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IIpeauciaoBue

HuTerpaipuas reoMeTpus PACCMATPUBAET B LEPBYIO OYepelb MHTErPATLb-
Hble IPe06Pa30BAHIS, CTABIIINE B COOTBETCTBIE (DYHKINAM HA MHOI00Gpa-
3un X UX WHTErPAJLI 0 0 JMHOT006Da3ImaM i3 Kakor 0-a1u60 ceMencTsa M.
Cunraercsi, 9T0 caMo ceMellcTBO M HaleleHO CTPYKTYPOI MHOr006pa3us.
Tak BO3HHKAeT COOTBETCTBHE MeXAY (PYHKIUAMEH Ha MHOroobpasum X
u QYHKIUAME Ha HEKOTOpOM MHOroo6paszmm M ero mogMHOrooGpasmi.
Hampumep, ¢yHKIuAM Ha €BKINIOBOM NpOCTpaHcTBe FE” cTaBATci B
COOTBETCTBHE UX HHTErPAJBl 10 BCEBO3MOXKHBIM IIPAMBIM; B DE3YIbTATE
BO3HIKaeT HHTerPaIbHOe NpeobGpa3oBaHue, nepeBojsuiee GpyHKInn Ha £
B (DYHKIINN HA MHOI0OOPAa3uu IPSIMBIX.

Kpome wmurerpupoBanus ¢GpyHxuui Ha X 00 DOIMHOr000pa3msM u3
cemelicrBa M, mHTerpaJbHas CeOMeTPHs PACCMATPUBAET AHAJOTHYIHBIE
HHTerpalbHble HIPeo0pa3’oBaHUA APYTHX OOBEKTOB (IIOTHOCTEN Ha X,
augdepeHnnaIbHbXx HopM u T.4.). OCHOBHEIE 33148 COCTOAT B ONHCAHIN
06pazoB U sAgep >TUX HPeoOPA30BAHUI U B HOCTPOEHNN fABHBIX (HOPMY.I
OOpAIeHNA, BOCCTAHABINBAIOLINK HCXOIHBIE OOBEKTH IO HX ob6pasam').
IlepBoll KHUTOW, MOCBALIEHHON >TOMY HAIPABIEHIIO B MaTeMaTHKe, CTALA
monorpadus .M. Tersdanga, M.I1. Ipaesa u H.A. Burenknua®) .

UuTerpanpras reoMeTpUs IEPENIETAETCSI € KJIACCHYECKIM HAIIPAaBJIe-
HIeM B reoMeTpuu, xoropoe Haunsaan [laokkep, Kaenn u Jlu 1 xkoropoe
CTABUT BO IVIaBY yINa Pa3jmdHble MHOr006pa3us HOAMHOr0O0Opa3suul u
cuenuduiecKe CTPYKTYPHl TAKUX MHOT00ODA3UI, OIpedelseMble TeoMe-
TPUYECKON MIPUPOSOU UX 31eMeHTOB. Ha s3bIKe 3THX TeOMeTPHYECKHUX
CTPYKTYD U HCCIEAVIOTCS Npeo0pa30BaHUs B HMHTErDAJLHON T€OMETDHIH.
Ucxoaubie npuMepsl TAKIX MHOM00Gpasuil — 4-MepHOe MHOT006pa3ue BCex

1) HasmBaTk 5TOT KpyT 3a1a4 HHTErpabHON reomerpueil npestoxkua .M. Deabdan.
Panee Baamke ucnonb3zoBal TepMUH “HMHTerpajbHad reoMeTpus’ I HECKOJAbKO WHOM
Npo6JeMaTHKH, CBA3aHHON ¢ U3y9YeHNEM HHBAPUAHTHOI'O HHTETPUPOBAHUA HA OTHOPOI-
HBEIX TPOCTPaHCTBAX.

2)Teanpang .M., [paecs M.I., Busenkun H.A. Unrerpaibnas reoMeTpus 1 CBA3AH-
HEIE C HEU BOMPOCH Teopun npeacTapacani: O6o6mennbie dyakmun. — M.: Puzmarrus,
1962. — Berm. 5.



10 Ilpeducaosue

IPAMBIX B 3-MePHOM IPOEKTHBHOM IPOCTPAaHCTBe (KBaapuka IlTokkepa —
Kuaefina) n Goxee o6mo MHOrooGpasne I'paccMana k-MepHBIX IIOCKOCTER
B N-MeDHOM IIDOEKTHBHOM IIPOCTPAHCTBe, MHOTroobpasme cdep Jlu u T.1.
Bce »Tn MHOr006pasms UrpalT CYLUIECTBEHHYIO POJbL B HHTEDAILHON
reoMeTpPHH.

Haun6omaee m3BecTHBIN IPUMeD HHTErPAILHO-T€0MeTPHYECKOr0 Ipeobpa-
30BaHusI — mpeobpa3oBanme Pamonma — mossBuiock B 1917 r. B cTaThbe
Pagonal), crosmeil 0COGHAKOM B €r0 MaTeMATHUeCKOM HACIeJui. Paton
paccMaTpUBaeT OMEPATOP UHTErPUPOBAHUS IO THIEPILIOCKOCTSIM B €BKJII-
JOBOM MPOCTPAHCTBE I CTPOUT U3JIOKEHNE B YAUBUTEALHO COBEPLIEHHON
dopme, HEOOBIYHO IS TOrO BpeMeHH OOBeIUHSA aHAIUTHYIECKHE I Ceo-
MeTpHYeCKNe DPACCMOTPEHNs U IIPEJBUAS BO3MOXKHOCTH PacCMaTPUBATH
aHAJOTH 3TOrO IPeobpPA30BaHUA LIS APYTCHUX OJHOPOJHBIX IPOCTPAHCTB.
B nenTpe ero BanManus gpopmyna 0GpalieHns — PEKOHCTPYKINS (PYHKIINH
Yepe3 ee MHTErPAJLI IO DUIEPILIOCKOCTIM. 3aMeIaTeAbHO, ITO 0Ly IaeTCs
abcomoTHO siBHAA (HOpPMyJa, HMEIOIIas IPUHININAILHO DA3HBII BH B
3aBUCIMOCTH OT TOrO, SBIASETCA JI PAa3MEPHOCTH MIPOCTPAHCTBA “€THON
UM HedeTHOU. B HedeTHOMEDHOM ciIydae OHA JOKAJAbLHA: YCPETHAETCS He-
KOTOpHIN Au(G@EePeHINAILHEI ONePATOD BAOIbL CEMENCTBA IaPaLIeIbHBIX
THIEPIVIOCKOCTeN (JI7 BOCCTAHOBICHHS (QYHKINH B TOYKE JOCTATOYTHO
3HATH HHTErPalbl JIHINL [0 PHIEPIIOCKOCTAM, OIM3KHM K 3TOH TOUKE).
B werHOMepHOM caydae dopMmyaa oOpallleHHs HeJOKAAbHA: YCPeIHSIeTCS
HEKOTOPLIN HHTErPAJLHBIA OIepATOD BAOIL CEMENCTBA MapALIeIbHBIX T'H-
HePIIOCKocTen (B oTamdme OT AuQG@EPEHINATLHOIO B HeIeTHOMEDPHOM
cIydae) W Mbl HyXKJaeMCi B HHTerpalax [0 JaTeKHM ILIOCKOCTAM. JTO
COOTBETCTBYET TOMY, 9TO IpuHIun ['1olirenca BepeH Isi PACIPOCTPAHEHILA
BOJIH B HEYETHOMEDHOM IIPOCTPAHCTBE, HO He BEPEH B € THOMEDHOM.

Emte mo Pagoma Munkosckunn u Pynk paccMoTpenan aHagor ero mpe-
o6pazoBanus quast cdepbl, Korga dHeTHasd (QYHKIUs Ha cdepe BoccTaHa-
BANBAETCA Hepe3 ee HHTerpabl IO GOABIINM Kpyram. Ty DPEeKOHCTPYK-
LU0 MOXKHO OCYIIEeCTBUTh, MOJAL3YSACH ChepudecKuMI moanHoMaMu. Pagon
3Hal 06 TUX pe3yJbTaTaX, HO OH, IO-BHANMOMY, He 3HAJ, 9TO 00a >TH
Ipeo6pa3oBaHnsa IPOEKTHBHO YKBUBAJEHTHEL (CM. ri. I).

B 1938 r. Ilon 2 paccMoTpen ecTecTBeHHOEe 0600I1IeHIEe TPe0Opa3oBaHNI
Pagona, xorga (QyHKINN B TPEeXMEDHOM NPOCTPAHCTBE IHTErPUPYIOTCA
II0 BCEBO3MOXKHBIM IPAMBIM BMECTO ILIOCKOCTeH. B »Tol KoHCTpykuum
[OSIBASIETCS HOBBIM HCKIIOYUTENBLHO BAXKHBIN MOMeHT. CeMelCcTBO NPSIMBIX

3aBucuT oT 4 napameTpos. Tem cambiM npeo6pazoBanue llona nencTByeT 13

YRadon J. Uber die Bestimmung von Functionen durch ihre Integralwarte langs
gewisser Mannigfaltigkeiten. — Ber. Verh. Sachs. Acad. Wiss. Leipzig, Math.-Nat. KI.
69 (1917), 262-277.

2) John F. The ultrahyperbolic differential equation with four independent variables.
Duke Math. J., 1938, 300-322.
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dyHKIUI 3 mepeMeHHLIX B GYHKINN 4 MepeMeHHBIX, & IOTOMY eCTeCTBEHHO
OKHIJaThb, ITO (PYHKINN u3 00pa3a yIAOBIETBODPSIOT TONOIHUTEILHOMY
yerosmo. IlenTpansroe Habmogenne oHa B TOM, 9TO OHE ¥ JOBIETBOPAIOT
yasTparunepboanieckomMy sud@epeHnnaisHoMy yPaBHEHNIO, KOTOPOE TO0JI-
HOCTBIO OIICHIBaeT 06pa3. DTo BaxHeHIee AIA OYIYLIEr0 HHTErPAILHON
reoMmeTpun HabIIOgeHNe He TOJBKO BBEIO B 00pallleHIe IepeolpegejeHHbe
3aJa€i, HO I OIPEeJeIILIO €€ CBI3N ¢ AuddepeHnINaATbHBIMI YPDABHEHISIMI.

Hauunas c¢ 40-x rr. OogHOUN U3 LEeHTPAJBLHBIX 3aJad B MaTeMaTHKe
ObLIa 3ajJada pa3BUTh aHAJOr HHTerpata DPypbe OId HEKOMMYTATHB-
meIx rpynn Ju. OfHON U3 HepBBHIX B IOJde 3DeHNA (B HEPBYIO OUepelb
m3-3a (QU3NTECKUX NpHMeHeHHN) momana rpynma Jlopenna SL(2, C), T.e.
Ipynna KOMIUIEKCHBIX MATPHI] 2-r0 Hopsigka ¢ oupegeanTeaeM 1. [las sron
rpynmnsl .M. Teapdangy u M.A. HaI?IMapKyl) yIAI0Ch MOCTPOUTHL TE€OPHIO,
B KOTOPOHI DPOJb HKCIOHEHT HIPAIH HENPUBOAUMBIE GeCKOHEUHOMEDHBIE
VHUTapHBIE IPeICTABIeHNs I'DYINE JIopeHIla, 1 B TO e BpeMs COXDaHf-
JIICH BCE OCHOBHBIE 4epPTHI Kiaaccudeckoro narerpaaa Pypoe. Ee Bricuien
TOYKOU GbLIN aHaIoru (GopMmyasl obparnenus u (popmyasl [Lianmepens aus
unTerpaia Dypoe.

Kak BBISCHILIOCH I1033Ke, OCHOBHOI MOMEHT B JOKa3aTeIbCTBE THUX
dhopMyI cocToAT B BoccTaHoBIeHmn ¢yuknmn B C° wepes ee mmTerpais
IO IPSAMBIM, HepecekaromuM runep6ory. Takum 06pa3oM, paccMaTPUBAICA
KOMILTEKCHBII BADHAHT Lpeo6pa3oBaHus 1I0HA, HO I BOCCTAHOBICHHA
(QYHKINN HCIOJIb30BAMNCH, HHTErPAILI He II0 BCEM KOMILIEKCHBIM IIPSIMBIM
(4-mapaMeTpHHuecKOe CEMENCTBO), a INIID [0 IPAMBIM I3 3-IapaMeTpHIec-
KO0 CeMeNCTBa MIPSAMLIX, Hepecekaolnnx runepbory. Takas mocraHoBka
3aJadl eCcTeCTBEeHHA, IOCKOILKY BOCCTAHABANUBAJACH (DYHKINA OT 3 Ie-
pemennbix. Cam xe amamor npeoGpasoBanus Pypre ma rpymnme Jopenna
CBS3aH C YKA3aHHBIM IPeoOpa30BAaHNEM HHTErDAJBHOU TeOMeTDHUH [PH
IIOMOIIN OGBITHOrO OJHOMEPHOrO npeobpasoBanus Dypre.

D70 HabIIogeHNe OTKDHLIO HOBLIE BO3MOXKHOCTH [ HHTEDAILHON
reomerpun. IIpexae Bcero BO3HHK BOIPOC, HACKOJABKO OOLINM SIBJSETCS
(deHOMEH, MOJMEYUEHHBIN B caydae rpynnsl Jlopenna. QOka3aloch, 94To Aas
LUIIPOKOT 0 KJIACCA OTHOPOIHBIX IPOCTPAHCTE, BKIIOYAIOIIET 0 KOMILIEKCHEIE
TOIYNPOCTHIe IPYUNEI JII U PHMAHOBBEI CHMMeTPHUUIeCKNe IPOCTPAHCTBA,
CYLIECTBYET NIpeoGpasoBaHile HHTErPAJIBHON DeOMETPHI — Opucdepide-
cKoe mpeoGpa3oBaHle, CBS3aHHOE ¢ aHAJIOrOM mpeobpasoBanus DPypbe
OIS 3THX OJHOPOIHBLIX IPOCTPAHCTEB NPH IIOMOINN OOGLIYHOrO Ipeobpa-
3oBanusa Pypre. ITa CBI3b AHAIOTHYHA CBI3N MeXAY IpeoOpa3zoBaHUeM
Pagona m kmaccumdeckmM n-MepHBIM Opeo6pazoBanmeM Pypbe mpu mo-
MOIIN OJHOMepHOro mnpeobpazoBanus Pypoe. C IpPyroll CTOPOHBI, KOH-
TEKCT HHTEerpPAJbHON TeOMETPHI OKAa3ajcsi 3HAUYUTEJLHO 60jee IINPOKHM

1)l—‘em)(baH;[ N.M., Hatmapk M.A. YuurapHube npegcrabienusa rpynnst Jlopenna., —
Uszeectua AH CCCP. —1947. — Ne 11. — C. 411-504. — (Cep. maTem.).
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[0 CPaBHEHUIO ¢ Teopuel mpefcTaBieHun. Hampumep, BMecTO ceMencTBa
npamuix B (%, mepecexaiommx rumep60ay, MOXKHO PacCMOTPETh CeMed-
CTBO TIPAMBIX, MEPECEKAONNX JI00YI0 IPYTYI0 aarebpantieckyid KPUBYIO,
U TOJYYUTL AHAJIOTHYHYIO SABHYIO (MOPMYITy OOpAaIleHWusa, XOTSI HUKAKUX
CBA3el C TPYIINAMU WIN OJHOPOJHBIME TIPOCTPAHCTBAME 3[€Ch yiKe He
6ygeT. DTO HABOAUT HA MBICIb, ITO IO-BUANMOMY €CTeCTBEHHASA OBIITHOCTD
[ MHOT'OMEPHOT O TapMOHUYECKOTrO aHAAN3A 3TO He TOAbKO TPYIIIBl WIN
OJHOPOHBIE TIPOCTPAHCTBA, HO U KaKue-TO GoJee OOIIme DeoMeTPUIeCKne
CTPYKTYPBI, B YaCTHOCTH, “Xopolmne”’ MHOT006pa3ua IIoIMHOT0006pa3mil,
[ KOTOPBIX CYIIEeCTBYIOT SBHBIE (DOPMYIBI OGPAIEHNA.

Cralo ecTecTBEHHBIM Pa3BHBATL METOABI [€OMETPHYECKOrO AHAIN3A,
OPHEHTHUPOBAHHBIE HA HHTErPAILHYIO T€OMETPHUIO U MO3BOJIIONINE, B TaCT-
HOCTH, MOCTPOUTH DAPMOHUYECKUN AHAMIN3 Ha MIHPOKOM KJIACCE OTHOPOI-
HBIX IPOCTPAHCTB, BK/IOYAIOUIEM CHMMETDPHYECKNE IPOCTPAHCTBA. IJTOT
OPHEHTUD CTAJ TVIABHBIM [ TATLHEUINer0 Pa3BUTUA MHTETPAILHON T'eo-
MeTpHH. 3a MOCAeJYIOMNe I'Oqbl MHOT'O€ B 3TOM HAILPABICHNN Y¥Ke YIAJI0Ch
cle1aTh, HO MHOTOE eIlle OCTAeTCs HeACHBIM. [[0BOJBHO mMoaHAA KapTUHA
IMeeTCA B 3agade o “xopoummx” (IOMYCTHMBIX) CeMeNCTBaX KOMILIEKCHEIX
KPUBBIX, [ KOTOPHIX CYIIECTBYET SBHAA JOKaIbHAS POPMY.Ia 0GpaIleHns.
OaHAaKO 3HAYNTEILHO MEHee IOMHBI Pe3yJbTATHL O CeMEICTBAaX KOMILIEKC-
HBIX HOAMHOTr000pa3uil pasMepHocTH 6éabmiell 1 (XOTA m TOro, 9TO U3-
BECTHO, JOCTATOYHO, ITOOLI HOAYINTh popMy.ry [laaHimepens Ha KOMILIEKC-
HBIX HOJYOPOCTHIX Ipynmax JIu cpescTBaMm HHTErPAIbHON [eOMETPHI).
MuOro HepeleHHBIX TpPOGIeM OCTAETCS B BEIIECTBEHHOM CIydae; 5TO B
0COGEHHOCTH MOCTPOEHNE HEIOKAILHBIX (hOPMYJ OGPAINEHNs U BLIACHEHNE
CBA3U AUCKPETHBIX CePUH MPEICTABICHUN ¢ UHTErPATLHON DeOMeTPUeN.

C agpyrou cTopoHBI, 00HAPYXKUINCH HHTEPECHble U [IyOOKHMe CBA3N
UHTETrPATbHON TeOMEeTPUN ¢ MHOT OMEPHBIM KOMILIEKCHBIM AHAJIM3OM, CUM-
ILTEKTUYIeCKON TeoMeTpuel, HeJnHenHbMEu AuddepeHnralbHBIMI YPaBHe-
HUSMI, TOYHO WHTErPUPYEMBIMI MeTOJAaMI OODATHON 3aJadil. JaMeTHM
Takke, UTO UMEIOTCA U TIPUKJIAJHBIE ACHEeKTH MHTETPAILHON T'eOMETPUI.
Ob6parmenune npeo6pazopanus PagoHa [1eXHT B OCHOBE KOMIBIOTEDHON
Tomorpaduu. Meorcs n apyrme ¢usndeckme 3anadu (B acTpodusuxe,
reo(usnKe, 3IEKTPOHHON MIKPOCKONNH U T.1.), B KOTOPHIX JaHHBE MOTYT
OBITH UHTEPIPEeTHPOBAHLL Kak IpeobpasoBanne Pajgona.

DTa KHUTA IpecIefyeT O9eHb CKPOMHEIE Iean. Mbl XoTuM Ha mpuMepe
CAMBIX JJAeMEHTAPHBIX 3aJad MOKa3aTh HEKOTOPBbIE HEH W KOHCTPYKIINN
B HHTErPAJbHOU TeoMeTpuu. Mbl HajgeeMcs, ITO OCHOBHAfd YacCTh MaTe-
puanza GygeT AOCTYIHA CTYAeHTaM, KOTODBIE CMOTYT YBHAETH HA 3THUX
mpuMepax, KakK B3anMOJENCTBHE DIEMEHTAPHOTO AaHAIN3A U TeOMeTPHN
IPUBOAUT K KDPACUBBIM WM BAXHBIM Dpe3yabTaTaM. ‘leThIpe TJIaBBI 3TON
KHUTH TOCBAIEHBI YeTHIpeM NpeobpaszoBaHmsaM. Mpl HadmHaem ¢ Tmpe-
o6pazosanusa Pagona (raasa I). CymecTBeHHBII MOMEHT, KOTODBIH 9acTO
UTCHOPUPYETCA, 3[16Ch COCTOUT B TOM, UTO mpeobpasoBanne Pajgona umeer
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IPOEKTUBHYIO IPUPOAY U YTO B IPOEKTHBHON BEPCHI OHO BKJIIOYAET B
cebs He Toabko adduuHoe npeobpasoBanne Pagona, Ho u npeoGpazoBanie
Munkosckoro—®Pyuka "a cdepe. B raase Il uccaegyercs npeobpasopanire
Mowa (1y4geBoe mpeobpasosanne). Kax MBI y&Ke 0TMeTaIn, 3aJada o0palte-
HUS IS Hero IepeolpefeleHa, I03TOMY BaXKHO MOHATH, KAK €€ IOCTABUTh
U KaK OIINCATH HEKOTOPHIN Kaacc (POPMYya OGpAlleHUs AIA IIOLXOJSAIIIK
TPeXnapaMeTPIUIecKUX CEMENCTB MPAMBIX. JTa 3aJada PeIaeTcs 3JeCh B
xoMmiuekcHOM caydae. B raase I1I maaaraercs maTerpaibHas reoOMeTPUS HA
2-MepHOM U 3-MepHOM IPOCTpaHCTBaX Jlob6adeBckoro. HemyneBas kpuBusHa
STUX NPOCTPAHCTB HIPUBOAUT K GOabIIeMYy pa3zHoobpasmio 3agad. B gact-
HOCTH, IMEIOTCA IBe BepCHU Ipeobpa3zoBaHus Pagoma: reogesmdeckass u
opuchepuieckas. Qaaako GoOpMyIbl 00PAIIEHNS IOX0XKI Ha €BKINJOBCKIE,
U UX BBIBOJ JHIIb HEHAMHOIO clIoXkHee. BooGIne nis MHTEerpaJbHOU Ceo-
MeTPHH THINYHO, YTO SBHBIE (DOPMYJIBL OODAIEHUS IMEIOT HEKOTOPYIO
CTAHZAPTHYIO CTPYKTYDPY U MAJ0 MEHSIOTCS HIPH YCIOKHEHUN eOMeTDHH
(B oTamume oT QOpPMYya B TeOpHH HpencTabieHni rpymn). Ha sro ecTsb
Cepbe3Hble IIPUYIHBLI, KOTOPble BO MHOTOM IIOHATBI, HO UX OOCYXIeHUe
BBIXOAWT 3a DaMKH Hallel KHHrH. MBI paccMaTpuBaeM TaKikKe AHAIOT
npeobpaszoBanus Pypbe B mpocTpaHcTBe JI06atTeBCKOr0; Pe3yaIbTaThl A1
HEero MOJIYyYaloTcs Ha OCHOBe opucdeputdeckoro mnpeotpazosanus Pamona.
Haxonen B riase IV pa3zBuBaeTcsa mHTerpaabHas IeOMeTpHA Ha TDYyIIe
SL(2,C), xoTopas, Kax MBI YIOMIHAIN BEHILIE, OBLIA CTAPTOBLIM IPHMEPOM
[JIs1 COBPEMEHHOT'O Pa3BUTUS NHTErPAJILHON I['eOMETDUMN.

BBugy »aeMeHTapHON HPUPOABI KHUTH MBI He IPHBOAUM NOAPOOHYIO
6ubanorpaduio IO MHTErPAJLHON TCeOMETPHH W OUPDAHHYHBAEMCS IIOI-
CTPOYHBIMI CCBLIKAMI Ha IyOINKAINN, KOTOPHIE YIOMHUHAIOTCSI IO XOIY
U3JI0KEHUS.

ApTopml BBIpaxKaoT rIybokyo GaarogapuHocTs M. M. I'paeBy (Maai-
IIeMy) 3a IMOMOILIH PN OQPOPMICHIN PYKOINCH H PSAJ HOJE3HBIX 3aMe-daHuil.



I'VIABA 1

IIpeo6pasoBanue Pagona

§ 1. Ilpeo6pasoBanue Pajona Ha mIockocTu

1.1. IIpeo6pasoBanme PajoHa Ha eBKIMJOBOM ILTIOCKOCTH. IIpeobpa-
30BaHneM PajoHa Ha €BKIINJOBOU ILIOCKOCTH HA3BIBAETCS HHTErPDAILHOE
npeo6pazoBanne, OTHOCsAIee GYHKINN [ Ha INIOCKOCTH €€ MHTErPAJLL II0
BCEBO3MOXKHBIM IPAMBIM (OTHOCHTEIBHO €BKINIOBOH [IINHEL).

SamnumeM npeobpasoBanue Pagona asuou dopmyaon. Byxem 3agaBaTs
IpsSMBIe HA JIOCKOCTH YDABHEHMSIMI

x1cosp 4 xzosing —p =0
N TapaMeTPUIeCKIMI yDaBHeHIIMI

z1 = —tsing + pcosey,
zo = tcosy + psing;

eBKINI0BA Mepa Ha Takoll mpaMoil pasHa df. TeM caMbIM MBI BBEIN
napaMeTpH (¢,p) Ha MHOIOOODA3sHH NPAMEIX, IDHTIeM OTeBHIHO, TTO
mapameTpaM (¢, p) u (¢',p') OTBedaeT OfHA U Ta K€ IPAMad TOL A I TOIBKO
Torga, xoraa ¢ = ¢ + 7wk, p’ = (—=1)*p, k € Z. DT1a mapamerpmszanusa
HOKa3bIBAET, UTO MHOTOO00pa3le MPAMBIX Ha ILIOCKOCTH HOTYy9YaeTCA M3
6eCKOHETHOTO KPYTOBOTO MIMHHIPA ¢ MHINHIPHIECKHIMH KOOPANHATAMI
(¢,p) oToxgecTBreHueM TOUeK (p,p) U (¢ + 7, —p).

IIpeobpazosanne Panona Gysxunu f(r1,z2) 3ajaeTca clefyOMuM pa-
BEHCTBOM:

+oo
R fle,p) = /f(—tsingo—i—pcosgp,tcosgp—I—psingo)dt. (1.1)

— 00
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NuTerpan 3aBUCHT OT IapaMeTPOB ¢ U P; OTHAKO, Tak Kak R f(p+m,—p) =
=R f(e,p), dyuxmua R f omyckaeTcs Ha MHOT006DA3He MPIMBIX.

IIpeo6pasoBanue Pagona MOXKHO pacCMaTPUBATEL HA PA3INIHBIX (PYHK-
IUOHAIBHBIX NpocTparcTBax. CHavaxa 4as IPOCTOTHL MBI PACCMOTPHUM €ro
HA IPOCTPAHCTBE D(}Rz) Bcex GUHUTHBIX 6eckoHewHO nuddepeHInpyeMbIX
dyuknui. B sTom cayuae mpeobpazosanme Pagona R f ecTs QuunTHas
OeckoHeuHO nuddepeHnupyeMads GyHEKINA Ha MHOT000pa3ul IPAMBIX, T.€.
6ecxoneuno nuddepeHnupyemas GYHKIUA OT ¢ U p, GUHUTHAL mo p. B
JaJbHENIeM MBI DAacCMOTPHM ero m Ha npocrpaHcTBe IllBapia S(]Rz)
Bcex GeckoHewHO AMpQepeHIupyeMbIx GyHKINHE Ha R?, y6LIBAIOMINX IpI
7 — 0O BMECTE €O BCEMH NPOU3BOIHLIMU OBLICTpee 11000l OTPHIATEILHON
CTeleHn 7.

3ameqanne. Tacto (1.1) 3amuceiBaloT B Buge

R fle,p) = /f(xl,xz)é(xl cosp + xasing — p)de deg =
RZ

= (6(x1 cosp + xasing — p), f(e1,22)),

rge 0(-) — peabra-pyHkuns Jupaxa OT OJHOIO IEPEMEHHOTO. 37eCh
ClIeLyeT IPUAATD CMBICT 0 (%1 CO8 p~+ 2 sinp — p) Kak 0600ImEeHHON (YHKINNT
OBYX IEPEeMeHHBIX ] U Z2. [ag 3>TOro MBI IepexogumM Ha IIOCKOCTH K
HOBBIM KOODAUHATAM U, VU, DJe U = X1 COS{ + Zp SNy — p, U IpPHMEHseM
06obmennyo QyHknmo 6(u) npn ¢ukrcuposanHoM v. HemocpeacTseHHO
IPOBEPSETCS, ITO PE3YABTAT HE 3aBICUT OT BEI6GOPA BTOPOI KOODJUHATEL U.

1.2. ®opmyaa oGpamenusa. [locraBuMm 3a1a4y: BOCCTAHOBUTD (PYHKIIIIO
J € D(R? mno ee mpeo6pazosarmio Pagoma R f. Popmyra obparmenus
BIepBHIe ObITa moaydeHa PagonoMm (cM. cHocky B IlpeamcroBum), u MBI 11O
CYLIECTBY BOCIIPOM3BOAUM €r'0o paccykjgenne. OHO OCHOBBIBAETCS Ha TOM,
4T0 npeobpazoBanne PajJoHa MepecTAHOBOTHO C ABIKEHIAME €BKINJOBON
maockocTu. OTcooga, BO-IEPBLIX, CIEIYET, 9TO JOCTATOYHO HAYINTHCSI BOC-
CTAHABINBATEL (PYHKIUIO [ B KAKOU-INO0 OJHON TOUKe, HALIPIMED, B TOUKE
(0,0), u, BO-BTOPBIX, MOXKHO OTDAHNYNTELCA PaSUATLHO CHMMETPHTIHBIMIE
GOYHKIUAMIA.

TlepenigeMm k BeraucaeHnaM. rax, Mol uMeeM dyaknuio f(x1,22) = F(r),

3aBUCANIYI0 TOIBKO OT paccTosHmsa r = (z1” + xzz)l/z go Toukm (0,0).
Hyxuo Boccranosuts f(0,0) = F(0) mo R f(y, p). U3 mepecTanoBoIHOCTH
npeobpa3oBaHusa PanoHa ¢ MOBOPOTAMHU CleAyeT, 9To R f 3aBUCHT TOIBLKO
ot p: Rf(e,p) = F(p). B pesyapraTe 3agada pegynupyeTcs K 3ajgate
06 OGpAIEHNN HEKOTOPOro MHTETPATLHONO mpeobpasosarna F — I xia
(QYHKIHI OT 0JHOTO IEePEMEHHOT 0.
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W3 (1.1) HemOCpeICTBEHHO MOTydaeM:

+oo
F(p) = / F(V/t? +p?)dt,

(o] (o]
~ F(r (/1
F(p) = 2/7( ) rdr = /7(\/_) di. (1.2)
Vit —p? Vi—p?
|p| p?

Ten cambrv mpeobpasosarme oT F k F cBogmTes K mpeobpasopanmio Abert
(naTerpupoBanme mopsika 1/2). Kax mssecTHO (3TO ZIerko HpPOBEPUTH
HemocpeAcTBeHHO), u3 (1.2) caegyer, 4To

17 Fp)
F = —— | ———dp. 1.3
= ety (1.3)

B wactHOCTH,

1 [ F'(p)
F(0) = —— dp. 1.4
0= [ Pay (14)

0]

3aMeTuM, 4TO ﬁ(p) — derHas Qyukuus. Ilo>ToMmy, BBIIY IIafKOCTH

ﬁ(p), oA WHTerpPaJoM CTOUT peryigpHad (PYHKIIUA I, 3HAYUT, WHTErDaI
CyIIecTByeT.

Iepenigem ot Gopmyast (1.4) x hopmyae oGpamieHns 411 IPON3BOILHON
dyukmun f. Ycpeguus f o OKPYXKHOCTH € HeHTPOM B TOUKe (), MBI IOIY UM
DYHKIIIO, 3aBUCAIIYI0 TOIBKO OT paccToAHusA r go Touxu (0,0):

27

1
F(r) = ﬁ/f(r cos, rsing) de.
0

3ameTnm™, aTo F'(0) = f(0,0). IIycTs F— mpeobpazoBanue Pagona pyHK-
nmun F. Beuay mepecTaroBoIHOCTH Ipeobpasobanns PagoHa ¢ BpalleHIAME
IMeeM:

27

F(p) = %/Rf(so,p)dso,

0
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T.e. I' — cpeamee ¢yEKIum R f MO DPAMEIM, PABHOOTCTOALIIM OT TOUKI
(0,0). Ha ocrmoBauun gpopmyasl (1.4) noxygaem:

00 o~

£(0,0) = —E/F;Ep) dp.

=

Orcroga, HDOAB3YSACH [MEePECTAHOBOYHOCTBIO IpeobpasoBaHus Pagoma co
CABUT'AMHU, IOJYIaeM:

Teopema 1.1. Fcau R f — npeobpazosanue Padona gynwyuu f € D(R?),
mo umeem Mmecmo cacdyiowas Gopmyia obpaujeHua:

1 7 A/ l‘l,l‘z,p
[z, 22) :_;/ LT dp, (1.5)
0
ede
- 1 .
F(xy, w0, p) = ﬁ/Rf(so,erl‘l cosp + zasing) dyp, (1.6)

m.e. F' — cpeduee Pynxyuu R f no npamblM, pa6HOOMCMOAWUM OM MOUKU
z = (x1,T2).

NurerpupoBannmeM no wacTaM dopmyaa (1.5) mpumBoguTcs K CIegyio-
meMy BUIY:

[c oS o~
1 [ Fp(xr, 2 — 1, 2250
fler,w) = _/ plon vaip) — Iylen, 0230) (1.7)
T p?
0
Hanomunm, wTo F — <eTHA? GecKOHeTHO auddepennupyemMas QyHKITILA

oT p.

s o6pamenns npeobpazoanus Panona Mbl BocoJab30Bagncs, Gopmy-
nott (1.3) aums npu r = 0. Ipu r > 0 53Ta GopMyIa COTEPKUT TOMOIHITEIb-
HyI0 HH(QOPMALNIO O CBI3U yCpelHeHHN (GYHKUNN f U ee npeo6pa3oBaHUs
Pagona R f, a umenno:

Teopema 1.2. Cnpasedauso caedywuee coomuowenue (coomuouenue Ac-

eetipccona):

~

OO/:E’:E7
/ Bl o), (1.8)

N

=I|'—‘

F($1,$2; -
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ede I' — cpednee Pynryuu f no OKPYICHOCMAM C UYEHMPOM 6 MOUKE
(z1,22), m.e.

27
1 .
Faxy, x057) = Z—/f(xl—l—rcosgo, 2o +rsing)de, (1.9)
T
0
a F — cpeduee dymryuu R f no npamwin, pasHoomcmoswum om mousu

(z1,22) (Popmyaa(1.6)). Hmeen marxce:

(o)
~ Faxy, w2y 7)

Plavaup) =2 [ —5—mrr

dr. (1.10)

Pl

Dopmyast (1.10) u (1.8) moayuatorcs coorseTcTBenno u3 (1.2) u (1.3)
IPH TOMOIIH CABUTA.

Cmeacreue. Jas swobviz & = (21, #2) uw a >0 yeaosus F(x,r) =0 npur >a

u ﬁ(x,p) = 0 npu |p| > a sxsusasenmmbi.

1.3. 3ameqanna. 1. B gopmyre obpamienns TpeGoBaHue GeCKOHETHOL
auddepernnupyeMoct GYHKINN [ MOXKHO CYLIECTBEHHO ocaabuTb. Oue-
BIJHO, JOCTATOYHO, 4T00bl Qyukuus R f O6pbuia gBaxaul guddepeHmupy-
eMOH WO p, a AJIA TOTO, B CBOIO OYepelb, JOCTATOYHO, ITOOBI DYHKIINS
f Ovuia gBaxk el guddepenuupyema. Bomee Toro, gocTaTo4HO, ITOOBL
byuxmma f npuEaitexara mpocTpaEcTBy C! amddepeHIUpyeMbIX (BYH-
KU C HEIPEPBLIBHLIMU IEPBLIMU YACTHBIMI IPOU3BOIHBIMI, NOCKOIBKY
npeo6pazoBanne Pajgona pagnajbHO CHMMETPHYHBIX (DYHKINI SBJASETCS
criIaxuBaonmM B HyIe: ectn F € O To ﬁ’(p) = O(p) upu p = 0. 1o
clIeiyeT U3 paBeHCTBA:

dar = p [EWs4P) 0
0 VeVs

B mociennee BpeMs IposABIfeTCsa HHTepec K npeobpasoBanuio Pagoxa
B CBA3U ¢ 3agadaMu ToMmorpaduu. Jig >Tux 3amat BaXHO pacCMaTpUBATD
npeob6paszoBanue Pagona He ToabKo Ha MIafkuX GYHKIINAX, HO U Ha KYCOTHO
rIafKNX, Y KOTOPBIX INHIHN Pa3phiBa — KYCOYIHO IJaKHe KPHUBLIE (HAIPH-
Mep, Ha XapaKTepPUCTHIeCKHX (DYyHKUuax obmacTu). [Aasg Takux QyHKIUHT
¢dopmyaa obpalieHns xopomo pabdoTaeT B TOYKAX INVIATKOCTH, IOCKOILKY
npeo6pazoBanne Pajgoma sBiaseTcs DIagkoll (YHKINEN B OKPECTHOCTH
OpSIMBIX, IPOXOIAINX Uepe3 dTH TOUKH. B OKpecTHOCTH Ke TOYeK pa3-
peiBa (opmyaa obpallleHns IJIOXO IPHCIOCOOIeHA IIg BOCCTAHOB/ICHIS

ﬁ@z%/;%@ﬁ
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dyaxmun. 14 IpeoJoneHns STHX TPYIHOCTEH HCIOIb3YIOTCA ClelnaTbHbIe
peryIfapu3aloHHEle TPOIeIyphl. Pa3paboTka BLIMHCINTEIBHLIX MEeTOIOB,
oImpapasica Ha GpopMy.Ty obpaieHns, TpebyeT IpeonoleHnd pAga, JOmo-
HUTEILHBIX TPYIHOCTEH.

20, Jlas cmpaBegauBocTn (hOPMYJILI OGpAaIleHNA HeT HeoGXOJUMOCTH
Tpe6oBaTh urnTHOCTH QyHKNUN f. JocTaTouHo 6LICTPOTO yOBLIBAHHA |
u gaxe Gomee craboro ycaosua: f = O((1 + z? + 23)~!). B uactrocTH,
dopMyra obpallleHns cOpaBellnBa I1A (GYHKMOUI f U3 OPOCTPAHCTBA
Ulsapna S(R?). Hamommum, wto S(R?) — mpocTpaHCTBO GecKoHeTHO
auddepernupyeMbIx GyHKnmA Ha R?, yOLIBAIOIINX IPH I — 0O BMECTE CO
BCEMHU TTPOM3BOIHEIME OLICTPee TGO CTeIeHN 7.

30, Mna pymxmmi ma C' MoxHO B (opMyle 06pAIIeHIS MePeCTABUTH
ycpenuerne R f = ﬁ(a:l,xz;p) 0 HHTeIPHpPOBaHUe IO p U TPeICTaBHThb
dopMyIy o6pallleHns B CIeIYIONIEM BHIE:

21 400
fova ==z [ [ RO 0p-+ 2 cosi o sing) ™ dpds.
0 —co

(1.11)

SFELGCB HHTEerpaJ II0 p HyXKHO ITIOHIMAaTh B CMBIC/I¢ INIABHOT'O 3HAYICHUA.

1.4. Ilpeo6paszoparmue Pajona ma adpdunHON IWiockocTH. 11 ompeme-
JeHust npeo6paszoBanus Pagona Ha IIOCKOCTH HA caMOM fele He TPeOy-
eTCsl €BKINJ0BA CTPYKTYPA, & BIOJHE TOCTATOYHO a(GUHHON CTPYKTYDHL.
Byaem 3agaBaTh IpsMble YDABHEHUISIMII

CGix1+&xa—p=0

I 3aJauM Ha Kax Aol mpamMol & x1 + {222 — p = 0 Mepy dyg Taxyio, 9TO
deidzs = d(&1 21 + €222 — p) dpe. DTa Mepa B KOOPAMHATAX L1, £ HMEET
BHA:
d dl‘l dl‘z
He = —— = 7.
el Tl

Onpegenum npeo6pazosanne Panona dyuknun [ Ha ad@uaHon miockocTn
PaBeHCTBOM:

+o00
— d
R f(&1,€25p) = / flar,zo)dpe = /f(xl,pTilxl)ﬁ. (1.12)

§1T1+§202=p
Moayuennas Gpyuxuua R f yA0BIETBOPIET YCIOBUIO:

RF(AEL, Az Ap) = NI R F(&1,E03p). (1.13)
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Taxum o6pa3zoM, OHA 3aBHCUT He TOJABLKO OT OPIMON &1 &1 + Exxs — p = 0,
HO U oT BBIGOpA mapameTpoB &1, &g, p.

Ipu (£1,£2) = (cos g, sing) Gyuxnusa R f coBmnajaeT ¢ OmpeeleHHON B
€BKINJOBOM caydae Qyuknuen R f(p,p).

Bripaxernue gia R f wacTo numyT B BHe:

Rf(€1,&p) = /f(l‘l,l‘z)fS(& 21+ &y xo — p)day disy,
RQ

rae ompegenerne 6(£y @1 + 3 #2 — p) AHAJOTUYIHO IPUBEICHHOMY B . 1.1.

Teopema 1.3. Popamyaa obpawienus das npeobpasosanus Padona (1.12)
umeem caedyrouwul 6ud:

f($1ax2) =
v
=gz | ([ ROME Cop+e11 4+ aa) 7 ) (61 d6o — €2 ),
I —co
(1.14)
2de T — npoussoavnwiii konmyp 6¢ R2\ 0, nepecekaiouwuii 6 odnoti mouxe

noumu kaxcduili ayu, evirodawut us mouru 0.

CrpaBedmmBOCTb >TOHI (GOPMYJIBI CIeAyeT U3 IBYX IPOCTLIX (haKTOB.

1) Inddepernnansaas GpopmMa, CTOAMAL IO 3HAKOM HHTEIPAIa, OLYC-
KaeTca Ha MHoroo6Gpasme S JIydel, BRIXOAAMMX m3 Toduku 0, T.e. Ha a3y
paccroerna R?\ 0 — S. DTo crefyeT m3 TOro, ITO OHA NMEeT CTeTCHb
ogropogrocTr () o £ U paBHA HY/JIIO HAa BEKTOPAaX, KACATEIbLHLIX K CJIOSM
paccroeHns ((d&, dés) = (51,52)d/\).

2) Ecam B xadectBe I' B3ATa ejmHWYHAS OKDYKHOCTH C LEHTPOM B
Touxe 0, To popmyna (1.14) coBnagaer ¢ yxke goxazanson gpopmyon (1.11).

1.5. Ceass ¢ mpeobpazoparnem ®ypbe U APYT oM BEBO GopMy.IEI 0Gpa-
menud. [Iycts F(&,62) — mpeobpasosanne Pypre dyukumm f(1,22),
T.e.

F(&1,6) = (27r)—1/f(xl,xz)e“ﬁwﬁﬁm)dxldxz. (1.15)
]R2

ITO6BI yCTaHOBUTL CBA3b Mexkgy npeobpasosanneM Pypre F(£1,6s) un
npeobpasosanueMm Pagona R f(£1,£2;p) dyHKknun f, mpeicTaBuM HHTErpal
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(1.15) mpm (&,£2) # 0 xKax MOBTODPHBIN, I'fe HHTETPUPOBAHNE BeJETCA
CHaYalIa o MPAMBIM &1 ¥1 + €222 = p, a 3aTeM MO p:

+ oo

Fener = [ ([ fenem)due)etdn

—00 £1T1+§2T2=p
Takum o6pa3zoM, IMeeM:

Teopema 1.4. [Ipeobpasosanue Padona R f u npeobpazosanue Pypve F
Pynryuu f ceasanvt caedyowum coOMHOULEHUEM:

+oo
Fler,6) = (2m)" / RAE . Exp)ePdp ((1,6)£0).  (L16)

Iloabsysace oanopoguocThio (yuknum R f, MOKHO HepenmucaTh 3TY
GopMyIy Tak:

+oo
F(A&, A&) = (2m) /Rf(&fz;p) e dp. (1.17)

Urak, gBymepHoe mpeobpazoBanne @Dypbe ABIsSETCA KOMIIO3UIUER IIpe-
o6pasoBanusa PajoHa ma mrockocTu u ogHoMepHOTO Ipeobpa3zoBanus Dy-
pbe.

IIpuBegem Teneps Opyron BLIBOJ (hOPMYJILL OGpAallleHns L1 Ipeobpaso-
Bauus Pagona, ocHOBaHHBIN Ha (popMyie o6palleHns Aasd Ipeobpa3oBaHms
Dypre:

F(a1, 25) = (27)" / FJ(6r, &) et Erm46272) g de, =
RQ

+o0 27

= (4m)~* //ff(/\ cosp, Asing) e~ A (Freoseteasing) |y g )

—oo 0
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Togcrasus B 5Ty Popmyay serpaxenue (1.17) dyukunn F f(A cosp, Asiny)
1epe3 mpeobpasosanne Pagoma R f(cosy, sing; p) = R f(p;p), norygaem:

+o0 27 +o0
1 3 —T1 COsSp—xa sin
f(xl,xz):@///Rf(go,p)e“@ 1eosp=e2 ) N\ dpdp dA =
—oo 0 —o0
1 400 400
:E/ /F(xl,xz,p)eMp|/\|dpd/\:
1 +oo +o0
- r/ /ﬁé(xl,xz,pw“psignmpw =
T
T
=5 | Fplar,2,p)p dp.

— 00

3aech r 3agaerca gopmyaon (1.6). Ha mocaenmem mare Mbl BOCIOIB30Ba-
auck gaxToM: npeobpazosanne Pypoe 06obmennon Gpynknnn sign A € S’ (IR)

~ +oo .
ecThb o6o6mennas Gyuxnusa 2ip~ !, T.e. ecin Y ES(R)my(N)= [ ¢(p)e*P dp,

TO IMeeT MeCTO PaBEHCTBO:
+ oo 2 + oo
[ Gsimrar= = [ wi)ptap

, UmTerpan cmpaBa, BooOIllle TI'OBODS, IOHUMAETCA B CMBICIe TDJIABHOIO
3HAYEHNs, HO, eClIn i — Dajkasd HedeTHas (PYHKIUS, TO OH CXOAUTCS B
00BI9HOM cMBIcTe. B pesyabraTe Mul moaydmin GpopMyry obpamenns (1.5).

3aMeuanme. 3aMeTHM, 4YTO OpHu npeoGpasoBauun Pajgoma omepartop Jla-
2

_ 9? 8° 8
miaca A = 352 T 77 Ha GYHKIUIX f(xl, xz) [EPEXONUT B OUEPATOP 7.3

Ha Qyaxnuax R f(p;p). Boaee o6mo, ecan numeeTcs o6obmennas GyHKINA

K(r?), rge v? = 2?2 + 22, To K(A)fdéf[((—rz) * [ mepexomuT B CBEPTKY

K(—p?) * R f (cBepTKa [0 p). DTHMU cOOOPAKEHUAMI MOKHO BOCIIOIb3O-

BaThCA 11a obpaleHns mpeobpasobanns PagoHa Hermagkol (GpyHKINI.
Ecin Mbl nMmeeM (UHHTHYIO 0606IICHHYI0, B TaCTHOCTH, HErMIaIKYIO

bymxmmio f, To MBI MoxeMm mpegcTaBuTh ee B Buge f = (1 — A)f o, rae

1)l—‘em)(baH;[ .M., MIuaos TI'.E. O6o6mennnie byHKIUM U JeHCTBUA HaJ HUMU:
O6o6menntre pyukuun. — M.: Pusmarrus. 1959.
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¢ — raagkas QyHKOus, a k — HaTypaabHoe unciao. IIpeo6pazoBanue
Pagona ¢ysxnum f MoxHO ompegeinTs kak cBepTky: K (1 + pz)k * R .
Ha (puHUTHBIX HenpepvIBHBIX (MYHKLOHUAX 3TO ONPEJeIeHIE COIVIACYETCS C
yxe umetoruMcsi. Eciu Teneps f — Heraagkast QyHKIus, TO, 6€psi CBEPTKY
Rfc(l+ pz)_k, MBI IOIyUaeM raagkyio Gyuknnio R . IIpumenas k R ¢
dopmyay obpaumenns gis npeobpaszoBanus Pagona, HaxoguMm (QYHKINIO
¢. Hpunmenss, maxomenm, ¥ ¢ muddepenmuarerbni omepatop (1 — A
moaydaeM INCKOMYIo QYHKINO f.

§ 2. Ilpeo6pasoBanue PajoHa B TpexXMepHOM MPOCTPAHCTBE

2.1. IIpeo6pasosanne Pajgona B eBKIngoBOM mpocTpaucTee. [IpeoGpa-
30BaHneM PajoHa B TPeXMEDHOM €BKINJOBOM NPOCTPAHCTBE HA3BIBAETCS
HHTerpaibHOe Npeobpa3zoBaHme, OTHOCALIee (MYHKUUN HA 3TOM IIPOCT-
PAHCTBE €€ HHTErpaIbl [0 BCEBO3MOXKHBIM IJOCKOCTAM (OTHOCHTEILHO
€BKANJOBOI miomangn). Bce paccMoOTpeHns NpoBOAATCA 34eCh IO TOH XKe
cxeMe, ITO U Aas IpeobpazoBanusa PajoHa Ha IIOCKOCTIH.

SagaguMm npeotpazoBanme Pagona ssmon dopmyaon. Byzem xaxzgyio
IIJIOCKOCTD 3a1aBaTh YDABHEHHIEM

(w,z)y —p=0, rge |w|=1

({w, ) = wie1 + ware + w3x3), UWIN, HO-APYTOMY, NapaMeTPHIECKHMIE
yPaBHEHIAMH
r=tia' + 190 + pw,

rae o', o’ — mapa eIUHNYHBIX B3aNMHO OPTOTOHAILHEIX BEKTODOB, T.e.
(ol a?) = (w,al) = (w,a?) = 0; eBxangoBa Mepa Ha TAKOH IIOCKOCTH
paBHa dt; diy. Tem caMbIM, Kakgas IIOCKOCTD 3aaeTcsa Hapou (w,p), rge
W — TOYKa eIUHUIHON c(epbl, a p — WNCIO, IpUUeM, OIeBHIHO, IBYM
pasImyuHBIM napaM (w,p), (w’,p’) oTBewaeT oHA I Ta XKe MIOCKOCTL TOT A
I TOIBKO TOTJa, xorga (w',p') = —(w,p).

IIpeo6pazosarne Pagona dpymrknun f(r) 3agaeTcs caefyoIuM DaBeH-
CTBOM:

R flw,p) = /f(t1 ol +tya? 4 pw)dty disy, (2.1)

RQ
rae ol a? — mo6ble e UHUYHBIE BeKTODH Takme, aTo (ol a?) =
= (w,al) = (w,a?) = 0 (oT ux BHIGOpa uHTerpal He 3aBucuT). Tak

kak R f(—w,—p) = R f(w,p), dyaxnusz R f omyckaeTcsa Ha MHOD006pasue
IIJIOCKOCTE.
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Kak u B gByMepHOM caydae, (2.1) HacTo 3amucBIBAIOT B BHAe

R flw,p) = /f(x)é((w, z) —p)de (dx = dxy degdes),

rge d(-)-gpyuknns ma R.

daa mpocToTel MBI 6ygeM paccMaTpuBaThL npeobpasoBanume Pagona
na ¢yskmuax f € D(R3). B stom cayuae dymknunu R f — burnTHBIE
6eckoneuno qudpepeHunpyemole (GYHKINN HA MHOI0O6DA3NN MIOCKOCTEN,
T.e. OHU H6eckoHeIHO AudpepeHnnpyeMbl Kak PYHKIINN OT W U P U PUHUTHEI
o p.

Hangem dopmyany o6pamenns s npeobpasoBanus Pajgona B Tpexmep-
HOM €BKJINZO0BOM mpocTpaHcTBe. CHagana paccMoTpuMm yuknmo f(z) =

1/2

= F(r), 3aBucsamyio Toabko oT r = (x1% +x2% +23?)1/2. Ee npeo6pazosanmne

~

Pagona me 3asucut ot w : R f(w,p) = F(p). Ha ocuoBanun (2.1) nmeem:

F(p) = /F(\/tﬂ o2 4 p?)dty dts = ZW/F(r)rdr. (2.2)
R? |2l

WUrax, B oTamtime oT ABYMEPHOTO CIydasd, I'Je MBI IMeIN HHTerpaa IIo-
pagxa 1/2) 31ech mOAyHMaCS IPOCTO OLepaTop UHTerpupoBanus. IlosTomy
06PATHLIN OLIEPATOP €CTh OepaTop AU(GQPEPEeHIINIPOBAHNS, I MBI IOy IaeM:

F(r) = —% @ (2.3)
B wactHOCTH,
7(0) = F(0) = —5— F"(0). (2.4)

Yro6el moayunTs (GopMyady oOpalleHns Aisg NPOU3BOABLHON (BYHKIINH
f, MBI, Kak W B [JIBYMEDHOM cCIydYae, HCIOAb3YeM I[eDPEeCTAHOBOIHOCTh
npeobpa3zoBanus PagoHa ¢ IBIKEeHUSIME €BKINI0BA IPOCTPAHCTBa. BBegem
cpeanee GyuKnun f mo cdpepaM ¢ HeHTPOM B (PUKCHPOBAHHOI TOUKE L:

Fa;r) = i / fle + rw)dw, (2.5)

Jw]=1

rge dw — 3IeMeHT IJIOIIA LN HOBEPXHOCTH eINHUYHON cdeprl. [IycTs gamee

F(x;p) — cpeanee yuxmun R f mo mIOCKOCTAM, PABHOOTCTOAIINM OT
TOYKHN T, T.e.

Flan) = o7 [ Rip+ o) do (2.6)

Jw]=1
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Torga m3 (2.4) m U3 mepeCTaHOBOYHOCTH MpeobpaszoBaHums Pagoma ¢
OBIZKEHUAMH €BKINI0BA IPOCTPAHCTBA [TOLYIaeM:

flz) = F(x,0) = _% F'(w30).

Hrak, goxazano:

Teopema 2.1. Popmuyaa obpawenus dasa npeobpazosanus Padona ¢ mpex-
MEPHOM €6KAUIOB0M Npocmpancmee umeem cacdyouwut 6ud:

) =g [ (ROt a))do. (2.7

Jw]=1

Mz BuguM, 9TO TPEXMEDHBIN CAyYall IPUHIUINAJILHO OTINIAETCSI OT
OBYMEDHOT'O. 3[€Ch, B OTINYNE OT JBYMEDHOT'O cIy4as, (hopMyIa obparie-
HIUS JOKAJAbHA. JTO 03HAYAET, 9TO I BOCCTAHOBICHUS (QYHKINN [ B TOYKe
£ HyXKHO 3HATH €€ HHTETPAIbl TOJIBKO [0 IMIOCKOCTAM OAM3KEM K & ((hax-
THYECKN U3 NHOUHUTE3NMAJLHON OKPECTHOCTH MHOXKECTBA ILIOCKOCTEN,
IPOXOJAIMX Uepe3 ).

OIHOBPEMEHHO MBI IIOXYYILIN CAEAVIOIINE COOTHOLIEHNIS MEXKIY yCpen-

wenusiMu F' u F' coorBercrBenno dpyukunn f u R f :

oQ

ﬁ(x;p) = 27T/F(l‘, ryrdr, (2.8)
|2l
F(r) = 5 BT (2.9

(3Tn paBencTBa moaydaiorcs u3 (2.2) u (2.3) caBuroMm.)

