Muorounens! bepuireiina

n!

KI(n—k)! 1)

n def
B,(f.x)=) f(%jb (%), re by, (x) = CEx*(1-x)"*, €} =
k=0

bnk(X) HaspBator MHOrowieHamu bepHmTeiiHa, a omeparopbl By(fx) -
nonuaomMamu bepamreitna ¢pynkuuu f(x). , C.H. BepHureitn qokasai, 4ro

lim|[f —B,(f)|=0

n—o0

B xoxe moelt paboThl OBLIO MTOJTY4E€HO HECKOJIBKO OCHOBHBIX YTBEPKICHUM.
Yr1Bep:xkaenue 1.

Jlnst Becex N, J, p>0u 0 <] + p < n BepHBI cieayromiye GOpMyJIbl:

; ak(k-1)..k-j+1) 1l
" _kz_(;n(n—l)...(n—j+1)b"’k(x)_[n]j b, () @)
xi(l—X)"—ﬁZ[k] [n—k],b,, (x) 3)

I+

rae [z]i=z(z-1)... (z-1+1) — 0000IIEHHbIC CTEIICHH.
Jloxazamenvcmeo ymeepoicoenus 1.

[TpuBeneM n0Ka3aTeILCTBO (2).
n k(k—l)...(k—j+1)b (X):Z”:k(k—l)...(k—j+l) n! X (L= x)™ =
an(n-1..—-j+1) ™ o n(n=1)...n— j+1) kI(n—k)!

K=D.k— D)  (=D!  rr s
g ey vy e

_WiN (n—j)! i (] 1K o\ oyl
_Xk:j(k—j)!(n—k)!x Q—x)"" " =x'(x+1-x) X

IIpuBenem nokazaTeabcTBO (3).



n k(k—l)...(k—j+1)(n—k)(n—k—1)...(n—k—p+1)b (x) =
= nn-2..0—j+D{n-j)..0—p-j+1) n

& kk=-1..k-j+)(n=-Kk)(n-k-1)...n—-k-p+1) n!
= nin-1..n—j+)(n-J)..0—p—j+1) k!(n—k)!

X1-x)"" =

IRV PSS (bl il o) LI RN DA VP — i (] y)P
=x'(1-X) k:,-(k—j)!(n—j—k)!x @1-x X'(1—x)"(x+1-x) x'(1—x)

YTBepxkaeHUE JOKA3aHO.

OBpuctuyeckue coodpaxeHus: o0 yrBepkaeHuu 1.

[IpuMeHMM METOALI TEOPUU BEPOATHOCTEM musa gokaszarenbetBa (2). Ilycthb
HEKOTOPOE COOBITHS A MOSBISAETCS ¢ BEPOATHOCTBIO X B JIFOOOM M3 N HE3aBUCUMBIX
ucnbiTanuii. CiaydaiiHeM 00pa3’oM IPOM3BOIUTCS | HAOIIOJEHUM HEKOTOPBIX
ucnbiTanuii. HaOnrofenne CYMTaeTcs YCIEHIHBIM, €CIM B COOTBETCTBYIOIIEM
WCIBITAHUM TOsBIsAETCS coObite A. Torma BEpOSTHOCTH, TOrO, 4YTO OTH |
HaOmoeHnit OynyT ycremHsIMu 6yneT paBHa x/ .C Ipyroif CTOPOHBI, H3BECTHO
(pactpenenenns BepHyuIHn), 4TO BEPOATHOCTD TMOSBIEHHs coObITHS 4 poBHO K pas
oynet paBHa P(k)=Cx"(1—x)"" =b,,(x).BepostHocTs BBIOOpa | YCIIEXOB Cpeiu

i Lilfn — il _ i
»THX K ucnbiTaHuii Oymer paBHa & _Kn=pt_kk-1)...k— j+1)

Cl jik=j)n n(n-2)..—j+1)

n

. [loaTomy,

€ClIi COOBITHE TOSABHIOCH K pa3 BEpOATHOCTH | YCHCIIHBIX HAOMIOACHUU OyaeT
k(k-1)...k - J +1) Cix (L= X)™ = k(k-1)...k - J +1) b (X) .
n(n-1...— j+1) n(n-1...0—j+1) =
COOBITHST «ITOSIBUTCS K pa3» HECOBMECTHBI, TO UCKOMasi BEPOSTHOCTh OyACT paBHA
CyMMe:

Tak «kak

paBHa

k(-1 k—j+D), 1o
2= j+p = oy &R0

rie [z]i=z(z-1)... (z-1+1) — 000OIICHHBIC CTETICHH.

YTBepKAEHHUE TOKA3aHO.



JlemMma 1.

