
1. Íàïîìèíàíèÿ îñíîâíûõ ïîíÿòèé òåîðèè âåðîÿòíîñòåé è ïðîñòåéøàÿ
òåîðåìà êîíöåíòðàöèè äëÿ ëèíåéíûõ ôóíêöèîíàëîâ îò Áåðíóëëèåâñêèõ

ñëó÷àéíûõ âåëè÷èí.

1.1. Âåðîÿòíîñòü. Ïóñòü Ω = {ω1, . . . , ωN} � ìíîæåñòâî. Ôóíêöèþ P : 2Ω → [0, 1] ñî
ñâîéñòâàìè

1) P (Ω) = 1,
2) A ∩B = ∅ ⇒ P (A ∪B) = P (A) + P (B)
íàçûâàþò âåðîÿòíîñòüþ èëè âåðîÿòíîñòíîé ìåðîé. Äëÿ A ⊂ Ω ÷èñëî P (A) íàçûâàþò

âåðîÿòíîñòüþ ñîáûòèÿ A. Çàäàòü âåðîÿòíîñòü P ðàâíîñèëüíî òîìó, ÷òîáû çàäàòü íàáîð
ýëåìåíòàðíûõ âåðîÿòíîñòåé {p(ωj)} ñî ñâîéñòâàìè 1) p(ωj) ≥ 0, 2)

∑
ωj∈Ω p(ωj) = 1. Â ýòîì

ñëó÷àå P (A) :=
∑

ωj∈A p(ωj). Ïàðà (Ω, P ) íàçûâàåòñÿ âåðîÿòíîñòíûì ïðîñòðàíñòâîì.

Ïðîñòîå, íî âàæíîå ñâîéñòâî âåðîÿòíîñòíîé ìåðû � ñóáàääèòèâíîñòü, à èìåííî,

P (A1 ∪ . . . ∪ An) ≤
n∑
j=1

P (Aj).

1.2. Ñëó÷àéíûå âåëè÷èíû. Ëþáàÿ ôóíêöèÿ X : Ω → R íàçûâàåòñÿ ñëó÷àéíîé âå-
ëè÷èíîé. Âåêòîð X = (X1, . . . , Xm), ÷üè êîìïîíåíòû ÿâëÿþòñÿ ñëó÷àéíûìè âåëè÷èíà-
ìè íàçûâàþò ñëó÷àéíûì âåêòîðîì. Êàæäàÿ ñëó÷àéíàÿ âåëè÷èíà (è ñëó÷àéíûé âåêòîð)
ïîðîæäàåò íîâîå âåðîòÿíîñòíîå ïðîñòðàíñòâî (X(Ω), {pX}), ãäå íàáîð ýëåìåíòàðíûõ âå-
ðîÿòíîñòåé {pX} , êîòîðûé íàçûâàåòñÿ ðàñïðåäåëåíèåì ñëó÷àéíîé âåëè÷èíû X, çàäàí
ïî ïðàâèëó pX(x) := P (X = x) äëÿ êàæäîãî x ∈ X(Ω). Ñëó÷àéíûå âåëè÷èíû X1, . . . , Xm

íàçûâàþòñÿ íåçàâèñèìûìè, åñëè

P (X1 = x1, . . . , Xm = xm) = P (X1 = x1) · . . . · P (Xm = xm)

äëÿ âñåõ âîçìîæíûõ íàáîðîâ òî÷åê x1, . . . , xm ∈ X1(Ω)× . . .×Xm(Ω).

Óïðàæíåíèå 1.1. Ïðîâåðüòå, ÷òî X1, . . . , Xm íåçàâèñèìû òîãäà è òîëüêî òîãäà, êîãäà
P (X1 ∈ A1, . . . , Xm ∈ Am) = P (X1 ∈ A1) · . . . · P (Xm ∈ Am) äëÿ âñåõ âîçìîæíûõ íàáîðîâ
ìíîæåñòâ A1, . . . , Am.

Îïðåäåëåíèå 1.2. Âåçäå äàëåå (ε1, . . . , εm) îáîçíà÷àåò íàáîð íåçàâèñèìûõ ñëó÷àéíûõ
âåëè÷èí, ïðèíèìàþùèõ çíà÷åíèÿ ±1 ñ âåðîÿòíîñòüþ 1/2 (ñëó÷àéíûå âåëè÷èíû, ïðèíèìà-
þùèå äâà çíà÷åíèÿ íàçûâàþòñÿ Áåðíóëëèåâñêèìè).

Òàêèì îáðàçîì, (ε1, . . . , εm) � âåêòîð, ñîîòâåòñâóþùèé ðåçóëüòàòàì íåçàâèñèìûõ áðîñ-
êîâ ïðàâèëüíîé ìîíåòû. Â ñëó÷àå, êîãäà âûïàäàåò îðåë, ïèøåì 1, åñëè æå âûïàäàåò ðåøêà,
òî ïèøåì −1.

1.3. Ìàòåìàòè÷åñêîå îæèäàíèå è äèñïåðñèÿ ñëó÷àéíîé âåëè÷èíû. Äëÿ ñëó÷àé-
íîé âåëè÷èíû X åå ìàòåìàòè÷åñêèì îæèäàíèåì E[X] íàçûâàåòñÿ ÷èñëî

E[X] :=
∑

x∈X(Ω)

xP (X = x) =
∑
ω∈Ω

X(ω)P ({ω}).

Äèñïåðñèåé ñëó÷àéíîé âåëè÷èíû X íàçûâàåòñÿ ÷èñëî D[X] := E
[
(X − E[X])2

]
.

Ñâîéñòâà:
(i) E[aX + bY ] = aE[X] + bE[Y ];
(ii) X ≥ Y ⇒ EX ≥ EY ;
(iii) X è Y íåçàâèñèìûå ⇒ E[XY ] = E[X]E[Y ].
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Óïðàæíåíèå 1.3. Ïóñòü A1, . . . , Ak � ïîïðàíî íå ïåðåñåêàþòñÿ è A1∪ . . .∪Ak = Ω. Ïóñòü
X
∣∣
Aj
= aj. Òîãäà

E[X] =
k∑
j=1

ajP (Aj).

Ñëåäñòâèå 1.4. Ïóñòü X � ñëó÷àéíûé âåêòîð, òîãäà

E[f(X)] =
∑

x∈X(Ω)

f(x)P (X = x).

1.4. Íåðàâåíñòâî ×åáûøåâà. Ïóñòü X ≥ 0, t > 0. Òîãäà X ≥ tI{X≥t}, îòêóäà ïî ñâîé-
ñòâó (ii) ìàòåìàòè÷åñêîãî îæèäàíèÿ E[X] ≥ tE[I{X≥t}] = tP (X ≥ t). Òàêèì îáðàçîì, èìååò
ìåñòî ñëåäóþùåå íåðàâåíñòâî ×åáûøåâà:

P (X ≥ t) ≤ E[X]

t
.

Êàê ñëåäñòâèå, ïîëó÷àåòñÿ íåðàâåíñòâî ×åáûøåâà ñ äèñïåðñèåé

P (|X − E[X]| ≥ t) ≤ D[X]

t2
.

Òàêèì îáðàçîì, êàæäàÿ ñëó÷àéíàÿ âåëè÷èíà â êàêîì-òî ñìûñëå ñîñðåäîòî÷åíà âîêðóã
ñâîåãî ñðåäíåãî çíà÷åíèÿ.

Óïðàæíåíèå 1.5. Ïóñòü f � íåïðåðûâíàÿ ôóíêöèÿ íà [0, 1]. Ïóñòü X1, . . . , Xn � ïî-
ñëåäîâàòåëüíîñòü íåçàâèñèìûõ ñëó÷àéíûõ âåëè÷èí, ñîîòâåòñòâóþùèõ ïîñëåäîâàòåëüíîñòè
íåçàâèñèìûõ áðîñêîâ íåïðàâèëüíîé ìîíåòû ñ âåðîÿòíîñòüþ óñïåõà p, ò.å. P (Xj = 1) = p,
P (Xj = 0) = 1−p. Ïóñòü Sn = X1+ . . .+Xn � êîëè÷åñòâî îðëîâ ïðè n áðîñêàõ. Äîêàæèòå,
÷òî

sup
p∈[0,1]

∣∣∣E[f(Sn

n
)
]
− f(p)

∣∣∣ ≤ sup
p∈[0,1]

E
[∣∣f(Sn

n
)− f(p)

∣∣] → 0.

Ïðîâåðüòå, ÷òî p 7→ E
[
f(Sn

n
)
]
� ìíîãî÷ëåí è òåì ñàìûì äîêàçàíà òåîðåìà Âåéåðøòðàññà

î ðàâíîìåðíîì ïðèáëèæåíèè íåïðåðûâíîé íà îòðåçêå ôóíêöèè ìíîãî÷ëåíàìè.
(HINT: Ðàçáåéòå ìàòåìàòè÷åñêîå îæèäàíèå íà äâà ñëàãàåìûõ, â ïåðâîì âñå èñõîäû, ãäå

|Sn

n
− p| ≥ δ, è âî âòîðîì âñå èñõîäû, ãäå |Sn

n
− p| < δ. Òîãäà â ïåðâîì ñëàãàåìîì ìîæ-

íî âîñïîëüçîâàòüñÿ íåðàâåíñòâîì ×åáûøåâà, à âî âòîðîì ðàâíîìåðíîé íåïðåðûâíîñòüþ
ôóíêöèè f .)