IIpeo6pazoBanne Pagona ¢yukmun f cBszaHo ¢ ee mpeobpaszoBaHmeM
Dypre F f caegyoumnmM paBeHCTBOM:

+oo
FI0w) = @0 [ R dy (el=D. (210)

Wcxoas u3 »Toro paBeHcTBa I u3 (GOPMYIBl obpalleHns A1s Ipeobpaso-
Bauus Pypbe MOXKHO HOIYUUTHL APYTOU BBIBOA (DOPMYJIBL OGDALIEHIA A5
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npeobpaszoBanus Pamgona:

f(x) = (27)732 / FHE) 6D g¢ =
Re)

+oo
1 .
= 5(27")_3/2 / /]-"f(/\w)e‘”‘“‘”x> Mdwd) =

|w|=1—00

400 +00
:%(%)‘3/2/ / /Rf(w,p)e“(f"<w>)A2 dp dw d X =

—00 |w|=1—00
1 +oo +o0 1
_ A iAp 32 _ o
=17 / /F(x,p)e AdpdX = ZﬂFp(l‘,O).

— 00 —00

CpaBHIB 5TOT BBEIBOJ ¢ AHAJOTHYHBLIM BEIBOIOM M HI0CkocTH (1. 1.5),
3aMedaeM, UTO pa3amdne MexAy popMyJIaMu oOpalleHns Aas MIOCKOCTH U
[V TPOCTPAHCTBA BO3HUKAET M3-3a PA3INYNA BBIPDAJKEHNN I DIEMEHTOB
o6wemMa B moaApHLIX KoopamHaTax: |\ dA dw mim mrocxoctn m A2 d)\ dw
[V TPOCTPAHCTBA.

3ameuanmne. B gBymepHOM cayuae Gyuxuus f BoccraHaBamaeTcs mo R f
¢ moMompio HemokaabHou (dopmyiasl. Opuaxko dyekmus VA f, rope A —

omeparop Jlammaca, BoccramaBiamBaeTcs mo R f moxkaabHOn (QopMyaon
obparrenns:

27

1 .
\/Zf(xl, T2) = E/(Rf)g(go, z1 cosp + xa sing) dp.
0

Hockonpky VA — saiammruyaecknil mceBgoaudGepeHnuaIbHEi omepa-
Top, PyEKIHL /A f HMeeT Te xKe 0COGEHHOCTIL, 9TO I f. DTHM 06CTOATEIb
CTBOM NOJIB3YIOTCS HHOT A B TOMOrpaduu Jist onpegereHns oCOGeHHOCTEN
dyuxnun R f, ucxons u3 ee npeobpaszosanus Pagona R f.

2.2. Ilpeo6paszoBauue Pajgona B adpduuanom mpocrpaHcTBe. Kax u B
OBYMEDHOM caydae, 1Js olpegeaeHns npeobpaszoBanus Pagona B Tpexmep-
HOM IPOCTDAHCTBE HA CAaMOM [eile He TpeOyeTcs €BKINIOBA CTPYKTYDA,
a BIOJHE JOCTATOYHO a(pPUHHOU CTPYKTYPHL. BygeMm 3a1aBaTh ILIOCKOCTH
YPABHEHUSIMHI

CGixr+&xa+E&3x3—p=10
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I 3aJauM Ha KaxJOH IIOCKOCTH &1 21 + E222 + 323 — p = 0 mepy dpg
Takyo, ITo dz dzs =d(&1 &1 + &2 22 + &3 23 — p) dpig. Ecan B kaecTBe KOOP-
AUHAT Ha INIOCKOCTH B3ATa J00ad [apa &;, £;, TO 3Ta Mepa B KOODJUHATAX
&j, £; UMeeT BHN:

dr;dx; ..
s (k#4,7),
133

T.e. OHA& 3aBHCHUT OT ypPaBHEHU:, 3aJalOIIero MIOCKOCTb.
Onpegenum npeo6pazosanne Pagona Gyukiun [ ma adduanoMm mpoct-
PAHCTBE PaBEHCTBOM!:

d/ig =

RIED) = RI(E En,Eip) = / faydpe = (211)
E1x1+E2x2+E3 w3=p
_ /f(xl,xz, P& 213_5”2) dﬁzjfz. (2.12)

Kak u B sByMepHOM cayiae, Gpyuknud R f yI0BIeTBOPIET YCIOBUIO:
RI(AEAP) = AT R f(&p).

Taxum 06pa3omM, OHA 3aBUCUT HE TOABKO OT WIOCKOCTH &1 &1 + &9 29+ &3 23—
—p =0, 2o u oT BBIGOpa mapamMeTpoB &1, &2, &3, P.

Ilpu |{| = 1 dymkuus R [ coBmAZAET ¢ OUPEICICHHON B €BKJIUIOBOM
cayaae Qpyuknuen R f(w,p).

Bripaxkenne gaa R f wacTo numyT B BuIe:

R f(€1,E2,833p) = /f(901,902,$3)5(51 1+ &axo + 323 — p)dry deades,
R?’

rae onpegenenne 6(£1 1 + €2 x9 + 343 — P) AHAJOTHTHO NPHBEJEHHOMY B
OBYMEDHOM CaIyHae.

Teopema 2.2. Popmuysa obpawenus das afdunrozo npeobpazosanus Pa-
dona (2.12) umeem caedyrowud 6ud:

f0) = =55 [ RIYED =te.n) <(6) (2.13)

T

2de
w(&) = &1dés Ndés + Eadés A dEq + E3dr dEs,

a T — npoussoavnas noseprnocms 6 R3\ 0, nepecexaowas 6 odnoti mouwe
noumu kaxcduili ayu, evirodawut us mouru 0.
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TTogo6uO ABYMepHOMY caydaio, opMmyra obpamenns (2.13) crenyeT us
ABYX mpocTHIX (akTo: 1) maTerpax (2.13) me 3aBucmt oT BBIGOpa I' 1
2) B cayuae, korga I' — eaunnunas cdepa, (2.13) cosnagaer ¢ Gpopmyron
obparmenns (2.7) 1A €BKINLI0BA IPOCTPAHCTEA.

2.3. IIpeobpazosanue Pajona A14 MpoCTPaHCTB MPOM3BOILHON pa3Mep-
mHocTu. Ompegenenne mpeo6pazopanns Pagona gma R? u R3 moxuo mepe-
HECTH Ha TPOCTPaHCTBa ai000l pasMepHOCTH. MeHHO, mpeobpasoBaHme
Pagona ¢yukunn f € S(R") sagaeTcs GpopmyIon:

RIE p) = / F@)6((€ 2) — p)de, €€ (RY\O, peR,  (214)

rae (£, x) = &wy, de = dxy...dx, n §(p) — JeapTa-PyHKIUA OZHOTO
nepemensoro. Onpegenenne §( (£, ) — p) AHATOTUYHO IPUBEICHHOMY BBIIIE
O caydaeBn = 2 U n = 3.

IIpuBenem 6e3 MokazaTelbcTBa (POPMYJLI OOPAIEHUA A MPeodpa3o-
Bauus Pagona. Ecan ¢ = R f, To

n—1

== 0"t o(w, )
= d 2.15
f(l‘) 2 (271')”_1 gsn—1 ={w, ) 7 ( )
|w|:1
IpU HeIeTHOM 1, rde do — saeMeHT oObeMa cdeprl [w| = 1 B R™;

~tdpdo 2.16
:(w,x)+pp P ( )

n/2 on- 1
He) = 271' / / 35” 1
OpU 9YeTHOM 7, Ije HWHTerpal IO p HMOHAMAETCA B CMBICAE [MIaBHOTO
3Hadenna. TaxuMm o6pasoM, mofobHO caydaaM n = 2 u n = 3, dbopMmyaa
obpallleHns JoKalbHa TP HETeTHOM 1 U HEJOKAABLHA IIPU IETHOM 7.
Dopmyasl obpamenns (2.15) u (2.16) MoKHO 00BeJUHATD, BOCIOIB30-
BaBIIMCh 06o6mennol dynknueit (p — i0)~!. Ilo ompegerenuo, oHa eCTb
npegex npu s — +0 o606mennon byrknun U (p) = (p—is)~ . UssecTHO, 1TO
dbyuxnusa (p — i0)~! npegcraBuMa Kax auHefiHas KOMOUHAINL 0606IIEHHEIX
bymxnumit p~! u §(p) :

(p—i0)"t=p~t+ind(p). (2.17)

Mz nmeeM npu a:060M n CIeAVIONIYIO (GOPMYIY OOpalIeHns:

f(x) = 271' / /371 315n (5 — (w,x) —i0)"'dsdo.  (2.18)
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B camom pmexe, u3 (2.17) caegyer, 4To mpH HedeTHOM n paseHcTBO (2.18)
cosmagaet ¢ (2.15), a mpu geTHOM — ¢ (2.16).

IIpeacraBumM GopMyay obpallleHus B ApyToll, boaee yI06HON (hopMe, me-
peligs oT upeobpazosanus Pagona R k “xoMmiexcHoMy” mpeo6pa3oBaHUIo

Pagouna R. ImenHo, oupegeanm omepaTop R ciaegyoutenl (hopMyIOn:

RAEr) = [ 1) (€ 2) —p—i0) de. (2.19)
i
Jlerko y6equrhest, 9To (GOYHKINK 7~€f u R f cBS3aHBI COOTHOLIEHTEM:
+oo
7~€f(€,p) = / RfEs)(s—p— iO)_lds.

Orcroga u u3z (2.18) cregyer Qopmyra obpalmeHns Jai “KOMILVIEKCHOTO”

npeo6pazoBanusa Pagona R : ecau ¢ = 7~€f, TO

7y = ( d ) / P b s) do. (2.20)

ﬁ gsn—1 s={w,x)
Jw]=1

OTMmeTuM, 4TO 3Ta (HOpMy.Ia JOKAILHA IPU JI0G0M 1.

§ 3. BornoBoe ypaBHenue u nmpuniun [ourenca

3Jech MBI IOKaXKeM, Kak [IPU oMol npeobpa3oBanus Pagona noay4a-
0TCA Kaaccundeckre (hOPMYJIBL IS PEIIeHnl BOJIHOBOI'O ypaBHeHus. Brioa
OCHOBaH Ha MeTojJe INIOCKNX BOJH.

3.1. IBymepHbM cryqan. IlycTh MBI IMeeM TBYMEPHOE BOTHOBOE YDaB-
HeHUe

9%y 9%y 9%y

8? o 61‘12 + 61‘22 '
PaccMoTpuM A4 Hero clIedyIOMyIo 3ajady Kommm:
uw(0,2) =0, wu(0,z)= f(z), (3.1)

rae, pas npoctoThl, f € D(R?).

MeTo TIOCKWX BOIH OMHPAETCE Ha TO OGCTOATEILCTBO, UTO €CIH
p(s) — mobas raagxas (QYHKONS OZHOTO IePEMEeHHOr o, TO (YHKINS
D, (t,x) = p(t + (w, ), rae |w| = 1, ABageTCca IpH TO60OM W peIlEHNEM
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BOJHOBOT'O YPaBHEHNS (IPOBEPAETCA HEMOCPEACTBEHHO). Takme pelteHns
Ha3BIBAIOTCS ILUIOCKIMH BOJIHAMH. MeToJ MIOCKHX BOIH COCTOUT B Ipe[-
CTABJIEHIN JIO60T0 PELIEHNsT BOIHOBOI'O YDABHEHUS B BUJe CYNEPIO3UIINN
IIJIOCKIX BOJH.

IlepefigeM k mocTpoennio pemtenns 3agadn Komm (3.1). Paccmorpum
CIeAVIOMYIo (PYHKIIIIO:

+o0 27

1 . _
u(t,z) = o) / /Rf(go,p—t—l—xl cosp + o sing)p L dpdp, (3.2)

—oo 0

rae R f(y, p) — upeobpazosanne Patona yuxnun f. ITockoasky pyHKmmsa
U MOJAYyYeHa CYMEPIO3UNUEN IOCKUX BOJIH, OHA SBJISETCS PEIIeHNeM BOJHO-
BOT'O ypaBHEHIs. YOeIUMCH, ITO ¢ ABALeTCA peneHneM 3agadn Komm (3.1).
B camowm gene, mpu ¢ = 0 mogsiHTerpanbhas GyHKnuA B (3.2) MeHAET 3HAK
npu 3aMeHe (¢, p) — (p+m, —p); cregoBaTenso, u((0,z) =0. Jaxee, nmeem:

+o0 27

1 . _
u;(o,l‘) = T i? / /(Rf);,(go,p—l—xl cosp + &g sing)p 1dg0dp = f(a),

—oo 0

e mocaeJHee paBeHCTBO caeayeT u3 Gopmyast (1.11) gas mpeobpasoBamns
Pagona Ha miockocTH.

Mzt xoTtum BepHyThCA B (3.2) oT dyHxmun R f x ncxogHon QyHKIHNK
f. Hdas sroro BocmoabsyeMcs cooTHomenneM (1.10) Mexny cpeiHmMm

dyuxmun f u R f :
27

/Rf(so,p+ T1 cosy + o sing)dp =
0]

oo 27
flz1 + 7 cosp, xa + rsing)
= 2// rdedr =
[02 _ 2
le] 0 Tor
x +
=2 %d (dy = dy1 dys),
ol Viyl? —p

rae |y|? = y1? + y2?. Mur moaymm:

1 .
u(t,») = 3.3 K(t,y) flz +y)dy,
RZ
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rae
t+y| d
- 4
K(t,y) = / = =
PV Iy = (p—1)
t—|y|

(mpm ¢ < |y| mocaeHEI mMHTerpal HyXKHO IOHHMATH B CMBICAE DVIABHOI'O
3HAYEHNA). DleMeHTapHOoe BhHmcaeHme gaer: K (t,y) = 0 mpu ¢ < |y,

K(t,y) = #IW upu ¢ > |y|. B peayabrare moaydaem:
_ 1 flz+y)

lyl<t

(popmyrna ITyaccona).

M&br BuAuM, ITO pellleHNe BOJHOBOI'O YDABHEHNS B TOUKE ¥ B MOMEHT
BpeMeHN { 3aBUCUT TOJBKO OT Ha4YaJbHBIX JaHHBIX B Kpyre paamyca t c
LeHTpOM B . DToT 3({derT HaspiBaeTca >PPEKTOM KOHEUTHON 006aacTH
3aBICHMOCTH /I CYIIeCTBOBAHUA IlepelHero (PPOHTA BOJIHBI: CUTHAJ IBHU-
JKeTCs CO CKOPOCThIo 1, m 3a BpeMsa ¢ OH MOXKEeT JOITH O & TOIBKO II3
TOYeK, HaXOJAIINXCSA OT £ Ha PACCTOAHUU He 60abIIeM, deM 1.

3.2. Tpexmepubii cayuan. Temeps HallgeM pernenne 3ajgaqn Komn (3.1)
11 TPEXMEePHOT 0 BOIHOBOT'O YPABHEHIA:
0%u 0%u 0%u 0%u

P _ ! _
= s et o w00 =0, (00 = fo). (34)

PaccMoTpum creayoomyo QyHKINIO:

/ (R 1)) (w, t + (w,2))dw, (3.5)

Jw]=1

rae R f(w, p) — mpeobpaszosanue Pagoma ¢yuxnun f(z) = f(z1, z2, 23).
DTa QyEKINA, 6yIyIn CyNepHo3ulnell MIOCKUX BOJMH, YIOBIETBOPAET BOJI-
HOBOMY YPaBHEHWIO. YOeINMCs, ITO OHA ABAAETCA pellleHneM 3agadn Komm
(3.4). B camom gexe, npu { = 0 nogbiETerpatbHas GpyHknns B (3.5) AageTcs
HedeTHOH (yHKIUen Ha chepe |w| = 1; 3maunt, u(0,2) = 0. Jaxee, umeem:

w00 =gy [ RO 0 de = f)
jwi=1

rJe mocjJegHee paBeHCTBO caenyeT u3 (opMyabl obpalreHns naa mpeodpa-
30BaHus PajgoHa B TpexMepHOM IPOCTPAHCTBE.
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Bepuemcsa B (3.5) or dyukunu R f x ucxoguon dyukuun f. dias storo
BOCIOIB3yeMCs COOTHoIeHneM (2.9) Mex 1y cpeguumu Gyuxnun f u R f:

/ f(x—i—tw)dw:—z—it / (R, + (w,2)) de.
|w|=1 Jw]=1
Mgbr moay<um:
u(t,z) = 4t—ﬂ_ / flz +tw)dw (3.6)

Jw]=1

(popmyna Kupxroda).

Mgl BUAMM, STO PellleHIe TPEXMEPHOTO BOTHOBOTO YPABHEHNIA B TOTKE
T B MOMEHT BPEMEHH ¢ 3aBHCHT TOJLKO OT HaYaJIbHLIX JaHHBIX B TOIKAX,
HAXOAIIIXCS Ha paccToauuu ¢ oT ¢ (npuenun ['oirenca). Takum o6pazon,
HMeeT MeCTO He TOIbko 3(PdexkT KOHeTHOH 06JacTH 3aBHCHMOCTH, HO I
6oice CIIBHBIN >((HEeKT — BBIPAKEH 3aJHHUI (HPOHT BOMHBEI: K MOMEHTY
BpEeMEHH { CHTHAT OT TOYEK, HaXOIAMNXCA OT ¥ Ha PACCTOAHNUH, MEHbLIIEM
geM ¢, yKe TpoIIen depe3 TOYKY & B IpeIbIIYINHE MOMEHTHI BpEeMEHH I
He COXDAHWICA B Hell. DTO pa3imdne MeXKIy IBYMEPHBIM H TPeXMEPHBIM
CIVIagMU B TOTHOCTH OTBeIaeT TOMY (PaxTy, ITo popMyIa obpalleHus 118
npeobpazosanna PagoHa B TpeXMepPHOM CIyiae JOKaIbHA, a B IBYMEDHOM
HeToKadbHa.

§ 4. Ycaosua KaBaabepu u Teopemsr Iloau — Bunepa
aas mpeoGpasoBanus Pagona

4.1. Ycaosua Kapambepu pgaa 6eicTpo yOmBarommx yHkmuu. Paccumo-
TpuM npeoGpasosanune Panona R f(&1,&2;p) (B addunnOM BapumanTe) Ha
byrxnuax f € S(R?), cm. dopmyay (1.12). Hac urTepecyeT, Kaxoli samac
dyuknuin R f opm 3ToM moxaydaeTcs.

HanomunmM, 9To Gyrkumn R f yIOBIeTBOPAIOT YCIOBHUIO OJHOPOTIHOCTH:

RI(AEAp) = NI R(E, p). (4.1)
Naxee, oun Geckoneuano gubddepernupyemsr ra (R?\ 0) x R u 6picTpo
yOBIBAIOT [0 p mpu p — 00 paBHOMepHO 1o &, |¢| = 1, BmecTe co Bcemn

IPOU3BONHLIME. BO3HIKaeT BONPOC: HMETCA MU KaKme-HHOYIbL ApYTHe
ycaosus Ha Gymrknnu R f m3 o6paza S(R?)?
3aMeTnM mpexk e BCETO, ITO

+/me(€, Piy= [ f(o)de. (4.2)
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T.e. JeBas YaCTh He 3aBHCUT OT {. DTO COOTHOIIEHWE TECHO CBA3AHO C
KraccutdeckuM npuaiunoM KaBaibepu, TO3BOJIAOIMINM BEHMUCAATD ILIOMA LD
ITOCKON (PUTYDPHL epe3 JIWHBL €€ MePEeCedeHNN ¢ MYyYKOM MapalIeJbHBIX
IPAMBIX JI060T0 3aJaHHOTO HampasieHus. Umenno, ecan [ — xapakTe-
puctndeckas QyHKIuA mrockon ¢urypsl, To R f(£, p) npu |£| = 1 pasno
[JANHE [MepecedeHnust 3TON GUrypsl ¢ npamMon &1z + xxs — p = 0, u TeMm
caMBIM PaBeHCTBO (4.2) BbIpaxkaeT IIOIIALE IIOCKOH MUTYDEL YePe3 IINHBL
ee TMepeceveHnyl ¢ MyYKOM MapaleJbHBIX NpPAMBIX. B dacTHOCTH, JeBas
JaCcTh PABEHCTBA He 3aBUCUT OT HANpaBlIeHud nydka. [lo 3Tou mpuimue Msbl
6y JeM HA3BIBATH YCJAOBHIE HE3ABUCUMOCTH OT & HHTerpaJja f_-l_;j R (&, p)dp,
a TakkKe HEKOTOPBIe 000OINEHNs 3TOrO YCJIOBUA yCIOBUAMI KaBaabepi.
PaccmoTpum momenTsl pyaxnun R f(€, p) mo p:

+oo
Ie(§) = /Rf(&p)pkdp, k=1012,... (4.3)

TogcraBus cioga Bulpaxkenne R f <epes ucxoguyio ¢pyuknmio f(x), moay-
TaeM:

+oo
/ RIE p)pdp = / F(2) (6, 2)* de. (4.4)

W3 pasenctsa (4.4) cregyior

Ycaosna Kasambepn. Humeepaa [ (€) aearemes 0odHopodubim smHO20-
waenom cmenenu k om &, &y (k=0,1,2,...) V.

Jdagum maTepnpeTanuio nHTerpaios I (£) Ha A3biKe mpeobPa3OBAHUA
®ypre F f dyuxnun f. Kak 6bito mokasamo B §1, Gymxmun F f(€) u
R f(€,p) cBA3aHBI COOTHOILICHNEM:

+oo
FIOE) = (2m) /Rf(€,p)e“" dp (£ £0).

Orcroga caegyer:

ik T F(AE)

Iy (&) = 2mi N o’ (4.5)

1) 3ru yeaosus (18 adbHHHEIX NPOCTPaHCTE NPOU3BOIBLHONI Pa3MEPHOCTH) BIEPBEIE
chopmyauposaHnhl B craThe: [eabdang .M. u I'paes M.I., VlaTerpaas rno runepiuioc-
KOCTAM OCHOBHBEIX U o6o6mennbix dbyuknmit // Jokaager AH CCCP. — 1960. — Ne 6.
— C.1307-1310.
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IIycre Tenmeps Gyuxuus F f GoicTpo yObBaeT u GeckoHewHo audde-
pennnpyema B Touke ) Mo kaxnoMy HampasiaeHmio, T.e. Gyuknus F f(AE)
Gecxoneuno guddepenuunpyema mo A B Touke A = 0 mpm mobom & #£ 0.
Ilokaxem, uro ycaoBus KaBaabepn >KBUBATEHTHBI YCJIOBHIO GECKOHETHON
audgdepennupyemoctn F f(£) B Touxe & = 0.

B camom gene, mycts F f(€) Geckoneuno guddepeHnupyeMa B TOUIKe
& = 0. Torga mpasas dacThb B (4.5) paBHA 0JIHOPOJHON COCTABIAIOLIEH CTe-
menn k B pazaoxennn F f no popmyae Tennsopa B okpecraoctn Touku & = 0;
3naquT, u3 (4.5) caegywoor ycaosus Kasanbepn. O6paTHO, IycTh QYHKINA
F f 6ecxoneuno guddepennupyema B Touke () IO Kaxk JOMY HAIPABICHUIIO I
BBIOIHeHH! yeaoBus Kasamsepu. Torga mo dopmyae Teitnopa gas F f(AE)
Kak QYHKIUN OT A HMeeM IIDH JR60M HaTypaibHOM n u npu |£| = 1:

OFF F(A
Frog =3 P20 o =
k=0
Z'k

= (@m0 1) + oA

Tax xak [;(§) — OZHOPOZHBIH MHOTOWIEH cTemeHH k oT &1,&s, 3TO
PABEHCTBO MOXKHO 3aINCATh B BHJE:

FHE) = (2m) 0 S () + oflel). (46)

B pesyavrare Mbl moayumin gas F f(€) ¢popmyay Temmopa mopsika k B
toure 0. Orcioga cregyer, aTo F f(£) Geckoneuno auddepeHIupyeMa mo
&1, &9 B Touke 0.

4.2. Teopema Ilomu — Bumepa pas mpoctpancTsa S(R2). Yrsepix te-
HUSI, COJepKallle OIINCAHNS 00Pa30B Pa3IWYHBIX (PYHKINOHAIBHLIX MIPO-
CTPAHCTB Ipu HpeobpazoBanuu PajgoHna, 1acTo HaszwlBaoT TeopeMamu [Ixin
— Burepa gas sToro npeo6pazoBanus.

Teopema 4.1. Dynryus (€1, E23p) na (R2\ 0) x R sa6asemes npeobpazo-
sanuem Padona dynxyuu f € S(R?), ecau u moavko ecau:

1) ¢ ydosaemsopaem ycaosuiw odnopoduocmu (4.1);

2) ¢ beckoneuno duddepenyupyena;

3) awbas npoussodnas Gynryuu @ yévisaem npu || =1 u p = >
beiempee aw0boti ompuyameavrot cmenenu |pl;

4) ¢ ydosaemsopaem ycaosuam Kasavepu.
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Aorazameavcmeo. Ham HYKHO I0Ka3aTh TOABKO JOCTATOYHOCTD YCIOBHIIL.
Ilycts dymxnus ¢(&, p) yHOBIETBOPAET YCIOBHAM TeopeMbl. Ompegennm

dbyuxmmio F(¢) ma R?\ 0 pasercTBOM:
+ oo

() = (2m)! / (€. p) e dp.

— 00

BBI/I,E[y ycaoBusa OOJHOPOIHOCTH 1), 9TO PaBEHCTBO 3KBUBAJCHTHO CJACAYIO-
IIeMy:
+ oo

FAE) = (2m) / (€. D)™ dp.

— 00

W3 ycaosun 2) u 3) caegyer, 9ro QpyHKnus I 6eckoHeuHO nuddepeHnupy-
eMa BO Bcex Toukax £ £, a mpu € =0 ona 6ecxoreuno guddepeHnupyema o
BCeM HAIPABIEHUSIM; 3HAYNT, B ciIy ycaosunl KaBaabepu, oHa GeCKOHETHO
audgdepennupyema u B Touke £ = 0. Tanee, u3 ycaosuil 2) u 3) cieayer,
4T0 (pyarnus F 66IcTpO yOLIBaeT BMECTE CO BCEMI IPOM3BOAHBIME. Taxum
obpazowm, F' € S(R?), a moTomy cymectsyer byrxmns f € S(R?) Taxas, aTo
F = Ff. Torga ¢(£,p) coBnagaer ¢ mpeobpasopauneMm Pagoma R f(£, p)
dyukmun f, mockoabky ux npeoGpazoBanus Pypre mo p paBHB OJHOU U

Tont ke dpyukunu F f(AE).

4.3. Teopema IIomu — Bumepa gas mpoctpancrea D(R?) dummraEx
6eckoneano AuddepeHMTUPyeMEIx GyHKIWM..

Teopema 4.2. Dynryusa ©(E1,Ex;p) na (R?\ 0) x R ssasemea npeobpa-
so6anuen Padona dynkyuu f € D(R?) 6 mom u moavko mom cayuae,
Koeda:

1) ¢ ydosaemsopaem ycaosuiw odnopoduocmu (4.1);

2) ¢ beckoneuno Juddepenyupyena na (R?\ 0) x R u Gunumna no p;

3) ¢ ydosaemeopaem ycaosuam Kasavepu.

Aorasameavemso. Ecan f € D(}Rz), TO OYeBHUIHO, UTO Ipeobpa3zoBaHUe
Pagoma R f ¢yuxkunu f yzoereTBopseT ycaoBuaM 1) m 2). Ycaosus
Kasaawepu caeayioT u3 Toro, uto D(R?) C S(R?).

O6paTHO, IycTh PYHKIUS ¢ YAOBIETBOPIET YCIOBUAM TeopeMul. Toraa
¢ YIOBIETBOPsAET U YCAOBUAM TeopeMbl 4.1, a mOTOMY ¢ SIBIsfeTCA mpe-
o6pazosannem Paona mexoTopoit byaknun f € S(R?). OcTaeTca fokasaTh
Toapko ¢puHuTHOCTL QyHKIun f. [Ipusegem nokazaTelbCcTBO QUHNTHOCTH
f, mpunagrexamee Xearacony 1.

1) Xearacon C. IIpeo6pazosanue Pagona. — M.: Mup, 1983.
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Utaxk, mo ycaoBuio, ¢ — QuENTHAL QYHKINA, T.€. 11 HeKOTOporo a > (
Rf(0,p) =R f(cosb, sind;p) =0 mpu |p| > a. (4.7)

Hokaxem, 94TO

27
Fe,r) = /Rf(xl + rcosf, xo + rsind; p)df =0 mpur > |z + a.
0

(4.8)

B camom geme, mycts F(x,p) — cpejHee (QYHKIUH ¢ Ha MHOXKECTBE
IPAMBIX, OTCTOAIINX OT TOYKH ¥ Ha paccrosHme |p|. s (4.7) crenyet, 9To

~

F(x,p)=0mpu |p| > |z|+ a. Ho Torga, B cuay cooTHOmeHNA ANCTeApCCOHA
(m.1.2), F(z,r) = 0 mpm r > |z| + a.

Hoxaxem gazee, 9To ecan GyHKIuA [ yIoBIeTBOPAET ycaosuio (4.8), To
TOMY XK€ YCIOBHIO YIOBAETBOPSAIOT GyHKIUU x; f, ¢ = 1,2.

B camom gene, u3 (4.8) cregyet, 9TO

[ fa+ndy=0 wu > e+
ly|>r
OTKYIa

/fé,(l‘er)dy:O mpn > |¢|4+a, i=1,2.
ly|>r

Coraacuo Teopeme CTokca nMeeM:
27

| e+ ndy=r [ s+ rojuo.
lyl>r 0
rge w = (cosf, sinfl). 3maunr,

27

27
/f(a: +rw)(e+rw);dd = J:Z/f(x +rw)df +
0 0
27

—I—T/f(x—l—rw)widb': 0 mpu 7> |z|+a,
0
ITO I Tpe6oBaToCh JOKA3aTh.
B cuny gokasamuoro, cpegee ¢yuxmun P(z) f(z) mo okpyxzOCTH
pagmyca r > a ¢ meHTpoM B Todke () paBHO HYyIIO Mis JIOOGOTO IIOITHOMA

P(z). CregoBarensro, f = 0 Ha 3TON OKPYXKHOCTH, a 3HAYAT, H BO BCEH
obaactu |z| > a.
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4.4. O6panienme mpeobpazopanua Pagonma bysxmmm f € D(R?Z) mpu
momoum MoMeHTOB. llycrs f — dunutHas pyuxuus. Torga ee npeo6paszo-
Bamne Oyprve F [ — nenas yuxnud, u, B cuay (4.6), pag Trnnopa GyHkiun
F f zagaercsa popMyIon:

ke
i
FIE) = n T Y E (e, (4.9
k=0
rae I (&) — k-1 momenT Qyuxnun R f(&, p) mo p, ABIAIOINUICT MHOT OUIe-

HoM k-1 cTenennu. Beps ot F f o6paTHoe npeobpasoBanne Dyphe, MOIyIaeM
cnoco6 BOCCTaHOBUTEL GYHKINIO f MO MOMeHTaM [ .

Uraxk, a1a dyuxuun f € D(R?) noaytena dbopmyaa o6pamieHns, NCIOIb-
3yIOIIasA TOABKO MOMEHTHI [. DTa (HOpMylda CYIIeCTBEHHO OTINTACTCS OT
GopMyaBI O6paIleHNA, TOJIYIeHHON B § 1.

Tax Kak MOMEHTHI [}, ABIASIOTCA OJHOPOJIHBLIMA MHOTOWICHAMH, TO A
BOCCTAHOBJAeHNA [ WX JOCTATOYHO 3HATH HA CKOJIb YTOTHO MAaJOU JyTe
oxpyxHOCTH || = 1 mau gaxe Ha GECKOHETHOU MOCAEIOBATEILHOCTH TOYEK
(061IIer 0 MOMOKeHN).

3aMeuanme. 3acIyXKIBaeT BHUMAHUS BOIPOC, €M OTINYAOTCA DPa3IUd-
uble popMyasl obpautennsa. B ¢opmyie ofpauiesns MBI IMeeM OIEPaTOD,
OIpeJeTeHHBIN Ha IPOCTPAHCTBe (BOOOIIe TOBOpsA, GOlee IMIMPOKOM, HUeM
00pa3 mpeobpazopanusa Pagona) n 3saJjaHHEI HEKOTOPHIM (BOOOIIIE TOBOPI,
06006ImeHHBIM) 24p0oM. PazHocTs omepaTopos 411 pa3andsex GopMya o6pa-
LIeHNs paBHA HYJIO Ha o6pa3e npeobpasoBanus Pajgouna. 113 Teopemsr [Isan
— Bumepa aaa npoctparctsa S(R?) caenyeT, uTo Beakumil (hyHKIHOHAT,
paBHEI Hyaio Ha o6paze S(R?), moaywaeTcs muz ycaosmit KaBaibepu u
B cymecTBeHHOM opMyaa obpamenns aas S(R?) emumcrsenma. O6pas
xe D(R?) cocronTr u3 GUHENTHBIX (GYHKOUI, U 3alac AHHYJIUDPYIOIINX
byHEKINIOHATOB 37ech Goxee Gorat. IlosTomy B caytae D(R?) ynaercs
cTpouTh (HOpMYJILl 06pAIeHnsl, OTJINIHbIEe 0T (GopMyasl obpatnenns u3 § 1.
Oaus BapuaaT Taxkon GOPMYJIBL, HCIOJIL3YIOMNNT MOMEHTEL, IOIYIeH B 3TOM
OyHKTe, IPYTOH BapHaHT cM. B . 5.1.

4.5. BoccTaHoBIeHMe HeM3BeCTHEIX HAIPABACHWM 110 3aaHHBIM 3HAYTE-
HuaM R f. 3gech MBI H3I0XKUM ellle OJUH IPUMeD HA IPUMeHEHIE YCJIOBIH
Kasaawepu mpu o6parenun npeo6pazoBanusa Pajgona. Ecan nmpeoGpazosa-
une Pagoma R f(p, p) dunnTHOR QYHKUNM [ U3BECTHO A1 HEKOTOPOTO
Habopa yrioB ¢;, i =1,2,...,n, TO MBI MOXeM IPUOINKEHHO BOCCTAHOBUTD
¢yuxnmio f.

B 271eKTPOHHOU MUKPOCKOIINU [ PUGOCOM BO3HUKAET CAETYIONIAA CH-
Tyanus: u3BeCTHLL 3HadeHnsa R f(p, p) 411 HEKOTOPHIX YIVIOB ©1, 2, .. ., Pn
U BCeX p, T.e. 3aJaHO N GYHKIUN OT P, HO 3HAYEHNA CAMUX YIVIOB (0; HEM3-
BecTHBL. [JoaToMY A4 BoccTaHOBIeHN [ HAJ0 NPEXK Je BCETO BOCCTAHOBUTH
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HCEU3BECTHBIC YIVIBI, b6oree TOYTHO, BOCCTAHOBHUTE UX C TOTHOCTBIO JO O6H.Iel"0
II0OBOpOTAa.

A.B. Toruapos ') mokasai, 9To, IOIB3YACH (PUHEITHOCTHIO I ONMPAACH

Ha ycaosus KaBaabepu, 5Ty 3aJady MOXKHO DELINTL — B caydae o6IIero
[IOIOKEHNs — IPHU JOCTATOYHO GOIBILIOM 7.
Iycre f — duuntmas pyuknusa, R f — ee npeobpasoBanne Pajgona,

Iy (p) — momentnl Qymxmun R f (k = 1,2,...). B cuxy ycaosun Kasa-
AbepH, [, ABIAETCA OTHOPOJHBIM MHOTOWICHOM CTEIeHH k OT COS(p, sin ¢,
B TaCTHOCTH,

I (¢) = A1 cosp + Az sing,

) . L, (4.10)
I () = p1 cos® o + pa cospsing + g sin® .
3aMeTuM, 9TO BbIpakKeHus Aaf [; u I MOKHO IPeJCTaBUThL B BHJeE:
Ii(p) = acos(p — a),
(¢) = acos(y — a) )

Iy(¢) = bcos2(p — B) + c.

Bce Bxogsamue B (4.10) u (4.11) mapameTpst 3aBucat ot f.
Ipegnonoxum, ato I1(p) Z 0 u I2(p) Z 0, 1 pacCMOTPHM B ILIOCKOCTH
(1, y2) xpuByio I'f, 3aJaHHyI0 mapaMeTPUIECKIL:

yi = Nh(p), y2=I(p).
Jlemma. I'; — aacebpauueckan kpusas cmenenu 4.

B camoMm gexe, cTemeHs KpuBoll 'y ompegensercs Kak <HCIO €€ TOUEK B
mepecedeHnn ¢ IPAMon obutero moaoxenus Ay, + Bys: + C' = 0, T.e. 1ucao
peIlleHnl CUCTEeMbl YPaBHEHII:

AAty 4+ Aato) + B (13 + patits + pstd) + C =0
1 +12 =1

IloguepxueM, 9T0 pa3IuvHblM QYHKIUIM [ OTBEYAOT PA3JINYHBIE KPUBBIE.

KpuBas 4 cremenu ompegeaserca 15 cBOMME TOYKAMHI OOILIETO IIOJO-
XKeHns (dncao Koxb@uiuneHToB moanHoMma P(y, y2) G€TBEPTON CTeNeHH).
Tosromy, ecan ¢dyuxmun R f(p, p) usBecTHnl gas 15 3HadeHuil ¢, TO
m3BecTHBI 15 Touex Ha kpusom 'y, m MBI 3HaeM 3Ty kpuByio. Ecim xe

T onuapos A.B. TpexMepHad peKOHCTDYKINA HEN3BECTHRIM 06pa30M PaCcIIoIOK EHHEIX
B TPOCTPAHCTBEe WIEHTUYHBIX YaCTHIl 1Mo WX npoekmmam: B c6. MaremaTrmieckue
npo6aemer Tomorpadun / [lox peg. .M. Teandanga n C.I'. I'uugukuna. // Bonpocer
kubepueruku. — M., 1990. — C.99-132.
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kpuBas I'; m3aBecTHa, To ko>dpduunents a,b,¢ B (4.11) onpegersiores
paBeHCTBAMIL:

1

a = (yl)maxa b= 5((y2)max - (y2)min)a c = %((yZ)max + (yZ)min) .

Tak kak CABUI IapaMeTpa ( He MeHSeT KPHBOH 'y, TO MOXKHO CINTATB,
9T0 1 =0. B pesyabTaTe Mbl 3HaeM cos o, cos 2 1 cos(yp; — ), cos2(p; — )
upu ¢ = 2,3,...,15. CaegoBaTelbHo, Kak HETPYAHO YOEAUTHC,

ecau o, B u p; Harodamca 8 obuleM NOAOACEHUU, MO
Y2anl P2, P03, .., P15 OOHOZHAUHO ONPedearomcA.

3ametuanme. ducio yraoB n = 15 ABafeTCS H3OBITOYHLIM OTTOTLO, ITO
HOIy<IaloTca He Bee Kpubble ' 4 cTemenn, a inuis kpussle 'y cnennansroro
Buga. Ha camoM gexe xBaTaeT 5 yriioB ¢1, ¢, ..., 5 (1 =0) mo cregyrommen
npmuante. Tak kak yroa ¢ pase 0, B Belpaxenusx (4.10) HaM m3BecTHBI
xoa(pduuuenTH A1, it1. B pesyabraTre moaydaeM IMepeonpegeleHHYIO CI-
cremy u3 2 -4 = 8 ypaBHeHUN ¢ 7 HEM3BECTHBIME Az, [i2, U3 U 2, £3, P4, 5.
MoxHO mokasaTb, 9TO B cIydae OOLIEro MOJOXKEHUS >Ta CHCTEMa HMeeT
€JUMHCTBEHHOE DeIIeHNe.

Ilpumeuanue. Pe3ayapTaTel »Toro maparpada HeIOCPeICTBEHHO IepeHO-
cATCS Ha MHOT'OMeDHOe Ipeobpa3oBanne Panona.

§ 5. @opmyaa Ilyaccona giasa mpeo6paszoBanusa Pajgona u
AUcCKpeTHOe mpeobGpa3oBanue Pagona

5.1. ®opmyaa Ilyaccona gas mpeoGpazoBanma PajoHa Ha IIOCKOCTH.
Hapsaagy ¢ uarerpazom Dypbe cyuecTByeT ero JUCKPETHBIA AHAJOT — PAI
Dypre. Mu1 yBuguMm B 3ToM maparpade, 9TO CyMIECTBYET I JUCKPETHBIIL
amaJjor npeo6pazoBannsa Pajgona, KOTOPBIN Tak ke cBsi3aH ¢ psagoM DPypoe,
xak npeoGpasoBanue Pajgona ¢ npeo6pazosanunem Dypre.

Hamomuunwm, uro psag Pypre MoxkHO moayanTs u3 (opmyasl Ilyaccona
nas uarerpaia ypoe. menno, nycrs [ — raagkas GpuauTHAS QYHKINA Ha
R? F — ee mpeo6pazopamme Pypne. Torga, cortacuo dopuy.e ITyaccomna,

400 +oo
Z fler + ki, wo + ko) =27 Z Ff(2mky, 2mky) e 2mi (Froathars)
k1,ka=—00 ki,ka=—0c

(5.1)

(o6a paga abcomoTHO cxonarca). Ecanm dyaxmms f cocpegorodena B
kBagpare 0 < 21, 22 < 1,, To gua Todek (21, £2) TOTO KBaApaTa B JIEBOH
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YaCTH OTIANYEH OT HYJsS Toabko wieH ¢ (ki, k2) = (0,0) u Mbl moaydaem
npeicTasleHne GyEKIHN f pagoMm Dypbe:

+ oo
fler, w2) =27 Z Ff(2mky, 271']{72)6_2”(’“1“""“”2). (5.2)

k1,ka=—00

Urax, GyHKINO, COCPEJOTOMEHHYIO B KBagpaTe, MOXKHO IPEICTABATH
KakK MHTerpaIoM Tak u pagoM Dypwe.

Ipusegem amamor dopmyasl Ilyaccoma mas mpeoGpazoBauusa Pamgona.
Bregem mogmuokectBo A Touek (ki, k2) € Z? makux, aTo mmubo ky > 0 m
uncaa ki, ke B3anMHO npocTsl, an6o (k1, k2) = (0, 1).

Teopema 5.1. ITycmp f — ezaadxas Gurnumuas Gyuxyua Ha niockocmu R?
u R f(é1,€2;p) — ee npeobpazosanue Padona. Tozda

+oo
Z fler + ki, 20+ k) =I(RS) +

k1,ka=—00

+oo
+ 3 (Z Rf(kl,kz;klxl—i—kzxz—i—m)—I(Rf)), (5.3)

((k1,k2)eA m=—co

ede
+o00
1R) = [ Rt &)y (5.4)

Aorazameavemso. HanomuuMm, uTo nmpeo6pasoanne Pamona moaytdaercs
KOMIIO3UIINEN [JBYMEDHOTO U OJHOMepDHOro mpeoOpaszoBanuinn Pypoe, a
UMEHHO

+oo
RF(EL, E2ip) = / FROAE) e dA, (5.5)

rge Ff — mpeoGpasosarne Pypve Qyuxmum f. Hostomy (5.3) moxuO
IOAy4INTh, KOoMOHMHHpysa ¢dopmyasl Ilyaccoma gas ABYMEDHOTO H OJHO-
MepHOT 0 npeobpazoBanus Pypoe. [IpegBapureasno 3ameTnM, 9TO I1100YI0
HeHyJeBYI0 TOUKy m3 7Z° MoxHO mpeicTasuTb B Buge m(ki, ko), rae
m €Z\0, (k1,k2) € A. Tem cameim, popmyaa Ilyaccona (5.1) MoxeT GBITH
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3allncaHa TakK:

+o0
Z f(l‘1+k’1,l‘2—|—k2):2ﬂ-{}"f(0)+

k1,ka=—00

+oo
+ Z ( Z }"f(Zﬂ'mkl,27rmk2)e_2”m(k1x1+k”2)—ff(O))}.

((k17k2)6A mM=—00
(5.6)

U3 (5.5) Ha ocmoBanun gpopmyasl Ilyaccona gia oJHOMEPHOTO Ipeobpa3zo-
Bauus Pypre noxyuaem:

+oo too
Z Rf&p+m) = Z Ff2rme)e~2mimp,

CiegoBaTenbHO,
+o00 '
2m Z ]-"f(Zﬂ'mkl,271-mk2)6—2mm(k1x1+k2x2) _
- e (5.7)
= > Rf(kr kaskizy + kazy +m).

Tak kak, KpoMe TOTO,
+oo
FF0) = (27)7! / R p)dp

aas mo6oro £, To u3 (5.6) u (5.7) caegyer pasenctso (5.3).

Caegcreue. Fcau Pynryus f cocpedomouena 6 ksadpame 0 < xq, v < 1,
mo das awboti mouxu (&1, ¥2) 9Mo20 Keadpama uMeem:

+ oo

o) = IRH+Y (D RFGky, kaikiay + ks +m) = I(R ),
(k1,k2)EA m=—00
(5.8)

2de pad cnpasa crodumes abcoaomuo.
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TeM caMBIM, MBI TOIYYNIN a4 DaJAkOH (PYHKIMKE f, COCPEIOTOYEH-
HOI B KBajipaTe, ellle ogHy (GopMmyry obpamenus. Ilpm >ToM B ciIydae,
korga I(R f) = 0, ¢pyHknus [ BocCTaHABINBAETCA B TOYKE &, €CIH HU3-
BECTHEL €€ MHTErpajbl TOJALKO II0 IPAMBEIM C PAIUOHAJLHLIMHA YIJIOBLIMI
ko> punmenTaAMI, IPOXOAAIIIM 4Yepe3 &, I UX HapaiielbHLIM CIBHUTAM,
OTBETAONINM IEJOTNCICHEBIM Ap. 3aMeTHM, ITO Mapa/ielbHble MpPAMbBIE
kio1+koxo=pukizy+ kexs=p+ 1 HaxogaTcs (OTHOCUTEILHO OGBIMHON
€BKIIJOBOI MEeTDIKH ) HA PACCTOSHIN (k12+k22)_1/2. Hanu4ue ugrerpaios
10 CABUHYTEIM IPAMBLIM OTPaXkaeT HeJOKAILHOCTL (POPMYJILL 00palleHns.

IIpumeuanne. Popmyna (5.8) MoKeT OBITH HCHOIB30BAHA I THCICHHOT'O
ob6parenus npeoGpasoBanns Pagona He TOABKO IIagKuX (PYyHKITHI.

5.2. JluckpeTHoe mpeoOpasopanme PajoHa; cBasp ¢ pagamu Dyppel).
IIycte f — Qyuxiua, cocpegoTotdentas B kBagpare 0 < x1, x5 <1, R f —
ee mpeoGpaszoBanne Panona. Oropasasacs oT Gopmyast (5.8), ecTecTBeHHO,
o aHajgoruu ¢ pagamu Pypre , HazpiBaTh GyHkumo F Ha A X R 3agammyio
PaBEeHCTBOM

+oo
F(kiko;p) = Y Rf(k1 kaip+m) = I(R]), (5.9)

m=—0oQ

OUCKPeTHHIM IpeobpazosanneM Panona gyukmun f. DTa QyHKuns nepmo-
AUYHA IO p ¢ mepuogoM 1.

B cuny (5.8) dyukuns f caegyonmM o6pa3oM BEIpaKaeTCa depe3 CBOe
JUCKpeTHOe npeobpasoBanue Panona:

f(l‘l,l‘z):[(Rf)—l— Z F(k’l,k’z;kll‘l—l—kzl‘z), 0< oy, ee < 1.
(k1,k2)EA
(5.10)

Dyuxnus F' Tax xe cBaszaHa ¢ psagom Pypee Qpymkmunm f, xax npeobpa-
3oBanne Pagona R f ¢ mpeobpazoBanuem Pypoe F dyuxnun f. IImenno,
IyCTh

+oo '
flan,es) = > a(ny,ng)emi(rritnars)

ni,Na=—00

1)l—‘I/IH;U/IKI/IH C.I'. Tuckpernoe npeobpazosanne Pagona // Cu6. mar. xKypHaa. —
1966. — Ne 3. — C. 708-712. CMm. Tak)Ke BHIMUCJAUTEJNbHBIE NPUMEHEHUS B CTa-
The: H./[l.Beemenckasn, C.I'.I'uugukun. /JuckperHnoe npeobpasosanne Pagona u pexkoH-
cTpykuus nzobpaxenus: B c6. Maremarndeckue npo6aemsr Tomorpadun / Ilox pex.
N.M.T'eavdangan C.I'Tungukuna. // Bonpocw ku6epueruxn. — M., 1990, — C. 57-99.
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— pasmoxenne f B pag Pypre ma 0 < x1, 22 < 1,

+oo
Flky, kaip) = > b(ky, ko) e P

m=—0oQ

— pasnoxenne F B pag Pypwe mo p Ha oTpeske 0 < p < 1. 3ameTnM, 9To
bo(k1, k2) = 0. Hogcrasass >tu pagsl B (5.10), noxygaem:

+ oo
5SS ol ma)rrimritans -

ni,Na=—00

:f(Rf)+Z Z bm(k,l’kz)eZWim(kle_hm).

m#£0 (ky,k2)EA

Orcroga caegyer:

a(mky, mka) = by (ki1, ka) mpm m#0, (ki ko) € A, (5.11)
a(0,0) = I(Rf). (5.12)

Pasencreo (5.11) — guckpeTHBI aHamor dhopmyasr (5.5).

5.3. 3agada MHTerpaIbHOM FeOMeTPHHE Ha Tope. [IByMepHEIE pAIbl Dy-
pbe MOXKHO HHTEPIPETHPOBATE ABOAKO — KaK MpeAcTaBleHlne Ha KBaApaTe
0 < x1,Ty < 1 QyHKIUH, COCPEIOTOYEHHON B 3TOM KBajgpaTe, W Kak
mpeicTaBIeHne Ha BceM R? mepumogmueckon (pyEKmum f, T.e. TaKol, ITo
f(x +n) = f(x) ara aw6oro n € Z2 Bo sropom caydae pan Dypbe
MOJKHO HHTePIPEeTHPOBaTh KaK pa3foikeHne (pyHKIUW, 3aJaHHON HA TOpe
T = R?/Z%. CpenaeM aHATOTHIHBIN Mepexo] NI TNCKPETHOTO Mpeodpaso-
Banug Pangona.

Nurepuperupyem xBagpar 0 < 1,22 < 1 kax pasBepTKy Topa
T=R2/7% Torga gas ao6wix k= (k1,k2) € A n pER 06beguHeHnE OTPEIKOB
IPAMBIX

kixzy +kazo=p+m, mEeLZ,

3aKIIOYEHHLIX B 3TOM KBaJApaTe, OTBeYaeT 3aMKHYTON [e0Je3MTeCKOn
v(k,p) ma Tope T. O6paTHo, I06asi 3aMKHyTas CeOfe3MIecKas HA TOpPe
T' mpeacraBiasgeTca Kak OObeIUHEeHHe Takux oTpe3koB. Taxum ob6pasom,
JUCKpeTHOe mpeoGpasoBanne Pagona F(ky, ko, p) 0 OTpaHHYIEHNA IEPHO-
gueckon dyuknun f Ha xBagpaT 0 < 1, 9 < 1 MOXKHO HHTEPIPETHPOBATD
TaK:

F(ky, ko, p) = (k1% + ko) Y2 Fky, kas p) — I(]),



44 IJI 1. Ilpeobpasosanue Padona

~

rae f(ky, ko; p) — mmTerpan ¢yukunn f Ha Tope T IO 3aMKHYTOI Ceofe-

angeckonn y(k,p) (B3aTwI mo eBxamgoson mamue Ha 1), I(f) — muTerpan

o~

dyuxunn f Mo CceMeNCTBY MapaIelbHBIX 3aMKHYTHIX Teofe3mtdeckux. I3
(5.10) caexyer:
Teopema 5.2. Jwobas eaadkas Pynwyua f na mope T =R2/Z? caedyrowumn

~

obpazom eoccmanasausaemea uepez unmezpaavt f(ky, ko p) no samxny-
mblu 2eodesuneckum y(k,p):

fay=1H+ > ((;ﬁz ko) Y2 F(ky, ko Ry + ko as) — f(f)).
(k1,k2)EA
(5.13)

Sameuamma. 1°. [Tamma reomesmueckoit y(k,p) pasma (k1% + ko?)~1/2.

Ilo>ToMy ecinm TepPeHOPMHPOBATL Mephl Ha TeOJe3MICCKHX TaK, ITOOBI
OX JIWHEBl PABHAINCL 1 H 0603HAMHTL Tepe3 P(kl,kz;p) HHTerpaa o
reogesmieckoil y(k,p) oTHocmTenpHO HOBOI Mepwl, To dopmyra (5.13)
opuMeT 6oJee TPOCTON BHI:

Flx) = I(F)+ Z (J?/(kl,kz;klm-l-k’zxz)—I(f’)). (5.14)

(k1,k2)EA

2°. Eme 6o1ee npocTon Bug npuHuMaeT Gopmyaa (5.13) mas dyuxiuin
f co cpegaum 3madennem ( Ha TOpeE:

Jlx) = Z T/ (ky, kos ky ey + ko s).

(k1 k2)EA

B s>Tom cayuae dropmyaa obpallleHnsa JoKaIbHA: 1A BOCCTAHOBICHNI DYH-
xuuu f B TOYKe TOPA & HYKHO 3HATDH €€ MHTEerPAILI TOABKO 10 3aMKHY THIM
reofe3ntdecKnM, IPOXOIAIIIM Yepe3 TOUKY &.

§ 6. IIpeo6pasoBanne MunkoBckoro — PyHka

DToT naparpad HDOCBsAIIEH aHagory npeobtpasopanus Pamgona qis mioc-
KOCTH, TJe mIockocTh R% 3aMerena equumaHon cdepont S7 C R3, a mpambre
B R? — GompumMu kpyramu Ha S2.

Iycrs f — 4eTHas riagkas GYHKINA Ha eJUHHYHOHN cdepe S C B3
Hazosem mpeobpazoBanmem Mumkosckoro — PdyHka mHTerpaibHOe IIpe-
obpazoBanne, oTHOCANee QYHKIUU f ee UHTETPAIbl TO BCEBO3MOXKHBIM
6oJbinnM Kpyram Ha cdepe S. BozunkaeT 3agaua: BOCCTaHOBUTE (DYHKIINIO
f mo ee mpeo6pazosanuio Munkosckoro — dyuka. Buepsrie sTa 3agata
elle 10 MOABJACHUA cTaThu Pafgona 6blIa pelneHa He3aBucuMO MUHKOBCKUM
u dyukoM. AHasormtuHad 3agatda MOXKeT OBITH CPOPMYINpPOBAHA U A
(DYHKUIH Ha TpexXMepHOH eruum<HON cepe S5 C R
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3ameuanme. Mbl paccMaTpuBaeM TOJBKO tWeTHBle (GYHKIUN Ha cdepe,
IOCKOJIBKY [ HedeTHON (MYHKINN €€ HHTErpal Mo JII60MYy 60IbIIOMY
xpyry paseH (.

