõ n ≥ 3 è (n+1)-êîìïëåêñà K ñóùåñòâóåò áèåê-

öèÿ

[K,Sn]
deg×St
→ Hn(K;Z)×Hn+1(K)/ Sq 2ρ2H

n−1(K;Z).

Çäåñü ρ2 : Hn(K;Z) → Hn(K) � ïðèâåäåíèå ïî ìîäóëþ 2. Îòîáðàæåíèå (îïåðàöèÿ;

ñòèíðîäîâ êâàäðàò) Sq2 : Hn−1(K) → Hn+1(K) îïðåäåëÿåòñÿ òåì óñëîâèåì, ÷òî äëÿ

îòîáðàæåíèÿ f : K(n−1) → Sn−1
, ïðîäîëæàåìîãî íà K(n)

, ýëåìåíò Sq2 ρ2(deg f) ∈
Hn+1(K) ÿâëÿåòñÿ ïðåïÿòñòâèåì o(f) ê ïðîäîëæåíèþ îòîáðàæåíèÿ f íà âñå K.

Çàäà÷à 9.7.2. * (a) Îïðåäåëåíèå îïåðàöèè Sq2 êîððåêòíî, ò.å. ïðåïÿòñòâèÿ o(f)
äåéñòâèòåëüíî ïðîïóñêàåòñÿ ÷åðåç ρ2 è çàâèñèò òîëüêî îò deg f .

(b) Îïåðàöèÿ Sq2 åñòåñòâåííà ïî K.

(
) Äëÿ 2-êîöèêëà a ýëåìåíò Sq2[a] ïðåäñòàâëÿåòñÿ 4-êîöèêëîì, ¾îïðåäåëåííûì �îð-

ìóëîé b(01234) = a(012)a(234)¿.

Çàäà÷à 9.7.3. * Ïóñòü K åñòü 4-êîìïëåêñ.

(a) Äëÿ îòîáðàæåíèÿ f : K(2) → S2
, ïðîäîëæàåìîãî íà K(3)

, ïîñòðîéòå ïðåïÿòñòâèå

Sq2(deg f) ∈ H4(K; π3(S
2)) ê ïðîäîëæåíèþ îòîáðàæåíèÿ f íà âñå K (àíàëîãè÷íî çà-

äà÷å 9.6.4). Ïîëó÷èòñÿ îòîáðàæåíèå Sq2, äëÿ êîòîðîãî ïîñëåäîâàòåëüíîñòü [K,S2]
deg
−−→

H2(K;Z)
Sq2

−−→ H4(K;Z) ìíîæåñòâ ñ îòìå÷åííûìè òî÷êàìè òî÷íà.

(b) Ïóñòü K � îðèåíòèðóåìîå 4-ìíîãîîáðàçèå è êëàññ a ∈ H2(K;Z) äâîéñòâåíåí ïî

Ïóàíêàðå êëàññó Da ∈ H2(K;Z), ïðåäñòàâëÿþùåìóñÿ âëîæåíèåì h : N → K çàìêíó-

òîãî îðèåíòèðóåìîãî 2-ìíîãîîáðàçèÿ (ò.å. ñ�åðû ñ ðó÷êàìè) N . Òîãäà Sq2 a åñòü ñóììà
òî÷åê (ñî çíàêîì) â hN ∩ h′N , ãäå h′ � ïîãðóæåíèå, áëèçêîå ê h.
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(
) Åñëè α ∈ H2(K;Z), òî fSq2 α = f1 ◦ fα, ãäå 1 ∈ H4(CP 3;Z) ∼= H2(CP
3;Z) ∼= Z �

îáðàçóþùàÿ è îòîáðàæåíèÿ

fSq2 α : K → K(Z, 4), f1 : CP
3 → K(Z, 4) è fα : K → CP 3

ñîîòâåòñòâóþò êëàññàì Sq2 α, 1 è α ïðè èçîìîð�èçìàõ

H4(K;Z) ∼= [K,K(Z, 4)], H4(CP 3;Z) ∼= [CP 3, K(Z, 4)] è H2(K;Z) ∼= [K,CP 3]

èç òåîðåìû Ýéëåíáåðãà-Ìàêëåéíà 9.8.2 íèæå.

Òåîðåìà 9.7.4 (Ïîíòðÿãèí). (a) Äëÿ ëþáîãî 3-êîìïëåêñà K èìååòñÿ ñþðúåêöèÿ deg :
[K;S2] → H2(K;Z) è áèåêöèÿ deg−1(0) → H3(K;Z).

(b) Äëÿ ëþáîãî γ ∈ H2(K;Z) èìååòñÿ áèåêöèÿ deg−1(γ) →
H3(K;Z)

2γ ∪H1(K;Z)
.

Âîò ¾îïðåäåëåíèå¿ ïðîèçâåäåíèÿ ∪ : H1(K;Z) × H2(K;Z) → H3(K;Z): ÷èñëî íà

ñèìïëåêñå 1234 ðàâíî ïðîèçâåäåíèþ ÷èñåë íà ñèìïëåêñå 12 è íà ñèìïëåêñå 234. Âïðî÷åì,

ýòî îïðåäåëåíèå åñòåñòâåííî ïîÿâëÿåòñÿ ïðè èçó÷åíèè ìíîæåñòâà [K,S2], ïîýòîìó åãî

ìîæíî ïðèäóìàòü, è íå çíàÿ îïðåäåëåíèÿ.

Êàê ïî γ áûñòðî íàéòè 2γ ∪H1(K;Z)?

9.8 Îòîáðàæåíèÿ êîìïëåêñà â ïðîñòðàíñòâà Ýéëåíáåðãà-Ìàêëåéíà

Àíàëîã òåîðåìû 9.2.2 íåâåðåí äëÿ K = S2
, èáî [S2,RP 2] áåñêîíå÷íî, à H1(S2) = 0.

Îäíàêî òåîðåìó 9.2.2 âñå-òàêè ìîæíî îáîáùèòü íà ìíîãîìåðíûé ñëó÷àé. Ñëåäóþùàÿ

òåîðåìà îáîáùàåò ðåçóëüòàò î òîì, ÷òî |[S1,RP n+1]| = 2 è |[Sk,RP n+1]| = 1 äëÿ ëþáûõ
1 < k ≤ n [Sk20, �14.5℄ (åãî ìîæíî èñïîëüçîâàòü áåç äîêàçàòåëüñòâà).

Òåîðåìà 9.8.1 (Ýéëåíáåðãà-Ìàêëåéíà äëÿ RP n+1
). (a) Äëÿ ëþáîãî n-ìíîãîîáðàçèÿ N

ñóùåñòâóåò áèåêöèÿ deg : [N,RP n+1] → Hn−1(N, ∂).
(b) Äëÿ ëþáîãî n-êîìïëåêñà K ñóùåñòâóåò áèåêöèÿ deg : [K,RP n+1] → H1(K).
(
) Äëÿ ëþáîãî n-êîìïëåêñà K óòâåðæäåíèå A(K,RP n+1) âåðíî.

Íàáðîñîê îïðåäåëåíèÿ îäíîìåðíîé ãðóïïû êîãîìîëîãèé H1(K) è äîêàçàòåëüñòâà

òåîðåìû Ýéëåíáåðãà-Ìàêëåéíà (b). Ñëó÷àé n = 1 åñòü òåîðåìà 9.2.2. Ïðèâåäåì íà-

áðîñîê äîêàçàòåëüñòâà äëÿ n = 2 (îáùèé ñëó÷àé àíàëîãè÷åí).

Ôèêñèðóåì ðàçëîæåíèå RP 0 ∈ RP 1 ⊂ RP 2 ⊂ RP 3
. Êàê è ðàíåå, äîñòàòî÷íî êëàñ-

ñè�èöèðîâàòü êëåòî÷íûå îòîáðàæåíèÿ, ò.å. îòîáðàæåíèÿ, ïåðåâîäÿùèå âåðøèíû 2-

êîìïëåêñà K â òî÷êó RP 0
, ðåáðà â RP 1

è ãðàíè â RP 2
. Äëÿ êëåòî÷íîãî îòîáðàæå-

íèÿ f : K → RP 3
, êàê è â òåîðåìå 9.2.2 îïðåäåëèì ïðåïÿòñòâóþùèé êîöèêë γ(f),

ò.å. ðàññòàíîâêó âû÷åòîâ ïî ìîäóëþ 2 íà ðåáðàõ, äëÿ êîòîðîé ñóììà ÷èñåë ïî ãðàíèöå

ëþáîé ãðàíè ðàâíà íóëþ. Òàê êàê |[S2,RP 3]| = 1, òî γ(f) = γ(g) âëå÷åò f ≃ g.
Êàê è ðàíåå, îïðåäåëèì êîãðàíèöó δa âåðøèíû a.
Êàê è ðàíåå, ëþáàÿ ãîìîòîïèÿ êëåòî÷íîãî îòîáðàæåíèÿ f ìîæåò áûòü çàìåíåíà íà

êëåòî÷íóþ, ò.å. òàêóþ, äëÿ êîòîðîé îáðàçû âåðøèí íàõîäÿòñÿ íà RP 1
, à ðåáåð � íà

RP 2
. Òàê êàê |[S2,RP 3]| = 1, òî f ≃ g òîãäà è òîëüêî òîãäà, êîãäà

γ(f)− γ(g) = δa1 + · · ·+ δas

äëÿ íåêîòîðûõ âåðøèí a1, . . . , as ∈ K. Íàçîâåì òàêèå ðàññòàíîâêè γ(f) è γ(g) êîãîìî-
ëîãè÷íûìè.
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Îïðåäåëèì ãðóïïó H1(K) è îòîáðàæåíèå deg êàê è â äîêàçàòåëüñòâå òåîðåìû 9.2.2.

Òîãäà îòîáðàæåíèå deg îïðåäåëåíî êîððåêòíî. Èíúåêòèâíîñòü ýòîãî îòîáðàæåíèÿ äî-

êàçûâàåòñÿ àíàëîãè÷íî èíúåêòèâíîñòè îòîáðàæåíèÿ deg èç òåîðåìû 9.2.2. Ñþðúåêòèâ-

íîñòü äîêàçûâàåòñÿ àíàëîãè÷íî òåîðåìå Áðóøëèíñêîãî 9.5.3 ñ èñïîëüçîâàíèåì |[S2,RP 3]| =
1 [Sk20, �9.2℄ è ñ çàìåíîé Z íà Z2.

Äîêàçàòåëüñòâî äëÿ îáùåãî ñëó÷àÿ àíàëîãè÷íî ïðåäûäóùåìó. Äåéñòâèòåëüíî, ëþáîå

îòîáðàæåíèå K(2) → RP n+1
ìîæíî ïðîäîëæèòü íà âñå K è ëþáóþ ãîìîòîïèþ íà K(1)

ìîæíî ïðîäîëæèòü íà âñå K ââèäó |[Sk,RP n+1]| = 1 äëÿ ëþáûõ 1 < k ≤ n. QED

Ñëåäóþùàÿ òåîðåìà îáîáùàåò ðåçóëüòàò î òîì, ÷òî ñòåïåíü äàåò áèåêöèþ [S2,CP n] =
[S2,CP 1] → Z, à òàêæå ðàâåíñòâà |[Sk,CP n]| = 1 äëÿ k = 1, 3, 4, 5, . . . , 2n [Sk20, �14.5℄

(èõ ìîæíî èñïîëüçîâàòü áåç äîêàçàòåëüñòâà).

