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Tunel npeaenbHOro noeegeHnA
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Twnbl npeaenbHOro NoBEAEHNA

» 3akoH BOMbLUIMX YUCEN: CTPEMJIEHNE K KOHKPETHOMY Mpegeny
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3aKoH bonblmx yncen
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3aKoH bonblmx yncen

Mogbpocum monety 10 pas:
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3aKoH bonblmx yncen

Mogbpocnm monety 10 pas: 1011101101
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3aKoH bonblmx Yyucen

Mogbpocnm monety 10 pas: 1011101101
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3aKoH bonblmx Yyucen

Mogbpocum monety 100 pa3: 101110110110110010011...

10 100
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3akoH bonblnx Yucen

Mogbpocum monety 1000 pas: 101110110110110010011...

100 1000
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3akoH bonblnx Yucen

Mogbpocum monety 1000 pas: 101110110110110010011...

100 1000
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3aKoH bonblmx Yyucen

Mogbpocum monety 1000 pas: 101110110110110010011...

100 1000
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OTKNOHEHWNE OT CpeaHEero

Kak ycTpoeHO OTKJIOHEHWE YKUCNa OpJioB Sy OT CPEAHEro 3HAYeHUs %?
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OTKNOHEHWNE OT CpeaHEero

Kak ycTpoeHO OTKJIOHEHWE YKUCNa OpJioB Sy OT CPEAHEro 3HAYeHUs %?
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OTKNOHEHWNE OT CpeaHEero

Kak ycTpoeHO OTKJIOHEHWE YKUCNa OpJioB Sy OT CPEAHEro 3HAYeHUs %?
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A 4TO, ecnm genuTb Ha MeHbyto cTeneHs N7
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CpeaHekBagpaTniHoe OTKIOHeHMe
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Cpe,ﬂ,HeKBa,ﬂ,paTVI‘-IHOe OTKJIOHEHNE

nOCMOTpVIM Ha CpefHeEE 3Ha4YeHNE KBaapaTa BEJINYUHDbI
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CpeaHekBaApaTUYHOE OTKJIOHEHNE
HOCMOTpVIM Ha CpefHeEE 3Ha4YeHNE KBaapaTa BEJINYUHDbI

N
25y — N =YX,
j=1

o & - = DA
BukTtop Knenubin (IRMAR) CnyualiHble MeTpukn Ha ccpepe



CpeaHekBaApaTUYHOE OTKJIOHEHNE

HOCMOTpVIM Ha CpefHeEE 3Ha4YeHNE KBaapaTa BEJINYUHDbI
N
25— N =) X;.
=1

1 c BeposiTHoCcTblO 1/2
roe X; =
—1 ¢ BeposiTHoCcTbtO 1/2.
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CpeaHekBaApaTUYHOE OTKJIOHEHNE

HOCMOTpVIM Ha CpefHeEE 3Ha4YeHNE KBaapaTa BEJINYUHDbI

N
25y — N =YX,
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LleHTpanbHas npefenscHas Teopema

Teopema (LlenTpanbHas npepensHas Teopema)
C poctom N
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LleHTpanbHas npefenscHas Teopema

Teopema (LlenTpanbHas npepensHas Teopema)

C poctom N pacnpeneneHue cay4aiiHoOl BEANYNHbI
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LleHTpanbHas npefenscHas Teopema

Teopema (LlenTpanbHas npepensHas Teopema)

C poctom N pacnpeneneHue cay4aiiHoOl BEANYNHbI 25\%'\' CTPEMUTCS K
pacnpegenenuto [aycca, uMeroLeMy naO0THOCTb
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Teopema (LlenTpanbHas npepensHas Teopema)
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LleHTpanbHas npefenscHas Teopema

Teopema (LlenTpanbHas npepensHas Teopema)

C poctom N pacnpeneneHue cay4aiiHoOl BEANYNHbI 25\%'\' CTPEMUTCS K
pacnpegenenuto [aycca, uMeroLeMy naO0THOCTb
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Ha 10 000 nogbpacbiBaHuii: BEpOSITHOCTL MOMACTb B OTPE30K
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LleHTpanbHas npefenscHas Teopema

Teopema (LlenTpanbHas npepensHas Teopema)

C poctom N pacnpeneneHue cay4aiiHoOl BEANYNHbI 25n_N

CTPEMUTCA K
VN CTP

PacrnpefeeHno I_aycca, nmerLjemMy nJio0THOCTb

1 —X
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Ha 10 000 nogbpacbiBaHuii: BEpOSITHOCTL MOMACTb B OTPE30K
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>
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LleHTpanbHas npefenscHas Teopema

Teopema (LlenTpanbHas npepensHas Teopema)

C poctom N pacnpeneneHue cay4aiiHoOl BEANYNHbI
pacnpegenenuto [aycca, umerowjemy naoTHOCTb
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LleHTpanbHas npefenscHas Teopema

Teopema (LlenTpanbHas npepensHas Teopema)

C poctom N pacnpeneneHue cay4aiiHoOl BEANYNHbI 25n_N

CTPEMUTCA K
VN CTP

PacrnpefeeHno I_aycca, nmerLjemMy nJio0THOCTb

1 —X
p(x) = E 2,

Ha 10 000 nogbpacbiBaHuii: BEpOSITHOCTL MOMACTb B OTPE30K
» 50005 8%

» 5000£50 68%
» 5000£150 99.7%
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5p0yHOBCKOe OBU>XKEHNE

MocMOTpNM Ha OTKNOHEHUS OT CpeaHero Siyy — % HOPMVPOBaHHbIE Ha
nx cpepHekBagpaTuyHoe v N /2:
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5p0yHOBCKOG OBU>XKEHNE
MocMoTpuM Ha OTKNOHEHUS OT CpeaHero Siyy — % HOPMVPOBaHHbIE Ha
nx cpegHeksagpatuyroe v N /2:
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5p0yHOBCKOG OBU>XKEHNE
MocMoTpuM Ha OTKNOHEHUS OT CpeaHero Siyy — % HOPMVPOBaHHbIE Ha
nx cpegHeksagpatuyroe v N /2:

