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ITosicuenamne. Teopema 1 npedraearacy wa Canxkm-Ilemepbypeckoti 2opodckoti orumnuade 2019 zoda. Ilo-
cae duckycculi Ha KPYscouke noAsuAach ama 3amemra. Bee npedecmasaennoie pesysvmamo, noayvwens, Ilas-
AOM 6e3 moeth nomowyu; 3anucanvt 6 boavwet wacmu Ilasiom. Beposmmo, mor 6ydem nodasamv 6 HCypHan
(u 6wkaadveams Ha apXus) 6oaee OOWUPHYIO BEPCUIO CMAMBY 3G COBMECTIHHLM AEMOPCIMEOM.

. Yepkamun

1 Introduction

A graph is a pair (V| E), where V stands for a set of vertices, and F denotes a set of pairs of vertices, elements
of E are called edges. Let G be a graph; for a given edge e = (u,v) define its closed edge-neighborhood as
follows

Nle] = {(v',v") € E|u' = uwor v =v}.

A weight function f: E — {41; —1} is called a signed edge domination function of G if
> fE)=1
e’€N|e]

for every e € Ej; in this case we say that (G, f) is a SED-pair of order |V|. Let s[(G, f)] be the sum of
weights over all edges of a graph GG equipped by a weight function f.
Denote by E the set {(u,v) € E| f(u,v) =1} and by E_ the set {(u,v) € E|f(u,v) = —1}. Define

deg(v) = Z 1- Z 1

(z,v)EEL (z,w)EE_

for each v € V.
The following problem was posed by Xu in |2, 3].

Problem 1. What is
g(n) :=min{s[(G, /)] | (G, f) is a SED-pair of order n}
for each positive integer n?

The only known result was provided by the following theorem.

Theorem 1 (Akbari — Bolouki — Hatami — Siami [1]). (i) For every n



(i) There is a sequence of SED-pairs of order n that achieves

2

n
< —— .
s|G, f] < 54+1On

We refine both items as follows.

Theorem 2. (i) For every n

TL2

>

(ii) Suppose that n = 4(p+q)p+ 1, where p and q are positive integers satisfying p* = 2¢*> + 1. Then there
is a SED-pair of order n that achieves

2
" _+ 10

8(1++/2)

Note that there are infinitely many p and ¢ satisfying the condition in Theorem 2(ii) since p* = 2¢* + 1
is a special case of Pell’s equation; it is well known that the positive solutions are

(3+2v2)F + (3 —2V2)F (34 2v2)F — (3 —2V2)*

s|G, f] < —

ke N.

p= 5 q 22

Structure of the paper. Theorem 2(ii) is proved in Section 2. Section 3 is devoted to the proof of
Theorem 2(i).

2 Examples

In this section we provide a sequence of SED-pairs that achieves the lower bound —8(1f:—2\/§)2 + 10n.

We need several auxiliary definitions. Define graph Ky - k= (XUY, Eyxy %) for | X| =al,|Y| = bl and
integer a,b, k < [. Split X on a disjoint sets of size I: X = X; U XoU---UX,, |X;| =; also split Y on the
b disjoint sets of the same size: Y =Y, UYo U---UY,, |V = L.

Now for each pair 1 <1 < a,1 < j < b consider the following graph bipartite graph G;; = (X; UY}, E}))
with parts X; and Y; (all graphs G;; are isomorphic). Enumerate vertices as follows X; = {v1,vq,... v},
Y; = {u1,ug, ... w}. Define E;; as the set of all pairs (vg, uy), for which g —h mod [ lies in {1,2,...k}. Put

Exyvi= U  Es

1<i<a,1<5<b

Obviously the degree of every vertex in Gy; equals to k, so the degree of a vertex in Ky - k is bk = |Y|§ for
vertices in X, and ak = | X|% for vertices in V.

Now define graph Kxx = (X, EX,§> for | X| = 2al and integer a,k < I. Split X on 2[ disjoint sets of
size a: X = X1 UXyU---UXy. The edge between vertices v and v exists if and only if : —j mod 2! lies in

{—k,—(k—=1),...,-2,-1,1,2, ... k — 1,k},

where v € V;, u € V. Then the degree of every vertex in KX’% equals to 2ak = \X]%
Let Kx be a complete graph (i.e. every pair of vertices forms edge) on the vertex set X. Degree of each
vertex in Kx equals to | X|— 1.

Now we are ready to provide the desired construction. Let p and ¢ be a positive solution of p? = 2¢%+ 1.
Put

A={ar,a9,... 692}, B={b,bs,... by}, C={c1,¢2,...Copprqp}-
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Now define the vertex set
V=AuBUCU({z}.

Weight function f is provided by an explicit expressions for £, and E_:
E+:KA,B,%UKBUKAUBUC’,{Q:},%; E_:KA’%UKB’C,%.
Obviously,
deg(a;) =1, deg(bi) =2p* —2¢°, deg(ci) = —2¢° +1, deg(z) =4p(p +q).

