EXERCISES

DUBNA 2018: LINES ON CUBIC SURFACES

Exercise 1. The following problem is from Linear Algebra, A Modern Introduction by
David Poole (2014).
45. From elementary geometry we know that there

is a unique straight line through any two points

in a plane. Less well known is the fact that there is a
unique parabola through any three noncollinear
points in a plane. For each set of points below, ﬁnd
a parabola with an equation of the form y = ax® +
bx + c that passes through the given points. (Sketch
the resulting parabola to check the vahdlty of your

answetr.)

The sentence “Less well known is the fact that there is a unique parabola through any
three noncollinear points in a plane” is mathematically wrong. In this problem, Poole
assumes that parabola is the curve in R? that is given by the equation

y=ax?+br+c

for some real numbers a, b and c. This assumption is a bit weird, since parabolas were used
long before René Descartes introduced Cartesian coordinates. Moreover, this definition of
parabola discriminates z-coordinate, which is not appropriate ®. The goal of this exercise
is to solve this problem using good definition of parabola: parabola is a subset in R? such
that there exists a composition of rotations and translations that maps it to the curve
given by

y = pa’,
where p is a positive real number.
(a) Find all parabolas in R? that pass through the points (0,1), (—1,4), (2,1), (19, 20).
(b) Find all parabolas in R? that pass through the points (0, 1), (—1,4), (2,1
(c) Describe all parabolas in R? that pass through the points (0,1), (—1,4), (2,1).
(d) (

—_—

Let P be a point in R? that is different from (0,1), (—1,4), (2,1). Explain when there
exists a parabola that contains (0,1), (—1,4), (2,1) and P.

Exercise 2. Let ¥ be a subset in P such that ¥ is not contained in one line in P.
(a) Suppose that |X| < 6. Prove that there exists a line L C PZ that contains exactly two

points of the set X.
(b) Suppose that |$| = 7. Prove that there exists a line L C P2 that contains exactly two

points of the set X.
(c) Suppose that [$| = 8. Prove that there exists a line L C P2 that contains exactly two

points of the set X.



Exercise 3. Do the following:

(a) Find all lines in P% that contains exactly 2 points among
0:0:1],0:1:1],[1:1:—-1],[1:3:1],[2:5:1],[1:1:1],[1:4:2].
(b) Find a smooth conic C' C PZ such that C contains the points
[0:0:1],[0:1:0],[1:0:0],

the line in PZ that tangents the conic C' at the point [1: 0 : 0] is given by y — z = 0,
and the line in IP’% that tangents C' at the point [0: 0 : 1] is given by y + 2z = 0.
(¢) Find all smooth conics in P% that passes through

[1:0:2],[3:1:2],[1:2:1],[1:1:1],
and tangent to the line x + 2y 4+ z = 0.

Exercise 4. Observe that no three points among the four points [1:2: 3], [1:0: —1],
[2:5:1] and [-1:7:1] in P% are collinear.
(a) Find the projective transformation ¢: P4 — PZ such that ¢([1:2:3]) =[1:0: 0],

H([1:0:=1))=1[0:1:0], ¢([2:5:1])=[0:0:1] and p([-1:7:1])=[1:1:1].
(b) Let C be the conic in PZ that is given by

—zy + 2y? — 3xz + Tyz + 32° = 0.

Find a projective transformation ¢: P% — P% such that ¢(C) is given by zy = 0.

(c) Let C be the conic in P? that is given by
22 +ay — 2% + 322+ 3yz + 22 = 0.

Then C contains the point [-2 : 1 : 3]. Find a projective transformation ¢: P4 — P2
such that ¢([-2:1:3]) =[0:0: 1] and ¢(C) is given by xz + y? = 0.

