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OO0 nHBepcHbIx obpa3sax Touykn Peiiepbaxa
n 0b6o6uieHnn Teopembl EMenbsaHoBbIX

B. . Monos!

AnHoranus
B nanmoit pabore ucciiemyercs obpas rouku Peitepbaxa npu MHBEPCHU OTHOCUTEIBHO OKPY K-
HOCTH, IIOCTPOEHHOI Ha, CTOPOHE TPEYTrOoJbHUKA KaK Ha auamerpe. JloKazaHbl HEKOTOPLIE CBOI-
CTBa 3TOH TOUKM, C UX TMOMOIILIO IMOIYYIEHBI OOJIee MPOCThIE JOKA3ATEILCTBA PIIa KIACCHIECKIX
pesynbTaToB o Touke Deitepbaxa. Takke moyuerno obobdIeHne TeopeMbl EMETbaHOBBIX O TTO/TIO-
Cax TPEYTrOJIbHUKA M CBA3AHHBLIX ¢ HIMH OKPYIKHOCTSX, IPOXOIAINX depe3 Touky DeiiepHaxa.

1. BBenenne

Touka Deitepbaxa sBjgeTcs OJHON U3 HauboJiee U3BECTHBIX 3aMEYaTE/IbHbIX TOYEK TPeyroJbHUKA.
Omna omnpete/isieTcss Kak TOYKA KACAHUS BIUCAHHON OKPYKHOCTH U OKPY2KHOCTH Jitiepa. OTHO TOJIHKO
oTipe/le/IeHNe HABOIUT HA €CTEeCTBEHHBIH W, CAeIyeT NMPU3HATH, BEChMa HEMPOCTON BOMPOC: a MOve-
My (DaKT KacaHUs ITUX JBYX OKDPYKHOCTeN JMeficCTBUTETbHO HMeeT MecTO ObITh! COOTBETCTBYIONLYIO
TeopeMy jokasan Kaps Buabsrennm @eitepbax B 1822 romy. C Tex mop ObLIO NPHIYMAHO CBBIIIE
300 Apyrux J0Ka3aTeNbCTB ITOH TEOPeMBbl, MPUUEeM MHOTHE W3 HUX HUCIOJB3YIOT MHBepCHio. MHo-
rOYUCIEHHOCTh TAKUX J0KA3aTEIbCTB CBUIETEJHLCTBYET O TOM, UTO MPHU U3YUYEHUU TeOMETPUICCKHX
cBoiictB Toukn Deitepbaxa MHBEPCHUST SBISIETCS TOBOJBHO MOJIE3HBIM HHCTPYMEHTOM. B jmaHHOit pa-
foTe MBI IIpeJiyIaraeM HOBBIH c1riocod uzydenus Touku Peiiepbaxa, OCHOBAHHBIN HA PACCMOTPEHUH €€
HUHBEPCHBIX 06PA30B OTHOCUTEIHHO HEKOTOPBIX OKPYZKHOCTEH. DTOT MOIXO0/T TO3BOJUT HAM HE TOJIHKO
HOJYIUTh PsIJi HOBBIX KPACUBBIX PE3Y/ILTATOB, HO M 3HAYUTEIBHO YIPOCTUTH JT0KA3ATEILCTBA HEKO-
TOPBIX yzKe u3BecTHHIX (pakToB (cM. [4], [6] u [2]).

Haubosee BaxKHBIM 1 HHTEPECHBIM PE3YJILTATOM JAHHOI pabOThl, IOy YeHHBIM ¢ TIOMOIIBIO TTPH-
MEHEHHUsI TAKOr0 IMOJIX0/1a, CJEJYeT CIUTATh CJEIYIONTyIo Teopemy, 0bobimannyio Teopemy Emesbs-
HOBBIX O CeMeilcTBe OKpYZKHOCTel, mpoxoaanux yepe3 Touky Deiiepbaxa (cMm. [2]).

Teopema 1. Paccmompum npoudsosvruti mpeyeosvhur ABC, ezo mouky Detiepbaxra F u e2o cepe-
dunnoiti mpeyeorvrur Mo MyM.. Obosuauum uepes Sy U Sue mouku Illapweuna, coomeememeyio-
wue cmopone BC' (cm. mounne onpedeserus 6 caedyrouem pasdene). Pacemompum npoussosvruii
mpeyzorvrur N = P,P,P., 2omomemuunbitl cepedunnomy mpeyzorvrury M, MyM,. ¢ uenmpom &

Detiepbaza F (i 19). P TRl ) 7
moure Detiepbaxa CM. puc. . Pacemompum oxpyorcrocmu 1, u V5, nporodawsue wepes mpoti-

ku mouek (F, Py, Sa) u (F, P., Suc) coomeememeenno. Toeda mouka ur nepeceuenus, omauyHas om
F, coenadaem ¢ moukoti nepecevernus A> npamwx PyP, t SapSae.