Sing — 5

VN/2

BukTtop Knenubin (IRMAR) Cny4aliHble MeTpukmn Ha cdbepe 23 uons, 2019 7/ 38



BpoyHoBckoe aBUM>KeHME
HOCMOTpVIM Ha OTKJIOHEHWNA OT CpeOAHEro S[NX] - %, HOPMUWPOBAHHbIE Ha
nx cpegHeksagpatuyroe v N /2:
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BpoyHoBckoe aBUM>KeHME
HOCMOTpVIM Ha OTKJIOHEHUA OT CpefHero S[NX] - %, HOPMUWPOBAHHbIE Ha

ux cpepHeksagpatudtoe /N /2:
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1000

BukTtop Knenubin (IRMAR) Cny4aliHble MeTpukmn Ha cdbepe 23 uions, 2019 7/ 38



[locTaHoBKa BOMpoOCa

Bosbmém N eguHu4yHbIX KBagpaTUKOB.
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[locTaHoBKa BOMpoOCa

Bosbmém N (o4eHb MHOMO) eANHUYHBIX KBaAPaTUKOB.
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[locTaHoBKa Bomnpoca

Bosbmém N (oueHb MHOMO) efuHnYHbIX KBagpaTukos. Cknenm unx Tak,
4TobbI Nonyymnace cepa.
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[locTaHoBKa BOMpoOCa

Bosbmém N (o4eHb MHOTO) eanHMYHbIX KBagpaTukos. Ckaenm unx Tak,

4TObbI Nonyymnacek cepa. YTo MOXHO ckazaTb O noay4meluelics ccepe?
Hanpumep, kakoii y Heé bygeT guametp
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[locTaHoBKa BOMpoOCa

Bosbmém N (oueHb MHOMO) efuHnYHbIX KBagpaTukos. Cknenm unx Tak,
4TObbI Nostyumnack cepa. HTo MOXHO cKasaTb O nosydmsLuelics cepe?
Hanpumep, kakoii y neé byget anametp (anuHa nyTn no ceepe ectb
CYMMa [JIMH NPONAEHHbBIX MyTel BHYTPW KBAAPaTUKOB)?
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[locTaHoBKa BOMpoOCa

Bosbmém N (oueHb MHOMO) efuHnYHbIX KBagpaTukos. Cknenm unx Tak,
4TObbI Nonyymnacek cepa. YTo MOXHO ckazaTb O noay4meluelics ccepe?
Hanpumep, kakoii y Heé (ckopee Bcero) bymet guametp (gnuHa nyTu no
cdbepe eCTb CyMMa ANNH NPOVAEHHBIX MYTEl BHYTPU KBAAPaTUKOB)?!
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[Mpumepbi—1

MepBas ckneilika paért cepy
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[Mpumepbi—1

Y

MepBas ckneiika gaért ccpepy, a BTopasi — Top
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[Mpumepbi—1

MepBas ckneiika faér cdepy, a BTopast — Top (1 NOTOMy Hac He
NHTEpecyeT).
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[Mprmepbl—2

MoxHo caenatb cepy u3s ksagpata v N x V/N;
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[Mprmepbl—2

MoxHo caenaTb cepy us keagpata VN x v/N; a MoxHO — 13
«Tpyboukny pnnnsr N/2.
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[Mprmepbl—2

MoxHo caenats cdepy us kBagpata VN X vV N; a MOXXHO — 13
«Tpyboukmy anuHsl N/2. HakoHel, MoxHO caenatb «anesbcuHy u3s N
[0NIEK, UMetoLMX obLnii CeBEPHBIA N tOXKHbIA NOJIHOC
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[Mprmepbl—2

MoxHo caenats cdepy us kBagpata VN X vV N; a MOXXHO — 13
«Tpyboukmy anuHsl N/2. HakoHel, MoxHO caenatb «anesbcuHy u3s N
[0NIEK, UMeoLMX obLNii CeBEPHBIA 1 OXKHbIT NoJtoC — OH DygeT

anameTpa 2.
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VTo4HeHne pOpMYINPOBKIM BONPOCa
Onpegenerne

lNnockoii KapToli Ha3bIBAETCA BNOXKEHHbIN B cchepy rpad,
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VTo4YHeHre OopMyIMPOBKI BOMPOCaA

Onpegenerne

lNnockoii KapToli Ha3bIBAETCA BNOXKEHHbIN B cchepy rpad,
paccMaTpPUBaEMBbIl C TOYHOCTBIO 40 HENpepbiBHON AechopmaLuu.
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VTo4YHeHre OopMyIMPOBKI BOMPOCaA

Onpegenerne

lNnockoii KapToli Ha3bIBAETCA BNOXKEHHbIN B cchepy rpad,
paccMaTpuBaeMBblii C TOYHOCTBLIO JO HEMPEPLIBHON Aechopmanun.

Puc.: Mnockas kapta.  (Picture credit: N. Curien)
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OcHoBHoI npuHLMM

Ncuncants — 3HaumnT noHsaTh!

o & - = DA
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OcHoBHOW NpuHUMN

Ncuncnute — 3Ha4mT noHsTs!
[agaiiTe nocumTaem, a CKOJIbKO BOODLLE €CTb MIOCKUX KapT C
YETBIPEXYTrONIbHBIMU FpaHAMN?
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[Nnockas 4-kapTa: npocTeiillivie CBOCTBA

» Ecnmn y kapTbl N YeTbIpéXyronbHbix rpaHei,
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[Mnockas 4-kapTa: npocTeiiwine cBoOlicTBa

» Ecnmn y kapTbl N YeTbIpéXyronbHbix rpaHei,
» 10 4N/2 = 2N pébep

o & - = DA
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[Mnockas 4-kapTa: npocTeiiwine cBoOlicTBa

» Ecnmn y kapTbl N YeTbIpéXyronbHbix rpaHei,
» 10 4N/2 = 2N pébep
> u, 3Ha4mT, 24+ 2N — N = N + 2 Bepwun (B—P+I=2).
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BepLuntbl

» [agaiiTe oTMeTUM Ha 4-KapTe OfHY BepLUUHY.

o & - = DA
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BepwuHbl

» [laBaiite oTMeTM Ha 4-KapTe OfHY BEPLUUHY.
» Ocranocs N+ 1, u N rpaneii.

