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Ðåçóëüòàòû

Â 2014 ãîäó íàìè áûëè ïîëó÷åíû íîâûå ðåçóëüòàòû î ñòðóêòóðå ãðàäóè-
ðîâàííûõ ïðåäñòàâëåíèé àëãåáð Ëè è ñîîòâåòñòâóþùèõ ìíîãîîáðàçèÿõ ôëà-
ãîâ. Ãðàäóèðîâêà, î êîòîðîé èä¼ò ðå÷ü, ïðîèñõîäèò èç ôèëüòðàöèè Ïóàíêàðå-
Áèðêãîôà-Âèòòà íà óíèâåðñàëüíîé îá¼ðòûâàþùåé àëãåáðå. Ïðèñîåäèí¼ííàÿ
ãðàäóèðîâàííàÿ àëãåáðà äëÿ ÏÁÂ ôèëüòðàöèè êîììóòàòèâíà; òàêèì îáðàçîì,
èçó÷àåìûå íàìè îáúåêòû ñíàáæåíû äåéñòâèåì àáåëåâîé àëãåáðû (äëÿ ïðåä-
ñòàâëåíèé) èëè àáåëåâîé óíèïîòåíòíîé ãðóïïû (äëÿ àëãåáðàè÷åñêèõ ìíîãî-
îáðàçèé). Èçó÷åíèå ýòèõ äåéñòâèé ïîìîãàåò ëó÷øå ïîíÿòü ñîîòâåòñòâóþùèå
ìàòåìàòè÷åñêèå îáúåêòû è îïèñàòü èõ ñâîéñòâà.

Îñíîâíîé àëãåáðàè÷åñêèé ðåçóëüòàò, ïîëó÷åííûé íàìè â 2014 ãîäó, ýòî äîêà-
çàòåëüñòâî â íåñêîëüêèõ ÷àñòíûõ ñëó÷àÿõ ãèïîòåçû ×åðåäíèêà-Îððà. Ýòà ãè-
ïîòåçà óñòàíàâëèâàåò ñâÿçü ìåæäó õàðàêòåðàìè ÏÁÂ ãðàäóèðîâàííûõ ìîäóëåé
Äåìàçþðà äëÿ àôôèííûõ àëãåáð Êàöà-Ìóäè è íåñèììåòðè÷åñêèìè ïîëèíîìà-
ìè Ìàêäîíàëüäà. Ïðè äîêàçàòåëüñòâå áûëà èñïîëüçîâàíà êîìáèíàòîðíàÿ ôîð-
ìóëà Õàãëóíäà-Õàéìàíà-Ëîåðà äëÿ íàñèììåòðè÷åñêèõ ïîëèíîìîâ Ìàêäîíàëü-
äà è êîíñòðóêöèÿ áàçèñîâ, ñîãëàñîâàííûõ ñ ÏÁÂ ôèëüòðàöèåé, â ñïåöèàëüíûõ
ìîäóëÿõ Äåìàçþðà äëÿ àëãåáð òèïà À.

Íàø îñíîâíîé ãåîìåòðè÷åñêèé ðåçóëüòàò ñîñòîèò â îïèñàíèè âûðîæäåííûõ
àôôèííûõ ãðàññìàíèàíîâ. Ìû ïîëó÷èëè ÿâíîå îïèñàíèå ýòèõ áåñêîíå÷íîìåð-
íûõ ìíîãîîáðàçèé â òåðìèíàõ ëèíåéíîé àëãåáðû, à òàêæå îòîæäåñòâèëè èõ ñî
ñïåöèàëüíûìè ïîäìíîãîîáðàçèÿìè â àôôèííûõ ãðàññìàíèàíàõ äëÿ àôôèííûõ
àëãåáð Êàöà-Ìóäè áîëüøåãî ðàíãà. Íàìè áûëè ïîñòðîåíû êîíå÷íîìåðíûå àï-
ïðîêñèìàöèè âûðîæäåííûõ àôôèííûõ ãðàññìàíèàíîâ. Ñîîòâåòñòâóþùèå êî-
íå÷íîìåðíûå àëãåáðàè÷åñêèå ìíîãîîáðàçèÿ îïèñàíû â òåðìèíàõ êîë÷àííûõ
ãðàññìàíèàíîâ äëÿ ïåòëåâûõ êîë÷àíîâ.

Ñòàòüè

[1] With G. Cerulli Irelli and M. Reineke
Homological approach to the Hernandez-Leclerc construction and quiver varieties,
Representation Theory 2014, no. 18, pp.1�14.

