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1. 3auem oOpabaThIBaTh CUTHAJIBI?

Kaxaeiii pas, korza Mbl paboTaeM Ha KOMIIbIOTEPE WJIM TOBOPUM II0
MOOWIBPHOMY TeepOHY, MBI 3aIlyCKaeM MOIIHbIE MEXaHU3MBI 06paboT-
KU U XpaHEHUs CUTHAIOB. MeXaHU3MBl 3TU OCHOBAHBI Ha JOCTHKEHU-
X COBPeMeHHOH MaTeMaTHUKU — TeOpUU GYHKITUH, ONTUMU3AINH, TeO-
pHUM aJIrOPUTMOB U ellle JecsATKa Apyrux obsacreii. Kakue-To M3 HUX
POAWIUCH B TIO3ATIPOIIIIOM BeKe, Apyrue (X GOMbIIMHCTBO) — OyKBasIb-
HO Buepa. Teopust 06paboTKU U XpaHeHUs CUTHAIOB (signal processing)
ABJISETCA ONHUM U3 Haubosee BOCTpeOOBAHHBIX HAIIPABIEeHUN MaTeMa-
THKH.

JIrobo¥i curHail, OyZb TO 3BYK, U300pakeHUe W Apyras GyHKIIUS,
MOYTH HUKOTZIA He XPAHUTCA B KOMIIBIOTEPE IO TOYKaM. DTO JOPOTO
U HeadpbekTrBHO. CUTHAJI PACKIAAbIBAETCI B CyMMY APYTHX, «6a3o-
BbIX» QYHKIIUH, ¥ XPAHATCSA ero Ko3pPUITMEHTHI pasiokeHUA. [JTaBHbIA
BOIIPOC — KaKylo0 cHcTeMy 0a30BBIX (YHKIWN HCIOMb30BaTh? UM Kak
IIOCTPOUTDH XOPOIIYIO CHUCTEMY, YTOOBI CUTHAJ ObICTPO M KadyeCTBEHHO
BOCIIPOU3BOJWICSA U TIPU 3TOM 3aHUMaJI MaJIo TaMATH? 3a 3TO OTBEYAET
KpacuBas MareMaTuhdeckas Teopus. B TeueHUe AecATHIeTH 6a30BbHI-
MU QYHKUMAMHU OBUTH IeJible CKaTHUsA CHHyca UM KOCHHyCa, UTO ecTe-
CTBEHHO, VUUTHIBAs MPHUPOAY 3ByKa. DTO psazabl Pypbe, N300peTeHHbIE
6omee 200 ser Hazaz. OgHAaKO K cepeAnHe XX BeKa CTalO SICHO, YTO
OHM He OTBEYalOT COBPEMEHHBIM 3amnpocaM. ITOMCK HOBBIX KOHCTPYK-
LU, PeBOCXOAAMNX psaabl Pypbe, okazaics HEMpoCTol 3azaveii. Haz




STUM TPYAWIOCH He OJHO ITOKOJeHHe MaTeMaTHKOB: QyHKIMHU Xaapa,
cuctema [llenHoHa—KoTembHUKOBA, Beliecku Metiepa u Jlobemntu u T. 1.
HoBrle QyHKIINY yKe He 3a/]al0TcsA ABHBIMU GOpMy/IaMU, a CTPOATCA KaK
pellleHus cliellaJbHbIX YpaBHeHUH. OHU He ABIAI0TCA ITIaZAKUMY, a, Ha-
MIPOTHUB, UMEIOT CBOHCTBA GpaKTaJIOB M caMOTOAOOHBIX duryp. Ceiuac
OHU HCITOJTb3YIOTCS MIOBCEMECTHO MpHU pabore ¢ poTorpadusamu, ayauo-
U BUAeodaiyiaMyu, B KOMITBIOTEPHOU TOMOrpaduul U T.J. — U JaKe B
KPUMHHAIMCTHUKE, TIpU 06paboTKe OTHeYaTKoB masbiies!! Ho MaTeMa-
THYecKas TeOPUA He CTOUT Ha MecTe.

JlaHHBIN KypC ABJISIETCS BBEAEHUEM B COBPEMEHHYIO TEOPUIO o6pa-
O6OTKM CHTHaJIOB. He BO BCIO, a TONBKO B ee «(hYHKIIMOHAIBHYIO» CO-
CTaB/AOLIyI0. MBI IIOCTPOMM M UCCIeAyeM pa3iIudyHble Oa3unCHbIE CH-
cTeMBbl — OT cucTeM Dypbe Z0 BCILIECKOB.

ABTOp mOCTapasca caenartbh Kype JOCTYIHBIM MIAZIINM CTyZAEeHTaM,
MI03TOMY MBI GyZieM m3beraTh MOHATHH, KOTOPble He IPOXOAATCI Ha 1—
2 Kypcax MaTeMaTU4YecKuX OT/JieIeHUH YHUBEpPCUTeTOB. MEI He yIIoTpeb-
JiieM vHTerpas Jlebera 1 He TOIb3yeMCsl CUMBOJIMKOM U CTPOTHIM OITpe-
JiefleHreM IIPOCTPaHCTB L,, OrpaHMYMBAasACh UHTYUTHUBHBIM IIOHATHEM
rwib6epToBa MPOCTPAHCTBA, a TaKKe He OOOCHOBHIBAEM CXOAUMOCTD
HEKOTOPBIX MHTETPAJIOB, B YaCTHOCTH IpeobpasoBanusa dypre. Bosee
IIOTOTOBJIEHHBIM YWTATesb JIETKO SKCTPaIoIupyeT MaTepual Ha CBOH
YPOBEHbB U MOATBEPAUT, UTO BECh KypC HamucaH 6e3 moTepyu MaTeMaTu-
4ecKOU CTPOTOCTH.

ABtop Tnyboko mpusHateseH H. H. Anzgpeey, B. A. Kiemisiy,
I'. A.Mep3zony, M.A. Packuny, H.T'yasenrbmu u X. M. Jlomunrecy-beru-
HeCy 3a IMOMOIIIb B MyOJIHKALUMK 3TOTO Kypca, 3a BHUMAaTeIbHOEe YTeHUe
U Maccy LIeHHBIX 3aMedaHuii. XyZo)KeCTBeHHble WIIIOCTPalUK BBIIOJ-
HeHbl M. K. KamumzbiM.

1.1. HenpepsIiBHOE U JUCKPETHOE

JIro6yro dyHKIMIO OyzeM HasbIBaTh curHastoM. OyHkImio 6yzeM 060-
3HavaTh f(t), a mepeMeHHYyI0 t OyZieM BCeria CYMTaTh IPUHAJIEKAIIEN
orpe3ky [0, 1]. Takum obpaszom, f: [0, 1] — R.

KomHe4HO, HellpepbIBHbIE CUTHAIBI B MaMATU KOMIIbIOTEpA He Xpa-
HATCS, a XpaHATCA UX JUCKPETHbIE 3HaUYeHUs Ha KaKOH-HUOYJb CETKe,

'Hagasock 3TO, KCTATH, ele B MPOLUIOM BeKe, KOrZa 3TUM 3aHanoch OBP [2,
p. 24—25]: OTCKaHMPOBAHHBEIM HabOp OTIEYAaTKOB 3aHMMa mopszaka 10 Mera-
6aliT — pa3Mep, MaJIOIIPUTOAHBIN K Iepesade IO TOTAAUTHUM MogeMaM. [IprMeHe-
HUe KOJWPOBAHUA C TIOMOIIbIO BCIIECKOB IIO3BOIMIO YMEHBIIUTE pa3Mmep B 20 pas,
10 ~ 500 Kumobar.



T. €. B KOHEYHOM MHO)XeCTBe ToueK. [TycThb 3T0 OyayT N TOYEK ty, ..., ty_1-
1 N-1

3 N’ tee N

HEKOTOPHBIX 3aJjauax Jiydlne paboTaloT Apyrue ceTku. Mbl OyZieM UMeThb

Yalme BCEro MCIONMB3YIOT PABHOMEPHYIO ceTKy: O , XOTA B

JIeJI0 TOJTbKO C PABHOMEDPHOM: t), = N’ k=0, ..., N —1. 3aMmeTuM, 4TO MHI
HauMHAeM BCeryla ¢ TOYKU t, = 0, a 3aKaHYMBaeM He B TOuke 1, a 4yTh

———. Tak genaTh yaobOHee, a ToYeMy, TOHATHO

PaHbIIle, B TOUKE ty_; = —

CTaHeT ITOTOM. L
Takum obpasom, 6epeTcs ceTka U3 N TOYeK t) = N k=0,...,.N—1.

Kaxzol ¢yHkuu f (t) mocTaBUM B cOOTBeTCTBHE yucaa x (k) = f (%) s
k=0, ...,N —1. Oror Habop u3 N yuces MO)XHO IOHUMATh KaK BEKTOP

B N-mepHoM npocTpaHcTBe: x = (x(0), ..., x(N — 1)) € RN,
WTak, HeIpephIBHBIA curHaa — 3to ¢yHkums f: [0, 1] — R, a awuc-
KpeTHbI — 3T0 BekTop x € RYN. VI3 HempephmIBHOTO cuTHajia f MOMy-

o k
YaeTcs AWCKPETHBIA MO ero 3HaYeHUsM B y3iax ceTku: x(k) = f (— s

N
k=0,.. N—1.

0 1 0

z|=

1
N

Puc. 1. CneBa — HenpepbIBHBIN curHai f(t), t € [0, 1]; B 1leHTpe — ero AucKpe-

tusamys x (k) = f (%), crpaBa — AUCKPETU30BAaHHBIN curHai x (k)

[Tepexozs OT HEMPEPHIBHBIX CUTHAJIOB K AUCKPETHBIM, T. €. OT QYHK-
IIUHA K BEKTOpaM, ¥ 0OpaTHO, MbI CMOXXEM ITOHATh CBOMCTBA CUTHAJIOB U
MIPEJIOKUTD CIIOCOOBI MX XpPAHEHUS U MTepeiavu.

J1s XpaHeHUA Ka4eCTBEeHHOI'O ayJuo- WIW BUEOCUTHAa, CKaXXeM
doTorpaduu, TpebyeTcs UMCIO 3HaUYeHUH N mopsiaKa 10°—108. Hanpu-
Mep, GOTO cpesHero KadecTBa — 3TO 1 Meramukcesnb (Mm), T.e. 1 Mui-
JIUOH THKcesled. B KaJoM NuKcese HY>KHO XPaHUTb HECKOJBKO YM-
cesJl— APKOCTh JIAHHOUM TOYKH, ee I[BeT (OIpeessioluiicss SpKOCThIO
TPEeX COCTABJIAIOIINX €r0o IIBETOB). Tak 4YTO, OKPyIIssd, OyZeM CYMTaTh,
4T0 HaM HyxHO N = 107 uucen. C IpPOCTPAHCTBOM CTOJb OFPOMHOTO
Yyucia M3MepPeHUN TMPUXOAUTCI UMETh Jeso. [lofluepKHeM, YTO peyb
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WJeT O HeIOZABIKHOM M300pakeHNU. BH/IeomoToK cofep:KUT Ha OPsAA-
K# 6Gosbllie 6aliTOB.

[IpuKUHEM, CKOJIBKO MecTa moTpebyeTcs A xpaHeHusa 1 Mn. By-
JleM CUMTaTh, YTO JJI KaKAO0ro uuciaa Hy:kHO 10 1iudp B IBOUYHOH CU-

CTeME CUHHCIEHHA, T. €. YMC/Ia XPpaHATCA C TOYHOCTBIO O m Torma

nony4aetcss 10% 6uTt, wnu npumepso 107 6aiiT, T.e. 10 M6. He MHOro
s i ogHoro GoTo cpefHero KavyecTBa? KoHeuHo, n3obpaskeHue Ha-
JI0 yIIaKoBaTh U CKaThb. Pa3 B fgecath. Toraa ¢poto Oyzer Becuth 1 MO,
YTO BIOJIHE mpuemieMo. Ho 4TO 3HAUUT «yIIaKOBaTh» U «CXKaTh»? JTO
O3HayaeT IO-JPyroMy pa3MeCTUTh, YJIOXKUTh 6ojee SKOHOMHO. [IJis1 3TO-
T'O CYIIECTBYIOT pasHBIE MMOAXOBI, HapUMep apxuBaiusa. Ho ux gacro
ObIBaeT HEJOCTATOYHO. Kak MOXXHO pasMeCTHTh, MyCTh AaXKe SKOHOMHO,
10 M6 uHbopMarmy Ha MpocTpaHcTBe B 1 M6? DTo Bce paBHO, YTO IIbI-
TaThCs 3aCyHYTh 10 Ky6OMeTpPOB rpy3a B 6ara)XHUK MalTMHE 00beMOM B
1 ky6omeTp. Kak HU yrakoBhIBaii, Bce paBHO He Biie3eT. [loaToMy, Korza
MBI TOBOPUM IIPO XpaHEHUE CUTHAJIA, TEDMUHBI «yIIaKOBATh» U «CXKATh»
He BCerjja TOYHO OTPaXKaloT peaybHOCTh. CUTHAMI Ha/I0 YMEHBIINUTD, BbI-
6pocuth 90 % BXOAAIIMX B Hero uyucen. U caemaTh 310 6e3 motepu (a
WHOT/IA U C yJTy4dllleHreM) KadecTBa. Kak Takoe BO3MOXKHO, HaM U TIpeJi-
CTOUT pa3obpaThCs.

1.2. TIpubamKeHus IIaJKUX CUTHAIOB

Ecau 651 Mbl XpaHWIM BCe BO3MOXKHBIE CHTHAMb X € RN MeHbIIMM
KOJINYECTBOM UHCEN MbI 6BI, KOHEYHO, He OOGOILINCH. [J1aBHAsA XUTPOCTh
3aKJIloyaeTcs B TOM, YTO BCe CUTHa/Ibl XPaHUTb He HYXKHO. Bce 3BykH,
n3obpakeHUsA, U3NIeCcKHe NPOIeCccH U Apyryue CUTHAJBI, B3AThle U3
’KU3HU, 001a/al0T HEKOTOPOH PEryIapHOCThIO. DTO 3HAYUT, YTO OHU
He MOT'YT CIMIIKOM Pe3KO MEHATHhCA. A XpaHUTh IUIAaBHO MeHAoLreca
CUTHAJIBI MOXKHO, MCIIO/b3Y$ 3HAUUTEIbHO MEeHbIle MeCTa.

Puc. 2. CurHasbl: XaOTUIHBIN (cIeBa) U perylIapHBIN (crpaBa)
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Jlnst Toro yToOBI CTPOTO CHOPMYIUPOBATH CKAa3aHHOE, MBI TIEpelzieM
OT JVICKPETHBIX CUTHAJIOB OGPATHO K HENPEPHIBHBIM, T. €. K QYHKIUIM.
Ecnu 3Hauenus x (k) MeHAOTCA IUIaBHO ¢ U3MeHeHueM k, To QyHKIUA f
Jo/mKHA OBITH HenpephiBHA. Ha caMoM ziesie faxke HEPEePhIBHOCTH HEZIO-
CTaTOYHO, U MBI IOTpebyeM, yTOOBI OHa 06J1a/1aa 6oIee CHIIbHBIM CBOM-
CTBOM.

OnPEAENEHUE 1. OYHKIMA HaA3bBIBAETCA JUNWUYEBOL, ECTU CyIIe-
CTBYET TaKas MOJIOXKUTENbHASA KOHCTaHTa L, 9TO A1 TI0OBIX TOYEK t, t) €
€ [0, 1] BeimonHeHo HepaBeHCTBO |f (t1) — f(ty)| < L|ty — ty.

TaxuM 06pa3oM, pacCTOSTHUE MeXAY 3HaUeHUAMY QYHKIIUU B JIIOOBIX
[BYX TOYKaxX He Oosee 4yeM B L pa3 IPeBOCXOAUT PACCTOSHUE MEXIY
TouyKaMH. JlummuieBy GYHKINIO ¢ KOHCTAHTOH L OyzeM A1 KpaTKOCTH
HasbBaTh L-TUmmuneBoii’. /g MHOXECTB IaZKUX QyHKIUHA Mbl HC-
MOJTb3yeM CTaHAaPTHBIE 0003HaueHUsA: GYHKIUA [ TPUHAAIEKUT KJIaccy
C*[a, b], ecnu oHa k pa3 auddepennupyema u ee mpoumspogHas f X
HeTpephIBHA Ha oTpeske [a, b]. TIpu 3ToM MBI cuuTaeM, yto C° = C —
KJIACC HeNpepHIBHEIX GYHKIMHA. Tak sxe ompezensderca kmace CF(R).
Knace C™ cocrour us 6eckoHeuHO auddepeHIUpyeMbIX QyHKIHIA,
T. €. GYHKIIUH, ¥ KOTOPBIX CYIIECTBYIOT IIPOU3BOAHbIE BCEX MOPS/KOB.

Jlerko fokaseiBaeTcsa (C UCIONb30BAaHUEM TEOPEMEL O CPEJHEM), UTO
ecmn y dyuknun f € C! HopMa IpoM3BOAHOM He MPeBOCXOAUT KOHCTAH-
ol L: ||f']| < L, To f ABIS€TCA NAMIIULIEBOM ¢ KOHCTaHTOH L. [ToaToMy
mobas GyHKIMA U3 Kiacca C'[a, b], a 3HauwuT, u u3 C¥[a, b] pH JII0O0M
k > 1 munmunieBa. To ke BepHO U 11 TEPUOAUYECKUX QYHKITUI Ha BCEH
mpsaMoi R. BEIBOZ, K KOTOPOMY MBI IIPUIIUIY, KPATKO 3aMUIIeM TaK.

Bee gynxcyuu xnacca C¥, k>1 (na ompeske unu nepuoduueckue Ha R),
JUNULUYEBDL.

[ToaTOMYy BCe, YTO BEPHO I JIUMIIUIEBBIX QYHKIINHM, BEPHO U JIA
Beex ¢ynkimit us CK mpu Beex k > 1. Ecmu GyHKIMA f JIUNIIMIEBA, TO

COOTBETCTBYIOIIUN QyHKIIUU BeKTOp X (k) = f (%) Takxe OyzeM Ha3bl-

o L
BaTh L-mumimuieBeiM. OH orpegesgeTcs cBoictBoM |x (k+1) —x (k)| < N
st Becex k=0, ..., N — 2. Takum o6pa3oM, coceiHrue KOMITOHEHTHI BEK-

L
TOpa X OTIMYAKTCA He Oojiee 4eM Ha YHCIIO N M=Horo 11 N-MepHBIX

JIUTIITUIEBBIX BEKTOPOB? YTOOBI IaTh ONIpeZieIEHHBIN OTBET, HAZI0 OTpa-
HUYUTH MHOXXECTBO BEKTOPOB. I103TOMY MBI PacCMOTPUM MHOXKECTBO
BEKTOPOB, KOOPJUHATHI KOTOPBIX HEOTPUIIATENbHBI U HE TIPEBOCXOAAT 1.

1Pyaonb¢> Jummn, (Rudolf Otto Sigismund Lipschitz, 1832—1903) — HemeIkuit
MaTeMaTuK. Bei1 yunTenem sHamenutoro ®Penvkca Kieitna. [ToToMKaM M3BECTEH
[JIaBHBIM 06pa30M IO Ha3BaHUIO KiIacca QyHKIIHMA.
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Bce Takue BeKTOPHI 06pa3yroT N-MepHBIHA Ky0 co cTopoHoH 1. MbI 6yziem
obo03HavaTh 3TOT Ky6 Iy, a uHOTAA mpocTo . Ero 06'beM, KOHEYHO IKe,
paBeH 1. BosbMeM /i onpeseneHHOCTH L =1 U IIOCTpOUM ABHO MHO-
JKECTBO BCEX 1-TUIIIUIIEBBIX BEKTOPOB, JIEXKAIUX B 3TOM Kybe. O603Ha-
YuM depe3 Ay MHOXeCTBO BCeX 1-THIIIUIEBBIX BEKTOPOB, V KOTOPBIX
x(0) € [0, 1]. Ero mepecedenne ¢ kyooMm [y U OyZeT MHOKECTBOM, KO-
TOpOe Hac uHTepecyeT. YeMy paBeH 00beM MHOXXecTBa Ay? HauHeMm c
Masblx N.

N =1. Bsrom ciygae A; = [0, 1], Vol A; =1.

N = 2. Imeem

Ay ={(x(0), x(1) €R?[0<x(M) < 1, —3 <x(1) ~x(O) < 5 }.

[\.JI»—l

Takum o6pasom, A, — mapajiesorpaMmM ¢ BepIIMHAMHU

(0.-3)-(03) (+2). (+2)

Ero o6bem Vol A, paseH 1.

3
X 2
1
2
1
2
Ay X,
A
o 1 X
1
P

Puc. 3. MHOXeCTBO JIMIIINIIEBBIX CUTHAMOB A N =1, 2
N = 3. Imeem

Ay ={(x(0), x(1), x(@) €R* [0<x(0) < 1, ~F <x(D —x(O) < 5,

- % <x(2) —x(1) <

()JIH

3

W[
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Torza A; — napajiesienuIies; C BeplinHamMmu

1 2 1 1 1 2
(0.-3.-3). (0=3.0). (0.3.0). (0.3 3)-
2 1 2 4 45
(133 (031). (31 (13.3)

Ero o6bem Vol A; paBeH g

1 2
(0.-3.-3)

Puic. 4. MHOXeCTBO JIUIIIIUIEBBIX CUTHAIOB i N = 3

TakuMm o6pasoM, Ay — MapasuiesenuIie]i, KOTOPBIH CTPOUTCS 10 WH-
AYKLIWUY: CHavaysa OepeTcs OJHOMEPHBINM Mapasulesienuries— OTPe30K
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[0, 1], 3aTeM AByMepHBIN: KaXJ0l BepluInHe a oTpe3ka (rae a —a3Tto 0
win 1) CTaBATCS B COOTBETCTBUE /IBE€ BEPIIMHBI HOBOTO IapaJlieen-

1 1
nega (a,a— =) u (a,a+ N) HTA Ha mociezneM 1mare Kaxkzgas

N
BepurrHa (N — 1)-MepHoro napasuienenumnesa (d, .., dy_») IOpOXKIaeT
1 1
ZIBE BEPIIIMHBI (ao, veey AN, Ay_g — N) u (ao, ey Ay_, Ay_o + N) ma-

patenenumneza Ay. O6beM mapasienenuneza Ay jerde BCEro HAUTHU,
WICIO/b3ys U3BECTHBIN PUHITUII.

[MpuHuun KABANMBEPU. Eciu 08a N-MepHblX mesia makogsl, UMo
n106as8 NpAmMas, NAapaniesbHas 3a0aHHoOlU npsamoll, nepecekaem ux no
ompe3kam 00UHAK0B01l ONUHbL, MO MU Mead UMEeM PABHbL 00BeM.

S

Puc. 5. llpunnun KaBamsepu: Vol =S - h

Msr mpuMenuM npuHnun Kapanapepu K mapasienenunesly Ay U K

N-MepHOMy napasiesenuIie[ly C OCHOBaHHEM, paBHBIM IIPOEKIUU Ay
Ha IUIOCKOCTD IepBbIx N — 1 KoopAUHAT, M 60KOBBIM pebpOM, paBHBIM i
Y TIEePIIeHAVKY/IAPHBIM OCHOBAHUIO. SICHO, YTO 06EM BTOPOT'O Tapasiie-

senunena paBeH (N — 1)-MepHOMy 00beMy OCHOBAaHUSA, YMHOKEHHOMY
Ha % JIro6as mpsMast, mapajuiesbHast 00KOBOMY pebpy U IepeceKaroras
TapaiIe/IeruIiesi, IepecekaeT ero Mo OTPe3Ky UTUHEI . C nzpyroﬁ CTO-
POHBbI, 3Ta IPAMAs IepeceKaeT Ay TaKXKe M0 OTPe3Ky UTHHEL ;. B camom
nene, ecmu (ag, ..., Ay_q, Ay_1) — JTI00AS TOYKA Mapauienenumnena Ay,
To nipaMas {(ay, ..., dy_s, t) € RN | t € R} mepecekaer Ay 10 OTpPe3Ky C
KOHIIAMU | dg, ..., Ay_o, Ay_9 — %) u (ao, vees Ay_g, Ao + % . JnuHa
9TOrO OTpe3Ka paBHa . CrenoBaTenbHO, 06beM Mapasulenenuresa Ay
paBeH 00beMY €ro MPOEKINY, YMHOKXEHHOMY Ha % Ortciozia I0 UHAYK-

MM 3aKJII09aeM, 94To IIpu itoboM j =1, ..., N — 1 06'beM IIPOEKITUU MHO-

12



. 21/
’KecTBa Ay Ha IepBbIe j KOOPAMHAT PaBeH (N) (ecTecTBEHHO, UMEET-

cs B BUZAY j-MepHBIl 06beM). [Ipu j = N — 1 monyyaem

5 \N-1
Vol(Ay) = (N) .

WTak, MHO)XECTBO Bcex N-MepHBIX BEKTOPOB ¢ KoopauHaTamu oT 0
70 1 ABsgeTCS eIUHUYHBIM KyOoM [y 1 uMeeT o6beM 1, B TO BpeMs Kak
MHO)XECTBO 1-JTUMIIUIIEBBIX BEKTOPOB I N Ay uMeeT 06beM, MEHBITUH

N-1
yeM Vol(Ay) = (%) .

Yxe npu N = 10, kak MBI BUJUM, 1-TUNIINLEBBl BEKTOPHI COCTABIIA-
10T MPUMEPHO OZIHY ABYXMWIUIMOHHYIO 0ObeMa BCeX BEKTODPOB, a MpHU
N = 20 sta gona paBHa 1071°. HamoMHMM, 4TO Hac MHTepecyloT pas-
MepHOcTH 6onbime N = 10°, Ipy KOTOPBIX 3TOT MH3EPHBIH 06BEM yiKe
HEBO3MOJKHO TIPeCTaBUTh. MBI IIPUIILTH K TIABHOMY BBIBOZY.

IIpu 6onbwux N AuUNWUYeBbl CUZHAbL COCMABASIOM HUUMONCHYIO
Yacms 0m ecex CUZHAJO08.

[ToaTOMY MOXXHO OXKHZATh, YTO JJIS ONUCAHUSA 3TOM HUYTOXKHOH va-
CTH HY)KHO Topaszio MeHbIlle MHPOPMaIllMK U MeHbIIle MaMaTh. MaTeMa-
TUYECKU 3TO O3HAYaeT, YTO MOXKHO HaWTH He6OIbIIOe YUCIO CUTHAIOB
(3HauMTENHHO MeHbIIee, 4eM N), KOMOUHAIIUAMHU KOTOPBIX MOKHO TIPH-
OJIU3UTD JII0OOH JIUIITHUIEB CUTHAI. TOTZIa BMECTO TOTO, YTOOBI XPAaHUTh
N xoopauHaT BekTopa x € RN, MoxHO 6yzeT 060iTHCh MaTeHbKUM 9HC-
JIOM KO3(QPUITMEHTOB TaKOW KOMOWHAIIUH.

OcTaeTcsi TOJIBKO BBIOpaTh 3TO HEOOJBIIOE MHOMKECTBO CUTHAJIOB,
KOTOPHIMU MOYKHO TTPUOJIMIKATD JUIIIHIIEBBI CUTHAJIBL. 3aZiaueil HaXoxX-
JIEHUS TaKUX cUCcTeM QYHKIIMH 3aHUMAETCs CIlelaibHasg OTpacjib Ma-
TeMaTUKU — meopusi npubausiceHutl. ITaBHBIN ee IPUHIIUIT: PA3TUIHBIE
KJIaCCHl «xopoumx» GyHKUMM (HampuMmep, AuddepeHIINpyeMbIX, [1aj-
KUX, aHATUTUIECKUX U T.[.) MOXKHO TIPUOJIKATh C TIOMOIIbIO HEGOb-
IIOTO YHC/Ia CIEeNHaTbHBIX 6a3ucHbix GyHKIWNA. B KadecTBe mpubIn-
JKAIONUX KOMOWHAIIUM, KaK MPAaBHIO, UCIOIB3YIOTCA airebpandyecKye
MHOTOWIeHb! (6a3ucHble (YHKIUU {tk}k>o) U TPUTOHOMETPHUYECKHE
MHOrowIeHb! (6asucHble QyHKIMHU {sin 27tkx}y 1 1 {cos 2mkx}~4). Ca-
Ma BO3MOKHOCTh TAaKOTO TIPUOIIKEHUA yKe HaMU 0CO3HaHa Ha MpHUMe-
pe JIUMIIUIIEBBIX CUTHANOB. Kak MbI BUAUM, 1-TUIIIIUIIEBbI CUTHAJBI 00-
Pa3yIoT Mmapauieieunesi O4eHb Majoro o6beMa B MHOXKECTBE BCEX CUT-
HaJIOB. A ZIaJTbIlle MBI IPUMEHSEM CJIEAYIOIINI reOMeTpUIeCKUi GakT.

Buinyknoe mesio manozo obsema 8 RN moxcro npubnusums naocko-
CMblo MeHbulell pa3mMepHOCMU, NpuueM ueM MeHblie 06BeM, mem Jyuule
npub.uiceHue.
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[TpubIU3UTh — 3HAYUT IMPOBECTHU IUIOCKOCTH TaK, YTOOBI OHA MPOXO-
JWIa PSZOM C KQXKO0U TOYKOHM BBHIITYKJIOTO TEJa, T. €. PACCTOSTHUE OT KaXK-
JIOU TOYKU TeJia /10 IIOCKOCTU ObLIO Maso. IIOCKOCTh MOXKHO 33/1aTh,
BHIOpaB MOPOXKJAIOIIYIO €e CUCTEMY BEKTOPOB — basuc. Eciu pa3mep-
HOCTb 3TOH TUTOCKOCTU paBHA n (HamoMHUM, 4To n < N), To 6asuc co-
CTOUT U3 N BeKTOPOB. Torza KaxAylo TOYKY Tesla MOXKHO IPUOIIKEHHO
3aZIaTh N YUCIaMU — KOOpAUHATaMU OJIM3KOU K HEW TOYKU IIOCKOCTH.
Tax MBI 06XOAUMCST MEHBIIIUM KOJIMYECTBOM UHCE /IS OITUCAHUS TOUEK
N-MepHOT0 BBHIITYKJIOTO TeJa.

[TpumEP 1. HaliTu (mpubIIkeHHO) MUHUMAIbHOE 3HaYeHNE GYHK-
uuu f(x, y) = 2x% + 3y 1pu ycIoBUu

10000(x — y)*+ (x + y)? < 4.

Pewerue. MHOxecTBO map uucen (x, y), yAOBIETBOPAIOIIUX 3TOMY
HepaBeHCTBY, OIPAaHUYEHO JUIUIICOM, M300pakeHHBIM Ha puc. 6. Ero
LIEHTPp HaxOJWTCA B Hadyasle KOOPAMHAT, a [I0JIyOCH HallpaBjeHbl B TOUYKU

11 2_ 1
W1 # (- 155 755 700 — 507"

3HAYUT, €r0 MOXKHO XOPOIIO TMPUOGIU3UTH IUIOCKOCThIO MEHBIIEH pas-
MEePHOCTH (B JaHHOM CJTy4ae — MPUOIU3UTH TIPIMOT).

). Ero o6beM o4eHb MajI (OH paBeH 7+v/2-

(1,1

__1 L)
100° 100

(L _L)
100’ 100

Puc. 6

B camowm zieste, mpubpKaroIas npsmMas — OUCCEKTPUCA KOOPAWHAT-
HOro ymia. PaccTosHue OT d/uIurica Z0 3TOU MpAMOMN He NPeBOCXOAUT

o o V2
IIMPUHBI ALIUIica (T. e. AJTMHBI €0 MaJIOH TIOJyOCH), PaBHOU 1—‘{);, a cam

JLIUIIC TTPAaKTUYECKH coBIagaeT ¢ orpesxkoMm {(t, t) |t € [—1, 1]}. [ToaTo-
My f(x, y) &~ 2t + 3t ¥ MUHMMYM 3TO¥ GyHKIMHU Ha oTpeske [—1, 1] pa-

9 o .
BeH —g. [TpubIMKeHHBIA OTBET MOTyYeH. TOYHBIM OTTMYAeTCs OT HETO
meHble yeM Ha 0,02.
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B 3ToM mpuMepe HaM IoMoOIVIa KAPTUHKA, HA KOTOPOM BUIHO IIPH-
GmpKarolylo npsaMyto. Eciu jke pasmepHocTh N 6Gosblnas, TO MBI He
BU/IM BBIITYKJIOTO TeJia. MBI JIMITh 3HaeM, YTO y HEro MaJIeHbKUH 00b-
€M U, 3HAYUT, €r0 MOXXHO MPUOIM3UThH IUIOCKOCThIO. Kak HaWTu aTy
IUIOCKOCTh U KaK (4YTo Zla’ke BakHee!) BBHIOpaTh B Hel 6asuc? Kak, Ha-
puMep, BbIOpaTh 6asuc A1 TPUOIKeHUH Tapajuiesenuea 1-Turmm-
I[UIEBBIX BeKTOPOB? CKOIBKO B 3TOM 0asyce ZIOMKHO OBITh 3JIeMEHTOB
{¢1, --., P}, ITOOBI TOPOXKZAEHHAA UMH IUIOCKOCTD IIPUOIIDKaIA Iapas-
JIeJIeTIUIIe, C TOYHOCThIO, cKaxkeMm, € = 0,01?
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2. Metoa ®ypse

VicTopudyecKu TepBbHIM U Hauboiee pacIpOCTpaHEHHBIM 0a3rcoM
[JIs pasnoxkeHus QyHKIMH sBisgeTcsa 6asuc Oypre. Ero miaBHbIN HeZo-
CTaTOK COCTOWT B TOM, YTO OH PAaCCUYUTaH TOJBKO Ha MEPUOAUYECKUE
¢byukiuu. OgHako eciau paboTaTh ¢ KOHEYHBIMM CUTHAJIaMH, TO 3TO
He IpobieMa, MOCKONBbKY JIoOyio ¢yHKIuio Ha oTpe3ke [0, 1] MoxHO
BOCIIPUHUMATh KaK 4acThb Iepuogudeckoil yHkuuu ¢ nepuogom 1. Jis
u3ydyeHus Oasuca Pypbe HaM IOHAZOOUTCA HA BpeMsA BEPHYTHCA OT
JVICKDETHBIX CUTHAJIOB K HENpepPhIBHBIM QYHKIMAM U MO3HAKOMHUTHCS
C MTOHATHEM THIbOEPTOBA MTPOCTPAHCTBA.

2.1. Papp1 dypbe

[TepeiizemM 06paTHO OT BEKTOPOB K pyHKI[MAM Ha oTpe3ke [0, 1]. Pac-
cTosiHUME MeXAy AByMA byHKiuaMuU || f — g|| 6yzeM u3MepATb B pasHo-
MepHotl Hopme TipocTpaHcTBa C[0, 1] HempepwBHBIX GyHKIUM: ||x|| =
= trer%gul(] |x(t)|. norzma Mel GyZieM CTaBUTH ZOIMOTHUTEIBHO 3HAK BeCKo-

>

HEYHOCTH ¥ 0603HAYATh ITY HOPMY ||x||.,, YTOOBI OTIMYATE €€ OT e8KIU-

1
00601l HOPMHI ||x||, = (f x%(t) dt) B 2u1b0epmosom NpoCmpancmee
0
GYHKIMIA, 0 KOTOPOM pPeYb ellle BIIepeaH.

Kakoli Hy>XKHO B3ATb 6a3uc {¢, ..., ¢, }, 9YTOOBI JIOOYIO «XOPOIIYIO»
(HanmpuMep, MIAZKYIO WIN JUIIINIEBY) GYHKIUIO f MOXHO OGBUIO C 3a-
JIAHHOM TOYHOCTBIO € MPUOIU3NTD TNHEHHON KOMOMHAIMEH A, @ + ...
...+ a,p,, TOE Ay, ..., A, — HEKOTOPBIe KOIPPUITHEHTHI?

OTBeT cHavasia ObUT MOMyYeH /I TEPUOANIECKUX QYHKIMH. JIF06yT0
¢yukumio f ¢ mepuogoM 1 MOXHO MPUOIU3UTH JUHEHHONW KOMOWHA-
nueit oynkumii {1, sin 27kt, cos 2kt }ren. TaKUM 06pa3oM, B Ka4eCTBE
6asuca 6epyTca BCeBO3MOXKHBIE IIesIble CKATHA CUHyca U KOCHHYCa.

TeEoPEMA 1 (JI. l:xekcon !, 1911). Ecau 1-nepuoduueckas gynxyus f
npunadnexcum knaccy C"(R) dns Hexomopozo r >0 u npu amom || f ||, <
< 1, mo dna 1106020 n Haildemcst AUHelHAS KOMOUHAUUS

n
fa= . a, cos 27kt + by, sin 27kt €]
k=0

!Manxem Jlxekcon (Dunham Jackson, 1888—1946) — aMepuKaHCKUH MaTeMa-
THK, OIH U3 OCHOBOITOJIOXKHUKOB TEOPUY MTPUBIMIKEHUN U TeopuH psioB Dyphe.
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sin 27t cos 27t
sin4mt cos4rmnt
]
]
]
sin 27kt cos 21kt

Puc. 7. Cucrema ®ypse

0211 Komopotl
c)
nr

fn = flle < : 2

30ecb uucno C(r) He 3agucum om ¢gyHkyuu f.

Urak, ecnu, Hanpumep, f € C° u ||f®||,, < 1, To yxke mpu n = 10
MBI TTOJTy4aeM MPUOIIIDKEHNE ¢ TOYHOCThIO nopsazaka 0,001. 3HauuT, s
npubmKxeHus C>-GyHKIUK ¢ TOYHOCTBIO /0 OJIHOM TBICAYHOM J0CTa-
TOYHO B3ATh 21 ciaraemoe B cymme (1): 10 cunHycoB 1 11 KOCUHYCOB
(BKJTIOYAS TOXK/IECTBEHHYIO KOHCTAHTY TIpH k = 0), T. €. 000UTHUCH BCETO
21 yuciaom! KoHeyHo, CTONb IaIKUE CUTHAJIBI BCTpedaloTcs He BCerza,
yalle MPUXOAUTCS paboTaTh CO CiydaeM r = 1, KOTOPBI COOTBETCTBY-
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€T JINIIIULEBBIM CUTHasaM. Ho ¥ B 3TOM ciy4ae A TPUOIMKEHUA C
TouHOCThIO € = 0,001 mocratoyHo B3ATh n = 1000, T.e. cymmy (1) u3
2001 cimaraembIx, 9TO COBCEM HEMHOTO.

3azaua pemreHa? He coBceM. A kak HaiiTu 3tu 2001 xoadpunmeH-
TOB 4y, b, ? BOT TyT MBI U MMOAXOAVUM K IVIaBHOU mpobisieme. /leyio B TOM,
4TO Teopema /I)keKcoHa — 3TO B YHCTOM BH/Ie TeOpeMa CyIeCTBOBaHUA,
OHa He JIaeT HUKAKOT'O KOHCTPYKTHBHOTO Crocob6a HaXOXAeHUA Ko3¢-
¢unmenToB. KOHEYHO, MOXKHO TIEPEUTH K AUCKPETHBIM CUTHAJMAM U TO-
r1a HalTu ai, b, U3 IMHeNHOM cucTeMsbl ypaBHeHUN. OgHaKo Ha pellle-
HHE CUCTEMBI C HECKOJIbBKUMU ThICAYaMU TTEPEMEHHBIX YHAET CIUIIKOM
MHOT'0 BpeMeHU. ECTh crtocob jrydliie, HO Jjisi HET'O HaM MPUZETCS MOHATh
reoMeTPUYECKUN CMBICT K03 GUIIMEHTOB a; U by,. DTOMY TIOCBAIIEH Cie-
JOYIOIIUH MyHKT.

3AMEYAHUE 1. Heynydmiaembie olleHkM Ha BennuuHy C(r) U3BeCT-
HBI, 3TO KoHCcTaHTH PaBapa [19]. MBI He IPUBOAUM 37IeCh UX 3HAUEHUH,
JLJIS HacC 9TO He TaK BaXKHO.

3AMEYAHUE 2. Teopemy /l)kekcoHa MOKHO MPUMEHUTH He TOJIBKO
K MTepUOAUYECKUM QYHKIMAM, HO U K QYHKIUAM, 3aZIlaHHBIM Ha OTpEe3-
ke [0, 1], MOCKONBKY WX MOXKHO TPOAODKUTH C TepuozoM 1 Ha BCIO
npsMyto. Hazio TOMbKO OBITH BHUMATENbHBIM C IIaZIKOCThIO GYHKIIWH,
KOTOopas TMpU TaKOM IPOJODKEHUM MOXKET yMeHbIIUThcA. V3 Hempe-
peiBHOU ¢yHKIMYU f Ha oTpeske [0, 1] MbI TOTYYNM HEPEPHIBHYIO TIe-
puoauyeckyo ¢yHkiuo, eciu f(0) = f(1). AnanornyHo C'-nepuoau-
yeckasd QyHKIMA MOMYYUTCS B TOUHOCTH Torza, kKorza f € C'[0,1] u
£(0)=f(D), f/(0)=f'(1), ..., fP(0) = (1) (B KOHIaX OTpe3Ka paB-
HBI 3HaYeHUs] QYHKIIMM U 3HAYEHUST BCEX MPOU3BOAHBIX /10 I'-11). Pazabl
dypbe MBI OyZieM TPUMEHATh UMEHHO K TaKUM CUTHAJIaM.

H3o6perenue psagos ®ypee. XKau Batuct XKosep Pypre (Jean Baptiste Joseph
Fourier, 1768—1830) — pykoBoAuTenb Kadeaprsl aHAAM3a W MeXaHWKH Ilonurex-
Huveckol mmkonbl B [Tapwke (Ecole Polytechnique), cMeHUBHIMIT Ha 3TOM TOCTY
Jlarpanka. Kak 6bU10 HepeaKo B Te BpeMeHa, Pypbe yCIIEIHO COBMeNTaN HaydYHYIO
paboTy ¢ rocyzapcTBEHHOH JeATeNbHOCThI0. Tak, B 1798 rogy oH GbUI IpHUIIAIIEH
HanoneonoM i1 yuactus B EruneTckom moxoze.

