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AnHoTanus

B pabore meaercs TOMbITKA 00OOLIEHUST MCCJIEI0BAHNAS U3BECTHON 3a1a9u ATIOJIJIOHUS O TIOCTPOEHUN
Opr}KHOCTI/I, Kacalomef/ic;[ 3—X JaHHBIX. Pa,CCMa,TpI/IBaeTCH BOHpOC 0 MaKCUMaAJIbHOM BO3MOXKHOM YHUCJI€ TAKUX
OKDPY2KHOCTEM, B CIy9ae eC/IM UCXOIHBIX OKPYyKHOCTell Oosibiie 3-x. JlokazaHo, 9YTO ecjaum He BCE MCXOTHBIE
OKPYKHOCTH KaCalOTCA B OIHONW TOYKE, TO B CJIydae 4-X UCXOTHBIX OKPYIKHOCTEH mMeerca He Oosee 6-u
pelnenHwii 3a1a9u ATIOJIOHMS, a B CJIy4Yae b-U MCXOTHBIX OKPYKHOCTeH — He Gostee 4-x. TakKe TaHO ONUCAHUE
BCeX YeTBePOK OKPYKHOCTelH, /iyid KOTOPBIX KOJIWYeCTBO pelleHuil MaKCUMaJIbHO.

1 Bsenenue

Bagava (kiaccumueckad 3amada AnosutoHusi). IJocmpoums yupkysem u AuHelKol OKPYICHOCTb, KACAIO-
WY0ca KaHcdot u3 3-r daHHbLT.

Tak chopmysinpoBas 3ama4y U3BeCTHbIN ApeBHerpedeckuii reomerp Anosutonuit I[Teprekuit 8 I B. 10 H. 3.
C rTex mop 6bLIO MPUJyMAHO MHOIO OCTPOYMHBIX PEIIeHH IePBOHAYAIBLHON 33/1a491, OIIHAKO HAC Oy/IeT uHTepe-
COBAThH JIMIIb BOIIPOC O MAaKCUMaJIbHO BO3MOXKHOM YHUCJI€ UCKOMBIX Opr}KHOCTefI. I/IBBeCTHO, 9TO KJIaCCHYEeCKad
3a/1a9a uMeeT He Gosiee 8-u perennii (cM., Hampumep, [1]). Mbr paccmoTpuM 0600IIeHIE 5TOrO BOMPOCA Ha CIIy Yan
4-X 1 5-U OKPYIKHOCTEM.

KitoueByto posib B HAIIUX PACCyKIEHUAX UI'paeT naBepcus. JlamHoe mpeodpa3oBaHue IIOCKOCTH MO3BOJISET
YIPOCTHTD KOH(MUIYPAIHMIO HCXOJHBIX OKPY2KHOCTEH U OCYIeCTBUTH mmepedop. IloaTomy nepes moka3arembcTBOM
OCHOBHBIX TEOPEM MBI TIOJPOOHEE PACCMOTPUM KOHCTPYKIIMM, K KOTOPBIM HAC MPUBEIET 3TO MPeoOpa30BaHNE
(cm. 1. 3). Takske MbI UCIIOJIB3YEM OJIMH U3 PE3YJILTATOB MOJHOIO Iepefopa BCEX CIIyYaeB KIACCUIECKOH 3a1auu
Arnosutonus, onucaxuoro B [1].

Cpeu nmpueMoB, KOTOPBIE MbI UCIIOJIB3YeM JJIs IOKA3ATebCTBA PA3IUIHBIX CIIy9aeB OCHOBHOM TeopeMbl Oy-
AYT: IIOACYET KOJIM4dIeCTBa TOYEK IlepecevdeHund Opr)KHOCTefI, HCIIOJIb30BaHUE UX B3aMMHOI'O PACIIOJIOZKEHHUA Ha
MJIOCKOCTH, & Takke (akT 00 00bEINHEHNN PENIeHni KIACCUIECKON 3aa9n B Maphl, NCIOIL3YIOIMIWHi aaredpa-
WYeCKYI0 WHTEPIPETAINIO0 OKPYKHOCTH — 00 9TOM MOApoOHEee B 1. 5.

2 @opMyJHUPOBKU OCHOBHBIX pPe3yJbTaTOB

Obobwennoti okpysicrocmvlo (06sexmom) HA30BEM OKPYKHOCTh, IPAMYIO WX TOYKY HA TJIOCKOCTH.
lBe 0600IIIEHHbIE OKPYKHOCTH 0000ULeHHO KACAHMCA, ECTTH BBITIOJHEHO OTHO W3 CJIEAYIONMNX yCIOBHMIL:

1. D10 ABE KACAIOIINECS OKPYKHOCTH WU KACAIOIIUECS OKPYKHOCTh W TIPSAMAs.
2. D70 aBe MapaJliebHbIE MPIMBbIE.
3. 970 TOUKA, JEKAIIAST HA OKPYKHOCTH UJIU TPSIMOMA.

Tak kak Bce KacaHus y HAC OyayT OOOOIEHHBIME, TO JIsi KPATKOCTH BMECTO «OOOODIIMEHHO KACAIOTCA» MBI
OyZeM rOBOPUTH MPOCTO «KACAIOTCS».

3aMeTuM, 9TO MOCPEJCTBOM CTEpeorpadrIecKoil MPOEKIH MI0CKOCTh, ¢ J0DABIEHHON K Heil GECKOHETHO
yAATEHHONH TOYKOM 00, MOKHO mepeBectu B cdepy. Ilpm sTrom mpeobpasoBamun 0000IEeHHAS OKPYXKHOCTH Ha,
IJIOCKOCTHU Tepeii/ieT B OKPYKHOCTh WK TOYKY Ha cdepe, a Kacaiomumecs 000DIIEHHbIe OKPYZKHOCTH Ha ILIOC-
KOCTM — B KACAIINECS OKPYKHOCTH WJIN TOYKY ¥ TPOXOIAIIYI0 Uepe3 Hee OKPYKHOCTH Ha cdepe. Tlosromy
dakTrIeCKn HAMU PACCMATPUBAETCS CEpa M €€ HEMyCThIe TePEeceueHus C TJIOCKOCTAMU. B majbHeleM Mbl
OyZeM CInTaTh, 9TO OECKOHEYHO YAAJEHHAS TOYKA HA TMJIOCKOCTH IMPUCYTCTBYET, B YACTHOCTHU, YEPE3 ITY TOUKY



MIPOXO/ISAIT BCE MPSIMbIE U CaMa OHA ABJIAETCS ODOOIIEHHONW OKPYZKHOCTHIO. DTy TOYKY MOYKHO BEPHYTbH Ha BHIH-
MYIO IJIOCKOCTH € TIOMOIIBIO0 HHBEPCUH, KOTOPAs MEHSIET €€ MECTAMU CO CBOMM TeHTpoM. CTporue onpeeneHus
U HEKOTODBIE TeOpPEMBI CM. B [5].

Temepp MOKHO C(HOPMYTHPOBATH OCHOBHBIE PE3YILTATHI.

Teopema 1. Ha naockocmu darvi 4 passuunvie 0600UeHHbE OKPYHCHOCTIU, KOMOPbLE HE 6CE KACAOMCS 6 00HOT
mouke. Tozda cywecmeyem ne bosee 6-u 0600UEHHBLT OKPYHCHOCTET, KACAGOUUTCA KaHCIOT U3 aHHOIL.

Teopema 2. Ha naockocmu 0aHO § passuyumols 0000UEHHOT OKPYNHCHOCMEN, KOMOPbIe HE 6CE KACAOMCA 6
0dnoti mouke. Tozda cywecmeyem e boaee 4-x 0000UELHHBIT 0KPYHCHOCTET, KACAOUUTLCA KaHCIOT U3 JGHHBLT.

Puc. 1: I[Ipumepsr K Teopeme 1

Herpynno naiiTn mpuMepsbl, KOTJa KOJHIECTBO OKPYZXKHOCTEH, yKa3aHHOe B TeopeMax 1 m 2, HefiCTBUTEThb-
HO mocturaercsa. CooTBeTCTBYIONNE MPUMEPHI I 4-X OKpyzKHOCTel npuBemenbl Ha Puc. 1. B atux mpumepax
HCXOJIHBIE OKPY2KHOCTH MMEIOT PaBHBIA pajuyc, a UX LEeHTPbI JeXKaT B BeplinHax KBajapara. OO0CHOBaHUE [IpU-
MEpPOB MMPAKTUIECKN OYEBUIHO U HE HYZKJTAETCAd B KOMMEHTAPUAX.

N3 6-u oxkpyzkHOCTEH Ha Puc. 1, xacamommxes Kaxkaoi w3 4-X JaHHBIX, BbIOepeM jiobbe 5. PaccmarpuBast
3TU 5 OKPYXKHOCTEH B KAaIECTBE MCXOIHBIX, TTOJYyIaeM MPUMED K Teopeme 2.

Wrak, HaiiTu Kakue-TO MPUMEPHI, TOATBEPKIAIONINE TOYHOCTH TeopeMbl 1, HeTpyano. O 1HaKO OKA3bIBAETCH,
9TO 6Ce TH MPUMEPHI JOMYCKAIOT €INHOE OMUCAHIE.

Puc. 2: K Teopeme 3

Teopema 3. ITycmov Koupuaypayus 4-r 0600UEHHBT 0KPYAHCHOCMET HA NAOCKOCTNY MAKO0BA, YMO CYULLCMBYem
)

Po6HO 6 0000ULEHHBLT OKPYIHCHOCTMED, KACAOUWUTCA KaHcIoT u3 dannmix. T020a HECKOALKUMU UHBEPCUAMY €€

MOHCHO céecnu, K 00Ol u3 caedyrowur wemoper (cm. Puc. 2):

1. Hczodnvie oxpyscrnocmu — 06e HeNepecerarujuecs OKPYHCHOCTU, BNUCGHHBLE 8 Y204, U 068€ CUMMEMPUY-
HBLE UM OMHOCUMENLHO BEPULUHDL IMO20 Y2Aa.



2. Bo3bMeMm HENepeceranujuecs OKPYHCHOCIU w1 U Wa, CUMMEMPUWHBLE OMHOCUMEAbHO npamot [. Uczod-
HbLe 000OULEHHBLE OKPYHCHOCTIU — 06€ OKPYAHCHOCTNU, KACGOUUECA W1 U Wa U CUMMEMpPuHbe dpye dpyzy
omuocumenvro | u dee obuue 8HYMPeHHUE KACAMEsbHbLE K W1 U W

3. Hcxodnvie 0bobwenmnvie oKPYHCHOCMU — NPpaMas U 8 oxpystcnocmu paduyca 1 ¢ yenmpamu wa amoti nps-
MOTi, NpUMeM paccmosmue mexicdy cocedrnumu uenmpamu pasHo 2/v/5

4. Bosvmem dse xonuenmpuueckue okpyscrocmu ¢ yewmpom O u ommowenuem paduycos 3 + 2v/2 — amo
dee ucTodnvle OKpYHCHOCTIU. Paccmompum 4 0KpYsHCcHOCU, KACGOUUECS 00eUT KOHUEHMPUNECKUT SHYM-
PEHHUM 00PA3OM, NPUYEM TAK, 4TN00bL UEHMPYL IMUL 4-T OKPYHCHOCTET NEHCAAU 6 BEPUUHGT KEa0-
pama. /lee ocmaswueca ucrodnue okpyorchocmu ¢ yenmpamu O1 u O KACAGOMCA IMUL 4-T, TPUIEM
/0,004 = 90°.

IIpumepsr na Puc. 1 coorBercTBytoT KoHduryparusam Nel u Ne2,

3 OO6o3HaveHus, JOTOBOPEHHOCTHN M WCIIOJIb3yeMble KOHCTPYKITUN

CHauajia JIOrOBOPUMCs 0 HEKOTOPBIX 0bImux obo3navenusx. Jlannbie B (0600meHHOI) 3a0a4e AnojLIoHus 00b-
€KThI HA30BEM UCTOOHbLMU, & 00BEKT, KACAIOIIUNCS BCEX JAHHBIX, HA30BeM pewenuem. HazoBem KOHMUTYpaIHio
O0ODIIEHHBIX OKPYXKHOCTEH 6bip0dtcdentotl, eClii KAKHe-TO TPU U3 HUX KACAIOTCA B OJHON TO4YKe. BbIpoXK jeHHast
TPOHKA OOBEKTOB, OYEBU/IHO, UMEET OECKOHETHO MHOI'O PEIEHUH.

MBI mosb3yeMcest CIIe Iy ONMME W3BECTHBIME CBONCTBAMM WHBEPCHH (O HUX CM., HATMpuMep, B [5]):

1. ITapy HenepeceKalomuxcs OKPYKHOCTEH WM HellepeceKalonnecs OKPYKHOCTh U MPAMYIO MOYKHO TIepeBe-
CTU WHBepCHUeil B KOHIIEHTPUYECKNEe OKPYKHOCTH.

2. Ilapy mepecekarommxcs B ABYX TOYKAX OKPYZXKHOCTEHN WJIN TepeceKalonuecs B ABYX TOYKAX OKPYKHOCTH
U IPAMYIO MOXKHO IE€PEBECTH MHBEPCHEH B IlepeceKaloluecs IpaMble.

3. ITapy kacamomuxcsi OKPYKHOCTE WM KACAIOIINECS OKPYKHOCTD M IPSAMYIO MOXKHO IT€PEBECTH WHBEPCHUEt
B IapaJijie/IbHble IIPsAMbIe.

4. Ecsin TOYKA JIE2KAT BHE OKPY2KHOCTH, TO CyIIECTBYET MHBEPCHUS C IEHTPOM B STOH TOYKE, OCTABJISIONIAL
OKDY2KHOCTb Ha MecTe.

5. Ecan Touka jiexxkuT BHYTPHW OKPY?KHOCTU, TO CYHIECTBYET KOMTO3UINA UHBEPCUU U HeHTpaJIbHOfI CUMMeET-
pun C O6H_[I/IM IIEHTPOM B 3TOM TOYKE, OCTaBJIAIOIIad OKPYXKHOCTH Ha MeECTE.

