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IIpencrasiiennas pabora HOCBsieHA U3yYEHHUIO IPOCTENIINX CBOUCTB TpeyrojbHuka Jlefibuuna.
[Ipexze Bcero, AOKa3bIBAETCS €ro CBA3b ¢ TpeyrojbhukoM [lackans (Treopema 1), MOKa3bIBAETCA Ha-
Jquyne y rpeyrosbauka Jleiibauna ocu cumMerpun (Teopema 2), 3aTeM HaXOAATCs PA3IUIHBIE CYMMbI
qucesl OOPATHBIX K YUC/IaM, CTOAIIMX B OAHOM cTpoke Tpeyroiabauka Jleitbuuua (reopembr 3-6). [Tocie
9TOrO MOKA3BIBAETCS, YTO YUCIIA, CTOLMIIME B OJHON CTPOKe Tpeyrosibauka Jleiibuuna, caadaa yobiBa-
10T, a 3aTeM Bo3pacTraioT. Takum o0pa3oM, CyIIecTByeT MUHUMAJIbHOE 3HAUEHHe CPE/IN UCeJI, CTOSIINX
B OJHOI CTpOKe TpeyroibHuka Jleiitbnuna. /loka3piBaeTcs, YTO €CJIM HOMED CTPOKH — YeTHOE YHUCJIO,
TO MUHUMYM OJ[MH, €CJIA YK€ HOMED CTPOKHM — HEYETHOE YUCJI0, TO MUHUMYMA JIBa. YCTAHABJIUBAETCS,
4eMy paBHbL 91U MUHUMYMbL (TeopeMa 7). U HakoHel, B 3aKJII0YEHUU [I0KA3bIBAETCS, YT0 JII0DOe Yuc-
JIO, CTOsIIIIee B IIPOM3BOJILHOW CTPOKE, MPEJICTaBUMO B BHJI€ DECKOHEYHOI CYMMBbI HEKOTODBIX YHCE,
crosmpx mof, HuM (Teopembl 8-9).

Tpeyronpuuk Jleitbuuiia — 310 6eckonednas Tabauna qucest, UMEIas Tpeyroabuyio hopmy. @par-
MeHT TpeyrosibHuka Jleiitbuumna nzobpaxken Ha puc. 1. Ilo 6Gokam 3TOro TpeyrogbHUKA CTOAT HHUCJIA
oOpaTHbIe HATYPAJIbHBIM YHCJIAM, & KayKJ0e BHYTDEHHEE YHCJIO PABHO CyMMe JIBYX HYHCEJ, PACIOJIO-

2KEeHHBIX II0J, HUM.
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Puc. 1. ®parment rpeyrosbuuka Jleiibuuma.

Eciiu cpaBuurs Tpeyrosibuuk Jleitbuuna c rpeyrosbaukom Ilackasis, cpa3y Opocaercs B riasa

HEKOTOpad CBA3b MEXKIY 3TUMU TPEYTrOJbHUKAMU 1.

1B jambueiinrem Mbr GyeM ucronab30BaTh npocTeitmue CBOHCTBa TPeyroabHEKa llackass 6e3 jgoka3aTenneTsa (cm.,

nanpumep, [1])
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Puc. 2. ®parment Tpeyronbauka llackams.

Bynem nymeposars crpoku kak rpeyrosibHuka Ilackasiss, rak u Tpeyrosibauka Jleiibuuna, ceepxy
BHU3, IPUYEM CaMasi BEPXHHAs CTPOKA OyieT mMeTb HoMep paBHbiii 0, a 4uciia, CTosiye B O4HONH CTPOKE,
OyZeM HyMepOBaTh CJIEBA HAIPABO, MPUYEM CAMOE JIEBOE YUCJI0 TaKKe OyJaer nMerh HOMep paBHBbIiL (.
Taxkum 006pa30M, B KaXKJI0M U3 PACCMOTPEHHBIX BBINIE TPEYTOJIBHUKOB MBI BBEJIM CUCTEMY KOODIUHAT.
Duiementnl Tpeyrombiuka Iackas o6brano obosuadaior cumsoiom CF) rie n — nomep crpoku, a k —