SamnumieM npeo6pazosanne Muukosckoro — @yHka ABHOU (POPMYION.
Kaxgeim Goaburon xpyr Ha cdepe S moaydaeTcs KaK IepecedeHne HTON
cephl ¢ IIOCKOCTBIO, IPOXOAsIen depe3 TOUKy () :

(€ z) =0, [¢[=1. (6.1)

Taxum o6pazom, MHOroob6pasne GOILIINX KPYTOB IapaMeTpPU3YyeTCsS TOt-
kamu € egurmHON cdepnt S’ C (R3)) mpuueMm gmaMeTpaIbHO IPOTHBOIO-
JIOXKHBIM TOYKaM & U —& OoTBedaeT OQUH U TOT Ke GOABLUION Kpyr. ITo6hI
3amncaTh HHTerpal 0o kpyry (6.1), 3a1a1uM 3TOT KpyT HapaMeTPHIeCcKH:

r=cosp -a+sing- -8, 0<e<2m, (6.2)
rae o,  — eIUHHYHLIE B3aHMHO OPTOTOHAILHBEIE BEKTOPHLI TaKme, 9ITO
(¢, a) = (&,8) = 0. IlpeoGpazosanne Munxosckoro — Pdynxa 3agaercs

CJACIYIOIINM DABEHCTBOM:

27

MIE) = [ fleospatsing 3 dp, (=1 (6.3)

0

Acro, 4TO OT BHIGOpa BEKTOPOB «, [ uHTerpaa He 3apucurT. meem:
Mf(=€) = MS(E).

Urak, npeo6pazoBanne Munkosckoro — PyHKa cTABUT B COOTBETCTBHE
JeTHON (pymKnun Ha chepe S C R3 weTnylo gpyrxumo Ha chepe S’ C (RB)’.

YToO6Ll UMETHh BO3MOXKHOCTBL OTOXKIECTBIATL pyHkmmum Ha S m S’
oToXAecTBUM cdepbl S u S’. 17 OIpeIeleHHOCTH TOCTaBUM B COOTBET-
CTBHe KakKaon Touke T € S Touky & € S’ KOTOpPOU 0TBeIaeT SKBATOPUATD-
HBII GOJBINON KPYT, COOTBETCTBYIOIINN TOIIOCY .

U3 onpenenenus creayet, 4To npeobpazoanne MuukoBckoro — dyuka
[IEPECTAHOBOYHO € BpallleHHAMI c(pepbl. JTO 03HAYAET, 9TO AId JI060ro
BpaIlleHus ¢ : w — w g cdepnl S npeobpazoanne Murkockoro — PDyHka
M [y (&) dynxumn fy (&) = f(£g) ectb M f(Eg). DTo cBolicTBO GyZeT 31eCh
CYLIECTBEHHO HCIOJIb30BAHO A BOCCTAHOBICHNs QYHKINN Ha cepe IO ee
upeot6pazoBanmio Munkosckoro — dyuxa.

PaccemoTpum ruas6epToBo npocTpancTBo H deTHBIX QYHKINN Ha cdepe
S ¢ HHTErpHpYeMBIM KBaADATOM MOAYIA (OTHOCHTEILHO HHBAPHAHTHON
Mepsl Ha S). IJocTponM crexkTpalbHOe pasioxeHne omepaTopa M Ha H.

Beegem B H QuabTpanuio mOAIPOCTPAHCTB, HHBAPDUAHTHBIX OTHOCI-
TeabHo Bpamerni. Umenno, nycts Ha, CH — OpocTpaHCTBO chepuiecKnx
IOIMHOMOB CTEIEeHN 271, T.€. IOAIPOCTPAHCTBO PYHKINN Ha S, SIBASIOMINXCS
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orpammyenneM Ha S C R3 0JHODOJHBIX TOINHOMOB cTemeHM 2n. ME
JEACTBUTEALHO IMeeM (PIILTPALIIIO

Ho CHs C...C Hap C ... (6.4)

mpocTpaHcTBa H, Tak Kak OUDAHHYEHIE HA 5 OJHOPOAHOTO MOJNHOMA
P(x) crememn 2n coBmajaeT ¢ orpaHmdeHmeM Ha S moamHoMa (x1? +
+25? 4+ 23?) P(z) cTenenn 2n + 2. U3BecTHO, KPOMe TOT'O, ITO 3aMBEIKAHIE
npocrpaucTsa | JHa, coBnagaer ¢ H. O4eBHAHO, UTO BCe IPOCTPAHCTBA
H 25, KOHETTHOMEDHEI I HHBAPUAHTHLL OTHOCUTEABHO BPAIIEHN, I OLIEPATOD
M ompegenen Ha kKaxgoMm Hsa,. 3aMeTHM, YTO IPH OCPDAHUYEHIN HA
S OOHOPOAHBIX IIOANHOMOB CTENEHH 2n He BO3HHNKAET HEHYJIEBOI'O SIPA.
Orcroga Jerko BLIBOITCS, 9TO

dim#Ms, = (n+ 1)(2n + 1). (6.5)

IlocTpouM rpaIynpoBKY HHBaPHAHTHEIX MOAIPOCTPAHCTE B H OTHOCH-
TenbHo QuabTpannn (6.4):

H =P Ha, (6.6)
n=0

rae Hy = Hyp — mogmpocTpaHCTBO KOHCTAHT, a Ha, mpu n > (0 —
OpPTOTOHAJABLHOE JomnoJaHenne B Hao, K Haop_o, T.€.

Hon = Hon—2® Hop .

U3 (6.5) caegyer, uto dim Hsyy, = 4n + 1.

IlpoctpancTeo Hap (n = 0,1,2,...) gomyckaeT caegyioliee BHyTPeHHee
onucarme. OHO cocTOUT U3 PYHKIWI Ha cepe S, ABAAIOMUXCA OTPaHUIIe-
HEeM Ha S OJHOPOJHBIX MADMOHNYECKHUX MOINHOMOB CTEIeHN 27 (T.e. moan-

2 2 2
bmiz + oz + o7y = 0)

OcHoBHOII (haKT COCTOUT B TOM, ITO 6ce Ha, A6afiomca cobemeen-
Hotmu nodnpocmparcmeanu onepamopa M Munkoscroeo — Pynra. ITO
yTBepXK TeHNIe cleqyeT HelMoCpeICTBeHHO U3 TOro, ITO omepaTop M mepe-
CTaHOBOYEH C BpalleHHAME c(epsl S, a moanpocTpancTBa Hs, Hempuso-
AUMBL (T.e. He COepKAT COOCTBEHHBIX HHBAPHAHTHBIX HOJIPOCTPAHCTB) I
MONAapHO He SKBUBAJEHTHEL.

laa ommcamma M ocTaeTca COCINTATH COOCTBEHHOE 3HAYEHHE A,
omepaTopa M Ha KaxaoM mnoampocTpaHcTBe Hs,. s »Toro paccmo-
TpuM Gyuknuio f € Hsy,, ABIAIONIYIOCA OTpaHWYeHHEM Ha S IIOITHOMA
(9 +ix3)?". Tax Kak, 01eBUAHO, (22 +123)?" — PapMOHIYECKHIT TOIMHOM,
To [ € Hapj; ciefoBaTEILHO,

HOMOB P, YI0OBIeTBODSIONINX ypaBHeHNo Jlanmtaca

Mf=AT.
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Samnumem BrIpaxkeHue nas [ B cepU€IeCKHX KOOpAUHATAX 6, ¢ :
w1 = cosf, wy = sinf cosp, wz =sinfdsing (0 < < m, 0< ¢ < 2m).
Mmeem:

f(0, ) = e?m?sin? 0.

B wactroctn, f(5,0) =1, a motomy M f(%,0) = A,. C apyroit cTopoHEL,
M[(%,0) ects maTerpar Gyuxmun [ mo GOIBIIOMY KPYTY, Ha KOTOPOM
=27, Te.

iy

T o) =2(-1) [ sinnods = 2y/m(—1) P F D)
/\/lf(z,O)—Z( 1) /sm 0do = 2/m(-1) Tntl)
0
CuaegoBaTenbHo,
WIn+ 3
An = 2¢/7(=1) T 1 (6.7)

Uz ommcammss M cregyer, 9To AasA BOCCTaHOBIeHUs (GYHKIUK f Ha
S mo ee obpaszy ¢ = Mf ZOCTATOYHO DA3IOKUTH ( MO COGCTBEHHBIM
nogmpocTpaHcTBaM omepaTtopa M: o =Y 7 1w, rae ¢, € Ha,. Toraa
f = ZZOZOArjlgD”'

B §8 6y,qu IIOJAY'CHa Apyras (I)OpMyJIa, O6pameHI/Iﬂ AL HpeOGpa30—
BaHUsA MUHKOBCKOrO — @yHKa, OCHOBaHHasl Ha CYIIE€CTBOBAHUI HpOCTOfI
CBA3U MeXKOY 3THUM HpeO6pa3OBaHI/IeM n HpeO6pa3OBaHI/IeM PaFELOHa AL
HpOGKTHBHOﬁ IIIOCKOCTH.

§ 7. IIpeo6pasoBanue Pagona guddepeHunaibHbIx Gopm

IIpeo6pazoBaune Panona MoxkeT OBITL OIpeleleHO HE TOABKO M
dyHKIUI, HOo u qus Apyrux o6bexkToB. B »3ToM naparpade MBI pacCMOTPUM
npeo6pazoBanne Pagona audpdepeHnnagbaeix GoOpM Ha ILIOCKOCTH I B
TpexMepHOM IpocTpaHcTBe. OCHOBHOHI 3afatell mo-IpeXHeMY 6yJeT OIU-
caHre o6pa3a I BOCCTAHOBIEHIE NCXOTHOU (POPMEL II0 ee IPeobPa30OBAHNIO
Pagouna.

7.1. IIpeoGpaszoanmne Pajgona 1-popm Ha mrockoctu. PaccmoTpum npo-
HI3BOILEYIO AnddepeHInaIbEyo 1-dopmy Ha R2

W = fl(l‘l,l‘z) dl‘l + fz(l‘l,l‘z) dl‘z
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¢ xoadunnenTamu u3 npoctpancTsa llsapna S(R?). DTy dopmy MoxKHO
IPONHTErPUPOBATEL O 0000 OPHEHTHPOBAHHON IPSMON HA ILIOCKOCTH
R2 B pesyapTaTe momyumTces (GbyHKIIA Ha MHOToo6pasmum [ Bcex opu-
€HTHUPOBAHHLIX IPAMEIX, KOTOPYIO MBI Ha3oBeM Ipeobpa3oBanueMm Pamgoma
ucxoguon 1-gopmel w u 0Go3uaduM depes Rw. Urax, mo oupegenenmo,

Ruw(l) = /w, leH. (7.1)

Hanummem siBHOe BbIpaxenue 1if GyHKnun Rw B KoopauHaTax Ha H.
Kax u B §1, 6ygeM 3ajaBaTh OpsAMble HA INIOCKOCTH IapaMeTPHIECKIMI
YDaBHEHILIMIL:

z1 = —tsing + pcosy,

. (7.2)
To = tcosp 4 psing.

3a HOJOXKHUTENbHOE HAIpaBlIeHNne NpAMOH (7.2) mpuMeM TO, B KOTOPOM

Bo3pacTaeT. TeM caMbIM IapaMeTpHl (¢, p) 3a1a10T He TOILKO IPAMYIO, HO

U ee OpHEHTAINIo, a IOTOMY X MOXKHO NIPUHATH B KadeCTBe KOODJINHAT Ha

MHOroo6pasun H BceXx OPHEHTHUPOBAHHBIX IPSIMBIX. 3aMETIM, UTO Ta XKe

IpsAMasd ¢ IPOTHBONOIOKHON OPHEHTAINEH IMeeT KOOP AUHATEL (¢ + T, —p).
B xoopaunatax (p,p) BEIpaxkeHne 5ii Rw HMeeT CIeAYIOINNH BIHI:

+oo
Ruw(p,p) = / (—sing fi(—tsing + pcosyp, tcosp + psinp) +

— 00

(7.3)

+cosp fo(—tsing + peos, tcosy + psing) ) di.

Mer xoTHM BOCCTaHOBUTL guddepeHINAIbHYI0 (HOPMY W MO ee Ipe-
o6pazosanuo Pagorma Rw. OgHO3HAYHOE pellleHNe >TON 3aJa<H MOJYYINTh
HEBO3MOXKHO BBIIY CIE€IVIOUIETO IIPOCTOTO YTBEPIK JeHUA:

Jemma. Ecau dufdepenyuaavnan 1-gopma w zamxnyma, m.e. dw = 0, mo

Rw=0.

B camom gene, aiobas zamkHyTas ¢opma w = fidry + fodxs, Tae
f1, f2 € S(R?), Touna, T.e. npejcTaBuMa B Buje w = du, rge u € S(R?).
CuegoBaTenbHo, HHTErpajil OT 3aMKHYTON (POPMBI w IO JOGOU HIpPSIMON
pPaBeH HYJIIO.

Peumnm gpyryio reoMeTpU€ecKyIo 3afady: 3Had HHTerpaibl 1-Gpopmsbl
w= fidxy + fodxs mo Bcem mpamMeiM B RZ, T.e. ee mpeobpasoBanme Pajgoxa,
HanTu ee BHemHnn auddepernuan dw, T.e. 2-GpopMy
(3f2 of

3—1‘1 — 3_1‘2) dey ANday = F(ey,22)dey A das,,

nIn, Kopotde, BOCCTAHOBUTL (GyHKINIO F' 1o Rw.

dw =
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Ipegnoxenue 7.1. Jasa soccmanosaenus F wysxcno npumenums Gopmyay
obpawenua daa npeobpasosanus Padona wa naockocmu K @Pynryuu

8
%Rw(go, D).
IIpenmoxenne caegyeT U3 JeMMBI:

Jlemma. [Ipeobpasosanue Padona Rw dopmunt w = fiday + fodes ceasano

— 8f: 01

¢ npeobpasosanuem Padona RF dynryuu F = B~ 3y, COOMHOULEHUEM

RF(p,p) = aa—pRW(so,p)~ (7.4)

Aoxazamesvcmso aemmvt. SIcHO, 9TO OpU PUKCUPOBAHHOM = (o HHTE-
rpai GyEkmmn R F mo p oT p1 10 ps coBmagaeT C MHETErpaioM 2-GpopMbl dw
no moaoce © C R? mexay mpambivu 1 = (po, p1) 1 12 = (o, p2); 3HAUT,
no gpopmyae CTokca

P2
/RF(soo,p)dpz /dw = /w—/w =Rw (¢o, p2) — Rw (o, p1)-
P1 ks l2 I

Orcoga cregyer (7.4).

Caepcreue. Joban dufdepenyuaavnas 1-gopma w ¢ voadduyuenmanu us
npocmpancmea S(R?) codepacumes 6 adpe npeobpazosanus Padona 6 mon
U MOALKO MOM cAYyuae, Ko2da OHA 3aMKHYMA.

7.2. IlpeoGpasoBaune Pagona 2-¢popm Ha mmockoctu. OOLIYHO B aHa-
an3e uHTerpupyioT guddepennuanbuble k-GOPMBL 0 A-MEPHBIM IIOIMHO-
roo6pa3usM. ITO OTBEIAeT COLEPKAHMIIO II. 7.1, I'le HHTerpupoBaInch Jud-
(depernuarbaEe 1-popMbl mo mpaMbM Ha RZ. OgHaKo ecanm (UKCHPOBAHO
HEKOTOPOE CeMECTBO IO AMHOT 000Pa3Uil pa3MepPHOCTH &, TO 110 HIM MOXKHO
uETEerpupoBaTh m-GopMmel, rae m > k. Ecam m > k, To pesyabraTom
Gyger He umcaoBasi (yHKUms, a gupdepenunnasbHai (m — k)-bopMma Ha
MHOT006pa3ni o JMHOr006pa3nil. 31ech NPUHINNNAIBHO, ITO Ipu m > k
Heab3sl HHTEerPUPOBATH M-(HOPMY 10 HHIUBUIYAJILHOMY k-MEeDHOMY IOI-
MHOroo6pasuio.

B sToM mymKTe paccMaTpmBaeTCS HHTerpupoBaHue 2-GOPMBI W IO
OpAMBIM Ha R?; peayIhbTaToM HHTerpHpOBaHHA aBIgeTca l-popma Rw
Ha MHOT006pa3nn npaMmuix. Hedopmaabuas ujes BEIMICIEHNA R W TaKoBa.
Tro6er cocuntats Rw(l,7), rae | — mpsamas, a T — KacaTeIbHBIH
BEKTOP K MHOT006Da3’mio IPAMBIX, HYKHO HHGUHUTE3NMAIbHO CIBUHYTD
! B HAIIpaBIEHNN T U IPOUHTErPUPOBATE W II0 COOTBETCTBYIOWIEN 2-MePHON
obaactu. Ta xe uges paboTaeT u B OOILIECH CUTYAIINH.
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Ilepengem x cooTBeTcTBY0OUINM BhIkKIagkaM. Qmpegeanm npeoGpasoBa-
ure Pagona audpepennnaibuon 2-PpopMbl

w= f(x1,22)dry Ades, fESR?).

C »Toll meabio BBeJeM TpexMepHoe MHOrooGpasme A (uaros, »aeMeHTHI
KOTOPOT0 — TapBl: OPUEHTUPOBAHHAA NPAMAasd HA TIOCKOCTH W TOUKA HA
STOU MPAMOM.

ITockoaBbKY TOYKH Ha IIOCKOCTH 3aJal0TCA KOOpAMHATAMH (#1,%2), a
OPHEHTHPOBAHHBIE IPAMBIE — KOODAUHATAMIE (¢, p), TO Ha A MOXKHO BBECTH

ABe cucTeMHl koopauHar. OfHa cHCTeMa — KOODAHHATEHL (X1,%2,{), The
(z1,72) 3aJal0T TOUKY Ha ILIOCKOCTH, & ¢ — HAlpaBICHHE IIPOXOIIIel
Yepe3 5Ty TOUKY UPAMOI; Apyras cucteMa — (¢,p,t), rae (p,p) 3azaoT

OPHEHTUPOBAHHYIO IPAMYIO Ha ILIOCKOCTH, a { — TOYKY Ha 3TOH IpPAMOLL.
KoopauraTsl (£1,#2,¢) BBHPaXalTCa 9epe3 KOOPAUHATH (¢,p,{) COOTHO-
mennamu (7.2). OGpaTHBIE COOTHOIEHNA UMEIOT BHI:

t = xocosp — x18inp, p= x1co8p + Tasing.

Bynem TpakToBaTh 2-Gpopmy w = fdry A dvs Kak auddepeHnInATLEHYIO
dbopmy Ha MHOTOOOpasnu A, 3a1aHHYI0O B KOODAUHATAX (L1,Z2,¢). ITOOEL
oIpeIernTs Npeobpasobanne Patora (popMbl w, IPeICTABIM e CHadaIa B
KoopauHaTax (y,p,t), BOCIOIb30BABIINCE BEIPAKEHNAMN (7.2) It 21, T2 1
BLITCKAIOMIMY U3 HUX BEIDAKCHHAME A1f dry, dxs:

de) = —sinpdt — t cospdp — psinpdy + cospdp,
deo = cospdt — tsinpdp + pcospdp + sinpdp.
Mgbr moay<um:
w= f(—tsing +pcosp, tcosp + psinp)dp Adt —
—tf(—tsing +pcosp, tcosp + psing)dp Adt + ...,

rje MHOTOTOYIEM 0603HAYEHBl cIaraeMble, He codepixarnue dt.

O6o3raunm dUepes wy guddepeHnnaIbEyio (HOpMy, MOLYIEHHYIO U3 W
0TOpacBIBAHIEM BCEX CJIaraeMbIX, He cogepxamux dt. [Ipu arobbix pukcupo-
BAHHBIX @, p, dp u dp popmMa wy saBasgeTcs guddepennnaisEon 1-gopmon Ha
OPHEHTHPOBAHHOIN IPAMON ¢ KOOpANHATAMH (¢, p). FIHTerpupys ee mo >Toi
IpsMoON, MBI moaydaeMm Auddepennuaisayo l-GopMy Ha MHOr006pasmn
OPHEHTHPOBAHHLIX IPAMBIX, KOTOPYIO HazoBeM IpeobpazoBanueM Pajgona
ucxogHon 2-gopmul w u oGo3HaInM depes Rw. Urax,

Onpepenenune. IIpeobpazosanne Pagoma Rw guddepennuarsuon 2-¢gop-
MBLw = f(21,22) d21 Adxs Ha mIockocTH ecTh guddepennuarbas 1-gpopma
Ha MHOroo6pasuu H OpHeHTHDPOBAHHLIX IPAMBIX HA ILIOCKOCTH

Rw = a(p,p)dp + b(p,p) de, (7.5)
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rae
+ oo
ale,p) = /f(—tsingo—l—pcosgo, tcosp + psing) dt,

— 00

+oo
blep,p) = — / t f(—tsing + pcosp, tcosp + psing)dt.

— 00

(7.6)

YcramoBuMm cBolicTBa guddepennuansron 1-gopmbr Rw. U3 aBmbIx
BEIpaXKeHn A1d GyHKIMI a u b ciaeayeT, ITo 0be OHH — OECKOHETHO
muddpepernupyeMble, GLICTPO yOBIBAIOIINE BMECTE CO BCEMHU CBOMMU IIPOM3-
BOJHLIME (PYHKITMHM Ha MHOT006pazuu H OpHeHTHpPOBAHHLIX MPAMBIX, T.e.
oHn npuHagIexatT npocrpaucTtsy lsapua S(H). daree, dyuxunus a(p,p)
ABageTcA mpeobpazoanneM Pamona ¢yskmun f, ¢ = R f u, 3maquT, oHa
YIOBIETBOPAET FONOIHUTeIBHO ycaoBuaM Kasambepn (cMm. §4). Hakomer,
JIETKO HEMOCPEeACTBEHHO yOenuThCA, ITO

da ob

dp — Op’
a moTomy guddepernuaibaad popma Rw 3aMKHYTA.

Ilpegmoxenue 7.2. Juppepenyuaavnas 1-gopma Q =adp—+bdy c 6eicmpo-
yousarowunu kosdduyuenmanu a,b€ S(H), sadannas na mrozoobpasuu H
OpUEHTMUPOSAHHILT Npambir 6 R2, codepacumed 6 obpase npeobpazosanus
Padona 2-gopm 6 mom u moabko mom cayuae, Ko2da ona 3AMKHYMA U
Pynryua a ydosaemeopaem ycaosuam Kasaavepu.

Aorazameavemeo. B ogHy cTOpoHy yTBepK AeHIE yxKe qokazano. O6paTHo,
aycts ) = adp 4+ bdp — awbas Gopma ¢ mepedNcIeHHBIME CBOICTBAMIE
Ha Muoroobpasmu H = S' x R!'. Torga a = R f 111 HeKOTOPOH (PYHKINH
fES(R?). Monaras w = f dzy Adzs, mmeem @ —Rw =c(p, p) dp. Tax xax sTa
1-popma 3aMKHYTa, GYHKINS ¢ HE 3aBACUT OT P, a U3 OGLICTPOT O YOBIBAHNA
cregyet, aTo ¢ = (. 3uaunT, ) = Rw.

3aMeuanmne. 3aMKHYTOCTb (GopMBI Rw cregyeT Takke m3 obuero daxra
0 IEePECTAaHOBOYHOCTH omepaTopa R ¢ omepaTropom d BHelrHero agudde-
PEeHIINPOBAHUA, €CIN y4YeCcTb, YTO caMma ¢dropMa w 3aMKHyTa Kak ¢opma
MAaKCHMAJIbHOHN CTEIeHN.

Yro6w1 BoccTanoBuTh quddepernnaasuyo Gpopmy w = f dxy Adzs 1o ee
upeot6paszoBanmio Pagona Rw = adp+ bdy, man, 94T0 paBHOCHIBHO, ITOOBL
BOCCTAHOBHTH PYHKINIO f, HYKHO K QYHKIUN d(p, p) IPIMEHNTD HOPMYILY
obparnenns A1 IpeobpazoBanusa Pajgona Ha mriockocTn (cM. §1).
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Mwr BuamMm, uTO mnpeobpasoBaHume Pagoma 2-dopm, B oTamuume oT
1-dopm, umeeT HyreBoe sapo. OTMETHM TaK¥kKe, ITO 334494 O BOCCTAHOBJIE-
Hun guddepernuaisaon 2-GpopMEL w o ee npeobpasoBanmio Pagona Rw
SBISETCS IEePEOpeTeJeHHOI: M 3TON el HYXKHO 3HATL TOJIBKO OJUH
xo3ddunuenT GopMbl Rw.

7.3. IIpeoGpazoBanme Pagona 2-¢popM B TPeXMEpPHOM HPOCTPAHCTBE.
PaccMoOTpuM Ipom3BoabEYIo JuddepernuaIbayo 2-dpopmy B R3

w= fi(x)des Ades + fa(x)des Adey + fa(x)dey A dea, (7.7)

v = (21,22,73) ¢ xoaddunuentamn uz upoctpascTsa llBapma S(R3).
NHTerpupys w Io BCEBO3MOKHEIM OPHEHTHPYEMBIM ILIOCKOCTAM B IR3, MBI
HNOTYIUM (PYHKITNIO Ha MHOT000DPa3uy IIOCKOCTed. DTy (QYHKIIHIO HA30BEM
npeobpazoBarneM PanoHa GopMbI w B 0603HAYUM depe3 R w.

IIpuBeneM BeIpaxkeHme nafd Rw B KOOpAWHATaX Ha MHOT000pa3um
mrockocTelt B IR3, YenoBmMes 3a1aBaTh IIOCKOCTH YPABHEHIAMI BUIA

r3 = a1 + agsxs + ﬁ (78)

Ko puiuenTsl a1,qs, 3THX ypaBHEHHI OpHMeM B KavdecTBe JOKaTIb-
HBIX KOOPJUHAT Ha MHOr006pasmn miIockocTel. Ilpumem gaxee (r1,%2) B
KadecTBe KOODAWHAT Ha KaxJol miockocTu (7.8), 3agaB TeM caMbIM I
OPHEHTAINIIO 3TOH ImIockocTH. Torga orpanutenne (pOPMEI W Ha ILIOCKOCTh
(7.8) moaywaeTcs HOACTAHOBKON B (7.7) BHIpaXeHnil #3 = 141 + gtz +
u drs = ajdry + asdrs. B pesyabrare momydaem:

Rw(ay,asz ) =
+o0 400

= / /[(fs—oélﬁ—Oézfz)(l‘l,l‘z,oqm+Oé21‘2+ﬁ)]dl‘1dl‘2~

— 00 —00

Kax un B amamormuoll 3ajade gif l-gpopMm Ha maockocTm (c¢M. m. 1),
¢GOpMY w MOKHO BOCCTAHOBHUTE 11O ee Ipeobpa3oBannio Parona R w ToIbko
€ TOYHOCTBIO [O CIAraeMOro, SBIAINEr0oCsI 3aMKHYTOn qudpepeHnnanb-
won 2-popmoun. IlosToMy mocTraBEM APYryI0 3aJady: BOCCTAHOBUTEL IIO
dyukmun Rw Bemnnn guddepennunan GOpMBL w:

_0f 0 | Ofs
dw = <8—x1+3_1‘2+3—l‘3)dx1/\dx2/\dx3

WUIN, ITO dKBUBAJEHTHO, BOCCTAHOBUTL (pyHKIUIO F' = 2<%
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Ipegnoxenue 7.3. Jaa mozo umobbr soccmanosums pynkyuio F no dyn-
Kyuu Rw, HY#CHO npumerums K %Rw(al,az,ﬁ) Popmyay obpawyenua daa
npeobpazosanus Padona @ynkyuii 6 mpermeprom npocmpancmee.

Adpo npeobpazosanus Padona 2-gopm s R3 ¢ Gricmpo ybuisaroupumy
KosPuyuenmanuy cocmoum u3 3aMKHYMBT GOpM W U MOALKO U3 HUL.

IIpenmoxenne ciefiyeT U3 JIeMMBL:

Jlemma. [Ipeobpasosanue Padona 2-gopmvi w = f1 deog Adxs+ fodesAdr +

+fsdri ANdxy caazano ¢ npeobpasosanuem Padona dynkyuu F= g—ii g—£2—1—

)
—1—&% CACOYIOUWUM COOMHOULEHUCM:

RF(a1,a9,8) = Ruw(ay, o, b). (7.9)

ap

JoxazaTerscTBo (GopMyasl (7.9) B OCHOBHOM COBIAJAET ¢ JOKA3ATEIb-
ctBoM QopMyas! (7.4); mpm 3TOM momoca MeXKAY ABYMA Iapasle]bHBIMI
npaMeiMi B R? 3aMenseTcs o61acThio B R3, 3axTi0MeHHON MeXKIY IBYMSA
apavIeJbHBIMI IIIOCKOCTIMI.

3ameuanmne. Pesyapratwl nuo. 7.1 u 7.3 aerxo ob6obmaiorca Ha guddepen-
nuaabuble n — 1-popmel B R”.

7.4. IIpeo6GpazoBanme Pagona 3-¢popM B TpPeXMepHOM HPOCTPAHCTBE.
Ipeobpazosanne Pajgona guddepennuambroil 3-popmut B R3

w = f(x1,22,23)dxy Adry Adrs, f € SR

ompeefseTcs aHAJOTUYHO IpeobpasoBanmio Pagona auddepeHnuaibHOn
2-bopmul B R?, em. m. 7.2. lIMenHoO, BBeJeM 5-MepHOe MHOT006pa3ie hIaron
A, 5IeMeHTE KOTOPOTO — IAaphl: IIOCKOCTh B R I ToUKa Ha 3TOH ILTOCKO-
cru. Ilockoapky Touxn B R3 3a1aroTes koopauHaTaMu (21, g, ¥3), & IIOCKO-
CTH — JOKaIbHBEIME KOOpANHATAMH (&1, &3, ), To Ha A MOKHO 3a1aTh IBe
cHcTeMBl KoopAuHAT. IlepBas cucTeMa — KOODANMHATEL (X1, T2, £3; 1, Xg),
rae (z1,79,23) 3agal0T Touky B R3 a (a1, as) — IIOCKOCTD, TPOXOAAMLYIO
Tepe3 5Ty Touky. Bropas cucremMa — xoopAmHATHL (1,9, 3;21,23), The
(a1, s, B) 3agator maockocTs B R3 a (21, 22) — TOUKY Ha 3Toll IIOCKOCTH.
DTH ABe CHCTEMBI KOOPANHAT CBA3aHBI MEKAY cOo00H cooTHOeHneM (7.8).

Byaem TpaktoBath w = fdr; A deo A des xax guddepeHInAILHEYIO
dopmy Ha A, 3aJaHHYI0 B KOOpAHMHATaX (%1,&2,&s;q1,as). TTO6EL ompe-
IeJInTh ee mpeoGpazoBanne Pajgona, sammieM cHadana GpopMy W B KOOPIH-
HaTax (o, o9, 5;41,42). g 3TOr0 B BEIPAKEHNN 14 W HYXHO 3aMEHHTH
T3 Ha a1 X + agts + B u drs — Ha ap dey + asdrs + 21 dag + xodas + df.
Mgbr moay<um:

w= f(x1, 22, a121 + asxz + B)(df + x1day + xadas) Adey A des.
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Dra 3-dpopma Ipu GUKCHPOBAHHBIX (v1, s, 3, d U mepeMeHHBIX HHTETPUPO-
BAHUA T1,Ts MOXKET pacCMaTpUBaThCA kKak auddepennuanbHas 2-dhopMma,
3aJaHHAs B IJIOCKOCTI ¢ KOODAUHATAMHE 1, &2, 3. UaTerpupys 2-gopmy no
3TOH IMIOCKOCTH, MBI oIyIaeM 1-GopMy B IPOH3BOIBHOH TOUKe (&1, , )
MHOT006pasus miockocTerr B R3 Mil HazoBeM mHoayuemHylo l-dopmy
npeo6pazoBannem Pafona ucxoguon aud@epeHMnaJbHON 3-POPMBL W I
o603HaUM ee Tepe3 Rw. Urak,

Onpepaemenue. IIpeobpazosannem Pagoma guddepennuamsuon 3-dopmer
w = fdx; A dzy A des R® maspiBaeTes cregyiomas guddepeHIHATIbHAL
1-popma R w Ha MHOTOOGpasmn mIockocTei B R3:

Rw = a1 (a1, a2, B) daq + as (a1, an, ) das + b (a1, a0, 8) dB, (7.10)

rie
+o0 +o0
ai(al,az,ﬁ)://l‘z’f(l‘l,l‘z,aﬂm+Oézl‘2+ﬁ)dl‘1dl‘2, 1 =1,2,
+o0 +o0
b(ag,as,8) = / /f(l‘l,l‘z,aﬂm+Oézl‘2+ﬁ)dl‘1dl‘2~

(7.11)

U3 oupegenenns 1-popMel R w HEIOCPEACTBEHHO CIEIyeT:
1) Koa@duumenTs! GpopMbl Rw CBI3aHBI COOTHOMIEHHAMIE
8&1 8&2 8[) 8&2' .
— =, — =, =12
Jag Jday Juy; op
CuaegoBarensuo, popma R w 3aMKHYTA.

2) KosdpuuuenTsl aj, az, b GopMel Rw sBasoTcs GeckoHedHO Aud-
depennupyeMbiMu QYHKIUAME, OGBICTPO YOBIBAIOLINIMH BMECTE CO BCEMI
IPOM3BOAHBIME IpH || — oo.

3) ®yuxnus b apageTca npeobpasosaruem Pajgona dyrxnnu f € S(R3),
Te. b=Rf.

Herpyawro ybeaurses, 4To n o6paTHO, ecan guddepennuaisaas 1-gop-
Ma Q = a1 dag + asdos + bdB Ha MHOr0OGpasny miIockocTel B R3 yroBae-
TBOpseT ycaoBuaM 1), 2) u 3), To oHa sBageTcA HpeobpaszoBanueM Panona
HexoTOpOIl Aubdepennuatbuolt 3-hopmbt w = fdry Adxs Ades, f € S(R?)
(cp. aHATOTHYHOE yTBepK IeHNe B M. 2 aa caydas R?).

U3 3) cmegyeT Takike, ITO A1 BOCCTAHOBICHHA (POPMBI W IO €€
npeo6pazoBaumo Pagona Rw = a;day + asdas + bdf HyxHO npuMeHnTh
x ko> duiuenTy b popmer Rw dpopMyry obpalienns 18 Ipeobpa3oBaHms
Pajona ¢pyuxunmi B B3
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§ 8. Ilpeo6pazoBanue Pagona A1 NpoeKTUBHOM ILIOCKOCTH M
NMPOEKTHUBHOT'O MPOCTPAHCTBA

Mur HaunHAIN ¢ €BKANJOBCKOTO OIpefeneHns npeobpazosanus Pajgona,
HO IO3Hee YCTAHOBILIN, 9TO 3TO Ipeobpa3zoBanne a(p@UHHO HHBADUAHTHO.
B »Tom maparpage MBI mokaxkeM, ITO IpeobpaszoBaHue Pajgona sBaseTcs
Ha CaMOM [Jeje [IPOEKTIBHO NHBAPDHAHTHBIM OOBEKTOM. JTHM, KCTATH,
OHO CYIIEeCTBEHHO OTIMYAaeTCs OT IpeobpazoBanus Dypbe, 1as KOTOPOro
IPOEKTIBHOI BEPCUU HEe CYILIECTBYET.

Mz paccmaTpuBaeMm mpeobpazoBanne PajgoHa [Is BelIeCTBEHHOU IIPO-
eKTUBHON ILTOCKOCTH P2 I BeIleCTBEHHOTO MPOEKTUBHOTO IPOCTPAHCTBA
P3. Ompegenenus mpeo6pazosanmii Pajona ara P? u P3 amanormans, Ho,
Kak U B caydae ad@UHHBIX IPOCTPAHCTB, (POPMYJILI OODAIUEHNS LIS HUX
CYIIeCTBEHHO OTAMYAlOTCA: B cayiae P° (opiMyra IokalbHa, a B CIydae
P? — menoxanbua. IlosToMy HawHeM co crydas P3 xax 6olee mpocToro.

8.1. HIpoctpanctea P3 u (P3)’. Kax 06br1HO, 6y1eM 3a1aBaTh TOIKHI B
P? 0 THOPOTHEIMI KOODIMHATAMI T1,%9, T3, T4, T.e. BekTopamm * € R*\ 0,
OTpeeleHHEIMI C TOYHOCTRIO JO MHOXKHTerd. Jpyrumm crosamm, P3
3aJaeTcsa Kak 6a3a €CTeCTBEHHOTO PACCIOCHHA

RO —=P3 Az~z, AER\O.

Mockoapky mpooGpassl Towek m3 P3 — ogHOMepHBIE IIOAMPOCTPAHCTBA
B R* To P? MOXKHO HHTepHpeTHPOBATHL KaK MHOI006pasme OJHOMEPHBIX
moampocTpascTs B R,

Jobaa mrockocTs B P3 3ajaeTca B OJHOPOIHBIX KOOPAMHATAX L1, X3,
x3, T4 YDaBHEHUEM:

2y =& a1+ oo+ &3z +Eamq =0,

rae koa(MHUINeHTsl & OmpefeaeHbl ¢ TOYHOCTBIO 10 OOUIEro MHOKUTEIA.
TaxmuMm o6pazoM, MHOTOOOpasme IIockocTell B P3 camo sBIseTcs Tpex-
MEePHBIM MPOEKTHBHLIM IPOCTPAHCTBOM € OTHOPOJHLIMH KOODIUHATAMN
£1,69,€3,6,4. OHO Ha3LIBaeTCA MPOCTPAHCTBOM, AVAILHBIM K P>, m 0603Ha-
qaeTca qepes (P3)’.

8.2. Ilpeo6pasosanue Pagona guaa P3. O6osmatum wepes F(m) mpoct-
pamcTBO 6eckoHewHo Auddepenmupyemerx bymxmmi za R\ 0, yaosreTso-
PSIOLINX YCIOBIIO OJHOPOJHOCTIH:

F(Az) = |A|" f(x) gasz moboro A # 0. (8.1)

IlepBBIl BOIpPOC, BO3HUKAOUIII NPH Iepexode oT a(@UHHOTO K IPOeK-
TUBHOMY CJIy4alo, — Ha KakKoM (PYHKIINMOHAJIBLHOM IIPOCTPAHCTBE JTOJNKHO
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cTpouThes npeobpasoBanue Panona. Taxnm GpyHKIINOHAILHBIM IPOCTPAH-
cTBOM sABasgeTca F(—3).

Ipuunna, mo koTopon Geperca F(—3) BMecTO mIpocTpatcTBa PYHKINH
Ha camMoM P3| cBmsama c TeM, uTo Ha P® He CyIIecTByeT IPOEKTHBHO
HHBAPUAHTHON (POPMEI 00BeMa, T.e. guddepeHnnaibuon 3-GopMbl, HHBA-
PUaHTHON OTHOCHTebHO feiicTBus Ha PP rpymmer ST (4,R) npoekTUBHBIX
npeo6pazoBarmit. Mex 1y TeM, Ha ogHOMepHOM paccroenmn R*\ 0 mag P3
Takas 3-popMma cymecTByeT. ITo guddepennuaibruas ¢popma Jlepe:

w(z) = #1dws Ades A dey + (uuxa. mepect. ungexcos 1,2,3,4),  (8.2)

KOTOPYIO yI0OHO 3alINCHIBATE B BU € ONpeIeInTeNsd ¢ KOMMYTHDYIOMINMI 1
AHTUKOMMYTHDYIOIIIMH dJeMeHTaMU:

sl d$1 d$1 d$1
1 9 d$2 d$2 d$2
6 s d$3 d$3 d$3.

X4 d$4 d$4 d$4

w(r) =

B nanpHelimeM MBI 6yIeM IHICATh COKPAIICHHO:
w(x) = [#,dz, dx, dz].
Oycts € € (RY)' \ 0 n
he: (£,2) =0

— noanpocTparcTBo B R?, oTBevatomee ¢. O6osznaumM uepes o¢(x) BHY-
TpenHee mpoussegenne dopmsl Jepe w(x) u dopmet d( (€, z)) ma R?

oe(r) = d((¢, ) Jw().

ITo ompegenernto, o¢(z) ecTh guddepennunanpaas 2-popMa Ha R* ygoBie-
TBOPAIOIIASA COOTHOIIECHNIO:

d((&,x)) Nog(2) = w(@). (8-3)

NaBecTHO, ¥TO Ha BceM IpocTpaHcTBe R* Taxas ¢opMma He eIUHCTBeHHA,
OJHAKO €¢ OT'PaHUYeHNEe Ha IOAIPOCTPAHCTBO he OIpegeIeHo OFHO3HATHO.
MoxkHO IpUHATL, HAIIPUIMED,

oe(e) — [, u, dz, dz]
e(2) TEw

rae u € R*— npomsBoabHLI GUKCUPOBAHHELT BeKTOD Taxoil, 1To (£, u) #0.
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Iycte f € F(-3). Toraa guddepennnansaan 2-popma Ha he
f(@) oe ()

HMeeT CTelleHb OgHOPOAHOCTH () U OPTOrOHAJBLHA CJIOSIM PAaCCIOEHINs
hg = Phg, vae Phe — npoextusmsanus he. CregoBaTelbHO, OHA OIIYCKAETCA
¢ he Ha Phe, T.e. Ha mIOCKOCTD B P2,

Omnpepgenenne. Hazosem mpeoGpazosannmem Panona ¢Qyuxmum f € F(—3)
byrxmmo R f ma (R*)’\ 0, 3agannyio paBeHCTBOM:

RIC= [ fa)oo). (8.4
(¢ x)=0

U3 ompegerenus caenyer, 9To ¢ — R f — 6Geckoreuno guddepermy-
pyemas ¢bymknus ma (R?)\ 0, ygosaeTsopsiomas ycJIOBHIO OTHODOTHO-
crm: p(AE) = |A|7Lp(€). CaegosaTeasno, ¢ € F(—1). Takum o6pazom,
npeobpazosanne PagoHa 3a1aeT oTo6paKeHme:

R : F(-3) = F(-1).

Bripaxenne nas R f yZo6HO IpeqcTaBIsSTh B CAEAVIOIIEM BILIE:

RIE) = / F(2)3((€, 2))w(z), (8.5)

rge d(t) — pempra-Qymknus Ha R. HTerpan clefyeT HOHHMAThL TakK.
Cragaja DOAWHTErpalbHy (OPMY HAJO OPEICTABATL B IIPOU3BOJLHON
CHCTeMe TIepeMEHHBIX, Bkatouatomenl { = (£, ) B KadecTBe OZHOTO U3
[epPEeMEHHBIX, I 3aTeM IPUMEHNTS J () K mepeMeHHOMY ¢ (T.€. B IOy IeHHON
dbopme oTé6pocuTs di u noaoxuTs t = (). 3aMedaTenbHO, ITO HOIyIaeMas B
pesyasTaTe guddepennuaibaas popMa Ha miockoctn (€, #) =0 He 3aBuCHT
0T BBIOOpA NCXOTHBIX IIepeMeHHBIX.

8.3. CBasp ¢ adpduuuEIM mpeoGpazoBanmem Pagoma ama R3 u mpe-
o6pazopammem Munkosckoro — ®yHKa paa TpexmepHon cdeprr. Ilpe-
o6pazosanne Panona nrs R3 un mpeoGpasoBaune Murkosckoro — Pymka
ISl TPEXMEPHON cQephbl MOAYyYIaloTCsA KaK CIENUAIN3ANNA IPOEKTHBHOTO
npeo6pazoBaunsa Pagona. lIMenno, mas >Toro Hajo 3aMeHHTH OJHODO.I-
uple Qyukmun f € F(—3) ux orpaHNYeHHAMH Ha IOIXOJALINE CETeHNT
paccioerns R*\ 0 — P3.

Yro6el moayunts adduunoe npeobpaszoanne Pajgona, Bo3bMeM B Ka-
YeCTBe TAKOT'O CE€YEHNS] TUIEPILIOCKOCTD T4 = 1 U MOJI0XKIM

Jolx1,20,23) = f(x1, 29,23, 1).
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= —dxy Ndzo A des, To Popmyna (8.5) mpuHEMaeT

TMockoasky w(x)
ra=1

BHI:

Rf(€1a€2a€3a€4) —

= —/f0(901,902,903) d(&r1z1 + Eamo + 33 + Ea) dq dzadas,
R:’)

T.e. R f ecTh addpunHOE mpeobpazoBanme Pagoma dyuxmmn fo ma R3.
Y06l moayuuTs mpeobpazoBanme Munxosckoro — ®PyHka, HyKHO
3amMeruTh GyHKINE f 1 ¢ = R f UX orpaHnYeHUsSIME COOTBETCTBEHHO HA
chepy |z] =1 8 R* u chepy |£] = 1 B (R?). Torga mpeo6paszosanue (8.5)
coBmajger ¢ npeobpazosanueM Muukoscxoro — dDdymrka M aaa Gyrxuun

na chepe |z| =18 RE: M[f(€) =R f(€) mpu €] = 1.

8.4. ®opmyna obpamenus Axs mpeobpasoBamma Pagona B P3, Hama
3ajada — BOCCTaHOBHTH QyHKmmio [ € F(—3) mo ee mpeobpaszoBaHuio
Pagouna R f. IlpuBegem cpasy oTBeT.

fz) = —<2w>-2/ RIE) 8 ({6, 2)) w(6). (5.6)

rjge §”(t) — Bropas npousBogHas geabTa-pyHKnNN Ha R ; nHTErpaa Gepercs
IT0 TPOM3BOTLHOMY cedenmio I paccroerma R*\ 0 — P3,

PopMaabHO, CTOAMIAd MOJ 3HAKOM WHTerpata audpdepeHnnasbHas
3-popma

Q. = RF(§) 6"((&, %)) w(§)

UMeeT CTeleHL ogHopolHocTH ( M OpTOTOHAIbHA K CIOSIM DPACCIOEHUS
R4\ 0 — P3. [ToaToMy HHTerpaI He 3aBICHT OT BEIGOpa cedenus I.
Mer gomxHBL IpHAaTh cMblca nHTerpaay (8.6). C 5Toll neapio MoI0KIM

& =n+p¢,

rae n € (RY\ 0 ygosreTsopser ycaosmo (1, z) =0, pER,a € (RN \0—
IIPOU3BOIBHBIN (DUKCHPOBAHHEIN BeKTOP Takol, uTo ((, ) # 0.

TepeiigeM B BhIpaxennn gid §), oT mepeMmenHbix & € R* x mepemennniM
n €R*u p € R u oTépocuM 3aTeM <LIeHBI, He cogepxamue dp. Tak xak B
HOBBIX MTePEMEHHBIX

w(&) =+ p¢ dyn+ Cdp, dy+ (dp, dy + Cdp),
§"((€, @) = (¢, x) | 728" (p),
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TO IIOCJae 0T6paCbIBaHI/Iﬂ ATNX YJ€HOB MBI HOJIy(H/IM:
Q= 2) |2 R F(n+ p<¢) 8" (p) [n,¢, dn,dy] A dp.

llpounTerpuposas Qopmy ). mo p, moaydaem guddepennuarbHyio 2-
dopmy Ha moampocTparcTBe he : (n,z) = 0 B (RY):

(¢, 2) |72 (L @) (n) [n, ¢, dn, dn),

rae

0 0
L=Cgo=2 G5

DTa dopMa umMeeT cTemeHb ogHOPOAHOCTH () I OPTOroOHAIBHA K CJIOAM
paccioenns he — P(he), roe P(he) — npoexrususamnus he. Taxkum o6pazom,
ee MOIKHO PacCMaTpHBaTh Kak (gopmy Ha P(he).

Wrak, Msl cBean dopMyny obparnenns (8.6) x ciaegyrommen:

Teopema 8.1. Fcau ¢ = R f, 2de f € F(=3), mo umeen:

o) =~ o [ ( T QCj%)[%C,dmdnL (6.7

(n,wy=0 ISHISH

ede ( € R* — npoussoavrviti @uxcuposannviti eexmop marot, u4mo

(¢ x) #0.

3amedanne. B oramsme ot (8.5), onpegenennoe B (8.7) orpanudenune gud-
depennuansronl popmer 2, = R f(£) 6" ({£, #)) w(€) HA mOATIPOCTPAHCTBO
(&, ) = 0 He eIUHCTBEHHO, OCKOIBKY OHO 3aBHCHT OT BHIGOpa BeKTOpA (.
OpHaxo Bce MOIyYaloIImecs Tak (OPMBI Pa3INYIaloTCA MeXKIy cOGOl Ha
TOYHYIO (POpMY.

Jorazsameavcmeo gopmyavt obpawenus (8.7). O6oznauum depes F;, i =
= 1,2,3,4, noampocrpamcrso Gyuknun [ € F(—3), paBHBIX HYIIO BMeCTe
€O BCeMHU IPOM3BOAHBIMHU Ha mognpocrtpancTe z; = (. ITockoapxy cymma
noAnpocTparcTs F; ecTh Bce mpocTpancTBo F(—3), To paseHcTBO (8.7)
JOCTATOYHO NOKA3aTh Aus (PYHKIINN, IPHIHA JIEKALIX 3THM IOANDPOCTPAH-
craM. IlycTs gas ompegerennoctn f € F,. Torga dbymxmma ma R3

Jolx1,29,23) = f(x1,29,23,1)

npunagrexuT npocrpaHeTsy llsapma S(R3), a mz m.8.3 caeayer, uTo
¢ = R f saBaserca adduuHBIM npeobpazoBammeMm Pagoma ¢yuxiunm fj.
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3uaunT, mo Gopmy.e obpaienusa 511 adduaHOro npeobpazoBanna Pagona
IMeeM:

_ e

s, naa) = —(2m) [ (5

87]2 WO(n)a

7742—771171—7721‘2—773173)
~y

rae wo(n) = n1dnz Adns — nadny A dns + nadny A dne. Otcioga cregyer, 9T0

32
flesesasad = e (355 22) = =0l [ FEw(m),

(n,z)y=0

Toxyuennoe paBeHcTBO coBnagaet ¢ (8.7) gas caytas ¢ = (0,0,0,1). Taxum
o6pazoM, aasg caydas ¢ = (0,0,0,1) dopmyna obpaienns goxazana. Crygan
IIPOU3BOIBLHOTO BekTopa ¢, Aasf xoToporo ((,#) # 0, cBoguTCA K >TOMY
crydato mpeo6pazosanneM xoopauraT B RY u (R1).

Sameuanne. Moxmo 6pL10 6Bl He mpegmoaarathb, ITo ( = const. Torga
noaygaeTcsa (opMmyra obpamenus Goxee obmas, deM (8.7), B koTopoll
HHTErPUPOBAHNE BeJeTCs IO JBYMEPDHOMY LKAy B MHOroo6pasuu nap 17, (.

8.5. O dopmyaax ob6pamenua aas adpdunHoro mpeobpazopanua Pa-
goHa B B3 um mpeoGpasoBamms MumnkoBckoro — ®yuxa gas S>3, Mo
yxKe y6enuancey B 1. 8.4, 9To U3 mpoekTHBHON QopMyasl obpamenns (8.7)
opu ¢ = (0,0,0,1) moaysaerca Qopmyra obpameHus nas ap@OUHHOTO
npeo6pazoBannsa Pagona us § 2. Ecan B kadecTBe { B3ATH NPOU3BOILHBIN
(dbuKcnpoBaHHEI BexkTop B R*, 118 KOTOpOro

Gz + (22 + 3z + G =c¢ > 0,

TO Ha ocHOBaHHH (8.7) MBI HOIyUaeM HOBYIO (GOpPMYyILy o6palneHns A1s ad-
¢unHOrO PeO6pazoBanua Pagona R, oTIMIHYIO 0T (GOPMYJIEI 0OpAIeHNS
u3 § 2. Umenso, mycts 7, C (R*)’ — moampocTpaHCTBO, OPTOrOHAIBHOE K
(z1,22,23,1) € RY P(7,;) — ero mpoexTHBU3anus u 7y, — JIH060€e CeueHIe
paccaoerns m, — P(r;). Torga ecan f € S(R3) u ¢ = R f — addunszoe
npeo6pazosanne Pajgona dynxmun f € S(R3), To

Fle) = —(2m)2 —3/2%3 G G v, i)

t,j=1

Y

IIpumeuarme. Eme 6omee obmmuil k1acc dhopMmya obpainerns 1ia adduH-
HOro npeobpa3zoBanns PanoHa MOXKHO MOIYIUT, 3a4aBasd B TOUKAX 1) € 7, \ 0
rianxoe BekTopHoe mode 1) — ¢ € (R*)’\ 0, Tpancsepcansroe k 7, \ 0, T.e.
(x,¢(n)) > 0 gas moboro n € m; \ 0. KaxgoMy TakoMy mOmI0 OTBedaeT
dopmyaa obpammenns 118 adpuEHOTO IpeobpasoBanua PatoHa.
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Ilepenngem Temepr k mpeoGpazoBanmio Munukosckoro — @DyHka aus
TpexMepHon cdepsl. Ecan mmTepupeTnpoBaTh dmteMeHTH m3 F(—3) Kax
weTHbIe yHKINIH Ha cdepe |r| = 1 B R* To mpoexTuBHOE MpeobpasoBaHme
Pamoma R f u mpeo6pazoBanme Mwunukosckoro — Pyuka M Qpyukiun
f € F(—3) cBA3aHBl COOTHOIIEHTEM:

- £
R f(€) =[] 1Mf(g)
CuegoBarensuo, dopmyaa obpamneHus A1s npeobpasoBanns MiHkoB-
ckoro — Dymka M momydaercs us opmyabl obpamenus (8.7) gas

npeobpasosanus Pagona R 3amenoin R f(£) Ha |€|_1/\/lf(%)

8.6. Omucanue oGpasza mpeoOpasopamua Pagona gaa P3.
Teopema 8.2. [Ipeobpasosanue Padona zadaem uzomopduzm npocmpaneme:

R : F(-3) — F(-1).
Joxrazameavcmeo. BBegem omepaTop R Ha F(-1) no popmyae:

(Re)(a) = =2 [ 9lO)8"((6,2))(6).

()

U3 »Toro ompefereHus ciegyer, UITO 7~€g0 € F(-3) gan mobon QyHKINKR
p € F(-1).

B cuny pokazammoro B u. 8.4 omepaTop R HHBEKTHBEH I KOMIIO3UIINS
R R ecTs TOKAeCTBeHHBIN onmepaTop Ha F(—3). IlosToMy 111 JOoKasaTelb-
CTBa TeOPEMEl JOCTATOYHO YOeIUTHLCA, UTO OlepaTop R HMeeT HyIeBOe
Aapo.

Urak, mycts ¢ € F(—1) u 7~€g0 = 0. 3aMeTuM, 9TO BCe IPOM3BOLHEBIE

% dyukunn ¢ npuHagiexat F(—3), a moTOMy AIf HUX ONIpeIeleHO
1967

npeob6paszoBanne Pagona.

Tax kak %&jé((&’, z)) = z;x;6"((£,x)), To HHTerpupoOBaHEeM IO
9aCTAM MOy IAEM:
0%p(¢
(16 0))l6) = iz [ 90" ((6,2))(6) =0
9 0¢;
P3 P3
Otcrona, BBUAYy MHBEKTUBHOCTH Mpeobpa3zoBaHusa PafoHa, CIelyeT, 9TO
g;%(g =0,:,=1,2,3,4 1.e. ¢ — nmoauuom. [lockoabky, ¢ IPYrou CTOPOHHI,

(o IMeeT CTelleHb OTHOPOIHOCTH —1, 3TO BO3MOXKHO JauIs npu ¢ = (.
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8.7. Ipeo6pazopamme Pajjona gaa mpoekTuBHOM miaockocTu P2, Omu-
camme mpeo6paszopanna Pajgona 11 P? aHATOTHYHO PACCMOTDEHHOMY yiKe
CIy4Yaio TPOEKTHBHOT'O IPOCTPaHCcTBa P3, a IMOTOMY MBI H3IOKHUM €ro
Goee KpaTKo. EJUHCTBeHHOE CyIeCTBeHHOE Da3fmdie MexIy caydaem P3
n crysaem P? B Tom, uTo g1 P? dopmyra obpammenns ToxalbHa, a g1d P2
OHA HeJOKAJILHA.