Ecmu nBa obbekTa 3 Tpex UKCHPOBAHBI, & TPETUil (v MEHSETCs, TO COOTBETCTBYIOIIUE DEIEHUS JIJI BCEX
TpeX OOBEKTOB MbI HA3BIBAEM DEUWECHUAMU OAA ¢ (I DEWEHUAMU, TOPOAHCOEHHBIMU (1), 8 OOBEKT, KACAIOIIUIAC
TOJBKO JIBYX (DUKCUPOBAHHBIX, MbI HA3BIBAEM JONYCMUMBLM.

Paccmorpum Tpoiiky 00beKTOB, KazK/Iblil U3 KOTOPBIX sIBJISETCs OKPYKHOCTBIO Ui npsamMoit. it omucanust
PACIIOJIOKEHUsT TAKOH TPOWKN OOBEKTOB HA MJIOCKOCTH YJI00HO MCHOJB30BATH T. H. Mmemku Pumuydoceparvda.
PaccmarpuBaemoit Tpoiike 0OBEKTOB COMOCTABJSAETCS HAOOP OYKB, XapaKTEpU3YIOMIUi WX OTHOINEHUs: OyKBa
I wncnonb3yercst [jisi 0003HAYEHUST KAXKIOW Maphl MEPECEKAIONNXC 00bEeKTOB, OykBa 1 — 1y 00O3HAYEHUS
KaXK/JIOf Tapbl KACAOMNXCs OOBEKTOB, & OyKBa S — i 0603HAYEHHST TOIO, YTO HEKOTOPAas OKPYKHOCTh WJIU
psiMas pa3JesseT aBa Apyrux oobekTa. Ecau Bce Tpu 0O6bekTa mMEoT OOIIYT0 TOUKY, TO 3aIUCh 3aKII09IAETCS B
kBaspaTHble cKoOku. Takum 06pasom, nanpumep, merke [TTT] COOTBETCTBYET BBIPOXKIEHHAS TPONKA O0bEKTOB.

N3gectHo (cM., HANp., [4]), 4TO ecim TpW OKPY’KHOCTH WJIM TIPSIMBIE TIOMAPHO MEPECEKAIOTCs, HO He TIPOXO-
[T Yepe3 OfHy TOUKy (310 coorBercrByer Merke [1]), TO BO3MOXKHO JBa Caydas: JubO0 KaxKaas 0000MeHHAsS
OKPY2KHOCTb PA3e/sfeT TOUYKN MePEeCeIeHns NBYX APYTruX, u00 Her. OO03HAYNM ITHU CIydan PA3HBIMUA METKAMU
— 1111 u II]; coorBercTBeHHO. ECin Tpu OKPYKHOCTH MOMAPHO MEPECEKAIOTCA U MPOXOAAT depe3 OdHy TOUKY,
TO TOYXKE BO3MOXKHO JIBA, CJIydast: JIMOO 3TH OKPYKHOCTH UMEIOT POBHO OJHY ODIILYTO TOUYKY, JIUDO /iBe. DTHU CIrydan
Toxe 0603Ha MM pasubiMu Merkamu [I11]; u [I1]]s cOOTBETCTBEHHO.

Takxke HAM TOTPEOYIOTCS HEKOTOPBIE ONMpPEIesIeHNs, CBA3aHHBIE C TPEMS MPOCTEHMNMY KOHCTPYKITUSIMUA U3
0000ITIEeHHBIX OKPYXKHOCTEH. B Kaxk10#t 3 HuX Mbl pUKCUpYEM JBa OOBEKTA U MEHSEM TPETHil.

1. BadmkcupoBaHbI JIBe MepeceKarolluecss NCXOHbIe MpsIMbIe.

Bynem naspiBarh 4 gacTu, Ha KOTOpbIE JBE MEPECEKAIONINECs MPSAMbIE PA3OUBAIOT IJIOCKOCTD, CEKMOPAMU.
Cekropa 1ponyMepyeM 1o TPaauiun 0003HAYEHUs KBAAPAHTOB — PUMCKUMU YUCJIAME IPOTHB YaCOBOI CTPEIIKH.
Touky mepeceuenus npsmMbix 0b6o3uaunm depe3 O.



Kaxkgast OKpyKHOCTh, KACAIOIMIAAC ABYX MPSAMbIX, JIEXKAT B OJHOM U3 CEKTOPOB. DTU OKPYKHOCTH — JOnY-
cmumoe. HazoBem pacnpedesenuem HEKOTOPOro HAOOPA TOMYCTUMBIX OKPYKHOCTEH HEHYJIEBOIO PaIuyCca yIio-
PAIOYEHHYIO YeTBEPKY YHUCeN X-y-2-t, T/Ie 9UCI0 Ha $-OM MeCTe 03HAYAeT, CKOJIBKO OKPYKHOCTEH BIIUCAHO B -bIit
cexTop. IIpu HEOOXOAMMOCTH MBI YKa3bIBAEM, OTHOCUTEJIHHO KAKUAX IIE€PECEKAIOIINXCs IPAMBIX 3aIIMCAHO PACIIPe-
nenervie. JIBa pacmpenenenuss udomop@drol, €CIu OHU COBMAIAIOT C TOYHOCTHIO /10 TTEPEBOPOTOB W ITUKJINIECKUX
CIBUTOB Y€TBEPKU T-y-z-t, T. €., HanpumMep, pa3ouenus: 0-1-2-3 u 2-1-0-3 uzomopdubr. /1o mepBoro ymoMuHaHusS
0 HyMepalluy CEKTOPOB PACIIPe/IeIeHns] pACCMATPHUBAIOTCS C TOYHOCTHIO /10 n30MOpdHU3Ma.

Tak>ke pereHusiMu erre MOryT ABAAThCst To9ku O u 0o. Takue periennsi Mbl HA3BAEM JONOAHUMENLHBLMU.

Teneps mob6aBuM ere O/IHY OKPYKHOCTh HJIM HMPAMYIO (v U PACCMOTPHUM DPAaCIIPeIesIeHne PereHuil 1jis «.

Jlemma 3.1. Jlanvt dee nepecexaousueca npamsie, a Makice OKPYHCHOCD UAU NPAMAA O, OMAUYHAA O 0aH-
norx. Tozda, 6 3a6UCUMOCTIU O NOAOHCEHUA O HA NAOCKOCTU, 6CA MPOTKG UMeem 00HY U3 MEMOK, YKA3AHHDLL
6 Taba. 1. Memxa odnoznauno onpedeasem pacnpedesenue peweruti 0t o U KOAUYECTNBO JONOAHUMEALHBLT
pewenut (em. Taba. 1 u Puc. 8).

Tun | Merka | Pacnpenenenue pemenuii mist « | on. pemenusi | Beero perennit gist o
I 111 2-2-2-2 1% 8
1I 1115 4-2-0-2 %] 8
111 17 2-2-0-0 1% 4
v I 4-0-0-0 1% 4
\Y [IIT) 2-1-0-1 O wm oo 5
VI [I11]2 0-0-0-0 O u oo 2
VII 11T 3-1-0-2 1%/ 6
VIII 1T 3-1-0-0 1% 4
X ITT 2-1-0-1 %) 4
X [IIT) 1-0-0-1 O umm 0o 3

Tabauna 1: I-Tumer

Ipumeuanue. 3anymepyem merku B Tabu. 1 pumckumu mudpamu. Mbl rOBOPUM, 9TO OKPYZKHOCTH (¢ UMEET
I-mun N, ecnmu « BMecTe ¢ 2-s1 3aUKCUPOBAHHBIMYU MPSIMBIMUA UMEET METKY 0 HOMepoM NN .

Ipumeuanue. KonnaecTro perennit ykazaHo 6e3 yuera KpaTHOCTH.
Ipumenanue. 3ameTnm, 9T0 OKpyKHOCTH II THMa Beerma mepecekaer o6e CTOPOHBI HEKOTOPOTO CEKTOPA.

JokazaTenbCcTBO JJeMMbI 3.1 OCYIIECTBISETCS OIUHAKOBLIM 00Pa30M JIJIsi BCEX THUIIOB MOCPEICTBOM HETIpe-
PBIBHOTO YBEJINYIEHN TOTYCTUMON OKPYKHOCTH B OJHOM M3 CEKTOPOB /0 MOMEHTA KacaHus ¢ «. BoJiee momapobioe
paccyzxkaenue cM. B [1].

2. 3aduKcupoBaHbI JIBe KOHIIEHTPUYECKNE OKPYKHOCTH.

Yepes w 0003HAYMM OKPYKHOCTH ¢ MEHBIIUM pajmycoM, a deped ) — ¢ Gosbinum. O6muit meHtp w u )
obo3nauum vepe3 O. Bee okpy2kHOCTH, Kacaoumecs w u §, pa3buBaloTcs HA ABa TUIA, KOTOPbIE Mbl 0D03HAYUM
A u B: okpykHOCTH muna A KacaioTcs w BHENTHUM 00pa3oMm, a muna B — BHyTpeHHuM. WX TOXKe JIOMHIHO
Ha3BaTh donycmumbimu. IIpamyro, coequnsionyio O ¢ MEHTPOM OKPY’KHOCTH (v, Mbl Ha3bIBaeM Juamempom (a
JIyd — paduycom), Ha KOTOPOM JIEXKUT . [IpomueonososcHbLmy, Ha3bIBAIOTCs OKPYKHOCTH, JIEXKAIIUE HA OJHOM
J@aMerpe, HO 1Mo pa3Hbie cToponbl or O.

Temeps cHOBaA 100aBUM €11 OIHY OKPYKHOCTH (v, HO HOTpedyeM, 9ToObI OHA HE MMEJa OOIUX TOYEK C W U
Q). HaiieMm KOJUYECTBO JOMYCTHUMBIX OKDPYKHOCTEH, KACAIOIIUXCS (.

JIemma 3.2. Jlanv, dée KOHUEHMPUMECKUE OKPYAHCHOCTIU U OKPYAHCHOCTD UAU NPAMAA (L, HE UMEIOULAHA OOULUT
mouex ¢ dannomu. Toeda noayuennas mpolixa Aubo ne umeem pewenud, aubo umeem 8 pewenud (Kax Ha
Puc. 4).



I tun

IIT tun
(8%

O

R

VI tun

A

VIII tun

II Tun

VII tun

IX Tum

Puc. 3: I-tunst

V tun, npamas

.

V tum, oKpyKHOCTH

8;:§Q \

X Tum, npsamas

X THI, OKPYZKHOCTH



Puc. 4: K gemme 3.2

HokasarenbcTBo jJeMMBbI 3.2. BO3MOXKHBI CleyIONue CIydan:

1. a jmexur BHyTpH w. Torma w pasaenser « u §2.
2. « qgexur cuapyxu ). Torma ) pazgenser o u w.
3. « jexwut BHYTpH (), U W JIEXKUT BHYTpHU . Torma « pas3zenser w u ().

4. « JeRKUT BHYTpH Q, HO W HE JICKUT BHYTPU (v, U (x HE JICZKUT BHYTPU W.

Cayyau 1—3 coorBercrByior mMerke S, u rorzga pemenuii ner. Ciydait 4 coorsercrByer iycroil Merke (&),
u Toraa ectb 8 pernenuit, npudem 4 u3 Hux umeror tun A, u eme 4 — tun B. JlokazaTesbcTBO 0CYyIIECTBIISETCS
TTIOCPEICTBOM BpAIIeHNUsT TTOTEHITNAJIBHOTO PENIeHus 10 MOMEHTa KaCaHUusd C (. O

O6paruMm BHUMAaHWE, YTO MOJydYEHHBbIE 8 pemreHuil pa30WBAIOTCA HA Mapbl CHMMETPUYHBIX OTHOCHTEIHHO
pammyca, Ha KoTopoMm Jsexutr «. Cremyioiiee HaOIIOAEHIE OKA3bIBAETCH BECHMA MOJIE3HBIM B JAJTHHEHIIEM.

Jlemma 3.3. Cpedu a0bvix 5 pewenuti 0aa o MOACHO 8610PATNG NAPY TEPECEKANOUUTCA, 6 CPEU 4100 6 pewe-
HUll 048 QU MOJICHO 6BLOPAD NAPY NEPECERAOUULTCA U CUMMEMPUUHLE OMHOCUMENLHO PAOUYCA, HA KOMOPOM
AedAcuUm Q.

JokazareabcTBo JeMMbl 3.3. 3aMeruM, 9TO JIOOBIE JIBE OKPYKHOCTH TUIA B 1epecekaiorcs, U TOJbKO
B OIHOW TIape CHMMETPUUHBIX PEIIEHU#l OKPYKHOCTH MOTYT HE MEpeceKaThCs — 3TO Mapa perenuit tuma A,
KOTOpBIE KACAIOTCA (v BHEITHUM 00pa3oM. OTCio1a MTHOBEHHO CIEAYIOT 008 YTBEPXKIEHUS JIEMMBI. O

3. 3adukcupoBaHsl J/iBe ITapaJjiieJbHbIE NPIMbIE.

Bynem moapasymeBars HanpasieHue (pUKCHPOBAHHBIX MPAMBIX 20PU3OHMAALHBILM, 8 TIEPIEHIUKYIIPHOE —
8ePMUKAALHBIM. J[ONYCMUMBIMU SBISIOTCH OKPY2KHOCTH PABHOIO Pajuyca, Kacamluecs (hUKCUPOBAHHBIX P~
MbIX, & TaK2Ke BCE NOPU3OHTAJIbHbIE [IPAMbIE U TOYKA 00. Pacnpedeasenuem 31ech Oy/ieM HA3bIBATH YIOPSIOY€EH-
HYIO TIapy 9HCEJT T+Y, T1e & 0003HAYAET KOJUIECTBO JOMYCTUMBIX OKPYKHOCTEI, & Y — KOJTMIECTBO JOMYCTUMBIX
npsaMbIX. PereHnemM MoxKeT ObITh TaK»Ke TOYKA 00 — B ITOM CJIyIae OHA HABBIBAECTCH JOMOAHUTNEALHIM DEULE-
HUEM.

