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AnHoTaimsa

B pabore paccmarpuBaroTcs IpaBu/bHbIE PACKPACKH BEPIIWH I'pada IBeTaMu u3
muoxkectsa C' = {1,2,3}, coryacoBanHble ¢ CHCTEMOl 3alpPeTOB Ha pedpax 3TOro
rpada. duga nannoro pebpa AB orobpaxenue f : {A, B} — C, tue f(A) # f(B),
HA30BEM 3anpemom JJjis 3TOTO pebpa, ecjin Mpu PacKpacke BepiuH rpada Helb-
351 OMHOBpeMeHHo KpacuTh Bepumny A B user f(A) u sepmuny B — B nser f(B).
I'pad nasbiBaerca (3, x)-packpaimusaeMbiM i HeKOTOPoro & € N, ecsin npu jir060m
BBIOOpE JIJIsl KayKJ0r0 ero pedpa MHOXKECTBA U3 & 3aIlPETOB CYIIECTBYET PACKPacKa
BepmuH rpada B 1Bera U3 MHOXKECTBA {1,2,3}, He HapymAOMAs HU OJIUH U3 ITUX
sanperos. [Toayueno mosnoe ommcanme (3, T)-packpammuBaeMbix rpados npu KaxK-
JoMm 3Hadenun x = 2,3, ...,6. Beickazana rumore3a 0 TOM, KaK OMUCHIBAETCS KJTACC

Becex (3, 1)-packpammpBaembix rpadoB.
BBenenne

[Tycts G = G(V, E) — KOHEUHBI TPOCTOI HEOPHEHTUPOBAHHBIN Ipad ¢ MHOKECTBOM
Bepiud V' u MHOXKeCcTBOM pebep L.

Onpenenenne 1. Packpackoti eepuwun rpacda G Has3bIBaeTCsS JH000e 0TOOparKeHHe
c:V — C, rne C' — GOUKCUPOBAHHOE MHONCECMBO UGEMOSG, T.€. BBIOOD I KaXK 10
sepumabl A ee npera ¢(A) € C. Packpacka ¢ nasbiBaercst npaguavhot ecim c¢(A) # ¢(B)
npu AB € E, 1.e. HUKaKue JBe CMeKHble BepIuHbI Ipada He OKpalleHbl B OJUH U TOT
JKe TIBeT.

Onpenenenune 2. I'pad HazbiBaeTCst k-packpauiusaemovim, €CIN CYyIIECTBYET MPABUIb-
Hasi pacKpacka ero BepninH B k 1nBeToB, T.e. Takas uro |C| = k.

Onpenenenne 3. [lycts AB € E — pebpo rpada G. Orobpaxenne [ : {A, B} — C,
rae f(A) # f(B), nazosem sanpemom, jist pebpa AB, ecau upu packpacke pepiina G
3aIpenaeTcs OJHOBPEMEeHHO OKpamuBarh Bepumay A B nser f(A) n Bepmuny B — B et
f(B). Ilyers f(A) = X, f(B) =Y. Eciu jqyis pebpa 3adukcupoBano o6o3nadenue AB
(coorBercrBenno, BA), To 3auper Gy/ieM 0TOXKIECTBIIATD C YHOPsJIOUeHHON Hapoii BETOB

(X,Y) (coorsercrenno, (Y, X)).

Onpenenenue 4. Bynem Ha3bpiBaTh rpad Hazpyscenmnvim, €Can A KazKI0TO ero
pebpa 3asan0 cBoe MHO)KeCTBO 3anperon, rae C' = {1,2,... k} — MHO)KeCTBO 1BETOB.
Oo0branbie Tpad bl OYIyT SABASITHCS YACTHBIM CJIydaeM HATrPYKeHHBIX IPagOB MPHU MyCTOM
MHOKeCTBe 3anperoB. /Iis pebpa e € E narpyxkennoro rpada G obo3naqum depes 7(e)
KOJIMYIECTBO 3alpeToB Ha pedpe e. Harpyzkennstii rpad G HA30BeM T-Ha2pysHcerHbLM, TIT
epagpom ¢ T 3anpemamu wa pebpax, ecau r(e) = x aus gawoboro e € E.



Onpenenenne 5. [Ipasusvhoti (k, z)-packpackoli x-rnazepyostcernnozo pagda Ha30BeM Ta-
KYI0 TPABUJIbHYIO PACKPACKy ero epmmu nseramu u3 muoxkecrsa C' = {1,2,... k}, uro
Ha KaskKJ0M pebpe rpada He HapyITeH HU OJWH U3 X 3alPeTOB JJIsi 9TOr0 pedpa.

