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Kak 0606wmutb a1 cbopmynbl Ha cos(27/n)?



PaccmoTpum kanbkynaTop ¢ KHoMKamu
L 4+ — %X : n |/

KanbkynsaTop BblMMCASET Yncna ¢ abCONOTHOM TOYHOCTBIO 1
MMeeT HeorpaHu4eHHyro namsTe. [pu geneHun Ha 0 oH BblgaeT
ownbky. Kanbkynsitop onepnpyet C BELLECTBEHHBIMMW YNCAAMM 1
NpU U3BJIEHEHUN KBALPATHOIO KOPHS U3 OTPULLATENBHOrO YMCna
BbIGAET OLINOKY.

Teopema laycca. Yucno cos(2m/n) mMoxHo nonyunts Ha
KanbKyNATOpEe Torga U TOAbKO Torga, korga h = 2°py ... py, rae
Pl, ..., P| — Pa3andHble NPOCTbIE YUCAA BUAA 22 11,

ByneT nprneefeHO ManonN3BECTHOE NPOCTOE fOKA3aTENbCTBO YacTu
«TOrgay 3Toi Teopembl. [nsi NOHUMaHMS fOKa3aTeNbLCTBA
JOCTAaTOYHO HaYaJIbHbIX CBEAEHU O MHOrO4YIEHAX, KOMMJIEKCHbIX
YuCen n CpaBHeHUsIX No Moaynto. Ha npocTeix npumepax,
CBODOLHBIX OT TEXHUYECKMX AeTanel, Mbl MO3HAKOMUMCS C
oTnpaBHbIMN ugesimu Teopun lanya.



MopgroroButenbHble 3afa4nM K JeKLUN.

BeluecTBeHHOE YNCNO Ha3bIBaeTCS BELYECTBEHHO MOCTPOUMBbIM,
€C/IN €ro MOXHO NONY4UTb Ha KasbkynsTope (T.e. nony4nts u3 1
npyu MOMOLLN CIOXKEHWIA, BbIHUTAHWNA, YMHOXKEHWT, AeNeHni 1
N3BJIEYEHN KBAAPATHOrO KOPHSA U3 MONIOXKNTENbHbBIX YNCEN).

1. Yuncno cos(27/n) noctponmo ans n = 3,4,5,6,8, 10, 15.
2. Ecimn cos(27/n) noctpoumo, 10 cos(7/n) noctpoumo.

3. Ecan cos(27/n) n cos(27/m) nocTpoumsl 1 m, n B3aMMHO
npocTel, To cos(7/mn) nocTponmo.

4. Ecan (u+ vi)?> = a+ bi n a, b nocTpoumsl, TO U, V NOCTPOUMSL.

5. PewnTe cncremy ypasHennii (X, y, z, t — HemsBecTHble, a, b, ¢, d
N3BECTHBI ):

X+y+z+t=a xt+ty+z+t=a
xX+y—z—t=b (b) xX+iy—z—it=b>b
X—y+z—t=c X—y+z—t=c
x—y—z+t=d xX—ly—z+it=d

(a)



6. Obo3Haumm

C1+iV3
2

6 . T(X) — X+BX3+52X9+53X27+B4X81+,B5X243.

JNokaxute, 4to T(x) = AT (x3) mod x” — 1.



TEOPEMA TAYCCA O PA3PELLUINMOCTW B PAOUKAJIAX

CdbopmynnposaHHyto Bbie Teopemy [aycca MOXHO
neped>opMyANpPOBaTh B TEPMUHAX MOCTPOUMOCTY LUPKYAEM U
JINHENKOV NPaBUNbHbIX N-YrOAbHNKOB.

To, 4TO Ha3bIBANIOCE NOCTPONMOCTLIO, Byaem akKypaTHee Ha3blBaTb
BeLyeCTBEHHON nocTpoumocTbio. CNoBO «MOCTPOUMOCTLY bygeT
0b0o3HaYaTb KOMIMIEKCHYHO MOCTPOMMOCTb, ONPEAENEHHYIO Aanee.
Hanpumep, BeLeCTBEHHO NOCTPOUMBI YUCAa

4 1 o
V2=\Va, \2vE va+va, s s

Crporo rosopsi, Teopema l[aycca He faeT HACTOSILLErO peLLeHns
npobembl BELECTBEHHOI nocTpoumMocTu HYncen cos(27/n),
NOCKOIbKY HEN3BECTHO, Kakune wincna suga 22 + 1 ssasiorcs
npoctbimu. OaHako Teopema laycca paet, Hanpumep, BbiCTpblii
aNropuTM BbISICHEHNS MOCTPOUMOCTH Hucna cos(2m/n).