Òåîðåìà 9.8.2 (Ýéëåíáåðãà-Ìàêëåéíà äëÿ CP n
). (a) Äëÿ ëþáûõ n ≥ 2 è n-ìíîãîîáðàçèÿ

N ñóùåñòâóåò áèåêöèÿ deg : [N,CP n] → Hn−2(N, ∂;Z).
(b) Äëÿ ëþáîãî n-êîìïëåêñà K ñóùåñòâóåò áèåêöèÿ deg : [K,CP n] → H2(K;Z).
(
) Äëÿ ëþáîãî n-êîìïëåêñà K óòâåðæäåíèå A(K,CP n) âåðíî.

Óêàçàíèå ê äîêàçàòåëüñòâó ï. (b). Ñëó÷àé n = 1 î÷åâèäåí. Ñëó÷àé n = 2 �àêòè-

÷åñêè áûë äîêàçàí â äâóìåðíîé òåîðåìå Õîï�à-Óèòíè: [K,CP 2] = [K,S2] = H2(K;Z),
ïîñêîëüêó ëþáîå îòîáðàæåíèå K → CP 2

è ëþáàÿ åãî ãîìîòîïèÿ ¾âûòåñíÿþòñÿ¿ íà

S2 = CP 1 ⊂ CP 2
.

Àíàëîãè÷íî äîêàçàòåëüñòâó òåîðåìû Ýéëåíáåðãà-Ìàêëåéíà äëÿ RP n+1
.

Äëÿ n = 3 ðàññìîòðèì ðàçëîæåíèå v = CP 0 ∈ CP 1 ⊂ CP 2 ⊂ CP 3
. Îòîáðàæå-

íèå f : K → CP 3
íàçûâàåòñÿ êëåòî÷íûì, åñëè f(K(1)) = v è f(K(3)) ⊂ CP 2

. �î-

ìîòîïèÿ ft : K → CP 3
íàçûâàåòñÿ êëåòî÷íîé, åñëè ft(K

(0)) = v, ft(K
(2)) ⊂ CP 1

è

ft(K
(3)) ⊂ CP 2

äëÿ ëþáîãî t. Ìíîæåñòâî [K,CP 3] íàõîäèòñÿ â áèåêòèâíîì ñîîòâåò-

ñòâèè ñ ìíîæåñòâîì êëåòî÷íûõ îòîáðàæåíèé ñ òî÷íîñòüþ äî êëåòî÷íîé ãîìîòîïèè �

è, òåì ñàìûì, ñ [K,CP 2]. Èñïîëüçóéòå áèåêöèþ [S2,CP 2] = [S2,CP 1] → Z è ðàâåíñòâà

|[S1,CP 2]| = |[S3,CP 2]| = 1 [Sk20, �8℄.
Äëÿ ïðîèçâîëüíîãî n äîêàçàòåëüñòâî àíàëîãè÷íî. QED

Äëÿ ëþáîãî n ñóùåñòâóåò [FF89℄ (êàê ïðàâèëî, áåñêîíå÷íîìåðíûé) êîìïëåêñK(Z, n),
äëÿ êîòîðîãî

[Sn, K(Z, n)] ∼= Z è |[Sk, K(Z, n)]| = 1 äëÿ ëþáîãî k 6= n.

Íàïðèìåð, K(Z, 1) ∼= S1
è K(Z, 2) ∼= CP∞

.

Òåîðåìà 9.8.3 (Ýéëåíáåðãà-Ìàêëåéíà). Äëÿ ëþáîãî êîìïëåêñà K ñóùåñòâóåò áèåêöèÿ

deg : [K,K(Z, n)] → Hn(K;Z).

Äëÿ àáåëåâîé ãðóïïû π ìîæíî îïðåäåëèòü (âîîáùå ãîâîðÿ, áåñêîíå÷íîìåðíûé) êîì-
ïëåêñ K(π, n), è äëÿ êîìïëåêñà K ìîæíî îïðåäåëèòü ãðóïïó Hn(K; π) òàê, ÷òîáû ñó-

ùåñòâîâàëà áèåêöèÿ deg : [K,K(π, n)] → Hn(K; π).
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10 Òðåõìåðíûå óòîëùåíèÿ äâóìåðíûõ êîìïëåêñîâ

10.1 Äâóìåðíûå óòîëùåíèÿ ãðà�îâ

Îïðåäåëåíèÿ (äâóìåðíûõ) óòîëùåíèé ãðà�îâ è èõ îðèåíòèðóåìîñòè, ãðà�îâ ñ âðàùå-

íèÿìè è èõ ýêâèâàëåíòíîñòè, äàíû â [Sk20, ��1.6, 2.8, 2.9℄.

Òåîðåìà 10.1.1 (êðèòåðèé îðèåíòèðóåìîñòè). Êàæäîå èç ñëåäóþùèõ óñëîâèÿ íà óòîë-

ùåíèå (N,G) ãðà�à G ðàâíîñèëüíû åãî îðèåíòèðóåìîñòè:

(M) (N,G) íå ñîäåðæèò ïàðû èç ëåíòû Ìåáèóñà è åãî ñðåäíåé ëèíèè.

(E) â êàæäîì íåñàìîïåðåñåêàþùåìñÿ öèêëå â (ëþáîì) ãðà�å ñ âðàùåíèÿìè, îòâå-

÷àþùåì óòîëùåíèþ, ÷åòíîå êîëè÷åñòâî ðåáåð ñ åäèíèöàìè.

(W) ïåðâûé êëàññ Øòè�åëÿ-Óèòíè w1(N,G) ∈ H1(G) íóëåâîé.

Êðèòåðèé (W) èíòåðåñåí íå ñàì ïî ñåáå, à êàê èëëþñòðàöèÿ òåîðèè ïðåïÿòñòâèé è

øàã ê êëàññè�èêàöèè óòîëùåíèé (ñì. íèæå).

Äîêàçàòåëüñòâî êðèòåðèåâ (M) è (E). ßñíî, ÷òî (M) ýêâèâàëåíòíî (E), è ÷òî óñëî-

âèå (E) íåîáõîäèìî äëÿ îðèåíòèðóåìîñòè. Äîêàæåì åãî äîñòàòî÷íîñòü.

�àññìîòðèì îñòîâ T ãðà�à G. Cóùåñòâóåò óòîëùåíèå, ýêâèâàëåíòíîå äàííîìó, äëÿ
êîòîðîãî íà ðåáðàõ îñòîâà T ñòîÿò íóëè. Âîçüìåì íåñàìîïåðåñåêàþùèéñÿ öèêë, îáðàçî-

âàííûé ïðîèçâîëüíûì ðåáðîì e âíå îñòîâà è íåêîòîðûìè ðåáðàìè îñòîâà. Â ýòîì öèêëå

÷åòíîå êîëè÷åñòâî ðåáåð ñ åäèíèöàìè, èáî ýòî ñâîéñòâî íå ìåíÿåòñÿ ïðè èíâåðòèðîâà-

íèè. Ïîýòîìó â äàííîì óòîëùåíèè íà ðåáðå e ñòîèò íîëü. Çíà÷èò, äàííîå óòîëùåíèå

îðèåíòèðóåìî. QED

Îïðåäåëåíèå ãðóïïû H1(G), êëàññà w1(N,G) è äîêàçàòåëüñòâî êðèòåðèÿ (W). Îáî-

çíà÷èì äàííîå óòîëùåíèå ÷åðåç o. Íàçîâåì ñîîòâåòñòâóþùóþ ðàññòàíîâêó íóëåé è åäè-

íèö íà ðåáðàõ ãðà�à G ïðåïÿòñòâóþùåé è îáîçíà÷èì åå ω(o). Åñëè ω(o) = 0, òî óòîë-
ùåíèå îðèåíòèðóåìî.

Åñëè ω(o) 6= 0, òî åùå íå âñå ïîòåðÿíî: ìîæíî ïîïûòàòüñÿ ñäåëàòü èíâåðòèðîâàíèÿ

òàê, ÷òîáû ïðåïÿòñòâóþùàÿ ðàññòàíîâêà ñòàëà íóëåâîé. Âûÿñíèì, êàê ω(o) ìåíÿåòñÿ
ïðè èíâåðòèðîâàíèÿõ. Äëÿ ýòîãî çàìåòèì, ÷òî ðàññòàíîâêè ìîæíî ñêëàäûâàòü: äëÿ ýòî-

ãî ïðîñòî ñêëàäûâàþòñÿ ÷èñëà, ñòîÿùèå íà êàæäîì ðåáðå (òàêîå ñëîæåíèå íàçûâàåòñÿ

ïîêîìïîíåíòíûì). Ïðè èíâåðòèðîâàíèè ê ω(o) ïðèáàâëÿåòñÿ ðàññòàíîâêà åäèíèö íà

ðåáðàõ, âûõîäÿùèõ èç a, è íóëåé íà âñåõ îñòàëüíûõ ðåáðàõ. Ýòà ðàññòàíîâêà íàçûâàåò-
ñÿ ýëåìåíòàðíîé êîãðàíèöåé âåðøèíû a è îáîçíà÷àåòñÿ δa. ßñíî, ÷òî åñëè óòîëùåíèÿ

o è o′ ïîëó÷àþòñÿ äðóã èç äðóãà èíâåðòèðîâàíèÿìè â âåðøèíàõ a1, . . . , ak, òî

ω(o)− ω(o′) = δa1 + · · ·+ δak.

Íàçîâåì êîãðàíèöåé ñóììó ýëåìåíòàðíûõ êîãðàíèö íåñêîëüêèõ âåðøèí. Íàçîâåì ðàñ-

ñòàíîâêè ω1 è ω2 êîãîìîëîãè÷íûìè, åñëè ω1 − ω2 åñòü êîãðàíèöà δa1 + · · ·+ δak. ßñíî,
÷òî

(i) Ïðè èíâåðòèðîâàíèè ïðåïÿòñòâóþùàÿ ðàññòàíîâêà óòîëùåíèÿ çàìåíÿåòñÿ íà êî-

ãîìîëîãè÷íóþ ðàññòàíîâêó.

(ii) Åñëè ïðåïÿòñòâóþùàÿ ðàññòàíîâêà óòîëùåíèÿ ÿâëÿåòñÿ êîãðàíèöåé, òî ñóùå-

ñòâóåò ýêâèâàëåíòíîå óòîëùåíèå ñ íóëåâîé ïðåïÿòñòâóþùåé ðàññòàíîâêîé.

(iii) Êîãîìîëîãè÷íîñòü ÿâëÿåòñÿ îòíîøåíèåì ýêâèâàëåíòíîñòè íà ìíîæåñòâå âñåõ

ðàññòàíîâîê íóëåé è åäèíèö íà ðåáðàõ.

Îäíîìåðíîé ãðóïïîé êîãîìîëîãèé ãðà�à G (ñ êîý��èöèåíòàìè â Z2) íàçûâàåòñÿ

ãðóïïà H1(G) ðàññòàíîâîê ñ òî÷íîñòüþ äî êîãîìîëîãè÷íîñòè.
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Ïåðâûì êëàññîì Øòè�åëÿ-Óèòíè óòîëùåíèÿ íàçûâàåòñÿ êëàññ êîãîìîëîãè÷íîñòè

ïðåïÿòñòâóþùåé ðàññòàíîâêè ýòîãî óòîëùåíèÿ:

w1(N,G) = [ω(o)] ∈ H1(G).

Ýòî îïðåäåëåíèå êîððåêòíî ââèäó óòâåðæäåíèÿ (i).

