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Lecture 3: twenty seven lines on smooth cubic surface




Every smooth cubic surface contains twenty seven lines
Let S3 be a smooth cubic surface in P3..

Theorem (Cayley, Salmon)

The surface S3 contains exactly 27 lines.




Lines on the Fermat cubic surface |

> Let S3 be the surface in }P’% given by x3 +y3+ 22 +t3 =0.
» Then Sz is irreducible and smooth.

Put w = —%+i§. Then S3 contains lines
X+t=y+z=0x+t=y+wz=0x+t=y+w’z=0,
x+wt=y+z=0,x+wt=y+wz=0,x+wt=y+w?z=0,
x+uwt=y+z=0x+w’t=y+wz=0x+w’t=y+w?z=0,
y+t=x+z=0y+t=x+wz=0,y+t=x+w?z=0,
ytwt=x+z=0,y+wt=x+wz=0,y +wt=x+w?z=0,
yH+uwlt=x+z=0,y+w’t =x+wz =0,y +w’t = x+w?z =0,
z+t=x+y=0z+t=x+wy=0,z+t=x+w?y =0,
ztwt=x+y=0,z+wt=x+wy=0,z4+wt=x+w?y =0,

z+w?t=x+y =0,z4+w?t = x+wy = 0,z+w?t = x +w?y = 0.



Lines on the Fermat cubic surface Il
Let S3 be the surface in P given by x>+ y3 + 23 + 3 =0.

» Let L be alinein IP’% such that L C Ss.
» Let P=1[a: b:0: c| be the intersection of L with z = 0.
» Let Q =[a: B ::0] be the intersection of L with t = 0.

We may assume that P # Q. Then L is given by

/\[a:b:O:c]—i—u[a:B:'y:O],
where [X : u] runs through all points in P. Then

3 3
()\a + ua) + ()\b + ,u,6’> + 233 +343 =0
for every [\ : ] € PL. This gives
N (@2 +b3+c3)+302p(a%a+b2B) +3Mu? (aa?+bB2) + 12 (0 +83+4°) = 0

for every [\ : ] € PL. This gives

a3—|—b3+c3:aza—i-bz,é’:aaz—i-bﬁz:a3+53+fy3:0.

Let us use these equations to show that L is one of our 27 lines.



Lines on the Fermat cubic surface Il
We have the line L that consists of the points

[Aa+,uoz:)\b+uﬁ:,u7:)\c]

where [\ : u] € PL. We also have

S+ +E=a+bs=ac’+bg2=a+83++>=0.
Suppose that a = 0. Then

P+l =prs=a+++=0.
This gives 3 =0, b> + > =0and a® + 3 = 0. Then
P:[O:w’.:O:l}

and Q = [w/ : 0:1:0] for some i and j. Then L is one of the lines

y+t=x+z=0y+t=x4+wz=0,y+t=x+w?z=0,
y+uwt=x+z=0,y+wt=x+wz=0,y +wt=x+w?z=0,
y+wt=x4+z=0,y+w’t =x+wz=0,y+w’t = x+w?z=0.



Lines on the Fermat cubic surface |V
We may assume that a # 0. Then
P:[a:b:O:c]: [1:5:0:7},
so that we may assume that a = 1. Then L consists of the points
[)\—I—,uoz:/\b+u5:u'y:)\c}
where [ : u] € PL. We also have
1+ +l=a+bB=a’+b=a’+ 5+~ =0.

Suppose that b=0. Then1+c3=p=a3+33+~3=0.
This gives =0, 1+ c3=0and o® +~3 =0. Then

P:[l:O:O:w’J
and Q = [w/ : 0:0: 1] for some i and j. Then L is one of the lines
X+t=y+z=0x+t=y+wz=0x+t=y+w’z=0,
xdwt=y+z=0,x+wt=y+wz=0,x+wt=y+w?z=0,
x+wt=y+z=0x+w’t=y+wz=0x+w’t=y+w?z=0.



Lines on the Fermat cubic surface V
Thus, we may assume that b # 0. Recall that

1+ +E=a+b?B=a’+b =+ ++*=0
This implies that 8 # 0 and « # 0, since (o, 8,7) # (0,0,0).
Then we may assume that 8 = 1, since

:[a:ﬂ:y:O]:[%:l:%:O}.

Thenl+ b+ =a+b=a?+b=0>+1+7>=0.
Now using o+ b?> = a® + b = 0, wegetb3—a =—1.
Thenc=~v=0,sincel+ b +3=0a+14++3=0. Then

P = [1:w :O:O]
and @ = [w’/ :1:0: 1] for some i and j. Then L is one of the lines
z+t=x+y=0,z+t=x+wy=0,z+t=x+w?y =0,
z+wt=x+y=0,z+wt=x+wy=0,z4+wt=x+w?y =0,
z+w?t=x+y =0,z4+w?t = x+wy = 0,z+w?t = x+w?y = 0.



Twenty seven lines on smooth cubic surface




Lines on x3 + y3 + z%t + > = 0 using brute force |
Let S3 be the surface in P given by x> + y3 + 22t + £ = 0.

