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§) DJIeMEHTHI JUCKPETHON MaTeMaTHKHU B 33JadaX

BBenenmne

3avem ama kHuea?

Mu1 npuBoAUM HOAOOPKHU 3329 110 KOMOMHATOPHBIM pa3jejaM Ma-
TEeMATUKN. JTHU 3aJa9u TOJ00PAHBl TaK, UTO B MPOIECCE WX PEITeHUs
yuTareab (TOYHee, PelaTesib) OCBOUT OCHOBBI BaXKHBIX TEOPUI — Kak
KJIACCHIeCKNX, Tak u coBpemenubix. Cp. [S06], |ZSS], [Ju]. Kuura 6yzer
MOJIE3HA yIACTHUKAM KPYKKOB JIJIsT MJIQ/IIIEKYPCHUKOB U CTAPIIEKIACC-
HUKOB (B 9aCTHOCTU, OPUEHTUPOBAHHBIX HA OJUMIIMAIbI), & TaKyXKe UX
pykoBojiuTeasiM. HekoTopbie IpuBoinMble KPAaCUBbIE 33/1a491 U BayKHbIE
TeMbl MAJIOU3BECTHBI B TPAJUINHU KPYKKOB [0 MaTeMaTUKe, HO MOJIe3-
HBI KaK J7IsI MaTeMaTUIecKoro 00pa30BaHus, TaK U JJid TMOATOTOBKU K
OJIMMITHATAM.

[To mammemy MHEHWIO, peIlleHHe THX 33jad (T. €. U3ydeHHue COOT-
BETCTBYIOIX TEOPHUil) TakzKe MOJE3HO BCEM, KTO XOUYET CTATh MaTe-
MATHUKOM, CIEIUAJUCTOM TIO computer science WM TPOTPAMMUCTOM,
paboTaronuM B HAyKOEMKUX OTPACIIX HH(MOPMAIMOHHBIX TEXHOJJIOIHUA.
MeHHO TaKWX CIEIUATUCTOB MBI TOTOBUM Ha (DaKy/IbTeTe WHHOBAIUI
u Bbicokux Texnosoruii (PUIBT) MocKoBCKOTO (PU3UKO-TEXHIIECKOTO
nHcTUTyTa. [IpuBeieHHbIC 3a/1a91 UCTIOTB3YIOTCA TIPU U3YIYEHUN KYPCOB
JIMCKPETHBIX CTPYKTYP M JMCKPETHOrO aHaInM3a Ha 3TOM (PaKy/abTeTe.
9t kypcbl untaor A.B. Haiiagk n A.M. Paiiropojackuii, a ocrajb-
HbIE aBTOPHI BEYT CEMHUHAPHI MO 3TUM Kypcam. HekoTopbie maTepua-
JIbI OCHOBAHBI Ha 3aHATHsAX, mpoBegentubix A.B. CkonenkosbiM B Kupos-
CKOil jieTHeit Maremarnaeckoii mkoe (10 2016), MockoBCKOIT BbI€3HOI
omummmaaHol tKote (¢ 2004), a Takke Ha Kpyxkkax «Maremarnde-
ckmit cemmaap» (1994-2013) n «Osmmrmmaasr n MmaTemaTtukay (¢ 2003, B
mkoste «Mnremtextyans ¢ 2015).

Kombunaropuka — 0JiMH U3 CAMBIX KPACHUBBIX Pa3/e/0B COBPEMEH-
HO#t maremaTuku. [locTaHoBKY 33129 9TOr0 pasjesa 3a4acTyro J0CTYII-
HBI TITKOJIbHUKAM. A pe3y/IbTaThl, TEM HE MEHee, HOCIT (DyH/TaMEHTA b=
HBIfl XapaKTep W BaXKHBI KaK JIsT PA3BUTHUS JAPYTUX PA3/IEJIOB MaTeMa-
TUKW, TaK U JjId OPUIOKEHUH B mHPOpPMATUKE, OMOIOTHN, SKOHOMUKE
u jip. MBI mocTapaeMcst paccka3aTh O T€X MOIIHBIX COBPEMEHHBIX METO-
max, byraromapsa KOTOPbIM KOMOMHATOPUKA TprodpeTaeT HOBBIN 0OJIVK,
CTAHOBSICH Cepbe3HOi Haykoi. Cpen 3TUX METOIOB, IIOMUMO DOJIee UIn
MeHee CTaHIaPTHBIX, BEPOSTHOCTHBIA W JIMHENHO-aIre0pandecKuii Me-



OI'J/IABJIEHUE 7

To/bl. OHM JIeX)KAT B OCHOBE CAMBIX ITPOJIBUHYTHIX KOMOMHATOPHBIX Pe-
3yJIBTATOB, TOJYYEHHBIX 3a MOCJETHUE JTeCATUICTUS.

[Taparpadnl BTOpOoii TIOJIOBUHBI KHUTY MOCBAIIEHBI AKTUBHO PA3BU-
BAIOIIAMCS 0DJIACTSIM MaTeMAaTUKU. XOTs 37eCh U3YJal0TCAd TOJBKO Ca-
MbI€ TIPOCTBIE PE3YJbTAThl U METO/Ibl, OHU JAI0T HEKOTOPOE TPEJICTAB-
JIeHne 00 OCHOBHBIX HAIPABJICHUSX HAyYIHBIX MCCICOBAHUIT B COOTBET-
cTytomux obgactax. C 9Toit XKe Te/TbI0 TPUBOAATCT 3aAMEYAHUA, KOTO-
pble He HUCIOJb3YIOTCSI HU B (POPMYJIUPOBKAX, HU B PENIEHUAX 33J1ad.
Baxxuble paKThI BbIJIETEHBI CIOBOM «TE€OPEeMay WJIM «CJIEJCTBUE.

Henoavszyemoti mamepuan.
DopMyIUPOBKYU OOJIBITUHCTBA 331849 JIOCTYITHBI CTAPITEK/IaCCHIKAM,

1 MbI IpEBOIIM BCe HEOOXOAUMBIE OLPe-

MHTEPECYIOMUMCI MATEMATHKOI;
JIeJIeHUs], BBIXOJMAINNE 33 PaMKH IIKOJIBLHON IporpaMMbl M HE BCErja
u3ydaeMble Ha KPyKKax. Bes HaoMUHAHNIS NCIOIB3YITCS TOJIBKO IIPO-
creifiiine onpejesieHust U pe3yabraThl Teopun umcen [GIM, §8-89], [Vi,
881-3], |ZSS, §§2.1-2.6, 3.1 u 3.3]. Ecsiu B HEKOTOpOM pasmese st 1mo-
HUMAaHUs YCJAOBUH WMJIM JJIst PElIeHns 3a0a4 HYKHBI JIOIOJHUTEILHBIE
CBeJleHus (MM KOHCY/IBTAIINS CIEeNUaINCTa), TO B Hadaje COOTBETCTRY-
IOIIEro pas3/e/a IPUBOJLATCI CCBLIKU.

IIpu 3TOM MHOrme 3aJa49/ TPYIAHBL I UX PEIIeHUAs HY2KHO IIPEe-

BapuUTE/JILHO IIPOPEHIaTh JAPyrue NIpuBeJacHHbIC 3a/Ja91 Ha JaHHY TEMY.

Kax ycmpoena xnuza.

D1y KHUTY HE 00s13aTeIHLHO YUTaTh (TOUYHEe, POPEIIUBATH) 0/
psi. Ilaparpadbl u pasgenbl KHUTA TPAKTUYI€CKH HE3aBUCHAMBI JPYT OT
apyra (Kpome paszesios B §3 u §4, KOTOpbIE KeJaTe/IbHO TPOPEINBATh
noapsi). Ecim B 3a7ade OHOTO W3 pa3/iesioB BCE-TaKW UCTIOJIB3YETCST
MaTepuaJ IPYroro pasaesna, To Ju00 3Ty 3aJaTy MOKHO UTHOPUPOBATH,
JinHO IMOCMOTPETh KOHKPETHO YKA3aHHBIM MaTepuaJs JAPYyroro pasiesia.
OcHoBHBIC 0003HAUYECHNS TTPUBEIEHBI B KOHIE BBeJIeHUsi. OCHOBHBIE TIO-
HATAS 1 0003HaUYeHusT Teopun rpadoB BBeAeHbI B §2.1.

ITpu sToM maparpadbl pacnoa0KeHbl IPUMEPHO B MOPSAIKE BO3PAC-

! Yacres marepuasa (manpumep, §1.1) Ha HEKOTOPBIX KPY2KKAX M JIETHHX MIKO/IAX
M3yYaeTcs Jlayke mecTukaccunkamu. OIHAKO TTPUBOIUMBIE TIOICKA3KM, YKA3AHUS
W pelleHmsa pacCUMTaHbl HA YUTATeTell ¢ HEKOTOPOI MaTeMaTWYecKoll KyIbTypoit
(HEoOx0 MOt 15 OCBOeHUsl GOJibIell YacTu KHUTH). Pa3buparh 5T pelieHus: ¢
IIECTUKIACCHUKAMU HY?KHO II0-/Ipyromy, cuM., Hapumep, |GIF].
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TaHUs CJIOXKHOCTH MaTepuaJia.

K Barkneiimmm 3aa4aM IPUBOJAATCS IMOACKA3KM, YKA3AHUS U Pellle-
uud. [lojickasky n yKa3aHusi PacooyKeHbl B KOHIE KarKJIOr0 rmaparpa-
da. OgHaKo K HUM CTOUT OOpaIaThCs TOCTe TPOPEITNBAHASA KaxKI0H
3a/1a91.

Obugue 3amewarus ¥ PopMYAuUPosKaMm 36004.

Sajiaun 0b03HAYATCA KUpPHBIMU Indppavu. Eciu B ycioBum 3a-
Jlady HAIUCAHO <«HAWJIUTE», TO HYXKHO JIaTh OTBET 0€3 3HaKa CyMMbI
W MHOTOTOYMA. ECau e yCJIoBHE 3aJadm sIBJAsieTcs POPMYIUPOBKOLL
YTBEP:KIEHNsI, TO B 3aJate TpeOyeTcs 3TO yTBep:KIeHne JoKa3aTh. Kax
IPABUJIO, Mbl HPUBOIUM (HOPMYAUPOSKY YTBEDPKICHUS IIE€pes ero do-
Kazameabcmeom. > B Takux CIydagx e JIOKA3aTelIbCTBA yTBEPIK/Ie-
HIUSA MOTYT MOTPEOOBATHCS CIEAYIONINAE 3aauni. JTO BCEra sIBHO OTO-
BapUBaeTCs B TMOJCKA3KaX, a WHOTAA W mpsaMo B Tekcre. (Ha samarum
3a/1a49a-~110/ICKa3Ka BBIJAETCS TOJIBKO TOI/A, KOIJA IITKOJbHUK WUJIK CTY-
JEHT HEMHOTO TOAyMaJl HaJl CaMoil 3ajaqeii. )

BosbmuHCTBO 33/1a9 HE OPUTMHAJIBHBI, HO YCTAHOBUTH IIEPBOUCTOY-
HVK He TTPEeICTaBIAETCS BOBMOXKHBIM. Muorne 3a1aun B3sa1h! n3 [IKRS],
[ZSS], [Lo] u u3 HeonybinkoBaHHBIX MaTEpUaIOB KadheIphl TUCKPETHOI
maremaTuku @PUBT M®THU, va Koropoii padboTaioT aBTOPHI.

O aumepamype.

B criucke smurepaTypbl MBI IIPUBOINM TOJIBKO T€ CMaHIapmMHbie y4eo-
HUKU TT0 KOMOMHATOPUKE W TEOPUN T'PadOB, KOTOPHIE IO TEM WJIH WHBIM
MpUIUHaM dYallle UCIOAbL3yeM B MPermomaBanui. TakKe MBI MTPUBOINM
CCBIJIKM Ha BCIO M3BECTHYIO HaM 0oJiee Cepbe3HYI0 yUIeOHO-HAYIHYIO JIK-
repaTypy. Ho 9T0T Clincok Toxke He IpeTeH/IyeT Ha OJHOTY, ITOCKOJIbKY
MBI MOXKEM He 3HATh O HEKOTOPBIX ITyOIMKAIUSIX.

B crmucke smreparyper [Ga, GKP, Har, Hal, KS, Mk, R15, R14,
R10, RO8, S05, S13, VS88, 8] u [AM, Ig, JLR, Ju, KZP, CR, Pr, Vi,

R12, R13, S15] — 6a30BbIe yuIeOHUKHN 1 CTATHU TI0 TEMAaM STOW KHUTH W

>Yacro mpoucxomuT obpaTHOe: (GOPMYIHPOBKN KPACHBBIX PE3YJIBTATOB U BarK-
HBIX TIPOOIEM, Paau KOTOPBIX ObLIa HMPUIyMaHA TEOPUsi, IPUBOAIATCI TOJIBKO NOCAE
MIPOIOIKUTETHHOTO U3yYeHNs 3TON Teopun (WU HE TPUBOIATCI COBCEM). DTO CIIO-
coOCTBYeT TTOSIBJIEHUIO TIPEJICTABIEHUS O MaTeMaTUKe KaK HayKe, N3ydalolieil HeMo-
TUBUPOBAHHBIE TIOHATUSA U Teopur. Takoe ImpeicTaB/IeHNe TPUHUKAET [EHHOCTh Ma-
TEMATUKHU.
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o ceazanubiM TemaM, [AS, BF, Bo, Gr, Lo, S, S14, So| — 6oJiee mpo-
IBUHYTad uTeparypa. OCTajbHOe — UCTOYHUKK 3aMEYaHuil, OCHOBHOE
COIEPXKAHNE KOTOPBIX MOXKET OLIThL He CBI3aHO C 9TOH KHUIOH, n Ommy0-
JIMKOBAHHbBIE PAHHHUE BEPCUM OTIE/IbHBLIX YACTel KHUI'H.

Baazodaprocmu.

Mpb1 6s1arogapum coaBTopoB nepBoro u3ganus A. A. [nubuuyka, A.
b. Haitaaka u A. A. Yeprosa. Mpl OsraromapuM 3a MMOJIE3HBIE 3aMeva-
ung pemaktopos Kuurn A.B. [Mlamosasosa u 1. /1. IlIkpegosa, a Takxke
N.A. Murpodanosa, .M. OsuunauukoBy, A.A. Ilosgrckoro, M.B. Cko-
nenkoBa, E.A. Illnbikosa, VI.H. IlInypHuKoBa M 4/IEHOB PEIKOJLIEINN
coboprmka «Maremarnueckoe IIpocBemniennes. Mbl 61arogapuM CTyA€H-
TOB 33 KaBep3HBIE BOTIPOCHI M YKa3aHWsd Ha HETOUYHOCTH. MBI OJ1aromga-
pum A.FO. Becuuna 3a pasperiienue ncroJib308aThk puc. 9.

A.B. Kynagsckuit mogaep:xan rpanrom POPU 12-01-00683 u rpan-
toMm IIpesngenTa PO MJI-6277.2013.1. A.M. Paitropoackmii moageprKam
rpanToM PODU 12-01-00683, rpantom Ilpesugenta PO M/I-6277.2013.1
u rpanToM Beaymux HaydHbIX mikosa HI-2519.2012.1. A.B. Ckomnenkos
JaCTUYHO Mo iepKaH rpanToM ¢ona CaiiMomca.
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OcHoBHble 0003HaYEeHUA

o [r] — (HKHSs) HeIad 9aCTh IUCTA L.

e d | n — uucio n gesuTcs wHa aucyao d (I Teabx d w n).
e [n| =R, — muoxkectBO {1,2,...,n}.

e R Q, Z — MHOXKECTBa BCeX JIEHCTBUTEIbHBIX, PAIMOHAIBHBIX U
[[EJIBIX YUCEJT COOTBETCTBEHHO.

e Zo — muOxkecTBO {0, 1} ocTaTKOB OT /meieHust Ha 2 ¢ OmepaIusaMu
CJIOXKEHUSI ¥ yMHOMKCHIS 110 MOJLYJIIO 2.

® 7, — muOKecTBO {0,1,...,m — 1} ocTaTkoB OT JejeHWsT HA M
C OIEPALUAMY CJIOXKEHUs] U YMHOMKEHMS I10 MOJLYJIIO 171.

n

e |, ) — wommectno k-3JIeMEHTHDLIX TIOJIMHOXKECTB N-3JIEMEHTHOTO
MHOXKecTBa (pyroe obosnauenne: CF).
X
e |, | — nmoxectso Beex k-3JTEMEHTHDBIX TTOJMHOXKECTB MHOMKe-
cTtBa X.

e | X| — 4ucsio ss1eMeHTOB BO MHOXKecTBe X .

e A\B={zx|xe€ Aux ¢ B} — pazuocts mHOKecTB A 1 B (He
myTaire 3TOT 3HAK C /).

e ALIB — mu3bioHKTHOE 00 beauuenne MHOKecTB A n B. Pesyanrar
9TOI OIIepAIINY COBIIAIAET C OOLIYHBIM 00beInHeHneM MHOXKeCTB A u B,
HO IIPW 3TOM IIOU9epKUBAETCsI, 410 AN B = J.

e A C B — «muOX)kecTBO A copepxurcs B MHOKecTBe B». (B HEKO-
TOPBIX IpYyrux KHUrax 3ro obosHadaror A C B, a A C B o3Hadaer
«MHOXKECTBO A cojiepKuTCs B MHOXKecTBe B 1 He paBHO B».)

e T := g o3HauaeT (ppa3y «0DO3HAUUM T = a».
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1 SJaeMeHTbI KOMOMHATOPUKN

1.1 Ilomcuyér m KOMOMHATOPHBIE TOXKJIECTBA

1.1.1. (a) (Z) - (nfk) (b) Hafizmre cynmy (g) T (Z)

n+1 n n
1.1.2. 11 11 : = 0 <
(a) Ipasuso Ilackanrs (k N 1) (k N 1) + <k>’ ecIu

k < n — 1. (IToackaska npusegena mnocie 3agaqdu 1.1.4.a.)

(b) {ZE} = (k+1) {k " 1} + {Z} 3ech {Z}  KOJHMECTBO

pasbueHunit N-3;IeMEeHTHOIO MHOYKECTBA Ha k JacTeil (T. €. HelmyCThIX MOJI-
MHOKECTB); pa30MeHust CIUTAIOTCA HEYIOPSIJIOUEHHBIMUY, T. €. pa30uenue
muoxkecrsa {1,2,3} wa wactu {1,2} u {3} u pasbuenue Toro ke MHO-

kecrBa Ha gactu {3} u {1,2} cuurarorcs ogurakosbiMu. Cp. ¢ 3amadeit
1.4.7.e.

n
Samevanue. Huca { } Ha3BIBAIOTCS wucaamyu Cmupiurea 6mo-

k
poz0 poda; oapobHee o HUX cM., Hanpumep, [GKP, c. 287].

1.1.3. (a) Bo ckompKEX TOIMHOMXKECTBAX MHOXKECTBA 11 HE HaiiméTCst
JBYX TIOJAPSIJT VIIYTIIUX 9GUCENT!
(b) To xe mist mpér nOAPS UIAYHIUX YUCE/L.

n n! nn—1)...(n—k+1
1.14. (a) (k)zk!(n—k)!: = k'( !

(b) Bunom Hwvromona. (a +0)" = > (;L) alb" I
5=0

Kak pemmarp 3aja4mu 3toro pasaena?’ [Ipumensgiite ssBHO ob01me
IpaBuia KOMOMHATOPUKHU, KOTOphble Bbl gBHO cdhopmymupoBaiu. Bor
IPUMEPHI.

IIpasuso cymmoi. s TrOOBIX ABYX KOHEUHBIX MHOXKECTB A, B BBHI-
nosaeno |A U B| = |A| + |B.

IIpasuno npouseederus. st 100bIX IBYX KOHEIHBIX MHOXKeCTB A, B
BoinoJiHeHo |A x B| = |A| - |B].
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IIpasuno 6uexyuu (1 : 1-omobpascenusn). Ecin f : A — B — 6u-
ekIus (T.e. B3AUMHO OJIHOZHAYHOE COOTBETCTBUE) MEXKJY KOHEUHBIMU
mHOXKecTBamu, 10 |A| = |B|.

IIpasuno s : 1-omobpascenun. Eciun € Z, f : A — B — orobpazke-
HUE MEK/ly KOHCYHBLIMU MHOXKECTBAMU, U JIJIsl JIFOOOro & € B BBIIOJIHEHO
()] = 5, 70 | 4] = 51B].

IIpasusro omobpascenun. Ecim f : A — B — orobpaskenne MexxIy
KOHeuHbIMH MHOKecTBamu, 10 |A| =Y 5 |f 71 (z)].

IIpu npuMeneHny SIBHO yKasbiBaiiTe Te MHOXKecTBa A, B um oTobpa-
)keHue f, K KOTOPbIM IIPUMEHsIeTe IIPABUIIO.

Mp1 mpejiiaraeM pasHble CIIOCOOBI, KOTOPhIE TTPOJIEMOHCTPUPYEM Ha
puMepe Tpex JgoKazareabcTB npasBuia [lackanas 1.1.2.a u mogckasku K
JoKazareabcTBy dopmyssl 1.1.4.a.3

Ilepsoe doxazamesvcmso: npasunro cymmo,. Hedopmaaibao rosops,
ujiesd B caeayromieM: 9Tobbl BeIOpaTh k + 1 pyTdosmcToB, HYyKHO JTHOO
BHIOpaTh k+ 1 mosieBwIxX, b0 BpaTaps u k mojeBwbix. [IpuBegem ctporoe
N3JIOYKEHUEe 3TOU MJIEH.

O6o3naunm dyepe3 A cemeiictBo (k + 1)-371eMEHTHBIX OIMHOXKECTB
MHOXKecTBa, [n + 1], comepxamux ducao n + 1. Obosnauum depe3 B
cemeiictBo (k + 1)-371eMEHTHBIX TIOIMHOXKECTB MHOXKECTBa [n + 1], He
cogepzkamux gucao n + 1. Toraa

o |A|l = (}), Tak kak npu yganeHnn 4ucaa n + 1 M3 mOAMHOKECTBA
X € A nosrygaercst TIOIMHOXKECTBO B [n];

o |B|= (kil)’ TaK Kak Jid mogMuoxkectBa X € B nmeem B C [n].

[osToMy ¥ TIO TIPABUILY CYMMBI (ZI}) = |A|+ 1Bl = (,}) + (1)

pyeas 3anucv amozo pewenus. OupegesnmMm oTodpazKeHue

f (“;ii]) 5 (k[Z]J U <[Z]> bopmyioii f(A) = A — {n+1}.

Ocraéres 10Ka3aTh, 4TO 310 — Ouekius (HAIpUMED, OLPEIe/IUB SIBHOM
dbopmyitoit obpaTHOE 0TOOparXKeHMe).

*Mrorue 3aJadu 3TOTO Pa3fesa PEITAoTCa HeCKOALKMMU CIIOCOBaMM U3 TPEX
mpeaioKeHHbIX. Ho, KOHeYHO, He KaxXKIblili CIoco0 MpUMEHNM K KaxKJI0H 3ajade.
O6bIYHO B yKa3aHUAX M1 KPATKOCTU HMPUBOJIUTCH TOJIBKO OIUH CIOCO0O penieHus.
Cwm. Takxke CHOCKY 1.
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Bmopoe doxaszameavcmeo: ucnosviosarue a61ol popmyave 1.1.4.a.

Nmeem
n N n\ nl N n! B
kE+1 k _(n—k—l)!(kJrl)! (n — k)!k! -

B n! 1 n 1 B n! n+1 B
Cn—k-DK\E+1 n—-k) m—-k-1D% (k+Dn-%k)

B (n+ 1)! _(n+1
Cn—=k)NE+1)! \k+1)
Tpemwve dokazameavbcmaeo: ucnosvsosarue burnoma Horomona 1.1.4.0.

Yucso (Z]: k+1

) SBJIIeTCI KOIPPUIMEHTOM MTPU T B MHOTOYJIEHE

14+z)"=1+2)"Q+2) =20 +2)" + (1 +2)".

n+1
k+1

y muorowiena (1+x)". Orcioma ciemyer TpebyeMoe paBeHCTBO.

k

[TosTomy [ucsio ( ) PaBHO CyMMe KOIPPUITMEHTOB MPU CTEIEHSIX T

xk+1

Iodckaska x doxasameavcmsy dopmyave 1.1.4.a. Obo3HaauM depes
Afn] MHOKECTBO YTIOPSTOUEHHBIX HAOOPOB JUTHHBI k U3 97IEMEHTOB MHO-

JKECTBa [n], COCTOSAIINX U3 MOTAPHO pa3J11/1qu1X 9JIEMEHTOB.
Onpenenm oTobpaxkenue f : Ak] — Ak dopmymoit f(ay,...,ax) =
(a1,...,ak_1). Torma mo mpasuy s : 1- OTO6pa}KeHI/IH

48 | = (0 — K+ 1)k
(nokazkure!). TTosTomy

\Afn]]:n(n—l)...(n—k—i—l).

Onpegennm orobpazkeHue ¢ : A[n] ( ) dbopmymoit g(ay,...,ax) =

{a1,...,a;}. Torma mo npasuay s : 1-orobparkerust |Ak | = ( ) (110-
Ka}KI/ITe!).
1.1.5. Haiigure cymmbr: (a) (g) — 7; o (—)n (n>7

n

0 () +2() +36) o ()
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@ (1) +2(3) +s(3) +on(2):
@ () +<Zji<)+...+(";jg);

S

o () () ) ()

1.1.6. Haiimure «gaBHYIO» DOPMYITY T8

oz ozl oz

k>0 k>0 k>0
B oTBEeTe I/ICHOJIIDSyfITe TOJIBKO IIESJIOYUCJICHHBIC CbYHKH;I/II/I oeJIo9uc-

JIEHHOT'O apryMeHTa.

1.1.7. (a) B pax crosar wucaa 1,2,...,n. Haiigure KojmuecTBo crio-
co00B BBIOpaTh k W3 HUX, 9TOOBI HUKaKWe JTBA BHIOPAHHBIX HE CTOSLIN
psijom. (PopmaabHO — HaAUTE KOJUIECTBO K-3JIEMEHTHBIX TOIMHO-
KecTB MHOXKecTBa {1,2,...,n}, B KOTOPbIX HUKAKME J[BA JEMEHTa He
coceHue. )

(b) To ke, eciu 4ucjia CTOAT 1O KPYIY.

(¢) Haitaure KOJMYIECTBO CITOCOOOB PACCATUTE N TTAP BPAXK Iy FOIINX
phIlIapeil 3a KPyIJIbIi CTOI ¢ HyMEPOBAHHBIMHU MECTAMU, UTOOLI HIKAKIE
IIBa BPaXKAYIOIINX PHINAPS He CHIEJN PSIIOM.

1.1.8. Haiignre acumnToruky (cMm. Hagamao m. 6.1) mis

(a,b,c) cymm u3 3agaqu 1.1.6;

(d) kommuecrBa A, moaMHOKecTB MHOXKecTBa {1,2,...,n}, HE CO-
JepKAIIUX ABYX TOAPSIL UAYIIUX YUCEI;

(e)* To xe, uro B (d), M1t MPEx TOAPST UAYIAX TUCEJT.

B oTBeTE MOXKHO HCTOIB30BATHL (DYHKINIO T p(a, b), KoTopast 1o Juc-
JaM @, b u Muorouneny P, nMeonemMy eIuHCTBeHHbIA KOPEHb Ha OTPe3-
Ke [a,b], BbIIAaeT 3TOT KOPEHBD.
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1.3.9. /Lng g1r00bIX N BEKTOPOB U1, . ...V, JIJUHBI 1 HA ILJIOCKOCTHU CV-
1, y Un 1 y
IMeCTByeT TaKoil HaboOp €1,...,&, = 1, 9TO
n

() | Y ekoel < v (b) |3 exunl > v
k=1 k=1

1.4 Kombunaropuka OyjeBa Kyba

1.4.1. PaccraBbTe ma MIaxMaTHON I0CKE HECKOJLKHUX KOHelH, UTOOLI
KaxK /bl OMJI 4eThIPEX JIPYIUX.

1.4.2. 33 OYKBBI PyCCKOTO ajdaBuUTa KOJUPYIOTCS TOCIIEI0BATETHHO-
CTAMU U3 HyJIell 1 eJUHUIL.

(a) Ilpu Kakoil HauMeHbIIel JIJIMHE I0C/Ie0BATeIbHOCTU KOAUPOBa-
HIE€ MOXKHO CIeJIaTh OJHO3HAYHBIM !

(b) Ecyiu ipu nostydenun coobIeHunst BO3MOYXKHA, OnbKa B He DoJtee
yeM OIHOM paspsdjie, T. €. €CIU KOOl PA3JUIHBIX OYKB JOJKHBLI OTJIN-
JaThCd 0 Kpalineii Mmepe B TPEX pa3pdiax, TO 8 pa3paa0B He XBATHUT.

(¢) Ecm Bo3MmoxkHa ommbKa B He OoJiee UeM JBYX paspsiax, To 10
pa3psiioB He XBATHUT.

(d)* Haiijure HauMeHbIIEe YUCI0 PA3PLAIOB, JOCTATOUYHOE JIJIst KO-
muposanust u3 (b).

n

k

1.4.3. (a) [Ipu ukcupoBaHHOM N YHUCJIO MAaKCUMAaJIBHO IpU k =

n
5]

(b) Best in their own ways. B Maremarnieckoil ouMIInae yaacrso-
BaJIO k IIKOJBHUKOB. BBISCHIIOCH, 9TO Jjisi JIIOOBIX JBYX IIKOJBHUKOB
A wn B manurach 3aj1avua, Koropyto pemma A u He perun B, u 3a1a4a,
KoTopyio permua B, no me pemma A. Kakoe mamvenbiiiee BO3MOXKHOE
KOJIMYECTBO 3324 MOLJIO ObITh npu 3ToM ycaoBuu?! VHbIME CioBaMU,
Hali/iuTe HAMMEHbIIee 1, /i KOTOPOro HafiyTcst Takue k MOJIMHOKECTB
N-3JIEMEHTHOTO MHOYKECTBa, HU OJIHO M3 KOTOPBIX HE COMEPKUT (CcOb-
CTBEHHO) JPYyTOe.

1.4.4. Nmeerca Tabso ¢ n TOPAINIAMEI JIaMTIOUYKaMu. Kaxk eIt mepe-
KJIIOUaTEe/h MOXKET ObITH TOACOEINHEH K HEKOTOPBIM JlaMTioukaM. [Ipn
HAXKATUW HA KHOIKY IEepeKJIovaTe/id COeIUHEHHbIE ¢ HUM JAMIOYKN
MEHSIOT CBO€ COCTOSHME: TOPAIINE TYXHYT, a HE TOPAIINE 3ar0PAIOTCH.
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Kakoe Hanmenbliiee 9uc/io nepekaodaTeseil HeoOXoIuMo, 9TOOBI MOXK-
HO OBLIO 3aKeub JiI000H HAOOp JlaMIioUeK (He BXOJSIre B 9TOT HAOOP
JIAMIIOYKHU T'OPeThb He JO0JI2KHbI)

1.4.5. B mnepBblit JeHb CBOErO MpaB/eHUsd KOPOJIb OpPTaHU3yeT IapThun
cpeau n CBOMX TOIaHHBIX. Ha BTOpOil /IeHb COBETHUK NMPUHOCUT KO-
POJTIO CITUCOK (paMUINi HEKOTOPBIX MOJIAHHBIX (B MEPBBIA JEHb 9TOT
CIUCOK Hem3BecTeH). Ha Tperwnii JeHbh KOPOJIh MOXKET BHIOPATEH HECKOJIb-
KO TIapTUil W OTHPAaBUTH B TIOPHBMY BCEX IOJJIAHHBIX, YYACTBYIOIINX B
KaxK70M m3 HuxX. Kakoe HamMmeHbIllee YUCIO MApTUNl HEOOXOIUMO Op-
TaHU30BaTh B IEPBBIN J€Hb, YTOOBI B TPETHH JEHBb 3aBEJOMO MOYKHO
OBLTIO OTIIPABUTH B TIOPHMY BCEX TOJJAHHBIX W3 MTPUHECEHHOTO CITHUCKA
(1 ToIBKO UX)?

Bameuanue. Chenyromas BaxKHasi KOHCTPYKIWsT TOJI€3HA (XOTS U
He 00si3aTeTbHA) JIJI PEIeHNsT BBINETPUBEIeHHBIX (M MHOTUX JTPYTHUX)
3aga4. Hapucyem To9YKM, COOTBETCTBYIOIINE BCEM IO IMHOKECTBAM MHO-
xkectBa Ry. lIpm aToM HaA k-t 9masic TOMECTUM TOYKH, COOTBETCTBYIO-
e k-seMeHTHBIM MHOXKecTBaM. CoeMHIM CTPEJIKO# Te N3 HUX, KOTO-
pble TIOTYYaI0TCd JIPYT U3 JIPYyTa JI00aBIeHNeM OJTHOTO djieMeHTa. Torma
COeAMHSIEMbIE CTPEJIKON TOYKM JIeXKAT Ha COCeqHmX drazkax. llosyden-
HbII rpad Ha3bIBAETCA N-MeEPHHIM KYybOoM. ET0 BePIIMHBI COOTBETCTBYIOT
BEeKTOpaM u3 Zjy.

Oupenesienue MHOXKeCTBa Ziy IpuBeAeHo B Hadase 1. 7.1. Hemycroe
noAMHO)KecTBO L C Z5 Ha3BIBAETCT AUHEUHBIM NOONPOCMPAHCEOM,
ectn x +y € L nua mobbix x,y € L (He 00s13aTeIbHO Pa3IUIHBIX).
Nubivu cioBamMu, Aunetinoe noonpocmpancmeo — TaKoe HEMyCcToe ce-
MEHCTBO TIOJIMHOXKECTB N-3JIEMEHTHOTO MHOYKECTBa, KOTOPOE BMECTe C
JIFOOBIMU JIBYMSsI ITIOJIMHOYKECTBAMHU COJAEPKUT UX CUMMETPUIECKYIO Pa3-
HOCTB (T. €., CyMMY IO MOJYJIO 2).

1.4.6. (a) Jlroboe jmHEITHOE MOIITPOCTPAHCTBO COMEPKUT HYJICBOH Ha-
6op (0,...,0).

(b) Yucsio s1eMeHTOB B JIF06OM JIMHEHHOM HOJIPOCTPAHCTBE ABJIsi-
€TCsl CTEIIEHbIO JIBOMKMU.

1.4.7. ObozHauum uepes KOJIMYECTBO JIMHENHBIX MOIIIPOCTPAHCTB

n
k
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B 2%, COCTOSIINX U3 2F 3/1emeHTOB (Takue JIMHEHHbIE O IIPOCTPAHCTBA

B 7Y Ha3bIBAIOT k-Mepnuimu, cp. m. 7.1).

(a) Haitmure 2 s k=0,1,2.

(b) Haiizure i g k=0,1,2,3.

S Ry -
(d) Z B nﬁk‘

Rl P

(f) Haitamre g ‘

(g) Haiimure Z

Jnsa permternd 3Toit 3aa91 HYKHBI HEKOTOPBIE TIOHATHS, TIPUBE/IEH-

HBbIe B HayaJie 1. 7.1.

1.4.8.* Haiinure acumiroruky (cm. Hagaso . 6.1) mis

()| 2

: (b) Ko/mUECTBA JMHEHHBIX TIOIIPOCTPAHCTB B Z3F.

B oTBeTax M0KHO MCIIOJIL30BATDH KOHCTAaHTBI, 3aJaHHbIEC B BUAEC IIPEC-

JIeJIOB, CYIIeCTBOBaHME KOTOPHIX JoKa3aHo Bawm.

2k | 9k o2k | 2k
Ykazanue k (b). Vlckomoe Komm4aecTBo pasHo » | P >,

JlokaxkuTe, 9TO TOCTEHAT CyMMa UMeeT TIpejiesl Tphu k — 00, MCIOTb-
3ys pe3yabTaT 3ajadm 1.4.7.g.

1.4.9. Ha BwICTaBKe COBpeMEHHON KMBOIHCH «DBbimesn 3afiuuk mory-

2k

2k

JATh» BbICTaBgeHO 160 KapTmH. Kaxkmasg w3 HUX gBIseTCS TAOJIATICH

pasmepa 4 x 125 n3 uwncen 1,2,3,4,5, B KoTopoit
e Jif00bIe JiBa U3 125Tu cTONDIOB pa3IuIHbI;
® TTOKOMIIOHEHTHAsI PAa3HOCTh O MOJIYJIIO D JIFOOBIX JIBYX CTOJIOIOB
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(He 0bsi3aTEFHO PA3IMYHBIX) TAKYKE SIBJAFETCA CTOJOIOM 31O Tabim-
ITBI.

Ob6a3aTesbHO ST HAWAYTCA JIBe KaPTUHBI, OHA M3 KOTOPOH ToJTyda-
eTCsi U3 JIPYroii HEKOTOPOI 1mepecTaHoBKOil 125tu cTo/1011087

1.5 Iloacuér aBymsda crocobamu

MpbI mprBOAMM TPOCTEUINI BAPUAHT BEPOATHOCTHOTO METO/Ia B KOM-
ounaropuke. OH OCHOBaH Ha IOJICUETE JIBYMs CIIOCOOAMU KOJIMYECTBA
HeKOTOPBIX map. (MHbIMEU coBaMU, pacCMATPUBAIOTCS CEA3U MEKIY
obbekTaM¥u W TO, KaK 3THW CBA3M MOKpbiBatoTcs.) Cp. m. 6.2, m. 6.3.
DTOT METOoJ TaKxKe IpuMeHsieTcs npu perenuu 3aja4d 2.4.4.b, 2.4.5,
2.6.5,2.6.7,2.7.2, 4.1.6, 4.1.5, 4.1.7, 4.3.4 u HeKOTOPBIX 3334 u3 |ZSS,
. 23.3 «KombuHaToprka K1accoB 9KBUBAJICHTHOCTHY |.

KombunaTopHuble perenns HUKEPUBEIEHHBIX 33189 MOXKHO M3J10-
JKUTH HA BEPOSTHOCTHOM si3biKe. Perrenns 6e3 aBHOTO IOCTPOEHUS Be-
POATHOCTHOTO MPOCTPAHCTBA MOTYT IMPUBECTH K OECCMBICUIIE W OIMIN0-
ke. ([MomywmaiiTe, HAaTpUMep, ¢ KaKO# BEPOSITHOCTHIO CyJaflHBINA Tpe-
YILOJIBHUK OyaeT ocTpoyrosbHbiM.) [1o3ToMy crporue perieHust Ha Be-
POSITHOCTHOM $3BIKE JIOJIYKHBI HAYWHATHCS C IBHOTO MOCTPOEHUS BEPO-
SITHOCTHOTO TTPOCTPAHCTBA.

1.5.1. (a) Jdanbr 21 geBATHIIEMEHTHBIX TTOAMHOKECTB 30-371eMEHTHOTO
MHOKecTBa. Torma Kakoi-to ajieMeHT 30-3/IeMEHTHOI'O MHOXKECTBa CO-
JePXKATCA [0 KpaiiHeil Mepe B CeMH JaHHBIX ITOAMHOXKECTBAX.

(b) Komuccust cobupanack 40 pa3. Ha kaxmgom 3aceganuu ObLIO
poBHO 10 4"esoBek, Jr0OBIC JBa OBLIM BMecTe He OOJIBINE OJHOTO pasa.
Torna B komuccuu xoTa 061 60 JegoBex.

(c) B koMuanuu y J0ObIX JBYX 3HAKOMBIX JPYT C JAPYTOM 4YeJI0BEK
eCTh POBHO 5 OOIMX 3HAKOMBIX (KpOMe HEUX caMux ). Torma KoauaecTBo
map 3HAKOMBIX MEXK]Iy co0Oil JItoeit B KOMITAHUHU JICTUTCS Ha, 3.

(d) Ob6osnaunm uepe3 P, (k) wmc/io mepecTaHOBOK MHOYKECTBA Ha-
TYpPaIbHBIX 9HCeJ OT 1 70 71, OCTABJISIOMNX POBHO Kk UKCes HA CBOEM

n
mecre. Torma > k- P,(k) =n!.

k=0
1.5.2. Ilycts F — m1060e ceMeiicTBO k-3/1€eMEHTHBIX ITOJIMHOXKECTB 71-
9JIEMEHTHOTO MHOXKECTBA.
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(a) Eciu k > | u kaxi0e [-3/1eMEeHTHOE TOIMHOXKECTBO 7-3JIEMEHTHOIO
MHOYKECTBA, COJIEPXKUTCSI B HEKOTOPOM TIOJMHOXKECTBe u3 JF, TO

n k
Fl =
| F] ] ]

(b) Kosmmuectso (k — 1)-3/1eMEHTHBIX TIOJMHOYKECTB N-3/IEMEHTHOTO
MHOYKECTBA, [EJIMKOM COJIEPIKAIIUXCS XOTS ObI B OJJHOM U3 MOJMHOMKECTB
k| F]
n—k+1

ceMeiicTBa J, He MeHbITe

1.5.3. Ha murtanere Mapc 100 rocymapcTB o0beIMHEHBI B OJI0KU, B KaXK-
JIOM U3 KOTOPBIX He bosikiiie 50 rocymapcTs. I3BecTHO, YTO JIFOOBIE JIBA
TOCYJIapCTBa COCTOAT BMeCTe XOTsI OBl B ogHoM Ojoke. Haiignre Mumu-
MaJIbHO BO3MOXKHOE dncyio 6,10koB. (Cp. ¢ 3agaqeit 1.5.2.a.)

1.5.4. PoBuo 19 BepmuH npaBuabHOTO 97-yTrobHUKA TOKpAaIleHo B Oe-
JIBIFl TIBET, OCTaJIbHbIE BEPIIWHBI TTOKpaIleHbl B 4épHbIi. Torga dwncio
paBHOOEIPEHHBIX OJHOIBETHBIX TPEYTOJHLHUKOB C BEPIIMHAMU B BEp-
muHax 97-yroJibHUKA He 3aBUCUT OT criocoba packpacku. (Tpeyroibauk
OJIHOLIBETHBIMN, €CJIM BCE €r0 BepLIUHbI WK Oe/ible, Wiu YEPHbIE. )

1.5.5. Janwr unciaa n > k u MHOXKeCTBO S W3 1 TOYEK Ha, ILJIOCKOCTH.
Hukakne Tpu TOUYKHT U3 MHOXKeCTBa, S He JeyKaT Ha, OTHON IPAMOIl 1 JIJIsT
JI000# Toukm P € S cymecTByOT XOTd Obl k Pas3andHBIX TOYEK U3
MHOXKecTBa S, paBHoyiaaaeHHbiX oT P. Torna k < % +/2n.

1.5.6. B s1r060M MHOXKECTBe U3 1 PA3JIUIHBIX HATYPAJIbHBIX YUCEeT Hall-
JETCsT TOJMHOXKECTBO W3 Oojiee 4eM n/3 dmces, B KOTOPOM HET TPEX
qucesa, CyMMa JBYX U3 KOTOPBIX PaBHA TPEThEMY.

1.5.7. Tlo xkaxaomy u3 100 BugoB pabor B dpupme mMmeercss poOBHO 8
CIIEITUAINCTOB. KaxKI0My COTPYTHUKY HYKHO JIaTh BBIXOIHOI B Cy000-
TY WU B BOCKpeceHbe. JloKaKnuTe, 9TO 9TO MOXKHO C/IeIaTh TakK, YTOObI
u B cyO0OTY, M B BOCKpeCeHbe JJTsd KaxKJ0T0 BUAa paboT Ha paboTe ObLI
CIIEIAAIACT 110 HEMY.

