
Òðåóãîëüíèê ËåéáíèöàÂàâèëîâ À.À.�ÁÎÓ ÑÎØ �9 119421, Ìîñêâà óë. Íîâàòîðîâ, 34 êîðïóñ 1Ïðåäñòàâëåííàÿ ðàáîòà ïîñâÿùåíà èçó÷åíèþ ïðîñòåéøèõ ñâîéñòâ òðåóãîëüíèêà Ëåéáíèöà.Ïðåæäå âñåãî, äîêàçûâàåòñÿ åãî ñâÿçü ñ òðåóãîëüíèêîì Ïàñêàëÿ (òåîðåìà 1), ïîêàçûâàåòñÿ íà-ëè÷èå ó òðåóãîëüíèêà Ëåéáíèöà îñè ñèììåòðèè (òåîðåìà 2), çàòåì íàõîäÿòñÿ ðàçëè÷íûå ñóììû÷èñåë îáðàòíûõ ê ÷èñëàì, ñòîÿùèõ â îäíîé ñòðîêå òðåóãîëüíèêà Ëåéáíèöà (òåîðåìû 3-6). Ïîñëåýòîãî ïîêàçûâàåòñÿ, ÷òî ÷èñëà, ñòîÿùèå â îäíîé ñòðîêå òðåóãîëüíèêà Ëåéáíèöà, ñíà÷àëà óáûâà-þò, à çàòåì âîçðàñòàþò. Òàêèì îáðàçîì, ñóùåñòâóåò ìèíèìàëüíîå çíà÷åíèå ñðåäè ÷èñåë, ñòîÿùèõâ îäíîé ñòðîêå òðåóãîëüíèêà Ëåéáíèöà. Äîêàçûâàåòñÿ, ÷òî åñëè íîìåð ñòðîêè � ÷åòíîå ÷èñëî,òî ìèíèìóì îäèí, åñëè æå íîìåð ñòðîêè � íå÷åòíîå ÷èñëî, òî ìèíèìóìà äâà. Óñòàíàâëèâàåòñÿ,÷åìó ðàâíû ýòè ìèíèìóìû (òåîðåìà 7). È íàêîíåö, â çàêëþ÷åíèè ïîêàçûâàåòñÿ, ÷òî ëþáîå ÷èñ-ëî, ñòîÿùåå â ïðîèçâîëüíîé ñòðîêå, ïðåäñòàâèìî â âèäå áåñêîíå÷íîé ñóììû íåêîòîðûõ ÷èñåë,ñòîÿùèõ ïîä íèì (òåîðåìû 8-9).Òðåóãîëüíèê Ëåéáíèöà � ýòî áåñêîíå÷íàÿ òàáëèöà ÷èñåë, èìåþùàÿ òðåóãîëüíóþ �îðìó. Ôðàã-ìåíò òðåóãîëüíèêà Ëåéáíèöà èçîáðàæåí íà ðèñ. 1. Ïî áîêàì ýòîãî òðåóãîëüíèêà ñòîÿò ÷èñëàîáðàòíûå íàòóðàëüíûì ÷èñëàì, à êàæäîå âíóòðåííåå ÷èñëî ðàâíî ñóììå äâóõ ÷èñåë, ðàñïîëî-æåííûõ ïîä íèì.
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7�èñ. 1. Ôðàãìåíò òðåóãîëüíèêà Ëåéáíèöà.Åñëè ñðàâíèòü òðåóãîëüíèê Ëåéáíèöà ñ òðåóãîëüíèêîì Ïàñêàëÿ, ñðàçó áðîñàåòñÿ â ãëàçàíåêîòîðàÿ ñâÿçü ìåæäó ýòèìè òðåóãîëüíèêàìè 1.1Â äàëüíåéøåì ìû áóäåì èñïîëüçîâàòü ïðîñòåéøèå ñâîéñòâà òðåóãîëüíèêà Ïàñêàëÿ áåç äîêàçàòåëüñòâà (ñì.,íàïðèìåð, [1℄)
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1 6 15 20 15 6 1�èñ. 2. Ôðàãìåíò òðåóãîëüíèêà Ïàñêàëÿ.Áóäåì íóìåðîâàòü ñòðîêè êàê òðåóãîëüíèêà Ïàñêàëÿ, òàê è òðåóãîëüíèêà Ëåéáíèöà, ñâåðõóâíèç, ïðè÷åì ñàìàÿ âåðõíÿÿ ñòðîêà áóäåò èìåòü íîìåð ðàâíûé 0, à ÷èñëà, ñòîÿùèå â îäíîé ñòðîêå,áóäåì íóìåðîâàòü ñëåâà íàïðàâî, ïðè÷åì ñàìîå ëåâîå ÷èñëî òàêæå áóäåò èìåòü íîìåð ðàâíûé 0.Òàêèì îáðàçîì, â êàæäîì èç ðàññìîòðåííûõ âûøå òðåóãîëüíèêîâ ìû ââåëè ñèñòåìó êîîðäèíàò.Ýëåìåíòû òðåóãîëüíèêà Ïàñêàëÿ îáû÷íî îáîçíà÷àþò ñèìâîëîì Ck
n
, ãäå n � íîìåð ñòðîêè, à k �íîìåð ÷èñëà, ñòîÿùåãî â ñòðîêå ñ íîìåðîì n. Òàê ÷èñëî C2