PacksazipiBaTh QYHKIMIO B CYMMYy 6ECKOHEYHOTO TPUTOHOMETPUYECKOTO PsZa
dypbe MpeIOKUI I PelleHUsT YpaBHEHUs TEIUIONPOBOAHOCTU. DTO YpaBHEHUE
ITO3BOJIIET HAWUTHU TeMIepaTypy GU3NIECKOro Tejla B 1060 TOYKe B 3aBUCUMOCTHU
oT BpeMeHH. JlereHza riacut, uto Oypbe 3aHsUICA JaHHBIM YpaBHEHUEM IPU CIIEy-
I0IIKX obcToATeNbCTBaX. B Erunre cpesyt MHOXXeCTBA IIPAKTUYECKUX 33/1ad OH CTOJIK-
HYJICS C TAKOM: HAUTH ITyOUHY BUHHOTO TTOrpeba, YTo6kI CpeIHAA TeMIEpaTypa TaM
6bUIa Takas JKe, KaK B aHAJIOTUYHBIX COOPY)KeHHUsAX Bo PpaHIuu. B ycroBUAX K-
Marta Erunra BUHO Hy»XHO OBUIO XpaHUTh Ha APYyroil miybuHe. Bompoc GbUT BaxKeH
JUI1 TIPOJIOBOJILCTBEHHOTO CHAG)KEHMS apMHM, a PeIlaTh €ro OIBITHBIM IIyTeM He
MIPe/ICTaB/IsIOCh BO3MOXXHBIM, /IS 3TOTO HYXKHBI OBUIU JOJTHE HAOMIOAEeHUS.
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Puc. 8. 3azjaua 0 BUHHBIX norpebax

[Tomy4nnoch ypaBHEHHE TEILIONPOBOAHOCTH /i GyHKIMH f (t, X) — TeMIepary-
PHI Ha IyOuHe x 4epe3 BpeMd t. Kak HalTu pemreHue? Y TyT Ha NOMOIIb NIPUIUIA
reHHaJbHAA JOTaZIKa: TeMIlepaTypa — 3To lepuoguydeckasd QyHKIUA C IIEPUOLOM B
365 gueti! PoBHO 4epes rog Bce nosTopsetcsa! CiesoBaTelbHO, U UCKATh pelleHue
Ha/[0 CpeAy NIEPUOANYECKUX 110 IlepeMeHHOH ¢ GpyHKIMN. 3arac U3BECTHBIX II€PUO-
JUYecKUX GYHKINN HeBeIWK: CHHYC ¥ KOCHHYC, a TaKXKe X BCEBO3MOXKHEIE IIesIble
oxarua. Pypbe IpesCcTaBII PellleHe B BUZle CyMMBI TaKUX QYHKINH U TTOTy9IWII TO,
YTO MBI Tellepb HasblBaeM psAfoM Pypbe. OcTaBanoch JUIIb IOACTABUTD CIaraeMble
pAza B ypaBHeHUE U HAHTH K03)OUIIUEHTEL.

[paBauBa i1 3Ta IereH/a, Mbl ZOIOATMHHO He 3HaeM. [71aBHoe, uTo Pypbe npea-
cTaBUI cBOM MeTof 21 sekabps 1807 roza B AokIaze «O paclpocTpaHEeHUH TeIUia B
TBEpZOM Tejle» Ha 3acefaHuu [laprkckoll akageMun Hayk. JIokaaz BhI3BAT MHOXKe-
cTBO HapeKaHWi. Tak, Jlarpamx 1 Jlamiac yKkasslBal Ha HEOG0CHOBAHHOCTD CXOZU-
MocCTH psizia (BOIIPOC U B CaMOM Jiejle O4eHb TOHKUM!) OKoHuaTenpHOe 060CHOBaHUE
MeTozi Pypbe nosmyuns guib B XX Beke. ITo ceif fleHb OH ocTaeTcs OCHOBHBIM /IS
pellleHNs ypaBHeHU TEIUIONPOBOAHOCTH Ha KOHEYHOM BpeMEHHOM HHTepBaJle.

2.2. Tuap6epTOBO MPOCTPAHCTBO

M-5I :XMBeM B eBKJIWJOBOM IpocTpaHcTBe. OHO COCTOUT U3 TOYEK,
WX BEKTOPOB, Y KOTOPHIX TPU KOOPAUHATEL JItoOble IBa BEKTOpa X U Y

MOYKHO TIEPEMHOXHUTb, TIOMYy9UB YMCIO0 (X, Y) = Y. X;¥;. DTO CKaJIAPHOE

i
IIpOU3BEAEHNE BEKTOPOB.
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CraJyiipHOe MPOU3BEZEHNE B IMHEHHOM MPOCTPAHCTBE OIpezesseT-
CS1 BCETO TPeMs CBOMCTBAaMM: OHO JIMHEWHO IO KaXKZOMY U3 apryMeH-
TOB X U Y, OHO CUMMETPUYHO, T.e. (X, ¥) = (¥, X), U TOTOXUTEIHHO
oTpeiesieHo, T.e. (x, x) > 0 a5 mo6oro x # 0. Eciu B TMHEHHOM TTPO-
CTPaAHCTBE €CTh CKaJSIPHOE MPOU3Be/leHre, 0baZiatolnee STUMH TPeMS
CBOMCTBaMHU, TO OIIpe/ieJIeHO U BCce OCTaJbHOe: [yiHa (HopMa) BeKTopa

|x]| = 4/ (x, x), a 3HAYKT, ¥ pacCTOSHUE MEXKIY TOYKAMMU, a TAKKE YT
MEX/Y JFOOBIMU JBYMSI BEKTOPAMHU:

(x,y)
llxIl - Ny Il

KoHeyHOMepHOe ITPOCTPAHCTBO CO CKAJAPHBIM MPOH3Be/leHNeM Ha-
3pIBaeTcsa egknudosbim; RY — 3To eBKINZ0BO IPOCTPAHCTBO pa3MepHO-
cti N. A GecKOHEYHOMEpPHOE MPOCTPAHCTBO CO CKAJSIPHBIM ITPOU3BE-
JleHWeM Ha3bIBaeTcs eunbbepmosvim. PyHKIMU Ha otpeske [0, 1] obpa-
3yIOT THIILOEPTOBO MPOCTPAHCTBO. CKaIAPHOE MPOU3BeieHre GYHKIIIHI

1

a = arccos

omnpezensetcs o popmyre (f, g) = f f(t)g(t) dt. OHO obnazaeT BceMu

0
TpeMs Hy>XKHBIMU cBo¥icTBaMu (mipoBepsTe!). Hopma

1 1/2
lxcll, = ( [ 2@ dt) ,
0

TIOPOK/IeHHast 3TUM CKaJsIpHBIM IIPOU3BeZIeHeM, Ha3bIBaeTCsI €BKIN/0-
Boii. YacTo MBI 6yZieM OIycKaTh MHAEKC 2, eC/U SICHO, O KaKoi HopMe
WUJIET PeYb.

WTak, pyHKIUYU — 3TO TOYKU B THILOEPTOBOM IIPOCTPAHCTBE. A pa3s
TaK, MeX/y HUIMU MOXXHO M3MepPATh pPacCTOSAHUsA, YIVIBI U T. 1. Bce pac-
CTOSAHUSA BBIYHUCISAIOTCA IO €BKJIWZOBOM HopMe. DYHKIMU 06pasyroT
cBoto reoMeTpuio! [Ipexkzie ueM ABUTATHCA JAJbIle, OCBOUMCS HEMHOTO
B 9TOI reOMeTpUH.

[TpuMEP 2. Yemy paBeH yron Mexay yHkumamu f(t) =t u g(t) =2t
(cM. puc. 9)? OH paBeH HYJIIO, TIOCKONbKY g = 2f, T.e. BEKTOPHL f U g
COHarpaByeHbl. A Ha rpaduK CMOTPETh HE CTOUT, OH 3/1eCh TOJIBKO OT-
BJIEKaeT.

[TpuMEP 3. YeMy paBHBI YIJIBI U IUIOIIAAb TPEYTOIbHUKA fgh, TAe
f(t) =sin 27tt, g(t) =cos 27tt, h(t) =0?

ITockonbky

1

1 1
2 [ ein2 —(14_ 1 _ 1
1l —_Of sin® 27t dt—{ 2(1 cos 4mt) dt = Z(t 2 Sin 4m) .

2
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30°,f
f 120°

g =2t N

fO=t -/ %
N 30° c
h 1 h

Puc. 9. TeomeTpusa pocTpaHCcTBa QYHKINN

u ananormaro ||g||? = [ cos? 27t dt = %, TpeyronbHUK fgh paBHOGE]-
0
. o . 1
peHHbIi ¢ 60KOBOI cTOpoHOl —. [lasee,

V2

1
(f,o= f sin 27t cos 27t dt = sin4ntdt=0
0

N
O%’_‘

moaToMy yroi fhg mpsmoii. UTak, yIisl TpeyroanHKa paBHHI 90°, 45°

1 1 1
1 45°, a ero wiomaAb paBHa = —.

2 /3 /3 4

[TrpuMEP 4. HaiiieM yIJIBI U 3aMevaTeIbHblE TOYKU TPEYTOJbHUKA
fgh,roe f(t) =1, g(t) =t, h(t) =0. 3ameTum, yto dyukiua g(t) —h(t) =
= t mepexozuT B pyHkIuio f(t) — g(t) = 1 —t Ipu 3aMeHe ITlepeMeHHOU
t — 1 — t. CnegoBatensHo, ||f — gll, = ||g — hl|,. [ToaToMy TpeyroabHUK
paBHOOEZPEHHBIN: CTOPOHHI fg U gh paBHBL. KocuHyc yIita MeXay OCHO-
BaHUEeM U GOKOBOIT CTOPOHOM paBeH

1

[tdt

(f’g) 0

. - 1 1/2 ,1 1/2
LI Hlgll (f ) dt) (f 2 dt)
0 0

TakuM 06pa3oM, YIJIBI IPU OCHOBAHUY paBHBI 30°, cIe[0BaTENBHO, YTOJ
mpu BepumiHe paBeH 120°. Touka, cUMMeTpHUYHasg BepIIUHE OTHOCU-
TeJbHO OCHOBAHUsA, ABJIAETCA B 3TOM TPEYr'OJbHUKE LIEHTPOM OIIMCAH-
HOM OKPYKHOCTHU. JTO Touka c(t) =1 — t, KoTopas, Kak JIeTKO 3aMeTUTh,
HaXOJUTCSA Ha TeX JKe PACCTOSHUAX OT KOHIIOB OCHOBaHUA fh, 9TO U Bep-
muHa g. Toukol mepeceyeHus MeIUaH, KaK OObIYHO, SBISETCSI CpeAHee
apudmeTHUecKoe BepIINH, TaK YTO TOYKA lepecedyeHus MeAraH — 3TO

v3

éd»—tlt\:h—-
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m(t) = % (f+g+h)= % HaiizeM opTOIeHTp 3TOrO TPEYTONbHUKA —

TOUKy a(t). [eoMmeTpUYeCcKH JIETKO IMOKa3aTh, YTO B 3TOM TPEYTOJIbHUKE
1
BepIIMHA g JIeJIUT TomoaaM oTpe3ok ac. CieloBaTeNbHO, g = E(a +0),

a 3HAuUT, t = %(a(t) + 1 —t). Takum 06pa3om, OPTOLIEHTP HAXOAUTCS B
Touke a(t) =3t — 1.

WTak, ymisl TpeyronbHuKa paBHbl 30°, 30°, 120°, eHTp ONUCAaHHOU
t+1
OKPY»KHOCTU — c(t) =1 —t, Touka mepecedyeHUusa MeAuaH — m(t) = 3
a To4Ka nepecevyeHus BoicoT —a(t) =3t — 1.
[TocMOTpPUM, KaK BHIIVIAJUT TPUTOHOMETPUYECKAs CUCTEMA B THJIb-

6epTOBOM IIPpOCTPaHCTBE. Tak ke Kak B nopumepe 3, AOKa3bIBA€TCA, YTO
1

f sin 27kt cos 2mtnt dt = 0 1151 BceX 1esbix k, n, ¥ aHAJIOTUYHO UHTETPa-
0

1 1
JIbI f sin 27kt sin 2ntnt dt u f cos 27kt cos 2mtnt dt paBHBI HYJIIO, €CTH

0 0
k # n. Hakoserr,

2 2

1 1 1
. 9 _(1l—cos4nkt ;. 1, 1
_Ofsm antdt—{ —dt—{ dt—z.

TakuMm o6pasowm, ||sin 27tkt|| = % Y aHAJIOTUYHO ||cos 2mkt|| = % Jiv) ¢

Bcex k € N. Haxkonen, npu k = 0 umeem sin 27kt = 0, u 3Ty PyHK-
[[MI0 MOXXHO HEe YYUTBIBaTh, a cos 27kt = 1, u mosTomy ||cos 2m0t|| =

1 1/2
= ( f 1 dt) =1. O6o3HaYMM Temnepb
0

eo=1;
o =V2sin2nkt, keN; 3
eor = V2 cos 2mkt, keEN.

MBI OTyYMIM CUCTEMY BEKTOPOB {€;};>(, KOTOPble OPTOTOHAJIBHBI ZIPYT
JpyTy, a JTMHA KakKI0TO BEKTOpa paBHa 1.

OnPEAENEHUE 2. CeMeNCTBO BEKTOPOB (KOHEYHOE WM CYETHOE)
ruwib6epToBa MPOCTPAHCTBA HA3bIBAETCSA OPMOHOPMUPOBAHHBIM, €CITU
BCE BEKTOPHI UMEIOT €JMHUYHYIO JJINHY U OPTOTOHAIbHBI APYT APYTY.
CeMeCTBO SABJISIETCS OPTOHOPMUPOBAHHBIM 6a31COM, €CIM OHO TTOJTHO,
T. €. eT0 JIMHEHbIE KOMOWHAIIUY TTPUOIMIKAIOT JIIOOYIO TOUKY IIPOCTPaH-
CTBa.
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[TocTpoeHHoe HaMU ceMeNCTBO {e;} ;> Ha3bIBAETCSA TPUTOHOMETPH-
yecKuM 6asricom win 6azrcom Oypbe. Mbl J0Ka3aiu, YTO 3TO CEMEHCTBO
OPTOHOPMHpPOBaHHOE. V3 caMOro Ha3BaHUSI SICHO, YTO 3TO ZIOJDKEH OBITh
6asuc. JJokazaTb 3TO MOXKHO TIO TOH ke TeopeMe JIKeKCoHa.

31ech MBI BHOBb IepeiieM oT ¢yHKIMH Ha oTpeske [0, 1] k mepu-

oau4YecKUM QYHKIMAM C TepuogoM 1 (pasHUIy MBI OOBSICHWIHN B 3a-
1

MedyaHuu 2). [IoCKOMbKy f F2(6) dt < n%ax f2(t), monydaeM u3BecTHOe

HepaBeHcTBO ||f||, < ||If ||m, BBITIOJTHEHHOE /IS JI000M GyHKIMU f Ha
otpeske [0, 1]. CiegoBaTenbHO, HEPABEHCTBO B TeopeMe J[»KeKCOoHa BBI-
MIOJTHEHO U /I HOPMHI || - ||,. Takum o6pasom, Jo0yi0 HelpephIBHYIO
MEPUOANYECKYIO GYHKIIUIO MOXKHO CKOJIb YTOAHO TOYHO MPUOIUZUTD JIH-
HEMHBIMY KOMOHHAI[UAMY TPUTOHOMETPUYECKOM CHCTEMBI, 3HAYUT, 3Ta
cucTeMa sIBsieTcs: 6a3rcom.

Ha camowm ziesie oHa siByisieTcst 6a3rcoM U 6e3 mepexofia K epuoau-
YeCcKUM QYHKIIUAM, HO 3TOTO MBI OOCY:K/JaTh He OyzeM.

[MPEAMTOXKEHUE 1. Ecau {ej}ﬁ.\’zo—opmor-topmuposaﬂﬂaﬂ cucmema
8eKMOP08 8 2U1bOePMO8oOM NPOCMPAHCMEe, KOMopas nopoxcodaem nioc-
kocms V, a Sf — npoexkuyust npouseobHo20 8ekmopa f Ha amy niaockocms
(em. puc. 10), mo

N
Sf = Z(f, CJ)CJ
j=0

Puc. 10. OproroHanpHas nmpoekuus Sf

JlOKA3ATE/NBCTBO. BekTop Sf /IeXKUT B IUVIOCKOCTU V, 3HAYUT, OH
SABJISIETCS JIMHEHHOW KOMOWHAIMe ee GA3UCHBIX BEKTOPOB €, ..., ey C
HEKOTOPHEIMU Kodddurmentamu: Sf = agey + ... + ayey. C Apyroii cTo-
POHBL, BeKTOp f — Sf ZO/MKeH OBITh NMEePIEeHIUKYIAPEH TUIOCKOCTH V, a
3HAYUT, MePHIEHAUKYIAPEH KOKAOMY U3 6a3UCHBIX BEKTOPOB. CiefoBa-
TenbHO, (f — Sf, e]-) =0,1.e. (f, ej) = (sf, ej) ZU1s1 1I000TO j. A TeTiephb
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MOZICTaBUM Sf = ageq + ... + ayey u monydnm (Sf, e;) = aq(eg, €;) + ...
...+ ay(ey, €;). BaToii CyMMe BCe c1araeMble PaBHBI HYJIIO, 38 MCKIIIOYe-
HueM a;(ej, e;) = a;. Takum obpasom, a;=(f,e;) pascex j=0,...,N,
OTKyZa U cienyeT popMmyra. O

BepHeMmcsa K TPUrOHOMETpHYECKOMY Gasucy {e;};>q, OMpeaeneHHO-
My paBeHCTBOM (3). KaxkZi0if HenpephIBHOU 1-TiepUogNYecKOr GYHKIMHI
f(t) MOXXHO coTIOCTaBUTH ee psid Pypuwe:

j=0

ME&I crienragbHO He CTaBUM 37IeCh 3HAK PABEHCTBA, a CTABUM JIMIIb 3Ha-
YOK COOTBETCTBUSA, TIOTOMY 4TO psifi Pypbe MOXKET He CXOAUTHCA K GYHK-
uud f. B KaKUX-TO TOYKax t cymma psga Pypre MoxkeT ObITh OeCKOHEY-
HOW WK BOBce OyZieT He onpegeneHa. Ho eciu paccMaTpuBaTh 4acTHY-
Hble CYMMBI 3TOT'O PsiZa, T.€. CyMMbI KOHEYHOTO YKCJIA CIaraeMbIX, TO
9THUX CJIOKHOCTEH He 6yZIeT.

O6o3HauuM uepe3 S, f cymmy nepBbix 2n + 1 ciaraemsix pszga Oy-
pre. CoracHO TpefIoKeHWI0 1 3Ta cymMMa — MpoeKIus QyHKIUU f
(wmm BekTOpa f rwibbepTOBA MPOCTPAHCTBA) HA MOAIIPOCTPAHCTBO V,,
MOPOXKAEHHOE GYHKIUAMH €, ..., €, T. €. QYHKIUAMU

1, sin 27t, cos 2mt, ..., sin 2wnt, cos 27nt.

Jlrobass muHelHas KOMOWHAINS 3TUX (QYHKI[UM HasbIBA€TCS MPU2OHO-
MempuuecKum NoAUHoOMoM cTerieHu n. Takum obpasom, V,, — mpocTpaH-
CTBO TPUTOHOMETPUYECKUX TMOJUHOMOB CTEIEHU N, a S, — omepaTop
OPTOTOHAIBHOM MPOEKIUHY Ha 3TO IOAIIPOCTPAHCTBO:

2n
Snf= Z(f’ e])e] (5)
j=0

Pa3mepHocTh mpocTpaHcTBa V, paBHa 2n + 1. Haiitu B aTOM mpo-
CTpaHCTBe OMKadIMi K GyHKIMKU f a1eMeHT B HopMe || - ||, (a7 Ko-
TOPOT'O BEPHO HEPaBEHCTBO B TeopeMe J[)KeKCOHa) — 3a/lavya CJIOXKHAA.
Kak mpaBWIo, TOYHO 3TOT OIMKAUIITUN TPUTOHOMETPUYECKUHA TTOTMHOM
HaWTH HEBO3MOXXHO, a MOXXHO JIMIIb OITMCATh €r0 CBOMCTBA W HAUTU
YHCJIEHHO.

A BOT GivkaMinii 371eMeHT B HOPME || - ||, HAalTH JIETKO — 3TO TOY-
Ka S, f, TIOCKOJIbKY OHa SIBJISIETCS OCHOBaHHMEM IEPIIEHAUKYJISPA, OIMy-
IIIeHHOTo 13 Touku f. Ho mockonbKy HopMa || - ||, He IpeBOCXOAUT HOP-
M#I || - ||, TEOpeMa JIoKeKcoHa BepHa U JJis €BKJINAOBON HOPMBI, C TOM
TOJBKO PasHUIIEH, YTO OHA Y)Ke TepecTaeT OBITh YUCTON TeOpeMOi Cy-
IIeCTBOBaHUSA («CYIECTBYeT TPUTOHOMETPUYECKUN TOIUHOM f,, M
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KOTOPOTO...»), a MPEABABAAET OMMKAUIIUN MEMEHT SBHO —3TO S, f.
B camoM fzene, IOCKONBKY S, f — OmmKalmuii K f 2IeMeHT IPOCTpaH-
crsa Vy, nonysaem ||S, f — fll, < If, = fll <IIf, — fl... Ura, met yera-
HOBWIHU CJIEAYIOUINE aHaIOT TeopeMsl JXKeKCOoHa /s TIbOepToBa Mpo-
CTpaHCTBA.

TEOPEMA 2. Ecau 1-nepuoduueckas ¢yHkyus f npuHaonexicum kadac-
¢y C"(R) dna Hekomopozo r > 0 u npu amom ||f(r)||oo <1, mo

1S.f — fll, < €O ©)

nr
Yucno C(r) He 3agucum om dynkyuu f, a S, f — uacmuunas cymma psoa
Dypwe, 3adanHas popmynoii (5).
Koadbdunments ®ypbe €rko BEIUUCIAIOTCI — 3TO

1
(f e =] f(B)e(t) dt.
0

BMecTo TOro 4YTOOBI XpaHUTh BClo QYHKIMIO f (HampuMmep, 3HaYeHUs Ha
JIOCTAaTOYHO IUIOTHOU CETKe), MOXKHO Pa3yIoKUTh ee B psAsl Pypbe U B3ATh
HeoOX0oZUMOe YUCIO KO3)PUIIMEHTOB, OCTaTbHbIE OTOPOCUTD. DTO YHUC-
JIO MOXXHO OIIeHUTH II0 TeopeMe /I)KeKCOHa, 3Hasd IMaJKOCTh QYHKIUU
U HeOoOXOAMMYI0 HaM TOYHOCTb MpubmmkeHus. Tak, ecau € = 0,01, To
B ciaydae r = 1 (l-yunmmieBa GyHKIMA ¢ HeIIPEPBIBHON IPOU3BOAHOM)
moTpebyercs pa3MepHoOCTh mopszaka n = 100, T.e. 201 koadpdunmeHT
®ypobe. TakuM 06pa3oM, [ XpaHeHUsI CUTHAIA C BeCbMa MPWINYHOU
TOYHOCTBIO (paccrosgHue 0,01 B eBKJINJ0BOU MeTpPUKe) HYKHO XPaHUTh
Bcero 201 ywucmo. A eciu r = 3, TO XBaTUT M BOBCe n = 5, T.e. Bcero
11 xoaddunreHTOB!

2.3. Kak XxpaHUTb AUCKpPEeTHbIe CUTHAJbI?

Wtak, B 6asuce Pypbe XOpOIUIO TPUOIMKAIOTCA TIafKue 1-mepu-

oaudeckue ¢yHknuu. [IpoctpaHcTBa V, = {ek}ilo, COOTBETCTBYIOIINE
2n

YacTUYHBIM cymMMaM psiga ®ypee S, f = D (f, e)ey, ABIAOTCA UMEH-
k=0

HO TeMH KOHEYHOMEPHBIMU ILUIOCKOCTSIMU, KOTOPbIE TPUOIMKAIOT BHI-

MyKJIOE MHOXKECTBO IIAZAKUX GYHKIMH B THJIBOEPTOBOM MPOCTPAHCTBE

(cM. m. 1.2). K ToMy ke 3TOT 6a3uC OPTOHOPMHPOBAHHBIN, TO3TOMY

KO3bOUIIMEHTHI Pa3IoXKeHUs JTI0O0H GYHKIMM f 10 3TOMY 6asucy f =

=) aje; NErKo BBIYMCAAIOTCA Kak a; = (f, ex).

k

KoneuHo, TpuroHomeTpudeckas cUCTeMa — He eJUHCTBEHHas, KO-
TOpas XOpoIlo mpubmrkaer miagkue GyHKIUU. TeM He MeHee OHa 3a-
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pekoMeH[0Basa cebs Kak BecbMa yZoOHas u BOT yxke Gomee 200 et
Bepoii U MpaBoii CITy’KUT YeoBedecTBy b, /I TOro 4TO6B! IPUGTHKATD
C ee TIOMOIIBIO JUCKPETHBIE CUTHAJIbI, TPUTOHOMETPHYECKUE QYHKITIU
HYKHO «JUCKPETU3UPOBATh», T. €. 3aMEHUTh UX Ha N-MepHbIE BEKTODHI,
CHSB 3HaYeHUsA GYHKUMH sin 27wkt v cos 27kt HA paBHOMEPHOU CETKe C

marom
K
sin 27kt ~ (sin 27'5_k0’ ..., sin M) eRN;
N N
cos 2kt ~ (cos 27\;{0, ..., COS W) eRVN.

Puc. 11. OgHa u3 6asucHbIx (yHKIME f(t) = sin 27t U ee AUCKpPETHU3ALUS

_ i 27K
x(k) =sin N

OxasblBaeTcd, HodydeHHad clcTeMa BeKTOpoB opToroHanbha B RY u
10 HEWl MOXXHO PacCKJIa/IbIBaTh JVUCKPETHbIE CUTHAJBI. MaTeMaThuiecKu
JKe Topaszo yAoOHee MeperTH K KOMIUIEKCHOW 3aliCH TPUTOHOMETPH-
4eCcKOU CUCTEMBI.

HamomHuM, 4TO JTF060€ KOMIUIEKCHOE YHCIO UMeeT Buz z = a + i,
r7e a, 3 — mpou3BoOJIbHAs Tapa JeUCTBUTENbHBIX YHCET, a I — MHUMAast
eauHMIA, i = —1. Yepes 2 = a — Bi o603HaYaeM CONpKEHHOe YUCTIO,

a gepes |z| = v2z = y/ a? + 32 — ero Moaynb. KOMILTEKCHO# 3KCIIOHEH-
TOM HaseiBaeTcs uncno e Pl = e?(cos B +isin ). Ecm yuciao umncTo
MHHMOe, To a = 0, u Torga ef! = cos 8 + i sin b. Takum o6pasom, ef! —
9TO TOYKA HA €JUHUYHOMN OKPYKHOCTU (TPUTOHOMETPHUYECKOM KpyTe),
cooTBeTcTByIomas yray 3. Hanpumep, e™ = —1.

Tak ke ompeenseTcs KOMIUIEKCHO3HauHasA ¢yHkuusa z(t) = x(t) +
+iy(t), t € [0, 1], e x, y — ABe OOBIYHBIE E€HCTBUTENbHbBIE GYHKIIUH.

1T0‘{Hee TOBOpPA, CO3HATEJIbHO OHA MCIIOJb3YETCA KaK 6asuc 6omee 200 et —
HO IITOJIEMEEBCKHE SIIUIHKIIBI, IIOABHUBIIMECA IMOYTHU ABE TBICAYHU JIET Ha3aZ, TOXe
MOXHO CUMTATh €€ (H60C03HaHHLIM) IIPUMEHEHUEM.
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I'Ib6epTOBO MPOCTPAHCTBO KOMIUIEKCHO3HAYHBIX GYHKIUIN Ompezes-
eTcsA ¢ IOMOIITbI0 KOMILIEKCHOT'O CKaJIAPHOTO IPON3BeJeHUA

1
(21, 20) = [ 2,(DZ,(0) dt.
0

Y 3TOro mpOCTpaHCTBA TOXKE €CTh TPUTOHOMETPUYECKUE 6asuc, KOTO-
pbIlt UMeeT BUZ {ezmkt}kez. D10 6asuc Ha/ MoJeM KOMIUIEKCHBIX YUCET:
3TO O3HAYAET, YTO KOIPPUIIMEHTHI B JUHEHHBIX KOMOWHAIIUAX MOTYT
OBITH He TOJNBKO /IeACTBUTENBHBIMY, HO ¥ KOMIUIEKCHBIMU. DTOT 6a3uc
OPTOHOPMHpPOBAHHEI. B camom gere, mockoneky ef! = e =P g mo6rix
I[EJIBIX YUCE M, N UMeeM

1 1
(emet’ eZmnt) :f ezmmte—zmnt dt :f ezm(m—n)t dt = 5n,m'
0 0

TocneaHee nCo 5, ,, — 9T0 cumeon KpoHekepd, OH paBeH HyJIIO, €C/IH
n#m, u paseH 1, ecn n = m. Takum o6pasom, (e*™™, 2™ =5,
ClleZloBaTe/bHO, IieJIble KOMIIEKCHBIEe SKCIIOHEHTH 06pasyloT OPTOHOP-
MUPOBaHHBI 6a3KC B IPOCTPAHCTBE KOMIUIEKCHO3HAYHEIX 1-TIepHOH-
gecknx QyHKImi. OH Toxe HaspBaeTca 6asucom Pyppe. DaxTHUecKu
3TO TOT K€ TPUTOHOMETPUYECKHil 6a3kC, TOMBKO TI0-APYTOMY 3aIlMCaH-
HEIH. Kak U JJ19 BCAKOTO OPTOHOPMUPOBAHHOTO 6a3¥ica, /A Hero Bep-
Ha $opMy/Ia pasnoxkeHUA (4), Teleph OHA 3aIMIIETCA CIeAyIOIIM 06-
pasoM:

f ~ Z (f, eZm'kt)eZnikt’ (7)

keZ

a IMpoeKIIKA Ha IIPOCTPAHCTBO V), BRIVIAAUT TaK:

Snf — zn: (f; eZﬂ:ikt)eZnikt. (8)

k=-n

Bce cBoiicTBa psaza ®@ypwe, B yacTHOCTU TeopeMa /JIKeKcoHa JJig ero
YaCTUYHBIX CyMM S, f, coxpaHstoTcsa. Teneph mepenieM K ero JUCKpeT-
HOMy aHaznory. ®yHKUUU e?™kt cTaBUTCS B COOTBETCTBHE N-MmepHBIT
BekTOp (27 KO/N 27k WN=D/Ny Tag xak kaxzas KOOpAUHATA — KOM-
IUIEKCHOE YHUCJIO C MOAYJeM, paBHBIM 1, /IMHA 3TOTO BEKTOpa paBHA
VN. [ToaTOMYy, YTOOBI MOJIYYUTh OPTOHOPMUPOBAHHYIO CHUCTEMY, HaM
NIpUJETCA pasAeJuTb 3TOT BEKTOpP Ha VN. Jlanee, s 6asuca B RN
HY>KHO pOBHO N BeKTOPOB. [103TOMy MBI BO3bMEM BEKTOPBI C HOMepaMu
k=0,1,...,N — 1. OToro AO/KHO XBaTUTh. MTak, UMeeM CEMENCTBO
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BEKTOPOB

1
Bo= 75 (L1 . )
E = \/Lﬁ(l’ Q27i1/N ., 2FN-D/N .
E,= \/Lﬁ(l’ Q2T2UN  2m2N-D/NY, o
Ek = \/Lﬁ(l’ eZm'k~1/N , eZm'k(N—l)/N);
By =1, @D, vy

Taxum o6pasom, y BekTopa v NE, Bce KOODAMHATHI PaBHHI 1, y BeK-
Topa v NE; KOOPAHHATHI ABIAIOTCA UAYIMMHU MO BepIIMHAMHE TIpa-
BWIBHOI'O N-yroJbHUKA, BIIMCAHHOI'O B €AWHWYHBIM KpYT, WIN KOM-
IUIeKCHBIMH KOPHAMHU cTerneHM N U3 eJMHMIIH, y BekTopa vNE, Ko-
OpZAWHATHI ABJAITCA BEPIIMHAMU TOTO Ke N-YrolbHHKA, HO B3ATBIMHU

CRCRCR ST SN NN S ®. ° . hd o
L e L] L] N . L N
‘e ° . . ¢ o .
— o o & °
. o D) e o e o
¢ e o ° e e e
. . . )
e o o o o o . . . . .
ol LN LN L] ] .“
. o o . o ° )
E — o o ¢
e o o o ° e .
: . . . : N e e - o 0. L e e .
e o & o o o . . ° .

N
Puc. 12. Bextopsl E;, anma k=0, 1, 2, > N — 2, N — 1; BeliecTBeHHbIE I MHUMBIE
YacTU OTMeYeHBI COOTBETCTBEHHO Y€PHBIM U CEPBIM, ITyHKTUPOM IOKa3aHbI I'pa-
o . N o
duku dyHKuMi cos 2mkx v sin 27kx npu k < — u dynHkui cos 2t(N — k)x u
: N 2
sin 27t(N — k)x mpu k > >
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depe3 ozHy, y BekTopa v NE; —depe3 zBe U T.7. OGO3Ha4MB Yepes

w = e 2m/N IepBbIii KOMIUIEKCHBIH KOpeHb cTereHU N U3 eJUHMUIIH,
IIOJTY9YrM TaKyl0 KOMIIAKTHYIO 3allWCh:
1 —k —k(N-1
Ek:ﬁ(l,w e, W KDY e —0, . N —1. (10)

VIHTYyULIMS MOACKA3bIBAET, YTO 3TA CHCTEMA BEKTOPOB JOMKHA OBITh
OPTOHOPMHPOBAHHOM, pa3 y»K TaKOBOM ObLIa «MaTepUHCKas» CHCTeMa
dyHKIMH {ezmkf}kez. DTO AEHMCTBUTEILHO TaK, W [JOKA3BIBAETCS 3TO C
TIOMOIIIBIO CIIeAyIoeN TeXHUYeCKOU JIeMMBI.

JIEMMA 1. /[na s0bblx HamypanvHbix uuces N u k 6binosiHeHo pa-
8EHCMB0

1 NX_II amisk/N _ ) 1, ecau k denumest Ha N

= e —

N = 0, ecau k He denumcs Ha N.
misk
L= = N
=1, a3HaunT, — Y. e2"5K/N=="%"1=1, Ecau sxe uncio

N N
s=0 s=0
#1, a pa3 Tak, MO)XHO BOCITOJIb30BaThCSA

2
JJOKABATENBCTBO. Eciu k zenuresa Ha N, TO 4KCIO esnoe,

noaTomy e sk/N

2misk i
He 11es10e, To q = e2"k/N

N
$bopMysI0¥ CyMMBI T€OMETPUYECKON MTPOT'PECCUU CO 3HAMEHATENIEM (:
N-1 N-1 ;
lZeZm'sk/Nleqsqu_lz ek _ 1 =0 0
N s=0 N s=0 qg-1 e2rik/N — 1 '

JlemMa 1 ycTaHaBIMBaeT CBOOOPA3HEIN NHANKATOP JeTUMOCTH OJHO-
N-1
1 .
ro LIeJIoro yucia Ha apyroe. Ecim k gemmTes Ha N, To cymma N S e2mik/N
s=0

paBHA €VHUIlE, a €CJIU HE JEUTCSA, TO PaBHA HYJIIO. DTO MPOCTEHIINI
TpuMep IIpUMeHeHUs TPUTOHOMEeTPUYEeCKUX CYMM B Teopuu yuncen. Yro-
OBl OIEHUTHh KOJUYECTBO YHCEN U3 KAKOTO-TO MHOXXECTBA, AENANIUXCA
Ha N, Hy’)KHO OII€HUTb BEJTUYHNHY COOTBETCTBYIOIIEN TPUTOHOMETPUYE-
CKOM CyMMBI.
TEOPEMA 3. Cucmema {E, ..., Ey_1} A8/15emcsl OpmMOHOPMUPOBAH-
HblM 6asucom N-MepHO20 NpocmpaHcmad.
JlOKA3ATEJNBCTBO. [l mo6oi napsl uyucen m,n € {0, ..., N — 1}
nMeem
(E.,E)= l Ni:l ezm'sm/Ne—Znisn/N — l Ni:l ezm's(m—n)/N
e N s=0 N s=0 '
3ameTuM, 4To |n —m| < N. [TooTOMY 4MC/IO M — n AeauTcs Ha N, TONTbKO
ecu OHO paBHO Hyimo. CregoBatensHo, (E,, E,) =0, ;. O
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CneAcTBUE 1. /[na no60z20 eekmopa x € RN ewvinonnsemes pasen-
cmeo
N-1

x= Y. (x, E)Ey. an
k=0

2.4. luckpeTHoe npeodpazoBanue dypbe

KoaddunueHTsl pasioxeHus BekTopa mo 6asucy dypre B dopmy-
e (11) Taxxke cocTaBiAOT N-MepHbIM BeKTOp. Ero mpuHsaTo 0603Ha-
YaTh X W Ha3bIBaTh OuckpemHbuiM npeobpazoganuem Dypve BeKTOpaA X.
Takum obpasowm, X (k) = (x, E;), k=0, ..., N — 1. luckpeTHoe mipeobpa-
3oBaHue Oypbe 0TOOpaKAET BEKTOP X B BEKTOP X.

Puc. 13. CreBa: HempephIBHBINA cUTHAN f(t); B LEHTPE: €ro JUCKPETH3alns —
BekTOp X = (x(0), ..., x(7)); cupaBa: gucKkpeTHOe npeobpazoBanue Pypbe 3TOTO
BekTopa X = (x(0), ..., x(7))

VI3 omipesiesieHys CIeAyeT, 9YTO 3TO peobpa3oBaHue JuHeiHoe. UTo-
OBl YBUZETD JpyTHe ero CBOMCTBA, IIOCMOTPUM Ha ero MaTpHIly, KOTO-
pyto obo3HaymM depe3 A. Kak 0ObIYHO, B k-M CTOJIOIEe MATPHUIIbI JIH-
HeWHOro mpeobpa3oBaHUsA CTOAT KOOPAWHATHI 00pa3a k-ro 6Ga3ucHOTO
BEKTOpA, B JAHHOM CJIy4ae — COTPSKEHHBIN K BeKTOpY E; (lepBas mart-
puma B popmyie (12)):

(1 1 .. 1
U 1w ... wh
TOUN | e ’
\1 wh-1 W(N—l)2
(12)
(1 1 1
1 |1 w A
Al=—
UN | o )
Kl W(N_D W(N_1)2



r/le, HAOMHUM, W = e~ 2™/N  Cpasy 3ameuaem, 4To MaTpuna A CHMMeT-

pudeckas, T.e. AT = A. Ee BTopoe 1 ropaszio 60/iee BaKHOe CBOMCTBO —
OHa YHUTApHA, T. €. ee CTONOLBI 06pa3yloT OPTOHOPMUPOBAHHYIO CHUCTe-
My. BcmoMuHas CBOMCTBA YHUTApHBIX MaTPUI], HEME/JIEHHO MOTydaeM
CIefyIoui pe3yabTar.

CHEACTBUE 2. /luckpemHoe npeobpasosarue Pypve signssemes dsu-
acenuem npocmparcmea RY.

TakuM 06pa3oM, MBI I0Ka3amu pageHcmaeo Ilapcegans Ajsi IUCKPET-
Horo mpeobpaszoBanusa dypee: ||x|| = ||%||. He Hamu 3amedeHo, 4To pa-
BeHCTBO [lapceBaiss — 3T0 obbyHasA TeopeMa ITudaropa: cymma KBaj-
paToB IPOEKINM BeKTOpa Ha OPTOTOHANbHBIE KOOPAUHATHEIE OCH (3TO
N-1
> |®(K)> = ||%||*) paBna kBagpary amuHBI BekTopa (31O ||x[[%). ITo-
k=0
CKOJIbKY OOpaTHas K YHUTapHOH Marpulle A COBIIAZIaeT C ee COIps-
JKeHHOM A* (T.e. TPaAHCIOHWPOBAHHOM K KOMIUIEKCHO-COIPSKEHHOMN
matpurie) u AT = A, momydaem, 4to A™! —3TO IPOCTO KOMILIEKCHO-
compsikeHHasg K maTtpunle A. Ha cooTBeTCTByIOIIell MO3UIMU BMECTO
anementa e2 /N y marpunpr A~ cTouT anement e 2/

CneacTtBUE 3. Obpammuoe npeobpaszosarue Pypve 3adaemcs kom-
nueKcHo-conpadceHHotl mampuueil: A~1 = A,

Marpuia obpaTHoro npeobpasoBanusa Pypbe mpeacTaBieHa B op-
myse (12) cnpaBa. Takum o6pa3om,

N-1
x= (%, E,)E;,
s=0
rae
= _ 1 —2mis/N —2nis(N—1)/N
E.=——(,e ST ).
S \/N

3uaunt, obpaTtHoe mnpeobpasoBaHue Pypre OCYIECTBIAETCA TOH JKe
dbopMysoH, YToO U MpsIMOe, TOJIBKO ¢ MUHYCAMU B MOKA3aTeJsIX dKCIIO-
HEHT.

Eciu y Hac ecTh AMCKPETHBINM CUTHA X, TO MbI OCYIIECTBJISIEM €ro
npeobpaszoBanue Oypbe, MomydaeM BEKTOP X U XPAaHUM ero Koahouiy-
eHTHL. Tak MbI o1t poBbIBaeM curHat. YTo6sl pacurndpoBath orubpoB-
Ky, T. €. mepeBecTy K03 UIINEHTEI BEKTOpa X 06paTHO B BEKTOP X, MBI
nmpuMeHsieM obpaTHOe mpeobpasoBanue Pypbe, KOTOpoe PpaKTHIECKH
OCYILECTBIISETCS TEMU Ke GpOopMyIaMu, ¢ 3aMeHOl 3HaKOB B [TOKa3aTe-
JISIX OKCIIOHeHT. COBMa/ileHUe aIrOPUTMOB IIPIMOT0O U 06PaTHOTO MPeod-
pa3oBanuit Pypbe — ellle OJHO MPEUMYIIECTBO TPUTOHOMETPUIECKOTO
6asuca.
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2.5. Kak 3T0 paboTaeT Ha IJIaJ[KUX CUTHaJIaX

[Tpeo6pasoBanue Oypbe X — 3TO BEKTOP, UM N KOOpAWHAT,
CTOJIBKO K€, CKOJIbKO U MICXOJHBIN BEKTOP X. B ueM ke Torzga cmbici? BoI-
70 N ancen {x(k)}}_,, u nonyuamwm N apyrux ancern {£(k)}}_,. A B ToM,
YTO €CJIM BEKTOP X [JOCTATOYHO IVIAAKUMU, T. €. IpeJCTaBIAeT 3HAaUeHUs
magxkolt GyHKIMK (HarnprMep, JUIIINUIEBOM), TO Bce KO3bOUIINEHTH
X (k) xpaHuTh He 06s13aTeNbHO. JIOCTaTOYHO B3ATh HEOOJBIIIOE YHUCIO Ha-
YabHBIX KO3GOUIIMEHTOB, U COOTBETCTBYIOIIAsA YaCTUYHAsA CyMMa psZia
dypbe OyzeT XOPOIIO MPUOIUKATh UCXOAHBIA BEKTOP X.

HyXHO TONBKO pa3obpaTbcs, Kakue KO3hOUIIMEHTH CYMTATh Ha-
yasbHBIMU. B dopmysie (8) yactuuHas cymma psaga Pypee S, f momydaer-
A CJIOXKeHUeM IepBhIX 2n + 1 k03dPUIeHTOB ¢ HoMepaMu OT —n JI0 N
(BrUTIOYAA HyJIEBO). [l ANCKpeTHOTO IpeobpasoBanusa Dyphe Bce AOMDK-
HO OBITh aHATOTUYHO. MBI cKIazibiBaeM koadduiirentsr ot 0 0 n. Ho rae
B3ATh OTpHIaTeNbHble KoaddunneHTr? B auckperHoMm 6asuce Ey, ...
..., Ey HeT oTpuIaTelIbHbIX HOMEPOB, IOTOMY 4TO GyHKIHUA e~ 2™k cooT-
BeTCTByeT BeKTOpy Ey_.. B caMoM zerte, Tak Kak e~ 2™K/N = o2r(N=IO/N
TOJTy4aeM, 4To
~27i-0k/N

—2mi-1k/N —2m‘~(N—1)k/N)

EN_k=\/LN(e ,e .., e
Takum o6pa3oM, MBI BIIOJIHE MOTJIH OBI UCIIONb30BaTh 0603HaveHue E_;
BMecTO Ey_j,, HO HyMepoBaTh 0Ga3MCHbIE BEKTOPHI BCe JKe yaoOHee OT
Hynsa 1o N — 1. IToaTomy nepBble 2n + 1 k03¢ UIINEHTOB B Pa3I0KeHUN
®ypre (11) umeroT HOMepa 0,1, ...,n u N — 1, ..., N — n. O603HaunM
MHOXKECTBO 3TUX HOMepOB uepe3 I,,. TakuMm o6pazom,

(13)

[,={0,...,n}U{N —n, ..., N — 1}, n<%.