- o ~ p .
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BepwuHbl

» [aBaiiTe oTMeTUM Ha 4-kapTe OfgHY BEpLUVHY.
» Octanoce N+ 1, n N rpaneii.

» A Henb3sa M NPOBECTW B KaXKAol rpaHn no pebpy Tak, 4Tobbl HOBblE
pébpa 0bpasoebiBany Aepero’?
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Buekuus Kopu—Baknuna—Lleddepa.

o & - = DA
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Buekuna Kopu—-Baknnna—LLleddepa.

Moanuwem BCe He-OTMEYEHHbIE BEPLUMHBI PaccTosiHUEM B rpade ao
OTMEYEHHOIA.
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Buekuna Kopu—-Baknnna—LLleddepa.
rlOp,rll/lLLIEM BCE€ HE-OTMEHYEHHbIE BEPLLUNHbBI PACCTOAHNEM B rpad)e Ao

OTMeYeHHOI. Ha Ka)koii rpaHu NOCMOTPMM HA HaMMEHbLLYIO U3 MOAMMUCEN:
nycTb 37O a.

a
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Buekuna Kopu—-Baknnna—LLleddepa.

HOAFII/ILIJEM BCE€ HE-OTMEHYEHHbIE BEPLLUNHbBI PACCTOAHNEM B rpacbe Ao

OTMeYeHHOI. Ha Ka)koii rpaHu NOCMOTPMM HA HaMMEHbLLYIO U3 MOAMMUCEN:
nyctb 310 a. E€ cocegn — a + 1:

a+1 a+1

a

BukTtop Knenubin (IRMAR) Cny4aliHble MeTpukmn Ha ccbepe 23 unions, 2019 15 / 38



Buekuna Kopu—-Baknnna—LLleddepa.
ﬂop,nmmeM BCE€ HE-OTMEHYEHHbIE BEPLLUNHbBI PACCTOAHNEM B rpa(be Ao

OTMeYeHHOI. Ha Ka)koii rpaHu NOCMOTPMM HA HaMMEHbLLYIO U3 MOAMMUCEN:
nyctb 310 a. E€ cocegn — a + 1:

a a+ 2
a+1<>a+1 a—|—1<>a—|—1
[0 a
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Buekuna Kopu—-Baknnna—LLleddepa.

HOAFII/ILIJEM BCE€ HE-OTMEHYEHHbIE BEPLLUNHbBI PACCTOAHNEM B rpacbe Ao

OTMeYeHHOI. Ha Ka)koii rpaHu NOCMOTPMM HA HaMMEHbLLYIO U3 MOAMMUCEN:
nyctb 310 a. E€ cocegn — a + 1:

a a+ 2
a—i—l@a—kl a+1<>a+l
[0 a

MpoBeaém B HMX pébpa, Kak NOKa3aHoO BbILUE.
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Buekuna Kopu—-Baknnna—LLleddepa.

HOAFII/ILIJEM BCE€ HE-OTMEHYEHHbIE BEPLLUNHbBI PACCTOAHNEM B rpacbe Ao

OTMeYeHHOI. Ha Ka)koii rpaHu NOCMOTPMM HA HaMMEHbLLYIO U3 MOAMMUCEN:
nyctb 310 a. E€ cocegn — a + 1:
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a a

MpoBeaém B HMX pébpa, Kak NOKa3aHoO BbILUE.
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ObpaTHbIi x04: AeKkaapauus

MycTtb

> Ha NNOCKOCTW 3a4aHO AEepeEBO CO MHOXECTBOM BEPLLUNH V,
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Myctb
> Ha NOCKOCTU 3aAaHO AEPEBO CO MHOXECTBOM BepluuH V/,

> €ro BepwmnHbl nognncCaHbl HaTypaJibHbIMUA HYUCNaMW: 3a4aHO
otobpaxenune d : V — N, npnuém min, d(v) = 1.

> [Anst NobbIX cocefHuMx BeplunH u ~ v Bbinoaxero |d(u) — d(v)| < 1.

Buekuus Kopu-Baknuna-LLeddepa nossonsiet noctponts no stum
AaHHBIM MOCKYKO KapTy C YeTbIpEXYrobHbIMU FPaHSIMM.
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[MoACYET HeTbIPEXYroNbHbIX KapT

Y7100bI Bb1I0 yRobHEE XKUTL, NOMEHSIEM MPaBUIA UrpPbl: BbIDEPEM
AOMONHNTENBHO OPUEHTUPOBAHHOE pebpo B Aepese.
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OtcTynneHue: kak Haiitu Yucno Katanana?

1
0 1
1 1
0 2 1
2 3 1
0 5 4 1
5 9 1 1

o & - = DA
BukTtop Knenubin (IRMAR) CnyualiHble MeTpuku Ha ccbepe



OtcTynneHue: kak Haiitu Yucno Katanana?

-1 1
-1 0 1
-1 -1 1 1
-1 -2 0 2 1
-1 -3 -2 2 3 1
-1 -4 -5 0 5 4 1
-1 -5 -9 -5 5 9 5 1

[m] = = =
BukTtop Knenubitn (IRMAR) CnyualiHble MeTpuku Ha ccbepe

D¢



OtcrynneHne: kak HaliTu Yncno Katanana?

-1 1
-1 0 1
-1 -1 1 1
-1 -2 0 2 1
-1 -3 -2 2 3 1
-1 -4 -5 0 5 4 1
-1 -5 -9 -5 5 9 5 1
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OtcrynneHne: kak HaliTu Yncno Katanana?

-1 1
-1 0 1
-1 -1 1 1
-1 -2 0 2 1
-1 -3 -2 2 3 1
-1 -4 -5 0 5 4 1
-1 -5 -9 -5 5 9 5 1
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OtcrynneHne: kak HaliTu Yncno Katanana?

