
Ïðîòàñîâ Âëàäèìèð Þðüåâè÷

Îò÷åò ïî ãðàíòó ôîíäà Äèíàñòèÿ çà 2015 ãîä

Ðåçóëüòàòû, ïîëó÷åííûå â ýòîì ãîäó

ß çàíèìàëñÿ çàäà÷àìè, ñâÿçàííûìè ñ ðîñòîì òðàåêòîðèé ëèíåéíûõ äèíàìè÷åñêèõ
ñèñòåì ñ ïåðåêëþ÷åíèÿìè, ìåòîäàìè ìàêñèìèçàöèè/ìèíèìèçàöèè ñïåêòðàëüíîãî ðàäè-
óñà, ïðèìåíåíèåì òåîðèè ôóíêöèîíàëüíûõ óðàâíåíèé ê èññëåäîâàíèþ áèíàðíîé ôóíê-
öèè ðàçáèåíèÿ Ýéëåðà.

1. Ðîñò òðàåêòîðèé ëèíåéíûõ ñèñòåì ñ ïåðåêëþ÷åíèÿìè. Ìû èññëåäóåì äèíàìè-
÷åñêóþ ñèñòåìó âèäà

ẋ(t) = A(t)x(t) , t ∈ [0,+∞), (1)

ãäå x(t) ∈ Rd, è ìàòðèöà A(t) ìîæåò ïðèíèìàòü çíà÷åíèÿ íà çàäàííîì êîìïàêòíîì
ìíîæåñòâå d × d-ìàòðèö A. Ïîäîáíûå ñèñòåìû èãðàþò âàæíóþ ðîëü â ïðèëîæåíèÿõ
è èçó÷àëèñü âî ìíîãèõ ðàáîòàõ (ìîíîãðàôèÿ Ä.Ëèáåðçîíà, ðàáîòû Ìîë÷àíîâà, Ïÿò-
íèöêîãî, Ðàïîïïîðòà, Áàðàáàíîâà, Ãóðâèöà, Áëàíêèíè, Ìèàíè, è äð.) Ñèñòåìà íàçû-
âàåòñÿ óñòîé÷èâîé, åñëè äëÿ ëþáîé èçìåðèìîé ôóíêöèè A(·) : [0,+∞) → A , èìååì
x(t) → 0, t → ∞, ò.å., âñå òðàåêòîðèè ñèñòåìû ñòðåìÿòñÿ ê íóëþ. Óñòîé÷èâîñòü ñèñòå-
ìû âûðàæàåòñÿ â òåðìèíàõ åå ïîêàçàòåëÿ Ëÿïóíîâà σ(A) � ìàêñèìàëüíîé ýêñïîíåíòû
ðîñòà òðàåêòîðèé. Ñèñòåìà óñòîé÷èâà òîãäà è òîëüêî òîãäà êîãäà σ < 0. Åñëè æå σ = 0,
òî ñèñòåìà íå èìååò ýêñïîíåíöèàëüíî ðàñòóùèõ òðàåêòîðèé, è â îáùåì ñëó÷àå âñå åå
òðàåêòîðèè îãðàíè÷åíû. Ëèøü â ñëó÷àå ðåçîíàíñà ìîãóò ïîÿâëÿòüñÿ òðàåêòîðèè, ðàñ-
òóùèå ïîëèíîìèàëüíî, ïðè ýòîì ñòåïåíü ïîëèíîìà íå ïðåâîñõîäèò ñòåïåíè ðåçîíàíñà.
Ýòîò ôåíîìåí èçó÷àëñÿ â ðàáîòå ×èòóðà, Ìàñîíà è Ñèãàëîòòè 2012 ã., à òàêæå â íàøåé
ðàáîòå [2]. Êàê èçâåñòíî, â ñëó÷àå îäíîé ìàòðèöû A = {A}, ñòåïåíü ïîëèíîìèàëüíî-
ãî ðîñòà íà åäèíèöó ìåíüøå ðàçìåðà æîðäàíîâà áëîêà ìàòðèöû A, ñîîòâåòñòâóþùåãî
ñîáñòâåííîìó çíà÷åíèþ ñ íóëåâîé äåéñòâèòåëüíîé ÷àñòüþ.

