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AnnHoTarnns

Jlannasi paboTa MoCBsIIEeHa BOMPOCAM MOUCKA HEBHIUMBIX (PUTYDP Ha TJIOCKOCTH U TO-
BepxHocTeiil. B pabore Oyaer mpeaioKena KOHCTPYKIUs IIOBEPXHOCTH, HeBUAMMOI U3 3a1aH-
HOli ToukHM (Teopema 1), a TakKe H0Ka3aH (GaKT 0 KPUBBIX BTOPOrO MOpsijika (rumoresa 2).
B nauasie popMyJMPOBKE OCHOBHOIO PE3yJIbTaTa JAHO OIPEIeIeHUe HEBHAUMBIX M3 TOUKH
nosepxHocreit u uryp.

1 MoTuBupoBKa.

Buepsbie 3a/1a1y 0 HaX0K/I€HUU TOBEPXHOCTH HAUMEHBIIEr0 CONPOTUB/IeHus moctasus Vca-
ak Heroron B 1687 roay B cBoeii kuure "Principia" |[1]. Hetoron pemmun sty 3amady npu
CJIeIYIOIINX, BIOJIHE €CTEeCTBEHHBIX, MPE/INOI0KEHNAX: TTOBEPXHOCTh BBIMYKJIA W MOJIYYeHA
IIyTeM BpaIleHns ILJIOCKOH (PUTYyPBI BOKPYT OCH.

Okazaoch, 9TO0 ONTHMAIbHAS IOBEPXHOCTH MMeeT HeCKOJBKO MapaJoKCATbHYI0 (hOopMy:
ona umeer "Tymnoit kouern' , 6e3 3aocTpenusi. Hproron nosyuni gBHyo GhopMmysty i 9TOM
nosepxuoctu. bosiee 300 Jjier HUKTO He HoJBepraj comuenuio pemrenne Hoiorona. Jlumb B
Hadase X X[ Beka BBISICHUIOCH, 9YTO ONMTHMAIbHAST BRITYKJIast TOBEPXHOCTH BOBCE HE SIBJISIETCS
HOBEPXHOCTBIO Bparenus. Hamnpumep, y, Tak HasbiBaemoii "orseprku" [3], conmporusienue
MeHbIIe, yeM y nosepxHoctu Herorona. Bosee Toro, kak nokasasn B 2009 r. [2]| A.FO.IT1axos,
Cpe/il HEBBINYKJ/IBIX OBEPXHOCTEH eCTh TaKhe, y KOTOPbIX CONPOTUBJIEHHE CKOJIb YT'OJHO
MaJI0, a TaKzKe, 9TO CYMIECTBYIOT MOBEPXHOCTU C HYJIEBBIM CONpOTHUBIeHNEeM. B dbusuaeckoii
WHTEPIPETAINT 3TO 0O3HATAET, YTO TAKNe TIOBEPXHOCTH, CJAeTAaHHbIE 3 3yIIPYTOT0 MaTepHaia,
Oy/IyT MPOIYyCKATh, He OTK/JIOHA, HapaJIeTbHbII IIyI0K TaCTHUIL.

B crarbax [4] u [5| npsiBogsiTcss mpuMepsl MOBEPXHOCTEll B MPOCTPAHCTBE, HEBUIUMBIX
JUIS TaPaJIJIeJIbHOIO My dKa ¢Bera. pyrumu cjioBaMu, 310 MOBEPXHOCTHU, HE OTKOHSIONIUE T1a-
paJieJIbHBI TIy90K CBETa 10 HEKOTOPOMY Hampas/jeHnio. HemaBao ObLT OCTPOEH peasibHbI
MPOTOTHUI TAKOW MOBEPXHOCTHU, OJHAKO BBISCHUJIOCH, YTO JJIsT HAOJIOAATE s, HAXOISIIEero-
cs Ha PACCTOSHHUE IOPSIIKA MeTpa, Takoii 00beKkT BuauM. /Ipyrumu cioBamu, MOBEPXHOCTD
ncKazkaer 3purenbayo Kapruay. Toraa C.I1. Tapacos yka3a Ha BO3MOXKHYO IPUUINHY: HEBH-
JIMMBIe TIOBEPXHOCTH, pACCMOTPEHHBIE paHee, ObLIN HeBUIUNMBIME TOJBKO IS TAapPAJLIeTHHOTO
mydJKa JIydeit, TO eCTh ijisi OECKOHETHO YIAJEHHOTO HADJIIO1aTe Isl.

B s7oit pabore Oyier mocTrpoeHa MOBEPXHOCTh, HEBUAMMAST JIJIsi HAOJIIOATE s, HAXO/Is-
Ierocss B HEKOTOPOil 3aJaHHOil Touke. [Ipm mocTrpoenmn OyIyT HCIOJIB30BaHBI OY/IyT HC-
II0JTb30BAHbI HEKOTOPBIE CIIENUATbHBIE CBOMCTBA /ITHIICOB U THIIEPOOJI, KOTOPHIE, BO3MOKHO,
MPEJCTABISIOT U CAMOCTOATETLHBIN HHTEpec.



2 @opMyJaupoBKa OCHOBHOTO Pe3yJIbTaTa.

[Tepen ¢popMyTupPOBKOl OCHOBHOTO pe3yIbTaTa pabOThI, HATOMHIM OINPE/IeTeHUs HEKOTOPBIX
OOIIEN3BECTHBIX MOHATHUI, KOTOPbIE HAM IIOHA/I00TCS.

Onpedeaerus.

Dueypoti 6y1eM Ha3BATh KOHEYHOE O0heINHeHne AyT TJIaIKUX KPUBBIX HA TJIOCKOCTH'.
Pacemorpum Hekoropyio dburypy ¢. Tpaekropueil B IIOCKOCTH Ha3bIBAeTCSA JIOMaHasd,
VAOBJIETBOPSIONIAs CJIeTYONUM YCIOBUIM:

® HAaYaJbHOE U KOHEYHOEe 3BEHO JIOMAHOU SBJIIIOTCA YaCTIMU ﬂyqeﬁ, He IepeceKarolnx

o8

® BCe BepIIHHBI JJOMAHOH, KpOMe KOHIIOB, AB/IAIOTCA TOYKAMHU ¢, B KOTOPBIX CYIIECTBYET
KacarejabHas K ¢@;

® CocCeJIHME 3BeHbs JIOMaHOH 0Opa3yIoT paBHbIE YIJIbI C KacaTeJbHOH K ¢, IPOBeIeHHOI
B MX 00IIeil BepInunue.

Tpaexkropust Ha3bIBAETCsl COXPAHMIONIEl HAPABICHUE, €CJIU €€ HAYAJIbHOE U KOHETHOEe
3BEHbd JIe2KaT HA OAHON HPAMOIL.

