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[Napannenosapsi

o Mapannenoagp (pasmepHoctu d) - 3TO BbINYKbIiA
€BKNN[OB MHOFOrpaHHUK, KOTOpPbIY fonyckaeT pasbuexune
npoctpatctea EY napannensHeiMu konusimu

@ [lpumerenne
d = 3: kpucrannorpacdus, dyHaameHTanbHasA s4yeiika
KpucTanna
MpouseonsHas pasmepHocTs d: leomeTpust 4ucen
(ynakoBKM 1 NOKPLITUS MPOCTPAHCTBA Luapamu),
koMBuHaTopHas reomeTpust (XpoMaTMHECKOE HUCNO
NPOCTPAHCTBA), TEOPUSI KOAUPOBAHUS, ..



[lpumepbl napannenosapos

@ [nockocTb (2-MepHble napannenosapsl =
napansienoroHbi):
(1) napannenorpamm u (2) u.-C. WECTUYroabHUK

@ [lpocTpatcteo d = 3:
napannenenunes, L.-C. LIECTUYrofbHas npu3ma ...
@ [lponsBosibHasi pa3smMepHOCTb:

e napannenenuneg
o ecnn PX n Q™ - napannenosapsl, To npsiMasi cymma
Pk o) Qm
Takxe (k + m)-napannenosgp
@ MepecTaHOBOYHbINE MHOrOrpaHHuK (NepmioTo3ap)




Knaccndukauma napannenosgpos d = 2

Ha nnockoctn nmeetcsi 2 (kombnHaTopHbix) Tuna (4BymMepHbix)
napannenosgpos (napannenoroHos)
napannenorpamMm u y.-C. LIECTUYrOSbHNK

@ Proof

o MapasienoroH LUEHTPaabHO CUMMETPUYHbIiA
MHOTOYrONIbHIK

o HepaseHCTBO gns yrnos 3m(n—2) =3>"" , a; < 27n =
n<6



Knaccudpunkauns napannenosgpos d = 3

Theorem (Pepopos, 1885)

B 3-npoctpaHcTse umeetcs b Tunos:
napannenenunes,

U.C. LUECTUYrobHAS NPU3Ma,

pombogoanexkasap,

BbITSIHYTbIV JOAEKASAP

yCedeHHblii 0KTasap (= 3-mepHbiii nepmroTO34p)




Knaccudpunkauns napannenosgpos d = 3




Knaccudpmkauns napannenosgpos d = 3,4,5, ...

@denopos npegnonaran LEHTPaNbHYIO CUMMETPUHHOCTb
3-napannenosgpa O4YeBUAHONM;

YT106b1 gokazaTh "ouesnaHoe", MuUHKOBCKN OTKpbIA ©
[0Ka3an TEOPEMY O BbIMYK/bIX MHOFOrPaHHNKAaX

@ d =4 52 tnna napannenosgpos (3 npumutneHbix + 49
HEMPUMUTUBHbID)

@ d =5 Tbicsyn TNOB (222 NPUMUTUBHBIX + ThICSHN
HEMPUMUTUBHbIX)

@ d =6 108 Thicay (TbICAYM NPUMUTMBHBIX + [ECATKM
ThICSY)



[TpuMnTUBHbBIE Napannenosgpsl

d-napannenosap HasblBAETCA MPUMUTUBHLIM, ECNA B
KaXk[10ii BeplunHe pasbueHus cxogutes d + 1
(MMHUMaNBHO BO3MOXHOE YWUC0) Napannenossp

@ naye napannenosgp HenpuMuTuBHbIN

@ Kaxkablii npMMNTNBHbLIV napanienosgp - npocToii
MHOTOrpaHHUK

@ ObpaTHoe He BEpHO

o d=2 1 npuMnTUBHLIA U 1 HENPUMUTUBHBINA
d =3 1 npumutueHbiii (14 rpaneii) n 4 HeNPUMTUBHbBIX
d=4 3+49
d=5 222 (Pbiwkos n BapaHosckuii) npumnTusHbix +
THICSIYN HEMPUMUTUBHBIX (DHren)
d = 6 TbICA4n NPUMNTUBHBIX

