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B 1962 rogy Cepreii [Netposud HoBukoe noctasun v pewnn gns
OAHOCBSA3HbLIX MHOroobpasuii pasmepHocTu bosblue 4
byHAaMeHTanbHYO Npobnemy:

Kakumun nHBapraHTaMm onpeaensieTcst CBONCTBO ABYX MNaAKuxX
OPMEHTUPOBAHHBLIX MHOro0bpasunii buiTe guddeomopdHbIMU APYT

Apyry?

o [epeas nybnukauus — C. M. Hoeukos, “O gnudpdeomopdusme
OAHOCBsI3HbIX MHOroobpasuii’, JJAH CCCP, 143:5 (1962),
1046-1049;

@ [Noapobroe nznoxenne — C. M. Hoeunkog, “TomoTonunyeckn

SKBUBasIEHTHblE rnagkne muoroobpasus. I”, Nise. AH CCCP.
Cep. matem., 28:2 (1964), 365-474.
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B pabotax C.[1. HoBukoBa cneunanbHo obcyxaatotes cayyan
pasmepHocTeid 6 n 7. B nocnegyrowmx pabotax psina aBTopos
clyyaii pa3smepHocTM 6 BbIT pa3obpaH NOMHOCTLIO.

DynnepeHbl gany 60NbLIONH KNACC MafKNX OLHOCBSA3HbLIX 6-MepHbIX
MHOroobpasuii, cneuudurka KOTOPOro NO3BoINAA NONAYHUTE A4S
STOro KJflacca CyLECTBEHHO Bosiee CMIbHBIE pe3yNbTaThl.

ITum pe3ynbTaTaM " NOCBALLEHA B OCHOBHOM JNIEKUNA Il.
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Let P be a simple convex 3-polytope. A k-belt is a cyclic sequence
(Fj,-- -, Fj) of 2-faces, such that F;, N---NF; # o

if and only if {in,...,ir} €{{1,2},. {k 1 k} {k,1}}.

&

4-belt of a simple 3-polytope.
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Flag polytopes

A simple polytope is called flag if any set of pairwise intersecting
facets Fiy,....Fi: FiLNF, #@,s,t=1,...,k,
has a nonempty intersection F;, N---N F; # @.

Flag polytope Non-flag polytope
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Non-flag 3-polytopes

A simple 3-polytope P is not flag if and only if either P = A3, or PJ

contains a 3-belt.
W

If we remove the 3-belt from the surface of a polytope,
we obtain two parts Wi and W>, homeomorphic to disks.
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Fullerene with 2 hexagonal 5-belts




Stanley—Reisner ring of a simple polytope

Let {F1,..., Fmn} be the set of facets of a simple polytope P. Then
a Stanley-Reisner ring of P over Z is defined as

ZIP] = Z[w, ..., vim]/Jsr(P).

Here JSR(P) = (V,'1 e Vi, where F,'1 n---N ka = @) is

the Stanley-Reisner ideal.

o Z[A?] = Zlw1, va, vs] /(v vavs) J

The Stanley-Reisner ring of a flag polytope is quadratic:

Jsr(P) = {V,'VJ' :Fin FJ =g}
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Stanley-Reisner ring of a simple polytope

Theorem (W. Bruns, J. Gubeladze, 1996)

Two polytopes are combinatorially equivalent if and only if their
Stanley-Reisner rings are isomorphic.

Fullerenes Py and P, are combinatorially equivalent if and only if
there is an isomorphism SR(P1) = SR(P2)
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Cohomology ring of a moment-angle manifold

Let
R*(P) = ANu, ..., um] ® Z[P]/(ujvi, v?)

Theorem (V.Buchstaber, T.Panov, 1998)

There is a multigraded ring isomorphism

H*(Zp; Z) = H[R*(P), d]

where
duj = vj, dv; =0, mdegu; = (—1,2{i}), mdegv; = (0,2{i}).
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B-rigidity

Definition (V.Buchstaber, 2006)

A simple polytope P is said to be B-rigid if the following condition
holds:

Let P’ be another simple polytope such that there is

a graded ring isomorphism

H*(Zp: Z) = H*(Zpr; 7).

Then P’ is combinatorial equivalent to P.
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B-rigidity of fullerenes

Theorem (V.Buchstaber, N.Erokhovets, 2015)

Any fullerene is flag and has not 4-belt.

Theorem (F.Fan, J.Ma, X.Wang, 2015)

Any flag simple politope without 4-belt is B-rigid.