Òàêèì îáðàçîì, â ñëó÷àå îäíîé ìàòðèöû ñòåïåíü ïîëèíîìèàëüíîãî ðîñòà âñåãäà
öåëàÿ. Âîçíèêàåò åñòåñòâåííûé âîïðîñ, âûïîëíåíî ëè ýòî ñâîéñòâî â ñëó÷àå îáùèõ ñè-
ñòåì? Â ðàáîòå [5] ìû äàåì èñ÷åðïûâàþùèé îòâåò. Â ðàçìåðíîñòè d = 2 ñòåïåíü ïî-
ëèíîìèàëüíîãî ðîñòà âñåãäà öåëàÿ. Áîëåå òîãî, îíà ðàâíà ëèáî 0 ëèáî 1. Ýòî çíà÷èò,
÷òî ëþáàÿ ñèñòåìà, ó êîòîðîé σ(A) = 0, èìååò ëèáî îãðàíè÷åííûå òðàåêòîðèè, ëèáî
òðàåêòîðèè, ðàñòóùèå ëèíåéíî, è äðóãèå ñëó÷àè íåâîçìîæíû. À ïðè d ≥ 3 ñèòóàöèÿ
ïðèíöèïèàëüíî èíàÿ: ñóùåñòâóþò ñèñòåìû ñêîëü óãîäíî ìåäëåííîãî ðîñòà òðàåêòîðèé.
Ýòî çíà÷èò, ÷òî äëÿ ëþáîãî d ≥ 3 è äëÿ ëþáîé âîçðàñòàþùåé ôóíêöèè φ(t) ñóùåñòâóåò
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êîìïàêòíîå ìíîæåñòâî d× d ìàòðèö A, äëÿ êîòîðîãî ñèñòåìà (1) èìååò íåîãðàíè÷åííî
ðàñòóùèå òðàåêòîðèè, íî âñå îíè ðàñòóò ìåäëåííåå, ÷åì φ(t). Ïðàâäà, â ñîîòâåòñòâóþ-
ùèõ ïðèìåðàõ ìíîæåñòâà ìàòðèö ìàòðèö A áåñêîíå÷íû. Îäíàêî, â òîé æå ðàáîòå [5]
ìû ñòðîèì ïðèìåð ñèñòåìû èç äâóõ ìàòðèö ðàçìåðà d = 3, äëÿ êîòîðîé ìàêñèìàëüíûå
òðàåêòîðèè x(t) ðàñòóò êàê

√
t, t → ∞.

2. Ìåòîäû ìàêñèìèçàöèè/ìèíèìèçàöèè ñïåêòðàëüíîãî ðàäèóñà ìàòðèöû. Ïðîáëå-
ìà îïòèìèçàöèè ñïåêòðàëüíîãî ðàäèóñà íà çàäàííîì êîìïàêòíîì ìíîæåñòâå ìàòðèö
øèðîêî èçó÷àëàñü â ñâÿçè ñ ïðèëîæåíèÿìè ê òåîðèè ãðàôîâ, äèôôåðåíöèàëüíûì óðàâ-
íåíèÿì, ìàòåìàòè÷åñêîé ýêîíîìèêå (â ÷àñòíîñòè, â ìîäåëè Ëåîíòüåâà), â òåîðèè ñè-
ñòåì (òàê íàçûâàåìûå, àñèíõðîííûå ñèñòåìû), è ò.ä. Ñïåêòðàëüíûé ðàäèóñ ρ(A) � ýòî
íàèáîëüøèé èç ìîäóëåé ñîáñòâåííûõ çíà÷åíèé ìàòðèöû A. Ôóíêöèÿ ρ(·) íå ÿâëÿåòñÿ,
âîîáùå ãîâîðÿ, íè âûïóêëîé íè âîãíóòîé, à â íåêîòîðûõ òî÷êàõ ìîæåò òåðÿòü ëèïøèöå-
âîñòü. Ýòî îáúÿñíÿåò ñëîæíîñòü çàäà÷è è íåâîçìîæíîñòü ïðèìåíåíèÿ ê íåé êëàññè÷å-
ñêèõ ìåòîäîâ îïòèìèçàöèè. Â ðàáîòå [1] ìû ïðåäñòàâëÿåì ñïåêòðàëüíûé ñèìïëåêñ-ìåòîä
äëÿ îïòèìèçàöèè ñïåêòðàëüíîãî ðàäèóñà íà ñïåöèàëüíûõ ìíîæåñòâàõ íåîòðèöàòåëüíûõ
ìàòðèö, â êîòîðûõ i-òàÿ ñòðîêà âûáèðàåòñÿ íåçàâèñèìî îò îñòàëüíûõ èç çàäàííîãî êî-
íå÷íîãî ìíîæåñòâà Xi ⊂ Rd, i = 1, . . . , d. Äîêàçàíî, ÷òî àëãîðèòì íå çàöèêëèâàåòñÿ è
íàõîäèò íàèìåíüøèé è íàèáîëüøèé ñïåêòðàëüíûé ðàäèóñ çà êîíå÷íîå âðåìÿ. Ýôôåê-
òèâíîñòü ìåòîäà ïðîäåìîíñòðèðîâàíà íà ÷èñëåííûõ ïðèìåðàõ, â òîì ÷èñëå, â áîëüøèõ
ðàçìåðíîñòÿõ (äî òûñÿ÷è). Ìåòîä ðàñïðîñòðàíåí òàêæå íà ñëó÷àé áåñêîíå÷íûõ ìíî-
æåñòâ Xi. Íàïðèìåð, åñëè âñå ýòè ìíîæåñòâà � åâêëèäîâû øàðû, òî ìàòðèöà ñ ìèíè-
ìàëüíûì ñïåêòðàëüíûì ðàäèóñîì ñòðîèòñÿ â ÿâíîì âèäå.