Takum obpasoM, Kaxkaplit TpeyroabHuk A = P, P,P., romoreTnuanbiit Tpeyroapauky M, M,M,. c
neHTpoM B Touke DeitepHaxa, HOPOKIAET TPHU IAPhl 3aMeYATEILHBIX OKPY:KHOCTEH, KaXKaasd U3 KO-
TOpBIX 1poxoauT yepes Touky Peiiepbaxa u oauy u3 rouex Ilapoiruna. Touky A®, durypupyiomiyio
B TeopeMe 1, n anasjormanbie et Toukn B u C2 na npameix P.P, u P, P, cOOTBeTCTBEHHO, HA30BEM
obobuerHbLMU noatocamu mpeyzosvruka ABC. CMBICT TaAKOrO Ha3BaHHUSA 3aKJIIOYAETCS B TOM, YTO
ecaim Tpeyronbuuk P, P, P, cosnanaer ¢ tpeyroabaukoMm K, K, K. (cM. HeoOxouMble 0003HAYEHNS B
creayomeM pasgaene), To Toukn AZ, B u O mpespamatorcs B Touku Agg, By 1 Cgo, BBeICHHDIE
EmesnbsanoBeivu B crarbe |2| n HazBaHHoble HMU noatocamy mpeyzoaviuke ABC.

! Tumeit «Bropas mkona»; e-mail: popov.12sh@gmail.com



2. Bcmomorarenpubie (hbaKThl

Jlng navaga 3aukcupyem o003HaAYCHUS.
e A, B, C' — BepIIuHbI TPEYrOJIbHIKA;
e M,, My, M.— cepeaunni cropon BC, AC', AB coOTBETCTBEHHO;

e H,, H,, H.— ocuoanus BeicOT Tpeyrosbauka ABC, onymenubix u3 seprmma A, B, C' coor-
BETCTBEHHO;

® W — BIUCAHHAS OKPYXKHOCTH Tpeyrosbauka ABC' ¢ mearpowm [;

o GG,, Gy, G, — TOUYKHN KacaHHS BIUCAHHON OKpPY:KHOCTH Tpeyroabauka ABC co croponamu BC,

AC, AB.
e )\, — OKPYKHOCTb, IOCTpOeHHAasI Ha cTopoHe BC' Kak Ha guameTpe.

e Sup, Sec — Touku lllapeiruna, T.€. TOYKHU IepecedeHnss OKPY>KHOCTH A\, CO CPEJIHUMU JTUHUAME
M, My, u M, M. coorBeTCTBEHHO.

® £, £, — OKPYXKHOCTH AeBATH To4YeK Tpeyroiabanka ABC u tpeyroabanka [ BC' cOOTBETCTBEHHO.

e F'— TOuYKa KaCaHWs BIMCAHHONW OKPYKHOCTHU M OKPYKHOCTHU JEBATH TOUeK Tpeyroabanka ABC
(rouxa Deitepbaxa).

MbI HAYHEM € TOrO, YTO IPUBEAEM JI0KA3aTeJbCTBO Teopembl Peiiepbaxa. D10 10KA3ATEALCTBO,
nafiennoe [I. B. BubukoBbiMm, saBisercs mMoaudukanmeil KIacCudecKoro JI0Ka3aTebCTBa TeOPEMbI
Deiiepbaxa (cM., Hampumep, [1]), WCTOAB3YIONEro WHBEPCHIO, OJHAKO 0OJiee TEOMETPHIHO W MeHee
cueTHO. /1 HavYas A JaUM CJIeLyoIIee Olpe/Ie/IeHHe.

Onpenenenne 1. Touku A, B, C, D, pexaiiie Ha OTHONI TPSIMOil, 00pa3yIOT 2apMOHUNECKYI Yem-
8EPKY, €CIN
AC AD
CB DB
[TousTHE rAPMOHIYIECKO YeTBEPKH TOUEK TECHO CBSI3aHO C MHBEPCHeil. A MMEHHO, YeTBepKa TOYeK
A, B, C, D obpa3syer rapMOHHYECKYIO YETBEPKY, €CJAN U TOJIBKO ecau TOukn A u B cuMMeTpuIHbI
OTHOCHTEIBHO OKDYKHOCTH, MOCTPOeHHON Ha orpeske C'D kak Ha aumamerpe (cM., Hampumep, [3]).
[lepeitnem Tenephb K Jl0Ka3aTebcTBY Teopembl Peitepbaxa.

[AB,CD] = 1.



Puc. 1. Puc. 2.