-1 1
-1 0 1
-1 -1 1 1
-1 -2 0 2 1
-1 -3 -2 2 3 1
-1 -4 -5 0 5 4 1
-1 -5 -9 -5 5 9 5 1
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OtcrynneHne: kak HaliTu Yncno Katanana?

-1 1
-1 0 1
-1 -1 1 1
-1 2 0 2 1
1 3 2 2 3 1
-1 -4 -5 0 5 4 1
-1 5 9 5 5 9 5 1
o _ (2N 2N\ (2N N (2N
N_(N>_(N+1)_<N)_N+1(N>_
1 (2N
_N+1<N)
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AcumMmnToTmKa ANaMETPa

pasa

» [unametp kapTbl oTandaercs ot D := max, d(v) He bonee, yem B fBa

- o ~ = 9ac
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AcumMmnToTmKa ANaMETPa

» [unametp kapTbl oTandaercs ot D := max, d(v) He bonee, yem B fBa
pasa, n ot D’ := max, |d’(v)| He bonee, Yem B yeTbIpe.
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AcumMmnToTmKa ANaMETPa

» [unametp kapTbl oTandaercs ot D := max, d(v) He bonee, yem B fBa
pasa, n ot D’ := max, |d’(v)| He bonee, Yem B yeTbIpe.

» Cnyyaiino BbibpaHHoe nnockoe gepeso u3 N pébep umeeT BbICOTY

~ vVN.
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AcumnToTuKa anameTpa

» [unametp kapTbl oTandaercs ot D := max, d(v) He bonee, yem B fBa
pasa, n ot D’ := max, |d’(v)| He bonee, Yem B yeTbIpe.

» Cnyyaiino BbibpaHHoe nnockoe gepeso u3 N pébep umeeT BbICOTY

~ vVN.

» Ha Beicote v/N cnyuaiinoe 6nyxaanne «+1/0/ — 1» B TUNUYHOM
ciydae yxoguT oT Hynsi Ha ~ \/ /N
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AcumnToTuKa anameTpa

» [unametp kapTbl oTandaercs ot D := max, d(v) He bonee, yem B fBa
pasa, n ot D’ := max, |d’(v)| He bonee, Yem B yeTbIpe.

» Cnyyaiino BbibpaHHoe nnockoe gepeso u3 N pébep umeeT BbICOTY

~VN.
» Ha Beicote v/N cnyuaiinoe 6nyxaanne «+1/0/ — 1» B TUNUYHOM
ciydae yxoguT oT Hynst Ha ~ \/ v/ N= N/4,
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AcumnToTuKa anameTpa

» [unametp kapTbl oTandaercs ot D := max, d(v) He bonee, yem B fBa
pasa, n ot D’ := max, |d’(v)| He bonee, Yem B yeTbIpe.

» Cnyyaiino BbibpaHHoe nnockoe gepeso u3 N pébep umeeT BbICOTY
~VN.

» Ha sbicote /N cnyuaiinoe bnyxganne «+1/0/ — 1 B TUNMYHOM
cniydae yxomuT ot Hyns Ha ~ \/v/N= N'/4,
» JT0 — Teopema Chassaing—Schaeffer (2002).
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[lpegenbHoe pacnpegeneHne Ha MeTpPUKax

Ons kaxpgoro N MoXKHO paccMOTpeTb Ciy4aiiHyto METPUKY Ha cdpepe;
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[lpegenbHoe pacnpegeneHne Ha MeTpPUKax

Ons kaxgoro N MOXHO paccMOTpeTb CilydaliHyto MeTpuKky Ha cdepe; eé
anametp (ckopee Bcero) nopsigka N/4.
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[lpegenbHoe pacnpegeneHne Ha MeTpPUKax

Ons kaxgoro N MOXHO paccMOTpeTb CilydaliHyto MeTpuKky Ha cdepe; eé
anametp (ckopee Bcero) nopsigka N/4.
N3menum macwitab: pasgenum eé na N/4.
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[lpegenbHoe pacnpegeneHne Ha MeTpPUKax

Ons kaxgoro N MOXHO paccMOTpeTb CilydaliHyto MeTpuKky Ha cdepe; eé
anametp (ckopee Bcero) nopsigka N/4.

N3mennm macwitab: pasgenum eé va N/4. Monyyaem ciyyaiinyio MeTpuky
Ha ccpepe, Anst KOTOpoii AuameTp (ckopee Bcero) nopsigka 1.

BukTtop Knenubit (IRMAR) Cny4aliHble MeTpukmn Ha ccbepe 23 untons, 2019 24 / 38



[lpegenbHoe pacnpegeneHne Ha MeTpPUKax

Ons kaxgoro N MOXHO paccMOTpeTb CilydaliHyto MeTpuKky Ha cdepe; eé
anametp (ckopee Bcero) nopsigka N/4.

N3meHum macwwitab: pasgenum eé Ha NY/4. Monyyaem cayyaiityto MeTpuky
Ha ccpepe, Anst KOTOpoii AuameTp (ckopee Bcero) nopsigka 1.

Theorem (Le Gall, Miermont; 2011)

Cnyyaiitbie metpuku py = N~Y*dy Ha cpepe cxogsites no
pacnpeaesneHuio.
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[lpegenbHoe pacnpegeneHne Ha MeTpPUKax

Ons kaxgoro N MOXHO paccMOTpeTb CilydaliHyto MeTpuKky Ha cdepe; eé
anametp (ckopee Bcero) nopsigka N/4.

N3meHum macwwitab: pasgenum eé Ha NY/4. Monyyaem cayyaiityto MeTpuky
Ha ccpepe, Anst KOTOpoii AuameTp (ckopee Bcero) nopsigka 1.

Theorem (Le Gall, Miermont; 2011)

Cryqarinbie METPUKN py = N/ 4dyn Ha cehepe cxogsTcsa no
pacnpegenednto. OTHOCUTENILHO NPEZENILHON CIYHANHON METPUKU Py
XaycnopghoBa pa3MepHOCTL cehepbi € BEPOSITHOCTbIO 1 paBHa
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[lpegenbHoe pacnpegeneHne Ha MeTpPUKax

Ons kaxgoro N MOXHO paccMOTpeTb CilydaliHyto MeTpuKky Ha cdepe; eé
anametp (ckopee Bcero) nopsigka N/4.

