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IMPEANCJIOBUE

O06006mennrsle QYHKINN TOTYIAOT CEUYaC BCe 0OOTee IMMPOKOe pac-
MPOCTPAHEHUE B PABMUIHBIX PA3NEIAX MAaTeMaTUKWU. B HecTporou dopme
0060061eHHBIe (DYHKIUU IO CYLUIECTBY YK€ JABHO MPUMEHSINCH (PU3UKAMIU.

Baxuyio poab B GOpPMUPOBAHUU TEOPUU OOOOLICHHBIX (DYHKITUA ChI-
rpamu paborer ZK. Amgamapa, B KOTODHIX B CBA3U C u3ydeHumeM (QyHIA-
MEHTAJBHBIX PElIeHNN BOJIHOBBLIX YPABHEHUN PACCMOTPEHBI PACXOAAIINEC
WHTerpamnbl, a Takxke padoTsl M. Pucca. Mer He roBopum 3meck o 6071ee
PAHHUX MaTEMaTUIECKUX PAbOTaX, B KOTOPHIX TOXKE MOXKHO OBLTO ObI HAUTH
BJIEMEHTHL Oy IyInen Teopur 0600IIEeHHEIX (yHKIUN.

Bnepsrie 0600mIeHHEE (DYHKIIUU B SABHOU U TeNepb OOIICTPUHATON
dopwme Beea C.JI. Cobones B 1936 r. On nmpumennt 060OIIEHHBIE (DYHKIIUY
K BBIACHEHHUIO BONPOCA O €IUWHCTBEHHOCTH pemreHus 3agadun Kommwm s
JUHENHBIX TUTEPOOTNICCKUX YPABHEHUN.

C Ipyrou CTOPOHEBI, K TEOPUU OGOOUICHHLIX (PYHKIVU BILIOTHYIO MOI-
Bogutr Teopus C. Boxuepa mpeobpazoBanun Pypbe QyHKIUU CTEIEHHOTO
pocra. Itu npeobpazoBanusa Pypbe ABIAIOTCA IO CYIMIECTBY O00OIMEHHBIMA
dyukmuavu u Beictynaior v C. Boxuepa xax ¢opMaibHBIE MPOU3BOIHBIE
HEIPEPBIBHLIX (DYHKIUH.

B 1950-1951 rr. moseuiace mouorpadgus JI. IIsapma «Teopus pac-
npeneneauy. B stou kuure JI. [MIBapi cucremaTusupoBan Teopuo 06006-
MIeHHBIX (PYHKIWN, CBA3AT BOCIUHO BCE TPEXKHUE MOIXOILI, TPUBICK K €€
0O0OCHOBAHUIO TEOPUIO JUHEUHBIX TOMOMOIMIECKUX TPOCTPAHCTB U TOJLY YU
PAI CYIIECTBEHHBIX U JAAEKO UIYIUX pe3yabTaToB. [locre BeIXOga B CBET
«Teopuu pacnpenesenuny 0600IEHHBIE (DYHKIINN HEOOBIKHOBEHHO OBLICTPO,
OYKBAJIBHO 3a IBa-TPHU NOAA, IPUOOPETN IPE3BEIYANHO MIMPOKYIO MOILYJIAP-
HOCTb. /[oCTaTOYHO yKa3aTh XOTSA OBl HA TOT (PAKT, UYTO KOJUIECTBO Ma-
TeMaTUIeCKUX padoT, B KOTOPHIX BCTPEYACTCA AeAbTa-(PYHKIINAA, BO3POCIO
BO MHOI'O Pa3.

B Brmyckax sTou cepum OygerT NAHO CUCTEMATUYECKOE WU3JIOKEHUE
Teopuu 0GOOIICHHLIX (DYHKIIUY U PALA TPUMEBIKAOIINX K HEN BOMTPOCOB aHA~
Jau3a. ABTOPHI HE cTaBUIM cehe MPU HTOM LETbI0 COOpATh BECH MATEPUAI,
B KOTOPOM B TOU WX WHOU Mepe ydacTBYIOT o6oOmenusie qpyuknun. C
IPYTOU CTOPOHBI, OYEHbL MHOTME U3 PACCMATPUBAEMEIX 31€Ch MTPOOIEM MOXK-
HO OBLTO OB TPAKTOBATHL U Ge3 0606meHHbIX QyHkiuu. OIHAKO MOHATHE
0000IIEHHON (PYHKIINK ABIACTCA yIOOHLIM CBA3YIOIIMM 3BEHOM [ PALA
BONIPOCOB aHAMN3a, (PYHKINOHAJILHOI'O aHAIN3a, Teopun nuddepeHnnaib-
HBIX YPABHEHWU, TEOPUU MPEACTABICHUN JOKATLHO KOMIAKTHLIX rpynm Jlu
1 Teopuu BepoaTHOCcTen. [losToMy, OBITE MOxeT, HazBanue «OQ600ImeHHbIe
byHKIIUUY M4 OAHHOW CEpUM BLIMYCKOB TO (DYHKIMOHATLHOMY AHAMU3Y
ABIAETCA HanbOoJIee Mo IXOIAIINIM.

ITepeuncanm BkpaTie cogepxKaHue MEPBHIX Y€THIPEX BBHIIYCKOB CEPUU.
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IlepBBIN BRIMYCK MOCBANIEH B OCHOBHOM aNCOPU(PMUYECKUM BOIPOCAM
Teopun 0600meHHBIX (QyHKIuU. Ero mepsBbie IBe TVIABBL MPENCTABIAIOT
co6OH BJIEMEHTAPHOE BBEIEHNE B TeOpUio 0600MmEHHbIX pyHKIun. B sToM
BBIITYCKE YUTATETh BCTPETUTCA CO MHOTMMU MPUJIOKEHUAMU O0O0OIIEHHBIX
QYHKIUU K PA3IAIHBIM BOMPOCAM AHAIM3A. B HECKOJIBKUX €ro MecTax
TEOPEMBI IPUBEAEHBI €3 TOKA3ATEIbCTB, CO CCHLIKAMU HA BTOPOU BHIMYCK.
Hapsany ¢ xkuuron IlIBapua B 5TOM BBHIIYCKE MUPOKO UCIOIB30BAHA, CTATHS
N.M. Teasdanma u 3.f1. Mamupo «Oguopoxuse dyuxmum (YMH, 1955,
Ne3). 3.41. Mlanupo wamucata TakkKe HECKOIBKO MYHKTOB /A HACTOALIETO
BBIILYCKA.

Bo BTOpOM BBIyCKE PA3BUBAIOTCA TMOHATHUA, BBEJEHHBIE B MIEPBOM BhI-
Imycke, 0O0CHOBBIBAIOTCS IIPU ITOMOIIY TOMIOJIOTUYIECKAX CPENCTB TE€OPEMEL,
TIpUBEIEHHBIE B HEM (€3 MOKAa3aTeThCTB, a TAaKXKe CTPOUTCA U U3YIaeTCA
OOMBINOE KOMNIECTBO KOHKPETHBIX MPOCTPAHCTB OOOOIIEHHBIX (DYHKITUH.
Basou mis Bcero sToro ABIAETCA M3IOXKEHUE B TVIaBe | BTOPOTrO BBHIMYCKA
OJHOTO M3 HambOJee DIEMEHTAPHBLIX U YAOOHBIX M1 AHAIUTUKOB pasie-
JIOB OOIIEW TEOPUU JUHEUHBIX TOMOJOTUIECKUX TPOCTPAHCTB — TEOPUM
CIEeTHO-HOPMUPOBAHHBIX IPOCTPAHCTB.

TpeTunn BLIMYCK TOCBAIIEH HEKOTOPHIM TMPUIOKEHUAM OOOOIIEHHBIX
dyaknuy K Teopun guddepeHnuaIbHLEIX yPABHEHN, a UMEHHO K IOCTPO-
€HUIO KIACCOB GIUHCTBEHHOCTU U KJIACCOB KOPPEKTHOCTY DEIICHUN 3a,1a4U
Koum nma ypaBHEeHUI B YACTHBIX MTPOU3BOIHEIX U K PA3IOKEHUAM IO
COOCTBEHHBIM (QYHKIUAM TudPEPEeHInATBHLIX OMEPATOPOB. 31eCh CUCTE-
MaTUYEeCKU UCTOIL3YVIOTCSI PE3YIbTATHI, MOJYIEeHHBIE BO BTOPOM BHIMTYCKE.

B deTBepTOM BEHIMyCKEe PACCMATPUBAITCA CBA3AHHLIE C Teopuen 0606-
[IEHHBLIX (DYHKIUU BOMPOCHL TEOPUU BEPOATHOCTEN (0BGOOIIEHHBIE CIydan-
HBIE [POLECCH) U Teopuu npexacrapieHun rpynn Jlu. O6begussomuMu
3M€Ch ABIAKTCA BOMPOCHI TAPMOHUYECKOT'O AHAIU3a (AHATIOra Teopun
uaTerpata Dypbe) 0600MEHHBIX (DYHKIUN, B IaCTHOCTH, BOIPOCHI TIPE]I-
CTaBJICHUA MOJOKUTEIBLHO ONMPEIEJeHHBIX (DYHKIUU. B 3TOM e BBHIMyCKe
W3JaraeTcsa UPAIIas CYyHIECTBEHHYIO POJIb B €r0o MOCTPOEHUAX TEeopeMa
JI. llIrapua o azape.

Brimycku 1-3 manucansr I'.E. Hlunoseim u MuOIO, Biyck 4 — H.f. Bu-
JIEHKUHBIM U MHOIO.

B xoHIle mepBOro BBINYCKA IS OPUEHTAIWN YUUTATENS MPUBOIATCI
KpaTKOe OTaBIeHMe BHIMYyCKOB 2—4. B KOHIle KaXKIOTO CIEIYIOMIErO BHI-
Imycka TakxKe OyJeT NAaHO OIVIABAEHNE HAMKUCAHHBIX K D>TOMY BpeMeHU
OCTAJIbHBIX BBHITYCKOB.

B pasgene dIpumedanus u juTepaTypHBIE YKA3AHUIY NAIOTCI UCTOPU-
YeCcKUe CBEeIEeHUS, YKA3aHUA Ha TEPBOUCTOUYHUKYN 1 Oubdbanorpadus. Ilo xoxy
JKe M3JM0KEHUA HUKAKUX CChLTOK Ha IEPBOUCTOYHUKY HE NETACTCS; YKA3AHUA
Ha y4IeOHYIO JUTEPATYPY JAIOTCA B MOACTPOUYHBIX MPUMEIAHUAX.
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IMATHIN BHIMYCK, TIO-BUAUMOMY, OyAET TOCBAIICH TATLHEUIIIEMY Da3BU-
TUIO METONOB Teopur (GYHKIUUA KOMILIEKCHOT'O MEPEMEHHOrO B TEOPUN
OOOOIIEHHBIX (DYHKIUA. YKE B MEPBOM BHIMYCKE HAMEYEHO PACCMOTPEHUE
OOOOIIEHHBIX (DYHKINA KaK (GYHKIMOHAMOB HAJ AHATATUICCKUMU (DYHK-
UMSAME; B IIITOM BBIILYCKE HOPEANOIAraeTCsA HOAPOOHO PA3BUTH DTy TOYKY
3peHus 1 PaccMOTPeTh ee cBsa3b ¢ paboramu K. Jlepes.

Koneuno, Bce 3TO IaJeKo HEe UCIEPILIBACT BCEX BO3MOXKHOCTEN TTPUMe-
HeHuu 00OOWEHHLIX (PyHKINNA. HeCOMHEHHO, 9yBCTBYeTCA MOTPEOHOCTL B
yrIyOneHun cBa3en ¢ qudepeHIualbHBIMU YPABHEHUAME (KPAEeBHIE 33,18~
49U, YPABHEHUS C IEPEMEHHBIMU KOX(DMUIMEHTAMU, PAIL BOIPOCOB KBABIIU-
HenHBIX ypaBHeHun). Kpome Toro, reopus 06006MIEHHBIX (DYHKIUN ABIACTCA
Haubosee yao6HON 0a301 IJIA IIOCTPOEHUA OOIIeN TEOPUM IIPEeCTABICHUN
rpymn Jlu u, B 9aCTHOCTH, O0WIen Teopuu CHEpUIecKux U OOGOOIIEHHBIX
aBTOMOpPDHBIX (GyHKIUNA. MBI HALEEMCA, 9TO DTU BOMPOCH MOXKHO OyIeT
TAKXKe BIOCJIEICTBAN OCBETUTE.

ABTOpPEI TEPBOrO BHIMYCKA BHIPAXKAIOT MTPU3HATEIHLHOCTH CBOUM CO-
TPYIHUKAM U YIEHUKAM, B TOU WIX WHOU MEpEe MPUHUMABIIAM YIaCTUE
B CO3JAHUU >TOTO BHINYCKa, B ocobennoctu B.A. Boposukosy, H.fI. Bu-
aeukuny, M.U. Tpaesy u 3./. [lamupo. ABTOpBI 6GJarOgapHBI TaKKe
M.C. ArpaHoBuvy, KOTOPLI OTPEIAKTUPOBAT BCIO PYKOIMUCH U BHEC B HEE
PAL YLy dIIeHAN.

H. M. T'eavand



IMPEAUCJIOBUE KO BTOPOMY U3JAHUIO
ITEPBOT'O BHIITYCKA

Bo BTOpOM uW3maHuM MEPBOr0O BHIMYCKA MPOU3BEIEHA HEKOTOPAS IIe-
pecraHoBKa MaTepuwasta i OOgerdeHus dTeHus. [Be mepBble T[UIABHI
«Ompenenenus U TpoOCTeNIIne CBOUCTBa 0600meHHbIX pyukuumy u «[Ipe-
ob6pazoBanusa Pypbe 000OMIEHHBIX (DYHKIIUNY MOKHO PEKOMEHIOBATH MPU
MEPBOHAYAIBHOM O3HAKOMJEHUU; OHU COAEPKAT CTAHIAPTHLIM MUHUMYM,
KOTOPBIM HEOOXOOUM BCEM MaTeMaTHUKaM U (PU3UKAM, UMEMOUIM IeJ0 C
06001IeHEBIME (QYHKITAAMI.

[lnan gasbHENIIErO YTEHWS 3ABUCUT OT MHTEPECOB YATATENA. duTare-
JIW, UHTEPECYIOIMnEecs aaropudMAIECKON CTOPOHON, MOTYT OOPAIIATHCA K
rimase III sToro BEIMyCcKka, KOTOpas MOCBAIIEHA PACCMOTPEHUIO CHEIUATb-
HBIX KIACCOB OOOOUICHHLIX (DYHKIUU: NEJbTA-(DYHKIUA HA, MOBEPXHOCTSIX
PA3IMYHOTO YUCJAA U3MEPEHUU, 0600MIEHHBIX (DYHKIUN, CBA3AHHBIX C MHO-
COMEPHOU KBAIPATUIHON (POPMOU (060U CUTHATYPHI), O THOPO JHEIX (DY HK-
U 1 (PYHKIINN, SKBUBATCHTHEIX OJHOPOIHBLIM, & TAK¥XKe K Hada y DaaBel [V
BRITL. 4, B KOTOPOU PACCMOTPEHHI OTHOPOAHEIE OGOOINEHHLIE (DYHKIVKA B
KOMILIEKCHOH 0061acTu. duTaTenio, NHTepeCcyIomeMyCsa OOIer Teopruen, MEL
PEKOMEHIYeM TOCTE TIEPBBIX ABYX TJIAB DTOTO BHIMYCKA TIEPEUTH K ITEHUIO
TIEPBBIX TPEX TVIAB BHIM. 2, KOTOPHIE COMAEPKAT, B IACTHOCTU, HEOOXO TUMBIE
CBEIEHUs U3 TEOPUU JUHEUHBIX TOMOJIOTUIECKUX MTPOCTPAHCTB, U 3aTEM
x rnaBe | Beim. 4, rae ONUCHIBAIOTCA SAJIEPHBIE MPOCTPAHCTBA U MEPHI
B HuX. durarenmu, kemamomue MOOMMKE O03HAKOMUTHLCSI C MPUMEHEHUSMU
00O0OMEHHBIX (DYHKIUUA K TEOPUM YPABHEHUU B YACTHBIX MPOU3BOLHBIX,
MoryT obpaTuThea K raBam 11 u I Buim. 3, mpocMOTpeB nmpeaBapuTeILHO
rraBbl 0 npocrpadcTBax tuna S u tuna W (ri. IV B 2 u ru. I semm. 3).
CrnekTpaJbHON TEOPUU U €€ MPUMEHEHUsAM MOCBANIeHEl raasa IV Beim. 3 u
ruaBa | Bein. 4; oHE TPEOYIOT HPEIBAPUTENLHOrO O3HAKOMJECHUS C ABYM
mepBBIMM IvIaBaMu BhIN. 2. BO3MOXHBI U WHBIE IUIAHBI YTEHUs; HAIPU-
Mep, BOMPOCHI, KOHIIEHTPUPYIOLINECA BOKPYT TPUMEHEHUN MPE0OPa3OBAHMI
dyppe 0600MmEeHHbIX (PYHKIUN, pa3sBUBalOTCA mocae riaBel II Bem. 1 B
raaBax III u IV BbIm. 2, B mepBBIX Tpex MIaBaX BHII. 3, BO BTOPOU U
YETBEPTON TIABAX BHIM. 4; Kak paboTaiT 0600IIeHHbIe (DYHKINYA B TEOPUA
npeacTaBieHun u mpeobpasoBanus Dyphe HA TPYINaxX, PACCKA3AHO B TPEX
[TOCJIEAHUX [VIABAX BBIN. 4, I YTEHUS KOTOPHIX JOCTATOYHO 3HAKOMCTBA C
TIEPBBIMU [BYMS TVIABAMU BhIM. 1.

B xonue nepeoro Beimycka mis ygoO6CTBA HOIB30BAHUSI UM TAHA CBOIKA
OCHOBHBIX OMpEIeIeHUuN U (POPMYJa U CBOAHAA TAOMUIA MPEOOPA3OBAHUN
dypbe 060OMIEHHBIX (DYHKINN.

Asmopur



I'JIABA 1

ONPEJAEJEHUE U MIPOCTEUIMIUE CBOUCTBA
OBOBIIEHHLIX ®YHKIIUNI

§ 1. OcHoBHBEIE U 06006IIeHHBIE (PYHKIINHA

1. Bogmble 3aMedanmsa. Yxe TaBHO B (U3MKe YIOTPEOJAIOTCA TaK
Ha3BIBAEMEIE CUHTYJIAPHBIE (DYHKIINU, KOTOPLIE HE MOT'YT OBITH KOPPEKTHO
OIpeIeJeHEl B PAMKaxX KIACCUIECKOU TeOPUN (PYHKIINM.

IIpocrenuen cuaryaapHOn (PyHKIMEN ABIACTC AeAbTa~-PyHKIUA (T —
— Xp): OHA, IO OINpPEeeIeHUI0 (PU3NKOB, (DABHA HYJIO BCIOAY, KPOME OLHOU
TOYKM Tg, B DTOM TOYKE PABHA OGECKOHEIHOCTH M OOIATAET MHTEIPAJIOM,
PABHBIM €IMHUIE». V3IMIiHe yKa3eBATb, YTO 3TU YCJAOBUA HECOBMECTUMEL
C TOYKU 3PEHUA KAACCAIECKOTO OMpeaeteHusa GYyHKIINN U WHTEerpaa.

Ho MBI MOXeM monmpo6oBaTh MPOAHATM3UPOBATL TIOHATUE CUHTYIAPHON
yHKIUU ¢ TeM, YTOOLI BEIABAUTH JEUCTBUTEIHHOE €0 COIEpPKAHUE.

IIpexxme Bcero MBI 3aMedaeM, UTO NMPU PENIEHNN KOHKPETHBIX 33149
MaATEMATUYIECKON GU3NKYA TeIbTa~-pyHKIMY (1 IPYTUe CUHTYIAPHEE (DyHK-
1K) BCTPEYAIOTCH, KAK IPABWIO, TOJIBKO HA MPOMEKYTOUHBIX DTANAX; B
OKOHYATENHLHOM OTBETE CUHTYJIAPHBIE (DYHKIUU WIM BOBCE OTCYTCTBYIOT
mwi GUrypUPYIOT MO 3HAKOM WHTErPANA B MPOU3BEICHUM C KAKOU-IUO0
JOCTATOYIHO Xopomen GpyHkiumen. TakuM o6pa3oM, HET IPAMOU HeoOXOau-
MOCTU OTBEYATH HA BOMPOC, UYTO TAKOE CUHTYIAPHAA (PYHKIUA CAMA TI0
cebe: HAM TOCTATOYHO OTBETUTHL HA BOMPOC, 9TO O3HAYAET MHTErPAI OT
MPOU3BENEHNA CUHTYJIAPHON (PyHKIMU 1 «xopomen GpyHkmun. Hampumep,
BMECTO TOT'0 YTOOBI OTBEYATH HA BOMPOC, ITO TAKOE NeIbTa~(DYyHKINA, HAM
JOCTATOYHO YKA3aTh, 9YTO A JIOOON JOCTATOYHO XOpowen GyHxuua ()
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nMeeT MeCTO paBEHCTBO

“+o00
[ 8@ = s0)p(a)ds = p(an).

WNHbiMU cT0BAMU, MBI CBA3BIBAEM C KaXIOW CUHTYJIAPHOU (DYHKIIM-
el (PYHKIMOHAJA, KOTOPBLIM CTABAT B COOTBETCTBME DTOU CUHIYJIAPHOU
byHKIMM M KaxkKIOW «JOCTATOYHO XOPOMmen (PyHKIUM HEKOTOPOE HHCIIO.
Hanpuwmep, s gersra~-dpyuxnuu 0(z — xo) IUCI0, KOTOPOE CTABATCA B CO-
OTBETCTBUE KAXKIOU «IOCTATOUYHO XOPOIIem GyHKINA p(T), eCTh 3HAYCHUIE
¢(z0)-

Ho ecm Tax, TO MBI MOXKEM U HE 3aIyMBIBATBLCA OOJBIIE HAL CMBICIOM
MOHATHUA «CUHTYIAPHAA (DYHKITAAY: MBI MOXKEM TerePb OTOXK IECTBUTE «CHH-
PyIApHYo (GYHKIAO» C TeM (PYHKIIMOHAIOM, O KOTOPOM KOHKPETHO UIET
pedb, 5T0 1 OGyJeT BIOJHE NOCTATOYHBEIM €€ OmpeneteHueM (Npu yCIOBUY,
YTO TOYHO YKa3aH M TOT KIACC «JOCTATOYHO XOPOMINX» (DYHKIUU, HA
KOTODPOM 3a,1aH 3TOT (yHKIIMOHAT).

OOLIKHOBEHHLIE MHTErPUPYEMbIe (DYHKINU, PA3yMeeTCs, TAKKe YKIa-
OBIBAIOTCA B DTy CXEMy: A KaxKAoU Takon ¢yHkumu f(r) MBI yMeeM
OTBETUTH HA BOIPOC, UEMy DaBeH UHTErpaj oT npoussegeHus f(z) Ha
«xoportryio GyHKnuior. TakuMm o0pasoM, mpeacTapiaeHre 06 0OOOIEHHBIX
byHKIUAX Kak 0 (PYHKIMOHAMAX OXBATHLIBAET KAK (CUHTYIAPHBIEY, TaK U
OOLIKHOBEHHEIE (DYHKIIWN.

Iepengem Tenepsb K GOPMYIUPOBKE TOUHBIX OMPEICICHUN.

2. Ocuornble Qyskmmu. [Ipexne BCEr0 HYXKHO 3a1aTh COBOKYITHOCTD
Tex (QYHKIUN, KOTOPHIE MBI HA3BIBAIM YCIOBHO «IOCTATOYHO XOPOIIUMIY,
HA KOTOPBIX OyIyT AEMCTBOBATEL B JATLHEHUIIEM HAIMM (PYHKIXOHAJIEL

B kauecTBe 5>TOU COBOKYNHOCTH MBI PACCMOTPUM MHOXKECTBO K BCex
BermecTBeHHBIX GyHKIIE ¢(x)!), KaxK1am 13 KOTOPEIX MMEeeT HempephIBHLI
MPOM3BOMHEIE BCEX TOPANKOB U (DUHUTHA, T.e. OOPAIIAETCA B HYJIb BHE
HEKOTOPOU OTPAHUYIEHHON 061acT! (CBOeN IIA Kaxk oK n3 GyHKuun ¢(z)).

OTu QyHKIUU OyIeM HA3HBIBATH OCHOGHbIMU, & BCHO COBOKYNHOCTbL K
HA30BEM 0CHOSBHbIM NPOCTPAHCTEOM.

OcHoBHBIE (DYHKINU MOXKHO CKJIAIBIBATH OPYT C IPYTOM U YMHOXKATD
HA BEIIECTBEHHBLIC YUCIA, MPUAYEM CHOBA OyAyT MOJAYYaTHCA OCHOBHBLIE
(PYHKIMK; TaKIM 06Pa3oM, COBOKYTTHOCTb K €CThb JMHENHOEe IPOCTPAHCTBO.

Hanee, MBI OygeM T'OBOPUTH, 9TO nocaedosdameaspnocmyv p1(z), @a(z),
vovs 9u(T), ... OCHOBHBIX QYHKIWU CMPEMUMCA K HYA0 6 NPOCMPARCMEe

DKax nparmio, ¢ = {&1,T2,...,Ln} 03HAYAET TOUYKY N-MEPHOTO MPOCTPAHCTRA Ry
YuTaTenss MOXKET TpHU TePBOM YTEHUM MPEACTABIATL Ce6e TOYKY T HA MPAMOU.
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K, ecnmu Bce »>TU (yHKIUM OOPAIIAIOTCA B HYJIL BHE OTHOU W TOU K€
OPPAHWYEHHOU OOJACTU U PABHOMEPHO CXOAATCA K HydO (B OOBLIYHOM
CMBICJIE) TaK K€, KAK ¥ UX [IPOU3BOLHBIE JIOO0r0 IOPALKA.

IIpuMepoM OCHOBHOM (YHKIMM, OGPANIAIONIENCS B HYIb OpU T = |z| = ,/Zm? > a,
MOXKET CIyKUATb DYyHKIA

a2

2

2

npu r < a, (1)
0 opu T > a.

TlocnenoBaTeabHOCTs GYHKIMN @y, (1) = %np(z,a) (v =1,2,...) cTpeMUTCA K HYIIO

B mpocrpancree K. I[locrenoBarensHOCTE GyHKOmI @, (T) = %(p(%,a) (v = 1,2,...)
CTPEMUTCA K HYMIO PABHOMEDPHO BMECTE CO BCEMHU MPOM3BOJHBIMU, HO HE CTPEMHUTCA K
HyJIIO B MpOCTpancTBe K, MOCKOALKY HeT OOIIer OrpaHuYeHHOU O6JACTH, BHE KOTODPOU
3Ty GYHKIUN 0OPAIAIOTCA B HYIb.

CymecTByeT MHOTO pasHOOOPA3HBIX OCHOBHBIX (yHkmmi. Hampumep (cMm. mo6aBie-
Hue 1 kx pTOM ruase, n. 1), AuA 3agaHHON GUHMTHOU HenpepeiBHOU GyHKnmu f(z) BCerga
MOXHO yKa3aTh KaK YrOQHO OIU3KyI K Hel OCHOBHYIO (yHKHWIO ¢(T), T.e. Takyio
OCHOBHYIO (byHKITAIO, ITO IPU BCEX T U 3aJaHHOM £ > 0

1f(z) = p(z)] <e.

3. O6Go6mennsie pyukmpm. Mbr roBopuM, 9TO HAM 3a0aH AUHEUHbIT
nenpepuieubili Pynrxyuonas f Ha mpocTpacTse K, ecim yKasaHOo MpaBuio,
B CWIy KOTODPOIO C KAaXJOW OCHOBHOM (QyHKOmen (z) CONOCTaBIEHO
HEKOTOPOE BEIIECTBEHHOE ucio (f,(), U IPU DTOM BHIIOJHEHBI CJIeLYIOIIIe
yCIOBHA:

a) I JIOOBIX IBYX BEIIECTBEHHBIX YUCET (v, (rp U JHOOBIX IBYX OCHOB-
HEIX QyHKIUE @1 (1), p2(x) uMeeT MecTO paBeHCTBO (f,a1¢1 + Qaps) =
= a1(f,p1) + a2(f,2) (CBOACTBO NMHENHOCTM byHKLMOHana f);

6) ecaiu MOCTIELOBATENBLHOCTb OCHOBHBIX (DYHKIUEI ©1, @2, ...y Py,

CTPEMUTCA K HYJIIO B IPOCTPAHCTBE K, TO MOCIENOBATEJIBHOCTH HU-
cen (f,p1), (fy02), ---, (f,00), ... cxomuTesa K HyIHO (CBOMCTBO HENpepbIe-
HOCTM dyHKuMOHana f).

Hanpumep, nycrs 3agana mexoropas ¢yukuusa f(z). abCOMIOTHO WH-
TerpupyeMas B KaX[IOU KOHEYHOU ofnacTu npocrpaHncrBa R, (rakue
dyskUE OymeM B TaJbHEUIIEM HA3LIBATHL A0KAAbHO UHIMEZDUPYCMbIMU ).
C moMomIBIo 3TON (GYHKIUM MBI MOXKEM KaxKIOU OCHOBHOU (pyHKIMHE ¢(I)
MOCTABATEL B COOTBETCTBUE TUCAO

(fr0) = / f(@)p()dz, 1)
R,

DII€ MHTErPUPOBAHUE (PAKTUICCKU COBEPIIACTCA IO OTPAHUICHHON 00.IaCTH,
BHEe KOTOpou (yHKuus (r) obpamaercsa B HyJlb. JIErKO IPOBEPUTH, UTO



14 I'JI. I. IPOCTEUIINE CBOMCTBA OBOBIIEHHBLIX &YHKIIANA 3

1711 GYHKIMOHATA f YCIOBUA &) U 6) BHIOMHEHEl; B YACTHOCTH, BEITIOIHEHNE
YCJIOBUsA 0) BBITEKAET U3 BO3MOXKHOCTH IIEPEX0a K [IPEIeLy O 3HAKOM MH-
Terpaia B CIydae PABHOMEDHOU CXOAMMOCTY TOALIHTErPATLHBIX (OYHKIIN
B OIPAHUYCHHON OOJACTH.

®dyuknuonan suga (1) ecTh BeCbMa YACTHBIU MPUMEP JIUHENHOTO He-
IOPEPLIBHOrO (DyHKIMOHAIA 3 mpocTpaHcTBa K. Jlerko MOXHO yKasaTb
7 OYHKIMOHATH! MHOrO Tuna. Hampumep, GyHKINOHAT, KOTOPLIN CTABUT
B COOTBETCTBHE KaxXA0W (QYHKIUM @(x) ee 3Ha4YeHMe B TOUke xy = 0,
OYeBUIHO, JUHeeH U HempephiBeH. HO JIerko MokasaTh, 9TO OH HE MOXKET
ObITH TpefAcTaBieH B Buie (1) HM OpU KAKOU JOKATHHO WHTETPUPYEMOR
dyuxuun f(z).

[leNCTBATEIRHO, TPEANOJIOKUM, €UTO MIJIA HEKOTOPOU JOKAIHHO WHTErPUPYEMOUN
dyukuun f(z) u mo6ou 0CHOBHOU dYHKIMK () UMEET MECTO PaBEHCTBO

/ f(@)p(@)dz = 9(0).
Rn

B wacTHOCTH, I PACCMOTPEHHOU B MPEALIAYIIEM MyHKTE GYHKIUA ¢(Z,a), PABHOK

22

e a®=r% npu r < @ ¥ HYMO TPA T 3> a,

/ f@)p(@,a)dz = p(0,0) = e )
Rn

Ho npm a — 0 mHTErpat CIeBa CTPEMUTCA K HyJIIO, ITO IPOTUBOPEINT PABEHCTBY (2).

Ykazauuoin (QYyHKIMOHAN MBI OyleM HA3LIBATHL deabma-dywkuyuetd B
COOTBETCTBUU C YCTAHOBUBIIEHCSA TEPMUHOJOTUEN (XOTA M HE TOYHON,
MOCKOMBKY NenbTa-QYHKINUA HE €CTh (PYHKIUSA B KIACCUIECKOM CMBICIE
cJ0Ba) 1 0003HAYATH §(2); TaKuM 0Opa3oM,

(0(2),(2)) = ¢(0).

YacTo BCTPEYAeTCA TAKKE (CABUHYTAD IeIbTa-PYHKIAA — (PYHKIIO-
HaI 0(x — X(), ONPERENAEMBIN PABEHCTBOM

(0(z = 20),0(2)) = p(x0)-

O606wennots pynryuet MBI 6yIeM TeMeph HA3KIBATE KaXK IBIM TUHETHBIN
HEMPEePBIBHLIN (DYHKIIMOHA, OPENeNEHHBIN Ha OCHOBHOM npocTpancTse K.
O6o6uennsie GpyHknuu, 3agasaeMele dopmyaamu Buga (1), 6ygeMm Ha3bI-
BaTb PERYAAPHbIMU, BCE OCTAILHEE (B TOM YUCTE U NeJIbTa-(DYHKINAK) —
CUHLYAAPHBLMU .

Peryaapuyio 0600MmeHHy0 GyHKINIO f, IeHCTBYOMYIO 10 (opmy.te’)

(0) = C [ plats = [ Cota)aa,

DYcnosumes PV WHTErPUPOBAHUU II0 BCEMY IMPOCTPAHCTBY B3HAYOK R, y 3HaKa
MHTerpaJa OIyCKaTh.
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OyaeM HasLBaThL nocmosannot C. Hampumep, 0600ImeHHAS DYHKITUA euni-
4G OEeACTBYEeT 10 (POpMYyJIe

(1) = [ olaie

Moxuo moxkaszarek (cMm. Bem. 2, ra. I, § 1, m. 5), uTo 3HaveHus
PEryaapHOTO (PYHKIMOHATA HA OCHOBHLIX (DYHKIMUAX MO3BOJAIOT OJHO-
3HAYHO ONPEIEJUTh COOTBETCTBYIOUIYID QyHKIMIO f() ¢ TOYHOCTBIO O
€€ 3HAYEHWU HA MHOXKECTBE MEPBI HYJb. JTO O3HAYAET, ITO PA3AUUHbIM
Pynryuam fi(x) u fo(r) coomsemcemeyiom pazauvunvie (T.e. wMenIIne
PA3JIUYHEE 3HAYEHUA HA HEKOTOPHIX OCHOBHBIX (DYHKIMAX) 0600UeHHbLe
Pynryuu. TTo3TOMY BCIO COBOKYTHOCTH OOBITHEIX TOKATLHO HHTETPAPYEMBIX
(byHKINT MOXKHO PACCMATPUBATE KAK HEKOTOPYIO YaCTh COBOKYTTHOCTHU BCEX
OOOOIMIEHHBIX (DYHKITUN.

ITo »Ton xe mpuumnHe MHOrAa YAOOHO M MJaA OOOOIIEHHBIX (GOyHKIUN
coxpaHuTh ob6o3HadeHwe f(r), Kak g AeIbTa-QYHKIUM, XOTA Telepb
yXe Hemb3s TOBOPUTHL O 3HAYCHWUAX OOOOIIEHHOW (PYHKIUA B OTICTb-
HEIX TOYKax (Tak 49T0 3amuch [(Tg) O1A OGOOIIEHHOU (YHKIUU, BOOO-
e TOBOpA, HE MMeeT CMEICIa). Kpome Toro, Bmecto (f,y) MBI UHOTIA
oygem mucath [ f(z)p(x)dz, XOTsa ¢ TOYKM 3peHHS OOBIYHOTO AHAIM3A
Takad 3aluch HE UMeeT, BOOOIIe ToBOpsA, cMbicaa. Hampmmep, MBI Oy-
gem umuorga Bmecto (6(z),¢(x)) mucats [d(z)p(x)dr. Takum o6pasow,
[ 3(@)p(x)dz = £(0).

COBOKyITHOCTE BCexX 0600MEHHBIX (hyHKIUEA 0603HaMmMM gepes K.

4. JlokanbHBIe cBOMCTBAa 0000mIeHHBIX QyHKIMA. MBI yKe 3HaeM, 9To
0600MIEHABIE (DYHKIIUY HE UMEIOT 3HAYEHUN B OTIETbHBIX TOUYKax. Hembas,
HATIPUMEpP, TOBOPUTH, UTO 0000IIeHHAas DyHKuMA f «paBHA HYIIO B TOU-
Ke Tg». HO BEICKA3BEIBAHMIO «0000meHHAS GYHKIMA f PaBHA HY.JTIO B OKPECT-
mocTu U TOYKHE To» MOXKHO OPUIATH yKe BIIOJHE IETKAN CMBICT: MMEHHO,
OHO 03HAYAET, UTO /I KK IOU OCHOBHOU (GYHKIUY (), OTIMIHON OT HYIA
TOMBKO B TIpenenax okpectHoctu U, umeer mMecTo paBeHcTBO (f,¢) = 0.

Tak, o6o6mennan Gpyukuusa f, oTBedammas oobraHon QGyuxmuu f (),
paBHA HYJTI0O B OKPECTHOCTH U TOYKM Tg, €CAM B DTOU OKPECTHOCTHU
obpamaercsa B Hydb (mouru Bcoogy) cama ¢yskuusa f(z). CunryasprHas
o6o6uennas GyHkuua §(r — 1) paBHA HYJI0 B HEKOTOPOU OKPECTHOCTHU
JI060U TOYKU To 7# X1.

YenoBumesa Takxe TOBOPUTD, 9TO 0000meHHAA pyHKINA f paBHA HYJIIO
B OTKpBITOUN O6IacTu (G, eciu OHA PABHA HYJIIO B HEKOTOPOU OKPECTHOCTHU
KaxXJIOM TOYKN DTON OOJIACTH.

Moxuo mokaszarb (cM. gobasienue 1), 9TO 0GOOIIEHHASA (DYHKIWA,
PaBHAA HyJIO B OKPECTHOCTH JIOOOU TOYKH, U B IEJIOM PAaBHA HYJIO, T.€.
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s 10601 OCHOBHOU (yHKIUHA ()

(fip) = 0.

Ecau 0606mmennas GyHkimsa f He paBHA HYIIO HA B KAKOU OKPECTHOCTHU
TOYKU Lo, TO T( HABLIBAETCA CYUECMBERHOT Moukol 1jia pyHKIMoHAIa f.
Tak, manpumep, Ha OPAMOU TOYKA Lo = 0 — CymECTBEHHAA TOYKA /LA
dbysxmmonana f(r) = 22 (xora B menr cama dyHKIMA r2 obpammaeTca B
uyiab!). KOHEUHO, BCE OCTANBHBIE TOYKHA OCH & TAKXKE ABIAIOTCA CyIIEe-
creerabivME gas f(z) = x?. COBOKYMHOCTb BCEX CYMIECTBEHHLIX TOYCK
Ha3BIBAETCA Hocumesem o0o0Omennon pyukuuu f. Hocurenas o600mennon
dysxUE f, OTBEYAONIEN OOLIYHON HENPEPLIBHON (I KYCOYHO HEMpPephIB-
HOM) dyHKUUM f(x), €CTh 3aMBIKaHNWE MHOXKECTBa, HA KoTopoMm f(x) # 0.
Hocurear o6o6uennon ¢yukuuu 6(x — Tg) €CTb OQHA TOUKA To. Ecan
MHOXkeCTBO F' comepx)uT HOCHTETL (PYyHKIMOHALA f, TO TOBOPAT TAKXKE,
aT0 QyHKIMOHAT [ cocpedomouen na muoxcecmee F.

HaspaHue «CymecTBEHHBIE TOYKW» OMPABALIBACTCA CJACIYIOIIAM CBOU-
ctBoM (koTOpoe OyIeT NOKa3aHo B m. 3 mobGasieHusa 1): ecam OCHOBHAA
¢yuxnus p(z) o6pamaeTcsa B HyJIb B HEKOTODOW OKPECTHOCTH HOCHTEIA
¢yuxnuonana f, to (f,p) = 0. Orcioga cregyer, 49TO IPOU3BOIBHOE
M3MEHEHUE OCHOBHOU (PYHKIIUM (0 BHE OKPECTHOCTH HOCUTENA O0OO0OIMEHHON
dyuxnuu f He BAMAET HA 3HAYeHUWE BeawduHbl (f,p); IEUCTBATEILHO,
YKA3aHHOE W3MEHEHUE PABHOCUILHO TOOABICHUIO K OCHOBHOU (DYHKIIUUA (0
OPYTOM OCHOBHOU (PYHKIHM 1), PABHOM HYJIIO B OKPECTHOCTH HOCHTEJA
dyuxnuonana f, nosromy (f,4) = 0 u, cregosarensuo, (f,¢ + ) = (f,¢).

Temepnb mepengeM K JOKATLHOMY CPABHEHUIO NBYX TPOU3BOJLHBIX 0000~
MIEHHBEIX (PYyHKIUEA. Bymem roBopuTb, 9TO 00600meHHbe GyHKIUu [ w0 g
cosnadatom 6 omxpuimoti o6aacmu G, ecau pa3HocTh f — g B 3TOU 061acTu
paBHa Hy 0. MOXHO TIOKA3aTh, 9YTO €¢I f U g COBMAJAIOT B OKPECTHOCTHU
KaxXIOM TOYKM, TO OHM COBHAIAIOT U B ueaoM, t.e. (f,¢) = (g,) npu
J060U (p; OTCIOAA caegyer, ITO 06OOmeHHAs (QyHKuuA [ OJHO3HATHO
OTIPENEeNACTCA TIO0 CBOUM JOKATBLHBLIM CBOUCTBAM. Bosee TOro, MOXHO JaxKe
NOCTPOUTL OGOOBITIEHHYIO (PYHKIINIO MO 33 JaHHLIM €€ JOKATLHBIM 3HATCHUAM
(mob6asmenue 1, m. 3).

B wacrmocTu, Mpr GymgeM TOBOPUTHL, 9TO 000OmeHHAs (QyHKIUA f
peayaapua 6 obaacmu G, eciu B 3TOU 00MACTH OHA COBMALAET C HEKOTOPOU
OOBIMHON JIOKAJIBLHO UHTErPUPYEMOU (PyHKIIIEN.

Hanpumep, nerbra-pyukius §(x — xo) BHE TOUKH To BCIOLY PEryIapHa
(n paBHA HY.JIIO).

Onua 73 BaXHBIX TPOOIEM TEOPUU OOOOIIEHHBIX (DYHKIUA COCTOUT
B crepywomeM: naHa (oOwbrauas) gyskuusa f(x), BOOOIIE He ABIAIONIIAACH
JIOKAJILHO UHTEIPUPYEMOU, HATIPUMED % ua mpamou. CymecTByeT Jau 0606-
menHas ¢GyHkuma f, coBnagaiomas ¢ f(z) BO BCex TOYKAX JOKAIBHOU
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uaTerpupyemoctu f(z)? Moxuo au coorsercrsue f(z) — f ycTpouTh
TakuM 00pa3zoM, UTOOBI OOBIYHBLIE ONEPAINU CJAOXKEHUSI, YMHOXKEHUI Ha
GyHKIUO, OudpdepeHInpOBaHNg, KOTOPbIe MBI ONPENEeNINM HUXKE W 111
OOOOIIEHHBIX (DYHKINN, COXPAHATUCHL ObI TPU DTOM cooTmeTcTBuu? fcHO,
YTO MOMOXKUTENbHBIM OTBET HA TMOAOOHBIE BOMPOCHI BECHMA CYIIECTBEH:
OH IPUBOAUT K BKJIIOYEHMIO B CXeMy OOOOIIEHHLIX (PYHKIUUA OOLIYHLIX
(DYHKIINN, UMEIOIINX HEMHTErPUPYEMBIE 0COOEHHOCTH.

OTBeTHI HA DTU BOMPOCH UMEIOTCA MOKA JUIllh YacTudase. CMm. namzee
m 78§ 1, aTakxke § 3.

5. Onepanuu cJI0XeHUA U YMHOXEHUA Ha YUCJI0 U Ha pyHkmmro. [lycTh
OaHbl qBe 0000mmeHuble GyHKIUU f U g; ompemenuMm ux cymmy f + g Kak
$ysKIMOHAX Ha mpocTpaHcTBe K, TedCTBYIOMMHA 110 GOPMYJIe

(f +9,0) = (f,0) + (9,9)-

Jlerko mpoBEpUTH, YTO OMPENeNeHHBI MO >TOU (opMyae GYHKIIO-
HAT f + ¢ CHOBa ABIAETCA JMHEWHLIM HENPEPBIBHLIM (DYHKIUOHATIOM. B
YACTHOCTH, €Cau [ W § — PEeryIapHBE (PyHKIUOHANLI, COOTBETCTBYOUIAE
dyuxmuam f(z) u g(z), To f + g ecTb TakxKe peryaapHbI (hyHKIHOHAT, CO-
oreercTByommn Gyuxiuu f(z)+g(r). DTO IOATBEPK IAET €CTECTBEHHOCTh
TIPUHATOTO OMPEIEICHUS CYMMBI OO00MIEHHEIX (DYHKITUT.

IIpouszeedenue obobwennott Gywkyuu [ me wuca0 « OIpeserseTcsa
dbopmyon

(af,¢) = a(f,e) = (f,ap).

OdveBraHO, 9TO W BTOT (PYHKIMOHAI JUHEEH u HempepeiseH. [las pery-
JAPHOTO (PYHKIIMOHAMS f, COOTBETCTBYIOIIETO JOKATLHO WHTETPUPYEMOU
¢yuxnuu f(r), BBegeHHAsS Omepalus OTBeIaeT yMHOXeHuo GpyHkuuu f(x)
HA 9IHCI0 Q.

IMo-BuguMOMY, HEBO3MOXKHO OMPENETUTH CKOJLKO-HUOYIbL €CTECTBEH-
HEIM 00pa3oM IPOU3BeneHne JI00LIX IBYX 00001menHbx ¢pyukinui. Ho Bmou-
HE EeCTECTBEHHO ONpENeNAeTCa npouszsedenue 4060t 0600wennots @Pym-
yuu f na Geckonewno dufdepenyupyemyo Gynryuto a(x). 3ameTuM BHAYA-
Je, 9TO mpousBefeHue 6eckonedHo auddepenuupyemon pyHkimn a(r) Ha
OCHOBHYIO QYHKINIO ¢(Z) €CThb CHOBA ocHOBHAA dyukiusa ¥ (z) = a(z)p(x);
IPU DTOM €CJIHU TOCIELOBATEILHOCT OCHOBHEIX (DYHKIUU o, () cTpeMut-
CA K HYJI0 B MpPOCTpaHCTBe K, TO MOCTIEIOBATEILHOCTH MPOU3BEICHUN
a(z)p, (r) Takxke crpemurcs k Hyao B npocrpanctse K. Ilycres Temepn
mana Jawbas 0000ImeHHas (yHKIUA f; ompemeauM (QYHKIUOHAT af MO
dopmyne

(af,p) = (f,ap).
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dyuxmuonan af, odesugHo, auHeeH. OH SBAAETCA TAKKe U HEMPEPHIB-
HBIM (QyHKIHOHAIOM: ecian ¢, () — 0, TO, Kak OBLIO yKa3aHO, TAKXKe U
a(z)p, () — 0, creoBaTenbHo,

(af,pou) = (f,apy) = 0.

s peryaspHoro GpyHKIMOHAIA f, OTBEYAIOIIErO JOKAIHLHO UHTErDU-
pyemon ¢yukuumu f(x), yMHOXKeHHEe HA QYHKIUIO a(T) COOTBETCTBYET
ymuoxenuto Gyakuun f(z) Ha dyaxnuio a(z). [JerncTBUTeabHO, MBI IMEEM
B DTOM CJIydae

(af,) = (f,ap) = /f(l’)[a(w)w(fv)]dl’ = /[a(w)f(x)]w(fv)d:v,
410 u Tpebdyercs.

6. Casurum, MOBOPOTHI W APyTHe JHWHEMHEIE TMpeoGpa3zoBaHMA B o6ua-
CTU HEe3aBHCUMEBIX HepeMeHHBIX. [Ipu h > 0 ¢yukuusa f(z — h) Ha ocm
HA3BIBAETCA B aHauuse cdeuzom 6npaso Gymxuyuu f(x) na eeauvuuny h.
O6paTuM BHUMAHUE HA TO, YTO ONEPAIUA, KOTOPAA MPOU3BOAUTCA 3MECH C
HE3aBUCUMBIM TIEPEMEHHBIM, eCTb c08U2 6460 NG 8eAuuuny h — OOpaTHAA
omepanus MO OTHOIIEHUIO K ONEPAIUY, TPOU3BEICHHON ¢ (DYHKIUEN.

Mzur MoxKeM caenyommuM 06pa3soM 0600IUTE 3TH IOCTPOEHUA Ha, CIyIan
dyukIuu 1 mepeMeHHbIX. [IyCcTh 4 03HAYAET HEKOTOPOE HEBBIPOK ICHHOE
JUHEHHOE Tpeo6pa3oBaHIe N-MepHOTo MpocTpancTra R, mu~! ecTs 06paT-
Hoe mpeobpasoBanue. Torga COOTBETCTBYIOIIYIO OMEPAILUI0 ¢ B 06IacTH
dyuxmun f(z) MBI onpeneanm GOpMy.JIon

uf(z) = f(u"'z). (1)

Omnepanuio v MOXHO MEPEHECTH U HA 00OOIIEHHBIE (DYHKINNA. 3AMETUM
mpexie BCEro, ITO BMECTE CO BCAKOU OCHOBHOU (yHkuuen ¢(r) (yHK-
uus (ux) TakKe ABIAETCA OCHOBHOU. /lanee, BLIACHUM, KAKOMY DABEHCTBY
B (yHkumoHamax orsedaer paseHcTBO (1). Cumras, uro f(z) JoxaabHO
UHTErpUpyeMa, U OPUMEHss >TO PABEHCTBO K OCHOBHOU (yHKuumum (),
HAXOIUM:

(wf () 0(@)) = (f(u"2),p(x)) = / f(u )p(a)de.

B moayueHHOM HHTerpafie clelaeM 3aMeHy HepeMeHHBIX u 'z = ¥, T.e.

x = uy, dr = |u|dy, rae |u| o3HavaeT ompemernTeNs MATPUILLI TIpeOGpa-
30BaHUA 4. MBI TOTy4NM:

(uf,ep) = Iul/f(y)so(uy)dy = |ul(f(z), p(uz)).
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ODTO PABEHCTBO MPUBOAUT K OMPEICICHUIO OTEpPaIuM U, KOTOPYI MOXKHO
MPUMEHATE yKe KO BCeM OGOOMIEHHBIM (DYHKIUAM: 1 €CTb (PyHKITMOHA,
OEUCTBYIOMNN 10 (popMy.Ie

(uf,p) = |ul(f;p(uz)). (2)

dynkrmoran uf MOXHO Takke 0003HAYMTL wepes f(u lz) (kax s
OOBIMHEIX (DYHKIHUM), 9TO FACTO AeJaeT (GOPMyJsl GOTee MPO3PATHLIMU.
B cuny mamero corsamenus O cuMBOJAMKE (CM. KOHel I. 3) MBI TOCIa
BMeCTO (2) MOXKeM HAIWUCATh:

L/ﬂﬂ”@wwmx=h4/fwwmwwm @)

rae f — mobas 0000meHHAA (PYHKITNS.
OcoGenno mpocras GopMya MOIYIaeTCA A YHUMOIYJIAPHBIX TIpe-
obpasoBanuu (Ju| = 1), B 94aCTHOCTHU A/ TOBOPOTOB:

(f(u™t2),0(2) = (uf,0) = (f,p(uz)). (3)
IIpumepsr onepanmi:

1. Casur Ha BekTop h: ur = x + h. CgBur o606menHon Gpyukunu f HA
BeKTOp h 3amaerca GopMyIon

(uf,¢) = (frp(uz)) = (f,0(z + h)).

Moxuo 3anucaTs 5Ty GOPMYIy TaKXKe B BAIE

(f(z = h),@) = (f,e(z + h)),

[ #e = oz = [ 1@t + hda

(f — obobmennas GpyHKINA).
2. OTpaxeHue B Havane koopauHaT: ux = —z. OTpaxkenue 0606IIEHHON
dyukuuu f 3agaercs Gpopmyaon

(f(=2),0(x)) = (uf,p) = (f,0(-2)),

nim

/ f—2)p(@)ds = / F(@)p(—2)dz.
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3. Npeobpazosanue nogobus: uxr = ax. IIpeobpasosanue mogo6msa 0606-
mennon Gpyukiun f 3amaerca GpopMyJIon

(f(u™"2),0(2)) = (uf,9) = " (f(2),¢(az)).

O606mennas QyHxiua [ HA3LIBAETCA, €CTECTBEHHO, UHBAPUIHMHOT
omuocumesbro onepayuy u, ecan uf = f.

Hampumep, 0600IIeHHAA (DYHKIUA MOXKET OBLITHL MHBAPUAHTHOU OTHO-
CUTEJIBHO OTPAXKEHUA B HAUAIEe KOOPAUHAT (T.e. yIOBICTBOPAIIIEH YDPaB-
wenuo (f,p(—z)) = (f,p)); ee eCTeCTBEHHO HA3LIBATL YEHMPAALHO CUM-
mempuunoti. O6OOIIEHHBIE (DYHKINN, WHBAPUAHTHLIE OTHOCUTETHHO BCEX
TIOBOPOTOB, MBI Oy I€M HA3BIBATL CHEPUUECKY CUMMEMPUUHbIMY. IIpumepa-
MU TAKOBBIX ABJAIOTCA BCE PETryJAPHBIE (PYHKIIMOHAIBI, COOTBETCTBYIOIINE

GYHKIIMAM, 3aBUCAIIIM TONBKO OT T = ,/Zaz?, a Takxke O0-QyHKINL.

DOYHKINIO, THBAPUAHTHYIO OTHOCUTEIBHO CABUTA HA BEKTOP h, OyzeMm Ha-
3BIBATH Nepuoduueckot; ¢ mepuonom h. MoxHO mokazaTh, 9TO 060OIIECHHAA
(byHKIMA, VHBADMAHTHAA OTHOCUTETLHO BCEX COBUTOB, €CTh MOCTOAHHASA
(cM. § 2, . 6).

O6o6uwennas ¢yukuus f(z), yAOBIETBOPAIOWIAA yPABHEHUIO

flaz) = o’ f(2) (4)

npy T060M BemecTBeHHOM & > (), HA3BLIBAETCS, ECTECTBEHHO, 00HOPOOHOT
dynrxyues cmenenwu . Ycaosue (4) MoXKeT GBITH 3aIUCAHO TAKXKe B BUIE

o (1@0(2)) = @U@ e,

a

ui, ITO TO XKe,

(@10 () = o™ (F(@), ().

Tax, §(z1,. .- ,T,) €CTh OMHOPOAHAA PYHKIIUA cTerneHn —n. Kpome Toro,
pasyMmeercs, OOBIYHBIE OIHOPOAHBIE (DYHKINU (JOKAIBHO UHTECPUDPYEMBIE)
ABIAIOTCA O THOPOIHBIMU U KaK 0OOOIEHHEBIE (DYHKIIUU C TOU XK€ CTEMEeHbIO.
I[Moapo6uee 06 OAHOPOMHBIX OOOOIEHHBIX (DYHKIIUAX MBI OyIeM TOBOPUTH
nauee B § 4 u 3arem B ru. 111

7. TIpo6ieMa peryJApusal pacXOJAAIMXCA HMHTerpamoB. IlycTs
f(z) — pyHKIMA, JOKATLHO MHTErpUpPyeMas BCIOLY, KPOMe TOYKHU Tg, & B
5TOM TOUKE MMEIONIAA HeMHTErPUPYeMyIo 0CO6eHHOCTD (Hampuvep, f(z) =1

T
Ha ocu). Torga unrerpan

/ f(@)p(@)dz, (1)
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rae @(x) — ocHoBHaA (yHKIUA, BOOOIIE roOBOpA, pacxomurca. Ho om
cxoauTeA, ecau @(x) paBHA HYJIIO B OKPECTHOCTU TOYKU Zg. 1loCTaBUM
BOTIPOC, HEMB3A JU AOONPEASNUTL BOHWKAIOIINN MPU STOM (GYHKIMOHAT,
T.e. mocTpouTh ¢yukumonan f € K'| koTOpBI HA OCHOBHBLIE (hYHKIUU
©(z), paBHBIE HYJI0 B OKPECTHOCTHU TOYKHU Ty, LeucTByeT mo gopmyae (1).
Beakun Takon pyHKINOHAT f HABEIBAGTCA Pe2yAspudayuett pacrodsu,eeoca
uwmeepaaa (1) (wim peeyaspuzayuet gynxyuu f(x)).
Tax, 111 f(z) = 1 moxnO momOXKUTH

b +00
(f,9) = /@dm/iﬂx)_m)dm / 2 g, (2)
—a b

x
— 00
¢ J00eIME a, b > 0.

Omnpenenenne peryrAapu3alul MOXHO 1aTh U B HECKOIBKO MHOU (HOPME: Peryiapu3a-
nusa Gysxknuu f(z) eCTh IMHENHBIM HENPEPHIBHBI (QyHKOMOHAX f, KOTOPHIA COBIALAET
¢ ¢pynxumen f(z) Bcroay BHE TOUKM To (cM. 1. 4).

[JlericTBuTENBHO, €CIM UMeeTCA (PYHKIMOHAT f, KOTOPBIU [ BCEX OCHOBHBIX (DYHK-
nuit p(z), PaBHBIX HYJII0 B OKPECTHOCTH TOYKH I(, 3agaerca mHTerpamom (1), to f
coBnagaer ¢ pyakuuen f(r) B HEKOTOPOU OKPECTHOCTH JIOO0U TOUKA T1 # 0, & UMEHHO
B OKPECTHOCTH, He COJAEpXKAallel To HU BHYTpHU, HH HA rpanure. C Apyrou CTOPOHHI,
ecan GyHKIUOHAN f coBmamaeT ¢ gyukumen f(r) BCIOAY BHE TOYKM T, TO NI JOGOU
OCHOBHOU (DyHKIWY, PABHOU HYJIO B OKDECTHOCTH TOYKH T(, UMeeT MecTo dopmyxa (1)
u, CIeOBATENLHO, [ ompenenseT peryaspusanuio GysHknun f(z).

IIpuBegeM HeKOTOpBIE OOIIME COOOPAKEHUS, KACAIOIINECS Pa3pelImmMo-
cTu npobaeMbl peryaspusainuu. [[as TpocTOTH OyIeM CUUTaTh, 9To Lo = 0.

1°. Ecau npu nexomopom m > 0 dynxyus f(x) - r'™ aokaswmno unmeepu-
pyema, mo urwmeepas (1) donycraem peeyaspusauuio.

ﬂeﬁCTBHTeJIBHO, B 3TOM Cay4Yae MBI MOXKEM IMOCTPOUTH PEryaapu3anuio

f mo dopwmy.e

1.0 = [ 1ot -

9¢(0) 9™ p(0) =y
(u3 pyskuuM (&) BEIYUTACTCA CTOILKO WICHOB ee pana Temiopa, ITo6k!
ocTaTok mMen nopsgok seiue ™). dyukuna §(1 — r) paBHA equHUIE TIPU
r < 1 u paBHa Hy 0 TIpU 1 > 1.

OueBugno, 9To waTErpan (3) cXoouTCA Mpu JHOOOUM OCHOBHOU (DYHK-
i () U TPeACTaBIAET COOOU JUHEUHBLIM HEMPEepPLIBHLIA (DyHKIIMOHA.
Eciu gyukuma ¢(z) paBHA HyIO B OKPECTHOCTH HAYAIA, KOOPAUHAT, TO
BhIpaxkeHue (3) MpeBpaIIAeTCs B

(o) = / f(@)p(x)de,
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Tak 4TO (GyHKIMOHAT [ BHE HAYATA KOOPAUHAT COBMATAET C (DYHKIIU-
en f(z).

Takum 06pa3oM, B pACCMATPUBAEMOM CIYUIae MPOOIEMA PErYIAPU3AIIN
UMEET DeIleHue.

2°. Ecau fo — wacmuoe peutenue npobaembl PeYaapu3ayit, uHme2pa-
aa (1), mo obwee pewenue [ noayuwaemca npubasienuem % fo 4106020
Pynryuonasa, cocpedomouenno2o 8 moure ro = 0.

llencTBUTENLHO, HMYyCTh fo — peryaapusanuda, a ¢ — (QyHKIMOHAI,
COCPEIOTOYEHHBIN B DTOM TOuUke. TOrma maa OCHOBHBIX (GyHKuuA (),
PABHBLIX HYJIIO B OKPECTHOCTH TOYKE Lo = 0,

(fo + g,0) = (fo,) + (9,9) = (fo, %),

Tak 49To u fo + g ABaserca peryaspusanuen. O6paTHo, eciu fo u fi — aBE
PA3JIMYHEIE PEryJApU3AINT, TO IJIA TAKUX xKe ¢(T)

(fl - an(p) = (fl,‘p) - (foa(p) = 07

T.e. pa3HOCTb fi — fy cocpemoroduena B Touke Ty = 0.

Hanpuwmep, B cayuae f(x) = % PA3HOCTH ABYX JIOOBIX PEryJSPI3ALN,
ompenesseMblx (popMyJIon (2), KaK Jerko BEIBECTH U3 CAMOU >TOU (POPMYJIEL,
ectb npocto CH(z), roe C' — NOCTOAHHBIN MHOXUTED.

Bompocom 0 BBIGOpE CpeayM MHOT'OYUCAEHHBIX DPEryIAPU3ANNU TaHHOU
(pYHKIIUU €CTECTBEHHOW ee PEryIAPU3ALUN MBI 3aMeMCA TO31Hee, B § 3.

3°. Ecau 8 HEeKOMOpOM MEACCHOM Y2ae C 8EPUWUNHOT 6 Hauase Koopounam PHywk-
yua f(x) donycraem ouenky

f(z) > F(r), (4)

20e F(r) sozpacmaem npu r — 0 6bicmpee a1060t cmeneny %, mo unmezpaa (1) ne
donyckaem pe2ysapu3ayL L.

s mpoCcTOTHI 6y 1M CIUTATH, YTO TEJAECHBIM YTOI, 0 KOTOPOM UIEeT Pedb, COAEPKUT
obractes H = (z1 > 0,...,2, > 0). B o0mem crydae JOKa3aTEIbCTBO MPOBOAWTCA AHA-
JOTMYIHO. PaccMOTpuM OCHOBHYIO GYHKIHIO ¢(%), HEOTPUIATEILHYIO, OOPAIIAIOILYIOCT
B Hyab mpu |z| > 1 m obGnanatoomyto uarerparom, pasaeim 1. IlycTs, nanee, &, > 0 —
MPOM3BOJILHAA MTOCIEI0BATENLHOCTD YUCEN, CTPpeMAnmXcsa K 0 GeicTpee 10601 CTeneHn %

Dyuknusa 1, (), norydennas u3 GyHKIUN €, @(Vx) CMEIIEeHreM BI0Jb OUCCEKTPUCHI

No

Tl = ... = Tp HA OTPe30K ~ =, 0OpaIaeTCsa B HyIb BHe o6nactu H u npm ZOCTATOTHO
60JaBIIOM V 06PAIIAETCA B HyJNb BHE MEPECEYEHUA DTOU O0JACTU C MPOU3BOJBHO MATBIM
IapoM C IeHTPOM B Hadajge KOOpAuHAT. Jlajee, MOCAEIOBATEILHOCTL (MYHKIUN Py, (T),
KaK JIEerKO BUETh, PN V — OO CTPEMUTCA K Hym:lo B mpoctpaHcTBe K. [ToaTomy ecanm
OBl CyIIECTBOBAM (DYHKIMOHAT f, peryaapusyrommu nHTerpat (1), Mbl JOMXKHBL GBI OB
NMEeTh

(fr¢w) = 0. (5)

Ho Tak xak B OKpeCTHOCTH TOYKM T = 0 pyHKIMA 1, (T) 06pamaeTcsa B Hy b, & BHE HAYATA
dyukuuonan f coBmagaer ¢ dyukuuen f(z), yioBieTBopsomen nepaseHcTBy (4), TO

(fspw) = /f(I)wu (x)dx > EU/F(r)cp(uz)dx.
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Narerpan ot pyHknun @(VT) PaBeH, OIEBU THO, Uin; MBI [TOJy49aeM, TaKuM 00pa3oMm,
OIICHKY

(fe) > 27 (2vm). ©)

Yucna €, MbI eme noka He ¢uxkcuposann. [Tomoxum

yn

F(Zym)’

Tak kKak F(r) BospacTaeT ObICTpee I060M CTEMeH: %, TO 4HCIA €,, 3aJaHHLIE IO

(7)

Ey =

dopmyne (7), cTpeMATCa K HydO ObICTpee MIO60U CTENeHH %, 9TO HAM U HYXHO.
Ho rorga, kax nokasemBaeT HepaBeHCTBO (6), wmcaa (f,1,) OIpPeBOCXOAT eIWHULY W,
CIe0BATENBHO, HE CTPEMATCA K HYJII0 B IPOTUBOpedne ¢ cooTHomenuneM (5).

TlosTomy B maHHOM Ciydae mHTerpan (1) He MOXKET OBITH PeryIApU30OBaH.

3amevaHue. DTOT pe3yabTaT He O3HAYAET, 4TO B aHAiIM3e OGOOIIEHHBIX (QYHKIUU
BOOOIIE HYXHO OTKA3aThCA OT PACCMOTPEHWA (DYHKIMU C OCOGEHHOCTAMHU BBHIIIE CTe-
IIeHHBIX. Mpr pacCMaTpuBaeM IIOKa TOJNBKO OCHOBHBIC Cl)yHKHPII/I CIIequaJibHOT O BUOA
(mpocrpancTeo K). Bo BTOpOM BEIIyCke OyyT yKa3aHbI MHBEIE IIPOCTPAHCTBA OCHOBHBIX
QyHKIUY; Cpeau 3TUX MPOCTPAHCTB BCErJa MOXKHO OyAeT HAWTH Takue, HIs KOTO-
pBIX OyAyT MUMETh CMBICI, KaK (PYHKIMOHAJBI, ¥ (YHKIUM C KAK YTOAHO CUILHBIMEI
0COOGEHHOCTAMU.

B saxmiodenne orMeTuM, UTO ONpeneJeHue PeryApU3alud aHAJIOTUYT-
HEIM 06Pa30M MOXKHO JaTh TOrIa, Koraa f(z) uMeeT He OQHY, & HECKOIBKO
I gaxe CIYeTHOE [UCIO H30/JUPOBAHHBIX 0COOBIX TOYEK, KOHETHOE€ B
JI060M KOHEYHOM WHTEpBaJe.

Takyto ¢yukuuio f(z) Bcerga MOXHO IPEACTABATL B BULE CYyMMBI

f@) = 3 fula),

rge fr(x) uMeer TOIBKO OHY OCOOYI0 TOUKY (cM. goGasmenue 1, m. 2);
HOPTOMY CIydall CO CYETHBIM YHCIOM H3O0MMPOBAHHEIX OCOGEHHOCTEH MO
CYIIECTBY HE OPEICTABIACT HUYIETO HOBOTO.

8. Mlpegenbrbi nepexof. [locrenoBaTETEHOCTL OOOOMEHHLIX (DyHKINN
fi, f2, ..., fv, ..., IO onpexnenenuto, crodumes x 0bobwennot Gynxyuu f,
ecn st T0601 OCHOBHOU (yHKIUM ()

Jim (f,,¢0) = (f,)-

MoOXHO, pasyMeeTcs, CINTaTh, 9TO WHIEKC V TPOOEraeT W HENpepHIB-
HOE MHOXKECTBO 3HAa4eHHH; oIpejeleHre IpeJeJbHOro Iepexoa IPU DTOM
OCTaeTCAa TAKIM XKe.

Anmamornvaso psag w3 06006messsx Gyakmyan by + ha + ... +hy, + ... HA3LI-
BAETCA crodauwumca K 06o0bwennot Gynryuu g, €CIm TOCIEIOBATETHLHOCTD
YACTUYIHEIX CyMM 3TOTO PAIA

gi=h, ga=hi+h2, ..., gg=hi+ha+...+hy,
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CXOMUTCA K OOOOMIEHHON (DYHKIMU § B YKA3AHHOM BHIIIE CMBICIE.
Jlerko mpoBepUTh, 9TO IPese] CXOLAICUCS IOCAeI0BATEILHOCTH 0606~
MIEHHBIX (DYHKIIUA ONPEAENeH OTHO3HATHO.
[anee, omepanua IpemeILHOrO mepexona JauHenHa: eca f = lim f,, a
V—r00

a — uncao (umm Geckonedno nuddepenuupyeMan pyukma), To lim af,
v—00
cymecTByeT u paBeH « lim f, = af; ecm f = lim f,, g = lim g,, TO
V—00 V—r00 V—00
lim (f, + g,) cymwecrsyer u paBed f + g.
V—r00

Ecau mokansuo unrerpupyemere dyukuuu f,(z) (v =1,2,...) B kaxgon
OTPAHIMYEHHON O6JACTH PABHOMEPHO CXOAATCA K JOKAIBLHO HHTErpUpye-
mon (yHkiuu f(x), TO COOTBETCTBYIOMME (DYHKIIMOHAILL f, CXONATCA K
peryaapaoMy QyHKIUOHALY f. J[eMCTBUTEIBHO, yCTh ¢(T) — HEKOTOpas
ocHoBHaA GpyHKIuA u G — Ta 061aCTh, BHE KOTOPOU (MYHKIUA ¢(T) PABHA
HYJIIO; TOT[a, B CAIy M3BECTHOU TEOPEMbI O MpeneIbHOM Mepexone Mom
3HAKOM MHTErpAaa,

(fuorg) = / fo@)p(@)dz - / f @)@z = (£,0),
G

G

4T0 u Tpebdyercs.

Bmpodem, TpeGoBanue paBHOMEpHOU cxomumocTu (yHkuun f,(r) B
KA [0 OTPAHMYIEHHON OOIACTH MOXKHO, KOHETHO, OCIAOUTD; BO3MOXKHOCTE
IPEeNeIbLHOrO MEePEexX01a IO 3HAKOM WMHTErpaaa OOECIeIUBACTCA U MEHEE
CUTBHBIMU TPEOOBAHUAMU, KAK, HAIPUMED:

a) fu(z) = f(z) mouru Bcrogy, |f,(z)| orpanmdeHsr pUKCHPOBAHHON
MOCTOAHHOU (WM a¥Ke JOKATLHO HHTEIPUPYEMOU (hyHKIUen);

6) fu(z) — f(x) moHOTOHHO BO3pacTas wmu yOwBas, f(r) JOKAIBEHO
HHTErpupyema.

Mpumep. TlocaeIOBATENLHOCTE PErYIAPHBEIX (DYHKIMOHATIOB MOXKET
IMETb OPeneJaoOM CUHTYJAPHLIA PyHKIMOHAA. Tak, (pyHKIMOHAX

o ¢(x)
|z|>e

coemagaet pu x 7 0 ¢ 0OBIYHON (DYHKITUEN %, HE UHTErPUPYEMOU B TIOO0U
OKPECTHOCTU HAJYaIa KOOPIWHAT, U TIOTOMY HE ABIACTCA PErYIAPHBIM.
Ho w3 camoro mocTpoerus BUIHO, 9TO ATOT (PYyHKIUOHAN €CTh MPEIeN
(mpu € — 0) peryaapHbIX QyHKINOHAIOB, OTBEIAIINX (HYHKIAAM, DABHBIM
1 npn |z| > € u pasnBM HY™TIO TIPH 2| < €.

Boo6rmie M0xkHO moka3aTh (3TO GyAeT NOKA3aHO BO BTOPOM BBIMTYCKE),
qTO KAHCOWI, CUNLYAAPHBIT YRKUYUONRAA €CMb Npedea Pe2YaipHbl.
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Jlerko mpoBepuTb, UTO KaKHcdas 0600wennas PYwKuuL ecmv npedes
0006WENHBIL PYHKUUT, COCPEIOMOUEHHIT 6 02PAHUUEHHDIL MHOHCECTNBAL.

PaccmorpuM mma  moKasaTenbCTBA GECKOHETHO Aup@EPEeHIupyeMyto
dyskuno g, (r), paBHyo enumHmMIe B mape |¢| < v W HymIO BHe mapa
|z|] < 2v. [ua mo6ou OCHOBHOU (DYHKIUU @ OYEBUAHO, UTO ¢, = (,
HauWHAA ¢ HexkoToporo v. OTcioma ciaegyer, 9TO NI J060T0 (DYHKINO-
wana f mpousseneHusa ¢,f cTpemMATca K f; TEUCTBUTENLHO, I JTHOOOU
ocHoBHO GyHKumu ¢ Mbl umeeM (g, f,p) = (f,9,p) = (f,p), Hadunas
¢ HEeKOTOpOoro v, T.e. yciaosue (g, f,0) — (f,) 3aBeIOMO BBLINOIHAETCA.
dyukuuonan ¢, f, Kak Jerko BUIETh, PABEH HyJIO B obmactu |x| > 2v u,
CIeJOBATENTBHO, COCPEIOTOYEH HA OTPAHUIeHHOM MHOXecTBe |z| < 2v. UTak,
0000mmennas pyHKua [ ABIACTCA OPELeaoM OOOOIIEHHBIX QYyHKIMHA g, f,
COCPENOTOYCHHBIX HA, OTPAHWYIEHHBIX MHOKECTBAX, 9TO W yTBEPK JATOCh.

Bax#ubiM HaKTOM ABIAETCA TOTHOTA TPOCTPAHCTBA 0OOOIEHHBIX (DYHKIUA OTHOCH-
TEIHLHO BBEJIEHHOU CXOAUMOCTHU. VHBIMU CIOBaMU, €CIIU MOCAE0BATETHHOCTD (DYHKIIMOHA-
a08B f1, fa, ..., fv, ... TAKOBA, 9TO M/ KX I0M OCHOBHOU (PYHKIUK () CYIIECTBYET IMPELEN
YUCIOBOM MOCIEAOBATEALHOCTH (fy,p), TO DTOT Hpelen ONpPEeIeNseT CHOBA JUHEUHBIN
HENPEePHIBHBIN (GYHKIMOHAJI HA MpocTpaHcTee K.

Jloka3aTenbCTBO DTOr0 NPENIOKEHN 1aHO B JOOABIEHNN B KOHIE DTOrO BBIMYCKA.

9. KoMmrutekcHbIe OCHOBHBIE M 06G00IIeHHbIe PYyHKIUU. B mpesbigyiem
UBJI0XKEHAN TPEINOIaraioch, 9TO OCHOBHEIE (YHKIUU (r) MPUHUMAIOT
TOMBKO BEIECTBEHHBIE 3HAYEHUSA U 9ITO 3HAUeHUsA QYHKUuoHaIOB (f,p)
TAKXe BEIIeCTBEHHEI.

Mo»XHO OnpeaennTh 1 KOMILIEKCHBIe 0000ImenHse Gyukiuu. 11 5Toro
MBI TIEpEUIEM OT MPOCTPAHCTBA BEIIIECTBEHHBIX OCHOBHBIX (DYHKIIUYA K TIPO-
CTPAHCTBY KOMILIEKCHBIX OCHOBHBIX (T.€. 6ECKOHEIHO AU HEPEHIUDYEMBIX
7 PUHUTHBIX) QYHKIAN C TPEKHUM ONPENeJCHUEM OTEePAIAN.

Komnaexcnot 0606wennot Gynryueti Ml OyqeM Ternepb Ha3LIBATL BCA-
KU JUHENHBIN HEMPEPHIBHEN (DYHKIMOHAT Ha 3TOM HOBOM MPOCTPAHCTBE,
TMPUHUMAIOIINAN, BO3MOXKHO, U KOMILTCKCHBIE 3HAMCHUA.

Kax 1o KoMmiekCHO3HAYHON JOKAIBLHO UHTerpupyemon pyukiun f ()
MBI TIOCTABUAM B COOTBETCTBUE (PYHKIIUOHAI

(fr0) = / F@p(e)de, (1)

DIe 9epPTa CBEPXY O3HAYALT MEePEXO]] K KOMILIEKCHO COMPAXKEHHOU BEIUIUHE.
O603HaYEHNS IS TPOCTPAHCTB KOMILIEKCHBIX OCHOBHBIX 1 O00OIIIEHHBIX
dysxumun Mer ocrapum npexuane: K n K'.
JencTBus CaOKeHUA U yMHOXKEHUA Ha (KOMIUIEKCHOE) IUCIO B IPOCT-
PAHCTBE KOMILIEKCHEIX OGOOMIEHHBIX (DYHKITUN 33,1aK0TCA (POPMYIAMA

(fi + f2,0) = (f1,0) + (f2,9),

_ . (2)
(Oéf,(p) - a(fa(p) - (faa(p)
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YMHOXEHNEe Ha KOMILTIEKCHYI0 OeckoHeuHO nuddepeHnupyemMyo QyHK-
o o) TPOU3BOAUTCA O (HOPMYJIE

(a(@)f,9) = (f,a(z)p()). (3)

Kaxgon 0600meHHON (GYHKIUU [ MOXKHO COTOCTABUTHL KOMILIEKCHO
CONPAKEHHYIO 0000meHHy 0 GyHKIMIo f 1o popMmye

(f,0) = (f,)- (4)

Jlerxo npoBepuTh, 9TO 1is 00br4HON GyHKIMEU f(T), paccMaTpuBaeMon
B KavecTBe OOOOIIEHHON, OMepAIa KOMILIEKCHOTO CONPSKEHUsA OTBEIAeT
mepexony K OOBLIYHOU KOMILIEKCHO COTPAXKEHHOU (PpyHKImu. B narnHeneM
MBI OyIeM, Kak MPaBUIO, PACCMATPUBATHL BEIIECTBEHHBIN Caydan. Bmpo-
9eM, PE3Y/IbTATHI, IIOMYyY€HHEIE I BEIIECTBEHHLIX O000MEHHBIX (DyHKINN,
OOMBITEN YaCTHI0 ABTOMATUICCKU TEPEHOCATCA HA KOMILIEKCHBIA CIyYdan C
OYEBUIHBIMY M3MEHEHWAMH, BhITeKaomumu u3 ¢popmya (1)—(4).

10. [pyrme ocHoBHEIe TpocTpaHcTBa. DYHKIIMOHATLI, OMpPENeICHHBIE
HA OCHOBHOM TPOCTpaHCTBe K, BO MHOTHX CIydadX yIOOHO pacIpocTpa-
HATHL Ha 60Jee MUPOKHAE IPOCTPAHCTBA (DYHKIIMH U M3Y4YaTh yKe Ha dTUX
MPOCTPAHCTBAX.

OmarM w3 HambOJEe IACTO BCTPEYAIOIIUXCA B IPUMEHEHUAX ABIAETCA
IPOCTPAHCTBO S, 06PA3OBAHHOE U3 TAKAX OECKOHETHO AU(PQPEPEHINDPYEMEIX
¢yuxnun (), KOTOpble Opu || — 00 cTpeMATCA K HyJII0 ObICTpee

1

JI000U CTEneHn Tz]» TAK XK€ KaK M UX TPOU3BOJHBLIC JI000T0 MOPAIKA

(mampumep, 6_9”2). Taxum 06pa3om, Ha, ocu —oo < ¢ < 00 pyHKIuu p(zx) € S
YIOBICTBOPAIOT HEPABEHCTBAM BUA,

k
|2*(@) ()] < Cig (1)
npu 00X k, ¢ = 0,1,2,...
[ cnyvgas HECKOJIbKUX HE3aBUCUMBIX IEPEMEHHBIX L1, ... , T, HEPABEH-

crBa (1) 3aMeHAIOTCA HEPABEHCTBAMU

601+...+qn T
xlfl xfz" q1 (ptgn) < Ckl’“wkwnqu---an
oz ...0xy

(k1y...,qn = 0,1,2,...),
YTO MOXKHO CHMBOJUYECKHU 3AMUCATL B HOIee TpocTon (popMe:

" D7p()| < Ciy,
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rae k = (k1,... . kn), ¢ = (q1,...,qn), ¥ = a:lfl ...:Ufl",

o t.tan

o
027 .. 9z

CxomuMOCTL B MPOCTPAHCTBE S BBOAUTCA caeryiommum obpasom. I[locie-
IOBATEILHOCTE o, (1) HaszwBaeTCA crodawelica ® Pywkuyuu @(x), ecan
OPOM3BOAHEIE JMIOO0OTO MOPAAKA OT GyHKOUU , () B MOOGOM OrpaHUIeH-
HOU 06JACTH PABHOMEPHO CXOAATCA K COOTBETCTBYIOMICH TPOU3BOTHOU OT
dyHKuUM @(x) U B OLEHKAX

¥ D7, ()] < Ciq (2)

nocrosuable Cf, MOXHO BHIODATH He 3aBUCAMINMHU OT V. B sToM ciydae
npenenbHas QYyHKOUA @(T) TAKKe OPUHAIIEKUT K OIPOCTPAHCTBY S, UTO
BLITEKAET U3 HEPABEHCTBA (2) B pe3yabTaTe MPenelbHOrO Mepexoia Tpu
v — 00.

OueBugHO, 9TO Kaxkaas (GUHUTHAA OECKOHEIHO auddepeHnupyemMas
(bysKIMA, T.e. OCHOBHAA (PyHKIUA K3 MPOCTPAHCTBA K, NpUHAIIEKAT
u k mpocTtpancTBy S. Bomee Toro, guwummubie dynxyuu o6pasyom 6
npocmpancmse S naomuoe mmoxcecmso. [la m0Ka3aTEILCTBA MOCTPOAM
dyuknuio e, (z) € K, paBHylo equnuie B ky6e || < v, paBHYIO HyIIO BHE
Kyba |z;| < 2V U Takyio, ITOOLI IPOU3BOAHLIE JIIOOOr0 (PUKCUPOBAHHOIO
nopaaka y Bcex gyukmun e, (z) (v =1,2,...) Obur 6Bl OrPAHUICHEL OJHUM
¥ TeM K€ 9UCIOM, He 3aBHCAIIAM OT U,

Ecau Teneps ¢(x) — moban GyHKIMA ©3 IPOCTPAHCTBA S, TO MPOU3-
Bemenun ¢, (z) = p(r)e,(r) GUHUTHBL U, KaK JEMKO YOCAUTHCA, CXOOATCA K
dyuxun @(x) B IpOCTPAHCTBE S, 9TO U yTBEPXK TaETCA.

OrmeTnu emre, 9TO ecant ¢, ¢ € K u ¢, — ¢ B K, TO, 09€BUIHO, ¢, —> Y 1
B CMBICTE CXOIUMOCTH B S; MHEIMU CJIOBAMU, CXOIAMOCTD B TPOCTPAHCTBE K
607ee CIIBHASM, €M CXOAUMOCTE B IPOCTPAHCTBE S.

COBOKYITHOCTE JMHEMHEIX HEMPEPLIBHEIX (DYHKIMOHAIOB HA IPOCTPAH-
cree S obozmadaerca depes S'. O4UeBUIHO, ITO KAXKIBIU HENPEPHIBHBLIN
JUHENHLIN (QYHKIIMOHAT HA, MPOCTPAHCTBE S €CTh TeM CAMBIM U JUHEHHBLINA
HENpepHIBHLIM (pyHKIMOHAT Ha mpocTpancTee K, Tak 1ro S’ C K'. Ho,
KOHEYHO, NATEKO HE BCE JWHEHHBIE HEMPEePHIBHBIC (DYHKIMOHATIEI Ha K
MOT'YT OBITH PACIPOCTPAHEHBI HA IPOCTPAHCTBO S. (3aMeTuMm, BO BCAKOM
CAy9ae, 9TO €CAU TAKOE PACIPOCTPAHEHUE NI NAHHOrO (pyHKImMOHATA f
BO3MOXKHO, TO OHO eAuHCTBeHHO B cwiy mmoraoctu K B S.) Opgnmaxo
Ha TPOCTPAHCTBO S pPACIPOCTPAHAITCA BCe (DUHUTHBIE (DYHKIMOHAILI
(cocpenoTovueHHbIE B ONPAHUYEHHOU OOIACTH), BCE PEryIApHBE (DYHKIMO-
Hasbl, oTBevaomuye Gyukuuam f(z), pacTymmM He OBICTpee Kakou-HuOy b
crenenu |z| mpu || — 00, U HEKOTOpEIE ApyTHe.

DHampumep, MOXKHO KaK yTOIHO MOCTPONTE e1(T) W 3aTeM MoIoKuTh ey (1) = e1(2).
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Odepugno, uto S’ ecTh qmHENHOE TpOCTpaHCTBO: ecm f, g € S', To
af + g € S' pna moberx wucen a u 3. CaegosaTensno, S’ — auHEHOE
MOAIPOCTPAHCTBO B mpocTpancTee K.

B npocTpancTee S’ MOXKHO onpeneauTs CX0IMMOCTb AHAJTOTIIHO TOMY,
Kak »TO ObLto caenano B K': GymeM roBOpUTh, YTO MOCAENOBATEILHOCTD
dbyskumonanos f, uz S’ crodumcea ¥ pynxknmonany f mwa S’, ecniu s mob6on
dyskunm (z) € S

(fuy0) = (fr0)

Tak xkak S comepxut K, TO acmo, uto ecau f,, f npumamaexar S’ m
fo—=> 8BS, 10 f, > fB K' Takum o6paszom, npocTpancTBo S’ BIOKEHO
B mpocTparcTBo K’ BMECTE CO CBOEH CXOIMMOCTBIO.

Kpome mpocrtpancTBa S, CyIIECTByeT MHOT'O WHBIX THUIOB OCHOBHBIX
MPOCTPAHCTR, ONPEIENACMBIX PA3HBIMUA TUTAMU YCIOBUNA YOBLIBAHUA OCHOB-
HBIX QPYHKIUN HA 6ecKOoHEeIHOCTH. MBI OygeM paccMaTpuBaTh TAKUE MPOC-
TPAHCTBA BO BTOPOM BHIMTYCKE.

B sTom BrImycke mpocTparcTea S u S’ 6yAyT urpaTh BTOPOCTENEHHYIO
poas. Kax mpasumo, Mer 6yaem paccMaTpuBaTh mpocrparcTsa K u K'; B
TeX Caydasx, KODJa HaM MOHAJAO0ATCA APYyTUe IPOCTPAHCTBA, DTO OyxeT
CHEINATHEHO OTOBAPUBATHCA.

6 2. IuddepeHumpoBane M HHTErpUpOBaHUE 0060GIIEHHBIX
dyHKIIIT

1. OcHoBHEIe ompefeaennsa. 3pecTHo, 9TO omepauusa audg@epeHmpo-
BAHUSA HE BCEMJA BEIMOIHUMA, I OOBIYHBIX (DYHKIIUN: CYIIECTBYET OOIBIIOE
KOJUYIECTBO (PYHKINK, HE UMEOUIX IPOU3BOIHEIX B OOLIMHOM CMEIC/IE CJIO-
Ba. B IpOTUBONOI0XKHOCTE TOMY MBI ITIOKAXKEM, 9TO 0606ujenubie GynKryu
umenm npouszsodusie (1 IPUTOM BCEX MOPALKOB), KOMOPbLE NPEICmasasom
cobot maxxce 06o6uennbie GYHKUUY.

[ TOro 94To6Ll MOJOUTH K ONPENEJCHUIO IPOM3BOMIHOU OO0OOLIEHHON
JyHKIUM, pACCMOTPUAM BHAYAJE CAydal OOLIYHBEIX (PYHKIUE OJHOrO HIepe-
MEHHOI'O.

Ecau ¢pyukuua f(z) menpepbiBHa 1 061a1aeT HEMPEPLIBHOU MTPOU3BOI-
HOU (B OOBIMHOM CMBICJIE), TO MBI MOXEM NMOCTPOUTE (PyHKIUOHAL
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NuTerpupys mo 9acTAM U yIUTHIBAA, 9TO QYHKIMA @(x) 0OpaIaeTcs B
HyJIb BHE HEKOTOPOI'O OTPE3Ka [a,b], MBI moiydaeM:

(1) = 1@e@)|” - [ 1@ @i = =)

OTO PaBEHCTBO MBI U TMOJOXKUM B OCHOBY OOIIEr0 OMPEIeTeHUs MPo-
M3BOAHON OT 0600meHHON QyHKIWMU. IlycTh f — NpOM3BONBLHLIN JIUHEH-
HBI HEMPEPHIBHEIN (DYHKIMOHAT HA OCHOBHOM mpoctpancTtee K. Torma
Pynruuonas g, 3adannviti Gopmyaot

(g,(P) = (fa_cpl)a (2)
Mbl Oydem wasvieamv npou3sodnoli om @ynxyuonasa f u 0603navamo
uepes [ uau %.

B cuny mamero cormamenus o cumpoauke (§ 1, komer m. 3) ompege-
JeHre Opou3BogHOH f' o606menHON GyHKIUKM f MOXKHO 3alUcaTh OYeHb
HaIVIAIHOUN (POPMYJION:

[ r@e@as = - [ 1@y @ds. @)

Yro0Br yOEIUTHLCA B KOPPEKTHOCTH ONPENeJeHUs MPOU3BOTHON, MOKAa-
JKEM, 9TO (PYHKIMOHAT § TAKXKE ABMACTCSA JUHCHHBIM HEMTPEPHIBHLIM (DyHK-
IIMOHATIOM Ha OCHOBHOM mpocTpaHcTBe K. IIpoBepuM >TO yTBepK IeHUE.

Bo-nepBeix, QpyHKOMOHAT ¢ ompenenreH wa scex Gymxyusr p(r), mno-
ckonbky —'(x) BMecTe ¢ p(x) ecTh ocHOBHAA GyHKIuA. QOUEBUIHO, ITO
dysxUMOoHAT g AuHeeH. OCTAeTCA MPOBEPUTH, YTO OH HEMPEPHIBEH.

IlycTe gaHa TMOCAEOBATENLHOCTb OCHOBHBIX GYHKIMI ¢, (z) (v =
= 1,2,...), crpemamasnca k nymo B npocrpanctse K. Torga, cormacuo
OTIPENeNICHUIO CXOIMMOCTY B TIPOCTPAHCTBE K | MOCIe [0BATEILHOCTD TPOU3-
BOOHBIX —p) () TakXke CTpeMUTCA K HymTi0 B mpocTpancTse K. ITosToMmy,
B CIIy HEMPEPLIBHOCTU (PYHKIMOHAMS, [,

(9,00) = (f,=¢) = 0,

4TO U TpebyeTcs.

Urak, xaxmas o600menHas Gpyukius f uMeeT NpOu3BOIHYIO.

JIerko mpoBepuTh, UTO BHIMOJHATCA OOBIYHBIE TpaBUIa quddepeHIm-
POBAHUA: TPOU3BOAHASL CYMMBI PABHA CYMMeE MPOU3BOAHBLIX, U TOCTOAHHBINA
MHOXUTENL BHIHOCUTCA 32 3HAK TTPOU3BO JTHOU.

[ns npoussenenus GeckoHeuno AuddepenimupyeMon GyHkmu a(x) Ha
0000IIEHHYI0 (PYHKINIO f OCTAETCs CIPABEIJIUBOU KAACCHIECKAs (GOPMyJIa
auddepeHnupoBaHNA

(af)' =ad'f+af". (3)
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[enCTBATENLHO, MBI UMEEM:

((af) @) = =(af,¢") = —(f,a¢") = =(f,(ap)' —d'p) =
_(fa (acp)l) + (f,a'cp) = (flaa(p) + (a'f,cp)
(af',0) + (a'f,0) = (af' +d'f,p),

410 u Tpedyercs.

Iepexoqum Temeps K CIyYaio HECKOMBKIX HE3ABUCUMEBIX MTEPEMEHHEIX. B
DTOM CIydae MBI MOXKEM ONPEeNeINTh IIA KaxX 101 0000ImeHHon Gpyukuun [
ee YACTHBIE MPOUBBOAHLIE MO KAaXAOMY W3 HE3ABUCUMBIX IEPEMEHHBIX
T1,T2,...,Ty 00 GOPMYIAM BUIA

(%w) = <f,—§—2> (j=1,2,...,n). (4)

Tak e, KaK U BBIIIE, JECKO MPOBEPACTCA KOPPEKTHOCTbL 3TOCO OMpe-
OeTeHUA: eCMr (PYHKIWOHAN [ pPEryiapeH M COOTBETCTBYIOMAA (DyHKIWA
f(z1,29,... ,2,) HEnpepLIBHA U O0JALAET HENPEPLIBHOW IPOM3BOLHOU IIO
IEePEMEHHOMY &, TO MHTErPUPOBAHUE [0 IACTAM, KaK U BBIIE, IPUBOLUT

HAC K BBEIBOAY, ITO (PYHKIIMOHAT % eCcTh (PYHKIUOHAT THUNA (DYHKIINN
J

Of(x1,...,xn)
8:[7]'
IMockonpky pesyabrar audgdepeHnupoBadua 00O0OIEHHON (yHKIIN
eCTb CHOBa 0000IIeHHaA (PYHKINA, MBI MOXKeM IIPOJ0IKaTh AuddepeH-
8f
Bxiaxjaxk

IIIPOBAHUE U ONPEIEJUTH TMPOU3BOIHBIE Bfng, u T.1. JH060T0
MOPAIKA.

Takum obpasom, sce obobwennbie Pynkyuy Oeckoneuno dugdepenyu-
pyembi.

B uwacTHOCTH, KaX1asg JOKATLHO UHTErpupyeMas hyHKINS UMEET MPo-
U3BOAHBIE B 0600MIEHHOM CMEICIe Beex mopsaakos. (IIpu stom, ecmu dyHk-
muA f uMeeT OOLIYHYIO TTPOU3BOHYIO, TO OMPENeIACMBIN MOCIeTHeN (hYHK-
IIIOHAT He 00A3aH COBMAIATH C MPOU3BOLHON OT f B CMBICAE OGOOIIIEHHBIX
dyHKIML. )

Bo sropom Brimycke (ru. 11, § 4) Gy et noxasana oOpaTHas Teopema;: Ka-
scdas 0600wWennas PYNKUUAL ABAAEMCA NPOUZBOOHOT HEKOMOPO20 NOPAJKA
8 0000ULEHHOM CMBICAE OM HKEKOMOPOl A0KAALDHO unmepupyemot @ynk-
yuu (u dasce om menpepvienol PywKYU), wAu, MOKHcEMm ObIMb, KOHEUHOT
CYMMOTE MAKUT NPOU3E0IHBIT.

CMermanabie TPOU3BOAHBIE O00OIMIEHHEIX (DYHKIWA HE 3aBUCAT OT MO-
pAxka nuddepeHuupOBaHuA: TaK, HAIIpUMep,

0% f _ 0% f
81‘16$2 B 8:62631@1'
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[encTBUTENBHO,
0% f _(Of Op\ _ f 0%y _ (s 0% B
83518562 )= 8352 ’ 8:[71 a ’ 85628351 a ’ 83518562 o
_(Of 9\ _ ([ 2f
n 81‘1 ’ 61‘2 B 61‘261‘1 v
3amevaHue. MOKHO ONpeneauTh NPOU3BOAHYIO OOOOIIEHHON (DYHKIIUN U
KaK Mpeaen HEKOTOPOT'O OTHOIIEHUA — 3TO OIMKe K OOBITHOMY OTpenese-
HUIO TPOU3BOAHON. OTrPpaHUINMCA I TPOCTOTH CIyIaeM (hYHKIMKA OTHOTO
TIEPEMEHHOT0.

HanomuuM, 9T0 1715 BCAKOU 0600MIEHHON (QYHKIMKA [ MOXKHO IIOCTPOUTH
ee CIBUT, HATpuUMep Ha BeaudnHy Az, o ¢popmyae (cM. § 1, m. 6)

(f(z + Az),p(x)) = (f(2),p(z — Az)). (5)

IMokaxem Temepb, 9TO AAA BCAKON OOOOIIEHHOUW (PYHKIUW CYIIECTBYET
upenen (B CMBICIE OOOOMIEHHBIX (DYHKIWI) OTHOICHU

flz + Az) — f(x)

6
s (6)
mpu Az — 0, 1 DTOT TpeIen COBNAZAET C ONPeIeTeHHON BHIMIE MTPOU3-
BOJHOH %. HencrBurensHo, npumensas (6) k ocHOBHOU GyHKuuu () u

ucnonb3ys gopmyay (5), Haxomum:

<f(w + AAJJ; — f(=) ,cp(x)) _ <f(l,), ol — AAfva): - sO(x)> _

p(z—Ax)—p(z)
S, mmeer npu Az — () CBOMM IPEIETOM OCHOBHYIO

Ho ornomenue
dyuxmuo —¢' () B CMBICTE CXOOUMOCTH, YCTAHOBJIEHHOU B IPOCTPAHCT-

Be K. Tak kak pyHKIMOHAI [ HENPEpPBIBEH, TO

(P e@) = @) = (0

rae f' — ompeneneHHAA BBINIE TPOM3BOAHAA OOOOWIIEHHOU (yHKIUEA f.

f(z+Az)—f(z)
Az

Taxum 06pa3oM, OTHOIIEHNE NENCTBUTEILHO UMEET MIPELeIoM

B npocrpanctee K’ ¢pyukumonan f'(z), 4To U yTBEPKIAIOCH.

2. Ilpumepsl 14 ciyvas GPYHKIMA OJHOI'0 HE3aBUCHMOT'O IIep eMEHHOI 0.
Boure Mut Bugenu, uto gyukuuonan f’ coorsercTeyet pyuxnuu f'(z), ecan
¢yuxnuu f(z) u f'(z) senpeprBabl. Herpyaso y6equTbes, 9T0 5TO BEPHO
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u Toraa, korga f(x) HempepbiBHa, a f'(r) TOILKO KyCOYHO HENpephBHA, (1
MOXKET OTCYTCTBOBATH B KOHEUHOM YUCJIE TOYEK). [[eMCTBUTEILHO, B 3TOM
CIydae OCTAeTCA CIPaBEIIUBEIM paBeHCTBO (1) mpeabiaymero myHKTa.

Ewe Gonee o6muM ycaoBueMm, npu KOTOPOM COXPAHAETCSA PaBeHCTBO (1)
n. 1, aBaserca aGCOMOTHAA HENPEPLIBHOCTE [ (), KOTOpas, KaK W3BECTHO,
BIedeT cymecTBoBaHue f'() mOYTH BCIOAY, JOKAIBHYIO MHTEIPUPYEMOCTH
€€ U BEIOJHEHNE (POPMYJILI MHTErPUPOBAHAA IO IACTAM, COOTBETCTBY IOMIEN
pasercrsy (1) m. 1.

IMepengeM K pacCMOTPEHUIO TPUMEPOR.

Mpumep 1. Paccmorpum dyHKITIIO

0 mpuzxz <0

6(.’1/') — p )
1 opumz > 0.

Orevaromun en pyskumonas Oynem Takxke obosHadars 4depes 6(z). Co-

rmacHo obwen dopmyre (2) ws m. 1, ¢pyskumonan 6'(z) memcreyer Ha

OCHOBHYIO (OYHKINIO p(Z) Tak:

(0'(2),0(x)) = (0(z),—¢' (z)) = —/w'(l’)dl’ = ¢(0);

TakuM 06pa3oM, B CUIy omnpeaenenus nenbra-gyuknun (§ 1, m. 3),

AHAIOrWIHO, KAK JErKO IPOBEPUTH,
0'(x — h) = 6(x — h).

Mpumep 2. IHycrs Temeps f(x) — KyCcOYHO HempepwIBHAA (QYHKIUA C
KyCOYHO HeNnpepuBHOU mpousBogHou f'(z), uMenmas B TOIKaX T1,Tsa,...
paspeiBeL 1-r0 poga co ckadkamu hi,hs,... (puc. 1). Hpoussoguas f'(x)
OIpemenena BCIOLy, KpOMe KOHEIHOTO 9uCaa TOYeK. Hanmmem mpousBo qHyo
OT yHkumMoHana f, coorseTcTByOmEro Gyukiun f ().

Brenem dyuxnuio

file) = fz) =Y bz — ap). (1)
k

OdeBugHO, ITO OHA BCIOAY HEMPEPLIBHA W MMEET, MCKIIOYAs KOHETHOE
Y0 TOYEK, NPOU3BOAHYI0, paBHyio f'(z). [Ipoussoguas or perymapHOro
dyHKIHOHATA fi, COOTBeTCTBYIOmEro GyHKnuu fi (), B CAIy CKA3AHHOTO
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y hl RA

Puc. 1.

B HaYaJe dTOT0 IYHKTA, COBIAJAET C PEryIIpHLIM (PyHKIMOHAIOM, OIpee-
agembiM gyukuuen f'(x). Takum o6pasom, nuddepernupysa paseHcTso (1),
MBI HAXOIIM:

== bl — ),
k
OTKYy1a

f= 1+ bl — ).
R

Urak, ecau f(x) — wycouno nenpepvisnas Gynkyus ¢ KYcouno menpe-
poisrott NPou3eodnot, mo npu JuPdepenuuposanuy KaHcOaA MOUKG Pa3-
pwisa 1-20 poda xy, Pynkyuu f() co ckawkom hy dobasasem 6 svipasicenue
npou3eodunoti caazaemoe hipd(x — xy).

CBoeo0Opa3Hoe MOMOXKEHUe BO3HUKAET, KOrga IuddepeHInpOBaHO
noAIeKUT OOBrIHAA pyHKIUA f(x), npoussoauas kotopou f'(z) cymecTy-
€T B OOBITHOM CMBICHE, 38 MCKIIOFIEHIEM, BO3MOXKHO, OTAETLHBIX TOYEK, HO

1

He ABJIAETCS JOKAILHO MHTEIPUPYEMON (PYHKIMEN (Har{pnMep, f(x) =4/5

umn f(z) = ln|x|). 3mece o606menHan pyuknua [ GopMATLHO TOIKHA

OBITH 3aJaHa UHTErPAIOM
(1) = [ F@gds )

Ho sTot muTerpam, Boobiie roBops, pacCXOIUTCSI U TeM CaMBIM He OIpe[e-
JafeT PyHKIIUOHAIA.

B n. 4 mob6asrenma 1 GymeT mOKazaHO, YTO MCKOMBIA (pyHKIOHAT f'
JOJKeH coBnanark ¢ pyukuuen f'(z) Bo Bcex Toukax, rae f'(z) mokanrbHO
mHTerpupyema. Takum 06pa3zoM, HCKOMBIE (ByHKIUOHAT f' mpemcraBiaeT
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cO6OU ONHY U3 BO3MOXKHEIX peryaapusanui (cm. § 1, m. 7) uarerpana (2),
a UMEHHO PeryJApU3alliio, OnpeneaaeMyo (poOpMyIon

o0 o0

/ fl@e@)de = (f0) = =(f,¢") = - / f(@)¢' (z)dz. (3)

B . 7 § 1 M1 Bugenn, 9To perymspmdanus [ GyHknmu f(Z) ¢ HEMHTErpUPyeMbIMU
OCOOEHHOCTAME B OTIEIBHBIX TOYKAX ONpeneneHa (€CIM OHA CyMECTBYET) JWIIb C
TOYHOCTBIO M0 NPUOABICHUA MPOM3BOJLHOTO (DYHKIIMOHATIA, COCPEIOTOYEHHOI'O B DTUX
Toukax. Dopmynra xe (3) ompemenser OIHY KOHKPETHYIO perymapmdanuio. MoxHO
IIOKa3aTh, 9TO AMEHHO 3Ta PEeryaApu3anua ABIACTCA B U3BECTHOM CMBICIE eCTeCTBeHHOI‘;I.
Cp.§3,mm. 1u 7.

ZKenarenbuo ynpoctuth (opmyay (3) Tak, 9TOOH B OKOHYATEIHLHOM
pesyabTaTe urypupoana cama GyHKIuA @(x), a He ee MPOU3BOIHAA.
Taxoe ympoueHne 9acTo yaaeTcsa IPOAeIaTh, UCIOAb3Y I KOHKPETHBIA BU
¢yuxnuu f () 1 COOTBETCTBEHHO IPE0OPa3ys MPaByio YacTh PABEHCTBA (3).

Mpumep 3. Haugem npousBogHyo 0T 0006IMEHHON QYHKIIUN

0 mpmz <0

A X< Y

x) = —-1<A<O.
+ z* mpumzx >0,

Ora QYHKIUA JOKAIBLHO UHTETPUPYEMA, HO €€ MPOU3BOJHAA B OOBITHOM
embicae Az ! He ABIAETCA MOKAIBLHO MHTECPUPYEMOH, M MBI IPUXOIUM K
3aade O PeryIapu3alnuy PacXoAalerocsa NHTerpata

/)\w>‘_1<p(:n)d:n. (4)

Cormacuo o6memy mpasuty auddepeHIupoBaHusa 0600IIeHHOn (hyHKINT,
[oe] [ee]

((:Uj‘_)l,cp) = —(23,¢) = —/:U)‘cp'(a:)da: = —lim [ 2*¢'(2)dz.

0

e—0
5

WuTrerpupyem mo wactam, morarad ¢ (z)de = du, z* = v, u = ¢(x) + C;
MBI HOJIY IHM:

o0

_ / MM () + C]dm].

g

(@) s9) = =l | (o) + ©)

e—0

oo
€
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ITepBoe craraeMoe oI 3HAKOM TIpefeaa caMo uMeeT npenen mpu € — 0, u
OPUTOM paBHEIN Hyt0, ecar C moaoxuTh paBHbiM —p(0). Byzem cuurars,
uro C' BHIGPAHO UMEHHO TAK; TOTJA MbI UMEEM:

= [le@) - O, )

YTO W TIPEACTABAAET COGOM MCKOMOE MPAaBUIO IS NPUIAHUSA CMBICIA,
PACXOAMIEMYCA UHTErpaty (4). DTO MpaBWio, KAK MBI BUIUM, B TaHHOM
ClIydae COCTOUT B TOM, 4TO (yHkuusa (z) mox 3HakoMm wmHTerpana (4)
samenserca Ha () — ¢(0), 9T0 06eCmeInBaET CXOUMOCTEL UHTErPAIA TIPU
xz = 0 (u me HapymaeT ero cxoguMocTu Ha GeckoHeunoctu). Ompeness-
eMyI0 paBeHCTBOM (5) OOOOIIEHHYIO (DYHKIMIO €CTECTBEHHO O0O3HAYUTH

qepes )\mfl; TaKuM 00pa3oM,

(@) = Aa} .

A1
Dynkmmonan Ar)  yxe He apageTca peryaapasiv. Ho Bee xe mpu z # 0
OH COBNATAET C PEryJAPHLIM (QYHKIMOHAJIOM: U3 GOpMyasl (5) ACHO, UITO
HA OCHOBHBIE (OYyHKIMU (T), OTIMYHBIE OT HyJs TOJbKO mpu = # 0, oH
IEUCTBYeT KaK OOLIMHAA (OyHKIIUA /\:cf‘i__l.

Mpumep 4. HeckoabKo CIOXKHEE MO CIUTHIBAETCS TPOU3BOIHASL OT 0600~
meHHOn (hyHKIINN

g, — 0 mpu z < 0,
7 e mpu = > 0.

3xech popmanabHOe TudOEepeHInpOBAHIE

xr

, [ o)
((nay),p) = [ Lda (6)
/

OPUBOIAT CHOBA K PACXOMAMEMYCA WHTETPATY. DTOT PACXOIAIANCA WH-
Terpal yxe He peryaspusyercsa 3amenoun ¢(x) ma p(z) — ¢(0), Tak kak
MOTY9IeHHBIA TTOCTE STOW 3aMEHBI MHTErpaJ CTAHOBUTCA PACXOIAINIIMCA HA,
6ECKOHEYIHOCTH.
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[lencTBYA MO CXeMe MPeaLIIYIIero MPUMEPa, MBI Oy IaeM:

((nz4)'9) = ~(nz4,9") = = [ g/ (@)de =
0
= —lim [ Inzy'(z)dz = —lim {lnaﬂp(:n)ﬁo — /Mdm} =
e—0 e—0 T
N SR C)]
= !%{ p(e)lne / . daz].

g

Buipaxenune —p(e)lne MOXHO 3aMeHUTH (oiee MPOCTHIM BHIPAKEHUEM
—p(0)Ine, mockompky pasHocTh Mexay Humu [p(e) — ¢(0)]Ine umeer
mpenenoM Hyab. /lanee, MOXHO HATIMCATD:

[ee]

lnsz/1 EUO / l_x)da:,

0(z) = {0 mpu = < 0,

rje, KaK ¥ BBIIIe,

1 opmz > 0.
B pesyabraTe MBI MOTydIaeM:

o0

(iney).g) = Tim [ L@@ =) 780@3) — (0)8(1 - 2)

dx,
e—0 T
(>

YTO U MPEACTABIAET COOOU MCKOMOE TPABUIO MPUIAHUA CMBICTA, PACXOIA-
memyca uaTerpaay (6). Mer Bugum, 910 OHO OGeCHEYMBAET CXOAUMOCTH
vHTerpana npu ¥ = () U He HAPYIIAET €ro CXOAUMOCTH Ha OECKOHETHOCTH.

Tax xe, Kak ¥ B TIPEILIAYIIEM MPUMEPE, TOJXYIEHHBIN (DYHKIIMOHAT HE

. o1
ABJIACTCA PECyMAPHEIM B [eoM; pu - > 0 oH coBmagaeT ¢ GyHKuuen - .

Mpumep 5. Hanizem npoumssoguyio o6obmenuon Gyukuuu In|z|. 3zecs
MBI BCTPEYAEMCA ¢ HEOOXOAUMOCTBIO DEry/IAPU3ALAYN PACXOIAIMIETOCA UH-

o0
rerpara [ £&)dy.
— 00
MoxHO OBLIO 6B MOTYYUTE MPABUIO PETYIAPU3ANNYN, KOMOUHUPYA VKe
U3BECTHBIE IpAaBUIA Mis qudGepeHnupoBanms 0000MeHHbIX hyHKIUT In x4
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u In(—z)4. Ho nporue 1aTh OpsaMOe IOCTpOEHNMe:

(dlnlaz| ’w(x)> = (In]a],—' (z)) =

dz
o0
=— / In|z|¢' (z)dz = — lim In|z|o' (z)dx =
e—0
—00 |z|>e

. . o o(r) _
= -t d el %, +lalsle) — [ P =
|z|>e

= lim / de.
e—0 x

lz|>¢

Kaxk u3BecTHO, MOSyI€HHBIN TIPENET HABBIBACTCS 2406HbIM 3HAUEHUEM NO

o0
@; MBI COXPAHUM UL Hero o6o3HadeHue [ 2@ gy

Kowu narerpana ot -

— 00

CoorBeTcTBy0OIIyI0 OGOOMIEHHYIO (PYHKIINIO MBI OyaeM O0O3HAYATL %

Uraxk,

dln|z| 1
de
DyHKIIOHAT % He PeryJIApHBIA, HO COBHATACT C (DYHKIIEN % BCIOLY TIpU

x # 0.

MoxHO ompegeauTs 3TOT (YHKIMOHAT TaKXKe U APYrou (GpopMyJIon,
OYEBUIHBIM OOPA30M COBIAJAIOIIEN MO PE3YJALTATY C MOIYIEHHOU BHIIIE,
HO COJePKAIIer TOJIbKO CXOIAIIANCA NHTErPAJ:

(dl;l f'*") _ 790(66) —e)y,
0

Mpumep 6. Hangem npoussoauyo ot 0606mennon Gyakuun In(z + i0),
OIpeNeaaeMOr PABEHCTBOM

In(z 4 40) = l_i>m+oln(x +iy).
y

SamuceBas In(z + iy) B Buge In|z + iy| + iarg(x + iy) u mepexomsa x
Ipefery, ML BUUAM, 9TO

In(z 4+ 40) = In|z| + inf(—x).
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Cormacuo mpumepy 2, €'(x) = 6(x); max xak 6(z) + (—z) = 1, To
0'(—z) = —6(z). Hosromy

d d . d I
%m(x +i0) = Eln|x| + m%0(—x) = imd(z),

rae o000meHHas QPyHKINUI % omnpegesena B mpumepe 5. Cp. Takxke HuXKe

npumep 4 B 1. 4.

Mpumep 7. B sakmtodeHume 5>TOr0 MyHKTA MOCTPOUM MPOU3BOMHBIE OT
nenbra-pyuxnun. Mbel uMeeMm, O9eBU IHO,

(0'(z = h),¢) = (6(z — h),—¢") = —¢'(h)

1 BoOOIIE

WM B CUMBOJUKE, TPUHATOU B . 3 § 1,

/ 58z — W)p(@)dz = (—1)¥o® (1),

3. IlpuMepsl Aia crydas (PyHKIMMA HeCKOJLKHWX He3aBHCHMEBIX IepeMeH-
Heix. OTMETUM MpeXkae BCEero, UTO A HempepbiBHLIX (yHkiun f(z) ¢
KYCOYHO HEMPEPLIBHBIMU YACTHLIMU MPOU3BOAHLIMU Aud PepeHIInpOBAHTE
COOTBETCTBYIOIINX PEryJIAPHBEIX (PYHKIMOHAJOB IMPUBOAUT CHOBA K Pery-
JIAPHBIM (DYHKIIMOHAJIAM, COOTBETCTBYIOIINM YKA3AHHBIM TPOU3BOTHLIM.

Mpumep 1. Oycts f(x) — QYHKIUA ¢ HEMPEPLIBHLIMA TPOU3BOIHEIMY B
obaactu (7, OCPAHMYEHHOU KYCOYHO-TVIAIKAM KOHTYpOM [, Ha TLIOCKOCTH
x1,T2. Bae obaactu G dyuximua f(r) npeamonaraeTca paBHOU HYJIIO; TIPU
mepexone depes rpanuily [ OHA UCHOLITHIBAET CcKavok. Hammem (GyHKIIIO-

Hal 5 f . Tlo o6memy mpaBuIy M JHOO0U OCHOBHOUN (DYHKIIUU » UMEEM:

of _ 3<P 561,952)
(6—x1’<’0> = <f7 (%1) //f z1,T2) ) ————dzdzs.
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NuTerpupys mo 4acTsAM MO IEPEMEHHOMY &1, HAXOMUM:

//f(wl,mg)%dwldwg =
G

1

1

ot _ [ 0f(ay,
= [{ fnmotern - [ L oo i, =

T2 Ty

of (1,
= /f(ﬂfl,ﬂh)COS(n,$2)<P(x1,:U2)d'y— //ﬂ#;ﬂﬂap(wl,mg)dmldwg,
r G

rge (n,xs) — yroa B Touke (1,%2) Ha rpanute [ obractu G Mex 1y BHeII-
HEU HOPMAJBIO N U OChIO Z2. TaxuMm 06pa3oM, hpyHKIMOHAT 3%% COCTaBJIA-

€TCA U3 CYMMBI PEryJasapHOro (PyHKIMOHAIA, COOTBETCTBYIOMIErO (DYHKIIUN
Af(z1,22)

le
mepexone depes rpauuiy ' o6mactu G. AHATOTUYHBIN pe3yabTaT UMeeT
MECTO B MPOCTPAHCTBE JIOO0r0 9MCIa U3MEpEHUN.

Mssectras popmyaa [puna (A — oneparop Jlamraca)

, U CHHI'YJIAPHOTO, OTBEYAIOIIErO CKAYKy dyHkuuu f(xi,rs) mpu

/ / F@1,29) A1, 20)doy dars =
G

= //Af(x1,x2)90(x1,:v2)d:v1dx2 + / (fg_‘z _ %cp) p
¢ r

¢ yaeroMm pasenctBa (Af,p) = (f,Ap) MOXKeT OBITH UCTOJIKOBAHA CJe-
OYIOIAM 06pasoM: ecaw f ecmb obobuwennas GyrKuui, co8NadaouLas 6
obaacmu G ¢ 00biunot aoKaabno unmeepupyemot dynwxyuet f(r1,x2) u
¢ nyaem ene G, mo obobwennas ynkyus Af ecmv cymma pe2yisprozo
Pynruuonasa, coomeemcmeyrowezo Gynryuu Af(xi,z2) enympu G, u

06YT CUHYAAPHBIT PYHKUYUORAA06, OMBLUAMOWUT cRaukam Gynkyut [ u %
npu neperode uepes SPOHUNKHYIO AUNUI0. AHATOMMYHLIN PE3y/JIbLTAT UMEET
MECTO B MPOCTPAHCTBE JOOT0 UNUCIa U3MEDEHUN.

B ru. III (§ 1, m. 4) GygeT JaH HEMOCPEICTBEHHLIN BLIBOI TAKOr'O POIA
COOTHOIIIEHNH, OMMPAIOIINICA HA CUMBOIMKY O600IIeHHEIX dhyHKuun 6(P) n
AHAJTOTUYHLIX €N.

Mpumep 2. Hamgem B TpeXMEpHOM MPOCTPAHCTBE PE3YIbLTAT MPUMEHE-
Hua oneparopa Jlammaca A K perymapHoMy (GyHKIIOHALY, OIPEIeJAeMOMY

dynxuueit 1 (r? = 2} + 23 + 23).
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1

- — TapMOHWYeCKas B JMoO0W 061acTH, He

3amerumM, ITO (HYHKIIUI
Comep¥KAIller Havala KOOPIWHAT, TAK YUTO BHEIPAKEHUE A% mpu r # 0

obpamaeTcsa B Hylb (B 00bIMHOM cMmbIcae). PaccmarpuBas omepanuio A B
IPOCTPAHCTBE OOOOIIEHHBIX (PYHKIIUN, MBI HAXO JUM:

(315) = (209) = 0= 220

K moayyennomy unrerpany mpumenum gopmyay 'puna (mpumep 1), 6eps
B KadecTse ob6aactu G maposon caon € < r < a, DA€ a HACTOILKO BEINKO,
9TO BHE mwapa r < a GyHKuusa () TOXIECTBEHHO PABHA HYJIIO:

[ o [ [t [t

riae ds ects saemenT cdepsl 7 = £. MBI umeeMm, najee,

[[[ eatar=,

r>e

TaK Kak % BHe IIapa r < € eCTh M'apMOHUYeCcKasa (PYHKIINA;

[ arvee= ] i =00
[[odtan- - L ffote=-ansi)

rae S:(¢) — cpenuee suadenue yukuuu @(x) Ha chepe pagmyca . B
npenene ipu € — 0 Mer HaxomuM S:(p) — ¢(0), u, caeroBaTeILHO,

<A ) = ;%///—‘pdv = —drp(0) = —4n(8(z), o(z)).

r>e

Orcrona

A% = —4wd(x). (1)

D3pecs y = O(x) o3uasaeT, 4T0 OTHOIIEHHE ¥ orpanmtero.
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AHanmOruvYHOE BLIYUCICHUE TIPU JIOOOM YUCAE U3MEPEHUR 1 > 3 TPUBOIUT K
pe3yIbTaTy

1

rn72

= —(n —2)2,6(x),

rae (), — moBepxHOCTH cepnl paguyca 1 B n-mepHOM mpocTpancTse. [Ipn
n=2

Aln% = —2m(x).

B nansuemmenm (ru. I11, § 3, n. 3) Gy,4yT AaHBI HEKOTOPBIE OOLIME IPABIIA
1A qupdpepeHnnpoBaHns PYHKINNA B CIy4ae JOKAILHO He MHTErPUPYEMBIX
npou3BoAHEIX. C MOMOLIBIO 3TUX MpaBui hOpMyIbl, ToH106HEE dhopmye (1),
MOXKHO OyJeT MOIydYaTh aBTOMATUYIECKU, T.€. HOICIETOM A% KAaK CyMMBI

BTOPHBIX IIPOU3BOIHEIX OT %

4. IuddepemmpoBanre Kak HellpephIBHAA omepamma. [lycTh aHa mo-
CIeI0BATEILHOCTE O0OOIMEHHBIX GyHKIUU f1, fo, ..., fy, ..., CXOAAIIAACA
K 0000menHon QyHKIUA [; MLl yTBEPXKIAEM, UTO NOCACI08AMEALHOCTL

NPOU360IHbIT %ﬂ’;—'{ crodumca ® npou3soonot %’cf, JlencTBUTEILHO, I/
2

M0GOU OCHOBHOU byHKINY ¢(x) NMeeM:

fy \ _ Oy 9\ _ (9f
(0) = (m5) » (5-5) = (5.

4TO U TpebyeTcs.

Anamornano pad obobwennvir gynxyut hy + ho + ...+ hy + ..., cxods-
wutica ® 0606wennotli gynkyuy g, donycraem nouaennoe duddepenyupo-
8aHUE; HBIMUA CTOBAMIU, UMEE MECTMO PABEHCTNE0

hi+hy+...+h,+...=4"

B kraccmdeckoM aHaause HOLOOHBIE TEOpEMBLI HE MMEIOT MeCTa: CXO-
IAMIYIOCA TOCTEIOBATEILHOCTL IUMGEPEHIUPYEMBIX (DYHKIWEA, BOOOIIE
rOBOPS, HEMB3A TOWIEHHO AuddepeHnupoBaTh. PaccMOTpUM, HAIpUMep,
MOCJAEI0BATEIBHOCTE dyHKuun f,(x) = %sin VX HA OCH, PABHOMEDPHO CXO-
ISIIYIOCS K HYJIO; TPOU3BOAHBIE f)(Z) = COSVZ B KIACCUIECKOM CMBICIE
HI K YeMy He CXOIATCA, B GaCTHOCTH, HE CXOJATCA K MPOU3BOJHOU OT
npenenbaou Gyuknuu. Ho B Hamem cMbicae dyukuuonans: f),(x) cxogares,
U IMEHHO K HYJTI0; 3TO, TOMIMO 00X COOOPaKEHMH, TTIOLYIaeTCa 1 TIPAMON
BBIKJIA KOM:

a a

1
(fl, o) = /cosw:cp(a:)da: = ;/sinl/:ctp'(x)dx -0,

—a —a
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rge [—a,a] — 0OTpe3ok, BHe KOTOpOro GyHKIUA ¢(x) paBHa Hymo. Bomee
TOrO, MocTefoRaTe bHOCTY f = —vsinva, f)' = —v?cosve (v=1,2,...) n
T.0. TAKXKE CXOOATCA K HYJIIO B HAIIIEM CMBICIE.

Mpumep 1. Paznoxenne nepuoauyeckonn dyukumm B psig Pypese. Ilycrs
f(xz) — mepuomuueckas (¢ mepuonom 27) JOKAILHO MHTErpUpyeMas (pyHK-
A woancaa ¢, (kosdgdunmenter Dyphe) OmpenenreHsr KIacCHIeCKUME
dbopmMmyramn

27
1 )
Cn = —/f(a:)e_”””da:.
T
0

o0

Mur yreepxgaem, ato pad Pypve Y. cp,e™ umeem ceoeti cymmoti (B
— 00

cMBIcTe 0600MmeHHbIX GyHKIMN) dynryuto f(x). B camom mene, mo Xopomio

U3BECTHOU TEOpeMe anamsal) $OPMATLHO MPOMHTErPUPOBAHHLIN P

L ¢
n 3 n 3
§ :'_eznx + com + § :'_eznx
in — in

PABHOMEPHO CXONUTCA K abCOMIOTHO HempepbiBHOU qyukuuu F(z), mpo-
U3BOAHAA KOTOPOU modtu Bciogy coemagaer ¢ f(z). Juddepennupys
MOYIEHHO PABEHCTBO

-1

[ee]

Cn Cn

F(z) = E e + cox + E et

in in
1

&0 .
HaxoguM f(z) = Y. ¢,e"™*, 9T0 u TPebOBATIOCE.
— 00

oo .
Mpumep 2. Jhoboi pad euda Y, ane™®, koafduyuenmsr Komopozo
—00

803pacmalom npu |n| — 0o we Gvicmpee HeKOMOPOT cMmeneny n, A8ALEMCA
CTOOAUUMCA 6 COBOKYNHOCTU 0006w eHnblT PynKyut, TaK KaK OH IIOIY-

[o o]
YaeTCA MOWIEHHBIM IUddEPEeHINPOBAHNEeM DAAA (gzﬁe“”, KOTOPHIN
— 00
3aBEJIOMO PABHOMEPHO CXOTUTCA MPU JOCTATOYHO OOILIIOM K.
Mpumep 3. Xoporrio u3BecTHO, ITO AL Sin T+ % + % +... cXOqUTCA
K ¢ysknun f(x), papHonr T5F mpu 0 < x < 27 ¥ IPOJOIKEHHOH C Tepu-
OIOM 27 Ha BCIO OCh, TIPUYEM YACTUIHHEIC CYMMBI 3TOTO PAIA PABHOMEDPHO

1)A.3V|rmyH,l_1,, Tpuronomerpudeckue pagaul. l'ocrexusnar, 1939, 2.621, cTp. 33.
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orpaHquHml). Takum obOpa3oM, pAI CXOAUTCA U B CMBICTE OOOOIIEHHBIX
dyuxmun (cm. § 1, m. 8, a). TuddepeHnupysa 3TOT pAL, HAXOIUM CIeIYIOIIIe
CYMMBI:

o0
cosT + cos2z + ... + cosnx + ... = —3 + 7 Y 6(z — 27n), )
—o0
o)
sinz + 28in2x + ... + nsinnz + ... = —w »_ &'(z — 2mwn), ()
— 00
o0
cosT + 4cos2x + ... + ncosnz + ... = —7w > 8" (x — 27n),
— 00
........................................................... )

PackpoiBas B mepBou u3 3>Tux (hOPMYJT KOCUHYCH O (popMyie Immepa,
MBI IOJIYYUM TaKXKe PABEHCTBO

o0
T+e® 4 4 pe @ qpe iy = 271'25(:6 —2mn).  (2)

[Ipumenss ero k OCHOBHOU (MYyHKIMHU ¢(T) U UCHOAB3YS TOT BAKT, 9TO

o0

(€™ p(z)) = / p(@)e "z = p(—n)?)

—00

€CTb 3HaYeHUe B TOUKe —n npeobpasoBanua Dypbe GyHkuuu @(x), MBI
HOTy9aeM PABEHCTBO

Y d(n) =21 p(2mn),

KOTOPOEe HA3BIBACTCA opmyaoii cymmuposanus ITyaccona® . OHo 10KA3AHO
y Hac s GyHKuumn @(x), OpUHALIERALMX K IpocTpaHcTBy K; HO ¢
MOMOIIBIO TIPEIETLHOTO MEPeX0/1a, ero MOXKHO TIEPEHECTH Ha 60JIee UPOKUT
KIacC QPyHKIUM, HATpUMEp HA QyHKIMY @(x), aOCOMIOTHO MHTErPUPYEMbIE
BMECTE CO CBOEU MPOU3BOIHON.

DE. M. duxTenronsy, Kype auddepeHnnaisHOT0 U HHTErpaIbHOro ucyuciaenus, T. 111
(Tocrexmanar, 1949), m. 664, crp. 539. B narpHEMmUX CCHUIKAX MBI Oy€M HA3bIBATH DTy
KHUTY KpaTko: «[. M. ®duxtenronsuy, Kypces.

2)Tak kaK €i"* — KOMILIEKCHAA (byHKOUA, TO OHA NPUMEHSAETCA K OCHOBHOU (hDyHK-
muu p(z) no dopmyxe (1) m. 9 § 1.

3)CM., manpumep, E. Tutumapw, Beegenune B Teopuio nurerpanos Pypwe (Focrexms-
nar, 1948), cTp. 82.
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Ananormaso M3BECTHOE paBeHCTBOl)

cos2zx n cos3z
2 3

cosz + .=—ln‘25ing‘ (3)

TIO3BOJIAET BEMUCIUTE NyTeM IuddEepeHInpOBAHNA HOBBIE TPUT'OHOMETPHU-
qeckue cyMMbl. [uddepeHnupys GpopMaIbLHO, HAXO UM

. . . 1 T )
sinz + sin2z +sin3z + ... = §Ctg§’
1 z\' 1 1

cosx+20052x+3cos3x+...:—(ctg—) =————,

2 2 4sin” £

(4)

1 n . 1cosk
sinz + 4sin2x + 9sin3z + ... = = (ctgg) ==z 32 ,

2 2 4sin” £

z o
Ommaxo yxe ¢yHKImA ctgs He ABIACTCA JOKATBHO WHTETDUPYeMOU B
WHTerpaa

/ cti 3 (),

BOOOIIE TOBOPA, pacxogurcsa. B m. 7 § 3 6yayT mocTpoeHb 0606IIeHHbIE
(yHKOMHK, OTBEYAOMUe OOBMHBIM (DYHKIMAM, cToAmuM cupasa B (4). [Ipu
1

o 1
»TOM 0000IIeHHAA (DYHKIINUA, OTBEYAomas OOBIIHON (PYHKIIUN EEETES Oy-

IeT IPOU3BOLHON OOOOIIEHHON (yHKIIA %ctg% u T.41. Ipyrumu cioBamu,
pasencTBaM (4) O6yIeT NPUAAH CMBICA C TOUKHA 3PEHUA T€OPUM 060OMIEHHBIX
dbyuxium.

®opmyast (1) u (4) TO3BOJIAIOT BELIETATH OCOOEHHOCTH y CYMMBI TPUTO-
HOMETPHUYIECKOTO PARa y (a4, cosnx + b, sinnz), Koo PUuImenTs KOTOpOro
YCTPOEHBI, HAIPUMED, CJAETYIOUIIM 0OPa3OM:

a_
(475 :aknk+ak,1nk71 -|--|-Oé()-|-—1 +7—g,
n n
) . _ 1)
by = Bjn? + Bj_n’ ! +---+ﬁ0+—6 -+ 5,
n n

rge a; u §; — nocrosuHube, a {y,} u {d,} — orpaHnUeHHBIE MOCAEIOBA-
TerpHOCTH umcen?) .

DI, M. ®uxtenronsu, Kype, r. I1I (1949), u. 664, cTp. 550.
2)Cp. B. U. CmupHor, kypc Beicmei maremaruxu, . 1T (Tocrexuagar, 1957), m. 158,
crp. 461. B panbuenmem 6ynem nucath: «B. U. CmupHoe, Kypces.
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Mpumep 4. PaccmoTpuM dpyHKIMOHAT f, OmpegenaeMuin ¢hyHKImen

In|z| +imr npmz <0,
Inz npu z > 0.

In(z + i0) = {

Kak BugHO u3 ompenejsenus, >T0O MpenelbHBIE 3HAYCHUA AHATUTUIECKON B
BEpXHEN MoaymockocTu pyukiuu In(z + iy) npu y — 0. Ilposepum, aTo

In(z +40) = lii%ln(:v +1iy)
y

B CMBICIE CXOMUMOCTH OGOOIIEHHBIX (pyHKIuU. [encTBUTENbLHO, Tpu (pUK-
cupoBanuoMm y > 0

1
In(z +iy) = §1n(:n2 +y?) + iarctg%;

npu y — 0 s1a Pyskima crpemurca K In(z + i0), npudem:

a) mepsoe craraemoe In(z® + y?), MOHOTOHHO yOHIBAS, CTPEMUTCA K
In|z|;

6) BrOpoe craraeMoe iarctg, ocTaBafsCh IO MOIYIIO OFDAHIYIEHHBIM
(aucaom ), cTpeMUTCA K (DyHKIUY

im upu x < 0,
hiz) =
(z) {0 npu x > 0.

Mosromy cxomumocTs In(z + iy) — In(z + i0) B cMBICIE 0GOGIIEHHBIX
(QYHKIUN UMEEeT MECTO B CUIY yCIOBUU, OTMEICHHBLIX B 1. 8 § 1.

Ipomseoguas oT In|z|, xak MBI 3HaeM, ecTb % (m. 2, mpumep 5);
npousBogHas oT ¢pyukuuu h(z) pasua —ind(x) (Tam xe, mpumep 2). Takum
00pa3oM, 3aHOBO MOIYIAETCA Pe3yaAbTaT npumepa 6 m. 2:

d . 1 .
%ln(x +i0) = P imd(x).

C Apyrou CTOPOHHI, B CHIy HENPEPLIBHOCTU omepanuu AuddepeHupoBa-
HUA,

. d ) . 1
1320 e In(z 4+ iy) = lim

d
—1 i0) = .
ar n(z +0) y—+0 2 + iy

Y

Mu1 nmonyuaeM MHTEpeCcHyIo (hOPMYIy:

1 1
lim — = — —ind(x), (5)
y—=+0 T + 1y x
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KOTOpas UMEeT CICAYIOIUN CMBICI: /1A JIO0U OCHOBHOU GyHKIu (1)

o0

[oe]
. T x .
lim L,)dx = Mdx —imp(0),
y—+0 Tty T
— 00 — 00
rIe MHTErPAT CIPaBa HyKHO MOHAMATL B CMBICAE TVIABHOTO 3HAYEHUS II0
Kommu (cMm. m. 2, mpumep 5).