Every fullerene is B-rigid.
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Cohomology ring of the quasitoric manifold M(P, )

Theorem (Davis-Janiszkiewicz)

We have H*(M(P,N)) = Z[v1, ..., Vm]|/(Jsr(P) + Ip A), where
Jsr(P) is the Stanley-Reisner ideal generated by monomials
{vip...vii: Fun---NF, =@}, and Ip p is the ideal generated by
the linear forms A\ 1vi + - -+ 4+ Xj mVm arising from the equality

E(Fl)vl SR K(Fm)vm =0.

Corollary

o IfN=(I,,\), then

H2(M2n) — gm=n

with the generators vpi1, ..., Vm.
@ The abelian group H*(M(P,\)) has no torsion.
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B cnyuae P = A3 ¢ xapakTepnctunyeckum otobpakeHuem
C:A{Fy, ... F4} = 73,

rae ((Fx) = ek, k=1,2,3n l(Fs) = —(e1 + e2 + €3), ngean

Jsr(P) nopoxpaeTcsi aneMeHTOM vivovava, a ugean Ip a

NOPOXKJAETCA 3IEMEHTAMI COTIACHO YPABHEHMNIO

vier + vwer + vzez = va(er + e + €3),

T.e. oNeMeHTaMn vy — va, k =1,2,3.
CnepoBaTensHo,

H*(M(A3,N)) = Z[v]/v*.

370 cornacyetcs ¢ auddeomopdusmom M(A3A) — CP3.
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[eomeTpuryeckas peannsauunst LNKIOB KBa3UTOPUYHECKOTO

MHOroobpa3sus

PyHAaMeHTasIbHbIE MOHSITUSI COBPEMEHHOIA aredbpanyeckoii
Tonosiorun 6b1M BBEAEHBbI B 3HaMeHNTOR pabote A.lyaHkape
(1895r.). Cpefn HUX — LMKJIbI U FOMOIOTN. TepMUH
«FOMOJIOrMN> MNPULLEN U3 XUMUN 1 npuHagnexut J. betTu,
nmeHem kotoporo A.[llyaHkape Ha3Ban paHru rpynn romosioruii.
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KeasnTopuyeckne mHoroobpasus M(P,\) onpegenerbl ans
ntoboro N-mepHOro MpocToro MHororpaHHmka P, obnagaroiero
XapaKTEPUCTMYECKM OTOBparkeHnem

CAF,...,Fn} = Z".
OHu AatoT WNPOKNA KNacc 2n-mMepHbIX MHOroobpasuii, y KOTOpbIX

LUMK/bl U X NEPECEYEHNSI NMEIOT SIBHYIO F€OMETPUYECKYO
peannsauuo.

[MoHsATMe KonbLa Koromonoruii NnosiBuAoCk Tonbko B 1930-x rogax u
npuHagnexut A. H. Konmoroposy n [Ix. AnekcaHpaepy.
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Teopema

Ipynna romonoruii Hap_2(M(P,\),Z) kBa3utopuyeckoro
mHoroobpasus M(P,\) pasmepHocTu 2n nopoxgeHa
KBa3UTOPUYECKMMU MHOroobpasnsamu M,?”_Z(P,/\) runeprpaHei
F,', = 1, e, m.

Bnoxenue muoroobpasunii M;(P,A) C M(P,A) gaer
reOMEeTPUYECKYIO peann3auunto umkna, geoicteeHHoro no lyaHkape
knaccy koromonoruii v; € H2(M(P, ), Z).
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Ons kaxgoro k rpynna romonoruit Hox(M(P, \),Z) nopoxaeHa
BJIOXKEHHBIMU KBa3UTOPUYECKUMUN MHOroobpasusmu,
cooTBeTCTBYtOWMMU (N — k)-MepHbIM rpavsm Fi N...NF;
MHororpaHHuka P.

k

OTn MHOroobpasus npefcTaBnsAoT coboli NoHbIE NepeceHeHns
~ 2n—2 2n—2
MHoroobpasuii M ('D’A)""’Min_k (P,N).
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Characteristic classes of M(P, )

Quasitoric manifold M(P, A) has the canonical stable-complex
structure with the total Chern class

CM(P,A)=1+c+ +cn=1+wv). .. (14 vm),
and the total Pontryagin class

P(I\/I(P,/\)):1+p1+~-+p[g]:(l—i-vlz)...(l—i-v,%,).
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Definition (M.Masuda, D.Y.Suh, 2008)

Let P be a simple convex polytope admitting at least one
characteristic function. Then P is said to be cohomologically rigid
(or C-rigid) if for any quasitoric manifold M(P,A), and any other
quasitoric manifold M" = M(P’, ) over a simple convex polytope
P’ a graded ring isomorphism

H*(M) 2= H*(M').

implies a combinatorial equivalence of P’ and P.