N3meHum macwwitab: pasgenum eé Ha NY/4. Monyyaem cayyaiityto MeTpuky
Ha ccpepe, Anst KOTOpoii AuameTp (ckopee Bcero) nopsigka 1.

Theorem (Le Gall, Miermont; 2011)

Cryqarinbie METPUKN py = N/ 4dyn Ha cehepe cxogsTcsa no
pacnpegenednto. OTHOCUTENILHO NPEZENILHON CIYHANHON METPUKU Py
XaycnopghoBa pasmMepHOCThL cehepbl € BEPOSITHOCTbIO 1 paBHa 4.
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Puc.: Random Planar Map; pictures by N. Curien
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Cnacubo 3a BHUMaHue!

o & - = DA
BukTtop Knenubin (IRMAR) CnyualiHble MeTpuku Ha ccbepe



DA

BukTtop Knenubin (IRMAR) CnyualiHble METPUKU Ha C




(Pezeps)

o & - = DA
BukTtop Knenubin (IRMAR) CnyualiHble MeTpuku Ha ccbepe



Dusnyeckoe onucaHmre NpefenbHoOl METPUKK

o & - = DA
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dusnyeckoe onncaHme I'Ip€,£l,€)'|bHOI7I METPUKN

Mmnotesa (Duplantier-Sheffield)

P« MOXET bbITb 3agaHa kak (perynsipusauyusi) exp(y - h) - ds, rge v —
HEKOTOpasi KOHCTaHTa, h — rayccoso ceobogHoe nose, a ds — obbi4Has
METPUKa Ha cehepe.
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dusnyeckoe onncaHme I'Ip€,£l,€)'|bHOI7I METPUKN

Mmnotesa (Duplantier-Sheffield)

P« MOXET bbITb 3agaHa kak (perynsipusauyusi) exp(y - h) - ds, rge v —
HEKOTOpasi KOHCTaHTa, h — rayccoso ceobogHoe nose, a ds — obbi4Has
METPUKa Ha cehepe.

Mpobnema: HUKTO He yMEET AOKa3biBaTb JaXKe, HTO npoueaypa
perynsipusauyuu 3 runoTesbl paboTaer.
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dusnyeckoe onncaHme I'Ip€,£l,€)'|bHOI7I METPUKN

Mmnotesa (Duplantier-Sheffield)

P« MOXET bbITb 3agaHa Kak (perynspusauus) exp(y - h) - ds, rge v —
HEKOTOpPasi KOHCTaHTa, h — rayccoso ceobogHoe nose, a ds — obbi4Has
METPUKa Ha cehepe.

Mpobnema: HUKTO He yMeeT AOKa3biBaTb [axe, 4TO npoueaypa
perynsipusauyuu 3 runoTesbl paboTaer.
A 4TO 3HayaT Bce 3Tu cnosa?
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[ayccoBo cBoboAHOE none

CDopman bHOE onpeaesieHne:

o & - = DA
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rayCCOBO CBO60,£I,HO€ none

®dopmanbHoe onpeaesieHmne:

Onpeaenexne

MayccoBbiM cBObOAHBIM MosieM B obnacTu D Ha3biBaeTcs ciyvaiiHas
rayccosckasi 060bwénHas dyHkuns h(z) ¢ HyneBbIM CpegHUM n

kosapuauweii cov(h(x), h(y)) = —G(x,y), rae G — dyHkuns ['puHa B
obnactu D.
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rayCCOBO CBO60,£I,HO€ none

®dopmanbHoe onpeaesieHmne:

Onpeaenexne

MayccoBbiM cBObOAHBIM MosieM B obnacTu D Ha3biBaeTcs ciyvaiiHas
rayccoeckasi 0b0buiénHas dyHkuns h(z) ¢ HyneBbIM CpegHUM 1

kosapuauweii cov(h(x), h(y)) = —G(x,y), rae G — dyHkuns puHa B
obnactu D.

MpaBga, cTano He cUAbHO Nyywe?
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OTctynnerune: 0bobLWEHHbIE dyHKLMN

Kak Ha ofiHOM si3blke paboTaTb € TOYEYHLIMU MacCaMi U C
pacnpefeneHneM Macchbl C MIOTHOCTbIO?

BukTtop Knenubin (IRMAR) Cny4aiiHble MeTpukun Ha ccbepe 23 unions, 2019 31 /38



OTctynnerune: 0bobLWEHHbIE dyHKLMN

Kak Ha opHOM si3blke paboTaTb C TOYEUHbIMI Maccamu 1 C
pacnpenesieHneM Macchl C MIOTHOCTbIO? Kak B ypaBHEHMSIX C YAaCTHbLIMK
MPON3BOAHBLIMMU ONUCHIBATL Pa3pblBHblE PeLLeHns (CKaXkeM, yaapHble
BOJIHbI)?
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OTctynnerune: 0bobLWEHHbIE dyHKLMN

Kak Ha ogHOM si3blke paboTaTb C TOHEYHbIMU Maccamu u C
pacnpeAeneHemM Maccbl C NAOTHOCTbIO? Kak B ypaBHEHUSIX C 4aCTHLIMM
NPOU3BOAHBIMN OMMUCHIBATL Pa3pblBHbIE pelleHns (CKaXkeM, yaapHble

BOJIHbI)?
Ob6bi4HOl hyHKLUMM f(X) MOXKHO COMOCTaBUTL «CKaNSPHOE MPON3BELEHNE

C Hell»: oTobpaxkeHne

Fr: G°(R) =R, ¢~ /R f(x)p(x)dx.
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OTctynnerune: 0bobLWEHHbIE dyHKLMN

Kak Ha ogHOM si3blke paboTaTb C TOHEYHbIMU Maccamu u C
pacnpefeneHnemM Macchbl C MAOTHOCTLIO? Kak B ypaBHEHMSIX C YaCTHbIMY
NPOU3BOAHBIMN OMMUCHIBATL Pa3pblBHbIE pelleHns (CKaXkeM, yaapHble
BOJIHbI)?