OGo3HaYNM 1O AHAJOTHH ¢ IPOCKTUBHBIM IpOCTpaHCTBOM PP wepes
F(m) npoctparctso C™ bymrknuit za R3\ 0, y10BIeTBOPAIOMIX YCIOBHIO
ogHopoaHocTH (8.1).

Ipeobpazosanne Pajgona gis P? aajaeTca B GYHKINOHAILHOM IPOCT-
pancTee F(—2).

Oycts w(z) — auddepennnambuas dopma Jlepe na R3:

w(x) = 1dws Adrs — xodey Ades + wgday A das,
win, Kopodue, w(x) = [z,dz,dz]. 3aganum Ha Kax T0M MOANIPOCTPAHCTBE
he: (&, 2) =&+ Eas +E303=10
B R3 muddepernmarsuyio 1-popmy o¢(z), onpeeleHHyI0 DaBEHCTBOM:

oe(w) = d((¢, 7)) | w(x),

d((&, 2)) A oe(x) = w(@).

Ecmn f € F(-2), To gudpdepennnamsuas dpopma f(r)oe(z) umeer
cTemeHs ogHOpogHOCTH () M OPTOTMOHAIBHA CIOAM paccioeHus he — Phe,
rge Phy — mpoexTusmsanus he. CregoBaTenbHo, OHa omycKaeTca Ha Phe,
T.c. Ha IpAMYyIo B P2,

Omnpepgenenne. Hazosem mpeoGpazosannmem Panona ¢Qymxmum f € F(—2)
byrxmmo R f ma R3\ 0, 3a1anmyio paBeHCTBOM:

RIE) = / F(&) oex). (5.5)
(¢,z)=0

W3 ompenenenus cienyet, 9to ¢ = R f mpunagrexur F(—1); Taxum
o6pazom, npeobpasoBanne Pajgona 3agaer oTobpaxeHnne:

R : F(=2) = F(-1).
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IMogo6Ho ciydaio MPOeKTHBHOTO mpocTpaHcTBa P>, Bhipaxenme gia R f
ya00HO IpeiCTaBIATL B BHJe:

RIE) = / F(2)3((€, 2))w(z), (8.9)

rge d(t) — peapra-Qpyuknus Ha K.

IepeiigemM kK mocTpoeHnto (hOPMYJIbl obpameHus 11 R .

CHavama, Kak 1 B cIydae IpocTpamcTsa P2, mpuBegeM (hopMaTbHEIHN
OTBeT:

f(z) = (2n)! / RFE) (€ 2)~2wlé), (5.10)

rae I' — mpomsBoasHOE cedenme paccroerns R3\ 0 — P2,

YT0o6bl IPUAATE CMBICA TOMY HHTErPALy, MOBTOPUM DPACCYXKJEHIA,
npuBegeHHbIe B 1. 8.4 m1a cayuas P3. Hmenno, momoxum & = i+ p¢ , rjie
n € (R3)’\ 0 yaosaeTsopser ycaosuio (n,z) =0, p € R a € (R \0—
IIPOU3BOIBHBIN (DUKCHPOBAHHEIN BeKTOP Takol, uTo ((, ) # 0.

Ilepengem B Boipaxenun qius guddepernnaibuon GOpMbL

0, = RAEE ) w(§)

oT mepemennbx ¢ € R3 kx mepemennrim n € R3 n p € R u oTépocuM 3aTem
“IeHbl, He cogepxkamune dp. Mel moaywmm:

Q= (¢, 2) 2R F(n+p¢)p~2[n,¢,dn) A dp.

Hurerpaa ot sTont ¢popmel 6ygeM moHuMaTh Tak. CHavanza 6epeTcs MHTe-

I'pal o p B COOTBETCTBIN ¢ ONpejeteHneM 0600ImenHoN My KN p~ 2:

+oo +oo
/F(p)p‘zdpz /F’(p)p‘ldp,

rjfe NHTerpal COPaBa HYXKHO IOHNMATL B CMBICIE [NIABHOT'O 3HadYeHUs. B
peayabTaTe moaydaercs guddepernnaisbuas 1-gopma Ha IPAMON, KOTOPAs
3aTeM HHTErPUPYETCS IO 3TOU IPIMOH.

Urak, B pesyabraTe Gpopmyna obpamenns (8.10) cBefena K clegyomen:

Teopema 8.3. Fcau ¢ = R f, 2de f € F(-2), mo

f) = @r)~1 (¢ a) / (0.0 [0, o, (5.11)

(n,z)y=0
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ede

+ oo

Y(n,¢) = /(Zi:@g—g

p~'dp, (8.12)

E=n+pC)

¢ € R3\ 0 npoussoavmbiti @urcuposannviii 6exmop, ydocaemeopatoupui
yeaosuio (€, x) #£0; unmeepan (8.12) HYHCHO NOHUMATD 6 CMBICAE 2AAEHOO
SHAUECHUA.

TTogo6HO caIy4al NpOEKTHBHOIO IpocTpaHcTBa (cM. m. 8.4, cTp. 59),
J0Ka3aTelbCTBO (opMyasl obpamtenns (8.11), (8.12) ceoaures x dopmyne
obGpamtenusa qua adpduHHOTO TpeobpazoBannsa PagoHa Ha LIOCKOCTH, MOIY-
“eHHOU B § 1.

Teopema 8.4. IIpeoépazosanue Padona R das npoexmusHoti naockocmu P?
3adaem u30mMopPuUIM NPOCMPAHCMS:

R : F(-2) — F(-1).
Horazameavcmeo. IlycTs
R : F(=1) = F(=2)

— omepaTop, 3aaHHBI paBeHcTBOM (8.10). B cuny gokasaHHOTO, KOMIIO-
aunmus R'R sBasgeTca efuHUYIHBIM omepaTopoM Ha F(—2). Ilostomy aas

JOKAa3aTelbCTBA TeOPeMBl HYXKHO TOIbKO ybeIUThes, €UTO omepaTop R
NHBEKTHBEH.

Bocnoansyemcsa Tem, 1T0 R MOJKHO IIPEICTaBUTEL B BHJe:

Re(ey,29,1) = (2m) 7} /1/)(5)5/(51901 + &m0 + E3)w(§), (8.13)

rIe
+oo

V() = /80(51,52,P)(P—53)_1dp~ (8.14)

— 00

B camom gene, mogcrasus (8.14) B (8.13) n mpounTerpupoBas mo &3, MbI

TOIYYHUM ICXOJHOE BEIDAaXKeHUe Iad Ry

rs=1
Pasencreo (8.14) 3anaer mpeoGpasoBamme I'manGepra QyHKIHK
©(&1,€2,£3) mo €3. I3BecTHO, ITO 5T0 Ipeobpa3zoBaHne HHBEKTHBHO. [lalee,
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ecan ¢ € F(—1), To ¢ — meueTHas ogHopoanas C'*-dynxnns xa (R3)"\ 0,
TOH e CTeleHH OJHOPOIHOCTH —1, aTo m ¢QyEknua . IlosTomy Bce ee

IpPON3BOHEIE % npuHagrexat F(—2).
MpegnoroxnM, 9To R¢ = 0. Torga HMHTeCPUPOBAHHEM IO TACTAM

IIOJYIa€eM:

g_gé(€1$l + oo + Ez3)w(E) =
r

= —52'/1/)(5)5/(51901 + Eamo + E323)w(€) =0,

T

t=1,2,3, 7.e. npeob6pazoBanue Patona pyukunn % paBHo Hyaio. OTcioga,

BBUAY HHBEKTUBHOCTHU IpeobpaszoBamua Pagona, creiyer, UITO (%w— =0,
¢t = 1,2,3, u, 3gauur, ¢y = const. Ilockoabky, ¢ ApPYrom cTOpOHBI, (QyH-
xuus 1 uMeeT cTeleHb ogHopoguHoctu —1, To ¢ = 0. Orcoga, BBUIY

HHBEKTHBHOCTH IpeolGpasoBanus (8.14), caegyer, ato ¢ = 0.

Togo6HO TpexMepHOMY cay€aio, u3 dopmya obpamenns (8.11), (8.12)
A TPOEKTUBHOTO Npeobpa3oBaHua PaToHa MOSYYaloTCA Kak CJAeJICTBHE
HOBEIE (POPMY.IEI OOpAaIlleHns A48 Opeodpa3oBaHus PajgoHa, CBI3aHHOTO C
a(QpUHHON MIOCKOCTBIO, U AaA mpeobpazosanua MurKoBCcKOoro — PDyHKa,
CBSI3AHHOT'O C IBYMEPHOU c(hepoil.

YTo6bl NOTyIUTL (POPMY.IYy OOpalleHns A1d npeodpazoBaHus MuHKOB-
cxkoro — PyHKa, JOCTATOYHO HHTEPIPETHPOBATL 3IeMeHTH u3 F(—2) u
F(—1) xax ¢dbynxmun zHa asyMmepHoil cdepe S?. Torga, ecin ¢ = Mf —
npeo6pazopanne Muukosckoro — Pymka ¢yukmmn f Ha S?, To dopMmyIa
obpamenus qas [ noaytaerca ua (8.11), (8.12) samenott ¢ (&) ma |¢]71 go(%)

§ 9. IIpeo6pasoBanne Pagona B KoMiLiekKcHOM adppuHHOM
NMPOCTPAHCTBE

Onpegenennss m pe3yabTaThl TOH IVIABBL MOXKHO IEDEHECTH C Be-
LIECTBEHHOrO Ha KOMILIEKCHBIN ciaydail. B sToMm maparpade MBI KPaTKO
u3IaraeM oIpeleleHue IpeobpasoBanusa PajoHa a1 KoMmaeKCHOro ad-
(UHHOTO IPOCTPAHCTBA, €T'0 CBA3b ¢ Ipeobpa3zoBanueM Pypbe u GopMyay
obpamenusa a1aa npeobpasosanusa Pagona.

Ilo cymiecTBY eJumHCTBEHHOE Da3Iutinme MeXKIy mpeobpasoBaHusMu Pa-
JOHA B BeIIECTBEHHOM I« KOMIIIEKCHOM IIPDOCTDAHCTBAX B TOM, <ITO B
KOMIIIEKCHOM ciaytdae ¢dhropMyaa obpaleHus aag npeobpaszoBanus Pamgoma
BCerJa JOKaJbHA I IMeeT OJHY I TY Ke CTPYKTYPY A IPOCTPAHCTB A0001
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pa3mepHocTHu. [lodTOMYy MBI m31araeM pe3yabTaThl CPa3y OAA IPOCTPAHC-
TBa IPOU3BOALHON pazMeprocTH n > 1. [IpuBogaTcs TOABKO POPMYIUPOBKH
TeopeM.

9.1. Ompepeaenune mpeoOpaszoBauusa Pajgona. Bygem 3agaBaTh rumep-
miockoctun B U7 ypaBHeHUAME

<€a$> _pZOa
rae <€,l‘> :€1$1+€21‘2—|—...+€nl‘n.

IIpeo6pazoBanne Pagoma dymxmum f ma 7 3agaerca ciegymooummm
PaBeHCTBOM:

R =(5)" [ e s, (91)
(&, =)=p

rge ¢ — roaoMopduas guddepennnaasras (n — 1)-¢popma Ha THIEPIIOC-
kKoctu (£, x) = p, ompefenseMas U3 COOTHOLICHNA

de =d{& z) No (de = dey ANdaea Ao AN day).
B xoopuHATax z1,...,&, GopMa o 3ajaeTca Tak:
o= (—1)k_1€,€_1dx1 A /\d/x\k Ao Ndey, (k=1,2,....n).

Bripaxenne nas R f yao6HO TakxkKe 3alIUCBIBATHL B BIE:

RI€n) = (3)" [ 1030tE ) - p)de iz (9.2
J

rge d(-) — peapra-gyuknug ma .
Pyuxnusa R f yI0oBIeTBOPAET yCIOBHIO OJHOPOIHOCTH:

RIAEAD) = NT?RF(E p),  A€CT\O. (9-3)

9.2. Cpasp ¢ mpeobpasopanuem Pypwe. [IpeoGpazosaune Dypre Ff
dyuxmun f wa C" onpegeasieTcs Tak:

FfE) =(@m)™" (%.)n/j”(ae)eiRe(g’x> dz dT.
Cn

O=o cBsizano ¢ npeobpazoBanueM PanoHa creIyiolUmM cOOTHOLIEHTEM:

Fi(€) = @205 [ RA€ D) dpap. (94)
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Ucnoassysa cBolicTBo ogHOpoasoctn (9.3) dymkuun R f, cooTHomeHme
Mexay R f u F f moxHo 3anucaTh B Buje:

FIOAE) = (2m) / RI(E p) 'R dpdp. (9.5)

Orcroga mo Gpopmyae o6paleHns 111 0 JHOMePHOT 0 IpeobpaszoBanus Pypoe
IOy IaeM:

RfE p) = (2w)”‘2%/ff(A£)e‘iRe*p dXdA.

9.3. ®opmyaa obpamenna aaa mpeoopaszosanug Pagoua. I3BectHo, 1TO
omeparop F !, o6paTuwii ¥ F, uMeeT BI:

Flp() = (27)7" / (€)= e €2) de i (9.6)

(Cn

Ha ocmoannn pasercts (9.6) m (9.4) moxywaem caegyomyo (GopMyLy
obparmenns 1as npeobpazosanusa Panona R:

8271 2

fla) = (~1r=tam () 1/apn Tt 16 (&) wl€) AwE),
(9.7)

rae w(é) =Y p_ (D)1 dE AL A d/é’\k A ... A d&,, uarerpaa Gepercs
1o npousBoabHon mosepxHocTu I' C C" \ 0, mepecekarommeil o 0gHOMY pa3y
HMOYTH KAk Iy KOMILIEKCHYIO IIPAMYIO, TPOXOAAIIYIo depe3 Touky 0.

Sameuanne. 'muepmiaockoctu B " MOXKHO HHTEpPHPETHPOBATHL KAK ILIOC-
KocTn pasmepHocTH 2(n — 1) B BemecTBeHHOM TpocTpaHcTBe RZ™. DTn
IIOCKOCTH 00pa3yioT 2n-MepHOe HOAMHOrooGpasme K B MHOr0oo6pasmn
H Beex 2(n — 1)-mepubix miockocteit 8 R?? (dim H = 2(2n — 1)). Taxum
o6pazoM, (opmyra obpamennus (9.7) gaeT pellleHne CleqyIoMen 3aja<n B
BEIeCTBEHHOM TIpocTpaHcTBe [R2": BoccTanoBUTD GyEKIMI0 [ Ha R?”? ecan
H3BECTHBL ee HHTerpaisl mo 2(n — 1)-MepHBIM IIOCKOCTAM, BXOISIINM B
2n-MepHOe ceMencTBO K .

9.4. Caygau n = 2. IIpu n = 2 ¢popmyaa obpaleHnsa I1a Ipeodpaso-

BaHHIA Pa,E[OHa mMeeT BIO:

2
r

Jflay, x0) = —F_zi/(Rf)g,p(&,fz;&m + & a0) X

x (E1d€a —E2d&r) N (€1 dEa —E2dEr). (9.8)
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SamnumieM 3Ty (HOPMYIY B APYLOU CHCTeMe KOOPDAUHAT Ha MHOT000pa3mn
npaMurx. Ilyers mpaMere B C? 3aJambl ypaBHEHNAMI

To=ax) + (9.9)

u xk03pPuinenTH v, [ >TUX yPABHEHUU B3ATHI B KA9eCTBE JOKAJILHBIX
KOOPAWHAT Ha MHOT000DA3NN MPAMBIX.
Sagammm maTerpax dysxknmu f ma C? mo mpamoit (9.9) pasercTsoM

Rf(a, ) = %/f(t, at+ B)dtdi. (9.10)

OueBu o, 9T0 GYHKINN ﬁf(oz, B)u R f(&1, &2; p) CBA3AHBL COOTHOLICHNEM:

RF 6an) = €2 RA-E5 D)

Ecan nmogcrasuts B (9.8) 5T0 Bripaxenne gia R f u IpHHATE B KadecTBe I

upamyio & = 1, To MbI moay<aum (HopMydy oOpalleHns B CAeIVIOIIEM BIE:

2
C

[z, 20) = =772 i/(ﬁf)gﬁ(a, 2 — axi)dada. (9.11)



I'VIABA II

JlygeBoe npeoGpa3oBaHue

B »Toll riaBe maydaeTcsa AydUeBoe IpeoOpa3OBaHWE WIN NIPeOoGpasoBaHIe
Moma 7 ¢ymxumit mza B3 1 ero amazorn ua GYHKINI Ha BeIeCTBEHHOM
IPOEKTUBHOM IPOCTparcTBe P> n KoMILTexcHOM mpocTparcTse 2,

JlydeBoe mpeobpazoBaHme OTHOCHT KaxXJOH (QUHITHOU AN 6GBICTPO
y6uIBatoment gyukmmn f Ha R3 ee NHTerpaILl IO BCEBO3MOKHEIM IPAMBIM B
R3. B peayapTaTe moaydaeTca GyHKINA ¢ =7 f Ha MHOT00GPa3NH IPAMEIX.
Broepsoie nmpeo6pazoBanne 7 mccaegoBaa D. on (cM. cHocky Ha c. 10),
YCTAHOBUBIIIHA €0 TECHYIO CBA3b C PEIIEHUSIMI YIbTPArUNIePGOIIIECKOT O
IudgpepeEnnaJIbHOIO YPaBHEHNA.

3aech, kak U 4as npeobpaszoBanus Pajgona R, cTaBiTcsa gBe OCHOBHBIE
3ajadn: onucaTh ob6pa3 7 m BoccTaHoBuThL (yHKIu0 f 1o ee obpasy Zf.
OgHaKo UX pelleHne CyIecTBeHHO nHOoe. [naBHoe oTanane 7 oT R (a Taxxe
I OT Ipeo6pa3oBaHull, PACCMaTPUBAEMEIX B HOCIEIYIOINX [MIABaX) B TOM,
UTO Ay4ueBoe NMpeobpa3oBaHUe MePeBOIUT (DYHKIUN OT TPeX NepeMeHHBIX
B QOYHKINH OT YeTHIPEX MEPEMEHHBIX (IIOCKOIBKY MHOT000pasne MIPAMBIX
B R3 umeeT pasmeprocTs 4). OTciofa, BO-TIEPBHIX, CIeIyeT, ITO (GYHKIUN
u3 obpaza ayueBoro mpeobpPaA3OBAHUA VIOBIETBOPAIOT TOIOJHUTEILHOMY
AugHepeHnnaIbHOMY COOTHONIIEHHIO (COOTHOIIEHNE I/UIOHa). Bo-BTODHIX,
aaja€a o BoccTaHOBIeHNN GyHKINN [ Ha R3 1m0 ee IydeBoMy mpeoGpazoBa-
uHuiwo 7 f aBaseTcsa mepeonpefeleHHON: AJIA BOCCTAHOBIEHUs [ JOCTATOYHO,
BOOOIIEe roBops, 3agaBaTh 7 f He Ha BceM YeTBIPEXMEPHOM MHOT000pa3Mn
OpAMBIX H, a JUIb Ha HEKOTOPOM TpeXMepHOM moamMuoroobpasuu K C H.
Pasymeercs, cymecTBoBarme (pOPMYAbl OOPAIEHNS I €€ IBHBIA BUJ MOTYT
CYIIeCTBEHHO 3aBHCETH OT CTPYKTYPHI IogMHOroob6pasus /K.

WznoxuMm xkpaTKo cogepxkanme >Tol riaBbl. B §1 mano ompegenenume
AydeBoro mpeobpazopamua ¢yuknni ma R3. [lokaszaHo, 9TO 0HA U3 OCHOB-
HBIX CIENUAJLHBIX (QDYHKIUN aHAIN3a — CHOepreoMeTpuydeckas (yHKINIS
Taycca ecTecTBEHHO BO3HHKAaeT Kak JIydeBoe IpeoOpDa3oBaHUle HEKOTOPON
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dbyuxmn za R3. OcHoBHas 3ajata >Toro maparpada — ommcamme o6pasa
npoctparcTsa llBapna S(IR3) npu myveBoM mpeo6pasoBaHUN; ee PEIIEHIIO
mocBsamensl m.1I.3 — 6. [lamee paccMaTpuBaeTcs 3agatia O BOCCTAHOBIE-
Hun ¢yEkmmn Ha R3 depes ee MHTerpatbl MO IPSMBIM, IIepPeCeKaONTIM
¢bukcnpoBaHHyI0 aare6pamieckyio kpuyio A C R3. CymecTByeT mpocToe
HeoOX0JUMOe M JOCTaTo4Hoe ycaoBme Ha A (ycaosme Kumpminosa), mpu
KOTOPOM 3Ta 3ajJata UMeeT OTHO3HATHOE DellleHne: HYKHO, ITOOLI KPUBad
A mepecexana IMOYTH KaxAYIO MIockocTh B IR, 14 cIydas, KOTJa yCIOBIe
Kupuarosa Beimoareso, B § 1 BeiBoguTCs siBHas (HOpMy.Ia 0GpalleHns.

Cunegys naamy raasol [, MBI paccMaTpuBaeM 3aTeM B §2 JaydeBoe
npeo6pazopanne guddepeHnuaIbHLEX dpopM Ha R3. DTo mpeobpasopamnie
OIpeereHo He TOILKO Aag 1-dbopM, Ho Taxke n Iag HopM cTeleHu 2 u 3
(cp. caygail mpeobpasosBanns Pagona). B xamxnoM M3 >THX cIydaeB JaHO
onmcanme o6pasa JyUIeBOro NPeoOGPa3’oBaHUA U NOIyUeHa (opMyra, BOC-
CTaHABINBAIOIIAA NCXOTHYIO nuddepeHInaIbayio GOPMY IO €€ IYIeBOMY
npeo6pa3oBaHUIO.

B §3 ocHoBHBIE ompegeneHns U Pe3YALTATHL § 1 mepeHOCATCS Ha caydan
IpoeKTuBHOT O MpocTparcTsa P, Ilepexo oT adduEEOr0O IpoCTpaHCTBA K
IPOEKTUBHOMY HMeeT IBA BaXHBIX IPeUMYyIIecTBa. Bo-IepBEIX, OCHOBHEIE
OIpeeNeHNs U Pe3yAbTAaThl B IPOEKTUBHOM CIyiae UMeIOT 60jee IPOCTYIO
U WHBaAPUAHTHYIO IO CPABHEHUIO ¢ adpGUHHEIM cayidaeM dhopmy. Bo-BTophIX,
IOCKOILKY CAMO IPOEKTUBHOE IpocTparcTBo P? 1 MHOT006pase IPAMEIX B
P KOMIAKTHLI, TO ¢ >THMI MHOT 006Pa3NAMI CBA3AHEI 50/Iee eCTeCTBEHHEIE
0 cpaBHeHHIO ¢ ad@@UHHBIM cIydaeM OpocTpaHcTBa (yHkuui. B §3
onmcanune o6pa3a JIyIeBOro Npeobpa3oBaHus JAHO B KPACUBOU IPOEKTUBHO
uuBapuanTHOU dopme. [IpuBeseHo Takxe MIPOCTOE TEOPETUKO-TPYIIIOBOE
HUCTOIKOBAHUE JYUeBOI'0 NPeoO6Pa30BaAHUS.

[OBa mocregumx maparpada riaasbl Il mocpdmeHb! aHAJIOTY IYTIeBOTO
mpeo6pazoBaHmd 418 KOMILIEKCHOTO mpocTpancTBa (. IIpemmymiecTso
KOMIIIEKCHOT'O BApPHAHTA B TOM, ITO B KOMIIIEKCHOM CIyiae CYIIeCTBYIOT
JOKaJIbHBIEe (POPMYJIBI OGPAIEeHNs: NI BOCCTAHOBICHNS (DYHKINN f B TOUKe
r € (3 mo ee ayueBoMy mpeofpazoBaHmi0 ¢ = If IOCTATOYHO 3HATD
(QYHKINIO ¢ JIUIIL Ha MHOXKECTBe IPAMBIX, 6€CKOHEeYHO OIU3KUX K L.

dyngaMeHTaIBHYI0 DOIb 3[€Ch HIPAET ONEPATOD K, BBEIEHHBIN
.M. Teavpangom, M.U. I'paeBeim u 3.f. lanupo gas pemtenus Gouee
o6mmell 3agadn’), KOTOPBIN OTHOCHT KaxkI0I (PYHKINI (¢ HA MHOT00OPA3HIL
upameix H guddepennnansuyio (1,1)-popmy ke ma H. B TepMuHax ome-
paTopa k B § 4 gaeTcs onucarue o6pasa npoctpancTsa S(C?) mpu ayzesom
Ipeo6pa3oBaHUN U CTPOUTCS SABHAA JOKadbHas (hopMyaa oOpalleHns I

1) Teavdang .M., I'paes M.I., Manupo 3.A. UnuTerpaabHuas reomeTpusa Ha k-MepHBIX
miockocTax [/ PyHKIMOHAJIBHBEIN aHAIU3 W €ro NpuiokeHma. — 1967. — Ne 1. —
C. 15-31.
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sToro npeotpazopanusn. QkaswBaeTrcs, ecan ¢ = L f, To gas 10601 TOIKI
r € O gnddepennnarbuas GopMa K¢ 3aMKHYTa HA TOIMHOT006pa3MM
H® C H Bcex mpsAMBIX, OPOXOAAIINX depe3d z, U (PYHKIMIO [ MOXKHO
BOCCTAHOBUTH IO Cleyioutell (hopMyIe 06palIeHIs:

[ re=ctm @)

N

rge v° C H” — OpOU3BOALHBIN IINKJI BEIIECTBEHHON DPa3MEPHOCTH 2, a
MHOXHTENb ¢(y¥) 3aBHCHT TOIBKO OT KIacca MOMOJOTHH uKIa Y” .

OTMeTHM, ITO AHAJIOT OIEPATOPA K OLLI BBeJeH B § 1 1 1us BellnecTBeH-
HOT'O CJIy4asi, HO TaM OH MOXKeT ObITh IPHMEHEH JNIIb A1 ONNCAHUS 0Gpa3a
Jy94eBOro Ipeobpa3oBaHus.

B §5 cmauana paccMaTpHUBAIOTCH MogMHOTooOpasms K mpamuix B (3,
IepeceKalommx IIPOM3BOILHYI0 anrebpamteckyio xpusyio A C 3. JTaa
HIX CTPOUTCS SIBHASA JOKaAbHAas (hOpMYyJIa 06palleHIs, BOCCTAHABIIBAIOMIATL
dbyuxmmio ma C° wepea ee mETerpanbl mo HpAMBIM m3 K. DTOT mpmMep
€CTeCTBEHHO IPHBOAUT K IOCTAHOBKE CIEAVIOUIEH 3aJadl: OIICATL BCE
“xopomme” TpexMepHBIe 0 IMHOr006pa3nsi K (IOmycTHMEIE KOMIIEKCHL) B
MHOro006pasun H BcexX IPSIMBIX, s KOTOPBIX CYIIeCTBYET SIBHASI JOKAIbHATL
dbopMyTa obpalleHns, BoccTaHaBImBalomas ¢yukmmio Ha (° <wepes ee
uHTerpansl mo npsaMeiM m3 K. Msydgaercs reomerpudeckas CTPYKTYpa
JONMYCTUMBIX KOMILIEKCOB; IIOKA3aHO, 9TO JI0GOH JOIYCTIMBIN KOMILIEKC
ecThb Jn60 MHOT000pa3ne IPSIMBIX, IePeCeKAIOMNX KOMILIEKCHYIO KPUBYIO,
an6o MHOroo6pasme NPIMBIX, KACATEIbHBIX K HEKOTODPOU KOMILIEKCHOI
IOBEPXHOCTH.

§ 1. JlyueBoe nmpeoGpa3oBaHue B BellleCTBeHHOM aduHHOM
NMPOCTPAHCTBE

1.1. Jy4eBoe mpeoGpasosanue B K3, Bygem 3agaBaTh mpamsie B RS
mapaMeTPUYeCKIME yDAaBHEHUIMI

r=at+ 8, teR,

rae B = (P1,P2,83) — Touka mpamoH, a o = (ay,az,a3), o £ 0 — ee
HAIPaB/IAIOMIN BEKTOD.

Ompepenenue. Oupeneanm urTerpan byuknuu f € S(R3) no npoussoabHoit
npaMon ¥ = at + [ paBEeHCTBOM

+oo
wmmz/ﬂm+mw (L1)
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Ha30BeM ONpeleleHHY0 TaK QYHKINO ¢(a, ) Iy<ueBBIM Ipeolpa3oBaHmIeM
¢yurknun f u obozHauum depes 7 f.

B cumry aToro onpegenerus ¢ ApaseTcs (GpyHKIIEN Ha MHOrooOpasun F
Beex map (o, 3) € (R3\ 0) x R3. O4eBugno, 1T0 OHa He 3aBUCHT OT BEIGODA
TOYKH [3 Ha IPIMOH, T.e.

ola, B+ atg) = (e, ) pasa aoboro tp € R. (1.2)

Tem caMbIM, OpH 1:060M (PEKCHPOBAHHOM « OHa ABIAETCA (PYHKIHEH Ha
daxTop-npoctpancTse R3/{a}, roe {a} — moampocTpancTso, HaTAHYTOE
Ha BEKTOD (.

O4eBuaHO Takxke, 9TO QYHKIUA { YIOBIETBOPAET yCIOBHIO O THODPO THO-
cTm:

p(Aa, ) = M p(a,B), A#0. (1.3)

Orcroga cregyer, 9T0 (GYHKIUS (¢ 3aBIHCHT TOJBKO OT CAMOH IPSIMON I
OT MeDBL Ha NPIMOIL, OIIPEeIeIsIeMON BEKTOPOM v, T.€. SIBASeTCA (PYHKIIEN
B OJHOMEDHOM DACCIOEHNN HA T MHON006pa3ueM IpAMBIX. Ecan mpu s3ToM B
[R3 BBefeHa eBKINIOBA MeTPUKa, TO B ompeneternn (1.1) MoxHO mpeanota-
raTh, 9To |a| = 1; Torga ¢ aBageTcs QYHKUHEN Ha cAMOM MHOT'OOODA3NH
IPAMBIX.

3amedannme. Ycaousa (1.2) u (1.3) >KBUBaZEHTHBI CIEAYIOMIEH CHCTEME
COOTHOIIIEHNN:

Zaz 6ﬁz Z 80[2 —¥s @(_aaﬁ) = gp(aaﬁ)' (14)

Muorga Mbl 6ygeM 3a1aBaTh IpsaMble B RS ypaBeeHmAME
Ty = o123+ f1, x2 = axrz+ P,

a JIydeBoe mpeobpazoBaHme — (POPMYJION

+oo
Y(ay, oz, B1,B2) = /f(all‘?)'i‘ﬁlaaz%+ﬁ2al‘3)dl‘3~ (1.5)

— 00

OueBngro, aro QymEknusa ¢ n GyHKOUL ¢, onpeererHas dpopmyaon (1.1),
CBSA3aHBbI HpOCTBIMI/I COOTHOIIICHUIMII:
Y(ar, g, B1, f2) = plar,az,1,01,08,0);

o] Qg

p(an, a0, a33 81, B, B3) = |as| ™1y (a—,—,ﬂl - _ﬁ3aﬁ2 - Z—zﬂs) .
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1.2. JIy4eBoe npeo6GpazoBanue u runepreomerpmieckan pyukumsa Layc-
ca. Hurerpaaer (1.1) u (1.5) 3agaroT aydeBoe nIpeoGpa3oBaHue He TOIBKO
6picTpo y6mBatommux ¢yrkmui f € S(R3), Ho u mo06mx dyEkmui f Ha
R3 118 KOTOPLIX OHH CXOJATCA ILIH MM MOXKHO HIPIJATL TOT WIHN HMHON
cMbICca. B 9acTHOCTH, ONpeeleHo TytdeBoe TPeoGpa3oBanme iy CIeIyIomen
dyuxunn Ha R3:

Py, e ws) = (01) 377 (w2) 4727 (ws) 771,

rae tfl‘_ =t*mput>0nu tfl‘_ = 0 mpu ¢t < 0; \; — IPOU3BOJIBLHBIE KOMILIEKC-
HBIE YHCaa. YCTAHOBUM CBf3b MEXKJY THUM JYyYIeBBHIM NPeo6pa3zoBaHUeM I
runepreoMeTpuieckoil gyuxmuen Laycca F(a,b,c;z).

Ilo onpeaenenuto, GyHKIUA ¢) 3aLaeTCsA HHTETPATIOM:

Ya(ag,as, 1, 02) = /(011‘3 + B1) 4 T (s + fo) 2Ty T das.
0

Nurerpan cxogures mpu ReA; > 0,i=1,23, u Re(A; + Aa+A3) <2, uB
3TON 06JACTH ABAIETCA AHATUTUICCKON (PYHKIMEN OT A1, As, Az. I[TosTomy
€r0 MOXKHO OIpEeJeNNTh IPH JIOOBIX 3HAYEHHUSIX A; KAaK AHAINTHYECKOe
TIPOJONKEHNE O A; STON (PYHKITUM.

3aMeTHM, YTO HHTEPBAJI, Ha KOTOPOM IOALIHTerpaibHas (QyHKIIILA
oramyura or (0, 3aBumcuT oT 3HaKOB «; u f;, ¢ = 1,2. Paccmorpum
OISl OUPeNeTeHHOCTH 0o6JacTb B MHOr006pasmm mpsAMblXx H, B KOTOpOH
a; <0< f;, ¢ =1,2. B sron objacTn 3aMeHOU NEePEMEHHOU T3 = —g—zt
HHTEerpaji IPHBOAUTCS K BUIY:

¢A(a1aa2aﬁlaﬁ2) ==

1
= gl pgatre=lg,|7As /(1 —at) M =Rty

0

o102
agf’
CpaBHI/IM IIOJYYEeHHOE€ BBIPDaXKeHNe ¢ H3BECTHBIM IIpeICTaBJACHHIEM I'H-

nepreomeTpudeckonn ¢gyukiun laycca F(a,b,c;2) mpm |¢| < 1 B BHOe
3HIePOBCKOT 0 WHTErpaia;

riae x =

Fla,b,c;2) = %O/tb_l(l — )71 = wt) Tt
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unTerpaa cxoaurces upu Rec > Reb > 0, a npu apyrux 3uadenusx b u ¢ ero
HYXKHO MOHIMATH B CMBIC/IE AHAINTHYIECKOrO IPOJOIKEHNS [0 b I c.

Mur 3axarodaeM, aTo mpu «o; < 0 < 35,1 =1,2, 3;?? < 1 QpyuxIUA V)

BLIpaxaeTcs Iepe3 ¢yuknuio aycca:

¢A(a1aa2aﬁlaﬁ2) ==
_ T T(As) a1
T T4 A3

Orcroga caegyer, ITO

_ «
Bzt | 7A F(=Ap 4 1,3, Xa + As; 1—ﬁ2)

as

I'(c)
INO NG
rae A= (1—a,c—bb).

Anagorum4nnle BhIpaxkeHus Gyuxnum ¢ Tepes dpyukumio [aycca moaxy-
JalTCA IPU APYTUX KOMOMHAIAX 3HAKOB a; 1 F;, ¢ = 1,2,

Fa,byc;x) = (-2 —1,1,1) mpu 0 <z < 1,

1.3. Teopema 06 o6pase omeparopa Z.ITOT U NOCIEAVIOUIE TPI
NyHKTAa TOCBAMIEHBl ONMCaHWIO o6paza mpocTpamcTBa S(R3) dymxunmit
IMBapia mpu aytueBoM npeobpasoBanuu 7.

flcuo, mpexge Bcero, uTo GyHKHMUEM u3 obpasa mpocTpancTa S(IR3)
VIOBIETBOPAIOT YCIOBUAM IMIaJIKOCTH U OLICTporo yoniBamua. [laree, mo-
CKOJBKY JIy4deBoe Ipeobpa3oBaHUe TeHCTBYeT M3 NPOCTPAHCTBA (DYHKIUH
OT 3 HmepeMEeHHBIX B NPOCTPAHCTBO (PYHKIUH OT 4 mepEMEHHBIX, TO €C-
TEeCTBEHHO OXKIUAATDL, ITO MPYHKINU U3 06pa3a JOIXKHEBI YIOBIETBODITL U
JOIIOJHUTENLHLIM YCIOBILAM.

Y6enumcs, aTo mobas QyHKINI ¢ u3 06pa3a JyIeBoro npeobpa3oBaHus
VIOBIETBOPAET cleayiouien cucremMe IuphepeHInaabHblX VPABHEHIN:

9 B 9
30[2' 3ﬁ] a 30{7' 3@’

i,j=1,23. (1.6)

B camowm geme, ecin ¢ = Zf, To m3 (1.1) caegyet:

oQ

62gp(a,ﬁ) _ 11
W = /tfx“xj(ozt—l—ﬁ)dt

— 00

8%
do; 9B;

Taxum obpazom, QyHKIUS CIMMeTpHYHA OTHOCHTEILHO IlepecTa-

HOBKU WHIEKCOB ¢ 1 J.

Byger gokazamo, uTo coorHomenus (1.3) He ToIbkO HeOGX0IUMEI, HO
U JOCTATOYHBI A NPUHALIEKHOCTH (QYHKIUN ¢ 06pa3y NPOCTPAHCTBA
S(R3). IepeiifeM K TOAPOGHEIM ONpeaeTeHNAM I (GOPMYIUPOBKAM.
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O6o3masmM wepes H mHOroobpasme mpaMeix B R3 u wepes G ~ P?
MHOT'006pa3sle oJHOMEepPHLIX IoAIpocTpacTB B B3, T.e. mogMuOr006pasme
IPSMBIX, IpoXoAamux depe3 To4uky (. Muoroo6pasme H cHabGxkeHO CTPYK-
TYPOH KAHOHUYECKOI'O0 BeKTOPHOro paccaoenus Had (. menno, npoekius
m: H — (G cTaBUT B COOTBEeTCTBUE KaxX JoU npsiMonl h € H napaielbHoe el
mognpocTpancTBo a € (. TakuMm 06pa3oM, IOl PACCIOEHUS T HAT G €CTh
daxTop-nmpoctpanctso H, = R3/a.

dus H, xkak m [Qis BCAKOTO BEKTOPHOI'O PACCIOEHHUS € KOMIAKTHON
6a301, OIpeJeleHO MOHSITHE OBICTPO yOLIBAaIOIIeN (GYHKINI: (PYHKINSI Ha
H uazmiBaeTcsa GuIicTpO yOBIBAIOIIEN, €CAN OHA GBLICTPO YOBIBAET B KAk OM
caoe pacciaoenus H — G.

Onpegenenne. O6oznaunMm depes S(H) mpocrpancTso Gyukmui ¢(a, ) Ha
E| yposaeTrsopsonmx yerosuaum (1.2), (1.3) n Taxnx, uto pyaknns ¢(«, 3),
|a] = 1, paccmaTpuBaemas kax (yHkuna Ha H, ABageTcs 6eCKOHETHO
auddepermupyeMoll (GpyHKIIeH, 6LICTPO yOBIBArOmeEll BMECTE CO BCEMI
IPOHU3BO THLIMI.

U3 ompenenenus omepaTopa I HEMOCPEICTBEHHO CIeIyeT, ITO o6pas
npoctparcTsa S(IR3) mpu ayuesom npeo6pazosannu mpunagrexut S(H):

7 :S(R? — S(H).

Teopema 1.1. Pynryus ¢ € S(H) npunadaencum obpasy npocmparcmesa
S(R3) npu ayuesom npeobpazosanuu I, m.e. npedcmasuna 6 6ude o =L,
ede [ € S(R3), mozda u moavko mozda, koeda owa ydosaemeopsem
cucmene (1.6).

HoxazareancTBo 6ygeT mpoBeleHo B mm. 4 — 6.

IIpuBegeM APYryIO 3KBUBAJEHTHYIO (POPMYIUPOBKY TeopeMbl 06 oGpa3se.
Beegem omepaTop K, OTHOCAINN KaxToH riakon Gyuxmun ¢(«, ) Ha I
caenyiomyio nuddepennnaabuayio 1-popmy Ha £

%4 %4 %4
kp = —dag + —das + —das. 1.7
55" T o, 1 g (7)

Jemma. Ecau ¢ € S(H), mo Ky onycxaemesa ¢ E na mmozoobpasue H
OPUEHTMUPOS AHHILE NPpAMBIT 6 RS,

B camom gere, m3 (1.2), (1.3) creayer, uTo dopMa K¢ HHBApHAHTHA
OTHOCHTEJLHO IpeobpazoBanuil 5 — [+ alg u o — Aa, A > 0.

3aMeTHM, 9TO IPH H3MEHeHHN OPHeHTAINN NpAMOR (o — —«) gopma
K@ MeHsIeT 3HaK.

O6o3masnM gaa mobon Toukn r € R3 wepes H” mogMHOT0OGpasme
IPSMBIX, IPOXO AKX I€Pe3 &, I Uepe3 Ky OrpaHmtdeHne (POPMBL K;p Ha
noaMuoroot6pasme H®.
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IIpeanoxenne 1.1. YVeaosue (1.5) sK6uUBALEHMHO YCAOBUIO 3AMKHYMOCTIU
dugepenyuaavnoti Popmvl Ky Ha nodmnozoobpazuu HT npu aobom
r € R3, m.e. yecaosuio, umo dryp = 0.

Horazameavcmeo. Umeem:

Ko = Zﬁsoaﬁ

dOzZ'.
6ﬁz ‘ﬁ:x

Sua4nT, BHemHNN Auddepenunan GOPMEL K, 3agaeTcsa (HOPMYJION:

o doi A doy =
30zi3ﬁj ‘,B:x i @

_ Z(ﬁ%(a,ﬁ) _ 82@(%&)) ‘

doy A dagj.
30zi3ﬁj 30{73@' i @

i<y
OTcroga HETOCPEACTBEHHO CAeIYET YTBEDXK JEHIE.

B cuny Ilpemmoxkenus 1.1 Teopema 1.1 gomyckaeT CIeIVIOIIYIO dKBUBA-
JEHTHYI0 (POPMYINPOBKY:

Teopema 1.2. Pynryus ¢ € S(H) mozda v moavko mozda npunadiexrcum
o6pazy npocmpancmea S(R3) npu ayuesom npeobpazosanuu I, xoeda das
w060t mouru x € R3 dudPepenyuatvrans Gopma ky Ha nodmnoeoobpasuu
H® C H zamrnyma.

3ameqanune. Ecin ayieBoe mpeo6pa3oBaHue 3a1aHO B JOKATLHBEIX KOODIH-
HaTax «oi,09,01,P2 Ha H dopmymon (1.5), To ypasuenus (1.6) »xBuBa-
JMeHTHBl OJHOMY yPaBHEHUIO Ha (DYHKITHIO 1)

0% 0%

90100 ~ Das 0B’ (1.8)

a oIepaTop K 3aJaeTCsA B JOKAJIBLHBIX KOODIUHATAX CJAeIYIOmeNn (hOPMYION:

v o 81/)

K= ap 3ﬁ2

da2 (19)

1.4. Hpocrpancrso S(H’'). DToT u ABa CIEIYIOLMX IYHKTA LOCBI-
IIeHBI OKa3aTeIbCTBY OCHOBHOI TeopeMul 06 06pase mpocTparcTsa S (R3).
IIpu xeraHun 9uTaTENb MOKET UX IPONYCTUTH U MEPENTH K ITeHno u. 1.7.
[as onucanus o6pasa mpoctparcTsa S(R3) mpu ayuesom mpeo6pazoBanun
CcHavaga MepengeM PN IHOMOIM peoGpazoBanus Pypre orT (QyHKUUR
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p€ S(H) x dyuxnuam Ha paccaoennn H' — (, 1BOICTBEHHOM K PACCIOEHTIO
H—d.

3ameTnm,aTO0 caon paccaoerus H' — G man a € G, T.e. IpocTpaHCTBO
H! nsoficteemmoe x R?/a, xamommteckn Bromen B (R?) xax mommpo-
CTPAHCTBO BEKTOPOB, OPTOTOHAJBHLIX K . TakxuM o6pa3zoM, dIeMeHTaMn
H' apasmoTcs mapst (a,&), rae a € G u & — sexTop B (R3)’| opToronarsusri
K a.

Onpegenenne. O6oznaunm wepes S(H') mpocrpamcrso ¢yuxmui lsapua
ma H', rme H' — (G — paccioenme, 1BONCTBEHHOE K paccioeruto H — (.

Bsegem npeobpasosanne Pypoe Fy Gyuxmui ¢(a, ) € S(H) mo caoam
paccaoenus H — G-

(Fo)(a,&) = (2m) 7" / pla,B) et d,p, e (®3/{a}),
E3/{a}
riae {a} — OJHOMEpPHO€ MOAINPOCTPAHCTBO, HATAHYTOE Ha BEKTOD o, a

aremenT o6meMa d.f Ha R3/{a} BLIGpaH corIacoBaHHO ¢ DIEMEHTOM
ob6beMa dx = dx dxsdrs Ha R3 1 BeKTOpOM «, T.€.

7ﬂm+mﬁ%ﬁ:/ﬂmn
A

R/{a}—c0

aas mo6ott dyrkmun f € S(R3).
W3 ompenenenus Fy u u3 ycaosus (1.3) caegyer, uro Fop(ra,) =
= Fop(a,&) pas moboro A # 0 u, sHauuT, Fop ecTb GyHknns Ha H'.
HamommnmM, 1To mpeobpazopamne dypre F dynxnmi za R3

(FNE = Cr) [ )6 ds
]R?)
3agaeT I/IBOMOpCI)I/IBM IIPOCTPAaHCTB:
F S(RS) — S((RS)/),

AHaJorm4Ho m3 cBOUCTB 0OBIYHOrO HpeobpaszoBanus Pypwe merko cie-
ayeT

Ipeanoxenne 1.2. Ecau ¢ € S(H), mo Fop € S(H'), u omobpancenue
p — Fop 3adaem uzomopduszm npocmpancms

Fo: S(H) — S(H').
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CdopmyanpyeM B BIge OTIeIbHBIX IPEAIOKEHII IBA BAXKHBIX CBOICTBA
npocrparcTtea S(H'). IlepBoe m3 >THX CBOHCTB SABIAAETCA OYEBUJHBIM,
BTOpoe TpebyeT ToKa3aTelbCTBa, KOTOPOE MBI 3/1€Ch OIIyCKaeM.

Mpegmoxenue 1.3. Ecau F € S(R3), mo @ynwyusa ¢ na H', 3adannas
paseRcmeom

ola,&) = F(§) daa awbozo(a,&) € H',
npunadaexcum S(H'). Tem camvim, onpedescno ecmecmeentoe 8A0HCEHUE
S((R?Y) — S(H').
IIpepmoxenne 1.4. [Tycme dynxyus ¢ € S(H') maxosa, wmo
pla, &) = F(&) Odaa awboeo & # 0,

m.e. dag awbozo £ £ 0 Gynryus p(a,&) e 3asucum om nodnpocmparcmsd
a, opmozonasvrozo eexmopy £. Tozda p(a,0) He zasucum om nodnpo-
empanemea a, u ecau noaoxcumsv F(0) = ¢(a,0), mo onpedeaennas max
na ecem npocmpancmese (R3) dynryus F npunadaesrcum S((R3)).

1.5. Omucanme o6paza S(R3) B mpocrpanctse S(H'). Haitgzem o6pas
S(R3) B mpocTpancTse S(H') npu ckBO3HOM O0TOGDAKEHUN

FoI : S(B?) L S(H) L s5(H).
Mpegmoxenue 1.5. /Jan awboti Gynwyuu f € S(R3) uneen:
Folf = (2m)'*F, (1.10)

ede Ff — npeobpasosanue Pypve Gynwyuu f € S(R3), me. Ff —
saemenm nodnpocmpancmea S((R3)) C S(H').

Jorasameavcmso. Iycrs (a,€) € H' u o # 0 — OpOU3BOILHEBIN BEKTOD B
noanpocTparcTse a € (G. Toraa umeem:

(FoZf)(0,€) = (27)" / If(a,8)e P9 dp =

R3/a

+oo
= (2m)" / /f(ozt—l—ﬁ)ei(ﬁ’g)dtdaﬁ:

Re/{a} 00

= (271')_1/f(a:)ei<x’§> de = (2m)Y2(Ff)(€).
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Caegcreue. Obpaz S(R3) npu omobpancenuu FoL ecmv nodnpocmpancmeo

S((R?Y) C S(H).

B camom gene, m3 Ilpegmoxennus 1.5 caegyer, uTto obpas S(R3) mpn
otobpaxennn FoZ cogepxutca B S((R3)’). O6paTho, ecan fE S((R3)"),
TO f: Ff rae f € S(R?). Ho Torga Folf = (2m)'/2Ff = (2#)1/2f.
ITpumeuanne. U3 paserctsa (1.10) cregyeT (popMyaa o6palneHus 1715 Iy de-

Boro npeobpazoBanus. IIMeHHO, 15 BOCCTAHOBIAEHNs [ HYXKHO K (DYHKIUH
FoIf mpumennTs o6paTHoe npeobpazosanne Pypre Ha R3 T.e.

f=(FtF)Lf.

1.6. JoxkazaTeabcTBo Teopembl 1.1 06 oGpase aydeBoro mpeoGpa3oBa-
Hud. IIycts ¢ € S(H) n ¢ = Fyp. dasa goxasarerncTBa TeopeMsl 1.1
JOCTATOYHO JOKA3aTh CJAeAYIOIIee YTBEPK JCHIE.

IIpeanoxenne 1.6. Fcau dynryus @ ydosaemeopsem ypasuenuan (1.6),
mo p(a,&) = F(£) daa awbozo sexmopa & £ 0, m.e. npu & # 0 dynrxyusa
P(a, &) ne 3asucum om NoINPoOCMPARCMEa a, OPMOLOHAALHOZ0 &.

B camom gene, B »ToM caydae, B cuay llpegmoxenus 1.4, pyHKuusa
¢ = Zop mpumagmexut nognpoctparctsy S((R3)) C S(H'). Ho Torga,
B cuny IIpegnoxenus 1.5 (Caegcrue), ¢ = FoZ f aas HEKOTOPOR QyHKINN

J € S(R3). Bmauut, ¢ = If.

Aorazameavemeo lpedaoncenus 1.6. Iycts a — m060e 0fHOMEDPHOE TOI-
IPOCTPAHCTBO U & = (v, &z, v3) — AI0GON HeHyaeBol BeKTOD B a. OGo3Ha-
anM depe3 Vi, ¢ = 1,2, 3, COBOKYIHOCTEL MOJUPOCTPAHCTB @, AII KOTOPHIX
a; £ 0. ITockoasky V; 06pasywooT noxpeiTue (7, TO yTBEePK IEHIE TOCTATOTHO
JokazaThb s Kaxgon obiactun V; B oTgeabHOCTH. PaccMoTpmMm Aus
OIpefeIeHHOCTH 06aacTh V.

3agasuM Kaxjgoe HOANPOCTPAHCTBO ¢ € V3 BEKTOpoM a = (&, a,1)
U IpUMeM KOODAUHATBL (/1, (ry 3TOrO BEKTOPA B KAaIeCTBe KOOPDAUHAT HA
V3. OueBngmo jalZee, WTo Ha Kaxjol mpamoil B R3, mapartermon a,
cymecTByeT Touka 3 = (31, A2, f3), ¥ Koropoi 3 = 0. IIlpuMeM K0Op IHHATEL
B1, 32 »Toll Toukm B KadecTBe KoopamHaT B R3/a. B sToill cucTeme
KoopanEaT Mepa Ha R3/a umeer Bug d,f = df; dfs, a moTomy

400 o0

85(0,5):/ /¢(a1,a2,51,ﬁ2)6i(ﬁ1§1+ﬁ2§2)dﬁldﬁz,

—00 —0OQ
rge o603HaMEHO:

V(o az,B1, f2) = plar,az,1,01,082,0),



80 IJL 11 Jlyuesoe npeobpazosanue

mpmaeM aq, o2 B & = (£1,£2,€3) CBA3AHBI COOTHOIIEHTEM:
a1 + azs + &3 = 0. (1.11)

B cuny coorromenus (1.11), MoxHO mpuHATSE &1, {3 B KadeCcTBe KOODAUHAT
na H! = (R3/a). Upu s>1oM, ecan & # 0, To (£1,&2) # 0.
B cuny ycaoBust TeopeMbl, GYHKIUS ¢ yIOBIETBOPSIET YPABHEHIIO
0% _ 0%
30413ﬁ2 B 30&23@.

Orcroga cregyer, aTo ee npeobpazoBanune Pypoe no f1, J2 yIOBIETBOPSAET
YDaBHEHUIO

9%

€2 Do

P
= 51?:0?
IIpm (£1,£2) # 0 ofmee pemeRne >TOr0 ypaBHEHHs HMeET BIA:
Plar,9,81,8) = F (61,82, —(a1&1 + axa)),
T.e. B cuay cooTHomenns (1.11)
Plan, a0,8) = F(€1,£2,83).

Taxum o06pazom, npu duxcuposanaoM ¢ # 0 dyakuns $(a,&) He 3aBHCHT
oT a.

1.7. Popmyasl obOpamenma. PaccMOTpuM 3aJa4y O BOCCTAHOBJIEHNN
byrxmun f € S(R3) 4epes ee myueBoe mpeobpazosanne ¢ = I f. Kax yxe
OTMedaJoch B Hadajte raaBwl 11, aTa 3agada mepeomnpegenena. Hanpumep,
4TOOBl BOCCTAHOBUTL [ B IPOW3BOJILHOI Touke x € RY  rocraTovHO
IPOBECTH Yepe3 I MPOM3BOJILHYIO INIOCKOCTD U BOCIOAb30BATLCA (POPMYION
ob6parenus g1s npeobpasoBanus Panona, CBS3aHHOIO ¢ 3TOH IIOCKOCTBIO.

EcrecTBeHHO mOCTABUTE APYTYIO 3a4a4y — BOCCTAHOBUTH (PYHKINIO f
depe3 ee IydeBoe IpeoOpa3oBaHUe, 3aJaHHOE HA HEKOTOPOM TPEXMEDHOM
noamMuoroobpazuun K B MHOTOOOpasmum H Bcex mnpsmbeix. Pasymeercs,
cyutecTBOBaHNe (POPMYJILI OOPAIIEHIS U €€ IBHBIN BIJ MOT'YT CYIIECTBEHHO
3aBHCETH OT CTPYKTYPHI HoAMHOroo6pasust K.

IIpocrenmun npumep: K — MHOrooGpa3sme BceX IPSIMBIX, [I€PECEKAI0-
mux puxcuposanEyio mpamyio | B R3. B sToM cryvae, ITO6H BOCCTAHOBUTD
f B IpOU3BOABHON TOYKE ¥, HYXKHO PACCMOTPETH IIOCKOCTDL 7, HATIHYTYIO
Ha ¢ n! (ecan # €, TO IPOU3BOJBHYIO ILIOCKOCTS, cogepxartyio ). Tak xax
10 YCJIOBUIO HHTErPAJIBL [I0 BCEM IPSIMBIM B 3TOHN IIOCKOCTH HAM 3aJaHbL, TO
f(x) MOXKHO BOCCTAaHOBUTH IO (HOpMyTe OODAIleHUA FIi IPeoOpPa3oBaHNA
Pagoma ma mrockocTu, noayderson B § 1 raassr 1.
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B »ToM myHKTe MBI paccMoTpuM Oogee obmmu mpumep. Ilycts K —
MHOT'006pasne Bcex IPAMBIX B 3, mepecexaomux (GUKCIPOBAHHYIO ajre-
6pameckyio kpusyio A C R3. Tpe6yetca BoccTarosuTs dyuxnmo f € S(IR3)
no ¢yuxunn Zf |k, T.e. no GyHkIIN

+oo
ola,\) = /f(at—l—/\)dt, (@, )) € (R3\ 0) x A. (1.12)

A.A. Knpunios V) gokasan, 9To GyHKINA f TOCAA I TOIBKO TOIAA OJ-
HO3HAYHO BOCCTAHABANBAETCA 1O (PYHKIINN o, KOTAa KpUBas A mepecexaeT
HOYTH KaxAyio mIockocTs B R3. IlocTponM ABHYIO (GOpMYIy o6pareHmns,
BOCCTAHABANBAKOIIYIO f 0 GYHKINH (¢ B caydae, KOTga ycaosue Kupmiiosa
BBITIOJTHEHO.

