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Lecture 2: surfaces and lines on them




Surfaces in complex projective space
Let Sy be a projective variety in IP% that is given by
fd(Xa}/7Za t) = 07
where fy(x,y, z, t) is an irreducible form of degree d.
Definition
We say that Sy is a surface in P2, of degree d.
» If d =1, then S; is given by

|Ax+By+Cz+Dt=0

for some [A: B: C: D] € P2 and we call S; a plane.
» If d =2, then S, is called a quadric surface and it is given by

Ax? + By? + Cz% + Dxy + Eyz + Fzx + Gxt + Hyt + Izt + Jt> =0

forsome [A:B:C:D:E:F:G:H:[:J] P
» If d =3, then S3 is called a surface.
> If d =4, then S is called a surface.
» If d =5, then S5 is called a quintic surface.



Singular and non-singular surfaces
Let Sy be a projective variety ]P’(3c that is given by
fd(x,y,z, t) =0
for an irreducible homogeneous fy € C[x,y, z, t| of degree d.
Definition
A point [a: B : v : 0] € P2 is a singular point of Sy if

of(a,8,7,6) _ 0f(, B,7,6) _ 9f(a,B,7,0)  0f(e, B,7,6)
Ox oy 0z ot

» Denote by Sing(Sy) the set of singular points of S,.
» Non-singular points of S4 are called smooth or nonsingular.
» The surface Sy is smooth or nonsingular if Sing(S54) = @
Euler's formula for homogeneous polynomials gives
Ofg(x,y,z,t ofy(x,y,z,t Ofg(x,y,z,t ofy(x,y,z,t
a(x,y )+y d(x.y.z.t)  Ofalx.y,2,t) Oflx.y,2.t)
Ox Oy 0z ot

dfd:X



Tangent planes
Let Sy be a projective variety ]P’?C that is given by
fd(x,y,z, t) =0

for an irreducible homogeneous f; € C[x, y, z, t] of degree d.

Remark
Almost all points of the surface Sy are smooth.

> Let [av: B : v : 3] be asmooth point of the surface Sy.

Definition
The plane in ]P’% that is given by

afd(a7577a 6) + afd(aaﬁava 6) + 8fd(06,6,’)/,5) + afd(a75777 5)

ox X oy 7 0z - ot 0

is the tangent plane to Sy at the point [a: 3 : 7 : 4.




Projective transformations in three dimensions
Fix a matrix with complex entries and non-zero determinant

400
ao1
ao2
403

A projective transformation IP’% — IP’%

aio
a1
a2
ai3

azo
azi
az
a3

asp
as1
as?
as33

is a map given by

[x:y:z:t]— |aoox + ao1y + a2z + aoat :

D a10X + ai1y + a12z + a1zt axx + ax1y + ax»z + axst:

1 azoX + az1y + aspz + asst|.

Subsets X and Y in IP’(?: are said to be projectively equivalent if

pX)=Y

for some projective transformation ¢: ]P’% — ]P’%.

» Projectively equivalent surfaces in IF’% have the same degree.



Singular quadric surfaces
Let Sy be an irreducible quadric surface in ]P’%. Then it is given by

D F G
s 2 Ea [
X y z t 2 £ 2 ¢ =0
( SRR IIE
2 2 3 J t
forsome [A:B:C:D:E:F:G:H:[:J]€P

Lemma
The determinant of this matrix is zero <= S, is singular.

Lemma
If So is singular, then it is projectively equivalent to xy = z°.

Proof.
If Sy is singular at [0: 0:0: 1], then it is given by

Ax? + By? + Cz%> + Dxy + Eyz + Fzx = 0

for [A:B:C:D:E:F]€P2. Now use result for conics. O



Nonsingular quadric surfaces
Let S, be a nonsingular irreducible quadric surface in IP%.

Theorem
S, is projectively equivalent to the surface given by xy = zt.

Proof.
The surface S, is given by

Ax? + By? + Cz*> 4+ Dxy 4 Eyz + Fzx + Gxt + Hyt + Izt + Jt> = 0

forsome[A:B:C:D:E:F:G:H:[:J] P
Apply projective transformation such that
> the surfaces S, contains the point [0:0:0: 1],
» the tangent plane to S, at the point P is z = 0.
Then J=0, G=0, H=0, | #0. We may assume [ = —1.
Apply [x:y:z:t]—[x:y:z:t—Ey— (Cz].
Now E = C =0, so that S, is given by Ax? + By? + Dxy = zt. [



Lines on smooth quadric surfaces
> Let S, be the quadric surface in }P’% given by xy = zt.
» Let P=[a: :7:0] be apointin Sy, so that aff = 7.
Let L be a line in Sy such that P € L. Then L can be given by
)\[a:ﬁ:’y:cs]—ku[a:b:c:d},

where Q =[a: b:c:d]isapointin L and [X: u] € PL.
We may assume that P and L are not contained in the plane t = 0.
Then we can let =1 and d = 0. Then

(oﬁ—ua)(ﬁ—kub) — (v—k,uc) =0
for every u € C. Then the polynomial
abM2+ (ab+aﬂ—c)u+a5—’y

must be a zero polynomial. Then ab=0 and ab+ af = c.
Then either [a=0,b = 1,c:a‘or‘a:1,b:0,c:ﬁ‘.