5. leapTa-o6pasHbie MOCHAeTOBATEILHOCTH. MOXHO MHOrUME CrOco6a-
MU CTPOUTH MOCAEIOBATEILHOCTH PETYIAPHBIX (hYHKIIMOHATIOB, CXOMIAIIIX-
ca K O-pyskiuu. [I1a 5TOro Hy:XKHO TOJBLKO, YTOOBI COOTBETCTBYIOIINAE
dyuxmun f, (), KaK TOBOPAT, UMEIN «IeJIbTa-00PA3HEIA B .

TouHO 5TO BBEIPAKAECTCA CASTYIOMIMMEA YCIOBUAMU:

a) KaxoBo Owr HE GeE10 M > 0, mpu |a| < M, |b| < M Bemnunub

Vﬁ@ﬂ

OTDAHUYEHBI TOCTOAHHOU, HE 3ABUCAIICH OT a, b,V (3aBUCAIIEN TOIBKO
or M);

6) Tpu JHOOBIX (PUKCAPOBAHHLIX ¢ U b, OTIMYIHEIX OT HYJIA,

b
. 0 mpua<b<0ul<ac<hb,
lim [ f,(¢)d¢ = b

V=00 1 mpma<0<b.

a

Iycte f,(r) — rakas merbra-o6pasHas MOCIENOBATEILHOCTL. Paccmo-
TPUM HOCIEI0BATEILHOCTE IIEPBOOOPA3HEIX (DYHKIUH

R@z/ﬁ@%

Kax smerko mosydaerca w3 onmpeneseHus neabTa-O0pPa3HOU MOCIEI0BA-
TeIbHOCTH, ¢ Bo3pacTanueM v qyHkuusa F,(z) uMeeT mpenenoM mOCTOSH-
HYI0, paBHYIO Hy 0 pu & < 0, U MOCTOAHHYIO, paBHYIO equnuiie npu > 0,
U B TO XK€ BPeMs PABHOMEPHO (IO V) OrpaHUYEHA B KaXKJOM IIPOMEKYTKE.
Orcroga caeayer, uro dyuxnun F,(r) B cMBICIe OOGOOIIEHHBIX (DYHKIIUN
umeroT npenegaoM ¢yuxnuo 6(x), pasayo 0 mpu ¢ < 0 u 1 mpu z > 0. A
rorga dyuxkmmu f,(x) = F.(z) uMeoT B cMBICAe OGOOUIEHHBIX (OYHKINT
upenerom ¢pyuxnuio 0’ (z) = 6(x), 9To u Tpedyercs.
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y

Puc. 2.

Mpumep 1. PaccmoTpum dyHKITIIO

1 €
T x2 4+ 2

fe(z) = (e > 0).

I'paduk ee mokaszan na puc. 2. PaBenctso

b
1 b a
_(z)dz = — |arctg— — arctg -
/f(x) x ﬂ_{arcgg arctg —

OpY PA3JUYHBIX @ U b MO3BOMAET JErKO NpOBepuTh, 4T0 mpu € — 0
dyuxmun f-(x) 06pasyoT IeTbTa-00PA3HYI MOCIEIOBATEALHOCTD. [105TO0-
My mpu € — 0

1 €
w2 + g2

— (). (1)

ToT ke pe3ynbTaT HOIYy4aeTCs, €CAU BCIOMHUTH, ITO

1 € 1 1
- =—"TIm —;
T x24e2 T T+ i€

TOra, B CUIy HOPMYJH! (5) IpEIbIIYIIero myHKTa,

e _ —lIm 1 — 0(x),

T2 + &2 T T+ ie

KaK ¥ BHIIIIE.
Muddeperupya mo x AeIbTA-00PA3HYIO MOCIEIOBATENLHOCTE, OV-
IeM TOJYyYaTh IOCIEIOBATEILHOCTH, CXOIANAECS K ITPOU3BOAHLIM OT
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Y
/\
/ \
;o\
/ \
/ \
/ \
/ \
/ |
/ |
/ |
/ |
/ |
‘.
1
== |
o = T
\e=05
1 /
| /
\ //
|
/
\l //
! /
| /
| /
, e=03
\
\/
Puc. 3.

nenbra-gyukuuu. Hampumep, us coorTHomenus (1) caeayer mpemembHOe
COOTHOIICHNTE
2 ET
L ———— 2
7 (22 + &2)2 (z) 2)

u 7.1. Ha puc. 3 npencrasiensl pyHKIUM, CTOAMUE CIeBa B (2)
Mpumep 2. PaccmoTpum pyHKITHIO

fi(z) = SRS

a t>0).
N (t >0)

TMoxaxem, o mpu ¢ — 0 3Ta GYHKIUA CTPEMUTCA K -DYHKIUA.

3ameTum mpexae Bcero, 9to fi(x) > 0; mosToMy Tpu JMOOLIX a U b

e ady = 1Y,
2/t

a/bft(:v)dm : Z &

DI, M. ®uxtenronsu, Kypc, 7. IT (1948), . 455, cTp. 624-625.
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Y
R
I
! \ V= 6
! \
)
I \\ v=3
- ;7N /’ \\ N _ - €
T T~—=__— 1 _ ~ 7 T = T — T
_3m -7 VR ™ 3w
2 -3 3 2
Puc. 4.
Crenas 3ameny % =y, MBI BuguM, 9To mpu a < 0 < b
b
b Vi
tim [ fi(e)de = lim—— [ e %dy=1
im z)dr =lim—— [ e =
t—0 ¢ t—0 24/ y
[Manee, s ao6oro b > 0
22 T 2t Vi

o0 o0
e
—— e wdr < ——= | e
2\/mt 2\/mt
b b

_p2
#——dr=—=e % =0

2t b NG

npu ¢ — 0, TAK YTO MHTErpaibl MO JIO60MYy mpoMexyTKy (b,00), b > 0,
CTPEMATCA K HYJII0. AHAJTOIMYHLIN (PAKT MMEET MECTO [IJIA IPOMEXKYTKOB
(—00,a), a < 0. Takum obpasoM, fi(r) ecTb meabTa-00pasHas MOCAENOBA-

TeJbHOCTh, U, 3HAYUT,

2
t

1
2/t

Mpumep 3. Paccmorpum dyHKIIIO

£}

e

N

1 sinvz

fu(z)

™ xr

— d(z). (3)

(0 < v < 0)

(puc. 4). IokaxeM, 9T0 Opu ¥ — 00 3Ta PYHKIUIA CTPEMUATCA K 0-DyHKIUH.

NsBecTHO, 9TO

Z fo(@)dz = %Z

Dr. M. ®uxtenronsu, Kypc, 7. IT (1948), n

. 455, cTp. 625-627.
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[Manee, nqusa mobeix b > a > 0

™ T
a av

b b b
1 i 1 i
/f,,(x)dx = _/smuxdx = —/%dy — 0 mpu v — o0;
7T )

Takasg XKe KapTUHA, OYeBUIHO, UMEET MECTO [/ WHTEerpata OT a IO b mpu
a < b < 0. Hakower, Be1uyanna,

b

bv
1 i 1 i
—/Sm’/xdx:—/ﬂdy
™ x ™ Y

av

a

Or'pAHUYEHa, PABHOMEPHO 1O a u b mis Bcex v. OTcooma ciegyer, 9TO Mpu
v — 0o gyukuuu f,(x) 06pas3yrT NeabTa-00pa3HyI0 MOCIEIOBATEILHOCTD,
TakK 4TO

lim — = §(z). (4)

Dyukmus B CBOIO O4Yepelb MOXKeT OBITh IMPEICTABICHA KaK

1 sinve
T o

pe3yIbTaT MHTErPUPOBAHUA (DYHKINT %e’fz o mapamerpy & B mpegenaax
or —v go v. [losTomy Ham pe3yabTaT MOXeT OBITH CHOPMYJIUPOBAH EIIe
¥ TaK: UMeeT MeCTO IpeaeThbHOEe COOTHOIIEHWE B CMBICAE CXOIUMOCTH B

mpoctparcTee K':

v

. ix _
VILH;O e’rd¢ = 2mo(z). (5)

CaeBa crour npeobpazosanne Pypwe enuuunst. ([logpoGuee u ¢ apyron
TOYKM 3peHus o nmpeobpasoBanuu Pypwe Mer 6yaem rosoputs B TiI. II. Cp.
3aMedanue B koHne § 3 r. IT)

[MuddepeHUpya TO T TOJYIEHHOE COOTHOIIEHWE, MBI TPUXOIUM K
HOBHIM, ele 60Jiee NHTEPECHBIM PABEHCTBAM:

v

Jim icede = 2md (x), (6)
lim [ (i€)%e%%d¢ = 270" (x) (7)

V—00
-V



6] §2. IUPPEPEHIINPOBAHNE U UHTET'PUPOBAHUE 51

u T.1. MOXHO yTBEPXK IATH BOOOIIE, UTO 0ad 410001 A0KAALHO UHMESPUPY-
emoti pynryuu f(x), pacmywetd npu |z| — 0o ne Obicmpee nexkomopot cme-
nenu |z|, cywecmeyem 6 cmbicae o6obwennbir Gynkyul npeobpazosanue
Dypve — npedea BLIPANCENUA

/V f(€)erdg

npu v — oo. [lencrBuTensHo, samumeMm ¢Gyukmuio  f(§) B dopme
(€2 + 1) fo(€), roe fo(¢) — wmrerpupyemas dymxmma. Tax kak (yHK-
mua fo(§) obaanaer obbruuBIM npeobpasoBanueM Dypbe, TO CYIIECTBYET
npenen

lim [ fo(§)e™"dE = Go(x).

IIpz »TOM CXOAMMOCTBL PABHOMEDHA IO T B JIOOOU KOHEYHOM 001acTu;
CJEIOBATEILHO, CXOIMMOCTL UMEET MECTO B CMBICIE OOOOIIEHHBIX (hyHK-

v 2 m
uuu. IlpuMenss Kk o6erM YaCTAM PABEHCTBA OMEPAITUIO (—# + 1) u

WUCHONB3yA HENPEePBIBHOCTH omepauuy audpepeHInpoBaHNA, 3aKII0UaeM,
YTO CYUIECTBYET Ipeaes

v

) d? m
lim [ f(&)e®%d¢ = (—— + 1) Go(z),

V—00 dl‘2
—V

9TO U YTBEPK JAJI0CH.

6. Inddepenmmanrsusie ypapHerus ¢ 0606menapivu pyukmuavu. Ome-
paluu, KOTOPBIE YCTAHOBICHBI 1A O0GOOIICHHBIX (hyHKIUN — nuddepeH-
IUpOBaHMe, YMHOXeHUEe Ha (PYHKIIAIO, CJIOXKEHWe, — II03BOIAIT CTPOUTH
IuddepeHuaabEble BEIPAXKEHNUA BULA

ao(@)y™ (z) + ar(2)y" (@) + ... + an(@)y(@) - b(x),

rae ao(z),a1(x),...,an(r) — 3aganHBe 6ECKOHEYHO AUDEPEHIUDYEMBIE
¢yuxnun, a y(z) u b(x) — o6obwenuse pyuxnuu. [IpupaBauBas Takoe Bbl-
PaXXEHWE HYJII0, MBI TIOMy9aeM OOLIKHOBEHHOE JMHENHOe IupdepeHIraib-
HOE YPABHEHHUE N-TO TMOPAIKA OTHOCUTETLHO 0600menHon Gynknun y(x).
BosrukaeT BOMpOC 0 TOM, KaK OMUCHIBAETCA COBOKYITHOCTH BCEX PEIICHUN
TAKOTO ypABHEHUS.
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PaccmoTpuM cHadamra TpoOCTEUIee ypaBHEHNE

dy _

—Z=o. (1)

HokaxeM, 9TO 9mo ypasuenue 6 Kaacce 0606wennbis Gywkyul umeem
ceoum oouum peurenuem y = C (C = const).
Ypasuenue (1) 5KBUBAJIEHTHO yPaBHEHUIO

W' e) = (y,—¢') =0 (2)

s mobon ocHoBHOU (yHKIME p(z). Ho Tem camMbiM yHKIHOHAT Yy yKe
3aaH HA COBOKYMHOCTU P TeX OCHOBHBLIX (PYHKIIUN, KOTOPHIE MOT'YT OBITH
[IPEJCTABICHBl KaK [POU3BOAHBEIE OT IPYIUX OCHOBHBIX (yHkumu. Ham
HeOOXOIUMO BBIACHUTH, KAaKUMU CIOCOOaMM (DYHKIIMOHAJI Y MOXKET OBITh
pacmpocTpaHeH ¢ coBoKynHocTn ®g Ha Bce ocHOBHOe mpocTpaHcTBO K.

JIerko mpoBepUTh, YTO OCHOBHAA (DYHKIMA o (L) MOKET OBITH MPEACTa-
BJIEHA KAK IPOM3BOJHAA OT HEKOTOPOU OCHOBHOU (DYHKIIUM TOLLA M TOJBKO
TOr'a, KOI'Ia BHIIOTHAETCA YCIOBUE

(oo}

/ wo(z)dx = 0. (3)

—o0
HenctBurensHo, ecin po(x) = ¢} (z), TO

o0

7 po(z)dr = 1 (z)

C IPYTOU CTOPOHBI, IPY BBIMOJIHEHUN YCIOBUA (3) MBI moiaraem

T

p1(x) = /wo(f)dﬁ,

— 00

7 OCTAETCA TOIBLKO TPOBEPUTE, ITO (P1(Z) €CTh OCHOBHAA (DYHKIAS; HO DTO
OYEBU THO, TIOCKOMBKY (01 () BMeCTe € o () 6eckonedno quddepeHnupyema
u, B cuay ycaosus (3), puaUTHA.

IIycTe Teneps i (r) — dpuxcupoBanHas ocHOBHAA (YHKIUA, 00JIa IAK0-
IIIasl CBOUCTBOM

/oocpl (z)dx = 1.
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Maa m060u 0CHOBHOU QYHKIUY () MOXKHO HAMUCATH PABEHCTBO
o(z) = o1 (2) / p(@)dz + po(2),
— 00

rge QyHKIuUA @o(x), oUeBMAHO, ymposierTBopseT ycaoBuio (3). Orcoga
BUHO, YTO €CIU 3aJaTh 3HAYCHME MCKOMOTO (PYHKIMOHAJA Y HA OCHOB-
HOU QyHKIUA (1 (), TO 3HAYEHUE €ro Ha Jawbon qyukuuu (r) OyneT
OMHOBHAYHO ONPEIEJICHO:

o0

(y,0) = (y, 1) - / o(z)dz. (4)
— 00
Oycts, mHanpumep, (y,p1) = C1 — mpoum3BonbHOE (BUKCUPOBAHHOE THCIO.

Toraa pasercrso (4) maer

(y,0) = C4 7@(1’)@?: 701<P(ﬂf)dﬂfa

— 00

T.€. 0000IIeHHAA (PYHKIUA i eCTh HOCTOAHHAA (', YTO U yTBEPKIAIOCH.
Mur Bugum, uro guddepenHumanbHoe ypaBHeHue (1) He UMeET WMHBIX
PelIeHny B KIacce O00OMIEHHLIX (PYHKINN, KPOME KJIACCAIECKUX.

Mpumep. IMoxkaxkeMm, 9TO HA TpAMOU o6obwennas Gynkyus f, uUH6APUAHMHAL OMHO-
cumeabno cd8u208, c800UMCA K nNocmoannot. Mer nmeeM B DTOM CIydae

f(z + Az) — f(z) =0,
OTKyZa

A —

no pokasamuowmy, f(z) = const, 9T0 u TpeGyeTcs.

MO»XHO TOKa3aTh, IYTO U J00as OJHOPOIHAA CUCTEMa YPABHEHUN BUIA,

dy:
— = a1y + ... + a1mYm,
dx
............................. (5)
dy
dm = 0m1Y1 + ... + CmmYm,
T
TA€ G11,- .. ,Amm — 0eCKOHeYHO nuddepeHnupyemMble GYHKINN OT T, TAKXKe

HE VMEET WHBIX PeleHuu (Y1,Y2,... ,Ym) B OOOOMIEHHBIX (HYHKIUAX, KPOME
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KIACCUYECKUX PEOIIeHUN. AHATOTMYIHO 06CTOUT A0 s OHOTO YPABHEHUA
BBICIIIET'O TTOPAIKA

y(”) + ap (m)y(”_l) +...tap(z)y=0

¢ 6eckoHeyHO AuddepeHnInpyeMbIMr KO3PPUIIMEHTAMU, a TaKXKe IIA CH-
CTEMBI YDABHEHUM.
Hamernm 10Ka3aTeasCcTBO dTUX yTBepxkaeHnn. Cucremy (5) ana yno6CTBa 3anmmem

B BEKTOPDHOM BI/I,Z[el)

dy
2w =AY A= lagll.
Paccmorpum marpurny U = ||u;c(x)|| (byHIaMEHTANBHON CHCTeMbl (OOGBIMHBIX) PereHri
cucremsl (5); m3BecTHO, 9T0 Marpuna U oGparuMa. IlepengeM OT HEU3BECTHLIX Y K
Hem3BeCTHBIM 2z 1O dopmyre y = Uz; noacrasass 5TO Belpaxkenme B cucremy (5),
norygaem:
daUu dz
—2+U— =AUz
dz dz
WJIH, IIOCKOIBKY ‘;—g = AU,
dz
— =0.
dx

Yuuoxenue ua U~ ! mpuBouT K cHCTeMe pACIABIINXCA YpABHEHMIL

dz

E — Y
0 NOKA3aHHOMY, z = const, oTKyaa crenyet, 9To y = Uz eCTb BEKTOp, ABIAIOIIAKCSI
JNUHENHOU KOMOUHAIMEN BEKTOPOB (hYHIAMEHTAILHON CUCTEMBI.

OcTaibHBbIE YTBEPXK/IEHUA BBHITEKAIOT M3 [IOKA3aHHOrO, TaK KakK JI00e ypaBHEHUE
BBICHIET'O MOPANKA W CUCTEMY TaKWUX YpPaBHEHUU MOXKHO 3aMEHUTH OKBUBAJEHTHOU
CUCTEMOU IMEePBOr0 MOPSAIKA.

3amevaHue. B omimyuum 0T pacCMOTPEHHOrO CAydas A yPABHEHUU C
0COOEHHOCTAMM B KOd(hpUIMEHTAX MOT'YT IMOABIATHCA HOBBIE DEIIeHUA B
0600IIEHHBIX (PYHKIUAX, a TaKXKe MOTYT UCYe3aTh KJIACCAIECKUE PEelIeHus.

Mpumep 1. Paccmorpum ypasuenue 1-ro mopsaaka

dy _

0.
wdr

Ero pemenne 10MXKHO COBIAAATE C MOCTOAHHON Kak mpu - > 0, Tak u mnpu
z < 0. Orcroga caegyer, 9TO 3TO ypABHEHUE UMEET [BA JUHENHO HE3ABUCH-
MBIX DeIIeHUs:

y1 =1, y» =0(x).

DCu. d. P. Mantmaxep, Teopus marpurn, Docrexuanar, 1954, cTp. 371 u nanbme.
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Mpumep 2. YpaBueuue
—22%y =y
UMEEeT eIUHCTBEHHOE PelleHre B 0600IIEHHBIX (DYyHKIIAAX:
y=0.

[euncrBurensuo, npu & 7# 0 06OOIIEHHOE DEIIeHNE [OMKHO COBIAIATH C

1
knaccuaeckum pemterueM y = Ce=2, rge C # 0 wimm C' = 0. Ho nepsoe
HEBO3MOXKHO, TAK KK, COMVIACHO 1. 7 § 1, mHTerpan

/ew%tp(:v)d:v

HE IOMYyCKAET PerysapU3alluu.

CyuwecTBoBaHue nepsoobpasHoit. PaccMoTpum mpocTentinee HEO THOPOI-
HOE ypaBHEHUE

dg

rae f — mamHas 0600meHHAas PYHKINA, & § — MCKOMAsI.

IMokaxem, uro ypasuenue (6) npu awboti npasot wacmu [ umeem
pewenue 8 Kaacce 060buenubir Gynxyui. FEcrecTBeHHO HABBIBATD DTO pe-
[IEHUE NeP8oo6Pa3notli WU HEeONPEIeACHHbIM UHMESPAALOM OT OOOOIIIEHHON

by f:
g= /fdx.

Ypasuenue (6) 5KBUBATCHTHO yPABHEHUIO

(ga_(pl) = (fa(p)

A JTIOO0W OCHOBHOU (pyHKIuU ¢. HO TeM caMbiM (QPyHKIMOHAA ¢ 3aIaH
Ha 10001 OCHOBHOU (PYHKIUY 1), ABIAIOMIENCSA IPOU3BOIHON OT KaKOU-I160
IPYTOU OCHOBHOU (DYHKIIUU , T.€. OH 3aJaH Ha MHOrooOpasuu Pq, paccmo-
TPEHHOM B HAYAJE DTOrO IMyHKTa. MEl MOKHBI MPOLOIKATL (DYHKIUOHAT ¢
HAa BCe OpOoCTpaHcTBO K. DTO MOXKHO OCYIIECTBUTL, HANPUMEDP, TaK:

[oe]
PACCMOTPUM OCHOBHYIO GyHKIMIO (1 (), a1 kotoporn [ ¢1(z)de =1, n

—o0
CHOBA IMpEJCTaBUM JTO0YI0 OCHOBHYIO (DYHKIUIO ¢ B hopMe

o0
Y= /wd:vﬂoo,
— 00
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rae g mpuHaIIexuT Po. TeM caMBIM MBI ¢ KaX 10U OCHOBHOU (hYyHKIINEHU (p
OJHO3HAYHO COMOCTABUAM €€ (MIPOEKIWIo» (P Ha MOATPOCTPAHCTBO Pg.
Moraraem Tenepn

(90,4,0) = (ga(pO) (7)

Jlerko mMpoBepuTH, ITO MOCTPOCHHEIN (DYHKINOHAT (o TUHECH W HEMPEphbI-

Ben. O6uee peurenue ypasHeHus (7) MOTy9aeTCsA NPUOABICHUEM K HAMJEH-

HOMY YaCTHOMY DEIIEHUIO OOILIEro PEIIeHUA OJHOPOTHOTO YPABHEHUS, KOTO-

PBIM, B CITy CKA3aHHOT'O B HAYAJIE DTOTO MYHKTA, ABagerca g; = C' = const.
Nrak, Bce pemenusa ypasHerus (6) omuchiBaroTcsa hOpMyIOon

g = 9o + Ca
rae pyHKIuoHaa go 3aman gopmymaon (7).
OTbickanue OOIIETO PEIeHNa HeOTHOPOJHON CUCTEMEI

dyi |~ )
d::yL' +Zaijyj :fi (121,2,...,171), (8)

j=1

rge f; — 060OMIEHHEIE, & G;; — OOBIYHBLIE OeCKOHETHO AudhepeHIrpyeMbIe
(yHKOUH, CBOAUTCA K PelleHunio ypaBHeHun sujga (6).

[leriCTBUTENBLHO, eCIV BHITIOIHUTE YK€ MPUMEHABIIYIOCA BbINIE TOACTaHOBKY y = Uz,

rae U — marpuna dpyHIaMEHTAIBHBIX PEIIEHNH COOTBETCTBYIOIIEN OJHOPOIHON CUCTE-

— dz __ dz _ 17—1 u
Met (f; = 0), To MBI moaywum U G2 = f, wmm §2 = U~'f. B oTou cucTeme HemsBeCTHEIE

«Pa3IeNMINChy: KaxkA0e ee ypasHeHme umeer Buj (6).

Hakower, HeoTHOPOIHOE ypaBHEHUE BBICIIErO MOPIIKA
y(m) + aly(m_l) + ... +any = f, (9)

rae a; — OeckoneyHo nuddepeHnupyemoe GyHKIUUA, & f — TPOU3BOIH-
Hag 06OOmeHHAs (QPYHKIUA, CBOAUTCA K cUCTeMe Buia (8) mpu momoru
TIOICTAHOBKU

1 y Y2 dz s ey Ym—1 dz -
CrenoBaTeabHO, OTHICKAHUE OOIIEro perneHusa ypaBHeHusa suga (9) Taxkxe
CBOAUTCS K peleHnio ypasHeHun suga (6).

7. TupdepenmumpoBanme B mpocTpaHcTBe S. MBI BBEIU B KOHIE IEPBO-
ro naparpada HOBOe OCHOBHOE IIPOCTPAHCTBO S. DTO IPOCTPAHCTBO COCTO-
uT 13 6eCKOHEIHO AudPepeHupyeMbrx GyHKIUN (), yI0BIETBOPAIOINAX
HEPaBEHCTBAaM BUIA

2@ ()| < Crg (kg =0,1,2,...).
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MEt Bugemn, 9T0 COBOKYTTHOCTE JMHEMHBIX HEMPEPLIBHEIX (DYHKIMOHAIOB S’
ONPENENTEHHLIX HA MPOCTPAHCTBE S, €CTh MOAIPOCTPAHCTBO MPOCTPAHCT-
Ba K' TMHENHLIX HEMPEPHIBHEIX (PyHKIIMOHAIOB HA MpocTpaHcTee K.

Iokaxem, 9To onepayus Juddeperyuposanus ne 8ui800UM PYHKULO-
nwaa f € S’ uz amoeo nodnpocmpancmea. OrpaHUIUMCA IIA IPOCTOTHI
CIYyYaeM OQHOTO HE3ABUCHMOTO MEPEMEHHOTO. 3aMEeTUM CHAYATA, 9TO MIJII
Besakon GpyHknuu p(z) € S ee mpoussogHas ¢’ (x) Takxke JexuT B S U u3
cxogumoctu ¢, — 0 B S caegyer takxke cxogumocts ), — 0 B S. IlosTomy
dbyskumonan f', onpenereHHBN IO GOpMy.Ie

(fla(p) = —(f,(pl),

CHOBA, ABJIAECTCA JUHENHEIM HEIPEPLIBHEIM (PYHKIMOHAJIOM Ha S.

Ho oueBuamo, ¥TO B mpemesax OCHOBHOI'O MPOCTPAHCTBA K OH COBIIa-
IaeT C MPOU3BOJHOU (DYHKIMOHATA [ B yKasaHHOM Bhime (m. 1) cMeicie.
Nupivu croBamu, Tpou3BoAHad f' (pyHKIMOHATA f, MOHMMAaeMaa Kak (QyH-
KIIMOHAT Ha, K, pacIpOCTPAHAETCA HA MPOCTPAHCTBO S BMeCTe ¢ (hyHKIU-
OHAJIOM [, YTO M yTBEPXKIAJIOChL. PacnpocTpadenue 3TOro pes3yibTaTa Ha
BRICIIAE MPOU3BOIHEIC U HA CAyYall HECKOILKUX TMEPEMEHHBIX HE TpebyeT
OCOOBIX TOSCHEHUN.

Mpbl ykas3anm BBIIIE, 9TO BCE PeryispHble (yHKIMOHAILI, OTBeYalomue (yHKIUAM
CTEIMEeHHOT'0 POCTa, PACIPOCTPAHAIOTCA ¢ npocTpancTBa K wa mpoctpanctso S. Temepn
MBI BUJUM, 9TO TE€M e CBOUCTBOM 006JaTAI0T U IPOU3BOAHBIE TAKUX DYHKIMOHAJIOB. BO
BTOpoM Bhimycke (rur. II, § 4) MBI yBmAMM, 9TO BCAKMU JMHEUHBIM HENPEPHIBHBIN (DyHK-
umoHax Ha S eCTh Pe3yJbTaT MPUMEHEHUs HEKOTOPOU AudQepeHnnaI-HON ONepannm K
(pYHKIUU CTEMeHHOr0 POCTA.

§ 3. Peryapusamusa GpyHKIMA CO CTENEHHBIMH 0CO0EHHOCTAMM

1. ITocTanorka Bompoca. I3 (QyHKINN, UMEIOUINX HEUHTETPUPYEMBIE
OCOOEHHOCTH B OTAEJBHBIX TOYKAX, HAMOOIEE BAXKHBI (DYHKIIUUA CO CMe-
NERHBLMU 0COOEHHOCMAMY, T.. PACTYIIME IPU NPUOIMKEHUN T K 0COOON
TOYKE Xy HE OLICTpee HEKOTOPOU CTEIeHU o=zl B sTom maparpade
[T TMAPOKOT'O KJAACCA TAKUX (PYHKIUKA Oy IYT MOCTPOEHBI OTBEYAIOIINE UM
060011IeHHbIE (DYHKIINN.

HamomuuMm onpenenenue peryiaspusanuu, tagHoe B m. 7 § 1. Peryasapn-
3alKer THTerpaJa

/ f(@)p(x)dz, (1)

wnmu perymapusanuen GyHknuu f(r), uMeomer, BooOLEe TOBOPS, TOYKA
JOKATHLHOU HEMHTETPUPYEMOCTHU, MbI HA3BATA (DYHKIIMOHAT f, KOTOPHIN 1A
OCHOBHBIX (QYHKIUU (), PABHBIX HYJII0 B OKPECTHOCTHU OCOOBIX TOYEK
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dyuxmun f (), Beipaxaerca uarerpasom (1). B m. 7 § 1 6suto mokazano, 4To
dyuxnusa f(z) co cTeneHHBEIME 0COOEHHOCTAME (B TOYKAX, IUCAO KOTOPHIX
KOHEYHO B KAXKIOW KOHEIHOU o6macTu) obaagaer peryiaapusanuen. [Ipu
DTOM PEryIAPU3ALIUA OMPEIEIeHa C TOYHOCTBIO 10 MPUOABICHUS (DYHKIINO-
HAJA, COCPENOTOYCHHOTO B OCOOLIX ToYKax pyHKImu f ().

C 5TOU TOYKU 3pEeHUs COAep!KaHUWe OOMBINEH YaCTU >TOTO Taparpada
MOXHO ONMCATH CAeAyIomuM o6paszoM. [[ia mupoKoro Kiacca (yHKIUN
OJHOT'O TIEPEMEHHOrO CO CTEMEHHBIMU OCOOEHHOCTAMU OydeT yKazaHa pe-
DYJAAPU3AINA, eCMECMEEHHAAL B CICIYIONIEM CMBICIE: CyMMe IBYX OOBIYHBLIX
QYHKIUE OTBEYAET CyMMa HUX PeryIapu3alud; OOBIMHOU IIPOU3BOLHON
QyHKIMU — TPOM3BOIHAS €€ PEeryIAPU3ALUN; TPOU3BEICHUIO (DYHKIUU
Ha GeckoHeIHO nuddepeHuupyemyno QGyukuo h(r) — mnpouseeneHue ee
peryaspusaiun Ha h(z).

Ho maumeM MBI ¢ peryiapus3anuu KOHKPETHBIX, HAMOOJee BaXKHBIX
dyuxuu, oTkaagLIBag 0o0Mee OOIIME ONMPENEJeHUA U TOMHYH MPOBEPKY
YKA3aHHBIX CBOUCTB PEryIAPU3ANAU IO M. 7.

IMpumepoM QYHKIUEA CO CTEMEHHON OCOOEHHOCTBHIO MOXKET CJIYKUTH
PyHKIUA

—3/2 0 npu z < 0,
T T e opu x > 0.
CooTBeTCTBYIONIYIO €U 00OOIIEHHYI0 (DYHKIINIO MBI (DAKTUIECKU YKE TO-
cTpowau B mpuMmepe 3 m. 2 § 2:

3,.73/2
[pu 5ToM MBI UCXOAWTM U3 TOTO, ITO 0000wWeHHas PYHKUUL —35T

p) 6 Omoti 0606 i T1/2
0a%CHA 6bIMb NPOU3600HOT 0606UennOt Pynryuy "', T.e. peryIIpHOro

yHKIMOHALA, OIPEIEIAeMOro OOLIMHON (hyHKINEN

172 )0 mpu z < 0,
T T g mpu x > 0.

B § 2 MbI u Ha Opyrux mpuMepax BUIENIN, UTO AHAJIOTUYHBIE COOOpaXKe-
HUA 9aCTO TO3BOJAT MOCTPOUTH OOOOIIEHHYO (DYHKIIUIO, OTBEYAOILYIO

JAHHOU OOLIYHOU (PYHKIIMK CO CTEIEHHOU OCOOEHHOCTLIO.
dpyrou MeTon mosy<ueHus onpegeneHur tumna (2) — 5To memod anasu-
museckozo npodoaxcenus. UM MBI 1 6y I€M IPEUMYIIEeCTBEHHO MOIb30BATh-
cia. IIpex e yeM OOBSICHUTH €ro HIE, BBEAEM CAeAyIollee ONpeeIeHle.
Paccmorpum 0600mmennyo GyHKIUIO f), 3aBUCALIYI0O OT IapaMeTpa A,
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MPOBEraloIIero OTKPHITYI0 06JaCTh A B MIOCKOCTH KOMILIEKCHOTO Mepe-
MEHHOT'O A. DTa 0600IeHHas PYHKIUA f) HA3LIBACTCA GHAAUMUYECKOT
Pynrxyueti om A B obmactu A, ecim B >TOU O6JACTH AHAIUTUIHBEL BCE
uquncioBbie Gyukun (fy, ) Ipu T060U OCHOBHOU (HYHKIIAHA (.
O06001mmeHHRBIe aHATUTHIECKAE (PYHKIIUUA OT A MO CBOUM CBOUCTBAM AHA-
JIOTUYHBLI OOBLITHBIM QHATUTUYECKUM DyHKIUAM 0T A. Tak, ecriu onpenennTs

nPou3800HYI0 % Pynryuonata f no napamempy A Kak mpemea

lim Frrar — fr
AX—0 AN

(B cmpicie m. 8 § 1), TO MOXHO yTBEpPXKIaTb, 9TO OOOOIICHHAA (DYHK-
mua f), aHAIUTHYHA MO A B OOJACTH A TOrga W TOJBKO TOTAa, KOTIa B
KX [ON TOYKE DTOU 0OJACTH CYIIECTBYET MPOM3BOIHAS %. Nwmeror Takxe
MECTO AHAJOTM KIACCUYECKUX TEOPEM O DPA3IoXKeHuax B pax Teitopa u
B pan Jlopara, 06 aHAIUTHYIECKOM MPOMOIKEHUU W T.I.; OHE COOPAHBI B
N00aBICHAN 2 K DTOHU IVIABE.

Nnes meTona aHATATUYECKOTO TMPOMOKEHUA COCTOUT B CJAEIYIOMIEM.
Mycts gama gyakuua fj(x), KOTOpas JOKATILHO UWHTErPUPYEMa, KOTAa A
npoberaer HEKOTOPYIO 001acTh A B KOMILIEKCHOH ILIOCKOCTH, M, BOOOLIE,
HE ABJIAETCA TAKOBOW, Korga A Haxomurca eHe obnactu A. Ilycts, manee,
mpu A € A u mo6ou ocHoBHOU Gyukuuu (r) duciosas Gy (fy,p)
AHATATUYHA B 0OMaCTH A M MOXET ObITh AHATUTUYECKU MPOLOTKEHA B
HEKOTOPYIO 0osiee MUPOKY 00aacTb Aj, He 3aBUCALIYIO OT BHIGOpa ¢(x).
Torga ¢ dyukuuen fy,(z) opu Ag € Ay — A MBI MOXeM COMOCTABUTH DYHK-
uuroHal (f, ), MOTyIaeMBbIl AHATATUIECKUM IIPOAOIKEHuEM (DyHKINOHALA,
(fx,) w3 obmacTu A; MHEIMU CJIOBAMU, MBI TIOJATAEM

[ o (@)et@)ds = amas. mpos. [ fy(@)p(w)ds.

)\*)AO
Hampumep, 9To6BI OmpeaemuTsL 0600MIEHHYO (DYHKITHAIO m;3/2, MBI paccMa-
TpUBaEM (PYHKIINIO
A _ )0 mpmz <O,
Ty =9

z® mpuzx > 0.

IOna Re A > —1 ona onpefenseT peryaapHbi ¢hyHKIMOHAT

(2} ) = / Po(x)de. (3)
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YHucmosaa pyuknua (3), OU€BUIHO, AHAIUTUYHA IO \: OHA UMEET TIPOU3BO/I-
HYIO TIO A\, PABHYIO

/a:’\ Inzp(x)dx.
0

[Ipasyio gacts popmydst (3) mepenuiiem B BULE

/CU)‘[(p(CU) — ¢(0)]dz + /a:>‘<p(:n)d:n + &

1

ITepBoe cnaraemoe ompegeneno mia Re A > —2, BTopoe — LA JTHOOBIX A,

rperbe — mas A # —1. CregoBarensHo, dyHkunoHan (3) aHAIUTUIECKH
IPOJOMKAETCa HA 06aacTb Re A > —2, A # —1. B wacraoctu, mpu A = —3/2
MOy IaeM:
1 00
—3/2 _ —3/2 _ —3/2 _
(2777 0@) = [ lpl0) = (O + [275p(a)de ~ 2000). ()
0 1

[IpaBas wacte Gopmyas (4) coBmagaer ¢ mpaBou 9acTbio (popMmyast (2),
TaK KakK BOOOIIe

o0

1 A
1

Pasymeercsa, mpm mHOM BBOJE HapaMeTpa AHATUTUYECKOE ITPOJOIKEHNE MOXKEeT
NIPUBECTH K COBEPIIEHHO WHOMY pe3yabraTy. Hampuwmep,

1 A+3/2 _
zi fiﬁz_fﬂ#ﬂ?(z) upu A — —3/2

7 x2 4+ (A+3/2)
(eMm. § 2, m. 5).

IMog9epkaeM, 9TO TOT WX WHOU METOJ, TPUBOAALIAN K OTMPEICTCHUAM
tuna (2) win (4), urpaer QA HAC BTOPOCTENEHHYIO, BCIOMOIATEIbHYIO
POJIb; OH IpenCcTaBIseT COOOU JUIIL cpedcmeon, TOrAa KaK Uedb — DTO
caMU OMpPEIETeHUsa, KOTOPBIE, Kak (HOpMyYJsl (2) mwin (4), IMEIT CMBICT U
BHE BCAKOU CBSA3U C DTUM METOLOM.

2. O6o6menube QyHKIHA :L'i u 2. PaccmoTpuM (yHKIHIO xi, paB-

Hylo ) mpur * > 0 u 0 mpu ¢ < 0. MBI XOTUM HOCTPOUTEH ¥ U3YUUTh
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OTBEYAIOIIYIO e 0600IIeHHYI0 (hyHKIMo. Kak yke CKa3zaHo B MpeabIIyIneM
[IYHKTE, PEryIApHLIA (pyHKIMOHAT

()0 / () 1)
0

ompenesaeMbll (yHKIIen l‘:\i_ npu Re A > —1, npogomxkaercs Ha 061aCTD
Re A > —2, A # —1 npu nomoru copaseqiueoro mias Re A > —1 Tox gectsa

/x*so )dz = /wk[w(w) —¢(0)]dz +/ plz)dz + ;\p(+0)1 @)
0 0 !

A umenno, mpu Re A > —2, A # —1 mpaBas 9acTh CYIIECTBYET U ONPEIEIACT
PEeryaapu3aluio THTEerpaia, CToammero ciesa: ecmm —2 < Re A< —1, A # -1
¥ ecJau OCHOBHaA (PYHKIWA PaBHA HYIIO B OKPECTHOCTU HAYAJA, TO CIIPABA

o o]
ocraerca narerpan [ v p(z)dz.
0

AnanoruyHeM c0CO60M CTPOUTCA TPOLOIKEHUE (PYHKIIMOHATA :ci Ha

obamacts Re A > —n — 1, A # —1,-2,...,—n:

o]
n—1

/:L'Acp(x)dx:/lxx |:(p(1‘) —p(0) — 2¢'(0) — ... — hcp(”_l)(())] dr+

—|—/CU)‘<,0 da:+2 /\-Zk) (3)

1

N 3pece mpapas 9acThb DaeT PEryJAPU3OBAHHOE 3HAYEHUE HHTErPAJA,
cTosmero cresa. TeM cambiM 0600MmeHHan GYHKIUA )} ONpeerieTcs LIt
BCexX A # —1,-2,

B nonoce —n —1 < Re A < —n ¢opmyia (3) Moxer GbITh IpeobpasoBaHa
K 0OoJsee IPOCTOMY BHIY:

(0 = [ {m) — o(0) — 2/ (0) —...—%w-”(m dr (4)

B CIIy TOTO, ITO B »TOM caydae ipu 1 < k < n

o]

Ak—1g _ _
/az dx = SR (5)
1
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®opuyra (3) mokasbiBaeT, 4To (7),p) Kak (YHKOUA OT A HMeeT

TTOMIOCHL 1-T'0 TIOPAAKA B TOYKAX A = —1,—2, ... IpPUIEM ee BEIYET B TOUKE
(k—1) 0 _ _ _

A = —k pagen “’(Tl)(!). Tax xax *~1(0) = (=1)*FD (D (z),0(x)),

TO, CJAENOBATEABHO, CaM GYHKYUOH AL xi umeem npu X = —k noaoc 1-20

nopadKa ¢ 6bIuemom ((_kl_)i)_!lé(k_l)(x) (k=1,2,...).

da
Moxcuuraem mpomsponnyio —-+. Ilpu Re A > 0 MBI umeem oueBugHOe

da? — —
PaBeHCTBO — -t = /\:L'j‘_ L ore (22,9 (2)) = — ()\xj‘_ ', ¢(z)). Tak xax o6e
YaCTH MOCAETHEr0 PABEHCTBA AHATATUIECKN MPOTOIKAITCI B MIOCKOCTD
(c nexmoveHHBIMEU TOYKaMu —1,—2,...), TO, B CUILy CBOICTBA €IUHCTBEHHO-

CTH, PABEHCTBO OyIeT CIPABELINBO U BO BCEU ILIOCKOCTH. Takum 06pa3om,

A
dz?

o =) (A #£-1,-2,.00).

Hanpuwmep, npu —1 < A < 0 MBI umeem:

(%wi,so) = (A} ) = 7/\3:*—1[@(;5) — ¢(0)]dz.

OTy POPMYJIY MBI BHIBEJIU UHBIM OyTEM B 1. 2 § 2.
>\ v
B § 4 Gymer mocTpoero paznoxkenue QyHKIUE ) B pan Tewrtopa B
OKPECTHOCTHU PEryJAPHOU TOYKHU U B PAL JIOpaHA B OKPECTHOCTH TTOTIOCA.
ITepengem Temepb K IMOCTPOEHMIO U M3YYIEHUIO OOOOLMIEHHON (DYHKIIUM,
OTBEYAIONMIEN (DYHKITUN

T

x _ ) lz* mpma <O,
- o npu z > 0.

IOna Re A > —1 sTa QyHKIIUA ONpeenseT peryaapHbei (hyHKIMOHAT
0
(2 ,0) = / oo (@) de. (6)

— 00

OToT QYHKIMOHAT MOXKHO MPONOJKUTH B MOJYIIOCKOCTHE Re A < —1
TakuM XKe 00pasoM, Kak xj‘_ IIpu sTOM mpome Bcero, 3aMeHUB T HA —T,
IPeICTaBUATH (mi,(p) B BUIE

(@ 9@) = [#pl(-a)ds = (&}, 0(-a)).
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ITO MO3BOJIAET HEMEIJIEHHO TMEepeHeCTUu BCE pPe3yaIbTaThl, MOTYYICHHBIC TSI

dyHKIIIOHATA :Uj‘_, Ha (PYHKINOHAI :U);, 3aMEHUB B COOTBETCTBYIOMNX (HOp-

myaax gyukuuio @(x) Ha ¢(—z). [Ipu sToM durypupyomue B Gopmyaax
sripaskenus o) (0) samenarea ma (—1)7 7 (0).

A

B uwacTHOCTH, MBI BUAUM, ITO 00OOIIEHHAA (DYHKIUA T~ , TaK XKe KakK

u xj\i_, CYIIECTBYET U AHAIATUIHA BO BCEU IIOCKOCTU A, 38 UCKIOYEHUEM
A

Touek A = —1,—2,...; B Touke A\ = —k o060Ommennas GyHKIUA £° UMeeT
(k=1)
IIPOCTON IOMIOC C BEIYETOM ‘;(k?llgf).
dopmyna 41 PEryaaprU30BAHHOTO 3HAYEHUSI UHTErPaIa
0
(@) = [ lePole)da
—00
B momoce —n — 1 < Re A < —n npuBoauTcs x Bugy
0 00 00
[P otarts = [Po-oits = [ o) - o(0) +
—o00 0 0
-1 n—1,.n—1
+ag(0) — . — SV )] ae (7)

(n—1)!

B § 4 6yayT mpuBeeHk! pasnoxenus pysknun ) B pag Teiwtopa u pag
Jlopana.

3. YeTHaa ¥ HedeTHad KOMOMHAIMM (byHKITHIA xi 7 ). O6o6mensas
ysKIMA [ HA3LIBAETCA 4emHoti, eCIu

(f(2),p(=x)) = (f(2),(x)),

U Hewemuoti, ecam

(f(2),p(=2)) = =(f(2),(2))-

W3 BBeneHHLIX B II. 2 0600MEHHLIX (QYHKIUA COCTABAM CJICIYIOUIYIO YeTHYIO
U HEUETHYI0 KOMOUHAITNN:

o = 2} + 22, (1)

|z|*sgna = 2} — 2. (2)

Uayanm  ocobennocTu o6o6mennerx  dynkmmit |z|* u |z[*sgnz. Tak

KakK 00600ImeHHasa (GyHKIIII azi UMeeT mpu A = —k TMOMIOC C BBEMETOM
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_qy(E=1) (k=1)
((,?T)!é(kfl)(:n), a (QyHKIUA ) — MOMOC C BHEYETOM 5(?15?”), TO

obobmennas byuxmusa |z| mveer momocsr Tompko Tpw A = —1, —3, —5,

(2m)
ooy =2m — 1, ... Beraer |2| mpu A = —2m — 1 pasen 2%. B Toukax

A=—-2m (m=1,2,...) ob6o6mennas Gyuxuus |z| onpedesena; mpu sTux A
MBI, €CTECTBEHHO, OyaeM BMecTo |z| 2™ mucats x~ 2™,

Amajormaso o6o6mensas GyHKINA ||} sgn T WMeeT MOMOCH B TOYKAX
5Cm=1) (5
2m—-1)t *
lpu A=—2m—1 (m=1,2,...) o606mennas pyuxmus |z|* sgnx ompegerena,
n Mel BMecTO |z|72Mm~lsgnz 6Gygem mmcate 2™, Takum obpasowm,
o0o006mIeHHRIe GYyHKIIMKM £~ " OTMpeneneHsl y HaC a1 Bcex n = 1,2, ...
JlaguM HemoCpeJCTBEHHEe OTpeeenns 0600menHsrx byaKkmui |z|*
u |z|*sgnz. [l1a 5TOrO BOCTIOMB3YeMCS PeryIsSpU3OBAHHEIMU 3HAMCHUAME

A=—-2,—4...,—2m, ... C BEIYETOM Ipu A = —2m, PABHBIM —2

00 0
narerpaios [ zro(z)dr u [ |z| p(z)dz, T.e. bopmysamu (4) u (7) m. 2: B
0 —00

moaoce —n — 1 < Re A < —n

(#3,0) = 0/316A [cp(x) —p(0) =z (0) — ... — O]

(_1)n—1mn—1 (n=1)

3aMeHsAsa 31eCh N Ha 2M, CKIaILIBAA U BEIYATAA, HAXOIM:

(oP0) = [ x*{w(w) T () -
: 3)

_9 {@(0) + %90”(0) ot mwemfﬂ (0)} }dm;

(j2]* sen(z), o) = 7 Mole) - o(-2) -

563 w2m—1
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ITepsoe pasnoxenue cxoguresa npu —2m—1<Re A< —2m+1, BTOpoe —
npu —2m — 2 < Re A < —2m. B gactHOCTH,

[ee]

@) = a2t + o) -

2 2m—2
T T
-9 |:

(21 ) = 7 w2 olo) - pl-) -
0

-2z '(o)+5”—3 "0) + +ﬂ Em=1)0)| tdx
4 37 T em -7 ’
TaK ITO, HAIIPUMED,
_ o) + o(—x) —2¢(0
() = [HDeCD 220, @
0
[ee]
(@) = /Mdm; (8)
0
TmocaeJHee BBIPAYKEHUE COBITAIAET C IVIABHBIM 3HadeHumeM mo Kormu mHTe-
rpara oT @:

7@@: = lim / @d;H]o@da:

— 00 — 00 g

IMpusegem eme Qgopmyast aud@epeHIupPOBaAHUI O0OOOIIEHHBIX (DYHK-
it |z|* u |z} sgnz. Mer mveem:

dixm}\ = % (z} +2r) =xz} =AMt = Nz|Msgna; (9)
%m}‘sgnx = % (z2 —2r) =zt + a2t = A (10)

B gacTHOCTH, P A = —n TOIyYaeM:
d -n = —nz "L, (11)

%az
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B § 4 6yayT mpusenensr pasnoxenus ynaxumi |2 u |z|*sgnx B pan
Tennopa u B paz Jlopaua.

3ameruM B 3aKio0veHue, 1To gyHKnuoHats ),z |z|},|z|* sgnz npu
Re A> —1 kax peryaapubie pyHKIMOHATLI, OTBEYAIONINE (DY HKIMAM CTETICH-
HOT'0 POCTA, PO JOIKAIOTCA HA TIPOCTPAHCTBO S HeckoHeIHO nuddepeniu-
pyeMbIx GyHKIUR (), yObIBAOMMX IpK || — 00 GRICTpee MoGON cTerme-
HUI ﬁ BMecTe co Bcemu npousBogaeivu (§ 1, n. 10). Pyukuumonasst xi,
TMpU TPOYUX 3HAYCHUAX A, MOJYUCHHBIC AHATATUICCKUM TTPONOIKEHIEM
MPEeABIIYIINX, TAKXKe MPOJOMIKAITCA HAa MPOCTPAHCTBO S; 3TO CJaegyeT
Kak u3 caMuX GHOPMyJI AHAIATUIECKOrO MPOMOMKEHUA, TaK U U3 POPMYJT
IuddepeHnupoBaHnua % (xj‘_) = /\xj‘__l U 3aMeJaHusa B KOHIE § 2 O TOM,
41O (pyHKIUOHAJEL HA S nomyckaioT nuddepenuupoanue. [losTomy dyH-
KIMOHATHL T ,... MOXKHO TIPUMEHATH MO OOBITHBIM (DOPMYJTaM HE TOMBKO

K (QUHATHBIM (QYHKIUAAM, HO U KO BCeM (QYHKIUAM MOPOCTPAHCTBA S,
2

HampuMep e % u T.I.

Mpumep 1. Famma-pyHKIUSA ONpeneIseTcs UHTErPAIOM
(o)
) = /x’\*le*zdx,

0

cxomammmcs mpu Re A > —1. Mu1 MoxkeM paccMaTpuBaTh DTOT UHTErpPaJ

KaK pe3yJbTaT NPUMEHEeHUA (PYyHKIIMOHATIA :Uifl K OCHOBHOW (DYHKITAW,

pasaon e~ % mpu 0 < z < oo (Takas OCHOBHAA (PYHKIUA 3aBEIOMO HUMe-
€TCA B IPOCTPAHCTBE S). [Ipumensas perynapusanuoHubie GOPMYILI . 2,
moryvyaeM BhIpaxkeHume ramma-gyskuuu B obmactu, rage Re A < —1: npwm

ReA>-n—-1,A#—1,...,—n,

1 n

zk 7 no(_1)k
L(\) = /x*’l et — Z(_l)kﬁ dz + /x’\*le’zdx + ];)7]6!((16112 9’

0 k=0

mpu —n— 1 < Re A< —n

r(A):/xH e = S

Mpumep 2. PaccmoTpum uuTerpasnt

/x)‘[e_‘”” — e~ "]de.
0
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3aMeTuM, YTO OH ABIAETCA cXogammMmca npu Re A > —2. Ero moxuO

TPAaKTOBATh KAaK De3yJbTaT NpUMeHeHud (YHKIXOHAIA xj‘_ K OCHOBHOU

—ar _ e—ba:

dbyHKIINN € ; TOOTOMY
oo oo (oo}
/x’\[e*” — e "de = /x)‘e*”dx - /x)‘e*bmdx,
0 0 0

rae Kax[ooe M3 CIaraeMbIX CIPaBa TaKXKe eCTh Pe3y/IbTaT MPUMEHEHUS
(byHKIMOHATA K COOTBETCTBYOMEN ocHOBHOU dyukimu. Ho mpu Re A > —1
MOXKHO COBEPLINTH 3aMeHy NEPEMEHHOU axr = &, ITO OaeT

oo [ee] A

A _—azx _ 5 — df _ F(A_'_l)
/a:e dw—/<a>e€;—W7
0 0

aTa POPMYJIa OCTAETCA CIPABEIJUBON IPU BCEX A B CUIY €IUHCTBEHHOCTHU
AHATUTUYECKOTO PO NOIKeHUA. B pesyrpTaTe MBI TOIyIaeM

AT, — —b _
/1‘ [e7* — e ""]dx = <—a/\+1 — —b’\+1> C(A+1).
0

IIpz Re A > —2 sra Qpopmyrna gaeT BeIWYWHY CXOLSIMIErOCS MHTErDAJIA B
JeBou 9acTh. JIIOOOMBITHO, YTO MBI MOIYYMINA €€ C TOMOIIBI0 PACXOIAIINXCS
UHTErPaIoB. MOXHO OBLTO ObI, KOHEUHO, €€ HAUTU U OOLIYHEIMU MTPUEMAMU
(mampumep, qudEpeHIPOBAHIEM IO MapaMeTpaMm a u b).

4. HeomnpejenenHsie MHTErpatsl oT GyHKmaA ), =2, |z]*, |z[*sgnz.

Tak Kak omepamnusa HeOnpegeJeHHOr0 MHTETPUPOBAHUA 0OPATHA K OTIePAIIAT
nuddepennuposanusa (§ 2, o. 6), To mpu A # —1,—2,

A A
/:v+d:v: ] + C1(N);

A
/azi‘daz = —/\; 1 + C2(N);

namee, mpu A # —1,—3,—5,...
|1‘|)‘+1 sgnw
dz Cs(\
[lalds = EEERE L oy
unpu A # —2,—4,—6,... (a Takxke npu A # —1, nockoasky mpu A = —1 y

HAC HET COOTBETCTBYIOIEN (POPMYJIBL A/ IIPOU3BOIHOMN)

/|x|’\sgnxdx =

| |)\+1

A+1

+ Ca(N). (1)
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Oyuxmun C (A),...,C4(\) MOTYT GBITH B3ATHI IPOU3BOILHO.

IMoab3ysce »Ton €cBOGOAOU BHIOOpPA, MBI MOXKEM HAUTU U PE3yJbTAT
Heompe e IeHHOr0 UHTerpupoBanua ¢~ - = |z|~!sgnz npegersueM mepexo-
nom. Ilepsoe caaraemoe mpasou dactu (opmydst (1) umeer npu A = —1
nomoc ¢ Beraerom 1. Tomoxum Cy(A) = _AL—H + C; Torga mpasas 9acTh
OygeT OOMyCKATb AHATATUIECKOE MPOAOKEHHE B TOUKY A = —1 um mo
HEIPEepPLIBHOCTH (POPMYJIa HHTETPUPOBAHUA COXPAHUT CBOU CMEICI. Takum

obpasowm,

A+l 1
/|:U|>‘sgna:da: = W\T +C;

mpu A — —1
| |/\+1 -1 B
Jim, A4+1 Inz]
U CIeZOBATENBHO,
/aflda: = In|z| + C. (2)

MOXHO COCYATATL TAKXKE U MHOBTOPHBIE MHTETPAIBI OT YKA3AHHBIX
dyrknmit. Tax, g-KpaTHBI wHTErpart or || umeer Bug

x| M (sgnx)?
/.../|x|)‘dxq = 2™ (sgnx) + Qx(2), (3)
——

A+1)...(A+9)

rae Qx(r) — NpPOU3BOMLHEIN TOJMHOM OT I CTErmeHu < (.

IMogeETerpantbEas GyHKIUA CIEBA UMEET MOTIOCH B TOYKax A = —1,
-3 Oyuxmma ZLZEEND) e mux, WMeeT TOMOCK B TOYKAX
y ottt Yy ousa (A+1)...()\+q)’ p ’ 10
A=-2,—-4,..., |\ € ¢. EcrecTBeHHO yCTpAaHUTL MOCJAEJHUE 32 CIET CIIe-
[UAILHOTO BEIGOpa monuHoMa @) (z). Tak Kak BLIYET MEPBOTO CIAraeMoro
mpaBon 4actu npu A = —2k (2k < ¢) paBeH, OYeBUIHO,
|z 2"+ (sgna) —zd72k

(C2k+ 1)(—2k+2)... (1) -1-2..(—2k+q) _ (2k—1)(q - 2k)!"

TO IJId 3TOI'O MOXKHO IMOJIOXKUTH

[

Wl

] x 2kt 1
(2F — 1)l(q — 2k)1 X + 2k

Qx(z) =

k=1
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(MOXHO GBITO GBI emle NOGABAUTH K () (Z) MPOU3BOTBHBIN MOAMHOM OT &
cTenenu < ¢, AHATATUYECKN 3aBucAmNR oT \). UTak,

N e L S A
/---/le @ = D). 0+ ) +k_1 ok —oiar 2k Y
—— =

(5

B wacTHOCTH, IBYKpPATHLIN WHTErPAT 3aMUCHIBACTCA B BUIE

/ | |)\d2_ |£L”|)‘+2 + 1
T 0T D0 +2) A+ 2

5. HopmupoBka ¢pyHKIUI xj}_,xi, |z|*, |z|* sgnz. Dymxmum xj‘_, 2 |z,
|z| sgnz, xax MLI BUgeTM, MMEIOT B A-TLTOCKOCTH TOMOCHT 1-TO MOpAIKA.
EcTecTBeHHO MOMBLITATHCA yCTPAHUTL WX, PA3NEIAB KAXKIYI0 W3 DTUX
(PYHKIMN Ha OOLIMHYIO (DYHKIHWIO OT A\, IMEIONIYIO IOJIOCE 1-T0 mopsAnka B
Tex ke ToYKaxX. Takyio (PYHKIIMIO OT A IPOIIE BCErO MOCTPOUTE, IPUMEHUB

MHTEPeCyIoLIyo Hac OO0O0IIEHHYIO (DYHKITUIO (azﬁ‘r u T.;[.) K (pUKCUPOBAHHON
ocHoBHOU (yHKOUE o(x). [Ipu 5TOM MBI BOCHOAB3yeMCS TeM, UTO, KaK

cKazaHoO B I. 3, QyHKHmoHambl ),z ,|z|*,|z|*sgnz mposomkaroTca Ha

IPOCTPAHCTBO S; 3TO MO3BOLAET OPAaTh B KadecTBe o(x) dyHkuum us S.

Paccmorpum dyukImio xj‘_ Ona umeeT moaOCH B TOUKax —1,—2,... ¢
_1)yn—lgn—1)
BLIYETOM B TOYKE —Nn, PABHBIM w OcuoBHas ¢ysxIU P ()

IOKHA OBITH TAKOU, YTOOBI BHIYETH ()yHKIINA (xi,tpo (x)) OT A B TOYKAX
—1,—2,... OBLIM OTIMIHBIMU OT HyJA. DTO 3HAYAT, 9TO Y PYHKIUU o (L)
JOJIKHBEL OBITH OTJINYHEBL OT HyJIA BCe NPOU3BOAHLIE Ipu & = 0.

B xadecrse Takon GyHKUuM o () €CTECTBEHHO B3ATH €%, YTO IpUBO-
OUT K HOPMUPYIOIIEMY 3HAMEHATEIO

[ee]
A -z A —x —
(z2,e7") —/:U e Pdr =T\ +1).
0
Apamornvso nogbupaemM HOPMUPYIOIIME 3HAMEHATENN A O00OMIEHHLIX

byuaxmui 22 | |z|* u |z} sgnz. s dymaxmum 2} wyxEo dyHKmmAo 0o (T)
B3ATh CHOBA TAaKOU, YTOOHI €€ MPOU3BOAHbIE Tpu & = () OBUI OTIUIHBIMA
OT HYJIs; €CTECTBEHHO MOMOKATD o(z) = ¥, Tak 4To

0 00

(z2,e") = / |z| e dx = /x)‘e*zdx =T(A+1).

—00 0
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Dynukiua |CU|>‘ UMeeT TIOMIOCHI B TOUKaX —1,—3,..., U ee BBIUET B TOYKE
25(2771)
A= —2m — 1 pasen (QT)(,Z); nosTOMy (DYHKIUIO g (Z) crenyer BbIOpAThH

TakK, YTOOBI €€ YeTHLIE OpOU3BOIHBIC IIPDU T = 0 OBLIN OTANYIHBLIMUA OT HYJIA.

2 U
EcTecTBenHO MOM0XKUTL o () =e~?" | TaK 9TO HOPMUPYIOIIAYA 3HAMEHATEIb
npuobpeTaeT BU

o0 o0
(|a:|}‘,e_x2) = / |a:|)‘e_“”2da: = 2/3,"}‘6_’”2(1:6 =
—00 0
o0

= /t%e—tdt =T <—>‘ 'QF 1) .

0

Haxonen, ¢yskmus |z|*sgnz mMeeT momockl B TOuKax —2,—4,..., u ee
6(2m—1)(x)
BBIUET B TOUKE —2m paBeH —2-5—r. Taxum o6pasom, pyskmma o (x)
MOMXKHA OBITH BEIOpAaHA C TAKAM PACIETOM, ITOOBI €€ HeYeTHBIE MTPOU3BO/I-
muie npr & = 0 ObLIM OTIMYHBIMU OT HyJIa. MOXKHO NPUHATE LIS 3TOTO

wo(x) = re

r A+ 2
(|x|}‘sgnx,xe_’”2) = 2/x>‘+1e_“”2dx =T (%) .
0

Nrak, MBI MOXEM TIOCTPOUTD IEJIBIE (DYHKIIANA OT A:

; MBI [TOJYYUM HOPMUPYIOMIMN 3HAMEHATETh

) ) |z |z|} sgn

TA+1)7 TAA+1)" T(2) 1282

SHaveHus >TuxX GYHKIAN B OCOOLIX TOUKAX IUCIUTEIA U 3HAMEHATEIA MOXK-
HO HAUTYU KAK OTHOIIEHNE COOTBETCTBYIONIAX BEIYETOB. TakuM 00pa3oM, MET
IOy aeM:

2 | per
PO+ =y pore (ad,e7) "

(=1 16D (@) (n — 1)t
T )T @ - DY
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P )1?51‘1. x’;
- =—n
FA+1) | __, B BBI. (x’l,QZ)
A ) (2)
n—1)! _ _
= Grgey = (D@
EECES I
A
|g;|>\ )\:B_bgz._l || B (231)! 52m) (z)

T (*+) N (|z|*,e==*) ﬁ(mm) (z),e %)
Pesyabrar mpuMmeHennma — (yHkmmomama 0™ (x) K - paner
(e=*")m |x:0. Tax xak

4 6 2m
—z% _ 2 T T m& B
> 5\ (2m) r2m
=3 () ’
m=0 z=0 (2m)
TO OYEBUIHO,
(efxa)@m) _ (=)™ (2m)!
=0 m!
Taxum o6pasom,
o ~(=1)™sC™) (z)m! 5
A
N C e N (2m)!
Haxkomer,
A Bor. |7|*sgnw
l#]*sgnz I e -
F(%) A\=—2m Alib_l;lr.n(|x|>\ Sgnx,xefo)

~ T (@)

_ﬁ((;@mfl) (I),xe*ﬁ)'
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Pesyrbrar mpuvenenua dymkmmonara 0™~ (z) k  ze~? pasen
(2m—1)
— (we"”z) . Tak xax
z=0
5 7 2m—1
r° __ 3 T T m—1 T _
ze ¥ =z —x +§_§+ +(-1) (m—l)!+“
s 2y (2m—1) r2m—1
S5 () ,
— sep (2m —1)!
TO, OYEBUIHO,
(2m—1) 9m — 1)!
(xe—xz) — (_1)m—1( m ) :
0 (m —1)!
HOBTOMY
|z|* sgn _( 1)m6(2m’1)(w)(m —1)! )
A+2 T —1)!
L (2£2) o (2m — 1)!

®Popmyast (1)—(4) MOKHO ObLIO OBl MOLYIUTH U WMHAYE, WUCIOIb3YS
M3BECTHBLIC BEYETH MaMMa-(PyHKINU B COOTBETCTBYIOMINX TOIKAX.
Dopmyra guddepeHnUpoBaHuA O & NIA (DYHKIIMOHATA,

A
= Ty
T+

mpoie, 9eM 1 PyHKINOHAIA xi; IEeNCTBUTENBHO,

A A—1 A—1
d ., d zy Az o A1

G T IO oD Ty 5)

TakuM 006pa3zoM, nudpepeHrpoBaHre QyHKIINOHATA,
A
ATy
fi=snT
T(\+1)
PABHOCWJIBHO YMEHBIIIEHUIO NHAeKCA A Ha 1. AHAIOrUYIHO 1 PyHKIHOHAIA

P

= T+ 1)

TOJIyYIaeTca caeayoomasn popMyaa auddepeHnnpoBaAHNA:

d .\ a1,
== (©)
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UHBIMHU CI0BaMm qudpepeHnupoBanue (pyHKINOHAIA

e

Ll VP

PaBHOCUJIBHO YMEHBIIICHUIO UHICKCA A Ha 1 ¢ U3MEHEHUEM 3HAKA.

A
Dyuxnusa % npu aud@epeHnupOBAHAN NEPeXOIUT B (DYHKIINAIO
=

A
S
hfl(kif;l)z € MHIEKCOM, Ha 1 MEHBIINM, U ¢ HEKOTOPBLIM HHCJIOBBIM MHOXKH-
2

A
TeneMm. Ilpu nBykpaTHOM AuddEPEHINPOBAHUN (DYHKITUI F(‘&) BOCIIPO-

2

U3BOOUTCA C MHOAEKCOM, Ha OIB€ €IUHUIIBI MEHBIIINM:

d2 |£L”|)‘ |w|)\—2

@ () ~ AT "
Dopmyty

|x|)\72 1 d2 |l‘|)‘

P50 " 2T () ®

MOXKHO OBLTO OBI IOJOXKUTHL B OCHOBY aHAIUTUIECKOrO IPOIOIKEHUA (DYHK-
7 |
AE1
r(%4)

6. O6o6mennsie pyaxkmm (z + i0)* u (z — i0)*. Onpegemum Temeps
HOBLIE O60Gmennbre dyskmmu (z + i0)) u (z — i0)*. B ommmamu ot
O0BOOIMIEHHEIX (DYHKITUN :Uj‘_, 2, |z}, |z|* sgnz, onpenenennEx B mm. 2 n 3,
STHU HOBBIE 060O0IIEHHEIE (PYHKIUA He OYIYT HYXKIATHCA B HODMUPOBKE: OHI
OYyOYT Ueavimu anaiumuveckumy @ywkyusmy om \. [Ipyrme mpemMyie-
cTBa 0606mennbIx dyrKmni (v + i0)* u (z — i0)* BBIACHATCA B TIaBE O
npeobpazosanuax Pypee (ro. IT).

Kak m3BecTHO, BRIpaKenue (r + iy)* ompegenseTca creryommM obpa-
30M:

(CU + zy))‘ — eALn(a:—i—iy) — eA[ln|x+iy|+iArg(a:+iy)].
BosnmeMm 31ech
Arg(z + iy) = arg(z + iy)

(-7 < argz < m). Torga (z + iy)* GyIeT OTHOBHATHON AHATATITIECKON
(QyHKIUEN KOMILIEKCHOTO IEPEMEHHOTO 2 = I + 1Y B BEPXHEH MOTYTLIOCKOCTH
y > 0 m Touno Tax xe (r + iy)* OyZeT OTHOBHAMHON AHATUTHIECKON
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dbyukumen B HmkHen nomymrockoctu y < 0. Hac O6yayT wmmTepecoBarh
IpeneibHLIe 3HAYCHNA DTUX IBYX (PYHKIUU Ha BEIIECTBEHHOU IpaMoun. Mx
HETPYIHO COCIATATE:

. . ei)\ﬂ'|w|)\ npu = < 0
x + i0 A lim $2 + 2 %ez)\arg(erzy) _ N
( ) y_>+0( Y ) .’L'A npu > 0’

(1)

—IAT || A
. . Ay ; e~ " |z|* mpma <0
(x —i0)* = lim (2% + y2)ze”\arg(z+’y) =9 ] P T (2)
~0
= T mpu x > 0.
Ty QYHKIUA OMPEIENEHE] IPY JH0O00M KOMILIEKCHOM A.
Hammen 3anaten temnepb 6yAET COMOCTABUTH S>TUM OOBIYHBEIM (DYHKIUAM
o6o6menntie. [locrename Mt Takxke o6osramm gepes (z +i0)> u (z —i0)>.

Ucnonws3ysa dyHKIIIN :Ui‘ u ), ompenereHHbIe B 1. 2, MBI mpr Re A > —1

MO2KEM HalINCaATh:

(z +i0)* = 2} + e}, (3)
(z —i0)* =2} +e P72}, (4)
Ho orcroga Bugso, uro mpu Jaw6oM A # —1,—2,... (06braHBIM) DyHK-

maaM (1) u (2) MOXKHO COmOCTABUTL OGOOIIEHHBIE (DYHKIUU, HATIMCAHHBIC
copasa B (3) u (4) (em. m. 2). Tem cambiv o606menase bynxmun (z + i0)*
u (z —i0)* ompegensmioTes aaa A £ —1,-2,...

Ho ecm ipu A\ = —n CpaBHUTD BBHIMETHL 0GOOMEHHBIX (GyHKIMHA ) 1 2
(momy4venHHbIE B . 2), TO BUAHO, 9TO OCOGEHHOCTU CIANAEMBIX CIpaBa B (3)
u (4) B3aUMHO YHUYTOXKAKTCA; TAKAM 06pa3zoM, OGOOIIEHHBE (hYHKIAUN
(z+1i0)* u (2 —i0) — nease dpyrkIMM Tepemersoro A. B § 4 Mbr momy«mm,
B YaCTHOCTHU, (POPMY.IHI

(x+i0) " =2"" — %5(n1)($),
(z—i0)" =27" + 7“;(1__1):)_! 5= ().

Orcyrcrere nmomocos y obob6menasrx Gyuxmui (z + i0)* u (z — i0)*
MOKHO MOSICHUTB eIlle 1 CIeAYIomuM 06pa3oM. I[IpenonoxuM, 9To OCHOBHAS
dyHKUUA () IPUHALIEKAT IPOCTPAHCTBY S U AHATATUICCKH IPOLOIKA-
€TCs B HEKOTOPYIO OKPECTHOCTD BEIIECTBEHHON OCH. PaccMOTpIM MHTerpan

/z)‘go(z)dz (z =z +1y)

L.
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no Juaun L., KOTOpasg COCTaBAAETCA U3 Jay4da (—00,—€) BEIIeCTBEHHOU
ocu (¢ > 0), MOTYOKPYKHOCTU PATUYCA € C LEHTPOM B HAYATE, JEKAIIEH
B BEPXHEH MOTYMIOCKOCTH (MBI OTpaHW<mMcA paceMoTperneM (z + i0)Y),
u ayda (€,+00) BemecTBeHHon ocu. Ilo Teopeme Korm, BeqnduHa 5TOrO
UHTErpaga He 3aBUCAT OT &. Tak Kak Ha JuHuA L. y TOIBLIHTErpaIbHOU
¢yHKnUE HET ocobeHHOCTen U Y(x) mpu || — 00 yOBIBaeT GuICTPEe JTI060U
CTENEeH! I, TO WHTErPAT CYymIECTBYET IMPHU BCEX A U MPEACTaBIACT COOOU,
KaK Jerko BUIETH, aHaauTudeckyio ¢pyukiuio ot A. [Ipy Re A > —1 »sra
QYHKIIMA, O9EBUIHO, COBIALAET C (PyHKIIIEN

[ee]

/ (z + i0) p(z)dz;

— 00

TaKUM 00pPa30M, aHAIUTUYIECKOE IIPOJOMKCHNIE TOCACIHEeN HE UMEeT IIOJIIO-
COB.

7. Kanouudeckas peryiadapusammia. B mpenbiIymmmx TyHKTAaX MBI CO-
MOCTABUINA DALY KOHKPETHBIX (PYHKIUU CO CTEMEHHBIMU OCOGEHHOCTAMHU
0600uieHHbe QYHKOUA (M TeM CAMBIM HAyUWIUCh BBIYUCIATH MHOTHE
DACXO AAIMECs UHTErpatbl). B 5ToM myHKTEe OyZeT PacCMOTDPEHO eIMHOEe
MPABWIO PEryJIApU3ANUA, KOTOPOE TOAUTCA maa (yHKIUUA, 06GPA3yOUIUX
y&Ke IOBOJILHO OOIIUPHBIN MOAKIACC B KJAACCE (DYHKIUU CO CTEMEeHHBIMU
ocobenHOoCTAMU. [N y10O6CTBA MBI HA30BEM DTy PETYIAAPUBAIUIO KGHOHU-
wecKkol M BBeIeM BDEMEHHO 00O03HaYeHUe

f=xp. f(z)

(f — dyukumonan, asraommuca perymapusamuen gyukuun f(z)). Mer
MNOKAKeM, 9TO 3Ta KAHOHUIECKAA PEryIAPU3AIAI ABIACTCA €CTECTBEHHON B
TOM CMBICTE, UTO BBIIOJHAKTCA YCJIOBUA:

1°. xp.[on fi(2) + a2 fo(2)] = o1 kp. fi(7) + a2 K.p. f2().

2°. k.p. [ f(2)] = L[x.p. f(z)].

31ech creBa % — MOPOW3BOAHAA OT (PYHKIWU B OOBIYHOM CMBICHAE, &

CIpaBa — MIPOU3BOTHAA OT (PYHKIIMOHAJIA.
3°. wp.[h(@) f(2)] = h(z) - .p. (a)

st mo6on 6eckonedno guddepennupyemon GyHkuuu h(x).
PaccmoTpum cHatana GyHKIINM, UMEONINEe HEMHTEIPUPYEMYIO 0COOEH-
HOCTb TOJBKO B OJHOU Touke T = (.
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OrpanuanMcs GyHKIUAMY, TPEICTABUMBIMU B BUIE KOHEUYHBIX CYMM
f(z) = Zpi(ﬂf)qi(ﬂf)a (1)

rge p;(x) — Geckonedno guddepenuupyemas GyHkuua, a ¢;(xr) — oxHa
w3 caegyommx QyHKOwi r), ¥}, 7", OpudeM mapaMeTpy A He pas-
PEImaeTcs MpuHMMATL 3HadeHusa —1,—2,... Bcem ykasamHbIM QyHKI@AM
COTIOCTABIEHBI B TH. 2 U 3 06OOIIeHHBIE (DYHKIUU, TPUUEM MTOKA3aHO,
9TO IIA HTUX OOOOIIEHHBIX (PYHKIMU COXPAHAIOTCA €CTECTBEHHBIE (GOp-
Myaer gudgdepernmpopaua 1o . OTMETHM, YTO ONEPALNU CJIOKEHU,
YMHOXeHUA Ha OeckoHevHO nuddepeHnrpyemMyn (QyHKINI U OOBIYHOTO
audPepeHInpOBaHs He BEIBOAAT 3a Ipeaensl kiaacca (1).

Tax xax m11s 0600MEHHBIX (DYHKIUK OMPEAeTCHBI OTIePAUN YMHOXKCHU
Ha OeckoHedHO auddepeHIUpyeMyo (yHKIUO u caoxeHus (cm. § 1),
TO MBI CPa3y MOJIYIMM KCKOMOE MPAaBWIO peryaspusauuu Gyskuun f(zx),
nogcrasuB crnpasa B (1) Bmecto ¢;(x) coorBercrByIOmEEe OBGO6LIEHHbIE
dyHKIUU.

Taxum 06pa3oM, KAHOHUIECKON peryaapusanuen ¢hyHKInga :Ui‘, zr, "
MBI OyIeM CIMTATh COOTBETCTBYIOIINE 000O0IIEeHHBIE (DYHKINY, ONpe/IeIeH-
HBIE B 0. 2 U 3, 8 KAHOHUIECKYIO peryaapusanuio Gyukuuu f(x) onpeneanm

dopmymon
x.p. f(z) = _pi(x) - KD 4i(®). (2)

Tax xax, B uwactHOCTH, |z|° = 1, TO KAHOHWTIECKOW pery.Iapu3aluet
6eckoHedHO auddepeHnupyeMon (GPYHKIUA MBI CIATAEM OTBEYAIONINA en
PEryIAPHEIN (PYHKIINOHA.

OueBugno, uro ycaoBus 1° u 3° Bemomausiorcsa. [Iposepum ycrosue 2°.
[JocTaTovHO coeIaTh 3TO B CIyYIae OTHOTO CIArAeMOro, T.e. KOr'[a

f(@) = p(x)q(z).

[ns ynob6cTBa OOO3HAMUM CUMBOJOM % nudpepeHInpoBaHNe B CMBICTE

O0OOIIEHHBIX (DYHKITUN U MITPUXOM 00kIaHOe nuddepenimpoauune. Cormac-
HO dopmyne (3) m. 1§ 2

L ip f@) = @) p.ala) + p(r) - . gla)

Ho, xak y»xe oTMmeueHO,

- — !
7y P a(2) = x.p. 4 (2),
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7, TOJIB3YACH YCIOBUAMHI 1° u 3°, MBI mOTydaeM:

b (@) = wp. P (@)ala) + p()d @] = b (7).

Ho Bo3HUKAET BOMPOC, O AHO3HAMHO JIU HAITIE ONPEIETCHNE KAHOHTIECKON
peryaspusanun. [lokaxem, 9T0 3TO OMpefeNeHne JeNCTBUTETLHO OTHO3HAM-
HO. [IJA DTOrO 3aMeTHM, 9UTO, pasitaras 6€CKOHCIHO AudpepeHIrpyeMbIe
dyuxmuu p;(z) mo popmye Terwnopa, MBI MOXeM IpeAcTaBUThL f(x) B BUIE
KOHEYHOU CyMMEI:

= Zcin(m) + h(z), (1)

rge r;(x) — cHOBa ofHA U3 (DYHKIUN xj‘_,:v’l,:v’” (TOIBKO A mpUHUMAET,
BOOOIIE TOBOPS, OPYTHE 3HAYEHUA), ¢; — YKe MOCTOAHHBIE MHOXKNTEN,
a h(z) — noxanbHO nHTErpUpyeMas GyHKIWA. [IpeanosoxuM, 9To B CyMMe
> ¢;ri(z) «apuBeIeHb MOKOGHEIE WIEHBIY U OCTABIEHEI JUIIb Te 7; (1), ¥ KO-
roperx Re A< —1, a ocranbusie orrecens: B h(z). Torga npeacrasnenue (1)
OyAeT OLHO3HATHBIM, TAK KAK DA3HBIE CIArA€MbIe MMEIOT DA3HBIE IMOPALIKA
upu z — 0. ITo popmyse (1') ecTecTBEHHO HAIMCATL PEryJIAPUIALLIO

> ci- xp.ri(x) + h(z). (2)

Moxaxewm, uro perymapusamuu (2) u (2') copmagaroT; >TuM u GyIeT T0Ka-
3aHA OTHO3HAYHOCTDL HAIIErO ONPEIENCHAS KAHOHTICCKON PeryIApI3alin.

[JOCTaTOYHO TPEAMONTOXKUTL, YTO cymma B Qopmymne (1) cocrout us
omuoro caaraemoro p(x)g(x), Tak Kax He TOIbKO peryaapusaiua (2), HO
u perymapusanus (2') obragaer ceoucteoM 1°. Pacemorpum ciayvan, korga
¢(z) = z}; ocTanbHEIe ABa CIydas paccMATPUBAIOTCA aHAXOrMIHO. IlycTh
—m — 2 < Re A < —m — 1. Paznoxum p(x) no popmyne Tewtopa:

m

plz) = 2 J,pm( )+ 2™ ().

Ham mam0 mokasars, 9TO AJ14 J060U OCHOBHOU (GyHKIUY (1)

(z},p(x) Zp M_] ) + /a:M'mH z)p(x)dr.  (3)
j=0 ’ 0
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[l mpoBepK; >TOT0 paBEHCTBA MPeoOpa3yeM ero JeByI0 YacTh:

— Z f'_;(p(i) (0) - Z ﬂ;_;p(j) (0)}6156 =

_ ip(f).'(O) 7mx+j [@(Cﬂ) _ i CZ”:@ } n 7w>\+m+1 (2)p(z)de,

YTO COBMAAET C MPABOU YaCTHIO PABEHCTBA (3).

OrMerum, 9TO MBI MOV ObI MOJIOKUTEL (Gopmyay (2') B ocHOBY ompe-
IETEHUA KAHOHUIECKOU PEryiApu3aliuu. B KOHKDETHBIX CAYdYadsXx MOMKHO
MOTB30BATLCA Kak ¢opmyaon (2), Tak u dpopmy.on (2).

PaccmoTpum Teneps caywan, xorga Gysknua f(x) nMeeT He OgHY, a
HECKOTBKO OCOGEHHOCTEN TaKoro Xe Buaa, Kak B (1), mim gaxe caeTHOE
YUCI0 TAKUX OCOOEHHOCTEN, HO KOHEUHOE B JI0OOM KOHEIHOM UHTEPBAJIE.
B »TOM claydae MBI BOCIOIB3YyEeMCA TEM, UTO, KAK OyIeT JOKA3aHO B M. 2
n06aBaeHUA 1, MUHUIY MOXKHO IPEICTABUTE B BUIE

1= Zei(x),

rae ¢yaxnuu e;(x) GeckoHedHO AUMDEPEHIUPYEMBI, IPUIEM KAXK BN
WHTepBaI OCH IIepeceKaeTcsa ¢ HocuTeaMu!) TOMBPKO KOHEYHOrO HHCIA
dyuxnun e;(r) ¥ B TpaHUAIAX HOCUTEAA ONHOU (QyHKIMU e;(r) uMeeTca
TOMBKO OJHA 0cobas Touka GyHKIuU f(x). YMHOXKAA HOCJAEIHEE DABEHCTBO

Ha f(z), MBI BUIAM, 9YTO MOXKHO UCXOIUTH U3 TPEACTABICHUSL

= Zpi(x)Qi(x), (4)

rae g;(z) — caBuru Tex ke QyHKIUN a:j‘_,a:i‘,a:_”, a pi(x) — GeckoHeIHO

nuddeperupyemMble (PyHKINT, TaKKe, YTO B IPeaeIax JIO0Tr0 KOHEIHOTO

DHocutenem mHempepsiBHON (GYHKIAA e(T) HA3LIBACTCA 3AMBIKAHIE MHOXKECTBA, TO-
€eK z, rae e(z) # 0 (cm. § 1, m. 4).
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uHTepBaIa pAL (4) OKa3LIBAETCA KOHEHHOW cyMMOon. Torna MBI CHOBA, MOXKEM
TIOJIOXKUATH

K.p. f(z) = sz(m) - K.p. gi(x), (5)

o0

(0. f(@), (@) = D (xp- qi(@), pi(@)p(2)); (6)

i=1

3[eCb yXKe DAL BCerja OyJeT KOHEYHBIM, TaK KAK OCHOBHBIE (DYHKIIUU
unuTHBL. OnEpanun CI0XKEHUs, YMHOXKEHUA Ha 6ecKOHeIHO nuddepeniu-
pyemyio pyHKINIO U JudpdepeHINPOBAHUA CHOBA HE BEIBOJLAT 34 IpeELesbl
kaacca (4). Pazymeercs, npegcrasaenue (4) gannon dpyukuuu f(z),rak xe,
kak u npencrasienue (1), He OyIeT eIVMHCTBEHHBIM; HO MOXKHO MOKa3aTh,
4TO0 ompenenenue (5) He 3aBUCUT OT BHIGOPA DTOT'O MPEICTABICHUA.

Ceouctsa 1°-3° nposepswoTca 6e3 Tpyaa.

O6o3navenue «.p.f(z)» B mamrbHEUImeM ynoTpeOIATHCA HEe OyIeT: MBI
YCIOBUMCA 0603HAYATH KAHOHUYECKYIO pery/idpusanuto gyskimun f(z) —
Wiy, Jy4lle CKa3aTb, OOOOMIEHHYIO0 (QYHKIUIO, OTBEYAOMIYI0 OOLIYHON
¢yuxnuu f(z), — Tem ke cumBomoMm f(x), HOLOOGHO TOMY Kak B mim. 2 u 3
5TO GBLIO Cpa3y MPUHATO A1 GYHKIMI ) 1 Ap.

B gacTHOCTH, B COOTBETCTBUM C CUMBOJIUKOW, TpuHATON B 1. 3 § 1, mox
samuceio [ f(z)p(z)dz, rae f(x) — oObIMHAA DYHKIUS, LOIMYCKAIOMAL Ka-
HOHUYECKYIO PEryIAPU3AINIO, MBI Oy IeM OHIMATL PE3YIbTAT IPUMEHEHS
DTON KAHOHUYECKOU PEryIApU3aluid K OCHOBHOU QyHKIuU o).

Mpumep. B m. 4 § 2 mer BeTpeTmmues ¢ dysxnumen ctgs. Ee moxmHO
npefcTaBuTh mpu || < 5 B BHIE

cosZ 1
ctgg =x e p_(:v)

sinfz oz’

rae p(z) — 6Geckorneuno auddeperimpyeman QyHKIuAA. AHATIOIMIHO ctg §
3aIUCLIBAETCA B OKPECTHOCTAX Touek kmw, k = +1,£2,... Mo Bugum, 910
ctg% MOTYCKAeT KAHOHUYIECKYIO peryaspusaiuio. Ha OCHOBHBIX (hyHKIIAAX,
OTJIUYHBIX OT HYyJIA JUIIb B MAJOU OKPECTHOCTY HYJIA, DTA PEryIAPU3ALAL
BAMUCBIBACTCA CICAYIOMINM 00Pa3OM:

(ctg5.0)) = (22 0t0)) = (G treto)) =

T
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B cuny croncTBa 2° mpon3BOIHON OT (PYHKIINOHAIA, Oy IeT KAHOHUYIECKAS
peryaapusanua QpyHKIAR

2

T.e., B COOTBETCTBUU C ONpEAeJeHUeM 2 -, (PYHKIUOHAJ, BLIPAKAEMBIU

dbopmyton

11 17’ o(@) + (=) _490)] -

=P =—3 -
251n2% 2 sin? Z x?
0

2

(cuoBa B mpeamomokeHuu, 4ToO () = 0 BHe MAJION OKPECTHOCTH HYJS).
AHATOrMYHO MOXHO HOACUYUTATH CJAEIYONIME IPOU3BOLHEIE OT 000OIIEHHON
bynkmmn ctg .

8. Perymapusamua Ipyrux MHTerpairoB. B mpeasiayiieM myHKTe ObLIO
IIOKA3aHO, YTO CIefyeT MOHMMATh C TOYKU 3DEHUus Teopuu OOOOIIeHHBIX
¢yHxnun o (PacxoIAMMMCS B OOBIMHOM CMBICIE) HHTErPAIOM

| @iz,

— 00

rae f(z) — dukcupoBaHHaA QYHKIUA C TOBOJBLHO OOIIAMU CTEIECHHBLIMEA
0COGEHHOCTAMU, a ¢(x) — Npon3BonLHas ocHOBHAA pyHKUMs. B gacTHOCTH,
dUKCUPysA 5Ty OCHOBHYIO (DYHKIIWIO, MBI IIOJyYaeM CIOCOO BBIYMUCICHUA
KOHKDETHBIX PACXOIAIINXCA UHTErPAJIOB.

O gHAKO IPH 5TOM OCTAINCH B CTOPOHE Y:Ke TaKue MPOCTHIE, HO BAKHEIE

b 00
naTerpansl, kKak [ # dr u [ 2dr (mepBBIil 13 3TUX HHTErPATOB PACXOJUTCA
0 0
npu Re A < —1, Broponn — npu Beex A), u MHOrHe Apyrue. B sTom myHKTE
MBI TOCTAPAEMCS MPUIATH TAKUM UHTETPATAM €CTECTBEHHBIU CMBICI.
Perynapusauus B koHeuyHOM npomexyTke. B mpenbiaymiux myHKTaX MBI
paccMaTpuBanu GpyHKIMOHATEL, ONpeaeaaeMble (pyHKIIUAMA azi, ), 27" Ha
IIOMYIPAMOU WM Ha BCeH mpamMon. MoXHO paccMaTpuBaTh (PyHKIMOHAJLI,

omnpejenseMble THTerpajlaMy 10 KOHETHOMY OTPe3Ky, KakK, HallpuMep,

b
(hercnr®) = / (). (1)
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Mer Basau 3pech orpesok 0 < z < b kak Hambonee TUMUIHBIA: HA HEM
UMEeTCA OMHA TOYKA BO3MOXKHOU PACXOIUMOCTH, mpuyieM Koumesaa (x = 0).
Cay4an oTpeska a < x < b, Ha KOTOPOM HET 0COOBIX TOYEK, HE MPENCTABIAET
MHTEPECA; eCIN XK€ TOIKA PACXOIMMOCTH HAXOTUTCA B CEPEIMHE OTPe3Ka,
TO MBI pa300BEM €r0 Ha, IBA OTPE3KA TaK, YTO KAXK AL U3 HUX Oy AT UMETh
TOYKY PACXOIAMOCTH HA KOHIIE.

Urax, paccmarpusaem unrerpan (1). Ou cxomurcsa mpu Re A > —1 u
TMpeACTaBIgeT COOOU MPU HTOM AHATUTUYECKYHO (yHKIUIo A. Comepmias
mpeobpa3oBaHue

b b
/a:>‘<p(:n)d:n=/a:>‘ {go(a:) —(0) —z¢'(0) — ... — h(p(”_l)(O) dz+

0
b>\+1 b>‘+2

prtn
(n—=1!(\+n)’

+ ¢(0) (2)

MBI BUUM, 9TO HAII UHTErPAT KaK GYHKIUA OT A QHATATAYECKH PO [OIKA~

€TCA BO BCIO INIOCKOCTD A, 38 UCKJIIOYEeHNeM 3HadeHu A=—1,—2,...,—n,...,

rlie OH UMeeT HOJIoCHl 1-ro mopsaika. Popmyay (2) MBI mpuMeM 3a ompe-

IeJeHre PEeryJsApU3alldi CTOAIIEr0 CJAeBa MHTerpama mpu A # —1,—2,...
A

O603Ha4MM >TOT QYHKIUOHAT Tepes3 Thga<h:

B kauectBe () 3mech MOXKHO (akTUIeCcKu OpaTh JH00YI0 GECKOHETHO
nuddepermupyemyo opu 0 < & < b QyHKIUIO, Tak KaK TaKyl (YHKIUO
BCErJa MOXKHO MPONOMKUTEH 33 TOYkA (0 um b Tak, ITOOBI MOTYIWIACH
uauTHAA GeckoHedHO auddepeHnupyemMas QyHKIAI.

Bosbmewm, B uactroCTH, () =1 mpu 0 < 2 < b. Mbl mosmy4um paBeHCTBO

b N b>\+1
zNdr = , 3
[P =3 ®
0
cIpaBeauBoe mpu Beex A # —1,—2, ... Usaumue ykaswiBaTh, 9TO MHTErPAT

B JIEBOU YacTu 31ech nmounmaerca (npu Re A < —1) He B OOBIYHOM CMBICIE,

a KaK PeryIApM30BaHHEIN [0 HAIIEMy Tpasumry’).
PaccmoTpum Teneps m06yio dyukuuio f(x) Bua

Fo) = 2 p(z) mpum 0 <z < b, )

0 IPU OCTAJBHBIX X,

DB IAHHOM Cily9ae npaBas 9acTh, a BMECTE C Hell U JeBas MMEIOT eIUHCTBEHHYIO
0CcOOEHHOCTDL TIpu A = —1.
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rae p(x) — 6eckoneuno nuddepennupyeman gyakmua. [lo anasoruu ¢ . 7
MEI PACCMOTPUM peryspusanuto Gyuknua f (), onpeneaseMmyo GopMyIon

(per. f(2),0(2)) = (15<rcp P(®)p(x)) - (5)
Caenyromiee 3aMedanue OymeT MONE3HO B ganbHenmneM. Cnpagedausoe
npu Re A > —1 pasencmeso
c b

/ba:A(p(:U)d:U = /:U}‘go(a:)da: + /:U)‘go(a:)da:, (6)

0 c

2de 0<c<b, corpansemes npu 6cex \# —1,—2, ..., ecau nod nepsvimu 06y-
M UHME2PAAAMU TLOHUMAMb YKA3GHHbIE 6blule pe2yiapusayuu. JlercTBu-
TEeIBHO, BCE TPU MHTErPATA, TOMYyCKAIT HE3ABUCAMBIC AHATUTAICCKAE MTPO-
NOTKEHUA B MOJHYIO TWIOCKOCTBb A C MCKTIOYEHHBIME TOYKamMu —1,—2, ...,
OpudeM HOCIeTHWH MHTerpal CyHIecTBYeT azke IPU BCeX A B OOBIMHOM
CMBICTE, ¥ PABEHCTBO (6) COXpaHAETCA B CHIY TEOPEMEI €IUHCTBEHHOCTH.
Tenepsb paccmoTpuM GYHKIUO f(x) CO CTEMEHHBIMEU OCOOEHHOCTAMEA B
TOYKaX @ U b, TaK ITO B OKPECTHOCTH TOYUKH @ UMEeT MeCTO IpeJCTaBIeHne

f(@) = (z — a)*pa(z),

a B OKPECTHOCTU TOYKU D —IIPENCTABICHUE
f(x) = (b—2)"py(2),

rae p.(x) u pp(z) — Geckonedno nuddepeHuupyeMole PyHKIMY, TEPBAT —
B uHTEpBaJIe 0 < T < b, Bropas — B unTepBaie a < ¢ < b. Onpenenum Temepn
peryaspusauuio Gyakuuu f(z), T.e. uHTErpaia

[ r@ewyis,

a

PaBEHCTBOM

b

jf@M@Mm=jf@M@Mm+/f@M@M%

c
rie ¢ — TOYKa MEXAYy @ W b, a MHTErpajibl CIpaBa OMNPENeTeHBI KAaK

COOTBETCTBYIOIINE PEryIAPU3AINA.
Pesyabprar npexge Bcero He 3aBUCUT OT BBIOOPA TOYKH C.
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HencTBurensHo, ecmn ¢ > ¢ — mobas Apyras TOYKa Ha oTpeske [a,b],
TO, IO CKA3aHHOMY BHBIIIIE,

]f@wuwxszm> dw+/f
jf@) dw—/f dw+/f(M@Mw

U, CIeTOBATEILHO,

]ﬂmmmm+jﬂmwmm=/+]+/=/+/,

4TO U TpebyeTcs.
B kagecTse nmpumepa paccmoTpuMm B-QyHKnuo Juwiepa

1

B(\p) :/:L"\ Y1 — ) tde.
0

ODTOT UHTErpaji CXOAUTCA B OOBIMHOM cMbIcae pu Re A > 0, Re u > 0; o
NOKA3AHHOMY, OH aHATUTUYIECKU MPOJOMKAECTCA BO BCIO TIOCKOCTH A U BO
BCIO TUTOCKOCTB f1, KpoMe 3Hadenun A = 0,—1,—2,... u = 0,—1,—-2,
Dopwmyaa perymapusaunu upu Re A > —k, Re u > —s numeer Bug

% k—1 r
B\ ) = /x*‘l l(l — )t Z(_l)r% dr +

0 r=0

dx +

oo Ry

k—1 s—1
(=D"T(w) (=DM
+ Z < 27 A (p — ) (r + A) + ; 2rtepll( N —r)(r + p)

Perynspusauuns Ha 6eckoHeqHOCTM. Brimie MBI pyrgaau CMBICT MHTErPATY

b
/:L)‘dx
0
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mpu BCeX \ # —1, MOHUMAA ero Kak pe3yabTaT MPpUMEHEHUs (PYyHKIIMOHAIA,
xf}gxgb K ocHoBHOU (GyHkuuu (z), pasaon 1 B mpomexytke 0 < z < b.
Bruto 6v1 xkenaTeIbsHO OCMBICIUTD MO0OHBIM 00Pa30M MHTErpaJ mo 6eCcKo-
HEYHOMY MPOMEXKYTKY

o0

/:U)‘d:n (b>0).

b

Ho y mac meT ocHoBHOU QyHKIUM, paBHOU 1 B mpoMexyTke oT b 10 co.
IlosToMy MBI mpuMeM creyiomee ycaoBue. Mbl GygeM paccMaTpUBaTh
knacc K (b,00) Bcex dyHxmmin (), Kaxkgad U3 KOTOPHIX ONPEIETCHA,
u 6eckoHeIHO aupdepeHnupyemMa Opu BCeX 2 > b u mpUTOM TaKOBA,
uTO mpeobpasosanue mHBepcnn @ (1) = ¢)(z) mepemowT ee B OCHOBHYIO
dynxmmio ma unTeppane (0,4); TouHEe, B BYHKIMIO, KOTOPAS COBNAACT
Ha >TOM HHTEpBaJe C HEKOTOPOU OCHOBHOM (PyHKIIMEH IpocTpaHcTBa K.
Torga MBI ompegenseM (pyHKIMOHAT

b/:n}‘go(a:)da:

opMyon, OTBEYAOIIEN TOCTAHOBKE % =y

/l’*e@(fv)d:v = /y’*”so <1> dy,
y
b 0

OpUYeM TOLYJIAIONINICA UHTErPAT, €CIU HYKHO, IOHUMAETCA B YKA3AHHOM
BEHIIIE PEryIAPU3OBAHHOM CMBICIE; OH CyMIECTBYET, CJISIOBATENLHO, MPHU
“A—2#-1,-2,...,r.e. mpu A # —1,0,+1,...

[Mns dysaxuun F(x), onpegeneHHON B NPOMeXYyTKe [b,00) n mMmerornen
sux F(x) = 2*f(2), rae f(x) — dynxuma xracca K (b,00), mpumenum B
KA4eCTBe (POPMYJIEI PEryJAPU3AINY CACIYIOIIYI0 GOpMyIy:

S

o0 o]

(ver. Fop) = [ F@)p(@)ds = [ [f)ola)ds

b b

OwueBunano, 9TO AMA QyHKOUOHATA per.F, onpemeseHHoro Ha QpyHKIW-
ax p(x) knacca K (b,00), BEIIOIHEHB! yCIOBUA:

per.[a1 F1 + asFy] = oy - per. Fi + as - per. Fy,
per. [g(z)F(2)] = g(x) - per. F(2)
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s mo6ou Geckonedno guddepennupyemon GyHknua g ().

IepengeM Teneps K caMoMy OOIIEMY Caydaro, kKorga pyuxiua F(z) nme-
€T HECKOJIBKO (KOHEYHOE YUCI0) CTENeHHEIX 0coOeHHoCcTen. [lepenyMepoBas
OCOOEHHOCTM B TMOPSAAKE BO3PACTAHUA ApryMeHTa, IJIA ONPEeIeIeHHOCTH,
—00< by <...<b, <00, MBI PA3JI0KUM OCh HA KOHEYTHOE KCJIO IPOMEKY TKOB:

(—00,0,1), (alvbl)a (b17a2)7 (0'27b2)a EEE (bn,an-l—l), (an+1,00),

HA KaXJOM U3 KOTOPBIX OCTAETCA JUIIb MO0 OTHOU OCOGOU TOYKE HA TOM
WIX WHOM KOHIIEe, B KaXXJIOM M3 DTUX MPOMEXKYTKOB INPUMEHUM COOTBET-
CTBYIOIIYIO (POPMYIY PETYIAPUIANUYN U CIOKUM pe3yJbTaThl. Tak xe Kak
U BHIIIE, JErKO MOKa3aTh, YTO OOLUIUU PE3yJbTAT HEe 3ABUCUT OT BLHIGOPA
IIPOMEXKYTOYHBIX TOYEK A1,... ,0n.

OrmMerum pganee, 9To BMecTe ¢ peryiapusamuavmu GyHkuumu F(z) Ha
KaX[IOM M3 DTUX IPOMEXYTKOB IIOMyYeHHASA Pery/aApu3alusd Ha OCHU YIO-
BJIETBOPSAET YCJIOBUAM:

per.[an Fi + azFb] = a3 - per. F} + as - per. Fy,
per.[g(z)F(@)] = g(z) - per. F(x)
(9(z) — Geckoneuno guddepennupyemas QyHKI).
Mpumepsr. 1. Hangem Ta:’\da:.
0

Kak ormedeno Beime, npu b > 0

b pr 1
/:L"\d:v = (A # -1).
0

A+1

C opyrou cTOpOHBI,

00}\ b)\-',-l

- _ —1).
/a:da: T 1 (AN#-1)
b

ITosTomy

o0

b 00
/J;)‘dx = /:L‘Ad:v-l-/:v}‘d:v =0 (A#-1).
0 b

0

Tax Kak pe3yrbTaT €CTh AHATUTUYECKAA (PYHKIUA A, TO OH CIPABEIINB U
B HCKJIIOYEHHON TOYKe A = —1.
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2. Nurerpan

o0
/xkl )‘”dx
0

npu Re A>0, Re u >0 cxoAUTCs B OOBIYHOM CMBICIE U, KAK JEr'’KO IPOBEPUTH

NOJCTAHOBKOH 11, = ¥, coBnanaet ¢ B(A, ). loaTomy ero anammruaeckoe
npojgomkenue comanaet ¢ B(\, u) mpu Beex A\, u # —1,-2,...

3. Haugem

/ x+1) —a:”]nda:.
0

Pasnmaras mogsiHTErpaibHy0 GQYyHKIUIO [0 (HOpMyTe OGHMHOMA U MPUMEHS
TEPBOE CBOMCTBO KAHOHUYIECKOU PEryIAPU3AINN, HAXO JUM:

=Y (-1*ck /(x + 1) ke dy =
k=0 0

_Z B(kp + 1,k(A — p) — nX — 1)

B CUIY PE3yIbTATA MPEILIAYIIero MPUMEpPa.
_ 1 1
3aMeTum, 9TO Ipu A = i, —» < A < 1 — = unrerpan I cxoqurcs B 0OBI4-
HOM CMBICJIE; MBI ITOAYYIa€M, TAKAM OOPa3oM, CIEIYIOUIYIO (KIACCAIECKYIO»
dopwmyry

[z + 1) = 2*]"dz =Y (-D)*CEB(kX + 1,—nX — 1)

k=0
1 1
<——<>\<1——>.
n n

9. O606mennan dynkmms r*. Tlomarasr=./z? + ... + 22, paccMoTpum

0\8

(YHKIMOHAT 1, TeHCTBYIOMMI IO GOPMYIe

(,¢) = / (@) dz, 1)

Ry
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KOTOpasa uMeeT cMbuIca npu Re A > —n. B cuny BosmoxkuOCTH nuddepen-
IUPOBAHNUA

%(r’\,tp) = /r’\ Inrp(z)de

dpyHKIHOHAT 7 IpegcTABIACT COOOH AHATMUTHIECKYIO (DYHKIZIO OT A B

obractu Re A > —n. [lna Re A < —n dyHKIua r JTOKATIEHO HHTETPEPYeEMa;

MEI OllpeneanmMm Q)yHKI_II/IOHaJI ’I"/\ METOJIOM AHAJUTUYIECKOI'O MPOMJOJXKEHUA.
MoxHO 5TO caenaTh, 0600MaA CXeMy MPEIBIIYIINX TYHKTOB (3Ta uues

BHOCIEACTBUN OygeT DPACCMOTPEHa B NPUMeHeHWH K 0ojee MIIPOKOMY

k1accy ¢ynxumit Buga P*(z), rae P(r) — momoxuTembHas 0THOPOIHAA
¢yaxnus; cm. . 11T § 3). Mur 3gecs ucnonbsyem 6ojee IPOCTON IpUeM,
A A

OCHOBAHHEIA Ha CBeJeHUN QYHKINM 1 K T .
Iepexona B unTerpate (1) x cepudeckum KOOPIUHATAM, TPUBOLUAM

ero K BUIY
() = /r’\{/cp(rw)dw}rnldr,
0 o

rae dw — saeMeHT efnHUYHOU cdepsl (). BHyTpennun morerpana MOXKHO
OpeaCcTaBUTh B popMe

/(p(rw)dw = 0,S,(r),
Q

rae (), O3HAYACT MOBEPXHOCTH CIMHUIHON C(Ephl B N-MEPHOM TPOCTPAH-
crBe, a S, () ecThb cpenHee u3 3HadeHun GyHKuNK @ () Ha cdepe pagmyca r.
Nrax, Mbl mpuxoauM K GopMyIe

(r’\,cp) = Qn/r’\“‘*lsw(r)dr. (2)
0

YeranoBuM HeKOTOpHIE cBonCTBA yHKIME S, (). MBI yTBEpK 1a€M, 9TO
Pynryua S, (r) (onpegenennas npu r > 0) gunumna, beckoneuno dugdepen-
YUPYEMA U 8CE €€ NPOUZBOOHbIE HEUEMH020 NOPAIKG 00PAWAIOMCA 8 HYab
npu r = 0.

Ilpu pgocrarouno Gombmom r QyHKuusa @(r) obpamaeTcsa B HyJb;
noaroMmy u ee cpentee S, (r) oOpalmaeTcs B Hylb; TAKUM 06pa3oM, Sy, (1) —
dpuHUTHAA PYHKIINA.

OueBnguo Takxke, 9T0 S, (1) 6eckoHeIHO AuddepeHmupyema mpu r > 0.
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Y00 yOEIUTHCA B HAIMYAM BCEX MPOM3BOAHLIX y (dyHKnuum S, (r) u
npu 7 = 0, pasnoxum pyskumo ¢(z) mo popmyae Temwropa. Torga 6ynem
AMETh:

95,(r) = [ 410)

Q

8p(0)
Zal‘la ;T +

22T + .| dw.

3' Z 83:183118:%

flcho, 9TO KaxkI0e CIaraeMoe MOALIHTErPATLHOU CyMMBI (KPOME OCTa-
TOYHOI'O WIEHA), COEPXKAILINE HEUETHOE TMCIO0 MHOXKUTEIEH Ij, IIOCIe
UHTErpUpOBaHUA obOpainaerca B Hydb. CraraeMbie moqLIHTErPATLHON CyM-
MBI, COJEpPXKAIlNe 4YeTHOe HUCIO, CKaXeM 2m, MHOXATEIeHn Zj, MOCIe
MHTErPUPOBAHUA ¥ CYMMHUPOBAHUA NAIYT WICH BUIA Gpr>™. WMTak, MBI
IOy aeM:

S,(r) = p(0) + ar1r® + asr® + ... + anr®® + o(r?*)V. (3)

DTO BhIpaxeHnme MNOKasbiBaeT, 4To mpu r = 0 dyskuua S,(r) umeer
OPOM3BOAHEIE [0 TOpALKA 2k, IpUdeM HeIeTHBIE MPOU3BOJHBLIC PABHEI
mymo. Tax xax k, MOXHO B3ATb IPOU3BONBHBIM, TO S,(r) GECKOHETHO
muddepernupyema npu r = 0 1 Bce ee HedeTHEIE TPOU3BOIHEIE Tpu r = 0
oOpaIaTcsa B HYIb.

Otrcroga caexyer, 4o (yHKIMO S,(7) MOXHO pPacCMATPUBATL KAK
YeTHYI0 OCHOBHYIO (yHKuuio mnepemexnsoro r. Wurerpan (2) B Takom
CIy9ae MOXKHO MOHMMATH KaK Pe3yIbTaT INpUMeHeHns pyHKunonana Q, o/
(bt = A+ n —1) x ocuoBror dpyukuun S,(z). Ho MbI xOpomo 3naem, 4To
dyuKIII mi, amamuTudeckas npu Re p > —1 (T.e. Re A > —n) nomyckaer
AHATATUICCKOE npo;[omKeHue HA BCIO IIOCKOCTE (1)) ¢ MCKIIOYCHHBEIMU
roukamu p=—1,—2,... (A=—n,—n+1,...), B KOTOPBLIX OHA UMEET MOTIOCHL
1-ro mopsaka; mpu 5TOM BBIYET B mouatoce = —m (A = —n — m + 1) pasen

(=nmt6m (@), S,(x) _ Sg"Y(0)
(m —1)!  (m -1

Ho Tak xax HeueTHbe IpoM3BogHBIE (PYHKINE S, (%) 0OOPAIIAIOTCI B HyIb
npu x = 0, TO MOJOCOB, OTBEYAOIINX Y€ THBIM 3HAYEHUAM M, HA CAMOM [eJIe
umer. Ocraerca cepus MOTIOCOB, OTBEYAIOMX 3HadeHuaM m = 1,3,5,... win,
9TO TO XK€, A = —n, —n — 2, —n —4,...

Dy(x) = o(x) osmaaer, 4T0 OTHOITEHIE L crpemurca x myimo.
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3amernum, uTo Beraet bysxmmn (1, S, (x)) mpu A= —n—2k (k=0,1,...),
KAaK BBITEKACT U3 BBIOIECKA3AHHOTO, PABCH

5(2k) S (2k)
(2k)! (2k)!
B wactHOCTH, B TOUKe A = —n dynkmua (r*,S,) mmeer momoc 1-ro

nopsaka ¢ BeraeToM 2,S5,(0) = Q,¢(0). DT0 03HAUaeT, YTO 06OOILIEHHAS
dyuxmma 7 npu A = —n uMeeT monioc 1-ro mopsagKa ¢ Beraerom ,0(x).

2
Benuaumy Sfa k)(O) MOXHO BBEIPDA3WTh HEMOCPEICTBEHHO epe3 (YHKIUIO (p, MUHYS
ee yCpeqHEHWUe.
IIJist 5TOTO MBI TTOCTPOMM WHOE BRIPAKEHWE BHIYeTa 0GOGIIEHHON (QyHKIUN 1 mpn
A = —n — 2k. Bocmoassyemcs ¢hopMyaon nuddepeHnnpoBaHus

ArM?) = A+ 2)(A +n)r?,

rae A —omneparop Jlamtaca. (Ilpy Re A > 0 sTa dopMmyna TOKa3LIBAETCA HEMOCPES-
CTBEHHBIM MOACYETOM JEBOUW HYACTHU, AJA OCTAIBLHBIX A OHA OCTAETCA CIPABENIUBOU B
CWIYy aHAJMUTAYIECKOTO MPOAOMKeHus.) Vrepupysa oTy dbOpMYILy, MOXHO MOIYIUTH DA
n1060M 1eoM k paBeHCTBO

AkpA+2k
= .
A+2)A+4)..A+26)A+n) A +n+2)...(A+n+2k—2)
Beraer pynknnm r npu A = —n — 2k MOXKHO Tenepb COCIYUTATH KaK BBIYET MPaBOU
YaCcTH IIPU DTOM 3HadeHHH \. Tak Kak 3HAMEHATEIh HIpaBOU YACTH Opu A — —n — 2k He

00palmaeTcs B Hylb, TO JOCTATOYHO HAUTHU BBIYET YuCaAuTera. Ho mas mo60u OCHOBHOU
Py o(z)

(Akrk+2k’(p($)) _ (,,,A-F?k’Ak(p(x)) ,

T.e. MBI JOJKHBI B3ATH BHIYET (DyHKIAN (rk,Aknp(:c)) npu g = —n. Takou BBEIYET MBI
BBIIIE BLIYUCIUINA [JA MOOG0M OCHOBHOU (PYHKIIUU; OH PABEH 3HAYEHUIO DTOU OCHOBHOMN
dyuxmuun B Touke T = 0, ymMHOXeHHOMY Ha (. B gaHHOM caydae MBI HOTy9aeMm
smatenwe Beraera, pasuoe (U, AFp(0). Orciona cregyer, wro Beraer dyuxmmm (1, @)
npu A = —n — 2k paBeH

Qn AF(0) 3 Qn (AFS(2), ()
(=2k —n +2)...(=n)(=2k)...(=2) ~ 2%kIn(n+2)...(n + 2k —2)’

(5)

a BBIYeT 0GOGIIEHHON (BYHKINM I MPM TOM ¥Ke \ PaBeH

QnAFS(z)

2 kln(n +2)...(n + 2k —2) (5"

CpasHuBas Beanyuny (5) ¢ HAUIEHHBIM BBINIE BHIDAXKEHUEM BbIUeTa (4), HAXOIWM, UTO

oy (2k)!920 A% ¢(0)
SO = R+ D). (n 2k —2) ”
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DTOT pe3yanLTaT AaeT BO3MOXKHOCTHL HANMCATh pasaokenue Teinmopa ama pyHK-
nuu Sy (7):

_ 1 2 L@k gy, 2k _
S‘p(r)fnp(O)#»aSg(U)r +...+(2k)!s¢, O)yr" +...=

— 0.3 Ak (0)
_anzz:OZkk!n(n+2)...(n+2k72)+... (7)

(dbopmyna Muuyettul)).

Tl nanbHeRIIero HaM y106HO HOPMIPOBATE 000OIIEHHY O (byHKIIIO 1

TaK Xke, KaK 5TO OLLIO CIeJAHO BLIIIE [/ CTeneHer - Ha npamon. [Iisa sToro

paszgemum r Ha

(T)‘,e_TZ) = /r)‘e_ﬂr”_ldﬂdr = %F </\ ; n> .

Dynukiua

2r
n
2,7 (357)
ABIAETCA, OUEBUIHO, HEMOU AHATUTUYECKON (DYHKIUEN \. SHAYMEHUE >TOU
GyHKIUE B 0COOLIX TOYKAX YMCAUTENS] U 3HAMEHATEIA MOXKHO HAUTH KaK
OTHOIIEHNE COOTBETCTBYIOMNX BLIYETOB. TakuM 00pa3soM, MBI IIOJIYIaeM:

> >

2 2o,
Dl (M), o BT, (Mhe™)
Q. AF5(2) X
_ TEAAD. (ni2RD) (g AF§(z) @®)
(2.5 o) %ktn. . (n + 2k — 2)°

B gactaocTu, npu k = 0 nmoxygaem:

2 rA
TSR = (). (9)
At
Qn F( 2”) A=—n
10. Pasmoxenwe ¢yHKImEM r» Ha IIOCKMe BOJHHL IlycTh w =
= (w1,Wa,... ,W,) — TOYKA eUHUYIHOU cheprl B mpocTpancTse R,. Ilycrs

DP. Kypaut u [l. MunsbepT, Merogsr maremarmaeckoi usuxm, T. II, Focrexnsar,
1951, ra. 1V,§ 3.



10] §3. PELYJIIPU3AIINS OYHKIIAHR 91

Re A > —1; mocTpoum o606mmennyo Gyuxmuo F)\(wix1 + ... + waTy,) 10
dopmyne

W11 wna:n)‘
(e + -+ anaa) o) = [0t oman )

Cosepimiasg mOBOPOT OCEH y = uZ, MPU KOTOPOM TOYKA W MPUOGPETAeT
kxoopmuaaTh (1,0,...,0) u noraras 1) (y) = ¢(u~ty) =¢(z), M Tpeobpasyem
DTOT MHTErpana K BULY

s [ P
/@w(y)dy: / @ / Y(y)dys...dyn pdyr.  (2)
o0 yg,...7yn

Yy1=—

Bripaxkenue B QUIypHBIX CKOOKaX €CTh HEKOTOpasa GyHKIua ¢o(yi),
OeckoHeuHO muddepeHnupyeMas u (QUHATHASL, T.e. OCHOBHASA (DYHKIIUS
nepementnoro y;. Ho B Takom caydae Beipaxenue (2) MOxXeT OBITH aHa-
JUTUYECKU MPOMOMKEHO HA BCE 3HAYEHUS A; BMECTE C HUM OMPENeaseTCs
s Beex A u pyHkimonan Fi (wizy + ... + wpty)-

Jlerko BumeTh, 94TO QyHkuumoHan Fy(wizi + ... + wpty) HEIPEPHIBHO
34BUCUT OT TOYKU w. [[eNCTBUTEILHO, BMECTE C TOYKOW W HETPEPLIBHO
MEHAETCA TMOATPOCTPAHCTBO, OPTOMOHAIBHOE K BEKTOPY W, HEIPEPHBIBHO
MeHAeTCsA UHTerpas or ¢gyHkuuu t(y) HO 3TOMY NOANPOCTPAHCTBY W,
CJEI0OBATENIBHO, HEMPEPHIBHO MeHAeTCA GYHKIUA @o(y1); 6omee TOro, oHa
MEHSAETCS HEMPEPBIBHO B CMBICJIE CXOIUMOCTH B OCHOBHOM IIPOCTPAHCT-
Be K. IlosToMy mpu KaxaoM (PUKCHPOBAHHOM A HEINPEPLIBHO MEHIETCA
Bemnansa, (F)\(wiz1 + ... + wpy), (), 9T0 U 03HAYAET HEMPEPLIBHOCTH
dyuxnuonana Fy no mapamerpy w (cp. § 1, m. 8).

[TosToMmy MOxKHO npournmezpuposams Pynrxyuonas F\ no napamempy w,
npoberamommemMy eIuHUYHYIO cdepy (), T.e. TOCTPOUTH TAKOU (DYHKIIUAO-
Hax G, 9TO 1Js T060U OCHOBHOU GyHKIUU ()

(Grp(e)) = [ (Frpla))do
Q
(moapob6uee 06 MHTErPpUPOBAHUE TIO TAPAMETPY CM. B noOaBaeHUA 2).

Brraucaum sToT maTerpan Baadane mias Re A > —1. B sTom cayuae, kax
JIETKO BUIETh,

/|w1x1 + ...+ wnxn|)‘dw
Q
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€CTh ChepuiecKn CUMMeTpuvHas PYHKIUI OT T1,T3,--.,Tn, OTHOPOTHAL
CTEIEHN \, U C TOYHOCTBIO 1O MHOXKITEII PABHAA r. VHBIME CIOBAMH,

/|w1a:1 + oo wptn|Mw = C(n, N, (3)
Q

Yro6wr HauTu 3uadenue nocrosaaon C(n,\), nojsoxum &, = 1, £y = x5 =

=...=2z,_1 = 0. Ms noayunm Torgal)

()

-2/
T (%)

n—1

C(n,\) = /|wn|>‘dw =212
Q

Moacrasnsaa smagenue C(n,A) B dopmyay (3) u mems Ha WHTAF(%),

noay<iaeM GOpMy.Iy

1 2

- +...+ My = ———, 4
g | e e e e

OCHOBHYIO /IS JaJbHEUIIEro. JDTa GopMyIa, yeTaHoBIeHHAs 111 Re A > —1,
OCTaeTCa CHpaBe,Z[JIHBOﬁ 1 IIPX OCTaAJBbHBIX 3HAYCHUAX A B CWilIy €IuH-
CTBEHHOCTU aHAJUTUIECKOrO NpoAoKenus (cM. nobasaenue 2). OHa gaer

A
pasnoxeHnne (pyHKIIUN % HA TaK HA3BIBAEMBIE (TLTOCKUE BOJTHBIY U TEM
2

CaMBIM, KaK OyJeT IMOKAa3aHO HUXKe, YaCTO MO3BOJAET CBOAUTH IIPOCTPAH-
CTBEHHBIE 33,3491 K ILIOCKUM U OJHOMEDHBIM.

Dlga  BoMECICHHA — UHTerpana  [EPeXOJUM K  CHEPUUecKHM  KOODJUHA-
Tam 61,602,...,0,_1. IIpu >ToM

n729

wn =co8Pp—1, a dw =sin n—1dwn—1,

rae dw,_1 — daemMeHT moBepxHOCTH Cdepsl B (n — 1)-mepHOM mpocTpancTee. MHTErpat
npuobpeTaeT BHUI
27rn§1 (—XWLI)
2

o\wla

20,1 [ sin""?0cos* 0d) = ———2,
r(4)
HOCKOJBKY
ortst g 1 1 A+1
> _
Qpo1 = %, a /sin”*20cosk9d0 =_-B (n ,i)
r(251) ) 2 2 2
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10]
PaccmoTpuM 9acTHBRIA caydanm >Toun GhopMmyasl mpu A = —n. Ecmu n

HeYeTHO, TO mo gopmyre (3) m. 5

|CU|>‘ _( 1) T) 5(71—1)( )
N ) N (n—1)!

C mpyrou croponsr, o ¢opmyae (9) m. 9

= Qn(S(l'l,l‘g,... 71‘77,)7

2r)

A=—n

rae (), — IWIoWAa L IOBEPXHOCTH euHNIHON cdeprl. IlogcraBus >Tu 3Ha-
4enus B ¢popmyay (4) u pasgenus obe 4acTu paBeHCTBA HA ), IOLyIaeM:

- =1

—1)55 (2=l
_ (n )T (") /5(7‘*1)(&]11‘1+...+ann)dw'

§(I17' s axn)
B IIPOCTPAHCTBE HEIETHOI'O IMCJIA I/IBMepeHI/Iﬁ

o 202m)
2)  1-3-5...(n—2)

w[3

™

2
Q, =
r
MMoxgcrasassa aTo 3uadenue (), u ynpoias Ko>pPUIMEHT, HAX0 UM OKOHYIA~

TEIbHYIO (POpMYy.Iy:
1)
% /5(n_1)(w1€61 + .+ wpzy)dw. (5)
)"
Q

(5(5[71,...,:15”) = 2(

BriBegem Temepb hopmyay, JAIOMYI0 PA3IOKeHUe O-PYHKIUYA HA, MIOC-

K¢ BOJHLI B TMPOCTPAHCTBE UETHOTO uMCIa uM3MepeHuwi. IlpaBad JacThb
dopmyasr (4) mo-npexkuemy npu A = —n obpaturca B Q,0(z1,...,2,). C
IPYTON CTOPOHBI, IPA IETHOM 7
I L
A+l o _n 41 ’
T3 |, T3+3)

—n

rae BEIPAXKEHWE T
3HaveHus B (4), MBI TOTYyYaeM, 9TO IPU IETHOM 71

/(wlxl + ..ot wpz,) Mdw.
n

onpenereno dopwmyaon (5) m. 3. Hoxcrasaas >tu

n—1

E=

|
rol= | =

0(x1yeee,xp) =
1 (-3 +
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|3

13 | ol

Bcnomunas, aro €, = ng—), MBI TTOYYaeM, ITO B CIyUae YeTHOTO N

)

(21, Ty) = %/(wlxl ot Waty) WY, (6)
o

s mosacuenus ¢opmyant (5) mpuMmeHuUM 06€ YaCTH PABEHCTBA K

dyuxmun ©(x1,22,- .. ,Ty). MBI mOTyInM:
n—1
(_1)T / / anilap(wla'“ ,wn)
0,...,0) = ——— [ d doy, 7
i ) 2@2myn—1 | dyn—1 o,  (7)
Q Zwkzkzo
rae dog — DIEMEHTAPHAA ILIOMAIKA B IUIOCKOCTH » wiZi = 0, a % —

mudGepeHIrpoOBAHTE TIO HATIPABICHUIO OPTOTOHATLHOTO K HEM BEKTOPA W.
Ananmorrano moxuO 3anucars ¢opmyay (6). Iomoxum mas ocmoBHOU

Pynxmmn ()

B(Ew) = V(E) = / (@1, n)doe,
S wrze=E

rie dog — dIeMeHTapHAS ILIOMIALKA B ILIOCKOCTH »  wipZp = & (Beamdn-
HA 5TOr0 MHTErpaja 3aBUCAT OT HAIPaBIeHUs BekTopa w). OdueBumHO,
aro P (§) — Geckoneuno nuddepenuupyeman punurtHas Gyukiua. Cormac-
HO dopmye (5) m. 3

€@ = [ {ve +vco - 2o + oo + .

4 %w“‘—?) (0)] }df.

1)Cﬂyqaﬁ YETHOTO 1 MOXKHO OBLIO OBl OOBLEIUHATE CO CIy9aeM HEYETHOTO T B €IUHOU
dbopmy.e

—1)!
6(z1y...y2n) = (n ) /(wlxl + ..+ wpxp —i0) " "dw

(2me)™ 2

B cuiy onpegenenus gyukumu (z — i0)~" (cM. 1. 6).
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Tenepsb MOXKHO 3aIKUCATH PE3YALTAT TpUMeHeHuA HOpMyY.IHL (6) K OCHOBHOU
dyuxnun @(x) B BUIE
(—1)%(n - 1!

(p(O,,O) = W X

X /((wlazl + oot wpzn) T (Wi F . wpty))dw. (8)
Q

®opmyast (7) u (8) garoT pemenne Tak HaszbIBaeMon npobaemvi Padona
0 BoccTaHOBIeHNM QyHKINY (2) (1w ¢)(x)) Mo U3BECTHBIM ee NHTerpaIaM
o runeprockocTaM (w,z) = C

11. OgHopoausie (Qynkmum. PaccMOTpuM Teneph BBEIEHHBIE BHIIIE

06001IeHHbIE (PYHKITNN a:j‘_,:n’; 1 [Ip. €Ie C HOBOM TOYKM 3PEHUA — UMEHHO,

B aCIeKTe MOHATUA OAHOpOoaHOU (yukiuu. Mer ompegemmau B § 1, m. 6
OITHOPOIHYIO O0OOIIEHHYO0 (DYHKIINIO CTENEHN A YPABHEHUEM

f(az) = 0 f(2), 1
WA, YTO TO XKe,
(F@1e(2)) = *"(f @), 0(@)

s 060U OCHOBHOU (YHKIUHA () U TG00 TOMOKUATEIBHOTO (.
YCTaHOBUM HEKOTOPHIE MPOCTHIE CBOUCTBA OOOOUIEHHBIX OTHOPOTHBIX

dbyaKImMn.

1) Cymma dsyz 00nopodnvixr Pynruui cmenenu X ecmb crosa 00KOPo0d-
nasa Pynryua mot Hee cmenenu \.

2) Ipouzsedenue 0dmopodnoti o6obwennot Pynxuyuu f cmenewu A wa
Geckoneuno dugdepenyupyemyro oonopoonyo Gynxyuto a(x) cmene-
HU [ ecmb 00HOPoOHaA 0000wennas Gynkyua cmenenwu A + L.

[okazaTeabCTBa CBOUCTB 1 1 2 HOIYYalOTCA HEMOCPEICTBEHHO IIPU-
MeHeHueM omnpegenenus (1).

3) Ipouzeodnas no x; 00nopodnot 06obwennot dynwkuyuu f cmenewu A
ecmv 00nopodnas obobuennas Pyrwkyus cmenenwu X — 1.

JleACTBUTETBHO, MBI IMEEM:
OF (ZY) = = (1,20 (E)) = ~Lopen (4,22 =
(8:@’('0(0()) B <f’ 8:Uj<p(a)> - <f’ or;)

_ of
_ A=1l4n [ Y
- (5%’@)'
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4) Oonopoonvie GynKuuY PA3auvHOT CMENEHU AUNKETHO HE3ABUCUMDL.
[Ipegnonoxum, YTO UMEET MECTO PABEHCTBO

cifi(@)+ ...+ emfm(z) =0,

roe fr(z) — omHopomHas 0600LIEHHAA (DYHKIMA CTENEHU \j, OPU-
geM Bce uucaa Ap pasnauyasbl. COMTacHO OmpeneneHuo, mpu JHO0M
MONOXUTENBLHOM (v U JIO60U OCHOBHOU (BYHKIUHU (X) UMEET MEeCTO
PaBEHCTBO

1™ (f1,9) + 2™ (f2,0) + ... + cma™™ (fnsp) = 0.

Tak Kak MOKa3aTemm Aj TO MPEANOIOKEHUI0 PA3IAIHEI, TO MpU
moboM k u npu aobon ¢ mer umeeM ck(fr,p) = 0. Ecaa fi # 0, To
dyHKIUO (L) MOXKHO B3ATH TAK, 9TOOH 6BLIO (fk,p) # 0; oTcioma
cr = 0 mpu xaxaom k, 9To u Tpebyercs.

5) Mycmb f — 00nopodnas 0606wernnas GYHKUUL CIEenens X, aHasl-
muueckas no X 6 obaacmu A. ITycmp, daasee, fy donyckaem anasu-
muueckoe npodoaxcenue no X 6 bosee wupokyo obaacmv Ay D A.
Tozeda ¢ynkyuonas fr u 6 6oaee wupoxoi obaacmu Ay ocmaemca
00HOPOOHBIM CNENENY N.

[encTBUTENLHO, IPU JIOO0OM (PUKCHPOBAHHOM A U JIO00M OCHOBHOU
dyskunn @(z) B 061acTH A BBIIOIHAETCS PABEHCTBO

(1 (2)) =t

CmpaBa u cleBa CTOAT aHAIUTHYECKUE B obaactu A pyukumm ot .
B cuiy eIMHCTBEHHOCTH AHATATUYECKOT'O HPONOKEHNSI, OHA COBIA-
OAlT U B 00macTu Ay, 9T0 HAM U TPeOyeTcs.

A

PaccmoTperHas B HpegbIIyIINX IyHKTax O0OOOMmEHHAA (DYHKIUA T
nupu Re A > —1 sBasercsa oguopoguou dynkumen cremenu . [lamee, Mbl
3HaeM, UTO (DYHKIUA a:f‘|r MOTYCKAET AHATUTUYUECKOE TPOMOTKEHNE BO
BCIO TLIOCKOCTH A C WMCKIIOUEHHBIMEU Toukamu —1,—2,... B cury cBou-

A " "
cTBa 5 Pynryus T asassemca 00nopoduoii Pynxyued cmenenu A npu eces

Komnaexcuviz X # —1,—2,...,—n,... To xe oTHOCHTCA K QyHKIAEL T .

Dyrxmmm |z]*, |z} sgnz, (z +i0)*, (z —i0)*, kax TuHEHHLIE KOMOUHATIIT
dyrxmmit z} n x), Takke 0ZHOPOAHEBIE (DYHKIMM CTENEHM \; IPH DTOM
KaxX1as U3 HAX OJHOPONHA B IOJTHOU OOGJACTH CBOErO CyMIECTBOBAHMUA:
dbyuxmua |z|* ogmopomma mpm A # —1,-3,-5,..., dymkmma |z|}sgnz
omuOpoaHa mpu A # —2,—4,..., dyskmum (2 +i0)* u (x —i0)* oxEOpOIHEI
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mpu Becex A\ 6e3 uckaodenuu. B wacToCTH, 0600IIeHHAA DYHKIUA £~ "™ 011~

HOPO/HA CTEIeHN —m TIpu JI060M nerom m. meercsa eme ogHa 0 IHOPO IHAA
dyukima crenern —m, umenro 6~ (z); geiicTBHTEIBHO,

(m—1)

_ T 1P (0) _ _

(3 D@0 (2)) = ()T ET 2 = a0 @), ().
Hanmem Bce 0fHOPOAHEBIE OGOOIIEHHLIE (DYHKIINN TIOPALKA A HA, TPAMON.

Cormacuo ompegeneHuio Takue GYHKIUA yIOBJIETBOPAIOT yPABHEHUIO

flaz) = o’ f(z) (2)

npu aob6oM « > 0. JuddepeHupy s 5T0 COOTHOUIEHNUE [0 (v U ITONATras 3aTeM
a = 1, noaydaem:

af'(z) = M(@). (3)

Hammem Bce pemenus >Toro ypaBHeHusa. [pu x # 0 MOXHO WHTErpu-
POBATEL OOLIMHLIM OOPA30M; HTO MPUBOAUT HAC K BBEIBOLY, ITO HCKOMAS
obo6mennas dyrkmua f(z) gomxna copmanars ¢ C1a® mpu 2 > 0 u Cy|z|?
npu z < 0. Takoro poma o6o006uieHHBIE (QYHKIMN HUMEIOTCA yKE Yy HaC:
9TO (QyHKIUM C’lxj\i_ u Cyx® mpu A # —n, n = 1,2,... Ipegnoraras,
YTO DTU HEPABEHCTBA BBLIMOJHEHBI, PACCMOTPUM OOGOOIIEHHYIO (HYHKIIIIO
fo(z) = f(z) — Cia} — Coz}. Ona BMeCTe ¢ KaXK IbIM CIATAEMBIM YIO0BITE-
TBOpseT ypaBHeHUIO (2) U B TO ke BpeMsa pasHa Hyio npu = # 0. Takum
obpaszoM, pyukIma fo(r) COCPEIOTOUECHA B OMHOU TOUKE.

