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Â êîíöå 18 ñòîëåòèÿ Ìàëüòóñ â êíèãå

Malthus: Essay on the Principle of Population (1798)

ïèñàë î ãåîìåòðè÷åñêîì ðîñòå íàñåëåíèÿ Çåìëè, íî çàìåòèë, ÷òî
ïðè ýòîì îòäåëüíûå ñåìåéñòà âûðîæäàþòñÿ.

Â êà÷åñòâå ïðèìåðà îí ïðèâåë ãîðîä Áåðí (Øâåéöàðèÿ), â êîòîðîì â
ïðîìåæóòêå ìåæäó 1583 è 1783 ãîäàìè 379 èç 487 áóðæóàçíûõ
ñåìåéñòâ âûìåðëè. Çàìåòèì, ÷òî

379/487 ≈ 0, 75(!)

Òàêèì îáðàçîì, ïðèìåðíî çà 8 ïîêîëåíèé èñ÷åçëî 3/4 ñåìåéñòâ!

Âîïðîñ: âûðîæäåíèå îòäåëüíûõ ñåìåéñòâ íåèçáåæíî èëè âîçìîæíû
äðóãèå ñöåíàðèè?



Ìàòåìàòè÷åñêèå ìîäåëè ïððîöåññà âûðîæäåíèÿ ñåìåéñòâ áûëè
ïðåäëîæåíû íåçàâèñèìî ôðàíöóçñêèì ìàòåìàòèêîì Áüåíàéìå
(Bienayme) è àíãëèéñêèìè èññëåäîâàòåëÿìè Ãàëüòîíîì (Galton) è
Âàòñîíîì (Watson).

Darwin and Galton

 



Áèåíàéìå-Ãàëüòîí-Âàòñîí ïðåäëîæèëè ñëåäóþùóþ ìîäåëü ðàçâèòèÿ
ïîïóëÿöèé ïî ïîêîëåíèÿì.

Èìååòñÿ 1 ÷àñòèöà ñ åäèíè÷íîé ïðîäîëæèòåëüíîñòüþ æèçíè.
Ïîãèáàÿ, ÷àñòèöà ïðîèçâîäèò íåêîòîðîå ÷èñëî ïîòîìêîâ ( ìîæåò è
íè îäíîãî). Íîâîðîæäåííûå ÷àñòèöû èìåþò òàêæå åäèíè÷íóþ
ïðîäîëæèòåëüíîñòü æèçíè è, ïîãèáàÿ, ïðîèçâîäÿò íåçàâèñèìî äðóã
îò äðóãà íåêîòîðîå ÷èñëî ïîòîìêîâ (ìîæåò è íè îäíîãî) è òàê äàëåå.



Êàêèå âîïðîñû èíòåðåñíû ïðè èññëåäîâàíèè ýâîëþöèè ïîïóëÿöèé?

Âåðîÿòíîñòü âûðîæäåíèÿ

Åñëè ïîïóëÿöèÿ íå âûðîäèëàñü ê ìîìåíòó n, òî ñêîëüêî â íåé
èíäèâèäóóìîâ.

Êàêîâî ðàññòîÿíèå äî áëèæàéøåãî îáùåãî ïðåäêà âñåõ ÷àñòèö,
ñóùåñòâóþùèõ â ïîïóëÿöèè â äàëåêèé ìîìåíò âðåìåíè n.



Îáîçíà÷èì ÷èñëî âîçìîæíûõ ïîòîìêî ÷àñòèöû ÷åðåç ξ.

Áóäåì ïðåäïîëàãàòü, ÷òî ñ âåðîÿòíîñòüþ p0 ÷àñòèöà â êîíöå æèçíè
íå ïðîèçâîäèò ïîòîìêîâ, à ñ âåðîÿòíîñòÿìè p1, p2, ..., pn, ...
ïðîèçâîäèò 1, 2, ..., n, ... ïîòîìêîâ, òî åñòü,

pk = P (ξ = k) , k = 0, 1, 2, ..., ...,

ïðè÷åì
p0 + p1 + p2 + ...,+pn + ... = 1.



Ìàòåìàòè÷åñêèì îæèäàíèåì Eξ (èëè ñðåäíèì çíà÷åíèåì) âåëè÷èíû
ξ íàçûâàåòñÿ ñóììà

Eξ =

∞∑
k=0

kP (ξ = k) =

∞∑
k=0

kpk.

Ïðèìåð 0 Åñëè ÷àñòèöà â êîíöå æèçíè ëèáî íå îòñòàâëÿåò
ïîòîìñòâà ñ âåðîÿòíîñòüþ p0 = P (ξ = 0) = 1/4, ëèáî ïðîèçâîäèò
îäíîãî ïîòîìêà ñ âåðîÿòíîñòüþ p1 = P (ξ = 1) = 1/4, ëèáî
ïðîèçâîäèò äâóõ ïîòîìêîâ ñ âåðîÿòíîñòüþ p2 = P (ξ = 2) = 1/2, òî

Eξ = 0×P (ξ = 0) + 1×P (ξ = 1) + 2×P (ξ = 2)

= 0× 1

4
+ 1× 1

4
+ 2× 1

2
=1

1

4
.

Ñâîéñòâà ìàòåìàòè÷åñêîãî îæèäàíèÿ

E (ξ1 + ξ2) = Eξ1 +Eξ2,

E (Cξ) = CEξ.



Öåëî÷èñëåííûå íåîòðèöàòåëüíûå ñëó÷àéíûå âåëè÷èíû ξ1 è ξ2
íàçûâàþòñÿ íåçàâèñèìûìè, åñëè äëÿ ëþáûõ íåîòðèöàòåëüíûõ öåëûõ
÷èñåë k1 è k2

P (ξ1 = k1, ξ2 = k2) = P (ξ1 = k1)P (ξ2 = k2) .