[Tycth Touka A He nmpuHaAIekuT ¢. Torma cylecTByeT HemepeceKkamIas ¢ OKPYKHOCTh
w ¢ mearpom A. Jlyum ¢ HagamoMm B A B3aHMHO-OJHO3HAYHO COOTBETCTBYIOT TOUYKaM B Ha w
(3B = ABNuw).

Hekoropoe cBoitcrBo BbinojiHeHo jist nowmu eécex (Ilo Jlebeey) touex B, ecim jjist ji1060-
ro € > 0 CcymecTByeT C4eTHOE MHOXKECTBO OTKDPBITBHIX JIyT (Jyra ¢ HCKJIIOYeHHBIMU KOHILAMHU )
Ha OKPYKHOCTH W, CYMMapHasd JJNHA KOTOPBIX MEHBINE €, TAKAX YTO 3TO CBOWCTBO BBITIOJ-
HEHO 11 JIT0O0i TOUKN OKPYZKHOCTH, He JiexKalleil B 00be IMHEHUN STUX JIyT.

Qurypa ¢ Ha3bIBaeTCd HEBUIUMOIl u3 Toukn A, ecim s mouru Jiroboit Touku B 3Toii
OKPYXKHOCTH JIyd AB IpPOXOINUT Yepe3 HAYAJIbHOE U KOHEUHOE 3BEHO TPAEKTOPHH B ILTOCKO-
CTH.

Bameuanue 1. Ecim muO)kecTBO Touek B mMepbl Hy/1b (no Jlebezy), ToO MHOKECTBO TOYEK
B’ na equauYHONR OKPY2KHOCTH w1 ¢ menTpoM A Takux, uro B’ = w; N AB, TakxKe aBJIsercs
MHO?KECTBOM Mepbl HY/JIb.

[TycTh ¢ — MOBEPXHOCTH B mMpocTpaHcTBe K3,
TpaekTopueii B mpocTpancTse K2 HasbiBaeTcs JoMaHasd, YI0BICTBOPSIONAA CJIe Ty IOIM
YCJIOBHUSIM:

® HAaJaJbHOE U KOHEYHOE 3BEHO JIOMAHOU SBJIIIOTCA YaCTIMU ﬂyqeﬁ, He IepeceKarolnx

o8

® BCe BepIIUHBI JIOMAaHO, KpOMe KOHIIOB, SIBJSIOTCSI TOYKAMH ¢, B KOTOPBIX CYIIECTBYET
KacaTeJbHAs IJIOCKOCTD K ]

® CocejIHIE 3BEeHbS JIOMAHOII 00pa3yoT paBHbBIE YIVIBI ¢ HOPMAJIbIO K KacaTeJbHOM ILTOC-
KOCTH K ¢, IPOBEJIEHHOIl B UX 00IIeil BepIInue.

!B pafoTe paccMaTpUBAIOTCA TOIBKO (DUTYPHI, COCTOSAIINE M3 KOHHK.



[Iycth Touka A He nmpuHaIexkuT ¢. Torma cymecrByeT Hemepecekamomas ¢ cdepa w ¢
nearpom A. Jlyum ¢ Hadasmom B A B3aMMHO-OJHO3HAYHO COOTBETCTBYIOT TOYKaM B Ha w
(3B = ABNuw).

HekoTopoe CBOiiCTBO BBITIOJHEHO Jist noumu ecex (no Jlebezy) Touexk B, eciu 1yis T1060r0
€ > (0 cymecTByer c4eTHOe MHOZXKECTBO OTKPBITBIX KPYroB (BHYTPEHHOCTH Kpyra) Ha cdepe
W, CyMMapHasi TJI0MA/Ib KOTOPBIX MEHBIIE €, TAKAX ITO ITO CBOCTBO BHITIOJIHEHO JIJIsT JIFOOOH
TOYKHU cdephl, He JexKalleil B 00be IMHEHNN 3TUX KPYTOB.

Qurypa ¢ Ha3bIBAETCI HEBUIUMON M3 TOUKH A, ecau i modTu Jiro0o0it Touku B 3Toi
cepnr 1ya AB mpoxoauT depe3 HAYAJIbHOE W KOHEYHOE 3BEHO TPAECKTOPHH.

Bameuganue 2. Ecin muozkectBo Touek B mepsl nyib (no Jlebezy), T0 MHOKECTBO TOYEK
B’ wa emmnnunoii cdepe wy ¢ mearpom A takmx, uro B’ = w; N AB, Takxke sBJIsieTcs
MHOYKECTBOM MePBI HYJIb.

Terneps Mbl MOzKeM chOpPMYIUPOBATH OCHOBHOIT pe3yJibTar.

Teopema 1. Cywecmeyem noseprHocmy 6pau,enis, HecudumMas us Hexkomopot mouru.

JlokazaTeabCTBO TeopeMbl 1, BKIOYasd MOCTPOEHNe MOBEPXHOCTH, IIPUBEIEHO B CJIEIYIO-
meM naparpade. [I1s gokaszaresbcTBa TEOpeMbl HaM MOTPEOYIOTCS CJIeIYIOIIHe THIIOTE3bl.

I'mmoresa 1. ITycmo dana nesudumasn duzypa us mouky A Ha NAOCKOCTIU, CUMMEMPUY-
HAA OMHOCUMEALHO Hekomopoli npamotd m, A € m. Tozda noseprrocmsv epauwseHus dmot
dueypv. 60KpYe M AcAAEMCA HEGUOUMOT U3 MOUKU A.

Tunoresa 2. Ilycmo na naockocmu B2 dan sanunc T ¢ gorycamu F u F' (F # F).
Obosnavum a — Goavwas noayocv aasunca. Qbosnavum m - npamas, FEF' C m; p - ce-
pedurnvil nepnenduryasp k FF'. Obosnavum d - nosyniockocmo omHuocumesvho npsamot
p, F € d. O6osnauum C',C — mouxu wa sarunce, C ¢ {p,m,d}, C" ¢ {p,m,d}. Tozda
ayu FC" cummempuuen aywy FC ommnocumenvro npamoti m moezda u moavko mozda, kozda
dM : M = FC'NF'C (npamwiz), C' u C — 6 pasnolx nosyniockocmar omuocumesvho m u

12
svinoanerno yeaosue: FM — F'M = %

3 HOCTPOGHI/IG n Ha6pOCKI/I A0KA3aTEeJIbCTB.
ITocTpoenue dburypsl, HeBUANMOI U3 TOUYKHU HA IIJIOCKOCTH.

[Tycrs gana Hekoropast Touka A. [Tocrpoum durypy, HeBHIMMYIO U3 TOUYKH A Ha MJI0CKO-
ctu. PacemoTpuym ipomsBosbayTo maockoeTs B2, A € E2. Jlaee B TOCTPOEHUN BCEe OOBHEKTHI
OyayT HaxoauThcs B miaockoctu E2. PacecMoTpuM mpousBoibHYIo mpamyio m : A € m. Pac-
CMOTPHUM IIPOU3BOJILHYIO TOUKY F: F' € m, F # A.