JlemMma 3.4. Janv 06€ napasiesvrvie NPAMBE, G TAKHCE OKPYACHOCTIVO UAU NPAMAA O, OTNAUYHAA O JGHHOLE.
Toz0a, 6 3a6UCUMOCTIU OM NOAOHCEHUA ¢ HA NAOCKOCTNU, 8CA MPOTUKA UMEEM 00HY U3 MEMOK, YKA3GHHHIL 6
Taba. 2. Kpome mozo, memxa 00n031awHo onpedessem pacnpedesenue pewerud 0aa o U KOAUYECME0 JONONHU-
meavnor pewenutdi (cm. Taba. 2 u Puc. 5).

Ipumenanue. 3anymMepoBaB METKH PUMCKAMHU rudpamu, onpenenum T-muns, anagsoruduo I-runam. OObraHO
N3 KOHTEKCTa sICHO, nMeeTCd BBUILY I—TI/IH nJjaimn T—TI/IH, " MbI 93TO HE YKa3bIBAEM. KaK " B JIEMME 31, KOJIN4YEeCTBO
pelenuit yKa3ano 0e3 y4eTa KPaTHOCTH.

JokazaTeabCcTBO JieMMbI 3.4 OCYIIECTBIAETCS OJUHAKOBBIM 00PA30M JIJIsi BCEX THUIIOB MOCPEICTBOM HEIpe-
PBIBHOT'O TIEPEMEIIEHNS JIONYCTUMON OKPY2KHOCTHA MEXK/Ly NapaJjieIbHBIMA TIPAMBIME /10 MOMEHTa KaCaHU4A C (.
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Tun | Merka | Pacnpenenenue pemenuit miist « | Hon. pemenusi | Beero perennit gist o
I T 4+2 1% 6
1I 1T 4+2 & 6
111 IT 2+2 1% 4
v [IIT) 2+0 00 3
A% TT 3+1 1% 4
VI ITT 3+1 1% 4

VII TTT 2+0 1% 2

VIII | STT 1+1 1% 2
X ST 0+2 1% 2
X [TTT) 0400 00 00

Tabsmua 2: T-Tunbl

4 Jlemmbl O TIepecedeHUudX

B srom pazzgese Mbl JOKasKeM HECKOJIBKO O0Y€HB TMOXOXKUX YTBEPIKICHWH, KOTOPbIE OYIyT MOJIE3HBI IPU T0KA3a-
TenbcTBe TeopeM 1 u 3 u ocobenuo Teopembl 2. B cremyronux deTbipex JeMMax IMIPe/oaraeTcs 3adpuKCupo-
BaHHOH I1apa IepeceKaronuxca IPAMbIX.

JIemma 4.1 (1-s1 iemMa o nepecedenusix). Ecau dee oxpyorcnocmu muna I umerom deéa obuux pewenus 6
00HOM CEKMOpE, MO OHU UMENM 00WYI0 MOYKY SHYMPU 3MO20 CEKMOpa.

JokazaTesbcTBO JeMMbl 4.1. 3aMeTnM, 9TO €Can o M 3 He TepecekarTcst B KAKOM-TO CEKTOpe, TO OHU
JIeJIAT €ro Ha TPU O0JACTH, W3 KOTOPBIX, BO3MOXKHO, JIUIIb B OJHY MOXKHO BIHCATH TPEOYEMYIO OKPYKHOCTb-
pemienue (Puc. 6 cupasa). Tak Kak B Hee, 0Y€BUIHO, MOXKHO BIIUCATH He G0JIee OHO OKPYYKHOCTHU, yTBEPK IEHIE
JIOKa3aHo. O

Puc. 6: K nemme 4.1

JIemma 4.2 (2-s1 1eMMma o nepecedeHusix). Ilycmo daa oxpyoswcnocmed a, B u vy, umerowuxr mun I, ecmo
obuee pewerue 6 Hekomopom cexmope. Tozda cpedu HUT KaKkue-mo 06e UMENT 00WYI TMOYKY SHYMPU IMO20
cexmopa.

Puc. 7: K nemme 4.2

Joka3zareabcTBo geMMbI 4.2. [Ipeanonoxkum nporusnoe. Torna jgyru okpyKHOCTEH (v, £ U 7y IEJIIT CEKTOD
HA 4eTbIPe YaCTH, KaxK/as U3 KOTOPbIX IpaHuuuT He 6ojee 4eMm ¢ AByMsi U3 91ux OKpyzkuocreii (cm. Puc. 7).
[MoTennuanpHOE perienne J0JIKHO ObITH BIIUCAHO B OJIHY U3 3TUX YacTeil, 9To, B TAKOM CJIy4ae, HEBO3MOXKHO. [



JIemma 4.3 (3-s1 1emMMma o nepecedeHusix). Ilycmo daa oxpyoswcnocmed a, B u vy, umerowuxr mun I, ecmo
dea obuyur peusenus 6 nexomopom cexmope. Tozda cpedu wux xaxue-mo dee umerom dee obwue MOYKY BHYMPU
9M020 cexmopa.

B ue pazgensier O u X

B paznensier O u X

Puc. &: K nemme 4.3

JokazarenbcTBo Jiemmbl 4.3. Tpeanonokum npotusnoe. IlycTh gyru oKpyskHOCTEH v, 3 ¥ 7 TIEPECEKAIOT
OJIHY W3 CTOPOH JAHHOTO cekTopa B Toukax A, B u C, a Bropyio — B roukax A’, B’ u C' coorsercrsenno. ITyctn
JJIs ompeesieHHocTy B yiexkut Ha orpeske AC.

ITo nemme 4.1 gyru oKpyKHOCTEH (v U 3 UMEIOT OBIIYI0 TOYKY BHYTPH PACCMATPUBAEMOTO CEKTOPA TPUYIEM,
COIJIACHO HAIleMy IPEeo/I0kKeHnio, posHo omany. Ho rorma mopsamok Tpoek touek O, A, Bu O, A’, B’ nomxen
orjmyarbed, T. e. ecau A nexxur na orpeske OB, 1o B’ nexur na orpeske OA’, u naobopor: eciiu B jiexkut Ha,
orpeske OA, ro A’ mexut na orpeske OB’. To ke BepHO U [jIg ABYX APYyIUX THap Ayr OKpy:kHOCTEH (v u vy,
u 7). Orcroga sicuo, uro B’ nexur Ha A'C’.

IMycrs Teeps X — ToYKa mepecedenust Ayr « u y. BO3MOXKHO J1Ba CIydasi, B 3aBUCHMOCTH OT TOTO, PA3IEIISIeT
s B rouku O u X (cm. Puc. 8). Herpyano ybenurbes, 4ro B 060uX ciydasdx @, [ v 7y AeJI4T CEKTOP Ha 7 YacTei,
13 KOTOPBIX TOJIBKO OJIHA MPAHUYUT CO CTOPOHAME CEKTOPA U BCEMHU TPEMsl JIAHHBIMU OKPYKHOCTSMU — TOJIBKO
B 9Ty YaCTh MOXKET OBbITh BMUCAHA UCKOMAsl OKPYKHOCTE. [loslydaemM MpOTHUBOpEYHEe C YCIAOBUEM JIEMMBL. O

JIemma 4.4 (4-s1 nemMMma o mepecedeHusix). Jlawo. okpysicnocms o muna I u oxpysrcnocms S muna I,
nepecexarowas obe cmopons, 11 cexmopa, npuuem o u  umerom 6 I cexmope dea obuuxr pewenus. Tozda onu
umerom obugyro mowky 6 I cexmope.

Puc. 9: K nmemme 4.4

okazarenbcTBo JemMMmbl 4.4. Paznenum kaxkpoe obiiee pemrenne gy « u 3 B I cekrope Ha ase ayru
TOYKAMW KACAHUS C TMPAMBIME. V3 MONMydeHHBIX 4-X Oyr pacCMOTPUM 2 TaKWe, KOTOPhIE UMEIOT ODIIYI0 TOUKY
¢ a. 3amMeruM, 9TO (¢ PA3IEJIsieT ITU AyrHu, a [ TaKyKe WMeeT € KaXKJIOH m3 HuX OOIIyI0 TOYKY, MOCKOJBKY (3
nepecekaer obe cropoubl 11 cekropa (cm. Puc. 9). Cienosarensho, gyra (3, jexamas B 1 cekrope, H0JzKHA
epecekaTb Ayry « B I ceKTope B CHJIy HEIPEPLIBHOCTH OKPY2KHOCTH. O

5 T'eomerpusa okpykHOCTEM

JIj1s1 TOTHOTO TIOHUMAsE STOTO pPa3zesia moTpedyeTcs: 3HaHue OCHOB JIMHEHHOH anreOpsbr. OIHAKO [IJIst TOHUMAHWS
GOpMYTHPOBOK HEOOXOANMBIX HaM PE3y/IbTATOB 3TH 3HAHHS BOBCE HE 00SI3aTEIbHBI. UMTATETh MOMKET O3HAKO-
MUTbCs TOJIBKO ¢ opmynupoBkamu (6e3 1oka3arenbers) B pasi. 5.2.



5.1 OcHOBHBIE IOHATHUS TEOMETPUU OKPYKHOCTE
PaccMoTpEM 5-MepHOe BeKTOPHOE IPOCTPaHCTBO R, cHaGKEeHHOe CHMMETPHIHON OHIHHeHHOH hopMOiL:
x = (70,21, 72,73, 74),y = (Yo, Y1, Y2, Y3, Y1)
(X,¥) := Toys + T3Yo + T1Y1 + Tay2 — TaYs
B sTom npocTpancTBe keadpuka Jlu onpenesisieTcs: yCIOBUEM:
Q= {x: (x,x) =0}

Bamerum, 910 X € ) & (x) C Q.
Kax ol TouKe MI0CKOCTH, a TaKyKe KayK/I0H OPUEeHTHPOBAHHON OKPYKHOCTH WJIU MPSIMON MOYKHO TTIOCTABUTH
B COOTBETCTBHE OJHOMEPHOE MOAIPOCTPAHCTBO (psiMyio) (X) C 2, COMJIACHO CJIEYONIUM IPABUIIAM:

1. OkpykHOCTH € TeHTpOM (p1,p2) M paguycoM 1 coorBercrByer ((v,p1,p2,1,+r)). 3aech 3HaK mepen r
3aBHCHT OT OPHEHTAINK OKPYKHOCTH (CM. moxpobHocTH B [3]), a v mogbupaercs Tak, 9To0bI MOy YeHHOe
MOTIPOCTPAHCTBO COJEPKAJIOCH B €.

2. IIpsmoii ¢ HOpMaJIbHBIM BeKTOpOM P = (p1,p2), rae ||p|| = 1, upoxousiueii yepe3 TOYKY q COOTBETCTBY-
er {((—p-4q,p1,p2,0,1)). Boibop ommOll M3 ABYX BO3MOMXKHOCTEH IJIsi P 3aBUCAT OT OPMEHTAIMH IIPAMON

3. Touke ¢ koopaunaramu (pi,ps) coorsercryer ((v,p1,p2,1,0)), rme v cHOBa HOAOUpPAETCsS TaK, YTOOBI
HOJIy YeHHOE MOANPOCTPAHCTBO coiepxkanochk B ). Touke co coorBercrayer ((1,0,0,0,0)).

DTO COOTBETCTBUE B3AUMHO-0THO3HAYHO.

Takoe npe/icTaBIeHre 3aMeYaTeIbHO TeM, YT0, KaK HETPYHO MPOBEPHUTH (CM., HAanpuMep, [2]), oobekTsr X u
Y OpHEeHTHPOBAHHO KACAIOTCA TOTIA U TOJBKO TOT/IA, KOTIA HEHYIEBbIE BEKTOPHI X U Y, BBIODAHHBIE IIPOM3BOJIBLHO
u3 coorsercrByomux X u Y OJHOMEPHBIX NOAIPOCTPAHCTB, YAOBJIETBOPIOT cOOTHOmEHUoO (X,y) = 0. Dro
HO3BOJIET 1epedOPMYJIMPOBATH 3ajady AIOJIOHUA HA JIMHEHHO-aIrebpandecKuil a3piK.

ITonpobuee 0 reomeTpuu OKpyzKHOCTEl cM. [2] 1 [3].

5.2 IIpumenenue K 3amade ANOJLIOHUS

ITycrb HA LJIOCKOCTU JAHO HECKOJLKO OKPYXKHOCTEH U OKPYXKHOCTb, KACAIOLIAsACH BCEX JAHHbIX (pelleHue).
ComnocraBuM KaxK A0 TaHHON MCXOIHON OKPYKHOCTH 3HAK «~+», €CJIM OHA KACAETCs JAHHOTO PEITEHNsT BHEITHUM
00pa3oM, U 3HAK «—», €CIM BHyTpEeHHUM. Mbl TOBOpUM, UTO pelneHue coomeemcmeyem (nodrodum) JTAHHONR
paccmanosre (Habopy, KOMOUHAUUY) 3HAKOB.

Tenepp mocTynuM HAOGOPOT: CHAYAJA PACCTABAM 3HAKH, & 3aTEM IOIPOOyeM HANWTH pPeIIeHre, KOTOPOMY 3TOT
Ha0OP 3HAKOB cooTBeTCTBOBAJ Obl. CKONBKO cyiiecTByer Takux peniernii? OKa3bIBaeTcs, ecjiim Ha KOH(Urypa-
MO JJaHHBIX Opr}KHOCTeﬁ HaJIO?KEHbI HEKOTOPBIE €CTECTBEHHbIE OI'PDaHUYeHUA, TO TaKUX peH_IeHI/Iﬁ HE 6OIH)U_Ie
aByX. OHM TIO9TOMY HA3BIBAIOTCS NAPHBLIMU.

CrepBa HaM MOTPEOYETCs CJIEAYIONIAA JIEMMA.,.

