
Ìíîæåñòâåííàÿ ñëîæíîñòü ïîñòðîåíèÿ

ïðàâèëüíîãî ìíîãîóãîëüíèêà *

Åâãåíèé Êîãàí

Àííîòàöèÿ

Given a subset of C containing x, y, one can add x + y, x − y, xy
or (when y 6= 0) x/y or any z such that z2 = x. Let p be a prime

Fermat number. We prove that it is possible to obtain from {1} a

set containing all the p-th roots of 1 by 12p2 above operations. This

problem is di�erent from the standard estimation of complexity of an

algotihm computing the p-th roots of 1.

Ê ïîäìíîæåñòâó A ⊂ C ñîäåðæàùåìó ÷èñëà x, y ìîæíî äîáàâèòü ëþ-
áîå èç ÷èñåë x+ y, x− y, xy èëè (åñëè y 6= 0) x/y èëè ëþáîå z òàêîå, ÷òî
z2 = x.

Îñíîâíàÿ òåîðåìà. Ïóñòü p = 2m + 1 � ïðîñòîå ÷èñëî Ôåðìà,
ε := cos 2π

p
+ i sin 2π

p
. Òîãäà èç {1} ìîæíî ïîëó÷èòü íåêîòîðîå ìíîæåñòâî,

ñîäåðæàùåå ÷èñëà 1, ε, ε2, . . . , εp−1, çà 12p2 äîáàâëåíèé, îïðåäåëåííûõ âû-
øå.

Ýòà ïðîáëåìà îòëè÷àåòñÿ îò ñòàíäàðòíîé îöåíêè ñëîæíîñòè àëãîðèò-
ìà, íàõîäÿùåãî êîðíè ñòåïåíè p èç 1. Îá ýòîé îöåíêå ìîæíî ñì. [2] è
[3]. Èçâåñòíà èñòîðèÿ îá àñïèðàíòå, êîòîðûé ðàçðàáîòàë ïîñòðîåíèå ïðà-
âèëüíîãî ìíîãîóãîëüíèêà ñ 65537 ñòîðîíàìè çà 20 ëåò (ñì. [4]).

Çàìå÷àíèå. Èç îñíîâíîé òåîðåìû ìîæíî âûâåñòè ñëåäóþùåå óòâåð-
æäåíèå:
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Ïóñòü p � ïðîñòîå ÷èñëî Ôåðìà, ò. å. ïðîñòîå ÷èñëî âèäà 2m + 1, ãäå
m � ñòåïåíü 2. Òîãäà ñóùåñòâóåò äåéñòâèòåëüíîå ÷èñëî C, íå çàâèñÿùåå
îò p, òàêîå, ÷òî çà C · p2 îïåðàöèé ïðîâåäåíèÿ îêðóæíîñòè ñ öåíòðîì â
îäíîé òî÷êå è ïðîõîäÿùåé ÷åðåç äðóãóþ è ïðîâåäåíèÿ ïðÿìîé ÷åðåç äâå
òî÷êè èç åäèíè÷íîãî îòðåçêà ìîæíî ïîëó÷èòü ïðàâèëüíûé p-óãîëüíèê.

Ôîðìàëèçàöèÿ àíàëîãè÷íà îñíîâíîé òåîðåìå.

Çàìå÷àíèå. Èç îñíîâíîé òåîðåìû òàêæå ìîæíî âûâåñòè åå âåùå-
ñòâåííûé àíàëîã, êîòîðûé ñîñòîèò â ñëåäóþùåì:

Ñóùåñòâóåò òàêîå ÷èñëî C, ÷òî äëÿ ëþáîãî ïðîñòîãî ÷èñëà Ôåðìà p
÷èñëî cos 2π

p
ìîæíî ïîëó÷èòü èç {1} çà C · p2 îïåðàöèé, àíàëîãè÷íûì

îïðåäåëåííûì âûøå, íî ïðè êîòîðûõ êîðåíü ìîæíî áðàòü òîëüêî èç ïî-
ëîæèòåëüíûõ ÷èñåë.

Äîêàçàòåëüñòâî îñíîâíîé òåîðåìû àíàëîãè÷íî [1, ï. 5.3.4]. Îöåíêà æå,
ïîëó÷àþùàÿñÿ èç äîêàçàòåëüñòâà ïîñòðîèìîñòè, ïðèâåäåííîì â [1, êîíåö
ï. 5.3.3], ïðîïîðöèîíàëüíà p2 log2 p.

Ââåäåì îïðåäåëåíèÿ è îáîçíà÷åíèÿ, íåîáõîäèìûå äëÿ äîêàçàòåëüñòâà.
Ìíîæåñòâî A ⊂ C ïîñòðîèìî çà n îïåðàöèé èç B ⊂ C, åñëè êàêîå-

íèáóäü ìíîæåñòâî A′ ⊃ A ìîæíî ïîëó÷èòü èç B çà n îïåðàöèé, îïèñàí-
íûõ âûøå.

Îáîçíà÷èì ÷åðåç

� g � ïåðâîîáðàçíûé êîðåíü ïî ìîäóëþ p ;

� Tk,r :=
2m−k−1∑
a=0

εg
2k·a+r

äëÿ êàæäîãî k ∈ {0, 1, . . . ,m}, r ∈ Z2k .