O6o3naunm: [ - upamag, A €[, 1 L AF.

Pacemorpum iponsBoJibHbL 3J11UIIC, (POKYCaMu KOTOPOTo saBJisitorcst Touku A u F. Tlycrh
a - DOJIBITIAsT TIOJIYOCh JJLIUTICA.

2Korma pabora HaJ| cTarbeil 6bLIa 3aBEpIICHs, ABTOP Y3HAJ, YTO TeopeMa 1 6blia J0oKa3aHa HE3aBUCHMO
(u npaxkrudecku onHoBpemenHo) B pabore [6]. [Ipu 310M KOHCTPYKIMs, UCIOJIb30BaHHAs B [6], BECbMa CX0kKa
¢ mameit. ABTop 6€3yCJIOBHO MPU3HAET, UYTO TEPBEHCTBO B M300PETEHUN TAHHON KOHCTPYKIIMHA, PABHO KaK U
JIOKA3aTeIbCTBA TeOpeMbl 1, TPUHAIJIEKUT aBTopaM paboTsl [6].



Jlanee 0yaem HaswpiBaTh 10T jmunc "'D1". Obo3naunm sKcueHTprcuTeT 1!

AF
€= —.
2a
Pacemorpum rumep6outy, copokycuayio ¢ D1 co caeayonmM mapaMmeTpoM:

CL/ = CLEQ - ,ZLefICTBI/ITeJIbHaH I10JIyOCb.

Jlanee 6yaem paccMaTpuBaTh TOJBKO OJIHY BETBb THIIEPOOJIbI, KOTOPasd HAXOIUTCS B OJTHOM
u3 MOJYILIOCoCTel oTHOCcHTenbHO [. HazoBem a1y Bernn "I'1".

CodoKycHbIE S/LIAIC U TUIEeP00JIa TePEeCceKa0TCst B 4 pa3indHbiX ToYkax. Torma 91 u I'1
nepecekaloTeda B 2 pa3andubix Toukax. [lycrs 3ro toukn C'u C'. AF C m, nosromy C u C’
CHUMMETPHYIHBI OTHOCUTEJIBHO M.

Paccmorpum Touky D ma I'l takyro, uro LZCAF < ZDAF.

HazoBeMm mostymiockocTb, B KOTOPOii JIe2KUT [) OTHOCUTEIHHO M TOJYILIOCKOCTBIO d.

O6o3nauum: B = AD N 91. Jlyu u3 dokyca mepecekaer /LIUIC B eJMHCTBEHHO TOUYKe,
nosromy touka B emuncreennas. Toukn C,C’ — Touknu nepecedenus copOKYCHBIX SJIIHIICA
n runep6osnl, mosromy AD > AB. O6o3nauum 4epe3 B’ Touky, cuMmMerpuanyio B oTHOCH-
TEJILHO M.

PacemorpuMm Touky F’, romorernunyio F' oTHOCHTENBHO A ¢ KOSMDMUIIUEHTOM TOMOTETHH:

AD

k=12
AB

[TocTpoum 3/aHIIC, TOMOTeTHYHBINH D1 oTHOCHTENbHO A ¢ KoadduImeHToM romoreTnn k.
Hazosem noBbiit s/1muic "92". Ouesnano, A nu F’ - pokycer 92. Takxe,
a,, = k- a.

[Tocrpoum BerBb rutiepbosibl, romorerndnyio ['1 orHocuTesbHo A ¢ KoapdunuerTOM 10~
morernn k. Hazosem nosyio runep6oay "T'2". OueBuano, A u F’ - dpoxycn 2. Taxxke,

a., =k-d.

Onpenesium TOUKy F ycjioBuem zﬁ = k- 1@ W3 cBoiictB romoreTnn, Tak Kak C' =
N1, o E=I2N22.

NsBecTHO, 9TO J1100ast npsiMasi, HPOBEIEHHAsT Yepe3 oAuH u3 (POKYCOB IUuepboJIibl, mepe-
cexKaeT KarkJIyio BeTBb rurepboJ/ibl He OoJiee, 1eM B OjHON Touke. Torma D - enHCTBEHHAas
obmras Touka I'l u npamoit AB. Toraa u3 csoiticts romorernn 3! G : G =12 N AD.

[Tycts D', E', G’ - Toukn, cumMerpudnsie coorsercrsenno D, F, G ornocurennno m. Tak
kKak AF C m, AF' C m, TO U3 CBOHCTB rOMOTETHH, a TaKKe CBOICTB CUMMETPUN 3JLIUIICA U

rutepb0Jibl OTHOCUTE/ILHO LPSIMOM, IPOBEIEHHON Yepe3 (hpOKyChI:

— —
AD =k -AB’;
— —
AE =k - AC";
— —

.
Q
I

k
E €T2n22(E ¢ d).



Jlasee, u3 mocTpoeHHbIX memMeHToB D1, 92, I'l, I'2 ocraBum ik HEKOTOpHIE YacT. 1o
ecTb, Oy/IeM pacCMaTPUBATH MHOYKECTBO TOYEK, SBJIAIONIUXCHA OObEIUHEHUEM CJIeTYIOIIM
MHOKECTB:

B D1: nyra BC, nyra B'C’;
B I'l: nyra CD, nyra C'D’;
B 92: nyra DE, ayra D'E’;
B I'2: nyra EG, nyra E'G'.

OueBuuHo, coorBercrBytonue ayru D1 u D2, I'l u I'2 romoreruynst (Hanpumep, BC
romorernuta DE).

DTO MHOZKECTBO B JaJibHeiieM OyaemM 0003Ha4YaTH QE2 u Ha3bBaTh "durypoit QE2 ". Ha
pucytke 2 uzobpazkeHna gurypa QE?'

Puc. 2

3ameuanwue. B nocrpoernn MoKHO paccMoTpeTh romoretnto D2 u ['2 ¢ kosdpurmertom:

AD
/ —_—
k >k——B.

DTO He NOBIUAET HA CBONCTBO HEBUIMMOCTH, HO (pUIrypa CTaHET Pa3pbiBHOIN B TOUYKax [
u D’. O6o3uauum Touku paspeiBa Ha ['1: Dy u D}, Ha 92: — Dy u D). Torma B I'l ocrasum
ayru C Dy u C'Dy, na 92 — DyE, DLE.



ITocmpoenue noseprrocmu epauLeHust, He8UIUMOU U3 MOYKU 68 NPOCMPAH-
cmee E3

[Iycts mama mekoropas touka A. IlocTpomMm moBepXHOCTH, HEBHAUMYIO U3 TOUYKH A B
npocTpancTse. Pacemorpuym mpoctpanctso E3, A € E3. Ilyers m — npavag, m € E3, A € m.
PaceMoTpuM npousBosbayo miockoeTh o C B3, m C a. PaccMOTpuM HPOU3BOIBLHYIO TOUKY
F:Fem, F#A.