Joxazamesvcmeo. OGO3HAYNM NEHTD BHEBIIMCAHHOW OKPYYKHOCTH TPEYTOJIbHUKA depe3 [,, a ocHO-
BaHUe OMCCEKTPUCHI, IPOBeIeHHON u3 Bepiuabl A, yepe3 L,. Torga oKpyKHOCTb, MOCTPOEHHAST HA
orpeske [,] Kax Ha guHaMerpe, SBILETCS OKPYKHOCTBIO Amosutonus (cM. [3]) aas napst Touek (A, L,).
U3 sroro caeayer, uro (A, L,, I, 1,) — rapmorndeckast gerTBepka (cM. puc. 1). TlapaaieabHo cripoex-
TUPOBAB ee Ha MpAMY0 BC', Mbl MOy YUM HOBYIO rapMOHUYeCKYI0 9eTBepKyY (Hy, Lo, G4, Gl) (tne G,
— TOYKA KAacaHWsl BHEBIIMCAHHON OKPYKHOCTH w, co cToponoit BC'). D10 o3Hadaet, uro Touku H,
1 L, CHUMMETPUYHBI OTHOCHTEIbHO OKPYZKHOCTH, IOCTPOCHHON Ha orpeske G,G! Kak Ha Juamerpe
(em. puc. 2). Tak kak G, B = G,C, nuenTp 310if OKPYZKHOCTH COBIAJaeT ¢ cepenntoii M, orpeska
BC'. Orcrona ciaeayer, 9T0 TPU WHBEPCUHW OTHOCUTEIHHO ITOW OKPYZKHOCTH OKPYKHOCTH JEBSITH TO-
YeK € MePeXOIUT B MPAMYIO ¢, TpoxoAdiyto depe3 L,. C Apyroit CTOPOHBI, 9Ta WHBEPCHS OCTABJISIET
BIIMCAHHYIO W BHEBIUCAHHYIO OKPYKHOCTH W H W, HA MecTe, T.K. 00e OHH OPTOTOHAJBHBI OKPYZK-
Hoctu wuBepcuu (nockonsky IG, L M,G, n I,G! L M,G!). TokaxeMm, 410 npsmas { Kacaercs
OKpY2KHOCTeHl W 1 w,. s 3T0r0 10CTAaTO9HO M0Ka3aTh, 4TO mpsaMas { cumMerpudHa mpsamoit BC
otHOCUTENBHO OuccekTpuchl Al. Jlokaxkem 310.



90°,

Puc. 4.

Puc. 3.

Tax kak mHBepcus — KOH(OPMHOE IIpeodpa3oBanue, yroa Mexkiay npaMmbivMu ¢ u BC paBen yr-
Jqy MexkJy OKpyxKHOCcThI0 w u BC' (yron ¢ ua puc. 3). amee, stor yroa pasen yrny ZH,E,M,.
Yerwipexyroabuuk OM,FE, A asisiercs napasiesorpamvom, nodromy LH, E, M, = ZE,AO. Torga
/BAFE, = ZOAC = 90° — ZB. Tloay4aem, 9T0

¢ =/E,A0 =|/A—2-(90° — /B)| = |£B — £C|.

Teneps paccmorpum npsmyto B'L,, cumverpuanyio npsmoii BC' OTHOCHTENIBHO OHCCEKTPHCHI
AL,. O6o3naunm yron mexiay B'L, u BC gepes ¢ (cm. puc. 4). I3 tpeyroasanka B'L,C' nonyda-
eM, ato ¢’ = [£B — ZC| = . D10 o3nauaer, uyro npsambie { u B'L, coBuagaior, 4To u TpeboBaIOCH
0Ka3aTh. ]

B manbaefinux paccy)kaeHnsax HaM MOHa 00UTCsd pe3y/IbTaT Tak Ha3biBaeMoil 3ata4au Ne255, moty-
qHBINell MIPOKYIO U3BECTHOCTD Oyraroiaps npeuciopuio 3agadnuka 1. @. [lapeiruna [5], B kKoTopom
OHA, IPUBEIEHA MOJI COOTBETCTBYIOIIMM HOMEPOM.

JIemma 1 (Bagaua Ne255). Tpoiiku npameix (GyG., BI, M, M) u (G.G.,CI, M,M.) nepecekatorcsi
B TOUKaX Sgp U Sge. DTU TOUKHU JIEKAT HA OKPYKHOCTU A\,, HOCTpOEeHHOU Ha cTopone BC' Kak Ha
quamerpe (M. puc. 5).

Samevanue 1. Ilycrs K,, K, u K. — Touku, cummerpuaabie TodkaMm (G,, Gy, (G, OTHOCHTEIHLHO
upambix Al, BI u CI coorsercrerno. Ilpamas G, K, cumverpuana npsmoit GyG. OTHOCHTEIBHO
BI, nosromy Touka Sy, Jexkur Ha G, K. AHanorudno, Touka S, Jgexxur Ha G,K,. (cMm. puc. 5).