Bo BTOpOM BEImMyCKe GymeT IOKa3aHa CAeIyIomas TeOpeMma, KOTOPYIo
MBI cermdac npuMeMm 6e3 moKasaTeabcTBa. Ecau obobwenwnas dymxuyus fo
cocpedomouena 6 00not moure, craxcem to = 0, mo ona umeem 6ud

fol) = cxd®(x)
k=0

¢ Hexomopvim (KoHeuHbim) M.
B cuny 5TOU T€OpEMBI MBI IMeeM

f(z) = Cray = Coz =Y erd™ () = 0.
k=0

[Tpumenss cBOUCTBO 4, MOAyYaeM Cg = €1 = ... = ¢, = 0, U, CIeIOBATEIBHO,
flz) = Clxi‘ + Cha?

ecThb 00IIee perneHne MOCTABICHHON 3a1a4uu npu A # —1,—2,...
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IMycts Temepsr A = —n eCcThb IeI0e OTPUIATETILHOE YUCI0. Bymem
mpeanojararh, 9to f(r) — 4YeTHad QYHKIUA TPU I€THOM 7, U HEYETHAA
¢yuxnus npu HedetHoM n. [pu z # 0 dyuxuus f(x) gomxHa coBmazaThb ¢
dyuxmuen Cz~"™. O600IIEHHAA OTHOPOIHAA PYHKIINA, O0OJATAIOMIAL STUM
CBOCTBOM, u3BeCTHA, uMenno, Cz~". Pazuocts fo(z) = f(z) — Cx™", kak
U BHINIE, COCPENOTOYeHa B TOUKe £ = 0 M €CTh JUHEUHAA KOMOWHAIIUA
0-QpyuKuru u ee mpoums3BoAHbIX. CHOBa MPUMEHSAA CBOUCTBO 4, MOIydaeM,
4TO oflLIee pellenne ypaBHeHusa (2) Ipu A = —n UMeeT BUL

flx) = Cz™™ + 016" V().

Bo Bcex caydasx momydaloTCa OB JUHENHO HE3ABUCUMEIE OTHODPOTHEIE
0000ITIeHHBIE (DYHKITAN TIOPAIKA .

B n-mepHOM mpocTparcTBe 0600menHas gpyuknua r* opuz Re A > —n,
OYEBUIHO, OMHOpPOMHAA (QYHKIMS cTemeHu A. B cuay cBoumcTBa 5 OHA
OCTAeTCS ONHOPONHOU BCIOAY, Ky[la OHA AHAMUTUYECKU MPONOIKAETCA,
T.e. BCIOAY B ILIOCKOCTH A, KPpOMe TOYeK A = —n, —n — 2,... Dyuknunua
0(x1,...,2,) — OOHOPOAHASA PYHKIUA CTENEHU —1, YTO MOXKHO IOTYyIUTH
KAaK HEMOCPEICTBEHHO U3 €€ ONpENeJeHnsA, TaK U C TOMOMIBLI0 GopMyast (9)
o 9.

Hcnons3aysa oguopoasocTs dyukmmin 6~ (z) m =", MBI MOXKeM mpe-
00pa3oBaTh (GOPMYJIbl Pa3ioxkeHus d-pyHKIUU Ha miockue BoaHbl (1. 10,
dopmyast (5) u (6)) k abPuHHO-UEBAPUAHTHOMY BUay. PaccMoTpum mpous-
BOJILHYIO IOBEPXHOCTD .S, 3BE3HYI0 OTHOCUTENBLHO TOYKM (J; OHA, TTOTYIaeT-
CA U3 €IVMHUIHON C(pephl yMHOXKEHUEM PaIyCa-BeKTOPA, UAYIIErO B TOUKY
w=(wi,... ,Wn), Ha TOAOKUTEIbHOE duciO f(w). [lomoxum pi = f(w)wy. B

cary ogroponsocTE dyukmm 6" (z) MBI nmeenm

5D (pry + ..+ pan) = [F@)] 6D @121 + .. + wan);

¢ Apyrou cTopoHwl, npousBefenue [f(w)]"dw ects smemeHT dS mOBEpXHO-
cTn S, HO:}TOMy opu HEIETHOM N UMEeeT MECTO PaBE€HCTBO

0(z1,...,xy) = cn/§(”_1)(w1:c1 + .ot wpey)dw =
Q

= cn/(s("*l)(plxl + ...+ pnzp)ds.  (4)
S
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Ananoruvno, npu 9eTHOM N

0(x1,...,xp) = cn/(wlml + .t wpy)  Mdw =
Q

= Cn/(mﬂh + ..o+ ppxy) "ds. (5)
S

Dopmyast (4)—(5) nmeroT yxe ahGUHHO-UHBAPDMAHTHYIO 3aMACH.

§ 4. TIpucoegunennsre GyHKn'

1. IIpucoequnennsie pyukmuu. O gHOPOIHBEIE PYHKINN, KAK DTO CIETY-
€T U3 UX OIpeeaeHus, ABIIIOTCI COOCTBEHHBIMU (PYHKIUAMU OIEPATOPA
mOoA00HOTO TPEOOPABOBAHUS U:

uf(z) = flaz).
HencTBuTenbHO, ecan f(r) — OHOPOIHAA (PYHKIUA CTEIEHHA \, TO
uf(z) = flax) = o’ f(z).

Y mOpOM3BOALHOTO JUHEMHOTO TPEOOPA3OBAHUA, HAPALY C COOCTBEHHOU
dyukmmen fo, oTBeYalOMer TAaHHOMY COOCTBEHHOMY 3HAYEHUIO, MMEIOTCA
OOGBLIMHO TAK HABBEIBAEMBIE IPUCOEIMHEHHEIE (DY HKIIUYA PASIXIHLIX TOPAIKOB.

Oyuxmun fi, fa,..., fr,... HA3BIBAIOTCA NPUCOCIUHEHHBIMU K COOCMEEHHOT
Pynryuy fo npeodbpazosamus u, €CIM OHU YIOBJIETBOPSIOT COOTHOIICHIAM:
ufo = afo,

ufi = afi + bfo,
Ufg = an + bfl,

ufr = afr + bfr_1,

T.e. JUHETHOE MPEOOPA30BAHNE U BOCIPOU3BOIUT MPUCOCAVMHEHHYIO (DYHK-
o k-ro mopagka ¢ TOYHOCTBIO 10 mpucoegunenHon ¢yukuuu (kK — 1)-ro
TIOPATKA.

3aMeTHuM MpHU 3TOM, ITO, KAK JEIKO TPOBEPUTD, CyMMa MIPUCOETUHEHHON
dyskmuy k-ro mopAika ¥ IPUCOEIVMHEHHOM (MYHKIUU HUBIIErO MTOPALKA
CHOBa MPEACTABIAET COOOUN TPUCOEANHEHHYIO (PYHKIUIO k-TO mopsaka. B
KOHEYHOMEPHOM IPOCTPAHCTBE, B Oa3uce, COCTOAIEM U3 COOCTBEHHBIX U

D3ror maparpad mpu mepBOM YTEHHM MOXKHO TPOIYCTUTE.
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TIPUCOEUHEHHBIX BEKTOPOB JUHEMHOTO MPEOOPA3OBAHUA, MATPUIA DTOTO
npeo6pa30BaHUA UMEET KOPIAHOBY HOpPMAIbHYI (opmy. IIpucoenuuen-
HblEe BEKTOPHI MMEET KOPAAHOBY HOpMaibHyH (opmy. Ilpucoesnuenusie
BEKTOPHI BLIOUPAIOTCA TPU DTOM TaK, YTOOBI MOCTOAHHAA b PABHAIACH
eIVHULIE.

Bosspaimascek Kk GyHKIIIAM U K OIEPATOPY MOAOOHOO MPeodpa3OBAHNA
B O0JACTY HE3ABUCUMBIX MEPEMEHHBIX, MBI CKAXeM, 9TO NPUucoedunennot
Pynxyuet 1-e0 nopadka cmenenu \ HazwBaerca GpyHkuua fi (), Koropas
I 1000r0 o > 0 yIOBIETBOPAET PABEHCTBY

filax) = o’ fi(x) + h(a) fo(),

rae fo(z) — oxmoponnas gysakuus crenenu A. yukuusa h(q) oqHO3HATHO
OTPEeNeNsIeTCA U3 TOXK IECTBA

h(af) = a*h(B) + f*h(a),

BLITEKamomero u3 paccmorpenus fi(afz). [deas o6e gacTu 3TOrO TOXKAE-

A A — M)
crBa Ha o’ %, momydaem, 9To dymxmus hi(a) = -3
YPABHEHUIO

yIOBIETBOPAET

hi(af) = hi(a) + ha(B).

Kak usBecTHO, e IMHCTBEHHBIM HEMPEPHIBHBEIM PEIIEHNEM STOr0 YPABHEHUs
ABIAETCA Jorapudmudeckas GyHKOusa. YaureBaa eme, 41o h(1l) = 0, mbr
IOy aeM:

h(a) = o Ina.

OxonvaTensHo MBI OyneM Ha3wIBATh fi () npucoedunennots Pynxyuet 1-20
nopadka cmenewy A, €CIu A J060ro o > () BLITOMHAETCA YCIOBUE

filaz) = & fi(z) + o*nafo(z), (1)

rge fo(z) — omHopommas ¢yukums cremenu A. Hampumep, In|z| ects
IpuUcOeIUHEHHAA (PYHKIUA 1-TO MopsAgKa HyJIeBOH CTEMeHM, TaK KakK I
a>0

In|az| = Injz| + Ina.

Ananoruyso ToMy, Kak 5TO OBLIO CHETAHO IJMA OOOOIIEHHBEIX OTHOPO/I-
HLIX (DYHKIHU, ONPENeIuM Ternepb OOOOIIEHHBIE MPUCOeTMHEHHEIE (hyHK-
uuu. OGobOueHHas QyHKIUA fi HA3BIBAETCA NPUCOCIUHEHHOT 00HOPOIHOT
Pynxuuett 1-20 nopadka cmenenu A, ecau ais awboro « > 0

(£.0(3)) = ' (f1,9) + 0 mafo, ), 2)
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rae fo — 0b600menHas ogHOPOgHAS (PYHKIUA cTemenu A. Boobue, mis Jto-
60ro k 0600I1IeHHas PYHKINA [, HABBIBAETCA NPUCoeduHennoti 00nopoonoi
Pynxyuet k-20 nopadka cmenenwu A, eciu 1y BCAKOro o > 0

(r(2)) = o) .

rge fr_1 — upucoenunenHas ¢pyuxkuus (k — 1)-ro mopsagka.

BrisgcHuM Tenepn, 9TO NpeaCcTaBIAT COOOUN TPUCOEIUHEHHEIE 0000IIEH-
HbIC (DYHKIIUYA PA3TAIHBIX TOPAIKOB U TPOM3BOMLHON cTerneHn \. s 3Toro
3aMeTHUM, 9TO ecat fy — 0000wennas 00nopodnas Pynkyus cmenewu \,
dupPepenyupyeman no X, mo ee npou3soonas no A 6ydem npucoedurnennot
Pynryuet 1-20 nopadka.

llencrBuTensHO, IpoauddEPEHINPOBAB II0 A TOXK IECTBO

(an‘P (2)) = a1 (fr,9),

nMeeM:

df» T a1 [ (dfa A1
(dk’w(a)> @ ax? o Ina(fx,¢),
dfx

T.e. 3 — mpucoequHeHHaA QyHKIEA 1-T0 MOpAIKA. AHATOTUTHO MPOM3-
BOJHAS IO A OT IPUCOEIUHEHHOU (PYHKIUU Kk-T'0 HOPSAIKA €CTh IPUCOEIU-
wennas pyuknusa (k + 1)-ro mopsaaxa.

2. Pazmoxenue QyHKOUM a:i u 2» B pag Teiropa u B pag Jlopama.

oA
EcrecTBenno, 9TO Ipu pasgokKeHHN OJHOPOAHBIX (DYHKIWH Ty WU UM aHa-
JOTUYHBIX B pan Teuwnopa wiu pan Jlopana moTydatoTCsS TpUCOeTUHEHHLIE
dyHKIIUN.
)\ v

Paznoxenwe GyHEKINM T B OKPECTHOCTH DEryTAPHOM TOYKH Ay B PAJ

Tennopa umeet Bupg

0 1 0?

1
= xj‘_" + (A= )\g)xj‘_o Inzy + 5(/\ - )\0)2x_>i‘_° I’z +... (1)

B sT0oM pasmoxkenun y4acTBYIOT HOBBIE 0O00MIEHHEIE (DYHKITIIT

m
A

A1,,m — —
.’L'+1n .’L'+—6>\—ml'+ (m-l,?,)
31echb m-A PYHKIUA ABIACTCA NPUCOCTUHEHHON (PYHKIIUEN M-T0 MOPAIKA.
SABHEBIE OnpeneneHns STUX PYHKIUA MOXKHO MOIYIUTh JUOO TEM XKe MyTeM,
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UTO W OmpeleneHus 0600MeHHON (hyHKINA :Ui‘, 60 m-KpaTHBIM audde-
penuupoBanueM o A ¢popmy (3) u (4) m. 2 § 3; Tak xak npu Re A > —n—1,
A# —1,-2,...,—n umeem:

(X In" 2 ,0) =

1
n—1
= /:U)‘ In™z {go(a:) —(0) —z¢'(0) — ... — h(p(”_l)(O) dz +
) !
Appm ~ (=1)mmlp* =D (0)
+ /:v In" zp(z)dz +I; = DI £ Ry (2)
1 =
mpu —n — 1 < Re A < —n umeem:
/:c’\ In™ xp(x)dr =
0
i A z" ! 1
= /x In™ z {cp(x) —(0) —... - mgo(“* >(0)] dz. (3)
0
B oxpecTHOCTH IOMOCA A = —n dyHKIMA o)} pasiaraeTca B pag Jlopaxa

C TVIABHOU YaCThIO cTenenn — 1. YToOb HAMUCATD 3TO PABIOKEHUE B ABHOM
BU€, BBLIEINM U3 PEryIApU30BAHHOI'O 3HAYEHUSA NHTErPaIa

00 00
xnfl

@)z = [ a* |p(x) = 9(0) —2¢'(0) = ... = ——!" D(0) | da,
/ / (n—1)

TO cjaraeMmoe, KOTOPO€ MEePECTAET CXOAUTHCA HIPU A = —7N, T.e. 3aIUIIeM
STOT MHTErpai B TakoM Buge'):

1

/Oo:c’\cp(x)dx = /x)‘ [cp(a:) - = %i)!tp("l)(())] dx +
0

0
r 2 £~ (0)
+ 1/:& [(p(:c) R 2)!¢< >(0)} dr + DI

(oo} (oo}
D Buecto f 22"~ ldy MBI MOrIM 6Bl BEIYUCINTH AHTECPAL f 22T~ 1dz nas mo6oro
1 a

a > 0. TIpu aToM TpuIIock GBI pasdiarathk B pax Teimopa a7 u gampHeime hpopmyrbt

craru 661 60ee TPOMO3TKUMMU.
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CyMMa MHTErpajoB B MPABOU YaCTH TOT'O0 PABEHCTBA €CTh NMPABUILHAAL
9acTh paga Jlopara, K KOTOpOMy MBI BCKope mpugeMm. OHa mpencTaBiieT
cobon aHammTHIecKyo (yHkimo or A B moaoce |[Re A +n| < 1. Mu
o6o3rauuM >ToT pyHKnuoHan depes F_, (x4, A). Takum oGpazom,

(F e Nop) = [ [w(x) —o(0) — 2 (0) — ...

n—2 n—

o 00— )|,

T

- mw(n_Q) (0) -

rae 6(z) — dyuxuus, passas 0 npu ¢ < 0 u 1 npu = > 0. Uuage rosops,
HOCAEeHEe CIAraeMoe MO 3HAKOM MHTErpata MPUHUMAECTCS BO BHUMAHUE
aums pu 0 < x < 1, a mpu & > 1 3aMeHsAeTCa HyJAeM; TaKUM 00pasoM,
HAIMCAHHBLIA WHTETPAT OKA3BIBAETCA CXOAAIMMCA 1 ipu - =0, 1 mpm = 00.

Oco6yo poIb UrpaeT 3HAYEHUWE STOr0 (MYHKIUOHAIA NpU A = —n,
KOTOpOE MbI 0003HAMHUM 4epe3 T ", T.e. 3HAYEeHue IPU A = —n IPABUILHOU
YaCTU JOPAHOBCKOI'O PA3JIOKEHUA I xi B OKPECTHOCTH A = —Mn:

n . O A
" = Alirilna[(k +n)zi].

Orcroona BugHO, UTO 0600meHHaA GYyHKINA T, €CTh MPUCOeTNHEHHAT

dyuxua 1-ro mopsAgka cTemeHu —n. IDTOT (DYHKIMOHAT IEUCTBYET HA,
OCHOBHYIO (DyHKIIHA ¢ IO POPMYyIe

xn—l

(#379) = [a= [gom ~pl0) = = " 08 ) d

[MoguepxueMm, uTo 06OOUIEHHAS (DYHKIIAA :L'_T_” He eCThb 3HadeHue (QpyHK-

§178%8 :L'j\|r npu A\ = —n; DOCAeHAS (PYHKUIUS OIPUA A — —N UMEeT MOII0C U, CJIe-
— —n

JOBaTeIBHO, IPH A = —n He cymecTsyeT. Tem He MeHee, QyHKIUOHAT T

ABNAETCA HEKOTOPOU PeryIapu3aIment OO THON QyHKINT T, "
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OrmMmeTnM mIOGONBITHYIO dopMmyry auddepeHIupOBaAHA (HyHKINN xjfn mo . Mbr
nMeeM:

(g == (30 @) =

:77f”P@%w@%* - 00 - )] s -
0
- /lx” {w'(z) —¢'(0) — ...~ %w)(m} dr —
0
- /oox*” {Lp'(x) —¢'(0) —...— %&“*1)(0)} dx.

1

I[IpowsBeneM B KaXJOM U3 CJaraeMbIX WHTECPUPOBAHME IO YACTAM; B PeE3yabTaTe
Oy UM

(%fﬁl”’@) = —O/OOM‘"‘1 [ao(:c) —(0) —... - Z—Tnp(”)(O)G‘(l - x)] doe + @.

CuaenoBaTenabHO,

d —n —n—1 (_1)n (n)

o+ = ney + TJ (z). (5)
TakuM 06pa3oM, XOTs MBI C OOBIYHON (DYHKIMEN xjfn u comocTaBmwin 000O6IIEHHYIO,
HAM TMPUILIOCH (MOKEPTBOBATLY OOBITHON (HOpMyYJION AuddepeHupoBaHns; Peryapu-
sarma (4) He €CTh KAHOHMIECKaA perymapmaarma Gyrxmum z".

IMonesnsr Takxke npousBoguke no A Gyukuua F_p, (x4, \) mpu A = —n.
MEbI 0603HAMUM UX COOTBETCTBEHHO
2F (T4,A) =z "lnz
R —n\L+, — + +>
6—2F (x4,A) =z "In"z
8)\2 —-n + —n + +>

JIE'KO MPOBEPUTH, UTO SBHLIE OIPENEJCHUA DTUX OOOOIIEHHLIX (DYHKINN
nosydaloTca 3aMeHon B dopmyae (5) ™" cooTBeTCTBEeHHO Ha z~"Inz,
z "In’z u T.1.

Kak MBI BuauM, »>Tu OOOOIIEHHBIE (PYHKIUKA CYTh IPUCOEINHEHHLIE
GyHKINU cTeneHu —n 1 TOpAIKOB 2,3,4,. ..

Temeps, mocme TOro Kak BBeJeHB 0000meHHBIe (yHKIMM T ",

z "Inw,, ..., MBI MOXeM BHITICATE pasnoxkenue B pax Jlopana o606menHON
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dyrKImn )} B OKpecTHOCTH TOUKA A= —n. L1 5Toro byHKImIO F_, (24, ))

HYXHO PA3JOKUTL B PAA Teraopa, u MbI MOJLyIaeM:

() @)
i ey s R

(A + n)*

i w;”lnk:m_ + ...

+A+n)z"nzy + ...+

A

Tennmoposo pasmoxenue QyHKIUU T
3HAYEHUA Ao MMEET BUJ

B OKDPECTHOCTH PeryiIipHOTrO

1
=2 + (A= X)zMInz_ + §(A — o)z e_ + ...

31ech GUTYpuUpYIOT HOBHIE 0000ImeHHBIE (GyHKIIEA ) In*z_ (k =
= 1,2,...); k- QyHKIUA €CTb TPUCOCHUHEHHAA (PYHKIUA CTEICHU A U
nopsaka k. Bece oun anamutudnst mo A npu A # —1,—2,... 1 onpenensaioTcsa
B momoce —n — 1 < Re A < —n dpopmyramu

(x); In® x,,tp) = /:c’\ lnk:c[cp(—:v) = p(0) + 2" (0) — ...
0

_ =Dttt )

0)|dx. (6

e (0)|dz. (6)

YTo6BI BLIMUCATL pa3TOXKeHUe (HyHKINN ) B OKPECTHOCTH MOTIOCA,

A = —n B pan JlopaHa, BBIIEIMM U 3IeCh CIaraeMoe, MepeCcTarolee
CXOIUTHLCA TIPU A = —ni:

)ﬁp(””(O)] dz + 70:6* [cp(—x) — (0) + 2¢'(0) — ...

(n—1)!
1

(=1 " ().

(=) (m—1)! X+n

n—2 "’ (n—2)

CyMMa WMHTErpatoB CIpaBa — 3TO MPABWIbHAA 9YaCTh MCKOMOTO PAIA
Jlopana. Ona anasuruyana npu | Re A+n| <1. O6o3nadum >ToT HyHKIMOHAT
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gepes F_,(x_,\). Takum o6paszom,
(F o Np) = [0 =0) = 9(0) + 20 ~ ..
0

——p" D (0)0(1 — z) | da.

3HadeHue >Tou GYHKIUA IPUA A = —n, T.€. 3HAYEHUE IPU A = —N, TPABUIHLHOU

JACTY JOPAHOBA PA3IOKEHUA I1g T , 0003HAMMM depe3 £_", Tak uTo

0
zZ" = lim £ [(A+n)2l].
Ora 0600meHHAs PYHKIUA JEUCTBYET HA OCHOBHBIE (DYHKIUU (YHKIUA (O
o ¢popmyae

(z="9) = 7@"‘” [w(—w) — 0(0) + z¢'(0) — ...

n—1

e D08 o) |dr (7)

R ]

U ABIAETCA peryaspusanuer oObrauon ¢ymkmmu . [Momaepkmem erme

n

pa3, 4To o6GOOmeHHAs (QYHKIUA Z_ ' HE eCTh 3HAUEHUE AHAIUTUIECKOU

0606meHHON PyHKIME £ mpu A = —n.
IIpoussogubie mo A ¢yuxkuuu F_,(z_,\) mpu A = —n o0603HAYUM
COOTBETCTBEHHO
EF_n(a:_ A) =z "lnz_
oA ’ A=—n - ’
2
%F,n(x,,)\) L =z "In*z_,

fABHLIE OMpeeTeHna STUX 0606IMEHALIX (DYHKIIUHA TOMTYyIar0TCa 13 hop-
vy (7) samenont =" ma 2z~ "lnz,z "In’z,...

Pasnoxkue anamurudeckywo ¢yuxuuio F_,(z_,\) B paxg no crenedsam
A + n, monyuaem pazn Jlopana nis GyHKIun e

A C))

> _m+x:”+()\+n)x:”1nx,+... (8)
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B srom pagy koaddunuentrr npu (A + n)_1 eCTb OJHOPOAHASA (PYHK-
mua cremeHn —n, a kKodpduument npu (A + n)™, m = 0,1,2,... ects

npucoennHeHHas GYHKIWA CTeNeHn —n 1 mopaika m + 1.

3. Paznoxenme dymkmmit |r|* m |z|*sgnz. Bemmmem TeiopoBer u
MopaHoBE pasnoxennsa byuximit [z| u |z|* sgnz. Mer nomy«mm ux, ecrecT-
BEHHO, KOMOMHUPOBAHUEM COOTBETCTBYIOIMUX PA3IOKEHIH A1 (DyHKIMI T}
u 22 . [Ipur 5TOM MBI OTATH BBEAEM PAJ HOBLIX OGOGIICHHBIX (hyHKIIWIL.

Ecnnr \g — peryaspHoe 3madenue 11 o6obmenson byuxman |z, To

2]t = ]2 + (A = Xo)|z[* Ina] + 5 (/\ M) e In®fa] + ... (1)

31ech BBEIEHBI HOBBIE 0O00IIEHHBIE (YHKINN |x|>‘1nlc |z|; k-1 dymKIma
€CTh MPUCOEeIMHEHHAA (DYHKINA CTENeHN \ 1 mopsagka k. Bee oru anammTu-
uel o A ipu A # —1,—3, ... mwonpenensiorcsa mpu —2m —1 <Re A< —2m+1
dopMmyraMu

(P 1 lelp) = [ 21n { 2) + p(—a) -

©"(0) » z>m? (2m—2

—2 (0 i ———— (0| Yda. (2
o0+ E0a e gm0 ban (2
Ananormuno, ecmm \g — peryaapHoe 3HaYeHume OOGOOIIEHHOU (GYHK-

mum |z} sgna, TO TEWIOPOBO pasoKeHHe dTOW (PYHKIME B OKPECTHOCTH
TOYKHA \g 3AMUCLIBAETCA B BUIE

|z|}sgna = |z sgnx + (A — Ao)|z| In|z|sgnz +

1 .
+ 5(/\ — Xo)?Jz) M In? |z|sgnz + ... (3)

3xech |z|Mn® |z|sgnz — HOBBIE 06OOmIEHHEE GyHKIVMM; k-a W3 HEX —
MIPUCOEINHEHHASA (PYHKIUA CTEIIeHn A U mopanka k. Bce oHu aHAIMTUYIHBI
mo A mpu A # —2,—4,... u onpegeasorca pu —2m — 2 < Re A < —2m
dopMmyraMu

o0
(P 1 el sz, ) = [ 2t of o) = () -
0

2m—1

o) b @)

-2 |:CU<,0 (0) + 31 <p”'(0) + ...+ m
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Ecmu A\g = —2m — 1, Tak 9T0 \g — mo.roc 1-To nopsaka 0600MeHHOn
dyHKIUN |CU|>‘, To pasaoxenue JlopaHa >Tou (GYHKIUU B OKPECTHOCTHU
TOYKU \g 3AMUCHIBAETCS CJAEAYIONIMM O0Pa3OM:

5Cm) (g2 1
A —2m—1 —2m—1
=2
1 @2m)l A+2m+1 Ty oo +
+A+2m+ 1) 277" ey + 227 Mz + ... (5)
Amnanormamo, ecmn \g = —2m (momoc 1-ro mopanka ¢yskmmn || sgnz), To

JOPAHOBO pasIokKeHue || sgna B OKPECTHOCTH ATOH TOYKYA UMEeT BU

6(2m_1)(w) 1 —2m —2m
@m—1! xg2m T+ Fto- 7

+ (A +2m) [z7°" 2y — 27" lnz | + ... (6)

|z} sgnz = —2

O6o6mennyio dynknumo 2" 1 + 27" !

|z| 2™~ 1. PeaynpTaT ee mpuMeHeHUS K OCHOBHOW (GyHKIME ((T) BLIpaKa-
ercsa GpopMyIon

MEI OygeM O0OO3HA4aTh Iepe3

(a2 0) = [272m 4 {oto) + o) = 2[0(0) + 570" 0) + .
0
e %w(m—?) (0) + (;—7:)!4,0(2”1) (0)9(1 — x)} }dx

(=2m —2 < Re A < =2m), (7)

rae 0(r) uMeeT TOT e CMBICI, YTO ¥ BHIIIE.

2m 2m

Agnanoruuno o6o6menHy0 GyHKIMO T, 7 — " MEL OygeM o603Ha-

|x|72m

9aTh Iepes SgNT; OHA MPUMEHAETCA K OCHOBHOU (yHKImU () mo

dopmyae

(122" sgn, o) = 7 s fole) = o) - 2[5 0 + SO + .
0

l,2m73 1.2m71

(—2m —1<Re A< -2m+1) (8)
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u T.1. OKOHIATETBbHO TpebyeMble JOPAHOBEI PA3I0KEHUA 3AMUCHIBAIOTCA B
dopme

5C2m) (1) 1
A —2m—1
=2
1 @) agome1 Tl +
+ A+ 2m+ Dz njz| + ... 9)
5(2m71) (l‘) 1
A _ —2m
|z|*sgnz = —2 @n—1) At 2m + |z sgnz +
+ (A4 2m)|z| 2" In|z|sgnz + ... (10)

B srtux pajax mepssie kxoaddummentsr 6™ (z) u 6D (z) cyrs
OMHOPOIHBIE (PDYHKIIMU CTEHNEeHU COOTBETCTBEHHO —2m — 1 m —2m — 2, a
crenyomme Ko3(pQUIMeHTH — TPUCOSINHEHHEBIE (DYHKIIUYA TOU K€ CTENeHN
u mopsAakos 1,2,3,...

B uactrOCTH, mONMaras B paBedcTse (5) m = (0, moIydaeM pPas3noKeHre

dbyuxmmn |z|* B oxpecTHOCTH MOMIOCA A = —1:
)
lz|* = 2>\(f)1 + 27t + A+ D) 2| + .. (11)

[pu >Tom dyrkmmonan |z|~! ompenerserca popmyon

(o) = [ B elor) = 20000 =), _

_7¢w—mwu~ﬂw,um

rae muoxutens §(1 — x?) yxaswBaer, uto craraemoe ¢(0) HyKHO yIATHI-
BaTh TOILKO npH |z| < 1, a mpu |z| > 1 3aMeHUTH HA HYJIb.
Brenennnie BrIme 06006IIeHHBIE (DYHKITIT

|—2m—1 —2m—1 + m:mel’

|z =a,

2m —2m

| 7> sgny = z°™ — x”

|
HEe ABIAIOTCA 3HATCHUAMU amamuTuideckux dymxmmi |z|) u |z|*sgnz mpm
coorBeTcTByIOmUX 3HaYeHUAX A (—2m — 1 u —2m). B ykazanHBIX TOYKax
byuxmun |z|* un |z|)sgnz umveoT momockr 1-TO MOpATKA, W BETUUHHED

|z]72™~! u |z|7>™sgnz cyTh 3HAUEHWA MPABUILHEIX YaCTeH COOTBETCTBY-
fomux psgos JlopaHa B 9TUX IOIIOCAX.
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MoxHO paccMOTpeThb U 0000IIeHHBIE (DYyHKITAN
-2 -2
U

—2m—1 —2m—1
$+ T _

)

JErKO yOeIUuThLCA, 9TO IePBas W3 HUX COBIALAET C 00OOIIEHHOU (hyHKIU-
eit £72™ (3mavenmem |z|) B perymapHon Touke A\ = —2m), BTOpag — C
0606meHHON (pyHKIMeR £ 2!,

Meur BBeM B 1. 5 § 3 HOPMUPOBAHHEBIE (DYHKIIAU

) ) |z |z| sgn

TA+1)7 TAA+1)" T(2) 1282

(13)

Ot 0600meHERe GYHKINA yKe HEe UMET ocobeHHocTen. Pazmaras 4u-
caurenu u 3HameHaremu apoben (13) B paxer Temmopa (wmm Jlopana) u
MPOU3BOAA MO OOBIYHBEIM MPABUIAM IEJEHUE PATOB, MOXKHO MOCTPOUTH
PA3MIOKEHU MONYICHHBIX (DYHKIINN B AL Temmopa B OKPECTHOCTH JTHOO0M
TOYKH .

Pasnoxenue I'(A + 1) mo crenenam A

TA+1D) =14cA+eA X+ ...,
xoporo mssectro!); 3xeck ¢; = ¢ = 0,505... — mocToAHHAL Dilrepa, a
KO3(pPULIUEHTHI C2,C3,... BEIYUCIAITCA I0 PEKYPPEHTHBIM (OpMyJIaM

1 n

B wactaOCTH, pu A = () mOIyYaeTCA PABIOKEHUIE

P T ne
Oy = R = 0w + My~ ha) 4. (14)

4. ®yskmmm (7 + i0)* = (z — i0)*. Dt o606uIeHHEe QYHKIMEA GbLTA
BBegeHsl B . 6 § 3. Mur paccMoTpuM ux 31echk 601ee ToapoOHO. YKA3aHHbIE
obobmenure pyuxiuu 511 Re A > —1 6bun onpenereHbl Kak IpeIesb
BrIpaskenni (z +iy)* u (x —iy)* mpu y — +0; 5To mpuBeTo Hac K hopMyIam

(z +i0)* = 2} + 2l (1)

(z —i0)* = 2} + e P73, (2)

DU, M. Peixux u U. C. papwTein, TabauIbr MHTErPATIOB, CyMM, PALOB W TIPOM3BELE-
unu (u3g. 3-e, Docrexmagar, 1951), crp. 331, dopmyna (6.321). B gaapHenmmx CCHIIKAX
Ha Ty KHUTY Oynem mucath KpaTko: «M. M. Pexuk u U. C. MNpagwTtein, Tadaumsny.
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Mpaswie vactu gopmya (1), (2) I0mMycKarT aHATUTAIECKOE TPOMIOIKEHUAE
BO BCIO ILNIOCKOCTH \; DTUM QHAIUTUYECKUM MPOIOMKEHUEM MBI 0NpPedeasem
it Re A < —1 zeBbie wactu paserncts (1), (2). Mer yxe samerunn, 4To
IpY AHATUTUYECKOM TIPOJOMKEHAN TIPABHIX YaCTeN OCOOEHHOCTU B TOYKAX
A = —1,—-2,... uCYe3ar0T; TeNepb MLl HAUIEM B >TUX TOYKAX U CAMHU
smavenns ynxmmit (z + i0) u (z — i0)N.

B n. 2 MBI 3anuCHIBATU JOPAHOBHI PA3JIOXKEHUA OOOOIICHHBEIX (DYHK-

1 azj‘_ 1 ) B OKPECTHOCTH TOUKE \ = —n CICAVIOUIIM 006pa3oM:
A _ (Dt (a)
= F_, s A)s
T+ (n— D!\ +mn) + @+, 2) 3)
6(n71)(x)
A S 2SN CV S Y 4
- (n— D!\ +n) + (z—,2) 4

3necs F_p(xy,\) u F_,(x_,\) — mpaBuwibHBIe YacTu pagos Jlopana; ux
BHAYEHUA IPU A = —n 0OO3HAMEHKI B II. 2 COOTBETCTBEHHO Uepes v, " mz_".

Hanumem erre
eFAT = (_1)eH T — (L)1 i\ +n)T +...]. (5)
Moxcrasnaa eepaxkenus (3)—(5) B mpasere wactu dopmyr (1) un (2),

COKPAIIas WIEHBI C OCOOEHHOCTAMEU UM MEPEXOns K Hpeleay npu A — —n,
MBI IOy IaeM:

(=) tir

B 0. 3 MBI oTMedanu, YTO OpU YETHOM N = 2m
x;2m + x:2m — I—Qm — |x|)\|)\:_2m,
a mpu HedeTHOM n = 2m + 1
m;2m71 _ :L,:2m71 — m—2m—1 — |a:|}‘sgnm|>\:_2m_1 .
Takum 06pa3zoM, OKOHIATEILHO
= -n Z'71-(_1)”71 (n—1)
im(—1 n—1
(x—i0) " =2 "+ M(S(H)(I). (7)
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B wacTrOCTH, TIpU N = 2

(;2’@(%)) _ 7@(9:) L R U PRI

(x +10)

z — 10 2

Ormerum, uto, Kak BugHO w3 opmyn (1) u (2) mpu A # —1,—-2,... u u3
dopmya (6) u (7) mpu A = —n = —1,-2,...,

%(w 40 = Az + 0, (10)
d%(x —i0)* = Az —i0)* . (11)

Tax kax npu AuBOHEPEHIUPOBAHAN UHIEKC MOHMKACTCA HA, €IUHUIY, TO
dopmyarr (10) u (11) MOXKHO OLLIO GBI TIOJOXKUTH B OCHOBY OINpPEIEICHUA
o6o6mennarx yakmmi (z 4 i0)* u (z —i0)> mpu XA # —1,—-2,... Hampuwvep,
—1/2 d

/ , nae o
—1/2 __

(z + i0)~3/2 MoxXHO GBLTO GBI OMPeIETUTE Kak —2- (z + i0)

1udPepeHInpOBAHTE B CMEBICIE 0000MmeHHbX GyuKkmun, a (z + 70)
JOKATBLHO WHTerpupyemas (yHKIUs, onpegeenHas dopmyqaon (1) mpm
_ 1
A=-1
@opmyast (10) m (11) ykasbBaloT emie ¥ Ha CIEQyIOMIEe BaXKHOE

06CTOATENLCTBO: TP A # —1,—2,...

lim (z +iy)* = (z +i0)*, (12)
y—+0
lim (z +iy)* = (z —i0)* (13)
y——0

6 cuvicae 0600uwennbls Gynryut. JeNCTBUTENILHO, IJA TOCTATOYHO GOIb-
mux Re A 2TO clremyeT um3 caMoro ompegeqeHus >TUX (GYHKIUH, a TIpu
aupPHePEeHIPOBAHAN B CMBICAE 0O00IMEHHLIX (PYHKIINN CXOIAIIAACA ITOCIe-
JIOBATEILHOCTH TIEPEXOMUT B CXOIAILYIOCH.

B neawix orpunarensuerx Toukax —n pyukmma (z +40)7" u (x —i0)™"
MOXKHO TaK2Ke BBOIUTE IPY HOMoIM gudpdepernupopanusa. HamoManM, 9T0
Boimie (§ 2, m. 2, mpumep 6) ObLia BBeIEHA (JOKAJILHO MHTECPUPYEMAas)
GyHKIUA

In(z + i0) = lirﬂoln(m +iy) = In|z| + in0(—z), (14)
y
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TIPOU3BOJHASA KOTOPOU PABHA

d . 1
%ln(x +i0) = . imd(x). (15)

Orcroga u u3 popmyast (6) npu n = 1 MBI BuIUM, 9TO

4 In(z 4 i0) =

. 16
dz x + 0 (16)
Ananornano (14) MoxHO BBECTH
In(z —i0) = lim In(z +iy) = In|z| — inf(—z). (17)
y——0
IIpousBogHas >TON DYHKINM PABHA
d 1
—1 —i0) = — +ind 18
Lin(e — i0) = 1 +imd(z), (18)
T.e. B cuny ¢opmyast (7) mpu n = 1,
d ) 1
%ln(x_lo)_m—io' (19)

Taxum 06pasom, o606mensse Gy (z £ i0) ™! ME1 Mo GBI OTTpee-
mmrs Gopmyramu (16) u (19), a (z £ i0)™™ B OCTATLHBEIX LEILIX OTPUIA-
TeIBbHBIX TOYKAaX — CHOBA mpu nomomum dgopmya (10) u (11).

Tax kax mpegenbuele cooTHomenus (14) u (17) umenorT Mecto u B
CMBICIE O0GOOIIEHHBIX (QYHKIMA, TO MBI MOAYYaeM, UTO MpenelbHBE COOT-
Homenusa (12) u (13) npu 6cer A BBIIOJHAIOTCA B CMBICIE OGOOLICHHEIX
dysKIMn.

ITO mo3BOJIAET, HANPUMED, BMecTO dopmy.a (8) u (9) manucaTs:

lim ﬂdw _ 790(35) + ¢(—z) — 2¢(0)

dz — imp'(0
y—=+0 ) (x +iy)? x2 v = ime'(0),

dr + i’ (0).

. o) [+ p(—z) — 20(0)
DM | G =i = / 2

5. Paxnoxerwe dynkmmit (z + i0)* m (z — i0)* B pag Tewnopa. 0606-
menHaa ysxmaa (z + i0) Kax meras GYHKINA mapaMeTpa A TMPH T0O00M
3HAYCHUU \( Pa3IaraeTcsa B pag Temnopa 1Mo cTemeHaM A — g, CXOIAIIUIC
Ipu BCEX A:

(z +i0) = (z +i0)* + (X = Xo)(z + i0)* In(z + i0) +

+ %(A —Xo)%(z + i0)* In’(z +i0) + ... (1)
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Hammcanusie B paercTse (1) HOBEI o606mennsIe dhyrKINT (2 +430)* In(z 4+

+i0), ... CyTb IOCIEI0BATEIBHEIE TPOU3BOHEIE IO A OT (2 +40)> mpum A= \.
SABHBIE BBEIpAXKEHWA DTUX OOOOIIEHHLIX (DYHKIUN MOXKHO TOMYYUTH, CCIN
CpaBHUTH pasznoxkenue (1) ¢ AHATOTHIHEIM PA3IOKEHUEM TI0 CTENeHAM A — g
PAa3BEPHYTOTO BLIPAKCHUS

(z +i0)* = 2} + 2. (2)
Mgzt umeem mpu >TOM Ias Ag 7 —1,—2,...
1

Ty = xj‘_" + (A - )\O)xj‘_" lnz, + 5(/\ - A0)2x_>i‘_° In*zy +..., (3)

2
AT = eitoT (1 +im(A — Xo) — %(A — o) + ) X
(4)

1
X <CU)‘0 + (X =X)zrInz_ + 5()\ — o)z In®z_ + > .

CpasauBas kos>dduurenTsl psaga (1) u psaga, moIyvIaeMoro moACTAHOBKOM
panos (3) u (4) B popmyay (2), momyuaeMm, 3aMeHAA CHOBA Ao HA A:
(z +i0)*n(z +40) = 23 Inwy + ime? 2} + ez Inz_, (5)
(z +i0)* n*(z +i0) = 2} In’z4 + e [z In®2_ + 2inz} Inz_ — 722 ]
(6)
U T.1.
OTu HOPMYJILI CIPABEIIUBEL ipu A 7% —1,—2, ...
Pasnoxenne dynxmun (z — i0) B pax Teinopa mo cremeraM A — Ag
uUMeeT BU[I

(z —i0) = (z — i0)* 4+ (X = Xo)(z — i0)* In(z — i0) +

+ (A= X0)%(z —i0)*In*(z —i0) + ... (7)

1
2
Meur 0603HAMUIN 30ECH Yepes

(z —i0)* In(z — i0), (x — i0)*In*(z — i0), ...

OCTeI0BATETbHbIE TPOU3BOHEIE TI0 A rienon dyrknmn (z —i0)*. Taxum xe
MyTeM, KaK U BBIIIE, MOXKHO MOTYIUTE (HOPMYJIEI
(z —i0)* n(z — i0) = 2} Inzy —ime "2} + e ArXlnz_, (8)

(z — i0) n?(z — i0) = Tl I’z +

+e M I’ — 2imat nw_ — 72N | AN #-1,-2,...) (9
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u T.1.

1 TOMy4YeHns COOTBETCTBYIOMMX (POPMYJI IPU Ag, PABHOM IEJIOMY
OTPULATEIBHOMY 9HUCIy —n, Mbl BMecTO (opmya (3) u (4) paccmorpum
COOTBETCTBYyIOIME pAAL Jlopana:

_ (_1)71—16(11—1)(1.) —n -n
i o e R R (10)

A+ n)2:v_7_"1n2:c+ + .,

+

DN | =

A= —6(”_1)(31) " n)x_"lnz
*_(n—l)!(A+n)+ "+ A+n)z"lnz_ + )

+%(A+n)2x:”ln2x,+...,
AT _ (_1\n . o s T 3
e = (=" |1+ in(A +n) 2(/\+n) 26(/\-|-n) +...]. (12)

Ymuoxas (11) ma (12) u ckrageBas ¢ (10), HaxommM:

2} + e = |}En+ Z'(Z(:ll);(;(nl)(m)} i
2 (n—1) T
+(A+n) {iw(—l)"x:” + (—1)"175(71 — 1()') + :L'”ln|x|] +
A+ n)? o T8 (g
: ) =l "3T o f)!) +

+ ()" tx%2=" 4+ 2in(—1)"z " Inz_ + 2 "In® |l‘|] . (13)

Taxum 06pa3oM, MBI MOTYIaEM:

N)—"n . n; -n n—1 > 6(11—1) (CU) —n
(z +40)""In(z + i0) = (=1)"irz"" + (-1) CRCES + 27 "In |z,
(14)
3 s(n—1) T
(z +i0) " In*(z +i0) = (—1)”11'?76(” — 1()!) + ()" e +

+ 2im(=1)"z_"lnz_ + 2 "In*|z| (15)

u T.O.
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®@opmyaer (14) u (15), kax cregyer u3 OOMUX COOOPAKEHUU, TPEI-
CTaBIAIOT COOOUM PE3yabTATHI MPEIEILHOTO Hepexofa Mpu Ag — —N B
dopmyrax (5) u (6). Anarorudso
(z —i0) "In(z —i0) = (=1)" Yirx_" +

w2 (n—1) T
+ (=)t 6( 1()') ™ "In |z, (16)
TS el P o _(_ n-_ n 1)(37) 2_—n
(z —i0)""In"(x —i0) = (—1)" 3 1) + (=)t 4
+ 2im(=1)" 'z " Inz_ + z7 " In?|z]. (17)

HuraTeno IpeqoCTABIIETCA CAMOMY OMPENeNUTh, KAKAE U3 BBEICHHBIX
GYHKIUY OZHOPOIHLIE WIM MNPUCOEIVMHEHHBIE TOU WIM MHOU CTEIeHd U
TOPAIKA.

6. Paznoxenne Qyuxmmm 1.
m. 9 § 3 mo popmyme

O6o61mennas GyHKIvsa r 6bLIa, BBEICHA B

(*.9) = / A p(e)de, 1)

npurogsoin mpu Re A > —n. OueBngHO, UTO (YHKIUA 7 TPU ITUX

3HAYEHUAX A €CTh OJHOPOIHAA (PyHKIMA cremeHr A. Mubr mpeobpasoBain
B 9§ 3 popmyay (1) k Buny

(o) = 2 / 1S () dr,
0

rie
1
Sp(r) = o~ | w(z)dQ
n
Q
€CTb CcpefHee 3HaYeHue OCHOBHOU QyHkImu o(z) = ¢(x1,...,Ty,) HA chepe

pamuyca r. Takum o6pasom, (r?, ) coBIAgaeT ¢ Pe3yTLTATOM TPUMEHEHNUS
dyuxumonana Q,z% (1 = A+ n — 1) x gerHON OCHOBHOU (yHKIME S, ()
U, CIeOBATENbHO, AHATUTUYECKN TPOJOMKAETCA B INIOCKOCTH A, 3a WC-
KJIIOYEHUEeM UMb TOYeK A = —n, —n — 2,... O¥9eBUAHO, YTO mpU HTOM
IPOIOIKEHIA T OCTAeTCA OTHOPOLHON (PYHKINEH CTEIeHN .
Pasnoxenne ¢pyaxmun 7 B pag Teitopa mwiu pag Jlopana MOXKHO TOTy-
YUTh HEMOCPEICTBEHHO U3 COOTBETCTBYOMUX PA3IOKEHII QyHKIMA (2,2 .
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Hampuwmep, psang Teﬁﬂopa B OKPECTHOCTU perynﬂpHoﬁ TOYKN \g UMEET BU]
1
=12 4 (X = Xo)rlny + 5= Xo)2ren’r 4 ...,

k . .
rae mog r° In” r moHnMaeTca GYHKIMOHAT, JEHCTBYIOMMI IO hOpPMYy.Ie

(r*In*r,p) = Qn/r)“”'”_l In*r x
0

rm—l

X {Sw(r) —(0) — ... — msfom—U(O) dr

mpu —m —n < Re dg < —m —n + 1.
Brimummenm pasnoxenne GyHKmn 7 B pajg JJopaHa B OKPECTHOCTH TOYKY

A = —n — 2k. DTO pasIokeHne, eCTECTBEHHO, COBIMAJACT C PA3JIOKEHUEM B
pag Jlopana aua ¢yakuuua Q, 2% B okpectHOCTH TOUKM pt = —2k — 1 (1. 3),
TaK ITO MBI IMEeM:

82k (p 1
=0 (r) + Q2

" (2k) AN+ n+2k
+ QA+ n+2k)r 2 "nr +... (2)

3xeck mox r~ 2k~ In™r monmmaeTca (yHKIHOHAT

(r72k—n In™r, S¢(T)) = [ 2k l5¢(r) - 90(0) R
/

2k—2 2k

@ O S0 dr )

3ameTum, uTo r 2" me ecTh 3HaveHMe OOOOMIEHHOH (GYHKIME T IpH

A = =2k — n (nocaenusas GyHKOUA UMEET IOJIIOC [IPU DTOM 3HAYEHUN ), a
3HadeHme Ipu A = —2k — 1 TIABHON YACTH JOPAHOBA, PABTOKEHM 1.

B mpuBemeHHBIX BBHINIE DPA3TOXKEHUAX OOOOIIEHHAA (GYHKIINI o ln p
ABIAETCA TPUCOCIUHEHHON (DYHKIMEN CTENmeHu N\g U TopAnka k, a

r~2k=71n™r — npucoenHeHHON (PYHKIMEN cTemeHn —2k — N 1 IOPAIKA M.

§ 5. CBepTKa 00006IIEHHBIX (PyHKIHAA

B xnaccuueckoM aHammMse 4acTO UCHOMB3YETCSA OMEPAINSI CBEPTKHU IBYX
dyrxomi f(z) u g(z):

f(2) * g(a) = / F(©)gla — £)de. 1)



118 I'JI. I. IPOCTEUIINE CBOMCTBA OBOBIIEHHBLIX ®YHKIIAN [1

B ananuse 0600MEHHEIX QYHKIINN AHATOTUIHASA OTIEPAIIVA UMEET, TOKATYN,
erre H60Jee CyIECTBEHHOE 3HAYEHUE,

Ompenenenue omnepanuun CBEPTKU B 00JACTH OGOOUIEHHBIX (DYHKIUN
ONUPAETCA HA TMOHATUE NPAMO20 NPou3sedenus OOOOIIEHHLIX (DYHKIINN.
MosToMy MBI HauMHAEM C ONUCAHWA NPAMBIX Tpowssegenun (n. 1). B
OCTAJBHBIX IIYHKTAX DTOr0 naparpada OyIeT BBEeIeHA U U3y IeHA ONePAIIUs
CBepTKU U OYIYT YKA3aHBLI IPUMEPHI €€ TPUMEHEHUS.

1. Mpamoe mpomssegerme 0606meHHBIX QyHKOEU. [IycTh HaHBI 0606-
menHas Gyukuma f(z), ompeneseHHAs Ha MPOCTPAHCTBE Xj OCHOBHBIX
dyuxuu oT k HE3ABUCUMBIX TEPEMEHHBIX &1, L2, ..., Lk, U OOOOIICHHAA
dyuxnusa g(y), onpeneJeHHaA HA TPOCTPAHCTBE Yy, OCHOBHBLIX (bYHKIIUA OT
M HE3ABUCUMBIX MEPEMEHHBIX U1, Y2, ..., Ym. C MOMOIIBIO 3TUX 000O0IIEH-
HBIX (DYHKIMI MBI Ompeneanm o6006mennyo Gyakuuio h(z) Ha IpocTpaHcT-
Bé Z,, OCHOBHBLIX (O)YHKIIUN OT N = k + M HE3aBUCUMBIX TIEPEMEHHBIX 21 = I1,
22 =Ty evvy B =Tky Zk+1 =Y1y Zk+2=Y2y -+ y Zn =Ym- ,Z[JIH 9TOr'o IMOCTYIINM
caenyomum o6paszoM. OcHoBHYIO DyHKIUIO () Oy geM 0603HAIATH TEePhb
uepes p(z,y). 3adukcupyeMm T 1 paccMOTpuM (Z,y) Kak GYHKIUI TOIBKO
ot y. O4eBuIHO, >TO OCHOBHAA (DYHKIINS B IPOCTPAHCTBE Y, . [Ipumennm x
Hen pyHKIuOHAI ¢(Y); B pe3yabTaTe HOLYIUM HEKOTOPYIO QyHKOUO ().
Ora QpyHKIua 6ecKoHevHO nuddepeHnupyeMa mno &, Tak Kak

Y(z + Az;) —¢(z) ez + Azj,y) — p(z,y)
Az, = {9(v), Az, -
8so(x,y)>
= {9W),—5—
( du;
p(z+Azj,y)—p(z,y) op(z,y)

B CIIYy TOT'O, YTO NOCJAEI0OBATEIBHOCTH CXOOUTCA K

ij Bitj

B CMBICJIE€ CXOOUMOCTHA B IIPDOCTPAaHCTBE Ym n (I)yHKHI/IOHaJI g(y) HEIIPEPBIBEH.
O“IeBI/I,E[HO TaKXe, ITO beHKI_H/IfI 'QZJ({I}) q)I/IHI/ITHa. TaKI/IM O6pa:30M, 'QZJ(IL') —
OCHOBHasA (I)yHKHI/Iﬂ B IIPDOCTPAHCTBE Xk, n K Heﬁ MOXHO IIPDUMEHATH

¢yuxnuonan f(z). Urtak, Beipaxenue

(f(z),(9(y),p(z,y))) (2)

UMEET CMBICI. JTO HEKOTOPLIA (DYHKIWOHAT HA TPOCTPAHCTBE Zy; U3
HEMPEePLIBHOCTH (OYHKUNOHATOB ¢(y) n f(x) MOXHO BBEIBECTH, YTO STOT
dyuknonar zenpepszer®) . Mbr o603uasmm ero gepes h(z) = f(z) x g(y) n
HA30BEM npambim npoussedenvem Pynryvonasa f(x) na gynxuvonas g(y).

1)HyCTB HOCIE0BATENBHOCTE (DYHKIMI @, (T,Y) CTPEMHUTCS K HYIIO B IPOCTPAHCT-
Be Zp; HAM HYXHO TOKa3aTk, 9ro wucia (f(z),(9(y),vv(z,y))) crpemarcsa k nymo. [is
9TOr0 AOCTATOYHO MOKA3aTh, 4TO byuKmuu ¥, () = (g(y), cp,,(x y)) OCTAIOTCS PABHBIMEI
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OcobeHHo TpPOCTO BBEIMIAAAT TPAMOE MPOW3BEICHUE B NMPUMEHEHUH K
ocHOBHOU GyHKIWMA @(,Y), ABIAIOMENC TPOU3BEIEHIEM OCHOBHEIX (DyHK-
wn @1(z) 1 p2(y). B sTOM ciaydae, COMNIACHO ONPENENEHUIO IIPAMOIO
MPOU3BENCHNA,

(f(@) x g(y),e1(x)p2(y)) = (F (@), (9(y), p1(x)2(y))) =

(f (@), 01(2)(9(y),02(y))) = (f,1)(g,02)- (3)

Mpumeper. Ipsvoe npowmssenenme 6(x) X d(y) ects d(x,y). Ipsmoe mnpoumssene-
uue §(z) X 1(y) ects dyukumonam, geuctsyomun mo dopmyre (6(z) X 1(y), p(z,y)) =
= [¢(0,y)dy.

Y

IIpsamMoe npowm3BeneHne AByX PeryrApHbIX pyHxnmonatos f(z) m g(y) ects perymsap-
HB (yHKOHOHAL, oTBevaomuin dyakunn f(z)g(y).

HocuTtens npsimoro npousseaenus. HamoMHUM, 9TO COBOKYMHOCTH BCEX
TOYEK, U3 KOTOPBIX KaxX[Aas O0JAJaeT TeM CBOUCTBOM, YTO HU B KAKOU
ee OKpecTHOCTH 0000meHHas GyHKuMsa f He paBHA HYJII0, Mbl HA3BAIN
B n. 4 § 1 wocurenem o606ienuon ¢yukuuu f. IlycTb HAM M3BECTHHI
wocurenn F u G ¢dyukuumonanoB f um ¢, COpaIMBAeTCA, KaK OMNUCATH
mocurenb QyHkmmonata h = f X g. Orser creaywomun: wnocumess H
Pynruuonasa h ecmv npamoe npouzeedenue F X G nocumeanett f u g; unade
COBOPS, COBOKYyNHOCTH H cocTouT u3 Tex u TOAbKO u3 Tex map (z,y), y
KOTOPHKIX MepPBasg KOOP JUHATA, I TPUHALJICKUT MHOXKECTBY F', a BTOpast y —
MHOX)eCTBY G.

[encTBUTENILHO, PACCMOTPUM TOUKY (Zg,Yo), ¥ KOTOPOU ONHA U3 KOOD-
OUHAT — Ui OIPENEJIeHHOCTH Lo — HE MPUHALIECKUT COOTBETCTBYIOIIEMY
HOCHUTENI0. JTO O3HAYAET, 4TO (PYHKUUOHAT [ oOpamiaeTcs B HyJIb HA
BCAKOU OCHOBHOU (MyHKIME ¢(x), 0OPALIAIONICNCA B HYJIb BHE HEKOTOPOU
duxcuposanron okpectuoctu U TOUKEA Ty. PaccMOTpUM MpPOU3BOILHYIO
OCHOBHYIO GyHKIuIO ¢(r,y), OTIXYHYI0 OT HyJasa Toibko npu = € U, u

HYJIO0 BHE OJHOM W TOU K€ OTPAHUYIEHHOU O6JACTH U PABHOMEPHO CXOJATCA K HYJIIO
BMECT€ CO BCEMU NPOU3BO IHLIMU. IIepBoe — OUeBUAHO, IOCKOIBKY ©y (Z,Y) PABHLI HYIIO

BHE (PUKCUPOBAHHOU OOJACTYM B MPOCTPAHCTBE MEPEMEHHBIX T1,...,Ym. JOMyCcTUM, 9TO
¥y (T) HE CXOATCA PABHOMEPHO K HYJIIO. DTO O3HAYAET, U9TO I HEKOTOPOro & > 0
Hall1eTca mocaegosarensHocTh Touek (), ... x(*) .. raxas, aro

v (@) = |(9(9)s 0 (z0,9))| 2 €.

Ho Tax Kak MOCIEIOBATENBHOCTH @y (T,y) PABHOMEDHO CXOJMTCA K HYIIO BMECTE CO
BCEMHU NPOU3BOAHBIME, TO GYHKINA @) (Y) = @u (Ty,Y) CXOIATCA K HYIIO, KAK OCHOBHBIE
dbysKknmu B npocrpancTee Yy,. B cury HenpepriBHOCTE yHKnMOHATA ¢(Y) MBI TOJKHEBL
nMeTh
(9(y), 00 () = (9(y), v (zv,y)) = 0

B NpOTHWBOpedme C mnpegnonoxenmeMm. WTak, ¥, (r) paBHOMEDHO CXOJATCA K HYJIO;
aHAJOTMYHO NOKA3bIBAETCS PABHOMEPHAA CXOAUMOCTH K HYJIO U BCEX MPOU3BOAHBIX DTON
MOCTe0BATEIBLHOCTH, I€M JOKA3ATEILCTBO U 3aBEPIIAeTCA.
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nokaxkeM, 910 (f X g,¢(z,y)) = 0. Coruacuo onpeneseHnio,

(f x g,0(z,y) = (f(W), (9(x),(z,9))) = (f(y),0) = 0;

CJEIOBATEILHO, (PYHKIMOHAA f X ¢ OOpalIaeTca B HyJIb B OKPECTHOCTH
TOYUKM (Zo,Yo)-

C mpyrou CTOpPOHBI, €CIA Xy U Yo NPUHAMLIEKAT K MHOXKecTBaM F u
G, TO s m060ON OKPECTHOCTHU TOUKU (Zg,Yp), OIEBULHO, MOKHO yKA3aTh
dyuxnuo Buga ¢(x)Y(y), 0OpAAIONIYIOCS B HYJIb BHE DTOU OKPECTHOCTH,
HA KOTOpPOU (PYHKIWOHAT f X ¢ MMEET HEeHyJeBOe 3HAYeHWe. TeM CaMBIM
CTIPABEIIMBOCTE HAIIETO YTBEPK ICHUA yCTAHOBJICHA.

KoMMyTaTUBHOCTb U acCOUMATUBHOCTL. : Hmetom mecmo dopmyavt

flx) x gly) = g(y) x f(x), }

) =9 @
f(@) x {g(y) x h(z)} = {f(2) x g(y)} x h(2).

Jlnst JOKa3aTeIbCTBA 3aMETUM, YTO HOCKOAbKY B OOEHMX YaCTIX DABEHCTB
CTOSAT HEIpepHIBHLIE (PYHKIIMOHANLL, TOCTATOYHO IPOBEPUTD STU PABEHCTBA
Ha IUIOTHOM MHOXKECTBE OCHOBHBEIX (yHKuuu. [[11 NPOBEPKH IEPBOCO
v
paBeHCTBa MBI BO3bMEM ILIOTHOE MHOXKECTBO (pyHKIMI Buxa » ., @;(2)Y;(y),
i=1
rre ¢;(z), ¥;j(y) (G = 1,2,...,v;v = 1,2,...) — OCHOBHBIE (HYHKIUK
cooTreTCTRyOIHX Mepevennbrx'). Mur Gyem uMeTs Tora

(f(z) x g(), Y @j(@)e;(y) =
= (f@) x g),i(@); (W) = Y _(f(@),05(@)(g(w), ¥; (v))

(9(y) x £(2), > eil@)di®) =D (9(y): 5 W) (f (@), (@),

410 u Tpedyercs.
[l mpoBepKM BTOPOT'O PABEHCTBA, AHAIOTUYIHAI BBIKIA, KA, TPOBO IUTCS

¢ OCHOBHEIMHI yHKIUIME Bua » . ¢; () (y)x;(2).
J

1) MmoxecTBo Takmx QYHKIUY IeNCTBUTEIHHO IIOTHO B npocrpancTee K. Ecin, Ha-
npuMep, oCHOBHasA yuKkuus ¢(z,y) obpamaeTcs B HyJb BHe kBagpara Q = {|z| < a,|y| <
< a}, To ana 3amamHOrO ¢ = 1/v, momb3ysack Teopemou BemepmrTpacca, MBI IOCTPOUM
muOrounex P, (z,y), korope B kBagpare Q' = {|z| < 2a,|y| < 2a} ormmaaercs ot (z,y)
MEHBIIE YeM Ha £ BMECTe C NPOU3BOIHLIMM IO mopsAnaka v. Ilycts, naxee, b(x) — duk-
CHPOBAHHAA OCHOBHas pyHKnus, paBHasi 1 npm || < @ u pasras 0 npm |z| > 2a. Torga
npu £ — 0 dyuknum P, (z,y), b(z)b(y) crpemsarcs k dyakumn ¢(x,y) B npocrpancree K.
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2. Ceeprka 0606mennsix pyukmuua. Ecmu f(z) u g(x) — nme abco-
JIOTHO MHTerpupyembie gyukiuu Ha npamou u h(x) = f(z) * g(zr) — nx
CBEPTKA, TO BHIpAXKEHUE (PYHKIIMOHAIA, ONPENeaaeMoro ¢pyHKIuen (Takxe
abcomoTHO uHTerpupyemon) h(zr), MBI MOXeM IPeo6pa3OBaATh CJAELYIOMIUIM
o6pas3oM:

(h(@),¢(2)) = / h()p(z)ds =
= [{ [ 1@t - 1 otwrte = [ [ s@atmote + mean.

NapIMEy cToBaMA, NCKOMBIA PE3YJLTAT €CTh PE3YILTAT MPUMEHEHUA (pyHK-
muonana f(z)g(y), KOTOPBIM MOXKHO CYATATH MPAMBIM TPOU3BEICHUEM
dynxmuit f(z) n g(y), x byrxmm p(z + y).

EcrecTBenuno obiee ompenenenue CBePTKU JIOOLIX 0O0OIMEHHBIX (DYHK-
uun f u g 3a1aTh GOPMYION

(fxg9,0) = (f(x) x g(y),(z + y)). (1)

Ho szecw caegyer umers B Buay, 4To ¢(r + y) — yxe He QuHUTHAL
(YHKIUA B NPOCTPAHCTBE MEPEMEHHLIX T,y um modTomy dopmyma (1),
BOOOIIIE TOBOPSA, HE UMEET CMBICTA.

OIHAKO B OOBOIBHO OOIINX MPEITOIOKEHUAX, KOTOPHIE MBI CEldac
ykaxem, popmyaa (1) Bce e uMeeT CMBICI.

Kak MBI Bugeau B IpeaslayIeM TyHKTe, HOCUTEIb IPAMOrO IPOu3BeIe-
Hus GyHKIOHAMOB f(z) u g(y) ecTh IpAMOe NPON3BeNeHNe HOCUTEIEH dTHX
¢yuxnuonanos. Pasencrso (1) Gy et umeTs cMmbIca, ecau noaoca |z + y| < a,
B KOTODPOU 3aKIIOYeH HOCUTENb GyHKIUu (T + y), MMeeT JUIbL OrPAHU-
YEHHOE TIEPeCcevYeHre ¢ HOCUTEJIeM MpAMOro mpoussenenus f X g. B stom
cay4dae GyHKuno p( + y) MOXKHO 3aMEeHUTH B nonoce |z +y| < a duauTHON
dyuxmuen o(z,y), He U3MEHAA €€ 3HAYEHUN B TOYKAX MEPECEUCHU MOMOCHT
¢ HocuTeneM GYHKIMOHANA f X ¢; HO TOTAA YK€ ONpeneIeHO 3HAMCHNE

(f x g,0(x,9))

U, KaK JErKO OPOBEPUTH, OHO HE 3aBUCAT OT BEIOOPA 3HAYEHWN (DyHK-
uun @(x,y) BHE YKA3AHHOIO IEPECeIeHUs.

B wacrrOCTH, paBeHCTBO (1) MMEET CMBICK B CIEAYIOMINX CIYYIAAK:

a) 00un u3 PynKyUOKa106 [, g UMEETN 02PAHUUEHHBLT HOCUMEAD;

6) nocumean 060uz PynKUUONaa08 f, g oepanuuenst ¢ 00nol u Mot dKHce
cmoponwt (nanpumep, f = 0 upu x < a, g = 0 mpu y < b).

Paccmorpum cravana cayvan a). [lycrs, manpumep, f(z) — dunummnviii
PYHKUUONAA, T.€. UMEIOIINA OFPAHNYEHHBIN HOCUTENb, & ¢(Y) — IPOU3BOIbL-
e QyHKIUoOHAA. Torma

(f xg,0) = (f(z) x g(y),p(z +y)) = (9(v), (f(2),0(x +y)). (2)
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Oyukusa (f(z),p(x + y)) 6eckoredrno auddepeHimpyeMa u 06paIa-
eTCsl P! JOCTATOYHO OOJMBUIIMX |y| B HyIb, Tak KaK OpU OOIBIIHIX |y
vocurenu GyHknua o(r + y) u dyakumonana f(r) He MEPECEKAIOTCA.
Mosromy dyuxumsa (f(x),@(x + y)) — OCHOBHAA MO y U NIPUMEHEHNE K Hen
dysxmoHaNa ¢(y) UMEET CMBICI.

Ecau, mao6opor, ¢g(y) — ¢uenTHB QyHKIUOHAT, a f(z) — mpoms-
BoabHLIN, TO dyukuua (f(z),p(x +y)) 6eckonedno nuddeperuupyema, Ho,
BOOOIIIE TOBOPA, He (PUHUTHA; HO TaK KaK QpyHKIuoHAT ¢(y) GUHATHEIN, TO
BO3MOXHas HeuHUTHOCTD (f(2), o(x+y)) He urpaeT ponn u pesyabrat (2)
MO-TIPEKHEMY UMEET CMBICIT.

PaccmoTpum Tenepnb caydan 6): IPEAMOI0KIM, ITO HOCUTEIN (hYyHKIIU-
ouanoB f(x) u g(y) orpaHuYeHsl, ckaxeMm, caeBa. PaccMOTpuM (QyHKIIUIO
(f(z),po(x +vy)). Kax u panee, 3170 6eckoneuno nuddepennupyeMan QpyHK-
1w oT y. lIpu [0CTaATOUYHO GOMBIINX TOMOKUTEIBHBIX if HOCATEIb (hYHKIIAN
o(z + y) He mepecekaeTca ¢ HocuTeaeM GyHKIUOHAAA, f(); TOSTOMY mpu
rakux y Gyukuua (f(z),p(x + y)) obpamaerca B Hyab. TakuM o06pa3oM,
dyuxnus (f(x),o(x+y)) umeeT HOCUTENb, OrPAHUYIEHHBIN CIpaBa. Tak Kak
HOCUTENb QYHKIMOHANA ¢(Y) IO YCJIOBUIO OTPAHWYEH CIEBA, TO MePECEeTeHne
HOCHTENeN OFPAHUYEHO U MPABAA IACTh (POPMYIEL (2) UMEET CMBICI.

Takum 06pa3oOM, 6 YKA3AHHBIT CAYWGAT @), 6) ceepmra GymKuuona-
206 f, g umeem cmbica. B 9acTHOCTH, Beerga ompeneneHa cBepTKa § * f,
Dé x f, rne D — mo6ou quddepeHnranbEEI OnepaTop; 3TO BHITEKAET U3
TOro, 9TO (GYHKIIMOHATL §, DJ COCPENOTOYEHET B OJHOU TOUKE.

Haungem ceeprky d * f. CoracHo onpeneieHuo

(6% f,0) = (0(x) x f(y),p(z +y)) =
= ((f(y),(6(x),(z +y))) = (f(y),(y) = (f,9)-

Taxum 06paszom, misa 1060ro GyHKInoHama f

§xf=F (3)

Anamoruaso

D6« f = Df. (4)
B cuny 061X CBOUCTB MPAMOTO MPOU3BEACHUA (DYHKIIMOHAIOB CBEPTKA,
(DYHKIMOHATIOB KOMMYTATUBHA, [0 KPaWHEN Mepe, B CAydasax a) u 0):
frxg=gxf.

AHATOTUYIHO MOXKHO HAMUCATL PABEHCTBO, BHIPAYKAIOIIEE CBOMCTRO ACCOLM-
ATUBHOCTHU:

(fxg)xh=fx(gx*h),
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MPEANONOKUB, ITO HOCUTEMN ABYX U3 Tpex GpyHKIMoHamoB f, g, h orpa-
HUYEHLI ¢ OGEMX CTOPOH WIM 9TO HOCUTENN BCEX TPeX (PYHKIMOHAIOB
OrpaHUYEHEL C OQHOU M TOU XK€ CTOPOHEL.

Buisenem cregyrwomyio gopmyay ouddeperuuposarnus ceepmru;

D(fxg)=Dfxg=f*Dg. (5)

B ganwuenmem sTa opMyna 6yIeT IaCTO MPUMEHATHCA.
Nmeem:

(D(f xg),) = (f xg9,D"p),

rae, Hampumep, D* = (—1)" D, ectu D — ogsopogustil 1uddepeHnnarh b
omeparop mopsigka v. [lajgee COrJIACHO ONPENeTeHu0 CBePTK,

(fx9,D%p) = (g(y),(f(z),D*p(z +y))) =
= (9(y), (Df(z),p(x +y))) = (Df * g,9),

orkyna D(f = g) = Df % g. [lanee, mOCKOIBbKY CBEPTKA KOMMYTATUBHA,
D(f xg)=D(g*f) =Dgx f=fxDg,

u TeM caMbiM GopMyaa (5) yCTaHOBJIEHA.

YeraroBuM NONE3HYIO JEMMY O HENPEPLIBHOCTU CBEPTKH.

Nlemma. U3 f, — f caedyem f, x g — f * g npu xaxcdom u3 caedyrowus
npeonoaoHcenu:

a) 6ce PynKUUONRAALL [, COCPEAOMOUEHB HA OOHOM U TOM HCE 02PAHU-
YCHHOM MHONCECTNEE;

6) Pywkyuonas g cocpedomouen wa 02PAHUUEHKOM MHONCECTNBE;

8) wocumeau PynKyuoRaL08 f, w g ozpanuuenvt ¢ 0dwotl u Mol dce
CMOPONbL U NPUMOM HE 3GBUCAUWET 0M V KOKCMAHMOT.

[okazaTensctro. ITo onpenenennio CBepTKH, I THOOOU OCHOBHOU (hyHK-

ouu @
(fv x9,0) = (fu(y),(g(x),p(z +y))). (6)

B cayuae a) dyuxmuio (g(z),p(z + y)) MOXKHO 3aMEHUTH OCHOBHOU (hyH-
kumen (y), PABHOU HYJH BHE OOJACTH, B KOTOPOU COCPEIOTOYEHLI BCE
¢dyuxnuonanst f,(y); mosromy

(fv x 9,0) = (fu (), () = (f,4) = (F * 9,4),

foxg— fxg,

9ITO U yTBEPK IATOCH.
B cayuae 6) ¥(y) = (g9(x),p(z + y)) ecTh oCHOBHAsA DYHKUUS; OTCIOA,
TAK JKe KAK U BBIIIE, TIOIyIaeM TpeGyeMoe.
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B cayuae B), ecim [iA ONPENETEHHOCTU MPEINOIOXKUTD, YTO HOCH-
Tenu (QYHKIUOHAIOB f, W ¢ OCPAHUYEHHI CaAeBa, TO (yHKmua (y) =
= (g9(z),o(z + y)) mMMeeT OrpAHUYIEHHBIN CIPAaBa HOCUTEIb; €€ MOXHO
3aMEHUTh OCHOBHOHW (PyHKIWEH, OOpALIAIOUIENCa B HyJbL BHE O0JACTH, B
KOTODPOI COCPEJOTOYEHbl BCe (PYHKUUMOHATHL f,(Y); OTCIOAA, KAK U BHIIIE,
morydaeMm Tpebyemoe. JleMma gokasaHa.

Cneactsue. Ecau Pywxyuonas f = fi 3a8ucum om napamempa t u
cyuecmeyem npouzsoonas %ftl), mo gdopmyaa

0, O
&(ft*g)— 5 * 9

cnpasedausa 6 Kancdom u3 caedYUUT NPeOnosoHCEHUT:

a) Pynruuonat fi cocpedomouensl na 00HOM U MOM HCE 0ZDARULEHHOM
MHOHCECTNBE;

6) Pynruuonas g cocpedomouen na 02PAHUUEHHOM MHOHNCECTNBE;

8) wocumean PYHKYUOHGL08 fi u g oepanuuenbt ¢ 00Hol u Mol dHce
CMOPOHbL U NPUMOM HE 3asucauet, om t KoHcmarwmot.

Jloka3zaTeabCTBO JIENKO MPUBOAUTCA K MOKA3ATEILCTBY JEMMBI, €CJII

y49eCTh, ITO MPOU3BOTHAA % €CTh IIpeaea OTHOIICHUA

Jeear — [
At

mpu At — 0.
3. HooToHOBCKMEA TOTeHIMAT M (yHJaMeHTAIbHBIC pelleHus xud-
(depenmuanrbHBIX ypaBHeHMd. Kiraccmaeckas (popMyIa HEIOTOHOBCKOTO IMO-

TeHIUaTa IIA PACOPeIeTeHNS MACCH ¢ KyCOIHO IVIAIKON (PMHATHON ILIOT-
HOCTBIO W(T1,%2,23) UMEET BUI

_ _i M(§17§27§3)d€1d§2d€3
u(zy,Ta,23) = A /// \/(51 — )2 + (& —12)% + (& — m3)2- (1)

WsBectHO, uTO U(T1,T2,T3) — PyHKIMs, 06IaIAM0MAA IPOU3BOIHBIMEA 10
2-r0 NOPAIKA U yIOBJICTBOPAIONIAA ypaBHeHUIO [lyaccona

Au(zy,22,23) = u(x1,22,13).

@®opmyay (1) MOXKHO 3amucaTh B BULE CBEPTKU

1
u:u*<—m> (r* = 2] + 23 + 23).

1)HOJ:[p06Hee 0 nuddepeHUpoOBaHN MO MapaMeTpPy MbI OyjeM roBOpUTH B no6aBie-
HUAU 2.
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3IeCh (1 MOXKET OLITH yiKe Mo00u GUHUTHOU 0600ueHHOn (yuKIimen. [Tpu
DTOM B OOMIEM CIydae U eCTb 06obujennas @Gywxyus. OKa3bIBAETCA, ITO
dopmyra Ilyaccoma mmeeT mMecTo m B O0meM CIydae; TEMCTBATENLHO,

1
BCIIOMUMHAA (POPMYITY A; = —470 (§ 2, n. 3), MBI MOXKEM HAIWUCATH:

Au = A px* 1 =uxA 1 =pu*xd=p.
4drr 4drr

IIycTe Temepn
P(D)u = u (2)

— mo6oe muHenHOe TU(QEPEHINATLEHOE YPABHEHAE C MOCTOAHHBIMU KO-
> PUIMEHTAME U TPOU3BOILHOU OOOOIIEHHOU (DYHKIUEN [ B MPABOU 4a-
cru. Hazosem @yndamenmanvrvim pewenuvem muddepeHInaTLHOTO YPaB-
uenus (2) ¢ynakuuonan E(x), yqoBIeTBOPAOILNN yPABHEHUIO

P(D)E =6

(byrkumonan E ompenenen ¢ TOIHOCTBIO JO PEMIEHUA OTHOPOTHOTO yPAaB-
nennn). Korga gpyngamentanbroe pemenne E m3pecTHO, pemenne ypasHe-
Hus (2) MOXKeT OBITH 3aIUCAHO B (POPME CBEPTKU

u=px*kE,
ecnu, HampuMmep, p — GUHATHAS 0600IeHHas QYyHKIU. [elCTBUTENBHO,
P(D)u=pu*P(D)E =pu+*d = p.

Tak, ama omeparopa Jlamriaca B TpexMepHOM MPOCTPAHCTBE QyHIA-
o _ _ 1
MEHTATBHBIM DeNIeHueM CIyXKUT peryiapabiit GyHkimonar E = —;—. B
N-MEPHOM TIPOCTPAHCTBE (PYHAAMEHTAIBHLIM PEIIeHUEeM A OIePATOPa
o 1 1

Jlamraca opu n > 2 CIyXUT DPeryaapHbIn q)yHKHI/IOHaJI —mrn—_Q,
rae (), — MOBEPXHOCTb €IUHUIHOU CPEPLI, a IPU N = 2 — PEryJIApHLII
dyHKITIOHAT —%ln%.

B kadecTBe mpuMepa MOKaxKeM eIie, KaK CTPOUTCA (PYHIAMEHTAILHOE
pernenne OOBIKHOBEHHOTO [uMHEPEHINATLHOTO YPABHEHUA ¢ IOCTOIHHBIMA

KOSQ)CI)I/II_II/IQHT&MI/ID :

aE"™ + a, E™Y 4+ .+ an,E = 6(x). (3)

DIlo CYIIECTBY, UCHOML3YeTCA MWL HAIMYUE (DYHIAMEHTAILHOU CUCTEMbI DElIeHWH,
KOTOPOE MMEET MeCTO U [ MepeMEHHbIX KOX(PPUIMEHTOB — JNIIb ObI TOIBKO KO3 dhu-
IHMeHT ag He oOpammajica B HyJb.
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Oycts i (), ..., up(r) — GyHIAMEHTATLHAS CUCTEMA, PEIICHUN OTHOPOI-
HOT'O ypaBHEHUS

aou™ () + a1ul™ () + ... + anu(z) = 0. (4)

_ JA(®) = arui(x) + ... + apup(r) mpumz <0,
E(x) {B(m) = frui(z) + ... + Bpup(x) mpmaz >0

U mogbepeM MOCTOSHHBIE ; U (3j Tak, ITOOBL yZOBIETBOPSJIOCH ypaB-
wenue (3). IMockoabKy neabTa-QpyHKIUA ABIACTCA TNPOU3BOTHOU (DYHK-
uuu 6(z), pasaou 1 mpu z > 0 u 0 mpu = < 0, FOCTATOIHO HOTPEGOBATH,
9TOOKE B TOUKe £ = () BLIMTOTHATICH YCIOBUS:

A(0) = B(0),4'(0) = B'(0),...,A™"2(0) = B"~2)(0),

agp [A(n_l)(O) — B(”—l)(o)] -1 (5)

Homaras a; — B; = v (i = 1,...,n), moay4aem oA <GUCEX 7y; CACTEMY
yPaBHEHUN

DTa CICTeMA BCET A PA3PEIINMA, TAK KaK €€ OIPeIeIUTENb 6CTh BPOHCKUAH
(DPYHIAMEHTATBLHON CUCTEMBI pereHu u (), ..., uy(r) u, creqoBaTeasHo,
HUTJE HE PABCH HYJIO.

Takum 06pa3om, pyHIAMEHTAILHOE PELICHNE CTPOUTC C OOJBIIIM IPO-
M3BOJOM: OJHO3HAYHO OMPEAENAIOTCA TOTBKO PA3HOCTH ¥;. DTOT TPOX3BOI
O0BACHACTCA OYEHbL TPOCTO: (PYHIAMEHTATBLHOE PEIICHUE OMPEIETEHO C
TOYHOCTBIO 10 MTPUOABICHU THOOOT0 PEIIEHNA OJHOPOIHOrO ypaBHeHus (4).
Oxn ucnoawsyercs aaa moctpoenus ¢pyHknui ['pura — QyHIAMEHTATLHBIX
PEIleHNH, YIOBICTBOPAIOIIMX TeM WM WHLIM MPAHUYHEIM YCIOBUAAM').

Mpumep. PaccmoTpum ypasaenue

E" = §(x). (7)

DCwm., manpmmep, M. A. Haiimapk, Jlumeitnbie audpepeHnMaIbHBE ONEPATOPHI,
TocTexusnar, 1954.



4] §5. CBEPTKA OBOBIIEHHBLIX ©&YHKIINNA 127

B »ToM caydae MOXKHO B3ATh U] = 1,us = ¥, CIEIOBATEILHO,
A(z) = a1 + asz, B(z) = 1 + Bax.
s v; = a; — [3; momydaeM 3HAMCHUA
Y1 = 0, Y2 = 1.

Takum o6paszom,
E=B1—|—BQ$—|—ZE+.

DTO, pa3syMeeTcsa, MOXKHO OBLIO Cpasy yBuaeTh u3 ypasHenus (7). B § 6,
a takxke B § 2 ru. III MBI mocTpouM (pyHIAMEHTANLHLIE PEIIeHUA I/
MIMPOKOTO KJIACCA YPABHEHUN B YACTHLIX MPOU3BOIHBIX.

4. Unrerpan Ilyaccona u ¢pyHgameHTambHoe pemnrenue 3agayuu Komm.
Knaccuiaeckas popmyna [lyaccona B Teopun TEmIOMPOBOTHOCTY UMEET BU I

o0
(0,) = — / ~E5 u(e)de 1)
w(z,t) = —— [ e ,
2/t K
rae p(€), ckaxem, — (uEETHAA HHTerpupyemas (ymkmusa. Wssectmob,

uro u(x,t) obaagaeT TPOU3BOMHON TO ¢ U ABYMA MPOU3BONHLIMU IO & U
VIOBIETBOPAET yPABHEHUIO TEILIOIPOBOTHOCTH

ou d%u
ot " o2 2)
C HaYaJIbHBIM YCJIOBI/IeM
u(x,0) = p(x). (3)

Dynxnua u(x,t) BHIPAKAET TEMIEPATYPY TOIKA & GECKOHETHOTO CTEPIKHSA
B MOMEHT #, eCIM WU3BECTHA HadaibHaa Temmeparypa u(z) npu ¢t = 0.
@®opmyay (1) MOKHO 3amucaTh B BULE CBEPTKU

(1) = ) « 5o e (4)

31ech B KadecTBe [t MOXHO B3SATH yXe M0y (DUHUTHYIO OOOOIIEHHYIO
¢yuxnuo. [Ipu sToM B obmem ciydae ¢yukuua u(z,t), OmpeneaeHHAA
dopmyaon (4), ecTb, KOHEIHO, 0600IIEHHAA PYHKIUA (3ABUCAIIAA OT TApa-
metpa t). Jokaxem, 910 ama 0606wennas GynKyus chosa ydosiemsopiem
YPABHENUIO MENA0NP060odnocmu (2) ¢ nauasbrvim ycaosuem (3).

DB. UN. Cmuphoe, Kypc, T. 11, 1957, m. 204, cTp. 606.
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IIpex e Bcero 3ameTum, uto mpu t > 0 quddepernupoBanre GyHKINN
o) =~ e,

paccMaTpUBaEMON KakK 00OOIIEHHAA (PYHKIIUA, 1T0 X U 10 TapaMeTpy t pas-
HOCHUJIBHO ee 0ObraHOMY muddepeHIupoBanuio mo ¢ u t. B cuny caexcTBus
U3 JeMMBI O HEMPEPBIBHOCTY CBEpTKY (1. 2)

2 (u(w) # v(a.1)) = i) * Soia,)

u B cuny Gopmyasbl uddepeHuupoBanus cBepTka (n. 2)

2 62
@(M*U) :u*@v.

Taxkum o6pazom,

2_3_2(*)_*2_3_2
ot oz ) MY T \5 T 82) "

2 1 oz
LI W s
ot 0z% ) 2/nt
TaK 9TO 'U, LN rEL(EIK/)ICTBI/ITe.JIbHO ABJAECTCSA pemeHHeM ypaBHeHm{ Termonpo—

BOTHOCTH.

2

e 4 mpumt — 0 umeeT npegeaom

1
C COM CTOPOHEL, TOCKOJIBK

APy p ) y o/t
B CcMBICAEe OGOOIIEHHBIX (QyHKIun aerbra-pyskimuoo o(z) (cm. § 2, n. 5,
npumep 2), MbI uMeeM 1pu t — 0, COTVIACHO JIeMMe O HEIPEPLIBHOCTHU CBEPTKA

(n. 2),

22
u(z,t) = p = e % = uxd=p,

1
2Vt

ou 0

— moboe guddepeHuaibHOe YPaBHEHUE € IMOCTOSHHBIMU KOd(MPUIUEH-
ramu. [TocraBum 3agady Kowm: sanTu permenue sToro ypasaenus (0606-
MIEHHYI0 (DYHKINI, 3aBUCAILYIO OT § KAaK OT apaMeTpa), 0Opallalieecs
upu ¢t = 0 B 3agaHHY0 0600MEHHYO (QYHKIUIO Ug(T).

YTO U YTBEPKIATOCH.
IIycTe Temepn
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To 4dacTHOe pemrenue 3agadu Kormm, koTopoe obpamaercsa npu ¢t = 0
B 0(z), HasbBaeTCA PYHIGMEHMAALHBIM PEULEHUEM DTOU 3a4add U 060-
3HAYALTCA qepea E(a: t). [lnA ypaBHEHUA TEILIOMPOBONHOCTU UM ABIAETCA

dyHKIIAA T e~ 4t . Ecin n3BecTHO (pyHIAMEHTAIBLHOE PEIIeHrne, TO Pelle-

uue 3ana9u Komm ¢ Ha9aabHBIM YCI0BUEM Ug (1) — B MPENOJI0KEHAN, ITO
OYHKIUMOHAT (%) PUHUTEH — MOXKHO BBIPA3UTH CBEPTKOU

u(z,t) = E(x,t) * ug(z).

[lencTBUTENLHO, MBI UMEEM, C OJHOU CTOPOHHI, mpu ¢ — 0

[% - p(ai)] w(z,t) =
= 5 [B(x,t) + uo(a)] P(%) t) * uo(z)] =
E(

z,t) x up(x) =

_[__:Ez o]l -0l

x
C IPyrou CTOPOHHI,
lim u(z,t) = [ lim E(xz,t)] * up(z) = 6(z) * ug(z) = up(x),
t—0 t—0

YTO U yTBEPKIACTCA.
Moxno paccMoTpeTs u 6omee 00NN Caydal JUHEMHOTO yPaBHeHA

P (%, a%) u(z,t) =0 (5)

HEKOTOPOT'O, HAMPUMEp M-TO, MOPALKA TO t, TakXkKe C MOCTOAHHEIMU
xoaxdpunrenTamu. 3agada Komm 31echk COCTOUT B TOM, UYTOOLI HAUTH
pemenue u(x,t) ypasHenus (5), yIOBIETBOPSIONIEE HATAIBHBIM YCIOBILAM:

u(x (m=1)(g
u(z,0) =uo(:n),8 (675 ,0) ul(a:),...,aait(’o)

Dyndamenmanvuvim pewenvem ypasaenus (5) nassiBaercs pemenue E(z,t),
Y IOBIETBOPAIOMICE HAYATLHBIM YCIOBAAM

= Upm—1(z). (6)

(m—2)
Bz,0) =0, 2@ _ OMTE@O) _
0mVE(x,0)

g1 = @)
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Ecau o606mensas GyHKInA Uy, —1 () uauTHA, TO pemenue 3anadu Ko
s ypaBHeHuA (5) ¢ HAYATLHBIMU YCJIOBUAMA

m—2
w(z,0) = 0, 240 _ oI ul@0)
ot atm—2 ®
O™ Lu(z,0)
—gpm 1 = um-1(2)
MO2KHO 3aIIICaTh B B E
U(l‘,t) = E(l‘,t) * umfl(x)- (9)

OTa popMysa TOAUTCA U LI JIOOOU U _1(x), eciu GUHATHO DyHIAMEH-
raabHOe pemenue E(z,t).

HencrBurensHo, mocrpoenHas ¢GyHknua u(x,t), ¢ OLHOM CTOPOHHI,
ecTb pemteHve ypaBHeHUsa (5), MOCKOAbKY AU EPEHIUAIBHEI OIEePATOD

P (%, %) MOXKHO OTHecTHu K E(x,t); nanee, npu t — 0 MBI umeem:
u(z,t) = E(z,0) % tpy_1(x) =0,

ou(z,t) R O0E(z,0) .

Um—1(z) =0,

o™ u(z,t) . O™~ E(z,0)
otm—1 otm—1

* Uy —1(T) = Up—1(x).

Mpumep. PaccmoTpum ypaBHEHUE CTPYHBI

%y %u

7 TOKaxeM, uTO (pyHIAMEHTAJIbLHBEIM pellleHneM 3anadu Komm amga >Toro
VPABHEHUA CIYXKUT DYHKITUAA

1
Bla,t) = | 2 opu |z| < t,
0 npwm |z| > t.

llencrBuTenbHO, IpU (PUKCUPOBAHHOM ¢ > 0 MBI ©MeeM:

% 1(i(x-l-t)—lfs(x_t)’

~ 2 2
OE(x,t) 1, 1,
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a mpu GuKCHpoBaHHOM x, muddepennupys F(z,t) no mapameTpy ¢, Haxo-
JIIM:

9E(zt) _ 15(3; 1)+ lg(w — 1),
ot 2 2 (11)
OE(z,t) 1, 1,

rak 4To ypasHerue (10) yzoBierBopsieTcs.
Manee, ycrpemias B popmyae (11) ¢ x myr0, moxydaem:

OE(x,t) _5
D]~ 5w,
TaK 9YTO YIOBJIETBOPACTCA U HAYAILHOE YCJIOBUE, Ompenesdwomiee pyHia-
MeHTaJabHOe pemenue 3aga4du Komu (oueBugHo, uro cama E(z,t) npu t — 0
nmeeT npegeaoMm 0).

Orcrona monydaem ¢GopMmyny perieHusa 3agadun Komm m1is ypaBHEHUA
crpyssl (10) ¢ HAYATBHBIMUA YCIOBUAMU

u(z,0) =0, w = uy ().

Coruacuo popmyae (9) Mbr umeem (cauTas u () JOKAIBHO MHTECPUPYEMON
yHKIMEN)

o0

U@ﬂZE@ﬁ*m@F=/E@ﬁm@—®%=

t 1 x+t
—t r—t

B mamsOM cayuae dynnamenTaibHoe permenue E(x,t) — duauTHas pyHK-
uust; mosroMy ceeprka E(z,t) x ui(z) cymectsyer mis ao6ou 0600meHHon
dbyuxnun ug ().

Temepb MOXHO TEPEUTH K CAMOMY OOIIEMY CJIy4Yai0, KOTIA 3aJaHbI
PyHKINNI

u(z,0) = ug(z),
O™ lu(z,0)

o1 tm-—1(2)

=uy(z), ...,
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7 BCe OHU (PUHUTHBI (ecau GUHUTHO QyHIAMEHTATLHOE pemenue F(z,t),
TO TMOCTEIHEE YCJAOBUE MOKHO OTOPOCUTS). [IA 3TOr0 3aMeTuM, YTO €CIu
U — peIlleHNe YPaBHEHUs, Y IOBIETBOPAIONIEE HAUATLHEIM yCIOBUAM

k
%:0 (k:O,l,Q,...,m—Q):
o Tu(z,0)

6tm71 = Um—l(m)a

TO pyHKIUA Uy (T,t) = %—‘; yIOBJIETBOPAET TOMY K€ YPABHEHUIO U HAAJIbHBIM

8™ 2wy (2,0) 8™~V (2,0)
YCIOBUAM, B KOTOPBIX OTJIUYIHBI OT HYJIA TOJBKO 5tm—2 n 5Em—1 .

Boraurasn us ui (z,t) pemenue us(x,t), yIOBIETBOPAIOLIEE YCIOBUAM

O*uy(x,0) _ _
T_O (k=0,1,2,...,m — 2),
0" tuy(2,0) 0™ tuy(x,0)
Hrm—1 - orm—1 )

MBI TIOJIYYUM DeIIeHue %3, Y KoToporo upu t = 0 OTINYHA OT HYJII TOJBKO
m—2

TIPOM3BO THA %, OpUYeM OHA DPaBHA 3AJAHHON (DYHKIAU Up—o(T).
Ananoruvno npu ar060M k < m — 1 MOXKHO MOMYYIUTEL PEIIEHUE, Y KOTOPOro
npu t = 0 u3 mepBbIX M — 1 TPOM3BOAHBIX 1O ¢ OTJAUYHA OT HyJI M PABHA
3aJaHHOU (DYHKIUA U (Z) TOJIBKO MPOM3BOLHASL %. CyMMa mOCTPOEHHBIX
JACTHBIX PEIICHUN TAeT PelleHne OOMIen 3a a4,
Pemenue 3anaqn Komn gna ypasaenus ctpysst (10) npu o6mux Havamb-
HBIX [AHHBIX
Ou(x,0)
ot
MTOJIYYaeTCsa O DTOMY MeTOAy claemyoommM ob6pasoM. Haxoaum pemrenve
uq (z,t), OTBeUaOIee HAYAIBHBIM YCIOBUAM

u(z,0) = up(x), = uy(x) (12)

0 0
w0 =0, 20 _ )
ITo noxazamHOMY, OHO MMEET BU
1 z+t
wed) =5 [ u(©d.
z—t

Muddepennupysa uq (x,t) MO ¢, HAXOIUM HOBOE PEIICHUE

= uy(z,t) = %[Uo(x + 1) + uo(z — 1)),
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YAOBJETBOPSAIOIICE HATATBHBIM YCIOBUAM

0 ,0
us (2,0) = % = up(z),
Jua(z,0) _ 1 [Auo(z)  Oue(z)]| _ 0
o 2| ot ot | 7

OTcroga BUHO, YTO PEIIEHEM, OTBEYAIOIMM HAadaIbHLIM ycaoBuaM (12),
CIyXKUT (PYyHKIUA

T+t
w(z,t) = uo(z + t) ;uo(w —t) " % / ur (E)de.
z—t

Mgt monyunan uzBectHyo gpopmyay larambepa.

B pambmemmem (§ 6) aHaJorwvHBIMM METOZAMU MbI HaugeMm QyHIA-
MEHTANbLHEIE PEIeHusa 3a1a4uu Komm m4is mupoKoro KIacca YPaBHEHUU B
YaCTHBIX IIPOU3BOIHEIX.

5. WarerpupoBanme u guddepeHIMpoBanne MPOU3BOILHOTO MOPAIKA.
Xopormo u3BecTHasa ¢popmyna Kormm

zén-1 &6

a0 = [ [ [ [at@asigs dgos = =5 / 9(6)(x — €L
0 O 00 0

CBOJUT BBIMUCJIEHUE N-KPATHOU IepBOOOPasHou or GyHkuuu ¢(z), onpene-
Jgenuon ipn x> 0, K BEIMACICHUIO OTHOKPATHOTO UHTErpaaa. JTa (pOpMy.aa
MOXeT OBITH 3aIlNCaHa B BUIE

wn—l wn—l

gn(z) = g(z) * m = g(z) = T(n)’

rae dysxmm g(z) m 2™ ! mpr z < 0 3aMeHAIOTCA HyTeM.
IIpexcraBaseTcsa ecTECTBEHHBIM OOCOOMIMTL ATy (OPMYIYy HA CIydau

JI000r0 MOKa3aTeaa A 1 o601 0600menHon GyHKIIA §, COCPEIOTOICHHON

Ha moayocu z > 0, ompenenuB nepsoobpasnylo nopadka X om Gymkuuy g

KaK CBEPTKY
Pl
9A(@) = (o) * o5y 1)

Henocpencreenno sra gopmyaa geucrsyer mpu Re A > 0. [Iaa ocranib-
A—-1

° x
HBIX 3HAYEHUU A O] FJE)\) crenyeT MOHUMATh OOOOUIEHHYIO (DYHKIIUIO,
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MOCTPOEHHYIO B n. 5 § 3; Tak Kak OHA OCTAETCA COCPENOTOYECHHOU Ha

moaynpamMon z > 0, TO KOPPEKTHOCTL OMPENeNeHNs CBEPTKU COXPAHAETCA.
A—1

€T
Y106H0 0603HAMUTE FJEA) = &,, Tak 4TO

gr(x) = g(x) * Bx. (2)

U3 paBencTBa
d p=6W@)  (k=0,1,2,...)

(§ 3, n. 5) MBI BEIBOAUM, ITO
go(x) = g(x) * o = g(z) * d(x) = g(),
91(z) = g(z) * @1 = g(z) * §'(z) = ¢'(z)

U T.1.; TaKuM 06pa3oM, popMy.a (2) naeT NIpu pas3InIHLIX 3HAYCHUAX A HE
TOMBLKO MHTErPAJILI, HO U BCE MpOou3BoaHEe GyHkuuu g(x). B cBasu ¢ sTum
MBI YCJIOBUMCA TAKXKe 'OBOPUTH, IYTO CBEPTKA

g-x=g*xP_\

ecmb npouzsoonas nopadka A obobuennot Pynryuy g 1 0603HATATL DTO
Tak:

d)\
g-x = dm—)\g-
[lna pyuknunonanos ®) umeer mecto dopmya
Py x Py =Py, (3)
I
xifl 1 xi+u—1

N T T 3

Mokaxkem cuadama, 9To oHa BepHa mpu Re A > 0, Re p > 0. Tax xak

B o B
RN VM ‘0/ T T

Adp—1
o o
A+p F()\ + /J/) )

TO TpeGyeT JOKa3aTeJbCTBa JUIIIb COOTHOIIECHUE

[ oactr onetge - DOVTM) sy
0/5)‘ (x - f) d¢ = mx)‘Jr .



5] §5. CBEPTKA OBOBIIEHHBLIX ©&YHKIINNA 135

IMonoxum B JeBou wacTu & = xt; TOTQa WHTErpaJa CIEBA MPUBEIETCA K
WHTerpasy
1

gL /t**l(l — )" Ldt
0

U HYXHOE COOTHOIIIEHUE OKa3bIBACTCA CICICTBUEM U3BECTHOI'O COOTHOIIIE-

HUA
1

B(\, ) :/t’\ Y1 —t)rtat = w.
7
0

s ocrambHbelx A, p opmyaa (3) ocTaeTcs COpaBeNIUBON U CUITY
€IUHCTBEHHOCTU AHATUTUIECKOTO TMPOIOIKEHUA.

W3 popmyaer (3) BoiTekaeT, 9TO A 060N OGOOIIEHHOU (YHKIUA ¢
(cocpenoToYeHHON HA MOLYOCH T > C)

(gxPx)* Py =gx(PrxPy) =g Pryy (4)
IIpr p = — )\ oTcioga BUAHO, 9TO MU HEPEHINPOBAHNE M MHTEIPUPOBAHUE
OJHOTO U TOTO ¥Ke MOpPANKA — B3aUMHOOOpaTHBIe omeparuu. [latee, u3

dopmyarr (4) BUIHO, YTO

dB d'g dﬁ+vg
daf (d:ﬂ”) = dzBt (5)

npu JIOObIX 5 U 7.
Ormerum ewe gpyrue craegcTBusa popMyast (3). 3aMeHsas B Hel A Ha — A\,

MOX€EM HaMIUCATh:
—1 —-A—1
LU o N _ (6)
dz* \ T'(p) I'(p—X)

B gacraocTun, npu 4 = 1 umeem:

(@) = T (6)

Ecau 8 popmyae (6) p ABIAETCA HEABIM OTPULATEIBHEIM TUCIOM WA HYJIEM,
i = —k, TO MBI OIy4aeM, ITO

d)\ —k—X-1

o (00) = 5 ™
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C mpyrom CTOPOHEI, ecau p — A = —k ABIACTCA IEIBIM OTPUIATETHLHBIM
YUCIOM WM HyJeM, To u3 (popmys (6) caemxyer, 9To

da> xj\[kfl
A E T ) s
o \to—m )~ @ ®)

Mpumepel. 1. PaccMOTprM Tak HA3LIBAEMOE UHIMESPAALHOE YPAEHEHUE
Abeas

T

1 / (f(ﬁ)df

90 = 5r—a1 | o )

0

3meck g — 3agaHHasg, f — UCKOMAsA (PYHKIINS.

B knaccudeckon Teoplxml) YUCAO (@ TIPEATONAraeTCsa MEHbIUM 1; 3TO
yCIOBUE O0ECMEeYMBAET CXOAUMOCTH WHTErpaia B mpaBou dacTu. OIHAKO
MBI B 5TOM IIPEAIIONMOXKEHUN HE HYXK TaeMCA, TaK KaK IIPpA JIIOGOM Q. MOXKeM

MOHVMATH NPABYIO 9acTh ypaBHeHus (9) kak uaTerpat nopagka A = —a+ 1
OT 06OOLIEHHON (BYHKIMY [, T. €. KAK CBEPTKY
g9(x) = f(z) * @5 (9)

[lns monydenus BeIpaXKeHUs QYHKIUU f Yepe3 g Hy:KHO, OYEBUIHO, MTPU-
MEHUTHL K mociaeqHen auddepeHnupoBanue mopagka A. Takum o6pasom,

A o
flz) = ddm_k g(z). Pemenue monydaercsa ceepTkon ¢ GpyHKuuoHaaom P_y:

g(x) x®_\ = (f(x) xP\) xP_\ = f(z) x (PrxP_)) =
= f(x) x0 = f(x). (10)

Iycts, B wactHocTH, 0 < @ < 1; Torga ®) TPUBOAUTCA K OOBITHOU
dysKIIMN F(%a)x;o‘ u ypasrerue (9’) samuceiBaercs B Buge (9). B stom
ciyaae —\ = a — 1 u dysknuonan $_, CHHCYIAPEH, TAK UTO, BOOOIIE
rOBODS, pelenue ypaBaeHus (9) He IPUBOIUTCS K KIACCUIECKON (pOpMYyJIe.
Eciau nonomHuTessHo npenmnoaoxuTh, 9To ¢yukuua g(z) nuddeperuupy-
eMa, TO 3ATUCh PENIeHU B KJIACCUIeCKon hopMe yke BO3MOXKHA. VIMeHHO,
MBI IMEEM:

DCum. T. M. duxtenronsy, Kype, T. II1, m. 592, cTp. 290 (caywair a = 1/2).
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_ 1 [ e
I = r<a>0/ E -

1
@Dopmyaa (11) gia sHaveHnA o = Su ObLIa (paKTUIECKH mosydeHa AbeaeM

npu pemenuu ypasaenusa (9).

2. MHoOTrze crienuanbHbIe (GYHKIUNA MOTYT ObITh BHIPAKEHBI KAK TPOU3-
BOAHEIE ITPOOHOrO MOPALKA OT dIeMEHTApPHBIX (MyHKImA. a1 2unepeeome-
mpuueckoti Gynryuu') CymecTBYIOT IBa TAKMX BBHIpaxeHHA. Lumepreome-
rpuyeckas dyukiusa F(q, 3,v;x) onpenensercanpu Rey>Re f>0u |z <1
KaK MHTErpaJ CIeIyomero BUIa:

F(a,B,7i) =

1
NONCET) /tﬁ Y1 — )81 —ta)~%dt.  (12)
0

Ilpn ocrambubix sHadenumsax [,y (y # 0,—1,—2,...) u |z| < 1 oHa
ONPENETACTCA KAK AHATUTUIECKOE IPONOKEHNE, T. €. KAK PEryJIaprH3annsa
sroro uaTerpana (cm. § 3, n. 8). CresaeM B 5TOM MHTErpAaJe MOACTAHOBKY
w = tx. Mbr mony4unm:

T

I'() / - _ s
Faaﬁa yT) = Wﬁll_w “:L‘—w”ﬁldw;
(P = T - g ) T e
(13)
BTy (POPMyYJIy MOXKHO 3AIUCATL B CIEIYIONIEM BUIE:
:I;'Y_l dB_'Y ajﬁ_l(l — ;L')*a
~—F jx) = * ). 14
Taxum obpazom, GynKyua 912( — F(a,B,v;x) asasemca npou3sodnoti nopad-
1
xa [ — v om Pyrwkyuu % OTO MOXKHO 3aMKUCATh TAKXKE B BUIE
GHOPMYyIBL
77t A el O
F(a,B,v;z) = —* + + 15
O R SOy ) A Y ) 1)

DCu. . M. ®uxTenronsy, Kypc, 7. II, 1948, m. 495, cTp. 793.
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[pyroe BEIpasKeHWE O TUMEPreOMeTPUIeCKON (PyHKIIUA B BUIE TIPO-
U3BOIHOU NPOOHOrO MOPAIKA MOIYIaeTCsA, eClIn CoenaTh B naTerpane (12)
z(1=t)

HOJACTAHOBKY w = ——~. MBI momydaeM, 110

F(aaﬂafy;x) =
T = T e - )l
CT(B)T(y —B)aﬂ—lo/ 1-w)* 7 (z —w)’dw. (16)

WNueivu croBamu,

V(1 — x)o A d=~ lml_ﬁ_l(l —z)87

A R ) ] "

Cpasuuasa gopmyast (14) u (17), MBI mOTyYaeM U3BECTHYIO (HOPMY.ITY

F(aaﬁav;w) = (1 - w)PYiaiBF(’y - QY — Ba’yax) (18)

JII06ONBITHBIE COOTHOIIEHWA 1A CUMEPTEeOMETPUIECKON (PYHKINU BEI-
TeKAIOT 13 paBeHcTBa (5), T. e. 13 GOpPMyJILL

d® (dg dPtvg
) (%) = G

(19)

Bossmewm ot pasencTsa (14) npoussoguyo mopagka —d. Mubl moay9uM, 9TO

d=0 [277! _ _dfe xiﬁl(l —z) "
d$_6 F(’Y) F(a,ﬂ,'y,x)] - dmg_,y_(; [ F(B) -
x’y+571

Ecar n306pasuTh 3TO pABEHCTBO B UHTETPATHLHON (hOPME, TO MBI TIOTYIaeM:

F(o,f,y + 0;2) =

——F(7+6) W F(a z)(z — w)* ldw =
- 1—\(7) (6)$V+6_1J F( a6775 )( ) d

T

_ Lo +9) 1w7_1 — W)’ 'F(a Tw)dw
- 7)m)o/ (1 =)'l ). (21)
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Ora popMyaa BepHA TIPU BCEX 3HAUEHUAX «,[,7,d, €CIU MOHUMATHL UHTE-
rpal B IPABOU 9YACTH PABEHCTBA KAK PETyJIAPU3OBAHHOE 3HAYECHNE HHTE-
rpana (§ 3, n. 8).

Ipeacrasmenua (14) u (17) rumepreomMeTpuveckon QyHKIUM B BU-
[l TPOM3BOMHOU APOOHOrO TOPSAIKA MO3BOMAT YCTAHOBUTL CJIydau, B
KOTOPBLIX ATa (PYHKIWA ABIACTCA MHOTOWIEHOM WIA K€ MHOTOWIEHOM,
yMHOXKeHHBIM Ha (1 — z)P.

MMycte f — oTpumarensHOe Iemoe uuciao win Hyab, 3 = —k. Torga

mﬁ_)l =5k (z). CrenoBarensuo, popmy.a (14) npunumaer Bug

27 F(a,—k,7,2) _ d—k=
T'(y) Cdxky

(1~ 2)=5® (@) (22)

Ho ¢yukmua') (1 — z)~*6") (z) spmsercsa mumeiHON KOMOMHAIMEH O-
(YHKIUM U ee TIPOU3BOMHBIX:

k

(1= ) 20®@) = S Gpm e S @) (23)
r=0

ITo gpopmyue (7)
d=k=

r4+vy—1
& rslk=r) -t
dx—k=7 [ ()] L(r+7v)

Buocsa soipaxenne gus (1 — z2)~*6() (z) B dopmyary (22), Bemonsas aud-

y=1
¢ epeHIIpOBaHNe U COKPAIIas Ha ”li(—v), MBI TTONTYYIaeM:

k
Flakia) = SOt B

r=0

(TIpu 3TOM ¥ HE TOJKHO OBITH LEJLIM OTPUMNATEILHLIM YUCIOM WA HYJIEM).
Muorounen F'(a, —n,7;x) Ha3BIBaeTCA MHO20UAEHOM AK0OU 1 06O3HATALT-
ca G(a,—n,vy;z). U3 popmya (18) u (24) BeITEKaer, 9TO B CiIydae, KOraa
v — B ABIAETCA UENBIM OTPULUATEILHBIM YUCJIOM WIA HyJdeM, ¥ — 3 = —n,
rUnepreoMeTpuyieckas (hbyHKIUI TPUHUMACT CACAYIOMINN BUI:

F(a77 + n,fy;x) = (1 - x)iainG(’y - aa_nafy;x)'

1)OueBngno, 9T0 Takoe mpomsBefeHHe OmpegeneHo: Tak kax &) (z) cocpemoroueno
B Hyxe, T0 (1 — z)”% MOXHO 3aMEHUTL GECKOHEUHO auddepeHnupyeMon GyHKIMEH,
paBuou (1 — z)~® B OKPECTHOCTH HYJIA.
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M3 pasencrBa F(a,B,v;2) = F(B,a,7;T) BHITEKAIOT AHATOTUIHBLIC
YTBEPKACHUA IJIA CIy9aeB, KOTAA ( WIA Y — ( ABIAIOTCA IEILIMA OTPHU-
HATEILHBLIMI IUCIAMYA WA HYIAMIA.

PaccmMoTpuM Temeph TUMEepreoMeTpUYecKylo (DYHKINIO KaK (DyHKIIO
or . U3 pasencrBa (14) BuAHO, 9TO >Ta (DPYHKIMA MOXKET UMETH OCO-
OGEHHOCTB, €CIU Y ABIACTCA HEJBIM OTPUIATETBHEIM YUCIOM WA HYJIEM.
®yukuua ['(y) uMeer npu v = —n TOMIOC C BEIYETOM % Ecm o« mmm 8
TaKXKe ABIATCA HETBIMA OTPUNATETHHEIMEA IUCIAMY UIU HYJIAMU, HATPU-
mep 3 = —m, mpudeMm m < m, TO, COTIACHO CKA3aHHOMY BBIITE, THIEPreoMe-
Tpudeckas (PpyHKIUA BEIPOKIACTCA B MHOCOWIEH. ECIU XKe 3TO yCIOBHIE He
BHITIONHACTCS, TO TUMEPreOMETPUIECKaa (DYHKINA, PACCMATPUBACMAA KAK
(byHKIEA OT v, IMEET MOTIOC C BEYETOM

(—)rantt @t (271 - 2)
n! dzhtn '(B)

_ (£ a6, 10)
B n! dgn+1 - (29)

Paccmorpum Temeps fecceaesbi Gynryuu') u mOKaxkeM, 9TO QyHKIHIO
uP/ 2], (\/u) Takke MOXKHO TIPEICTABATH MPOW3BOTHON APOOHOrO MOPAL-

o 1
ka oT saeMenrtapuon ¢yukiun. Pyukmua J,(z) umeer mpum Rep > —3
CJEIYIOIIEE UHTErPATLHOE MPENCTABICHUE:

2 [ e
Jp(z)_r(“%)ﬁo/a 12)7=% cos 2t dt. (26)

[l1s1 OCTATBHBIX P DTOT UHTErPAJ MOXKHO INOHMMATH B PEryJAAPU30BAHHOM
cmeuicae. [Toraras sgecs 2t = w, MBI TOIy4YaeM:

2 Z 2 2\p—%
I(2) = (2z)pF(p+%)\/7rO/(Z — W)} coswdw, (27)

nim

» /2 _ u(u—v)”*% coS+/v
5 ﬁu/Jp(ﬁ)_O/ orT e (28)

IT10 PaBEHCTBO MOXKHO 3aIllICAaThb B CICAYIOIIEM BUIEC:
d—r-3

2P \/mul/? ], (Vu) = g;—;—g'{EQS%gg]- (29)

DCwm. B. U. Cmupros, Kypc, 1. ITI, u. 2, 1951, ra. 6, § 2.
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BosbMmeMm 0T o6Gemx YacTen HTOrO PaBEHCTBA MPOU3BOMHYIO MOPAIKA
—q — 1; MBI TOJIyYUM:

dci qa 11 [QPW u?’? T, (Vu )} - di:"qq‘z <CO‘S}“/6> )

= 2 g (Vi) (30)

3amnucLBasg 5TO PABEHCTBO B UHTETPATLHON (hOPME, MBI HAXOJUM:

2 g (V) = [0, () s 6D)
0

2

Hoacraroeka u = 22, v = z%sinf mpusoguT Gopmyay (31) x Buxy

2dt+1

Jptrg+1(z) = NCESR

/ (zsinf)sin” ! G cos”?t 0 d6. (32)
0

DTOT MHTerpaa HaswsBaeTcsa uwmezpadom Conuna, Taxk kax H. fI. Counn
nokazan gopmyay (32) pasa measix p u ¢, p > 0, > 0.

§ 6. ®dyngamMeHTansHEIe penreHus AuddepeHIMATLHEIX YPaB-
HEHUM C MOCTOAHHBIME K03 pUIMeHTaMu

1. ®yngaMeHTATLHBIEC PENICHAA LMITAICCKAX ypaBHeHA. [1yCcTh 1aH

0
Oz’ Oxy
oCTOAHHBIME KO3 unmenTamu. Q603HANM depes LO €ro IVIABHYIO YaCTh,
T. €. 9aCTh, COAEPIKAIIYI0 TOILKO MPOU3BOAHBIE TOpAIKa 2m. Omneparop L
HA3BIBAETCA IAAUNMUYECKUM, €CAU TPU 3aMeHe B Ly Kaxgoro w3 maud-
depeHnnaIOB YUCJAAMHA W1,... ,W, MBI DOJYYaeM MHOT'OYWIEH

JuHENHLIN A depeHInalbHbI OIePaTOD L( ) OpAIKa 2m ¢

0 0

Ox17" ") Oxn

Lo(wi,-.. ,wy), HE OOPAIIAIOIIANACA B HYIb TIPpA W = (W1,... ,wy) 7# 0.
MET TOMKHET PEIIUTE yPABHEHUE

9 o
L(B—m""’a—%>u(wla---,wn)—6(w1,...,mn). (1)

[TprMerrM 4151 TOrO CAeIYIOMAN METOS.
1°. Mu1 3aMeraeM §-QyHKIINIO B TPABOU IACTU PACCMATPUABAEMOTO YPaB-

© A
HeHUA (QyHKIINEn W, KOTOpas PaBHA AETbTA-(DYHKIUYA MPpU X\ = —n
n 2

(§3,n.9,(9).
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2°. dDyukmuio 2r ) pasnaraeM Ha TLIOCKWE BOJHBI, T. €. MPe[-

A
craeasgeM ee, coruaacHo ¢opmyre (4) n. 10 § 3, kak cpegHee mo BceMm
HAIIPABICHIAM W = (W1,... ,W,) OT byHKman Buga Clwir) + ... + Wpty | 1
permaeM ypaBHEHWUe [T MPABOH TaCTH BUAA w11 + ... + wpTy|d, TTO yKe
DIEMEHTAPHO.

Nrax, samensem ypasaenue (1) ypaBHeHHEM

0 0 oA
Ll{——m:\.. ., — E 2
<6w1’ ’axn>“ Q,T (An)’ @)

u3 KOToporo ypasuenue (1) moaydaercsa opu A = —n.
IpeacrasuM Teneps mpaByro 9acThb mo gopmyae (4) n. 10 § 3 B Buge

oA 1

— = — w121 + ..o 4 Wz MO, (3)
L) 0T (4) )
Ec/u HallTU pelienue v ypaBHeHUs
p( 2 2, o ettt (4)
o o) e T ()

3ABUCAIIEE TOJIBKO OT & = wiX1 + ... + WypTp, TO pemrenue ypasueHusa (2)
3alIuIIeTCcsa B BUae

w(Tyyeee ,Tp) = /v(wlxl + . 4 wpzy)dQ.
Q

Perenne ypasHenus (4) CBOAUTCS K PEIIEHNIO OOBIKHOBEHHOTO Audde-
peHnmanbHOro ypasaenus. Tak kax mas dyskmun v(€) =v(wi 1 +. .. +wpXy)

0 d

87k = wkd_fa

10, noacrasias Gyukuuio v(€) B ypaBuenue (4), Mbl IOLYIUM OOBLIKHOBEH-
Hoe nuddepeHnuaIbHOe YpaBHEHUE TIOPA KA 2m:

A
L<wli,---,wni>”:+- (5)
Q75T (34])

[IpaBas 1acTh 3TOr0 ypaBHEHUS, TOMUMO &, 3ABUCUT OT A, 8 KO3(DPUIIMEHTE
CIEBA, BABUCAT OT Wi, ... ,Wy,. CIeI0BaATENLHO, PEIIEHNE ¥ 3aBUCUT OT &, A 1
w. MosToMy MBI OygeM mUCATH:

v =0,(EN).
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IMycts G(&,w) ecTh QyHIaMEHTATLHOE pelieHue ypasueHus (5), T. e.
peleHne ypaBHeHNA

d d
L <wd—§ ,wnd—g) G(ew) = 5(0).

Torga
1 o0
Uw)\:?/G—,w Ad 6
(&) 07T (A1) (€ —m,w)[n| dn (6)
u
w(zy,...,2,) :/vw(wlxl+...,+wn:vn,)\)dﬂ. (7)

Q

YT06bI TOIYyIUTE UCKOMOE (hYyHIAMEHTANILHOE PEIeHNe, HYKHO MOJOXKUTH
B OCaeTHUX (POPMYJIaX A = —n.

Oco6GeHHO TPOCTON PE3YIbTAT MOIYIUTCA B CIYIAe HEUYETHOrO HUUCIA
uaMmepenun. B sTom cayuae

|n|*

i — os(n—1)
ezl Cot" ™ (n)
U, 3HAYUT,
IGE,
(- = 02 EE), ©

Takum 06pa3oM, B CIydae HEIeTHOI'O IUCIA U3MEPEHUN (yHIaMEeHTaAlb-
HOE DPEIICHNE JIUITHIECKOro ypasHerus (1) MoxXeT OBIThL IPEICTABICHO B
BUIE
an—l

e O (@) 9)

T

Q

3aeck £ = w1z + ... + Wy, a G(§,w) ecTb QyHIAMEHTAILHOE Delle-
HUE OOLIKHOBEHHOTO Iu(PEepeHIMATLHOTO YPABHEHUA C JEBOU 9YaCTBIO

L (wld%, .. ,wnd%). Mo HO TPOBEPUTH, ITO

Cy = (D e .

Q,(27)%2 -1-3...(n —2)

CTporo roeops, CymecTBOBaHEE CBepTKEH B (opmyrne (6) M BO3ZMOXKHOCTH HHTE-
rpupoBanus B ¢popmyne (7) HyXKIAIOTCA B 0O0CHOBAHWMHU. IIPAMOU IyTh LI DTOCO —
nonydenue popmya nasa G(€,w) B ABHOM Buae. BMeCTO 5TOro MBI 31€Ch, 06X0I BOIPOC O
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CyImeCcTBOBaHMM CBEPTKHY (6), IpUBEEM APYTOU CHOCOO momydeHus PyHKINE Uy (Y WiZ;),
HE OCTaBIAKIINIA COMHEHUN B BO3MOXHOCTHU €€ MHTErPUPOBAHUA 110 eAMHUIHON cdepe.

3aMeTuM, 9To ecau 0600meHHas GYyHKIUA v(€) HEIPEPBIBHO 3aBUCUT OT HEKOTOPLIX
napamMeTpoB, TO ee MPOW3BOAHAA JMIOOOTO TOPAAKA TI0 £ TaKKEe HENPEPHIBHO 3aBUCUT OT
sTUxX mapamerpos (cuM. § 2). Jaxee, ecau o6o6mennas Gyukuusa v(€) ABIACTCA peIIeHreM
ypasuernusa Lev(€) = f(€) (L¢ — nuddepeHnmalbHbIi OnepaTop ¢ TOCTOAHHEIMI KOdhU-

[UEeHTaMM), TO IPOU3BOAHAA w(f) = d:’i(é) ABIAETCA pemeHueM ypaBHenua Le w(§) = —dfd(g) .

Ormerum eme, 9TO ecan 0606menabie GyHKIMA vy (€) u f)(§) HENpPEpBIBHO 3aBUCAT
oT mapamerpa A m npm X\ 7 Ao (B OKpecTHOCTH TOYKEH A\g) U (€) ABIAETCS pemeHnem
ypasuenusa Levy(§) = fa(€), To vx,(§) Gyaer pemenuem ypasuenua Levy, (§) = fx,(€).

IlpexgnmonoxumM cHadama, 9ro Re A > 0. Toraa mpasas wacTe ypasHeHus (5) —
HempepbiBHAA (DYHKIUA OT £, U pEIIeHUe CYIIECTBYET B CUIY KIACCAYECKHX TEOpeM
cymecrBoBanus. [laree, mpu Re A >0 npaBas 9acTh 3aBACAT HEIIPEPHIBHO U OT A, IODTOMY
¥ HEIPEepBIBHO 3aBucUT OT A. Hakomen, kooddunuenTsr ypapaenus (5), CTOANME B JI€BOU
9aCTH, HeIPepEIBHO 3aBUCAT oT w (3 w? = 1), mpHdYeM MOAYIb CTapIIEro KoahduInenTa
Lo(wi,...,wn), B CAIy BUIMOITAIHOCTH KCXOJIHOT'O YDABHEHUS, UMEET IIOJOKWUTEIbHBIN
vuauMyM. ClenoBaTeNbHO, v HENPEePLIBHO 3aBUCAT U OT w. B 9aCTHOCTHU, v 3aBUCUT OT
W ¥ A\ HEMPEPBLIBHO B CMBICAE 0GOGIMIEHHBIX (DYHKIIUM.

3aMeTHM Temepb, UTO HPU ABYKPATHOM AuddepeHnupoBannn 1o £ mpaBas IacTb
ypasaerusa (5) BOCHPOM3BOAMTCA (C TOYHOCTBHIO A0 MHOXKHUTELA 2\) C MHIEKCOM, Ha IBE
eIVHUILI MEHBIIMM, eCIu TOJILKO A 7# 0. B cuny mpeawiaymmx saMedaHuil MBI MOXKEM
HAWTHU HENPEPHIBHO 3aBUCALNEE OT W PeNIeHne ypaBHeHUs (5) IPl BCEX A MHOTOKPATHBIM
nuddepeHnupoBaneM pemenus vy, (€,A) nags Re A > 0 u, ecanm HYXKHO, HPeIEIbHBIM
IepexoI0M.

B ciydae HEUETHOrO n HYXHO HAadaTh ¢ AuddepeHnupoBanus v, (£,\) mpu A = 1.
ITocme aBykpaTHOro AUMP@HEPEHIINPOBAHNASI MMOJYIATCA C TOYHOCTHIO [0 MHOXKUTENS
dbysxmma G(€,w), Tak kak mpasas dacTb ypasHeHus (5) mpm A = —1 obpamaercsa c
TOIHOCTBIO 00 MHOXUTenA B 0(£). JamsHenmum auddepeHInPpOBAHNEM MBI MOXYIHM
dopuyny (8).

B cirydae 9eTHOTO N MBI OIIPEIENNM DEeHne v, (€, ) IPY MAJIBIX HOJOKUTEILHBIX A,
3aTeM NBaX bl nMpoauddeperHnupyeM ero no £, pa3feluM Ha A U YCTPEMHM A K HYJIO.
B pesyaprare nomydmrcs pemeHwe ypapHeHus (5), OTBedalomee 3HAYEHMIO A\ = —2.
MampuenmuM AuddEePeHIIPOBAHNEM MOIYyIUM vy, (§,\) mpu A = —4,—6,...

Pas6epem 6omee mOAPOOHO CIyYIanl OTHOPOIHOTO HLTUTTUIECKOTO qu(-
¢depennuansaoro oneparopa L(= Lg). O6bikHOBeHHOE AuddepeHimanisHoe
ypaBrenue (5) B 3TOM CIydae IpuOOGpeTaeT BU[

A
L(wi,... ,wp)v®™ :#

u, 3HAYUT,

> j€1*
U( m) (6) = T il R
Qnﬂ' 2 F(T)L(wl,,wn)
ﬂﬂﬂ TOr0 9TOOBI HAUTH ’U(é‘), JOCTATOYTHO 2m pa3 MIpOMHTErpUpOBATH

MPaBy0 4YacTh MOJIYYEHHOTO ypaBHeHusa. Kak Mbl mokasamu B § 3, n. 4,
pe3yIbTaT CAeIyeT CINTATH PABHBIM

1
O = T (A Z(n, ) frsimresm

|§|)\+2m

NG
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rae
€2m72k

2k — D)l(2m — 2k)I(x + 2k)°

NOEDY

k=1

Takum o6pazom, pemeHne 0JHOPOIHOTO DILIUITHIECKOI'O YPABHEHNUS

(i Yum 2
axlﬂ-..aaxn _Qnr(#)
3a1aeTCA POPMYJION
1
n—1 A1 x
Qur7e T (55F)

WIT1 + o vv + Wpxy N2 9)
x Q/{| (A:1)..J.r(x+2|m) + O (Z”m)} L(wfl...wn)' (10)

B wacTHOCTH, 1P A = —n moxy4daeTcs GpyHIAMEHTAJBLHOE PELIeHNe O1-
HOPOJHOT'O DJIIANTIYIECKOT0 TuddepeHInaJIbHOr0 YPABHEHAI TOPAIKA 2M.
3aMeTuM, 9TO TaK KaK WHTErPaI Mo equHuIHOu cdepe () 0T KaxJoro

w(ar, o ) =

n
CJIAraeMoro B BEIpaKeHUN () < > wpTy | ABISETCA MHODOWIEHOM CTEIEHN
k=1

el el —
MEHBIIIe 2M U MO3TOMY YVIOBJIETBOPAET YpaBHEHUIO L (3—11, .- ,m) u =0,

TO MBI MOXKEM B (pyHIAMEHTAILHOE PEIIeHNEe BKIIOYUTHL TOMLKO TO CIara-
€MO€ DTOT'0 BLIPAXKEHUA, KOTOPOE HYKHO, YTOOBI MOTyUYeHHAA (DYHKIIUA He
“MeJa MOJII0Ca Ipu A = —n, OTOPOCUB BCE OCTAJIbHBIE CIATAEMEIE.
Paszbepem 601ee moapo6HO BUI (pyHIAMEHTATHLHOTO pertenust. [Ipu sTom
Oy IeM UCCIeI0BAThH OTAEMBLHO CIyYal, KOT 1A TOPAIOK YPABHEHUA HE MEHBIIE
Pa3MEpHOCTH TPOCTPAHCTBA, T. €. 2m > nm, W Caydan, korga 2m < n.
PaccmoTpuMm cuavama mepswin caydau 2m > n. [Ipuxogurcsa pasirdarh
€IlIe CAyYal MPOCTPAHCTBA HEIETHON PA3MEPHOCTH N U CIYYal IETHOTO 7.
IIpu n megernoMm u 2m > n npegenbubn nepexon B popmyae (10) gaer mus
QyHIAMEHTAIBHOrO PEIIEHUs BEIPAKEHUE
(-1)"= lwimy + ...+ wp, [P
W) = o om = n)!/ L(wr,. - wn)
Q

Q. (11)

Muorouner @ (€) 3gecs oTOpOIIEH, TaK KaK AU IPEAEAbHOrO MePEX01a OH
He HYXeH.
B cnygae weTHOro n u 2m > n npm A = —n I TOJIYIEHUST KOHEYTHOTO

|Z WrTh ‘)\+2m
3HAYEHUA MPUXOIAUTCA TOOABIATHL K (PYHKIIAN 0

m TO CJIaraemMoe
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muorowieHa Q) (Y wixy), KOdXPOUIMEHT KOTOPOrO COAEPKUT MHOKUTETD

2m—n

a UMEHHO IIpu sToMm cymma,

1
An> (n—1)!(2m—n)!(A+n) "

|€|/\+2m §7n+2m
A+1D...(A+2m)  (n—D!I2m —n)!(A+n)
£2m—n 1n|5
(n=1)!(2m—n)!’
BEIPAXKEHME NI QPYHIAMEHTAILHOO PEIICHU:
(Cnit
(2m)»(2m — n)!
" / (W1T1 + oo+ Wpxn) > M In|wi Ty + .+ Wy
L(wla"' awn)

mpu A — —n CTPEMUTCI K — “ MBI NOJTy4YaeM CIeyrollee

w1, Tp) =

Q. (12)
Q

3aMeTuM, YTO KOI'Aa MOPALOK YPABHEHUsA HE MEHBIIE DPa3MEPHOCTH
MIPOCTPAHCTBA, UHTErPAJILL 0 cdhepe CXomarca, u Gpyuxknma ['pura mpem-
CTaBJAET COOOU OOBIYHYIO (HEOOOOIIEHHYIO) (DYHKIMIO OT T1,T2,-..,Ln,
HEMPEPLIBHYIO B TOYKE L1 = X3 = ... = T, = 0.

IMepengem K caydanm, KOrga HOPAIOK YPABHEHNUA MEHbIIE Pa3MePHOCTH
mpocTpaHcTBa (2m < n).

B sTux crygasx

|€|/\+2m _ (_1)717_1 (anl)| n72m71(1,)
L (2 — (n —2m —1)!
I HEYeTHOTO N U
r+2m [
rH) |, T

JIA 9ETHOTO 7.
Otcioga ans GyHIAMEHTAIBHOTO PELICHIA 0Ly IaeTCA IPU HETeTHOM N,
(2m < n) BHIpaxkKeHue

u(l‘la"' axn) =
<4f?/ ot dQ
=_—__ [§n=2m=D) (13
2(2m)n 1 (w11 + +w”$n)L(w1,... o) (13)
Q
U Ipu 9eTHOM N (2m < n) BBIpaXKEHUE
w(er,.. o) =
(=1)2(n —2m — 1)!/ ntom Q2
= 14
Gy R TS M
Q
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MoxHO MOKa3aTh, 9TO (QYHIAMEHTAILHOE permenue u(r1,... ,Ty,), BbI-
paxennoe ¢opmymamu (11)—(14), Bcerga npeacrasiser cOO0U OOBLITHYIO
(e 060061eHHYI0) (DYHKIWIO, MPUTOM OO0JA Ay CICIYIOIUMA CBOU-
crBamu: mpu & # () OHA aHAMIUTUYHA, & B OKPECTHOCTU HAYAIA, KOODIUHAT
YAOBIETBOPSET COOTHOIIEHUIO

O(r?m=n), eci’ N HeYeTHO WIN
w(®y,y...,x,) = ecau n 9eTHO u 2m < n,

O(r*™ "lInr), ecau n 4eTHO U 2M > N

rae r = /Y &7; Ipu 5TOM B cIydae 2m > n GyHKUUA u(T1,... ,T,) IMEET
B HadaJle KOOPAWHAT HEMPEPEIBHLIEC TPOM3BOIHEIE 10 HOpAIKa 2m — n — 1.