Exercise 5. Let A be a complex number. Put
fx,y,2) =23 +y° + 2% + dayz.
Let C be a subset in P% given by f(z,y,2) = 0. Let w = —%Jr@i, so that w? = 1. Denote
by 3 the subset in ]P’(% consisting of the following 9 points:
[1:=1:0],[1:—w:0],[1:—w?:0],
[1:0:—1],[1:0: —w],[1:0: —w?,
[0:1:=1],[0:1:—w],[0:1:—uw?.
(a) Check that C' contains ¥. Show that the set ¥ is not contained in any line in PZ.
Going through all pairs of points in 3, one can see that every line L C IP% that passes

through two points in ¥ contains another point in ¥. Check this in some cases.
(b) Suppose that A® # —27. Show that there is no point [a : b : ¢] € P4 such that

df(a,b,c) _ 9f(a,b,c)  df(a;b,c)
or N oy N 0z N

Use Bezout theorem to show that the homogeneous polynomial f(z,y, 2) is irreducible.
Conclude that C' is a smooth irreducible curve in IP’% of degree 3. Pick a point P € 3.
Find the equation of the line Lp C ]P% that is tangent to the curve C at the point P.
Show that LpNC = P.
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(c) Suppose that A\*> = —27. Show that there are 3 points [a : b : ¢] € P% such that
df(a,b,c) Of(a,b,c) Of(a,b,c)

Oox Jy 0z
Use Bezout theorem to deduce that the curve C is a union of 3 different lines in ]P%.

Conclude that f(z,y, 2) is a product of 3 different polynomials in C[z, y, 2] of degree 1.
Find these 3 polynomials explicitly.

=0.

Exercise 6. Let C be the conic in the complex projective plane IP?C that is given by
42% — dzy + y? — dzz — 13yz + 1222 = 0.
Let P, =1[0:1:1], P,=[-1:4:1], Ps=[2:1:1]. Then C contains the points P;, P, Ps.
Let Q1 =[19:20:1], Q2 =[1:2:0], Q3 = [57: 37 : 49]. Then C contains Q1, Q2, Q3.
(a) Show that C is irreducible. Find the intersection of the conic C and the line z = 0.
(b) Find a projective transformation ¢: P4 — PZ such that ¢(C) is given by
zz+y? = 0.

Compute ¢(P1)7 ¢(P2>7 ¢(P3)7 (b(Ql)v ¢(Q2) and ¢(Q3)
(C) Let ng, L13, LQ37 L21, L31, L32 be the lines in P% defined as follows:
e [ contains P, and (Q2; L13 contains P; and Q3; Log contains Py and )3;
e [ contains P and (Q1; L31 contains P3 and (Q1; L3> contains P3 and ()s.
Find the defining equations of the lines L1, L13, Los, Lo1, Ls; and Lss.
Show that the points Lis N Loy, L13 N L3 and Log N L3y are collinear.

Exercise 7. Put f(x,y,2) = xy> + y2z> + 223, Let C be a subset in ]P’(% given by

f(z,y,2) =0.
(a) Show that there is no point [a : b: ¢] € PZ such that
9f(a,b,c) _ 9f(a,b,c) 9f(a,b,c)

or oy 0z

Use Bezout theorem to show that f(x,y, z) is irreducible.
(b) Let L be the tangent line to C' at [0:0: 1]. Find LN C.
(c¢) Denote by g(z,y, z) the determinant of the matrix

Pflxyz)  OPf(zyz)  f(xy.2)

=0.

Oz0x 0xdy 0x0z
Pf(xyz)  Pf(ryz)  02f(z,y,2)
oyox Oyoy Oyoz
Pflryz) Pflzyz) 9 f(z.y.2)
0z0x 020y 020z

Denote by Z the subset in P4 given by g(x,y,2) = 0. Show that 3 < |[C'N Z| < 24.

Exercise 8. Let C4 be an irreducible curve in JP’(% of degree 4.

(a) Show that the curve C4 has at most 3 singular points.

(b) Suppose that the curve Cy4 has a singular point P such that
mult p (04) = 3.

Show that the curve C4 does not have other singular points.
(c) Give an example of a singular irreducible curve in P4 of degree 4.



Exercise 9. Let S5 be an algebraic subset in IP)% that is given by fa(x,y, z,t) = 0, where
fo(z,y, 2, t) = 22% — 4tz — ty + zy + 222 — y* + y2.

Put P=[1:-1:0:0].