Sameuanue. TIOHATHO, 4TO PU JAHHOM YHCIE Kk CIENUaJIucTOB (B
sagade 1.5.7 k = 8) myist Majoro 4mcjia BUIOB pabOT TaK Pacpe/IeTuTh
BBLIXOJIHBIE BCErAa MOXKHO. A mpu O0aLITOM umciie [ BUIOB paboT 3TO
MOXKET y2Ke He II0JIy4unThbcs. B cieyromiei 3a/1ade Mbl HAXOIUM aCHMII-
TOTUYECKYIO OIEHKY CHU3Y JJIsT TAKOr0 YMCa, [.
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Bot 6osiee yuenas dpopmyauposka (0600menus) 3agaun 1.5.7. Nme-

2k—1

erca | = IIOAMHOXKECTB HEKOTOPOI'O MHO2KECTBa, B KazKIO0M H3

KOTOPLIX POoBHO k syiementToB. Torma 3aeMeHTHI 9T0r0 MHOXKECTBA, MOXK-
HO PACKPACHUTh B [Ba I[BeTa TaK, YTOOLI HUKAKOE U3 [ IIOIMHOXKECTB He
onL10 omHOmBeTHO. Cp. € 3amageit 6.2.1.a.

1.5.8. (a) Ecam i HekoToporo 4érHoro n

2
(")
(%)

TO B M-9JIEMEHTHOM MHOXKeCTBe Haiijércs | TakuX k-3/IeMEeHTHBIX I10-

l

1-2 M <1,

MHOYKECTB, UTO TPH JIFOOOU pacKpacKe 3JEMEHTOB 3TOT0 MHOXKECTBA B
JIBa 1IBETa XOTs OBbI OJHO W3 9THUX | TOJIMHOYKECTB OJTHOI[BETHO.

(b) CymectByer Takoe ¢ > 0, uTo jjist JF000T0 k CyIIeCTByeT He
6ostee ueMm ck?2F Takmx k-3/1eMEHTHBIX TOIMHOMKECTB HEKOTOPOTO MHO-
JKECTBa, 4TO Ipu 000l pacKpacke 3JIEMEHTOB 9TOI0 MHOXKECTBA B JIBa,
I[BETa OJIHO M3 ITUX MOJIMHOYKECTB OJIHOIBETHO.

1.5.9. 21 geBouka u 21 mMaapuuK ydacrBoBasm B osmMmnuaje. Okasa-
JIOCh, 9TO KarKJblil y4acTHHUK peruyg He Oojiee 6 3ajad; st JIFOOBIX
MaJIBIMKa 1 JICBOYKK HaMIeTCA 3a/1ada, KOTOPY oHM 0ba permmin. /o-
KaXKNTe, UYTO HEKOTOPYIO 3aJady PEIIo He MeHee TpeX MaJIBYUKOB 1
He MEHee TPeX JEBOYEK. °

1.5.10. Ha maremarudeckoii oauMmnuage ObLIO TpeaaoxKeHo 6 3ajad.
Kaxnag napa 3agad 6bL1a pernena 6osee yem 2/5 or obiiero duciia
yYaCTHUKOB, HO HUKTO He pemui Bee 6 3aaau. JJokaxkure, 4T0 HaligeTcs
1o Kpaitaeit mepe (a) omauH; (b) nBa

YIaCTHUKA, KaXKIBIH U3 KOTOPBIX PEIII POBHO b 3a/1ad.

1.5.11. Ilycrs A ects 101-371€MEHTHOE ITOAMHOXKECTBO MHOXKECTBA S =

{1,2,...,10°}. JoxasknTe, 94TO 1715 HEKOTOPBIX HATYPANbHBIX t1, . . ., t100 €
S mmoxectsa Ay, = {r +1t; | z € A}, j=1,...,100 momapmo me mepe-
CEKAIOTCH.

SMer 6maromapusl A.S1. Kanemo-BeoBy 3a paspelleHne BKIIIOYHTb 9TY U JIBE
crreIyronime 3a/1a4u B KHury. Perrenns nanucansl aBropamu. Bor snpyrue 3a71a4u Ha
a1y Temy: http://school.dist-math.ru/moodle/course/view.php?id=133.
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[TosToMy cyImiecTByer SKCTpeMaabHOEe CeMeiiCTBO, KaxK0e MHOKe-
CTBO B KOTODOM HMeeT He MeHee [n/2]| sseMeHToB. AHAJIOTHIHO, 3aMe-
Helsl TIOJMHOXKECTBA C HAMOOJBIIAM YUCJIOM @ > [n/2] s71emMeHToB Ha
(a — 1)-37€MeHTHBIE, TIOIyYaeM SKCTPEMAIbHOEe CeMeiiCTBO, B KOTOPOM
KayKJl0e MHOXKECTBO MMEET POBHO [n/2] 371eMeHTOB.

1.4.7. (d) (9o pemenne moyaeHo pegakTupoBanueM tekcra M. Ada-
HACKEBA) Y TBEPXK/IEHHUE CJIEIyeT U3 HaJIUudsi OUEKIUMHU MexK/ly MHOXKe-
CTBOM BCeX Kk-MEDHBIX MOJIIPOCTPAHCTB U MHOXKECTBOM BCex (n — k)-
MEpPHBIX TTOAITPOCTPAHCTB. JIJIsT ee MOCTpoeHnsT BO3bMEM TPON3BOJIBLHOE
k-mepHoe nonnpoctpancTso U B Z4. OnpegenuM CUMMETPUYIHYIO O1/In-
HeiiHyio popmy

n
<1 Ly X Ly — Lo dopMmyIoOn X -y 1= szyl
i=1

OmnpenenmM opTOTOHAILHOE JOIMOJIHEHITE
Ut ={zeZ} : - -u=0 s Bcex u € U}.

Ono sgBASETCA TUHEHHBIM TOAITPOCTPAHCTBOM B Z5. PopMa - HEBBIPOK-
neHa, r.e. ecmu « -y = 0 gna Bcex y € Zy, To x = 0. I3BectHo, 4TO
HEBBIPOXKJIEHHOCTH BJIEYET CBOWCTBA

(UHTr=U n dimU+dimU* =n.

[osromy dim Ut = n — k. Buaunt, dopmyta U — Ut 3amaer HyKHYIO
OMEKITHIO.
(e) KommruecTso (k+1)-MepHbIX HOmpocTpancTs mpocTpancTsa Zy |

n

e cojiepzkamuxcs B Zy C ZS‘H, PaBHO |
n
e He conepramuxcs B Z5 C ZiT papuo 27F P

Hokaxewm Bropoe. (k + 1)-meproe mogmpocTpancTBo L mpocTpaH-
CTBa ZQLH, He cofiepzKaleecd B Ziy, IepeceKaeTcsa ¢ Zy 1o k-MepHOMY
nogupocrpancrsy LNZy. Ilogupocrpancrso L 3asaercs nepecedeHueM
L NZ% n BekTOpoM, JiezKalllUM B OPTOIOHAJIBHOM JonosiHenuu K L N Zy
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2 OcHoBbl Teopuu rpados

2.1 Glossary of Graph Theory

BepoaTHo, BBOOMMBIE 3/1€Ch MOHATHS 3HAKOMBI YHTATEII, HO MBI
PUBOINM YETKHE OMpPEAeSICHUs, 9TO0BI (PUKCUPOBATHL TEPMUHOJIOTUI)
(koTopast ObiBaeT Apyroil B APyrux KHUIAX).

I'pagpom G = (V, E) nazweiBaercs KoHeuHOe MHOXKecTBO V = V(G)

V
Bmecre ¢ cemeiicreom E = E(G) C ( 2) ero JIBYX3JIEMEHTHbBIX MOJI-

MHOXKECTB (T. €. HEYTOPsIOUEHHBIX TTap Pa3TuaHbIX 371eMeHToB). (Bosee
TOYHBIM TEPMUH JIJIsI TOHATHUS Tpada, JaHHOTO 3jech, — 2pad be3 ne-
meab U Kpammuz pebep uin npocmot epag.) DIeMeHTbl MHOXKecTBa V
HA3BIBAIOTCS 6EPUUHAMU. DJIEMEHTHI MHOXKeCTBa F Ha3bIBaroTCs peb-
pamu. XOTs pedpa — HEYNOpsiIOYeHHBIE Tapbl, B TEOpUU TpadoB MX
TPAJAMTMOHHO 0003HAYAIOT KPYIJIBIMEU CKOOKamMu. Beprunbl a u b Ha-
3BIBAIOTCS KOHUAMU U eepuunamy pebpa (a,b). Ecau Bepumnb a u
b coesimHeHBl pEOPOM, OHU HA3BIBAIOTCS COCCOHUMU WITH CMENCHBIMU, &
camo pebpo (a, b) Ha3BIBAETCS NPOTOOAULUM TEPE3 BEPIIUHY @ W BEPIITH-
Hy b, min uHyudenmHvi;M BEPIINHE @ U BepPIInHe b.

[Tpu pabote ¢ rpadamMu y00HO MOTB30BATHCI UX M300paAKCHUSIMU
— HAMpPUMep, Ha TJIOCKOCTH WU B MTPOCTPAHCTBE (WM, BHIPAYKASICH Ha-
YVYHO, OTOOpaKEeHUsIMU UX TeJ1 B ILJIOCKOCTb UM B IPOCTPAHCTBO). CM.
puc. 4,5, 3, 8,9 u 18 nuxke. Bepiinabl n3o0pazkatorcss Toukamu. Kax-
moe pebpo m3obparkaercst JIOMaHOM, coeauHstonel ero KoHmbl. (IIpu
9TOM TOJIBKO KOHITHI KarKJI0# JIOMaHON n300parkKatoT BepIInHbI Tpada. )
JloManble MOIYT IIEpPeceKaThCd, HO TOUKHU liepecederus (Kpome oOmmx
KOHIIOB JIOMaHbBIX) He sIBJIIOTCS BepImuHaMu. Baxkno, 9ro rpad u ero
n300paskeHne —He OJHO W TO Ke. Hampumep, Ha puc. 5 (B meHTpe u
cripaBa), 4 NPUBEJIEHBI PA3HbIE M300PAXKEHUS HA ILJIOCKOCTH OUHAKO-
BbIX rpadoB (Tounee, n30MOpGHBIX TpadoB, CM. 1I. 2.3).

Ilymem P, maswiBaeTca rpad ¢ BeprmmHamu 1,2,...,n u pedbpaMu
(1,i+1),1=1,2,...,n—1. [quxsom C), HazbiBaeTcs rpad ¢ BEPIIUHAMU
1,2,...,n u pebpamu (1,n) u (i,1+1),i=1,2,...,n — 1. (He nyraii-
Te 3T rpadbl ¢ nymem 6 zpade u YUKAOM 6 2page, ONpeIeTeHHBIMU
HITZKeE. )

I'pad c n BepmmHAMYT, JIFOOBIE JIBE U3 KOTOPHIX COEIMHEHBI pEOPOM,
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Ha3bIBAETCSI NoAHbM U 0003HadaeTcss K. Eciau BepmuHbl rpada MoxK-
HO pa3JIeIuTh Ha JIB€ YaCTU TaK, 4TO HET pebep, COeJMHSIIONINX Bep-
IIAHBI U3 OJHON M TOH K€ YacTHu, TO I'padd HABBIBACTCS J6YJOALHBIM,
a JacTU Ha3bIBaIOTCA doaamu. depes K, , 0003HATAETCA JBY/I0/IbHBII
rpad ¢ JOJIAMU U3 M U U3 1 BEPITNH, B KOTOPOM UMEIOTCH BCe mn pedbep
MEXKJly BEpITUHAMU pas3HbIX jojeit. CMm. puc. 5.

2.1.1. B mobom rpade ecTh ABYIOJIBHBIN MOArpad, cojepkaiiuii He
MeHee II0JIOBUHBI pebep rpada.

k-xauxotli B rpade HazbiBaeTcs ero mnoarpad ¢ k BeprimHaMu, dB-
JIFOIIUCS TTOJIHBIM. He3a8UcCuMviM MHOHCECMEOM WA GHMUKAUKOT B
rpade Ha3bIBaeTcd HabOp ero BEpITWH, MEXK/Iy KOTOPBIMU HET PEdep.

C'menenviro deg v BepmuHbl ¥ rpada HA3BIBAETCH YNUCJ/IO BBIXOIATIIX
u3 Hee peébep. H3oauposarnoti sepuiutoti Ha3bIBAETCsl BEPIIUHA, U3 KO-
TOPOI He BBIXOJUT HU OJHOTO pebpa.

I'py6o roBops, nodepag nanHOTO Tpada — 3TO ero 9acth. Popmaab-
HO ToBOpd, rpad G HazwIBaeTcs nodzpagom tpada H, ecnm kaxkgast
BepiuHa rpada G siBisiercs BepiiuHoil rpada H u kaxkj10e pedpo rpa-
da G sapasierca pedbpom rpada H. Ilpu aToMm jBEe BepmmHBI MOArpPa-
da, coequHenHbIE PeOpOM B Tpache, He 00s3aTeIbHO COeINHEHBI PEOPOM
B moarpade.

Ilymem B rpadpe HA3BIBAETCS II0CIEI0BATEIbHOCTD U] €1U2€9 . . . €51 Up,
B KOTOPOIi JiJisT JTIOOOTO ¢ pebpo e; CoeMHSIET BepIUHbI v; U V;41. (Peb-
pa e1,€s,...,6,_1 He 00s3aTEIHLHO TOTAPHO pa3andHbl.) Yucmao n — 1
Ha3bIBaeTCA OAurnol 1yTu. [[urxsom B rpade HA3BIBAETCS IIOC/IEI0BaA~
TEJILHOCTDb V]1€1U2€3 . .. €, _1Un€n, B KOTOPOI s JIFOOOTO ¢ < M pedpo
€; COEJINHSAET BEPIIUHBI U; U V;ji1, a PeOPO €, COCTUHSET BEPIIUHBI Uy,
1 v1. LIUKABI CINTAIOTCS OAMHAKOBBIMY, €CJIM OHM OTJIUYIAIOTCA ITNKJIN-
YEeCKUM CJIBUTOM IIOC/I€/I0BATE/IbHOCTA. UMCI0 N HAa3BIBAETCA OAUHOT
uKaa. Hecamonepecexkaouumcs Ha3bIBA€TCA IUKJI, J1JIs KOTOPOI'O BEp-
IIWHBI V1, V9, . . . , Uy TOMAPHO pas3audHbl. CTaHAPTHBIH TepMuH (MeHee
VAOOHBIH JIJTsT HAYUHAOIIETO) — NPoCcmot TIHKL.

2.1.2. (a) JIro6oii UK, HEe TPOXOIAIIUI HE IO OTHOMY PedpPy JIBaKJIbI,
COZIEPKUT HECAMOIIEPECEKAIOIIUICS UK.

(b) JIio60#l 1uKa HEYETHON JJIMHBI COJAEPKUT HECAMOIIEPECEKaIo-
MINICS 1TUKJI HEYETHOM JJINHBI.
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(c) CupaBeiuBoO i aHAJOIMYHOE YTBEPXKIEHHUE I IUKJIOB 9ET-
HOM JIJIMHBI, HE TPOXOISIINX HU 110 OJHOMY Pebpy JBaxK bl !

(d) B rpade ectb HECaMOIEPECEKATOMINICS UK, TPOXOSIINN de-
pe3 pébpa a u b, a TakXKe ecTb HeCcaMOIIEPECEKAIOIINIACS IIUKJI, ITPOXO-
adammii gepe3 péopa b u c. Torma ecTb HecaMOIlepeCeKaroNuics KT,
LIPOXOSIuil uepe3 pebpa a u c.

I'pad maswIBaeTCs c6A3HbIM, €CTN JTIOOBIE JBE €T0 BEPITUHBI MOYKHO
COEIUHUTDL IIYTEM, U HECB8A3HIM NHAUE.

2.1.3. Ecim crenenb Kaxkjoii m3 m sepmmH rpada Goabie 5 — 1
TO Tpad CBSI3EH.

)

flcHO, 9TO «COEMMHEHHOCTH HEKOTOPBIM IIyTEM» SIBJISETCSI OTHOIIIE-
HIEM 3KBUBAJEHTHOCTH Ha MHOXKecTBe BepmwuH rpada. C8a3noll Kom-
nonenmot rpada Ha3bIBAETCI JIF00O0M KJIaCC 3TOT0 OTHOIIEHUS SKBUBA-
JIEHTHOCTH.

Puc. 2: VYnanenue pebpa G — e, crarusanue pebpa G/e u yaanenue
Bepiubabl G — T

Onpeienenne onepanuii yjgajgeHnsd pedpa u yaajeHusl BEPITHHBI siC-
Ho n3 puc. 2. ®opmaabHo, noarpad G — v rpada G mMeeT MHOXKECTBO
Vi = Vg — {v} u muoxkecrBo pebep {(z,y) € Eq : = # v,y # v}.
Omnepanust cmazusanus pebpa (puc. 2) yaanser u3 rpada 510 pebpo u
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3aMensieT epinabl A u B 3Toro pebpa na omay sepiinay D, a Bce péd-
pa, BbIXOHAIIME U3 BepmuH A u B B HEKOTOpbBIE BEPIINHBI, 3aMEHSIeT
Ha péOpa, BbIXOJsIiue u3 Bepuuibl D B Te ke Bepuiutbl. (B orinaue
oT crsruBaHus pedpa B mysabrurpade, cM. §2.5 u 3agaay 2.2.6.e, KaxK-
Jloe TIoJTyduBITieecs: pedpo KpaTHocTu Oosbie 1 3aMeHsieTca Ha pebpo
kpataoctu 1.) Hampuwmep, eciu rpad — UK/ ¢ 9€THIPEMsT BepIITHHA-
MU, TO TIPU CTITMBAHUU JIFOOOTO ero pedpa MOJIyYnuTCs MUK C TPeMd
BEPIIUHAMH.

Opuenmuposarrovim 2pagom (6e3 nemesv u Kpamuunx pébep) G =
(V, F) nazweiBaercs koneanoe MmaOKecTBO V = V(G), HEKOTOPBIE YnopA-
douerHbvle TTaphl HECOBIIAIAONINX JIEMEHTOB KOTOPOT0 BhIAeaeHbl. MHo-
JKECTBO BbIJIEJIEeHHBbIX map obosnavyaercs F = F(G). Takum obpazom,
E C{(zx,y) € VxV | z # y}. Eciu Beimenens u mapa (a,b), u napa,
(b,a), To 3TO PEOPO HE HAZBIBALTCS KPATHBIM.

Opuenmuposanoili nymsv B OPUEHTUPOBAHHOM rpade — Takas I0-
CJIeJIOBATEIbHOCTD BEPIIUH, UTO B KaXKJYIO CJIEAYIONIYI0 BEPIIUHY Be-
JIeT OPUEHTUPOBaHHOE pedpO M3 TPEeabIAyIneil. AHAJOIMIHO BBOINTCS
TMTOHATHE OPUEHTUPOBAHHOTO IINKJIA.

2.1.4. Ilycts nan opueHTupoBaHHbIil rpad G, y KOTOPOro Ha KaxKIOM
pebpe u Hanucan Bec f(u). (DTOT BeC MOXKHO MOHUMATH KaK pPabOTYy,
KOTOPYIO HYKHO 3aTPATUTH JIJIsI TOTO, 9TOOBI MPOWTH 10 pebpy OT Ha-
vasia 70 Koura.) Oyukmng p : V(G) — R («morennnany) Takas, 9TO
f(xz,y) = p(x) — p(y) mas gwoboro pedbpa u = (x,y), CymeCTBYeT TOrIa
U TOJILKO TOIJA, KOIJa CyMMa BECOB pébep Jirob60ro OpueHTHPOBAHHOIO
IUKJIa paBHA HYJI0 (IIpU TPOXOXKIeHUU pebpa 1Mo MUKy B HAIPaBJIe-
HUH, TTPOTUBOIOJIOKHOM OPHUEHTAIINN, BEC B CyMMY OepéTcst co 3HAKOM
«MUHYCY ).

Typrupom Ha3LIBAETCS OPUEHTUPOBAHHBIN T'pad, JIIOObIe JIBEe Bep-
MUHBI KOTOporo coeauuenbl pebpom. (T.e. mist r00BIX JBYX BepITHH
v, w TypHUpa cpeau ero pebep ectb (v, w) man (w,v), HO HE 00a peb-
pa cpa3y.) Hampumep, eciin poBejieH YeMTHOHAT TI0 BOJIEH00Ty cpeau
HECKOJIbKUX KOMAaH/I, B KOTOPOM KaxK/iasi KOMaH/Ia ChII'PaJia C KaxK 0
U HET HUYBUX, TO MOXKHO ITOCTPOUTH OPUEHTHUPOBAHHBIN Tpad ciaemy-
1M obpasoM. Beprubbl Trpada obo3HavYa0T KOMaHIbl, pebpa 000-
3HAYAIOT MAT4YM, U CTPEJIKU HAIPABJIEHBI OT HOOEIMUBIIEH KOMAHJIbI K
nobexk jeHHoi. [loryueHHbI OpUEeHTUPOBAHHBIN T'pad OyaeT TYPHUPOM.



2. OCHOBBI TEOPUN I'PA®OB 93

Ecnn He oroBopeHO NMPOTUBHOE, TO Yepe3 N U € 0O03HAYAIOTCSI KO-
JITYECTBA BEPIIUH U PEOEP paccMaTpuBaeMoro rpada, COOTBETCTBEHHO.
HekoTopble pyrue onpeesieHus IPUBEIEHBI B HadaJe pa3/IesioB.

2.2 Ilepeuncnenune nepeBLEB

I'pad HazbIBaeTCS depesom, €Cam OH CBSI3€H W HE COJIEPXKUT Heca-
MOTIEPECEKAIOTIIUXCS TTUKJIOB (T.€. TUKJIOB, HE TPOXOISIINX TBAYK b HA
110 ogHOMY pebpy). Ocmosom (usu MaKcuMasbHbLM depesom) epadha Ha-
3bIBAETCsI JIF00OOI ero moarpad, sIBJISIOIIAICS JePEBOM U COAEPKAIIUii
BCe BepIuHbI rpada. fcHo, uTo B J000M CBSI3HOM Tpade CyIIeCTByeT
TaKol moarpad.

2.2.1. (a) Ecom B mepese 6osiee OfHO¥ BEPITUHBI, TO B HEM HaiimeTcst
AUCM, T.e. BEpIINHA cTerneHn 1.

(b) B sro6om jepese ¢ n BepruuHamu n — 1 pebpo.

(¢) B mrobom jiepeBe MexK Ty JIFOOBIMU JIBYMSI BEPITUHAMU CYIIECTBY-
€T eIVUHCTBEeHHBINT HeCaMOIIePEeCeKAIOMINICA Ty Th.

(b”) I'pad ¢ n BeprmHaMu SIBJISIETCST TEPEBOM TOT/IA U TOJBLKO TOTIA,
KOI'ZIa OH HE COAEPKUT HECaMOIIEPECEKAIOMUXC A IUKJIOB U uMeer n — 1
pebpo.

(b”) I'pad ¢ n BepIUHAMY ABJISIETCS JEPEBOM TOT/IA U TOJBKO TOTIA,
KOI'JIa OH CBs3€H U uMeeT 1 — 1 pebpo.

(¢’) T'pac aBageTcs mepeBoM TOTIA W TOJHKO TOTIA, KOTIAA MEXKIY
JIIOOBIME JABYMSI €r0 BEPIIUHAME CyIIECTBYET €IMHCTBEHHbBIA HeCaMOIIe-
PECEKAIOIINICA MY Th.

Bamernm, aro rpadsr ({1,2,3},{{1,2}}) n ({1,2,3},{{1,3}}) pas-
guaasl. ['papoMm HaswbIBaeTca nMeHHO rpad, a He Kjaacc m3oMopdusMa,
rpacdos (oupejenenune nzomopdusMa HpuBegeHo B nadase §2.3). Viu,
roBopst HepbOpMaJIbHO, BEPIIUHBI I'PadOB CUUTAIOTCH 3aHYMEPOBAHHBI-
mu. [ToaTomy BMecTo cioBa «Trpady» MHOT/IA YIIOTPEOIAIOT TEPMUH <ITO-
MedeHHbBI rpady. CM. MeToaMUIEeCKOe 3aMevaHne B KOHTE §2.3.

2.2.2. Kakux rpadoB ¢ JaHHBIMU N BepITUHAMU OOJIBITIE:
(a) UMEIOIUX W30JIMPOBAHHY0 BEPIIWHY WA HE UMEFOIINX !
(b) CBSI3HBIX WM HECBSI3HBIX !
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2.2.3. (a) QPopmyaa Kaau. Hucno jnepeBbeB ¢ JAHHBIMU 7 BEPIIMHAMU
paBHO N2,
(I/ICHOJILByﬁTe B3aUMHO-OJHO3HAYHOE COOTBETCTBUE U3 CJIEeAYIOINei

sagaan 2.2.4.)

(b) Ecim cymma mebiX MOMOKUTEIbHBIX wucen di,...,d, paBHA
2n — 2, TO YUCJIO JIEPEBBEB C JAHHBIMHU 73 BEPIIUHAMU, Y KOTOPBIX -4
(n —2)!
BepIIIMHA UMEeT CTeNeHb d;, PaBHO .
(di—D-...-(dy —1)!
DTO yTBEPK/IEHINE MOXKHO IepedopMy/InpoBaTh B BU/IE
—92 degr1—1 degr n—1
(14 ... +x)" =) x Ty T
T
rjae cymMma Oepércs 1mo BceM JiepeBbsiM 1 ¢ BepumuHamu 1,2,...,n, u

yepe3 degr k obo3HaveHa cTeneHb BepmuHBI k epea 1.
(¢ Iycts 11, . . ., T — JepeBbst, MHOYXKECTBA BEPIITHH KOTOPHIX HE TIe-
pecekarorcs. CKOJIBKO €CThb JIePEBbEB, MHOKECTBO BEPIINH KOTOPHIX €CTh

o0'beIMHEHNEe MHOXKECTBA BEPIIUH ITUX T JIEPEBBEB, U KOTOPhIE COIEP-
xar Ty, ...,T.7

2.2.4. Kod IIprogepa comocTapisieT aepeBy C 3aHYMEPOBAHHBIMU BEP-
IIMHAME I10CJ/IEI0BATE/IbHOCTh €r0 BEPIIUH cjeayomnmM obpa3om. Ko
[Iprodepa nepeBa ¢ AByMsi BepImHaMu — IycToe c10BO. Ecian kKomae-
CTBO BepIuH jepesa 1’ 6oJbie IBYX, TO 0003HAYUM Uepe3 v JIUCT (CM.
3agady 2.2.1) ¢ MUHUMAJILHBIM HOMEPOM, & Uepe3 U BEPIIUHY, CMEKHYIO
c v. Torma kos Ilprodepa nepesa T' monydgaercs u3 kojga IIprodepa Je-
peBa 1" — v IpUIKCHIBAHUEM CITPaBa BEPIITUHBI U.

(a) Haiiaure kox [Iprodepa gepesa ¢ Bepruaamu 1,2, ..., 10 u péo-
pamu (8,9),(8,4),(4,10),(10,3),(3,5),(10,6),(10,1),(1,7),(1,2).

(b) Boccranosure mepeso o xogy [Iprodepa 1,1,2,5.4,2.7.

(c) Obozuaunm uepe3 T4 MHOXKECTBO BCEX JIEPEBHEB, MHOYKECTBO
BEPINH KOTOPHIX eCTh KoHeunoe MuoxkecTBo A C 7. Hammmure ompe-
nestenue (MOXKHO pekypcuBHOe) Koja [Iprodepa kak orobpazkeHus pa :
Ts — A" 2. MOXKHO HCIOJB30BATH TOJBKO cyiesytonye onepanuu (He
00sI3aTETHHO BCE).

e co3zjanue jepea Ko;

e G — v — yJaJjieHne BepIInHbI v u3 jepeBa G;
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e nei(G,v) — B3garue B jJepese G cocejia BEpIIMHBI U, UMEIOIIErO
HaVUMEHBIIIUN HOMED;

e lea(G) — B3arwe jys jepeBa G TIOCTEIOBATETBHOCTH €r0 JINCTOB
B TIOpSIZIKE BO3PACTAHWSI;

e G U (a,b) — nobasyenne k gepesy G pebpa (a,b);

e B3sATHE KOJMYIECTBA |A| 271leMEHTOB B MHOXKeCTBE A

o (A,b) > A — b — ynanmenue smemenTa b u3 MHOXKecTBa, A;

e CO3JIaHMe TTOC/IEeI0BATEHLHOCTH A HYJIEBOI JJIMHBI;

e (z,b) — xb — npunUCHBaHUe ClipaBa 4uCIa b K HOC/IEJ0BATE b
HOCTH X;

® r — I — B3ATHE [IEPBOTO JIEMEHTA B MOCJE0BATETbHOCTH X;

e r — r_ — yJaJleHue TOCJeIHero sJeMeHTa U3 MOCIeI0BATETHHO-
CTHU T,

o (A,z) - A — x — B3dTHE OCIEI0BATETLHOCTH HOMEDOB TEX JIe-
MEHTOB MHOXKeCTBa A, KOTOpbIE He BCTPEYAIOTCS B MOCIE0BATETLHOCTH
X, B TIOPSIJIKE BO3PACTAHMWS.

o «if...then... else...».

(d) Hamurmmure onpejenenne mekomupoBanus [Iprodpepa Kak 0T0O-
paxkeHns qa : A" 2 — T4, HCIONB3Ys TOJBKO OIEpaluy 13 1. (c).

(e) paogqa=1id u gaopa =id.

(f) Kox Ilprodepa ompeensger B3auMHO-0THO3HATHOE COOTBETCTBUE
MEYK Ty MHOYKECTBOM JIEPEBLER C JAHHBIMU 7 BEPIITMHAMHU W MHOXKECTBOM
CJIOB JJIMHBI N — 2 W3 3TUX BEPITHH.

(g) B koze Ilprodepa Beprmna crenenu d Bcrpedaercs d — 1 pas.

2.2.5. I'pad Ha3bIBaeTCd YHUYUKAUYECKUM, €CTTU OH CTAHOBUTCH JIEpe-
BOM TIOCJIE yJIAJIeHIsT HeKOTOPoro pebpa. (Mim, sKBUBAIEHTHO, €CJIU OH
CBSI3€H W MMeeT POBHO OJWH — C TOYHOCTHIO JI0 IUKJINYECKOTO CIABUTA,
U CUMMETPUM — HECAMOIIEPECEeKAIOIIUIACH UKL, )

(a) Kakux rpados 6obiie, jgepesbeB ¢ ganabiMu 100 BepmimHaMu
WU YHUIUKJITIECKUX TpadoB ¢ JaHHbIMEA 98 BeprimHaMu?

(b) Boipasure xosmdectBo U(n) YHUIUKINIECKUX TPadOB C TaH-
HBIMU 70 BepIIMHAMU B BHJE CyMMbl He Oojiee 4eM 7 CllaraeMbiX.

(c) O6ozmaumm s(n) = (n —1)(n —2)...(n — k + 1)n'~*. Torma

n
n—o0

> skg(n) —— 0.
k=[n0-6]+1
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[’I’LO'G] [TLO'G] 2
(d) Uc(n) :== > sxg(n) ~S(n):= >, e 2n.
k=3 k=3
o0 2
(e) Hust Seo(n) = > €% T0C/IeI0BATEILHOCTD S(n) — Seo(n)

k=0
OrpaHUY€EHA.

(f) Seo(n) ~ y/7mn/2. (Buak ~ onpenenen B Hadase . 6.1.)

(g)* Haiimnre acumnroruky st U(n).

2.2.6. (a) B mepese Her HemycThIX TOATPadOB, ¥ KOTOPBIX CTEMEHb
KayKJI0# BEPIUHBI Y€THAS U MTOJOKUTEILHAA.

(b) Hnsa rpada G obozuaumm gepes hi(G) gucio ero noarpados
6e3 W30/ IMPOBAHHBIX BEPINWH, ¥ KOTOPBIX CTEMEeHb KayKION BEPITUHBI
yérna. (ILycroit noarpad yaossiersopsier sroMmy yciaosuto.) Jlokaxkure,
aro hi(G) — crenensb gpoiiku. Breipasure hi(G) depe3 Kosmdaecrsa m
BEpINNH, € pébep m k KOMIOHEHT CBSI3HOCTHU rpada.

Samevarue. Takue mmoarpadbl HA3BIBAIOT YUKAGMU B CMbBIC/IE TEO-
puu romo ioruii (He myTaiiTe ¢ UKJIaMu B CMbIC/Ie Teopun rpados). Kak
OHU BO3HWKAIOT, HAIMCAHO, HampuMmep, B [S15, §6].

(c) Ha pébpax sepesa crosar 3uaku + u —. Paspemniaercd MeHATH
3HAKN HA BCeX PEOpax, BBIXOJSIINX W3 OJHON BepIIUHBI. 10r/1a u3 Jto-
6ot pacCTaHOBKM MOYKHO TIOJIYYUTH JIFOOYIO JAPYTYIO.

(d) Hna rpacda G obozmaunm gepes h'(G) nauboibinee KOJIIIeCTBO
PaccTaHOBOK 3HAKOB + M — Ha ero pébpax, HU OJIHY U3 KOTOPBIX HEJIb3sI
TOJTy9UTh W3 JAPYTOil OMMMCAHHBIME B I1. (C) omeparusimu. Jlokaxnre, 9To
h'(G) — cremens apoitkm. Buipasure hl(G) 1epes n, e u k.

Sameuarue. B Teopun KOromosioruii Takue pacCTaHOBKU HAa3bIBAIOT
KOUUKAQMU, & TTPUBEIEHHOE OTHOIIIEHNE SKBUBAJEHTHOCTH Ha KOIIUKJIAX
— K020MON02UMHOCTILI0. KaK BOBHMKAET KOTOMOJOTHIHOCTE KOIMKJIOB,
Harucano, wHanpumep, B [S, m. 9.1 «Orobpaxenus rpada B OKpYK-
HOCTB», 1. 9.2 «OTobpaxkenus rpada B MPOEKTUBHYO MIOCKOCTD |.

(e)* Horaxkmute, a0 h1(G) u h'(G) He MeHAIOTCS TIPU CMALUSAHUL
pebpa 6 mysvmuepage (cm. §2.5; B oTimyune OT craruBanus pebpa B rpa-
de, Kaxk0€e moJydnBIIeecs pedpo KpaTHOCTH 00Jibiie 1 He 3aMeHsieTCs
ma pebpo KpaTHOCTH 1, a KaykJg0oe M3 KPATHLIX pedbep AB B MCXOmTHOM
MyJIbTUIPade, KpOMe OJHOI0, CTAHOBUTCs 1etrieil). Boieaure us sToro,

aro hy(G) = h'(G).
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2.3 TI'padmsl ¢ TouHOCTHIO 40 M30MOpdU3IMa

['py6o rosopsi, rpadbl ©30MOP]HbI, €C/I OHM OJUHAKOBbI (IIPK 3TOM
X n300pakeHuss Ha IJIOCKOCTH MOTYT ObITh pasHbiMu). PopMasbHO,
rpadbl G1 1 G HA3BIBAIOTCS U3OMOPPHOIMU, ECJIA CYITIECTBYET B3ANMHO
onmHo3HauHoe oTobpaxkenwe f : V(Gy1) — V(G2), yaoBieTBopsitoriee
yenosuto: sepwunos A, B € V(G1) coedurnenv, pebpom 6 mom U mosvko
6 mom cayuae, ecau eepuunv f(A), f(B) € V(G2) coedunenv, pebpom.

A=A
L B

Puc. 3: Kakue n3 rpadoB Ha puCyHKE M30MOPQHBI!

2.3.1. Kakue u3 rpadop Ha pucyHke 3 n3oMopdHbI?

2.3.2. JIyist npousBOJIbHBIX LebIX k,l,m,n > 0 HaiiauTe KOJIMIEeCTBO

(a) xkauk pasmepa k B rpade K,

(b) kuk pasmepa k B rpade Ky, p,

(c) HE3aBHCUMBIX MHOXKECTB pasmepa k B rpade K,

(d) HezaBUCHMBIX MHOXKeCTB pa3mepa k B rpade Ky, p,

(e) moarpados B K, nsomopdusix Kj ,

(f) noxrpados B Ky, p, m3omopdubix Ky .

Byabre BHUMAaTE/IbHBL: 9TH 38249l IPOCTHIE, HO [IOYTH BCE TPEOYIOT
pazbopa cayJaes.

2.3.3. IlepeuncianuTre Bce MOMapHO HEM3OMOP(HBIE
(a) rpadnl ¢ YETHIPHLMS BEpITIMHAMH,
(b) cBst3HbIe rpadbl € HATHIO BEPIIMHAMU U HATHIO pEbpamu,
(¢c) HecBs3HBIE TPAMBI C MSATHIO BEPIIIMHAMU.
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2.3.4. CKOJIbKO CYIIECTBYET IIOHAPHO HEeM30MOP(MHBIX IpadoB, MMEO-
mux 8 BepmmH u 25 pédep?

2.3.5. KoandecTBo KJIaccoB m3oMopdusMa JAEePEeBLEB C N BEPITUHAMUI
(T. €. KOJIMYECTBO Pa3JIMYHBLIX JIEPEBLEB C 1 HE3aHYMEPOBAHHBIMU BEP-
MHAMH) MeHbIe 4".

2.3.6. (a) Cxombko cymecrsyer uzomopdusmos Ky — K57 A K33 —
Kg,g?

(b) Nzomopdubl i rpadsl Go u (3, BEPIIUHLI KaxKI0M0 U3 KOTO-
PBIX 3aHyMepPOBaHbl YucaaMu or 1 10 7, Bepmunbl rpada G, CoeIMHEeHb
pebpom, ecimm b0 1 — 7 =1 mod 7, mubo 1 — 7 =k mod 7.

(¢) Iocrpoiite rpad ¢ HAMMEHBITUM IUCIOM 1 > 1 BEPIIWH TaKoii,
4YTO HUKAKas HE TOXKICCTBCHHAS IEPECTAHOBKA €r0 BEPIIUH HE ABJISCTCS
M30MOP(MDUIMOM.

2.3.7. Cummempuurvie epadu.. Ima 3adaua 0is uCAe008aHUA NPEDNO-
oicena U.H. [HInyprurosvim. Mbl 6yiem paboTrarh CO CBI3HBIMU OpPUEH-
TUPOBAHHBIMU MYJbTUTPadaMn, U3 KayK0# BEPITHHBI Tpada BHIXOIIT
JiBa pebpa u B KaxKJAYyI0 BXOJdT JiBa pedpa. Takoil opreHTUpPOBAHHDII
MYJbTATPAd HAZ0BEM CUMMEMPUYHBLM, €CJIA I JTFOOO0M TTapbl pas/Id-
HBIX pebep a, b cymecTByer ero m3oMopdu3M Ha cebss TP KOTOPOM
pebpo a mepexoauT B pedpo b 1 HUKaKoe pedpo He 0CTAaeTCs Ha MeCTe.

(a) st KaxK70r0 HATYpaJBHOTO N TpHaAyMaiite aBa (Hem30Mopd-
HBIX) CUMMETPUYIHBIX MYJIbTUTpada ¢ 1 BepITHHAMEA KaK ThIii.

(b) pumgymaiite cummerpuanbie MyabTurpadsl ¢ 6, 12 u 30 Bep-
HmIMHAMK, He n3oMopdHble Mysbrurpadam u3 (a).

(c) Haiimure BCe cuMmMerpuuHble MYILTUTPadbI, KOTOPHIE UMEIOT
XOTsI OBbI OJTHY IETJII0 WU XOTd Obl OJHO KpaTHOe pebpo.

(d) Haiigimre Bce CHMMETPUYHBIE MYJIBTUTPAMDBI C P-BEPITUHAME JIJTs1
IPOCTOrO P.

(e) Haiimure BCe cuMMeTpuuHBIe MyJabTUTpadbl ¢ He OGojee deM 8
BEPIIIITHAMU.

(f) Haiigure BCce cuMMerpudHble My/AbTUIPAMbI, KOTOPbIE MOXKHO
HAPHUCOBATH 03 camMolepecedeHunii Ha IJIOCKOCTH TaK, 9TO JJid KaxK 0
BEPIINHBI BXOJSAIINE pedpa depeayroTcs C BhIXOIAIIMA.

(g)* Haiiaure BCe TIOCKME CHMMETPUYHBIE MYJIBTATDAMBI.



2. OCHOBBI TEOPUN I'PA®OB 99

2.3.8. ¥V Bacu ectb HecBsizublil rpad. OH BceMu BO3MOXKHBIME CIIOCODA-
MU YJAJAI U3 3TOro rpada 1Mo OTHOM BEPITNHE W KarKIbII U3 MOJTyYeH-
HBIX I'padOB HAPHUCOBAJ HA OTAEILHOM JHUCTOUYKE OyMare, IIOCJTE 9ero
Bce jiuctouku oTaasr Koste. /Tokaxkure, aro Koig MmoxkeT BOCCTAaHOBUTH
WCXOJIHBIN Tpad.

2.3.9. * Hepewennve sadauwu o éepuwunnoti u pebepHoti pEKOHCMPYU-
pyemocmu.

(a) Ilycts G u G — cBs3ubie rpadbl Ge3 meTes 1 KPaTHbIX pebep ¢
n > 3 sepmmuamvu {1,...,n}. [Iycrs gs moboro k € {1,...,n} rpadmw
G —k u G — k wzomopdust. Bepwo s, aro rpadst G u G uzomopdub?

(b) Hycte G u G — rpadbl ¢ e > 5 3aHyMepOBAHHBIMU PEOPAMH.
st kazkgoro k € {1, ..., e} pacemorpum rpadsr G, u G, oIy deHuble
u3 rpadoe G u G COOTBETCTBEHHO IIyTeM yIAICHUS B KAZKOM U3 HUX
pebpa ¢ Homepou k. Ilycrs muist moGoro k € {1,..., e} rpador G u Gy,
n3omopdubl. Bepro im, uro rpads G G N30MOPQHBI!

Memooduueckoe sameuarue. Hagars 3HAKOMCTBO € Teopueii rpadon
TOJIE3HO 0Oe3 YeTKOTO omnpejesieHnd rpada, cMm. caocky 1. s Ttakoro
3HAKOMCTBa He HY2KHO pa3/mviaTh rpad u Kaacc nzomMmopdusma rpados.
OHAKO IIpH [OJICYeTe KOJIUYECTBA PA3/INIHBIX IPadOB yKe BarKHO pas3-
JUYaTh 9TU TMOHATHs (CM. yTBepxKaeHnst 2.2.3.a u 2.3.5). A g sT0r0
HY>KHbBI YeTKHE OIpeJIeJIeHUs. Y BbI, OHU He Bcer/a jatrcd. [Ipusegem
XapaKTePHbI [IpuMep.

Unrepecusrit mukn 3amaa [BKK] mocssmen moncuyery nepesnher. B
[BKK, sropoii a6zam §1]° momarue rpacda ncnonbsyercsa 6e3 weTkoro
onpenenenns. Kak mosicamn K. Koxace, mox rpadom (aepesom) B [BKK,
§1] monmmaercsa kiaace m3omopdusma rpadoB (IepeBbeB), W UTOOLI He
CJIeJIaTh TEKCT HESCHbIM H3-33 «U3JIUIIHEe» (POPMAIbHOCTHU, HE IIPUBO-
JINTCST HA Y€TKOTO OINpeJIe/ICHUsT ITOTO MOHATHSA, HU CPABHEHUS UCIIOIb-
3yeMOil TepMWHOJIOTUN CO CTaHJAapTHO. BBUYy 9TOTO B ompejieeHrn
TTOMEYEHHOTO JIepeBa CJI0BA «BEPITTHA JepeBa [T.e. Kaacca m30Mopdu3-
Ma, [lepeBLeB|» He IMeroT cMbicia.’ UnTaTeb, YBepeHHO paboTaroNTmil

®Béapmast 9acTh 3TWX METONMYECKWX 3aMedanuii OBbIIa BHICKA3aHA ABTOPAM
[BKK] mepen Koudeperrueii u nHTepHET-IIyOJIMKAITHEH.

" Amastormano, B onpeenenun pebepro momedentoro gepesa [BKK, samaqa 1.4]
cioBa «pebpa sepesa [r.e. kiaacca n3oMopdu3Ma J€PeBbeB|> HE NMEIOT CMbICJIA.
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C KJACCaMH SKBHUBAJEHTHOCTH, JIETKO IPHIACT CMBICJ 9TOMY OIIpejIe-
Jgeanto. Ho Jutg 9Toro Hy»KHBI U ropa3sjio 0ojblliee BjajieHue (popMa-
JIU3MOM, 4YeM JIisi [IOHUMaHus oupejesenus rpada (B obmenpuaTom
cMbICe, cM. §2.1), u camo onpejesenue rpada (B OOMIEIPUHATOM CMbIC-
Jie).