JIemma 5.1. ITycmwv mpoiika oxpyscnocmeti G, coomeememeyrowasn npamvim (X), (y) u (z) nesevposciena
(opuernmayua sdecv ne ywumweaemcea). Tozda eexmopn. X, y U z aumnetino nezasucumst u (X,y,z)= ¢ €.

JokasareabcTBo jJgeMMbl 5.1. IIpeanosnokumM mTpoTUBHOE, T. €. 9TO X, Y U Z JIEKAT B OMHOM IJIOCKOCTH
w. Torma m umeer ¢ kBagpukoir () tpu obmue upsimbie. Ho 310 Bo3mokuO smmb eciaun 7 C . Ilycrs t —
npon3BombHbIi BekTop n3 7. Torma x — t € . Mmeem (£,6) =0m (x —t,x — t) = 0, orxyna (x,t) = 2((x,x) +
(t,t)— (x—t,x—t)) = 0. Aranoruuno (y,t) = (z,t) = 0, T. e. (t) cOOTBETCTBYET HEKOTOPOMY OOBEKTY, KOTOPbIii
KacaeTcs KaxkJa0i okpykuoctu u3 G, u Tpoitka G umeer Oeckoneuno muOro pernennit. Ho u3 jgemwm 3.1, 3.2, 3.4
ciesyer, 9T0 OECKOHEYHBIM YUCIOM PEIeHnit 06JIa1at0T JIUITh BRIPOXK/ICHHBIE TPORKH — MPOTHBOPEYNE.

Hanee, ecmu 0 = (x,y,z)" C €, 10 m1060i BeKTOp U3 § COOTBETCTBYeT pemenuto. MbI TIOTydaeM, 9TO
dimf = 2 > 1, nosromy Tpoiika G CHOBa MMeeT GECKOHEUYHO MHOTO PEIIEHWUI, T. €. BHIPOKIEHA. O

Termepb MOXKHO CHOPMYINPOBATH CAMBIH BayKHBIN 71 HAC (DAKT.

JIemma 5.2. Jlano mmoocecmso G, cocmoswee u3 oxpysicnocmels wa naockocmu, npuvem |G| > 3 u G —
neswopootcdennoe. Kaotcdoti oxpyoscnocmu u3 G conocmasaen 3nax. Tozda G umeem ue boaee 2-T pewenud,
Nn00TO0AWUT OAL OGHHOT PACCMAHOEKY 3HAKOS.
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HokasaresnbcTBo jieMMbl 5.2. Beibepem u3 G Tpu IPOM3BOILHBIE OKPYYKHOCTH ¥ OPHEHTUPYEM MX COTJIac-
HO ux 3HakaM. ComocTaBuM MM OJHOMEpHBIE TOATmpocTpaHcTBa (X), (y) u (z). Kaxaoe noaxondiee perienue
COOTBETCTBYET OKPY?KHOCTH, OPHEHTHPOBAHHO Kacartomeiicss Kaxoit okpyxuoctu u3 G. ITosromy Hamo moka-
3aTb, 4TO CyliecTByer He bosee AByX BeKTOpoB t Takux 4ro (X,t) = (y,t) = (z,t) = (t,t) = 0.

o memve 5.1 BEKTOPH X, y W z JUHEHHO Hesasucnmbl 1 0 = (X,y,z)~ ¢ Q. Ho dim# = 2. 3naunr, 0
nepecekaer ) He 6oJiee, YeM TIO IBYM TIPSIMBIM, T. €. CYIIeCTBYeT He Goiee 2-X pellieHuii, 9To u TpeboBasoch. [

Cremyiomast leMMa JOCTATOYHO €CTECTBEHHA, ONHAKO OHA OKA3bIBAETCS BECHMA MOJIE3HOH BO MHOIHX CHTY-
AIUAX.

Jlemma 5.3. ITycmo 6 ycaosusazx aemmv, 5.2 yenmpo, oxpysicnocmets us G aescam wa 0odnoti npamoti. Tozda
NAPHOLLE PEULEHUA CUMMEMPULHDL OTMHOCUMEAdHO IMOT NPAMOT.

JToka3aTeJbCTBO JIeMMBI 5.3. PaccMorpuM Takylo cHCTeMy KOODIMHAT, B KOTOpPOil jiuuHs 1eHTpoB G
siBaserca ocbto abcuuce. CHoBa BbiOepeM u3 G TP OKPY2KHOCTHU U COIIOCTABUM UM BEKTOPA X, Y, Z. O603HauMM
0 = (x,y,z)*. llo memwme 5.1 mueem dimf =2 u 6 ¢ Q.

PaccmorpuM otobpaxkenne f: R — RS, ompeeseHHOE TPABILIOM:

[ (@, 1, 2, T3, Ta) — (X0, T1, —T2, T3, Ta)

Orobpazkenue f, 04eBUIHO, JUHEWHO, U IPU HTOM OHO COXpaHseT 3HadeHue oununeitnoit popmbr. Kpome toro,
OHO OTODPAKAET KAXK/IbI U3 BEKTOPOB X, Y U Z B Ce0si, MOITOMY B CUJIy JUHEHHOCTH f WM KaxK/as TOYKA W3
(x,y,z) orobparkaercst B cebst. ITosromy u f(6) = 6.

Ecmm nnockocts 6 mepecekaer {2 MeHee, 9e€M O ABYM MPSAMBIM, TO JOKA3bIBATH HEYEro. B mpoTuBHOM ciiydae
0 mepecekaer () MO JABYM MPSIMbIM, IPUYEM BEKTOPA U3 ITUX MPIMBIX MOPOXKIAIT 6. DTO 3HAUUT, 9TO €CJIH
KaxK/Jjasd U3 ITUX MPAMbBIX IEPEXOAUT B celsi, TO U Kaxkaasd Todka f nepexoaur B cebsa (B cuiy smneiinoctu f), T.
e. f — moxkaecTBeHHOE MpeobpasoBanne — nporuBopedne. [10aToMy 9Ty IpsiMble EPEXOAAT APYT B JAPyTra MO/,
geiicrBueM f. 9T0 KaK pa3 M 0O3HAYAET, 9TO COOTBETCTBYIOIIUE UM OOBEKThI CUMMETPUYHBI OTHOCUTEIHHO OCU
abcrmce, 9To m TpebOBAIOCH. O

6 Jloka3aTreiabCTBO TeopeMbl 1

HoxkazaresabcrBo. [Ipeaiionokum npoTuBHOE yCJIOBUIO TEOPEMBbI, T. €. 4TO Hanumch 4 obbekra (He BCe u3
KOTOPBIX KACAIOTCSA B OJHON TOUYKE) C 7-10 PEIIEHUSIMHU.

Jlemma 6.1. ITycms cpedu 4-x uau bosee UCTOOHBIL 00BEKMOE ECTNG MOYKG, G KOAUMECME0 pewenul bosvuie
4-x. Toeda ece ucroduvie 0b6sexmo, KACAOMCA 6 00HOT MOoYKe.

HokasaresnbcrBo jiemmbl 6.1. M3sectHo (cMm., Hanpumep, [1, crp. 100]), gro ecam B Tpoiike 0ObEKTOB
€CTh TOYKA, TO KOJUIECTBO PEIIEHN st 9TON TPOHKU He OOJbIe 4-X, 38 UCKIIOUYEHHEM CIIydasi BHIPOXK IEHHON
Tpoiiku. [losromy B Hamem ciydae aobas TPOiika 00bEKTOB, COMEPIKAIasi TOYKY, BLIPOXKAeHA. JIcHO, 9TO TOrma
BCe OOBEKTHL KACAIOTCS B 9TOM TOYKE, YTO UCKIIOUEHO YCIOBUEM. O

N3 memmbt 6.1 moydaem, 9TO BCEe UCXOIHBIE OOBEKTH — OKPY>KHOCTHU WJIM MpsiMbie. JIOKaXKeM, 9TO Cpein HUX
HET Kacamuxcs. [IpeamomokuM TpOTHBHOE U PACCMOTPUM JIIOOYI0 TPOMKY UCXOIHBIX 00BEKTOB, COMEPIKAILY IO
kacarormumecs. 1o memme 3.4 Takas Tpoiika aubo numeer He O6osee 6-u pemrenuit, OO oHa BhIpOKaeHa. Ho y Hac
[0 MPEIIOIOKEHUI0 UMeeTCst XOTsi Obl 7 peleHuii, mosToMy Jiobas TPOKa MCXOIHBIX 0OBEKTOB, COIEPIKAIIA
KACAIOIIHecs, BBIPOXKeHA. Toraa 09eBUIHO, 9TO CHOBA BCE OOBEKTHI KACAIOTCI B OJIHONW TOYKE, YTO UCKIIIOYCHO
GbOPMYINPOBKOIT TEOPEMBI.

Takum obpa3oMm, cpeau NCXOIHBIX O0BEKTOB HET TOYEK U Map Kacammuxcs. /lamee pacCMOTpUM IBa CIydas.

Ilepsbrii ciyyaii: cpe/iu MCXOMHBIX OKPYXXHOCTEHN WJIU IPSMBIX KaKWe-TO JiBe npecekarorcs. lle-
peBenieM WHBepCHEH JII00bIe /1B TepeCceKaloNnmecs: 0000IeHHbIE OKPYKHOCTH B TIepeceKaonnecs npsambie. s
KPaTKOCTH 3/1eCh U JaJjiee 00pa3bl UCXOAHBIX OOBEKTOB MPU OMHON WM HECKOJIbKUX HMHBEPCUSX HA3BIBAIOTCS
[IPOCTO UCXOHBIMU OObeKTaMu, a 00Pa3bl PEIIeHn — IIPOCTO PEIIeHUsIMU.

Kpowme aByx mepecekaronnxcs mpsiMbIX €CTh eIlle JBe MCXOIHBIE 0000ImeHHbIe OKpYKHOCTH. OO03HAYNM UX
qepe3 o u f.

ITo nemme 3.1. gasa o6bexkToB He I wyw 11 Tuma yke MO OTAENIBHOCTH CYIIECTBYeT He OOJIbINe H-U PEIeHwuid,
MO3TOMY ¢ ¥ 3 MOT'YT ObITH TOJIBKO OOBEKTAMU ITUX TUIOB. KC/TM OHM UMEIOT PA3HbIE THUIIBI, TO UX PACIPEIeICHUsT
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paBHbI 2-2-2-2 u 0-2-4-2 u OHM TIEPECEKAIOTCsT He OOJIbIE YeM 10 6-U OKPYKHOCTSM T. €. BCErO eCTh He Dojtee 6-u
pemenwnit. [losTromy o u § 0653aT€IHHO UMEIOT OJMHAKOBBIE THUIIHI.

[Mycrs o u f umeror tun [. Torga 7 obiux pemierwii Jius « ¥ 3, O9E€BHIHO, UMEIOT paclpejesienue 2-2-
2-1. 3uauwnr, corsacuHo Jjiemme 4.1 xorst 661 B 3-X CEKTOpax « u 3 JIOJZKHBI IEPECEKATHCs, YTO MPUBOIAUT K
MTPOTUBOPEYHIO.

IIycts o m B mmeror Tum II. Torma, 9roObr pemiennii ObLIO XOTS OBbI 7, HEOOXOIUMO, 9TOOBI ITH OKPYIKHOCTH
nepecekajiu 06e CTOPOHBI OJHOIO M TOrO K€ CEKTOpa, MHA4e yKe pacupejie/enus pemenuii mug nux (4-2-0-2
u 2-4-2-0, smbo 4-2-0-2 u 0-2-4-2 B OAMHAKOBOI HyMepaluyu CEKTOPOB) IepecekaroTcs He bosiee, 4eM 1o 4-m
okpyxkuocTsaM. C 3Toro cekropa u Had#HeMm Hymepanuio. Torna B I cekrope He 6osiee 4-x perenuii, a 3HAYUT BO
II u IV B cymme He menblie 3-X. 3aBepuiaeT J0KA3aTeIbCTBO EPBOIO CIIydas CJACAYIONAsd JIEMMA.

JlemMma 6.2. /Jlaa deyx oxpyosichocmeti o u B, umerowux II mun u nepecexarouux obe cmoponw, I cexmopa,
ecmb He boaee 06yx obuur pewenutd 6 cekmopaxr I u IV.

Hoxka3zarenbcTBo geMmbl 6.2. [Ipeamnosokum mpoTuBHOE. 3aMETHUM, YTO (v U § KACAIOTCS CBOMX PENTeHuit
B cektopax Il m IV BHemHwM 06pa3om, T. €. COOTBETCTBYIOT KOMOWMHammu «+ -+ +». LleHTpbr 9TUX pemreHuit
JIeyKaT Ha OfHOU mpsamoit — 6uccekTpuce cekropos 1l u IV. dcuo, uTo o m [ 7exkaT MO OAHY CTOPOHY OT 3TOM
PSAMOii, B YaCTHOCTH, OHA HE MOT'YT OBITh CUMMETPHYHBI OTHOCUTENHHO Hee. [IporuBopeune ¢ semmoit 5.3. [

Bropoii ciyuaii: HUKaKue JiBe OKPY>KHOCTHU WJIHM NPAMBbI€ U3 MCXOTHBIX YeThIPEX HE IepeceKaroT-
csa. IlepeBenem mHBepcueil J00bE qBA W3 JAHHBIX O0OHEKTOB B KOHIEHTpUUECKne OKpy)KHocTr. OOpasb AByX
OCTABIIUXCsT 0OHLEKTOB CHOBA 0003HAYMM 4Yepe3 o u [3.

ITo memme 3.2, 11t v 1 3 OTJENBHO CyIIecTByeT 4 pernenust Thia A u CTOJIBKO Ke Tura B, npuyem Kaxkioe
73 3TUX MHOXKECTB CHMMETPUYIHO OTHOCUTEIHHO PAJINYCA, HA KOTOPOM PACIIOJIOKEHA COOTBETCTBYIOIIAs OKPY K-
Hocth o wim . Tak Kak y HAC, COMIACHO IPEJIIOJIOXKEHWI0, UMEeeTCsl He MEHbBIIe 7-U perteHuil, To xorsd Obl 4 u3
HEuX oxHOro rtuma. lagee HaMm moTpedyercss HECKOIBbKO JIEMM.