Åñëè ñëó÷àéíûå âåëè÷èíû ξ1 è ξ2 íåçàâèñèìû, òî

E (ξ1ξ2) = Eξ1 ×Eξ2.



Âåòâÿùèåñÿ ïðîöåññû Ãàëüòîíà-Âàòñîíà ìîæíî îïèñàòü â òåðìèíàõ
ýâîëþöèè ïîïóëÿöèè ÷àñòèö. Â ýòîé ïîïóëÿöèè ïåðâîíà÷àëüíî
èìååòñÿ îäíà ÷àñòèöà: Z(0) = 1. Ýòà ÷àñòèöà èìååò åäèíè÷íóþ
ïðîäîëæèòåëüíîñòü æèçíè. Â êîíöå æèçíè ÷àñòèöà ïðîèçâîäèò
ñëó÷àéíîå ÷èñëî ïîòîìêîâ ξ â ñîîòâåòñòâèè ñ ðàñïðåäåëåíèåì

P(ξ = k) = pk, k = 0, 1, ....

Êàæäàÿ èç íîâîðîæäåííûõ ÷àñòèö òàêæå èìååò åäèíè÷íóþ
ïðîäîëæèòåëüíîñòü æèçíè è â êîíöå åå ïðîèçâîäèò (íåçàâèñèìî îò
îñòàëüíûõ ÷àñòèö) ñëó÷àéíîå ÷èñëî ïîòîìêîâ â ñîîòâåòñòâèè ñ
âåðîÿòíîñòíûì ðàñïðåäåëåíèåì {pk, k = 0, 1, ...}.



Òàêèì îáðàçîì, ïðè n ≥ 0

Z(n+ 1) = ξ
(n)
1 + ...+ ξ

(n)
Z(n),

ãäå ξ
(n)
i � ÷èñëî ïîòîìêîâ i-é ÷àñòèöû n-ãî ïîêîëåíèÿ

(i = 1, 2, ..., Z(n)), ïðè÷åì ξ
(n)
i ïðè âñåõ i = 1, 2, ... è n = 0, 1, 2, ...

ðàñïðåäåëåíû êàê è ξ è íåçàâèñèìû.

Ñïðàâåäëèâî è äðóãîå ïðåäñòàâëåíèå

Z(n+ 1) = Z1(n) + ...+ ZZ(1)(n),

ãäå
Zi(n), i = 1, 2, ..., Z(1)

-÷èñëî ÷àñòèö â ïîêîëåíèè n+ 1, êîòîðûå ÿâëÿþòñÿ ïîòîìêàìè i-é
÷àñòèöû ïåðâîãî ïîêîëåíèÿ.





A := Eξ � ìàòåìàòè÷åñêîå îæèäàíèå ÷èñëà ïîòîìêîâ îäíîé ÷àñòèöû.

Âåòâÿùèéñÿ ïðîöåññ Ãàëüòîíà-Âàòñîíà íàçûâàåòñÿ

íàäêðèòè÷åñêèì, åñëè A > 1,

êðèòè÷åñêèì, åñëè A = 1,

äîêðèòè÷åñêèì, åñëè A < 1.



Ìàòåìàòè÷åñêîå îæèäàíèå ÷èñëà ÷àñòèö â n-îì ïîêîëåíèè Ìû
çíàåì, ÷òî

Z(n+ 1) = ξ
(n)
1 + ...+ ξ

(n)
Z(n),

Ïóñòü Z(0) = 1. Òîãäà

E [Z(n+ 1)|Z(0) = 1] = E
[
ξ
(n)
1 + ...+ ξ

(n
Z(n)|Z(0) = 1

]
=

∞∑
k=0

E
[
ξ
(n)
1 + ...+ ξ

(n
Z(n)|Z(n) = k

]
P (Z(n) = k|Z(0) = 1)

=

∞∑
k=0

kE
[
ξ
(n)
1 |Z(n) = 1

]
P (Z(n) = k|Z(0) = 1)

= A

∞∑
k=0

kP (Z(n) = k|Z(0) = 1) = AE [Z(n)|Z(0) = 1]

= ... = AnE [Z(1)|Z(0) = 1] = An+1.

Òàêèì îáðàçîì,
E [Z(n)|Z(0) = 1] = An.



Ôóíêöèÿ

f(s) := Esξ =

∞∑
k=0

P(ξ = k)sk.

íàçûâàåòñÿ âåðîÿòíîñòíîé ïðîèçâîäÿùåé ôóíêöèåé
íåîòðèöàòåëüíîé öåëî÷èñëåííîé ñëó÷àéíîé âåëè÷èíû ξ.
Ïðèìåð 1 Ïóñòü

p0 = P (ξ = 0) = 1/4, p1 = P (ξ = 1) = 1/4, p2 = P (ξ = 2) = 1/2.

Òîãäà

f(s) := E[sξ] = P (ξ = 0) s0 +P (ξ = 1) s1 +P (ξ = 2) s2

=
1

4
+

1

4
s+

1

2
s2.



Ïðèìåð 2 Åñëè

P (ξ = k) = qpk, k = 0, 1, ... ãäå p+ q = 1, p, q > 0,

òî

f(s) :=

∞∑
k=0

P(ξ = k)sk =

∞∑
k=0

qpksk =
q

1− ps
.

- â äàëüíåéøåì ìû áóäåì èñïîëüçîâàòü äëÿ òàêîãî ðàñïðåäåëåíèÿ
÷èñëà ïîòîìêîâ òåðìèí ãåîìåòðè÷åñêîå ðàñïðåäåëåíèå.



ßñíî, ÷òî

f ′(s) =

∞∑
k=0

kP(ξ = k)sk−1.