HeBHuMmaHre K COOTBETCTBHUIO MEXKJ/y YPOBHEM CTPOIOCTH U CJIOXK-
HOCTHIO WM3/IaTa€MOT0 MaTepuaa YacTO TPUBOIUT K TAPATOKCATILHO-
My pe3yJIbTaTy: OTCYTCTBHE HYXKHBIX UEeTKHUX OIPEIeJeHUN COYeTaeT-
Csl C TONBITKAMU JIaTh HEHYKHbIe (MHOTIa HeymadHbiMu). Hampuwmep,
ompejiesieare n3oMopdusMa rpados ve HyxHO s [BKK] (kpome 3a-
mauw 1.2, He MCmoJb3yeMoii B ocTaiabHOM TekcTe). OHo 6ojee CJI0XKHO,
yeM onpegesnenne rpada (B 0OMEIPUHATOM CMBIC/IE), IIPOILY IEHHOE 13-
3a «u3suiHeiry gopmasibHocTu. OJHAKO U30MOPGU3M OIPE/Ie/IseTCs
B |[BKK, Tpermii a6zar §1|. B arom ompesenenun cioBa «BeprimHa
pebpa HemoMedennoro rpada [T.e. Kmacca m3omopdusma rpados|y He
umetor cmbicaa. B [BKK, nociegnee pegnoxenue Tperbero ab3arma §1]
HCIIOJIB3YETCsI He OIpeeIeHHOe B TEKCTe MOHSTHE N30MOpdI3Ma moMe-
YEeHHBIX TPpadOB M JIeIaeTCd BBIBOJ 00 OTCYTCTBUU WX HETOXKJIECTBEH-
HBIX U30MOP(MU3MOB.

2.4 TI'padsl 1 packpacku KapT Ha IMJOCKOCTH

B sToM myHKTE MBI JOKaXkeM TPOCTEHIne pe3yabTaThl 0 rpadax
U pacKpacKax KapT Ha ILJIOCKOCTH — yTBepxKiaenud 2.4.1.ab u 2.4.3.
Ha npumepe 31ux g0oKa3are/ibCTB Mbl IPOJEMOHCTPUPYEM ITPUMEHEHUS
dbopmysbr Dditnepa 2.4.4.c. (Cramo 6biTh, permenne 3ama4d 2.4.1 u 2.4.3
HYZKHO OTJIOXKUTB JT0 3HAKOMCTBa C 9TO# hOpMyIoii.)

2.4.1. (a) TpeyroabHUK pasObUT HA KOHETHOE THUCJIO BBITYKJIBIX MHOTO-
YTOJBHUKOB. VX MOXKHO TakK pacKpacuThb B 6 IBETOB, YTO JIIOOBIE JBA
MHOTOYT'OJIbHUKA, UMEIOIe OO rPaHUYHBI OTPE30K, OKPAIIEHbI B
pa3Hble 1BETA.

(b)* To xke ms 5 BETOB.

(3HaMEeHUTAsT TUTIOTE3a YeThIPEX KPACOK YTBEPIKIAET, UTO U 4 TIBe-
TOB XBaTHUT, HO €€ JIOKa3aTeJbCTBO TOpa3 o 6oJiee CJI0KHO.)

(c) «...Urax, jaas mocTpoeHns KBAHTOBOIO HAaHOOU(YpPKATOpa 0CTa-
eTCs B3ATh YKA3aHHbIA B IPE3E€HTAIIMN BbIIYKJIbIA MHOTOI'PAHHUK, Y KO-
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Toporo 30 nmaTUyroJbHBIX Ipaneii, 10 BOCBMUYTOJIbHBIX T'paHeil U HeT
JIpYTUX TpaHeil,» — 3akoHuma Jokjaaguuk. [lybiuka pykorutemer. A
Brui?

(Bosiee akkypaTHO, CyIIeCTBYeT JIM BbILYKJIbII MHOTOIPAHHUK C Ta-
KWMU CBOfiCTBaMMu?)

(d)* BeIyKJIBIfi MHOTOTDAHHUK HA3BIBAETCA NPAGUAbHBIM, €CJTA BCE
ero rpaHu — MPABUJIbHBIE MHOTOYTOJIbHUKY C OJUHAKOBBIM YUCJIOM CTO-
POH ¥ U3 PA3HBIX BEPIIUH BBIXOIUT OJUHAKOBOE Uncjao pedep. Jlokaxku-
Te, 9YTO BBITYKJIBIX TPABUJIbHBIX MHOTOT'PAHHUKOB POBHO 5, C TOYHOCTHIO
Jo m3oMopdu3Ma X rpados.

(He 3abynbre 10Ka3aTh, UTO MPABUIHLHBIX MHOTOTDAHHUKOB HE Me-
Hee 5, T.e. IPUBECTU UX KOHCTPYKIIKU.)

(e) Ha mtockocTu orMedeHo n Tovuek. Paspermaercs: CoeinHsITh HEKO-
TOpBIE JBE M3 HUX JOMAHOM, He TTPOXOIdAINeil dYepe3 apyrrue ToUKu. JIBa
UI'POKA 110 OY€epe/ I COEIUHSIOT JIOMAHOW KAKUe-TO JIBE eIle He COeIu-
HeHHBble TOUKU. [Ipu 3TOM Tpebyercs, 9ToObI JIFOOBIE JBE U3 9TUX JIOMa-
HBIX TIepeCceKaINCh TOJTBKO MO WX OOIMUM KOHTIAM, €CJIU TaKWe KOHIIBI
ecThb. [IpourprsIBaeT TOT, KTO He MOXKET ¢AeaaTh X0a. 1 Kakux n npu
IIPABUJIbHOM UI'DE BHIUIPBIBAET TOT, KTO XOIUT IIEPBBIM?

IlnockumM rpadomM Ha3bIBaeTCsl KOHEIHBIN HAOOP HecaMorepeceKa-
FOTITUXCS JIOMaHBIX Ha ILJIOCKOCTH, JIFOOBIE IBE 13 KOTOPBIX MTEPECEKAIOTCS
TOJIBKO TIO UX OOIMUM KOHIAM (B YaCTHOCTH, €CJIU OOIUX KOHIOB HET,
TO HE I[ePeceKaroTcs ). KOHIbI JIOMAHBIX HA3BIBAIOTCS €r0 6EPUIUHAMU,
a camu JioMaHble — pebpamu. Tak, miockoMmy rpady COOTBETCTBYET
rpacd (B cmbicie . 2.1), uzobpastcenuesm KOTOPOTO HABBIBAETCS TLIOC-
kit rpad. Muorma mirockuii rpad Ha3bIBAIOT TPOCTO IpadoM, HO ITO
HETOYHO, TTIOCKOJIBKY OJIMH ¥ TOT Ke rpad MOKHO M300pa3uTh Ha ILI0C-
KOCTH (€CJTH MOYKHO) Pa3HBIMU CHOCOOAMU, CM. puc. 4.

Puc. 4: Paznununbie n3obpakenusi rpada Ha, ILJIOCKOCTH

I'pad HasbiBaeTCS NAGHAPHBLIM (AT BAOHCUMBLM 6 NAOCKOCTIS WK
peasusyemuim be3 camonepecesenuli Ha NAOCKOCTMU), €CJIU ero MOXKHO
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n300pa3uTh Oe3 camorepecedeHnii Ha IJIOCKOCTU. BoJjiee crporo, rpad
Ha3bIBaeTCs TIJIAHAPHBIM, €CJIM HEKOTOPBIN TJIOCKWM Tpad sBIdeTCs
ero n300paKeHUEM.

2.4.2. Ciuenytomue rpadbl ILJIAHAPHBI:
(a) rpad K35 6e3 ogroro u3 pebep (puc. 15);  (b) sm0boe gepeBo;
(¢) rpad JI06OTO BBIMTYKJIOr0 MHOTOTPAHHUKA.

[Tpobiema BaOKUMOCTH TpadoB (wan rpadoB ¢ TOMOJHUTETLHO
CITPYKTYPOil) B ILJIOCKOCTH, TOp, JienTy Mebuyca u jpyrue moBepxHO-
cTu (CM. KOHEI 9TOT0 IYHKTa) — OJIHA W3 OCHOBHBIX B TOIOJIOTHYECKOI

teopun rpacdos [MTO01].

R

Puc. 5: Hennanapusie rpador K5 n K3 3

2.4.3. (a) I'pad K5 we mwranapen. (b) I'pad K33 He mianapen.

(¢) Hust mroboro mockoro ¢Bszuoro rpada ¢ V seprmaamu u F > 1
pebpamu BBITIOJHEHO HepaBeHcTBO F < 3V — 6.

(d) B smobom 110ckoM rpade ecTh BepluHa, U3 KOTOPOil BHIXOIUT
He OoJiee 5 pebdep.

[Lnockuit Tpad JeIUT TJIOCKOCTh Ha YacTHW, Ha3bIBACMBIC 2paHAMU
rpada. [IpuBemem cTporoe ompeeaeHue.

[TogMHO2KECTBO ILIOCKOCTU HA3bIBAECTCsSl CBA3HBIM, €CJIu JII00bIE J1Be
ero TOYKU MOXKHO COE€JWHHUTH JOMAHOM, JieXKalleil B 3TOM TOJIMHOXKE-
crBe. (OcTopoxkHO, it 6osIee OOIUX TTOJMHOYKECTB, 9eM PacCMaTpH-
BaeMbIe 371eCh, ONpeJIe/IeHIe CBSI3HOCTH JIpyToe!)

I'panbio 1miockoro rpada G Ha3bIBACTCA KaxK/iasi U3 CBA3HBIX da-
cTeil, Ha KOTOpPbIe PaclalaeTcs MJIOCKOCTh R? TPy pa3pe3aHny 110 BCeM
JoMaHbIM (=pebpam) mirockoro rpada G, T.e. 060e MaKCHMAJIbHOE
cBs3HOE 1oaMHOKecTBO B R2 — (. 3aMeTuM, 4To OHA U3 TAKUX YacTeil
OyseT «OeCKOHETHOI».
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2.4.4. (a) Hapucyiire nyockuii rpad, B rpaHuiie HEKOTOPOl IpaHu KO-
TOPOr0 MMEETCs TPH MOINAPHO HEIePeCeKaOIMNXCs [IUKJIA.

(b) ns smroboro miaockoro rpacda ¢ F > 1 pebpamu u F' rpansiMu
BepHO HepaBeHCTBO 3F' < 2F.

(c)* ®opmyiia ditnepa. Jas 4106020 68431020 NAOCKO20 2paga ¢ V
sepwunamu, E pebpamu u F epanamu eéepro pasencmeo V —E+F = 2.

(d) Haitnure anagor dpopmy/sl Ditaepa jist TIOCKOro rpada ¢ §
KOMITOHEHTAMU CBSI3HOCTH.

Hst . (b) momymaiire, CKOJLKUM I'DAHAM LHPUHAJIEKUT PEOPO U
KaKOe HauMeHbIIlee YUCI0 pedep MOXKET OIPAHUYNBATH I'PAHb.

B sroit kaure ucrosiplyiire dpopmyay ditiepa 6e€3 J0Ka3aTe/HLCTBA.
Ono npuseeno, wampumep, B [S15, m. 1.4 «/lokazaresbcTBo GOpMyIBI
Ditnepas|.

2.4.5. (a) B jmo6om 11ockom rpadpe ecrb rpanb, uMerolas He 6osee 5
coceHUX rpaHeii. (1o anasor yreepxaeans 2.4.3.d mis rpameii. )

(b) Eciin kazkgast BepImHa MIOCKOTO CBA3HOTO rpada ¢ F pebpamn
nMeeT CTelleHb d, TpaHmIla KaxKJ0W I'paHd COCTOUT W3 poBHO k > 3
pebep, u

(*) ¥ KaxxzgoMy pebpy ¢ JABYX Pa3HBIX CTOPOH MPUMBIKAIOT IBE

pa3Hble TPaHW,
1 1 1 1

TO E + E = 5 + E

(c)* Bepen Jin anajor 1. (b) 6e3 mpenmnosioxkenust (*)7

(d) Tepeunciure BCe cBsi3HbIE 1LIOCKHE Ipadbl (C TOYHOCTHIO 10
n3oMopdu3Ma, CM. ompejiesenne B 1. 2.3), y KOTOPBIX CTEIeHU BCEX
BEPIIMH PABHBI, «CTETIEHN» BCEX TPaHeil paBHBI (T. €. 'PAHUIA KazK IO
IPaHy COCTOUT U3 OJHOTO U TOTO YKe YUC/Ia pebep) BBITIOTHEHO TTPEeITo-
noxenue ().

IIpenocrepexenue: He 3a0y/bTe J0Ka3aTh N30MOPMHOCTE IpadoB ¢

OJMHAKOBbLIMUA CTEIICHAMHN BEPIIMH K FpaHeﬁ.

\ \
<

/ ™ [

Puc. 6: Ilogpaznenenune pebpa
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Omneparus nodpasdesenus pebpa rpada Moka3aHa Ha PUCYHKE.

JIBa rpada Ha3BIBAIOTCI 20MEOMOPHHBMU, €CITU OT OJHOIO MOXKHO
mepeifiTi K JpyromMy TpH TIOMOINM ONepaiuil mojpasaejeHus pedbpa u
0OpaTHBIX K HUM; WU, SKBUBAJIEHTHO, €CJN CYIIECTBYyeT Tpad, MOJy-
YEHHBIA M3 KaK/I0I'0 U3 JAHHBIX I'PadOB OIEPANUIMU I0PA3IETCHUS
pebpa.

flcHo, uTo ToMeoMopdHBIE TPAdBI IBIIIOTCA WA HE SIBIAIOTCS TLTa-
HAPHBIMU OJTHOBPEMEHHO.

dcno, uro 0b0it moarpad maanapHoro rpada IIaHapeH.

Teopema KyparoBckoro. I'pag asasemcsa naagHapHvim mozda u
moavKo mozada, Koz2da on He codepatcum nodepaga, 20MeOMOPHHO20 2pa-
Py Ks uau K33 (puc. 5). (Ilpocroe noxasareabCrBO ITON TEOPEMBI
TPUBE/ICHO B 1. 2.9.)

Teopema ®apu. [lrockuti 2pad moocho Hapucosamv bes camo-
nepeceuenuti Ha NAOCKOCTU MaAK, 4Mo 6ce PEbpa 6ydym ompesrkamu.
(JokazarenbcrBo cu., Hanpumep, B [Pr].)

2.4.6. (a) Cymecrsyer rpad, CTeleHb KazK 10 BEPIIKHBI KOTOPOIo 60,1b-
11e JIByX, He UMeIuit moarpada, n3oMopdHoro Ky, HO UMEIOTIU 101~
rpad, roMmeomMopdHbIil K.

(b) TlpumymaiiTe aaropuT™M pacro3HABAHUSA TJIAHAPHOCTH Tpada.
(Mcnonb3yiite 6e3 nokazarenbcrsa reopemy Kyparosckoro uiau @apu.)

(¢) Haiiure acuMITOTHKY CJI0XKHOCTH aJIFOPUTMa, OCHOBAHHOTO HA
reopeme Kyparopckoro mam ®Papu, B 3aBUCUMOCTH OT YHCIA € pédbep
rpada. T. e. acUMTITOTUKY MaKCUMyMa, TT0 TpadaM ¢ e pEdpaMu OT UKC-
JIa IIAroB B aJICOPUTMeE, IpUMEeHEeHHOMY K jganHoMmy rpady. Cm. «ompe-
JIeJIeHre» HAXOXKIEHWS acUMITOTHKY B §6.1.

Yxasanue % (b). ['pad comepxut nogrpad, romeomopdubiii Ks, T0o-
I7la ¥ TOJTBKO TOTJ/Ia, KOT/Ia B rpade cyiiecTByoT 5 BepmuH u 10 myTeit,
II0IIaPHO COCAMHAIONINX 3TU BEPIIMHDLI, HUKaKKWE JBa K3 KOTOPLIX HE
UMEIOT OOIIUX BEPIINH, KPOME KOHIIEBBIX.

[TogpobHee 00 ajiropuTMax paclo3HaBaHUs ILJIAHAPHOCTU TpadoB
cM., Hanpumep, [S, §1 «uBapuanTsl m30bpakenuii rpadoB Ha TLIOCKO-
ctmy |, [Tal.

Top u sienra Mébuyca n3obpazkeHbl Ha puc. 7. ITU PUIYPBI IPEJIIO-
JIATAIOTCA NPO3PAHHVMU, T. €. TOUKA (MM TOAMHOKECTBO), «JIeKAaIlas
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Puc. 7: Top, sieara Mébuyca n muimHIp

Ha OJTHON CTOPOHE TIOBEPXHOCTHY, «JICXKUT W HA JPYTOil CTOPOHE». DTO
AHAJIOTWYIHO TOMY, UTO TIPU M3YIEHWN T€OMETPHUN MBI TOBOPUM, HATIPH-
Mep, O TPEyrOJbHUKE Ha IIOCKOCTH, & HE O TPEeyrOoJbHHUKE HA BEpPXHeil
(mm HYKHE?) CTOPOHE TIJIOCKOCTH.

2.4.7. HapucyiiTe 6e3 camoriepecedeHuii Ha Tope rpad
(5) Ks5;  (33) Kz3;  (6) Ke;  (34) Kza;  (7) K7y (44) Kya.

2.4.8. Hapucyiite 6e3 camorniepecedenuii Ha jgente Meébmyca rpad
(5) K53 (33) K33;  (6) Ke;  (34) K3

2.4.9. Kapmot na mope Ha3bIBaeTC pa3dUeHne Topa Ha KOHEYHOE YNC-
J10 (KpUBOJIMHERHBIX ¥ W30THYTHIX) MHOIOYTOJILHUKOB. Packpacka Kap-
Thl Ha TOPE HAa3bIBAETCHA NPAGUADHOU, €CJIU Pa3Hble MHOTOYT'OJbHUKM,
UMEIOTIIE ODIYI0 TPAHUYHYI0 KPUBYIO, UMEIOT pa3Hble TiBeTa. JIrdyto
JIM KapTy Ha TOPEe MOXKHO TPABUILHO PACKPACUTH B

(5) 5 mBeros;  (6) 6 mBeroB;  (7) 7 BeTOB?

[Moapobree cm. [S15, §2].

2.5 DiiyIepOBBI IYTHU U MUKJIBI

Myavmuepagom (mmu epagom ¢ nemasmu u KpamHwvMmYy pEGPaMm)
HA3bIBAETCA KBAIpATHAS TAOJIUIA U3 [EJIbIX HEOTPHUIATETbHBIX IHUCeJI,
CUMMEeTPUYIHAsT OTHOCUTETHHO TJIaBHOW jauaroHaau. (Mbl He HCTOTB3Y-
eM OoJiee TTPaBUIBLHYIO, HO 00Jiee TPOMO3JIKYIO, TEPMUHOJIOTHAIO: MYAb-
muepap — epad ¢ Kpammuovmu pébpamu, ncesdozpad — rpad C meTIIMHU,
ncesdomyavmuepad — epad ¢ nemaamu u Kpamuomu péopamu.) pn
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9TOM YHCJIO, CTOdAIee Ha IepecedeHu ¢-ii CTPOKHA U j-TO CTOJIOMA, WH-
TEPIPETUPYIOT KAK YUCI0 pedbep (Wiu xpammocms pebpa) MERTy Bep-
IIIHAMYA C HOMEPaMM ¢ U J IpHU ¢ 7 J U KAK YUCJIO0 [IeTeIb B BEPIIUHE C
HOMePOM ¢ ITpu ¢ = j. PeOpo Ha3bIBaeTCs Kpammvim, eCJIV ero KpaTHOCTh
OOJIbINIEe €TUHUIIDI.

C'menenvro BEPITNHBI MYJILTUTPada HA3BIBAETCS UNCJIO BBIXOISAIIIX
u3 Hee pebep. Ilpu 3ToMm pedbpo kparHOCTH Kk, COEIMHSIONIEE BEPITUHY C
JIpyroii BEPIINHOM, «BHOCUT BKJIaJ» k B CTEIEHb, a IIeT/sd KpaTHOCTH k
«BHOCUT BKJIaJI» 2k B CTEHEHb.

Opuenmuposartvim mysvmuezpagom (MU OPUEHTUPOBAHHBIM I'Da-
bom ¢ meragME U KpaTHBIMEU PEOpaMI) Ha3bIBAETCS KBAJpaTHas Tald-
JINNA, W3 [eJIbIX HEeOTPHUIATE/JbHbIX 4duces. Ecim B HEKOTOPO#l KJieTKe
(HeBasKHO, MMArOHAJIBHON WJIM HET) CTOUT 9MCJI0, OoJbiee 1, TO TOBO-
PSAT, UTO OPUEHTUPOBAHHLIN MyJILTUrpad MMeeT KpaTHble PEdpa.

Yurareab Jerko coobpasuT, KaK OLPeJeIUuTh (0OpueHmuposaHtil)
nymo u yuka B (OPHEHTUPOBAHHOM ) MyJbTUTpade, a TaKkKe Kak n300-
parkaTh ¢ CAMOTIEPECEUCICHNUSIMI Ha TJIOCKOCTH (OPUEHTHPOBAHHBIC) MYJTh-
TUTpadbI.

2.5.1. CKO/JIbKO BCEro MyJbTUIPAGOB C JAaHHBIMU 1 BEPIIMHAMU

(a) opreHTHPOBAHHBIX 6€3 KPATHBIX pEOEp, HO, BOZMOXKHO, C IIET/Isl-
M7

(b) HEOpWEHTHPOBAHHBIX 0€3 TMeTeb, HO, BO3MOYKHO, C KPATHBIMUI
pébpamm”?

2.5.2. CKOJIBKO BCEro MyJbTUTPadOB € JAHHBIMHU 7. BEPITUHAME, NMe-
o1nxX k pébep u

(a) HEOpUEHTUPOBAHHBLIX 0€3 1eTe/ib U KPaTHbIX pedep?

(b) HEOPHEHTUPOBAHHBIX, Y KOTOPBIX JIOIIYCKAIOTCS KpaTHble pEGpa
u meran’

Dnepos yukas (nymsv) B MyabTUTPade — MUK (TYTh), TPOXOJISIIH
0 KaxKJIoMy pebpy MyabTurpada poBHO OJWH pas.

2.5.3. (a) B cBa3uoM Mysbrurpade ecrb 3MIepoB IUKJI TOr/a U TOJIBKO
TOT/Ia, KOT/Ia CTETeHb KayK0i ero BepITUHBI YETHA.

(b) B cBsa3uoMm mysnbrurpade ecTh 3MUIEPOB UK TOTIAA U TOJTHKO
TOrIa, KOT/Ia MHOXKECTBO ero pebep pacrajgaeTcs Ha HecaMOIlepeceKaro-
MUeCT TUKJTHI.
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(c) Ilpu kakoMm ycioBuU B MyJibTUrpade CyHIeCTBYeT iaepos 1y Th?

(d) IIpu KaKOoM yCJIOBUU B OPHEHTHPOBAHHOM MyJbTUrpade cylie-
CTByeT OPUEHTHUPOBAHHBIN 3IJI€POB ITUKJI!

(e) Ilpu kakux n rpad K, nmeer sitjaepos muk,i’

(f) To xxe nas rpada Ky, p.

Bxodsweti cmenenbro BEPIIMHBI OPUEHTUPOBAHHOIO MyabTuUrpada
HA3BIBAETCH YKUC/I0 BXOJMINNX B Hee pébep (¢ yuerom KparHocru). Ana-
JIOTUYIHO OIIPEIETAeTCsT UCXOsIas cTenenb. [Ipn aToM meTyist KpaTHO-
cTi k «BHOCUT BKJaJ» k W BO BXOJAINYI0, U B UCXOJSAIIYIO CTEICHbD.

2.5.4. (a) Ecim kosmmaecTBO BepIuH HEYETHOM CTEIEHU B CBI3HOM I'Da-
de paBHO 2k, TO MHO>KECTBO €ro pEOep MOXKHO IIPEJICTaBUTh B BUIE 00b-
eJMHEeHUsT k TyTeil, Hu OJWH M3 KOTOPBHIX HE TPOXOJUT HU 10 KAKOMY
pebpy JABaXKIbl 1 HUKAKWE IBa M3 KOTOPBHIX HE MMEIOT O0ImX pédep.

(b) Ha pébpax rpada, y KOTOporo CTeneHb KayK 0 BEPITUHBI YETHA,
MOYKHO TIOCTaBUTH CTPEJKH TaK, YTO yV KasKI0W BEPIUHBI BXOMSIIAS
cTereHb Oy/eT COBIIAIATh C UCXOISIIEH.

(¢) Bee pébpa cBst3rOTO rpada pacKpallleHbl B JiBa 1BeTa. 3 Kax-
JIOli BEPIIWHBI BHIXOJINUT ITIOPOBHY pebep obomx mBeToB. Tormaa u3 0060
BEPIIUHBI JI0 JTIOOON JPyroil MOXKHO J00paThbCd, KayKJAbIH pa3 MeHss
1BeT pebdpa.

(d) Ha mmockoctn HapucoBan 6e3 camonepecederuii rpad (He 00si-
3aTeTFHO CBSI3HBIN), W3 KaxK/I0# BEPINWHBI KOTOPOrO BBIXOIUT YETHOE
qncyio pedep. Torma rpann MOXKHO PaCKPaCUTh B JIBA IIBETA NPAEUNHO,
T.e. TAK, YTO IIPHU IIEPexojie depe3 KazxKj0e pedbpo IBeT MEHsIeTCH.

2.5.5. Maremaruk 3a0bL1 TPEX3HAYHBIN KOJI CBOEI'O 3aMKd. 3aMOK OT-
KPBIBAETCsI, €CJIM TPU MUMPBI KOJa HabpaHbl TOAPs (/1axKe eciu mepe
s1uM ObLin Habpaubl Apyrue nudps ). Maremaruk nabupaer oy mud-
Py B CeKyHJYy; HaOpaHHad Mudpa 100aBageTcsd B KOHeII.

(a) Jdokaxkwure, 9T0 MaTeMATUK CMOXKET OTKPBITH 3aMOK 3a 29 ce-
KYHJI, €CJIi B KOJ/Ie MOI'YT OBITh HCIIOJIb30BAaHbLI TOJILKO 1udpbl 1, 3 u
7.

(b) Jlokaxkure, 4T0 MaTeMaTUK CMOXKET OTKPBLITH 3aMoK 3a 1002
CEeKYH/IbI, €CJIM B KO/Ie MOT'YT OBbITh HCIIOJIB30BAHBI JIECSTh HUMP.
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(¢) Chopmyaupyiire u gokaxkure npasuio «0 <1< 2... <8< 9»
OTKPBITUs 3aMKa 33 1002 cekyH/IbI.

Ilocaedosamenvrocms de Bpétna (I1. 0. B.) ¢ napamempamu n u k
— IIOCJIE0BATEIBHOCTD, SJIEMEHTHI KOTOPO IPUHAIEKAT 33 AHHOMY
MHOXKeCTBY u3 k 3jementoB (06brano — {0,1,...,k — 1}), npuuém Bce
e€ TOIOCIeIOBATEIHLHOCTH JAUHBI 1 PA3JIUIHBI U CPEIN ITUX TIOIIO0-
CTeTOBATEILHOCTEN BCTPEUAIOTCA BCe k™ BO3MOXKHBIX TOCTEI0BATETH-
nocreit. (Takum obpasom, muuna 1. 1. B. pasra k™ +n — 1.)

(Taxxke I1. 1. B. Ha3BIBAIOT GECKOHEUHYTO TIEPUOIUIECKYTO TIOCTIE/I0-
BATEILHOCTDH C IEPUOAoM k™, KaxKaasl MOAIOCIeI0BATEILHOCTL KOTOPOA
anuabl k" +n — 1 asngerca I1. a. B. ¢ napamerpamu n u k.)

2.5.6. IlocTpoiiTe mocenoBaTeIbHOCTE fe bpéitHa ¢ mapamerpamu k =
2 («TBOUTHYIO» ) T

(a) n = 3, nauunarourytocs ¢ 111;

(b) n = 4, naunnatomrytocs ¢ 1011;

(¢) n = 4, zakanumsatorytocs va 1010.

2.5.7. Ilpasuno <0 aywwe 1». PaccmoTpuM 1mmocie 1o0BaTeIbHOCTD U3 HY-
JIeil U eJIMHUIL, IIOCTPOEHHYIO 110 CjejyoiuM npasuiam. OHa HaUMHA-
ercs ¢ k exwnur. asnbine Mbl irieM 1, TOABKO €C/IW TIPU HAITUCAHUH
0 He BCe TIOATIOCIEOBATEILHOCTH JITMHBI k HOBOM TTOCJIEI0BATEIHHOCTH
pasanunbl. Ecim garke npu Hanucanmu 1 He BCe HMOMIIOC/IEL0BATEIbHO-
CTH JIIUHBI k£ HOBOM MOC/JI€0BATE/LHOCTA PA3JIMYIHBI, TO 3aKaHUYNBAEM
HallMCaHUe IOCJeI0BATE/TbHOCTU. JOKaykuTe, 9TO TaKUM OOpPa30M TIO-
JIVIUTCS TIOCIeI0BATEIbHOCTE j1e bpéitHa.

2.5.8. Jlan cBA3HBIN OPUEHTUPOBAHHBIN MYJIbTUTPAd C 1 BEPITAHAMUA.
Bxogsimast crenenb dp Karkj0il BepIIUHBI k paBHA MCXOJSIIIE.

(a) CymecTByer JIepeBo, COIEpPKAIIEe BCe BEPIIUHBI 9TOTO MYJIBTH-
rpada, Bce pédpa KOTOPOTO HATPABJIEHBI B CTOPOHY BEPIITUHBI 1.

(b) ®ukcupyem gepeso T u3 (a). Byuem o06xomurh 3roT rpad (1o
CTpeJIKaM ), TIPOXO0JIst TI0 KaXKI0My pebpy He bosiee oHOrO pasa. CHada-
JIa BBIHIEM W3 BEPIINHBI 1 B TPOM3BOILHOM HampaBaeHun. lasee, mycTs
MbI IPUTILIA B HEKOTOPYIO BePITUHY v. BhIxomuMm u3 Hee 110 JIIo00oMy ped-
py, He IpuHaIex)aiemMy 1, ecjan 970 BO3MOXKHO. A ecjii HEBO3MOXKHO,
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TO BBIXOAMM 13 Hee 10 pebpy, npuaaiexariemy 1’ (Takoe pebpo ennH-
crBeHHO). JloKaxkuTe, 9TO JBUKEHNE 3aKOHYUTCS B BepInuHe 1, U 9TO
B pe€3yJIbTaTe HMOJIYIUTCS OPUEHTUPOBAHHBI 9i1/I€POB ITHKJI.

(¢) Yucsio opueHTHPOBAHHBIX JNJIEPOBBIX IUKJIOB B 9TOM MYJIBTH-
rpade kparHo uncay (dp — 1)!-...-(dy, — 1)

2.5.9.% Topo1 COCTONT U3 HECKOJLKUX IIOMAACH, COCTMHEHHBIX Hele-
pecekarommuMucs goporamu. Ilomaam — Kpyru (a He TOYKY), JOPOTH —
IpAMOJIUHERHbIe 0Tpe3KU. 3BecTHO, 9TO CcymecTByeT 3aMKHY ThI MapIIl-
PYT, TPOXOMSAIIHII TT0 KaxK/I0i JT0pOre POBHO OJWH pa3 (9TOT MapIIPyT
MOKET TPOXOJINTH IO TLIOMIAJISIM HECKOJIBKO pa3). Jlokaxkure, 9To Cy-
IIECTBYET HECaMONepecerarowulica MapIipy T, TPOXOAIITIN TT0 KayK 10H
JIOpOTe POBHO OJINH Pa3.

(Mubivu cioBamu, B JII060M HAPUCOBAHHOM Ha TLJIOCKOCTU €3 CaMo-
repeceveHnil ditiepoBoM rpade CyImecTBYeT SUIepoB UK, AllIPOKCHU-
MUPYEMBINl HECAMOTIEPECEKAROTIIMICST TTHKJTAM. )

2.6 T'aMuUIBTOHOBBI IIYTH W IMUKJIBI

Tamunvmonos nymo (yuxa) B rpade — myTh (IUKII), IPOXOISIIAL
yepes KasK/yK BEpIIMHY POBHO II0 OZHOMY Pasy.

2.6.1. (a) Huxaxkoii rpad, momaydennsiii u3z rpada Kz onepanusamn
noapasjenaeHns pebpa, He SBISeTCs IaMUILTOHOBBIM.

(b) Hapucyt#iTe raMuIbTOHOBBI UKL B Tpadax MPaBUILHBIX MHO-
IOIPAHHKUKOB.

(c¢) I'parm raMujIbTOHOBA ILIIOCKOrO rpada MOXKHO IIPABUJILHO Pac-
KpacuTh B 4 1BeTa.

Hanomuum (§2.1), uro dauna mytu — 4ucjao ero pebep (a He Bep-
IIIVH).

2.6.2. (a) Eciu rpad cszen u 2e > n? — 3n + 6, T0 B HEM eCTb Ia-
MUJIETOHOB UK.

(b) Teopema Hupara-Ope. I'pad, cymma creneneii To6bIX JBYX HECMEXK-
HBLIX BEPIIMH KOTOPOrO HE MEHBLIIE 7, UMEET IaMUILTOHOB IIMKJL.

(c¢) Jemma Qupaxa. Eciu aq ...as — MakCUMaJjbHBIA M3 IIyTeld B
rpadye, MPOXOIAIINX MO KarK/0M CBOe BepITnHE TOJILKO OJINH pa3, § = 3
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u dega; + degas > s, To B 310M rpacde ecrb HecaMOIIEPECEeKAIOIIUIACS
IIUKJT JIJTUHBI S.

(d) Ecu B cBsizHOM rpade ecTh HeCaMOTIePECeKAOIIMHCS KT JIJTH-
HBEI S < 7, TO B 3TOM rpade eCTh My Th AJIUHBI S, IPOXOAAIININ 10 KazKT0it
CBO€I BeplInHe TOJILKO OJUH pas.

(e) I'pad, cymma cremeneii JTIOOBIX JIBYX HECMEXKHBIX BEPITHH KOTO-
pOro HEe MEHbIIE 1 — 1, IMeeT TaMUILTOHOB IIyTh.

2.6.3. Teopema Xeamansa-Ipdéwa. Ilycts naa mekoTroporo rpada u
HEKOTOPOro mesoro k > 2 cpemu Jjitobbix k+ 1 Bepmma rpada ects pebpo
1 1Iocjie yaajenus Joboro Habopa u3 k — 1 BepmwmHBbI Tpad ocTaeTcs
CBs3HBIM. Torma B 3TOM rpade ecTh TaMUJIBTOHOB UK.

2.6.4. Ilyctb cpean na10061x k + 1 BepimH rpada ectb pedpo u I10cIe
yiajeHus Jgboro Habopa n3 k — 1 BepImuHbI rpad 0CTAeTCS CBA3HBIM.

(a) B sTom rpade ecTb x0Tst OBI OTHH HECAMOTIEPECEKAROIITHIACS UK.

(b) O6osnauum gepes vy, . .., Vs MAKCUMAJIBHBIN HECAMOIIEPECEKato-
muiicsd MUK B 9ToM Tpade. Oboszraunm vepe3 W mo0yi0 KOMIOHEHTY
CBABHOCTHY Tpada, MOJYyIEHHOTO y/IaJeHUeM BEPIITUH STOTO TUKJIA U3 1C-
xoHoro rpada. Obo3znaunm gepe3 X MHOXKECTBO BEPIIUH 9TOT'O MUKJIA,
cocequux ¢ W.

Torna | X| > k.

(c) Bepiuunbl v;, v; 11 He JiezKaT OJHOBPEMEHHO B X .

(d) Ecmm vi,v; € X, To B rpade Her pedpa Vi41V;41.

Puc. 8: Ecthk sin B 3TOM Tpacde raMuILTOHOB Ty Th?!
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Puc. 9: I'pacp muOTOrpannnka ['punbeprca. Ects im B HeM rpade ra-
MUJITETOHOB ITAKJI?

2.6.5. (a) Ectb smm ramMmsibTOHOB 1y Th B rpade Ha pucyHKe 87

(b) Ectb sin ramMuibToHOB UK B Tpade Ha pucyake 97 Cp. https:
//commons.wikimedia.org/wiki/File:Grinberg_5CEC_Nonhamiltonian_
graph.svg7uselang=ru

(c) Juia KaKWX n ecTh TAMUIBTOHOB TIMKJI B Tpade, BEPITMHAMHA KO-
TOPOTO SIBISIOTCS 3-3JIEMEHTHBIC MTOJIMHOXKECTBA N-3JIEMEHTHOTO MHO-
JKECTBA, W 7B TIOIMHOKECTBA COEIMHEHBI PeOPOM, eC/IM OHU TepeceKa-
I0TCsl POBHO 110 OJHOMY 3JIEMEHTY !

2.6.6. MakcuMaJibHOE YHCJI0 MOTAaPHO HEIePeceKaroInnxcsa 1m0 pedbpam

n—1
raMUJIBTOHOBBIX ITUKJIOB B rpade K, paBHO 5 |

2.6.7. (a) B mobom TypHUpe nMeeTcss OpUEeHTHPOBAHHBINH TaMIILTOHOR
Iy Th.

(b) Lnst ir06010 M CyIIEeCTBYeT TYPHUP € 1 BEPIIUHAMU, B KOTOPOM
umeercs: He Menee n!/2" OpUeHTHPOBAHHBIX TAMUIBTOHOBBIX MTyTEl.

2.6.8. Pébeprvm epagom rpada G Ha3biBaeTCs rpad, BEPIIMHBI KO-
Toporo — pébpa rpada G aBe BepIUHL PEOEPHOTO Tpada COeTUHEHDI
pebpoM, ecJim COOTBETCTBYIOIINE pédpa rpada G UMeroT OOIITYI0 BEPITH-
ny. Haiiure B repmunax rpada G HeoOX01uMO€e U JJOCTATOIHOE YCIOBHE
HAJIMYIHUsI TaMUJIBTOHOBA IIMKJIA B €ro pébepHoMm rpade.
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OpuenTupoBaHHBII I'pad HABBIBAETCSI CUAbHOCEAZHBIM, €CIIA OT JIIO-
60if ero BepIIMHBI MOXKHO J0OpaThCcsd JI0 J0O0M JIPyroi, JTBUTAsICh T10
HaIlpaBJIEHUIO CTPEIOK Ha pedpax.

2.6.9. (a) TypHup CHIBHOCBSI3€H TOTJA W TOJBKO TOT/A, KOTJA B HEM
eCTh raMUJIbTOHOB OPUEHTUPOBAHHDBIN [UKJI (T.€. HECAMOIIEPECEKAIOIIUIA-
Csl [TUKJI, UAYIIAN 110 HAIIPABJIEHUIM CTPEJIOK Ha pedpax U MPOXO ISl
10 BCEM BEPITTMHAM ).

(b) B cuabHOCBSIZBHOM TypHEHpEe depe3 JI00YI0 BEPIIMUHY TPOXOIUT
HecaMOIIepeCceKaIoNuicsad OpUeHTUPOBAHHBIN ITUK.T JITIO00# AJTUHBI OT TPeX
JI0 KOJIMYECTBA BEPIIUH TYPHUPA.

2.6.10. * 9mo 3adaua dan ucaredosanus, omeem u peureHue Ham He U3-
secmuvt. Ona npedaoocena . A. Iepmaroswm. Haliqure nanmennsiee
KOJIMYECTBO HECAMOIIEPECEKAIOINXCA ITUKJIOB JINHLI k B CHILHOCBSI3-
HOM TYPHHPE C 7N BePIIHHAMIU.

CuM. Takzxke n. 2.13.

2.7 BOxkcrpemanbHbie 3amaun (Treopema Typana)

2.7.1. Ilyukrer 310it 3agaun, kpome (b), SIBAAIOTCH PA3JIMYHBIMU BEP-
CUSIMWA W YaCTHBIMU CJIyUYasiMu meopembv, Typana.

Tpeyzorvrurom B rpacde Ha3BIBAETCA UK JIJTHHBI 3.

(a) Eciu rpad He cOIep:KUT TPeyroJIbHUKOB, TO € < n? /4.

(b) Ecrm e = [n?/4] + 1, To B rpade ecthb 1o Kpaiineit Mepe [n/2]
TPEYTOTHLHUKOB.

(c) Eciu n = km u rpad ue comepxur (k + 1)-gauku, 10 2 <
k(k—1)m?. (Ilepexond K JOIOIHATEILHOMY Ipady, IOIydaeM, 9To eCIn
n = km n rpad we comepxur (k+ 1)-antukamkn, To 2e = km(m —1).)

(d) Ecim rpad me comepxut (k + 1)-antukankn, To 2e > km(m —
1) + 2mr, rne m = [n/k| u r .= k{n/k}.

2.7.2. (a) Ecan rpad He COmEPKUT HECAMOTIEPECEKAIONIETOCT TNKJIA
gunbl 4, To e < n3/2.

(b) Eciu rpad ue comepxkut noarpada Kso, To e < n

(c) Ecou rpad ne comepxut noarpada K33, To e < 2n

(d)* Hns nrobbix nensix s,t, 2 < s < t, eci rpad HE COIMEPKUT
noarpada Ky, To e < tn2=1/s.

3/2
5/3
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2.7.3. st JiF0OBIX N TOYEK HA ILJIOCKOCTHU CYIIECTByeT He OoJiee n dua-
MEMPOS, T. e. (HeyTOPsITIOYeHHBIX) Map TOYEK, PACCTOSTHUE MEXKTy KO-
TOPBIMU PABHO MaKCHMYMYy M3 BCEX BO3MOXKHBIX PACCTOAHHUN MEXKITY
apamMy u3 3TUX N TOYEK.

2.7.4. g mobbix n Touex Ay, ..., A, B R? 0603uaunm gepes D(A1, ..., A,)
quci0 (HeyHnopsiJI0YeHHbIX) AP TOYEK, PACCTOSIHUE MEXKJLy KOTOPBIMU
paBuo 1. Obo3HaIMM

E,(d) =max{D(A,...,A,) : A,..., A, € R},

Tormna:
E;)_E%(2):>71ﬂog27ﬂ/4; (b) E,(2) < 2032, (c) E,(3) < 2n5/3;
(n — 1) ﬂn+®{

2.7.5. (a) [Tycrs V — 11%9-3/1eMeHTHOE [TOJMHOKECTBO IPOCTPAHCTBA RY
(onpenenierue mpocrparcTBa RY cMm. B rtase 7) sro6oe 109-3/1eMeHTHOE
OJMHOYKECTBO KOTOPOTO COJEPIKUT JIBE TOYKH I,1 Ha PACCTOAHAN 1:
|z — y| = 1. Jokaxurte, 9TO JJIst JTOCTATOUHO OOJIBITIOTO ¢ KOJTUIECTBO
eQMHUYIHLIX PACCTOSHUI MEXKJy TOYKaMU MHOXKeCTBa V' 060jiblle, 4em
129 /2;

1249

1

(b) B . (a) moxxHO 3amenuTb «127/2» na «0.99 - 12.19».

B zamagax 2.7.6, 2.7.7.b u 2.7.8.b paccMaTpuBaiOTCd aCUMIITOTHKA
Ipu N — 00; 3HAKHW 2 W ~ OIpeJeeHbl B Hadase 1. 6.1.

2.7.6. JIyia moboro k HaANTE AaCUMIITOTUKY HAUOOJIBITIEr0 KOJTNYIECTBA
pebep B rpade ¢ n BepiIMHAME, HE COIep:KalleM Kk-KJIUKMU.

2.7.7. (a) Cymectsyer rpad ¢ [n?/4] pebpamu, B KOTOPOM HeT IIKIOB
HE4YeTHOM JIJIMHbBI.

