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ÀËÅÊÑÅÉ ÅËÀÃÈÍ

Ïîëó÷åííûå ðåçóëüòàòû

Ìíîé áûë èññëåäîâàí âîïðîñ î ëèíåàðèçàöèè òðèàíãóëèðîâàííûõ êàòåãîðèé
îòíîñèòåëüíî äåéñòâèÿ ãðóïïû. Áûëà ïîñòðîåíà êîíñòðóêöèÿ òðèàíãóëèðîâàí-
íîé ëèíåàðèçîâàííîé êàòåãîðèè ïðè óñëîâèè, ÷òî èìååòñÿ äåéñòâèå ãðóïïû íà
îñíàùåíèè èñõîäíîé òðèàíãóëèðîâàííîé êàòåãîðèè.

Ãîìîëîãè÷åñêèé ïîäõîä â ãåîìåòðèè àëãåáðàè÷åñêèõ ìíîãîîáðàçèé ïîäðàçó-
ìåâàåò, ÷òî âàæíûì îáúåêòîì èçó÷åíèÿ äîëæíà áûòü ïðîèçâîäíàÿ êàòåãîðèÿ
êîãåðåíòíûõ ïó÷êîâ Db(X) íà ìíîãîîîáðàçèè X. Ñîîòâåòñòâåííî, æåëàòåëüíî
ïîíèìàòü, êàê ðàçëè÷íûå ãåîìåòðè÷åñêèå ïîíÿòèÿ è êîíñòðóêöèè âûðàæàþò-
ñÿ íà ÿçûêå ïðîèçâîäíûõ êàòåãîðèé. Â ÷àñòíîñòè, ïðåäïîëîæèì, ÷òî êîíå÷-
íàÿ ãðóïïà G äåéñòâóåò íà àëãåáðàè÷åñêîì ìíîãîîáðàçèè X. Â ýòîì ñëó÷àå
ìîæíî ðàññìîòðåòü ôàêòîðìíîãîîáðàçèå X/G, à òàêæå ôàêòîðñòåê X//G, êî-
òîðûé ñîâïàäàåò ñ ôàêòîðìíîãîîáðàçèåì â ñëó÷àå ñâîáîäíîãî äåéñòâèÿ. Ïî-
ëåçíî èìåòü ñïîñîá ïîñòðîèòü êàòåãîðèþ Db(X/G) èëè Db(X//G), èñõîäÿ èç
êàòåãîðèè Db(X). Äëÿ àáåëåâîé êàòåãîðèè êîãåðåíòíûõ ïó÷êîâ ðåøåíèåì àíà-
ëîãè÷íîé çàäà÷è ñëóæèò êîíñòðóêöèÿ G-ýêâèâàðèàíòíîãî êîãåðåíòíîãî ïó÷êà:
êîãåðåíòíûå ïó÷êè íà X//G � ýòî G-ýêâèâàðèàíòíûå êîãåðåíòíûå ïó÷êè íà
X. Äëÿ ëþáîé àáåëåâîé êàòåãîðèè C ñ äåéñòâèåì ãðóïïû G ìîæíî îïðåäåëèòü
êàòåãîðèþ CG G-ýêâèâàðèàíòíûõ îáúåêòîâ â C, îíà òàêæå áóäåò àáåëåâîé. Åñëè
â êà÷åñòâå C âçÿòü coh(X), òî CG áóäåò ýêâèâàëåíòíà coh(X//G).

Ñ àíàëîãè÷íîé êîíñòðóêöèåé äëÿ òðèàíãóëèðîâàííûõ êàòåãîðèåé èìåþò-
ñÿ ïðîáëåìû: à èìåííî, â ñëó÷àå äåéñòâèÿ ãðóïïû G íà òðèàíãóëèðîâàííîé
êàòåãîðèè T êàòåãîðèÿ T G, ñîñòîÿùàÿ èç G-ýêâèâàðèàíòíûõ îáúåêòîâ â T ,
àïðèîðè íå îáÿçàíà áûòü òðèàíãóëèðîâàííîé. Ýòî îäíî èç ïðîÿâëåíèé íåäî-
ñòàòî÷íîé æ¼ñòêîñòè òðèàíãóëèðîâííûõ êàòåãîðèé, ïðèâîäÿùåé è êî ìíîãèì
äðóãèì òðóäíîñòÿì. Öåëüþ ðàáîòû áûëî ïîñòðîèòü ¾ëèíåàðèçîâàííóþ¿ òðè-
àíãóëèðîâàííóþ êàòåãîðèþ, èãðàþùóþ ðîëü T G.