1.5. Ëèíåéíûå ôóíêöèîíàëû îò Áåðíóëëèåâñêèõ ñëó÷àéíûõ âåëè÷èí. Ïîñìîò-
ðèì, ÷òî ìîæíî ñêàçàòü ïðî ñëó÷àéíûå âåëè÷èíû âèäà S :=

∑m
j=1 ajεj. Çàìåòèì, ÷òî

E[S] = 0 è

D[S] = E[(a1ε1 + . . . amεm)
2] =

m∑
j=1

a2jE[ε2j ] +
∑
j ̸=k

ajakE[εkεk] =
m∑
j=1

a2j ,

ãäå ìû âîñïîëüçîâàëèñü òåì, ÷òî ε2j = 1, E[εkεk] = E[εk]E[εk] = 0. Ïî íåðàâåíñòâó ×åáûøåâà

P
(∣∣∣ m∑

j=1

ajεj

∣∣∣ ≥ t
)
≤ a21 + . . .+ a2m

t2
.

Îêàçûâàåòñÿ, â ðåàëüíîñòè, ñêîðîñòü óáûâàíèÿ äàííîé âåðîÿòíîñòè ïî t ãîðàçäî áûñòðåå
ïîëèíîìèàëüíîé.

Òåîðåìà 1.6. Èìååò ìåñòî íåðàâåíñòâî

P
(∣∣∣ m∑

j=1

ajεj

∣∣∣ ≥ t
)
≤ 2e

− t2

2(a21+...+a2m) .
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Äîêàçàòåëüñòâî. Îñíîâíàÿ èäåÿ äëÿ äîêàçàòåëüñòâà ýòîé òåîðåìû, è ìíîãèõ äðóãèõ, êî-

òîðûå áóäóò íàì âñòðå÷àòüñÿ, çàêëþ÷àåòñÿ â ïåðåõîäå ê ôóíêöèè exp(λ
m∑
j=1

ajεj). Óäîáñòâî

òàêîãî ïåðåõîäà ëåãêî ïîíÿòü ñ âåðîÿòíîñòíîé òî÷êè çðåíèÿ: ýêñïîíåíòà ïåðåâåäåò íàì
ñóììó â ïðîèçâåäåíèå, à ìàòåìàòè÷åñêîå îæèäàíèå ïðîèçâåäåíèÿ íåçàâèñèìûõ ñëó÷àé-
íûõ âåëè÷èí åñòü ïðîèçâåäåíèå ìàòåìàòè÷åñêèõ îæèäàíèé.
Ïðèìåíèì îïèñàííûé ïîäõîä â íàøåì ñëó÷àå. Ïóñòü t, λ > 0, òîãäà

P
( m∑
j=1

ajεj ≥ t
)
= P

(
exp

(
λ

m∑
j=1

ajεj

)
≥ eλt

)
≤ e−λtE

[
exp

(
λ

m∑
j=1

ajεj

)]
= e−λt

m∏
j=1

E
[
eλajεj

]
,

ãäå âî âòîðîì ïåðåõîäå ìû ïðèìåíèëè íåðàâåíñòâî ×åáûøåâà. Âû÷èñëèì ìàòåìàòè÷åñêîå
îæèäàíèå:

E
[
eλajεj

]
=
eλaj + e−λaj

2
= ch(λaj).

Çàìåòèì, ÷òî chα ≤ e
α2

2 , ò.ê.

chα =
1

2
(eα + e−α) =

∞∑
k=0

1

(2k)!
α2k ≤

∞∑
k=0

1

(2k)!!
α2k =

∞∑
k=0

1

k!

(α2

2

)k
= e

α2

2 .

Òàêèì îáðàçîì,

P
( m∑
j=1

ajεj ≥ t
)
≤ e−λt

m∏
j=1

E
[
eλajεj

]
≤ e−λt+

λ2

2
(a21+...+a

2
m).

Îñòàåòñÿ ìèíèìèìçèðîâàòü ïðàâóþ ÷àñòü ïî ïàðàìåòðó λ, ò.å. íàéòè òî÷êó ìèíèìóìà
ôóíêöèè λ 7→ −λt+ λ2

2
(a21 + . . .+ a2m). Ýòî òî÷êà λ = t

a21+...+a
2
m
, êîòîðóþ ìû è ïîäñòàâëÿåì

â ïðàâóþ ÷àñòü, ÷òîáû ïîëó÷èòü îöåíêó

P
( m∑
j=1

ajεj ≥ t
)
≤ exp

(
− t2

2(a21 + . . .+ a2m)

)
.

Àíàëîãè÷íî,

P
( m∑
j=1

ajεj ≤ −t
)
≤ exp

(
− t2

2(a21 + . . .+ a2m)

)
è

P
(∣∣∣ m∑

j=1

ajεj

∣∣∣ ≥ t
)
≤ 2e

− t2

2(a21+...+a2m) ,

÷òî è áûëî çàÿâëåíî. □

v

Óïðàæíåíèå 1.7. Ïóñòü X1, . . . , Xm � íåçàâèñèìûå ñëó÷àéíûå âåëè÷èíû, ïðèíèìàþ-
ùèå çíà÷åíèÿ íà îòðåçêå [−1, 1] (ò.å. X(ω) ∈ [−1, 1]). Ïóñòü E[Xj] = 0 ∀j ∈ {1, . . . ,m}.
Äîêàæèòå, ÷òî

P
(∣∣∣ m∑

j=1

ajXj

∣∣∣ ≥ t
)
≤ 2e

− t2

2(a21+...+a2m) .

Êàê ñëåäñòâèå ïîëó÷èòå ñëåäóþùåå íåðàâåíñòâî Õ¼ôäèíãà: ïóñòü Y1, . . . , Ym � íåçàâè-
ñèìûå ñëó÷àéíûå âåëè÷èíû, ïðèíèìàþùèå çíà÷åíèÿ â îòðåçêàõ [αj, βj] ñîîòâåòñòâåííî.
Òîãäà

P
(∣∣∣ m∑

j=1

Yj − E[Yj]
∣∣∣ ≥ t

)
≤ 2e

− t2

2(|β1−α1|2+...+|βm−αm|2) .
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(HINT: Çàìåòüòå, ÷òî èç-çà âûïóêëîñòè ýêñïîíåíòû, ïðè êàæäîì x ∈ [−1, 1] èìååò ìåñòî
íåðàâåíñòâî exp(αx) = exp

(
1+x
2
α + 1−x

2
(−α)

)
≤ 1+x

2
eα + 1−x

2
e−α = chα + xshα.)

2. Ëåììà Äæîíñîíà�Ëèíäåíøòðàóñà î ìàëîì èñêàæåíèè.

Èç äîêàçàòåëüñòâà ïîñëåäíåé òåîðåìû â ïðåäûäóùåì ðàçäåëå ìû óâèäåëè, ÷òî âàæíóþ
ðîëü èãðàåò ñëåäóþùàÿ ôóíêöèÿ.

Îïðåäåëåíèå 2.1. Äëÿ ñëó÷àéíîé âåëè÷èíû S è λ ∈ R ïóñòü ψS(λ) := lnE[eλS].

Â ÷àñòíîñòè, ïðè äîêàçàòåëüñòâà ïðåäûäóùåé òåîðåìû ìû óñòàíîâèëè, ÷òî

ψS(λ) ≤ λ2

2
∀λ ∈ R

â ñëó÷àå, êîãäà S =
m∑
j=1

ajεj è a
2
1 + . . .+ a2m = 1.

Àíàëèçèðóÿ ïðîäåëàííûå âûøå ðàññóæäåíèÿ, ëåãêî ïîíÿòü, ÷òî èìååò ìåñòî îáùåå
íåðàâåíñòâî ×åðíîâà:

P (S ≥ t) ≤ exp
(
− sup

λ>0
(λt− ψS(λ))

)
.

Îòìåòèì îäíî ïðîñòîå, íî ïîëåçíîå ñâîéñòâî ôóíêöèè ψS â ñëó÷àå, êîãäà S � åñòü ñóììà
íåçàâèñèìûõ ñëó÷àéíûõ âåëè÷èí.

Ïðåäëîæåíèå 2.2. Ïóñòü S =
m∑
j=1

(Xj −EXj), ãäå Xj � íåçàâèñèìûå ñëó÷àéíûå âåëè÷è-

íû. Òîãäà

ψS(λ) ≤
m∑
j=1

E
[
eλXj − λXj − 1

]
.

Äîêàçàòåëüñòâî. Â ñèëó íåçàâèñèìîñòè Xj èìååò ìåñòî òîæäåñòâî

ψS(λ) = lnE
[
exp

(
λ

m∑
j=1

(Xj − EXj)
)]

= ln
( m∏
j=1

E
[
exp

(
λXj − E[λXj]

)])
=

=
m∑
j=1

ln
(
e−E[λXj ]E

[
eλXj

])
=

m∑
j=1

(
−E[λXj] + ln

(
E
[
eλXj

]))
.