(b) g nroboro k cymecrsyer rpad ¢ 2 n(k — 2)/2 pebpamu, B
KOTOPOM HEeT IIyTH JIJIMHBI K.

2.7.8. Moxno paccmorperb o6o0menue 3agaun Typana (cMm. 3agady
2.7.1), BMECTO KJIWK 33JIAHHOTO pa3Mepa 3alperus JApyrue moarpadsl.
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2.9 [IIpoctToe pokazareabcTBO TeopeMbl KypaToBcKoro

QopmyupoBKa TeopeMbl KyparoBckoro npupejiena B 1. 2.4. Ilpu-
BOJIIMOE B 3TOM IIYHKTE JJOKa3aTe/IbCTBO B OCHOBHOM mpuHa iexkut FO.
MaxkapbrueBy (OH IPHIYMaJI CBOE JIOKA3aTEIbCTBO, eIle OYIydu MIKOJIb-
mrkoMm!) [Ma], cp. [Th, §5]. Hexoropsie ymporrenus caemanbr A. 3a-
cnasckuM, B. IIpacososbim, A. CkonenkosoiM u A. Tenumesnim. Ilo-
BHU/IIMOMY, 9TO JIOKA3ATEIbCTBO SBJISIETCS HauboJiee ITPOCTHIM.

HeobxommMmocTs B TeopeMe KypaToBCKOTO CIeAyeT U3 YTBEPKIEHU S
2.4.5.a. IIpuBegem mokazaTeIbCTBO JocTaTodYHOCTH. Ke mocTtaTouno mo-
KazaTh 71 TpadoB 0e3 meTe b 1 KpaTHBIX pebdep. [ToaTomy Oymem pac-
cMaTpuUBaTh TOJBKO Takue rpadel. [log crarupanrem pebpa OyjaeM Io-
HUMaTh CTATUBaHME pedpa BMeCTe C 3aMeHOH KaXKJI0TO MOy INBIIETOCs
pebpa kpatHocTu bosbie 1 Ha pebpo kparHocTH 1.

2.9.1. YrBepxkaeuue. Fcau ceasnot epagh G ne usomoppen nu K,
nu K33, u das arobozo pebpa e epaga G oba 2paga G — e u G /e naa-
HapHol, mo G naanapen.

7\4

Puc. 10: «PacraruBanue pebpar B rpadax Kyparosckoro

oxazameavcmeo docmamouwnocmu 6 meopeme Kypamosckoezo ¢ uc-
noavsosaruem Ymeeporcdenus. VlcmoanbzyeMm MHAYKIIWIO TI0 KOJHIECTBY
pebep B rpade. CsoiictBo «epagh G codepoicum nodepag, 2omeomopgp-
Hoil 2pagy H» Oynem coxpaleHHo 3anuckiBarsk B Buje «G D Hy. llar
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UHAYKIAA CJIeAyeT 13 Y TBEPKICHHs, IIOCKOJILKY eC/IN IJisI HEKOTOPOro
pebpa e rpacda G

e G—¢e¢D K5, 10 GDKj;.

eG—eD K373, o T0 G D K3’3.

° G/e 2 K373, o G D K3’3.

e G/e D K5, 10 G D Ky um G D Kz3 (puc. 10). ]

Hazosem 0-nodepagom noarpad, romeomopdusril K3 9.

2.9.2. Jlemma o rpadpax KyparoBckoro. /lia npoudsosvrozo epapa
K caedyrowue mpu ycaosus pasHoCusbHbL:

(1) Jas awbozo pebpa xy epaga K epadp K — x — y ne codeporcum
0-nodepagha, u u3 Kascdol sepuwurvt epaga K —x—y 6wrodum re meree
deyx pebep.

(2) Jas ar06020 pebpa xy epaga K epap K —x—y asasemcsa yuriom
(codeporcauwyum n > 3 sepwun).

(3) K usomoppen Ks uru Ks 3.

Nmmmukamuu (3) = (2) = (1) B jgemme o rpadax Kyparosckoro
OYEBUIHBI U HE UCIOJb3YIOTC B JI0KA3aTEILCTBE TeopeMbl KypaTros-
CKOTO.

Puc. 11: «/lepeBo» w3 1MuKI0B

Jloxasameavcmeo umnaurxayuu (1) = (2) ¢ semme o epagax Kypa-
moesckoz0. JIBa 1mKa, nMeromux obriee pebpo, comepxkar f-moarpad.
[Tosromy BBHaY (1) B rpade K —x—y CyIIeCTBYET «BUCSYMIT» 1IUKJI, T.€.
1k C'; UMEROTIHU C OCTATBHBIM TPAdOM TOJTBKO OJHY OOIILYIO BEPITUHY
v (ubo rpad K — x — y mpencraBisieT coboii OTHO MM HECKOTBKO «JTe-
PEBBbEB», «BEPIIMHAMUY KOTOPBIX CJIYKAT IUKJIbI, puc. 11; bopmMaibHO
rOBOpst, KaXKIbIM OsioKOM Tpacda K — x — y sBisgercs nuki). B stom
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ke C' ecTh emie 10 KpaiiHeil Mepe jBe BepIiuHbl p U ¢. Tak Kax
B rpache K HeT BepIIWH, W3 KOTOPHIX BBIXOIUT MeHee TpexX pebep, To
KaXK/lasgd U3 9TUX BEPIIUH p U ¢ coeJirmHena jaudo ¢ x, mubo ¢ y. Ilostomy
B 00beuHenun nukja C u pedbep rpacda K, COeIUHSIONINX BEPIIUHEI
x,Y, P, q, MOXKHO BblesuTh O-mioarpad. Suaunt, mo (1) xaxoe pedbpo
rpacda K — z — y umeer koner Ha 1ukjie C. [Mockoabky mo (1) rpad
K — x — y ne comepxut Bucsunx Bepmun, 10 K —x —y = C. ]

Jloxasameavecmeo umnaukayuu (2) = (3) 6 semme o epagax Kypa-
moesckozo. llpu n = 3 nas a00bIX ABYX BepinH b u ¢ mkiaa K —x — vy
rpad K —b— ¢ gaBasgerca DUKJIOM, IO3TOMY OCTABIIASCA BEPIINHA, [UKJIA,
K — x — y coenunena (pebpom) B K u ¢ x, u ¢ y. [losromy K = K.

ITpm n > 4 Bo3bMeM JH00BIE YEeThIPE TOCTE/I0BATETHHBIE BEPITHHbI
a,b, c,d mukna K —x —y. IlockonbKy rpad K —b— ¢ IBasI€eTCs IUKJIOM,
T0 B K opHa m3 BepmuH a u d coejuHeHa ¢ & (M HE COeJMHEHA C V),
Japyrasi coeJuHeHa ¢ y (M He COeJMHEHa ¢ X), a OTJIWYHBbIE OT a,b,c,d
BepmmHbI 1uKIa K — 2 — y (KOTOPBIX HEeT pu 1 = 4) He COeJINHEHbI HI
¢z, nu c y. [Ipu n > 5 nonyvaem nporuBopeune. llpu n = 4 nonygaem,
YTO YeThIPE BEPIIUHBI IUKIa K —X —Y COeIMHEHBI C X U Y TIOIEPEMEHHO,
orkyna K = K3 3. ]

oxasamenavcmeo ymeeporcdenus. Tak kak G He nzomopden Hu K,
Hu K33, To 1o jemme o rpadax Kyparosckoro cymecTByer pedpo e =
(xy) rpada G, myis Kotoporo B rpade G —z —y HaiigeTcs Tub0 BEPIUHA
creredu Menbiie 2 (B G — x — y), bo O-noarpad.

Ecmm B rpade G m3 HEKOTOPO# BEPIINHBI BBIXOAUT OJHO WU JIBA
ero pebpa, M TpH CTATUBAHUN OJHOTO W3 HUX MOJYyYIaeTCs TLIaHaPHbBIMA
rpad, To u rpad G mwianapen. [losromy nasiee H6yjaeMm cauTaTh, 9TO U3
KaxK10#1 BepiuHbl rpada GG BBIXOJAUT HE MEHee Tpex ero pebep.

[TosTromy B rpade G — x — y HeT M30AUPOBAHHBIX BEPIINH, W €CJIN
eCTh BUCsSYasi BEPIIMHA P, TO OHA COeJMHEHa U C ', u ¢ Yy B rpacde G.
Hapucyem rpad G — (xy) Ha mwiockoctu 6e3 camonepecedenunii. Tak
Kak B rpade G 3 p BBIXOAUT TpuU pedpa, TO «C OJHON CTOPOHBI» OT
yTH Tpy u3 p He puixomuT pedep. «llonpucyem» pebpo ry BAOIL LyTH
TPY «C 9TOH CTOpOoHBI» OT yTH. llosyunm m3obparkenue rpada G Ha
TJIOCKOCTHU 0€e3 caMOoIlepeceveHmid.

Paccvorpum Terepn cirydait, korja B rpade G — x — y Halijgercs

f-rionrpad.
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Puc. 12: Nzo6paxkenne Ha miockoctu rpados G/xy u G

Hapucyem 6e3 camonepecedenuii Ha miockoctu rpad G/xy (puc. 12
cieBa). Oroxaecrsum rpadsl G — x — y u G/zy — xy. U3obpaxenne
rpada G — x — y Ha TJIOCKOCTH TIOJIYYaeTCsl CTUpaHueM pebep Tpada
G /xy, Boixongammx u3 Bepumuel 2y. O6o3maunM yepes C' TpaHmity Toil
rpaiu n3o6pazkenns: rpada G — x — Yy, KOTopasi COAEPKUT BEPIIUHY TY
rpacda G/ry. (Onpesesnenue rpanu NpUBEJIEHO B 1. 2.4.)

B cneaytrorem ab3arie Mbl JIOKAXKEM, UTO 2DAHUYA 2DAHY HE MOIHCEM,
codepoicams -nodepadha.

DTO yTBEP:KIEHNE MOYKHO BBIBECTH M3 JEMMbBI O Y€THOCTU WJIA TEO-
pembr 2Kopgana [S, m. 1.3 «Hwucno mepecetdennst st JOMaHBIX Ha TLIOC-
kocTu»|. JIpyroe m0Ka3areabcTBo MOIYYaeTcsd OT IPOTUBHOTO: €CJIU IPa-
HUIIA TPaHU COAepKUT f-moarpad, To BO3bMEM TOYKY BHYTPH 9TOI Ipa-
HU U COEJUHUM ee TpeMsi peOpaMu ¢ TpeMsl TOUYKAMHU Ha TPEX «Iyraxs
0-nmonrpada. Ilosyunm nzobpaxenne rpada K33 Ha mIockocTn 6e3 ca-
Morepecevennii. [IporuBopeune.

IMostomy G — x —y # C. Torma pebpa rpada G —xz —y — C 8
HaXOsTCsd B TpaHn m300pakenusi rpada G — x — y, He copeprKalliei
BepIHBl Y. 3Haunt, rpad C pasbuBaeT MIOCKOCTh. IlosToMmy Hail-
gercst nuka C' C C, OTHOCUTEIBHO KOTOPOI'O BEPIINHA TY JICZKUT, HE
yMeHbIIIast OOIIHOCTH, BHYTPH, & HeKOTOpoe pebpo rpacda G —x—y—C
— BHE.

O6osuaunm yepe3 R noarpad B G — x — y = G/xy — xy, obpaso-

8 Vnamenue noarpada — yIaeHue BceX ero pebep M BCeX BepIINH, U3 KOTOPBIX
BBIXOJIAT TOJIBKO pedbpa dtoro moarpada. 3aMerum, 94To yAajeHrue BEPIIUHBI — He
TO K€ caMoe, 9TO y/ajieHne rmoarpada u3 3TOi BePIIUHBI.
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BaHHBINA BceMmu pebpavu rpada G/xy, nexamumu sHe 1ukiaa C. (Bos-
MoxkHO, R # G —x —y— C.) Tak xax R — moarpacd B G —z —y, T0 R
— noarpad B G.

I'pad G— R M0XKHO HapHCOBATH HA IJIOCKOCTHU D3 caMOIlepecevueHunit
(crnoreble uHWM Ha puc. 12 cnpasa). MoxKHO cuuTaTh, 9TO pebpa

rpada G, BeIXOjdIue U3 T uin Y, Ha n3odpakenuu rpacda G— R jiexkar
snympu 1ukaa C.

B crenyrorem ab3arie MbI JOKAXKEM, ITO KaACOAA KOMNOHEHIMA CEA3-
nocmu epaga G — x —y — R — C nepecexaemcsa ¢ C' ne boaee wem no
00HOT MouKe.

Eciu 310 HE Tak, T0 B G —x —y — R — C ecTb 11yTh, COEIMHSIIONIII
nse roukn Ha C'. Ha nzobpaxennn rpada G/ry coorBercrByOmuii myTh
JgexnT BHYTpH nmkjaa C. 3HAYUT, 3TOT NMyTh pa30UBaeT BHYTPEHHIOIO
qacTh nukjaa C Ha aBe JacTh, OJHa W3 KOTOPBIX COTEPIKUT Ty, & APyTras
re j1exxut B rpanu, orpanudennoii C. [Tosromy C ¢ C — nporusopeune.

[TosToMy MOXKHO TIEPEKUHYTH BHYTPL IUKAa C' KaXK Iy KOMIIOHEH-
Ty cBstsHocTu rpada G —x —y — R — C (cMm. crpenouky Ha puc. 12
cupasa). 3uauut, rpadp G — R — C' MOXKHO HAPUCOBATH BHYTPH HUKJIA
C'. Hapucyem R Bue C, Kak s m3obpaxkenus rpada G/ry (puc. 12
ciesa). [Toayunm m3obpaskenne rpada G Ha MIOCKOCTH 6e3 camorepe-
CEeYeHUIA. ]

3amnperieHHbIe 10ACUCTEMbI

3aBepiiuM 3TOT MYHKT (POPMYJIUPOBKAMU HEKOTOPBIX BEPCHUI TEO-
pembl KypatoBcKoro.

Haunrem ¢ HecpbopmaabHOTO M3IOXKEHUS UJien. FXcam HEKOTopas T0/I-
cuctema cuctembl N He peaymm3yeMma B jpyroit cucreme M, To m N He
peamzyema B M. EcrecTBeHHasg njaed — TMOMBITATHLCI HAUTH CIHUCOK
«3allperenHbiXy CUCTEeM, He peam3yeMbiX B M, cOo CemyIomuM CBOM-
CTBOM: OAA Mo20, 4mobu, cucmema N 6bwviaa peasusyema 6 M weob-
rodumo u docmamouro, ymobv, N ne codepoican nu 00HOT U3 IMUT
<3ANPEWEHHBLT> NOOCUCTEM.

Knaccuaeckuit mpuMep TeopeMbl Takoro pojga — teopema Kypa-
TOBCKOTO. AHAJOrMYHO omucanue rpadoB, BIOKUMBIX B JAHHYIO TIO-
BepxaocTh [RS90], a rakke apyrux kiaccos rpados wiu 60see 0bImux
obbekToB [Cl] (mampumep, rpadbl U Jaxke MEAHOBCKUE KOHTUHYYMBbI,
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6asucro BaoKuMbIe B m1ockocts [S95, Kul).” Ilpusenem dbopmyaupos-
KV HEKOTOPBIX PE3Y/IbTaTOB TAKOro Poja (J0Ka3aTe/IbCTBa OCTABJISIEM
YUTATEF0 B KAYeCTBE 3a/1a4).

2.9.3. Teopema Illaprpana-Xapapu. I'pag G moocro napucosams
HG nAoCKOCMU be3 camonepecederuti mak, 4mobvs on 6bia epanulet
Hexomopoti OOHON 2panu mozda u moavko mozda, xkozda G He codep-
otcum 6-nodepada.

Hazosem necamomnepecekatoruiics nuk/ja C B cBazaoMm rpade G epa-
HUYHBILM, €CJTU CYIIIeCTBYeT m30obparkeHne 06e3 camoliepecedeHunii rpada
G Ha maockocTH, Tpu KoropoMm ks C m300parkaeTcsa TpaHureil HeKo-
TOPOM T'PAHMN.

Puc. 13: Huki C He MmoxKeT ObITH TPAHWIEl BHENTHEH TDaHU

2.9.4. OrHocurenbHaga Bepcusi reopembl Kyparosckoro. [[ukxa C
ABAAECMCA 2PAHUSHDLM 0200 U MOALKO moz0a, Koz2da 2pad G naanapen
u yura C ne codeporcumecs 6 nodepage epagda G, xax na puc. 15,

DTOT Pe3yJIbTAT MOXKHO BBIBECTH U3 TeopeMbl KypaToBCKOTO.

2.9.5. Teopema o 8 u 0. I'pap G ¢ 3adannvimu (OpueHMUPOBAHHILMU)
YUKAUYECKUMY NOPAJKAMYU Pebep, 8BLLOOAUUL U3 KaAHCIOT GEePULUMDL,

93aMeTHM, 9TO CIIMCOK 3aIPeeHHbIX TOArPadOB IIs BIOKIMOCTH rpada B amucT
Mebuyca conepxur nensix 103 rpada [GHW]. Haxe cywecmeosanue Takoro Ko-
HEYHOTO CIHCKA JJIs IPOU3BOJIBHOM TOBEpXHOCTH JoKa3biBercs caoxuo [AH, RS90].
Cruncok 3aIrperneHHbIX I0/IM9IPOB DECKOHEYEH 11l BJIOKUMOCTH IBYMEPHBIX I10JIU-
51poB B R® mmm n-meprbix mommsapos B R?™, toe n > 2 [Sa]. TToaTomy uHTEpeCHB!
pYTHeE TMPENATCTBUSA K BI0OKUMOCTH. OTHO U3 CAMBIX TOJIE3HBIX MIPEISITCTBUN CTPO-
UTCS C TIOMONIBIO KOHPULYPAYUUOHHO20 NPOCTPAHCMEE YIOPSATOIEHHBIX TIAP PA3INY-
HBIX TOYEK JTAHHOrO Ipocrpancrsa [S08, §5].
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Puc. 14: I'padbl ¢ nmuk/JImMYIecKUMHU TOPSIKaMU, HE peajim3yeMble Ha
IJIOCKOCTH

MOIHCHO Mak u300pasums bes camonepeceneruts Ha NAOCKOCU, 4mobbl
YKA3AHHDLE UUKAUYECKUE NOPAOKU NOAYUAAUCH bl npu 06T0dax no ua-
co801 cmpeske 80KDPY2 Gepwiur, mo2da u moavko moezda, ko2da G He
Co0ePIHCUM «BOCOLMEPKU» UAU «OYK6bL 0y ¢ YUKAUYECKUMU NOPAJKAMU,
U300PAACEHHBIMU HaA PUC. 14.

A sror pesyabTar Hpole J0Ka3aTh, He HUCI0Ib3yd TeopeMmy Kypa-
ToBckoro (mogapobuee cm. [S15, §2]).

2.10 Metoa MuHIMaJAbHOTO KOHTprnpumepa. A. 4. Kanenn

[Ipu pemenum MHOruX 3a7a9 MCIOJB3YETCA TaK HA3bIBAEMBIA Me-
mood MUHUMAALHO20 KOHMPNPUMepa (PAZHOBUIHOCTD NPUHUUNG KpPati-
Hezo i memoda cnycka). OH 3aK/I0YaeTCa B caeaytomeM. [lycts Ha-
JI0 JI0Ka3aTh, 9YTO 0OLEKTA, YI0BAETBOPAIONIETO HEKOTOPHIM CBOHCTBAM,
He cymecTByer. [IpenoioKumM nIpoTuBHOEe — TOraa Hadijercs (B HEKO-
TOPOM CMBICJIE) MUHUMAAbHHTG KOHTpIpuMep. [Tocse ero cTposr erre
«MEHLIIUI» KOHTPIIPUMED U IIOIyJaloT IpoTuBopedne. Ilongrue «MeHnb-
ey noAOUpAeTcs B IPOLECCE JOKA3ATEJIbCTBA.

OcobeHHo pacnpocTpaHeH TaKOi MeTOJ pelleHns B 3aja9ax Ha rpa-
dw1. IIpocreitinme mpuMepbl — J0Ka3aTeIbCTBA TeopeM Jitnepa 2.4.4.c
o mrockux Tpadax [S15, §1], Kyparosckoro (m. 2.4 u 2.9) mw Menrepa
(m. 2.8). Bosee comepxkare pbHBIN TpUMED — CJIEYIONTAs 3HAMECHUTAS
Teopema JIuayopca 0 9aCTUYHO YIOPSZOYEHHBIX MHOMKECTBAX.

2.10.1. MuoxkectBO A ¢ OTHOIIEHNEM — Ha3BIBAECTCA “ACMUYHO YNOPA-
doueHHbLM, €CTTT OTHOITIIEHNE < YIOBJETBOPSAET CJIEIYIONIUM CBOMCTBAM:

(1) a £ a,



2. OCHOBBI TEOPUN I'PA®OB 83

(2) a £ b nubo b 4 a,

(3)ecima <bub<c, 10 a < c.

Ecmm a < b wm b < a, 10O s7eMeHTHl a U b Ha3bIBAIOTCI CPAGHU-
moimu. Ecim ke a A b mw b A a, TO OHE HA3BIBAIOTCSA HECPAGHUMDBIMU.
Ilenvto HA3BIBAETCA MHOXKECTBO IIOIAPHO CPABHUMBIX 3JIEMEHTOB, a (H-
MUYENDHI0 — TIONAPHO HECPABHUMBIX. Uamempom IaCTUIHO yIIOPSIIO-
YEHHOT'O MHOYKCCTBA, HA3BIBACTCA MAKCUMAJIBLHBIN pa3Mep aHTHUIICIIN.

(a) KosimuecTso meneii, Ha KOTOPbIE MOXKHO pa30UTh YaCTHYHO YIIO-
PAJIOYEHHOE MHOXKECTBO, HE MEHBIIE €r0 JUaMeTPa.

(b) Teopema Ausyopca. Konudaecrso neneit, Ha KOTOPbIE MOKHO Pas3-
OUTH YACTUYHO YIOPSIOYEHHOE MHOXKECTBO, PABHO €r0 JUAMET]Y.

2.10.2. B kaxawlii TOpPOJd BeeT 3 JAOPOru: KpacHasl, CUHsIsT W Oejiasi.
B zaBrcuMocT OT 1IBETOB BXOOAIINX JOPOT, CINTAs TI0 TaCOBOH CTPEJ-
ke, ropoja pazjenstorcsa Ha jgpa tuna KCBb u KBC. [lokaxwure, 9T0
Pa3HOCTH KOJIMYIECTB MOPOJOB Pa3HbIX THUIIOB JIEJIUTCS Ha 4.

2.10.3. (a) C rpadom paspermaeTcs: TPOU3BOAUTE CJIEIYIONIYIO OTlepa-
IIATO: BEIOPATH TPOU3BOJILHBIN IUKJT AJUHBLI 4 1 BBIOPOCUTDH U3 HErO IIPo-
u3BoJibHOE pebpo. Kakoe MuHUMaIbHOE YHCI0 Pedep MOXKHO OCTaBUTH
C TIOMOTITHIO 3TOH omeparuy 13 MOJTHOTO Tpada ¢ 1 BePITHHAMET !

(b) Ecsin B rpade 1obbie jiBe 3-KJIUKU UMEIOT OOILYIO BEPIIMHY U
HeT 5-KJIMK, TO CYIIECTBYIOT JIB€ BEPIIUHBI, yIaJeHIe KOTOPHIX pa3py-
IaeT BCe 3-KJIUKM.

2.10.4. Hnga q06e1x m < n aoboit rpad ¢ n BepIIMHAMU COIEPIKUT
m—+ 1 BepInH, CTereHn KOTOPBIX OTJINYAI0TCA He DoIbIle YeM Ha m — 1.

2.11 Creneunnbsie nocJuaenoBareabHoctu. M.H. Baabiii n
A.B. CkoneHkoB

2.11.1. (a) Ilpu Kakux e U n cymecTByer rpad ¢ n BEPIIUHAMU U €
pebpamu, KaxKas BepiinHa Koroporo umeer cremnenb 37 (Takue rpadbr
HA3bIBAIOT KYOUUECKUMU WA NPAGUSOHLMU CENEHY 3.)

(b) Tlpu kakux n u d cymecrByer Tpad ¢ n BEPITHHAMI, KayKIast
BEPIINHA KOTOPOTO NUMEEeT CTeleHb d?
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2.11.2. Iloc/iegoBaTe/ IbHOCTD N IE/IBIX IIOJI0XKATEIBLHBIX UUCE SIBJISIeT-
CsI TIOCJIEJIOBATEIbHOCTBHIO CTEIeHell BEPITUH HEKOTOPOTO JiepeBa TOTJIa
1 TOJIBKO TOT/A, KOTJIa CyMMa €€ 4JeHOB paBHa 2n — 2.

2.11.3. /lanbI 11€/TBIE TIOJIOXKUTE/IBHBIC YUCTA N, d1, . . ., dy. [Ipn Kakmx
VCJIOBUSX CYIIECTBYET
(a) mysmbrurpad (BO3MOXKHO, UMEIOIINI TIET/IM U KPATHBIE pedpa)
(b) mynasTurpad 6e3 merenn
(c)* rpad

C M BepIInHAMU cTereHeii di,...,d,, COOTBeTCTBEHHO?

[TocmenoBaTeTLHOCTD TETBIX HEOTPUIATETBHBIX UUCE]T HA3HIBAETCH
cmenennoti (rpadudecKoii), ecii OHa ABJISIETCS TOCIEI0BATETEHOCTHIO
crereHeil Bepiina HEKOTOPOro rpada. Jchoeroti 6onpoc: KaKue Ioc/ie-
JIOBATEJIbHOCTU SIBJISIFOTCSI CTeleHHbIMu! 10 3asa4a 2.11.3.c; Heorpu-
1aTeJIbHOCTh BBEJEHA JIJId yA00CTBa MHIYKTHUBHBIX ITOCTPOEHUH. 3/1eCh
MBI TIO/IBEJIEM YUUTATETd K OTBETY W JJOKA3aTETbCTBY, KOTOPHIE TTPUBO-
adarcs B 1. 2.12.

2.11.4. {Bagerca au cTeneHHO# MOCJIEeI0BATEILHOCTD

(a) (4%,1°), (b) (6%,2%), (c) (5°,3°),

(d) (1819,123,68), (e) (15%,109,3%)?

(MBI BCTTONIB3yeM  «3KCIMIOHEHITUATBHYIO» 3aIlUCh HEBO3PACTAIOIINX
HEJI0UUCJEHHBIX [TOCIe10BATeIbHOCTEIT: aF 03HAYAET, 9TO Kk IIOCJIEeI0Ba~

TeJIbHBIX 4YJ/IEHOB I10CJ/JIe0BaTE€/JIbHOCTHU PaBHDbI a.)

2.11.5. g 110060i1 cTemeHHoM TOC/IeI0BaTeabHOCTH d1, . . ., dy
(a) dl < n — 1;
k n
() Y di <k(k—1)+ > min(k,d;) ama moboro k=1,...,n— 1.
i=1 i=k+1

2.11.6. (a) Ilpuseaure mpuMep YHUC/Ia N U HE CTENEHHON MOCIEI0BA-
TeJTLHOCTH W3 N IUCE, Jexkanmx B npoMexkyTke [1000,7/1000], cymma
KOTOPBIX YETHA.

(b) JIrobasg mocieJoBaTeIbHOCTD U3 1 9UCeJT, MEHBIINX /N /2, cyMMa
KOTOPBIX Y€THA — CTEIEHHAsI.
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2.11.7. Ecau nocjie10BaTe/ibHOCTD 1I€JIbIX II0JIOXKUATEIbHBIX YUCEI CTe-
MMeHHasd, TO TOCIeI0BATETbHOCTD, OJyYeHHAT U3 Hee KaXKIbIM U3 CJie-
JIYIOIIUX JABYX IIpeobpa30oBaHuil — CTEIeHHAd.

(a) BoikuneM MakcuUMabHOE YUCIO d U OTHUMEM TIO €JIWHUIE OT
CJIEAYIOIIKUX 110 BO3PACTAHUIO d YUCel.

(b) OraHMMeM 10 equHWIE OT HAMOOJIBINET0 W HAUMEHBIIEr0 U3 Ju-
cel.

Kaxk1p1it 13 JByX MyHKTOB 9TOM 3a/aun (BMeCTe ¢ OUEeBUIHBIM 06-
PATHBIM yTBEPXK/IEHKEM ) JIaeT aJrOpPUTM PACIIO3HABAHUS TOIO, SABJIsi-
eTcs JIU JIaHHAas II0CIeI0BaTeIbHOCTh cTereHHol. MMeeTcs: u «sIBHBIIT»
OTBeT, cM. 1. 2.12.

2.11.8. Ilycts a,b,c,d — pasnuunble BepmuHbl rpada, npudem (ab),
(cd) — pebpa, a (ac), (bd) — we pebpa. Hazosem obmenom mpeobpazo-
Batue rpada, cocrosiinee B ynasexun pebep (ab), (cd) u gobapienun
pebep (ac), (bd).

[Tycrs G, Gy — 1Ba rpada ¢ OIMHAKOBBIMU (YITOPSIIOYEHHBIMH TI0
HeyOBIBAHWIO) TIOCTIEIOBATEILHOCTSIMU CTereHeii BepmnH. Jlokaxwnre,
410 obMeHaMu MOXKHO nepeBectu rpad G B rpad Gos.

2.11.9. Ilycrs aist mocnemoBarenbuocT dy > ... > dp > 0 (He 0bs13a-
TeJILHO CTEIEHHOMN) BBITIOJTHEHbI HepaBeHCTBa u3 3ajadn 2.11.5.b.

(a) Torma dy < n — 1,

(b) TlepecTaBuM M0 HEBO3PACTAHUIO TTOCIEIOBATEIBHOCTD, MOy Y€H-
HYI0 TIpeoOpazoBanmeM u3 3aaaun 2.11.7.a. /[lokaxKuTe HepaBeHCTBa W3
zaga4un 2.11.5.b ¢ 3amenoit d Ha 1IOJIyYE€HHYIO II0C/IEI0BATEIbHOCTD C:

k n
Zci <k(k—-1)+ Z min{k, ¢; } mast sioboro k=1,...,n — 1.
i=1 i=k+1

CuenaiiTe 310 J11s
(bl) k > dy;  (b2) Takux k, aro ¢; = d;j11 — 1 upu sirobom i < k;
(b3) ocTasbHBIX CITydaes.

2.11.10. Tlycts gyna mocaeaoBarenbuocta dy > ... = d, > 0 (ne obs-
3aTeJIbHO CTEIIEHHOM) BBIOJIHeHbI HepaBeHcTBa u3 3ajaqun 2.11.5.b. TTe-
pecTaBUM B II0Ps/IKe HEBO3PaCTaHUS 110C/1eJ0BaTeIbHOCTD, [IOJIyY€HHY IO
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npeoOpaszoBanueM u3 3ajadu 2.11.7.b. /lokakure HepaBeHCTBa W3 3a-

qaun 2.11.5.b ¢ 3amMeHoil d Ha MOJIYYEHHYIO MTOCJIe0BATEIBHOCTD ¢ TPU
(a) k> t:=min{i : d; > dj+1}; (b)) dip <k —1<t—2;
()dp=k<t—1; (d)dp2k+1<t

B zakJrouenune IIpuBeaeM HECKOJIBKO 3aJda4 AJjid MCCIACIOBaHMA.

2.11.11. (a,b,c) To xe, aro B 3a7ave 2.11.3, ans1 cea3nvr TpadoB.

(a’,b’,c’) Chopmynupyiite u pemmre anagor 3agadu 2.11.3 st opu-
eHMUPOBAHHBIL TPAdQOB.

(a”,b”,c¢”) To xe, uto B 3a7ade 2.11.3 mist naanaprvr rpados.

(a”’,b™’,c”’*) To xke, uaro B 3aua4e 2.11.3, ais rpadoB, peajin3yembix
Ha Tope (puc. 7).

(a””b”7.c"7*) To ke, aro B 3ajade 2.11.3, mis rpacdos, peanusye-
MBIX Ha JienTe Mebuyca (puc. 7).

HeobOxoammble ompejienennss MOKHO Haiitu B 1. 2.4. [Insa Topa u
qgerTel Mebuyca OyjeT moie3Ho HepaseHCTBO Ditiepa [S15, §2].

Bamaun 2.11.11.(a”,b”,¢”) npu moMoIy KOHCTPYKITUU J80TCMEeHHO-
20 rpada CBA3aHbI CO CJAEAYIOMMMEI 3aJa9aMu. JJaHbl 1esble 002K~
TeJIbHbIe dncaa n,dy, ..., d,. [Ipy KaKux yCcJIoBHSAX CyIIEeCTBYeT

(a) mysibrurpad (BO3MOXKHO, MMEIOIIMI LeT/I U KpaTHble pebpa)

(b) mynasTurpad 6e3 merennb

(c)* rpad
HApPUCOBAaHHBIN 0e3 camorepecedeHnil Ha TJIOCKOCTH, UMEIOIIUH N
rpaHeil, B TpaHuIie KOTOpPbIX di,...,d, pedbep, COOTBETCTBEHHO?

AHnaJiornanoe 3aMevdaHue CIIPaBe/InBO JJjIsi PEaIM3yeMOCTH Ha TOPe
n Ha JeHTe Mebnyca. Bee amu 3a,1aum mHTEpEecHO 00001MUTh Ha cdepy
C g pyYKaMy U Ha AUCK ¢ m gauctamu Mebmyca [S15, §2].

2.11.12. * (a) MoxKHO Jii OIYCTUTH KaKue-HUOY/Ib HEPABEHCTBA U3 3a-
maan 2.11.5.b Tak, 9T06BI JOCTaTOYHOCTH (T.€. Teopema u3 m. 2.12.c)
octajack BepHoit? Ecam ma, To mompodyiiTe HaTH MUHUMAJIbLHBIN Ha-
OOp HEpPaABEHCTB.

(b) Eciiu cniuth fiBe CTEmeHHbIe MOCIeI0BATETBHOCTH, TO MOy IUTCST
CTEIEHHAs II0CJIeI0BATEILHOCTb. A KaKue CTeleHHble II0CIeJ0BATe b
HOCTH HeJIb3s pa3bUTh Ha JIBe CTEIEeHHbBIE MOCIeI0BATETLHOCTH !
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2.12 Teopema 0 CTeEIeHHBIX IIOCJIeAOBaTeJIbHOCTAX. B.A.
Boakos nu A.B. CkonenkoB

Teopema. Hesospacmarowas nociedosamesvbHocms A6AAEMCA CMe-
nenHot moada U Moabko mMo20a, K020a CYMMaA €€ YACHOB YeMHa U Bbi-
noanensv. nepasencmasa 3adavu 2.11.5.0.

Jloxasameavcmeo C.A. Hoydama. Nupyknus no Y | d;. Ciuyqaii, xo-
ria Bce d; paBHbI, paccMmoTper B 3ag1ade 2.11.1.b. Ilycrb Teneps He Bce
d; paBHbl. MOXKHO cuuTaTh, 910 d)y > 0.

OmnpenesmM 10OC/IeIOBATEILHOCTL ¢, KaK B 3agade 2.11.10. Boee
dbopmasbro, ob6o3uHaunmM ¢ = min{i : d; > d;y1} 7 OTpegETNM TTOCTE0-
BaTE/IbHOCTD

d;, 1 # t,n,
c=(c1,¢c2,...,¢p)  dopmyoii Ci::{d%—l iftn
7 ) Uy 1o

k k
O6osmauum S = Y. d;, S = > ¢. Ilo 3agage 2.11.7.b gocrarou-
i=1 ;

= 1=1
HO JOKa3aTh HEPpaBEHCTBa

n

(%) Sp <k(k—1)+ Z min{k, ¢; }.
i=k+1

[Ipu k >t
Sy = Sk—1 < k(k—1)+ Z min{k,d;}—1 < k(k—1)+ Z min{k, c; }.
i=k+1 i=k+1

ITycrs Temeps k <t — 1. Torna S; = Si, = kdj,.
st dj, < k — 1 mepaBenctso (*) TpuBHAILHO.

st d, = k
/ 2 (3) @)
S, —k(k—1)=k"—k(k—1)=k = dpy1 <
< dgs1 + ( Z d; — 2) ) Z min{k,¢;}, rme
i=k—+2 i=k+1

® paBeHCTBO (3) BBINOJHEHO, MOCKOJIbKY k <t — 1;
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e HepaBeHCTBO (4) oueBuHO, ecau k42 < n; ecyu ke k+2 = n, 1o
d=((n-2)""1 d,)ud, > 28 cury gerrocru cymmsr di+dg+- - -+d,,.

e paseHcTBO (5) BBINOJHEHO, TOCKOABKY min{k,¢;} = ¢; npu i >
kE+ 1.

Caywat di, > k+1. Ecmu d,, > k+1, ro min{k, d;} = min{k,¢;} = k
npn ¢ > k + 1 u HepasencTBo (*) cregyer 3 aHasornanoro st Sk.

[Iycrs Teneps d, < k. Nmeem

min{k, d; } E+1<i<n
min{k,d,} —1 i=mn .

min{k, ¢;} = {

B namem ciaydae S) = S, TOSTOMY JOCTATOYIO MOKA3ATD, ITO

() Se<k(k=1)+ > min{k,c;} = k(k—1)+ Y  min{k,d;}—1.
i=k+1 i=k+1

YuntbiBas, uro di11 = di = k + 1, nosnyyaem

k+1 _ ©) k41 o .
Sk < (/4?+1)(k—1)-|—7 Z min{k, d;} =

i=k+1

Sk+1 = (k+1)dy, =

E+1 o Q)
= (k+ (k= 1)+ (k+1)+ = " minfk,di} >
i=k+2

n
> (k + 1)k + Z min{k + 1, d@} > Ska1-
i=k+2
Hepasercrro (5) BBITIOIHEHO, TaK KakK Tpu BeexX k + 2 < i < n mMmeeMm
HECTPOrOe HEPABEHCTBO | IIPU § = N CTPOroe. 3HAYUT, B (3) HEPABEHCTBO
crporoe. Orcro/a BoITeKaer (). O

Habpocox dpyzozo doxazamenvcmaa. IlepBblit ab3al] Takoii Ke, KaK B
TpEeBIIYINEM JoKazaTeahLcTBe. OmpenenM mocae0BaTeTbHOCTD ¢, KaK
B 3a1a4e 2.11.9. Ilo 3agaue 2.11.7.a jgocTaTodHo JI0Ka3aTh HEPABEHCTBA
n3 3agaun 2.11.5.b 114 mocsie1oBaTeILHOCTH C.

BroimoHenne 3TUX HEpaBEHCTB HECJI0XKHO TPOBEPUTL I k > d.

Jokazkem HepaBeHCTBa das mex k, dasa komopwr ¢; = diy1 — 1 npu
n0bom 1 < k.
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(PaccMoTpure caMoCTOATENBHO CIydail OCTAJIBHBIX K. )
i n—1 . )
Obozuauum S := ) =y min(k, ¢;).
Cayuati 1. Cpedu wucen dg19,dg13, ..., dy 6oaee dy —k wucen, 6045-
wux k. Toraa

> i <kdy=k(k—1)+k(d —k+1) <k(k—1)+S.
=1

[IepBoe HEpaBEHCTBO BBIIOJIHEHO, TAK KaK KaxKI0€ CIaraeMoe B IepPBOi
cymme He 6ogbIre di. [locienree HepaBeHCTBO BBITIOJTHEHO, TaK KaK Cpe-
T 9UCEJT Ck1,Ck+2, - - -, Cn—1 OOJTEE d — k WIMCest, e MeHbIuX k.

Cayuati 2. Cpedu wucen dgyo,diys,...,d, ne bosee di — k wucea,
boavuwux k. Torna

k k+1 n
Y ei=—di—k+Y di<k(k+1)—di—k+ Y min(k+1,d)) <
i=1 i=1 J=k+2

<K —di+S+di—k=k(k—1)+8.

[IepBoe m weTBEpTOE paBEeHCTBA OYEBHUIHBI. BTOpOe HEpaBeHCTBO — W3-
BECTHOE IJIsI CTapoii mocaenoBarenbHocTn. Jlokaskem TpeThe HepaBeH-
crBo. Cpesu uucen dgi9,dk+3,...,d, pOBHO d] — k 4dnces ObLIO YMEHb-
1eHo Ha 1 mpy Iepexoje K HOBOM mocjenoBaresbHOCTH. 1loaToMy B
cymme Y 7y o min(k + 1,d;) mpn mepexome x S mepsbre di — k cara-
eMBIX YMEHBIININCHL Ha 1, & ocTajabHbIE HE M3MEHUINCH. ]

2.13 O6o006mienHas raMUJIbBTOHOBOCTD: 3aa4N JJId NCCJIe-
noBaHuda. A.FO. Becunn u A.Bb. CkomneHkon

I[Iycte H — rpad. I'pacp X wazwiBaerca H-zamuavbmonosvim, ec-
g B X cymiecTByeT mojarpad, cojiepKaliuii Bce BepmuHbl Tpada X u
roMmeoMopdubIi Tpady H.

Hanpumep, TaMII5TOHOBOCTh PaBHOCHMIbHA, K3-TaMUJIBTOHOBOCTH.

Crenytormas 3ajiada (kpome (g)) mpocTa W TMPUBOJUTCS JJIsT TOTO,
4TOOBI TTOMOYH PEIIaTe i0 BOUTH B KypcC Jea. 3aJadu, OTMeYeHHbIe
3BE3/109KOM, ABJIAIOTCA HepeleHHbIMU. OObIYHO DU PEIIEHUN CJA0KHOM
3aJla9u I0JIE3HO PaCCMOTPETHh YaCTHBIE CJAyYad, MOMBITAThCS PENTuTh
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OJIM3KKE 330a9i. DTO IMO3BOJISET 3aMETUTh 3aKOHOMEPHOCTH, KOTOPLIE

MOXKHO C(OPMYJIMPOBATh B BHJE THIIOTE3 U 3aTeM J0Ka3aThb. MBI He

OyaeM I0ACKA3bIBAThL 9TU I'HMIIOTE3bI, a IMIpejjaraeM BaM CaMHUM HCCIIe-

JIOBATDL HEPEIeHHbIe 33,1a49i 1 BLICKA3BIBATH BAILM IIPEIII0I0XKEHMISI.
Ob6ozaaunm 0 1= K3 .

2.13.1. (a) JIrwoboit raMuabTOHOB Tpad, OTIIUIHBIN OT ITUKJIA, SIBJISIETCS
f-raMUJIbTOHOBBIM.

(b) CymecrByer -raMuibTOHOB Ipad, He SABJSIONUACA MrAMUIBTO-
HOBBIM.

(c) CymecTByer i TaMUIBTOHOB T'padd, OTIWYHBIA OT THUK/IA, HE
roMeoMopdHbIi Tpady 0 u He aBadONNicT K4-TaMIIBTOHOBBIM !

(d) CymecrByer qiu K4-raMusbroHoB rpad, He gpasomuiics 0-ra-
MUJIBTOHOBBIM 7

(e) Lna moboro qm rpada G cymecTByer rpad, He SBISIONIANRCT
G-raMuIbTOHOBBIM !

(f) Husa mwobbix gu rpados G u H cymecrByer (G-raMuIbTOHOB
rpad, He aBgromuicsa H-raMuIbTOHOBBIM !

(g)* Onummure «mepapxuioy TpadoB MO UX TAMUJIBTOHOBOCTH: KOTJIA,
H-ravunpronos rpad sapiserca G-raMujibTOHOBBIM !

2.13.2. (a) ITocrpoiiTe He raMUILTOHOB I'pad MHOIOIPAHHUKA.
(b,c*,d*,e* f* g*) To xke, aro B 3amaque 2.13.1, aas rpacdoB MHOTO-
I'PAHHUKOB.

I'pa¢p Ilozopenosa — rpad BBIIYKJIOI0 MHOIOIPDAHHUKA B TPEXMEP-
HOM IIPOCTPAHCTBE,

(1) u3 KaxK 0 BEPIMUHBI KOTOPOTO MCXOIUT Tpu pebpa,

(2) KaxkJast 3aMKHYTasl HECAMOIIEPECEKAOIIAACA JOMAHAS HA T0-
BEPXHOCTH MHOIOTPAHHUKA, Pa3Ie/sionias Kakue-1ubo IBe ero rpaHu,
[epecekaer 10 KpaiiHeil Mepe IsaTh pebep MHOMOIPAHHUKA.