2 2\ ™
Mpumep. Ilycts L (3%1,... ,%) = (88_95% +...+ 38?) €CTb M- UTe-
m
panms omeparopa Jlamtaca. Muorouren Lo(wi,...,w,) = (X w?)" =Ha

equnnyason cdepe ) obpamaerca B eguruiy. Marerpaner (8), (10) u (11)
MOXKHO BHEIMHUCIUTL Termepb mo Qopmyte (3) u mpu 2m < n, a Takxke
TIPU N HEYETHOM U 2m > N MBI TTOIYYaeM C TOYHOCTBIO IO KOI(MDPUIMEHTA
IPOMOPUMOHAIBLHOCTHI
u(z) = Cppnr®™ ™.
Ecau 2m > n u n 9etno, To, nepexonsa s uarerpane (12) k chepuaeckum
KOOPIUHATAM, MBI IIOIY4IaeM:

u(z) = CL, 7> "Inr + CI r?m "

Iocnequee craraeMoe MOXKHO OTOPOCUTD, TAK KAK OHO ABIAETCA PEIICHUEM
omuOoponuoro ypasuenus A"y = 0.

2. ®yHTaMeHTAIbLHBIE PEIIeHNA OJHOPOJHBIX PEryJAPHBIX ypaBHEHUU.
PaccmoTpum ypasuenue

L(%,%,...,%)u(wl,...,xn):6(x1,...,xn), (1)
rae L — Takou AupQepeHnraNTbHLIA ONepaTop, UTO €CIA MBI 3aMEHUM
B HEM B%i HA Wj, TO HOIYYMM OZHOPOIHBLIN MOAMHOM cremesm m'). Mu
npednoaoxcum, umo xonyc L(wi,...,wn) = 0 ne umeem ocobbiz mouex
(xpome HauaTa KOOpAMHAT), M. €. umo npu L(wi,... ,w,) =0 u wa #0
epaduenm L(wi, ... ,wy) #e obpawaemca 6 nyav. B 3ToM caydae ypaBHeHUe

L (8%) u = d(x) u cam omeparop L (8%) OymeM Ha3BLIBATDL Pe2yAAPHbILMU.

DB n. 1 mopsagok omeparopa L o6o3Hadancs depes 2m.
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B n. 1 MBI paccMOTpeI SIUTUITUICCKUN CIyIad, KOTIa M IeTHO U, YTO
camoe ruasuoe, L(wy,...,w,) # 0 upu wa # 0. B obmem crydae TeMm ke
MyTeM MOXHO (POPMATBLHO TPUATH K BEIPAKEHUIO

/ fmn O miw;) dQ

wl) n) ’

(2)

U(l‘l,.. y T

n
rae Q — eguamanas chepa Y, w? = 1, dQ} — d1eMEHT MOBEPXHOCTHU DTOM
i=1
cepnl, & GYHKIUA fr,, AMEET CICTYIOMUE 3HAMCHNA: €CIU N IeTHO U M =1,
TO

(13

— m—nj .
fmn(@) = S =yt el ®)
ecau n 9eTHo u m < n, TO
=Dz —m-1!
— m—n 4
ecu n HeYeTHO U M > N, TO
n—1
1=
fmn(x) = (=1) = ™ "sgnx; (5)

€CJIM N HeYeTHO 1 m < 1, TO

n—1

fmn(z) = %5@—7%1)(%)_ (6)

Ho temeps umuterpaa (2), BooOuie roBops, PaCXOZUTCA, MOCKOABKY
Ha egquHUIHOU cdepe () uMmeeTca B OOIIEM caydae MHOTooOpasue P, Ha
koropom L(wy,... ,w,) = 0.

Opnuaxo, ecau omeparop L peryiaspeH u, creIoBaTeIbHO, MHOrOOOpa-
aue P He uMeeT 0COOBIX TOYEK, TO HHTErpas (2) MOXKHO PeryIapu3upoBaTh
caenyromuM o6pa3oM:

fmn (O wiw;)

u(xla"' 71'71) = L(LLJ1,... ,wn)dQ = Elij}r(l)uE('Tla'“ 7‘1"7’1)7
Q
raoe
dQ
R / Fn 2, 7122) g
OJl, n)
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31eck depes (). 0003HAYEHO MHOXKECTBO TeX TOYEK Ha, eUHUIHOU cdepe,
1 KOTOpEIX |L(wy,...,w,)| > e.

Ham mamo mpexpge BCero mokasarb, UTO CYIIECTBYET MIPeNea mJsa
00O0OIMIEHHON (DYHKIUU Uz, T. €. UTO I 000N (PUHUTHOU OECKOHEUHO
muddepernupyeMon GyHKINA  CYHIECTBYET IIPenen

lim (ue, p(z1,---,20)) = (u,p(x1,-..,24)).
e—0

3aMeTuM, UTO ectu [, (Y. x;w;) ompenerena mo omgHOU u3  GoOp-
My (3)—(6), T0 (fmn,¥) ABIgETCA GECKOHEIHO AuddepeHIpyeMon (pyHK-
LIEH OT W1,... ,Wn. DTO IPOBEPAETCA IPOCTOU 3aMEHOU IIEPEMEHHBIX B UH-
Terpae, BeIpaxaomeM (fmn,®), IePEeBOLALIEN 3ABUCUMOCTD OT W1, ... ,W,
B ApLyMEHT (.

O6osunaanM  (fin (Y. xiw;),p) dUepes r(wi,...,w,) W MOKaKEM, HUTO
CYLIECTBYET TIPeaen

(Wi, .- ,wy)dQ
llm ( 1, 9 n) — (U,QO)-
e—0) L(wi,...,wn)
n
Y106l g0Ka3aTh dTO, mpeacraBuM r(wi,...,wp) B BAAE T' = Y. T;, TOe
i=1
dyuxmua 7;(wi,... ,w,) 0eckoHeuHo nuddepeHnupyeMa u OOpAIIAETCA B

HyJb BHE NOCTATOYHO Mamou obaactu S;. Hago paccMoTpers mHTErpass
JIUIID I TeX (PYHKIUY 7;, 19 KOTOPHIX 3aMBIKaHUe o01acTu S; mepeceka-
erca ¢ muoroobpasuem P, rne L(wi,...,w,) = 0. Takum 06pa3oM, MOXKHO

[PENOJI0KUTE, 9TO PpyHKIMs 7; (W1, . . . ,Wp ), AII KOTOPOU HALO yCTAHOBUTH

rdQ
T

CyIIIECTBOBAHME mpenena lim f , obpalaeTcs B HYJb BHE ITOCTATOYHO
E_>OQE
MaJIOl OKPeCTHOCTH TOouku A, npunampiexarien maoroobpasuio P. B sron

TOYKe, KaK M Ha BceM MHOrooOpasum P, rpagment L He obpamraercs

B HyJb. [losTOMY B TOUKe A OHA M3 TTPOU3BO THBEIX g—fi (1 =1,2,...,n) "e

obpamaerca B Hyab. Kpome Toro, B Touxe A Mbl umeeMm Y w? = 1 u xoTa

OB OJHA U3 KOOPAMHAT W; OTIANYHA OT HyJA. [lycTh mIA OMpenenreHHOCTH
C,?—le # 0 u w, # 0. Torga B okpectHocTu Toukn A Ha P MOXHO BBECTH

cucremy KoopauHaT L,ws,... ,wnp—1. B 5Tux xoopauuarax df) BEIpa3uUTCS B
BUIE

dQ) = I(L,OJQ,... ,wn,l)dewg...dwn,l,
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rae I(L,ws,... ,wp—1) — ruagkas gyuxnusa. CreqoBaTensHo,
/m(wl,... ’wn)dﬂ _
L(wi,... ,wn)
ri(Lywa, ... ywn—1)I(L,wa,... wp—
= lim/---/ iy n=) (L, =) 4 dusy .. deoy =
e—0 L
Q.
o0
:// / ri(L,wa,... ,wn_1)I(L,ws,... ,wp_1)dL y
L
-0 |IL]>e
X dwg...dwn_l.
Tax xax uHTerpar [ % npu £ — 0 CTPEeMHTCA K TIABHOMY

|L|>e
3HadeHuio mo Komm, To cymecTByeT mpeen

/ri(wl,... ,wn)dQ

li
% L(wla"'awn)

)
e—0

e

a CIeTOBATENBLHO, U IPEeIent

. r(wi,...,wn)dQ .
M | o) o ()

e

Mgur gokasanm, 9TO CyHIeCTBYeT peryaspusanusa mo Komwm naTerpana

/ rlw,. . wn)d2 (8)

L(wy,... ,wn)
Ilo xaxgon perynspusanmy uHTerpana (8) MBI MOXKEM ONpeIeTnThb

0606ueHny 0 GyHKuuio (2)

w(T1,... ,Tp) = /M

L, wn)
caenyromuM o6pa3oMm:

(u,0(x1,...,2n)) = /M

L{wy,.-,wn)’
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rIe MHTEerpaJa IOHUMAETCA B CMBICIE HaIen perynapusannu.

[l1st HAMWX mexer rogmTca a00as peryaapumianus wHTerpana (8), moIY9uHAIOMAACT
TOMY YCJIOBUIO, IYTO eCau GYHKIUA I UMEET BUJ

r(wiy...,wn) = L(wi,...,wn)ri(wi,... ,wn),
riae r u r1 — 6eckoHeYHO AuddepeHnupyemble GYHKIIAU, TO

r(wi,...,wp)dQ - y
/m ! 11,0 ,wn)dQ. ©)

[lBe perynapwm3anum, OOAIMHAIOMUECH ycaoBuio (9), OTAMYAIOTCA OPYr OT Apyra Ha
clIenyomiee BhIpaXKeHue:

/T'(Ldl,... 9wn)dﬂ/7 (10)
P
rae P — cHOBa MHOr00Gpa3sue Hynen nommaoMa L(wi,...,wn) =0 Ha enuamason cdepe 2,

a {4 — HEeKOTOpasg Mepa Ha DTOM MHOr006pa3umu.

JleiicTBUTEABHO, TaK KaK AdA (YyHKIWH 7, OOpAIalomencas B HyJIb Ha MHOTO-
ob6pasun P, Bce peryaspusanum wHTerpata (8), mOAYMHAIMHAECA ycaoBuio (9), maoT
ONVH W TOT ke Pe3yapTaT (MOCKONbKY TaKkylo (pyHKIWIO MOXKHO IPEJCTABATH B BHJE
r =r1 L), pasHuna MeXAy ABYMA DEryJIApU3ANUAMEA HE MOXKET 3ABUCETH HU OT 3HAYEHUU
dbysxnmn r(wi,... ,ws) BEE MEOroo6pa3us P, Hu OT 3HaYEHUN IPOM3BOJHBIX €€ Ha CAMOM
MHOr00Gpasun P, a 3Hauwnt, nmeer Bug (10).

TlokaxeM Temepb, 9TO MBE PA3IWIHLIE DETYIAPW3ANUN MHTErpana (2), moTIuHA-
muecs ycrosuio (9), OTAXYAIOTCA APYT OT APYTa HA PENIeHMe ONHOPONHOTO yDABHEHUA

L(i,...,i>u:o.
or1 OTn

[lenCTBATENBHO, PA3HOCTH MEXKAY dTUME OGOOMEHHBIME (DYHKIMAMA MBI MOxkeM 1o (10)
MpPeNCTABATH B BUJE CleAyIomero GpyHKINOHAIA:

5(T1,.002n) = /fmn ( E l’iwi) dp.
P
IIpumeHsas K MOTYyYIeHHOMY BBIDAXEHMIO orepaTop L, MBI mMeem:

0 0
L (E:a%) 5(.’1)1,... 993'77.) = /L(wla"' awn)fﬁl"'rlz) (lewl) du,
P

7 TaK KaK MHTErPUPOBaHUE UAeT 1o MEHOroobpasmuio P, roe L(wi,... ,wy) =0, mocregamn
wHTErpasa obpalaeTcsa B HyJIb.

Haum ocramocs mokazaTs, 9To uaTerpan (2) IeMCTBATEILHO JACT Perre-
uue ypasaerus (1). [as mposepku 5TOro axTa npuMeHuM K uarerpary (2)

nudpepeHnraIbEb onepaTop L (3%1, . ,%). Mgt 6y meM mMeThb:

0 0
L(a—ml,...,£>u(1‘1,...,xn):/f,(n”;; (lewl)dﬂ
Q
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Ncnonwaysa gopmyast (3)—(6) mia GyHKIUA fr,,, a Takxke GOpMyasl 111
pasjoxenusa J-QyHKIUI Ha ILIOCKZE BOJHBL (§ 3), MBI mOXydaeM: ecad n
YEeTHO, TO

0 0
L<a—w1,,a—wn> U(l‘l,...,l'n) =

_ % —1)! _
_ ( n 1 / szwz dQ—5($1, , T ),
Q

€CJIn N HEeYIE€THO, TO

L(i,...,i> w(T1,..., ) =

8x1 ox
n 1/571 1) lewz)dﬂ—é(ml, T )

Q

Takum o6pazoM, ecau koHyc L(wi,...,w,) He uMeeT OCOOBIX TOYEK,
T0 opmyarr (2)—(6) IEUCTBUTENILHO BLIPAKAIT DEIICHUE YPABHEHUA

L(az)“_5( ).

3. dyngamenTanpHoe pemnrerme 3agatm Komm. Paccmorpum audde-
pPeHLrAaNIbHOE YPABHEHUE

0 0 0
P<E’6—1‘1’“.’a—gjn>u_0 (1)

nopagkKa m o NepeMeHHOMY f.

Heckoabko mosxke MBI cHOPMYJUPYEM OTCPAHUYUEHUSA, HAJIOKEHHBLIE HA,
oT0 ypaBuHeHme. Mul craBuMm cebe LETBI0 MOCTPOUTH (DYHIAMEHTAIHHOE
pemenue 3agaqdu Komwn gas storo ypasrenus (cm. § 5, n. 4). Masmiu ciao-
BaMU, Mbl JOJKHBL HAUTHU peruenue u(t, ), yIOBICTBOPAIOLIEE HAIAIbHBIM
YCJIOBUAM

ou(0,z) O™ tu(0,z)
ot ot
Pemenue 3anaun Komwu gia ypasuenus (1) mpu mpOM3BOJIBHOM HUCTE

HE3ABUCUMBIX [EPEMEHHBIX MBI IPOBEAEeM cBeneHumeM K 3axade Kommwm s

IBYX HE3aBUCUMBIX mepemeHHbx. OTHOCHTENbHO ypasHenua (1) caemaem
CAeIyIolee Ipenonokenue: dugddepenyuatbubit onepamop

0 0 0 0 0
- (55¢) = (g re) 2

u(0,2) =0, =0, ..., = d(z).
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obaadaem mem c80lcmeom, wmo 04s YpasHenus

o0 0
P, <&, 8_§> vy, =0 (3)

3adaua Kowu xoppexmmua.

Iepengem Teneps K pasbICKaHUIO (DYHAAMEHTAIBLHOI'O PEIIEHUS 32,1890
Komm mas ypasuenus (1).

YUIuTeBas, 4To

oA

A

A=—n

(§ 3, n. 9), paccmorpum 310 ypasHerue (1)

0 0

IPpU HaYaJbHBIX TaHHBIX

k
?97;: =0 (k=0,1,...,m—2),
t=0
4
om—ly 2 )

oty Q0 (A7)

2r?
Paznoxum Ry e= ) o opmy.te

2 L | +...+ 2O
n = P W11 WnTn -
QL (357) Qe T (X))

Bynem ncxars pemenne ypasuenus (1) ¢ HavambHbBIME ycaoBuamu (4), B
KOTODBIX IPABYI0 IaCTh HOCIEIHErO DABEHCTBA 3AMEHUM BEIPAKECHAEM

1 | | A\
—— w1 + ... Fwuz!t.
n—1

Ecin nckars pemesne >Tou 3a1a4u B BUge (yHKIIN

Uy (6,€,X) = uy(t,w1 21 + .. + WpTn, A),

TO MBI IPUAEM K CIeAYIOLed BYMEPHOU 3a1ate: HAUTU Perienue u,, (t,&, \)
ypasHeHus (3)

o 0 0 d d
Pw (a,a—€> Uy = P(a,wld—g,...,wnd—g> Uy = 0
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IpU HATAJIBHBIX YCIOBUAX

uy(L,EN | _ 0 (k=0,1,...,m—2)
atk o Pt k) (5)
O™ Lu, (t,€,0) _ 1 €
N

Nckomoe pynnaMenTanbaoe pemenue 3agadu Komm gia ypasaerus (1)
OPeICTABIACTCA B BUIEC

u(t,z) = /uw(t,xlwl + ..+ Tpwy, —n)dQ. (6)
Q
Mg monoxuim A = —n, TOCKOJIBKY UMEHHO MPU 3TOM 3HAYEHUU A (PyHKIIAA
2 A
@ obpamaercs B 0(Z1,... ,2p).

Dyukuua u, (t,€,\) B CBOIO 04epeb BEIPAKALTCA 9epe3 PyHIAMEHTAIb-
Hoe pemenue G, (t,£) 3agauu Komn nuas ypasuenus (3), a uMeHHO:

o0

U (t.6,2) = ﬁ / G (b€ — ) di. (7)

nT 2

Ocobenno mpocTas (popMyIa MOMYIAeTCA B CAydae HEUIeTHOT'O HUCIA
M3MEPEHNN: B OTOM CJIydae

n—1

d
uw(t,g,—n) = CFGw(taf) (8)

Takum ofpasom, dpyHaamenTasbHOe pemtenue u(t,z) sagadn Komm mpis
ypaBrenus (1) BeIpaxaercsa udepes ¢yHzameHTatbHOe pernerue G, (t,&)
sagaau Komu nas ypasrenus (3) mo dpopmy.ie

1 (oo}
o) = gty [ [ Gt wilan sl
Q — 00

A=—n

B CIyYae HEYETHOT'O YNCJAa U3MEPEHNN MOMYIaeTca 6oee npocTast hopMyIa;

_ (DT () pa
u(t,r) = Qn7r"21(n—21)!0 T G0, (10)
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[uddepernupoBanne 31eCh HYXKHO MOHUMATH KaK AUMPEpeHInpoBa-
HIEe B CMBICIE 0OOOIIEHHLIX (DYHKINN, & NUHTECPUPOBAHNE — KAK UHTErPU-
poBaHue 0006IIEHHEIX (PYHKIINN, HEIPEPLIBHO 3ABUCAIIAX OT IapaMeTpa.

IMomuepkueM, UTO yKasaHHBIE (DOPMYJIBI CIPABENIUBHI IS BCEX ypaB-
HEHUU, II91 KOTOPBLIX KOPPEKTHa 3agada Ko, HampuMep, LA JIOOLIX
MapaboInIeCKX U TUIEePOOJNIECKIX YPABHEHIN.

Ilpn xeraEum 0GOMTH BONPOC O CymIECTBOBAaHWMHU CBepTKE B (opmyre (7) m moury-
auTh GyHKOUMIO Uy (t,€,—n) B Takon ¢Ghopme, ITOOHI ObLIA OYEBUHOM BO3MOXKHOCTH €€
UHTErpupoOBaHUA IO e,E[I’IHI’I‘-IHOIZ C(pepe, caenyeT NMpOBECTHU PACCYXKIEHUA, aHAJIOTAIHBIE
npuBeIeHHBIM B n. 1 (Menxkum mpudTom). Mbl He 6y1eM HA 5TOM OCTAHABIMBATLCA.

Pewenne 3zapgaun Kowwn ans ofHOpPOAHBIX runepBONMYECKUX YPaBHEHWN.
Popmynsl MepraoTua—TleTposckoro. Pazbepem Gomee mOAPOGHO CIydan T'i-
IepOOIMIeCKOT'0 yPaBHEHUA, He COIePKaIlero MPON3BOIHBIX MTOPAAKA < M.

o a 8\ _ b 8 )
Onuopoausin oneparop P (E’ %) =P (Bt’ I TR an) HA3BIBAETCA
2UNepooAUNECKUM, €COU TIPU JIOOBIX BHAMEHUAX Wi,...,Wn, wa =1,

ypaBHEHHUE M-T'0 MOPAIKA OTHOCUTETLHO U
Pv,wi,...,wn) =0 (11)

UMEET 17 BEIIECTBEHHBLIX U PA3IUIHLIX KOPHEN.
Mpeur umeem 3amady

P<%,%>u:o (12)
[PU YCJIOBUAX
k
%t:[):o (k=0,1,...,m — 2),
om 1y B 27 (13)
o=,y QI (242)

Kak MBI yXKe COBOPWIHN, PEIICHHE 3TOHU 3aJa9M CBOAUTCA K PEIICHUIO
CIEAYIOUIEN OQHOMEPHON 3aaa4u Kormm:

d 9 o 0 9
Pw (Ea&) uw_P<E7w16_§7"-awna_€>uw_0 (14)

IIPU yCIOBUAX

k
9 o =0 (k:Oala 7m_2)7
otk |,_, 5
am—luw _ |€|>\ ( )
O |y T e T ()
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Kak merko nposeputs, ypasaenutwo (12) y1oB1eTBOpAET BCAKAA DYHKIAA
f Q- zpwy + v;t), rie v; — KAKON-IMGO KOPEHBb ANreSpanieckoro ypaBHe-
uus (11). Bee KopHE 5TOr0 ypaBHEHUA BEMIECTBEHHBL U PA3IAIHbL B CULY ['H-
nep6omnaHocT ypasuenus (12). Pemenwe f () zpwy + v;t) npencrasiseT
cO0O0H INIOCKYIO BOJIHY, PACIPOCTPAHSIONIYIOCA CO CKOPOCTHIO —U;.

Bynem uckars pemenve 3agaqu Kommu (14)-(15) B Buge cyMMBL OguHA-
KOBBIX IUIOCKUX BOJH

Uy (t,Zwkxk) = Zc]'f (Zwkwk + th> ; (16)
j=1 k=1

PaCIPOCTPAHSIONMUXCA O ckopocTamu v;. Cymmuposanue B Gopmyre (16)
Begercsa mo BceM KopHam ypasrenus (11). Ilo magambHBIM ycaoBusaMm ompe-
JerseM ¢j U f u3 ypaBHEHHU

E cj =0, E cjv; =0, ..., E cjv;-”_2:0, E cjv;n_lzl,
1
(m=1)(ey— = ¢
PO = €
(17)
Orcroga

1

(vj —v1) .. (vj = vj=1) (V) — V1) - (V; — V)

(18)

Cj =

Nlna onpemenernms f(£) myxmo m — 1 pas mpommTerpmposats |£[*. Mer
MOy IaeM:

_ 1 |¢Pr = (sgng) ™!
f(g)_gnﬂ"zlr(%){(/\+1)...(/\+m—1)+Q*(§)}’ (19)
rue
[M;l] m—2k—1
Qu(E) = ¢ (20)

2k — D)l(m — 2k — 1)I(\ — 2k)
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Nrakx, B paccMaTpuBaeMoM ciydae perenue 3anaaun Komm (14) u (15)
HAUIEHO B ABHOM BUIE:

1
() = g e

(S wkmk + vt sgn (S wpm + vt)]™ !
X.Zcf{ D+1)0+2)...04m—1)

+ Qx (szazl + vjt) }, (21)

rie ¢; oupegensercsa mo gpopmyre (18), a Qx(§) — mo dpopmyre (20).
Pemenne ucxonson sagaun Komm (12) n (13) momyuaercs ums (21)
MHTErpUpoBaHUeM TIO eIuHUTHON chepe wi + ... + w2 = 1:

+
j=1

w(t,z1,...,Tn;A) = /uw (t,Zwkxk)dQ. (22)

Q

ITpr A = —n u3 >TON POPMYJIBL, KAK U PAHBIIE, TOTYIAETCA HYHIAMEHTATD-
HOe perenne 3anadu Korru.

B ¢opmyae (22) mHTErpupOBaHUE TPOBOAUTCA MO €IUHUYHOU Chepe.
Bri6op cdeprr B kadecTBe MOBEPXHOCTUA WHTETPUPOBAHUS SBJISETCSA 30€Ch
IO CYIIECTBY CJIyYaWHBIM; TO3TOMY MBI CEMYac mpeobpasyeM 3Ty popMyIy
K BUAy, 601€e 0TBEYAIOIIEMY CYIIECTBY 32 TaN.

B dopmymne (22) u, ects cymma m clraraeMblx, BeIpaxaeMmas QpopMy-
aou (21). Paccmorpum j-e caaraemoe:

| wpewn + vt [sgn (S s + v;t)] "
Cj{ A+1D)A+2)...(A+m —1) +Q(Z$kwk+vjt)}

Cnenaem B uHTerpaste mo eguHuIHou cdepe ) 0T BTOrO CIAraeMoro
3aMEHy MEepEMEHHBIX, & MMEHHO MOJOXKUAM t—’ = &;. MBI cTpeMHUMC K TOMY,
YTOOK 3AMEHUTH NHTEIPUPOBAHNUE TIO () MHTErPUPOBAHUEM 0 TIOBEPXHOCTH
P(1,&,...,&,) = H(&,...,&,) = 0. Ilpu kax oM GukcupoBaHHOM HabOpe
3HAYEHUN W1,...,W, ypaBHenue P(v,w;,...,w,) = 0 uMeeT n pasInIHbIX
kopHen v;. IIOCKOIbKY 5TU KOPHU HEMPEPLIBHO 3aBUCAT OT IapaMeTPOB w;,
MBI MOXKEM OPU M3MEHEHNW w; CICOUTh 3a omHMM KopHeMm. Korma Touka
(wi,-..,wy) opoberaer enuuauunyo chepy 2, Touka (1,&,...,&,) onucr-
BaeT HEKOTOPYIO KoMmoHeHTy nosepxuoctu P(1,&r,...,&,) = 0.

Kaxnas KOMIOHEHTa MOXKET OBITh ABYX THUIOB: 1) OpU Hepexome OT
(Wiy.-.,wn) K (—w1,...,—Wp) COOTBETCTBYIOMMI KOPEHb ¥; MEPEXOIUT B
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U6

-~

U1

Puc. 5.

HEKOTOPBIN IPYTOK KOPEHB Uy ; 2) IIPU TAKOM [EPEXO e v, IEePEXOIUT B CEO.
KowmmnouenTsr 1-ro Tuma HazoBeM «OBATAMNy, KOMIIOHEHTHI 2-T'0 TUMA —
«HEMAPHBIME KyCcKaMmy. MOXHO MOKa3aTh, YTO eCJIN YPABHEHNE — IETHOT'O

nopaaka, To mosepxuocts P(1,&,...,&,) = 0 cocrour us 2 oBamos, a

2
eclIu m HeveTHO, TO uMeeTcda > OBAJNOB M OJMH HeMADHBI KycoK. Mb
OTPPAHUYUMCA Pa3bOpOM TEpBOrO ciaydas (puc. 5); BTOPOU paszbupaeTcsa
AHAJIOTWIHO.

Takum 06pa3oM, HyKHO yIeCTb, YTO KOTAA TOUKA (W1, ... ,W,) Ipobera-
er {2, rouka (1,&1,...,&,) npoberaeT OBal, OTBEYAIOIIAN ABYM PA3IMIHBIM
KOPHAM ¥; U V. [[09TOMY, KOr[a MBI CIOKIM HHTErPATILL 110 {), OTBeYalomue
Pa3HBIM caaraeMbiM B (opmyte (21), MBI HOTYyYUM YIBOEHHBIA MHTErDA
no nosepxuoctu H(&y,...,&,) = 0. Ecau o603ua4uTs gepes do saemeHT mo-
Bepxuoct H (&1,...,&,) =0, 3aKI0UCHHBIN B TEJICCHOM YIVIE, OMTUPAIOIIEMCA
Ha df), u 9epe3 ¢ — yroa Mexay HOpMaIAMU K miomagkam do u df), To,
OYEBU THO,

s - lcoselds _ [SéiHe|do
€T 1€l lsrad 2

Koaddumuent c; pasen

1
Cci = = .
Ty o) (v — v ) (0 =) (0 —om) B
B cuny ogmopoguocTu muorowiena P(v,wi, ... ,wy,)
oP oP
Uj v - Zwk aWk m ('U],Ldl, ,wn)
(rax xax v; — KopeHb ypaBHeHusa P(v,wi,...,w,) = 0); mosToMmy
1 Vj
¢ = ap = v

oP - oP
ovlv=o; Xk
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3amenan wy, Ha v;& u P(1,61,...,&,) Ha H(&1,... &), momyTaem:

1—
_ut (senwy)
Cj = — = —

gk: ng&k kaHEk
k=1

m—1|€|m—1

Mamee,

‘Zazkwk + vjt‘

= [ M M sgnoy)™ S mike + 1)

A+m—1 [

sgn (kawk + ’th)jlm71 =
e {sgn (Zxkfk + t)]m_l )

U A7 JI000T0 j UMeeM:

m—2k—1

m—2k—1 .
(Zl‘kwk + tUj) = U;n_Zk_l (Zxkfk + t) =

m—2k—1

MoncraBuas 3HAUEHUA ¢j, df) U QYHKOIUU OT ) Zpwy + Ut B GOpMY-
ay (22), MBI DOIy<IaeM:

2

n—1

— X
2,771 (%51

61" (S + ¢ sgn (S e+
% /{ A+DA+2)...A+m—1)

Sapéy +t do
”2( € >}|gradH|sgn<kaHgk>‘ (23)

U(t,l‘l,... 7$n;A) ==

_|_

Ipemgensubir mepexonq mpu A — —n gaeT HaM GopMyasl [epriorma—
IMeTposckoro ans pyHsaMeHTAILHOrO perreHusa 3agadu Komm. [Tpu sTom,
€CJIM N HEYETHO, MOoMydeHHas (HOPMYJIa UMEET BUL

(1"
22m) 1 (m —n — 1)

X / (Zxkfk + t) mont [sgn (Zxkfk + t)]m_lw, (24)

H=0

u(l‘la"' 7In) ==
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do
Jrad ] sen ( 3 euey )

DopMEL TOLOOHOU CTPYKTYPEL Oy AyT [MOABEPIHY THL JeTAJILHOMY U3y de-
mumo B . II1.

rae depe3 w 0003HAYEHO BHIPAKEHUE

Muorouren Q (%) 31eCh TP TIpeJeqbHOM Tepexoge OTOPOIIeH,

TaK KaK WHTErpal OT HEero paBeH Hyao. lIpm weTHOM n TOMyvaeTcs
dopmyna

B 2(—1)"/?
w(Tyyeee ,Tp) = Grym —n = 1)1 X

X / (Zxkfk-l-t)m_n_lln %‘w (25)
H=0

Korga mopsnok ypaBHeHUs m MeHbIe n — 1, GOpMyasl 1as hyHIAMEH-
TAJBHOrO pernenus 3aga4u Komu npuobpeTaT BUL: IPU HEIETHOM N

n+1

W@ty Tn) = % / gln=m) (Zxkfk +t)w (26)

H=0
1 IIpU Y€THOM N

(=1)z (n —m)! w
2" HZO (Can + )"

(27)

U(l‘l,... axn) =

Vcnonbays ahGUHHO-MHBAPUAHTHYIO 3AMUCh PA3JIOKEHUA NEIbTa-(OYHKIAA Ha MI0C-
xue BoaHbI (§ 3, n. 11, popmyast (4) u (5)) u BLIOUpas B Ka4eCTBe 06IACTH UHTECPUPOBA-
Husa noBepxHOCTH H = 0, MOXHO 6BLIO OB MOTy4dnTH bopMynsr (24)—(27) Gonee npaMbiM
myTeM, He 00pamaAch K HHTETPUPOBAHMIO TI0 eJUHUIHON Chepe.



JOBABJIEHHUE 1.
JIOKAJIBHBIE CBOUCTBA OBOBHIEHHBIX ®YHKIIUN

Mur ykaswBamu B § 1, 9T0 06OO0MIEHHBIE (QYHKIUU MOXKHO 33JaBATh
JOKAJIBHO, T. €. Ha OCHOBHHIX (DYHKIMAX, OTJIMYHEIX OT HyJIS TOJBLKO B
34 JaHHBIX OIPOM3BOJBLHO MAJILIX OKPECTHOCTAX KAXKION TOYKH.

B sToM mo6GaBmeHUM MBI TOAYYUM 3TOT PE3yJbTaT BMECTE C IPY-
PUMU, KACAIOIMINMUCA JOKAMLHEIX CBOUCTB OOOOMICHHLIX (DYHKIIUU; TaKue
PE3YIBLTATHL MMEIOT MHOMOYHUC/ICHHLIC IPUMEHEHII B Teopun. BHadase MBI
BEPHEMCA K U3YIEHUIO TPOCTPAHCTBA K 0CHOBHBLIX (hyHKIMA. MET TOKaKeM,
YTO B YUCAE OCHOBHBIX (DYHKIIUA UMEIOTCA TAKUE, KOTOPLIE B 33 JaHHBIX
HEIEePeCeKAIOMMXCA OrPAHNICHHEIX 3AMKHYTHIX MHOXKECTBAX MPUHAMAIOT
3aJaHHBIE MOCTOAHHLIC 3HAYEeHUA. Hamumume TakuxX OCHOBHBEIX (QYHKIIUU
TO3BOIUT HAMOOJEE MPOCTHIM 0OPA3OM TOIOUTHU K M3YUCHUIO JOKATHLHBIX
CBOICTB O0OOUIEHHLIX (DYHKIINAM.

1. MocTpoenre 0CHOBHLIX (YHKIMHA IMyTeM yCpPeJHEHHWS HelpepPHIBHBIX.
Mokaxkewm, 9T0 das 3adannoti (He 06A3ATENBHO (DUHUTHOU) HENpPepvuiénot
dynxuvu f(x) moxcno nocmpoums beckonewno duddepenyupyemvie Gyni-
yuu fs(x) max, wmo npu § — 0

fs(x) = f(z)

PABKOMEPHO 6 A1000T 02panuuennots 06aacmu.
B xagecrse f5(x) BosbmeM ycpepnenue pynkuuu f(z) Buga

fi(z) = Cs / F©)plx — €,6)de, (1)
|z—€|<6

rae o(x, §) — QYHKIUA, C KOTOPOU MBI BCTPETUIUCH B n. 2 § 1:

52

T a2 1

o(z,8) =4 € 2-=1>  mpu |z| < 4, L / o(z,8)dz.
0 opu |z| > 6; Cs

|z|<o

W13 Bripaxenus (1) Bugno, uro dpyukuua f(z) 6eckonedno nuddepeHuupy-
ema BMecTe ¢ gyHkumen ¢(x, §). laree, MbI uMeeM:

(@) — folz) =
_ 05 / f@)pla — €,6)d — Cy / (€l — £,6)de =

|lz—€|<d lz—€|<d

_ ¢ / (@) — FOplx — £,6)de.

|lz—€|<d
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Tax kaxk f(r) — HempepbiBHAA QYHKIUA X, TO B JOOOU (PUKCUPOBAHHON
OrPAaHMYEHHOU OOJACTU JJIA TOCTATOYHO Mamaoro § Beaumuusa |f(x) — f(&)]
npu |z — ¢| < & craHoBUTCA MeHble 3amaHHOrO €. IlosToMy, BEIGHpasa &
yKa3aHHBIM 00pa30M, MBI IOJydaeM:

£(@) — fs(@)| <& Cs / ol — €,0)dE = e,
|lz—¢|<é

YTO W YTBEPK JACTCA.

B uacrroctu, ecau dynwyua f(x) dunummua, mo u fs(z) Punummua:
fs(x) = 0 sne d-oxkpecmuocmu nocumeans gynxyuu f(x).

Ecau yukuua f(z) mocTosHHa B Iape pagmyca d ¢ IeHTPOM B TOYKE Tq:

f(z) = f(zo) mpm |z —xo| <6,
TO

f3(xo) = f(20)Cs / ol — E,0)dE = f(y).
R

Crenosareasno, ecau gynkyua f(x) nocmosnna 6 obaacmu G, mo fs(x)
nocmoanna (1 pasaa f(x)) 6 obaacmu G, cocroamen us Tex Touek x € G,
KOTOpBIE cofepxkarcsa B G BMECTe C IIapoM paguyca d.

Ormerum ewme, 9T0 ecau 3HadeHusA QyHKIuM f(T) BCIOLY 3aK/IIOYEHBI
mexay 1 u 0, To aTuM ke cBoucTBOM 06magaeT u Gyukuua f5(r).

Tokaxem Temepnb, 9T0 ecau F — oepanuuenmnoe 3amKmymoe mmomxce-
emso u U — codeprcawas e2o0 omxpuimas 064acmMb, MO Cyuwecmsyem
ocnosnaa Pynxyus (), pasnas 1 na F, 0 sne U u 3axa0uennas mexcdy
1 w0 6 ocmasvrviz moukax.

[encTBurensHo, Tak kak F orpamumdeno, to oHo comepxutca B U
BMECTE CO CBOEU E-OKPECTHOCTHIO Tpu HekoTopoMm & > 0. Ob6osznadum

1epes F 3aMbIKaHUe $-OKPECTHOCTH MHOXecTBa F', 1epes U OTKpEITYIO

23—E—OKPGCTHOCTI:> MuoxecTBa F' u depes W ee 3aMKHyTOE NOIOJIHEHUE OO

Bcero npocTtpaucTBa Iy,. HempepuiBHasA DyHKIINA TOYKU T
z,W) = min p(x,
pla, W) = min p(z,y)

MOJOXKUTENLHA B obgacT Uy u Ha MHOXKecTBe F| 06/1a1aeT MOJ0KATeILHEIM
MUHUMYMOM [i. DYHKIIUS

fla) = min{ ot .1}

TaKXKe HeMpephLIBHA, PaBHA HYTI0 BHe obmacTtu U 1 eIuHUIE HA, MHOXECT-
Be F1, a B ocTambHBIX TOUKaxX 3akmodena Mexay 0 u 1. B kagecTse uckomon

OCHOBHOU (DYHKIMH ((F) TOCTATOYHO B3ATH f5(T) ¢ § = £.
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2. Paznoxenmne egquamipl. IlycTh uMeeTCs HEKOTOPOE CIETHOE MOKPHI-
THE N-MEPHOr0 NPOCTPAHCTBA R,, OTKPHITHIMY OTPAHUYIEHHBIMEU OOJACTAMEA
Uy, Us, ..., Up, ..., JOKAIBHO KOHEYHOE B TOM CMBICIE, YTO KAXK AT TOIKA
TTOKPBIBAETCSA JIUIIL KOHEYHBIM YHUCIOM MHOXKECTB M3 COBOKymHOCTH U,
Us, ..., Un, ...; Tpebyercsa nocTpouTb GeCKOHEYHO nuddepeHnnpyemMbIe
¢yuxnuu e1(x), ea(), ..., €y, (T), ... TaK, ITOOLI BEIIOIHAIACEH CIELYIOIIIe
YCJIOBUA:

a) 0 <er(z) <L

6) ex(z) = 0 Bue obmactu U,  (k =1,2,...);

B) e1(z) +ea(x) + ... +tem(z) +... = 1.

CreBa mpu KaxgoM z, B Culy 0), OTIAIHO OT HyJA JUIIL KOHEIHOE
qucao caaraemerx. CosokynuocTs ¢yukunu {e;(z)} HasbiBaeTcsa pasqo-
Heenuem edunuYybl, TOIHEE, PAITOKEHUEM EIUHULELI, COOTBETCTBYIOIIMM
nokperruio {U;}.

KoHCTpyKIuio pa3ioXeHns eIUHUIBEI MOKHO OCYIIECTBUATDL CJIETYHOIINM
o6pasom. IIpexae Bcero MOXHO yKa3aTh OTKPHITHIE obOmactu Vi, Vs, ...,
Vi, --., Takxke oOpa3yole NOKPLITUE BCEro nMpocTpancTea R, u Takue,
4aTo obnacTh Vi comepxkutcsa B obnactu Uj, BMeCTe CO CBOMM 3aMBIKAHUEM
Vi(k =1, 2, ...). HeiictBurensao, mycTs obmactu Vi, ..., Vi1 yxe
noctpoens Tak, ato V,; C U;(j=1, ..., k=1)u Vi, ..., Vi_1, U, Ups1, ...
€CThb JOKAJBHO KOHEYHOE MOKPHITHE NpOCTpaHcTBa R,. [lomomrmenme
obmactu V1 U...UV;_1 UUgt1U. .. ecTb 3amkHyTOE MHOXKeCTBO F},, KOTOpOE
uenukoM mokpeiBaercs obracteio Uy. B xagectse Vi, MOxHO B3aTH 1100yI0
U3 OTKPBLITHIX 00JaCTen, cofepxkamux Fj, u cogepxammxca B Uy BMecTe co
CBOUM 3aMBIKAHUEM, U T.I.

Tak Kak MHOXKECTBO Vj OCPAHHYEHO, TO, B CHTY HOCICJHEIO Pe3y.Ib-
rara n. 1, cymecrByer OGeckonedno guddepenuupyemas pyskuusa hg(x),
Bciony 3akmouennas Mexay 0 u 1, paBuas 1 B Vi, u 0 Bae Uy. [Tonoxum

h) = 3 he(o);
k=1

aTa (PYHKIUA CYIIECTBYET MPU BCEX T U 3aBEIOMO He MeHbIme 1.
Tenepb ocTaeTcs MOJTOXKUTE

O9IEBUIHO, 9TO QyHKOWE e () yLOBIeTBOPAIOT MOCTABICHHBIM TPEGOBAHA-
M.

3ameuanue. Ilycts {e;(x)} — pasnoxeHue eIUHUIEBI, COOTBETCTBYOLIECE
(mokampHO KOHeunoMmy) mokpuitumio {U;} mpocrpamcrsa R,. Torma mis
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M0GON OCHOBHOU DYHKINY (X) MBI IMEeM:

rue

pi(r) = p(x)ei(z)

— ocHOBHas QyHKIWA, paBHas Hyai0 BHe obiactu U;. Ilpm sTom [wmciao
caaraeMbx copasa B (1) OyneT KOHEYHBIM, €CAU NOTOJHUTEIBHO TIPE-
HOMOXKUTh, YTO KaXKAbM mwap |z| < n mepecekaeTcs JMUllb C KOHEYIHBIM
qucaom obmacren U;. Ormerum eme, 9To ecaun GyHKIun @, () cTpeMaTcs
K HYJIO IPU ¥ — 00 B mpocTpancTBe K, TO U Kax1asa moCIeI0BaTeIbHOCTD
vvi(r) = @u(x)e;(z) cTpeMuTea x HymIO TIpU ¥ — 00 B mpocTpascTee K.

OTO 3aMEYAHUE UCTOAb30BAIOCH B MPEABLIIYIINX Taparpadax u HeOJHO-
KPATHO OyAeT HAM MOJE3HO U B TATLHEUIIEeM.

3. JlokanbHBIE cBoMCTBA 0600mIeHAEIX QyHKIA. B n. 4 § 1 MB1 BBOM
Takoe ompenenseHue: o600menHas pyHKIma f paBHA HYJIIO B OKPECTHOCTH
TAHHOUW TOYKU, €CIU IJIA BCAKOW OCHOBHOU (DYHKIIUU (0, OTIMYHON OT HYJIA
TOMBKO B MpeIeJaax STOU OKPECTHOCTH, UMEET MeCTO paBeHcTBo (f, ¢) = 0.

flamee, MBI roBopwad, 49TO 000OWmIeHHAA (PYHKIUA [ paBHA HYyIIO B
OTKpEITON Ob61acTu (G, ecium OHA PABHA HYJIO B HEKOTOPOU OKPECTHOCTHU
KX 10U TOYKM obractu G. DTO — TUNUYHOE A0KAAbHOE OTIPEIeIeHNe.

MoxHO naTh W WHOE, Hea0KaabHoe OIPEIETCHUE PABEHCTBA HYJIO
obobmennon Qyukinuun f B obractu G: 06oOImIeHHAA (DYHKIUA f pasua
nyaro 8 obaacmu G, ecnu Ons M000W OCHOBHOU (DYHKIUU (O, OTIMIHOU
OT HyJIA TOJIBKO HA MHOXKECTBE (Q, comepxkameMmca B (G BMECTE CO CBOUM
3aMBIKAHUEM, UMeeT MecTO paBeHcTBO (f, ) = 0.

HameTnm moxasaTerbCTBO SKBUBAJIEHTHOCTHU >THX onpenenennu. [locra-
TOYHO TPOBEPUTH, UTO PABEHCTBO HYJII B CMEICIE HEJOKATHLHOTO OMpere-
JICHUs BBITEKAET U3 PABEHCTBA HYJII B CMEICIE JOKATLHOTO ONMPEIeJeHUsA
(o6parroe oueBugno). [Jomyctum, 4ro o6oOmeHHAas (GyHKUusA f paBHA
Hy/110 B 00sacTu G B CMBICIE JOKAILHOIO ONPEAEJNEHUs, U MyCcTh p(r) —
OCHOBHAS (PYHKITAA, OTIMIHAA OT HyJIA TOJBKO HA MHOXKECTBE (), 3AMBIKAHIE
koToporo @ cogepxurcea B G. Y KaxIon TOUKE T € () MOXKHO HANTH,
M0 YCJIOBUIO, OKPECTHOCTL U, B KoTopou ¢dyHkumonan f pasen nymwo. bes
OT'PAHUYEHUS OOIIHOCTHA MOXKHO CINTATEL ee¢ OrpanndeHHon. COBOKYMTHOCTD
DTUX OKPECTHOCTEH 06pa3yeT MOKPHITHE MHOXKECTBA (), M3 KOTOPOTO,
noe3yack aemmon lermre—Bopens, MbI MOXeM BLIGPATE CIETHOE TIOKPLITHAE
Ui,...,Un,..., ob1agamoliee TeM CBOUCTBOM, UTO KaxXAbl map |z| < n
EPECEKAET JUIb KOHEIHOe 9ucao okpectrocTen U;. CoracHo 3ameqannio
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B KOHIIE 1. 2 QYHKIUIO () MOKHO IPEICTABATE B BUe (KOHETHON) CyMMBI
OCHOBHBIX (PYHKITAI

p(@) = p1(x) + ...+ om(z) + ...,

rae @i (x) obpamaerca B Hy1b BHe Up. Torga, mo ycaosumo, (f, @) = 0,
orkyma u (f, @) = >.(f, ¢x) = 0, aTo n Tpedyercs.

IIpuBeneM odUeBUMIHOE, HO BECHMAa BAXKHOE CJICICTBUE HTOrO IIPEIIO-
KEHUA: 0000w ennas Pynkyus f, pasnas nyao 6 oKpecmuocmu Kaxcdot
MOUKY, eCMb HYAE8ad PYHKUUAL, M. €. 044 410001 0cHo8HOT PYHKUUU ©

(fip) =0.

OrTMeruMm elne OQHO CIEACTBUE: €CAU O0CHOBHaA Pywkuyus p(T) pasna
nya10 8 nexomopoti oxkpecmuocmu U wocumeasn F o6obwennoti gynxyuu f,
to (f, ¢) = 0. [lencTBATEIBHO, COMIACHO JOKAILHOMY onpeneneHuto, f = 0
BHE F', 1 OCTAETCA COCTATHCA HA HEJOKATHLHOE OTpPENeTeHIe.

Mzur roBopuan gagee, 9To qse 0600IIeHHbIe (PYHKIMY [ U ¢ COBIALAIOT B
OKPECTHOCTHU TOYKH T(, €CJIA UX PA3HOCTL [ — g B OKPECTHOCTH 3TOU TOUKA
paBHa Hymo0. [[0Ka3aHHOE BBINE NPENJIOKEHUE MTOKA3LIBAET, UTO 006006-
wennble GyrKyuy, cosnadaruue 8 OKPECMHUOCMY KaHcIot MOouKlU, PasHbl
dpye dpyey. Takum oGpazoM, Kaxkgas 00OOIIEHHAA (PYHKIMA OIpeneIeHa
OJHO3HAYHO CBOUMU JOKATHLHLIMY 3HAYCHUAMU.

MOXHO KCIOMB30BATH STO CBOUCTBO [IA IMOCTPOEHUs OOGOOLIEHHOU
QyHKIUU B IEJIOM, KOTIa OHA 33 1aHA JOKAJBLHO. A UMEHHO, TTPEIION0KUAM,
YTO y KaXkKIOU TOYKHU To UMEeTCsA OKpecTHOCTD U (xg), Takas, 4T0O /11 BCEX
OCHOBHEIX (DYHKIME (), OOPAIIAIOIINXCA B HYJIb BHE 3TOU OKPECTHOCTH,
3aganbl yucaa (f, ¢), JMHENHO U HEMPEPBIBHO 3aBUcAmue OT . [penmouo-
KUM, KPOME TOTr0, ITO 9ucao (f, ) IpU 3TOM 3aBUCUT TOJBKO OT CAMOU
OYHKOUE @ ¥ HE 3aBUCUT OT BBIOOPA TOYKU Tg, BHE okpectHocTu U(zg)
KOTOpOu () paBHa Hy . TOrga MOXKHO YTBEPKIATh, YTO CYULECMEYEm
Pynryuonas wa npocmparncmse K, cosnadawowut ¢ gynkyuonatom [ na
mez p(x), nwa xomopuir Gynryuonas f onpedesen.

s moKa3aTeabCTBA MOCTYIUM CICIYIOMMM 06PAa3oM.

Oxpectroctu U(zg) yKa3aHHOTO BHUAA, 1O YCIOBUIO, CYIIECTBYIOT Y
KXk IO TOYKU U OOPa3yioT, CIeIOBATEILHO, IOKPBITAE MPOCTpaHcTBa R.
Bes orpanuyenus 06IMHOCTA MOXKHO CIUTATH DTU OKPECTHOCTH OT'PAHUIEH-
ubivu. Kak u Boie, moas3yack aeMmMon [enne—Bopens, u3 3Toro nokperTus
MOXKHO BBIOpaTh cyerHoe mokpeitme Uy, Us, ..., Uy, ..., obaagaromiee
TeM CBOUCTBOM, UTO KaXKALIM Iap |z| < M IepecekaeT JUIlb KOHEIHOE
uncno okpectHocten U;. CormacHO 3aMEYaHUIo B N. 2 BCAKAA OCHOBHAA
dyuxua p(r) IpeacTaBUMa B BUIE

plz) =Y ¢ila), (1)
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rae p;(x) — ocHoBHAA GYHKIUA, paBHAad Hy/I0 BHe U;, IpUYIeM CyMMa Ha,
caMOM fele Bcerja KoHewHa. JITa BCeX CIAraeMbBIX ONpefeJeHBI 3HAYCHII
dyaxnuonana f. [lomnoxuM, IO OmpeseneHnio,

[ee]

(f0) =Y (f,00)- (2)

1

Mer momyqmin, OYeBUIHO, JUHEMHBIN (GDYyHKIMOHAT HA MPOCTPAHCTBRE
ocHOBHBIX GyHKunA. OH ABIAETCA U HENPEPLIBHLIM (DYHKIUOHAJIOM. [len-
CTBUTEIBLHO, €CJAU MOCIENOBATEILHOCT OCHOBHBIX (DYHKIIUU (0 CTPEMUTCA
K HyJH B OpocTpaHcTBe K, TO, Kak OTMeYeHO B n. 2, pn(z) — 0 B K
npu KaxkaoM gukcupoBaHHOM m. Ipu »ToM cymwma copasa B (1) comep-
KAT (PUKCUPOBAHHOE TUCIO CJIATAEMBIX, MIOCKOIBKY HOCUTENN (DYHKIUU (O
3aKJIOYeHbl B (pukcuposanHoM mape. [losromy u (f, p) — 0.

O4eBugHO, 9TO HA OCHOBHBLIX (PYHKIWAX (, PABHBIX HY.JTIO BHE OKPECTHO-
ctu Uy, 3HAYEHNA TOCTPOEHHOrO (PyHKIIMOHAMA COBIALAIOT CO 3HATCHUAMM
UCXOIHOIO, TAK KAK B 3TOM CIydae BCe ¢; cupasa B (1) paBuer nyiio sHe U, .

Orciona caegyer, 4TO ompepeneHue (PYHKIUOHATA f HE 3aBUCAT OT
BeIOOpa mokpuiTua {U;} ¢ ykasaHHeIMM BhImie cBoucTBamu: ecau {V;} —
IPYTOe MOKPEITUE C ATUME CBOUCTBAME U § — MOy IAEMBIA C -0 MOMOITBIO
(DYHKIMOHAT, TO f = ¢ JOKAJIBHO, & TIOTOMY U B IIEJIOM.

4. Tuddepennuporanme Kak JoKaIbHag omeparua. Mbl mOBOPWIN, YTO
o606menHas GyHKImMA [ PaBHA HYJIO B OKPECTHOCTU TOYKH g, €CAU OHA
00paIaeTcsa B HyJb HA BCAKOW OCHOBHOW (PDYHKLINM, OTJIMIHOU OT HYyJI
TOJBKO B TIPEIeTax 3TON OKpecTHOCTH. [lokaxkem, ITO 6 9mom cayuae u 6ce
npouszsodubie 0606wennot Gynkyuy f pasubt nyato 8 Mot oxpecmmocma.
B camom menme, ecim ocHOBHAS (PYHKIMA (0 OTAMYHA OT HYyJA TOALKO B
upenenax okpectHoctu U(Zg), TO U BCE ee MPOU3BOLHBIE OTJIMIHEL OT HYJIA
TOJBKO B MPEAETaX STOU OKPECTHOCTH; TIOSTOMY [ TI0O0UN TaKOU (PYHKITAY

of _ dp\
(a—xﬁ)—(f’ 6]3]_)—0’
9YTO U YTBEPXK IACTCA.

Otcona cregyer, 9TO @Gynkuyuonavl, cosnadatouwue 6 obaacmu G,
umeom 8 amoti obaacmu u cosnadawue NPoussoonsle 4106020 nopadka.
IMycTs, manpumep, ¢pyukumonan f B obractu G coBOHAZAaeT C pery-
JAPHLIM (PYHKIMOHATIOM, COOTBETCTBYIOUIUM auddepeHupyeMon (yHK-

unu f(z). Torga % copmagaer B obmactu G ¢ peryasapHbBIM (DyHK-
J

IIIOHAJOM, IIOPOXKICHHEIM (DyHKITIEH 8/()  Takum o6pasom, gaxe mom
s POXKI Y oz, ° P y ut

CUHTYJIAPHBLIX 000OMIEHHBIX (DYHKITUN Mmam, 2de moxcho duddepenuuposams
06b1UNbIM 00PA3OM, MbL NOAYUAEM U 0OBIUHBIE NPOUIEOOHDIE.
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[pyrumM BBIBOOOM M3 CKA3aHHOT'O ABIAETCA CAEIYIOIIAN (DAKT: eca
Pynryuonas f cocpedomouen wa mnoxrcecmee F', mo e2o npouzeodnvie E?Tfj’
% u m.d. maxxce cocpedomouenvs na mmoxcecmee F'.

Hanpumep, npoussoaubie neabra-GyHKnun §(z — o) COCPEIOTOYCHEL B
TOUKE Lo (ITO, BIPOYEM, U HETIOCPEICTBEHHO OUEBUIHO); JH0AA TPOU3BOI-
Hasg OT HEMPEPBIBHON (DYHKIUU, OOPAIIAIOMIENCS B HYJb BHE 3aMKHYTOT'O
MHOXecTBa F', cocpenorouena Ha >ToM MHOXecTBe F'.

3aMedaTenbHO, YTO STU MPENIOKEHUA JOMYCKAIT OOPAIICHUS:

1°. Bcakxas obobwenmnas Pywkyus, cocpedomouennas 6 00H0t mMou-
Ke To, MOHcEM Obimb NPedcmasaena Kok (KoHeurnas) Aunelinas KomMounayus
dynruuu 0(x — To) ¥ ee NPoOU360IHbIL.

2°. Beaxas o6o6uennas Gynkyus, cocpedomouennas na 02panuuerHom
3amxnymom muoxcecmse F, moxcem 6vimy npedcmasaena npu aobom e >0
KaK (KOWeunas) AUHElHAA KOMOUHAUUA NPOUZEOOHBIT 0T HENPEPLIEHbIT
Pynryuil, 00PAUAOUWULTCA 8 HYAb 8HE E-0OKPECMHOCTU MHOHcecmBa .

loxazaTenscTBa yTRepKAeHUN 1°-2° GyIyT TaHBl BO BTOPOM BBIMYCKE
(v 11, § 4).



JOBABJIEHUE 2.
OBOBIIEHHBIE ®YHKIINU, 3ABUCANINE
OT TAPAMETPA

B sToM mobamieHuu Oy IyT pacCMOTPEHBI CBOMCTBA OOOOIIEHHBIX (hyHK-
[IIU, 3ABUCAIIAX OT MapamMeTpa, B YACTHOCTU CBOUCTBA OOGOOIIEHHBIX
QYHKIUN, aHATUTUYIECKN 3aBUCANIMX OT MapaMeTpa. JTU CBOUCTBA BO
MHOTOM QHAJOTUYIHBEI CBOUCTBAM OOBIYHBLIX AHATUTUYCCKUX (DYHKIUA U
MOKA3LIBAIOTCA TIO OOMBINEN YACTH TTyTEM CBEIEHUA K OOBITHBIM (hyHKITAIM.
CymecTBeHHOU ABIAETCS TEOPEMa O TMOJHOTE MPOCTPAHCTBA OOO0OIIEH-
HBIX (DYHKIIUU: €CIU JaHa MOCIEIOBATEILHOCTL 00OOIIEHHEBIX (hyHKIUEA [,
foy ooy fuy oo, TAKAA, 9TO KaXK Aas IUCAOBAS TOCJIEIOBATEILHOCTD (fy,, ©)
HMEET IMpeea, TO BeIMINHA lgm (fv, ©) = (f, ¢) oupegeaser 06o6LIEH-

v [o o]

uyto qyskumo. /JokazaTemrbCTBO >TOM TeopeMbl gaeTcsa B JlobamieHun,
TIOMEIIEHHOM B KOHIIE 3TOI'0 BBIMYCKA.

1. HempepoiBuble pynkimm. [IycTh Kaxx10My 3HAYMEHUIO BEIIECTBEHHOI'O
WM KOMILIEKCHOTO TapaMeTpa A, TPOOerarlnero HeKOTOPY 00gacTh A,
MOCTaBJIeHA B COOTBETCTBUE 06006menHas Gpyuxuusa fy. B coorsercTum
ompeneneHreM, TaHHBIM B n. 8 § 1, o6o6mennas gyuxuua f Ha3LIBaeTCA
npedeaom fx npu A — Ao, ecam uucioBas ¢ysxuua (fy, @) cTpeMuaTcsa
K (f, ¢) npu awbom p. OyHKuua [\ HABBIBACTCA HENPEPLISHOT N0 A
6 obaacmu A, ectu mpu a060M A9 € A HMeeT MECTO COOTHOLIECHUE

= lim f).
f)\o A Ao .f)\

PaccmoTpuM BecbMa BaxKHBIA BOOPOC O doonpedesenus 0606uennots
Pynryuw f no nenpepuisnocmu no napamempy A. llpeacrasum cebe, 4To
obobmennas GpyHKIuUs fy ONpeleJeHa U HEeNpepbIBHA HA MHOXECTBE A,
UMEIOIIEM TIPEIeTLHYI0 TOYKY Ag, B KOTOPOU 0600IeHHas (hyHKIUA [y 3apa-
Hee He 3agaHa. CIpammBaeTcsa, BO3MOXKHO JU TOOMPEISTUTEL 0000IIEHHYIO
dyakmuio f) B TOUKe \g TakK, 9TOOLI IIOMYy4IWIacCh 00O0OIIeHHAs (HYyHKIIUA,
HEeTpepLIBHAA HA MHOXKECTBE A + Ag.

OueBuIHO, YTO HEOOXOAWMELIM YCIOBUEM [ BO3MOXKHOCTU TAKOTO
IOOIPENeTEeHNS ABIAETCA BOZMOXKHOCTE TOONPEIENEHU IO HEMPEPBIBHOCTHI
BCEX YUCIOBLIX QYHKIME (f), () B TOUKE Ag. DMO YCA06UE ABALECMCA U
docmamounbimM, TEUCTBUTEILHO, €CIU I 000U OCHOBHOU (DYHKIIUU © 1
JI060U TOCIeIOBATEIBLHOCTH A, — Ag, A, € A cymecTByeT npenen mocaeno-
BaTembHOCTH “ucen (fy,, ), TO, CONIACHO TE€OpeMe O MOMHOTE TIPOCTPAH-
cTBa 000OMEHHBIX (PYHKIUY, cymecTByeT obobmenHas Gyukmusa f = fy,,
KOTOpas ABIAETCA IPEeIoM mocaefoBareabHOCTH fy,. OOBIYHBIM myTeMm
MOKAa3BIBAETCA, YTO 3Ta 060O0IIeHHAS (YHKINUS HE 3aBUCAUT OT BHIOOpPA
TTOCIENOBATEILHOCTH A\, — Ag.

3aMeruMm gajee, 9YTO MPOU3BOAHBIE (IO ) 06OOUIEHHON (QyHKUUU [y,
HEIPEPBIBHO 3aBUCAIIECN OT MApaMeTPa A, TaKXKe HEMPEPHLIBHO 3aBUCAT OT
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mapamerpa A. [JeucrBuTensHO, Kak Mbl Bugemn B n. 4 § 2, uz f\, — fi,
creayetT

0 P 0 f

LY AL

8:[7]' 8:[7]'

HempepeiBabie mo mapaMeTrpy 0600mmeHHbIe (GYHKIUKA f) MOXKHO WH-
TerpupoBaTh MO >ToMy mapamerpy (cp. § 3, n. 10). IycTs, manpumep,
dyuxumonan fy mempepoiBeH mo A Ha crnpsamasemon kpusou I'. CocraBum
MHTErPATBHYIO CyMMY

Sn = Zf)\’]AAp

j=1

B3AB pasbueHue KpuBou ' Ha n 9acTed TOYKAMU AEJEHUA A\g,A1, ...,A\p U
!

BLIODAB MPOM3BOIBHO TOUKN \; Ha mHTepBatax [Aj—1, A;]. [Ipm max|A);| —

— 0 @1 060 OCHOBHOU (PYHKITN O, B CUILY HEIPEPLIBHOCTU BLEIPAKEHIA

(fx, ®), CyLIECTBYET IPELEN BHIPAKEHUIN

n

(5.9 = D (f9) AN,

j=1

HE 3aBUCAIIAKA OT Crmocoba pasbuenus ' u BLIGOpa TPOMEKYTOUHBIX TO-
wex N}, paBmbiil maTerpary ot dyskmum (fi, ©). ITOT mpemen ompene-
JAET JTUHEUHBIA HEMPEPHIBHBIN (DYHKIIMOHAT HA TPOCTPAHCTBE OCHOBHBIX
QYHKINN; OH HA3LIBAETCA unmezpasom om obobuennoti dymxyuu fy no
xpusot I'.

Pasymeercsa, nHTerpupoBaTh MOXKHO HE TOJBKO MO KPUBOU, HO W TO
ob6sacTu JTI060r0 IUCIa N3MEpEHnN.

2. Iuddepemmmpyemobie dpyukmmu. B n. 1 § 3 6uuo BBegeHo ompee-
JeHune: 0000IeHHAA (PYHKINA ¢ HA3LIBAETCA NPOU3600H0T OT 0O00OIIEHHON
dyukmuu fy no napamempy X mpu A = Ao, ecan

= Fro

g = lim .
A=Ao A — )\0
fasn cywecmeosanus npouzsodnot % npu A = Ao Heobzodumo u

docmamouno, wmobvr ce wucaosvie Pywkyuu (fx, @) Oviau Juddepen-
yupyemvt o X npu A = Ag. HeoObXoamMoCTb 3TOr0 YCIOBUS OYEBUIHA;
TMPOBEPUM €0 NOCTATOYHOCTH. 110 yCAOBUIO, IIA KaXIOU ( U JTH60U
MOCJAEIOBATEALHOCTH A, — Ag CYIIECTBYET IpPenea OTHOIICHU

(fx\acp)_(fx\oacp) _ (f/\_fx\o )
X — o A= Y
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Ho Torga, xax 6bLTO yKa3aHO BHIIE, 0000MIEHHAS (DYHKITAA ! ;7{ , OTIpe-

IeJeHHAsS TIPU A 7 Ag, MOXKET OBITb NOOMPENETeHa O HEeNpPEPLIBHOCTU U

mpu A = )\g; UHBIMU CIOBAMU, CYLUIECTBYET OOOOIIEHHAA (DYHKINSA, ABISIIO-

IasAcA MpeneroM OTHOIIEHN f}\ Irg mpu A — Ag, UTO U YTBEPK JAETCA.

Ecan f) umeer mpoussoayio no A mpu mo6om A € A, To Qpyukuma fy
HaseiBaeTCa dugdepenyupyemoti no X 6 obaacmu A.

AHATOrUYHO ONPENEeNAITCA BBHICIINE MPOU3BOAHLIC MO MAPAMETDPy U
MHOT'OKpaTHAA Iu(PepeHmpyeMoCcTsb Oy HKIIN.

Jlerko mposepuThb, uTo ecau Gyukmua fy guddepeHnupyeMa mo A B
obaactu A, To u BCce MpPOM3BOAHEE [\ TO x AUBGEPEHIUPYEMEI O A 1
uMeeT MecTOo popMmyia

0 0 0 0

axax]f* dx; aAf* )

[encTBATENLHO, I JH0O0N OCHOBHOU (DYHKIIUU (0 IUCIOBAS (DYHKIII

0 B Op
<a—w]f/\7(p> - (f/\,_a—l']'>

quddepeHnmpyemMa o A 1 UMeeT MPOU3BOTHYIO

_ (9 _9¢
(f*’ 83:]>_<3)\’ axj> (ax]axf*’ )

a
OTO O3HAYAET, UTO (PYHKIUOHAT ij,\ HMEeeT MPOM3BOLHYIO II0 A U

cupasegiusa popmya (1), 9T0 U yTBEPKIAETCA.

3. Anvamrrieckue dpyukmuu. Fcam A — KOMILIEKCHBIN TTapaMeTp, mpo-
Geramomu OTKPEITYIO0 obnacts A, To muddepenuupyemas B obmactu A
0000mmennas GYHKIUA [y HA3LIBAETCI aHAAUWMUUEcKol @dynkyuetd om .
B sToM cayuae Bce umcaoBwie GyHKIMU (fy, @) ABIAOTCA OOLIYHBEIMU
aHAIMTUICCKUME (pyHKImAME OT A B obmactu A. VI obpatnO, ecau das
06o6wennot Pynkuuu f) 6ce wucaosvie Pynxuun (fx, @) A6440MCA GHAAU-
museckumy PynKyuams om X 6 obaacmu A, mo u fy ecmb anaAUMUBECKAA
Pynruus om A (cp. § 3,n. 1). B amon cayuae 6 kaxcdoti moure X obaacmu A

CYWeECMBYM 6CE NPOU3BOIHBLE %, %, ..., ¥ B OKPECTHOCTH TOYKHI \g € A
umeem mecmo pasaoxcenue 8 pad Tetisopa
Ofx 1 0% fx
= + (A=) °© 4 (A= Xp)? ° 4., 2
fa= B+ (0= 20) S5 4 S0 = 205 @

. )
[lercTBUTETHLHO, 0600IIEHHAI (DYHKITUS %‘l CyILIECTBYET, TaK KaK MO yCJIO-
BUIO IIPU A = \g CyIIECTBYIOT IPOU3BOIHEIE [10 A ¥ BCEX YUCIOBLIX (DYHKIIMN
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(fx, ¥); O TAKOW e MPUYUHE CYIIECTBYIOT U BCE BBLICIINE MPOU3BOIHEIE

g o "
x>, --- [Jamee, mma Kaxgoi OCHOBHOUM (YHKIMM @(x) CHIpaBeITABO

pasaoxenue Temmopa o6braHON aHamuTHIecKoun GyHkumu (f, ¢):

() = (Borf) + = o) 2 (fr)|  +
A=)\o
1 0?
+ 5()\ — o)’ W(fx#’) . +...=
2
= (o) + 0= 0) (2L26) + 00202 (Ghe o) 4+ -

Ofrng | 1 9 fr
= <f)\0 +(>\—>\0) 6)\0 +§(>\—>\0)2 a/\20 +...,<p y

OTKY/a CIeIyeT CIPaBeIUBOCTE pasioxenus (2).

[Be amanuTudeckue GyHKuuu fy U gy, OUpelejeHHbie B obmactu A u
COBIIAJAIOIINE HA MHOXKECTBE 3HAYEHUU A, UMEIOIIEM MPEIETbHYI TOUKY
BHYTpU A, coBmagarT mpu Bcex 3HadeHuax A\ € A. [lencTBuTennHO, 1A
mobon ocuoBHon ¢yukuuu p(r) Bopaxkenus (fy, ¢) u (gr, @) coBma-
OAIOT B 00JaCTU A B CUIY KIACCUYECKOU TEOPEMbI eIUHCTBEHHOCTU I/
AHATUTUIECKUX (DYHKITAN.

Ha »TOM cBOMCTBE OCHOBAH BAXHBIM METOJ AHATUTUIECKOTO IIPOAOJ-
)KeHus dyHKIMOHANA fy no mapamerpy A. JomycTtum, 9To DyHKIHOHAT f)
amamuTudeH B ooaactu A. [Ipenmonoxum ganee, 9TO BCE YUCIOBLIE (DyHK-
un (f,p) OOIMyCKAIOT AHAIATUYECKOE MPONOMKEHHEe B GoJee LIMPOKYIO
obmacts Aj. Torga MBI MOXeM YTBEpXKIAAThb, 4TO wUucaa (fy,,p) mpu
mo6oM A; C A; Takxe 3aJal0T JUHEUHBIN HEMPEPBIBHBIA (DYHKIIMOHAT HA
npocTpancTie K. [[eNCTBUTEILHO, AaHATUTUIECKOE TTPOIOIKEHNE B JTHOOYIO
TouKy obaacTu Aj, KAK U3BECTHO, BCErIa MOXKET OBLITH OCYLIECTBICHO MPU
IIOMOIIY KOHEIHOr'O YUCIa Mepepasaoxennit B pan Tewmwropa. Ho kax e
pan Temnopa

2
(o) = () + 0= 20) (2520 ) + 50002 (e + .

MOCKOMIBKY OH CXOAWTCA TIPU JIOOOU OCHOBHOU (DYHKIUHU (0 U HOCKOJBKY
pPamuyc ero Kpyra CXOAUMOCTH OMPeNeaseTcs KOHQUrypanuen O0JacTen
A u A} u He 3aBUCHT OT (, UMEET CBOEU CYMMOU B KPyre CXOTUMOCTHU
CHOBA, JIMHENHLIN HENPEPLIBHLIN (PYHKIMOHA, YTO HAM U TPeOyeTcs.
OdeBuHO, YTO TPOUM3BOAHLIE (MO X) AHATATUYECKON OOGOOIIEHHON
dyukmuu f) cyTh TakXke aHAIUTUYECKUE OOOOIIEHHBIE (DYHKIAU OT .
OTMeTuM namee, 9TO AHAIATUICCKOE MPOTOMKEHNE COXPAHACT MHOTHUE
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cBoucTBa (pyskumonana fy. Hampumep, ecin ¢pyskmuonan fy B obracta A
MHBAPUAHTEH OTHOCUTEALHO onepanuu u, Tak 9410 fy(uz) = fi(z), To u ero
AHATMTUIECKOE MPONOIKEHNE B 0OMACTH A MHBAPMAHTHO OTHOCUTETHHO
sTou omepanuu. JerNCTBUTEILHO, PABEHCTBO

(fa(uz),p(x) = (fal2),0(2) = (fr(2),0(u'2)),

CUpaBelIuBOE B 00JacTH A, B CUIy E€IUHCTBEHHOCTU AHATUTUIECKOTO
TIPOJOMKEHUA, OCTACTCA CIPABEIIUBEIM U B obractu Aj.

Tak, manpumep, chepuIecKn CUMMETPUIHLIE AHAJIATHIECKAE (PYHKITIO-
HaJIBI UMEIOT " C(ZI)epI/I“IeCKI/I CUMMETPUYIHBIC aHAIUTUIECCKNE IIPO JOTXKEHUA.

3aMeTuM B 3aKIIOYEHUE, 9TO AHAIUTUICCKOE MPOLOIKEHNEe 0O0OIIeH-
HOU (PYHKIINM, 3aBUCALIEH OT apaMeTpa, TaK JKe KaK U aHAJIUTUIECKOe
MPOJOMKEHNE OOLIYHOU AHATUTUYICCKON (DYHKIUU, MOXKET TPUBECTUH K
(OYHKOUHI C U30IUPOBAHHBIMY OCOGEHHOCTAMY (TIOIIOCAMHU WU CYIIECTBEHHO
0COOBIMU TOYKAMH), & TAKXKE K MHOTO3HAYHBIM (DyHKIVAM.

B oxpecTHOCTE N30JMPOBAHHON 0COOOKM TOYKHA Ao aHAIUTHYIECKAA 0600-
menHas GYHKIUA f) QOMyCKaeT pasiokeHue B pal JIopaHa B KIACCUIECKOU

dopme
o0
= en(X= o),
—00
roe cp(n =0, £1, £2, ...) — dukcuposanubie (He 3aBUCAIIUE OT A)

dyuxmmonansi. [[erNCTBUTEILHO, PA3IOKEHNe B pAL JlopaHa MMeeT MeCcTo
[T KAXKIOU OCHOBHOU (DYyHKIIUU (:

f/\a ch >\ >‘0) )

npuiaeM KOod(pOUITIEHTHI cn(<p) BRIpaxkaioTcsa mo gpopmyaam Ko

fk;

2mi ) (A — )\0 (A = M)+
r

(n=0,+1,%£2,...), (3)

enlyp

rae [' — KOHTYp B 061aCTU QHATUTUIHOCTU (PYHKIUU [, 3aKTIOYAIONTAN
BHYTpU ce0s TOUKY Ag. MuTerpan (3) Moxer OBITH IpencTaBiIeH B (hopMe

1 1B 1 _ 1B
r r

U, 0 NOKA3AHHOMY, CHOBA ABIAETCA JUHEHHBIM HEMPEPLIBHBIM (DyHKIINO-
HATOM OT . MBI MOXEM MOJOKUTL MOSTOMY ¢y () = (¢, ), TOe ¢ —

o0

JIMHEVHBIN HempepbIBHLIN (yHKunoHAT Urak, f = > ¢u(A — Ag)", uro 1
— 00

YTBEPK JATOCE.
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IIPEOBPA30BAHUSA ®YPHE OBOBIIEHHBIX
OYHKIIUN

§ 1. Ilpeo6pasoBannsa Pypre 0CHOBHBEIX (yHKIMA

1. IIpeoGpazosamme Pypre GpyHknuua m3 mpocrpancTBa K. Haummas
C DTOT'0 MOMEHTa, OyJeM pacCMaTPUBATH MPOCTPAHCTBO K KOMILIEKCHBIX
ocHoBHEIX (Qyukmui (ra. I, § 1, m. 9) u coOTBETCTByMOIIEE KOMILIEKCHOE
mpocTparcTBO K' 0606MmeHEBIX (DyHKIAN.

Paccmorpum BHaUANE CIydanl OqHOTO MEPEMEHHOTO.

Iycts p(x) — HeKoTOpaa ocHOBHAA GyHKIUA. IlocTpouM ee mpeodpa-
3oBanme Dypeoe:

o0

vlo) = [ pw)emds &)

—00
®yukiuio (o) 6ynem 0603HadaTh Takxke cumoaamn o(x) n Flo(x)].
B meucTBuTensHOCTH, TOCKONBKY ¢(%) — GUHUTHAA (QYHKIWMA, WHTE-
rpax (1) pacumpocTpaHeH Ha KOHEYHYIO O0JaCThb, HAIpUMEp —a < T < a;
nosToMy (yHKIMA (o) MOXKET OHITH ONpeneJeHa U JIA KOMILIEKCHBIX
BHAUEHUN S = 0 + iT:

Y(o +it) = /acp(x)eiszdx = j@(m)e”%”dm. (2)

Tak kak uaTerpau (2) nomyckaeT 1uddepeHInpOBAHIE IO KOMILIEKCHO-
My mapamerpy s = o +i7, 10 ¥(0 + iT) — uenas aHanuTUIECKas QyHKIUA.
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Mupdepennuporarue GyHknun () TPUBOIUT K YMHOKEHUIO ) (s) HA —is:
NEICTBUTEILHO,

/(p'(m)ei“dm = cp(a:)e”sﬁa - /isgo(a:)e”sda: = —ist(s).

IIponomxas muddepeHnupoBanue, MOJYIUM Tajtee I JOOTo q =
=0,1,2,...

Flp'? ()] = (is)" Flo()] (3)

7 BooOIIe
Flp(4)ew)] = PeinFiowl (@)

rae P(t) — 10601 MHOTOWIEH ¢ MOCTOAHHBIMEU KoddduimenTamu. BmecTe
C T€M MBI IIOIy49aeM OLICHKY

a

st06) = | [ 0 et | < et

a

Takum 06paszoM, npeodpazosanue Pypve (s) waxcdoli ocnosnoti Pymk-
yuu (), obpawatowetca 6 nyab npu |xr| > a, ecmv yeaas anasumuue-
cKaA PYNKUUL NepemMenno2o S = 0 + IT, YydosaemeopAOULaA NPU KAHCOOM
qg=0,1,2,... nepasencmsy

|59 ()] < Cyel™. (5)

Mur yTBepK JaeM, YTO BEPHO U 0OPATHOE: 6CAKAA Ueaas Pynkuus P(s),
ydosaemeopaowas npu xaxcdom ¢ nepasencmsy (5), ecmv npeobpazo-
sanue Dypve nexomopotli Oeckoneuno Juddepenuupyemots Pynryun @(x),
obpawatowetica 8 nyab npu |z > a.

Dyukuuio p(r) MBI, €CTECTBEHHO, ONPEIeaM (OPMYIOn

wm=%/¢@wwa

Ucnonnsya dopmyny Kommm, MOXHO 3aMEHUTH WHTEMPUPOBAHUE IO
BEIIIECTBEHHON OCU MHTETPUPOBAHUEM IO MAPALIETLHON TPAMON:

1

) )
1 oo )
—_ . —i(oc+ir)z I . —iow
p(z) o / V(o +ir)e do 5 ¢ / (o +ir)e do,
0 -0
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mpUYeM UHTErpaj, B CUIy HepaBeHCTBa (5), MPOMOMKAET OCTABATLCA
abcomoTHo cxoaamumcsa. OH TPOLOMKAET OCTABATHCA aOCOTIOTHO CXOMA-
MUMCA TakxkKe Ipu (popMaabHOM AuG@EepeHIuPOBAHAN [0 IBIHTEI PAJBHOIO
BLIPAXKEHUA 110 ', TO3TOMY QYHKINA (1) 6eckoHedHO nuddepeHnupyeMa u

o (z) = % / (—is) " (s)e " do.

Mycrs || > a; 3agaguM HekoTOpOe uncao t > 0 U HANAEM T U3 yCJIOBUA

1 = —t|z|. Ucnonbsys Hepasenctso (5) mpu ¢ = 0 u ¢ = 2, HaXOAUM:
Cy eolrl eolr]
s)| < ellmin{ Cp, =2} < <C ;
W( )| X { 0, |S|2 X 1+ |S|2 X 1+ |O_|2)
1 T ealrl
e de = Cletlzltat — ot gila—lzl)
|¢($)|<%6m/0md0—06 rirat = lettemivl |
— 00

Tak kak C' me s3aBucmT OT t, TO, ycTpemaas ¢ K 00, HAXOAWM, 9UTO
o(x) = 0. Taxum o6pazom, npu |z| > a GyHKUUI Y(2) OOPAIIAETCS B HYIb.
Nrax, pyskima ¢(x) yIOBIETBOPAET BCEM BLICKA3aHHBEIM yCaoBuAM. B cury

M3BECTHON Teopembl 06 uuTerpaze Pypbe') ee mpeobpaszosanme Dypobe
coBmagaet ¢ pyHxnmen (o), 9T0 U TPe6OBAIOCH.

OTMeTuM elie OHY MOME3HYI0 (POPMYTY: I JHOO0W OCHOBHOU (DYHK-
o ()

FFlp(x)] = 2rp(—2). (6)
Hencteurensro, ecin Fp(x)] = (o), To MBI nMeeM:
P = 5 [ wlo)e =7 do = o),
OTKyza
[ vto)e=do = Flv(o)) = 2mp(-a),

YTO U YTBEPXKTaCTCA.

DB. U. Cmuphoe, Kypc, T. 11, 1957, m. 160, cTp. 467.
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2. Mlpocrpancteo 7. NUsyuenue npeobpasosanun Dypbe GyHKInm us
npocrpancTtea K, HavaToe B NpegbIAyIIEM IIYHKTE, €CTECTBEHHO IIPUBO-
OUT K CIeymouemMy ompeneaeHuo. Beegem npocmpancmeo Z BCeX LEIBIX
dysxUn 1)(S), VIOBIETBOPAIOIIAX HEPABEHCTBAM

|sl7le(s)] < Cpe™ (g=0,1,2,...) (1)
(rge mocrosuubie @ u C; 3aBUCAT OT (QYHKIUU ), C OYEBUIHBIM OIpE-
IEJEHNEM OCHOBHBIX JUHEMHLIX OTMepalui — CAOKEHUA U YMHOXKEHUA Ha,
YUCTO.

Kax nokasano B 1. 1, npeobpazosanue Pypve ycmanasiusaem mencdy
npocmparncmsamy K u Z 63aumno odnoznaunoe coomsememeue. Ouesna-
HO, YTO 3TO COOTBETCTBUE COXPAHSAET YKA3aHHbIE NMHENHbIE OnepaLum.

OTciona craeayer, UTO KaX/OW JUHEMHOU OMepaliuu, OMpEeIeIeHHOU B
mpocTpaHcTBe K, 0TBEYAET HEKOTOpAs «IBOUCTBEHHAMY JUHEUHASA OTepa-
M, ONpeneJeHHas B mpocTpaHcTBe /. Tak, mampumep, omepamum maud-
depennupoBanus B mpocTpaHcTBe K cOoOTBETCTBYeT, B Cuiy (HOPMYy-
aet (3) m. 1, omepanua yMHOXKeHUs Ha —is B npocTpancTse Z. C mpyron
CTOPOHBI, POpPMYyIa

d@gfj) = /iazeis’”w(m)dm

TIOKA3BIBAET, UTO ONEPAIlNN YMHOXKEHUA Ha, i B IpocTpaHcTBe K cooTBeT-
cTByeT onepanus [ud@epeHIupPOBAHNSI B IPOCTPAHCTBE Z; IMOBTOPSI DTY
omepanuio, npuxoauM K ¢GopmyJie, cupaseniuson npu aobom ¢ = 0,1,2, ...:
d F Fl(ix)? 2
T Flg] = Fl(in) (@) (2)
W3 cymecTBOBaHUA MPABOU YACTU CJAELYeT CYIIECTBOBAHUE JEBOU; IMO-
DTOMY B IPOCTPAHCTBE Z (DPYHKIMHY 1)($) MOKHO HEOIPAHUICHHO TuddepeH-
IMPOBATDL, HE BRIXOA 3a MPEIEabl DTOT0 TPOCTpaHcTBa. MoXHO HamucaTh
U HECKOJIBKO HoJee o6y hpopMyay:

P (%) Flel = FIPino(o)] ®

rae P(t) — 10601 MHOTOYIEH C HOCTOAHHBIMU KO3()(DULMEHTAMIY.
Omnepanun casura ¢(x) — @(x — h) B mpoctpanctee K oTBedaeT
ish

oTepalns yMHOXKEHUA Ha €% B mpocTpaHcTBe Z; TeUCTBUTEILHO,

Flp(z — )] = / €17 o — h)dar = / T () dy = 7 Flp(x)].
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O6paTHO, omepamuu ymHOXKeHUa Ha e'®? (mpum mo6oM, MOXKeT OBITH U
KOMILTEKCHOM, h) B mpocrpancTBe K oTBedaeT omepanus CABATA B IIPO-

CTPAHCTBE Z:

[e]

Flei™hp(z)] = / ehel”® p(x)dr = / eIt p(x)dr = (o + h).

— 00

B gacTHOCTH, MBI BIAUM, 9TO B IpeAeaax NPOCTpaHcTBa Z GyHkuuu ()
IOMYCKAIOT BCEBO3MOXKHBIE CIBUTH.

MoXHO TIepeHecT B MPOCTPAHCTBO / U OMEpAINio MpeaeTLHOTo mepe-
XOJa, CIUTaA, 9TO (MYHKIMA U, (T) CTPEMATCA K HYIIO, €CAM UX OOpPasbl
¢y (T) CTPEMATCA K HYJI0 B CMBICJE, yCTAHOBIEHHOM A IPOCTpaHcTBa K.
Bopouem, 5Ty cxoguMoCcTh B Z MOXHO ONUCATHL W BHYTPEHHUM O00pa-
30oM. VIMEHHO, TOCAEIOBATENLHOCTE 1, (L) CTPEMUTCA K HYJIIO B Z, €CiIu,
BO-IIEPBLIX, BBIMOJIHAIOTCS HEPABEHCTBA

|57 (5)| < Coe?l™!

¢ mocrosuabiMr C; ¥ @, He 3aBUCAMIIMA OT V, U ecid STH (QYHKINU
CTPEMATCA K HYJI0 PABHOMEPHO Ha, KaXIOM WHTEPBAJIE OCH 0.
OTMmeTuM, 9TO pasnoxenue B pajg Temwropa

S 0s) o = (s + b

q=0

¢ JM00bIM (DUKCHPOBAHHBEIM (KOMILIEKCHBIM) i UMEEeT MeCTO B CMBICIE
VKa3aHHOU CXOAMMOCTH; DTO CJAEAYeT W3 CIPaBEeLIMBOCTHU [BOMCTBEHHOU

GHOPMYIBI

B CMBICJIE CXOOIUMOCTHU B IPOCTPAHCTBE K.

3. Caygan HecKOJBKMX IepeMeHHBIX. Harm mocTpoeHus MOryT OLITH
mouTH 6€3 M3MEHEHWN TEePEHECEHBI Ha CAyYall n He3aBUCUMBIX TEpeMeH-
ueix. [Ipeo6pazosanue Pypoe ocuoBuon dyukuuu ¢(z) = @(T1,...,T,)
onpenenrseTca Io popmyJie

[e] [e]

(o) = Y(o1,...,0n) = / / O(x1,... xp)e @Ot TTn) gy,

—00 — 00
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UIu, KOpodue,
(o) = / ()’ da, (1)
R,

rae depes (z,0) OOO3HAYEHA BEIUYUHA, L1071 + ... + Tp0,. Berencrsue
unuTHOCTU QYHKIMK (1) QYHKIMA 1) MOXKET OBITH PACIPOCTPAHEHA 1 HA,

KOMILTEKCHBIC 3HAYEHUA aPTyMEHTA § = (S1,...,8n) = (01 +iT1,... ,00 +iTh):
vl = [ pla)eeds. 2
R,

IMonyuennas gpynkuusa 1(s), onpegeJeHHAs TENEPh B N-MEPHOM KOM-
miekcHoM TpocTparcTee C,, HEMpepLIBHA W AHAIATUIHA IO KaXKIOMY
U3 apryMeHTOB §1,...,Sy. Keam GyHkuua o(z) oOpaiaeTca B HYJIb TIpU
|zr| > ar, (k= 1,2,...,n), To ee npeoGpazosaune Pypoe 1H(s) gomyckaer
OIIEHKY

|s90 . st ap(oy + 0T, .. ,0n + 0T,)| < Cpett I+ Fanlmal (3)

O6patro, BCAKaa neras GyHKIAL (S, ... ,8y,), YAOBICTBOPSIOMAA He-
paseHcTBy (3), ABagerca mpeobpasoBanueM Dypbe OCHOBHOU (HYHKIIUU
o(z1,...,x,), oOpamatomenca B Hyab mpu |z > ap (kK = 1,2,...,n).
([ToxazaTersCTBO TPOBOAUTCA TAK ¥KE, KAK U IS OJHOTO MEpeMEeHHOTO.)
Nmetor MecTo dpopmyisr, anamoruansie popmyaam (4) m. 1 u (3) o. 2:

P (6%,... ,%) Flp] = F[P(iz1,... izn)e(2)], (4)
F [P (6%1,... ,%) cp(a:)] = P(=isy,...,—isn)Flg], (5)

rae P — 110601 MHODOYIEH ¢ MOCTOAHHBIMU KO3(MDMUIINESHTAMY.
IIpocTpancTBO BCEX HEABIX GYyHKIMET ) (S), VIOBICTBOPAIOIINX HEPABEH-
cTBaM BUa (3), B KOTOPOM €CTECTBEHHBIM 06Pa30M OMpPEIeIeHb] JUHETHEIE
OlEpalMd — CJAOXKEHWE W YMHOXKEHUE HA YUCJIO, MO-TIPEeXHeMYy, OyaeMm
obo3uavars uepes Z. [IpeobpazoBanne @ypbe ycTaHABINBAECT MEXK Iy IIPOC-
TparcTBaMu K 1 Z B3aMMHO O THO3HATHOE COOTBETCTBUE C COXPAHEHUEM JIU-
HEUHLIX omepamui. [IpenebHbn mepexos B IPOCTPAHCTBE Z ONpPEeeaaeTCs
CJeIyIOmUM 00Pa3oM: TOCIeIOBATEILHOCTD 1, (s)(v = 1,2,...) HasbiBaeTca
crodauwetica K Hya0, eCIU TOCIeNOBATETLHOCTL COOTBETCTBYIOIINX OCHOB-
HBEIX QYHKIMA @, () CTPEMUTCA K HyJ10 B npocTpacTse K. BuyTpernnum
00pa3oM 3Ta CXOAUMOCTE OMMUCHLIBAETCA TaK: BBITOMHAIOTCSI HEPABEHCTBA

[s%4b, (s)| < qua1|T1\+...+an\rn|
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¢ nocrosHHbIME Cyy U @, He 3ABUCAIIUMIY OT v, ¥ (HYHKINK ¢y, (07) CTPEMATCS
PABHOMEPHO K HYJIIO HA KAXKIOM OIPAHUIEHHOM MHOXECTBE BEeIIeCTBEHHOTO
npocrpanctea R,.

4. dyskmmoHansl Ha npoctpaHcTBe /. Ha mpocTpancTtBe Z, Kak u
Ha mpocTpaHcTBe K, MOXHO CTPOUTH JUHEUHBLIE HEIPEPBIBHBIE (DYHK-
[IIOHATL — OOGOOUIEHHBIE (PYHKIMU. PaccMOTpUM CHOBA CIydaul OJHOTO
HE3aBUCUMOrO MEPEMEHHOrO. Pe2yiapnbvimuy PyHKYUOHAIGMU MBI U 31eCh
OyeM Ha3bIBATH (PYHKIMOHAJIEL, 33 JAHHBIE BEIPAXKEHUAMU BHUIA

(9:9) = / 9(0)$(0)do. (1)

—00

DyHKIMOHATEI BIIA

(9:9) = / 9()(s)ds, 2)

L

rpe L — HekoTopas auHUsA, OyIeM Ha3bIBAThH GHAAUMUYECKUMY PYHKYUO-
nasamu. Tak, nerbra-gyakuus (0(s — s9),%) = ¥(so) (rae sp — yxe opo-
U3BOJBHOE KOMILIEKCHOE YUCJIO0) €CTh He PEryJIAPHBLIN, HO AHATATUIECKUN
PYHKIMOHA, TTOCKOJABKY, B cuay ¢gpopmyast Korrm,

1 P(s)ds
s0) = — [ ——
¢( 0) i s — 50 )
I
rae L — J1060i KOHTYD, 3aKMIOYAIONIAA BHYTPH Ce6A TOYIKY So; TAKAM

06paszoM, §(s — Sp) ABIACTCA AHATUTUICCKUAM (DYHKIIMOHAIOM, OTBEYAIOLIM
PyHKINNR L1

274 §—s8p

CoBOKyITHOCTB BCeX 000OIIEHHBIX (DYHKIIUU HA IPOCTPAHCTBE Z 0003HA-
vaerca aepes Z'. C 0600meHHEEIMT (DyHKIIUAMEA HA TTPOCTPAHCTBE 7 MOKHO
TIPOU3BOIUTEL OMEPAIlNU, AHAJOTUYHBIE OMEPAIUAM, BBEICHHLIM HAMU I
006061meHHBIX QyHKIUYN HA npocTpancTse K. AcHo, 9T0 onpenenenus tuHen-
HBIX OMEPaIi — CIOKEHUA U YMHOXKEHUA HA TUCIO0, 8 TAKXKe MPenenTbHOTO
mepexona He COJEpKAT HUYEro HOBOTO. YMHOXKEHWe Ha (byHKImO h(s),
G OpMAIBLHO OmpeaeaseMoe PABEHCTBOM

(h(s)g,¥) = (g, 1)), (3)

Temepb CTAHOBUTCA BHIMOJHUMEBEIM YK€ IIS 3HAMUTEILHO 00Mee y3KOrO
kpyra dyskiuin h(s). [encTBATEIbHO, IIA KOPPEKTHOCTH DTOTO OMpere-
JEHUS HYXKHO, 9TOOB npomseenenue GyHknuu h(s) HA JI06YH0 OCHOBHYIO
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dyuxnuo 1)(s) TpUBOAMIO CHOBA K OCHOBHOU (yukumu. Dynkmuu h(s),
00IaJAIONINEe DTUM CBOUCTBOM, MBI Oy A€M HA3bIBATD MYAbMUNAUKAMOP MU
6 7. Oyuxuns h(s) obragaeT >TUM CBONCTBOM, €CIU OHA CAMA SABIAETCS
LIEI0M AHAIUTUYECKON (PYHKINEd ¥ YAOBJIETBOPAET HEPABEHCTBY BUIA
|h(s)| < Ce"I™I(1 + |s|)¢ mpu mexkoTopsx b, g u C.

IIpousBogaas GpyHKInOHAIA ¢ € Z' ompeneaseTcsa hbOpMy.Ion

9 5\ = (4.9,

(.6) = (o)
(s+h)—g(s)
o

MOXKHO OIpPENenTh €€ U KaK Ipenael OTHOIIECHUA g

Tak xe kax u B npoctparcTee K', 0606menHbie pyHKIMNT g € Z' momyc-
KaloT HeorpaHmdenHoe guddepernupoanue. Ho, B oTImyane OT MepBHIX,
0606mIeHEbe QYHKINA ¢ € Z' He TOMBKO GeCKOHEYHO nudpepeHIupyeMsl,
HO U aHaMMTUYHbI; DTO O3HAYAET, ITO AJIA Kaxaou g € Z'

Zg@(s)% — g(s + h), (4)

q=0

rae PAL CIeBA CXOIWTCA B CMBICAE CXONUMOCTH B TPOCTPAHCTBE Z', a
g(s + h) — casur dyuxnuu g(s) wa qucao h.
HencTBurensno, pua mobou ¢ (s) € Z

(9265 00)) = (o6, 500 )

q!’ q!

—1)2pe
upag Yy, %w(‘” (s) cXOmUTCA B CMBICIE CXOOUMOCTH B Z, KaK MBI YK€

orMmeuanu, K GyHkuu (s — h); Takum o6pa3oM,

(Zg@ (s%,ws)) = (g(s). (s — B)) = (g(s + W)(s)),

49T0 u TPpehOBaIOCh.
OTMmeTuM, B YACTHOCTH, PA3IOKEHUE

o0 hq

5(s+h) =369 (s) =, (5)

q=0

CIpaBefIuBOe Ipu JI0O0M (KOMILVIEKCHOM) h; IPU 3TOM CABUHYTAS IEIbTa-
dyuxmua 0(s + h) onpenenseTca paBeHCTBOM

(0(s + h),9(s)) = (8(s),¢(s = b)) = P(=h). (6)
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B coyyae HECKOTHKUX HE3ABUCUMBIX MEPEMEHHBIX TPOCTPAHCTBO /'
CTPOUTCS AHAJOrWMYHO. B HeM, Kaxk U BBIMIE, ONPEIENSIOTCS CIOXKEHUE,
YMHOXEHUE Ha YUCAO, MPEIEJbHLIN Mepexoq W YMHOXKEHUe Ha (DYHKIUIO

h(s) = h(s1,...,8,). Oyuxuma h(s) OymeT MyIbTULIUKATOPOM B Z, €CIU
OHA HENpPEPLIBHA, AHATATUYHA (T.e. AHATUTUYHA TO KAXKIOMY §; TpU
(PUKCUPOBAHHBIX S1,... ,8i—1,Si+1s-- 5Sn), A €CIA

B < CeM P4 (L g sy ) (L4 [}

AnanoruvyHo mpesbIIyIIeMy OMPeneasiOTCA JACTHBIE TPOU3BOAHLIE (DYHK-
maonarta g € Z'. Kaxaem ¢QyHKkOuoHar w3 7' HE TOMBLKO OECKOHETHO
nuddepeHIpyeM, HO ¥ AHAJIATAYEH, T.6. NOIYCKAET DA3I0KEHUE B P
Tentopa, CXOAINACA B CMBICAE CXOAUMOCTHA B 7.

5. AHamTIYecKre PyHKIMOHATEL. B mpenbiaymuemM IyHKTe MbI HA3BaIU
QYHKIIMOHAI ¢ HA MPOCTPAHCTBE Z AHAJUTUYIECKUM, €CIU OH MPEICTABICH
B BUIE

(g) = / 9()(s)ds,

r

rae g(s) — HexkoTopasa GyHKIUA, a I’ — KOHTYD B KOMILIEKCHOU TIOCKOCTH
(MBI CHAYATA PACCMATPUBAEM CJIY9al OJHOI'O HE3ABUCUMOT'O IIEPEMEHHOI0).

CoryacHo 06IIMM MpaBUIAM TEOPUU AHAIUTUYECKUX (DYHKIWUU, B CIy-
gae, korga ¢(s) — anamurudeckas QyHKIWs, KOHTYD [’ MOXKHO HEIPEPHIBHO
neopMupoBaTL 06€3 U3MEHEHUs BEIUYUHBL (¢,t)); OpU DTOM HAYAIO U
KOHeIl KOHTYPa IOKHBI OCTAaBATHCA 3aKPEIIEHHEIMU U KOHTYD He TOIXKeH
MEepeXOAUTh Yepes 0coObie Touku dyukuuu ¢(s). Tak, GyHKIHOHAT € TUHAIA,

o0

1) = [ 1-0(s)ds

— 00

MOXKET OBITH 3aJaH HE TOJBLKO C MOMOIIBIO MHTErPUPOBAHUA BAOJL BEIle-
CTBEHHON OCH, HO W C TOMOIILI0 WHTEMPUPOBAHUA BAOML JOOOU JMHAM,
UAYLIEeR U3 —00 1 +00 B Opegenax Hekoropon noaock |Im s| < C, nanpumep
BJOJIb JTI0OOU TIPAMON, TAPAJLICILHON BEIIeCTBEHHON ocu. Takue IuHum, T.e.
JIMHUY, THTECPAJILL BIOIbL KOTOPEIX OT JI0OOU OCHOBHOU (DYHKIINU 1) PABHEL,
MBI HA30BEM IK6usasenmubimy. Eciu xe mbl 6yneM mHTerpmposarsb 1 1mo
KaKOMy-HUOYIb WHOMY KOHTYpy [, TO MONTydImM yKe MHOU (hyHKIIMOHAT.
Hanpuwmep, eciun [ — 3aMKHYTLII KOHTYD WIU MET/IA, MAYIIAS B MIPEIEIAX
norocel |Im s| < C m3 —oo cHOBa B —o0 (wmm m3 +00 B +00), TO
MOy YAIOIUKCA (PYHKIMOHAL, OFYE€BH IHO, PABEH HYJII0. Takme KOHTypHI, T.€.
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KOHTYDHI, BIOJb KOTOPLIX WHTETPAIEI OT JIOOOU OCHOBHOU (DYHKIIUU

PABHEI HYIIO, OyIeM HA3LIBATD HYAE6bLMU AT 0000U,CHHOLMY 3AMKHYMbBLMI.
1
Pacemorpum dyskimio g(s) = <. MoXKHO IOCTPOUTE C €€ IMOMOIILIO JBA

PA3MINYIHBIX aHAJIUTUICCKUX Q)yHKHI/IOHaJIaI

+oo+ai

g = [ i @>o)
—oo+at
+o0o—ai

(9-,9) = / @ds (a > 0).

B 060oux cayvasx MHTErpUpPOBAHUE BEAETCA BIONL MPAMOU, TAPALICILHON
BELIECTBEHHON OCHU U PACIIOJIOKEHHON B IIEPBOM CIy4dae B BEPXHEN IOJIyILIOC-
KOCTH, a BO BTOpoM — B HumkHen. O6a 5Tu QpyHKIUOHAIA YAOBICTBOPAIOT
YPABHEHUIO

sg = 1.

PasnocTh Mexay >TumMu HYHKIMOHATAMU MOXKET OBITHL NMPUBENEHA K
BUIY

(g+ - g*aw) = / @ds
|s|=1

C UHTErPUPOBAHUEM , HATIPUMED, BAOIL IUHUTHON OKPYKHOCTH IO YaCOBOU
crpeake. B cury ¢popmyant Kot

(g+ — 9-,¢) = —2miy(0),

OTKY A&

g+ — g— = —2mid(s).
DYHKINOHAT gy = 4 — §— YAOBIETBOPAET, OIECBUIHO, YPABHEHUIO

590 =0.

PaccmoTpum 06111yi0 1pOoOHO-pAIIMOHANBHYO (OYHKITUIO
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Pasauunsie kopau MEOrOUWIEHA (s) 0603HAYUM 9epe3 1, ... ,Sy. MHTErpu-
pOBaHUE O MO0 JUHUY [, 3KBUBATEHTHON BEIIECTBEHHON OCU, TPUBOIUT
K (pYHKIIMOHALY

@0) = / o()b(s)ds,
I

3aBUCAILIEMY, BOOOIE, OT KOHTypa ['; BCAKUU TaKou (DYHKIIMOHAT yIOBIEC-
TBOPSET YPABHEHUIO

Qg =P.

NurerpupoBanre no aob6oMy HyaeBoMy KOHTYPY ['g npuBoauT K QyHKIM-
OHALY

(@) = / g(s)(s)ds,
To

Takxke 3aBucALEeMy oT KOHTypa ['g. Bee st pyHKIMOHAIB y10BIE TBOPSIOT
YPaBHEHUIO

Qg0 = 0.

Hampuwmep, ectu ['g — KOHTYD, 0OXOIAIIAN B MOTOKUTETHHOM HAMPABICHAN
IPOCTOU KOPEHb §1 MHOTo4wIeHa ((s), To

(@) = / 9(s)(s)ds = 2mi e [g(s) ()] = Cop(s1),

§=81
To

Tak 4uro gg = Cé(s — s1). Ecim Ty ob6xoaut k-KpaTHBI KOPEHb §i
muOroOwIeHa Q(s), To

i k—1
(g0,1) = 2 B, [g(s)6(5)] = e [(5 = 51)g(8)(3)amor.

s=s1 (k — 1)l dsk—1
Paccmorpum anamuTudeckne GpyHKINOHATH, CBA3AHHEIE C (DyHKIIEN
gls) =e

B cury paBencTBa
Re s™ _ e\s|"cosn9

e’ | =e , rge = args
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ILTOCKOCTHh KOMILIEKCHOTI'O IMIEPEMEHHOT0 S MOXKHO pa3eInTh Ha 217, PaBHBIX
T ] s™

CEKTOPOB PACTBOPOM B T KaXIBIM, TaK UTO (DYHKIUA le*"| B oTUx Ccek-

TOpaX moovepeaHO TO SKCIIOHEHIINAJIBHO BO3PpaCTaeT, TO SKCIIOHEHITUAJIBHO

YGBIBaeT. CeKTOpBI mEepBOr'O TUIIA Ha30BEM «OTpOraMm», CEKTOPBI BTOPOI'O

TUIA, — «IOAMHAMMWY. PacCMOTPUM MPOU3BOJIBHLIM TyTh L[, Bemymn
13 00 B [EPBOM MOJMHE B 0O KAKOU-INOO APYroH, Hampumep k-1, DOIAHE
(k=2,...,n). [lna 3TOro myTu MOXKHO 00Pa30BATH (DYHKIIMOHAT

(Fi ) = / " p(s)ds,

Iy

IpudeM MHTEerpaJ 3aBeJOMO CXOIUTCA B CUIY dKCIOHEHINATHLHOI'O YOBLIBA-
Hua |e®” | B o6ewx mommHAX W GOTEe MEITeHHOTO BO3PACTAHWS OCHOBHOIR
dbysKIun H(s).

Mz&r monyuuM TakuM 06pa3oM 1 — 1 pasaIuIHBIX (DYHKINOHAIOB, KOTOPHIE
0003HAYNM COOTBETCTBEHHO Yepe3 ef",... ,e;il. Bce oum ymoBmeTBOpSIOT
HEKOTOpPOMY AuddepeHIInaTLHOMY YPABHEHNIO 1-TO MOPAIKaA, KOTOPOE
JIErKO TOJYYIUTh caenyiommM obpasom. [Ipomxuddepennupyem dyHKIIIO-

d s™ s™ dw s"dw
(%91@ ﬂ/’) = (% 7_$> = _/ek 75 05
r

k

s™.
HaJ ek :

OTO BHIPAXKEHUE TPOUHTETPUPYEM IO HACTAM, BHEUHTETPATLHBIN LICH
ucuesHer (IO MpUYMHE CUIBHOrO yOLIBAHUA (PYHKIUM e B TOIMHAX), U
MBI IIOJYIUM:

d n n
<£62 ,1/1) = /ns"ilez Y(s)ds = (ns" tej ,1p).

T

Taxum o6pa3oM, (GYHKIMOHATEI €f, yIOBIETBOPAIOT yPaBHEHUIO

d —
—el =ns""le; .
ds

Mol Buaum, 9TO 8 00aacMU GYHKYUORAA08 HAD NPOCMPAHCMEOM Z Al-
netinoe odnopodnoe duddepenyuarbroe ypasuenue 1-20 nopadka mozxcem
UMEMD A1060€ UUCAO AUHETHO He3ABUCUMbLT DeuLeHut.

Bomawimon maTEepec MpeacTaBIAIT TaKkKe aHAIUTHIeCKUEe (DYHKIIMOHA-
JBbI B OOJACTU HECKOMBKUX MEPEMEHHBIX S1,...,Sp. SAECh AHAIUTUIECKUE
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(pYHKIIMOHAILI CTPOATCA IO (POPMYy.JIaM

@M=/MWWM&

r

rge ' — mekoropas (2n — 1)-MepHas MOBEPXHOCTH B 2Nn-MEPHOM IIPOCTPAH-
CTBE N KOMILICKCHBIX TEPEMEHHBIX S1,... ,5n.

B cuny Teopemsr Ilyankapel), 0606maomell NHTEMPAIBHYIO TEOPEMY
Komwr ma anamuTuveckue GyHKIMM N IIEPEMEHHEIX, HOBEPXHOCTEL [ MOXKeT
OLITL TaKXke OPOU3BOJIBHBIM 00pasoM nedopMmupoBaHa (0e3 U3MeHeHUs
pesyJabTaTa) IpU yCJIOBUU, UTO €€ I'DAHUNA (PUKCUPOBAHA, & B IIPOLECCE
u3menenus [ He mepexoguT depes ocobble TOUKU GyHKIUA g(S).

Bynem masbiBaTh moBepxuOCTE [N 9K6uBa1enMHOT 8eUecMBENHOT, ecan
UL IEOOOU OCHOBHOU (DYHKITUN

o0
/wmk=/¢mw
I —00
(uHTErpan cmpaBa — IO BCEM BELIECTBEHHBIM HepeMeHHbIM). IIpumepom
MTOBEPXHOCTY, DKBUBATCHTHOU BEIIECTBEHHON, CIYKUAT «ICCTHUIIA XOPMaH-
nepay; DeoMeTpHUeckKoe MeCTO BCeX TOYeK Si,...,Sp, TAe S2,...,S, Be-

IIIECTBEHHLI W TIPU KaxKIOM BHEIOOPE WX 3HAYEHWUN S; MPOOEraeT KOHTYD,
DKBUBAJIEHTHBIN (B IUIOCKOCTH S1) BemecrBeHHon ocu. Pyuxnumonan g,
OIpPENeJeHHBIN (POPMYJION

(0.6) = [ s,
r

rge I' — secruuna Xopmasgepa, Ha KOTOPOU MHOTOWIEH (WIM II€Ias
¢yuxnus) P(s) He o6pamaercsa B Hylb, yIOBIETBOPAET YPABHEHIIO
Pg=1. (1)

Bo Bropom Brmmycke (ra. II, § 3, n. 3) Oymer mokasaHo, 9TO AJsA BCAKOTO
mMHOrOWIeHa P(s) Takyw JECTHUIy MOKHO MOCTPOUTHL U, CJAEIOBATEILHO,
B mpoctpancTee Z' ypasaenue (1) Bcerga paspemmmo. Bynem HaseBaTh,
Jajee, MOBEPXHOCTL ' Hyae801 WiIn 0006WenHotli 3aMKHYMOT, €COn I
BCAKOU OCHOBHOU (byHKImuU 1)(S)

Jwgw:a

DCum. B. A. dykc, Teopusa aHAIMTUIECKIX (ByHKIMH MHOIMX KOMILIGKCHBIX IEPEMEH-
HBIX, 1948, cTp. 299.
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ITpumepoM HyJIEBOU MOBEPXHOCTU MOXKET CJIYKUTH MHODO0Opa3ne, ABId-
IolIeecs MPOM3BENEeHUEM HYJIEBOI'O KOHTYPa B ILIOCKOCTH S1 Ha JIOOYIO
IIOBEPXHOCTH B IPOCTPAHCTBE OCTAJNBHBIX ITIEPEMEHHBIX.

[nsa kaxgoro muOorowreHa P(s), o6paTHas BeJUYUHA KOTOPOTO %

OrpaHMYeHa Ha HyJeBOM KOHType I', onpemensercsa gpyHKIIMOHAT
(9,9) / LIRS
= s)ds;
g, P(S) b}
T

OH ABIAETCA PEIICHUEM yDABHEHUA
Pg=0. (2)

3ameuanne. Tlepexons B ypaBHenusax (1) m (2) k mpeobpasoBaHUAM
®dypbe (cM. HIXKE, § 2), MBI OTYyYaeM PEIICHAA YPABHEHUN

P (i%) f=6(z) (3)

P (i%) f=0, (4)

0 0
Ox1’°" " Ozy

30M, BO BTOPOM BBITyCKE MBI CMOXKEM NOKA3aThb, ITO JIOO0E YPABHEHUE
B YACTHBLIX TPOU3BOMHEIX C TOCTOSHHBIMU KO3 pUIMEHTaMU 00613 1aeT
(pyHIAMEHTATLHLIM DEITIEHUEM.

MEer ucnonb3yeM B JAIBHENIIEM STH IPOCTHIE COOOPAKEHNA TAKKE I
(JaKTUIECKOrO MOCTPOEHNUA PEIICHNN HOLOOHBEIX YPABHEHNN.

1é)

TJ€ O 3AIUCBIO |5~ HYyXKHO HNOHAMAThb (z N ) Takum obpa-

6. IIpeo6pazosanma Pypre PpyHkmmu mpocTpancTBa S. MEr BBEIN B
xoure § 1 ri. I mpocrpancTeo S Geckoneuno qudpdepeHnupyemMurx GhyHK-
it (), yIOBIETBOPAOIINX HEPABEHCTBAM

[ DY ()| < Cly- (1)

Hangem knace pyHKINT, ABAAOIMIXCA Tpeodpasosanuamu Dypoe GpyHK-
mmit kracca SV, Kaxnas yskmma o(z) € S 061a1aeT, OIeBHIHO, KIACCH-
qeckuM mpeobpaszoBanueM Pypne

(o) = / (@) @) d,

DWanaraembie B roM ab3ame coobpaxenns GyayT mogpoGHO passurol B § 1 rur. 1T
BTOPOr'O BBINYCKA.
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npudeM GyHKnuaA ¢ (o) 6eckoHedHo qudHepeHIupyemMa B CUIy abCOMIOTHON
CXOIUMOCTU UHTErPAIOB

D%y)(o) = /(iaz)qcp(a:)ei(“”’”)daz.

Tak kak pyuxuus (iz)?p(z) Geckonedno nuddeperHuupyema BMecte ¢ @ ()
U BCE €€ MPOU3BOIHBIC ABAAIOTCA a0COMIOTHO HHTETPUPYEMBIME, TO (DyHK-

s D%)(0) cTpeMuTes K Hyio GBICTPee JI0001 CTeneHn ﬁ Taxum obpa-

30M, pyskuua (o) Kak QyHKIUA nepeMeHHbx o = (04,...,0,) obJagaeT
TEeMU K€ CBOUCTBaMU, 9TO U QPYHKIUA ¢(T) KaK (PYHKIUS IEPEMEHHBIX .
Mer Buaum, 9T0 mpocTpancTBo S mpeobpaszoBarmem Dypbe mepeBoauT-
ca B ceba. Bomee Toro, Tak kak Takme ke pACCYXACHWUA MPOXOIAT NI
obpaTHOoro mpeobtpasoBanusas Pypwe, To mpeodpaszoBanueM Pypbe TPOCT-
paHcTBO S 0TOOGpAKAETCA Ha cebA, T.e. Kaxaas ¢pyukuua (o) € S umeer
mpoo6pas. MOKHO TPOBEPUTD, ITO BCAKAA CXOAAMAACA B S MOCTENOBATE b
HOCTb QyHKIUU ¢, (%) nepeBoauTcs npeobpasoanueMm Dypbe B MOCIETO-
BaTEILHOCTb QPYHKIUY 1, (0), TaKXKe CXOAALIYIOCA B S.

M3 cxa3aHHOrO, B 9aCTHOCTH, CIEAYET, UTO KAXKIBI daeMeHT (o)
IPOCTPAHCTBA Z €CTh DJIEMEHT MPOCTPAHCTBA S. (DTO MOXKHO TOIYIUTH
¥ HEeMOCPEACTBEHHO: U3 OIPEIeJeHIA IPOCTPAHCTRA Z CIEIYET, ITO BCAKAA
dyuxnua (o) € Z OGeckonedso nuddepeHnupyeMa U CTPEMUTCA TIpU
|o] = 00 Kk HymO GBICTpEE MHO6OU CTEmeHn Ti\; namee, TPUMEHAA /s
BBEIYUCICHUA MPOW3BOLHBIX MHTErpaTbHyI0 (dopMyry Komm, MBI MOXeMm
HOMYyYATH TO e CBOUCTBO s Jio0ou mpoussoguon ot ¢(o).) Kpome
TOro, W3 CKa3aHHOT'O BLITEKAET, UTO €CIU MHOCAEIOBATEILHOCTH U, (0)
dbysKIMN W3 Z CXOAATCA B CMBICIE CXOAUMOCTH B 7, TO OHA CXOJAWTCA U
B cMBICIe cxomgmmocTH B S. [lanee, MOCKOIBbKY TPOCTPAHCTBO K BIOKEHO
B MPOCTPAHCTBO S MIOTHO, €ro 06pa3 — MPOCTPAHCTBO / — TaKXke
pacmoJaaraeTcsa WIOTHO B S, Tak 4To o0yl dyakuumio ¢ (o) € S MOXHO
HOMYYUTH KakK npeged (o cxoquMocTy B S) HOCAeI0BATEIbHOCTY (DYHKIUN

Yy (0) € Z.

§ 2. Ilpeo6paszoBammsa Pypre 0606meHHsx Gynkmui. Cayaan
0/JIHOT'0 TIEPEMEHHOT'0

1. Ompegenenme. [lockonbky Mexay npocTpancTBamu K u Z cyime-
CTBYET B3AaUMHO OTHO3HAYHOE COOTBETCTBUE C COXPAHEHUEM JTUHEUHBIX
ONEpALMU U CXOAUMOCTH, AHAJIOTMYIHOE COOTBETCTBUE MOXKHO YCTAHOBUTD
U MEX Iy JUHEUHLIMU HEeMPEPLIBHLIMY (DYHKIIMOHATAMYU HA DTUX MPOCTPAH-
cTBax. MBI yCTAHOBUM DTO COOTBETCTBUE TaK, UTOOBI HA (DYHKIIMOHAIAX,
OoTBevarmUX a0COIIOTHO HHTEIPUPYEMBIM (DYHKUIMUIM, OHO IIEPEXOAUI0 OB
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B COOTBETCTBUE MEXIy (PYHKIUEH U €€ KIACCUIECKUM NpeoOpasoBaHueM
Dypre.

Buadvasne omaTs pacCMOTPUM CIy9all OJHOTO HE3ABUCUMOIO TIEPEMEHHO-
ro.

Ilycts f(z) — abcomoTHO MHTEerpupyemas (yukiua u g(o) — ee
npeobpazosanue Dypwe. Torga s arbon ocHoBHOU QyHKIMU p(T) U ee
upeobpasosanus Pypwe ¥(0) UMeeT MECTO COOTHOIIEHNE

(fip) = 7%@(%)%: % 7% 7¢(U)e‘”"da dr =
= — ww(a) de:c do = — OOMw(cr)da = —(9,%),
Lol ] L [ =2

KOTOpPOE HA3LIBAIOT OOLIMHO pasencmeom Ilapcesas; OHO OCTAETCA CIpa-
BeIIMBLIM U TOrna, kKorga f(x) m ¢(x), a cremoBaTeabHO, U UX Mpeodpa-
soBanua Pypwe ¢g(o) u (0), AU UHTErpUPYEMbI B KBAApaTe Ha OCH.
Pagencreo Ilapcesans nokaseBaer, 4To ¢(0) kak 0600MmEHHAS DYHKIWA
IEeNCTBYET HA OCHOBHYIO (DYHKINIO 1O (HOPMYJIe

(9,%) = 2x(f,¢)- (1)

B sTou ¢popMe OHO MOXKET CIyKUTH OIpenereHneM 000OIMEHHON (PYyHK-
UMM ¢ Ha ODPOCTPAHCTBE Z Ipu JI000HU 3aJaHHON 0000ImenHon Gpyukimun [
ma mpoctpanctBe K. Bymem HasweBaTh (QYyHKIMOHAT ¢, OMPEICICHHBIN
pasencteoM (1), npeobpazosanuem Pypve Pywkyuonasa [ 1 0603HAYATH
cumBonamn F[f] win f.

Ioguepkuem, uro dyuxuumonan F[f] mencrsyer yxe He B mpOCTPAHCT-
Be K, a B IBOUCTBEHHOM MPOCTPAHCTRE Z .

[l1a mpeobpazopanna Oypre 0600IIEHHEIX (PYHKIIUN COXPAHAIOTCA (POp-
MyJbl upGEPEHIIUPOBAHNA OOBIYHLIX Tpeobpasosaunu Dypobe:

P (%) ¥l = FIPGa), )
F {P (%) f} = P(—is)FIf], 3)

Tak 9TO, B JACTHOCTHU, YMHOXKEHUIO Ha ix B mpocTparcTtee K' cooTsert-
crByeT nuddepeHnupoOBaHne B IPOCTPAHCTBE Z' 1 nuddpepeHnupOBaHIo
B mpocTpancTBe K’ oTBedaeT yMHOXKEHHE HA —i$ B IPOCTPAHCTBE Z .
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ll1a I0Ka3aTeTbCTBa IOCTATOMHO paccMoTpeTsh ciydai P (L) = L.

dz
M&uI uMeeM B 5TOM caytae

(Flizf], Flp]) = 2n(izf,p) = 2n(f, —ixp) =
d d
= (F[f],F[—i = | F[f],——F = | —=—FI[f],F
(FUA) Flisel) = (FUL- 5 716]) = (4 FULFIA),
4T0 naeT GopMyay (2); aHATOTUYIHO yCTAHABIUBACTCA (3).
O6parus oneparop F~! ompeneren ma npocTpancTee Z' 1 mepeBoIuT

dyHKIMOHAT ¢ B yHKIUOHAI f 10 Tou xe (opmyae (1) (uuraemon cripasa
HaJeBO), TaK 9YTO

F7'Fifll=f  F[F'g]] =g,

(F ' al9) = 5= (0. FI¢)).

(4)

Ormerum emme, aro dopmyaa FF[p(z)] = 2np(—z) (§ 1, o. 1, popmy-
aa (6)) Jerko mepeHocuTea Ha 0600meHHbe QYyHKIMA. [eNCTBUTENLHO, I
byHKIIUU @, TPUHA IIEKAIIUX TPOCTPAHCTBY S':

(FF[f],FFlp(2)]) = 2r(F[f], Flp(x)]) = (2m)*(f,¢(2)).

Ho cnesa Bmecto FF[p(z)] moxuo moacrasuth 2mp(—x). Coxparas
Ha 27 ¥ 3AMEHAA T HA —T, MBI TOIyTaeM:

FF([f(x)] = 2nf(-x), (5)
410 u Tpedyercs.

2. Ilpumepn. 1. Haungem F[d]. CornacHo onpeneneHuo

o0

@@:%@w:%ﬂm=/www=mm

OTKY A&
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2. Ananormano mangem F[1]:

ﬁ@):mﬂhmzzw/¢@mx:2w/¢@p4ﬂwx:
= 2mp(0) = 27 (4,4),
OTKYyJa
F[1] =1 = 274, F*mzé% (2)

3. Mpeo6pazosanne Pypbe 0T mHoro4vneHa. Vcmonssys dopmy.st (2)—(3)
HAXOIUM:

Fw@n:quyuzp<4§>T:%P<4§>a@, (3)

S

B gacTrOCTH,

F[§(2m)(l‘)] — (_1)m82m, }

F[6(2m+1) (CU)] — (_1)m+1i82m+1-
4. Muddepennuanbuoe ypasaerue (n — 1)-ro mopaika
ny" Y (z) = zy(v) (6)

nocae npeobpaszoBanHua Pypbe NepexoquT B ypaBHEHME 1-T0 MOPAIKa

n(—io)" V(o) = _idu_@) (u=7). (7)
do
Tax kax ypasrenue (n — 1)-ro mopszgka (6) umeer n — 1 IuHENHO HE3aBUCH-
MBIX (OOBIYHBIX) pPeLIeHul, TO U ypaBHeHue 1-ro mopsagka (7) umeer n — 1
JIMHENHO HE3aBUCUMLIX PELIEHUH B MIPOCTPAHCTBE OOOOIIEHHBLIX (DYHKINMN
Hag Z. Mul yxe paccMOTpeau 5T perresus B m. 5 § 1.
5. Mpeobpazosanne Pypbe OT NOKa3aTENLHOU YHKUMU €
€MCs TeM, ITO PAL

bz Bocmomsay-

X In..n
be bz
e ==

Zn!

n=0
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CXOOUTCA B CMBICTE CXOAUMOCTH B TPOCTPAHCTBE K'; 5TO MO3BOMUT BLIYH-

CIUTE €b? TyTeM TOYLIeHHOro MpuMeHeHus onepatopa F x aTomy pagy. Mer
noxy«uM (cMm. dpopmyasr (5)—(6) m. 4 § 1)

ebr = Z Em” = QWZH (—z£> 0(s) = 2md(s — ib). (8)
0

n=0

Dopmyaa (8) MO3BOMAET JEMKO MOAYIUThH NpeobpasoBanus Dypbe y 4acTo
BCTpeYaromumxca pyukun sin bz, cosbx, shbx, chbx:

'eibz _ efibm

Flsinbz] = F T} =in[d(s — b) — d(s + b)], 9)
:eibx +€—ibx

Flcosbzr] = F f} =7[6(s — b) + (s + b)], (10)

Flshbz] = F e _;m] = n[d(s — ib) — 8(s + ib)], (11)
:ebm +€7bz

Flchbz] = F f] = w[d(s — ib) + 6(s + ib)]. (12)

6. lMpeobpazosanne Pypbe 0606LWEHHBIX (PYHKLUMUNA, MPOAONKAEMbIX HA
npocTpaHcTeo S. Ilpeamomoxkum, 4TO (HYHKIMOHAT f, ONpEIEJeHHBIN
IEPBOHAYANBHO HA OpocTpancTBe K, MOXeT OBITH PACIPOCTPAHEH IO
HempepbIBHOCTY Ha, mpocTpancTBo S (em. ri. 1, § 1, m. 10). Tokaxem, 1aTo

npeobpaszosanue Pypre ¢ = f pyHxnmonasa f Takxke pacCHPOCTPAHAETCA
(c mpocTpascTBa Z) HA TIPOCTPAHCTBO S.
[encTBuTensuo, popmyna

(9.9) =2n(f,), ¥ =0, (13)

onpedeasem (QYHKIUOHAT ¢ Cpady Ha BCeX (DYHKUUAX 1), ABIAIOMIUAXCA
npeobpazoBanuamMu Dypbe PYHKIUHN p; TOCKOABKY ¢ MPOHEraeT Bee mMpoc-
TPAHCTBO S, PYHKIUA ¢ Takxke Npoberaet Bce mpPocTpancTBO S. Tak kak
73 CXOOMMOCTH K HyJII0 GYHKINHN 1, € S CIeIyeT CXOAUMOCTb K HYJIIO UX
mpoo6pasos ¢, (x) € S (06e B cMBbICIE MPOCTPAHCTBA S), TO TOLYIaEMbIN
¢yuxnuonan g HenpepwiBeH Ha S. [eucrBureasHo, ecau i, (0) — 0, To
(9,%v) = 2n(f,p0) = 0.

Nrax, dopmyaon (13) ompeneseH HENMPEpHIBHEIN (DYHKIMOHAT ¢ HA S.

Ho mms ¢ € Z om coBmamaer, o4eBHIHO, C mpeobpasoBauumeM Dypbe f

dyuxumonana f, memcrByromero Ha mupocTpancTBe K. Tem cambim f
pacmpocTpassercs ¢ Z Ha S, 9To U TpeGOBAIOCH.
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B uactHOCTH, TpeobpasoBanus Dypoe mepuogmdeckux (GyHKIUn, pu-
HUTHBIX OGOOIIEHHBIX (DYHKIUU M BCEX OOBIYHBIX (DYHKIMU CTEIEHHOT'O
pocTa, a Takke UX MPOU3BOAHBIX MOXHO CUYMTATHL (yHKIMOHATAMU HA S.

—_— o~ —_ N

TakoBel, HanpuMep, 0600menHele GyHkmmn =), 22, |z u |z} sgnz, xoTo-
pPBIE MBI TOAPOOHO PACCMOTPUM B IYHKTE 3.

7. Mpeo6pazosaHne Pypue oT nepumoauyeckon dpyHkuun. Beskas nepuo-
audaeckasa (¢ mepuogoM 27) JOKAIbHO UHTerpupyeMas pyuxnua f(r), Kak
™Mbl Bugenu B 1. 4 § 2 ru. I, mpeacrasasercs B Buge cyMMbl paga Pypobe

fl@) = cne™™, (14)

CXOJAILIErocs B CMBICHe 0600MmeHHbX GyHKuun (f1axe B npocrpanctse S').

Ilpumenssa k paserctBy (14) mpeoGpasosanue Pypbe NOWIEHHO (ITO
3AKOHHO B CUJIY €r0 HEMPEPHIBHOCTHU) W UCMOIb3YA PE3yJbTaT TpPUMEpa b,
HAXOIUM:

Ra?) = ché(s +n). (15)

Taxum 06paszom, GyHkImMoHAT [ (), pACCMATPUBAEMBIN KAK DIEMEHT IIPO-
crparcTBa. S’, COCPEIOTOYEH HA CICTHOM MNOCTEOBATEIHLHOCTH TOYEK
n=0,%+1,£2,...

3. Ilpeo6pazoBammsa Dypbe 06OOIIEHHEIX (YHKIMN a:j\,_, N, |z,

|z|* sgnz. Tloacuamraem mpeobpasoanue Pypbe 0GOOMIEHHON GYHKINN T7) .
OrpasnvuMca cHaYaIa 3HAYEHUAMI \, LI KOTOpeix —1 < Re A < 0.
PaccmoTpum BEIpakeHue
[ee] [ee]
Flzhe ™ = /:c’\ei”e*””d:c = /x)‘eiszd:v (1)
0 0

o 7 =1Im s >0, tak 9To 0 < args < m. DTOT UHTErPAJT 3aBEIOMO CXOIUTC.

Korga 7 — +0, mie‘” CXOMTUTCSA K azi B CMBICJAE OOOOUIEHHEIX (DYHKITUN,

T cTpeMHUTCA K HCKOMOMY

nosToMy mpeoGpasosanume Dypbe oT e
npeo6pasosanuio Dypee OT T .

Berancaum naTerpan (1) ¢ mOMOIIBIO MOACTAHOBKY

isr = =€, isdx = —df, x=-=>, dxr=-——,
s s
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Mu1 nomyunM npu 5ToM
s A+1
A —Ta e A€
Flzie ™ = | — e dg,
5
L

rIe MyTh UHTErpupoBauusa L mpencrasiageT cobou ayd, uayimn u3 0 B 00,

¢ aprymenTom argé = args — 5. CrenoBarenbHo,

7r<a §<7r
—— r —.
g SABS S5

Ho B mpaBoi MOTYILIOCKOCTH e~ ¢ HKCIOHEHIMAIbLHO yOLIBaeT. Iloab3ysch
Teopemon Komm, moaygaem, 9To DOCTETHAN HHTECPAT PABEH HHTETPATY 10
monyocu & > 0, T.e.

/f*e*£d§ =T(\+1),
0

TaK 9TO
Flzhe ™ = ie™2 (o +ir) * 'T(A + 1).
Tax xax mo mpeamoaoxennio —1 < Re A < 0, To u
—1<Re(-A—-1)<0.

Cosepirias npeneabubin mepexon npu 7 — +0, M moaydaem (em. oo I, § 3,
. 6)

Flz}] = ie*TT (A + 1) (o +i0)" 1. (2)

B cumly eIMHCTBEHHOCTH AHAIMTHYECKOrO HpozokeHnal) mra Qopmya

BepHa mpu aw06oM A # —1,—2,... Ecau paszgenuts o6e 9acTU PaBEHCTBA

D3pech (u wacTo gambiie) MCHOTB3YIOTCA CleAyIONIie TPOCThie coo6paxenus. ITycTs
f\ m g\ obobmenHble (yHKIWM, AHAIUTUYECKM 3aBuciAmme or A B obmactu G, u
MyCTh W3BECTHO, 9TO B MeHbimen obractu G C G 0600mennas pyHKOWA ¢y ABIACTCA
npeobpasoBannem PDypre o600menHon dyukumn fy : gy = fy. [lepBoe o3magaer, 4T0
YUCIOBBIE (DYHKIUH OT A

(fka‘p) n (gksd})a (*)

rae o W 1) — OCHOBHBIE (DYHKIWH, AHAIUTUIHLI B obmactu G, a BTOpOE, — €UTO B
obnacte G1, ectn ¢ = @, byHKOUM (*) CBA3AHBI PABEHCTBOM

(gkaw) = QW(fXaLp)' (**)

B cuiy e AMHCTBEHHOCTY AHAIUTUIECKOTO MPOIONKEHUSA PABEHCTBO (#%) COXPAHAETC
B obnactu G u, crefoBaTenbHO, B o6macTr G 0600meHHas (PYHKIUA §) TAKKe ABIACTCSI
npeobpazosanueM Dypbe 0606MeHHON GYHKIAA [ .



194 [JI. II. IPEOBPA3OBAHUSA ®YPBHE OBOBIIEHHBLIX OYHKIINNA 3

Ha ['(A 4+ 1), MBI moaydyuMm cropaBa u CJAeBa LEIble (QYHKIUA OT A, U
CJIe[OBATENBLHO, IIPYU BCEX 3HAUEHUAX A

A
Ty

F [m = iei)‘% ((7 + 7:0)_>\_1. (3)

MoxHO eme HOACTABATL B MPaByld YACTH BHIpaxkeHwe (QyHKImu (o +
+i0)"*"1 (em. rm. 1, § 3). Torga momryanm mpu A # 0,+1,+2,...

F[l‘i] — ZF(/\ + 1) [ei)\%o,;)\fl _ e—i)\%o,:)\fl] : (4)

mpu A =n (n =0,1,2,...)

Flz] =" nlo " 4+ (=1)" ins™ (o). (5)

B wacTrOCTH,
Flz%] = Fl(z)] =ioc™" + né(o), (6)
Flzl] = Flzy] = —07% —imd'(0) (7)

U T.1.

AHATOrMYHO MOXKHO MOACYATATDH U npeobpasosanne Pypoe o 2. T
DTOr0 HYXKHO, MPEIIONOXKUB cHadaga, 910 —1 < Re A < 0, Boruumcantob
F[z*e™"], roe T < 0, a 3aTem mepenTn k npegery mpu 7 — —0. Ilpu aTom
IOy 9aeTCA:

[ee]

; , , i
Flzle ™ = /|:U}‘|e’”e_””dm = /t}‘e_”tdt = <—;> T(A+1).