C roukoit Deitepbaxa 0KA3BIBACTCS TECHO CBA3aHA 33ja4a, npejioxkennas B punasie Beepocenii-
ckoit onummuaabl mo maremaruke B 10 kiracce B 1998 rony mojx nomepom 8. B 3ajade TpeboBasioch
J0KazaTh, 910 npsambie M, K,, MyK, w M.K. nepecekarorcsd B OJHON TOYKE W YTO Ta TOUKA JEKUT
Ha BIOHCAHHON OKpy2KHOCTH Tpeyrosbauka ABC (cM. puc. 6; oTMeTHM, 9TO KpaTKuii BADHAHT ITOI
3aJ1a49M, B KOTOPOIl Ipe11arajioch IpocTo J0Ka3aTh, To npsamMbie M, K,, MyK, n M K. nepecekaloTcs
B OJIHOI TOUKe, OBLT MpemioKeH Ha 23 MexKIyHapoaHOi MaTeMaTudeckoi oauMnuaae B 1982 r. mox
HOMEPOM 2).

Jlng Havyasa JoKaXkKeM, 9TO BEPHA CJIeIYIOIas

JIemma 2. Croponst rpeyrobauka K, K, K. nonapHo napaJiiesibHbl CTOpoHaMm Tpeyrojibuukos ABC
u M, M,M. (cMm. puc. 6).

Zokxasameavcmeo. Xopabl G,K, 1 GG, cuMMeTpUYHBI OTHOCUTEJIbHO B, MO3TOMY OHU pPABHBI.
Ananorunano, xopasl GG, n G, K. cumverpuaasl oTHOCHTE bHO C'] 1 IOTOMY Tak:ke paBHBI. Torma
tpeyroabauk K.G, K, pasaobeapennsiii, otkyna ciaeayer, uro LG, K. K, = LG, KK, = ZCG K,
(em. puc. 7). Orcrofa odeBuHa HapayteabHOCTh npsambix BC u K, K. st 1BYX OCTABIIUXCS TTap
CTOPOH PACCYKICHUs aHAJTOTHIHBI. O]



Puc. 7.

Puc. 8.

ITo memme 2 m Teopeme [lezapra tpeyroabauku K, K, K. n M, M,M. romoreTnansl. Touka mepe-
ceuenust npsimbix M, K,, MK, u M. K. gBjigercs meHTPOM 3TOH IOMOTETHH, & 3HAYUT U IEHTPOM
rOMOTETHH BIHUCAHHONH OKPY’KHOCTH W OKPYKHOCTH Jiyiepa, To ecth Toukoit Deitepbaxa F.

Hawm monamoburcs enre 0JJHO BCIIOMOTATEIbHOE YTBEPIKIeHWe.

JIemma 3. Touka F' nexuT Ha OKpyzKHOCTH Diijepa €, Tpeyronbuuka BIC (cum. puc. 8).

Zokxasameavcmeo. 3amerum, 910 TOUKA Gy, Sue, Sqp U M, J1eKaT Ha OKPYKHOCTH £,, TOCKOJIBKY
nepBasi TPOiKa TOYEK — 3TO OCHOBaHHsI BbICOT TpeyrosbHuka BIC, a Ttouka M, — cepeauHa ero
cropousl BC. Hanee, F', G,, K,, K, mexxar Ha BIOHCAHHONH OKPYKHOCTH w Tpeyroibauka ABC.
Buaunt, LG, FK, = LG, K K,. Tx. KKy || SawM,, 1o LG KK, = £ZG,SapM, (toukn G,, Ky,
Sap J€KaT Ha oaHOU mnpsmoil mo jgemme 1. 3uauur, LG, FM, = £G,SupM, n Touka F' jiexkut Ha
OKPYZKHOCTH &,. [



Samenwanue 2. dns m0boro TpeyroJbHUKa W 000 TOYKHM, He JieyKallleil HW Ha OJHOW MpAMOil u3
COJIEPKAIIUAX CTOPOHBI TPEYTOJIbHUKA, BCE OKPYKHOCTH Diljepa Jjid TpeyroJbHHKOB, 00pa30BaHHBIX
OJIHOIT U3 AP BEPIIHH UCXOAHOTO TPEYTOTHHUKA U TOUKOM, UMEIOT OOILYI0 TOUKY (9Ta TOUKA HA3BIBa-
ercs Toukoii [Toncese; cm. puc. 9). B cayuae rouku I no semme 3 rouka Iloncese siBisiercst TOUKOi
Peiiepbaxa.

Puc. 9.

Puc. 10.

Sameuarue 3. Ecau npominrs nupsambie BS,. u CSy, 10 nepecedenust B Touke A, TO OKPY>KHOCTD €,
cTaHeT OKPYKHOCTBIO Ditrepa rpeyrosbauka Ay BC (em. puc. 10). [leiictBuTenbHO, TOUKA Sup U S
SIBJITIOTCSI OCHOBAHUSIMU BBICOT, a TouKa M, — cepeanna cropoust BC.

3. luBepcHbIit 00pa3 Touku F'

Temeps TepeiiieM K cofepzKaTeTbHON YacTH NPOTPAMMBI, KOTOpas, HAKOHEI, OyJeT MCIOIb30BATh
uHBepcuio. PaccMoTpuM yike 3HAKOMYIO HaM OKPYKHOCTH ., TIOCTPOEHHYIO HA oTpe3ke BC Kak Ha
auamerpe. Pacemorpum touky F! — o6pas Toukd F' UpU MHBEPCHH OTHOCHTEIBHO OKPYZKHOCTH Ag.
Touxa F 6yner OCHOBHBIM OOBEKTOM HAIINX MAJBHEHIINX PACCy 7K ICHHII.