Âîñïîëüçîâàâøèñü íåðàâåíñòâîì äëÿ ëîãàðèôìà ln(x) ≤ x− 1, ïîëó÷àåì, ÷òî

ln
(
E
[
eλXj

])
≤ E

[
eλXj

]
− 1 = E

[
eλXj − 1

]
,

÷òî çàâåðøàåò äîêàçàòåëüñòâî. □

Ïîäóìàåì òåïåðü íàä òàêèì âîïðîñîì. Ïóñòü V = {v1, . . . , vN} ⊂ Rm � êîíå÷íîå ìíî-
æåñòâî ìíîãîìåðíûõ äàííûõ áîëüøîé ðàçìåðíîñòè (ò.å. m � î÷åíü áîëüøîå ÷èñëî).
Ñêîëü ñèëüíî ìîæíî óìåíüøèòü ðàçìåðíîñòü ýòèõ äàííûõ (ñæàòü äàííûå) òàê, ÷òî-
áû îòíîñèòåëüíàÿ ñòðóêòóðà ìíîæåñòâà V íå ñèëüíî èçìåíèëàñü ïîñëå ñæàòèÿ? Ñíà-
÷àëà ïðèäàäèì ýòîìó âîïðîñó áîëåå òî÷íóþ ìàòåìàòè÷åñêóþ ôîðìóëèðîâêó. Ìû õîòèì
îòîáðàçèòü èñõîäíîå ìíîæåñòâî äàííûõ V â ïðîñòðàíñòâî ìåíüøåé ðàçìåðíîñòè d ñ ïî-
ìîùüþ íåêîòîðîãî îòîáðàæåíèÿ f : Rm → Rd òàêèì îáðàçîì, ÷òîáû ïîïàðíûå ðàññòîÿíèÿ
íå ñèëüíî ïîìåíÿëèñü, ò.å.

(2.1) (1− ε)∥v′ − v′′∥ ≤ ∥f(v′)− f(v′′)∥ ≤ (1 + ε)∥v′ − v′′∥ ∀v′, v′′ ∈ V,

ãäå ∥x∥ :=
(∑

x2j
)1/2

. Îêàçûâàåòñÿ, ðàçìåðíîñòü d ìîæíî âçÿòü íåçàâèñèìîé îò ðàçìåð-
íîñòè èñõîäíûõ äàííûõ m! Ôîðìàëüíûé îòâåò íà íàø âîïðîñ äàåò ñëåäóþùàÿ òåîðåìà
Äæîíñîíà�Ëèíäåíøòðàóñà.
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Òåîðåìà 2.3 (ëåììà Äæîíñîíà�Ëèíäåíøòðàóñà î ìàëîì èñêàæåíèè). Ïóñòü ε ∈ (0, 1).
Ïóñòü V = {v1, . . . , vN} ⊂ Rm. Òîãäà äëÿ êàæäîãî d ≥ cε−2 ln(2N) (c � íåêîòîðîÿ ÷èñëî-
âàÿ ïîñòîÿííà) ñóùåñòâóåò òàêîå (ëèíåéíîå) îòîáðàæåíèå f : Rm → Rd, ÷òî

(1− ε)∥v′ − v′′∥2 ≤ ∥f(v′)− f(v′′)∥2 ≤ (1 + ε)∥v′ − v′′∥2 ∀v′, v′′ ∈ V.

Äîêàçàòåëüñòâî.
1) Ìû áóäåì èñêàòü îòîáðàæåíèå f â âèäå ñëó÷àéíîãî ëèíåéíîãî îòîáðàæåíèÿ. Ïóñòü

{εi,j}, i ∈ {1, . . . , d}, j ∈ {1, . . . ,m}, � íàáîð íåçàâèñèìûõ ñëó÷àéíûõ âåëè÷èí ñî çíà÷åíè-
ÿìè ±1, è ïðèíèìàþùèìè ýòè çíà÷åíèÿ ñ âåðîÿòíîñòüþ 1/2. Ïóñòü

(2.2) fi(v) :=
m∑
j=1

εi,jvj, f(v) :=
(

1√
d
fi(v)

)d
i=1
.

Ïîñìîòðèì íà òî, ÷òî ïðîèñõîäèò â ñðåäíåì. Çàìåòèì, ÷òî

E
[
fi(v)

2
]
=

m∑
j=1

v2jE[ε2i,j] +
∑
j ̸=j′

vjvj′E[εi,j]E[εi,j′ ] =
m∑
j=1

v2j = ∥v∥2.

Òàêèì îáðàçîì,

E
[
∥f(v)∥2

]
=

1

d

d∑
i=1

E
[
(fi(v))

2
]
= ∥v∥2.

Ïóñòü òåïåðü

T :=
{ v′ − v′′

∥v′ − v′′∥
: v′, v′′ ∈ V, i ̸= j

}
⊂ Rm.

Ñðàçó çàìåòèì, ÷òî #T ≤ N(N−1)
2

è ÷òî ∥v∥ = 1 ∀v ∈ T . Â ñèëó ëèíåéíîñòè îòîáðàæåíèÿ
f , íàì äîñòàòî÷íî ïîêàçàòü, ÷òî

sup
v∈T

∣∣∥f(v)∥2 − 1
∣∣ ≤ ε.

Çàìåòèì, ÷òî

∥f(v)∥2 − 1 =
1

d

d∑
i=1

(fi(v)
2 − 1).

2) Ïîïðîáóåì îïÿòü ïîíÿòü, êàê âåäåò ñåáÿ âåðîÿòíîñòü

P
(∣∣∣ d∑

i=1

(fi(v)
2 − 1)

∣∣∣ ≥ t
)

ïðè ôèêñèðîâàííîì v ∈ Rm, ∥v∥ = 1. Äëÿ ýòîãî èññëåäóåì ôóíêöèþ ψS1(λ), ãäå

S1 :=
d∑
i=1

(fi(v)
2 − 1) =

d∑
i=1

(
fi(v)

2 − E[fi(v)2]
)
.

Ïî íàáëþäåíèþ âûøå

ψS1(λ) ≤
d∑
i=1

E
[
eλfi(v)

2 − λfi(v)
2 − 1

]
.

Çàìåòèì, ÷òî

eλfi(v)
2 − λfi(v)

2 − 1 =
∞∑
k=2

1

k!
λkfi(v)

2k,

îòêóäà

E
[
eλfi(v)

2 − λfi(v)
2 − 1

]
≤

∞∑
k=2

1

k!
λkE

[
fi(v)

2k
]
.
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Ìû çíàåì, ÷òî P (|fi(v)| ≥ τ) ≤ 2e−
τ2

2 ∀τ > 0. Ïîýòîìó

E
[
fi(v)

2k
]
=

∞∑
s=0

E
[
fi(v)

2kI{s≤|fi(v)|<s+1}
]
≤

∞∑
s=0

(s+ 1)2kP (s ≤ |fi(v)| < s+ 1) =

=
∞∑
s=0

(s+ 1)2k
(
P (|fi(v)| ≥ s)− P (|fi(v)| ≥ s+ 1)

)
=

=
∞∑
s=0

(s+1)2kP (|fi(v)| ≥ s)−
∞∑
s=1

s2kP (|fi(v)| ≥ s) = 1+
∞∑
s=1

[
(s+1)2k− s2k

]
P (|fi(v)| ≥ s) ≤

≤ 1 + 2
∞∑
s=1

2k(s+ 1)2k−1e−s
2/2.

Âîñïîëüçîâàâøèñü òåì, ÷òî es
2/2 ≥ 1

(k+1)!
( s

2

2
)k+1, ïîëó÷àåì îöåíêó

1 + 2
∞∑
s=1

2k(s+ 1)2k−1e−s
2/2 ≤ 1 + (4k)(k + 1)!2k+1

∞∑
s=1

(s+ 1)2k−1s−2k−2 ≤ k!Ck,

ãäå C > 0 íåêîòîðàÿ ÷èñëîâàÿ ïîñòîÿííà. Òàêèì îáðàçîì,

E
[
eλfi(v)

2 − λfi(v)
2 − 1

]
≤

∞∑
k=2

(Cλ)k =
C2λ2

1− Cλ

ïðè λ ∈ (0, 1/C). Ò.å.

ψS1(λ) ≤
C2dλ2

1− Cλ
ïðè λ ∈ (0, 1/C), îòêóäà

sup
λ>0

(λt− ψS(λ)) ≥ sup
λ∈(0,1/C)

(
λt− C2dλ2

1− Cλ

)
= d sup

λ∈(0,1/C)

(
Cλ

t

Cd
− (Cλ)2

1− Cλ

)
=

= d sup
s∈(0,1)

(
s
t

Cd
− s2

1− s

)
≥ d

( t

2Cd+ t
· t

Cd
−

t2

(2Cd+t)2

2Cd
2Cd+t

)
=

t2

2C(2Cd+ t)
,

ãäå â ïðåäïîñëåäíåì íåðàâåíñòâå ìû îöåíèëè ñóïðåìóì ïîäñòàíîâêîé s = t
2Cd+t

. Ïî íåðà-
âåíñòâó ×åðíîâà

P
( d∑
i=1

(fi(v)
2 − 1) ≥ t

)
≤ exp

(
− t2

2C(2Cd+ t)

)
.

Ïîñìîòðèì òåïåðü íà S2 = −
d∑
i=1

(fi(v)
2 − 1) =

d∑
i=1

(
−fi(v)2 − E[−fi(v)2]

)
Êàê è â ñëó÷àå

S1, ïðè λ > 0, èìååò ìåñòî íåðàâåíñòâî

ψS2(λ) ≤
d∑
i=1

E
[
e−λfi(v)

2 − (−λfi(v)2)− 1
]
.

Íî â äàííîì ñëó÷àå âñå äàëüíåéøåå ðàññìîòðåíèå ãîðàçäî ïðîùå, ò.ê. èìååò ìåñòî ñëåäó-
þùåå íåðàâåíñòâî.

Óïðàæíåíèå 2.4. Ïðîâåðüòå, ÷òî e−x + x− 1 ≤ x2

2
ïðè x > 0.