0

Orcroma mua X # —1,-2,...

Flel] = —ie 3T\ + (o —i0) (8)
U [IPU BCEX A
) -
F [7“)\ ; 1)] = —ie" ™3 (g —i0)7 ML (9)
Mpu A # 0,+1,42,..., mogcrasras peipaxenue (o —i0) ™!, maxoxmm:
Flz2] =T\ + 1) [erEo 21 —emPEg A1 (10)

Ipu A =n (n =0,1,2,...) noxydaem:
Flz"] = "M [(=1)" 'l — ind™ (o). (11)
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Mepeitgem Teneps x 0606mennsM dyuxmuam |z|* u |23 |sgnz. Crrare-

Baa u BorauTas gopmyast (4) u (10), Mer maxogum: mpu A # 0,+1,+2, ...
A
FllzP] = Fla}] + Flz* ] = —2T'(A + 1)sin7”|a|—*—1, (12)
A
Fllz|*sgnz] = Flz}] — Flz2] = 2i0(\ + 1)(:0577T|cr|7’\*1 sgno.  (13)
)

Pasgensnn obe wactu pasencrsBa (12) Ha F( U IOpuMeHAs (op-

MyIy VABOGHHA NIA raMMa-QpyHKmuu'), MOIyYaeM CIeAYIONYIO M3ALIHYIO

dopmyay npeobpazoBanus Dypre s ueaon gpyakuuu fi () = 2-2 F(lgilfl) :
=
273 |z > 275 g AL
Flfa(z)] = F % = V27T|7|>\ =V2rf_x_1(0). (12)
T (3) L (-3)
A
_ 27 %[z sgna
IIpeoGpasys anamoruaso ¢opmyry (13) u monaras gy (z) = TR
HAXO UM ’
275 |o| > Lsgno
Flos(o)] = Vari=— ey = Varigoaa (o). (19)
2

Awnagoruano, mpu A =n (n =0,1,2,...) us popmya (5) u (11) mHaxoxgum

Fll["] = Fla}] + Fla"] =

="M + (=)o 0l + () = 1)ird™ (0)], 4
Fllz|"sgnz] = Flz?}] — F[z"] =
= "1 — (=)™ e Il 4 ((=1)™F 4+ 1)ind ™ (0)].

(15)

B wacruocTu, mas n wernoro, n = 0,2,...,2k,...,
Flz?*] = (=1)k2760%) (5), (16)
Fllz|** sgnz] = 2i(—1)*(2k)lo =2k (17)

a nis n wedernoro, n = 1,3,...,2k+ 1,...,

Fla?* 1] = 2mi(—1)k+1sC2k+1) (5, (18)
Flla**+1] = 2(= 1)k (2k + 1)lo— 22, (19)

DI.M. duxTeHronsu, Kypc, T. 2, 1949, cTp. 784.
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O6o6mennre dynxmun |z|* u |z|)sgnz coxpaHMOT HemMpepHIBHOCTH
M TOPH HEeJEIX OTPUIATENBLHBIX A; I[EPBag — MOPU YETHLIX 3HAYCHU-
aX A = —2k — 2, BTOpasg — TpH HEYETHLIX 3HAYeHUAX A = —2k — 1
(k =0,1,2,...). ®opmyasr npeobpasoanus Pypbe pia >Tux 0600LIEH-
HBIX (YHKIUU HOMY9YaloTCA HemocpencTseHHO u3 dopmya (12) u (13),
eCaUM TIPUMEHWUTL K HUM ele pa3 omeparop F, mcmoan3oBaTh (hOpMyTTy
FF[f(z)] =2nf(—z) (§ 2, . 1, dopmyaa (5)) 1 B pesyibrare 3aMeHUTH T
HA 0 ¥ 0 HA &. MBI MOLy9IUM, TaKUM 06Pa3OM,

F[$_2k_2] — (_1)k+1m|0_|2k+1’ (20)
—1)kir
Flz~ 21 = %hﬂ% sgno. (21)

Mot Bugum, uTo > popMyasl morydaoorca ud gopmya (12) u (13)
mMoACTAaHOBKON A = —2k — 2 u A\ = —2k — 1 cOOTBETCTBEHHO.

ITHUM Xe TPUEMOM, IPUMEHAA BTOPUIHO omepaTop F k gopmynam (3)
u (9) u 3amensas —\ — 1 Ha A, MOXHO HOLYIUTH (POPMYJIBL IPEOOPAZOBAHIN
Dypre ars 0606mennbIx Gynxmui (7 + i0)  (z — i0)>:

2metr 3

F[(l‘ + ZO)A] = mﬂ:/\il; (22)
2me” 3

F[(l‘ - ZO)A] = mﬂ;kil. (23)

IMonyvennrie HaMu 31eCh POPMYJIBI CBeqeHbI B Tabauiy Ha cTp. 197.

4. IIpeoGpazoBanusa Dypbe 06001ICHHBIX (DYHKIMIA xi lnz, m anamo-

riaebixl) . Tuddepernupys mo A npeobpasosanus Dypbe, HAICHHBE B
MPEeABIAYIIEM MYHKTE, MBI MOLyYAaeM HOBBIE (POPMYJIBI MPeOOpA3OBAHUN
®dypre. Tak, audpdepenuupys Gopmyry (2) HOPeALIIyHIErO MyHKTA, MBI
maxomum: mpu A 7# —1,—-2, ...

Flz}Inzy] = ie™% {F’(A +1) (o +i0) Mt —
—T(A+ 1)(0 +i0) " In(o +i0) + igl“(/\ +1)(0 + iO)_}‘—l}:
=ie?3{ [0+ 1) +i ST+ D] (0 +i0) " =

—T(A + 1)(o +i0) > In(o + iO)}. (1)

1)pr[ IIepBOM YTEHUU MOXKHO 3TOT IYHKT IPOIYCTUTh. Pe3yiIpTaThl €ro mpuBeneHb
B KOHIIe KHUTH B CBOZHOU Tabauie npeobpasoBanuin Dypbe.



4] §2. OBOBHIEHHBIE ®YHKIINN OJHOI'O IEPEMEHHOI'O 197
Tabnvua 1
NeNe
/o O6o6mensan GyHKIUA Ee mpeo6pazosanne Pypre
L]z (A#-1,-3,...) —2sin 2ZT (A + 1)|o|~A!
A
2 | fz)=2"2 F(VQ) V271 foa1(0)
2
3 | |zsgnz (A # —2,—4,...) | 2icos 2ZT(A + 1)|o| > !sgno
4| o) =27 EE VErig_s_i(0)
2
5 | 2™ 2(—3)mm6 (M ()
6 |z7™ %am’lsgna
7 |zt iTsgno
8 | z72 —lo|
9 |22 (A#-1,-2,...) T+ 1) [e? 5071 —
e ey
=ie? 2T (A + 1)(o +i0)"21 %)
10 | 2% i"Tnlo™ ! 4 (i)™ ()
11 | O(x) ic™t + 76(o)
1222 (A#£-1,-2,...) i\ + 1) [ePEo 2t —
— e =
= —ie PET (A 4 1) (0 —i0) A1 *)
13 | (z +i0)* e Eor
14 | (z —i0)* rye MEo M
*) Tlepoe — mpu A # 0,+1,+2,...
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Awnanoruuno, nuddepennupys dopmyay (8) m. 3, HAXOAUM, UTO MpU
A#E-1,-2,...

Flz* Inz_] = —ie‘“‘%{ [F’(A +1)— igF(A + )] (o —i0)1 -
~T(A+ 1)(o —i0) > 'In(o — z’O)}. 2)
B uactHOCTH, momaras A = 0, mOTyTaeM:
Fllnz,] = z{ (F'(l) + zg) (0 +i0)"! — (¢ +i0) " In(o + iO)}; 3)
Fllnz_ | = —i{ (r’(1) - ig)(a —i0)~' = (0 — i0) " In(o — z’O)}. (4)
Craemeas u pramras popyysr (1)—(2), Haxoqme:

Fllz) n|z|] = ie™3 [r'(A +1)+ igI‘(A + 1)] (o +i0) 1 —

LT
-2
—ie*3D(\ + 1) (o 4 i0) " n(o + i0) +
+ie” I\ + 1)(0 —i0) "' n(o — i0),

—ie M E [+ 1) = iSO+ 1) (0 —i0) ! -

F[|z|*n|z|sgnz] = ie? |:FI(/\ +1)+ igI‘(A + 1)] (0 +i0)" A1+

jus

+ie PE[IA+1) — igF(A +1))(0 —i0) At -
— e 2T (A 4 1)(0 +i0)™* " In(o + i0) —
—ie” 3D\ + 1)(0 —i0) * Lln(o — i0).

B wacTaocTH, mpu A = 0 umeem:

Flln|z|] = i [r'(l) + zg] (0 +i0)"! — [r'(l) - zg] (0 —i0)"! = -
—i(o +i0) " In(o +i0) + i(oc —i0) "' In(o — i0),
Flin|z|sgnz] = i [F’(l) + zg] (0 +i0)~" +i [F’(1) - zg] (0 —i0)~" —

—i(o 4 i0) " In(o 4 i0) — i(o — i0) " In(o — i0).
(8)
Ilpexenvuein mepexox A — —2k B dopmyae (5) u A - —2k — 1 B

dopuyre (6) mossorser manTy poipaxerns Flz~2¢In|z|] w Flz=2*~1In|z|].
MEI HAIEM STU BLIPAKEHNS HIKE HECKOTLKO WHBIM ITyTeM.
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[Ipeo6paszopanua Pypre o606menubx dynxmm z ", x_", v "Inzy,
2_"Inz_ MOryT 6LITH HAWAEHBI C MOMOLILIO PALOB Jlopana (pyHKINNA xi u

) B OKpECTHOCTH 3HAdMeHN \ = —n. Kax MbI MOMHNM, pasioxenue JlopaHa

dyHKIIIN :cj\i_ B OKPECTHOCTHU 3HAYEHUs A = —1N UMEEeT BUJ

x (=D s (g) . .
= (n = DI(A +n) +a" + (A )zl nzg + .

[Mounennoe mpuMenenue mpeobpasoBanus Pypbe TPUBOAUT K PABIOKEHUIO

(—l)n_1§(n_1)(x)
(n— D!\ +n)

+ Flz "]+ (A+n)Flz"lnzy] +...

(9)
[MosTomy, pasaaras mo cremeHaM A + n GYHKIIIO
Flz}] = ie* T (A + 1) (o +i0) ™" (10)

¥ IPUPABHUBAA KOX(PPUIMEHTH! MOIYYalomerocsa paga COOTBETCTBYIOMINM
ko dunumenTam pajga (9), MbI HalLeM BEIpaxKkeHus npeobpasoBanul Pypre

orz, ",z "Inx,... 3amMmeTum, 9TO €3 u (04i0) "2~ — neasre GyHaKIHHT,
a T'(A+1) umeer mpu A = —1 mousroc 1-r0 mopsAgKa; CIEI0BATEILHO, HCKOMOE
pasaoxenue GpyHknuu (10) mo cremeHam A + n MOXeT OBITH IOJLY9IEHO
Kak mpomssenenne paga Tewropa dyukmuu (o + i0)~*~! u pana Jlopana
dyHKIIIN

AN) = ie? 2T (A + 1).

IepBBi U3 >TUX PALOB UMEET BUI

(0 +i0)™* 1 =671 — (A + n)o™ In(o 4 i0) +

1
+ 5()\ +n)?6" n®(o +i0) 4+ ..., (11)
a BTOPOU MEI 3amuiiieM B (popMe
ne
AN = —— 1 4N +n) + ... (12)

At+n
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(n) (n)

KoaddurmenTsr ay ,aq ... MOXHO BEIMUCTIUTH ABHO; HIXKE IPUBEICHBI X

suavenus. [lepemuoxkasa pann (11) u (12), maxoaum:

ie* 2T (A +1)(0 +i0) > =
(n)

a* —_ n _ n - .
= man U [aMem ! = ™ o™ n(o + i0)] +
(n) _n—1_ () n—1 N L) a1y 2 ,
+ A+n)ay o —ay o 1n(U+zO)+§a_1U In®(o +:0)] + ...
(13)
[pupasauBas xoddpduunentsl pasiaoxenuu (9) u (13), moryaaem:
Flz;" = oo™ = ao" " In(o + i0), (14)
Flo"lnzy] = aﬁ")a”—l - a(()n)an_l In(o + i0) +
1

+ Eaﬁfa”—lhﬁ(a +i0). (15)

AHamTOrnYHEIE BBIYUCJACHUA TPOBONATCA A OMpENeNeHus mpeodpaso-
paanu Pyppe 00600meHHEIX GyHKIUA _"°, z_"lnx_ u T.1. Ucxomum us
pasnoxenus Jlopana

N €))

T o DI T O e

K KOTOPOMY TIPUMEHAEM MOWIEHHO MpeobpasoBanune Dypoe

6= ()

= |

} + FlzZ" ]+ (A +n)F[lz""Inz_] + ... (16)

ITockonbky

F[x)‘] = —ie*i’\%I‘(A + 1)(o — iO)*’\*l,

MBI MOXKEM MONYYAThL MHTEPECYIOMUe HAC (POPMYJIBL PA3I0KEHUEM TTOCIeI-
Hel QYHKIUW 1O cTeneHaM (A + ) ¥ IPUPABHUBAHWEM COOTBETCTBYIOIIAX
KO>(PUUMeHToB noxydamoumerocs paga u paga (16). Mer umeem:

(0 —i0)™* 1 =o' — (A +n)o" In(o —i0) +
1 2 _n-1y. 2 . (17)
—|—§()\+n) 0" In“(oc —i0) + ...,
o b(”)
—ie M TA+1) = BO\) = —— + b + 6N +n) +...,  (18)

T A+n
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OTKyza
Flgr ] = ﬁ n—1 () n—1 _ 3(n) n—1 o
[z2] = g + by o b o™ In(o — i0)] +
+ (A + n)[bgn)zr”_1 - bgn)an_lln(a —1i0)] + (19)
+ %b(_”fanflan(o —i0) + ...
[pupasausas xosdpduuuents B (16) u (19), moxyvaem:
Flz=" =Mo" = b o™ Lin(o — i0), (20)
Flz="Inz_] =Mo" — B o™ In(o — i0) +
+ %b(_nl)an_lan(a —i0), (21)
Hangem Temeps npeobpasoBanua Pypbe 06OOIIEHHBIX (hYHKIIWN:
|z|™", |z|™"sgnz, |z|™"ln|z| u |z|7"In|xz|sgnz.
Pasnoxum dysxumo |2| B pax Teitopa B okpecTHOCTE TOUKE A = —2k:
lz]* = 272 + (A + 2k)2= > In|z| + ...
[Mpumenum nowienuo mpeobpaszoBanue Pypoe:
Fllz|*] = Flz=2*] + (\ + 2k)Flz"** In|2|] + ... (22)
C Opyrou CTOPOHBI, UMEEM:
Fllz]] = —QSin%rF()\ 1o AL
[Monoxum
O = _QSin%”m +1). (23)
Jra pyukumsa npu A = —2k peryJasApHa, Tak 4TO
C\) = + (A +28)*Y 4. (24)
[amee, B OKpeCTHOCTH TOUYKA A = —2k
lo| 27 = ok — (A + 2K) |0 n o] + ... (25)
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ITepemuoxas paznoxenus (24) u (25) u cpaBHUBAs Pe3yAbTAT C PA3TOKE-
HueM (22), HAXOUM:

Pl = C(()Zk)|a_|2kfl (26)
(cp. Beime gopmyay (20) m. 3),
Flz *zl]= o1 — 2*[o[* Llnlo]. (27)

Mpononxus pasaoxenus (22), (24) n (25), MOXKHO GBITO OB AHATOTUTHO
mante F[r~2* In® |z|] m T.1.
Amnasoraano pasnoxum || sgnr B okpecTHOCTH TOUKE A = —2k — 1:

|z sgnz = 2721+ (A 4+ 2k + Dz n|z| + ...
[IpuMeHAA TOWIEHHO npeobpasoBarue Pypbe, MOy IaeM:
Fllz|*sgnz] = Flz72*7" + A+ 2k + )F[z72* " In|z|] + ... (28)
C apyrou cTOpOHHI,

F[|z|*sgnz] = iD(\)|o|* 'sgno,

rie
AT
D()\) = 2cos 7I‘(A +1). (29)
Paanoxum bymxmm D(A) u |o|~*~!sgno no cremenam A + 2k + 1:
D(A) = dP*Y 4 (A + 2k + 1)dPY L (30)
lo|=* 'sgno = |o* sgno — (A + 2k + 1)|o|** In|o|sgno + ... (31)

[Tepemuoxas (30) u (31) u cpaBHuBas ¢ (28), HaxXOAUM:
Flz =21 = id ™V |o?* sgno (32)
(cp. dopmyny (21) m. 3),
Flz= 2 In|z]] = id®* V|0 sgno — id ¥V |o|* Injo|sgno  (33)

u T.0.

Tenepb HaM HYKHO TOACUYUTATEH MpeodpasoBanusa Pypbe 060OIIEHHBIX
Gyuxnun |z|™" u |z|”"In|z| opu zedeTHBIX N M mpeobpasosanus Pypbe
0606uenubx GyHkuui |x|""sgnz u |z| " In|z|sgnz npu wernbix n. Mu
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HamngeM >Tu mpeobpaszosanusa Dypre TeM Ke MyTeM, TOJBKO B OTJINIUE OT
MPEeABIAYIIEro BMECTO pALoB Tennopa Bocmoab3yeMcs psagaMu Jlopasa.

Paznoxum dysxmmo |z|* B pag Jlopama B OKPeCTHOCTH 3HAvEHMA
A=-2k—-1:

5(F) () 1
k) A+ 2k+1

|z|* = 2 + 2] 72 4 (N + 2k + )|z 7 x| + ..

[Tpumenum nowrenHo mpeobpaszoBanne Dypne:
F[C) ()] 1

(2k) X +2k+1
+ A+ 2k + D)F[|z| 2* nz|] + ... (34)

Flla[") = 2 + Flle] 71+

C Ipyro# CTOPOHBI, HEPEMHOKAA PABIOKCHUA
2h+1)
c(\) = ﬁ + P L A2k + DAY 4 (35)

n

: 1 1
lo| 2 =6%F — (A + 2k + 1)o* In|o| + 5()\ + 2k + 1)%6%  In?|o| + ...,

(36)
Oy vaeM:
A C(2f+1)02k (2k+1) 2k (2k+1) ok
- 24 24
Fllz|"] = FTyenE] + {Co o —ci o 1n|a|] +

+(A+2k+1) {cg%“)o?’“ — o2 1n |o| +
1 (o
+ Ec(_2f+1)02k1n2|0|] +... (37)
CaenoBaTenbHo,

F[|$|_2k_1] — C(()2k+1)0_2k _ c(_2f+1)0.2k 1n|0_|, (38)

1 1
Fllz| 2 In|z|] = cé%ﬂ)amc - c(_2f+1)02"1n|0| + ic(_QfH)a% In?|a|,

(39)
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AnanmoruvHbe BEIMACICHUA TPOU3BOIUM C OOOOIIEHHON (DYHKITNEH |a:|)‘ sgnz
B OKPECTHOCTU 3HAYECHUA A = —2k:

5(2k71)(1.) 1
(2k — 1! X+ 2k
+ (A + 2k)|z| **In|z|sgna + ...,
FC*D(2)] 1
2k —1)! A+ 2k
+ (A + 2k)F[|z| **In|z|sgnz] + ... (40)

+ || sgnx +

|z|}sgna = 2

Fllz|*sgnz] = 2 + Fl|z|"**sgna] +

C Ipyrou CTOPOHBI, IEPEMHOXKAA PABIOKEHUA

1
lo|=*'sgno = ¢%*~! — (A + 2k)0®* ' In|o| + 5(}\ + 2k)20%* 1 1n? ||,

(41)
n
d® (2k) (2k)
D) = 35 + e + (200 4 (42)
HAXOUM:
d (2k) (2k)
D(\)|o| ™ tsgno = mo%*l + |dg Y o — d) 02k*11n|0|] +

+ A+ 20)[d 0% — dFH o o] + %d@a?k*l In?|of] + ... (43)
Cpasuusas (40) u (43), monyvaem GhOpMy.JIbHL:

Fllz| =%k sgnz] = id(()2k)02k_1 - id(ff)a%_l In|o],
F[|lz| **In|z|sgnz] = z'dg%)a%*1 - z'd[()%)cr2kflln|o| + %dgf)o%*llf o],

B xoe BLIMUCIEHUN MBI BBEIU CIEAYIOMME (OyHKIUN:

(n)
-1

+al” +a N +n)+ ...,
b

AN = ieM T\ + 1) = 1%
P ) n n
A) = —ie MSTA+ 1) = 372 + 5" + 8 (A +n) + ...,

(A)
()
C\) = —2sin 22T\ +1) = == + ™ + A +n) + ...,
(A)

A+n

(n)
) = 2005 22T\ + 1) = &=L +di” + d™ (A +n).

An
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3ameru™, ato B(A) = A(\) npu BemectBeHHbIX A, T.e. B(\) morygaercs

u3 A(\) samenon ¢ va —i. Janee, C(A) = A(X) + B(\), T.e. C(\) =2Re A(N)

npu BemecTBeHHBIX A, a D(A) = A(\) — B(\), T.e. D(A) = 2{Im A(\) mpnm
(n) _(n) _ (n)

BEII[ECTBEHHEIX \. JHAYEHUA G |, Gy ¥ G; MBI IpUBegeM 0e3 BHIBOIA:

n—1
(n) _ _*
a71 = (TL — 1)|a
NN O S +T/(1) +is
0 = (n _ 1)! 2 e n _ 1 2 )
_ n—1 2
) _ "7 { 1 L.
a -t 2~ gt
1 (n —1)! ; J? #Zk J
i<Gk<n—1
P ST S | RS IO
2 n—1
T 1 1
i1+ = I'(1
+12{+2+ +—+ ()”,
™ = @™ = 2Re al™;  d™ = 2Im o™
B gacTrOCTH,
ny (—’L n—1 (n) _ 2(_1)n—1 4
O R )
m) _ 2(=1)" nr
d") TR sin(n )2.

5. IlpeobpazoBanme Dypre obGobmenHon bymkmm (az’? + br + c)j‘_
Paccvorpum dymxmmo (az? + bx + c)i, paryo (az’® + bx + c)* mpm
Tex z, mpu KOTOPEIX ax’ + bz + ¢ > 0, 1 paBHYIO HYTIO MPU OCTATHHKIX .
CooTeercTByOman 0600meHHAS (PYHKIUA ONPEIeJIeTCS PABEHCTBOM

((am2 + bx + c)i,go(:n)) = / (az® + bx + c) o(z)dz (1)
az24bxr+c>0
Opu Tex )\, IpU KOTOPHEIX MHTErpas CyMEeCTBYET, a TPU APYTUX A — Kak
AHATUTUYIECKOE TPOJOMKECHIE DTOTO HHTETPATA.

O6macts, B KoTopoh ax? 4+ bx + ¢ > 0, ecIu OHA CYIMIECTBYET, MOXKET
IMEThb OQUH M3 CIeOYIIINX BUIOB:

1) umrepBar a < x < 3;
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2) BCA OpAMAT;
) mymzr <aunz>fS(a<pP);
4) BCA IpAMAA 32 UCKIIOYEHWEM OTHOM TOYKA T = (.

JIMHENHBIM TIPEOGPA3OBAHIEM MEPEMEHHOTO I (COABATOM W PACTAKEHU-
eM) MOKHO cBecT dyHKIuo (ar’+br+c)} K 04HOMY U3 CIeIYIOMUX TUIOB:
B cryaae 1) x (1 —2?)}; B cayqae 2) x (14 2)} = (1 + 2%)*; B cyqae 3)
k (22 —1)}; B cayuae 4) x 23}, Ilocaeauit cIyv¥ail HAC UHTEPECOBATE HE

21
OyzeT, Tak Kak (GyHKIUA £ U ee npeobpasoBanne Dyphe M3yTeHbl BHIIE.

B mepBoMm cay4ae maTerpas
1
[ =aeta)ds
Z1

cxogurea npu Re A > —1; npu apyrux A ero peryispusanus (aHAIATU-
YEeCKOe TPOIOMIKEHNE) TTOAYIAeTCA M0 (POPMyJIaM, yKa3aHHBIM B § 3 . 1.
Mpu >ToM BEIACHAETCA, 9TO 0600meHHaa pyukmua (1 — :UQ)i AHATUTUIHA,
BCIOIY, 3& WCKIOYEHWeM Todek A = —1,—2,...,—k,..., B KOTOPBLIX OHA

(—1)F1gk=1(1-42)
!

“MeeT IOMIOCH; BBEIYET B moJjioce A = —k paBeH =) . 31echb

=D (1 — %) — o6oOIeHHAsS DYHKIMA, OIpeseIseMasn HOPMyJIOn

(k1) o _ (DM (k=1)

Awnanoruano o6o6mennas byukmusa (14 x2)*, ompenenensas cxoammM-
ca mpu Re A < —1 umrerpanoum

/ (1 +22)\p()dz,

aHAINTHYHA IIPU BCeX \, a 06o0menHas ¢ynknua (22 — 1)}, onpenerennasn
xak cymma, cxomgammuxcsa mpu —1 < Re A < —% WHTErpajaoB

-1

/ (1 — 22 p(z)dx + 7(1 — ) p(z)dz,

—00
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amamuTUaHa, mpu A # —1,—2,... U umMeeT B TOUKEe A = —k TOTIOC C
eron CLTIO V@D 5 §*=1 (22 —1) — oboGmennas
BEIIETOM = . 31echb IeHHAas QyHKIAA,

onpenenaeMas pOpMyIou

5(k71)(1,2 _ 1) — (—1)k715(k71)(1 _ 1,2) —
= S 4@ = 1) = 60D 4 1],

B CBA3W C MPUWBEIEHHLIMHU OTIPEJETEeHUAME TafuM o0IIee ompenereHre 0000IeHHbIX
dymxmmit 5(f(z)) m 60 (f()).

IIycrs cragana f(z) — Geckomedno auddepennupyemas GyHKINA, IMEIOMAT €IMH-
CTBEHHBII W IPATOM HPOCTOM KOPEHb mpm & = Zo, npudem f'(zo) > 0. Cpenaem B
WHTErpase

/ S(B)p(t)dt = (0) M

nogcranosky t = f(z). @®opumyna (I) mepenmmercs B Buge
[st@ne@Ns @) = w0
nonoxus ¢(f(z))f (z) = ¢(z), noryaum:

(o)
[atr@)uiarde = Z20.
f'(zo)

Ecmm f'(zo) < 0, TO 9TOOBI Cl1eBa WHTErPHPOBAHME IPOU3BOAMIOCH B CTODPOHY
BO3pACTaHUA T, HAJO TOCTABUTH TEPEI WHTErPajoM 3HAK MWUHYC; TakuMm oO6pas3oM, B
obmmeM ciaydae

¥ (o)

/ @@ = 0 (1)

DTU HABOAAMUE COOOPAXKEHWS [eNA0T eCTeCTBEHHBIM CIEAYIOIEe OIIpe/eleHue.
IIycrs f(z) — nuddepennupyemas GyHKINA, IMEIOMAA OAWH M IPATOM IPOCTOU KOPEHB
z =xg. O606mennas dyukuus 0(f(z)) ects dyuxnuonarn, onpexensemsn dhopmyon (II),
rae ¢(x) — a06as OCHOBHAA (DYHKIUA.

IIycts Temeps f(T) mMeeT HPOM3BONBHOE HHCIO NPOCTHIX KOPHeW. B sTom cirywae
ecrecTBeHHO onpeneauts §( f(x)) dopmynon

_ "Z}(xn)

[ =3 5o (1)
rae CyMMHDOBAaHHE MPOU3BOAUTCA MO BCEM KOpHAM ypaBHeHusa f(z) = 0; MOXHO
epenucaTs ee B BUE

1
) = ————0(x — n). v
) = 2 [y ) ()

Hanmpuwmep, d(sinz) = > d(z — 7n).
n

Onpegenenue 6(F)(f(x)) merxo momyunrs u3 (IV) popmarsubiv quddepeHInpora-
auem. Juddepennnpys dopmyry (IV) oame pa3s, momy<amm:

5 (f@)f () = 3 m%m 2.
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Ha f’(z) moxnO pa3gemmts, Tak Kak [’ (T) B TOYKax & = Tp HE OOPAIMAETCA B HYJIb:

, B 1 1 d
T =D e T @@ )

IIponomxas quddepeHIpOBaHNe, IPUXOIUM K CIeAYIOMEMY ONPeNeIeHu0:

k(f(z)) = L 1 4 ’ T —x
7 ))_;v'(xnn(f'(x)dx) O = 2n)- ™

Hangem npeobpasosanus Pypre 0600wmenubix ¢yuxuun (1 — :L'2)j‘_,
(14 2%)*, (z? — 1)}. OTu npeobpasopanus Pypbe Ipu Tex A, IpU KOTOPIX
COOTBETCTBYIOUINE UHTETPAJIBI CXOIATCA, BHIPAKAIOTCA Uepe3 GecceneBhl
(dbysKINM; B CUTy eIMHCTBEHHOCTH AHATATHYECKOTO MPOMOMKEHUS DTU
BLIDAXKCHMA COXPAHAIOTCA W MpHU APYruX . MHTEpecHo, 9TO HmpH IEIbIX
3HAYEHUAX MAPAMETPa A YIAeTCA BHIPA3UTHL dTU mpeobpasosanus Dypbe
Yepes DIeMEeHTApHEE (GYHKIMA U 9epe3 MPOU3BOAHEE OT O-pyHKIuU. Tem
CaMBIM YCTAHABIUBAIOTCA CBA3M MEXK Iy GECCETCBEIMU (DYHKITMAME, C OTHON
CTOPOHEI, ¥ TIPOM3BOIHLIMA OT O-(QyHKIUH, C TPYTON.

Mur HawHeM ¢ BuIBOAA mpeobpaszosanus Dypbe 0600IIeHHON DYHKIINN
(1 — 22)*. IIpu Re A > —1 mmeeT mecto dopmyral)

1

_a—41
2N\ i _ S 2
/(1 — 2 ei®dy = /D) + 1) (5) Ty (s). (2)
Z1
Dyuknus, cTogmAsL CIPaBa, & CIEIOBATEIBHO U (DYHKIUA CIEBA, AHAIA-
TUYHA IPU BCEX A , KpoMe A = —1,—2,...; B 3TUX TOUYKAX PACCMATPUBAEMOE

BEIpaXKEHUEe NMeeT IPOCTHIE ITOTIOCHI.
Takum o6pasom, npeobpasosanue Pypre 0606mennon yuxmun (1 —

— 2%)} BRIpaxkaeTca GpopMy.ION

s\~ A3
Fla=a2] =varO+ D (5) " Iy (s, (2')
OHO CYWIECTBYET mpu Bcex A # —1,—2,...
Boiver HAMHCAHHOTO BEIDAXKEHUA TIPU A = —7, paBeH
(—1)nt s\""3
mﬁ(i) J i1 (s). (3)

DTOT BLIYET MOXKHO BLIPA3UTL U nHAYE. [l 3TOro pazgeamm o6e IacTu
pasenctTsa (2) ma I'(A + 1) u mangem npegen mpu A — —n. Tak kax

A
(1 B £E2)+ — 5(n71)(1 _ 562),

DUM. Poixuk u N.C. TpagwTeitn, Tabmumst, 1951, crp. 345, bopmyra 6.413, 3.
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TO
Va(3) e = [ e, (1

TMocnegaun mHTErpa, KaK HETPYIHO TONCINTATE, PABEH

1 5, d»' /coss
gn—1° (sds)”*l( s ) (5)

OTO ¥ eCTh BTOPOE BLIPAKEHUE BLHIUETA MIPUA \ = —11.
ITpu pnenwix A = n > 0 gerko nomy4aercs popmyaa

/1(1 _ g?)neinsdy = gntip(—1)n (Si”) . (6)

(sds)™ \ s

[na mokaszaTeabCTBa >TOU (POPMYJIBI 3AMETUM, ITO OHA CIPABEJIUBA MPU

n = 0. IIycte dpopmyaa (6) cupasesmusa gis Hekoroporo n. [Ipumensas x

d

obenM dacTsAM paseHcTBa (6) omeparop U2E U UHTErPUpys IO IACTAM,
MOXKHO yOeIUTHCA B CIPABELINBOCTH >TOU (GOPMYJILI U Ipu 1 + 1.

M3 nosxy4ueHHBIX (DOPMYJI JETKO BEIBECTHU BhIpaXKeHMe 6eCCeneBon MYHKIMN ITOLYIeN0-

ro apryMenTa depe3 saeMenTapuble gyrxmuu. CpasamBas gopmyast (3)—(5), Haxonmm:

=0 () "

VYKazaHHOe BBHIPAXKEHWE NPUMEHUMO, eCIW MHAEKC OeCCeNeBON (GYHKINW OTPUIATENEH.
YT06bI HAUTHU BEIpAXKEHUE GECCeneBoll (GYHKINM C MOJOKNTENBHBIM HOLYLEeTbIM NHIEKCOM
qepes pIeMeHTApHBIE (GYHKINY, TOT0KUM B dhopmyre (2) A = n:
1
2\n irs ] s
(1 —z?)"e™dx = nly/m 5

—1

1
—n—3

Tusy(®): ®)

CpasuuBas (6) u (8), HaxoauUM

g @) = e 2O (), @

Taxkum 06pa3oM, MBI TOKA3aJI1, YTO KaK IPU OTPUIATEIHHBIX, TAK U IIPYU TOJ0XKATENbHBIX
HOXYNeNbIX 3HAYeHWAX I GyHKOmMA Jr(Z) BBIpAXKAETCA 9epe3 dIeMEeHTAPHbIE (hYHKIUN.

PacemoTrpum Teneps dynxmmo (1 4+ 22)*. lipeo6paszosanue dyphe 510k
¢yaxmun npu Re A < 0 pasro')

[asepema - 20 g o

— 00

DU.M.Poixuk u U.C.TpagwTeitn, Tabmumel, 1951, crp. 281, dopmyra 5.116, 1.
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®opmyna (9) coxpamserca mpu Bcex A. IIpu HEMBIX HEOTPUIATETLHBIX
A = n uckomoe mnpeobpazoBame DPypbe JErKO HAXOTUTCA HEIOCPe-
, & (pyHK-

s |s|”\*%K_>\_%(|s|) umeer noaoc. [Ipeo6paszosanue Pypbe pyHKIUMN

creerno: gyskmua (1 + 22)* asrgerca muorowrenom (1 + z2)"

n
(1 + 2%)", xaK MBI 3HaeM, paBHO (1 - ;—:2) 5(s).

Orciona crenyer, 9TO

Jim o R = VA (1o ) e o)

Haxowerr, paccmorpum npeobpasosanue Dypbe 0600IIeHHON DYHKIINN
(z* — 1)}. Ono pasro

—1 00 [e’e)

/(:U2 — 1) e %dx + /(:U2 — 1) dz = 2/(3:2 — 1) cosszdr. (11)

— 00 1 1

Ho mpu —1 < Re A < 0 umeer mecTo paBencTso!)

r T(A+1
/(:U2 — 1)} cosswdr = —MN?/F;(M). (12)
A3 2
g 20377
Orcroma cmemyer, 9To misa Bcex A # —1,—2 ... mpeobOpasosanue Dypoe

o606mennol Gyrkimn (z? — 1)} pasHO

00 a1
2/(3;2 1) cossrdr = T+ DV |37 Ny (sl) =
1

a3 cosm (A + 3) J_x—1(s]) = Jxy 2 (Is])
sinw()\ + %)

S

=r(,\+1)\/7?‘§‘

. (13)

DTanm xe, crp. 347, dbopmyna 6.422
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Oco6eHHO TPOCTO TOACYUTHIBAETCA mpeobpaszoBanne DPypbe QyHKIUN
(x> —1)" (n = 0,1,2,...). B aTom cryuae

o0
2/(x2 — 1)"cossxdx =
1

o] 1
= / (z% — 1)"e'**dx 4+ (—1)" ! /(1 — z)"e T dy =
—o00 —1

2 _n—1
n—gy

= 21(~1)" <1 + %) n(s(.s) + (1) /T (g) Joia(s). (14)

Takmm 06pasom, npeobpasosanne Pypoe pyrkuun (z? — 1)7 paBHO

1
& —n—}

21(—1)" <1 + E)715(3) + (—1)““\/7?(%) Joia(s).  (15)

6. IIpeobpazoBamme Pyppe aHamUTHIeCKUX (yHKIMOHATOB. Paccmo-
TPUM AHATUTUIECKUN (HPYHKIIMOHAT B IPOCTPAHCTRE Z

(0,9) = / 9()(s)ds. (1)
N

KouTyp unrerpupoBanus [ mpennonaraeTcs KOHETHBIM UIU 6€CKOHETHBIM,
HO 3aBeJOMO TaKnM, BIOIb KOTOPOro ¢yrkmua g(s)e™ abcomoTHO mTe-
rpupyeMma npu Jr00M BemecTBeHHOM b. Mbr yTBepxgaeMm, 4To (QyHKIMO-
HaJ ¢ sBJaseTCsA npeobpasoBanueM Pypbe PeryasapHoro (pyHKINOHATIA HAL
MPOCTPaHCTBOM K, OTIPEeNeIeHHOr0 (PyHKITIen

f@) = o [ als)einnas. @

T

Ipex ne Bcero 3amerum, uTo yuxnus f(x) onperenena dpopmyaon (2)
IJS BCEX T B cury mpeanonoxenus o kKoutype I. Iycts ¢(x) — ocHoBHAA
dyuxmus, npeodbpasoanueM Pypbe KOTOPOU CIyRKUT GyHKIMA 1) (s); TO-
raa, moactasisasa B popmyiy (1) Beipaxenue (s) gepes (), Mbl HaX04UM:

(g0) = [ 90 7 p@)edo | = fgo(x) [atsreivas o =
r — 00 —00

N
p / F@e(e)ds = 2n(f. ),



212 [JI. II. IPEOBPA3OBAHUSA ®YPBHE OBOBIIEHHBLIX OYHKIINNA 1

rae f(z) onpenerena dopMyaon (2), YTO U yTBEPK JACTCA.
IIycTs, Hampumep, I' eCTh OrpaHUYICHHBIN 3aMKHYTHIH KOHTYD, BHYTPH
KOTODPOI'0 UMEETCA U30JAUPOBaHHAA 0c0basA ToUKa So pyHxuuu ¢(s). B srom

caydae GyHkuusa f(z), COMIACHO TeOpeMe O BbIYETaX, UMEET BU

m = /Q(S)fi%smdx = 27 - o1 [g(s)e 7).

J s=s0
Mpumep. PaccMmoTpuMm anamuTudecKnnn (pyHKIMOHAL
ico
9@ = [ e ulds 8
—ioco

C MHTErpPUPOBAHUEM MO MHUMOU OCH (WUIU MO JIOO0MY SKBUBAJICHTHOMY
nytu). o gokaszanHoMy, (YHKIMOHAT ¢ ecTb mpeobGpasoBanue Dypbe
dyukmum f, onpenenseMod PABEHCTBOM

100

) o
f(a:)zi /eTe’”ds.
2T
—1i00

OTOT MHTErpaJ JerKO BLIYUCIACTCA. SAMEHUM B HEM S HA iT, OH IePeraeT
TOr[a B MHTErPaJ

P
= —e? e~ 2dr = ez,

Takum 06pa3oM, aHATUTUYECKUT (DYHKIUOHA (3) ABIAETCA IPEoOPa3o-
Baamem Dypbe QyHKIAR

¢ =2
f(a:)z—\/Q_ﬁe .

O6pamias 5TOT pe3yabTaT, HoIydaeM, 9To npeobpasoBanueM Dypbe GyHK-
2

UM 7 CIyXKUT aHATHTUIECKUE (PYHKIMOHAT, ONpefendaeMbli (hyHKIIe:t

2
- s - .
iV2me'z u KOHTYypoM (—i00, i00).
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§ 3. IIpeo6paszosarua Pypre 06006meHHBXx pyHknum. Coaydan
HECKOJBbKHX II€EPEMEHHBIX

1. Ompegenenne. IIpeobpasoranue Pypobe pyHKIMOHATA f, TEUCTBYIO-
mero "Ha npocTpascTBe K 0CHOBHBIX GYHKIUY ((Z) OT HECKOJIBKUAX HE3ABY-
CUMBIX TIEPEMEHHBIX T = (Z1,... ,Tp), OMPEnerdeTcsa KaK GyHKIMOHAT ¢ Ha
OPOCTPAHCTBE Z OCHOBHLIX ByHKIUA 1(S), $ = (81,...,8,), AEUCTBYIOUIUI
o popmyae

(9,9) = 2m)"(f,%0), (1)

rge ¥ = @ ectb npeobpasosanue Pypre pynkuun (). PyHKunoHAI g

JIMHEEeH U HempephIBeH; OH 0603HavaeTcsa depes f wim F[f]. Pesyabrars § 2
[EPEHOCATCS Ha DTOT CIydan 6e3 ocobbix uamenernst. Popmyast (2)—(3) m. 1
IPUOOPETAT CICAYIOMNY BIL: eCIn P — MHOrOYIEH OT N MePEeMEHHBIX C
TMOCTOSHHBIMA KO3(PUIIMEHTAMH, TO

P ) FUT = FIP(io,e.c i) )

F{P( o .9 >f] = P(—isy,...,—isn)f. (3)

Oxy’ " Oy,

O6parus onepaTop F~! gefictByer B mpocTpaHcTBe Z' U IEePEBOIAT
ero B mpocTpancTeo K' mo gopmyae

(F'g,9) = (9,F¢p). (4)

1
(2m)"

Ecamu f(xr) — dyukuus, obaagatomas npeobpasoBanuem Dypoe B

KTaCCUIEeCKOM CMBICTE, TO (DYHKIMOHAT [ €CTh Pery/IapHBIN (QyHKIMOHAT,
cooTBeTcTByOmMI npeobpaszosanuio Pypee pyuxuun f(z).

N3 cuHTYIApHLIX (PYyHKINOHATOB MTPOCTEUIIAM ABIAETCA NeTbTa-(PyHK-
A 109 Hee UMET MECTO (POPMYJIBI

S(x) =1, 1=(2m)"8(s), (5)
aHajormvHee GopMyram (2) m. 2 § 2.
Dopmyna npeobpazosanus Dypve om MHO20UAEHA TIOLYIACTCA KOMOU-

HupoBauueM dopmyr (2) u (5):

F[P(z1,...,z,)] = F[P(z1,...,2,)1] = (27)"P (—zi ,—ii> d(s).
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BriicuuMm, kax BHIIAZUT TpeobpasoBanume Dypbe 0T 0OOOIIEHHOU
dyskmuu f, K KOTOPOU MOpPUMEHEHa HEKOTOpas Olepaiud U JIUHEAHOI'O
IpeoOpa30BAHNA HE3ABUCUMEIX epeMenHbix (nr. [[§ 1, m. 6). [aa ocuoBrOU

dbyaxmun o(r) MBI mMeem, mogaras u L = y, ¥ = uy, dv = |u|dy:

Flou™'a)] = [ou™a)e® o = fu] [ oly)ei=dy =

= IU|/90(y)e““"”y)dy = |ulg(u'),

T.e. npeo6pa306anmo ’U,71 6 obaacmu NEPEMEHHBIL T O0MBeUaem conpa-

acennoe mpeobpasosanue u' 6 06AGCTMU NEPEMEHHBIT T U YMHONCEHUE
pesyavmama wa |u|. Jaree mis o6o6mennon GyHKImMn [ Mbl Oy1eM UMeTh,
obo3Hadas, Kak Bcerna, (o) = Flo(z)]:

(F[f (uz)], Flp(z)]) = 2m)" (f (uz),p(2)) =
= (2m)" (f(2),0(u™"2)) = (Ff(2)], Flp(u™" )]) =
= (FIf(@)] [ulp(u'e)) = [ul(F[f ()], Fle(w' ).

O6osuagan nanee, g(o) = F[f(x)], gu(o) = Flp(uz)], Mbl moxygaem:

(9u(0),%(0)) = (9(0),¥(u'0)) = (9(u'~"0),(0)),

OTKyIa

gu(@) = |ulg(u'" o).

Taxum o6pazom, npeobpazosanuto f(x) — f(uz) 6 npocmpancmee 0606-
wennbir Gymxyut omseuwaem npeobpazosanue g(o) — |ulg(u'"to) 6 npoc-
mpancmae npeobpazosanuti Dypve.

B wacTrOCTH, ecm 0606mmeHHEAS (DYHKIUA [ MHBAPUAHTHA, OTHOCUTE b
HO npeoOpaszoBanusa u, Taxk uto f(ux)= f(z), To ee npeobpazosanue Pypbe
MHBAPMAHTHO OTHOCHTETBHO mpeobpaszoBanus u' ! u ymHOXeHWA Ha |ul,
trax 4To |u|g(u'~lo) = g(o). Hanpumep, ecmu obGobmennas byHKkms f
chepuIecKr CUMMETPUYHA, T.€. IIA4 KaXIOrO MOBOPOTA U MBI WMEEM
flux) = f(x), To n ee npeobpazosanue Pypbe chHepuiecKn CUMMETPUTHO,

MOCKOMBKY IS TOBOPOTA BBEIIOMHAIOTCA cOOTHOMmerns u'~! = u, |u| = 1.

2. TIpeoGpazosanme @Pypre mupsamoro mpousBegemus. llycrs f(z) u
9(y) — nmamubIe 060O0UIEHHBIE (DYHKIIMA COOTBETCTBEHHO, MO MEPEMEHHBIM

= (210 s20) K Y = Wiseersym), @ F(E), G(n) — wx mpeodpanopammn
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®Dypwe. Toraa npeobpazosanue Pypve npamoeo npouzsedenus f(x)g(y) (mo
BCEM TIEPEMEHHLIM) 6bIPANCALTNCA NO HopMyLe

Ff x gl = f(§) x g(n),

T.e. PABHO Npamomy npoussedenuto npeobpazosanuti Dypve Gymryuona-
108 f u g. lna nokasareabcTBa foctarodro (cum. ru. I, § 4, o. 1) nposepurs

n
TpebyeMoe PABEeHCTBO HA OCHOBHBIX QYHKIUAX ¢(,y) Buga Y ¢;(x)Y;(y).
j=1
Mur uMeeM B 5TOM Caytae

(Fx 0.3 pi) = 0™ (f x 9,3 puity) =
= @)™ (Fpn)g.) = Y (581 @.95) =
= (Fx @Y @it) = (Fx 3.y 0ity),

YTO U yTBEPKIACTCA.
Mpumepsi. 1. Ecau f(z) = 6(x), To Hama GopMyna NPUBOAATCA K BALY

Flo(x) x g(y)] = 1(§) x g(n).

B wacTHOCTH,

Flo(z) x L(y)] = 1(€) x (2m)™d(n).

Nubivu caosamu, npeobpasosanre DPypbe XapaKTEePUCTUICCKON (hYHKIIUN
HOANPOCTPAHCTBA R, €CTh XapaKTepUCTHIeCKas (PYHKINI IOAIPOCTPAH-
crBa R, yMHOXeHHAS Ha (27)™.

2. ocrpoum npeobpasosanve Pypre pyuxuuu f(z,y) AByx mepemen-
ubIX, pasuaou 1 npu z > 0,y > 0 u paBaou 0 IpU OCTAIBHLIX 3HAYEHUSX I, .
OTa QYHKIMA ecTh NpousBenenue (U, CIeJOBATENLHO, IPAMOE MPOU3BELe-
Hue) pyukuun 0(x) u 0(y). Orcioga B coorseTcTBuu ¢ hopmyaon (6) m. 3 § 2
Oy IaeM:

flw,y) = 0(x) x 8(y) = [76(&) +ie ] x [x(n) + in~"].

3. IIpeo6pazoBamme Pypne oGoburenHon Gynkmmm . O600meHHAR
dyaxmua r cormaceo m. 9 § 3 rur. I, ompenenena mpu A # —n,—n — 2,...
u cepuyecku cummerpudna. I[losTomy ee mpeobpaszosanue Dypoe gy (o)
€CTh Tak¥ke C(hepuIecKku cuMMeTpudHas ob6o0menHas gyuxuusa. Uarerpan
Dypre

a(o) = /7"}‘6"(”7’”)dm
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cxoqurcsa mpu —n < Re A < 0 u npexcrasiasgeT cobon ChHepudIecKn CUM-
METPUYHYIO (PYHKIINIO, T.e. PYHKIUIO OT p = 20']2.. [anee, mpu m060M
t>0

gr(to) = /r)‘ei(t"’x)dx = /r}‘ei("’t’”)d:c;

coBepIag MpeoOpa3oBaHMe KOOpPAMHAT tx = y, © = t 'y, dx = t "dy,
r = |z| = t7'|y|, Mbr nomy1aem:

gr(to) = / [y el W dy = 1A gy (o).

DTo o3HavaeT, 4TO g)(0) ecTb OAHOpPOAHAS (QYHKLUUA CTEHEHH —A — M.
MoaTomy ona umeer Bug gy (o) =Cy p~ ™. Beraucmy nocrosunyio Cy. s

sToro ucrombsyem dopmyry (ga,1) = (27)*(r*, ), B KoTOpoit momoKIM")
5 2 2

n 0
= (27)2e” 2, U MBI IOLYIUM:

Cx(27) 2 /ef%pfnf)‘da = (27r)"/r)‘67§da:.

WuTerpansl copaBa W CIEBA BBEIYUCASAIOTCSA MEPEXOAOM K CHEpPUIECKUM
KOOPAMHATAM; TIPU 3TOM MOXKHO Pa3JeIUTh HA IIOMATH €IUHUIHOU Chephl
¢ 06erxX CTOPOH ¥ 3aMEHUTEH HHTEIPATL OJHOKPATHEIMH, 3aIMCHIBaA p” L dp
BMecTo do u " dr Bmecto dz. IonyuuBnmecs BBIPaKeHUA BEIMUCIAIOTCA
TEemephb C MOMOIIBI0 TaMMa-(hyHKITUN:

efép*)‘*ldp —92 211 <—%> ,

/e_ér)""”_ldr =275 <>\ * n)
5 |-

0

Orcroga maxoaum:

A A
oy = ap+22 303 DY g 5 DY) (1)
r(-3) r(=3)
DMer moassyemca dopumynoin F |:e_7] = V2me~ 2 (n =1). Cm. U.M. Pbixuk u

N.C. TpagwTenn, Tabmumsr, 1951, crp. 281, ¢popmymra 5.119.
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U, CIeTOBATEILHO,

mﬂ . (2)

ITO paBeHCTBO, BEIBeAeHHOE 111 —n < Re A <0, ocTaercsa cipaBeuBLIM B
ITOJIHOK OOJIACTH CYIIECTBOBAHUA AHAIUTUIECKON Dy HKIIA 7‘)‘, T.e. IpU BCexX
A# —n,—n — 2,... (B UCKIIOYEHHBIX TOYKAX (DyHKIUA r umeer HOJIOCHI).

Pasgensna popmyay (2) ma T ()"5—”), OPUXOAUM K CJAEIYIOmEer IPOCTOR
A

dopmyae npeobpazosanua Pypbe 1aa uemon pyuxiuu fy(r) = 2-32 F( §+n) :
2

—-A—n

Agn T
(=2)

Flfa(r)] = (2m)2272
Pasnoxenue dyukmuu r B pag Teittopa wm Jlopana TPUBOINT K HOBBIM
dopmymaam npeobpazoBanun Dypobe.
Mzt 3naem u3 1. 6 § 4 rui. I, 970 B OKPECTHOCTH PEryJAPHON TOYKHU Ag

= (2m)% foa—n(p)- (2)

—

1
=12 4 (X = Xo)r o Inr + 5()\ —Xo)2rMInr + ...
Orcroga
~  ~ 1
rd =prdo 4+ (XA — /\O)F[r>‘° Inr] + 5(/\ - )\O)QF[TAO In? ]+ ... (3)

C apyro# cTOpoHBI, pasmaras ¢yuknmo rr = Cyp 2"

TOYKU Ag B pan Temnopa, MbI TOTyIUM:

B OKPECTHOCTHU

Crp™ 7" = Cagp ™+ (0 = X)[Ch, 7 4 g™ g +

1
+ 5= X0)?[CR,p ™" 205 p 0 Inp + Crgp T I p) 4 (4)

CpaBuuBas ko> dUINEHTH B pastoxennsax (4) u (3), norygaem:

Flr*Inr] = C4 p 2 " + Cx,p ™ "lnp, (5)
Flr*oIn?r] = C’;\'Op_)‘o_” + QCf\Op_)‘O_”lnp + Cyp M In%p  (6)

u T.1.
B okpectrOoCcTE OCO60OU TOYKHA A = —n — 2m,

A a-1

:m+ao+a1(z\+n+2m)+, (7)

r
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rae KospQUIUeHTH a_1,dg,d1,... AMEIOT Bepaxkenus (ru. I, § 4, m. 6)
§@2m) (p
a_1 = QnA, ap = Qur2""™ ap = Qur T M nr, L (8)
(2m)!

OpUMeHsAA K OOeuM dYacTsAM paBeHCTBA (7) MOWIEHHO IPeoOpa3soBaHue
Ddypoe, HaxonquMm:

5 _Qu FEC™(1)]
" 2m)!' X +n +2m

+ QnF[r—Qn—m] +
+ QA+ n+2m)Fr 2" "Inr]+ ... (9)

C Ipyrou cTOPOHBI, B OKPECTHOCTHU STOU K€ TOIKU

(n+2m)
Cap™ " = (cli + c(()n+2m) + c§n+2m) A+n+2m)+ > X

A+n+2m

2 . (rF2m) om

™4+ (A 2 m] )=
X (P +A+n+2m)p""Inp+...) /\+n+2m+

+ (™ 2 p 4 (T g2 (X 4+ 2m) X

1 . .
% <§c(nl+2m)p2m ln2p + C[()71-&-2m)p2m Inp + an+2m)p2m> +... (10)

MpupasauBag cooTBeTCTBYOMNE KO3DdumenTsl pasaoxenun (10) u (8),
HOMYy IaeM:

2
(2m)!

QnF[’I“72n7m] — C(711—&-2m)p2m lnp + C(()71—&-2m)pgm,

F[6(2m) (’I“)] — c£n1+2m)p2m,

1
QnF[rﬁm*”lnr] — 5c(ﬁ?’tl—i-Qm)p2m ln2p +

+ c(()n+2m)p2m lnp + an+2m)p2m

)

2 2
31ech IICIOBEIC KOD(DPUIIEHTH c(_nl+ m) c(()n+ ™) 7.1, cyTh Kod(OUITEH-

THI pasnoxkenus B pag Jlopana pyukuuu Cy (1) B okpecTHOCTE A = —N — 2m.

4. IIpeo6pazosarne Dypbe 0606IIeHHON (DYHKIMH, COCPEJOTOTCHHON
B orpaHmyeHHod obgacTd. [lokaxkem, 9T0 nmpeobpaszosarune Pypre BeAkOn
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006001IeHHON GYHKIIUA [, COCPEIOTOYCHHON B OTPAHUIEHHON 00JACTH, €CTh
QYHKIMOHAJX TUIA CJAEAYIOmer (PYyHKINKN OT O

(f(@),e’).

I[TourMaTh 5TO BBIpAXKEHUNE HYXHO CIEIVIOMIUM OOpa3oM: (DYHKITUS

e¥(#:9) 3amenserca ocHOBHOM yHKIHMen @g(z), pasuoi €*7) B Tolt 061a-

CTH, TOe COCPENOTOYeH (PYHKIMOHAM [, W OOpAIIAIONIENCA B HYJIb BHE
JOCTATOIHO OONBIION 0OJACTH; 3aTeM K Hel IPUMEHACTCA (PYHKIMOHAI f:

IMosy4enHoe mpu 5TOM YUCIO HE 3aBUCHT OT BHIOOPA QYHKIMU @ (L) ¢
yKa3aHHBIME cBoucTBaMu (cM. gobasrenve 1 k rui. I, m. 3). Msr gomxsbl
IIPOBEPUTD, ITO CIPABEILINBO PABEHCTBO

/ F@), e (0)do = (20)" (f,¢)

s ro6ou ocHoBHOU dyHKIMY (1) u ee mpeobpaszosanus Pypoe ¢(0). Ho

(fip) = <f:#/¢(a)ei(”’z)da>.

Ecin Mbl BHeceM Tenepb (PYHKIUOHAN f IIOJ 3HAK MHTErpPaga, TO HAIe
yTBepXKaeHre OyaeT JOKa3aHO:

_L o e—i(a,x) o — 1 eilo,x a)do
(1) = g [ VLo = o [ TNty (1)

Hawm ocTaeTcs mosTOMy MpOBEPUTH 3AKOHHOCTHL BHECEHUSA (PYHKIMOHANA f MON 3HAK
uaTerpana. [lokaxeMm CHadala, 9TO 3TO CIPABEIIUBO I WHTErPATIA M0 OCPAHUYEHHON

obmacTnu:
f,/w(a)e—i(m)dg — /w(a)(f,e_i("””))da.
G G
Warerpan no orpanndennon obmactn G eCTh Npefen MHTEerpPalbHbIX CYyMM
N .
) = D %(0j)e ) Agy.

CymMBL SN () CTpeMATCS K MHTerpaay mo o6sactu (G paBHOMEPHO B Ka¥KJOU OTDAHH-
YeHHOU O6GJACTU M3MEHEHUS T, TaK Xe KaK U Jo0ble WX MpOou3BOAHBIE 10 z. [losToMmy,
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npespamas uX OOBIMHBIM CHOCOGOM B OCHOBHBIE QyHKIMH (yMHOXKEHHEM Ha (UKCHPO-
BAaHHYIO OCHOBHYIO (YHKOWIO, DaBHYI0 1 B OKpecTHOCTH HOCHTENA f), MBI HOXY<IAM
MOCJIe[OBATEIHLHOCTD, CXOAAIYIOCA B mpocTpaHcTBe K. OTcoona ciaenyeT, 9To

(Fsw) = S (o) (f07 ) Ay

UMEEeT MPeIenoM
I, [ o1 e
€]

Ho, ¢ npyrou cTopomsl, (f,sN) eCTb UHTerpaibHas CyMMa [Js HEIPEePBIBHOU (DYHKINH
or o

W(o)(f,e”H));

OHA WMeeT MpPeIeIoM MHTerpai oT oTok ¢yHkuumu. Takum 06pasoM, pasercTso (1) nas
orpanudenHon o61acTu G yCTAHOBIEHO.

[lanee, MHTErpas MO BCEMY MPOCTPAHCTBY €CTh MPEIeT WHTErPAJOB MO OTPaHUTCH-
HBIM 06JaCTAM:

/w(a)e*i("’m)da = lim / Y(o)e ") dg,
N—=oo
Ry lo|<N

DyHKIUU OT T, CTOAIIME MOJ 3HAKOM IMpeIend, CXOAATCA K CBOEMy Npeaery, T.e. K
JIeBOYM 9aCTU, CHOBA PABHOMEDHO BMECTE CO BCEMU TPOU3BOAHBIMUA B KAXKAOU ONDAHUYIEH-
HOU 06JACTY U3MEHEHUs MEPeMeHHOrO T, I TAKAM XKe 00pa3zoM MOXKHO CUUTATL, 9TO ITa
CXOAMMOCTD €CTh CXOAUMOCTEL B mpocTpancTBe K. [TosTomy

£ [ e |
lo|<N

= lim / Y(o)(fre ) do = / W(o)(fre @) do,
Ry

= lim
N—oo

fi [ Y(e)e™ @™ do
/

N—=oo
lo|<N

4T0 1 TpebyeTcs.

B kadecTse npumepa mHangeM mpeobpasoBanue Pypobe 0T CUHTYIAPHON
0606meHHON GyHKIUY 0 (7 — ), OTBEIAIOIMIEN O JTHOPOIHOMY PACIIPEEICHIIO
MAaCCHI C ILIOTHOCTBIO 1 mo cgepe U, pagmyca a ¢ HEHTPOM B HadaIe
KOODAMHAT:

®dyuknua 0(r — a) cocpenoToveHa B OrPAHUIEHHON 0OJACTH; O JOKa-
3aHHOMY, ee mpeoOpasoBanue Dypbe ecTh GYHKIUA

FIs(r — a)) = (6(r — a), ") = / &0 d.

Ua
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Ilepexoas k chepudecknm xoopauHatam (r = |z| = a, p = |o|, § — yron
MEeX Iy BEKTOPAMU T U O ), HAXOIUM:

Fl6(r —a)] = /em"coseanf1 sin ! fdfdw =
— anflﬂnil/‘eiapCOSQSinn—l ede,
0

rae dw — 2JeMEHT MOBEpXHOCTU Cdephbl B (N — 2)-MepHOM MOATIPOCTPAaH-
CTBE, OPTOTOHAIBLHOM K BEKTOPY p-
Kak m3BecTHO, MOTy9IeHHLIM MHTErPaJ BBEIPAKAETCA Uepe3 GeCCeNeBLI

beHKl_Hfllfll)Z
Fl5(r — a)] = a" Q1 (ap)' % Jazz (ap) = Qu 103 p 5 Juzs (ap). (2)

ITpu n megeTHOM, N = 2m + 3, 6ecceneBy (PyHKINIO MOKHO BLIPA3UTE Iepe3
rTpuronomerpudeckue gyukiuu (§ 2, m. 6, popmyaa (7))

Taxum o6pasom, npu n = 2m + 3 MBI ©MeEeM:

1

FIStr = a)] = a2 1o (3) (o)

1
zdz 2

z=ap
(3)
B wacTtaOCTH, TP n. = 3, m =0

Flé(r —a)] = 27ra2J% (ap) = 4dmwa sinppa. (4)

C mpyrou CTOpOHBI, TpHU JIOOOM 7 = 2m + 3 MOXHO WUCIOIL30BATH
U3BECTHYIO (I)OpMy.IIyQ)

(%)m (744 0,14 (2)] = V2T, (2) = \/g sin z. (5)

DU.M.Poixuk u U.C.TpagwTein, Tabaumer, 1951, crp. 165, dopmyra 3.227,3 (moso-
KUTH T = cosf).
2)U.M.Poixunk u N.C TpagwTeitn, Ta6mumsr, 1951, cTp. 359, popmyna 6.482,3.
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3amenum B (2) apryMeHT ap Ha 7, TOTIa MBI MOJYIUM:

: .
PUTEF(r - a)) = Qn1 Ty (2)2F T

u 1o dopmy.e (5)

d\"1 2
n—=2(_* - _ — 2o
p <zdz> aF[(S(r a)] = Q-1 \/;smz,

WK, npousBeqss 0OPATHYIO MOACTAHOBKY 2 = ap, dz = pda,

d\"1 2.
p <%> EF[&(T —a)] = in\/;smap.

Tax xax mpeobpaszoBanre Pypbe COBEPIIACTCA MO TEPEMEHHBIM T, a
auddepeHnupoBaHe — IO IapaMeTpy a, TO

(%)m PG —a)] = F [(%)m Ltr - a)} .

B pesyabprare moayvaercs unTepecHas Gpopmyaa

5. IIpeoGpasoBanue yphe Kak Mpejes MoIe[OBATEILHOCTH (DyHKIMN.
MeTom, M3I0KEHHEIN B T. 4, MOXET MOMOYL M MIPHU PA3LICKAHUU IPEOOpa-
soBanun Pypbe MTPOU3BOJILHEIX 0GOOMIEHHBX (DYHKIUE (He O0A3ATEIHHO
(PUHUTHBIX).

IIycts f — mnpowmsBoabHas obobumenHas ¢ynkuus. Kaxk MbI 3HAEM
(. I, § 1, m. 8), dyuxkumonan f MOXKHO IPENCTABATH KAK MPEIeN
(DYHKITMOHATOB f,,, KAXIBIA U3 KOTOPHIX COCPENOTOYCH B OrPAHUICHHOU
obaactu. [Ipeobpasosanne @ypoe pyHKIMOHATA [, IO TOKA3AHHOMY, €CThb
dyuxnus g,(s). Tak kak omeparop Pypbe IEPEBOAUT CXOIALLYIOCA TOCTE-
IOBATEILHOCTE (DYHKIIMOHATOB CHOBA B CXOIANIYIOCA MOCIEIOBATEIBLHOCTD,
TO MOXKHO TIOMYYHATH HCKOMOE mpeobpaszoamme Dypbe (ymKmmonana f
Kak mpegen (Mo CXOMuMOCTH B Z') MOCIENOBATEILHOCTH (DYHKIUN ¢, (S)
mpu v — 00.

B wacrrOCTH, 151 10601 (06braHON) GyHKUUY f () (Kak yrogHo 6uICTPO
pacTyiien) npeobpasosanue Dypbe MOXKET OBITH OMPEIETEHO KAK IIPEIET
(B cMBICTE CXOAUMOCTH B Z') MOCIENOBATEILHOCTH OOLIMHBIX (DYHKIIAN

gu(0) = / f(2)el™7) dx. (1)

le|<v
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Ecin ¢yukuns f(z) mMeeT pOCT He BHIIIE CTEMEHHOT'O U ONPENeTseT
TeM cambIM (DYHKIMOHAT Ha mpocTpaHcTse S, To maTerpan (1) cxomurca
K npeobpaszosanuio Pypre QpyHknuu f(r) Takke B CMBICIE CXOIUMOCTH,
YCTAHOBJIEHHON s mpocTpadHcTBa S’ (T.e. Ha BCEX OCHOBHBIX (yHKIW-
ax (o) € S). B gacTHOCTH, PYHKINOHAIEL g, (0) CXOAATCA K CBOEMY TIpE-
neny g(o) Ha BCeX GUHUTHBIX GECKOHEYHO MU HEPEHINPYEMbIX (hYHKIUAX
B CMBICJE CXOQUMOCTY B pocTpancTee K. MBI BCTpeUaIucs yxe ¢ TAKUMI
(dakTaMu B IpuMepax, NPUBEIEHHLIX B IiI. I, § 2, m. 5.

6 4. IIpeo6pasoBamma Pypre u auddepeHImaILHBIE YPaBHe-
HUA

1. lIpegBapurensubie 3amedanusa. [Ipeobpasosanue Dypre B ero Kaac-
CHIECKON (POPME ABIACTCA OMHUM U3 BAXKHEIX METOIOB [P PEIICHNN 33,134,
OTHOCAIMXCA K MudPepeHnraIbHEIM ypaBEeHnaM. Ho 061acTh mpume-
HUMOCTU MeTOHa TpeobpaszoBauus Pypbe OrpaHAIMBAIACH, B OCHOBHOM,
KJTACCOM MHTErPUPYEMEIX BO BCEM MPOCTPAHCTBE (DYHKIUU WIA WX CTEIe-
men. Vcnonbsopanme nmpeoOpazosanusa Pypbe B KOMILIEKCHOU ILIOCKOCTH
MO3BOIANO BKIIOUUTL B 00JACTH MPUMEHUMOCTH MeTona Pypbe u GyHK-
MY SKCIOHEHIMAILHOTO POCTA, HO C O0A3ATENBHBIM YCIOBAEM PABEHCTBA
TuX (QYHKIUU HYJO TPUA OTPULATEIHHBIX 3HAYEHUAX APTYMEHTA. JTO
oTHOCUTCA U K mpeoGpasoBanmio Jamacal), koropoe mpegcraBigeT co6oir
Mo mudmkanuio npeobpaszoanma Pypee. B nBycToporreM npeobpaszoBanun
Jlamnaca, KOTOpOe TOJTOKEHO B OCHOBY M3BECTHOU KHUTU Ban-gep-Tlona®,
NOIMYCTUMBIM (DYHKITIAM PAa3PEIIAeTCA MPU SKCIOHEHINATLHOM POCTE B
CTOPOHY L — 400 OBITH OTIUYHLIMY OT HYJA Tpu & < 0, HO C DKCTIOHEHIIN-
ATHHLIM YOBIBAHUEM, OOECTEYUBAIONIAM HAIUYUAE MOJOCH! CYIIECTBOBAHUSA
npeobpasoBanus Jlamiaca B KOMILIEKCHOU IUIOCKOCTHU. [[pyrou W3sALIHBIA
METO[ TIOCTPOEHUA OMEPANUOHHOrO ucIucaenusn nperroxken . Mukycun-

ckuM®) ; 5TOT MeTox (PAa3BUTHIN IMOKA YTO TOMLKO AIA (BDYHKIMH OZHOIO
[IEPEMEHHOI0) MO3BOJAET PACCMATPUBATEL (DYHKIUM IIPOU3BOJIBHOIO POCTA
B CTOPOHY & — +00, PABHBIC HYJIO MPUA OTPUIATETLHEIX .

Meron npeobpasoauun Pypbe 0GOOIMICHHBIX (DYHKIIUN, U3MATAEMBIA B
DTOU KHWIe, He TpeOyeT HMKAKMX MPEIMNOJOKEHNA OTHOCUTEIBHO Xapak-
Tepa pocTa PACCMATPUBACMBLIX (DYHKIUN KAK OPA T — +00, TAK U HOpHU
T — —00 W POAUTCA 1A (BbYHKIUUA TIOOOT0 YUCAa MepeMeHHBX. [loaTomy

€CTEeCTBEHHO, YTO O3TOT MeTOd, B YaCTHOCTH, IIO3BOJAET DpeEIIaTb BCe

1)CM., manpumep, X. Kapcnoy u [l. Erep, OnepanmoHHBEE METOAB B MPUKIATHON
maremaTuke, WJI, 1948.

2)p. BaHn-gep-Monb u X. Bpemmep, OnepanuonHoe UCUYUCIEHUE HA OCHOBE IBYCTOPOH-
Hero npeobpasoanua Jlamraca, UJI, 1952.

3)4n Mukycunckuit, Oneparopuoe ucuuciaenue, WJI, 1956.
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TUMHI 33,034, K KOTOPBIM MOYKHO IPUMEHATDH KIACCUIECKUE TPe0OpPa30OBaAHUsA
®Dypree n Jlamraca win meronq MukycrHCKOr0, a Tak:kKe M MHOTHE 33a1a4u,
KOTOPBIE HEIOCTYIHLL JJIs 3TUX METOLOB.

MuI OrpaHUYIUMCA B DTOM BBIIYCKE PACCMOTPEHUEM TOJBKO HEKOTOPBIX
MIPOCTHIX IPUMEPOB.

2. UrepupoBannoe ypasmenme Jlamwmaca A™u = f. Pemenue sToro
ypaBHeHus OyIeT HAULEHO, KOrga OyJeT M3BECTHO (PYHIAMEHTAILHOE pPe-
menne F 1o popmyne u = f x E. dyHgaMeHTATHHOE PElIeHNe eCTh PelleHrne
YPaBHEHUS

A™E = §(z). (1)

Bymem mckate ¢pymzamerTamsbHOe pemenme B npocrpancTee K'. Ilocte
upeobpazosanus Pypbe, IPUMEHEHHOrO K ypaBHeHuto (1), Mbl motydum:

)"V =1 (0" =) o), (2)

rae V osnavtaer mpeobpasoBanne Pypoe dyukuuu F. Bompoc, ciaemoBa-
TeIBLHO, YIMPAETCA B pelleHne ypasHenus (2).
Eciu 2m < n, To pemenueM cayx)ur (IOKAJIbHO HHTECPUPYEMAsd)

(=™

byrxmma . [amee, ecmu 3magenue n = —2m < 0 He ecTh momIOC
apaITUIecKon (yukmmu p* (Tr. I, § 3, m. 9) — HATOMHEM, YTO MOTIOCKHT
dyHKIIE p* PACIOIOKEHEI B TOUKAX —N, —N — 2,..., — TO PEIICHIeM ABIA-

eTca pynxmmonar (—1)™p~2™, 410 MOTyIaeTCA TPeeThHBIM Mepex0I0M 13
pasencTa p>mp* = p?™ A mpu A - —2m.

IIycre, Hakonem, A = —2m ABIAETCA MMOJIOCOM AHAIUTUYICCKOUN (PYHK-
muu p*. PaccMoTpuM pasioxkenue (GpyHKIUE p* B OKPECTHOCTH STOH TOUKH

B psang Jlopaua:

A a-1

:m-l-ao-l-al(/\-l-Qm)-l-, (3)

p

rie a_i,dp,a,... — obobuenuse gyukunn (ria. I, § 4, o. 6).

VYMHOXKIM 5TO PABEHCTBO HOWICHHO Ha (bYHKIIIO p°™ 1 mepeijeM 3aTeMm
Kk mpegery npu A — —2m. JleBas 4acTh MMeeT MPEeNenoM, TaK Ke KaK U
BHIIIE, e[UHUITY. B IpaBou 4acTy BCe WIeHBI, HAYNHAS C TPETHEr0, B TIPEIeTe
06paTATCA B HyJIb; BTOPOR wIeH p>™ay OCTAeTCA HOCTOAHHBIM, HEPBLIHA IPU
p*ma_1 # 0 nomxen ObLT OBI UMETH TPEIETOM OCCKOHETHOCTh, HO TaK KaK
DTO IPOTUBOPEYIIO ObI OJYIEHHOMY IPEIEJbHOMY COOTHOIIEHUIO, IIe BCE
OCTAJbHBIC “LIEHBl KOHEYHEI, TO MBI JeIaeM BEIBOX, uTo p°Ma_; = 0 mu,
C/IeI0BATENBHO,

p*Mag = 1.
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Nrak, pemennem ypapuerus (—1)"p?™V = 1 oxkasweiBaeTCa B TaHHOM
caygae (—1)™ap, rae ap — 3HaYEeHME IPABUWILHON dacTu psaga Jlopana (3)
mpu A = —2m"). B nepeoM u BO BTOpOM CIyvasX pe3ynbTaToM 0O6paTHOTO
npeobpazosanus Pypee B coorBeTcTBUM ¢ dhopmyaon (2) . 3 § 3 argerca
dyaxmaa Cop,r?™ ™. B TpeTbeM crydae B cooTBeTCTBHE ¢ hopmyaon (5)
m. 3 § 3 peuenueM CayxuT QyHKIUA

Ar?™ " lny + Bp?mT,

Ho BTOpOE craraemoe B TaHHOM CJIy9ae U3JIUIIHE, TAK Kak omepaTopom A’
OHO nepeBoAuTCS B HyJb. [losTomy dyHgamenTansHOe pemenue F Bo Bcex
CIy9asaX MOXKeT OBITH 3alMCAHO B BUIE

Cr?®™ "lnr, ecmu 2m > n ¥ n YeTHOE,
E(z) =

Cr?m-n B OCTAJMBHBIX CAYYasax.

3. BoimoBoe ypaBHeHHEe B HEI€THOMEPHOM HPOCTPAHCTBE. 1aCTHBIMU
peIIeHnAMY BOIHOBOI'O yPaBHEHUA

Pu_ou o 0
oz~ 0z T 0a2

ABIAIOTCA Oeryuire BOTHBI

e—il(o,2)pt] (p =|o| = Mo’% +...+ a%),

13 KOTOPBIX MBI OyIeM KOMOUHUPOBATH JI0O0E pereHne B (popme

/‘Ilg(a)efi(”’m)fi"tda.

1 ) ,
u(e,t) = —— / U, (0)e (o) Firt gy 4

1
(2m)" (2m)"

Pemenne w(z,t) MOMKHO OBITH ONPENENCHO W3 HAYATILHEIX YCJIOBWH,
KOTOpLIe MBI Bo3bMeM (cp. 1. 4 § 5 ru1. I) B ¢popwme

u(z,0) =0, % = §(x). (2)

[lepBoe u3 >TUX yCJIOBUU NMPUBOJAUT K YPABHEHUIO

/[‘I’l(o) + Uy(0)]e @ do = 0

D3ror k03¢ dunuenT ecth 06006mennas Gyrknu Q,r~ "~ 2™, Ho ABHOE ero BRIpAXKe-
HUe 371eCh He OyJIeT UrpaTh POJIH.
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u yaosrersopsercs, ecmu Uy(0) = —¥4(0) = 5 ¥(0), Tax uTo
1 .
u(z,t) = 0 / U(o)e ") sinptdo = F~[¥(0)sin pt]. (3)

Bropoe HavaabHOE ycioBue IPUBOAUTCSA K BUIY

Ou(x,0) 1

ot (2mo" / W(0)e™7pdo = b(x)

nIin

Orcroga

1, CIeI0BATENLHO, TIO (opmy.e (3)

u(z,t) = F~! [M] .
p

Ho o6parnoe npeo6pazopanue Oypre oT % MBI y2Ke 3HaeM: COTIACHO

dopmyae (6) . 4 § 3 upun =2m + 3

1 sinpt] _ [rm 1 d " S(r —t)
p | V20,1 \tdt t

o o v Ou(x,0)
N penrenms 3agasu Komm ¢ 3a1anson Haareron Gysknuen —;— = f (z)

t
MEL oary41aeM HopMyIy

(o) = T <d>mm*f(x):

2 Opor \ tdt t
T 1 d\™
=./= =) 20, M| f],
2 Oy <tdt> i/l

rae M[f] osnagaer cpeguee ot dyukuuu f(z — &) no cdepe |£| < t.
B wactaocTu, mpun =3, m =0

u(z,t) = tM[f].

OOBIYHBIM CIOCOOOM  CILyCKA MOXKHO MOJIYYUTH PEIIeHUe BOJHOBOIO

YDABHEHMA U B Y€THOMEPHOM IIPOCTPAHCTBE).

DCum. P. KypanT u [l. Tuns6ept, MeTo e maremarnaeckon dusnxu, . I1, 1951, rr. VI,
§ 5, m. 2, cTp. 372.
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4. CBa3b MeX Iy pyHIaMEeHTAILHEIM PelleHneM ypaBHeHuA U Gy HIaMeH-
TaTBHEIM pemenneM 3agaun Konm anasa Hero. dyHpamMeHTAIBLHOE DeIIeHue

ypaBHEHUS
ou .0
E-P(’L&)U—f, (1)

COTVIACHO OTpEeJeHNI0, eCTh 0000menHaa Gyuxnus F(z,t) (u3 mpocTpan-
ctBa K'), yIOBIETBOPAIOIIAA YPABHEHUIIO

% _p <i%> B(,t) = 6(x,t). (2)

dyungamenTanpHOE perrenue 3amaan Komm nasa ypaBHEHUI

% -P <i%> u(z,t) =0 (3)

ecTb 0600mennan pyuknusa u(z,t), onpeenensas upu ¢ > 0 HA OCHOBHBIX
dyuxnuax p(z) (3aBucamas oT ¢ Kak OT mapaMeTpa), YIOBJIETBOPAIOIIAL
ypasrenuto (2) u obpamazomasnca B §(z) npu ¢t = 0.

3uas 06001IeHHY 0 QYHKIMIO U (2, t), MOXKHO MOCTPOUTH (DYHIAMEHTATb-
Hoe pemenue E(x,t); uMeHHO, CTIpaBeIINBa TEOPEMAa:

ITyemv uzsecmmo Pyndamenmanbnoe pewenue u(x,t) 3adavu Kowu das
ypasnenus (3). Hoaoxcum

Blat) =40 nput < 0, (4)
" N u(z,t) mput>0.

Toz2da E(z,t) ecmv gyndamenmanvroe pewenue ypasnenus (1).

Omnpenenenune (4) Tpebyer eme HEKOTOPHIX mosAcHeHWd mpu t > 0.
MBI IOMXKHBI Belb ONpPEIENUTH OOOOIIEHHYIO (DYHKINIO HAT OCHOBHBIMU
QYyHKOUAME, 3aBUCALMMEA OT T U ¢, a u(zr,t) onpegeneHa Kak 0OOOIIEHHASA
yHKIMsa HaL QYHKIAAMEA OT T M 3aBUCUT OT t KAK OT mapamerpa. Msr
npugaeM GyHKIuu u(x,t) CIeIyIOMMA CMBICA KaK OOOOLIEHHON (hyHKIUU
HAI OCHOBHEIMU (pyHKIUAMU (T, 1):

(u(a,t)p(w.0) = [ (ula0), (a1t
0

Mox smakom wunTerpasa u(z,t) npu (GUKCUPOBAHHOM [ NPUMEHAETCA K
ocHOBHOI (GyHKIMU @(T,t) Kak QYHKIUM OT T MPU TOM K€ 3HAUEHUU t;
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pe3yabTaT eCcTh (GUHUTHAA (PYHKIWA N0 ¢, ¥ UHTErPpUPOBAHUE TIO ¢ MOIy-
CTHMO.

IMokaxewm, aTo noryvennas o606mennasn Gyukuusa E(z,t) ects pemenue
ypaBrenus (2). [locTaTOYHO MOKA3aTh, 9TO YAOBJIETBOPAETCA JBOVCTBEH-
Hoe ypaBHeHue (morydeHHoe u3 (2) mpeobpasosanuem Pypwe mo z u t).

Cuurasg, 9TO KOODAWHATHL T1,...,T, MEPEXOAAT TpPU MPeOoOPA3OBAHNM
dypre B KOOPAWHATHL 01,...,0,, & KOOPAWHATA ¢ — B KOODIMHATY O,
[OTy<IaeM IBOMCTBEHHOE yDABHEHHE B popMe

[—ioo — P(0)]V (0,00) = 1. (5)

Cosepuinm mpeoGpasosanue Pypre dyuxnuonana FE(rz,t), onpereren-
HOro (opmynamu (4) cHadajga TOJIBKO IO KOOPAUHATAM T NPU (DUKCH-
posarHoM t. OG03HAYAA pe3yabTaT >TOro npeobpasoBanusa 4depes v(o,t),
noxyaem u3 (3):

(t=0), (6)
—uv(o,t) — P(o)v(o,t) =0 (t > 0).

ITpomaroanas %, IIOHMMAaeMasa B OOBIYHOM CMEICIE, MOXKET OBITH 3aMe-
HEHA HA TPOU3BOAHYIO B CMBICIE OGOOIIEHHBIX (DYHKIIUU, €Cau JOO0ABUTH

cxavoK Gpyuknuu v(o,t) npu t =0, paBabw myawo (ra. I, § 2, o. 2, npumep 2);
nosToMy ypaBHeHus (6) MOryT OBITH 3aMEHEHbI YPABHEHUEM

d
EU(g,t) — P(o)v(o,t) — (o) =0,

rie % — CHMBOJI IPOU3BOAHOU OT 06001ennon Gyukuun v(o,t). Cosepruas
npeobpazoBarure Dypbe M0 ¢, IPUXOIUM K YPABHEHUIO

_iUOV(Uaa()) - P(U)V(U,Uo) = ]-7
410 u Tpebdyercs.

5. Knaccudeckoe omepanmuoHHOoe mcumcaenue. B krnaccuieckoMm omepa-
IWOHHOM HCYUCJEHUN paccMaTpuBaloTca auddepeHnnaabHble YDaBHEHNA 1

CUCTEMBI BUIA
Ou(z,t) 0
o T <%> u(z.¢)

upu ¢ > 0 ¢ HekoTOpbIMU HadaabHbIMU (17151 ¢ = 0) U PPAHUYHBIME YCIOBUAMU
(B obmactu usmenenus x). IIpum momormmu npeoGpasosanus Jlamraca mo ¢
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3aa49a CBOAUTCA K Iu(PEPEHINATLHOMY YPABHEHUIO TOJIBKO MO & (Wi K
arreOpanvIecKon 3a4ade B CIydae OOBIKHOBEHHBIX YDABHEHUN ).

PaccmoTpum >Tu 3a1a8Mu ¢ TOUKU 3PEHUS TEOPUU OOOOIIEHHBIX (DYHK-
unu. Beexem o606mwennyo dyukuuio U(z,t) (0600meHHY0 IO IEpeMeH-
HOU 1, 3aBUCAILYIO OT X KAaK OT mapamerpa), pasHyw u(z,t) mpu ¢t > 0
u mymo npu t < 0. Tak xkax mpu mepexoge or 3Hadenun t < 0 K 3Ha-
venuam t > 0 gyskuua u(z,t) UCOBITHIBAET CKAYOK, PABHLIM 33TaHHOMY
sHaveHuo u(x,0), To

oU (z,t) _ Ou(x,t)
o ot

+ u(z,0)5(2).

Mostomy U(z,t) yaoBIeTBOpseT ypaBHEHUIO (CUCTEME)

% =p (%) Ul(x,t) 4 u(x,0)5(t). (1)

Cogepmas npeobpasosanne Pypre 1m0 ¢ 1 0603HAYAA HOBYIO TIEPEMEH-
HYIO 9epe3 p = p; + iPs, MOIyIaEM yPABHEHUE

—ipV(z,p) = P (%) V(z,p) + u(z,0) - 1. (2)

[19 KOPPEKTHHIX 3aJad MOIyIeHHOE YPABHEHME C YIETOM TIDAHHIHBIX
YCIOBUI 10 2 UMEET eIUHCTBeHHOe perienue V (x,p), KOTOpoe MpencTaBIgeT
COGOU AHATATUIECKYIO QYHKIUIO OT P (B CIydae OOBLIKHOBEHHOTO yPAaBHE-
HUA — [aXKe PAVOHAIBHYI0 (DYHKIUIO OT p), OOJaAIOIIYI0 HEKOTOPBLIMA
0coGeHHOCTAME (BO3MOXKHO, HeOAHO3HauHy). Umes ¢yukuumio V(z,p),
MOYKHO MOCTPOUTE CEMEUCTRO AHAMATHICCKUX (PYyHKITMOHAMOB BUIA

wwoz/vmmwm@, (3)
N

rae [' — m0601 PpUKCUPOBAHHBIN KOHTYD, MAHYIOIINN OCOOEHHOCTH (hyHK-
unu V(z,p) 1 SKBUBAJEHTHHIA BEMIECTBEHHOU OCH, T.€. O0JAIAIOMUN TEeM
CBOWCTBOM, ITO

(oo}

[otsis = [ vty
N

— 00

UL 0601 ocroBHOM dynKImy (s). B wacTrOCTH, roguTca mobas mpamas,
mapaIeIbHaA BEIECTBEHHON $-OCH, He MPOXONAIIAA IepPe3 OCOObIe TOYKA
dyuxuuu V(z,p).
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Kaxnem u3 5Tux QyHKIMOHAJIOB OMpeneiaeT pelleHne ypapuenus (2),
a obparHOe mpeobpazosanue Pypre TAKOro (PYHKIMOHALA — PEIICHUE
ypasuenus (1). Torbko »TO pemenue, BoOOIIE TOBOPsA, HE OODPAIIACTCA B
uyaob npu t < 0.

BoigeruTs amamutuveckunn GyHkiumonans (3), o6paTHOE MpeoOpa3oBa-
e Pypbe KoTOporo obpamaercsa B Hyab mnpu t < 0, B obmeMm caydae
TPEACTABIACTCA 3aTPY THUTETHLHBIM.

Ipednonsoacum, wmo Pynxyus V(z,p) obaadaem caedyrowumu cneyu-
AABHBIMY CBOTCTEAMU:

a) eviue npamoii Im p = p§ Pynryua V(x,p) ne umeem ocobbiz mouex;

6) 6 yxazannoi obaacmu Pywkyus V(r,p) obaadaem uwmepupyemoi
mancopanmot W (py):

IV (@p)| < W (), / W (pr )dpy < oo.

Toz2da anasumuveckuii GynkyuoOHaL

0o+ipa

(Vi) = / V)@ (2> 1)

—o0o+ip2

ecmb  npeobpazosanue Dypve o06obwennot (daxce o00biunot) @Gynruuu
u(z,t), obpawaoweics 6 wysb npu t < 0 u ydosaemsopsowets ypasuenuio
(cucmeme) (1).

YcaoBus 5TOU TEOPEMEBI €CTh OOBIYHBLIE YCIOBUA CYIIECTBOBAHUA 00pa-
menusa npeobpasoanus Jlamnaca. [Ipeo6pasosanue Pypobe pyuknnonana V'
3anuceBaeTCA mo gopmyae (2) m. 5 § 2:

1 co+ip2
u(z,t) = Py / V(x,p)e_iptdp.
—oo+ip2

Pagencrro nymao gysakuun u(x,t) mis ¢t < 0 BBITEKAeT IPU STOM U3 OLEHKH

o0

1
e )] < e [ Wondp,

— 00

€CIU YCTPEMUTDL P K +00.
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Iycts, nanee, nana gyukuusa Vi(z,p), KOTOpas MOXKET OBITH MPENCTa-
BJIEHA B popMe

Vi(z,p) = Q(p)V (x,p), (4)

rae V (z,p) ob6aagaeT yKasaHHBIME BBIIIE CBOUCTBAMMY, & Q (p) — HEKOTOPHIT
MHOTOWIeH. YpaBHeHne (4) 5KBUBATEHTHO YDABHEHUIO

ui(z,t) = Q <z’%> u(z,t),

rae uq (t,2) u u(x,t) — obparusie npeobpasosanua Pypoe pyuxiun Vi (x,p)
u V(z,p); MBIl BuguM, 9TO U B >TOM ciydae Vi(z,p) ecTs mpeobpasoBaHue
dypre pyukImonamta, COCpeIOTOUCHHOTO Ha moxyocu ¢t > 0.



T'JIABA II1

CHEIUAJIbBHBIE TUIIHI OBOBIIEHHBIX ®YHKIIANA

§ 1. O6006mennsIe GyHKIMM, COCPEIOTOYCHHLIE HA IVIaAKOH II0-
BEPXHOCTH

IIpocrenmmy npumepoM O0O0OIIEHHON (PYHKINN, COCPEIOTOYEHHOU HA,
MIOBEPXHOCTH, ABAAETCA 0000MeHHAS PYHKITAT

(fr0) = / f(@)p(x)do, 1)
S

rae S — maHHAs TMOBEPXHOCTD, do — ee »aeMmeHT, f(r) — dukcupoBaHHAA
dyukmma, a p(z) — mobas ocHosras pyukmma'). Heckonpko Gomee Crox-
HLII TpUMEp TOMYy9aeTCsa, €CIM 3aMEHUTH TOABHTErPATbHYo (yHKIITIO
BLIDAXKEHVEM, COAEPKAIIUM IPOU3BOAHLIE (DyHKIMY ().

B sToMm maparpadge MBI onpenequM W W3ydMM APYTHUe BajKHBIE (DYHK-
IMOHATBI, COCPEIOTOYCHHEIE HA MTOBEPXHOCTH PA3MEPHOCTH < 71, JeKaIen
B n-MepHOM mpocTpaHcTee. [na caydas n = 1, kak MBI 3HaeM, (QyHK-
MUOHATAMHA, COCPENOTOYEHHLIMA B TOYKE, ABIAIOTCA IeIbTAa-(PYHKIAA U
ee MpomsBOAHBEIC. Bomee Toro, kak 6ygeT NOKA3aHO BO BTOPOM BBIMYCKe,
BCAKUN (DYHKIMOHAT, COCPEIOTOUCHHBIN B OJHON TOYKE, ABMACTCA TUHEUHON
KOMOMHAIIMEN NeabTa-(QpYHKIWA U ee IPOM3BOIHLIX. B caydae n > 1, korga
noBepxHOCTH S(n — 1)-MepHA U 3a4aeTCA ypABHEHUEM

P(a:l,...,:nn)zo, (2)

AHAJOTUYHYIO POJL UTCPAT 00O0OIEHHBIE (PYHKIIUN, KOTOPbIE MBI 0003Ha-
quM uepes 0(P), 6'(P) u T.4.; 0 Hux u GygeT UATH pedb.

DB 5roil rmase 0CHOBHBIE dyHKIMM TpeamonaraloTca (PUHUTHBIMU 1 OECKOHEYHO
nuddepeHIIpyeMbIME, T.€. paCCMaTPUBACTCA TOJBLKO MPOCTPaHcTBo K.
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Eciu P = z1, T.e. ecim S ecTh runepmiockocts 1 = 0, eCTeCTBEHHO
C9UTATH, 9TOL)

= / [/5($1)4p(:v1,... ,In)dxy | dzs ... dx, =
= /cp(O,xg,... , Tp)dxs ... dT,,
T.e. ECTECTBEHHO OIPEeAeINTH 0000meHHY0 (QyHKImo §(2) paBeHcTBOM?)
/5 (z1)p(x)dx = /cp(O,xg,... y,Tn)dxo ... dTy,. (3)

ITo Taxoi ke mpuamae 0606mennyo dyakmmo 6 *) (1) ecrecTsenno ompe-
IEINTHE POPMYJION

/6““ z1)p(z)de = (-1 )k/ (k)(O T2y-eey Tp)dTs ... dTy. (4)

IIycte Temeps P(z1,...,T,) — NOPOM3BOIbHAS NOCTATOYHO IVIALKASL
dyuxnusa, Takad, uto npu P = 0
grad P # 0 (5)

(t.e. ma mosepxuoctu P = 0 HeT 0coObIX TOYEK). TOrna MOXHO ONPEIETUTD
0606mennyto dyukuuio 0(P) creayrommm 06pa3oM.

B mocrarouno mamon okpecTHOCTU U TPOU3BOJLHOM TOYKU MOBEPX-
moctn P = 0 MBI MOXEM BBECTH HOBBIE KOOPIWUHATHI TaK, ITOOBI IO-
BepxHOCTHL P = (0 cTasa OJHOM W3 KOOPIUHATHBLIX MOBepXHOCTeu. [lma
DTOT0 MBI MOJOXUM P = uy U OCTaIbHBEIE KOOPAUHATHL U, ... , U, BHIOEPEM
TPOM3BONBHO, HO TAaK, UYTOOBI AKOOUAH D(z) TIEPEMEHHBIX T1,...,Ln IO
[EPEMEHHBIM U, ... U, ObLI OTINYEH OT HyJs (3TO BCErIa MOXKHO CIETAThH
6aaronaps ycaosuio grad P # 0 mpu P = 0). He orpanuuusas o6mHOCTH,
MOXKHO CUATATh, YTO OCHOBHAA (DYHKIUA (r) OTIUYIHA OT HYJd JUIIbL
B mpexerax oxpectroctu U?). IlpoumsBeseM B «MHTerpases [6(P)pdz,
KOTOPHIA MBI XOTUM OMPEIEIUTH, 3AMEHY MePEMEHHBIX:

/5 daz—/é Yor (u (Z)duz/é(ul)zp(u)du

1M1 HOIB3yeMesa CHMBOJMKON, YCTAHOBICHHON B KOHIE m. 3 § 1 ru. L.

DTem cambiv Mbl mpuHEMaeM, 9T0 0(¢1) ecTh TpaMoe mpomssererme (1) X
X 1(z2,...,%n), rae 6(x1) — genbTa-QYHKINUA HA OPAMOU %1, & 1(T2,...,Tn) — GYHKINAA
OT MEPEMEHHBIX I2,...,Ln, TOXKJIECTBEHHO paBHasd eamamne (cm. ra. I, § 5, m. 1).

3)Cm. gobasrenue 1 x ru. [, m. 2.
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e
<p1(u1,...,un):cp(a:l,...,a:n)Mzﬁ:@l(u)D(Z). (6)

Orcroga BugHO, 9TO 0000mEHHYI GyHKIUO §(P) caeayeT oOmperemuThb
dopmymon

(3(P).0) =/5(P)<pd:v:/¢(0,u2,...,un)dug...dun. (1)

IMocneaaun naTerpan 6eperca no mosepxuocT P =0;3T0 1 1aeT OCHOBaHUE
COBOPUTH, 4TO dyHKImoHa1 (P) cocpegoroden na mosepxuoctu P = 0.
AHATOTUYIHO €CTEeCTBEHHO TTOMOKATh

() (P /5 B (P)pdx = —1)’“/¢g’j)(0,u2,... JUp)dus ... dug, (8)

rae ¢yuxnua (u) ompenerena dopmyaon (6) u maTerpan crupasa B (8)
cHoBa Gepercs no nmoBepxuoctu P = 0.

YT06sI 5TU (POPMYJIEI UMEIA CMBICT, 3aBEIOMO TOCTATOYHO MPEITOIO-
XKUTh, 9TO (pyHKImA P(x) umeer HenpepLIBHBIE IPOM3BOLHBIE 10 MOPAIKA
k+ 1

Ha nepseiit Baruag kaxercs, 4ro oupegenerus (6) u (7) cymecTBeHHO
3aBUCAT OT BHIOOpA cucTeMbl KoopauHaT. Ha camoMm gene 3TO He Tak:
MBI IIOKaxKeM, 9TO 06obwmenusie ¢yuxmuu §(P), 6'(P), ... ogHO3HAIHO
onpenenaoTca ¢pyukuuen P. Hambomee ymobHO NaTh WX ONpEIEJCHUA B
MHBAPUAHTHOU (opMe, B KOTOPOU CIEIUAJLHEIE KOOPIUHATEL Uq,... ,Un
BOOOIIE HE YYaCTBYIOT, W MPU 3TOM BECTU PACCYKIEHUS, TOTB3YACH TAK
HasbIBaeMon Teopuen audepeHnranrbubx popM. Te uuTarenu, KOTOpbie
XOoTAT 06oUTUCL 0e3 auddepeHnnantbaslX (GOPM, MOLYT IIOJbL30BATHLCA
TOTOBBIMU (POPMYJAMU; MBI TEPEYUCIUM WX HECKOAbKO Huxe. O gHako
ammapat guddepeHnnaTbHLEX (GOPM IPE3BEYANHO YI0OEH, U MBI €I'0 B 3TOM
naparpade OygeM CHCTEeMATUYECKU NPUMEHATb. HeoGXOAUMBIN MUHUMYM
cBegeHnn 0 [udpepeHnuaIbEEX (popMax n3IaraeTcsa B 1. 1.

Ilox smaxom wmaTerpasa cmpasa B (7), €Caum BepHYTHCA K CTapbIM
KOOpAMHATAM U 0603HadYeHUAM (GYHKIUUA, CTOUT JUHEUHAS KOMOUHAIIUA
dysxUn () ¥ ee TPOU3BOAHEIX C 3ABUCAIIUMU OT & KOBPHUIMEHTAME.
B m. 7 Mb1 mokaxkeM, 9TO BCAKUN (DYHKIMOHAT f BUIA

(f,e) = Z / @iy ...iy (Cﬂ)wdm 9)

1 in
i1+...+in<kP:0 6I1 axn

Boipaxkaerca depes 0(P), 6'(P) u T.x. crenyoumm o6pa3oM:

Z / (P)gda. (10)



§1. OBOBIIEHHLIE OYHKIIMNA HA TJIAQKON IIOBEPXHOCTH 235

B sanucu (10) Tonbko k + 1 mpousBOABHEIX (DYHKIMN, TOTIA KAK B 3aIU-
cu (9) ux ropasgo Gombiue. 3amuck (10) obragaer TeM OPEMMYIIECTBOM,
9T0 OHa ogHO3HauHa: ecan f = 0, To bo(z) = ... = by (x) = 0, Torma xak o
KOd(puumeHTax a;, .. ;, () 3TOro CKas3aTh HEIb3A.

Ipueegem Teneps mepedeHb GOPMYJI, KOTOPEIE MBI MO3MHEE JOKAKEM.
B stux dopmysax gpyukuuro P HALO CINTATH UMEIOUIEH GOMBIIYIO DJIal-
KOCTB, 9€M MBI BHIIIE MOPEINONOKUIN; ITOOEI HE OTBICKATHCA, MBI CPA3y
npenmnoaoxuMm P 6eckonedno audpepennnpyemMon.

O6o3uaunm gepes 6( P) xapakrepuctudeckymo yukinuo obaactu P > 0:

0<P):{$ e @M= [ @

Torma cnpaBe1muBO PABEHCTBO
0'(P) =0(P), (12)
KOTOpO€E HA IO MOHNMATh B CJAEIYIOUIEM CMBICTIE:

09(P) _ OP

aZL']' _8—37]'

5(P). (12))

Tlanee, cipasemaa popmyra, «1uddepenrmponanns 6 (P) kax cr1ox-
HOU (PyHKITAN:
0

oP
iy { ()] _ L s(kt+1) _
8a:j6 (P) 8a:j6 (P) (k=0,1,2,...). (13)

CrpaBelIMBEl TAKXKEe CAEIYIOMINE TOXIECTBA, CBA3LIBAIOIINE 000OIIEH-
Hyio ¢pyaxnuo §(P) ¢ ee mIpOU3BOAHBIMU:

P§(P) =0, (14)

PS'(P) + 6(P) =0, (15)
PS"(P) + 26'(P) = 0, (16)
PO (P) + k61 (P) =0 (17)

Ecau nosepxunoct P = 0 u Q = 0 (pyuxuma () obiragaer TeMu xe
CBOUCTBAMU, 9TO U P) He TepecekarTcs, TO

5(PQ) = P~'3(Q) + Q7'a(P). (18)
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B wacrrOCTH, eciu pyHKIMA a(x) He OOPAIIACTCA B HYJIb, TO
§(aP) = a '5(P). (19)
OTcroma MOXHO BBIBECTH, UTO
6 (aP) = a=*+D 50 (p). (20)

CkasaHHOE BBINE OTHOCUTCA K (DYyHKIIMOHAMAM, COCPEIOTOYCHHLIM HA,
(n — 1)-MepHOU MOBEPXHOCTH B N-MEPHOM mpocTpaHcTBe. IlycTh Temepb
MOBEPXHOCTE S MMEET MEHBIee IUCI0 u3MepeHni. [IpeqnosoXuM, 9To OHA,
3a1a€TCA YPABHEHUAMU

Py (xy,...,xn) =0,...,P(z1,... ,2,) =0, (21)

rge Pp,..., P, — pocrarodHo riagkue (QYHKIUN, TIPUYEM IOBEPXHOCTH
Pi(x) =0 (i = 1,...,k) 06pa3yooT «IpaBUILHYIO CETKY», T.€. B OKPECTHO-
CTH KaXIOU TOYKU MOBEPXHOCTH S MOXHO mpuarth Pi(z),...,Pp(z) 3a
mepBele kK KOODAWHAT U1,...,Ug, & OCTAIBHBIE KOODPIUHATBL Uki1,--- ,Un
BBIOpPATH TaK, YTOOHI AKOOMAH D(i) OBLT OTJIMYEH OT HYJIa. B 5TOM ciydae
MBI QHAJOTMYHO IPEeILIIYIIEMY MOXKEM ONpeIeTnTh 0O00IMEeHHY0 (DYHKIINIO
aM(Pr,... . Py)

OB . oPTF A umeHHO, €CIM MBI XOTHM,

0(Py,...,P;) u ee mpOM3BOIHEIE

9TOOBI BBHIIOJIHAIOCH TOX IeCTBO

/6(P1,... , Pr)pdr = /6(u1,... ,ug)p1(uw)D <x> du =

u

= /6(u1,... JUR) (U, .o up)dug - .. dig,

rue

TO MBI OOJI2KHBI ITIOJOXKNTH

/6(P1,... , Pr)pdr = /¢(0,... 0, U1y e U ) dUg g - - - dUy; (23)

IO TaKUM XKe MOTUBAM CJaeIyeT IMOJOXKUTH

pl)d = (~1)7rHFar

/ gortteng(pL L Py)
OPT .. QP

a1t
X/a ¢(0,...,0,uk+1,...,un)duk+1___dun. (24)

o1 (97
Oui™ ...0uy,
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B m. 9 MbI mokaxxeMm, ITO W 3TU OMPENETEHUSI HE 3aBUCAT OT CIEIu-
AJLHOI'O BLIOOpA CUCTEMBI KOopauHaT. [Ijia 5Tux 060O0MIEeHHLIX (PyHKIAN
CIPABENJINBLL CJAEIYIOIMINE TOX IECTBA:

o = 8(P1,...,P,) OP;
awj(s(Pl,... ) = Z 50 o, (25)

=1

(¢reopema 0 U@ HEPEHIUPOBAHUN CJIOKHON (DYHKIIUW) );

Pi(S(Pla"'apk):Oa (26)
P.Pj§(Py,...,P) =0, (27)
PPy...P(P,,...,P) =0, (28)

a TakXke TOXAEeCTBAa, MNOoJydaeMble (POPMAJIBHBEIM AuP@EpeHIInpPOBAHUEM
TIOCTEeTHUX.

1. IlpegBapuTesHBIe cBefeHNa 0 AuddepeHmarsanx Gopmax'). Jud-
depenyuasbroti Gopmoti k-20 nopadxa B n-MepHOU OOJACTU C KOO ANHATA-
MU Z1,...,T, HABEIBAETCA BEIPDAKECHNE BUAIA

Zailig.,,ik (z)dzy, -..dzy,,,

e CyMMHUPOBAHWE MPOBOAUTCS IO BCEM COYETAHUAM 1 HUHIEKCOB 1O k.
DyukIMA a;, . 4, () mpenmonaraoTcs GecKOHEUHO AnuddepeHIpyeMbIMI
dyukmuaMu koopauHaT. [Ipu 5ToM 1Be GPOpPMBI k-0 MOPSALKA CIUTAIOTCS
PaBHBIMU, €COIU OHU MepexXondaT APYr B APYyra IyTeM IpeoOpa3OBaHUA
npousBeneHunn AudGepeHIInanos no GopMmy.ie

dl‘idl‘j = —d:cjdxi (1)

U IPUBEIEHUA MOLJOOHBIX WIEHOB.

ODTO yCJIOBUE, B YACTHOCTHU, MOKA3LIBAET, UTO KAXKILIM WIEH (DOPMHI,
CONEPKAIUNA [TBA OJHOUMEHHBIX TuddepeHImata, paBeH Hyaw. Kpome
TOr'O, NOJB3YACH dTUM IMIPABUIOM, MOXKHO, €CJAU YI'OTHO, 3aMUCATDL JTIOOYIO
dopMy «B KAHOHUYIECKOM BHJE» — TAK, ITOOBI B KaXXJIOM tI€HE WHIEKCHI
LTV B BO3PACTAIOMIEM MTOPAIKE.

1)Teopm{ nuddepeHnnanbHbIX GOpM He MOHANOOUTCA HAM B MaKCUMAILHOU OOII-
HOCTH; IOJTOMY BCIOY, I'le MOXHO, MBI B IIeJIAX HAIVIAJHOCTH BHOCHM YIIPOIIEHWUS.
Yuraremo, XxermalomEeMy IT0IpOOHee O03HAKOMUTBLCA C 3aTPOHYTHIMKA B DTOM IIYHKTE
MOHATUAMM, MOXKHO 00paTUThHCA, HanpuMep, Kk kaure: [1.K. Pawesckuit, 'eomeTpudeckas
TEOPUA YPABHEHWU C 9YAaCTHBIMEA NPOW3BOAHBIME, locrexm3mar, 1947, wim k KHUTE:
XK. ne Pam, Juddepennupyembie MEOroo6pasus, WJI, 1956.
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Bynem maswBaTh hopmy dunummoti, ecau Bce ee K0d(POUIMEHTHI ABIS-
I0TCA PUHUTHBEIMU (DYHKIUAMUA.

Brewmnum npouseedenuvem GopM Y ai,. i, ()dz;,. .. dzy, md bj, i, (x) X
x dxj, ...dx; HaseBaeTca popMma nopagka k4 m, IOIyIeHHAS B Pe3yIbTa-
Te (hOPMATHHO AIre6pPANIecKOro IepeMHOKEHNsA TaHHBIX (DOPM; PE3Y.IbTAT
DTOT MOXKHO, PA3yMEeTCd, NAJIbIIe YIPOCTUTh, UCIOAb3ya mpasuio (1) u
IPUBOJA MOLOGHEIE WIEHBI).

W3 »roro onpenenenns, B YACTHOCTH, BEITEKAET, ITO AHTUKOMMY TATHB-
HBIU 3AKOH CIIPABEIJINB U Ui TPOU3BEIEHUA JIOOBIX (POPM MEPBOrO MOPIIKA
a =Y aj(x)dr; u B => by(x)dry; zencTBUTEILHO,

af = Zaj(:v)bk(x)dxjd:vk = —Zaj(x)bk(:v)d:ckd:vj = —fa.
jok jok

Brisegem ¢opmyay mpeobpasoBanua IudhepeHInaATLHON  hOPMET
npu O6eckoHedHO muddepeHnupyeMoM OpeoOpa3oBaHUU KOOPAWHAT X; =
=z;(z},...,2.). Mo umeem:

n
Ba:i
dz; = dz’,
ox', 7
j=1""13
u
_ o 1 ik g0 !
E Gy i dxs, o deg, = E E Qiy .. i . B d:L'j1 ...dxjk.
i1 <...<1p n<...<i J J1 Jk

CaaraeMble MOMYyYEHHOW CYMMBI, COIEp¥KAIIUe ABA OTUHAKOBHIX audde-

peHmuaa, 00pamaiTca B Hyab. Caaraemere, CoOAepKallne OIUHAKOBLIE TIO

COCTaBy TPYINbI U3 PA3IUIHBIX AU(PPEePEeHInanToB, MOXHO OOBEIUHUATD,
! I ! I.

nCnoMB3ys npasuio dr;dr) = —dzj dz}; nocae 5Toro koagpuIrenToM Ipu

rae j1 < j2 < ... < Jg, KaK JErkKO IPOBEPUTH, CTAHET

Tiy Tiy e Ty,
D ! ! ! .

Ji J2 Jke

wrene dz’, ...dz'. ,
J1 Jk
AKOOUAH

Taxum 06pa3oM, MBI MOJYIaEM:

Z @iy Az, .. dzy, = Z a’;&...jkdw;d diE;k, (2)

1< .. <l J1<.<Jr

1 . L
)ECTeCTBeHHO, ‘ITOUKOE)Cl)Cl)I/ILU/IeHTBI Qjy...qp U bh___]m OpennoJaraloTCsa nepecTaHo-
BOYHBIME MeXIy cobou u ¢ nuddepeHnnamtaMu.
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rie
! — 21 1k . .
Ajy e = § : D< x' oz >a'll---lk' (3)
i <in<...<ik s Jh
B wacTHOCTH, 414 (POPMEI N-T'O TOPALKA, KOTOPAs BCETIa IPUBOIUTCI
K OJHOMY “LICHY, MBI IMEEM:
adxy...dx, = aD ! P dah . da,. (4)
N

3ameTum, 9TO Nno 3mot gopmyae npeobpazyromces nodvinmezpasbubie
BLIPANCEHUA NPU 3AMEHE NEPEMEHHVIL 68 KPAMHOM uwmezpase. MoxHO,
CJIEOBATEILHO, IPM TAKOU 3aMEHE MOJb30BATHCA TEXHUKOU auddepeniu-
anpubix (opMm. Hanpumep, nma geoumHOro mHTerpana, ecau & = p(u,v),

y = v(u,v), To
dr = @), du + @) dv, dy =, du+ Y. dv,
drdy = (0, ¥, — i) dudv.
Buewnutt dupdepenyuan dupdepenyuasnnot Gopmbr

o = E ail.,,ikd:vil dx,k

ompenenseTca Kak quddepernuanbaas popMa mopagka k + 1

Bai i
da = E E —*dz; | dz;, ...dz;,, (5)
= —~ Ox;
21y sl 13
rie, pa3yMeeTcs, CHOBA MOXKHO [IPOM3BECTHU YIPOIIEHU, IOJAb3YACh IPABU-
oM dzidx; = —dzjdz;.

Hampuwmep, sHenmuun auddepeHnan GpopMbl HYJIEBOTO MOPAIKA, MO
KOTODPOU MBI IIOHEMAEM MIPOCTO CKAIAPHYIO (DYHKIUIO G(T), €CTh OOBLIYHBIN
qupdepennuan, T.e. Gpopma 1-ro mopsaIka Zg—gidmi (ko3 puIIeHTE e
06pasyoT rpagueHT ckatiapa a(z)). Buemunun muddepennuan gopmer 1-ro
nopsagka Y a;(z)dx; ectb GopMa 2-ro mOpAIKA:

8a]' 8ai
<]

(ecim xodddunmenTam GopMer Y a;dxr; CONOCTABATL BeKTOp a = {a;},
TO Koa(pdunuentaMm BHemrHero auddepennuana OyaeT COOTBETCTBOBATH
poTop BekTopa a). Muddepentman Gpopmsr (n — 1)-ro mopagka

Za]' (iL’)diL’l .. .dCUj_ldiL']'+1 .. d:L'n
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ecTh popMa N-TO NOPALKA!

{Z(—l)ﬁl&%@:)}dazl...dwn.

Tj

IMonbaysace npasumom (1), HETPYIHO TPOBEPUTH, YTO MJIA JHOOOU GHOpP-
MBI (¢

dda = 0. (6)

Paccmorpum Bompoc 06 nHTErpupoBaHuu 1uddepeHInaIbHBIX (pOpM M0
0061aCcTAM U MHOT'OOODA3UAM.

IIpumem, uaro dopma n-ro mopsaika « = a(z)dz; ...dx, urTErpuUpY-
eTca mo n-mepHou obmactu GG mpocTpancTsa R, MO OOLIYHLIM MIPABUIAM
MHOT'OMEPHOT'O MHTETPUPOBAHUS.

Termeps MBI XOTUM OIPENEIUTHL UHTErPaa OT (GOpPMEI k-T'0 MOPALKA MO
k-mepuon o6mactu. [IpeaBapuTeIbHO CKAXKEM HECKOIBKO CIOB 06 OPUEHTA~
uny 06IaCTer U IOBEPXHOCTEN.

Ecau B mekoTopou oxpectHocT: V (MH060r0 YUCIA U3MEPEHUN 1m,)
3a0aHa JOKATLHASA CUCTEMA KOODOUHAT U1, ... ,Upy, TO TOBOPAT, YTO STUM
onpemeraeTca opuewmayus oxkpectaoctr V. Ta jce OpUeHTAINA ONPEe-
eTCaA 000K IPYTOd JOKAILHOU CUCTEMON KOOPAUHAT U1, ... , U, , HIEPEXOT OT
KOTOPHIX K U, ... , Uy BHIPAKACTCA (PYHKIUAMU C NONOKUTENLHBIM AKOOUA-
moMm. Bosmoxua ertie npomusonososxcras opuertamua V. OHa onpegensercs
JIIOOON JIOKAJIBLHOU CUCTEMOU KOOPAUHAT W1, ... Wy, IEPEXOI OT KOTOPLIX K
UL, --- , Uy BHIPAKACTCA PYHKIUAMEA C OTPULATENLHBIM AKOOUAHOM.

O6nacTb uin HOBEpXHOCTL [ (M u3MepeHun) HA3BIBAETCA 0PUueHmupye-
MOTh, €CJI B OKPECTHOCTAX BCEX €€ TOYEK MOXKHO OMPENeJUTh OPUEHTAINN
COMIACOBAHHBIM O0PA30M, T.e. TaK, YTOOBI KOOPIUHATHI, NEUCTBYIOIINE B
MEPECEKAIONIXCA OKPECTHOCTAX, ONPEIETIAIA B IEPECETCHUN OJHY U Ty K€
opuenTauuio. Heopuentupyemsre nosepxaoctu (Hanpumep, auct Mebuyca)
MBI HE OyeM PacCMaTPUBATD.

IIycTe mexkoTopas m-mepHas okpecrocts U comepxurcsa B (m + 1)-
MEpHOU OKDPECTHOCTH V U pasfienseT MOCICTHIOI Ha [BE YaCTU: OIHY U3
STHUX JacTen OyneM CIUTAThL sHympennet, a Ipyryo enewned. JomycTum,
YTO CHCTEMa KOOPAUHAT Wi,...,W;m B U MOXKET OBITH JOMOJHEHA [0
CUCTEMBI KOOPIUHAT Wy,W1,--- ,Wy B V. Torga MBI yCIOBUMCA TOBOPUTH,
9TO COOTBETCTBYIOIIAA OPUEHMAUUAL V 0meeuaem nosoncumesbhomy a-
NPABAEHUIO HOPMAAU, €CIA Wy BOZPACTAET BO BHEMIHIOI cTOpoHy OoT U; B
TMPOTUBHOM CIy4Yae MBI OyleM TOBOPUTH, UTO opuexmauus V. omeewaem
OMPUYAMEALHOMY HANDPABAEHUIO HOPMAAU.

Ompenemum Teneps uaTErpaa oT GOpMBL @ k-ro mopsagka mo k-mMepHon
(k <n) opuentupyemon obaactu I'. IIpeanonokum 5Ty 061aCTh 3AMKHY TOM,

OrpAHMYEHHON U JOCTATOYHO ragkoi. Paso6wenm I ma kycku 'Y, ... T
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B KaXXIOM M3 KOTOPBIX MOXHO BBECTU JIOKAJIBHBEIEC KOOPDAUHATHI, 1 BBEOEM
STHU KOOPIUHATHI COrVIACOBAHHBIM 0O6pasom. Tem cameiMm Ha [ ompenenurcs
OIHA M3 OBYX BO3MOXKHLIX opmeHTauun. [Ipueemem (popMy « B KaxKIOM
KyCKe r g BLIODAHHBIM B HEM JOKAJLHLIM KOODAWHATAM U1,... ,U. LCIu
dopma « ObLIa 3aJaHa B N-MEPHOU 00JACTH, COAepKamien ob1acTs L', To
JIOKAJIBbHBIE KOOPAUHATEL U1, ... , 1, HYXKHO BLIOMPAThL TaK, 9TOOLI N — k u3
HUX, HAIPUMED Uf41,- .. , Up, OOpaIAINCh B Hy.1b Ha ['; Torga dug1 =0, ...,
du, = 0 ua [, Tak 9T0 HoOpMa @ TPUBOAUTCS K BUIY

a=a(ul,...,ug)dug ...dug.

IIpomuTerpupyem B >TUX KOOpAMHATAX (POPMY ¢ OOBIYHEIM 0Opa3oM
no kaxgomy kycky ") um croxumm pesynrsrarer. HeTpyiso mOHATE, wTO

OIpeJeNeHHOe TAaK 3HAYEHNMe WHTerpata [« He 3aBUCAT OT pa30ueHus
r
obumactu I' HA Kycku 1 OT BEIOOPA JOKAIHHBIX KOOPAWHAT B KAaXKIOM KYCKE,

OTBEYAIOIINX CI)I/IKCI/IIZ)OB&HHOI?I OpueHTalIunu: JOCTATOYMHO BCIOMHUTBL, ITO

OpHU Iepexofe K HOBEIM KOOPIMHATAM u},...,u) (dopMa « IpuobpeTaeT
BU
] ] ] ; Ur ... Ug ; ;
a = a(u(uy, .., up),... up(uy,... ug))D ( ul o ) duy ...duj,.

OnHako, ecan MBI BO BCEX KYCKaX ') mepeitgem K JOKAILHEIM KOOD IN-
HATAM, OTBEYAMOUIM IPOTUBOIOJOKHON OPUEHTALIUN, TO BEIAUIUHA UHTE-

UL ... Uk
rpaJja fOé U3MEHUT 3HaK, TaK KaK B 3TOM CJIyYae akobuauer D “11 “;e
r

OTPULATENbLHEI.
Taxum 06pasoM, [« OIpeneseH OIHO3HAYHO C TOYHOCTHIO 4O 3HAKA, &
r

3HAK, B CBOIO OY€PE[b, OTHO3HAYHO ONpeaeaeH opuenTanuen obaactu .
®dopmyna Naycca—OcTporpaackoro. Iycts dpopma « mopagka n — 1 3a-
IAHA B HEKOTOPOU ONPAHMYEHHOU N-MepHOU obracTu G ¢ KyCOIHO-TIA KON
rpagunen . Ilpexmomoxum opuenTaunmio obsactu (G oTBedaromen Imo-
JOXUTENILHOMY HAMPABJICHUIO HOpMaiu K rpanute . Yepes da, kak u
BLILIE, 0003HaYnM BHemHNK auddepennnan GpopMel «. Torga cupasemausa

dopmyna
/da = /a, (7)
G r

maswiBaeMana  @opmyaoti [aycca—Ocmpoepadckoeo. Ecaum opuentamua G
OTBEYAET OTPUIATEILHOMY HAMPABICHUIO HOPMAIU, TO TEpel OJHUM W3
MHTETPATIOB Hy2KHO IOCTABUTH MUHYC.
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[lna mpumepa paccMoTpuM (GOpMy « 2-T'0 TOPAIKA B TPEXMEPHOM
npocTtpancTee. B koopaunaTax r1,Ts,r3 OHA 3ANKUCHIBAETCSA B BUALE

a = aydrsdrs + asdrzdr; + azdridrs,
a ee qudpdepeHnnal — B BALE

dor — <8a1 Oas %

= 6—$1 + 6—x2 + 8x3> diL’ldiEle’g,

u dpopmyaa Faycca—OcTporpackoro mpuo6peTaeT BU

/[aldazgdazg + axdzzdr; + agdrids] =

r
o 8a1 6a2 6a3
= / <8$1 + i + 83}3) d$1d$2d1‘3, (8)
G

B KOTOPOM OHA OOBIYHO W TTPUBOAUTCA B KYPCAX aHAIUA3A.
O606menuem popmyast [aycca—OcTporpanckoro sapasercs gopmyna
Crokca'). OHa 3aIUCHIBAETCA B TOH XKe (hopMe

/da:/a,
G r

TOAbKO 31eck yxe (G ecTb k-mepHas orpaHumveHHas obmactb (k < n),
a a-popma (k — 1)-ro mopsagka; opueHTauusa obsactu G HO-IPEKHEMY
MPEANONATAETCA OTBEYAIOMIEN TOJIOKUTEILHOMY HAMPABICHAIO HOPMAIU K
rpauute .

IMpumepom moxker ciayxuth kmnaccudeckas dpopmyrna Crokca. B Tpex-
MEPHOM TPOCTPAHCTBE B KOOPAMHATAX T1,%2,%3 dopMma « 1-ro mopsaka
3AMUCHLIBACTCA B BUIE

a = ardry + asdzrs + azdzrs,
a ee muddepeHnuaI — B BUIE
_ (0ax  Oay Oaz  0Oas
da = <8—1‘1 — 8—1‘2> dxidrs + <a—1‘2 - 8—1‘3 dxodzs +
(8(11 8a3

8:[73 82E1> T3ATL;

DCwm. XK. ge Pam, Nuddepennupyembre Mmaorootpasus, UJI, 1956, rae sra dpopmyra
MpUBENEHA B TEPMUHAX, OIU3KUAX K 3M€CH UCIOIL3YEMBIM.
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crenoBaTensHO, hopmyaa CTokca mpuobpeTaeT Bl

day  Oay Oaz  Oay
/ |:<6—1‘1 — 6—$2> dridzrs + <a—1‘2 - 6—$3> dzadrs +
G

T

8a1 6a3 /
— — — |dxszdx,| = ardz, + asdrs + asdzr 9
(awg 200) rgdes| = [landes + aades + asdes), ()
T
rae G — aByMepHas OrpaHMYeHHas 00MacThb, a ' — OorpaHrYMBaKIIAdL ee

KpuBad.

2. ®opma w. PaccMoTpum Teneps MOBEPXHOCTD .S, OMPEIeIAeMYIO YPaB-

uwenueMm P(zy,x2,...,2,) =0, roe dyaxnua P(x) 6eckoneuno guddepeny-
pyema u grad P = {g—ﬁ, . gTP} He 00pAIAeTCA B HYIb HA TOBEPXHOCTH S

(Tak 4TO OTCYTCTBYIOT OCOOBIE TOYUKM).

B 5TOM myHKTE MBI M3YYMM BaXKHYIO /A TAJLHEUIIErO CIEUATBHYIO
nudpepeHnaATLHYI0 (POPMY W MOPAIKA N — 1, UHBAPUAHTHO CBA3AHHYIO C
moBepxHOCTHI0 P = 0, TouHee, 0 THO3HAYHO onpeaeteHuyo ¢yukuuen P Ha
noBepxuoctu P = (.

dTa GopMa OMpPeneraeTcsa ypaBHEeHIeM

dP - w = dv, (1)

rae dv = dr = dxy ...dx,, a dP — mupdepennnan ¢pyukuun P.

IIpexge BCEro mpoBepuM, UTO MPU CIEJAHHBIX BHIIIE TPENIOI0KEHUAIX
Takas GopMa w MEUCTBUTEILHO CYWECTMBYEM 6 HeKomopol n-mepuot
obaacmu, codepacaweti noseprnocms S.

B camom mese, mpu 5TUX IPENIOIOKEHUAX B OKPECTHOCTH JIO00U TOUKA
TTOBEPXHOCTU MOYKHO BBECTU JOKATHHYIO CUCTEMY KOOPAUHAT Uf,--. ,Up
TaK, 9TO OJHOM M3 DTUX KOOPAUHAT, HAIpuMep u;, Oyger sermauxa P(z),
mpudeM (GOPMYJIBI TEepeXoma OT KOOPAUHAT Ii,...,Lp K KOOPIUHATAM
UL, U, ... , Uy OYAYT 334aBaTHCA OeCKOHEYHO aAuddepeHmupyeMbIiMu (hyHK-
IUAME C TOJOXKUTEILHBIM AKOOUAHOM D(i) B sTux koopamHaTax MBI
nvmeem dv = D(i)dul...duj_ldequ...dun U, CIeIOBATEIHLHO, MOXKHO
TTOJIOKUTH

w = (—1)j_1D<Z>dU1...de_ldu]'+1...dun. (2)

Taxum 06pa3om, cyirecTBoBanre GPOPMBL W TOKAZAHO.
Ecau, B 4acTHOCTHU, B OKPECTHOCTHU JAHHOU TOYKYI % #0, TO B KavyecTre
2
KOODPAWHAT U1, ... ,Uy MOXKHO B3ATH

Ul = T1,...,u; = P up = xp;
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TOorma

€T 1 1
D<> b T

u opMa w, onpegeneHHas 1o ¢popmyie (2), IPUHUMAET BULI

dry...dx;i_1driyq...dx,
J — Jj+ . (3)

oz

w = (—l)jf1

Tenmeps paccMOTPUM BOMPOC O €IMHCTBEHHOCTH (GOpMEI w. Boobire
roBops, (OPMa W HE ONpefeaseTcsa ypaBHeHreM (1) 0qHO3HAMHO; OY€BU IHO,
YTO HAPABHE C HEKOTOPOU (HPOPMOU w yIOBICTBOpsIEn ypasHenuio (1),
MOXKHO PAcCMaTPUBATH U JTI00YI0 GOPMY BUIA W+, T e ¥ — Jabad popMma,
«opToroHasbHasy K popme dP, T.e. yaoBrerBopstomas ycaosuio dP -y = 0.
IMokaxem, ITO 8cakasn dopma 7y, opmozonasvbras x gopme dP, umeem 6uo

vy = adP,

2de a — mexomopas Popma (n — 2)-20 nopadra. IeNCTBUTEIBHO, B KOOD-
ouHaTax 4y = Pus,...,u, mubdepenunanbvuyo Gopmy 7y, KaKk U I00YIO
dopmy (n — 1)-ro nopsaaka, MOXKHO 3aIIUCATH B BUIE

v = gidus ...duy + godPdus ...duy + ... + gndPdus ... duy—1,

rae KodpQuImesTs gi,92,... ,9n — PYHKIUE OT KOOpAWHAT. PaBeHCTBO
dP -~y = 0 mpuBogut k coorHomenuto g = 0. Bumocs dP 3a ckobku u3
OCTANbHEIX CIATAEMBIX, TPUXOIUM K CIPABEIIUBOCTY YTBEPK ICHUA.

Ormerum (5TO 3aMedaHWe HECKOJIBKO HUXKE HAM MOHATOOUTC), 9TO,
KaK BUJHO M3 JOKA3ATENALCTBA, €CAU (HOopMa Y PUHUMHG, MO Q MaAKMce
Purummua.

W3 nokazaHHOTO clefyer, B YACTHOCTH, 9TO HA CAMOU MOBEPXHOCTU S
(hopMa ¥ TOXK TECTBEHHO paBHa HyIH0 (Tak kKak dP =0), 1 c1enqoBaTeanHo, Ha
camoti nosepxrocmu P =0 gopma w onpedesena Pynxuyuvets P odnoznauno.

Briscaum reomerpuyueckunt cMbica GOpMBL w. PaccMoTpuM moBepxHO-
ctu S u Sy, onpeneneHHbIe COOTBETCTBEHHO ypaBuenusamu P=0u P =h npu
masom h (puc. 6). BeiGepeM a1eMeHTapHy o IIOMAIKY do Ha TOBEPXHOCTH S
U [IEPEHEeCEM €€ C MOMOIIBIO KOOPAUHATHBIX JTUHAR Ui, ... ,Uj—1,Ujq1,.-- ,Up
Ha TTOBEPXHOCTH Sp,. [Ipu aToM moayuuTes dpurypa I, umerormas HeKOTOPHIA
o6wem dv. Popma w, COTVIACHO ONIpEIeIeHNI0, eCTh oTHoeHne dv K dP = h.
Taxum obpazom, @gopma w ecmv CKOPOCMb UBMEHEHUSL IAEMENMAPHO20
o0vema dv No OMHOWERUIO K UBMEHERUI Beauwunbl P.

Ha »Tom wmogemu merko OOBLACHAETCA WHBAPUAHTHOCTH (POPMBI W
Ha moeepxHOCTH S. [[eNCTBUTENLHO, TPU 3aMeHe CUCTEMBI KOODAUHAT
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Puc. 6.

UL, Uj—1,Ujt1,---, Uy HA HOBYIO M3MeHAeTcA HakmMoH ¢urypst II mo
OTHOIIEHUIO K MOBEPXHOCTH S; HO OCHOBAHUE €€ HE MEHAETCS, He MEHACTCA

7 ee BBICOTA, OTIpeNeseMas PACCTOAHUEM 10 MOBEPXHOCTH S}, HE MEHAETCH,
CIeOBATEIBHO, U ee 00beM, OTKY LA CIeIyeT, ITO He MEHAETCA U W = 3—1‘;.

Taxum obpazom, popMa W He 3aBUCAT OT BHIOOPA OCTAIBLHBIX KOODIUHAT

Uyeone yUj—1,Ujq1ye0 ,Up-
Oguaxo ¢opMa w BaBUCHUT, pasyMmMeeTcs, OT BwiOopa dyHkuuum P,
onpenensomen ypasuenuem P = (0 mosepxmocTth S. IMocmorpum, kax

MOMKHA M3MEHUTHCA hOpMa w, eciu BMecTo ypaBHenus P = () paccMoTpeTh
ypasuenue Py = aP = 0 ¢ otuuuabon ot wyas pyaxuuen o). Mol umeem
3IeCh BIOJIL MOBEpXHOCTH S paBeHCcTBO dP; = adP, oTkyna caemyer, 4TO
COOTBETCTBYyIOMAA hopMa

dv 1

—Ww.

wl:d—H:a

3aMeruu ere, 9TO B TOM ClIy4dae, korga gyukuusa P(z) ects eBKiIngoBo
pPaCCTOAHUE TOYKU & OT moBepxHOCTU P = 0 (miu oTiumvaerca oT 3TOro
PACCTOAHUA HA MATYK BBHICIIErO MOpALKA), (OpMa w Ha S COBmALAET C
€BKJIN JOBLIM DJIEMEHTOM d0 MOBEPXHOCTH S.

3. O6o6mennan ¢yukmua §(P). Temepp mepexoguM K HAIIEMY OCHOB-
HOMY ompefeaeHnio. [IocTaBUM B COOTBETCTBUE KaiKIOU OCHOBHOU (DyHK-

uun () 9IucIo
[ @

P=0

Mul mOIyYnM, OYEBUIHO, JUHEUHBLIA HEMPEPLIBHLIN (DYHKIMOHAT Ha,
ocHOBHOM mpocrpancTse. O603Ha4uM >TOT (pyHKIMOHATL Yepe3 d(P), T.e.
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TIOJIOXK UM
(5(P).p) = / 5(P)pdz = / (@), 1)
P=0

W3 cxazamnoro Boime caeayet, 9To Gymwkyuonas §(P) ne zasucum om
CNEYUAILH020 6b160pa Popmbl W, a 3asucum auwb om Pywkyuy P(z).