Jlemma 6.3. Ilycmo oxpyosrcrocmu o u B nopootcdarom 4 obwur peweHus 00nozo muna. Toeda aubo o u B
aedcam Ha odnom duamempe, AubO o u B AexHcam Ha NEPNEHOUKYAAPHOLT Juamempar. B nocaednem cayuae
obugue pewenus obszameavro umerom mun B, a uz yenmpo obpasyrom npamoyzoavruk (cm. Puc. 10).

Puc. 10: K memme 6.3

Hoxka3zaresberBo Jiemmbl 6.3. [Iycrs o u § He jiexkar Ha OJHOM auamerpe (MHaue JOKa3biBATh HEYEro).
O6o3HaunM MHOXKECTBO 4-X 00IuX perneruit ogHoro tuma 7y « u [ depe3 X. IlockosbKy OKpy:KHOCTH U3
X SBIAIOTCS PENIEHUSIMEU U I «, U it 3, T0 X CHMMETPUYIHO OTHOCHTENBHO pajauycoB a u (. OmgHako 1o
HAIIEMY IPEJNOJIOKEHHIO, yTOJI MEXKY JUAMETPAMU, HA KOTOPBIX JiexKaT « U 3 HenysieBoii. [loaromy MHOXKECTBO
X mepexoauT B cebst Mpu HEKOTOPOM TIOBOpOTE Ha, ¢ > 0 orHOcuTenbHO O. MoxkHo cuntars ¢ < 180°.

HoxkazxxeMm, ato ¢ = 90° man ¢ = 180°. PaccmoTpum mpomsBosbHyIo oKpykHOCTh ' m3 X. Ilpm moBoporax
Ha 0, (0, 2, U T. 1. OHa TepPexXoauT B OKpyKHOCTH U3 X. Ho B X poBHO 4 okpy:kHOCTH, o3TOMY ' MOxKeT
umerb or 2 10 4 obpasos npu Takux nosoporax (I’ me moxer nepeiitu B cebs, Tak kak 0 < ¢ < 180°). dru
ciaydan coorBercTByorT moBoporam Ha 180°, 120° m 90° coorBercrBenHo. Oumuako eciau obpas3oB 3, To B X
OCTAETCH elle OJHA OKPYKHOCTh, He #ABJisiomasica obpaszom I'. V Hee Toxke 3 obpas3a, KOTOpbIE HE COBIA/IAIOT
c oopazamvu I'. T[lomywaercs, ato B X xorst Obl 6 OKpyKHOCTEH, a He 4 — mporuBopeune. OCTAOTCA BAPUAHTHI
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180° u 90°, KOTOpbIE PEATU3YIOTCS, TOJIBKO €CJIA IEHTPHI OKPYKHOCTEH m3 X 00pa3yioT MpsiMOYTOJbHUK WJIN
KBaJpaT COOTBETCTBEHHO.

Yrobel TEneph J0Kas3arb, YTO0 B X He MOryT ObITh OKPYKHOCTH THIA A, HaM IIOHAJIO0DUTCS CJIeLyOIast
HEOOJIbINAS U JIOCTATOYHO OYEBHIHAS JIEMMA.

Jlemma 6.4. Ecau das o u B ecmo dea 00Wux npomueonososcuus pewenus P u Q muna A, mo o u 8 aesrcam
Ha 00Hom duamempe.

Puc. 11: K pemme 6.4

Joka3areabcTBO JeMMbI 6.4. 3amerum, aro P u () He MepecekalTcs, T. K. OHU IEHTPATbHO-CUMMETPUIHbI
oTHOCHTEIHHO TOYKU O, KOTOPOil He cojep:kar BHYyTpHU cebs. Tak Kak paguyc OKPYKHOCTH (v MEHbINE PAJIyca
okpy2knHocTH P (B 00bI4HOM CMbICJIE), TO eciu « Kacaercsa P Buyrpennum obpasom, 1o « sexkur suyrpu P. Ho
T. K. P u () He mepecekaroTCs, TO (v TOT/IA HE MOXKET Kacarhcsa (). 3HAauuT, o u [ Kacaiorcd P u () BHENTHUM
obpasom (cum. Puc. 11). Ho paguycer P u @ pasubl, nosromy I'MT meHTpOB OKPY:KHOCTEH, KACAIOIIUXCS BHEII-
HUM 0bpazoMm P u (), ABIseTCsS CepelInHHBIM TEePIeHIUKYIAPOM OTPe3Ka Mexkay neHtpamu P u (), KOTOpBIi,
04eBUIHO, TpoxoauT Yepe3 O, 94T0 u TPedOBAIIOCH. O

IIpomomxkum mokazarenbcrBo jgemmbl 6.3. U3 siemmbr 6.4 sicHo, yro B X HE MOryT ObITh OKPY2KHOCTU TH-
ma A, T. K. okpyxkHOCTH U3 X JeJSATCA Ha IBE Mapbl MPOTHUBOMOJOXKHBIX, MOITOMY W 3 HOJYKHBI JIE¥KATH
O/THOBPEMEHHO HA JIBYX JHAMETPAX, 9TO HEBO3MOXKHO. Takum obpa3om, B X TOJBKO OKPYKHOCTH THTA B.

Tak Kaxk meHTpbI OKpyKRHOCTEH 13 X 00pa3ylT IPAMOYTOJbHUK, TO KPOME KOHIIEHTPUIECKUX CYIECTBYIOT
ere 4 OKPY2KHOCTH, KOTOPbIE KACAIOTCs BCEX OKPYKHOCTeH 3 X — OHM BIUCAHBI B KPUBOJIMHEHHBIE CHMMET-
PUUHbBIE YEeThIPEXYTOJbHUKY, Obpa3oBanubie OKpyKHocTAMEU u3 X (cMm. Puc. 10). Bosbuie okpyzkHOCTEIH, Kaca-
IOMUXC BCeX OKPy2KkHOCTEN 13 X ObITh HE MOXKET 110 JIOKA3aHHOMY BBILIE IIEPBOMY CJIy4ai0 OCHOBHOM TEOPEMBIL.
HeiictBuTebHO, B X YeThIpe MOMAPHO MEPECEKAIOITINXCS OKPYZKHOCTH, U UX yIKe KACAITCsI 6 ApyTruxX — 2 KOH-
[IEHTPpUYECKre U 4 BOIUCAHHBIE B KPUBOJIMHEHHBIE 9€THIPEXYTOIBHUKA. [[eHTPBI 9TUX 4-X «HOBBIX» OKPYKHOCTE
JIE’KAT HA JBYX TEPIEHIUKYIAPHBIX JUAMETPaxX; o U [ JOMKHBI OBITh NBYMS M3 STUX YETHIPEX OKPYKHOCTEH,
T. €. OHU JOJIZKHBI JIE2KATh HA JIBYX IIEPIEHINKYJIAPHBIX AuaMerpax — Jjemma 6.3 1oka3aHa. O

Jlemma 6.5. ITycmsb oxpyoscnocmu o u 3 nopostcdatom 4 obuur pewenus muna B u saescam na nepnenduxy-
aapusx duamempaz. Tozda onu ne mozym nopoostcdams ewe 3 obuuxr pewenus muna A.

Joka3sareabcTBo geMMmbl 6.5. [lycrb 310 He Tak. Obo3HaunmM obiue pemenus tuna A gepe3 P, Q, R. Jo-
KayKeM, UTO CPeJIN HUX eCTh Tapa MPOTHBOTOIOKHBIX. Tak KaK BCe OHU KACAIOTCS (v, & BCETO CPEIN PEITeHM [T
« 4eTwipe Tuna A, mpuyuem OHU Pa3bUBAIOTCA HA JIBE Maphl CHMMETPUYHBIX, TO cpefau P, Q, R 1Be cuMMeTpudHbI
OTHOCHUTEJIbHO pPaauyca, Ha KOTOpOM JjiekuT «. llycts 3to P u Q. Paccmorpum Temepb mapy OKpy?KHOCTEH,
AHAJIOPUIHO CHMMETPHUIHYIO OTHOCHTEIbHO pajmyca, Ha KoTopom jexuT (. Ecam sto cooa P u (), TO oHHA
MEPEXOAT APYT B APyra MpH JBYX CHMMETPHAX, YIOJI MeXK/y OcsaiMu KOTOpbix cocraiser 90°, a rorma P u Q)
COBNAJAIOT, YTO HEBO3MOKHO. Eciu xe 310 Q m R (nam P u R), TO TOra, Tak Kak yroJj MexJy PajuyCaMu, Ha
KOTOpBIX jiexkar « u 3 paser 90°, To P u R (coorBercTBenHo, @ u R) NPOTHBOMOIOKHBI — OTPAYKEHUE OTHO-
CUTEJIbHO JBYX MEPHEHIUKYASPHBIX OCeil SBJISIeTCS IMEHTPAJbHON cumMerpueit. Takum obpasom, cpemu P, Q u
R ectb napa nporuBonookHbX. CrieoBaTebHO, (v U [ UMEIOT JBa MPOTUBOIOIOXKHBIX PelieHus Tuna A, u3
9€ero C MoMOoIIbIo leMMbl 6.4 MoJIyd4aeM, 9TO OHH JIEXKAT HA OJTHOM JIMAMETPE — IMPOTUBOPEUHE. O

13



IIpomomkum mokazaTeabcTBO TeopeMmbl 1. Tak Kak o n S mopoKaaioT 4 OOIMUX PEIeHnst OJHOrO THIIA, TO
mo jemme 6.3 OHHU JrlekarT Jud0 HA OJHOM JuaMeTpe, JudO HA TEPIeHANKYISPHBIX auamerpax. Ho Bo BTopom
ciaydae o u  MOPOKIAIOT ere 3 obumx pemenus tuna A, 910 HeBo3MOXKHO 110 Jiemme 6.5. Takum obpazom, o
u 3 JexKar Ha OJHOM JIMAMETPE, B 9aCTHOCTH, EHTPHI BCEX UCXOAHBIX OKPYXKHOCTEH JIeXKAT HA OHOMN MPSAMOii.

Oxpy)kHOCTH (v U  TIOPOXKIAIOT 7 OOIIMX PEIeHui, TOITOMY TO JieMMe 3.3 W3 HUX MOXKHO BBIOPATH Mapy
TEPECEKAIOIINXCA CAMMETPUIHBIX pemtenunii. Clenyomas JeMmMa 3aBepIrnaeT J0Ka3aTeIhCTBO TeOPEeMbI 1.

Jlemma 6.6. ITycmov yuenmpo, 6CEx 4-T UCTOOHBIE OKPYAHCHOCMET AEHCAM HA 00HOT NPAMOT, 6 cpedu peweHud
ecmv 06a NEPECEKANULUTCHA U CUMMEMPUUHBLT 0MHOCUMENbHO IMot npamot. Tozda nocae unsepcuu 6 mouke
nNepeceueHus IMUT Pewenuti ucrodnue oKpyHcHocmu 06pasyom 0d0no us pacnpedeaenuti 4-0-0-0, 3-0-1-0 uau
2-0-2-0 omnocumenvro 06pa306 smux peweruli. Koauvwecmeo ecex pewenuti 8 IMUL CAYYAAL He NPesocrodum
4, 2 u 6 coomeemcmeerHo.

Joxka3zaresabcTBo jieMMbI 6.6. Ilenrp unsepcuu JjiexkuT Ha JIMHUM LEHTPOB UCXOJHbIX OKPY2KHOCTEH (Tak
KaK TOYKA MEPECEUeHUs JIBYX CUMMETPUYIHBIX OKPYYKHOCTEH JIEXKUT HA UX OCU CUMMETpHH). I103TOMY HEHTPBI
BCeX 4-X MCXOMHBIX OKPYZKHOCTEH 10 MHBEPCUU JIEXKAJIN HA, OIHOM MPSAMOU, MPOXOISIei Yepe3 MeHTP WHBEPCUH.
3HAYUT ¥ [OC/I€ HHBEPCUH UX HEHTPDI JIEXKAT HA OJHONM IPSAMOM, a TOr/Ia BCe UCXOAHBIE OKPYKHOCTH U JTOJZKHBI
JIEZKATh B ABYX IPOTUBOIOJIOXKHBIX CEKTOPAaX — IIE€pPBast 4acThb JEMMbI, TEM CaMbIM, JOKA3aHa.

C 310r0 MOMeHTa Mbl Oy/IeM PACCMATPUBATH DEIIEHUs B KAYECTBE UCXOAHbIX OObEKTOB (HA30BEM UX HOGLIMU
UCTOOHBLMU 00BEKNAMU), 8 YETBEPKY UCXOJHBIX OOHEKTOB, HA0OOPOT, B KAYECTBE PElIeHNi (HA30BEM UX HOGLILMU
pewenuamu). OGO3HAUUM MOC/IEIHUE YE€PE3 W1, W, W3, Ws B TOM IIOPAIKE, B KOTOPOM OHH KaCalOTCs Ji00oii u3
IPAMBIX.

Paccmorpum 10 OTebHOCTH BCe BO3MOXKHbIE pacipejesienus 4-X HOBbIX peiienuii. B nepsom cayuae (pac-
upegeienne 4-0-0-0) o semme 3.1 ocrasiimecs HOBbIe UCXOUHBIE 00bEKTbI 10/KHbL O6biTh 1T wiu IV Tuna. Ho
cpemu 4-x perreHuit st 1000 OKpys:kHOCTH [V THNA 3aBEIOMO €CTh MEPECEKAMIINECS — Te, 9TO COAEPIKAT
OKPYZKHOCTb v Ha, Puc. 3 BHyTpu cebs. 3HAYUT, BCE OCTABIIHNECS HOBBIE UCXOAHBIE 00beKThI uMetoT 11 Tum. Ouu
KaCaloTCd wi W W4 BHENTHHM 00pa3oM, a we U w3 — BHyTpenHnM. 1o jgemme 5.2 rie B KadecrBe G MbI Oepem
BCe 4 HOBBLIX PEIIeHMs, UMEEM, YTO TAKMX HOBBIX UCXOJHBLIX 00BEKTOB He Oojee 2-X.