Onpenenenne 6. O6biknosennniii rpad G naszosem (k, T)-packpauwusaemvim, ecan
JUIST JTI000TO COOTBETCTBYIOMICIO €My Z-Harpy’KeHHOro rpada CyIIecTByeT NpaBUIbHAA
(k, z)-packpacka ero BepIIKH.

Hawm nonanobsrest crangapTHbIe MOHATHS TeOpUH TPadOB: IeH, IUKJIbl U JePeBbs
(em. [5]). Lenb ¢ n BepmuaaMu npuHATO 0003HAYATH KaK P, muk/a aymabl n — Kak C,.

OcCHOBHBIM pe3y/IbTaTOM PA0OTHI SABJLIOTCS CJIE/IyIOlIasi TeOpeMa, JIAIoNiast HOJTHOe
OIKMCaHKeE CBSI3HBIX (3, T )-packpaiinBaeMbix rpadoB pu KazKJ0M 3Hadennu r = 2,3, . . ., 6:

Teopema. IIycte G — 0OBIKHOBEHHBII CBSI3HBIH rpag.

a) I'pa¢p G siBasiercs (3, 6)-packpanmBaembim < G = Py;

6) Ecmn x € {4,5}, 10 rpa¢p G saBsercs (3, x)-packpamuBaembim < G € { Py, Pa};
B) Ecomm x € {2,3}, ro rpad G sBasiercs (3, x)-packpamuBaembiv < G € { Py, Py, P3}.

Orrocuresbro (3,1)-packpammBaemMbix rpadoB Mbl BHICKA3BIBAEM CJIE/YIONLYI0 THITO-
Te3y, YepHOBON BapHaHT JIOKA3aTeJbCTBA KOTOPOIl MMEEeTCs Yy aBTOPOB W B HACTOSIIEe
BpeMs J10pabaTLIBAETCS.

T'unore3a. Cpasuebrii rpag G sBisiercst (3,1)-pacKpanimBaeMbIM TOLJIA H TOJBKO TO-
14, KOrja IIpH IOCAeL0BATeIbHOM yaaneHud u3 (G BcexX BepUIHH CTeIeHH 1 HOJIydaeTcs
OJMH U3 CJeJLYIOIUX Ipagos:

1) oanoBepurmHHbIT rpad;

2) nuK;

3) rpa¢ Buma Gy (puc. 1), npudem JTHHA HH OJHONO H3 IHKJIOB He paBHA 3n + 1,
n € N;

4) rpa Buga Go (puc. 1), nHaspiaemblii moma-zpagom, JJisi KOTOPOIO BbBIITOJIHSETCS
OJIHO U3 CJIEJYIONIHX YCJIOBHIMH:

a) JUTHHBI Beex meneii 6oJipine 1 0 He JafoT MOMapHO Pa3InIHbIe OCTATKH MPH JeJTeHHH
Ha 3;

0) oaHa menb uMeer JUIHHY 1, a JIHHBI qBYX JPYTHX HE KPATHBI 3.

Pucynox 1.

[TpuBeiem KpaTKuii HCTOPpUYECKHIT 0030p MPENIECTBYIONNX PE3Y/JIbTATOB ¥ MOTHBA-
MU0 /I TOCTaBAEHHONW HaMu 3a1a4dnd. HecMoTps Ha TO, 9TO HccaeoBaHHAS 3a1ada 00
onucanuu rpadoB, packpamuBaeMbIX B TPU T[BETA W UMEIOIINX 3alpeIeHHble Taphl 1Be-
TOB Ha pedpax, sABJISETCs HOBOM, OHA €CTeCTBEHHBIM 00PAa30M IIPOJI0JIZKAET KJIACCUYECKYTIO
TEeMATUKy PeJIIUCAHHBIX PAaCKpPacoK rpados.



[Tonsrue npejnucannoit packpacku rpada Buepsbie BO3HUKJIO B 1976 roay y B.I.
Busunra [1| u onpesensnoch Kak packpacka Bepiind rpada ¢ 3aJaHHBIME TPe/NCAH-
siMi (HabopaMmu JIOMYCTUMBIX [[BETOB) B KaxK/0ii BeprmmHe. B 1979 r. BhINIa M3BeCTHAS
pabora II. Dpuema, A. Py6una u X. Tsilopa [2| mo mpeamucaHHOMY XPOMATHIECKOMY
ancay. B 1994 rogy K. Tomacennom [3] 6GbLma jokaszaHa Teopema O MpeIUCAHHON 5-
pacKpammuBaeMOCTH IiaHapubix rpados. OTjesbHasi CTPaHUIlA, HOCBSIIEHHAS PACKPAC-
KaM rpadoB ¢ MpeNHCAHNsSIMI B BEPITMHAX, €CTh B aHIHiCKOiT Buknmeanu [4].