IlepenngeMm oT ¢ K HOBOH (YHKIUN 1), OIpeIeIeHHOHN CJeIYIOLIIM
PaBEHCTBOM:

BEN) = / o N) (€ w) 2o, E€ (B \0. (113)

Jw]=1

WuTerpan HyXKHO MOHIMATL B CMBICIE PEryIsIpPU30BAHHOIO 3HAYEHNT KaK
3HadYeHNe IPHU § = —2 aHAJNTHYeckol (YHKINW, 3agaHHon npu Res > 0
CXOQAMINMCSA MHTET PAJOM:

plw,A) (£, w) do.
Jw]=1

Sameuanme. Dyuxiua 1 coBmagaeT ¢ mpeobpasoBanmem Dypoe mo «
dyHKIINU , paccMaTpuUBaeMOn Kak 00600mIeHHAas ogHOpOAHAsA (MYHKIUI
oT «r.
3agatua TeM caMbIM CBeJach K BOCCTAHOBACHNIO f Mo QyHKIUN .
O6o3madnM depes A(£,p) IPOU3BOIBHYIO TOUKY HePeCeIeHNs IIOCKOCTH
(&, 2) —p =0 ¢ xpusont A. ITo mpeImIOIOKEHNIO, 111 HOUTH KaXkK TOH Iaphl
(&,p) xoTs GBI 0JHA TaKasd TOUKA CYLIECTBYET.
Ipeanoxenne 1.7. Pynryus (€, A(€,p)) He sasucum om ewibopa mouru

A, p), m. e. (&, A, p)) = ¥(,p), u cnpasedausa caedywuar Gopmyaa
obpaueHus:

+oo
S =c [ [ wen s —n s (1.14)

|€]=1—00

1) Kupuaos A.A. O6 oanoii 3agade N.M.Teandana // Doxa. AH CCCP. — 1961. —
Ne 2. — C. 276-277.



82 IJL 11 Jlyuesoe npeobpazosanue

2de unmeepaa, nodobro (1.13), nado nonumams 6 cmbicae peLyiaPU306aH-
HO20 3HAYEHUA.

IIpusegem mabpocox pgoxazareabcrBa llpemmoxenus 1.7. Brpazum ¢
HENOCPEICTBEHHO depe3 NCX0oJuyo dyukmmio f, mogcrasus (1.9) B popmyry
(1.13). Mer moxy<nm:

BEN) = / J() (€2 — N))~?de.

R3

CuaegoBaTenbHo,

HENED)) = / F(@) ({6, 2) — p)~?di. (1.15)

U3 (1.15) caegyet mpexge Bcero, uTo (£, A(£,p)) He 3aBHCUT OT BHIGODA
Touxn A(€,p) mepecedenns KpuBo A ¢ mrockocTsio (£, x) — p = 0. Taunee,
dyukuus (€, A(&,p)) = ¥(£,p) moaydaercs m3 ucxogHOH QyHKnmH f
Ipeo6pa3oBaHiIeM, AHAJOTITHLIM Ipeobpazopanmo Pajgona B R3 rae agpo
§( (¢, z) — p) sameneno apyrott o6o6mennoit dynxuuett ((€, z) — p)~2. Nas
5TOro mpeobpa3oBaHus, MOJOOHO Mpeobpa3oBaHUI0 PanoHa, CIpaBenInBa
dhopMyna 06paIeHN, BEIPAKAOIIAAC paBeHCTBOM (1.14).

1.8. Anasoru omnepatopa . B n.1.3 Obu1 BBefeH JMHENHBIN ONEPATOD
k um mpoctparcTta S(H) B mpoctparctso QU(H) aubddepennuarbubix
1-dpopm Ha MHOrOO6pa3uu UpAMbIX H, 06Ja AN CIeJYIOMINM BAKHBIM
CBOIICTBOM:

YcaoBue A. Ecan ¢ = Zf, To guddepenunanbuas popMa K@ 3aMKHYTA
Ha mogMHOroo6pasusx HT HpsAMBIX, NPOXOIAIINX HUepe3 NPOU3BOILHYIO
GdbuKCIpoBaHHY0 TOUKy r € R3,

IlocraBuMm 3ajgady: ommcaTh BCe JHHENHBIE ONEPATOPHL K, 06Jagaro-
ume >TuM cBoicTBoM. B dopmyauposke IIpenmoxenuss 1.8 Mbl yTo9HEM
IIOCTAHOBKY 3aJa€Il, CY3UB KJIACC PACCMATPIBAEMBIX OIEPATOPOB.

ByaeMm mpeJmolaraTs, ITO IpaMble B R> 3aJaHbl ypaBHEHIIMI

Ty = o123+ f1, x2 = axrz+ P,

a aydeBoe mpeoGpazoBaHue ¥ = Zf 3ajaHO B JOKAJTBHBIX KOODAWHATAX
a1,a9,81, 2 va H popmynon (1.5). Cornacuo m.1.3 gyuxmusa i ygosie-
TBOPSIET YPABHEHNIO

% %

80[1 8&2 - 80[26&1’
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a oIepaTop K 3aJaeTCs CAeIyIOMmen (POPMYIOn:

v o 81/)

K= ap 3ﬁ2

—day. (1.16)

Jlerko ybeauTbces, 9T0, KpOME K = K1, YCIOBHIO A yIOBIeTBOPAIOT TakXke
clenyiole TPU ollepaTopa:

9 9
d
Kotp = o df1 + - 5 B2,
9y o
= — —do
K3 = 3n 1 oy + By 0
kit = S A+ 5 A,
B camowm gene, Tak xax df; |Hr =—x3day, 1 =1,2,ma H”, To ma H” ¢popmul

Ko U K41 IPOMOPIMOHAIBLHBI COOTBETCTBEHHO K11 U K3, [lamee, mMmeeM:
Kot + k3 = d. CaegoBaTensno, Ha HT Bce pOPMEL K¢ ¢ TOYHOCTBIO IO
MHOXKUTEI KOTOMOJOTHIHEL (hopMe K1

PaccmoTpuM omepaTopsl Kk Buga

31/) oy oy 31/)
Kt = 3@1 1+3Toz2 2-1-% 3+ — 51 4, (1.17)

rje w; — MPOU3BOJAbHBIE 1-(opMmul Ha H.

IIpeanoxenne 1.8. JTwbotd onepamop k euda (1.17), ydosaemesoparowuii
yeaosuio A, asagemca aunetinoti kombuHayuet ¢ NOCMOAHHBIMY KoIPPu-
yuenmamyu onepamopos k;, 1 = 1,2,3,4.

Joxazameavcmeo. [daa ymobcTsa 6ymeM OHcaTbh as, oy BMecTo 31, fa.
Torga Beipaxenne (1.17) npumeT BHA:

o :
Kt = Zﬁai wi, Z a)daj, i=1,2,34.

Uz pasencTBa dxi) |Hr: 0 cregyer, wro Ha mogMHOroobpasmax HY
nuddepennnanibubie GOPMEL W; YIOBICTBOPSIIOT COOTHOIIEHUIM:

wiAdo; =0, i=1,2,3,4, (1.18)
wl/\dozz +W2/\d0[1 = 0, W3/\d0é4—|—W4/\dOz3: 0, (119)
dw; =0, i=1,234. (1.20)
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W3 (1.18) caeayer, uTO

w1 = a1 day + arzdaz, ws = asadas + asaday,

w3 = aziday + azzdaz, wa = agados + asadoy.
IlogcTaBuB NOIyYeHHBIE BRIpAKeHUd A4 w; B (1.19), momyunm:
aip = @22, @13 = d24, 31 = d42, 33 = A44.
Orcroga caegyer, ITO
K = a11 K4 + a33K2 + a31 K1 + d13K3.

Haxomen, mogcrasus »>To Boipaxenne B (1.20), 3akmowaem, 9T0 BCe BXOA-
mue B Hero KO3(MQUINeHTH! ¢;; CYyThb IOCTOSHHEIE,

§ 2. JIydeBoe nmpeob6pasoBanme guddepeHnnarTbHbIX
dbopm B R3

2.1. Onpeaenenue aydeBoro npeobpaszopanud guddepeHmaIbuerx ¢o-
pM. 3aech GYAYT PAacCMOTDPEHBI HHTErPAIbHBIE IPe0OPA30OBAHNS, OTHOCSH-
mue guddepeRnnaILELIM (GopMaM Ha R UX HHTerpagbl MO TPAMBIM B
R3. DT mpeo6pa3oBaHns ompeJeIeHEl He TOIbKO 1A JuddepeHnnalbHbIx
¢opm cremennu 1, Ho Takxe u A11 Au(pPepeHITuaIbEbIX (OPM CTeleHen 2
u 3. Ilpm aToMm noaysaioTcs guddepeHnnaIbuble GOPMEL Ha MHOT 006pa3sun
OPSAMBIX CTENEeHN HA eJUHHNY MeHbIIed. AHAIOTHYHBIE NPeo6pPa3OBAHIS
anddepennnarbEex GopM Ha R3 cBasammble ¢ mrockocTaMu B R, pac-
cMaTpHUBAINCL B § 7 raaswl I.

XoTs onpegenerne 3THX IPeo6PA30OBAHNN MOXKHO JATh B HHBADUAHTHON
dopme, HaM ygo6HEee CBI3aTD €U0 34eCh ¢ BEIGOPOM KOHKPETHON JOKAJIBLHOI
CICTeMBI KOOPAUHAT Ha MHOT006pa3nn mpaMbIx B [R5,

Bynaem 3agaBaTh mpaMele B RS ypaBHeHmAMI

vi=aies+ B, i=1.2, (2.1)

u npuMeM Ko3(pPUIUEHTE v, §; 3THX ypaBHEHWH B Ka9eCTBe JOKATbHBIX
KOOpAMHAT Ha MHOT000Pa3uy MPAMBIX.

Beenem 4-mepHOe MHOrooG6pasme (p1aroB A, sJeMEHTHI KOTOPOrO —
napet (h,z), rge h — mpoumssoabHas mpamas B R3 a x — mpomsBoabHas
Touka B R®, mpumagzexamas mpaMoir h. Jagaimm Ha A JBe CHCTeME
koopaunart. IlepBas cucrema — (21, 2, ¥3, a1, &a), The (L1, %2, L3) — KOOP-
auHaTH Touku B R a (a1, as) 3aJal0T HApaBieHNe IPAMOIl, Ipoxoaaeti
Tepe3 Ty ToUKy. Bropas cucrema — (o, ae, f1, B2, €3), Tae (a1, a9, 81, f2)
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JOKaJIbHBIE KOODAUHATEI NPSIMOH, a 3 — KOODAUHATA TOYKH HA 3TOH
IPAMON. DTH IBe CHCTEMbI KOODIUHAT CBA3AHBI COOTHOIIeHNeM (2.1).

Onpegenum ay<eBoe npeobpazoBanne JudepeHnaIbHon GOPMBL W HA
R3 cremenn r > 1. ByxeMm TpakTOBaTh W Kax AuddepeHInaIbayo GopMy Ha
A, 3aJaHHYI0 B CHCTeMe KOOPAHHAT (X1,&2, 23,1, 2). llepefizeM B BbIpa-
KEHNH 11 W KO BTOPOI CHCTeMe KOOPAUHAT (ay, ava, f1, B2, £3) U 0TOpOCHM
craraeMsble, He cogepxkarnue dzs. IloayydeHHoe BhIpaxkeHme SIBASETCA IPH
PUKCHPOBAHHBIX oy, F;, day, dff; muddepenrnaibaon 1-popMoll Ha IPAMON
¢ KoopAmHATAMU «;,3;, ¢ = 1,2. IuTerpupya ee MmO 3TOU MpPSIMOU, MBI
noayuuM auddepennuaisayo (r — 1)-gpopMy Ha MHOr0OGPA3NN IPAMBIX.
Haszosem 5Ty (opmy IyueBBIM IpeobpazoBaHUeM HCXOAHON AuddepeHnn-
aabHON GOPMEL w 1 0603HaIUM depes Tw.

IIpuBegennoe ompegenenne ygo6HO NI BBIYUCJIEHNN, HO OHO IPUBI3AHO
K KOHKPETHOH cimcTeMe KoopjimHaT B IR® m B MHOroo6pasmm mpaMmerx H.
CyuiecTByeT NHBApPHAHTHOE OLpeJeleHre IYyIeBoro npeobpazoBanus Jud-
depennuaisEpix GOPM B TEPMUHAX ONEPAUNN IOAHSTHA U ONYCKAHMUSL.
Umenno, gas aoboro raagkoro paccaoenus m : A — B ompefeieHbl gBe
omepaiun Hag AU(GdepeHInaIbEbIMu POPMAMU — OMEPAIUA 7* MO JHATUA
u omepauus my onyckauus. IlepBas uz Hux nepeBoauT guddepeHInaIbHbIE
¢opmbel Ha B B guddepennnaabubie POPMBI TOH XKe CTeleHn Ha A; BTOpas
(MHTEerpUpOBAHEE [0 CIOAM DACCIOEHHS) MEPEBOANT AuddepeHnnaIsHble
dopmel crenenn r H#a A B popMEL cTenenn r — [ Ha B, rge [ — pa3zmMepHOCTD
cnos paccioerns A — B (mpeamomaraercs, 9o r > [).

Ecau 3agana napa paccroennnn A— B u A— C, To ¢ HeI0 MOKHO CBA3ATh
HHTerPAIbHOE IPeolpa3oBaHie

T:Q(B)— QC)

u3 mpocTpaHcTBa guddepeHnnaibubix GopM Ha B B mpocTpaHcTBO gud-
depennuaasubix Gopm Ha C. OHO ompefeaseTcs Kak KoMnosumusa 7 = m, m*
omepaiuun 7 mogHaTus QGopMmel ¢ B Ha A u omepanmuu T, OmyckaHWI
dopmer ¢ A ma (. OkasbiBaeTcs, 9TO ONpeJeNeHHBIN Tak omepaTop 7
[IEPECTAHOBOYEH C ONEPATOPOM BHeIlHero qudpepeHnnpoBanus d:

dT =1d.

Jly1eoe mpeo6pazosamme Z : Q(R3) — Q(H) ecTs mpumep Takoit
OTepAaII, CBA3AHHEIN ¢ paccroenmamn A — R3n A — H, rge A — mpo-
crpancTBo (aaros. CeonictBo dZ = 7 d 3Tol onepanunu MOXKHO IPOBEPUTH
HEIOCPEJCTBEHHBIM BBIMNCACHUEM.

2.2. JIyueBoe mpeoGpasoBanue 3-dpopm Ha R3. IIycTts 3anana gudde-
peHnnagbHAg 3-dopMa

w= f(x)dry Adry Adrs, fE SR?).
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UTo6bI TOCTPOUTE €e TydeBoe MpeobpazoBaHme, HAJO CHadala IpeIcTa-
BUTb w B KOOpAuUHaTaX (a1, s, f1, Pz, 3) Ha A:

W = f(Oél s + ﬁl, Qo3 + ﬁz, l‘3) (l‘gdal + dﬁl) A (l‘gdaz + dﬁz) A dl‘g.

B cootrBeTcTBUE C ompegerenmeMm mu3 m. 2.1, aydeBoe mnpeobpa3oBaHUe
¢GOpMBL W 3aTaeTCA CIEAVIONINM PaBEHCTBOM:

Tw = pa(a, f)day Adas + o1(, B) (doy A dfa — das A dfy) +
+§00(aaﬁ)dﬁl /\dﬁza (22)

rae

+oo
pila, ) = /f(a1x3+ﬁ1,azx3+ﬁz,x3) (z3)idrs, i=0,12 (2.3)

— 00

Uccreayem cBoiicrBa mnoaydenHon ¢opmel. IIpexjge Bcero, NOCKOIBKY
J € S(R3), xoacpunuerTs ; 3Tl GOPMEI yIOBIETBOPSIOT €CTECTBEHHEIM
ycaoBuAM OBICTPOro yOBIBAHNUSA BMECTE CO BCEMU IIPOU3BOTHBIMU.

Hpegnoxenue 2.1. Jupdepenyuaabras popma Tw zamknyma.

B camowm gexe, u3 Boipaxennil (2.3) a1a xoaddunnenTos ¢; GpopmMbl Zw
creayeT:

Op2 _ Op1 01 _ Opo
B Oay’ OB Doy’

ITH COOTHOIIEHNS DKBUBAJCHTHEI YCIOBHUIO 3aMKHYTOCTH CI)OpMBI Tw.

=1,2. (2.4)

3aMeuanme. 3aMKHYTOCTb Zw BBITEKAET TakXkKe U3 3aMKHYTOCTH W Kak
(hOpMBI MAaKCIMATLHON cTemenn Ha IR3 1 mepecTanoBoumocTn Z ¢ omepaTo-
poMm BHerrHero IugdepeHnnpoBanns.

Mpeaaoxenne 2.2. Ozpanuuenue Juddepenyuaabroti Gopmvt Tw na noo-
MHO2006pA3UE NPAMBLT, ACHCAUUT 6 NPOUZEoAbHOU Purcuposannoli naoc-
KOCMU, PA6HO HYAI0.

Aorazameavemeo. Tlogmuoroo6pasme P OpAMBIX, JeXKAaNMX B IPOU3BOIb-
HOH (PUKCHPOBAHHON IIOCKOCTIH, 3aJaeTCA B IOKATLHEIX KOOpAUHATAX (v, )
CIAeqYIONEN CUCTEMON YPaBHEHUI:

AM(ar—al) + Az (a2 —ad) =0, A (B1—B7)+ A2(B2— B9) = 0.

3aecs (o, 8Y) — KoopaUHATEI NPOU3BOILHON (DUKCHPOBAHHON IPAMOL Ha
STOH IIOCKOCTI, & A1, Az — IOCTOSIHHBIE. SHAYNT, HA 3TOM II0AMHOr006pa-
sum P mer nmeeMm: das = Aday, dfs = Adpy, rge A = —Ay /A2, a noTomy
m3 (2.2) caegyer, uro Zw |p= 0.
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Teopema 2.1. Judpepenyuasvnan 2-gpopma Q ¢ 6vicmpo ybuvisawuumu Ko-
afppuyuenmanu na muo2oobpasuu npamvir H asasemes ayueevim npeobpa-
306anuen nexomopoti 3-gopmut w = f(x)dry Adea Adrs, [ € S(R3) mozada
u moabko mozda, kKoeda ona ydosaemeopaem ycaosuam Ipedroncenutt 2.1
u2.2.

Aorazameavrcmeo. Heob6xoquMocTh yCI0BUU yXkKe YCTaHOBIeHA. [JokaxeMm
X AOCTATOYHOCTH. IlycTs nuddepenunansvuas 2-gopma ) ygoBieTBOpSIET
yeaosuaM [pemxnoxennn 2.1 u 2.2. JoxaxeM cHadaga, ITO OHA UMEET BHI
(2.2), T.e. He comepxuT wieHoB ¢ do; Adf;, i=1,2, a ko>3POUIEEHTH IpK
day A dfs u das A dB pasan<gaioTca TOILKO 3HAKOM.

B camowm gere, mycTh

Q:aldOzl/\dﬁl—|—azd0z2/\dﬁ2+b1d0z1/\dﬁ2+b2d0z2/\dﬁ1—|—...,

rjge MHOTOTOYHEM OO0O3HAMEHBI OCTAJbHBIC WieHbl. Torga, ecam h® —
IpOU3BOILHAA IpAMasg U P — MHOT000pasne IPAMBIX B IIPOM3BOILHON
niockocTH, npoxoasmeit qepes h’, To (cM. goxazaTeancTso Ilpegroxenus
2.2) umeeM:

Q |P: (al =+ /\2 as + /\(bl + bz))dal A dﬁl

Tak Kak, CONIAcHO ycaoBuio, 2| p=0, To, BBEAY IPOU3BOILHOCTHA A, OTCIOAA
creayeT: a1 = ag = 0 mw by = —bs.
Wrak, gokazano, 9To ¢popma §) uMeeT BUI:

Q = 1/)2(0[,&) da1 A da2 —|— 1/)1(0[,&) (da1 A dﬁz — da2 A dﬁl) —|—
+ Yola, ) dB1 A dBs.

U3 3amxuyTOoCcTH  caegyer, 9To (PYHKIUU ¢); CBI3aHBI COOTHOIIEHUIMMI

Os 0wy OYr O
B Oay’ OB Doy’

~1,2. (2.5)

IosTomy GyHKIUS 1)y YIOBIETBOPSIET yPABHEHUIO

o 8o
3041ﬁ2 B 30423@.

3maunT, mo TeopeMme 06 o6pase IydeBoro mpeobGpasoBamus (cM.§ 1), oHa
ABIAETCSA JTyIeBLIM MpeobGpazoBaHueM HexoTopoil Gymknnu f € S(R3):

+o00
Yo(o, B) = /f(a1$3+ﬁ1,0é21‘3+ﬁ2,l‘3)dl‘3~
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Y6enumcs, uto Q = Zw, rae w = f(z) dxy Ades Ades. B camom gene, u3
dopmya (2.3), koTopeiMu 3a8ar0TcA KodOPUINEHTH ; popMbl Zw, crenyeT
Ipexk e BCETo, ITO g = ¢g. Jaxee, orcioga u u3 (2.4), (2.5) cregyer, 9To

oYy _ Oy
oBi T 9B:?
1 = 1. Amanoruydno ybexgaeMcs, 9ITO s = @9 U, 3Ha4uT, ) = Tw.

t = 1,2. CregoBaTenbHO, BBUAY GBLICTPOro YOBIBAHUS 1 U (1,

3ameTn™, uTo Qopma w = f(z)dry A dee A drs BoccTaHaBImBaEeTCA
TOJILKO IO OTHOMY K03hGUINeHTY ¢o GHopMbl Zw, TOCKOABKY (MYHKIINA ©q
SIBJSIETCSA JIYy4IeBLIM IpeobpazoBanmeM (QyHKIUN f.

2.3. JlyueBoe mpeoGpasoBanme 2-dopm Ha R3. PaccmoTpuMm Temeps
IPOU3BOJIBHYIO AuddepeHnnagbuyio 2-GpopMy

w= fi(zx)des ANdes + fa(x)des ANdey + fz(z)dey A des

¢ xooddunuentamu nz S(R3). B xoopauraTax ai,as, 1,32,23 Ha TpocT-
paHcTBe GIAATOB OHA UMEeT CAeAYIOIINN BUI:

W = f1 (l‘gdaz + dﬁz) A dl‘g + f2 dl‘g A (l‘gdal + dﬁl) +
+ f3(ardes + zzday + dpy) A (asdes + xzdas + dfs).

B coorBercTBHE ¢ ompegeneHumeM m3 1. 2.1, ayueBoe mnpeoGpazoBaHie
2-popMbl w ecTh 1-popma

Tw = a1 day + asdag 4+ by dBy + badfs (2.6)
¢ Kod(ppunuerTaMu

ai = a3 — Yo, as = —ayPs + ¥,

(2.7)
by = azps — 2, ba = —a1p3 + 1,
rae
+oo
pi(a,B) = / filares + 1, azxs3 + fa, 23)drs, i=1,2,3, (2.8)
b
i, B) = / 3 filares + Br, aex3 + Pa, x3)des. 1=1,2,3.  (2.9)

PaccMoTpum cHavana 3agatly O BOCCTAHOBIEHHH (POPMBI w IO €€ Iy-
“eBOMY npeoGpazoBanmio Zw. JTa 3agada CBOAUTCSI K COOTBETCTBYIOLIEN
3agade 4 QYHKIUHE Ha OCHOBAHNI CJAEIYIOIIErO YTBEDK JEHIIA:
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Mpepaoxenne 2.3. Pynryuu @; caedyowum ob6pazom 8bIPANCAIOMCA UEPES
roadPuyuenmuvr Gopmvl Tw:

8[)1 8&1
— _ = b = —by. 2.10
©3 day 0By Y1 =193+ 02, @2 =aaps 1 ( )
Pasencrsa (2.10) caeayior HemocpeacTeenHo u3 (2.7) — (2.9).

Ilockoabky (MYHKIIUN (; SBAAIOTCA AVUE€BLIMU NPeOOGPA30OBAHUAME KO-
>QPuIreHTOB f; POPMEI W, TO M1 BOCCTAHOBICHUA STUX KO>(PPUIINEHTOB
JOCTATOYHO IPUMEHUTD K ¢; (hopMYyJIy obpallleHns I1d Jy<4eBOro npeodpa-
30BaHuA (PYHKIINH.

Ilepenigem Temepn x ommcaHuioo obpasa JIy4deBOro npeobpazoBaHusa 7.
[ag >Toro ycTaHOBUM CHA4Yajla COOTHOIIEHHUS MeXKAY K0d3(D OUIIeHTAMI
auddepennnaabEon GpopMul Zw.

Ipegmoxenue 2.4. Koopduyuenmor a;, b; duddepenyuasonoii popmor Tw
YJoBAEMBOPAIOM CACYIOUUM COOMHOUEHUAM:

Oy _ Oby  Daz _ Oby %_%__(%_%) (2.11)
3ﬁ1 B 3041’ 3ﬁ2 B 30&2’ 3ﬁ2 Oay B 3ﬁ1 Joy '
u
Jay  Oby 0? 0?

Al———=]=0 de A= — . 2.12
(352 6a2) oo Ja10B2  Oas0B1 (2.12)
B camom zexe, (2.11) caregyet HenmocpencTeento u3 (2.7), (2.8), (2.9). Co-
oTHOmerne (2.12) caenyeT u3 JOKA3aHHOIO BBILIE DABEHCTBA (3 = 67:12 - g—g;,

OCKOABKY Az = 0.

Ipeanoxenne 2.5. Coomnowenus (2.11) sKeusasenmubt Yycaosuw, «mo
oepanuuenue Tw |p duddepenyuaapnoi gopuvt Tw na nodmuozoobpasue
NPAMBLE, NPUHATAEAHCAUUT NPOUZEOAbHOT Naockocmu P, asasemes 3amrny-
mot dopmoii na P, m.e. dZw |p= 0.

Horazameavcmeo. Umeem:

a0 dby O
dTw = (871_ %)dal/\dﬁl—i— (872_ %)dal/\dﬁZ‘F
1 1 1 2
oby Odas 0bs das
(e~ 33) daz B+ (G2 = gr) dazndB ...

TosTomy cooTHomenns (2.11) skBuBaIeHTHE! yCI0BmIO, ITO opMa dZw He
coaepxkuT 4ieHoB ¢ day; AdfB;, =12, a xkoapdpunnents npu day A dfSs n
das A dfy pazaum4arorcs Toabko 3HakoM. B ¢Bow odepens, coriacuo u. 2.2,
5TO YCJIOBHE 3KBUBAJEHTHO YCIOBHIO, chopMmyaunpoBarHuHoMy B Ilpemmoxe-
HUHU.
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Teopema 2.2. ITycmb Q@ — JdudPepenyuaavnas 1-Popma na mnozoobpasuu
npamoir 6 R3 ¢ Geckoneuno Juddepenyupyemblmy 6oicmpo YobI6 Ar0UWUMY
KoadPuyuenmamu

Q =a;day + azdos + b1 dpy + b2 dfs.

Aan mozo umobvr gopma Q 6vlaa ayuesvim NPeobpa3o6aHUEM HEKOMOPOL
dudPeperyuarsnoti 2-Gopmv w na R? ¢ wosdpuyuenmanu uz S(R?), neob-
rodumo u docmamouno, umobv ee ozpanuverut § |p na nodmuozoobpasus
P npamvix, aexcawur 6 odnott u moii dce naockocmu, 6blau 3AMKHYMBIMU
Popmanu, u umobv ee Koadduyuenmuvt Ydosaemeopaiu JONOAHUMEALHOMY
yeaosuio (2.12).

Joxazameavcmeo. HeobxonmMocTs ycIoBHI TeopeMbl yiKe AokazaHa. [lo-
KaxKeM UX JOCTaTOYHOCTD. Tak, mycTs auddepernnaibaas ¢popMa  yio-
BICTBODPACT YCIOBHAM TeopeMbl. Toraga ee kK03 PUINEHTH VI0BIeTBOPAIOT
cooTHommenuaM (2.11) u (2.12).
Oupegenrnm Gyuxmun ;, ¢ = 1,2,3, pasencrsamu (2.10). U3 (2.12)
0

creayer, aTo Ayps = 0. Y6eaumcs, uro Taxxke Ap; = 0 u Ap; = 0. B
. _ i _ _ 2 (o da
caMoM fene, mMeeM: Aps = as Apz — a—gf —Ab = — 55 ((M; — a_,@;) _
9% 8%y _ 8 [dar  8by\ _
50106, T Bas0f, = 8 \og — dar) 0. AHAIOTHUYHO yCTAHABINBAETCS,
110 Ap; = 0.

Orcioga caegyer (cMm.§1), 9T0 QYHKIUN ; ABIAIOTCA JIYyIEBHIME IIpe-
obpazosamnamu byaknuit f; € S(R3), T.e. 3agaoTca pasercTsamu (2.8).
Beegem auddepennunaabuyio GopMy

w= fi(zx)des ANdes + fa(x)des ANdey + fz(z)dey A des

u goxaxem, ITo 2 = Tw.
B camowm geue,

Tw = ayday + dgdag + by dfy + badfs,
r e

a; = asths — P2, az = —ay1 s + ¥,

bi = asp3 — 3, ba = —a1 93+ 1,

a ¢; U ¥; BoIpaxalooTci depe3 Kod(pUUuUeHTH (POPMBI W PABEHCTBAMIE
(2.8),(2.9).
B cuay Ilpexmoxenns 2.3

ob,  day

_ 9 o - b = —b. 2.13
©3 Doy P p1 = 13+ 02, 2 = asp3 1 ( )
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Cpasunsas (2.8) u (2.13), sakmowaem, ato b; = b;, i = 1,2. Orcioga,
cpaBHEBaf cooTHOIeHus (2.11) 114 a;, b; ¢ AHATOTUIHBIMI COOTHOIIEHUAMIE
7 dd; _ das

985 8857
yObIBaHUA (PYHKIUH d;, d;, IMeeM: d; = a;, ¢ = 1,2, a moTomy ) = Tw.

oast a;, by, moaydaem: t,7 = 1,2. 3ma4nr, BBEAY OLICTPOrO

2.4. JIyueBoe mpeoGpazoBanue 1-dopm Ha R, PaccmorpuM guddepes-
MuaibEyio 1-hopmy zHa R3:

w = fi()de) + fo(x)des + fa(z)des, f; € S(RP).

Ilo oupegenenmio, ee aydeBoe npeobpazoBanne ¢ = Zw ABIsIeTCA QPYHKIENR
Ha MHOT000pa3nn mpaMerx B R3

+ oo

p(a,f) = /[fl(oqxg—|—ﬁ1,a2x3—|—ﬁ2,x3)a1—|—

— 00

+ folarzs + B, asxs + fo, 23) o +

+ fa(arws + 1, aa s + fo, 23)] ds.

Hamngem agpo u o6pas npeobpasoanus .

Mpepaoxenne 2.6. Adpo KerZ ayuesoco npeobpazosanus cosnadaem ¢
nodnpocmpancmeom ecer mounvly Juddepenyuatpuniz 1-gopm na R> ¢
ros@fPuyuenmanu uz S(R3).

Jokazameavcmeo. OdeBngno, mobas TowHas 1-dopMa w Ha R3 mpumagie-
xut KerZ. O6patuo, nycts w € KerZ, T.e. Zw = 0. Torga 7 dw = dZw = 0.
Tax xax Ha guddepeHUAILHBIX 2-(QopMax IydeBoe mpeobpazoBanume 7
uMeeT HyJeBoe aapo, To u3 Ldw = 0 creayer, uro dw = 0, T.e. popma
w 3aMkHyTa. 13 3aMKkHYTOCTH (POPMEL W CIELVET €€ TOYHOCTD.

Ilpegmoxenue 2.7. Dynkyus ¢ uz npocmpancmsa Illeapya wa muozoo6pa-
suu npamvir H npunadaeocum obpasy ImZ ayuesozo npeobpazosanus
mozda u moavko mozda, koada ee dufdepenyuaa dp npunadacocum obpasy
AYUE6020 Npeobpazosanus Jupdepenyuaivnvir 2-gopm na H.

Aorazameavemso. Ilycts w € Im7, T.e. ¢ = Twy, Trae w; — l-dopma c
xooddummentamu uz S(R3). Torga dp = dZw; = Zdwy, T.e. dp € ImZ.
O6patno, mycTh dy € ImZ, T.e. dp = Zwsy, Tae wy — 2-popma Ha R3 ¢
xosddurmmentamu uz S(R3). Torga umeem: Zdws; = dZws = 0 u Tax xax Ha
3-dopmax B R3 1yueBoe mpeo6pazoBaHne NMeeT HYIeBOe 4apo, TO duws = 0,
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T.e. GpopMa wy 3AMKHYTa. IIOCKOIBKY Mobad 3aMKHyTas 2-popma Ha R3
¢ xoapPunneHTaMNI N3 S(RB) TOYHA, TO Wy = dwi, rge w; — l-popma
na R? ¢ xoadpdunnentamu uz S(R3). Urax, dp = Zdw; = dZw;, oTkyaa
d(p — Twy) = 0. CregoBaTensHo, ¢ = Twy.

Teopema 2.3. Pynryusa ¢ uz npocmpancmea Ilsapya na H sasasemca
Ayuesvia npeobpazosanuem 1-gopmn na R> mozda u moavko moada, koeda
OHA YAOBAEMEOPAEM YPAEHEHUW

9* 9*

AZp=0, ede A=— " — ——
14 BorBy  Danfi

(2.14)
Aorazameavemeo. U3 llpenmoxenus 2.7 mw m3 onucaHug obpasza JIyte-
BOr0 mpeobpazoBanus AuddepeHnnalbaeix 2-gopuM (m. 2.3) caegyer, 4To
@ € Im7 Torga u TOABKO TOrga, KOTJa KO3(POUUNEHTH a; = Z?Ti ub; = g—/i,
¢t = 1,2, gudpdepennnansron GopMel dy yIOBIETBOPSIOT COOTHOLIECHIIAM
(2.11) m (2.12). OueBugno, uTO B ciydae AuddepeHnuaIbHol GOpMEL dp

cooTHowenus (2.11) BBHIMOMHAIOTCA TOXAeCTBEHHO, a (2.12) coBmagaeT ¢

(2.14).

§ 3. JlyueBoe mpeoGpa3oBaHue B TPEXMEPHOM BEIIECTBEHHOM
NMPOEKTHBHOM NMPOCTPAHCTBE

B »ToM nmaparpade OCHOBHBIE OIpeJeIeHIs I Pe3yabTaTh § 1 6yayT me-
peHeceHEl Ha CIyHall IpoeKTHBHOTO IpocTpancTsa P3. Ilepexos oT adduu-
HOT'O IPOCTPAHCTBA K IPOEKTHBHOMY IMeeT IBa BaKHBIX IIPEHMYIECTBA.
Bo-mepBBIX, OCHOBHLIE OLIpefeIeHUSI U Pe3YALTATH B IPOEKTUBHOM CIyiae
uMeoT 6olee IPOCTYIO U MHBAPDHAHTHYIO IIO CPaBHEHUIO ¢ adOdUHHBIM
cayiaeM ¢popMy. Bo-BTODEIX, TOCKOJIBLKY CaMO IPOEKTUBHOE IIPOCTPAHCTBO
P 1 MHOrO0OGpasme MpAMEIX B P35 KOMIAKTHEI, TO ¢ S>THMHI MHOT 006pa3i-
SAMI CBA3aHBI 0ojlee eCTeCTBEHHBIE IO CPaBHEHWIO ¢ a(MPUHHBIM cIydaeM
IPOCTPAHCTBA (DYHKIIWIH.

Mer gagum TakkKe DPYIIIOBOE ICTOJKOBAHIE IYIeBOT0 IPeobpa3oBaHNA.

3.1. Muoroo6pasue nmpameix B P2, Bygem 3agaBaTh Touku B P2 o1HO-
POIHBIME KOODINHATAMHE I1{,Ts,&3,T4, T.e. BeKTopamu = € R*\ 0, ompe-
JEIEHHBIMI C TOYHOCTBIO 00 MHOXUTeas. llHade roBops, TOYKH IPOCT-
pamcTBa P3 HHTepIpeTUpyOTCA Kak oJHOMEpHBIE IOAIPOCTpaHcTBa B RY.
MuoxkecTBY TOYEK Ha NOPIMOH COOTBETCTBYET MHOXKECTBO OJHOMEDHBIX
mogmpocTparcTB B R* mpmmagrexammx IBYMepHOMY IIOAMpPOCTPAHCTBY.
Taxum o6pazom, mpaMele B P2 nHTepIpeTUpyoTeS Kak JByMePHBIE TI0AMPO-
cTpaucTBa B R n, 3maunT, MEHOr 006pasne IpaMux B P2 oTox JecTBIACTCA
¢ rpaccMarnasoM G 4 IBYMEDHBIX HOANpOCTpaHcTB B RY.
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BBegeM cucreMy koopAmHAT Ha rpaccMannuane Go 4. Iyers h € Go s u
© = (x1,%2,%3,24), ¥ = (Y1,Y2,Y3,Y4) — IPOU3BOIBHLIN GA3HC B IOAMPO-
cTpaHCcTBe h.

Omnpegenenne. II1I0KKepOBEIME KOOPINHATAMI IBYMEDHOTO IIOUPOCTPAH-
cTBa h B R* HaswIBalOTCA KOODAMHATHI OUBEKTOPA T A ¥, T.e. CIeIyIOMINIT
Habop uncem:

IIpu 3amene 6a3uca B h, T.e. IPU 3aMeHe BEKTOPOB &, § UX JINHENHBIMI
KOMONHAITIAMHY, BCe IIIOKKePOBBI KOODINHATEl YMHOXAIOTCA Ha OJHO U TO
XKe uncao. TakuMm o6pa3oM, IIIOKKEPOBH KOODAWHATEHL IIOAIPOCTPAHCTBA
h oupegemeHBl OJHO3HAYHO, C TOYHOCTBIO g0 MHOXkuTelsi. O6paTHo, ecan
IIIOKKEPOBBI KOOPIUHATHI ABYX IIOJIPOCTPAHCTB NIPOIOPINOHAILHBI, TO
5TH NOANPOCTPAHCTBA coBmajatoT. Taxum o6pasoM, KaxKgoe TBYMeEDHOE
mogmpocTparcTBo B R? 0JHO3HAYMHO OmpegenfeTcsa CBOUMN ILTIOKKEPOBBIMI
KOOpAWHATAMH, a IOTOMY HX MOXKHO NPUHATH B KadeCTBe OITHODOIHBIX
KOOpJAUHAT Ha rpaccMannase Ga 4.

IMockoavky p;; = —pji, TO, KaK IPaBUIO, MOXKHO OTDAHNIHBATHCA 6
KOOpAMHATAME Pjj, 1 < J.

Mex 1y mIOKKepPOBLIME KOODJIUHATAMH p;; CYIIeCTBYeT KBaJpaTHIHOE
COOTHOIIICHIIE:

P12P34 — P13P24 + Prapas = 0. (3.1)

Ero M0XKHO HOIY<INTh, HAIPUMED, PACKIaIbIBASI II0 DJIeMEHTAM IePBBIX IBYX
CTPOK CJIEVIOUIIII ONpegeanTeNsb 4-r0 NOpAIKa:

sl ro X3 X4

Yi Y2 Ys Y4 0
Ty Tz T3 T4 ’
Yi Y2 Ys Y4

HokaxeM, 9T0 06pATHO, €CIN GICIA P;j, { # j He PABHBL 0 JHOBPEMEHHO HYIIO
I CBA3AHBL COOTHOIEHNEeM (3.1), TO OHE ABIAIOTCS LIIOKKEPOBLIMA KOOD AN~
HaTaMI HEKOTOPOro MOAmpocTpancTBa h € (5 4. B camMoM fgele, mycTh gas
OILpeemeHHOCTH p1o 7# 0; TOrga MOXKHO IpeAnoaaraTh, 94To pi2 = 1. Pac-
CMOTPHM HOJIPOCTPAHCTBO, HATAHYTOe HA BeKTOPHL & = (1,0, —pa3, —pay)
ny = (0,1,p13,p14). Ucnonsaysa cooTromenne (3.1), merxo y6eanTtoes, 9T0
IIIOKKEPOBBL KOOPAUHATEL TOC0 MOAIPOCTPAHCTBA PABHEL P;j.
CymecTByeT BIOXKeHUE

5
(;14 — P s

OTHOCAINEe KakKIOMY IBYMEPHOMY MTOAIPOCTPAHCTBY € ILTIOKKEPOBBIMI
KOOPAMHATAMU P;; TOIKY IPOEKTUBHOLO IPOCTpancTBa [P ¢ 0 IHOPOAHEIME
kKoopAmHaTaMu p;;, ¢ < j. O6pasom (24 IOpH >TOM BIOKEHNH SABIAETCA
KBaIpaTHIHAA MoBepxHOCTD (3.1) B PP,
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3.2. JIyueBoe mpeoGpazoBanme B P2, IlepBEIll BOIpOC, BO3HNKAIOIIMI
upu nepexoje oT adPUHHOrO IPOCTPAHCTBA K IPOEKTHBHOMY, — Ha KAKOM
(QYHKINOHAIBHOM IPOCTPAHCTBE JOIKHO CTPOUTHCA IyIeBoe Npeobpa3oBa-
une 7. Kax u B caydae npeobpasoBanus Pajgosa, IpocTpancTBO QPYHKINN
Ha camoM P3 jgaa >ToH meam HeyJo6HO. ECTECTBEHHBLIM OOLEKTOM, Ha
KO0TOpOM 6y eT OnpegeleHO IyieBoe IpeoGpa3oBaHile, ABALeTCS IPOCTPAH-
ctBo F(—2) 6eckoneuno audbepennupyemerx dyuxuunit za R*\ 0, T.e. ma
0JHOMEpPHOM paccIoeHnn Ha g P3| y I0BIeTBOPAIOMNX cleJyOmeMy VCIOBIIO
OJHOPOJHOCTH:

fQx) =272 f(x) ara moboro A # 0. (3.2)

OupegennM 1yueBoe Ipeobpa3oBatue Ipou3BoabHOn Gyuknun f € F(—2).
IIycte h € G 4. PuxcupyeM B h IpOU3BOIBHEBIN 6a3mc %, v I 0603HATUM
qepe3 s U ¢ KOOPAMHATEHI TOUEK Ha h B 3TOM Gasmuce:

r=su+tv.

TocrasuM B cooTBercTBHe MyHKINN f € F(—2) creayromyio auddepeHin-
aabayo 1-opmy Ha h:

f(su 4+ tv) (sdt — tds).

B cmay ycaosus oguopozHocTH (3.2) sTa (dopMmMa OFHOPOJHA CTENEHH
oguopogHocTu () U ee HHTErpal Mo KOHTYPY S B i, OXBATHIBAIOIIEMY TOYKY
O, He 3aBUCUT OT BEIGOpA HTOT'0 KOHTYDA.

Onpepemenue. HazoBem ayueBniM npeoGpazoBanneMm (yuxuun f € F cie-
AyIOUIyo (hYHKINIO OT Haphl IMHEHHO He3aBICHMBIX BEKTOPOB u, v € R*:

(Z1)(u,v) = 1/2/f(5u +tv) (sdt —tds); (3.3)

HHTerpai GepeTcs Mo HPOM3BOJILHOMY KOHTYPY S B HmoAnpocTpaHcTse h,
HaTSAHYTOM Ha 4 U U, OXBaThIBalomeMy ToIky O.

Kak 6bL10 yiKe ckazaHO, OT BBIGOpa KOHTYpa S HHTErpaJ He 3aBUCUT.

Onpepenennas Tak GyHKuus ¢ = Zf 3aBucUT He TOIBKO OT IOIIPO-
crparcTBa h € (34, HO U OT BHIGOpa 6asmca B h. M3 (3.3) caegyer,
YTO TMPU mepexoge OT ONHOTO 6a3mca u,v K JA0G0OMY APYToMy 6aszmcy
W =au+ Buv, vV =vu+dv pyaknma ¢ npeobpazyeTca Mo CIeIYIONEMY
3aKOHY:

olau+ Bv,yu +6v) = |ad — By o(u, v).
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B wacTHOCTH, ecam 3aeMeHTHI ILTOMa NN B Oaszucax u, v u u', v/ coBmagamoT,
T.e. |ad — By =1, To plau+ Buv,yu+ dv) = p(u, v).

TaxuMm 06pa3oM, IydeBoe NpeobpasoBanue ¢(u,v) 3aBUCHT TOIBLKO OT
IIIOKKEPOBBIX KOOPAUHAT P;; = U;Uj — U;V;, T.e. ABIIETCI (DPYHKIWEHN Ha
kBagpaTmaHOM KoHyce K C IR® 3agammom ypasmennem (3.1). Otuesngmo,
gto K \ 0 ABIsfeTCA OJHOMEDHBIM paccioeHneM Hal rpaccMaHuanoM (Ga 4.

B ranpzefimeM MBI 9acTO GygeM mHCaTh ¢(p) BMecTo ¢(u,v), moapasy-
MeBaf IoJ p TOUKY KoHyca K, T.e. Touky B R® ¢ xoopsuraTaMu Pij, 1<},
YIOBIETBOPAIOMNME ypaBHeHHo (3.1).

Onpegenenne. O6oznaunm tepes H(—1) mpocrparcrso C'°-QyHKINN ¢ Ha
K \ 0, yI10BIE TBODAIOUINX YCIOBHIO OTHOPOLHOCTH:

p(Ap) = A" o(p). (3.4)

U3 ompedereHEns JydeBoro npeobpa3oBaHus I cledyeT, <GTO €CIH
¢ € F(=2), To Ty € H(—1). Takxum oGpa3oM, IydeBoe IpeoGpa3oBaHIe
€CTh OTOOpaKeHne

T: F(=2) — H(-1).

ITpumeuanne. Ecan 3amennTs ycaosue ogHOpogHoCTH (3.2) 6otee caabbIM,
moTpe60BaB, YTOOLI OHO BBIIOIHAIOCH TOJABLKO IPH A > (), TO MBI IOJYTHM,
aro Zf = 0 gas aro6on medernon ¢pyuxunn f. [losTomy ayueBoe mpeobpa-
30BaHIE €CTECTBEHHO PACCMATPUBATH TOIBKO HA 9eTHBIX MYHKIUIX f.

3.3. Cea3p ¢ ay4ueBBIM mpeoOpaszoBaHueM B apPUHHOM HPOCTPAHCTBE.
B »Tom nmyuxTe MBI 6yaeM mias yao6cTBa 0603HAYATE JyIeBLIe Ipeobpa3o-
BaHUA B adGUHHOM U IPOEKTUBHOM IPOCTPAHCTBAX COOTBETCTBEHHO Uepe3
7, nu I,. HanomuuM, 4To .IydeBoe mpeoGpazoBanue 7, ¢qyuxmun I Ha
R3 3a1aeTca B IOKAIBLHBIX KOODAMHATAX (a1, s, 1, 32) Ha MHOTOO6pa3nn
OpAMEIX B IR® cleyIOMmnM paBeHCTBOM:

+oo
(TaP)araz 0o 0a) = [ Flors+ By auzs + o aa)daa. (3
Broxum R? B B? kxax rumepmiockocTs x4 = 1 U oTHeceM KaiK o

dyukunn f € F(—2) ee orpanmdenne I Ha 3Ty THIEPIIOCKOCTD, T.€.
TIOJIOZKIIM

F(xy,x0,23) = f(®1,22,23,1).

B cuxy ycnoBus oxmopoguocTH (3.2) GyHkmus f oJHO3HAYHO BOCCTaHAa-
BImBaeTca mo ¢yEkmum F m obparTHo, miobas C™°-pymxmms F ma R3
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VAOBIETBOPSAIOIIASL [I0IXOIAIINM YCIOBUAM yOBIBAHNSA HA O€CKOHETHOCTH,
ABIfETCA orpaHmIenneM Ha R> mekoropoil dyuxuun f € F(—2).
U3 (3.5) caegyer, 4aTo

+oo
(ZoF) (a1, 02,51,82) = / J(B1 + ant, Bo + ast, t, 1) dt = (I, f)(u,v),

rae u=(f1,02,0,1), v=(a1,22,1,0). (B onpenexennn (3.3) pyuxun Z,, f
B KadecTBe S B3ATa mapa NpaMeix s = +1.) Orcioga, mepeljs oT BEKTOPOB
%, ¥ K ILTIOKKEPOBEIM KOOPANHATAM, HOTYIaeM.

IIpeanoxenne 3.1. Mexcdy ayuecevim npeobpazosanuem Lpf Pynryuu
f e F(=2) u afdunnvin ayuesvin npeobpasosanuem L F, 2de F —
oepanuuenue [ na eunepnaockocmb ry = 1, umeem mecmo caedywujee
cOOMHOWEHUE:

(IGF)(al’QZ’ﬁl’ﬁ2) = (Ipf)(p)’ (36)

edepra=PBras—Paar, pis=p1, pra=—ai1, pas=pa, pra=—2, paa=—1.

B cBoto ouepess, u3 (3.6) u ycaous ogroposHocTH (3.2) caegyer:
(Zp,H)(p) = |1034|_1 (ZaF)(p1a/p34, P24/ P34, —P13/P34, —P23/P34).

3.4. Ommcauue o6paza aydeporo npeobpazoBanuia. Kak n B adhdpuamoM
caydae, yuxnun ¢(u,v) u3 obpasa IyueBoro mpeobpazoBaHud 7 yLoBie-
TBOPAIOT LOMOIHUTEIBHBIM COOTHOIIEHNAM. VIMenHo, 3 onpegenerus (3.3)
JIy9eBOro Ipeo6PA30OBAHNS HEOCPEICTBEHHO CIeJyeT:

9 B 9
3ui3vj a 3uj3vi’

i,j=1,2,3,4 (i #Jj), (3.7)

rae u;, v; — KOOPANHATEl BEKTOPOB U W U.

IIpencraBumM >Tu cooTHOUmeHNA Ha GyHKIUU ¢ — 7 f B WHBapUAHTHON
dopme, paccMaTpuBasg ¢ Kak (PYHKIUE OT INIFOKKEPOBLIX KOOPIUHAT P;j,
T.e. KaK OJHOPOAHLIe (PYHKIUN Ha KOHYce K : p1opss — p13pa4 + prapas =0
B RE.

Oycte H(—1) — mpoctparctBo C*°-dymkmuit ma RS\ 0, yrosieTso-
psommx ycaosmio ogHopogHocTn (3.4). Bmegem mHa H(—1) caegyrommit
audgPepeHInaIbHbII OMepaTop:

52 52 52
Op12Op3a Op13 Opaa Op14 Opas

(3.8)
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IIpeanoxenne 3.2. Onepamop A onyckaemes ¢ H(—1) na H(-1) npu
onepayuu ozpanunenud H(—1) = H(—=1). Jpyeumu caosamu, ecau ¢ |g=0,
mo Ay |g= 0.

Horazameavcmeo. Iloaoxmnm:
T = p12P34 — P13P24 + P14 P23

I mepefifeM B OKPECTHOCTI MPOM3BOILHON Touky p° € K K HOBEIM KOOP -
HaTaMm Ha R° 3aMeHHB ogHY U3 KOOpJHHAT pi; (i < j), HampuMep, pss, Ha
7 (oTa 3aMeHa gomycTuma, ecan pr2 7 0). Hyxkno y6eauTbces, 9T0 B HOBBIX
KoopAuHaTax Ay |x= Ag |,—¢ He COAEPKAT NPOU3BOIHBIX IO 7.
O6o3Ha4nM 4depes ¢ QYHKUNIO ¢ B HOBBIX KOODJUHATAX, T.€.

SD(P) = 1/)(1?12,]713,]714,]723,]724,7°)~
HenocpeacTBeHHBIM BBIMHCAEHIEM TOJYIA€M:

0% 9% ' 9% 31/) %
Ap=- ' —4r—) (3.9
7 Op130paa  Op140pos Z (3.9)

Pij Jpi;Or +3 or or?

rje IITPUX O3HAUAET, UTO CyMMa OepeTcsi mo BceM 4, (i < j), xpome
(i,j) = (3,4). Hdanee, u3 ycioBHs OZHOPOAHOCTH IS  CIEAYET, €TO

Z Dij 6¢ —|—2r6w = —, oTKyda

o _,, 0
87“ r .

Z Pij g or 3p” 3r =3 or?

IogcraBus 5To0 Bhipaxkenue B (3.9), moxydaem:

9% 9% 9%y

Ap=— + —r .
4 Op130paa Op140pas ar?

(3.10)

3 (3.10) crenyeT yTBepXK IeHIE.

Caepgcreue. Onepamop A onpedenen na GYHKYUOHAALHOM NPOCMPAHCMEE

H(-1).

IIpeanoxenne 3.3. Kaxcdoe us ypasnenuii (3.7) das dynryud ¢ € H(—1)
SKEUBAACHMHO YPUGHEHUIO

2 2 2
Ay = e e e

= — + =0. 3.11
Op120p3a Op130p2a Op140pas ( )
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8%p 8%
du10vs ~ Ouzduq

Aorazameavemso. [JoxazxeMm, HAIPIMeD, ITO COOTHOIIEHIIE

SKBHBAJEHTHO COOTHOMIEHNO (3.11).

IIpuMeM B KadecTBe JOKAJTLHEIX KOOPIMHAT Ha KOHyce K ILTIOKKEPOBLI
KOOPAMHATHL p;j, ¢ < j, (7,7) # (1,2). B aTux xoopunarax, coraacso (3.10),
IMeeM:

9 9

Ap = — =+ .
4 Op130p2a Op140p23

HOCKOJIBKy Pij = UiV; — U;V;, TO

9 B 9 9 B 9
uidvy Z vlu‘yﬁpu@pzj’ uadvy Z vlu‘yﬁpzi@pu.

i,j=34 i,j=34

OTcoga caegyer:
9 9
8U1 81)2 3u2 81)1

YTO I JOKAa3bIBacT HAIlle YTBEPXKICHUE.

= (U3U4 - U4U3) Agp,

Teopema 3.1. DPynryus o € H(—1) moada u moavko moeda npedcmasuma
6 sude p = If, ede [ € F(=2), koeda ona ydosiemeopaem YpasHeHUI
Ap = 0.

Heob6xoguMocTh ycaoBuUs TeopeMbl yxkKe JOoKazaHa. J[okaszaTelbcTBO
JOCTATOYHOCTH YCa0BUA Oy IeT IpPOoBegeHo B 1. 3.6.

3.5. [pyrou cmoco®f ompejeleHMda JyteBoro mpeobpazoBanua. Bymgem
3ajaBaTh JBYMepHEIE IIOIPOCTpaHCTBa B R* He mapaMm u,v JHHEHHO
He3aBICHMEIX BeKTOpOB B IR?, a cicTeManM He3aBICHMBIX ypABHEHMNIL:

&,xy =0, {(n,z)=0, (3.12)

T.e. apaMu &, 1) IMHEHO He3aBICHMBIX BeKTOPOB IVaIbHOI'O IPOCTPAHCTBA,
(RY.