Ìû ïîëó÷àåì, ÷òî

ψS2(λ) ≤
d∑
i=1

λ2

2
E
[
fi(v)

4
]
≤

d∑
i=1

∞∑
k=2

1

k!
λkE

[
fi(v)

2k
]
.
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Ýòó ñóììó ìû óæå îöåíèëè âûøå, ïîýòîìó

P
(∣∣∣ d∑

i=1

(fi(v)
2 − 1)

∣∣∣ ≥ t
)
≤ 2 exp

(
− t2

2C(2Cd+ t)

)
.

3) Âîçâðàùàÿñü ê íàøåé èñõîäíîé çàäà÷å, ïîëó÷àåì, ÷òî

P
(
sup
v∈T

∣∣∥f(v)∥2 − 1
∣∣ > ε

)
= P

(
sup
v∈T

∣∣∣ d∑
i=1

(fi(v)
2 − 1)

∣∣∣ ≥ dε
)
=

= P
(⋃
v∈T

{∣∣∣ d∑
i=1

(fi(v)
2 − 1)

∣∣∣ ≥ dε
})

≤
∑
v∈T

P
(∣∣∣ d∑

i=1

(fi(v)
2 − 1)

∣∣∣ ≥ dε
)
≤

≤ #T · 2 exp
(
− d2ε2

2C(2Cd+ dε)

)
≤ N2 exp

(
− dε2

2C(2C + ε)

)
≤ N2 exp

(
−dε

2

C1

)
,

ãäå C1 := 2C(2C + 1). Ò.ê. ìû õîòèì, ÷òîáû ñóùåñòâîâàëî îòîáðàæåíèå f , äëÿ êîòîðîãî
sup
v∈T

∣∣∥f(v)∥2−1
∣∣ ≤ ε, òî äàâàéòå ïîïðîñèì äàæå áîëüøåãî. Ñêàæåì, ïîñìîòðèì, êîãäà òàêîå

îòîáðàæåíèå (óêàçàííîãî âûøå âèäà (2.2)) ñóùåñòâóåò ñ âåðîÿòíîñòüþ íå ìåíåå 1/2. Äëÿ
ýòîãî ïîñìîòðèì, ïðè êàêèõ d

N2 exp
(
−dε

2

C1

)
≤ 1/2.

Òàêîå íåðàâåíñòâî âûïîëíåíî ïðè âñåõ d ≥ C1ε
−2 ln(2N2), ßñíî, ÷òî òîãäà îíî âûïîëíåíî

è ïðè âñåõ d ≥ C2ε
−2 ln(2N), ãäå C2 = 2C1. Òåîðåìà äîêàçàíà. □

Óïðàæíåíèå 2.5. Ïóñòü δ ∈ (0, 1), d ≥ cε−2 ln(2N√
δ
). Ïðîâåðüòå, ÷òî ñ âåðîÿòíîñòüþ íå

ìåíåå, ÷åì 1 − δ, ñëó÷àéíîå îòîáðàæåíèå âèäà (2.2) áóäåò îòîáðàæåíèåì ñî ñâîéñòâîì
(2.1). Ò.å. èñêîìîå â ëåììå Äæîíñîíà�Ëèíäåíøòðàóñà îòîáðàæåíèå ìîæíî ïðîñòî ñòðîèòü
(ñ áîëüøîé âåðîòÿíîñòüþ) ñ ïîìîùüþ ñëó÷àéíîãî âûáîðà çíàêîâ.

3. Ýíòðîïèÿ.

Îïðåäåëåíèå 3.1. Ïóñòü X � íåêîòîðûé ñëó÷àéíûé âåêòîð, çàäàþùèé ðàñïðåäåëåíèå
âåðîÿòíîñòåé P (X = x) = pX(x) íà ìíîæåñòâå Q = X(Ω). Ýíòðîïèåé (ïî Øåííîíó)
ñëó÷àéíîé âåëè÷èíû X íàçûâàåòñÿ ÷èñëî

H(X) := E[− ln pX(X)] = −
∑

x∈X(Ω)

pX(x) log pX(x).

Çàìå÷àíèå 3.2. Çàìåòèì, ÷òî H(X) ≥ 0.

Îïðåäåëåíèå 3.3. Ïóñòü p è q äâà âåðîÿòíîñòíûõ ðàñïðåäåëåíèÿ íà ìíîæåñòâå Q. Ðàñ-
ñòîÿíèåì Êóëüáàêà�Ëåéáëåðà (èëè îòíîñèòåëüíîé ýíòðîïèåé) ðàñïðåäåëåíèÿ p îòíî-
ñèòåëüíî ðàñïðåäåëåíèÿ q íàçûâàåòñÿ âåëè÷èíà

D(p∥q) :=
∑
x∈Q

p(x) ln
p(x)

q(x)

(ïðåäïîëàãàåì, ÷òî p(x) = 0, åñëè q(x) = 0).

Óïðàæíåíèå 3.4. Ïðîâåðüòå, ÷òî ln s ≥ 1 − 1
s
(ïðè÷åì ðàâåíñòâî äîñòèãàåòñÿ òîëüêî â

òî÷êå s = 1).
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Çàìå÷àíèå 3.5. Çàìåòìè, ÷òî

D(p∥q) :=
∑
x∈Q

p(x) ln
p(x)

q(x)
≥

∑
x∈Q

p(x)
(
1− q(x)

p(x)

)
= 0,

ïðè÷åì ðàâåíñòâî äîñòèãàåòñÿ òîëüêî â ñëó÷àå p(x) = q(x) ∀x ∈ Q. Òàêèì îáðàçîì, ðàñ-
ñòîÿíèå Êóëüáàêà�Ëåéáëåðà èçìåðÿåò, îòêëîíåíèå ðàñïðåäåëåíèÿ p îò ðàñïðåäåëåíèÿ q.
Êàê ñëåäñòâèå, ∑

x∈X(Ω)

pX(x) ln
pX(x)

1
#X(Ω)

= D(pX∥pU) ≥ 0,

ãäå U � ñëó÷àéíûé âåêòîð ñ ðàâíîìåðíûì ðàñïðåäåëåíèåì íà ìíîæåñòâå Q = X(Ω), ò.å.
P (U = x) = 1

#X(Ω)
. Òàêèì îáðàçîì, H(X) ≤ ln#X(Ω) = H(U) è ýíòðîïèÿ (ïî Øåííîíó)

èçìåðÿåò óêëîíåíèå ðàñïðåäåëåíèÿ îò ðàâíîìåðíîãî ðàñïðåäåëåíèÿ.

Îïðåäåëåíèå 3.6. Ïóñòü X = (X1, . . . , Xm) � ñëó÷àéíûé âåêòîð. Ââåäåì ñëåäóþùåå
îáîçíà÷åíèå: X(j) = (X1, . . . , Xj−1, Xj+1, . . . , Xm).

Òåîðåìà 3.7 (Íåðàâåíñòâî Õàíà). Ïóñòü X = (X1, . . . , Xm) � ñëó÷àéíûé âåêòîð. Òîãäà

H(X) ≤ 1

m− 1

m∑
j=1

H(X(j)).

Äîêàçàòåëüñòâî. Çàôèêñèðóåì j. Ïóñòü (X1, . . . , Xj−1) = U , (Xj+1, . . . , Xm) = V , (x1, . . . , xj−1) =
u, (xj+1, . . . , xm) = v. Çàìåòèì, ÷òî

H(X)−H(X(j)) = −
∑
x

pX(x) ln pX(x)+
∑
u,v

p(U,V )(u, v) ln p(U,V )(u, v) = −
∑
x

pX(x) ln
pX(x)

p(U,V )(u, v)
,

ãäå ìû èñïîëüçîâàëè òîæäåñòâî

p(U,V )(u, v) = P
(
(U, V ) = (u, v)

)
= P (X1 = x1, . . . , Xj−1 = xj−1, Xj+1 = xj+1, . . . , Xm = xm) =

=
∑
xj

P (X1 = x1, . . . , Xj−1 = xj−1, Xj = xj, Xj+1 = xj+1, . . . , Xm = xm) =
∑
xj

pX(x).

Çàìåòèì, ÷òî

−
∑
x

pX(x) ln
pX(x)

p(U,V )(u, v)
= −

∑
x

pX(x) ln
p(U,Xj)(u, xj)

pU(u)
−
∑
x

pX(x) ln
pU(u)pX(x)

p(U,Xj)(u, xj)p(U,V )(u, v)

è ÷òî∑
x

pX(x) ln
pU(u)pX(x)

p(U,Xj)(u, xj)p(U,V )(u, v)
≥

∑
x

pX(x)
(
1−

p(U,Xj)(u, xj)p(U,V )(u, v)

pU(u)pX(x)

)
=

= 1−
∑
u,xj ,v

p(U,Xj)(u, xj)p(U,V )(u, v)

pU(u)
= 1−

∑
u,xj

p(U,Xj)(u, xj) = 0,

ãäå ìû âîñïîëüçîâàëèñü òåì, ÷òî
∑
v

p(U,V )(u, v) = pU(u). Òàêèì îáðàçîì,

H(X)−H(X(j)) ≤ −
∑
x

pX(x) ln
p(U,Xj)(u, xj)

pU(u)
= −

∑
x

pX(x) ln
p(X1,...,Xj)(x1, . . . , xj)

p(X1,...,Xj−1)(x1, . . . , xj−1)
.
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Ñóììèðóÿ ïî j, ïîëó÷àåì îöåíêó

m∑
j=1

(
H(X)−H(X(j))

)
≤ −

m∑
j=1

∑
x

pX(x) ln
p(X1,...,Xj)(x1, . . . , xj)

p(X1,...,Xj−1)(x1, . . . , xj−1)
=

= −
∑
x

pX(x) ln
[ m∏
j=1

p(X1,...,Xj)(x1, . . . , xj)

p(X1,...,Xj−1)(x1, . . . , xj−1)

]
= −

∑
x

pX(x) ln pX(x) = H(X).

