TEOPEMBI O TAJICTVYKE.

Kpyrosckuit Poman !
Abstract.
Theorem. There are general position points A, B, C, P on the projective plane. Let Ap be the
intersection point of lines AP and BC'. Analogously define Bp and Cp. Take any points A;, B, C}
on AP, BP, C'P, respectively. Let W¢ be the intersection point of Ay Bp and By Ap. Analogously
define points W, and Wpg. Then lines CW¢, AW, and BWpg pass through one point.
We also generalize this theorem and find interesting related properties.

Caenyiomas cepus 3a7a4d BO3HUK/Ia B 06cykienugax ¢ Visanom @pososbiM. Tak ke aBTOp cTaThn
ouenb Oaromapen Amapero Ceprynuny, chopMmynaupoBasiiemMy Teopemy 1.6.

OrnenbHao XoTemoch 661 mobmaronaputh . A. lsneBa u A. B. CkomeHkoBa 3a HOIIEPKKY U IMOJIE3-
HbI€ 3aME€YaHUd.

B crarbe ucnosb3yorcs 6a30Bbie MOHATHSA U (DAKTHI MPOEKTUBHON reomerpuu. [ToxpobHYIO MH-
dbopmanuo o HUX MOXKHO HajiTu B KHurax [1] u |2].

Cozaawerua.

1) Bce Teopembl paccMaTPUBAIOTCH B MTPOEKTUBHOM ILIOCKOCTH.

2) n-yroJabHUK — 1 TOYEK OOINEro MOJIOKEHHs B IUIOCKOCTH (1 — HATYDPAJIBHOE THCJIO).

3) CropoHa n-yroJbHHKa — MpsiMasi, COAEPIKAIIas CTOPOHY N-YTOJbHUKA B OOBITHOM €€ MOHHMA-
HUT.

IIpumeuanue. B rexcre paboThl KazKjiasi U3 T€OPEM, PUCYHOK K Hell U ee JI0KAa3aTe/IbCTBO PaCIo-
JIOZKEHBI JIPYT 32 JPYTOM JjIst Y00CTBA MOHUMAHHUS CAMUX TEOPEM.

Omnpenenenns. Jan rpeyroibiuk ABC. P — upou3Bo/ibHas TOYKA ILJIOCKOCTH, He JIeXKallas Ha,
croponax tpeyrosibauka ABC. Ap, Bp, Cp — moukn nepeceuenus upsmbix AP, BP u C'P co
croponamu BC', AC, AB coorBercreenno. Ha AP, BP, C'P npou3BoJibHbIM 00pa30M BbIOpaHbBI
coorBercTBeHHO TOuKH Ay, By, C1. Yepes W onpenennm 1ouky nepecedenns A;Bp u By Ap.
Anamormuno onpenensiorcsa Toukun Wy u W, W — touka nepeceuenns AW, u BWpg.

Teopema 1.1 (Teopema o rancryke). [Ipsvas CWe npoxoaut gepes W.

Jloxazamenvcmeo meopemuv, 1.1. st rpoek touek A, Ay, Ap u B, By, Bp nupumesum Teopemy
[Tanmna (cm. puc. 1). Torga moayqaum, uro C, We u Jo, Touka nepecedenusi AB; u BA;, jexar
Ha OfHOI TpsiMoii. AHasornaHo onpejeanM Touku J4 n Jp (n npumenum teopemy I[lamma st
COOTBETCTBYIONUX MM Iap TPoeK Touek). [1o obpaTHoii Teopeme BpuaHIIoHa KOHUKY MOYKHO BITH-
carb B AC1BA;CB; . Tenepp 3amernm, 9T0 CTOpOHBI Inectuyroibanka ACY BAC B; aBagoTcs
croponamu mecruyroibinka AJoBJoCJp, a 3Hauut, Konuka, puucanias B ACy BA,C By, Buuca-
Ha u B AJoBJACJg. Torua no reopeme Bpuanmona AJy, BJg, CJc nepecekaiorcs B HEKOTOPOi
touke W. QED
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Teopema 1.2. Ilycrs teneps A — upoussosbHas Touka nupsmoii AP. Hepes W onpeesum
touky mnepecedennss AyBp n By Ap. Anamorwuano onpeneanm W/ O6osnaunm vepes N ToUKy
nepecedenns BWp u CW(. Torga toukn A, B, C, W, A; u N jex)ar Ha 01HOIl KOHHKe.

JlokazaTesbcTBO Teopembl 1.2 BbITEKAeT W3 CJIeAYIONIei JIeMMb.