[IpoBenem mocTpoenne HEBUIUMOM (DUTYPBHI QIE2 B miockocTn « jiuist rtouek A u F. Ilycrs
m - 0OCb CUMMeTPHUHU (bUrypbl QEQ.

[ToBepxHOCTBIO () 0003HATNM TOBEPXHOCTH BpaIleHusT (DUTY PBI QEZ OTHOCUTEIHHO IIPAMOii
m.

MpbI 3aKOHYHIM OCTPOEHUE TTOBEepXHOCTH (, HEBUIMMON U3 3ajannoit Touku A. Temnepb
JUTST TOKA3aTeIbCTBA TEOPEeMbl 1 0CTATOYHO YCTAHOBUTD, YTO MMOBEPXHOCTD () IeHCTBUTETHHO
HepuauMa u3 Toukn A. Mbl HauHem ¢ Joka3arenbcTBa runore3 1 u 2, ¢chopMyIMpOBaHHbBIX

B §2.

Habpocku doxazameavcmas.

Habpocok mokazaresibcTBa runore3nl 1.

Hazosem nammyio nmosepxHOCTh Bpamenus {1, nannyio mepuaumyio burypy — €2 ,.

Paccmorpum npousBoibHBI Jiyd ¢BeTa u3 Touku A, apuratommiics 1o ayay AX, rpe X -
POU3BOJIbHAS TOYKA euHUYHOI cepsl ¢ nerpoM B Touke A. Ecian siya AX He nepecekaer
OBEPXHOCTh, TO U JIyY CBeTa, UAYIIHii 10 Jyay AX He mpeTeprouT OTparKeHHii.

PaccmorpuMm ya cBera, asuratormuiica mo ayay AX, mpu stom AX N €.

Oobosuaunm: |y — npamas, AX C ly. Ecnu ly # m, To paccMOTpHM ILTOCKOCTE « @ m C
a, lp C o, nHAYe PACCMOTPUM IIPOU3BOJIBHYIO v, m C «v. Bxoggmuii jiyd JABUTaeTcst 1o JIydy
AX, cienoBaresibHO, MO MJIOCKOCTH (.

JlokazkeM, 9TO TpPaeKTOPHS JIyda MOJHOCTHIO JIEZKUT B (.

[IycTh yd cBeTa B HEKOTOPBIii MOMEHT IpeTepnuT orpazkenue or {2 B Touke M. O6o3Ha-
quM 4Yepe3 | MpsaMyIo, BIOJb KOTOPOl JBUTAJCI JIyY HEMOCPEJICTBEHHO Tepe OTPAaYKeHUeM.
[Ipeanosoxkum, uro B Touke M cyumiecrByer 5 — KacaresbHas 110ckocrb K 2. Tak kak €
SIBJISIETCSI TOBEPXHOCTHIO Bparienust, T0 § L «a. [lycTs moc/e orpazkenusi Jiyd CBeTa JIBUKET-
ca no npamoit I'. Tak kak [ C «, f L «a, To 1o croiictBam orpazkenus Jyd4a cgera, I C a.
CrenoBaTenbHO, TPAEKTOPUS JIy4Ya MOTHOCTHIO JEXKHUT B (.

Qurypa {2, HeBuIEMA U3 TOUKH A Ha IJIOCKOCTH, TIO3TOMY JIyd CBETa MOCJIE BCEX OTPa-
JKEHUH POJIOJIZKUT JIBUTAThCs 110 Jiydy AX.

Taxk kak cevenuem IJIOCKOCTbIO «v noBepxHocTH ) gpigerca ) ,, a {1 — MOBEPXHOCTH
Bpallenus, T0 B Touke M He CymecTByeT KacaTe/JbHON IMJIOCKOCTH TOTJAA W TOJHKO TOT/IA,
Korja (), He umeer KacaresbHOl B Touke M. OGo3HAYMM MHOXKECTBO BCeX TaKHX TodeK M
qepe3 1.

Pacemorpum durypy € ,. lyers M — Touka, nexamasd B () ,, B Touke M He cymecTBy-
er KacarebHoll K (1 ,. Obo3nauuM MHOKeCTBO Beex rtakux Touek M uepes T ,. Touka M
PU BPAIIEHUH OTHOCUTEILHO 1 IIEPEXOJUT B OKPYKHOCTH € pajuycom, paBubim p(M,m).
Taknm obpasom, T - MHOZKEeCTBO OKpyzKHOCTel. Ecmu nyig nokpeitug muoxkecrsa 1, TpeOy-
eTCcsd CYeTHOe MHOYKEeCTBO JIYT CO CKOJIb YTOTHO MaJIOil CyMMapHO#l TIOMA/IbIO, TO MPOeKIIHei
MHOZKeCTBa 1, HA eTMHAIHYIO OKPYZKHOCTD ABJIAETCA CUETHBIM MHOZKECTBOM TOYEK. SHATHT,



MPOEKIUsT MHOYKECTBa 1 Ha eIMHUYHYIO chepy SBJISETCS CYETHBIM MHOYKECTBOM OKPYKHO-
CTell. A HUX IIOZKHO IIOKPBLITH CYETHBIM YHCJIOM OTKPBITBIX KPYI'OB CO CKOJIb YI'OJHO MaJIon
wioma pio. CregoBarenbao, T’ - MHOXKECTBO TOUYEK B IPOCTPAHCTBE MepBI HyJb (no Jlebezy).
[To onpeneenuio, TOBEPXHOCTD {2 ABIIETCS HEeBUIUMON U3 TOUKH A.
T'unore3za 1 moka3aHa.

Habpocok mokaszaresibCcTBa rumoTe3bI 2.

Puc. 3 Puc. 4

!/
Ob60o3HAYNM IKCIEHTPUCUTET SJLIUICA € = %, a' = ae?.

JokazkeM npaMoe yTeepzxaenue. Jano, uro ayu F'C’ cummerpuden ayay F'C' orrocn-
TesibHO npsivoit m. Tak kak siyd F'C’ nepecekaer 3JUIMIC B IMHCTBEHHOM TOYKe (B MOJISIPHBIX
KOODJIMHATAX € TOJIOCOM B TOUKe [ TOUKa 3JUIHIICA OJHO3HATHO ONPEIesIsIeTCsl a3UMYTOM ), a
C'"e Y, to C' cummerpuuna C ornocurennno m; C' € d, rak kak m L d, C' u C' - B pa3subIx
HOJIYILIOCKOCTAX, OTHOCATEIBHO M.

Hyxuno nokasars, uro IM : M = FC' N F'C. Tpeanonoxum, FC' || F'C. O60o3naunm
4epe3 W NOJyIJIOCKOCTh OTHOCUTEIBHO MM, B KOTOPOit jexkur Touka C. Torga C' ¢ w.