Canton Tower Guangzhou




Lines on smooth quadric surfaces revisited

» Let S, be a smooth quadric surface in P3..

» Take any point P € 5.

» Then S contains contains 2 lines passing through P.
Applying projective transformations, we may assume that

» P=1[0:0:0:1],

> the tangent plane to S; at the point P is t = 0.
Then the quadric surface Sy is given by

Ax? + By? + Cz% 4+ Dxy + Eyz + Fzx = zt

for some complex numbers A, B, C, D, E and F.
Now we can A=B=C=E=F=0and D=1 fixing P.
Let L be a line in Sy such that P € L. Then L can be given by
A[O:O:O:l]—l—u[a:b:c:O],
where Q =[a: b:c:0]isapointin L and [X: u] € PE.
Then abu? — jic = 0 for every € C. Then ab=0 and ¢ = 0.
» Thus, either Q=[0:1:0:0:Jor @=[1:0:0:1].



Smooth quadric surfaces are P x Pg

» The product JP’(%: X IP)%: consists of all possible pairs

([o:8): [r:9])
with [ : 8] and [ : 4] in PE.
Define a map ¢: IP’(lc X P(lc — IP’% by
([a:ﬂ] : [7:5]) — [a’y:aé:ﬂ’y:ﬁé}
» The map ¢ is everywhere defined.
» The image of the map ¢ is the quadric S, C P2 given by
xt = yz.

» The induced map PL x PL — S, is a bijection.

For a point P € P}, both ¢(P x PL) and ¢(PL x P) are lines.



Counting lines on surfaces

> Let 5S4 be an irreducible surface in IP% of degree d.
» Suppose that Sy does not have singular points.

Theorem (Segre, 1943)
If d > 3, then Sy contains at most (d — 2)(11d — 6) lines.
> If Sy is general enough and d > 4, it contains no lines!

Example (Shioda)
Suppose that d is prime and d > 5. Then the surface given by

t9 b xy Tty X =0

does not contain lines.
Theorem (Segre, 1943)
If d = 4, then S4 contains at most 64 lines.

» The surface x* 4 y* + z* + t* = 0 contains 64 lines.
» The surface xy3 + yz3 + zx3 + t* = 0 contain 0 lines.



Singular cubic surface containing one line
Let S3 be the surface in P given by x> + y2z + 2%t = 0.

> Let L be alinein IP’% such that L C Ss.
» Let P=[0:a: b: c| be the intersection of L with x = 0.
» Let @ =[a: B :0: 7] be the intersection of L with t = 0.

We may assume that P # Q. Then L is given by
(e Aa+ pb : Ab : Ac + pv],
where [X : p] runs through all points in P. Then
1303 + ()\a + ub)z)\b +A2p2 ()\c + W)2 =0
for every [\ : u] € PL. This gives
o313 + BPbuPA + (2a5b + b2~y) A2+ BPeA3

for every [X : u] € PL. This gives

o = 3%b = 2aBb + b*y = b?c = 0.
Then a = b= 0, so that L is given by x =z =0.




Blowing up the plane
Consider the product C2 x IP’%:. It consists of all pairs

((xoy).[a:8])
where (x,y) € C? and [a: 8] € PL.
» Let S be a subset in C2 x IP’(%: that is given by
xB = ay.

» Let m: S — C? be the natural projection.
> Let E be the subset in S that is given by x = y = 0.

Definition
We say that 7 is a blow up of C? at the point (0,0).
We say that E is the exceptional curve of the blow up 7. One has

S\ E=C2?\(0,0).

Note that 7 is birational and E = ]P’(%:.



Blowing up the projective plane
Consider the product IP’% X IP’}C. It consists of all pairs

<[x:y:z]7 [a:ﬁ])
where [x : y : z] € P2 and [a: 8] € PL.
> Let S be a subset in }P’% X ]P’%: that is given by
xB = ay.

> Letm: S — IP% be the natural projection.
> Let E be the subset in S that is given by x = y = 0.

Definition
We say that 7 is a blow up of P2 at the point [0: 0 : 1].
We say that E is the exceptional curve of the blow up 7. One has

S\E=C?\[0:0:1].

Note that 7 is birational and E = ]P’(%:.



Blow up and lines Ax = uy
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Cuspidal cubic curve
Let C be the curve in C? that is given by x3 = y?. Let

~

C= 7r—1<C\(0,0)) cS.