VicTopuns 3Toii 3HaMeHUTOW TeOpeMbl 34€Ch He MPUBOLUTCS, CM.
kaury C. TmHamkuHa. YacTs «Tonbko Toraa» aokasaHa Bawuenem,
noatomy «Teopema [aycca-BaHuens» — bonee TouHoe, HO MeHee
oblenpuHaToe HasBaHue.

Teopema lNaycca nHTepecHa COBPEMEHHOMY YENOBEKY Kak peLleHmne
npobHoii 3agaun ob nccaegqosanum onepaunii.

3aeck byaeT NnpuBeneHO Masou3BECTHOE MPOCTOE NIEMEHTAPHOE
Jokasatenbcto Teopembl [aycca. OHO NOMYHEHO N3 MMEKOLErocs B
kuure . DaBapaca « Teopus Manyay HEKOTOPBIM YMPOLLEHUEM.
Edwards H. M. Galois Theory. Springer Verlag, 1984.
KoMMNIeKkCHbI KaNbKyNATOP MMEET Te XK€ KHOMKM, H4TO W
ONPERENEHHBIA Bbille BELLECTBEHHbIN, HO ONEPUPYET C
KOMMNIEKCHBIMI YNCNAMU U NPU HaXaTuM KHOMKM  / BblAaeT oba
3Ha4eHnst kopHsi. Ha (komnnekcHoM nin BewecTBeHHOM)
KaNbKyIATOPE MOXHO NONYYUTL YUCIO, ECAN HA HEM MOXKHO
NONYHYUTb MHOXKECTBO YUCEN, COAEPXKALLMX 3aAaHHOE YNCAO.



KomnnekcHoe 4ncao HasbiBaeTcA NOCTPOUMDbIM, €CNn €ro MOXXHO
NONYy4NTb HA KOMNNEKCHOM KaJlbKynsaATope.

Nemma o komnnekcudmkauun. (a) Yucno cos(2m/n)
MOCTPOMMO TOrAa U TOJILKO TOrAA, KOrAa YUC/I0

en 1= cos(2m/n) + isin(27w/n) nocTpoumo.

(b) KomnnekcHoe 4ncno noctpoumo Toraa u ToNLKO TOrAa, KOrAa
€ro BELECTBEHHAS M MHUMAs YaCTy BELYECTBEHHO MOCTPOUMBbI.

VkasaHnune k gokasatesnsctey. Yactb «Tonbko Torgay B (a)
OY4EBUAHA.

Hactb «TONbKO TOrgay B (@) cnegyeT M3 paBeHCTBaA
2cos(2m/n) = e, + e, L.

Hactb «Torga» 8 (b) ouyeBngna.

(3ameTum, 4TO Ha KaNbKyASTOPE HET KHOMOK Re n Im.)

Ans pokasatenbcrTBa 4acTu «Tonbko Toraay B (b) Hanuwwure
va+ bi = u+ vi n BolpasnTe U, v Hepes a u b ¢ NOMOLLbIO
YeTblpex apuMETUHECKNX ONepaLuil U KBafApaTHbLIX PajnKasos.
QED



MnaH gokasaTenbCcTBa NOCTPOUMOCTU B Teopeme laycca

Jlemma 06 ymHoxewun. Ecau €, u € noctpoumsr u m, n

B3aUMHO MPOCThbl, TO €2 U Empn MOCTPOUMBI.

0Ka3aTenbCTBO NoNyYaeTcs u3 POPMYN €op € /En N Emn = €560,
m

roe X M y — uenble 4ucna, ans kotopeix nx + my = 1. QED

LokazatenbctBo noctpoumoctu B Teopeme aycca. o nemmam o
KOMMieKcMpmKaumm n 06 yMHOXKEHUI AOCTaTOYHO A0KasaTb, YTO
€p NOCTPOMMO ANA Noboro NpocToro n = 22" 4 1. Tak Kak
n—1=2" 1o no nemMme 06 YMHOXEHUN £,_1 NOCTPOMMO. 3HAYUT,
NOCTPOMMOCTb HUCAA £, BbITEKAeT U3 ciegytoweii nemmel. QED

OcHoBHas Jlemma. Ecau n npoctoe, 1o u3 uncen 1 u B = e,-1
MOXHO MOJYHUTb MHOXKECTBO HYUCEJ, COAEPXKALLEE € 1= Ep,
NCMO/Ib3YS1 HETbIPE aPUPMETUHECKNE ONEPALNN U U3BIIEHEHUS
kopHeii (n — 1)-i ctenenn (npu KoTopbix nony4darotcs Bce n — 1
3Ha4YEHNIT KOPHSI).



Naea pokasatenbCcTBa NOCTPOMMOCTW HA Npumepe Yucna
E .= ¢y
Bo-nepsbix,
o 2 4 8 _
To=c+e"+e 4+ =-1.

CHavana goKkaXkem NOCTPOUMOCTb YMCAa

T> =g —e? et — 8.