UT0o6b y6equThCA B COBHAICHUH ATOTO ONPEIENCHUA C ONpeNeJeHU-
eM §(P), TaHHEIM B HaJaje >TOro maparpada, JOCTATOTHO 3aMETUTh, ITO
B KOOpAMHATAX U1 = P us,... ,u, 10 dopmyie (2) m. 2

= D<m> dus ...du,.
u

Mpumepsi. 1. Ipexge Bcero paccMoTpuMm 0600LIeHEY IO QyHKIUIO §(T1 ),
KOTOpasd B Hadajge 3TOro maparpada ObLTa UCXOIHBIM HYHKTOM I1A 00-
wero onpegenenus §(P). Ypasuenue 1 = 0 ompegenseT KOOPAUHATHYIO
CHATIEPILIOCKOCTR; (POPMA W B DTOM CIy9ae BLIPAKAETCA B BUAIE

w=dxs...dzry,,

7 TTOTOMY
[sae@is = G0 =[G, o (2

2. Pacemorpum dynxmmio §(aixy +. ..+ apTy,), Tae Y af = 1. YpapHenue
arx1 + ... +apry, =0

OTIpeNesaeT TUTIEPILIOCKOCTh, TPOXO IANIYIO Yepe3 HAUaI0 KOOP IUHAT OPTO-
TOHAJTBHO K €IUHUIHOMY BEKTOPY (.
Ecau BBeCTH KOOp TUHATED

UL = 01T1 + ... + QpTp, U2,...,Un

U MPUTOM TaK, 9TOOBI MATPUILA MEepexoaa ObLIa OPTOrOHATLHOU (MOBOPOT
ocer), TO (GOPMYy W MOXKHO 33IaTh B BUAE NPOUIBEACHUA AU ...dUs,.
ITosTomy

(0lanxy + ... + Qny), @) = / eduy ...du, = / wdo,  (3)
Sowi=0 S aiz;=0

rge do — eBKINZOB DIEMEHT CUIEPILIOCKOCTH » . a;x; = 0.
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3. MMogcuuTaem 0606meHEYIO GYHKINIO 6(TY — ¢) B ABYMEPHOM TPOCT-
pancTse. Ypasaenue zy — ¢ = 0 onpegerser runepboay’). B koopauraTax

U] = T, Uy = TY — ¢ MBI moayvaeM no ¢opmyre (3) m. 2 w = —%, u
CIeIOBATETLHO,
dx
Oy = (o)) = [ 0oy~ ptepdrdy = - [0 (s 2) T )

4. Moctponm 0606menny0 dynkmmio §(r — ¢), rae r2 = Y z?,¢ > 0.
YpaBuenue r — ¢ = 0 onpenenser chepy O, pamuyca c. Tak kaxk P =r — ¢
€CTb €BKINI0BO PACCTOSHIE OT MOBEPXHOCTH Chephl, TO npu 7 = ¢ HOPMa W

COBIAZAET C €BK/IMIOBBLIM AIEMEHTOM HoBepxXHOCTH cepsl dO,, Tak 4ro?)

(6(r —¢),p /6r—cg0d:n—/<pd06, (5)

Oc

U CIeNOBATEIBHO, 0(7 — ¢) MOXKHO OXapaKTepU30BATH KaK (hyHKIIMOHAT,
COOTBETCTBYIOIIMIA Macce, PABHOMEPHO PACIpeelIeHHON 1o cdepe T = ¢
C MIOTHOCTBIO €IUHUIIA.

Ta xe cdepa pagmyca c 3azaerca ypapHemeM r’ — c? = (. Haiigem
serpaxenue 6(r? — ¢2). Tomoxum up = r2 — ¢, uy = 61,... ,up = 0,1, TaE
01,...,0,_1 — Te e YIJIbl, 9TO U B OOBIYHBIX C(HEPUICCKUX KOODIMHATAX.
Mg oy anm:

1 1

= —dO, = —dO.,
v 27"0 200

(6(r* — /5 ) pdr = —/cde (6)

O6o6uwennas ¢pyuxnua 0(P) ecrecrBenHo BozHukaer npu auddepes-
uupoBaHUU XapakTepuctudeckon ¢yukuuu (P) obmactu P > 0, T.e.
¢yuxnuu, pasuaou 1 npu P(z) > 0 u 0 npu P(z) < 0:

P>0

Ymeepaucdaemes, umo umeem mecmo Gopmyaa

0'(P) = 6(P), (7)

DEcnu ¢ # 0. Tlo mosoay caywas ¢ = 0 cm. § 4, m. 2.
2)CuM. Huxe mpuMep 4 B I 5.
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KOMOopy1o Hado NOHUMAMb 8 MOM CMbiCAE, Ymo daa Kaxcdoeo j=1,2,....n
00(P) oP

= —4§(P). 7'

o = 9207 (7)

[us noxasarenscrBa (popMmydsl (7) mIpoBepuM CHAYALA, 9TO HPU (DUK-
CUPOBAHHOM j (YHKIMOHANLI B TPABOU W JIEBOM 4YacTAX paseHcTsa (7')

COBMATAIOT B OKPECTHOCTH JI060U Touku mosepxaoctu P = 0, rae % #0
J

(BHE 5TOU MOBEPXHOCTU OHU 0O0a paBHBL Hyw ). [laa d>TOro mpumeHuM
IPaBYIO U JEBYIO YA4CTU K OCHOBHOU (PyHKINU (), OTIUTHOU OT HYJIS JAIIH
B MaJIOM OKPECTHOCTU TAKOW TOIKH.

Jleras wacTb mpeobpasyeTcsa K BUIY

%6P) \_ _ 99\ _ _ / 9
< Oz ’<p> a <0(P)’5ﬂf]’> a 3€Ujdx’
P>0

a mpaBas — K BUIY
opP oprP oP
—0(P = P),— = —Pw.
(5m0me) = (6P gre) = [ G
P=0

IIpegmomoxum cuagana, aro obmacte P > 0 orpamumvena. Torpa mbr
OPUMEHUM K dTOU 06macTu u K popme (n — 1)-ro mopanka, CTOAIIEN mox
3HAKOM MHTerpaja cmpasa, ¢popmyry [aycca—Ocrtporpaackoro. B «ucio
KOOPAVWHAT MBI BKIIOYUM CAMY BeIWYWHY P; TOrma, yIuTHIBasg, UTO B
TAHHOM CJAyYae 3Ta BeIUYNHA YBEIUIUBACTCA B HATTPABICHUN BHYTPb 3TOU
06J1aCTH, MBI TIOJYIaEM:

Cunras OCHOBHYIO (GYHKOWIO (r) OTUMYHOM OT HyJIA JWIIb B [10-
CTATOYHO MaJOM OKPECTHOCTH TO4YKU mosepxHoctu P = 0, ¢popmy mox
3HAKOM HMHTErpaJja CIpaBa MOXKHO BEIYUCIATEL B KOOPAUHATAX U] = L1, ...,
Uj—1 = Tj—1,u; = P, ..., u, = T,. B 5TUX KOOpAUHATAX

diL”l . diL']'_ldiL”]'+1 .. diL”n

oP
Bitj

w=(=1)"1

U, CIeTOBATEILHO,

9p
8:[7]'

P .
d(@%w) = (—]_)Jfld((pdl‘l...d$j,1d$j+1...dfn) = dl‘ldl'n
J
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Bre ykazanHou 061acTH pABEHCTBO

OP Op
d(@a—mj“) o, "

TakXKe uMeeT MecTo, Tak Kak TaM @(x) = 0. Orcrona

9
83:] / Oz Bz,

P=0 P>0

JleBasg 9acTh BTOrO PABEHCTBA €CThb (37135(P),<p), a mpaBas (ng),tp).

Takum 06pa3oM, B pacCMaTPUBAEMOM CIydae paBeHCTBO (7') ZOKasaHo.

Ecau obmactes P > 0 He orpaHutdeHa, TO MBI 3aMEHUM ee TIepeceseHreM
Gg ¢ pocraTouHo GonbmuM mapoM |z| < R, BHe KOTOporo dyHKImA ¢(x)
3aBegoMO oOpamaercsa B Hydb. Ecau ['p — rpamuma Gg, To dopmyaa
Taycca—Ocrporpanckoro naer

¢
8:!7 J / Bz,

HO Tak Kak BHe mapa |z| < R dyHkuus p(z) paBHa HYTIO, TO CIPABEIINBO
U PABEHCTBO

d¢
—dx,
8% / oz
P=0 P>0
KOTOpOe HaM u TpeOyeTcs.
IIycTe Temeps © — mobas Touka moepxHocTm P = (0. MBI MOXKeM
IOCTPOUTH 3[6Ch HOBYIO CUCTEMY KOOPAUHAT &; = » ajpy (j = 1,2,...,n)

TaK, ITOOBI g—g # 0 mpu Bcex j. Torga mo MOKa3aHHOMY B OKPECTHOCTH

MAHHOU TOYKYU OYAYyT CIIPABENIUBBL BCE COOTHOIICHUS

20(P) 0P

oc = 5e°P) )

C Ipyrou CTOPOHBLI, MBI IMEEM:

08 0 _N~, O
7o = S e 5~ Sy
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YMHOXKAS paBeHCTBO (8) HA «jp ¥ CKIANHIBAA OO j, HAXOOUM, UTO B
OKPECTHOCTH JAHHOU TOYKHA

oP
axk Z Qjik Z Jk 8:ck6( )

P
Taxum 06pa3om, PyHKIINOHATBT Bgi,e)

mo6on Touku mosepxaoctu P = 0. Ho Torga 5To paBHBIE (DYHKIMOHAILI,
YTO U 3aBEPIIAET JOKA3ATEMLCTEO.
Wuorga ymoOHO pacCMaTpUBATHL 0000wewnkbie 6eKMOP-PYHKYUL, T.€.

u g—;&(P) COBNAJAIOT B OKPECTHOCTH

BekTopul f = (f1,...,fn), D€ cocTaBagomme fi,...,[fn — OOOOIICHHLIE
¢yuxnuu. [Iee Bexrop-pyuxuuua f = (f1,...,fn) u g = (g1,...,9n) cuu-
TAIOTCA PABHLIMU, €CAA fi = §1,...,[n = Gn. ECIM DOJOXUTEL LA JOOOU

0GOOIIEHHON (DYHKIIUH ¢

0g 0g ) , )

gradgz (Tm”%

To opmyay (7') MOKHO 3amucaTh B BUAE
grad (P) = 6(P)grad P. (7

B caenyromem nyuakTe sTa dhopMmy.Ia 6yAeT UCIOIH30BAHA I IPOCTOrO
BLIBOAA pOopMyJInl I'puHa.

4. Ilpumep: BEIBOA (opmyasl I'puna. B mpegpiaymem myHKTE MBI yTIO-
MAHYJIA O BO3MOXKHOCTH PACCMATPUBATE OGOOIIEHHBIE BEKTOP-(DYHKIUH,
T.e. BeKTOPHL f = (f1,..., fn), cOCTaBIAIOMUE f; KOTOPEIX — OOOOIICHHBIE
PYyHKIUA.

OG6GOOIIEHHEIE BEKTOP-(PYHKIIMA MOXKHO CYATATEL (DyHKIIMOHATAMA HAI

ocHOBHBIME BeKTOp-pyuKuuavu: ecant f = (fi,...,fn), ¥ = (¥1,... ,¥,), TO
MBI TTOJIAraeM

= (fi,0)- (1)
j=1

Hampuwmep, ecmu g — o06001ennas GyHKIUA, 1) — OCHOBHASA (PYHKIIWA,
TO MBI MOXeM 3anucaTb QyHxkmmoHan Ag (A — omeparop Jlamraca) mo
dopmyne

(Ag,) = —(grad g,grad ), (2)
rae grad g — o0600meHHas BeKTOP-PYHKINS (;—xgl,... ,8879), a grad ¢y —

OCHOBHAs BEKTOP-(PYHKIINA (g—x, .. ,;T’p).
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B mpegwigymem nyukTe 6bL1a qokasaHa GopMyIa
grad (P) = 6(P)grad P. (3)

IMoab3ysack €10, MBI cedyac qaauM IIPOCTOU BLIBOA GopMyanl I'puna.
3amerum, 4TO eciu ¢ — obGoOuennas, a h(z) — Geckonedno gudde-
peHnupyemMas QyHKIUA, TO, KAK OOBIMHO,

grad (hg) = g grad h + h grad g.

Iycts u(r) — npomsBoabHas GeckoHedHO nuddepeHnupyeMan pyHK-
[WA; PACCMOTPUM PE3YILTAT IPUMEHEHNA K OCHOBHOU byHKInY () QyHK-
muonana Afuf(P)]. Mcnonbsys BeKTOPHYIO GOPMY 3aIICH, MBI TpeotpasyeM
DTO BLIPAKEHUE CICTYIOIIIM 00pPa3oM:

(A[ub(P)],) = —(grad[uf(P)],grad ¢) =
= —(u grad (P),grad ¢) — (#(P)grad u,grad ) =
= —(ud(P)grad P,grad ) — (6(P)grad u,grad ¢).

Bcnomunas onpegenenune Gyuakunonanos 0 (P) u 6(P), MBI MOXeM HAIIUCATS:

(Alub(P)],p) = — / (grad u,grad p)dz — / u - (grad P,grad p)w. (4)
P>0 P=0

O1to u ecthb Qopmynra ['puna B o60OmeHHON 3amucu. B ToM ciaydae,
korga P(x) ecTh ¢ TOYHOCTBIO 1O MAJLIX BBICIIErO MOPA LKA PACCTOAHUE OT
Touku z 10 nosepxuoctu P =0 u, ciegosareasuo, grad P ecTb eUHUYHBIN
HOpMaJbHEIL BekTOp, (grad P,grad ¢) OygeT HOpMAIBHOU MIPOU3BOLHOU
dbyHKINIET @, a W CBENETCA K eBKIMA0BOMY daeMenTy do nosepxaoctu P = 0.
B srom cayuae ¢popmyaa (4) nepexoauT B OOLIYHYIO:

/Awpdvz—/(gradu,gradcp)dm— /ug—ida. (5)

P>0 P>0 P=0

Mer gokasanu ee mis 6ecKOHEIHO AuddepeHIUPyeMbIX OYHKIA U U ;] HO
Tenepb NpefeTbHBIM NePEXOIOM ee MOXKHO PACOpPOCTPAHUTL HA (PYHKIINU U
U ¢, UMEIOILINE TPOU3BOIHEIE TOMBKO TOTO TOPAIKA, KOTOPHIU TpebyeTcsa
caMou pOpMyJIOHn.

5. ®opmbt wy(¢) u obobmennbte dyrxmm ) (P). Baxuyio pois
uUrparT u npousBogHbie qyHkumonana 0(P) mo aprymenty P. Uro6wt
IATh WX WHBAPWAHTHLIE ONPEIETCHNA, MBI BBEAEM, KPOME (POPMBI W, EIIe
cepuro guddepennuatbabx Gopm (n — 1)-ro nmopaaka, wy(p),wi(@),...,
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5

saBucAmux OT GyHkuuu P u oT ocHOBHOU (QyHKIUU @(x); 5TU GOPMBI

OIpeNeNIATCA YPaBHEHIAMU

rae d — sHenHUN gudpepenmmna.

Cywecmsosanue >Tux GopM B HEKOTOPOU OGIACTH, CONEPKAIIEUN MO-

BepxHOCTH P = (), JIerko npoBepsieTcss B KOOpAUMHATAX U1 = P, ua, ...

[encTBATENLHO, BCIOMUHAS, ITO

w =D<w>du2...dun
U

u nonaras ¢(z) = (1), MBI MOXKEM HAMUCATH yDABHEHUE

0
dwy = d(p1w) = B <¢1D<z>> duy ...du, = dP - wi(p),

OTKYyOda BUOHO, ITO MOXKHO IIOJIOXKUTH

0
wi(p) = B (cplD(Z)) dus . ..du,.

[Manee, Takum ke 06pa30OM MMEEeM yPABHEHUE

82

d(wi(p)) = = <¢10<Z>> dPdus ...du, = dP - ws(p),

3
oui

1 MOXHO ITIOJOXUTH

wa(p) = 86—;% <¢1D<i>> dus ..

¥ T.I.; BOOOIIIE,

.du,,

o duy,

, Unp.
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B ormuuue or GoOpMBL w 5TU HOBBIE (POPMBI yIKE HE ONPEIENCHEI OIHO-
suauHo Qpyukuuen P(z) (u ocHoBHOU dyHKIMEN ¢(T)) faXKe HAa HOBEPXHOCTH
P = 0. Ho gaa #ac BaHO Jullb TO, 9TO uxmezpas om Gopmvr wi () no
noseprrnocmu P = 0 onpedesen 00noznauno. ITOOR yOEIUTHCA B DTOM,
MBI Cer9ac MmpoBepuM, 4TO ecau (popMa Wi(y) yIOBIETBOPAET TOMY XKe
YPABHEHUIO, 9TO U Wi (), TO

wy, — Wy, = da + BdP, (5)

rae o u 3 — HEKOTOpbie (GPUHUTHEIE POPMEI COOTBETCTBEHHO (1 — 1)-ro u
(n —2)-ro nopsaakos. CHavaIa NOACHUM, TOYEMY OTCIOA CIEAYET OTHO3HA -
HocTh mHTerpanaa. Ha mosepxuoctu P = () BTOpOe caaraemoe o6parmiaeTcs
B HyJb, TaK 4TO

Wi —L~uk = da.

[ da=[a

P=0 r

ITo Teopeme Crokca

rae I' — rpanuna noepxuoctu P =0. Ho moBepxHOCTE P 60 3aMKHYTa —
¥ TOT' A IPaHUIIBI BOOOIE HeT, — J160 YXOIUT B 6ECKOHEYHOCTE; BO BTOPOM
cayvae fa = 0 mo Tou npuunHe, YTO HOpMa ¢ PUHUTHA.
r
Coorromenne (5) MBI noKaxkeMm 0o MHAyKIMU. HamoMHUM, 9TO, Kak
OBLIO [MOKA3aHO B II. 2, ecau HeKOTopas ¢popMma 7y OpToroHaitsHa K dP, To
OHA UMEeT BU[T

¥ = mdP,

rae v1 — dopma (n — 2)-ro nopagka, npudem ecau Gopma y GUHUTHA, TO
dopma v; Takxke puautHa. Orcioga maa k = 0 cpasy caegyer, 9TO

wo—ONJo:BdP,

rae [ GuHNTHA, TOCKOALKY (PMHATHLL (POPMEL Wy 1 Wo, COAEPKAIINE MHOKM-
TeeM OCHOBHYIO DyHKIMIO . [IpeamnonoxumM Temnepsb, 9To cooTHomenue (5)
BBITIOJIHEHO ¢ puHUTHBIMU dopMamu & u ( u caenaeM nepexon ot k K k + 1.
s sToro npoauddeperuupyeM paBeHCTBO (5); MBI MOLY TUM:

dwk - do’.ka = dﬁdp,

Tak Kak auddepennuan quddepennuana GopMel paBeH HyJ 0. Io onpene-
JneHuIo POPM W41 U Whi1,

dP - (wk+1 - L:Jk+1 - (—1)nildﬂ) =0.
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CremoBaTenbHo,
Wit — D1 — (=1)" 1B = ~dP,

U OCTAeTCA YCTAHOBUTHL, 4YTO (dopma 7y ¢uHUTHA. [lAd DTOr0 HYKHO,
COIVIACHO CKA3aHHOMY BBIIIE, IPOBEPUTH PUHUTHOCTH DPOPM Wit1 U Wkt 1.
Ho ona Buana u3 ux onpegenenus (u3 pasercts (1)—(3)).

Takum o6Gpasom, uaTerpan ot GopMsl wi(p) mo mosepxuoctu P = 0,
JeNCTBUTENTLHO, OMHO3HAYHO onpefnensercsa dyukiuuamu P(z) u ¢(z). Ilo-
JIOXKVM, TIO OTIpeeNeHuIo,

(6O (P), ) = / 5 (P)pdzr = (~1)* / wilp)  (k=0,1,2,..). (6)
P=0

Yro »T0 ompegereHume o6oGmeHHbK Gynkmui %) (P) coBmagaer c¢ mx
ompemeNeHneM, TAHHEIM B HaIaIe 5TOro maparpada, Buaao u3 Gopmyst (4).
Mpumepsl. 1. B caygae P(z) = 1 = 0 Mb1 umeem 1o popmyae (4)

d* ()
wi(p) = Dk dzs...dx,
n
k
/5(k)(a:1)<pda: - (_1)16/‘9 “"(0’22’,;“ ) oy oz, (T)
L1

2. Moxcumraem 6% (ayzy + ...anzy), Tae S a? = 1. CoBepmas Takoir
K€ MOBOPOT KOOPAMHATHEIX OCEH, KAK B MPUMepe 2 M. 3, HAXOIUM:

ak
wi(p) = Efd’ljg coodug
1

/5(k) (Zaimi)cp(a:)da: = (-1)k / %dm (8)

rae auddepeHIIpOBaHNe CIPABA IPOU3BOAUTCA 10 HAIIPABJIECHUIO, OPTOrO-
HAJIbHOMY K I'IIEPILIOCKOCTH

Zaixi =0

(B CTOPOHY YBEMMYEHUS CYMMBL Y ;i ), & do — DIEMEHT >TOK TUIEePILIOC-
KOCTH.
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3. Haitgem 6%) (zy —¢). Mepeitgem, kax B mpumepe 3 I. 3, K KOOD JUHATAM
Uy = x, us = xy — c. Tax kak

TO
ok [ ¥ (uu "f]fc) p
wr(p) = — u
k) Ouk Uy !
n
oy (z,2) dx
/5(k) (zy — c)p(z,y)dzdy = (_1)k+1/Tkmxk+l' 9)
4. octpoum §F) (r — ¢), 72 = 3" 22. Bregem cdeputeckne KOO AMHATEL
Uy =r,us =01,... ,Up =60,_1. B 5>TuX KOOp AMHATAX JETKO MO ICINTHIBAETCS,
9TO
w=r""1dQ,

rae d) — sjaeMeHT eguHUYHOU cdeprul 7 = 1; oTcioaa
wo = @r"1dQ,  wi(p) = = (er"1)dQ

u T. 1., BOOOIIIE,

TaK 49TO

(k) (_l)k o n—1
W (r — e)pdr = o W(cpr )dO.., (10)
O,
rae O. — cpepar —c =0 u dO, — ee eBKINIOB DICMEHT.
5. Hakomerr, aro6er nogcanrars 0F) (12 — ¢?), mepeiigem K KoOp 1uHATAM

ur =12 —c% us =01,..., Up = Op_1; MBI TOTYIUM:

1
w = §r”_2dﬂ
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1/ 0\ .
wi(p) = 3 (m) Qr*=2dQ,

OTKyAa

k
/5<k>(1~2 — ) pdx = 2(3” 1/(27"87") ©r"=2)dO., (11)
0]

c

U, CIeJOBATENBHO,

& k
(k) (2 > =c - / : -
a0 = S [ (G5

d0.. (12)

6. Toxgecrsa gaa 6*)(P). Tlokaxem, 9TO OGOOIIEHHYIO (YHKIMIO
§(F) (P) moxHO mudphepeHnupoBaTh KAK CIOKHY0 (DYHKIIIIO:
0

oP
— s®(p g7 sk+1) _
8%6 (P) = 8a:j6 (P) (k=0,1,2,...). (1)

151 TOKa3aTeabCTBA JOCTATOYHO IPOBEPUTH, TAK XKE KAK U B II. 3, ITO
Tpu (PUKCUPOBAHHOM j (PYHKIIMOHAILI B TIPABOU U JIEBOU ‘{aCTﬂX COBIA AT
B OKPECTHOCTH JI060U TOUKU ToBepxHOoCcTH P = 0, ry:[e P £0.

[ast 5TOro mpuMeHHM OPaBYI U JEBYIO 9YaCTU K OCHOBHofz’I byHK-
mn (), OTAMIHON OT HYJA TOJIBKO B MAJIOU OKPECTHOCTU TAKOW TOYKH,

IPUHAB 33 KOOPJUHATHL B ’TOU OKPECTHOCTH Ui =T1,..., Uj =P, ... ,Up=Tp.
Torma D(Z) = gf , D( ) = -5, 1 QPOpMa Wy TPUHUMAET BUJ

*j

T

ok %)

@dyHKIMOHAL B IPABOK YacTu paBeHcTBa (1) mercrByer mo dopmyde

(@) = (e ngge) = [ (v3) =

— k+1 oMy
= (—1) deldxjfldl']+ldl’n
P=0
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DYHKIMOHAT B JIEBOUM 4acTu paBeHcTBa (1) mencTsyeT mo dgopmye

(@) == (mgs) = [ (ar) -

[é]
_ k41 a* afj
= (—1) W 5P d$1d$]_1d$]+1dmn

P=0 T

IMosTOMYy HaM ZOCTATOYHO MOKA3ATh, YTO UMEET MECTO PABEHCTBO
Oy
akJrl(p B ak Bz, (2)
oPk+l — gpk \ 2P |-
j
s k = 0 oHO, 04€BUIHO, CIPABEJINBO, TAK KAK

o =¢@1,...,2;(P),... &)
U, clef0BaTeIbHO,

dp  Op 0P

P = 0r; ' oa;’
Orcrona cpasy caenyeT paBeHCTBO (2) mua arboro k, Tak Kak

ak—&-l(p ok ( 890 >

OPk+1 T Pk

oprP

Nrax, paBeHCTBO (DyHKIMOHAJOB B IPABOU U JIEBOU IaCTAX HpOpMyJIs (1)
IOKA3aHO B OKPECTHOCTH JI060U Touky moBepxuoctu P = 0, rae % #0;
J

KaK MBI BUIEIN BHIIIIE, 3TOrO OJOCTATOYMHO MOI4 CIOpaBEeIINBOCTHU camMon

dopmyaer (1).
IokaxkeMm Temepb, ITO UMEIOT MECTO CJACIYIOMINE TOXKIECTBA, CBABBLIBA-
fouue 3HadeHus Gyuxuuu 6(P) B ee IpOU3BOIHBIX:

P§(P) =0,
P5'(P) + 6(P) =0,
P§"(P) + 26'(P) =0,

—~ o~ o~
U = W
= I



258 [JI. III. CIEINUAJBLHBIE TUILI OBOBIIEHHBIX &YHKIINNA 6

Ileproe W3 >TUX TOXAECCTB OYEBUIHO, TAK KAK WHTErPaT TPOU3BE-
neruss Py mno moeepxsoct P = 0 paeen myao. Juddepenuupys sTo
TOXKIECTBO IO &; U UCIOAB3ysA dopmyay (1), Haxoxum:

oP oP ., .

TaK KaK MPU HEKOTOPOM j 3aBEIOMO 8P # 0, TO MOXKHO COKPATUTH HA, gf ,

I MBI IOJLY<IIM BTOPOE TOXKIECTBOL).

IIpogonxas aHAIOIMYHO, MOXKHO JOKA3aTh CIPABEIINBOCTD OCTAJILHBIX
TOXIECTB.

Mpumep. Obobwennas PGynryua 5(k)(r2 — t?) kax pewenue 604M060-
20 YPABHENUA 68 HEUCTNHOMEDPHOM NPocmparcmee. BEMUCIUM DE3yIbLTAT
MIpUMEHEHUsA BOJTHOBOIO omepaTopa A — g—; K 0000IIeHHOn (QYHKIIUN

5 (r2 — £2), Nnmeem:

ai(s(k) (r? — %) = 22;6 KD (2 — %),
Lj
62
W(s(k) (r? —12) = 26T (r2 — ¢2) 4 422552 (r2 — 1),
x4
J
82
E ﬁé(k) (T2 — t2) = 2n5(k+1) (T2 — t2) +

+4(r? = 2)6* 2 (2 — £2) 4 4262 (2 — ¢2),

4uT0, B cuny popmyasl (6), IPUBOIUTCA K BULY
Z —5<k —12) = 2n — 4(k + 2)]6FFTV (2 — ) 4+ 426D (2 — £2).

C Opyrou cTOPOHBI, AHAJOTUYIHO

82

6t25 J(r? = 2) = =26 D (12 — ¢2) 4 4262 (2 — ¢2),

Boo6me, CIpaBesIuBO CIEIYIOMEe YTBEPKICHHAE: €CAU UMEIOM MECTNO PAEEHCTEa
aj(z)f = 0,5 = 1,2,...,m npuuem Pynuxyuu a;(z) ne umerom obwur (Ois 6cer j)
Kopreld na 3amknymom muodxcecmee F, 2de cocpedomouen dynrxyuonas f, mo f = 0.
[leNCTBUTENBHO, ¥ KaXIOW TOYKH () MHOXKECTBA F MOXHO yKa3aTh OKPeCTHOCTH U,
rie HeKOTOopas U3 (YHKIWMA |a; ()| GOJBIIE MONOKUTEILHOM HOCTOAHHOU, HAIPUMED
dbysxnusa ai(z). Torga mua 0601 OCHOBHOM (yHKINM (), OTIXIHON OT HYJIS TOIBKO
B npegenax okpecrHoctn U, moxuo mamucath ¢(z) = a1(z)y(x), rae (z) — nHomas
ocuoBHasa ¢yukimua. Mer umeem (f,¢) = (f,a19¢) = (a1 f,9) = 0, T.e. byuxknuonanx f
pPaBeH HyII0O B OKPECTHOCTH TOYKM Tg. lakuMm o6pa3oM, f paBeH HYII0 B OKPDECTHOCTH
ao6ou Touku. Orcrooga f = 0.
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OTKyza
62
Z —6““ — %) — ﬁé(’“) (r? —t?) = (2n — 4k — 6)6F+D (12 — 2).

[Mocnenuee Boipaxkenue npu k = ”T_3 obpamaercsa B Hyab. UTak, ecau n

newemmo u k = 253, mo o6o6wennan Fynxyus 6F) (r? — %) ecmv pewsenue

2
B0AH0B020 YPABHENILA
82
A-Nu=o.
ot
B wactHOCTH, IpM N = 3 peIlleHHEM BOJHOBOI'O YPABHEHWA ABIACTCA
o606mennas pyaxmusa 6(r? — t2).

BuigcHIM, KAKNM HAYAIBHBIM YCJAOBUAM OTBEUAET HANJEHHOE DEIlleHNe.
ITo dopmyne (11) m. 5,

(90 - ), p(a)) "L —/ 9\ 2| an (7)
" P 2 owar ) ¥ —t
Q
IIpu
n=2k+3
IO BLIHTErPATbHAS (DYHKIUA MTPUHUMAET BU
0\ ok
<2r6r> LA
Kax nas oneparus 3 CHIKAET MOKa3aTenb y 1" Ha ase exumuunsl. [locue k

TAKUX ONEePAIWIL, npnMeHeHme K npomserermio @r2k 1 momyamres cymma
CTATAEMBIX, KAXKAOE M3 KOTOPBIX COJEPKUT T CaMOe GOMbIIee B MEPBOU
crenenu. Homaras r = ¢ u yCTpeM/IAd ¢ K HyJIO, TOTY TAEM:

lim 6F) (r? — #2) = 0. (8)

t—0
[Manee, MbI UMeeM:

6 (2 — 12)

o —2t6HD (2 — 42) =
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B BLIpaXXeHuu mo JBIHTErPATLHON (DYHKIIUN UMEETCA TOILKO OTUH LICH,
CONEPKAIUN I B OTPULATEABHON CTEMEHU; KAK JErKO BEIYUCAUTh, OH PABEH

(2k + D! p(x)
2k+1 r o

ITosTomy, monaras r =t u yCTpeMIasa t K HY/TI0, MBI TIOTYyYIaeM B TIpeaene

) (r2 — 12)
ot

= (-2 o), 9)

t=0
rae (), ecTb MOBEPXHOCTEL eauuuydHOu chepnl. Kak nasectHo,

2k+3

Q, — 2 27 _ 2mh+2 ka1,

T(2) T(ZB) @k+nl

3

OKOHYATEJIBHO MBI TOTyYaeM:

Do) (12 — 12)

- = (—1)F2rt+1 (), (10)

t=0

T.e. PeleHne
u(z,t) = 60 (12 — )

YAOBJIETBOPACT HATAJIBHBIM YCIOBUAM

Ou(x,0)

u(z,0) =0, ot

= (=1)k2r**+15(x). (11)

Takum 06pa3zoM, ¢ TOYHOCTBIO 1O TUCIOBOIO MHOXKUTEIA 0000IIEeHHAS
dyuxmua u(z,t) gaeT QyHIaMeHTAILHOE pemeHue 3agadu Komm mma
BOJHOBOT'O ypaBueHus (cp. ru. I, § 4, m. 4).

7. Toxgecrsa gua 6 (a(x)P). Pacemorpum dyuxmum P(z) n Q(z),
IJIST KOTOPHIX COOTBETCTBYIomMuUe nosepxuoctu P =0 u (Q = 0, Tak xe Kak
7 pPaHbIle, He UMEIOT OCOOBIX TOYEK U, KPOME TOr'O, He TIePEeCceKaITC A, TakK
4TO MOBEPXHOCTL P = 0 Takxke He mMeeT OCOOBIX TOUeK. Torga mMeer
MeCcTO (hOopMy.Ia

§(PQ) = P~14(Q) + Q14(P). (1)

[l11 1oKa3aTeabCTBa O003HAYMM Yepes3 wWp (POPMY, OTBEYAIONIYIO yPaB-
Henmo P = 0, 4epe3s wg — dopMy, oTBevarwmyo ypaBHeHUo () = 0,
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u vepes w — ¢opMy, OTBEYAIIyl0 ypaBHeHuio PQ = 0. Ot dopme
YIOBIETBOPAIOT YPABHEHUAM

wpdP = dv Ha noBepxuHocTu P = 0, (2)
wod® = dv Ha nosepxuocTu ) = 0, (3)
w(PdQ + QdP) = dv Ha 06enx MOBEpXHOCTSX. (4)

Cpasrusas (2) ¢ (4) u 3amevas, 94To Ha nosepxaoctu P = 0 ypasuenue (4)
NPEBPALIACTCA B yDABHEHUE

wQRdP = dv,

MBI BEIUM, 9TO W = Q~lwp; aHATOrmIHO, HA TOBEPXHOCTH () = () MBI mMeeM
w = P7lwg. MosTomy

(6(PQ),p) = /sow+ /wwz /sOQ*IwP+ /wP”WQ:

P=0 Q=0 P=0 Q=0
= (Q7'4(P),p) + (PT1(Q), ),

YTO W YTBEPK JACTCA.
B wacrrOCTH, eciu dyHKkuma a(x) BOOOIIE HE OOPAIIAETCA B HYJIb, TO

§(aP) = a™'5(P). (5)

Hosrie unTepecusie GpOPMYyILI MOAYYIAOTCA Opu auddepeHupoBaHnm
paBencTsa (5). B wacrHOCTH, JUddEPEHIUPY €ro Mo ), MOLyIaeM:

oprP

dr;

O(aP) Oa
' o '
8’ (aP) oo § (GP)P—Ba:j + ' (aP)a

oP Oa
R 10 . S 1 A
™o )8xj a0 )ij

Moacrasasasa, cormacao dopmyae (4) m. 6, Bmecro 0'(aP) Bemumauny
—a"'6(aP) = —a 2§(P) u coxpammas, HAXOIAM:

§'(aP) = a=26'(P).
Awnanoruyno maa mo6oro k u mobou pyHknua ar)

6 (aP) = a=*+D 50 (p). (6)
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Mpumep.
s (2 —?) = 6(k)[(r +e)r—o]=(r+ o) LM (r — ¢). (7)

Ora GOPMYy.Ia 03HATAET, IYTO AJIA JIOOOU OCHOBHOU (DYHKIIUU O

8967 = ptards = [+ 07160 - p(a)ds.

Koueuno, cpasausaa dpopmyst (10) u (11) m. 5, 370 TOXKIECTBO OGBLIO
Tpyauo ycmoTpers. [Ipu k = 0 oHO nmpuHuMaeT Bug

/5(r2 - Ap(x)dr = %/5(7‘ — ¢)p(z)dz;
c
5TO0 OBLIO BUAHO yxe u3 Gopmyra (5) u (6) m. 3.

8. Crom. Dyuxmmonar suga pu(z)d k=1 (P), wm

/ ()5t D (P)p(x)de = / Wi (1), 1)

P=0

Ha3eIBaeTCA k-xpamubim caoem Ha moBepxuoctu P = (0. B wacTtHOCTH,
npocmot caot (k = 1) oredaer popmy.ie

(u8(P).p) = / g = / wolj0); 2)

P=0 P=0

dsotinoti caot (k = 2) orBedaeT popmyJe

(16 (P).p) = / w1 (19). (3)

P=0

Oyukuua p(zr), Gurypupymomas BO BCeX >TUX (OPMYTIax, HA3LIBACTCA
NAOMHOCMbI0 COOTBETCTBYIOIIETO CJIOA.

IIpuBegennoe ompeneneHme OBLIO OBl HEKOPPEKTHBIM, €CIA OBl OHO
3aBUCETO OT (POPMHBI 3amucK ypasHeHusa mosepxuoctu P = 0. Ho B mercTru-
TETLHOCTU TOT (hAKT, UTO JAHHBEIN (PYHKIUOHAT f €CTh CIou k-T0 MOpAIKa,
HE 3aBUCUT OT BHJa ypaBHeHus moBepxHoctu P = 0 m npm mepexope oT
sanucu P =0 k 3anucu a(z)P =0, rae a(r) — QpyHkuusa, He 06PAIIAIONIALC
B HYJb, MEHACTCA TOJBLKO BhIpaxkenue GyHkuuu p(z). JelcTBUTEIBHO, O
dbopmyme (17)

()6 D (aP) = p(a)a*(@)d* "V (P) = p(2)s* 1 (P),



9] §1. OBOBIIEHHLIE ®YHKIINKA HA [VIAIKOM IIOBEPXHOCTH 263

YTO U YTBEPK IATOCH.
IMokaxem, uTo kKaxcovii Gynkyuonas f suda

_ / S a;(2) Dl p(a)do

P=0 J

. Hirt--tin
] = ] 9oy ] P} D] = -
<J (15 5dn) DT ok >

MOKHCEM ObIMb NPedCmassen Kak CYMMO HEKOMOPHIT CA0ES PAAUUHBLL
nopadrxos. Kak BEITEKAET U3 CKA3aHHOIO, IIPU 3TOM MOXKHO HCIOJIL30BATH
KaKyI0-1100 CIeIuAIbHY0 (OPMY 3amucu ypaBHeHnsa mosepxuoctu P = 0;
TPENOJI0KUM, 9TO B DTOM ypaBHeHUN GyHKIMA P(x) 03Ha9aeT paccToAHIEe
TOYKU T OT moBepxHoctu P = 0 u, cregoBaTenbHO, OpMa COBHATAET C
eBKJINI0BEIM daeMeHToM do. Torma MBI mmeem:

)= [ Sowpisee= [ w|Tau@) =
pP=0 J j

P=0

rmae

Takum o6paszom,

YTO U YTBEPK JAI0CH.

8™ 5(Py,... P
Py) 813{51%_813:2)‘ B npeapiaymmx

MIyHKTaxX ATOro maparpada ObLIM pacCMOTPeHBI OOOOIEHHBIE (DYHKIIUH,
ceasannbe ¢ (n — 1)-mepuon nosepxsocTbhio P = 0. B 5TOM myHKTE MBI
OyaeM paccMaTpuBaTh OOOOIIEHHBIE (DYHKIWM, CBA3AHHBIE C IOBEPXHO-
CTBIO S MEHBIEr0 YUCIA U3MEPEHUN W OMPEeAeiIdeMON yKe He OJHUM, a k

9. 0606mennsie pyukmmn 6( P, ...
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VDaBHEHUAMMU:
Pi(z1,...,2n) =0, Py(x1,...,2,) =0, ...
< Pi(xy,...,zn) = 0.
[Tpu 5TOM MBI OymeM mpeanoaaraThb, ITo:
1) ¢yukuuu P; 6eckonedno guddepeHnyupyeMs;

2) cemencTso nosepxuocren P;(xy,zs,...,2,) =& (i=1,...,k) obpasyer
(IPABUILHYIO CETKY», T.. B OKPECTHOCTU KaXKJOU TOYKU ITOBEPXHO-
¢t S MOXHO TMPUHATD 34 JOKATBHYIO CUCTEMY KOOPIWHAT TEepeMeH-

wee u; = Pi(z1,...,2,) (1 = 1,...,k) ¥ HEKOTOpBIE OMOTHUTEILHEIE

MEPEMEHHBIE Ugt1,.-- ,Up, TAK UTO B ITOU OKPECTHOCTH AKOOUAH
T

D() > 0.

Paccmorpum saemenT o6vema B R,
dv =dzy...dx,

KakK auddepeHnuantbayo GOopMy N-ro NopALKa B 3TOM IPOCTPAHCTBE U
IpencTaBuM 3Ty (GOPMY B BHUIE NPOM3BeNeHUA MTuddepeHnalbHbIX (hopM
nepsoro nopsagka dP; ...dP; "a HekoTopyo GopMy w mopsaika n — k:

dv = dP; ...dPgw. (2)

OdveBugHO, ITO ecam Takasd (GpOPMa w CYIMIECTBYET, TO OHA OMpPeneaeHa
HEOJHO3HAYHO. J]elCTBUTEILHO, eCIu K HEKOTOPOU (pOPMeE W, ONPeaeIeHHON

k
pasenctBoM (2), go6asuts popmy Y. a;dP;, roe a; — mobbie guddepen-

i=1

k
uaabHEe GOPMEL nopAnka n — k — 1, To monydennas popma w + Y a;dP;
i=1
TakxKe OyAeT yIOBIeTBOPATL PaBeHCTBY (2), Tak Kak mpoussegenue dP;dP;
PaBHO HYIIO.
Y7106l MOKA3aThH CYyIIeCTBOBaHUE (DOPMBI W, MBI MPOCTO BBLITUIIEM
€e B IEPEeMeHHBIX ZI1,...,T,. B OTUX OEPEMEHHBIX HJIEMEHT O0BeMa
dv = dzy...dx,. Popmer dP; umeoT BUI

OP; OP;
P = — oo+ —dz,
d o2, dey + ...+ oz, dx

1, KaK JIerko npoBepuThb (cp. popmyst (2) u (3) m. 1),

dP; ...dP, = Z D<P1 PF)da:il...dxik. (3)

ZT; i
i1 <in<...<ik ! k
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B cuny npexnomoxkenuin, cieganusix 0 Gyakuuax Py(xy,...,Ty), B MATpUIe
OP; OP;
Oz s 0T,
P 0P
Oz s Oz,

UMEETCA XOTA OBl OMUH MUHOP k-T'O TOPAIKA, OTIUIHBIA OT TOXKIECTBEH-
HOro HyJa. JlomycTuM, 9YTO B pacCMaTPUBAEMOU OOJACTYU OTIUYEH OT HYJIA
MUHOD ¥3 IPOU3BOLHBIX I10 MEPBBIM K MEPEMEHHBIM I1, ... ,Tk:

P ... P

drgyy ...dz,

Toraga MOXHO MOJOXUTEH

w = ; (4)
D < P, ... P )
T oo Tk
Tak KaK IPU YMHOXEHUN Ha 3Ty POPMY BCe clraraeMble ClipaBa B (3), KpoMme
D(P1 Pk)dasl...da:k,
I e T

JAIyT HYJIb U3-3a HATUYINAA XOTA ObI IBYX OMMHAKOBBLIX ANMdEpPEeHIINaIOB, a

P ... P drp,q...dz
D ! k) dey ... doy kil n =dx...dx, = dv.
rr ... Tk <P1 Pk>
D
I oo T
AHaTOrm4HO, €Can LIA KAKUX-TO i1 < o < ... < i}
P ... P
D 1 k 75 0’
Ty e Ty,
TO MOXKHO IOJOXWUTH
W= (_1)i1+...+ik—7k(k2_1) dle "'d‘rjn—k , (4/)
D P ... P,
Ty oo Ty,
rae j1 < ... < jn—k 4 ju # j, 0pu d00bIx p # v. UTak, cymecTBoBaHue

(GOPMBI W TOKA3AHO.
Bonee cuvmmerpuyunsm (HO He BCeraa Haubomee yIOOHBIN 1A BEIIUCIE-
HUR) BUJ (POPMBL W MOTYyIATCA, ECIA B HEKOTOPOU MAIOU 061aCTH BEIOPATH
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B KQYECTBE MEePeMeHHbIX U1 = Py (21,... ,%p),..., Uy = Py(x1,... ,2,) 1 Kakue
YTOQHO NOHIOMHUTEIbHLIC IEPEMEHHBIC Ug i 1,. .. ,Uy, JOCTATOYHO TIAIKAE U
taxue, 1to D(7) > 0. B oTux mepeMeHHBIX dleMeHT 06beMa UMeeT BUA

dv = D(l’) duy ... du,,.
u

Dopwmer 1-ro nmopsagka dP; mpu 5>TOM COBHAIAIOT IPOCTO C AUPdEPEHIIa-
Jgamu nepeMenHbIX du; (i =1,...,k) u uaTEpecyoIyo Hac POPMY W MOXKHO
TTOJIOXKUTEH PABHOU

w=D <i> iy ... ditn. (5)
[lokaxxeMm mpoOCTyIO JeMMy u3 Teopur auddepeHnnaIbabX GopM, KO-
Topas HyXkHa 14 onpenereHus o6o6mennon gyukmuu §(P; ..., Py).
Nemma. Ecau v — dopma nopadka n — k, makxaa, wmo ee npousse-
denue nwa k wmezasucumviz Jupdepenyuanos dP;...dP; pasnwo wyao, mo
cywecmsylom Gopmvl Ay, ... ,QL, MAKULE, UMO

v =a1dP; + ... + aydP;.

IIpu >Tom mox qudppepeHnmaIamMu MOHUMAIOTCA BHEIIHTE TU(P(epeHI-
asnbl hopM HyJeBoro nopsaska (r.e. dyukumu) Py,..., Py, a He3aBUCUMOCTH
IuddepeHnnanoB 03HaUaeT, ITO

dP; ...dP, # 0.

dopMma, k-0 TOpAIKA B JEBOM YACTHA DTOTO HEPABCHCTBA B IEPEMEHHBLIX
T1,...,Tn AMEET BUJ

diL’jl .. .d:L”]'k =

= P ... P

1< < Ik

Z 0P, 0P, OP;
Jisend

. 6$j1 al‘j2 al‘jk

IMosTomy mepaBencTBO dP;...dP; # 0 03HAYaET, YTO MATPUIA, U3 TTPOU3-

BOTHBIX gff (1=1,2,...,k; j=1,2,...,n) umeer panr k. Orciona crenyer,
J
qro ¢yukuuu Pi,..., P, MoryT ObITH BHIOPAHLI 3a MepBBIE k KOOPIUHAT B

npocrpascTee R, JOKAIBHO.

[ IOKa3aTerLCTBA JeMMBI MepeiIeM K YKA3AHHBIM BBIIIE JOKATLHBIM
nepeMeHHBIM u; = Pi(x1,...,2,) (0 = 1,...,k), Uga1,.--,Un. dubdepen-
mmaabHas (GopMa Y B 3TUX IEPEMEHHBIX MOXKET COCTOATH, BO-TIEPBHIX,
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3 CIAraeMbIX, comepkammx auddepeHnnanst diuy, ... ,di, BO-BTOPHIX, 13
craraemMoro qdugy ...du,, He cogepxaiero Takux auddepennuanos. Mer
uMeeM:

duy ...dugy = qduy ...du, =0

O yCIOBUIO JeMMbI. Tak Kak Bce AuddepeHranstl du; He3aBUCUMEBL U UX
IPOM3BEIEHUE He MOXKET OBITh PABHO HYJIIO, TO OTCIOAA CaeayeT, 9To q = 0.
CremoBaTensHO, (OPMaA Y COCTOUT TOMBKO W3 CIATAEMBIX, COMEPIKAIINX
x0T 66t ofun auddepenunan du; (i=1,...,k). A 3Haaur, v MoxkHO (BOOOLIE
TOBOPA, PA3IAIHEIMA CIOCOOAME) TIPENCTABATE B BUIE

v = ayduy + ... + apdug,

Y= ardP; + ... + apdPy,

9T0 U TPeOOBAIOCH JOKA3ATH.
Omnpenemum Teneps 0606menuyto dyukuuio 0(P,. .., P;) paBeacTsoM

G(Prre PO o1 m)) = /(pw, (6)

S

rge w — popMa, 0 KOTOPOU LuIA Pedb BHIIIE, a S — HoBepxHOCTH (1).

M3 popmyasr (5) BUAHO, YTO 3TO OMpENeIeHAE COBIALAET C OMPEIeIe-
HUeM, TAHHLIM B HAYAJIE >TOro maparpada.

JIerko mokasars, 9TO 5TO ONPEIETEHIE HE 3ABACAT OT BEIGOPA (DOPMEL W.
B camom gmene, nmycte dv = dP;...dPyw = dP;...dP,w. Iokaxem, 49T0
[ o(w—©) =0 ara mobon ocrosrOK (yHKINA (). COrIACHO JOKA3AHHOU
aemme w—w=a1dP; +...+apdPy, T.e. POPMEL W 1 W BO BCEM IIPOCTPAHCTBE
MOT'YT OTIMYATHLCA TOJABKO Ha dopmy Buga a1dPy + ... + ardPy, rae

a; — dopmer mopagka n — k — 1. O4eBugHO, YTO BHOIL MOBEPXHOCTHU
P, =0,...,P, = 0 sra ¢popmMa paBHA HYJIIO, T.e. 0000weHnas PYHKYUAL
0(Py,...,P) onpedeaena dpynrkyuamu Py,..., Py 0dnoznauno.

Hyxuo umers B Buay, 9To dopma w u dyukuuonan 6(P, ..., Py) uame-

HAIOTCA BMECTe C U3MEHEHUEM yPABHEHUN, ONMUCHIBAIONINX TOBEPXHOCTL S.
Briacaum, kak usmenseTca ¢GopMa w Ipu mepexoge or ypasHenun P; = 0,
..., P = 0 moBepxuocTu S x ypapuernuwsam Q1 =0, ..., Qr = 0, rae

k
Qj(x) = Zaij(:c)Pi(x) (i=1,2,...,k),



268 [JI. III. CIEINUAJBLHBIE TUILI OBOBIIEHHBIX &YHKIINNA 9

U MaTpuna u3 GeCKOHEYHO audpepeHnupyeMbrx (GyHKIMN a;;(x) oOpa-
muma. (O9eBUIHO, UTO BTOpAsA CUCTEMA YPABHEHUU OMUCHIBACT Ty KE
MOBEPXHOCTb, YTO U MepBas cucTeMa.) [l 3TOTO BLIMUIIEM ypABHEHU,
OTpEIENAIONINE NCXOTHY0 (POPMY W U TPEOOPA3OBAHHYIO W:

dPydP;...dPyw = dv;
dQy ...dQx» = (D andPy)...(Y_ audP;)& = dv.

PackpriBas ckobxu n npeo6pasys KoahduuneHTs 1o mpasury dP;dP; =
= —dP;dP; MBI BUINM, YTO BTOPOE YPaBHEHNE IPUBOINTCA K CIeLYIOMEMY:

det||aj||dP; ... dPyw = dv.
Orcrona

N 1
w = —————W.
det||auj|

DTO u ecTh uckoMas Gopmy.aa mpeodbpasosanusa ¢GopMbl w. COOTBETCTBYIO-
was obo6wenHas pyskuus §(Q1,. .. ,Qk) CBI3aHa ¢ 060OIIEHHON (DYHKIMEN
0(Py,...,P;) paBeHCTBOM

5(Q1,-..,Qn)s9) =/L <6(P1,...,Pk) L).

det|aij|| " det]|aj|

OmnpegemuM Teneps npousBogHble 0606mwenHon Gyukuuu §(P, ..., P)

mo aprymentam P;, T.e. 06006menuse GyHKInn W. It 0606-
1 k

meHEBe (QYHKIUKA OyAyT OMPENeJeHBl KAK WHTETPATHl 10 TOBEPXHOCTH
S(Py =0,...,P, = 0) or HeKOTOPHIX AuDHEPEHINATEHEIX DOPM Wa, .. o s
3aBuCAmUX 0T GyHKUUA P, ..., P, u o1 ocHOBHOU QyHKIMA O(T1,... ,Tp)
C ee TPOM3BOTHBIMU 10 MOPALKA 1M BKIIOIATEIHHO.

O6o3nauuM GopMy puw [epes woo. o(p) (3mech w — Qopma, ompe-
neneHHas Boime paBeHCTBOM dv = dPydPs...dPyw). YTo6bl onpeneants,
Hanpumep, GopMy wig. o) (MHTErpas oT KOTOpou mo S nacT HaM 3HA-
JeHne 0600MeHHON (hyHKINN W), MBI Bo3bMeM ¢opmy (n — 1)-ro
MOPAIKA,

dP; ...dPywoo..o(),

npoauddepeHIIpyeM ee 1 MpeacTaBUM MOTYyIeHHYIO (hOPMY Nn-T'0 TOPAIKA
B BHUJE

d(dp2 . .dpkagmg((p)) = dPl . .dewm,,,g((p).
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B03MOXHOCTL TAKOU OMEPALINH JETKO TOKA3LIBACTCA B JOKATHLHOU CUCTEME

koopaunar. B camoMm nese, B koopaunarax u; = Py(x1,...,2,) (1=1,...,k),
Ukt 15« - - Upy, €CTHA OOOBHAIUTE PYHKIAIO (L1 (Ut ,- - yUp )y - -y Ty (U1, - -, Up))
gepes P1 (U,... ,up) = @1(u), MBI HOILYIUM:
(T )
woo...0(p) = @D " dugiy ... diy,

dP2 . dewoo___O((p) = @D (Z) dUQ c duk,

o .
A(dP; ..dPison..o(9)) = 5.~ {QOD (Z)] dus ... dun,

Wio...0(p) = 8%1 {@(U)D (i)] g ..y |

AHaTOrUIHEIM 06Pa30M MOXKHO YBEIUYUTH HA €QUHUIY JIOO0U U3 k WHICK-
coB GopMBI woo..o(p). BoobIe, ecan NMpeanosokuTh, 9TO y HAC UMEETCA
DOPMA Wy as...ap (©), TO ITOOHI YBEIWYUTH HA EIVHWIYY j-U WHIEKC, MBI
YMHOXWM Hauly (opmy cieBa Ha Bce dP;, 3a uckmoderueMm dP;, npoaud-
(depeHnEpyeM ee u TpPeACTABUM B BUIE

d(dP1 ---de—lde+1 ...dewm___ak ((p)) =
= (=1)7'dP, ...dPywa,.... a;_,,

QG150 41 yene s AR (8)
Takum 06pa3zoM OHPEeTATCA (MOPMBL Wy, ...a; () MIA JHOOBIX LEIBIX
HEOTPUIATEIBHEIX 3HAYCHUN MHICKCOB.

O4eBuHO, 9TO ecau yxke ucxonHas Gpopma woo...0(y) ObLIa ompeneseHa
HEOJHO3HAYTHO, TO POPMEL Wa, ... oy (©) ¥ TOJABHO MOTYT GBITH ONPEAEIEHBI
Pa3HBIME CIOCOOAMU.

ToxaxeM, 9T0 HOPMBI Wy, .. .a, (@), ONPEAEICHHEIE UHIYKTUBHO, HAYN-
Hasg C woo..0(p), paBencTBamu BuAa (8), mpu MIOOBIX Qf,...,Q MOLYT
OTIMYIATHCA TOABKO Ha (GOPMY BUIA,

dr + 81dP + ... + BrdPy,

rae dr — guddepeHnnans OT HeKOTOpO:u (POpMEL T mopsaika n — k — 1, a
B, ---, Br — mpoumsBoabubie GopMmbl mopsaaka 1 — k — 1. Ilpu sTom kak
dopma 7, Tak u GOpMEL B, ..., B QUHUTHLL, T.e. KaxXIad U3 dTUX (POPM
PaBHA TOX JECTBEHHOMY HYJIIO BHE HEKOTOPOTO OTPAHUIEHHOT'O MHOKECTBA.

[loxa3aTensCTBO DTONO YTBEPXKACHUA OyIeM BECTH Mo WHAyKIuu. Kak
caefyer U3 OKA3AHHOU BHIIIE JEMMHEI, BO BCEM MPOCTPAHCTBE

Woo...0 — Woo...0 = B1dPy + ... 4 BrdPy
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s TE0BIX 1BYX dopM, onpeneastomux 0( P, ..., Py). Tak kak, BO-IepBLIX,
o6e GopMBL woo..0(Y) # Wop..0(p) comepxkar MHOXKUTEAEM (DUHUTHYIO
¢yuxouio o(z1,...,%,) 4, BO-BTOPBIX, nuddepenuunanst dP,...,dP; au-
HEUHO HE3ABUCUMBI, TO, OYEBUAHO, BCE (OpMBI [1,...,0r, BXOAAIIE B
MPaBYIO YaCTh PABEHCTBA, (PUHUTHELL. [IPEeqmoaoKuM Tenephb, 9TO Pa3HOCTh
JIOOBEIX ABYX (POPM C MHAEKCAMHE (rq,...,(; MOXKHO BO BCEM NPOCTPAHCTBE
MpPEeICTABUTEL B BUIEC

Wary,...,ax — a)a17...7ak =dr + f1dP, + ... + BrdPy, (9)

rae 7,01,. .., — GuHATHBIE GOPMEL, I MOKAXKEM, 9TO IPU yBEIXICHIN O-
HOT'O W3 WHAEKCOB (/I OMpeIeTeHHOCTH — MEepBOT0) Ha, eIUHUILY DTO CBOU-
cTBO coxpanaeTca. [l [0Ka3aTersLCTBA YMHOKAM 06€ IacTu paBeHcTsa (9)
Ha dP»...dPy; u npoguddepennupyem ero. Tax kak d(dP;) = d(dr) =0, To
MBI TIOJIY IHM:

dldPy...dPy(Way...ap — Day...an)] =
= dPidP;...dP; - (Way+1,a0,....01 — Dar+lias,.,an) =
= (-1)kdP, ...dPydp,.
Orcroga
dP,dP,...dP;, - (Wa1+1,oz2,...,ozk - aa1+1,az,---,0¢k - (_l)kdﬂl) =0
I II0 JeMMe
War 41,00 n. — Do 41,0000 = (—1)kdﬂ1 + ndPy + ... + Y dPy,

npudeM, B CIIy (GPUHUTHOCTU (POPM Wa, 4+1,a0,... 0, 4 &aﬁl’abwak, u pop-
MBI 31, GOPMBI Y1, ... ,Vx TAKXKe (PUHUTHBEL. DTO U TPEOOBAIOCH TOKA3ATH.

Paccmorpum Temeps pasencTso (9), cnpasegiuBoe, IO IOKA3aHHOMY,
I TIOOBIX 3HAYEHUN WHIEKCOB «r,...,q) Ha moBepxmoctu S. Ha sTon
nmosepxuoctu dP; = ... = dP, = 0, a ¢opma dr paBHA HEKOTOPOU (HOp-
Me dr* (BHemmemy guddepeHnuaty GUHUTHON (HOPMBI T*, MOIYIEHHOU
u3 (HOPMBL T IPOEKTUPOBaHWEM Ha MHOroobGpasme S). Takum o6pasom, Ha
MOBEPXHOCTH S

-~ *
Way,.,ap — Yag,.,ar = dr”,
rae dr* — muddepennuan GuEATHON GOPMEL T,

™8(Pr,...,Pr)
oP1..oP*

om(Pr,. P\, m/
(Frrsteie) = 0" [ ol (10)
S

Omnpenenum Temeps OGOOIIEHHYIO (DYHKIIUIO
PaBEHCTBOM:

CJIe YoM
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M3 dpopmya tuma (7) BUAHO, YTO BTO ONPENEICHUE COBIALACT C COOT-
BETCTBYIOIIUAM OINPEIEJEHNEM, TAHHBIM B Hadajge d>Toro maparpada. JTo
OLpeeleHne He 3aBUCUT OT BHIOOPA (DOPMBL Wy ,...,a, - [EACTBATEILHO,
€CIN Way,....ax ¥ Way,...,ar, — AB€ (GOPMBI, HOLyUEHHBIE U3 Wy, [TOCTE-
MOBATEIbHBIMUA YMHOXKEHUAMU, TudPEPEHIIPOBAHUAMEI U AEJICHUAMU, TO,
O JOKA3aHHOMY,

i@ = [en) = [ ar”

S S S

/dT*z/T*,
5 r

rae I' — rparumna nosepxaoctu S. Ho, B cClIy mpeanonoxeHuil, ¢ IeTaHHBIX
o ¢yuxmuax P;(z1,...,z,) (i=1,...,k) noBepxHOCTL S WM 3aMKHYTA, WA

ITo reopeme Croxca

yXOauT B OE€CKOHEYHOCTH. B 060MX Cayvasx MHTerpas fT* = 0, Tax Kak
r
dopma 7" (pUHUTHA, U CIEIOBATENLHO,

/wal...ak = /wal...ak-

s s
0™ 5(Pyyr P
Tem caMbIM 0606wennas GyuryuAL SPET apE onpedesena GYHKYUAMIU
1 k
Py,..., P, na nosepruocmu Py =0,...,P, = 0 0dunosnauno.

9™ 3(Py....P)

PrT.opmh UMEIOT MECTo

[ast 0606menusrx pyukuu 6(Py,...,Py) u
CJICIYIOMINE TeOPEMEL:
1. O606wwennwie dyakuuu 6(Py,...,P;) u

PEHIUPOBATH KaK CJIOXKHBIE (DYHKITUN:

3m(5(P1,...,Pk)

aPr.oprk  MOXKHO mudde-

) <« d(Py,...,B) OP;
awj6(P1,...,Pk) _Z iF 5z,

i=1

31eck MpoOU3BOHEIE OOOOIIEHHEIX (DYHKINN [0 KOOPIMHATAM & OHPELe/Ia-
I0TCA, KaK OOBIYHO, & UMEHHO:

0
(8_56]6(})1, ,Pk),(p> = — <5(P1, ,Pk),a—wj> .
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2. lna o606menusx Gyuknui §( Py, ..., Py) 1 UX TPOU3BOMHEIX UMEIOT
MECTO CJIEIYIOIIe TOXJeCTBA!

Pi(Pr,...,Py) =
PPiS(Py,... \P) =

a TakXke BCe TOXKJAECTBA, NOTydaeMble U3 DTUX (POPMAIbHBIM quddepen-
nupoBanueMm mo Pi,...,P;. Hanpumep, mocremoBaTenbHo audpdepeHnnpy s
TIepBOE TOXKIECTBO TO P;, moIyt1aeMm:

6(P17"'7Pk)+Pi6}3i(P17"'7Pk) :07

[MuddepeHunpoBaTs MOXKHO MO JIOOOMY HAOODPY IEPEMEeHHBIX: HALPUMED,
quddepeHnIupya BTopoe ToxXecTBo no P, u P;, noxy4uaem:
(5(P1,... ,Pk) + ]DltsgpZ (Pl,... ,Pk) + Pj(%pj (Pl,... ,Pk) +
+ Pin(S}Qin (Py,...,Py) =0.
[lokaszaTeascTBa 3TUX (PAKTOB IPOBOASITCS AHAJIOTUYHO TOMY, KaK DTO
BhiLIe feaanochk niast 0(P), u Mbr ux omyckaewm.

B zaxuouenue 3amMeTuM, 9TO aHAJOIMYHO MPEILIIYIIEMY, MOXKHO OIIpe-
IEeIUThb M-Kpamubll caot Kak (PyHKIMOHAT BUIA

| 3 nal@ @ i Popla,
la|=m
rae
a = (ala"' 7ak)7 |OL| =a; + ...+ ag,
olls(Py,..., Py)
SONP,... P) = —— e W
(Pt P) P ... OPY"

B gacTHOCTH, Npocmoti caoti oTBedaeT GpopMmyie

(u6(Py,y..., Pr),p) = /,u(a:)é(Pl,... , Pe)o(z)dz = /woo___o(;up).
5
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CHOBaA MOXHO TOKA3aTh, YTO KaXK IbIM (PYHKIIMOHAT [ BUIA

Hlil
J Jn
Oxi' ...0xy,

(fa‘p) = /ZGJ(I)D](p(I)dU Dl =

S

rae do — BIEeMEHT MOBEPXHOCTHU S, MPEICTABAM B BUIE CYMMBI HEKOTOPBIX
CJI0eB PA3IUIHBIX TTOPAIKOB.

§ 2. O600meHHBIe PYHKIMY, CBA3AHHBIE C KBAPATHIHON
dopmon

B sTom maparpade 6yayT paccMOTPEHBI PA3JINIHBEIE 000OIIEHHBIE (DY HK-
IIIU, CBA3AHHLIE C HEBLIPOXK JEHHOUN HETe(PUHUTHON KBA IPATHIHON (HDOPMON.
B . 1 u 2 cTpouTcsa KOHKpEeTHAA PEryaapu3alinsa HEKOTOPLIX NHTErPAIoB
6e3 WCIOJb30BAHUA MPEIEIbHBIX MEPEXONOB U3 KOMILUIEKCHOU OOIACTH.
B ocrampbubpIx myHKTax >TOro maparpada MUPOKO TPUMEHIETCA METOI,
OCHOBAHHLIN HA BHIXOJE B KOMILIEKCHYIO 0OIACTh.

Bonee mpocTeiM sABASETCA KOMIUIEKCHBIM METOX, W NPU TIEPBOM 3Ha-
KOMCTBE MBI PEKOMEHIYeM HAYaTh UTEHUE MPAMO C M. 3, MPOCMOTPEB
MPEIBAPUTENBLHO MIT. 1-2, KOTOpLIE COAEPXKAT DA MOME3HLIX CBEICHUU O
IeIbTa-PYHKINAX OT KBAAPATUIHON (POPMEL.

1. Oupepenerve GyHKIM 5516) (P) m 6516) (P). B § 1 6buIn ompegesneHst
o6o61menabIe (DYHKIIAN ok (P) mna caydas takoun GeckoHedHO muddepeH-
uupyemon pyukuun P(zy,...,2,), 90 nosepxuocts P(xy,...,z,) = 0 me
uMeeT 0CcoOLIX TOUeK. Ecau Teneps

P(my,....¢n) =31+ ...+ 2, — 2oy — ... — Toy, (1)

(p + ¢ = n), To nosepxuocts P(z1,...,2,) = 0 npegcrasiser coG0U KOHYC
€ 0co60U TOYKOU (BEPIIMHON) B HAYAJIE KOODJUHAT.

B srtom ciyuae ¢yuxmmo 6F)(P) MOXKHO ompeseInTsb CiIeTyommM
o6pasoMm. Tak Kak eTUHCTBEHHAsS OCOOEHHOCTHL KoHyca P = ( maxomgurcs
B Ha¥asme KOOPAWHAT, TO AAA (GPYyHKIWHA (o, PABHBEIX HYJIO B OKPECTHOCTHU
naana koopauuar, (6 (P),¢) dpaxTudeckn 6b110 ompegeneHo B § 1:

(6®(P),p) = / 58 (P)pdz = (~1)* / wi(9). 2)
P=0

Ecan xe ¢ — npousBosibHas puHuTHAS 6€CKOHEIHO quddepeHnnpyemMast
¢yuxnusa, To uHTErpasa (2) Moxer pacxoguTbCA. Torga MBI ompeneaum

(6(k) (P),(p) KaK PeryJsapu30BaHHOE 3HavYeHUe uHTerpaia (2).
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OTOT MIaH 31eCh W OyAeT TPOBOAUTHCA; OMHAKO MBI IPOBEIEM €ro

5IeMEHTApPHO, He OIMUpasACh Ha cogepxkameecs B § 1 ompegenenne [ wy(¢).
P=0

Urak, nycrs caavana pysxuus ¢(z) o6pamaeTcsa B HyJdb B HEKOTOPOR

OKPECTHOCTHU Hadvana KoopauHar. Ilocie ymaaeHus >TOM OKPECTHOCTHU IIO-

BepxHOCTH P = 0 yxke He umeer 0coObx Tovek. ClenoBaTeabHo, B 060U

TOCTATOTHO MAJIOU OKPECTHOCTY TPOU3BOJBLHON TOUKM MOBEpXHOCTH P = 0

MOXHO BBECTHU HOBBIE KOOPAUHATEL 4, = P, s, ... ,u, ¢ axkobuanom D (z) >0.

Torga, coraacHo onpenereHuio GyHKIANT 6(k) (P), mamnomy B § 1, umeem:

W (P)p) = (-1 [ 2 [‘pD (Zﬂ

— dus . ..duy,, (3)
ou¥

Ul =0

rie uaTerpas 6epercs no mosepxuoctu P = (0. ITo onpenenreHne He 3aBUCAT
OT BBEIOOPA CUCTEMBI KOOPIUHAT Uq,. .. ,Up.

B camom gmene, kak 6GbUIO TOKA3aHO B § 1, HAMUCAHHOE BLIPAXKEHUE (§(k)(P),(p)
cosmagaer ¢ (—1)F [ wi(yp), a moTomy He 3aBMCHT OT BHIGOPA CUCTEMbI KOODIMHAT.

P=0

Hammmrem sHOe Bepaxenne maa (0(F)(P),p), BHIGpaB KOOpAMHATEI
Ul,... Uy COCIUAILHBIM OODA3OM.

Bymem mpegnonarats, uto p > 1 u ¢ > 1; cryvan, korga p wind ¢ paBHo 1,
MBI PACCMOTPUM 0CO60 B KOHIIE 3TOT'0 IMyHKTA.

Beegem GunonspHbIe KOOPAWHATHL, [TOJOXKUB

Tl =TWi, vy Tp = TWpy Tpt1 = SWpil, ovy Tptqg = SWpiq, (4)

rue

r=/ri+ ... + 22, s:\/:c%+1+...+:v12,+q. (5)

DJEeMEHT 00BeMa B 3TUX KOOPAUHATAX 3a03eTCA (hOPMYIOn

dz = rP~' s drdsdQ®) d0@ | (6)

rae dQP) (dQ9)) o6o3mataeT HIEMEHT MOBEPXHOCTH ChEPHI €IMHITHOrO
pajamyca B p-MepHOM (COOTBETCTBEHHO ¢-MEPHOM ) mpocTpancTse. [lpu aToM
MBI IMEEM:

P=r?—s2

I[IpumeMm Temephb 3a HOBYIO CUCTEMY KOOPAWHAT B MPOCTPAHCTBE Mepe-
MeHHEBIE P,r v GUIONAPHEE KOOPIUHATH w;. Boipaxkenue (6) musa saementa,
o0BbeMa MPUHUMAET B DTUX KOOPAWHATAX BUI

1 a=2

dz = 5(12 — P)"z P71 dPdrdQ® dQ®
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CornacHo onpegenenuo (3) nmeeM:

k 2
6®(P),p) = (=1)F % Bcp(ﬁ - p)qé} rP~LdrdQP a0,

P=0

Iepexons ot P x mepemerHOMy § — v/r2 — P 1 3amedas, 9T0 % = —#%s,
MTOJTY IAEM:
o \" 7
(k) — —2¥ p—1 (P) g0(@)
(6P (P), ) /<2Sas> {3 2] o). 8)
Ecau Temeps momoxuTs
vlr) = [ pdaPaa, )
To popmyaa (8) mpuHUMAET BUL
[0\ [ athins)
(k) — g2\ S p—1
(6" (P),p) / <2888> {s 5 } . rP~ dr. (10)
0

ITpu BEIGOPE HOBOU CHUCTEMBI KOOPAMHAT B MIPOCTPAHCTBE BMECTO KOOP-
OUHATHL ' MOXKHO OBLIO OBI B3ATHL KOOPAUHATY S. TOraa MBI IPUILIA OBI K
SKBUBAJEHTHOMY BLIDAXKEHUIO

(6P (P),p) = (-1)* f <263> {@]
0

Ipu caesaHHOM ¢ CAMOTO HAYAIA MIPEATOSOKEHNY, 9TO (GYHKIUA PABHA
HYJTI0 B HEKOTOPOU OKPECTHOCTM Havata KoopawHaT, mHTerpanst (10)
u (10') cxomarca mpu mwo6om k. Omuaxo, ecim (p — 1) + (¢ — 2) > 2k,

57 1ds. (10"

r=s

Te k< p*gﬁ, TO DTW WHTETPATHl CXOJATCA W NI 410001 (PUHUTHON
dyuxnun p(z). Hosromy mpu k < ’H'QLQ a0y u3 gopmyx (10) u (10')
MOXKHO TIPUHATEL 3a ompegenerme dyukmun 0F) (P). Ecm xe k > W,
TO MBI OIPENeINM (§£k)(P),<p) u (6§k)(P),<p) KaK Pery/JIapu30BaHHBIE

sHavenus uaTerpanos (10) m (10') B cMmbICTe, KOTOPHI HECKOIBLKO HUXKE
OyaeT yTOYHEH.
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Taxum o6pazom, npu p>1, ¢>1 ob6obwennvie gynxyuu 55’“) (P) u 55’“) (P)
Mol onpedeasem no Gopmyaam

(017 (P), ) = /00(268> [swﬁ(;’s)}
d

o0

6P = (-0* [ (;2)'“ -2l

0

rPLdr, (11)

s=r

s 1ds, (117

r=s

ede P(r,s) obosmauaem ummezpas om GYHKUUU © NO NOBEPTHOCTU

2 2_,2 .2 2 2 o p—1oq—1
Tt AT, =t w Ty, =87, deaennorii na TP 577 Hanucannbie

3decv unme2paavl CLOOAMCA U CO8NAAAIOM NPU

p+q—2
k< ——.
< 2
FEcau ace
k> P++—2,

Mo MU UKMEPAAbL CALOYEMm NOHUMAMb 6 CMbICAE PEYAAPUI0EAHHDIT
snauenutl. Ykaxkem, 9TO MBI OyJeM MOHUMATL MO PEryIAipU30BAHHBIME
sHavenmsamu umHTerpato (11) m (11'). 3amerum cHavama, 4TO (YHK-
uust Y (r,s), onpenenertas popMyaon (9), ABAsgeTCS GUHATHOU HECKOHETHO
nuddepernupyemon gpyuknueit ot r2 u s2. Jenas Temepb (pOPMAIBHO B

naTerpate (11) sameny mepemennsrx r2 = u, s> = v u nonarasa

¢(T,5) = 1/11(U,U),

OyaeM UMeTh:

p—2
u 2 du.

A~

6P = ¢ [ o (v )
0

B cuny cmenamnoro samedanusa i (u,v) ABIAETCA (PUHUTHOU GECKOHETHO
nuddepennupyeMon pyHKIren ot v u v. Ho Torma

v=u

=u"T Thu(u),

v=u

o (’U%1ﬁ1 (u,v))

vk
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rae caoBa VU(u) — QuuuTHAL GeckoHeuHO nuddepeHnupyeMan GyHKIUA.
Takum o6pasom,

6P (P),p) =

ANy

/upTﬂ_Q_k\I’(u)du. (12)
0

Peryaapusamusa Takux nHTErpajioB paccMarpuBaaack B § 3 . I. [Ipasas
qacTe dopumyasr (12) ects smatenme i(u},¥(u)) mpu A\ = EE4 — 2 — f
rae ui — ¢ynknusa, pasas v opz v > 0 u 0 opu u < 0. Peryrapu-
3auen dTOU (PYHKIUU CIyXKUAT 0O0OUIEHHAS (DYHKIUA ui, KOTOpas Ipu
A# —1,-2,... DONyIALTCA AHATUTUIECKUM MPOIOMKEHAEM ui u3 obacTu
Re A > —1.IIpu A = —1,-2,... »Ta aHanuTudeckas 0600IeHHas (yHKITUA
UMeeT MPOCTHIE MOMOCH]; 0000mmeHHy0 dyrKnmo v, " (n = 1,2,...) MbI
OTIpeNenmIn Kak CBOOONHBLIM wieH pasnoxenus Jlopawa ¢yHKIunA ui B
OKPECTHOCTH TOYKU A = —n.

Takum o6pasoM, ecau pPazmepHocmv N = P + ¢ NPOCMPAHCMBEEL —
Heuemmoe wuca0, mo peeyaspudayus uwmeepasa (12) onpedeasemces rwax
GHAAUMUECKOE NPOIOANHCENUE PYNKULU

(o]

fO) = 1 [ v

0

6 mouky \ = pT‘"q — 2 —k (mo ¢opmyram, ykasamaeM B § 3 o I),
4 €CAU PA3MEPHOCTIL N NPOCMPAHCMBA UeMHd, MO — KK CE0000HbIl
uaen pazaoxcenus Pynwyuu f(N) 6 pad Jopana 6 oxpecmmocmu MoOuKY
—pta o _

A=EB 2 — k.

Ananoruaaeiv 06pa3oM ONpeeraeTca peryaapusanua uarerpaaa (117).

k k
O6o6mmennsie HyHKIUN 6§ )(P) u 6§ )(P) MOTyT, BOOOIIE T'OBOPS, W HE
coBmamaTrhb. B m. 3 6yaeT mokasaHO, UTO B CAydae HEUYETHOMEPHOT'O MIPO-
CTPAHCTBA >TH (PYHKIMKM BCErAa COBIATAIOT, & B CIydae TIeTHOMEPHOrO
k
TPOCTPAHCTBA pa3MepHOCTH N mpu k > § — 1 pa3HocTh 65 )(P) — 05(P)
ecTh 0600IeHHAA (PYHKIUA, COCPEIOTOMEHHAsA B BepimHe KoHyca P = 0.
Kpowme Toro, B n. 3 Oyxer gano mHOe, 60/Iee eCTECTBEHHOE OIIPEIeJCHUe
OMHOPOMHLIX (PYHKIMU, COCPEIOTOYEHHLIX Ha MOBEPXHOCTH KoHyca P = 0.
. ok k

OrMeruM, ITO U3 OHpeeneHns HYHKIINN 6§ )(P) u 55 )(P) BBITEKAET

HEMOCPEICTBEHHO CJAEAYIOMEe COOTHOIICHNE:

5 (P) = (~1)k6M (P).

o cux mop MubI mpegmonaramm, 9to p > 1 u ¢ > 1. Caygan, korga p
WIN ¢ PABHO 1, ABISETCSA OCOOBIM, IOCKOJIBKY B DTOM CJIyYae TePSIET CMBICT
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Tepexo K GUMOIAPHEIM KOOpAWHaTaM. IIpuBegem ompegeneHne ¢hyHKIIAT
k k
6§ )(P) u 6§ )(P) [JIST DTOTO CIIYYas.
Iycts cHauama p = ¢ = 1, T.e. P = 22 — y2. Beibupas Toraa B KauecTse
JOKATHHEIX KOOPAWHAT TIepeMeHHbIe P W I, MbI TIOMyYMM M0 aHATOTHWH C

dbopmyon (10) cregyiomiee onpenenerne GyHKIAN 65’“) (22 — y?):

(60 (2 — ?).0) = +/oo(%)k 2o g

— 00

rJe HHTerPIPOBAHUE BeJETCA 10 mape IpaMerx 22 —y2 = 0. CregoBaTensHo,

(6 (22 — y?), ) =

T\ ety
T e

dx.

+o0 5 k
o + /( ) {w(w,y)}
- 2y0y 2y ] |y

NuTerpaisl MDOHMMAIOTCA 30€Ch B CMLICIE PEryJIApU30BAHHBEIX 3HAYCHUN
(31€Ch CHOBA HETPYIHO BOCIOJIL30BATHLCA pe3yabTaramu § 3 ru. I).
B gacTHOCTH, MMeeMm:

+o0
((51(1‘2 _y2),§0) _ / l‘?(;f?;y) ) +<p(;:1;y) B ]dl‘,
| 9 9 1 1
o1(z° —y°) = @5(m—y)+@6(az+y). (13)

Ananoruuno, ectu p=1, 10 g=n—1> 1, To QpyHKIMIN 5§k) (P) u 5;’9) (P)
OIpeensaoTCa N0 (popMyaaM

(67 (P), ) = 70(2563>k [Sn_3¢(w21,8)] N da1, (14)
atPe = 0 [ (o) (M) R

s"2ds, (14"

(zm) (“52)

r1=-—s8
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rae (z1,8) ecTh uHTEerpas (QYHKIUA [0 MOBEPXHOCTH I = const,
23 + ...+ 22 = 5%, nenennbi ma s771.

Ecmm xe ¢ =1, 50 p =n —1> 1, To pyuxun 6§k) (P) m 6§k)(P)
OIpeensaoTCa N0 (popMyaaM

+o00

@P)0) = (1" / <%>’“ {THM} r=lz,| dr,,  (15)
o (5 (5559 e
+7<2wn%wn>k<w(;;in)> o " 2dr, (15')

[=}

rae ¢(r,z,) ecTs mETErpat GYHKIMY IO TOBePXHOCTH T3 + ...+ 12 | = 12

2, = const, geremHer Ha 7P~ !. Bce HaIMCAHHEIE MHTErpatbl CILyeT
[IOHMMATH B CMBIC/IE PErYIAPH3OBAHHBIX 3HAYECHMIT!) .

2. 0606merHan pyskmma P, IIycrs crosa

P(:L‘):xf+...+x12,—x12,+1—...—x12,+q (1)

+ ¢ =n). Onpegenunm 0600meHEYI0 GyHKINIO P, roe A — KOMILIEKCHOEe
p+q p y y +
9HUCI0, IO (popMy.Ie

(Phg) = / PA@)p()dz, 2)
P>0

rge £ =(z1,...,2n) udr=dx; ...dx,. Ipu Re A >0 uarerpax (2) cxogurcs
U TpeCcTaBIsIeT co601 aHaIMTIIecKyo hyHukuuio ot \. [Ipogomkas anamm-
TUYIeCKU STy QYHKIMIO Ha 006aacTh Re A < 0, MbI onpegenny dbyHKIMOHAL

(P},¢) ana apyrux A.

DOrmernM, 910 B caydae, korga p = 1 mm ¢ = 1, MOXKHO MHOTA HE yCPEIHATH
dbyakmmu ¢ no chepmaeckum mosepxHocTAM. Popmyant (14') m (15') mMoxmO Taxxke
MpeACTaBUTh B CIEAYIOMEM BHIE: eciu p = 1, TO

(68 (P), ) = (71)’“/ (2331(?99;1)k (i) dzs...don,

rlie MHTEerPUPOBAHME BEIETCA [0 MOBEPXHOCTH KOHyca P = 0; ecim xe ¢ = 1, TO

Ie] k %)
s (py, :/(7) ( )d cdzn_1,
(6,7 (P), ) P 5o, ) 471+ -don

rjlie CHOBa MHTErPUPOBAHNUE BeAeTCA MO MOBEPXHOCTU KOoHyca P = 0.
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Bynem mckaTh momockl (hYyHKITMOHATA, (Pi‘,go). [lna >Toro MepengeM B
uaTerpae (2) Kk GUNOIAPHBIM KOOD AXHATAM

Tl =TWi, vy Tp = TWp, Tppl = SWpgl, +ovy Tptq = SWptq, (3)

rue

=VT +ap, 5= \/ Tppr oo+ 2y, (4)

Torga uaTerpan (2) nepenuuieTca B BAILE

(Pi‘,cp) = / (1> — s or?~ ' s9= 1 drdsdQP dQ( @) | (5)
P>0
rae dQP)(dQ(9)) — sreMeHT MOBEPXHOCTH CePHI EIUHITHONO PAIHYCA B

p-MepHOM (COOTBETCTBEHHO, ¢-MEPHOM) MpOCTpaHcTBe. llomaras Temepb,
KaK U B 0. 1,

vlr) = [ pdaaa, (©)
HOJIy‘II/IM:
(Pi\a@) = //(1‘2 — SQ)Aw(r,s)rp_lsq_ldsdr. (7)
00

IMockonbky ocHoBHAs Qyukuua p(z) ¢uHUTHA U GECKOHEIHO Audde-
perHuupyema, gysakuus (r,s), onpenenrentas no dpopmyJe (6), GuHATHA U
6eckorearo muddepermmpyema 1o r2 u s2. Caeras B maTerpane (7) 3amery

IEePpEMEHHBIX U — 7'2, v = 82 1 IIOJOXKUB

’(ﬁ(’l”, S) = ¢1 (U,’U), (8)
IOy IUM:

(P,0) u — )My (u,v)u"T 0% dudu. 9)
]

u>|~

D lns mpocTOTHI MBI TIPEATONAraeM BCIOLY Zaablme, 9To p > 1 m ¢ > 1. OgHako Bce
TMoJy9aeMble Pe3yJabTaThl OCTAIOTCA CHPABEIJUBBIMKA U B CHENMATBHOM CIyvae, KOraa
p=1wmq=1.
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Haxouern, samenon nepemerHon v = ut Mbl npusegeM uaTerpat (9) kK Bury

=

[e's} 1
(P)p) = /uH%*ldu/u — M 1y (u, tu)dt. (10)
0 0

N3 ¢popmyant (10) caeayer, 9To QyHKIHOHAT (P_;},cp) UMEET IBE CepUn
moMIocoB. IlepBas cepua COCTOUT U3 TMOMOCOB (PYHKIAN

D\ u) =

| =

/(1 — DM Py (u, tu)dt. (11)

Mogo6uo dyuxiun (xj}_,cp), paccmorpensoun B § 3 . I, sra dyukimsa
peryJiapHa OpU BCEX 3HAYCHUAX A, 33 UCKIIOYCHIEM TOYEK

A=—-1,-2,...,~k,...,

B KOTOPBIX OHAa MMEET IMPOCTHIE ITOJTIOCHI. HpI/I STOM

B0nu) = I DT g ) (12)
— 5

el e T A D V) R N

CaenoBaTensHo, )1?_1,1q];<1>()\,u) — TpeACTaBIACT COOOUM (PYHKIIMOHAT,

COCPEIOTOUYCHHBIN HA TIOBEPXHOCTU KoHyca P = 0.
C aopyrou croponsr, eciu ®(\, u) — peryaapHas GyHKINUA, TO UHTENPAT

o0
(PAg) = / A B ) du (13)
0

MOXKET UMETH €IIe IMOJIOCHI B TOYKaX

rie n = p + ¢ — Pa3sMepHOCTb IPOCTPAHCTRA. IIpu >ToM

1 o*

Aoy 2O s
/\jflé{;k(P+,<P)—k!6uk<I>( D~ k) (14)

u=0

Takum obpazom, \ BBIY. k(Pj_‘,cp) eCTh (PYHKIIMOHAT, COCPEIOTOUCHHBIN
=z

B BepIINHE KOHYCA.
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Urak, umeemcesn dee cepuu 0cobbiz mouex GynKyuoOHaLa (Pj‘,(p):

A=—1,-2,...,—k,... (15)

n
__n_nr_ _n_ : '
A=—gmg —Lemg — ke (15')

Bqu.(Pi,(p) 6 0cob0t mouxe X ecmb HYHKUUOHAA, COCPEAOMOUEHHBLT Ha
nogeprnocmu xonyca P = 0, ecau A npunadaexncum nepsoii cepuu, u 6
sepwune xowyca P = 0, ecau A npumnadasexcum emopot cepuu 0codbix
mouek. B caydae, korga \ MPUHAMJICKUT OTHOBPEMEHHO OOEUM CEpUsAM,
KapTHHA E€CTECTBEHHO MOXKET YCIOXKHUTHLCA. PasbepeM Temepb IMOAPOOGHO
BCE CAyYau B OTIEILHOCTH.

Cnyuan 1. Ocobas mouka A = —k npunadaexcum nepsoti cepuu, 0cobbix
mouex, Mo He NPUHAIAEHCUM 8MOPOT cepul. ITO HUMeeT MEeCTO BCerja,
KODa Pa3MEPHOCThL MPOCTPAHCTRA N = P + ¢ — HEYETHOE YUCIO, 8 TAKKe
B CTyHvae IeTHOMEPHOT'O TIPOCTPAHCTBA, €CTH A > — 4.

Ipeacrasum gyuknuio (11) B okpecTHOCTH TOUKU A = —k B BUIE
<I>0(u)
S\ u) = B (A 1
(7“) >\+k+ 1( 7“)7 (6)

rae ®g(u) = )1?21:11;'1)()\,16), a ¢yuxmua ®q(\,u) peryaapHa B OKPECTHOCTH

rouku A\ = —k. llogcrasusas 5To Beipaxenue B popmyay (13), Mer moaygaem:

o0

o0
1 + +
(PY,e) = A—M/ux*'%_l‘bo(u)du + /u)""%_l(l)l()\,u)du. (17)
0 0

Ilpu cuesaHHOM MPENNONOKEHUM OTHOCUTEILHO A WHTErpaabl B GOpMy-
ae (17) ABasIoTCS peryaapHeIMu QYHKIUAMEA B OKPECTHOCTU TOYKEA A = —k.
Caegosarensno, gyrkuua (P,¢) uMeeT B >TO#l TOUKe IHOMIOC IEPBOTO
MOPAAKA, TPUIEM

00
r+a

sert. (P, ) = /zflc+ > 1 (u)du,
A=—k
0
rie naTerpan npu k> 2L cregyer mornMaTh B CMEICTE pEryIApU30BAHHOTO
suavenus. [logcrasnaa crona Buipaxenue (12) g Po(u) = BRI, D(\,u), MBI
Oy IaeM: a

Lo (cDR < k-1 22
per (P9) = 4=y | g [t ¢1(“’t“)]
0
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Nraxk, )1?_5111]; Pj‘ ecTb 0000ImeHHaA (PYHKINA, COCPEIOTOUCHHASI HA KOHY-
ce P=0.
YceramoBuM CBA3L dTOU (PYHKIAU C ONpeIeqeHHOon B m. 1 dyHKIM-

o ok
en 55 )(P). 3aMeTuM, YTO €CIU MOTOKUTE tu = U, TO

akfl

oh—1 = o [v%d}l(u,v)]

Ty [t%wl (u,tu)]

t= v=u

Crenosareasno, popmyna (18) MoxkeT ObITH MEPENUCAHA B BUIE

(—1)k-1 T okt
4k -1 ) aur

p—2
u 2z du,

v=u

[U%zpl (u,v)]

A
BEIY. (P =
BErt (P2, ) !
0
rie mpu k > § WHTerpas ciefyeT MOHMMATE B CMBICIE PEryIApU30BAHHOIO
sgadennsa. C APyron CTOPOHEI, COIVIACHO OMpPENeNeHNIO, TaHHOMY B II. 1,

G py gy = L[ O e
OV Pe) = 1 [ g [0 ()]
0

p—2
u 2 du,

v=u

rje CHOBa IpW k > § MHTErpal MOHUMACTCA B CMBICIE DeryIApU30BAHHOTO
suadenusa. Ho B ciydae, Korma pasMepHOCTH N = P + ¢ TIPOCTPAHCTBA, —
HeYeTHOe YUCJIO, Peryiaapus3anuda HaIWCAHHO'O MHTerpaJa OIpefelseTCs
METOJOM AHAIUTUYECKOTO Mponoaxkenus. CrienoBaTensHO,

(~1)t!

m(fﬁk_l)(ma@)-

(P, p) =
sert (P, ¢)

Nrax, 6 mouxe A\=—k(k=—1,-2,...) 6 cayuae, K02da npocmpancmeo
UMEETN, HEUETNHYIO PABMEPHOCTND N, 4 MAKNCE 6 Cayuae, K020a PaA3MEPHOCTL
npocmpancmea n — wemuoe ducao u k < 3, obobuwennas Pynkuyus Pi‘
UMEEM, NPOCMOT, NOANC C BbIUETNOM

(~1)t!

méi’“‘”(m (19)

A
Bemd. P} =
=k T

IMonyueHHBIN pe3yIbTAT He ABIACTCA HEOXKUIAHHEIM. B camoM gene, eme B
. I MBI yecTaHOBMIN, ITO

v (DR ey
BEIT, 2y = —90 ().

(k- 1)!
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M3 gopmyast (19) BHITEKAET, YTO B CAYUAEL HEUETIHOMEPHO20 TPOCM-
PAMCMBa, G MAKNCE 6 CAYUAE YEMHOMEPH020 npocmpancmea npu k < o

Pynryus 5§k_1)(P) NOAROCMbIO ONpedessemca 3000nuem Keadpamuunoti
dopmovr P.

B . 1 66110 OTMEYeHO, 9TO (PyHKIUA JEk)(P) MOXeT GLITH OmpeneseHa (GpopMyaon

@ (Pe) = (-1* [ wie),
P=0

npuYeM HAMACAHHBIM HHTErpajl CXOAUTCA Tpu k < "TJ, a npu k > ”772 ero ciexyeT

IIOHUMATH B CMBIC/IE PEryIApU30OBAHHOI'O 3HAYEHUS. CJIe;{OBaTeJILHO,

1
A _

Bhr (P p) = o1 / wi ().

P=0

B gacTHOCTH, MMeeM:

p(z)do
(P = |
$o1y (P2 0) = [ rad P

rae do — dreMeHT HmOoBepxHOCTH KoHyca P = 0.

Cnyuan 2. Ocobas mouxa A npunadiexcum emopott cepuu 0cobbir
mouex, MO He NPunadiexcum nepeoii cepuu. ITO UMEET MeCTO, KOI'Ia
A=—-%—k (k=0,1,2,...), mpuieM pa3aMepHOCTH MPOCTPAHCTBA N —
HEYETHOE YUCTO.

B srom cayuae dymkuma P(A\,u) perymspHa B OKPECTHOCTH TOYUKH
[oe]

A= —2 —k, a noromy pyakuua (P},¢) = [u T2 71®(\,u)du umeer B
0

DTOU TOYKE IMPOCTOU IOJIIOC C BEIIETOM
pert. (Pl,p) = Bero TR (—E - k,u) du,
A=—21k A=—2k 2

OTKY A&

1050 (<2 — kyu)

A —
W2 (P = 8 (20)

u=0
Taxum o6paszom, Ber. (P,¢) ecTh QYHKIMOHAT, COCPEIOTOUCHHbI
P BN G YHKIT ) pen
="z’

B HaYaJIe KOOPAWHAT.
BripasuM 3HaYeHHE >TOT0 (PYyHKIMOHATA HEMOCPEICTBEHHO Yepe3 Mpo-
U3BOIHBIE PYHKIWMHA ((T) B HAYATE KOODIUHAT.
j— n
IIpuz A = —% dopwmyra (20) zaer

BRI, (PYp) =@ (—g,O) .
=%
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Ncnonbays seipaxkenue (11) mia pyukuumn @ (N, u), morydaem:

»-lkll—‘

)1‘35111 P_ﬁ,

1
/ 1—8) 52 dt(0,0).
0

Ho

Ecaun p — wernoe uucio, To I’ (—g + 1) = 00, a IOTOMY

BRI, (P},p) = 0. (21)
=%

IIycTe Teneps p mederHo, a ¢ verno. Cormacuo onpegeaenuam (8) u (6)
IMEeM:

01(0,0) = 9(0,0) = [ p(O)anan
OTKy I,
wl (070) = Qpﬂq(p(()),

rge ), u ), 0603HAYAIOT IJIOMAIN [OBEPXHOCTEHM EJUHUYHEIX chep B
MPOCTPAHCTBAX COOTBETCTBYIOMMX pasMepHocTen. CreqoBaTemLHO,

r4ra-2z
P (Pi,(p) = L}_)Q)Qpﬂq‘:o(o)a

4F(1_ 2)
_t@ra-3,

Kaxk m3secTHo, miomans moBepxHOCTH (g ChEpHl eIUHUTHOIO PAAUYCA B
$-MEPHOM TPOCTPAHCTBE BBIPAKAETCA (POPMYION
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Honcrasnsasa B (22) Buipaskenus g (U, u (g, MBI DOXYYIAM HOCTE IEMEH-
TAPHEIX IPE0OPa30BAHNUN

(SIS
3

-1
BerT, P = #5(1‘) (23)
A=-% r(3
YTOOBI HANTYU BLIYETHI (DYHKITAN P_f_‘ mpu A = -3 —k,rrek=1,2,...,

PacCMOTPUM OTHOPOAHBIN AU depEHINATLHEIA OMEPATOD

0 0
L—P(a—%,...,a—m’z),

T.€
0? d? 0? 0?
Oy oxy Oz, 0Ty,
Kak mokasniBaeT HEOCPeACTBEHHLIA [TOACIET,
LPM! =2(A + 1)(2\ + n) P, (25)

raen =p-+gq.
C mpyrou CTOpOHBI, A/ MI000U (PUHUTHOU GeCKOHEIHO nuddepeHupy-
emon gyukuuu () cupaBenmusa, HpOpMy.Ia

[ lep ) = P L = o0, (26)

P>0

Moxcrasnaa B popmyry (26) serpaxenue (25) nia LPM ! momyuaaem:

1

Prode = /PA+1 Ly)dz,
/ TR ) (A + D) (Le)d
P>0 P>0

1
A+1)(A+2

(PLo) = 55 (P2 L) (27)

DB camom nene, eciu Re A > 0, To o ¢popmyne I'pura >TOT MHTErpas CBOAUTCI K
uaTerpany mo nosepxuoctu P = 0. Ho Tak kak Ha >TOU MOBEPXHOCTU (HPYHKIIUASL pArti
¥ ee YaCTHBIE MPOU3BOJAHBIE OOPAIAIOTCA B HYJb, TO WHTErpal paBeH HYyJI0. B cury
€UHCTBEHHOCTH AHAIMUTUIECKOTO HPOI0MKeHus dhopMya (26) 0CTaeTCS COpaBEeIInBOK
u nmpu Re A < 0.
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Mpumenus ¢popmyay (27) k pas, OymeM UMEThb:

1
P)\+k,Lkg0).

(PL,¢) = PO D AR+ k1)

(28)
CuemoBaTenbHo,
. (P) =
A:Bfﬂé{k( 5 0)

1
C2E A1) AR A+ E) A+ SR 1) sy,

Ho

IosToMmy, ecau p — YeTHOE YUcIo, TO DTOT BEIMET cOrmacHo (21) pasen
uymo. Eciu ke p — HedeTHOE 4MCIO, TO, COrVIACHO (23), nmeem:

pora. (PAME LFp) =

Moacrasnas >T0 Bhipaxkerue B GpopMyry (29) u yIuTEBaA, ITO
(§(I)7Lk‘p) = (Lk(S(l‘),(p),

MBI [OIYYUM MOCIE IEMEHTAPHOr0 Mpeodpa3oBaHusI KOd(POUIneHTa

(—1)%71’% )(Lk§(1‘),<p).

A _
a2t (P9) = ot @+ k

Urak, ecau pazmepnocmsb npocmpancmed — HEUEMHOE UUCAO, MO
8 cayuae, Ko02da P — HeueMMoe, a4 ¢ — UEMHOE UUCAO, 0000UWEHHAA
Pyrryus P>‘ umeem 6 mouxar A\ = —45 —k (k=0,1,...) npocmbie noaocoi

C sbltuemamu

_1 g n
R P G LL
A=—2lk 22REIT (2 + k)

k
02 0? 02 02

X

1 P amp+1
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A

Ecau ace, naobopom, p — uemmnoe, a q — Hewemmoe 4ucao, mo gynxyus P}
6 IMUT MOUKAT Pe2YAAPHA.

Cnyuan 3. Touxa A\ npunadiexcum o0nospemenno Jd6YyMm cepuam 0coObiT

mouex. ITO UMEET MECTO B CIydae YeTHOMEPHOTO MTPOCTPAHCTBRA, IJIA BCEX

n

A=
2

ko (k=0,1,...).

Kax u B crydae 1, MBI mpencTaBUM CIepBa BHEIPAXKEHUE I (Pﬁ,(p) B
BUIE

o0

oo
1 n pTg
(PR9) = 537 / M g (u)du + / A (N u)du,  (31)
2
0 0

roe ®o(u) = }\_BBI:I.kq>(>\,’U,), a ®1(\,u) ecTb QyHKIUA, pEryiipHas B
=—a’_

OKDECTHOCTH TOUKM A = —3 — k. B cmrny caeramroro mpemmomoxeHws

KaxK B U3 cToAmmX B gopmyrne (31) MHTErpatoB MOXKET UMETh B TOUKE
A = —% — k mpocTou momoc.

A _ n
Hoaromy dymsyus (P,@) moxrcem umemsb 6 mouxe X = —5 — k noaoc
xpamuocmu 2.
B okpecTrOCTE TOUKI A= — 3 — k DyHKINA Pi MOXKET OBITH Pa3/I0KeHa,

TakuMm 06pa3om, B psag Jlopana:

N )
P} = e e e
A+ 2+k) >

(k) (k)

Bynem nckarh KO3 OUIMEHTHI ¢y U € 9TOr0 PA3JI0XKEHU.
Ipex ne Bcero, B cury (31),

i n 1
(cggz),cp) = BHIY. k/u)‘+5_1(1>0(u)du = H(I)(()n) (0). (32)
0

Taxkum o6pasom, o600IeHHAA (HYHKIIUI c(_kQ) COCPEIOTOYUEeHa B BEPIITNHE

xouyca P = 0.
(k)

Bripasum HEmoCpeACTBEeHHO (YHKLWIO €., €Yepe3 MPOU3BOAHBIE (DyHK-
mun §(z). Iipexae scero npu k = 0 popmyaa (32) naet

%) = &4(0).
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[Tpu 5TOM, cOrIAcHO OMpemeneHu o,

1
1 a—2
Bo(u) = Zf:_qn/(l MR gy (u, b .
0

Orcrona moayaaem:

A=—12 =—24T(A+ £ +1)

- 2

®y(0) = BLIY. / 1-— t = 11(0,0) por, (%) (A+1)
0

B cuny m3BecTHOrO COOTHOMmEHUS NI raMMa-(PyHKIAN

™

(1 —z)l(z) =

sinmx
MeeM:
T($)TA+1) _sint (=4 -\ T(HT(-A-4)
T(A+24+1)  sinm(—A) T(—x :

N

Tak xax, ¢ IPyrou CTOPOHHI,

A+g o (cpEe

A:H—n% sin(—7A) ™

TO

(4T +1) s | (_a_\DET(=A-1)
S e A [S””T(—i‘A) L__

Taxkum o6pazom,

CHIA+D e L) (5)
ffl—q—m = (=1)2*'s —= = (33)

Y4uTBIBas TEmepb, ITO

$1(0,0) = Q2,92,4(0),

rge Q, u {}; — IIOALN IOBEPXHOCTEN ChEep eIUHUIHOO PAJUYCA, MEI
IOy JIaeM:
q p
0 _ 24y WPF(E)F(E)
cl,,p) = (=1)27 gsin ——22——220 O, (0). 34
(@ap) = ()T sin B2 220,0,00) (34)
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0 .
Ecnu p — weTHOE UMCIO, TO c(_% =0, Tax xax sin &F = 0; cregoBaTeIBHHO,

Ko20a p U ¢ — uemubie wUCAG, PYHRKYUAL Pﬁ umeem npu A = —5 Auub

npocmoti noawc. Ecan ke p u ¢ — HedeTHBIE yucaa, To ¢popmyaa (34) naer
HAaM, IOCKOJBKY

. TP p—1 27s 273
sin—=(-1)z2, Q,= uQ, = ,
2 Tt @
21
(O L
cop) =(—1)2 —¢(0),
(k) = (=0T 7900

T.€. NPU HEUEMHBIT P U q

5(z). (35)

Mpumensas Teneps Gopmyay (28) u MOBTOPAA JOCIOBHO COOTBETCTBYIOUIAE
BBIKJIAIKY, IPOBEJEHHBIC I CIydas 2, MBI yCTAHOBUAM, ITO NPU UETMHbIT P

U q c(fg =0, m.e. Pynryus P_ﬁ umeem 6 mouxe X\ = —g5 — k auwp npocmoti
noatoc. Ecau osice p u ¢ — neuemmbie wucaa, mo
21
(k) ot T2
=(-1)7 —— x
2 = D Hn (2 +%)
k
0? 0? 0? 0?
X|l=—S+...+——"——... — o(x). (36
(83}% + dx} Oy, o2, , (). (36)
Omnpenenum Tenepb QyHKIUN c(fl) U3 popmyaer (31) umeem:
[ee] [ee]
c(_k) = u_k_1<I>0 u)du + BBIY. wE1e, _n_ k,u)du. (37
( 15¥ " 2 ’
i
0 0

IIpu »Tom nepBbil 13 uHTErpaioB B gopmyse (37) cregyer HOHAMATH KAK
CBOOOIHBIN JICH JOPAHOBCKOT'O PA3IOKEHU (hyHKINA

f) = /u}""%_léo(u)du
0

B OKPECTHOCTH TOYKH A = —% — k. 3Had¥eHme DTOrO WHTerpaia ecTh
dyHKIIMOHAN, COCPENOTOUYCHHLIN Ha MOBEpXHOCTH P = 0, KOTOPBIA MEI

cenvac onpeneanM. [IocKoIbKy

®o(u) = sere &(A,u),
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MBI 3aKTI0UaeM Ha OCHOBaHUM (GopMmymsl (12):

(CDFHL BB
Po(u) = n [t 2 U,tu] =
o(w) 4(2 +k— 1)l ot3+k-t Y1 (u, tu) _
(_1)%+k71 oz tk-1 a2 kg
= TG roieEe [V )] | B
2 ’ v=u
Omrcrona
/u_k_ltbg(u)du =
0
(13-t gieke
—1)2tk— 5 +k— gz b2
T At k-1 guEtRT [“ ’ ‘”1(“’“)] u > du.
2 0 v=u
C Ipyrou CTOPOHBI, COMIACHO ONPENeNeHNIo, TaHHOMY B 1. 1,
1 7 oz tk—1
(2+k—1) zth— a-2 b
0;° P), ) = - nili 2 , ] 2 du.
(1 (o) =7 | goaat |V * ¥rlu1,v) udu

0

IIpu sToM perymspusanus mHTErpasia ObLia TaM ONPENEIeHA B TOYHOCTU

o @]
Tak ke, Kak U peryaapusanus unrerpata [ u” =1 ®g(u)du. CregoBarers-
0

HO,

7 — %J"k_l n —1
/u_k_lq)o(u)du - % (5&*’“ )(P),<p)). (38)

M3 Gpopmyant (38) BHITEKAET, B IACTHOCTH, UTO 8 CAYUAE UETNHOMEPHOZO

npocmpancmea npu k > 5 pynkyus 5§k71)(P) NOAKOCTBIO ONPEICAAELTNCA
3adanuem xeadpamuurnot @Gopmvr P.
Paccmorpum Teneps Bropou wied B popmyae (37). Umeem:

Mgt (L0 _ 108 (-5 — k)
BBIY. k/u ‘I>1( 5 k,u) du = o Sk . (39)

u=0

OnpegenseMun >TuM wIeHOM (GYHKIIMOHAT COCPEIOTOYCH, CICIOBATEILHO,
B BepumHe kouyca P = 0.
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Nraxk,
k-1
k) _ (=1)>7 (Z+k-1) (k)
=m0 (P) +a', (40)
(2 +k—1)!
rae a®) — o606mennasn dyHKIIIA, COCPEeNOTOUYeHHAsA B BepIINHE KOHYCA

P = 0 u BBIpaxkaiomascsa ¢ HOMOLIbI0 GyHKInoHaIa (39):

1 08® (-2 — k,u)
k! Ouk

(M, ) = (41)

u=0

Haitnem asroe Bhipaxenne ¢yukmmn olf) wepes mpomssogmbie pyHK-
mun §(z). Pacemorpum crepsa caydan k = 0. Coruacuo gopmyae (41)

(@?,p) = &, (—g,o)-

Ho &, (—%,0) €CTh CBOOOIHBIN WIEH JOPAHOBCKOT'O PA3JIOKEHU (PyHK-
mmu ®(A,0) B oxpectHOCTH TOUKE A = — 7. Mmeem:

LA+ 1T (%)

1
]. a=2
B(N\,0) == [ (1=t "2 di(0,0) = —— 2200, (0).
0= 3 [0 T s 0,0) = 250,000
0
Ucmonesys coorromenue I'(1 — z)T'(z) = ZI—, a Takxke BEIDaKEHUA

st Qp, g, MBI MOXKEM TI€penucaThb 3Ty (GopMyTy B BHIe

sinm ()\ + %) r (—)\ — %) w3

sinA L (5)T(=X)

®(X,0) = ©(0)-

Ecmu p m ¢ — deTHBIE YnCTa, TO CTOAMAA 31eCh (DYHKIIUA PEryIIpHa TPU

A = —2. Cregosarensro, &1 (—2,0) = & (—2,0), oTxyza

(a®,p) = (~1)}

Eciu e p u ¢ — ueyeTnwe uyucaa, 1o Gyakuua P(A,0) umeer momoc B
Touke A = — 3. B aTom cryvae

(a),¢) = @1 (=3,0) = Kp(0),

rIe K €CTh CBOOOZHBIM YJACH JOPAHOBCKOTO PA3JOXKEHUA (QYHKIIUN
sinm(A+2) T(-x—%)
sin T F(g)p(,,\)

T2 B OKPECTHOCTH TOUKH \ = —4. OJeMeHTapHEIE
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BEIMHUCJICHUA, KOTOPhIE MBI OIIYCTUM, IPUBOIAT K CJAEAYIOIIEMY BBEIPAKEHUIO
LI KO PULIUEHTA K:

o= CDZT () g (1)), (12)
rae ncu-gyHkuusa () onpegenseTcsa no Gpopmyae

v(o) = T

oxcrapnaa moxydennse Brpaxkenns qua ¢yrxmun ol®) B popumyry (40),
st k = 0 moxy4amm:

1 n z_ n
) = o [0 F 8 V() 4 6r% ()| (43)
r(3)
mpuaem § = (—1)3, ecim p m g — derHble uncna, u 6 = (—1)(171% X

by _ n _
X (w (2) P (2 )), €CIU P U ( — HeYeTHLIE TUCTA.
., k
Haxkowner, uro6wsr Hautu c(_l) [T TPOM3BONBLHOrO Kk, MOXHO CHOB3

BOCIIOJIb30BATHCA «IOHMKAIoWEen dpopmyaon (28). Mer moryanm:

w1 _qyatk-15(EH)
C_1 F(%+k) ( ) 1 ( )+

™ (0 9
+ i P (3:61"”’8:6”)6@)]' (44)

o g
[Ipu sTom ducaoBon koahduuuent 6, , paBen (—1)2, korga p u ¢ — YeTHLIE
qUCIA.

D 3naqenns ncn-gyHknuu (L) OPM HENbIX W IOMYHEeJBIX 3HAYEHHAX APIYyMEHTA
BBIPAXKAIOTCA CIEAYIOMUMI (HOPMYIaMuI:
1

1
k)= —CH1+ 4.4+ —0)
vik) MR T

1 1 1
k+=)=-C—-2In2+2(14+=+... ,
w(+2> et (+3+ +2k—1)

rae C — mnocrosunas durepa (cm. U. M. Pooxkuk u WU. C. TpagwTeitn, Tabmuusi,
pasgen 6.35).
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Bripaxenue nas GpyHKIIIN a®) voxmHO IOy YIATH TaKXKe U3 CJIeTyIOMIX

o k
coobpaxennn. Tak Kax 0(1) = BHIY. P;\ €CThb OMHOPOIHAA (PYHKIIAA
A=—2—Fk
2

cremenn —n — 2k, To 510 ke cupasemmBo u s pymxkmuu ¥ Ho
dyuxmma of) cocpegorouena B HaualTe KOOPIMHAT, & MOTOMY OHA WMEET

a(k):Q2k< 4 0 >6(:L‘),

Oxy’ " Oy,

B

rae (Q2r — OMHOPOIHBIM MHOTOWIEH cTeneHu 2k.

C mpyrou cTOpOHBI, (GYHKIIUA a®) | rak xe kak u dysKIIIA Pj‘, TIPX JIO-
OOM 3HAYEHUU \ MHBAPUAHTHA OTHOCUTEILHO JUHENHBIX TTPEOOpa30BAHUN,
COXPAHAIOMINX KBAIPATUIHYIO (HOPMY:

_ 2 2 _ .2 2
P21y pyg) =7+ oo+ Ty — Ty — o — T
i i
CregoBaTenbno, u onepaTop Qo ( 7z7:--- 57,77 ) AOTKEH GHITH MHBA-
rTa

PUAHTEH OTHOCUTEJNBbHO TAKUX MPeoOpa3oBaHui. EIMHCTBEHHBIM ONEPATO-
POM, YIOBIETBOPAIONIUM 3TUM TPeOOBAHUAM, ABIAECTCA ONEPATOD

0 0
= Pl — .., —].
QQk Ck,p,q <6I1’ ) 6$p+q>
Takum o6pasom,
0 0
(k) = Pl — .., ——)d(x).
Q Ck,p,q <83:1’ ’8a:p+q> (z)

Kosdpduunenr ci p , MoxeT OBITH HalfeH U3 Bhlpaxkenus (41), ecau B
9TO BEIpAXKEHUE MOLCTABUTH KAKYIO-HUOYIb (DUKCUPOBAHHYIO (DYHKITUIO.

BosbMeM DyHKINIO @, IMEIOIIYI0 BOIM3N HAYAIA KOOP JUHAT CJIEIYOIINAN
BUI:

o(x) = (a7 + ...+ 2, — 2o, —...—aziﬂ)k.

Toraa, kak nokaseiBaloT Beipaxenus (6) u (8), dyukuuns ¢y (u,tu) umeer B
OKpecTHOCTH TOUKMU u = () BUI

V1 (u,tu) = Q,Q,ub (1 — 1)k,

DBo BrOopoM Boimycke (ru. I1,§ 4) 6yzer nokaszano, 9T0 0600IMIEHHAA DYHKIWSI, COCPe-
MOTOYEHHAS B OJHOU TOYKE, MPEACTABIACT COOOU JIUHENHYIO KOMOWHANWIO 0-(DyHKINM U
€e TIPOM3BO THBIX.
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CrenosaTensno, cormacuo gpopmyrae (11),

1
1 -
S\ u) = Z/(l—t)’\JrktTZdtQqu uk,
0
T.e
T\ + &+ )0 (4
s = LATEHDLE) o o

AN+ k+ L +1)

Dynxmus @1 (—2 — k,u), Tepes koTopyio srpakaerca (k) ), ects cBo-
OOJHBLIN WIEH JOPAHOBCKOTO pasioxkenus GpyHkiuun (A, u) B OKpeCcTHOCTH
TouKM A = —5 — k.

PaccMoTpuM [ ONpeIeNeHHOCTH CIydal, KOTAa p W ¢ — HedeT-
HBIe uncaa. Tak Kak K03hOUIMEHTHI JOPAHOBCKOT'O PA3IOXKEHUA (DYHKITNN
T(A+k+1)r(2)
T(A+k+g+1)

n _

5 — k copmanaior ¢ xoadduimentamu

B OKPECTHOCTH \ = —

r(A+1)r(4)

JIOPAHOBCKOT'O Pa3JIOXKEHUA HKIIUN
p P dymKu r(a+4+1)

B OKPECTHOCTH \ = —3,

TO
i (—g — k,u) = ku®,

rae koddduuuent k ompenensercs gopmymaon (42). Popmyaa (41) mact
HaM:

C opyrou CTOpOHHI,

(a(k)#’) = Ck,p,quSo(wﬂx:O-

Coruacuo gopmyae (25), npumensemon k pas,

PFo(z) = 228k (g) (g +1).. (g +h-1). (46)

CpaBuuBas Beipaxenus (45) u (46), moxyaum:

a+1

otra = ey 7 (V(3) ~¢ (3)):
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TJe p U ¢ — HEUYEeTHBIE YUCIA.
Taxum 06pasom, kKo>dduimerT 6, , B hopmyne (44) mus cirydas, korga p
U ¢ — HEYIETHBIE UCIA, UMEeT BU

a= "0 (0 (5) - (5))

Urak, ecau pazmepnocms npocmpancmean n — uemuoe wucao, npuuem P

U ¢ — TMAKHCE YEMHBLE YUCAG, MO PYRKYUAL Pi‘ umeem 6 mouke \=—35 —k

(k=0,1,...) npocmoti noatoc ¢ eL1uemom

_1)EHRL (np g 12
2, P = (F(éfk)él(ﬁk (GE 22k(kzr)(%7r+ k) Ho),
2de
62 82 62 62
L= 8—55% +... 4+ 8_3112, - 35512,“ — = 3$,2,+q'
Ecau orce p u q — nevemmnbie wucaa, mo 6 mouwe A\=—1g —k gynxyua Pi\
(k) (k)

umeem nosoc kpamuwocmu 2. Koadduyuewmur c”) u ¢ pasaoncenus
Pynryuu P;\ 8 pad Jlopana
(k) (k)
¢ ¢
P} —2 + LI
T2k’ AtE+E

6 oxpecmuocmu mouxu A = —3 — k svipancaromea Popmysamu
(k) (—]_)TWZ k
cly = ———L"(x
2 22EID (2 + k) (=)

(k) (—1)%+k_1 (%+k71)
C1= 7m0 %
I (2 +k)

ede Y(x) — neu-Pynwryua: P(z) = l1:,((;6))'

Hapsany ¢ dyuxiuen Pi MOXHO OIpeNeIuTh Takke (YHKIINAIO p?
cornacHo GopMmyae

(P\g) = / (—~P)\pdz. (47)

—P>0



3] §2. ®YHKIIAN, CBA3AHHLIE C KBAIPATUYHON SOPMOM 297

A
Bce ckazammoe mBpmme no momomy dyukumm P ocraeTca cmpasej-

JUBEIM u gis pyHKmum P; cleiyeT M IMOMEHATH POSAME <HCIA P

u ¢. Illpy >TOM B HANMUCAHHBEIX BHIIE (GOPMYIaX 6§k) (P) samenuTca Ha
k k
017 (=P) = (~1)*85" (P).

3. O6o6mennsle ¢pyHKmuu P, oTBevaouMe KBaJPaTHIHBEIM (popMaM
¢ KOMILTEKCHBIME Kodddmmentamu. [[o cux mop MBI PACCMATPUBAIUA UC-
KJIIOUNTENHHO KBAIPATUIHELIE (DOPMBEI C BEIIECTBEHHBIMU KO DUITMEeHTaAMU.
B 5ToM nyHKTE MBI pACCMOTPUM IPOCTPAHCTBO BCEX KBAAPATUIHBLIX (hOPM

P = i JrsTrTs (1)

r,s=1

¢ KOMILIEKCHBIMU KOX(hPUITIEHTAMU.

Hamenn sagaderr ABifeTca ompeneneHne 0OO0OOLmIEHHOM (yHKumm P
rie A\ — KOMILIeKCHoe umcio. OgHako B obmeM cayuae P me Gyger
OJHO3HAYHON aHAIUTHIeCKOn QyHKIuen oT A. [fosToMy B mpocTpaHcTBe
BCEX KBAAPATUIHLIX (POPM

P=P1+'LP2

MBI BEIIEIMM (BEPXHIOK IIOMYILIOCKOCTE) KBAIPATUIHEIX (OPM € NOAO-
HCUMEALHO Onpedesennot, MHuMOt 4acmblo 1 ONPENETAM I HUX (DYHK-
muio P). A uMenHO, ecim KBaIpaThuHad (HOpMA P IPHHALIEKHUT STOH
(@OMYTLIOCKOCTY), TO TOJOKIAM

A _ AIn|P|+iargP
PA = AlIn[Pl+iargP)

rae 0 < argP < w. Takas pyuxuna P ABIAETCA 0THOBHAMHON AHATUTHIE-
cKou (PYHKIIUEHN OT .
Conocrarum Tereps dyuknmn P 0606mennyio dhyHKImo P

(P p) = / Prpdz, 2)

rlie MHTErPpUPOBAHUE BEIETCA TO BCEMy MOpOCTpaHcTBY. Wurerpan (2)
cxonuTcsa npu Re A > 0 u ABAAETCA B 3TOU TOMIYTLIOCKOCTU AHATUTUICCKON
dyrxmuen ot A. IIpogomkas aHAIMTUYECKA 3Ty (PYHKIUIO, MBI OIPEIeInM
dyrkumonan (P}, @) a1a Apyrux sHaueHmin .

[na xBagpaTuIHex GopM P ¢ TOJIOKUTEILHO OMPENETeHHON MHUMOU
YaCTBIO MBI HAIZEM Temepb 0COOble TOUKM (PYHKIHH P> ¥ BEMHCIIM
BEIYETH DTUX (PYHKIUA B OCOOBIX TOYKAX. BBEIYMCICHMA MOXKHO CyIIe-
CTBEHHO YIPOCTUTH 34 CYET MpHUeMa, KOTOPHIM MBI HEOTHOKPATHO OyIeM
IOJIL30BATLCA B JAJTLHEHIIEM.
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O6o6mennan GyHKIvsa P aHATATUYECKU 3aBUCUT HE TOMBKO OT A, HO
u oT koapdunmenTor kBagpaTudHon ¢popmer P. Tem cambiM PA asrgerca
AHATUTUIECKOU (DYHKIINEN B BEPXHEN (ITOJYTLIOCKOCTYY BCEX KBAIPATUITHEIX
dopm Buga P = P, + iP,, rge P, ecTb HOJOXWUTEIBLHO OIPENeTeHHAS
dopma. CregoBarensro, P 0JHO3HAMHO OIPeIEIAeTCA CBOUMI 3HAMEHIAMI
HA (MHUMOU TIOJYyOCH», T.e. HA MHOXKECTBE KBAIPATUIHBIX (OPM BUIA
P = iP,, rne P — monoxuTenbHO ompeneneHHas ¢gpopma. I[losToMy HaMm
JOCTATOYHO PACCMOTPETh CIydai 0600menHbIX bynkumit Buga (iPs)*. Ho
[UIS ATOTO Caydas 3agada ObLia yxe pemnena B § 3 ra. I, ubo momoxurens-
HO ompeneneHuy GopMy P, MOXHO BCErIa HEBBIPOXK JEHHLIM JTAHEUHBIM
npeoOpa3OBaHUEM MIPUBECTU K CyMMe KBAIPATOB.

n
Nrak, mycts cHavama dopMa P = > gpsZpXs TPUHALIEKUT (MHU-
r,s=1
MOH MOIYyOCW». DTO BHAMUT, 9TO §rs = iGps (1,8 = 1,...,n), A€ Qps —
n
BEIIIECTBEHHBIE YUCAA, U (POPMA Y. (psTrLs TOMOKUTEILHO OMPEICTCHA.
r,s=1

Torga

(P 0) = ewgi/(Zarsxrxs)Awdx.

n
] _ '
JIlunenusIM TpeoObpa3oOBaAHUEM T, = E QpsTg MBI MOXKEM MPUBECTU (HOPMY
s=1

n
S apstrxs ¥ By r2 = 22 + ... + /2. flko6uan >TOro MpeobpazoBaHUA

r,s=1

n
ecTb ——, rie |a| — INCKPUMUHAHT KBaJIPATUTHOH (DOPMBI Y GpsTyp Tyt
V lal r,s=1
a1l ... Qin
|a] =
Ap1 ... Qpp

Takum o6paszom,

AL
(P ) = e—h/r“wdw’,
a

nim

AL
(P¢) = W/Tms@dﬂ@', (3)

/(_
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rge |g| — auckpumuHaHT KBagpaTudHOou dopmel P, a \/(—i)"|g| mornma-
eTCA B CMBICIe apudMeTnieckoro sHadenus [(—i)"|g| ecTs BemecTBenHOE
HONOKUTEABHOE TUCIO).

dyuxmmonan (r*,p) 6emr yxe paccmorpes B m 9 § 3 ri. I Co-
[IACHO HPUBEIEHHBIM TaM (POPMyJaM €IMHCTBEHHBIMEA OCOOEHHOCTAMHI
5TOro0 (PyHKIMOHATA, a ClefoBATeTbHO U dyHKnnonana (P, ), apimoTesa

IPOCTHIE TOMIOCH B TOUYKaXx A = —4, —5 — 1,..., =% — k,...; Ipu aTOM
2) %
BHIT, 77 = o(z)
=% (%)
CremoBaTenbHo,
2 e_”Tniﬂ-%
BbI4. P = o(z). (4)
A=-3 (=i)"lgIT (3)

Hangem Boraernl QpyHKIIN P B Opyrux ocobbix Todukax. [lias sToro
comoctasuM popme P auddepeHuaiLHBIA OTepaTop

Ip=Y g2 )

0x,.0x,’

rae Koa(pPUIUEHTH ¢"% OMpeaeaaoTCa U3 COOTHOIICHUN

n
Z grsgst = 6{
s=1

(0 =1 mpu r =t u 6] =0 npu r # t). Takum ob6pasom, mMaTpuua
[lg"%|| xoadbdunmenTos onepaTopa Lp ABAsieTCs 06PATHON K MATPHIE ||gst|]
xBaapaTudaon ¢popmel. UMeeMm Torga

LpPM =400+ 1) (A + g) P,

B cnpasegamBOCTH 5TOMO COOTHOIIEHUS MOXKHO YOEIUTHCA HETOCPEICTBEH-
HOU TpoBepKou. [IpuMensas 5To cooTHoIeHne k pas3, moaydaeM:

k Atk _ gk n n _ A
Lhp _4(A+1)...(>\+k)(>\+2)...(>\+2-|-k 1)79,
OTKy/1a
1

= k DAtk
P —4k(>\+1)...(>\+k)(>\+g).._(A+%+k_1)LPP+. (6)
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CremoBaTenbHo,

Bera. PN =

1
TEOAD O RO D) A B R 1) [y

X BBHIY. L%PA,
A=—1%

OTKYya, npuMeHss dpopmyy (4), moaydaem:

_mni

n
2

_ e 4T Lk
il 4FRID (2 + k) /(=)"lg]

®opwmyra (7) mOLyUIeHA B IPETIOIOKEHAN, YTO KBAAPATAIHAA popma P
MPUHALIEKAT (MHAMOU MOIyocw». Ilomy9IeHHOE BBEIpaKeHWe HEOOXOIUMO
Ternepb AHATUTHYECKHA TPOJOMKATE B (BEPXHIOK MOIYINIOCKOCTLY BCEX
KBAIPATUIHEIX (popM P = P| + iP, ¢ TOJOXUTENLHO OMPENeTeHHON MHU-
Mou dacThio. Ho aHamuTmdeckoe mpomomkeHue omneparopa Lp M3BECTHO,
MMOCKOJIBKY €ro KOX(PUIMEHTH AHAIUTUYCCKU BBIPAKAIOTCA HYepe3 KO-
s PpunneHTs KBaIpaTUIHON (POpMEL P. OCTaeTCs HEBLIACHEHHLIM JIUIIb,
KaK IPOJOKUATH Ha BCIO «(BEPXHIOK MOIYIIOCKOCTEy (MyHKIUIO /(—i)"|g].
CaenoBarenbHo, 3a1a9a OyA€T TOJHOCTBIO PEIIEHA, eCIN MBI CYMEEM OIMpe-
gemuTh ¢/ (—i)"|g| KaK OIHO3HAYHYIO AHATIMTUIECKYIO (DYHKINIO B (BEPXHEN
TOMYTIOCKOCTYY KBAAPATUIHBIX (POPM.

[ns sToro caoBa npeacrasum Gopmy P B BuIe

P =P +ibPs,

6(). (7)

rae P u P, — xkBagpaTuvHbie (pOPMEL C BEIIECTBEHHBIMU KOD(P(PUIIMEHT A~
mu, mpudem dopma P momoxuTensHo ompenenena. CyIecTByeT HEBBIPO-
XK IEHHOE JTUHENHOe Mpeobpa3OBaHUe

n
Ty = Z brsys
s=1

C BEIIEeCTBEHHBIMU KO3 puiimenTaMu, npusoaamee Gpopmel Py u Py k Buay:
Pr=\Nyi + .o+ Aoy,
Pr=yl +...+yo.

BemecrBennsie k03pPUIUEHTHL Aq,...,A, GOpPMEI P| He 3aBUCAT OT cIe-
[IIATHLHOIO BRIOOPA TAKOT'O TPEOOPA3OBAHNUS U ABIAIOTCA, TAKUM 00Pa30M,
MHBapUAHTAMU CaMOU KBaaparudHon (popmer P. Umeem:

lg| = B2 (A1 +9) ... (An + 1),
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rzxe |b| — ompexeaurens Marpuist ||b;j||, & moromy
(=)"lgl = [BI*(1 = M) (1 = Ani).
ITomoxum Torga

VED gl = VIR = M) E (1= Aai)?, (8)

/e 3HAYEHNS KBATPATHEIX KOPHEH OMPEJeITioTCs (popPMy.Ioin
1 Largz
Vz =|z|2e2¥8*  —m <argz <.

Oyukuua, onpegensemas dopmyaon (8), GygeT UCKOMOU OTHO3HAMHOU
AHATUTUIECKOU (DYHKIIMEN B «BEPXHEU TOJYILIOCKOCTY KOMILIEKCHBIX KBa-
OPATHIHEIX (POPM € MOJOKUTEMLHO ONPEIESTCHHON MHUMOU IACTHIO.

Nrak, ecau

n
P = Z grsTrTs

r,s=1

— NPOUBBOALHAA KEAOPAMUUKAL POPMA C NOAOHCUMEALHO onpedetennots

MHUMOT, wacmplo, mo obobuennas Gywkyus P aeisemcs pe2yaspnot

anasumuveckol Pynryued om X 6c100y, 3a UCKAOUEHUEM MOUEK X = —1,

—5—1,..., =5 —k,..., 6 Komopbix 2ma GYHKYUA uMeem NPOCMbLE NOAIOCDL.
IIpu smom
mni n n k
e"a T2 0?
BEIY. P = g —— 4(x), 9
A==~k 4FEIT (2 + k) /(—1)"|g] 7«;1 Oz, 0z, (@), ©)
2de |g| — Jduckpumunanm xeadpamuunot Gopmvr P u dynwyus /(—10)"|g]

onpedeasemcs gopmyaot (8).

AmamormaaeiM  06pPa3OM MOXKHO PACCMOTPETH (HIKHIOK IOLYILIOC-
KOCTBY KBAIPATUIHLIX (POPM C OTPUIATETHHO ONPENeJeHHON MHUMOU 9a-
CTBIO.

Ecau gopma

n
P:Pl _Z'P2 = Z GrsTrTs
r,s=1

NPURAOAEHCUN, HUNHCHET NOAYNAOCKOCTIUS, MO 0000wennas Pynkyus P>
MAKHCE ABAACTNCA PE2YAAPHOTE AHAAUMUNECKOT PynKyuetd om X ecrody, 3a
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— n n n
uckamouenuem mouvex A = —5, —g —1,..., =3 — k,..., 6 Komopwuir ama

Pyrryus umeem npocmuie noaocel. Ipu smom
) k

Tni

T
Beru. PN =
A=—2

e SO,
_ rs__ Y 5(x), 9/
—5 -k AREIT (3 + k) \/i"|g] 2.9 0z, 0z (@) )

r,s=1

3

ede cnosa |g| ecmb Juckpumunanm dopmor P u +/i%|g| ewvipancaemca
Popmyaoi, anaso2uunot gopmyae (8):

Virlgl = V(L 4+ Mi)7 (14 Ani) 2.

4. 0606mennste Gyaxkmm (P +i0)* u (P—i0)*. Wcnoabays pesyasTaTsr
m. 3, MBI MOXKEM Telephb M3y9IWTh JI0OYI0 BEIIECTBEHHYIO KBAIPATHIHYIO
¢dopMy B cTemeHn .

IIycte

n
P = Z GrsTrs

r,s=1

HEBBIPOXK JEHHAA KBAIPATUIHAA (POPMA C 8eu,ecmeernHbimy KOdpPUIneHTa-
mu. Torga, mo anatoruu ¢ gymxmuavu (z +i0)* u (z —i0)*, paccMoTpeHHbI-
mu B § 3 r1. I, Mer ompenernv o6o6mensste dyrxman (P +i0)* u (P —i0)*.

[l1a >TOro paccMOTpUM KBAAPATUIHYIO POPMY
P=P+iP,

rge P' — monoxuTrensHo onpenenreHHas GpopMa (C BeleCTBeHHBIME KOd(du-
uuentamu). HerpynHo mokaszaTs, 1T0 KOrga Koo QUINeHTH KBAIPATHIHON
dopmer P’ cTpeMaTes K Hy Mo, o606menHas dyuknua (P +iP')* crpemures
K BIIOJMHE ONPEIETCHHOMY Mpenery. JTOT MPEIeT MBI U O0O3HAYHM 9epe3
(P +i0)>.

[JlencTBUTEILHO, DTO yTBEPXK JeHre 0UYeBUIHO npu Re A > 0, u6o B aToM
cIydae MpeeqbHbI MePeX0] MOXKHO MPOU3BOAUTE MO 3HAKOM WHTETPAIA,
[ P*pdz. C apyroit cTopostl, B cuty cooTHomenus (6) m. 3

A 1 k DAk
= Ly P
A+ A+E)A+2) .. (A +2+k-1)
OHO OCTAETCA CIOPABENIUBEIM W BO BCEX TOYKAX PEryIAPHOCTH (DYHK-
mm P

D MBI He OCTAHABIMBAEMCSA HA CIENMAILHOM CIy9ae, KOTa A — IeI0e OTPUIATEILHOe
YUCI0, HE MPUHALIEXKAIIEe Cepruu OCOOBIX TOYEK (PYyHKIIUN P OrMeTum, HE TIPOBO A
JIOKA3ATEIbCTBA, ITO B ATUX TOYKaX dyHKmAsa (P 4 i0)* He mMeeT 0COGEHHOCTEH.
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Ananormano, o6obmennyoo dyrkmmo (P — i0)) MBI ompegemmM kak
npegen o6o6mennon dynxmumn (P — iP')), rme P’ — nonoxurersHo
onpegeneHHas popMa, Koraa KoapduuueHTs popmer P’ cTpeMaTes k Hy.To.

