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Þ. Áåëîâ

1. Ðåçóëüòàòû, ïîëó÷åííûå â 2013 ãîäó.

1.1. Íàñëåäñòâåííàÿ ïîëíîòà (M-áàçèñû). Â ñîâìåñòíîé ðàáîòå ñ À. Áàðàíîâûì
è À. Áîðè÷åâûì [3] ïîëó÷åíî ïîëíîå îïèñàíèå ïðîñòðàíñòâ äå Áðàíæà, â êîòîðûõ
ëþáàÿ ñèñòåìà èç âîñïðîèçâîäÿùèõ ÿäåð (ñ ïîëíîé áèîðòîãîíàëüíîé) íàñëåäñòâåííî
ïîëíà (Òåîðåìà 1.1). Îêàçàëîñü, ÷òî ýòî ñâîéñòâî âûïîëíÿåòñÿ òîëüêî äëÿ äâóõ êëàñ-
ñîâ ïðîñòðàíñòâ äå Áðàíæà. Ïåðâûé êëàññ ïðîñòðàíñòâ - ïðîñòðàíñòâà ñ êîíå÷íîé
ìåðîé Êëàðêà - áûë èçâåñòåí ñ 60-õ ãîäîâ. Ïîëó÷àþùèå ïðîñòðàíñòâà ñîîòâåòñòâóþò
ñëàáûì âîçìóùåíèÿì ñàìîñîïðÿæåííûõ îïåðàòîðîâ. Ïðîñòðàíñòâà âòîðîãî êëàññà ñî-
îòâåòñòâóþò òåì ïðîñòðàíñòâàì äå Áðàíæà, â êîòîðûõ íîðìà ìîæåò áûòü çàäàíà êàê
èíòåãðàë ïî ïëîñêîñòè (ïðîñòðàíñòâà òèïà Ôîêà). Óäàëîñü ïîëó÷èòü ïîëíîå îïèñàíèå
òàêèõ ïðîñòðàíñòâ â òåðìèíàõ ìåðû Êëàðêà (Òåîðåìà 1.2).
Òàêæå â ðàáîòå [3] èññëåäîâàëàñü ðàçìåðíîñòü äåôåêòà â òîì ñëó÷àå, êîãäà ñèñòå-

ìà íå ÿâëÿåòñÿ íàëåäñòâåííî ïîëíîé (Òåîðåìû 1.3, 1.4). Â ÷àñòíîñòè, äîêàçàíî, ÷òî
äåôåêò ìîæåò èìåòü áåñêîíå÷íóþ ðàçìåðíîñòü äëÿ ëþáîãî ñïåêòðà {tn}.

1.2. Ïîäïðîñòðàíñòâà C∞(a, b) èíâàðèàíòíûå îòíîñèòåëüíî äèôôåðåíöèðî-
âàíèÿ. Â ñîâìåñòíîé ðàáîòå c À. Àëåìàíîì è À. Áàðàíîâûì [4] ðåøåíà ïðîáëåìà
îïèñàíèÿ èíâàðèàíòíûõ ïîäïðîñòðàíñòâ îïåðàòîðà äèôôåðåíöèðîâàíèÿ â C∞(a, b)
â ñëó÷àå äèñêðåòíîãî ñïåêòðà. Ñëåäóþùèé âîïðîñ áûë ïîñòàâëåí Á. Êîðåíáëþìîì:
Âåðíî ëè, ÷òî ëþáîå èíâàðèàíòíîå ïîäïðîñòðàíñòâî L îïåðàòîðà D (= d

dx
) òà-

êîå, ÷òî ñïåêòð σ(D|L) äèñêðåòåí, ïîðîæäàåòñÿ ñâîåé ðåçèäóàëüíîé ÷àñòüþ Lres =
∩P−ïîëèíîìP (D)(L) è ñîáñòâåííûìè (êîðíåâûìè) âåêòîðàìè, ëåæàùèìè â L? Â ðà-
áîòå [4] áûë ïîëó÷åí îòðèöàòåëüíûé îòâåò íà ýòîò âîïðîñ (Òåîðåìà 1.2). Ñ äðóãîé ñòî-
ðîíû, ïðè íåêîòîðûõ äîïîëíèòåëüíûõ ïðåäïîëîæåíèÿõ ïðî ïëîòíîñòü ñïåêòðà ïðåä-
ïîëîæåíèå Á. Êîðåíáëþìà âåðíî (Òåîðåìà 1.1). Â ñëó÷àå òðèâèàëüíîé ðåçèäóàëüíîé
÷àñòè (Lres = {0}) îòâåò òàêæå ïîëîæèòåëüíûé (Òåîðåìà 1.3).