Ñëåäîâàòåëüíî,

f ′(1) =

∞∑
k=0

kP(ξ = k) = Eξ.



Ýëåìåíòàðíûå ñâîéñòâà âåðîÿòíîñòíûõ ïðîèçâîäÿùèõ
ôóíêöèé
Ïóñòü

f(s) =

∞∑
k=0

P (ξ = k) sk =

∞∑
k=0

pks
k

� âåðîÿòíîñòíàÿ ïðîèçâîäÿùàÿ ôóíêöèÿ. Â äàëüíåéøåì, ÷òîáû
èñêëþ÷èòü òðèâèàëüíûå ñëó÷àè, áóäåì ïðåäïîëàãàòü, ÷òî
p0 + p1 < 1. Ïðè ýòîì óñëîâèè

f(s) ñòðîãî âûïóêëàÿ ôóíêöèÿ íà [0, 1] : f ′(s) > 0, f ′′(s) > 0;

f(0) = p0 = P (Z(1) = 0|Z(0) = 1) ;



Åñëè A ≤ 1, òî
f(s) > s, s ∈ [0, 1).

Äåéñòâèòåëüíî, f(1) = 1 è

f ′(s)− 1 =

∞∑
k=0

kP(ξ = k)sk−1 − 1 < 0

ïðè s ∈ [0, 1). Ñëåäîâàòåëüíî, ðàçíîñòü

f(s)− s, s ∈ [0, 1],

äîñòèãàåò ìèíèìàëüíîãî çíà÷åíèÿ â òî÷êå s = 1.





Åñëè A > 1, òî óðàâíåíèå f(s) = s èìååò åäèíñòâåííûé êîðåíü r
íà ïîëóèíòåðâàëå [0, 1), ïðè÷åì f(s) > s ïðè s < r è f(s) < s
ïðè s > r.
Äåéñòâèòåëüíî, ïîëîæèì ϕ(s) = f(s)− s. Òîãäà ϕ(1) = 0 è

ϕ′(1) = f ′(1)− 1 = A− 1 > 0.

Ïîýòîìó ϕ(s) < 0 â òî÷êàõ s < 1 äîñòàòî÷íî áëèçêèõ ê 1. Ñ
äðóãîé ñòîðîíû, ϕ(0) ≥ 0. Çíà÷èò åñòü òî÷êà s0, â êîòîðîé
ϕ(s0) = 0. Äâóõ òàêèõ òî÷åê áûòü íå ìîæåò, òàê êàê
ϕ(s) = f(s)− s - âûïóêëàÿ ôóíêöèÿ è íå ìîæåò ïåðåñå÷ü
îòðåçîê [0,1] â òðåõ òî÷êàõ.





Èòåðàöèÿìè ïðîèçâîäÿùåé ôóíêöèè f(s) íàçûâàåòñÿ
ïîñëåäîâàòåëüíîñòü

f0(s) := s, fn+1(s) := f(fn(s)), n ≥ 0.

Â áèîëîãè÷åñêèõ ïðèëîæåíèÿõ âåñüìà ÷àñòî èñïîëüçóåòñÿ
ïðîèçâîäÿùàÿ ôóíêöèÿ

f(s) = q + ps2, q > 0, p > 0, q + p = 1,

ïðè ïîìîùè êîòîðîé ìîæíî èññëåäîâàòü ïðîöåññ äåëåíèÿ êëåòîê.

f2(s) = f(f1(s)) = q + pf2
1 (s) = q + p

(
q + ps2

)2
= q + pq2 + 2qp2s2 + p3s4

f3(s) = f(f2(s)) = q + pf2
2 (s) = q + p

(
q + pq2 + 2qp2s2 + p3s4

)2
è òàê äàëåå.





Ñâîéñòâî: Åñëè η1 è η2 íåçàâèñèìûå íåîòðèöàòåëüíûå
öåëî÷èñëåííûå ñëó÷àéíûå âåëè÷èíû, òî

E[sη1+η2 ] = E[sη1 ]E[sη2 ].

Â òåðìèíàõ ïîïóëÿöèè ïðîèçâîäÿùóþ ôóíêöèþ ìîæíî çàïèñàòü â
âèäå

f(s) = E
[
sZ(1)|Z(0) = 1

]
.

Åñëè æå Z(0) = k ≥ 2, òî

E
[
sZ(1)|Z(0) = k

]
= E

[
sZ1(1)+...+Zk(1)|Z(0) = k

]
=

k∏
i=1

E
[
sZi(1)|Zi(0) = 1

]
= fk(s).



Ïîëåçíîñòü èòåðàöèé ïðîèçâîäÿùèõ ôóíêöèé â òåîðèè âåòâÿùèõñÿ
ïðîöåññîâ âî ìíîãîì îïðåäåëÿåòñÿ òåì, ÷òî åñëè Z(0) = 1 è

F (n, s) = EsZ(n) =

∞∑
k=0

P (Z(n) = k) sk,

òî

F (n+ 1, s) := EsZ(n+1) =

∞∑
k=0

E
[
sZ(n+1)

∣∣Z(n) = k
]
P (Z(n) = k)

=

∞∑
k=0

E
[
sZ(1)

∣∣Z(0) = k
]
P (Z(n) = k)

=

∞∑
k=0

P (Z(n) = k) fk(s) = F (n, f(s))

= E(f(s))Z(n) = F (n, f(s)) = ... = fn+1(s).



Ìàòåìàòè÷åñêîå îæèäàíèå ÷èñëà èíäèâèäóóìîâ n-ãî ïîêîëåíèÿ
ìîæíî âû÷èñëèòü, îïèðàÿñü íà ôîðìóëû

EZ(n) =
(
EsZ(n)

)′
|s=1 = (fn(s))

′ |s=1

= f ′(fn−1(s)) (fn−1(s))
′ |s=1

=

n−1∏
k=0

f ′(fk(s))|s=1 = (f ′(1))
n
= An.