Jlemma 1. Ha wiockocru ganbl usarh rouexk A, B, C, D, E, u yepe3 F uposejenbl 3 upsambie i,
lo, I3, He comepxkamue ocrasimecst 4 Touku (cM. puc. 2). Ha upsimoit I3 orMeTiin npou3BosibHO
touky P. Onpenennm toukn A’ B'u X rax: A’ = CP(\ly, B = DP(\ly, X = AA'(BB'. Torna
Touka X Bcerja JIeXKUT Ha KOHKPETHOH KOHHKe, mpoxoasgmieil yepe3 A, B u F.

Joxazamenvcmeo aemmor 1. Oupejiesium TpoeKTUBHOE TpeobpazoBanue f ciepayonmM 06pa3oM.
Cuauasia cupoenupyem ¢ neHtpom B Touke C mnpsimyio [; B nipsimyto [y u A mnepesejsem B cebs1, a
3aTeM cIpoernupyem ls ¢ meuTpom B D B npsaMyIo l3 1 ocTaBuM onsdTh A HA MecTe, a 3aTeM OCTaBUM
npaMyio l3 Ha Mecte u A mepesesieMm B B. O4ueBUIHO, 9TO TaK MOXKHO CJIEJATh, T. K. COXPAHIIOTCS
JIBOMHBIE OTHOIEHUS W TO 4 TOYKAM 3aJIaeTcsd MPOeKTUBHOE mpeoOpa3oBanue. Toraa ansa oboit
rouku P f(AA") = BB u f(A) = f(B), a 3uauur, B cuuy jemmbl Costeprunckoro (em. [1]),
Touka X NPUHAJIEKUT BCErja HEKOTOPOH KOHWKe, KoTopas mpoxoaut depe3 A u B. Touka F
HPUHA/IEZKHAT 3TOI KOHUKe, T. K. ecaiu P = E, To coorBercTBylomuit X = F£. QED

Joxazameavcmeo meopemw, 1.2. Torma, oueBuano, Teopema 1.2 ciemyer u3 JiemMvbl 1. Tou-
kam B, C, A; u3 reopembr 1.2 coorsercrBytor Touku A, B, F u3 gemwvbl 1. To, uro aist Touek B
u W naiinyrca rakue nosnoxkenust A, uro N coBmajer ¢ mHumu ciaemyer u3 reopemsl 1.1. QED

Puc. 2: Jlemma 1



Teopema 1.3. Onpegenum gepes T4 Touky mepecedenns W A; u BC. AHaJIOrHYIHO OIpeIe/Iai0TCsa
rouku Tg, Te. Torpa npsmbie ATy, BT, CTe nepecekaiorcst B HeKOTOpoit Touke T' (cMm. puc. 3).

Joxasamenvcmeo meopemw, 1.3. Kak mbr yxke 3uaem, C, We u Jo mexkar Ha OXHONH IPAMOIii
mo TeopeMme Ilamma. 3maunt, Toukn C, W u Jo nexar Ha oxmoii mpamoii. Torma mo Teopeme
Heszapra rtpeyronbuuku ATpB; u BT A uepciuekruBHbl, TaK KaK COOTBETCTIBYIOLIME CTOPOHbI
MePEeCKAIOTCS B TOYKAX, JIEZKAIMUX HA OJHOI HpsSMOii. DTO 3HAYUT, 9TO Tpeyroabuuku BTpB; u
AT 4 Aq nepcuekrusHbl. 3Hauut, W, P u rouka nepeceuenust ATy u BTg jexkar Ha OJHOI NPSMOIi.
[TockoTbKy aHAJIOTHYHBIE PACCYKAeHHs BepHBI 1/ Touek mepecedenns Blg u CTo, ATy u CT,
to AT, BTy, C'Ty nepecekarorcd B oauHoil Touke. QED

By

Puc. 3: Teopema 1.3



Teopema 1.4. 3a G4 npumem TouKy mepcedennus W, P u BC. AHaI0OrndHo onpeneigioTcsa TOUKN
Gp n Ge. Torna AG4, BGp n CG¢ nepecekaiorcsa B HEKOTOPOii Touke (.

oxasamenvcmeo meopemor 1.4, Tlokazkem, uro npsameie Wi Ap, WeBp u WeCp nepecekaiorcs
B HeKoTOpoii Touke. B mectuyronpaunk ApB1CpA; Bp(C] MOXKHO BOHCATH KOHHKY IO OOpATHOM
teopeMe bpmanmona. 9to 3HaunT, 9ro 3Ta KoHuKa Bnucana B ApWgCpWaBpWe. 3uaunr, mo
TeopeMe BpuaHIIOHa yKa3aHHbIE BBILIE IPAMbBIE IIEPECeKAIOTCsd B 04HO0M Touke. OOO3HAYMM 3Ty
TOUKy 4epe3 R.