» Let L be alinein IP’% such that L C Ss.
» Let P=[0:a: b: c| be the intersection of L with x = 0.
» Let @ =[a:0: S : 7] be the intersection of L with y = 0.

Suppose that P = Q. Then P = @ is one of the three points
[0:0:1:0],[0:0:1:7],[0:0:1:—i].
Let 1 be the tangent plane to S3 at P. Then .
» If P=[0:0:1:0], then I is given by t = 0.

» If P=[0:0:1:1], then I is given by z+ it = 0.
» If P=[0:0:1:—j], then I is given by z — it = 0.

Put w = —%+i§. This gives us 9 lines on S3 given by
x+y=t=0,x+wy=t=0,x+w?y=1t=0,
X+y=z4+it=0,x+wy=z+it=0,x+w?y=z+it=0,
X+y=z—it=0,x+wy=z—it=0,x+w?y=2z—it=0.



Lines on x3 + y3 + z%t + t> = 0 using brute force ||

Now we assume that P # @, and neither P nor Q is among
[0:0:1:0],[0:0:1:i],[0:0:1:—i].
Then the line L is given by
AO:a:b:cl+pula:0:p8:7],

where [\ : u] € PL and a # 0 and a # 0. Then

1Bad + 23383 + ()\c + m) (Ab n w)z n ()\c n m)3 —0

for every [A : u] € PL. This gives
aS+b%c+c3 = 2Bbc+yb*+3vc? = 2 4+2bcf+3cy? = o +52y++3 = 0.

Let us use these equations to find the remaining lines on S3.



Lines on x3 4 y3 + 2%t + > = 0 using brute force Il|
The line L in P consists of the points

[pac: Xa: Ab+ pB : Ae+ p],
where [A: y] € Pt and a# 0 and o # 0 and
a>+b%c+c3 = 2Bbc+yb*+3vc? = c24+2bcf+3cy? = o’ +52y++3 = 0.
Then ¢ # 0 and v # 0. Thus, we can put ¢ =~ = 1. Then
a4+ +1=20b+b2+3=32+2b+3=0a+p32+1=0.
Then b#0and 5#0. Then g = 3%’ so that
(- 3erbb2)2+2b(— 3;bb2)2+3:52+2b6+3:0,

which gives b* — 2b?> — 3 = 0. Then either b = £v/3 or b = +i.
If b= =i, then a = 0. By assumption, this is not the case.

» We have b= ++/3, B = FV3, a® = —4 and o® = —4.




Lines on x3 + y3 + 2%t + t> = 0 using brute force IV
Put w = —% + i@. Then Sz contains 9 lines

x+y=t=0,x+wy=t=0,x+w?y=t=0,
X+y=z4+it=0,x+wy=z+it=0,x+w?y=z+it=0,
X+y=z—it=0,x+wy=z—it=0,x+w?y=z—it=0.
For every i and j in {0, 1,2}, the surface S3 contains the line
—u%wi:—)\ﬁu)j::l:\/g()\—u) :)\+u],

where [X : y] € PL. This gives us 18 lines

6y — V3V4w'z — 3V4w't = 3w'x + 3yw — V3V Tz =0,

6y + V3V4w'z — 3v4w't = 3w'x + 3yw’ + V3V Tz = 0.

Thus, we proved that S3 does not contain other lines.

» This approach is not easy to apply in general.



Twenty seven lines on Clebsch cubic surface




Lines on x3 + y® + z%t 4 t3 = 0 using conics |
Let S3 be the surface in P given by x> + y3 + 22t + £ = 0.
» The surface S3 contains the line L given by t = x4+ y = 0.
Let 1 be a plane in IP?C that contains the line L. Then

SsNMN=LUC,
where C is a conic in 1. The plane I1 is given by
AMx+y)+pt=0
for some [A: p] € PE. Put w = —1 + ié.
» If [A: ] =[0:1], then C splits as a union of the line
xX+wy=t=0

and the line x + w?y =t = 0.
» If [A\: p] =[1:0], then C splits as a union of the line

X+y=z+it=0

and the linex+y =z—it=0.



Lines on x3 4 y3 + 2%t + > = 0 using conics ||
Let M be a plane in P given by t = A(x + y) for A € C. Then

MNnNS;=LUC,
where L is the line t = x+ y =0 and C is a conic in . Then
t=ANx+y)
{x3+y3+)\22(x+y)—|—)\3(x+y)3:0

defines the intersection 1N S3. Then C is given by
t=Ax+y)
{x2—xy+y2+/\z2+)\3(x+y)2 =0
The conic C is isomorphic to the conic in IP% given by
(L+X)x+ 0N —xy +(1+2)y2 +2122=0
Then C splits as a union of two lines if and only if

143 21 g

3
2231 3 — 3.7\ =
2= 1403 0 )\<3)\ + 4> 0.

0 0 A



Lines on x3 + y3 + z%t 4 > = 0 using conics Il

» Let I be a plane in P2 given by t = A(x + y) for A € C.
» Then 1N S3 is a union of the line t = x + y = 0 and conic

X=Xy + Y AP N (xFy)P =t —Ax+y)=0.

