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3nrsarn Ha NpocThbIX pasbreHusix

[ycts M? — noBepxHOCTb C hUKCMPOBAHHBLIM MPOCTbIM
pasbuennem.

[Mytém lNeTpu HasbiBaeTCs pEGEPHBIA NyThb, TAKOK 4TO HUKAKUE TPU
NOCAEe[0BaTEbHLIX PEbpa He 1eXAT B OAHOM rPaHu.

3ursarom HasbiBaeTcs 3aMkHyTbIl nyTe [leTpu.

[pocTbim HasbiBaeTcs 3ur3ar b6e3 camonepeceqeHnil.

Cneactaue

lpocToii 3ursar pasbuBaeT noBepxHOCTb PyIIEPEHA Ha ABA
NPOCTbIX pas’bueHnsi ANCKA, KaX[0e U3 KOTOPbIX COLEPXKUT POBHO 6
MSTUYro/IbHUKOB.
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®narosble MHOIFOrpaHHUKN

MpocToli MHOrorpaHHMK HasbiBaeTca hiaroBbiM, ecnn noboii
Habop ero nomapHo nepecekatowmxcs runeprpaneii Fi, ..., Fj:
Va,b Fj, N Fp # &, nMeeT HenycToe nepeceyeHne
Fon---NF, #@.

®naroBblli MHOrOrpaHHUK Hedbnarosbiii MHororpaHHuk
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Let P be a simple convex 3-polytope. A k-belt is a cyclic sequence
(Fi,...,Fk) of 2-faces, such that F;, N---NF; # @ if and only if

(i1, .. 0} € {{1,2},..., {k — 1,k},{k,1}}.

¢

4-belt of a simple 3-polytope.
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Non-flag 3-polytopes

Simple 3-polytope P is not flag if and only if either P = A3, or P J

contains a 3-belt.
W

If we remove the 3-belt from the surface of a polytope, we obtain
two parts W; and W5, homeomorphic to disks.

B. M. ByxwTtabep Pa3bueHnsi NoBepxHOCTEN Ha MHOrOYroNbHUKM...



Non-flag 3-polytopes as connected sums

The existence of a 3-belt is equivalent to the fact that P is
combinatorially equivalent to a connected sum P = Q1#,,, @2 of
two simple 3-polytopes @ and Q5 along vertices v; and vs.

The part W; appears if we remove from the surface of the polytope
Q; the facets containing the vertex v;, i = 1,2.
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Fullerenes as flag polytopes

Teopema (E,15)
Any fullerene has no 3-belts, that is it is a flag polytope.

The proof is based on the following result about fullerenes.

Let the 3-belt (F;, Fj, Fi) divide the surface of a fullerene P into
two parts W; and W5, and Wi does not contain 3-belts. Then P
contains one of the following fragments

D08 e B8

(1,1,1) (1,2,2) (2,2,2) (1,2,3)

This is impossible since each fragment has a triangle or a
quadrangle.
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4-belts and 5-belts of fullerenes

Teopema

Any fullerene has no 4-belts.

Teopema

Any fullerene P has 12 + k belts, where 12 belts surround 12
pentagonal faces and k > 0. If k > 0, then P consists of two
«dodecahedral caps» and k hexagonal 5-belts between them,
where any hexagon in a belt is incident with neighboring hexagons
by opposite edges.
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Fullerene with 2 hexagonal 5-belts




(s, k)-truncations

Let F; be a k-gonal face of a simple 3-polytope P.
@ choose s subsequent edges of F;;

@ rotate the supporting hyperplane of F; around the axis passing
through the midpoints of adjacent two edges (one on each

side);

@ take the corresponding hyperplane truncation.

We call it (s, k)-truncation.

/
~
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~

(3, 7)-truncation
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Construction of simple 3-polytopes

Teopema (Eberhard, Briickner, XIX)

Any simple 3-polytope is combinatorially equivalent to a polytope
that is obtained from the tetrahedron by a sequence of vertex, edge
and (2, k)-truncations.

Vov Y-
D
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Straightening along the edge

Let E = F; N F; be an edge such that p-gon F; and g-gon F; do
not belong together to any 3-belt. Then there is a
operation of straightening along E.

AT L

The result is a combinatorial polytope with a (p + g — 4)-gonal
face Fj obtained from F; and F;.

The straightening is an inverse operation to (p —3,p + q — 4)- or
(g — 3, p+ q — 4)-truncations along edges of Fy.
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Possibility of strengthening

It is possible to apply the straightening along the edge E = F; N F;
ifand only if {Fi,....,F .} 0N {F;,...,F,} =@. J
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Construction of flag 3-polytopes

Proposition (V. Volodin, 2011)

A simple 3-polytope P is flag if and only if it admits the
straightening along any edge E of P.