O6o3nanm 1epes hg, nognpocrpancTso B R* 3anannoe ypaBHeHmAME

(3.12), n 1epes Phy, ero mpoekTUBU3ALMIO. 3alafuM Ha he, AuddepeHnn-
aapHy0 1-hopMy 0y (), OIpeeleHHYI0 pABEHCTBOM:

(&, dz) A (n,dz) A oen(z) = w(z), (3.13)

rge w(z) = xydeg Adaes Adey. .. (UUKIN9ECKHE TePECTAHOBKI).
Ecan f € F(-2), To gudpdepenuanpuan 1-popma Ha he,

f()ogy (@),

nmMeeT CTeIICHb OIJHOPOIHOCTHI 0 u OPpTOT'OHAJBHA CJI0SIM PAacCCJIOCHUA

hﬁyﬂ \ 0— Phgyn.
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Onpepemenue. HazoBem ayueBniM npeoGpazoBanneMm (yuxuun f € F cie-
Iyromtyio (GYHKINIO OT Maphl INHEHHO He3aBHCUMEBIX BeKTOpoB &, n € (RY)':

@nEn = [ faoe @ (3.14)

Vén

Tde Ygp — JI00oe cedeHme paccloeHus hen \ 0 — Phep; oT BHGOpa ey
WHTerpaJa He 3aBUCHT.

Ncnoas3ysa CHMBOINKY JeIbTa-(PYHKITHIT, MOKHO IPeJCTaBUTEL THTEIPAI
(3.14) B caegymwomeM BIe:

(Z'1)Em) = /f(l‘)5(<€,x>)5(<n,$>)W(l‘), (3.15)

rae I' — mpomsBoasHOE cedenme paccroernsa R*\ 0 — P2,

Tono6uo ¢ = Zf, Gyuxnus ¢ = 7' f ynoBaeTBoOpAeT CIeqyIOIMIAM YCIO-
BUM.

1°. Oma aaBucnT TOIBLKO OT 6uBeKTOpa ¢ = & A7), T.e. OT MIHOPOB
¢ =&y ¢

20 Kax ¢yukmua oT ¢, oHa sBigeTca C°°-byHKImeH Ha KOHYyCe
123 — ¢13¢** + ¢1¢?3 = 0 B (RY)/, ynoBaeTBopsiomesl yCIOBHIO 0HODOI-
HOCTH:

v(Ag) = AT (g). (3.16)

37, BEIDOAHAIOTCA COOTHOIICHN:

o 0% C .,
T~ Geon i,j=1,2,3,4 (i #Jj), (3.17)

rge &' 1" — KOOPAWHATHL BEKTOPOB & U 7).
Kak n B caygae Qpyuxuun ¢ = Zf, MOKHO IOKa3aThb, ITO KaxkJoe W3
cooTHOweHuN (3.17) 5KBHBAIEHTHO COOTHOIICHMUIO:

0% 9% 9%
AY = dq120g34 - dq139¢24 + dql49g?3

= 0. (3.18)

YcranosuM cBsizb Mexny omepaTopamu Z m I'. HazoBem 6mBEKTOpDEI
p=1{pi;} 3R uq={¢"} B (R?Y apoficTBeHHBIME U 6yJeM IHCATDL P ~ {,
ecan

Pij = Sign(iaja ka l) qkl
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A1 10601 mepecTanoBku (1,7, k,!) nngexcos (1,2,3,4).

HeTpyamo y6eauTncsd, 9TO IBOHCTBEHHLIM GHBEKTOPAM p U ¢ OTBEIaeT
oJHO T To e mogmpocTpacTBo h C R* m uTo cmasammBIe ¢ >THME
6uBekTopamu audQepermaIbEbie 1-popMel Ha h coBnagaoT. OTcioga
caenyeT

IIpeanoxenne 3.4. Ecau g ~ p, mo Lf(p) =T'f(q).

O6osmaanm gepes H'(—1) mpocrpancrso C°-pyukuni sa K\ 0, rge K —
xomyc g3t — ¢13¢?* 4+ ¢1¢? = 0 B (RY)’, yI0BAETBOPAIOMNX YCIOBUIO
ogropoaroctH (3.16). B cuny Ipegnoxenns 3.4 Teopema 3.1 MoxkeT GBITD
nepedpasuposana B TepMuHax Qysknnin uz H'(—1).

Teopema 3.2. DPynryus ¢ € H'(—1) moeda u moavko moeda npedcmasuma
6 sude v = I'f, ede f € F(—2), woeda ona ydoeaemeopaem ypasHeHu1O
Ay = 0.

3.6. JokazaTeabcTBO TeopeMbl 00 0Gpa3e AydeBOTo Ipeobpa3oBaHuA..
Heo6xogumocts yeaounn Teopem 3.1 u 3.2 6pl1a yxe ycramosiaeHa. [Joka-
JKeM NOCTATOYHOCTH yCIOBHU Te€OPEMBI 3.2.

Urak, mycts ¢(&,1) — C®-dyuxnusa o 6usexTopa & A 1), yIOBIETBO-
psromas ycaoBuaM ogHopogHocTn (3.16) u ypasuenmam (3.17). JoxaxeM,
uyro Torga ¢ = I'f, rae f € F(-2).

Beenem Mmuoroo6pasme A map (z,n), rae r € R*\ 0, n € (RY) \ 0 u
(n,z) = 0. Hycts (x,n) € A. O6osratum uepes L, C R? mognpocrpan-
CTBO, ODTOrOHAIBHOE K 7). 3aMeTHM, 4To & € L,. [lonoxmM guas mooro
& e (RY\ {n}, rae {n} — noampocTpamcTBO, HATAHYTOE Ha 1)

U (§) = ¥(&m)-

Mockompky @ 3aBHCHT TOabKo OT & A 1, To ¥,(& + An) = ¢, (€) gman
mo6oro A € R, T.e. i, apaserca dpyuxuuen za ((R*Y)'/{n}) \ 0. Ouennaxo,
aro sTa dymkmua Geckomewrno gubdepernupyema ma (R /{n})\ 0 n
YAOBIETBOPAET YCIOBHIO OAHOPOAHOCTI: ¥y (AE) = |A|71 4, (€). Bmaunt, mo
TeopeMe 06 o6paze IpeobpazoBaHna PanoHa A48 IPOEKTUBHON IIOCKOCTH,
¢, ABIfeTCA mpeobpasosanneM Pagona C™°- pyuxunu f, (), ompegeneHHon

Ha nognpocTpancTse L, C R*, rBoficrsennom x (R?Y)/{n}, n yrosieTsops-
fomefl ycIoBuO ogHOpogHOCTH: fo(Ax) = A™% f, (x).
Tem caMBIM, Ha MHOT000pasun A ompegereHa (pyHKIHA

F(z,n) = fy(2).

Jlemma. /Jaa aobozo Guwcuposannozo x € R\ 0 dynrwyus F ne 3asucum
om 1.
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Aorkazameavcmeo. [JocTaTo4HO AOKA3aTh yTBEpKAEHNE I KaKOI-In60
OHON TOYUKH ¥, HampuMep 4ai ¢ = #¢ = (1,0,0,0). B sToM caydae ycriosue
opToronambHOcTH 1) U @ umeeT Bug nt = 0, T.e. n = (0,7% 73 n?). Ham

aF .
HYXHO JOKa3aTb, 9TO % =0, ¢ = 2,3,4. JokaxeM, HAIPUMED, ITO
OF(wo,n) _ 0
2 -

Hanmmem, ncnoassys ¢opmylry obpaimierus nis npeobpasoBaHma Pa-
JOHa Ha IPOEKTHBHON INIOCKOCTH, IBHOe BhIpaxkenne F'(z,n) uepes f,(z).

Hycts L — xoopaunaTHoe nognpocTparcTso {4 =08 (R?Y) . Ecan n*£0,
TOo L TpaHCBepCaIbHO K BEKTOPY 1), I MOKHO CINTATH, ITO ) — QYHKIILSI
Ha TMOAmpoCcTpaHcTBe L.

Tak kak (£, zg) = £, To mo dbopmye obpaliesns 114 Tpeo6pa3oBaHNS
Pagona umeem:

(gl)—Z d€1 A d€2 —
£2=1

(€1)7hdet A dg?.

£3=1

Faon) = < [ 4,6

_C/M
_ =

IpoauddepeRINPOBAB TOIYICHHOE PABEHCTBO HO 7)° I TPUMEHHB COOTHO-

IIIeHIIe 62—¢ = 62_1# IIOJdYIaeM:
8ETan2 — BE2anly Yy .

OF (xo,m) [ 0*¢(n,§)

oz ) oot (H)~tdet A de? = 0.

£5=1

Bepuemcs x gokazaTeabcTBy TeopeMbl. QmpegeanM Ha OCHOBAHUN JOKA3AH-
Hoti temmbl dyrxmuio f(z) ma R* mo dpopmyae:

f) = fy(2),

rae 1 — mnpomsBoabHLE BexTop B (R?), opToromampmbiii k x. Oma
Geckonetno guddepennupyema ua L, \ 0, rge L, — n060e 3-MepHOE mO -
npoctpancTso B R?) smasmT, ona C'°°-muddepenmupyema ma R*\ 0. Taree,
BHINOJHAETCH yeaoBue oguopoasoctn: f(Az) = A™2 f(z). CaegoBaTeanHo,
f € F(—2). Ipu »ToM scHO, uTo Z' f = ¢, Tak Kax 5TO PaBeHCTBO CIpaBe]-
JWBO A OTPAHIIEHNA ¥) Ha MHOKECTBO IIOANPOCTPAHCTB, IIPUHA 16K AIITX
IPOU3BOIBLHOMY TPEXMEPHOMY IPOCTPAHCTBY.

3.7. Jly4eBoe mpeoOpazoBaHme KaK CILIETAOIMA olepaTop. JlydeBoe
npeo6pa3oBaHile HMeeT IIPOCTOE TEOPETUKO-TPYIIOBOE ICTOJIKOBAHIE.
Pacemorpum rpynny G = G L(4,R) HeBBIPOXK JEeHHBIX MATPUI 4-10 TOPALKA.
Kaxgomy saemenTy ¢ € (G oTBedaeT AUHENHOe NPe06pPa30BaHIe & — T B



102 IJL 11 Jlyuesoe npeobpaszosanue

npoctparcTse R? KoTopoe mepeBoguT TOUKY ¥ = (I1,232,23,T4) B TOUKY
' T e s
z' ¢ KoopAUHATAMIE T = ) . T; gij.

IMocTaBuM B cooTBeTcTBHE siaeMeHTaM ¢ € (f IUHEHHBIE OIEPATOPHI

T;l), ;2) COOTBETCTBEHHO B IPOCTPAHCTBaX 7:(—2) n 7‘[(_1):
(T§) 1) (2) = f(xg), (T3 ¢) (u,0) = p(ug, vg).

OueBuaHO, ITO

T =1, =12
[ast TI06BIX (1, g2 € (G, T.e. onepaTopkl T;l), T;z) 00pa3yioT npeacTabie-

Hue rpynnsl (¢ B COOTBETCTBYIOMINX (PYHKINOHAJIBLHBEIX IPOCTPAHCTBAX.
I3 onpepenenus oumepaTopa 7 HeIOCPEeICTBEHHO CIeIVeT

Mpeaaoxenne 3.5. Onepamop ayuesozo npeobpazosanus I ydosiemeo-
PAEM COOMHOWEHUIO:

T;Z)I = IT;U das mobozo g € G. (3.19)

B TepMmHAX TeOpHH NIpeNCcTABICHHI TpyHn cooTHomeHue (3.19) o3zna-
waeT, 9T0 onepaTop 7 : F(—2) = H(—1) ABaseTCA CIIe TAIOIIIM OEPATOPOM
maa npegcrasiennit 7 u 73) rpynme G.

MoxHO JOKa3aTb, ITO ¢ TOYHOCTHIO 10 MHOXKUTENA CYIIECTBYET €JIWNH-
CTBEHHBIH cmieTatomuil omeparop F(—2) — H(—1). Taxum o6pazom,
ycaoBueM, 9TO 7 eCTh CILIETAIONINN OMepaTop, JAydIeBoe Ipeobpa3oBaHme
OTIpeIeaseTC OqHO3HATHO, ¢ TOTHOCTHIO 1O MHOXKUTEIS.

YcTaHOBUM Temephb TeOPEeTUKO-TPYNIOBON CMBIC JOMOJHUTEILHBIX CO-
oTHoweHn# (3.7) Ha Qyukunn ¢ = 7 f.

IIycte g — aare6pa Jlu rpynosl G u {e;;} — cTaEjapTHHI 6a3nc B
g (T.e. e;; — MaTpuua, y KOTOpol (ij)-BIl >1eMeHT paBeH 1, a OCTAIbHLIE
PaBHBL HYJIO).

Hpeacrasresna T o T3 rpynner G nEAYIUPYIOT IpeICTABICHHI ee
(1)
i
n B OTIepaTOPHI STUX MPEICTaBICHNN, OTBedaomue ¢;; € g. 1z dopmya

i 3 i

aare6pst Jlu g B cooTBeTCTBYIOUINX IpocTpadcTBax. O6o3uadnM depes F

1 2
IJA OIepaTOPOB T; ) n T; ) HENOCPEeICTBEHHO IOJAYYaeM BBIDAKEHNU I

(1) (2).
Eij u Eij :
EJf = %, (3.20)
J
Dp Dp
g 14 b 3Uj +v 31)]' (3 )

W3 (3.20) HemocpencTBEeHHO cleayeT
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IIpeanoxenne 3.6. Jwbas dynxyus f € F(—=2) ydosaemeopsem caedyio-
UUM COOMHOULCHUAM:

(B B = BY) £ = (BB

L)

P B T, (3.22)

1
J
i,5,k,01=1,2,3,4, ede d;; — cumsoa Kponerepa.

IMockoabky 7 eCcTh CIIETAIOMAN OIEPATOP, OTCIOAa CAeIYET.

Caepgcreue. Dynryuu ¢ = L[ ydosaemsopaiom coomHoueHuAM

(B B — o BD) e = (BPEY) — u B ¢, (3.23)

L)

(2)

2de onepamopbl B sadawomes pasencmeanu (3.21).

Ilory<deHHEIe 13 TEOPETUKO-TPYNIOBLIX COOGPAKEHII COOTHOIIEHHA
(3.23) sxBUBaAeHTHL cOOTHOIIEHUAM (3.7). B camoM fgeie, ecan mOACTABUTE

(2)

B (3.23) ABHBIE BEIDAXKEHNT 417 onepaTopoB ", To (3.23) mpuEIMaeT B

U; Vg, —2S0 + vi ug 82—g0 = U; Uk 82—go + v; ug O ;
3Uj3 [ 31)]'3111 3u13vj 31)1311]'
T.C
0? 0?
(uivk—ukvi)( 1 14 )_0

31{7301 B 3u13vj a

§ 4. JIy1eBoe nmpeo6pasoBanue B KOMILIEKCHOM a(ppuHHOM
NMPOCTPAHCTBE

Onpegenenne 1y4eBoro Ipeobpa3oBaHnus s KOMILIEKCHOT O a(h(PIUHHOT O
IPOCTPAHCTBA I ONHCAHNE e€ro o6pa3a aHAJOMYHBI IPHBeJEHHBIM B § 1
O BEIIECTBEHHOTO caydas. Mbl m3J0XKHUM 3TO KpaTko B mm.4.1 u 4.2.
['naBHOE Xe, 9TO OTINYAET KOMILIEKCHOE JIyUeBOe IPeoGpa3oBaHIe OT Be-
LIECTBEHHOI0, — CYIIEeCTBOBAHNIE IS HET'O JOKAIBHBIX (POPMYII 0GpaleHns.
IlocTpoenuio >Tux GopMya 6yIyT mocBsameHsl nn. 4.3 u 4.4.

4.1. Jy4eBoe mpeoGpazopanme B 2. ITogo6HO cIyHalo BeIleCTBEHHOT O
agHIHHOT O TPOCTPAHCTBA, KOMILICKCHBIe mpaMble B (° 6yzeM 3aJaBaTh
YpaBHEHUAMI

r=at+p8, acC*\0, peC3
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a naTerpar dyuxmun f za (3 mo mpaMoft £ = at + f — ypaBHeHIeM

ol B) = %/f(ozt + B)dt A di. (4.1)
C

Oupegenennas Tax ¢yuxnua ¢(a,f) Ha MHOroo6pasmm F map («,f)
Ha3LIBAETCA MY9IeBEIM IpeobpasoBanueM GyHKNHH [ U 0603HAMaeTC Iepe3
Zf. B nambHelmeM BCIoAy IpeAmolaraeTcd, 9To (GYHEKINEN [ IPUHA IICKAT
npoctparctsy UlBapna S(C?) Geckomeuno auddepeHIUpPyeMbIX 6LICTPO
yOLIBAIOIINX BMECTe CO BCEMI IPOM3BOIHBIME (ymkimi ma C5.

Ilo106HO BeIIeCTBEHHOMY CIy4aio, (BYHKIHH ¢ = Zf yIOBIeTBOPAIOT
COOTHOIICHIAM:

pla, B+ aty) = (e, B)  gmasz aoboro ty € C, (4.2)

T.e. © He 3aBHCUT OT BBIGOPA TOYKH [ Ha IPAMONL;

o(Aa,B) = A" ?p(a,B) aas aoboro A # 0. (4.3)

TakuMm 006pa3oM ¢ 3aBHCHT TOJBKO OT CaMOH NIPAMOH W OT BBEIGOpaA
HaAIPaBJ/IIIONIET O BEKTOPA (.

Ecan 8 C° BBenena eBkamIoBa MeTpUKa, TO B ompegerenun (4.1) aywe-
BOI'O NIPe00pa30BaHUsa MOXKHO IpeAnoaaraTsh, 9To || = 1. Torga ycaosue
(4.3) cBoguTcsa x Goxee mpocToMy: (A, 3) = ¢(«, 8) mpu [A| = 1. B aTom
cIydae ¢ MOKHO pacCMaTpUBaThb Kak (PYHKINIO Ha CAMOM MHOT000pa3um
H KOMILIEKCHBIX IPAMBIX.

O6o3HAYNM 10 AHAJIOTHIE C BellleCTBEHHBIM caydaeM depes S(H) mpoct-
PaHCTBO BCex OeckoHedHO AupdepeHnnpyeMblx QGyHKIuR ¢(a,f), ynosie-
TBOpsOmUX ycaosuaM (4.2), (4.3) u raxux, uro upn |o| = 1 stu GyEKIHL,
paccMaTpuBaeMble Kak (PYHKINHU Ha H, 6EICTPO yOBIBAIOT BMECTE CO BCEMMU
npomsBoubIME. Jlerko y6euThes, wTo obpaswl dyuxuuit f € S(C?) mpn
Iy4eBOM IpeobpazoBannn 7 IpuHaIeKaT IpocTparcTBy S(H ).

Nuorga yao6Ho 3ajaBaTh npaMble Ha C° ypaBHeHmAMI

Ty = o123+ f1, x2 = axrz+ P,

a JaytdeBoe mpeobpaszoBanne ¥ = 7 f B JOKaJbHBIX KOOPIUHATAX (13, 31, F2
"a H — Qopmyaon

1/)(0[10[2,ﬁ1,ﬁ2) = % /f(ozlxg —|— ﬁl, QoX3 —|— ﬁz, l‘3) dl‘g A di‘g. (44)
C
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4.2. Nuddepenmmansuans dpopMa K@ U TeopeMa 006 obOpase JyIeBOT O
npeoGpasoBauusa. KommiexkcHeiM anagoroMm gud@epeHnnaision  GpopMbl
K¢, BBeJeHHON B § 1, ABasercs caegyoman auddepennunaisaas (1,1)-gpopma
Ha MHOT0OOpasun F map («, 3):

Kp = ———da; Ada;. (4.5)
2 5,57, i 1 da
J=
31ecs ¢ — mpousBoabHad GpyEKkIuA Ha F. Ecan ¢ yI0BI€eTBOPSAET YCIOBIAM
(4.2), (4.3), To auddepennuatbHas GoOpMa £ OLYCKACTCA ¢ MHOT000pa3na
F ma muOorootpasue npaMerx H. CooTBeTCTBEHHO B JOKAILHBLIX KOOPIWHA-
Tax aiasg, 1, B2 popMa K mMeeT BUI:

>
K = ———=do; A da;. (46)
52, 0P: 9B;

Ilo106HO BemMIeCTBEHHOMY CIy€alo, ¢ IOMOMILI0 (DOPMBI K MOXKHO OIIH-
caTh o6pas npoctparctsa S(C?) mpu myvesoM mpeo6pazopanuu. UmenHo,
o6o3rauuM Uepea H? moaMuOroobpasme mpambx B (2, mpoxogamux wepes
npomBoabHYIo Touky x € (3, u gepes k,¢ orpanmienne dopMul £ Ha HT.

Teopema 4.1. Pynryus ¢ € S(H) npunadaencum obpasy npocmparcmesa
Hlsapya S(C?) npu ayuesom npeobpazosanuu I mozda u moavko moeda,
koeda Oaa awoboii mouxu = € C2 Judepenyuasmnas Gopma kyp Ha
nodmuozoobpazuu H* samknyma.

OTMeTHM, 9TO YCIOBHE 3aMKHYTOCTH AUMdEPEHINATBLHON (POPMEL Ky 0
Aaa 060l Toukn x € (P >KBUBAIEHTHO CIeJYIONIIM YCIOBHAM Ha (YHK-
nuio p:

9 B 9 9 B 9
30zi3ﬁj o 30zj 88;"  Oay 357 N 35{7 352

ﬂ;OKaBaTeJIBCTBO TEOPEMEIL 4.1 Takoe XKe, KaK I B BCIIICCTBEHHOM CJy'ae.

4.3. ®opmyna obpamenua. B xoMmiaekcHOM ciaydae, B OTINYHE OT
BEIIECTBEHHOTO CAYYasd, OMePaTOp K MOXKeT ObITh NPUMEHEH He TOJbLKO
Ui OMHCAHUA o6pa3a JydeBOTO MPeoGpa3oBaHuA 7, HO W [UIA MOJLYIeHUs
dopMyar obpamenns, BoccTaHabauBatomell dynxmmio f € S(C?) mo ee
JIydeBOMYy mpeobpazoBanmio ¢ = L f.

Teopema 4.2. Ecau ¢ = Zf, f € S(C3), u kypp — oepanuuenue dug-
depenyuaavroti (1,1)-dopmvl £p na nodmrozoobpasue H* C H npamnwvz,
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nporodawur uepes npoussoavnyio mouxy r € C3 mo dasa wwbozo yuraa
v C H® sewecmsennoti pazmeprocmu 2 uMeem:

/ bop = c() (i), (4.7)

~

ede ¢(7y) 3asucum moavko om Kaacca 2omoqoeuti yuraa y. Ilpu smom ecau
YukAa Y He 2omodozunen Hyao, mo c(y) £ 0.

Aoxazameavemeo. Tockoapky guddepernuanbuas GopMa K, 3aMKHYTA,
To mETerpan (4.7) 3aBuHCHT npH (PUKCHPOBAHHOM [ TOIBKO OT KIacca
TOMOJOTHH MuKIa . 3BecTHO, YTO IpyIna ABYMEDPHBIX DOMOJOTHUN MHO-
roo6pasus H” ecTh rpymma ¢ ogHEM 00pa3yIouiuM v, U OpeACTaBUTEIEeM
KJacca TOMOJOTHH 4 ABAAETCS SWIEPOBCKUU IUKA — MHOT0O0Opa3ue mps-
MBIX, TPOXOIAMNX HUepe3 TOUKY & M JeKAalX B KaKOU-anbo (Ppukcmpo-
BAHHON ILIOCKOCTH. II03TOMY ZOCTATOYHO BBIMHCANTH HHTerpax (4.7)
KaKoMYy-Iu60 3MIepOBCKOMY Iukay. [lokaxkeM, 9T0O eCan 4 — 3UIEPOBCKIH
nuka, To gopmyna obpamenus (4.7) copmagaeT ¢ HOPMYION 0OpaIeHNs
111 mpeo6pazopanus Pagona B C? | mony4ensot B riase 1.

Bymem 3agaBaTh JIytueBoe mpeobpa3zoBaHue B JOKAIBHBIX KOODANHATAX
dopmymon (4.4).

PaccMoTpuM 5HI€POBCKAN NUKI 4 MPAMBIX, NPOXOJAIIAX Yepe3 TOUKY
2" = (29, 2%, 23) n aexamux B mrockoctn h:xy=2Y. IyTs fo — orpanudenne
¢dyurmun f Ha MIOCKOCTL h U %y — orpanmtdenne Gpyukmun ¢ = Z[f Ha
OAMHOT006pa3ne IPAMBIX, JeKAINX B IIOCKOCTH h, T.e.

fo(l‘z,l‘s) = f(l‘?,l‘z,l‘s),

o, B) = 1/)(0,0[;1‘(1),&) = /fo(al‘g + B, x3) des A dZs.
C

Mzr numeem:
o (v, B) _
z da A da.
/“ v= / 9803 ‘ﬁmg—mg e

C zapyrou croponsbl, GyHKUNS 1y ABAseTCS npeobGpasoBanueM Pajgona
dyrxuun fo ma naockoctu h'. CregoBaTensHo, o GopmylIe 0OpaIeHns A1
npeo6pasoBanus Pagona Ha KoMIIekCHON maockocTH (cM. dopmyay (9.11)
3 § 9 raassl 1) momxydaem:

/321/)0 a, )

do A da =272 fo(22,29).
8ﬁ8ﬁ ‘,B:xg—ocxg “ “ T lfo(l°2 $3)
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o 0
Taxum obpazoM, JoKa3aHO, ITO Aad dUIePOBcKoro nmkaa v C H® Mol
nMeeM:

//fxogo =27% f(2°).

~

OueBnHO, 9TO PopMmyaa obpainenns (4.7) TokaabHA: 11 BOCCTAHOBIE-
HIIA TI0 5TOH (opMy.Te GYHKINN f B IPOM3BOIbHON Touxe x € (P gocTaTowmno
3HATH HHTErPaIbl PYHKINN [ TOJBKO [0 IPSIMBIM, 6€CKOHETHO OIM3KIM K &.

Iloguepkuem, wTo aHamora >Tol (POPMYIbl OODAIIEHNS AJAs JIY<IEBOTO
npeoOpa3oBaHUA B BeIIECTBEHHOM IIDOCTPAHCTBE He CYIECTBYeT: TaM MbI
nMeeM fv Ky = 0 gaa moboro ogHoMepHoro unkiaa v C H®.

4.4. Ananoru omepaTopa k. B 5ToM myHKTe GyneT IOCTPOEHO CeMell-
CTBO JIHHEHHBIX OLEPATOpPOB K U3 mpocTpaHcTsa S(H) B mpoCTPaHCTBO
QUY(H) mnpdepennnarsunrx (1,1)-bpopm ma [, yIOBIETBOPSIONINX, TO-
TOOHO BBEJIEHHOMY BBIIIE OIEPATOPY K, CAEAYIONIEMY YCIOBHIO:

Yeaosue A. Ecim ¢ = Zf, f € S(C?), To guddepernnamsuas Gpopma
K@ 3aMKHyTa Ha II0IMHOT000DPa3uAX NPAMLIX, TPOXOAAIINX Tepe3 IIPOM3-
BOIBHYIO (PUKCHPOBaHHYI0 Touky x € (5.

Kaxaulli m3 3THX OIepaTOpOB MOXKET OBIThL HCIONbL30BAaH, IOI00HO
HCXOTHOMY OIIEPATOPY K A HOCTPOEHUA (POPMY.IEI 06pAITeHN.

1A onmmcaHns TaKUX OIEePaTOPOB k OyAeM IpeloJaraTh, ITO JyTIeBoe
mpeofpa3zoBaHne 3a1aHO B JOKAIbHBEIX koopamuaTax Qopmynon (4.4). B
JOKAIbLHLIX KOODIWHATAX YCIOBHA IPHHAMLIEKHOCTH (QPYHKIHH 1 06pasy
JIy9eBOT 0 IPeobpa3oBaHnd UMEOT BUI:

s o 0% (4.8)
Qa1 0By Dasdfy’  0a1 0By Oasdp;’ '

BpegeM weTBepky amHeimbIX oroGpaxenmii QP90 — Q@P+1L9) - pre
Q"9 — mpocrpancTBo ANQdEpeHITATLHBIX (p,q)-bopm ma H:

0
= _—2 4 —d
K 95 a1+3ﬁ2 a2,
0 0
2= —dp + —dps,
S R T
3 _
K _—30z1 da1+—3a2 dacy,
0 0
k' = ——dBf + ——dp-.

80[1

80[2
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Hamee, oGozmauum wepes k', ¢ = 1,2,3,4, aunelinoe oTo6paxeHue
+1 i P . .
Q9 5 QP9+ pogyuaromeeca u3 k' 3aMeHOI Sy 33, doj, dpB; coor-
2 9 & dBs .
BeTCTBEHHO HA 5o-, 55~ daj, dp;. Ionoxmm:

K= k'R 65 =1,2,34.

B cmty sToro ompegerenms, ecim i) — yskmus #Ha H, To k1) ecTs
auddepernnarbuan (1,1)-bopma ma H. B uwactrocTn, k'ly coBmagaer c
ompeneeHHol Bhime (dopmoit kY. OGo3HauuM wepes ki1 orpammuenme
dbopubr k1 Ha mogMHOTOOGpasue H® C H mpAMBIX, IPOXOJANINX Tepe3
TOYUKY T € 3.

Ipepnoxenne 4.1. Jaa awboti Gynryuu ¥ = Tf u awboti mouxu x € C5
duddepenyuaaprvie Popuvt K1 ceazanvt caeIYOUUMY COOMHOUEHUAMU:

wl =~y 2 = g R = sl TR,
R = —og k2 = a3 i = [eal " R2, 49
R =~y gt = g R = sl TR,
KM = —ag M = —ag gt = Jas| TR,

kI RSO = d(R'Y), K7+ AP = —d(R'Y), i=1,2,3,4. (4.10)

Jokazsameavcmeso. CoorrHomenns (4.9) cIey0T HEIOCPEICTBEHHO U3 TOTO
daxra, uro df; = —wzdo;, df; = —xzda;, =12 wa H”.
Pasencrsa (4.10) caeayior n3 ypasuennn (4.8).

Caegcrue. 1. Bee Jufdepenyuaavnvie gopmvr K @, ¢ mounocmuvio do
MHONHCUMEAEN, NONAPHO KO20MOAO2UNHDL.

CaepctBue. 2. Ecau o = If, mo ece Jufdepenyuavmvie @Gopmvl k%o
ydosaemeopaiom ycaosuio A.

B cuay Ilpeanoxenus 4.1 gasg GopMyasl o6paleHns MOXKHO HCIOIb30-
BATL He TOILKO HCXOJHBIN omepaTop k = £'', HO I M0G0 Ipyroft u3 ome-
paTopoB k" (a Takxke M0OCYI0 THHEHHYI0 KOMONHAINIO 3TUX ONEPATOPOB).
Hampmmep, g1a cayuas omepaTopos £ 1 k3% Gopmyarl obparmenns nMeioT
CACIYIONTNN BUI:

/nfwzcwnmﬁfw»

~

/m?wzcwnmﬁfw»

~

(4.11)
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§5. 3aJaUM MHTerpalbHOM I'eOMETPHH A KOMILIEKCOB
npameix B C*

Yxe oTMedanIoCh, UTO 3agatda O BOCCTAHOBAeHUN (GyHKIUN [ Ha ’3
mwim C3 mo ee JaydeBoMy mIpeobpazoBaHuio ¢ = If saBasercs mepeompe-
JEIEHHON; M BOCCTAHOBAEHHUS [ NOCTATOYHO 3HATH (PYHKIINIO (© He HAa
BceM MHOT006pa3znu mpsSMBIX H, a JuIm, Ha HEKOTOPOM €r0 TPEeXMePHOM
noaMuoroobpasuu K. YCIOBHMCA HA3LIBATL TPEXMepPHBIE aarebpamdecKne
noaMuoroo6pasng npameix K C H KoMILIeKcaMu MPAMBIX.

IIpuBegemM mpumMep KOMILIEKCOB, I8 KOTOPBIX 3aa9a O BOCCTAHOBICHUN
GyHKINT f peraeTca 3IeMeHTapHO. DTO KOMILIEKCHI MIPAMBIX, 00618 JaIOIITIe
CACAYIONIIM CBOUCTBOM: A MOYTH KAaXJIOW TOYKH & € 8 CyllecTByeT
cogepXkalasa ee ILIOCKOCTb A, Takasd, ITO MOYTH BCe MPAMBbIE Ha 3TOU
IJIOCKOCTHU TPHUHAAIEKAT KOMILIEKCY. DTHM CBOINCTBOM 00/aJal0T, B acT-
HOCTH, KOMILTEKC IPAMBIX, IepeceKalonmux (PUKCUPOBAHHYIO NPAMYIO, U
KOMILIEKC MPAMBIX, MaPaLIeIbHBIX (PUKCIPOBAHHON ILIOCKOCTH (nocnequ?I
MOXKHO TPAaKTOBATh KaK KOMILTEKC IPIMBIX, ME€PECEKANNX OeCKOHEYTHO
YV IAJEeHHYIO HpHMyIO). Acwo, 4TO 3amada 0 BOCCTAHOBAeHHN (PYHKINU B
TOYKe & Uepe3 ee MHTerpPaJbl IO MPAMBIM TAKOT'O KOMILIEKCA CBOAUTCA K
Qopmyae obparnennsa Aasd npeobpasoBannusa Pagona Ha mmockoctn hg.

B »ToM maparpade 3agata o BoccTaHoBIeHHH (yHKIuu f GyaeT pe-
MIATLCA AAS PA3INIHBIX KOMILIEKCOB IPAMEBIX B 8. CymecTBeHHAsI 0COGEH-
HOCTBb TOJy<IaeMbIX GOpPMYJI oOpalleHns — UX JOKAIbLHOCTD, T.e. (PYHKIIUA
B Touke € C® BoccTamaBimBaeTcs depe3 ee WHTErPAJILI TOILKO IO IPAMBIM
KOMILIeKca, 6eCKOHeYHO OIAM3KUM K .

Haumem ¢ xoMmiexca TpAMBIX B C3, mepecekanMx (PUKCHPOBAHHYIO
arrebpantdeckyio KpuByo. ByaeT mokazaHo, ITo (popMyaa oOpalleHns Ias
3TOTO KOMILIEKCA €CThb MPOCTOE CAeACTBHEe U3 (POpMy.Janl obpaleHns Ias
JAY<IeBOr0 IpeoOpa3oBaHmd, HoAydeHHON B §4. 3aTeM 6ygeT pacCMOTpEH
6oJee MUPOKNN KIACC KOMILIEKCOB IPAMBIX (,E[OHyCTI/IMBIe KOMHJIeKCBI), it
KOTOPBIX CYIIIeCTBYET ABHAA JOKaJdbHAsA GopMyaa obpallleHns.

5.1. 3agada MHTerpalbHOH TeOMeTPMH AAd KOMILIeKca MpaMeix B (2,
HmepeceKaOIUMX KpuByko. PaccMorpmM kxommrexc K mpameix B 3 mepe-
CeKaloMmNX (PUKCHPOBAHHYIO alrebpamieckyio kpusyio A C C3. ITocTaBmm
3afaty: BoccTaHOBUTE GymKkmmo f € S(C?) wepes ee mETerpaL! MO IPAMBIM
KOMILTeKca, T.e. 10 QyHKINN

®(a,)\) = %/f(at + A)dtdt, (a,)\) € (C*\0) x A. (5.1)
C
Ananoruvnas 3agata IJas BEIIeCTBEHHOI'O IIPOCTPAaHCTBa RS YK€ pellaagachb

B § 1, u TaM ObL1a MOMyveHA sSBHAS, 3aBEJOMO HeJIOKaJabHas (hopmyaa ob6pa-
mrennd. 1o XKe MOCTPOeHNe MOXKHO OBIIO OBl IOBTOPUTDH U B KOMILTEKCHOM
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caygae. OqHAKO B KOMILIEKCHOM CIydae MMEeTCS W APYTOl, CYIIECTBEHHO
60Jee TTPOCTON TYyTh. VIMEHHO, MBI yBIANM, 9TO (POPMYJIa OOpPAIeHNs A/
STOr0 KOMILIEKCA MpeACTaBIfgeT COOGOH MPOCTOE CIEACTBHE M3 (POPMYJIBI
obparmmenns (4.2) gas 1y<ueBoro npeoGpa3oBaHud, MOIYIeHHON B § 4.

O6o3masmm 1epes Jy u J; coorsercrsenno (1,0) u (0,1) cocTapasmromue
omepaTopa d BHemHero nudpdepeHnupoBaHna Ha MHOT006pazun A.

Oycts ®(a,\) — maTerpampHOe MpeoSpasosanne dynxmum f € S(C?),
sagannoe ¢gopmyaon (5.1). ITocTaBEM B COOTBETCTBHE KaXTOH TOUKE
20 € C3 caegyromyio guddepeHnuaIbHYIO (1,1)-popmy Ha A :

OA N 51\ <I>(a,/\) | a=zo_x -

Teopema 5.1. Jas noumu kaxcdoti mouru x° € C3 umeem smecmo caedyro-
wasn Popmyaa obpaujerus unmeepasbrozo npeobpasosanus (5.1):

£(a) = k") [[0n 0y B ) famsoms, (5.2)

2de k — cmenenv aseebpauueckott kpusot A.

Jorasameavcmso. Bocnmoabsyemcsa dopmynon obpammenns (4.2) gas ayde-
0
Boro npeotpazoBanus ¢ =7 f u3 §4, rge B kadecTBe ¥ B3ATO IOJMHOLO-

06pasie IPAMBIX, IPOXOIAIINX Yepe3 Touky £’ M IepeceKalolnx KPHBYIO
A, T.e. MHOTOOGDa3IE IPIMBIX

r= ("= Nt+) AEA.

I3 ompegenenusa omepaTopa K clIegyeT, ITO

3

ol
=3 e(a,p)

— — | oy d/\iAd;\». 5.3
0B, 9B; ! 53)

B=2

ke | e

i,7=1
Tockoabky orpammuenne ¢(«,f3) |,6:>\ pasao ®(«,A), To mpaBas acThb
B (5.3) paBHa Jp A 9 ®(a,)\) |azgo_r . CaegoBaTernro, mo dopmy.e
obpamenns (4.2) 4as 1y<deBoro NpeoOpa3oBaHUI HMeeM:

o

/31\ A 51\ <I>(a,/\) |a:x0_>\ = C(’}/x )f(l‘o)

o o o o
Hangem xosgouunent c¢(y” ). Ecan nopagox airebpantdeckoil kpuson A
o o v
paBeH k, To muka ¥* TOMOJOTHYeH k<, rie v — 3WaepoBcKuil uukia. Tax

Kak, coraacto § 4, c(y) = 2724, To mmeem: c('yxu) =2kn?i.
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3ameuanwe. Ecin kpusas A 3a1ama mapameTpudeckn A = u(s), TO HOI0KIM
T(or,s) = ®(a,u(s)).

Torzxa ¢popmyay obpallleHIA MOKHO IPEICTABUTEL B CIeIYIOIIEM BUIe:

flz) = (2]‘77721')_1/\1’/5/,5(1’ — u(s),s)ds A ds.
C

5.2. OmpepereHMe JOMyCTHMHIX KOMILIeKcoB mpameix B (3. Paccmo-
TPHM TPOM3BOJIBLHEIN KoMmtexc K mpammx B C°. 3ajgada mo-mpe:xHeMy
COCTOUT B TOM, UTO6H BoccTaHoBUTh dyHKImio f € S(C?) 1epes ee unTe-
Cpajsl o OPAMBIM kKoMiltekca. CropammnBaeTcs, TP KaKNX YCIOBUAX Ha K
3Ty 3aJa4y MOXKHO PELINTDb, M0J00HO KOMILIEKCY IPSMBIX, IEPECEKAOIINX
KPUBYIO, HCXOAs 13 (POPMYJILL OOPAIeHNS NI JYy<IeBOr 0 NPeo6pa3oBaHus,
TOIyIeHHOU B § 4.

IIycte H® C H — mogvmuOTO0O6pas’me OPAMBIX, MPOXOIAIINX <epe3
IpPOM3BOIBLHYIO (puKcHpoBaHHYI0 Touky € 3 m " = K N H®. Jaa
OYTH KaXK IO TOYKN £ MHOr00Gpasne y* SBIAETCS UUKJIOM BELECTBEHHON
pasmeproctu 2. IlosToMy gast aydeBoro mpeo6pa3oBaHus 7 HMeeT MECTO
creayrommas (gopmyaa obpamenns: ecan ¢ = L f, To

/W =cf(x), (5.4)

e K — OIepaTop, BBeJEHHLIN B § 4.

ITo ycaoBuio 3aJa<y HaM 3aJaHO TOJAbKO orpaHndenne Y =y |x dyHkuun
¢ Ha MHOr000pasne NpaMbeix koMmiuekca K. Takum o6pazom, popmyia (5.4)
JaeT pelleHne 3aJa<ui NHTECPAJIbHON [eOMeTPHH AIA KOMILIekca K Torga
I TOABKO Torja, korga auddepeHunanbaas GopMa Ke |7I MOXkeT OBIThb

BBIpaXKeHa TOJBbKO depe3 GyHKIN @ u ee mpomsBogusle. Aarebpandeckie
3-MepHBIe TOAMHOT0006DA3UA MPAMEIX, AJAf KOTOPBIX 3TO YCJIOBUE BHINOJI-
HsieTCss, OyJdeM Ha3bIBATH JONYCTHMBIMI KOMILIEKCAME NOPAMBIX. MoxHO
JOKa3aTh, YTO 3TO OIpeJeleHIe He 3aBHCUT OT KOHKDETHOT'O BBHIGODA
dopmer kp. IIpumep gOnycTEMOro KOMILIEKCA — PACCMOTPEHHBIN B I. 5.1
KOMILTEKC TIPSAMBIX, IePeceKalomnx aarebpamieckyio kpusyio B C2,

Ecan xommaekc K gomyctum, To, mojctasus B (5.4) sBHOe BBIpaxKe-
Hue K |7I gepe3 Qyuknuio P, Mpl moayumm Qgopmyay obpalieHus Aas
HHTerPAIbHOI0 IPeo6Pa30oBaHNs, CBA3AHHOTO C 3THM KOMILIEKCOM.

Cuegyrome TpH OYHKTA MBI HOCBATHM H3VYEHIIO AHAIUTHYECKOU II
reoMeTPHIeCKON CTPYKTYPEL JOIYCTUMBIX KOMILIEKCOB. B wacTHOCTH 6y aeT
JOKA3aHO, UTO JMI00W TOMYCTHMBIN KOMILIEKC e€CThb Jn60 MHOT000pasue
IPAMEIX, TIepeceKaloumux airebpamieckyio kpuByo B (2, mu6o KOMILIEKC

IPAMEIX, KacATeIbHBIX K HEKOTOPOH aarebpamdeckol mosepxuocTn B 3,
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5.3. HeoGxoaumble 1 JOCTATOYHBEIE YCIAOBUA JOIMYCTHMOCTH KOMILIEKCA
K. Bygem 3agaBaTh ay4eBoe npeotpazoBanne 7 B JIOKAIBLHBIX KOODAWHA-
Tax aq,qs, 31,2 HA MHOroo6pa3un npaMeix H, cM. m. 4.1.

Ecin ¢ = Zf — aydesoe mpeo6pazosamme dyuxnun f € S(C?), To,
coraacHo §4, uMeeT MecTo clegyouas GopMa 06paIleHns:

32
3 ggﬁ%daiAddj:¢ﬂxﬂ2f@ﬂ, (5.5)
ye §,i=1,2 J
rge ¥° C H® — IPOW3BOJBHLIN IUKJ BeIleCTBEHHON Pa3MEPHOCTH 2.

IIycre K — npomssoabubin komitekc. Ilpumem v7 = H* N K u
o6o3maunM gas awboro h € % wepes T H, T K, Tp+" xacaTelbHbIe
IPOCTPAHCTBA B TOYKe h COOTBETCTBEHHO K MHOr000Da3mio HpsMBIX H,
xommaexkcy K C H u nmuxay +”.

Onpeaemenue. Beegem sugomopdusm Ay @ T H — 1) H, nogoxus

Ap(doy,das,dpy,dBs) = (day,das,0,0).

Jemma. Komnaexe K donycmum mozada u moavko moada, rozda das
noumu xaxcdoti mouku x € C3 u noumu kaxcdoii npamoti h € ¥Y umeem:

Ap(Thy") C Th K.

B camom gene, B (5.5) HHTerpupyeTCca IPOU3BOJHASL DYHKINN 1), B3ATAL
aas kaxgoro h € 47 B KOMILIEKCHOM HampaBaeHHn Ap (Th'yx) . Cregosa-
TelbHO, MoAbHTerpaasHas dopMma B (5.5) Boipaxaercs wepes & = ¢ |g
TOTJa U TOILKO TOT'la, KOI'Ja 3TO HallpaB/eHIe JeXNT B IIOIPOCTPAHCTBE
ThK.

IIycrs xommaexc K, 3ajaH B JTOKaIBHBIX KoopauHaTax (o,() ypaBHe-
HUEeM

F(a,8) = 0.

Ipegmoxenue 5.1. Komnaexe K donycmum mozada u moavko moeada, Kozda
6 awboti e2o moure h = («, ) 6bINOAHAEMCA COOMHOWEHUE:

OF OF OF OF
B0 3%, " Gag 05 =" 5:6)

Jokazsameavcmso. Ilycrs & = (doy, das, dfy,dfa) — BexTop us Tp H. Torga
ycaosue, uTo & € Ty K, umeeT BuI:

oF oF oF oF
aT.[ldoq + %daz + %d@ + %dﬁz =0,
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a ycaoBue, uTo & € Ty HY, umeeT BUI:

r3doy +dpfy =0, xzdas+ dfs = 0.
Orcioga cregyert, aTo BekTop & € Tpy” = Ty (H” N K) uMeeT Buf

€ = (Cll , 2, —&3dy, _$302),

_OF oF _ _(OF ol _
TAe a1 = 5o - — T35, G2= _<6741 — a3 6—/31). 3umaunt, Ay ()= (a1,as,0,0).
B cui1y JeMMBI HeO6XOAUMOE H AOCTATOTHOE YCIOBHE TOMYCTHMOCTH KOM-

IIIEKCa UMeeT BHI A1 % + as % = 0, YTO 3KBUBAJCHTHO COOTHOIIICHUIO
1 2

(5.6).

IIpuBenem apyroe pokasaTteabcTBo llpemnoxenusa 5.1, ocHOBaHHOe Ha
HEIIOCPECTBEHHLIX BBIMHUCICHNAX. [IpeqrmosokuM cHadama, ITO KOMILIEKC
K 3ajaH ypaBHEHHEM, Pa3peIleHHBIM OTHOCHTEIBLHO [o:

B2 = U(Oél,a2,51)~

Beegem Ha MHOT00Opasum TpAMBIX [ BMeCTO KOOpPIWHAT 1,3, /1,32
HOBBIe KOODAHHATHL v1, &9, 31 I § = a2 — u(ag, a9, 1) 1 0603HAINM depes
x(a1,a2,61,5) QYHKINIO ¢ B THX HOBBIX KOODANHATAX, T.€.

x(a1, a9, f1, B2 — u(ar, a9, 81) = (a1, a9, 51, F2).

OTMeTHM, YTO B HOBBEIX KOODJUHATAX KOMILIEKC K 3agaeTcs ypaBHEHUEM

s=0.

0
IMpeacrasum GopMy Kt B HOBOU cHCTeMe KoopAuHAT. Umeem: 3_1/) =
o
0 Jx 0 0 0
= 37:2 — 6—256722, ¢t = 1,2. CaegoBaTeabHo, E %dai = E Tzdai —
ax Ou

- = —do;. [ag IOIMyCTIMOCTH KOMILIEKCa K Heo6XOAUMO W TOCTa-
Os 80[2'

TOYHO, YTOOLI OTpaHWYIeHHEe >TOW (POPMEI Ha ° He COAepKaao €IeHa C

Ox/0s, T.e. 9TOGBL OBLIO

I oy 4 Dy

o S = 0. (5.7)

~y®

C gpyroil cropossl, Ha ¥° Mbl nMeeM: z3dag +dfy =0, zzdas+dfs =0,
OTKYJa

Ju Ju du
(—xs % + 37&1) dag + <x3 + %) dosy = 0. (5.8)
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Us (5.7) u (5.8) creayet, uTo GyHKuus 4w, o2, 1) yI0BIETBOPSIET ypaB-
HEHUIO:

ou ou Ou
Far + Pas % =0. (5.9)

Ecan Teneps xommiexce K 3agan ypasHenmeM F(o, () = 0, To umeem:
Oufdo; = —F., [F5,, i = 1,2, 0Ou/0py = —F; /F;, . Honcrasus otn
BeIpaxeHus B (5.9), moxyaem (5.6).

5.4. TeomeTpuvyeckas CTPYKTypa AOIMYCTUMBIX KOMILIEKCOB. [loxywen-
HOe B I.5.4 ycIoBHme JONYCTHMOCTH KOMILIEKCa NpAMbIX B (° mMeeT
KPaCcHBYI0 TeOMeTPHUYECKYI0O HHTePIpeTanno. IIpeIBapuTelbHO M3JI0KHIM
HEKOTOPBIE FeOMeTPUYeCKIe MOHATHS U (PAKThI, CBA3AHHBIE C MHOI00Gpa-
3ueM npAMbBIX H.

CesxeM ¢ xaxgon upsamonl h € H TpexmepHoe mMHOr00Gpasue Hjp Bcex
npsaMeix, nepecexaomux h. COBOKYIHOCTL OJHOMEDHBIX IOAIPOCTPAHCTB
B 1 H, xacaTeabuslx Kk Hj,, mopoxgaeT TpexMmepHbill Kouyc 'y, C T H.

Hetpyano y6eauTbes, 9TO B JOKAIBHBIX KoopauHaTax (/) MHOTO-
o6pasue Hj, rae h = (¥ 8%), sanaeTca ypaprennem:

(a1 —af) (B2 — B3) — (a2 — af) (B1 — B7) = 0
OTcrona cregyeT, 9TO ypaBHEHWe KOHycCa 1'j MMeeT BUI:

da1 dﬁz - dazdﬁl =0.

IIpssmoanuenuple obpa3ymolmne koHyca ['; MOXHO HHTEPIPETHPOBATH
KaK M30TPOIHbIE HANPABIECHUS OTHOCHUTEILHO [OJOMOD(DHON METPUKH

d82 = da1 dﬁz — da2 dﬁl

Ilo »Tol nmpuinHe eCTECTBEHHO Ha3bIBaTh 1, C 1} H M30TPOMHBIM KOHYCOM
B TOuKe h.

CdopMyanpyeM HECKOIBKO HNPOCTHIX (PAKTOB 006 M3OTPONHOM KOHYCE
Ty.

3aMeTHuM, Opexkje BCEro, YTO ILIOCKOCTH, KacaTelbHble K KOHycy ['p,
3aJal0TCS YPABHEHIIAMIE

ardag + asdas + b1 dpy + badfs =0,

k03P PUUNEHTH KOTOPHIX CBA3aHBl COOTHOIIEHNEM a1 by — azby = 0.
Hanee, m3 ypaBHeHums Komyca ', fcHO, ITO Ha HeM NIMeeTCsI JIBa
oaguoMepHBIX ceMenicTBa 117, II, AByMepHBIX mIOCKOCTEN:

H1 : dﬁl = /\dozl, dﬁz = Adaz;
Hz: da2:/\da1, dﬁz:ﬁdal.
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IIpu 5ToM Uepe3 KakAVIO TOUKY KOHYCA, OTINIHYIO OT BEPIINHLI, IPOXOIUT
B TOYHOCTHU OJHA ILTOCKOCTD KaXJOro ceMelncTBa. HazoseMm »Tu mrockocTn
COOTBETCTBEHHO (-TLIOCKOCTSIMI U [-TLIOCKOCTSIMI.

DTH ceMenCcTBa IIOCKOCcTen B 1) H IMEIOT IPOCTOH eéOMeTPHUeCKHN
CMBICI: (-TUIOCKOCTH KACAIOTCSA MOAMHOT000pa3nil MPAMBIX, IIePeCeKAIONIIX
h B omHOUW TOWUKe, a [J-MIOCKOCTH KacCalOTCA MOIMHOTOOODA3UU MPIMBIX,
JeKAIIX B OJHOM MIOCKOCTH MpocTpamcTBa R3, mpoxogameit gepes h.

Jlro6b1e IBe MIOCKOCTH OJHOTO CEMENCTBA IMEIOT HYJIEeBOE IepecetdeHne,
a mao0ble B MIOCKOCTHU U3 PA3HBIX CEMENCTB MePeCeKAITCA MO MPIMON.
O6paTHO, KaXkjgas HPAMOINHENHAs 0Gpa3yoIlas I30TONHOTO KoHyca ['p
TIpUHAJICKAT OJHON U3 TIOCKOCTEN KaXk OT0 U3 3TUX CEMEUCTB.

Ecan Tpexmeproe mogmpocTpaHcTBO B TpH KacaeTcss M30TPOIHOTO
xouyca ['p, To ero mepecedenne ¢ I'j sABageTcs 00beJUHEHWEM OJHOU
a-mrockocTu u ogHon [-miaockoctn. O6paTHO, ecam TpeXMepHOe IOo[-
mpocTpaucTBo B T H comepxkuT Kaxywo-HUGYAL MIOCKOCTbH M30TPOIHOTO
xouyca ['y, To OHO KacaeTca >TOro KOHycA.

IIpegmoxenne 5.2. Jonycmumvle xomnaerct npamviz 6 C° cymb me u
moavko me komnaekevt K, komopwle 6 kaxcdoti ceoeii eaadkoti moure he K
KAcammes coomeememsyoue2o usomponnozo konyca L'y,

B camom pgeme, ycaoBme gomycTtumocTu, chopmyaupoBanHoe B IIpex-
JoXKeHUN 5.1, DKBUBaJIeHTHO YCJIOBHIO, ITO KacaTelbHOe IIOIIPOCTPAHCTBO
Ty K x xommiaekcy K B Touke h € K KacaeTcsa H30TPOIHOrO KoHyca [',.

IlycTs, Kax u pambine, ¥v* — MHOT00Opa3me IPAMBIX KOMILIekca K
IPOXOIAINX Iepe3 TOUKY z, T.e. ¥* = H" N K.

Ipegmoxenue 5.3. Komnaexe npamviz K donyemum mozada u moavko mo-
2da, koeda daa awbol eaadkot mouxu h € K esce nodnpocmpancmsa
Tpy® CTo K NTy, x € h npunadaesncam odnot B-naockocmu.

B camom gere, ecam KOMILIEKC TONYCTHM, TO [IJIs JIOOOU €r0o IVIaJKOII
Touku h € K moampoctpamcTBo 15K kacaeTca womyca I';,, a moTomy
Ty, K N T}, aBasercs o6bequnenneM a-maockocTn u S-mrockoctu. Ho Torga
Bce mogmpocTpaHcTBa 1p~+", rae x mpoberaeT HpsAMYIO i, IpPHHAIEXKAT
OJHOU [-TLIOCKOCTI.

O6paTHO, mycTh KOoMILIeKC K TakoB, 9TO Aad JIOOG0H €ro IIajKkon
Toukn h € K Bce mogmpoctpamcTBa 137", rhe x mpoberaer NPsAMYIO
h, mopoxgarpoT gByMepHyI0 miockocts. Torga Tp K N T comepxuT sTy
OBYMEPHYIO IIOCKOCTDL, a moToMy 1} K KacaeTcs m30TpOIHOTO KOHyca 'y .
CuaegoBarennuo, B cury IIpenmroxenus 5.2, kommiexkc K gomycTum.