B. M. ByxwTtabep Teopema o 4-kpackaXx, LWECTUMEPHbIE MHOroobpasusi...



C-xecTkoCcTb N B-)xecTkocTb

Teopema (S. Choi, T.Panov, D.Y.Suh)

Myctb KombuHaTtopHble ganHbie (P, A) n (P’,\’) TakoBbl, 4TO
CyLLeCTBYET M30MOPU3M rpajynpoBaHHbIX KOJeL

H*(M(P,N\) — H*(M(P',\).
Torga cywiecTByeT n3oMopdun3M rpagyrpoBaHHbIX KoJsel
H*(Zp) — H*(Zy).

Cneacteue

MycTb TpexmepHbili MHoOrorpaHHuk P aensietca B-xectkum. Torga
oH siBisieTcs u C->KECTKNM.

Cnenctaue

Kaxablii pynnepen P sinsetcs C-XecTKum.

B. M. ByxwTtabep Teopema o 4-kpackaXx, LWECTUMEPHbIE MHOroobpasusi...



Rigidity for flag simple polytopes without 4-belts

Let P be a flag 3-polytope without 4-belts, M be some quasitoric
manifold over P, and vy, ..., vy be the chosen canonical elements
generating H?(M).

Let P’ be some other 3-polytope, M’ some quasitoric manifold over
P’, and v{,..., v/, the corresponding elements.

C-rigidity

If there is a graded ring isomorphism
©: H (M) =s H*(M"),

then m = m’ and P is combinatorially equivalent to P’.

B. M. ByxwTtabep Teopema o 4-kpackaXx, LWECTUMEPHbIE MHOroobpasusi...



We have ¢(v;) = j:vé(i) for some permutation o: [m] — [m].

We have o(w2(M)) = wz(M') and ¢(p1(M)) = pr(M').

Theorem
The permutation o : [m] — [m] above has the following remarkable
properties
o It defines a combinatorial equivalence P — P’.
@ For characterictic functions we have: A" = A- A - B, where
A € Gly(Z), and B is the matrix of the mapping e; — +e,(j)
for the standard basis e1,..., e, of Z™, and the signs are the
same as ¢(v;) = :l:v;_( )-

i
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Let P be a flag simple 3-polytope without 4-belts (for example, a
fullerene) and M be a quasitoric manifold over it.

Let P’ be some other simple 3-polytope and M’ be
a quasitoric manifold over it.

Corollary

There is
@ an automorphism v: T3 — T3;
e a diffeomorphism f: M — M';
such that f(tx) = (t)f(x) foranyt € T3, x € M

if and only if

there is a graded ring isomorphism

H* (M) = H*(M).
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Classification of 6-dim manifolds

Let M be a closed oriented simply connected 6-dim manifold with
H3(M;Z) =0 and Torsion H*(M;Z) = 0.

We have:

1. a free abelian group H?(M);

2. a cubical form p: H2(M) = Z = u(x)
3. a linear form p: H>(M) = Z : p(x) =
p1(M) is the first Pontrygin class;

4. an element w = wy € H?>(M) ® Z/2, where wa(M) is
Stieffel-Whitney class.

= (3, [M]);
(p1(M)x,[M]), where
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Classification of 6-dim manifolds

Theorem (C.T.C.Wall, P.Jupp, A.Zhubr)
There exists an oriented diffeomorphism f: M’ — M iff there is an

isomorphism
@1 H* (M) — H*(M")
such that
/
wo- @ =,
Po=np
p(w2(M)) = wa(M").
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Using our results about invariance of characteristic classes above we
obtain another prove of the following result based on the
classification of 6-dimensional simply connected manifolds.

Let P be a simple flag 3-polytope without 4-belts and Q be a
simple 3-polytope. Then manifolds M°(P,Ap) and M®(Q,Aq) are
diffeomorphic if and only if there is a graded ring isomorphism

H*(MO(P,Ap),Z) ~ H*(M®(Q,Ag), Z).
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