Hust Broporo cayuas (3-0-1-0) Booblie He CyLIECTBYET MOAXOAMAIIEr0 HOBOIO UCXOJHOIO OObEKTa HUKAKOIO
THUIIA, B 9eM HETPYAHO yOe uThCsa ¢ momombio Tadm. 1.

B rperbem ke ciayuae (2-0-2-0) ocraBimnecst HOBbIe HCXOIHBIE 00HEKTHI MOTYT GbITh I wutn IT Tuma.

Puc. 12: Pacupeznenenne nHosbix pemenuii 2-0-2-0

Oxpyxuoctu Il Tuna MOMKHBI KacaThbCd KaXKI0r0 W3 4-X HOBBIX pellleHuil BHemHUM obpasom. Ilpumvennm
JJIS HUX JIeMMy 5.2, B35B B KadecTBe (G 9€TBEPKY HOBBIX PEIIeHUi ¢ KoMOuHaImeh 3HaKOB «+ +++». [lomygaem,
410 ecTb He Gosiee aByx okpyxkuocreii I Tuna (Puc. 12 cupasa).

Okpyzxnuocru [ Tuna KacaroTcst we U w3 BHYTPEHHUM 00pa30M, a wy ¥ w4 — BHemHuM. [Ipumenum erme pas
JeMMy 5.2, CHOBa B3sB B KadecTBe (G 4e€TBEPKY HOBbIX pelneHuil ¢ Kombunanueit 3HakoB «+ — —+». Iosrygaem,
49TO ecTh He Gosiee AByX OKpy:kHOcTed I Tuna (Puc. 12 ciesa).
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Takum obpa3om, obIee KOJIMIECTBO HOBBIX MCXOAHBIX 00bekTOB | m Il TumoB B sTOM ciiyuae He OOJIbINE
4-X, T. €. KOTUYECTBO PENIeHUil UCXOMHON 3ama4qu He OosbIe 6-u U J0Ka3aTenbCTBO leMMbl 6.6, a ¢ Hell u Bceit
TeopeMbl 1 3aBepImeHo. O

7 Joka3aTesibCTBO TEOPEMBI 2

JoxkazaTeabcTBo. Kak u mpu 10Ka3arenbcTBe TeOpeMbl 1 PEAnoI0KUM IPOTUBHOE, T. €., 9TO HAILIACH IATeP-
Ka 00'beKTOB (He BCe U3 KOTOPbIX KACAIOTCHA B OIHON TOYKe) ¢ 5-10 perrenusivu. [lo semme 6.1 cpenu ucxoqubix
OOBEKTOB HET TOYEK. 3AMETUM, U4TO KOJUIECTBO PEIIeHI PABHO KOJIMYECTBY UCXOJHBIX OOBEKTOB, a TAKXKE 9TO
BCE pEIeHNsl He MOTYT KacaThCsd B OHON TOYKe (MHAUE BCE MCXOMHBIE OOBEKTHI KACAIOTCA B TOH Ke TOUKe).
ITosToMy perrieHrsi MOKHO PACCMATPUBATH B KAYECTBE UCXOAHBIX OObEKTOB (M HAOOOPOT), W CPeau perneHuit
TOXKE HET TOYeK.

IlepBsbrii ciy4aii: HU cpegu UCXOAHBIX OO'bEKTOB, HU CPeJi PellleHUuil HeT KacaloluXxcsd. J3aMerTuM,
970 JU0O0 Cpeay HCXOMHBIX OOBEKTOB, JUOO CPEay peIeHuil ecTh mepecekaommecs. JleficTBuTebHO, B IPO-
TUBHOM CJIy4ae I€PeBeJieM MHBepCcueil Jiio0ble [ABe MCXOHble 000OIIEHHbIE OKPY2KHOCTU B KOHIEHTPUYECKUE U
BOCTIOJTB3YeMCs JIeMMOoi 3.3.

[Monydyennas mapa mepeceKaronmxcs 00bEKTOB MPUHAIEKAT HEKOTOPOH TATepKe, KOTOPYIO MBI U Oymem
cuntarh ucxomauoii. I[lepeBemem mHBepcueit 9Tu mepecekaionmecs: 00beKThl B mpsambie. OCTaBIINECT HUCXOIHBIE
00bekThl 0603HaIUM v, 5 u «y. I3 semmbr 3.1 miomydaem, 9T0 KaxKablil u3 Hux gAomked umerb 1, IT wiu V tum.
Ho eciin kakoii-ro 00bekT uMeer V THII, TO CPEIM PeHieHuii JO/KHA ObITh TOYKA, YTO HEBO3MOXKHO. 3HAYUT,
KaXKpii 3 00bekToB v, B u y umeer I mwau II tum. CooreercTBeHHO, BO3MOXKHO 4 ciyuas. Ilpexzae, uem
pa3bupars uX, 3aMEeTUM, 9TO JBe OKpYyKHOCTH 11 Truma MoryT umers 0oJibie 4-X 00IIUX PEIeHnil TOJIBKO TOTa,
KOTJIa MEPECEKAIOT 00€ CTOPOHBI OHOTO M TOrO ke ceKTopa. C 9TOro cekTopa u HAYHEM HYMEPAIHIO.

1° Bce okpy>xkHocTH ¢y, 3 u v umeror tun L. Tak Kak okpyzkHOCTH v, 8 1 7y uMeroT [ Tuir, TO0 B KaxK10M
cexkTope ecTb He Oosiee 2-X peIleHwii, a pacrpe/iesieHue Bcex 5-u pemreHuii nzomopduo 2-2-1-0, 2-1-2-0 nin 1-1-
1-2. Paccmorpum To4Ku nepecederus o u B, B u 7y, @ u 7y 1 0603Ha4uM ux MHOKecTBO 4depe3 C'. s KaxKa0i
mapbl OKPY’KHOCTEH TAKUX TOYEK HE DOJIBINE 2-X, TI0ITOMY BCEro WX He DOJbIne 6-1.

Cornacuo jiemme 4.2 B CeKTOpax € OIHUM perreHneM ectb xorsd Obr 1 Touka u3 C. lasee, B cekTope C 2-s
peleHusME KaxKias napa okpyzkuocreii (o u 8, 5 u v, a u ) umeer oburyo Touky no jgemme 4.1, a Kakasg-To
rmapa mMeeT B 9TOM CEeKTOpe naxke nBe obmmme Toduku 1o jemme 4.3. [Tostomy B TakoM cekTOpe ecTh He MEeHbIIe
4-x Touek u3 C' (Bce 3 OKPYKHOCTHU (v, § U Y HE MOI'YT UMETh ODLILYI0 TOYKY, IIOCKOJbKY TOL/IA OHU UMEIOT METKY
[I11]y win [[1I]2, n mo memme 3.1 obliiee KOJIMYIECTBO pEIieHNMit, KOTOPhIE HE SIBISIOTCS TOYKAMM, He GOJIbIIe
4-x).

Taxkum obpaszom, B ciydae pacupeienenuii 2-2-1-0 u 2-1-2-0 umeem |C| > 2-4+4+ 1 =9, a B ciyuae pacmpe-
nenenus 1-1-1-2 nmeem |C| > 344 = 7. Ho |C| < 6 — nporusopeune.

2° Bce okpyxkHocTH «, 3 m ~ mmeror tuil I1I. Paccmorpum ciiydyau B 3aBUCUMOCTH OT KOJIMYECTBA
pemennit B I cekrope. Obo3HaUMM 3TH pereHus depe3 w; rae ¢ = 1,2,3,4 B TOM TIOpsiAKe, B KOTOPOM OHH
KAaCaroTCs JIIO0OI M3 MPAMBIX.

2.1° B I cexmope 4 pewenua. Torma «, § u 7y KacaTcd w1, w4 BHEITHAM 00pa30M, & Wo, W3 — BHYTPEHHUM.
N3 nemmbt 5.2 mia G = {wy,ws, w3, w4} U KOMOUHAIMU «+ — ——+» IIOJIyY4aeM IPOTUBOPEYHE.

2.2° B I cexkmope 8 pewenus. Paccmorpum okpyzHOCTH (v. OKPYKHOCTH W1, Wa, W3 ABIAIOTCS TpeMs u3 4-X
pewenuii 1 o B I cexrope (cm. Puc. 3). IIpocroii nepebop 1okasbiBaer, 4T0 ec/iu B3sTh J00ble 3 PelieHus 13
oTux 4-X, TO CpeJaHee M3 HUX KaCaeTcs « BHyTpeHHHM obOpasom. [lostomy «, B u 7y KACarTCa wo BHYTPEHHUM
obpazom. O 1HAKO BCETO perieHuii 5, mo3ITOMY ecTh ere 2 perienns B cektopax Il u IV, koropsie kacatorcsa o, 5 u
~ BHemHuM obpasom. O6o3naduM ux vepes oy u oq. [Ipumenum nemmy 5.2 qis G = {01, 09, ws } u KOMOUHAIMU
«+ + —», noay4dad IpoOTUBOpEYIne.

2.3° B I cexmope ne boaee 2-r pewenuti. Torna B cexkropax II u IV B cymme xors 6b1 3 perenwnsi, 4ro
TPOTUBOPEYUT JiemMme 6.2.

3° IBe okpy>xHoctu 1I tuna (manpumep, o u 3) u ogua okpy>ksocts I Tuna (). Torga 3a cuyer
okpyxkuocTu | Tuma B I cekTope He Gosee 2-x pernenwuit, HO Toraa Bo 11 u IV cekTopax xors Obr 3 pereHus, 9To
MPOTUBOPEYUT jTeMMe 6.2.

4° JIBe okpy>xkHuoctu I Tuna (o u B) u ogua okpyxkuocth Il Tuma (). B srom ciyuae 6e3 orpanu-
YeHUsT ODIIHOCTH BO3MOXKHBI pacrpeesenus perennii 1-2-0-2 n 2-2-0-1. Pa3bepem ux OTIeIHHO.

4.1° Pacnpedeaenue 1-2-0-2 (cm. Puc. 13). Tax xkak B cekropax 1I u IV no 2 pemenus, To u3 jeMmbr 4.4
nojydaeM (1ocjie MepeHyMepaIyu CeKTOPOB), YTO BCe TOYKHU MEPECeYeHUs Y C (v U 3 HAXOIATCA B ITUX CEKTO-
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pax. asee, mo jsemme 4.1 OKpYKHOCTH v U [ TaKKe JTOJKHBI UMETH ODIIKME TOYKH B ITHX CEKTOpax. Takum
obpa3om, «, § u <y TOMapHO HE MMEIT 00X To4YeK B cekrTope 1. B Ttakom ciaydae, onm pasdbmsaioT ero uHa 5
qacreil, B KaXKJIyI0 U3 KOTOPBIX MOYKHO BIIMCATH OKPYKHOCTh, KACAOILYIOCS JIUINDb He OoJiee ABYX U3 o, S u y —
[IPOTUBOPEYHE.

Puc. 13: K nokazarenscrBy ciaydas 4.1°

4.2° Pacnpedeaenue 2-2-0-1 (em. Puc. 14). O6o3uauum periennst B I cekTope uepes wi U ws, a PEIIEHUs
Bo II cexTope depe3 w3 m wy, TAK, 9TOOBI PEITEHNE C MEHBIIMM PAJILYCOM UMEJIO MeHbInuil uunmekc. Cremaem
UHBEPCUIO B TOUKe nepecedenus « u [ (ona cymecrsyer no jemme 4.1). Samerum, 910 wi ¥ w3 JIexKaT BHYTPH
u 3, a ws u wy — BHe. Ho 4 obnacru, Ha KoTOpble v ¥ 3 IEJIAT ILJIOCKOCTD, IIPU MHBEPCUU IIEPEHIyT B CEKTOPA,
COOTBETCTBYIOIHUX IpAMbIX. [loaToMy pacmpenesenne 06pa3oB w1,ws,ws,ws OTHOCUTETBHO MPAMBIX — 00pa30B
a n B pasuo 2-0-2-0, m pacnpemeeHne 6cer PEIIeHril OTHOCUTEILHO TEX YK€ MPAMBIX He MOYKET CHOBA OBIThH
2-2-0-1. CaemoBaresbHO, 337a49a CBOAUTCH K OJHOMY M3 y2Ke pa30o0paHubix ciydaen NeNel© 2° 3° uwm 4.1°.

Puc. 14: K nokazarenncrBy cayuas 4.2°

Bropoii caydaii: cpean MCXO/JHBIX O0bEKTOB MJIM CpeJu peIlleHuii ecTh Kacatoriuecs. bymem cam-
TaTh UCXOTHOM MATEPKY, B KOTOPOIl €CTh Tapa KACaIoUXCcsa 00beKToB. [lepeseneM nx uuBepcueii B (rOpU30HTAIb-
HbIE) TIapaJljie/bHble TpaMble. JJoKazkeM, 9TO CPEIM OCTABIIUXCS TPEX UCXOAHBIX 0OOBEKTOB (Mbl HX OOO3HAYMM,
Kak 0OBbIYHO, (v, 3 U 7y) HE MOXKeT ObITh NOPU30HTAJILHON MPIMOIA.

Jlemma 7.1. Ilycms 6 Konuzypayuto HECKOADKUL UCTOOHBL 00BEKMO06 6L00AM 3 NAPAALEALHOLE TPAMDLE, G
KoAuecmeo peutenuti boavue 2-x. Tozda éce ucxoduve 06sexmMb, — NAPAALEALHBLE NPAMBLE UAU OO.