Mpu 3amere € Ha €2 yucno T, nepexoanT B — To. 3HauuT, T3 He

MEHSIETCS npu 3Toi 3amene. [MosTomy T22 HE MEHSIETCS Npu
LOBYKPATHOW 1 TPEXKPaTHOW TaknWX 3aMeHax, T. €. Npu 3aMEHax € Ha

£* n e na €8 = 3. Urak, ans noboro k uncno T22 He MeHseTCs

npu 3ameHe € Ha k.
Packpoem ckobku B npousseaeHum T22 N 3aMEHUM €

Mosy4um paeeHcTBO

5 ha 1.

T22 = ag + aie + 3252 + 3363 + 3454 ONS HekoTopbIX ak € Z.

Tak kak gna noboro k yucno T24 HEe MEHSIETCSI NPU 3aMEHE € Ha

ek, 10 a1 = ap = a3 = a4. NosTomy T2 = ag — a1 € Z. 3naunT, T

NOCTPONMO.



Obo3Haunm

8

T1::5+i52—54—i5 n T3::5—i52

— et 4 et
Torga To+ T1 + T2 + T3 = 4c. MMoaToMy AOCTAaTOYHO AOKa3aThb
noctpoumocts yucen T1 u T3. Caenaem ato ana Ti;
LOKa3aTeNbCTBO Aast 13 aHalorMyHo.

Mpu 3ameHe € Ha €2 yncno Ty nepexognt B —iT1. 3HauuT, T} npn
3TOli 3ameHe He MeHsieTcs. [osTomy T He MeHsieTcs mpu
OBYKPATHOW U TPYXKPaTHO 3aMEHe Takoro BMAaa, T. €. Npu 3aMeHe

e Ha et n e na 8 = &3, Urak, ans moboro k yucno Tf He

MEHSIETCS! NPy 3aMeHe € Ha K.
Packpoem ckobku B npousseaeHnn T; 1 3amMeHUM €

Mony4um paBeHCTBO

5 ha 1.

Tf = ag+aie+ 3252 + 3353 + 3454 ONs HekoTopbIX ax € Z+ i7Z.

Tak kak ans noboro k uncno T7 He MeHsieTcs Npu 3aMeHe € Ha

ek, 10 a1 = ay = a3 = as. Mostomy Tf =ayg—a1 €Z+iZ.

3HaunT, T1 nocTpoumo.



KOppeKTI/IPOBKa naoen: MHOro4sieHbl BMeCTo 4ucen

B npueeneHHbIX paccyAeHusiX HYKHO 0D0CHOBaTL KOPPEKTHOCTD
onpeneneHusi «3amenbl € Ha €Xy. ObocHosanne gnsi obwero
c/lydast TPYAHOE; YMTaTeNb MOXET HaliTh NpuMep Takoro
paccyxxgenusi B §24 knurn dgeapaca. [lostomy BmecTo Toro,
4TObBI €r0 NPUBOAUTL, Mbl HEMHOIO U3MEHUM A0Ka3aTeNbCTRO;
WMEHHO 3TUM MPMBOANMOE 40KA3aTEeNbCTBO NPOLLE JAHHOIO

B KHUre JaBapaca. Bmecto pabotel ¢ 4ucnamu mol bynem
paboTaTb C MHOrouneHaMu W NOLACTABNSATL B HUX € B Ka4ecTee
aprymenTa. [lga MHOro4s€Ha C KOMNAEKCHLIMMN KO3 DULMEHTaMM
Ha3bIBAKOTCA CPABHUMBLIMU [0 MOAY/IHO MHOMOYEHA P, ECAN UX
pasHoctb genntca (B C[x]) Ha p.



[oka3aTenbCTBO MOCTPOMMOCTN YUCAHA € = E5.

Onpeaenum muorounen T1(x) := x + ix?> — x* — ix8. Onpeaenum
muorounensl To(x), T2(x) n T3(x) dopmynamu, aHanornyHbiMu

BbileHanucanubiM. Kak un Boiwe, (To + T1 + To + T3)(e) = 4e.

MosToMy [OCTaTOYHO AOKa3aTb MOCTPOMMOCTb KaXKAOrO U3 YMCen
T/ (), r=1,2,3. Nmeem

iT1(x2) TH(x) =

1

il

X

il = T

x5

—  THx¥) = THx) ans noboro k.

x5—1
BosbMmeM MHOrouneH ag + aix + axx? + azx3 + agx*
c koacbbuuymentamm & Z + iZ, cpasHumbiii ¢ T1(x) no mogynio
x® — 1. Torga ax = @k mod 5 AN noboro k = 1,2, 3, 4. 3nauur,
a1 = ap = a4 = a3. Noatomy T (e) = ap — a1 € Z + iZ. 3naunT,
T1(g) noctpoumo. Ananoruuano Ta(e) n T3(e) noctpoumsl. QED



3apava. (a) PewnTe nogrotoButensHyto 3agady 6.