[Tpsambie, npoxoagniue yepe3 hOKyC NapaJlaeJbHbl, €CJIM OHU CUMMETPUIHBI OTHOCUTEIh-
HO TeHTpa dunica (nearpa FF'). Torma npsvbeie F'C' u FC' nepecekaer 3JuIAIC B JIBYX
roukax. [Tycrs npsimas F'C nepecekaer smumnc B Touke C” # C. Torma C” ¢ w, tak Kak
F em, C € w. lIlpamasg FC' nepecekaeT 3/UIMIC B ABYX TOYKAX, OJHA U3 KOTOPBIX CHMMET-
puuna C' OTHOCUTEILHO HEHTPA 3JJIMICA — 3HAYUT, JeKUT B d — a apyrag cummerpuana C”
— 3naunt, gexkut B w. Ho C' - ogua w3 stux touek, C' ¢ d, C' ¢ w — nporusopedune.

Taxkum obpazom, FIC' f F'C = 3dIM : M = FC'N F'C.

IIycrs C" na orpeske F'M. B apyrom ciydae jJ0Ka3aTeIbCTBO aHAJIOIHYHO. PaccMorpum
AFCM na pucynke 3. Tak kak C' cummerpuuna C' ornocurensuo m, ro ZC'FF' = ZCFF'.
Torpa B Hem FF' - 6ucekrpucca. 1o ¢BoiicTBy OMCEKTPUCCDHI:

FC  F'C )
FM  F'M’
@opmysia OUCEKTPHUCCHI UMEeT BUIL:
(FF')>=(FC-FM)— (F'C-F'M). (2)
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[To cBoiicTBy snica, FC + F'C' = 2a = const. I3 (1) nveewm:

2 2a - FM
FC = C}L«“’M - /a )
1+ %57 F'M+ FM
2a - F'M
FC=—"—.
¢ F'M+ FM
[Toacrasum B (2):
2a - FM 2a - F'M
FF?= " " - F'M =2a(FM — F'M
F'M + FM F'M + FM o )
FF/2 42
FM — F'M = 2d = :i:2a62:const.
2a 2a

[Ipamoe yTBep:KaeHre JOKa3aHO. 3aMeTuM, 4To Buipaxkenune FM — F'M = 24’ = const
o3HauaeT, 9To Touku M jexkar Ha BeTBM OXHON runepbosbl, codOKyCHON ¢ saumncom. [eii-
CTBUTEJIbHAS IOIYOCh 3TOi rumepbo/ibl paBHa a'.

Taxxke 3amerum, uro F'M — F'M > 0, nosromy M ¢ d. Tak kak M sexur na ayde FC’,
BCE TOUKM KOTOPOTO, He JiesKallue B d, JexKaT B OJHON MOMYILIOCKOCTH OTHOCUTENLHO m. Ho
C u C' nexar B pasHbIX NOJYILIOCKOCTAX OTHOCHTEILHO M, ciaegoBareabno, M n C' rakxe
JIEXKAT B PA3HBIX TOIYIIOCKOCTAX OTHOCHTEIHHO 17.

Tak kak M € FC', to nya F'M cuvmmverpuaen nyay FC.

Jokaxkem obparHoe yTBepzKaeHue. Jlano:

FF/Q
FM ~F'M =~ — (3)
FC + F'C = 2a.

[Ipeanonoxum, C’ ve cummerpuuna C. Torma pacemorpum C”, cuvmmverpuunyio C’. Oue-
suyno, C” ¢ {d,m,p}, C" u C' — B 0xHOIT 101y JIOCKOCTH OTHOCUTEILHO M. TOraa u3 npsamoro
YTBEPKJACHUST TUIIOTE3bI 2 CJEYeT, 4TO

3IX = FC' N F'C";

FX - FX =2d. (4)

Hokaxkem, ato X = M. Vpasuenus (3) u (4) mokassBaior, Toukn M n X jexkar Ha
BeTBH rUnep6osIbl (IO ONPEIeJIeHUI0 THIIEPOOJIBbL), B MOIYILIOCKOCTH TOYKH F OTHOCHTETHHO
p. Takum obpazom,

O6o03naunm O — nenrp F'F’'. U3Becrno, 4ro ai0basd upamasd, NPOXOALAIIasd depes3 HMEeHTD
oTpe3Ka, CoeanHAIoNEero (pokKycol runepoboJibl, nepecekaeT runepoosry Jimbo B JIBYX, 100 HU
B OJIHOI TOUKe, IPUYEM 3TH TOYKU CUMMETPUUYHBI OTHOCUTEIbHO (). DTO 3HAYUT, UTO TaKas
pgAMas IepeceKkaeT BeTBb IUIep0oJibl He OoJiee, YeM B OJIHOI TOUKe, caeaoBareabHo, X = M.

Jlyan C"F u C'F umetor ase obrmue Touku: Touka F u rouka M. IIpu srom Touku C” u
C nexat B onHOI mosymiockoctu orHocurenbao m. Torma C” = C u C' cummerpuuna, C.
D10 paBHOCHILHO TOMY, 4TO0 Jiyd FC' cummerpuuen F'C'.

Bamerum, uro M € d, M € FC', nosromy M na ayue FC'. Cnenosarennno, aya F M
cumMerpuder FC.



T'unore3a 2 moka3aHa.

3ameuanwue 1.

B runorese 2 6yaem HasbiBarh Touky M obpasom touku C'. V3 rumoressl 2 cieayer, 9To
obpa3 toukn C' ompenesen s 000l Toukn C' Ha 3JIHIICE, He JeKalleil Ha IPAMBIX M 1
p. Hazosem Toukm X Ha s71uIce, I KOTOPBIX ONpejIeseH 0bopa3 donycmumbLmy TOTKAMHA.
[Ipoobpazom Touku M Oyjem Ha3bIBaTH TAKYIO JOIYCTHUMYIO TOYKY X, 00pa3oM KOTOPO
siByisiercst Touka M.

3ameuaHue 2.

B upamom yrBepxKaennn runoresnl 2: M = FC'N F'C. IlpaMble nepecekarTcs B €IucT-
BEHHOIl TouKe, mo3ToMy 00pa3 Touku C' e INHCTBEHHBIIA.

Paccmorpum Y - mpoOM3BOMBHBIN JJIIHIC, He SABJISIONIMICT OKPY:KHOCThIO. Ilyctn ) —
runepbosia, Ha KOTOPOit Jiezkar 06pasbl JOIMYCTHMBIX TOYeK T (cooTBeTCTBYIOIIEe 0TOOpazKe-
HEe onpesesieHo B 3amedannu 1). Takas runepbosia cymecTByer u e JMHCTBEHHA 110 THIIOTE3e
2. Obo3Haumm: m — mpsiMast, TPOXoaAmas depe3 (Gokycs sjumumnca. ODO3HATNM MHOKECTBO
touek T'={X : X € Q, X ¢ m}.

CiaepncrBue 1.

Kaocdas mouka mmoorcecmea T umeem eduncmeernnviti coomsememeyrowuts et npooob-
pas, a KaHCAGA MOUKA MHONCECTNEA DONYCTNUMBLE MOYUEK IAAUNCE — COUHCTEEHHBIT COOM-
sememeyowul et 0bpas.