ßñíî, ÷òî w1(N,G) ÿâëÿåòñÿ ïðåïÿòñòâèåì ê îðèåíòèðóåìîñòè óòîëùåíèÿ. Îáðàòíî,

ïóñòü w1(N,G) = 0. Çíà÷èò, ïðåïÿòñòâóþùàÿ ðàññòàíîâêà äàííîãî óòîëùåíèÿ ÿâëÿåòñÿ
êîãðàíèöåé. Òîãäà ïî (ii) óòîëùåíèå îðèåíòèðóåìî. QED

Çàäà÷à 10.1.2 (ñð. ñ çàäà÷åé 9.2.4). (a) Äëÿ ëþáîãî 1-öèêëà g ïðîèçâåäåíèå ω(o) · g
íå çàâèñèò îò ðàññòàíîâêè o.

(Çíà÷èò, �îðìóëà w∗
1(N,G)[g] = ω(o)·g êîððåêòíî çàäàåò ëèíåéíóþ �óíêöèþ w∗

1(N,G) :
H1(G) → Z2. Ò.å. ïåðâûé êëàññ Øòè�åëÿ-Óèòíè îïðåäåëÿåò îòîáðàæåíèå èç ìíîæåñòâà

óòîëùåíèé â ìíîæåñòâî ëèíåéíûõ �óíêöèé H1(G) → Z2.)

(b) w1(N,G) = 0 òîãäà è òîëüêî òîãäà, êîãäà �óíêöèÿ w∗
1(N,G) íóëåâàÿ.

(ñ) Îòîáðàæåíèå ϕ : H1(G) → (H1(G))
∗
, çàäàííîå �îðìóëîé ϕ[ν](h) = ν ·h ïåðåâîäèò

w1(N,G) â w
∗
1(N,G) äëÿ ëþáîãî óòîëùåíèÿ (N,G).

Çàäà÷à 10.1.3. (a) Äâà îðèåíòèðîâàííûõ âðàùåíèÿ íà îäíîì ñâÿçíîì ãðà�å ýêâèâà-

ëåíòíû òîãäà è òîëüêî òîãäà, êîãäà îäíî ïîëó÷àåòñÿ èç äðóãîãî îáðàùåíèåì îðèåíòàöèè

öèêëè÷åñêèõ ïîðÿäêîâ âî âñåõ âåðøèíàõ.

(b) Óòîëùåíèÿ, îòâå÷àþùèå ýêâèâàëåíòíûì ãðà�àì ñ âðàùåíèÿìè, îäíîâðåìåííî

âûðåçàåìû èç äàííîé ïîâåðõíîñòè èëè íåò.

(
) �îìåîìîð�íûå ãðà�û èìåþò îäèíàêîâîå êîëè÷åñòâî êëàññîâ ýêâèâàëåíòíîñòè

îðèåíòèðóåìûõ âðàùåíèé (âðàùåíèé).

Çàäà÷à 10.1.4. Ñêîëüêî êëàññîâ ýêâèâàëåíòíîñòè îðèåíòèðîâàííûõ âðàùåíèé (âðà-

ùåíèé) íà

(a) îêðóæíîñòè, (b) ïóòè, (ñ) òðèîäå,

(d) äåðåâå, (e) âîñüìåðêå, (f) áóêâå Θ?

Çàäà÷à 10.1.5. (a) ×èñëî êëàññîâ ýêâèâàëåíòíîñòè îðèåíòèðîâàííûõ âðàùåíèé (âðà-

ùåíèé) íà ñâÿçíîì ãðà�å, èìåþùåì òîëüêî âåðøèíû ñòåïåíè 3 è èìåþùåì V âåðøèí

è E ðåáåð, ðàâíî 2V−1
(2E).

(b) Êëàññè�èêàöèÿ âðàùåíèé íà ãðà�å. Ïóñòü G � ñâÿçíûé ãðà�, íå ãîìåîìîð�íûé

òî÷êå, îêðóæíîñòè èëè îòðåçêó. Åñëè â G èìååòñÿ V âåðøèí ñòåïåíåé k1, . . . , kV è E =
1
2
(k1+ · · ·+kV ) ðåáåð, òî êîëè÷åñòâà êëàññîâ ýêâèâàëåíòíîñòè îðèåíòèðóåìûõ âðàùåíèé
è âðàùåíèé íà ýòîì ãðà�å ðàâíû ñîîòâåòñòâåííî

1

2
(k1 − 1)! · · · · · (kV − 1)! è 2E−V (k1 − 1)! . . . (kV − 1)!.

10.2 Òðåõìåðíûå óòîëùåíèÿ ãðà�îâ

Òðåõìåðíàÿ ëåíòà Ìåáèóñà ïîëó÷àåòñÿ èç òðåõìåðíîãî öèëèíäðà

{(x, y, z) ∈ R3 | x2 + y2 ≤ 1, 0 ≤ z ≤ 1}

ñêëåéêîé òî÷åê (x, y, 0) è (x,−y, 1) äëÿ âñåõ x, y. Ýòà ñêëåéêà îñóùåñòâëÿåòñÿ íå â òðåõ-
ìåðíîì ïðîñòðàíñòâå, à â ÷åòûðåõìåðíîì ïðîñòðàíñòâå èëè àáñòðàêòíî.

Çàäà÷à 10.2.1. (a) ×åìó ãîìåîìîð�åí êðàé òðåõìåðíîé ëåíòû Ìåáèóñà?

(b) Âëîæèì ëè ïîëíûé 2-êîìïëåêñ ñ 6 âåðøèíàìè â òðåõìåðíóþ ëåíòó Ìåáèóñà?

Çàäà÷à 10.2.2. (a,b,
,(3),...,(32),σ) Êàêèå èç ñêëååê çàäà÷ 6.1.2-6.1.4 ìîæíî îñóùå-

ñòâèòü â òðåõìåðíîé ëåíòå Ìåáèóñà?
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Âîçüìåì òðåõìåðíûé øàð. Îòìåòèì íà åãî ãðàíè÷íîé ñ�åðå ïîïàðíî íåïåðåñåêàþ-

ùèåñÿ äâóìåðíûå äèñêè, ðàçáèòûå íà ïàðû. Êàæäóþ ïàðó D2×{0, 1} äèñêîâ ñîåäèíèì
(íå îáÿçàòåëüíî â òðåõìåðíîì ïðîñòðàíñòâå) òðåõìåðíîé òðóáêîé D2× [0, 1] (òàê, ÷òîáû
òðóáêè ïîïàðíî íå ïåðåñåêàëèñü). Îáúåäèíåíèå øàðà è ïîñòðîåííûõ òðóáîê íàçûâàåòñÿ

øàðîì ñ òðóáêàìè.

Çàìåòèì, ÷òî êàæäóþ ïàðó äèñêîâ ìîæíî ñîåäèíèòü òðóáêîé äâóìÿ ñïîñîáàìè. Ïðè

ïåðâîì ñïîñîáå îðèåíòàöèÿ êðàåâîé ñ�åðû ïðè ïðîíîñå âäîëü òðóáêè ñîâìåùàåòñÿ ñ

ïðîòèâîïîëîæíîé îðèåíòàöèåé; òàêàÿ òðóáêà íàçûâàåòñÿ íåïåðåêðó÷åííîé. Ïðè âòîðîì

ñïîñîáå ýòà îðèåíòàöèÿ ñîâìåùàåòñÿ ñ ñîáîé; òàêàÿ òðóáêà íàçûâàåòñÿ ïåðåêðó÷åííîé.

Øàðó ñ òðóáêàìè ãîìåîìîð�íû

• ÷àñòü ïðîñòðàíñòâà R3
, îãðàíè÷åííàÿ ñòàíäàðòíîé ñ�åðîé ñ ðó÷êàìè;

• íåêîòîðàÿ îêðåñòíîñòü ëþáîãî ãðà�à, êóñî÷íî-ëèíåéíî âëîæåííîãî â R3
;

• òðåõìåðíàÿ ëåíòà Ìåáèóñà;

• íåêîòîðàÿ îêðåñòíîñòü ëþáîãî ãðà�à, âëîæåííîãî â òðåõìåðíóþ ëåíòó Ìåáèóñà;

• íåêîòîðàÿ îêðåñòíîñòü ëþáîãî ãðà�à, âëîæåííîãî â øàð ñ òðóáêàìè.

Çàäà÷à 10.2.3. Ëþáîé ëè øàð ñ òðóáêàìè ìîæíî âûðåçàòü èç òðåõìåðíîé ëåíòû

Ìåáèóñà?

Àíàëîãè÷íî îïðåäåëÿåòñÿ îáúåäèíåíèå øàðîâ è òðóáîê, â êîòîðîì òðóáêè ìîãóò

ñîåäèíÿòü äèñêè íà ðàçíûõ øàðàõ. Ïðèâåäåì äåòàëè. Âîçüìåì íåñâÿçíîå îáúåäèíåíèå

òðåõìåðíûõ øàðîâ, îòâå÷àþùèõ âåðøèíàì äàííîãî ãðà�à G. Íà êàæäîé èç èõ ãðà-

íè÷íûõ ñ�åð âîçüìåì ïîïàðíî íåïåðåñåêàþùèåñÿ äâóìåðíûå äèñêè, îòâå÷àþùèå âû-

õîäÿùèì èç ñîîòâåòñòâóþùåé âåðøèíû ðåáðàì. Äëÿ êàæäîãî ðåáðà ãðà�à ñîåäèíèì

(íå îáÿçàòåëüíî â òðåõìåðíîì ïðîñòðàíñòâå) ñîîòâåòñòâóþùèå åìó äâà äèñêà òðåõìåð-

íîé òðóáêîé D2× [0, 1]. Îáîçíà÷èì ÷åðåç M îáúåäèíåíèå ïîñòðîåííûõ øàðîâ è òðóáîê.

�ðà� G åñòåñòâåííî âëîæåí âM . Ïàðà (M,G) íàçûâàåòñÿ òðåõìåðíûì óòîëùåíèåì

(3-óòîëùåíèåì) ãðà�à G.

Çàäà÷à 10.2.4. (a) Ñ�îðìóëèðóéòå è äîêàæèòå òðåõìåðíûé àíàëîã êðèòåðèÿ îðè-

åíòèðóåìîñòè 10.1.1.

(b) Òðåõìåðíîå óòîëùåíèå îòðåçêà (è äàæå äåðåâà) ãîìåìîð�íî øàðó.

(
) ×åìó ìîæåò áûòü ãîìåîìîð�íî 3-óòîëùåíèå îêðóæíîñòè?

(d) Ëþáîå îðèåíòèðóåìîå 3-óòîëùåíèå ãðà�à âëîæèìî â R3
(ò.å. ñîîòâåòñòâóþùóþ

êîíñòðóêöèþ ìîæíî ïðîäåëàòü áåç ñàìîïåðåñå÷åíèé â R3
).

(e) Ëþáîå îðèåíòèðóåìîå 3-óòîëùåíèå ñâÿçíîãî ãðà�à ñ V âåðøèíàìè è E ðåáðàìè

ãîìåîìîð�íî øàðó ñ E − V + 1 ðó÷êàìè (handlebody).

(f) Ëþáîå 3-óòîëùåíèå ãðà�à âëîæèìî â R4
.

(g) Ëþáîå 3-óòîëùåíèå ñâÿçíîãî ãðà�à ãîìåîìîð�íî øàðó ñ òðóáêàìè.

Çàäà÷à 10.2.5. Äâà 3-óòîëùåíèÿ îäíîãî ãðà�à G íàçûâàþòñÿ ýêâèâàëåíòíûìè,

åñëè îíè ãîìåîìîð�íû íåïîäâèæíî íà G.
(a) Äëÿ ñâÿçíîãî ãðà�à ñ V âåðøèíàìè è E ðåáðàìè èìååòñÿ 2E−V+1

òðåõìåðíûõ

óòîëùåíèé ñ òî÷íîñòüþ äî ýêâèâàëåíòíîñòè.