W3 (2) BbITEeKaeT, 94TO B TpaHWIlE KayKJOW TpAHW HE MeHee MSTH
pebep.

2.13.3. (a) [IpaBuibHblii gogekasap spisercs rpadom [Toropenosa.
(b) I'pacd ¢ puc. 9 aasitercs rpadom [Toropesosa.
(¢)* OxapaxTepusyiite rpadnt [Toropesosa B TeopeTnKo-TpaoBBIX
repmuHax (11040000 xapakrepusaruu [lreiinuna rpados MHOrorpa-
HUKOB).
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Ob6o3naunm 4vepes G, myabTurpad, COCTOSIIUNE 13

® KOMIIOHEHTHI A cBaA3HOCTH MyJabTurpada G—r—y—z, coaepKaliei
BEPINHY a,

® BEPINNH X, Y, 2 U BCeX PEOEDP, COETUHSIONINX HEKOTOPYIO BEPITUHY
u3 T,1, 2 C HEKOTOPO# BepImuHoi n3 A,

e HOBOIT BepmuHLl b’ u pédep b'x, by u V2.

Bepmunwt a n b mynsrurpadpa G, 0CTaloTCs B OJHOM KOMIIOHEHTE
CBSI3HOCTH I10CJI€ YAAJIeHUs JIFOObIX JBYX €ro BepIuH. TakK KakK CTeleHb
BepIuHbl b B rpade G He MeHee TPEX 1 1pu nocTpoennn rpacda G, ObLIO
y/1aJeHo pebpo, COeIMHATOIIEE ABE U3 BEPIWH X, Y, 2, TO B MyJIbTUrpade
G, MenbIe pébep, gem B G. 3nauut, B G, ecTh Tpoiika a — b’ myTeii.

Anasormano onpenensem myabrurpad Gp u HAXOAUM B HEM TPOIKY
a’ — b myreii. IlocTpoeHHbIE MIECTH ITyTel marT TPOHKY a — b myTeii B

G.

2.8.6. YrBepxkjaeHue 33/1a4i BbITEKAeT U3 CJIeAyIomero (pakra.

Ymeeporcdenue. Beprmmunl A m B rpada HA30BEM 9K6USAAECHMHbL-
MU, €CJTH CyIIeCTBYIOT Takue Bepmubabl A = Ag, A1,..., A, = B, aro
JI00BIEe 1B cocejHue BepimmHbl A; m A;11 MOXKHO COeIUHUTH Kk IIyTs-
MU, HE UMEIOIINMU 001X pedep. JI1obbie jiBe S9KBUBAJIEHTHBIE BEPIITUHBI
MOKHO COEJIMHUTH k IIyTsMU, He UMEIOIIUMU 00IIuX pedep.

Joxasameavcmeo ymeepocdenua. Ecam ynaauts jobbie k — 1 pé-
6ep, To aist Jitoboro ¢ BepruHbl A; 1 A;1 1 OKaXKXyTcs B OJHOM KOMIIO-
HEHTe CBI3HOCTH. SHAYNUT, BepIunbl Ag 1 A,, Tak:Ke OKaKyTCs B OTHOM
KOMITOHEHTe cBsi3HOCTH. OcTaercs NpuMeHuTh pedbepHyto TeopeMy Men-
repa. []

2.10.1. (a) Caemyer u3 TOro, 4T0 IElb U aHTUIENb MOIYT HIEpPece-
KaTbCs HEe 00Jjiee YeM 110 OJIHOMY 3JIEMEHTY.

2.11.1. (a) Omeem: Taxoit rpad cymecrsyer npu (V, E) = (2k, 3k)
JLJIsT TIPOU3BOJIBHOIO 1181010 £ > 1.

PaccMmorpum mpon3BosIbHBIN KyOrndeckuil rpad: KaxK1as ero BepIin-
Ha mMeeT crereHb 3. CymMma crerneHeit Bcex BepiuH ecth 2F. IlosTomy
3V = 2F. Torma mapsr uncen (V, E) mmetor Bun (2k,3k) a1sa HekoTo-
poro HaTypaJsibHOro k. Tak Kak HeT meTejb U KPAaTHBIX pedbep, To k = 1
HEBO3MOXKHO.
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IIpu £ > 1 ycioBuio yI0BJAETBOPAIOT, HalpuMep, 2k-yTOJbHUK C
TPOBEJICHHBIMU B HEM JIMArOHAJIAMU, COCIUHSIONUMU i-Thie U (i + k)-
Thl€ BEPIITUHBI.

(b) Omseem: Takoit rpad cymecrsyer ipu d € {0,1,...,n — 1} u
dn 9eTHOM.

Jlnst mokazaTeabcTBa JOCTATOYHOCTH PACIIOIOXKUM BEPITUHBI Tpada
B BEPINUHAX MPABUILHOTO Nn-yroabuuka. CoequunmM pedbpaMn BepITUHbI,
pPaCCTOsIHME MEXKJIy KOTOPBIMU 110 OKPYKHOCTH He mpeBocxoautT d/2.
ILnst weTHOTO d TTOCTpOeHue Tpada 3akoH4YeHOo. /L1 HegeTHOTO d YnCI0
N 9eTHO, MTOTOMY MOXKHO M HY>KHO JTODABUTH OOJIBINNE JUATOHAJIA.

2.11.3. (b) Jloxasameavcmso (nanucarno A. Pyxrosuwem). Heobxo-
JUMOCTD TIEJTOYNCTEHHOCTH € BBITEKAET M3 TOTO, UTO € PAaBHO YUHUCTY
pebep B rpade. Bropoe ycimoBue He0OX0MMO, MOCKOJIBKY B rpade Her
IeTesib, a 3HAYUT CTEIeHb KAaKJ/I0M BEPIIUHBI He OOJIbIle CyMMBbI CTelle-
Heill OCTaJIbHBIX BEPIIUH.

JlokazkeM JJOCTATOYHOCTh MHAYKIHEN 110 e. Baza mHayKimn: yrep-
xKaeamne g e = 0 odeBnano. /lokaxkem mrar mHaykmun. [lycts yTBep-
xaenune g e < k. /lokaxkem, 4To OHO BepHO M Juid € = k > 1. U3
k > 1 u ycaoBus d; < e cejyer, 4To HAWIYTCsI XOTd Obl JIB€ BEPIIUHbI
HeHyJs1eBoil cremenu. MOXKHO cauTaTh, 410 di = do > ... > dy. Pac-
cMoTpuM Habop dy — 1,ds — 1,ds,...,d,. YcaoBus TeopeMbl I HETO
BBITIOJTHEHBI, TTOCKOJIBKY CYMMa, CTeIeHel BepInH yMeHBIIIACh Ha 2,
a cTeleHnb KaxKJIOH BepIIWHbI ITOHU3WIach He 0ojee, yem Ha 1. IToaro-
MY MOKHO BOCIIOJIb30BaThCsI TTPEAOI0KEHNeM WHIYKITHU: CYIIIeCTBYeT
rpad s mabopa dy —1,ds —1,ds, ..., d,,. B aToMm rpade coegunnm ped-
pom Bepiuabl 1 u 2. ITocKO/bKY 3T1 BEPIIUHBI PA3/IMYHbI, TO II€TE/Ib He
nosgBusiock. CiieoBaTe/ibHO, HOBBINM I'pad He cojep:KuT mneresib. fcHo,
qT0 HAOOp cTerneHeil ero BepmuH — dy, do, ds3, ..., dy.

2.11.4. Omsemw: (a,c) ma. (b,d,e) mer.

2.11.7. (b) Bosbmem rpady, peasusyonmii HCXOMHYI0 TOCTIeI0Ba-
TeabHOCTh. Ecim B Hem Bepmmuaa M HanbOJbINEHl CTeleHn W BEPIu-
Ha () HauMEHBIEH CTeNeHN COeTNHEHBI PedPOM, TO YIaJUM 3TO pedpo.
Nrage nmeerca pedbpo OX ¢ X # M.

ITycts X me coemmmena ¢ M. Torma cpeam BepImH, cOeIMHEHHBIX
¢ M, ectb BepumHa N, He coepuHeHHad ¢ X. /lobapum pebpo NX u
ynasimm peopa M N u OX.
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Paccmorpute camocrogTenbHo caydait, Korna X coeauaeHa ¢ M.
2.11.9 m 2.11.10. Cm. 1. 2.12.

2.11.11. (a,b) Omeemui: TO Ke, 9TO B COOTBETCTBYIOIIUX ITYHKTAX
3ajadn 2.11.3, ¢ nobaBaenunem yciopust n — 1 < e.

Jloxasameavcmeo n. (b) (npedaooiceno A. Pyxosuwem). st moka-
3aTEJIbCTBA HEOOXOMMOCTH 0003HAYUM dYepe3 € KOJMYeCTBO pedbep B
rpade. Heobxomumocts yemosuit (1), (2) u (3) (T.e. 9eTHOCTH, YCIOBUS
HA CTeleHb ¥ HA YUCJIO0 pebep) JIerko 1POBepsercs.

s ToKazaTebCcTBa JOCTATOYHOCTA PACCMOTPHUM Trpad, MOJIydeH-
HBII 110 0TBeTy K 3aja4e 2.11.3.b. Obo3naunm depes ¢ KOTNIeCTBO KOM-
IIOHEHT CBSI3HOCTH 9TOr0 Irpada.

Hokazxem, 910 eciau ¢ > 1, ToO MOXKHO YMEHBITUTH KOJTUIECTBO KOM-
TIOHEHT CBSI3HOCTW, HE MeHsisi crerneHeit Beprua. U3 ycmous (3) mmo-
aydqaeM € = n — 1 > n — c. [lostomy xoTd OB B OHON KOMTIOHEHTE
CBSI3HOCTU €CTb MuKJI. Toria MOXKHO B3Th PebpO ajas ITOro IHUKJIA,
u pebpo b1by m3 Ipyroit KOMIIOHEHTHI CBSA3HOCTHU. YJaJnM 3T pedpa,
U BMecTO HUX JobaBuM pebpa aib; u asby (cp. ¢ 3amadgeit 2.11.8). To-
T/1a CTEITEHUW BEPITTUH COXPAHSATCS, a KOJUIECTBO KOMIIOHEHT CBSI3HOCTH
YMeHbIHUTCI Ha 1.

Takumu orepanusiMu MOXKHO ITIOHU3UTH KOJIMIECTBO KOMIIOHEHT CBSI3

Hoctu 70 1. IosyunTesa cBsa3HbI rpad 6e3 meresb ¢ 33 ITaHHBIMU CTe-
IIEHSIMU BEPIIVH.
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3 Packpacku rpadpoB 1 MHOTOYJIEHbI

3.1 Packpacku rpados

Packpacka rpada (T.e. Bepima rpada) B HECKOJIBKO I[BETOB HA3bI-
BAETCS NPABUNHOU, €CJIT KOHIIBI JII000TO pedpa OKpAallleHbl B pa3Hble
usera. B aTom maparpade «packpacka B t IBETOBY» 03HAYAET «PaCKpPac-
Ka B He OoJjiee, 9eM B T IIBETOB.

3.1.1. Crnenytorue Tpu yCJIOBUST SKBUBAJICHTHBI:
e rpad JIBYI0JICH;
e rpad MOXKHO IPABUWJILHO PACKPACUThb B 2 IIBETA;
e rpad COAEPXKUT MUKIBI TOABKO YETHON JIJTMHDI.

3.1.2. (a) Eciu B rpade cremnens KaxKI0il BEPIIUHBI HE TIPEBOCXOIUT d,
TO €r0 MOYKHO TPABUJIBHO pacKpacuTh B d + 1 1BeT.

(b) Ecsim B cBsizHOM Tpade cTeneHb KaxKJI0il BEPIIWHBI HE TTPEBOC-
XOOUT d W eCTh BEpINHa CTermenn MeHee d, TO ero MOXKHO MPaBUILHO
PaCKpacuTh B d IIBETOB.

(¢) Eciin B cBa3noM rpadpe crenenb KaxKkji0#i BEPIIMHLI HE IIPEBOC-
XOUT d, W eCTh BepIrHA, TOCje yAaJeHns KOTOPOi rpad mepecTaer
OBITh CBSI3HBIM, TO T'pad MOXKHO MMPaBUJIBHO PACKPACUTh B d IIBETOB.

(d) Ecim cBssmbiii rpad G, nMmetoruii 60Jee JBYX BEPINWH, [PU
yJIaJeH HEKOTOPOTO pebpa pacrmajaercs Ha gBa rpada, KaxKIblil m3
KOTOPBLIX MOYKHO TPABWILHO PACKPACATEL B d I[BETOB, TO U UCXOIHLII
rpad MOXKHO MPABUJIBHO PACKPACUTh B d IIBETOB.

3.1.3. Eciu nns HekoToporo k B rpadpe ¢ n BepITMHAMHU CPEJIN JH00BIX
k + 1 BepmuH ecTh JBe, COeIUHEHHBIE pedpoM, TO Tpad HEBO3MOXKHO
[IPABUJIBHO [TOKPACUTH MeHee, 4eM B n/k 1BeToB.

3.1.4. B BBITYKJIOM MHOTOYTOJHLHUKE TIPOBEIN HECKOJBHKO JUaroHaJsel,
He UMEIONUX OOMUX BHYTPEHHUX TO4YeK. [loyueHHbIil miockuii rpad
MOYKHO MTPaBUJIbHO PACKPACHUTh B 3 IIBETA.

3.1.5. (a) B cBasnom rpadpe cremenb Kaxk0i BEPITHHBI HE TPEBOCXO-
auT TpEX. M3BecTHO, 4TO €ro MOXKHO IIPABUJIBHO PACKPACUTH B 3 IIBETA,
TakK, 9TO0bI COCE/IM HEKOTOPOU BEPITUHBI OBLIN OJTHOTO IiBeTa. Jlobasman
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OJ[HY BEPILKMHY U BBIXOJSIIUE U3 Hee PEOpa Tak, 4TO IHO-IPEXKHEMY CTe-
[IEHU BCEX BEPIIUH HE MPEBOCXOAAT TPEX. JloKaxKuTe, 9To Moy YeHHbIH
rpad MOXKHO HPABUJILHO PACKPACUTH B 3 IIBETa.

(b) B cBssHOM rpadye creneHb KaxKkol BEPIIUHbI HE IIPEBOCXOIUT
Tpéx. M3BeCTHO, 9TO ero MOXKHO IPaBUJIbHO PACKPACUTb B 3 IIBETa U
pu JIF00O0# TaKoi packpacKe y KarKJIoi BEPIIUHBI €CTh PAa3HOI[BETHBIE
cocemn. JlobaBuan OfHy BEPIINHY U BBLIXOALAINNME U3 Hee PEdpa Tak, udTo
[O-IIPE’KHEMY CTElleHN BCeX BEPINMH He IIPEBOCXOAAT TPEX K II0JIyYeH-
HBIN Tpad ommyeH oT K. JlokakuTe, 9TO MOJYYEHHBIN Tpad MOXKHO
MPaBUJIbHO PACKPACUTh B 3 TIBETA.

(¢) Teopema Bpyrca. Ilycrs d > 3. Eciu crenenb KazkJ0i BepIu-
uel rpada He npesocxoauT d u Her (d + 1)-kawkwu, 1O Tpad MONKHO
IPABUILHO PACKPACUTL B d I[BETOB.

3.1.6. Harypasibabie uncia d, k,dq, ..., d; TakoBbl, 410 di +ds + ...+
dp = d+ 1 — k. Crenenb Jr000it Bepiinabl rpada He MPeBOCXOAuT d.
JlokazknTe, 9TO BEPIIMHBI MOXKHO Pa30UTh Ha k TPYII Tak, UTO Jr0bast
BEpPINUHA ¢-if TPYNTBI coeqnHEeHa He 0oJjee YeM ¢ d; BEpITUHAMU CBOEH
TPYIIIIHL.

3.1.7. Tpem cubimuénniM gesoukam pe, Tane m FOse BbIgaam mo Ko-
nuu ojHOro u Toro ke rpada. KOs u Tansa packpacuyiim cBou rpadbl
npaBuabHO. FOuist ucnosib3oBasia MeHbIe 11BeToB, ueMm Tansi, 3aTo y Ta-
HU B KaXKJIBIH IBET MMOKPAITIEHO He MeHee JIBYX BepIlnH. JlokaxKute, 94To
Npa MoxkeT MpaBMJILHO PaCKpacuTh CBOM T'pad, MCIOJIH30BaB HE OOJIH-
e 1BeToB, dyeMm FOuisi, u 9T00bI B KaxK/bIil 1IBeT OBLIO IIOKPAIIIEHO HE
MeHee JIByX BEpIIUH.

3.1.8. (a) Eciin rpad HEBO3MOXKHO IPABUILHO pacKpacuThb B k— 1 1ser,
TO JIJT JTFOOOI €ro TPaBUIbHOU PACKPACKH B K IIBETOB CYIIECTBYET Iy Th,
B KOTOPOM BCTPEYAETCS POBHO MO OTHOM BEPITUHE KAXKJIOTO ITBETA.

(b) Ecim MakcuMabHBIN U3 TIyTeii B rpade, MPOXOISIIX M0 KaK-
JIOli CBOEl BepIInHe TOJBKO OJUH pa3, IMPOXOAUT depe3 d BepIIuH, TO
rpad MOXKHO MPaBUJIBHO PAaCKPacUTh B d IIBETOB.

(¢) Ecmun MakcuMaIbHBIA HEUETHBIN HECAMOTTEPECEKAIOINNACS TIUK/T
B rpade nmpoxoauT depe3 d — 1 BepmmHy, TO rpad MOXKHO IPABUILHO
pPacKpacuTh B d IIBETOB.
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3.1.9. OpuentupoBanHbiii rpad, U3 KaxKJa0# BEPIIUHBI KOTOPOI'O BbI-
XoauT He OoJjiee d pédep, MOXKHO HPaBUIbHO packpacuTb B 2d + 1 1Ber.

3.1.10. Nwmeercda HeCKOTBKO MBETOB. Kaxk10#t BepIrHE JABY/IOJIHHOTO
rpada ¢ n < 287! Bepmmmamu comocTasieno me Memnee, uem k IBe-
10oB. («CHnucku» [BETOB, COIOCTABJIEHHbIE PA3HBIM BEPIIUHAM, MOI'YT
ObITH W OJMHAKOBBIME, W pa3audHbiMu.) Torma cyiiecTByer mpaBu/ib-
Hasl pacKpacka rpada, TpUIUCHIBAIONIAs KaXK /01 BepIInHe HEKOTOPDIM
COMIOCTABJICHHBIN €1 I[BeT.

3.2 XpomaTrudecKue YHUCJIO U MHIEKC

Xpomamuueckum wucaom X (G) rpada G HA3bIBALTCS MUHUMAIBLHOE
KOJIMYECTBO IBETOB, B KOTOPBIE MOKHO IIPABUILHO IIOKPACATH BEPIIUHDI

rpada G.

3.2.1. Ecym npm yaajaeHun u3 rpada JIrodoil BePITUHBI XPOMATHIECKOE
quci0 ymenbinaercd, 1o X(G) < 1+ [2e/n].

3.2.2. (a) Ha xakoe 9mcio MOXKET M3MEHUTHCS XPOMATHIECKOE TUCIIO
rpada, ecau j1006aBuTh K rpady omHo pedbpo? bosee crporo, Haiigure
BCe 1esble k, I KOTOPBIX cymecTtByer rpad G u ero pebpo u Takue,
aro x(G) — x(G —u) = k.

(b) x(V, E1 U E3) < x(V, E1)x(V, E3). (Hamomuanm, cm. §2.1, o
yepes (V, E) obosnauaercss rpad O MHOXKECTBOM BepIIuH V' U MHOXKE-
cTBOM pebep F.)

(¢) Hutst miobbIx measix r1, 79 > 0 mocrpoiire Takue rpadsr (V) Ey)
u (Vva E2)7 qTo X(Vva El U EQ) — X(V7E1)X(V7E2)7 X(V; El) =T u
X(V, Ez) = T9.

3.2.3. Jlng Kaxkjo#t HyMepaluyu BepInuH rpada CAeayionuil airopurm
ero PacKpacKW HA3BIBAETCS HCadHbiM. KaxKIyro BepITHHY, HAUUHAS C
ePBOil, KpacuM B IBET ¢ MUHUMAJILHBIM HOMEPOM, OTCYTCTBYIOIIAM
Cpeu yrKe MOKPAIEeHHBIX COCeMeil 9TON BepINUHI.

(a) Bepmunbl npoussosibHOro rpada G MOXKHO 3aHyMEpPOBaTh TakK,
9TOOBI YKAJHBIA AJTOPUTM €ro PACKPACKW HCMOIb30Bag poBHO X (G)
I[BETOB.

(b) Hust xaxkmoro menoro k > 0 mocrpoiite nBYIO/IbHBINA Ipad u
HyMepaIliio ero BePIH, JJis KOTOPhIX pacKpacka rpada, IoCTpoeHHas
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>KaIHBIM aJI'OPUTMOM, OTBEYAIOIIMM IIOCTPOEHHOII HyMepaluul, UMeeT
He MeHee k IIBETOB.

DTa 3a7a9a MOKA3BIBAET, UYTO «KATECTBO» PACKPACKH, TTOCTPOEHHOM
JKAIHBIM aJITOPUTMOM, CHJIBHO 3aBUCHAT OT YIIOPSIOYECHUsI BEPIIUH.

Packpacka pébep rpada Ha3bIBaETCsSI NPasusbHOl, €CIIU JTH0bIe IBa,
pebpa, UMeroIe OOIIYI0 BEPITUHY, OKPAIlleHbl B Pa3HbIE ITBETA.

3.2.4. Teopema Busumea. Ecinu creneHb KaxKJ0ii BepIIMHBI rpadpa He
MIPEBOCXOUT d, TO pédbpa rpada MOXKHO MPABUJIBHO PACKpacuThb B d + 1

2

Puc. 18: I'pad Ilerepcena

=%

Puc. 19: UccnenyiiTe Ha miaHapHOCTD, HAHIUTE XPOMATHIECKOE THUCIO
U XpOMaTWIECKHUI WHJIEKC IpadoB

ITBET.

N
K\Z%\

Xpomamuueckuti underc rpada — MUHUMAJIBHOE YUCJIO IIBETOB, B
KOTOPbIE MOXKHO IIPABUJIbHO PACKpPacUTh pEOpa 3Toro rpada.
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3.2.5. Uccnenyiire Ha maanapuocrs (§2.4), Haiiaure XpoMaTudecKoe
YUCJI0 M XPOMATHYCCKUH MHIEKC rpadoB:

(a) epagpa ITemepcera, n306pazk€HHOro Ha pucyHke 18;

(b) rpacos ¢ pucynka 19.

3.3 Xpomarmuyeckmii MHOTOYJIEH M MHOT'O4YJIeH TarTta

SHaveHueM rpomamuveckol pyuryuu Xg rpada G B Touke t HA3bI-
BAETCA KOJIMYECTBO MPABUIBHBIX PACKpacok rpada B t IBETOB.

3.3.1. Haiinure XpoMaTruieCKyr0 yHKIIUIO JJIsd

(a) nosinoro rpada;  (b) rpada, He umeromero pedep;  (c¢) myru;
(d) mukita;  (e) mepesa

C M BEPIITHAMMU.

3.3.2. (a) XG¢ = XG—u — X@/u 14 moboro pebdpa u rpada G.

(b) Teopema Bupreoga—Yummu. s kaxmoro rpada G cyiiecrByer
POBHO OJTHH TaKO# MHOTOUJIEH, ITO JJIs JIOOO0TO0 ¢ Iuciao X (t) mpaBuib-
HBIX packpacok Trpada G B t 1IBETOB paBHO 3HAYEHUIO B TOUKE t 9TOTO
MHOTOYJICHA.

Beuay sToit Teopembl XpoMaTndeckasd (DYHKIUS HA3LIBACTCS LPO-
MAMUYECKUM MHOLOUAEHOM W CIATAETCA ONPEAEJIEHHON HE TOIBKO I1JIst
neasix t > 0 (cp. ¢ (e)).

(c) Cremenb XpoOMaTHIECKOTO MHOTOUICHA X G PaBHA M, CTapIinii
ko3 durment pasen 1, Bropoit koadduiinent pasen (—e), Koahduim-
eHTEI 3HAKOTIEpeMeHHE! (T. e. kKoaddunuent npu " 2F meorpumarenen
1 xKoapdurment mpu "2k

(d) Tperuit ko3 puIEEHT XPOMATHIECKOTO MHOTOUIeH] I'Ppada, caun-

HEIOJIOXKUTE/IEH JIJist JII000r0 1e/a10ro k).

Tasg C CaMOTO CTApINEro, OJHO3HATHO OIPEIeIAeTCsT HaDOPOM TIOrpa-
doB rpada, comgep:Kammux 3 BEPIITUHEI.

(e) Yucso |xg(—1)| paBHO KOTMYIECTBY GUUKAUNECKUT OPUEHMAUUT
rpada GG, T. e. KOMUIECTBY TaKUX PACCTAHOBOK CTPEJIOK Ha pEOpax, JJIs
KOTOPBIX TTOJIYIEeHHBI OPUEHTHPOBAHHDIN Tpad He COAEPKUT OPUEHTH-
POBAHHBIX IUKJIOB.

3.3.3. (a) Ecm xpomaTmaeckuit Muorodien rpada pasen t(t — 1)1,

TO Tpad — Jepesno.
(b) He cymectsyeT rpada ¢ XxpoMaTHdecKuM MHOTo41eHoM ¢4 — 3134
3t2.
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5 Cucrembl MHOXKecCTB (runeprpadbi)

5.1 IlepeceuyeHus MOIMHOKECTB

Kornma peub naer o MHOXKECTBE TOJMHOMXKECTB, YIIOTPEOIAI0T CHHO-
HUMBbI «CHUCTEMa», «CEeMEUCTBO» WM «HAOODP» IOJIMHOXKECTB.

5.1.1. B roboMm cemelicTBe TONAPHO TEPECEKAIONTNXCS ITOIMHOXKECTB
N-3JIEMEHTHOTO MHOXKECTBa He 6osiee 27! mojMHOMKeCTB.

5.1.2. Tlyctp 2 <t <n— 2.
(a) ITocTpoiiTe cemeitcTBo U3 2"~ MOIMHOKECTB N-3JIEMEHTHOTO MHO

JKECTBA, JIOObIE JIBa M3 KOTOPBIX [IEPECEKAIOTC HE MeHee, 4eM 10 t dJie-
MEHTaM.
(b) Cymecrsyer 1 Takoe cemeiicTso u3z 2" + 1 noamuoxkecTs?

5.1.3. Teopema Ipdewa—Ko—Pado. Ilycts F — jr0boe cemeiictBo k-
9JIEMEHTHBIX TTOJIMHOYKECTB N-3JIEMEHTHOT'O MHOYKECTBA.
(a) Eciu 2k < n u sirobble 1Ba MOJIMHOYXKECTBa U3 JF IEePeceKaroTcs,
n—1
To |F| <
Fi<{, ,
(b) Ecin 2k > n u ob6bejuHenne HUKAKUX JIBYX IIOJAMHOXKECTB u3 JF

n—1
HE €CTh BCE N-3JIEMEHTHOE MHOXKECTBO, TO |F| < ( L )

—t
(¢) Eciu n, k > t, To cymecrByer (Z_ t) [IO/IMHOKECTB N-3JIEMEHTHOTO
MHOXKECTBa, B KaxKJOM M3 KOTOPBIX POBHO Kk 3JIEMEHTOB U JIIOOBIE J1Ba,
13 KOTOPBIX MEPECEKAIOTCS HE MEHEee UeM I10 © 3JIeMEHTaM.

5.1.4. (a) JIroboe cemeiicTBO W3 JBAATH H-3JIEMEHTHBIX TIOJIMHOYKECTB
15-371eMEeHTHOTO MHOYKECTBA MOXKHO TaK pas3duTh Ha 6 TMOJICEeMeicTB,
4TOOBI JIFOObIE JIBa HEIEePEeCEeKAIOIINXCd II0AMHOXKECTBA JieXKaJjau Obl B
Pa3HbIX HOJACEMeNCcTBax.

Bamenwanue. B takux curyanusx (cm. m. 7.1) 0OBIYHO BMECTO pas-
OMeHNH Ha 0ICEMECTBa TOBOPAT O PACKpacKe B PasHbIe IIBeTa. 1orma
BOTIPEKU HATJISITHOMY TTPEICTABICHNI0 O PACKPACKE KPACITCS MHOYKE-
CTBa, HO IIPU 9TOM HE KPACATCHA UX DJIEMEHTHI.

(b) Ha kpy2kok mpunwio 20 mkoabauKoB. Kaxk1o0ii (HeymopstjodyeH-
HOI) TIgTepKe U3 HUX HYKHO JaTh OHy n3 12 33729 10 KOMOWHATOPHUKE.
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(Bazady mosrydaer UMEHHO IMATEPKA, & HE IMKOIBHUK.) Kak 910 cienars,
ITOOBI HEMIEPECEKATONTUECS MSITEPKU MOy IMJIN PA3HbIE 33/1a49u 7
(c) B ycaoBusax m. (b) 11 3amaq HemocTaTOIHO.

5.1.5. s | < k obosuauum uepe3s M (n, k,l) MuHEMaIHEHOE KOJITUE-
CTBO TaKuX k-357IEMEHTHBIX MOJIMHOXKECTB MHOXKECTBA R, UTO 1000
[-3/1eMEHTHOE TTOIIMHOKECTBO MHOXKECTBA R, TETUKOM COIEPKUTCS XO-
T OB B ogHOM W3 HuX. Hampumep, 3agada 1.5.2.a yTBepxkKaer, 9TO
(a) Haitqure M (n, k,1).

(b) Haitnure M (6k + 3,3,2).

(c)* Haitnure M (n,3,2).

(d) Hoxaxwure, uro M(n,k,l) > nM(n—1,k—1,1—1)/k.

5.1.6. CyrtiectByeT k TIOAMHOXKECTB R-3JIeMEHTHOTO MHOXKECTBa TI0 N
9JIEMEHTOB B KAaKJIOM, HUKaKWe JBa U3 KOTOPbIX UMeIOT He OoJjee S
OOINMUX SJIEMEHTOB, JJIs

(a) k=2=R, n=2v"1 s=2"2

(b) k =60, R = 1600, n = 80, s = 4;

(c) p mpocroe, k = p? 4+ p, R = ps?, n = ps.

Cp.cmm. 5.7u 7.1.

Yrxasanue x 5.1.3.a. MoxHO camTaTh, 9YTO N-3J€MEHTHOE MHOYKE-
cTBO ecTb [n|. dnsa j € [n] oboznaunm A; = {j,j+1,...,7+k—1}, rae
HyMmeparus mo moayiao n. Cpean n moamuoxkecTB Aq, ..., A, He bojee
k nexar B F. T.e. cpeau HUX H0Js IIOJMHOXKECTB, JexKalux B JF, He
IPEBOCXOUT k /M. A Hy’KHO J0Ka3aTh, YTO CPEIU BCEX Kk-3JIEMEHTHBIX
TIOIMHOKECTB MHOXKECTBA, [n| 707 MOAMHOYKECTB, JeXKarmmx B J, He
nmpesocxomut k/n (n6o (Y-1) = £(})). s noxasaremncrsa BOCTOIL3Y-

n
eMca ycpednernuem. A UMEHHO, pACCMOTPUM CpejiHee apudMeTHIeCKoe

p ;:% S FA{o(Ar),. ., o (A},

oESH

Torma Teopema crieayer m3
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3/eCh HEPaBEHCTBO BBINOJIHEHO, OCKOJbKY CDEeId 7 HOJMHOYKECTB
o(Ay),...,0(A,) ve bosee k jexar B F. A paBeHCTBO BBIIOJIHEHO, TI0-
CKOJIBKY

nlP = [{(0,j, M) € Sp x [n] x F + o(A;) = M}| = kl(n — k)In|F|

(310 nodcuem dsymsa cnocobamu).
Vrasanue x 5.1.3.b. PaccMoTpuTe T0MOIHEHNS TTOAMHOXKECTB 13 TI.

(a).

5.2 Cucremsbl 00X TIpeACTaBUTEJIEN

5.2.1. B rpynmne crynenatoB fugekca 20 venoBek. VI3 Hux poBHO ) vesio-
BEK — CITEIMaJIUCThRI TT0 TIONCKY B MHTEpPHETE, H — 10 0ophbe co crramMmom
U T.J., Bcero 18 mpobseM (Tak 9TO, OUEBUIHO, HEKOTOPHIE CTYIEHTHI
SIBJISIFOTCS CIIELMAJIMCTAMU 110 pasHbIM pobseman). Tpebyercsa cocra-
BUTb U3 9TUX CTYJIEHTOB CUJIbHYIO KOMaHIy pa3paborunkos. [Ipu srom
XOYEeTCd, YTOOBI JIJI KaxKJ0i MpoOJieMbl B KOMaH/ 1€ HAIIEJICS CIeIra-
JIUCT 110 Heil ¥ 4TO00ObI pasMep KOMaHbl ObLI KaK MOXKHO MeHbIe (J11st
9KOHOMUU 3aPIIIATHI).

(a) IIpm r060M pack/iajie MONYIUTCA HaOpaTh TAKyH KOMAHIY W3
CeMU YeIOBEK.

(b) ITpu HEKOTOPOM PaCKJIae He MOy IUTCA HabpaTh TaKy0 KOMaH-
JIy U3 AT 9eI0BEK.

Cucmemoti obuur npedcmasumeneti (COKPAIIEHHO C.0.11.) JIJIs Ha-
bopa M MHOXKeCTB Ha3bIBaeTCsd Takoe MHOX)ecTBO A, uto M N A # &
g moboro M € M.

5.2.2. na nabopa {{1,6},{1,2},{2,3},{3,4},{4,5}, {5, 6}} murO)KeECTB
HalanuTe
(a) mekoTopyto c.o.i.;  (b) c.0.n. HamMeHBITIEro pasmMepa.

5.2.3. (a) Haiimnre mammenwImmii pazmep c.0.1M. mas Habopa Bcex k-
9JIEMEHTHBIX MTOJIMHOXKECTB MHOXKECTBa R,.
(b) CroOJIbKO /TSI HETO MMEETCs C.0.T. HAWMEHBITero pasmepa’

Munumanvras c.0.11. — C.0.TI. HAUMEHBITIETO pa3Mepa Mg JTaHHOTO
Rn

nabopa M. Hazosem (n, s, k)-nabopom 3jiemenT u3 (( k )>, T.€. Habop
s
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5.7 Jlemma Buccepa u TeopeMbl 0 BO3BpalleHUN

5.7.1. B napsamente u3 100 000 gemnyraroB obpaszoBano k KOMUCCHUIA 110
2000 geroBeK B KarKJIOil.

(a) Ecmm k > 100, To Kakue-TO jJBe KOMHCCHU UMEIOT XOTs Ob1 21
00IIIero 4jIeHa.

(b) Eciim k > 5000, T0o Kakue-To JiBe KOMUCCAU MUMEIOT XOTsi Obl 29
ODINNX YJICHOB.

(¢) Ecim k > 250000, To Kakue-TO JiBeé KOMUCCUU WMEIOT XOTs OBl
32 o0mux 4JieHa.

(d) Ecmm k > 2-503°, To Kakme-TO 1Be KOMHCCHH HMEIOT XOTs Obl
40 o0IIIMX YIE€HOB.

[MomuOX)ecTBO oTpe3ka [0, 1] Ha3BIBAETCS TOPOWUM, ECTTH OHO SIB-
Jgercs 0bbelMHeHneM KOHEYHOTO KOJIMYeCTBA IOMAPHO HelepeceKaro-
muxcsd nHTEpBaIoB. Jlaunod |E| xopomero MHOXKecTBa F Ha3biBaeTCs

CyMMa JIJINH €70 MHTEePBaJIOB.

5.7.2. (a) [lepecedenne n 06beMHEHIE XOPOIITIX MHOYKECTB — XOPOIIIee
MHO2KECTEO.

(b) Eciu E1q, ..., Fy — HOIapHO HEIEPECEKAIOIUECS] XOPOIIINe MHO-
KecTBa JuHBL 1/k Kaxkpoe u Ey — xoporree MHOXKeCTBO jywmHbl 1/k,
T0 |Eo N Ej| > 1/k* nnst nexoroporo j > 1.

(¢) Ipunymaiite npumep GECKOHEIHOIO CeMEHCTBA XOPOIINX MHO-
JKeCTB JINHBI 1/2 Kaxkj0e, JJIMHA TePeceueHus JTIOOBIX JTBYX U3 KOTO-
pBIX He mpeBocxoauT 1/4.

(d) To :xe mna paunet 1/k u aymnn nepecedennd me 6osee 1/k2,

5.7.3. /lana 6eckoHevHasd MOCI€/I0BATETHHOCTH XOPOIITUX ITOIMHOYKECTB
orpeska [0, 1] 7muHBI m Kaxmoe.

(a) JymHa epecedenus HEKOTOPBIX [IBYX U3 HAX He MeHbIne m? /2.

(b) Jlemma Buccepa. To xe ma 0,99m?.

(Bajgaua 5.7.2 mOACHAET POJIb MHOXKHTEIS M’ U TO, YTO 3aMEHHUTh
0,99 na 1 HesmB34. )

(c)* Hutst r060TO T TIPW TMPEATONIOKEHUAX 1. (&) HAWIyTCS T MHO-

JKeCTB ¢ JjuHo# mepecedenus Oojee 0,99m”.
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5.7.4. (a) Eciu r > 1 wenoe u Ey, ..., Ex C[n]:={1,...,n}, 10

T

N N
n Tt B N NE | > () IE
J1seensJr=1 7=1
(b) Eciim r > 1 nenoe n muoxkecrsa Fi, ..., Eyx C [0,1] xopomue,
TO
N N "
Y. B0 nEy =B
JiseeJr=1 j=1
IIycrs 3amanbr ynciaa 0 = ap < ... < ap_1 < ap = 1. Ilepexaa-

dvisaruem ompeskos Hasbisaercst orobpaxenue f: [0,1) — [0, 1), onpe-
JIeJIEHHOE HEKOTOPOI TepecTaHoOBKON OTPE3KOB [a;_1, ;). Bosee akky-
paTHO, BO3bMEM TepecTaHoBKy o : [k] — [k]. dms mawobeix j < k m

z € [aj_1,;) oupenemum f(z) == —aj_1+ > (o —ai—1).
i€lk] : o(i)<o(y)
Yepes f™ oboznatmm n-1o nreparmio otobpaxernns f: [0,1) — [0, 1):

f"=fofo...of (npas).

5.7.5. (a) (3aragka) Haiimure n-10 urepaiuio HETPUBUAIBHOTO Mepe-
KJIa/IBIBAHUST IBYX OTPE3KOB, €CIU JIAH0 (.

(b) Eciu myimHBI BCeX OTPE3KOB PAIMOHATLHBI, TO HEKOTOPAs UTE-
panys MepeKIaIbIBAHUS OTPE3KOB — TOXKJIECTBEHHOE 0TOOpaskenue.

(c) Ilpunymaiite nepekaagbiBaHue OTPEIKOB, OJIUH U3 KOTOPBIX MMe-
eT UPPAMOHAJIBHYIO JIJINHY, IPUYEM KBapaT MEPEK/IaIbIBAHIA — TOK-
JIECTBEHHOE OTODpaKeHNeE.

(d) TIpupymaiiTe nepek/aabiBaHie OTPE3KOB, HUKAKasl HUTEPAITUs
KOTOPOTO HE SBJISIETCST TOXKJIECTBEHHBIM 0TOOPAYKEHUEM.

5.7.6. Ilycre E C [0,1) — xopoilliee HemycToe MHOXKECTBO U f — mepe-
KJIIbIBAHIE OTPE3KOB.

(a) Muoxectso f(FE) xoporree.

(b) Teopema ITyanxape-Kapameodopu o 6036paueHul, MHONCECTNS.
CytecrByeT CKOJib yroaHo 6oJibInoe n, mjist Koroporo |E N f*(E)| > 0.

(¢) Teopema Xunuuna o 603epaweruu mroxtcecms. CyliecTByeT CKOJIb
yroguo 6o/bImoe n, aaa Koroporo |E N f*(E)| > 0,99|E|?.
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(d) Hucso n w3 1. (b,c) Haiigerca Ha JHOOOM JOCTATOYHO OOJIHIIIOM
uHTEpBaJe (T.€. CymecTByeT Takoe L, aro st joboro memoro M gauciio
n u3 1. (b,c) naitnerca cpegu aucen M, M +1,..., M + L).

(e) Teopema o mmozoxpammom eozeépauieruu. [lpu jr0boM 11€7I0M
r > 0 CcyHmIecTBYIOT CKOJb YTOJIHO OOJIBININAE N7, ..., My, JJAsS KOTOPBIX
" E)N f"2(E)N...Nn f*(E)| > 0.

(f) Teopema o mmozoxpamuom eosepawenuu. [Ipu m0doM 11€7I0M

r > 0 cymecTBYIOT CKOJb YIOAHO OOJIbIIIHAE M7, ..., My, AIsd KOTOPBIX
B D FR(E) (.0 (B)] > 0,99

5.7.7. HazoBem zopowum obbeimHeHre KOHEYHOI'O KOJIMIeCTBA MHOTO-
YTOJIBHUKOB (JTEXKAIUX Ha OJHOM TIJIOCKOCTH) 6€3 IPaHUIbl ¢ Helepece-
Karoumucd BHyTpeHHOoCTAMU. ChopMyaupyiiTe n JOKAXKUTE aHAIOIT
(a) reopemnr Ilyankape-Kapareomopu;  (b) Teopembr Xunumaa
JUUIST B3AUMHO-0/ITHO3HAYHOI'0 0TOOPAXKEeHUsI eJIMHUYIHOI0 KBaJIparTa B
cebst, COXPaHSIONIEr0 XOPOIINe MOAMHOKECTBA U UX TIIOIIAIN.

Cp.cm b5.1u7.1.

5.8 CrTpyKTypbl HA KOHEYHOM MHOXKECTBE

Panee paccmorpenbl HEKOTOPBIE KJIACCHYECKHEe KOMOMHATOPHbBIE 3a-
maum 1.1.1, 1.1.2, 1.1.4, 1.4.3.b, 1.44, 1.4.5, 1.4.6, 1.4.7.efg. B s1om
MyHKTE MbI TIOSICHUM CB$I3b MEYK/Iy PA3JTUIHBIMU OObEKTaMU, BOZHUKA-
IONAMHU B 9TUX 3a7a1aX.

Aneebpotli Ha MHOXKeCTBE [n| Ha3BIBAETCS CEMEHCTBO €ro TOJMHO-
JKECTB, KOTOpPOE BMeCTe ¢ J0bIMU TogMHOXKecTBaMu A u B comep-
JKUAT Tak:ke ux oobeanuenne AU B, nmepeceuenne A N B u gomosmnenne
A:=[n] - A

Hanpuwmep, 2 — anre6pa ma [n), a {@, [3]} u {2, {1},{2,3},[3]} —
asrebpsl Ha [3].

5.8.1. (a) Haiimure Bce anrebps! Ha [n| mia n = 1,2, 3.

(b) KosmaecTBo 3716MEHTOB MPOU3BOJILHON aarebpbl €CTh CTeleHb
JIBOMKH.

(c) Konmuectso anrebp Ha [n] paBHO KOTMYeCTBY pa3sbueHuii MHOKE-
crBa [n]. (Pasbuenuem (HEyTIOPSIOUEHHBIM ) MHOXKECTBA [1] HA3BIBAETCS
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neynopsigouennbiii #abop { Xy, Xo, ... Xi} moagmuoxkecrs X; C [n], g
kotoporo [n] =X UXoU---UX; u X; NX; =& npu mobbIxX © # j.)

(d) (Baragka) Haiisure pekyppenthyto dpopmysty ajs uuciaa Na(n)
Bcex aurebp Ha [n] (uwucaa Beasa).