Ýòî óäàëîñü ñäåëàòü â ñëåäóþùèõ ïðåäïîëîæåíèÿõ: ñóùåñòâóåò DG-îñíàùåíèå
A äàííîé òðèàíãóëèðîâàííîé êàòåãîðèè T , íà êîòîðîì èìååòñÿ äåéñòâèå G, èí-
äóöèðóþùåå äàííîå äåéñòâèå íà T . Â ýòèõ óñëîâèÿõ, èñõîäÿ èç DG-êàòåãîðèè
A è äåéñòâèÿ ãðóïïû G íà íåé, áûëà ïîñòðîåíà DG-êàòåãîðèÿ B, äëÿ êîòî-
ðîé H0(B) � èñêîìàÿ òðèàíãóëèðîâàííàÿ êàòåãîðèÿ. Ýòà êîíñòðóêöèÿ � óòî÷-
íåíèå êîíñòðóêöèè, ïðåäëîæåííîé Ï. Ñîñíîé â ¾Linearisations of triangulated
categories with respect to �nite group actions¿, arXiv:11082144. Êàòåãîðèÿ B îá-
ëàäàåò ðàçóìíûìè ôóíêòîðèàëüíûìè ñâîéñòâàìè, â ÷àñòíîñòè, çàìåíà îñíà-
ùåíèÿ A íà êâàçèýêâèâàëåíòíîå ïðèâîäèò ê çàìåíå B íà êâàçèýêâèâàëåíòíóþ
êàòåãîðèþ.

Â äåéñòâèòåëüíîñòè, èìååì H0(B) ∼= T G. Òåì ñàìûì ïîêàçàíî, ÷òî â ñëó÷àå
ñóùåñòâîâàíèÿ DG-îñíàùåíèÿ T , ñîâìåñòèìîãî ñ äåéñòâèåì ãðóïïû, êàòåãîðèÿ
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ýêâèâàðèàíòíûõ îáúåêòîâ â T ÿâëÿåòñÿ òðèàíãóëèðîâàííîé. Äëÿ ñëó÷àÿ äåé-
ñòâèÿ êîíå÷íîé ãðóïïû G íà àëãåáðàè÷åñêîì ìíîãîîáðàçèè X è T = Db(X),
óñëîâèå ñóùåñòâîâàíèÿ òàêîãî îñíàùåíèÿ âûïîëíåíî. Ïîñòðîåííàÿ êàòåãîðèÿ
H0(B) ∼= T G â ýòîì ñëó÷àå ýêâèâàëåíòíà Db(X//G).

Äðóãîé ïðèìåð ïðèìåíåíèÿ ïîëó÷åííîãî ðåçóëüòàòà � íàêðûòèÿ, ñâÿçàííûå
ñ ëèíåéíûìè ðàññëîåíèÿìè êîíå÷íîãî ïîðÿäêà â ãðóïïå Ïèêàðà. Åñëè L � òà-
êîå ðàññëîåíèå íà ìíîãîîáðàçèè X è Ln ∼= OX , òî ïîäêðóòêà íà L îïðåäåëÿ-
åò äåéñòâèå ãðóïïû G = Z/nZ íà êàòåãîðèè T = Db(X). Ñíîâà ñóùåñòâóåò
DG-îñíàùåíèå T , ñîãëàñîâàííîå ñ äåéñòâèåì ãðóïïû, ïîýòîìó êàòåãîðèÿ T G

òðèàíãóëèðîâàííà. Â ýòîì ñëó÷àå êàòåãîðèÿ T G ýêâèâàëåíòíà ïðîèçâîäíîé êà-
òåãîðèè êîãåðåíòíûõ ïó÷êîâ íà íåðàçâåòâë¼ííîì íàêðûòèè X, ñâÿçàííîì ñ L.