HOMEp YHCJIa, CTOAIIEro B crpoke ¢ HomepoM n. Tak uucio C3 — 1o uucio 3. Yuciaa rpeyroibHuKa
1
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C yderom sTux 0bO3HAYEHNUI TpABUIIA, 3aJa0miue TpeyroabHuk [lackasis u TpeyrosbHuk J1eibHu-

JleitGuma Gyaem obosragats cumsosom LE. Torma L2 — sro «mcmo

oa, MO2KHO 3alluCaTb COOTBETCTBEHHO B BUJE

Ch=Cr =1, )
Ch=ctl4cCk |, mpuO<k<n

1
LY=L= ——

LF  =LF 411 mpu0<k<n.

Opnako npaBwiia, 3aa0mme TpeyroibHuk Jleiibnniia, ynobHee 3anuchIBATH B BUIE

1
LY=L= ——
LF =Lk | —LF' mpu0<k<n.
Teopema 1.
[ S S (4)
" (n+1)Ck

JTOKABATEJBbCTBO. st JOKA3ATEIbCTBA 9TOIO PABEHCTBA BOCHOJIb3yeMcs uHtyKiueit. CHadasra npo-

BepuM ero g Kpaiinux 3uadenuii k =0 u k = n.
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B cuny paBencrsa (4) MHOrHE CBOICTBA TPEyroJbHUKA JIeHOHUIIA JIETKO CIELYIOT U3 COOTBETCTBY-
fouux coiicrs Tpeyrosbauka [lackans. Hanpumep, jerko moka3arb CHMMETPUYHOCTD TPEYIOJbHUKA,

JleitOHuAa OTHOCUTEJIBHO BEPTUKAJIBHOM OCH.

Teopema 2. Lﬁ = LZ”“ oas awbozo Hamypasvrozo n u 0 < k <n .
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Teopema 3. )
L_2+_}L+ +—2=(7’L+1)2n. (6)

ITosTomy
1 1 1

=(n+1DC°+n+1)CE+ ...+ (n+1)C" = (n+1)2".
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Teopewma 4.
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Teopema 5.
i—iJr +(—1)"i—0 (8)
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JOKA3BATEJILCTBO. CkiaupiBas pasercrsa (6) u (7) u pa3iesus 1OJLy Y€HHYIO CYMMY Ha, 2, 110JIy4UM

paseHcrso (8). O

Teopema 6. 1 1 1
_ n—1

JIOKABATEJIbCTBO. Boruuras pasencrso (7) u3 paBercrsa (6) U pa3ae/uB MOJyYeHHYIO PA3HOCTh Ha
2, nomyauM pasercrso (9). O

Kak B Teopeme 5 , rak u B Teopeme 6, cyMMa IPOIOIKAETCS J0 TeX 110D, [OKA BEPXHUN UHIEKC HE
craHer OOJIbIlle HUXKHETO.

W3 Puc. 1 XOpoIO BUIAHO, 9TO YHC/IA, HAXOMSAIIMECS B OJHON CTpOKE TpeyroiabHuka JleibHuia,
cHagasa yObIBAIOT, & 3aTeM BO3PACTAIOT, TOCTUTAsi CBOETO HANMEHBIIEro 3HAUEHHS T/Ie-TO MOCEPETIHHE.
[Tokazkem, 9TO 3TO BBIIOIHAETCS /115t JI0D0i CTPOKHU TPEeyroJibHUKA JIeHOHNIA 1 IOKAXKEM [IPU KAKUX

MMEHHO 3Ha4YeHusx k AO0CTUrAa€TCA MUHUMYM.

Teopema 7. Ilocaedosamenvnocms {LEY, k= 0,1,... ,n, cmpozo y6usaem na ompesxe [0, |n/2]] u
cmpozo eospacmaem na ompesxe [[n/2| + 1,n]* Ipu wemmnom n munumym docmuzaemcs 6 mouke

[n/2] =n/2, a npu newemmnom n — 6 deyx mowkaxr |n/2] =(n—1)/2 u |n/2|+1=(n+1)/2.