Us onpenenenus o606mennbx dyskuuir (P + i0)* u (P — i0)* BerTe-
KAeT, ITO OHU ABJIAIOTCA AHAIUTUICCKAME (PYHKIMAME OT A BCIOAY, 34
MCKTIOUEHWeM TOUeK A = —g, —g — 1,..., =5 — k,...

Herpyano ybemgurbesa Takxke, npumensas coorHomenue (6) m. 3, 4ro B
YKA3aHHLIX TOYKAX STHU (PYHKIUA UMEIOT MPOCTHIE TOMIOCH, TPIIEM

pera. (P +i0)* = lim  Bera. (P +iP'),
A=—2 1k k

n PI—0 A=—12 "~

Bora. (P —i0)* = lim BBI. k(P —iP").

A=—2 "k P50 A=—2"

YT06LI OTHICKATL 3TU BBIYETHI, JOCTATOYHO MO3TOMY HAUTHU MpEIeTbHbIE
sHavenns ynkuuin +/(—i)?[g] u \/i"|g|, rae |g| — AuckpumummanT Co-
OTBETCTBYIOMEH KOMILIEKCHOU KpaapaTudHoun ¢popmel P + iP’', xorga P’
obparaerca B HYIb.

He mapymas o6mHOCTH, MOXKHO OpefmoiaraTb, uro dgopma P’ umeer
BU

P =¢g(zi+...+22), e>0.
Tor,qa Bpra)KeHI/Ie M m MOXKHO l'Ipe,E[CTaBI/ITB B BI/I,Z[e
VED)Tgl = (e —id)E . (e — i) 7,
rae Ai,...,\, — COOCTBeHHBIE 3HaMeHUsa MaTpulbl Gopmel P. IIpexnmnomro-

XKUM, 9TO (popMa P umeeT B KAHOHUYIECKOM IPEICTABICHUN P MOJOKATEIb-
HBIX U ¢ OTPULIATENBHLIX KBaaparTos. Torga mpu € — 0 moaydaem:

a

tim /=07 lg] = v/l () B,

lig /(=1) gl = ¢~ 3003 /[A],
e—

rie A — IUCKPUMUHAHT BeLIeCTBEHHOU KBaaparudnon ¢gopmel P. [Ipume-
HaAA Tenepb popmyay (9) m. 3 mua | BELL- kP’\, HOTyIaeM:
=—nl

k

[NE}

e~ 54

™ = 0?
= — 0(z). (1
T @ T vis \ ! B, ) S O

r,s=1
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Ananoruvno, nmeem:

P n n k
_imN — exd'r> rs 0 '
N N CE AV (Z g axraa:s> o). (1)

r,s=1

Taxum obpazom, eviuemanu Gywwyutd (P + i0)* u (P —i0)* 6 mouxax
A=—5, -5 —1,..., =5 — k,... asasomca obobuennvie Pynxyuu, co-
cpedomouennbie 6 seputune xKowyca P = 0.

Dyuxmun (P+i0)* u (P—i0)* BEIpax)aioTcsa cIeIyonmM 06pa3oM qepes

06001IeHHbIe (DYHKINT P_f_‘ u P}, ompesgenennsie B 1. 2:
(P +i0)* = P} + e™ P, (2)
(P —i0)* = P} + e ™ P, (2')

B camom meme, mpu Re A > 0 dyuxuumonasam (P_;},cp) u (P}, ) coorser-
CTBYIOT (DYHKIIAU

pr_ P> xorgaP >0,
7o, xorgaP < 0;

pA_ 0, xorgalP > 0,
B (-P)*, xorgaP < 0.

B sToMm caygae coorHomenus (2) u (2') BHITEKAIOT HENOCPEACTBEHHO U3
ompegenenus dyukmmin (P + i0)* u (P —i0)* . Ho Torma, B cury exms-
CTBEHHOCTU aHAIATUYIECKOTO IPORoKeHus, popMyast (2) u (2') ocratorca
CTIPABEIIUBEIMY ¥ TIPU IPYTUX B3HAYCHUAX .

OrMerum momyTHO, 9TO B cmiy coorHomenuu (2) u (2'), mpu A =
=0,1,2,... dyakmm (P +i0)*, (P —i0)* u P* copmagaioT.

YcramoBum Temepb Ha ocHOBaHuE Gopmya (2) u (2') cBasp Mexmgy

BEIYeTAMU (DYHKIIUT Pi u P mpu \ = —4% —k (k=0,1,...). JlJoparoBCKHE
Pa3IOKEHNA STUX (PYHKINN B OKPECTHOCTY TOIKM A = — 3 — k UMEIOT BUI:
(k) (k)
¢ ¢
P} = —2 + N
T2k AEE+E
1(k 1(k
P — C—(z) I c7(1) n

A+24+k)7> A+s+k
Cornacro (2) n (2')
e ™ (P +i0)* — e™(P —i0)*
—2isinmA
P +i0)* — (P — i0)>
2isinmT\ '

A
P} =

)

P}\:(
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Orcroa, ucnomsays serpaxenus (1) u (1) pra Beraeros bynxmus (P +i0)*
u (P —i0)*, morygaem: ecau pazmeprocms npocmpancmea n — Heuemmuoe

YUCAO0, A MAKHCE €CAU N, — UEMHOE YUCAO U D, — UEMMHblE YUCAL, MO

(k) _ B _ . _
cy =c_y =0; ecau ncep uq HEUETNHBLE UUCAL, MO

q—1

0 —1) =z gzt
c(_kQ) = (—1)§+k+1c'(k) (D= Lhé(x),

T2 4REID (2 4 k) /A

n
2
roe Lp= Y g”ﬁ. OTHU XKe Pe3yIbTATHI OBLIN yKE MOMYIeHBI IPYTUM
r,s=1

meTogoMm B 1. 2. [anee, u3 cooTHomenus (2) umeem:

pert. (P +40)* = mere. P} + mera. e™P2,
A=—2 [ A=—2%—k A=—%—k

2
OTKY 12
Bera. (P 4i0)) = c(fl) + 67“(%““)%'7(? + m'e*”(%+k)iclf(g).
A=—2—k

2

. 1(k
Mogcrapnas cioga BuIpakenusa gia  Bbrd. (P 4i0)* u c_(Q), IOy IaeM: eCcaAl
A=—2—k

Pa3mMeEPHOCMb NPOCMPAHCTMBA N — HEUEMHOE YUCAO, A4 MAKHCE €CAU N, —
yemHuoe Yuca0 U p,q — wemmuble Yucaa, mo

e~ 5%

Lpd(z);  (4)

BBIY. P)‘+e_”(%+k)i Bera. P* = Ul
e A=—%=k AREID (2 + k) /A

ECAU HCE D U q — HEUEMHblE YUucAaG, Mo

BBIY. P} + e (5+h)i prra. P =0 (5)

=2k A=—21Fk

OTMeTuM, KPOME TOTO, UTO €CAU T — HEUCTNHOE YUCAO, 0 TNAKHCE eCAU T, —
uemmnoe wucao u k < 5, mo, coeaacno gopmyae (2),
Bert, P} + (—1)* pera, P* = i, (P +i0)* = 0. (6)
A=—k A=—F A=—Fk
Bymem mpegmomaraTs ¢ 3TOrO MOMEHTa, 9TO KBaapaTudHas ¢gopma P
MMEeeT KAHOHWICCKUAU BUI:

_ 2 2 _ .2 .2
P=xi+... +to, -z, — . —Tpyy

B n. 2 Obuiy HAUIEHB! ABHBIC BLIPAXKEHUA NJIA BHIYETOB (DYHKIUN P_ﬁ
u P 4epes o606meHHbIe GyHKINT §§k) (P), 6§k) (—P)= (—1)’“55’” (P) ud(z).
IMoxcTaHoBKA DTUX BLIpaXKeHUR B paseHcTBa (4), (5) u (6) gaer:

3F (P) — 68 (P) = ¢p g i LF~5+16(2),
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rae
0? 0? o? 0?

L = —2 + .. —2 - T T e .. T T

Ox? oxy  Ox,,, 0Ty,

u Cp q,1 =0, €CIu pa3MepHOCThL IPOCTPAHCTRA 11 — HedeTHOe TUCIO0, 8 TaKKe
N
ecm n — €eTHOE Iuca0 1 k < § — 1; B OCTATBHBIX CIydadx KOd(OUITeHT
Cp,q,k MOXKET OBITH JIETKO IIOJCINTAH Ha OCHOBaHWK (OPMY.I I. 2.
Urak, ecau pazmeprocmb nNpocmpancmea n — HEUEMHOE UUCAO, G

maxxce ecau n — uemmoe wucio vk < § —1, mo 6§k) (P) = 55’0 (P). Ecau
gce n — uemnoe wucao, mo npu k > 5§ — 1 paznocms 55’6) (P) — 55’0 (P)
ecmb 06obwentas Pynryus, cocpedomouennas 8 sepwune konwyca P = 0.

Corunacuo obmen Teopun, KOTOpas OygeT paccMoTpeHa B § 4, 6ojee eCTeCTBEHHBIE
OmpeeaeHuss OMHOPOIHBIX OOO06IIEHHBIX (DYHKIWU, COCPEIOTOYEHHBIX HA TMOBEPXHOCTH
P = 0, cocrosaT B crenytomeM (cum. HIKE, CTDP. 362):

M (PyL) = (=1)FR! . P
(P+) = (=1)"k! Bore. Py
1 aHAJOTHUIHO

E(P_) = (=1)Fk! . P\
OR(P-) = (=)7Kt por. | P2

B cryvae HEI€THOMEPHOTO TTPOCTPAHCTBA, 8 TAKXKE B CIy9ae IETHOMEPHOTO MPOCT-
pancTBa pasmeprocTn n nipn k < 5 — 1, mveem

sM(PL) = 6F(P), 60)(P_) = ok (~P);
B CIydYae K€ YeTHOMEDPHOr0 MPOCTPAHCTBA mpu k > % — 1 pazHocTH
s®(Py) — oF(P) m 6B (P_) — 8% (—P)

ABIAIOTCA 0000IEHHBIMY (DYHKIMAMYU, COCPEIOTOYEHHBIMU B BepumHe KoHyca P = 0. B

cmry coorHomenunr (4)—(6), ecau p u q ABAKIOMCA 0OHOBPEMEHHO UCTUHBIMU YUCAGMYU U
n

k> % —1,mo

q n
—1)27n2 _n
—_DksE(py — k) (p_y = (n LFH1=5 §(2);
(ORI = g T (2)

80 BCET HCE OCMAALHLIL CAYUAAT

80 (P) = (=1)56)(Py).

5. dyHAaMeHTaIbHbIE PellleHUA JUHEUHBIX AuddepeHImaIbHbIX ypas-
HeHui. VICHOTBL3yeM pe3ylbTAThI, MOJYYeHHBIE B . 3 U 4, 01 OTHICKAHAA
(byHIAMEHTATLHLIX PEIIEHNN YPABHEHUN

LFy = f(=), (1)
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rae L — OQHOPOMHBLIN JUHEUHBIN AuddepeHIInaTbHbI OTePATOP BUIA

o? o? o? o?
=2 4+ £ _ 9 9
oz? oz  dxl,, o2, ,

nuk=12...
Hanomuum, 4To QyHIaMeHTAIBHBIM DelnenueM ypasHeHus (1) HaswiBa-
eTca Takasa obobmennas pyukmua K, 9To

LK = 6(x). (2)

K ypasuenuio (1) npu k = 1 npuBoguTcs, B 4aCTHOCTH, JIO00E JUHETHOE
quddepeHaTLHOe YPABHEHNE 2-T'0 MOPAAKA C MOCTOAHHBIMU KO3(hdU-
LIUEHTAMY, COAEPKAINEe TOJBKO CTAPIINE MPOU3BOAHBIE. JTO yPABHEHUE
OOBIYHO HABBIBAIOT Yabmpaunepboiuveckum. Ilpu p umm ¢, paBHBIX HYJIO,
OHO TIPEBpAIlIAeTCA B ypaBHeHue Jlamnaca, a Ipu p win ¢, paBHLIX 1, — B
BOJTHOBOE YPABHEHUE.

Pemenue ypasrenus (2) ecTeCTBEHHO WCKATb B BHIE OTHODPOIHOU
(yHKOMHI, TOCKOIBKY orepaTop L u crosmas B mpaBou YacTu GpyHkuus 6(x)
OMHOPOJHBI (MGO MPUCOCTUHEHHON K OTHOPOIHON; CM. onpeneseHue B § 1).
Tak xax mocae 2k-kpatuoro nuddepenmupoBanus pyuknun K mosydaercs
dyuxnusa §(z), UMeroas CTeneHb OHOPOIHOCTY —N, TAE 7L = P+ ¢ — pas-
MEPHOCTH MPOCTPAHCTBA, TO CTEMEHb OAHOPOAHOCTH GyHKIMM K NOIKHA
OLITHL paBHA —n + 2K.

C npyrou cTOpOHBI, ypaBHEHUE (2) UHBAPUAHTHO OTHOCUTEILHO JTUHEH-
HBIX TTPEOOPA30OBAHUN, COXPAHAIONMX (POpMyY

_ 2 2 _ .2 .2
P=xi+.. .+, -z, — o —Tpyy

Pemenue sToro ypaBuenus 6ygemM CTPOUTH B BUE
K = f(P).

B n. 4 6butm paccMOTpEHBI OTHOPOMHBIE 0000IIeHHBIE (PYHKIUU OT P:
(P+i0)* m (P—i0)*. TIpu A= —2 + k 5Tu GyHKIMN MMEIOT HyKHyIO CTETIeHb
OIHOPOAHOCTH —n + 2k. MBI IOKaXeM celldac, ITo 34 UCKANUECHUEM CAYUAQS,
k0204 PA3MEPHOCTIL T NPOCMPAHCTEL — UemHoe wucto u k > &, xaxcdas
uz Pymwxyui (P + i0)" 2% o (P —i0)"2*% asasemea, ¢ mounocmvio
00 nocmoannoe0 MuoNcuMEns, PYHOGMENTAILHOIM DEULEHUEM YDABHENUS
LFu = f(z).

Bocnoab3yemcs COOTHOIIEHNEM, YCTAHOBAEGHHBIM B TIMI. 3 U 4:
L¥(P +i0)MF =

—4F A+ 1)... A+ k) (A+g)...(>\+%+k—1) (P +i0)*. (3)
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— n .
Orcrona nmpu A = —4 nomydaem:

LF(P +i0)=3+h = 4k (1 - g) (k - g) (k= 1)! pore, (P +i0)*. (4)

Orcroa BUIHO, UTO €CAlU PA3MEPHOCTL T NPOCTMPAHCNEE — YEMHOE YUCAO
u k > %, mo npasas wacmv pasencmsea (4) obpawjaemcs 6 Wyav, U Mbl
NOAYUALEM:

L¥(P +i0) t* =0,

m.e. Pymwyus (P +i0)"21F seasemea pewenuem 00mopodnozo ypasuenus,
coomsememeyue2o ypasrenuto (1).

Bo Bcex ke oCTambHBIX ClIydasx, HOACTaBIAA B (4) BbIpaxeHue /s
BRI, (P +i0)*, moryaaem:
- 2

LE(P +i0) 3tk = 4k (1 - g) (k - g) (k — 1)!;

CaegoBaTensbHo, GyHKIML

I (3 1)

B =(-1 ARk — 1)ln3

(P +i0)~ 5tk

ABIgeTCA ByHIAMEHTATHHEIM permenneM ypasaerns LAy = f(z).
Takum 06pa3oM, 3G UCKANUEHUEM CAYUAA, K0200 PA3MEPHOCTDL N NPO-
cmpancmea — uemuoe uucao u k > 5, dynxyua

T (3 b

K, =(—DkF—22 _J(p 0=tk 5
U, GHAA0UUHO, PYNKUYUL
e_%qil"(ﬂ — k) n
K -1 2 J(p—i0) 3tk 5
= OV TG e (P )

asamomes Pynoamenmarvuvimu, peuenuamu ypaswenus LEu = f(z). Ecau
aice n. — wemmnoe wucao u k> 2, mo gywrkyua (P +i0)~ 2k = (P —i0) 2tk
ABAACMCA PEULCHIUEM COOTEEMCMEYI0UE20 00H0POOH020 Ypasuenus LFu =
=0.

3ameTnm, UTO QyHIAMEHTaIbHBIE peneHns K; um Ka KOMIUIEKCHO
CONPAKEHE.
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®opmyast (5) u (5') mpencraBasior cobon Hambomee ymoGHOE 3aja-
HIe GyHIAMEHTATHHBIX pemtenuit ypasHerua LFu = f(x). MoxHO 6BLTO
OBl MCKATDL BEIIECTBEHHBIE (DYHIAMEHTANLHEIE PEIMIEHUA STOTO yPABHEHUS,
KOMOMHMPYS BEMIeCTBEHHLIE 1 MEUMEBIE JacTu pyrkinun K1 u Ky, Ognako B
3ABUCAMOCTHU OT TOT'O, YETHA WU HEYETHA PA3MEPHOCTH MPOCTPAHCTBA 7,
a4 TAKXK€ YeTHLI WA HEIETHLI IUCAA P U (¢, (POPMYJILI 1A BEIIECTBEHHEIX
dbyHIAMEHTATLHEIX pemennin ypapHerna LFu = f(z) okaswiBazoTca mpm
5TOM CYIIECTBEHHO PA3JAIHLIMU.

Dopmyaer maa pyssaMeHTaabHEIX pemmennn Ki; n Ko ypaBHeHus
L¥u = f(x) MoXHO Mpeo6pa3oBaTh, BHIPA3NB dTH (HYHKINM HETIOCPECTBEeH-
HO epe3 06o6mennble Gynknmu PR n PA.

Bocnoawsyemcs mra sToro gopmyaamu 1. 4, BEIPAKAOMAMEA (DYyHKIANT
(P 4+ i0)* u (P —i0)* uepes dynxmmm P} n P). Ecim pasmepHOCTS
MIPOCTPAHCTBA N HEIETHA, TO (PYHKIUU P;\ u P} perymapus mpu A= -5 +Fk,
M MBI [TOJLYIa€M:

e O LB k) sk a(cgek)ipo gtk
Kl—KQ—( 1) 4k(k—1)!ﬂ'% (P+ + e 2 P_ ) (6)

5 TO (QyHKOUE Pi n P umeror B
TOUKe A = —3 + k TIPOCTHIE TIOMOCKHL C BHIYETAMU

Ecan xe n — deTHOe unmcmo u k < 2

. —1)E-k-1
BBIT. P} = (—1)z k1 BBIY. P = Dk 6(5_k_1)(P+).

A=—2+k A=—2+k (2 —k—1)!

O6osmadas wepes P, > " m P_? " cBOOOJHBIC WIEHBI JOPAHOBCKIX PA3JIO-

JKeHun (pyHKIun Pi‘ u P} B OKpecTHOCTH TOYKE \ = -4 + k, nomyTaem:

__ 50T (2 k)T . e
K=K = (- 20T (5 — k) PR 4 (cnymaHRpTETE

(=1) 2+krg

CET TR B

+

13 popmya (6) u (7) BeiTexaer, B yacTHOCTH, 9T0 GyHKuma K u Ko
muHenHO HezapucuMbl, O606mennan pyakmma K, — Ks aBaseTcsa mpu 5ToM
peleHreM OTHOPOIHOI'O YPaBHEHUA Ly = 0.

PaccMmoTpuM, HakoHeI, 0COOBIN CIydall, KOMIa Pa3MepHOCTb MPOCTPAH-
cTBa N — weTHOE wmeno u k > 2. Pasnaras gynkmmio (P + i0) M B pazx

n

Teittopa B OKDECTHOCTH TOUKH \ = — 3, UMeeM

(P+i0h = (P+i0) 5 4 (A + g) (P +i0)"3+*In(P 4 i0) + ...
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Moxcrapaaa 3TO pasJoXKeHWE B PABEHCTBO (3) W CpaBHUBAA 3aTEM KO-
>ddunmenTs TpU A + § B JEBOM W B TPABOU TACTAX DTOTO PABEHCTRA,
MTOJTY IAEM:

LF[(P +i0) "2 *In(P 4 i0)] =
=45 (=13 (5 = 1)1 (k= 5) 10k = 1)! prr, (P + i0)*.

IMogcTapasaa Ciofa BLIPAKEHUE IA BEIT, (P +i0)*, MBI ycTaHOBUM, TO
=3

8 CAYUGE NPOCMPAHCNBA YeMKOtl paszmepnocmu N GyHdamenmaibHbim
pewenuenm ypasuwenus L¥u = f(x) npu k > 5 ABALELMCA NPUCOCIUHEHNAL
PynKyUuA

ezqi

K, = (—1)%7141@ (k—2)(k-1)

L(P +1i0)" 2 *In(P + 40).
Ananoruvno, dpyeum Gynoamenmasbrblm peuenuem ypasHenus Lky = f(x)
ABAACNCA 8 IMOM CAYUAE PYHKYUA

e_%qi
4k (k — %)'(k -1)

Ky =(-1)2"! (P~ i0) == ¥ In(P — i0).

OTrMmerum, 9TO HopMyabl 4aa GyHIAMEHTAJLHLIX DEIeHNN YPABHEHU
L¥u = f(x) cOXpaHAIOT CMBICT I B TOM CIydae, KOrjga L — MpOM3BOIbHbI
JUHENHBIN OTHOPOAHLIN TudPepeHInaIbHbI OnepaTop 2-r0 MopaIKa,

n 82
L= e
7«;1 g 0x,.0rg

B sTom cayuae mon P cregyeT MOHUMATH KBAAPATUIHYIO (DOPMY BUIA,

n
P = Z grsTrTs,

r,s=1

n
rae . grsg®t = 0L(r,t = 1,...,n). B Boipaxenun s koabduimenta npu
s=1

(P+1i0)~2%% u (P —i0)~2+* npu 5ToM 106aBUTCA B KAYECTBE MHOKUTEITA

VI|A|, roe A — nuckpuMuHAHT KBaIPATUIHON HOPMEL P.
Hanpumep, pyHIAMEHTATLHLIMEA PENICHUAMEA yPABHCHUA

0? 0?
(2m + 8_1%) u = f($1,1‘2,$3)
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ABIAIOTCA (PYHKINNI

[V

1 Ly —
K, = 4—m(21‘1$3 + 3 +i0)

Ky =K.

6. Ilpeo6pazosarusa Pypse dyuxmmit (P + i0)* u (P —i0)*. [Tra oTec-
kauua npeobpaszopanmit dypre byrkmmin (P + i0)* u (P — i0)* npumennm
UICH0 AHAIUTUYECKOT'O TPOJOIKEHUA O KOSPHUIIMEHTAM KBAIPATUIHON
GOpPMEL, pA3BUTYIO HAMU B I. 3.

IIycte

P=aiz] +... + apz’ (1)

— KBaApaTUIHasA (pOpMa € KOMILIEKCHBIMU KO3(ppUIMEHTaAMU, OpUIeM
Im P ecrs mosoxkurensHo ompeneteHHas ¢opma, T.e. Im ag > 0 (s =

= 1,...,n). O6obmennas pyukmma P>, a mOTOMy U ee TpeoOGpazOBaHUE
Dypre PA, ABIAIOTCA aHATUTUICCKAMI (PYHKIUAMUA OT (1,...,0, B 00OJIa-

ctr Im oy > 0 (s = 1,...,n). Jaa oreickaaua P? DOCTATOYHO MORTOMY
pPaccMOTpETh CIydal, KOraa Bce KOX(MMUIUEHTHI (g — MHUMBIE YUCIA:
ag = ibg, mpuaem by > 0 (s = 1,...,n). Ho B sToM cayuae

73>\ — egki/(blw% + .+ bnwi))‘ei(xlsl+"'+x"s")daj.

Tocne COOTBETCTBYIOMIEN 3AMEHBI TEPEMEHHBIX TIOTYIaeM:

A ; sn

1| x S—1+...+zn )
e ( TV Ven /) dx,

ez
=—Fr
Vbi.../by
2

rae r? =z + ...+ 22.
ITpeobpazosanme Dyphe OGOOIICHHON (DYHKIUUA 7 OBLIO BLIMUCICHO
B . 3 § 3 run. II. Ucmoaways moaydenuyo TaM hOPMYJILY, UMEEM:

A

A

ﬁ)\ B egz\i22/\+nﬂ.%r(>\+ %) ﬁ N . ﬁ -A—%
Vb BT (=) by T by ’
nin
 V=iar.../=iapD(=A) \aa T ay '
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B cuiy eIMHCTBEHHOCTU aHAJUTUIECKOrO MPONOMKeHus, ¢popmyaa (2)
OCTAETCA CTPABEIINBON A IPOU3BONLHON KBaApaTUIHON (hopMel Buaa (1)
C TOMOXUTENILHO ONPEIEJEHHON MHUMOU YACThIO; TPU DTOM 3HAUEHUA KB~
IPATHLIX KOPHEH BEIPAKAIOTCA GOPMY.IOn /2 = |z|%e%iargz. 3aMeTuM, ITo

2

2
kBagpaTuIHas Gopma ;—11 + ...+ Z—" UMEET OMPUYAMEALHO ONPELICACHNYIO
n
MHUMYIO 9aCTh.
IIycTe Temepn

P=z+ .+:vz2,—:cz2,+1 —...—xf,+q,
2 2 _ 2 2
Q=81+ ...+5, =Sy~ — 5,
Brmonusas B dopmyne (2) mpegeqbHBIN TMEPEXol, MBI MOJYIUM MPU Q) =
=...=ap=1,0p11 = ... = qpyq = —1
e39 MNP (N + 2 n
F[(P +i0)*] = T )\)( 3) (Q—i0) % (3)

1 aHAJOTUTHO
eI (N + 2)
(=X

pumenss Gpopmyant (14) m. 3, moaydaeM Takke MOCIE BJIEMEHTAPHBIX
npeobpa3oBaHun KO3(MMUIINEHTOB:

DA _ 92\ +n_Z—1 n
P} = 92 nph F(/\+1)I‘(>\-|-2)><

F[(P —i0)*] = (Q +i0) > =, (3"

x 2% [e*”(”%)i(Q —i0) A5 — em(ME)i(Q 4 iO)***%] Y

PA = =M T+ 1T (A + 5)
x 2% e F@Q-i0) 8 —eF(Q+i0) 8] (4)
Ormerum, uTO (opMynsl mpeobpasoBanunr Dypwbe, MOMYyUEHHBIE 316Ch,
OCTAIOTCA CIPABEMIUBLIMUA W i CIydas, Kormga P — mOpou3BoibHAA

BeIeCTBEHHASA HEBBIPOXK JEHHAA KBapaTUIHaA popMma

n
P = Z JapTalp-
a,f=1

B sTom cayuae mox () ciaeqyeT MOHUMATH COMPAXKEHHYIO KBAIPATUIHYIO
bopmy

n
Q = Z gaBSOzSBa

o,B=1
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n
rae > gapg®’ = 82 (a,y = 1,...,n). Kpome Toro, Bo BCE (dOpMy.THI
=1

cregyeT MOOABUTHL CIPaBa B KAYMECTBE MOMOTHUTETHLHOTO COMHOXKUTENA

ﬁ, rie A — IUCKPUMUHAHT KBaIPATUIHOU (POPMEL P.

7. OGo6mennsie ¢Gyuknum, cBa3annbie ¢ ¢yukmuavu Beccena. Pac-
CMOTPUM KTace 0600meHHbx (yHkmmi Buga Prf(P,N), rae f(z,\) —
uenas QyHKIUA OT 2z M A, a P — KOMILIEKCHAs KBaJpaTuUdIHas (HopMma c
MOTOXUTENBHO OTPEIETeHHON MHUMOU YaCThi0. DTU OGO0OIIEHHbIE (DY HKITUN
upu Re A > 0 onpegensitorcs paBeHCTBOM

(P F(P ) () = / P F(P. N)pla)dz. 1)

Ouesuano, ato P> f(P,\) npu Re A\ > —1 AB1geTca aHATITUIECKON (ByH-
kmmernr or A. C HOMONIBIO AHAIATUIECKOrO MPOLOMKEHAA MBI OMpeneaieM
o6o6mennyo dyuknmo P f(P,\) u 114 Ipyrux 3HAYeHWH \. AHATOTHTHO
ompegensiorcs yukm P In™ P f(P,N).

Herpynmo moxazaTs (umcxons, Hampumep, U3 DAa3nokeHUA QYHKIWN
f(z,\) B cTenennon psag 0o z), 9TO AL JTOOOU BEIIECTBEHHON KBAIDATUY-
HOI (opmbl P cymecTByeT mpeaen

(P +i0)* f(P 4 i0,\) (P +iP) f(P +iPy, ), (2)

= lim
P1 —0
rae P| — monoXuTeNLHO OnpeaeTeHHas KBapaTudaHaa (popMa.

CoBepIIeHHO AHAJOTMYHO OMPENeNseTCA A1 JIO0U BEIIeCTBEHHON KBa-
npaTudHOu GopMel P 0600ImeHHaa (hyHKII

(P —i0)*f(P —i0,)).
OueBugno, 9TO ecau popMa, P MOTOKUTETHHO ONMPENeneHa, TO
(P 4 i0))f(P 4i0,)) = (P — i0)*f(P — i0,\) = P f(P,\)

KpoMe Toro, Tak Kak g BCEX IENLIX MOJOXWUTEILHBEIX 3HAYCHUHN 7N
CIIPABEIINBO PABEHCTBO

(P +i0)" = (P — i0)" = P,
TO

f(P +i0,)\) = f(P —i0,)\) = f(P,\).
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Boipasum Temeps o6o6mensrie ymxmua (P + i0))f(P,A) u (P —
—i0)*f(P,)\) 4epes aprymenter Py u P_. [[1a 5TOro MbI 3aMeTHM, TTO,
KaK TIOKA3aHO B 1I. 4,

(P +i0)* = P} + P2,
(P —i0)* = P} + e~ A" P2,
Tax kak
P f(P,A) = PYf(Py,\), m PAF(P,N) = PAf(P-,))
TO OTCIOJa CAECLYeT, ITO

(P+i0)*f(P,A) = PAf(Py,\) + e PXf(P_,)) (3)

(P —i0)*f(P,A) = PYf(Py,A) + e TP f(P_,\). (4)

OnpeneneHHbI HAMU KIacC OOOOIIEHHBIX (DYHKIUYA JOCTATOYHO MIUPOK.
K memy mpumanmexxar, B 9aCTHOCTH, Takue OOOOIIEHHBIE (DYHKINU, KAK
P2Jy(PY2) u P2 Jy(PY?), rae Jx(z) — Geccenesa pynkuma. B srou
JIETKO yOEAUTHCA, PACCMATPUBASA PABIOKEHNE

2m
() ()
o= (3 £ e T s
22) = (3 n;m![’(/\+m+1) 5)
6ecceneBor (PYyHKIMA B CTEIEHHON P,

Hapsny ¢ pyukumen Jy(z) Mbr 6ygem paccmarpusath Gyakuuu N (z),

Hil)(z), H)(‘2) (2), In(2), Kx(2), KOTOpBIE TIPU HELEBIX 3HAYEHUAX A OIpe-
IeJATCA (POPpMYyIaMuU:

Na(z) = = 1 feos X (2) — Ja(2)],

A" (2) = J\(2) + iNx(2),
HP (2) = J\(2) - iNx(2),
I(2) = e~ Jy(iz),
Kx(z) = 5= -a(2) = L),

SHaveHus >TuX (GYHKIUU TPU IETBIX 3HAUCHUAX A ONPEIEIAIOTCA C TTOMO-
MIBIO MIPEIENTLHOT0 MEPEX0aa Mo A.
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Pasnoxenns dymaxmuin Ny (2'/?), H)(‘l)(zl/Q), H)(‘2)(z1/2), I (2'7?),
K, (21/ 2) B cTemeHHOW AN TIPU HEIEJBIX 3HAMEHHAX A JErKO MOTyIaloTcs
u3 pasnoxkenus (5) dbyukumm Jy(z). IIpm >TOM OKasbIBaeTCA, UTO MU
PynKyuL npunadiercam K paccmMampusaemomy mamu Kaaccy QGynwryui,

L1
4TO MO3BOJISIET BBECTHU Takue 0000menHble pyHkuun, kKak Ky {(P +10) 2] ,

(P +i0) 3 K, [(P + m)%] T

8. IIpeo6pasosamma Pdypbe obobmennbx bysxmm (c2 + P + i0)*
u (¢ + P —i0). Mut ugemn yxe B 1. 6 § 2 rir. 11, wTo mpeo6paszopanms
Dypoe 0606meraEx Gynxman (22 —1)*, (1 —22)*, (14 22)* BopaxaoTcs
4yepes GecceneBbl GYyHKIUA. B 3TOM U ClIEAYIOMEM MyHKTAX MBI TOKAXKEM,
9TO TO XK€ CAMOE UMEET MeCTO U A npeobpaszopannit Pypre 0600MEHHBIX
yrxmmit (¢ + P)} u (¢ + P)}, ABIMOMMXCA N-MEPHBIME AHAJIOTAME
o6o6mennrrx dynxmmir (22 — 1), (1 — 22)}, (1 + z2)*.

Haurewm ¢ paceMoTperusa o606menson gy (¢ + P)» pia momoxu-
TeTbHO OMpPEeIeTeHHBIX KBaApaTUIHBIX (opMm P. IIpeo6tpasoanue Pypbe
o6o6menron dyrkmm (¢ + P)* mpu Re A < — 4§ 3aJaeTCAa HHTErPAIOM

Fl(c + P = / (2 + P ei@9 g, (1)
rae (z,8) = 2181 + ... + Tpsn.

Paccmorpum cHauama caydan, kKorga ¢dpopma P uMeeT KaHOHUUe-

n
CKU# BHT Y, a:% Od4eBugHO, ITO B DTOM Ciaydae OOOOIIEHHAS (HYHKIUA

k=1
F[(c*+ P)*] saBucut TombKO OT |8| — mmmHnt BexkTopa s. [loaTomy, He Tepsas
OOIIHOCTH, MBI MOJKEM CIMTATh, ITO BEKTOD § mmeeT Buf s = (|s],0,0,...,0),

u, ciaegoBaTenbHO, uaTerpal (1) umeer Bug

/ (@ + o) s de, (2)

n
rae Re A < —3.
[lns BeraucaeHus uHTErpata (2) nepengeM K MOIAPHBIM KOOD JUHATAM.

[TpouaTErpMpPOBAB MO yTIAM (3,...,(0n_1 W TIPUHAB BO BHUMAHWE, €UTO
2 n—1
Q, 1= 1(1‘(/57)_1), MBI IOy 9IMM, ITO MHTErpal (2) pasen
=

2 n—1 oo T ‘
1(_‘\(1) //(02 + TQ)Aezr\s|cos¢1 sin™ 2 (,01Tn_1d(p1d7‘.
2 00
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Ho u3BecTHO, 1TO

™

) r(z1)/r
/ezr|s\cos<p1 sinn_2<p1d<p1 — (27)2711]%_1(7~|5|),
2
! (+)
a
[ 2 2\ 2\ M s
rz(c® +r)"Jo_i(r|s))dr = | — —— K= y(c|s]).
[rie oy aotshar = (%) oK)
0
[osTomy muTerpan (2) papen mpu Re A < —F cegyomeMy BHIPaKeHMIO:

. A+1 )" c 5HA
/(02 + |x|2)/\ezzﬂs|dx _ % (H) K%+,\(C|S|). (3)

IIpu OCTANTBHBEIX 3HAYMEHUAX A CIIPABEIIUBOCTH GOPMYJIbL (3) yCTaHABIMBA-
€TCsl C IIOMOIIBI0 AHATUTUIECKOTO PO IOMKEHUS IO .

Yrobbr moayunTh GOpMyIy A npeobpasoanus Dypbe J0O0U MOI0-
KUTEIBHO ONPEIENEHHON KBAIPATUIHON (GOPMBI, 3AIIUIIEM DABEHCTBO (3) B
BUIE

. A+1 )" c %+)‘
\/Z/(c2+|x|2)*e“ﬂ”’s)dx:%<H> Kylels) (@)

n

(,ELI/ICKpI/IMI/IHaHT A xsagparwanon gopmsl |z|? = Y z2 pasen e;mnnue).
=1

[lpn mpeo6pa3oBaHUE KOOPIMHAT, Tepesogamem dopmy |z|> B dopmy

n
P = Y grzrx,, Bupaxenue VAdr ocraeTcs MHBApMAHTHBIM, a8 KBa-
k,r=1
OPAT JJIWHBI BEKTOPA § U3 CONIPSKEHHOI'O IPOCTPAHCTBA OPUHAMAET BT

n n
S g*rsis, (Q = Y g*"sps, — kBagpaTmuHas popMma, IBONCTBEHHAA
k,r=1 k,r=1

n
dopme P = > gprSk sr> . [TosTomy mpu TakoM TIpeoOpPaA3OBAHUYT KOOP IM-
k,r=1

HAT PaBEHCTBO (4) NePeXOIUT B PABEHCTBO

} AM1( /o\n . E+x Kooy (CQ%)
A 2 A i(z,s) — 2 ( 27T) c 2 ]
\/_/(c + P)%e dx ey ol =)
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IMony4ueHHBI pe3yIbTAT MOXHO CHOPMYIUPOBATE CICAYIOMIAM 00PA3OM.

IIyemvy P — noaoxcumenbno onpedesennas Keadpamuunas @Gopma,
a ) — deoticmsennas eti popma. Tozda npeobpazosanue Dypve 0606w en-
noti Pynxuuu (¢ + P)N pasno

) N 2)\+1(\/ﬂ)nc%+)\ K%+,\ (CQ%)
Al + P = S e e o)

rae A — nuckpumMuHAHT GOpMET P.
IIycte Temepsr P — mpouw3BO/IbHAS BEIECTBEHHAS KBAIPATHIHAA (POp-

Ma. B »ToM ciayuae MBI OymeM paccMaTpuUBATL OOOOIIEHHLIE (DYHKITIU
(2 + P+i0)* u (¢>+ P—i0)*, ompenensemble COOTBETCTBEHHO PABCHCTBAMIY

( + P +i0) = hr%(c2 + P +icP)? (6)
e—
u
(? + P —i0)* = lim(c® + P — icP))*, (7)
e—0
rae € > 0, a P| — TOMOXUTENHHO ONpefeNeHHasa KBaIPATUIHAA (HOpMA.

Cymecrsosanue npeaenos (6) u (7) mpu ¢ = 0 60 JOKA3aHO B . 4, &
CyIIECTBOBaHUE UX Tpu ¢ #Z 0 CIeIyeT M3 OTCYTCTBUA OCOOBIX TOYEK HA
noeepxsocT: ¢ + P = 0.

Ecau kBanpatudnas ¢popma P U3MEHACTCA B «(BEPXHEN TOIYILIOCKOCTHY,
TO mBOUCTBEHHAA e GHopMa () UBMEHACTCA B (HUKHEN TOJYTLIOCKOCTHY.
IMosToMy B CuTy €IMHCTBEHHOCTH AHAIMTHYECKOTO IPOJOIKEHNA U3 (HOp-
Myaet (5) crexyer, 9ToO

ML (/27 mA Kz [c(Q - iO)%]

F[(* + P +i0)* = T(—\)VA (Q—iO)%(%+>‘)

Yepes VA B dopmyre (8) 0603HAMEHO AHATATHYECKOE IIPOJOJIKE-
HIE BETBU DTOU (PYHKIIUM, MPUHUMAIOMEH MTOJOKUTEIbHLIC BHAYCHAA A
IOJIOKUTENBHO ONPEJeIeHHBX KBagpaTuaHerx popm?) . OTmermm, [To
VA = /|Ale®s", ecn xamoHmIeckoe mpexcTapienne GopMel P umveeT
OTPUIATEIBHBIX ICHOB.

AHAJIOrMYHO TOKA3BIBAECTCA, 9TO

1
2

2 M — 2>\+1(m)nc%+)\ K%J’_}\ [C(Q +'LO) ]
F(¢® + P —i0)}] = INCOVNVIN @+ i0) 25T

1) AHATOTWYHOE AHAIMTIIECKOe MpogoIXKeHue ObLI0 MoAPOOHO PACCMOTPEHO B M. 3, U
MBI HE IPOBOAUM COOTBETCTBYIOMIUX PACCMOTPEHUM B DTOM MECTE.



318 [JI. III. CIEINUAJBLHBIE TUILI OBOBIIEHHBIX &YHKIINNA 9

B sToM cryuae mveer mecto papenctso VA = /[Ale=*, roe ¢ —
YICI0 OTPALATEIBHLIX ICHOB B KAHOHIIECKOM HpeacTaBieHun GpopMel P.

Bripasum Teneps o606mermnbe dyakmm F[(c? + P+i0) u F[(c> + P —
—i0)*] 4epes ob6obmennse dyrkmma Q4 u Q. Wcnomesysa pasmoxenue
K)(z) B crenennou psag u ¢opwmyrny (4) m3 m. 7, MBI mOLydaeM [OCTE
HECTOKHBIX TPEOOPA3OBAHUIL:

F[( + P +i0)\ =

|3
/N

Q
O
=+ vl
SN——"
N

=,
=
>
|

|3
N

Q
O

| ol
N——
S

OAHEHL B o~ A+ |-K)\+2

DEOVA | ilrs) T2 pi0n)

Fl(* + P —i0) =
1 1

2)‘+%+17r%e%i c)‘+% K)H—% (ch) T H(,?,ﬂ (CQE)

NSV A0 2 o

®opmyaer (10) m (11) smaumrensHo ympomawoTcsa, ecau ¢opma P
3HAKOOMpPENeneHa: ecam P — MONOKUTETLHO OmpefeNeHHas (popMa, TO B
KBAJIPATHLIX CKOOKAX OCTAIOTCA JUIIL MEPBLIE ClaraeMble, a ecmm P —
OTPUIATEIBHO ONpeaeaeHHas GopMa, TO UL BTOPLIE CIACAeMBIE.

9. IIpeo6pazoarma Pypbe o6o6mennbx Gyaxmmr (¢ + P)i u (c® +
+ P)2. Paccuorpum Teneps 0600mennste dynkmuu (¢ + P)} u (¢ + P)X.
OHI ABIAIOTCA TUHETHBIMI KOMOGUHAITAAME 060061IeHHbX (yHKmmi (¢4 P+
+i0)* u (2 + P —i0). TlosTomy ux nmpeo6pazosanusa Dyphe ABIAIOTCA JTH-
HEMHLIMI KOMOWHAIUAME IpeobpasoBanuil Pypbe 060O0IMIEHHLIX (PYHKINN
(2 + P +i0)* u (¢ + P — i0)*, a umenno:

i

Fl(c® + P)}] {e7 T F[(* + P +i0)*] — e?"F[(¢® + P —i0)*]}

(1)

) sin A\

i

Fl(¢+P)] = {F[(¢ + P+i0)\ — F[(¢2 + P —i0)M}. (2)

 2sin 7
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Moxcrapum B 311 hopmysr Bmecto F[(c® + P+i0) ] u F[(c® + P —i0)*]
Buipaxenus (8) u (9) u3 m. 8. MbI noaydum:

Fl(@?+P)}] _ 2M5ir3lesh
TA+1) V1Al
oK=Lk fras o]
2 —e bl
(Q —i0)2(A %) (Q +i0)z(+%)

X e

F[(¢? + P)X]  2M3rsleatA
rA+1) VIA|
e Kza [C(Q - io)%] ori K2a [C(Q + io)%]

(Q — i0)2 (A %) mer (Q +i0)s(+8) [ )

X

X €

2 A 2 A
MoxHO BEIPa3UThL 0000MIEHHBIE (DYHKIIIT F[l(f( /\113 ] u F[l(f( /\113’] qepe3

o606mennble pynknun Q) 1 Q). [1a 5TOro Hago HOJCTABUTH B (HOPMY-
ae1 (1) u (2) Bwecto F[(c2 + P +1i0)* u F[(c? + P — i0)*] perpaxenns (10)
u (11) u3 m. 8. IIpu 5ToM MBI HOAyIaEM

Fl(®+ P))]  2\i+igi—1es)

TA+1) VIA] "
' Kz (CQ%)
X ¢ —sin (/\ + —) ™ QE(H_%; 2sin (/\W+ %)W 8
Ingn CQ% ) Jox-z CQ%
x |sin ()\—i— g)7r }\;—;(/g;)) +sin'y ;;(A(+g) ) ®)

Yepes p B aT0ou popMyse 0G03HAMEHO YUCIO MOJOKUATENBHBIX YIEHOB B

KaHOHWYIECKOM mpencrasreruu Gopmel P, p + g = n.

2 A 2 A
Dopmyrna g % noaydaerca u3 (OPMYJIbL 1A F[l(f()\i-:_lgﬁ

3aMEHOH Sin ()\ + %) 7 Ha —sindm u sin & ma —sin ()\ + %) m. OHa umeeT
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BUI
Fl(® + P)\] 2 +3+ipi-1e3+) | gr Kossy (CQ-?-)
= sin ' -—————+ —
T(A+1) VIA| 2 Qi(kﬁ)
- qr Irtz (QE) Jor-z CQE)
- s1n—17+sm(/\+—)7r -
2sin ()\ + %)ﬂ' 2 QE(M‘%) QE(M‘%)

Ecau B popmynax (3) u (4) monoxuts ¢ =0, T0 5Tu HOPMYJILI IEPEUTY T

B BIBeJeHHBIC B 1. 6 Qopmyns (4) u (4') gma P} un P}, Yacrabmvm
caydasmu >Tux hpOPMYIT ABIIIOTCA yCTAHOBIeHHBIE B 1. 6 § 2 rur. 11 Q)opMyJILI
,E[Jlﬂ npeo6pasosaruit Dypue obobmennerx pyskmi (1 — 22)*, (1 + 22)*,

(x? = ).

(*+P)} _ (*+P)
IO+ 2 ToTn

mpu ueisx 3HaveHmax ). IIpeoGpasoBarma ®ypre 0600IeHHON QYHKIMA
§(c? + P) u ee mpousBogHBIX. BriBegennsie B m. 9 (GOpMyTE Tpeobpasopa-

. . 2 P A 2 P A
unt Pypoe 0600IEHHBIX (DYHKITAN (;J H))+ u (;J +1))_ TpeOyIoT IOIOJTHU-

10. Ilpeo6pasoBarma Pypbe 0600IIEHABIX (yHKIANA

TEJILHOIO UCCAEIOBAHUA IIPU HEJILIX 3HAYCHUAX A. DTO CBA3AHO C TEM, UTO
060061IeHHbIE (DYHKIUT

Kyix [c(Q + iO)%] Kyon [C(Q - Z.O)%]
@+iHEN g - i) (HY

UMEIOT IOJIOCHI IPU IETBIX 3HAYICHUAX }\
) l
Kanoa [C(Q‘HO) ]

O6o6mennas QyHKIUA
(Q+iny 2 (£+2)

OTIpENeNsIeTCA CASTYIOMINM Pa3-
JIOJKEHUEM:

Ky [c(Q ¥ iO)%] (5)FH

(Q +i0)2(3+Y)  2sin(3 + N7

LSO A CER | )" (Q +i0)™
mD (=X — 2 +m+1) m!T >\+ 24m+1)|

m=0 m=0
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Ho cormacHo m. 4 o606menHas byrkmma (Q +i0)* mmeer mpu A= —2 —k
IIOJIIOC C BBI‘IeTOMl)

e~ w8 \/A] (

2T
+ k)

[NE]

LA
)\EEI;I'_k(Q +1i0)" =

n 82 k
AR EIT 2.9 or.om. | 0@

r,s=1

M

Kn s [C(QJriO)%]

ITosTomy 06006mmenHas QyHKITIA —
(@rioy? ()

umMeeT ipu A = s, § > 0
TIOJIIOC C BBIYETOM
L1
K%+)\ [C(Q + 20)2]

BBbIY. =

A= (Q + io)%(%+>\)

(1mt (5) "
2

o), )

et VA 5 (=" (5) "
4mml(
m=0
rIe TOJOXKEeHO

n ; 82
L= Z g 0z, 0z

rit=1

(IpU BEMMUCJICHAY BETIETA MBI BOCIIOIb30BATUCH H3BECTHEIM COOTHOIIEHUEM
_ — s
T(#)(1 - 7) = —sim).
Hamgem Temeps MpaBMIbHYIO 9aCTh  OOOOMEHHON  (yHKINT
s
Ky ix[o(@+i0)2] _
) opu A = 8. ITO JErKO CACIATE, €CIA N — HEIeTHOE TUCJIO.
(Q+i0)2 (8
1
Kz ia [C(Q'HO) 2 ]
1(n
(Qio) ¥ (£+)
P A = § ABIACTCA CYMMON IBYX ClaraeMbix. [lepBoe m3 HuX BHIPAKAECTCSA
pagom (1) mpu X = s, B xoropom nox (Q + i0)"*"2+™ nmpu m < s
TIOHMMAETCA 3HAMEHNE MPABMILHON YacTi 0606menHol dyrkmmm (Q + i0)*

B sTOoM caydae mpaBUIbHAA 9aCcTh OOOOIIEHHON (DYHKITAN

S
mpu A = —s — § + m. Bropoe craraemoe umeer BUL ), Qi m, D€

m=0

1),H1/[(:1<p1z[M1/[Ha,HT ¢opmer @ paser %, rge A — nuckpuMuHAHT GopMmbl P.
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Kz, [C(Qﬂo)%]
(Q+io) (B +:)
Heckonbko croxuee 06CTOUT AEMO MPU IETHBIX 3HAYEHUIX nY). B stom
caydae onpeaeauM 0O00IMIEHHYIO (pyHKIITO

Ko [C(Q + iO)%]

DTy IPABUILHYIO YaCTh MBI 0003HAYNM epe3

Q + Z’o)%(%“)
KaK CyMMY ABYX CJIaraeMbIX, U3 KOTOPLIX OQHO ONATH PABHO Y. m[m, &
BTOPOE €CTb CyMMa, PAIA m=0
, Is {C(Q + m)%]
. 0 +s
(—1)5+s <1n o(Q +i0) +7> - —— 4
2 (Q + i0)3(5+2)
n 5+s
—1)2+ts Zis2 —_1)ym —_1)! —2m
L =D (g) (=1)™(m —1) (g) (Q +i0)~™ +
2 2 — (2 +s—m)! \2

L (EDE (2)%“ i M (2)2’“ (Q +i0)™, (3)

— m! (2 +s—m)!\2

m
rae ¥ — nocrosHHas Diitepa, a hy, = Y L.
r=1

Kax un Berme, 3neck mog (Q +40)™"™, m > &,
JacTh 0606menHoN hynkmun (Q +i0)* mpu A = —m. O6obmenHan hyHKII
Kn,, [C(Q+i0)%]
(Qtio) 3 (3+°)
Knox [C(Q+i0) %]
(Q+inyE(3+)
Paccmorpum Temeps 0606IIEHHYIO (PYHKIIMIO

Kaix [C(Q + iO)%]
(Q + i0)2(3+3)
TIPY IEJBIX OTPUIATEIBHBIX 3HAYCHIAX A, A = —S. B 5TOoM ciy4dae ona paBua

Kn [C(Q+io)%]

5—s

TIOHUMAETCA TMTpaBUJIbHASI

PaBHA 3HAYEHUIO IIPABIILHON YACTH 0O0OIIEHHON Oy HKITII

mpu A = s.

(4)

(3) rie Opu HEYeTHOM 3HadeHuu n o6oOmeHHas (QyHKIAI
(Q+i0)2i2 "~

1
Ky [e@+in?]
DPasnoxenue (1), onpenensiomee 0606mennyio gysknmo ———t——— 4 tepser
(@+i0)3 (3+)
IPY DTOM CMBICI.
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Ky _.[e(@+i0)?]
G- ompenenserca panom (1), a Opu YeTHOM 3HAYEHUU 1 —
(Q+i0)212
pagom (3).
Apajornvnnie  yTBEpPXKAEHHs  CIOPaBeLIUBEL ¥ OIa  (QyHKIUA
Ky s [c(Q-i0) 3]
(Q-in#(£+9)
A = s paBeH

C TOU JUIb PA3HUIIEH, UYTO BBIUET 3TOU (DYHKIUU MpPU

Kz [C(Q - io)%] B
ey = Z’Q)%(%*’\) a
_ () e VBT g (0 ()

2 < Amml(s —m)!”

(5)

MuI MOXEM Temephb MEePeruTH K PACCMOTPEHUI0 0OOOIIEHHBIX (DYHKIIUN

F 2 P A F 2 P A
[1(“c(>:-1;+] u [1(“6(;;-1;7] TIPU LEJbIX 3HadeHusaX \. Eciu A=—s, rae s — nenoe

MOOXKUTEABHOE IUCJI0, TO JEBas 9acThb paBeHCTBA (3) u3 m. 9 obpammaercs
B 00~ (¢? + P). Tloatomy u3 dopmyst (3) m. 9 crexyer, ¥To

FI6G (e + P)] = (~1)*+! Y Ry

VIA|

. 1
Ky c@= i) Ky [e@+0)2]

2

@-i)0 (@it

B wacTHOCTH, IMeeT MecTO dopMyTa

F5(c + P)] = —ﬁ(m)%—l x
o Ky [e@Q+0)H] ]

ter (Q+i0)%(%_1) J

8 [ ¢ (Q—io)%(%_l)

PaccmoTpum Temephb 1enble MONTOXKUATENbHBIE 3HaYeHuA S. MeeT MecTo
dopmyaa

Ky [e@+i0] o Ky [d(Q+i0)}]

(Q +i0)2(3+Y) s (Q +i0)z(5+9)
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rae Yepes ¢; 0603HAYeH BEIYET 00O0OMIEHHON (DYHKIIUN

Ky [C(Q + iO)%]
@ +i0)%(%+)‘)

B TOYKE A\ = S, & HEBLIMUCAHHBIC WIEHLI CTPEMATCA K HYJIIO MPU A —> S.
Anamorudso,

Kynle@-i0t] o Ky [dQ-i0)}]

+
(@ — i0)z(5+%) A—s (@ — i0)z(5+)
e ¢; — BLIYET OOOOIIEHHON (yHKIIA
Kz [C(Q - io)%]
(= iO)%(%H‘)

B TOYKE \ = S.
Moacrasaaa >tu pasaoxenusn B popmyast (3) u (4) u3 n. 9 u mepexons
K Mpefery Ipu A — S, MBI TIOTy9aeM:

Fl(c* + P)%] i-25t5gp5—les+ts

L(s+1) VIAT
ami By [C(Q - iO)%] S [c(Q + iO)%]

Q-G Qi)Y

X |e

n

F[(C2+P)S] stl:9s+% _5—1 .%+s
[‘(Tl)—i_:(—l)+12+ﬂ' C+X
i Ky [e@ 4 i0)}]

@ +i0)%(%+s)
+@2m" Y %m(@. (9)

m=0

e Ka [e(@ - )]
(= io)%(%“)

X |e

U3 popmya (8) u (9) crenyer, aro

FI(@+ PP o s (C)™(5)7
oD M 2 —m)!
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§ 3. OgHOpOAHBIE PYHKIH

1. Begenue. MBI BCTpeUIaIuCh yKe C PA3IUIHBLIMUA TUTAMU OO0OOIIEH-
HBEIX OIHOPOAHBIX (yHkimu B riase I (§ 3-4), a Takxe B § 2 sTou niasw. B
5ToM maparpade Mbl pACCMOTPUM TTPOU3BOJBLHEIE 000OIIEHHBIE O THOPOTHEIE
dyHKIUU JIOOG0U CTENEHN B N-MEPHOM IPOCTPAHCTBE.

Hanomuum, uro o6o6uennas pyuxkuus f(x) = f(z1,...,T,) Ha3bIBaETCA
OQHOPOIHON (PYHKLIMEN CTEIeHu A, eCau npu Jwobom a > 0
flaxy,...,ax,) = o f(zy,...,z,) (1)

WIN, ITO TO XKe,

<f¢<z—1x—”>> = M (f, (1, 1)) (2)

Qn

B uwacTHOCTH, OOBIYHOU HeNpepbBHOU Tpu & 7 0 OOHOPOAHOU (DYHK-
mun f(z) cremenu A ¢ Re A > —n cooTBeTcTBYeT 0600MICHHAA (DYHKIUA

(fr0) = / f(@)p(x)dz,

KOTOpas TAKXKE ABIAETCA OFHOPOaHOU dyHKumen crenenu A. Ecan xe f(x)
0o0OBIvHAS OMHOPOAHAA (pyHKHUs cTeneru A ¢ Re A < —n, ToO ee 0CO6EHHOCTL
B HadaJe KOOPAWHAT HE WHTErpupyeMa, W BOOPOC O TOM, MOXKHO JHA
DTOU (PYHKIMU COTIOCTABUTEL €€ PEryIAPU3AINI0, KOTOPasA OBLTa OBl TaKXKe
OMHOPONHON (PYHKIMEN CTEMEHU A, TPEOyeT CIeNuantbHOTO PACCMOTPEHUS.
MomuepkuBas 5T0, MBI Gy €M HA3BIBATH TaKylo (00braHyo) dynKIuoo f()
Popmasbro 0010poIHot.

Ham momago6uTca B JATLHEUIIEM CJACIYIONIee CBOUCTBO, XapaKTepU3y-
omree 0000IIEHHBIE OTHOPOIHBIE (DYHKIIUKA CTEIEH! .

s moz2o wmober obobwennas Pynkyua f 6blaa 0dnopodnoti cmene-
HU N, He00xodumo u docmamouno, umobvl OHa YI0BAECMBOPALG YPABHEHUIO
Iaepa

D
Zwia—g = \f. (3)
i=1 ¢

[lokazaTenbCcTBO. 3aMeTUM TPEXK e BCErO, UYTO B TPUMEHEHUN K JTI000U
OCHOBHOU QyHKIUU () 5TO ypaBHEHUE 3AIUCHIBACTCA B BUIE

£ 2D ) (),
i=1
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(f Zx ) (A +n)(f,0). (4)
IIycTes o6obmennan pyHKIua f — OTHOPOIHAA CTEIEHU \:

(f,cp(%,... ,w—n)> = oM (f,0(@1,. .. x0)).

o

[Ipogudpdepennnpyem 310 paBeHcTBO MO . [Ipy 5TOM cieBa, KAk HETPY JHO
IPOBEPUTH, omnepauusa IudGdepeHIuPOBAHUA IEPEHOCUTCA HA OCHOBHYIO
(YHKIINIO, ¥ MBI TOMTYYaeM:

<f Zaz 0a; " (xl%>> = (A +n)e (fp(@, ).

OcraeTcsa momoxuTb @ = 1, YTOOLI IPUUTH K PABEHCTBY (4).
O6paTtHo, mycThb 00600IeHHas (YHKOUA [ yIOBJIETBOPSAET YpPaBHE-
o (4). Paccmorpum apo6n

)

a/\Jrn

opu « > 0. [uddeperuupys ee no «, u3 yciaoBus (4) moiaydaem, UTO
MpPOM3BOAHASA PABHA HYJIO. SHAYAT,

(f’ (;}\’+n’%)) — const = (fa(p(xlalaxn)),

T.e. f — ONHOPOIHAA (PYHKIIUS CTEIEHU .

2. IosoxuTeapHBIe OTHOPOAHBIE (GYHKIMN HECKOJHKUX HE3aBHCUMBIX
mepeMeHHbIX. PacCMOTPUM HEMPEPHIBHYIO OTHOPOAHYIO (PDYHKIIUI MEePBOU
CTENeHu OT Z1,T2,...,Tn, HOJOXKUTEIBLHYIO BO BCEM HIPOCTPAHCTBE, 3a

WCKTIOMEHNeM HAYaTa KOODIMHAT; Hampumep, r = /27 +x2 + ... + 22

B
umu BoOOWE Pzm (r1,Ts,...,%,), Tae P(x1,22,...,T,) — HOOTOKUTEIb-
HO ompepneneHHas dopma creneHun 2m. O603HAYUM 5Ty (YHKIUIO HUepes
f(z1,29,... ,2,) 1 @11 Re A > —n paccMoTpuM 0GOOIIEHHYO (DYHKIUIO

(f (), /fA (1)

3nece p(z) = p(r1,%2,... ,Tpn), KAK OOBIYHO, — OCHOBHAA (T.e. (puHUTHAS
6eckonedHo guddepeHnupyeMan) GyHKIUA. JIerko mpoBepuThb, UTO A
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Tex A, IIsd KOTOPBIX MHTerpan cxomutcs, ¢opmyrna (1) ompemernser ox-
HOPOJHYI0 OGOOIIEHHYIO (DYHKIMIO CTEIEHU A, AHAJUTUICCKA 3ABUCALILYIO
ot \. IloxaxkeM, uTo o6obuwennas Gynkyua f donyckaem anasumuueckoe
npodoaNcenue 80 8CIH0 NAOCKOCMb KOMNALKCHO20 NEPEMENH020 N\, 3G UC-
KAOUeHUEM MOUeK X = —Nn,..., —n —k,..., 6 Komopuix f* moxcem umems
npocmuie NOAI0CHL.

IMoryyennas 0606meHAAA PYHKIMA ABJIAETCA PEryJAPH3OBAHHEIM 3HA-
wennem unTerpata [ frpdr (em. r I, § 1, m. 7), m Tak kKax peryiapu-
30BAHHOE 3HAUEHNE MHTErpata Mphd A > —n COBMATAET C OOBIMHBIM HHTE-
rpaioM, TO MBI COXPAHUM NI PEryIapU30BAHHOTO 3HAYEHWA WHTErPAIa,
oboznatenne [ frodz.

[na nokazaTeascTBa CHOPMYIUPOBAHHOTO YTBEPXKICHUSA BHIOEpEM B
N-MEPHOM TPOCTPAHCTBE MPOU3BOABHYI O6JacTh (G ¢ TIALKOU TDAHU-
uen I', cogepxaiyio HA9aI0 KOOPAUHAT, U IpeacTaBuM uaTerpan (1), rae
Re A > —n, B Buge

9 = [ P@le@) - oOlds + /f 2)dz + (0 /f*
G

(R — G — nomommenne k obmactu G). Ilpeobpasyem [ f(z)dz. Tax

(2)

kak f*(z) — oIHOpOIHAA (DYHKIUA CTEMeH: \, TO

df () A
rp——— = A (x
S n 2@ )
U, CIeIOBATENBHO,
n
6f A )
A
[P@ar =33 [« 20 )
G k=1g
[TpouHTErpupoOBaB MO YACTAM TO COOTBETCTBYIOUIEN MEPEMEHHON KaXK I0€

CJIAraeMoe MpaBou YaCTH, MOTY UM, YTO IPaBadg YacTh GOPMYJILL (3) MOKET
OLITHL [IpEICTABICHA B BUIE

1
X/f}‘(x)[xld:vg...d:vn — xodxdxs ... dx, +

.t xpdry .. dr, 1] —

>3
A
\
>
2
QU
5
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(T' — rpanuna obaactu G) u, 3HAIUT,

/fx(a:)da: = ﬁln/f)‘(:n)[mlda:g...da:n — .. tapdry...dep]. (4)
G el

Mo acrasras Haitgennoe 3nadtenne [ f(z)dz B dopmyry (2), Mer momy-
G

JaeM:

(o) = / P@)p() — p(0)]dz + / P@)p(e)dz +
G R—-G

+ ;\ple/f)‘(x)[xldm...dxn — ... ta,dry...dr,1]. (5)
r

Tak xax f*(r) — ogHOopomHas dyuxmmsa cremenu \, a ¢(r) — ¢(0) umeer
mpu & =0 Hy b 1-10 TOPAIKA, TO IEPBBEIN MHTErPAJ IPABOK IACTH CXO JUTCSA
nis Re A > —n — 1. Bropou u TpeTuun MHTErpaabl CXOAATCA [T BCEX A,
TaK KaK MPU MHTECPUPOBAHUU WUCKIKOYEHA OKPECTHOCTb Hadama u o(r)
¢unurna. Taxum ob6pasom, mpaBas 4acTb (GOPMYyabl (5) UMEET CMBICIK
mpu Re A > —n — 1 u npencraBaseT co60U AHATUTUIECKYIO (QYHKINIO A,
MEPBEIA MTOAIOC KOTOPOU 3aBUCAT OT PA3MEPHOCTH MPOCTPAHCTBA, 4 UMEHHO
HAXOJUTCSI B TOUKE \ = —n.

Popmyna (2) gaer, crenoBATENBHO, SBHBIM B AHAIATUIECKOI'O IPO-
nomxenus obobmenton pynxnun [ f(z)p(z)dr na obmacte Re A > —n—1,
A# —n. lpex ae yeMm mepenTr K TaTLHENIIeMy aHATUTUIECKOMY PO I0IKe-
HUIO (PYHKIWYU, A3YIUM O0Jee TOIPOOHO BAXKHBIA 1A TAJLHEHIIEr0 BEIMET
mpu A = —n. Beraer [ f(z)p(z)dz B Touke A = —n, Kax >To BUIHO U3
dbopmyawr (5), paBeH

vides...dey, — ... £ xpdey ... de,—1
©(0) o) :

(6)

r
Bymem B gamsuenmiem nudepeHnnarbuyo GopMy
r1dxs...dx, — radridrs...dx, + ... £ 2dey .. dTH_1

KOPOTKO 00603HA4YaTh W. JIerko mpoBepuTh, 9TO €CAUM 0 — 3JIEMEHT IO-

BEPXHOCTHU, TO %fw €CTh 00BEM KOHYCA, C BEPIIUHON B HAYAIE KOOPAUHAT,
o
ONMUPAIOUIET0CA Ha MLIOIIAIKY O .
IIpeamonoxum, 9TO MOBEPXHOCTHL I 3agaerca ypasuenwem P(z) = 1, rge P(r) —
BCIOMOTATETbHAA OJHOPOAHAA DYHKIUA PA3MEPHOCTH 1, I MOKaXeM, ITO TOTrAa hopMa w
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cBs3aHa ¢ moBepxHOCTHIO P(z) — 1 = 0 B cumbrcae n. 2 § 1. YTo6bl B >TOM ybeamTnes,
IOCTATOYHO IIPOBEPUTH, YTO B TOYKaX MOBepxXHOCTH I

dP -w =dx1...dzy.

Moacrasum coga dP = %dn + .+ Z-?Tpdx” 7 BbIpaxeHune (GpopMbl w. Mcmoab3ys
n

npasuna dr;dr; = —dzjdz;(i # j) u de;dx; = 0, morydaem cresa
oP oP
(—xl + ...+ —:cn) dzry...dxy,.
oxy 0Tn

Mo cdopmyne Dumepa BeIWYnHA, CTOAMAS B CKOOKAX, eCTb mpocTto P u ocraercs
BOCIIOJL30BATLCA TeM, 94To P = 1 ma mosepxuocTu I'.

Brruer dynxuuu [ f2(2)¢(z)dr npu A = —n 3anumeTca KOPOTKO B BIIE

0 (0) [ . (7)
[

Bripaxenue (7), 6yqyuu BHIYETOM AHATUTUICCKOU (DYHKIUM, HE 3ABUCUT
o BEIGopa mopepxrocTu I'). Crerosatensro, [ Fri7] OTIPENENAETCA 3HATe-
r

HusaMu pyskiyy f~"(z) B 100601 OKPECTHOCTU HAYaIa KOODAUHAT.
Mur Ha30BEM BEIUYUHY ff+(x) sviuemom (06b1unoti 00HoPoIHOT cme-
T

newu —n) gywkuyuu f-"(x) 6 nauase xoopduwam. (Iloguepkuem, 9TO OH
He COBIAJAET C BBHINETOM AHAJIATHIECKON O0OOIMmEHHON (yHKImE f» B
TOUKe A\ = —n: DOCIEAHUN PaBeH [ f+(x)§(x)) OTmernm, 9TO €cau BBIYET
r

dyuxnun fT"(r) B Havase KOOPAMHAT PABEH HYJIO, TO AHAIUTUIECKAA
obobmennas dyukuna f)(r) He mMeeT momoOCca TMPU A = —n; B CHIY
npemaoxkenusa 4 u3 m. 1 ¢gopmyrna (5) ompegenser Torga mpu A = —n
OJHOPOIHYIO 0GOOMIEHHYIO (PYHKIIUIO CTEMEHN —N.. DTO OOCTOATEIBCTBO MBI
OyIeM UMeThb B BUIY B CIEAYIOIIEM MyHKTE 3TOr0 maparpada.

BerdeT omHOpOIHON (DYHKIMU CTEmEHM —n UMEET MPOCTOU MeOMeTPH-
YeCKHUU CMBICI. [eMCTBUTENLHO, BEIOEPEM B Ka4eCTBE 3aMKHYTOU IOBEpPX-
voctu ' moeepxuocTs yposua f(z) = 1. Torga Berder nepenumercs B

Buge [w. ITocKOMBKY [w €CTh N-KpaTHBIM 00BEM KOHYCA, OMMPAOLIErOCs
r o

HA IJIOMIAIKY O, MBI IOJIy9aeM, 9To BbueT gyukmuu [~ "(z), T.e. ff+@
r

pasen nV, roe V — o6mwem obaactu f(z) < 1.

IlepeligeM Temeph K JaJbHEHIIEMY AHATMTHYECKOMY IIPOJOIKCHUIO
uaTerpaaa. TeMm ke caMbIM CIOCOOG0OM, 9TO U paHee, BLIYUTAA u3 p(z) u
DOOABAAA TAJbHEUNIME WICHBI ee paAga Ternopa, MOXKHO MOIYIATH (HOp-
MyJy, aHAJOIMYHY0 (5) M JAIOLIYI0 AHAIATUYIECKOE NMPOLOIKEHUE Hallen

D MBI IpeioCTABIfAEM YMTATENIO TOKAZATH BTO HEMOCPEACTBEHHO
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00600IIEeHHON (PYHKIIUN B MOIYILIOCKOCTHL Re A > —n — k — 1. [laa sToro
HYXHO TOJBKO MpeoOpa3oBaTh MHTErPAILI BUIA

/f Yzttt de,

IOJOOHO TOMY KaK dTO CHETaHO I

/fx(a:)da:
G

B MHTEerpaJsl o nosepxuoctu [, orpannuusaoumien (G, mOab3ysach OIHOPOI-
rocteio Gyaxmum fA(z)z{" ... 28" . OxortaTersras bopMyra GyIeT mMeTs
CMeIYIOIINY BU:

/fA da:—/f [ —(0) — ...

1 k
> w%l---wzniaxfl . ]dw+ / P@)pla)ds +

ar+...+an=Fk
k 1
iy /f* . (8)
]
— m!(A+n+m) 1+...+an:m .
13 srott popmyart crenyet, uro [ fA(z)p(r)dr mpescraBiger coboi ama-
murtudeckyo Gysknuio mii Re A > —n—k—-1,A# —-n, —n—1,..., —n—k
(mpu A= —n—k—1 HepeCTaeT CXO,Z[I/ITBCH nepBbI MHTErpant). B Toukax
A=—n—-m (m=0,1,...,k) [ ) [ fA(z)o(x)dx mmeeT mpoCTHIE TOMOCH, BEIYETHE
KOTOPBLIX OYEBUIHLI U3 nocnegﬁero caaraemoro ¢popmyas (8). A uMmeHHO,
BBIMET 0606menHon Gyukimn fA () mpx A = —n — m paBen
—-1m omo(x e
( m? Z oz (8)x°‘" / ;”*m(a?) - )
oot tan,=m 1o n T

Taxum o6paszoM, A1 0606meHHON hyHKIMM f(x) CIpaBeI MBI, HATPU-
Mep, COOTHOIICHUS:

hm ()\—}—n)f)‘ =d(x /f” )

. _ 06(x) T1w 00 (x) Tpw
}\_}11_12_1()\ Tt D) = - 0z /f““(x) IS /fnﬂ(x)
r
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u T.0.
@] >

R
Nurerpan fmw HE 3aBUCAUT OT BbIOOpa moepxHoctu ['. Ecian
r

npuHATh 3a [ noBepxuoCTh f(2) =1, TO MBI OTYYUM 4 3TOCO UHTErDAIA

BBIpAKEHUE f 7' ... 2% w, paBHOE C TOYHOCTHIO NO MHOXKUTEIA OTHOMY
f=1
U3 MOMEHTOB M-T'0 TOPALKA 00JACTH, OTPAHUYEHHON MOBEPXHOCTRIO f = 1.

DTO MOKAa3BIBAETCA crepylommMm obpaszoMm. Paccmorpum momenT obmactz f < 1,
PaBHBIA MHTErPALy

I= / it o da.
£
Baesem B o6macTu f < 1 HOBBIE KOODIUHATHL 41 = f, U2, ... Uy C Akoouanom D(7) # 0.
B sTux xoopamuaTax

de = D(I) durdus ...dun.
Uu
O603Ha9UM

w = D(i)dUQ...dun;

Ha mosepxHocTu f = 1 »Ta popma COBIALAET C PACCMATPUBAEMON B TEKCTE. SAIMUIIEM

uHTerpaa I B Bumae
I:/ / z7t . zd " wde.

OueBUIHO, YTO BHYTPEHHAU UHTETPAT €CTh OTHOPOAHASA (PYHKIUA APTyMEHTA, ¢ CTEIeHN
a1 + ...+ ap —n+ 1. 3uagur,

a1 (% _ ot tan—n+1 o an
/zl T w = N )

f=c =1

1
I = / z3t ...:c%"w/c“1+'“+""*”+1dc,
f=1 0

TaK 9TO

1
/ zit. . zdnde = / zit Lzl w.
al+...+an —n+2
<1 f=1

Taxum 06pazom, BEMET 0606wennoti anasumuueckoti Gynrkyuu fA(x) 6
mouxe X\ = —n — m npedcmasasem cobott aunetinvii duddepenyuasbmnoiii
onepamop m-20 nopadka om 6(r) ¢ NOCMOARHBIMY KOIPHUUUEHMAMU.
Kosgppuyuenmsr ¢ mounocmuvio 0o mmoxcumens, me 3a8ucawe2o om f,
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PABHBL BCEBOZMONCHDIM MOMEHMAM M-20 NOPAOKG 004GCTMU, 02PAHUYEHHOT
nogeprnocmovio f = 1.

NuTerpanst
a1 o
Ty xTp" N
WQ} (OL1+...+OLn—m)

T

MBI AHAJOTMYHO TIPEILIAYIIEMY HA30BEM 6biuemamt, (06b1unoti 00nopodnot
cmeneny —n—m) gynxyuy "™ (z). Boraer 0600II€HHON AHATATIIECKOU

dyrknmn fA(z) B Touke A = —n — m PaBeH UX JMHEAHON KOMOUHAIIAY C KO-

—1)™ m u o

addunneHTaMmu ( m), %. Ecnu Bce BLIUETHI OOBITHOU OTHOPOTHON
! NCE

¢yuxnun "™ (x) paBHBL Hyx0, TO mo dopmyre (8) mpu A = —n —m

er oTBeYaeT OOOOLIEHHAS OTHOPOAHAA (MYHKIUA CTENeHH —n — m. ITO
00CTOATENBCTBO MBI Oy A€M UMETh B BAAY B II. H 3TOr0 maparpada.

Mns BeramcaeHns obobmienuont dyuxmmu f* mpu Re A < —n MoxHO
gaTh BMecTO (GopMmynasl (8) Gomee yIOOHYIO U CUMMETPUYHYIO (HOPMY.IY.
[Lns »Toro 3amerumM, uTo mpu Re A < —n — k mHTerpaan Buia

@)zt . a0 de (o +...+a, =m<k) (10)
R-G

cxogsarcs. [panuna obractu R — G ects Ta xe nosepxuocTs [ (rpanuna G)
C TIPOTHUBOIOIOKHON OPUEHTALIUEN, U TO3TOMY, Tpeobpasysa uarerpar (10)
B MOBEPXHOCTHEIN, MBI TTOTYIHAM:

o 1 o
/ f)‘(sv)azll a:f{"dm = —m/fx(w)mll m%"w
R-G r

3aMeHss, TakuM 06pa3oM, B ¢popmy.e (8) MOBEPXHOCTHEIE MHTErpaibl mo I
uHTerpazaMu 1mno o6aact R — G 1 06beIuHAA 3aTeM BCE MHTErPAJILI B OJUH,
MBI TTOJAYIUM /IS PeryIapU3oBaHHOIO 3HAUCHNA MHTEerPaJa IpeJcTaBleHnue

[ P@etes = [ Pa]ew - o0 -

cupasequBoe B momoce —n —k — 1 < Re A < —n — k.
Samerum, uTo eciu P(xr) — mnpoumsBombHAA OOLIYHAA OTHODPOIHAA
¢yuxnus cremenun A (He 00S3aTEIbHO 3HAKOMOJOXKUTEMbHAA), MMEIOIIAsa
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0COOEHHOCTL TOJBLKO B Hadade Koopauuat, u —n —k —1 < Re A < —n — k,
To opmyaa (11) npumeHrMa A1 PEryaAPU3ALUA UHTErDAJIA

/@(w)tp(:c)d:v.

TMonay4vaeMbin mpu 5TOM (DYHKIIMOHAT TPEACTABIAET COO0U OTHOPOTHYIO
00001IeHHyI0 QYHKIMIO cTemeHn A. TakuM o6pasoM, BCAKOU (POPMATILHO
omuopoguou (oObrumon) ¢yukuuu P(zr) cremenm A mpm A # —n — k
oreeuaer mo ¢opmyae (11) o600ImeHHAs OHOPOAHAA (DYHKIUA TOU KE
cTemeHu, ABLMOWAACT peryiapusaumuen yakuun ®(z). Tak xak ogHo-
POAHYI0 (DYHKIWIO JMOO0M CTEMeHH, UMEIOIIyId OCOOEHHOCTB TOMLKO B
Havale KOOPIUHAT, MOXKHO OMPENETUTh, 3a1aB MPOU3BOILHO €€ 3HAUCHUA
Ha 000U 3aMKHYTOU MOBEPXHOCTHU [, mepeceKkaromencsa TOJLKO B OTHOU
TOYKE C KAXKALIM BEIXOJANAM K3 HAYAIA KOOPIUHAT JIyIOM, MBI MOXKEM
CKa3aThb, UTO 6CAKOT Henpepbisnotl Pynkuuy na 3amkrymoti noseprrocmuy I
omseuaem 0606wennas 00nopodnas Pynryus cmenenu X npu X # —n — k.

3. OGoOuIeHHbIE OTHOPOXHBIE (YHKIWH CTemeHW —n. PaccMoTpum
(obbrunyto) popMaabHO OmHOpOAHYH (yHKIUD P(x) = ®(21,22,...,24),
He 00A3aTeNbHO 3HAKOMOMOKUTEILHYI0, CTEICHN —11, ¢ 0COGEHHOCTDHIO (T.€.
C TOYKOU JOKAJIHHOM HEMHTErPUPYEMOCTH) TOJBKO B HAvale KOODAUHAT.
YTo6Bl OmpeneauTh COOTBETCTBYIOIIYIO OOOOUIEHHYIO (DYHKIWIO U TEM
CAMBIM PEryJIIpU30BATh PACXOIAIIAUCA UHTETDAT

[ 2@st@s

BEIOEPEM MPOU3BOIBHYI0 001acTh (G, COAEPKALIYI0 HAYAIO KOOPIUHAT, U
TIOJIOXKUM

/ B(x)pla)de = / B(2)[p(x) — p(0)]dz + / B()p(e)de. (1)
G R—G

Omnpenenensoe TakuM 06pa3oM PEryIIpU3OBAHHOE 3HAUEHUE MHTErpasa

/@(m)cp(a:)dx

3aBUCUT, €CTECTBEHHO, OT BhIGOpa ob6aacTu G. OGO3HAMUM MOLYIEHHYIO
060O6IIEHHY 0 (DYHKINIO CUMBOJIOM P|G U BBIACHUM, ITO MPOUCXOIUT C DTOK
dyuxmen npu 3amene obractu G apyrou obmacteio Gy . HemocpeacTaenno
09eBUIHO, UTO 3aMeHsas G ua (G1 C G, MbI oIy YnM 3HAYMEHUE hyHKIMOHAIA,
OTIMYAIOMIEECS HA,

£(0) / () dz

G-G1
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OT ucxoguoro. Takum o6pas3oM,

B — Bla, = o(x) / &(z)dz. )

G—-G1

Tax kak u3 (opMmyasl (2) cregyer, 9TO Pa3HOCTH OOOOIIEHHBIX (DYHK-
i ®|g u P|g, ecTh ogHOpOAHAS 0606IIEHHAA (DYHKINSA MOPAIKA —N, TO
00HOPOIHOCMb UMY HeOIHOPOIHOCTNb OOOOIIEHHON (DYHKIIUHN, OMPEICTICHHON
dopmyaon (1), ve 3aBucuT ot BEIGOPa 0bmacTu G.

Teneps HaC WMHTEpecyeT BOMNPOC, Korga 06001IeHHAA (DYHKIUA, OIpe-
nenenHas dopmyon (1), OymeT OTHOPOIHOU, CTEMEHW —n, T.e. KOIAa

BBIIIOTHACTCA YCJIOBUE
T
«

IIpexne 4eMm TPOBOAWTHL BBEIYUCIEHHE, cpaBHUM (Gopmyay (1) sToro
nyHKTa ¢ popmyaon (5) m. 2. Ecau B nepByio u3 5Tux $GopMysI IOACTABUTH
® = f" rme f(x) — mnomoxuTesbHas OZHOPOAHAS (YHKIUA IIEPBOU
crerenu, TO moxyanTcesa popmyaa (5) m. 2, B koropon uarerpan [ " (z)w,

r

T.e. BoiveT Qyuxmuu fT(z), 3amenen mymem. C Opyrou CTOPOHBI, 0Opa-
MIEHWE B HYJIb DTOTO BLIYETA HEOOXOAMMO W JOCTATOYHO AJISA TOTO, ITOOBI

0606IIeHEAA aHATHTHIecKad GyHKIMA f(2) He MMera momoca mp A = —n,
T.e., KAK MBI OTMeYajd B M. 2, IIA TOro, 4ToObl Qopmyna (5) m. 2
OIpeneIana mpu A = —n 0O60O6IIEHHYIO0 O THOPOIHYIO (PYHKITUIO CTEIeHn —N.

Cenvyac MBI MOKaXeM, YTO B OOLIEM CJAydae MJsA TOTrO, YTOOLI 0606-
menHas ¢yakuusa (1) ObLia OZHOPOZHOW CTENEeHW —7N, HEeOOXOAUMO U
DOCTATOYHO AHAJOTUYHOE YCJIOBUE.

Crenas B unTerpaje

/<I>(:U) {(p (g) - @(0)] dz + / O (x)p (g) dx
G R-G

3aMeHy TIeDeMeHHBIX “k = x} u 0603HaMMB UYepes al 06.1acTh, IOy TaeMyIo
u3 obumactTu G MOZOOGHBIM TPEoGpa3zoBaHueM ¢ KOdPPUIUEHTOM «, OyaeMm
MMETh:

/<I>(:c) [<p (g) - <p(0)] dzr + / O(x)p (2) dr =
G R-G

= [#@le@) - vz + [ Bz + o) [ a@ds

G R-G G—-aG
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OueBugHO, 9TO A1 OZHOPOZHOCTH 0000meHHON Gynkuun [ P(z)p(z)dz
HEO0OXOIUMO U TOCTATOYHO, ITOOBI

®(z)dr =0
G—aG

st JJI000ro .

IIpeobpasyem sTo ycmoBume. s sroro BBegeMm B obmactu G — aG
CUCTEMY KOODAUHAT p,1U1,...,Un_1, TOe p = 1 U p = @ — ypaBHeHUs
mosepxuocrern I' u al’ coorBeTcTBEHHO, & U1,Us2,... ,Uy_1 KOOPAUHATELL HA
MOBEPXHOCTAX p = const.

O6osuauum z, = pz),. Torga

rr T2 ... In

dry...dx, = D<
P U1 e Up—1

> dpduy ...du,—1 =

= p" tdp(2hdr)y...dz!, — zhdxdxy ... dx + ...

coEaldd . del_ = p" tdpw,

rae nuddepeHnnaIbHas GopMa W PACCMATPUBAETCA HA MOBEPXHOCTH p = 1.
C apyrou cropousr, ®(x) = p~"®(z'). MlosTomy

®(x)dx = [ dp ®(z)w =lna | o(z)w. (3)
/ / p / /
1 r r

G—-aG

Takum o6pazoM, neobxodumoe u Jocmamounoe Yycaosue moz0, 4moowl
peayaspuzosannoe 3nauenue (1) uwmeepasa om @opmasvno 00nopodnoi
Pynryuy ®(z1,...,2,), m.e. obobwennas Pynxyus ®|g, npedemasgasio
co60ti 00moPodnuYI0 0606WeNNYI0 GYRKYUIO cmeneny, —n, coCmoum 6 cae-
dyrowem

/ dw = 0. (4)
T

Ecau »5To ycioBue He BHITONIHEHO, TO QyHKIAI P
HOH, a MPUCOEIMHEHHOU 0000MEHHON (PYHKIINEN.
Nurerpan B popmye (4) Mur 6yneM Ha3bIBATH sbiuemom Pynkyuy P ()
OMHOCUMEABHO HA%AAL K00PIUHa (3TO 0OOOIIEHE ONPENeIeHNA, TAHHOTO
B m. 3). Takum o6pazoM, maa Toro 4toOwl o6GoOmenuas dyuxnus (1)
OBLIA OTHOPOJHOM, CTEIEHN —7N, HEOOXOIUMO U JOCTATOYHO, YTOOLI BEIUET
¢yuxnuu P(r) OTHOCUTEIBHO HAYANA KOOPAVHAT PABHSAICA HYJIIO.

G ABIAETCSA HE OTHOPOI-
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[ucpdepeHunporanme ogHOPOAHBIX hyHKUumMA cTenenn —n + 1. Mer weon-
HOKPATHO BCTPEYANUCH YKe B V1. | ¢ TAKOU CUTyAaIen, KOrga OOBIMHAA JO-
KAJIBHO UHTerpupyemas GyHKuus f UMeeT BCIOY, 33 UCKIIOUYEHUEM OTA6Ib-
HBEIX TOYEK, OOBIYHYIO TPOU3BOMHYIO, HO Ta MPOU3BOTHAM YKE HE ABIICTCSA
JIOKATHHO MHTErpupyeMon (GpyHKIUen (Tak UTO NpABUIbHEE HA3LIBATL €€
Popmasvrnoti npouzeodnotd). Ilpu >TOM HAM HETOCTABATIO ABTOMATUA3MA IPU
MOACYeTe TPOU3BOIHEIX B OOOOIIEHHOM CMEBICTE OT (DYHKIUU f, U KAXK IBINA
pa3 mPUXOIWIOCH MPOBOIUTH CleuaIbHBIE paccmorpenus. Hampumep, B
m. 3 § 2 ru. I mpu mozacuere omeparopa Jlammaca oT % B TpPEXMEpHOM
TIPOCTPAHCTBE IO CYHIECTBY MPUILIOCH TOBTOPUTL OOBIMHOE KJIACCUIECKOE
paccyXJeHue ¢ BLIpE3aHUEM OKPECTHOCTU HYJA U MpUMEHEeHUeM (HOPMYIbI
I'puma. Takon aBTOMATH3M B M3BECTHOU CTEINEHM BHOCUTCA CJELYIOMIEN
dbopmyIon, KOTOPYIO MBI cendac qokaxkeMm. ITycmb & — ob6viunas 40KaAbHO
unmezpupyemas Pynkuyus cmenewy —n + 1. Torzaa

02 _ (02
8a:i - 83,"@

3decv caesa % — npouzsoduas Pgynkyuu ® 6 cmbicae 0600w ennblT GyHK-

-I-(—l)i*l&(xl,... ,xn)/d)dxl coodri1dzigy ... dxy,. (5)
G

yui, a cnpasa (%) ‘ 0003nauaem 0000wenny0 GYHKYLIO, NOCPOEHHYIO
i/ la

no gopmasvnoti, m.e. 06brunot, npouzsodnoti Pynxyuu ®; T' — epanuya
obaacmu G.
[lerCTBUTEIBHO, MBI IMEEM:

2% =— 99\ _ _ (21, ,%n) _
(awl’(p> - <(I>,8$Z> - /(I)(xla 7xn) o dxq...dx, =

0

_ —/<I>(:U1,... o) 3@, n) = 9(0,. . O)]da . dy —
G

9¢(0,...,0)

_ /‘b(wl,...,mn) 3x'.’ dzi,...,dz,.

R-G

3aecs R — G — pomosnenne x obaactu G.
IIpoussens Teneph MHTErPUPOBAHME IO IACTAM, MBI MOJIyUaeM (QyH-

KITMOHAT (( gf) ‘ ,cp), a KOHTYPHBIE WHTErpadbl MO moBepxHocTH [
! €

COKPATATCS, KPOME MHTErPAIA

(—l)i_lcp(O)/thxl...dxi,ldxiﬂ ..dxy,.
r
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Tem cambim gopmyaa (5) mokaszana. Tak kax ee JeBas 9acThb oT obaactu G
HE 3aBHUCUT, TO HE 3aBUCUT U MpaBasd. B mociesHeM MOXKHO yOeIuThCs
HEIIOCPEOCTBEHHO, ITO IIPEIOCTABIACTCA TATATEIO.

Mpumepsr. 1. Moxaxem dhopmyry

0? 9? 2 2
(@ t oy ) i) = 2noley) o
Mgur umeeMm:
0 9 2 2x
gr @ HY) = s

OTO BEPHO KAK B CMBICJE OOBIYHBIX, TAK U B CMBICAE 0OOOINEHHBIX (DyHK-
1IN, TIOCKOMBKY (DYHKIIUA xf—_f_”yQ elne JTOKaJIbLHO MHTerpupyeMma. Temepsb mo
dopmyae (5) moaygaem:

0? 0 2z 2% —y? zdy
1 2 2 = — = 26 / .
Ox? n@” +y7) Ox 2 + 42 <(m2 + y2)> G +20(2,9) 22 + 32
r
Ananormaso
0? y? — x? ydz
—In(z® +¢?) = <7> ‘ —26(z,y /7
By ( ) @+ ) | ( )F 22 + ¢

CxuagsBas 06e GOPMYJIbI, MBI TIOJYIAEM:

52 o2 5 5 xdy — ydzx
r

Bribpas B kadecTBe KpuBon [ OKPY2KHOCTE C IEHTPOM B HadaJIe KOOP JUHAT,
zdy—ydz
x2+4y?

Hee CleqyeT, YTO B IBYMEPHOM IIPOCTPAHCTBE

JerKO HAXOAUM, 9TO [ = 27. D10 u gokaswiBaeT Gopmyay (6). U3
r

Aln1 = 276 (z,y)
T

9? H?
2 __ .2 2 _
<r -7 +y’A_8x2+6y2>'

2. logcunraem A (%) B TPEXMEPHOM IIPOCTPAHCTBE (7‘2 =z +y?+ 22).
Onun pas MoxHO npoaudPEPEHINPOBATL B OOBIMHOM CMBICIE:

21_ r 01 'y 01 =z

drr 3 dyr 13 Ozr 3
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DopMaTLHBEIE TPOU3BOIHBIC TIPABLIX YACTEN PABHEI COOTBETCTBEHHO

322 —r2 3y2 —r? 322 —

ro rd rd
UX CyMMa paBHa Hy/0. IlpuMmenas Tpuwxkiasl dopmyry (5) u ckiaansBas

pe3yIbTaThl, HAXOLUM:

( o2 62 52 > 1 . z)/xdydz — ydzdz + zdzdy

o2 Top Toa2 ) 3

Bribupas B xadectse I' cepy u mepexoas K MOIIPHBIM KOOPAMHATAM, [10-
JydaeM, 9TO uHTerpasi cupasa paBeH —4n. Takum o6pas3om, B TpexmepHOM
TIPOCTPAHCTBE

r

A (1> = _dri(z,y,2). (7)

AnanmoruyHeM €cOCO60M HETPYAHO MOACUUTATH A( — 2) B N-MEpHOM
mpocTpadcTse (n > 3) u noryauTs GopMyLy, IPUBEAEHHYO B 1. 3 § 2 ru. .

IToscuuM Temepb HECKOTBLKO B MHOM ILIAHE, MOUEMY OOPAINeHNEe BHITETA,
06BraHON OMHOpOAHOU (GyHKIuu P(r) cTEmeHn —n B HYJIb €CTh YCIOBUE
OJHOPOTHOCTU COOTBETCTBYIOMEN OOOOIMIEHHON (PYHKIUU, & TAKKE POJb
TIOHATUA BBLIYIETA.

Tak xak ®(xy,...,T,) — ¢GOpMAILHO OZHOPOAHAS (QYHKUUSA CTEIe-
HU —n, TO, COMVIACHO YPABHEHUIO DUIEPA,

WM B IUBEPTEHTHOU (hopMe
n
0
Za_ z,®) = 0.
k=1

OTO PaABEHCTBO ABIACTCA (POPMATLHBIM, T.e. YIOBJIETBOPAECTCA BO BCEX
TOYKAX, KPOMe Hadaaa koopauHat, rge ¢ umeer ocobernocts. C apyroun
CTOPOHEI, KaK MBI 3HaeM u3 1. 1, ypaBHeHMe OJuWiepa, MOHUMAEMOE B
CMBICTE O0O0OIIEHHBIX (PYHKIINN, XapaKTepu3yeT OTHOPOIHEIE 0000IIEHHEIE
(byHKIMU COOTBETCTBYIOMIEN CTEIEHM.
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IToxaxem, uTo eciu nmoHuMaTh ;P xaxk o606mIeHHBIE (DYHKIINM, TO
uMeeT MeCTO PABEHCTBO

328D — i) ®

k=1

rae ¢ — BurueT Gyuknuu P. JencTeureasHo, no gopmyae (5) Mbl uMeeM:

Oar®) _ (a(xk@)

Oack axk

G

+ 0(zq,... ,xn)/é(—l)kflxkdm codxp_1dxgyy ... dey,.
r
Cymmupys 1o k, MBI IOy 9aeM:
T al‘k & axk

Z}eq))
Back

+o(z1,- .- ,xn)/‘bw,
r

G

U TaK KaK Z = 0, MBI 1 IpUXOAUM K popmyue (8).

CJIe,E[OBaTeJIBHO, ecn ¢ = [Pw # 0, To ogHOpoaHOCTH pyHKIMM P(7)

r
B HavajJe KOOPAUHAT Hapymaerca. Ecmu ®(x) — moTeHnuan HEKOTOPOro
oA, TO DTO HapylLIeHue OJHOPOJHOCTUA — CBUIETEJbCTBO HAIUIUA B

0CcO060U TOYKE UCTOIHUKOB, 3aPANOB U T.IL.

MbI mokasamm, 9TO yCIOBHE, IPU KOTOPOM (hOPMATBLHO OTHOPOIHAS
dyuxmua ®(x) crenenu —n onpegeaseT OIHOPOTHYHO OGOOIICHHYIO (DYHK-
o (perynapusoBaHHOe 3HadeHue mHTerpana [ ®pdr), cocrouT B TOM,
4T06bI BerdeT P(z) B HavYaKe KOOPAWHAT PABHAICA HYJIIO.

Y smakononoxuTensaon ¢pyuknuun P(x), 0O9€BUIHO, BEIYET HE 0OpaIIa-
eTCA B HyJb; MOITOMY 3HAKOTOMOKATETLHAA OTHOPOTHAA (DYHKIAA CTere-
HI —n HE MOXKET ONPeeNaTh OTHOPOAHON OOOOMmEeHHOU (pyHKmuum. Tax,

Ha OpAMOU 000O0IIeHHAA (OyHKIUA %

7] (cm. r. I, § 3) meommoponua. Ha

ILIOCKOCTY 0600IIeHHA (DY HKIIIA achTyz (Tquee

1 v
5 W a ), JENCTBYIOMIAA

o popmyae

90( ) p(x,y) = ¢(0,0) 90( )
G R-G
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I2

2
HEOTHOPOHA; B TO e BpeMs 000061eHHaA (DYHKIINA W, ompeIeneHHAsa

AHAJIOTUYIHON (POPMYJION:

2 _ yz
/mw(x,y)dxdy =

[P )
_G/(CUQ +y2)2[(p( 7y) (,0(0,0)](1 dy +

22 _ y2
+ / mw(w,y)dwdy,

22
OJHOPOJHA, TaK KAaK BHIYET OOBIYHOU (DYHKIIAW W paBeH HyJi0 (0

COOBPaKEHNAM CUMMETPUN).

4. O6061uIeHHBIE 0THOPO AHbIE DYHKIMY cTeneHu —7n — M. 1lycThb Teneps
®(x1,... ,2pn) — OOBIYHAA OMHOPOMHAA PYHKIIUA CTEIICHA —N, — 1M, TIE 1M, —
HATYPATBHOE YHUCIO. 3aJaJUM CHOBA TPOM3BOIBHYIO obmacts (G, comep-
KAIIYI0 HAYAM0 KOODOWHAT, W OMNPEIEINM DEryIAPU30BAHHOE 3HAYUEHUE
nurerpana [ ®(z)p(z)dz no popmye

2@tz = 8o - o0 -

G
1 o o " 1p(0
Y aj=m ! " R—G
1 or o, 0" 0(0)
B Z o ah Fr T ...8:5%"}”' (1)

S aj=m—1

s ogHOpOAHOCTU 0GOOLUIEHHON (DYHKIWMH, ONpPeneIeHHON paBeHcTBOM (1),
HEOOXOUMO U JOCTATOYHO BHIMTOJHEHUE YCJIOBUN

S (z)zt ... zomdr =0 (a1 + ... + ap = m)
G—aG

[JISL JT060r0 (v WK, 9T0 TO ke camoe (cM. nm. 3 u 4), ycaosun

/@(m)wi’l...x%"wzo (1 + ... + ap =m). (2)
r
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Nurerpansr cresa B (2) MBI HA30BEM AHAJOTUYHO MPEILIAYIIEMY BEIYE-
TaMu OOBIMHOU OgHOpOoAHOU dyHkuuu P (z) cremenu n — m.

Takum 06pa3oM, das mo20 umobvl 06blunot 00mopodnot Pymnkyuy P ()
4e4020 NopadKa —n — m omeeuana no gopmyae (1) odnopodunas 0606wen-
naA PYHKUUA cmenewu —n — m, #eo0Todumo u docmamourno, umoobvl 8ce
sbluemyvt 3moti GYHKYUU Ob1AU PABHBL HYAI0.

YTo6bl MOACHUTL DTOT pe3yabTar, cpaBHUM dopmyay (1) ¢ dopmy-
aou (8) n. 3. Ecau B mepByto us arux dpopmya nogcrasuts ®(z) = f~"""(z),
rae f(r) — nomoxuTeabHas OMHOPOAHAA (DYHKIUA CTENeHY 1, TO momyInTesa
dopumyna (8) m. 3, B koropon mHTerpamsl [ fT"T™(z)z{...z0"w, T.e.

r
BoraeTsl pyskimum f """ (x), 3amedensr Hymamu. C APyron CTOPOHHL,
PABEHCTBO HYJIO DTUX BBEMETOB HEOOXOMMMO W TOCTATOYHO [ TOTO,
ITO6E 0600MeHHAA aHaTATIIecKaa Gyrkmms () He mMera moTOCa TpU
A = —n —m, T.e. 97006l popmysa (8) ompememsna mpu A = —n — m
OJHOPOIHYIO O0OOMIEHHYO (DYHKITNIO CTemeHn —n — m. Kcau xoTsa 661 oquH
u3 BeI4eTOB f~ "™ () oTaMdeH OT Hyas, TO peryaspusaims (1) uaTerpana

[t @reta)ds

IaeT yxKe OPUCOEIUHEHHYI0 OTHOPOAHYIO (PYHKINIO CTENeHu —Nn — M.

3amMeTuM, 9TO M TEJSbIX 3HaYeHu#n A < —n, KpoMe OGOOIMIEHHBIX OJHOPOTHBIX
pYHKIUE, OTpenenseMbiX OOLIYHBIMU (hYHKIUAMEA, HAM U3BECTHHI €I11e 0 THOPOAHbIE 0606~
eHHBIe QYHKIUY, He CBA3AHHBIE HU C KAKAMY OOBIYHBIMU (YHKIUAMH, & IMEHHO 0(Z) u
ee npom3BogHEIe. [[poM3BOAHEIE k-T0 HOPAAKaA OT §(Z) IPEACTABIAIOT COO0M OLHOPO JHEIE
06006MmIeHHBIe (DYHKIUU cTerneHn —n — k. Jucao pa3sanvIHbIX TPOU3BOIHBIX k-0 TOPALKA
B TOYHOCTHM DAaBHO 4uCIy yciaoBui (2). B »ToMm cMbicie o6mmu 3amac OZHOPOJHBIX
(PYHKIIUI CTENeHN —n — m OKA3BIBAETCA, KAK U I MPOU3BOILHOU HEIeJOU CTEmeH: A,
COBNAJAIOIMIMM C 3AMaCOM HENPEPHIBHBIX (YHKOUM HA B3aMKHYTOM MNOBEpXHOCTH I
OXBa‘TbIBa‘IOI_HeI;I HaYaJI0 KOOpAWHAT.

5. O6obuienHas dynkmua Buga r f, Tae f — oGobuieHHas ByHKIM,
3ajjaHHAsg Ha eJUHHIHON cepe. BCaAKyro OOBITHYIO 0 THOPOIHYIO (QYHKIAIO
PAa3MEPHOCTU A MOXKHO MPEICTABUTHL B BUIE

D(x1,...,2pn) = P(rwy,rwa,... ,rwy) = 1°>‘f(o.;1,... ,Wn ), (1)

rae f(wi,...,wn) — HEKOTOpasa QYHKIWA, 3aTaHHAA HA €QUHUIHOU Che-
pe : Y w? = 1. Hycrs ana mpoctorst Re A > —n. CooTBeTcTByomuit
peryIapHE (PYHKIMOHAT MOXKHO MPEICTABATE B BUIE

(®(z1,--2n),0(T1,---,2p)) = /@cpdml...dmn =

= [Pt [ wnetran,. oo = [P0 Nutrar
o 0
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rae o(x1,...,Ty) — Jdr0bas ocHoBHaA pyukima (u3 K), a

/ /f Wiy W) @(rwi, .., rwp )dQ.

31ech, KAk OOBIYHO, df) — >IeMEHT MOBEPXHOCTH Ha equHUIHOU chepe (2.

Iycts Temeps f(wi,...,wn) — NPOU3BOALHAA OOOOLICHHAA (DYHKIIUA,
saganuas Ha cdepe 2. Torma MBI MOXKEM ONpeneIUThL 0000MIEHHY 0 (hYHK-
IO

(PA(xla"'axn):r)\f(wla"'awn) (2)

o ¢gopmyJie

(®x, 0 / ALy () dr, (3)
0

rie
U(T) = (facp(rwla"' ,’I‘O.Jn). (4)

Oyukuma  u(r) ¢ueaTHA U O6eckoHeuHO —mudpepeHnupyema, ub0
o(rwi,... ,rwy) GuauTHA U GeckoHeuno muddepennupyema mo 7. Becko-
HevHada aud@epeHnupyeMoCcTb BUIHA, HAIPUMED, U3 TOr0, ITO

n
Op(rwi,...,rw,) 0 o(rw o) = Zw Oy
or or B i
u T.OI.

W3 dpopmyasr (2) Bugno, uro dynkyuonas Py asasemes npu X # —n,
—n —1,... anasumuueckot pyrwkyuet \; 6 moukar X = —n, —n—1,... on
UMEEm NPOCMbLE NOAIOCHL.

OmpenenuM BBIMET DTOU AHATUTUIECKON (PYHKIuU mpu A = —n. Mo
uMeeM:

(@) = / P o osn))dr = / P4y () dr =
0 0
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B noy9eHHOM BBIDAXKEHWM TIEPBLIA U BTOPOW WHTETPAIHI PEryJIAPHBLI MPU
Re A > —n — 1. Hosromy mpu A = —n Boiuer (P, ) pasen

u(0) = cp(0),

rge ¢ = (f,1) — 3Havenue GpyHKOUOHATA f HA OCHOBHOU (DyHKLIUM, DABHOU
enuuuie Ha egunuaHou chepe (). Takum obpasom, ewviuem 0600wennot
Pynryuu @) npu X = —n pasen cd(z1,...,T,).

Jlerko mokasare, 9TO ecau 0600IeHHAS (PYHKIUA [ TAKKE AHAIATHIC-
CKHM 3aBUCUT OT A, f = f), U €C/u HTa aHATATHIECKAA (PYHKIIUA PEryaapHa
mpu A = —n, TO 0600menHas GpyHKmEA Py = r*fy mpum A = —n uMeeT
BLIUET, PABHBIA C—pd (L1, .. ,Ty), TO€ C—p = (fx, 1) mpu A = —n. Onpeneaum
Temepsb BeIIeT 0600mmenHoM dyuaKmun ®) =1 f(wy,... ,w,) IpE A = —n — k.

Beruer uucaoson anamutudeckoun pyuxnuu (P, ) npu A = —n — k pasen
1 8k—1
WWU(T) . . Ho

u(r) = (f,p(rwi,...,rwy)).

ITosTomy
akfl < akfl
S u(r) fragrelrwn,...rwn) | =
Ork—1 o Ork—1
8k71
_ (5] €27 =
- Z (fﬂwl Wn ax?1ax%n@(w1’awn)> o _0_
S a;j=k—1 T1=..=T,=
ak_l 3] Qnp
Saj=k—1 1 TEn
Tak kak ¢pynkumonan f(wi,...,w,) ONPEIeIeH HA MOBEPXHOCTH T = 1, rae
Wj = T;, MBI IIOJIYy9aeM, IYTO BerdeT gpyuknuonana @ npu A = —n — k paBen
(_1)k—1 8k_1
Cat...an 3 a1 Aan 0(x1,. ., xn),
_ ] 1 n
(k—1)! S okt O0x]"...0zy
TIE Coy..ap, = (fr25" . 2.
6 4. IIpousBosbHbIle GYHKIMMA B CTEIEHHA A
1. Ompegenenne mpuBOAUMBIX 0COGBIX Touek. Ilycts G(z1,...,%,) —

MIPOM3BOJbHAA OeCKOHeIHO nuddepeHnupyemas (yHKiusa. B »Tom mapa-
rpade MBI paceMoTpuM 0606menHy0 GysKmuio G (21, ... ,2,), T.€. m3yIIM
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dyHKIIMOHAT

(G*,p) = / GMx1,... xp)o(x1,. .. xp)dey ... dz, (1)
G>0

KakK aHamuTuIecKyio GyHkuuio oT A. OcoOBe TOYKU 3TOU AHATUTUIECKON
(YHKOUE TECHO CBA3aHBL C XapakTepoM mosepxsoctu G(zi,...,T,) = 0.
Mur He Oyjgem 3aHMMATBCA CILydaeM, KOrjaa moBepxHocTb G(z1,...,T,) =0
MPOU3BOIbHA, & OTPAHUYUMCA HAMOO0JIEE CYIIECTBEHHBIM BO BCEX MPUIOKE-
HUAX CIy9aeM, KOTAa 5Ta MOBEPXHOCTH COCTOUT JHUIIbL U3 TOYEK, KOTOPLIE
MBI HA30BEM NPUE0OUMbILML.

®yukuusa G(z1,... ,2,) HA3EIBAETCA IKE6UBAALEHMHOT 00KOPOIHOT PynK-
YUY 8 OKpecmHocmu Hexomopol mouku M, ecim B >TOU OKPECTHOCTH
CYIIIECTBYET JOKAMBLHAS CUCTEMA KOOPAUHAT &1, ... , &y, B KOTOPOU (DyHKIIMS
G(z1,...,T,) TPEBPAIACTCA B ONHOPONHYIO (GYHKIMI. flcHO, YTO MBI
MOXKEM ONpPeneauThb (PYHKIIO, SKBUBAJICHTHYIO OTHOPOIHOW, HE TOJBLKO B
apPUHHOM TIPOCTPAHCTEE, HO U HA JHOOOM AHAIUTHIECKOM MHOrOO6pa3ny,
HampuMep Ha cdepe.

Omnpenenenne IPUBOIMMON TOYKA NOBEPXHOCTH MBI TATAM WHIYKTUBHO
[0 YMCTy W3MEPEHMU ITIPOCTPAHCTBA WIM TMOBEPXHOCTH. IIpemmosoxmm,
YTO [/ MOBEPXHOCTW B MPOCTPAHCTBE WIM HA TMOBEPXHOCTU MEHBITE
9eM 7 M3MEPEHUN MPUBOJUMEIE TOYKHU onpeneaensl. Touky M mosepxrOCTH
G(z1,...,2,) = 0 MBI Oy1eM HA3LIBATL NPUG0OUMOT, €CIU:

1) B mekoTopou okpectaoctu Touku M qyukuua G(z1,...,T,) SKBUBA-
JICHTHA, O THOPOIHOU (yHKIINH;

2) mepecedenue mosepxuoctu G(zi,...,x,) = 0 ¢ ZOCTATOYHO MAaIOU
cepon ¢ meHTpoM B M naeT MOBEPXHOCTDL, KaxKIasd TOYKa KOTOPOU
TIPUBOAUMA, HA DTOU chepe.

Hus pyuxumu G(r) Ha npsamon BTOpoe TpebOBaHHE, €CTECTBEHHO,
ornagaer. B srom ciyuae touka zg, mas xkoropou G(zg) = 0, HasbBa-
€TCA TPUBOIVMOU, €CTU B OKPECTHOCTHU o CYIIECTBYET TAaKasd OOpATUMAA
6eckoneuno guddepennupyeman pyuxuua £ = X (z), X (xzg) = 0, aro

—1 — ¢m
GIX (O] =¢™
B oxpecrrmoctn mnpuomgumon TOYKH M MOXKHO BBECTH JOKAJbLHLIE
KOOPAUHATEL &1, ... ,&,, B KOTOPBIX QYHKINA (G TPEBPATUTCA B OJTHOPO THYIO
dyuxuuo ot &1,... &, cTenenn m.

Ecan npu 5ToM moKanibHBIE KOOPIUMHATHL MOXHO BEIOPATH TaK, ITOOBI
dyukmusa G 3aBucena or k MEPEMEHHBIX, W HEJAb3sS BHIOPATH TAK, YTOOBI
OHA 3aBUCENA OT MEHBIIEr0 YUCIa MEePEMEHHBLIX, TO TOUKa M Ha3LIBaeTCA
moukot k-20 nopadka u cmenewy m.
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Taxum 06pa3oM, Kaxk JOU TOYKE MOBEPXHOCTU MBI MOXEM OTHECTH IBA,
qucaIa: NOPANOK Kk W CTENeHbL 1 STOU TOYKU. B dacTHOCTH, ecam Ha
nmosepxaocTu G = 0 grad G # 0, TO Kax [asg TOYKA STOU MOBEPXHOCTH Oy €T
TOoYKOU 1-T0 MOPALKA U MEpBOU CTerneHu. [erCTBUTENLHO, B OKPECTHOCTHI
JI000OM TAKOM TOYKM MOXKHO BBEIOPATH B KAdeCcTBE ONHOU U3 KOOPIMHAT
camy ¢yuxumio G(z1,...,%,) = & ¥ Kakue YrOZHO APYrue KOOPAUHATHI
&,... &, fAcuo, uTO B dTOU cucTeme koopauHaT GyHImMA G(T1,...,Ty)
IpeBPaImaeTcs B {1, T.€. B OJHOPOAHYIO (DyHKIUIO IEPBOX CTEMNEHN OT OTHOU
TMEePEeMEeHHON. SHAYUT, OOBIKHOBEHHAA TOYKA MMOBEPXHOCTU €CTh TOYKa 1-T0
mopsAaKa u TepBon crermenu. Ecaum mosepxHocTs G = 0, mampumep, B
TPEXMEPHOM MPOCTPAHCTBE COCTOUT M3 TPEX KOOPAMHATHEIX ILIOCKOCTEN
G = x?:vg:vg], TO HAYANO KOOPAWHAT ABIAETCA TOYKOU 3-TO MOPALKA,
KOOPAWHATHEIE OCH COCTOAT U3 TOYEK 2-T0 TMOPALKA, & BCE OCTATLHBIE
TOYKN HA KOOPIWHATHHIX ILIOCKOCTAX CYTh TOYKA 1-ro mopsagka. Mot
MPENOCTABIAEM IATATENI0 HAUTH CTEIEHN KaXK IOU U3 3TUX OCOOBIX TOYEK.

BBugy Toro, uro wmsydenume murerpana (1) B obmeMm ciydae MOXKeT
BEI3BATH V¥ YUTATENA 3aTPY JHEHUA, MBI TPEIBAPUTEILHO B II. 2 PACCMOTPUAM
Caydan, KOrga moBepxHocThb G = 0 COCTOUT TOMLKO U3 TOYEK 1-T0 mopagka,
B II. 3 pACCMOTPUM CJIydal, KOraa Ha nmoBepxHocTu G = 0 uMenTcs ocobbie
TOYKU HE BHINIE 2-T'0 TOPAAKA, U TOJLKO B T. 4 PACCMOTPUM OOIIUN CIyIau.

B sToMm nyrKTE HaM MOHAZOOUTCA TEOPEMA, KOTOPYIO MBI IpUBEAeM Oe3
NOKA3ATeJIbCTBRA.

Iyemy G(x1, ... ,xy) — Muo2ouqaen. Ecau noseprnocmv G =0 cocmoum
AUWD U3 NPUBOJUMBIL MOUEK, MO OHG DA3AGZGEMCA MG KOHEUHOE YUCAO
CBAZHBIT KOMNOKENM, KANCOAA U3 KOMOPHIL COCMOUM U3 MOUEK 00H020 U
moezo sce nopadka u 00not u mot se cmenexwu. A IMEHHO, HA TOBEPXHOCTH
G = 0 uMeeTCAa KOHEIHOE HUUCIO TOYEK N-TO TOPALKA, KOHEUYHOE UUCIO
Juanit (n — 1)-ro mopsaaKa u T.[I., HAKOHEl, KOHeIHOe I1ciIo (n — 1)-MepHBIX
KOMIIOHEHT 1-r0 mopsaka.

Tax Kak B OKPECTHOCTHU TOYKU 1-TO MOPAIKA MOXKHO BBECTH JOKATHLHBIC
KOODIWHATEI, B KOTOPLIX Hamma QyHknusa (G 3aBUCHT OT OJHOIO IEePEeMeH-
HOrO, B OKPECTHOCTH TOYKHA 2-T'O MOPALKA B COOTBETCTBYIOIIUX JOKATb-
HBIX KOOpAMHATAX (PYHKIMA (G 3aBUCAT OT ABYX TMEPEMEHHBIX W T.X., TO
paccMoTpenue pyHKIMA ¢ TPUBOAMMBIME TOYKAMEA 1-T'0 MOPALKA CBOIATCA
K U3YYeHNI0 OOOOIMIEHHBIX (PYHKIUU OT OJHOU HE3ABHCUMON IE€PEeMEHHOH,
paccMoTpeHue (BYHKIUU C TPUBOAUMEBEIMU TOUYKAMU 2-TO TOPAIKA — K
M3Yy9IeHuI0 OGOOMIEHHEIX (DYHKIIUEA OBYX HE3ABUCAMBIX MEPEMEHHBIX U T.I.

B saxmoderme »>TOro myHKTa 3aMETHM, UTO, KAK MOKA3aHO B II. 2
nobasmenus 1 xk mi. I, eciu uMeeTCs MOKPHITHE MPOCTPAHCTBA, CUCTHOU
CUCTEMOU OTKPHITLIX ob1acTen D;, Takoe, 9TO KaxK AN AP IepPeceKaeTCs
TOMBKO C KOHEYHBIM 9UCJAOM >TUX OOJACTEH, TO JM00as OCHOBHAA (DyHK-
uus () mpencTaBuMa B BUAE KOHEYHON CyMMBI ¢(x) = Y ¢;(2) OCHOBHEIX
dyuxkuuu @;, vae @; paBaa uymo Bue D;. IosTomy Tam, rme »To HaM
MOHAIOOUTCA, MBI MOXKEM CIMTATh, 9TO GyHKuuA @(1,...,T,) OTIAIHA
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OT HyJA TOMBLKO B CKOJMb YyTOMHO MAJIOM OKPECTHOCTH WHTEPECYIOMIeH HAC
TOYKH.

Wsyuenue warerpana (1), 3aBucaumiero oT 0QHOrO KOMILUIEKCHOT'O IIapa-
MeTpa, IPOBOMUTCA Iy TEM PACCMOTPEHMS BCIOMOTaTETLHON (PYHKIIMA IBYX
KOMTLIEKCHBIX TEPEMEHHBIX. DTOT IPUEM [ TIPOCTEUIIIEr0 CIyIas U3M0KEeH
B O. 3.

2. Uccaeporanme oBoburenHon dyukmuu G B crydae, Korja moBepx-

HocTh G(21,...,7,) = 0 meaMKOM cocTouT U3 Tovek 1-ro mopagka. IlycTo
G(z1,...,x,) — OeckoHeuHO muddepeHnupyemMas GYHKIUA, I11 KOTOPOU
moBepxHOCTh (G = () OrpaHMYeHa M COCTOUT U3 MPUBOJUMBIX TOYUEK 1-TO
HOPAIKA.

Paccmorpum GyHKIMOHAT, 3aBUCAIIAN OT A:

(G* ) = /---/G*(xl,... ) Q(T1 e )Ty L. dy,. (2)

IIpu Re A > 0 5>TOT umHTErpag CXOOUTCA W TIPEACTABIAET COOOU aHa-
muTwIeckyo (ysknmo A. Iloxaxkem, 910 0606wennas Gynwyus G* npeo-
cmasasem cobot mepomopdryio Pynkuyuto X. Kaxcdott ceasnott xomnonen-
me muo2o06pasus G = 0, cocmosawett uz mouex cmenewu [, omeewaem
nocAed08aMeEAbHOCMb NPOCMBIL NOAOCOS

1 2 n
A:—i,—i,...,—j,... (3)
B yacmHuocmu, ecAlu Ha NOBEPTHOCMU G=0 6006’&[,6 nem 0006bl$ mouex,
mo G/\ umeem noaAcCobl MoAbKO 8 MOUKAT

A=-1,-2,...,-n,...

[l1s mOKa3aTeNbLCTBA 3TOrO YTBEPKIEHUsA BLIOEPEM MPOU3BOJLHYIO TOYU-
xy M mnomepxuoctu G = 0. B cmny caernaHHoro BbIme 3amMevaHus 06e3
OTPAHUYEHUA OOIIHOCTY MOXKHO MPENoIaraTh, 9To ¢(x1,...,Ty) = 0 BHE
duxcupoBarrOou Manou okpectHoctu D Touku M. O6osmauum uepes Di,
nepecedenne obnactu D ¢ obracteio G > 0. Torga

(G*,p) = /---/G)‘(azl,...,:Un)go(asl,... ,Tn)dxy ... dry =

G>0

= /---/G’\(:L'l,...,xn)cp(xl,...,xn)dxl...dxn.
D,
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Tak kak M — Touka 1-ro mopsaaka (u cremeHu ), TO MBI MOXKEM
BBeCcTH B obGmactu Dy cucremy koopausat, B KoToponr G(z1...,xn) = &,
a ocraiabHbie N — 1 koopauHAT &o,...,&, BLIOPAHBI MPOU3BOJLHBIMU OEC-
KOHEYHO Ou(HEpeHINPYEeMbIMU (DYHKIAAMA OT T1,...,Ty C IMHCTBEHHBIM
OrpaHMIeHnEM, ITOOB B D1 BLIOJHATOCEH yCIOBHAE

T ee. I
D > 0.
( & o b )
B mOBBIX KOOpUHATAX

<,0(1‘1,... 7‘rn) = ‘Pl(fla--- 7€n)

n

/---/G}‘(:L'l,...,xn)go(:vl,... ,Ip)dxy ... de, =
Dy

=/---/ff’sol(51,...,fn>p(fg o )dfl...dfn.
D,

[Monoxum
v = [ [oanen (g T Jieds, @

rle WHTErPAT BEIMUCIACTCA MO TepecedeHnio 06aactu Dy ¢ MOBEPXHOCTHIO
G(z1,...,2,) = & = const. Dynxmuaa 1)(§;) — ¢uEETHAA GECKOHETHO
muddepennupyemas (yuknusa ot &, ompegeneHHas B obmactu Di. C
nomomIbio 5o dyuknmn (G, ) mepermmeTcsa B BugC

(GPp) = / (e dey. (5)
0

Benmomunas pesyabrars o. 2 § 3 ri. I o moarocax u BerdeTax (byHKIN-
o0

onara [ 2 )(z)dzr, Mbl momTydaeM, 4TO Kax 10t Touke M 1-ro mopsaxa u
0

crenenu | MEOro06pasus G = 0 OTBEYAET MOCAENOBATEILHOCTD MOIIOCOB
o6o6mennon byrkmmm Gz, ... ,T,)
1 2 n

A: —7,—7,...,—7,...
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[Tpu sToM BErdeT wuTerpana (5) mpu Al = —n, T.e. Ipu A = — 7, TPOCTO
1)

B . "7V(0)
paxaercsa depe3 GyHKuumio ¢ u3 ¢popmy.sl (4): oH paBeH R
Haigem Temeps BbraeTsr G

Beraer (G, ) mpu A = — 7 pasen ¢(0), T.e.

/.../4,01(0,52,...,571)17 ( 51 ¢ > dé,...d¢,,
1 .- n £1=0
rae o1 (&1, &) =p(x1,... ,2n). Ob03HAUNM Yepes w TuddepeHnaTLHY O
(OpMy, CTOSAIIYI0 MHOXUTEIEM IIPU (1 B uHTErpase (4):
I N Tn
=D d&s ...dE,. 6
o=D (g P )deande 6)

Torma BuIIET MOXKHO 3aMKUCATL B BUIE

/tp(:cl,... , T )W. (7)
G
Ho

dzy ...dzx, = dv = d&§w,

I €CIN MOJOXKUTH

~l=

G

TO MBI OyJ€eM UMeTh:

(1, 2n) = P(x1,...,2,),

dv = dPw.

Bcnomunas onpegenenue o6006mennon pyuxnun §(P), gansoe B m. 3 § 1
ru. ITI, Mer Bugnm, 9to Berder (7) ecThb He 9TO uHOE, Kak (4(P),p). Takum

1
obpazoM, ebiuem G npu \ = —% pasen § (Gl)
Hangem nanpuenive Beraersl. [Ipm 5TOM MBI BOCIOAB3YEeMCS Te€M, ITO
dyHKIIIIO

¥(&1) =/---/<p1(€1,---,§n)D< ”gll N ”g: >d§2...dgn

MOXHO Iu(PepeHIInpoBaTh MO 3HAKOM WHTEerpaJja. Beraer (G)‘,go) mpu

A= —k—1
ds...dé, =

I oo I
wl- /651 eeen (g E )] om0
1 ok T
:H/a—gf{cp-D<€>]d§2...dfn.
P=0
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Bcenomunuas onpenenenus u popmyast n. 5 § 1 rur. 111, Mb1 Bugum, 9TO BRIMET
(G*, ) pu A = *kl*l paBeH

& [t = (Same). ®)

P=0
Takum 06pas3oM, sviuem obobuwennoti Pynkyuy G* npu X = —% pasen
—1)k N
u(;(k) GT7). (9)
k!
B cmry samewanums, cneqaHHOTO B I. 1, MBI MOXEM Temepb CIATATH
OCHOBHYIO QOYHKIMIO ¢(T1,...,Ty) OTIXIHOU OT HYJIA B JOOOU KOHETHOU
obaactu. IIpu >TOM, MOACIATHIBAA BBEIYET HPU A = %, B opmyae (8)

HYKHO UHTErPUPOBATH [0 TeM KOMIIOHeHTaM moBepxHocTu G = (), KOTOphIe
COCTOAT U3 TOYeK cremenu [. Pazymeercs, eciiu A npuHa qiexuT 601€e 9eM
OMHOU MOCTENOBATEILHOCTH BUAA (3), TO BEIYET B TOYKE A MOIYUAETCA
CJIOXKEHUEM 3Ha‘{eHHﬁ, OTHOCAIMUXCA K COOTBETCTBYOIITUM l

OTmeruM, 9TO B CIydae, KOrga moBepxHocTh G = 0 cocTouT U3 ToUeK
1-ro mopsaka u crenenu [/, aHaauTHIECKas QyHKIIU G mMmeeT HOMIOCHD

mpu Tex ke A, 9TO M 06O0meHHAs ByHKIUA 0ZHOrO mepemenHoro (z')}

(ex. § 3 r. I). Brrwer (2!)} mpm A = — 2 pagen (1" (k) (z), a BErgeT G*

7l
k
mpn A = —*H pagen %5(’“) (G%). TakuM 06pa3oM, CIydal, KOTAa

nosepxHOCTh G(Z1,... ,2Z5) =0 cocTouT U3 TO4YeK 1-ro NOPALKA, HOTHOCTHIO
AHAJIOTUYEH CIydalo OQHOU He3aBUCHUMON II€PEeMEHHOM.

3. Uccaefosanme o6obuienton ¢pynkmun G B clIydae, Korja moBepx-
vocts G(z1,...,%,) = 0 COCTOMT M3 TOYeK He BHIIE 2-T0 IMOPAJKA.
IIpeamonoxuM Teneps, 4To mosepxuocts G(z1,...,x,) = 0 cocrour u3
MPUBOAWMEIX TOYEK He BEIIE 2-TO mopsagka. Kaxkmaa TOCTATOYHO Ma-
Jasg OKPECTHOCTb TOYKM 1-TO MOPAIKA DTOM MOBEPXHOCTH MOPOKIAET Y
o6o6mennon byrkmm Gz, ... ,,), IeHcTBy0OMme#R IO GopMy.Ie

(G*,p) = /---/Gx(ml,... T )P(T1 -y op)dxy .. dEy,

[TOC/IEI0OBATENBHOCTE MOJIOCOB, paccMoTpenHyilo B m. 2. Ham ocramocs,
CJIeIOBaTEIbHO, BEIICHUTD, KAK BIUAIOT HA TMOBEIEHNE 3TOr0 (PyHKIIMOHATA,
KaK (QYHKOUX OT A, IPUBOAUMBIE TOYKM 2-T'0 MOPALKA (3TO, €CTECTBEHHO,

ocobere Touky nosepxaocTu G (z1,...,2,) = 0).
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Mgl gOKaxKeM, 9TO okpecmrocmsb Kaxcdol mouxu M 2-20 nopadka u
cmenenu m nopoxcdaem y o6obwennoti Fynxyuu G*(21,...,2,) nocaedo-
B8AMEALHOCTIL NOAOCOB

A= 2 (1)

IIpu smom cKoav Y200HO MAAAA OKPECIHOCTL MOUKU 2-20 MOPAd-
Ka, 6000we 2080pa, codeprcum mouky 1-20 nopadka u, mozxcem Obimo,
pazauunbir cmeneneti. Ecau xaxoe-aub0 3nauenue X\ = Xg npunadiexrcum
odnospemento nocaedosameavnocmu (1) u 00not wau meckosbKUM NOCAE-
006aMEABHOCTNAM, OMHOCAUWUMCA K MouKkam 1-20 nopadka, nonadaouum
8 a106y10 oxpecmuocmb mouky M, m.e. moukam 1-20 nopadka, unyudenm-
nbtm moure M, mo npu A= Ny o6ob6wennas Gynryus G*(zy1,...,2,) uneem
noaoc 2-20 nopadxa.

[l moKa3aTenLCTBA BO3BMEM B MHTEDAJE

/---/G’\(:Ul,...,a:n)go(:nl,...,:Un)d:nl...d:nn

G>0

DYHKIINIO ¢ OTIUYHOU OT HYJISA TOTLKO B MAJOU OKPECTHOCTU TOUKU M
U BBIOEPEM JOKAJIBHYIO CUCTEMY KOOpAuHAT &1,...,&, B BTOU OKPECTHOCTH.
Tax xax M — To4ka 2-r0 nopsaKa, TO Ty JOKAJIBLHYIO CUCTEMY KOOD JUHAT
MOXKHO BBIOPATH TaK, IYTO GyHKIMA (G B HOBBIX KOOP IUHATAX 0OPAIIAETCA B
OJHOPOIHYIO (PYHKINIO P oT mepemMeHHbIX £ U 3, U MBI IPUXO UM, TAKAM
obpa3oM, K 3aga4de 006 usydeHur GpyHKIIIOHATIOB

P>0

rxe ¢1(&1,...,&n) = @(x1,. .. ,2,). Honoxnum

¥(&1,6) = / /sola, - &n)D (5 B f:)dgg...dgn. (3)

Toraa warerpan (2) npeBpamaeTcsa B UHTErPa

[ [ P w6 e dea (@)
P>0
rae P(&1,€) — ongHopogHas (QYHKIMA ABYX [NEPEMEHHLIX CTEleHu 1,
a ¥(&,6) — ocHOBHAA (DYHKIUA, OTIUIHAA OT HYJA TOJBKO B MAJOU

OKPECTHOCTHU Ha'aJla KOODpIUHAT.
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Puc. 7.

Arak, aHATONMYHO TOMY, KakK maydenme G B OKPECTHOCTHM TOYUKH
1-ro mopsgka CBOOUTCA K M3Y9IEHUIO OMHOPOMHBLIX (PYHKIUU OT OTHOU
He3ABUCHMOM IepeMeHHOH, u3yderne G B OKPeCTHOCTH TOUKH 2-T'0 TIOPAI-
K& CBOJIUTCA K M3YYEHWIO MPOU3BOJIBHEIX ONHOPONHBEIX (DYHKIUU OT IBYX
TIePEMEHHBIX.

Ipusoguman Touka 2-ro mopsaigka kpusou P(&,&) = 0 ects wuso-
JUPOBaHHAA 0cOOasds TOYKA KPUBOU WIM TOYKA IEPECEeIeHUA BETBEU C
pasinuHBIMEM KacaTelbHeiMu (puc. 7). Jaa mcciaegoBanus muTerpata (4)
TPU TeX 3HAYEHUAX A, IPU KOTOPHIX OOECHEeYeHa CXOAUMOCTH, TE€PENIeM
K IOIAPHON cucTeMe koopimuar (r,u)') m, MOIB3yfch OTHOPOJHOCTHIO,

sammmes mazerpan (GY@) = [+ [ po g PMELE)D(E,&)dE 6 B e

(GMp) = [ e [ P&, &)Y (6, &) du, (5)
o |

rae & =ré, & =r&s, & =&k (u) — KOOPIUHATHI TOUKM Ha KPUBOU " = COnNSst.
PaccMOTpUM Temepb BCIOMOTATENbHBIN (DYHKITMOHAT, 3ABUCANIAA OT
IBYX HE CBA3AHHEIX MEXIY COOOU KOMILIEKCHBIX TTAPAMETDPOB A\ U [i:

L] = / i dr / PNELE)b(6r, 62 du. (6)

OwueBugno, ato npu y = Am + 1 uarerpan (6) obpamaercs B (5), 1 Ham
JOCTaTOYHO nccaenoBarsb Iy ,[1]. meer MecTo caexyromasn memMma

ITycmp 3adanvt mepomopPruas Pynkuua 06YT KOMNAEKCHBIT NEPEMEHHBLT
F(\ ) u dee nocaedosamesvrocmu wuced

>‘1:>‘27"'a>‘na"'7 (7)

D Bumecto MOJMAPHON CHUCTEMBI KOOPAWHAT MOXHO B3ATH JIO0YI0 KPWUBOJIWHENHYIO
cUCTeMy, B KOTOPOU KOOPAMHATHLIE JUHUKA T — CONSt OXBATLIBAIOT HAYAIO KOODAUHAT.