Ñòîèò ïðèçíàòü, ÷òî êîíñòðóêöèÿ ëèíåàðèçîâàííîé òðèàíãóëèðîâàííîé êà-
òåãîðèè ñ DG-îñíàùåíèåì, êàê è äðóãèå ðåçóëüòàòû, ïîëó÷åííûå ìíîé çà ïðî-
øåäøèå òðè ãîäà (òåîðåìà îá îáðàùåíèè äëÿ ýêâèâàðèàíòíûõ êàòåãîðèé îòíî-
ñèòåëüíî äåéñòâèÿ àáåëåâûõ ãðóïï, îïèñàíèå ïðîèçâîäíîé êàòåãîðèè àôôèí-
íîé ýòàëüíîé ñõåìû íàä áàçîé), îòíîñÿòñÿ ê òåîðèè ñïóñêà äëÿ òðèàíãóëèðî-
âàííûõ êàòåãîðèé, ðàáîòû ïî êîòîðîé íå áûëè âêëþ÷åíû â ìîþ çàÿâêó. Ñóùå-
ñòâåííûõ æå ðåçóëüòàòîâ ïî òåìàì èç çàÿâêè ïîëó÷åíî ïîêà íå áûëî.

Ó÷àñòèå â íàó÷íûõ êîíôåðåíöèÿõ

[1] International Conference dedicated to the 90th anniversary of I.R.Shafarevich,
Moscow, 2013, June 3-5.

[2] International Conference �Geometry of algebraic varieties� dedicated to the
memory of V.A.Iskovskikh, Moscow, 2013, October 22-25.

[3] Christmas meetings with Pierre Deligne, Moscow, 2013, January 8-11.
Talk �Coherent sheaves on 1-dimensional stacks�

Ïðåïîäàâàíèå

[1] Algebraic geometry - 1. Independent University of Moscow & MIPT, III year
students/master students, September-December 2013, 2 hours per week.

Program:

(1) Commutative rings, ideals, prime and maximal ideals. Quotient-rings. Radical
of a ring. Intersection and sum of ideals. Null-radical. Integral domains.

(2) Spectrum of a ring, Zariski topology.
(3) Ring homomorphisms, contraction and extension of ideals, of prime ideals.

The induced morphism on spectra.
(4) A�ne algebraic varieties, subvarieties, regular mappings. Correspondence

between algebraic and geometric points of view.
(5) Points of variety and maximal ideals, residue �eld. Nullstellensatz.
(6) Finite �eld extensions. Algebraic elements, their minimal polynomials.
(7) Finite �elds.
(8) Modules. Submodules and quotient-modules. Direct sums. Kernels, theorems

on homomorphism, Chinese remainder theorem.
(9) Tensor product of modules. Universal bilinear map.
(10) Exact sequences. Hom and tensor product as functors. Projective and injective

modules. Exact functors.
(11) Quotient �eld of a ring. Rational functions, functions regular on a subvariety.

Localization of rings. Ideals behavior under localization.
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(12) Localization of modules. Localization as exact functor. Local properties of
rings and modules.

(13) Finitely generated modules. Noetherian rings and modules. Hilbert's basis
theorem.

(14) Integral and �nite extensions of rings. Rings of algebraic integers. Finite
coverings of varieties. Fibers of �nite morphisms of spectra.

(15) Primary ideals and primary decomposition. Primary decomposition in 1-
dimensional domains. Dedekind domains.

Topics of exercise sheets:

(1) Rings and ideals
(2) Spectrum of a ring
(3) Homomorphisms of rings
(4) A�ne algebraic varieties
(5) Finite �elds
(6) Field extensions
(7) Modules
(8) Exact sequences
(9) Localization
(10) Modules - 2
(11) Finite ring extensions

See http://ium.mccme.ru/f13/elagin-f13.html for the lecture drafts and exercise
sheets.