Teopema (E, 15)

A simple 3-polytope is flag if and only if it is combinatorially
equivalent to a polytope obtained from the cube by a sequence of
edge truncations and (2, k)-truncations, k > 6.
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Realization of the Stasheff polytope

A realization of the Stasheff polytope using edge-truncations
(V. Buchstaber, 2007)
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Realization of the dodecahedron

(P45P57P6) = (3)670) (P47P57P6) = (2787 1) (P47P55P6) = (05 1270)

o first apply 3 edge-truncations to the cube to obtain the
associahedron;

@ then apply 2 edge-truncations of bold edges;
@ at last apply (2,6)-truncation of two bold edges.
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[NepecTpoiika IHA0-KpoTo

o [lepectpoiika dHgo-KpoTo yBennymeaeT pg Ha 1.

@ [1lpy nomowwm nocnegosaTenbLHOCTU nepectpoek JHAo-Kpoto
13 BOYKN MOXKHO NONy4nTb hpynnepeH ¢ nobbiM pg = Kk,
k> 2.
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Characterization of the Endo-Kroto operation

@ The Endo-Kroto operation is a (2, 6)-truncation.

@ The only (s, k)-truncation that gives a fullerene from
a fullerene is an Endo-Kroto operation.
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Graph-truncations of simple polytopes

For a simple 3-polytope P let
P={xeR":ajx+b; >0,i=1,...,m}

be an irredundant representation and G(P) be the 1-skeleton of P.
Then for a subgraph I' C G(P) without isolated vertices define a
graph-truncation

Pre=PN{xeR": (a+aj)x+ (bi+ bj) > e, FiNF €T}

The combinatorial type does not depend on ¢, if ¢ > 0 is small
enough. Denote it by Pr.

”””” ———————————— /

Different realizations of the associahedron.
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Cutting off all edges

The polytope Pg(py is obtained from P by cutting off of all
the edges.

pk(Pg(p)) = {pk(P% k#0 J

pk(P)+f1(P)7 k=6

Ly

(p37 P4, ps5, P6) = (47 07 07 6)
Cutting off of all the edges of a simplex.
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Properties of graph-truncations

The graph ' € G(P) is admissible if any it's vertex has
valency 1 or 3.

For a simple 3-polytope P the polytope Pr is simple if and only T is
admissible

v
Teopema

For a simple 3-polytope P and an admissible graph I C G(P) the

polytope Pr is flag if and only if for any 3-belt (F;, Fj, F) in P one
of the edges F; N Fj, Fj N Fi and F N F; belongs to I', and for any
triangular face F; the induced subgraph I N F; has isolates vertices.

y

B. M. ByxwTtabep Pa3bueHnsi NoBepxHOCTEN Ha MHOrOYrofbHUKM...



Graph-truncation and (s, k)-truncation

An edge-truncation (that is a (1, k)-truncation) is the only
operation that is simultaneously a graph-truncation and
an (s, k)-truncation.

@ A graph-truncation is a monotonic operation. That is, let P be
a simple polytope and I C P be an admissible graph. Then
pk(Pr) = pi(P) for all k and there exists | such that
pi(Pr) > pi(P).

@ (s, k)-truncation is not a monotonic operation. For example,
let Q@ be a polytope such that the dodecahedron P is obtained
from Q by a (2,6)-truncation. Then

pa(Q) =22>0=psa(P), ps(Q)=8<12=ps(P),
ps(Q) =12= 0= ps(P).
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First nontrivial graph-truncations

The inverse operation
is applicable if and only if
Fin FJ = .
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First nontrivial graph-truncations

The inverse operation
is applicable if and only if
FinFi=FNF.=FNF=09.
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«Eberhard’s theorem for flag polytopes»

Teopema (E,14)

For every sequence (px|4 < k # 6) of nonnegative integers
satisfying

2pa+ps =12+ ) (k= 6)pi,
k=7

there exists an integer pg and a flag simple 3-polytope P3 with
pi = pi(P3) for all k > 4.

If P has no triangles then the polytope Pg(py is flag.
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Construction of IPR-fullerenes

@ An Endo-Kroto operation can not give an IPR-fullerene.

e For a fullerene P the polytope Pg(py is an IPR-fullerene with
ps(Pc(p)) = pe(P) + f1(P).