3. Èññëåäîâàíèå áèíàðíîé ôóíêöèè ðàçáèåíèÿ Ýéëåðà ñ ïîìîùüþ ôóíêöèîíàëüíûõ
óðàâíåíèé. Äëÿ ïðîçâîëüíîãî ìíîæåñòâà D ⊂ Z+ öåëûõ íåîòðèöàòåëüíûõ ÷èñåë, íà-
çûâàåìîãî ñëîâàðåì, ðàññìàòðèâàåòñÿ âåëè÷èíà bD(k) ðàâíàÿ êîëè÷åñòâó ðàçëè÷íûõ

ïðåäñòàâëåíèé íàòóðàëüíîãî ÷èñëà k â âèäå ñóììû k =
∞∑
j=0

dj 2
j, â êîòîðîé âñå �öèô-

ðû� dj ïðèíàäëåæàò D. Ýòà âåëè÷èíà íàçûâàåòñÿ áèíàðíîé ôóíêöèåé ðàçáèåíèÿ ÷èñ-
ëà k. Çàäà÷à ñîñòîèò â õàðàêòåðèçàöèè àñèìïòîòè÷åñêîãî ðîñòà bD(k) ïðè k → ∞. Îíà
èçó÷àëàñü åùå Ë.Ýéëåðîì äëÿ ñëó÷àÿ D = Z+. Àñèìïòîòèêà äëÿ ýòîãî ñëó÷àÿ áûëà
íàéäåíà Ìàëåðîì â 1940, çàòåì óòî÷íÿëàñü â ðàáîòàõ äå Áð�åéíà (1948), Ïåííèíãòîíà
(1953), Êíóòà (1966), Ôð�åéáåðãà (1997). Áèíàðíàÿ ôóíêöèÿ ðàçáèåíèÿ äëÿ êîíå÷íûõ
ñëîâàðåé áûëà âïåðâûå èçó÷åíà Á.Ðåçíèêîì (1990), ãäå ðàññìàòðèâàëñÿ ñëó÷àé ïîëíîãî
ñëîâàðÿ D = {0, 1, . . . , n}. ßñíî, ÷òî ïðè n = 1 èìååì bD(k) ≡ 1. Ïðè îñòàëüíûõ n ôóíê-
öèÿ ðàçáèåíèÿ èìååò íåòðèâèàëüíóþ àñèìïòîòèêó. Ðåçíèê íàøåë òî÷íóþ àñèìïòîòèêó
â ñëó÷àå íå÷åòíûõ n, à òàêæå äëÿ n = 2, îñòàâèâ ÷åòíûå n > 2 â êà÷åñòâå îòêðûòîé ïðî-
áëåìû. Äëÿ íåáîëüøèõ çíà÷åíèé n ýòà çàäà÷à ðåøàëàñü â ðàáîòàõ Äþìîíòà, Ñèäîðîâà
è Òîìàñà (1999), Ïðîòàñîâà (2000), Õàðå (2015), è ò.ä., à áëèçêèå çàäà÷è èññëåäîâàëèñü
Ôåíãîì è Ñèäîðîâûì (2011), Ôåíãîì, Ëèàáåðòîì è Òîìàñîì (2014), è ò.ä.