Jlnsg Havasa MOCMOTPUM, KY/Ia ePEeX0IAT HEKOTOPhIe TOYKH U OKPYKHOCTH IPU WHBEPCUU OTHO-
CUTETBHO \,. OKPYXKHOCTH Ditnepa € nepeiiner B npamyo Hy H,., OKpYKHOCTbB £, TIepeiiJIeT B MPAMYIO
SapSac. Kpome Toro, TOCKOIbKY TOUKa F' ABIsgeTCT TOUYKON Mepecedennsl OKPYXKHOCTeH € U €, MO JIeM-
Me 3, To Touka F) sBasiercs TOYKOi nepecedenust upaMblX HyH. u SupSee. B wrore mpl nostydaem
ceayoniee KpacuBoe

IIpensioxkenue 1. Touka F! gBIseTCs PaIUKATHHBIM EHTPOM OKPYZKHOCTEH Ay, € 1 &, (eM. puc. 11).

Sameuarnue 4. B crarbe [2| Touka F! maswiBasach noatocom rtpeyronbhauka ABC n obo3nadasiach
gepe3 Agg.

Crenytonuit hakT B gajbHeiieM OyjgeT UTrPpaTh OCHOBHYIO DPOJib, MOITOMY YIETUM €My 0Co00e
BHUMaHUE.



Puc. 12.

Puc. 11.

Teopema 2. Ecau K; u K. — mouku nepecevenusn ayuei K, K, u K, K. ¢ npamotd HyH., mo
namepru movex (F, F. Ky, K}, Saw) u (F, F., K., K., Sa) aeacam na okpyscrnocmaz Yoy U Yge (CMm.
puc. 12).

Jorasameavecmso. Cragana nokaykeMm, 4To dersipe Touku F, F K, K} jiexar Ha OTHON OKDy#K-
HOCTH (paccy:KiaeHust s derBepku touek F, F! K. K| awamorwansr). PaccMoTpuMm WHBEPCHIO
Invg, ¢ meaTpom B Touke K,, mepeBogsmiyio Touky F. B Touky F. Torma xoMmosuius wHBEpCHii
Invg, o Inv,, mepeBoaUT OKPYKHOCTH Dilepa € B HEKOTOPYIO OKPYZKHOCTH W', MTPOXOMSAIIYIO depes
touku F''u K,. B cuy toro, yro uuasepcus — KoH(pOpMHOE 1Ipeodpa3oBaHue, 3Ta KOMIIO3UIU CO-
XPaHSIeT yIJIbl MEXKy MPSIMBIMUA U OKPYKHOCTSIMH. Pa3 meHTpbl 00X WHBEPCHIl JIeKAT HA MPIMOil
FF! to okpyx)uoctn € u w' obpasyior ¢ npsmoit F'F. pasubie yrosl. Ho 910 03Ha9aeT, 910 OKPYK-
HOCTH € M w’ Kacatored B Touke F. OTcrona cieayer, 9To OKPYKHOCTH W U w' COBHAIAIOT, HOCKOILKY
CYIIECTBYET €IMHCTBEHHAs] OKPY2KHOCTD, MPOXOJsINas depe3 TOUKy K, u Kacalolascs OKpPYKHOCTH
€ B TOuke F'.

Hasee, 3amernm, uto Touka K| nepeceuenns jay4a K, K, ¢ npamvoit HyH. — 310 06pa3 Touxu K,
npu wHBepCHU Inv g, . 3HAYNT, MO JileMMe O TOJ0OHBIX TPeyroJbHUKaX (CM., Hampumep, [3]) Toukn F
F!, Ky n K] nexar Ha OJJHOH OKPY?KHOCTH.

Ocrasnoch 3arHaTh Ha OKPYKHOCTH TOUKH Sy U Sge. 1 9TOT0 MCHoIb3yeM BIIMCAHHBIE YIJIbI. Bo-
nepebix, /K, F K, = /K,K. K} (cm. puc. 13). Bo-BropbIX, mycTh npsiMasi F'Kj, BTODHYHO TIEepeceKaeT
OKpY2KHOCTH &, B Touke R. Torma /M,S,.R = ZM,FR. llpavmbie M,S,. n K,K. napaJjiejabHbl
(cM. memMy 2), TO3TOMY BTOpbBIe Jiydn paBHBIX YIaoB £M,S..R w ZM,F R TakxKe mapasjiebHbl,
re. S.R || KpK. || BC. Otciona cpa3dy cieayer pasenctBo yriaoB ZM,FR u £S,.5.4G,. 3uaunr,
toukn F, F), Ky, K, u Sy, texar #a o1H0it OKpy2KHOCTH. 15T TOUKH S,y PACCYKICHNS AHATIOTHIHBI.
Takum obpasom, TeopeMa JT0Ka3aHa. O



Sameuarue 5. Tpsmvas M,S,, KacaeTcss OKPYKHOCTH Ygp. ITO CJIEICTBHE OPTOTOHAJIBHOCTH OKPY K-
HocTeit g 1 A, (cM. [3]).

o NN]]

3

[ A —

Puc. 14.