Habpocok nokazarenncTBa ciaeacTBud 1.

Paccmorpum nponssosbayio Touky X € T'. Obo3HAUNM CepeIUHHBIN MePHeHIUKY/ISIP K
0Tpe3Ky, coeanHsomemy GoKychl umnca (runepbospl) depes p, MPIMYI0, COeInHSIONLY O
dokycol gepe3 m. O603HAYUM MOTYILIOCKOCTh, B KOTOPO HAXOAUTCAI TOUKA X OTHOCUTE/IHHO
p gepe3 d. O6o3naunm Goxycel yepes F, F', upu stom F’ € d. O603uaunm depes O cepeauy
FF'. Tak kak T C Q, ro FX — F'X = 2d/, rae d - peiicrBurenbnasg mosyoch rumepooIibl.
[Iycth a — GoJbiitasi MOJIYOCh SJLIAIICA, € = FQ—IZ <1l;¢ = 1;5,/ > 1.

PaccmorpuM 1osisipabie KOOpAMHATHI, B KOTOphiXx F — nomoc, FF' — ock. Obosnaunm:
a = /LXFF'. Ypasaennue runep06oJbl B IOJIAPHBIX KOOPAUHATAX MMEET BU/L:

a'(e? — 1)
r(a) = —
€cosa—1
!
3 runoressl 2 mapaMeTphbl THIEPOOIL UMEIOT BUI: a = a2 = ¢ = L F, =1 Torma
2a €

ac®(5 —1)  ae(l—€?)

%cosoz—l cosa — €

r(a) = (5)

Touxka rumepboiibl onpeesena, eciu (|af < arccose < 7). Muoxkecrso T’ He BK/IIOYaeT B
cebst Toukn runepbossl ipn @ = 0, |a| = 7 (—7 < a < @) ¥ BKII0YAET BCE OCTATBHBIE TOUKH.
[unepbosia cMMMETPUYHA OTHOCUTE/IBHO T U P, 1109TOMY paccmorpum o: 0 < |a| < arccose.

Pacemorpum npousBosibHBI Jtyd u3 F', nepecekaromuii ssumice B nosymiockoctu d. Ode-
BHJIHO, OH TIepeceveT 3JLINIC B €MHCTBEHHON TOUYKE.

BameruM, 9TO JIyd, HAKJIOHeHHbIH K F'F' 11011 yrjioM ¢ = arccos € = arccos FQ—Z, nepecever
SJUTHIIC B TOUYKE, JIEZKAIIeli Ha IPSMOii p, a Iy, HAKJIOHEHHbI{i IO/ HYJIeBBIM YIJIOM, [epecedeT
JUIMIIC B TOYKe, Jjiexkaileil Ha mupsamoit m. Torga jo0oit jtyd u3 F') 3aKJII0UeHHBIT MexK /Ly

3TUMH JABYMd JIy4aMH, llepecevdeT 3JIJIAINC B HEKOTOPOW eJMHCTBEHHOW TOYKE, ABJISIONIEHCs



nponycrumoit. O6o3naanm vepes A’ Touky nepecevenus gayda F'X ¢ smmncom. Jlya FX
COCTABJIACT YroJ ¢ ¢ IpaMoii m, mosromy A’ — momycrumas TOYKA.

Torma pacemorpum Touky A, cummerpuunyto Touke A’ (pucynok 4). OHa Takke sB-
JIsIeTCs JTOMYyCTUMOl U mMmeeT obpa3 Ha Jjyde | = FX. V3 3ameuanusa 2: obpa3 toukn A
eJIMHCTBeHHbI, npuuem 310 Touka X . Torma X umeer npoobpas — Touka A’

[Tokarkem Temnephb, 9TO NMPOOOpa3 Touknm X eaAMHCTBeHHbI. lonmycTum, cymiecTByer jao-
nycrumast Touka A”, orimunast or A, o6pa3om KOTOpoil siBasgerca Touka X. B runorese 2
OKa3aHo, 4To 06pa3 Toukun A” m cama touka A” jexkar B OIHOI IOJIYILIOCKOCTH OTHOCH-
reabHo npamoit p. Torma A” € d, moromy uro X € d. Ilyers FA” cocraBnger yron [ c
FF'. Torpa obpasz roukn A” nexur na sayqe !”, cummerpuunom jayuy F'A” ornocurenbuo
m, 1o ecth Jy4 " Takxke cocrapasier yros [ ¢ npamoit m. Yrobwr X sasiasaack obpazom A”
neobxoaumo, urobnl X € [”. Ho 910 BO3MOKHO TOILKO pn & = 3, MOTOMY YTO €CJIM JIyun
FX ul” oraumanbl, TO OHM HMeOT He 0ojiee OXHOI 00Inell TOUYKH, KOTOPOi yrKe SABJISeTCS
touka F'. Ho torma mo nocrpoennto A” copnagaer ¢ A — nporusopeune.

Takum obpazom, Kazkjias TOYKa MHOXKecTBa 1’ MMeeT e MHCTBEHHbIH COOTBETCTBYIONMI
eif mpoobpa3, a KazKjasi TOYKA MHOXKECTBA JIOMYCTUMBIX TOYEK IJIIUICA - €INHCTBEHHBIH
COOTBETCTBYIOIIHIT eii 0bpas.

CaeacrBue 1 moka3saHo.

Puc. 5 Puc. 6

CiaencrBue 2.

Iycmo dan sarunc, He Asaawulics okpystchocmsio. Paccmompum dee npoussosvrvle
pasaudrsie donycmumoie mouku wa aasunce — mouwku Cy u Cs, nazodaujuecs 6 00not noay-
NAOCKOCTU OMHOCUMEALHO P, G MAKHCE 68 00HOT NOAYNAOCKOCTU, OMHOCUMEALHO M.

Iycmv mouxu My, My - obpasv, movex Cy u Cs.

Pacemompum npouseosvhyio mouky Cy na dyee aarunca C1Cy, Cy # Cp, Cy # Cs. Obo-
sHavum wepes My obpas mouru Cy. Toeda M aesrcum na dyze semeu 2unepbonv, My Mo,
Mo # My, My # M.

Habpocok moka3arejibcTBa CJIE€ICTBUS 2.

O003HaYUM CEePEJUHHBIA LEePIeHJIMKY/IAP K OTPE3KY, COeAuHsIomeMy (OKYChl JLIMIICA
qepes p, IPAMYI0, COeINHAIONIYI0 (POKyChl depe3 m. ODo3HAINM TOJIYILIOCKOCTh, B KOTOPOi
Haxoaurcda Touka C' ornocurenbuo p depes d. Obosmaunm doxyco uepes F, F', npu srom
F' € d. O603naunm qepe3 O cepenuny FF'. O6o3HaunM 4epes w IMOIYILIOCKOCTh, B KOTOPOIi
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FF'
2a

jgexut Touka C' orHOCHTEILHO M. Obo3HAYNM: @ — OOJIbIIAS MOJIYOCh JJLINICA, € = <1
— 9KCIEHTPUCHUTET.