[Tycts f — HekoTOpasA HenpepbIBHAA GyHKIUA ¢ epruojoM 1, a

x(k)=f(£), k=0,..,N—1.

O6o3HauuM 4epes V, moanpocTpaHcTo RN, mopoxzaenHoe 2n + 1 Bek-
Topamu {Ej }ie; . OTO (2n + 1)-MepHas IIOCKOCTh B IPOCTPAHCTBE RV,
OproroHasibHas IPOEKIUA S, Ha 3TY IVIOCKOCTh 3ajaeTcsa GopMyIon

Sx=Y #(KE. 14)

keI,
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DTO IIPOCTO YacTUYHaA cymMMa pasnokeHusa Pypre (14), B KOTOPOH B3d-
THI 21 + 1 «Hava/JbHBIX» CJIaraeMbIX C HOMepaMU U3 3aZlaHHOTO COOT-
HomeHueM (13) mHoxkecTBa I,,. Hamomuum, uto x(k) = (x, E;). Torga
HMMeeT MeCTO Takas AUCKpeTHas Bepcusa TeopeMsl JKeKcoHa.

TEOPEMA 4. Ecau 1-nepuoduueckasn gynkyus f npunadnercum xadac-

¢y C"(R) dnsa mekomopozo r > 0 u npu amom ||f(r)||oo <1, mo ona eex-

[k N
mopa x(k) = f N ) npu Kanc0oM HAMmMypaibHOM N, MeHbleM uem —,

B8blNOJIHEHO HEPABEHCIMBO

1%¥Q. (15)

[1Snx — x| <

Yucno C(r) He 3asucum om gyHkyuu f, a S,x — uacmuuHas cymma pas-
JionceHust @ypove (14).

3AMEYAHUE 3. HeTpyZHO 3aMeTUTh, YTO dTa TeOpeMa HAMpPIMYIO
cleflyeT U3 «HelpephIBHOM» TeopeMsbl /xkekcoHa (Teopema 1). B camom
Jiesie, pacCTOsTHUE OT CUTHAJIA X IO €r0 IIPOeKINH S, X MeHbIIle, YeM pac-
CTOSTHUE JI0 JTFOOOH APYTOM TOYKU IUIOCKOCTH V,, B YaCTHOCTH, MEHBIIIE,
YeM 0 JUCKPETU3AlUU HENPEPHIBHOTO MPUOIIMKEHUA. A MHOXKUTENb
VN Bo3HUKaeT u3-3a cpaBHeHHs paccTOAHMH ||« ||, u || - ||,.

Ecm, Hanpumep, r = 1 (B aToM cayuae |f/(t)| < 1 u, cregoBaTenbHo,
dyHKIMA f ABAAeTcA 1-TMImuMIEBo), To ipu N = 107 A npubmmke-
HUSA BEKTOPA X C TOYHOCTBIO £ = 102 Hy>KHO B3Th N pABHBIM IIPUMEPHO
3-10°, T.e. B3aTh 2n + 1 ~ 6 - 10° koadpdunuentos dypre. Takum 06-
pa3oM, cKaThe curHasa B 15 pa3 MPUBOAUT K MpeHEOPEKUMO Masoi
ourmbke B 1 %. /lna xpaHeHUs W Tepefadyud U300pa’keHUl Takas TOY-
HOCTb BIIOJIHE JIOIyCTHMa, omrOKa B 1 % zid rmasa He3ameTHa. [Ipu
r =3 ZocTaTouHo B3ATh n = 70, T.e. Bcero nopsazaka 140 xoapoumen-
ToB! [IpaBza, CTOMb IIafKUe CUTHAJIBl BCTPEYaloTCs HEYacTo, IIO3TOMY
CKaTue B IeCATKU ThICAY pa3 — OOJIbIIe TEOpHs, YeM MPAKTHUKA.

OO6BIYHBIN KOGOUITMEHT CKATUA 1A cucTeMbl Dypbe — MIPUMEPHO
10—20. Ho i TOro, 4To0BI €ro JOCTUYb, HY>KHO BBIYUCIUTD JE€CATKU
ThICAY K03ddurmeHToB Pypbe. BoT TyT MBI U MOAXOAUM K OOJIE€3HEH-
HOMY BOIIpPOCY. A CTOUT JIK WUrpa cBed? He IpeBHICAT U 3aTpaThl Ha
BBIUMCJIEHVE BEKTOPA X IIO/Nb3bl OT CXKATHUA cUTrHaia? J{ja BeIYUCIEHUA
ogHoro kodddunreHTa BekTopa X (k) HyKHO HalTU CKa/IApHOE IIPOU3-
BezeHue (x, E;). Oto N omepanuii yMmHOkeHUsA, otoM N — 1 onepauuit
CJIOKEHUA U, CBEPX TOI'0, OHA Ollepallud [eJIeHUA Ha VN. Utoro 2N.
Jlna Becex N KoopauHAT noydaeTcda 2N2 onepanuii. VITak, A1 «[IpAMOTo
MeToZa» (T.e. MyTeM YMHOXXEHMs BEKTOpa Ha MaTpHIly) Ipeobpa3oBa-
HuA Oypbe MBI TosTydaeM CIefyIouui pe3yabrar.
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BovruucaumensHas c0#CHOCMb «NPsSiM020 Memoda» OUCKPemHOo20 npe-
obpazosanus Pypve pasua 2N2.

9To oueHb MHoro! ITpu OGLIYHON B TAKUX 3ajlayax’ pasMepHOCTH
N =107 nonago6utcsa 2 - 10* apudmernyeckux onepanuii, 4To Hepe-
anbHO! MOIIHOCTb THUIIMYHOTO 2 HOYTOYyKa B PEXMMe MaKCUMAJbHOM
MIPOU3BOAUTENBHOCTH He mpeBocxoauT 0,1 Teppaduiornca, T.e. 0,1 Tpu-
JIMOHA ONepaluii B CeKyHAYy. 3HAuYuT, A1 oOpaboTku ¢doTorpaduu B
1 Mn emy noHazo6utcs mopsizika 2000 cekyHz, T.e. 6onee momydaca!
A moTOM BeZb ellle HaZo NMOTPaTUTh CTOJIBKO XK€ BpeMEHU Ha pacKo-
OUPOBKY, T.e. Ha obpaTHoe mpeobpa3oBanue dypre. KoHeuHo, Ham
HY>XKHBI He Bce KoabdurrieHTs Pypbe, P IMIaZKOM CUTHAJIE UX YUCIO
ymeHbmaeTcs B 10—20 pa3. Ho u Torza 06beM BhIYHUCIEHUN TIOTyYaeTCs
HEZIOMYCTUMO OOJIBIIUM. BBIXOZ M3 3TOM CUTYaI[UU IIpeAIaraeT ObICTPOe
npeobpasoBanue Dypbe.

2.6. BreicTpoe npeo6pasoBanue Pypre

[ToHATHE G6BICTpOrO MpeobpaszoBaHua Pypbe TOBOPUT caMo 3a ceOsi:
OHO II03BOJIIET BBIYUCJIATDH AUCKPeTHOE IpeobpaszoBanue Pypbe 3a cy-
IIIeCTBEHHO MEHBIIIee YKUCIIO OTlepaIuii.

[peAnonoxuM i yAo6CTBa, YTO N — YeTHOE YUCJIO, TaKUM 00-
pasom, N = 2M. PaccopTupyeM Bce KOMIIOHEHTHI BEKTOpa X Ha /Be
IIOJIOBUHBI — YeTHYI0 U (T.€. C YeTHBIMM HOMEpaMH) U HEYeTHYIO V.
Utak, u = (x(0), x(2), ..., x(2M — 2)), u, Takum ob6pazom, u (k) = x(2k),
k=0,....M—1,av=(x(1),x(3), ..., x(2M — 1)), u, Takum o6paszom,
vik)=x2k+1),k=0,...,M—1.

(x(0), x(1), x(2), x(3), ..., x2M-2), x(2M —-1))
u(0) v(O) u(l) v uM-1) v(M-1)

Ww(0), ..., u(M — 1))
x(0), ..., x(2M — 1)) 7
N w(),...,v(M = 1))

Puc. 14. Brictpoe npeobpasoBanue Pypbe

1,ZlJIH IIPOCTOTHBI MBI HE O6CY)K,Z[aeM CXXaTHe KapTUHKU I10 KyCOYKaM.
2Ha MOMEHT HaIllUCaHUA 3TUX CTPOK.
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TEOPEMA 5. /lnsa kancoozo m =0, ..., M — 1 8binosiHeHbl COOMHOULE-
HUA

TR A ma .
x(m)——ﬁ(u(m)-i-w v(m));
. I P A
x(M-l—m)——ﬁ(u(m) wm(m)),
20e w = e 2™/N,

JlOKA3ATE/NBCTBO. JloKaxkeM mepByio GopMyJy, BTopas yCTaHABIIHU-
BaeTcs aHAJIOrU4YHO. [1o ompegenenuto npeobpazoBanusa Oypre, yIUTHI-
Bad, yTo N = 2M, nony4aeM

. 1 2M-1 o
2= 2 xwn=
1 S 2yrm 1 M-t i m
= r;) x(2r)(w?) +ﬁ r;) x(2r + 1) (w2) W™ =
_ 1 iy
—ﬁ(u+w ?. O

TakuM 06pa3oM, ecIu Mbl YMEEM BBIUUCIATH AUCKPETHOE Ipeobpa-
3oBaHue Pypbe BeKTOPOB pa3Mepa M, TO MBI BBIYUCIUM €T0 U /7S BEK-
TOpOB pa3Mepa 2M. BHavasie Mbl pa3brBaeM 2M -MepHBIA BEKTOP X Ha
YeTHYIO I HeYeTHYIO ITOJIOBUHHI (6epeM KOMIIOHEHTH! Yyepe3 O/HY), IIo-
JydaeM ABa M-MepHBIX BEKTOPA U U V, TIOTOM BBIYUCIISIEM UX M -MepHBIE
mpeob6pasoBanusa Dypoe i1, ¥ U 3aTeM U3 3TUX JBYX BEKTOPOB COCTABJIS-
€M BEKTOp X 1Mo GpopMyJIaM U3 TEOPEMEI 5.

CKOJIbKO apudpMeTHIECKUX Ollepaliuii Tpe6yeTcs, YTOObI yZIBOUTD Pa3-
MepHOCTh? Eciiu M -mepHbie mpeobpa3oBanus Pypbe U, V yike BHIYHCITE-
HBI, TO [ BBIUMCIEHHS 2M-MepHOTO BEKTOpa X HYXKHO: JJIs TePBOM
mos1oBUHHL X (0), ..., X(M — 1) (nepBas popmysa TeopeMsl 5) M yMHOXe-
HUW U M CJIOXKeHUH, 711 BTOPOU TONMOBUHBL X (M), ..., X(2M — 1) (BTO-
pas popMysia TeopeMbl 5) — CTOJIBKO XKe. MTakK,

umobbl 8vluucIUMb Npeobpaszosarue Pypwve 8 pasmepHocmu 2M, Ha-
00 08axcObL BbIUUCAUMD €20 8 pasmepHocmu M u cdenams c8epx mozo
4M apugmemuueckux onepayuil.

O6o3HaunM depe3 R(M) BBIYUCIUTEIBHYIO CJIOXKHOCTH OBICTPOTO
npeobpasoBanus Pypre B pasmepHocTu M. Torma R(2M) =2R(M)+4M.
Kakoii Buz nmeetr ¢yHknusa R(M)? OHa MeHbIlle KBaJpaTUYHOU (yxKe
xopo1o!), MocKoIbKY A GyHkimu R(M) = cM 2 MbI Mesu 661 R(2M) —
— 2R(M) = 2cM?, uto 6onbite yeM 4M mipu 6ombmux M. Ho oHa 6osble
JIMHEWHOU, MTOCKOMbKY I JTUHeWHOU dyHKIuu R(M) = cM MBI UMenu
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651 R(2M) — 2R(M) = 0. TakuMm obpasom, R(M) pacTeT GBICTpee JTUHEN-
HOM QyHKIMU, HO MeZJjieHHee KBaZpaTU4HOH. I[Ipu M = 1, oueBHUZHO,
R =1. Torza, yaBauBas pa3MepHOCTH, MOIydaeM Tabmuiry 1.

M | R(M)
1 1
2 6
4 20
8 56
16 | 144
32| 352

Ta6suna 1. 3uauenus yHkimu R(M) npu M =1, 2,4, ..., 32

OMIMPUYECKH yKe MOXKHO oTraZaThea 0 GopMyIibl
R(25) = (2k + 1)2k.

A mokasarh ee Mpolle Mo UHAYKIUU. [Iid MaibiXx k, KaK Mbl BUAMM U3
Tabnuilel, oHa BepHa. Ectu oHa BepHa /i M = 2", TO

R(2M) =2R(M) + 4M =22k + )2k + 4 -2k = 2(k + 1) + 1)2K*1,

yTo U TpeboBanach. TakuMm ob6pa3om, eciu N — CcTelleHb JBOUKH, TO
R(N) < (2logy, N + 1)N. A ana npousBoiabHOro N UMeeT MeCTO CIefy-
IoIIas OLIeHKa, J0KA3aTelTbCTBO KOTOPOU MTPOXOJUT IO TOM JKE CXEME.

TEOPEMA 6. CroxcHocmb 6bicmpozo npeobpazogarus Pypve ydos.e-
meopsiem HepageHcmay

R(N) < (41og, N +6)N.

3T0 yxe ropaszo aydiie, yeM N2, dyukiua R(N) nonydaeTcs «I109TH
JHeHHOM» 1o N. MHOoXuTenb 4 log, N 4+ 6 X0Tb 1 pacTeT ¢ pocToM N,
HO C JlorapupMHUUecKOH CKOpOCThIO. DTO OYeHb MezjeHHo. Kak roso-
PWI OZWH M3BECTHBI MaTeMaTHK, JorapudM — GYHKIUA OrpaHUYeH-
Had. Jina N = 107 3TOoT MHOXUTeIb paBeH Bcero 98. [ToaToMy Ipeo6-
pasoBanue ®ypbe curHana B 1 Mo Tpe6yeT mMenee 10° omeparuii, 9To
3aliMeT MeHbIIIe JeCATOH oMU CeKyH/Bl Ha OOBIYHOM KOMIIBIOTEDE.

3aMeTHM, YTO CIOXXHOCTbH JIIOOOI'0 MeTOZa Pa3lIOoKeHUA He MOXKET
ObITH MeHbIlle N, IIOTOMY YTO B JIt0OOOM 6asuce ecTb POBHO N ajieMeH-
TOB, 3HAYUT, pa3joKeHUe 110 HeMy cofiepKUT N ko3dpPuIimeHToB U Ha
MOJTyYeHNe KaXX0T0 U3 HUX Hy)KHA XOTs Obl ofiHA omeparus. [loaTomy
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CJI0JKCHOCMb 1106020 Memo0a pasoyceHUs pacmem KaKk MUHUMYM JiUuHell-
Ho om N. B aToM cMbicie MeToz Pypbe GIM30K K OMTUMAIbHOMY, TOTO-
My YTO ero CJIOKHOCTb «I[IOYTH JIMHEHHax.

2.7. HenpeosoanMsblii HeocTaTOK MeToga Pypne

Mertoz ®yphe Uconb3yeT B KayecTBe 6a3uCHBIX GYHKIUN 1 TIaj-
KUX CUTHAJIOB TPUTOHOMETpHYeCcKHe QYHKIIMU. DTOT BHIOOP BO MHOTHX
OTHOIIEHUAX yAaueH. Bo-TiepBbIX, TPUTOHOMETpUUYECKUE QYHKITUY T/1a-
Kue, ZJIs HUX BBITIOJTHEHa TeopeMa JI’KeKCoHa, moaToMy Gasuc Pypbe
obnazaeT xopomuM KoadouimeHToM CKaThsi. OH MOXKeT OBITh pean-
30BaH C MOMOIIBIO OBICTpOro MpeobpasoBanus Pypbe, U €ro CIOKHOCTD
pasiokeHUs 6aM3Ka K JIUHEHHOU mo N (a MeHblle JUHEWHOW, KaK MBI
3HaeM, OoHa He ObiBaeT). HakoHell, mpsiMoe U o6paTHOe peobpasoBa-
Hust Pypbe OCyIeCcTBASIOTCS OAHUM U TEM K€ aJTOPUTMOM (C 3aMeHOH
3HaKa B OKCIIOHEHTAX), YTO TOXKe yI00HO. Tak B 4eM ke f1e10? B ob1em-
TO, HU B 4eM — MeToZ, Pyphe 0YeHb XOPOIIl U 10 CUX MOP LIUPOKO HC-
mosnb3yercs. Ho 3a ero BEKOBYIO MCTOPHIO MPOSBUINCH HECKOTBKO €r0
HEe/IOCTAaTKOB, KOTOPBIE CTaIN 0COOEHHO 3aMETHBI C PA3BUTHEM MOITHOM
KOMITbIOTEPHOM TEXHUKU. [JIaBHBIN M3 HUX — MeTog Pypbe OYeHb YyB-
CTBUTEJIEH K LIYMY.

Yro Takoe mrym? JTO MoOMexa, omubKa B curHaie. Kak mpaBuio, oHa
CWIBbHO JIOKQJIN30BaHa 110 BpeMeHHU (MMeeT MaJIEHbKYIO MTPOAOIKUTEb-
HOCTbh) U 60JIbIlast Mo BeauduHe. [IIyM — 3TO IeJY0K, TPECK. DTO CHUTb-
HBIM, HO KOPOTKUI curHaji. /7T AUCKPETHOTO CUTHAja MIyM — 3TO W3-
MeHeHHe OZIHOM KOOpAWHATH BeKTopa X. ITycThb, CKaXeM, K KOOpAUHaTe
x(0) mpubapumu myMm a. O6o3Hadus & = (1,0, ..., 0) € RN, nomydaem
mmocJie TpubaBIeHUs IIyMa BeKTOp X + ad. [TOCKOMbKY

&y — L —_1
ol = 750, E)= T
& 1
ToJIy4aeM O = Wi (1, ..., 1). Uraxk,
N & (& a , a SN a
X+ a6 = (X(O) + —mx(l) + —m, L XIN=-D+ —m)

Takum o6pa3om, mocie npeobpasoBanus Dypre k kancdoil koopouHame
A a
gekmopa X npubasumcs genuuuHa ——. lllyMm paBHOMEPHO pacrpee-

VN

JUTCS BO BceM KoadouimenTam Pypre, mocie 4ero ero TpygHo Oyzer
oTnoBUTh. Eciu mpubaBuTh 1IyM He K KoMmmoHeHTe X (0), a K KaKoH-
HUGYZb APYyroi, x (m), To K mpeobpaszoBanuio Pypbe X IprbaBUTCS BEK-
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Top aF,,. Ho Bce KOMIOHEHTH! BekTopa E,, paBHBI 110 MOZAY/II0. 3HAYUT,

K KaXKZI0M KOMIIOHEHTEe BEKTOpa X MPUOABUTCA KOMILUIEKCHOE UKCIIO C
a

OJHUM U TeM Xe MoAyneM (paBHBIM —N). BHoBb nosyyaeM, 4To npu-

i

bassieHue utyma k 00HOIl KOMNOHeHMe CUZHANA PABHOMEPHO NOPMUM 8ce
KoagPpuyuenmot Pypoe.

A 3TO co37aeT CIeAyIONyIo TPobIeMy: ecikd MbI (KaK ¥ COOMPaHCh)
BO3bMEM TOJBKO 4YacTb Ko3dduimeHToB Pypbe, TO ToYeyHAsA IOMeXa
«paCIOI3eTCs», CO3ZIaB BO3MYILEHNE BO BCEl KapTUHKE.

X
x. ' ' ] ’ ] ]
x+ad
x+ad ;
. . . . ; ;
) ) : f f
R

Puc. 15. BiausiHuE JIOKaTM30BaHHOTO IIyMa Ha npeobpasoBanue Pypre

OTOT HeZloCTaTOK HempeogonuM. OH OCHOBAH Ha ciieAyrouieM dakTe:
npeobpazosatue Pypuve desbma-PyHKYUU pABHO MOJCOeCMBeHHOU eOUHU-
ye. He GyzieM TIOACHATD €0 CMBICI, 3TO 3aBeJIO OBl HAC CIIUIIKOM JaIeKo
B 0o6sacTh GYHKIMOHAIBHOTO aHaMM3a. [JTaBHOE 3/1eCh B TOM, YTO IIPe06-
pasoBanue Pypbe He COXpaHAET JOKAIU30BAaHHOCTh GYHKIIUU. YTO 3TO
O3HayvaeT, MBI pa3bepeMcs B CIIEAYIONUIEM pa3zerie.

YnpaxxHeHUd

1. Kaxkzoii Touke 1wockoctu (a, b) € R? mocTaBUM B COOTBETCTBHE
osHoOM f (t) = at® + bt. HapucyiiTe MHO)XeCTBO ToYeK (a, b) Ha TUIOC-
KOCTH, /i1 KOTOPBIX GYHKIUA f(t) ABIAETCA JUMIIUIIEBON C KOHCTaH-
Toti 1 Ha oTpe3ke [0, 1].
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2. Haiizute MoMMHOM cTeleHu ABa f(t) = t> +bt+c, OPTOT'OHAJIb-
HbIH Ha oTpeske [0, 1] dynkumsam g(t) =t u h(t) = t2 —2019.

3. Paznoxure B pazg @ypee ciezyrouye GyHKINN:
a) 1 — cos 67tt;

6) sin® 27t;

B) cos* 27t;

r) sin 27Tt cos 67t;

) |sin 27t|;

e) f(t)=t, t<[0,1).

4. Jloka)xuTe, 4TO

1 sin 27kt
r(10)~ 5 dn2nk
2 keN k
CunTass U3BECTHBIM, YTO STOT PsAJ CXOAUTCS K QYHKIIUMU TPU KaKIOM
t € (0, 1), BeiBeauTe dopmyiy JleHOHUIA:

1,1 _T
1—§+§—...—4.

5. JlokakuTe, 4TO

2f .2 1 cos 27kt
w (-t g) ~ 3 O
eN

CuunTaa U3BECTHBIM, 4YTO 3TOT PAJ CXOAUTCA K GYHKIIMU B KOKJOU TOUKe
t €[0, 11, gokaxkute, 94TO Y, % = n—z
keN k 6

6. PaccMOTpHM TaKyto KPUBYIO B THIbOEPTOBOM IPOCTPAHCTBE: ¥ (t) =
= X100, t €0, 1] (bynkuusa yo, paBHa 1 Ha nomyunrepsaze [0, t) u
Hyso Ha [t, 1]). JlokaxXuTe, 4TO /s TIOOBIX TOUeK a; = ¥ (t1), ay =y (ty),
as = y(t3) aTOM KpUBOH (t; < t, < t3) Yroyl a;d,d3 MPSAMOIL.

7* IlpugymaiiTe HempepbeIBHOE OTOOpakeHUEe 3aMKHYTOTO eJUHUY-
HOTO ITapa rwibbepToBa MPOCTPAHCTBA B cebs1, KOTOpOe He NMeeT HU
OJTHOM HeMOABIKHOH ToUKU. (TakuM o6pa3oM, TeopeMa bpayapa HeBep-
Ha B IWIbOEPTOBOM IIPOCTPAHCTBE. )

8. BrruMcuTe AUCKpeTHOe mpeobpasosanue ®yphbe X curnana x € R8:
a)x=(1,1,1,1,1,1,1,1);

6) x=(1,-1,1,-1,1,-1,1, -1);

B) x=(0,1,0,0,0,0,0,0);

r)x=(1,-1,0,0,0,0,0,0);

1) x=(1,0,1,0,1,0,1,0).
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9. BLIumc/IMTe JUCKpeTHOe TpeobpasoBanue dyphe X curHana x €RY:

a) x= (cos %) ;
N Jik=o,. ,N—1’
6) x= (sm ﬂ)

N-1
B) X = (sm 2rk ¢ 677:k)
N N Jk=o0,.,N-1
(51 Z_nk 6nk)
N N Jk=o,..,N-1
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3. Hauana BcmieckoB. Cucrema Xaapa

B KoHIIe TIpebIAyINero paszieia Mbl YCTAHOBWIM /IBa TJIaBHBIX HEZO-
craTka cuctembl Pypre: 1) oHa paccyuTaHa Ha mepuogudecKre QyHK-
IIUY; 2) OHA He JIoKaiu3oBaHa. C MepBbIM HEAOCTATKOM JIFOAU JaBHO Ha-
VUUINCH CIIPABJSATHCS C TIOMOIIBIO PA3HOTO pofia IEPUOAU3AINN U T. /.
BTopotii okazascs Kyga 6osee CIOKHBIM. [Ipexkae yeM pelraTh 3Ty MPo-
6y1eMy, MBI CTPOTO ee CHOPMYTUpPYEM.

3.1. Yto Takoe JioKaaMu30BaHHas QyHKIUA

CBOMCTBO JIOKAIM30BaHHOCTH QYHKIMU f (t) O3HAYAET, YTO OHA CTpe-
MUTCS K HYJIIO TIPU t — o, IPUYEM YeM OBICTPEE CTPEMUTCS, TEM JIyUIIle
[2

oHa Jiokanmu3oBaHa. CkaxkeM, obe ¢yHKIUU e U JIOKAJTN30-

1+ ¢2
BaHbI, HO IIpW 3TOM II€pBad MMEET JY4IIYIO JIOKaJIM3aluilo, 9€M BTO-

pas. A ¢yHKIMA e ' He JIOKaIM30BaHa, MOCKOIbKY OHa He yObIBaeT
mpu t — —oo. Haubosee okamn3oBaHHble GYHKIIUN — 3TO Te, KOTOPBIE
paBHBI HY/II0 BHE HEKOTOPOTO OTpe3Ka. MHOXXeCTBO TOYEK, B KOTOPBIX
¢yHkusa f He obpamjaeTcs B HOJMb, WIW, TOYHEE, 3aMbIKaHUE 3TOTO
MHOKECTBA, Ha3bIBaeTCss Hocumesiem GYHKIIUU U 0603HaYaeTcs supp f
(ot aHIHIICKOTO Support). Eciiu HocuTenb OrpaHUYEH, T. €. COAEPKUTCS
B HEKOTOPOM OTpe3Ke, TO TOBOPAT, YTO HOCUTENb KomnakmeH. TakuMm
06pa3oM, QyHKIIUKM C KOMITAKTHBIM HOCHUTEJIEM — 3TO T€, KOTOPBIE 00-
paljarTcs B HOJMb BHE HEKOTOPOTO OTpe3Ka. [OBOpAT, 4TO (YHKIUA
cocpedomoueHd Ha 3TOM OTpPe3Ke.

deHOMEH, KOTOPHIM MBI HabiI0ZaeM, IPUMEHsS IMpeobpa3oBaHUeE
®ypbe K QyHKINYU C IIIyMOM, COCTOUT B TOM, UTO IIpeobpazoBanue Pypbe
He COXpaHsfeT JioKanuzanuo. OyHKINsA, KOTopass UMeeT XOPOUIYIO JIO-
KaJIM3al[HI0, CKaXKeM, COCPeZOTOYEeHHas Ha OYeHb MaJ€HbKOM OTPE3Ke
(kak mym), uMeeT KoadouireHTs Pypbe C IUIOXOU JIOKATHU3ALUEH:
OHUM MeZJIEHHO YOBIBAIOT C POCTOM HOMepa b0 He YOBIBAIOT BOBCE.
[IpOUCXOAUT 3TO M3-3a TOTO, YTO TPUTOHOMETpUYeCKHe GYHKITMU caMu
He JIOKaJM30BaHbI: GYHKINA

f(t) — e—Znikt

paBHa [0 MOZYJIIO eJUHUIle NIPU Bcex t € R. CacTy CUTYaIUI0 MOXET
TOJIBKO TIepexo/ K ApyroMy 6a3ucy B rIb0epTOBOM IIPOCTPAHCTBE, KO-
TOPBIM COCTOST OBl U3 JIOKAIM30BaHHBIX GyHKIMH. CaMBIil IPOCTOM U3
Takux 6a3MCOB ZaeT MEPBHIN IPUMeP BCIUIECKOB — 3TO 6a3uc Xaapa.
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3.2. Cucrema Xaapa Ha OTpe3Ke

Basuc rumpbepToBa mpocTpaHcTBa GyHKIMI Ha oTpe3ke [0, 1] 6bL1
npeznoxked Arbdpeziom Xaapom ! B 1909 rozy.

OH cTOJb Ke POCT, KaK U 6aszuc Pypbe (BO MHOTMX OTHOIIEHUAX —
ellle MpoIIe), HO COCTOUT M3 GYHKIMI C KOMITAKTHBIM HOCUTEJIEM, U €T0O
MOXXHO UCIIOJIb30BATh He TOIBKO 1A Teprogudeckux GyHKuui. [lpasaa,
VIMeeT OH U CBOU HEZOCTATKH, HO 06 3TOM IIOTOBOPUM IIOTOM.

Basuc Xaapa cTpouTcs mocieZioBaTelbHO. BHavane Gepercsa QyHK-
nua hy(t), paBHasg efVHUIlE TOXAECTBEHHO Ha nonyuHTepBaie [0, 1).
Bce manpHelMe GyHKIIUKM Pa3OUTHI HA YPOBHHU.

Hynesoil yposenb — ofiHa ¢yHKIUA h,(t), paBHad 1 Ha [O’ %) n-1

1
Ha [5,1).

ITepeswlil ypogeHs — iBe GyHKINU h,, hg:

s cefod) 7 eelh )
03 e[Ll) B0=1 e [i)
0 VHaye; 0 vHaye.

Bmopoii yposent — deTeipe GyHKIUY hy, hs, he, h;:

[0, 1). (1 3).
2, tE_O,g), 2, te _4,8),
hy () =+ _ 1 1). hs(t) =1 — 3 1).
4 2, te|g 2 ) 5 2, te|53)
0 VHayve; 0 VHaue;
[1 5). 3 7).
2, te_i, g), 2, te _4’8)’
he() =1 _ E §). h, () =1 — 7 )
2, t€ 5°2) 7 2, t€ _8,1 ;
0 VHayve; 0 vHaye
(cm. puc. 16).
T.":lKI/IM obpa3om, j-ii YpOBEHb /JJIsI KaXKAOTO 1eyoro j > 0 coCToUT
u3 2/ GyHKIMH hyj, ..., hyivi_;. Hocutenb ka0l GyHKIMU — OTPE30K

JJTUHBL 277 ) Bce HOCUTENU He nepecekatoTcsa. Kakzaas GyHKIUA TPUHU-
MaeT TpU 3HAYEHU: +2//2 ynu 0. Bee GYHKIIMM j-TO YPOBHA TOMyYa-
IOTCS IPYT U3 ZIpyra CABUTAMU apryMeHTa Ha BeJUYUHY, KpaTHyo 27/,

'Anpdpen Xaap (Alfred Haar, 1885—1933) — BeHrepckuii MaTeMaTuK, y9eHHUK
. Tuns6epra.

42



1
ho BHE YPOBHEH
0 1
1 e
;M .
31 HYJIEBOH
YPOBEHB
0
-1
V2 V2
hy hy
11 3
42 41 TIepBBIA
0 1 YPOBEHb
2
/_ﬁ \ /_ﬁ \
2 2 2 2
h, hs he h,
1 3 S 7
. 8 8 8 8 BTOPOI
o2 1| 1|3 3[[1 ypOBEHb
4 4|2 2|4 4
-2 -2 -2 -2
N PN PN PN

Puc. 16. [lepeBo ¢pyHkmmit Xaapa
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Kaxzas ¢yHKIMA j-ro ypoBHA h, mpu m =2/ +k, k=0, ...,2/ — 1,
omnpezensetcs Tak (cM. puc. 17):

(vV2), te[z‘fk,z—f(k+%));
=12y, 1e 202 (41)):

0 MHaye.

2i/2

2 (k+ 1)

2=k 277(k+1)

_0il2
Puc. 17. ®ynxiusa Xaapa j-ro yposna h,,, m=2/ +k, k=0,1,...,2/ — 1

Takum 06pa3oM, mepBas GYHKIUA j-TO YPOBHA hyj MMEET HOCUTENb
Ha otpeske [0, 27/], Ha epBoii MOMOBKHE OTpe3Ka OHa paBHa 2//2, Ha
BTOPO}i IOIOBUHE OHA paBHa —2/ /2 lanee sTa dyuxrmsa 2/ — 1 pas casu-
raeTca BIPaBoO Ha 27/, Tak MOMy4YaroTCA BCe OCTaTbHBEIE GYHKIUM j-TO
YPOBHA h2j+1, cesy h2j+2j_1.

O603HauuM 4Yepe3 V,, MPOCTPAHCTBO KYCOYHO MOCTOSHHBIX QYHKITUN
Ha JBOWYHBIX UHTepBajnax paHra n orpeska [0, 1]. 3To 3HAUUT, 4TO
GYHKIIUM MOCTOSTHHBI HA KAXKJ0M MpoMexxyTke [27"s, 27" (s + 1)) (aBo-
WYHOM IIPOMeXyTKe paHran), s =0, ..., 2° — 1. Kaxzaa ¢yuknusa f €V,
TaKUM 00pa3oM, MOXXET IIPUHUMATh 2" 3Ha4eHUH, U pa3MePHOCTb ITPO-
crpaHcTBa V, paBHa 2".

CobepeM Bce GpyHKITMY Xaapa HaYUHAsA ¢ h (3Ta GyHKIIUSA HAXOAUTCS
BHe ypoBHel) U 7o ypoBHA n — 1. TTomyuum 2" dyHKIMH {hm}izz_ol. Bce
OHM TIOCTOSTHHBI Ha JBOMYHBIX MHTEPBAIaX pPaHra n, a 3HAUUT, IIPUHAJ-
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JieXXar mpocTpaHcTBy V,. OKa3bIBaeTcs, OHU COCTABIAIOT OPTOHOPMUPO-
BaHHBIN 6a3UC 3TOTO MPOCTPAHCTBA.
TEOPEMA 7. Ilpu kancdom n €N cucmema @yHxyuil {hm}f::_o1 Aen1-
emcst OpPMOHOPMUPOBAHHBIM basucom npocmparcmea V.
JIOKA3ATE/NBCTBO. 3aMEeTUM, YTO HOpMa KaXJOo¥ (QYHKIIMHU paB-
Ha 1 (MMeHHO /IS 3TOTO Mbl YMHOXKaeM KaKAyI0 QYHKIIUIO j-TO YPOBHS

Ha v2'). [ToaTOMy OCTaNOCh OKa3aTh, YTO 3THU GYHKIIMU OPTOrOHAJIb-
HBI JpyT ZApyry. B aToM ciydae moiyduTcad OpTOHOPMUPOBAHHAA CU-
cTeMa B IpocTpaHcTBe V,,, cocrosmasa u3 2" BeKTopoB. Ho MOCKOMBKY
dim V, = 2", aTa cucrema siBisieTcs 6a3ucoM pocTpaHCcTBa V.

WTak, ocTaeTcsa foKasaTb OPTOroHaJIbHOCTh. Ha ofHOM ypoBHe Bce
byHKIMY h,,, OPTOTOHAIBHBIL, TOCKOJIBKY UX HOCUTEH He ITepeceKaroTCs.
BosbMeM npousBosibHblE GYHKIMU HA PA3HBIX YPOBHAX: GYHKUHUIO R,
Ha ypoBHE j; ¥ yHKUMIO h, Ha ypoBHE j, > j;. [lockonbKy QyHKUUA
h.,, TPUHAZANEKUT YPOBHIO j;, OHA IOCTOSHHA HA KaX/ZOM JABOUYHOM
HMHTepBaJle paHra He MeHble j; + 1. A Tak Kak j, > j; + 1, oHa mocro-
AHHA Ha KaX/JI0OM JBOMYHOM MHTepBaJle paHra j,. [loaTomy Ha BceM Ho-

curesne GyHKuwmu h,, dyHkuma h, paBHA HEKOTOPOU KOHCTaHTe c. Cre-
1 1

JIOBAaTeJIbHO, (hml, hmz) :f chmz ) dt=c f hmz (t) dt =0, uro u Tpebo-
0 0

BaJoCh. O

Wrak, cucrema Xaapa {h,},,>o ABIA€TCA OPTOHOPMUPOBAHHOW CH-
cTeMO¥ B THIILOEPTOBOM ITpOCTpaHCTBe GyHKIMHA Ha oTpe3ke [0, 1]. Kak
U B ciaydae cucteMbl Pypbe, KaxA0H GYHKIIMU MOXKHO COIIOCTaBUTH €€
pAx Xaapa:

f~ S, hy)hy,. (16)
m=0

BHOBB 0003Ha4MB Uepe3 S, f YaCTUYHYIO CYMMY 3TOTO psza (Ha 3TOT pa3
cymMMy 2" IIepBBIX cIaraeMsblX, a He 2n + 1 ciaraeMsIx, Kak A paga Py-
pbe), MBI TorydaeM GOpMYyJLy AJiA OPTOTOHATBHOM IpoeKIny GyHKITUU f
Ha IIPOCTPaHCTBO V,:

n

2"—1
Sof = 25 (f, hdhp. 17)

m=0

Ha camoM /fiesie opToroHayibHas MPOEKIUsA Ha MMPOCTPAHCTBO V,, cTpo-
WUTCS OY€Hb MPOCTO. JleJIo B TOM, YTO MPOCTPAHCTBO V), UMEET ellle OANH
OPTOHOPMHUPOBAHHBIN 6a3uc, KOTOPBIK Jaxke Ipolle XaapoBckoro. OH
COCTOMT U3 GYHKIMIA C;, pABHBIX KOHCTaHTe 22 Ha [BOMYHOM UHTEpPBa-
ne I, =[27"k, 27" (k + 1)) u HymI0 3a €ero IpeZenaMy, IpyU 3TOM k TIpU-
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Puc. 18

HUMaeT 3Ha4YeHus OT Hy/s 10 2" — 1. O4eBUAHO, YTO crucTeMa GYHKIIIH
{ck}i":_o1 TaKke OPTOHOPMUPOBAaHHA, a TaK KaK UX KOIWYECTBO PaBHO
pasMepHOCTH IpocTpaHcTBa V,, 3To 6asuc mpocrpaHcTBa V,. IToaTomy
JU1A TIPOEKIINY Ha MIPOCTPAHCTBO V,, BepHA U ellle ofHa ¢opMya:

on_1
Sof = 25 (f, cdex 18)
k=0

[MoguepkueM, uto S,f B dopmynax (17) u (18) —3TO ofHA U Ta XKe
GYHKLIMA, TTOCKONBKY Y 2JIeMeHTa f ecTh TOJBKO OfHA IPOeKIUA Ha
npoctpancTBo V,. V3 ¢opmynel (18) Temepb MOXHO 3aKJIIOYUTB, YTO
npoekuus Ha V, ycpegHsaeT GYHKIUIO f Ha KaXXJOM JBOUYHOM HHTEP-
Bajse I;, T.e. 3aMeHsAeT ee Ha KOHCTAHTY, PaBHyIO CpeJJHeMy 3HaueHHUIO:

ﬁ f f(®)dt, k=0,...,2" — 1 (manomuum, 4uto |I| — AnMMHA UHTEpBa-
Kl
Jla, B JaHHOM Cjly4ae oHa paBHa 2~ "). TakuMm 06pa3oM, MPU MPOEKITNH

Ha V, mo6as ¢yHKuua pazbuBaeTcs Ha 2" MOCTOSHHBIX KyCOYKOB, a ee
rpaduK IpeBpallaeTcs B «JIeCEHKy» U3 2" CTyIEHEK.

3.3. IIpubmmxenus ¢yHknuii cuctemoii Xaapa.
dddeKT HaChIIITaeMOCTH

Jlnia cuctembl Xaapa Takke BepHa TeopeMma J[’KeKcoHa, TpaBja, B
CUJIBbHO ype3aHHOM BU/E.

46



TEOPEMA 8. /[lnsnoboil 1-nunwuyesoli pyHkyuu f Ha ompeske [0,1]

8ePHO HepaB8eHCM80
1 -

) < —=27" 19

If = Suflla< 3 19)

TakuM obpasom, eciu f € C[0,1] u |f/(t)| <1, t €(0,1) (B aToM

clydae, KaK Mbl 3HaeM, GyHKIUA f sABifeTcs 1-TUNIIMIEBOI), TO CyMMa

nepBbix N = 2" wieHOB pszia Xaapa NpuoImKaeT GyHKIIUIO C TOYHOCTHIO

Cc o
N B ominune ot TeopeMsl /XKeKCOHA AJ1A TPUTOHOMETPUYECKOU CHUCTe-

MBI, 37leCh TIPUO/IMKEHHEe He YAydllaeTcs ¢ yBelUdeHHeM TIaJKOCTH f.
®yukuuu u3 C? i C'° cucrema Xaapa npubIusKaeT ¢ TaKo ke TOIHO-

CTBIO %, Y HUYETO JIy4Illero y)xe He 6yzeT. Takoe CBOHCTBO Ha3bIBAETCS
HACbLUAEMOCMBHO.

Cuctema Xaapa HachllllaeMa y)Xe Tpu r = 1, T.e. OHa MpUOIKaeT
ynkuuu u3 C! Tax e, kak u Bce 6oyee rmagxue GyHKIMU. ITpoucxo-
JUT 3TO BOBCE He M3-3a TOro, YTo QYHKIMK Xaapa caMu He IVIaJKue.
Cy1ecTByeT MHOTO CHCTEM, COCTOAIIWX M3 Pa3pbIBHBIX QYHKIUH, KO-
TOpble TEM He MeHee IMPEeKPaCcHO MpUOIIDKAIT iagkue ¢yHKimu. Ha-
CTOAIIAS IPUYMHA B TOM, YTO QYHKINY Xaapa He IOPOXKAAI0T CBOMMU
JIMHERHBIMY KOMOWHAIUAMY MOTUHOMBL. OHU ITOPOXKAAIOT TOXK/ECTBEH-
HYIO KOHCTAHTY (T.e. IOJMHOM CTeIleH! HOJIb), HO He MOIMHOM CTelle-
HU 1, T.e. ¢yukumio f(t) =t. ComracHo ¢popmyse (18) mpoeKuusa 3Toi
GyHKIMM Ha MPOCTPAHCTBO V,, —3TO JieceHKa U3 2" CTyIeHeK C BBICO-
TOU MEPBOU CTYTIEHbKU 27!y BBICOTOI KaXKAOMH CJIeTyTOIeN CTyTIeHb-
K27

S f()=2""11+2k), k=0,..,2"—1.

