QUANTUM CLUSTER VARIABLES VIA VANISHING CYCLES

ALEXANDER I. EFIMOV

1. NEW RESULTS
In 2011, the following results were obtained.

1.1. Cohomological Hall algebras. First result [E1] is the proof of a conjecture of Kont-
sevich and Soibelman on freeness of Cohomological Hall algebra of a symmetric quiver. In
the paper [KS], Kontsevich and Soibelman in particular associate to each finite quiver @
with a set of vertices I the so-called Cohomological Hall algebra H, which is leo -graded.
Its graded component H, is defined as cohomology of Artin moduli stack of representa-
tions with dimension vector . The product comes from natural correspondences which
parameterize extensions of representations.

In the case of symmetric quiver, one can refine the grading to ZIZO X 7, and modify
the product by a sign to get a super-commutative algebra (H,*) (with parity induced by
Z -grading). It is conjectured in [KS] that in this case the algebra (H® Q,*) is free super-
commutative generated by a ZIZO x Z-graded vector space of the form V = VP'™ @ Q[z],

where x is a variable of bidegree (0,2) € ZL, x Z, and all the spaces P V$7,Zm, v € Z,.
- kez -

are finite-dimensional. We prove this conjecture in [E1].

Passing to generating functions, we obtain the positivity result for quantum Donaldson-
Thomas invariants, which was used by S. Mozgovoy to prove Kac’s conjecture (on the
number of absolutely indecomposable representations of quivers over finite fields [Kac]) for

quivers with sufficiently many loops [M].

1.2. Quantum cluster algebras. In [E2], we provide a Hodge-theoretic interpreta-
tion of Laurent phenomenon for general skew-symmetric quantum cluster algebras, using
Donaldson-Thomas theory for a quiver with potential [KS].

As an application, we show that the positivity conjecture (and actually a stronger result
on Lefschetz property) holds if either initial or mutated quantum seed is acyclic. For acyclic
initial seed the positivity has been already shown by F. Qin [Q] in the quantum case, and
also by Nakajima [Nak] in the commutative case.

Cluster algebras were introduced in [FZ02]. They form a certain class of commutative
algebras with a distinguished set of generators, which are called cluster variables. If the

cluster algebra has rank n, then the set of generators is a union of distinguished n -element
1
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subsets called clusters. There is a rule of mutation of such clusters, when one cluster variable

is replaced by some very simple rational function in the variables of the same cluster:
xx' = M 1+ Mo,

where z is the cluster variable, z’ is its replacement, and M; and M, are monomials in
the other cluster variables in the same cluster. Moreover, all clusters are obtained by such
mutations from any given cluster.

The most surprising property of cluster algebras is Laurent phenomenon: any cluster
variable is actually a Laurent polynomial in the variables of any given cluster. It leads
to the well-known positivity conjecture: all such Laurent polynomials have non-negative
integer coefficients.

In [P1], Plamondon obtains a general formula for cluster monomials for skew-symmetric
cluster algebras. The same formulas are actually obtained in [DWZ2], the coincidence is
shown in [P2]. The resulting coefficients are Euler characteristics of some quiver Grassma-
nians. However, this does not imply the positivity conjecture, since a priori Euler charac-
teristic can be negative.

We obtain somehow related formulas for quantum cluster variables. It can be viewed
as a generalization of quantum cluster character [Q] to arbitrary skew-symmetric quantum
cluster algebras. In our case positivity does not follow automotically (as it does in [Q]), but
it reduces to a certain conjecture on purity of monodromic mixed Hodge structures on the
cohomology with the coefficients in the sheaf of vanishing cycles on the moduli of stable
framed representations..

It turns that purity is very simple when either initial or the mutated quantum seed is
acyclic, in this case we get just cohomology of smooth projective varieties. In general the

purity is not clear, but in [E2] we conjecture that it holds.

1.3. Cyclic homology of categories of matrix factorizations. In [E3] (in preparation),
we prove that for any smooth quasi-projective complex algebraic variety X with a regular
function W; X — C, the periodic cyclic homology of the category M F (X, W) of matrix
factorizations (viewed as alocal system on the formal punctured disk) is identified (under
Riemann-Hilbert correspondence) with the cohomology of the (shifted perverse) sheaf of

vanishing cycles ¢y Cx, with natural monodromy:
—1 )
(11) I’If).(]\4.F()(7 W)) ~ RH (H;n(XO,QZ)WCX),T (71)pamty).

Let us describe the RHS and LHS. First, if (V, A) is a finite-dimensional C-vector space

with an automorphism A;V — V, then one can choose a logarithm M,

A = exp(—2miM),
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and put
d M

du  u )
For any complex-analytic variety Y with holomorphic function f, the functor

RE ' (V, A) = (V &c C((w)), Vy =

¢p: DUY) — DY)

is the usual functor of vanishing cycles between derived categories of sheafs of vector spaces
with constructible cohomology, preserving the perverse t-structure, and the monodromy T
is actually an automorphism of the functor ¢w, T : ¢w — ow.

Now we describe the LHS. First, locally, if X is affine, MF(X, W) isa Z/2-graded DG

category of 2-periodic ”complexes” of locally free sheaves (F,d), such that
5% =W -id.

Actually, if W # 0, then these are not complexes, but nevertheless the morphism § is
called a differential. Morphisms in M F(X, W) are usual Hom -complexes, with differential
being super-commutator with ’s. In the non-affine case, one should quotient by locally
contractible matrix factorizations (analogs of acyclic complexes), see [Or], [PV], [LP], [Pos].

Periodic cyclic homology is a non-commutative analog of de Rham cohomology, see [FT].
First, it is a vector bundle (in general, of infinite rank) over the formal punctured disk. The
origin of connection on HP is explained in [KKP].

The isomorphism (1.1) in particular implies a Chern character
ch: Ko(MF(X,W)*) — HZ(X° ¢ Cx))7,

which gives the usual Chern character for W = 0.

The image can be shown to be rational. Moreover, at least in the case when the set
Crit(W) N W=1(0)
one can formulate the generalization of the Hodge conjecture.
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