Muorounens! bepuireiina

n k def nl
B (f,x\)=> f|=1b (%), b, (x) = C*x*(L—x)"*, C¥= :
n( ) ; (n) n,k( ) rac n,k( ) n ( ) n kl(n—k)l

bnk(X) HaspBatoT MHOrowieHamu bepHmTeiiHa, a omeparopel  By(f,X)

nonuaomMamu bepamreitna ¢pynkuuu f(x). , C.H. BepHireiitn qokasai, 4ro

lim||f — B, ()] =0

n—o0

B xone moeit paboThl ObUIO OTYYEHO HECKOIBKO OCHOBHBIX YTBEPKACHHIM.

JlemMma 1.

[Tycts N>0, Torna ans ¢pyukuuu f(X) BepHO paBEeHCTBO:

B (f,%)=f(0)L—x)" + f(@)x"™ + i[(l— Lj f (EJ LS (k—_ljjb x @

P} n+1 n n+1 n

ﬂoxaeameﬂ bCNeo.

O‘IGBI/II[HBIM ABJEACTCA PaBCHCTBO!

Xk(l_x)m-kzxk(l_x)m-k+l +Xk+1(l_x)m-k

Ot1croga nMeeM



B.(f,x)= Zf( JCkxk(l X)" = Zf( JC (X(L=X)"" + X (1L-x)"*) =

k=0

=1

:Zn: f(%jcnkxk(l—x)"*” +Zn: f( jCkxk*l(l X)" = f(0)@-x)"" +

; f(%jc:xka—x)”ﬂu " f
1

k=1

jC:lxk (1_ X)n+1—k + f (1)Xn+1 —
— F0)(L—X)"™ + 2( f [ch: L f k_—ljcnk-ljxk L-X)"" + f (D)X =
k=1 n n

= FO@-X"+ FOX™ +) C:{Nl_k f[hj i f(k 1DXK(1—X)””‘k _

n+1 n n+1

k n
— f(o)(l_x)n+l+ f(l)xn+1+ n (n-l—l—k f(Ej Lf(k 1)jbn+lk(X)
a\ n+1 n) n+l n '
JlemMma ngokazana.
Yr1Bep:kaenne 1.
IMycte f(X) — kycouHo-nuueiiHas (yHKOUA (JloMaHasi) C y3JaMd B TOYKax
k
o k=12,...n=1,un>0. Torna
Bn+1(f) = Ba(f) 2)
I[0Ka3aTeJILCTBo cienyet u3 (1), u3 Toro, 4to
f ko = _ k. f K L fl— K= u 110 onpeaeneHuio Gynkiuu f(X).
n+1 n+1 n) n+l n
1
Hanpumep, mist pynkrmn f(X) =[x 5 OKa3bIBACTCS, YTO
Bon+1( f) =Ban(f), n>0.
Jlokazamenvcmeo.



Tak kak Bp(const)=const, To Bmecto ¢yukuun f(X)=

X— E‘ paccMoTpUM
1
dynkmuio f(x)==—

X — 1‘ . Utaxk,
2

1
X, ecmu X< —

f(x)=

1
1-X, ecmu X>—

Tornma

n k 2n+l k

B, (f,x)= X“(L—x)"" + 1-——— X (L—x)""" =
2n+1( ) kZ:o 2n+1 ( ) k;rl( 2n+1j 2n+1 ( )
=2.C,

k=1

k -1 k(l X)2n+1 k + ZCk X (1 X)2n+1 k —X(l X)Zn +ZCk 1Xk(1 X)2n+1 k (3)
k=n+1
2n-1
+CAXM (L= X)"+ Y Ch X (LX) + X" (1-X)

k=n+2

AHanoruyso,
3 k k 2n—k ! k k K 2n—k
B, (f,x)=>—C; x"1=x)""+ > [1-— [C; x"1-x)""" =
ko 2N k=n-+1 2n (4)
= SCE )" + 3 Ch X (LX)
k=1

k=n+1

Tlonb3ysich oueBUAHBIM paBeHcTBOM: X (1-X)™*=x*(1-x)™* 4x 1 (1-x)™
M3BeCTHBIM ToxkaecTBoM: CX =C1+C! || npeoOpasyeM 3TH IBE CyMMBI
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C;n—}lxk (1_ X)Zn—k — zc;n—}l(xk (1_ X)Zn—k+1 + Xk+l (1_ X)Zn—k) —