Âåðîÿòíîñòü âûðîæäåíèÿ
Êàê ìû óæå çíàåì,

fn(s) = EsZ(n) =

∞∑
k=0

P (Z(n) = k) sk.

Ïîýòîìó âåðîÿòíîñòü âûðîæäåíèÿ ïðîöåññà ê ìîìåíòó n ðàâíà

P(Z(n) = 0) = fn(0).

Òàê êàê ñïðàâåäëèâà èìïëèêàöèÿ {Z(n) = 0} ⇒ {Z(n+ 1) = 0}, òî

fn(0) = P(Z(n) = 0) ≤ P(Z(n+ 1) = 0) = fn+1(0).

Îòñþäà ñëåäóåò, ÷òî ïîñëåäîâàòåëüíîñòü

P (n) = P(Z(n) = 0) = fn(0), n = 1, 2 . . . ,

ìîíîòîííî âîçðàñòàÿ, ñòðåìèòñÿ ê âåðîÿòíîñòè âûðîæäåíèÿ
ïðîöåññà, êîòîðóþ ìû îáîçíà÷èì áóêâîé P :

lim
n→∞

P (n) = P.



Òîãäà
P (n) = fn(0) = f(fn−1(0)) = f(P (n− 1)).

Ïåðåõîäÿ ê ïðåäåëó è ïîëüçóÿñü íåïðåðûâíîñòüþ ôóíêöèè f(s),
ïîëó÷àåì

P = f(P ).

Îòñþäà P = 1, åñëè A ≤ 1.

Åñëè æå A > 1, òî P = r, ãäå r - ìèíèìàëüíûé íåîòðèöàòåëüíûé
êîðåíü óðàâíåíèÿ s = f(s). Äåéñòâèòåëüíî, åñëè

f(0) = P (ξ = 0) = 0,

òî P = r = 0. Åñëè æå f(0) > 0, òî P(Z(n) = 0) ≤ r.
Äåéñòâèòåëüíî, åñëè áû P(Z(n) = 0) > r, òî òîãäà

P(Z(n+ 1) = 0) = f(P(Z(n) = 0)) > f(r) = r

è, ñëåäîâàòåëüíî, áûëî áû âûïîëíåíî íåðàâåíñòâî

P(Z(n+ 1) = 0) = f(P(Z(n) = 0)) < P(Z(n) = 0).





Òàêèì îáðàçîì, äîêðèòè÷åñêèå è êðèòè÷åñêèå ïðîöåññû
âûðîæäàþòñÿ ñ âåðîÿòíîñòüþ 1, â òî âðåìÿ êàê âåðîÿòíîñòü
âûðîæäåíèÿ íàäêðèòè÷åñêîãî ïðîöåññà P < 1 è ÿâëÿåòñÿ
íàèìåíüøèì íåîòðèöàòåëüíûì êîðíåì óðàâíåíèÿ

f(s) = s, s ∈ [0, 1).

Ïðèìåð 3 Äëÿ áèíàðíîãî ðàñùåïëåíèÿ ÷àñòèö, ò.å. â ñëó÷àå, êîãäà â
êîíöå æèçíè ÷àñòèöà ëèáî óìèðàåò ñ âåðîÿòíîñòüþ q, ëèáî
ïðîèçâîäèò äâóõ ïîòîìêîâ ñ âåðîÿòíîñòüþ p, äëÿ íàõîæäåíèÿ
âåðîÿòíîñòè âûðîæäåíèÿ íåîáõîäèìî ðåøèòü óðàâíåíèå q + px2 = x.
Â ðåçóëüòàòå ïîëó÷àåì P = q/p, åñëè p > 1/2, è P = 1 â èíîì
ñëó÷àå.



Ïðèìåð 4 Äëÿ ÷èñòî ãåîìåòðè÷åñêîãî çàêîíà ðàñïðåäåëåíèÿ ÷èñëà
ïîòîìêîâ ðåøåíèå óðàâíåíèÿ

q/(1− xp) = x

èìååò âèä: P = q/p ïðè p > 1/2, è P = 1 ïðè p ≤ 1/2. Â ýòîì ñëó÷àå
A = p/q, è, ñëåäîâàòåëüíî, P = 1/A.



Â ÷àñòíîñòè, â ïðîöåññå Ãàëüòîíà�Âàòñîíà ñ ÷èñòî ãåîìåòðè÷åñêèì
çàêîíîì ðàñïðåäåëåíèÿ è ìàòåìàòè÷åñêèì îæèäàíèåì ÷èñëà
ïîòîìêîâ A = 1.2 óäâîåíèå ìàòåìàòè÷åñêîãî îæèäàíèÿ ÷èñëà
÷àñòèö ïðîèñõîäèò çà ÷åòûðå ïîêîëåíèÿ: åñëè Z(0) = N , òî

E[Z(4)] = N(1.2)4 = N × 2.07,

â òî âðåìÿ êàê âåðîÿòíîñòü âûðîæäåíèÿ îòäåëüíîãî ñåìåéñòâà
áîëüøå 80 %

P = 1/A = 1/1.2 = 0.83,

åñëè Z(0) = 1.



Âû÷èñëåíèå èòåðàöèé äëÿ ÷èñòî ãåîìåòðè÷åñêîãî çàêîíà
ðàñïðåäåëåíèÿ ÷èñëà ïîòîìêîâ
Ðàññìîòðèì ïðîèçâîäÿùóþ ôóíêöèþ

f(s) =

∞∑
k=0

qpksk =
1

1 +A(1− s)
,

ãäå A = p/q. ßñíî, ÷òî

f ′(s) =
A

(1 +A(1− s))
2 , ñëåäîâàòåëüíî,f

′(1) = A = p/q.