Basucom anrebpbl Ha3bIBAETCH HAUMeHbIee (110 BKJIIOYEHUIO) e€
nogcemeiictso { X1, ..., X} Takoe, uro 060l 7eMeHT agredphl MOK-
HO BBIPa3UTh uepe3 X1 ... X} C IOMOIIbIO olepalinii nepeceueHns, 00b-
eIVNHEeHUd W JOIMoJHeHud. 3agada 1.4.2.a paBHOCHIbHA HAXOXKIEHUIO
HaWMeEHbBIITero 9uc/jia MHOXKECTB B Oazuce aaredpbl oln].

5.8.2. CymectByer anrebpa m JaBa ee 6a3mnca, B KOTOPHIX pPa3HOe YUCIO
MHOKECTB.

JTunetinom npocmpancmeom Ha MHOXKECTBE [n] HA3BIBAETCH CeMeli-
CTBO €ro IOJMHOXKECTB, KOTOPOEe BMECTE C JIIOOBIMHU IIOJIMHOXKecTBaMu A
u B coepKuT TakKe UX CuMMeTprudecKyto pasnoctb A® B. Hanpuwmep,
JII00ast aaredpa ABAIETCA JUHEHHBIM TPOCTPAHCTBOM;

{2}, {2}, {o.{1}{2}, 2]} » {2,{1,3},{2,3},[2];

— JIMHelHbIe TpocTpaHcTBa Ha [3]. Onpenenenne ba3uca TUHEHHOTO TIPO-
CTPAHCTBA, AHAJOIMYIHO Caydaio aarebp. Jluneinbie mpocTpancrsa usy-
yaiorcs B 3aga4ax 1.4.4, 1.4.6, 1.4.7.efg u 1.4.8 (Ha apyrom si3bike).

Tonosozueti Ha MHOYKECTBE [n] Ha3bIBAETCSI CEMEHCTBO €ro MOJIMHO-
JKECTB, KOTOPOE COJIEP:KUT &, [n] u BMecTe ¢ JIIOOBIMU TIOJMHOKECTBAMUI
A u B comepxxut tak:xxke AN B, AU B. Hanpuwmep, iobas aaredpa saB-
JIAETCs TOIOJIOTNEH;

19,15, 8]y w {2, {1}, {2}, {1, 2}, {1,3}, 3]}
— TOomoJI0OTHN Ha [3].

5.8.3. (a) Haiimure Bce Tomosorum wa [n] ama n = 1,2, 3.

(b) Jlrobas Jjin TOHOJOIUSA SIBASETCA JUHEHHBIM IPOCTPAHCTBOM?
MoOKHO /I CHMMETPUYECKY0 PAa3HOCTb BBIPA3UTH U€Pe3 IepecevdeHne
n obbeauuenne?

Pemenwve 3amaun 5.8.3.a mokasbpIBaeT, UTO CYIIECTBYET TOTOJOTHSI,
IHUCJIO TTOJIMHOYKECTB B KOTOPOU He SIBIAETCA CTeTeHbIo MBOWKN. Haittn
KOJIMYIECTBO TOIOJIOTUI HA [n] — HepelieHHas 3aada.

Omnpejiesierre 6a3uca TONOJOIUYA AHAJOIUYHO CJIyYar0 ajredp.
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5.8.4. (a) CymecrByer Tomojiorus u asa ee 6a3uca, B KOTOPbIX Pa3HOe
YUCJIO0 MHOYKECTB.
(b) Haifjure HANMEHBITICE YHCI0 MHOMKECTB B Gasuce Tonoyornn 2™
(¢) Hnst kaxkmoro n HaiiauTe HAUOOJBITHIA (IO BCE TOMOJIOTHUSIM HA
[n]) MuHEMaIBHBIN pa3zmep Ga3uca TOIOJIOIHUH.

5.8.5. Ilenvro monosoz2uill Ha3BIBAETCSI TOCIEI0BATETbHOCTD PA3INY-
HBIX TOIIOJIOTMA

{@v[n]}:ToCﬂCTg...CTkZQ[n],

MEKTY JIIOOBIMU JBYMsI COCETHUMU IEHAMY KOTOPOIl HeJb3s BCTaBUTh
eré oHy TOHoIoruo (T.e. s J60ro i He cyrecTByer Tomoaorun 1,
st koropoit T; C T C T4 1). AHAJIOTUYHO OIIPEJIEISIOTCS Ueny aaredbp
U JINHEHHBIX POCTPAHCTB.

(a) Bce nenu airebp (JiMHEHHBIX TPOCTPAHCTB) HA [n| UMeT 0nu-
HAKOBYIO JIHHY (KaKyto?).

(b) ITpuseaure npumep Hemneii TOMOJIOIU PA3IUIHON JIJINHDI.

(c)* Haitmnre HAaMOOBIYIO IJINHY TIETTH TOTIOJOTHI Ha [n.

(d) Haitanre HAMMEHBITYIO JJIMHY TIETTH TOMOJIOTHI Ha [n)].

5.8.6. (a) Haiinre MakcuMa/ibHOE KOJTMIECTBO JIMHEIHHBIX TPOCTPAHCTB
Ha [n], HU OJTHO M3 KOTOPBIX He COMEPKUTCS (COOCTBEHHO) B JPYTOM.

(Do uncyio HazbBaeTCT wupunol W (n) cemeiicTBa BcexX TMHEHHBIX
IPOCTPAHCTB Ha [n].)

(b)* Wi(2n) ~ C - 27" s mexoroporo uncia C.

(c¢) Haiigure MakcuMa/ibHOE KOJIMYIECTBO ajrebp Ha [n], HU ofHA U3
KOTOPBIX HE COJIEPXKUTCS B JIPYTOiA.

[To-BuauMOMYy, HAHTH MaKCUMATBLHOE KOJUIECTBO TOTOIOTHI Ha [1),
HU OJHA M3 KOTOPBIX HE COJAEPXKUTCH B JIPYTOil — HepeleHHas 3a/1a4a.

Hapucyem Bce anrebpbl («Ha [n]» — 3TH c0Ba MBI JAJIbIIe OITyC-
kaeMm). [Iposesem crpenky ot anredbpor A x anrebpe B, ecim A C B u
ME2K/Ty HUMH HeJIb3s BCTABUTh HUKAKYIO APYIyio anreopy. Iloayaennbrit
rpacd Ha3bIBAIOT peweémrol arzeop.

Pazouenne H = Ho LI Hy L. .. H,, MHOXeCTBa BCeX aJredp Ha3bl-
BaeTCs pazbueruem HG 3MadHcu, €CIu JJId JI0O0BIX JIBYX COEJIMHEHHBIX
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5.7.1. (a) Ilycts Jr06BIe BE KOMUCCHE uMerOT He Gosiee 20 obrmux
qienoB. Jlajgum 1o koHdere KaxkJIOMy YYaCTHUKY TE€PBOl KOMUCCHUMU.
Kondernr nonygar 2000 gemosek. Jdamum 1mo Kondere KazkKaoMy y9IacT-
HUKY BTODOIi, HO He IepBoil, komuccuu. KoHdersl moaydar He MeHee
1980 uesroBek. [laguMm 110 KOH(pETE KaK/IOMY YYACTHUKY TPEThel, HO He
epBOoi 1 He BTOPOit, komuccuii. Kondets! mosyuar He Mmeree 1960 geso-
Bek. U tak jrasiee. Kaxk ibiit nnapaaMeHTapuii 1moayduT He HoJiee OJHOM
koH(peTbl. B uTore kosmuecTBo mapJ/iaMeHTapUeB HE MEHbIIe KOJImde-
crBa KoHet, T.e. gucaa 100-2000—(100-99/2)-20 = 101 000 > 100 000.
[TpotuBoOpeune.

DTO XKe pereHre MOXKHO U3J0KUTH Tak. [IycTh i00ble 1Be KOMUC-
cun uMeroT He 6osiee 20 o0mux 4aeHoB. Torja 4muc/io Bcex mapJiaMeHTa-
pues He menbie 100 - 2000 — (100 - 99/2) - 20 = 101000 > 100000 (310
HepaBeHcTBo boudepponn 1.2.3.c, T.e. Bepcusa (popMyabl BKIIOUEHN-
uckJitouenwuii). ITosryuennoe mpoTuBopeyne JOKa3bIBAET HYKHOE yTBEP-
JKJICHHE.

(b) IIpumenuTe paccyxaeHue u3 1. (a) K JeKapTOBY KBaJIPATy Tap-
JIaMEeHTa, T.e. TapJaMeHTOM OyIeT MHOXKECTBO Tap JeMyTaToB, a KOMUC-
CUSIMH MHOXKECTBO IIap JEIyTaTOB U3 OJIHOW KOMUCCHHU.

(¢) To xe ans mekapToBa Kybda.

40

(d) Haiimure N Takoe, 9To0 G > 309.

Hoes dpyeoeo pewenus: UCTONB30BATh Bepcuio TeopeMbl KoBapu-
[MMom-Typana 2.7.2.d gasg s = 2 u aBya0/ibHOTO rpada, B OJHOI J10J1e
KOTOPOT'O — TIap/JIaMeHTapun, a B APyroit — Komuccuu. OHO JaeT Cujib-
uyto ornenky 40 maxe miaa k = 5000.

Cp. [VS97].

5.7.2. (b) B mporuBHOM Ciytae

1k
1> |[EyUEIU...UEy| 2 ) |Ej|— ) |ENEj|>1+—-—-%=1

k
— ko k2
7=0 0<i<y<k

[TpotuBoOpeune.
(c) B j-e MHOYXKeCTBO 3amuiieM BCe YHUCIA, B JBOUIHON 3AIMUCH KO-
TOPBIX Ha j-M MecTo crouT 0.

5.7.3. Anasornuno 3ajga4de 5.7.1.
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(¢) Jpyeoe doxasamenvcmeso. BozbMeM jocTaTrodno 60JIbIIOE 11106
N. JlokazkeM, 9TO 7 TpeOyeMbIX MHOXKECTB MOYKHO BBIOPATH CPeJIN MPO-
U3BOJIbHLIX [N M3 JAaHHBIX HOAMHOXKecTB: FEi, Fo, ..., En. Ilpemmoso-
KuM rmpotuBHOe. Torma mo yTep:kaenuto 5.7.4.b

N
N'm" = (|[Erl+.. +|Ex])"< ) |E;jn...NEj| < 0.99m” A+(N"—A).
J1yeejr=1

Baecr A = Ay == N(N —1)...(N —r + 1) u nocnesanee HepaBerm-
CTBO IIOJIy4aeTcd pa3dueHueM CyMMbl Ha JiBe: 110 HaDOpaMm 7" IOIapPHO
Pa3IMdHBbIX YKCeJI U 110 OCTaJbHBIM HabopaMm. llociienee BbIpazkeHue
— MHoroujaeH or [N cremeHu r co crapmmM KodddurumenrTom 0.99m”.
[TosTomy 1nipu jgocrarouno 6osibimiom N oH Mensbiie, yuem N'm”. IIporu-
BOpedne.

5.7.4. (a) Kpamxoe dokasamesvcmeso. PaccmoTpum pasbuenne MHO-
xKecTBa [n] nonmuoxecrsamu Ej u ux ponosmenusvu. Muozkecrsa 3ro-
ro pasbueHusi COOTBETCTBYIOT MOJMHOXKecTBaM MHoxKecTBa [N]. O60-
3HAYUM Yepe3 [ 4 KOJTUIECTBO IJEMEHTOB B MHOXKECTBe pa3bueHwus, co-
OTBETCTBYIOIEM A.

Kazxoit nape (A, j) u3 nogmuoxkecra A C [N]| u uucia j € [N]
nmoctaBuM B coorBercTBUe 0, ecitm j € A, m ua, ecin j € A. Ilocunraem
AByMst criocobamn cymmy S noaydenanix 2V - N uncen. Iomyunm

N
SEl=s= 3 Al
j=1 AC[N]
Kaxmoit mape (A, (j1,...,jr)) u3 mogmuoxkectsa A C [N] u BexTOpa
(J1,---,7r) € [N]" mocraBum B coorsercriue 0, ecmu {j1,...,75-} € A,
n pa, ecan {ji,...,J5-} C A. Iocanraem aByms crocobamMu cymmy .S,
nosyaennbix 2V - N7 aucesn. ITonyunm
N
> B N NE|=S8= ) [A"pa.
J1yemgr=1 AC[N]

BHAYUT, TI0 BECOBOMY HEPABEHCTBY O CPETHUX CTEITEHHBIX BBUIY » AC[m] A =

T T

N
Sezn' T Y JAjpa | =" | > IE
AC[N] J=1
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Jloxasameavcmeo ¢ demaasmu. st snementa j € [N] u moaMHo-
xkecrBa A C [N] obosraumm

. 1 j€eA _
A —_— = E E .
e {O j¢A s ‘<k:(€l k) ﬂ ke[ﬂ k ‘

N]-A
Torna
N
A= (€A u |El=) (j€A
J=1 ACN
[TosTomy
N N
Z\E =Y Y. (GeMpa= ) > (GeDua= ) |Alua
=1 j=1 ACN ACN j=1 ACN

Tax KaK ) 4y M4A = M, TO 110 BECOBOMY HEPABEHCTBY O CPEJIHUX CTe-

IICHHBIX
r

r N
' (Z |A|MA> <D JA'pa= D> pa|d (Ged)| =
=1

ACN ACN ACN

N

=> pa > (€A (reA =

ACN  ji1,..jr=1
N

N
Yo > (hed) . GreApa= Y B N...NE;]

J1se-jr=1 ACN JiseeJr=1

(b) Anasormuno m. (a).
Jpyeas sanucv ewviwenpusedennozo doxasamensvemea oan n. (b).
Ompenenmnm dyukmmo [; : [0,1] = R dopmysnoit

1 x€eFE;
J

Tora HyKHOE HEPABEHCTBO TTOJTyYaeTcs puMenerreM K f(x) 1= I1(x)+
..+ In(x) cemyromero BecoBOro0 HEPABEHCTBA O CPETHUX CTETTeHHBIX:

/01 F(@)dz > (/01 f(g;)dxy
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([duist Hy2KHBIX HAM KyCOYHO-IIOCTOSIHHBIX (PYHKIW f 3T0 HEPABEHCTBO
MOKHO TEPENNCATh CO 3HAKOM CYMMBbI BMECTO WHTErpasia, CM. BBIIIIE. )

5.7.6. Ilepekma/ibIBaHe OTPE3KOB COXPAHSET XOPOIIHNE TTOIMHOYKE-
CTBA W WX JIJINHBI.

[lepekiaapiBaHue OTPE3KOB SIBJISETCS B3aUMHO-OJIHO3HATHBIM COOT-
BercTBueM. repamus f" ¢ n < 0 onpenesnena aJisi B3aUMHO-OTHO3HATHBIX
coorBerctTerit f: f" = f~loflo...of71 (|n] paz).

(b)-(f) Ucnomwsyiite yrBepxaerns 5.7.3.be.

(d) IIpu Hanucaruy 5mozo pewerus ucnoisviosar mexem A. Iazxa-
pesa. g u. (b) yrBepxkaenue odeBuaHo. IIpuBegem 1oKa3aTebCTBO
s 1. (c). [lycts, HATPOTUB, CYIIECTBOBYIOT CKOJIb YTOTHO OOJIBIIHE
WHTepBAIB U3 TeJBIX Hmcen n, Aaa Kotopeix |E N f*(E)| < 0.99|E|%.
HazoBem Takme n m maTEpBaAIBL Naorumu. Obo3HAINM Uepe3 [ cepe-
JUHY OJIHOTO M3 TIJIOXWX WHTEPBaAJIOB ueTHOH maumubl. lasee, obo3Ha-
UM depe3 lo — CcepeuHy TIJIOXOTO WHTEpPBaja YeTHOU JIJIWHBI, 0O0JIb-
wreit |201], u 1.1, Torma npu a0bbIx 1 > m aucio l, — l,, compepxRuTcs
B ILJIOXOM WHTEPBAJIE C CEPEINHON [, MOSTOMY OHO ILIOXOE. 3HAYMT,
|fin(B)N fim(EB)| < 0,99|E|? nas mobeix neasix n,m > 0. 9To mporn-
BopeunT JiemMme Buccepa 5.7.3.b.

5.8.1. (¢) Pasouenuto [n] = X1 U Xa U...U X} moctaBbTe B COOT-
BETCTBUE CEMENCTBO BCEX MHOMKECTB, MOJYIEHHBIX 00beTnHEeHeM HEKO-
TOpBIX U3 X1, ..., Xk. [lomyaurca B3anMHO-0THOZHAYHOE COOTBETCTBHUE
MeXKJIy anarebpaMu Ha [n] m pa3bueHusiMu MHOXKECTBa [n].

(b) Caenyer u3 (c).

5.8.2. PaccmoTrpute anredpy 214 u npa 6as3nca, OJIMH 13 MHOYKECTB

{1,2} u {1, 3}, apyroit u3 muoxecrs {1},{2},{3}.
5.8.5. OtBersr:  (a) n+1; (¢)2n+2; (d) 2"+ 1.
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6 AmHajguTudeckKue n BEPOATHOCTHBbIE METO/AbI

6.1 AcuMmororukm

Ecim ne orosopeno uporushoe, to 0, O (pyKonucHble 0003HAUE-
Hust: 0, 0), aCUMIITOTAKA U TIPEJIEJIBI PACCMATPUBAIOTCA TIPU 1 — 00.

Bamuce f(n) < g(n) osuagaer, aro f(n) = o(g(n)), T.e. lim Jn) = 0.
n—o0 g(n)

Bamuce f(n) 2 g(n) (mm f(n) > (14 o(1))g(n)) o3nagaer, aTo cytie-
creyer dyukmms a(n) = o(1), mag kotopoit f(n) > (14 a(n))g(n) opu
JIIOOOM M.

Haiitu acummiroruky juist byHKImE f(n) 03HaYaeT HANTH «SIBHYTO»
dbysrmmo a(n), aist koropoit lim f(n) 1.

n—oo a(n)

Caenyromue 3agaun 6.1.1, 6.1.3 n 6.1.4 moKa3kIBAIOT, YTO OMHOMMU-

AJTBHBIN KO3MMUITUEHT TPOIIE OIEHUBATHL HATIPSIMYIO, a HE Yepe3 OIeHKY

daxTopuaa.

2
6.1.1. (a) Haiimmre acummroruky s ( m) (cp. c3amagamn 1.4.3.b
m

u 6.1.7.b).

22m 2m
<
(b) 2m +1 (

< 22m.
m ~

. ol {3m
(c¢) Haiigure acuMITOTUKY JIJTsT :
m

33m 3m
(d) 3m +1 ( )

m
(e) <[a7;]> = (a7%(1 — a)“_l + o(1))" st moBoro a € (0,1). Tlo
OIIPEJICSICHUIO, 3TO O3HAYACT, YTO [ ([a?;]) ~ a1 — a)o L.
n! —ailna;—...—aslna n
(f) [aln]' [a n]' = (6 1lna;—...—asInas +0(1)) JISE JHOBBIX @y €

0,1), a1+ ...+ as = 1.
6.1.2. (a)n?2(2+ )" = (2+01)". (b)3V™(2+ 1) = (2+0(1))".

6.1.3. (a) <Z) ~ Z—]j st k = kn = o(\/n).
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K2 —1)...(k* — k
6.1.4. (a) Haitnure mpegen lim ( ). )
k—o0 k2k
(b) Ecm k < n/2, To

3
e_% - (n—1)(n—2)...(n—k)ek(l§:1) <1

{’/Lk

k _
(c) (n) = [ M0 m?) s k =k, <n/2.

k k!
n\ k! k(k—1) 3, 9
1 —_ _— .
D10 o3Havaer, 4To In <(k> n’f) + = O(k”/n®)
2 2 2
(@) (n ilk) N (:) 6_%(1+0(1)> st k= kn = o(n).

k2
(Cpopmyaupyiire camu, a0 316ch 03Hauaer e n A To(L) )

Sameuarue. HedpopmaabHo, ata popmysia MoOKa3bIBaET, 9T0 s k <
N BEPOATHOCTL P, BBHIMAJCHUS POBHO k OPJIOB IIPH 2N MOAOPACHLIBAHIAX
_ 1.2
Motersl npubiuzkento pasua Poe % /™ (nopmasvroe pacnpedeserue).

6.1.5. (a) Haiinure acumnroruxy s Inn!.
(b) (n —k+1F <n! <n™

6.1.6. (a) Haiimure acuMnToTuky s Ynl.
(b) n"e "t L nl < ntle ™t (c) n! < ne T /n.

O6nIuHO TaM, THe mpuMensercs gopmyaa Cmupaunzan! ~ n"e~"/2mn,
JIOCTATOYHO ee OCAa0JIEHHLIX BEpCUii — acuMITOTHK s Inn! u Yn!
(mu mporre OmeHUTh OUHOMUAIBHBIN KOI(MDMUIIMEHT HANPAMYI), CM.
Boitie). X u npuMeHaTs ropasio npusitaee (nO0 BBIYUCTEHUS TPOIIE) U
JloKazaTh ropasno mpoire. JokazareabctBo dopmyabl CTUPIUHTA CM.,
nanpumep, [4] (3ro gokazarenbeTBoO GiiMKe BCEro K UesiM HACTOSIIErO
Kypca), [5] (aro mokazaresbcrBo mpogoskKaer wien 3agadu 6.1.6) 6]
(3TO JTOKA3ATETHCTBO, BUIMMO, CAMOEe KOPOTKOE).

B cienpyromeit 3as1aue, B OTJIMYHE OT OCTAJIBbHBIX, MOXKHO II0JIb30-
BaTbCs 0e3 joKazarebcTBa Gopmystoit CTUDPIUHTA.
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6.1.7. Haiiagure acUMIITOTUKY JIJIsI
(a) 2n—D!:=2n—-1)-(2n—3)-...-3-1;

0 () o () weon ()

6.1.8. (a) Moryt yiu byukiuu f,g: Z — (0,400) 0IHOBPEMEHHO Y0~
BJIeTBOPsTH coorromenusMm f(n) = O(g(n)) u g(n) = O(f(n))?
(b) Caenyer sm u3 aByX cooTHoIeHuit B 1. (&), ato f(n) ~ g(n)?
(¢) Moryrt yin dyurumn f,g: Z — (0,4+00) OTHOBPEMEHHO YI0BJIE-
TBOpsATH cootHortenusaM f(n) = o(g(n)) u g(n) = o(f(n))?

6.1.9. (a) Kaxas dbynxmus pacrer 6sicrpee: 27 wmm (21)(29)?

T. e. maiigure lim 2" (2!)(=2).
T—r00

(b) Cymecreyer mm dyukiws ¥(n) = o(1), mist KOTOPOit
(2 + (n))"2 eV = 07

6.1.10. (a) Bepro s, uro 3amucu ™ u o (") «paBHO3HAIHEI» 7
T. e., BepHO J1u, uTo jj1st 0601 byuKIwHM f @ Z — (0, +00) ycaoBus

1
lim n /) =0mu lim f(n)e™" = 0 paBHOCHIBHBI!
n—00 n n—00

(b) Cymecrsytor su dyukuuu f,g : Z — (0,400) Takue, 910
F(n) ~ g(n), 10 /) £ O(eY?

6.1.11. Haiinure acumnroruky pyHKIUU s = $(n), 3a/IaHHO KaK
3

(a) s°=mn; (b)s® =n; (c)s(n):=max{keZ : k>0, k! <
n};

(d) s(n) == min{k €z : k>0, ()< 2(’5)};

(e) s(n) :=min{k €Z : k>0, 2"/k >n} (dbynxus 2*/k posuu-
KAeT KAaK CJAOXKHOCTH peau3anuy (PYHKIUA agreOpbl JIOIMKH);

(f) s(n) := min {k €eZ : k>0, ([k;l;2]) > n} (cp. ¢ Bamaueit 1.4.3.b).
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BJeTBOpsifoIas. VHOTIa 0TCI0/Ia MOXKHO BBIBECTH, 9YTO €CTh KOHCTPYK-
1<, YIOBJIETBOPSIOIIAsI BCEM 3TUM YCJIOBHUSIM OJHOBPEMEHHO! DTa njest
4acTo npuMeHsiercss B MmareMmaruke. (Jlig auraress, 3HAKOMOIO € COOT-
BETCTBYIOIIUMU ITOHATUAME, HAIOMHUAM, UYTO B aHaJl3e TaK JOKA3bIBA-
eTcsl CylecTBOBaHue pernreHns: auddepeHnnaIbHOTO YpaBHEHNS, B TO-
TIOJIOTMH — BJIOKMMOCTH N-MepHoro xKommakTa B R2"TL cp. [S12, §2].
Cwm rakxke [M24, 11 knacce, nepBbliit JeHb, 3aj1ada 6 1 KOMMeHTapuii K
weit].) Yucsao ycaoBuiit MoxkeT ObITh HECKOHEUHO, TIO3TOMY WJIes TIepece-
YEHUs] «PABHOCUIbHAY WJIEE UTEPAIMOHHOTO TPOIECcCa. A MbI TOKAYKEM,
KaK MMPUMEHSTh 9Ty Uct0 B KoMOnHaToprke. HecMoTpst Ha KOHEYHOCTH
YUCJa YCIAOBUH, ee TPpUMEHeHNe BechMa, HeTPUBHUAILHO.

6.2.2. (a) ITo kpyry crour 200 crysenros u3 10 rpyum, B KaxK10i u3
koTopbIx 20 crymentos. Torma MOKHO B KaKJ0H I'PYIIE BBIOpPATh CTa-
POCTy Tak, 9TO0LI HUKAKHUE JIBA CTAPOCTHI HE CTOSIN PAIOM.

(b) To ke pnst 1600 crynenros u3 100 rpyuir, B KazK 100 U3 KOTOPBIX
16 cTyneHTOB.

6.2.3. (a) MoxkHO pacKpacuThb mepBble 8 HATYPAJIHHBIX YUCET B 2 I[BETA
TakK, YTOOBI He OBIJIO OHOIIBETHOM aprudMeTUIeCKO# TPOTrPeccun JJTMHbI
3. (9ro 3amaua 4.4.5.b.)

(b) MoxHo packpacuTh rmepBbie 15 MUTHOHOB HATYPAJTbHBIX YACE]T
B 2 1IBeTa TaK, YTOOBI HE OBLJIO OJIHOIIBETHON apudMeTuIecKoil mporpec-
CUU JIJTUHBI 32.

6.2.4. (a) Jdnga moboro M > 0 MOXKHO PaCKpaCUThb BCE BEIECTBEHHbBIE
YHCJIa B 2 I[BETa TakK, 9TOObI Jij1s1 JiFo0oro x € R vucna x u x + M Obum
He OJIHOTO IIBETA.

(b) Huist mr06bix nonapho pasaudsabix 25 uucen My, ..., Mos > 0 u
koHeuHoro MuoxkectBa X C R M02KHO pacKpacuThb BCE BEIECTBEHHbBIE
YHCIa B 3 [BeTa Tak, 4Tobbl s Jiroboro x € X cpeaud 4ucesn T, +
My, ...,x 4+ Moy 661 YHMCIa KA¥XKJIOTO U3 TPEX I[BETOB.

(¢) Hnmst mrobwix momapuo pasnndubix 25 umcen My, ..., Moy > 0
MO2KHO PACKPACHUTh BCE BEIIECTBEHHBbIE YHUC/A B 3 IBETA TaK, YTOOBI
Jst Jiroboro x € R cpeau umcen x,x + My, ..., x + Moy Oblm 4dnciia
KayKJI0TO M3 TPeX IIBETOB.

Pemenus nyukTos (b) BblIENprUBEIEHHBIX 33184 OCHOBAHBI HA UJI€e,
aHaJIOTMYHOM pelteHunto 3ajaun 6.2.1.b.
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Jig ynobcTBa unTaTe g STOT pas/iesl CTPYKTYypPUpPOBaH 00Jiee TOHKO,
YeM oCTaJibHBbIe. B 9acTHOCTH, HEKOTOPHIE YKa3aHUs U PEITeHUs TTPUBe-
JIeHbI IIPsAMO B HeM (a He B KOHIe naparpada).

VYka3auug K 11. (a) 3ama4 6.2.1-6.2.4

6.2.1. (a) Cm. ykazanue K 3aja4e 1.5.7.

6.2.2. (a) (IIpu Hammcanuy STOTO PEIIEHUsT UCIOIb30BaH TEKCT A.
Kopa.) Bymem Beibupars crapoct 1o ouepeau. HazoBeMm cryaenTa xy.au-
2a4HOM, €CJIU OH SIBJISIETCSI COCEIOM OJIHOT'O M3 YK€ BHIOPAHHBIX CTapOCT
W COCTOUT B ero rpyime. KaxKIpIM X0J0M MBI BHIOMpaeM CTapOCTy
u3 gucia He xyguraHoB. C BBIOOPOM OYEpETHOrO CTAPOCThI XYIUTaHA-
MU CTAHOBSATCA He OoJiee yeM 21 weyioBek: He Gosee 19 wesoBeK m3 ero
rpynmbl 1 He 6oJiee nByX ero cocegneit. Beero B kpyry 200 uenoek. Cire-
JIOBATEIbHO, TIOC/Ie KaXKJI0T0 UX ¢ < 9 XOH0B B KPYr'y OCTAHETCH XOTs
on1 200 — 227 > 2 ge0BeKa, HU OJTUH W3 KOTOPBIX HE SIBJASETCS HU XYJIH-
raHom, Hu crapocroii. I[losromy mbr Moxkem BbiOGpars (i+ 1)-ro crapocry
U3 9TUX OCTABIIHAXCSI.

6.2.)4. (a) [lokpacum kaxpoe uncio ¢ € R B weTHOCTH uncaa [z/M],
T.e. B YEPHBI TIBET, ecau Iucao [x/M| 9eTHo, n B HEUEPHBII 1IBET, eCITH
OHO HEJETHO.

HezaBucumocTn

B »ToM moppasiesie Mbl BBejieM U OOCYAUM IIOHSITHE HE3aBUCHUMO-
cru. OHO M BakKHO caMmo 10 cebe, n Heobxoammo st JiemMMbl JloBaca
6.2.15 (mouemy OHa WHTEpECHA, HAMKCAHO B MPEJBIIYIIEM ITOIpa3;ie-
ne). Bupouem, (bopManbHo, majiee u3 9TOTO TOAPA3IeIa UCITOIb3YIOTCA
TOJBKO yTBepxKAenus 6.2.7 n 6.2.10.

ITogmuoX)ecTBa A 1 B Koneunoro MHOXKecTBa M Ha3bLIBAIOTCA He3d-
BUCUMBLMU, €CIIT

AN B|- M| = |4]-|B].

[Ipu B # @ 310 paBHOCHJILHO TOMY, UTO J10J1s1 MHOKecTBa, AN B B B
paBHa goje MHOXKecTtBa A B M.

Scro, wmo ecau 06a HENYCMBIE MHONCECTNEA HE3AGUCUMDL, MO UT
nepecedeHue Henycmo.
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6.2.5. 3asucumbl Ju ciegyommue noaMmuoxkecrsa’ (Mbl HA3bIBAEM 3a-
BUCUMDBLMU TTOIMHOKECTBA, HE SBJIAIONINECS HE3aBUCUMBIMU. )

(a) B MHOXKecTBe BCEX KJIETOK INAXMATHON JOCKH I[IOJMHOYKECTBO
KJIETOK B IIEPBBIX TPeX ee CTPOKaX M IOAMHOXKECTBO KJIETOK B IIOCJIE-
HUX YeThIPpEX ee CTOJIOIax.

(b) TToamuoxkecta {1,2} C {1,2,3,4} u {1,3} C {1,2,3,4}.

(c) Honmuoxkecrsa {1,2} C {1,2,3,4,5,6} n{1,3} C {1,2,3,4,5,6}.

6.2.6. 3aBUCUMBI JIX CJIEAYIOIINE IIOAMHOXKECTBA, MHOXKECTBA, 1EJIbIX UN-
cejt ot 1 g0 1057

(a) [TomMHOKECTBO THCENT, TEISIUXCA HA b, W TIOIMHOXKECTBO TUCET,
TeJAAINNXCT Ha 7.

(b) IToaMHOXKECTBO YKCEs, AEAAIUXCA Ha 15, U IOJIMHOKECTBO YH-
cen, gendmmxcd Ha 21.

(¢) MoaMHOXKECTBO YHCEN, AEISIMUXCS Ha 15, U MOIMHOKECTBO UH-
ceJi, JIeJTIuXCcd Ha D.

(d) MoamuO)KeCTBO [mces, meaamuxcd Ha 10, U MOIMHOKECTBO UH-
ceJi, JIeJTAIMXCcs Ha 7.

6.2.7. ITommnoxkectBa A m B KOHEYHOrO MHOYKECTBA HE3ABUCUMBI TOTIa
1 TOJILKO TOrga, Korga A m B He3aBHCHMDL.

6.2.8. CymecTByroT KOHEYHOE MHOXKECTBO 1 ero moaMHuoxkectsa A, By, Bo,
(a) momapHO HE3ABUCUMBIE, HO st KOTOPBIX A 3aBucumo ot By N Bsy;
(b) He sBJMIOMIMECS [IOIAPHO HE3ABUCUMBIME, HO JJjId KOTOPbIX A
He3aBucuMO u oT B, u or By, u or B N Bs.

6.2.9. (Cp. ¢ sameuanuem mocse 3agaau 6.2.1.b.) 3aBucumsbr ju ciey-

IOTITE TIOTMHOXKECTBA MHOYKECTBA BCEX packpacok umcesnt 1,2, ...,400 B
nBa 1seTa’

(a) ITomMHOKECTBO PACKPACOK, jjist KOTopbix {1, 2, ..., 8} oxHoIBeT-
HO, U TIOJMHOXKECTBO PAaCKpacok, jijist Koropeix {11,12,...,18} ommo-
IIBETHO.

(b) TTomMHOXKECTBO pacKpacok, jist KoTopbix {1,2,...,8} HeomHo-
I[BETHO, U [TOJMHOYKECTBO PACKPACOK, /st Koropbix {11,12, ..., 18} neoa-
HOIIBETHO.

(¢) TloaMHOKECTBO PACKPACOK, JJist KOTOPBIX {1, 2, ..., 8} ogHorBeT-
HO, U IIOJIMHOXKECTBO PACKPACOK, jijist KOTOphix {6,7, ..., 13} omHorser-

HO.
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6.2.10. (Cp. ¢ zameuanuem mocse 3amaun 6.2.1.b.) O6o3naunm yepes

21400) cemedicTBo BCex packpacok muOxectsa [400] == {1,2,...,400} B

nsa usera. s nogmuozkectsa o C [400] o6o3mauanm uepes A, C 2[400)

IIOJIMHOYKECTBO Te€X PACKPACOK, JJisl KOTOPBIX (v OfHOLBETHO. Toraa s
TOOBIX (11, - - ., iy C [400] — [8] momMHONKEeCTBO Afg) HE 3aBUCHT OT TTe-
peceuenns Ay, N...NA,,.

[Moapobree o mezasucnmoctu cMm. |KZPJ.

VYka3zanus K 3ajga4dam 6.2.5-6.2.9

6.2.5. OrBernr: (a,b) He3aBucuMBI, (C) 3ABUCUMBI.
6.2.6. Orsernr: (a) mezapucumsbl, (b,c,d) 3aBuCUMBL.

6.2.8. (a) Bosbmem B KauectBe A, By m Bp nmaroHas b, TEpBYIO
rOPU30HTA/b U HEPBYI0 BEPTUKA/IL TabJMIbI (CKaxkeM, 2 X 2).

Caedyrowee 6oaee HopmasvbHoe U NOAHOE USAONHCEHUE DEUEHUA HA-
nucano B. Hemwviunurosoti. BozbmeMm

M :=1{1,2,3,4}, A:={1,4}, B;:={2,4} u By:={3,4}.
Torma A, By, By nomnapHo He3aBUCHUMBL, 100
4 = |[M|[ANB1| = |Al|B1| = [M||ANBs| = [A|[B2| = |M||B2NB1| = | Bz||B1|.

Ho A 3zaBucumo ot Habopa Bi, By, ubo |M||ANB1NBy| =4 # |A||B1N
Bs|.

(b) MoxHo B3sTh A, He3aBucumoe ¢ By = By. i A, HezaBucumoe
¢ B1 u ¢ By, npuuem By N By = 0.

Caedyrowee boaee GopMasvbHoe U NOANHOE USAOAHCEHUE PEULEHUA Ha-
nucaro B. Hemwviunukxosoti. Bozbmem

M :={1,2,3,4}, A:={2,3}, B1:={1,2} u By:={3,4}.
Torma A mesaBucumo ot Habopa Bi, By, ubo
|M[|AN B[ = |A[[B1| = 4 = [M[[AN By| = [A]| Bz| = 4
u |M||AN BN By =0=|A||B1 N Bsl.
Ho By u By zaBucumsl, u6o |M||By N Bi| = 0 # |Bs||B1].

6.2.9. OrBernr: (a,b) He3aBUCHMBI, (C) 3aBUCHMBI.
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Kak He3aBHCUMOCTh TapaHTHUPYET HEITYCTOTY IepecevdeHus

[IpuBenem coobpazkenusd, mojBojgdiiue K jemme Jlopaca 6.2.15.
IMogmuoxkecrBa A, B u C' koHeunoro MHoxKecTBa M Ha3LIBAIOTCS
HE3ABUCUMDBIMU BTPOEM, ECITH

ANBNC|- M = |4]-|B| - [C].

DTO PaBHOCHJILHO TOMY, UTO 10751 mepecedenns A N BN C B M pasHa
npousseaennio gogeir muoxkects A, B,C B M.

SHcro, umo ecau mpu HENYCMbIE MHONHCECMEA HE3ABUCUMDBL BMPOEM,
Mo UT nepecedenue HeNYCmo.

6.2.11. IlogmuoxecrBa A, B n C' xoHeuHOrOo MHOXKecTBa M TOTApHO
HE3ABUCUMBI.

(a) Ob6s13aTe/IbHO JIM OHU HE3ABUCUMBI BTPOEM?

(b) Onm He3aBUCUMBI BTPOEM TOTJA W TOJBKO TOTIa, Korya AN B
nezapucumo ¢ C.

YcmoBue TPOMHON HE3aBUCUMOCTH TTO3BOJIAET TAPAHTUPOBATH HEITY-
CTOTY IIepecedeHns TazKe IIPU MAaJIOH J10J1e KaxK 1010 MHOKecTBa. Haunbo-
Jlee THTEPECHBIE PE3YJIBTATHI MOJTYYAIOTCS «ITOCEPEIMHEY MEYKTy Kpaii-
HAMU TIPUMEpPaMi — IIOJHOTO OTCYTCTBUASA HE3ABUCUMOCTHA M HE3aBUCH-
MOCTH BTpoeM. Tak 9acTo ObIBaeT: Hambojiee MOJe3Hble COOOparkKenus
HAXOJIATCS MEXKIY «KpaitHuMuy Toukamu 3penus. Il (b,c,d) ciaemyro-
meit 331897 MOKa3bIBAIOT, YTO YeM CUJTbHEE YCIIOBHE, XapaKTepPU3yIolee
HE3aBUCUMOCTh HECKOJIBKUX MHOXKECTB, T€M MEHBITEH TO0IN KaKI0TO0
MHO>XKECTBA JIOCTATOYHO, 9TOObI MapPaHTUPOBATH HEIYyCTOTY Iiepecede-
Hust. A st temmbl JloBaca morpebyercs: ere 6ojiee «XUTPOE» YCIOBUE
HE3aBUCUMOCTH Ha, HECKOJBKO MHOXKECTB.

6.2.12. (a) B ropoge jo1s1 6oraTbix ropoxkaH 60bIie 3/4, 107151 310po-
BBIX Gosbiie 3/4, n gons yMHBIX 6ombine 3/4. Obg3aTensHO U Cpen
3JI0POBBIX YMHBIX OOJIBITMHCTBO OOTATHI?

(b) B ropojie ecTh yMHBI TOPOKAHUH, OOTaTHIX GOJIBINE TTOJTOBUHBI,
30POBBLIX OOJIBINTE TTOJOBUHLI. BOTaTCTBO M YM HE3aBUCUMEBI, 3I0POBLE 1
yM HezapucuMbl. O0sg3aTe/1bHO Jin HafijieTcs 60raTblit 3J0POBbIN Y MHbIHI
TOPOYKAHUH !
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(c) B ropoge mosist 6oraThix ropoxkan 6oJibine 2/3, 10Jisi 310POBBIX
Gosibirie 2/3, u moJist yMHBIX 60JbIe 2/3. BorarcTBo u yM HE3aBUCHMBI,
3/I0POBbLE U YM He3aBUCHUMBI. MoxKeT i 1019 00TaThIX 3/I0POBBIX YMHBIX
6bITH MeHbIre 1/57

(d) B ropojie mosist 6orarsix ropozkas 6osbiine 5/8, 10Jist 3110pOBBIX
Gosibitie 5/8, u noas ymMHBIX 6osibine 5/8. BorarcTBo u 370poBhE HE3a-
BucuMbl. Q0A3aTe/IbHO JIM HaliaeTcd OOTaThlil 37J0POBBIN YMHBIN TOPO-
JKaHUH?

Ilodckaska x n. (b). 3abyapre Mpo TIYNbIX JEOIEI!

6.2.13. Ilycts Ay, As, ..., A, — TOAMHOXKECTBA KOHETHOTO MHOXKECTBA,
J0JIS KaXKJI0r0 U3 KOTOPBIX GoJibiie 3/4.

(a) [lycrs Ay mezasucumo ¢ Ag N Ay. Torma 2|A1 N AN Ag N Ayl >
| Ao N Az N Ayl.

(b) Ilycrs A; HesaBucumo ¢ AsNA4NAs u As HezaBucumo ¢ AgNAs.
Torna 2‘141 MN...N A5‘ > |A2 NAsNAsLN A5‘

(¢) Ilycrts Ap mesaBucumo ¢ Agio N ... N A, aas mwboro
k=1,2,...,n—3. Torma AiNAsN...NA, #J.

6.2.14. Ilycts Ay, As, ..., A, — IOAMHOXKECTBA KOHEUHOT'O MHOYKECTBA,
JIOJISE KazKJI0TO U3 KOTOPBIX Gosibite 7/8.

(a) Torna ‘Al NAs N AsN A4| > %‘AQ NAsN A4‘.

(b) Ilycts Ay mesaBucumo ¢ Ay N As. Torma |A; N...N As] >
> %|A2 NA3N Ay ﬂA5’.

(¢c) Ilycrs Ap wmesasucumo ¢ Arig N ... N A, ana n0boro
k=1,2,...,n—4. Torma AiNAsN...NA, # .

ITodckaska ® n. (a,b,c). Ananoruano yreepxkaenusm 6.2.13.

VYka3zanus K 3aga4dam 6.2.12-6.2.14

Hamee OyaeM mpomycKaTh 3HAKW TIePEceYUeHus] U INCJIa SJIEMEHTOB.

6.2.12. O6o3nauum yepe3 ¥Y,b,3.I' MHO)KECTBA yMHBIX, OOrarbIX,
3JI0POBBIX U BCEX TOPOXKAH, COOTBETCTBEHHO.

(a) Umeem 3YB < B < I'/4 < 3VY/2.
Wnu: nmpumennm caeayiomee aiss A = 3Y u B = B.
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a+ -1
o

A.

Ecau doas noommnoocecme A u B boavwe o u 3, mo AB >

Heiicrurensho, AB < B < (1 — )M < %A. OTcroza

AB=A_ AB> (1—1_B)A:Lﬁ_1A.

a a

IIpusedem 6osee caooicroe pewenue n. (b). 3aro OHO MOABOAUT K
. (c,d) u sgemme JloBaca. Umeem

_ — 1 1
yBSzYB—YB3>§—y3> (5—1—1—5)37:

3/1ech HepaBeHCTBA BBHITIOTHEHBI BBy YB > V/2 < V3.
(¢) Her, nosst 6ombire 2/9.
(d) NUmeem

VB3=VYB—-VB3>(Y+B-TI)-B3=¥Y-T+B3>

5 25
-1 r—_r
>(8 +64> 61 =V

6.2.13. (a) O6osnaunm wepe3 M JgaHHOE KOHETHOE MHOYKECTBO,
Aszy = A3 Ay n Aoz := AsA3Ay. Nmeem A_2A34 < A_Q < M/4 < A34/2
(9T0 pemrenue 3agaan 6.2.12.a). Tak kak Aj He 3aBucur or Asyg, TO U
A; ue 3asucur or Asy. [TosTomy

Aggy = Ay — AgAsy > A3y /2 > 241 A3q > 241 Aoy,
Orcromna o
A1 Agzg = Aozq — A1Azzy > Agza/2.