Ob6bi4HOl hyHKLUMM f(X) MOXKHO COMOCTaBUTL «CKaNSPHOE MPON3BELEHNE
C Hell»: oTobpaxkeHne

Fr: G°(R) =R, ¢~ /R f(x)p(x)dx.

Onpegenetne

O606LEHHOII dyHKUMeR Ha3biBaeTCst (HENpepbIBHOE) NMHEHOE
otobpaxeHune F : C§°(R) — R.
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OtcrynneHne—2: 3a4em 0b60bLWEHHBIE PYHKLNU HYXKHbI !
NHTerpnpoeanme no yactam:

Foe) = [ F/(x)olx)o =

o & = = o
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OtcrynneHne—2: 3a4em 0b60bLWEHHBIE PYHKLNU HYXKHbI !

NHTerpnpoeanme no yactam:

Fr(o) = / F(x)p(x)dx = — / F(x)! (x)dx
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OtcrynneHne—2: 3a4em 0b60bLWEHHBIE PYHKLNU HYXKHbI !

NHTerpnpoeanme no yactam:

Fr(o) = / F(x)p(x)dx = — / Fx)e! (x)dx = —Fe(¢).
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OtcrynneHne—2: 3a4em 0b60bLWEHHBIE PYHKLNU HYXKHbI !

NHTerpnpoeanme no yactam:

Fr(o) = / F(x)p(x)dx = — / Fx)e! (x)dx = —Fe(¢).

Onpeaenexne

MpounseogHoii 060bwEHHON byHKUMM F HasbiBaeTcst 060bWEHHAA yHKLMS
F'(p) == —F(#).
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OtcrynneHne—2: 3a4em 0b60bLWEHHBIE PYHKLNU HYXKHbI !

NHTerpnpoeanme no yactam:

Fr(o) = / F(x)p(x)dx = — / Fx)e! (x)dx = —Fe(¢).

Onpeaenexne

MpounseogHoii 060bwEHHON byHKUMM F HasbiBaeTcst 060bWEHHAA yHKLMS
F'(p) == —F(#).

O6obwéHHbIe PYHKUNN MOXKHO AnddepeHUnpoBaTs, He aymast HU O 4ém!
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I/IrpyLueqHaﬂ MOZLEJIb: MYJIbTUNANKATUBHbIE KAaCKabl

BosbméM eguHuYHbI KBagpaT.

ds|
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|/|rpyLueL|Has| MOZENb. MYNbTUNNNKATUBHbLIE KaCKadbl

Bo3bMéM eguHUYHbI KBagpaT.

ds|

Ha Hém ecTb cTangapTHas pumMaHoBa MeTpuka ds: myTHuK (unu nyy ceera)
nyTewecTBYeT C €4UHNYHON CKOPOCTBLIO N 3aMepPSIET BPEMS MPOXOXKAEHUS
KpaTyaiiero nyTu.
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|/|rpyLueL|Ha$| MOZENb. MYNbTUNNNKATUBHbLIE KaCKadbl

Bosbmém eguHnyHbIz KBagpaT.

X -

ds|

VMHOXNM METPUKY Ha ClyyaiiHblii MHOXUTeNb X (CKOpOCTb Be3ge ynana B
X pas).
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I/IrpyLueqHaﬂ MOZLEJIb: MYJIbTUNANKATUBHbIE KAaCKabl

BosbméM eauHMYHbIN KBagpaT.

X|ds|

X|ds|

X|ds|

X |ds]|

Tenepb pa3genuM KBafpaT Ha YeTblpe YeTBEPTU

BukTtop Knenubin (IRMAR) CnyualiHble MeTpukn Ha ccpepe

23 nrons, 2019
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|/|rpyLueL|Ha$| MOZENb. MYNbTUNNNKATUBHbLIE KaCKadbl

Bosbmém eguHuyHbIz KBagpaT.

Xo X |ds|

XaX|ds|

Tenepb pa3gennm KBagpaT Ha YeTbipe HETBEPTU U YMHOXUM METPUKY

DOMONHNUTENBHO Ha Xi,...,X4 B COOTBETCTBYIOLUNX HETBEPTSIX.

BukTtop Knenubit (IRMAR) Cny4aliHble MeTpukmn Ha cdbepe

23 urons, 2019
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|/|rpyLueL|Ha9| MOZENb. MYNbTUNNNKATUBHbLIE KaCKadbl

Bo3sbMém eguHuYHbI KBagpaT.

X1 X X1 X XoX XoX
X1 X X1 X XoX XoX
Xo X XoX XoX Xo X
Xo X Xo X XoX Xo X

A Tenepb pasfennm Kaxkayto U3 3TUX YETBEpTEN elé Ha YeTbIpe YeTBePTHU
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23 urons, 2019
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|/|rpyLueL|Has| MOZENb. MYNbTUNNNKATUBHbLIE KaCKadbl

Bosbmém eguHuyHbIz KBagpaT.

X1 XX

X19X1 X

X1 Xo X

Xoo Xo X

X13X1 X

X14X4 X

Xo3 Xo X

Xog Xo X

X351 X2 X

X30X2 X

X Xo X

X9 Xo X

X33 X2 X

X34 X2 X

Xu3 X2 X

X4 Xo X

A Tenepb pasgennM KaXkAyr U3 3TUX YETBEpPTEN eLLE Ha YETbIpe HETBEPTU

M BOYMHOXUM METPUKY B HMX ewé Ha Xi1, ...

s Xag.

BukTtop Knenubit (IRMAR) Cny4aliHble MeTpukmn Ha cdbepe

23 urons, 2019
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|/|rpyLueL|Ha9| MOZENb. MYNbTUNNNKATUBHbLIE KaCKadbl

Bo3sbMém eguHuYHbI KBagpaT.