JLOKA3BATEJILCTBO. Bocuoub3ysich naiigennoii soiuie ¢opmysioit (4), oueHuM OTHOLIEHUE:

1 1 k
Lk k-1 — =ckt/)okh = |
n/En (n-i-l)cﬁ/(n—i—l)(}'ﬁ_l Ca™ /Cn n—k+1

Ecmu k < "T“, TO %}m < 1. B camowm zente, eciiu k < "TH, 10 2k < n+ 1. Berauras u3 oboux gacreit
9T0ro HepaBeHcrBa k, nosydum k < n—k+ 1. Orkyzna cuenyer n%k“ < 1. Mosromy LE < LF=1 1 e,

byukuusa LF y6pisaer. HaoGopor, eciu k > ”T“, TO H_Lkﬂ > 1, . e. bynkuua LF sospacraer.

IIycteb n =2m, m =1,2,.... Torma "TH =m+ %, T. e. mpu k < m+ % byskmus L yoesaer, a

mpu k < m + % byskmus L, sospacraer (cv. Puc. 3).

23pech || ozHaTaeT HAMOONBIIEE IEJI0E YHCIO, MEHbIIEe WA PABHOE T
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T e Ly, < Lyl Chenosaresbho, dbyukiuus L5 jocruraer cBoero HAMMEHbIIErO 3HAMEHUS DU
k=m.

Ecmmn =2m+1, m = 1,2,..., T0 "T"'l = m + 1. llosromy mpu k < m + 1 bysruus L§m+1
y6biBaer, a mpu k > m + 1 gynkuus L5 | Bospacraer (cum. Puc. 4).

Ho Lj:F _&1 = L%}, 1, mo3TOoMy LE jocruraer cBoero HauMeHbIIEro 3HAYEHUS B JABYX TOYKAX 1M U
m+1. 0

Teopema 8. Lk = Lﬁii + Lf:é + Liié + ... Jas mobvir namypasvrozr n w0 < k <n.

JIOKABATEJILCTBO. Bocnosb3ysich cooroinenuem (3), MOXKHO 3aIuCaTh

k k _ rk+1
Ln - Ln+1 - Ln+l

k k _ 1k+1
Ln+l - Ln+2 - Ln+2

k k _ 17k+1
Ln+2 - Ln+3 - Ln+3

[Tounenno ckiapIBas 3TU HEPABEHCTBA, [IOJLY YUM

L =LE + L+ LE L4

n

O

Taxum obpasom, uucio LF mMoxkHO npejcraBuTh B BUAE GECKOHEYHOHR CyMMbI HMCE/, CTOAMIMX

cupasa u rnop aum. Hampumep,
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Puc. 5

C npyroit cTOPOHBI, MOCKOJIbKY TpeyroabHuK Jleiibuuita 00/1a1aeT CBORCTBOM CHUMMETPUM, YUCIIO Lﬁ

MOXKHO IIPEJCTaBUTHb B BUJIE OeCKOHEUHOM CyYMMBbI 9UCEJI, CTOANINX CJIeBa W TIOJ HUM.

Teopema 9. LF =Lk + LZfQ + Lf:é + ... Jas mobvir namypasvrozr n w0 < k <n.

JIOKABATEJILCTBO. B camom nene, ecimm

E _ pk+1 k+1 k+1
Ln _Ln+1+Ln+2+Ln+3+"' ’
To, B cumy Teopembr 2,

—k 1-k—1 2—k—1 3—k—1
Ly k=1Lt + Lt + Lt + ... (10)

[Mosnaras B (10) k = n — k, nouyuum rpebyemoe pasencrso. [

Hampuwmep,
1
1
1 1
2 2
1 1 1
3 6 3
1 1 L 1
1 12 12 2
1 1 1 1 1
5 20 30 20 5
1 1 1 1 1 1
6 30 60 60 30 6
1 1 1 4 1 1 1
7 12 105 140 105 12 7
Puc. 6
Jlureparypa:

[1] B.A. Ycuenckuit Tpeyronbuux ITackasns M.: Hayka, 1979.

[2] H.B. Andyrosa, A.B. Ycrunos Anrebpa u reopusi uncesn. COOPHUK 33,19 sl MATEMATHIECKAX

mkos1 M.: MITHMO, 2002.



[3] A. Iloita Meremarmyaeckoe orkpsitie M.: Hayka, 1970.