352 [JI. III. CIEINUAJBLHBIE TUILI OBOBIIEHHBIX &YHKIINNA 3

M1 2y -5 oy e e (8)

ITyemy F(A\, 1) umeem xax Pynxyus om X npu 41060M GuKcuposanmom
I F# ln npocmbie noatocel 8 moukar nocaedosamesvrocmu (7), npuvem 8
AOPAKOBCKOM PA3AOHCEHUY 8 OKPECTIHOCTIU KAHCAO20 MAKO20 NOANCG

F(\p) = % +eo(p) +er()A —An) + ...

koadpuyuenmuvt c_q(u),co(p),... asasomes mepomopPrvimy PYRKYUAMU
0OM [, UMEOULUMY NPOCTBIE NOAOCHL 8 MOUKAT nocaedosameavrocmy (8).

Toeda anasumuueckas Pywkyus om odnot nepemennot F'(A,\) umeem
noatocvl 8 moukatr obeur nocaedosameavrocmets (7) u (8). Ecau npu amom
BHAUEHRUE Ao NPUHGOAEHCUM 00HOBPEMERHO 0OEUM NOCAECIOEAMEALHOCTIAM,
mo npu A = Ao F(A\,\) umeem noatoc 2-20 nopadka ¢ xoddduyuenmon
npu m 8 AOPAHOBCKOM PA3AONCENUU, DABHBIM BbIMEMY NPU [t = Ao

Koapuyuenma c_1 ().
MOKa3aTeIBCTBO JIEMMBI HENMOCPENCTBEHHO BBITEKAET U3 DA3IOKEHUA

dyuxnuun F(A\,px) B paxg Jlopasa mo IByM TEPEMEHHBIM B OKPECTHOCTHU
TOUKY (A, [ )-

Hamgem Temepb MOMIOCH (PYyHKIMU OBYX KOMILTEKCHBEIX MEPEMEHHBIX,
sagaBaemon uarerpajoM (6). O6o3uadum uaTerpart mo du B 3Tou HOpMyJe
gepes fi(r), T.e. monoxUM

A = / PG &)b(E 6n)du (9)

r

(uepes T' o6osmavena Ta gacTb Kpusou r = 1, Ha xoropou P(£1,&) > 0).
Oco6bie Touku 1o A pyHKnuu f(r) MOryT BO3HUKHYTB JIULIb OT TEX TOYEK

Ni,Ns,... Ha kpuBon, B KOTOpuXx P(&;,&) obpamaerca B uyas. Ho stu

TOYKU KPUBOU P(§~1,§2) = () IPUBOAMMEI HA JWHWE MHTerpupoBanua I'V).
[Iycte N; — ogHa u3 Takux TOYEK.

Ee mpuBoguMocTh Ha KpuBou [' O3HAYAET TPOCTO, UTO B OKPECTHO-
cru N; ma ' MOXHO BBeCcTH JOKaIbHYIO0 KoopauHaTy &, B koropou P
OJHOPOJIHO U, 3HAUUT, uMeeT Bug &' .

IIpeamonaras, uro ¢GyHKOuA P OTIUYHA OT HYJIsA TOJBKO B OKDPECT-
HOCTH TOUYKM N;, MBI CBOAUM U3ydUeHHe ocobeHHocTen f)(r) K u3ydeHuro

ocobennocteit unterpaos [Ny (r,€)dE, rae i (r,€) = ¢(&,&).

D Moxno IOKAa3aTh, 9TO €CIM MOBEPXHOCTH F'(x) = 0 mpmBOAMMA B N-MEPHOM HPOC-
TpaHCTBe, nmpudeM (GyHKIUA F 3aBUCUT, CKaXeM, TOJIBKO OT MEPBBIX IBYX KOOPJIMHAT
Z1,2z2 T0 auana F(xz) = 0 HA IIOCKOCTH TaKKe MPUBOAUMA.
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Ho ocob6ennocTn Takoro nHTErpaza HaM XOPOIIO W3BeCTHR u3 § 3 . I.
A uMmenHO, TaKOM MHTErpaJ UMEET IPOCTHIE HOJIOCH B TOIKAX

1 2 k

A: —l—i,—l—i,...,—l—i,...

Takum 06pa3oM, MBI moLydaeMm, 9To uarerpal (9), T.e. dyukuus fy(r),
UMeeT OPOCTHIE MOMIOCH B TOYKAX TTOCIEL0BATEILHOCTEN

1 2 k

}\z _l_i,—l—i,...,—l—i,...

(10)
rae l; — CTemeH:u TOYEK HYJEBOT'O MOPALKA, WHIMIEHTHHIX UCCISTYEMOU
Touke M, T.e. Ha IOCKOCTH — CTEIeHN TOYEK BETBE KPUBOH, TPOXO MAIIIX
4epes Touky M (cM. puc. 7).

dyHKIMA IBYX KOMIUIEKCHBIX IepeMeHHbIX (6) 3amumiercs depes pac-
cMoTperHyo pyHkumo f(r) caegyomum o6pasoM:

o0

Inult] = / P f (P dr- (11)

0

Mpumensas k uarerpaay (11) cHoBa pesyabraThl § 3 ru. I, MbI moayvaeM,
o Iy ,[¢)] mpu PUKCHPOBAHHOM A, He HPHUHAJIEKALIEM HI OJHOU M3 IO-
caenosarenbrocTen (10), aHATUTUIECKA TTPONOMKAETCA BO BCIO ILIOCKOCTh
KOMILIEKCHOT'O [IEPEMEHHOTO [4, 33 UCKIIOYEHUEM TOYEK

p=-1,-2,...,—k—1,...,

B KOTOPHIX 5Ta (DYHKIUSA UMEET MPOCThIe MOMoCckl. [lonaras 4 = Am + 1 u
MIPUMEHAA JEMMY, MBI [IOIy4IaeM OTCI0a, ITO HHTErPaJl

o0

/rxmﬂdr/pk(é,é)¢(§1,§2)du = I\ mat1 (Y]

0
UMeeT MOMIOCH B TOYKAX mocaenosareasrocten (10)

1 2 E+1
A=——,—, ..., —
li, lz) ) lz )
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Ecau A = Ao npuHAIJIEKUT OTHOBPEMEHHO TOCIeR0oBaTeabHOCTH (12) 1
omHOU U3 mocaenosareasrocten (10), To B ToUke A = \g paccMaTpUBaEMbIT
WHTEerpaja uMeeT, BOOOIIe rOBOPS, HOJIOC 2-T'0 TOPIIKA.

Tax Kak B JOKATLHOU CUCTEME KOOP IUHAT

/---/G)‘(azl,...,xn)go(azl,... ,Tp)dxy ... doy =

G>0

- /---/P’\(€1,€2)¢(flaf2)d€1d§2 =

P>0
_ /r*m“dr/P}‘ <%,%> ¥(&,&2)du,
0

TO chOPMYIMPOBAHHAA B HAYAIE DTOTO MyHKTAa TEOPEMa, JOKA3AHA.
Omnpenemuv BuIIeTH 0600merHON Gyukmun G (z1,...,T,) B ee mpo-
CTBIX MOJIOCAX.

HycTs cHagaza \g = — &L

l;
karomuu 6rarogapsa obpamenuto gy G(z1,...,T,) B HYJIb B TOYKaX

ects nomoc dyakmnma G (21,... ,2,), BO3HE-

1-ro mopsagka. Bemre, B . 2, MBI mOKazau, uTo BEraeT (G, ) B TakoMm
TOIOCE PABEH WHTETPATY % Jwi(p), roe wi(p) — muddepeHnEaTEHE
(opMEI, OmpeneneHHBIE B OKPECTHOCTM JOGOM TOYKM 1-rO MOpsALKa Io-
Bepxuoctu G(z1,...,2,) = 0. Ecan y9acTox moBepxHOCTH, IO KOTOPOMY
UHTErPUPYeTCA wi (@), TPAHUYAT C TOYKAMEU 2-T'O MOPALKA MOBEPXHOCTU
G(z1,...,2,) = 0, T0o [wi(p) MOKET OKA3aTHCA PACXOAAMUMCA. BrraeT
PaBEH B DTOM CIydae Peryispu30BAHHOMY 3HAUEHUIO COOTBETCTBYIOIIETO

nHTerpatal).
k2

PaccmoTpum Temeps IpoCTOR MOMOC A\g = — 1=, BO3HEKAIOMMA § 0606-

mrenHoN (yakmmn G (21,... T, ) u3-3a obpamenus Gyakunn G(z1,...,7,)
B HyJb B TOYKax 2-r0 mopAnka. MHTerpan

/---/G’\(J:l,...,:L'n)cp(xl,...,xn)dxl...dxn

G>0

DTak Kak paccMaTpuBaeMbIi TOMIOC Ao TPOCTOM, TO CYIECTBYET

lim ()\7Ao)/---/GA(zl,...,xn)np(zl,...,xn)dzl...dxn.
A—=Xo
G>0

PerynapuszoBannoe 3HadeHmME %fwk(np) MOXHO OIIPeIeNnTh, HAIpUMeEpP, KaK JTOT
npejen.
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MEI IPEACTABUIN B OKPECTHOCTU TOYKU 2-ro TopAIKa KakK

(oo}

/rxm—i-lf}\( )dr, vae fx(r /P 51,52 ¢(7"51,7"§2)

0

P(&,&) — suagenve dpyuxkuuu G(z1,...,T,) B IOKAJIBHBEIX KOOPIMHATAX,
w(fl,&)=/---/sol(51,...,fn>D o )dg. . dé,
& ... &
a p1(&,...,&) = p(z1,...,2,). [Jua Tex 3HadeHME A, LJI9 KOTOPBIX

mHTerpan pacxonurca, Gyukima f(r) paBHA PeryaapU3OBAHHOMY 3HATE-

HUIO UHTErpata (aHAIUTUYECKOMY TPOJOIKEHUIO Mo A pyHKImu f)(r) oT
MOMOKATENBHLIX 3HAYEHTN \).

T amt1 k+r (D" 155 ()

Boruer uHTErpaa Ofr fa(r)dr mpm A=\ =—=EL papen —— 70—

Mponuddepennupyem dyHkumio fi,(r) 0O r MOL 3HAKOM HHTErpPATa

(3TO TOMYCTUMO TIPW MOJOKUTETBHBIX A, CACJOBATETHLHO, JOTYCTUMO U B

perynapu3oBaHHOM 3HAYECHUU HHTerpa.na) u moaoxuM r = 0. Mur IOy IUM
k+2

TOrga A BEIYeTa 0606menHon GyHKmmm GN(x1,...,T,) TpU Ao = — -

BBIDAKEHUE

k k+2
k|za 0(0.0) /51 fzﬁpii(fla&)du =

o€ 0¢s
el ( 52 fzdfl) 13
k'z 352 / (61, 62) 19)

B § 1 mbr monyuwiu GopMy.ldy s BEIYETOB AHAIUTUIECKOU 0006-
meHHON (QyHKmmE f», rae f — I[IOJOKUTEJIbHAS OJHOPOIHAS (DYHKIL
nepon cremenu (cMm. dopmyny (8) m. 3 § 1). CpaBHuBas morydeHHOE
BEIDAXKEHUE C DTOU (POPMYJIOU, MBI BUAUM, UTO BEIYET OOOOIICHHOU (hyHK-
mma GA(21,...,7,) 3AIUCLIBACTCA B JOKATLHLIX KOODIMHATAX AHAJOTMTHO
BLIUETY IOJOXKXUTEALHOU OJHOPOIHON (PYHKIUHU, C TOU PA3HUIEH, 9TO UHTE-
rpan no kpuson [ mOHUMAET A KAK PeryIapu30BaHHOE 3HAYEHNE NHTErPAJIA
(m1a PyHKUIUY, TOJOKUTEILHOU B OKPECTHOCTH TOUKH 2-I0 HOPSAKA, STOT
UHTErpaJ BCErIa CXOIUTCA).

4. O6o6mennas pyakmas G*(r;,...,7,) B obmem cayuae. Ilepeigem
K 0606menHbM pynkmuam G (z1,...,2,), IS KOTOPHIX MOBEPXHOCTH
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G(z1,...,2,) = 0 COCTOUT U3 IPUBOIUMBIX OCOOBIX TOYEK MPOU3BOJLHOTO
HOpAAKA OT 1-r0 10 N-T'0 BKIIOYUTEILHO.

Ipeamonoxum naa npocToThl, uT0 G(T1,...,%,) €CTh MHOFo4neH. Mbt
OOKaXKeM CJIeIyIOIIYI0 TEopeMy.

O6obwennas Gynryus GX(x1,...,2,), onpedeiennas pasencmeom

(G)‘a(p) :/“‘/G/\(fl,...,"L'n)(p(fl,...,$n)d$1...d$n

G>0

das Re XA > 0 u xax anasumuueckoe npodoaxcenue Imo2o UHMESPGLAG
044 OCMAABHBIT X, €CMb MePOMOPPHAsL PYNKUUL OMm N, NOAOCHL KOMOPOT
ACHCAM, WA KOREUROM UUCAE apuPmemuveckur npoepeccuti. Kancdot ceas-
notli kxomnonenme nosepruwocmu G(zx1,...,x,) = 0, cocmoaweti uz mouex
nopadka r uw cmenewu m (cm. n. 1), omeeuaem mMHOHCECMBO NOANCOE
dynryuonasa G, pacnosoxcennvir 6 mourazs

r r+1 r+k

=—-——,— ey — 1
>\ m7 m 9 ) m ) ()

IIpu amom, ecau umeromes dée, mpu U m.od. NOCAA0BAMEALHBLE UHYUIEHM-
nvie dpye dpyey ceazmnbie Komnowenmus noseprrocmuy G =0, cocmoawue u3
MOUEK PABAUUHBLE NOPAJKOS, U ZHAUEHUE A= \g NPUHAILEHCUM D8YM, MPEM
u m.d. nocaedosameavrocman (1), omeeuwarwum 3mum KOMNOHERTNAM, MO
8 mouke A = \g 060bwennas Pynryus G)‘(azl,... , L) uMeem noawc 2-20,
3-20 u m.0d. nopadxos.

IIpeamonoxum, ITO MOTIOCHL IO A HUHTErpaJaa

/---/G’\(xl,... ) P(T1,. ..y xp)dxy ... dEy,, (2)

G>0

BO3HUKAaoIMe 6aarogapsa TOUkKaMm mopaska < n — 1, Ham u3BecTHbI. Torma
QOCTATOYHO UCCAEIOBATEL MHTErPAT (2) MO CKOMb YIOMHO MAJOU OKPECTHO-
ctu Touku M n-ro mopsamxa.

Bsegem B 5TOI OKPECTHOCTH JOKAABLHYIO CUCTEMY KOOPAUHAT &1,...,&n,
B xoTopou P(&1,...,&,) = G(x1,...,2,) — OmXHOPOAHAA PYHKIUA CTeEre-
HU M, U TOPEINOIoXKuM, 9T0 O(Z1,...,T,) = 0 BHE DTOU OKPECTHOCTH.
Murerpan (2) o6parurcsa TOrga B MHTErPATl

I/\[(p] = //PA(€17 afn)w(fla 7€n)d§1d€n7 (3)
D

ruae
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a D — mepecedeHme OKPECTHOCTU, B KOTOpou @1 7# 0, ¢ 06JaCTHIO
P(gla'-' 7577,) > 0.

IIpu Tex A, mis xoropeix uaTerpaa (3) cxogurcs, nepengeM K cdepu-

geckuM KoopauHaTtaMm. B cuay oxHoponuoctu P(y,... ,&,) mory<aum
I,\W] = /r)‘ernildr/‘P)‘(évla"' 751)1:[](51: 7§n)d97 (4)
0 r

rge obaacts [ ecThb mepecedeHwe egUHUYHON CHEpPH C  OOIACTHIO
P(&,...,&) > 0, (&,...,6,) — Touka Ha I, & = r&, dQ — saement
ITOMIA AN TOBEPXHOCTHU C(HEPEL.

Nurerpan nmo T' ects maTerpan nmo (n — 1)-mepHon cdepe, HA KOTO-
pou mosepxHOCTL P(&1,...,&,) = 0, IO TPEINONIOKEHUIO, UMEET TOJIBKO
OPUBOAUMEIE TOYKMA U TIPUTOM He BhIime (n — 1)-ro mopsagka.

CorsacHO mPeanoONOKEHNI0 HAM H3BECTHBLI TAKKE MOIIOCHL DTOI'0 HHTE-
rpaja u uxX KpaTHOCTH.

Beogsa cHOBa, Kak B . 3, (PYHKINOHAT, 3ABUCAIINA OT IBYX KOMILTCKC-
HLIX [TAPAMETPOB:

Iulih] = / P dr / PAE e B (6 )R, (5)
I

u 0603HaYasA BHyTpenHun uaTerpan no [ gepes fy(r):

() = / PMEe EblErsn. )Y, (6)

T

MBI IPUIEM K CATYAIIUA, PACCMOTPEHHOR B 1. 3. A mMeHHO, pu pukcupo-
BaHHOM [t # —n dyHKuuoHar Iy ,[11] UMeeT mOMIOCH IO A Ha KOHEYHOM
YUCIE TOCTENOBATETHLHOCTEN U TP (PUKCUPOBAHHOM \, HE MTPUHA,IICKAIIEM
HM OJHOM M3 STHUX NOCHegoBaTelbHOCTen, Iy ,[p1] uMeeT momiocsl mpu
uw=—-1,-2,...,—n,... EquacrBennoe oTu4re oT pacCMOTPEHHOrO B II. 3
cilIydas, Korga moBepxHocts G(z1,...,T,) = 0 COCTOMT U3 TOYEK HE BHIIIE
2-T0 NOPAIKA, 3AKTIOYAETCA B TOM, ITO OIAT0APA MHIYKIUA TIOMIOCHL ITO A
MOTYT OBLITH HE TOJIBKO MPOCTLIMUA, HO U KPATHBIMU.

Jlerko mpoBepuTh, YTO JeMMa, CHOPMYIUPOBAHHAL B TI. 3, PACTIPOCTPA-
HAETCA U HA DTOT CIy9Ial.
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Monaras = Am + n — 1, MBI ONyYIaeM, ITO UHTETPAT

(o]

/’I‘/\m+n71d’l°/P)‘ (%75_27 7%) w(fla 7§n)dQ =
0 T

r

:/"'/P*(fl,...,fn)w(&,...,fn>dfl...dfn =
D

= /---/Gx(xl,...,:Un)<p(:n1,...,mn)dml...dazn,

G>0

KPOMe IIOJIIOCOB 110 A, TeX ke, 9T0 y Gyukuuu f)(r) (Bo3HUKAOmMUX M3-32
rovek nosepxsoctu G(zy,...,2,) = 0, IMEIOMUX TOPALOK MEHBILE 9eM 1),
IMEeT TOMOCH B TOYKAX TTOCAEIOBATETHLHOCTI

| k
PN e N Sl (7)
m m m

IIpu sToM eciu B Touke A = A\g GyHKnua f)(r) UMeeT MOMIOC KPATHOCTH P
U Ao NPUHAJIEKUT IOCAenOBaTeIbHOCTH (7), TO 0OOOIIEHHAA (DYyHKIUA
G z1,...,T,) EMeeT B ToUKe A = Ao nomoc kpatHOCTH P + 1. Tem cambiv
HAIIIA, TEOPEMa JOKA3AHA.

Meur onipegenuin, Tpu KAKUX 3HAYEHUAX A UMEIOTCS MOJIOCH Y 0000IIeH-
HOU (PYHKIMN

/"'/G)‘(Clﬁl,... ) (1, )dTy . ATy,

G>0

s mpocTentero caydas OTHOPOAHOU HeoTpunareabuon gyukuuu G
MBI B § 1 BUEeIM, YTO C CAMBIX PAa3HLIX TOYEK 3PEHUS ECTECTBEHHO
BBECTU TOHATHUE BHEIYETOB (POPMATBLHO OMHOPOTHOU (DYHKIIUU, KOTOPHIE
XapaKTepu30BaIl Obl OCOOEHHOCTH A>TOU (DYHKIUW B HATALE KOOPAMHAT,
MOJOOHO TOMY KaK BBEIUET AHATUTUYUCCKON (DYHKIUU XapaKTEPU3yeT ee
M30JIUPOBAHHYIO 0COOYI0 TOUKY. /I TPOU3BOILHON PACCMOTPEHHOU 3MECh
dyuxmuu G(z1,...,2,) C IPUBOIUMBIMEI OCOOCHHOCTAMY MBI MOXKEM aHAJIO-
TUYHBIM 00pa30M OMPEeAeINTh BLIYETHI, CBA3AHHLIE ¢ (pyHKIMen G.

A wuwmenno, ecmu D ecTh MakCUMATLHAS CBA3HAA KOMIOHEHTA, MHO-

roobpasus G = (0 mopsAgka r W CTENEHU M, TO TOL 6bluemom (HYHK-
r+k

i G~ m (Z1,...,T,) OTHOCUTEILHO 3TOU KOMIOHEHTHI MOXKHO MOHUMATH

0600611eHHY0 QYHKIUI ((PYHKIIMOHAT), ABIAKIIYIOCA BEIYETOM MO A aHa-

_rtk

muTuaeckon pyuxman G (21,... ,2,) Tpr A = pn
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B wactuoctu, eciu G(x1,...,%,) — OAHOpPONHAA (YHKIUA CTEIICHA M,
. _ntk .
To Takou BerdeTr G~ m (1,...,T,) B HAUAJIE KOODAWHAT PABEH JUHEUHON

KOMOWHAIUK TPOU3BOAHBIX k-T'O MOPAIKA OT O-PYHKIMU C KO>PPUIINEH-
TaMU, PABHBIMEA MHTErPAJAM IO 3aMKHYTOU MOBEPXHOCTHU, OKPYIKAIOIIEH
Ha4aJI0 KOODIUHAT.

Ecmu G(zy,...,2,) — OpOM3BOJBbHAA (DYHKIWA, UMEIOIAS B HaIaIe

KOOpAUHAT MPUBOIUMYIO 0COOYI0 TOUKY (n — 1)-r0 mopsamka u cTemneHu m,
ntk

70 BhueT qyukuuu G~ m (T1,...,%,) OTHOCATEILHO DTOU TOYKMA TAKKE
paBeH JMHENHOU KOMOWHAIMYA IPOU3BOMHBEIX OT O-(DYHKIMM HE BBIIE k-T'O
MOPAAKA ¢ KO3PPUIUEeHTaAME, OnpeneaseMbiMu 1o yHkiun G. AHAIOruaHO
MOYXKHO OTPENETUTH BEYET HE TOMBKO OTHOCUTEILHO TOYKHU, HO U OTHOCHU-
TEIBLHO JIO0OU CBA3HOU KOMIIOHEHTHI MHOroo6Gpasua G = 0 cremenu m u
TMOPAIKA, T

5. UuTerpamsl oT GeckoHeuHo auddepeHmmpyeMon GyHKIMH ¢ IO
MOBEPXHOCTAM ypoBHA G(Z1,...,%,) =c. CaeraeMm u3 NOIyIeHHBIX PE3yJIb-
TATOB BLIBOJ O MOBEJEHUM WHTErpPAIOB OT QyHKIUU O(I1,...,Ty,) MO MO-
BEPXHOCTAM ypOBHs MHOrowieHa G(x1,...,Z,). MbI orpanuaunmcs ciaydaem,
Korjga moBepxHOCTb G(%1,...,Tn) = 0 COCTOMT TOIBKO W3 TPUBOAUMBIX
TO4YeK, a moBepxHOCTb G = ¢ mpu ¢ > (0 He mMeeT OCOOBIX TO4YEK, U
pPaccMOTPUM MHTErPAJIBI

I(c) = /tp(xl,...,xn)w, (1)

rae w — Qopma Ha nosepxHocTu G(I1,...,T,) = ¢, ONPEICICHHAS DABEH-
crBoM dv = dGw. MMeeT MecTO 0YEBUIHOE TOXKIECTBO (IO A):

7I(c)cAdc=/---/G)‘(azl,...,azn)go(:nl,...,a:n)dasl...d:nn. @)
0

G>0

Brime MBI yCTAHOBWIM, YTO WMHTErpAT, CTOAUIMA B mpaBou (U cie-
IOBATEILHO, B JIEBOU) YACTU PABEHCTBA, €CTh MepoMOpQHas (QYHKIMA A
U ONpPENequIi €€ MOIIOCHI B 3aBUCHMMOCTH OT XapakKTepa OCOOEHHOCTEn
nosepxuaoctu G(z1,...,2,) = 0.

Tak kak nosegenue ¢yukuuu I(c) mpm ¢ > € > 0 He BamAeT Ha

o0
ocoberrocTu maTerpata | I(c)ctde, To, 3HAA DTH OCOGEHHOCTH, MBI MOKEM,
0

HA00OPOT, HAMUCATH ACAMITOTUYECKOE pasioxenue qyukuuu I(c¢) mpu
MAJIBIX 3HAYCHUAX C.
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A VMeHHO, MOXHO TIOKa3aTh, UTO €CIM PACTOTOKUTEL TOJIOCH (PyHK-
oo

mm F()\), sagasaemoit unterpatom [ I(c)cMde u ero amamTudeckmm
0

MPONOIKEHUEM, B MOPAIKE X yOLIBAHUA B MOCICIOBATETLHOCTE
“A, A2, ey = Ay (0<>\1<>\2<---<>\k<---)

1 0603HAYUTHL KPATHOCTb k-T'0 mOJIoca 4uepe3 my, To dyukuusa I(c) mpu
MAJBIX ¢ UMEET CIeIYIOMIee ACUMIITOTHYIECKOE PA3IOKCHHE:

oo Mmyp

c) ~ Z Z g™ TIn™ e (3)

k=1m=1

HeTpyamno ybemuTbcsa B TOM, 9TO KakKIO€ CIATAEMOE CIIpaBa OAET B
o0

unrerpate [ I(c)c*de m-xparmsmt momoc (cm. i I, § 3). Kooddumn-
0

€HT aj,, NOPU OTOM PaBeH KOX(P(PUIMCHTY IpH 0 B DAa3JOXKEHUN

1
Jlopana mas F'(\) B OKPECTHOCTH TOYKH A = —N\p, YMHOXEHHOMY HA
_1ym—1
(m—-1)! -
uarerpan I(c) B Buge:

Bcenomunas onpenenenue ¢yuxnun 6(G), MBI MOXKEM TIEPENUCATH

I(e) = /¢w=(5(G—0),<p)-

G=0

OTcroga caemyer, 9To, UMes aCUMITOTAYECKOe pasaoxkenue I(¢) B pAn 1o
CTENMeHsAM ¢, MBI UMeeM TeM caMbiM pasnoxenue (§(G — c¢),p) mo creme-
uam c. U3 dopmymnwr (3) moaydaercs, Takum 06pasoM, aCAMOTOTHYECKOE
pasnoxenue §(G — ¢) Opu MaJIBIX C.

Mpumepsr. 1. Ilycte G(z,y) = zy. Torma nepseiil mom0C 0606MIEHHON
dynkmun (zy)*, ompenerensoi umTerpatom | - fmy>0 zy) o(z,y)dzdy,

oyzer npu A = —1. Paznoxenue unrerpana | -- fmy>0 zy) o(z,y)dzdy mo
crenersMm \ + 1 umeeT Bum

/(wy)kw(w,y)dwdy =
zy>0

_20(0,0) | [ o(x,0) 7so(0,y) 1
_(A+1)2+ / T do + Yy dy i1

—00 —00
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Uurerpar I(c) = [ o(z,y)w") Jomyckaer, CleIOBATETHHO, ACHMITOTIIYE-
Ty=c
CKOE Pa3IOXKEHUE:

I(C)=—2¢(0a0)1nc+/@dw+ /@dyjh..,

e MHOTOTOYUEM 3aMEHEHBI WIEHBI, CTPEMAMNEca K Hyaio mpu ¢ — 0.

B cooTBeTCTBUY CO CKA3AHHBIM BBINIE MOXKHO MOJYYATH OTCIOa, PA3JIO-
XKEHUE MO CTeneHaM ¢ obobmennon gyukuuu 6(zy — ¢). OHO Oyger umersb
CIEAYIOUINN BUI:

O(zy — ¢) = =20(z,y)Inc + <¥ + %) + o(c). (4)

2. G = 22 + 9y® + 22 — 2. B sToM ciyyae mHTErpan

//(:L‘2 +y? + 22— t2)’\<p(x,y,z,t)dv

G>0
mvreet mpu A = —1 mpocToit momoc ¢ Beraetom §(x? + y? + 22 — t2) u mpu
A = —2 moaoc 2-ro mopAgKa, B OKPECTHOCTH KOTOPOI'O 3TOT UHTErpaJ

IOTYCKAET CIEeAYIOIIEe PA3IOKEHUE:

15(0,0,0,0 1
/.../G)‘apdu = _g‘P((/\+2)2) + 0+ {(p(0,0,0,0)an-l—

G>0
87 | [ 00,0 r ro
L8 /w( ; )—w(r,r)dr_/w(m)dr+/ [AGT0) N N O
3 r q ap
0 1 0 p=r
Mostomy §(G — ¢) MBI MOXKEM Telepsb NPEJCTABATH B BUIE:
o(x,y,2,t
5(G —¢) = §(G) + clnc% +ed'(G) + ..., (5)
rae G = 22 +y? + 22 — 2.
1)I-IpI/I 9TOM, KaK YKa3bIBaJOCh BBIIIE, MOXHO HOIYYIUTH W = % nim w = 7%, T.€.

T ey T elzayd
paccMOTpeTh uHTerpat [ % wm — [ SRR
—00 400
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Muororouune 3nech 3aMeHAeT WieHBl mopaaka o(c), a mon ¢'(G) mo-

HUMAETCA PACXOAANMACA MHTerpal | wi, PeryIApU30BAHHBIL TaK, KAk
G=0
YKa3aHO B (PUTCYPHEIX CKOOKAX.

Boo6ine, eciu G — yHKums, 1ia KoTopou noBepxHocTs G = 0 umeet
TOJBKO TIPUBOIUMBIE OCOOEHHOCTY, TO PA3JIOKEHUE 0OOOIICHHON (DYHKITUY
0(G — ¢) mpu MambIX ¢ MOXKET CIyXWUTb A ONPEeNeNeHUs OOOOIIEHHBIX
¢yuxnun §(G),0'(G) u T.4. B Tex clIyvasx, KOrJa HHTErPAIbl OT COOTBET-
CcTByIOINX AU EpeHInAIbHEIX (OPM PACXOIATCA.

A wmenno, ecamn

oo My

0(G —c) = Z Z Temec™ 1™ e,

k=1m=1

rae T}, m, — 00600ImeHHbIe (BYHKIINYN, TaK1e, ITO

(Thm»®) = rm

(ak,m — KO>dpduIMeHTE pastoxenus unrerpana I(c) = [ pw mo creme-
G=c

HaM ¢ u lne (em. dopmyay (3)), To gepes §(G) MBI 0603HAYUM CBOOOIHBIN

wieH 5Toro pasnoxkenus, depe3 0'(G) — B3ATHIL C OOPATHLIM 3HAKOM

KO>(pPUUOUEHT OpU MEPBOU CTENeHu ¢ u T.4. B gactHOCTH, dopmyna (4)

MEPeNuIeT S B BALE

d(zy —¢) = —2Incd(z,y) + 6(z,y) + ..., (4"
Tak aro’)
6(zy) = % + % (6)

B cayuae, xorga noBepxuocTs G = 0 HE uUMeeT OCOOBIX TOYEK, TAKOE
OmpeeJeHne, eCTECTBEHHO, COBIALAET C NAHHLIM BhIIe. /[[elCTBUTEILHO,

B OTOM CJayYae HUHTErpaJs f GAgOd’U nMeeT TOJBKO MIPOCTHIE IIOTIOCHL
G>0

D3ra ¢opmyna He Moraa OBITH mMOMyUeHA B § 1, Tak KaK TaM IpPU BBIBOIE (hOPMYILI

5(P) | Q)

I(PQ)=—~+—5~ (*)

Q P
noBepxuocTy P = 0 u Q = 0 mpeamosaraanchk HemepecekammuMucs. OHaKo KOrjaa OHU
MEePECeKAOTCSA (MPABUIBLHOY, T.€. TAK, UYTO MOXKHO B3ATH CUCTEMY KOODAUHAT U7, ... ,Un,

rae u1 = P u us = Q, To dopmyaa (*) merko BLIBOAUTCA NPU MOMOIIM DTUX CAMBIX
KoOpauHAT 13 GopMyast (6).
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A=-1,-2,...,—k,... u Beruer ero npu A = —k paBeH %5(’“*1)@;),
HORTOMY

5(G —¢) =6(Q) — ed'(G) + %5”((:) +.o 4 (_k—l')k(ﬂk) (G) + ...

W3 ¢popmynsr (4) MOXKHO CoETaTh MHTEPECHBIU BHIBOA. [Ipoanddepennupyem paseH-
ctBo (4) mo ¢

2
—8'(zy —¢) = 725($,y) + ...
YMHOXUB Ha —C ¥ YCTPEMUB €r0 K HyJIO, IOLYIAM:
e (zy — ¢) — 26(z,y).

Ananormuno, aBaxkabl NpoAnddEPEeHNIUpPOBAB MO ¢ PABEHCTBO (5) M YMHOXKWB €ro
mOCIe dTOr0 Ha €, MBI IPU CTPEMJIEHUN C K HYJIIO TOJYYIAM
. . o(z,y,z,t
05"(x2+y2+227t270)% (78aa).
Ecau npumeHUTH 3TH (HOPMYIBI K OCHOBHOU (DYHKIIMU ©, TO MBI CMOXKEM BBIYUCIUTDH
3HaYeHMe (PYHKIUM (p B HAYAJIe KOOPAWHAT, 3HASA €€ WHTerpasibl mo runepbomram ry = ¢
uIu runepO60a0u 1am x2 + y2 +22—t2=ec.



CBOJKA OCHOBHBLIX ONPEAEJEHUA U ®OPMY.I
BBIIIYCKA 1

CnaBal, § 1
1. Ocnoenas Pywxyus — Oeckoneuno mudpepeHnupyemMas QyHKIIAIL
o(x) = p(z1,...,%,), PABHAL HYJIIO BHE OTPAHUICHHOUN OOIACTH N-MEPHOIO
npocrpanctea R,.
2. Ocnosnoe npocmpancmeéo K — COBOKYyIHOCTHL BCEX OCHOBHBIX

dyuxunu. Jluwennse onepanvu B K ompenensiorTcs OOBIYHBIM O0Pa3OM.
MocaenoBarensuocTs 0, () € K Ha3BIBAETCA CXOAALIEUCA K HYJIO, €CIH
¢ysxnuu @, () CTPEeMATCI K HYJO DABHOMEDHO BMECTE CO BCEMU IIPO-
U3BOAHBIMU U OOPAIIAIOTCA B HYJb BHE OJHOU W TOU XK€ OTPAHUIEHHOU
00nacTu.

3. Obobwennas GywKyus — TAHETHBIA HETPEPHIBHBIN (DYHKIIMOHAT HA
npocrpancrse K.

4. Peeyaapnas o6o6mennas pyuknua — dpyukuuonan Ha K Bumga

(o) = / f(@)p(@)de,

rge f(z) — nMOoKaTbHO UHTErpUpyeMas yHKIUA.

5. Ocranbubie 0600UICHHBIE (DYHKIUYA HASLIBAIOTCA CUHYAAPHBIMIUL.

6. 0(x) — pyuxima, pasaaa 1 mpu x > 0w O npu z < 0 (n = 1).

7. Jeavma-Pynxyus 6(x — o) — CUHTYIAPHBIN (HYHKIMOHAT, TEUCTBY-
IOIMR 0 GOPMY.Ie

(0(z — x0),p(x)) = @(x0)-

8. dyuxnmonan f(r) Ha3LIBAETCA paswbim wyao 6 obaacmu G, ecan
(f,¢) = 0 mna BCAKOU OCHOBHOU (DYHKIIUM, PABHOU HYJIO B TAKOU 00Ja-
ctu G1, uro G u G1 nokpuiBaior Bce R,,.

9. Hocumeab pyHKIMOHANIA f — 3aMKHYTOE MHOXECTBO, HA NOMOJHEHUN
KOTOPOro PYHKIUOHAT f pABEH HYJIO.

10. ocmemoBATETHLHOCTE [, OOOOIMIEHHBIX (DYHKIIUA HAZLIBACTCA CLO0A-
wetica x 06obwennott Pynkyuu f, ecu nua awodon ¢ € K

Jim (f,,0) = (£.)-

11. [I1a KOMILUIEKCHBEIX OCHOBHBEIX M OOOOIIEHHLIX (DYHKIWH IEeACTBUA
TIPOM3BOIATCA TIO MPABUAIAM

a(f,e) = (f,ap) = (@f,p).
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Oyukumonan f tuna pyuxiuu f(r) onpexenserca mo Gopmye
(o) = [ F@e(@ds

12. O6o6uIeHHas PYHKIMA f, KOMILIEKCHO CONPXKEHHAS K TAHHOU f,
onpenenaeTcsa GoOpMyIon

(f,0) = (£,9).

13. IIpocrpaucTso S cocrour u3 6GeCKOHETHO-TU(PDEPEHIUPYEMbIX
dysxnun @(x), yIOBIETBOPAIIINX HEPABCHCTBAM

|a:k<p(Q)(:U)| < Chyg (n=1k,q=0,1,2,...)
UM, N1 HeCKOMILKUX TIepeMeHHBIX,

+..otqn
l‘kl l‘k" o q ‘P(Ila--- axn)
LT T

(iyosyqn = 0,1,2,...)

< Ckl.. q

qn

C COOTBETCTBYIOIIEN CXOIMMOCTBIO.
[nasa I, § 2

1. TlpousBogras 0606meHHON GYHKIMK f 1O apryMEHTY &; OIpenesd-

eTCsa paBeHCTBOM
of \_(;_09¢
(3%’@) B <f’ 595]')'

4. A= = —(n —2)Q,6(z), rae 2, — NOBEPXHOCTD eIUHUTHON Cepbl
B N-MEPHOM TPOCTPAHCTBE (N > 2).

Aln% = —27d(x) (n=2).



366 CBOJIKA OCHOBHBLIX ONPENEJEHUNA U GOPMY.JI BLIIIYCKA 1

5. Ecau mocae 10BaTembHOCTE 00O00IIEHHBIX (GDYHKIINA f, MeeT npeqer f,
TO MOCJIEI0BATENbHOCTD %L'{ “MeeT mpenen %’c—,
.7 2

6. Z cosne = —3 +7rZ§(x—27m)

n= 1

7. Z nsinny = —w Z 0'(z — 27n).
n=1 —0o0

8.1+e 42 4 . e i@ e 2ty =27 §(x —27mn).
—0o0
Z sinnz = SctgZ.
10.%@—)6( x) mpu € — 0.
11. T —i——>5( ) mpu ¢t — 0.
12, 15¥2 sy §(z) mpu v — oo.

I'maBa I, § 3

1. O606menHas GYHKINA ) 331a€TCA CAAVIOMUIMIE (POPMYIAMU: TIPI
y +

Re A > —1
(@0 / () 1)
0

mpu Re A > —n— 1,A # —1,-2,... ,—n,
! 1
" _
(@) = [ [ol) = 90) = 9'0) = .. - E v o) do +
0

? n (k-1) (0
+ /xA(p(x)dx + ;—(k ? 1)!(;+)k); 2)

mpu —n— 1 < Re A< —n

(@0 7&{ (0)—m@’(O)—...—%w(”_l)(O)] dv. (3)

Dra 0606menHas GyHKIMA Tpu = > () COBMALAET C OOLIMHON (hyHKIMEH 7,
npu x < 0 paBua Hya10. OHA AHATUTUYHA TIPU BCEX A, 38 UCKIIOIEHUEM TOYEK
A=-1,-2,...,—n,..., B KOTOPBIX OHA UMEET MOJIOCHI 1-T0 IOPAIKA.
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Dopmyna quddepeHnUpoBaHnuA O T:

d _
%mj‘_ =yt (N #£-1,-2,.0). (4)

A

2. O6o6mennan pyHkuus 2 3anaercs popmyaamu: mpu Re A > —1

0 o0
(2, p) = / P o (2)de = / Po(—a)de; (5)
— 00 0
mpu Re A > —n — 1A # —1,-2,...,—n,

1

(@) = [ (o) = 90 + 2/ 0) ~ .

o

- (1 ) do +
i = (D (0)
+ /xxcp(—x)dx + ; = 1)(;00\ s ; (6)

1

mpu —n— 1 < Re A< —n

xnfl

m‘ﬁ(nﬂ) (0)|dz. (7)

— (-1

d1a 0606mennas yukimsa mpu = < 0 copmanaet c |z|*, mpu x>0 — ¢ HyIeM.
Ona aHATUTUYHA TPU BCEX A, 38 UCKIIOUYEHNEM ToueK A=—1,—2, ... —n, ...,
B KOTOPBIX OHA UMEET MOMIOCHL 1-T'0 mOpAIKa.

Dopmyna quddepeHIUpoBaHnuA O T:

KL S W 4
e Az (AN#-1,-2,...). (8)

3. O606mennan gynxnua |z|* 3agaerca popmyravm: mpu Re A > —1

o0 (oo}

(P g) = / 2l o) dz = / () + p(—a))dr; (9)

—00 0
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mpu Re A > —2m — 1\ # —1,-3,...,—2m + 1,

(P0) = [ 2*{ita) + =) - 2[00) + Zr"0) + ..
0

(23;1 _ 2)'¢(2m (0)] fa +
* m—1 (2k)
+/:”A[() ]dm+z (2k)! (p/\+2k)+1). (10)

mpu —2m —1 < Re A < -2m+1

o0

1,2

(P0) = [ 2*{ita) + =) — 2[00) + Z30) + ..
0

x2m72

tamop? O]}z )

Ona cosmagaer mpu = # 0 ¢ ob6braron dyrKImen |z|}. DTa o6o6menHas

dyHKIUMA UMeeT 0cO6eHHOCTH (MoMocH 1-ro nopsagka) npu A = —1,—3,...,
—2m —1,...
Ipu A = —2m mur mamem |z =2 = 272™, Tak 9TO

@m0 = [ { (o) + pl-a) - 2[l0) +
0

2 2m—2

- (;n e O] }dz. (12)

B wacTHOCTH,

p(z) + p(=2) = 20(0) ,

p x. (13)

®
i
&
I
0\8

4. O6o6mennas GyskINa |7|} sgnz 3a1aeTes creTyommm hopMy.TaMu:
mpu Re A > —2

o0

(I sgnz,p) = /lexsgnw(w)dw = /wx[w(w) —p(=o)ldr;  (14)

—00
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mpu Re A > —2m — 2\ # —2,—4,...,—2m,

—

(o sgna0) = [ o (@) = p(-2) - 2[00 (0) +
0
+%§0”,(0)—|— (Qf‘nm_ 1)|<P2m 1) ( )]}daz+
* m—1 (2k)(0)
+1/xk[“0(x)_ ]d“'Q];) 2% + I\ + 2k + 2)’ (15)

mpu —2m — 2 < Re A < —2m

(1P sgnz. o) = [ {ile) - p(-2) — 2[a5/(0) +

3 2m—1

+ %w”’(o) b

a0 fde (16)

Oma copmagaer mpu = # 0 ¢ obbramHON dyHKmEeR |z|*sgnz. DTa 0606-
meHHasas QYHKIUA UMeeT 0COGEHHOCTH (MOMroCHl 1-ro mopsaaka) mpu A =

= —2,—4,...,—2m,... llpu X\ = —2m — 1 mB1 mumewm |z| 2™ lsgnz =
=z 2"~ ! max uaTo
@) = [o7m {ola) - pl-a) - 2[ap'(0) +
0
3 2m
T n z (2m—1) d 1
50" O0) et eI O] e (17)
B gacTrOCTH,
@) = [HD=EE g, (18)
0
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5. @-KpaTHBLIM HEOMNPEJeIeHHLI UHTErpaJ OT |CU|>‘ MOXHO 3aMUCaTh B
BUIE

//|1,|Adl,q — |g;|)\+q sgnl‘ xll 2k 1
A+1)...A+q) (2k — D)(q — 2k)! X + 2k
—— k:l
(20)
6. O600menHbIe PyHKIIUY
) ) |z |z|*sgnz (21)
0D [0+ TRH) T
ABJIAIOTCA TETLIMA (PYHKIUAME TI0 A.
B wacraOCTH, TP A — —N
23 (n—1) 22 15(n=1)
—_— o\~ _— -1 6\ ; 22
o 0@ o = (D @ ()
mpu A — —2m — 1
A -1 m6(2m) !
P 0 o
L (35) (2m)!
unpu A — —2m
A _1\ymg(2m—1)
o sgnr | (1)"C D (@) 1) -
r(52) @ = 1)
7. @yuxmuu In(z +¢0) u In(z — i0) onpenenaoTea caeIyIuM 06pa3oM:
In(z +40) = lim In(z + iy) = In|z| + in(—2), (25)
y—+0
In(z —40) = lim In(z —iy) = In|z| — inb(—x), (26)
y—+0

rue

_J Ompmz <0,
H(x)—{ 1 opu x > 0.

8. ®ymkmmu (z 4 i0)* u (z — i0)* onmpenenamoTca hopmyTaMu:

AT A
<0

0 = i A _ )€ |z|* mpm z , o7
(z +0) y—lgls-o(x +iy) {az* npu x > 0; (27)

—iAT A

<0

0 = i )€ |z|* mpm z , 98
(z = i0) y—lgls-o(x ) {az* npu = > 0. (28)
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OTu (PYHKIUU CYMIECTBYIOT IPU JHOOOM KOMILIEKCHOM A W OMPEIEIAIT pPe-
ryaspuble pyHkunoHatsl mpu Re A > —1. CooreercrByiomue 0600UICHHEIE
dyukuuu crposarca crepyomuM obpaszom. [Ipu A # —1,-2,...

(z +i0)* = 2} + 2t (29)
(z —i0) = 2} + e ), (30)

A

rae 06OOIIEHHbLIE (PYHKIUN xj\i_ u x? ompenerensl dopmyaamu (1)—(3)

u(5)—~(7).Ipu A =—-n,n=1,2...,

im(—=1)""t
(n—1)!

im(—1)"t
(n—1)!

(x+i0)"=2"" - sV (z), (31)

(x—i0) "= "+ 6= (), (32)

rae 0600mmennaa yHkua z~ " onpenenena dpopmymaon (12) wiu (17). Takum
obpazom, o606mennse Gynxmun (z + i0)* u (z — i0)* ompenerensr mpu

BCEX A. DTO LEeIble aHAIUTUYIEeCKNE (PYHKIIUA OT A.
CooTHoleHns
RSN . SN
z+i0)" = lim (z +¢
( )" = lim (4 iy)”,
LA . SN
rz—i0)" = lim (z — ¢
(0= i) = lim (z— iy)

BBITTOTHAIOTCA KAaK B OOBIYHOM CMBICIE, TaK W B CMBICAE OOOOIIEHHBIX
dysKIMn.
Dopmyasr nuddepeHITnpOBAHUS

i(x +i0)* = Az +i0)*1 (X #£0),

dj (33)
A — A1
T (z —i0) Az — 10) (A #£0),

d .

Lin(a —i0) = —

dz T T T T

9. O606mennasn Gpyuknua r* mpu Re A\ > —n 3a1aerca popMmyramu

(r’\,cp) = /r)‘cp(x)dx = Qn/r)*"*lSw(r)dr, (35)
R.. 0
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rae (), — TOBEPXHOCTHL EAVHUYIHOU C(Epbl N-MEPHOTO MPOCTPAHCTBA,

S,(r) — cpennee u3 3HAUEHUN QYHKIUY @ TO chepe pajuyca .

Odra 0600IIeHHAS (PYHKINA AHAJIATAIECKA MPOLOMKAETCA BO BCIO TLIOC-

KOCTBb \ C UCKJIIOYEHHBIMUA TOYKAMA A = —n, —n—2, —n—4,...,

oHa obuaagaeT modcaMu 1-ro mopsaaKa.

B KOTOPBIX

A
10. O606mennas pyukIusa ﬁ — nejas agaauTudeckas mo A. [Ipu
(5

A = —n ona o6pamaerca B §(z), mpu A = —n — 2k — B

(—1)EARS()
2kkln(n +2)...(n + 2k — 2)°

11. dopMyra pPasIoKeHus > Ha MIOCKUE BOIHEL:
/|w1a:1 + .t wpzp Mo 5 A
A+1 - Atn\
) T (352)

YHacrubie cayvau: Ipu 1 HEIYETHOM

1)
o(z) = W/(S(”l)(wlxl + ..+ wpty)dw;
Q

opu 1 Y€THOM

|
3(z) = —/ W1 F .t Wnn) " dw,
Q

a TakKXe Mpu JIO00M n

o(z) = n_l'/wx+ + wpty —i0) "dw
— 2 141 n'tn .
Q

[nasal, § 4

(36)

(39)

(40)

1. O6o6mennas Gyrxmma x5 In™ 2y (X # —1,-2,...) onpegersercs mo

creayrommum dpopmyaam: opu Re A > —1

o0
(3 In™zy,p / " zo(x
0

(1)
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mpu Re A > —n— 1A # —1,-2,... ,—n,

(wilnmﬂHﬂQﬂ =

= /x)‘ lnmx[go(x) —(0) —z'(0) — ... — (nxn_il)!cp(”*l)(O)]dx +
0
[ apm " (~)™mlph 1 (0)
+ 1/3:/\111 xo(x)dr + ,; = DIO T Ry (2)

mpu —n—1<Red < —n

(3 In™ 2y, 0) = /CU)‘ lnma:[go(:n) —(0) —z¢'(0) — ...
0

" )
N — n—
G (0)]dz. (3)
2. Dopmysa quddepeHIupPOBaHA IO \:
o™ A
m\—mx+:x+lnmx+ (A #£-1,-2,...). (4)
A

Pasnoxenwe dyskmum z} B pag Temnopa B OKPECTHOCTH DPery/IAPHOTO
3HAYEHUA Ag:

1
Ty = :cf‘i_o + (A= /\o)xj‘_o Inz, + 5()\ - /\0)2xj‘_° Iz, +... (5)

3. O6o6mennan GyHkIma T " ompeneraeTcsa GopMy.Ion

@70 = [ [olo) = 0(0) = 2 (0) = ..

n—2 n—1

A RS ree

 (n—2)!

o1 — 2)]dz; (6)

aTa 0600mmeHHaa (GyHKIUA coBmagaeT ¢ qpyHkmmen z~" mpu z > 0 n

pasua myaio npu < 0. OHa He ABASETCA 3HAYMEHUEM ONPENEJEHHOUN BHIIIE
dyHKIII a:i npu A = —n.
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4. O606mennse Gpyuxmun z, " In"™ o 3azarorca Gopmyramu

o0

(z"In"zy,0) = /x_”lnmx[cp(x) — p(0) — 2" (0) — ...

xn72 ( 2) xnfl ( 1
n — n 0(1 — z)|dx.
e 2)'4,0 (0) e 1)'4,0 (0)0(1 — z)|dz. (7)
5. B oxpecTHOCTH mOmOca A = —n pasioxenue ) B pal Jopana umeer

BUT

(_l)nilg(nil) (I) 1 —n —n
z) = ] }\+n+x+ +A+n)z "lnz, +

1
+ 5()\ +n)zi "I’z + ... (8)

6. O6o6mennas dpyrkmua x> In™z_ (A # —1,-2,...) onpexersercs mo
crenyrommm dpopmyaam: mpu Re A > —1

0 00
(2 In™x_,p) = / |z} In™ |z | (x)dz = /wxlnmmcp(—m)dm; (9)
—00 0
mpu Re A > —n - 1,2 # -1,-2,...,—-n,

(X Inz™,p) = /x)‘ lnmx{cp(—x) —(0) + 3’ (0) — ...
0

xnfl

(n —1)!

= (~1)nt go(“*l)(())]dx +

® . n -1 m+k71m! (k—1) 0
+/m)‘ln a:<p(—a:)da:+;( (k)—l)!(/\ -|-<pk)m+1( ); (10)

mpu —n— 1 < Re A< —n

o0

(X Inz™, ) = /x)‘ lnmx{cp(—x) — (0) + 2" (0) — ...
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7. ®opwmyna nudpepeHInpOBAHIS MO \:

" A A M 1
e 2 In™x_ (A#-1,-2,...). (12)

Paznoxenue Gpysximm ) B pan Terwnopa B OKPECTHOCTHU PEryJIAPHOTO
3HAYEHUA A\g:

2 =2+ (= N)zMInz_ + = ()\ Xo)2zIn?z_ + . (13)

8. O6o6mennas GyHKIUA Z_ " OMPeneaaeTcs (hpOpMyIon

)= o el-e) - p(0) + 200 -
0
- (_1)n—1%¢<n DO )]s (14)

5Ta 060061IIeHHAS QYHKINA COBMAJAET ¢ OOBIMHON dyHKUMen |x| ™" npu z <0
u ¢ gyaem opu = > 0. Ho oHa He aBAseTca 3HAYEHMEM OIpPENETCHHON BEIIIE
aHAMUTHYECKON (BpYHKIME &) Tpu A = —n.

9. O606mennbIe pyaKIME " In"" _ 3ama0Tca GopMyIaMu

(z""In"z_, /x_”ln zlo(—z) — (0) + z¢'(0) —
. (_1)n—1%¢<n—1>(0)0(1 —o)]de. (15)

10. B 0OKpecTHOCTH mOMIOca A = —n pasaoxkeHne 2 B pax JlopaHa nmeer
BUI

s=D(z) 1
A_ - \" —n
== n—1! A+n oo

+A+n)z""Inz_ +
1 2, .—n1.,2
+5(>\+n) z"In"z_ +... (16)

11. dymxmmonan |x|)‘lnk|x| ompenenaeTcsa mo GpopMyaaM, AHAJIOTUI-
mpiM (9)—(11) cTp. 367 368, ¢ 3amenon Bcony z* Ha 2> In® .
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B OKpecTHOCTH peryIsapHON TOIKE \g pasioxenue GyHkmmn |z|* B pag
Tenmopa nMmeer BuL

1
|a:|)‘ = |:U|>‘° + (A= )\0)|:U|>‘° In|z| + 5()\ — )\0)2|az|)‘° In2 lz| + ... (17)

B okpecTHOCTE mOTIOCA A\g = —2m — 1 pasnoxenue Gynxmmn |z|* B pan
Jlopana nmeer Buj

25Cm) (z) 1

2l = @m)! rx+2m+1 a5+
+ A +2m+ Dz x| + ..., (18)
roe mpu —2m — 2 < Re A < —2m
Jp| 72 = g 2 g2 (19)
2|72 ¥ ] = 22 i ey + 22 InF (19a)

B 9aCTHOCTH,

(" 0) = [o2m1{p(a) + p(-a) - 2[(0) +

g "0) + ... + T (om) (0)6(1 — a:)] }dm (20)
o7 T em)? '
O6o06mennas dynaxmus |z| 2™~! cosmazaer ¢ oObITHOW (ByHKIHIEN

|z| 2™~ mpu x # 0.

12. O606mennas Gynkuusa |z|* sgnzIn® 2| onpegerserca no dpopmyram,
amanormaas (14)—(16) crp. 368, ¢ 3amenoi Beroxy z* ma 22 In® .

B OKPeCTHOCTH PeryIapHOR TOYKE Ao pasnoxkenue (yHkmmn 2| sgnz

B pan Temnopa umeer BU
|z|}sgna = |z sgnz + (A — Xo)|z|* In |z|sgnz +
1
+ 5()\ —Xo)?|z[ In|z|sgnz + ... (21)

B oxpecTHOCTE MOMIOCA A\g = —2m pasnoxenue GyHkumz |z|*sgnx B
pan Jlopana uMmeeT BUI

6Cm=(z) 1
(2m — 1! A +2m

|z|* sgna = —2 + |z| > sgnx +

+ (A +2m)|z|"*™ In|z|sgnz + ... (22)
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raenpu —2m — 1 < Re A < —2m + 1

|7 sgny = 2™ — a2 (23)

|z

|z| 2™ In® || sgna = z;" Infz, — 27 Infz_; (23a)

B 9aCTHOCTH,

(1 2" sgnae) = [ o2 {o(a) = p(-a) - 2[0'(0) +
0

x2m71

+ %wlll(O) + ...+ !90(2m71) (0)6(1 — :L”)] }d:ﬂ (24)

(2m —1)
Homguepkuem, aro |z|~2™ ! me ects 3mauenne |z|» mpu A\ = —2m — 1 u
a1o || 2™ sgnz me ecTsb 3Havenue |z|*sgnx mpu A = —2m.

O606mennas dysxnus |z| 2™ sgnz copmagaer mpu ¥ # 0 ¢ OOBITHON
dbyrknuen |z| 7™ sgn .

13. Mpomssoaueie mo A o6o6mennbix Gyskmmit (r + i0)* u (z — i0)*
0603HAYAIOTCA COOTBETCTBEHHO Yepes

(z +i0)Mn(z +i0) u (z + i0)* In(z — 0);
DTO LeTble (PYHKIUUA OT A\, KOTOPBIE BBIPAKAITCA (DOPMYIAMUA:

(z +i0)* n(z +i0) =

zy Inzy +ire? Tz + e X Inz_ mpu A # —n,
= . _n 12 5("_1)(m) _ (25)
(=Dmira”" + (-1)" 5 + @ "Infz| mpum A = —n;
(z —i0)M n(z — i0) =
:Ui‘ Inz, —ire”?gr e~ A Ing_ mpu \ # —n,
= n—1, —-n n—1w2 (5(”71) x —-n
(—)" time=" 4+ (1)L e b e Mnjz| mpu A = .
(26)
14. B okpecrHOCTH HOIIOCA A = —N — 2k DYHKIMA 1 PA3IaraeTcs B PAL
Jlopana
5(26) 1
,r/\ — (T) Qnr7n72k +

"TER Atnt2k
+ QA +n 42k Knr ... (27)
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—n—2k
)

3necs pyuxmmonasr 68 (), r =2k In" r mpuMeHsIOTCA K (DyHK-

muaM Sy, (r) mo dopmyram:

(529 ).8,(r)) = SE9(0), (28)

(r %%, S,(r) = / pm2k=n [Sw(r) — o(0) — ...

(29)
,I,2k72 ,r2k
- ms&’“*” (0) — ms}j”ﬂ (0)6(1 — r)|dr,
(7‘*”*2’c In™ r,Sw(r)) = /rf%*”lnmr{sv(r) —(0) — ...
0 (30)
7"2k
- ng’k) (0) — 61 — r)]dr.

Bemmauna 55,2’“) (0) BBIpAXKAETCA HEMOCPEACTBEHHO Yepe3 PYHKIuO (1)
U ee IPOU3BOAHBIE IO POPMYIE

e (2k)!192,A70(0)
$0(0) = 2%kln(n +2)...(n+2k—2)’

(31)

LnaBal, § 5

1. Hpambim npouzsedenuem f(x) X g(y) dyukunonanos f(z) u g(y)
HA3BIBAETCA (DYHKIMOHAT B MPOCTPAHCTBE OCHOBHBIX (yHKIUE ©(T,y),
IEUCTBYIOMUU 110 hOpMY.Ie

(f(x) x g(y),p(2,9)) = (f(x),(9(v),»(x,9))).

2. Ceepmxoti f(z) * g(x) dyukunonanos f u g Ha3BIBAETCA (DYHKIMOHAT
B MPOCTPAHCTBE OCHOBHBIX (GDYHKIUN (1), TeUCTBYIOUMI O GopMyIe

(fxg,90) = (f(x),(9(y),p(x +¥)))-

CeepTka onpefejeHa mpy BHEIIOIHEHAN OJHOTO U3 CASLYIOMNX YCIOBUY:

a) OauH U3 QYHKIWOHAIOB f,§ MMEeT OrDAHUYEHHBIN HOCUTEIID;

6) HocuTemu OOOMX (YHKIMOHAJOB OrDAHUYEHBI C OLHOU U TOU XKe
CTOPOHBHI.

HpI/I BBITIOTHEHUU STUX yCJIOBI/Iﬁ CBEPTKAa KOMMYTaTUBHaA U aCCOIUATUB-
Ha.
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3.0 x f = f mna moboro f.
4.%*f:5’7€.
5 g0 (Fx0) = 58 v g = f x5

6. Us f, — f caemyer f, x g = f * g Opu KaxJIoM U3 CJIEIYIONAX
MIPEIIIOMOKECHUAN:

a) s6ce PYRKUUOHAAbLL [, COCPEIOMOUeHbl Ha 0OHOM U TOM HCE 02PaAHU-
UEHHOM MHOHCECTNEE;

6) Pynryuonas g cocpedomouer na 02PaAHUUEHHOM MHOHCECTNEE;

8) wocumeau Pynryuonato8 f, u g ozpanuunenst ¢ 0dwotl u Mol e
CTMOPOHBL U NPUMOM He 368UCAUWET, OM V KOHCMAHMOT.

7. Qyndamenmasvubim peutenuem ypasHeHus

p(gﬁuzg (1)

HA3BIBAETCA 0600menHas pyukuusa F (), yI0BIeTBOPAIONIAA YCIOBUIO

P(2) 5=

Pemenve ypasuenus (1) MoxeT GBITH BEIPAKEHO O (HOPMYJIE
u=F=xg

TIPU YCIOBUU CYIIECTBOBAHUA >Tou ceepTku. CMm. Takxe ra. [, § 6, mm. 1-3,
. 11, o 8, ron. 10T, § 2, m. 5.

8. @yndamernmanbrbim peutenuem 3adauy, Kouw nas ypaBHeHU:

2 p(2)s o

Ha3BBAETCA 00600menuas qyukuua F(r,t), 3aBUCAIAA HENPEPLIBHO OT
napamerpa t, aBrAomaaca npu ¢ > 0 pemenuem ypapHenusa (2) u obpa-
matomasacs B 0(z) npu t — 0.

Pemnenne ypasaenus (2) ¢ HadaupHbIM ycaoBueM u(x,0) = ug(z) Moxer
OBITH MPEACTABICHO B (hopMe

u(z,t) = E(z,t) * ug(z),

MIPU YCJIOBUU CYIIECTBOBAHUA STOU CBEPTKU.
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9. Qyndamenmanvrubim pewenvem 3adeuu Kowu Iia ypaBHEHUs

P[22 =0 .

M-ro nopsAgKa no ¢ HaszwBaeTcsa o6o0mennas pyuxnua E(x,t), saBucamasn
HEMPEPLIBHO OT MapaMeTpa t, ABAoMaAcT npu ¢ > () pemnreHneM ypaBHe-
uua (3) u 061 JA0NIAA CBOMCTBAMU

lim B(z,¢) = 0, lim 2288
t—0 t—0 Ot
m—2 m—1
Perenne ypasHenns (3) ¢ HAYATILHBIMA YCJIOBUAMMU
ou(z,0) O™ 2u(x,0)
U(I,O) = T = ... = W :0,
o™ tu(z,0)
a1 = Um—1(2)

MOXKeT OLITH IIPeJCTaBICHO B hopMe
u(z,t) = E(z,t) * upm—1(x)

TIPU YCIOBUU CYIIECTBOBAHUA >Tou ceepTku, CM. Takxke ra. [, § 6, mm. 4-5,
ra. IT, o 8, ro. T11, § 1 1. 6.

10. Humeepaa nopadra A ot o606mwenHon GyHKuuu ¢(), pPABHOU HYJIIO
npu z < 0 (n = 1), onpenenserca Ghopmyaon

IIpu Re A <0 sra popMyaa onpegerser npouzsodnyio ot g(x) mopsaika —A.
11. Tunepreomerpudeckas (pyHKIIUA

a T :% / B-1(1 _ \7B-L(] _ )
He rw)rw—mo/t (1= 07720 — )=t

YIOBIETBOPAET yPABHEHUIO

7! dP= [aﬁ_l(l - x);a]

R )
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nIn

F(a,B,v,x) =

V(1 — x)otBy d="? [ml_ﬁ_l(l - a:)f'f__”]

T'(v)  daF T(y - B)

12. Beccenera dynxmusa Jy (/1) cBa3ana ¢ >reMeHTaApHEIME (YyHKIUAMEA

creaymomen popMyaon ApoOHOro AuddepeHImpOBAHNA:

d2"2 cos\/u
2)\ A2 _ .

Cnasal, § 6

1. ®dDyugameHTaTbHOE  PEIICHUE  DIIUMITUYECKOTO
) —
P (£) E(z) = 6(x) MoxeT GBITH 3amucaso B hopume

E(z) = /Uw(wﬂh + ...+ wpy,—n)dQ,
Q
rae

o0

1
vy (§,A) = m / G(& — n,w)n)*dn,

npudem G(€,w) eCTh pelieHre ypaBHEHUA

d d
Plos, . w2 )aeEw) =66).
(w1 o dg) G(Ew) = 8(6)
[Ipu n veveTHoMm Bhipaxkenue (1) mpusoguresa k Buny (€ =wizy +

_ (=)= "G (¢ w)
Ble) = Q,(2m) "= 1-3...(n —2) J g -

YPaBHEHUS

(1)

et wnTy)
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) . )
2. Ecmn P (%) — 0ZHOPOAHEI MHOrOWIEH OT Ba; CTETIeHM M, TO E(x)
UMEeT BHI

dQ
Plwr, on)

e
©4(2m)m=1(2m — n)!

/|w1m1 + ... 4+ wna:n|2m7"
Q

(2m > n, n HEUETHO);

dQ

_ (—1)T2 / (WiZ1 + oo+ wpmn)?™ P n|wiTy + ...+ We Ty
N (271')”(2m—n)!Q P(wi,...,wn)

2m > n, n 9eTHO);
( ; ;

1)
_ =D /6(”_2m_1)(w1x1 + . 4 wpty)

- 2(2m)nt J P(wi,...,wy)

(2m < n, n HedeTHO);

dQ

(_1)%(71 - 2m - 1)! / w1y + C+ wn$n|2m "
P(wi,... ,wn)

2m < n, n 49eTHO).
( ,

3. Yxazauubie (pOPMYJIBI OCTAIOTCS CIPABEIIABLIMY U 1JIs OJHOPO JHBIX
OIIEPATOPOB P(a%), y koropeix grad P(w) He obpalmaercsa B HyJab IIPU
P(w) = 0, w # 0; HO uHTEerpajisl B >TUX (GHOPMYIAX MOHUMAKTCA KAK
PeryJIapu3oBaHHbIE (B CMBICJE IVIABHOrO 3HadeHus 1o Komm).

4. ®dyngaMeHTaTbHOE pemreHre 3agadu Ko  aia  ypaBHEHUS

P (%’B%) = 0 umeer BUI

rae G, (t,€) — byHmameHTaILHOE pernenue 3agauu Koum 111 ypaBHeHus

0 d d
P<8t 15 -,wnd—€>u(taf):0

B wacTHOCTH, TPU N HEYETHOM

(D% ()t A

) =
u(m 1) an%(n - 1)! dgn=1
Q

Gw (taf)dﬂ
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5. Ecmm P (%,6%) — OJHOPOIHBIA TUMTEPOOIUICCKUN MHOTOUICH MO-
panka m, 7o u(z,t) IpuUHAMAET BU

(1"

22m) 1 (m —n —1)!

x / (Z rpén + t)m_n_1 sgn™ ™" (Z Tk + t) dw

P(1,£)=0

u(z,t) =

X

(m > n — 1, n HeUeTHO);

- <2w>n%r(n_ ?Z_ ! / (Some+0)" " %‘dw

P(1,£)=0
(m > n —1, n geTHO);
_ (_1)"71 (n—m)
= @m)n T / 0 (Zwkfk + t) dw
P(1,6)=0
(m < n —1, n HeIeTHO);
(=) (n —m)! dw
- 27\ . t n—m+1
) P(1E)=0 (O zkér +1)

(m < n—1, n geTHo).
Inasa I1

1. IIpeobpazosanue Dypve ocnosnot Pynryuy o(x)

P(x) = /cp(x)ei(“lsl"'“""“"s")dxl...dxn

€CTh IeJIasgd aHaJUTUIeCKasa (I)yHKI_II/Iﬂ KOMILICKCHBIX IIEPEMEHHBIX S1 — 01 +

+ 14T, ..., Sn = Op + iTy; OHA YIOBIETBOPSAET HEPABEHCTBAM
q1 n a1 |71+t an|Tn
[sT"...8Tab(s1,...,5n)] < Cpe 17l ! ‘,

rze {|z;| < a;} — obaacTs, BHE KOTOPOK OCHOBHAI BYHKIMA p(x) 0Opara-
€TCA B HYJb.

2. CoBokynHOCTBH BCex (GyHKUun t(S) yKasaHHOIO BUJA HA3BIBAETCA
npocmpancmsom Z. llocaegoBarensHocTs ¥, (S) € Z HazbBaeTCA crodauyeli-

ca K myao 6 Z, ecau ux npoobpassl Pypee ¢, (x) € K cxomarca K HyIO
B K.
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3. lIpeob6pazosanuem Dyphe 0600IeHHON DYHKIUA [, T.€. PYHKINOHA-
Ja, TEUCTBYIOIIEro Ha, MpocTpancTse K, HasbiBaeTca pyukumonan g = F(f),
OIpPENeJeHHBIN Ha IPOCTPAHCTBE Z U AEUCTBYIOUMH 110 GOPMYJIe

(9,9) = 2m)"(f, ),

rae 1 (s) € Z ectb npeobpasosanue Pypwe ocHOBHOU pyHKIME @(x) € K.
4. MuddepeHnnpoBaHne U YMHOXKEHIE HA, HE3aBUCUMOE TIEPEMEHHOE TP
npeo6pazopanuu Dypoe:

F{P(gﬂf]:PewﬁwL

FIP@)f] = P (ig:) FlIl

5. IIpeo6pasoBanue Pypbe NpaMOro mpou3BeICHU:

F[f x g] = F[f] x Flg].

6. IIpeobpasoBanue Pypbe GyHKIINOHATA, COCPETOTOYECHHOTO B OT'DAHU-
YEeHHOU O0JACTH, €CTh (PYHKIMOHAI TUIA (OyHKIIN

FIf] = (F(@),e"®)) = (f(x),e=i(z2).
7. F[S] =5.

8. Ecin u(z,t) ecTb dyHIaMEHTAALHOE pelneHue 3anadu Komm 1

ypaBHEHU %—‘; - P (ia%) u =0, To

t t>0,
B(a,t) = u(z,t) upnm

0 mpu t <0
YIOOBIETBOPAET yPABHEHUIO

% -P (i%) E(z,t) = 0(x,1).

9. Tlpeo6pazosanus Pypbe KOHKPETHLIX OOOOIIEHHBIX (DYHKIIUN JAHLI
HIKe B cBogHOM Tabmuie (cTp. 396— 402).

Cnasa III, § 1

1. @opma Jlepes w una nmosepxuoctu P(zy,...,x,) = 0 onpemersercsa
PaBEHCTBOM

dP -w =dzxy...dxy;
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B TOYKaX, I'Je % # 0, ee MOXKHO MIPEICTABUTEL B BUIEC
J

dzy...dzj_idrji, ... dx,

opP
Oxj

w= (=171~

2. ®yukumonan §(P) onpenenserca mo Gopmyre

(5(P).p) = / ().

P=0

3. 8(P) ects xapakTepuctuieckas Qpyukuus ooractu P(z) > 0. Umeer
MecTO dpopmy.aa quddepeHInpOBAHNA

0'(P) = 4(P),
WHBIMU CJIOBAMH,
00(P) oP
= —0(P).
6:vj ax]- ( )
4. DOPMBL W1,... ,Wk,... 3ATAIOTCA YCIOBUIMUT:
wo ((p) =p-w,

dwo(p) = dP - wi(p),

Wurerpan ot popmet wi(¢) mo nosepxuoctu P = 0 onpenenen o fHO3HATHO.
5. IMeoT MecTo paBeHCTBA

6. PyugamenTanbHOe perrenre 3aa4u Kol 1 BOTHOBOI'O yPABHEHUs

(A—g—;)u=0npnn=2k+3HMeeTBng

—1)k
Ela,t) = éﬂklﬁ(’“(ﬁ —£) (P=al 4.t ad).
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7. Eciu mosepxuocTu P = 0 u (Q = 0 He uMeroT 00MUX TOYEK, TO
§(PQ) =P13(Q) + Q4(P).

8. Ecau a(x) me obpaiaercs B Hy/Ib, TO

§(aP) = a™'6(P),

9. Ha moBepxuoctu Py = P, =...= P, =0 ¢opwma Jlepes w onpenpensercs
U3 yCJIOBUA

dP;...dP, -w =dx;y...dz,.

P ... P
B wacTHOCTH, ecin sxOOMan D ( a:l a:k # (0, MOXKHO TIOTIOXKUTH
1 .- k
diL‘k 1. .dx
w = P+ 1’; :
D ( e P )
I e T

10. O6o6mennas gyukuusa 6(Py,...,P;) onpenensercs ¢Gopmyaon

O(Prsees Phplonsean)) = [ pew

Pi=..=P,=0

11. Dopma Wa, ...aj41,...as () OTIPEIEIACTCS IEPE3 DOPMY Wars ... ,...c0n, ()
ypaBHEHUEM

d(dP; ...dP;j_1dPj;1 ...dPywa,..a;..ap) = (—1) 1dPy .. dPywa, .oy .an-

m§(Py... P
12. O6o6mennan pyHKImIA w ONPENENACTCA PABEHCTBOM
T BP;

<M <,0> =(-1)™ / Way..an (@) (M =oa1 + ...+ ay).

(65} g
aP™ 0P
Pi=...=P,=0
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13. NmeroT MecTO paBeHCTBA,

0 Y 85(Pr,...,P) OP;
a—xj(s(Pla---aPk) = ZTa—x],

i=1
Pl(s(Pla apk) = 0:
PPis(Py,...,P) =0,

U PaBEHCTBA, MOLyvaeMble U3 YKAa3aHHBIX (pOpMaIbHBIM AuddepeHunnpoBa-
muem o Pi,..., Py.

[nasa III, § 2

1. O6o3nauenus

_ .2 2 2 2
P=uoi+.. .tz -2 — .. — Ty,
_ 2 2 2 2
Q=51+ ...+8, —S,1— -~ Spie
0? 0? 0? 0?
L:8w2+m dz2  8a2., T 022,
1 p p+1 p+q

n = p + ¢ — Pa3MEpPHOCTH IPOCTPAHCTBA; P, ¢ > 0.
2. Onpedesenue ob60b6wennniz Gynryud 6§k) (P), 6516) (P), s®)(Py),
§W(P_), P}, P2, (P +i0)*, (P —i0).
21.pup>1,¢>1
ut du,

(0101 = 1] 2ot
0

(650P).) = (—41)k /86_; ("7 v ()
0

q—2
v 2 dv,

u=v

rae depes 1 (u,v) 0003HAYEeH MHTErpax OT (PYHKIUU ( IO HOBEPXHOCTU
az% + ...+ CUZ =u, a:%+1 + ... +a:%+q = v, TeJeHHBLIA HA, up_;lv%.
Hanucanuste maTerpane: cxonarca npu k < 5 — 1;mpu k > § — 1 onn
MOHUMAIOTCA B CMBICIE PErYIAPU3OBAHHEIX 3HAMEHUN B COOTBETCTBUN C § 3
. L
AnanoruaeeiM 06pa30oM OIPEIEMAITCI 55’“) (P) n 6516) (P) B uckmovn-

TeJbHBIX CIyvasax, korga p = 1 wiu q = 1.
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2.2.

(P},p) = /P}‘tpdxl...dxn;
P>0

(P, p) = /(—P))‘cpd:nl...dmn.
P<0

OTU MHTerpanbl cxogarca mpu Re A > 0 u mpencrasiasior cobou aHa-
autudeckue GyHkiuu ot A; npu Re A < 0 OHM HOHMMAIOTCA B CMBICJIE
AHAIUTUIECKUX IPOJTOIKEHUH IO .

2.3.
sM(py) = (—1)kk!/\:BL:1;{;1Pi,
(k) = (=1)Fk! A
SW(P_) = (-1) k.}\:BL:I]‘C{_.lpi.
2.4.

(P +i0)* = P} + ™ P,
(P —i0)* = P} + e ™*PA

3. Ocobvie mouru pywwyuii P}, P>, (P 4 i0)*, (P —i0)*.
3.1. p — uemmnoe, ¢ — neuemuoe wucso. CYHKIUA Pj‘ UMeeT TPOCTHIE

TTOMIOCHL B TOUKax A = —1,—2,...  —k,...;
r_ EDF ey
g Pe= oy ()

3.2. p — neuwemmoe, ¢ — uemnoe wucao. Pynkuua P} umeer npocTee
MOMOCH B TOYKaX A = —1,—2,...,—k,..., a TaKKe B TOUKax \ = —3,
5 =1 =5 =k

k-1
N Gt )
R
1 9 n
BEr. P} = ()iLké(xl,... , Tn)-
A=k 44T (2 + k)

3.3. p u q — uemnsvte wucaa. PyHKIUA Pi‘ “MeeT MPOCTHIE TOTIOCH B
Toukax A = —1,—2;... ,—k,...;

(=D (ke n
BErT, P} = W(ﬁ (P), ecrm k < ok

(=DEHTY (3r1)

}\:—%—k +:(%+k’_1)'1 (P)+
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3.4. p u q — nHeuemuwvie yucaa. CYHKIUA Pj‘ UMeeT MPOCTHIE MOMIOCH
B TOUkKax A = —1,—-2,—3,..., (% — 1); B TOYKaXx A = —5, —5 — 1,...,
DTa (PYHKIUSA UMEET MOTIOCH KPATHOCTH 2.

-5 —k,...
Opu k < §
r_ GO ey
B oxpectroctu A = —5 — k
k k
PA _ c(—2) c(—l)
+ = 2 n )
A+2+k)° (A+5+4k)
rae
) _ ()t
k) _ \™ k
2 T gk (2 ¢ k)L 0@ s2n)
u

(] (%)] Lk(S(l'la"' ,xn)'

)

)

(

M

(-t

- AFEIT (

SIEIRSS

3.5. [Ipu mepexome oT Pj‘ k P crenyer B 3.1- 3.4 MOMEHATH POIAME

MHIEKCH P U ¢, & TaKXke 3aMeHnTb L Ha —L u (ﬁk*l)(P) HA, 6§k71)(—P)
3.6. ®ynxmun (P + i0)* u (P — i0)* mmeoT ocoGeHHOCTAME JTHITH
no_

n n
_55_5_]-:"'7_2 )

OIPOCTHIE IIOJMIOCBL B TOYKaAX A=

VA —x e iUrd
A:f,léi;k(P +1i0)" = /\:BEIéI;k(P i0)» = FET(Z 1 F) L¥5(x1,...,xp).
By, o (P), 60 (Py) u s®)(P-).

4. Cea3v mencdy Pymryuamu 0

k k
4.1. 6 (=P) = (=1)ks{P(P).
4.2. Fcau n — mewemmoe, a maxaxce ecau n wemuoe u k < % —1, mo

sM(P) = 68 (P) = 6 (Py),
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ecau n — uwemnoe u 'k > 3 —1, mo

5Py = 68 (P) = ¢p gk LF E 62y, a0),
5Py = 8W(Py) = ¢, (LETEF b (ay . w),

y2rs

!
D,:k
4.3. Ecau p u ¢ — uemmnvie wucaa w 'k > § —1, mo

TAe Cp gk U C — YUCJIOBBIE KOD(MDPUIMEHTHI.

1 . —1)%71'%
_1)ks® (pLy — 5 (P ) — ¢
D OP) ~ 8P = T

'Lk+17%6(1‘1a"' axn)a

BO BCEX OCTAMBHLIX CJIYJaax
50 (P_) = (—1)6(M) (Py).
5. Dyndamenmaavnoe pewenuve K OJupdepenyuaspnozo ypasuenus

Lku = f(x).
5.1. Ecau n — neuemmuoe wucto, mo

Ky = (-1 ) (P 4 i0)- 3+ =
1= O R s e B0
eEUT (5 — k) (p-2+k | n(-3+k)ip—3+k
U G = D (Pr#™ 4 erlEripTiet),
K, = K.

5.2. Ecau n — wemnoe wucao v k < 2

5, Mo

p€27T (3 — k) (P 4 i0)~3+k =

4k (k — 1)
e (2 — —24k n 24k
= V' _(21)v7r%) PR ()RR
—1)"3thg .,
# DT () iy |,

— 4k — o4k
rae P, u P_ 0003HAYIAIOT CBOOOMHBIE WIEHBI JOPAHOBCKUX PA3JIO-

JKeHnr (pyHKIuK P;\ 1 P? B OKpecTHOCTH TOUKE A = -5 +k;

K> = K.
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5.3. Ecau n — uemmnoe wucao u k > 5, mo

g5t

4k (k= 2)1(k —1)!

(P +i0)~ 2 *In(P +i0),

K, = K;.
6. ®opMyasl mH. 3, 5 OCTAIOTCA COPABEIIUBHIMU IS TPOU3BOJLHOU
HEBBIPOXK IEHHOU KBaIPATUIHOU (POPMEL

n
P = Z JaBTaZ3.
a,f=1
B sTom cryuae

n 6 62
L= Z g al‘aal‘g’

a,B=1

n
Q = Z gaﬁsasﬁa

a,B=1

n
rae koaddunuenTrr ¢g*° ompenensiores w3 yerosui Y, gasg’r =07 (67 =1
=1

upu Y = @, 0] = 0 npu v # «).
B ¢opMy.IEL II. 3 Hy2KHO IpHU 3TOM JOOABUTH CIPABA B KAIECTBE MHOXKN-

L _
Tend Ja0 a B ¢opMyasl n. 5 go6aButh \/|A| , roge A IUCKPAMUHAHT

xBaapaTuIHOn GopmMur P.
7. Tlpeo6pazoBanus Pypbe PyHKIUU, TEPEUIUCICHHBIX B . 1-6, npu-
BEIEHHI B CBOLHOU Tabauile npeobpasosanun Dypre (HUKeE).

I'masa III, § 3

1. O606mwennan ¢yukuus f(zy,...,2,) HA3BIBAETCA 00HOPOIHOT PHymK-
yuel cmeneny A, ecan L 106ou ocHOBHOUN GyHKuun ¢(z) u a > 0

(£0(2)) = (1.0,

2. Ecu f(x1,...,T,) TOTOKUTENILHAS HENPEPHIBHAA OTHOPOIHAA (DYHK-
musa 1-u crenenu, TO 0600MEHHAA (DYHKITUA

(o) = / Pod,
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OMpEeIeJeHHAs dTUM UHTErpaaoMm mpu Re A > —n, MOXeT ObITh aHAIUTHU-
9eCKH MPOIOMIKEHA BO BCIO ILIOCKOCTh A, 38 UCKIIOYUEHUEM TOYeK A = —n,
—n —1,..., —n — k,..., DIe OHA UMEET MPOCTHIE MOJIOCH. AHAIUTHIECKOE

npogomxernue fA B o61acTs Re A > —n — k — 1 3agaerca (popmyon

() = /f)‘(:v) {(p(m) —(0) — ...
G

.= E Z xit.xen JA] dz + / N x)p(x)de +

! ..oz
a1 +...ta,=k 1 n

1

R—-G
k
8m(p(0) /A o o
m= o 4

14+...+an=m

rxe G — o6racTh, cofepIKalias HadaI0 KoopauHar, [ — ee rpanuna, a w —
auddepennuarbHas GopMa

z1dxs ... d, — xodrides ... de, + ...+ (=1)" P a,dry .. de,_.

B mosoce —n — k —1 < Re A < —n — k »Ta xe dopmyaa MOXKeT OLITH
3anmCcaHa B BUIE

(Fe) = /f)‘(x) {cp(x) —(0) — ...

1 % (0
.= Em—i_mz—mn:ka:fl wz"ﬁ dx.
Boraer gyskmmm f* B Touke A = —n — k paBen
(—1)* *5(x) R e
k! w_;an:k Oaft Dy | T frHEw) v
B gacTHOCTH, B TOUKE A = —n OH paBeH

5("3)'F/fni(x)'

3. Tlo mpousBOJBHOU (HOPMATLHO OmHOponHoun (yukiuu P(z) creme-
H1 —n 1 obaacTu (G, comep:Kallen HavaaI0 KOOpAUHAT, CTPOUTCA 0600IIeH-
HasA (PyHKIIUA

@

o= / B (@) p(x) — p(0))dr + / B(z)p(x)dr,

G R-G
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JOKATBLHO coBmagawmmmai ¢ ®(r) Bciomy, kpome Hyda. DTa 0600LIICHHASL
dyukuus ®|¢ ogHOPOHA CTEmEeHM —n TOTAA U TOABKO TOTJA, KOrAa

/(I>-w:0,

r

rae I' — rpanuma obnactu G u w — nuddepennuanbuas popMa, yKa3aHHASL
BEIIIIE.

4. Tlo npousBoabHOU GopManbHO ogHOpOAHOU dyHKuumu P(x) cremexu
—n —m u obnactu G, coepKAaIIen HA9aI0 KOOP IUHAT, CTPOUTCSI 0000IIeH-
HasA (PyHKIIUA
d

o]

() | p(z)
+ ‘I’(@lw(»fv)—s@(O)—--.—# Yo xanmld%

(k—l)!zoé:m_1 N e et

® —@(0)—...—% Z . x“"w}dx-l-

b ) aq Qn
! it ... 0z
1 n
Saj=m

R-G

JOKAIBHO coBmagawmmas ¢ ®(z) Bciogy, xkpome Hyms. DTa 0600LIEHHAS
(dbyHKIMA OmHOPONHA CTEMeHW —n — M TOTAA W TOMBKO TOrAa, KOTAA
BBLITTOJIHAIOTCA YCIOBUA

/@(x)xi“...xg" ‘w=0 (Zaj :m).
r

5. Oguoponuas pyukmusa ¢ crenenu —n + 1 Moxker 6brTh mpoaudde-
peHupoBana (Kax 0600IMIEHHAA DYHKIUA) O HOPMYJIe

02 _ 03
8:nj_ 8:[7]'

+ (=1)7718(2y, ... ,xn)/<1>(x)dx1 codrj_ydrjyy .. dey,
r

G

TmpuYeM pe3yJIbTAT HE 3aBUCAT OT BLIGOpPa ob6aacTu G.
Cnasa III, § 4

1. Oyuxuua G(x) =G(z1, ... ,2y) HABBIBACTCS IK8UBAACHMHOT 00HOPOO-
notll Pymkyuw 6 oxpecnmocmu mouky M, eciu B 5TON OKPECTHOCTH CyIIe-
CTBYeT JOKAJIbHAsA CACTEMA KOOPAUHAT &1, ... ,&pn, B KOTOpOU dyukuusa G(z)
CTAHOBUTCA OJTHOPOAHOU (PYHKIIIEN.
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2. Undyxmusnoe onpedesenue npusodumoti mouxu. Touxa xy Ha Be-
IIECTBEHHOU OCH HA3LIBACTCA Npusodumoti (orHocurensuo gpyukuun G (),
G(z9) =0), ectu G(x) B OKPECTHOCTU TOYKH o SKBUBAJICHTHA OJHODPOIHON
PyHKIUA.

Touxa M wma mosepxuoctu G(zx1,...,%,) = 0 HA3BIBACTCA NPUBOIUMOT,
€CIM B HEKOTOPOUW OKpecTHOCTH Touku M dyukiua G >KBUBATCHTHA
OMHOPOMHOU (MYHKIMM ¥ mepecedenue mosepxHocTu G = 0 co BeAkon
QOCTATOYHO MATION CHEepou C LEHTPOM B TOUYKe N [aeT MOBEPXHOCTH,
KaX Iasg TOYKA KOTOPOU TIPUBOIUMA, Ha, 3TOU chepe.

3. Ecm JOKaMbHLIE KOOPAWHATEI B OKPECTHOCTH TOYKM M MOXKHO
BBIOPATH TaK, YTOOBI OnqHOpOAHAA (GyHKIUA (G CTemeHu m 3aBucena ot k
TMEPEMEHHBIX U HEMh3S BHIOPAThL TaK, YTOOLI OHA 3aBucena or k — 1 mepe-
MEHHLIX, TO TO4uka M Ha3zeIBaeTCA Moukot k-20 nopadka, u cmenewu m.

4. Tlpeanonoxum, 9To mMOBEepPXHOCTL G = () COCTOUT JUIIL U3 TIPUBO-
IUMBIX ToveKk. DYyHKIMOHAM, OMpenenaeMbn cxomammmca mpu Re A > 0
HHTErpajIoM

(G)‘a(p): /G)‘(xla"'7xn)(p(xla"'71‘n)d$1---d1‘na

G>0

OpenCcTaBIACT OG0 AHATUTUICCKYIO (PYHKINIO OT \. DTa AaHAJIUTAIECKAA
(PYHKIMA MOKET OLITH IPOJOIKEHA BO BCIO INIOCKOCTh A KAK MEpOMOpQHAasa
(PYHKIMA, TTOMIOCET KOTOPOH Je:KaT HA KOHCIHOM UHCIe apuPMeTHICCKUX
nporpeccunt. IMeHHO, KaxXIOU CBA3HOU KOMIOHeHTe noBepxuoctu G = 0,
COCTOAIIEN U3 TOYEK MOPALKA r W CTEIEHW 1, OTBEIAeT Cepus MOTIOCOB
B Toukax —L, —ZEL otk Femm nueeTca HECKOTBKO BIOKEHHBIX
OPYT B APYyTa CBA3HLIX KOMIIOHEHT, COCTOAIINX 13 TOYEK PA3TIIHEIX TOPII-
KOB, U 3HAYCHNE \ = \g IPUHALICKUT HECKOIBKMM CEPUAM, OTBEUAOUIM
DTUM KOMIOHEHTaM, TO KPATHOCTH IIOJIOCA B TOYKE \g COOTBETCTBEHHO

YBEININBAETCA.

B uacTHOCTH, ecm Ha moBepxHOCTH G = () HET OCOGLIX TOUEK (T.e. BCe
ee TOYKM — MPUBOAUMEIE TOpsAAKa 1 u crenmeHu 1), TO MOMIOCH (YHKIMN
(G, ) ucuepneBazoTea cepuer —1,—2,...,—n.

5. [Ipeanmonoxum, 910 moBepxHOCTH G = 0 COCTOUT TOJBKO U3 MPUBOIU-
MBIX TOYEK, a MOBEPXHOCTL G = ¢ ipu ¢ > 0 He uMeeT 0cobbix Touek. [lycTh,
gJanee, popMa w ompepeneHa paseHcTBoM dG - w = dv. [asa maTerpana

I(e) = / D@1, ) - w = (5(C — 0),0)
G=0
nMeeT MeCTO aCuUMITOTNYEeCKOe paBJIO)KeHI/Ie

oo My

I(c) & Z Z apme™ 1IN e,

k=1m=1
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rae 0 > —\; > =Xy > ... — nomockr by (G, @), mj, — KpaTHOCTH

TTOMIOCA B TOYKE Ag U Gy €CTh KOD(MDDUIUEHT TpU m B Pa3JI0XEHUU
° -1 m—1
Jlopana n1a (G*, ) B OKPECTHOCTH MOMIOCA — \f,, YMHOKEHHEIH Ha, ((mll), .

6. B gacTHOCTH,

/ o= / w(w,y)dyz /w(w,y)dw _
y T
Ty=c —o0 —o00

T o(z,0 T o0
:—2<p(0,0)1nc-|-/@dm+/¥dy+...,

— 00 — 00

rIe€ MHOTOTOYHE 3AMEHAET WIEHBLI, CTpeMamuecs K Hymo npu ¢ — 0.
OKBUBAJEHTHAA (POPMYJIA

Sy o) = ~20(. e + 2 ¢ ‘s(y—) T oe).
7. 0na G =22 +y> + 22 — 12

3G —c) =6(GQ) + clnc%{z’t) + cd'(G) + o(c).
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q)yHKI]I]II OTHOT'O IMepeMeHHOI'0

NeNe O6006mennas

n/n e —— IIpeoGpasosanue dypne F|[f]

OO6bI4HAA UHTErpUpyeMas

2 o(x) 1

3 1 2md(o)

4 Muorouren P(z) 2w P (71'%) 0(o)

5 6Cm) (g) (=1)mg2m

6 §C2m+1) () (=1)m+1ig2m+1

7 ebw 2mwd(s — ib)

8 sinbz —im[6(s + b) — (s — b)]
9 cosbx w[0(s +b) + d(s — b)]
10 shbz w[6(s — ib) — d(s + ib)]
11 chbz w[d(s —ib) + (s + ib)]
12 e% AnanuTuaeckunn GyHKITMOHAT

i\/ﬁe% (uaTerpupoBanue mo
MHUMOU OCH)

13 lz]» (A # —1,-3,...) —zsin%ﬂr(/\ +1)]a| A1
y__lal 274 Jo] 2!

14 fx(x)ZQZ@ W

A
15 ||z|*sgnz (A # —2,—4,...)| 2icos %1"(/\ +1)|o| > lsgno

A1
272 |o|~* lsgno

(57

Vorfox-1(o) = v2r

A |z|Msgnz

16 | ga(z) =272 m V2mig_x—1(0) = V2mi
2

17 zm 2(—i)m w8 (o)
s
18 z~™ im———om lsgno
(m—1)! &
19 z~ 1! 1T sgno
20 z72 —7|o|

21 | 2} A #£-1,-2,..)  |ie®ST(A+ 1) (o +i0) A1 =
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IIpodoancenue
NeNe 0606
/i q)ngEI;:I}M IIpeobpasosanne Pypre F[f]
—iT(A + 1) [e“%a:f—l _ e—i/\%azk—l] 1)
22 zh i"tlplo=n 1 4 (=) 7d(™) (z)
23 0(x) ioc™! +78(o)
24 | 22 (A #£-1,-2,...) | —ie7ET(\ + 1)(e — i0)"A~1 =
—iP(A + 1) [e”‘%a:/\*l _ e‘”‘%a;/\’l] 1)
ore A%
25 z + i0)> — !
(z +10) eV
2re” A%
26 —i0)* = et
(z —40) ey o

B nansrenmux ¢gopmymnax 27-38 BBeeHBI CleAylomue 0003HAMEHUA:

o)

e IT(A+1) = Y +a(()n) +agn)(/\+n) +...,

n
(n)
—ie TR ED(A 4+ 1) = Abfln 0 oM )+,
LA C—nl) (n) (n)
_QSIH7F(A+ 1) = tn +eo Hep T (A+n)+..,
A )y
2cos71"()\ +1) = in +dy +di (A +n).

Koappurmentst a(_nl), a(()n),... UMEIOT CIeAYIolIrue 3HATeHUA:
n—1
)y _ "7
-1 = (n— 1)
in—1
(n) _ _4" {1 1 L E}
% gn—1)! toteet Tt M +eg s
‘o — -z 2
(n) 3" {" 11 1 ﬂ' ( 1
iV = -+ ——— 4+ (1+ -+
Y (=) jz=:1 52 ;e ik 8 2
1< k<n—1
T 1
o+ )F’(1)+F”(1)+i— 1+ -+ +—+F’(1)]},
n—1 2 2 1

2

bgn) = ai_(n); {™ = 9Re agn); dgn) =2Tm agn).

B wacTrOCTH,
(_i)n—l ) ) 2(_1)n—1

o) = i WCOS(N -1z;
2(—1)"
" = (75 — i)' sin(n — 1)
27 |z|—2m—1 cg2m+1)a2m — c(_2IR+1)a2m In|o|
28 ™ 2Msgnz id((fm)a%‘_l — id(_QIn)a2m_11n|a|

DBropoe — mpu A # 0,+1,+2,43,...
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IIpodoancenue
]r\ijN; 8522?;:?“ IIpeobpasosanne Pypre F[f]
29 o) Inay iei*%{[r'(xﬂ) +¢gr(x+1)] (6 +i0)= A1 —
(A#£-1,-2,...) 7F(/\+1)(a+i0)*’\*11n(a+2'0)}
30 X Ina_ —ie*“%{[r’(,\+1) —igF(/\—i— 1)] (0 —i0)~A=1—
(A #-1,-2,...) 7F(/\+1)(a7i0)—>‘—11n(0710)}
31 Inz, i{(F’(l) +ig)[(a+i0)*1 - (a+z‘0)*11n(a+io)]}
32 Inz_ 4{(1“’(1) - zg) (o —i0)~" —
— (o —i0) 'In(o — io)}}
33 2 n|z| iei*%{[r’(A+1)+z‘gF(A+1)] (o +i0)=>1 —
(A#-1,-2,...) 7F(A+1)(a+10)_k_11n(0+i0)}7
— e~ 3 { [r'(x F1)— igF()\ + 1)] (6 —i0)~A—1—
—T(A+1)(e —i0)=>~'In(o — iO)}
34 |z|* In |z|sgn & z'e”‘%{[f"(/\—i—l) +igF(A+1)] (6 +10)" A1 —
N #—1,-2,...) — T+ 1)(o +0)™~"In(o + i0) } +
+ie ML + 1) - igr‘(/\ +1)] (g —i0) A -
—T(A + 1)(o —i0)" > In(o — iO)}
35 272M n || c?m)\a\%‘_l — c((fm)\a\2m_1ln\a\
36 z=2m =1 n |z id52m+1)02m sgno — id(()2m+1)a2m In|o|sgno
37 |z|=2m~n|x| cg2m+1)a2m — cg2m+1)a2m In|o|+
+ %C(EIR_H)J%‘ In? ||
38 |£| 2™ In |z|sgnx 'id?m)azm’l — id((fm)azm’lln|a|+
+ %d(_QIn)UQm_ler lo]
39 (122} \/EF(A+1)(%)7A7%JM_%(0)
A #—1,-2,...) 1
a1 (2? — 1} T DVE|ZTTEN (el =
A —1,-2,...) :F(/\+1)\/E‘%‘_A_%><
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IIpodoancenue
NeNe 0606
/i q)ygklélpf;“}m IIpeobpasosanne Pypre F[f]
1
cosm ()\ + 5) fofé(‘”‘) — Jx+é(|‘7|)
X
i A+ 1)
sins —
2
2 &
42 (:E — l)i (71)”27’1’ (1 =+ ﬁ) 6(0’) + )
_q)yn+l o\
+ (- va(2) 0

(I)yHKI.IPIPI HECKOJIbBKHUX ITepeMeHHBbIX

NeNe O6061meHHAA
n/n e — IIpeo6pasosarme Dypoe F[f]
1 8(z1,...,Tn) 1
2 1 (2m)"6(o1,...,0n)
.0 .0
3 MHuorounen @m)"P | —i—,...,—i— | (o)
oo Oonp
P(z1,...2n)
r A J2r n)
4 r (r = fo) oQAtnre 5\ p=AT™ (p— Za?-)
®
2) .,
A n
272 w272 pATR
5 fk(r) (/\+n) f*kfn(p) _(27T)2 ( )\)
T r|f—=
2 2

B dbopmyrax 6-9 ucnomassyercs GyHKIUAL

A+n
r 9 c(n+2m)
C\ = 22775 = -1 +c(n+2m)+c(n+2m) A+n+m)+...;
A r— A A+n+2m 0 1 ( )
2

B [IPABOM YaCTH BBIIUCAHO €€ JOPAHOBCKOE PA3N0XKEHNE B OKPECTHOCTH TOYKHU
A = —n — 2m. Kpowme Toro,

271_71/2

Qn = —p
r(3)
2
€CTh MOBEPXHOCTh EUHUYHON Cephl B N-MEPHOM MPOCTPAHCTBE.
dcC

6 rnr T;p_x_” +Chp~ > "Inp

AN#-n,—n—2,...)

a%c
7 rA n?r A

dcC
p—A—n +2 a;\ p—A—nlnp + Ckp—k—n1n2p

AN#-n,—n—2,...)
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ITpodoancenue
ﬁg/]if gsgg;u;;ﬁ}aﬂ IIpeo6pasosarme Pypoe F[f]
8 Qnr—2n—m c(_n1+2m)p2m Inp + C(()n+2m)p2m
1
9 Q,r=2"—"1np 7C(n1+2m)p2m In2 P+ C(()n+2m)p2m Inp +

S
} e{mt2m) j2m

10 or—a)(n>1) Qn_la%pl_%JL_g (ap)
3

11 To xe mpun = 3 47raM
P
19 ( d )m 5(r —a) Q, 2 sinap
ada a TP

O603uavenus B faabHenmux dpopmyaax 13—-25 cM. Bbime. B pasjgene

«CBOIKA OCHOBHBIX ONpeeseHunt u hbopMmyss, cTp. 387, mm. 1-2.

0N —Zqiont2) 2 n _i0)—A-2
13 (P + i0) eV 7T2F(/\+2)(Q i0)"2—3
14 P —i0)* i0)~ "2
(P —i0) sy (Q +i0)™" 72
15 P A5 =Ip(\ 4 1)T (/\ + E) X
+ 2
Lm0
21
B 6i(%+>\)7r(Q+Z~0)—A—%]
A 22, 21 n
16 P —on 2B ir( P (A + 5) x

n

17 =,

1 r-%aig _ i) -%_
X 2 [e 29°(Q — 40) 2
~ eBU(Q 4 i0) ]

1
) 2A+1 /om\n 24X K£+A C(Q—Zﬂ)E
17| (2 +P+i0) (Vam)es | Tra ]:
INESNIVAIN Q - i0)5(5+*)
2A+%+17r%e_q72” c>‘+%

TCN VAT 1
Kyps (ccﬁ) R A (cQE)
B IS I RIS (Y

P+ (y2m)nes A Kniy [C(Q + io)%]
PEVVIAL (@ +i0)z(5+H)

qmi
2A+%+1ﬂ'%e P) C>\+%

D(=N/[A]

18 (2 + P —i0)*
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ITpodoancenue

NeNe

/o

O606menHas
byukumsa f

IIpeo6pasosarme Pypoe F[f]

19

20

2 A
(c +P)+

K 3 g® 3
. Az | c@F Cmia-g cQ?
Q%(H%) 2 o3(0+3)

M FipFler A

T(A+ 1)

(2 + P)>

\/W 1
(Q —i0)s(*+%)
(Q +i0)z(A+3)
AR BT B4

VIA]

X
|

2]

=1
—

>

+
ol
—

N
-

T+ 1)

(Q +i0)z(*+%)
A+ EHLB-1,542

VIA]
2
gr 3 <0Q+) ™

2 Q%(A+%) B 2sin()\—|—%)7r

X
Z.
5

X

X
»
£
|
+
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ITpodoancenue
ig/]if gsggﬂf;r}aﬂ IIpeo6pasosarme Pypoe F[f]
21 | |AIG=U(2 £ P) |(C1)stt o saE e e
VA 1
o Ky [0 - 0]
x ez —2 T —
(Q —i0)3 (52
_ %iq K%*S [C(Q +7/0)%j|
(Q +i0)2(5-9)
, . i Koy [e(@ —i0)3
22 |A|(e2 + P) e (2me) B e 2 1[ . ]+
[A] (Q_iO)E(Q 1)
i K21 [C(Q+io)%]
te iin
(Q +i0)z(5-1)
2 s
23 E+ P (—1)stl2sta g ~leate «
T(s+1) .
o Ky [elQ - i0)3]
X [e” 72 — -
(Q —i0)z(5+2)
ami Kz4s [C(Q -I-iO)%]
—e2 T +
(Q +i0)z(5+s)
25—2m
. o7 (%)
+ @M 3 — e s LA (2)
m=0 m!(s —m)! )
@+ Py | i t3ab=ichte [ e Kgio[e(@—i0)2]
24 e 2 7
T(s+1) VIA] Q 71'0)5(2“)
gmi K2y [C(Q —l—zO)%]
— 2
(Q +i0)2(5+s)
c\ 2s—2m
(¢ 4+ P)* B (D™ (5) m
% I(s+1) (27) mZZ:O 4mml(s — m)! LAl (=)




JOBABJIEHUE.
JOKA3ATEJBCTBO IMTOJHOTEI IPOCTPAHCTBA
OBOBIIEHHBIX ®YHKIINI

Mo ykasesaaun B mi. 1 (§ 1, m. 8), 9T0 mpOCTPAHCTBO OGOOIIEHHBIX
(DYHKIIUU ABIACTCA TOMHBIM OTHOCUTENBLHO BBEJEHHOU TAM CXOIUMOCTH;
UHAYME TOBOPA, ECAl NOCACO8ameabHocmb Pynkuuonatos f1,fo, ..., fu,-..
maxosa, wmo das KaHcAol ocnosnot Pynkyuu @ cyuecmayem npedea wiu-
ca060t nocaedosamesvnocmu (f,,¢), mo smom npedea f(p) = Vli_}r{.lo(f,,,cp)

cnosa 3adaem aunetdnvil nenpepvienbll Pynkyuonat na npocmpancmee K.
B macrosmem [To6aBieHun >TO IpenIoXKeHne OyIeT TOKA3aHO.
Tor dakr, 9To dpyukunonan f(p) JUHEEH, BECHMa IPOCT:

flarpr + azps) = lim fo(a1pr + asps) = lim{f,(a1p1) + fu(azp2)} =
= arf(p1) + azf(p2).

CyliecTBeHHO MOKA3aTh HempepbiBHOCTL (Gyukimonana f(yp). Ilycts
MOCJIEI0BATEILHOCTE OCHOBHEIX (DYHKIMU (0, CTPEMATCA K HYJIIO B IIPO-
crparcTse K; MBI JOJKHBI IIOKA3aTh, 910 f(p,) — 0.

Jonyctum mporusHoe. Tormga, mepemnms, €Cin HyXKHO, K HEKOTOPOU
MOATOCIE[OBATENLHOCTH, MOXKHO CUATATh, 9TO |f(p,)| = ¢ > 0.

Cx01MMOCTDb MOCIEIOBATENLHOCTH (0, K HYJIIO B IPOCTpancTBe K 03HA-
9aeT, ITO BCe DPYHKIVUA @, () PABHBI HYJIIO BHE OUPAHUYIEHHOUN 00JACTHU U
CTPEMATCA K HYJIIO PABHOMEPHO B R, , Tak e KAK 1 UX IIPOM3BO THBIE JHOOEIX
nopankos. Eme pas mepenms K moamocaeoBaTeTbHOCTH, MOXKEM MOTAraTh,
aro |Dhp(z)| < & (k=0,1,...,v).

MMonoxum 1, = 2¥¢,; Torga GyHKIUM 1, Takxke OyIyT CTPEMUTHCI K
Hy/0 B npoctpancTee K, a B To xke Bpems f(¢,) — oo.

Temneps OygeM CTPOUTH HEKOTOPYIO MOAIOCAEIOBATEILHOCT f,, U HEKO-
TOPYIO HOAMOCIEOBATENLHOCTE 1), CIEAYIOMAM 06Pa3oM.

BriGepem cmauama ] Tax, 9To6bl mMmetb |f(¢))] > 1. Hockombky
(fv,¥) = f(¥), BeiGepem gambime f] Tak, 4TOGH mMeTh (f{,1]) > 1.

Myere fi,4% (j = 1,2,...,v — 1) moctpoensr. Bosbmem B katTecTse 1,

DJIEMEHT MMOCIEeT0OBaTEIBbHOCTHA ’(p,/ C HACTOJBLKO OOJIBIINM HOMEPOM, ITO

LA < g (b= 01w = 1), (2

1> YW+ ©)

IlepBoe BO3MOXKHO, TTOTOMY YTO (BDYHKIUU 1), CTPEMATCA K HYJIO B
npocTpancTee K, u, CIeq0BATEILHO, N1 0001 0000meHHon GpyHKIun fo
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mer umeeM (fo,1,) — 0. Bropoe Boamoxuo motomy, uro f(1,) — oo. Tak
kak (f,,v) — f(v), To BHIGEpEM f, U3 mOCTENOBATEMIBLHOCTH f, C TAKAM
pacdeToM, 9TOOBI UMEThH

v—1
()l > D 1(Fhs )] + . ()
j=1

Takum o6pazoM, mocTpoerue ., u f) MOXKHO NPOLOMKUTL HEOTDAHU-
qenno. [lonoxum nanee

ITo mocTpoenuto, pag B TPABOU YaCTU CXOAUTCA B MpOCTpaHcTee K u,
CTeIOBATEIBLHO, er0 CyMMa 1) ecThb diaemenT K. [lamee

v—1 o0
(Fo) = D (L) + (Fl) + D (fla)).
j=1 Jj=v+l1

Ho B cuny (6') u Toro, uro

00 00 1
oo _
Z ( mwj) < Z 9i-v - ]-7
j=v+1 j=v+1
TIOTydaeM
|(f1l/a¢)| >V — ]-a

T.e. pu v — 0o Takxe (f,,1) = 0o. Ho 5T0 IpOTUBOPEIUT COOTHOIIECHUIO
lim (f,9) = f(¥).
V—r00

Orcioma caemyer, ato f(p,) — 0, U HEOPEPHIBHOCTHL MPEIETLHOTO
dyuknmonasa f moxasaHa.



IMPUMEYAHUA N JIUTEPATYPHBIE YKA3AHUA

B 5TOl KHMIe 3aTparuBajuCh BOMPOCH! KIACCAYECKOTO AHAMU3A, UMEIOUe B (GOMb-
OIMHCTBE CBOEM JOCTATOYHO NIUHHYIO UCTOPUIO. [I03TOMY CCBIIKH, KOTOpPBIE MBI IpHU-
BOAVM HUXE, BO MHOT'UX CIy4YaAX HpI/I6JII/131/ITeJIBHI:»I nian yCJIOBHBI. HanpnMep, IIOHATHUE
peryaspu3anuy PACXOIAMIMXCS MHTErPAJOB MBI CBA3biBaeM C mMenamu 2K. Amgamapa
u M. Pucca, xoTsa omno BcTpedanoch yxke y Komum (mpu ompenerenvu D-dyHKIUEM BHE
061aCTH CXOAMMOCTH MHTeraJIa), W, HECOMHEHHO, €me JWJIep MOMb30BaICA B CBOWX
BBIYUCICHUAX OJIU3KAMU COOOPAKEHUAMHU.

K § 1 ru. 1. TlouaTue 0606meHHON DYHKINMA, KAK (HYHKIUOHATA HAJ HEKOTOPLIM
npocrparcTBoM yHKnmMA, 66110 chopmyauposano C.JI. Coboxesrm [20]. B Tou dpopwme,
KOTODYIO MBI IIPUBOAUM, OHO GbL10 mpemnoxeno JI. [Isapnem [14].

K § 2 ru. I. Comepxanue sToro maparpacdpa 3auMCTBOBAHO B OCHOBHOM W3 KHUTH
JI. IIsapma [14].

K § 34 ru. 1. Waes peryiaapusanmm pacxoJAMIAXCA UHTErPAJOB g NPUMEHEHUA K
3anagaMm guddepeHnnarsHbX ypasHeHn BocxoauT k K. Agxamapy [8]. M. Puccy [13]
MPUHALIERKUT OOUMA METON PEryiaipU3aldd MyTeM AHAIATAIECKOrO MPOLOIKEHAA
(em. rakxke JI. [Isapu [14]). IIpuBegenubin B »TOM maparpade MaTepHUal ABIAETCT
pacImmpenueM U mepepaboTKON COOTBETCTBYIOMEro marepuata u3 crarbu U.M. Demb-
darga n 3.51. Ilanupo [16]. HOBEIM IO CPABHEHWIO C DTOM CTATHEN ABIAETCA BBEJECHUE
U CHCTeMATWYeckoe WCIONb30BaHWE GyHKIHOHAIOB (T 4+ i0)* m (z — i0)*, a Taxxe
MOCTAHOBKA MPOOJEMBI O KAHOHUYECKOU DEryJIapU3alldu U €e pelreHue ias (GpyHKIIN
OIHOIO IePEeMEHHOrO0.

B knacce ¢pyHkumi aByx (m GOonee) IEPEMEHHBIX C OCOOEHHOCTSMHI HE BBINIE CTE-
MEeHHBIX MPOGIeMa KAHOHUIECKOU PEryJsApu3alud y¥kKe He pa3penmMa; Kak 06HAPY KU
a(z,y)

ok

B. Tpymuu u P. Vcvarmios, naxe QyHKIUAM (3mece a(z,y) — OGeckoHETHO

nuddepernupyemas (GyHKIUSA) HEBO3MOXKHO CONOCTABUTH (DyHKIMOHAIBI TAK, ITOOBI
BBITIOJHSAMUCH YCJIOBUSA KAHOHWYECKOUW peryiaspusanuu. B Gosee y3kux Kiaccax (QyHK-
MU HECKOJIBKWUX MEPEMEHHBIX KaHOHWYECKas peryispusanus Bo3moxkna; B. [Mamamoxos
HaIlel HeCKOJLKO TaKUX KIaccoB. Hampmmep, KaHOHWYECKAsA PeryaApU3anusa BO3MOXKHA

a(z,y)
P(z,y)

P(z,y), 1examuMu B BepXHEH MOXYIIOCKOCTH, W €ro KODHAME, JEXKANMMA B HIDKHEH
MOJYIIOCKOCTH, OCTAETCA B KaXKJOW OCPAHMYEHHOU OGIACTH HA OCH 2 GOJIBIIE MONOXKHU-
TEILHOU MOCTOAHHOM.

3aja4qa 0 Pa3joXKEHUM AedbTa-(PYHKIUNA HaA MIOCKUE BOJHBI (n. 11) B KJIaCCUICCKON
bopMyaupoBke (BBHIYUCICHUE 3HAYEHUA (DYHKIAU B TOUYKE [0 U3BECTHBLIM WHTErPATAM
5TOU (QYHKIWM [0 THIEPINIOCKOCTAM) OBLIA mOCTaBreHa Pagonom B 1917 r. m pemena
@. Mxououm [10] m gpyrumMm aBTOpaMm; OTMETHM IO HTOMY MOBOIY 3aMeTKy A. Xadary-
posa [22].

K § 5 ru. 1. Cogepxkanue prToro mnaparpada 3arnMCTBOBAHO B OCHOBHOM M3 KHUT'H
JI. Isapna [14]. B paspa6oTke nocregamx npumepos m. 5 npuamman ydactue H.S1. Bu-
JIeHKWH,

K § 6 ru. I. Cogepxanme nm. 1 u 3 B3saTo u3 crarbu U.M. Denvdanga u 3.]1. Hlanu-
po [16]. PeayapraTer n. 1 6muskum MeTonom moxydensr D. Jxonom [10], pesyasraTer m. 3
HE3aBUCUMO U MPUOIM3UTEILHO OAHOBpeMeHHO Haugensl P. Kypanrom u A. Jlakcom [4].
Brepsrie ¢dopmyna obimiero perreHus runepOboInIecKoro ypaBHEHMS C MMOCTOAHHBIMU
koddduunenravn Obra gana lepraoruem [9] m N.T. Tlerposckum [19] g Tex crydaes,
KOr'Z]a OHA MOTJIA OBITh BHIPAXKEHA B KJIACCUYECKUX TEPMUHAX TEOpUU PYHKIWUN, T.e. 1
YPaBHEHUI OCTATOYHO BLICOKOTO mopsaaka (m > n + 1). Tunep6oandeckue ypaBHEHUA C
MOCTOAHHBIME KO3 dUIUEHTAMU OLLIN UCCAIOBAHBI B BaxXHBIX paboTax JI. Topaunra [7],
¢ momompo Metoxa Pucca, n Jlepes [11], ¢ momompio o6mero npeo6pasosanms Jlamnaca.
IIyukT 2 namucan B.A. BopOBUKOBBIM 1O COGCTBEHHBIM pesyabTaTaM [24].

B Kiacce pyHKIAN , €CIM PACCTOAHME MEX Iy KOPHAMM KayKJOr0 M3 MHOTOYJIEHOB
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K HMo6asaenuio 1. Cogepxanume sroro Jobasienns 3aumcTBoBano n3 kuuru JI. [TIsap-
na [14].

K ra. II. Onpegenenne npeo6paszoBanus Pypbe (YyHKIAUA CTEMEHHOT'O POCTA, KAK
0606menusIx dynknun, npuaagmexur JI. HIsapuy [14]. Ipyroe ompejgenenue anmapara
npeob6pasosanuu Pypre Takux dynkmun nmeaocsk y C. Boxuepa [1] u T. Kapaemana [3].
ITpuBenennoe B § 2 u § 3 onpenenenne npeodbpaszoBanus Pypre GYHKIUYU TPOUIBOILHOTO
nopagka pocra npuaagiexut WM. Teasdangy n I.E. Hlumosy [17]. B crarse [17]
maHo Goinee obiee ompeneneHwe, 0 KOTOpOM OyneT uatu peds B rua. III BToporo
BeInycka. IIpocTpancTso Z 66110 BBegeno WM. leasdangom u I'.E. Mlunossim [17] (mox
o6osmagenmen Z1)1) | a maioxe ogmorpemenso u mesammcumo B. Mamsrpamxen [12] u
JI. Opennpencoum [5]. Texcr § 2, n. 6 npuragrexnr H.f. Burenkuny un 3.51. [llanupo.

K § 1 ru. ITI. Onpegenenue auddepennmarbabx Gopm wj (j > 0), yuknuonara d(P)
u ero npowsBoaHbIX npuHagiexut V.M. Deasdpanny u 3.f1. [Mamupo [16]. Popma wo
BBegena Buepsbie 2K. Jlepeem [11]. HyuxT 9 3amMcrBoBan u3 crarou 3.51. lanupo [23].

K § 2 ru. I1I. V3y4ueHne moJarOCOB ¥ BEIYETOB KBAAPATUIHON (POPMBI B CTEIIEHU A /IS
cydas, KOra B KBaIPATUIHOU (HhOpMe UMeeTCA He GOMbIIe OHOTO MUHYCA, GBLIO TPOBe-
neno M. Puccom [13] 1 ABUIOCH y HErO OCHOBOM Ui MCCJAEIOBAHWA DPEIICHUN BOIHOBOI'O
ypaBHenus. MccrenoBanue KBaJpaTUIHON (HOPMBI B OOWEM CIydae s IeJed TeOopun
npexacrasaernit nposenu .M. Tensdang u M.U. I'paes [15]. PyHI1aMEHTATBHEE DENICHAA
yabTparunep6oandeckux ypasHenun Lu = § moctpoensl Buepsble U. Pypa-Bproa [6];
B IpUBeEHHOM 31ech (opme omm ykaszamsl 3.7, Iamupo; mna LFu = § ny6mmxyorcs
3nech Bmepsble. IIynkTer 1, 2 caegyior pa6oram M. Pucca [13] u .M. Teasdanga u
M.J. I'paesa [15]. W xes, mosoxenHnas B OCHOBY mil. 3—10 — IpoOIKeHNe B KOMIUIEKCHY IO
o6ractb, — mnpuHagiexkut W.M. leabdpangy. Ona usmroxena B m. 3. PesyrpTarh
nn. 4-6 npunaamexat .M. I'ersdpangy u M.U. I'paeBy, a nn. 7-10 H.fI. Bunenkuny,
N.M. Teasdpangy u 3.f1. [[lanupo. CooTBeTCTBYIOINE MYHKTHI HAMUCAHBI aBTOPAMM
TOJYyYEeHHBIX PEe3yJabTaTOB.

K § 3 ru. III. PesyapraTer >TOro maparpada B3ATHI B OCHOBHOM U3 CTATbU
N.M. Tensdanga u 3.41. [lanupo [16]. Hyuxt 6 manucan B.A. BopoBHKOBBEIM.

K § 4 ra. III. Marepuan sToro nmaparpada B OCHOBHOM B3AT u3 cTtarbu .M. lemn-
danga u 3.f1. Hlanupo [16]. M.B. ®enopiok mocTpomt P nas 1106000 MHOTOWIEHA OT
ABYX MEPEMEHHBIX C OQHUM HYJIEM B HaYaJJe KOOPDAWHAT.

K [No6asnennio. IIpuBenernnoe B [lob6aBreHnn 10Ka3aTEIHCTBO MOJHOTHI TPOCTPAHC-
TBa K’ npennoxeno M.C. Bpoacknwm.
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92, 97

— — — caBunyTag 13

— — R (f(x)) 206

A
L \x\)\s—;g_n;c 69
2
A
R G

r (A + 1)
2
— — —, ¢dopmyra auddepeHnMpPOBAHAA
72
S
T(A+1)
— — —, TeWIOPOBCKOe pasmoxenue 109
— — —, ¢dopmyra auddepeHIMpPOBAHAA
71

R

—— ———— 69
T(A+1)
— — —, ¢dopmyra auddepernupoBaHua
71
— —1Inz4 34
— — —, npeo6pasoBanue Pypre 197



410 AJIGABUATHLINA YKA3ATEJL

— — —, Ipou3BOAHAA 35 —— 1z ™ 65

— — Inz_, npeobpazosaunne Pypoe 197 — — —, npeo6pasoBannre Pypre 195

— — In(z + i0) 36 — —a]" 102

— — —, mpousBognasa 37 — — —, npeo6pasoBanune Pypre 199

— — In|z| 35 — — —, dopmyna auddepeHnUpOBAHAA
— — —, npeo6pasoBanne Pypre 197 103

— — —, mpou3BoaHaa 36 — ;E_T_" Inzy4 103

— — In(z — i0) 112

o pomssomas 112 — — —, npeo6pasoBanune Pypre 199
b

—n
() 31 — —z_" 105
- |:c|_2m_1 107 - npeobpasosanne Pypne 200
— — —, mpeo6pazopanue Pypne 202 — —a”"Inz_ 105
. |I|—2m—1 In|z| 108 —_ :’ npeobpasosanne Pypne 200
— — —, npeob6pa3oBanue Pypne 202 — — 3 59
. |x|—2m In|z|sgnz 108 — — —, KAHOHMYeCKasa peryaspu3anusa 74
— — —, mpeo6pasoBanme Dypbe 203 ~— — —, JIOPaHOBCKOE Pa3IOXKeHHe 103
_ |I|72m sgnaz 107 — — —, HeomnpeaeneHHbIn naHTerpat 66

HOPMUPOBKa 68

)

— — —, npeo6pazosarme Pypne 203 ’
» 1PEOOP P — — —, IOJIOCHI ¥ BEIYETHI B HUX 61

)

k)

— — |z 62
— — —, KAHOHUYeCKasA peryaspusanusa 74
— — —, ¢-KpaTHBIA UHTErpai 67

npeobpasoBanne Pypre 192
npousBonHASA 33
— — —, TewIopoBcKoe paznaoxkenue 100

— — —, JOPAHOBCKOe pa3ioxenue 107
» oP pa — — 2} Inzy 100
— — —, HeollpeleleHHbINn UHTerpaa 66 +
— — —, HOpMUpOBKa 69 — — —, npeob6pa3oBanue Pypoe 195
’ — — 2 6l
— — —, TIOJIIOCHI U BBIYETHI B HUX 63 T
— — —, npeo6pa3oBanne Pypre 194 — — —, KaHOHUIeCKasA peryiapusanusa 74
— — —, TeWIopoBCcKoe pasmoxenue 106 — — —, 1opaHOBCKOe pazmoxenue 105
- |:c|Aln |z| 106 — — —, HeompejeNeHHbIN uHTEerpal 66

HOPMUPOBKa 68

TIOIIOCHI U BBHIYETHI B HUX 62
npeo6pasoBanne Pypre 193

— — —, TeWIOPOBCKOe pasmoxenue 104
_ zi Inz_ 104

— — —, npeobpa3oanne Pypre 197

— —, aHAJUTHUYIeCKasa IO ImapamMeTpy 58,

— — —, npeobpa3osanne Pypre 197

— — |z n|z|sgnz 106

— — —, npeob6pasoBanne Pypre 197

— — |z|*sgnx 62

— — —, KAHOHUYeCKasA peryaspusanusa 74
— — —, IOPaHOBCKOe pasioxenue 107

— — —, HeOIpeAeIeHHLIN HHTerpal 66

— — —, HOpMUPOBKa 69 169
— — —, TIOJIIOCHI U BBIYETHI B HuX 63 — — GeckoReTHaA AU PepeHIHpPYeMOCTE
— — —, npeo6pa3oanne Pypre 194 29
— — —, TeWIopoBCKoe paznoxkenue 106 — . Anddepenmmpyemas no mapameTpy
— — 7 2k=nInmp 116 168

— — enuauna 14

—— 785

— — —, JOPAHOBCKOe pa3moxenune 116

— — —, HOpMUPOBKa 89

— — —, TIOJIOCHI U BBIYETHI 88

— — —, npeo6pasoBanne Pypre 216

— — —, Pa3J0oXeHWe Ha IJIOCKWe BOJHBL
89

— — —, npeob6pa3oBanne Pypre 189, 212

— —, 3aBUCAMIAA OT MapamMeTpa 58

— ——, UHBapUWAaHTHasA OTHOCUTEIBHO OIle-
panuu 19

— — KOMILTeKCHasA 24

— —, HeIpepbIBHAA MO mapamMeTpy 167

- i,;ﬁf)frfopmacxoe pasnoxenue 116 o 7’H;;f;‘:;;6125

— In|z| 375 — — oaHOpoaHas cremnenu A 19, 94

— — —, npeob6pa3oBanue Pypne 201 — —, mepBoo6pasHas 54

— — 27 2MIn|x| 374 — — nepuoguueckas 19

— — —, npeob6pasoBanune Pypre 201 — — —, pax Dypwe 41



AJIPABUTHBIN YKA3BATEJb 411
— — nocTogHHaA 14 — Dypre 172
— —, npeo6pa3osanne Pypre 187, 212 — — MHOrod4sneHa 189, 212
— —, Mpou3BeJeHMe HA OECKOHEYHO nud- — — o6o6mennon ¢pyuknuu 187, 212
depennupyemyo Gyaknuio 16 — — ob6parHoe 188
— — — ma gucao 16 — — ocHOBHOU pyHKIUEU 172
— —, npousBoaHasa 28, 30 — — nepuoguveckon pyaxmum 191
— — — KaK mpenen otHomeHus 30 — — nokazarenbHon yuxnuu 189
— — — o nmapameTpy 58, 168 ITpuBo gumbre ocobbre TOUKM 358
— —, paBHas HymIO 14 IIpucoenquuenusie pyHknum 98
— — peryJasapHasa 13 ITpoussenenue  06GOOIWIEHHON  (DYHKIUK
— — — B obracTu 15 Ha OeckoHedYHO auddEepeHIupyemMyo
— —, CIBUTH, IOBOPOTHI W APYTHUE JUHEN- dyuknuo 16

HBIE Tpeobpa3oBanus 17

— — cuHryasapHaa 13

— —, cOCpenoTOYeHHAs HAa MHOXecTBe 15

— —, CyIIeCTBEeHHbIE TOYKNM 15

— — cdepudeckn cuMMeTpudHas 19

— — IEeHTPaIbHO cuMMeTpudIeckas 19

— — derHasa 62

O6o06mennsle QyHknnm, nuddepeHIupo-
BaHME CXOMNSALIENCA ITOCJIEI0BATEIHHO-
ctu ux 40

— —, npsamoe npown3Benenue 117

— —, cBepTKa 120

— —, coBmajaomue B obmactu 15, 164

— —, cymMma 16

— —, CXOAUMOCTb 22

O6patHoe npeo6pasoBanue Pypre 188

Osaunr 157

O 1HO3HAYHOCTH (pOpMBI W 230

Oxuaopoxusre pyukmun 94, 324

— — TMOJOXKUTeNbHBIE 325

— — —, BBIYEeTHI 328

Omneparop runep6onmaeckun 154

— pmunTrdIeckun 140

Onepanuonnoe ucaucienue 227

OpwuenTanus noepxaocTu 239

OcuoBHbIe dyHKIIA 11

— —, npeo6pasoBanus Pypre 172

— —, ceputeckoe cpennee 86

OCco6eHHOCTY TPUTOHOMETPUYIECKOTO PALA
43

Octporpanackoro—Taycca dopmymra 240

ITapcesans pasencreo 187

ITepBoo6pa3nas 06006menHoON pyHKIMM 54

MMunerrn popmymra 89

IImorrOCTH Crost 261

IToBepxHOCTH HyneBas 185

—, DKBUBAJEHTHAA BemecTBeHHOn 184

IMoamoTa  mpocTpaHcTBa  0GOOIIEHHBIX
dyuxmun 24, 167, 402

ITorennuan HoroTona 123

IIpeobpasoBanue moxobus 19

— 00600menHON GyHKIUU HA 9UCIo 16
IIpousBoauas apobuOro mopsaka 132
— o606mennon gyuxkinun 28

— — — no napameTrpy 58, 168
IIpoctou cron 261, 271
IIpocrpancTeo K 11

— —, IpeJenLHBIN nepexon B HeM 12
— — npeob6pasoBanue Pypre 175
— K' 14

— S 25

— —, IpeleIbHLI Iepexon B HeM 26
— —, npeo6pa3osanne Pypre 185

— —, IpejlenbHBIN epexon B Hem 176, 177

— 7' 178

ITpsamoe npon3ssenerne 0600IEHHBIX (DYHK-
mun 117

— — — —, KOMMYTAaTUBHOCTh 1 aCCOIMa-
TUBHOCTH, 119

— — — —, HOcuTenb, 118

— — — —, npeo6pa3oBanue Pypre, 213

ITyaccona dopmymra 126

— — cyMMupoBaHua 42

Pagencreo guppepennuansubix popm 236

— 06006IIeHHBIX (DYHKIUA JOKaabHOe 15,
164

— [MTapceBaas 187

Paznoxenune equunisr 162

— Ha INIOCKWE BOJHBI JeabTa-(pyHKIun 92,
97

— Ha IIOCKME BOIHHL 7 89

Perynapusanma kaHoauwdeckas 74

— — B KOHEYHOM NIPOMEXYTKe 79

— — Ha 6eckoHedHOCTH 82

— pacxoasamerocs waTerpansa 20, 57

— ¢dyuxmun 20

Perynapuaele ypaBHeHMA, (yHIaMEHTATIb-
HBIE pelreHus rias Hux 146

— dyHKIUOHATIH 13

— — Ha npocTpaHcTse Z 178

Pan dypoe nepuoaungeckon pyuaxnum 41



412

AJIGABUATHLINA YKA3ATEJL

Creprka 0606mennpx dyrKmmin 120

— — —, HENIPEepPLIBHOCTEL 122

— — —, ¢dopmyra auddepeHnMpPOBAHAA
122

Casur ¢gyskmuun 17

— — B npocrpancteax K u Z' 175

Cunrynspras pyaknus 10

Crou gsoumon 261

— k-xparabin 261, 271

— mpoctoun 261, 271

Counnua naTerpar 140

Croxkca ¢opmyra 241

CyImecTBeHHBIE TOYKHA 15

Cdepudecku cummeTpudHas GyHKIAs 19

Cdepudeckoe cpenuee 86

CXOAMMOCTEH  TMOCIeN0BATEIHLHOCTH 06006~
[MIeHHBIX (QYHKIUNA 22

— — OCHOBHBIX QyHKIUU 12, 26

— pajga 0606IIeHHBIX (YHKIUT 22

Teinopa pax ara o606menHOR (yHKIWAH,
3aBUCAMEN OT mapameTpa 170

Tovka MOBEPXHOCTHU MPUBOAUMAA k-T'O IMO-
paaka crenenn m 343

Y mprparunep6oanaeckoe ypaBHeHue 306

Dunnrare pysaxuomm 11

— (dyHKIIIOHATLI 26

Dopma quddepennuaabaas 236
dopmanbHO OgqHOpPOAHAA DYyHKIMA 324
dopwmyaa MNaycca—Ocrporpanckoro 240
— TI'epraorna—Ilerposckoro 154

— I'puna 38, 249

— [Mamnam6epa 132

— IMumerTu 89

— Ilyaccona 126

— Crokca 241

DynpameHTaTRHOE pemrenne auddepenHnn-
aIbHOrO ypaBHeHus 124

— — — — BTOPOro mopsaaka, 307

— — — — 114 ypaBHeHUusA CTPYHBI, 129

— — — — urepupoBanuoro, 307

— — — — OOBIKHOBEHHOT0, 124

— — — — oaHOpOAHOrO, 143

— — — — peryaspHoro, 146

— — — — yJIbTPArunepO0JuIeCKOr0,
306

— — — — pjumnTuyeckoro, 140

— — 3ana4yu Kommu 126

— — — — @IIA ypaBHEHUs Turnepoomnde-
CKOr'0 OJHOPOAHOTO, 154

DyHKIUOHAT JUHEUHLIM U HEeNpepLIBHBIN
12

— Ha npoctpancTe K 12

——— 526

—— — Z 178

Dynxnus o6o6menHas 13

— ocHOBHaA 11

—, DKBHUBAJICHTHAA OTHOPOLHOU 343

Yernas o6obmennas GpyHKIAA 62

Jumnrraeckuit onepaTop 140

— — ogHOpOAHLIA 143

— — —, dyHIaMeHTaIbHOe perteHue 143
— —, dyHIaMeHTaIbHOE pertenue 140

HAxo6u MHOrOUIEH 138



