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Abstract

In 1840 Jacob Steiner on Christian Rudolf’s request proved that a triangle with two equal bisectors is isosceles.
But what about changing the bisectors to cevians? Cevian is any line segment in a triangle joining a vertex of
the triangle and a point on the opposite side. Not for any pairs of equal cevians the triangle is isosceles.
Theorem. If for a triangle ABC there are equal cevians issuing from A and B, which intersect on the bisector
or on the median of the angle C, then AC=BC (so the triangle ABC is isosceles).

Proposition. Let ABC be an isosceles triangle. Define circle wto be the circle symmetric relative to AB to the
circumscribed circle of the triangle ABC. Then the locus of intersection points of pairs of equal cevians is the
union of the base AB, the triangle’s axis of symmetry, and the circle .

1 MUcTopuyecknm oo63op

DopMyITUPOBKH OCHOBHBIX PE3YJIbTaTOB HAXOJAATCS B aparpade 2.

JanHas paboTta gBisieTcs NpoAoDKeHHeM uccienoBanuid, Hauateix 5. [Iteitnepom, K. Jlemycom u A.
Bboremoii o npu3Hakax paBHOOEAPEHHOCTH TpeyrojbHUKa. TpeGoBagoch BBIACHUTH, BO3MOYXHO JIM 0000IINUTh
teopemy llItelinepa-Jlemyca, chopMynTupoBaHHYIO KaK OJIUH U3 IPU3HAKOB PaBHOOEAPEHHOIO TPEYroJIbHHKA:
ecau 6 mpey20bHuUKe 08e OUCCEKMPUCHL PABHbL, MO OH ABNAEMCS PAGHOOEOPEHHbIM.

B xozne npoBen€HHBIX Hccie0BaHU ObIIIO JOKAa3aHO HECKOJIBKO MPU3HAKOB PaBHOOEIPEHHOCTH
TPEYTrOJIbHUKA, BBITEKAIOIINX M3 PABEHCTBA HEKOTOPBIX €ro UeBHaH (Yesuanoll TPEyroabHUKA Ha3bIBAIOT
OTPE30K, COEAUHSIOUINI BEPIIMHY C TOUKOH, JIEXKaIled Ha IPOTUBONOJIOKHONW CTOPOHE MM €€ NPOAODKEHUN U
OTJIMYHOW OT BEPILUH ATOH CTOPOHBI).

[Tprmepamu ueBHaH SBISAIOTCA OMCCEKTPUCHI, MEAMAHbI U BBICOTHI. HeTpyiHO Moka3artk, 4To
TPEYTOJIbHUKH C IBYMSI PaBHBIMU BBICOTAMH WJIM C IByMSI PaBHBIMU MEIMAaHAMU SIBJISIIOTCS PaBHOOEAPEHHBIMU.
OT1oT npoctoil paxT ObLI, BEpOsATHO, M3BecTeH yueHbIM JlpeBnelt ['pernn. OnHako ¢ OuccekTprucamu JIesio
00CTOSJI0 HECKOJIBKO MHAYE.

B 1840 rony Kpuctuanom Jlrogonspom Jlemycom 6611 3anan Bonpoc SAko0y 1lITeitHepy 0 BO3MOXKHBIX
JI0Ka3aTeNIbCTBaxX CIEAYIOIIEH TEOPEMBI, KOTOPAs BOILJIA B UCTOPHUIO KaK

Teopema LlTeiinepa-Jlemyca [3]. Tpeyeonvhux ¢ 08yms paguvimu OUCCEKMPUCAMU ABTISIEMCS
PAaHOOeOpEeHHbIM.
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Puc. 1

Ho Oyner nu TpeyroabHUK paBHOOEAPEHHBIM, €CJIM 3aMEHUTH PaBHBIE OUCCEKTPUCHl AA1 1 BB1 Ha
paBHble yeBuansl (puc. 1)? To ecTh, MOCTaBUM CIEIYIONIYIO 3a/1a4Y: GbIACHUMb, U3 PABEHCMBA KAKUX YEBUAH
mpey20bHUKa Oyoem 8blmeKams pageHcmeo e2o cmopoH. B paboTe paccMOTPEHBI aHAJIOTH TEOPEMBI
[ reitnepa-Jlemyca o mpu3HaKax paBHOOEAPEHHOCTH TPEYTOJbHHUKA 110 PAaBHBIMU Y€BHAHAMHU.

2 ®OopMYNUPOBKU OCHOBHbIX pe3ynbTaToB

YeBnaHOM TPEYroabHUKA HA3bIBAIOT OTPE30K, COSAUHSIONINN BEPIIMHY C TOYKOM, JIE)KAILIEH Ha
IIPOTUBOINOJIOKHON CTOPOHE UJIU €€ MPOJOJIKEHUU U OTIMYHON OT BEPILUH 3TOM CTOPOHBI. A 4TOOBI N30€XKATh
MyTaHUIIB B 0003HAYEHUSIX MPSIMOI M OTpe3Ka, OyeM 0003HavaTh MPsAMYI0, COeAMHAONHE Touku A u B,
gepes (AB).

Teopema 1. Eciu 6 mpeyzonvnuxe ABC cywecmaytom pasHule yeguanvl, nepecekaroujuecs Ha buccekmpuce
yena C u svixoosuyue uz A u B, mo maxoti mpeyzonvnux pagHobeopenHulii.

Teopema 2. Ecau 6 mpeyzonvnuxe ABC cywecmeyiom pasnule ueguanul, nepecexarowjuecs Ha meouawe yaia C
u svixoosyue uz A u B, mo maxoti mpeyzonvnux pagnobeoperHulil.

Jus tpeyronsHuka ABC 0603HaunM kak Cagc OKPYKHOCTb, CHMMETPUYHYIO OKPYKHOCTH, OITCAaHHOM
okouto tpeyronbauka ABC, otHocutensHo (AB).

Teopema 3. Eciu 6 mpeyzonvuuxe ABC cywecmeyiom pagnvie ueguamnnl, nepecexarouuecs Ha OKPYy*HCHOCMU
Casc u 6vixoosuue uz A u B, mo maxoii mpeyeonvnuk pasnobeopennuiil.