In a previous paper the authors have attached to each Dynkin quiver an associative
algebra. The de�nition is categorical and the algebra is used to construct desingularizations
of arbitrary quiver Grassmannians. In the present paper we prove that this algebra is
isomorphic to an algebra constructed by Hernandez-Leclerc de�ned combinatorially
and used to describe certain graded Nakajima quiver varieties. This approach is
used to get an explicit realization of the orbit closures of representations of Dynkin
quivers as a�ne quotients.
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[2] With M. Finkelberg and P. Littelmann
Symplectic Degenerate Flag Varieties,
Canadian Journal of Mathematics. 2014. Vol.66. No. 6, P. 1250-1286

Let F aλ be the degenerate symplectic �ag variety. These are projective singular
irreducible GMa degenerations of the classical �ag varieties for symplectic group
Sp2n. We give an explicit construction for the varieties F aλ and construct their
desingularizations, similar to the Bott-Samelson resolutions in the classical case.
We prove that F aλ are normal locally complete intersections with terminal and
rational singularities. We also show that these varieties are Frobenius split. Using
the above mentioned results, we prove an analogue of the Borel-Weil-Bott theorem
and obtain a q-character formula for the characters of irreducible Sp2n-modules via
the Atiyah-Bott-Lefschetz �xed points formula.

[3] With M. Finkelberg and M. Reineke
Degenerate a�ne Grassmannians and loop quivers
arXiv:1410.0777, submitted

We study the connection between the a�ne degenerate Grassmannians in type A,
quiver Grassmannians for one vertex loop quivers and a�ne Schubert varieties. We
give an explicit description of the degenerate a�ne Grassmannian of type GLn and
identify it with semi-in�nite orbit closure of type A2n−1. We show that principal
quiver Grassmannians for the one vertex loop quiver provide �nite-dimensional
approximations of the degenerate a�ne Grassmannian. Finally, we give an explicit

description of the degenerate a�ne Grassmannian of typeA
(1)
1 , propose a conjectural

description in the symplectic case and discuss the generalization to the case of the
a�ne degenerate �ag varieties.

[4] With I. Makedonskyi
Nonsymmetric Macdonald polynomials, Demazure modules and PBW �ltration
arXiv:1407.6316 submitted

The Cherednik-Orr conjecture expresses the t → ∞ limit of the nonsymmetric
Macdonald polynomials in terms of the PBW twisted characters of the a�ne level
one Demazure modules. We prove this conjecture in several special cases.

Êîíôåðåíöèè è ñåìèíàðû

[1] Summer school/PhD-workshop on PBW �ltrations of modules for Lie algebras
and their appearance/applications in Representation Theory, Glasgow, UK, May
19-23, 2014.

Talk �PBW �ltration - representations and �ag varieties open questions"
[2] Conference �Lie algebras, algebraic groups and invariant theory�, Moscow,

January, 27 � February, 1
Talk �Representations of nilpotent algebras, Vinbergs polytopes and generalized

�ag varieties"
[3] Visit to Glasgow and Edinburgh, UK, October 2014
Talk �A�ne degenerate �ag varieties and Sato Grassmannians� (University of

Glasgow)
Talk �PBW �ltration and nonsymmetric Macdonald polynomials� (University of

Edinburgh)
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[1] In�nite dimensional Lie algebras and vertex operator algebras, from 2nd year
to PhD students, September-December 2014, 2 hours per week.

Program
The theory of Lie groups and Lie algebras is one of the central areas of modern

mathematics. It has various interrelations with algebraic geometry, combinatorics,
theory of symmetric functions, integrable systems, classical and quantum �eld
theories. Lie groups and Lie algebras usually show up as the sets of symmetries
of objects of a theory. For example, in�nite-dimensional Lie algebras (such as a�ne
Kac-Moody algebras) turn out to be very important for the description of many
quantum �eld theories: namely, they are realized as symmetries of the spaces of
states. In�nite-dimensional Lie algebras also play an important role in the theory
of integrable systems and in algebraic geometry. It turns out that it is very natural in
this context to consider more general algebraic objects, the vertex operator algebras.
VOAs capture the main properties of the Lie algebras and have rich additional
structure. Vertex operator algebras proved to be very useful in many situations;
the classical example is the KP integrable hierarchy. They are also extensively used
in modern algebraic geometry. Our goal is to give an introduction to the theory
of in�nite-dimensional Lie algebras and vertex operator algebras. We describe the
main de�nitions, constructions and applications of the theory.