Ksagpar paccrossus || f — S, f||> — aTo cymma 2" oAMHAKOBLIX HHTETrpa-
JIOB
g-n
[ =5 p2de= [ (=272 de=2.2730+D),
I, 0

[TosaTomy

—n

1/2 1
2V3

TakuM ob6paszoM, cyMMa IepBbIX N = 2™ cjaraeMbIX psza Xaapa IIpu-
>

6mkaeT GyHKIUIO f(t) =t ¢ TOYHOCTBHIO 11 U TOT $aKT, 4TO 3Ta

2/3N’

dYHKIIMS PUHAAJIEXUT BeceM kKiaccam C', r > 1, cuTyaluio He criacaer.

2 -
If =Sufll= (2" 3 - 2720+0)
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[TormyTHO MBI JOKa3aau, 4TO KOHCTaHTa C = % B TeopeMe 8 Heysyd-
mraeMa yke Aua GyHkouu f(t) =t.

HaceijaemocTs — I71aBHBIM HeZlocTaTOK cucTeMbl Xaapa. Bropoii ee
HEeJI0OCTAaTOK — pa3pbIBHOCTD GyHKIMI. COOCTBEHHO, BCS TEOPHS BCILIEC-
KOB POJIWJIACH U3 MTOIBITOK TTOCTPOUTH «IIaAKui Xaap». CUCTEMBI BCILIEC-
KOB HACJIEZIyIOT BCE XOPOIIHE CBOMCTBA CHUCTEMBI Xaapa, HO TIPU 3TOM
COCTOSIT M3 TMaAKUX GYHKIMN M caM{ XOPOIIO TPUOIMKAIOT IaJKue
¢yukumu. Teopema /[)KEKCOHA He BBIITOJHEHA /JJIs1 HUX B IOJHOM O0b-
eMe, T.e. g BcexX r (IoKasaHo, YTO TAKUX BCIUIECKOB He OBIBAET), HO
K03(bOUIIMEHT HACBIIAEMOCTH Y HUX OOJbIe eAMHUIIEI (Y cCCTeMBI Xa-
apa OH paBeH 1).

A t1e sxe obelaHHBIE JOCTOMHCTBA cUCTeMBl Xaapa? [loka MblI 06-
CYKJaJIi TOJIbKO HezgoctaTku. JloctorHcTBa ecTh! IlepBoe — yioKanu-
30BaHHOCTh. OyHKIMM Xaapa MMEIOT KOMIAKTHBIM HOCUTENb, KOTO-
pBIiA, Oojyee TOro, OBICTPO CyXKaeTcs C PocToM Homepa GyHKUuH. Jlo
HeJJaBHETO BpeMeHU (710 M306peTeHNs BCIUIECKOB) crcTeMa Xaapa Oblia
€/TMHCTBEHHOW OPTOHOPMHPOBAHHOUW CHUCTEMOU C TAaKUM CBOMHCTBOM.
BTopoe — fiBOMYHAs CTPYKTYpa, MO3BOJAIONIAA OBICTPO BBIUYUCIATH KO-
addunmeHTH pasnoxkeHnus. Kak aTo paboTaeT, MBI ceifiuac yBUIUM, pac-
KJIaZIbIBAst TUCKPETHBIE CUTHAJIBI.

3.4. MuckpeTHsIii 6a3uc Xaapa

Paboras ¢ ¢pyHKuMsAMU Xaapa, Mbl Bcerza OyZieM MpeAronaraTh, 4To
YHCJIO TOYEK PaBHO IIeJION cTerneHu ABOUKU: N = 2", KaXaplii curHai,
TakuM 00pa3oM, acCOIMHUPYETCS ¢ BEKTOPOM B 2"-MepHOM IPOCTpaH-
cTtBe. JluckpeTHBIN 6a3uc Xaapa B 3TOM MPOCTPAHCTBE CTPOUTCS IMPO-
CTBIM CHAITUEM 3HAaYeHUH XaapOBCKUX QYHKIMH h,, (t) Ha paBHOMEPHOM
cetke {t; }2_,! Ha oTpeske [0, 1]. [Ipu 5TOM HONYIMBIIHFCA BEKTOP Hysk-
HO YMHOXWTh Ha YHCJIO, YTOOHI JIMHA BeKTOopa ObUIa paBHA eANHUIIE
(opTOoHOpMUpOBaHHOCTB!). VTak, monydaeM cucTeMy U3 2" BEKTOPOB
Hy, ..., Hon_q:

H,(s)=(V2)"h,(27"s), s=0,..,2"—1. (20)

TakuM o6pa3oM, HajJ, BCEMU YPOBHSIMH CTOUT BeKTOop H,, Bce 2" Ko-
OpAIMHAT KOTOPOTo paBHBI 2 "V2, a Ha Hy/JeBOM ypoBHe — BeKTOp Hj,
¥ KOTOPOTO TlepBas IOJOBHHA KOOpAMHAT paBHa 2 /2, a BTOpas pas-
Ha —27"/2. Ha IIeEpBOM ypOBHe — /iBa BekTopa: H, u H;. Y BexkTopa H,
nepBsie 2"2 koopauHaT pasubl 2072 crepyromue 2" KOOpAUHAT
paBHBI —20-m/2, OCTa/IbHble — HYJIU. Y BeKTopa Hj nepBad MOJIOBHUHA
KOODAMHAT — HyJIH, 3aTeM CIefyioT 2" 2 koopauHaTt, paBHbix 207/2)
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u 3aTem 2"2 koopauHat, paBHEX —2(7™/2. Hakower, Ha (n — 1)-M
YPOBHE HaXOAATCA BEKTOPBI Hyn-1, Hon-1,1, ..., Hyn_, KQOKABIN U3 KOTO-
1 1
PBIX UMEET POBHO /iB€ HEHy/leBble KOODAWHATHI: W5 u ———. Bexrop
n-1,, HMMEeT 5TH KOOPAWHATBl Ha IMO3ULUAX u COOTBeET-
Hon1y 2k n 2k +1
CTBEHHO. BeKTophl cileAylolux ypoBHeH He CTPOATCS, OCKOMbKY MBI
o n
yKe UMeeM OPTOHOPMHUPOBaHHbIH 6asuc B R?'.

1

22 .
BHE ypOBHeM
01234567
1
2V2
4567 H, HyJIEBOX
0123 YpOBEHb
. N
2
H
2 MIepPBHIN
YPOBeHb

5

Puc. 19. [luckpeTHada cucreMa Xaapa npun =23

TEOPEMA 9. IIpu kaxncdom n > 0 cucmema 8eKmopos {Hm}i":_o1 a8n8-
emcs opmoHopMuposanHbim 6asucom npocmpancmeaa R

JIOKA3ATE/NBCTBO. OpTOrOHANIBHOCTD OKA3BIBAETCSA TaK Ke, KaK B
TeopeMe 7 And cucTeMbl GyHKIUH Xaapa. ITockonbky uncio GyHKmi 2"
PaBHO Pa3MePHOCTH IPOCTPAHCTBA, 3TA CUCTEMA ABJIAeTCsa 6azucom. [
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Tak ke Kak /A JI060r0 OPTOHOPMHPOBAHHOIO 6asrca, HMolTydaeM
n
$opMyIty pasnoxkeHHs IPOM3BOIBHOTO BEKTOpa X € R?':

-1
x= 2, (¢, Hy)Hy, (1)
m=0
MIPH 3TOM MBI 0603Ha4YaeM Ko3bduIMeHTH pasnoxkenus (x, H,,) =d(m),
a BekTOp U3 3TUX Koadpduiumenton d = (d(0), ..., d(2" — 1)) Ha3bIBaemM
npeobpaszosaruem Xaapa BEKTOpa X.

Janee, 0603HaYuB uvepe3 V), MOAIPOCTPAHCTBO R%, IIOPOXKJEHHOE
IepBLIMU 2k BekTOpamu 6asuca Xaapa Hy, ..., Hyt_;, T.€. BEKTOpPaMHU
nepBhIX k ypoBHEH, momydaeM GOpMysTy OPpTOrOHATBHOU MPOEKIHH Sy
Ha 3TO IPOCTPAHCTBO:

2k—1
Spx= . (x, Hy)H,,. (22)
m=0
Teopema /JI>XekcoHa [Jid AUCKPETHOr'O Xaapa ycTaHaBIUBAETCA TaK JKe,
KaK M ee HelpephIBHBIM aHaior (TeopeMa 8). B GopMyIupOBKe MBI IS
KpaTKocTH obo3HavaeM 2" = N.
TEoPEMA 10. /[na 06020 1-nunwuyesa cuenana x €RN gepro nepa-

8eHcmaso
VYN 1
24328

Takum o6pasom, ecu |x (k) —x(k+1)| < % anascexk=0,...,.N—1,

TO cymMMa mepBbIx 2X claraeMbIx B pasnoxeHuu Xaapa NpUGIIKaeT Bek-

VN 1
TOPp X C TOYHOCTBIO — = YBenndeHue IaJKOCTU BEKTOpa X HE IIpUu-

24328

BOZUT K YJIy4IIEeHUIO NMPUOIIDKeHUs. 37ech, KaK U I HelPEPBIBHOTO
Xaapa, UMeeT MECTO sBJIeHHe HaCHIIIAaeMOCTHU. DTO CEPbEe3HBI Hezo-
CTATOK JMCKPETHOH cucTeMbl Xaapa. TeM He MeHee Bce PaBHO MOXKHO
HEIIOXO CKUMAThb curHai. Eciu, nanpumep, N = 22° (4yTb 60/bIe M-
JuoHa), To npu k = 15 mosmydyaeM mpuOIKEHUE CUTHAIA YaCTHUYHOM

[l = Sgaxll < (23)

" V220 1
cymMol paza Xaapa (22) ¢ TOUHOCTBIO € = 2—\/§ﬁ < 0,01. Takum 06-
20
pasowm, omubka He 6osee 1 % ZaeT cxkaTue B % = 32 pasa!

KakoBa CJI0OXKHOCTb JUCKPETHOI'O IpeoOpa3oBaHusA Xaapa? Bhrumc-
JleHre ofHoro koddounmenTa d(m)—3TO BBHYHUCIEHUE CKAJIIPHOTO
npousBezenus (x, H,,), Ha 4TO HY)XHO He 6osiee N yMHOKeHUH U N ¢J10-
JKeHUM. Bcero, Takum o6pasoM, BBIYMCIEHHEe BekTopa d 3aiiMeT He
6onee 2N? oneparuit. 3To coOBepIIeHHO HellpreMIeMast CJI0KHOCTh, KakK
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MBI y>Ke BHZEH JJIS AUCKPeTHOro ImpeobpasoBanusa dypre. MOXHO u
COKOHOMMTH onepauuu? /la, eme kak! BekTopel H,, CWIBHO pa3peXeH-
HbIe, T.€. y HUX MHOro Hyseil. Tak, mpu m > 2" ! (T.e. Ha (n — 1)-M
YPOBHe) BeKTOp H,, CoZep:KUT Bcero /iBe HeHy/IeBble KOMIIOHEHTHL. JTO

H,, (2k) = % u H,2k+ 1) = —%. HamoMmuuM, uto k =m — 2" 1.
1

Takum obpasom, Ay BerauciaeHus (x, H,) = 7

OZIHO BBIYMTAHME U OHO JlefleHue Ha /2, T.e. Be olepanyu. [103ToMy
BCEro Ha BBIYMC/IEHHE KO3OOUIIMEHTOB d@et,...,d@2"-1) yizer
2.2 1 =29n omepanuii. AHaJIOrMYHO Ha (n — 2)-M ypOBHE, T. €. MpU
kaxaom m =2""2 ... 2" 1 — 1 pektop H,, UMeeT YeThIpe HeHy/eBble

(xor + Xgp41) HyXKHO

KOMIIOHEHTHI, paBHBbIE :I:%. [Toatomy ana BerauciaeHusa d(m) = (x, Hy,)
moHaz00UTCA 4 onepanuu (TpY CIOKeHUs/BBIYUTAHUA U OHO YMHOXKe-
HUe Ha %). CnenoBatenbHO, Bcero Ha (n — 2)-i ypOBEHb VHZET TaKKe
2" omepauuii.

[Tpozomxas, MBI BUAVM, YTO Ha KaXKAbI ypOBEHb YXOAUT POBHO
2" omepanuii. Bcero nmeercs n ypoBHeH, a Takxe BeKTop H, BHE YpOB-
HeH, TaK 4TO CJIOXKHOCTH JIUCKPETHOTOo ITpeobpa3oBaHusa Xaapa He Ipe-
BocxozuT (n + 1) - 2". DTO MOYTH BABOE JIydIle, YeM JiA ObICTPOTO
mpeo6pasoBanua Oypre, A KOTOPOro HyxHO (2n + 1) - 2" omeparniuii.
Ho u 310 He Bce! MokHO yOpaTh MHOKUTENH N+ 1 ¥ TEM caMbIM CZIeIaTh
CJIOKHOCTb JIMHEHHO 3aBucAlmieil or N = 2". [ 3TOro mpuUMeHsSeT-
cs1 ObicTpoe mpeobpa3oBaHue Xaapa. DTO TaK HasbIBaeMoe Oblcmpoe
gellgiem-npeobpasosaxue, WA KACKAOHbLU anzopumm. (Ham mepBbIT
pa3 BCTPETUIIOCH CJIOBO «BEUBIET»!)

3.5. BeicTpoe BeiiBieT-IpeoGpa3oBaHHUe,
wiu KackaZHbIil aJlrOpuT™M

HecmoTpst Ha ¥ Tak HU3KYIO CJIOKHOCTh JUCKPETHOTO ITpeobpa3oBa-
HUA Xaapa, OCTaJuCh PECypChl JJIs JadbHEHIIero yMeHbIlIeHu Yucia
onepanuii. Tak, HanpuMep, Ay Berancaenus d(0) = (x, Hy) MBI cKia-
JIbIBaeM Bce KOOPAUHATHI BEKTOPA X, 3aTeM JIeJIUM CyMMY Ha 22 A nns
BoruncaeHusa d(1) = (x, H;) MBI HaXOUM CyMMY II€PBBIX on-1 KOOpZAHU-
HAT ¥ BBIYMTAeM M3 Hee CyMMY NocaefHuX 2" ' koopAuHAT (pe3ysnbTaT
CHOBa zienuM Ha 2/2). [Tonmy4yaeTcss, YTO MBI IBAXK/bI ZleJlail OHU U Te
’Ke BBIYMCICHUSA: BB HAXOAWINA CYMMy NepBbIX 2" ! KoopAuHAT U
TO K€ caMoe JieJlaii co BTOpOM cyMMOM. BriroHee cenath Tak: HalTu
TIEPBYIO CyMMY, TIOZIETUTh €€ Ha 2n/2 pe3yabTaT 0603HAYUTh Yepe3 A,
3aTeM HaWTH BTOPYIO CYMMY, TIOZIEIUTh Ha 212 y pe3yabTaT 0603HaYNUTD
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yepe3 B. Torma d(1) = A — B, d(0) = A+ B. Mbl yMEHbBIIWIN KOJTUIECTBO
omnepanuii Basoe!

Vimess xacKaZIHOTO aiaropurMa mpocta. Mbl OOGBICHUM ee A ab-
cTpakTHOro Habopa u3 2" 4ncen dy, ..., dyn_;. Pa300beM YmciIa Ha [Taphl:
TepBble /[Ba, C/lefylollue /Ba U T.JA. B Kaxgol mape HaiiieM cymMmy
4yucesl U UX pasHOCTb (U3 MepBOro BhIYMTaeM BTopoe). Bce pasHocTu
MBI CKJIaZIIPyeM OTZE€TbHO, Ha3BaB UX MMOCIEZ0BATENBHO Doi-1, ..., bon_1.
C cymmamu (ux y Hac 2"1)) mpogenaeM Ty e ollepaluio: pasobbeM
Ha Iapel, HalZieM CyMMEBI U Pa3HOCTH 4YHces B KaXKA0W Iape, pa3HOCTU
CKJIAIUPyeM, Ha3BaB UX Dgn-2, ..., byn-1_1, @ CYMMBI OCTaBUM, IIOBTOPUM
TO JXKe caMoe /Ui HUX U T.J. Kaxzas utepaiysa BABOoe YMeHBIIAeT KO-
JdecTBO uuces. Ilocie n uTepauuii y HaC OCTaHETCA OFHO YHCIO, a
Ha CkyIazie OyayT XpaHUTbCA 9ucia by, ..., byn_;. OcTaeTcs MoNIoXKUTE b
PaBHBIM OCTaBIIEMYyCS YUCIY. AJITOPUTM 3aBeplleH. V3 JaHHOTO BEKTO-
paa=(ay, ..., Ayn_;) Tomydmicsa BekTop b = (b, ..., byn_1).

KackagHbIN aJropyuTM, OCYIIECTBISIONINN Mpeobpa3oBaHue Xaapa,
paboTaeT Tak ke, TOMbKO KaKJABIKA pa3 CyMMBI M Pa3HOCTU JBYX UHCEI
Ha/Io JeUTh Ha /2. UTak, 6epeM BekTop x € R?' | momaraem ¢, = x, pas-
6uBaeM KOOPAWHATEI BEKTOPA C,, Ha Maphl, HAXOAUM CYMMBI U Pa3HOCTHU
gHIcen B KXo mape. CyMMEI, Zie/leHHbIe Ha v/2, COCTAB/IAIT KOOP/H-
HaTBl BEKTOpA C,_1 € R (ator BEKTOP MBI OCTaBJjsieM), a Pa3HOCTH,
ZleTIeHHble Ha /2, COCTABIAIT KoopAUHATH Bektopa d, ; € RZ (ero
OTIIpaBisieM Ha ckiaaf). Terepb MOBTOPSEM TO K€ CaMOe C BEKTOPOM
Ch—1 ¥ T. 4. CxeMa ajiropuTMa Ioka3zaHa Ha puc. 20. Ha k-ii uteparuu
MBI leJlaeM U3 BEKTOpa C,yq_ BEKTOPHI C,_; U d,,_;, IEPBbIN cOXpaH:-
eM, BTOpO oTmpasiseM Ha ckiaf. [Tocie n utepanuii ocraeTca ofuH
BeKTOp pa3MmepHoctu 1 (T.e. uncio) c,. [lomaraem d, = ¢, u momyda-
em BekTop d € R?', moc/te[oBaTeIbHO COEUMHNB KOMIIOHEHTHI BEKTOPOB
dgy, dq, ..., don-1. AITOPUTM 3aKOHYEH: BEKTOP d — 3TO IUCKPETHOE TIpe-
obpa3oBaHue Xaapa BEKTOpa X.

dn—l dn—2 dn—B dO

/. /. /. /.
o >l >l — >e cee o >e
Cn Cn—1 Cn—2 Cn-3 51 Co

Puc. 20. Cxema KackaZ[HOT0O aJirOpUTMa

Tenephb OIlEHUM CJI0XKHOCTb. Ha mepBoii urepanuu zenaerca 271
CIIOXKEHUI, CTONBKO JKe BEIUMTAHUIA, a 3aTeM 2 - 2" ! nemenuii Ha /2.
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Bcero 27+1 onepauuii. Tak kak KaxJasd cjiefyrollas UTepalus MOBTO-
pSeT TPeAbIAYINYI0, TOMIBKO CO BABOE MEHBIIUM KOTMYECTBOM YHCEJ,
nonmygaem Beero 2" 4+ 2" + 2771 4 ||+ 22 onepanmii.

TeoPEMA 11. CrnoxcHocmb KackadHoz20 aneopumma 01t OUCKPEemHO20
npeobpasosanus Xaapa pasHa 4 - 2" — 4.

O6o3HauuB N = 2", mony4yaeM, 4TO CJIOKHOCTB paBHA 4N — 4. B cpea-
HEM 3TO MEHbIIE, YeM IO 4 OIepaluy Ha KaXKAbli KO3hOUIIUMEeHT. Yau-
suTenbHO! Hampumep, mpu n = 20 (ipu aToM N & 10°) uncsio oneparmit
menbine 4 - 220, A gna 6picTporo mpeo6pasoBaHua ®ypbe OHO paBHO
(2n+1) - 2" =41-22°, Yckopenue B 10 paa!

[TocMoTpUM, KaK MeHAIOTCA K03 PUITeHTh TpeobpazoBaHusa Xaapa
IO/l BAMSAHUEM IIyMa. HalloMHHUM, YTO YyBCTBUTEIBHOCTb K LIYMY SB-
JIIeTCST OOHUM W3 IVIABHBIX HeZOCTAaTKOB cucTteMbl dypbe. Illym B of-
HOM KOOpAMHATe BEKTOpPAa X PaBHOMEDHO MeHSET Bce K03 UIUEHTH
mpeo6pasoBanua ®ypre X. Takum o6paszom, mpeobpaszoBanre Pypbe He
COXpaHsET JIOKATU30BAHHOCTD ITOMEX.

Terepr Bo3pMeM IIpeobpazoBaHye Xaapa BeKTOpa X U CHOBa Ipuba-
BUM IiyM o K KoopzauHaTe x(0). O6o3naymB 6 = (1,0, ...,0) € RN, mocye
mpubaBIeHUs IIyMa orydaeM BEKTOp X + ad. O6o3HauuB yepe3s d mpe-
obpasoBaHue Xaapa BeKTOpa §, HAXOAUM

(V2)™, m=0;
d(m)=(6,H,) =H,(0)=1 (V2))™", m=2/,j=0,..,n—1;
0 uHaye.

Takum obpasom, u3 2" KoopAUHAT BeKTopa d TOJMBKO N + 1 HEHY/IEBBIX:

d=(W2)™, W2)™, (vV2)'™", 0, (v2)*™",0,0,0, (vV2)* ", 0, ...
., 0, (V2)* " 0,..).

[ITyM, NOSBUBINNICA B OFHOM KOOpAUHATE BEKTOPA X, MEHAET He OZIUH,
a n + 1 xoadpdunreHToB B MpeobpasoBaHUU Xaapa — POBHO 10 OJHOU
KOOpZVHAaTe B KaXA0M ypoBHe. Ho wymcio n + 1 mo-mpekxHeMy Majo
[0 CPaBHEHMIO ¢ OOUIMM yucjioM koaddunrentos 2". Hampumep, npu
n = 20 u3 6ojee 4eM MUWLIHOHA KO3GPUIIEHTOB U3MEHUTCS TOMBKO 21.
HTtak,

npeobpaszosarue Xaapa coxpaxsem JOKANU308AHHOCTb NOMeX.

Bornee Toro, HeHy/IeBble JIEMEHTH 3aHUMAIOT BIIOJIHE KOHKPETHBIE
mo3unuu. Tak, y npeobpasoBaHus Xaapa BeKTopa O HEHYJEBHIE dJie-
MeHTHE UMeloT HoMepa 0, 1,2, 4,8, ..., 2" 1. CrenoBaTtensHo, UMEHHO
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STH KOOPJMHATHI U OyAyT U3MEHEHHI B TpeobpasoBaHuu Xaapa BeKTopa
x+ ad.

3.6. Bcrutecku Xaapa Ha npaMoii

Cucremy ¢yHKUMM Xaapa Jerko paclpoCcTpaHUTh C OTpe3Ka Ha BCIO
npamyro R. Jyig 3TOro Hy»KHO cZeylaTh TPU BELU:

1) yopats byHKIHIO h);

2) 1A BceX OCTaJbHBIX QYHKIINM paspemuTs CABUTH IO Bcel Mmps-
MOTi;

3) n06aBUTH JBOMYHBIE PACTIKEHUS.

B pesysbTaTe MBI IONy9UM cUCTeMy QYHKLMIA v, (£) = 2//24 (2t — k),
rae ¢ = h; (nepBas ¢yHknusa Xaapa), j, k — mpon3BoOIbHBIE TIE/IbIE YUC-
sa. B cucreme Xaapa Ha oTpeske 6bU10 j >0 1 0 <k < 2/ —1.

TeoPEMA 12. Cucmema @ynwyuil {); . }; kez 619€MCcA 6a3UCOM 2UTb-
b6epmosa npocmpaxcmea GyHkyuil Ha npsamotl.

JOKABATENBLCTBO. Tak ke Kak W /I CUCTeMbl Xaapa Ha OTpes-
Ke, JOKa3bIBaeM, YTO JaHHASA CUCTEMA SABIAETCS OPTOHOPMUPOBAHHOM.
CroxkHee 0Ka3aTh MOTHOTY. J[JIs 3TOTO AOCTATOYHO MTOKA3aTh, YTO GYHK-
s hg = Y[ .1] MOXeET OBITh Pa3jIoKeHa 10 dTOM cHCTeMe. JTO JeIaeTCs
B ympaxkHeHuu 17. Torga ganHble GYHKIUN OYAYT BKIIOYATh CUCTEMY
Xaapa Ha otpeske [0, 1], u, 3HauuT, r06ass GpyHKIMA Ha oTpeske [0, 1]
pasjaraeTcs 10 JaHHOH cucTeMe. [ToaTOMY 10 Hel pasiaraercs 1 arobas
byHKIMA Ha JII060M 11esIoM oTpe3Ke. OCTaIoCh 060 GYHKIIHIO Ha M-
MO¥ NpeACTaBUTh KaK OeCKOHEUHYI0 CyMMy GYHKIUN Ha €AMHUYHBIX
OTpEe3Kax. O

37ech BO3HUKAeT BUAMMBIN Mapajiokc: cucTeMa Xaapa Ha MpsAMOM
Kak-To obxozuTcs 6e3 GyHKIMU h, a cucTemMa Ha OTpe3ke 6e3 Hee 060i-
THCh He MOXeT. Pa3o6paThbcs ¢ 3TUM MOMOTYT yIpakHeHud 17 u 18 B
KOHIIe paszera.

3.7. JocTouHCTBA U HEJOCTAaTKU cucTeMbl Xaapa:
4TO COXPAaHUTh U ¢ YeM O60poThCA?

[TogBeneM mpeABapUTeNbHBIE UTOTHU. [lepeuncanM IJIaBHbBIE OCTO-
WHCTBa CUCTeMBI Xaapa.

1. IOKAJIM3OBAHHOCTb. Bee dhyHKUUU cucmembl UMe0m KOMNAaKm-
Hble HOCUMeNU, npuuem ONUHA HOCUMeJsl CMpPemMuUmcst K HyJil0 ¢ pOCmom
HoMmepa ¢yHKuUU.

ODTO CBOMCTBO MO3BOJISIET COXPAHUTD JIOKAJIN30BAHHOCTD [TIOMEX: IIPH-
6aByieHUe ITyMa K HEOOMBIIOMY YHCTY K03DbUIIMEHTOB BEKTOPA MEHSET
TaKXKe HeOOJBbIIOE YUCIO KO3DOUIMEHTOB Pa3I0KEHUS.
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2. IBOUYHAA CTPYKTYPA. Bce hyHkyuu cucmemst (Kpome, 803MO0dxic-
HO, MOX#CO0eCmE8eHHOU KOHCMAHMbL) NOJYUAmcst u3 o0HOIU u moil e
GYHKUUU ¢ NOMOUBLI 080UUHBLX cxcamull U c08U208 apeyMeHmd.

Tak, Bce ¢yuknuu Xaapa h,,, kpoMe h, (TOXKZeCTBEHHON KOHCTaH-
THI), ABJAIOTCA CABUTAMH M CKaTHAMU B 2K pas (1a pasaMuHBIX Iie-
Jeix k) GyHKUIMH h;. DTO CBOUCTBO 06ecrieynBaeT ObICTPOE BHIYHUCIEHNE
K03(GOUIIMEHTOB C TIOMOIIBIO KAaCKaZHOT'O aJTOPUTMa, a KPOME TOTO,
obecrieunBaeT OGBICTPHIN MOUCK ONTUMAIbHOTO 3HAYEHUS YHCIa YPOB-
Hell n i pasiokeHUs 3aJaHHOM GyHKIMU. [logpoOHEe TOT acmeKT
6yZeT 3aTPOHYT B CIEAYIONEM MTYHKTE.

CoiicTBa 1 u 2 X0TeNOCh OBl COXPAaHUTh U PA3BUTh B HOBBIX CHCTE-
Max. A ¢ 4eMm 60poTbcsa? C OCHOBHBIMHM HEZIOCTaTKaMU CHCTEMBI Xaapa.

3. HU3KUE ATITPOKCHUMAIIMOHHBIE CBOUCTBA. @ynkyuu Xaapa
nioxo npubnuxcarom 2aadkue GyHKuuUU, u3-3a uezo sexm Hacvliaemo-
cmu 8 meopeme /[ncekcoHa nosagsiemcs yyce npu r =1 (meopema 8). 1o
BeJleT K Me/IJIEHHON CXOZMMOCTH Pa3IoKeHUH Xaapa |, KaK CJIe/ICTBUE,
K HeOOXOAMMOCTU XPAaHUTh OOJbINOE YUCIO K03bduireHTOB. [Ipouc-
XOUT 3TO M3-3a TOTO, YTO QYHKIUM Xaapa He MOPOXAAIOT MHOTOWIE-
HOB GOJBIION cTemeHW (OHU, KaK MBI BUJEIU, TOPOXKAAIOT KOHCTAHTY,
T. €. MHOTOWIEH CTeleHU HOJb).

UTak, Hy#HO, umobbl GyHKUUU cuceMbl NOPOHCOANU MHOZOUNEHbBL
8blCOKOIL cmeneHu (Hem 8blule, MeM Jiyulle).

4. HU3KAA IMIALKOCTb. @ynkyuu Xaapa paspwleéHbl. Bo MHOIMX
TMIPWIOKEHUSAX TTPUXOAUTCS HE TONBKO MPUOIUKATh CUTHAJM, HO U BBI-
MTOJTHATh HEKOTOpBIE JEUCTBUS ¢ MPUOIIKeHUEM, Hampumep audde-
peHnupoBaTh. [IpuyemM uHOTZAa (CKakeM, TPU YUCIEHHOM pelleHun
muddepeHIMANTbHBIX ypaBHEHUH) AuddepeHITPOBaTh HECKOIBKO Pa3.
C ¢ynKIUAMU Xaapa 3TOro JieiaTh HeJb3sl, TIOCKOJbKY OHU HE TOJBKO
He nuddepeHIpyeMbl, HO U He HEePEePhIBHEL.

JKenamenwvHo, umobsL cucmema cocmosina u3 2aadkux gyukyuii (uem
gblule 21a0KOCMb, meM Jyuule).

Urak, Hallla T71aBHaA 3a/iada: Hy»KeH «IaJIKuil Xaap»!

EcTecTBeHHBIN Bompoc—a cyujecTByeT U OH? CyIIeCTBYIOT JIU CU-
CTeMBbl, HaceyIolye IpenuMylecTBa cucTeMbl Xaapa (cBoiictsa 1, 2) u
JIMIIIEHHBIE €r0 HeJoCTaTKOB (CBOMCTB 3, 4)? Jla, 9TO CHCTEMEI BCILIEC-
KoB (BeliBieToB). Ho mocTpouM MBI MX He cpasy. Y deloBedYecTBa Ha
aTo yuuio moutu 80 JieT, OoT mosABieHUus cucteMbl Xaapa (1909 rox) zno
n3obpeTreHus BciuieckoB Meiiepa (1986 rox) u Jlobermm (1988 rox).

MbI HaYHEM C TOTO, YTO H3y4YHUM IOAPOOHEEe ABOUYHYIO CTPYKTY-
py cucTeMbl Xaapa, KOTOPYIO XOTeNoCh ObI TIepeHeCcTH Ha JpyrHe CHC-
TEMBI.
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3.8. [IBonyHas cTpykTypa. KpaTHOMacIITaGHbBIH
anaaus (KMA). Bemwrecku

TakuM MyZpeHBIM TEPMHHOM, KaK «KPaTHOMACIITAGHBIN aHaIM3»
(anen. multiresolution analysis), MBI pUCcKyeM pacIyraTh BceX YUTaTe-
sefi. Tem He MeHee 6e3 Hero He OOONUTHCH. 1 HUYEro CI0KHOTO B HEM
HeT. OH OOBSCHUT HaM CMBICJ JBOWYHON CTPYKTYPHI cUCTeMBl Xaapa,
YTOOBI MBI CMOITIM ITIOCTPOUTH CUCTEMBI IMIAZAKUX QYHKIMH C TaKOH e
JBOUYHOU CTPYKTYPOM.

[Ipu mocTtpoeHuu 6asuca Xaapa Ha MPsSIMOM OBUIM 3aZ€HCTBOBAHBI
aBe ocobble GyHKIUU. DTO GyHKUMA h,, KOTOpas He MPUHAJJIEKUT Ha-
3UCy, HO IIOPOXK/aeT CBOMMU CABUTIAMH IIPOCTPAHCTBO V[, (B cucreme
Xaapa Ha mpsIMOM, KaK MbI IIOMHUM, QYHKIUA h, MpUHaAIeKana 6a3u-
cy), v yHkums h,, KoTopas nopoxzaaer Bce dyHKIMU 6asuca. B camom
neie, mob6as GyHKIMS j-TO YPOBHSA CUCTeMbI Xaapa UMeeT BUJ

h, () =2/2h, (2t — k), keZ, (24)

rae m = 2/ + k. 37iech u fanee MBI CYMTaeM, 9TO QYHKIMH h,, TTPOJOIKe-
HBI TOXK/IECTBEHHBIM HYJIEM Ha BCIO YUCJIOBYIO MPSAMYIO. [[JIs1 TOTO YTOOBI
MONMYIUTh QYHKIIUIO j-TO YPOBHA h,, HY’KHO B3ATb QYHKIIUIO h;, CABU-
HyTb ee BIIPaBo 10 OCH Ha k, a 3aTeM CKaTh OTHOCUTENbHO Hy/IA B 2/ pas.
IToTOM ellle HOPMUPOBATh — YMHOXUTh Ha 2//2. Bce dyHkuum Xaapa
mosy4atores u3 hy TakuMm crocobom. Uto ke kKacaetcsa GyHKIUU hy, TO
OHa, HallpOTUB, cama MopoxzaaeT GpyHKIMIO h, o popmyre

hy (6) = ho(26) — ho(2t — 1). (25)

A CBOMMU IIEJIOYUCIEHHBIMU CABUTAMU QYHKINA h, TOPOXKAAeT Ipo-
CTpaHCTBO V) GyHKIMH, IOCTOAHHBIX Ha LIeJIBIX IPOMeXyTKax [k, k 4+ 1),
k € Z. Ecnu kaxxzayto GyHKIINIO U3 V) CKaTh BABOE 10 OCHU t, TO ITOMYIUTCA
IIPOCTPaHCTBO V; GYHKIWN, MOCTOAHHBIX HAa IIOJIOBUHHBIX HHTEPBA-
nax [27'k, 271 (k + 1)). TloBTOpssA, MBI IIOJly4aeM BCe IIPOCTpaHCTBa V),
j € Z. Kaxxaoe U3 HUX COCTOUT U3 QYHKUUM TpeABIAYIIero MpoCcTpaH-
cTBa, CKaThiX BABoe. Takum o6pasom, V; cocTouT u3 QyHKIMMA, mMO-
CTOAHHBIX Ha JBOWYHBIX MHTEpBajax j-ro paHra [277k, 279 (k + 1)).
Bce ¢yHkmu Xaapa ypoBHeH OT MUHYC OeckoHeYHOCTH 0 (n — 1)-ro
MpUHAAJIEXAT IpocTpaHcTBy V,. YacTuyHasa cymMma psza Xaapa QyHK-
WA f TI0 STUM YPOBHAM SBJISIETCA MpoeKIuel GpyHKIUU f Ha MPOCTpaH-
cTBO V..
Terepb MBI B COCTOSTHUH JJaTh OOIIee ONpe/ieIeHUeE.
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OnpeAENEHUE 3. KpamHomacwmabHsim ananuzom (KMA) Hasbl-
BAeTCs CUCTEMa 3aMKHYTHIX MOANPOCTPAHCTB {V;}c; B rMIbGEpPTOBOM
MIpOCTpaHCTBe QYHKIINM, obazarolast caeayoniMy CBOMCTBaMU:

1) oTa cucTeMa pacupALIagce, T. €. KaKoe clefyoliee IPoCTpaH-
CTBO COZIEP)KUT IIpeAbIAyIiee U He COBIAJAEeT C HUM;

2) mepeceveHre BCEX TPOCTPAHCTB V; COAEPKUT TOJIBKO HYJNEBYIO
GYHKIMIO, T.e. TOXKAECTBEHHBIM HOJMh (CBOKCTBO ITyCTOTHI IEpece-
YeHUs);

3) mpoCTpaHCTBO V; CTPEMHUTCA KO BCEMY I'MIbOEpPTOBY MPOCTPaH-
cTBy yHKUMI mpu j — oo, T.e. m06asd GyHKUUA MOXKeT OBITh CKOJb
YTOAHO TOYHO MNpHOIMKeHa (QYHKIMAMHU TPOCTPAHCTB V; (CBOMCTBO
IIOJTHOTHI) ;

4) xaxzoe ciezyollee MOAIPOCTPAHCTBO e€CTh JBOWYHOE CXKaTue
IpeabIAYIIETo, T. €. AA 000k dyHkuuu f(t) € V; BBIIOMHAETCA yCIO-
BUe f(2t) €Vjq;

5) mpocTpaHcTBO V) MOPOXKAEHO OPTOTOHATBHBIMHU APYT APYTY LIebl-
MU CABUTAMU HEKOTOPOU QYHKINU .

Voa
-2 0 2 4

Vi

Puc. 21. KpaTHomacuiTabHbIi aHaau3 Xaapa
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s cuctemsl Xaapa Ha mpsaMoi ¢yHKIMA ¢ — 910 h,, a IpocTpaH-
cTBa V; — NpoCTpaHCTBa GyHKIMM, TOCTOSHHBIX Ha IBONYHBIX UHTEPBa-
Jax panra j. ®yHKIuUA ¢ Ha3bIBaeTCs OOBIYHO Macwmabdupyroweil gyHk-
yuetl (scaling function). Tak Kak ee IeJble CIBUTH MOPOXKAAIOT V), 1BO-
WYHBIE CKaTHA NIPOCTPaHCTBA V) MOPOXAAI0T IIPOCTPAHCTBO V;, [BONY-
HBIE CKaTuAg KOTOPOro IIOPOXKZJAIOT IIpOCTpaHCcTBO V,, u T.A4. 1 B fpy-
rOM HallpaBjeHUU: ABOUYHBIE PACTAKeHUs IIPOCTPAHCTBA V) mopoxaa-
I0T IIPOCTPAHCTBO V_;, BOUYHbIE PACTOKEHUA KOTOPOI'O IOPOXKIAIOT
IIPOCTPAHCTBO V_,, U T. .

TakuM 06pa3oM, IOCTPOEHNE MAaCIITAOUPYIOIIel GYHKIIMU PaBHO-
CWJIBHO TIOCTPOEHUIO BCEro KpaTHoMmacuTabHoro aHanusa. bosee Toro,
B 3TOM CJIy4yae M3 MaclTabupyromel GyHKINU ¢ JIETKO MOMyJaeTcs U
scneck-pynkyus (wavelet-function) 1), cABUTM U ABOUYHBIE CXKATHUSA
KOTOPO# GOPMUPYIOT OPTOTOHANBHBIN 6a3uc rwibbepToBa MPOCTPaH-
CTBa — CUCTEMY BCILIECKOB.

ONPEAEJNEHUE 4. Cucmemoil 8cniieckog Ha TpsAMOU R HasbIBaeTcs
OPTOHOPMHPOBAHHBIN 6a3uc rwIbbepToBa mpocTpaHcTBa L,(R), cocTo-
AMKUHA U3 GYyHKIUN

V(0 =127 (27t =)} e

rae Yoo = 3 — nopoxzaaromas GyHKIKA, HasblBaeMas 6CTIecK-PyHK-
uueti.

3aMeTHM, YTO CHUCTeMa Xaapa Ha OTpe3Ke He SBJISETCS CUCTEMOU
BCILIECKOB, a cucTeMa Xaapa Ha npsAMmoi apifgeTcda. Ee Bcmieck-pyHK-
1y — 3To P = h;.

KaxzpIii KpaTHOMAacCIITaOHBIN aHaAIU3 TIOPOXKIAET CUCTEMY BCILIEC-
KOB. IT03TOMY IIOCTpOEHHE CHCTEMBI BCIUIECKOB CBOAMUTCS K TIOCTPOEHUIO
MacmTabupyoei GyHKIIUN . DTUM MBI 3aMeMCS B CJIEAYIOIIUX pa3-
Jlefiax, a MoKa CKaKeM, ToYeMy UMEeHHO IBOUYHbIE CKaTUsI QYHKITUH Tak
€CTECTBEHHBI /1T 06pabOTKN CUTHAJIOB.

Bo-TiepBbIX, OHU MTO3BOJISIOT OBICTPO BEIYUCIATD KOIPPUITUEHTHI pas-
JIO)KEHUS C MMOMOIIBID KacKaZHOTO aaroputMa. Ho miaBHasdA mpuyuHa
B ApyroM. [IoMHHUTe WTPy, KOTZIAa HYKHO yraZaTh I[eJIoe YHUCIO0 OT 1
70 1000, 3azaBas BOIPOCKHI: BEPHO JIM, YTO 3TO YUCJIO OOJIbIIE TAKOTO-
TO 4YKMC/a, WX HET?

[Lnoxass CTpaTerus COCTOUT B MOCIEOBATENLHOM Mepebope: BEPHO
JI, 4TO YMCJIo Gosbine 1, 6onbine 2, 6ombire 3 u T. . IIpy mIoxom cre-
YeHUHW OOCTOSITENTHCTB HAM MOHAZOOUTCS 3aJaTh MOPSAAKA THICAYU BO-
MIPOCOB, YTOOBI OMpeAeTUTh Yica0. ONTUMaIbHAs CTPATErHs — METO/
OUCEKITUY, WIN JeJIeHUs MomonaM. [IepBblii BOIIpoc — GoJIbIlle JIU 3TO
grcso 500, BTOpoii (B 3aBUCHMOCTH OT TIOJYIEHHOTO OTBETa) — GOJIb-
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mte 1 oHo 250 (wnu 750), u T.4. Kaxaelii pas genyuM MHTepBas 1o-
T0JIaM WM TIPUMEPHO IOTIONIaM, €CJIU €T0 JJMHA HeueTHas. [I0CKOIbKy
1000 < 219 He 6onee yem 3a 10 Bompocos uucIo 6yAeT HaiizeHo. Tereph
BepHEMCS K MPUOIKEHUIO CUTHAJIOB.
Ecnm y Hac ecTh GyHKIMA f M MBI HE 3HAeM, JI0 KaKOT'O YPOBHA N
21
6parb pasnoxenue Xaapa f ~ S, = Y. (f, h,)h,,, 4TOObI TPUOIUZUTE
m=0
ee C IaHHOM TOYHOCTBIO €, BO3bMEM 3TO N IPOU3BOIBHO. HaxoguMm mpo-
exiuio S, byuknuu f Ha npoctpancTso V,. Eciu ||S,, — f|| > ¢, T. e. Tou-
Ka f OTCTOUT OT IUIOCKOCTH V,, Zasibllie, Y4eM HYKHO, TO MBI 6epeM ciieay-
IOIYIO IUIOCKOCTb V), 1, KOTOpas UMeeT BABOEe GOJBIIYI0 Pa3MEPHOCTb.
TakuM o6pa3oM, MbI cpa3y yABauBaeM uucio GyHkuuit Xaapa, y4acTBy-
IOIIKUX B Pa3iokeHUU. ECJIU U 3TOTO He JOCTaTOYHO, TO CHOBA yZABau-
BaeM 4MCI0 QYHKIWH, B3AB V. ,, U Aajee JeHCTBYeM TakK JKe, [I0Ka He
MOTY9UM HY>KHOT'O TIPUOJIVKEHHS. DTO U €CTh ONITHMAasbHAast CTPATETHA.