Â ðàáîòå [4] ïðåäñòàâëåí íîâûé ïîäõîä ê èçó÷åíèþ áèíàðíîé ôóíêöèè ðàçáèåíèÿ, îñ-
íîâàííûé íà ïðèìåíåíèè ìàñøòàáèðóþùèõ óðàâíåíèé, ðàçíîñòíûõ ôóíêöèîíàëüíûõ
óðàâíåíèé ñî ñæàòèåì àðãóìåíòà. Àïïàðàò ìàñøòàáèðóþùèõ óðàâíåíèé áûë ðàçðàáî-
òàí â 1990-õ äëÿ ïîñòðîåíèÿ ñèñòåì âñïëåñêîâ ñ êîìïàêòíûì íîñèòåëåì. Îêàçûâàåòñÿ,
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áèíàðíàÿ ôóíêöèÿ ðàçáèåíèÿ òåñíî ñâÿçàíà ñ ìàñøòàáèðóþùèì óðàâíåíèåì, êîýôôè-
öèåíòû êîòîðîãî îïðåäåëÿþòñÿ ñëîâàðåì D. Íîâûé ïîäõîä ïîçâîëèë îõàðàêòåðèçîâàòü
àñèìïòîòè÷åñêîå ïîâåäåíèå bD(k) ïðè k → ∞ äëÿ âñåõ êîíå÷íûõ ñëîâàðåé D, à íå òîëü-
êî äëÿ ïîëíûõ, êàê áûëî â ïðåäøåñòâóþùèõ ðàáîòàõ, âû÷èñëèòü àñèìïòîòèêè ðîñòà â
âèäå ñîâìåñòíûõ ñïåêòðàëüíûõ õàðàêòåðèñòèê îïðåäåëåííûõ áóëåâñêèõ ìàòðèö, à òàê-
æå íàéòè ñëîâàðè, äëÿ êîòîðûõ ôóíêöèÿ ðàçáèåíèÿ èìååò ðåãóëÿðíûé ïîëèíîìèàëüíûé
ðîñò.

Ðàáîòû, îïóáëèêîâàííûå è ïðèíÿòûå ê ïóáëèêàöèè â 2015 ã.

1. V.Yu.Protasov, Spectral simplex method, Mathematical Programming (2015),
DOI 10.1007/s10107-015-0905-2.

2. (joint with R.Jungers) Resonance and marginal instability of switching systems, Nonlinear
Analysis: Hybrid Systems, 17 (2015), 81�93.

3. (ñîâì. ñ À.Ñ.Âîéíîâûì), Êîìïàêòíûå íåñæèìàþùèå ïîëóãðóïïû àôôèííûõ îïåðà-
òîðîâ, Ìàòåì. Ñá., 206 (2015), no 7, 33�54.

4. The Euler binary partition function and subdivision schemes, Mathematics of Computation,
to appear (2015).

5. Linear switching systems with slow growth of trajectories, Systems and Control Letters,
to appear (2015).

6. (joint N.Guglielmi) Invariant polytopes of linear operators with applications to regularity
of wavelets and of subdivisions, SIAM J. Matrix Anal., to appear (2015).

7. (joint with M.Charina, C.Conti, and N.Guglielmi) Limits of level and parameter dependent
subdivision schemes: a matrix approach, Applied Mathematics and Computation, to appear
(2015).

8. (joint with N.Guglielmi) Matrix approach to the global and local regularity of wavelets,
Poincare Journal of Analysis and Applications, to appear, No 2, (2015).

9. (joint with N.Guglielmi and L.Laglia) Polytope Lyapunov functions for stable and for
stabilizable LSS, Foundations of Comput. Math., to appear (2016)

10. (joint with R.Jungers) Estimating the discretization parameter of linear systems via
Chebyshev polynomials, IEEE Trans. Automatic Control, to appear (2016).

Ó÷àñòèå â êîíôåðåíöèÿõ è øêîëàõ

1. International Workshop on Combinatorics and Applications in SJTU, Øàíõàé (Êèòàé),
21 � 27 àïðåëÿ 2015,

(ïëåíàðíûé äîêëàä): Perron-Frobenius theory for matrix semigroups.
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2. International conference �Wavelets and Applications�, 18 � 23 èþíÿ 2015,
(ïëåíàðíûé äîêëàä):Regularity of wavelets and subdivisions: a recent progress

3. International conference MMMA-2015 (Ñêîëêîâî, Ìîñêâà, Ðîññèÿ), 24-28 àâãóñòà 2015
(ïëåíàðíûé äîêëàä): Spectral simplex method

4. International conference on Discrete Geometry, in the framework of The 5th German-
Russian Week of the Young Researcher, (Äîëãîïðóäíûé, Ðîññèÿ),

(ïëåíàðíûé äîêëàä): Invariant zonoids and L1 spectral radius of matrices.