3 � ýòî ÷èñëî 3. ×èñëà òðåóãîëüíèêàËåéáíèöà áóäåì îáîçíà÷àòü ñèìâîëîì Lk
n
. Òîãäà L2

3 � ýòî ÷èñëî 1

12
.Ñ ó÷åòîì ýòèõ îáîçíà÷åíèé ïðàâèëà, çàäàþùèå òðåóãîëüíèê Ïàñêàëÿ è òðåóãîëüíèê Ëåéáíè-öà, ìîæíî çàïèñàòü ñîîòâåòñòâåííî â âèäå
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(2)Îäíàêî ïðàâèëà, çàäàþùèå òðåóãîëüíèê Ëåéáíèöà, óäîáíåå çàïèñûâàòü â âèäå
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(3)Òåîðåìà 1.
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1
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. (4)Äîêàçàòåëüñòâî. Äëÿ äîêàçàòåëüñòâà ýòîãî ðàâåíñòâà âîñïîëüçóåìñÿ èíäóêöèåé. Ñíà÷àëà ïðî-âåðèì åãî äëÿ êðàéíèõ çíà÷åíèé k = 0 è k = n.Â ñèëó (3)
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� Â ñèëó ðàâåíñòâà (4) ìíîãèå ñâîéñòâà òðåóãîëüíèêà Ëåéáíèöà ëåãêî ñëåäóþò èç ñîîòâåòñòâó-þùèõ ñâîéñòâ òðåóãîëüíèêà Ïàñêàëÿ. Íàïðèìåð, ëåãêî äîêàçàòü ñèììåòðè÷íîñòü òðåóãîëüíèêàËåéáíèöà îòíîñèòåëüíî âåðòèêàëüíîé îñè.Òåîðåìà 2. Lk
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� Àíàëîãè÷íî, èç èçâåñòíîãî ðàâåíñòâà
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= 0. (8)Äîêàçàòåëüñòâî. Ñêëàäûâàÿ ðàâåíñòâà (6) è (7) è ðàçäåëèâ ïîëó÷åííóþ ñóììó íà 2, ïîëó÷èìðàâåíñòâî (8). �Òåîðåìà 6.
1
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n

+
1

L5
n

+ . . . = (n+ 1)2n−1. (9)Äîêàçàòåëüñòâî. Âû÷èòàÿ ðàâåíñòâî (7) èç ðàâåíñòâà (6) è ðàçäåëèâ ïîëó÷åííóþ ðàçíîñòü íà2, ïîëó÷èì ðàâåíñòâî (9). �Êàê â òåîðåìå 5 , òàê è â òåîðåìå 6, ñóììà ïðîäîëæàåòñÿ äî òåõ ïîð, ïîêà âåðõíèé èíäåêñ íåñòàíåò áîëüøå íèæíåãî.Èç �èñ. 1 õîðîøî âèäíî, ÷òî ÷èñëà, íàõîäÿùèåñÿ â îäíîé ñòðîêå òðåóãîëüíèêà Ëåéáíèöà,ñíà÷àëà óáûâàþò, à çàòåì âîçðàñòàþò, äîñòèãàÿ ñâîåãî íàèìåíüøåãî çíà÷åíèÿ ãäå-òî ïîñåðåäèíå.Ïîêàæåì, ÷òî ýòî âûïîëíÿåòñÿ äëÿ ëþáîé ñòðîêè òðåóãîëüíèêà Ëåéáíèöà è ïîêàæåì ïðè êàêèõèìåííî çíà÷åíèÿõ k äîñòèãàåòñÿ ìèíèìóì.Òåîðåìà 7. Ïîñëåäîâàòåëüíîñòü {Lk
n}, k = 0, 1, . . . , n, ñòðîãî óáûâàåò íà îòðåçêå [0, ⌊n/2⌋] èñòðîãî âîçðàñòàåò íà îòðåçêå [⌊n/2⌋ + 1, n]2 Ïðè ÷åòíîì n ìèíèìóì äîñòèãàåòñÿ â òî÷êå