O6o3uaunm vepes ¢, yron CyFF' N € {0,1,2}. Yroon Cy € d,Cn € w HEOOX0IMMO,
arober (0 < ¢, < arccose), N € {0,1,2}. ITycry qyia ompejenenHocTH @, < ,. Tak
KaK MPOM3BOJIBHBII Jiyd U3 TOYKM F', XapakKTepu3yeMblil a3uMyTOM (v IEPECEKAeT JLIUIIC
B €JIMHCTBEHHON TOYKEe, TO CYIIECTBYET OJHO3HAYHASI HEIPepbIBHAS (DYHKIUsI, CTABAIIAs B
COOTBETCTBUE a3UMYTy (¢ TOUKY Ha 3jumrce. Tak kak Touka Cy jexut BayTpu ayru C7C5,
cJIeJIOBATeNIbHO @, < ¢, < ¢,. Ho 3ra dyHKIMS CTPOro MOHOTOHHA HA OTpe3Ke [¢,;p,],

MO3TOMY
Y1 <Py < Py

Tak kak C7, Cy — 101yCTUMBIE TOYKHU HA JIIUIICE, HAXOSAIIUECS B OJHOM MOJIYILIOCKOCTH
OTHOCHUTEJIBHO M U P, TO Kakjast Touka ayru sjumnca CyCy — jgomycTumMast Touka, CIeaoBa-
TesibHO, Cy — JOIMyCTHMasd TOYKA, a 3HAYHUT, IMeeT 00pa3s.

Touka Ha 37IHICE U ee 00pa3 HAXOAATCA B PA3HBIX MOJIYILIOCKOCTAX OTHOCHTEIBHO M
U B OJHOI TOMYILTIOCKOCTH OTHOCHTENbHO p. V3 sToro cmemyer, uro My € w, My € d,
N € {0,1,2}. Taxxe, asumyr Touku My uporusononoxen asumyrty Cy, Tak jgya FCy
cummverpuaen ayay F'My ornocurensno m, N € {0,1,2}.

Bocmosb3yemcest ypaBHeHHEM THIEpOO0JIbl B HOISPHBIX KoopauHaTax (5).

DOyuknusg () HENpepbIBHA KaK CYNEepHO3UIHsi HeNPepbIBHLIX (DYHKIUI HA WHTepBaJe
(— arccos€;0) u yopiBaer mo «. Tak kak My snexar Ha Bersu runepboas, N € {0, 1,2}, To
—arccose€ < a,, < 0, 10 ecTb GyHKIMs HENPEPbIBHA HA OTPe3Ke [—a,; —a,]. Pynkius ()
CTPOr0 MOHOTOHHA Ha 3TOM oTpe3ke. Toria Ha 3TOM OTPe3Ke CYIIEeCTBYET OJHO3HAYHAsT 0Opa-
THMast HenpepbIiBHAS (DYHKINS, CTaBsIIas B COOTBETCTBHE a3UMYTy (¢ TOYKY Ha IUIepOoJIe.
Tak kak o, < a, < «,, 10 My mexur na gyre My My, My # My, My # Mo.

CuaeacrBue 2 mokasaHo.

I'mmoresza 3. Paccmompum dueypy QEQ. Pacemompum npousdsorvroili ayw ceema, om-
pasuswutica om IJ1 6 mouke, 2de cywecmeyem kacamensvraa K 1. [lycmo ayy ceema dsu-
2anca 6 navane dsustcenus no ayuy L, A € l. Toeda ayw ceema ompazumesa om I'l, npuuem
nocAe ompaxtcenus on oydem 06u2ambCa No AY4Y, CuMMeMpPusHomy L.

Habpocok gokazarenbcTBa THIOTE3HI 3.

Paccmorpum TpaekTopuio Jiyda cBera, Bbinieanero u3 touku A. 113 nocrpoenus cieyer,
YTO eCJIH

Z(l,m) < LCOAF, mu6o
/(1,m) > /BAF,

TO JIyd CBETA He MPeTePIuT OTparkeHus oT 1.
Paccmorpum Teneps Jiyd, KOTOPBIH IpeTepieBaeT XoTs Obl 0JIHO oTpazkeHnue. Torja:

/CAF < Z(I,m) < ZBAF.

CaenoBaresnbho, jay4 [ mepecekaer ayry 91 B Hekoropoit Touke X1, a ayry I'l B HeKoTOpOIi
touke Xs. [To mocrpoennto, C'; C' — ToUKHN nepecedeHus JLIAICA U BeTBU rumepbo/isl. Torma
AX; < AX,, ipu 3TOM HepaBeHCTBO cTporoe, eciu B, B, C,C" ¢ .

92 u I'2 romorernynnr D1 u ['l ¢ £ > 1, mostomy ecsm oboznaunts X3 = [ N D2,
X4 = N FQ, TO AX3 > AXl,AX4 > AX1

PacMorpum mpou3BOILHBIA Jiyd cBeTa, Jisg Koroporo ZCOAF < Z(I,m) < LBAF.
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Torpa mepsoe oTpazkenue Takoro Jyda Oyzer o D1, moromy uro ayru BC, B'C’' npu-
Hajexkar 1. Obo3HauuM TOUYKY oTpazkeHus or D1 depes X. Jlyra D1 HenmpepbiBHa BO
BCEX BHYTDEHHHX TOUYKax (a Takzke juddepeHnupyeMa, Tak KakK fBISIETCS YACTHIO SJLTHII-
ca), MO3TOMY OTpazkeHune B Touke X ompejeneno. Torja Jiyd ¢BeTa mocje oTparKeHus Oyaer
aBurarbed 1o jgyqay X F.

[Tycts € — skcuenrpucurer D1, a — HOBIIAST TOJIYOCH.

[Tyctsh a' — peiictBurensras noayoch I'1. TTo mocrpoennio a' = AQZ :

U3 craencreus 1 caenyer, uro I'l sBiasiercss MuozkecTBoM o6pas3os Touek ayr BC, B'C’ na
21. Ilpu srom obpaszom Touku B asagerca D', C' — C', B’ — D, (" — C. Touka X nexxur
Buytpu oxuoit u3 ayr D1. Torma sya X F nepecekaer I'l B Touke, Haxojsiieiicss BHyTpH
oztHO U3 yr (1O CIegcTBHIO 2).

[To mocTpoenuto k > ﬁ—g. Ecaun k B TouHOCTH paBHO TOMY OTHOIIEHUIO, TO D2 UMEET
¢ I'l ase obmme Touku — D, D’. Jlna mob6oit Toukn Xo, Jexkameil Ha oxnoit u3 ayr I'1,
AXy < AXj, ecin AX, N2 = X3, Do caepyer u3 roro, uro 1., (|a|) Bospacraer mo |af, a

o, (|a]) yobiBaer 1o || na orpeske [ZCAF; ZBAF] B noisipHblX KOOPAMHATAX C LOJIOCOM

Awu ocvio OF. B k > 48 10 AX3 > AX, upu || € [LZCAF; ZBAF).