IIpennoxkenune 2. Touka F mexur na npsvoit KK, (em. puc. 14).

Jokazameavcmeo. 3aMeTuM, 9TO OKPY?KHOCTH Yg, U g, OPTOTOHAJBHBI \,, T.K. OHH 00€ IIPOXOIAT
depe3 Toukn F', F! cuMMeTrpudHble OTHOCHTETHHO A,. Torma mo cBOMCTBY OPTOrOHAJBHBIX OKPYZK-
Hocteit npsambie M,S,, u M,S,. Kacaiorcsa OKPYKHOCTEH 1y, U 4. COOTBETCTBEHHO. [Tapbl npsaMbIx
(MoSap, Ko Kp) u (MyS,e, K, K.) mapamtenbnsl, ciaegoBaTeabio, KySy = KjSup 1 K.Soe = KLS,¢
/ _ anl
(napaJiiesbHble IPSMbIE BBICEKAIOT Ha OKPYKHOCTH paBHble xopsabl). Torma LK, F. Sy, = ZK[F!Suw
u LK. F.S,. = LK/F.S,.. llockonbky Touka F, nexur Ha upambix HyH,. n SupSec, yriust LK F, Sy,
n LK!F!S,. pasubr. 3unaunr,

LKW, Syy = LK F!Syy = LK. F! Sy = LK.F.Sae,
OTKY/Ia CJIeJlyeT YTBepXKIeHue 2. ]

Bameuanue 6. V13 noKa3aTe bCTBA TaKXKe CJIEAYeT, 9TO NpaAMad SqpSy. ABIAETCA OMCCEKTPUCOH yria
/Ky F! Hy,

CymMupyst yTBEep:KIeHUsI 1 W 2, MBI TOJydaeM, 4TO depe3 TOUKY F. MPOXOMAT YeThipe 3aMeda-
reabubie upsmbie: K, M,, HyH., SqpSac 1 Ky K.
Samenanue 7. Moxuo nokazars (cMm., HanpuMep, [2]), 9410 4epe3 Touky F) mMpOXOASAT elne aABe 3aMe-
waresnbubie npsivoie: Ly L, (tae Ly u L, — ocuoBanust 6uccexrpuc Bl u C1 coorsercrsenno) u GG,
(rme G u G, — TOYKH KacaHus COOTBETCTBYIONINX BHEBIUCAHHBIX OKPYZKHOCTelH co croponamu AC

u AB).

4. CaencrBug

TeHepb MBI IIpuBeAeM HECKOJIbBKO pe3yJIbTaTOB, JOKa3aTE€JIbCTBa KOTOPbLIX MOXKHO IIOJYYHUTH C IIOMO-
MBI HATIEro MOIX0/1a, CBI3aHHOTO ¢ paccMoTpenuem obpasa Flroukn Peiiepbaxa F' npm mHBEpCHu
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OTHOCHTEJIBHO OKPYKHOCTH \,. Haunem ¢ 3amaun ¢ Mexxaynapoanoit Matemarndaeckoit QOumMmnma, bt
2000 roja, npe/I0yKeHHOM 10T HOMepOM 6, pellleHre KOTOPOi MBI ITOJIy4aeM COBEPIIEHHO O6eCIIaTHO.
Ee ycnoBue dopMyIupoBaIoch CaeayIonmuM 00pa3oM.

ITycmv ABC' — ocmpoyeosvuuiii mpeyeosvrur. OCHOBAHUA BLCOM MPEY20ALHUKA NO-NPEHCHEMY
bydem obosnawamv wepes H,, H,, H., a moukxu Kacanus 6nucaGHHOl OKPYICHOCMU CO CMOPOHAMU
— wyepes Go, Gy, G.. Ompasum npamyro H,H, omnocumenrvno npamoi G,Gy. Ananroeuuno, om-
pasum HyH,. omnocumeavno GyG. u H.H, omnocumeavno G.G, (cm. puc. 15). Hokascume, wmo
MPU OMPAHCEHHBLE NPAMDBLE NPU NEPECEYEHUL 00PA3YIOM MPEYL20ADHUK € BEPUWUHAMU HG SNUCAHHOT
OKPYHCHOCTNAU.