IIpexmoxenne 5.3 gomyckaeT APYTVIO DKBUBAJEHTHYIO (OPMYIUPOBKY.
O6o3manmM A1a T060T0 KoMILTekca mpaMmeix K wepes I'® C (3 xomyc,
06pa30BAHHEIN IPAMBIMI KOMILTEKCA, TPOXOIAMIMHE Uepea Touky & € (5.
Hanee, ecim h € K — raagkas TOYKa KOMILIEKca K, TO 06O3HAYMUM IA
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TH060I TOUKH ¥ NPAMOIH h wuepe3 7, , miockocts B (P xacarensryto k I
BIOJb 0Gpa3yioren h.

Ipegmoxenue 5.4. Komnaexe npamviz K donycmum mozada u moavko mo-
eda, kozda daa w60l ezo eaadkot mouru h € K naockocmu m, o, 2de %
npobezaem npamnyio h, cosnadarwom.

5.5. Omucanme gomycTuMmbix KoMmmmekcoB. I3 Ilpenmoxenmsa 5.4 cie-
JyeT, UTO KpOoMe KOMILIEKCOB HPAMEIX B (P, Hmepecexaiomunx (GpUKCHpPO-
BAHHYIO KDUBYIO, JOIYCTUMBIMH fABISIOTCS TaKXkKe KOMILIEKCH IPSIMBIX,
KacaTelIbHBIX K (uUKcHpoBaHHON (anre6pamieckoii) mosepxuoctn 3 C°. B
CaMoOM [ejle, IyCTh A — KOMILIEKC IPSIMBIX, KACATEAbHBIX K TOBEPXHOCTH P.
O603naqmM 114 moboil raa Kol Toukn h € K gepes mj, miockocts B O3 xa-
CaTeIbHYIO K NOBepXHOCTH P B Touke kacauus h ¢ P. Q4ueBugHo, 9T0 ecan
— OpOM3BOJAbHAA TOYKA OpsAMon h u I'Y — xoHyc, 06pa30BAHHBIN IPSAMBIMI
KoMILTeKkca /{, IPOXOAAIIMI ¥epe3 &, TO ILIOCKOCTh Tp ;, KacaTelbHad K
I'" Bgoaw ero obpasyiommen h, coBnagaer ¢ 7. TakuM 06pa3zoM, KOMILIEKC
K ynosmeTBopsieT yciaoBuaM llpenroxenns 5.4 u, 3HAYUT, OH JOIYCTHUM.

Teopema 5.2. Jonycmumbie xomnaercst npaumir 6 C° amo me u moavko
me KOMNAEKCHBIE MPETMEPHBLE NOJMHO2000pA3UA 6 MHO2006PAZUU NPAMBLL
H, xomopuvie cocmoam aubo u3 npamMbls, KACAQOUWUTCA HEKOMOPOU KOM-
naexcroti noseprrocmu 6 T3, 4ubo uz npamble, Nepeceravujur HEKOMOPYIO
Komnaerchyio kpusyio 6 (5, 603M00cHO, BecROHEUHO YOaAeHHYIO.

15 foxazaTeabCcTBa TeOPEMEI BBeJeM HOHATIE KPUTHIECKON TOYKI HA
IpPSMON NPOU3BOJBHOIO KOMILTekca npsamelx K. Pacemorpum mpousBoin-
HYIO0 TMaJKyIo Touky h xomitekca K (T.e. mpamyto B C°). Hazoem Touxy
Z € h KpUTHYECKON, eC/IN OTBEYAIOMA €l (-IIJI0CKOCTh N30TPOMHOIO KOHYCA
I'" mpunangaexut 1;, K. AHaTOrUTIHO HA30BEM IBYMEPHYIO IIOCKOCThL T D h
B (® xpuTnueckoii, ecin oTBevalOmAL el A-IIOCKOCTH TpHHA IIexKnT 1) K.

IIpegmoxenne 5.5. Ecau K — donycmumbiii komnaexc npanvie 6 C, mo
das kanxcdol ezo 2aadroit mouru h € K cywecmeyiom eduncmsenuvle Kpu-
muueckas mouka € € h, 603MoNCHO, 6ECKOHEUHO YIAAEHHAA, U KPUMUNECKAA
naockocmv m D h.

B camoMm geme, ecan xoMmmiaexc K gomyctum, To T K N Ty, roe Ty —
HU30TPONHBIN KOHYC, ABILETCS OObeJUHEHNEM OJHON (-ILIOCKOCTH I OJHON
S-IIOCKOCTH. DTHUM ILIOCKOCTSM OTBEYAIOT COOTBETCTBEHHO KPUTHYECKAS
TOYKa & € h U KpUTHYecKas ILIOCKOCTb T D h.

Caegcteue. Cywecmeyem cmandapmuoe 6aoxcenue muozoobpazus K’
eaadkur mouek womnaexca K 6 mmoeoobpasue noanniz Paazos na CP3.
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Nwmenno, xaxgomy h € K’ comocrasaserca Tpoiika — (aar (z, h, 7),
riae r KpUTHYeCcKas TOYKA, & T — KPATHIECKAA IIOCKOCTE A1s .

IIycte K — JOmyCTEMEBIN KOMILTEKC MPAMBIX, 3aJaHHLIA ypaBHEHIEM
F(a,B) = 0. HafigeM K0OpAUHATE KDUTHIECKON TOIKN & = (&1, &2, £3) Opd-
Mol (o, 8) € K B IpeANOIOKEHNN, 9TO 3Ta TOUKA HE ABIAETCI OECKOHETHO
yAaJeHHOM.

YpaBHeHUs (-ITOCKOCTH B ', OTBedAlOIIeN &, TAKOBBL:

zzday; +df; =0, ¢=12.
YcnoBus, 9TO 3Ta ILIOCKOCTh MPHUHALICKNT TumepIockoctn [, dai +

+Fl, doas + Fél dpy + FéQ dfs = 0, kacaTenpHOn K K, NMEIOT CJIeIYIOMNN
BUT:

F/ — $3Fé1 = F(;2 - $3Fé2 =0.

o

OTCIO,E[& 3aKJJaI0YaeM:

Mpeaaoxenne 5.6. Koopdunamsl kpumuueckoti mouxu donycmumozo KoM-
naexca K na npasot (o, ) € K sadarwomes pasencmeamu:

FL T,
Fs, T,

T3 r1 = a1xz + B1, w2 = azws + fa.
Ipegmoxenue 5.7. Mrozoobpasue Kpumuueckur mouer Ha NpAMbLT Jony-
cmumo2o Komnaexca K umeem pazmeprocms He sviue wem 2.

Aoxazameavcmeo. Ilycts K" C K — moJMHOXKeCTBO MIaAKIX Todek h € K|
KPUTHYECKIE TOYKI & KOTOPBIX KOHedHBI. [lasi JOKazaTeabCcTBa yTBED-
KAEHIA TOCTATOYHO yOemuThed, ITo oTobpaxkenne K" — (3 oTmocamee
Kazk ol upamoil («, 3) € K’ ee xpuTudeckyo ToUKy « = (L1, %2, ¥3), BCIOLY
BBIPOXK J€HO.

U3 ypaBHEHHUN OPAMBIX CJAeIyeT, ITO

dr; — a;des = vsda; +dp;, 1=1,2.

7 F/
Otcioga, mockoneky z3 = 7t = = u I, day + Iy das + Ff§ dBy +
81 B2
+ P}, dB> = 0, moxyTaem, 1To AuddepeRnmaIb KOOPAUHAT KPUTHTECKIX
TOYEK CBSA3aHBI COOTHOIIEHUEM:

Fél (dl‘l — Q1 dl‘g) + Fé2 (dl‘z — Qy dl‘g) =0. (510)

YTBepk eHIe TOKA3aHO.
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3 Ilpennoxenus 5.6 creayeT, ITO MHOr0oo6pa3ne KPUTHIECKUX TOUTEK
B CIydae JOMyCTHMOTO KOMILIEKCA [ ABIAETCA AMO0 KOMILIEKCHOI KPHBOI
A, 160 KoMILTeKCHON moBepxHOCTBIO S B (P, B mepBoM caIyuae KOMILIEKC
K cocTonT m3 mpsAMBIX, mepecekaomux kpuBylo A. Bo BTopom ciydae uz
(5.10) caegyer, uTo mpamsle (a, ) koMmiekca K KacaioTcs MOBEPXHOCTH B
CBOUX KPUTHIECKHX TOUKax. TeM caMbIM, TeopeMa J0Ka3aHa.

IIpumeuanme. CyuecTByeT IpOCTas CBA3b MEXIY 3aJa9€ll O BOCCTAHO-
Brenun dynxuun f € S(C?) uepes ee mHTerpaibl mO MPAMBIM JOIYCTH-
Moro KoMmmtexca K mpambix B (P u cregyiomen safadedl 1aa (pyHKITHI
V(a1 a9, B, B2) sa Ct. HaiiTu pemenne 1 cucTeMBl ypaBHEeHMUI

o 0% 9% 9%
Qa1 0By Bz df1’ Oay 0B Oas 03y

(5.11)

YAOBIETBODAIOIIEe KPAEBOMY ycaoBuio ¥ |g= ®. 3gece K — KoMImiekcHoe
noamuOr006pasue B C!, 3ajannoe ypasrernem I'(a, 3) = 0. Ipeanmonara-
eTcs, 9To I’ ynoBaeTBopseT ycaouaM (5.6), T.e. wTo K — xapakTepucTn-
TecKoe HOJMHOr000pasne cucTeMsl (5.6).

U3 ypasrenni (5.11) caegyer, 9T0 1) ABIAAETCH Iy<IeBLHIM IPeOHPA30Ba-
H1eM HexoTopol dyuknmu f Ha (3, T. e. =T f. [losToMYy pelenue kpaeBoit
3a0a4N CBOAUTCA K NIPUMEHEHNI0 (POPMYJILI OOPAIleHNus JJAs JOILYCTIMBIX
KOMILIEKCOB. VIMeHHO, Ha OCHOBAHNN 3>TON (POPMYJILI MBI HAXOAUM CHAYALA
¢yuxnuo f no ¢yuxnun & = ¢ |k . Torga nckoMas GQYHKIUA ¢ LOLYIaeTCsI
JAy<IeBBIM IpeobpazoBarueM Gpyukiun f, T.e. ¢ = Tf.

O6paTHO, 3ajada HHTErPAJBLHON [E€OMETPHI O BOCCTAHOBICHUHN (DYH-
kuun [ mo ¢yuxuuu ® = ¢ |g CBOOWTCA K DELICHHIO KPAEBOH 3aJa€u.
NmenHo, ecan pemeHa kKpaeBas 3ajada 114 CUCTeMbl ypasHerni (5.11), T.e.
no ¢pyuknuu ® = ¢ | BoccTaHOBIeHA DYHKIUA 1), TO HcKoMasd QyHKIuI [
ompegenseTcs o (popMyle 06PAIleHNs I IyIeBOro Ipeobpa3oBaHus.
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I/IHTeI‘paJIbHa}I reoMeTpuia u I‘apMOHI/I"IeCKI/Iﬁ AHAJIHU3 Ha
IIJIOCKOCTH U B IIPOCTPAHCTBE JloGadueBcKoro

Ocob6eHHOCTE TPeoGpPa3oBaHIIl HHTErPAJILHOI IeOMETPHIE 110 CPABHEHUIO C
OPYTUMHI HHTErPAIbHBIMY IPDe0OPa30BaHUAMI B TOM, ITO OHI JaCTO JOIIYC-
KaloT HENOCPeICTBeHHOe 0600IIe e ¢ IIOCKOT O CAydas Ha HCKPUBIEHHBIN.
ME&r nponimocTpupyeM 3TO 3Jech, PACCMATPHUBAA AHAJOI T TPeo6Pa3oBaHNs
Pagoma gas maockocTn um mpocTpaHcTBa JlobateBckoro. Mul yBHIUM, ITO
OHHI CTPOSITCA IO TOHI e cXeMe, 49TO I NpeobGpasoBanue Pagoma auas
agduHHOTO TpOCTpPaHCTBA, U Jaxe CTPYKTYDPH (HPOPMYI OUeHb IIOXOXKM.
BopowewMm, HenymeBas KpHBU3HA IPOCTPAHCTBA Jl06ateBCKOT O IPUBOIUT K
6oJee GoraTon reomerpun. IIMenno, Ha maockoctu Jlo6a1eBCKOr0 IMEOTCS
JBa PA3HBIX aHAJora IPAMBIX: COOCTBEHHO IIPAMEIE, T. €. T'eoJe3ndecKne, I
OPUIUKIBL (OKPYXHOCTH 6eCKOHeTHO 60abioro paguyca). C HIMu cBA3aHBL
IBa Da3HBLIX BapHaHTa IpeobpasoBanusa Pazgoxa.

[dus naockoctn (mpocTtpatcTsa) JIo6adeBCKONO CYIIECTBYET U AHAJIOT
npeo6pazoBanns Pypbe, OCHOBAHHBIN HA YHUTAPHBIX IPEICTABICHNAX
CPYNOBL JBUKEHHH. BBHAY HEKOMMYTATHBHOCTHI 3TOHW TPYIILI, TEOPI
nHTerpata DPypbe 1A MIOCKOCTH (IPOCTPAHCTBA) JI06aIeBCKOTO MHOTO
CIOXKHEe, UeM VY €r0 eBKIII0BA aHaxora. BeposaTHo, caMbIll IPpOCTOR ciocob
CTPOUTH HeeBKINIOBY Teopmio mHTerpara Pypbe (Teopuio mpencrasie-
HUII) — depe3 mpeobpasoBanue Pagona, nis opunukiaos (opucdep). deno
B TOM, UTO, Kak 1 B adpPUHHOM caydae, B cIyiae IPocTpaHCTBa Jlobatdes-
CKOT 0 aHAJIOT IpeobpazoBanus Patona nasa opunukios (opucdep) u aHAJIOD
npeobpasoanus Pypbe CBA3AHBI IPU TOMOIIN OJHOMEPHOTO (adQUHHOrO)
npeobpasosanus Pypwe. BBugy sToro opununkinieckoe (opucdepuieckoe)
npeob6pa3oBaHne PagoHa OvUeHb BaXKHO A1 MOCTPOEHUS IapMOHUTIECKOTO
aHAIm3a Ha IUIOCKOCTH K npocTpancTse JloGadeBckoro. OHO gomyckaer
060011eHNs Ha IPYrue BaXKHbBIE KIacchl OJHOPOAHBIX MHOrooOpasmi. Ha
mpuMepe ILIOCKOCTH U IIPOCTPAHCTBA JI06a<eBCKOT'O0 MBI MOJeIUpYeM
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BecbMa oOmme KOHCTPYKINN TIapMOHHYECKOT'O aHaJAW3a Ha OJHODOIHBIX
MHOroo6pasusax. [Ipu 4TeHUn >TON TJIABLI OYEHL IIOAE3HO YINTHIBATDL IS
CPaBHEHUs COOTBETCTBYOUINEe KOHCTPYKInn u3 § 1 u 2 raaswr L.

§ 1. DaeMenTHI IIanuMeTpun Jobagesckoro!)

1.1. Mogemu mmockoctu JloGawerckoro. IltockocTs Jobauesckoro L2
ABJAETCA OJHOPOSHEIM IPOCTPAHCTBOM Ipynnsl SL(2,1R) co cTanmoHapHOn
noarpynmoi SO(2) (mogrpynna opToroHalIbHBIX MaTpun). B mogemn ITy-
aHKape OHa Pealm3yeTCs KaK BEepXHS MOIYILIOCKOCTb Imz > () miockocTn

KOMILIEKCHOT'O IE€PEMEHHOTO Zz = & + iy, DAe ABHIKEHNs, OTBEYAOLIIE
MaTpHIlaM § = ( : ? ) € SL(2,R), 3sagaoTcsa Tak:
N az + 7y
I zog= ———.
g Bz+46

O4eBUIHO, YTO CTAIMOHAPHON MOATPYINON TOYKH Z = { ABAAETCA IIOJ-
rpymma SO(2)?).
Pumamosa MeTpuka Ha L2 myeeT BII:

ds® = y~?(dz? 4 dy?). (1.1)

NuBapuanTHOe paccToaHme d MeKIY TOUKAMU 21 = &1 + Y1 U 22 = T2+
+ 1y, ompejgenseTcs paBeHCTBOM

d |Zl — 22|2
4sh? - = =21 1.2
2 Y1Y2 (1.2)

DaeMeHT maomann B Merpuxe (1.1) nmeeT Bua:
dv =y~ ?dxdy. (1.3)

Jdpyrou BapuanT 3ajgaHus LIOCKocTH JloGadeBcKOro — MHOrooGpasue
BeITeCTBEHHBIX CUMMETPIYECKIX MaTpPHUII

u:(Z Ié),rqea>0,detu:1, (1.4)

1) OchoBHble dakThi 10 reoMeTpun JLo6aueBCKOro NPUBOIATCA 34eCh 663 LOKA3aTe/b-
cTBa.

2) 3amerum, 9To uenTp rpymnet SL(2,R), cocroamun us gByx ai1eMeHTOB te, men-
crByeT HeddbdeKTHBHO (coxpaHseT Bce Todkmu). llosToMy yZo6HO paccMaTpHBaTh B

KadecTBe IPYIIHL IBHXKeHUN dakTop-rpymry SL(2,R)/{£e}.
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¢ IBUKEHUAMI:
u—r g'ug, g € SL(2,R),

rae ¢’ — TpaHCIOHWPOBAaHHAA MAaTPHUIA. 3aMeTHM, 9TO MHOTo0oOpasme
MaTpur Buja (1.4) MOXKHO NpeICTABHTHL KaK OJHY NOIY ABYIOIOCTHOTO
rumep6otonga B R3:

ac—b>=1, a,c> 0. (1.5)

CooTBeTCTBIE MEK Y TOYKAMI Z BEPXHEH TOMYILIOCKOCTH I MATPULIAMHI
© = u(z) OCYIIeCTBILETCA CIeAyIomuM 06pazoM. Touke z =i COOTBETCTBYET
eJUHNUYHAA MATPULA €, IOCKOAbKY TOYKa { W MATPUIa € HMeT OIHY
H TY XKe cTaluoHapHy moarpyumy. OTcooga caeiyeT, ITo s ao0GOTo

Bits
y1/2 0

B wacTtHOCTH, i 0 g = & + iy TIpu g = ( NEVLISYE ), U MBI IIOJyHaeM,

9= ( : ? ) € SL(2,R) Touxe fog = %I cooTBeTcTBYCT MATpHLIA U= g'g.

—1(,.2 2 -1
9TO TOYKE z = & + 1y COOTBETCTBYET MATPUIIA ( y (yx—l—; v) yy_lx );

oo

_|_

o I

a b
IPYTHMH CIOBaAMH, MaTpHIle ( b e ) COOTBETCTBYET TOYUKA 7z =

TeomeTpuveckn Iepexoi OT MOJBl IBYIOJOCTHOTO THIepOoIona K IO-
JAYILIOCKOCTH OCyIIecTBaseTca Tak. CHavala MBI MPOEKTHPYeM THIep6o-
mong (1.5) Ha maockocTs (b, ¢) mapaieasHO OCH @5 B HPOEKINH HOLYydaeM
HOIYIIOCKOCTS ¢ > 0. 3aTeM B mIockocTH (b, ¢) 0CYIIeCTBILIEM IPOEKTUBHOE
b1
npeo6pasopanue (b,c) — (2, <), mepeBosIee MOIYIIOCKOCTS ¢ > () B ceds.
B ypasmemmn (1.5) ygoGHO IepeHTH K HOBBIM KOODAHHATAM &1 =
= azi, ry = 5%, x3 = b. Torga Ml HOTYYUM DeATN3ANUIO ILIOCKOCTH
Jlo6auenckoro £? B BIJe BepxXHeH HOIHI JBYMOJOCTHOTO THIep6OIONIa B
R3:

[t,e]=a? 22 —25=1, x >0. (1.6)

B »Toll peasmsamun IBHXKeHNs 3aJal0TCSI KaK JAHMHEHHBIE NPeo6pPa30BaHI
B R3 coxpamfionme BepXHIOK MOIYy THIep6OTOMIA, T.e. KaK >ICMEHTHI

rpynnel SOp(1,2) = SL(2,R)/{+e}.

PuMaHOBa MeTpHKa B 3TOH MoJedn IMeeT BU:
ds® = —da:% + dx% + da:%. (1.7)

HuBapuanTHOe paccTosiHne d MeXIY TOYKAME & U Y OLPEeIeIsieTCA DaBEH-
CTBOM

chd = [2,y]. (1.8)
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DJeMeHT ILIOMAIN B KOOPAUHATAX X7, £3 Ha L7 uMeeT BI:

dy = d22dzs (1.9)

Ty

1.2. Opumukasi. Ha niaockoctn Jlo6ateBCcKOro MOXKHO OIPeJelInTh OK-
PYXKHOCTH GECKOHEIHO GOIBIIOrO pajuyca (OPULUK/IBI) — Mpegelsl HeeB-
KIIJOBBIX OKPYIKHOCTEI, KOrJa IX LEHTP U PaJIyC COMIACOBAHHO CTDe-
MATCA K 6eckoHedHocTH. B Mogean Ilyankape opHINKILI IDeACTABIAIOTCS
1u60 kKax (€BKINJOBBI) OKPYXKHOCTH, KaCAIOUMeCA BEIIeCTBEHHON ocH (ab-
comoTa), IN60 KaK IpAMble, Hapalle]bHble BemecTBeHHON ocu. Ilocaennme
€CTeCTBEHHO HHTEePIPEeTUPOBATE KaK OKPYXKHOCTH OeCKOHEIHO OOJBIIOrO

pa,ELI/cha, KacCalIInecs BeH.IeCTBeHHOﬁ OClI B TOYKe x*r — OC. I/I3 ATOro
ONHCAHNA CJIeJyeT, ITO KaiK bl OPUIUKI 3aJaeTcd ypaBHeHIeM:
9 _ _ 9
€2z = &1|" =y, € = (€1,&) € R7\ 0. (1.10)

Taxum o6pa3oM, MHOTOOGpa3Ne OPHINKIOB TapaMeTPH3YeTCA TOTKaMI
(&1,8) € R?\ 0, mpuuem Toukam (&1,€s) u (—&1,—E2) oTBedaeT oJuH 1
ToT xke opunuka. Opunuki, 3aganusl ypasHenueM (1.10), o6GosnazaeTcs

gepes h(&) = h(&;,&s).

3ameuanue. Ecin mrockocts L2 pealmsoBaHa Kak BepXHSS IOIA JBYIO-
nocTHOro runep6oronga (1.6), To opunHKIAME ABIAIOTCA IIOCKHE napabo-
JAUHeCKUe CeUeHNsl 3TOro TUnepOoIona, a UMEHHO, CeTeHNns TI0OCKOCTAMM
Buga [£, 2] = &2y — Eaag — 3wz = 1, nae £ — ToUKA BepXHEH IOJBI KOHYCA

[€,6]=0, & >0, € € R3,

O<eBugHo, ITO Ha MHOroo6pasun H OpHINKJIOB AelCTBYeT, H IIPHU-
TOM TpPaH3WTHBHO, rpymnma gsmxeHuil SL(2,R); nBmkeHme, oTBeTaio-
o
vy 4
h(aéy + €2, B&1 + 062).

Ha s3pike ABHMKEHUN OPHLINKJLL ONICBIBAIOTCA CIEIVIOUIIM 06pa3oM.

Iee MaTpHUie ¢ — ( ), nepeBoauT opunuka h(€;,€2) B OpHIUKI

o ]. 0 1)
ITo Op6I/ITI:>I VYHUIIOTEHTHON IIOATPDYIIIIBL Z MaTPpHIY t 1 I BCe HUX

casuru. Ha xax oM opunukie felcTBYeT IPYNNA, CONPAXKEHHAS IPYIIIe 7,
U OTHOCUTEIBHO 3TOr0 AEHCTBIA OPUIUKI SBISETCS €BKIINIOBOU IPIMOM.
Taxkum o6GpazoMm, MHOroo6pasme H OpHIUKIOB SBIAAE€TCS OJHOPOIHBIM
npoctpascTBoM rpymnel SL(2,R) co crannomapuon moarpymnmon +7. B
peayIbTaTe, Hmepefigs oT mIocKocTu Jobadesckoro L2 k¥ MHOroo6pasmio
OpUIUKIOB H, MBI OLYYIIN HOBOE OJHOPOJHOE MPOCTPAHCTBO C TOU XK€

B uaTepnpeTanuu [lyaHkape >To IpAMbIe, Tapa/IelIbHEIE BEIleCTBEHHON OCH.
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TPYIIION IBUKEHNN, HO ¢ APYTOU CTAIMOHAPHON MOATPYNINOU. Takoro poga
KOHCTPYKIINH UTPAOT BaXHYI POJIb B DE€OMETPUIL.

Kax Iplil opuIuKa uMeeT eJUHCTBEHHYIO OOIIYI0 TOUKY ¢ abCOMI0TOM,
KOTOpas Ha3bIBAeTCA ero meHTpoM. B wmmaTepmperanun Ilyamkape »To
TOYKA KACAHUS C BEIIeCTBEHHOU IPAMON. OPUIUKIBI ¢ O0IUM IeHTPOM
Ha3BIBAIOTCA [apalleJbHBIMHI. 3aMeTHM, 9T0 opunuka h(fi,&2) xacaercs

BEIIIECTBEHHON OCH B TOYKE & = %3 0TCI0Ja CIeyeT, U9TO JII060N My<IOK

[apalIedbHBIX OpUONKIOB ecThb {h(A1,Aé2) | 0 < A < oo}, rae (€1,€2)
(pUKCIPOBAHO.

Bce Touknu opumukaa h(Af1, Af2) HaxoAATCA HA 0JHHAKOBOM PACCTOSHIN
2|InA| oT mapanreasHoro emy opunukaa h(€1,€2). Mel 6yzeM HasbIBATH BBI-
paxkenne p(z;£) = —21n A OpHEHTHPOBAHHEIM PACCTOSHIEM TOYKH 2 € h(AE)
ot opurukia h(£). OHo nMeeT BHA:

p(z:6) =In(y~ ez —&17) (= +iy, €= (£&,6)) (1.11)

(mockomsky A = (y~t|€az — & |2)~1/2).

Kax apiit opunuka h(€) paséusaeT miockocTs Jobadesckoro £ Ha gBe
gactu L4(€) m L_(&), u3 xoropeix L4 (£) mpuMbIKaeT K abCoOMOTY, a
rparnna £_(£) uMeeT ¢ abCOMIOTOM JIHINL OJHY OOIIYI0 TOUKY — ILEHTP
opunuxaa h(¢). O6aactu L4 (&) n L_(€) cocToaT uz Touex z € L%, gas
KOTOPBIX COOTBETCTBEHHO p(z;€) > 0 u p(z;&) < 0.

Hpumedanue. Ognopogusie mpoctparcTsa L2 = SO(2) \ SL(2,R) n
H = +7\ SL(2,R) HaxogATcs B OTHOIIEHNN ABONCTBEHHOCTH. Ilo mmo-
cTpoernto, Toukam & € H oTsewator kpuseie h(¢) B L? (opunuxaer). B
To Ke BpeMA ToukaMm z € L? MOXHO comocTaBuTh Kpusble [(z) € H,
OTBeYAOIINe MHOXKECTBY OPHINKIOB, IPOXOAAMNX depes z. Kaxaad u3
STHX KPUBBIX ABIAETCI TpaekTopuel noArpynnsl SO(2) min moArpyInsl, ¢
Hell conpskennon. OHa pazbuBaeT MEHOroo6pasue H Ha nBe 9acTm: 001aCTh
Hi(z), rae p(z,£) > 0 n obmacts H_(z), rge p(z;€) < 0. B peanmsanun
H = R?\ 0 xpussie [(z) — 5To BceBO3MOXKHBIE dINICH Ha R? ¢ merTpoM
B Touke (), orpaHmumBaoIme IIOMALb, paBHyio 1; Hy(z) uw H_(z) —
COOTBETCTBEHHO BHEINHIS I BHYTPEHHAA YacTH »aaunca {(z). 3aMeTnm, 94T0
MHOI000pa3sne Bcex op6uT moarpynnsl SO(2) u TOATPYNI, CONPAKEHHBIX ¢
Hell, HEOTHOPOTHO; B PACCMATPUBAEMON PEAIN3allii OHO COCTOUT M3 BCEX
saumcos Ha R? ¢ menTpoM B Touke 0.

1.3. Teoaeswdeckue. PaccMoTpuM Temepb “mpsamblre” (reomesmueckie)
Ha TIockocTH Jobadesckoro L2, B mogern Ilyankape 5To MOTyOKPYKHOCTIH
Ha moaymaockocTn Imz > (0 ¢ meHTpaMm Ha BeIeCTBEHHON MIPSAMOU I
OXYIpPsIMble, OPTOTrOHAJIBHLIE BeIleCTBEHHON npsamoil. OTcioga creayer,
9TO Kaxgasd “mpaMad’ 3aJaeTcAd YpaBHEHHEM:

(x—a)(zx —=b)+y* =0, a,bERU(x), a#b. (1.12)
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B wactrHOCTH, PN @ = 00 (Han b = 00) HOLyIaeM CeMeNCTBO (€BKINJOBBIX)
HOIYIPAMEIX, OPTOTCOHATBLHEIX BellleCTBeHHOH mpsaMoi. 13 (1.12) caexyer,
ITO MHOr006pasme “mpAMBIX” mapaMeTpusyeTcs mapamu (a,b), a # b,
rae a,b — Touxu mpoexTusHOi mpamott Pl mpuaem mapam (a,b) u (b,a)
OTBeYaeT OHA U Ta XKe “IpsaMad’.

Ha s3pike OBIMXKEHNH KaXgasg “OpaMas’ ABAAETCA OPOUTOU IMMOI-
rpynmel [) IUaroHAABLHBIX MATPUIl WIN HOATPYIIEL, C HEH CONPAKEHHON, 1
Bce “ImpsaMble” MOJYIAIOTCA OqHA U3 IPYT O ABMKEHUAMH. TeM caMbIM, MHO-
rooGpasme “npsaMbIx” ABILETCA OFHOPOAHLIM IpocTparcTBoM D\ SL(2,R).
B pesyabTaTe MBI MOIyHUaeM ellle OJHO OJHOPOTHOE MPOCTPAHCTBO ¢ TOU
xe rpynnoil asuxennil SL(2,R), Ho ¢ APyroll CTALHOHADHON HOATPYNIIOLN.
OTMeTnM, 9TO0 MHOr0OGpasme Bcex opOUT MOATDPYHI ) U COMPAKEHHBIX
¢ Hel MOATPYHO HeogHopoauo. B mogeau Ilyamkape oHO coBmagaeT ¢
MHOT006pa3neM BCeX MOJIYNPAMBIX Ha mHoaymirockocTn Imz > 0 m gyr
OKPYKHOCTEN, UMEIOIIUX POBHO JBe OOIIe TOUKNA C BEIIeCTBEHHON MPAMON.

Ecan maockocts JloGateBckoro peain3oBaHa KakK BePXHAA M0Ja TUIED-
Gononga (1.6), To B >TON pealm3alUl FeOJe3MEECKUMH ABIAOTCA JHHIN
nepecedennus (0Ha MOJa TUIEPOOIBI) ¢ MIOCKOCTAME B R mpoxoasmmumu
qepe3 Touky O, T.e. ¢ MIOCKOCTAMA

&1z + &oxe + 323 = 0. (1.13)

O6osmaunmM depes y(£) reogesmdeckyio, 3agaHHylo ypasHeHmeM (1.13).
OueBngno, 4To miockocTh (1.13) Torga m TOABKO TOrJa IepeceKaeT
runep6onong [z, 2] = 1, korga [¢,£] < 0. Tak xak, kpome Toro, Y(Af) = y(£)
[J1s1 106010 A # (), TO MOKHO HPUHATE

Taxkum o6pazoM, MHOr000pa3le Teoge3aM¥ecKIX Ha ILIOCKOoCcTH JloGa-
EBCKOTO MapaMeTPU3YeTCsl TOYKaMu ¢ IBYIOJIOCTHOTO THUIEPGOIOnIa
[€,£] = —1 B R3 mpuwuem Touxam & m —& COOTBETCTBYeT OTHA U Ta JKe
reofe3mdeckas.

§ 2. OpuIMKINYecKoe MpeoGpa3oBaHUe

2.1. Onpegenenne omeparopa R'. B sroM maparpade MBI HCCIELyeM
amajor npeo6paszoBanus Pagona Ha mrockoctu Jlo6adeBCKoro, CBI3aHHbIN
€ OPULUKIAMI.

Onpegeneuane. Hazosem opuimkansgeckum mTpeoOpa3zoBaHmeM HWHTETDAIb-
Hoe mpeobpazosanme R" B L2, oTHOCAImEe Kax ol TIALKOH (PUHHTHOL
dbyuxmun f #a L7 ee NHTErpaIbl IO OPUITHKIAM:

R f(€) = / f(2)ds, €= (1,6). (2.1)
h(€)
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rge h(§) — opunuki, 3agamabii ypasHenueM (1.10), ds = % — DIEMEeHT

AJINHBI Ha INIOCKOCTHI Jlo6aueBckoro.

h o
Bripaxenne xaa R” MoxkeT ObITH 3allICAHO TaKXKe B cIeyiomten Ghropme:

drd
R 71 = [ 1) 3(0(z6) 5, (22)
L:2
rae p(z;€) — paccrosHme OT TOYKH z Jo opunukia h(£), cM. Qpopmyry

(1.11), a §(-) — meabra QyHknus zHa K.

I3 ompejeleHns cIeAyeT, UTO omepaTop R IepecTaHOBOYEH ¢ eil-
ctBueM rpynnsl SL(2,R). TakuM 06pa3oM, MBI HMeeM Iapy OTHOPOIHEIX
IPOCTPAHCTB OFHOH m Tol xe rpynmsl SL(2,R) — mrockocts Jlobazes-
CKOr'0 I MHOr000pa3me OPHUUIUKJIOB I ONEPATOD Mepexoaa oT (PYHKIUH
Ha OJHOM IPOCTPAHCTBe K (PYHKUUAM Ha APYTCOM IPOCTPAHCTBE, Iepe-
CTAHOBOYHLIA € JBIIKEHUSMHN. J3aMETHM, YTO HHTEIDUPOBAHNE BEIETCS
o op6uTaM CTAIMOHAPHOW HOATDPYHNOLI BTOPOrO IPOCTPAHCTBA U II0 HUX
COBHUTaM.

2.2. ®opmyaa obpamenms. Hangem dopmyny obpaurenns aas uHTe-

rpaJbHOro npeobpa3oBaHUA Rh, creyst TOU e CXeMe, 9TO U B CIydae
€BKINJOBOI maockocTH (cM. § 1 raassr I).

Cragajga 6epeM paUalbHO CEMMETPHYHYIO (MDYHKIUO f, 3aBUCSIILIYIO
TOJILKO OT HEeBKJIUA0BA PACCTOSHUA TOUKH Z OT TOUKH i

f(z) = Fly™ %= = ).

h
> mepecTanoBounocTn R ¢ gBmEKeHHAMH mIockocTn L2 clegyeT, ITo
R" f(€) 3aBHCHT TOABKO OT pacCTOAHNA TOUKE ¢ fo opuuukiaa h(£), T.e.

RYf(€) = F(r), taer = p(i;€) = In(e? + £2).

3uaunr, ﬁ(r) paBHO mETerpaty byuxunn f mo opumukry h(e/? 0): y=¢’,
T. €.

+00 +oo
~ F d
F(r)= /F(e_’"/zx/xz (e —1)2)e"de =2 / (s)sds
B er/2, /52 — 4sh’L
o 2|sh & | 2
(2.3)

(cp. dopmyay (1.2) u3 § 1 raaser I). Taxum o06pazoM, npeoGpa3oBaHie OT

F(s) x e’“/zﬁ(r) CBOAUTCA K IpeobpasoBanmio AGens, u u3 (2.3) caegyer:

e 12 F(r)) dr
p o [ PEOyar

™ 2r 2
25h £>0 y4shig —s

(2.4)
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B wactHOCTH,

) 1 T e 2F (r)) dr
i) = r(0) = —5- (L2 (2.5)
sh B
0
3ameTnm™, 9To B cuay (2.3) e’“/zﬁ(r) — naagkad deTHas Gyuknua. OTcioga
cregyeT, aTo muTerpar (2.5) cxommres (mockoasky (e"/2F(r))._, = 0) n
BbIpaKeHHe a7 f(i) MOXKHO TakkKe IPeJCTABHTL B BHJE:

+ oo

e 2 F(r)) dr
f(i)z—i/%. (2.6)

— 00

IIycTs Temeph f — mpouU3BOILHAA TlaKas (GpuUHENTHAA GyHKIug Ha L7
BO3BMeM ee yepeguenne f(z) = F(y~'/?|z — i) mo HeeBKIMTOBBIM OKDYXK-
HOCTAM C MEHTPOM B TOYKE i

27

_ . 1 zcos@ 4 sinf
P =) = o [ 1 (220
0

—zsinf + cosf

BBIpaXKeHme s F' MOXKHO 3alUcaTh TaKkKe B cAefyIOmen (opme:

2 ded
Fs) = 2 [ 1o - i - Y
L2

)
3amern™, aro f(i) = F(0). Ilycrs ﬁ(r) = R" F(€), r = In(&2 + €2). >
IIepecTaHOBOTHOCTH R ¢ gercTBueM rpymnel SL(2,R) cregyer, 4To
1 27
F(r) = Z_/Rh f(e’“/2 cosﬁ,e_r/zsinﬁ) do =
™
0

:%e—r / REF(€)(€1 dés — € der) =
p(i;6)=r

1
= ;e"“/Rhf(g)é(p(i;é’) —r)dé dés,  (2.7)
R2
rae p(i;€) — paccTosmme oT ToUKN 2z = ¢ Jo opunukia h(). Ha ocnoBannu
(2.5) m (2.6) umeem:
O T i) AR W i ko 4 ) PR
f(l)—f(l)—_ﬁ/T T——E/Tr (2.8)

0 — 00
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(cp. ¢ dopmyaon (1.4) w3 § 1 raasst I). IlogcraBus cioga Beipaxenue (2.7)

s F(r), momry<enMm mocsie 31eMeHTAPHBIX YIPOIIEHII:

. 1 e=12p(i5) 9 9
f(i) =12 / w(€1£+€2@+1)Rhf(€)d€1d€2,
Hy(4)

(2.9)

rae Hy (i) — obaactu B H?, rae cooTseTcTBerno p(i;€) > 0 u p(i;€) < 0.

UTo6bI TOAYINTEL BEIDAXKCHHIE A1 [ B MPOU3BOALHON TOYUKe 7z HYKHO
OPHMEHNTL K MOJIVICHHLIM DaBEeHCTBAM TDYNHIOBON CIBHUT, IepeBO AT
TOYKY ¢ B TOIKY 2. B pe3yibTaTe moayIaeM:

Teopema 2.1. Iiadkasn Gunummuas @ymxyus f na L2 svipascaemca uepes

c60e  opuyurauueckoe npeobpazosanue R [ no caedyowet Gopmyae
obpaueHus:

1 Oo(er/zﬁ(z r))'r 1 +Oo(e’“/2ﬁ(z r))'r
f<z)‘——/Tdr=—E/Td’“
0] —00

(2.10)

P = goe [ RO FOE s~ adty) =
p(z,€)=r

_ %e_r/Rhf(E’)é(p(z;é’) _)dedEs. (2.11)

(cp. gopmyavt (1.5) u (1.6) uz caaswr I):
N3 (2.9) caedyem maxoce

B 1 e~ 30(2:6) 9 9 b
fe) =~ / W (&a +£23—€2+1)R F(€)dey des, (2.12)

Hy(2)

Hy(z) — obaacmu ¢ H, ede coomeemcmesenmno p(x;€) > 0 u p(z;€) < 0.

3aMeTuM, 4TO &1 6%1 + 526%2 — omepaTop guddepeHINPOBAHNA BIOJL
MydKa MapalIelbHBIX OPUIINKIOB.

2.3. CooTromenua Acreupccona. [las oGpaleHns mpeoopa3oBaHus R"
MBI ICcoab30Bann Gopmyry (2.4) Toasko npu s = 0. IIpu s # 0 sra popmyra
COJEPKUT JONOIHUTEILHYIO NH(POPMALNIO O CBI3U ycpeqHeHnn GpyHknun f
I ee OPHOUKINIECKOro IpeobpasoBanus R f.
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Teopema 2.2. Hmewom mecmo caedyouue coomnowenus Aceetipccona das
naockocmu Jlo6auesckozo:

F(zs) = —% / mdr (2.13)

)
f4sh® L — 42
2shr/2>s 4sh 2 s

ede F(rys) — cpeduee dynkyuu [ no HEESKAUOBHIM OKPYICHOCTAM C
YEHMPOM 6 TROUKE 2

9 P dx’ dy’
P = = [ 180T = o = ) e (2.14)
L:2
u ﬁ(z,r) — cpednee Pynryuu R" f no mnoncecmey opuyuraos, pasHoom-
cmoswur om mouxu z, cm. Gopmyay (2.11). Hueem marace
~ [ F(zs)sd
Flzr)=2 / (z,5)sds (2.15)
r 2r
olshz| € /21/s? — 4sh” %

Dopmyas (2.13), (2.15) noxywaorcs u3 (2.4), (2.3) rpynnoBeIM cABH-
roM; cp. UX ¢ cooTHomennamu Acreiipccora (1.8), (1.10) u3 § 1 raassr I.

2.4. CootHomenne cummeTrpun. I3 (2.15) cregyer, uTo e’“/zﬁ(z,r) —
JeTHAS QYHKINL OT r, T.e.

er/zﬁ(z,r) = e_r/zﬁ(z, —r)

A1 mo6bix 2 u r. [logcrasus cioa Beipaxkenne (2.11) qua ﬁ(z, 7), MOIydaeM

clenyiomiee COOTHOUIEHNE CHUMMETPHN M1g (OYHKIINHI RA f:

eI [ R F(€)0(p(36) — ) deades = 17 [ RY F(€)S(p(:56) + 1) dea e
(2.16)

2.5. ®opmyaa obGpauieHusa AAf OPULUKINIECKOTO NpeoOpazoBaHus B
Apyrou Mojemu MiaockocTu Jobagesckoro. I[Iycts maockocts Jlobades-
cxoro £? peaamaobama B BuJe BepXHeH IOIBI JBYIOIOCTHOT'O THIIEP5OIOMIA
B R3

[t,e] = e? -2 —25=1, 2 >0.
B sTonl Mogenn opHINKJIAME SBIAAIOTCA CeYeHNs HIep6oJonga II0CKO-
CTAMU

Ex]=¢&x) —&ws—E303 =1,
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rae & — TOYKa BEepPXHEH MMOJILI KOHYCa

K : [gag] = Oa €1 > 0.

Opunuxianieckoe npeobpa3oBaHne 3aJaeTCs CAeIyIomen (hOopMYIONn:

RUF(O) = [ 1@)6(€a) - Dz, €€ R, (2.17)

L:Q
rae dr = l‘l_l dzydzsz — unBapuanTHaA Mepa Ha L2

Teopema 2.3. [iadkasn Gunummuas @ymxyus f na L2 swvipascaemca uepes

c60€ opuyurauueckoe npeobpazosanue R f no caedyowets fopmyae obpa-
UpEHUA:

fle) =

—(27::.)2 /Rhf(€)([€,x] —1)72de,  ede  dE = €7V dEs dés.
K

(2.18)

HuTerpan caegyeT HOHNMATL B PEryAsPU3OBAHHOM CMBICIE, & IMEHHO
KaK 3HAYeHNe NPU [ — —2 aHAIUTHYIeCKON (MYHKIUU OT [, 3aJAHHOHU IPH
Rep > 0 cxogamumcss uaTerpatoM: (27) =2 fKRh FE)[E, ] — 1|*dé.

OtmernM cxoncTtBo Gopmya (2.17) m (2.18) ¢ coOTBeTCTBYOUMME
dopmynamu gias npeobpaszoBanus Pagoma umz ruaswl 1. Ilogo6uo cayuaio
npeobpasosanus Pagona, popmyny obpamenns (2.18) gocTaTouHo IoKa-
3aTh gaa GyEkmuE Ha L7, 3aBHCAMNX TOJBLKO OT PACCTOAHMA JO TOUKI
2% =(1,0,0). Jlerxo y6eauThcs B TOM, 9TO A4 Takux GyHKInit f dpopmyra
obparmmenns (2.18) coBmagaeT ¢ yxe NOKa3aHHON DaHee.

§ 3. Anamaor npeoGpasoBanus Pypbe Ha IIOCKOCTH
Jlo6aueBCKOTO M €ro CBA3b C OPULIHMK.INIECKHM
npeobpazoBaHueM

3.1. IIpeoGpazoBanme Pypre ma R2. Ha HamBHOM ypOBHE KIACCH-
weckuit unTerpan Pypre Ha R? ecTh pasaoxenue bymknum mz L2(IR?)
10 COGCTBEHHBIM (DYHKUNSIM ONEPATOPOB HapaIelbHOrO CABUTA, T.e€. IO
skcmoHeHTaM €' ($§19162Y) OHaKo OH TeCHO CBA3AH W ¢ Golee IIMPOKOI
CPYNNON — TPYIION BCEX ABUKEHUN €BKJIJOBOU ILIOCKOCTH. YKAXKEM DTY
CBSI3b.

Paccmorpum omepatop Jlammaca A Ha eBKANJOBOU IJIOCKOCTH, T.e€.
auddepeHnnaIbHLII OMEPATOP 2-T'0 MOPILKA, IEPECTAHOBOYHBIN C JBHKE-

2 2 .
HoaMm: A = % + ;—yQ. UssecTHO, uTO OH uMeeT Ha L?(R?) HempepuiBHEI



130 IJI 111 Humeepaavuas eeomempusn 6 L7 u L°

1eGErOBCKUN CIEKTD, COBIAJAMMI ¢ moaynpsaMmon (—oo,0). Tpebyercs
IIOCTPOUTH JOCTATOYHLIN 3amac 0606IIeHHBIX COOCTBEHHLIX (DYHKINH 3TOr0
omepaTopa, MO KOTODBIM paaiaraercs Jaiobas dymxmua f € L?(R?). Mu
O6yJeM BeCTH pacCyXKJIeHHUsS Ha HANBHOM YDOBHE, He YTOYHSISA, ITO HYXKHO
IOHIMATHL IO OGOOIIEHHBIMEA COOGCTBEHHBIMI (DYHKUUSIMI B CIydae He-
IPepPEIBHOT'O CIeKTpa 1 moj pasioxenuneM byuknun [ € L?(R?) mo sTum
06001TIeHELIM (DYHKITHAM.

Pukcupyem B rpymie IBHKEHUN €BKINIOBON IIOCKOCTH KAKy0-HIGY Ib
OJHOIAPAMETPUYECKYI0 MOATDYINY TPAHCIALUI, HAIPUMED, MOATPYIILY
COBHUIOB IapajLIeJbHO OCH Y. B kaxgoM cOGCTBEHHOM IOAIPOCTPAHCTBE
omepaTopa A, oTBedatomeM co6cTBeRHOMY 3Hadermio —A2 (A € R\ 0)
uMeeTcs napa 0600IIeHHBIX (DYHKIINN, THBADHAHTHLIX OTHOCHTEILHO STON
moArpynmel — e, BepeM ofHy I3 HHX, HAIpHMep, ¢'*¥ m IpuMeHTeM
K Hell BCeBO3MOXKHBIe cABUru. (4UeBHIHO, UTO NOpH JIHOOOH TPAHCIALUN
byuxuna '’ yMHOKaeTCS Ha 9HCIO, a IPH IOBOPOTE Ha yrol f BOKDYT
Toukn 0 oHa mepexoguT B e MFOSOHYSING) Taryy oGpasoM, JI1 KakKIOrO
cobcTBeHHOTO 3HaTeHns —\” omepaTopa A MBI moTydaeM Ha60p COBCTBEH-
Hblx QyEkmui e MFeost+ysing) g gacrmoern, n Gyrknmo e~ M. Mexay
>TuME (HYHKIUSIME HeT JNHEHHBIX COOTHOINEHWH, W IO HUM MOXKHO pas-
JOXKUTE M00YI0 coGcTBeHHYI0 QyHKUNIO f), omepaTopa A ¢ cO6CTBEHHBIM
aHavenmeM —\2:

1

f)\(xay) = 9

/UA(H)e’M(xCOSG-I_ySiHG)dH (/\ > 0) (31)
0

Bsegem B mpocTpaHcTBO cOGCTBEHHBIX (PYHKINN onepaTopa A, oTBeda-
IOIIX COGCTBEHHOMY 3HaueHHmI0 —A2, HOpMY

2m
1
I = 52 [ lus o) as (3:2)
0

U pacCMOTPHM COOTBETCTBYIOIee TMILGepTOBO mpocTpancTBo Hy. B H)
ompefeleHo yHUTApHOE MpeAcTaBaeHne 15 TPYIIIEl ABUKEHWUN eBKINI0BON
IIOCKOCTH: B GYHKINAX u)y KaxkJol Tpancaaunn (#,y) — (¢ + 2o,y + o)
OTBedaeT OlepaTOp YMHOKEHNS Ha GyHKImIo e (F0cosf+yosing) 5 nopopoTy
Ha yrol o« BOKpYr Todukm ( — omepaTop moBopora ux(-) — ux(- + a).
HeTpyaso mokazaThb, 9TO IpeacTaBAeHES 5 HETPUBOIIMEL.
[pencrapienne ©pymnsl gsuxerutt 8 mpoctparctse L?(R?) pasrara-
eTCA MO TIpeJCTABICHHAM 1); ONUINEM 3TO pa3jozxeHue. Jlobas QyHKIHIS

J € L*(R?) pasraraeTca B WHTerpal

F= [ Apdn, (3.3)
/
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rae fy 3agaerca paseHcTBoM (3.1), B xoTopoM uy () = f(Acosd, Asind),
f — npeobpaszoanme Pypre Gpyuxnuu f. IIpu 5ToM nMeeT MecTO HoOpMy.Ta
IInammepens:

oQ

T RV (3.4

0

rae ||f|| 3agaercsa pasencTBoM (3.2).

3.2. IIpeoGpazopanme Pypre Ha mwrockocTu JloGadeBckoro. IIpoeegem
Tellepb AHAJOTUYHLIE DACCYKIEHNS HA TOM XK€ HECTPOrOM YPOBHE ISl CILy-
41as niaockocTn JlobazeBckoro. Pacemorpum oneparop Jlanmraca—DBeabTpa-
Mz A Ha mrockocTn Jlobauenckoro L2, T.e. guddepeRnaIbHLIH OIepaTop
2-ro mopAIKa, MepecTAHOBOUHEIN ¢ ABMAKeHNAME B L ; OH UMeeT /e VIO

BUI:
0? 0?
A=y —+-=—]).
Y (31‘2 + Oy?
Oycte L?(L£%) — mpocTparcTso dymxunit mHa L? ¢ METerpupyeMbM

. de d
KBapaToOM MOAYIA (OTHOCHTEIbHO HHBADHAHTHON MepHl dv = %)

Omepatop A umeer ma L*(L£?) HempephlBHLIII JIe6eroBCKuil CEKTD,
coBmajaromuil ¢ mHTepBadoM (—oo,—1/4). Ilycts 7 — yHHDOTeHTHAS

1
NOATDYIIIA MATPHI] BIAA ( ‘ 2 ) Ilog uarerparom Pyphbe Ha MIOCKOCTH

Jlo6auesckoro 6y1eM moHUMAThL pasioxenune byuknuit f € L?(L?) mo me-
KOTOPBLIM CHENUAIbHEIM 0600IIeHHEIM (QYHKITHAM omepaTopa A, a HIMeHHO,
o 0606IIEHHBEIM COGCTBEHHLIM (DYHKITIAM, THBAPUAHTHLIM OTHOCHATEIHHO
HOATPYNOLL /, W UX CABUTAM. JTH (PYHKIUH W ABJIATCA AHAIOTAMH
skcnonenT ef(§17+E2y),

B xax1oM co6CTBEHHOM IIOAIIPOCTPAHCTBE ollepaTopa A, oTBevaroneM
1452 (s € R), nMeroTcsa ABe PYHKUINN, NHBAPU-

4
1t:s 14is
AaHTHbI€ OTHOCHTEIbHO IIOATPDYIIIIBI g — y o2 . BepeM OOHY M3 HUX Y 2 |

IIPU BCEBO3MOKHBIX CABHUT'aX OHA IIepeXoquT B (pYHKIINN BHIA

CO6CTB€HHOMy 3HAYCHUIO —

Bo(5:6) = (slaz — €125 = exp (—ﬂpu;&)) TS

2
rae p(z;€) — paccTOfHIe OT TOYKH z = & + iy go opunukia h(£). Bygem
+is
HA3BIBATL (DYHKINHE Y ¢ 30HATLHBIMI OPUINKIMIeCKIMI (GyHKIHAMI, a
nx casurn (3.5) — mpocTo opHuEKImYecKuME (QYHKIuAMH Mbl BHAnM,

aTo ecam £ u &' TPONOPIMOHAILHBLI, TO COOTBETCTByomme (yHKIuum P
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Pa3JMvaoTCa TOJABKO MHOXKHTeIeM. [IpYrux cOOTHOIIEHNN MeXAYy (HYHK-
muamMun ®; mpu s > 0 Her, u ecan B3aTh Qymkmun P, (z;€) rge s > 0,
a ¢ mpoberaeT mo OJHOMY IpEICTABHTETNO Ha KaxjJoll mpamon B RZ,
npoxoasien depe3 To4uky (, To oHEH 06pa3ylOT MOAHBIN HabGop (QYHKIUH,
0 KOTOPHIM paaiaraeTcs aobas dynxmusa uz L2(L?).

Onpegenum npeob6pazosanne Pypre GyHKINN Ha HmIOCKOCTH JloGatdeB-
cxoro £? 0 aHAJOTHI ¢ KIACCHYeCKHM IpeobpazoBanneM Dyphe.

Omnpegenenne. IIpeo6pazoannem Pypbe d10601 raafkon GUHNTHON PYH-
kmmn f ma L£? HasnIBaeTcs cKaldpHOe IpPOM3BeJeHIe [ I 060GIeHHON
opunukandeckon Gpyukunn (3.5),

dx dy
v

Fi(E.s) = / F(2)8, (=€) (3.6)

Iockoapky dyuxumn ®; ogmopoausl no &, To ¢pyuxuus F f Takxe ogHO-
poaHa 1o &:

FF(A\&s) = A7 F £(&ss). (3.7)

3.3. Ceasp ¢ opunuMKImIecKkuMm mpeobpasosanmeM W Gopmyaa obpanie-
mua. IloqHOTA ceMencTBa opUIUKIMIecKHX (yHKOuin P, o3zmadaeT, ITO
TOJMKHA CYIIECTBOBATL (popMyJa oOpallleHHns Ia1d mpeobpazoBaHus Dy-
pbe F. IllocTpoum ee.

Cravata yCTaHOBIM CBf3b MeXTy Inpeobpazoanmem Pypre F [ u
OPUIUKIIIecKIM Ipeobpazobarnem R” f. Kak 1 B eBKIIIOBOM CIydae, Ie-
pexon oT GpyHKIUE f K pyHKnn F f MoXKHO pa3buTh Ha 1Ba dTala: CHAIaIa
MBI mHTerpupyeM dyuKmmo f mo opunmkram p(z; e~ 2E) = p(2;6) = A =0,
a 3aTeM NOIyIeHHYI0 (YHKIIIO, YMHOKEHHYIo Ha e~ 2 %, HHTerpHpyeM
mo A.