Puc. 22. KpaTHOMacIITaGHbIM aHaIu3

O6o3Haunm yepes W; OpTOroHasbHOE JOTIOIHEHNE TPOCTPAHCTBA V;
B mpocTpaHcTBe V. VIHBIMU c1oBaMy, W, COCTOUT U3 2/1€eMEHTOB IIPO-
crpaHcTBa Vj, HEPHeHAUKYIAPHBIX V;. JliA KaX/A0T0 j NPOCTPAHCTBO
Vj41 ecTb mpsMas cymma mpoctpancts W u V;. CorracHO cBOWCTBaM
1 u 2 Bce mpocrpaHcTBa W, OpPTOTOHAJIBHBL APYT APYry (B 4aCTHOCTH,
TepeceKaroTCsl TOJBKO IO HYJTI0) U UX MpsiMast CyMMa 00pasyeT BCe I'Ib-

6epTOBO MIPOCTPAHCTBO.
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TeopEMA 13. Ecnu {V;} ez, — KpamnomacumabHslil ananus, a gyHk-
yus 1) makosea, umo ee UesOUUCIeHHble cO8UU 0OpA3yOM OPMOHOP-
MupogarHblil basuc npocmparncmea Wy, mo ) sgasemes 8cnieck-@yHk-
yuetl.

) i .

JlOKABATE/NLCTBO. [lpu KaxAOM j QyHKIUM ) ) = 21124 (27t — k)
nprHaznexar W; u oproroHaipHBl Apyr Apyry. Tak kak W; oproro-
HabHO W 1IpH j # j', GYHKIMA 1) ; ; OPTOTOHAIBHA V) j/ ;s TIPU JEOGBIX
j's k' € Z, ecim Tombko ' # j. Takum o6pasom, Bce GyHKIMM 1) ; . Op-
TOTOHAJIBHBI ZIPYT APYTY. A TIOCKOJIBKY MPsMasA CyMMa IIPOCTPAHCTB W
obpasyeT BCe TWIbOEPTOBO MPOCTPAHCTBO, cUcTeMa {v); i }x j ABNAETCA
6a3ucoMm. O

Takum 06pa3oM, pU MOCTPOEHUH BCILIECKOB HY>KHO COXPAHUTB JBO-
WYHYIO CTPYKTYPY, KaK y cucTeMsl Xaapa, T. e. mpoctpancTsa {V;} omxk-
HbI 0OPa30BBIBATh KPATHOMACIITAOHBIN aHaIu3. BTopas cucrema BCIUiec-
KOB TOSIBIJIACh MPUMEPHO Uepe3 YeTBepTh BeKa mocie Xaapa. DTO CH-
creMa IllenHOHa—KOTeNIBHUKOBA.

YopaxxHeHusa

10. OuenuTe KoMu4ecTBO KO3PPUIEHTOB

a) ®ypere;

6) Xaapa,
HeobXoANMOe /i1 TPUOIKEHUS B THJIEOEPTOBOM IIPOCTPAHCTBE QYHK-
uu f € C? ¢ TouHocThIo £ = 104, pu yenosuy, uto | f”| < 10.

11. Tor e Bompoc Ana dyHkuun f € C3 ¢ TouHOCTbIO £ = 1073,

12. HaiizuTe Bce KO3GOUIIMEHTHI ¢, PA3JIOKEHHUSA 11O CUCTeMe Xaapa
o0

F®)= > cphy,(t) ana dynkiuu f Ha orpeske [0, 1]:

m=0

a) f() = Xoa/215

6) f() = x103/415

B) f(O) = X[3/4115

) f(t) = X13/8,1/215

n* f(t) = X135

e) f()=t;

x) f(t) =t

13. TIpuMeHUB KacKaJHBIN aIrOpUTM, HalauTe mpeobpasoBaHue Xa-
apa AMCKPETHOrO CUTHaja:

a)lx=(3,1,4,1,5,9,2,6);

1Ha SK3aMeHe CTyJAeHTaM 6BLTO IIPpEAJIOKEHO y3HaThb IIOC/IEA0BATECJIbHOCTD YU-
CeJ, 3a YTO HAYUCJIAICA JIOTIOJTHUTETbHBIA 6aut.
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6)x=(2,7,1,8,2,8,1,8);

B)x=(1,1,2,3,5,8,13,21);

rx=(1,4,0,7,1,7,8,9).

14. TIpuMeHUB OOpaTHBIA X0/, KACKaZ[HOTO aJrOpuUTMa, HakuauTe 06-
paTHoe mpeobpa3oBaHue Xaapa AUCKPETHOTO CUTHAaIA:

1

a) x= E(O’ 1,2,3,4,5,6,7);

6) x=(1,-1,1,-1,1, -1, 1, —1).

15. Kakoe 13 IBYX IeiCTBUH ciio)KHee (TpebyeT 6OoIbIIero yucsia ome-
paluii Ipu YCIOBUU, YTO HUCIIONb3YETCI HAWIYUIIUHM 13 OMMCAHHBIX Ha-
MU aJrOpPUTMOB)?

a) Beramcnuth mpeobpasoBanre Oypbe JUCKPETHOTO CUTHAJIA Pa3Me-
paN=2-10°.

6) BerauciauTh mpeobpasoBaHue Xaapa JUCKPETHOTO CUTHAJIA pa3Me-
paN=9-10°.

16. O1ieHUTE KOTMYECTBO KO3GDUIIMEHTOB

a) ®ypre

6) Xaapa,

He0oOX0AUMOe I IPUOIMIKEHYS IUCKPETHOTO CUTHAIA X PAa3MEPHOCTH
N =10° rmazkocTy C2 ¢ TOUHOCThIO € = 1072 (BTOpast MpOM3BOHAS CUT-
HaJia [0 MO/IYJTIO He MIPEBOCXOUT eNHUIIBI).

17. Haiizute k03GPUINEHTSI C; j pas3ioxkeHusa GyHKIUU g 17 11O CH-
creMe Xaapa Ha IIpAMOU.
18. Bce ¢yuKuMM crucTeMbl Xaapa Ha MpAMOU UMeIOT HyJeBoe cpefi-

Hee, T. €. f Yk dt = 0. Kax Taxas cucremMa MOXeT ObITh 6a31COM B THJIb-
R
6epTOBOM MpPOCTPAaHCTBe? Bezb M06asi KOHeYHasA JTUHEWHass KOMOUHA-

U 9TUX GYHKIUI TakKe MMeeT Hy/leBoe cpefHee. 3HAUUT, Bce QYHK-
I[UU TWIbbepTOBa MPOCTPAHCTBA Yepe3 HUX BBIPA3UTh Henb3sa? O6bsc-
HUTe 3TO IPOTHUBOpEYHeE.

19% Jlokaxkxute TeopeMy 8.
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4. YX0oAUM B YaCTOTHYIO 00JIaCThb.
CucreMa IlllennoHa—KoTenbHUKOBa

Crnegyromas cucreMa QyHKIWNA B KaKOM-TO CMBIC/IE ABOWCTBEHHA
cucteme Xaapa. OHa [JOCTaTOYHO €CTECTBEHHBIM OOpa3oM BO3HUKAeT
B JIEKTPOHUKE, ITO3TOMY WH)KEHEPHI PUAYMAJIU €€ PaHbllle MaTeMAaTH-
KOB. J[JIs1 ee MMOCTPOEHUs HaM HY)KHO YHTH B 00JIaCTh 4aCTOT, T. €. CZe-
JlaTh npeobpasoBanue Pyphe.

4.1. IIpeobpa3oBanue dypbe
[TpeobpazoBanue Pypre GyHKIMU f onpezesseTcs GOpMyIon

FE& =] f®e 2w dt.
R

Nnaye rosops, f &) =), e2™ME) (HarmOMHMM, 4YTO B cay4yae KOM-
IUIeKCHBIX GyHKUUH (f, g) = f fg dt). 3To HenpeprIBHBIHM aHanor Gop-
myn (7) ana xoaddurmentos paga dypee ¢, = (f(t), e, rae BMme-
CTO IIeJIOTO HOMepa KodddulireHTa k B3AT HEIPEPHIBHBIA TapaMeTp &,
TOJIBKO MHTErpas 6epeTcs He Mo MEPUOAY AJIUHEI 1, a 1O BCel MpsaMoit
(nmepuog 6eckoHeuHbIH). [lepeMeHHas1 £ UrpaeT posib YacTOTHI KoebHa-
Huii. [ToaToMy & Ha3BIBAIOT uacCMOMHOL nepemeHHoll, OHa Tpoberaet
yacmomuyto obaacms oT —o 10 0. A UCXoAHAA IepeMeHHas t Ha3bl-
BaeTcs 8pemeHHOU (OHa 0OO3HAYaeT BpeMs), U MEHSETCS OHA OT — o0
Z0 +c BO BpeMeHHO# obnactu. Takum ob6pasom, mpeobpazoBanue Py-
pbe —3TO Tepexos U3 BpeMeHHOM o6jacTy B 4YacTOTHyIO. McxomHas
byHKIMA f KUBET BO BpeMeHHOU ob6yacTH, a ee npeobpazoBanue Dy-
pbe — B 4acToTHOW. Hanpumep, Ayt GyHKUMY f (t) = ¥(_1/2,1/2) UMEEM

1/2

; ‘ : . 172 .
t)= t —27i&t 34 —2mi&t = 1 . —2mikt _ sin & . 9
1© _foof( e a _1f/ze d omic© —12 mE (26)

_¢2 1
Jlpyrve BakHbIe TIPUMePHI — MpeobpaszoBanvist Pypee oT e u e
(ympaxkuenus 21, 22).

[TpeobpazoBanue Pypbe ABIAETCA JUHEHHBIM ONEPATOPOM B THIIb-
6epTOBOM TPOCTpaHCTBe QYHKIUK Ha mpsaMoi R. OKa3blBaeTcs, 3TOT
OIllepaTop OPTOTOHATBHBIN, T.€. OH SBJIAETCSA JABIKEHUEM THIbOEpTO-

Ba IIPOCTpaHCTBA: OH HE MEHAET CKaJIAPHOI'O IIPON3BEACHUA (bYHKHHfI,
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WM, 9YTO TO K€ CaMO€, COXPaHSET JJUHBI BEKTOPOB. DTOT 3aMevaTelb-
HBIN paKT Ha3bIBaeTCs pageHcmeom [lapcegans:

IFI=11£1- 27)

Bosnee Toro, y 3TOro omeparopa MOYTH TaKOM ke O0OpaTHBIN orepa-
TOp — obpamHoe npeobpazosarue Pypve: g(t) =fg(§)ezm§fd€. On
R

TepeBOANT YaCTOTHYIO 06IacTh BO BpeMeHHY0 06macTb. Ecu g = f, To
f =¢&. Ecou npuMeHuTHh 06paTHOE npeobpasoBanue Pypbe K GyHKINU
X(-1/2,1/2]> TO B TOYHOCTH TaK Xe, KaK U C MPAMBIM Npeobpa3oBaHueM
sin 7
®ypre B popmyse (26), momyuaum GyHKIUIO ¢ () = T ¢ . CnemoBarenb-
HO, = X1-1/2,1/21+
Hawm noHazo6sTcA elrle ABa cBoiicTBa npeobpaszoBanus dypre.
IIpeobpazosarue Pypwe cosuea:

FC+a =2 e f;  F(E+a)=e 2riof(g), 28)

Takum o6pasom, mpeobpazoBanue Pypbe mepeBoAUT CABUT GYHKIUU B
YMHOKeHMe QYHKIIMY Ha KOMIUIEKCHYIO SKCIIOHEeHTY. /loka3bIBaeTcs 3TO
IIPSAAMBIM BBIUKCIEHUEM:

FC+a)©) = [ f(t+a)e e de=e>™5e [ f(t+a)e 27EEHD q(t 4 a) =
R R

— ezm'aif‘(g);
FE+a@y= [ e E de = [ (727 f(1))e 27 di = g=2mit .
R R

IIpeobpazosarue Pypve npouzgooHOL:

Fr=2micf; [f1 =-2mitf(O. (29)

VIHBIMU CJIOBaMU, OIlepalyio B3ATHA IPOM3BOAHOHN IpeobpasoBaHUe
®ypbe nepeBoAUT B YMHOXKeHUe GYHKIIMY Ha apryMeHT (1 Ha 27ti). Jaa
JI0OKa3aTeJIbCTBA BTOPOTO PaBEHCTBA JOCTAaTOYHO IpoauddepeHImpo-
BaTh HMHTerpajn f f(t)e 2™ dt mo mapameTpy &; A Z0KAa3aTenbCTBA

R
[IepBOI'0 — B3ATb MHTErPa 10 YacTAM WIH (aHaJOTWYHO BTOPOMY pa-

BeHCTBY) npozauddepeHnrpoBaTh GopMysny obpaTHOro mpeobpasoBa-
HuA Pypbe 10 TapameTpy t.
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4.2. ®opMyna cTapoi IUIaCTUHKU

YeM omIMYaeTCsA cTapas 3ByKO3allUCh OT COBpeMeHHOU? [1o Kakum
[IpU3HaKaM Hallle yxo 6e30IIMO0YHO OIpesiesAeT, YTO 3T IVIACTUHKA 3a-
mycaHa aBHO? [loMeXH, TpecK, IIIyM TYT HU IIPU YeM — 3alKUCh MOXKHO
MOYKCTUTh, ¥ OHA BCE PABHO OCTaHETCSA CTapoil. [J1aBHOe oTIMYne —
B CTapol 3amyCH OTCYTCTBYIOT BBICOKWE YacTOTHL. Bce 3BYKH MATKHUE,
MIPUIVIYLIEHHbIE, KaK OyATO Cpe3ai OCTPHIE YIVIbI. 3ByKO3aIUCh MEPBOM
MOJIOBUHBI XX BeKa He yMejla XpaHUTb CUTHAJIbI BBICOKOM 4acToThL. [1o-
3TOMY cTapas IUIACTHHKA IIPOCTO OTpe3asa OT 3ByKa Bce KOMIIOHEHTHI C
BBICOKMMU 4acTOTaMH. [I[pUMepHO TO ke fenaeT GpopMysia OTCYETOB —
O/THa U3 MEPBBIX 3aMeyYaTeNbHbIX GOPMYJI TEOPUH 0O6PabOTKY CUTHAJIOB,
Ha KOTOPO# OyZeT OCHOBaHA KOHCTPYKIMs BciUieckoB [lenHoHa—Ko-
TEeJIbHUKOBA.

Puc. 23. Crapas 1miacTuHka

O6o03HaunM yepe3 V|, IpOCTPaHCTBO GYHKIIMIMA, YJACTOTH KOTOPHIX 110
1
MOJIY/iO He TIPEBOCXOAAT . IHBIMU CJIOBaMH, npeobpasoBanue Dypre

COCpeIOTOYEHO Ha OTpe3Ke [—%, %] . Takum o6pazom,

vo={f1sup e [-3.5]}
Cy1ecTByIOT i1 Takve GyHKIUU? Jla, JOCTaTOYHO B3ATh JIOOYI0 QYHK-
uuro g(£), cocpeZioTOYEHHYI0 Ha OTpPE3Ke [—%, %], U TIPUMEHUTh K
Hell o6paTHOe npeobpaszosanue ®ypre. Hampumep, ecnu § = x(_1/2,1/2]
. _ sinmt

TO, KaK MbI JOKa3aJau B IPEAbIAYINEM IIYHKTE, @ = g = T Takum

obpazoMm, ¢ € V. OxHy GYHKIUIO U3 IIPOCTPAHCTBA V|; MBI y)Ke 3HaeM.
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A eme? A eme—0600 caBUT GYHKIUM . B camoMm fene, coryac-
HO ¢opmynam (28) mpeobpaszoBanue Pypre dyHkuMM @ (- + a) paBHO

s ) 11
e?mias 5 — g2mial X[-1/2,1/2]» ¥ OHO COCPE/JOTOYEHO Ha OTpEe3Ke [_E’ E]'
Oxa3sbIBaeTcs, IeNBIX CABUTOB GYHKIIUU (9 JOCTATOYHO /I IIOJTHOTO
oTMCaHus NpocTpaHcTBa V. KoHeuHo, 3TO MPOCTPAHCTBO COAEPKUT U
apyrve GyHKIIMY, HO BCe OHU IPUOTIIKAIOTCS TMHEHHBIMU KOMOWHAIIH-
SIMU TIEJIBIX CABUTOB QYHKIINH (.

[TPEANTOXKEHUE 2. Cucmema ¢yukyuil {@(t — k) }rez, 20e @(t) =
_ sinmt
7t

, S18J151eMCsl OPMOHOPMUPOBAHHBIM basucom npocmparcmaa V.

1,4

. /\\//\ /\v/\
VARV

4+ T 7 T T
-6 -5 4 -3 -2 -1 O 1 2 3 4 5 6

Puc. 24. ®ynxiua ¢ (t) = su;[_tnt (uepHas JIMHUA) U MaKOPUPYIOIas ee GyHKINA

-1 (cepas muHUA)
y_ 7_[ltl p

JOKA3ATENBCTBO. [IpeobpaszoBanue dypre byHKIUU @ (t — k) —

_omi 11
aTo e~ 2mikE X1-1/2,1/21- Ha enuHUYHOM OTpeske [—5, 5] aTa QyHKIUA
coBmazaer ¢ e 2"k¢ a 3a mpeseramu aToro oTpeska papHa Hy/0. DYHK-
mun {e 2"k€}, _, 06pasyloT OpTOroHANBbHEI 6a3uc TMILGEpPTOBA IPO-

cTpaHcTBa QyHKIMI Ha OTpeske [—%, %] .
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Utak, cucrema GyHKIUHA {@ (- — X) }rcy TIEpeBOAUTCS MTpeobpa3oBa-
HueMm Oypbe B OPTOHOPMUPOBAHHEI 6azuc {e~2"*¢}, ., mpocTpancTBa

bYHKUIMH, coCpeZloOTOYEHHBIX Ha OTpe3Ke [—%, % . A TIOCKOJIBKY IIpe-

obpasoBaHue ®Pypbe ABIAETCA ABIKEHHEM, caMa 3Ta CHUCTEMa TaKKe

ABJIIETCA OPTOHOPMUPOBAHHBEIM 6a31cOoM IpocTpaHcTBa V. O

Kak 1 /151 1060T0 OPTOHOPMHMPOBAHHOTO 6a3uca, pasiokeHne GpyHK-

uuu f €V, nonydaercs mo ¢opmyne f = D (f, o(- —k))p(- — k). Bor-
kez

arcum Koaddurmentsr. Tak Kak supp f C [—%, %] U 9= Y-1/21/215

nMeeM

(f, oG =K =(f, e 27 kp) = [ fe?ichG dg =
R
1/2 R A
— f erniEk dng erﬂ:iEk dng(k)
R

—1/2

Takum, obpaszom, koadouiveHnT npu ¢yHknmu ¢ (t — k) pasesn f (k).
MsI fokazanu opmyny omcuemos (sampling formula) ayisa pasnokeHus
GYHKIUH ¢ OrpaHUMYEeHHBIMU YaCTOTaMU.

TeoPEMA 14. [lns nmoboil pyHkyuu f €V, 8binosiHeHo pageHcmao

fO=% fet-k, (30)

kezZ
sin 7t
20e () = -
dto yauBuTenbHas ¢popmysna! OHa TOKA3BIBAET, UTO GYHKITHUSA, YACTO-

o 1
Thl KOTOPOU OIrpaHUYEHBI OTPE3KOM ], LEJIVMKOM OIIpEAEIAETCA

1
"33
3HAYEHUSIMU TOJIBKO B I[EJTBIX TOYKaX. [109TOMY XpaHUTh HETIPEPBIBHBIIN
CUTHAJI, YaCTOTHI KOTOPOT'O OT'PaHUYEHbBI, OYeHb ITPOCTO: XPAHUM 3HAYe-
HUA B 1esbIX Toukax f (k), k € Z, a mOTOM BOCCTaHABIUBAEM CUTHAJI 110
dopmyne oTcueroB (14).

Pa3zymeeTcs, Ha MPAaKTUKe Mbl XpAaHUM 3HAaYeHUSA HE BO BCEX IEJTBIX

TOYKAX, a JIUIIb B KOHEYHOM YHCIe, CKaykeM, i | k| < N. ®yHKIIusA, BOC-
N

CTaHOBJIEHHAsA TI0 «ype3aHHOW» popmyie otcuetoB Y. f(k)¢p(x — k),
k=—N
ke He OyzeT coBmazaTh C f, HO OyZleT XOPOIIO MPUOIMKATh €e C Po-
ctoM N.
O1eHKa CKOPOCTH MPUOIIKEHNA JiesaeTcs yike 6e3 TeopeMbl [IKeK-
COHa U lake He Yepe3 IMafKocTh GyHKInH f. CorsacHo TeopeMe ITamn—
Bunepa mo6an GyHKIUA ¢ OrpaHUYEHHBIMU 9acTOTaMU SIBJIAETC Oec-
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KOHEYHO TJIaZIKOH, Tak 4To f € C* Bcerza. A CKOPOCTb NMPUOIVIKEHUS
3aBUCHUT MPOCTO OT yObIBaHUA GyHKIUU f (t) Ipu t — o,

_ 1
Ecmu, Hampumep b, f(£) = O(t™") npu t — o, Tae 1 > =, To K0adhdu-
1ueHTH! pasnokenus f (k) B popmysie 0TcueTOB yOBIBAIOT KakK |k| ™", 3Ha-
YUT, BEJIMYHUHY OTPEe3aHHOT'O XBOCTA MOXKHO OLIEHUTb. [10Ib3ysCh TeM,

gTO cucteMa { ¢ (- — k) }xcz, OPTOHOPMUpPOBaHHa, U TeM, uTo ». |k|™% <
< C.N'"% nonysaem k>N

= ¥ IfOP<Cc Y k¥ <CC NV
2 |k|>N k>N

”f(t) - Y fOex—k)

k| <N

Hrtak,

— O(Nl/z—r)
2

Hf(t) - ¥ e~k

[k|<N

(3mech xoHcTtauTa C TakoBa, 4To |f (k)| < Clk|™" mpu Bcex AOCTaTOYHO

6onpmux k). Hampuwmep, ecnu f(t) = O(%) IIpu t — o, TO AJA IpU-
OKeHUs QYHKIUU C TOYHOCTBIO € HYXKHO B3ATh IpUMepHO N = %
Ha mpakTuke JOCTaTOYHO XPaHUTh HECKONBbKO COTeH K03(UINEHTOB
(T. e. 3HaYeHUN QYHKIIUU [ B I[ETBIX TOYKAX).

ITocKONBbKY BO BpeMeHa 3apOsK/eHNs TeOpUHU Tlepefiadul 1 06paboTKu
CUTHaJIa, B cepeZriHe XX BeKa, BCe UCIIOIb3yeMble CUT'HAIbI OBLTH CUIIBHO
OTpaHWYeHbl 0 YacToTe (BCIIOMHUM cCTapble My3bIKaJbHBIE 3alMCH),
dbopmysa OTCYETOB IMOCTOAHHO UCIIONb30Banack. O ee BaKHOCTU T'OBO-
PHUT yKe TO, 9YTO OTKPBUIN ee He3aBHUCHUMO 4eThipe (!) yueHBIX B pa3Hoe
Bpems: amepukaHuUbl [appu HaiikBucr (Harry Nyquist) B mepBoHaudasib-
HoM Buzie B 1928 rozay u Kiog Illennon (Claude Shannon) B 1949 roay,
aarmmyanuH OamyHza Yuttekep (Edmund Whittaker) B 1933 roay u
COBETCKUM yueHbI Braaumup Anekcanzposud KorenbHrkoB B 1933 ro-
ay?2. ®yHkuuu, ozpaxuuentsle no uacmome (band limited functions),
CTalU BaXKHEUIINM IpeJMETOM H3ydeHUsS B TeOpUH OOpabOTKH CUT-
HaJa.

A KaK y3HaTh, OyZieT 1 3aJaHHBIA CUTHAJ f OrpaHWYeH 10 YacToTe?
MokHo 111 K HeMy puMeHATh opmysny (30)? [lg 3TOro Hy»>KHO BBIIION-

1XOTF[ YaCTOTHadA JIOKa/IMu3allrAad U «MelraeT» CJIMIITKOM 6LICTPOMy Y6LIBaHI/I}O Ha

1
6ECKOHEYHOCTH, YOBIBAaHUSA CO CKOPOCTSMU 10 O(?) BKJIIOUYHUTEIbHO BIIOJIHE BO3-
MOKHBI — COBCTBEHHO, Takve GYHKIMM M MOAYYaloTCsa M3 MpaBoi yacTu ¢opmy-
eI (30).
2YI/ITTeKep npoxxun 82 roga, lllenHon — 84, HatikBuct — 87, KoTeslbHUKOB — 96.
BoT Kak 3aHATHE Teopuei 00pabOTKU CUTHAIOB GJIATOMPUATHO BIUSAET Ha 310pOBbe!
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HUTH TIpeobpa3oBaHue Pypbe, HO HA MPAKTHUKE 3TO OYEHb HEMPOCTAsd
3azaya. Ha camoM ziesie y3aHaBaTh HUYEro He HYXkHO. Psaz (30) maet dop-
MyJIy AJIT TUHEHHOTO OTOOpaskeHUs TPOM3BOIBLHOTO CUTHaMa f B MPO-
CTPaHCTBO OTPAHUYEHHBIX 10 YacToTe GyHKIM V). I 3TO 0OTOOpaskeHUEe
SBJISIETCS MPOEKIIMEH, MTpaB/ia, He OPTOTOHAJIBLHOHN. B camowm zerne, 060-
3HAYHM

[Pof1(0) = 2 fUp(t—k), (3D

keZ

sin 7t
rae ¢ (t) = e

BOI YaCTHU MMeJia CMBICTI, TO3TOMY MBI 6yZieM IpeAIonaraTh, 9To f yObI-

ooy 1
BaeT Ha OECKOHEYHOCTH IO KpaliHell Mepe OBICTpee, YeM O(—)

VItl

JIro6yto Takyro GyHKOMIO OyZeM HasbeBaTh Oonycmumoil. IToCKOIBKY
{p(t — k) }rcz, — 6a3uc mpoctpancTBa V), umeeM P, f € V|, ana moboi
poryctuMor GyHKIMH f. C Ipyroi CTOPOHBI, U3 GOPMYIIBI OTCIETOB CJie-
AyeT, uTo ecau fy €V, To Pyfy = fy, T. €. Py— TOXAeCTBEHHBIHN omepa-
Top Ha V[,. CieoBaTenbHO, Py — IPOEKIINsA MPOCTPAHCTBA IOTYCTUMBIX
¢byukiuii Ha V). TakuMm obpaszoM, dopMmysna OTCUETOB, MpUMeHEHHAasd
K JIIOOOMY JIOIyCTUMOMY CUTHay f, yOUpaeT BCe BBICOKHE YaCTOTHI,
T. €. ZieJIaeT IPUMEPHO TO K€, 9TO JleJIaeT CO 3ByKOBBIM CUT'HAJIOM CTapas
IUTacTUHKA. [1o3TOMy TpaBwibHee ObUIO OBl HasbiBaTh ee GOpMysIOn
CTapo¥ IIacTUHKU. Kak MOCTPOUTH CUCTEMY BCILIECKOB HA OCHOBE 3TOH
bOpMyIIBI, MBI YBUIUM B CJIEAYIOIIEM ITYHKTE.

A Kak e BCce-TaKM IIOJIyYUTb OPTOrOHAIBHYIO ITpoeKLuio Ha V,? Jlna
3TOTO yZI0OHO MTePEUTH B YaCTOTHYIO 00JIaCTh, T. €. BBIITOTHUTD IIpeobpa-
3oBaHue Pypre. O603HAYMM Uepe3 S, OTepaTOp OPTOTOHATBHOU MPOEK-
1IUY rwib6epToBa mpocTpaHcTBa Ly (R) Ha V.

[IpeobpasoBanue Dypre ABIIETCS ABMKEHHEM TWIbOEpTOBa IIPO-
CTPaHCTBA, U IIOTOMY OHO COXPaHseT OPTOTOHA/IbHBIE MPOEKIUH. 3Ha-
guT, 1A 3a7aHHoi ¢yHkumu f ®ypbe-o6pa3s S/O? JIOJDKEH OBITH TIPO-
exieil f Ha o6pas mpocTpaHcTBa V,, B 4acTOTHOI oGractu. Ho sToT
obpas (mo ompegeneHuto V) — 3TO MPOCTPAHCTBO GYHKIUH, COCPeZAO-

KoHeuHO, HY>XKHO, YTOOBI OeCKOHEYHAsA cyMMa B Ipa-

11
TOYEHHBIX Ha OTPe3Ke | =3, 5 |.
Tem caMbIM S, f — npoekuuA f Ha IpocTpaHCTBO PyHKIUMN, cocpeio-
11
TOYEHHBIX Ha OTpe3Ke [—5, 3 |- A opTOroHanbHAsA MPOEKIHA Ha TaKOe

[IPOCTPAHCTBO YCTPOEHA COBCEM IIPOCTO: MBI 6epeM GyHKLHUIO f U 3aMe-

11
HsEM ee HyJIeM 3a IpeZielaMu OTpe3Ka [_E’ 5 |» @ Ha camom oTpeske He
MEeHSIEM.

ME&I oKa3aIu CIeAyIoIui pe3yabTar.
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JIEMMA 2. /s srob6otl donycmumotl gyHkyuu f 6blnosHeHO paseH-
cmeo

_ f@, IEl<sy
Sof (€)= 1

VITak, OpTOroHaJabHasA IPOEKIUA Ha MPOCTPAHCTBO Vj MPOCTO 06-
Hy/nsgeT mpeobpasoBanue Dypre PyHKUMM f 3a mpezeIaMu OTpe3Ka

11
[_5’ 5]' Ona obpesaeT Bce 4acTOTHl GYHKIIUU, HE BXOZAIINE B 3TOT
IIPOMEXXYTOK (BBICOKHE YaCTOTHI), OCTABJIASA HETPOHYTBIMU YaCTOTHI HA
oTpe3Ke (HU3KMe YaCTOTHI); CM. puc. 25.

mpeoGpa3oBaHue

dypre
/\ —~
f f

Sof

N =
N =

Puc. 25. ®opmysa cTrapoi IIacCTUHKU

4.3. Bcmnecku IllenHona—KoTeapbHUKOBA

Otpe3ok MmuHBEL 1 B OmpezeseHnH IpocTpaHcTBa Vy U B dopmyse
OTCUETOB B3AT JJI1 IPOCTOTHI. Te ke pacCyZeHUs MOKHO IIPOBECTH U
¢ JIO6GBIM ApYTUM OTpe3koM [—A, A], mpu 3ToM B GOpMysie OTCYETOB
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HY>XHO B3ATb 3Ha4YeHHs QYHKIIMU f He B TouKax k € Z, a B TOYKax 54 B
byHKIMIO ¢ oKaTh B 2A pa3 1o ocu abciycc. YeM 6osibliie OTPE30K, TEM
Jalle Jo/KHa OBITh CEeTKa, Ha KOTOPOH MBI 6epeM 3HaYeHUs GYHKIIUHU.
OTO BIIOJHE JIOTUYHO: YeM IIKMPe MPOCTPAHCTBO QYHKIINIA, TeM GosbIle
JOMKHO OBITh K03 UIIMEHTOB pa3ioKeHus. I HAIUX Lieel ZocTa-
TOYHO B3ATh A B BUJIE LIEJIOH CTelleHU ABOMKU. OTpeAenuM MPOCTpaH-

cTBa
_ z i—1 oj-1 ,
Vi={f|supp f C[-27",2/7']}, je€L.

CrenaB JIMHeHHyIO 3aMeHy IlepeMeHHBIX ¢ — 2/t B TeopeMe 14 U B 1eM-
Me 2, TIoy4aeM CJeyIoui pe3yibTar.
TeOPEMA 15. /Ina 06020 j € Z cucmema gyHkyull

{2720@t - O}ies,
20e p(t) = Sil;ft
cmea V;. Onepamop (HeopmozoHanbHoil) npoekyuu P; Ha amo npocmpan-
cmeo daemcst popmynot

[PfID) =3 fTRe @t —k). (32)

keZ

, SA8J1s1emcst OpmoOHOPMUPOBAHHbBIM basucom npocmpdad-

Onepamop S; OPMOZOHANLHOLL NPOEKYUL 1A NPOCTPAHCTNEO V; onpedens-
emcs caedyrouell popmynoti:

— &, lgl<2
ij(€)={0 |€|>2j—1
, .

TakuM 06pa3oM, OpPTOTOHANIbHAS IPOEKINA 0bpe3aeT BCe YaCTOTHI
dyukuum f 3a mpegenamu oTpeska [—2/71, 27717,

TeEoPEMA 16. TIpocmpancmea {V;} ez 06pasyrom kpamuomacumab-
Holll ananus, a gynxkyus P (t) = 2¢p (2t) — ¢ (t) asrsemces scnueck-PyHk-
yuetl.

JJOKABATE/NILCTBO. [IpocTpaHcTBa V; paclIMpAIOTCA ¢ POCTOM j, @
B TIpe/iefie 3aIONHAT BCe TUIbOEPTOBO IPOCTPAHCTBO, U f (t) € V; To-
I/la ¥ TOJBKO TOrAa, Koraa f(2t) € V1. Takum obpasowm, cBoiicTBa 1—4
B OTIpeZieJIeHNU KPaTHOMACIITaOHOTO aHaIM3a BHIOMHEHBL. A Tak Kak
cABUTU QYHKIMU (p 00pasyloT OPTOHOPMUPOBAHHBIN 6a3nC MPOCTPaH-
cTBa V[, BEIIIOJIHEHO U CBOMCTBO 5. Jaiee,

P (&) = 2@ -o=0p (%) —9(&) = x—1,-1200/21) -

70



Urak, 1]; (&) —xapakTepuctrudeckas GyHKINA MHOXKECTBA [— 1, - %) U

U [%, 1). OHa npuHagIeXxuT V), IOCKOJIbKY Supp 1]; c [-1, 1], u opro-
roHanbHa Vp, TOCKONBKY |[_q/51/2) = 0. 3Hauur, ) € W,. Hanmomuum,
4yTO W, — OpTOroHaJIbHOE JOMIOMHEHNUE IIPOCTPAHCTBa V) B IIpPOCTpaH-
ctBe V;. OcTasoch TOKa3aTh, YTO IieJible CABUTU GYHKIMH ) 00pasyroT
OPTOHOPMHPOBAHHBIHM 6asyc mpocTpaHcTBa W, Iocie 4ero MoXXHO Oy-
JleT cocaTheA Ha TeopeMy 13.

[Tpeo6pazoBanue Dypre nepeBoguT GyHKumU P (- — k) B GyHKIIHN

e*™k€ Ha MHOXecCTBe [—1, —%) U [%, 1). OTO MHOXXECTBO COCTAaBJIA-

11 o
eT ZiBe 4acTH Ileproza [_5’ —] : IOCTaTOYHO CABUHYTD JIEBbII OTPE30K
Ha +1, a npaBseiii Ha —1. CrezoBaTenbHO, 1-eprogmdeckre GYHKIIUN

Ha 9TOM MHOKECTBE Te K€, YTO U Ha OTPe3Ke [—%, %] . A TIOCKOJIBKY CH-
crema {e?™¢}, _, o6pasyeT OpPTOHOPMUpPOBAHHBIH 6a3uc THIL6EpPTOBA
IIPOCTPAHCTBA Ha OTpe3Ke, OHa 006pa3yeT TAaKOBOW U Ha JAHHOM MHOKe-
CTBeE. O
TakuM 06pa3oM, KpaTHOMACIITaOHBIM aHaNIU3 MPOCTPAHCTB QYHK-
uuii ¢ orpaHudeHHbIMU 9acToTamu {V;};c; MOPOXIEH MacTabupyo-
mei GyHKIMeR ¢ U COOTBETCTBYET CHUCTEMeE BCILIECKOB ¢ QyHKUMEH 1),
e
sin 7t sin 27t — sin nt
pO=—"—; YO=""—"—. (33)
OTa cucTeMa BCIUIECKOB Ha3biBaeTcsl cucteMoii [llenHOHa—KoTeb-
HUKOoBa. OHA B HEKOTOPOM CMBIC/Ie IBOMCTBEHHA K cucTeMe Xaapa. Eciu
B cucTeMe Xaapa MaciiTabupyromias GyHKIUA py — XapaKTePUCTHUYe-
ckas QyHKIMA eJMHMYHOTO OTPe3Ka X[o1}, TO B cucreMe IlleHHOHA—
KoTenpHuKOBa MaciiTabupyromuieil GyHKIMelN BeicTymaeT obpa3 dypbe
Tako¥ (CABMHYTOM) XapaKTepHUCTUYECKOU QYHKINU: Yy = xm].
B cucreme Xaapa GyHKIIMU HAWIYYIIUM OOPa30M JIOKAJIU30BAHBI U HE
ABJIAIOTCA TIaJKUMM, B TO BpeMA Kak B cucreMe lllenHOHa—KoTemnb-
HUKOBA Bce HA060pOT: QYHKIIMM Ype3BbYAWHO IIaZKue (aHaIuTH4e-
ckue!), HO TIpYU 3TOM IUIOXO JIOKAJTM30BaHHbIE. B OTIMYME OT CUCTEMBI

®ypre, oHU Bce-Taku yObIBaOT: P (t) = O (%) pu t — . IToaTOMY JIO-

KaJM3alyen 3T BCIUIECKU obsazarT. Ho yObIBalOT OHU MeAJIEHHO, U
5TO IVIaBHBIM HeAOCTaTOK BcIviecKoB IllenHoHa—KoTenpHUKOBA. I110-
xasf Jokanusanua (Kak u Ana cucremMbl dypbe) IPUBOAUT K pacnpocTpa-
HEHMIO IlTyMa Ha BCIO 00JIacTb U 3aMeZjisieT paboTy KacKaJHOTO ajro-
puaTMa.
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-0,4
-0,6
-0,8

-1

Puc. 26. I'paduku PyHKIUH @(t) =

(cHuzy)

I NA\ /\
L e B B B T
-6 -5 4 -3 -2 -1 0 1 2 3 4 5 6
A\/v\/V V\/v\/
N ———
-6 -5 4 -3 -2 -1 0 1 2 3 4 5 6

sin 7t (cBepxy) m P (t) =

Tt
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YnpaxaeHuda

20. Beruuciute npeobpaszoBanue ®Pypre GyHkumu f(t):

a) f()=el;

6) f(t)=e " sint;

B) f(t) =h,(t) (mepBas ¢yHkuua Xaapa);

D fO=1—t, [t|<1, fO =0, [t|>1.

2‘1|. a) BerauciuTe obpaTtHoe npeobpasoanve Pypbe dyHkinu f (t) =
=e

6) BOCIO/MBb30BABIIKCH PE3YIBTATOM MPEABIAYIIETO MYHKTA, BBIYMC-

sute nipeobpasoBanue Pypre GyHkunn f(t) = el

22. Beruucsnte mpeobpaszoBanue Oypbe byHKIMA f (t) =€~
qTO f e 12 dr = /27
R
23. Jlokaxkute dopmyJisl qudpdepeHINPoBaHMUA MpeobpasoBanusd Py-
pbe (29). BeiBeguTe aHamorHuyuHble GOPMYJIBI 7151 06paTHOTO IIpeo6paso-
BaHUA Pypse.

2
/2 3Has,

24. Vicrionb3ysl pes3yabTaT MpeAbIAYIIero yIpaKHEHUd, AOKaKUTe,

yTO ecanu GyHKIUA f npuHaAnexuT C" I/If |fO] dt <o, 10 f(E)=0(E)
R
mpu & — o, 1 06paTHO, eCIn f(lilr +1D|f| d&E <, 10 fEC.
R

25. HatizuTe mpoekiinio Py Ha IpocTpaHCTBO GYHKITUHN ¢ OTpaHUYeH-
_ A 11
HbIMK yacToTamMu Vy = { g € L,(R) | supp & C —355 5 | [ A CIEAYIOMNX
dyHKIIMH:

sin 27t
a t) = ;
) f(0 =320

6) () = sin® 37t

2’

) f0= 2R

26. HaligyTe OpTOrOHAJIBHYIO IIPOEKIIHIO S; Ha IPOCTPAHCTBO QYHK-
IIUY ¢ OrpaHUYeHHBIMU YacTOTaMU

Vi={g€L,(R)|supp & c[-1,1]}
JUTS CIIEAYIOIIMNX QYHKITAN:
DIO=1rw

__sin 107t
0) fO =5
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5. Bemiecku Meliepa

B 1986 rogy VB Meiiep co3zas 3amMedyaTeNbHYIO CUCTEMY QYHKITUM,
3a KoTopyto depe3 30 jieT monmy4rs abeseBcKyto pemuto. OHa obiaza-
Jla BCeMU JOCTOMHCTBaMU crucTeMbl [lleHHOHa—KOTETbHUKOBA, HO MIPU
3TOM OBICTPO yOBbIBaa Ha GECKOHEYHOCTH U MO3TOMY ObUTa 6ostee yno0-
Ha B UCIIOMB30BaHUU. B ominume oT cucremsl [llenHOHa—KOTENIBHUKO-
Ba, cucrteMa Meliepa 6blIa He B3ATa «M3 KU3HU», a TIOJHOCTBIO, OT Ha-
yasia 10 KOHIIa, IpUAyMaHa. JTO YUCTO MaTeMaTh4ecKas KOHCTPYKIIUA,
puyYeM O4YeHb XUTpas U TOHKas. MHOI'Me CUYMTAIOT, YTO UMEHHO C CH-
creMbl Meliepa HauaIach COBpeMeHHas TeOpHs BCIUIECKOB. [Ipek/e ueM
u3araTh KOHCTPYKIMio Meliepa, HaZlo 4eTKO chOpMyIUpOBaTh 3a4auy,
KOTOPYIO OHA pelara.

5.1 BpeMeHHO-‘-IaCTOTHaH JIOKaJIn3anuda

CylecTByeT MpsiMasi CBA3b MEXAY TJIaJKOCTbI0 GYHKIMU U CKOPO-
CThIO yObIBaHUs ee mpeobpaszoBanusa Pypbe npu & — . UeM 6OIBIIYIO
I7IaIKOCTh MMeeT QYHKINA, TeM ObICTpee YOBIBaEeT ee peobpa3oBaHue
dypre, u HaobopoT. Eciu dyHkiua f nmpuHagiexxur C' u

[ 10 dt < e,
R

TO f(i) =0(&™") mpu £ — . Ob6parHo, eciu
[UEl +DIf1 dE < =,
R

To f € C". To ke BepHO U i1 o6paTHOTro mpeobpaszoBanus Pypwe. EcTb
HeObOIbIION 3a30p MeXAYy HEOOXOAUMBIMU U [IOCTATOYHBIMHU YCIOBUA-
MU, ¥ OH HempeooiuM. CYIIEeCTBYIOT MPUMEDPHI HEMPEPLIBHBIX (QYHK-
UM, KoTaa f (&) ybuiBaeT MezyieHHee, 4eM &~ ¢ TIpU O4YeHb MaJbixX € > 0.
C npyroii cTOpOHbI, GyHKIUA f = x[_1/2,1/2) Pa3PbIBHA, HO [l Hee, KaK
me1 suaem, | f (&) <|E|7.