Ýòî ðàâíîñèëüíî çàÿâëåííîé â óñëîâèè îöåíêå. Òåîðåìà äîêàçàíà. □

Çàìå÷àíèå 3.8. Ïîñìîòðèì íà íåðàâåíñòâî Õàíà â êîíêðåòíîì ñëó÷àå Q = {−1, 1}m,
U = (ε1, . . . , εm), X = (X1, . . . , Xm) � íåêîòîðûé ñëó÷àéíûé âåêòîð ñî çíà÷åíèÿìè â Q.

Ïóñòü f(x) := pX(x)
pU (x)

= pX(x)
2−m . Òîãäà, ïî íåðàâåíñòâó Õàíà

E[f(U) ln f(U)] =
∑
x∈Q

pX(x) ln
pX(x)

pU(x)
= D(pX∥pU) =

∑
x∈Q

pX(x) ln pX(x)−
∑
x∈Q

pX(x) ln 2
−m =

= −H(X)−ln 2−m ≥ − 1

m− 1

m∑
j=1

H(X(j))−ln 2−m = − 1

m− 1

m∑
j=1

H(X(j))− m

m− 1
ln 2−(m−1) =

=
1

m− 1

m∑
j=1

(
−H(X(j))− ln 2−(m−1)

)
=

1

m− 1

m∑
j=1

D(pX(j)∥pU(j)).

Çàìåòèì, ÷òî

D(pX(j)∥pU(j)) = E[fj(U (j)) ln fj(U
(j))],

ãäå

fj(x
(j)) =

pX(j)(x(j))

2−(m−1)
=

∑
xj∈{−1,1}

pX(x)

2−m
· 1
2
= E

[
f(x1, . . . , xj−1, εj, xj+1, . . . , xm)

]
.

Óñðåäíåíèå òîëüêî ïî j − êîîðäåíàòå îáîçíà÷èì E(j). Òîãäà

E[f(U) ln f(U)] ≥ 1

m− 1

m∑
j=1

E
[
E(j)[f(U)] lnE(j)[f(U)]

]
,

÷òî, ïîñëå àðèôìåòè÷åñêèõ ïðåîáðàçîâàíèé è òîæäåñòâà E[f(U) ln f(U)] = E
[
E(j)[f(U) ln f(U)]

]
ïðèíèìàåò âèä

E[f(U) ln f(U)] ≤ E
[ m∑
j=1

E(j)[f(U) ln f(U)]− E(j)[f(U)] lnE(j)[f(U)]
]
.

Çàìåòèì, ÷òî íà ôóíêöèþ f (ïîìèìî óñëîâèÿ íåîòðèöàòåëüíîñòè) íàëîæåíî óñëîâèå E[f(U)] =
1. Ïóñòü òåïåðü f � ïðîèçâîëüíàÿ íåîòðèöàòåëüíàÿ ôóíêöèÿ íà Q. Òîãäà äëÿ ôóíêöèè

f̃ := f
E[f(U)]

âûïîëíåíî íåðàâåíñòâî

E[f̃(U) ln f̃(U)] ≤ E
[ m∑
j=1

E(j)[f̃(U) ln f̃(U)]− E(j)[f̃(U)] lnE(j)[f̃(U)]
]
,

êîòîðîå ïîñëå óìíîæåíèÿ íà E[f(U)] ïðèíèìàåò âèä (ïðîâåðüòå ýòî!)
(3.1)

E[f(U) ln f(U)]− E[f(U)] lnE[f(U)] ≤ E
[ m∑
j=1

E(j)[f(U) ln f(U)]− E(j)[f(U)] lnE(j)[f(U)]
]
.
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Îïðåäåëåíèå 3.9. Ïóñòü X � ïðîèçâîëüíûé ñëó÷àéíûé âåêòîð, f ≥ 0. Ýíòðîïèåé
ôóíêöèè f íàçûâàåòñÿ âåëè÷èíà

Ent(f) := E[f(X) ln f(X)]− E[f(X)] lnE[f(X)].

Çàìå÷àíèå 3.10. Íàïîìíèì, ÷òî â íàøåì ïðèìåðå ñ áóëåâûì êóáîì, â ñëó÷àå E[f ] = 1,

Ent(f) = D(f · pU∥pU).
Ò.å. äëÿ ôóíêöèé ñ åäèíè÷íûì ñðåäíèì, ýíòðèïèÿ ïîêàçûâàåò ñòåïåíü óêëîíåíèÿ ôóíêöèè
îò êîíñòàíòû 1, ò.ê. ðàññòîÿíèå Êóëüáàêà�Ëåéáëåðà ïîêàçûâàåò ñòåïåíü îòêëîíåíèÿ f · pU
îò pU . Òàêèì îáðàçîì, â îáùåì ñëó÷àå, äëÿ íåîòðèöàòåëüíîé ôóíêöèè f ýíòðîïèÿ ôóíêöèè
èçìåðÿåò áëèçîñòü ôóíêöèè ê ñâîåìó ñðåäíåìó, ò.å. ê (íåêîòîðîé) êîíñòàíòå.

Ñâîéñòâî (3.1) íàçûâàåòñÿ ñâîéñòâîì ñóáàääèòèâíîñòè ýíòðîïèè. Íà ñàìîì äåëå,
íåðàâåíñòâî (3.1) ñïðàâåäëèâî íå òîëüêî äëÿ ðàâíîìåðíîãî ðàñïðåäåëåíèÿ íà áóëåâîì êóáå,
íî è â áîëåå îáùåì ñëó÷àå.

Òåîðåìà 3.11. Ïóñòü X = (X1, . . . , Xm) � ñëó÷àéíûé âåêòîð ñ íåçàâèñèìûìè êîìïî-
íåíòàìè. Òîãäà äëÿ ïðîèçâîëüíîé f ≥ 0 èìååò ìåñòî íåðàâåíñòâî

Ent(f) ≤ E
[ m∑
j=1

Ent(j)(f)
]
,

ãäå Ent(j)(f) := E(j)[f(X) ln f(X)]− E(j)[f(X)] lnE(j)[f(X)].

4. Ëîãàðèôìè÷åñêîå íåðàâåíñòâî Ñîáîëåâà íà áóëåâîì êóáå. Ðàññóæäåíèå

Õåðáñòà. Êîíöåíòðàöèÿ äëÿ ëèïøèöåâûõ ôóíêöèé.

Êàê ìû óæå ïîíÿëè, ýíòðîïèÿ ôóíêöèè ÿâëÿåòñÿ ñïîñîáîì èçìåðåíèÿ îòëè÷èÿ íåîò-
ðèöàòåëüíîé ôóíêöèè îò ïîñòîÿííîé. Äðóãèì åñòåñòâåííûì ñïîñîáîì ïîìåðèòü îòëè-
÷èå ôóíêöèè îò ïîñòîÿííîé ÿâëÿåòñÿ ïðîèçâîäíàÿ, à â ìíîãîìåðíîì ñëó÷àå ãðàäèåíò
∇f(x) := (∂1f(x), . . . , ∂mf(x)), ãäå ∂jf(x) � ïðîèçâîäíàÿ ïî j-é ïåðåìåííîé ïðè ôèêñèðî-
âàííûõ îñòàëüíûõ. Íà áóëåâîì êóáå ðîëü ÷àñòíîé ïðîèçâîäíîé èãðàåò ñëåäóþùàÿ âåëè÷è-
íà. Äëÿ òî÷êè x = (x1, . . . , xm) ∈ Q := {−1, 1}m ïóñòü xj := (x1, . . . xj−1,−xj, xj+1, . . . , xm).

Îïðåäåëåíèå 4.1. Ïóñòü f : {−1, 1}m → R. Òîãäà

∂jf(x) :=
f(xj)− f(x)

2

è ∇f(x) := (∂1f(x), . . . , ∂mf(x)).

Òåîðåìà 4.2 (Ëîãàðèôìè÷åñêîå íåðàâåíñòâî Ñîáîëåâà). Ïóñòü f : {−1, 1}m → R. Òîãäà

Ent(f 2) ≤ 2E
[
∥∇f(U)∥2

]
= 2E

[ m∑
j=1

|∂jf(U)|2
]
.

Äîêàçàòåëüñòâî. Èç-çà ñâîéñòâà ñóáàääèòèâíîñòè ýíòðîïèè (3.1) íàì äîñòàòî÷íî ïðîâå-
ðèòü óòâåðæäåíèå òîëüêî äëÿ ôóíêöèé îäíîé ïåðåìåííîé íà ìíîæåñòâå {−1, 1}. Ïóñòü
f(1) = a, f(−1) = b. Íàì íóæíî ïðîâåðèòü, ÷òî

a2 ln a2
1

2
+ b2 ln b2

1

2
− a2 + b2

2
ln
a2 + b2

2
≤ (a− b)2

2
.