(b) Íà ãðàíè÷íîé ñ�åðå êàæäîãî øàðà èç îïðåäåëåíèÿ 3-óòîëùåíèÿ ââåäåì îðèåíòà-

öèþ. Òðóáêà èç îïðåäåëåíèÿ 3-óòîëùåíèÿ íàçûâàåòñÿ ïåðåêðó÷åííîé, åñëè îðèåíòàöèè

íà äâóõ åå ïðîòèâîïîëîæíûõ îñíîâàíèÿõ, ëåæàùèõ â øàðàõ, ñîâïàäàþò. Òðóáêà íàçû-

âàåòñÿ íåïåðåêðó÷åííîé, åñëè ýòè îðèåíòàöèè ïðîòèâîïîëîæíû.

Äâà 3-óòîëùåíèÿ îäíîãî ãðà�à ýêâèâàëåíòíû òîãäà è òîëüêî òîãäà, êîãäà ìîæíî

èçìåíèòü îðèåíòàöèè íà èõ ñ�åðàõ òàê, ÷òîáû äëÿ êàæäîãî ðåáðà òðóáêè â äâóõ 3-

óòîëùåíèÿõ, ñîîòâåòñòâóþùèå ýòîìó ðåáðó, áûëè îäíîâðåìåííî ïåðåêðó÷åíû èëè íåò.

Çàäà÷à 10.2.6. Ñ�îðìóëèðóéòå è äîêàæèòå àíàëîãè ïðèâåäåííûõ ðåçóëüòàòîâ äëÿ

n-ìåðíûõ óòîëùåíèé ãðà�îâ.
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Îòâåò ê 10.2.2.σ. σ-ñêëåéêó ìîæíî îñóùåñòâèòü äëÿ ïåðåñòàíîâîê σ, ñîïðÿæåííûõ
ïåðåñòàíîâêàì èç ïîäãðóïïû äèýäðà.

10.3 Óòîëùàåìîñòü 2-êîìïëåêñîâ äî 3-ìíîãîîáðàçèé

Ïîíÿòèÿ óòîëùàåìîñòè è óòîëùåíèÿ ïîëåçíû, íàïðèìåð, äëÿ èçó÷åíèÿ

• âëîæèìîñòè 2-êîìïëåêñîâ â R3
ïóòåì ðàññìîòðåíèÿ ¾ìèíèìàëüíûõ¿ 3-ìíîãîîáðàçèé,

ñîäåðæàùèõ äàííûé 2-êîìïëåêñ, è ðàñïîçíàâàíèÿ âëîæèìîñòè âR3
òàêèõ 3-ìíîãîîáðàçèé

(ñì. òåîðåìó 6.6.1 äëÿ d = 3 = k + 1);
• ãîìåîìîð�íîñòè 3-ìíîãîîáðàçèé ïóòåì ðàññìîòðåíèÿ ýêâèâàëåíòíîñòè ëåæàùèõ

â íèõ 2-êîìïëåêñîâ (ñì. òåîðåìû 10.4.1.ab).

• �óíäàìåíòàëüíûõ ãðóïï 3-ìíîãîîáðàçèé ïóòåì ðàññìîòðåíèÿ âëîæèìîñòè â 3-

ìíîãîîáðàçèÿ 2-êîìïëåêñîâ, îòâå÷àþùèõ êîïðåäñòàâëåíèÿì ãðóïï.

Ñð. ñ çàäà÷àìè î ðåàëèçóåìîñòè 2-êîìïëåêñîâ â R3
([Sk14℄ è �6).

Çàäà÷à 10.3.1. Ïðèêëåèì ê ïîëíîòîðèþ D2 × S1
òðåõìåðíóþ ïðîáêó D2 × [0, 1],

îòîæäåñòâëÿÿ ñ êîëüöîì ∂D2 × [0, 1] îêðåñòíîñòü â êðàåâîì òîðå

(a) ìàëîé îêðóæíîñòè. �åçóëüòàò ïðèêëåéêè ãîìåîìîð�åí îêðåñòíîñòè â R3
áóêåòà

S2 ∨ S1
.

(b) îêðóæíîñòè, ïîëó÷åííîé èç îêðóæíîñòè (1, 0) × S1
(ïàðàëëåëè) ¾íåñêîëüêèìè

îáîðîòàìè âäîëü îêðóæíîñòè S1 × (1, 0) (ìåðèäèàíà)¿. �åçóëüòàò ïðèêëåéêè ãîìåîìîð-
�åí D3

.

(
) îêðóæíîñòè ∂D2×(1, 0). �åçóëüòàò ïðèêëåéêè ãîìåîìîð�åí äîïîëíåíèþ äî òðåõ-

ìåðíîãî øàðà â S1 × S2
.

Êðàåì øàðà ñ òðóáêàìè ÿâëÿåòñÿ ñ�åðà ñ ïåðåêðó÷åííûìè ðó÷êàìè. Îòìåòèì íà

íåé ïîïàðíî íåïåðåñåêàþùèåñÿ êîëüöà. Ê êàæäîìó êîëüöó (îòîæäåñòâëåííîìó ñ) S1 ×
[0, 1] ïðèêëåèì (íå îáÿçàòåëüíî â òðåõìåðíîì ïðîñòðàíñòâå) òðåõìåðíóþ ïðîáêó D2 ×
[0, 1] (òàê, ÷òîáû ïðîáêè ïîïàðíî íå ïåðåñåêàëèñü). Îáúåäèíåíèå øàðà ñ òðóáêàìè è

ïîñòðîåííûõ ïðîáîê íàçûâàåòñÿ øàðîì ñ òðóáêàìè è ïðîáêàìè.

Çàäà÷à 10.3.2. (a) Áóòûëêà Êëåéíà; (b) Ïðîåêòèâíàÿ ïëîñêîñòü;

(
) Ëþáîå 2-ìíîãîîáðàçèå;

(d) òåëî 2-êîìïëåêñà, ïîëó÷àþùååñÿ èç äâóìåðíîãî ïðàâèëüíîãî ìíîãîóãîëüíèêà

ñêëåéêîé âñåõ ñòîðîí â îäíó (íå îáÿçàòåëüíî ñ íàïðàâëåíèÿìè, ñîãëàñîâàííûìè âäîëü

ãðàíèöû ìíîãîóãîëüíèêà; âïðî÷åì, íà÷íèòå ñ ýòîãî ÷àñòíîãî ñëó÷àÿ);

âëîæèì(à)(î) â íåêîòîðûé øàð ñ íåïåðåêðó÷åííûìè òðóáêàìè è ïðîáêàìè.

Çàäà÷à 10.3.3. (a) Øàð ñ òðóáêàìè è ïðîáêàìè îðèåíòèðóåì òîãäà è òîëüêî òîãäà,

êîãäà íåò ïåðåêðó÷åííûõ òðóáîê.

(b) Ëþáîé øàð ñ òðóáêàìè è ïðîáêàìè âëîæèì â R5
.

(
) Ëþáîå âëîæåíèå øàðà ñ òðóáêàìè R5
(èëè äàæå â 5-ìíîãîîáðàçèå) ìîæíî ïðî-

äîëæèòü äî âëîæåíèÿ øàðà ñ òðóáêàìè è (íàïåðåä çàäàííûìè) ïðîáêàìè.

Çàäà÷à 10.3.4. (a) Ëþáîå ñâÿçíîå 3-ìíîãîîáðàçèå ñ íåïóñòûì êðàåì ãîìåîìîð�íî

øàðó ñ òðóáêàìè è ïðîáêàìè.

Óêàçàíèå: èñïîëüçóéòå óòâåðæäåíèÿ 10.5.2.

(b) Ëþáîå ñâÿçíîå îðèåíòèðóåìîå 3-ìíîãîîáðàçèå ñ íåïóñòûì êðàåì ãîìåîìîð�íî

øàðó ñ íåïåðåêðó÷åííûìè òðóáêàìè è ïðîáêàìè.

(
) Îáúåäèíåíèå äâóõ øàðîâ ñ òðóáêàìè ïî íåêîòîðûì äâóì íàáîðàì èç îäèíàêîâîãî

êîëè÷åñòâà êîëåö íà èõ êðàÿõ ãîìåîìîð�íî øàðó ñ òðóáêàìè.

(d) Òî æå äëÿ øàðîâ ñ òðóáêàìè è ïðîáêàìè.

(e) Ëþáîå ñâÿçíîå 3-ìíîãîîáðàçèå ñ íåïóñòûì êðàåì âëîæèìî â R5
.

(f) Ëþáîå ñâÿçíîå n-ìíîãîîáðàçèå ñ íåïóñòûì êðàåì âëîæèìî â R2n−1
.
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Çàäà÷à 10.3.5. Ïðèêëåèì ê êàæäîé êîìïîíåíòå êðàÿ ñâÿçíîãî 2-ìíîãîîáðàçèÿ ñ

êðàåì ïî êîëüöó, îòîæäåñòâëÿÿ ýòó êîìïîíåíòó ñî ñðåäèííîé îêðóæíîñòüþ êîëüöà.

Ïîëó÷åííûé 2-êîìïëåêñ âëîæèì â R3
.

Çàäà÷à 10.3.6. Âëîæèìî ëè â íåêîòîðûé øàð ñ òðóáêàìè è ïðîáêàìè îáúåäèíåíèå

ëåíòû Ìåáèóñà è ñëåäóþùåãî 2-ìíîãîîáðàçèÿ X , ïðè êîòîðîì êðàåâàÿ îêðóæíîñòü ∂X
(èëè îäíà èç íèõ â ï. (a)) îòîæäåñòâëÿåòñÿ ñî ¾ñðåäíåé ëèíèåé¿ S ëåíòû Ìåáèóñà?

(a) X � êîëüöî (ñð. ñ çàäà÷åé 10.2.2.(211)); (b) X � äèñê;

(
) X � òîð ñ äûðêîé; (d) X � ëåíòà Ìåáèóñà.

Óêàçàíèå. Åñëè ýòè çàäà÷è íå ïîëó÷àþòñÿ, òî âåðíèòåñü ê íèì ïîçæå.

2-êîìïëåêñ íàçûâàåòñÿ óòîëùàåìûì, åñëè îí âëîæèì â íåêîòîðûé (íå �èêñèðîâàí-

íûé çàðàíåå) øàð ñ òðóáêàìè è ïðîáêàìè. 2-êîìïëåêñ íàçûâàåòñÿ îðèåíòèðóåìî óòîë-

ùàåìûì, åñëè îí âëîæèì â íåêîòîðûé (íå �èêñèðîâàííûé çàðàíåå) øàð ñ íåïåðåêðó-

÷åííûìè òðóáêàìè è ïðîáêàìè. Âîò îïðåäåëåíèÿ íà îáùåïðèíÿòîì ÿçûêå. 2-êîìïëåêñ

íàçûâàåòñÿ (îðèåíòèðóåìî) óòîëùàåìûì, åñëè îí ãîìåîìîð�åí ïîäêîìïëåêñó íåêîòî-

ðîé òðèàíãóëÿöèè íåêîòîðîãî (îðèåíòèðóåìîãî) 3-ìíîãîîáðàçèÿ; ýòî 3-ìíîãîîáðàçèå íå

�èêñèðîâàíî çàðàíåå. (Ýòî îïðåäåëåíèå êóñî÷íî-ëèíåéíîé óòîëùàåìîñòè, ðàâíîñèëüíîå

òîïîëîãè÷åñêîé [Bi83℄.)