JIJIsT BCIIECKOB BQXXKHO U TO U Zpyroe: QYHKUIUA ¢ A0DKHA OBICTPO
yObIBaTh (*KeIaTeIbHO Jake UMETh KOMIIAKTHBIN HOCUTENb) U JAOJDKHA
OBITH IVIAZKOU, T.e. ee TpeobpazoBanHue Pypbe JAOMKHO OBICTPO YOBI-
BaTh. [10 OTAENBHOCTH 5TU CBOMCTBA OCTHXKUMBL. Berecku Xaapa nme-
IOT KOMITaKTHBIN HOCUTEJIb, HO Me/IJIeHHO yObIBaloInee Ipeobpa3oBaHye
®ypobe (y6pBaeT Kak &' mpu & — ). Bemwtecku Illennona—Koress-
HUKOBA, HAIIPOTUB, MeJJIEHHO YOBIBAIOT, HO UMEIOT Ipeobpa3oBaHUe
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®ypbe ¢ KOMIaKTHBIM HocuTesneM. COBMECTUMEI JI 3THU /iBa CBOMCTBA?
He BmonHe. CoryacHo Teopeme [lanu—BuHepa u QyHKIUA, U ee TIpe-
obpazoBanne dypre He MOTYT MMeTb KOMIIAKTHBIM HOCUTeNb. Boree
TOTO, CYIIECTBYET MPUHIUI HeOoMpeaeeHHOCTU [eii3eHbepra, COrmacHo
KOTOpOMy 00e QYHKIMHM He MOTYT CJUIIKOM OBICTPO yObIBaTh. Hawm-
OoJsblllee OHOBPEMEHHOEe yObIBaHMeE AocTuraercsa Ha ¢yHkiuu aycca
f)= et/ 2 xoTopas CcOBMajaeT co CBOMM IpeobpaszoBaHueM Pypbe
(ynpakHeHue 22).

VTak, HUKaKasa QyHKUINA He MOXXET CJIUIIKOM OBICTPO YOBIBATh U BO
BpPEMEHHOM, U B YaCTOTHOHM oO6JsacTsAX OJHOBpeMeHHO. OfHAKO JOCTa-
TOYHO OBICTpOE YOBIBaHWE, HANPUMep, KaK y TOH ke ¢yHKumu laycca,
BO3MOXXHO. Ha TpOTSKEHWM MOYTU IMOMyBeKa MAaTeMaTHUKH ITBITAIHCh
MIOCTPOUTD CUCTEMBI BCILIECKOB, KOTOPBIE COUETATH OBl OBICTPOE YObIBA-
HUE C VIaIKOCThIO. ITO cucTeMbl baTira—Jlemapbe (cM., Hanpumep, [3,
14]). Haubonee yzauHOM U UCHONB3yeMOM IO CHX IIOP CTajla KOHCTPYK-
uus Meiiepa.

5.2. KoHcTpykumd BeiuieckoB Metiepa

OcHoBHaA uzied Meitepa' cocTosia B TOM, YTO6GEI HEMHOTO MOATIPa-
BUTh QYHKIIUIO (¢, TIOPOXKIAIOIIYI0 Beriecku [lleHHOHa—KOTENBHUKO-
Ba, TaK, YTOOBI OHA cTasia OBICTPO YOBIBAIOIIEH MpU t — % (10 KpalHe:

1 "
Mepe, OBICTpee, YeM O(?)) U TIPU 3TOM OCTajach IMIAAKOU. [y aTo-
ro HYXKHO U3MEHMTb ee peobpasoBanue Oypbe O = y(_1/21/2], CAETIaB
€ro MIaIKUM, — 3TO obecreyuT yObiBaHEe QYHKITUH ¢ (KOTOPYIO MOXKHO
OyzeT HalTU KaK oOpaTHoe mpeobpa3oBanue Pypbe OT MOAPaBIEHHON
byHKIIINM).

TakuM 06pa3oM, Hy>KHO IIOIPOOOBATh CIVIAZAUTh UHAUKATOPHYIO GYHK-

—%, %] , YTOOBI TIPY STOM COXPAHWINCh BCe CBOMCTBA T10-
POXKZaeMbIX ee 06paTHBIM peobpasoBanrieM Pypbe ¢ BCIUiecKoB. [1as-
HOE — OPTOT'OHAJIIBHOCTD IIEJIBIX CABUTOB QYHKIIUU (¢ U MOPOXKIAEMBIi
€10 KpaTHOMAIITAOHBIN aHaIN3.

B f0Ka3aTeIbCTBE OPTOTOHANTBHOCTH LIEJIBIX CABUTOB MbI CYIIECTBEH-
HO UCITOIb30BAJH, YTO GYHKIUA  SIBISETCS KYCOUYHO TOCTOSTHHOM. YTO-
6B 0CTabuTh 3TO TpeboBaHWE, HAM TIOHAZOOUTCS CIEAYIONINN KpUTe-

pI/Iﬁ OPTOTOHA/JIbHOCTH IIE€JIbIX CABUT'OB.

1O OTpE3Ka I:

1B Meitep (Yves Meyer, poz. 1939) — dpaHIlyscKuii MaTeMaTHK, OMH U3 OCHO-
BOIIOJIO)KHUKOB TEOPUH BCIUIECKOB. B 1986 rozy mocTpowns rimagkyio 6bICTpPO yObIBa-
IOII[YIO CUCTEeMY BCIUIeCKOB (BcIiecku Meliepa), KOTopas aKTHBHO HCIIONIb3YeTCs [0
cux mop. B 2017 rozy ObUT yAOCTOEH NpecTiDKHeH e ADeleBCKON IPEMUN.
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JIEMMA 3. Lenvle co8ueu hyHKUUU P ¢ KOMNAKMHBIM HOCUMeleM 516-
JAAHOMCSA OPMOHOPMUPOBAHHBIMU M020a U MONBLKO Mo20d, kK020d

Y IPE+RF=1. (34)

keZ

Lenste cosueu @yHKUUU ) OPMOOHANILHBL 8CeM UeNblM c08U2aM HYHK-
yuu ¢ (06e — ¢ KOMNAKMHbLM HOCUMeeM) mMo20d U MoJibko moz2dd, Ko-
20a

S PE+KFE +k) =0. (35)

kezZ

®yHKIMA B JIeBOI YacTU paBeHCTBA (34), KOTOPYIO MBI 0603HAYNM
gepes ®(&), HaseBaeTca nepuodusayueil dynkuun |3 (£)|?. AcHo, uTo
byukums (&) umeet nepuog 1. Jlemma 3, TakuM 00pa3oM, YTBEPKAAET
[IB€ BEIu:

1) ¢gynxyus @ obnadaem opmoHOPMUPOBAHHBIMU UeSIbIMU CO8UZAMLUL,
ecau u mosvko ecau nepuodudayus gymxuyuu || asnsemca moamcde-
cmeeHHoll eOuHuUUell;

2) uenvle coguzu GYHKUUU ) OPMO2OHAIbHBL BCeM UeablM cO8U2AM
PyHKUUU (p, ecU U MOJILKO eciu nepuodudayust GyHKyuu @ p Aensemcs
MoNcO0ecmeeHHbLM HYeM.

Ob6a yTBep:KJeH s A0Ka3hIBAIOTCS OAUHAKOBO, TIOSTOMY MBI TIpUBeE-
ZleM [TOKa3aTeIbCTBO TOIBKO ITEPBOTO.

JOKA3BATE/IbCTBO. /Iy TF000r0 11eJI0T0 N UMEEM

1 1
(®(8), e27nE) :fq)(g)e—Zm'nE de=>Y" f |G (E + k) [2e=27nE g =
0

keZ o

1 o
=3 [ 1BE +h)Pe2mnEh de = [ |G(E)Pe 27 dE =
keZ o —

= [ PEFE)e2mnE dE = (B, PeX™™E) = (3, 9 (- + 1) = (9, p(-+1)).

—o0

WTak,
(®(&), ™M) = (g, p (- +n)).

Ecim uenble caBuru GyHKIUH (¢ SBISIOTCS OPTOHOPMHUPOBAHHBIMU, TO
ckaynsapHoe npousBesieHue (¢, ¢ (- 4+ n)) paBHO eauHutie npu n =0 u
PaBHO HYJIIO IIPU BCEX OCTANBHBIX IIeTBIX N. ClIeI0BaTENbHO, TO XKe Bep-
HO U /A CKaJsIpHbIX TipousBezeHud (P(&), 2™y | TMoceanve SBIS-
1orca koaddunmentamu paga Pypre nepuogudeckoit pyHknuu . Cie-
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JnoBarenbHO, ¥ GyHKIMU P Bce koadpdunmeHTs Pyphe ¢, paBHBI HYIIO,

KpOMe C,, KOTOpEIit paBeH 1. [Toatomy ®(£) = Y. ¢,e? ¢ =1.
nez
O6patHo, eciu ® =1, To y 3TOM QyHKIIMM (2 OHA TEpUOAUYECKas

¢ nepuozom 1) Bce KoadpdunmenTer Oyphbe ¢, paBHBI HYJIO, KPOME Cg,
KOTOpHI paBeH 1. Ho mockonbky ¢, = (®(&), e27ingy — (¢, ¢(-+n)), mmo-
nydaem, 910 (@, ¢ (-+n)) =0 mpu Bcexn#0 u (p, p) =1. O

Jlemma 3 obecrieynBaeT CBOHCTBO 5 KpaTHOMACIITAOHOTO aHaIU-
32 — OPTOHOPMUPOBAHHOCTD LIEJBIX CABUTOB QYHKIUU (, a TaKXKe Op-
TOHOPMHPOBAHHOCTh CZIBUT'OB BCIUIECK-QYHKITUH 1) Ha KaXKJOM YPOBHE.
JI7IsT TIPOBEPKU 3THUX CBOMCTB [JOCTATOYHO, YTOOBI MEePUOAU3AIMU CO-
OTBETCTBYIOIINX GYHKIUN OBLTM TOXK/AE€CTBEHHBIMM KOHCTAHTaMMU: Iie-
puoausanun GyHKIMH |@|?> u [1|? paBHB eauHMIE, a TMEePUOAU3ALMSA

byHKIIMH @f paBHa HyM0. OCTaauCh Ba TJIaBHBIX CBOWCTBA KPaTHO-
MacIITabHOT'O aHaIN3a — BJIOKEHHOCTH MPOCTPAHCTB V; (cBoiictBO 1) U
JBOMYHAsA CTPYKTypa (cBoiicTBO 4). MIHTepecHO, YTO 0ba 3T CBOMCTBA
MOKHO 00eCIIeYnTh OJHOU JIEMMOM.

JIEMMA 4. IIpocmpaxcmao V,y, nopoxcdeHHOoe Ueabimil c08u2amul yHK-
yuu @, codepycumes 8 npocmpancmee V; ={f(2-) | f(-) € V,} mozda u
moJibko mozda, k0eda PyHKyus

_pRY

saensemcest 1-nepuoduueckotii. Ecnu 2m(—§) =Z ckez’”kg — pasnodceHue ne-
keZ
puoduueckotl pyrxyuu 2m(—E&) e pad Pypve (m. e. m(&) :% 3 cpe 2k,
mo keZ
(= cp2t —Kk). (37)
keZ

3AMEYAHUE 4. [Ipexamonaraercs, uro m(§) HUrge He obpamnjaercs
B 6ECKOHEYHOCTB, moaToMy eciu (&) =0, To obszaTenbHo P (2&) = 0.
dopmanbHO dyHKIMA m(E) B TAKUX TOYKAxX He ompezeneHa. [loaTomy
yVTBepXKZAeHUe JIeMMEI 4 clefyeT IIOHUMaTh Tak: GyHkuua m(E) mepuo-
Judeckas Ha MHOXKECTBE, T7le OHa ompezeneHa. MOXHO ee TIPOJOIKUTh
TI0 TIEPUOUYHOCTH Ha BCIO IPAMYIO U TlepemnucaTh dopmyiy (36) B Buze
paBeHcTBa P (28) =m(&)P(&), BHIIONTHEHHOTO Y)Ke Ha BCEl IIPIMOM.

JlOKA3ATE/NBCTBO. [IpocTpaHcTBO V) MOpOX/AeHO GYHKINUAMH BU-
ma ¢(t — k), k € Z. 3HauuT, MPOCTPAHCTBO V; TOPOXJEHO UX JBOWY-
HBIMU CKaTUAMU — QYHKIUAMU Buza ¢ (2t — k), k € Z. TloaToMy Bio-
s)keHre V, C V, paBHOCWIBHO TOMY, YTO BCe MOpoXZatomue GpyHKIUU
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@ (- — k) nexar B V;. JIyig 3TOr0 IOCTATOYHO, YTOOBI BBITOMHAIOCH YCIIO-
Bue @(-) €V}, Torga U Bce ILesble CABUTH OyayT jnexaTh B V;. Takum
obpazom, byHKIUA (t) AOmKHA OBITH TMHEHHON KOMOUHALMEH GyHK-
uuii ¢ (2t — k), k € Z. Ecnu {¢; }rez — K03dULIMEHTEI 3TOU TUHEHHON
KOMOWHAIWH, TO MmosydyaeM ypaBHeHue (37). UTak, i TOro 4YToObI BhI-
MIOTHAIOCH yesoBHe Vy C V;, HeoOXOANMO U I0CTaTOYHO, YTOOHI (¢ OBLIO
pemeHreM ypaBHeHUs (37) ¢ HEKOTOPBIMU KoapdunreHramu c. [pu-
MeHUM Temeph mpeobpasoBanre Pypbe K 06EUM YacTAM 3TOTO ypaB-
Henus. JleBasi yacTb, pasymeercs, rnmpeBpatutcs B $(£). Uro craHert ¢
mpaBoii? Ilomb3ysack cBoiicTBaMu npeobpasoBanus ®ypbe, momydaem

pt—k) = %e‘”“kg/z@(%). YMHOXas Ha ¢, W CKJIaAblBas IO BCEM
k € Z, nonyyaem

0= 2 Jo5(§) =9(5) £ e 2= 5§ (3)
kezZ kezZ
U IPUXOUM K ypaBHeHHUIO (36). O
[Tosmy4aeTcs TakoH IUIaH IOCTPOEHUA KpaTHOMAacIITabHOTO aHaINn3a
U CHCTEMBI BCILIECKOB.
Hazo HaifTu QyHKIINIO , yZOBIETBOPAMOIIYI0 ypaBHeHUIo (37) u

yernosuio Y. |p(E + k)|> = 1. Hanpumep, ana cuctems Xaapa |$(8)| =
kez
__ sinm&
n

[ToToM HaZIO ONPEAETUTh IIPOCTPAHCTBO V; — OHO TOPOXKAEHO IETbIMU
casuraMu (opToHOpMHUpoBaHHBIMU!) GyHKIMU . Torza y Hac ecTh U
Bee mpoctpaHcTBa {V;} ey Kaxaoe V; coctout us 2’-cxatnii GyHKIMHI
u3 Vy. B cuny ypaBHenus (37) umeeM V, C V;. CkuMas KaXAy0O U3
dynkumii f €V, B 2/ pas, nonyyaem, uto V; C V;; ipu Beex j € Z. UTak,
npocrpaHcTBa {V;}c; 00pasyloT paclMpSIONIyIOCs CHCTEMy. 3HA4MT,
cBoiicTBa 1—5 KpaTHOMACIITAGHOTO aHATM3a BBITIOTHEHBL.

YTo6HI Teleph NOCTPOUTD CUCTEMY BCIUIECKOB, HYXKHO HANTH GYHK-
U0 Y € V; CO CIIeAyIOMUMY CBOHCTBAMU:

, ans cuctembl [llenHona—KotenbaukoBa P (&) = x(_1/21/2]-

S IPE+OE=L S GE+PE +k) =0. (38)

keZ keZ

Torga ee 1enble ¢ABUTH ) (t — k) OyZAyT OPTOHOPMHUPOBAHHBIMU, a 3Ha-
YUT, U Lle/Ible CABUTH Ha j-M ypoBHe 2//21) (27t — k) 6yayT OpTOHOPMHpO-
BaHHBIMU. A 13 BTOPOT'O ypaBHeHUs Oy/IeT CIeZ0BaTh, YTO 3TU GYHKIUU
Ha pa3HBIX YPOBHIX OPTOTOHAIBHEI ApyT ApyTy. Takum obpaszom, ¢ 6y-
JieT BCIUvlecK-QyHKIMEH.
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Tenepb MBI MOKeM peann30BaTh TO, 4TO Ipojenan ViB Meiiep, — mo-
CTPOUTH CHUCTEMY BCIUIECKOB, OYeHb ONM3Kyl0 K cucreMe [lleHHOHa—
KoTenbHUKOBA, B KOTOPOI GYHKIIUU OBICTPO yOBIBaIU OB HAa O€CKOHEY-
HOCTH.

C 4dero HauvHaJIOCh MHocTpoeHHe cucrteMsl llleHHOHa—KoOTeIBbHU-
koBa? C QYHKUUM ¥[_1/21/2)- Ee oOpaTHOe mpeobpazoBanue Oypbe —
sin 7t

it
sin 27t — sin 7t
HEMY CTPOWJIACh U BCIUIECK-QYHKIMA 1) (t) = —

KypaTHO TMOUIEBEIUTb QYHKIMIO X[_1/31/2], YTOOBI OHa CTajga TIaJKoOu
(Torma, KaK MbI 3HAaeM W3 yImpakHeHusa 24, ee obpaTHoe TpeobGpaso-
BaHue Dypbe cTaHET OBICTPO YOBIBAIOIINM), HO IIPU 3TOM IIO-TIPEXKHE-
My TOpOoXJaja KpaTHOMAcINTaGHBIN aHaiu3. 3aZiada HeTpUBUAbHAs,
yCIex He rapaHTHUpPOBaH. Meliep HallleJl TaKoe pelleHHe, XUTPOYMHOe
U JIOBOJIBHO CJIOXKHOe. PYHKINIO (¢ OIpezesseM Mo Mpeobpa3oBaHUI0
dypsbe Tak:

byukmua ¢ (t) = — IOpPOJK/IaeT KpaTHOMACIITaOHBIN aHanmu3. I1o

. Hazgo ax-

1, El<3—e;
T = T 1 |§|_% 1 1 . 39
PO =y eos(v(3+52)). g —eshklsgts &9
O’ |€|>§+8a

TJie v — IIPOU3BOIbHAs GyHKIMS, 0bIazaroIas CBOMCTBOM
v +v(l-8=1, £&€(0,1),

mpudem v (0) = 0. KoHe4HO, pa3yMHO BHIOMPATh TaKyr (QYHKIIUIO, KO-
Topast Ob1a O6bI 6ECKOHEYHO TJIaZIKOM HA BCEW MPAMOUM R ¥ MOHOTOHHO
Bo3pacrasa Ha otpeske [0, 1]. TIpuMep Takoil GyHKIMU M300pakeH Ha
puc. 27.

0 1
Puc. 27. dyukiusa v

Takum 06pa3oM, MBI CrafuIu GyHKIHUIO )[_1/21/2] HA KOHI[AX OT-
pe3ka, UI3MEHUB ee Ha CUMMEeTPUYHBIX UHTepBasax JIUHBI 2 KaXKAbIN.
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Puc. 28. [IpeobpazoBanue ®ypbe § byHKUNU @, 3aganHOe hopmysioii (39)

Hazio mpoBepuTh 1Ba cBoMcTBa: 1) meproAU3alys KBafpara 3Tol GpyHK-
MM paBHa 1; 2) cymiecTByeT 1-iepuoandeckas GyHKIUA m, AJs KOTO-
poii 3(28) =m(£)(&).

Mepuoduzayus @ynxyuu |p|>. O603HAUMM 3Ty MepUOAM3AIUIO Ye-
pe3 ®(&). PaBeHcTBo (&) = 1 AOCTAaTOYHO TPOBEPUTH HA IMEpUOAE

[—%, %] , IpUYeM B cHIy cuMMeTpud (Hamra GyHKIMA yeTHad!) — Jaxe

Ha TIOJyIIEpUOe [0, %] .Ecm & e [O, %—8],T0 PpE)=1upE+k) =

= 0 mpu ocTambHBIX Lenbix k. [Toaromy ®(E) =1. Ecmm € € (% — &, %] s
TO mocTynuM Tak. O6o3HaymuM depe3 o = a(§) aprymeHT QyHKIUU vV B

dopmyne (39). Toraa
cosz(gv(a)) —I—cosz(%v(l—a)) =1. (40)

Eciu % —e<&K %, TO U3 hopmyssl (39) cieayeT, 9TO

1-&l—5
Tzzl—a(ﬁ).

aE-D=a(l-&=5+

[TosTomy
) =P +IPE-DPP= cosz(%V(a)) +cosz(§V(1 -~ a)) =1.

Jly11 TpOBEPKU BTOPOT'O CBOMCTBA MOMOXKUM M (&) = Z p(2& + 2k). OT0

keZ
1-mepuogudeckas ¢pyukiusa. Cpeau Bcex ¢yHkuuil p(2€ + 2k), k € Z,
TONMbKO ¥ p(2&), T.e. mpu k = 0, HOCUTENb MEPECEKAETCS C HOCUTE-
sieM QYHKIUU {p, IpUYeM Ha 3TOM IepecedeHun GyHKIUsA § paBHa 1
(cm. puc. 29). CnefoBaTelbHO,

m(&)p(&) =p(28)p (&) = (28),

9TO U TpebOBaIOCH.
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$2s+2) & (s) $2s—2)

P (2s)

Puc. 29. Oyukuuu $(s) u $(2s)

Utak, dyHKIUA @, 3azaHHasg dopMynoit (39), mOpoXKAaeT KpaTHO-
MacIITabHBIN aHaMu3. 3HAYUT, JODKHA OBITh U BCIUIECK-QYHKIMA. BoT
oHa:

P& =e"43(E)@E+1+3E -, D)

[TpenocTraBigeM YUTATENI0 CAMOCTOATENBHO IPOBEPUTDH (CM. YIIpaskHe-
Hue 32), 4To IleproAu3anua GyHKIUN |1Z |> paBHa eguHMIle, 8 TEPUOAHU-
3a1ua GyHKINT @ é paBHa Hymto. CiieZloBaTeNbHO, 1) — BCILIECK-PyHK-
U, ee rpaduk uzobpakeH Ha puc. 30.

1,2

0,8

0,6

0,4 -

0,2

02N /\ /\ SN

-2+
-5 -4 -3 -2 -1 0 1 2 3 4 5

Puc. 30. dynkuusa Metiepa
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YnpaxHeHUd

27. Jokaxkure, 4To GYHKUIUA (p, 33[aHHAs CBOMM IIpeobpa3oBaHueM
®ypbe, UMeeT OPTOHOPMUPOBAHHBIE 1IeJIbIe CABUTH:

_0)45 g € [_1) O)’

0,8, ¢el0,1);
1 .

Witk ¢ell,3);

0 HHaue.

e =

28. VICTUHHO WU JIOXHO CJIeAyIollee YTBeP:KAeHUe: eC/Ii HeOTpUlia-
TebHasA QYHKIUSA ¢ UMeeT OPTOHOPMHUPOBAHHBIE IIeJIbI€ CIBUTH, TO OHA
cocpefioToYeHa Ha OTpesKe JJIMHBL 17
sin 7t

Tt

YZIOBJIETBOPAET MaCIITabUPyIOIeMy YpaBHeHUIO ¢ (t) = . ¢, (2t —k),
keZ

29. Jloxaxkurte, yro pyHkuuda [Hlennona—KoTenbHuKOBa @ (t) =

u HatiznuTe K03PpPUITMEHTH 3TOrO YpaBHEHUA Cj.

sin 23

21& ) g
KaKOMy-HUOyIb MacIITabUpyoIeMy ypaBHeHUI0? Eciu fa, To HalguTe
ero K03GUITMEHTHI.

30. YzoBneTBopsieT i GpyHKIWA f, U1 KOTOPOi f (£) = (

31. JokaxxuTe, 4TO A Bcex GpyHKIUM Meiiepa ¢ uHTErpasl

f @ (t) cos(mt) dt
R

MIPUHUMaeT OJHO U TO Ke 3HayeHue. Kakoe?

o ~(1
YKA3BAHUE. Harijute 3sHaueHue ¢ 35 )

32. Jlokaxxute, 4TO GYHKIUA 1), OllpeZiesieHHas PaBeHCTBOM
PO =" (5)@E+n+pE-1),

SBJISIETCA BCIUIECK-QYHKIMEN, COOTBETCTBYIOIIEN KPaTHOMACIITAOHOMY
aHanusy Metiepa.
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6. Bceruiecku ¢ KOMIIAKTHBIM HOCUTEJIEM

Bcertecku Meiiepa 6bicTpo yOBIBAaIOT, HO BCe JKe OHU He obpaira-
IOTCS B HOJIb 32 TIpejiesiaMu OTpe3ka. Haia 1enb — «miaZkuii Xaap» —
BCIUIECKA C KOMITAKTHBIM HOCHTesNeM. HauHeM ¢ MOCTPOEHHs KpaTHO-
MacmTabHOro aHaIu3a.

6.1. AsropurMm nocrpoesuss KMA

Jlo cero MOMeHTa MBI pacCMaTpPUBAJIN TPUTOHOMETPUYECKUE TIOMIH-
HOMBI KaK JIMHEMHYI0 KOMOMHAIUIO CHHYCOB U KOCUHYcOB. Celfuac HaM
yaobOHee OyZeT IepelTH K pPaBHOCWIBHOMY OIIpeZiesIeHUIO: MBI OyzeM
Ha3bIBaTh TPUTOHOMETPUYECKUM IOTMHOMOM JIMHEHHYI0 KOMOUHAINIO
(IIOIOXKUTEBHBIX M OTPUIIATENBHBIX) CTemeHeil ™S T.e. QyHKIMIO
BUJA

pE) =Y, pee 2k, 42)

k=n;

IJe pj — IMPOU3BOJbHBIE KOMIUIEKCHbIE KOAGOUIIUEHTHI, a Ny < Ny —
1esble yrucaa. ViMeHHO KO3 UITMEHTRI p;, MBI C 3TOTO MOMEHTA OyzemM
Ha3bIBaTb KOIPPUYLUEHMAMU TPUTOHOMETPUIECKOTO ITOIMHOMA P, & €T0
CmeneHbl0 HA30BEM 4YUCJIO N, — n;. [loka Mbl OyZeM paccMaTpuUBaTh
TOJIBKO CiIy4aii ng =0, T. e. TPUTOHOMETPUYECKUE TTOTMHOMBI BUZA

n, )
p(g) — Z pke—kaE.
k=0

3aMeTHM, YTO €CJIM y Hac B pyKaX ecTh MaclmTabupyroolas (pyHK-
mua @, To KoadouiueHTs ypaBHeHUs (37) yserko HaWTU. [I0CKOIBKY
dynximu {v2¢ (2t — k) };c;, 06pasyloT OpPTOHOPMHUPOBAHHEBIH 6asuc
mpocTpaHcTBa Vi, KO3QPUIMEHTH pasiokeHUs GYHKIMH ¢ TI0 3TOMY
6asucy paBHBI C; = (ﬁ(p(zt — k), ¢(t)). ITosTomy ecnu GyHKUUA ¢
VMMeeT KOMITAKTHBI HOCHUTENb, TO JIMIIb KOHEYHOE YHCJIO 3TUX KOdd-
bUIMEHTOB OTIUYHBI OT HYJIA.

He orpannuuBas oOIIHOCTH (OBITH MOXKET, CABUTAs apryMeHT t),
CUUTAEM, YTO BCE HEHYJIEeBble KOIGOUITMEHTHI JIEXKAT MEXKAY Cp U Cy.
Takum o6pasom,

N
e = et —k), 43)
k=0
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N
" 1 —ami
rae cocy 7 0. TpuroHomeTrpudeckuii monmuHoM m(§) = 5 > cpe2mik
k=0
Ha3BIBAETCS MACKOU 3TOrO ypaBHeHMs. Ha3BaHue OOBACHAETCA TeM,
4TO QYHKIUIO (¢ (TEOPETUYECKH) JIETKO MOCTPOUTD, ECJIU MBI 3HAEM 1,
T. €. ( IPSYETCA 107 MacKO! m.

B o6paszax ®Pypbe 3TO ypaBHEHUE ITO-TIPEKHEMY UMeeT B p(2s) =
=m(s)p(s). IIpu s = 0 monyuaem, uro H(0) =m(0)p(0). [TosTomy Ju-
60 ©(0) =0, mu6o m(0) = 1. [TepBoe 03HAYANO OBI, UTO f p () dt=0.

R
PaccMoTpeHue 3Toro ciaydas (4ero Mel He 6yzieM /leaTh B paMKax JaH-

HOTO TeKCTa) IyTeM Ipeobpa3oBaHuil onATh CBOAUTCA [14] Ko BTOpoMy
CIIy4aro, U T03TOMY MBI OyzeM mosnaraTh, uto p(0) # 0, m(0) = 1. 3o
03HAYaeT, 4To Y. ¢, = 2. UTak,

k
cymma koagduyuenmos macwmabupyroweeo ypasHeHus (43) pas-
Ha 2, a 3HaueHUe MPUOHOMempPUUEecK020 noauHoma m 8 mouke & =0
pasHo eduHuue.
TEOPEMA 17. ITycms macka m macwmabupyrouwiezo ypagHeHus (43)
> 2
yeaosust (&) =1 Heobxo0umo u docmamouHo, Umobwl 8bINOSHANLOCH CO-

OmHoutleHue
1
n1(s+—§)

JlOKABATE/NBCTBO. [lockombKy $(2s) = m(s) P (s), monydaem

1
He obpaujaemcsi 8 HOJlb HA UHMep8ase (O . Tozda 0ns1 8blnONHEHUS

2

Im(s)|* + =1 (44)

1= 1p@s+K)[*= > |p@2s+2m) > +|P(2s+1+2n)[*=
keZ nez
2

=2, Im(5+n)|2-|¢(s+n)|2+‘m(5+%+n) 2-‘¢(s+%+n)

nez

2

=2 |m(S)I2-|¢(S+n)|2+‘m(s+%) @(s+%+n) =

nez

2

=|m(s)|*®(s+n)+ ‘m(s+%) <I>(s+%) =|m(s)|*+ ‘m(s+%) ‘2. (45)

O6paTHO, TIPEATIONOKUM Telepb, YTO Macka 00aZjaeT CBOMCTBOM (44)

U He obpalaeTcs B HOJMb Ha WHTepBaJe (O, %) Ecmu ¢oyskums & —

He TOXKJeCTBeHHas KOHCTaHTa, TO TOYKa £ = 0 He MOXKeT OBITb OZ[HO-
BPEMEHHO ee MUHUMYMOM M MaKCUMyMOM. I1yCTb /719 onpe/ieIeHHOCTH
3TO He TOYKa MakcuMyMa. Torza MakCMMyM Ha Nepuofe AOCTUTaeTCA B
KaKoH-HUOYAb ApyToii Touke. O603HAYMM 3Ty TOUKY, OTJIUYHYIO OT HY-
JI1 ¥ OT eAVHULIBI, yepe3 2s 1 nonoxuM $(2s) = M. Ilonb3ysachk paBeH-
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cTBOM (45), nmonydaem

2
1

[Mockonbky 0b6a 3HaueHus P(s) u @ (s + %) He peBocxogAT M, a

®(2s) = [m(s)[*®(s) + ‘m(s + %)

2

|m(s)|? + ‘m(s + %) =1

1
u K Tomy e m(s) > 0, Tak Kak § € (O, 5), JlaHHOe PaBeHCTBO BO3-

MOXKHO, TOIbKO ecnu ®(s) = M. Paccyxzas aHaJloru4Ho, nomyyaem M =
=®(2715) =®(2725) =... Torza o HempepLIBHOCTH TToaydaeM ®(0) =M,
YTO IPOTUBOPEYUT IIPEATIONOKEHHIO. O

VITax, A1 TOro YTOOBI MOCTPOUTh KPAaTHOMACIITAOHBIN aHAIN3, HYXK-
HO HAWTW TPUTOHOMETPUYECKUH momuHOM m (&), YAOBIETBOPSAIOIIUT
TOXJECTBY (44), B3ATb ero yABOeHHble K03bUIINEeHTH {ck}f:'=1 U pe-
muTh GYHKIMOHANBbHOE ypaBHeHUe (43). Ero perenue ¢ OyzeT MOPOX-
JlaTh KpaTHOMACIITAOHBIN aHamu3. A OTKyZa >Xe BO3bBMETCS BCILUIECK-
byHKIMA 1) ? MBI TOBOPWIIN, YTO OHA ECTh Y JIIOO0T0 KpaTHOMACIITabHO-
ro aHanusa. /la, oHa SBHO CTPOUTCS, IPUYEM TEMU YK€ PACCYKIECHUIMU,
KOTOPBIMU ObUIA MOydeHa caMa GyHKIUA .

Tak kak ¢ € V;, aTa QyHKIUA TaKKe PaACKIAABIBAETCS IO Oasucy
{V2p (2t — k) }rez, IPUYEM pasiokeHUe GyZIeT KOHEUHBIM, TIOCKOJbKY
1) MMeeT KOMITaKTHBIH HocuTeb. [Torydaem

N,
YO = D prp2t—k).

k=—N,

B o6pazax Oypre umeem @(5) :p(%)g’é(%), rae

1 G :
pE=3 ¥ pre
k=—N,

st Toro 4To6HBl 1) 6bUIa OPTOTOHANBHOM BCEM IIEJIBIM CABUTAM (QyHK-

WU (p, TeproAu3anus GyHKIUU )P AODKHA OBITh TOXKIECTBEHHO PaB-
Ha Hyso (JiemMa 3). Tak ke Kak IpU ZI0KAa3aTeNbCTBE TeOpeMBI 17, oTy-
YyaeM, YTO TPUTOHOMETPUYECKUH TIOJIMHOM P VZIOBJIETBOPSIET TOXKAECTBY

p(s)m(s) +p(s + %)rﬁ(s+ %) =0.

i — 1
Jlerko yraZiaTb OZJHO €ro pelieHue: 3To p(s) =e 2mism (s + E)' Bonee
TOTO, 3TOT TOJWHOM D V/OBJIETBOPSET TOXAECTBY (44), MOTOMY YTO
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2

Ip()|? = ‘m(5+ %) , a 3HAYUT,

Ip(s)* + ‘p(s+%)‘2= ‘m(s+ %)‘2+ Im(s+ D> =
= ‘m(s+ %)‘2—% Im(s)|* =1.

CnezmoBaTenbHO, QYHKIUA 1) obnazaeT BceMU HEOOXOAUMBIMU CBOW-
CTBaMHU: ee IeJIbIE CABUTH ABJISIOTCSI OPTOHOPMHUPOBAaHHBIMU, U KAYKIbIM
13 HUX OPTOTOHAJIEH LIEJIBIM cIBUTaM GYHKIIUU (. TakuM 06pa3om, ecu
KpaTHOMAaCHITabHbIM aHaIN3 TIOCTPOEH, TO BCILIECK-GYHKITUSA HAXOAUT-

cd 1o sAABHOU opMmyiie 1?)\(5) = e‘“‘frﬁ(% + %)@(%) Bo BpemeHHOH
obactu (T.e. mocie obpaTHoro peobpaszoBanus Oypbe) ata popmyna

N
MIpeBpAIIaeTCsa B IPOCTOE COOTHOIIeHUE v (t) = Z (—l)kékap 2t+k—-1).

k=0
[Mockonbky ¢yHKUIUA ¢ cocpefoTodeHa Ha oTpeske [0, N], Bcruieck-
N—-1 N+1
byHKUIMA 1) pacriosnaraeTcsa Ha OTpe3Ke 5 |

CobGepeM Bce HaIlK Pe3y/IbTaThl B I[EHTPAJIbHOIN TeOpeMe 3TOTO pas-
Jena.

TeEoPEMA 18. 1 106020 mpuzoHoMemMpuUueckoz0 NOAUHOMA M, y0o-
ssiemeopsitouyezo mosxcdecmay (44) u He umeroujezo KopHell Ha UHMepsaae

(0, %), peuwterile @ PYHKYUOHANBLHO20 ypasHeHus (43) ¢ mackoil m no-

poscdaem kpamHomacuimabHslii ananus. Coomeemcmayrwas cucmema
scniieckos onpedesieHa 8cneck-PyHkyuetl

N
YO =Y (Dt +k—1) (46)
k=0
C HOCumeJiem Ha ompe3ke I:—u Mil
2 7 2 :

VTaK, /i1 TIOCTPOEHUA CHUCTEMBI BCIUIECKOB HAZ0 PELIUTH ZIBE 3a-
Jladuu:

1) HallTu TPUTOHOMETPUYECKUN IOJWHOM m, Y/OBIETBOPSAIOMINN
TOXKJE€CTBY
2

Im(s)|? + ‘m(5+ %) =1

)=0,m@+#0,£€(0,3);

N

1 yCJIIOBUAM m(
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2) HaWTH penieHUe GYHKIIMOHATBLHOTO YPaBHEHUSA

N
e = cep2t —k),
k=0

r7e ¢, — yABOEHHbIe K03 PUITMEHTHI IOTUHOMA M, T. €.
1< :
mE) =73 3 cee M.
k=0

I[Tocse aTOTO Cpasdy norydaeM BCIulecK-QYHKINIO 1) 110 popmyie (46),
U BCe TOTOBO.

JJ1s1 pellieHUs IEPBOM 3aZjauy MBI TIPUBJIeUYeM AMOGAHTOBH YpaBHeE-
HUsA, I PeLIeHUs BTOPOM — CKUMAIOe 0TOOpaKeHs U GppaKTasbl.
HaynewMm c nepBoii 3aa4u.

6.2. MonmmHOMMANBHOE YPaBHEHUE

B 5TOM IyHKTE MBI UMEEM /ZI€JI0 C OOIIUMU TPUTOHOMETPUUECKUMU
ToJINHOMaMU BuZia (42) ¢ MPOU3BOIBHBIMU Ny, Ny (1 < 1y).

HaMm Hy>XHO HaliTU TPUTOHOMETPHUYECKHE TIOTMHOMBI M, YLIOBJIETBO-
pArolne ypaBHeHUIO (44) U YCI0BUAM m( ) 0,m(§)#0,¢&e ( )

[TOCKOJTbKY TPUTOHOMETPUYECKUH TTOIMHOM M UMeeT KOPEeHb B TOY-

1 14e M\
Ke g , OH ICJINTCA Ha TpI/IFOHOMeTpI/I‘-IeCKI/II/I IIOJIMHOM (#) B
rae n > 1 — KpaTHOCTH JIaHHOTO KOpHs. TAKUM 06pasom,
14+ e—2ni§ n
m@ = (25") @, (47)

1
raeq — TpI/IFOHOMeTpI/I‘-IeCKI/II/I MMOJIMHOM cTernieH:u N — n, Ipyuiyem q ( ) 75

+ e—ZmE
=T=—| =cos? &, momy4aem

7# 0. [ToCKOMBKY ‘

Im(&)|? = (cos® &)"|q ().

Ternepb HaM MOHAZOOUTCS CIEAYIOIINH KIacCUYeCKUii pe3ynbTat, Ko-
TOPBIN MBI IpUMeEM 6e3 ZloKa3aTelbCTBa.

JIEMMA 5 (@.Pucc). /lnsa 1106020 mpuzoHoMempuueckozo NoAUHOMA
a(&), yoosnemsopsitowezo ycanosuro a(&) > 0 npu scex § € R, cywecmay-

S
em mpuzoromempuueckuii noaurom r(&) = Y. re 2™k dna xomopo-
k=0
20 |[r(&)|?> = a(&). Ecnu a umeem delicmaumensHuble Ko Puyuenmst, mo
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S
a(¢)= Z a; cos 21tk&, a; € R, a nonuHom r moxcem 6blmb Makyice 8bl-
k=0
6pan ¢ deticmeumenvHbIMU KO3PPULLEHMAMU.

Jlemma Pucca yTBepKZaeT, YTO HEOTPUIIATENbHBIN TPUTOHOMETPHU-
yecKUi mosuHOM a (&) Bcerzia MOXKHO MPEe/ICTaBUTh KaK KBaZpaT MOJYJIA
HEKOTOPOTr'o APYroro TPUTOHOMETPHUYECKOTro monuHoMma r(&); Tpaau-
uroHHO 1 (§) Ha3BIBAIOT KOPHEM W3 TPUTOHOMETPUYECKOTO ITOJMHO-
ma a(§).

o 5
Hanmpumep, TpuUroHOMeTpUYecKUH NOMUHOM cos(27E) + 3 Heor-

pUIlaTesleH IIPY BCeX 3HAYEHUAX &, C/eZ0BaTeNIbHO, OH JO/KEH OBITH
KBaZ[paTOM MOJIYJI1 HEKOTOPOT'O TPUTOHOMeTPHYECKOTO ToIMHOMa 1 (&).
2
5 1 _oni
B camoM ziernte, cos(27E) + 7= ‘1 +35e 2mig |

JlokazaTenbCTBO JiIeMMBI Pricca KOHCTPYKTUBHO, TonuHOM 1 (&) cTpo-
UTCA ABHO IIyTEM aKKypaTHOM COPTUPOBKU KOpHEeM MojuHOMa a, CM.,
HampuMmep, [14, c. 570—572, § A.11].

Ham monazobutcs Takke cCileAyromas HeClIOXKHAsg JieMMa, JOoKa3a-
TEbCTBO KOTOPOU (M3 CUMMETPUU IPYU KOMILIEKCHOM COTIPSTXKEHUM) MBI
IIpelocTaBisAeM YUTATeNI0 B KaueCTBe YIIpayKHEeHUS.

JIEMMA 6. TpueoHoMempuueckuil nOAUHOM ¢ 0elicmaumenbHbLMU KO-
apduyuenmamu, npuHumarowuil deticmeumenvHsle 3HAUEHUS, S18JIseMm-
cA aneebpauyueckum NOAUHOMOM om cos 2m& ¢ delicmeumenbHbLMU K03H-
duyuenmamu.

ByzeM uckath nonuHoM |q (&) |?, IpeAnonokus JONOMHUTEILHO, YTO
OH HMeeT JelicTBrUTeIbHble KoaddunmeHTrl. Tak Kak

cos 2mE =1 — 2 sin® &,
BOCIIONB30BABIINCE TeMMOi 6, morydaeM |q(&)|? = P(sin® ©&). UTax,
|m(&)|? = (cos? m&)"P(sin® &),

rae P(z) — anrebpanyecKuil MOJIUMHOM, HEOTPHUIATETbHBIM Ha 06JacTH
3HAYeHUHN QyHKIWU Z = sin? m&, T.e. Ha otpeske [0, 1], u P(0) =1. To-
r7a TOX/JeCTBO (44) mprobpeTaeT CaeAyIOUUMi BU:

A-2)"P(z)+2"P(1—2)=1. 48)

OTo anrebpanvecKoe ypaBHEHUE UMEET e[MHCTBEHHOE PellleHHe CPeu
TIOJIMTHOMOB P cTeleHu, He mpeBocxoAAmei n — 1. JlokakeM 3TO.