Ò.ê. (|a| − |b|)2 ≤ (a− b)2, òî áåç îãðàíè÷åíèÿ îáùíîñòè ìîæíî ñ÷èòàòü, ÷òî a, b > 0. Èç-çà
ñèììåòðèè ìîæåì ñ÷èòàòü, ÷òî a ≥ b. Ïóñòü

h(a) := (a− b)2 + (a2 + b2) ln
a2 + b2

2
− a2 ln a2 − b2 ln b2.
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Ìû õîòèì ïîêàçàòü, ÷òî h(a) ≥ 0 ïðè a ≥ b. Çàìåòèì, ÷òî h(b) = 0. Ïîñìîòðèì íà
ïðîèçâîäíóþ

h′(a) = 2(a− b) + 2a ln
a2 + b2

2a2
.

Çàìåòèì, ÷òî h′(b) = 0. Ïîñìîòðèì íà âòîðóþ ïðîèçâîäíóþ

h′′(a) = 2+2 ln
a2 + b2

2a2
− 4b2

a2 + b2
= 2−2 ln

2a2

a2 + b2
−4+

4a2

a2 + b2
= 2

( 2a2

a2 + b2
−1−ln

2a2

a2 + b2

)
≥ 0,

ãäå ìû âîñïîëüçîâàëèñü îöåíêîé lnx ≤ x − 1. Òàêèì îáðàçîì, h′ íå óáûâàåò ïðè a ≥ b,
çíà÷èò h′(a) ≥ h′(b) = 0. Çíà÷èò h íå óáûâàåò ïðè a ≥ b, çíà÷èò h(a) ≥ h(b) = 0. Òàêèì
îáðàçîì, òåîðåìà äîêàçàíà. □

Âåðíåìñÿ ê íàøåìó èñõîäíîìó âîïðîñó î êîíöåíòðàöèè ðàñïðåäåëåíèÿ. Êàê ìû óæå
çíàåì, äëÿ èññëåäîâàíèÿ âîïðîñîâ êîíöåíòðàöèè ñëó÷àéíîé âåëè÷èíû S = f(ε1, . . . , εm)
âàæíóþ ðîëü èãðàåò ôóíêöèÿ ψS(λ) := lnE[eλS]. Ïîïðîáóåì èñïîëüçîâàòü äëÿ îöåíêè
ýòîé ôóíêöèè ëîãàðèôìè÷åñêîå íåðàâåíñòâî Ñîáîëåâà. Ïóñòü g(x) = eλf(x)/2, λ ∈ R. Òîãäà

Ent(g2) = Ent(eλf ) = λE
[
SeλS

]
− E

[
eλS

]
lnE

[
eλS

]
.

Òàêèì îáðàçîì,

Ent(g2) = λ(eψS(λ))′ − eψS(λ)ψS(λ) =
(
λψ′

S(λ)− ψS(λ)
)
eψS(λ).

Òåïåðü îöåíèì ïðàâóþ ÷àñòü ëîãàðèôìè÷åñêîãî íåðàâåíñòâà Ñîáîëåâà.

Óïðàæíåíèå 4.3. Ïðîâåðüòå, ÷òî

(eα/2 − eβ/2)2 ≤ (α− β)2

4
(eα + eβ).

Èñïîëüçóÿ óïðàæíåíèå, ïîëó÷àåì, ÷òî

2E
[ m∑
j=1

|∂jg(U)|2
]
=

1

2
E
[ m∑
j=1

(
eλf(U)/2 − eλf(U

(j)
)/2

)2] ≤

≤ λ2

8
E
[ m∑
j=1

(
f(U)− f(U

(j)
)
)2(

eλf(U) + eλf(U
(j)

)
)]

=

=
λ2

8
E
[
eλf(U)

m∑
j=1

(
f(U)− f(U

(j)
)
)2]

+
λ2

8

m∑
j=1

E
[
eλf(U

(j)
)
(
f(U)− f(U

(j)
)
)2]

=

=
λ2

8
E
[
eλf(U)

m∑
j=1

(
f(U)− f(U

(j)
)
)2]

+
λ2

8

m∑
j=1

E
[
eλf(U)

(
f(U

(j)
)− f(U)

)2]
=

=
λ2

4
E
[
eλf(U)

m∑
j=1

(
f(U)− f(U

(j)
)
)2]

,

ãäå ìû âîñïîëüçîâàëèñü òåì, ÷òî âåêòîð U
(j)

òàêæå ðàñïðåäåëåí, êàê è U . Ïðåäïîëîæèì,
÷òî

(4.1)
m∑
j=1

(
f(x)− f(x(j))

)2 ≤ θ2 ∀x ∈ {−1, 1}m.

Óïðàæíåíèå 4.4. Ïðîâåðüòå, ÷òî óêàçàííîå óñëîâèå âëå÷åò ñâîéñòâî ëèïøèöèâîñòè ôóíê-
öèè f , ò.å.

|f(x)− f(y)| ≤ θ

2
∥x− y∥ ∀x, y ∈ {−1, 1}m.
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Òîãäà, ïðèìåíèâ ëîãàðèôìè÷åñêîå íåðàâåíñòâî Ñîáîëåâà, ïîëó÷àåì, ÷òî(
λψ′

S(λ)− ψS(λ)
)
eψS(λ) = Ent(g2) ≤ λ2θ2

4
E
[
eλf(U)

]
=
λ2θ2

4
eψS(λ).

Ïîïðîáóåì èçâåëå÷ü èç ýòîãî äèôôåðåíöèàëüíîãî íåðàâåíñòâà êàêóþ-íèáóäü èíôîðìàöèþ
ïðî ôóíêöèþ ψS. Ïîäåëèâ íåðàâåíñòâî íà ïîëîæèòåëüíîå ÷èñëî λ

2eψS(λ), ïîëó÷àåì, ÷òî

ψ′
S(λ)

λ
− ψS(λ)

λ2
≤ θ2

4
.

Çàìåòèì, ÷òî ëåâàÿ ÷àñòü åñòü ïðîèçâîäíàÿ ôóíêöèè F (λ) := ψS(λ)
λ

, ïðè÷åì ïî ïðàâèëó
Ëîïèòàëÿ

F (0) := lim
λ→0

ψS(λ)

λ
= lim

λ→0

E
[
SeλS

]
E
[
eλS

] = E[S].

Òàêèì îáðàçîì, ïðè λ > 0, ïîëó÷àåì, ÷òî

ψS(λ)

λ
= F (λ)− F (0) + E[S] =

∫ λ

0

F ′(s) ds+ E[S] ≤
∫ λ

0

θ2

4
ds+ E[S] =

θ2λ

4
+ E[S].

Òàêèì îáðàçîì, ψS(λ) ≤ θ2λ2

4
+ λE[S] ïðè λ > 0. Ïî íåðàâåíñòâó ×åðíîâà,

P (S ≥ E[S] + t) ≤ exp
(
− sup

λ>0
(λE[S] + λt− ψS(λ)

)
= exp

(
− sup

λ>0
(λt− θ2λ2

4
)
)
= e−t

2/θ2 .

Ïðèìåíèâ íåðàâåíñòâî ê ñëó÷àéíîé âåëè÷èíå −S, ïîëó÷àåì, ÷òî
P (S ≤ E[S]− t) ≤ e−t

2/θ2

è, ñóììàðíî,

P (|S − E[S]| ≥ t) ≤ 2e−t
2/θ2 .

Òàêèì îáðàçîì, íàìè äîêàçàíà ñëåäóþùàÿ òåîðåìà.

Òåîðåìà 4.5. Ïóñòü äëÿ ôóíêöèè f íà {−1, 1}m âûïîëíåíî óñëîâèå (4.1) è ïóñòü S =
f(ε1, . . . , εm). Òîãäà

ψS(λ) ≤
θ2λ2

4
+ λE[S] ∀λ > 0

è
P (|S − E[S]| ≥ t) ≤ 2e−t

2/θ2 .

5. Ãàóññîâñêàÿ êîíöåíòðàöèÿ.

Îïðåäåëåíèå 5.1. Ñëó÷àéíûé âåêòîð G = (G1, . . . , Gm) íàçûâàåòñÿ ñòàíäàðòíûì ãàóñ-
ñîâñêèì (èëè íîðìàëüíûì) ñëó÷àéíûì âåêòîðîì, åñëè

E[f(G)] =
∫
Rm

f(x) 1
(2π)m/2 e

− ∥x∥2
2 dx.

Îòìåòèì, ÷òîG = (G1, . . . , Gm)� ñòàíäàðòíûé ãàóññîâñêèé âåêòîð òîãäà è òîëüêî òîãäà,
êîãäà {Gj}mj=1 íåçàâèñèìû è Gj � ñòàíäàðòíûå ãàóññîâñêèå ñëó÷àéíûå âåëè÷èíû.
Îäíî èç êëþ÷åâûõ ñâîéñòâ ãàóññîâñêîãî ðàñïðåäåëåíèÿ çàêëþ÷àåòñÿ â òîì, ÷òî îíî

ïîÿâëÿåòñÿ, êàê ïðåäåëüíîå ðàñïðåäåëåíèå ïðè áîëüøîì ÷èñëå èñïûòàíèé.