Äàëåå, íåñëîæíî âèäåòü, ÷òî

1− f(s) = 1− 1

1 +A(1− s)
=

A(1− s)

1 +A(1− s)

è
1

1− f(s)
− 1

A(1− s)
=

A(1− s) + 1

A(1− s)
− 1

A(1− s)
= 1.



Òàêèì îáðàçîì, äëÿ èòåðàöèé fn(s), n = 1, 2, . . . , ñïðàâåäëèâà
öåïî÷êà ðàâåíñòâ

1

1− fn(s)
− 1

A(1− fn−1(s))
=

1

1− f(fn−1(s))
− 1

A(1− fn−1(s))
= 1,

òî åñòü

1

1− fn(s)
= 1 +

1

A(1− fn−1(s))
= 1 +

1

A
+

1

A2(1− fn−2(s))
= . . . .

Îòñþäà ñëåäóåò, ÷òî

1

1− fn(s)
= 1 +

1

A
+

1

A2
+ . . .+

1

An−1
+

1

An(1− s)

=


An−1

An−1(A−1) +
1

An(1−s) , åñëè A ̸= 1,

n+ 1
1−s , åñëè A = 1.



Òàêèì îáðàçîì, åñëè A ̸= 1, òî

1− fn(s) =
An(A− 1)(1− s)

A(An − 1)(1− s) +A− 1
.

Åñëè æå A = 1, òî

1− fn(s) =
1

n+ (1− s)−1
.

Ïðè ïîìîùè ïîëó÷åííûõ ðàâåíñòâ íåòðóäíî âû÷èñëèòü âåðîÿòíîñòü
âûæèâàíèÿ ïðîöåññà ïî êðàéíåé ìåðå â òå÷åíèå n ïîêîëåíèé: åñëè
A = p/q ̸= 1, òî

P (Z(n) > 0) = 1− fn(0) =
An(A− 1)

A(An − 1) +A− 1
.

Åñëè æå A = 1, òî

P (Z(n) > 0) =
1

n+ 1
.



Â ÷àñòíîñòè, åñëè A > 1, òî

lim
n→∞

P (Z(n) > 0) = lim
n→∞

An+1(1− 1/A)

An+1 − 1
= 1− 1

A
,

à åñëè A < 1, òî ïðè n → ∞

P (Z(n) > 0) ∼ (1−A)An.



Òåîðåìà ñõîäèìîñòè ïðåîáðàçîâàíèé Ëàïëàñà
Ïðåîáðàçîâàíèå Ëàïëàñà äëÿ ðàñïðåäåëåíèÿ íåîòðèöàòåëüíîé
öåëî÷èñëåííîé ñëó÷àéíîé âåëè÷èíû ζ

φζ(λ) =

∞∑
k=0

P(ζ = k)e−λk = fζ(e
−λ).

Åñëè æå ðàñïðåäåëåíèå íåîòðèöàòåëüíîé ñëó÷àéíîé âåëè÷èíû ζ
èìååò ïëîòíîñòü, òî åñòü

P(ζ ≤ x) =

∫ x

0

gζ(y)dy,

ãäå gζ(y) ≥ 0, òî ïî îïðåäåëåíèþ

φζ(λ) =

∫ ∞

0

e−λygζ(y)dy.



Theorem

Åñëè ïîñëåäîâàòåëüíîñòü íåîòðèöàòåëüíûõ ñëó÷àéíûõ âåëè÷èí

ζ1, ζ2, ...

òàêîâà, ÷òî äëÿ ëþáîãî λ ≥ 0

lim
n→∞

φζn(λ) = φ(λ),

è φ(0) = 1, òî
φ(λ) = φζ(λ)

äëÿ íåêîòîðîé ñëó÷àéíîé âåëè÷èíû ζ, ïðè÷åì

lim
n→∞

P(ζn ≤ x) = P (ζ ≤ x)

âî âñåõ òî÷êàõ x ≥ 0, â êîòîðûõ ôóíêöèÿ

G(x) = P(ζ ≤ x)

íåïðåðûâíà.



Ïðåäåëüíàÿ òåîðåìà äëÿ ðàñïðåäåëåíèÿ ÷èñëà ÷àñòèö â
íàäêðèòè÷åñêèõ ïðîöåññàõ Ãàëüòîíà�Âàòñîíà

Theorem

Åñëè A > 1 è f ′′(1) < ∞, òî ñóùåñòâóåò íåâûðîæäåííàÿ ñëó÷àéíàÿ

âåëè÷èíà ζ òàêàÿ, ÷òî

lim
n→∞

P

(
Z(n)

An
≤ x

)
= P (ζ ≤ x) ,

âî âñåõ òî÷êàõ x ≥ 0, â êîòîðûõ ôóíêöèÿ

G(x) = P(ζ ≤ x)

íåïðåðûâíà, ïðè÷åì

P(ζ = 0) = P = P(Z(n) = 0 ïðè íåêîòîðîì n).

Âàæíî äëÿ ïðèëîæåíèé: Óæå ñòîëêíóëèñü â ñâîåé æèçíè -
Òåñò ÏÖÐ.





ÏÖÐ òåñò
Êåðè Ìóëëèñ è Ìàéêë Ñèìèò - Íîáåëåâñêàÿ ïðåìèÿ ïî õèìèè çà
1993 ãîä

Ïðîèçâîäÿùàÿ ôóíêöèÿ

f(s) = p0 + p1s+ p2s
2.