[Tycts N>0, Torna ans ¢pynkuuu f(X) BepHO paBEeHCTBO:

B.(f,x) = f(0)(1— x)”+1+f(l)x””+2[(1—L)f(5j+Lf(k 1]) b (x) ()

=l n+1 n n+1 n

Jloxazamenbcmeo.

Ou4eBUTHBIM CIIEJICTBUEM PAaBEHCTBA (3) SABJISIETCS PABEHCTBO:
Xk(l_x)m-kzxk(l_x)m-k+1 +Xk+1(l_x)m-k

Otcroga nMeeM

B.(f,x)= Zf( JCkxk(l X)" = Zf( JC (X(L=X)"" + X (1L-x)"*) =

k=0

:Zn:f(%jcka(l—x)"*”+zn:f( j CAX (L= x)"™ = f(0)(L—X)™ +

=1

; f(%jc:xka—x)”ﬂu " f( jc:lxka—x)“*lu f@)x" =
1 k=1
n+l % k k k-1 k-1 |k n+1-k n+l
=fO)A-x)""+> | f|=[C, + f| — |C)7 X'A—x)""" + f(@Q)x™" =
k=1 n n

= f(O)(l X)n+l+ f(l)xnﬂ"'zcml(n +1-k f[E) L f(k 1)Jxk(1_x)n+1—k _

n+1 n n+1 n

£ (0)A— )™ + f (1)x™ +i(” +1-k f(Ej L f(k 1wak(x)

i\ n+1 n n+1 n

JlemMa noka3zaHa.



Y1Bepxkaenue 2.

[Myctes f(X) — kycouHo-nuHeitHas QyHKIOUS (JIoMaHas) ¢ y3JIaMd B TOYKaX

k

—,k=12,...n-1,un>0. Torna
n

Bn+1(f) = B(f) (6)

JlokazaTenbCTBO ciaeayeT u3 (5), U3 TOro, uTo

f ( K ] = (1— Lj f (5) + K f (Ej u 1o onpezeneHuio Gynkipn f(X).
n+1 n+1) \n)/ n+1 n

1
Hanpumep, st pynkipum f (X) =|X ——=| oka3bIBaeTCs, 4TO

Ban+1(f) =Ban(f), n>0.

ﬂoxasameﬂ bCneo.

Tak kak Bp(const)=const, Tto Bmecro ¢yukuun f(X)=

1
X — E‘ paccMoTpuM

byukmuo f(X) = % —

X— 1‘ . Utaxk,
2

X, ecmu X< —
f(x)=

1
1-X, eciu X >—=

Tornma

n k 2n+1 k
B f,X = —Ck Xk 1—X 2n+1-k + l— Ck Xk l—X 2n+1-k —
2n+1( ) ;2n+l 2n+l ( ) k_znﬂ( —2n+1j onil ( )
k-1

n 2n n
=2 CxX @L=Xx)"" + Y Cix =X = x(L-x)" + Y. CxX L-x) "+ (7)
k=1 k=n+1 2
2n-1

+CoxX™(L=x)"+ D Cy X (L= X))+ x*"(1-x)

k=n+2



AHanoru4so,

n 2n
B, ()= X Cx—x)™ + 3 (1_£)C;nxk(1_x)2nk i
ko 2N K=n+l 2n (8)

n 2n-1
:ch—l Xk(l_X)ZH—k + ch Xk(l_X)Zn—k
k=1

2n-1 2n-1
k=n+1

Tonb3ysich oueBnaabM paercTBoM(3): X (1-X)™ =X (1-x)™ 1 +x 1 (1-x)™*u
k
m-1°

k k-
u3BeCTHBIM TokaecTBoM: C' =C1 +C' | mpeoOpasyem 3TH JBE CyMMBI

ZC;n—}le (1_ X)Zn—k — zcgn—il(xk (1_ X)Zn—k+1 + Xk+1 (1_ X)Zn—k) —
k=1 k=1
chn—}lxk (1_ X)Zn—k+l + chn—}lxkﬂ (1_ X)Zn—k — X(l— X)Zn + chn—}lxk (1_ X)Zn—k+l +
k=1 k=1 k=2
+ D Ca X =X 4 Co X (1= X)" = Xx(L-X)*" + Z(Czkn‘fl + C;‘n‘fl)xk (1—x)2" ™ 4 (9)
k=2 k=2
+CoLX" M L=x)" =x@L-x)*" + D Ca X L-x) " + Co X" (1-X)" =
k=2