Òåîðåìà 5.2 (Öåíòðàëüíàÿ Ïðåäåëüíàÿ Òåîðåìà). Ïóñòü {Xn}∞n=1 ïîñëåäîâàòåëüíîñòü
íåçàâèñèìûõ îäèíàêîâî ðàñïðåäåëííûõ ñëó÷àéíûõ âåëè÷èí. Òîãäà, äëÿ êàæäîé íåïðåðûâ-
íîé è îãðàíè÷åííîé ôóíêöèè φ,

lim
n→∞

E
[
φ
(∑n

j=1(Xj − E[Xj])

(D[
∑n

j=1Xj])1/2

)]
= E[φ(G)],

ãäå G � îäíîìåðíàÿ ãàóññîâñêàÿ ñëó÷àéíàÿ âåëè÷èíà.
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Àíàëîãè÷íàÿ òåîðåìà âåðíà è â ìíîãîìåðíîì ñëó÷àå, â ÷àñòíîñòè,

lim
n→∞

E
[
φ
(ε1,1 + . . .+ ε1,n√

n
, . . . ,

εm,1 + . . .+ εm,n√
n

)]
= E[φ(G1, . . . , Gm)].

Íàïðèìåð, äëÿ ôóíêöèè îäíîé ïåðåìåííîé ïîëó÷àåì, ÷òî

n∑
j=1

(
φ
(ε1,1 + . . .+ ε1,j + . . .+ ε1,n√

n

)
− φ

(ε1,1 + . . .− ε1,j + . . .+ ε1,n√
n

))2

=

=
n∑
j=1

(
φ
(ε1,1 + . . .+ ε1,j + . . .+ ε1,n√

n

)
− φ

(ε1,1 + . . .+ ε1,j + . . .+ ε1,n√
n

− 2√
n

))2

=

=
n∑
j=1

|φ′(ξj)|2 ·
4

n
≤ 4 sup

x∈R
|φ′(x)|2.

Óïðàæíåíèå 5.3. Ïðîâåðüòå, ÷òî è â ìíîãîìåðíîì ñëó÷àå ñîõðàíèòñÿ ïîäîáíàÿ îöåíêà,
ò.å.

n∑
k=1

m∑
j=1

(
f(x)− f(x(j,k))

)2 ≤ 4 sup
y∈Rm

∥∇φ(y)∥2,

ãäå f(x) = φ
(x1,1+...+x1,n√

n
, . . . , xm,1+...+xm,n√

n

)
.

Òåîðåìà 5.4 (êîíöåíòðàöèÿ äëÿ ãàóññîâñêîãî ñëó÷àéíîãî âåêòîðà). Ïóñòü φ � ëèïøè-
öåâà ôóíêöèÿ, ò.å. |φ(x)− φ(y)| ≤ L∥x− y∥ ∀x, y ∈ Rm. Òîãäà

P (|φ(G)− E[φ(G)]| ≥ t) ≤ 2e−t
2/4L2

.

Äîêàçàòåëüñòâî. Íå îãðàíè÷èâàÿ îáùíîñòè, ñ÷èòàåì, ÷òî φ � äîñòàòî÷íî ãëàäêàÿ ôóíê-
öèÿ. Òîãäà èç îáùåãî êóðñà àíàëèçà èçâåñòíî, ÷òî ∥∇φ∥ ≤ L. Òîãäà äëÿ ôóíêöèè f(x) =
φ
(x1,1+...+x1,n√

n
, . . . , xm,1+...+xm,n√

n

)
âûïîëíåíî óñëîâèå (4.1) ñ θ = 2L. Ïî äîêàçàííîìó ðàíåå

E[eλf(ε1,1,...,εm,n)] ≤ exp(L2λ2 + λE[f(ε1,1, . . . , εm,n)]).
Îñóùåñòâëÿÿ ïðåäåëüíûé ïåðåõîä, ïîëó÷àåì, ÷òî

E[eλφ(G)] ≤ exp(L2λ2 + λE[φ(G)]).
Äàëüíåéøèå ðàññóæäåíèÿ ñ ïðèìåíåíèåì íåðàâåíñòâà ×åðíîâà è ðàññìîòðåíèåì ôóíêöèè
−φ äëÿ íàñ óæå ñòàíäàðòíû. Òåîðåìà äîêàçàíà. □

Óïðàæíåíèå 5.5. Äîêàæèòå ñëåäóþùåå ëîãàðèôìè÷åñêîå íåðàâåíñòâî Ñîáîëåâà äëÿ
ãàóññîâñêîé ìåðû. Ïóñòü

1

(2π)m/2

∫
Rm

f 2(x) e−
∥x∥2

2 dx = 1,

òîãäà
1

(2π)m/2

∫
Rm

f 2(x) ln f 2(x) e−
∥x∥2

2 dx ≤ 2
(2π)m/2

∫
Rm

∥∇f(x)∥2 e−
∥x∥2

2 dx.

6. Òåîðåìà Äâîðåöêîãî.

Çàäàäèìñÿ ñëåäóþùèì âîïðîñîì. Ïóñòü K � âûïóêëîå öåíòðàëüíî ñèììåòðè÷íîå òåëî
â RN (ñëîâî ¾òåëî¿ îçíà÷àåò, ÷òî K íå ñîäåðæèòñÿ íè â êàêîì ïîäïðîñòðàíñòâå ìåíüøåé
ðàçìåðíîñòè, ÷òî îíî îãðàíè÷åíî è çàìêíóòî, ò.å. êîìïàêòíî). Êàêîé ðàçìåðíîñòè ñóùå-
ñòâóþò ñå÷åíèå òåëà K ¾ïîõîæèå¿ íà ýëëèïñîèäû? Åñëè ýòîò âîïðîñ íåñêîëüêî ôîðìàëè-
çîâàòü, òî íàì áû õîòåëîñü ïîíÿòü, êàêîé ðàçìåðíîñòè áûâàþò ãèïåðïëîñêîñòè H ⊂ Rm,
÷òî â íèõ åñòü ýëëèïñîèä E ⊂ H ñî ñâîéñòâîì (1− δ)E ⊂ K ∩H ⊂ (1 + δ)E. Ïîêà çàäà÷à
âñå åùå êàæåòñÿ íåñêîëüêî ýôåìåðíîé. Äàâàéòå ïîïðîáóåì ñôîðìóëèðîâàòü åå íà áîëåå
àíàëèòè÷ñêîì ÿçûêå.
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Îïðåäåëåíèå 6.1. Íîðìîé íà Rm íàçûâàåòñÿ òàêàÿ ôóíêöèÿ ∥ · ∥ : Rm → [0,+∞), ÷òî
(i) ∥x∥ = 0 ⇔ x = 0;
(ii) ∥αx∥ = |α| · ∥x∥ ∀x ∈ Rm;
(iii) ∥x+ y∥ ≤ ∥x∥+ ∥y∥ ∀x, y ∈ Rm.

Áîëåå òîãî, ñ êàæäûì âûïóêëûì öåíòðàëüíî ñèììåòðè÷íûì òåëîì K ìîæíî ñâÿçàòü
íîðìó ∥ · ∥K ïî ïðàâèëó

∥x∥K := inf{λ > 0: λ−1x ∈ K}.
Îòìåòèì, ÷òî ∥ · ∥K íàçûâàåòñÿ ôóíêöèîíàëîì Ìèíêîâñêîãî, ïîñòðîåííûì ïî ìíîæå-
ñòâó K.

Óïðàæíåíèå 6.2. Ïðîâåðüòå, ÷òî äëÿ êàæäîãî âûïóêëîãî öåíòðàëüíî ñèììåòðè÷íîãî
òåëà K ôóíêöèÿ ∥ · ∥K äåéñòâèòåëüíî îáëàäàåò âñåìè ñâîéñòâàìè íîðìû. Êðîìå òîãî,
K := {x : ∥x∥K ≤ 1}.

Òåïåðü çàìåòèì, ÷òî ëþáîé ýëëèïñîèä åñòü ëèíåéíûé îáðàç øàðà ïðè íåâûðîæäåííîì
ëèíåéíîì îòîáðàæàíèè, ïîýòîìó ëþáîé ýëëèïñîèä E â ãèïåðïëîñêîñòè H ⊂ RN ðàçìåðíî-
ñòè dimH = d ìîæíî ñ÷èòàòü ëèíåéíûì îáðàçîì ñòàíäàðòíîãî øàðà Bd := {x ∈ Rd : ∥x∥ ≤
1}, ò.å. E = T (Bd), ãäå T : Rd → RN � íåâûðîæäåííîå ëèíåéíîå îòîáðàæàåíèå, T (Rd) = H.
Òîãäà âêëþ÷åíèå (1−δ)E ⊂ K çíà÷èò, ÷òî äëÿ x ∈ Bd âûïîëíåíî Tx ∈ 1

1−δK, ò.å. èç îöåíêè

∥x∥ ≤ 1 ñëåäóåò ∥Tx∥K ≤ 1
1−δ , ÷òî ðàâíîñèëüíî íåðàâåíñòâó

∥Tx∥K ≤ 1

1− δ
∥x∥ ∀x ∈ Bd.

Ñ äðóãîé ñòîðîíû, âêëþ÷åíèå K∩H ⊂ (1+δ)E çíà÷èò, ÷òî åñëè ∥Tx∥K ≤ 1, òî ∥x∥ ≤ 1+δ,
÷òî îïÿòü ðàâíîñèëüíî íåðàâåíñòâó

∥x∥ ≤ (1 + δ)∥Tx∥K ∀x ∈ Bd.