Takum obpasom, caenyoomee orpaxenue oyger o ['1. O6o3naanm 3ty Touky X'. Ipuzke-
Hue Jyda cera npoucxoaut mo ayay X F, a XF NIl = X', upu srom X’ — o6pa3 Toukn
X. Torpa X' cummerpuuna X, 3HAUNT JIEZKAT BHYTPHU JAYrU ruiepOossl. Torma orpazkenue
B Touke X' OIpeIeeHo U, 0 CBORCTBY IMUIePOOILI, TOCTIe OTPAXKEHHUS JIyd OyIeT JIBUrAThCS
no ayuy AX’. Ognako X' cummerpuuna X ornocurensno m, caegosarenbno, AX' cummer-
puuen AX. Ha pucynke 6 n300parKeHbl epBbie JBa OTPaKEHUsI.

Orpazkenns B roukax B, B, C, (' He onpeseensl, I03TOMY CJICAYeT PACCMATHBATDL TOJIb-
KO Jiyun, jjist Koropeix ZCAF < Z(I,m) < LBAF.

T'unore3za 3 moka3aHa.

Habpocok mokaszaresibcTBa TeOopeMsbr 1.

Chanana pacemompum duzypy QE2 U NOKAHCEM, YMO OHA ABAAECMCA HEBUIUMOT.
Paccmorpum TpaekToputo jiyda csera, Boiiiesnero u3 rouku A. [Tycrs [ - 1yd, no Koropoii
HavaJl JBUKeHHe Jiyd cBera, A — Hauaso Jyda. I3 mocrpoenus ciaegyer, 9To eciu

Z(l,m) < LCAF, 6o

/(l,m) > /BAF,

TO JIyd CBeTa He MPEeTEepPIHuT HU OJHOTO OTpakeHud. Ecam Jiyd He mpeTepneBaeT HU OJHOTO
OTpakeHWs, TO OH He MeHseT CBOEro HallpPaBJIEHUS.
PaccemorpuMm Temepb Jyd, KOTOPBIi IpeTepeBaeT X0oTs ObI 0JHO oTpaxkenue. Toraa, ecan

LCAF < Z(l,m) < £LBAF,

TO MO TUIOTE3e 3 JIyY CBETA MOCTE IBYX OTPayKeHWi JIBUKETCS 10 JIYIY, CAMMETPUIHOMY [.
Bysiem 1no/ib30BaTbest 0003HAYEHUSAMA U3 THIIOTE3bI 3.

JIyu cBera asuraercs no ayuy AX', Z(AX';m) = a. Ilyerb AX' N2 =Y. Tak kak D2
romoreTndeH D1, To Y JIeKUT BHYTPH OJHOM U3 Iyr 2.

Pacemorpum touky F' @ AF' = k- AF. Ecam pas rouek A, F' nocrpours dburypy Q,, ¢
napamMeTpamMu MaJjoro sjaunca a' = k - a, o saaunc 1’ noBoii dpurypsr copnazger ¢ 92, a
runep6oa I'1’ comazer ¢ I'2. Torga no runorese 3 sy4 csera, Asuraionmiica mo ayay AX'
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nocjie IByX orpazkenuii Oymer apurarbest no ayay AX” (X" — touka orparkenus Jyda cBera
or I'2), cummerpuanomy AX') To ects, copnagarormiemy ¢ AX.

Urax, 11000ii J1y4, BLIIYIIEHHBIN 110 JIy4y [, mepBoe OTpazKeHne KOTOPOro ObLIO OIpe/ie-
JIEHO, TIOCTIe OTParKeHuil ABUKETC 10 aydy .

Paccmorpum renepb jiydu cBera, ISt KOTOPBIX TPAEKTOPUS MOC/IE IIEPBOI0 OTPAKEHH
He onpegesena. 13 paccyxkaennii Bbilie, TPaeKTOPUIO JIOOOTO Jiyda CBeTa, TOYKA MEPBOIO
orpazkennusi Kotoporo ne cosnagaer ¢ B,C, B, C' M0XHO OIHO3HAYHO ONpPEAeaNTh. Takum
00pa3oM, Ha eIMHUIHOI OKPYKHOCTH TOYKU A CYIIECTBYIOT 4 TOUKH, /I KOTOPBIX CBOHCTBO
HEeBHIMMOCTH He BBLINOJHAETCA. A UX, OYEBHIHO, MOXKHO IOKPBITH JyTaMHU CKOJIb YTOIHO
MaJIOW JIJIAHBIL.

Toraa durypa Q_, 110 onpejeieHnio HeBuANMa U3 TOUKU A Ha II0CKOCTH.

ITo mocrpoennio, gurypa Q_, CHMMETPHYHA OTHOCHTEJILHO 1, CJEJ0BATENLHO, IOBEPX-
HOCTb Q, LOJIyHYeHHAs lyTeM Bpallenust Gurypbl Q , OTHOCHTE/ILHO UPAMOIl 1M AB/IAerCs
nepuuMoil u3 Toukn A B npocrpancrse E? (no runorese 1).

Teopema 1 nokaszaHa.

Bameuanne. Paccmorpum Bo3moxkuble 3Hadenue yraa ¢ = LDAF = ZD'AF. B caen-
CTBHU 2 TMOKA3aHO, YTO TOYKA rUIepOOIBbI OIPeIesIeHa MpH ¢ < arccos(€), Tae € — SKCHeHTpH-
curer D1 (1 D2, Tak Kak SJLIAINCH MOJTOOHBI).

Pacemorpum Touky C' nepecedernuss 91 u I'l. [Iycrs a — 6osbinas noayock 91, a' = ae
— JelcTBUTEIbHAS TTOJIYOCh THIEPOOIBl. Toraa 1Mo onpeIeIeHnio SJUTHICA | THIEePOOIBI:

2

AC + FC = 2aq; > AC = a(l + €%);
AC — FC = 2aé. FC =a(l—é).

[To onpenenennio sxkcuenTpucurera: AF = 2ae.
Banumem teopemy KocunycoB aisg LCAF = [ B tpeyronbuuke CAF":

FC? = AF? + AC* —2- AF - AC cos 3
a*(1— (—:2)2 =4e’a® +a® (1+ 62)2 — 4ea*(1 + €%) cos B
L+et =22 =4 + 14 ¢+ 2% — 4e(1 + €*) cos B

(14 €*)cos 8 = 2¢

2¢
= arccos ——
b 1+

st snunca € < 1, mosromy:

€
arccos ——— < arccos(¢)
1+4+e€

Tornma:

26 < o < arccos(c)
arccos —— arccosie).
14 €2 ¥
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