Tiling of regular polygon with similar right
triangles, II

Vigdorchik Leonid*

A tiling is a decomposition of a polygon into finitely many non-overlapping
triangles. (Note that a tiling is not a triangulation, i.e. a vertex of a triangle
can lie on a side of a triangle.)

Hypothesis Hy: If a regular n-gon, n > 8, n # 12,14, 20, 32,44, can be tiled

with similar right triangles, then no angle of this triangle equals to ”3—;277.

Hypothesis H; follows from [L20, Theorem 1] for all n > 25, n # 32,42.

Hypothesis Ha: A regular n-gon, n > 8, n # 12,14, 20, 28, 32, 44, can be tiled
by similar right triangles then one of the angles of these triangles is in = or 27”
Hypothesis H; and [V. Theorem 1] imply Hypothesis Ho.

We denote a,, = 2%2 for integer n. Then 1 — a, = %4,

For all n: a, <2/3 and 1 —a, > 1/3.

Hypothesis Hg: If 3a,, = p(1 —a,) +qan,+7,n > 8, n # 14,20,32, and p, ¢, 7
are non-negative integers, then ¢ = 3.

Draft of the proof. Since 5 < a, = 2"3—;2 < %, it follows that r < 2. Since
qay, < 3ay,, it follows that ¢ < 3. We also have p = %, l—a, > 1,0, < 2
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therefore p < M =2(3—¢q) —3r . We consider all possible values r, ¢ and

show that either ¢ = 3 or the values of n that correspond to the integer values
of p that do not suit to limitations of the lemma:

1. Let r =0.

1.1 Let ¢ = 0. This is only possible if 0 < p < 6. Then n € {2,5, 8,14, 32}.

1.2 Let ¢ = 1. This is only possible if 0 < p < 4. Then n € {2,4, 8,20}.

1.3 Let ¢ = 2. This is only possible if 0 < p < 2. Then n € {2,8}.

1.4 Let ¢ = 3. Then we get the statement of the lemma.

2. Let r = 1. Since % < anp < %, it follows that ¢ < % < 2.

2.1 Let ¢ = 0. This is only possible if 0 < p < 3. Then n € {2,4, 8,20}.

2.2 Let ¢ = 1. This is only possible if 0 < p < 1. Then n = 8. O

Hypothesis Hy: If b = 1,2,3,4 and b = p(1 — a,) + ga, + r where n > 8,
n # 12,14,20,32,44 and p, ¢, r are non-negative integers, then q > p.
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Draft of rhe proof. If r = 1 then p,q = 1. If 1 = p(1 — a,) + ga, + r, then if
q = 0 we have p = 171%. But % <l-—a,< % Hence p is not non-negative
integer. Contradiction. Hence p,q = 1.

If » > 0 we have the previous case. If 2 = p(1 —a,,) + qa, + 7, thenif g =1
we have the previous case. Hence p = 1_2% = nﬁ—_&. Then 0 < 7%_14 < Tis
non-negative integer. Hence n = 20. Hence p,q = 2.

If » > 0 we have one of the previous cases. If 3 = (1 —an)+qa,+ r then if
q = 1 we have the previous case. Hence p = - 3 = n+4
is non-negative integer. Hence n € {14, 32}. Hence p,q=3.

If r > 0 we have one of the previous cases. If 4 = p(1 —a,) + ga,, +r, then if
q = 1 we have the previous case. Hence p = 5 4a = gr” Then 0 12"

is non-negative integer. Hence n € {12,20,44}. Hence p, q = 4.

Draft of the proof of H1. Assume that a regular n-gon, n > 8, n # 12,14, 20, 32, 44,

is tiled with similar right triangles of angles § < a < %, 7 — a and 7, and
o= ”6—+47T.
n

Take a vertex of the n-gon. By p, ¢, we denote the number of smaller acute

angles a, bigger acute angles 7 — o and angles 5 respectively at this vertex.

Then 3a,, = p(1—a,)+qa,+r, where % < 3a, < % Soa, = 2%;(1, l—a, =22,
r= 2%;0‘. Then by Hs we have g = 3,p = 0.

For the triangles that have same vertices inside of regular n-gon or that have
same vertices on the side of n-gon or on the side of a triangle we denote p,q,r
as in previous case. Then by Hy p < q.

Hence the number of bigger acute angles is greater than the number of
smaller acute angles. Hence our tiling is not realizable.
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