@ For the dodecahedron the corresponding IPR-fullerene Cggy has
80 vertices and is highly symmetric.
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Fullerenes obtained by a graph-truncation

The edge E €T is a shout of the 2-face F for the graph T C G(P),
if ENF is a 1-valent vertex of T.

Let P be a simple 3-polytope and T C P be an admissible graph.
Then Pr is a fullerene if and only if

o [ does not have isolated edges;
o p(P)=0fork >7;

@ any triangular face of P has or shouts;
@ any quadrangular face of P has or shouts;
@ any pentagonal face of P has shout;
@ any hexagonal face of P has no shouts.
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Graph-truncations of the permutohedron

Proposition

We can not obtain a fullerene as a graph-truncation of the
permutohedron.
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All graphs up to the symmetry on the associahedron
that give fullerenes
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Graph-truncations of fullerenes

Let P be a fullerene and ' C P be an admissible graph.

Cnenctaue

Pr is a fullerene if and only if
o [ does not have isolated edges;
@ any hanging edge of I is a shout of a pentagon;

e different hanging edges correspond to different pentagons;

If Pr is not a fullerene, then we can not obtain a fullerene from it
by any sequence of graph-truncations.
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Graph-truncations of fullerenes

The first nontrivial graph-truncation gives the following operation
on fullerenes, which is always defined in both directions.
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Simple edge cycles on fullerenes

e A simple cycle in G(P) divides a boundary of a fullerene P
into two disks W; and W5 with induced simple partitions.

@ There is a bijection between the boundary vertices of W; and
W5 that maps the vertex of valency i to the vertex of valency
5—1.

@ For each disk Wy and W, we have pp # 1 and us # 1.

A simple partition of a disk which can not appear as Wy or Ws.
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Surgery of fullerenes

By a surgery of a fullerene we mean the operation

of replacement of W, by a simple partition W{ of D? into

5- and 6-gons such that there exists a bijection between the
boundary vertices vy, ..., v, of W] and vi,...,v, of Wy ordered
cyclically that

@ preserves the valences of vertices;

© has the form v{ — V(s i) mod p OF Vj = V(s—i) mod p fOr SOMeE s.

The result is again a fullerene.

An Endo-Kroto operation gives
a surgery of fullerenes.
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Stone-Wales operation

—

@ A Stone-Wales operation can produce an isomer;
o Itis a flip;
e It is an example of a surgery.

B. M. ByxwTtabep Pa3bureHnsi NoBepxHOCTEN Ha MHOrOYrofbHUKW...



Konbuo Crennun-Paiichepa npoctoro mHororpaHHmka

Mycts {F1,..., Fm} — MHOXecTBO runeprpaeii npoctoro
muororpaHHuka P. Konbyo CraHan—ParicHepa Hag 7.
onpefenseTcs Kak

Z[P] :Z[vl,...,vm]/(v,-l -V = 0, ffF,'l ﬂ”-ﬂF,'k = @).

o Konbuo Crannu—PaiicHepa dhnaroBoro MHOrorpaHHuKa
3a4a€eTCA KBaApaTUYHbIMU COOTHOLUEHNAMMN:
cooTHoweHus umetoT Bug viv; = 0: F; N F = &.

@ [lea MHOrorpaHHuka KOMBMHATOPHO SKBUBAEHTHbLI TOr4a U
ToNbkoO TOrga, korga ux konsua CraHnu—PaiicHepa
N30MOPHBI.
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KBagpaTu4Ho agoiicTeBeHHasi anrebpa dynnepeHa

Karkabiii ¢hynneper siBAS€TCs NpocTeiM ¢h/1aroBbIM
MHOIrOorpaHHUKoOM

Keagpatnynas anrebpa Crennu-PaiicHepa siBnsieTcst Kowynesoii.

KBaapaTuyHo 4BONCTBEHHON anrebpoli (hyinepeHa Ha3bIBAETCS
KBaApaTUYHO ABOVICTBEHHAsI aarebpa ero Kosbua
Crennn-ParicHepa.

CTpykTypa KBagpaTnyHO-ABONCTBEHHO anrebpsl dynnepeHa
MOJIHOCTLIO ONUCLIBAETCS MaTpuleli nHunaeHUniA rpada rpaHeii
cbynnepeHa, koTopasi B (pM3NKe 1 XUMUN HA3bIBAETCS €ro

& TOMOJIOrNYECKON MaTpULIER>.

Ha ocHoBe 370l MaTpuLbl B KBAHTOBOI XVMWUW MPOBOAUTCS PacyéT
dr3nKO-XMUYECKNX CBOINCTE dhysiepeHa.
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