k=1 k=L
n n n

Cilx Q=%)"Y CE X (L= x) 2" =x(L—%)*" + Y Chlx (L - %) +
“ k-1 k2

+ D Ca X =X 4 Co X (1= X)" = Xx(L- %) + Z(Czkn‘fl + C;‘n‘fl)xk (L—x)2" ™+ 4

k=2 k=2

+CoLX" M L=X)" =x@L-x)*" + D Ca X LX) + Co X" (1-x)" =

k=2

=X@L-X)2 + D Cox 1= x)*" " + Cp L x" (1 -x)"
k=2

nu
2n-1 2n-1
ZC:MXK (1_ X)Zn—k — chn,l(xk (1_ X)Zn—k+l + Xk+1 (1_ X)Zn—k) —
k=n+1 k=n+1
T~k K kil | R~k k+1 2n—k n+l o n+l n
—k+ + - + +
= ZCZn—lx (1_X) + ZCZHX (1_X) :CZn—lX (1_X) +
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2n—1ck k(1 2n—k+1 2n ] zn_lckfl k(1 2nilk __
+Z 2n—1X(_X) + X (_X)+Z 2n—1X(_X) -
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2n-1
ColxX™ (1= + 2 (Coh + G X =)™+ X" (1= %) =
=n+
2n-1
=C x™@A=x)"+ DCy X 1—x)*"" " +x*"(1—Xx)
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CknazgsiBas (5) u (6) moygaem (3).

YTBepKAEHHUE TOKA3aHO.

PaBenctBa, 1mo100HBIC BRIBEICHHBIM, HHOTIA HA3BIBAIOT «CKIIeHKaMmuy». OHU

()

(6)

UMEIOT MeCTO Jiist JTF000# Tomanoi f(X), y3716I KOTOPOU IPHHAICKAT MHOKECTBY

K,kzl,z,...,n—l}.
n



YTBep:xaenue 2.

Ecnu nenpepsiBHas Ha [0,1] dynkius f(X) qaxabl HempepbIBHO-

muddepennppyema Ha (0, ;j U (; ,1) U 1151 0€CKOHEYHOTO MHOYKECTBa HOMEPOB N

BBIITOJIHAIOTCA PAaBCHCTBA!

BZn+1(f)=BZn(f)a TO f(X)

NMCCT BU:

f(x)=a +bx+c

1
X__
2

A, eciu Bon(f)=B2n.1(f), To f(X)=ax+h.

IIpusedem dokazamenbcmeo ymeepicoenus 2.

Tak kak mis ¢pyakiuu f(X) Beimonustores paBeHcTBa Bonsy( f) =Bon( ), N> 1, us
(1) cnenyet, uto

2n K K K k-1
B, (f,x)=f(0)L-x)""" + f(@)x" 1- fl — fl—= 1o =
10 = 100 1t 5 (12 e o (2

2n k
:f 0 1_ 2n+1 f 1 2n+1 f o b
O@-3)" + f X +3 (ZMJ s ()

2n —
Z (1_ . jf(Lj+ X f(k 1}_ f( X J By (X)=0
= 2n+1 2n) 2n+1 2n 2n+1 ’

Tak kak MHOTOWICHBI Dop+1x JIMHEHHO HE3aBUCHMBI, TO IMEEM PaBEHCTBA:

(1— k )f(kj+ K f(k_lj—f( K j:O,kzl,...Zn
2n+1 2n 2n+1 2n 2n+1

ITo Teopeme Jlarpanxa Ha KakJ10M U3 OTPE3KOB [k_l } k =1,..2n, TOJTy4acM
n

Otcrona

2n



Ozﬁ_miil{gﬂ_f&$un_2iu({mﬁ4}4(grnz

k , k k k , k k-1
gl st sl )
2n+1 2n 2n+1) 2n+1 2n+1 2n

2n+1-k k , k 2n+1-k _, 7
- f(e)- f(c) = )
2n+1 (2n+1)2n 2n+1(2n+1)2n
- M £7(c)(c, —c,), C (ELJ k=12,.2n
2n+1"2n 2n 2n

JloKa3aTenbCTBO CIIEAYET M3 HEMPEPhIBHOCTHA BTOPOW mpou3BoaHoi Gyukuun f(X),
KoTOpas, B cuiy (7), oOpariaercs B HOJIb Ha IUIOTHOM MHOKecTBe oTpeska [0,1] u,

1 1 o .
CJICOOBATCJIbHO, Ha Ka>XJI0M H3 OTpCSKOB |:O,— u E,l OHa ABJIACTCA JIMHCHUHOMUN.
2

Otcroma crepayer TmepBas  4acTh  yTBepxkaeHWs. J[ns  OKOHYATEIBHOTO
JI0Ka3aTeJIbCTBA BTOPOM YaCTH JJOCTATOYHO 3aMETHTh, UTO ecliid Bon.1(f)=Ban(f), TO

[L_kjf( k j+“‘f(k‘1j_f(kj:o,k=L_2n
2n 2n-1) 2n (2n-1 2n

N, B yacTHOCTH,
1f( LN T Gt Y
2 (2n-1) 2 \2n-1 2

YTBepKIeHue T0Ka3aHo.
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