Òåîðåìà 10.3.7. Ñóùåñòâóþò àëãîðèòìû ïðîâåðêè óòîëùàåìîñòè è îðèåíòèðóåìîé

óòîëùàåìîñòè ïðîèçâîëüíûõ 2-êîìïëåêñîâ.

Ýòîò ðåçóëüòàò âûòåêàåò èç òåîðåìû 10.7.1. Ïî-âèäèìîìó, îí ÿâëÿåòñÿ �îëüêëîð-

íûì; ñì. îïóáëèêîâàííîå äîêàçàòåëüñòâî â [Sk94℄. Ñì. òàêæå [To11℄.

Çàäà÷à 10.3.8. (a) 2-êîìïëåêñ îðèåíòèðóåìî óòîëùàåì òîãäà è òîëüêî òîãäà, êî-

ãäà íåêîòîðàÿ îêðåñòíîñòü (èëè, ýêâèâàëåíòíî, ðåãóëÿðíàÿ îêðåñòíîñòü) åãî 1-îñòîâà

îðèåíòèðóåìî óòîëùàåìà.

(b) Àíàëîãè÷íîå ñâîéñòâî äëÿ óòîëùàåìîñòè íåâåðíî.

Òåîðåìà 10.3.9. Ëþáîé n-êîìïëåêñ âëîæèì â íåêîòîðîå 2n-ìíîãîîáðàçèå.

�èïîòåçà 10.3.10. For any n there is an n-
omplex lo
ally embeddable into R2n
but non-

embeddable into any (2n− 1)-manifold. (Hint: prove and use [ORS, 
onje
ture in p. 400℄.)

Íàáðîñîê äîêàçàòåëüñòâà óòâåðæäåíèÿ 10.3.8.a. Äîñòàòî÷íî äîêàçàòü ÷àñòü ¾òî-

ãäà¿ äëÿ ðåãóëÿðíîé îêðåñòíîñòè. Îáîçíà÷èì ÷åðåç M1 åå îðèåíòèðóåìîå 3-óòîëùåíèå,

à ÷åðåç P êîìïëåêñ. Çàìûêàíèå P− := Cl(P − M1) åñòü íåñâçíîå îáúåäèíåíèå äèñ-

êîâ. Êðàé ∂P− ÿâëÿåòñÿ íåñâÿçíûì îáúåäèíåíèåì îêðóæíîñòåé. Ìîæíî ñ÷èòàòü, ÷òî

∂P− ⊂ ∂M1. Òàê êàê êàæäàÿ òðóáêà â M1 íå ïåðåêðó÷åíà, òî ∂M1 îðèåíòèðóåìî. Ïî-

ýòîìó ñóùåñòâóåò îêðåñòíîñòü êðàÿ ∂P− â ∂M1, ÿâëÿþùàÿñÿ íåñâÿçíûì îáúåäèíåíèåì

êîëåö (à íå ëåíò Ìåáèóñà). Ïðèêëåèì ïðîáêè ïî ýòèì êîëüöàì. Ïîëó÷èì øàð ñ íåïåðå-

êðó÷åííûìè òðóáêàìè è ïðîáêàìè, ñîäåðæàùèé P .

10.4 Ëîæíûå ïîâåðõíîñòè è èõ óòîëùàåìîñòü

2-êîìïëåêñ (èëè åãî òåëî) íàçûâàåòñÿ ëîæíîé ïîâåðõíîñòüþ, åñëè êàæäàÿ åãî òî÷êà

èìååò îêðåñòíîñòü, PL ãîìåîìîð�íóþ îäíîé èç ñëåäóþùèõ: äèñêó D2
, êíèæêå ñ òðå-

ìÿ ñòðàíèöàìè T × I èëè êîíóñó íàä ïîëíûì ãðà�îì K4 ñ ÷åòûðüìÿ âåðøèíàìè, ñì.

ðèñ. 10.4.1. Òàêèå òî÷êè ìû áóäåì íàçûâàòü òî÷êàìè òèïà 1, 2 è 3, ñîîòâåòñòâåííî.

Ïðèìåðàìè ëîæíûõ ïîâåðõíîñòåé ÿâëÿþòñÿ

• îáúåäèíåíèå òîðà ñ äâóìÿ äèñêàìè, ïðèêëååííûìè ê ïàðàëëåëè è ìåðèäèàíó òîðà,
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�èñ. 10.4.1: Ïðîñòåéøèå îñîáåííîñòè

• îáúåäèíåíèå N ëåíòû Ìåáèóñà è êîëüöà, äëÿ êîòîðîãî ñðåäíÿÿ ëèíèÿ ëåíòû

Ìåáèóñà ñêëåèâàåòñÿ ñ îäíîé èç êðàåâûõ îêðóæíîñòåé êîëüöà (èëè, ýêâèâàëåíòíî, 2-

êîìïëåêñ, ïîëó÷åííûé èç êíèæêè ñ 3 ëèñòàìè (12)(3)-ñêëåéêîé, ñì. îïðåäåëåíèå ïåðåä
çàäà÷åé 6.1.3),

• äîì Áèíãà ñ äâóìÿ êîìíàòàìè (ñì. îïðåäåëåíèå â [HMS℄).

Øóòîâñêîé êîëïàê Çèìàíà (çàäà÷à 6.1.1.a) íå ÿâëÿåòñÿ ëîæíîé ïîâåðõíîñòüþ.

Ìûëüíûå ïëåíêè â R3
èìåþò îñîáåííîñòè â òî÷íîñòè òèïîâ 2 è 3. Ïîíÿòèå ìûëüíûõ

ïëåíîê èç äè��åðåíöèàëüíîé ãåîìåòðèè ÿâëÿåòñÿ òàêæå âàæíûì ñðåäñòâîì è îáúåê-

òîì èññëåäîâàíèé â àëãåáðàè÷åñêîé è ãåîìåòðè÷åñêîé òîïîëîãèè. Âîò ïðèìåðû ((a,b)

� çíàìåíèòûå òåîðåìû Êýñëåðà).

Çàäà÷à 10.4.1. (a) Ëþáîå 3-ìíîãîîáðàçèå ÿâëÿåòñÿ óòîëùåíèåì íåêîòîðîé ëîæíîé

ïîâåðõíîñòè (è äàæå ñïåöèàëüíîãî 2-ïîëèýäðà
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) [HMS, I, Theorem 3.1.b℄.

(b) �åãóëÿðíûå îêðåñòíîñòè îäíîãî ñïåöèàëüíîãî 2-ïîëèýäðà P â ðàçíûõ 3-ìíîãîîáðàçèÿõ

ãîìåîìîð�íû, äàæå íåïîäâèæíî íà P ([HMS℄; ñð. ñ òåîðåìîé 10.6.2).

(
) Äëÿ ëþáîãî 2-êîìïëåêñà P ñóùåñòâóåò ñþðúåêòèâíîå îòîáðàæåíèå f : Q → P
ëîæíîé ïîâåðõíîñòè Q (¾ðåçîëüâåíòà¿), ïðîîáðàçû òî÷åê ïðè êîòîðîì ÿâëÿþòñÿ øàðà-

ìè ðàçìåðíîñòè 0, 1 èëè 2 (è, â ÷àñòíîñòè, ñòÿãèâàåìû) [RS00℄.

Íàñòîÿùèì 1-îñòîâîì Q′
ëîæíîé ïîâåðõíîñòè Q, íàçûâàåòñÿ ìíîæåñòâî òî÷åê

òèïà 2 èëè 3 â Q. ßñíî, ÷òî Q′
ÿâëÿåòñÿ ãðà�îì, âåðøèíû êîòîðîãî èìåþò ñòåïåíè 1,

2 èëè 4. �ðóïïû H1(Q′) è H2(Q,Q′), à òàêæå èíâàðèàíòû Ìàòâååâà m(Q) ∈ H1(Q′)
è δm(Q) ∈ H2(Q,Q′) åñòåñòâåííî âîçíèêàþò ïðè èññëåäîâàíèè óòîëùàåìîñòè (ñð. ñ

òåîðåìîé 10.1.1.W). Îíè ñòðîãî îïðåäåëÿþòñÿ â ýâðèñòè÷åñêîì ðàññóæäåíèè â �10.5.

Òåîðåìà 10.4.2. (a) Ëîæíàÿ ïîâåðõíîñòü îðèåíòèðóåìî óòîëùàåìà òîãäà è òîëüêî

òîãäà, êîãäà îíà íå ñîäåðæèò N [BP97, BRS99℄.

(b) Ëîæíàÿ ïîâåðõíîñòü Q îðèåíòèðóåìî óòîëùàåìà òîãäà è òîëüêî òîãäà, êîãäà

m(Q) = 0 [BRS99, La00℄.
(
) Ëîæíàÿ ïîâåðõíîñòü Q óòîëùàåìà òîãäà è òîëüêî òîãäà, êîãäà δm(Q) = 0

[Ma73℄.

Çàäà÷à 10.4.3. Ñóùåñòâóåò íåóòîëùàåìàÿ ëîæíàÿ ïîâåðõíîñòü, íå ñîäåðæàùàÿ íè-

êàêîãî îáúåäèíåíèÿ ëåíòû Ìåáèóñà è 2-ìíîãîîáðàçèÿ ðîâíî ñ îäíîé êðàåâîé ãðàíè÷íîé

îêðóæíîñòüþ, îòîæäåñòâëåííîé ñî ñðåäíåé ëèíèåé ëåíòû Ìåáèóñà [BRS99℄.

10.5 Äîêàçàòåëüñòâî òåîðåìû 10.4.2 îá óòîëùàåìîñòè

Íåîáõîäèìîñòü â òåîðåìå 10.4.2.a ñëåäóåò èç íåóòîëùàåìîñòè êîìïëåêñà N . Äëÿ ëîêà-

çàòåëüñòâà äîñòàòî÷íîñòè ââåäåì ñëåäóþùèå îïðåäåëåíèÿ.

Íàçîâåì çâåçäîé âåðøèíû A â êîìïëåêñå K êîìïëåêñ

stKA = ∪{σ ∈ K : A ∈ σ}.

33

Ëîæíàÿ ïîâåðõíîñòü Q íàçûâàåòñÿ ñïåöèàëüíûì 2-ïîëèýäðîì, åñëè Q − Q′
è Q′ − Q′′

ÿâëÿþòñÿ

íåñâÿçíûìè îáúåäèíåíèÿìè îòêðûòûõ 2- è 1- äèñêîâ ñîîòâåòñòâåííî.
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Íàçîâåì ëèíêîì âåðøèíû A â êîìïëåêñå K êîìïëåêñ

lkKA = ∪{σ ∈ K : A 6∈ σ ⊂ stKA}.

Äëÿ 2-êîìïëåêñà K ýòî ãðà�,

• âåðøèíû êîòîðîãî ñîîòâåòñòâóþò ðåáðàì 2-êîìïëåêñà K, âûõîäÿùèì èç A;
• äâå âåðøèíû ñîåäèíåíû ðåáðîì, åñëè ñîîòâåòñòâóþùèå ðåáðà ëåæàò â îäíîé ãðàíè.

�èñ. 10.5.1: Ïîñòðîåíèå çâåçäû è ëèíêà

Íàïðèìåð, ëèíêè òî÷åê íà ðèñ. 10.4.1 ãîìåîìîð�íû ïóòè, îêðóæíîñòè, òðèîäó T =
K3,1, áóêâå θ (ò.å. ãðà�ó K3,2) è ãðà�ó K4.