Hapany ¢ nmpeamucanabivu packpackavu BepmuH, E. /Iunumem, @. ['aasunom, /Ix.
Kanowm [5], [6] u apyruvu aBropamu GbLIH ONpe/IeJIeHbl U U3YUYEHBl MPEIUCAHHBIE DAC-
Kpacku pebep rpacdos u myabrurpadon. Hamboabmunit nHTEpec mpeacTaBisgeT THIOTe3a
O COBIIAIEHUU OOBIYHOTO W HMPEIUCAHHOTO XPOMATHIECKOTO WH/IEKCOB rpada u moarBep-
JKJIeHne 9Toil runore3sl Lamsunom [5] auist Kiracca ABYIOIBHBIX TpadoB.

Otrmyne paccCMOTPEHHOU B JIaHHO# padoTe 3a/ia4u OT paHee HCCJIeTOBAHHBIX COCTOUT
B TOM, UTO KPACITCs BEPITUHBI Ipada, OHAKO Mpe/IIHcaHus (3alpeThl) 33IAI0TCSA HE B €10
BepIIMHAX, a Ha peOpax. Tem caMbIM BBEJIEHHYIO HAMHU PACKPACKY B HEKOTOPOM CMBICJIE
MOZKHO Ha3BaTh “THOPUHOU 10 OTHOIIEHUIO K IPEJIIUCAHHLIM PACKPACKaM BEpIIUH W
pebep.

Packpacka Bepmiun rpada c 3anperamMu Ha peOpax eCTeCTBEHHBIM 00pa30M BO3HHUKAET
B cJejyomneil mpukaanoit 3agaqde. [Iycts Bepiunbl rpada 0603HaIaI0T paboThHl HEKOTO-
pPOI'o IPOEKTA, a BETa BePIIMH — PADOTHUKOB, BBIIIOJIHAIONIMX 3TU padboThl. Pebpo mex iy
BepimmHavu A u B 03Hauaer CBA3aHHOCTH COOTBETCTBYIOIUX paboT, TO €CcTh 4TO pabor-
HUKH, BHINOJIHAIOMME paboThl A 1 B, B Ipolecce uX BBIOIHEHUS JIOJKHBI COTPYIHIYAT.
Torpa 3anper (X,Y') na pebpe AB o3nauaer, 4o paGoTHUK X, BBIIOJIHsIA padory A, He
MOZKET COTPYTHUYATH ¢ PAGOTHUKOM Y, BBHITIOJIHAIONNM paboTy B (B CHIy HECOOTBETCTBIHS
1podeCcCHOHAIBHBIX HABBIKOB, JINYHBIX KAYECTB WJIM KAKUX-TO JIPYIHX NpHYUH). B 9moM
cydae CyIIecTBOBaHWE MPABUIBHON PACKPACKH C 3alperamMu Ha pedpax 03HATAET, UTO
MOXKHO HA3HAYUTh PaOOTHUKOB HA BCe paboThl (u30erast KOHMIUKTOB U HECOOTBETCTBHIA )
U YCIEITHO BBIIOJTHUTH IPOEKT.

JlarHyto paboTy MOYKHO CIATATH IMEPBBIM IATOM Ha IIYTHU HCCIe0BaHUA OOIei 3a,1auu
C IpeINUCAHUusIMEA Ha Pedpax: ¢ MPOU3BOJIbHBIM YUCJIOM IBETOB, 0€3 yCJIOBUS IPABUIHHO-
ctu, 6e3 puKcalmuy CIHUCKa IBETOB, OOIIEro Jijisi BCeX BeplnH rpada.

1. /lTokazaTejJbCTBO TEOPEMBI

3ech 1 jgajiee packpackoii Oy/1eM Ha3bIBATH MPABUJIBHYI0 PACKPACKY HATPYKEHHOTO
rpada ¢ r 3anperamu Ha pebpax, a k-packpamuaembim rpadom — (k,x)-packpaniu-
BaMbIil rpad, ecqim U3 KOHTEKCTa sCHO, deMy paBHO . OCHOBHBIM OOBEKTOM H3YUeHHUS
oynyT (3, x)-packpamuBaembie Tpadbl. Bygem paccMarpuBaTh TOJBKO CBsI3HBIE Tpadbl,
IIOCKOJIbKY PaCKpaCKa W 3allpeTbl Pa3/IMYHbIX KOMIIOHEHT CBA3HOCTU HUKAK HE€ BJIMAIOT
JIPYT Ha JpyTa.