1.3. Áàçèñû ñóììèðîâàíèÿ èç ýêñïîíåíò. Â ñîâìåñòíîé ðàáîòå ñ Þ. Ëþáàð-
ñêèì [6] äîêàçàíî, ÷òî åñëè ïîðîæäàþùàÿ ôóíêöèÿ G ñèñòåìû ýêñïîíåíò {eiλt}λ∈Λ ⊂
L2(−π, π) óäîâëåòâîðÿåò óñëîâèþ Ìàêåíõàóïòà (|G(x)|2 ∈ (A2)) íà R, òî {eiλt}λ∈Λ -
áàçèñ ñóììèðîâàíèÿ â L2(−π, π).

1.4. Ïðîñòðàíñòâà äå Áðàíæà è êàíîíè÷åñêèå ñèñòåìû. Ïóñòü Y (t, z) - (åäèí-
ñòâåííîå) ðåøåíèå ñèñòåìû

∂

∂t
Y (t, z)J = zY (t, z)H(t), t ∈ [0, L], Y (0, z) = Id, J :=

(
0 −1
1 0

)
.

Ìàòðè÷íàÿ (2×2) ôóíêöèÿ H - Ãàìèëüòîíèàí ñèñòåìû (H ≥ 0, trH ≡ 1). Ïîëîæèì
(At(z), Bt(z)) := (1, 0)Y (t, z), t ∈ [0, L], è Et(z) := At(z)− iBt(z).
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Òîãäà ôóíêöèÿ E - ôóíêöèÿ êëàññà Ýðìèòà-Áèëåðà. Ïðîñòðàíñòâî äå ÁðàíæàH(E)
ñîîòâåòñòâóåò Ãàìèëüòîíèàíó H. Îäíà èç íàèáîëåå àìáèöèîçíûõ çàäà÷ - âûÿâëåíèå
ñîîòâåòñòâèé ìåæäó êëàññàìè Ãàìèëüòîíèàíîâ H è ïðîñòðàíñòâ äå Áðàíæà H(E). Çà
èñêëþ÷åíèåì îáùåé îáðàòíîé ñïåêòðàëüíîé òåîðåìû äå Áðàíæà (âñå H ñîîòâåòñâóþò
ðåãóëÿðíûì H(E)) èçâåñòíî î÷åíü ìàëî òàêèõ ñîîòâåòñòâèé. Â ñîâìåñòíîé ðàáîòå ñ
Å. Àáàêóìîâûì è À. Áàðàíîâûì [7] ïîëó÷åíî îïèñàíèå ïðîñòðàíñòâ äå Áðàíæà, ñî-
îòâåòñòâóþùèõ êàíîíè÷åñêèì ñèñòåìàì ñ Ãàìèëüòîíèàíîì, ñîñòîÿùèì èç íåäåëèìûõ
èíòåðâàëîâ, ñêàïëèâàþùèõñÿ âëåâî. Îêàçàëîñü, ÷òî òàêèå Ãàìèëüòîíèàíû ïîðîæäàþò
ïðîñòðàíñòâà äå Áðàíæà ñ ëîêàëèçàöèé íóëåé ó ôóíêöèé èç ïðîñòðàíñòâà. Òàêæå â
ðàáîòå [7] èññëåäîâàëèñü ðàçëè÷íûå òèïû ñâîéñòâà ëîêàëèçàöèè.

1.5. Îáçîðíûå ðàáîòû. Ñîâìåñòíî ñ Â. Õàâèíûì íàïèñàí îáçîð [5] ïðî òåîðåìû
òèïà Áåðëèíãà-Ìàëüÿâåíà äëÿ ïðîñòðàíñòâ äå Áðàíæà.

2. Îïóáëèêîâàííûå ðàáîòû:

[1] A. Baranov, Y. Belov, A. Borichev, Hereditary completeness for systems of
exponentials and reproducing kernels, Adv. Math. 235 (2013), 525�554.
[2] A. Baranov, Y. Belov, A. Borichev, D. Yakubovich Recent developments in spectral

synthesis for exponential systems and for non-self-adjoint operators, Recent Trends in
Analysis Proceedings of the conferenece in honor of Nikolai Nikolski, Theta Foundation,
Bucharest,(2013), 17�34.