X1 X1 X | X190 X1 X | X091 Xo X | Xoa X2 X

X113 X1 X | X14 X1 X | X3 X0 X | Xoa Xo X

X1 Xo X | X350 X0 X | Xa1 X0 X | X 10 X0 X

X33 X0 X | X34 Xo X | X3 Xo X | Xyg Xo X

Bce MHOXUTEAN X. — HE3aBUCUMbl N OOANHAKOBO pacCnpeaeneHbl.
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|/|rpyLuet|Has| MOZENb. MYNbTUNNNKATUBHbLIE KaCKadbl

Bosbmém eguHnyHbIl KBagpaT.

X1 X1 X

X12X1 X

Xo1 X2 X

Xoo X X

X13X1 X

X1 X1 X

Xo3 X2 X

Xoyg X2 X

X351 X2 X

X30X2 X

Xu1 X2 X

Xy X2 X

X33 X2 X

X34 X2 X

X3 X2 X

Xua Xo X

Bce MHoxuTenm X, — HesaBUCUMBI 1 OMHAKOBO pacnpefeseHb.
Monyvaem nocnepoBaTensHOCTb (CnydaiiHbix) MeTpuk d,. MoxeT nin oHa
cxopnThes?

BukTtop Knenubit (IRMAR) Cny4aliHble MeTpukmn Ha cdbepe

23 unrons, 2019
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AKKypaTHaFI MOCTaHOBKa BOMpPOCa

» [lponsBeneHne MHOXNTENEV PAacXopUTCa B Kaxkgol Touke. [MoaTomy
Npesesn MOXET BbiTb TOMBKO Y MOCAELOBATENLHOCTI METPUK KaK
PacCTOsiHWI OT TOYKMN JO TOYKMU.
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AKKypaTHaFI MOCTaHOBKa BOMpPOCa

» [lponsBeneHne MHOXNTENEV PAacXopUTCa B Kaxkgol Touke. [MoaTomy
Npesesn MOXET BbiTb TOMBKO Y MOCAELOBATENLHOCTI METPUK KaK
PacCTOsiHWI OT TOYKMN JO TOYKMU.

» [lpepena Het
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AKKypaTHaFI MOCTaHOBKa BOMpPOCa

» [lponsBeneHne MHOXNTENEV PAacXopUTCa B Kaxkgol Touke. [MoaTomy
Npesesn MOXET BbiTb TOMBKO Y MOCAELOBATENLHOCTI METPUK KaK
PacCTOsiHWI OT TOYKMN JO TOYKMU.

> I'Ipep,ena HET OANA TUNMNYHOIo pacnpeaeneHnsa MHOXKNUTENA X.
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AKKypaTHasi NoCTaHOBKa BOMpPOCa

> ﬂpom3Be,u,eHme MHOXUTENEN pacxognTcsa B Ka)Kﬂ,OVI TO4YKE. |_|O3TOMy
npegen MoXxet BbITh TONBKO Y nocnefoBaTesIbHOCTN METPUK KaK
paCCTOﬂHVIVI OT TOYKN OO0 TOYKW.

» [lpenena HeT Ans TunuyHoro pacnpegenernns mHoxutens X. Begb
€C/IN eCTb HETPUBMAILHbLIV NPefen AJsi KAKOro-TO pacnpegeseHuns, To
npu B3sTUU MHOXUTENEN, pacnpegenérHbix kak 1.01 - X,
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npu B3sTUU MHOXUTENEN, pacnpegenérHbix kak 1.01 - X,
nocNefoBaTeNlbHOCTbL MeTpUK d, ymMHOXUTCS Ha 1.017 n «B30pBETCA>.
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npu B3sTUU MHOXUTENEN, pacnpegenérHbix kak 1.01 - X,
nocNefoBaTeNlbHOCTbL MeTpUK d, ymMHOXUTCS Ha 1.017 n «B30pBETCA>.

> A ec/in paccMOTpeTb MHOXUTENM, pacnpeaenénuble kak 0.99 - X,
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> A ec/in paccMOTpeTb MHOXUTENM, pacnpeaenénuble kak 0.99 - X,
nocnefoBaTeNbHOCTb MeTpUK d, yMHOXMUTCS Ha 0.99" n
K CXJIOMHETCS».
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npegen MoXxet BbITh TONBKO Y nocnefoBaTesIbHOCTN METPUK KaK
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» [lpenena HeT Ans TunuyHoro pacnpegenernns mHoxutens X. Begb
€CNN eCTb HETPUBMANbHbLIW Npefien ANsi KAKOro-TO pacnpegesneHns, To
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nocNefoBaTeNlbHOCTbL MeTpUK d, ymMHOXUTCS Ha 1.017 n «B30pBETCA>.

> A ec/in paccMOTpeTb MHOXUTENM, pacnpeaenénuble kak 0.99 - X,
nocnefoBaTeNbHOCTb MeTpUK d, yMHOXMUTCS Ha 0.99" n
K CXJIOMHETCS».

» [lpaBunbHas nocTtaHoBKa: AaBaiite 4ODABUM HOPMUPYIOLLINIA
MHOXUTENb. [Monpobyem, ans 3agaHHoro pacnpegenenus X,
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> |'|p0v|3Be,u,eHV|e MHOXUTENEN pacxognTcsa B Ka)Kﬂ,OVI TO4YKE. |_|O3TOMy
npegen MoXxet BbITh TONBKO Y nocnefoBaTesIbHOCTN METPUK KaK
paCCTOHHVIVI OT TOYKN OO0 TOYKW.

» [lpenena HeT Ans TunuyHoro pacnpegenernns mHoxutens X. Begb
€CNN eCTb HETPUBMANbHbLIW Npefien ANsi KAKOro-TO pacnpegesneHns, To
npu B3sTUU MHOXUTENEN, pacnpegenérHbix kak 1.01 - X,
nocNefoBaTeNlbHOCTbL MeTpUK d, ymMHOXUTCS Ha 1.017 n «B30pBETCA>.

> A ec/in paccMOTpeTb MHOXUTENM, pacnpeaenénuble kak 0.99 - X,
nocnefoBaTeNbHOCTb MeTpUK d, yMHOXMUTCS Ha 0.99" n
K CXJIOMHETCS».

