MuozkecTBeHHaS CJI0XKHOCThD ITOCTPOEHNA
IIPaBUJIBHOT'O MHOI'OYI'OJIbHUKA *

EBrennit Koraun

AnaHoTanus

Given a subset of C containing z,y, one can add x + vy, x — y, zy
or (when y # 0) x/y or any z such that 22 = z. Let p be a prime
Fermat number. We prove that it is possible to obtain from {1} a
set containing all the p-th roots of 1 by 12p? above operations. This
problem is different from the standard estimation of complexity of an
algotihm computing the p-th roots of 1.

K nmoamuoxkectBy A C C comepKaliiemMy 9ucia &,y MOXKHO J00aBUTH JIIO-

6oe w3 yucen r +y, r —y, xy win (ecam y # 0) x/y wam a0boe z Takoe, 4TO

22:1’.

OcHoBHag Teopema. Ilycts p = 2™ + 1 — mupocroe uucjio Pepma,
€ 1= COS 2?” +isin 27“. Torga u3 {1} MOXKHO HOJTYyIHTH HEKOTOPOE MHOYKECTBO,
comepskammee ancia 1,e,¢2, ..., eP~1, 3a 12p? nobapiennit, onpeIeTeHHBIX BbI-
mre.

Dra nmpodsreMa OTINIAETCSI OT CTAHAAPTHON OIMEHKH CJI0KHOCTH aJTOPUT-
Ma, Haxodiero Kopuu crenenn p u3 1. O6 aroit onenke MoxHO cM. [2| u
|3]. M3BecTHA ncTOpus 06 acnupanTe, KOTOPHIH pazpaboTaj HOCTPOEHHE TIPa-
BIJILHOTO MHOTOYTOJIbHIKA ¢ 65537 croporamu 3a 20 ser (cm. [4]).

3ameuanue. 113 ocHOBHOIT TEOpeMbI MOYKHO BHIBECTH CJIEIYIOIIEEe YTBEP-
JKJICHHE:
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[Iycts p — mpoctoe unciao Pepma, T.e. TpocToe Iucao Buga 2™ + 1, rae
m — crenenb 2. Torga cymecrByer jeiicrBureibHOe qncyio C, He 3aBUCSIIEe
oT p, Takoe, uro 3a C - p2 onepanuii MpoBeAeHUA OKPYZKHOCTH C NMEHTPOM B
OJTHOM TOYKE U IPOXOALAIIei Yepe3 ApYyryo U NpOBedeHus IPAMONA yepes3 aBe
TOYKHU U3 €IUHUIHOTO OTPE3Ka MOYKHO MOJYYATh NPABUJIBHBINA P-YTOJbHUK.
QopMmanu3anus aHAJIOTHIHA OCHOBHOU TeopeMme.

3ameuanue. 13 ocHOBHOI TeOpeMbl TaKzKe MOYKHO BBIBECTH €€ Belle-
CTBEHHBII aHAJIOT, KOTOPBII COCTOUT B CJIEAVIOIIEM:

CymectByeT Takoe uncyao C', 94To s J06oro mpoctoro unciaa Pepma p
YUCIIO COS%F MoxHO nojyunts u3 {1} 3a C - p? ouepanuii, aHaJIOrHYHBIM
OTIPeIe/IEHHBIM BHIITE, HO TIPU KOTOPBIX KOPEHb MOXKHO OpPaTh TOJBKO U3 TIO-

JIOZKUTEJIbHBIX 9MCeJI.

JlokazaTesibcTBO OCHOBHOM TeopeMbl aHagoruvso |1, m. 5.3.4]. Onenka xe,
MOJIYYAOIIASICS U3 JTOKA3ATEIbCTBA TIOCTPOMMOCTH, IPUBEIEHHOM B |1, KOHeI
1. 5.3.3|, mponopnmonanbua p* log, p.

Bsejiem ompeiesienunst u obo3HadeHusI, HEOOXOAUMBbIE JIJI JI0KA3aTeIbCTBA.