3. Ïðåïðèíòû:

[3] A. Baranov, Y. Belov, A. Borichev, StringM-basis property for systems of reproducing
kernels in de Branges spaces, http://arxiv.org/abs/1309.6915
[4] A.Aleman, A. Baranov, Y. Belov,D-invariant subspaces of C∞,

http://arxiv.org/abs/1309.6968
[5] Y. Belov, V. Havin, The Beurling�Malliavin Multiplier Theorem and its analogs for

the de Branges spaces, http://arxiv.org/abs/1309.7130
[6] Y. Belov, Y. Lyubarskii, On summation of non-harmonic Fourier series, to appear

in arxiv in December 2013
[7] E. Abakumov, A. Baranov, Y. Belov, Localization of zeros for Cauchy transforms, to

appear in arxiv in December 2013

4. Äîêëàäû

1. 'A restricted shift completeness problem', Laboratoire d'Analyse, Topologie,
Probabilit�es, Aix�Marseille Universit�e, Ìàðñåëü, Ôðàíöèÿ, 28 ÿíâàðÿ
2. 'A restricted shift completeness problem', Institut de math�ematiques de Jussieu, Le
S�eminaire d'Analyse Fonctionnelle, Ïàðèæ, Ôðàíöèÿ, 7 ôåâðàëÿ
3. 'Îãðàíè÷åííîñòü è îáðàòèìîñòü äèñêðåòíîãî ïðåîáðàçîâàíèÿ Ãèëüáåðòà ñ ðåäêèìè
ïîëþñàìè', Ñåìèíàð ïî êîìïëåêñíîìó àíàëèçó 11 ìàðòà ã. Ìîñêâà, ÌÈÀÍ



3

4. 'Îòäåëèìîñòü ïîñëåäîâàòåëüíîñòåé Áåññåëÿ â ïðîñòðàíñòâàõ äå Áðàíæà', Ñåìè-
íàð ïî òåîðèè îïåðàòîðîâ è òåîðèè ôóíêöèé, ÏÎÌÈ, 18 ìàðòà, C.-Ïåòåðáóðã
5. 'Approximation of L2 function on an interval by shifts and exponentials', Hilbert function
spaces, 21 ìàÿ Ãàðíüÿíî Èòàëèÿ
6. 'Approximation of L2 function on an interval by shifts and exponentials', 26th Nordic
and 1st European-Nordic Congress of Mathematicians, 10 èþíÿ ã. Ëóíä Øâåöèÿ
7. 'How to sum Fourier series?', XXII St.Petersburg Summer Meeting in Mathematical
Analysis, 25 èþíÿ, Ñ.-Ïåòåðáóðã
8. 'Ñïåêòðàëüíûé ñèíòåç äëÿ ñèñòåì âîñïðîèçâîäÿùèõ ÿäåð â ïðîñòðàíñòâàõ äå Áðàí-
æà', Ñåìèíàð ïî òåîðèè îïåðàòîðîâ è òåîðèè ôóíêöèé, ÏÎÌÈ, 30 ñåíòÿáðÿ, C.-
Ïåòåðáóðã
10. 'Mixed completeness problems in the spaces of entire functions', Norwegian University
of Science and Technology, 28 îêòÿáðÿ Òðîíäõåéì Íîðâåãèÿ
11. 'D-invariant subspaces of C∞', Laboratoire d'Analyse, Topologie, Probabilit�es,
Aix�Marseille Universit�e, Ìàðñåëü, Ôðàíöèÿ, 25 íîÿáðÿ
12. 'D-invariant subspaces of C∞', Laboratoire Paul Painlev�e, Universit�e des Sciences et
Technologies Lille 1, Ëèëëü 29 íîÿáðÿ Ôðàíöèÿ

5. Ó÷àñòèå â êîíôåðåíöèÿõ

1. Hilbert function spaces, 20-24 ìàÿ Ãàðíüÿíî Èòàëèÿ, http://hfs2013.dm.unibo.it
2. 26th Nordic and 1st European-Nordic Congress of Mathematicians, 10-13 èþíÿ ã. Ëóíä
Øâåöèÿ, http://www.maths.lth.se/nordic26/
3. XXII St.Petersburg Summer Meeting in Mathematical Analysis, 25-30 èþíÿ, Ñ.-
Ïåòåðáóðã, http://gauss40.pdmi.ras.ru/ma22/

6. Ðàáîòà â íàó÷íûõ öåíòðàõ è ìåæäóíàðîäíûõ ãðóïïàõ

1. Laboratoire d'Analyse, Topologie, Probabilit�es, Aix�Marseille Universit�e, Ìàðñåëü,
Ôðàíöèÿ
2. Department of Mathematical Sciences, Norwegian University of Science and Technology,
Òðîíäõåéì Íîðâåãèÿ