» [lpaBunbHasi NnocTaHOBKa: faBaiiTe 4obaBUM HOPMUPYHOLLAT
mHoXuTeNb. [onpobyem, ans 3agaHHoro pacnpegenedust X, HailTu
Takoe A > 0, 4TO CxoANTCS NOCAeAOBaTENbHOCTE MeTpuK A"d,.
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Mpnyém TyT 0606UEHHBIE dyHKLMNU?

» [Mycte Xo = exp(Ys).

o & - = DA
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[Mpuuém TyT 0006WEHHBIE dyHKLMNT?

» Myctb Xo = exp(Ya).
» [Mponssenerune XX Xjj, ... pasro exp(Y + Y, + Yi ;).
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» CymMMa KyCO4HO-MOCTOSIHHbIX (CyyaiiHbix!) dyHKLmi, cTosiwmx nog
SKCMOHEHTOW, PacxoAuTCS B KaXKAol Touke.
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06061EHHBIX hyHKLMi!

» Ecim Ye ~ N(0,1), To cymma — guaguueckoe rayccoso csobogHoe
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» TMycte Xo = exp(Ys).
» [Mponssenerune XX Xjj, ... pasro exp(Y + Y, + Yi ;).

» CymMMa KyCO4HO-MOCTOSIHHbIX (CyyaiiHbix!) dyHKLmi, cTosiwmx nog
SKCMOHEHTOW, PacxoAuTCS B KaXKAol Touke.

» Ho oHa (npu «xopowemy pacnpegenernn Y') cxoputcst B Kiacce
06061EHHBIX hyHKLMi!

» Ecim Ye ~ N(0,1), To cymma — guaguueckoe rayccoso csobogHoe
noJie, 4OCTaTOYHO MOXOXKEE HA «HACTOSILLEEY.
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®opmyna KPZ

NycTtb nocnegoBatensHocTe MeTpuk A"d, cxognTcs.

o & - = DA
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Popmyna KPZ

MNycTb nocnegoBatensHocTe MeTpuk A"d, cxogutcsa. Ons noboro
MHoxecTBa K nocMoTpum Ha ero (xaycaopdoBy) pasmMepHOCTb
OTHOCUTENBHO (CyYaliHOM) NpefenbHOR MeTpukn ds.
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OTHOCUTENBHO (CyYaliHOM) NpefenbHOR MeTpukn ds.

» 13 3akona 0-1 Konmoroposa cnesyeT, 4To 3Ta pasmMepHOCTb C
BEPOSITHOCTBIO 1 — koHCTaHTa (T. e. He cay4aiiHa)!
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MHoxecTBa K nocMoTpum Ha ero (xaycaopdoBy) pasmMepHOCTb
OTHOCUTENBHO (CyYaliHOM) NpefenbHOR MeTpukn ds.
» 13 3akona 0-1 KosmoropoBa cnegyert, 4To 3Ta pa3mMepHOCTb C
BEPOSITHOCTBIO 1 — koHCTaHTa (T. e. He cay4aiiHa)!
» ®opmyna Kumxuka—-TlonsikoBa—3amonogunkosa (1988) cessbizaer
scaling exponents Ag n A B eBKIMZOBOI U B CyHaiiHOWR reomeTpun:
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» 13 3akona 0-1 KosmoropoBa cnegyert, 4To 3Ta pa3mMepHOCTb C
BEPOSITHOCTBIO 1 — koHCTaHTa (T. e. He cay4aiiHa)!
» ®opmyna Kumxuka—-TlonsikoBa—3amonogunkosa (1988) cessbizaer
scaling exponents Ag n A B eBKIMZOBOI U B CyHaiiHOWR reomeTpun:

2 2
Y A2 Y
Ng=—A 1- A
0= " + ( 4)
=A+cA(1-A).
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PesynbtaTsl

» Kahane—Peyriere (1976): cxoguMoCTb MylbTUNIMKATUBHBIX
KacKajoB Ansl Mepbi
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PesynbtaTsl

» Kahane—Peyriere (1976): cxoguMoCTb MylbTUNIMKATUBHBIX
Kackagos A1t Mepbl ( = METPUKM Ha OTpe3ke)
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PesynbTathl

» Kahane—Peyriére (1976): cxoanMoCcTb MyNbTUNANKATUBHBIX
KackafoB Asist Mepbl ( = METPUKM Ha OTpe3ke)

» Benjamini-Schramm (2008): dopmyna
Kumxruka—TlonsikoBa—3amMon0441KOBa Ast MYALTUMINKATUBHBIX
KacKafloB Ha OTpe3ke

BukTtop Knenubin (IRMAR) Cny4aliHble MeTpukmn Ha cdbepe 23 unions, 2019 37 /38



PesynbTathl

» Kahane—Peyriére (1976): cxoanMoCcTb MyNbTUNANKATUBHBIX
KackagoB anist Mepbl (= MeTpMKM Ha OTpe3ke)

» Benjamini-Schramm (2008): dopmyna
KrmxHuka—Tlonskoea—3amMoN0A4MKOBA 415 MYIbTUNANKATUBHBIX
KacKaJoB Ha OTpeske

» Duplantier—Sheffield (npenpunt '08; ctatbs 2011): dhopmyna
KhumxHuka—Tlonskoea—3amMoN0A4NKOBA OTHOCUTENBLHO CAYHaliHON
Mepbl
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PesynbTathl

» Kahane—Peyriére (1976): cxoanMoCcTb MyNbTUNANKATUBHBIX
KackagoB anist Mepbl (= MeTpMKM Ha OTpe3ke)

» Benjamini-Schramm (2008): dopmyna
KumxHuka—TonsikoBa—3amMon0441KOBa ANSt MYALTUMNINKATUBHBIX
KacKafoB Ha OTpeske

» Duplantier—Sheffield (npenpunt '08; ctatbs 2011): dhopmyna
KunxHuka—TlonsikoBa—3amMo10441KOBA OTHOCUTENBHO CAyHaliHOI
Mepbl

» Miller-Sheffield (2014+): noctpoexue mMeTpuk n3 rayccosa
ceobopHoro nons (Liouville Quantum Gravity, etc.).
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