(b) (9mo pewerue nosyuweno pedaxmuposaruem mexcma M. Bobo-
zonosa.) Anasornano 1. (a). ObozHauum Ay 5 = Ag...As. Tak kax
Aq me 3aBucut o1 Asys, T0 m Ay He 3aBucut ot Asys. IllosTomy

(*) 1
Aj Aogzys < AAsys < A345 < - A2345 —A2345-

3aech nepasencrso (*) nosyuaercs HpI/IM?HeHI/IeM i (a) Kk Aj = Ajq.
Orcrona A12345 = Azzas — A1A2345 > 5A2345.
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(c¢) O6osnaunm X := A NApi1N...NA,. Torna X, 11 — gannoe
KOHETHOE MHOXKECTBO. AHaj0rnvHO 1. (a,b) 10KakeM, 910

1 1 1 1
X1>§X2>ZX3>...>WXTL 1>2 Xn—H
JlocTaTovHO JIOKA3aTh IIEPBOE HEPABEHCTBO X > %Xg. Tak kak X1 =
X9 — A1 X5, TO 0HO paBHOCHIBHO HepaBeHCTBY A1Xo < %Xg. Jlokazkem
moCIeIHee HePaBEHCTBO TPHU TTOMOIIN WHAYKIIAK TI0 1.

baza ungykinum n = 1 BeiTekaer u3 A1 = X9 — A1 < ng <_%X2.

Hoxazkem mar uaayknun. 1lo npenmostoxkennto nagykiunmn Ao Xz <
%Xg. Tak kak A; He 3aBucuT 0T X3, To 1 A1 He 3apucut oT X3. [Tosromy

1
Xo = X3 — A2X3 > 2X3 > 2A1X3 2A1X2

6.2.14. (a) Obozmaunm qepe3 M mamHOE KOHEUHOE MHOXKECTBO. To-
raa A_1A2A3A4 < A_l < M/8 < A2A3A4/5.

(b) ITpu wanucaruu 9moz20 pewerus ucnosvsosar mexcm B. Hea-
nosa. Obosnaunm Ay 5 := A ... As. [lo . (a) Agsys > %A345.

[Tpumenss yTBepKIeHNe U3 IOKA3ATETHCTBA YyTBepKIennd 6.2.12.a,
MOJTyYdaeM CJIeIyIoIee ero o0o0IIeHune: ecat doaa Kancdo2o u3 nooOMHO-

1—3X\
ocecms A, B, C 6oavuwe 1 —\ > 1/2, mo ABC > T )\AB [TosTomy

Asgs > 2 Ags.
Torna, ncnonb3ys HezaBucuMOCcTh Ay ¢ Ays, momydaem

4 5 4
Aggys > = - —Ays > = - 8A1 Ays = —A1A45
5 6 6
[TosTomy
3 13
Aoy = Aozus—A1Agzas > Agzas— A1 Ays > (1 — E) Agzys = 1—6A2345-

(¢) Oboznaunm X := A N Ag1N...NA,. JJocTaro4HO JI0KA3ATD,
qro X1 > %Xg. Tak xak X; = Xy — A1 Xy, 1o mepasenctso X; >
%XQ PaBHOCMJILHO HepaBeHCTBY A1 Xy < %XQ. JokaxkeM TIocaegHee
HEPABEHCTBO IIPH IIOMOIIK HHIYKIIIHA II0 N.

Baza maaykimm n = 1 BeiTekaer u3 A; = Xy — A1 < %Xg < %XQ.
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TlokaskeM Imar HEAYKOuH. 110 mpenmosoxennio naaykmnn Ay Xy <
ng. Tak kak A; He 3aBucuT 0T Xy, TOo 1 A1 He 3apucut oT X4. [Tosromy

o _ 1 _ _
X9 = X4—(A2UA3)X4 > Xy—As Xy— A3 Xy > §X4 > 4A1 X4 > 4A: X5.

JlokanbHuag siemma JloBaca

6.2.15. JlokanbHass jemMa JIloBaca B cumMmerpm4yHOii (popme.
ITycmv Aq, ..., A, — nodmnooicecmesa konewnozo muoscecmea. Ilycmo
ons wexomopozo d u a106020 k

1
e doas nodmmuoosrcecmea Ay, He menvute 1 — 10 u
o u3z Ay, As, ..., Ay MOOKICHO BBIMEPKHYMD He boaee d MHOHCECNE U

eue Ag, max wmo nepeceuenue 4100020 HAOOPA U3 OCTNABULIULCA MHO-
orcecmes b6ydem Heszasucumo ¢ Ayg.

Tozda A1N...NA, # 9.

Yurarenb MOXKeET IIepej J0KA3aTeJIbCTBOM JTOM JIeMMbl IIPUMEHUTD
ee K permenuto 3agaun 6.2.1.b. /lokazareabcTBO JieMMbl HETPUBUAJIBLHO
obob1taeT uaen perrenns 3agad 6.2.12-6.2.14. 113 stux 3aaa4 SCHO, UTO
HY2KHO OIIEHHBATHb CHH3Y KOJIUIECTBO JIEMEHTOB B IIEDECEUCHHUN S U3
JAHHBIX MHOXKECTB, HAUMHAA C S = 1 M 3aKaAHYUBAA S = N, IPU II0-
MOIIIM WHYKIUHU 1o S. Kak gacTo ObrBaeT, HanboJsiee TpyJaHasd 9aCTh —
JIOTaaThCs, KaKoe KOHKPETHO YTBEPXKJAEHUE HYXKHO JIOKA3bIBATh 110 MH-
aykimu. Bot ato yreepxkaerune. Oboznaunm Xy := AgNAgi1N...NA,.

1

(1) | X1| > (1 — ﬁ) | Xo| mas sioboro n > 1.

3 sToro Gyuer Borrekars, uro |Xi| = (1 — %)n_l | X| > 0.
Tak kax | X1| = | X2| — |41 N X3, To yrBepxRenne (1) paBHOCHIHHO
Y TBEPK JICHUTO

— 1
A1 N Xs| < 2—d\X2\ IS JTI000T0 M.

Jokazkem mocJjiejHee yTBepPKeHUe TP HOMOIIY MHIYKIIMK 110 7.
baza naayknum n = 1 BeITEeKaeT u3

. 1 1
Al = | Xo| — |41] < —|Xo| < —|X5].
|A1| = | Xa| — |Aq] 4d‘ 2| 2d’ 2|
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Hokazkem mar nHAyKiuu. be3 orpanuydenus oOiHOCTH, OyAeM CUu-
TaTh, 4T0 A1 He 3aBucut ot X419. Torga u A He 3aBUCHT OT Xgso. s
kaxoro j € {2,3,...,d + 1} upuMernM mpeanoioKeHne WHIyKIa K
cucreme nopmMuoxects Aj, Agio, Agis, .., Ap. Homyuum [A;N X 10| <
3| Xayo|. Buaunr,

d+1
| Xo| = [Xaro| = [(AU. .. UAg1) N Xaya| = [Xayal = D[40 Xapo| >
j=2

d 1 QI __

> (1 - ﬁ) ‘Xd+2‘ — 5‘Xd+2‘ 2 2d|A1 ﬂ Xd_|_2| > 2d|A1 ﬂ XQ‘

3neck HepasencTso (*) ciaeayer n3 mesaBucumocTn A o1 Xgio.
Omo doxasamesvcmeo no cymu npunadaescum Jlosacy [RS18].

YKa3zaHus u penienus K 1. (b) 3amgau 6.2.1-6.2.4

6.2.1. (b) O6o3nauum gepe3 A MHOKECTBO paCIIpee/IeHuii BbIXO/I-
ubix. (Umeem |A| = 2", rme n — umcso crnerumasncros.) s Kaxaoro
Brjia paboT T 0003HAUNM Yepe3 T MHOXKECTBO CIIEIHAIUCTOB [0 HEMY,
a gepe3 A, — MHOXKECTBO pacCIpeje/IeHnii BbIXOIHBIX, IIPA KOTOPBHIX U
B cyb00Ty, 1 B BOCKpeceHbe Ha paboTe ecTb crenuajuct mo x. Tormaa
|Az|/|A] =1 —27". B yrBepsxaenmn 6.2.10 roBopuTCs, 9TO MOIMHOKe-
CTBO A, e 3aBUCUT OT Tepecevenns JI000T0 TMoaHabopa MHOMKECTB M3
nabopa {4, : yNZT = &}. Tak kax KaxK /bl Bug pabor umeer o6IIUX
CIIEIUAINCTOB He Oojiee ueM ¢ 30 ApyruMu BUIAMU, TO BHE 9TOT0 HabO-
pa He bosiee 30 mogMHOXKecTB. [IpuMenuM JoKabHYIO JlemMMy JIoBaca
6.2.15 k MHO:kecTBaM A, 1 d = 2°. DT0 BOZMOMKHO BBUIY YTBEPK ICHHS
6.2.7 u nepasencrsa 30 < 2°. IToayuum Ny A, # O.

6.2.2. (b) Oboznauum depe3 A ceMeifiCTBO BCEX TEX MOIMHOYKECTB
3 100 cTy/1eHToB, B KOTOPBIX IO OJHOMY CTYJIEHTY W3 KaXKJI0H TPYIITIHIL.
Jns KaxkI0To CTydAeHTa x 0003HaUYMM uepe3 A, ceMeiiCTBO BCeX TeX
IOJIMHO2KECTB 13 A, KOTOpBIE COmepKaT U CTYJAEHTA &, U CJIE/IYIONIEro
33 HUM TI0 YaCOBOU CTPEJIKe CTYJ/IEHTA Xy .

Ecim x w x4 ommorpynmuuku, 1o A, mycro. Unaue |A.|/|A| =
1/256. Nrak, obsizarenbho |Agz|/| Al < 1/256.
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Bameuanue. lpu nomoru 60s1ee CJAOKHBIX BBIYUCCHUN U3 JIOKAJIb-
HO#t steMMbl JloBaca BeBogHTC, 910 R(3,1) > ¢1n?/1In? n. Bosee Toro,
ITO «JIYUIlIee», YTO MOXKHO BbIZKATh U3 JIOKAJIbHOI jiemmbl Jlosaca. 13-
BeCTHO Takze HepaseHcTBo R(3,m) > con?/Inn (Teopema Kuma). Ero
JTOKa3aTebCTBO BMECTO JIOKAJIBHOW JieMMbl JloBaca HCIOJIb3yer KBa-
3ucsydaitabie Tpadbl, HEPABEHCTBA TIOTHON KOHIEHTPAIUU U TIp.

6.3 Cuayuaiinbie Tpadbl

Haunem ¢ nHTEpECHBIX 33124, KOTOPbIE MOYXKHO PEIIUTD IIPU IIOMOIIT
cayvaitabix rpadgos. (Bojee npocrbie pertenust 6€3 ciydaiHbix rpadoB
Hen3BeCTHBI. VI3BeCTHBI Takwe Ke Wiau 0oJiee CJIOXKHBIE, U TO HE IS
BCEX 3a71ad. )

6.3.1. Eciu B rpache G = (V, F) ¢ n BepuimHAMU MUHUMAJIbLHAS CTe-
[IeHb BEPIIUHLI PaBHA 0, TO

(a) g mroboro p € (0,1) cylmecTByer Takoe MHOYXKECTBO BEPIIUH
A C V, garo B obbeaunennn A 1 MHOXKECTBA BCEX BEPIIWH, HE COE/IN-
HEHHBIX HII C KAKO# BepImHOH n3 A, mmeercs He 6oaee np+n(1—p)o+!
BEPIIIWH.

(b) Cymecrsyer takoe muOxkecTBO Beprma D C V', uro jrobas
sepumaa u3 V\D coeaunena pebpoM ¢ HEKOTOPO#l BepiiuHoil u3 D u

Il+In(d+1)

D] <n :
0+1

s pemrenus chaeayiomux 3aga4d 6.3.2 u 6.3.3.c Hy>KHa IIpUBeJIeH-
Hasd HUXKe Teopusd. K MX permeHunto pasyMHO BEPHYTHCH MOCTE 33/1a9n

6.3.9.

6.3.2. (a) Ecom (k>p(7;) + (k)(l —p)(g) < 1 mas HEKOTOpOTO p €
m n

(0,1), o R(m,n) >k (3mece R(m,n) — uncyaa Pamcest, cM. m. 4.1).

7’L2

(b)* R(4,n) > Q (IT> (Mp1 iamrem g > (f), ecim f = O(g)).
n“n

6.3.3. (a) Cherchez la femme. Ha pyccko-dppaHnity3ckoii BcTpede He

ObLTO TIpeacTaBuTesieit Apyrux crpaH. CyMMmapHoe KOJMYIEeCTBO JIeHer

y dpaHIly30B 0Ka3a10Ch OOJIbIIE CYMMaPHOTrO KOJUYECTBA [I€HEr Yy PyC-

CKHX, U CYMMapHOe KOJMYIECTBO JIEHET Y KEHIIUH OKa3a/JI0Ch 0OJIbIITe
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CyMMAapHOIO KOJIUYECTBa geHer y myxkauH. Obg3aTebHO I Ha BCTPe-
e ObLIa (ppaHITyKeHKa!

(b) denexkuble KYMIOPHI pA3HOTO JIOCTOMHCTBA U PA3HBIX CTPAH yIIa-
KOBaHBI B ABa UeMmomata. CpeaHsiss CTOMMOCTE KyTmiophl paBHa 100 pyo-
jam. ObImee 4nUCI0 KYIIOp B JIEBOM 4eMOZaHe OOJIbIe, YeM B IIPABOM.
O06s13aTe/IBHO JIM B JIEBOM 4YeMOJaHe HaiigeTcs KyIopa CTOMMOCTHIO He
bostee 200 pyoseit? (Cp. ¢ mHepasercrsom Mapkosa 6.3.9.a.)

(¢) dnst mrobwIx menbix [, ¢ > 0 cymectByer rpad, He COepKAITIil
HECAMOIIEPECEKAIOMIMXC S IIUKJ/IOB IINHLI MeHee | 1 KOTOPBI HeBO3MOXK-
HO IIPAaBUJIBHO pacKpacuThb B ¢ mBeToB. (CM. onpejesenne MpaBUIbHO-
CTH pacKpacku B 1. 3.1.)

(d) s mrobeix meabix [, N > 0 cymecrsytor n > N u rpad ¢ n
BEPIIMHAMHI, B KOTOPOM

e uMeercss He Gosiee n/2 HECAMOTEPECEKAIONNXCS IUKJIOB JITHHBI
MeHee [, a Takxke

1

1
e cpequ yitobbiX k = k(n) := [n"~ 4 Inn| Bepmun ecrb aBe, coemu-

HEHHbIE pebpPOM.

Badukcupyem p € (0, 1) u Hazosem gepoamuocmuvio rpada (B Moje-

JIM, NJIM B BEPOATHOCTHOM IIPOCTPaHCTBE, Spgeﬂla—PeHbI/I) Cn BepHirHa-
n(n—1)

v {1,2,...,n} u e péopamu uncio P(G) = Pp(G) :=p°(1—p)” =2 ~°,
Bepoamunocmuio cemeiicrsa (Wn, 9To TO XKe camoe, CBOicTBa) rpadoB
c BepImuHaM# 1,2, ..., n Ha3BIBAETCSI CYMMa BEPOATHOCTEN BXOIANINX B
Hero TpadoB.

Ecmu € — muOX)ecTBO Beex rpadoB ¢ n BepmuHamu, To P(2) = 1.
[Ipu BoImrenpuBegeHHOM (POPMAJTHLHOM OIIpeJAeIeHur 3TO TeopeMa. BoT
ee JI0Ka3aTe/IbCTBO:

B .
P =Y (W)pra-pOr=pra-m® =1

k
k=0

Cayuatinoti eesuvunoli Ha3bIBAETCA (PYHKITU, OTIpeIeéHHAs Ha MHO-
»kecTBe rpadoB ¢ BepmuHamu 1,2, ..., 0.
Hampumep, konmdecTtBo pébep rpada — ciaydaiinas BeJIMINHA.
[IycTh coydaitnag BemanHa Y IpUHAMAaET k Pa3IudHbIX 3HAYEHUN
Y1, -, Yk. Torma mamemamuseckum ootcudaruem (MAT. OXKMITAHUEM )
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CJIyJafHO! BeJIMYUHBI Y Ha3bIBAETCS €€ «B3BEIIEHHOEe CpeJIHee»

k
EY =Y yP(Y (),
s=1

rne Y 1(ys) — Mmoxkecrso Beex rpados G, maa xoropoix Y (G) = ys.
[Tocsienrioro BepositHOCTH 0603Hagar0T P(Y = y5).

6.3.4. Jlnga maHabIX N W p BEPOATHOCTH HAJIUYUMUS k BEPIIUH, MEXKITY
klnn—pk(k—1)/2

KOTOPBIMU HET PEOEP, MEHBIITE €
6.3.5. [lyng mamHLIX N W p HafiguTe MaT. O:KUJAHNE KOJUYIEeCTBa,
a) M30JUPOBAHHBIX BEPIIIWH;

b) TpeyroabHUKOB;

) k-KJWK;

d) k-KIWK, SBJISTIOMINXCS KOMIIOHEHTAMHU CBSI3HOCTH;

)

f) HecamomepeceKaIMXCs UKJIOB JIJINHBI k;

(g) HECAMOTIEPECEKAIOIINXCST ITUKJIOB JIJTHHBI K, STBJISTFOTIINXCS KOMITO-

() raMUJIBTOHOBBIX IUKJIOB;
HEHTaMU CBA3HOCTU C POBHO k pebpamu;

(h) mepeBbeB ¢ k BeprinmHaMu;

(i) mpeBeCHBIX KOMIIOHEHT JAaHHOTO pa3mepa k, T.e. JepeBbeB ¢ k
BEPIINHAMY, SIBJISIONNXCI KOMIOHEHTAMN CBSI3HOCTH;

(j) BEpIIMH B JPEBECHBIX KOMIIOHEHTAX;
(k) BepIIMH B NUKAMYECKUX KOMIIOHEHTAX.

6.3.6. JI1g mamHOTO P HaliuTe ACUMITOTUKY (MW MOCTOSHHOM k u
n — 0o) dyuxmuu EF(Y) =E Y (Y —-1)... Y —k+1)) (1. e. k-20
Parmopuasvro2o momenma), ecin Y — UHUCIO0 W30JUPOBAHHBIX Bep-
TITH.

Jucnepcueti caydaiinoit BemuauHbl X HasbiBaeTcd ducjio DX =

E(X — EX)?.

6.3.7. Jlisa paHHBIX M U p HalAUTe JUCIEPCUI0 KOJIUYIECTBa,
(a) m3ommpoBaHHbIX BepiuH; (b) TpeyroJbHUKOB.

6.3.8. Lma qr00bIx caydailHbIX BesmdnH X W Y BBIIOJHEHBI CJIEIYIO-
e CBOMCTBA.
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(a) EX+Y)=EX +EY;
(b) DX +Y) = DX + DY, ecsiu X u Y nHezaBucumbl (T.€. jjisi
m00bIx x,y Beinoaneno P(X =z, Y =y) =P(X =z) - P(Y =y)).

6.3.9. Ilycte X — coryuaiinas Bemanna (OIpeIeIeHHAs TIepe/T 3a adei
6.3.4) ua>0.

(a) Hepasencmeso Maprosa. Eciu X npunuMaer TOJbKO HEOTPUIIA-
tesibable 3HAUeHus, T0 P(X > a) < EX/a. (Cp. ¢ 3amageit 6.3.3.b.)

(b) Hepasencmeo Yebwvauesa. P(|X — EX| > a) < DX/a?.

CobwiTHE A, NPOUCTOOUM ACUMNMOMUNECKU NOYMU HAGEPHOE (UAU
C ACUMNIMOMUYECKOT 8EPOAMHOCTNDIO 1) OMHOCUMEABHO NOCAEAOBAMEND-
nocmu f(n), ecnn Py,y(An) — 1. ObmenpunsaToe coxparienue: Ipu
p(n) = f(n) cobertue A, npoucxoaur a.i.H. (dpopmaabHO, 9Ta ppasza
He MMEeET CMBICJTA, TMOCKOJIbKY o3Hadaer «ecan p(n) = f(n), To cobbI-
e A, TPOUCXOJWUT a.M.H.», a 6e3 yKazaHus mocaesoBaresbuoct f(n)
dpasza «cobpiTue A, IPOUCXOIUT a.Il.H.» HE MOKET OLITL OIIpeIe/eHa
KakK HaJ10). HanomuuM, 9T0 3/1€CH M — YKC/I0 BepiInH rpada.

6.3.10. IIpu p(n) = 1/(2n)

(a) a.m.H. uMeercs GoJiee n/2 U0IUPOBAHHBIX BEPIIINH.

(b)* nymst mHexkoroporo C' > 0 a.ar.H. KaxKJasi KOMIOHEHTa CBSI3HO-
ctu umeer meree C'Inn Bepmun (crmermanancts roopat: Meree O(Inn)
BEPILUH).

(c)* a.m.H. KaXKas KOMIIOHEHTA CBA3HOCTHU SIBJISIETCS JE€PEBOM WJIN
VHUIUKJINIECKUM TPacpoM.

(d)* mrst mexkoroporo C' > 0 a.m.H. umeercss meree C' yHUIUKTHYeE-
CKM1X KOMIIOHEHT.

6.3.11. (a) IIpu p(n) = o (n_3/2) a.1.H. péOpa ToTapHo He TepeceKa-
FOTCSL.

(b) IIpu p = p(n) = o(n_3/2) u pn® — 00 CYIIECTBYeT TaKas
dbyukug r = r(n) =
6obIme pn? — r W MeHbITe pn? + 7, a CTETeHn BeeX OCTATLHBIX BEPITAH

o(pn?), 4TO a..H. YUCIO BEPIIMH CTETIeHH 1

PaBHBI HYJIIO.

6.3.12. Teopema o cBsa3HOCTU cJjydaitHoro rpada. Fcau ¢ > 1
(0 < ¢ < 1), monpup(n) = clnn/n a.n.n. cayuatnwi 2pad ceasen
(necsazen,).
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6.3.13. (a) Haiiyure xorst 661 00y Takyto GyHKIUO p*(n), 910
e ipu p(n)/p*(n) — 0 a..H. rpad HE COMEPKUT TPEYTrOTHLHUKA,
e ipu p(n)/p*(n) — 400 a.m.H. rpad COMEPKUT TPEYTrOJbHUK.
(b) To ke ¢ 3ameHoil TpeyroibHuKa Ha noarpad, nzoMmopdublii Ky.
(¢) To ke ¢ 3amenoii Ky Ha 3aJaHHBI rpad C v BEPIIUHAMU U €
pebpamu.

Bamenwanue. Takas GyHKINS p* HABBIBACTCT NOPO206OT 6EPOAMHO-
cmwio. IloporoBasi BEpOATHOCTD CyIIECTBYET Jjist JIFOOOr0 MOHOTOHHOTO
cemeiictBa TpadoB. MOHOTOHHO BO3pacCTAONMM (YOBIBAIOIINM) CeMeli-
CTBOM I'pad OB HA3BIBACTCS TAKOE CEMEHCTBO TpadOB, KOTOPOE BMECTE C
KaXKJIbIM TpadoM comepKut J1t00oit ero Hagarpad (moarpad).

6.3.14. Xpomarudeckoe 9ucjao rpada a.I.H. He 00abIne
(a) omgmoro mpu p(n) = o(1/n?);
(b) aByx mpu p(n) = o(1/n);
(¢) Tpéx mpu p(n) = ¢/n, e ¢ < 1.

6.3.15. * (a) Kagmsrit anroputm packpackn (cm. 3amaqdy 3.2.3) mas
JIF060T0 TOJI0KUTENBHOrO € a.i.H. (mpu p(n = 1/2)) ommbaercs ne HoJiee
JeM B 2 + € pa3s.

(b) Hust r06BIX €,0 > 0 cymecTByeT Takasi MOCTIET0BATEIbHOCTD
G, TpadOB C N BEPIIMHAMU, UTO MPHU CIAYUARHON HYMEPAITUU BEPIITUH
rpacda G, (T.e. Jag BepoSITHOCTH KayKJ0i Hymeparuu, pasroit 1/n!)
BEPOSTHOCTH TOTO, YTO OTHOIIEHHME YHCJIA I[BETOB B YKAIHOM pacKpacke
x x(G,) 6omabme n'~¢, Gombme §. (UELIME CTOBaMH, ¢ OJHON CTOPO-
HBI, IIOYTH JIj1d JII000T0 rpada B JII000# HyMeparus KaJHas pacKpacKa
XOpOIIa, HO, ¢ JIPYTOil CTOPOHBI, €CTh Ipadbl, KOTOPBIE MOYTH KaK HU
HyMepyii, a BCe JIPSHD MOJTYIUTCs!)

k
6.3.16. (a) Ecsiu p, = o (n_m> J7IE HEKOTOPOro 1esioro k > 1, 1o B

CIIydaiiHoM Tpade moYTH HaBEpHOE HET KOMIIOHEHT CBSI3HOCTH, ABJISIO-
IUXCA JePeBbaMU Ha, k BepIINHaX.

(b) Ecm p, = 3, To a.aru. cpeau mobeix [2logy n + 101og, logy n]
BEPIIUH €CTh pebpo.

(¢)* I'pagp paccmosarud Ha TIOCKOCTH — Tpad, BEPITHHBI KOTOPOTO
ABJIAIOTCA TOYKAMU ILIOCKOCTH, U pedpaMy COeIUMHEHbLI IaPhl BEPIIUH,

Haxoadiuecss Ha paccrogunu 1. /lokakmTe, 9TO ecad p, = O (%), TO
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nk:

m+1)n+2)...(n+k)’

Ucnonbayst (b) m aHATOTHIHYIO OTEHKY /TSI

oIy vaeM

B (03] 2 o )
E (10 (5)) = E v,

6.1.5. (Dru perennst MOTyIeHbl PETAKTHPOBAHUEM TeKcTa . Apudy-
mura.) (b) Umeem

ﬁn Hk—n'>n (n—1)-...-(n—k+1)>(n—k+1)"

k=1 k=1

(a) Omsem: Inn! ~ nlnn.

Jloxasameavcmeo. Ilposorapudmuposas HepasercTBo u3 1. (b)), mo-
ayanm kIn(n—k+1) < Inn! < nlnn. Paznenus #a nInn (3ra Bemanaa
TIOJIOKUTEIbHA T 1 > 1), moyanm

Inn! kln(n — k+1)

L < <1, rme L:=

nlnn nlnn

[Tonoxum k = n— hnnj st noctaTouro Gobmux n uMeeM 1 < k < n
n (n,k) # (2,1). Ucnons3ys HepaBencTBa > |x| > = — 1, moayunm

kexn—=n(l—t=) n n—k+1>(F —1)+1=2.

nn

Torna

n(l—ﬁ)ln#: - 1 \Inn—Inlnn
Inn Inn

1 Inlnn
=1- — 1— — 1.
Inn Inn n—00

o |
SHAYNAT, 110 CJAEAYIOIIEN JIeMMe O CXKATHU dnnl
’ nlnn ,

ITycmo danwe mpu nocaedosamesvnocmu {an}, {bp} u {c,}, ma-
Kue wmo ap < by < ¢ 044 6CeT N, HAYUHAA C HEKOMOPO2O HOMEPA, U

npedeavt lim, oo an u lim,_ o ¢, cywecmsyrom u pasuv. Tozda nocae-
dosamenvrocmo {b,} crodumesa, npuvem x momy sce npedeay.
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7 Anarebpamueckne MeTOIbI
Hamomuawnm, uTo 1 MuHOXKecTBa F'
F":={(a1,a2,...,a,) : a1,a2,...,a, € F}.

DJIEMEHTBI ITON0 MHOXKECTBA, HA3BIBAIOTCA 6eKMOpamy (WIn ynopado-
weHHbLMU Habopamu, uu moukamu). Eemm F € {Zo,7,Q, R}, To Bek-
TOPBLI MOYKHO TTOKOMITOHEHTHO CKJIAIBIBATD:

('rl?"‘?xn)—i_(yl?"'?yn) = (xl—i_yla"'axn_'_yn)-

Ecm F € {Z,Q,R}, T0 BeKTOp MOKHO MOKOMIIOHEHTHO YMHOXWUTH Ha
qucyio A € F
Mz, .oy @n) = (AZ1, ..., Azy).

(1o MoxkHO menarh u st F' = Zgy, HO He WHTEPECHO.)
Paccmosanue mexxay Toukamu mpoctpanctsa R" onpenernsgercs dop-
MYJIOU

(@1, @n)s (Y1, )| o= V(@ —yn)? 4o (2 — yn)2.

Hna F € {Zs,7Z,Q,R} cxaasproe npoussedenue F'™ x F™ — F onpe-
JesigeTcss popMyIoin

x-y= (1, Tn) W1, Yn) :=T1Y1 + ... + TpYn.

BexkTops! z,y € F™ Ha3bIBalOTCSA 0PMO20HAADHBMU, ecoiin X - Y = (.

7.1 JluneiitHo-anrebpamveckuii MeTO/ B KOMOMHATOPUKE

7.1.1. Teopema o aunetinoti 3a6UCUMOCITIU.

(Zo) Cpemn r00bIx 1 + 1 HAOOPOB JUIMHBI N W3 HyJeH U eJIUHUI]
HAifIeTCad HECKOBKO (HE HOJIb) HAOOPOB, TIOKOMITOHEHTHAST CyMMa, IO
MOJIYJIIO JIBa KOTOPBIX €CTh HyJIeBO# Habop.

(Q) dust y1i06bIX 1 + 1 BEKTOPOB V1, ..., Unp+1 € Q" Haliayrcs pa-
IUOHAJIBHBIE YUCTA A1, ..., Apt1, HE BCE paBHBIE HYJIIO, JJI KOTOPHIX
MU+ A1V = (0, e ,O).

(R) Amnasnor reopembl (QQ) cupaBeiue [/ig BEIECTBEHHBIX, KOM-
ILJIEKCHBIX U IEJIbIX YUCEJI.
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Habopsr u3 3agaa 7.1.1.(Z3),(Q) Ha3BIBAIOTCA AUHETHO 3G6UCUMDL-
Mmu — Haja Zo m Hay Q coorBercrBeHHO. Jlunetinaa HE3a8UCUMOCTIL
— OTPHUIAHKE AUHETHOT 3068UCUMOCTU. AHAJIOTTIHO OIIPEIe/IAeTCA -
HeliHas (He)3aBUCKUMOCTbL MHOIOYIEHOB HaJ Zo u Haj (Q coorBercTBEH-
HO. (DTU U ClIeyroIIne MOHSITHSI, & TAKKE OIPE/IeJeHne MHOTOWICHA,
WCIIOJTB3YIOTCS B (pOpMyampoBKkax 3ajad 7.1.4.c, 7.1.5.c u B pereHusx
HEKOTOPBIX 3a/1a4. )

Jlunetinovm noonpocmpancmeom HA3BIBAETCA IIOAMHOXKeCTBO L C
Q", 3aMKHyTOe OTHOCHTEJBHO CJIOYKEHUS BEKTOPOB M YMHOXKEHUsT Ha,
palrroHaJ bHBIE YHUCIA.

JImHeitHoe Mo ITpoCTPaHCTBO L Ha3bIBACTCS M-MEPHbiM, €CIU Ha-

LIy TCST TaKue JIMHEHO He3aBUCUMbIEe BEKTOPbI
Vi,y...,VU, € L, aT0 10001 BeKTOp v € L JIMHEIHO BBIpAXKAETCS depes
JTaHHBbIE BEKTOPHI, T. €. HAWIYTCSI IUCTA A1, ..., A\, € Q, I KOTOPHIX

v = A\U1+. ..+ A0, UUCTO N HABBIBAIOT PA3MEPHOCBIO TTPOCTPAHCTBA
L. Cp. c onpenenenuem nepes 3agadeit 1.4.7.

Samevanue. AHAJIOTHUHBIE ONIPeIe/IeHNsT MOXKHO TaTh U B DoJjee 00-
el CUTyallu — 3TO MPUBOIUT K MOHATUIO KOALUG T MOJYAA HAJ HUM.
[ToneiTka mokazarb (M WCHOJIB30BATH!) aHAJIOr TEOPEMbI O JIMHEHHO
3aBucrMOCTH (3amatu 7.1.1) TPUBOANT K TIOHATHUSM NOAA U AUHENO-
20 npocmpancmea Ham uuM. (g caydas mesbIx gmces yyKe He BCe
06061eHust poxoadr.) ITloagpobHocTr MOXKHO HAWTH B yIeOHUKE 110 JIK-
HeiiHoil ajirebpe.

®pasza «N 375eMeHTOB» (B 4aCTHOCTH, HOAMHOMXKECTB) O3Ha4YaeT «IV
TIOTIAPHO PA3JTUIHBIX 9JIEMEHTOB» (B YaCTHOCTH, TIOJIMHOYKECTB).

7.1.2. /lano cemeiicTBO J IIOJMHOXKECTB MHOXKECTBa, R,.

(a) Ecmm B KaKI0M TIOAMHOXKECTBE U3 J HEUETHOE YHCJIO JIEMEH-
TOB, & B TIepecevyeHnn J0bIX JBYX TOAMHOXKECTB u3 JF YETHOE YNCJIO
9JIEMEHTOB, TO | F| < n.

(b) ITocTpoiite nmpuMep, KOTa 9Ta OIMEHKa JOCTUTAeTCS.

(¢) Ecu B mepecedennn JrOOBIX JIBYX TIOJMHOXKECTB U3 J POBHO ¢
9JIEMEHTOB W B KayKJIOM IOJIMHOYXKeCTBe m3 JF 0ojiee ¢ 97EeMEHTOB, TO
Fl < n.

(d) Ecnmu ¢ > 0 u B mepecedenun JIOOBIX JBYX MOIMHOXKECTB U3 JF
POBHO ¢ 3JjieMeHTOB, T0 |F| < n.
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7.1.3. (a) Cymecrsytor 2% mogmuoxkecTs 2k-3/1eMEHTHOIO MHOKECTBA,
B KaxKJIOM U3 KOTOPBIX Y6THOE YUCJIO 3JIEMEHTOB U B TIEPECEYEHUN JIHO-
OBbIX JIBYX U3 KOTOPBIX Y6THOE YUCJIO JJIEMEHTOB.

(b) Boubite yem 2F nomvuoxkecTs B yeaoBusx 11, (a) 6bITH HE MOXKET.

7.1.4. (a) Haubosbimee gncyio Tovex B R” ¢ paBHBIMI TOTTAPHBIMHA PaC-
CTOSHUAMHA PaBHO N + 1.

(b) Mocrpoiire n(n—1)/2 Toyek B R™, nonapHbie pacCTOSHUS MeK-
JIy KOTOPBIMHU TPUHUMAKT TOJBKO JIBa PA3JIMIHBIX 3HAYEHUS.

(¢) dnsta € Rurouek v = (v1,...,0,) € R" = (x1,...,2,) ER"
oboznaunm P, (z) := |z — v|? — a?. Ecan nonapHble PACCTOSHUS MeXK-
ay k roukamu uq,...,ur € R"™ paBubl a, To MHOrO4IeHbl Py, ..., Py,

sgmHeiino HelapucuMbl HaT Q.
(d) Ecin nonapubie paccrositust Mexay k Toukamu B R™ npunuma-
IOT TOJIBKO JIBA PA3JIMYHbIX 3HadeHus, 10 k < (n+ 1)(n +4)/2.

7.1.5. (a) Cpeau 1106b1x 327 IOLAPHO HIEPECEKAIOIIUXCA 9-3/1EMEHTHDBIX
IIOJIMHOXKECTB 25-3/IEMEHTHOI'0 MHOXKECTBA, HalJIyTCs JBa IIOJMHOXKE-
CTBa, B IIEPECCUCHNN KOTOPBIX POBHO 3 MM POBHO 6 3J1€MEHTOB.

(b) Hns n, k € Z obozuaumm

Vok =2 (a1,...,a,) € {0,1}" : Zaszk

Cpean s00bIxX 327 Todek B Vo g ecTh JBe, CKaJIdgpHOE IPOU3BeJeHue
KOTOPBIX Je/uTcd Ha 3.
(c) Ja ymoboro @ € Vas g packpoeMm CKOOKH B IIPOU3BE/ICHUH

(C_i (%1,1’2, <. 71.25))2 - 17

cuantast a; € {0, 1} BordeTamu o MOAYIIIO 3, & X1, T2, . . . , T25 — HEPEMEH-
HbiMU. llosydenHbIit MHOTOUIEH ¢ KO PUITMEHTaMu B Zsz 0003HAUNM
P;. Yxkaxkute 326 MHOTOYJIEHOB, JUHEHHBIMIA KOMOMHAIIMSIMHU KOTOPHIX
¢ KodppunmumenTaMu B Z3 MOXKHO IOJYUATH KaXKIbIM MHOTOUIEeH Fg,
ac Vag.

(d) Ecau cramsipHOe MpOW3Be/IeHre HUKAKWX JIBYX BEKTOPOB CPeIn
ai,...,as € Vos 9 He nemuTcs Ha 3, TO MHOrOWIeHsl Pz , ..., Py juHeil-
HO HE3ABUCUMBI HAJ Z3.
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(a’,b’) To xke, uro B (a,b), ¢ 3amenoit 327 ua 302.

(¢’) Bamenum B Pz epeMEHHYIO Xo5 HA —T1 — ... — Toq. Lloyuen-
HBIII MHOTOYJIeH ¢ Koaddunnenrtamu B Zz obozHaunm Gg. Ykaxute 301
MHOTOYJIEH, JTUMHEHHBIMI KOMOWHAITUSIMU KOTOPHIX C KO3 purmenramMmu
B Z3 MOXKHO IIOJIy4YUTh KaxK/blil MHOrowIeH Gg, @ € Vas 9.

(d’) To xe, uro B (d), ¢ 3amenoit P na G.

(¢”) Bamenum B P; kaxbiit opnowten Az?, i = 1,...,25, Ha \z;.
[TosryuenubIit MHOTOUIEH ¢ KO3 duimmenTamMu B Zg obo3naunm Fz. YKa-
xkuTe 301 MHOTOUJIEH, JIMHEMHBIMU KOMOMHAIIMAMI KOTOPBIX C KO3 du-
IIIEHTAaMH B 73 MOYKHO TIOJIy9NTh KaKAblil MHOTOUNCH Fy, d € Vas 9.

(d”) To xe, uto B (d), ¢ 3amenoit P ua F.

7.1.6. (a) Cpeau 100bix 107 mATUIIEMEHTHBIX HOJAMHOXKECTB 14-3.1€-
MEHTHOTO MHOYKeCTBa HalIyTCs JBa MOJIMHOXKECTBA, B IIepeCeIeHNN KO-
TOPBIX POBHO 2 3JIEMEHTA.

(b) To xe st 93 TOIMHOKECTB.

(¢) To xe st 92 TOAMHOMKECTB.

(d) HeBo3moxkHO packpacuTb B 21 1BET BCE IIATUIIEMEHTHbBIE 110/I-
MHOYXKeCTBa 14-3/IeMEHTHOTO MHOXKECTBa TaK, YTOOBI JTIO0OBIE JIBA TISITHU-
9JIeMEHTHBIE TTOAMHOXKECTBA, TTePECEKATONTIECST POBHO IO JABYM 3JI€MEH-
TaM, OBLIM Pa3HOIIBETHHI.

(Cp. ¢ zameuannem B 3a7ade 5.1.4. Bor sxBuBasieHTHAsT HOPMYITH-
poBka. Bepmunamu rpada gaBIgioTCd BCe IATUIeMeHTHBIE TTOAMHOKe-
cTBa 14-371eMEHTHOrO MHOXKeCTBa. Ero pedpaMu SBASIOTCS Mapbl ITO/I-
MHOKECTB, TIepeceKalonecs POBHO MO JABYM 3jeMeHTaM. Jlokaxkure,
4TO 9TOT Irpad HeJb3s IPABUILHO packpacuTh B 21 1ser.)

7.1.7. (a) Teopema Ppanraa-Yuscona. Ecim p mpocroe u n > k nenbie,

p—1
n
TO cpeau JiroObIX 14 g . | TOAMHOZKECTB 1-3JIEMEHTHOT'O MHOZKECTBA,
; J
Jj=0

B KQXKJIOM M3 KOTOPBIX k 9JIEMEHTOB, HANYTCS JIBA TIOJIMHOKECTBA, YHC-
JIO 3JIEMEHTOR B TIEPECEUEHUN KOTOPBIX JIEJTUTCS Ha P.

(b) To ke, TOJBKO 3aJaHO TIEJOE G W «JIETUTCS HA P» 3aMEHEHO Ha
«CPABHUMO C @ 110 MOJLYJIIO .

7.1.8. Teopema Pponxasa-Yunacona. Ilycts p > 2 mpocToe m B MHOXKe-
crBe u3 n = 4p“ 37eMeHTOB BLIOPAHO 2(7:/‘;_11) [IOJIMHOYKECTB 110 71/2
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7.2.10. Marpuna Anamapa H, mocTpoeHHasl IIPU HOMOIIU KOHCTPYK-
i (Ilsitm) w3 sagaam 7.2.5.(8k + 4), sksuBanenTHa MaTpume H. .

7.2.11.* Cymecrsyer jin marpuna Ajgamapa H, He SKBUBaJIEHTHAS MaT-
pume HT?

7.3 KopoTkoe ompoBep>keHmne runoTe3bl bopcyka

B »TOoM myHKTEe mpMBOAMTCH TpOCTETIIee W3 W3BECTHBIX OMPOBEP-
JKeHUi ciemytorieit runore3bl Bopeyka: wsroboe ozpanuyentoe noommo-
JHCECTNBO N-MEPHO20 €6KAUIOBA NPOCMPAHCMEa, codepocawee boaee N
MOYEK, MONHCHO Pa3bumv Ha N + 1 nenycmuxr wacmel menvuwezo Jua-
mempa. oxazarenbcrBo npuaaiexkut H. Amony u siBisiercs: 3ame-
JaTeJbHBIM MPUJIOXKEHUEM KOMOWHATOPUKHM M ajareOphbl K TEOMETPUMN.

Jluamempom HEIIYCTOIO IIOJMHOXKECTBA, ILIOCKOCTH HA3bIBAETCS HAM-
OoJIbIIIee PACCTOSTHUE MEXKy ero TOYKaMu (TOYHee, CYNPEMyM TaKUX
paccrosianit). TTogMHOKECTBO TIIOCKOCTH HA3BIBACTCS 02DAHUYEHHDBLM,
ecJIi eTo JInaMeTp KoHedeH.

Teopema 7.3.1 (Bopcyk). Joboe ozparuuerntoe nodmHoxicecmeo nioc-
Kocmu, 8 Komopom boaee 06YT mouer, MOHCHO Pa3dUMb Ha MPU HENY-
cmuie wacmu menvuwezo duamempa. 2

Bopcyk nipeutoxkm cieryromiee 0600IeHne CBOEro pe3yibrara, Ko-
TOpOE JIOJITHE TOAbI OBLIO OJHON W3 HamboJiee MHTPUTYIONINX TTPOo0JIeM
KOMOWHATOPHOW T€OMETPHMN.

Huamemp u oepanuvenHocms OJIMHOXKECTBa, d-MEPHOTO eBKJIMI0BA
MPOCTPAHCTBA OMPEIEISIETCS TOYHO TaK Ke, KaK M B CJyYJae TJIOCKOCTH.

I'mmoresa Bopcyka yTBepkK1aeT, YTo JIF060e OTrpaHuIeHHOE TTOIMHO-
JKECTBO d-MEepHOTO eBKJIMI0BA IIPOCTPAHCTBA, coaepxKalree bojiee d TO-
JeK, MOXKHO pa30buThb Ha d + 1 HEIyCTBIX YacTeil MEHbBIIero JAuaMerpa.