Muoxkectso A C C nocmpoumo 3a n onepauyutd uz B C C, eciim Kakoe-
HuoyaL Muoxkectso A O A MoxkHO nosyunth u3 B 3a n onepanuii, onucan-
HBIX BBIIIIE,

Ob6o3HaunM 4yepes

® ¢ — 11epPBOOOPA3HbBII KOPEHb 110 MOJLYJIIO P

om—k_1 &

o Th, = S & "7 mna kamaoro k € {0,1,...,m}, r € Z.
a=0

B gacrnocrn, Tyo = —1, a T, , = €75
® Niim — "mesno nap (c,d) BeraeToB mo mMomysmio 2™ F~1 gpnaommuxes
PELICHUAME CPABHEHUS
2kF1.ctt 2kl gy2k 4t
g +g =1 (mod p), (1)

rae k€ {0,1,...,m—1}, t € Zom. Eciiu m 3adurcupoBano, mbl Oyem
OImyCKaThb ero u mucatThb Ny i= Nit .

Jlemma 1. JI15 MOOBIX BEIYCTOB 1, ty € Zigm, CPABHUMBIX 110 MOIYIO 2F,
ke{0,1,...,m —1} Bepuo Ny, = Niy,.



JoxkazaTenbcTso. IlycTn ¢ =ty (mod 251, O6osnaumm uepes [ 1=

t1 — 1o , ,
= W’C =c+l,d :=d+ . Torna:

gy T 21 (mod p)

gzk+1.(c+l)+tz + 92k+1.(d+l)+2k+t2 =1 (mOd p)
G g T 1 (mod p)

CaenoBarenpno, Ny = Ny, .
JI1st 3aBeplIeHns J0Ka3aTeIbCTBa JeMMbI 1 JI0CTATOYHO MOKa3aTh, UTO
Nit = Ny ok iy Oboznaunm uepes ¢ :=d,d' := ¢ — 1. Torna:

g2k+1,c+t + 92k+1-d+2k+t =1 (mod p)
g TR e = 1 (mod p)

g2 @) 2R A2t (20 ) — (mod p)

JlemMa 2. s sro6oro memoro ucaa k or 1 10 m — 1 MHOXKeCTBO
A={0,1, ... ,p} U{Ths1, | 7 € Zigr1}
MOCTPONMO W3 MHOZKECTBA,
B={0,1, ... ,p} U{Tk, | r € Zy}

3a 11 - 4F onepamnuii.

HoxkazarenbcrBo. Bo-niepsrix, mas mobbix k € {0,1,...,m} ut € Zon
Boinosiasercsa Niy < p, T.K. B cpasenun (1) 0OQHOMY BBIUETY ¢ MOYKET HOJ-
XoauTh He Oosbine onHoro Berdera d. CiremoBaTesnbHO, Bee N, COmeprKaTcs

B B.
Bo-BTOpHIX,

2k_1

m—1
S
Tk+1,er+1,2k+r: E Nk,rfsgg = E Nk,rfsTk,s
s=0 s=0

(BO BTOPOM PaBEHCTBE MBI BOCIIOIB30BAINCH JEMMOH 1), a MHOZKECTBO
{Ni,—sTys | 7,8 € Zy} nocrpouvo uz B 3a 2% - 28 onepanuii. Uz sroro

3



BBITeKaeT, 9TO MHOKECTBO P := {Tj 1, T} i1 004, | T € Zor } mocTpOIMO U3 B
3a 28 - 2F + (28 — 1) - 2% < 2. 4% onepanmii.

Hanee, mig m00bIX KOMIJIEKCHBIX YHCEN 1, Ty MHOXKECTBO {1, T2} MO-
cTpouMo 3a 9 omepanuii u3 MHOKeCTBA {1 + T2, 122} (10 dbopmyrte 19 =

_ b2 —
= %46) [Tpu srom muOKkecTBO P U B copepxKuT

Tk+1’7: + Tk+1’2k+7. = Tkﬂ« < B u Tk’—l—l,T‘Tk—i-l,Qk—&-r & P

Caenosavensuo, { Ty, | 7 € Zgrsr } nocrponmo u3 B 3a 2-4%+9-2F < 11-4*
onepanuii. Kpome Toro, {0,1, ... ,p} C B, nosromy A mocrpoumo u3 B 3a
11 - 4 omepamnmii. O

dokazarejabCTBO OCHOBHOI TeopeMbl. VI3 1eMMbI 2 cieryeTr, 9T0 MHO-
JKECTBO

(T, | ref{0,1,...,2" —1}} = {" | re{0,1,....2" = 1}}

nocrponmo u3 {1} 3a

m—1
m_q
11-4F = 11 < 11-4™ < 12p°
P+ p+1l——— <p+ p
k=0
onepanui. O
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