Jloka3zaTreabcTBO JeMMbl 7.1. 3aMeruM, 94TO B yCIOBHUSIX JIEMMbI BCE PEIIEHUS SBJSIOTCS TOPU3OHTAIb-
HBIMU NIPSAMBIMA HJIH OO, T. €. BCE OHU Kacaiorcd B Touke oo. Ho eciu perennit 6osbiie 2-x, 1 BCe OHH KACAIOTCs
B OJHOM TOYKE, TO, OYEBU/IHO, U BCE UCXOIHBIE OOBEKTHI KACAIOTCSA B TOW K€ TOYKE, 9TO M TPEOOBATIOCH. O
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Cpemu T-tunos [—IX tonbko aBa nmeroT 5 uiu Gosee pemenuii. I1o Tumb 1 u I, pacnpenenenns permenunii
JIJIS HAX OJMHAKOBBI W PAaBHBI 4+2. 3HAYUT, pacupenesieHne 5-u pemeHuil MoxkeT umerh Bu 3+2 wam 4+1.
Pazbepem atu caygan.

1° Pacnpenesenne pernenuii 4+ 1.

Jlemma 7.2. ITycmo 3agurcuposarv, 06e 20pU30HMAALHBLE PAMDBLE U HEKOTNOPbLE OKPYHCHOCTY O U B NOPOdHC-
darom 4 obwux okpysrcrocmu-pewenua. 10206 AunuA yenmpos okpysrcHocmett a u B 6epMUKaALHA.

lokazaTesbcTBO JieMMbl 7.2. Ilpeamono:kuM TPOTHBHOE W OOO3HAYMM MHOMKECTBO H3 4-X 00mmX
OKpy2KHOCTeH-perenuit s « u [ gepe3 X. 9T0 MHOKECTBO CUMMETPHUIHO OTHOCHUTEIHHO BEPTUKAJIBHBIX MPsi-
MbIX, HAa KOTOPbIX Jexar HeHrpbl « u [. Ilo Hamemy mpeJosioKeHuio, ITU [PIMbIE HE COBIAJAIOT, IIOITOMY
X mepexonut B ce0st MpW CHMMETPUU OTHOCUTEIBHO KAXKI0W M3 HEKOTOPBIX JIBYX MapaslIeIbHBIX TpsaMbix. Ho
Torga X TepexoauT B ce0s W MPU HEKOTOPOM MAPAJLIETHbHOM MEPEHOCE T. €. SIBJISeTCS OECKOHEYHBIM — MPOTHU-
BOpedwne. O

(n

Puc. 15: Pacupenesenune 4+-1

ITo Toit TemMMe mmeeM, ITO TEHTPHI «v, 8 U 7y JIEYKAT HA OIHOM BEPTUKAJIHHON MPIMOii, & TOT/Ia OHU KACAIOTCS
IPAMO¥i-PEIleHus: B OJHOM U TOii 2Ke TOUKe, T. €. 06Pa3y0T BbIPOKAEHHYIO TPOiKy (cMm. Puc. 15), uro uckiwogyeHno
JeMmmoit 7.1.

2° Pacnpejnesienue pemieHnit 3+2. B sToM ciydae cpeam pemreHuit €CTh JBE MapaJjiebHbIE IIPIMbIE,
TO3TOMY PAIUYChI OKPYIKHOCTEH (v, M Y pABHBI MOJIOBUHE PACCTOSHUS MEXKIY STUMU MPIMBIMU, & WX IEHTPbI
JIesKaT Ha ONHOI rOpu30HTANBHOMN mpsamoil (cMm. Puc. 16 ciesa). To ke MOXKHO CKa3aThb W MPO TPU OCTABIIUXCS
PeleHus-OKPYKHOCTH (IIOCKOJIbKY CPEJIU UCXOIHBIX OOBEKTOB €CTh JBe IapaJljiebHble pamMbie). [loyuaem asa
MHOXKECTBa OKpy2KHOCTe! X # Y, KOTOPbIE yIOBJIETBOPSIOT CIEAYIOMINM yCJIOBUIM:

1. B X u Y mo tpu OKpyzKHOCTH.
2. B kaxKII0M M3 MHOXKECTB OKPY>KHOCTH MMEIOT PABHBINA PAJIAYC.

3. B kaxXI0M M3 MHOMKECTB IEHTPHI OKPY>KHOCTEH JIeXKaT HA OTHON TpaAMOii, mpudeM mias X w g Y 3w
OpsiMble TTapAJIIeIbHbI (TOPU30HTATIBHBI).

4. JlioOble Be OKPY2KHOCTH W3 PA3HBIX MHOXKECTB KACAIOTCS.

Mbi JoKaXKeM, 9TO OJHOBPEMEHHOE COOJIIOIEHUE ITUX YCJIOBUI HEBO3MOXKHO.

Bozbmem u3 X UY OKpyKHOCTH W € CaMbIM .e6bim HeHTPpOoM. PaccrosgHue Mezk iy MEeHTPOM OKPY?KHOCTH
u3 X W IEHTPOM OKPYXKHOCTH W3 Y MOXKET MPUHUMATH OJHO W3 JABYX 3HAYEHUI, B 3aBUCHUMOCTH OT TOTO,
BHyTpEHHee Kacauwe mjn BHemrHee. [103TOMy u3 Tpex TaKuxX PACCTOSTHUIN Jjis OKPYXKHOCTH W HANIYTCA 1B
paBHbIX. IleHTPBI COOTBETCTBYIONIINX OKPYYKHOCTEH 06pPA3yI0T pABHOOEIPEHHBIN TPEYTOIbHUK, OHA W3 BEPIIUH
KOTOPOI'0 OKazKercs sesee 1eHTpa okpyxkHocru w (Puc. 16 cupasa). Ilosyuennoe nporuBopedne 3aBepiiaer
JIOKA3aTeJIbCTBO JAHHOIO CJIydasi U BCei TeopeMbl 2. O

VAR NI

Pacopenenenne 3+2
OuHaTbHOE PACCYIKICHUE

Puc. 16:
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8 Jloka3aTeabCTBO TeOpeMbI 3

JokaszarenabcTBo. Bo3bMeM Mpon3BOIbHYIO 9€TBEPKY 00BEKTOB € POBHO 6-10 pertenusmu. [1o gemme 6.1 cpenn
HMCXOTHBIX OOBEKTOB HET TOYeK. IIpeamnomoKumM, 9TO Cpeau UCXOIHBIX OOBbEeKTOB ecTh Kacammpuecs. [lepesemem
MX B HapaJuiesbHble npsaMbie. OcTaioTcs emle JBa UCXOAHbIX 00beKTa a U 3, U 10 JieMMe 7.1 HM OJuH M3 HUX
HE MOXKET ObITb MOPM30HTaJIbHON Lpsmoii. Ho Bcero mmeercs 6 peinenuii, mosromy « v [ JOJKHbI UMeTb [
wiu IT tun (cm. Tabm. 2). Pacnpenenenue pernenuii sl KasKI0r0 U3 9TUX THIOB PABHO 4+2; mMo3TOMY Cpean
pelrennit ecTh ABe MapaJjelbHble TOPU30HTAJIbHBIC MPSAMbBbIe, W JUHAA MEHTPOB « W [ TOPU30HTAJILHA, a WX
pamuychl paBHbl. OJHAKO Cpeau pelleHnii ecTb U 4 OKPYKHOCTH, IIO3TOMY II0 JIeMMe 7.2 JIMHHUS IEHTPOB o U 3
BepPTHKATbHA — MPOTUBOPEUNE, W CPEIN MCXOTHBIX OOBEKTOB HET Iap KaCAIOIIIXCS.
Paccmorpum Te ke cirydan, 9TO U B JJOKA3ATEIbCTBE TEOPEMBI 1.

IlepBbrii cayuaii: cpeau UCXOMHBIX OKPYXKHOCTeH WM IMPAMbIX KaKue-TO JBe Iepecekarrcs. [le-
peBejieM UX WHBepCHeil B mepeceKaroIuecs mpsiMble. 3aMeTHM, UTO cpein [-THITOB, KOTOpbIe HE COIEPKAT Kacaro-
muxcst 00beKToB, TobKo Tuiibl I 1 IT umeror e Menee 6 perrenuii. IlosToMy ocraBiinecs: HCXOIHbIE OKPYKHOCTH
a u [ umerot I nin I tumn, u Bozmoxkuo 3 ciyuas. Pazbepem ux mo oTaesbpHOCTH.

1° OGe okpyxHnoctu ¢ u 3 umeror Il tun (cm. Puc. 17). Torna « u S nepecekaror obe cTOpoHbBI
OJIHOI'O M TOIO 2Ke cekropa (MHave pacupeliejieHus PelleHuil /i HUX llepecekarorcsd He Gosee, dyeM 10 4-M
okpyxkuocTaM). ITycts 910 I cekrop. Torma mo nemme 6.2 B cektopax II u IV He Gosee 2-x pernenwuii, a 3HAYUT,
B I cekTope ecth 4 perrenus, IpuyieM « 1 [3 KacalOTCsS WX B OJHON M TOH »Ke KOMOWMHAIMHK 3HAKOB «+ — —+»,
cantas or O. Ilo nemme 5.3 OKpyKHOCTH (v U 3 CHMMETPUIHBI OTHOCUTETbHO OuccekTpuckl cekropos [ u I11.

Puc. 17: O6e ncxomubie okpyzxkuocTn 11 Tuma

OueBuHO, YTO MEHTP JIIOOOH OKPYKHOCTH, KACAIOIIEHCs o U 5 BHENTHUM OOPA30M JIOIXKEH JIeXKATh HA UX
ocu cummerpuu (T. K. paauycbl OKpy2KHOCTEH v u 3 paBHbi), 1. e. Ha buccekrpuce cekropos I u III. Ho nenrps
pemmenuit B cekropax Il m IV, Koropbie Kak pa3 KacarTCs « ¥ [ BHEITHUM OOpa3oM, JIeKAT Ha OMCCEKTpHCe
cexkTopoB Il u IV — mporuBopeune. 3HaUuT, STOT CIydail BOOOIIE HEBO3MOMKEH.

2° Opxna okpyxxkHoctb I Tuna (o) u ogna okpyxxkHuocts II tuna (8; cm. Puc. 18 ciuesa). Ilycrs S
mepecekaer obe croponsl 11 cekropa. Torma pacnpesgenenue periennii pasuo 2-2-2-0. CrnepBa HaMm moTpedyercst
caepyoas (MHTEpecHas u caMa 1o cebe) jlemMmma.

Jlemma 8.1. ITycmwv oxpyosrcrocms I muna o u okpystchocms I muna 3, nepecexarowas obe cmoponv, I uau
1V cexmopa, nopootcdatom 4 obuux peuwenus ¢ pacnpedeneruem 2-0-2-0. Tozda mmootcecmeo smux pewenud
CUMMEMPUYHO OMHOCUTNEADHO TMOUKY nepeceverud npamox O.

Hoxka3zaresbcTBo JiemMmbl 8.1. O6o3HaUMM O0LIME pelleHus Yepe3 w; (B TOM MOpsijike, B KOTOPOM OHU
KacaloTcs JII000i U3 NPsMbIX), a 4epe3 a; 0003HaYUM JIUHY KacareabHoil uz O K w; mjida ¢ = 1,2,3,4.

Paccmorpum unBepcuio ¢ nenrpom B O, ocrasjsionlyio [ Ha Mecre (Takas WHBepCUs cymiecTByer T. K. O
gexkur Bre Jr060i okpyxkuocru II tuna). Tlpu Takoil nHBEpCHU IpsMble TAKXKE OCTAIOTCS HA MECTE, MOITOMY
peluenust A 8 A0JIKHBL Hepeiitu B pewenus g 3. Kpome Toro, mocie uasepcuu jr0boe pelieHue i 3
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ocraercs B cBoem cekrope. Ho pemmenns mis 3 B cekropax I u IIT — 310 Kak pa3 okpy)HOoCTH w; mis ¢ = 1,2, 3, 4.
CrenoBaTenbHO, w) MEHSETCS C Wy, a w3 MeHsercs ¢ wy. OTcioga ajas = azay.

PaccmorpuM KOMIIO3UIIMIO WHBEPCUE U [EHTPATBLHOU CUMMETPHUH € MEHTPOM B O, OCTABJISIONLYIO (v HA MECTe
(rakoe npeobpaszoBanue cyuecryer T. K. O sexkur BHyTpu J11060it okpykuoctu I runa). B srom ciyuae aroboe
pellierre It (v MEPEXOJUT B MPOTHUBOMOJIOXKHBIM CEKTOP, TTOITOMY W1 MEHSIETCS C W3, & Wo MEHSIETCS C Wy.
Orcona ajas = azay.

W3 mosryueHHbIX PABEHCTB CJIEIYET, UTO a1 = 44 U Qg = (3, 9TO U TPEOOBAJIOCH. O

W3 sT0it meMMbl TOTydaeM, 9TO & U 3 IepexondaT B cebsi MPU CHMMETPUN OTHOCUTETHHO OMCCEKTPUCHI CEK-
topoB Il u IV. Ilosromy oba pemenus Bo II cekTope kacaiorcs o B omuoit u Toit ke Touke 1. Ilo nemme 4.4
[IOJIy4aeM, 4TO OKpy2kHocTH @ U [ umetor obiue Touku B cekropax I u IIL. ITosromy Bo II cexrope onu obmumx
To4ek He nmeror, u T ¢ f.

JlokaxkeMm Temnepb, 9TO UCXOAHAs 9eTBEPKa COOTBeTCTBYeT KoHburyparuu Ne3. CaeaeM HHBEPCHUIO C IIEHTPOM
B touke 1. Torma oba pemrenus Bo Il cektope m « mepexoadaT B HEKOTOpPbIe 3 mapajieabHble npsambie [, lo,
l3. Iycrb lo — obpa3s «, a paccroguue mexuy i u lg pasuo 2. Tak kak T ¢ (3, T0  1€PEXOAUT B HEKOTOPYIO
OKPYKHOCTb we, Kacawomrytocs [, u l3. [lepecexaionpecs npsiMble IEPEXOIsAT B OKPYZKHOCTH W1 ¥ W3, KACAIOIIAECs
Iy u I3, mpuYeM B CHIy CUMMETDPUH [IEHTPHI 9TUX OKPYKHOCTEH PABHOYIAIEHBI OT IeHTpa wy (cM. Puc. 18 cipasa).
O603HAYNM 3TO PACCTOSIHNE Uepe3 X, & MEeHTPhI w; depe3 O; g i = 1,2, 3.