Since there are no edges between A and C, and p* > 2¢? our construction is a SED-pair.
Finally we count

1 2p% + 4(p> — ¢°)pq — (2¢° — 1)(2p* + 2pq) + 4
:_Zdeg(v>:p+(p ¢*)pg — (24" — 1)(2p” + 2pq) + 4(p + ¢)p

2
veV

—2p°¢* + 2p°q — 4dpq® + 4p® + 3pg = —2p°¢ + 2pq(p® — 2¢°) + 4p® + 3pg = —2¢°p* + 4p® + 5pg <

2p°q? 2p°q?
—2p%¢% 4+ 2n = —n? +2n < —nn —2)———— +2n =
(4(p+q)p+ 1) ( )(4(p+ q)p)?
2
q 1
=-—nn—-2)———=+2n=—n(n-—2 +2n <
( )8(p+q)2 ( )8(\/§+1+q%)2
< —n( 2(1+f_q%)2+2 < —n( 2)( ! ! )+2 <
—n\n — n —n\n — — n
8(1+v2)* 8(1+v2)2  4(1++2)3¢?
" +2 ! +n? ! +2n < n +2 ! NP
—— n n n<——— n————+n"— n=
8(1+v2)? 8(1+v2)? A1+ V2)3¢? 8(1+ v/2)? 8(1+v/2)? n

n2 2

1 n
8(1+v2)? o (3+ 41+ \/5)2) = 8(1+v2)2

Here we use n = 1+ 4p® + 4pg = 5 + 8¢% + 4q+/2¢2 + 1 < 5+8q2+4q(\/§q+%) =9+ (8 4+ 4v2)¢?
(17 +4v2)¢? < 4(1 +V2)3¢%.

+ 10n.

3 Lower bound on —n?/25

Consider an arbitrary SED-pair (G, f), G = (V, E).
It is known that for each v,u € V' if (v,u) € E_ U Ey, then deg(v) + deg(u) > 0 (check it by hands or
see Lemma 1 in [1]). Let V, be {v € V|deg(v) > 0} and V_ be {v € V|deg(v) < 0}. Let x be

— min(deg(v))

veV_

and consider an arbitrary a such that deg(a) = —x. Let N_(a) be {v € V|(a,v) € E_}. Then |N_(a)| > x
and deg(v) > z for each v € N_(a), so N_(a) C V. Then

Z deg(v Z deg(v

veEN_ veVy

Clearly, V_ is an independent set (i.e. has no edges inside) so

Z deg(v) = Z deg(v) + 2 Z 1- Z 1

veVy veV_ (uw)EE4|uweVy (u,v)EE_|u,veVy
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Z deg |V+‘ |V+ Z deg + |V+|2.

veV_ veV_

> deg(v) = 2 — Vi

veV_

So

recall that

> deg(v) = z|[N_(a)| > 2”.

”UGV+
From the other hand q
D I S
(z,y)EE+ (zy)EE_
and
D deg(v) = ) deg(v)+ Y deg(v) > 22” — [V, |”.
veV veVL veV_
Also
S deg(v) = 3 dea(v) + 3 dea(v) > #” — 2|V | = ~a(|V_| — ) = ~([V] ~ Vi| ).
veV veVy veV_
Put y = ﬁ, k= % Then we have the following system of inequalities:
SIG N = W =5V
s[(G, )] = VR,
So

k2 1 -k —
g(n) >  min (max (y2 -, _u)) n2.
0<y<1,0<k<1 9 5
1

One may check by computer (or reed explicit calculus in Appendix) that the minimum is —g and is
reached at y = %, k= %
Crucok JuTepaTypbl
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Appendix

We have to calculate

2 1—k— 1
min (max (y2 — %, —W)) = —5max (min(k2 — 2y —y? — k:y)) .

Let k1, y1 € [0, 1] be any values represent this maximum (the maximum is reached by compactness).
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_ e 2
First, we show that y? — %% = —w. Indeed, this equality means that k; = w. Suppose

—y1++/5y3+4y1 then

the contrary; if ky > 5

min(k? — 2yi, 1 —yi — k1) <y —yi — kg <

2
i+ R Ay (—y1 + /5 +4y1> Py
2 B 2

<yi—yi—n =

min [ y1 —yi —m :

2
—y1 + /5yi + 4y (—yl + /5yt + 4y1) gy
2 ’ 2

. —y1++/5y>+4
and if k, < “LEVIUTW 4o

2

min(k? — 2yi, y1 — v — k) < ki — 295 <

2
g <—y1 Ty 4y1> o Ay
2 2 n

— 2y =y — Y — W

min [ y1 —yi —u :

2
—y1 + V5yi +du (—yl + /597 + 4y1) gy
2 ’ 2

In both cases

min(ki — 27,91 — y7 — kayr) <min | y1 — 7 —u R

2
_y1+\/ 5y%—|—4y1 <—y1+\/5y%+4y1> _2y2
2 ’ 2

_ 2
and 0 < —AFV oI ”;ylHyl < 1 (because y; < \/5y7 + 4y < y1 +2), so (ky,y1) doesn’t represent the maximum,
a contradiction.

k2 yl(lfklfyl) f —y1+ 5y%+4y1
= —ulhion) gop gy, = UV

: 2 1
Since y; — 5

2
—y +/5y? + 4y _y_yy+\/5y2+4y
5 = :

2

, one may search for max f(y) with 0 <y < 1, where

fy)=y—v" -y

Consider the derivative of f

/
oy y+HByPdy o B4y 10y +4
ffy)=(y—vy =1-y y =
2 44/5y% + 4y

C(y+ 5y +4y)(5y — Dy + 1)
\/5y2 + 4y(\/5y2 +4y +1) '

For y > 1 one has f'(y) < 0, so f(y) < f(3) for each y > £. Analogously y < % one has f'(y) > 0, so
f(y) < f(3) for each y < 1. Then f(y) < f(3) = & for each y € [0,1]. So

1 1 1

2 N S
min <max <y2 — %, —W)) = —; max (min(k? — 2y%,y — 9 — ky)) = G max f(y) = ~5