Çàäà÷à 10.5.1. (a) Íàéäèòå ëèíêè âåðøèí äëÿ 2-êîìïëåêñîâ íà ðèñ. 6.3.1.

(b) Ëèíê êàæäîé âåðøèíû 2-êîìïëåêñà K5 × S1
èçîìîð�åí K4,2.

(
) Äëÿ ëþáîãî ãðà�à íàéäåòñÿ 2-êîìïëåêñ è åãî âåðøèíà, ëèíê êîòîðîé ÿâëÿåòñÿ

çàäàííûì ãðà�îì.

(d) lkK A = ∪{σ ∈ K : A 6∈ σ ⊂ α ∋ A äëÿ íåêîòîðîãî ñèìïëåêñà α}.
(e) Çâåçäà âåðøèíû ÿâëÿåòñÿ êîíóñîì íàä åå ëèíêîì.

(f) Ëèíêè îäíîé âåðøèíû â ãîìåîìîð�íûõ òðèàíãóëÿöèÿõ (êàæäàÿ èç êîòîðûõ ñî-

äåðæèò ýòó âåðøèíó) ãîìåîìîð�íû.

De�ne the simpli
ial neighbourhood of a sub
omplex A of a 
omplex K by

StKA = ∪{σ ∈ K : A ∩ σ 6= ∅}.

De�ne the boundary of a simpli
ial neighbourhood of a sub
omplex A of a 
omplex K by

LkKA = ∪{σ ∈ K : σ ⊂ StKA, A ∩ σ = ∅}.

A regular neighbourhood RK(A) of a sub
omplex A (of a triangulation) of a PL manifold

K is a simpli
ial neighborhood StK1 A1 in some subdivision (K1, A1) of (K,A) su
h that

• | StK1 A1| is a 
ompa
t manifold with boundary |LkK1 A1|;
• for the simpli
ial map χA1 : K1 → [0, 1] equal on verti
es of K1 to the 
hara
teristi


fun
tion of verti
es of A1, we have A1 = χ−1
A1
(1).

Cf. [RS72, Theorem 3.11℄.

Çàäà÷à 10.5.2. (a) �åãóëÿðíàÿ îêðåñòíîñòü ëþáîãî ñâÿçíîãî 2-êîìïëåêñà â òðèàí-

ãóëÿöèè 3-ìíîãîîáðàçèÿ ñóùåñòâóåò è ãîìåîìîð�íà øàðó ñ òðóáêàìè è ïðîáêàìè.

(b) Ëþáîå ñâÿçíîå 3-ìíîãîîáðàçèå ñ íåïóñòûì êðàåì ñäàâëèâàåòñÿ íà òåëî íåêîòî-

ðîãî ñâÿçíîãî 2-êîìïëåêñà. (Îïðåäåëåíèå ñäàâëèâàíèÿ, ïðèâåäåíî, íàïðèìåð, â [RS72,

�3℄ [Sk20, �5.8℄.)

(
) Åñëè X,A � ïîäêîìïëåêñû â 3-ìíîãîîáðàçèè M , ñóùåñòâóåò RM(A) è X ñäàâëè-

âàåòñÿ íà A, òî RM (X) ñóùåñòâóåò è RM (X) ∼= RM(A).
(d) Simpli
ial neighborhood in the se
ond bary
entri
 subdivision is a regular neighborhood.

(e) If the simpli
ial neighborhood U of a sub
omplex A 
ollapses to A, then U is a regular

neighborhood.
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Äîêàçàòåëüñòâî äîñòàòî÷íîñòè â òåîðåìå 10.4.2.a. Îáîçíà÷èì ÷åðåç Q′′
ìíîæåñòâî

òî÷åê òèïà 3 â ëîæíîé ïîâåðõíîñòè Q. Âîçüìåì ïî òî÷êå íà êàæäîé êîìïîíåíòå ñâÿç-

íîñòè ãðà�à Q′
, ÿâëÿþùåéñÿ öèêëîì. Îáîçíà÷èì ÷åðåç V îáúåäèíåíèå âçÿòûõ òî÷åê

ñ Q′′
. Òàê êàê ëèíê êàæäîé òî÷êè èç V � ïëàíàðíûé ãðà�, òî ñóùåñòâóåò íåñâÿçíîå

îáúåäèíåíèå M0 òðåõìåðíûõ øàðîâ, ñîäåðæàùåå îêðåñòíîñòü ìíîæåñòâà V (â Q).
Äëÿ êàæäîé äóãè èç Q′ − M0 âîçüìåì òðåõìåðíóþ òðóáêó D2 × [0, 1], â êîòîðóþ

îêðåñòíîñòü (â Q) ýòîé äóãè âëîæåíà ñòàíäàðòíûì îáðàçîì. Ýòà îêðåñòíîñòü ¾âûñå-

êàåò¿ íà òîðöàõ D2 × {0, 1} òðóáêè òðèîäû. Ïðèêëåèì ýòó òðóáêó ïî òîðöàì ê ñîîò-

âåòñòâóþùèì øàðàì èç M0 òàê, ÷òîáû òðèîäû íà òîðöàõ òðóáêè ñîâìåñòèëèñü ñ ñîîò-

âåòñòâóþùèìè òðèîäàìè íà øàðàõ èç M0. Ïîëó÷èì øàð ñ òðóáêàìè M1, ñîäåðæàùèé

îêðåñòíîñòü (â Q) ãðà�à Q′
.

Â ñëåäóþùåì àáçàöå äîêàçàíà íåïåðåêðó÷åííîñòü êàæäîé òðóáêè.

Äëÿ ëþáîé âåðøèíû A ∈ Q′′
è äëÿ ëþáûõ âåðøèí B,C ∈ lkA ñòåïåíè áîëüøå 2

ñóùåñòâóþò òðè ïóòè â lkA, ñîåäèíÿþùèõ B ñ C è ïîïàðíî ïåðåñåêàþùèõñÿ òîëüêî â

B,C. Ïîýòîìó äëÿ ëþáîé îêðóæíîñòè J ⊂ Q′
ñóùåñòâóåò ïîäêîìïëåêñ Ĵ ⊂ Q, ïîëó÷à-

þùèéñÿ èç êíèæêè ñ 3 ëèñòàìè T × [0, 1] ñêëåéêîé òðèîäîâ T × 0 è T × 1 ïî íåêîòîðîé
ïåðåñòàíîâêå èõ ðåáåð, ïðè÷åì îêðóæíîñòü J ïîëó÷àåòñÿ ýòîé ñêëåéêîé èç ¾êîðåøêà¿

êíèæêè. Ëþáàÿ ïåðåñòàíîâêà 3-ýëåìåíòíîãî ìíîæåñòâà ÿâëÿåòñÿ ëèáî òîæäåñòâåííîé,

ëèáî öèêëîì äëèíû 3, ëèáî öèêëîì äëèíû 2 (òðàíñïîçèöèåé). Òàê êàê Q íå ñîäåðæèò

N , òî öèêëîì äëèíû 2 îíà áûòü íå ìîæåò. Ïîýòîìó êàæäàÿ òðóáêà íå ïåðåêðó÷åíà.

Òåïåðü àíàëîãè÷íî óòâåðæäåíèþ 10.3.8.a Q îðèåíòèðóåìî óòîëùàåìî. Âìåñòî ïðî-

áîê áåðåì íåñâÿçíîå îáúåäèíåíèå Y øàðîâ ñ íåïåðåêðó÷åííûìè òðóáêàìè è ïðîáêàìè

(ò.å. îðèåíòèðóåìîå 3-ìíîãîîáðàçèå), ñîäåðæàùåå Q− := Cl(Q−M1), ïðè÷åì ∂Q− ⊂ ∂Y .

Cóùåñòâóþò îêðåñòíîñòè M̂1 è Ŷ êðàÿ ∂Q− â ∂M1 è â ∂Y , ÿâëÿþùèåñÿ íåñâÿçíûì

îáúåäèíåíèåì êîëåö. Òîãäà ïî óòâåðæäåíèþ 10.3.4.d M1

⋃
M̂1=Ŷ

Y åñòü øàð ñ íåïåðåêðó-

÷åííûìè òðóáêàìè è ïðîáêàìè, ñîäåðæàùèé Q.

Íà÷àëî ýâðèñòèêè ê òåîðåìàì 10.4.2.b
. Êàê è â äîêàçàòåëüñòâå äîñòàòî÷íîñòè â ï.

(a), îïðåäåëèì V è âîçüìåì íåñâÿçíîå îáúåäèíåíèå M0 òðåõìåðíûõ øàðîâ, ñîäåðæàùåå

îêðåñòíîñòü (â Q) ìíîæåñòâà V .
Ïåðåñå÷åíèå Q ∩ ∂M0 ÿâëÿåòñÿ íåñâÿçíûì îáúåäèíåíèåì (ïî âñåì âåðøèíàì êîì-

ïëåêñà Q) ãðà�îâ, êàæäûé èç êîòîðûõ åñòü ëèáî K4, ëèáî áóêâà θ, ëèáî îêðóæíîñòü.
Ïîñêîëüêó ñóùåñòâóåò ðîâíî îäíî (ñ òî÷íîñòüþ äî ãîìåîìîð�èçìà ñ�åðû S2

) âëîæåíèå

êàæäîãî èç ýòèõ òðåõ ãðà�îâ â ñ�åðó, òî M0 åäèíñòâåííî (ñ òî÷íîñòüþ äî ãîìåîìîð-

�èçìà, íåïîäâèæíîãî íà Q ∩M0).

Ïîñòðîèì óòîëùåíèå îêðåñòíîñòè 1-îñòîâà Q(1)
àíàëîãè÷íî äîêàçàòåëüñòâó äîêàçà-

òåëüñòâå äîñòàòî÷íîñòè â ï. (a) ñëåäóþùèì îáðàçîì. Äëÿ êàæäîé äóãè èç Q(1) −M0

âîçüìåì åå îêðåñòíîñòü â Q −M0, ãîìåîìîð�íóþ êíèæêå ñ îäíîé, äâóìÿ èëè òðåìÿ

ëèñòàìè (ñàìà äóãà ñîîòâåòñòâóåò ¾êîðåøêó¿ êíèæêè). Âîçüìåì òðåõìåðíóþ òðóáêó

D2 × [0, 1], â êîòîðóþ ýòà îêðåñòíîñòü âëîæåíà ñòàíäàðòíûì îáðàçîì. Ýòà îêðåñòíîñòü

¾âûñåêàåò¿ íà òîðöàõ D2 ×{0, 1} òðóáêè ëèáî òðèîä, ëèáî îòðåçîê. Ïðèêëåèì êàæäóþ

òàêóþ òðóáêó ïî åå òîðöàì ê ñîîòâåòñòâóþùèì øàðàì èç M0 òàê, ÷òîáû òðèîäû èëè

îòðåçêè íà òîðöàõ òðóáêè ñîâìåñòèëèñü ñ ñîîòâåòñòâóþùèìè òðèîäàìè èëè îòðåçêàìè

íà øàðàõ. Ïîëó÷èì øàð ñ òðóáêàìè M1, ñîäåðæàùèé îêðåñòíîñòü 1-îñòîâà Q(1)
.

Åñëè ðåáðî èç Q(1)−M0 ëåæèò â Q
′
, òî íà òîðöàõ òðóáêè âûñåêàþòñÿ òðèîäû. Çíà÷èò,

ýòà òðóáêà ïðèêëåèâàåòñÿ êM0 îäíîçíà÷íî. Ïîýòîìó óòîëùåíèå M
′
1 îêðåñòíîñòè ãðà�à

Q′
åäèíñòâåííî ñ òî÷íîñòüþ äî ãîìåîìîð�èçìà, íåïîäâèæíîãî íà Q ∩M ′

1.