Hundreds thousand non-primitive

¢ ¢ ¢

©



Kauectsennas teopusi (Munkosckuii, BopoHoii,
Betkos)

Theorem (Mwunkosckuii T, 1897 )

llycte P — napannenosgp, torga
(1) P - yeHTpanbHO CUMMETPUYHbIN

(2) Bce runeprpatu (rpaun pasmeproctu d — 1)
napannenosgpa LYeHTpasbHO CUMMETPUYHbI

(3) Bce nosickn (30Hb1) cocTosT u3 4 uan 6 runeprpareii.




KoHcTpykunsi nosicka (30Hbi)

@ Kaxpgas runeprpaHb npoeKkTUpPYeTCs B OTPE3OK

© [losicok NMpOEeKTMPYeTCs B MHOTOYrOJbHUK

@ Vcnosue (3) akBuBaneHTHO TOMy, 4TO npoekuusi P BRosb
runeprpaHn Ha AOMoJHeHWe ecTb Anbo napannenorpamm,
nmbo . C. WECTNYronbHUK




E>xx MHororpaHHuka

@ [loka3aTenbCTBO OCHOBAHO Ha Apyroi, dhyHAaMEHTaNbHOIA
Teopeme MuHkoBCKOrO

@ lycts P -

MHOrorpatHuk ¢ k runeprpansimu. COBOKYMHOCTb BEKTOPOB
{F1 ... ,F«}

¢ 0bwum Havanom, Takux 4To F; nepnenpukynsipen i-ii
runeprpann Fj, HanpaB/ieH BO BHELLHIOK CTOPOHY
MHOTFOrpPaHHMKa 1 MO MOAY/IO PaBeH naowagn rpann F;,
HasoBem exom F(P)

@ Jlemma. Exx F(P) Bbinyknoro KOHEHHOrO MHOrOrpaHHUKa
P ypoBneTBOpsieT ABYM yC/NOBUSIM:
(1) lin(F(P)) = RY,
T.e. F(P) He nexuT HN B KaKOWM rMnepniockocTy

(2) X Fi=0.



Teopema MWHKOBCKOTO 0 MHOFOrpaHHMKax

@ TeopeMa MUWHKOBCKOro 0 MHOrOrpaHHUKax yTBEPXKAAET,
4TO BEPHO U 0bpaTHOE

Theorem (Munkosckuii, 1897)

Myctb mHoxecTBO BekTopos F = {Fy ... ,Fy} ygoBnersopsier
YCNOBUSIM:

(1) lin(F) = R

(2) > Fi=0.

Torga cyujecTByeT BbINykbIli MHOrorpaHiuk P, gns kotoporo
F ecTb ero ex.

Gonee toro, mHorororpannuk P onpegensiercs exom
O4HO3HAYHO C TOYHOCTbIO JO NAaPassIENbLHOrO MEPEHOCa




CneactBus n3 Teopembl MUHKOBCKOro 0O

MHOTOrpaHHUKax

@ [lycTs ex mMHororpaHHuka obnagaet cummeTpueii s:
s(F(P)) = F(P),

TOrAa MHororpaHHuk P obnagaet conpsiKeHHOA
cMMMeTpueii
tlosot(P)=P,
rae t — TpaHcnauus, neperocswas bapuuyentp O’
MHororpaHHuka P B Hadano O exa F(P)
(B cuny eAMHCTBEHHOCTN MHOFOTPaHHMKA C AAHHBIM EXKOM)
@ Ecnu runeprpaHu mHororpaHHuka P nonapHo
napanjefbHbl N UMEKOT paBHble naowagu, 1o P
-LEHTPaJbHO CUMMETpPUYEH
(F(P) ueHTpansHO CUMMETPUYEH)
@ [lapannenosgp P umeeT BCe runeprpaHu nonapHo
napannenbHbie u pasibie = F(P) - u. c. =
P - uenTpansHo cummetpuyed (nyHkT (1) Teopembi