(HerpymHao mpuiyMarTsh MOJIMHOYKECTBO d-MEPHOTO €BKJINWIOBA TIPO-
CTPAaHCTBa, KOTOPOe HeJIh3s Pa30ouTh Ha d TacTeill MEHBIIEro JUaMeTpa.

12 Vkasanue x dokasameavcmey. CHagama, HCIOIb3Ys «COOOPAKEHHS HEIIPePhiB-
HOCTH», JIOKAXKUTE, 9TO JIIOOYIO TLJIOCKYIO (Urypy aumamerpa 1 MOXKHO 3aKJIIOYATH B
TPaBUJIBHBIN MECTUYTOJTbHUK, JUAaMeTP BOUCAHHON OKPYZKHOCTH KOTOPOTO paBeH 1.
BaTeM JAO0KaXKUTE, 9TO XOTd JUAMETDP IOJIYyIEHHOI'0 IMPABUJIBHOTIO MECTUYyroJIbHUKA
Gostbiie 1, €ro MOXKHO pa3pe3arh Ha Tpu dacTu auaverpa mensire 1. Cp. [Y10].
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s d = 3 romuTca NMpaBUIbHBIA TETPAIP, I IPOU3BOJIHLHOTO d TO-
JTUTCS d-MEPHBIN CHMILIEKC. )

B 1993 /Ixx. Kan u I'. Kanau, cienysa ngesm Bosirgrckoro, dp/ie-
ma u JlapmMaHa o mpuMeHeHUr KOMOMHATOPUKY JIjIsl IOCTPOEHUsT KOHTP-
mpuMepa, Hanu KouTprupumep K runorese bopeyka [KK93]. Tloapobao
mcropust Borpoca ommncana B [AZ04], [R14].

Teopema 7.3.2. Cywecmeyem d > 0 u oeparuvenroe nooMHO#CECME0
d-meprozo esxaudosa npocmparcmea, codepatcawee bosee d mouer, Ko-
Mopoe Heso3moHcHo pa3dbumv Ha d + 1 wacmo menvwezo duamempa.

Mper mpusesiem (cp. [S13]) mpocreiimiee n3 m3BECTHBIX TOKA3ATEIBCTB,
mpunaexkaree H. Amony, cp. [N94, S96, G99, R04, AZ04], [R14].
(ITpu 3TOM Apyrue HoKa3aTe bCTBA JAI0T 00/1€e CUIbHBIE PE3YJILTATHI. )
DTO yAMBUTENBHBIH TPUMEDP BaXKHOTO PE3yJIbTaTa B COBPEMEHHOI MaTe-
MaTHKe, He TPEeOYIOIIero /sl MOJTHOTO MOHUMAHUST TIOJIYTO0BOTO CITETTH-
AJILHOI'O YHUBEPCUTETCKOI0 Kypca (I10Cjie JBYXI0J0BOI0 00s3aTe/IbHO-
ro Kypca). BoJiee mpocTbie puMeHeHnsl aHAJIOIMYHbIX aaredpanIecKux
cooOpaskeHuit B KOMOMHATOPUKE MOYXKHO HaiTh B 11. 7.1.

Hoxasameavcmeo meopemuv, 7.3.2. ObozHaunM

Mn = {(1,$Q,$3,...,xn)6{17—1}n : $2$n21}

2 2

-MepHOT0 Kyba — HabOp JJIWHBI N° U3 ILUIIOC WX MHUHYC
eaunun. Ero ympobHo npejcrapisarh cebe kak rabsmiy n X n. (Bupo-
2

)

Bepmuna n
geM, ecqim Bam ymobHee paboTaTh ¢ HAOOPOM JJIUHBI M°, TO MOXKHO U
tak!) [TocraBum B cooTBETCTBHE KaXK0i TOUKe & = (X1,...,Ty,) € My,
rabmuty f(z) = 27 ® x, onpenenennyto bopmyoit f(z);; := z;z;. Ha-
mpuMep,

1 -1 -1

f,-1,-1H)=1-1 1 1 |=
-1 1 1

=(1,-1,-1,-1,1,1,-1,1,1).

NckoMbiM MHOXKECTBOM (KOHTPIPUMEPOM K rumorese Bopcyka) ist
d = n? asnserca vmoxkectso f(M,) Becex Tabmun f(z), x € M,, npu
JOCTATOTHO GOTLIIOM TTPOoCTOM [mcae p 1 n = 4p. Tak Kax |M,| = 2772,

TO 3TO BBITEKAET U3 HUKEIPUBEJIEHHbIX JeMM 7.3.3, 7.3.4.abc (g n =
dp = 4k) u 7.3.5 (ans ¢ = p). QED
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Jlemma 7.3.3. Ecau n wemno u x,y € M, mo ycaosue |f(x), f(y)| =
diam f(M,,) pasnocuavho ycaosuio x -y = 0.

[Tpemnaraem YuTaTE/ IO CAMOCTOATETBHO MTOJYMATh HA/T JIOKA3ATE Th-
CTBaM® JIEMM TIEPEJ] TeM, KaK YUTaTh 9TU JOKa3aTeIbCTBA.

[Ipu dpopmMyMpPOBKE M J0KA3ATETBCTBE CAEAYIONINX JIEMM MOYKHO
3a0BITH PO KOHCTPYKIIMIO OTOOpaKeHust f.

Hanee p — sr060€e TTPOCTOE YHUCTIO.

JIunetinot xombunayuet Mmaorodasenon F, ..., Fy ¢ koadpdunmenra-
MU B Zjp HazblBaeTCd J1I000# MHOTOUIEH ALy +. ..+ A Fs ¢ A1, ..., A €
Zy,. Hampumep, MHOTOUJIEH T9 ABJIACTCA PAIMOHAIBLHON JTUHEHHON KOM-
OuHaIMel MHOI'OYWIEHOB 221, 1 U T1 + T2.

Muorouensl ¢ koadpdunuenramu B Z, Ha3bIBAIOTCH AUHETHO HE3a-
BUCUMBLMU, ECJIN JTFODAS NX JIMHeHAs KOMOMHAIINS, B KOTOPO# He BCe Ak

HyJIeBble, He paBHa Hy.t0. Hanmpumep, n MHOTO4YJIEHOB 1, X9, X3, ..., Ty
SIBJITFOTCA JTUHEHHO HE3aBUCUMBIMU.

Muorounen ¢ Koaddurmentamu B Zj, oT n—1 nepemMenHoit xa, . .., Ty
umeem cmenend menee k, eCanu OH ABISETCS JIMHEHHON KoMOuHaIimeit
MHOI'OYJIEHOB

(*) x5% -, . z%", e ag, . .., Q — LEJIble HEOTPUIATEIbHBIE YUCIIA,

CyMMa KOTOPBIX MeHbIIe k.

Jlemma 7.3.4. (a) Ecau p > 2 npocmoe u cpedu HeKOMOPHIT S GeK-
mopos u3 My, 1e natidemca 06Yyr opmo2oHANLHBIT, MO CYULLCTNEYEm S
MHO0204A€H06 ¢ Kospduyuernmamu 6 Ly, om Ta, .. .,Tip, KOMOPYIE UME-
10M CMENeHY MEHEE P U AUHETUHO HE3AEUCUMDL.

(b) Ecau cyuecmeyem s AUHETUHO HE3ABUCUMBIT MHO20YAEHOE C KO-
sppuyuenmamu 6 Ly om Ta,...,T, cmenenu menee k, mo s ne npe-
60CTO0UM KOAUNMECTNEE MHO204AeH08 (*).

(c) Koauwecmso mmuozounernos (*) pasro ("Zﬁ;z)

Jlemma 7.3.5. Zlaa 106020 docmamouno 60abU020 G GHINOAHEHO
5q — 2 244—2
< —5—.
qg—1 16¢% + 1
Jloxasameavcmeo aemmov, 7.3.3. Obozuauanm dyepes a = a(x,y) Ko-

JINYECTBO UHIEKCOB 1, Jjisd KOTOPBLIX X; = ;. lorma x;y; = 1 miga a
MHJEKCOB % U X;Y; = —1 11 n — a unjexcos . Mmeem (x;x; — yiyj)Q =
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(1 — zyiwyy,)%. Mosromy |f(z), f(y)|* = 4a(n — a). das nanxoro n
9TO YMUCI0 MAKCUMATIBHO Tpu a = n/2. 3uaunt, yciaosue |f(x), f(y)| =
diam f(M,,) paBHOCHJIBHO YCJIOBHUIO @ = /2 ¥ PABHOCHJIBHO YCJIOBUIO

x-y=0. QED

ZHoxazamenavcmeo aemmv, 7.3.5. Nmeem

5q — 2 (4 +1)%72 244-2
< < .
qg—1 44q—1 16g2 + 1

3/7ech TepBOe HEPABEHCTBO moJydaeTcs w3 Ownoma HeioToma mis
(4 + 1)°72 (cp. ¢ mokazaTeaLCTBOM yTBepxkaenus 6.1.1.e), a BTopoe

(1151 JOCTATOUHO GOMILINKX ¢) BEITEKaeT 13 5° = 125-25 < 27.2% = 44.24,
QED

Jloxasamenvcmso aemmuvt 7.3.4.c. Kommaectso MuOTOUICHOB (*) pas-
HO KOJIMIECTBY YTOPSIIOUEHHBIX PEIennii (ag, . . . , (y, ) HEpaBEHCTBA o+
...+ ay < k B 11e/1bIX HEOTPHUIATEIbHBIX YUCIaX. Takue pereHus eCThb
coueTaHus C HnoBropeHusMu u3 n 1o k — 1. Ilosromy ux KOIMYECTBO

pPaBHO (”?if) . QED

Loxazameavemeo aemmor 7.5.4.b. Obo3naanm gepe3 1, ..., ), ce-
MeficTBo MHOTOWICHOB (*), a wepe3 F, ..., Fs JaHHOEe JUHEHHO HE3a-
BUCHUMOE CeMelCTBO MHOTOUJEHOB. Bo3bMeM TalIMUIly § X T BBIYETOB
Aij € Zyp, naa KoTopblx F = Zj AijQ; mpm sobom ¢ = 1,...,s.
CeMeficTBO MHOI'OYJIEHOB, IIOJAyYeHHOEe u3 cemeiictBa F1,..., Fs 3ame-
Hoit I} ma F; + AFj, j # ¢, nureitHO HesaBucuMo. Takumu 3amMeHaMn
U IIePECTAHOBKAMU MHOIOWIEHOB (1, ..., Qs (r.e. meromom [aycca wnc-
KJTFOUEHUST HEU3BECTHBIX ) MOXKHO IPOBECTH PACCMATPUBAEMYO TaOJIUITY
k X s K «BepXHETPEYroJbHOMY» BUIY. Tak Kak MHOTOWIEHBI F,. .., Fy
JIMHEHHO HEe3aBUCUMBI, TO B TIOJTYIE€HHON TabINIlEe HET HYJIEBOH CTPOKMU.
[TosTtomy s < r. QED

Zoxazamenrvcmeo semmu, 7.3.4.a. Obo3HaATNM
Gt)y=0(t—-1D({t—-2)...(t—p+1)

dcHo, gTo
(**) ast mro6oro tesioro t uncso G(t) gesuTes HA p TOrAA U TOJIBKO
TOrIa, KOTIa ¢ He JeauTCs Ha P.
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Ob6o3nauum 4epe3 ai,...,0s JAHHOE CEMEHCTBO BEKTOPOB. 3/1€Ch
ai,...,0s — BEKTOPBI, a He KoopamHaTbl. Obo3Haunm n = 4p. s
Kaxkjoro j = 1,...,s oupegesum muorodwien Fj ¢ koaddunuenramu B
Loy OT T2, ..., T, POPMYJION

Fj<x27 < ,ZIZ’n) = pPG(a] ) (1,$2, < ,LUn))

3aece pp : L — Ly — UpHUBENEHHE 110 MOJIYJIIO P.

flcro, 9TO Kaxk /eIt MHOTOWIEH F); MMeeT CTeleHb MeHee p.

Jokazkem JIMHENHYIO0 HE3aBUCUMOCTb MHOTOWIEHOB F1, ..., Fs. IlycTh
MPL+ o+ AgFs = 0 119 HEKOTOPBIX Af, ..., As € Zy. IloncraBum B
MOJTY9YeHHOE PaBEHCTBO & = a1, WJH, DoJiee aKKypPAaTHO, TTOJCTABUM 3Ha~
YeHud Iro = (al)g, e = (al)n.

HamomumM, 9TO 3/1€Ch CKaJIsIpHOE TPON3BE/ICHNE BEKTOPOB — TIEJI0E
IICT0 (& HE BBIUET 1O MOJYJIO D).

U3 ay-a; = n = 4p n yrBepxkaenus (**) serrekaer, ato F(a1) # 0.

Tak kak n genurcs Ha 4 u g Ji10060ro a € M,, 91ucja0 MUHYC €UHNI]
B @ 9€THO, TO JJid JIIOOBIX a,b € M,, auciio a-b nenurca Ha 4. IlosTomy
a-b¢ {£p, £2p, +3p}.

[Iycrs £ > 1. Tak Kak a1 # ag, 10 a1 -ax # n. Kpome Toro, a; - ap #
0. I[TosTomy aj - ap He JAenwTcs Ha p. 3HAYUT, [0 yTBEp:XKIeHUo (**)
Fy(a1) = 0 mpu jrobom k > 1.

ITosromy A1 = 0. Amanormuno A; = 0 gjya sroboro j = 1,...,s.
[Tosromy muorousensr Fi, ..., Fs auneitno He3apucumbl. QED

7.4 lIlomcka3knu

7.1.2. (a) Ecau nopMuoxkecTB 6oJible 1, TO O TEOpeMe O JIMHEHHO
z3aBucuMocTr 7.1.1.Zo oHO W3 HUX PABHO CUMMETPHUYECKON Pa3HOCTHU
HEKOTOPBIX IpyTux: A= B1 & By ® ... D Bs.

(c) Bosbmém BEKTODPBI V1, ...,0s € {0,1}"™, cooTBeTCTBYIOIINE 1101
mHOXKecTBaM {Aq, ..., As} = F. Ilo Teopeme o JmHEHHON 3aBUCHMOCTH
7.1.1.QQ mocTaTo9yHO TTOKA3aTh JUHEHHYIO HE3aBUCUMOCTb 3THX BEKTOPOB

nag1 Q.

7.1.3. (b) MoxkHO nm0Ka3aTh O WHIYKITHH.
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10 IIporpamma kypca 1A 2014-19 yd4. romgoB

Hyxmo ymerns pemarh 3ajadu, anajgorudnble nm. 2.1-2.7, 3.1, 3.2,
4.1,4.2, 4.5, 5.1, 5.2, 5.5, 6.1-6.3, 7.1, 7.2 xaurn

daemermo, Juckpemnoti momemamury 6 3adavwax, A.A. Diubuuyx,
A.B. Jlatnax, /1.1 Havunckut, A.B. Kynascxuti, A.M. Patizopodckudi,
A.B.  Ckonenxos, A.A. UYeprnos, Hzd-eo MIIHMO, 2016,
http://www.mccme.ru/circles/oim/discrbook. pdf

B ckobkax ykazaHa OpHUeHTHPOBOYHAS CJIOXKHOCTH ITYHKTA IIPOIPaM-
Mbl. POPMATBHOTO CMBIC/IA 9T OAJIBl HE WMET (Cp. CO CIeHapueM
9K3aMeHa Ha https://www.mccme.ru/circles/oim/home/bally.pdf).
Ho MBI HameeMcst, 9TO OHM TOMOTYT CTyAeHTaM pa3yMHO OPTaHM30BaTh
IIOATOTOBKY K 9K3aMeHY: He M3yYaTb «CIO0XKHBIX» IIYHKTOB IPOTPaM-
MBI, IOKa HE M3YUYEeHBI <IPOCThIey. IIyHKTBHI «Ha 5 U MEHBIIE» MOLYT
MCITOIL30BATHCA B JAJBHEHITNX Kypcax 0e3 MOBTOPEHNS MaTepHraJia.

«Be3 nokazarenbcTBay cokpamaerca g0 «6/m». B myHkTax mpo-
I'PaMMBbl TIPUBO/ISITCS CCHLIKK Ha BBINNEYKA3aHHYI0 KHUTY (M1 Ha HMe-
IOIUNCS B HEW CIHUCOK JIUTEPATyPhl UM HA JPYTYIO JUTEPATYPY ).

O6pastibl BOTIPOCOB TTPUBEIEHB! Tocse porpamMmel n B [PT.

Cnacubo cmydenmam 3a 60npocol, 6AG200aDA KOMOPHIM NOABUAUCD
MEAKUE YMOYHEHUS.

I'masa 2. I'padsr (1-ii cemecTp)

1. (3) Onpedeaecnue epaga, epagos ¢ nemaamu u KEPpaMHLLMY pebPa-

Mmu. Opuenmuposarvie 2padvr. COOMHOUWEHUE MEHCOY YUCAOM BEPUIUH
u pebep depesa. (II. 2.1 u 3adawu 2.2.1.)

2. (5) Koo Iprwgepa. Qopmyaa Koau.(3adavwu 2.2.5.a u 2.2.4.c.)

3. (6) Tounasa popmyaa ora wucia Yruyuksuveckur 2pagos. (3adaua

2.2.5.b.)

4. (5) Onpedesenue naockur u naanaprvix 2pagos. Popmyaa Stae-
pa (6/0). Ipumepvr nenaanapuux epagos. Kpumepud Ilonmpazuna—
Kypamoscrozo naanaprnocmu epagos (6/0).(I1. 2.4 u 3adawu 2.4.4.c.)

5. (tosibko B 2014-2016) (6) Kaaccudurayus npasusoHbx MHO20-
2PAHHUKOS C TOYHOCTBIO D0 UBOMOPPUIMA UL 2pados. 6-packpawusaemMocmy
0601 Kapmor wa naockocmu. (3adawu 2.4.5.cdefg u 2.4.1.a.)
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6. (3) ITymu u yuxav. IIpocmwie nymu u yuksv,. Kpumepuu stisepo-
socmu epaga u opuenmuposannozo epagda. (3adawu 2.5.3.ac.)

7. (5) llocaedosamenvrocmu u epagor de Bpéiina.

(rosibko B 2014-2016) IIpasuio «HOAb AyHUe OUHULDLS.
(Badauwu 2.5.5-2.5.8.)

8. (5) [amuavmonosw nymu u yukav. Jocmamounoe ycaosue Jupaka
eamusvmonosocmu epaga. (3adaua 2.6.2.5.)

9. (7) Bepwunnas c8a3HOCTMb U HUCAO HEZABUCUMOCTU 2pada. Jlocma-
MOYHOE YCAOBUE 2AMUADIMOHOBOCNU 68 UT MEPMUHAT. [amusbmoro-

socmo zpaga 1-nepecenenuti 3-2AeMEHMHBLIT TOOMHONCECTNE N -IACMENHOZ0
muoorcecmea. (3adavu 2.6.3, 2.6.4 u 2.6.5.c.)

10. (3) lamuavmonosw, yenu 6 myprupar. Huocnas ouenka ¢ doxasa-
meavcmeom, eepruas — bes. (Badava 2.6.7.)

11. (5) Teopema Typana o wucae pebep 6 epage ¢ QaHHBM YUCAOM EP-
WUH U YUCAOM HE3ABUCUMOCTIU. ACUMNMOMUKG HaUbOAbULE20 YUCAG
pebep 6 epage ¢ n sepuunamu b6e3 k-xaux. (Badavwu 2.7.1 u 2.7.6.)

12. (6) Ouenka wucaa pebep y Jucmanyuon1020 2pada Ha NAOCKOCTNY U

6 mpocmpancmee npoussorvhoti pasmeprocmu. Cpasnenue ¢ meopemoti
Typana. (3adavwu 2.7.2, 2.7.4, 2.7.5.)

I'maBa 3. Packpacku rpacdos (1-iti cemecTp)

13. (4) Coomnowerusa meacdy TPOMAMUYECKUM YUCAOM, YUCAOM HE3A-
BUCUMOCTIU U KAUKOGHIM “UCAOM. (3adawa 3.1.83 us 2aa6vi 3.)

I'maBa 4. OcHoBbl Teopuu Pamces (2-it cemecTp)

14. (3) Yucaa Pamces R(s,t): mounvie snavenus oas s+t < 7. Pexyp-
penmmuas seprras ouenka Ipdewa—Cexepewa. (3adawu 4.1.1, 4.1.2.ac.)

15. (4) Caedcmesue pexyppernmmuot éeprret ouenku Ipdewa—Cexepewa
OAA HeAUA2ZOHANDHBLT U QUG20HANbHBIT wuces Pamces. Ymounenue Kon-
aona (6/0). Huotchas oyenka duazonasvuux wuces Pamces ¢ nomowvio
npocmozo sepoammnocmuozo memoda. (3adawu 4.1.2.b, 4.1.5, 4.1.6.)
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16. (5) Mnozouysemmnwvie wucaa Pamces Ri(ly,...,1.) u ur pexyppenm-

naa eeprHan ouenka. Caedemeue daa Rs(s,t). Huocnas eepoammocm-
naa ouyenka das Rs(s,s). (Badavu 4.2.2.c, 4.2.7, 4.8.3, 4.3.4.)

17. (9) Bepzuaa ouyenka Konaona das dsydosvnoir wuces Pamces: aem-
MG C KOHKpEMHbLMU L, M, T, S U ee anaso2 ¢ NocaedosamesvbHOCTAMUY
(6/0); dokazamesbemeo ouenKky ¢ UCNOAb308aHUEM AeMMbl. (Ecmb opu-
eunasvraa cmamoa Conlon’a, ckawusaemca ¢ e2o domawrnet cmparu-

ubt. )

18. (8) Koncmpyxmuenaa nustcnan ouernxa Ppanxsa—Yuacona dasn R(s, s).

Jl0Ka3ameabemeo Aemm OAs KAUKOBO20 HUCAG U OAA HUCAL HE3A6UCU-
mocmu. [R10]

ImaBa 5. Cucrembr muoxkects (runeprpadsi) (19-26 1-it ce-
Mectp, 21-30 2-ii cemecTp)

19. (7) Tunepepago.. lunepepagor t-nepecenenuti. Teopema pdewsa—
Ko—Pado (0 maxcumarvrom wucae pebep 6 2unepzpage 1-nepecenerudi).

(Badaua 5.1.3.)

20. (6) Hcmopusa nocaedosamenbrvix npodsusicenuti: meopema Jpdewa—
Ko—Pado (obwuti cayuati), meopema @parkaa, meopema Yurcona, meo-
pema Aaceede—Xavampana. (Bce 6/0, 1o ¢ nodpobHbMU KOMMEHMAPU-
amu. Hyocno npodemoncmpuposamsd wemroe nOHUMAHUE, 4O 3G Na-
pamempnut viouparomces 6 meopeme AX: Koeda ama meopema npespanya-
emcsa 6 DK P; xoeda ouenra cmanosumesa mpusuanvhot ( (Z) ); npumepbi
KOHCMPYKUUL, 8 KOMOPIL MOHCHO A6HO NOCHUMAMDb, 4Mo oueHra IKP
ne caman sywwan u AX ee npesocxodum.) (Badavu 5.1.2, 5.1.3.)

21. (3) Cucmemv, obusuz npedcmasumenets (c.o.n.). « Tpusuasvrvies
HUNCHUE U BEPTHUE OUCHKU.

22. (5) Beprnas ouenka pasmeps MUHUMAALHOU C.0.M. € NOMOULIO
orcadno20 anzopumma. (3adawu 5.2.1, 5.2.5, 5.2.6.a.)

23. (8) Koncmpykmushas HUNCHAL OUEHKS DASMEPE MUHUMAALHOT C.0.1.

(Badaua 5.2.6.5.)

24. (7) Huoicnas ouenka pasmeps MuruMasbHol €.0.10. ¢ NOMOULDIO
obobuwernmz c.o.n. (3adaua 5.2.6.c.)
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25. (9) Bepoammnocmmas HUACHARA OUEHKS PA3MEPE MUHUMAABHOT C.0.1.
Caedecmeue u3 nee. (3adaua 5.2.6.def.)

26. (5) Cucmemni pasauunwvz npedcmasumenet. Teopema Xoanra.

27. (5) Hepmanenm. Popmysa pasroocerus no cmpore. Ceasdvb ¢ Ko-
AUYECTNEOM CUCTEM DASAUNHBIT NPEICMasUMEeel.

28. (6) C.o.n. 6 ceomempuu (meopema 0 MPEY20ALHUKAT HA NAOC-
xocmu, 6/0). Pasmeprnocmo Bannuka—Yepsonenruca. Teopema Padona
(6/0). Ilodcuem pasmeprocmu cemeticmea nosynpocmpancms. Jlemma
0 wucse obaacmeti 8 NPocMpParcmee 360GHHOT MOUHOCTU U PA3MED-
nocmu. Jlemma o pazmeprocmu uzmeavuenua (docmamouno dokazamo
cywecmeosanue 6eprrets OUueHKy, ne 0bA3aMmeAbHO maKol, Kakx Ha AeK-
yuu) (Badavwu 5.5.1 u 5.5.2.bc.)

(moavko 6 2014-16) Ouenka wucaa nOOMHONCECTNE 6 cemetcmee 3a-
daHHOT PASMEPHOCTU HA T-IAEMERMHOM MHodcecmse. (3adaya 5.5.9.)

29. (8) Oncuson-cemu. Teopema Bannuxa—Yepsonenruca 06 ancunion-
CEMAT U MEOPEMA 0 MPEY2OALHUKAT KAK 4AcmHoil cAyyadl.

30. (Tonbko B 2014-18) (4) Teopema Bannuxa—Yepsonenruca (6/0).
IIpunosicenus 6 cmamucmure: pasHomepras cxodumocms ¢ 364 (Y354)
u meopema Iausenro—Kanmenrnu wax wacmuvil cayuai.

I';maBa 6. AHajIMTUYeCKUe U BEPOATHOCTHBIE MeTo1bl (31-35
1-ii cemecrp, 36-48 2-ii cemecTp)

31. (3) Ouenku das PGarmopuaros v GUHOMUAALHBLT KOIPHUUUEHMOS.
Ouernku 0as (n%) ¢ nomowwbro mootcdecmea. (3adayvu 6.1.3.bw 6.1.1.ab.)

32. (5) Acumnmomuxa Inn! u V/n! ¢ doxazameavcmeom 6es ucnow-
zosarus gopmyav, Cmupaunza. Popmyasa Cmupaunza (6/0). (3adaua

6.1.6.)

33. (5) Ouenru 6UHOMUAALHULT KOIPPUUUEHMOE 6Uda ([CZ,L]), a€ (0,1).

AHa.n02uumvll pE3yALMam OAi NOAUHOMUAALHULT KodpPuyuenmos. (Ba-
daua 6.1.1.)
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34. (5) Acumnmomuxa dan (}) npu k* = o(n). Ouenxu moti srce 6e-
AUNUHDL Npu boavwur k. Acumnmomuku das (n%)/(n/;_x) (3adawu

6.1.3 u 6.1.4.)
35. (8) Acumnmomuxa wucia yruyursuueckux epapos. (3adaya 2.2.5.c.)

36. (5) Cummempuunwti caywat JIJIJI (6/0). Bwsod ouyenku duazo-
HaAvHo20 wucaa Pamcesa (meopema Cnencepa). (Badawu 6.2.15, 6.2.23.b
u 6.2.28.a.)

37. (8) Cummempuunviii u Hecummempuunuit cayywat JIJIJI (¢ doxa-
3AMEABCMEOM CUMMEMPUUHO20 AUOO HANDAMYIO, AUOO ¢ Q0KA3AMEND-
CMBOM HECUMMEMPUHHO20 U 8bi8000M U3 Hezo). (3adaywu 6.2.15 u 6.2.28.a.)

38. (10+) Bweod uz necummempuunozo cayuas JIJJ wuoscnets oyenku
dasn R(3,t) (c swnucwsanuem nepasencms, mpebyemvs 0is npumeHe-
nwua JIJLJI, nwo be3 ux doxaszamesvcmea). Camvie mounvle u36eCmMHbLE
ouenky das R(3,t) (6/0). (3adaua 6.2.28.b u 3ameuanue nocie wee.)

39. (5) dsydoavnwie uucaa Pamces: HudiCHUE OUEHKU NPOCTIbIM GEPO-
AMHOCTHBIM MEMOJOM U ¢ NoMousbto JIJIJI. Omauvue HUNCHULT OUEHOK
ona 08YdosvHux wuces Pamcea om aHAA02UNHBLL HUACHUL OUEHOK OAA
R(s,t). (/lumepamypo, nem; deaaemcs co8EPUIEHHO GHANOZUYHO MOMY,
Kax Mo ofce camoe 0eaaemcs oas obvrunu wucea Pamces.)

40. (6) Cayuatinwe epagor. Hepasencmesa Maprosa u Qebviwuéea. Hepa-
BEHCMBO 0AA CAYHGTH020 bayocdanus. (n. 6.3, [RO8, n. 1.11 u 1.12])

41. (7) Ceasnocmov cayuaiinozo epaga: caywat p = clnn/n npu c < 1.
Inn+~+o(1)
n

Teopemwi o
n. 2.5/

u 0 2uzanmcrolt xomnonwenme (6/09). [ROS8,

42. (8) Csasnocmo cayuaiinozo epada: caywat p = clnn/n npu c > 1.

[RO8, n. 2.5]

43. (4) Teopemv, Boanrobawa 0 TpOMAMUHECKOM HUCAE CAYHATHO20 2P0~

da (6/0). Ouenku TPOMAMUYECKO20 YUCAL CAYUATHO20 2pada npu p =
o(1/n?) u p=o0(1/n). [ROS, n. 2.6]
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44. (ronbko B 2017-18) (9) Teopemuvi Boarobawa o Tpomamuseckom
wucae cayuatinozo epaga (6/0). Ouenku TPOMAMUYECKO20 YUCAL CAY-
watinozo epaga npup = c/n, ¢ < 1. Cayuatd, xoeda Pyrryus us 6mopot
meopemv, Boanrobawa moocem cmpemumoca x beckonewnocmu. [R0O8, n.

2.6]

45. (tonbko B 2017-19) (8) Ouenra omraonenus 0ra AUNUWUYEGOU
no BEPUUHAM CAYatiHoG seaununs (0/0). Teopema Boasobawa o Kom-
UEHMPAYUY 8 YEMBLPET SHAMEHUAL.

46. (7) Cpasnenue oyenor TPOMAMUYECKOZ0 YUCAL YEPES KAUKOBOE HUC-
A0 U HUCAO HEZABUCUMOCTIU 8 MEPMUHAT CAYHATHWT 2pados: 00Ha «no-
wmu 6ce20a» 3HAUUMEALHO Ayuwe Opy20l (pacnpedesenue KAuko8020
NUCAG U HUCAa Hedasucumocmu). [RO8, n. 2.7]

47. (10) Teopema o mom, 4mo nowmu HaBeEPHOE HCAOHBIT AA20PUMM
HATIem MHOMCECTMBO, PA3MED KOMOPO20 AU, KAK MAKCUMYM, 6 2 pa-
30 0MAUNGEMCA OM pPeasvrozo. Teopema Kyvepw o caabocmu orcadrnoz2o
AN20PUMMA Ha CNEYUAILHuE epagax (6/0). (A. Patizopodckui, "Dkc-
mpemasvhrvie 3adayu meopuy 2pagos u Unmepnwem" | Hnmeanexm.)

48. (8) Teopema Ipdewa o epaghe ¢ boavwum 06X6aMOM U OOAGUUM
TPOMATMUNECKUM Yucaom. (Badava 6.3.3.c.)

ImaBa 7. Anrebpanyeckue merosabl (49-56 1-ii cemectp, 57-
61 2-it cemecTp)

49. (5) Kneseposcruii epag. Beprhssn ouenxa €20 TpOMAMUUECKO20 HUC-
aa. IIpocmuie nuorcnue ouenku. Ilpumepor KOHKDEMHLT KHE3EPOBCKUT
epagos. Kaurxosoe 4ucso u 4ucao He3a8UCUMOCTIY KHESEPOBCKO20 2Pa-

da. ([R7] := A. Patizopodcxui, "lunomesa Knesepa u monoaozuyeckusl
memod 6 xombunamopuxe” , MITHMO.)

50. (6) Bepxnas ouenka TpOMAMU4ecko20 YUCAa KHEe3ePoscko2o epada.
Teopema Jlosaca o Tpomamuueckom wucae kuezeposckozo epaga (6/0).
[R7] (8) @opmyauposka meopemv, Bopcyra—Yaama u ee npumenenue x
doxaszamenvcmey meopemvs Jlosaca. [R7]

51. (Trosbko B 2014-16) (7) Teopema Bopcyra—Ynama—/Trocmeprura—
ITHupesvbmana 68 PasHoLT GOPMYAUPOSKAT, HO ¢ JOKAZAMEABCTNEOM MONb-
KO 6 CAYYAE NAOCKOCTNU U MPermepHrozo npocmpancmea. [R7]
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52. (6) Maxcumaavroe wucao m(n, k,t) nodmmooscecme n-saemenmmozo
MHOIACECMBA, 8 KAHCOOM U3 KOMOPHLT PO6Ho k saemenmos u cpedu Ko-
mopuiT At06ve 064 MHONCECTNBA NEPECEKAOMCA He No T dsemenmanm.
Tounoe snauenue dasa m(n,3,1): A6HaA KOHCMPYKYUA U OUEHKA NO UH-
dykyuu. Junetno-anrzebpauneckan ouenka daa m(n,3,1). Anasoeuy-
nas ouenka das m(n,5,2) u ee aCUMNMOMUYECKAA HEYAYHUAEMOCTD.

[R15]

53. (7) O6bwas meopema DPpanxsa—Yuacona das m(n,k,k — p) npu
k < 2p. (Badawa 7.1.7 u [R15].)

54. (toabko B 2015 m 2019) (9) Teopema Dpanksa—Yuacona 06
m(n,k,k —p) npu k > 2p. [R15]

55. (Tosbko B 2015 u 2019) (7) Tounocmv obeux meopem Ppanksa—
Yuncona npu nocmosawnux k, t. Maxcumarvroe wucao k-snemenmmnois
NOOMHOHCECTNE T-INEMEHTNHO20 MHONCECTNEA, U3 KOMOPHLT A00be 064
MHONHCECTNEA NeEpecekaomes He boaee wem no t anemenmam. Ceasv c
meopueti Koduposanus, meopema Pedas (6/0). [R15]

56. (6) Xpomamuueckue wucaa npocmpancms. Hnmepnpemayus ee-
aununvs m(n, k,t) xax wucia He3a8uCuUMOCmu JUCTAHUUOHHO020 2pada.
Huotcnas ouenka Tpomamuueckozo “ucia NPOCMPancmsad ¢ NoMousbIo
pesyavmamos odaa m(n, k,t). Bosmoocnwe yaywwenus. ([R15] u A.
Patizopodcxudi, "Xpomamuueckue wucaa'.)

57. (7) Teopema Adamapa 0 MAKCUMANDHOM 3HAUEHUU Onpedesume-
aq. Kombunamopnoe onpedeaerue mampuuyv, Adamapa. Ilepecmaros-
Ka cmpok/cmoabyos. Hopmasuszosannas mampuua. Pasmep mampuio
Adamapa xpamen vemwvipem. I'unomesa o cywecmeosaruu. Ilpumep dis
cmenenetl deotiku. Kponexepeso (mensoproe) npoussedenue mampuiy
Adamapa. Koncmpyrxuyusa Ilotiau mampuy Adamapa 4k X 4k das npo-
cmozo wucaa 4k — 1 ¢ ucnoavsosarnuem cumeona Jleoscandpa. Teope-
MQ 0 NAOMHOCTU NOPA0K0S mampuub, Adamapa 6 HaMYPAALHOM pade

(6/0).(3adawu 7.2.1-7.2.3, onpedesenus u eunomesa 6 §7.2, [Hal, AS].)

58. (6) Badaua o packpacke zunepepada: 6EPIHAA OUEHKA YKAOHEHUA
seaunwunol /2n1n(2s) ¢ dokasameavcmeom u sesununot 6y/n 6/0.

[R10]
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59. (8) 3adaua o packpacke 2unepepada: HUNCHAA OUEHKA YKAOHEHUSA
seaununotli \/n/2 ¢ nomouypro mampuy Adamapa.[R10]

60. (roabko B 2014-2018) (4) Humepnpemayus mampuy, Adama-
P4 6 MEPMUHAT OUCTNAHUUOKHO020 2pada, G03HUKAIOWEZO 6 MeoPeMe
Dpanrara—Yuacona (kiuru,).

61. (Tosbko B 2014, 2018 u 2019) (9) IIpobaema Bopcyra. Huocrnas
ouenxa wucaa Bopcyxa. (m. 7.8 u [R14])



284 DJIeMEHTHI JUCKPETHON MaTeMaTHKHU B 33JadaX

OBPA3IIbI BOITPOCOB HA 9K3AMEHE

IIpenBapurenbHas dactb (Bapuant 2014 rona). Hyowcen moab-
K0 omeem/hopmMysuposka; doka3amesbCcmea npusodums He HYNHCHO.

1. HaiiniuTe acuMOTOTUKY OMHOMHUAJILHOTO KOI(MDMUITUEHTA (Z) pu
k% = o(n).

2. Haitiure KOJIMYECTBO JIEPEBBEB C JIAHHBIMU 1 BEPIITUHAMU, C TOY-
HOCTBIO J0 M30MOP(MU3IMA.

3. Jlaiire oupenenenne raMuabToOHOBa HukKaa B rpade. (MoxHo nc-
MOJIb30BATh TOJIBKO ompejiesienne rpada. Ecau Ber ucnonbsyere apyrue
OTpeJIeIeHrsT — HAINPUMep, IUKJIa — TO UX TOYKe HYXKHO JaTh.)

4. ChopmynupyiiTe TeopeMy O XPOMATUIECKOM UHUCJE CIYUANHOTO
rpada B mogenu G(n,p) upu p = o(1l/n) u n — oco.

5. Y IHUCTaHIIMOHHOTO Tpadpa Ha IIOCKOCTH 4n BepIIuH, W Cpean
JI00bIX N+ 1 BeptuH ecthb pedbpo. ChopMymupyiiTe HAMTY YTy IO OTICHKY
Ha, KOJIMYEeCTBO pebep Takoro rpada, JOKa3aHHYIO B Kypce.

6. Haitmre KauKoBoe dmcio rpada, BepIInHbl KOTOPOTO — BCE O-
9JIEMEHTHbBIE TTOAMHOXKeCTBa 20-3/1EMEHTHOIO MHOXKECTBa, 1 Pedpo Mex-
JIy BEPIUHAMY TTPOBOJINTCSA B TOM U TOJBKO B TOM CAyUae, KOT/Ia MHO-
’KE€CTBa HE II€PECEKAIOTCH !

7. Haiimure Ry(15,4,4,4).

8. Haitaqure makcumasibayto VC-pa3zMepHOCTh ceMeicTBa TOMHO-
&ecTB MHOXKecTBa {1,...,10} B KaxKI0M MOIMHOXKECTBE KOTOPOTO 60-
Jiee 5 3JEeMEHTOB.

OcHoBHasg 4YacTh (TOYHO TaKUX BOIPOCOB Ha K3aMeHe He
Ooymer). 3decv eaasrnoe — ne omsemui, a dokazameavcmea. B wacmmo-
cmu, GopMYAUPOSKU U JOKA3GMEALCNEA 6CET UCTOABIYEMBLT CMYIeH-
mom peayavmamos u3 kypca /JA (6 wacmnocmu, 6cex pe3yabmamos u3
kypca JTA, ucnosvayemus 0ia doka3amesbcmsa dpy2us pe3ysbmamos
us xypca [AA). Ilpu amom mootcro noavzosamuvcs 6e3 d0Kka3amMesbCcmea
PEZYALMAMAMY U3 OPY2UL KYPCOS.

Bomnpoc u3 6umnera. CymectByeT Jm 57 moamMuoxKecTB 60-371€MEHTHOTO
MHOKECTBa, B KaXKJIOM 13 KOTOPBIX 30 9/IeMEeHTOB, U J100bIe 1Ba U3 KO-
TOPBIX TepeceKarTcd 1o 15 agemeHTam?

Kpumepuu. MakcuMmaabHOE KOJIUIECTBO OYUKOB 7.

Koncrpykius ¢ ucnosib3oBanuem 3aja4un (.2.4 6€3 ee jJ0Ka3aTe b
cTBa — 2 OYKa.
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3a 1m0CKa3Ky ‘BCIOMHUTE MAaTpumbl Ajgamapa’ CHUMAETCs 2 0UKa.

Jomn. Bompoc mormpoirie. KakoBo HamboJjibIliee 9uCIO pedep B
rpade ¢ 52 BepIMHAMU, B KOTOPOM CPEJIN JIFOOBIX O BEPITUH €CTh 2, He
coeMHEeHHbIe pedpoM?

Kpurepunu. MakcunmaibHOE KOJTUYIECTBO OYKOB 6.

[TpaBuabHBIM 0TBeT 6€3 J0oKa3aTeabCTBA — 1 0YKO.

[IpaBuIbHBIN OTBET ¢ BBIBOJIOM M3 TeopeMbl Typana 0e3 ee jokasa-
TeTHCTBA — 2 0YKA.

[IpaBuyibHBII OTBET C BBIBOJOM U3 TeOopeMbl TypaHa ILIIOC KOH-
CTPYKIIUS ‘MaKCUMaJbHOTO Tpada’ 6e3 jJoKazaTebCTBa BEPXHEH OIeH-
K — 3 OdYKa.

3a moAcka3Ky ‘BeriomMHUTE Teopemy Typana' cHUMaercd 2 09Ka.

Jor. Bompoc mocJsioxkuei. Ykaxure dyHkuuio f(n), ajid KOTo-
poit R(n,n) 2 f(n). (Hem 60sbine dyukius, Tem Boiie Barra oreHka. )

Kpurepuu. MakcnmaibHOE KOTMIECTBO OUKOB 9.

3a omenky Tuma R(n,n) > n? crasurea 1 odUko.

3a onenky tumna 4.1.5.b craButca 6 0UKoB.

3a onenky tuma 6.2.21.b craBurca 9 04KOB.

Ecim npu aToM He jokasbiBaercsa HepaencTso n! > (n/e)” (6.1.6.¢),
TO CHUMAaETCsl 2 0YKa (9TO HEPABEHCTBO HECJIOKHO JOKa3biBaeTcs 6e3
ncmoab30Banust (popmyasl CTUPANHTA; ero BBIBOA u3 (opmyabl CTup-
JIMHTA, He JIOKA3aHHON B KypCe, HE CUUTALTCH JOKA3ATEILCTBOM ).

Ecau npu stom He mokaswiBaercd JIJIJI B cummerpuunoit dpopme
(6.2.15.b), To cuumaercs 5 oukos (JLJIJI B cummerpuunoii hopme cry-
JIEHT MOxKeT Jinbo Halpsimyto, Jubo doxasas JIJIJI B HecuMMeTpudHOi
dopme u BuiBe s JIJLJI B cuMMmeTpuaHOit popMe; BBIBOJ, CHMMETPUIHOM
dOpMBI U3 HECUMMETPHUYIHON B 9TOM MECTE HE CUNTACTCA [T0KAZATEb-
CTBOM CHUMMETPUYHOI, XOTS U BXOJUT B TIPOTPAMMY ).

3a noackasky — QopmysmpoBky 4.1.5.c — cHuMaercd 2 odka. 3a
MOJICKA3Ky — (QOPMYJIMPOBKY KarKJOT'0 CJIEIYIONIEro IMyHKTa TOM 3a-
Jaul — CHUMaeTcs erre 1o 1.

ITpuzoBoii Boipoc. CyliecTByOT Jiu XOTsI ObI 0JIHO Kk U TIOJIMHOKE-
crBO k-MEPHOIO LIPOCTPAHCTBA, KOTOPOE HEBO3MOXKHO pasbuth Ha 2k2
qacTeil MeHbIero auamerpa’