(a) Show that fa(z,v, z,t) is irreducible. Prove that Sy is smooth.

(b) Check that P € So. Find all lines in P} that are contained in S» and pass through P.
Find [A: B : C: D] € P such that the equation

Ax+ By+Cz+ Dt =0

defines a plane II C ]P’(?: that is tangent to Ss at the point P. Describe 11 N Ss.

(c) Find a projective transformation ¢: P24 — P% such that ¢(S2) is given by zy = zt.
Use this to describe all lines in IP’% that are contained in Ss.

Exercise 10. Let Sy be a subset in P2 that is given by fo(x,y,2,t) = 0, where
folz,y, z,t) =2 + to — 2ty + tz + zy + x2 — y* + y2.
Put P=[1:-2:1:1].
(a) Show that fa(z,v, 2,t) is irreducible. Prove that Sy is smooth.
(b) Check that P € So. Find all lines in P} that are contained in S» and pass through P.
Find [A: B : C: D] € P such that the equation
Ax+ By+Cz+ Dt =0
defines a plane II C ]P’(‘?: that is tangent to So at the point P. Describe II N Ss.
(¢) Find a projective transformation ¢: P4 — P2 such that ¢(S2) is given by zy = zt.
Use this to describe all lines in IP’% that are contained in Ss.

Exercise 11. Let S3 be a subset in IP’% that is given by

f3(I) Y, z, t) - 0)
where f3(z,y, 2,t) = tez + 2y + 3.
(a) Show that f3(z,vy, z,t) is irreducible.

(b) Find all singular points (if any) of the cubic surface Ss.
(c) Find all lines on Ss.

Exercise 12. Let S3 be a subset in IP’% that is given by

fg(x7 y? Z? t) = 07
where f3(z,y,2,t) = vyz + xyt + x2t + yzt.
(a) Show that f3(x,y, z,t) is irreducible.

(b) Find all singular points (if any) of the cubic surface Ss.
(c¢) Find all lines on Ss.

Exercise 13. Let S3 be a subset in IP’% that is given by
f3(x7 Y, z, t) = 07

where f3(z,y, z,t) = tzz + y?2 + 2% + A23 for some complex number .

(a) Show that f3(z,v, 2,t) is irreducible.
(b) Find all singular points (if any) of the cubic surface Ss.
(c) Find all lines on Ss.



Exercise 14. Let S3 be a subset in IP)% that is given by
f3($7 Y, z, t) = 0’

where f3(z,y, z,t) = tz2 + z2% + y?z + M3 for some complex number \.

(a) Show that f3(x,y, z,t) is irreducible.
(b) Find all singular points (if any) of the cubic surface Ss.
(c¢) Find all lines on Ss.

Exercise 15. Let S3 be a subset in IP’% that is given by

fg(l?, Y, 2, t) = 07
where f3(z,y, z,t) = 23 + %2 + 2%t
(a) Show that f3(z,v, 2,t) is irreducible.

(b) Find all singular points (if any) of the cubic surface Ss.
(c) Find all lines on Ss.

Exercise 16. Let S3 be a subset in IP’% that is given by

f3(x7 Y, 2, t) =0,
where f3(z,y,2,t) =23+ 3 + 23 +83 — (2 +y+2+1)3
(a) Show that f3(z,v, 2,t) is irreducible.

(b) Find all singular points (if any) of the cubic surface Ss.
(c) Find all lines on Ss.

Exercise 17. Let S3 be a subset in IP’% that is given by

f3($7 Y, z, t) = 07
where f3(z,y, 2,t) = tez + y?z + 23,
(a) Show that f3(z,vy, z,t) is irreducible.

(b) Find all singular points (if any) of the cubic surface Ss.
(c) Find all lines on Ss.

Exercise 18. Let S3 be a subset in IP)% that is given by

fg(x’ y’ Z7 t) = 0’
where f3(z,y, z,t) = vyz — 3.
(a) Show that f3(x,y, z,t) is irreducible.

(b) Find all singular points (if any) of the cubic surface Ss.
(c) Find all lines on Ss.