Bo u3bexaHne HeoTHO3HAYHOCTEHN B TPAKTOBKE, GOPMYIUPYS CIEIYIONIYIO TeOpeMy, Oy/IeM CUUTaTh
BCe yruibl opueHTHpoBaHHbIMH. Torna st ZBAC nyu AA1 HazoBeM K-Tpucoii (-0 < Kk < o), eciiu ZBAA1 =
kZBAC.
Teopema 4 (0600menue Teopembl Ll Teiinepa-Jlemyca). Eciu pasnvie uesuanvt AA1 u BB1 siensromes K-
mpucamu mpeyeonvruxa ABC u 0 < k < 1, mo mpeyeonvuux ABC pagnobedpennbiil.

Teopema 5. ['eomempuueckoe mecmo mouex nepeceyenus nap pagHolx yesuan AA1 u BB1 mpeyeonvnuka ABC
ecmb 00veduneHue ompeska AB u kybuyeckoil kpusoil.

TeTpaaglp Ha3bIBACTCA paBHOTPAaHHBIM, €CJIKM BCE €0 I'PaHU — PAaBHOBCJIMKUC TPCYT'OJIbHUKH.

I'unorte3a 6 (0000menue Teopemsl LlTeiinepa-JIlemyca B TpexMepHOM ciiydae). Eciu 6 mempasope 6ce
buccekmpucovl mpexepanHulX Y208 pagHbsl, Mo MAaKol mempas0p pasHOSPAHHbIII.



3 [JokasaTenbCcTBO TeopemMbl 1
I[JBI J0Ka3aTcjabCTBa 3TOU TCOPCMBI HOHaI[OGSITCSI CJICAYIOUC NBC JICMMBI:

Jlemma 1.1. Tpeyzonvruku pagmsi, eciu y HUX pagua CMopoHa, NPOMUBONEHCAUWULL Y20l U OUCCeKmpuUca
9moeo yana.

Hokazamenvcmeo nemmor 1.1. OueBUIHO, UTO BCE TPEYTOIbHUKH, UMEIOIIHE 10 PABHOI CTOPOHE U 10
paBHOMY, POTUBOJIEKAIIEMY €H YTy, BOUCAHBI B OJJHY OKPYXHOCTh. BUCCEKTPHUCHI 3TUX YIIIOB MEPECeKatoTCs
TouKe P, nexarieit Ha 3Toi okpykHOCcTH. Ha pucynke 2 CD u C1D1 — GucceKTpuchl IBYX TaKUX
TpeyroabHUKOB ABC u ABC1. Ctout yka3ath, uto Touku C u Cy nexar 1o oHy CTOPOHY OT IUaMeTpa,
neprneHaukyispHoro AB.

Puc. 2

TOFHa CJICAYIOIICC COOTHOICHHUC!
CD=PC-PD>PC,-PD>PC,-PD, =C,D, (1)

IIOKAa3bIBACT, YTO pa3HBIM 6I/ICCCKTpI/ICZlM COOTBGTCTBYIOT pa3HBI€ TPCYTOJII:HI/IKI/I.
Jlemma 1.1 nqoxazana.

Jlemma 1.2. Tpeyeonvnuxu pasHul, eciu y HUX pagHvl CHMOPOHA, NPOMUBOLEHCAWUL Y20l U Ouccekmpuca
BHeWHe20 K dMOMY Y2y yaid.

Hokazamenvcmeo nemmor 1.2. Pacemotpum tpeyronbauku ABC u ABCy Takue, uto LACB=/AC1B. Xopoiio
M3BECTHO, YTO OMCCEKTPHCA BHELTHETO yIJIa TPEYrojJbHUKA MEePIEeHIUKYIsIpHA OMCCEKTPUCE ITOTO YIIa.
Ortcrona cinenyer, 4To eciu ouccekTpuca BHeuHero k ZACB yria He nepecekaeTr cropony (4B), To
ouccektpuca yrina ACB Oyner sBIAThCS BbICOTOM TpeyronbHuka ABC. CaenoBarenbHo, TpeyroabHUK ABC
paBHOOEIPEHHBIN, KaK U TpeyroibHuK ABC1. [losTomy, Tpeyronsauk ABC paBeH TpeyronbHuky ABC1 (1o
BTOPOMY IIPU3HAKY PABEHCTBA TPEYTroJbHUKOB). CTOUT yKa3aTk, uTo Touku C u C1 jexaT 1o oHy CTOPOHY OT
JIMaMeTpa, MeprneHuKyasspaoro AB.

[TycTh 3TN OUCCEeKTpHCH TIepeceKatoT cTOpony (AB). O6o3naunm ux CE u C1E1 (puc.3).
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Puc. 3

U3 (1) B nemme 1 cnenyer, uto kater CD npsmoyronsHoro TpeyroipHuka DCE 6ombie karera C1Ds
tpeyronpauka D1C1E1, xpome Toro, LCDE >/C1D1E1, cnienoarensno CE >C1E1, T.€. HEpaBHBIM
OHMCCEeKTprCaM COOTBETCTBYIOT HEPABHBIC TPEYTOJIBHHUKH.

Jlemma 1.2 noka3zana.

Jloxazamenvcmeo meopemul 1. PaccMOTpuM NEepBBIN citydaii: oTpe3ku AA1 u BB1 napaienbabl cropoHam CB
u CA COOTBETCTBEHHO U iepecekaroTcs B Touke O, nexaiieit Ha ouccekrpuce (puc.4). Torga
4yeTbIpexyroibHuK OABC saBisercs napamieaorpaMMoM ¢ quaroHansio CO, sBistonieicss OUCCeKTpUcoi.
CnenoBarenbuo, OABC — pom6 u CA=CB.

Puc_ 4

Bropoit ciyuaii: ueBuansl A41 u BB1 Tpeyronsurika ABC paBHbI 1 iepecekaroTcs Ha ouccektpuce (CD) B
Touke O TaK, 4TO TOUYKH A1 ¥ B1Jexar 1Mo pa3Hbie CTOPOHBI ¢ Toukoit C oTHOCUTEIBHO (AB) (puc.5).



B; Puc. & Aq

31ech, Kak U Bbllle, u3 jeMMbl 1.1 cneayer paBeHcTBO TpeyrodbHUKOB ACA1 1 BCB1, T.6. CA=CB n
TpeyroibHUK ABC — paBHOOEIPEHHBIA.

Tpernii ciryuaii: ueBnansl A41 u BB1 Tpeyronbanka ABC paBHbI 1 iepecekaroTcst Ha Ouccekrpuce (CD) B
touke O Tak, YTO TOUYKU A1 M B1Jaexar 1o oaHy CTOpOHY ¢ Toukoil C OTHOCUTENBHO (AB). Jlns nokazarenbcTBa
TPETHEro ciry4asi pACCMOTPUM PUCYHKH 6a 1 60.