=X@L-X)* + D Cox 1= x)*" " + Cp L x" (L -x)"
k=2

)51
2n-1 2n-1
chn,lxk (1_ X)Zn—k — Zczkn,l(xk (1_ X)Zn—k+l + Xk+1 (1_ X)Zn—k) —
k=n+1 k=n+1
T~k K kil | R~k k+1 2n—k n+l o n+l n
—k+ + — + +
= ZCZn—lx (1_X) + ZCZH—lx (1_X) :CZn—lX (1_X) +
k=n+1 k=n+1
2n—1ck k(1 2n—k+l 2n ] 2n_1ckfl k(1 2nilk __ 10
+Z 2n—1X(_X) +X (_X)+Z 2n—1X(_X) - ( )
k=n+2 k=n+2
2n-1
CoX ™ (@=2)"+ F(C5h +Cl K =)™ 4 X" (1= %) =
=n+
2n-1
=Clx™@A=x)"+ D.Cy X 1—x)*"" "+ x*"(1—Xx)
k=n+2

CxknaapiBas (9) u (10) momyuaem (7).

YTBepKAEHUE TOKA3aHO.



PaBeHcTBa, MOAOOHBIC BRIBEICHHBIM, HHOTIA HA3BIBAIOT «CKICHKaMny». OHU
UMEIOT MECTO JIJIsl JI000H JtoMaHoit f(X), y3:1b61 KOTOPO# IPUHAIIEKAT MHOXKECTBY

{K,kzl,z,...,n—l}.
n

YrBep:xnenue 3.

Ecnu nenpepsiBraas Ha [0,1] dyrkius f(X) qax bl HempepbIBHO-

muddepeHurpyema Ha (0, ;) U G ,1) U 1151 6€CKOHEYHOTO MHOYKECTBa HOMEPOB N

BBITIOJIHAROTCA paBCHCTBA!

an+1(f)=82n(f), TO f(X)

NMCECT BU .

f(x)=a +bx+c

1
X__
2

A, eciu Bon(f)=B2n.1(f), To f(X)=ax+h.

IIpusedem dokazamenbcmeo ymeepaicoenus 3.

Tak kak s ¢pyaknuu f(X) Bemmonnsrorest paBenctBa Bopsy( f) =Bon( f), N> 1, u3
(5) cnenyert, uTo

2n K K k k-1
B, (f,x)=f(0)L—x)*"* + f(@)x*" 1- fl — fl— 1 =
10 = 100 1 5 (12 oo (2

2n k
:f 0 1_ 2n+1 f 1 2n+1 f o b
O@-X)"+ f X +3 [2n+1j s ()

2n _
Z (1_ . )f(Lj+ : f(k 1}_ f( K ) B,y (X)=0
= 2n+1 2n) 2n+1 2n 2n+1 ’

Tak kak MHOTOWICHBI Dop+1x JIMHEHHO HE3aBHCHMBI, TO IMEEM PaBEHCTBA:

(1— k )f(kj+ K f(k‘lj—f( K j:O,kzl,...Zn
2n+1 2n 2n+1 2n 2n+1

Orcrona




ITo Teopeme Jlarpan;ka Ha KakJ0M U3 OTPE3KOB [kz_lzk} k =1..2n, IOJIy4aem
n

Ozefmﬁil{gﬁ_%mﬁJ}éﬁup(giJ_(g:D:

k , k k k , k k-1
= (]—_ jf (Cl)(_ - j_ f (Cz)( - =
2n+1 2n 2n+1) 2n+1 2n+1 2n

2n+1-k k . k 2n+1-k _, 11
= f(c,) - f(c,) = (11)
2n+1 (2n+1)2n 2n+1(2n+1)2n
GRS} 7 P (ﬂi} Kk =12,.2n
(2n+1"2n 2n 2n

JIoKa3aTeIbCTBO CIEAYET U3 HEMPEPHIBHOCTU BTOPOH mpou3BoaHoN QyHkimu f(X),
Kotopast, B cuity (11), oOpamaercss B HOIIb Ha TIOTHOM MHOXecTBe oTpeska [0,1]

1 1
M, CJIEJOBATEIbHO, HA KaXKJIOM M3 OTPE3KOB [0,_ u E,l OHA SABJISIETCS
2

auHeHoi. OTcroa ciaeayeT mepBas 4acTh YTBEPKIACHHUS. J[J1s1 OKOHYATEILHOTO
JI0Ka3aTeIbCTBA BTOPOM YaCTH JJOCTATOYHO 3aMETHTh, UTO ecliid Bon.1(f)=Ban(f), TO

(L_kjf( k j+“‘f(k‘1j_f(kj:o,k=L_2n
2n 2n-1) 2n (2n-1 2n

N, B yacTHOCTH,
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YTBepxKIeHUE JOKA3AHO.
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