ÒÎËÜÊÎ ÃÅÎÌÅÒÐÈ×ÅÑÊÎÅ ÐÀÑÏÐÅÄÅËÅÍÈÅ . Åñëè

f(s) =
q

1− ps
=

1

1 +A(1− s)
,

ãäå A = p/q > 1, òî

fn(s) = 1− An(A− 1)(1− s)

A(An − 1)(1− s) +A− 1

è ïðè n → ∞

fn(0) = 1− An(A− 1)

A(An − 1) +A− 1
∼ 1− A− 1

A
=

1

A
.



fn(s) = 1− An(A− 1)(1− s)

A(An − 1)(1− s) +A− 1
.

Äëÿ

ζn :=
Z(n)

An

èìååì ïðè n → ∞

Ee−λζn = 1− An(A− 1)(1− e−λA−n

)

A(An − 1)(1− e−λA−n) +A− 1

→ 1− λ(A− 1)

λA+A− 1

=
1

A
+

(
1− 1

A

)
(1− 1

A )

λ+ 1− 1
A

= Ee−λζ .

Îáðàùàÿ ïðåîáðàçîâàíèå Ëàïëàñà ïðåäåëüíîé âåëè÷èíû, íàõîäèì

P (ζ ≤ x) =
1

A
+ (1− 1

A
)(1− e−(1− 1

A )x), x ≥ 0.



Óñëîâíàÿ ïðåäåëüíàÿ òåîðåìà äëÿ êðèòè÷åñêèõ ïðîöåññîâ

Theorem

Åñëè A = f ′(1) = 1, f ′′(1) = 2B ∈ (0,∞) , òî

Q(n) = P (Z(n) > 0) ∼ 1

Bn
, n → ∞,

è äëÿ ëþáîãî λ ∈ [0,∞)

lim
n→∞

E

[
exp

{
−λ

Z(n)

Bn

} ∣∣∣Z(n) > 0

]
=

1

1 + λ
.

Çàìå÷àíèå Ïîñêîëüêó

1

1 + λ
=

∫ ∞

0

e−λxe−xdx,

òî

lim
n→∞

P

(
Z(n)

Bn
≤ y

∣∣∣Z(n) > 0

)
=

∫ y

0

e−xdx = 1− e−y.



Òåîðåìó îá àñèìïòîòèêå âåðîÿòíîñòè

íåâûðîæäåíèÿ îïóáëèêîâàë À.Í.Êîëìîãîðîâ â

1938 ãîäó, â Òðóäàõ Òîìñêîãî óíèâåðñèòåòà íà

íåìåöêîì ÿçûêå!





Òîëüêî ãåîìåòðè÷åñêîå ðàñïðåäåëåíèå

f(s) =
q

1− ps
=

1

2− s
, p = q =

1

2
.

Òîãäà

f ′(s) =
1

(2− s)2
, f ′′(s) =

2

(2− s)3
.

Ïîýòîìó

f ′(1) = 1, f ′′(1) = 2 = 2B, çíà÷èò B = 1.

Äàëåå,

1− fn(s) =

(
n+

1

1− s

)−1

=
1− s

n(1− s) + 1

è

P (Z(n) > 0) = 1− fn(0) =
1

n+ 1
∼ 1

Bn
.



Îòñþäà

E
[
sZ(n)|Z(n) > 0

]
=

E
[
sZ(n);Z(n) > 0

]
P (Z(n) > 0)

=
E
[
sZ(n)

]
−E

[
sZ(n);Z(n) = 0

]
P (Z(n) > 0)

=
fn(s)− fn(0)

1− fn(0)

= 1− 1− fn(s)

1− fn(0)
= 1− (1− s) (n+ 1)

n(1− s) + 1
.

è, ñëåäîâàòåëüíî,

lim
n→∞

E
[
e−λZ(n)/n|Z(n) > 0

]
= 1− lim

n→∞

(
1− e−λ/n

)
(n+ 1))

n(1− e−λ/n) + 1

= 1− λ

λ+ 1
=

1

λ+ 1
.



Âåðîÿòíîñòü íåâûðîæäåíèÿ äîêðèòè÷åñêèõ ïðîöåññîâ Ìû
çíàåì, ÷òî âåðîÿòíîñòü âûðîæäåíèÿ äîêðèòè÷åñêèõ ïðîöåññîâ ðàâíà
1. À êàê áûñòðî ñòðåìèòñÿ ê íóëþ âåðîÿòíîñòü íåâûðîæäåíèÿ
ïðîöåññà P(Z(n) > 0) ïðè n → ∞?
Ïðè A < 1 èìååì

Q(n) : = P(Z(n) ≥ 1|Z(0) = 1)

=

∞∑
k=1

P(Z(n) = k|Z(0) = 1)

≤
∞∑
k=1

kP(Z(n) = k|Z(0) = 1) = EZ(n) = An.

Òàêèì îáðàçîì, âåðîÿòíîñòü íåâûðîæäåíèÿ â äîêðèòè÷åñêèõ
ïðîöåññàõ Ãàëüòîíà-Âàòñîíà óáûâàåò ïî êðàéíåé ìåðå ñ
ýêñïîíåíöèàëüíîé ñêîðîñòüþ. Íî ñêîëü òî÷íà ýòà îöåíêà (õîòÿ áû ïî
ïîðÿäêó)?



Èñ÷åðïûâàþùèé îòâåò íà ýòîò âîïðîñ äàí â ñëåäóþùåé òåîðåìå.
Ïóñòü ln+ x = lnx ïðè x > 1 è ln+ x = 0 ïðè x ≤ 1.

Theorem

Åñëè A < 1, òî

Q(n) ∼ KAn(1 + o(1)), K > 0,

òîãäà è òîëüêî òîãäà, êîãäà

Eξ ln+ ξ =

∞∑
k=1

pkk ln k < ∞.