N3 upennoxenus 2 caepyer, uro, Hanpumep, npsambie HyH,. u Ky K. ciuMMeTpUYHbI OTHOCUTEIHHO
npsamoit G,G... Torna npsameie H,Hy,, HyH., H.H, npu oTpakeHuu COOTBETCTBEHHO OTHOCHTEIBLHO
G.Gy, GyG., G.G, mepeiiyT B NpsMble, colepzKalime CTOpoHbl Tpeyroibauka K, K, K., 9410 u Tpe-
00BaJIOCH TOKA3ATh.

Bosiee BaxKHBIM U MHTEPECHBIM I HAC OymeT CJAeAyIONIHil pe3yabTaT, aHOHCHPOBAaHHBIH JI. u
T. Emenbanossivu 2] n 0600menmstit B pabore I'punbepra [6] (cm. takzxke crarsio @. Usiesa [4]).
DopMyIupyeTcst OH CAEIYIONIM 00Pa30M.

Puc. 15. Puc. 16.

Teopema 3. O6osnauum uepes Ay, By u Cy mouku nepecenenus coomsememsyouur cmopot mpe-
yeoavrukos Mo MyM, u G,GyG.. Tozda npamwve AgG,, BoGy u CoG.. nepeceraromesn 6 moure F' (cm.
puc. 16).

Juist jlokasareibecTBa HaM HOHaI00MTCs CJIe/yIonee

Ilpenagmoxxenue 3. Ilyctp T, — Touka nepecevenus npaMbix F'G, u S,pS,.. Torma derBepku Touek
(F, Ty, My, Sap) u (F, T,, M., Ssc) JeKaT HA OKPYKHOCTSX ¢, m . (em. puc. 17).
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Jloxasamenvcmso. TlpuBenem n0Ka3aTeabCTBO /sl OKPYKHOCTH 1), MOCKOJIBKY JJIS OKDYKHOCTH
! . paccyxaenns anagorndausl. [lo Teopeme 2 LM, FM, = £G,SuT,. Tlo aevmme 2 LG, FM, =
LGy SayM,. Torna

LTy FMy = ZMFMy,+ LG FM, = LGS To + LG oSap My = ZLT5,S 0 My,

9TO U TpeDOBAIOCH JOKA3aTh. O

JlokazaTebCTBO TEOPEMBbI 3 Mbl JAJ UM B CJIEIYIOIIEM pas/iesie.

5. Touka Peiiepbaxa Kak Touka MukeJjsa n o600mieHne TEOPEMbBI
EmenbsaHoBBIX

[Tpurngaesmuck K puc. 12 u 17, WLTIOCTPUPYIONIUM TeOpeMy 2 W MpeJiJIoyKeHnue 3, HeJTb3d He 3aMe-
TUTH UX MOXOXKECTh: U TaM, I TaM MPUCYTCTBYIOT OKPYXKHOCTH, MIPOXOAIINAE Yepe3 YeTBePKH TOUeK,
cpean KoTophix Touka PDeitepbaxa. OKazbIBaeTCs, UTO ITO HECIYUAWHO, U 00a ITUX pe3yabTaTa siB-
JIAIOTCS Y9aCTHBIMU CJIy4asdMH HEKOTOPOil o0mieit kondurypanuu. B 3ToM paszziesie Mbl U3y4YuM 3TY
KOH(MDUTYPAINIO U ITPOJIEMOHCTPUPYEM €€ CBSA3b C eIlle OJHUM KJIACCUIECKUM Pe3yIbTaTOM NeOMeTPUH
— Teopemoit MukeJis.
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Puc. 18.

Jng mavana 3ameTnM, 910 [ gaBisgercda Toukoit Mukens nnsa tpeyroabuuka M, M, M. n mpamoit
SapSac (em. puc. 18). Orciona caemyer, uro Touka T, nexur ua npsmoii M, M,.. Toraa Touka T, ectb
Touka Ay 13 TeopeMbl 3, 0 TOCTPOEHHIO JTexKaiasa Ha F'G,. AHATOrmYHOe yTBEPKICHNE CIIPABEIINBO
JUg ABYX ocTapimuxcsa Todek By u Cpy. Tem cambiM Teopema 3 JTOKa3aHA.

Pacemorpenune Touku F' B KadecTBe TOYKH MuKeJd OKa3bIBaeTcs He IPOCTO BCIIOMOIATEIbHBIM
IMaroM K J0Ka3aTeabCTBY TeopeMbl 3. Ha camoMm Jiesie IMEHHO 9TOT XOJI 3JeTaHTHO 0000IIaeT IpeIbl-
JyIIHe Pe3yabTaThbl 1 BCKPHIBACT MPUIUHY ABJAEHUs. Peajn3yeM 3Ty KOHCTPYKIUIO B OOIIEeM CJIydae.
st sToro jokaxkem Teopemy 1, chopmysimpoBaHHYIO B Havdase cratbu. Hamomuanm ee popmympon-
KY.