O Y B W
0O

Puc. Ba Puc. 66

3neck TpeyrosnbHuku ACA1 u BCB1 uMeroT paBHble CTOpOHBI (AA1=BB1), paBHbIE IPOTHUBOJIEKAINE YTIIbI
(£ACA1=2BCB1) obryto paBayro duccektprcy CO BremHux yrioB ZACB. Tlo nemme 1.2 3T TpeyroabHUKH
paBHsl, T.6. AC=BC.

Teopema 1 nokazana.

3ameuanue 1.3. borema paccmarpuBan Teopemy llteiinepa-Jlemyca st OMCCEKTPUC BHEITHUX YTIIOB
TpeyrojbHuka. OH noctpous TpeyroibHukK ABC, y KoToporo 6uccekTpuchl 441 u BB1 BHEIIHUX YIJI0B PaBHBI
U paBHbI CTOPOHE AB. B 3TOM cityuae Touku A1 U B1 JIexKaT 10 pa3HbIe CTOPOHBI TIPSAMOH (AB).



Pucynox x 3amedanwuro 1.3

Joxazamenvcmeo. O603naunm yron ZCAB=a. Torna, T.x. AB=BB1, 10 ZCB1B=0. OTctona u Toro, 4to BB1
— ouccekrpuca yrna CBM, o £B1BM=20wn ZCBM =40. Tak xak AB=AA1, o0 ZAA1B=/ABA1=/CBM=4a n
Z/BAA1=n-8a. Nanee, AA1 — 6uccextpuca yrna ZBAN = n-a, orciona umeeM n-a.=2(n-8a) u L CAB=0=12°,
Z/ACB=30=36° u ZABC=132°.

3ameuaHue 10Ka3aHo.

4 [JokasaTtenbcTBO TeopemMbli

Ilepsoe doxazamenvcmeo meopemot 2. Ecnm ueBnanbl AA; u BB1 mepecekarorcst Ha Menuane, To oTpe3ok A1B
napajuiesieH ocHoBanuio Tpeyroibauka AB. Torna tpanenus ABA1B1 nMmeer paBHble 1uaroHatu u,
CIICIOBATEIILHO, SIBIISICTCS] paBHOOOKOH (pHc. 8).

cC
B, B
PQ
A M "B
Puc. 8

Bmopoe ookazamenvcmeo meopemut 2. Ilyctb Touka O nexut Ha menuane CM tpeyronbauka ABC . Torma
ee OapurieHTprueckue koopauHatel OyayT O(1 : 1 : x). Hecioxuo BuaeTh, uto eciau x = -1, To AOBC —
napasienorpaMm; eciu x = 0, To Touka O COBMAET C TOUYKOW M. DTH 3HAYEHUS X UCKITIOUEHBI B CBSI3U C
TPUBHAIBHOCTHIO PEIICHUSI.

CHauana paccMOTpHUM citydai, korja Touka O 6eckoHeuHo ynaneHa. Toraa orpe3sku A41 1 BB1 napanienbHbl U
110 yCJIOBUIO paBHBL. OTCrofa ciuenyet, uto TpeyroiabHUuku ACA1 u BCB1 UMEIOT paBHYIO CTOPOHY U PaBHbIE
yriel. ClieioBaTenbHO, OHU PaBHBI U TpeyroibHUK ABC paBHOOEIpEeHHBIH (puc. 9).
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A M B
Puc_ 9

ITycts Tenepsb Touka O nexut Ha (CM) 1 ABISETCSA IIEHTPOM MacC CHCTEMBI MaTepraabHbIX Touek {1A,1B,XC},
TOT/Ia TOYKa A1 SBJISETCS OAPUIIEHTPOM CUCTEMBI MaTepHaibHBIX Touek {1B,XC}, a B1 —IIeHTp Macc CUCTEMBbI
{1A, xC} (puc. 10).

14 I 1B
Puc. 10

_—

Orcrona Haiinem Bektopel AA u BB, :

AR == (xAC + AB) BB = (xBC + BA|

Janee, u U3 paBeHCTBA JJIMH YEeBUAH HMEEM

(XE—I—E)Z :(xﬁ+§4)z & X2AC? + AB2 + 2XAC - AB = x*BC? + AB? + 2xBC - BA:
x(AC?—BC?)+2(AC - AB +BC-AB) =0 < (AC + BC)- (x(AC — BC) + 2AB) =0;
2MC - AB(x+2)=0

3Haunt x = -2 uin CM neprnienaukynapHa AB. Cinydaii x = -2 paccMoTpeH Bbite (puc.13). CnenoBatensHo, CM
ABJIAETCS BBICOTOW U MeanaHou TpeyroasHuka ABC, T.e. AC=BC.
Teopema 2 nokazana.

3ameuanue 2.1. [Tycts TOuku A1 1 B1 nenst croporsl BC u AC COOTBETCTBEHHO B OJJMHAKOBBIX
otHomeHusxX: BA1:A1C=AB1:B1C=p:q, npuuem 2q + p # 0. Toraa, ecnu A41=BB1, T0 Tpeyronbauk ABC
paBHOOEPEHHBIH.



Jokazamenvcmeo. Ilycts BA1:A1C=AB1:B1C =p:(. PaccmoTpuM cucteMy MaTepuaibHbIX Touek {(A, B, pC}.
Tak kak 2q + p # 0, To cymiecTByeT LEHTp Macc 3TO cucrema — Touka O. Touku 41 U B1 — IEHTPBI Macc
cucteM MatepuabHbIX Touek {JA, pC} u {gB, pC} coorBercTBeHHO. LleHTp O JNEKUT HA TIEPECCUCHUH TPSIMBIX
AA1, BB1u CM, rne M — 6apunentp cuctemsl {4, B }. OueBunno, uro CM — Menuana.

3aMeuyaHue JI0Ka3aHo.