Âûÿñíèì, ïðîäîëæàåòñÿ ëè ¾óòîëùåíèå¿ M1 äî óòîëùåíèÿ âñåãî Q. Ôèêñèðóåì íà-

áîð îðèåíòàöèé íà íåñâÿçíîì îáúåäèíåíèè ∂M0 ñ�åð. Íà êàæäîì ðåáðå êîìïëåêñà Q
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ïîñòàâèì 0, åñëè îðèåíòàöèè òîðöîâ ñîîòâåòñòâóþùåé òðóáêè, îïðåäåëåííûå èç ∂M0, íå

ñîãëàñîâàíû âäîëü òðóáêè. Ïîñòàâèì 1 â ïðîòèâíîì ñëó÷àå. Ýòó ðàññòàíîâêó íàçîâåì

ðàçëè÷àþùåé è îáîçíà÷èì ω(M1).

Çàâåðøåíèå ýâðèñòèêè ê òåîðåìå 10.4.2.b. Êîãðàíèöåé δv âåðøèíû v, íàçûâàåòñÿ
ðàññòàíîâêà åäèíèö íà ðåáðàõ, ïðèìûêàþùèõ ê v, è íóëåé íà îñòàëüíûõ ðåáðàõ. �ðóï-
ïîé îäíîìåðíûõ êîãîìîëîãèé ãðà�à Q′

íàçûâàåòñÿ ãðóïïà H1(Q′) ðàññòàíîâîê íóëåé è

åäèíèö íà ðåáðàõ Q ñ òî÷íîñòüþ äî ñóìì êîãðàíèö âåðøèí. Íàçîâåì ïðåïÿòñòâèåì

Ìàòâååâà

m(Q) := [ω(M1)|Q′] ∈ H1(Q′).

Äàëåå òåîðåìà 10.4.2.b äîêàçûâàåòñÿ àíàëîãè÷íî òåîðåìàì 10.4.2.a
.

Çàäà÷à 10.5.3. Äëÿ ëþáîãî âëîæåíèÿ f : Q→M ëîæíîé ïîâåðõíîñòè â 3-ìíîãîîáðàçèå

èìååì m(Q) = f ∗w1(M)|Q′
.

Íàáðîñîê äîêàçàòåëüñòâà. Âîçüìåì ðàññòàíîâêè ω è µ íóëåé è åäèíèö íà ðåáðàõ ãðà-
�à Q′

, ïðåäñòàâëÿþùèå êëàññû m(Q) è f ∗w1(M)|Q′
, ñîîòâåòñòâåííî. Îáîçíà÷èì ÷åðåç

d1, . . . , dn ðåáðà ïðîñòîé çàìêíóòîé êðèâîé âQ
′
. Òîãäà

n∑
i=1

µ(di) =
n∑
i=1

ω(di), ïîñêîëüêó îáà

âûðàæåíèÿ ðàâíû åäèíèöå â òî÷íîñòè òîãäà, êîãäà ïðîõîæäåíèå âäîëü êðèâîé îáðàùàåò

îðèåíòàöèþ íàM . Ââèäó ïðîèçâîëüíîñòè âûáîðà êðèâîé ïîëó÷àåì m(Q) = f ∗w1(M)|Q′
.

Çàâåðøåíèå ýâðèñòèêè ê òåîðåìå 10.4.2.
. Íà êàæäîé ãðàíè ïîñòàâèì ñóììó ïî

ìîäóëþ 2 ÷èñåë ðàññòàíîâêè ω(M1) íà îãðàíè÷èâàþùèõ åå ðåáðàõ. Ïîëó÷åííóþ ðàññòà-

íîâêó íàçîâåì ïðåïÿòñòâóþùåé è îáîçíà÷èì δω(M1). ßñíî, ÷òî δω(M1) íå çàâèñèò îò
íàáîðà îðèåíòàöèé íà ∂M0 (õîòÿ ω(M1) îò íåãî çàâèñèò).

Åñëè ñóùåñòâóåò ¾ïðîäîëæåíèå¿ óòîëùåíèÿ M1 äî óòîëùåíèÿ âñåãî Q, òî ó êàæäîé
ãðàíè ñóùåñòâóåò ìàëàÿ îêðåñòíîñòü (â Q), ïåðåñåêàþùàÿñÿ ñ ∂M1 ïî êîëüöó (à íå

ïî ëåíòå Ìåáèóñà). Òîãäà δω(M1) ðàâíà íóëþ íà ýòîé ãðàíè (ââèäó ðåçóëüòàòà çàäà÷è

10.3.6.b). Ñëåäîâàòåëüíî, åñëè δω(M1) 6= 0, òî M1 íå ¾ïðîäîëæàåòñÿ¿ äî óòîëùåíèÿ

âñåãî 2-êîìïëåêñà Q.
Îäíàêî, åñëè δω(M1) 6= 0, òî åùå íå âñå ïîòåðÿíî: ìîæíî ïîïûòàòüñÿ èçìåíèòü M1

òàê, ÷òîáû ïðåïÿòñòâóþùàÿ ðàññòàíîâêà δω(M1) ñòàëà íóëåâîé. Âûÿñíèì, êàêèå áûâàþò
ðàçëè÷àþùèå ðàññòàíîâêè ω(M1) äëÿ ðàçëè÷íûõM1. Óòîëùåíèå ãðà�à Q

′
åäèíñòâåííî.

Çíà÷èò, ðàññòàíîâêà ω(M1) íà ðåáðàõ èç Q
′
íå çàâèñèò îòM1. Òðóáêè, ñîîòâåòñòâóþùèå

ðåáðàì âíåQ′
ìîãóò áûòü ïðèêëååíû êM0 äâóìÿ ñïîñîáàìè. Ïðè ýòèõ ñïîñîáàõ íà ðåáðå

áóäåò ïîñòàâëåíî 0 èëè 1. Òàêèì îáðàçîì, ìû ìîæåì òàê ïîäîáðàòüM1, ÷òî ðàññòàíîâêà

ω(M1) íà ðåáðàõ âíå Q
′
áóäåò ëþáîé íàïåðåä çàäàííîé.

Èçìåíåíèå ¾óòîëùåíèÿ¿ M1 íà îäíîì ðåáðå e èç Q(1)
, íå ëåæàùåì â Q′

, äàåò èç-

ìåíåíèå ðàññòàíîâêè δω(M1) íà (äâóõ èëè îäíîé) ãðàíÿõ, ïðèìûêàþùèõ ê e. Èíûìè
ñëîâàìè, ê δω(M1) ïðèáàâëÿåòñÿ êîãðàíèöà δe ðåáðà e, ò.å. ðàññòàíîâêà åäèíèö íà ãðà-

íÿõ, ïðèìûêàþùèõ ê e, è íóëåé íà îñòàëüíûõ ãðàíÿõ.
Íàçîâåì ãðóïïîé äâóìåðíûõ êîãîìîëîãèé êîìïëåêñà Q ïî ìîäóëþ Q′

ãðóïïóH2(Q,Q′)
ðàññòàíîâîê íóëåé è åäèíèö íà ãðàíÿõ êîìïëåêñà Q ñ òî÷íîñòüþ äî ñóìì êîãðàíèö ðå-

áåð, íå ëåæàùèõ â Q′
. Íàçîâåì ïðåïÿòñòâèåì Ìàòâååâà

δm(Q) := [δω(M1)] ∈ H2(Q,Q′).

Åñëè δm(Q) = 0, òî ñóùåñòâóåò òàêîå óòîëùåíèå M1, ÷òî δω(M1) = 0. Ýòî óòîëùåíèå
M1 ìîæíî ïðîäîëæèòü äî óòîëùåíèÿ âñåãî Q. Ïîëó÷àåì êðèòåðèé 10.4.2.
.
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10.6 Êëàññè�èêàöèÿ 3-óòîëùåíèé ëîæíûõ ïîâåðõíîñòåé

Øàð ñ òðóáêàìè è ïðîáêàìè M ñîäåðæèò 2-êîìïëåêñ P , ïîëó÷åííûé èç áóêåòà îêðóæ-
íîñòåé, îòâå÷àþùèõ òðóáêàì, ïðèêëåéêîé äèñêîâ, îòâå÷àþùèõ ïðîáêàì. Ïðè ýòîì âåð-

øèíà áóêåòà ñîäåðæèòñÿ â øàðå, äîïîëíåíèå áóêåòà äî íåêîòîðîé îêðåñòíîñòè âåðøèíû

� â îáúåäèíåíèè òðóáîê, à äîïîëíåíèå îáúåäèíåíèÿ äèñêîâ äî îêðåñòíîñòè áóêåòà �

â îáúåäèíåíèè ïðîáîê. Çàìåòèì, ÷òî íåóòîëùàåìûé 2-êîìïëåêñ íåâîçìîæíî ïîëó÷èòü

ýòîé êîíñòðóêöèåé. Ïàðà (M,P ) íàçûâàåòñÿ 3-óòîëùåíèåì 2-êîìïëåêñà P (èëè åãî òå-

ëà). Ýòî îïðåäåëåíèå ðàâíîñèëüíî îáû÷íîìó: ïàðà (M,P ) íàçûâàåòñÿ n-óòîëùåíèåì
êîìïëåêñà P , åñëè n-ìíîãîîáðàçèå M ÿâëÿåòñÿ ðåãóëÿðíîé îêðåñòíîñòüþ [Sk20, �1.5℄

êîìïëåêñà P ⊂ IntM . Ïîíÿòèå óòîëùåíèÿ àíàëîãè÷íî ïîíÿòèþ ðàññëîåíèÿ è òåñíî

ñâÿçàíî ñ íèì [Sk20, �13℄, [LS69℄.

Çàäà÷à 10.6.1. (a) 2-óòîëùåíèå (îïðåäåëèòå!) µ êðàÿ ∂N ïðîäîëæàåòñÿ (îïðåäå-

ëèòå!) äî 3-óòîëùåíèÿ 2-ìíîãîîáðàçèÿ N òîãäà è òîëüêî òîãäà, êîãäà δw1(µ) = 0 ∈
H2(N, ∂N). (Îïðåäåëåíèÿ îáúåêòîâ δw1(µ) è H

2(N, ∂N) íå îáÿçàòåëüíî çíàòü çàðàíåå,
îíè åñòåñòâåííî âîçíèêàþò â ïðîöåññå èññëåäîâàíèÿ ïðîäîëæàåìîñòè.)

(
) Ñ�îðìóëèðóéòå è äîêàæèòå àíàëîã ïóíêòà (a) äëÿ ïðîäîëæàåìîñòè íàN äàííîãî

I-ðàññëîåíèÿ [Sk20, �13.1℄ íàä êðàåì ∂N .
(d) Ïðîäîëæåíèÿ I-ðàññëîåíèÿ µ ñ ãðàíèöû ∂N 2-ìíîãîîáðàçèÿ N âçàèìíî îäíî-

çíà÷íî ñîîòâåòñòâóþò òàêèì ýëåìåíòàì ν ∈ H1(N), ÷òî ν|∂N = w1(µ).

Òåîðåìà 10.6.2. Ëþáûå äâà îðèåíòèðóåìûõ óòîëùåíèÿ îäíîãî 2-ìíîãîîáðàçèÿ P (äà-

æå îäíîé ëîæíîé ïîâåðõíîñòè P ) ãîìåîìîð�íû (äàæå íåïîäâèæíî íà P ).

