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In this note we present a short proof of the following formula of Goldbach
[Se].

Theorem. Let

A := {xm : x,m ≥ 2 are integers}.

Then ∑
a∈A

1

a− 1
= 1.

The following Lemma is evident.

Lemma. For any a ∈ A there exist unique and b, z ∈ Z such that b 6∈ A,
b, z ≥ 2 and bz = a.

Proof of Theorem.∑
a∈A

1

a− 1

(1)
=

∑
b,k≥2,b 6∈A

1

bk − 1

(2)
=
∑
k≥2

∑
n≥2

1

nk

(3)
=
∑
n≥2

( 1

n− 1
− 1

n

)
= 1.

Here
• (1) holds by Lemma for z = k.
• (2) holds because for each b, k ≥ 2, b 6∈ A

1

bk − 1
=
∑
r≥1

1

brk
=

1

bk
+
∑
r≥2

1

brk

and because by Lemma for z = r we have for each k∑
b≥2,b6∈A

( 1

bk
+
∑
r≥2

1

brk

)
=

∑
b≥2,b6∈A

1

bk
+
∑
a∈A

1

ak
=
∑
n≥2

1

nk
.

• (3) holds because for each n∑
k≥2

1

nk
=
(∑

k≥1

1

nk

)
− 1

n
=

1

n− 1
− 1

n
. QED
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