5 [okasaTenbcTBO TeopemMbl 3

[Tycte T — TOuKa nmepecevyeHus paBHBIX YeBHAH TPEYTOJIbHUKA, JieKalas Ha okpy>kHOocTU Cagc. CHauana
3aMETHM, YTO IO YCJIOBHIO TEOPEMBI TOUKA 1 HE SIBISAETCS CUMMETPUYHON BepiinHe C OTHOCUTEIBHO
cepenunbl oTpe3ka AB (B mpotuBHOM ciydae (A7) u (BT) Oynyt mapamienbasiMu cropoHam BC u AC
cooTBeTCTBEHHO). Ciiydyan 7' = 4 u T = B TaK k€ UCKIIIOYAIOTCS U3 PACCMOTPEHUS 110 MTOHATHBIM IIPUYMHAM.
Teopemy 3 MOKHO J0Ka3aTh IBYMs Clioco0aMu: anreOpandecKuM U TeOMEeTpUIecKuM. Anredpanieckoe
JI0KA3aTeJIbCTBO 3aKJII0YAETCSl B TOM, YTO MO3BOJISIET SIBHO BBIPA3UTh JJIMHBI UeBHaH AA1 u BB1, NpoXoasiux
yepes TouKy 7.

Aneebpauueckoe dokaszamenvcmeo meopemvi 3. O603Ha4NUM @, f U y — yribl Tpeyroasauka ABC. I1ycTs
paanyc OKpy>KHOCTH, OITUCAHHOM OK0JI0 TpeyroibHuka ABC paBeH 1, a ero BepIIMHbl UMEIOT KOOPIUHATHI
A(c1,0), B(c2,0), C(0,h). Torna

AC =2sin 3, BC = 2sin«, AB =2sin y, ¢, =—-2sin fcose,
¢, = 2sinacosB, h=2sinasin B, BC = (h,c,)”, AC =(h,c,)

e oneparus (*)T 03HaUaeT TpaHCIOHUPOBAHHE.
YpaBHEHHE OKPYKHOCTH, CAMMETPUYHON OTHOCUTENHHO AB OKPY>KHOCTH OMMCAHHOW OKOJIO TPEYroJbHUKA
ABC 3anumieM B mapamMeTpU4IeCcKOM BUJIE:

. C +cC
Xx=sint + = 5 2

0<t<r

y = Cost — cosy
Teneps, u3 BekTopHbIX ypaBHeHUH psiMbIX (A7) u (BC) nmeem

ATr+ Azﬁrl+B,ﬁT:B—Crl+ﬁ

—_—

YMHO)HMM 006€ 4acT 3Toro papencrsa Ha BekTop (h,c2)" — oproronansuerii sexropy BC :



sint+ %% _¢ |h 2siny\'h ) . _
T 2 ' ( j:[o j(c j z(hsint+hsiny +c, cost—c, cosy) = 2hsin y
cost —cosy 2 2
7-2sina(sin gsint +cosgcost +sin gsin y —cos B cosy) = 4sin asin gsin y
7-(cos(t— f)—cos(y + f)) =2sin gsiny, r-(cos(t — B) + cosa) = 2sin fsin y,

rcosa_H’BcosHa_’B:sinﬂsiny,r: sin fsiny
o+t t+a-p
sin cos
2 2
Otcrona
A2 A 2
AA! =7?AT? = sin”fisin_y ((sint +sin y)* + (cost —cosy)?) =
. L,y+t L t+a-p
sin oS
2 2
a2 PSS
= sin” psin”y (2-2costt +y)) = o fem e 2 _ dsin psiny
Sin2y+tco52t+a_ﬁ sinzﬂcoszw COSZM
2 2 2 2 2
AHaNOru4yHoO HaxoAUM BB1 M OKOHYATEIbHO MOJyYaeM:
4sin® sin? 4sin? Bsin?
BB, = t+ ; nOAA S tfa ,g
a_ —
coszT COSZT

Ortcrona cnenyer, uro ecimu AA1 = BB1, T0 a0 = f5.
Teopema 3 nokasana.

JU1sl TeOMETPUYECKOr0 10Ka3aTeNIbCTBA 3TOW TEOPEMBI TOHAZI00ATCA ClIeayoNIas JeMMa.
Jlemma 3.1. Ilycmo mpeyeonvonuku ABC u A1B1C1 umerom pasnuvie ocmpuie yenvr LC=C1, pagnvie

cmoponwt AB = A1B1 (unu CB = C1B1) u LA+ 241 = . Toeoa CB=C1B1 (unu AB=A1B1).
Jloka3aTenbCcTBO 3TOH JIEMMBI CIelyeT U3 pucyHka 11.

A A g
Puc. 11

I'eomempuyeckoe dokazamenvcmeo meopemsvi 3. VI3 Bcex BO3SMOXKHBIX KOH(GUTYpaIMii paCCMOTPHM TPH,
n300paxeHHbIX Ha pucyHke 12, rne A, B, C — BepuinHbl TpeyroiabHuka ABC, T — Touka Ha OKpY>KHOCTH, AA1,
BB1 — yeBunansbl, npoxoasiue uepe3 7, C1 — Touka cummeTpudHasi Touke C OTHOCUTENBHO (AB).



C

By - '
Pwc. 12a Puc. 126 Puc. 128

Jlns cnydas a), korjga Touka 7 JIEKUT BHE TPEYroJIbHUKA U IOl CTOPOHOI AB, paccMOTpuM
tpeyroabHuku AA1C u AB1T. Yribl B1AT n A1AC paBHbl Kak BepTukaibuble. Tak kak LATB u ZACB
BIIMCaHHBIE U onuparoTcs Ha nyry AB, 10 LATB1 = ZACA1, 35auut LAB1T = ZAA1C. OTcrona cienyer, 4to
tpeyroiabHuku AA1C u BB1C umerot paBuble yribl (£LAB1T = ZAA1C), paBHbie cTOpOHbI (BB1=AA1) n
ZACA1+2ZBCB1= . Ilo nemme 3.1 ctoponst BC u AC paBHBI.

B cnyuae 6) paccmotpum tpeyronsHuku BA1T u BB1C. Ouu umerot oouuii yron A1BT v paBHbIE YTIIbI
BTA1 v BCB1, 3nauutr LCB1B = LTA1B = ZAA:1C. CnenoBarenbHo, TpeyroinbHuku ACA1 u BCB1 uMeroT
paBubie yribl (LAA1C = £ZBB1C), paBubie ctoponbl AA1 u BB1u LACA1+/BCB1= n. 1o nemme 3.1 cTOpOHBI
BC u AC paBHbl.

B cnyuae ¢) 3ametum, uro cymma yriioB B17A41 u B1CA1 pasHa . 3HauuT TpeyronbHuku ACA1 u BCB:1
uMeroT oot yron C, paBHbie CTOpOHBI AA1 M BB1u LAA1C+/BB1C= &. I1o nemme 3.1 croponst BCu AC
PaBHBI.

Teopema 3 nokazaHa.