Ðàáîòà â íàó÷íûõ öåíòðàõ è ìåæäóíàðîäíûõ ãðóïïàõ

University of L'Aquila and Gran Sassa Institute (Àêâèëà, Èòàëèÿ), àïðåëü 2015.
Catholic University Louvain (Ëîóâàéí-ëÿ-Í¼â, Áåëüãèÿ), ìàé 2015.
Shanghai Jiao Tong University (íîÿáðü 2015).

Ðàáîòà â ðåäêîëëåãèÿõ æóðíàëîâ

÷ëåí ðåäêîëëåãèè æóðíàëà Ìàòåìàòè÷åñêèé Ñáîðíèê

÷ëåí ðåäêîëëåãèè æóðíàëà Communications in Mathematics and Applications

÷ëåí ðåäêîëëåãèè æóðíàëà Êâàíò

Ïåäàãîãè÷åñêàÿ äåÿòåëüíîñòü

Ïðåïîäàâàíèå.

Çàíÿòèÿ ñî ñòóäåíòàìè ïî êóðñó �Âàðèàöèîííîå èñ÷èñëåíèå è îïòèìàëüíîå
óïðàâëåíèå� (ÌÃÓ, ìåõ-ìàò)
Êóðñ �Ìàòåìàòè÷åñêèå ìåòîäû â ýêîíîìèêå� (ÌÃÓ, ìåõ-ìàò),
ñîâìåñòíî ñ Ê.Ñ.Ðþòèíûì è Ì.Ï.Çàïëåòèíûì.

Ñî-ðóêîâîäèòåëü äâóõ ñïåöñåìèíàðîâ íà ìåõ-ìàòå ÌÃÓ.

Êóðñ �Introduction to Wavelets�, Gran Sassa Institute, Àêâèëà (Èòàëèÿ).

Ìèíè-êóðñ �Âîëíû è âñïëåñêè�, Ëåòíÿÿ Øêîëà �Ñîâðåìåííàÿ Ìàòåìàòèêà�, Äóáíà,
19�28 èþëÿ 2015.

Ðàáîòà â æþðè Ãåîìåòðè÷åñêîé îëèìïèàäû èì. È.Ô.Øàðûãèíà.

Ó÷àñòèå â ïðîâåäåíèè ìåõ-ìàòîâñêîé ñòóäåí÷åñêîé îëèìïèàäû,
à òàêæå îëèìïèàäû êàôåäðû ÎÏÓ �Ýêñòðåìàëüíûå çàäà÷è�

Ðàáîòà â ïðèåìíîé êîìèññèè ìåõ-ìàòà ÌÃÓ.
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Âûñòóïëåíèÿ ñ ëåêöèÿìè íà Ôåñòèâàëå Íàóêè â Ìîñêâå (11-12 îêòÿáðÿ, 2015), è íà
Ãåîìåòðè÷åñêîé îëèìïèàäå èì. È.Ô.Øàðûãèíà (Äóáíà, 29 èþëÿ � 1 àâãóñòà 2015).

Íàó÷íîå ðóêîâîäñòâî.

ðóêîâîäñòâî äèññåðòàöèÿìè:

Àâêñåíòüåâ Åâãåíèé, ïîäãîòîâëåíà êàíäèäàòñêàÿ äèññåðòàöèÿ, çàùèòà � äåêàáðü
2015.

Âîéíîâ Àíäðåé, ïîäãîòîâëåíà êàíäèäàòñêàÿ äèññåðòàöèÿ, çàùèòà � ôåâðàëü 2016.
àñïèðàíòû:

Íèëîâ Ôåäîð, àñïèðàíòóðà ìåõ-ìàòà ÌÃÓ.

ñòóäåíòû:

Ëàõòàíîâ Èâàí (ìåõ-ìàò ÌÃÓ, 4 êóðñ);
Êóçèí Ìèõàèë (ìåõ-ìàò ÌÃÓ, 4 êóðñ).

Ðàáîòà ñî øêîëüíèêàìè.

Ðóêîâîäèòåëü äèïëîìíîé ðàáîòû Ðîìàíà Êðóòîâñêîãî (øêîëà 1514, Ìîñêâà, 11 êë.).
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