Âî-ïðåâûõ, çàìåòèì, ÷òî îáà íåðàâåíñòâà îäíîðîäíû îòíîñèòåëüíî ðàñòÿæåíèé, à çíà÷èò
ìîæíî òðåáîâàòü èõ âûïîëíåíèÿ òîëüêî íà ñôåðå Sd−1 := {x ∈ Rd : ∥x∥ = 1}. Âî-âòîðûõ,
Âìåñòî, îöåíîê ñ ìíîæèòåëÿìè 1

1+δ
è 1

1−δ áóäåì òðåáîâàòü îöåíêè ñ ìíîæèòåëÿìè 1 − ε

è 1 + ε äëÿ óäîáñòâà çàïèñè. Ò.å. íàì íàäî èñêàòü îòîáðàæåíèÿ T èç Rd, ñ êàê ìîæíî
áîëüøåé ðàçìåðíîñòüþ d, è ñî ñâîéñòâîì

(1− ε)∥x∥ ≤ ∥Tx∥K ≤ (1 + ε)∥x∥ x ∈ Sd−1.

Íà ñàìîì äåëå, ìîæíî òðåáîâàòü ñâîéñòâî

(1− ε)M∥x∥ ≤ ∥Tx∥K ≤ (1 + ε)M∥x∥ x ∈ Sd−1.

è òîãäà â êà÷åñòâå èñêîìîãî îòîáðàæåíèÿ âçÿòü îòîáðàæåíèå T ′ := 1
M
T . Òàêæå, êàê è

ïðè äîêàçàòåëüñòâå ëåììû Äæîíîñîíà�Ëèíäåíøòðàóñà, áóäåì èñêàòü îòîáðàæåíèå T â
âèäå ñëó÷àéíîé ôóíêöèè. Ïóñòü {gk,j}1≤k≤N

1≤j≤d
� íàáîð íåçàâèñèìûõ ãàóññîâñêèõ ñëó÷àéíûõ

âåëè÷èí. Ïóñòü

Tx :=
( d∑
j=1

g1,jxj, . . . ,
d∑
j=1

gN,jxj

)
Çàìåòèì, ÷òî Tx � ñëó÷àéíûé âåêòîð c íåçàâèñèìûìè êîìïîíåíòàìè, ïðè÷åì, ïðè x ∈
Sd−1, êàæäàÿ êîìïîíåíòà òàêæå áóäåò ñòàíäàðòíîé ãàóññîâñêîé (ýòî îäíî èç ñâîéñòâ ãàóñ-
ñîâñêèõ ñëó÷àéíûõ âåëè÷èí). Ïðåäïîëîæèì, ÷òî ∥y∥K ≤ L∥y∥ ∀y ∈ RN , òîãäà ∥ · ∥K �
ëèïøèöåâà ôóíêöèÿ, ò.ê.∣∣∥y1∥K − ∥y2∥K

∣∣ ≤ ∥y1 − y2∥K ≤ L∥y1 − y2∥.
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Â òàêîì ñëó÷àå, ìû ìîæåì âîñïîëüçîâàòüñÿ êîíöåíòðàöèåé äëÿ ñòàíäàðòíîãî ãàóññîâñêîãî
ñëó÷àéíîãî âåêòîðà Tx ïðè ôèêñèðîâàííîì x ∈ Sd−1. Òàêèì îáðàçîì,

P
(∣∣∥Tx∥K − E[∥G∥K ]

∣∣ ≥ t
)
≤ 2e−t

2/4L2

,

ãäå G � ñòàíäàðòíûé íîðìàëüíûé âåêòîð â RN . Ïóñòü òåïåðü W ⊂ Sn−1 � ïðîèçâîëü-
íîå ïîäìíîæåñòâî ñôåðû. Òîãäà, òàê æå, êàê è ïðè äîêàçàòåëüñòâå ëåììû Äæîíîñîíà�
Ëèíäåíøòðàóñà

P
(
max
x∈W

∣∣∥Tx∥K −M
∣∣ ≥ εM

)
≤ 2 ·#We−ε

2M2/4L2

,

ãäå M = E[∥G∥K ].

Îïðåäåëåíèå 6.3. Ìíîæåñòâî W íàçûâàåòñÿ ε-ñåòüþ ìíîæåñòâà A ⊂ Rd, åñëè

A ⊂
⋃
x∈W

x+ tBd.

Ïóñòü

Nt(A) := min
{
n ∈ N : ∃x1, . . . , xn ∈ A : A ⊂

n⋃
j=1

xj + tBd

}
.

Ôóíêöèÿ logNt(A) íàçûâàåòñÿ ôóíêöèåé ìåòðè÷åñêîé ýíòðîïèè ìíîæåñòâà A.

Ëåììà 6.4. Ïóñòü, A � êîìïàêò â Rd. Òîãäà

Nt(A) ≤
V oln(A+ t

2
B)

V oln(B)

2n

tn
.

Äîêàçàòåëüñòâî. Ïóñòü n(t) � ìàêñèìàëüíîå êîëè÷åñòâî òî÷åê â A ñ ïîïàðíûìè ðàññòîÿ-
íèìè íå ìåíåå t è ïóñòü {x1, . . . , xn(t)} � íàáîð òàêèõ òî÷åê. ßñíî, ÷òî ìíîæåñòâà xj+

t
2
·Bd

èìåþò ïîïàðíî íåïåðåñåêàþùèåñÿ âíóòðåííîñòè,

n(t)⋃
j=1

(xj +
t
2
·Bd) ⊂ A+ t

2
·B

è

A ⊂
n(t)⋃
j=1

(xj + t ·Bd).

Òàêèì îáðàçîì,

n(t) · V oln( t2 ·Bd) ≤ λn(A+ t
2
·Bd)

è n ≤ n(t) ≤ λn(A+
t
2
·Bd)

λn(
t
2
·Bd)

. Ëåììà äîêàçàíà. □

Êàê ñëåäñòâèå, äëÿ A = Sd−1 ïîëó÷àåì, ÷òî

Nt(S
d−1) ≤ (1 + t/2)2

(t/2)d
= (1 + 2/t)d ≤ (3/t)d

ïðè t ∈ (0, 1).

Óïðàæíåíèå 6.5. Ïóñòü ∥| · |∥ � íåêîòîðàÿ íîðìà íà Rd (íå îáÿçàòåëüíî åâêëèäîâà).
Ïðåäïîëîæèì, ÷òî äëÿ êàæäîé òî÷êè x èç δ-ñåòè íà Sd−1 âûïîëíåíî

(1− ε)M ≤ ∥|x|∥ ≤ (1 + ε)M.

Ïðîâåðüòå, ÷òî
1− ε− 2δ

1− δ
M ≤ ∥|x|∥ ≤ 1 + ε

1− δ
M ∀x ∈ Sd−1.
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Ïóñòü òåïåðü W � ε - ñåòü ðàçìåðà íå áîëåå (3/ε)d íà ñôåðå Sd−1, ε ∈ (0, 1
100

). Òîãäà,

ïðè (3/ε)de−ε
2M2/4L2 ≤ 1

4
áóäåò ñóùåñòâîâàòü òàêàÿ ðåàëèçàöèÿ îòîáðàæåíèÿ T , ÷òî

(1− ε)M ≤ ∥Tx∥K ≤ (1 + ε)M

äëÿ êàæäîé òî÷êè x èç ñåòè W .

Óïðàæíåíèå 6.6. Ïðîâåðüòå, ÷òî ñóùåñòâóþò òàêèå ÷èñëà c1, c2 > 0, ÷òî íåðàâåíñòâî

(3/ε)de−ε
2M2/4L2 ≤ 1

4
âåðíî ïðè d ≤ c1

ε2M2/L2

ln(c2/ε)
.

Òàêèì îáðàçîì, ìû äîêàçàëè ñëåäóþùåå óòâåðæäåíèå.

Òåîðåìà 6.7 (Â. Ìèëüìàí). Ïóñòü ∥y∥K ≤ L∥y∥ ∀y ∈ RN è ïóñòü M = E[∥G∥K ] Òî-
ãäà ñóùåñòâóåò ãèïåðïëîñêîñòü H ðàçìåðíîñòè d ≥ C1

δ2M2/L2

ln(C2/δ)
è ýëëèïñîèä E â ýòîé

ãèïåðïëîñêîñòè, ÷òî (1− δ)E ⊂ K ∩H ⊂ (1 + δ)E äëÿ äîñòàòî÷íî ìàëüíüêîãî δ.

Èìååò ìåñòî ñëåäóþùèé ôàêò.

Òåîðåìà 6.8 (Ëåììà Äâîðåöêîãî�Ðîäæåðñà). Ïðåäïîëîæèì, ÷òî ýëëèïñîèä ìàêñèìàëü-
íîãî îáúåìà, âïèñàííûé â K åñòü LBN . Òîãäà

E[∥G∥K ] ≥ C0L
√
lnN.

Òåïåðü ïåðåâîäÿ ëþáîå âûïóêëîå òåëî ëèíåéíûì ïðåîáðàçîâàíèåì â âûïóêëîå òåëî, ó
êîòîðîãî âïèñàííûé ýëëèïñîèä ìàêñèìàëüíîãî îáúåìà åñòü øàð, ïîëó÷àåì ñëåäóþùóþ
òåîðåìó Äâîðåöêîãî.

Òåîðåìà 6.9 (Òåîðåìà Äâîðåöêîãî). Ïóñòü K � öåíòðàëüíî ñèììåòðè÷íîå âûïóêëîå

òåëî â RN , δ ∈ (0, 1). Òîãäà ñóùåñòâóåò ãèïåðïëîñêîñòü H ðàçìåðíîñòè d ≥ C δ2 lnN
ln(c/δ)

è

ýëëèïñîèä E â ýòîé ãèïåðïëîñêîñòè, ÷òî (1− δ)E ⊂ K ∩H ⊂ (1 + δ)E.
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