6  [okasaTenbCTBO Teopembl 4

B noka3zarenbcTBe 3TON TeOpeMbl Oy/1eM CUUTATh BCE YIJIbl OPUEHTHPOBAHHBIMHU.

OueBuaHO, uTO ecnu YeBUaHbl AA1 u BB sBistores 0-tpucamu yriioB BAC u ABC , To OHU COBIIAIAIOT CO
CTOPOHOU AB; ecnu e oHu ABIsA0TCS 1-Tpricamu, To coBnanyt co cropoHamMu AC u BC cootBercTBeHHO. Ecnu
0 <k <1, To ToUKa nepeceyeHus: TAKUX YeBUAH JICKHUT BHYTpH TpeyronbHuka ABC u ecnu K < 0 mm K > 1
TOYKa IepecedeHus — aexuT BHe ABC.

3ameuanme 4.1. Eciiu k-tpuckt (4A41) u (BB1) He niepecekaroT COOTBETCTBEHHO cTopoHbl BC u AC
TpeyronsHuka ABC, To TpeyroiabHUK ABC paBHOOEAPEHHBIH.

okazamenvcmeo. Tak kak AA1 ||BC u BB ||AC u (AA1) u (BB1) — k-tpucsl, T0
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=a=p

ka+p=rx
kb+a=rm

3HauuT, TpeyroibHUK ABC — paBHOOENPEHHBIN.
3aMeuaHue JI0Ka3aHo.

Joxazamenvcmeo meopemst 4. Ilyctb, Kak u panbine ZA4A = o, LB = fu LC = y. [1o TeopeMe CUHYCOB IS
TpeyrojibHUKOB ABB1 u BAA1 nimeeM:

AB  AA AB _ BB _ sin(ka+p)sina _,
sin(ke+ ) sinB’ sin(kB+a) sina  sin(kB+a)sin B

Tak kak AA1=BB1, To OTCIO/1a UMEEM

sin(ka + B)sina =sin(kps + a)sin g,
cos(k —Da + B) —cos(k +Da + p)=cos(k -1+ a) —cos(k +1) 8 + ),
cos(k —Da + p)—cos(k =)+ a)=cos(k +)a + ) —cos(k +1) S + ),

@AKo @=Bk=2) _ . (a+fK+D) . (@ Pk
2 2 2 2

DT0 paBEeHCTBO OYyJIET BBIMOIHITHCS MPU a.=f. B 3TOM ciiydae TpeyroJbHUK paBHOOSAPEHHBIN U yTBEPKICHUE

+a —
BepHO. byznem cunrtarte, uro a>f. O603HauuM U = 'B—, V= u. Torma

2 2
O<v<u<n/2 wm SiNku-sin(k —2)v=sin(k + 2)u - sinkv
501041

sin(k +2)u _ sin(k —2)v
sinku sin kv

Honosxum t=ku, 7=Kv u y = E . Toraa Hamie paBeHCTBO IIPUMET BHI:

sin(y+t _ sin(y -1z
sint sinz

T
Ouesuzno, uto 0 <1 < — no onpenenenuro, a y > 2 — 110 yCIOBUIO TEOPEMBI.

/4

sin(y + 1t g(t):_sin(;/—l)t

3
sint sint ®)

Paccmotpum dyHkmmm: f(t)=

T
rae 0 <t < —. VX pa3HOCTh CPAaBHUM C HYJIEM:
v

11



sin(y +Dt+sin(y -t
sin t -
sin( yt) -cost
sin t -

0

0

sint¢0,cost¢0(0<t<£)

7/-t=7z‘-m
Ho O <y -t <z, 3Hauut y-t+#7-M, rae m— 1eible Yucia.

CnenoBarenbho, GpyHkiuu f(t) u g(t) He MPUHUMAIOT OJMHAKOBBIX 3HAYCHUIA.
OTO0 U JOKa3bIBaeT TeopeMy 4.

ITpu k > 1 ;merko mokasarp, 4To B JIFOOOM MPSAMOYToabHOM Tpeyronbuuke (£ C=90°) 2-TprChl paBHBI U PaBHBI
cropoHe AB. OaHaKo, UMEET MECTO CIICAYIONINE YTBEPIKICHHUS.

Yr1Bepxkaenue 4.2. He npsiMoyroJibHbII TPEyroJbHUK ¢ paBHbIMU 2-Tprcamu (44A1=BB1)
paBHOOEPEHHBIMH.
Jloka3aTenbCTBO YTBEPIKICHHUS clienyeT u3 paBeHcTB (1) mpu k = 2.

YrBepxkaenue 4.3. [lns mo6oro K > 1 cymiecTByroT HepaBHOOSIPEHHBIE TPEYTOJIBHUKHU C PaBHBIME K-
TPUCAMH.
Jloka3aTeabCTBO YTBEPXKICHHUS CIIAYeT U3 cBoicTB (yHKImid (3).

7 [JdokasaTenbCTBO TeopeMbl 5

Haiinem reomMmerprueckoe MECTO TOUEK NIEPECEUEHHS paBHBIX YEBHAH NMPOU3BOJILHOTO TpeyroiabHuka ABC,
MPOBEACHHBIX U3 BepiinH A U B. Cpa3y ke OTMETHM, UYTO BCE TOUKH, JIeXKAI[UEe HAa OCHOBaHUE AB,
IIPUHAJUIEKAT YTOMY MHOXKECTBY.

Jlia TpeyronbHuka ABC BBeEM cucTEMY KOOPAUHAT € LEHTPOM B Touke M, rie CM — MennaHa TpeyrojbHUKa
ABC, a ocb abcuuce cofepXutT ocHoBanue AB. Toraa, u3 TeopeMbl CHHYCOB, KOOPIMHATHI BEpPIINH
TpeyroiabHuka ABC UMEIOT BUA:

A(—c,0), B(c,0),
C(c _ 2csinacosB 2csinasin ﬁj _ C(csin(ﬂ —a) 2csinasin ﬂj (4)

siny ' siny sin(e + B) ' sin(a + )

rze ¢ > 0 — HekoTOpOoe uucio, a a, B, y — yriusl Tpeyronbauka ABC.
Ecmu AA1 1 BB1 — paBHbIe ueBHaHbI TpeyroiabHuka ABC, a (x0,)0) — TOYKa UX IEPeCeYECHHUs, TO U3
napaMmerpuueckux ypaBHeHui npsambix (AA1) u (BC) umeem