Jlyia moKasaTeIbCTBA €JUHCTBEHHOCTH pacCMOTPUM Gojiee obIiee Au-
0paHTOBO ypaBHEHUeE

(1—-2)"P(2) +2"P,(1—2)=1. 49
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Pa3HoCTb JIFOOBIX IBYX pelieHuii (0603HauuMm ee depe3 (P;, P,)) AomkHa
VAOBIETBOPSATH OAHOPOAHOMY YPaBHEHUIO

(1-2)"P,(2) +2"P,(1—2)=0. (50)

[Mockonmbky momuHOM (1 — 2)™ B3aMHO TIPOCT C 2", TOTMHOM 151 (2) 06a-
3aH JIeIUTHCSA Ha 2", a 3HAYUT, ero CTeNeHb He MEHBIIIE N, ¥ TO K€ BEPHO
JUISL TIOJIMHOMaA 152. TakuMm o6pasoM, ypaBHeHHe (50) nMeeT He Gosee
oxHoro petenus (P;, P,) co cTeneHs MU MOTMHOMOB, HE TTPEBOCXO/SIIN-
Mu n — 1. 3HauuT, U ypaBHeHUE (48) uMeeT He OoJyiee OJHOTO PeIleHUs
CTelneHU He Bbllle n — 1.

[l JoKa3aTelbCTBaA CyIECTBOBAHUS BHOBb OOpaTHMCs K OOIIeMy
auodanToBy ypaBHeHUIO (49). [IpuMenuB K momuHoMmam (1 — z)" u "
anroputMm EBKHza (TTOc/ieoBaTeNbHOE JieIeHWe C OCTAaTKOM Jpyr Ha
Zipyra), IoJay4uM MOMUHOMEL P; u P, cTemneHell He Bhille n — 1, yAoBIe-
TBOpAOIIKe YpaBHeHU!O (49). 3aMeHUB IlepeMeHHYI0 2 —> 1 — 2, MBI BU-
nuMm, uro ¥ napa (P, (1 — 2), P; (1 — 2)) yZIOBIETBOPSIET TOMY JKe ypaBHe-
Huto. Torza U3 eAUHCTBEHHOCTH clieAyeT, 4To P,(z) = P, (1 — z). Crezo-
BaTeJIbHO, IOJIMHOM P, cTelleHU He BEIIIe n — 1 yZOBIETBOPsAET ypaBHe-
Humo (48). Utaxk, A stoboro n > 1 ypaBHeHUe (48) UMeeT eJUHCTBEH-
HOE pellleHre CTeleHu He Bhie n — 1. O6o3HayuM ero P,.

Haiftu P,, xak MBI BUZeNU, MOXKHO KakK pe3y/abTaT ajaropurMa EB-
KIWga, IpuMeHeHHoro kK momuHoMam (1 — z)" u 2". Ho ecTb cmocob
JIydIiie, TIO3BOJIAIONIUNA BBIPA3UTh pellleHue sIBHO. [lepenuiiem ypaBHe-
HHe B BUJE

1 + P P, Q-2
1—2)" 1—-2)"
U pasjioKMM IIpaByl0 4acTb 3TOr0 paBeHCTBA B psf Teisiopa B Touke
z = 0. Tak Kak BTOpOe cjaraeMoe B IIPaBOM YacCTU JEJUTCA Ha 2", Bce
wieHbl psza Tesnopa co cTeneHs MU, He ITpeBocxoAAmuMY n — 1, cogep-
JKaTCs B PA3JIOXKEHUU TEPBOTO CIaraeMoro:

P,(z)= C

n—1

_ n—1+k
a-7=% ("7 )+
k=0
Ho IIOCKOJIBKY CTE€II€EHDb ITOJIMHOMAa Pn HE IIPpEBOCXOAUT N — 1, OH COBIIa-
JlaeT co CBOMM pasjioxkeHueM B psaz Teitnopa 1o crenenu n — 1. Cezo-

BaTeJ/IbHO,
n—1

P@=3 (") (51)

k=0

A a1 TOrO YTOOBI HAWTH BCe pellleHust ypaBHeHUs (48), Hy)kHO mpuba-
BUTh K HeMy Jitoboe pellieHre OJHOPOAHOTO ypaBHeHUs (50). ITomyda-
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ercs, 4yTo P(z) menwutcs Ha g", 3HauwuT, P(2) = 2"P; (2). [loAcTaBisas aTo
BBIpa)KeHME B ypaBHeHUe, onyduM P; (z) + P;(1 — z) = 0. D10 o3Hauaer,

5 1
4yTO rpaduK MOMUHOMA P, cCUMMeTpUYeH OTHOCHUTETBHO TOYKU (5, 0),

- 1 .
caenoBaTenbHO, OH MMeeT Buf P;(2) =R| 5 — 2 |, rie R — He4YeTHBIN

2
mosHOM. UTak, obliee pellieHue ypaBHeHUS (48) uMeeT BUA
n—1
P@=3 (" 1K) +ar (S - 1), (52)
P k 2

rfe R — HeudeTHBIN nonuHOM. [lofBeZieM UTOT: Macka m yOBIETBOPSET
yCI0BUAM TeopeMbl 18, korga

Im(&)|* = (cos* m&)"P(sin® &), (53)

rzie momuHOM P 3azaH popmysoit (52) ¢ mpou3BOIbLHBIM HEYETHBIM ITO-
JIMTHOMOM R, yZIOBJIeTBOPAIOIMINM ycaoBuI0 P(z) > 0 mpu Bcex z € [0, 1].

JlJ1 TIOCTPOEHUSI CUCTEMBbI BCILUIECKOB C KOMITAKTHBIM HOCHUTEIEM
Hazlo GUKCUPOBATH IIPOU3BOJIBLHOE HATYpPAJIbHOE YHUCIIO 1, B3ATH IIPOU3-
BOJIbHBIY HEUETHBIN [TOJIMHOM R, yIOBIETBOPAIOMIUH BhILIEYKAa3aHHOMY
YCJIOBUIO MTOJIOKUTEIBHOCTH, U MOMYYUTh ITOMUHOM P 1o popmyiie (52).
Crporo roBops, TaK MBI IIOAYyYMM He caMy MacKy m, a JIUIIb HeoT-
pUIaTeTbHBI TPUTOHOMETPUYECKUM MoaMHOM. OCTasoch U3BJeYb U3
Hero KopeHb, T.e. IpeJCcTaBuTh ero B Bue |m(E)|2. A Bceraa mu 3To
Bo3MOxHO? [la, corsacHo jeMMme Pucca. [IpyuyeM y sToil JeMMBI ecThb
KOHCTPYKTUBHOE [I0Ka3aTeJbCTBO, NO3BOJIAIOIIEe ABHO BBIIMCATH IIO-
JuHOM m. TakuMm o6pa3oM, MblI HonrydaeM K03 HUIIMEeHTEl QYHKIIHUO-
HasbHOTO ypaBHeHUs (43). OcTanoch ero peluTh U TeM caMbIM HalTH
1 GYHKIUIO (¢, TTOPOXKAAMOIIYI0 KpaTHOMACIITAOHBIM aHanmu3, U GpyHK-
o v (o dpopmyse (46)), MOPOKAAIONUIYIO CUCTEMY BCIUIECKOB. JIerKo
CKa3aTh — «pelInThb». A Kak? BOT 37ech MBI U TOAXOAUM K CAMOMY HH-
TepeCHOMY.

6.3. ®opmyna-ooMaHKa

Oxa3bIBaeTcs, pellleHre MacllTabupyOLero ypaBHEHU

N

0=, et —k)

k=0
MOXHO IIOJYYHUTH B SABHOM BHZE. ,Z[JIH 3TOro nepeﬁ,aeM B 9aCTOTHYIO

obsacTb, TIe OHO mpuoGpeTaeT BuA P (&) = 0 %

) . Iocneguuii

@)

(é
2
MHOKUTENb TIPeobpasyeM Mo Toi ke Gpopmyrie: p
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Jlayee cenaeM TO JKe caMOe C MHOXKUTeNIEM (%) U T. . Yepes n ure-
paruii moxyInum

=2 [Im@7o. (54)

Jj=1

YautsiBasi, uTo $(27"E) — $(0) =1 npu n — o, mony4aeM siBHyI0 ¢op-
MyJy Ans mpeobpaszoanus Pypbe MacTabupyromei GyHKINN:

&) =[Ime7o. (55)

Jj=1

KoHeuHO, HY»>KHO CTPOro 060CHOBATh CXOAUMOCTb OECKOHEYHOT'O IIPOU3-
BeZleHus, 03ToMy cHOpMy/IUpyeM U JOKaxKeM ciefyrollee IIpesIoxKe-
HUe.

[TPEANOXKEHUE 3. Ecau macwmabupyrouiee ypasHeHue

N
= et —k)
k=0

umeem peuwleHue C KOMNAakKmubiM HOcumesiem, mo 3mo peueHue eO0UH-
CMBEHHO C MOUHOCMbIO 00 YMHOMWCEHUA HA KOHCMAHmy, a e2o npeo6pa-

N
308aHue Pypwve daemcs dopmynoil (55), 20e m(&) = % > e 2mike
mpuzoHomMempuueckuil NOAUHOM. k=0
JIOKA3ATEJNBCTBO. Eci QyHKIIMA ¢ WMeeT KOMITAaKTHBIA HOCH-
Teb, TO ee TpeobpaszoBanre Pypbe ABIAETCS aHATUTUIECKOH (PyHK-

nueii. CaenaB n uTepanuii paBeHcTBa () =m (%) p (%) , IPUXOAUM

kK popmyne (54). fcuo, uto P(27"E) crpemurcs k uuciay p(0), Ko-
TOpOe, He OrpaHWYMBasg OOIIHOCTH, TMOJIOXUM paBHbIM 1. OcTamoch
J0Ka3aTh, YTO IMPOU3BEAEHNE TPUTOHOMETPUYECKUX IIOTUHOMOB CXO-
IUTCA pU KakaoM &. YuuteiBas, 4yto m(0) = 1, u o603Ha4uB yepe3 M
MaKCUMyM MOZYJISI TpOou3BoAHOU GyHKIMU m (&) Ha mepuoze, MOayIuM
m(&)=1+r(&), rme |r(&)| < ME&. Toraa ais M00bIX YKCEI N U k UMeeM

n+k n+k

[Tme@7o=Tla+r@7&),

j=n j=n

OTKyZla CJIe/lyeT, YTO

1-J]m@7&)

n+k
j=n

n+k ) n+k .
<M ), 2‘J€+C(Z 2—15) <M-27"+C-27"

j=n j=n
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(C —koHcTaHTa). DTO BBIpaXKeHHe CTpeMUTcA K 1 mpu n — . Takum
n

o6pa3oM, IMOC/IE[OBaTENbHOCTD TPOU3BEAEHUN ]_[ m(277&) aBnaerca
j=1
byHIaMeHTaTbHOMN, a 3HAYUT, CXOAUTCS IIPU N — 0. O

PelreHre MacIITabUpyOIIETO YPaBHEHUS HalieHO? TeopeTHYecKu —
na. Ho Ha mpakTtuke dopmyna (55) zaeT He odyeHb MHOTO. YTOOBI HANUTH
GYHKIUIO (o, HAZIO «BCETO JIUIIb» BRIYUCIUTD OECKOHEYHOE TIPOU3Be/E-
HU€e TPUTOHOMETPUYECKUX MOJIMHOMOB, a IOTOM B3STh OT HETO 0bpart-
Hoe mpeobpasoBanue Pypobe. 13 310l GOpMysIBEI HEACHO, KAK OTBETUTH
Ha mpocTeiinre Bompockl. CkaxkeM, OyZeT Ju GYHKIUA ¢ HeNpephbiB-
HOI1? TeM He MeHee KaKue-TO BEIBOJBI U3 Hee /IeaTh MOXKHO. V1 TOMOXKeT
HaM B 3TOM IIpocToii npumep. [Ipumenum dpopmyiy (55) k MacmTabupy-
0lIeMy ypaBHeHU!o, mopoxaaroiemy KMA Xaapa.

[TpuMEP 5. YpaBHeHUe ¢ (t) = @ (2t) + @ (2t — 1) uMeeT peleHUe
¢ = x0.1)- IMeeM G(&) = 1%1.?5 = e‘“ig%. C JIpyroii CTOPOHEL,
m(&) = %(6_27“'g +1) = e ™€ cos n&. [TogcTaBUB 3TO BBIpaskeHUE B GHop-
myny (55), momyyaem

. oo

_gigSINTT _o—ki _

e 7“5—5=l_[e 27mE cos 27k e,
mE

o}
e _o—k,_:
3amerum, uto e~ ¢ =[] e~ ™&. Takum o6pazom
e ¢
k=1

sin g < —k
E —k];[1c052 n&. (56)

3ameuaTenpHass ¢opmyna! OHa, KOHEYHO >Ke, M3BECTHA, a Ccelvac MbI
TIOJTYY MU eIlle OJTHO ee J0Ka3aTeabCTBO. OOBIYHO OHA JOKA3bIBAETCA TIO-
Apyromy. MBI IpejjiaraeM BaM cZiesiaTh 3TO B ynpakHeHUH 37. B kauve-
CTBE HABOZAIIEr0 COOOpaKeHMUsI MOXKHO KCIIONb30BATh 33/1ady IIKOJIb-
HOU TpuroHoMmeTpuu (ynpaxHeHue 36). TOT Ke «IIPUHIUI TeJecKoIa»
HCITONb3YeTCs U MPU JIoKa3aTeabcTBe GopMyIbl (56).

B cienytoleM pasziesie Mbl YiIeM U3 YaCTOTHOH 061acT 06paTHO BO
BPEMEHHYIO U MOTBITAEMCS PEIINUTh MaclITabupyollee ypaBHEHYE Ha-
psIMYTo, He Tipuberas K npeobpaszoBanuto Pypbe. MeTo, KOTOPBIA MBI
IIpY 5TOM UCIIONb3yeM, TaK M Ha3bIBaeTCA «IIPAMOM», WIN «MaTPUYHBIN».
OH K TOMY e TIOMOKET MOHATh IPUPOJY MACIITAOUPYIOMINX QYHKITIH
U BcIuieckoB. [Iprpoja aTa oKkaXkeTcsa Hepery/IapHOU, UMelolei IpsaMoe
OTHOIIIEHUE K ppaKTajaM U CaMOIIOZ0OHIO.
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YnpaxaeHuda

33. [lokaxuTe, YTO MacIITabHpyIOllee ypaBHEHHUE

pO=p2)+¢2t-23)

2
yaoBIeTBopsieT yenosuio [m(E)[? + ‘m (5 + %) =1, ogHAKO ero perie-

HUe ( He MeeT OPTOrOHAIBHBIX IIeJIBIX CABUTOB. [I[pOTUBOpEYNT JIU 3TO
TeopeMme 17?

34. [lokaxxuTe paBeHCTBO

SInTt _ [T cos(2™*nt).
it
k=1
35. VI3ByiekuTe KOpeHb U3 TPUTOHOMETPUYECKOTO onuHoMa p (&) =
=2—cos¢.
36. PemuTe ypaBHeHUe COS t €OS 2t €Os 4t = %
37. Vicrionb3ys mpueM u3 yrpakHeHus 36, Jokaxute popmyny (56).
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7. ®pakKTaabl U BCIJIECKU

CBsi3b BCIUIECKOB U GpaKTaIOB U3ydanach B IUTEPATYPE MHOTO U TO-
Apo6HO. B oTnure OT TIaZKOM U peryasapHoi cucteMmbl Pyphe, BeIwiec-
KU UMeIOT GppaKTaabHy0 IPUPOAY. [k TOTO YTOOBI 3TO 0OBICHUTD, CHA-
yaja OIpeJesuM, YTO Mbl UMeeM B BUAY 107 ppaKkTasaMu U CaMOIIOZ0-
6reM.

7.1. ®paxTansl u caMonofo6HbIe GYHKITUN

®paxTanel 3HAIOT BCE, U HUKTO He 3HAET, YTO 3TO. MareMaThyecku
CTPOTO OTIPEeZETUTh OHATHE PpaKTaia Ype3BHIUYAHO CIOXKHO. MOKHO
CKa3aTh, YTO «dpaKTaj — 3TO 0OBEKT, COAEPKAIIUN CKOMb YTOAHO Ma-
JIBIE CJIOXKHBIE YacTh». Ho 3To, KOHEYHO, He MaTeMaTH4ecKoe OIIpefesie-
Hue. OgHa u3 HauboJsiee yIauHbIX TIOMBITOK ONPeAETUTh GpaKTabl OblIa
caenaHa /Ix. XarunHCcoHOM B 1981 rozy: cM. onpezenenue S Hmxe. OHO
JIOBOJILHO 0061ree (MMOAXOAUT i MHOTUX U3BECTHBIX (QpaKTayoB), HO
He YHUBEPCAJIbHOE: He TOKPHIBAET, CKaXkeM, GppakTanoB MaHzenb6poTa.
s Hamux nened ero 6yzeT ZOCTATOYHO.

B npocTpanctBe R? paccMoTpuM HEKOTOpOe CKUMarolee 0ToGpaxe-
Hue (cxkarue) F, T.e. oTobpakeHMe IIPOCTPAHCTBA Ha cebs, IpU KOTO-
POM BCe PacCTOSTHUSA MEXKIY TOUKaMU YMEHbIIAIOTCA 0 KpaiHel Mepe
¢ koapduimenTom q < 1. D10 o3Havaer, uto ||Fx — Fy|| < ql|x — y|| ana
MI06BIX TOUeK X, y € RY.

ONPEAENEHUE 5. dpakmanom, COOTBETCTBYIOIIUM KOHEYHOMY Ce-
MelicTBy cxatuit & = {F,, ..., F,_;} mpocrpaHcTBa RY, HasbiBaeTcs
HeIlycToe KOMIIaKTHOe MHoxecTBo K C RY, obrmazaromee cieayromum

CBOMCTBOM:
m—1

K= J FK.
i=0

Takum obpasom, ¢ppaktan K saBiaseTcs oObeIUHEHUEM HECKOTBbKUX
yacrel K;, KakZas U3 KOTOPHIX MoZI0OHA BceMy MHOXecTBy K mocpes-
CTBOM CXXUMatoIero orobpaxkenus F;. Eciu o6passl F;K He epeceKaroT-
cf, TO TOy4aeTcs BIOTHE eCTeCTBeHHOe ollpesieieHne: GppakTal coCTo-
WT U3 HEeCKONBbKUX YacTel, KaKaas U3 KOTOPHIX ofo6Ha LenoMmy. Eciu
Bce F; — omeparopsl moZi06us, C:KIMAIOIIYe BCe PACCTOSHUA B OFHO U
TO )K€ YMCJIO pa3, TO KaKZAasg 4acTb B OYKBaJIbHOM, T€OMETPUYECKOM
CMBICIIE N000OHA 1iesoMy. VIMEHHO TaKMMU ABIAIOTCA KoBep CepIuH-
CKOT0, CHeXXMHKa Koxa 1 MHOTO Jpyrux u3BecTHbHIX ppakTanoB. OZHAKO
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omnpeneneHue 5 bonee obiiee: oTobpaskeHus F; MOTyT OBITH HE TOJIBKO
olepatopaMu nMoo6us, HO U IPOU3BOIHHBIMU CXKATUAMU.
Ormpezienienvie 5 Z0BOIBHO 001iee, OHO OOBEIUHAET MHOXKECTBO 00B-
€KTOB pa3HOM NMPUPOALL. B 3TOM ero cuia, B 3TOM U €ro ¢JIaboCTh: OHO
BKJIIOUaET B ce6s1 MHOTO JIMIIHEro. HamprMep, KBapaT COJIACHO 3TOMY
oTpe/ie/IeHUI0 TOXe siBIsgeTcs dpakTasoM. OH COOTBETCTBYET YEThIPEM

1
JIBOMYHBIM CKaTHUAM TUIOCKOCTU (TOMOTETUSM ¢ KoddduireHTOM f) OT-

HOCHTeILHO CBOMX BepIIuH. Bosee Toro, mo6oii MHOrorpanHuk B RY 8-
naetca ppakranoM (ynpakHenue 39). Ho maBHOe JOCTOMHCTBO oIpe/ie-
JIeHUs 5— TeopeMa CyIIeCTBOBAHUA U eJUHCTBEHHOCTH, KOTOPYIO MBI
cefiuac ycraHoBUM. OKasbIBaeTcs, KaXK/Jj0e CEMEMCTBO CKaTUM MOPOXK-
Jaet ¢pakrtan, mpuueM Toabko oguH! O6ocHOBaHUe 3TOro dakTa UC-
TIOJTb3YeT OOIIVI MPUHIIUI CKUMAIOIINX OTOOPaXKEHU /1JIs TIPOU3BOJIb-
HOT'O MeTPUYeCKOTO IIPOCTPaHCTBA.

OMNPEJEJNEHUE 6. Mempuueckum npocmpanHcmeom Ha3bIBAETCSA MIPO-
M3BOJIbHOE MHOXXeCTBO M, Ha KOTOPOM OIpeZiesieHa HeoTpHUIlaTeNbHasd
6unapHasa ¢yHKIUA p: M X M — R, (MeTpuka), yZOBIETBOPAIOIIAL
TpeM yCJIOBUAM:

Dpx,y)=0=x=y;

2) px,y)=py,x);

Dpl,y)+ply,2) =plx,2).

MeTpuyecKoe TPOCTPAHCTBO HA3BIBAETCS NOJIHbIM, €CJIU Jitobast dyHaa-
MeHTasIbHadA IOoCIe[0BATeIbHOCTh ee 2JIeMEHTOB UMeeT IIpe/iesl B 9TOM
IIPOCTPAHCTBE.

HamomHuMm, 4T0 lyHOaAMEHMANbHASL NOCe008AMENbHOCTL {X;}i>0,
WY nocsiedogamensHocms Kowu, onpezienseTcs cieAyiouM CBOHCTBOM:
2t ioboro € > 0 cymecTByeT Takoe 4yucio N (g), 4To /151 TI00bIX HOMe-
poB k, m>N (&) BBIITOIHEHO HEPABEHCTBO P (X, X,,) <&. PyHAaMeHTab-
HbIe 110CJ/IeZIOBaTeIbHOCTU Jal0T BO3MOXKHOCTD, He BBIXO/A 3a Ipesesibl
MeTPUYeCKOT'0 IIPOCTPAHCTBA, ONpeZe/UTh I10C/Ie/0BaTeIbHOCTU, KOTO-
pBle «IOJDKHBI ObI CXOAUTHCs». Hampumep, Ha OTKPBITOU IIOMYIIPIMOM

(0, +) mocnaemsoBaTeNbHOCTD Xj = 1 He cxoxutca. Ho oHa dyHAaMeH-
k

tasmpHa! [IpyyMHa B TOM, UTO JaHHOE MPOCTPAHCTBO HEMOMHO. /J06aBUB
MpeJebHYI0 TOUKY X = 0, MBI IIOJTy9aeM ITOTHOE IPOCTPAHCTBO [0, +).

PaccMOTpUM MOJTHOE METPUYECKOe TIPOCTPAHCTBO M U CKUMAIOIee
oTobpakeHue F: M — M, T. e. oTOOpakeHUe, JJI KOTOPOT'O CYIECTBYET
Takoe q < 1, 4To

P (Fxy, Fxy) < qp (xy, x3)

AJI BCEX Xq, Xo € M. Touka x € M ABIAETCA HENOABIKHOM AJA 3TOTO
oTobOpaskeHus, ecimu Fx = x.
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TEOPEMA 19 (IpUHLMIT CKUMAIONIUX OToOpakeHuit). Ecau F: M —
— M — cucumarouee omobpazcerile n0JIHO20 MeMPUUECKO20 NPOCMPAH-
cmea M, mo F umeem eOUHCMBEHHYH0 HENnOOBUNCHYHO MOUKY.

JOKABATE/JILCTBO. Bo3bMeM NPOU3BOJIBHYIO TOUKY X, € M U IIpo-
CJIeIUM ee TPAeKTOPHIO MoJ AeicTBrueM oToOpakeHus F. OHa mepeit-
JeT B HEKOTOPYIO TOUYKy X;, KOTOpad, B CBOIO odepeJb, llepeljeT B
TOUKY Xy, U T.[. [lolydyaem mocieZoBaTenrbHOCTD {Xj}y>, B KOTOPOH
Xj.41 = Fx;. ans Bcex k. ITockonbKy

o (X, Xp1) = p (Fxp—q, Fxp) < qp (X1, 21,

nomy4daeM, 9To P (X, Xq1) < q*p (x, x1). VITaK, A1 MOGLIX Yucen m < n
nMeeM

p(xm: xn) < p(xm: xm+1) +..+ p(xn—b xn) <
<@+ g™+ 4+ g Hp(x, x) <q™C,

r/le KoHcTaHTa C He 3aBUCUT OT m U n. CiieZloBaTenbHO, ITOC/Ie[0BaTEb-
HOCTb UMeeT mpezen x € M. IIocKombKy oToOpaykeHue F TepeBOAUT T0-
CJ1eZIoBaTeNbHOCTD Xy, X1, Xg, ... B [IOCI€J0OBATeIbHOCTD X;, X5, ..., KOTO-
pas uMeeT TOT Ke IIpeziet, IPUXOAUM K BEIBOZY, 4TO Fx = x (cM. puc. 31).

JlokaykeM eZIMHCTBEHHOCTh HENOABMKHOM Touku. Ecau ecTh Apyras
HeNOo/IBIDKHAA TouKa y, To p (x, y) = p (Fx, Fy) <qp(x, y), oTKyZAa cie-
ZiyeT, 4To 1 < ¢, a 5TO IPOTUBOPEYUT MIPEATION0KEHUIO. (|

Yepe3s p (x, A) MbI 0603HaUYaeM pacCTOSTHUE MEKY TOYKOHM X ¥ MHO-
KecTBOM A, paBHoe inf ., p (X, a). Mexay KOMIaKTHBIMU MTOAMHOXe-

2 N

Puc. 31. [IpUHIUI CKUMAIOIIMX OTOOpaKEHUWH: eCTi BHYTPU 3aMKa HaXOJUTCS
MOZieJIb 3TOT'0 3aMKa, IZle BCe pacCTOSAHUA YMeHbIleHH (B OTZe/IeHHOe OT eINHU-
LIl KOJIMYECTBO pa3), TO HAMJEeTcA TOUYKa X MOZEJH, COOTBETCTBYIONIAA STOU XKe
TOYKe IIPOCTPAHCTBA

96



CTBaMU IIPOCTPAHCTBA R? MoxHO OTIPEJIEIUTh PACCTOSHUE U TAKUM 00-
pa3oM IpeBpaTUTh MHOXKECTBO BCEX KOMIIAKTOB B R? B MeTpUudecKoe
IIPOCTPAHCTBO.

ONPEAENEHUE 7. Paccmosnuem no Xaycoopdy Mexzay ABYMA KOM-
MMaKTHBIMH MHOXecTBaMu A, B € R? Ha3eIBaeTCs BeTMUMHA

p(A,B)= aer%)éB{p (a, B), p(b, A)}.

TakuM 06pa3oM, paccTOsSHUE MEXIY ABYMs MHO)XXeCTBAMU — 3TO
MaKCUMYM M3 [IBYX PACCTOAHUMN: pacCTOAHUN OT KaXKJOT'0 M3 MHOXKECTB
JI0 caMoM fajieKoM OT Hero TOYKU APyroro MHOkecTBa. MeTprka Xayc-
Zopda mpeBpaiiaeT MHOXXECTBO BCeX KOMIIAKTHBIX IOAMHOXECTB IIPO-
crpancTBa RY B MeTpudeckoe mpocTpancTBo. O603HAYMM 3TO IIPOCTPaH-
ctBO uepes ¥ (RY). B ympakHeHuM 38 4uTaTeNlb JIErKO y6eAUTCA B BBI-
IIOJIHEHUU BCEX TPEX CBOMCTB METPHUKHU.

Eciu HekoTopoe oto6paxkeHue F mpocTpancTsa RY B ce6s apaerca
CKUMAIONINM, To oTo6paxkenue & mpoctpaHcTBa # (RY), ecrecTpen-
HO ompegessamomieecs kak F A = FA = {Fa | a € A}, Toxe CKUMaloIIee,
mpu4eM c TeM Xe KoddpdurmenTtom g < 1. Eciu ke ecTb HECKOIBKO
CKUMaIoMuX oTobpaxeHus Fy, ..., F,,, TO ©IM MbI TaK}Ke CTaBUM B COOT-
BeTCTBHe oToGpaxxeHHe TmpocTpancTBa 4 (RY), koTopoe ompezengercs

m
Tak: F A= U F;A. OHO TOXe fAB/IAeTCA CKaTheM B MeTpuKe Xayczopda.
i=1
[lpuMeHAsS K HEMY NPHUHIUI CKUMAIOIMINX OTOOpaKeHWH, TOIydaem
CIIeIyIONIUI pe3yIbTar.
TEOPEMA 20 (XatumHcoH ~, 1981). KoneuHoe cemelicmso coucamuil
npocmparcmsa RY umeem edurcmaennsiii ppakman.

1

AN
AA AA
AAANAANAN

AAvAA AAVAA AAVAA AAVAA
o Vo ¥y Vo Vo Vo Vo Vir

Puc. 32. Kosep CepniuHCKOro

I[TpuMEP 6 (koBep CeprmuHCckoro). M3 TpeyrombHUKa ybpasau cepe-
JUHHBIN TpeyrolbHUK (C BepIIMHAMU B cepefiiHax ero ctopoH). Ilo-

1xon Xaruuncon (John E.Hutchinson, pog. 1981) — aBcTpanuiickuii MaTeMa-
THK, KOTOPBIN B cTaThe [10] mocTpomt o6Iyto Teoprio GppaKTaIoB U CaMOMOA00uA.
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Jygwiachk GUrypa U3 TPeX OJWHAKOBBIX TPEYTOIbHUKOB. C KaXKABIM U3
HUX cZejlaly TO K& caMoe — yOpaiu CepeIUHHBIN TPEYTOMIbHUK U T. [1.
durypa, mosmyJarmmasicsa B mpegene, Apisgercs dppakramoM. OHa TOPOXK-
ZleHa CeMEWCTBOM M3 TPEX OTIEPATOPOB — JABOUYHBIX CXKATUH TUIOCKOCTH
OTHOCUTEIBHO BEPIIUH TPEYTOIbHUKA.

[TPUMEP 7 (KaHTOpPOBA JIECTHHIIA, WIN «9ePTOBA JiecTHUIA» (Devil
staircase)). KpuBas cTpouTtcs BHyTPU €JUHUYHOTO KBaZpaTa, KOTOPBIM
OyZieM CYMTaTb KOMHATOM, HIDKHSS CTOPOHA — ITOJ, BEPXHsS — ITOTO-
nok. CoepunseM nectHulleit Touku (0, 0) u (1, 1). CHavana AeauM 10
Ha TPU paBHBIE YaCTH, a BBICOTY MOTOJIKA TTomonaM. [TogHuMaem cpea-

1 1
HIOIO YaCTh MMosa (OTPE30K AJIUHBI §) Ha MTOJIOBUHY BBICOTHI TIOTOJIKA (E)‘

Tak TIOJTYYWJIN TIE€PBYIO CTYII€HBKY. ,Z[aJIee KaXAYIO M3 ABYX OCTaBIINXCA
yacTel moja A€M Ha TPpU paBHbIE YaCTHU U CpEAHUE YaCTHU IO JHUMAEM
Ha IIOJOBWHBI BBICOT COOTBETCTBYIOIIUX CTYII€CHEK: IIE€PBYIO — Ha BBICO-

Ty %, BTODPYIO — Ha % U T.J.

Puc. 33. KantopoBa secTHULIa

B npezene momydaeM rpadyk HelIpephIBHON GYHKIIUY, ABJISIOIUNACS
¢dpaxrasoMm. OH MOPOXKIEH TPEMs OTOOpaKeHUsAMU: F, CKUMaeT IUIoC-
KOCTb OTHOCUTeNbHO Touk (0, 0) BABOE 10 BEPTUKAIU U BTPOE 10 TOPH-
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30HTasNH, F, Tak ke CKUMaeT IVIOCKOCTh, HO OTHOCUTENbHO ToukH (1, 1),

1
a Fl CHa4YaJ/ia IMpoenrpyeT BCIO IVIOCKOCThb Ha MPpAMYIO Yy = 7, a 3aTEM

5
CKUMaeT B TPU pa3a OTHOCUTETbHO TOUYKHU (%, %)

IMTpuMEP 8 (kpuBas Koxa, wiu cHexxmHka Koxa (Koch snowflake,
Koch island, Koch star)). Buepssie ucciezoBana X. pox Koxom 1. Ienum
€[IMHUYHBIM OTPe30K Ha TPU pPaBHBIE YaCTH, CPeAHIOI0 YacThb 3aMeHsAeM
Ha /iBe CTOPOHBI paBHOCTOPOHHET'O TpeyroibHUKA. [ToTydnin JoMaHyto
13 4eThIpeX OZNHAKOBBIX 3BeHbeB. Jlajiee ¢ KayK/IbIM 13 YeThIpeX 3BeHbEB
IIpOZieJIbIBAeM TO Ke caMoe: JeJIUM Ha TPU paBHble YacTU U 3aMeHd-
€M CpeJHIOI0 4acTb Ha /Be CTOPOHBI paBHOCTOPOHHEr'0 TPeyroJIbHUKA.
3areM IpofiesibIBAEM TO ke C KaKJbIM U3 16 3BeHbeB HOBOM JiOMa-
HOM U T.A. Kaxaplii paBHOCTOPOHHUM TPEYTOJbHUK OTKJIa/JbIBAETCS
BO BHEIIHIOIO CTOPOHY, YTOOBI OCHOBAHUE OT/JENSAIO €r0 OT OCTAIBHOM
YacTy JIOMaHOMH.

B npezerne momyyaem ¢pakTas, IOPOXKAEHHBIH AByMA ollepaTopaMu
nopo6us Fy u F;. YTo6wI UX ompenenuts, o603HaunM yepe3 ABCDE ue-
ThIPEX3BEHHYIO JIOMaHyl0, BO3HUKAIOIIYIO IIocse epBoil utepanuu. To-
raa nopobue F, mepeBoaut TpeyroinbHUK ACE B TpeyronbHUK ABC (110-
PAZOK BEPUIMH YIUTHIBaeTcs!), a mogobue F; mepeBOAUT TOT Ke Tpe-

yrombHUK ACE B TpeyronbHuK CDE. Takum ob6pasom, F,— KOMIO3U-
1

I[UA TOMOTETHUU OTHOCUTEIBHO TOYKH A ¢ KO3bOUIIMEHTOM 2—? = 73 u
CUMMETPHUH OTHOCUTEBHO OucceKTpucH yria BAC, a F; — KOMIIO3UIIHS
TOMOTETUH C TeM Ke KOdPPUIIMEeHTOM OTHOCUTENIHHO TOYKU E U cuM-
MEeTPUU OTHOCUTENBbHO GHcceKTpHch! yria DEC.

VHorza nocTpoeHMe KpuBoi Koxa HauMHAIOT He ¢ OTpe3Ka, a C pas-
HOCTOPOHHET'0 TPEYTONbHUKA, KAXKAYI0 CTOPOHY KOTOPOT'O AeJAT Ha TPU
YacTH, U T.. Pe3ysnbTaT OOJbIlE TOXOX HA CHEXXUHKY, HO 3TO He ppak-
Tan (B cMblcie omnpeZienenus 5)! Ilonydatomiasca 3aMKHyTast KpuBas Co-
CTaBJieHa U3 TpeX OANHAKOBHIX GppaKTasoB — KpUBbIX Koxa, onrcaHHbBIX
BBIIIIE.

[TpuMEP 9 (xpuBaa ge Pama). DTa KpuBasd NpeAsoKeHa U HcCCile-
noBaHa JK. e Pamom?. B 1949—53 rozax OH HaTucasl CEpHUIO CTaTew,
KOTOpBIE CTOSLTK HECKOJIBKO B CTOPOHE OT €ro IJIaBHBIX MCCIeI0BaHUM.

Hunpe ®abuan Xensre dor Kox (Niels Fabian Helge von Koch, 1870—1924) —
IIBE/ICKUY MaTEMATHK, CIIELUAJIMCT TI0 TEOPUU YricesT. [IOCTPOWI ¥ MCC/Ie[0BaT OfUH
13 TepBBIX GpaKTaIoB.

2)Kop)ic e Pam (Georges de Rham, 1903—1990) — mBeiiiapckuii MaTeMaTHK,
aBTOp dyHZaMeHTaTbHBIX TPYAOB IO TEOPUU KOTOMOJIOTHH U 10 PUMAaHOBHIM IIO-
BEPXHOCTSIM.
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B HUX M3y4YaaucCh KpPUBbHIE, TIOMYIAIONIHUECS B IPeZiesie C TIOMOIIBIO @120~
pumma cpedarus yeno8 (cutting-angle algorithm).

BepeM MpOM3BOIBHBIM MHOTOYTOJIBHUK C N BepIIMHAMH. Kakayio
€ro CTOPOHY JeIUM Ha TPU YacTH B oTHolmeHwu r : (1 — 2r) : r, Tae

1 o
re (O, 5) —3aZaHHbIM TapaMeTp. CoeuHAA COCeHUE TOYKU Jelie-

HUA, TonydyaeM 2n-yroiabHUK. Jlajee Tak ke cpe3aeM YIVIbl Y HEro ¢
TEeM JKe IapaMeTpoM r, IolydaeM 4n-yroabHUK U T.7. [lomydaromasn-
ca B IpeJiesie 3aMKHyTasd KpuBas MPOXOAUT uyepe3 CepelHHBI CTOPOH
HUCXOZHOTO MHOTOyrosbHuKa. Cama oHa (QpakTajoM He ABAAETCA, HO
ee Jiyra, CoOeJUHAIAsa IBe COceJHE CepeJUHBl CTOPOH (3Ty AYTY MBI
u OGyZieM Ha3bIBaTh KpUBOU Ze Pama), — dppakTan. Takum obpasom, U3
Ka)KZIOT'0 N-yrolbHUKA OeCKOHEYHBIM Cpe3aHreM YITIOB C TapaMeTpoM I
TTOJTyYaeTcsl KpUBasi, COCTaBIeHHAs U3 n abdUHHO MOA0OHBIX APYT APYTY
¢dpakTasioB — KpUBBIX Zle Pama. /I OMMCaHUA 3TOW KPHUBOHM [JOCTa-
TOYHO PacCMOTPETh CIydai, KorZa ABe CoceZHHE CTOPOHBI UCXOAHOI'O
N-yrolbHUKA PaBHBI 2 U MEPIEHAUKYIApHBL. OOIMi cayyall CBOAUTCA
K 3ToMy adpduHHBIM TTpeobpazoBaHueM. O6o3HaYMM 4Yepe3 O BepIIH-
Hy, a yepe3 A U B — cepeJVHb] ByX CTOPOH U BBeZeM CHUCTEMY KOOp-
auHat ¢ 6asucHeiMH BekTopamMu OA u OB. HakoHel], BO3bMEM TOYKHU
M = (2r,0), N= (0, 2r) u K = (r, r). Ha mepBoif uteparnuu ajJropurma
yroi c BepiruHo O cpe3aeTcs M BO3HUKAeT HoBas ctopoHa MN . Kpusas
Je Pama, coepunAoman Touku A U B, ABndeTca ¢paxTasoM, MOPOXK-
ZeHHBIM 1ByMA apdUHHBIMU onepaTopamu F, u F,. [lepBbIii mepeBoguT
TpeyronbHUK AOB B TpeyronbHUK AMK, BTOpOU ITepeBOJUT TOT Ke Tpe-
yronbHUK AOB B TpeyroimpHUK KNB (IIOPAZOK BEPUIINH YUYUTBIBAETCA).
B xoopayHaTax 3TU oNepaTophl 3alIMCBIBAIOTCA TaK:

(" 7))+ (5):
()= 1 %) )+ (3):

1
Kax mokazarn e Pam, mpu r < 5 aTa KpuBas OyZleT TIpUHAAIEXKATh

1
knaccy C! u HM TIpu KakoM r # 7 OHa He OyZieT IpUHAJJIeXaTh Kiac-

(57)

cy C2. Ee BTOpas mpousBoAHas 6y/ieT paBHa HY/IIO Ha BCIOAY IUIOTHOM

MHOXECTBE TOYEK, a Ha APYroM BCIO/Iy IVIOTHOM MHOXKECTBE OyJeT 00-
1 o

pamarsca B +oo. JIMIb Ipu r = 7 ona 6yZeT KpuBoit kKnacca C2. Boree

TOT0, B 3TOM CJIydae KpuBas Zie Pama sIByisieTcs Ayroii mapabossl (yrpax-

HeHwue 40).
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N

A

1
Puc. 34. Kpusasa zge Pama, r = Z: IepBble /Ba Lara NpoLeAypsl A1d KBaaparTa

(cneBa), npeaenbHas kpuBas (B LIeHTPe), OZIMH IIAT MPOIeyphl Cpe3aHus B Of-
HOM yTiIy (cIipaBa)

7.2. ®pakKTanbHble KPUBbIE

Kax MOXHO 3aMeTUTb Ha IIPUBe/IeHHbIX B IpeJbIAyIeM IIyHKTe NIpU-
Mepax, HeKOTOphle (pakTasbl, HanpuMmep KpuBble KanTtopa, Koxa u
Ze Pama, SIBJISTIOTCA HENPEPHIBHBIMU KPUBBIMHU, T.€. 0Opa3aMu Hellpe-
PBIBHBIX OTOOPaKEHUH OTpe3Ka, a HEKOTOphle, KaK, CKakeM, KOBEp
CeprnriHCKOTO, — HeT. DTOT peHOMeH OOBACHIAETCA B CJIEAYIONIEH Teo-
peMe, KOTOPYIO MBI /Il IPOCTOTHL CPOPMYIHPYEM TOJIBKO JJIA CIydas
m =1, T.e. Ana AByX oTobpaxenuii F, u F,. CHauaja 3aMeTUM, YTO B
CWIy MPUHIUIA CKUMAIOIUX OTOOpakeHUM Kaxzaoe oTobpaxkeHue F;
VMeeT eZIMHCTBEHHYIO HETIOJBIDKHYIO TOUKY; 0603HauuM ee v;, i =0, 1.

TEOPEMA 21. Ecnu 0ns cocumarouwjux omobpaxcenutl F,, F; npocm-
pancmea RY ebinonHeno nepekpecmuoe ycnosue HA UX HeNOOSUNCHbLE
mouku:

Fov; = Fyvp, (58)

Mo NOpoNCOeHHbLIL UMU GPAKMAN A8A51eMCsL HeNpepblBHOU KPUeoll U co8-
nadaem c 06pasom nenpepwigroil gyrxyuu v: [0, 11 — R%. dma dyuxyus
3adaemcs opmynoi

v(t)=lim F, ...F, 7, (59)
k— o 1 k
20e t = 0,t;ty... — 3anucs wucaa t 8 08OUUHOL cucmeme CUUCAEHUS, V —

npouseonbHas mouxa npocmpancmea RY. @yuxyus v (t) asnsemes edun-
CMBEHHbIM Henpepbl8HbIM peuleHUeM PYHKYUOHANBLHO20 YPABHEHUS

Fyv(20), te [0, %],
v = X (60)
Fv(2t—1), te [E’ 1].
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3aMeTHM, YTO KpOMe CYyIIIeCTBOBAHUA U eJUHCTBEHHOCTH HeIllpePhIB-
HOHM pakTasbHOU KpHUBOH V(t) TeopeMa yTBepXKAaeT, uTo mnpezen (59)
CYILIECTBYET U HE 3aBUCHUT OT TOYKU V, a I JBOUYHO-PAIIMOHATBHBIX
yucen t OH He 3aBUCHUT OT TOTO, OKAHYMBAETCS JIU JBOMYHASA 3aIHCh
YHCIIa t TI0C/IeI0BATENbHOCTBIO HyJIEH I [TOCTIeJ0BATENbHOCTBIO e/U-
Hull. Takke yTBep)kaeTcs, 4To ypaBHeHHe (60) KOPPEKTHO oIpe/iesieHO
BTOYKe [ = 5 (9TO YMCIIO MOXKHO TIOACTABIATH B 06€ GOPMYIIBI, U PE3YIh-
TaT COBIIaZAeT).