¢lcno, 9aTo 11t pacKpacku B 3 1BeTa Ompe iesieHne 5 nMeer cMbIcs ToIbKO pu 0 < o <
6, ITOCKOJIbKY Pa3/JIMYHBIX 3allPETOB HA OJHOM pedpe He MozKeT ObITh OoJibIe 6. [Ipn x = 0
MBI TIOJIy9aeM B TOYHOCTH OIpeaeTeHne OOBIYHOM MPaBUIbHON 3-pPACKpPACKH BEPIINH.



Jlemma. B Jsiiobom cBsiznOM rpaghe ¢ He MeHee TpeMsi BepinuHaMu ecTh mnogrpag Ps.

JIOKABATEJIbCTBO. Eciin B ¢Bs13HOM rpade ecThb XOTs Obl TPU BEPIIUHBI, TO CTEIEHD
XOTs OBl OJHOI M3 HUX HE MEHbBINe IBYX, a 3HAYUT, MBI MOXKeM BBIIEIUTH moarpad Ps.
Jlemma J1oKa3aHa.

SAMEYAHME. VI3 maHHBIX BBIIIE OIpeeeHnil cieayer, 9ro ecau rpad G apiaserca

(3, z)-packpamuBaeMbiM, TO OH sBsgercd (3, y)-packpamuBaembim npu arobom 0 < y < .

,ZLOKA3ATEHBCTBO TEOPEMBI.

a) OueBuIHO, UTO OMHOBEPIIUHHBIH rpad P aBisercs (3,6)-packpamuBaembim. [TycTh
B rpade G ecTh X0Tst ObI JiBe BEPIIMHBI. B CHIy CBSI3HOCTH, 3TO 03HAYAET, YTO B HEM €CTh
xorst 661 01O pebpo e. Torma HasmokuMm Ha 310 pebpo 3amperst (1,2), (1,3), (2,3), (2,1),
(3,1), (3,2). [lsnst cCOOTBETCTBYIONIETO HAIPYZKEHHOrO rpada He CYIeCTBYET DaCKpaCcKH,
IIOCKOJIbKY MBI HE CMOZKEM MOKPACHTh KOHIBI pedpa €, He HAPYIIUB HU OJHOTO 3allpeTa.

6) 113 mokasaHHOTO YyTBEpPK/JEHHsS a) W CAEJTAHHOTO BHINIE 3aMedYaHus CJIeyeT, 94TO
JIOCTATOYHO JI0Ka3aTh (3,5)-packpamnBaeMocTb rpada Po, U J0Ka3aTh, 9TO BCE CBI3HbIE
rpadsl ¢ He MeHee TpeMs BePITHHAME He SBJSIOTCH (3,4)-pacKparnBaeMbiMA.

Eciu G — 310 P), T0 X015 Obl 0JHOII KOMOMHAIUU LBETOB He OyJleT CPeiu 3alperoB
JIJISI €70 eIMHCTBEHHOrO pedpa, a 3HAYHMT, COOTBETCTBYIONINI HATrPYKEHHbIH rpad MOXKHO
packpacuthb. [Tosromy rpad P (3,5)-packpammBaem. [To 3amedannto Beinie oH u (3,4)-
pPacKpalinBaeM.

Ecnu csasubiii rpad G cOIep:KUT IO MeHbIIel Mepe TPH BEpIIHHBI, TO IO JeMMe B
Hem Haitgercs nogrpad Ps. Yike cieayiomias cucrema u3 4 u 2 3amperoB MOKA3bIBAET,
aro noarpad P; u, coorBercTBeHHO, Bech rpad G He spisercs (3,4)-packpaiinBaeMbiM
(ocTaBruecst 2 3ampera Ha pedpe crpaBa BHIOHMPAIOTCS TIPOM3BOJIHHO):

O(3,2),(1,2),(2,1),(3,1)@(3,1),(3,2)O

Pucynox 1.

[eiicTBUTeIHHO, MTOCKOIBKY Ha 002 pebpa rernn HatoKenbl 3anpers (3,1) u (3,2), To seBas
U TIeHTPaJIbHas BEPIINHA [EIN He MOT'YT OBITh OKpPAIIeHbl B BT 3. 3HAYUT, KOHIIBI JIEBOT'O
pebpa OKpallleHbl B KaKyo-T0O u3 map nsetos (1,2) win (2,1), Ho 06e 9TH mapbl BXOIAT B
HabOp 3aperoB Jijis TOro pedpa.