12



S O B T el
T+ = . t+ VMHOMICUM HA
Yo 0 sin g 0 cosp

] o B 2csin g
((x,+c)sinB+y,cosp)r=2csinf=r1= (x +C)sin B+ y, C0s 3
a5 2csinf | _ 4c*sin® B((x,+0)* + )

Uy, g +0)sin B+ y,cosB|  (y,c088+ (%, +c)sin B)’

AHaJoru4HoO HaiiieM KBajpar JUIMHbI BB1:

4c?sin® a((x, —C)* +Y;)

| BBl |2: . >
(y,cosa —(x, —c)sinx)

OTCIOI[a, YUYUTBIBAsA paBCHCTBO 3TUX YCBUAH, IPUXOAHUM K YPAaBHCHUIO!:

sin® B((% +€)° +Y) _ sin®a((%—C)" +Y,)
(y,c088 + (%, +c)sin ) (y,cosa — (X, —c)sin )’

NI

sin® B((x, +¢)* + y2)(y; cos’ a — Y, (X, — €)sin 2a + (x, —¢)’sin’ &) =
=sin®a((x, —¢)’ + y;)(y: cos’ B+ Y, (X, +c)sin 23 + (x, +c)*sin® B)

[Tocne HecmoXXHBIX TpeoOpa3zoBaHuil U, ToyIaras, 1 yA00CTBa, Xo=X, Yo=y U 2¢=1, NpUXOJAUM K YPAaBHEHHIO:

y((x* + y?)(ysin( B — a)sin( B + a) — 2xsin asin B) +
+(y* = x?)sinasin gsin( B — a) + xy(sin® acos’ B +sin® fcos’ a —

—2sin? Bsin’ a) +%xsin asin gsin( B+ a) +%ysin(ﬂ—a)sin(ﬂ+a) +

+%sin asin gsin(f-a))=0

Otcrona nomy4aem nepBoe (TpuBHaIbHOE) petieHue: y=0 u KyOUYeCKyro KPUBYIO, OIPEIEISIEMYIO
ypaBHEHUEM:

(x* + y?)sin( B+ a)(ysin(B — a) — 2xsin asin B) +

+(y? = x?)sinasin Bsin(B — a) + xy(sin acos’ B +sin® fcos’ a —
—Zsinzﬂsinza)+%xsin asin ﬁsin(,ﬁ+a)+%ysin(ﬂ—a)sin(ﬂ+a)+ ()
+%sinasin pgsin(f-a)=0
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Kak u3BecTHO, KpUBBIE TPETHETO MOPSIIKA MMEIOT JOBOJBHO CIOKHBIE Kiaccupukarmu [ 7], [8]. OtmeTnm
HEKOTOpbIE €€ CBOMCTBA.
B [7, ctp. 44] moka3aHo, 4TO eclii KyOudecKasi KpHBast UMECT BU/I:

AX® +3BX’y +3Cy*x + Dy’ + 3EX® + 6Fxy + 3Gy’ + 3Hx+3Ky+ L =0

a y=kx+b — ypaBHeHnue eec acuMnToTHI, TO YriioBo# ko3 duienT K u HadanbHast opauHata b onpeaessrores
paBEHCTBaMU:

A+3Bk +3Ck*+ Dk’ =0, (B+2Ck+ Dk?*)b=—(E + 2Fk +Gk?)

IIPY 3TOM HavajbHas opJuHaTa b Moxer He cymecTBoBath. Ho, B Hamem cinydae K u b Haxomsrcs nerko n
OIIPEACIAIOTCA PABEHCTBAMM:

(K +1)(ksin( B — ) + 2sin arsin B) = 0, k = 25nasin
sin(f —a)
___ 2singsin Bsin(B + a)
sin?(B—a)+4sin’asin®
Taxkum O6p8_30M, Hallla KpruBasg UMECT OAHY ACUMIITOTY:
_ 2sinasin p 2sin asin gsin( S+ )

(6)

sin(f—a) ~ sin’(f—a)+4sin?asin?f

Cnenys knaccudukanuu Hetotona [7, cTp. 47] 3Ta KprBasi OTHOCUTCS] KO BTOPOM IpyIIe, UMEET OJHY
aCHMIITOTY U OJJHY O€CKOHEUHYIO BETBb NPSAMOIMHEHHOr0 TUMA (MPAMOIUHEWHON Ha3bIBAETCS
runepOoInvecKas BeTBb, BHITSIHYTAasl BJOJIb MPSIMOH, SIBIISIOLIECS aCUMIITOTO).

Takum 00pa3oM, MbI IPUXOJIUM K CIETYIOIIEMY YTBEPKICHHUIO:

['eomeTpryeckoe MECTO TOUEK MepeceueHus nap paBHbIX ueBuaH AA41 u BB1 TpeyronbHuka ABC ectb

o0benuHeHne oTpe3ka 4B 1 KyOnueckoi KpuBoil. DTa KpuBas 00J1ajaeT CIeIyIOIMMUA CBOWCTBAMMU:

a) nepecekaet (4B) poBHO B Tpex Toukax: A, B u E, npuueM E cumMmeTpruHa OTHOCUTEIBHO M — CepeIUHBI
AB Touke H — ocHoBaHu10 BhIcOTHl CH Tpeyronbauka ABC,

0) rmepecekaeT cepeIMHHBIN MEPICHIUKYISP CTOPOHBI AB TOJIBKO B 0JTHOM Touke N, JIexarieit Hike
ocHoBanust AB u paBHbIM BhicoTe CH Tpeyronbpauka ABC (MN=CH);

B) €e acCUMIITOTa napajuieabHa Meauane CM tpeyronbauka ABC,

r) Touka D camonepeceuenus (y3en) runep0oisl cummerpuyHa BepiinHe C oTHocuTenbHO M (cepeannsl AB).