Pacemompum npoussosvnuii. mpeyzosvnux N = P,P,P., 2omomemuunviil cepedunHHomy mpe-
yeoavruky Mo MyM, ¢ yenmpom 6 mouke Qetiepbara F (cm. puc. 19). Paccmompum okpyscrocmu
@Zzﬁ) u 2, npovodawue wepes mpotiku mover (F, Py, Sy) u (F,P.,S,.) coomsemcmeeno. Tozda

ac’
mouka UT nepecedenus, omauunas om F, coenadaem ¢ mourot nepecevenus A® npamws PyP, u

SabSac~

Joxazameavcmeo meopemor 1. Jlokazare/ibCTBO ITON TeOPEMbl 1IOX0XKE Ha, JIOKA3ATEJbCTBO MIPEJII0-
JKeHHd 2. A MMEHHO, PACCMOTPUM OKPYZKHOCTH 1), . IPOXOAMAILYIo depe3 ToUKy T, (cM. mperozxe-

HHUe 3). Torpa 3anuieM MenoYKy paBeHCTB YIJIOB:
LAPPF = LT,M,F = /T,SypF = LA®S,F,

A
OTKY/Ia CJIEyeT, 4TO TOUKa A® JIesKUT Ha OKPYKHOCTH 1).,. AHAJOIHYHO JOKA3BIBAETCS, YTO TOUKA
A A
A" Ne:KUT Ha OKPYKHOCTH 12, O

[Togcuum, nodyemy TeopeMa 1 JIefiCTBUTEILHO ABJIAETCA 000OIIEHUEM IIPUBEICHHBIX BBIIIE 33/ 1a9H
¢ Mexaynapoanoit OnuMnuaasl 1 TeopeMbl Vpiaesa. s 3Toro paccMOTpPUM BTOPbIE TOYKH Cf
u BlA nepecevdeHnuss OKPYKHOCTH wﬁ ¢ mpamoit P, P, u mnepecedeHnuss OKpPYzKHOCTH QAC ¢ IpaMoit
P,P.. Torna Toukn A®, BlA u C’lA Jie’kaT Ha OJHOU mpsamoit mo Teopeme Mukesns. B ciaydae 3amadn
¢ MexKIyHapOIHON OJIMMINAIBL 3Ta IpsAMasd coBmagaeT ¢ HyH,, a Touka A” coBmamaeT c F! (em.
puc. 20). B ciyaae reopembr Usnesa sra npsivas copuagaer ¢ GG, (1u, 910 T0 2)Ke camoe, ¢ SqpSac),
a Touxa A2 coemazaer ¢ Touxoit T, (cm. puc. 21)

B zaksiodenue orMeTuM OJHY 3aMeYaTe/bHYI0 OKPYKHOCTD U3 ceMeficTBa z/JaAc
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Puc. 20. IIpsmas H,H. Puc. 21. Ilpamas G,G.
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IMpennoxkenue 4. B cayuae, xoraa Touka A2 coBmamaer ¢ Toukoit Gy, OKPYKHOCTE )% TIPOXOANT
aepe3 T0ukd F'| Hy, Gy, Sqe 1 Seq (cM. puc. 22).

Zokxasamenavcmeo. HoctaTrouno mokasarb, uTo ToUku F', Hy, Gy, S B Se, J€3KAT HA OJHON OKPYK-
HocTu. Brawase mokaxkem, 410 derBepka TOUeK (Hp, Gy, Sae, Seq) JEKUT HA OTHONW OKPYKHOCTH.
Samernm, ato npsmbie BS., u H,S,. napasiesbHbl, T.K. 006 OHU HEePHeHTUKYISPHB ONCCEKTPUCE
yoiia /BAC. Ananoruano, npavele BS,. u GyS,, mapajuiejbHbl, T.K. 006 OHH HePIeHTHKYISPHBI
ouccexkTpuce yrina LACB. Ilostomy derbipexyroiabHuk BS,.HyS., siBlIsgeTcsd NapasaeorpaMMOM 1
H,S,. = BS.q, = G,S¢q. 3naunt, S,.H,GpS., — paBHOOOKas Tpamelnsd, U IIOTOMY BOKPYT Hee MOXKHO
OIHCATH OKPYZKHOCTH (CM. puc. 22).

Tenepsr moxazkem, aro Touka Peiiepbaxa Takzke JeKUT HA ITOH OKpyzxKuHOCTH. [To Jemme Apxu-
Mmena caenyer, yro L HyF G, = %ZHbFMb = %|4A — ZC|. Hanee, ZHySaeSea = £5:aGrC = 5 — %
U LGySacSea = LAGYSye = 5 — %, HOITOMY

1
LHyS0cGhy = | L HySucSea = £LGSucSeal = 5|2A — LC| = LH,FG,

OTKY/Ia CJeIyeT, 9TO TOYKa F' JeXKuT Ha onucaHHoil okpyzkuocTh Tpamennn HyGyS.qS,., 9T0 1 Tpe-
0OBaJIOCH JTOKA3aTh. O

Aprop Omarogapur I1.B. bubukopa 3a BHEMaHHEe K pabOTe U IEeHHBIE 3aMeTaHMsI.
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