JIOKA3ATEJIbCTBO. JloKakeM cHadasa, uyTo npezgen (59) cyiiecTBy-
€T ¥ He 3aBUCUT OT TOuku V. [TockoibKy oba onepaTtopa F; cxuMaromye
C TIoKa3aTesneM ¢ < 1, OHU TIepeBOAAT B cebs JIF0OO0I map B J0CTaTOYHO
6osBIIOTO pazuyca R c LIEHTpOM B Hayaje KOOpAWHAT. B camoMm zere,
obo3HauuM F;x = A;x + b;, rie A; — TUHEeWHBIH ollepaTop, a b; — BeKTop

Il l
1-
[|F;x|| < || A;x]| + 11b;]] < gR + ||b;|| < R. Tlocientee HEPABEHCTBO CIeAyeT
b .
u3 yciaoBus R > % Takum obpasom, F;BCB,i=0, 1.
|| ||

Bo3spMeM IIPOM3BOJIIBHYIO TOYKY V U YUCIO R > 14 . Torpa pna nro-

cABura, 1 BosbMeM R > max;_ =01 . Torna mia moboro x € B umeeM

6bIX k 1 n UMeeM
||Ft1---Ftk1_’_Ftl-"FthtkH Fe.. vl <q ”V Fi\o tkMVH

OpHako paccTofHMe MeXAy Todkamu V u F,  ...F, V He IpeBOCXO-
ouT 2R, TOCKOIBKY 00e OHM JieXKaT B mape B. Cef0BaTeNbHO,

|E,,...F, ¥ —F, ..F,F, 7|l < 2Rq*.

k1" fk

OTO BBIpaKEHUE CTPEMHTCS K HY/II0 PaBHOMEDHO IO BceM n € N, mo-
3TOMY IMOC/IEA0BATENBHOCTS F, ...F, V aBnAeTcsa GyHaameHTanbHOU (1o-
ciemoBaTembHOCTRIO Kommn), a 3Ha4YuT, cxogutcs npu k — . OHa He
3aBUCUT OT TOYKU V. B camoM fese, 471 060H APYyTroii TOUKH Ul € R4
paccrosnue ||F, ...F, v — F, ...F, || ne npeBocxoauT q"||v — i1l|, a sHaunr,
CTPEMUTCS K HYJIIO MpU k — o,

g m000T0 ABOMYHO-PAIIMOHATBHOTO Yucaa t = 0,ty...t,_1t, (MBI
Bcerza mpezmnosnaraeM, uro t, = 1) ¢opmyna (59) mpu v = v, uMeeT Ko-
HEYHBIN BUJ:

v(t) = Fi ...F, v. (61)

11 loKkasaTenbCTBa JOCTATOYHO MTOACTABUTD V =V, TaK Kak Ipezes He
3aBUCUT OT V. Jl1a moboro k > n numeem

k—
F[]"'F[kvo=F[1"'F[,1(FO) nV0=F[1...F[nVO,
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crefloBaTeNbHO, U npezient (59) paseH F, ...F, vy. Eciu ke 3aMeHUTS 3a-
nuch yucna t = 0,t;...t,_1t, Ha 0,t;...t, _;011..., To, moACTABIAAAV =V; B
dopmyny (59), nonyuum v (t) =F, ...F,  Fvg=F, ...F,_ FyV;, HOCKONB-
Ky Fyv; = F;Vy. Takum o6pasom, v(t) He 3aBUCHUT OT criocoba ImpeZCcTaB-
JIeHUs IBOUYHO-PAlIMOHAIBHOIO YUCA t.

Utak, dopmyna (59) koppeKTHO onpezensaeT GyHKIuIo Vv (t). [TIpamoit
MOZICTAaHOBKOM ybOexkzaeMcs, 4To 5Ta QYHKIUA yOBIEeTBOPsAET ypaBHe-

Huro (60), mpuyem corstacHo dopmysie (61) MBI UMeeM vV (%) = FVy, 4TO

paBHO F,v; B cuny paBeHcTBa (58). [losToMy B TOuke t = % byHKIMA

MOXXeT OBITh BBIYMCJIEHA IO JI000H 13 AByX dopmyn B (60). Ocranoch
JI0Ka3aTh HellpepbIBHOCTb GyHKIMU V(t).

PuxcupyeM j €N, paccMOTpUM NIPOU3BOJIBHYIO Tapy Touek s, t€[0, 1],
JUIST KOTOpOM s <t < 27/, u BozbMeM JIBOMYHO-PaIMOHATbHOE YUCJIO h
HaWMEHBIIETO MOPSZAKA N, AJIA KOTOporo s < h < t. 3amMeTum, 4to n = j.
Ouenum paccrosiaue ||[v(t) —v(h)||:

—+ oo
v —vMI< X NF,...F Fy, Vo= F,, ..F, Fowll <
k=n

—+ oo

—+ oo
k k_ IFvo—woll IFyvo—voll ;
< 3 I, o= Fovoll <IIFivo —voll 3 ¢ =40 g" < T,
k=n k=n

Urtak, ecnu |t — s| — 0, a sHaumT, j — =, 0 |[v(t) — v(h)|| — 0. Tak xe
nokaseiBaeM, 9To |[v(s) — v(h)|| — 0, Hy»kHO TOJILKO 3aMEHUTb B KOH-
1le JBOMYHOMU 3alKcy Yucaa h HauyuHas ¢ t, = 1 mociegoBaTeIbHOCTD
1000... Ha nnocinemoBaTteabHoCcTh 0111...

Utak, popmysna (59) aeiicTBUTENIHHO 33/ja€T HEIPEPHIBHYIO KPUBYIO.
HemocpeicTBEHHON MPOBEPKOM YOEKAaeMCsl, YTO OHA YAOBJIETBOPSIET

ypaBHeHwuio (60). ITockonbky monHbll o6pas K = {v(t) | t € [0, 1]} saB-
1

nsaeTcsa obbeJuHeHeM 00pa3oB OTPE3KOB [O, %] u [E’ 1] , U3 ypaBHe-
Hus (60) cnexnyert, yto K = F)K U F; K.

TakuM 06pa3oM, «IepBas MOJIOBHUHA» GPAKTATBHONU KPUBOU, COEH-

garomasa Touku v(0) uv (%) , MOI0O6HA BCe KPUBOM MTOCPEACTBOM OTO0-

paxxenus F,, a BTopas IOJIOBUHA, COeJUHSAONIas V (%) u v(1), momobHa

Bcelt kpuBoOU nocpeZicTBoM F; (cM. puc. 35).

Kpusble Koxa u se Pama — ¢pakranbHble KpuBble. Y Koxa Hermo-
JABIDXHBIMU TOYKaMU ABJIAIOTCA Vo = A U vy = E, U IIepeKPeCTHOE yCJIo-
BUE BHINONHEHO: Fyv; = F1vy = C. Y Ze PaMa HeNOABIKHBIMU TOYKAMU
ABJIAIOTCA Vg = A, v; = B, U NlepeKpecTHOe yCJI0BHE TaKXKe BBHIIOIHEHO:
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v(1)

1

2
1

Puc. 35. ®pakranpHasg KpuBas U COCTABJIAIOLIME €e YacTH: v([O, 5]) Kak

F,-06pa3 Bceli KpUBO# (BHYTpU YepHOI Tpalelun) u v ( [%, 1} ) Kak F,-o6pa3
Bcell kpuBoU (BHyTpH cepoit)

Fyv; = F1vy = K. TloaToMy obe KpuBble MMEIOT HENPEPHIBHYIO IIapa-
MeTtpusanuio (59), yzosieTBopsmoolyio ypaBHeHuto (60). KanTopoBa
JIECTHUIIA TaKKe ABJIAeTCA GpaKTaIbHON KPUBOH, HO 1A Tpex oTobpa-
J)KeHUH. B aToM citydae Teopema 21 mpuobpeTaeT HECKOTBKO MHOU BUJ
(ZBoMYHaa cucTeMa 3aMeHsAeTCsa Ha TPOWYHYI0, MeHseTCA NepeKpecT-
Hoe ycioBue (58) u T.7.). MBI He OyzeM paccMaTpuBaTh 0000IIEeHUA
TeopeMsl 21, [y HamMX Iejleil ee BIOJNHe AocTaTo4yHO. OKasblBaeTcH,
BCIUIECKA C KOMIIAKTHBIM HOCHTeNeM IOpOXAaloTcsd (paKTaabHBIMU
KPUBBIMHU JJIA IByX OIIepaToOpOB.

7.3. IlocTpoeHNe BCILIECKOB KaK GpaKTATbHBIX KPUBBIX

KiroueBoe HabmrofeHue, caenaHHoe H. ,Z[O6€H.II/11 u JIx.Jlarapua-
com? B 1991 roziy B paborax [4, 5], COCTOUT B TOM, YTO pellleHue Jt060-
ro MaclITabupyIoIlero ypaBHeHHUsT CTAHOBUTCA (PppaKTaJbHON KPUBOM,
€CJI TIEPEUTHU K BeKTOp-OyHKImsaM. Kaxzaon byHKIum ¢ (t), cocpesoTo-

'Wurpun Jlo6emu (Ingrid Daubechies, p. 1954) — Gebrufickuit 1 aMmeprKaH-
CKUM MareMaTHK. ABTOp (yHZAaMEHTAJIbHBIX PabOT 110 MaTeMaTU4YecKOl (u3uKe,
TEOPUU IPUOIMKEHNI U TEOPUH BCIUIECKOB. BIlepBble MOCTPOMIA IIaJKUE BCILUIECKU
C KOMITaKTHBIM HOCHTEJIEM.

2 lxxeddpu Jlarapuac (Jeffrey Clark Lagarias, p. 1949) — aMepHKaHCKuUit MaTe-
MAaTHK, YCIIEIIHO PaboTAOMUI B TEOPUU YKCesI, KOMOMHATOPHKE, CUMBOIMYECKUX
BBIYUCJIEHUSAX U T. /.
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yeHHOH Ha oTpe3ke [0, N], TOCTaBUM B COOTBETCTBHE BEKTOP-QYHKIIHIO
v(i)=(p@®), pt+1), ..., p(t+ N —1)) €RY,

ompeeneHHy0 Ha oTpeske [0, 1]. Mbl Hape3anu yHKIUIO ¢ Ha N Ky-
COYKOB €IMHUYHOU JTMHBL: k- KoopAWHAaTa v, (t) BekTopa Vv(t) paBHa
bynkiuu ¢ Ha otpeske [k —1,k], u, Takum obpasom, v, (t) =@ (t+k—1),
t € [0, 1]. OxaswiBaetcs, v(t) — bpakranpHas kpuBasg. Macmrabupy-
folllee ypaBHeHUe Ha (QYHKIUIO (¢ PaBHOCWIBHO ypaBHEHHIO CAMOIIO-
nobus (60) ¢ muHeWHBIMU oTOOpakeHUsAMu Fov = Tyv, Fiv = Tyv, rae
Ty, T; —aT0 (N X N)-MaTpulbl, KOTOpBle OIIpeJeseHbl 110 3JeMeHTaM
crenytomieit GopMysoi:

(TYg=coi—j—s» 1L, j=1,...,N; s=0,1. (62)

3xech ¢, — K03 PUIMEHTI MacIITabUpyOIero ypaBHeHus (mpu k > N
u k < 0 nonaraem ¢, = 0). Hanpumep, npu N = 6 maTputsl T, T; BBIIIA-
JAT TakK:

g 0 0 0 0 O ¢t ¢ 0 0 0 O
g ¢4 ¢ 0 0 O C3 €y ¢ ¢ 0 O
€4 €3 €y ¢ ¢ O C5 €4 C3 Cy €1 Cg
Cg C5 C4 C3 Cy C 0 ¢ c5 ¢4 €3 ¢y
0 0 cg ¢c5 ¢4 c3 0 0 O ¢ c5 ¢4
0 0 0 O ¢4 c5 0 0 0 0 O ¢

Takum ob6pa3oM, BeKTOp-PyHKIMS V(t) YAOBIETBOPAET YPaBHEHUIO Ca-
MOITOZ006US

Ty (20), te[o,3];

®=
v Tyv(2t—1), te [%, 1].

(63)

Y kaxxzaou MaTpuisl Ty, T; B K&KJIOM CTONOIE CTOAT KOIQOUIIMEHTHI C),
JUOO0 TOJBKO C YETHBIMH, JIUOO TOJMBKO C HEYETHBIMH HOMepami. Ilo-
CKOJBKY D Co; = . Cpi41 = 1 (MBI 3TO Zl0OKa3a/y, TIepes; TeM Kak Gpopmy-

L L
JUpOBaTh TeopeMy 17), Kaxxzas U3 MaTpPUL IlepeBoAUT B cebs apdrHHOE
MIPOCTPAHCTBO
L:{XERNIZxkzl},
k

cocTosilliee U3 TOYEK C CyMMOM KoopAuHAT, paBHOU 1. I[loaTomy orre-
paropsl Ty, T; 3agatoT adpdrHHBIE OTOOpAKEHUA HA MIPOCTPAHCTBE L, U
¢dpakTanpHas kpusas v (t), t € [0, 1], uenrkom Jexur B L.

UTtak, maciuumabupyrowas GyHKyUs, NOPpo#cOanuids 8CieckKu ¢ KOM-
NAKMHbLM HOCUMeTleM, A8J1siemcsi PpakmansHoil Kpueoil.
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OTOT HAKT MO3BOJISIET HE TOIBKO MOHATH, KAK YCTPOEHBI MacIITaOu-
pytomiye GyHKIMU U BCIUIECKH, HO U CTPOUTD UX.

Crpourtcs MacintTabupyoinas GyHKINA ¢ TocaeAoBaTenbHo. [ToacTa-
BUB t = 0 B IepBoe ypaBHeHHe cucTeMsbl (63), momydaeM v(0) = T,v (0).
Takum obpaszom, v(0) MOKHO HAWTH, BHIYUCIUB COOCTBEHHBIA BEKTOD
MaTpuIbl T, COOTBETCTBYIOMINI COOCTBEHHOMY 3HA4YeHHUIO0 1, U YMHO-
J)KUB €ro Ha YHCJIO TaK, 4TOOBl CyMMa ero KOopAWHAT ObUia paBHa 1,
T. €. YTOOBI BBITIOTHATOCH yeroBue v(0) € L. A Tak Kak

v(0) = (¢(0), p(1), ..., (N — 1)),

IIOJTy4aeTcsl, YTO MBI HAIUIM 3HAYeHUs QYHKIUU (¢ BO BCEX IIEJBIX TOY-
Kax t € Z. 1
Teneps mozacTaBisieM t = 5 BO BTOPOE ypaBHEHHE CHCTeMBI (63) u

1 1
nonydaem v{ 5 | = T,v(0). Ms1 HAULIA v 5 )» T-€. HallIM 3HAYEHUA
BO BCeX IOIYLIENBIX TOUKaX.

IloacTaBissa t = 1 Uut= 3 rnosy4yaeM v(l) = Tv(l) u V(E) =
it 4 4’ 4 0 2 4
_ 1 1 3
=Tv 5 ) MB&1 HaLIu v 7 uv ) T. €. HallUTX 3Ha4YEeHUs  BO BCEX

JBOMYHO-PalMOHAIbHBIX TOYKaX IOpAJKa 2.

Tak yepes n uTepaluit HaxoZMM 3Ha4eHUs @ (t) BO BceX TOUKaX BU/a
27"k, k € Z. A IOCKOJIBKY 3TH TOYKU IUIOTHO IIOKPHIBAIOT BCIO MIPAMYIO,
MBI TPUOTIKEHHO BBIYUCTWIN GYHKIMIO (. 3areM 1o dopmyine (46)
BBIUMCJIIEM BCIUIECK-QYHKIINIO.

MEe! ommcany OCHOBHOH CITOCOO ITOCTPOEHUS BCIUIECKOB C KOMITAKT-
HBIM HOCUTeNeM. JIjis HUX, 32 UCKJIIOYEeHHEM BCIUIECKOB Xaapa, HeT ¢pop-
MYJI, TIO9TOMY BBIYHCJIIIOTCS OHU NPUOIIKEHHO C HEKOTOPOH TOYHO-
CTBIO.

[TpumEP 10. [lyia MacImITaGUPYIOIETr0 YPaBHEHUS

PO =200 +p@—D+2p(2r—2)

BekTOp-OyHKIUA v(t) = (¢ (1), ¢t + 1)) € R? VIOBJIETBOPSIET YpaBHe-

Huto (63) ¢ MaTpuamMu

0 1
. Tl —

1 0

TO =

WIN Wl
WIN Wl

Haxozum v(0) Kak cOOCTBEHHBIM BEKTOP MaTPHUIEl Ty ¢ COOCTBEHHBIM

3HavyeHWeM 1 M ¢ cyMMOU KoopAUHAT, paBHOU 1. Takum obpaszom, v (0) =

= (0, 1). Janee, v (%) =Tv(0) = (1 g). 3aTeM BBIUMCJISIEM 3HAYEHUS
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v(t) B ABOMYHO-PAITMOHAIBHBIX TOYKAX CJIEAYIOIIEro MOPSIAKA: V (%) =

_ (1) (18 3\ (L) (5 4 ]
—Tov(z) = (9, 9) I/IV(4) —T1V(2) = (9, 9). Tak MOXXKHO TIOCITE

JIOBATEIbHO BBIUUCIATS V(t) B IBOMYHO-pPAlIIOHATBbHBIX TOUKAX.

O | v
[SSAR )
O

W=

Puc. 36

dyukuua ¢ obmazaeT dpaKTaIbHBEIMU CBoMcTBaMu. Hampumep, B
KaXKZI0W IBOMYHO-PAMOHAIbHOU ToUuKe uHTepBaia (0, 2) mpou3BogHas
CIIpaBa paBHa HYJIIO, a MPOM3BOAHAA CIeBa obpaiaercs B +«. Bojee
TOYHO: MPU MOJIOKUTENBHBIX h TMeeM

l(t+h) — ¢ (t)| ~ Ch'®3,
rae log, 3=1,58..., a mpu oTpULIaTeTbHEIX h UMeeM

l(t+h) — p(6)| ~ Chl®E/2),

3
rae log, (5) =0,58... Takum o6pa3om, GyHKUUA @ He AubdepeHIupy-
eMa HU B OJJHOU JIBOMYHO-PAIlMOHAIBHOUN Touke mHTepBaia (0, 2). Ho
MIpY 3TOM Ha MHOXKECTBE ITOTHOU MePHI («ITIOYTHU B KXKJOW TOUKE») MMe-

eM |¢(t +h) — ()| ~ Ch°2/Y  rre log, (g) =1,16... CregoBaTeib-

HO, TIOYTU B KaXKI0M Touke QpyHKIWMA ¢ muddepennupyema u ¢’ (t) =0.
dpakTaabHBIE KPUBBIE SBJISAIOTCA MPUMepaMy «QYHKIMH ApOOHOMH
ITIaIKOCTH». JIJIsl TOTO 4TOOBI IIOHATH, YTO 3TO TaKOe, HYXKHO CHavasa
OTIpeZiesINTh, KaK U3MepATh ITaAKOCTh QYHKIINUU. J[JIs 9TOTO eCTh MHOT'O
noaxozoB. OZWH U3 HUX — C TIOMOIIBIO TIoKa3aTend ['énpaepa.
OnpreAENEHUE 8. Ilokasamenem Iénvdepa B Cla, b] HempeprIBHOM
byHKkIMY f Ha3bIBaeTcAd BeTMYMHA

ve=sup{a>0||f(t+h) — f(O|* <Ch* Vt€[a,bl,h€[a,b—hl}
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Hanpumep, ay1s dyuxuuu f (t) = +/t Ha oTpeske [0, 1] umeem y = %
A pya moboro manoro € > 0 Ha oTpeske [¢g, 1] umeem Yi= 1. Taxum
006pa3oM, UCKIIOYMB U3 00JIACTH OIpeZesieHHs MaJeHbKUN WHTEPBAJ,
MBI TIOJly9UM, YTO Ha OCTABUIEMCA TPOMEXYTKe Yy = 1. MoxHO npez-
MTOJIOXKUTh, UTO ITO CBOMCTBO BCEX HENPEPBIBHBIX (GYHKIIMIA: TIOCIE HC-
KJIIOUEeHMsT HECKOJTbKUX MaJIeHbKUX WHTEPBAJIOB (QYHKITUS CTAaHOBUTCS
«xopolei». Ho ato He Tak. [IpocTeimnii mpuMep JatoT GpaKTaibHbIE
KpHBBIE ¥ MacIiTabupyromye GyHKIMY KaK UX YaCTHBIN caydail. Tak, y
¢byukumu ¢ u3 mpuMepa 10 Ha ro6oM uHTepBase (!) mokasarenb [€1b-

Zilepa OAVH U TOT Ke U paBeH log, % =0,58...

YnpaxxHeHUd

38. JlokaxkuTe, 4yTo paccToAHue o Xaycaopdy 3aZaeT MeTpUKY Ha
MHO>X€CTBE KOMIIAKTOB, T.€. YTO OHO CUMMETPUYHO U yZOBJIETBOpPSET
HepaBeHCTBY TPEYroJbHUKA.

39. JlokaxxuTe, 4TO KaKZAbli BBINYKJIbIII MHOIOTPAaHHUK ABJAETCA
¢dpakTasoM 1o XaTIMHCOHY. BepHO JIH 3TO /11 HEBBITYKJIBIX MHOTOTPaH-
HUKOB?

1 "
40. JJokaxxuTe, 4TO KpuBad fie Pama nipu r = 7 AB/AETCA AyToH ma-

pabosel. (YkaszaHUe: JOKa)XXUTe, 9TO Iapabosa, Kacaromasacsa CTOPOH yT-
sna AOB B TOuKax A u B, yoB/IeTBOpSIET CBOMCTBY caMOIOA00UsA C yKa-
3aHHBIMU JIMHEWHBIMU OllepaTOPaMU.)

41. JlokaxuTe, YTO €CIM IOKasaTelb [énbJepa GyHKIUU OosbIie
€ZTUHUIIBI, TO 3Ta GYHKIUS ABISETCSI TOXK/eCTBEHHOW KOHCTAHTOM.

42. siBnsercsa i1 GyHKUIUA ¢ pellleHneM MacIITabupyIoIero ypaBHe-
HuA? Ecau ga, To Kakoro?

a) p(§)=e"572

6) p(&)= e 2me (TEYY,

413
5 telo,2];
B) ¢ (t) = 2—%, te[2,4];
0, t¢ [0, 41;
) t€ [0, 1];
s tell, 2];
DeO=3,_, t¢£2,3%;
0, t¢ [0, 3].
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43. HaizuTe pelieHre ¢ MaclITabUpPYOLUIEro ypaBHeHUs

p(O=2020+p@ -1 +1p@r-2)

1 2 7
5 Z) Z) [EXP) Z: 2.
44. HaiiuTe pellleHNe (¢ MacCIITabUPYIOIIETO YPaBHEHUS

PO =220 + 92t — 1) — (2t —2)

12 15
3 8’ 8’ te 8 5
45. Pemynre Macimrabupylomiee ypaBHeHIe

BTouKax t =0

BToukax t =0 2.

P =200 + 30t~ 1D+ 10 -2) + 2o - 3).

(YkasaHue: BHauaje HaWJuTe pelleHWEe (¢ B HECKOJbKUX JBOUYHBIX
TOUYKaX, Zajee IocTapaliTech yrajaTbh GOpMyIy AJA pelleHud, 3aTeM
IIPOBEPBTE, UTO JaHHAA GYHKUUA JeICTBUTENBHO YIOBIETBOPAET STOMY
ypaBHEHUIO.)

46. a) Jlokaxxute, 4yTo A1 GyHKUNM ¢ U3 npuMepa 10 BHITOTHAETCA
paBeHCTBO ¥, =log, 5

6)* JlokaxuTe, 4TO Ha Jto6oM uHTepBase (a, b) C [0, 1] mokasaTenb

" 3

['énpaepa dyHKIIUU ¢ U3 paBeH log, 5

47%* HaiizuTe mokasarenb [€mpzepa KaHTOPOBOW JIECTHUIIH (TIpU-
Mep 7). BepHo J1, 9TO OH OZMH U TOT »Ke Ha BCceX MHTepBajaxX U3 OTpe3ka
[0, 1]?

48* Hatizute nokasarenu [€nbaepa MacITabupyromux GyHKIUH 13
yIpaxkHeHU# 43 u 44.
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8. Bcrutecku JloGeru
8.1. IlocTpoeHue BeivieckoB JloGenn

B mpeapiayieM pasziesie Mbl HAYYWINCh CTPOUTH PEIeHHs MacIlTa-
OGUPYIOIINUX YpaBHEHUI, a B 1. 6.2 — HaXoAUTh Macku m(&) aTUX ypas-
HeHUH (daKTHIeCKH — I0CIe[0BaTeIbHOCTU KOIPPUIINEHTOB {c; }Jljzo),
IIPX KOTOPBIX PEIIeHus ¢ MOPOXKAAIOT CUCTEMY BCIUIeCKOB. [Ipu aToMm
BCIUTeCcK-QYHKIMA 1) HaxoguTcs IO sIBHOM ¢dopmyne (46). Macka m
CTPOUTCSA CIEAYIOIUM obpa3oM: GUKcHpyeTcs n > 1, BEIOUpaeTcs mpo-
WU3BOJIbHBIN HeudeTHHIN monuHoM R(z), u npumMmenserca dopmyna (52).
[Tonyyaem nonuHOM P(z). EAUHCTBEHHOE yCIOBHE, KOTOPOE IIPU 3TOM
JIOJDKHO BBITIOJTHATHCSA, — 3TO MOJOKUTENbHOCTD P(z) Ha oTpeske [0, 1].
1o ycioBue Ha monuHOM R. [lanee mpumeHsieM ¢opmyny (53) u mo-
AydaeM KBazpaT Mozyaa Mmacku |m(E)[2. Tlombsysach neMmoii Pucca,
U3BJIEKaeM KOpeHb U monydaeM macky m(&). Takum obpaszom, koadpdu-
I[MeHThl MaCIITabUpPYIOUIEr0 YpaBHEHUs HaliZieHbl. Jlajee CTPOUM €ro
pellleHHe U MTOJy9aeM U3 Hero BCILIeCK-QYHKITHIO.

OnPEAENEHUE 9. Bcruteckamu Jobewu nopsoka n > 1 Ha3pIBaeTcs
CHCTeMa BCIUIECKOB C KOMITAaKTHBIM HOCHUTEIEM, TOPOXKAEHHAs BCIUIECK-
byHKIMEN 1), KoTopas MosydeHa U3 MacKy m, MOCTPOEHHOU 110 ¢$op-
mynam (52) u (53) ¢ momuHOMOM R = 0.

3ameTuM, yTo npu R = 0 Bce koadpduimeHTs noirnHoma P moso-
JKUTENbHBI U, 3HauuT, P(z) > 0 mpu z € [0, 1]. [TomuHaOM P mipu 3TOM
WMeeT CTelleHb N — 1, a IpU BCeX JAPYruX IMOJIMHOMAaxX R ero cremneHb
He MeHee n. CieZloBaTeNbHO, CTENeHb MacKu pu R = 0 MUHUMAaJIbHA.
CornacHo dpopmyse (53) ona paBHa n — 1. Takum ob6pa3oM, CIipaBeTUuB
CJIeTyIOIIUH pe3yIbTar.

CneacTBUE 4. IIpu 3adaHHom n 8cntecku [lobeutu umerom HauMeHbsb-
WYH0 B03MONCHYIO CeneHb Macku, pagHyto N=2n—1, u, coomgemcmaeeH-
HO, HAUMEHbULYI0 OIUHY HOCUMeNSt hYHKUUIL (p U 1), PABHYI0 MOMY dice Huc-
ny. ZInst 8cex 0CManbHblX 8CNIECKO8 ¢ KOMNAKMHbIM Hocumesiem N > 2n.

3aMeTUM, YTO U3BJedYeHHe KOPHA M3 HeOTpULATeJbHOI'O TPHUT'OHO-
MeTpUYeCcKOro IMOoJIMHOMA I10 JieMMe Pricca HeoOZHO3HAYHO, ¥ MOJIMHOMA
MOXXET OBITh HECKOJIBKO (KOHEYHOE MHOKECTBO) KOPHEH, C TOYHOCTHIO
[0 YMHOXKEHHS Ha KOHCTAHTY. B KauecTBe MacKu m, MOXXHO O6path JIto-
601 u3 3TUX KOpHeH. [lomydaroTcs pa3Hble MAacKW U pa3HbIe BCIUIECK-
GYHKIMH, HO C ITOXOXKUMH CBoMcTBaMU. HauHeM m3ydeHUe BCILIECKOB
Jlobemu ¢ MajbIx n.
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n =1, NEPBBIN BCIJIECK JIOBEIIU ¢);. DTO Bciulieck Xaapa! B ca-
MoM ziente, P(z) =1, |m(&)|? = cos?(n&), moaToMy B KadecTBe KOPHsA
MOKHO B3ATh m (&) = cos(7t&), a MOXKHO, HAITpUMED,

€ cos(mE) =m(&) = %(1 4 e2migy,

B aToM citydae MaciiTabupyroliee ypaBHeHHE UMeeT 1Ba KoadduilneHTa
co =¢; =1 u, Takum obpasom,

Pp(xX)=e2x)+¢e2x—1).

Peliennie 3TOro ypaBHEHUA (1 = X[o,1) MOPOXKAAET BCILUIECKU Xaapa CO
BCIUIECK-QYHKIMEN 1 = X[01/2) — X[1/2,1)- ATaK, 8cnieck Xaapa —amo
nepewlii scnieck /Jobewu. Best TeOpHs BCIUIECKOB ¢ KOMITAKTHBIM HOCH-
TejleM HaYMHAETCs CO BTOPOro Beivlecka Jlobemu. Kak MBI yke yroMu-
Ha/y, IIepexoZ OT IIepBOro KO BTOPOMY BCIUIECKY 3aHsI 79 JIeT.

n =2, BTOPO! BCIIJIECK J[OBEIIU 1))5. B JaHHOM ciiy4ae cTeneHb
MHorowieHa m(£) paBHa 3, a COOTBETCTBYIOIIee MacIITabupylollee
ypaBHeHNe UMeeT BUJ

1+f 3+f

f«p(Zt 2) +
1-+3
4

p2t) +

p2t—1) +

p) =

+

02t —3). (64)

Ero pemenue — QyHKIUA ,, cocpeZiloToueHHasA Ha oTpeske [0, 3]. OHa
HelpephIBHA (IlepBas HeIllpephiBHAA BCIUIECK-QYHKINA ¢ KOMIAKTHBIM
HocuTesieM!), HO He TIPUHAJIEXUT C'. B kaxoi JIBOMYHO-PAIlOHATb-
Ho¥ Touke t € (0, 3) dyHKIMA P, AUPPepeHITIpYyEMa caeBa U He audde-
peHIupyeMa cripaBa. Ee mpou3BogHas cpaBa obparaercs B 4. Bosee

Puc. 37. Bertecku Jlobemu: dyHKINU ¢, (c1eBa) u Y, (crpasa)

111



Toro, A1 h >0 uMeeM |, (t+h) — ¢, (t)|<h%, rae a=1+log,(v/3—1)=
=0,55... Tak 6yZieT B KaXK/JI0¥ JBOUYIHO-PAI[OHATbHOMN TOYKE t.

Bce BhIIIeckazaHHOe BEPHO U JJIA BCIUIECK-GYHKIIUU 1.

n =3, TPETUHN BCIJIECK /IOBELIU 5. CTerieHb MHOTOWIeHa m (&)
paBHa 5, K03pPUITMEHTHI MaCIITAOUPYIOIETO YPABHEHHUS:

c _ 14++v/104+V5+2v10 c _ 54++/1043v/5+2v10.
0~ 16 ’ 1= 16 ’

_10-2v10+2v/5+2v10
- 16 g

= 10-2/10-2V5+2V10. (g5
- 16 ’

C2 3
c _ 5++v10-3v5+2v10 c _14++v10—-+v5+2v10
4 16 ’ 5T 16 ’

Ero pemenue g, cocpeZioToueHo Ha oTpeske [0, 5], OHO yxe prHaze-
xut C!(R). OaHAKO IPOU3BOAHASA (5 He ByzeT auddepeHIpyeMa HY B
ofHoU Touke MHTepBaa (0, 5). To ke BepHO A1 BCIUIeCK-QYHKINH 1) 5.

) ) A
—1 4 —1 4
-2 T T T T -2 T T T T
0 1 2 3 4 5 0 1 2 3 4 5

Puc. 38. Berutecku Jloberu: GpyHKIUU (4 (caeBa) u 5 (crpasa)

n =4, YETBEPTHI! BCIJIECK JJOBEIU 1),4. CTeleHb MHOTI'OWIEHA
m(&) paBHa 7, KO3GPUIIMEHTH MacIITAOUPYIOIETO YPaBHEHNA:

co = 0,325802; ¢, =—0,264507;
¢ =1,010945; c; =0,043616;

¢, =0,892200; cg = —0,046503;
c3 =—0,039575; ¢, =-0,014976.

(66)

Ero pemenue ¢, cocpefoTodeHo Ha orpeske [0, 7], OHO IPUHAJJIEKUAT
C'(R), Ho moka He mpuHazAIeXUT C2(R).
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27T T T T 1 T
0O 1 2 3 4 5 6 7 0O 1 2 3 4 5

o !
N

Puc. 39. Bewiecku Jo6emu: dyHkiuu ¢, (ciesa) u 1), (cnpasa)

8.2. Illkasa peryJIsipHOCTU BCIUIecKoB /loGerun

Kak MBI BUAMM, y:Ke BTOpPO# Bcruteck Jlobemy 1), peliaeT MHOTO-
JIETHIOIO 33/Ia4y: OH SIBJIIETCS HETIPEPHIBHBIM BCILIECKOM C KOMIIAKTHBIM
HocuTeneM. TakuM o6pasom, 1), — 3TO «HeTpepHIBHLIN Xaap». [IpaBaa,
byHKIMA cTasa ropasZio CIOXKHee, OHa MO-pexHeMy He auddepeH-
[UpyeMa, U AJVHA ee HOCUTENA YBeJUYWIach 0 TpexX. Y ClIeAyIoUiero
BCIUIECKA 1)) 5 TIAZIKOCTD BBIIIE — OH Y2Ke MPUHALIEXKUT C HR). KaxeTcs,
YTO ZlasIblIle TJIaIKOCTD TaK U OYZIET YBETMUNBATHCSA HA €AUHUILY KaXKIbIi
pas, HO 3TOTO He MPOUCXOAUT. YeTBepTHIN BcIuleck Jlobelmn Bce elre
He npuHaznexut C2(R). Ha caMoMm siefie TIaZKOCTh YBEIMYMBAETCA, HO
He Ha e[MHUILY, a MeHbIe. YToObI chOpMYyIUpPOBaTh COOTBETCTBYIOIUH
Pe3y/bTaT, MBI JOJLKHBI UCIONIb30BATh HEIIPEPHIBHYIO LIKATY [TIaZKOCTH.
B crexyiolneM omnpezeleHUH HaM NOHaZ0OUTCA MoKa3aTenb [énpaepa
(ommpegenenue 8).

OnpeAENEHUME 10. O6wum nokazamenem Iénvlepa HeNpPEpPHIBHOM
byHKIIMY f Ha3bIBAETCSA BETMYMHA

ar=k+ryyw,

rae k — HaubosbIIIee Leoe 9ICIo, A1 KoToporo f € CK,

Taxkum obpasom, eciu f ¢ C1, To as = yy. HecnoxxHO 1oKasars, 4To
ecu f He ABJAETCA TOXAECTBEHHON KOHCTAHTOM, TO ¥ < 1 (ympaxHe-
Hue 41). lanee Bcerga 6yieM MpeAnonaraTh, 4To f — He TOX/eCTBEHHAs
KoHCTaHTa. Ecmm Gynkuusa f aummmnesa, To vy = 1. Ecu f npunaze-
xut CK, To ay > k; obpatHo, ecnu ay >k, T0 f € ck.

TEOPEMA 22 (M. lobewwn, 1988 [3]). [na nto6020 n > 1 @binosaHeHo
HEPABEHCMB0 Ay, > %n.
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Takum 00pa3oM, CYIIEeCTBYIOT CKOJIb YTOAHO IVIaZIKue BcIuiecku Jlo-
6emru. OZIHAKO IUIATUTD 3@ YBEJTUYEHUE [VIAKOCTU MPUXOAUTCSI POCTOM
JAJIAHBL HOCUTEJIA. V13 IpUMepOB BUAHO, YTO y>Ke IIPU MaJbIX N HaCTOA-
1I1as IM1aZIKOCTh IIPEBOCXOAUT JaHHYIO OLleHKYy. Ho acMMIITOTUYeCKHU NIPU
n — o OHA, MO-BUJMMOMY, OJM3Ka K peajbHOU. BOT TouHble 3HAYeHU
[JIaZIKOCTH BCIUIECKOB Jlobenty py Beex n < 20, 3HaYeHUs B3ATH U3 pa-
6oTHI [9].

n a n a n a n a

6 |2189... | 11 ] 3,603... || 16 | 4,786...
2 10550... || 7 | 2,460... || 12| 3,833... || 17 | 5,024...
3| 1,087... || 8 | 2,760... || 13| 4,073... || 18 | 5,239...
41 1,617... || 9 | 3,073... || 14 | 4,316... || 19 | 5,465...
5| 1,968... || 10 | 3,361... || 15 | 4,556... || 20 | 5,691...

Tabnuua 2. [TokasaTtenu [énbgepa BerwteckoB Jlobemu ), i n < 20

TakuM 06pa3oM, HauMHaA ¢ N = 6 GYHKIMA 1)), TPUHAAIEKUT C2,
HaunHad ¢ n = 9 npuHaznexuT C°, HayuHas ¢ n = 13 npunagnexur C*
U T L.

1 14 n
_1 — _1 -
_2 TrT T T T T T T T T T T T T T TTT _2 TrT T T T T T T T T T T T T T TTT
0 5 10 15 19 0 5 10 15 19

Puc. 40. Bernecku Jlobemu: GyHKIMM ¢4, (c1eBa) u )4, (cupaBa)

Ha puc. 41 npeacrasnen rpaduk a,, Kak yHKImU OT n. BuaHo, 4to
POCT TYT IeCTBUTEBHO O/IM30K K IMHEHHOMY. PasHOCTb @, — @, | He
SIBJIIETCS MOHOTOHHOM 1O 1, HO mpubmmwkaetcs k 0,226. BepHo i1 3T0
TOMBKO A n < 20 WK IIpU N — ©, HEU3BECTHO.

A Kak 0OBACHUTB, YTO IVIaZIKOCTh BCIUIECKOB Jl0OeIy yBETNYNBaAET-
cs1 ¢ pocToM n? B aToM HaM MMOMOKeT «becrosnesHass» hpopmyna Gecko-
HeuHOTO npou3BeseHusa (55). CormacHO COOTHOIIEHUIO (47) TOTMHOM
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2 4 6 8 10 12 14 16 18 20

Puc. 41. dyHKuus a,,

m=m, AJd n-ro Bciuiecka Jlobemry gaetcs GopMyion

m, (&) = (52 4.,

rje g, — TPUIOHOMETPHUYECKUM IMOAMHOM. V3 KOHCTPYKLMUHU CIeAyeT,
YTO CTeleHb ¢, paBHa n — 1. Jlajee, BOCIOAb30BaBIINCh IPUMEPOM 5,
rojiy4yaemM

[

0 (65 £1)"_ gonris (SR2E)"
2 & ’

k=1

TakuMm o6pa3om, 1 MacIITabupyroIeir GyHKINH @, N-TO BeIuiecka J[o-
6enry MeeM

Pu© = () [T g 20,

k=1

sin &\ " -
COMHOXUTENb (n—gg) yObIBaeT npu & — o kak & . [loaToMy yem
Gosblie n, TeM GBICTPee OH YOBIBaeT. DTO BIAUSAET Ha YOBIBaHYE GYHKITUU
p,(&) mpu n — co: yem 6osbllie n, TeM ObICTpee OHa yOBIBaeT. Bius-

HUE 3TO He MPSIMOE, TIOCKOJIBKY €CTh ellle TTOJIHOM (,, KOTOPBII TaKkKe
e}

3aBucuT oT n. Ho noseaenue dynkuuu | | g, (27%&) mpu n — © Mox-
k=1
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1 1
’ N ° ~
-2 T T -2 T T
0 1 2 3 0 1 2 3
1 1
AN
0 \/—’\ 0 V.A
—~14 -1
-2 T T T T -2 T T T T
0 1 2 3 4 5 0 1 2 3 4 5
1 14
N
-1 -1
-2 S L B -2 T T T T 1
0o 1 2 3 4 5 6 7 0 1 2 3 4 5 6 7
1 14
0 VI\VA 0 "/\VAVAUAVA
—14 -1
7 e e e 7 e e e e
0 5 10 15 19 0 5 10 15 19

Puc. 42. Bemnecku Jlo6emmu: GyHKunu ¢, (JeBas KoJIOHKA) U 1), (mpaBas) Ajs
n=2,3,4,10 (cTpoyku cBEepXy BHU3)
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HO OLIEHUTH B 3aBUCHMOCTH OT 1. B 3TOM COCTOUT IJIaBHAsI CJIOXKHOCTh
ZloKa3aTeabCcTBa TeopeMbl 22. [Ipy 3TOM /IeMCTBUTENHHO MOXKHO JIOKa-
3aThb, 4TO C pocToM n GyHKIUA P, (E) OpicTpee yOpIBaeT Ha GECKOHEY-
HOCTH. A 3TO O3HavaeT, 4TO (GYHKIUS (p, CTAHOBUTCS OOJee TIaZKON
(em. 1. 5.1).
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3akjo4yeHue

KoHEeYHO »Ke, MBI CMOIVIM IPOMNTH JIMIIb [T€PBbIe OCHOBHBIE 3TAIlbl
«(YHKIMOHATBHOMW» YaCTH TeOpHUU 06paboTKH curHasioB. Ha Bcruieckax
Jlob6emry, n3obpereHHbIX oYTH 30 JIeT Ha3aZl, Bce He 3aKOHYWIOCH, a
MHOTO€ TOJIBKO Hayasaoch. IIPOZOIKAIOT CO3/1aBaThCs HOBBIE CHCTEMBI
GyHKIMEH, HOBBIE MPUHIMIIBI Pa3JIOKEHUH U Mpeobpa3oBaHUl CHUTHA-
Ji0B. XOTsI IPOPHIBOB, TIOZOOHBIX CO3ZIaHUIO BCILieckoB Metiepa u Jlobe-
1M, C TeX MOP, MOXKaIyH, He ObUI0. /lyMaeTcs, 3TO — /10 OIKaUIIero
Oyay1ero.
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