Tenepnb mokazkeMm, uTo TOUKHN nepecedenus nap npaMblX ApGp u GaBp, CpGg u GoBp, ApGe n
G ACp nexar na upsmoit RP. Eciu Mbr 910 j10KaxkeM, 1O 110 o0paTuoit Teopeme [lackasist mectu-
yronbuuk ApGABpGpCpGe Gyner Buucan B HEKOTOPYIO KOoHUKY, a 3Hauut, AG 4, BGg n CGe
KOHKYpeHTHbI. JlokazkeMm, uro Touka nepecedenns ApGp u G4 Bp nexur Ha RP, a g ocTalb-
HBIX TOUYEK JI0KA3aTeJThCTBO OymeT aHamormdHbiM. Vcmoan3ys Teopemy Ilackass, moaydmm, 9To
JTaHHOe YTBEpzKIeHne PaBHOCIILHO ToMy, uT0 ApW G4 BpWp(Gp BuucaH B HEKOTOPYIO KOHHUKY.
A 510 1o obparnoit Teopeme ITackass aeiicrBurensbro Tak, noromy uro Ch, P, C' jgexar Ha 0aHOI
IPAMOTL.

Caedcmeue. Touka G mexxut Ha npsimoit RP.

Puc. 4: Teopema 1.4



Onpenenennd.
1) (A, B,C, D) — npoiinoe oruormienue touek A, B, C, D.
2) (Iy,1s,13,14) — nBoiiHOE OTHOIIECHUE TPAMBIX 1, o, I3, 4.

Teopema 1.5. Toukn A, B, C, P, G(u3 reopembr 1.4) u T'(u3 Teopembr 1.3) jexkar Ha OIHOl
KOHUKE.

Joxazameavemeo meopemv, 1.5. O4eBUIHO, YTO YCIOBHE TEOPEMbI PABHOCHILHO PABEHCTBY JIBOIi-
HBIX OTHOLIEHUH ¢j1eytommx 4erBepok npambix: (AB, AG, AP, AT) u (CB,CG,CP,CT). Taunoe
pPaBeHCTBO, OYEBUJIHO, SKBUBAJIEHTHO ToMY, 410 (B, G4, Ap, Ta)=(B, G¢, Cp, T¢) (tak Gynem
0603HAYATH JBOITHOE OTHOTIEHNEe YeTBePKN Touek ). [JokazkeM 5T0 paBeHCTBO.

[Ipex e 3amerum, uro PJs()BC = T, (BepHbI U CHMMETPUIHBIE YTBEPXKIEHUS JJIsl JIPYTUX
BEPIIUH TPEyroJabHUKa). J[Jisi 9TOr0 JIOCTATOHO 3aMEeTHTh, UTO TeopeMa Jle3apra BepHa JJis Tpe-
yroapuukos PBA; u J4CW BBuny kosummneapuocru A, By, Jo.

Oupenennm B1C'(V\BA = Cy, Bi1A(\BC = Ay, BP(\CW = Cg, BP( AW = Ag. Torna, cae-
JIaB mpoekiuu ¢ 1neHtpom B touke P ¢ mnpsambix BC, BA wa AW,CW co0oTBeTCTBEHHO, TOJIY-
qum, 910 (B, Ga, Ap, Ta)=(Ap,Wa, A, Ja) u (B, G¢, Cp, Tc)=(Cp,We, A, Je). Teneps ¢ nen-
TpoM B Touke Bp caenaem npoeknuu ¢ npaMbeix AW u CW na BA nu BC' coorBercTBenno. Torma
nosyunm, 9to (Ap, Wa, A, Ja)=(B,Cp, A,Cy) u (Cp, We, A, Jo)=(B, Ap,C, Ay). Teneps 3ame-
TuM, 9T0 s TpeyroubHukoB AAp Ay u CCpCy Bepua teopema Jlesapra BBULy KOJLJIMHEAPHOCTH
B, P, B,. Torna ouesunno, uro (B, Cp, A, Cy)=(B, Ap,C, Ay). Buauur, (B, Ga, Ap, Ta)=(B, G¢,
Cp, Te). QED

Cy

Puc. 5: Teopema 1.5



OGobitennas Teopema o rancryke (Teopema 1.6). () — npousBosibHAs TOUKaA, HE JiezKallast
Ha croponax tpeyroibanka ABC. Ag, Bg, Cg — toukn nepecedenns npsimbix QA;, QB n QC,
¢ BC, AC, AB cooTrBeTcTBeHHO. Vo — TOUKa nepecedenus npamelx AgB) u BgA;. Anamorndno
onpenensiorca Toukn Va, Vg, Torna AV, BV, CVe nepecekaiorcs B OJHOI TOYKe.