Êëàññè�èêàöèÿ 3-óòîëùåíèé äàííîãî 2-êîìïëåêñà ñõîäíà ñ êëàññè�èêàöèåé ãðà�-

ìíîãîîáðàçèé [Wa67m℄ è èíòåãðèðóåìûõ ãàìèëüòîíîâûõ ñèñòåì [BFM℄. Ïðîáëåìû ñó-

ùåñòâîâàíèÿ, åäèíñòâåííîñòè è êëàññè�èêàöèè n-ìåðíûõ óòîëùåíèé êîìïëåêñà èçó-

÷àëèñü â [Wa67, LS69℄ [GT87, Òåîðåìû 3.2.3 è 3.2.2℄.

Äëÿ 2-êîìïëåêñà P îáîçíà÷èì ÷åðåç T 3(P ) ìíîæåñòâî âñåõ åãî 3-óòîëùåíèé (M,P )
ñ òî÷íîñòüþ äî PL ãîìåîìîð�íîñòè òîæäåñòâåííîé íà P . Îïðåäåëåíèÿ ãðóïï H1(Q),
H1(Q,Q′), îòîáðàæåíèÿ ñóæåíèÿ

rQ : H1(Q) → H1(Q′)

è èíâàðèàíòà Ìàòâååâà m(Q) ∈ H1(Q′) åñòåñòâåííî ïîÿâëÿþòñÿ ïðè èçó÷åíèè óòîëùà-

åìîñòè, ñì. �10.5.

Òåîðåìà 10.6.3 ([BRS99℄, ñð. [HMS, I, Theorem 3.1.b℄). Äëÿ 3-óòîëùàåìîé ëîæíîé ïî-

âåðõíîñòè Q èìååòñÿ áèåêöèÿ w1|Q : T 3(Q) → r−1
Q (m(Q)). Åñëè Q′

ñâÿçíî, òî èìååòñÿ

áèåêöèÿ T 3(Q) → H1(Q,Q′).

10.7 Óòîëùåíèÿ ïðîèçâîëüíûõ 2-êîìïëåêñîâ

Äëÿ íåêîòîðûõ ÷àñòíûõ ñëó÷àåâ ñóùåñòâóþò ïðîñòûå êðèòåðèè óòîëùàåìîñòè [OS74℄.

Äëÿ îáùåãî ñëó÷àÿ âðÿä ëè ñóùåñòâóåò áîëåå ïðîñòîé êðèòåðèé óòîëùàåìîñòè, ÷åì

ñëåäóþùèé. Åãî äîêàçàòåëüñòâî ñîäåðæèòñÿ â [Sk94℄, [BRS99℄ è àíàëîãè÷íî âûøåïðè-

âåäåííûì ðàññóæäåíèÿì äëÿ ëîæíûõ ïîâåðõíîñòåé.

Òåîðåìà 10.7.1 ([BRS99℄, ñð. [Sk94℄, [OS74, Theorem 3.2℄, [La00℄). 2-êîìïëåêñ P 3-

óòîëùàåì (îðèåíòèðóåìî 3-óòîëùàåì) òîãäà è òîëüêî òîãäà, êîãäà ñóùåñòâóåò òà-

êîå ïîä÷èíåííîå âëîæåíèå ε ∈ E(P ), ÷òî δm(ε) = 0 (m(ε) = 0).
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Äàäèì íåîáõîäèìûå îïðåäåëåíèÿ.

Íàñòîÿùèé 1-îñòîâ P ′
ïîëèýäðà P � ãðà� (òî÷íåå, 1-ïîëèýäð) â P , ñîñòîÿùèé

èç òî÷åê, íå èìåþùèõ îêðåñòíîñòè, ãîìåîìîð�íîé çàìêíóòîìó 2-äèñêó. Íàñòîÿùèé 0-

îñòîâ P ′′
ïîëèýäðà P � êîíå÷íîå ìíîæåñòâî òî÷åê â P , íå èìåþùèõ îêðåñòíîñòè, ãîìåî-

ìîð�íîé êíèæêå ñ íåêîòîðûì ÷èñëîì ñòðàíèö. Çàìåòèì, ÷òî P ′′
ÿâëÿåòñÿ íàñòîÿùèì

0-îñòîâîì ãðà�à P ′
(ò.å. êîíå÷íûì ìíîæåñòâîì òî÷åê â P ′

, íå èìåþùèõ îêðåñòíîñòè,

ãîìåîìîð�íîé îòðåçêó). Äëÿ êàæäîé êîìïîíåíòû ãðà�à P ′
, íå ñîäåðæàùåé òî÷åê èç

P ′′
(ò.å. ÿâëÿþùåéñÿ îêðóæíîñòüþ èëè îòðåçêîì), âîçüìåì ïðîèçâîëüíóþ òî÷êó íà íåé.

Îáîçíà÷èì ÷åðåç P̄ ′′
îáúåäèíåíèå P ′′

ñ ýòèìè òî÷êàìè.
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Ïðåäïîëîæèì, ÷òî ∪A∈P̄ ′′ lkA âëîæèìî â S2
. �àññìîòðèì íàáîð âëîæåíèé {gA :

lkA → S2}A∈P̄ ′′. Âîçüìåì 'íåâèñÿ÷åå ðåáðî' d ⊂ P ′
(ò.å. çàìûêàíèå êîìïîíåíòû ñâÿçíî-

ñòè ìíîæåñòâà P ′ − P̄ ′′
, ÿâëÿþùåéñÿ îòêðûòîé â P ′

). Îáîçíà÷èì ÷åðåç A,B ∈ P̄ ′′
åãî

êîíöû (âîçìîæíî, A = B). �åáðî d ïåðåñåêàåò lkA ∪ lkB â äâóõ òî÷êàõ (ðàçëè÷íûõ

äàæå ïðè A = B). Ìàëûå îêðåñòíîñòè ýòèõ òî÷åê â lkA è â lkB ÿâëÿþòñÿ n-îäàìè,
êîòîðûå ìîæíî îòîæäåñòâèòü äðóã ñ äðóãîì 'âäîëü ðåáðà d'. Åñëè äëÿ êàæäîãî òàêîãî
d îòîáðàæåíèÿ gA è gB äàþò îäèíàêîâûå èëè ïðîòèâîïîëîæíûå öèêëè÷åñêèå ïîðÿäêè

ëó÷åé n-îäà, òî íàáîð {gA} íàçûâàåòñÿ ïîä÷èíåííûì.

35

Íàáîðû âëîæåíèé {fA, gA : lkA → S2}A∈P̄ ′′ íàçûâàþòñÿ èçîïîçèöèîííûìè, åñëè

ñóùåñòâóåò òàêîå ñåìåéñòâî ãîìåîìîð�èçìîâ {hA : S2 → S2}A∈P̄ ′′, ÷òî hA ◦ fA = gA äëÿ

ëþáîé A ∈ P̄ ′′
.

ßñíî, ÷òî èçîïîçèöèîííûå íàáîðû îäíîâðåìåííî ÿâëÿþòñÿ ïîä÷èíåííûìè èëè íåò.

Îáîçíà÷èì ÷åðåç E(P ) ìíîæåñòâî ïîä÷èíåííûõ íàáîðîâ ñ òî÷íîñòüþ äî èçîïîçèöèè.
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Äëÿ äàííîãî ε ∈ E(P ) âîçüìåì åãî ïðåäñòàâèòåëü {gA : lkA→ S2}A∈P̄ ′′. Äëÿ êàæäî-

ãî ¾íåâèñÿ÷åãî ðåáðà¿ d êîìïëåêñà P âîçüìåì öèêëè÷åñêèå ïîðÿäêè (îäèíàêîâûå èëè

ïðîòèâîïîëîæíûå) èç îïðåäåëåíèÿ ïîä÷èíåííîñòè. Ïîñòàâèì 0 èëè 1 íà d, åñëè âðàùå-
íèÿ ïðîòèâîïîëîæíûå èëè îäèíàêîâûå, ñîîòâåòñòâåííî. Îáîçíà÷èì ÷åðåçm(ε) ∈ H1(P ′)
êîãîìîëîãè÷åñêèé êëàññ ïîñòðîåííîé ðàññòàíîâêè.

Êëàññ m(ε) êîððåêòíî îïðåäåëåí. Äåéñòâèòåëüíî, ïóñòü äâà íàáîðà âëîæåíèé èçîïî-
çèöèîííû ïîñðåäñòâîì ñåìåéñòâà ãîìåîìîð�èçìîâ {hA : S2 → S2}A∈P̄ ′′. Òîãäà ïîñòðî-

åííûå ðàññòàíîâêè µ îòëè÷àþòñÿ íà êîãðàíèöó ðàññòàíîâêè, ðàâíîé 1 èëè 0 íà âåðøèíå
A, åñëè hA îáðàùàåò èëè ñîõðàíÿåò îðèåíòàöèþ ñ�åðû S2

, ñîîòâåòñòâåííî.

Òåîðåìà 10.7.2 ([BRS99℄). Äëÿ 3-óòîëùàåìîãî 2-êîìïëåêñà P èìååòñÿ èíúåêöèÿ

e× w1|P : T 3(P ) → E(P )×H1(P ) ñ îáðàçîì {(ε, ω) ∈ E(P )×H1(P ) : m(ε) = ω|P ′}.

Èç ýòîé òåîðåìû âûòåêàåò íàëè÷èå áèåêöèè T 3(P ) → m−1(im rP )× ker rP .
Äëÿ 3-óòîëùåíèÿ M 2-êîìïëåêñà P îïðåäåëèì

e(M) := [{lk PA→ lkMA ∼= S2}A∈P̄ ′′] ∈ E(P ).

Òàê êàê îêðåñòíîñòü êàæäîãî ðåáðà ãðà�à P ′
âëîæåíà â M , òî óêàçàííûé íàáîð âëî-

æåíèé äåéñòâèòåëüíî ÿâëÿåòñÿ ïîä÷èíåííûì. Ýêâèâàëåíòíîå óòîëùåíèå äàåò èçîïîçè-

öèîííûå íàáîðû âëîæåíèé, ïîýòîìó e(M) êîððåêòíî îïðåäåëåíî.
�àâåíñòâî m(e(M)) = w1(M)|P ′

äîêàçûâàåòñÿ àíàëîãè÷íî óòâåðæäåíèþ 10.5.3.

34

Òåîðåìà 10.6.3 âåðíà äëÿ ëþáîãî òàêîãî 2-êîìïëåêñà P , ÷òî äëÿ êàæäîé âåðøèíû A ∈ P̄ ′′
ãðà�

lkA 3-ñâÿçåí [BRS99℄. �ðà� íàçûâàåòñÿ 3-ñâÿçíûì, åñëè íèêàêèå äâå åãî òî÷êè íå ðàçáèâàþò åãî íà

äâà ãðà�à ñ áîëåå, ÷åì îäíèì ðåáðîì â êàæäîì.

35

Ýòî îïðåäåëåíèå îòëè÷àåòñÿ îò ñòàíäàðòíîãî � òî, ÷òî îáû÷íî íàçûâàþò ïîä÷èíåííûì, ìû íàçû-

âàåì îðèåíòèðîâàííî ïîä÷èíåííûì.

36

Ìíîæåñòâî âëîæåíèé äàííîãî ãðà�à â ïëîñêîñòü ñ òî÷íîñòüþ äî èçîïîçèöèè áûëî îïèñàíî Óèò-

íè äëÿ äâóñâÿçíûõ ãðà�îâ. Ñóùåñòâóåò ïðîñòîå îáîáùåíèå ýòîãî îïèñàíèÿ íà ñëó÷àé ïðîèçâîëüíûõ

ãðà�îâ (�îëüêëîð, [Sk05℄).
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