Óñëîâíàÿ ïðåäåëüíàÿ òåîðåìà äëÿ ðàñïðåäåëåíèÿ ÷èñëà
÷àñòèö â äîêðèòè÷åñêèõ ïðîöåññàõ
Ïîñêîëüêó äîêðèòè÷åñêèå âåòâÿùèåñÿ ïðîöåññû âûðîæäàþòñÿ ñ
âåðîÿòíîñòüþ 1, èçó÷åíèå ñâîéñòâ òàêèõ ïðîöåññîâ â ìîìåíò n
åñòåñòâåííî ïðîâîäèòü ïðè óñëîâèè Z(n) > 0, ò.å. ïðè óñëîâèè
íåâûðîæäåíèÿ ïðîöåññà ê ìîìåíòó n.

Theorem

Åñëè A < 1, òî äëÿ ëþáîãî k = 1, 2, ...

lim
n→∞

P(Z(n) = k|Z(n) > 0) = P ∗
k ,

∞∑
k=1

P ∗
k = 1.



Äëÿ ãåîìåòðè÷åñêîãî ðàñïðåäåëåíèÿ
Äëÿ äîêðèòè÷åñêèõ âåòâÿùèõñÿ ïðîöåññîâ ñî ñðåäíèì A = p/q è
ãåîìåòðè÷åñêèì ðàñïðåäåëåíèåì ÷èñëà ÷àñòèö

f(s) =
q

1− ps
=

1

1 +A(1− s)
, p < q,

èìååì

1− fn(s) =
An(A− 1)(1− s)

A(An − 1)(1− s) +A− 1

∼ An(A− 1)(1− s)

−A(1− s) +A− 1
=

An(A− 1)(1− s)

−1 +As

è

P (Z(n) > 0) = 1− fn(0) ∼
An(A− 1)

−1
.



Îòñþäà

lim
n→∞

E
[
sZ(n)|Z(n) > 0

]
= lim

n→∞

[
1− 1− fn(s)

1− fn(0)

]
= 1− 1− s

1−As
=

s(1−A)

1−As
=

s(q − p)

q − ps

=
s(q − p)

q − p+ p(1− s)
=

s

1 +A∗(1− s)
= f∗(s),

ãäå A∗ = p/(q − p). Òàêèì îáðàçîì, â ïðåäåëå ó íàñ ñíîâà áóäåò
ãåîìåòðè÷åñêîå ðàñïðåäåëåíèå, íî íå íà ìíîæåñòâå {0, 1, 2, ...}, à íà
ìíîæåñòâå {1, 2, 3, ...}.



Северный гладкий китСеверный гладкий кит



Верождение северных гладких китовВерождение северных гладких китов  
• Среднее число особей самок Среднее число особей самок = A= A
• Нынешний размер популяции самок - примерно Нынешний размер популяции самок - примерно 150150
• (Данные из статьи Caswell H., Fujimagara, M., Brault S.,1999)(Данные из статьи Caswell H., Fujimagara, M., Brault S.,1999)

AA<1<1  (!!!)(!!!) 0.9880.988 0.9760.976

Вероятность Вероятность 
выживания >выживания >0.990.99 не  не 
менее   менее   n летn лет

n>n>   357357 177177

Вероятность Вероятность 
вырождения  вырождения  >0.99>0.99 в  в 
течение течение nn лет лет

n<n< 796796 395395



Ðåäóöèðîâàííûå ïðîöåññû



Ðåäóöèðîâàííûå ïðîöåññû Ïóñòü

{Z(k), k ≥ 0}

� âåòâÿùèéñÿ ïðîöåññ Ãàëüòîíà-Âàòñîíà, à Z(m,n)� ÷èñëî ÷àñòèö â
ýòîì ïðîöåññå â ìîìåíò m ≤ n, êîòîðûå èìåþò íåïóñòîå
ïîòîìñòâî â ìîìåíò n. Ïðîöåññ

{Z(m,n), 0 ≤ m ≤ n}

íàçûâàåòñÿ ðåäóöèðîâàííûì ïðîöåññîì, ïîñòðîåííûì ïî íàáîðó
Z(k), k = 0, 1, ..., n.
Äëÿ ðåäóöèðîâàííîãî âåòâÿùåãîñÿ ïðîöåññà ìîìåíò

τ = max{0 ≤ k < n : Z(k, n) = 1}

íàçûâàåòñÿ ìîìåíòîì ðîæäåíèÿ áëèæàéøåãî îáùåãî ïðåäêà âñåõ
÷àñòèö, ñóùåñòâóþùèõ â ìîìåíò n. Î÷åâèäíî, ÷òî

{τ ≥ m} = {Z(m,n) = 1} .







Äëÿ ðåäóöèðîâàííîãî âåòâÿùåãîñÿ ïðîöåññà ìîìåíò

τ = max{0 ≤ k < n : Z(k, n) = 1}

íàçûâàåòñÿ ìîìåíòîì ðîæäåíèÿ áëèæàéøåãî îáùåãî ïðåäêà âñåõ
÷àñòèö, ñóùåñòâóþùèõ â ìîìåíò n. Î÷åâèäíî, ÷òî

{τ ≥ m} = {Z(m,n) = 1} .



Ðåäóöèðîâàííûå íàäêðèòè÷åñêèå ïðîöåññû
Ïîñêîëüêó íàäêðèòè÷åñêèé ïðîöåññ ñ ïîëîæèòåëüíîé âåðîÿòíîñòüþ
ñóùåñòâóåò áåñêîíå÷íî äîëãî, òî åñòåñòâåííî îæèäàòü, ÷òî â
ðåäóöèðîâàííîì íàäêðèòè÷åñêîì ïðîöåññå ìîìåíò ðîæäåíèÿ
áëèæàéøåãî îáùåãî ïðåäêà âñåõ ÷àñòèö, ñóùåñòâóþùèõ â ìîìåíò n
(ïðè óñëîâèè íåâûðîæäåíèÿ ïðîöåññà ê ìîìåíòó n) íàõîäèòñÿ â
íà÷àëå ýâîëþöèè ïðîöåññà.