Aoxasamenvecmeo meopemor 1.6. Ay BoCi1AgB1Cg — onmucaHHBIN MIECTHYTOIBHUK 110 0OpPATHON
teopeMe bpuanmona. Torna konuka, puucaniag B Hero, snucana u B A;VpC1V4 B V. Crenoba-
TesbHO 1Mo TeopeMe bpuanmona A Vy, B1Vpg, C1 Ve nepecekaiorcs B HeKOTOpoii Touke. O003HAYNM
ee yepe3 T

Bamernm, uro rpeyrossnuxku AA;Vy u BVpDB; nepcuekrususl ¢ nenrpom B Cg. Torma mno teo-
peme Jlesapra Touka T’ JeKUT Ha MPSAMOM, TTPOXOISIIEl Yepe3 TOUKH TepecevdeHus map MpsSMbIX
AV, u BBy, AA; u BVg, Kotopble onpeaenuM Kak By u Ag coorBercrBenHo. Ilpumenss anamo-
rUYHBIe paccyzkaeHus g nap TpeyronbaukoB AA Va4 u CVeCh, CCVe n BV By u onpenenss
juit Hux Touku Ao, Cy, Bo, Cg anasornynbiv obpasoM, nosydaem, 4ro AgBa, AcCy u BcCp
KOHKYPEHTHBI.

Tenepb BMecTe ¢ TOCJEIHUM PE3YIBTATOM W3 JIEMMbBI 2 TOCIEAYET caMa Teopema.

Puc. 6: O6o01menre TeopeMbl 0 TAJICTYKe



Jlemma 2. Ha mnockoctn ects 5 paznununbix Touek A, B, C, P, () obmero monoxenuns. [Tycrs AP
u BQ uepecekatorcst B touke Apg, a upsimbie AQ u BP B rouke B4. AHAJIOIMYHO OIPEJIETUM TOUYKI
Be,Cg, Ac, Cs. Torna upsaybie AgBa, AcCy u BoCp nepecekaiorcst B 0JHOI TOYKeE.

Joxasamenvcmeo semmo, 2. IlepeBenem npsmyio P(Q) B 6eCKOHETHO yAAJeHHYIO W a(DUHHBIM IIpe-
obpasoBaHueM ¢jlejlaeM HalpaB/ieHus Ha P u () nepreHuky/jasipabiMu. TOra Mbl HOJIYy 9UM CJIE/LY-
foruii pakt. meercs: npsimoyrosbauk ABCD. Tpsawvas [y, napasiensuas AB, nepecekaer BC' B
rouke K. [Tpsamas lo, mapanensnas AD, nepecekaer AB B rouke N. [psivbie [ u [y mepecekator-
ca B Touke R. Torma npsmbie NC', AK u DR KOHKYPEHTHBI. DTOT (paKT SIBJIAETCS OONEN3BECTHHIM
1 JO0Ka3bIBaeTcd Hec0:kHO. QED

[Tycre teneps npsivbie AV, u BVp nepecekatorcst B Touke V. Mbl 3HaeMm, 4ro Jijisi mapbl Tpe-
yronpaukoB B4C4Cp n AgAcBc BepHa Teopema [lesapra. Torma Ttouka mepecedennss BoCp u
ApB¢ nexur ma npamoii AC. Ho Be kKak Touka, Jexkamas Ha npsaMoii BP u yIBOJIeTBOPSIO-
miast nocjaegHemy, 1o roukam B, Cg, Ag BoccTaHaB/IMBaeTCs OJHO3HAYHO. SHAYUT, /I LUSTEPKU
upsmbix AP, BP,C'P, AV,BVpg cymecrByer eiuHCTBeHHas Hpsmas depe3 Touky C' , st KOTO-
poit MOYKeT BBIOJIHATHCsSE KOHKYpeHTHOCTh AgBa, AcCa n BoCp. Tlo nemme 2 sto npsmast C'V'.
Torna, ouesuano, C'V u C'Ve copnamaror. QED
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