Let U be the open subset in C? x ]P’%: given by o # 0. Let
B

zZ = —.
o

Identify U = C3 with coordinates x, y, z. Then SN U is given by
y = xz.

Outside of the curve E N U, the subset CnUis given by
{ y = XZ?
x3=y2
Identify SN U = C? with coordinates x and z. Then

X =2z

defines C N U. Then C is and |[EN (_A'| =1



Nodal cubic curve
Let C be the curve in C? that is given by x> = y? + y3. Let

o~

C=r1(c\(0,0)cs.

Let W be the open subset in C? x IF’}C given by 5 # 0. Let

(%
zZ = —.

g
Identify W = C3 with coordinates x, y, z. Then SN W is given by

X =yz.

Outside of the curve E N U, the subset C N U is given by

X =yz,
x2=y2 4 y8

Identify SN W = C? with coordinates y and z. Then

=14y

defines C N W. Then C is and [EN 6| =2



Blow ups and intersection multiplicities

» Let 7: S — C? be the blow up of the point (0,0).
> Let E be the exceptional curve of the blow up .

Let C be the curve in C2 that contains (0,0). Let O = (0,0) and
¢ = 7r—1(C\ o) cS.
We say that C is the of the curve C. Then

multo(C) = Z (E E)P.

PcE

» Let Z be the curve in C? such that O € C.
» Let Z the of the curve Z.

If C and Z has no common components, then

(C . Z)O = multo(C multo + Z ( )

PcE




Stereographic projection
Let S, be the smooth quadric in P2 given by xy = zt.
> Let ¢: Sp --» IP% be a map given by
[x:y:z:t]—=[y:z:t].
> Let ¢: P2 --» P2 be a map given by

2

[x:y:z]—[yz:x°:xy:xz].

Then 1 = ¢! and there is a commutative diagram

where f blows up [0:0: 1] and [0:1:0], and g is a morphism.
> Let libe the line in IF’% given by x = 0.
> Let £ be the i on X of the line £.
» Then g blows down ¢ to the point [1:0:0:0].

What does f blow down?



Blowing up the space
Consider the product C3 x IP%. It consists of all pairs

((X,y,z), [04 (B 7])

where (x,y,z) € C® and [a: B: 7] € P2.
» Let V be a subset in C3 x IP)?C that is given by

ay = xf3,
az = XY,
Bz = yn.

» Let v: V — C3 be the natural projection.
> Let E be the subset in V that is given by x =y =z = 0.

Definition
We say that v is a blow up of C3 at the point (0,0, 0).
We say that E is the exceptional surface of the blow up 7. One has

V\E=C3\(0,0,0).

Note that E = PZ.



Singular cubic surface |
Let S3 be the surface in C3 given by x3 + y?z + 22 = 0.
» Let y: C3 — C3 be the map given by
(x,y,2) — (xv,7.2y,).
> Let E be the surface in C3 given by y = 0.
» Let S3 be the on C3 of the surface Ss.
Then the surface §3 is given by
y34zy+ 22 =0.
It is singular at (0,0,0). Note that EN §3 is irreducible.

» We considered one chart of the blow up of C3 at (0,0,0).
» The second chart of the blow up is given by
(x,y,2) — (x2,yz,2).
» The third chart of the blow up is given by
(x,y.2) — (>A<, yX,ZX).

» In each of them, the of S3 is smooth.



Singular cubic surface |l

Let S; be the surface in C3 given by y<3 + 2y + 22 = 0.
» Let p: C3 — C3 be the map given by

(x,7.2) = (x,y2,2x).

» Let F be the surface in C3 given by X = 0.

> Let S3 be the on C3 of the surface S;.

Then S3 is given by yx? +zy 4+ z? = 0. It is singular.
» Let ¢: C> — C3 be the map given by
(>~<, Y, Z) — (>~<, yz, Z)?).
» Let G be the surface in C3 given by X = 0.

> Let §3 be the on C3 of the surface Ss.

Then S3 is given by yX + Zy + 22 = 0. It is singular.



Singular cubic surface IlI
The surface Sz is given in C3 by yx + zy + 2> = 0.
» Let ¢p: C3 — C3 be the map given by
(x,y,2) = (x,yz,zx).
» Let H be the surface in C3 given by x = 0.

> Let S3 be the on C3 of the surface S;.
We consecutively blew S3 four times
S3 v S5 ° S3 2 55 X 53

Then S3 is given by y +zy + 22> = 0. It is
» EN §3 is a smooth irreducible curve.
» F N Ssis a union of two smooth irreducible curves.

» GN §3 is a union of two smooth irreducible curves.
» H NSz is a smooth irreducible curve.

The constructed morphism S3 — S3 contract 6 irreducible curves.

> Their intersection graph is the Dynkin diagram Eg.