Teopema Mutk. o napannenosgpax (ngest gok-ga)

@ [nneprpaHmn - LEHTPaANLHO CUMMETPUYHbI

o [yctb runeprpavs F = PN P’
o P un P’ napannensHbl Apyr Apyry n KaXxgblii u.c.=
3 cummetpusi o T4, o(P) =P no(P)=P =

o(F)=c(PNPY=0(P)Na(P)=P NP=F

@ [losickn coctosT u3 6 unn 4 runeprpaHeii

o Bnarogaps UeHTpanbHOW CUMMETPUYHOCTYM rUNEPrpaHen
NOSICKN CyLLeCTBYOT

o [ns kaxpoii (d — 2)-rpaHn npoekumns Ha 2-gonosnHexne P
N BCex A4eek Pi..., cMexHbIX ¢ P no runeprpaHsim noscka,
COCTONT 13 NONapHO HenepeKpblBatOLLNXCS
MHoroyronsHukos M, My,...

o MeuoroyronsHukn M, My, ... - LEHTPANLHO CUMMETPUYHBI
1 NOMApHO PaBHbI U NapasfienbHbl APYr APYyry

o CnepoBatensHo, npoekuus — nmbo napannenorpamm, ambo
6-yronbHuK.



Yuncno runeprpanet

(Munkoscknii, 1897) Yucno fy_1 runeprpaneii s
d-napannenossape He npeBocxoanT

fg-1 =2(2% - 1) (1)

Ouenka (1) Heyny4waema.

@ [nsa nwoboii pasmepHoCcTu d CyLeCTBYIOT Napannenosaph
(nanpumep, nepmiotosap) ¢ fy_; = 2(29 — 1)

@ [ns nwoboro d-napannenosgpa BepHO
2d < fy_; <2(24 - 1)

@ Ouenka (1) HemeaneHHo cnegyeT n3 Teopemsl 06 nHAekce

(H.4.)



CraHmapTHasi rpaHb

@ [aHo pasbuenune T Ha napannenosgpbl.

@ Ipavb FK C P € T nasoBem crangapTHoii, ecnun
cywecrsyer P/ € T, takoii yto PN P’ = Fk.

@ lHaye rpaHb HazoBeM HecTaHfapTHO

@ Kaxkpasi runeprpaHb SIBASIETCA CTaHAAPTHOIN rpaHbio

@ [paHb cTaHfapTHa T. U T.T., KOrAa OHa CUMMETPUYHA
OTHOCUTENIBHO LeHTpa CUMMeTpun pasbuenuns T



[TpuMepbl CTaHAAPTHBIX N HECTAHAAPTHbIX FpaHei

@ B pasbueHun va mapannenenunegbl BCE rpaHn CTaHAAPTHBI
@ B pasbuenun Ha wecTuyronbHbie Npusmsl
CraHpgapTHble rpaHu- Bce 2-rpaHu u 12 ropusoHTanbHbIX
pebep
HectangapTHble — BepTuKanbHble pebpa 1 BCE BEPLUMHBI




Nnpekc rpann

@ Ecau rpanb F npuHagnexut n napannenosgpam
pa3bueHns, To roeopsaT, 4ToO
cTenexb rpavun paeHa deg(F) =n

o 1
=) V(F) = Jeg(F) Ha30BeM MHAEKCOM rpaHu F

o [lns ntoboii runeprpann F9=1 ouesngHo:
d-1y _ 1
v(F™) =3
o [lns nioboii rpaum F9=2;

v(F9=2) = % nnn %

@ B npumuTuBHOoM napannenosgpe Ana BepLUMHbI

v(F%) = d+L1



Teopema 0b nHaekce ansd napannenosapos

Lns kaxgoro d-napannenosgpa P nmeer mecro

> v(F)=29 -1 (1)