Â ÷àñòíîñòè, T0,0 = −1, à Tm,r = εr;

� Nk,t,m � ÷èñëî ïàð (c, d) âû÷åòîâ ïî ìîäóëþ 2m−k−1, ÿâëÿþùèõñÿ
ðåøåíèÿìè ñðàâíåíèÿ

g2
k+1·c+t + g2

k+1·d+2k+t ≡ 1 (mod p), (1)

ãäå k ∈ {0, 1, . . . ,m−1}, t ∈ Z2m . Åñëè m çàôèêñèðîâàíî, ìû áóäåì
îïóñêàòü åãî è ïèñàòü Nk,t := Nk,t,m.

Ëåììà 1. Äëÿ ëþáûõ âû÷åòîâ t1, t2 ∈ Z2m , ñðàâíèìûõ ïî ìîäóëþ 2k,
k ∈ {0, 1, . . . ,m− 1} âåðíî Nk,t1 = Nk,t2 .
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Äîêàçàòåëüñòâî. Ïóñòü t1 ≡ t2 (mod 2k+1). Îáîçíà÷èì ÷åðåç l :=

:=
t1 − t2

2k+1
, c′ := c+ l, d′ := d+ l. Òîãäà:

g2
k+1·c+t1 + g2

k+1·d+2k+t1 ≡ 1 (mod p)

g2
k+1·(c+l)+t2 + g2

k+1·(d+l)+2k+t2 ≡ 1 (mod p)

g2
k+1·c′+t2 + g2

k+1·d′+2k+t2 ≡ 1 (mod p)

Cëåäîâàòåëüíî, Nk,t1 = Nk,t2 .
Äëÿ çàâåðøåíèÿ äîêàçàòåëüñòâà ëåììû 1 äîñòàòî÷íî ïîêàçàòü, ÷òî

Nk,t = Nk,2k+t. Îáîçíà÷èì ÷åðåç c′ := d, d′ := c− 1. Òîãäà:

g2
k+1·c+t + g2

k+1·d+2k+t ≡ 1 (mod p)

g2
k+1·d+(2k+t) + g2

k+1·(c−1)+2k+(2k+t) ≡ 1 (mod p)

g2
k+1·c′+(2k+t) + g2

k+1·d′+2k+(2k+t) ≡ 1 (mod p)

Ëåììà 2. Äëÿ ëþáîãî öåëîãî ÷èñëà k îò 1 äî m− 1 ìíîæåñòâî

A = {0, 1, . . . , p} ∪ {Tk+1,r | r ∈ Z2k+1}

ïîñòðîèìî èç ìíîæåñòâà

B = {0, 1, . . . , p} ∪ {Tk,r | r ∈ Z2k}

çà 11 · 4k îïåðàöèé.
Äîêàçàòåëüñòâî. Âî-ïåðâûõ, äëÿ ëþáûõ k ∈ {0, 1, . . . ,m} è t ∈ Z2m

âûïîëíÿåòñÿ Nk,t 6 p, ò. ê. â ñðàâíåíèè (1) îäíîìó âû÷åòó c ìîæåò ïîä-
õîäèòü íå áîëüøå îäíîãî âû÷åòà d. Ñëåäîâàòåëüíî, âñå Nk,t ñîäåðæàòñÿ
â B.

Âî-âòîðûõ,

Tk+1,rTk+1,2k+r =
2m−1∑
s=0

Nk,r−sε
gs =

2k−1∑
s=0

Nk,r−sTk,s

(âî âòîðîì ðàâåíñòâå ìû âîñïîëüçîâàëèñü ëåììîé 1), à ìíîæåñòâî
{Nk,r−sTk,s | r, s ∈ Z2k} ïîñòðîèìî èç B çà 2k · 2k îïåðàöèé. Èç ýòîãî

3



âûòåêàåò, ÷òî ìíîæåñòâî P := {Tk+1,rTk+1,2k+r | r ∈ Z2k} ïîñòðîèìî èç B
çà 2k · 2k + (2k − 1) · 2k < 2 · 4k îïåðàöèé.

Äàëåå, äëÿ ëþáûõ êîìïëåêñíûõ ÷èñåë x1, x2 ìíîæåñòâî {x1, x2} ïî-
ñòðîèìî çà 9 îïåðàöèé èç ìíîæåñòâà {x1 + x2, x1x2} (ïî ôîðìóëå x1,2 =

= −b±
√
b2−4c
2

). Ïðè ýòîì ìíîæåñòâî P ∪B ñîäåðæèò

Tk+1,r + Tk+1,2k+r = Tk,r ∈ B è Tk+1,rTk+1,2k+r ∈ P.

Ñëåäîâàòåëüíî,
{
Tk+1,r | r ∈ Z2k+1

}
ïîñòðîèìî èç B çà 2·4k+9·2k 6 11·4k

îïåðàöèé. Êðîìå òîãî, {0, 1, . . . , p} ⊂ B, ïîýòîìó A ïîñòðîèìî èç B çà
11 · 4k îïåðàöèé.

Äîêàçàòåëüñòâî îñíîâíîé òåîðåìû. Èç ëåììû 2 ñëåäóåò, ÷òî ìíî-
æåñòâî{

Tm,r | r ∈ {0, 1, . . . , 2m − 1}
}
=
{
εr | r ∈ {0, 1, . . . , 2m − 1}

}
ïîñòðîèìî èç {1} çà

p+
m−1∑
k=0

11 · 4k = p+ 11
4m − 1

4− 1
< p+ 11 · 4m < 12p2

îïåðàöèé.
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