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Äèàãðàììû Þíãà, îðòîãîíàëüíûå ïîëèíîìû è ñëó÷àéíûå ìàòðèöû
(À.È. Áóôåòîâ, Í.Å. Êîçèí)

1. Ïóñòü ρ(x) � íåîòðèöàòåëüíàÿ ôóíêöèÿ íà R òàêàÿ ÷òî
+∞∫
−∞

ρ(x) dx = 1,
+∞∫
−∞

xnρ(x) dx < +∞ äëÿ

âñåõ íàòóðàëüíûõ n è pn(x) � ñèñòåìà îðòîíîðìàëüíûõ ïîëèíîìîâ ñ íîðìîé
+∞∫
−∞

p2(x)ρ(x) dx = 1.

a) Äîêàæèòå ÷òî äëÿ îðòîãîíàëüíûõ ïîëèíîìîâ pn(x) ñïðàâåäëèâî ðåêóððåíòíîå ñîîòíîøåíèå

pn(x) = (Anx+Bn) pn−1(x)− Cnpn−2(x),

(
An =

kn
kn−1

, Cn =
knkn−2
k2n−1

)
,

ãäå kn � êîýôôèöèåíò ïðè ÷ëåíå xn ïîëèíîìà pn(x).

á) Äîêàæèòå ÷òî äëÿ îðòîãîíàëüíûõ ïîëèíîìîâ pn(x) ñïðàâåäëèâà ôîðìóëà Christo�el'ÿ-Darboux:

n∑
k=0

pk(x) pk(y) =
kn
kn+1

· pn+1(x)pn(y)− pn(x)pn+1(y)

x− y
.

2. a) Äîêàæèòå ÷òî ïîëèíîìû Legendre'à, îïðåäåëÿåìûå ôîðìóëîé Rodrigues'à êàê

Pn(x) =
1

2nn!

dn

dxn
[
(x2 − 1)n

]
ìîãóò áûòü òàæå îïðåäåëåíû êàê êîýôôèöèåíòû ðàçëîæåíèÿ â ðÿä ôóíêöèè

1√
1− 2xt+ t2

=
+∞∑
n=0

Pn(x) t
n.

á) Ïîêàæèòå ÷òî äëÿ ïîëèíîìîâ Legendre'à ñïðàâåäëèâà ðåêóðñèâíàÿ ôîðìóëà Bonnet:

(n+ 1)Pn+1(x) = (2n+ 1)xPn(x)− nPn−1(x).

â) Ïîêàæèòå ÷òî ïîëèíîìû Legendre'à óäîâëåòâîðÿþò äèôôåðåíöèàëüíîìó óðàâíåíèþ

(1− x2)y′′ − 2xy′ + x(x+ 1)y = 0.

3. a) Äîêàæèòå ÷òî ïîëèíîìû Laguerre'à, îïðåäåëÿåìûå ôîðìóëîé Rodrigues'à êàê

Ln(x) =
ex

n!

dn

dxn
[
xne−x

]
îðòîãîíàëüíû ñ âåñîì e−x è ìîãóò áûòü òàæå îïðåäåëåíû êàê êîýôôèöèåíòû ðàçëîæåíèÿ â ðÿä
ôóíêöèè

1

1− t
· exp

(
− xt

1− t

)
=

+∞∑
n=0

Ln(x) t
n.

á) Ïîêàæèòå ÷òî äëÿ ïîëèíîìîâ Laguerre'à ñïðàâåäëèâà ðåêóðñèâíàÿ ôîðìóëà

(n+ 1)Ln+1(x) = (2n+ 1− x)Ln(x)− nLn−1(x).

â) Ïîêàæèòå ÷òî ïîëèíîìû Laguerre'à óäîâëåòâîðÿþò äèôôåðåíöèàëüíîìó óðàâíåíèþ

xy′′ + (1− x)y′ + ny = 0.

ã) Íàéäèòå ôîðìóëó äëÿ îïðåäåëåíèÿ êîýôôèöèåíòîâ ïîëèíîìîâ Laguerre'à.