1 1
\f - VA Ve
Thus, the line t = x + y = 0 gives us 10 more lines

1. x+y=z+1it=0,

» This conic is reducible <= \ = o0, 0,

2. x4+y=z—it=0,

3.X—|—wy:t:0,

4 x+wly =t=0,

5. fx—\fy—zf—t—}—\%f(x—}—y):O,
6. \fx—\fy+2\f—t+ﬂ(x+y):0,

7. ﬁx—\@y—zﬁw:t—i—ﬁ(x—i—y)zo,
8. V3x — 3y +zvVhw =t + \%‘w(x—}—y):O,
9. V3x — 3y — zv w2—t+\/}2(x+y):0
10. fx—fy%—sz =t+ 7 2(x—i—y)—O




Lines on x3 + y3 + z2t 4 3> = 0 using conics IV
y

» Let I be a plane in P given by t = A(x + wy) for A € C.
» Then 1N S3 is a union of the line t = x + wy = 0 and conic
x? —wxy + Wy + 222 + MB(x +wy)? =t — A(x +wy) = 0.

1 1
» This conic is reducible <= \ = o0, 0, f i T Tan

Thus, the line t = x +wy = 0 gives us 10 more lines
1. x+wy=z+it=0,

2. x+wy=z—it=0,

3. x+w?y=t=0,

4 x+y=1t=0,

5. \/gX—\/gwy—Zﬂ:t—f—%(x—kwy):O,

6. ﬁx—\@wy+2%:t+%(x+wy)20,

7. ﬁx—\f?)wy—zé/zlw:t-kﬁ(x_Fwy):Q
8. fx—\fwy+z\3fw:t+ {71, (X—|—wy):O,
9. V3x — 3wy — zv/4w? —t+f2(x+wy):0
10. fx—fwy#—sz =t+ 7 2(x—i—wy)—O



Lines on x3 + y3 + z%t + > = 0 using conics V
y

» Let I be a plane in P given by t = A(x + w?y) for A € C.
» Then NN S3 is a union of the line t = x + w?y = 0 and conic

X2 —wPxy +wy? + A22 + X(x +w?y)? = t — M(x +w?y) = 0.

1 1
\f - VA Ve
Thus, the line t = x 4+ w?y = 0 gives us 10 more lines
1. x+w?y=z+it=0,

» This conic is reducible <= \ = o0, 0,

2. x+wly=z—it=0,

3. x+wy=t=0,

4 x+y=t=0,

5. ﬁx—\@w@—zeﬁl:t—i—%(x—i-w@):o,

6. \/§X—\/§w2y+2\3/71:t+%(x—l—w2y):0,

1. \[X—\fwzy—z“lw—t—i—%(x—i—wzy):o
8. V3x — v/3w? y—i—sz—t—kf (x +w?y) =0,
9. V3x — V3wly — zv/4w? =t + 34oﬁ(x—i—u) y) =0,
10. v3x = V3w2y + 2V/hw? = t+ 5a—(x + w?y) = 0.



Lines on x3 + y3 + z%t 4 > = 0 using conics VI
Let N be the plane t = 0. Then 1N S3 is a union of 3 lines

‘t:x+y:OHt:X—i—wy:0, t=x+w’y=0|

v

We found 10 lines in S3 that intersect t = x +y = 0.
We found 10 lines in S3 that intersect t = x +wy =0 .
We found 10 lines in S3 that intersect t = x 4+ w?y = 0.

v

v

v

This gives us 27 lines.
Let £ be a line in IP’% that is contained in Ss.

Lemma
intersectst =x +y =0, t=x+wy =0ort = x +w?y = 0.

Proof.
Either £ C T or £ N T1 consists of one point.

» Thus, the 27 lines we found are all lines on the surface S3.



Twenty seven lines on smooth cubic surface
Let S3 be any smooth cubic surface in P2..
Theorem (Cayley, Salmon)

The surface S3 contains exactly 27 lines.

Proof.

» Show that S3 contains a line L.
» Find a plane I1 C IP% such that

MNS3=LUlLyUl;3

for two more lines L3 and Ls.
» Find all lines in S3 that intersect L.
» Find all lines in S3 that intersect L.
» Find all lines in S3 that intersect L3.
» This gives us all lines that are contained in Ss.

» Since S3 is smooth, this gives 27 lines.



Smooth cubic surfaces as blow ups of the plane
Let w = —1 + 3/, Let
A(x,y,z) = (6w )yz+2/xz — ix%y,
B(x,y,z) = (3w — 3)y z 4 iwx%y — 2ixz?,
C(x,y,2) = (3w — 3)yz? + (Bw + 6)xy? + ix°z,
D(x,y,z) = i(3w — 3)yz® + x*z.
Let ¢: ]P’(ZC -—» IP% be a map that it given by
[X Ly z] — [A(X,y,z) - B(x,y,z): C(x,y,z): D(x,y,z)].

Then ¢ is not defined at 6 points. There is a commutative diagram

/\

,,,,,, >[p>3

where f blows up these 6 points, and g is well defined.

» The image of g is the surface given by x3 + y3 4+ 22t 4+ t3 = 0.