,ZZOKCZSClmeﬂbCWZGCZ:
sin(f—«a) sinasing
2sin(a + B) 'sin(a + f)

@) 3amMeTuM, 4To A(_E 0), B(E,O), C( jTenepL nojcTapisis y paBHenue (16) y=0,
2 2

MOJYYUM YTBEPKACHUE a):
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—2x°sin(B + a)sinasin B — x*sinasin Bsin(B — a) +%xsin asin gsin(B +a) +

+%sin asin gsin(f—-a)=0

nJIn

x*sin(B + a) +;xzsin(ﬂ—a) —ixsin(ﬁ+a)—;sin(ﬁ—a)=0

; 2 1 1. 2 1 —_ 0 __1. _1. __sin(,B—a)
x5|n(,8+a)(x —4]+25|n(ﬂ—a)(x —4j_0, X, = > x2_2, X, = 2sin(f + )

AHAJIOTUYHO JIOKakeM 0), mojctasiiss B (5) x=0:

y*sin(B +a)sin(B —a) + y’sinasin Bsin(S - «) +iysin(ﬂ—a)sin(ﬂ+ a)+
+Lllsin asin gsin(f—-a)=0

y’sin(B+a) + y’sin asinﬂ+iysin(ﬂ+a) +lllsin asin =0
sinasin 1 sinasin
sin(f +a) 4 sin(f+a)
Jlnia noka3aTenbcTBa B) HaiineM kotaHreHc yrina CMB:

1 sinacosp
2 siny _sin(a+ p)-2sinacosf  sin(f —a)
sinasin g 2sina.cosf 2sin acos B

siny

ctgCMB =

Orcrona u (6) moiaydaeM yTBEpKICHHUE T).

[TyHkT r) nocratrouHo oueBueH, T.K. ACBD — napamnenorpamm. To ecTs, npu npuOIMKeHuu K Touke D,
YeBHaHbl CTAHOBATCS MapajIeIbHBIMU CTOPOHAM TPEYrojbHUKA (MX JUIMHBI O0ECKOHEYHO Bo3pacTaioT). OHaKko
IpUBEJEM 0oJiee CTPOrue pacCykKICHHsI, OJIE3HbIE JUIs IOCTPOEHUS Hallel KpUBOM.

Jljis moCTpoeHHUs MOJIy4eHHOM TUrepOosIbl HallieM ee apaMeTpuuecKoe NnpejcTaBieHue. B kauectse
napametpa OyJaeM UCIoIb30BaTh BenuuuHy | — amuHbl yeBnan. OueBuaHo, uto | > max{ha, ho}, rae ha u hy —
BBICOTBI TpeYroyibHUKa ABC, ONyIeHHbIE U3 BEpIIUH A U B COOTBETCTBEHHO.

[Myctb AA1, AA2, BB1 v BB> — ueBuanbl Tpeyroibauka ABC, miuHbl KoTopbiX paBHbl |. Toraa, ierko BUACTS,
4yTO T.K. AB=1, TO

AB, =cosa +/I? —sin®a, BA =cospB+4/I> —sin’ B8, i=12 (7

Haiinem Touku (xij, Yij) — nepecedenus ueBuan A4i, BBj, ©cnosb3ys napaMeTprHuecKue YpaBHEHHUS MPSMbIX
(44i) m (BBy), 1,j =1, 2:
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COSa ] ( ( cosﬁj (1}} (— O,SJ
AB t+ , . + T+

sma '\ sinp) \0 0
AB, cosa -1 BA, cosf +1
AB, sin o J ( j [ BA, sin A jr
[AB cosa — 1}”( B ( BA, smﬂ]z

AB; sin o 0 BA, cosp -1

—BA;sin g

" AB.BA sin(a + ) — (BA, sin B + AB, sin )

OTcrona nony4yaeMm napamMeTpuieckoe ypaBHEeHUE Halllel KpUBOii
Tounee, MbI ONYYIIIN ypaBHEHUS 4-X KPUBBIX, U3 KOTOPHIX U COCTOMUT Hallla runepoora.

— BA AB;sin gcosa + 2cBA sin
(x”.j AB,BA sin(a + ) — BA sin f— AB sina

1
+_
2

= - - ) |1J :1!2 (8)
—BAAB;sinasin

AB,BA sin(a + ) — BA sin g — ABsina

C moMOIIBIO 3TUX YPAaBHEHHI JIETKO CTPOUTH Hammu runep6oisl. Kpome Toro, u3 (8) BuaHO, uTO TIpH
HEOTPaHWYCHHOM YBEJIMUYCHUH JUIMH YeBHaH | momydeHHble 4 KpUBBIE IEPECEKAIOTCS B y3J10BO# Touke D:

—sm,8003a+ﬂ
AB, +1
. sin(c + ) sing sina 2 ;sm(ﬂ a)
. _ - T o sin
Y —sinasin —§|n,8c03a
: sin(a + )
sm(a+,3)—smﬂ—sma
BA

sin(f—a) sinasin g
2sin(a + B) ‘sin(a + B)

Ha pucynkax HuXe mpecTaBiIeHbl IPUMEPHl HAITUX KPUBBIX VIS TPEYrodbHUKOB ¢ yriaamu o=20° p=40° (puc.
13a) u a=40°, p=120° (puc. 1306).

CpaBHuBas ¢ TOUKOI C( j [I0JIy4aeM yTBEPKICHHUE 1T).

Puc. 13a

Puc. 136
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B 3axiroueHuu mpuBeeM MoJjie3HOe 3aMedaHue AJis paBHOOEAPEHHBIX TPEYroJbHUKOB:

3ameuanue 5.1. 'eomeTpuueckoe MECTO TOUEK IlepeceueHus nap paBHbIX yeBuaH AA; u BB
paBHOOepenHoro TpeyroabHuka ABC ectb o0bennHenne orpeska AB, ocu ero ciMMeTpun 1 OKPYKHOCTH,
CUMMETPUYHOM OTHOCUTENIHHO AB okpykHOCTH, omrcaHHON OK0I0 TpeyronbHuka ABC.

Hoxazamenvcmeo. [loncrasiss B (5) a=p, nomydum

—2x(x* + y?)sin 2asin ? o + 2xy(sin > ¢ cos® ¢ —sin * a)+%xsin >asin 2a =0

—x(2(x* + y*)sin 2a—2y0052a—%sin 2a) =0 C

Orcrona umeem nepBoe pemienue x=0, T.e. o0cb cuMMeTpuu Tpeyroibauka ABC. [lanee,

B
numeem M
x?sin 2a + y?sin 2a — ycosZa—lsin 2a=0, y* - ycf)si+ x? —1:0
4 sin 2« 4
cosy ) 1Y 5
yr—t | X = — =R’
2siny 2siny

rae y=n-2a, a R — paanyc, onucanHoit okono Tpeyroibauka ABC okpyxkxHocTH (puc.14).