Theorem

Åñëè A > 1, òî äëÿ ïðè ëþáîì m = 0, 1, ...

lim
n→∞

E
[
sZ(m,n)|Z(n) > 0

]
=

fm(P + (1− P )s)− P

1− P
,

ãäå âåëè÷èíà P < 1 åñòü âåðîÿòíîñòü âûðîæäåíèÿ

ðàññìàòðèâàåìîãî ïðîöåññà.



Äîêàçàòåëüñòâî. Ïîñêîëüêó ïðè m ≤ n

E
[
sZ(m,n);Z(n) = 0

]
= P (Z(n) = 0) = fn(0)

è

E
[
sZ(m,n)

]
= E

[
E
[
sZ(m,n)|Z(m)

]]
= E

[
(fn−m(0) + (1− fn−m(0))s)Z(m)

]
= fm (fn−m(0) + (1− fn−m(0))s) ,

òî

E
[
sZ(m,n)|Z(n) > 0

]
=

E
[
sZ(m,n);Z(n) > 0

]
P (Z(n) > 0)

=
E
[
sZ(m,n)

]
−E

[
sZ(m,n);Z(n) = 0

]
P (Z(n) > 0)

=
fm (fn−m(0) + (1− fn−m(0))s)− fn(0)

1− fn(0)
.

Îòñþäà, ïåðåõîäÿ ê ïðåäåëó ïðè n → ∞, èñïîëüçóÿ íåïðåðûâíîñòü fm(y)
ïî y ∈ [0, 1] è âñïîìèíàÿ, ÷òî limn→∞ fn(0) = P, ñëåäóåò óòâåðæåíèå
òåîðåìû.



lim
n→∞

E
[
sZ(m,n)|Z(n) > 0

]
=

fm(P + (1− P )s)− P

1− P
,

Ìîìåíò ðîæäåíèÿ áëèæàéøåãî îáùåãî ïðåäêà

P {τ ≥ m|Z(n) > 0} = P {Z(m,n) = 1|Z(n) > 0} .

Ïîýòîìó

lim
n→∞

P {τ ≥ m|Z(n) > 0} = lim
n→∞

P {Z(m,n) = 1|Z(n) > 0} .

Èìååì (
fm(P + (1− P )s)− P

1− P

)′

= f ′
m(P + (1− P )s).

È ïðè s = 0 èìååì

f ′
m(P ) = f ′(fm−1(P ))f ′

m−1(P )) = f ′(P )f ′
m−1(P ) =

(
f ′(P )

)m
.



Ðåäóöèðîâàííûå êðèòè÷åñêèå ïðîöåññû
Äëÿ t ∈ [0, 1] áóäåì èíòåðïðåòèðîâàòü ïðîèçâåäåíèå nt êàê öåëîå
÷èñëî [nt].

Theorem

Åñëè

A = f
′
(1) = 1, f ′′(1) = 2B ∈ (0,∞) ,

òî

lim
n→∞

E
[
sZ(nt,n) |Z(n) > 0

]
=

s (1− t)

1− st

è, ñëåäîâàòåëüíî, äëÿ ëþáîãî k = 1, 2, ...

lim
n→∞

P (Z(nt, n) = k |Z(n) > 0) = (1− t)tk−1.



Ãåîìåòðè÷åñêèé ñëó÷àé Ìû çíàåì, ÷òî

1− fn(s) =

(
n+

1

1− s

)−1

, 1− fn(s) =
1

n+ 1
.

Äàëåå,

E
[
sZ(m,n)|Z(n) > 0

]
=

E
[
sZ(m,n);Z(n) > 0

]
P (Z(n) > 0)

=
E
[
sZ(m,n)

]
−E

[
sZ(m,n);Z(n) = 0

]
P (Z(n) > 0)

=
fm(fn−m(0) + (1− fn−m(0))s)− fn(0)

1− fn(0)

= 1− 1− fm(fn−m(0) + (1− fn−m(0))s)

1− fn(0)
.

Èìååì

1− fm(fn−m(0) + (1− fn−m(0))s)

=

(
m+

1

1− fn−m(0)− (1− fn−m(0))s

)−1

=

(
m+

1

(1− fn−m(0))(1− s)

)−1

=

(
m+

n−m+ 1

1− s

)−1

=
1− s

n−ms+ 1



Òåïåðü ïðè m = nt èìååì

1− fm(fn−m(0) + (1− fn−m(0))s) ∼ 1− s

n(1− ts)
.

Îòñþäà,
1− fm(fn−m(0) + (1− fn−m(0))s)

1− fn(0)
∼ 1− s

1− ts

è

E
[
sZ(m,n)|Z(n) > 0

]
∼ 1− 1− s

1− ts
=

s(1− t)

1− ts
.



Ðàññòîÿíèå äî áëèæàéøåãî îáùåãî ïðåäêà

E
[
sZ(m,n)|Z(n) > 0

]
∼ 1− 1− s

1− ts
=

s(1− t)

1− ts
.

Îòñþäà

lim
n→∞

P {τ ≥ m|Z(n) > 0} = lim
n→∞

P {Z(m,n) = 1|Z(n) > 0} = 1− t.

Òîãäà äëÿ D(n) = n− τ

lim
n→∞

P {D(n) ≤ nt|Z(n) > 0} = lim
n→∞

P {τ ≥ n(1− t)|Z(n) > 0} = t.