CTaHA rpaHncP

@ 13 (1) sbiTekaet HemegnenHo oueHka Munkosckoro

fa_1 < 2(27 - 1) (2)



Teopema 06 nHaekce n oueHka MuHkoBCKOro

o {Crang. rpann}=
{Twneprpaun}U {crang. i-rpaun, i < d —1}

o ()=29-1= .
Z{rmneprpaHm}V( ) + Z{CTaHp, Fii<d—1}V v(F') =
Z{rmneprpaHm} 7t Z{CTaHA Fii<d—1}V v(F ) =
—fd_l +..=

0 fy1 =227 = 1) =23 rcranp.Fiicd-1)

V(FT) = fy_y <2027 — 1)

@ OueHka gocTuraercs T. 1 T.T. KOrga By napasienosgpa

HET CTaHAaApTHbIX rpaHeli pasmepHocTell < d — 1




Kputepunii Munkosckoro-BerkoBa

@ 3 ycnoeusi MUHKOBCKOrO He TONIbKO HEOBXoauMbl, HO 1
JOCTaTOYHbI

Theorem (B.A.Betkos 1954)

Ecnun Bbinykabiii MHOrorpaHHuk P ynoBaeTBopsieT ycaoBusm

Murkosckoro, T.e.

(1) P - yeHTpanbHO CUMMETPUYHbIN

(2) Bce runeprpanu (rpann pasmeproctu d — 1) yeHTpanbHo
CUMMETPUYHBI

(3) Bce nosickn (30Hb1) cocTosT u3 4 uan 6 runeprpareri,

10 P - napannenosgp.

@ P. McMullen (1981); Teopema o npogomxkenun - H.[.,
2000, H.A. n B.C.Makapos, 2003.



[lpumeHeHust Teopembl BernkoBa

HenopmanbHbiii napannenosgp - MHOrOrpaHHNK, KOTOPbIiA
aonyckaet pasbueHne NpoCcTpaHCTBa He 0b6s3aTeNkLHO
"rpaHb-B-rpanb" cnocobom

H.[. (2003) HexopmanbHblii napannenosgp obsizatensHo

[ONycKaeT Takxe '"rpaHb-B-rpaHb" pasbuenne, To ecTb
ABNSAETCSA OBbIYHBIM Napannenosapom

©

o CHauana pokasbiBaetcsi: HeHopmanbHblli napannenosgp
yaoeneteopsieT ycnosusim (1),(2),(3)

3atem npumensieTcss Teopema Benkosa

¢ ©

Ons noboro d d-nepmioTosgp sBASIETCA Napannenos3apom



[mnoTte3a n Teopema BopoHoro

@ Obnacte BopoHOro ToYku B LENOYUCAEHHONR peLieTke
Ha3blBaeTCsA napajsienosgpom Boponoro

@ He kaxpgblii napannenosgp siBASIETCS Napaiesodsgpom
BopoHoro
item M'wnote3a Bopoxoro Jloboii napannenosap
apbMHHO SKBUBANEHTEH HEKOTOPOMY Mapasfesno3apy
Bopororo

Theorem (BopoHoii, 1908)

Jl0boii npuMUTUBHBLIN Napannenodgp agppuHHO 3KBUBANEHTEH
HekoTopomy Boponomy




['MnoTe3a BopoHoro n HekoTOpble pe3ynbTaThl

Theorem (MKutomupcknii, 1937)

JTroboii napanneneosnp, NPUMUTUBHBINA ANLLL BO BCEX
(d — 2)-rpansix (Bce nosicku cocTosT u3 6 runeprpareri),
apcbnHHO 3KBUBANEHTEH HEKoTOpoMy BopoHomy

Theorem (3paan, 19937)

lMapannenosap, ssasowmiics cymmorni Murnkosckoro
HEKOTOPOro YNC/a OTPE3KOB, aPOUHHO IKBUBANEHTEH
HekoTopomy Boponomy

@ [vnotesa Bopororo ocraercsa oTkpbiToi