⌊n/2⌋ = n/2, à ïðè íå÷åòíîì n � â äâóõ òî÷êàõ ⌊n/2⌋ = (n− 1)/2 è ⌊n/2⌋+ 1 = (n+ 1)/2.Äîêàçàòåëüñòâî. Âîñïîëüçóÿñü íàéäåííîé âûøå �îðìóëîé (4), îöåíèì îòíîøåíèå:
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2
, òî 2k < n+1. Âû÷èòàÿ èç îáîèõ ÷àñòåéýòîãî íåðàâåíñòâà k, ïîëó÷èì k < n− k+1. Îòêóäà ñëåäóåò k
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n
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2
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n âîçðàñòàåò.Ïóñòü n = 2m, m = 1, 2, . . . . Òîãäà n+1

2
= m+ 1

2
, ò. å. ïðè k < m+ 1

2
�óíêöèÿ Lk

2m óáûâàåò, àïðè k < m+ 1

2
�óíêöèÿ Lk

2m âîçðàñòàåò (ñì. �èñ. 3).2Çäåñü ⌊x⌋ îçíà÷àåò íàèáîëüøåå öåëîå ÷èñëî, ìåíüøåå èëè ðàâíîå x4
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=
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m+ 1
< 1,ò. å. Lm

2m < Lm+1
2m . Ñëåäîâàòåëüíî, �óíêöèÿ Lk

2m äîñòèãàåò ñâîåãî íàèìåíüøåãî çíà÷åíèÿ ïðè
k = m.Åñëè n = 2m + 1, m = 1, 2, . . ., òî n+1

2
= m + 1. Ïîýòîìó ïðè k < m + 1 �óíêöèÿ Lk

2m+1óáûâàåò, à ïðè k > m+ 1 �óíêöèÿ Lk
2m+1 âîçðàñòàåò (ñì. �èñ. 4).Íî Lm+1

2m+1 = Lm
2m+1, ïîýòîìó Lk

n
äîñòèãàåò ñâîåãî íàèìåíüøåãî çíà÷åíèÿ â äâóõ òî÷êàõ m è

m+ 1. �Òåîðåìà 8. Lk
n = Lk+1

n+1 + Lk+1

n+2 + Lk+1

n+3 + . . . Äëÿ ëþáûõ íàòóðàëüíûõ n è 0 ≤ k ≤ n.Äîêàçàòåëüñòâî. Âîñïîëüçóÿñü ñîîòíîøåíèåì (3), ìîæíî çàïèñàòü
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n+2
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n+2 − Lk

n+3 = Lk+1
n+3

. . . . . . . . . . . .Ïî÷ëåííî ñêëàäûâàÿ ýòè íåðàâåíñòâà, ïîëó÷èì
Lk

n
= Lk+1

n+1 + Lk+1
n+2 + Lk+1

n+3 + . . . .

� Òàêèì îáðàçîì, ÷èñëî Lk
n
ìîæíî ïðåäñòàâèòü â âèäå áåñêîíå÷íîé ñóììû ÷èñåë, ñòîÿùèõñïðàâà è ïîä íèì. Íàïðèìåð, 5
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7�èñ. 5Ñ äðóãîé ñòîðîíû, ïîñêîëüêó òðåóãîëüíèê Ëåéáíèöà îáëàäàåò ñâîéñòâîì ñèììåòðèè, ÷èñëî Lk
nìîæíî ïðåäñòàâèòü â âèäå áåñêîíå÷íîé ñóììû ÷èñåë, ñòîÿùèõ ñëåâà è ïîä íèì.Òåîðåìà 9. Lk

n = Lk
n+1 + Lk+1

n+2 + Lk+2

n+3 + . . . Äëÿ ëþáûõ íàòóðàëüíûõ n è 0 ≤ k ≤ n.Äîêàçàòåëüñòâî. Â ñàìîì äåëå, åñëè
Lk
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n+3 + . . . ,Òî, â ñèëó òåîðåìû 2,
Ln−k

n
= Ln+1−k−1

n+1 + Ln+2−k−1

n+2 + Ln+3−k−1

n+3 + . . . (10)Ïîëàãàÿ â (10) k = n− k, ïîëó÷èì òðåáóåìîå ðàâåíñòâî. �Íàïðèìåð,
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