3aMeyaHue JOKa3aHO.
Puc. 14

9 Mepexoas K TpexmepHoOMy criy4yaro

B kauecTBe NpoA0IKEeHNs NCCIIETOBAHMS MOXKHO NEPEUTH K IPOCTPAHCTBEHHOMY CIIy4al0, paccMaTpuBas
TETPadp M Ha3bIBasi YEBUAHOM OTPE30K, COENUHSIOIINN €r0 BEPIINHY ¢ TOUYKON MPOTUBOIIOJIOKHOMN TPaHH.
ITocTaHOBKA 3aJja4u B 3TOM CJIy4ae MOXKET ObITh C(hOPMYIHPOBAHA CIECAYIOUIMM 00PA30OM: 8bLACHUMD,
ABNAEMNCA TU MEMPAa’s0p PAGHOCPAHHBIM (M.e. UMEIOWUM PABHbLE 2PAHLUL), eCllU 8Ce e20 YeGUAHbL PAGHDL.
s yno6cTBa OyeM NOJIb30BaThCsl IKBUBAIIEHTHBIM OIPEAEICHUEM PAaBHOTPAHHOIO TETPa’Ipa: JOKA3aHO, YTO
IpaHu TETpad/pa paBHbI TOT1a U TOJIBKO TOTJa, KOTAAa OHU paBHOBENMKU. Haunem paccmoTpenue
IIOCTaBJIEHHOM 3aJjauu ¢ Hau0oJiee MPOCTHIX CIy4aeB, KOI/la B KAUECTBE YEBUAH TETPad/ipa BBICTYNAIOT €ro
BBICOTHI MJTM OMCCEKTPUCHI TPEXTPAHHBIX YIJIOB.

PaBHOrpaHHOCTb TETpas/pa C paBHBIMU BHICOTAMHU Cpa3y e BBITEKAET U3 (POPMYIIbI 1JIs1 BEIUUCICHUS €T0
obobema. [TonpoOyem cienaTb HEKOTOPBIE AT K TPOBEPKE TMIOTE3bl O PABHOTPAHHOCTH TETPa’Ipa C
paBHBIMU OMCCEKTpUCaMU.

10 TMosicHeHMe K rMnoTe3e 7
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Puc. 15

buccekrpucoii Tpexrpannoro yria ABCD terpasnpa ABCD naspiBatoT otpe3ok ALi, coeTMHSIOIINN
BEPIIMHY A ¢ TOYKOH TPOTUBONONOXKHOM rpanu L1 Tak, uto /L, AB = ZL, AC = ZL, AD (puc. 15). Touka

IepeceyeHms BceX OMCCEKTPUC TETPadApa SIBJISIETCS LIEHTPOM BIIMCAHHOTO B HETO I1apa.
JITMHBI OMCCEKTPHC TETPadpa MOTYT OBITh BHIYHMCIICHBI MO cieayomiei Gpopmyse:

AL = (SACD +SABD +SABC)(ABZ 'SACD +AD2 'SABc + AC2 'SABD)_SACD 'SABC 'DBZ _SACD 'SABD 'CBZ _SABD 'SABc 'DAZ
L=

(SACD + SABD + SABC )2

BL. = (SABC +SBCD +SABD)(DBZ ‘SABC +CBZ 'SABD + ABZ 'SBCD )_SABC ‘SABD ’ DAZ _SABD 'SBCD 'ACZ _SABC 'SBCD ‘DC2
, =

(SACD + SBCD + SABD)2

©)
CL. = (SACD +SBCD +SABC )(CBZ 'SACD +CD2 'SABC +AC2 'SBCD )_SACD 'SABC 'DBZ _SABC 'SBCD 'DCZ _SACD 'SBCD 'ABZ
3=

(SACD + SBCD + SABC )2

DL, = (SACD +SBCD +SABD)(BD2 'SACD +AD2 'SBCD + DC2 'SABD)_SACD ‘SABD 'CBZ _SACD 'SBCD ‘ABZ _SABD 'SBCD 'ACZ
.=

(SACD + SBCD + SABD )2

JUist IpOBEpPKU TUIIOTE3bI O PABHOIPAHHOCTH TETPadipa ¢ paBHBIMU OMCCEKTpUCaMH ObLI MPOBEAEH YMCICHHBIH
skcrepuMeHT uis Tetpadapa DABC, y kotoporo yribel rpanu ABC pasubr 45°, 60°, 75°. TIpunsB 3a equHUILY
auameTp omnucanHoi okono rpanu ABC okpyxuocty, nony4dum: CB = sinZCAB, AB = sinZACB, AC
=sinZCBA. C nomoIisto MaremaTuyeckoro nakera Mathcad Obuia periena cucrema HeJTMHEHHBIX
oTHOcuTeNnbHO AD = X, BD =y, CD = Z ypasHeHwii

DB +DA>CB

DB +CB > DA

DC + AB > DB

AL, =BL, DB + AB > AB

AL, =CL, c orpannuenusmu: {CB+ DA > DB

AL =DL, DB+ AB > DC

DC + DA > AC

DC + AC > DA

DA+ AC > DC
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B aroit cucteme aymnbl 6uccexktpuc AL, BLo, CLz u DL4 paccunteiBanuce mo gpopmynam (9), B KOTOPBIX
TUTOIIA M TPaHEeH TeTpadipa 3aBUCAT OT HEU3BECTHBIX pEoep X, Y u Z. [omyueHHoe B pe3ynpTare pacdyéra
pelieHue cucreMsl R = {X, Y, Z} = {8,660, 7.071, 9,659} MTO3BOJIUJIO CJENIATh BHIBOJ O PABHOTPAHHOCTH

TeTpadapa. B yacTHOCTH, IUIOIIA/M €ro rpaHell OKa3aanuch PaBHBIMH S, cp = Spep = Sapp = Sage = 118,301 u3

Yero CIEyeT, YTO pACCMOTPEHHBIN TETPAdAP SIBISACTCS PABHOIPAHHBIM. TeM HE MEHEE, TOHATHO, YTO
PacCMOTPEHHBIN YACTHBIN CiIy4yai IMO3BOJISET JUIIb BBIIBUHYTh THIIOTE3Y O PABHOIPAHHOCTHU TETPal3pa ¢
paBHBIMH YeBUAHAMH (MJTH XOTS ObI OMCCEKTpUCaMU ), TPOBEPKA KOTOPOU TOJIKHA CITYKUTh MPEIMETOM
JAJTbHEUIINX U3bICKAaHUH.

PazBuTHeM naHHOM pabOTHI MOKET CTaTh PACCMOTPEHUE TPEXMEPHOH 3a1auu 0 (HOPMYITHPOBKE U
JI0KA3aTeIIbCTBE MTPU3HAKOB PABHOIPAHHOCTHU TETPA’Apa, CBA3aHHBIMU C €TI0 YEBHAHAMHU.
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