(b) MpuneeguTe BbIYNCAEHNE HA KOMMIEKCHOM KalbKyNSATOPE YMCna
€7, NP KOTOPOM U3BJIEKAKOTCS TOSILKO KOPHU BTOPOIi U TpeTbeil
crenexn. CKONbKO pa3 Npu 3TOM N3BJEKAETCS KOPEHb TPETbENA
cTeneHun?

(c) Jokaxkute, 4TO HA KOMMIEKCHOM KabKy/NSTOPE MOXHO
NONYHYUTb YUCAO £7 TaK, YTODLI TONBKO OAMH Pa3 N3BMEKATb KOPEHb
TpeTbell CTENEHN 1 HE N3BJIEKAThL KOPHeli bonbluel cTeneHn.

3apaya. Hucno €17 nocTponumo.
Vkazauume. Obo3Haunm

Bi=c15 n T(x):=x+p8x"+32x30+p3x10 4+ 615x615.

Dokaxute, uto T(x) = BT(xO).

x17—1



Teopema o nepBoob6pa3HOM KopHe

Mpn pokasaTensCTBE NOCTPOUMOCTY YNCAA £5 Mbl UCMOBL30BAN
Pa3/IMYHOCTb OCTATKOB OT genenus yncen 2,22, 23 2% ya 5. Mpn
peweHunn 3aga4mn Bbl ncnonbsosanu aHanoruyHoe CBONCTBO YMcen
3u7,6ul7. Ona obwero cnyyas Heobxogumo cnegyrowee
obobueHme.

Teopema o nepsoobpasHom kopHe. [lis moboro npocroro p
CYLLECTBYET YUCIO g, AN KOTOPOro OCTATKU OT JENEHUS HA P
gncen gt, g%, g3, ..., 8P~ pasnuunsi.

VkasaHnune k gokasatensctBy gia p = 2™ + 1 (tonbko aToT cay4ai
HyxeH ans Teopemsi [aycca). Ecnm nepeoobpa3HOro KOpHsi HET, TO
m—1
cpaBhenune x> =1 umeer p— 1 =27 > 2! pewennii. QED
P



Joka3atenbLCTBO OCHOBHOI IeMMbl 415 00uLero cnyyas.
Ob6o3HauumM yepes g nepeoobpasHbIii KOpeHb MO MOAYIO M.
Ob6o3zHauum

Z[B) == {bo+b1B+ b +. ..+ by2B"2 : by, by,... by €L}
Anar=20,1,2,...,n— 2 Bo3bMmem «pe3onbeeHTy Jlarpanxay
To(x) := x + B'xE + B¥xE + ...+ B2 x8" ¢ 7[8][x].
Torga (To+ Ti+...4+ Th2)(e) = (n—1)e.

n—2

Nimeem To(e) = —1. MNMoaTomy AOCTaTOYHO goOKa3aTb JIEMMY C
3ameHoli £ Ha Kaxgoe u3 uncen T,(g), r=1,2,...,n—2.
Tak kak
BT, (x%) =, T,(x), To T,”_l(xg) =, Tr"_l(x).
Xni an

Bo3sbMmem MHOrouneH ag + aix + apx% + -+ + ap_1x" 1 ¢

koadbbuumentamu & Z[3], cpasrumbiii ¢ T"~1(x) no moaynto
x"—1. Torpa a1 = ag = a2 mod n = g3 mod n = - - - SHAYMT,
ay =ap=---= ap_1. [Nostomy Trnfl(é“) =39 — a1 € Z[ﬂ]
3HauuT, nemma BepHa ¢ 3ameHoii € Ha T,.(g). QED



3apava ana uccneposanua. [ns kakux n 4ucno cos(2m/n)
(a) paunoHanbHo?

(b)* npeacrasumo & suge a+ Vb, rae a, b € Q?

(c)* MOXHO NMONYYNTb HA BELLECTBEHHOM KaJibKyNSITOPE, €C/N
Pa3peLLAeTCA U3BIEKATL KOPHU J1H0OLIX CTENEHEN, @ HE TOJIBKO
KBagpaTHble?

Cm. nogpobHee §9 (B bymaxHoii Bepcun §5) cnepytowlein KHmru.
DNeMeHTbI MaTEMATUKN B 3a[a4aX: YEPE3 OJIMMINALLI U KPYXKUA K
npocpeccun Cbopruk nog pegakuyneii A. 3acnasckoro, A.
Ckonenkosa n M. Ckonenkosa. Vzg-s0 MLIHMO, 2018.
http://www.mccme.ru/circles/oim/materials/sturm.pdf.