Pesynbprat nasepcun B T’

N3znaganpuas KOHCTPYKIUs

Puc. 18: Oxna okpyzxkuocts I Tuma u ogaa okpy)u0oCcTh 11 Trna

0O0603Ha4YMM Yepes S npsiMyIo, paBHoyaaenuyo ot [ u l3. Herbipe pewenusi B cekropax I u I npu unsepcun
MEPEXOIAT B OKPY’KHOCTH, KACAIOIIUECS W1, Wy U W3 B COOTBETCTBUM C KOMOWHAIUAME «+ — —» U «— — +».
Paccmorpum ofHy U3 5THX KOMOWHAIMN ¥ 0003HAYMM COOTBETCTBYIOIINE TIOAXOIANINE OKPYKHOCTH Y€pe3 g1 U
o9. [To memme 5.3 OKPYKHOCTH 01 U 0p CAMMETPUIHBI OTHOCUTEIHHO § — JIMHUU TEHTPOB Ww;. II03TOMY panych
OKPYKHOCTEH 01 U 09 PaBHbBI, & UX JIMHUS EHTPOB BepTuKaabHa. CleI0BATEIbLHO, 01 U 09 JOJIKHBI KACATHCS
lo B OTHOM U TOI 2Ke TOYKe, U lo COBIAIAET C S.

Ob6o3uaunm paauyc obpasa arboro u3 perennit B cekrope | wim I wepes r, a ero mentp uepes O. Umeem
00; = 147,005 = O0O3 = 1—r. Ilycts OH — Boicora pasuobeapernoro AO100y. Uveem OoH = HO3 = /2,
OH = r. Ilo Teopeme Iudaropa 8 AO1HO u ANOHO:

OH? +HO} =007 (32)% = (14 r)2 — 12 - 922 149
OH? + HO} = 00} (2)" = (1—r)2 =2 a1

Orciona © = 2/\/5, r = 2/5, yr0 coorsercryer koudurypauuu Ne3,

3° O6e okpy>xHOocTu ¢ 1 3 umeroT I Trn. Torga B KaxkI0M cekTope He O0JIee IBYX PEIIeHNH U BO3MOKHBI
pacnpenenenus 1-2-1-2 u 1-1-2-2 (pacnpezaesnenue 2-2-2-0 HEBO3MOXKHO, T. K. uHade 1o jemme 4.1 o u § umeror
3 obuue Touku). Pasbepem ux 10 OTIEIbHOCTH.
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3.1° Pacnpedeaenue 1-2-1-2. Torna o u 3 Kacaiorcs pemrennit B cekropax II u IV B kombunamum «+ — —+»
(B TOM mOpsiZiKe, B KOTOPOM OHU KAaCaloTCs J000i 13 npaMbix). I1o semme 5.3 OKPYKHOCTH (¢ U 3 CUMMETPHYHbBI
orrocutebHO buccekTpuchl cekTopoB 11 u IV. Tonyuaem kouduryparmio Ne2.

3.2° Pacnpedeaenue 1-1-2-2. Torma no nemme 4.1 a u f umeror oburyto touky B cekropax I u II. Cueraem
WHBEPCHUIO B OIHOW M3 HUX. 3aMETHUM, UTO OJHA W3 TPSMBIX PA3IEJISIeT TOYKH TEePecevueHus « W [3, a Apyras
— ner (cm. Puc. 14). TlosToMy moc/ae MHBEPCUU OIHA W3 NPAMBIX Hepeler B OKPYyKHOCTh 1 Tuma, a apyras
mepeiizer B OKpyKHOCTH 11 Tuna. 1o coorBercTByeT cirydaio Ne2°, KOTOpPBIM ykKe PaCCMOTDEH.

BTOpOﬁ cnyqaﬁ: HHUKaKnue JAB€ OKPY>XXHOCTHU MJIN IIPpAMbBbI€ N3 NMCXOJHbIX YeThIPpEX He IIepeceKaloTcCd.

Jlemma 8.2. Jlanw 3 nonapmo mnenepecexaroujuecsa oxpyscrhocmu u 6 pewenudi. Tozda moocro ewvbpams 2
UCTOOHBLE OKPYNHCHOCTNY U3 OGHHBLE 3-T U 4 PeweHus u3 JaHHLT 6-Uu MaK, 4Mo ecau nepesecmu uHeepcued
BULOPAHHDLE UCTOOHBLE OKPYICHOCTNU 68 KOHUEHIMPURECKUE, TO 6ul0partsie pewenus 6ydym odnozo muna (A uau
B).

HokazarenbcTBo JemMbl 8.2. Paccmorpum tabmuity w3 3-X CTPOK ¥ 6-M CTOJONOB, TIe CTPOKU COOTBET-
CTBYIOT OKPY?KHOCTSIM, & CTOJIONbI — perienusiM. Ha mepecedennn i-0it CTpOKM u j-r0 CTOJIONA CTOUT OUT «1,
€CJIu i-asi OKPYKHOCTh KACaeTCs C j-TO PEIeHUs BHEITHUM 00pa3oM, u out «0» — ecau BHyTpeHHUM. JloKaxkem,
9TO HaMLyTCsA 2 CTPOKHU 1 4 cTosba Takue, 9To 4 mapbl ONTOB B BLIOPAHHBIX CTOJIOIAX COBIAMAIOT C TOTHOCTHIO
JI0 3aMeHBbI 000nX OWTOB B Mape HA MPOTHUBOIOIOXKHBIE,

O603nauum crpoku Tabmuipl yepe3 a, b u c. Paccmorpum moburosbie cymmbl @ ® b, b @ ¢ u ¢ @ a. Ecou
B KAKOH-TO W3 HUX HAUIyTCs 4 ONMHAKOBBIX OWTA, TO COOTBETCTBYIOIIAS Mapa CTPOK W YETBEPKA CTOJIOIOB
SABJISETCS UCKOMO#. B mporuBHOM ciiydae, B KaXK10# M3 PacCMATPUBAEMBIX MOOUTOBBIX CyMM DOBHO TpHU OWTA
«0» u Tpu 6uta «1l», T. e. obIlee KOIUIECTBO EIUHUI] B ITUX CyMMax paBHO 9 — Hedernoe uucio. Ho cymma
paccMaTpUBAEMbBIX CYMM DAaBHA, OYEBHIHO, HYJIEBOW CTPOKE, T. €. 0DIee KOJIWYEeCTBO €IWHUI] B ITHX CYyMMAaX
YeTHO — IPOTUBOPEYHE.

3amenuM Ternepb OUT «1» Ha 3HAK «+» u OMT «0» HA 3HAK «—>». PaccMoTpuMm 2 OKpy:KHOCTH ¥ 4 peleHus,
COOTBETCTBYIOIINE HAWJIEHHBIM HAMH CTPOKAM W CTOJIOIAM. 3aMETHUM, UTO [JIsi 2-X OKPYKHOCTEH CYIIECTBYeT
BCEro JIUIh 2 KOMOMHAIIMY 3HAKOB C TOYHOCTHIO [I0 3aMeHbI 000MX HA MPOTHUBOIOJIOKHBIE: «—+—+» WU «+—>».
B caydae menepecekaonuxcs OKPy2KHOCTEI 0O/IHA U3 ITUX KOMOMHAINIT COOTBETCTBYET PEINEeHUI0, PA3IeIIOIIe-
My HCXOJHBIE OKPYKHOCTH, a APYras — PEIIeHUI0, He PA3IeJAIoNneMy UCXOAHbIe OKpyKkHocTu. [losTomy u mocse
WHBEPCUHU, TIEPEBOISINEH BHIOPAHHBIE OKPYXKHOCTH B KOHIIEHTPUYECKUE, BRIOPAHHBIE DEIeHust OyayT OTHOBPE-
MEHHO Pa3IelisiTh UJIM HE PA3Ie/IATh KOHIIEHTPUUECKUE OKPYKHOCTH, T. €. BCE TIPUHAJIJIEKATH K TUITY A ujn Bce
K Tuny B. O

IIpomomkum paszbop Broporo ciydas teopembl 3. [Ipumenum jmemmy 8.2 u mepeBeeM COOTBETCTBYIOIIUE
OKPYKHOCTH B KOHIeHTprudeckue. Ocrarorcs JIBe MCXOIHBbIE OKPYKHOCTH « u 3, TOpoXKgafomue 6 odumx pe-
mennii, u3 Koropoix 4 umeror oguH u Tor 2kKe Tui. Ilo jsemme 6.3 OKpyHOCTH ¢ 1 [ Jiexkar JubO HA OJHOM
JuamMerpe, aub0 Ha MEePIeHINKY/ISIPHBIX arnameTpax. PazbepeM 3Tu cjiydan 1mo OTAeIbHOCTH.

1° Okpyx)xHocTun @ U (3 jgexkaT Ha ogHOM jguamerpe. CraelaeM WHBEPCHIO B TOYKE MEPECEUCHUsT CHM-
METPUYHBIX pellieHuil (OHU HayTCs COracHO JieMMe 3.3), mepeBojis WX B MEPECEKAIoIIUecs NnpsaMbie a U b.
Paccmorpum 6 pemienuii B KauecrBe UCXOAHBIX OObEKTOB (HA30BEM MX HOBBIMU UCTOOMbLMU obzekmamu), a 4
UCXOJHBbIX 00bEKTA B KAYeCTBe pelleHuii (Ha30BeM UX HosbimU pewerusamy). Torna 1o semme 6.6 HoBble perie-
Hust UMeroT pacupenenenne 2-0-2-0 oranocurensbHo a u b. HoBbie ncxomubie 00BEKTHI TPYU 3TOM JOJIXKHBI UMEThH |
wywm 1T Tun, u no jgemme 5.2 (IpUMEHEHHOM /1151 4-X HOBBIX PEIIEHUIT) MOIydaeM, 9T0 OOBEKTOB KaXKI0r0 U3 STUX
TUMOB He 00Jibie ABYyX. 1103TOMYy €cTh HOBBIN MCXOIHBIN O0BEKT KaXKI0ro u3 3Tux TumoB. Ilocie npuMenenus
semmbt 8.1 nveem koudwuryparmio Nel.

2° OkpyxHocTH ¢ M (3 JeXkar Ha IepPHeHAUKYJIdpHbIX auamerpax (cm. Puc. 19). Torza uo
semme 6.3 deThIpe OOIUX pereHus i o U 3 uMeoT Tul B, a uxX MeHTphl 00pa3yrT TpPAMOyTOabHUK. Takxke
o ¥ 3 MOPOXKIAIOT ele 2 OOIUX pereHus Tuma A.

IIycrs R u r — paauychl KOHIIEHTPUYECKUX OKpYy:KHOCTEH, R > r. Obo3HauuM pemierus tuna A depe3 o1 u
oo. Hanee, mycts Ay, By — TOYKHM KacaHus 01 C & U (3 COOTBETCTBEHHO, As, By — TOYKM KacaHus oo C o U 3
COOTBETCTBEHHO.

JlokazkeM Ternepb, 4To UCXoHas YeTBepKa coorBercrByer Koudurypaiuu Ned, Caenaem HHBEPCHIO € HEHTPOM
8 O u pagmycom v/ Rr. IIpn Taxoii mHBepCcHE Bee permenust Tuma B mepeiizyT B mpoTHBOMOIOKHER cebe (T. K.
crenenb Touku O OTHOCHTEJIBHO BCeX pemienuii tuna B pasua —Rr). O0pas3sl OKpyKHOCTEH « U 8 JOJZKHDBI
KACaThCsl ITUX pellenuit, moaromy o u [ nepeiayT B cebs. DTO 3HAYUT, YTO CTEIEeHb TOUKH () OTHOCUTETHBHO (v
u f pasaa Rr. Ognako crenenb Touku ) OTHOCHTENBHO BCEX OKPYXKHOCTeH Tuna A Tak:ke paBHa Rr, O3TOMY
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Puc. 19: Ciyuaii Henepecekaronmxes UCXOAHBIX OKPYKHOCTeH

O nexuTr Ha pagnkKaabHoi ocn o1 m «. Caemosarenbro, OA; — obimas KacareabHas K o; W o A 1 = 1, 2.
Anasormano OB; — obmast kacarenbras K o; u 3 st @ = 1,2, npuaem OA; = OAy = OB; = OBy = VRr.
Bosee Toro, ZA1OB; = ZA30B5, 1. K. 370 yroJ, MOJ KOTOPLIM Bee pernenus tuna A sumgast w3 O. Ilosromy u
ZA10A; = /B10By, a tak kak OA; = OBy, TO pajuychl OKpyKHOCTEeH o u 5 paBubl. Torma nmpu moBopore
Ha 90° ornocuresnbHo O okpyxHOcTU @ U B coBuaayT, a Torga Ay u By coBuauyr, 1. e. ZA;OB; = 90° (cwm.
Puc. 19).

Hanee, mycts O7 — nentp op. O jgexur Ha OuccekTpuce npsimoro yrima £A;0B;. [Hostomy AOA107 —
MPSIMOYTOJIBHBIH paBHOOEIPEHHBIH, OTKY/IA

OA; = A0, & VR :?®4Rr:(R—r)2©R2—6Rr+r2:0

Caenosarenbuo, R/r = 3 + 21/2, uro coorsercryer kKomdurypammu Ned. Teopema 3 1oKazamHa. O

baarogapaocTu

4 npusuarenen @. K. HunoBy 3a moctaHoBKy 3a7a4dm U MOCTOsTHHOE BHUMaHNEe K padbore. Heomennmyto moMmorn
B IOANOTOBKE W yiydinenud HanHoro texcra okasan M. B. Ckonenkos. Takaxke xorenock Obl m0OIAronapurh
M. A. BonukeBnua 3a HpOPMYIUPOBKY 330a4H, U3 PA3BUTHS KOTOPOH BIOCIEICTBUN MOSBUIACH JaHHAs paboTa.
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