B) AHAJIOrUYHO cayvaro 6), J0CTaTOYHO JoKa3aTh (3,3)-packpamuBaeMocth rpada Ps,
u He (3,2)-packparmBaeMocTh CBI3HBIX Tpados, ormaubix or P, Py u Ps.

Hokazem, aro rpad Ps asigercs (3,3)-packpammuBaeMbiM. [lycts B — cpe/Hsisa Bep-
muHa P3. JIng Kaxkaoro pebpa pacCMOTPHM IIBETa, BCTPEYAIONIHecs B TpeX 3alperax Ha
5TOM pebpe npu BepiinHe B He Oojiee ogHOro pasa. s kaxkporo pebpa TakKux IIBETOB
Oy/leT He MEHbIIe IBYX, 3HAYHUT, 0 NpuHIuIy /upux/ie Hali1eTCs IBET ¢, BCTPEYAIOIIHIiCs
B 3allpeTax Ha pacKpacKy BepIIuHbl B Ha oboux pebpax He OoJiee oaHOTO pasa. [lokpacum
BepinHy B B et c. [lo BEIOOPY mBeTa ¢ KpailHue BEPIIHHBI MM MOXKHO IOKPACHTD XOTSsI
OBl B OJUH IBET, He HApYIIas 3alIPeTOB.

JlokazkeM, 9TO He CyIEeCTBYET CBA3HBIX (3, 2)-packpanmBaeMbiX rpadoB, OTINIHBIX OT
Py, Py, P3. TIpenosiozkum OT HpOTUBHOTO, YTO cyiiecTByeT (3, 2)-pacKkpaimBaeMbiii rpad



F ¢ {Py, P, P;}. Torna F 1o semme conepxut noarpad Ps. Tak kak F' cesasen u F' # P,
T0 B F' Oy/ier Kak MEHHMYM €eIIe 04HO pedpo, co3matomree mukJ C'3, W elne O/Ha BEPITHHA,
D, coenmnennast XoTst 061 ogHUM pebpom ¢ toarpadom Ps. [locaeanee BO3MOXKHO, KOT/1a,
D coenunena pebpoM ¢ IMeHTPAJILHONR BEPIIMHON WM C OJHONW M3 KpallHMX BEPIINH IeIn
P;.

Paccmorpum Bece Tpu BapuanTa 1moArpadoB U HAJI0ZKUM 3aIPEThl CJIe/ Ly I0NIM 00pa30M:

(2,1),(2,3) (1,2),(3,2)
ONERY (1,3),(2,3)
O (1,2),(3,2) o (1,3),(3,1) O (2,1),(2,3) O
Pucynoxk 2.

Jlokaxkem, 4uTo Bce rpadbl Ha PUCYHKE 2 ¢ YKa3aHHbIMM 3alipeTamMu Ha pedpax He
SABJISAIOTCS pacKpaluBaeMbiMu. be3 ydera 3anpeToB cyliecTByeT 6 pa3judHbIX [PaBHIb-
HBIX packpacok rpada C3. Tak Kak Kaxkaplii m3 6 3ampeToB Ha peOpax 3aIperiaeT OJHY
U3 3TUX PacKpacok, U JiroOble JIBa 3alpeTa 3allpellaioT pa3Hble pacKpacKu, TO HU OJHA
I3 pacKpacoK He YIOBJIEeTBOpsieT BceM 3ampeTaM. Bo Bropom rpade 11 KaxKIoro IBe-
ra X CyLIECTBYeT BBIXOJdIlee M3 LEeHTPaJbHON Bepmunbl A pedpo ABx ¢ 3amnperamu
(X,Y),(X,Z). Ecim A nokpamiena B niger X, 1o Bx He MoxkeT ObITh mokparieHa B X
n3-3a MMPaBUJIbHOCTH, a B IBeTa Y, Z — Hu3-3a 3alpeToB. TakuM ke 0O6pa3oM IOJydaeM,
YTO HH OJIHA U3 JIBYX BHYTPEHHHUX BEPIINH TpeThero rpada He MoxkeT ObLIb MOKpallleHa B
user 2. I13-3a yc/jioBuS 1IPABUJIBHOCTH 9TU BEPIINUHbBI JIOJIZKHbI ObITh HOKPAIIEHbI B 1IBETA

1 m 3, HO TaKuWe pacKpacKy 3alpelnieHbl Ha IeHTpajJbHOM pebpe. Teopema jJokasaHa.

Astopsr Beipakator Oarogapuocts C.B.ABrycrunoBudy 3a neHubie 3amedanus. Pa-
6ota BoinostHena noj pykosojactsom A.H. Itebosa u B.FO. I'ybapesa.
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