IIpu epBOM MHTErPUPOBAHUH TOJYIaeM

/ f(z)ds = R" f(e=2%¢).
h(e=*/2¢)
Nrak, umeem:

Teopema 3.1. Ilpeobpazosanue Pypve na L7 u opuyur.iuueckoe npeobpa-
306AHUE CEA3ARBL COOMHOUEHUEM

+oo
Ff(&s) = /Rhf(e‘”zg)e‘%i*d/\. (3.8)
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Orcroga mo Qopmyae obpalleHns Qi OJHOMEDHOTO IpPeoGpa3oBaHIa
Dypre caenyer:

+oo
R f(€) = Cn)" [ F (s (3.9)

Dopmyay obpamtenns niaa npeobpazoBanusg Pypbe F MOKHO IOJYIUTH
I3 yiKe U3BECTHOH HaM (HopMyasl obpainenns (2.12) qis opHINKINTECKOrO

npeobpa3oBaHIA R, 3aMeTHM, ITO B eBKANJOBOM CIydae MBI U3 (POPMYILI
obpamenusa ai1sa npeobpasoBaHus Pypbe moayuuin GpopMyay obpalleHns
O1s nmpeobpa3zoBanusa PagoHa; 31ech e MBI neM B 06paTHOM HAIPABICHNN.

Togcrasus B (2.12) BEipaxkenne (3.9) R" f wepes F f, moryaaem

sh U3

+o00
1 e—3r(5:6) 9 9

(3.10)

OcTraeTcs ynpocTuTh HOIyUeHHOe BhIpaxkenue. [Ipexte Bcero samernm,
9TO U3 ycaoBus ogHopoaHoctn (3.7) gas F f caegyer

9 0 . )
(&a +€2% + 1) Ff(&s) = —isF f(&:5).

Iepenigem gamee B (3.10) x “momspubiM” xoopauHataMm & = e"¢') rne
—00 < 1 < 400, a & mpuHagIexuT KOHTYpY I' C R? \ 0, mepecekaromemy
[0 OSHOMY pa3y KaiK bl Iyd, BeIXoaamuil u3 Touku (. Mbl moaydnm

+ o0 400

i e~ 3r(23€) i ‘
f(z) = S?F/ / / s W e Ff(&s)dsdr(&dés — ExdEy).

Nurerpupys mo r (MHTErpas mo 7 HyKHO IOHHMATb B CMBICAE [NIABHOTO
3HAYEHNA ), HOLYIAeM:
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Teopema 3.2. Iiadkasn Gunummuas @ymxyus f na L2 swvipascaemca uepes
ceoe npeobpazosanue Dypve F f no caedyougeti Gopuyae obpaujenua:’)

+ oo

fz)= 871T2/th— /]—"f D) exp( 1Zisp(z;g))(gld&—gzdgl))dSZ

— 00

+o00
8%/8%— /ffﬁ, )@ (2 €)(€1d€z—€2d€1)) . (3.11)

Mz me 6y,qu OCTAaHaB/JAUBATHECA Ha CTPOI'OM 060CHOBAHUN IIepeMeHbIL

HopAIKa THTETPHPOBAHNA, KOTOPOE GBLTO HCIOIb30BaHO MPH BLIBOIE (HOP-
myasr (3.11).

3.4. Coornomenne cummerpuu. [lokaxkem, ¥To f MoxkeT OBITH BHIpa-
xKeHa TOAbKO depe3s F f(£;s) mpu s > 0. DToT QakT CBA3AH ¢ TeM, ITO

1t:s

caBUrN GYHKIUA §~ 2, IPUHALIEKAIINX OJHOMY I TOMY XK€ COGCTBEHHOMY
IOAIPOCTPAHCTBY onepaTopa A, BEIPaXKaloTcs APYr depes apyra. menno,

+ oo

(s) /<y|z—51|-> “dey,

— 00

rae c(s) = = 1/°T (H—%) /T (%)

Orcroga jgerko ciegyer cooTHolnenne cumMmerpun aus F f: unmezpas

<
W
Il

/ffa B, (236) (61 ds — £ d61)

Asagemca wemuotli Pynryueld om s. SHAYNT, B CINIY COOTHOLIEHISA CHM-
MeTpuu, ¢dopMmMyry obpameHus aaa npeobpasoBanus Pypre F MOKHO
npeacTaBUTh B BHIE:

f6) = 1 / st 2 / F 68180 (56)(6 e — E2d61) ) ds. - (3.12)

IIpumeuanme. CooTHolnenne cuMMeTpun i F f MOXHO HOAYYINTH U
I3 COOTHOILIEHNA CUMMeTDHH (2.16) 111 OpHINKINTIECKOr0 IPeodpa3oBaHNs

+co

—irs i,
1)H0CKOJII)Ky /1. 3H. f e _dr — c3%F . 3n. f
— 0

+
sp sinrs _
Eeey S dr = je3® f dr =

Shr o

shr
—oo
i

%ith§6_25p.
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R" f. Nmenno, mogcrasus B (2.16) BBIpaxeHue R" f aepes F f u mepeiigsa
K “monapubM” koopamaaTaM & = e'¢/, ¢/ € ', momy<mM, 9To HHTerpal

+o0 400

e~"/? eI F £(€:5)8(2t + p(2:€) — r)ds dt (€, dEy — EodEy).
I1]

(3.13)

sABJAsieTCsA YeTHON (yHKumen otT r. IIpomaTerpuposas mo ¢, moaydaemM, ITO
HHTerpaJ

+o0
/ / e_isr}-f(g;s)e—léif’(z?g)dS(& déy — &5 dEy)
T —co

sABAseTcs deTHOW (yHKumen or 7. OUeBHIHO, YTO 3TO YCJIOBHE >KBUBA-
JIEHTHO yCaIoBuUIO cuMMmeTpuu gias F f.

3.5. ®opmyaa Ilaammepens. U3 ompenenenus mpeoGpazoBannsa Pypoe
F [ u u3 Qpopmyasl obpammenns (3.12) moxyzaem:

Teopema 3.3. Jaa atob0oii 2aadwkoti Funumuoti Pymryuu f na L2 cnpased-
ausa caedywuan gopmyaa Ilaanuepeas:

dad i
Juerttt = L[ [saZisnearieds - qieyis. (.
L2 o T

B camoM gexe, mogctasus B naTerpan [ f(z)f(z) dz;’y BMeCTO (hYHKINH

f(#) ee Boipaxenue gepes F f, moxyzaem:

dedy 1 [ [ -
Jirerst = 2 [ [ [swTre7Es «
2 £2 0 I

1+1s
2

p(2;€)] (1dér — & dgl)dsdz;ly =

X exp [—
1 i TS
= sth— | F f(&;5)|? (€1 dés — EadEy) ds.

Ha ocmoBanuu dopmyanl Ilranmepens, mpeobpaszoBanme Pypne mo
KJIACCHYIECKON CXeMe IIEPEHOCUTCS ¢ IMaJkuX (PUHITHBIX (GYHKINNA Ha BCE

byrxnun f € L2(L?).
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§ 4. CBa3b ¢ Teopuen npeacrasaennu rpynnst S L(2,R)

IpogeMoHCTpUPYeM Ha HpmMepe mIockocTn JloGaweckoro L2 cBf3b
HHTerPAILHON [eOMEeTPHE € TeOpUell NpeJCTaBIeHnil rpyun Jlu.

Mer mveem ruis6epToso mpoctpancTso L% (L?), B KoTopoM geficTByeT
yHuTapHOe npeicTasieHne 7' rpynnsl SL(2,R):

Tyf(2) = f(z04g), g€ SL(2,R),

TAe z — Z 0 g — JABUKeHUe IJIOCKOCTH Jlo6ateBCcKOT 0O, OoTBevalolnee (.
3ajada TeOpHH NpEeACTABIEHHN (TapMOHHYECKHH AHAIN3 JIA IIOCKOCTH
Jlo6ateBckoro) cocTOUT B TOM, YTOOB pasaoxuTb L?(L?) ma mempupo-
JUMEIEe HHBADUAHTHLIE [I0JIPOCTPAHCTBA. JTa 3aJada aHAJIOTUYHA 3aJatde
o pasroxennu ¢yuxnuit w3 L?(R?) B unTerpar dypbe, a HeIPUBOIUMELE
HHBAPUAHTHBIE IOANPOCTPAHCTBA MOXKHO TPAKTOBATH KAK AHAIOTI HKCIIO-
menT. IToxaxeMm, 9TO pemeHne >Toll 3ajgadn gaerca dopmyramu (3.12) u
(3.14) m3 § 3.

Brawaje HyKHO ONICATL CAMI HEIIPHBOANMEBIE NHBAPIAHTHLIE IIOLIPO-
cTpaHCTBa, Ha KoTopele paszaraercs L?(L?). PaccmoTpmm cobeTsenHOe

IOAIPOCTPAHCTBO omepaTopa Jlammaca — BeapTtpamu A, oTeedatorree

1+s2
4

OHO HOPOXK AeHO 0600menHbIME QyHKumIME B, (2;€) = (y|€272 — €2|_2)%l—s,

IPON3BOJBHOMY COOCTBEHHOMY 3HAYEHHIO — . Kak yixke rosopuiocsh,

rge £ mpoGeraeT MO OJHOMY IpeICTABUTEI0 Ha Kazkgoh mpamoi B RZ,
npoxoasien depe3 Touky (. TeMm caMpIM, 31eMeHTHI 3TOr0 COOCTBEHHOrO
TIIOATIPOCTPAHCTBA MOXKHO IIDEICTABUTDL B BHUE:

fi(e) = / e (€) B (2:6) (€1 dés — Eadr): (4.1)

T

rjge GYHKINA U YIOBIETBOPAET YCIOBHUIO OTHODOITHOCTH:
us (AE) = A"y (€); (4.2)

nETerpan Geperca mo To6omy koHTYpy I' C R?\ 0, mepecexaromemy mo
ONHOMY pa3y Kaxgelll 1yd, Boixogammi u3z Touku 0. (O smibopa T
HHTerpaJ He 3aBHCHT, Tak kak guddepeHmuarbras (popma, KOTODPYIO
MBI THTETPHPYeEM, THBADHAHTHA OTHOCHTEILHO Ipeobpa3oBaHmil mogo6ma
& — A, cp. dopmyay (1.14) m3 raaser I). BeegeM B IpOCTpaHCTBe

Gyrknuit f; HOpMY

1207 = [ TP (€ dea — 2y (4.3)



§ 4. Ceasb ¢ meopueti npedcmasaenuti epynnot SL(2,R) 137

I ompejelnmM TIILGEpTOBO mpocTpaHcTBo H, kax L’ mo s>Toft HopMe.
3aMeTHM, YTO, B CHIY CKa3aHHOrO B I. 3.4, mpocrpanctBa H; m H_,
COBIIAJAIOT.

Casuru ma £ nagyuupyioT B H, yEuTapHOE NpecTapierne T, TPYIILL
SL(2,R). B pyuxmuax u,(£) oHO HMeeT BHI:

(Ts (g)us)(€1,€2) = us(ads + &2, 86 + 0&2), g = ( : ? ) .

UsBecTHO,!) 9TO 5TO mpejcTaBIeHIe HEIPIBOIIMO.
Beegem omepaTopnl npoekTHpOBaHua P : Lz(ﬁz) — H;

Pf = f,

rae fs sagaeTcsa paseHcTBoM (4.1), B KoTopoM us (&) = F f(£,s). OueBugso,
YTO 3TH OmepaTophbl P mepecTaHoBOYHEL ¢ geficTBueM rpynmel SL(2,1R)
B mpocrparctBax L%(L?) um H,. Urax, 3agata o pasaoxenun L7(L?)
Ha HENpUBOAUMEIE IIOANPOCTPAHCTBA COCTOUT B TOM, ITOOBI Pa3TOKATH
byrxnuu f € L*(L£?) no ux mpoexuuaM f.

Pemtenne sTofl 3agaun gaercsa ¢popmyramu (3.12) u (3.14), mockoasky
5T (GOPMY/IBEI MOXKHO TIPEJCTABATE B CJAEIYIOIIEM BHIE:

+oo
1 s
f:m/SthTfsdsa Js = P fs (44)
0
dady _ 1 r
/|f P = o / AR (45)

rae ||fs|| 3agaercsa pasencrsom (4.3).

Hamomunm, 9T0 BEIBOA OCHOBHOH (opMyasl (3.12) ommpancs Ha dop-
Myy OOpalleHns A1 omepaTopa R OPHINKINTIECKOro Mpeo6pa3soBAHIA.
Pa3BAcCHEM POJb STOTO OIEepaTOpa ¢ TEOPETUKO-TPYIIOBON TOYKH 3PEHUA.

Oneparop R" mepesoant ¢pyuxumn f(z) Ha 0IHOPOIHOM IPOCTPAHCTBE
£? = S0(2)\ SL(2,R) B dysxmun R" f(€) Ha 0IHOPOAHOM IPOCTPAHCTBE
H=+47\S5L(2,R), n ou nepecranoBotieH ¢ gericrueM rpynnsl SL(2,R) Ha
STHUX MpoCcTpaHCcTBax. [Ipu 3TOM HEIPHUBOANMbIE KOMIOHEHTHI IIEPEXOIAT B
HEMpPUBOANMEIE KOMIOHEHTHI, HO & Priori MOKeT CyIIeCTBOBAaTL HEHYJIEBOE

1) Cm., Hanpumep: Feﬂb(baH;[ N.M., I'paes M.W., Buaenkun H.A. HNurerpaabuas
reoMeTpUs U CBA3AHHBIE C HEN Bonpocu TeopHun npe;(CTaBJIeHI/m O606ueHnbIEe PyHKIIHH.
— M.: Pusmarrus, 1962. — Brimn. 5.
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axpo. B geiicTBuTensHOCTH, mOCKOIBbKY J1a R cymecTByeT dpopmya o6pa-
IeHnsA, SIAPO 0TOOPaKEHNA PABHO HYJIIO, U 3aa49a O PA3JOKEHUN MPeIcTa-
Baenus rpynmst SL(2,R) B npoctpanctse L?(L?) cBoauTcs K 3a1ate o pas-
NOXKEHNN NIpeICTaBICHI B IpocTpancTBe Gyukuui va H = +7 \ SL(2,R).
Pentenue mocaequen 3agasu oueHb IPOCTO TO CAeAyiomen mpuiante. Ha ox-
HOPOJHOM TPOCTPAHCTBe H JeHCTByeT KOMMYTATHUBHAS DPYIIa TIpeobpa-
30BaHuN 10J00uA & — A{, mEPeCTAaHOBOUHEIX ¢ AeficTBHeM rpynmsl SL(2,R).
PaccMoTpUM COOTBETCTBYIONIYI0 KOMMYTATABHYIO TPYIIIY OIepaToOpoB Ay :

(Axf)(E) = F(AE).

O6wme cobcTBeHHBIE TOAIPOCTPAHCTBA OIepaTopoB Ay cocTosaT u3 ogHo-
poaubix pyHKnun. Tak kak omepaTopbl Ay KOMMYTHDPYIOT C OIePATOPAME
npegcrasienns rpynnsl SL(2,R), nx co6CTBeHHbIE OATPOCTPAHCTBA HHBA~
PHAHTHBI OTHOCUTEIBLHO 3TOH I'PyHIsl. I13BecTHO, YTO HHAYIINPOBAHHBIE B
STHX HOANPOCTPAHCTBAX IpecTaBieHns rpynusl SL(2,R) Henpupo uMbL.
Pasznoxenne npocrpancTBa QyHKINI Ha H Ha HEIPIBOIIMBIE COCTABIISIO-
LIe TeM CAMBIM CBOAUTCS K PA3JOXKEHNI0 Ha COOCTBEHHBIE IOANPOCTPAH-
cTBa omepaTopoB A U, Tak Kak IpyIIa onepaTopoB A, KOMMyTaTUBHA 1
uzoMopdHa aIAUTHBHON rpynne IR, 3T0 pazioxkeHne CBOAUTCI K 0OBITHOMY
ogHOMepHOMY mpeobpazoBanmio Pypoe. Kommosunus opumukintdeckoro
npeoGpaszosarna R u 5Toro ogHoMepHOro mpeobpasoBanus Dypbe ecTb
upeo6paszoBanne Pypoe F Ha miaockocTu JlobateBckoro.

Urak, poab OpULUKINYIECKOTO IPe0GPa30BaHIA B TOM, ITO OHO CBO-
OOT 3ajady O pa3loxkeHun QGYHKINN HA OTHOPOJHOM IIPOCTPAHCTBE
£? = SO(2) \ SL(2,R) x sajgaie o pasioxenun GYHKIHH Ha APYTOM
OZHOPOIHOM IpocTpancTse +7 \ SL(2,R), rae oHa pelaeTcs 31eMeHTAPHO.
AHagorn4usle Ipeo6pa3OBAHNS, CBOIALINE 3a1a9y O PA3IOKEHNN IPeICcTa-
BIEHUH TPYII, CBA3aHHBIX C OJHOPOJHBIMH IPOCTPAHCTBAMI, K 3ajJate
HHTerpaIbHOH TeOMeTDPHH, MOKHO ONpeleInTh, kpoMe L2, m I1d Apyrux
OJHOPOJHBLIX MPOCTPAHCTB. DTOT NPHEM, HOJYUUBIINN HA3BAHIE MeTOLA
opucdep, Bruepsbie 6bL1 onncad B craTbe .M. leanpanga u M.I1. FpaeBal).

KoucTpykuns, ¢ moMoIIbi0 KOTOPOR B 3ToM Haparpade GbLIN IOCTPO-
€HBI HeIpUBOAUMBIe IpefcTaBieHns rpynnsl SL(2,R), BxoauT B obuiyio
CXeMY DeaTm3alil HeIPHBOAUMEIX IPEICTABACHUN B (BDYHKIUAX Ha OJ-
HODOJHBIX NPOCTPAHCTBaX, Bocxogamyn k Ppobennycy. Koneunomepuoe
HEIIPUBOJIMOE YHUTapHOe MIpefcTaBleHne 1 rpynnel (¢ peaamsyeTcs B
GYHKOUAX Ha ogHOPOAHOM mpocTpaHcTBe U \ G TOrga m TOIBKO TODAA,
KOorja B IPOCTPAHCTBE 3TOrO IPEICTABICHNS HMeeTCS BEKTOD, MHBADU-
AHTHBII OTHOCUTEIBHO HOATPYNNs!l U] pa3MepHOCTH IPOCTPAHCTBA TAKIX

DTenpgang .M., paes M.I. ['eoMeTpus 0 HOPOIHEIX IPOCTPAHCTB, IIpeLCTABICHUL
rpynn B OJHOPONHBIX MPOCTPAHCTBaX M CBA3aHHBIE C HUMU BOMPOCH UHTErPaJbHOU
reomerpun, I: Tpyasr mock. maTem. o6-Ba. — M., 1959. — Ne 8. — (C.321-390.
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BEKTODOB DaBHa KPaTHOCTH Bxoxjerus 1 B mpoctparctso L2(U \ G).
Teopema gBoncTBeHHOCTH PpobeHnyca ABHO 3aJaeT ONEPATOP BIOKeHNUT |’
B L?(U \ (). B 6ecxoneHOMEPHOM CIytdae TPeGyOTCS HEKOTODHIE aHAJI-
THYecKne yTOYHEeHN .

14:s

PaccmarpuBabuimecss HamMn GYHKINE Y~ 2 Kak pa3 SABJASIOTCS HHBADU-
AHTHBIMI OTHOCHUTEJILHO NOATDPYINBL J, N KOHCTPYKUUS [0 HUM HEIPI-
BOAUMBIX IpeicTaBieHuil rpynnsl G = SL(2,R) cregyer cxeme Dpobe-
Huyca. IlockoJabKky B KaxXJOM HEIPUBOAUMOM IPOCTPAHCTBE HMEETCSI IBA
(0600IIEHHBIX) BeKTOPA, MHBAPHAHTHLIX OTHOCHTEIBHO 7, OHO IBAXKJBI
sraageBaetcs B L3(+£7 \ (). Ogmaxo B pasaoxenme L?(L?) xaxmoe
HEIIPUBOJUMO€E IpeCTaBIeHNIe BXOAUT C KPATHOCTBIO 1; 5TOT (pakT cBszan
¢ cooTHouleHneM cumMmerpun gias F f.

§ 5. UuTerpaibHoe npeobpa3oBaHue, CBA3aHHOE C MPAMBIMH
(reogesngeckumu) Ha miaockoctu Jlo6ageBckoro L2

5.1. Ompegenenne u ¢popmyaa obpamenna B mofeau Ilyamkape. Pac-
CMOTPHIM ellle OAWH aHAJor IpeobpasoBaHus Pajgoma gis mrockoctu Jlo-
6aeBCKOT0 — HHTerpaJbHOe IpeoGpa3oBaHme, CBA3AHHOE C “MPAMBIME’
(reogesmaeckumu) mHa L2.

Coraacuo §1 xaxgas “mpamas” mHa L? 3ajgaeTca B Mogenn Ilyamkape
ypaBHEHHIEM Ha MOAyILIocKocTu Imz > 0:

(x —a)(z —b) +y* =0, (5.1)

rae a £ b, a,b € RU (c0); oboznadnm ee gepes G(a,b). I3 ypasrerns (5.1)
azty
Bz+48

JerKo CIelyeT, ITO IPHU IBUKEHUN 2 — npamas G(a,b) nepexonur B

aaty obty
upsmyio G (,Ba+6 , ﬁb+6)'

Omnpegenenne. O6o3nadnm vepes RY mETerpanrbHOoe mpeobpa3oBaHme, OT-
HOCsIIee KaX Aol riagkon (GuunTHou GyHKIun [ Ha miIockocTn Jlobaues-
ckoro L£? ee mmTerpaint mo mpambiM B L2 (T.e. Te01e3aMtIecKuM OTHOCH-
TeabHO MeTpuku B L2):

R f(a,b) = / f(2)ds, ds = % (5.2)
G(a,b)

OdeBuaHO, 9TO 5TO TPeobpa3OBaHWE MEPECTAHOBOIHO C MeHCTBUHEM
rpynnel SL(2,R).

Hafizem opmyay obpallleHns, BOCCTaHABINBAWONIVIO (DYHKIHIO [ IO
dyrxuun RY f. Tlpu ee BLIBOome OydeM clIeioBaTh TOHW Ke CXeMe, ITO B
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cay4ae npeoGpazoBanus Pagona Ha €BKINJZOBON IIOCKOCTH W OPHIITIMKJIN-
Jeckoro mpeobpasopamns ma L.

Cravana paccmotpum byakmuio f € D(L£?), mOCTOAHEY0 Ha HeeBKIN-
JOBBIX OKPYXKHOCTAX C IIEHTPOM B TOWUKe ¢, T.€. Ha OopOUTAX MOATPYIIILI

SO(2) sarpun g = ( cosfl —sind )

sinff  cosf

f)=F ('Z ;yi'z).

W3 mepecranoBounoctu RY ¢ menictBuem rpynmsl SL(2,R) caegyer, aTo
dyukuns RY f(a,b) Taxxe mHBapHAHTHA OTHOCHTEIBHO NPeOGPa30OBaHUI

u3 SO(2). HeTpyauo y6eIuThes, 1T0 NUHBAPHAHTOM Hapbl ToUeK a, b€ P! oT-

HocuTeasHo SO(2) ABageTCH 1+ab . Taxum o6paszom, RY f(a,b) = (1a+abb).

3 (5.2) cregyer, 9TO

Fr) = R? f(oo,r) = 7F (M) dy _

2y Yy
0

oQ

d
= / / sTUF(s—1))
\/ 24+ 1 s2—(r2+1)
(r2+1)1/2 (r241) 1/2
Taxum o6pa3om, ﬁ(r) — deTHad GyHKIUI oT r, U no GdopMmyIe

obpaleHusa 11 npeobpa3zoBaHua AGeNs moaydaeM:

2 [ d

5_1F(5—1):—— / # s> 1.
™ V241 —
Vs2—1

B wacTtHOCTH, ipu 5 = 1 uMeeM:
2 [F)
) = - 5.3
) e (5.3
0

(nHTerpax cxogurcs, nockoasky F'(r) = o(r) mpu r — 0).
IIycTs Temeph f — mpouU3BOILHAA TlaKas (GpUHENTHaA GyHKINg Ha L7,
f — ee cpenHee O HEEBKIMIOBBIM OKPYKHOCTAM C NMEHTPOM B TOTKE 1,



8 5. Humeepaavnoe npeobpaszosanue 141

> mepectanosounoctn RY ¢ gpuxenmamu L2 ciefyeT, ITo

27
1+ ab 1 acosf +sinf  bcost + sind
g RY
R f(a b) = ( a— b) 271'/ f(—asin@—l—cosb" —bsin@—l—cosﬁ)
0
OTKYJa
F(r) =R F(o0,7) =
6 + sind o t—1\ dt
r COs sin rt —
RIf | —ctgh, di=— | RIf(t,—— )
/ ( ¢ rsm@—i—cos@) 71'/ f(’r—i—t)l—l—tz

Coraacuo (5.3) nmeem:

F(i) =70

=]|N)

[SelPN
F/
/ (5.5)
0
rae F(r) sagaerca paBercTBoM (5.4).
UTo6LI TOAYINTE BLIpaKeHHe A4 f B IPOU3BOALHON TOYKe Zz, OCTa-
TOYHO MPHMEHUTH T'PYIIOBOH CABHUT ¢, MEPEBOIANINI TOIKY i B TOIKY 2,

HaIpuMep,
B y1/2 0
9= xy‘l/z y—1/2 :

Ilpu srom casure f(i) mepenger B f(z), a RY f(a,b) 8 RY f(x + ay,x + by).
B pesyanTaTe moayTaeM:

Teopema 5.1. Iiadkan Gunummuas @ymxyus f na L2 svipascaemca uepes
ceoe npeobpazosarue RY f, ceazannoe ¢ npamvimu wa L2, no caedyouger
dopmyae obpauenus:

~

%]

/
/ s
0

=]|N)

ede

+oo
~ 1 rt —1 dt
Flzr)y== [ R t _———
(237) F/ f(x+ Y, r+ty)1+t2
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5.2. Cpasp c mnpeoOpazoBanmeM PajoHa Ha NTPOEKTHUBHOM ILIOCKO-
cti. TIpemoIoXKNM Teleph, UTO ILIOCKOCTh JloGadescxoro L2 peammso-
BaHAa KAaK BeDXHAA [OJa [IBYIOIOCTHOrO rumepboaompga [z,xz] = 1, rge
[z,2] = 27 — 22 — 2. B oTofi peasmsanuu reogesudeckue Ha L? ABAAIOTCA

AuHEAME ¥ (£) mepecedeHns IUNIEPGOIONIA € ILIOCKOCTIMI
<€a$> E€1$1 +€2l‘2+€3l’3:0, [gag]: _1a

a mHTerpafabHOe IpeobpazoBanne RY 3amaeTca Gpopmytomn:

RIJ(€) = / f(e)ds, [6.6 =1, (5.6)
v(€)

rae ds — saement gamusl Ha L2. HeTpygHo y6einThcs, ITO BLIpAKEHIIE
aast R f MOXKHO TakiKe IPeICTABUTHL B BUIE

dl‘z dl‘g

RIJ(€) = / F)a((€, o)) L2223 (5.7)

Ty
LE

rge d(-) — peapra-Qyuknus Ha K.

B sTon Monemm ¢popMyay oOpalieHns AI1 HHTErPAIbHOTO MPeodpa3o-
Barna RY MoXKHO mOIyIUThL, MOA06HO MpeobpaszoBaHuio MHUHKOBCKOTO —
dyuKa, CBA3AHHOMY C €IWHUIHON IBYMEDHOHI c(epol, KaK CJAeJICTBHE U3
dopmyasl obpamierus nas mpeobpazoBaHuA PanoHa R Ha IpPOEKTUBHON
mIockocTu, cM. § 8 raasel 1. IMeHHO, MOCTABUM B COOTBETCTBHE (DyH-
xmun f € £2 C° dysxmmio F ma R3\ 0, yIOBIeTBOPAIOIIYIO YCIOBHIO
oguopoasoctu F'(Ax) = A2 F(x) u Taxymwo, ato I |[x 1= f, F =0 opn

[z, 2] < 0.

s oupegenerus omepatopa R caegyer, 9o R F(£) = R? f(§) upm
[£,]=—-1uRF() =0 npu [£,£] > 0. ITosTomy u3 GOpMYyIBl 06pAIIEHNS
raaBbl 1 1a mETerpaabHOro mpeobpaszoBanma R (cM. (8.10) ma c. 63)
HEMOCPEICTBEHHO CIeIyeT

Teopema 5.2. Pymwyus f na L2 svipasicaemca depes ceoe npeobpazosanue
RY f, ceasannoe ¢ eeodezuneckumu no caedyrowet dopmyie obpawenus:

fl) = — / RIF(E) (€, 2) 7 w(€). (5.8)
[€,£]=-1

O cMbIcae, KOTOPBIN IPUAAETCI YTOMY HHTErpary, cM. § 8 raassl 1.
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§ 6. Opucdepuieckoe npeobpa3oBaHue B TPEXMEPHOM
npoctpancTse Jlo6auesckoro L3

Onpegenennst u pesyabraTel § 1-5 mis naockocrn JlobadeBckoro me-
PEHOCSTCA U HAa NPOCTPAHCTBA J106adeBCKOro GOMBIINX DPa3MEPHOCTEN,
oaHaxo GOPMYJIbl O6pAIIEHNs AJAs IPOCTPAHCTB HEYETHBIX PA3MEPHOCTEN
BHIVIAAUT HnHade. llosToMy MBI gaguM 3Jech He3aBUCHUMOE U3JI0KeHWe
A1 TpexMepHOTo IpocTpaHcTBa Jlobatesckoro L£3. OcroBHON ymop 6ygeT
clejaH Ha ABHBIE (DOPMYJIHL.

6.1. Moaemn npocrpancTsa JloGateBckoro. CHavana M310KIM KPATKO
saemenTsl TeomeTpun B L. IIpoctpamctso JloGauesckoro L3 apiseTcs
OSHOPOIHBIM IpocTpatcTBoM rpynnsl S1L(2,C) co crannorapHoll moArpyn-
nonn SU(2) (moArpynma yHHTApHBIX MaTpPHL). YIOGHOH A1i HAC MOTEIBIO
npocTpancTsa L ABISeTCH KBATePHIOHHAS MOJeIhb: Toukamu L aBiaioTes
KBATEPHUOHBLI ¢ TPeMA KOMIOHEHTAMI:

w=z+wy+zj, z>0,

roe x,y,z ER, iz :jZ = —1, Z] = __]l, IBUIKEHIE B ES’ OTBEUAIONEE MATPIIE
( : ? ) € SL(2,IR), 3agaeTcs Tak:

w i w' = (wf + )" Hwa + 7).

O4eBHIHO, ITO CTALNOHAPHON HOATPYNION TOUYKK w = j asageTtcs SU(2).
Pumamosa MeTpuka Ha L° myeeT BII:

ds® = 27 (dz? + dy* + dz?). (6.1)

Paccrosnume d Mex Iy ToOUKaMU wy = €1 + Y11+ 21J U wo = To + Yol + 22]
ompeaeaaeTca PABEHCTBOM

d
4sh? 5= P (w1, ws), (6.2)
e
s ) = 2= w2l (6.3)
’ 21 29 ’ .

| | — HOpMa KBaTepHHOHA. DIeMeHT 06beMa B MeTpuke (6.1) nmeeT BHA:

dv=z"3dzdydz. (6.4)
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Jdpyrou BapuanT 3aJaHus IpOCTPancTBa JloGadeBckoro — MHOrooGpa-
31e >PMUTOBBIX CHMMETPIYECKIX MaTPHUII

C

u:(Z b), a,c> 0, detu =1 (6.5)
C IBUZKEHUAMI
u— g ug, g€ SL(2,0),

rge ¢* — 3pPMHUTOBO CONPSXKEHHAA MATPULA.
3ameTnM, IT0 MHOr00Gpasne MaTpur (6.5) MOXHO HHTEPIPETUPOBATD
KaK OJHY HOIy ABYXIOIOCTHOrO rumpebotomnga B R

ac—b%—b%:l, a,c> 0 (by + ibs = b). (6.6)
CooTBeTcTBIE MeX Iy KBATEPHNOHAMI w I MaTpuUIaMi ¢ = u(w) 3a1aeTcsa
TaK:

—1/..2 2 2 -1 ;
x+yi+zj'—><z (@ 4y +27) = (QH_Zy));

27z — dy) 271
a b b
AYTHMIE CIOBaMH, MaTpuLe | 7 COOTBETCTBYeT KBATEPHIOH W = ¢ +
c

—|—%j (cp. caygan maockoctn JlobadeBckoro). B wacTHOCTH, TOUKe W = j
OTBevYaeT eINHUYHAS MaTPULA.

Ya06H0 B ypaBHeHNN runepGoronga (6.6) mepefiTn Kk HOBBIM KOODJUHA-
a-zl—c’ Ty = 45°, x3 = b1, x4 = by. Torga MBI mMOTyuNM pearn-
3alUI0 NPOCTPAHCTBA J106a4eBCKOT O B B e BEPXHEN MOJLI JBYIOJIOCTHOIO
runepb6oaougas

TaM: T —

[t 0] =l —af —2i—2i=1 x>0 (6.7)

B »Toll peasmsamun IBHXKeHNs 3aJal0TCSI KaK JAHMHEHHBIE NPeo6pPa30BaHI
B R* coxpamsiomme BepxXHIOH HOIYy THmepPGOTONIA, T.e. KAK 3IeMEHTHI

rpynmet SOg(1,3) = SL(2,C)/{xe}.

PuManoBa MeTpUKa B DTOH MOEIHN IMeeT BHI:
ds® = —dz? + dz? + dz? + dz2;
1 2 3 45
HHBApUAHTHOE paccTofHme d MEXKTY TOYKAMEU £ U Y OIPEJeIdeTCsa PaBeH-
CTBOM

chd = [z,y];

>IeMeHT o6heMa B KOOPJUHATAX X7, £3 Ha L7 mMeeT BU:

dv = dl‘z dl‘g dl‘4 .

Ty
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6.2. Opucdeprr. B npocrpancrse Jlo6as1eBCKOr0 MOKHO OINpeIeINTh
cdeprl GeCkOHEYHO GOIBIIOrO pajuyca (opucdepsl) — IpeIeasl HeeB-
KINOOBEIX c(ep, KOrjga UX LIEeHTP U PAJUYC COIVIACOBAHHO CTPEMATCSI K
GecxoreunocTn. OHN IPEACTABAAIOTCA ANGO Kak (€BKINIOBLI) cdepBl Ha
noaympocTparcTse z > () B R3 xacaromueca maockoctn z = 0 (abcomoTa),
an60 KaK ITOCKOCTH B 3TOM IOIYIPOCTPAHCTBE, IapajlelbHble IIOCKOCTH
2z = 0. Ilocaennue ecTecTBEHHO NHTEPIPETUPOBATH KaK cPephl HECKOHETHO
6OJILIIIOrO PAJIYCa, KACAOIINecs IIOCKOCTH z = () B 6eCKOHEYHO yIaleHHON
Touke. B kBaTepHHOHHON MO Jean Kaxk gas opucdepa 3a1aeTcs yPaBHEHIEM:

lwés — &7 = 2, w =& + ui + zj, (6.8)

rae & = (&1,&) € €%\ 0. Taxum obpasom, MHOTOO6pasme opucdep ma-
pamerpmsyeTrca Touxkamu & € C? \ 0, mpuaem Touxam & m A, |\ = 1
OTBedaeT OJHA U Ta ke opucdepa (Cp. ypaBHEHII OPUINKIOB HA INIOCKOCTH
Jlo6agesckoro). Opucdepy, 3aganuyio ypasaerneM (6.8), o6o3naunm gepes
h(€).

3amewanue. Ecin mpocTpamcTso £ pealnaoBano Kak BepXHA 014, JBYTIO-
nocTHOrO runep6oronga (6.7), To opucdepaMn ABIAOTCA IIOCKHE napabo-
JIWIeCKUe CeYeHUs STOT0 TUIepOoIonga, a MMEHHO, CEIeHUA ILIOCKOCTAMHE
Buga [§,x] =& a1 + &awa + €323+ Eaxy = 1, nlie £ — TOUKA BepXHEN OB

KOHYCa [gag] = Oa €1 > Oa € € R4\0

Ha MuOroo6pasuu opucdep AeNCTBYeT, I IPUTOM TPAH3ZUTHUBHO, DPYIIIA
a B

v 4 )

nepesoaut opucdepy f(£1,82) B opuchepy h(aby + &2, &1 + 66s).

Ha sapike gBumxkenunn opucdepbl ONUCHLIBAIOTCI TaK: OHU JNO0 ABIAIOTCA
10
t 1
CTH, IapallelbHble IIOCKOCTH 2z = 0), An60 MOIy<aloTcs CABHTAME THX
op6ut. Takum o6paszom, MHOTOOGpa3ue opucdep ABAIETCA OTHOPOIHBIM
npocrparcTeoM rpynnsl SL(2,C) co crannoraproil noArpynnon +.7.

Kax gas opucdepa uMeeT eIUHCTBEHHYIO TOUKY KACAHUA ¢ aBCOMIOTOM,
KOTOpasd HA3bIBAETCS €€ MEeHTPOM. B Halllell HHTepIpeTAluN 3TO TOUKH
xacaHus ¢ miockocToio z = (. Opucdepsl ¢ 0O0IIUM HEHTPOM HA3BIBAIOTCS

[apatIe bHBIME. 3aMeTnM, ITo opucdepa h(€) xacaercs mrockoct z =0 B

TOTKe %3 OTCI0fa CIeIYeT, ITO M060H TyI0K MapaLIeIbHEEIX opucep eCcTh
{h(A€) | 0 < A < oo}, rae £ puxrcupoBaHo.

Paccrosune (opuertuposarHnoe) p(w,£) oT Toukn w € L3 1o opucdeps
h(&) ompegmexsercs Tax e, KAk PACCTOAHHE OT TOYKH JO ODULUKIA Ha

maockocTu Jlo6adeBCKoro, n 3agaeTcs AaHAJIOTUYHON (POPMYION:

plw;€) = ln(z_1|w€2 — €1|2), w=x+y + zJ. (6.9)

gemxennnn SL(2,C); gBmKeHHme, oTBedalollee MaTpHIE ¢ = (

opbuTaMu MOATPYUILI / MATPHUI BHIA ( ), t € C (70 — maocko-
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6.3. Opucdepuieckoe npeoGpazoBaHue.

Onpeperenne. Hazopem opucdepudeckny mpeobpaszosanmeM B L° maTe-
h o o

rpanabHOe npeobpazoBaHme R, OTHOCsINee TIagkol (PUHUTHON (DYHKINN

f ma L3 ee nETerpaInl mo opmcdepant:

RM () = / f(w) do, (6.10)
h(€)

rae h(£) — opucdepa, 3agannas ypasaenueM (6.4), a do — (HeeBKINIOB),
3IeMeHT mIomain Ha h(§).

h o
Bripaxenne xaa R” MoxkeT ObITH 3allICAHO TaKXKe B cIeyiomten Ghropme:

dzx dyd
R £(€) = [ Flw)s(ptuse) “HE (6.11)
L:3
rae p(w;€) — paccrosHne TO TOYKH w = & + yi + zj g0 opucdepwr h(),

cM. opmyay (6.9).
I3 ompejeleHns cIeAyeT, UTO omepaTop R IepecTaHOBOYEH ¢ eil-
ctBueM rpynust SL(2,C).

6.4. ®opmyma obpamenus. [lepenngem k mocTpoenmnio Gopmyasl oGpa-
IleHNA A1 NHTETPAIbHOTO MpeobpaszoBanma R, moBTopus Te xe paccy-
KJEHUsI, ITO U B caydae maockocTu Jobadesckoro. Ilycte cmagama f —
paguaibHas (PYHKOUS, 3aBHCANAA TOJIBKO OT PACCTOSHIA TOYKH W IO
TOYKHA j

Fw) = F(z7?|w - j]).

Torga R" f(€) 3aBUCHT TOJBKO OT PACCTOAHUSA TOUKH j 10 opucdepsl h(§),
T. €.

R f(€) = F(r), rae r = In(j&1[* + [&]?).

3uaunr, ﬁ(r) paBHO mETerpaty byuxmnn f mo opucdepe h(e/? 0): z =,
T. €.

Foy= [ F (W il Gl ”2) dedy _

erl2 e2r
R2

le er

- F/F(—W)tdtzzw / P52 (6.12)

0 2|sh %]
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~

Orcoga cregyeT, 9TO, BO-IEPBHIX, €' F'(r) — deTHas QyHKIUL OT 7,
erﬁ(r) = e_rﬁ(—r)

1, BO-BTODBHIX,

(e" F(r)) = —2m(ch rF(2shy) + shrch g F'(2sh ). (6.13)

W3 (6.13) opu r = 0 caegyer:

. 1

1) = F(0) = =5 (" F(r)) lr=o (6.14)

(cp. ¢ dopmynon (2.5) sront raasel 1 popmyaon (2.4) u3 § 2 raasw I). IlycTs
Temeph f — IPOU3BOILHAA TIaiKas GUHNTHAS GyHKmua Ha L5 1

J(w) = F(w = j))

— ee cpeJHee IO HeeBKAUAOBLIM c(epaM ¢ IeHTPOM B Touke j. Tak Kak
3T cdepbl — OPOUTHI NOArPYNNEl YHITAPHBIX MaTPHIL

o= % D) el 1o =1, w0

Flw) = F(" 2w — j|) = / F((wB + @) (wa — B)) du(a, ),

rae du(a,3) — uEBapmaHTHaA Mepa Ha pPyIIle yHHTADHBIX MATpPHL, T.e.
Ha TpexMepHOH egmamaHON chepe |a|? +|3|? = 1, HOpMEpoBaHHAs yCTOBHEM
fdp(e,3) = 1. HeTpyaHo @IpOBepHTH, UTO BblpaxkeHme a1 F MOKHO
OpeJCTaBUTD B CIeIyIolell yIo6HOI dopMe:

1 S _ . drdydz
F(s) = ¢ [P = ) s o - g - ) EEE (615)

L3

Mycts ﬁ(r) =R" F(&), rae r = p(j;€) = In(|&]? + |€2|%). s mepecTanoBot-
Hoctn R ¢ meficTBmeM rpymmsl SL(2,C) caegyer, aTo

F(r) = / R" f(er/za,er/zﬁ) du(e, B) =

[ +1812=1

.\ 2
= (5) / RYF(e 1261, ¢77265) 8 (p(j5€)) déy dEy d€o dEs, - (6.16)
C2
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rae p(4;€) — paccrosuue ot j g0 opucdepst h(£). B cury (6.14) umeem:
1

1) = F() = =5 (" F(r) " |r=o.
ToacraBus cioga Beipaxenne (6.16) mma ﬁ(r), IOy UM
f=-g [ PROWE =
[§1]2+]€2]2=1
= s [ PR FQ 80 v, (617
(CQ

rae

d o —0 9 i\? _
L :51£ +5z@+51£+€2£+2, dv = (5) d€1d€1d€2d(€62~18)

Urak, noxydeno seipaxenue f(j) <depes opuchepudeckoe mpeobpazo-
paune R" f. OTcioga, IPIMEHNB C¢IBUT, IEPEBOJAIMI j B IPOH3BOILHYIO
PUKCUPOBAHHYIO TOUKY W, MOLYTAeM:

Teopema 6.1. Pymuryus f na L3 svipascaemea uepes ceoe opucepuueckoe
npeobpasosanue R™ f no caedywweti fopmyae obpawenua:

1 ~
Flw) = =5 (" F(w,7))"]r=0, (6.19)
2de
F(w,r) = 71'_2/Rhf(er/zé’l,er/zé’z)é(p(w,ﬁ))dv; (6.20)
(C2
omcioda
f(w) = — g5 [ PR F(©8(p(wi)) dv (6.21)

(C2
ede onepamop L 3adaemes pasencmeom (6.18).
3ameuanme. Tak xax R” fetey,etfés) =R" f(&1,€2), To L R f=L¢ R" 7,
rie Le = 513%1 + 523%2 +1, L = 516%—1 +526%—2 + 1. Tlosromy L2R" f =
—2 —

=4LIR" [ = 4L R" f = 4L¢L¢R" f.

OTMeTuM, ¥TO B OTINYNE OT cAydas ILIockocTH JlobadeBckoro, »ra
dopmyaa obpalreHns JOKAIbHA: I BOCCTAHOBICHIA (DYHKIUN B TOYKE W,

HYXKHO 3HATh HHTerpabl GpyHKINN f TOAbKO mo opuchepam, 66CKOHETHO
OMM3KNM K w.
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6.5. CooTHomrenne cuMmerpun. IlonyTHO, IpUMeHNB K paBeHCTBY (6.12)
TPYNIOBOI CABUT, MBI IIOAYYIaeM CJAeIYIOIINN Pe3yIbTaT.

Teopema 6.2. Hmeem mecmo caedywuee coomnowenue Aceetipccona das
npocmpancmea Jobauesckozo:

erﬁ(w;r) =2r / Fw;s)sds. (6.22)
2|sh 5|
3decy F(w,s) — cpeduee dynryuu f no cepan ¢ yenmponrn 6 mouxe w.
1,2 - dx'dy'dz’'
F(w,s) = ﬂ_l/z5z/2 |w —w' |7 f(w')§(27 1|w —w'|* = sz)xigy =
z
L:3
d(w,w')| ™" d(w,w' de'dy d-'
— (27)-1 / o 20| (a2 M) o) o B g o)
2 2 23
L:3
ede d(w,w’) — neeskaudoso paccmosnue mexcdy w u w', a ﬁ(w,r) —

h
cpeduee gynkyuu R f no opucdepam, pasnoomemodwum om mouxu w,

dopmuyaa (6.20).

~

Cmeacteue. e F(w,r) — uemnas ynxyus om r,

~

erﬁ(w,r) =e "F(w,—7).

~ h
Togcrasus cioga Boipaxenue (6.20) gas F, moxydaeM, uto R" f yzos-
JETBOPSIET CAEIVIOUIEMY COOTHOIIEHNIO CIMMETPIH:

R, ) S i) o =
= e_r/Rhf(e_r/zé’l,e_r/zé’z)é(p(w;é’))dv. (6.24)

6.6. Popmyna obpameHua Aaa opuchepuIecKoro Impeolbpa3oBaHUA B
APyrou Mojemu mpocTpaHcTba Jlobatiebckoro. PealmsyeM IpOCTpaHCTBO
Jlo6auenckoro £3 B BIje BepxXHeH OB JBYMOJOCTHOTO THIep6OIONIA B
]R4

2 2 2 1

[t ] = —2l —2i—22=1 x>0

B »ront Mogenu opucdepaMu ABIAOTCA CeIeHIS TUIEPGOMION A FUIEPILIOC-
KOCTAMI

E,z] =& a1 —Eoay — E3wg — Eawa = 1,
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rae & — TOYKa BEepPXHEH MMOJILI KOHYCa

K : [gag] = Oa €1 > 0.

Opucdepuueckoe npeobpazoBanne 3aJaeTCsI CAeIYIOUIEN (HOPMYION:

RUF(O) = [ 1@)6(€a) - Dz, €€ R, (6.25)

rae dr = l‘l_l dzydzszdz, — unBapuanTHas Mepa Ha L.

Teopema 6.3. Iiadkas Gunummuas @ymxyus f na L3 svipascaemca uepes

c60e opucepuuecroe npeobpazosanue R" f no caedyoweti Gopmyae obpa-
UpEHUA:

1
fa) = ~go [ RYFO& (6] = 1. d =& dsadéada, (6.20)
K
ede 6" (-) — smopaa npouzsoduas deavma-pynryuu Ha R.

Dopmyast (6.25) n (6.26) aHATOTHYIHBI COOTBETCTBYIOMNM (POPMYIaM
aas mpeobpaszoBanms Pagona w3 ruaaswl I, m, mogo6Ho caydar mpeobpa-
3oBauusa Pagona, ¢popMmyry obpamenus (6.26) zocTaTowHO JOKa3aThb A/
dbymxnuit ma £3 ) 3aBucammx Toapko oT paccrosurns fo Touxu x°=(1,0,0,0).
Jlerko ybeaurbesi B TOM, 4TO G Taxux GyHkuun f Gopmyaa obGpalenns
(6.26) coBmagaeT ¢ yiKe IOKa3aHHON paHee.

6.7. NurerpansHoe npeofpa3oBaHme, CBA3AHHOE C BIIOJHE T'e0je3Mie-
CKMMM TIoBepXHOCTaAMM B £3. 3Jech MBI pACCMOTDIM ellle OJHO HHTErPaIh-
Hoe mpeobpazoBanue Ha L3; oHO oTHocHT (yHKIMAM Ha L3 UX HHTerpaIs
IO BIIOIHE TeoJe3mdecKnM moBepxHocTaM B L5, O6oamadnm ero Tepes R .

Peammayem mpocTpancTBO JobadeBckoro L3 Kax BepXHIOW MOy TH-
nep6oaonga (6.7) B R B >Toil MoJern BIOIHe Teofe3nTecKue ABITIOTCH
CEYEHNSIMI 3TOT0 MUIePEOION LA IIOCKOCTIMI

(&, 2y =&+ Eawo + Egws + Eaq = 0,

rge £ npoberaeT ogHONOIOCTHLL runep6oaony [€,£] = —1. Narerpansuoe
npeobpazosarune RY zanaeTcsa caenyromen (GpopMyIon:

dl‘z dl‘g dl‘4

RIJ(€) = / F()8((€, a)) Lzdradis (6.27)

Ty
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rge () — peabTa-QyHKUu Ha R; cp. ompefedeHne Aas IIOCKOCTH Jlo6a-
“eBCKOro B § 5.

IMono6Ho cayvaro mrockocTu Jlo6adeBcKOro, (POPMYJIa OOPAIIEHAA IIs
5TOr0 WHTErpaJbHOT 0 MPeoOpa3oOBaHUA MOXKET OBITH MOIYUeHa KaK C/Iel-
cTBHe W3 (POPMYJILI OOpalieHns 114 npeobpazoBannda Patona R Ha mpoekx-
THUBHOM IIPOCTPAHCTBE, cM. § 8 riaswl I. IMeHHO, TOCTABUM B COOTBETCTBHUE
byaxmun f € L3 C° dyrxmuro F ma R*\ 0, yI0BIeTBOPAIOMIYIO YCIOBIIO
oguopoauoctu F'(Az) = |A\|73 F(z) u Takytwo, aTo F |[x7x]:1: f, F=0mopn
[z, 2] < 0.

U3 ompenenenus omepatopa R caegyer, ato RF(£) = RY f(&) nmpm
[£,] = -1 uw RF(&) = 0 mpu [£,£] > 0. ITosTomy m3 opMyas obpa-
mennsa (8.6) raaser I gas uaTerpaabHoro mpeoGpasosanus R (cMm. c. 58)
HEMOCPEeICTBEHHO CIeIyeT:

Teopema 6.4. Iiadkan Gunummuas @ymxyus f na L3 svipascaemca uepes
ceoe npeobpazosanue RY f, ceazannoe ¢ snoane eeodesuueckumu nosepr-
HocmAaMU, No caedywueti Popmyae obpaujenus:

fla) = —(2m) =2 / RIJ(§) 6" ({€, z) )w(§), (6.28)
[€.6]=-1
ede 6" (1) — smopasa npoussodnas deavma-Pynryuu Ha R.

O cmMbIcIe, KOTOPBIT IPUAAETCA ITOMY HHTEerpaay, cM. § 8 raassl I.

IMoggepkHeM, WTO B OTAHYME OT CIydasd ILIOCKOCTH .JlobGadeBckoro,
dopmyna obpammenns (6.28) soxanpHa.

Hob6aBaenne. Opucdepudeckoe mnpeoOpaszoBaHme A IPOCTPAHCTBA
Jlo6a41eBCcKoro MPOU3BOILHOM Pa3MepHOCTH. IIpocTparcTBo JlobadeBcKoro

L" npon3BOIBLHON Pa3sMepPHOCTH 7 — 3TO BEPXHAA [01a TUIEPOOIOHa B
Rn+1
-2 .2 2
[tz =] —25—...— 2 =1, 21 >0, (6.29)

B KOTODOM JBIXKE€HNS 3aJal0TCS JIUHENHLIMI NPeo6pPa30OBAHUAMI IIPOC-
TparcTBa R™T!  coxpamommMm 3Ty THIepIOBepXHOCTH. OpucdepaMm
Ha3bIBAIOTCA Ce¥eHUA ruiep6o/aonaa MInepIIoCKOCTAMI

Erx]=&x — ... —&upr1np1 =1, (6.30)

rge £ — To4UKa BepxHell moanl kouyca K @ [£,£] =0, & > 0. Opucdepu-
Teckoe Mpeobpa3oBaHme 3aJaeTcs CAeIyIomen (POopMyIon:

RUFO = [ F)o(6a - Ve, ge (6.31)
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rae dr = l‘l_l dxs---drp41 — uHBapumaHTHaA Mepa Ha L”.
CrpykTypa (GopMyasl 06palleHns 3aBICUT OT YeTHOCTH n. IIpuBegem
ee 6e3 mokazaTeabcTBa. Eeau n = 2m + 1, To

fe) = % R @8t ex] - 1) de (6.32)

rae d& :51_1 déy - -d€p 11 — mHBapuanTHaA Mepa Ha Kouyce K. Ecan n=2m,
TO
(=)™ (2m — 1)!

o) = I[ R F(€) ([€,2] — 1) de. (6.33)

Takum ob6pa3oM, Kak U B caydae IpeobpaszoBamusa Pagoma, dopmyra
obparresns JToKaJIbHA IPU HEYeTHOM 1 U HEJIOKAJIbHA IPH <TeTHOM 7.

§ 7. Anajor mpeo6pasoBanua Pypbe B MpOCTpaHCTBE
Jlo6a4eBCKOT O M €70 CBA3b ¢ OpHUchepUIeCKUM
npeoOpa3oBaHUEM

7.1. Oupegenenne npeobpazopanua Pypoe. Oupegennm nurerpar Py-
pbe 114 mpocTpancTBa Jlo6atenckoro L3, mo106HO TOMY, Kak 3TO GBLIO yiKe
cJeraHo O ImIockocTu JlobateBckoro. PaccmoTpuMm onepatTop Jlanmraca —

3, = .
Beavrpamu A Ha L£°; OH UMeeT CJIeIYIOLINNT BUI:

A—Zz 8_2_1_&_1_6_2 —Zi
o 8z Hyr Oy 8z

UssecTro, 1To omepaTop A mmeer ma L?(L?) mempepoisrEri 1e6eroBekmit
CIIEKTD, COBIA A0 ¢ nHTepBatoM (—oo, —1). [lycts 7 — yHHDOTeHTHAS

NOATPYIIA KOMIIEKCHBIX MaTpPUIl BU A ( 1 2 ) Ilog uarerparom Dypoe

na £3 6ygem momMaTh pacmoaoxenue dymkumit f € L?(L£3) mo mexoTo-
PBIM CHEIUATBHBIM (PYHKIUAM omepaTopa A, a UMEHHO, 0 COOCTBEHHBIM
QYHKIINAM, HHBAPUAHTHLIM OTHOCHTEABHO MOATPYINBLL /, U WX CABUTAM.

B kaxgoM cOGCTBEHHOM MNOANPOCTPAHCTBE omeparopa /A, OTBEYaOIeM

2
COOCTBEHHOMY 3HAYEHIIO —4"215 (s € R), umetorca gBe (PYHKINH, NHBA-

+is

PUAHTHBIE OTHOCUTENLHO HOATPYINEl £, a NMEHHO, 255, Bepem ogny u3s

HIOX zﬁ;_s; [IPU BCEBO3MOKHBIX CABATAX OHA IIepexoauT B (PYHKINK BHIA

24+ 1s
2

&, (w;é) = (z|ws — &7 = exp <_ P(w3€)) C e (1)
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rae p(w;&) — paccrosHme OT TOYKH w = & + yi + zj 10 opucdeps
h(€). ByzeMm HasbIBaTh (QPYHKINN 25 somarpmemMT opuchepuIecKnMu
dyakumamu, a ux casurn (7.1) — mpocTo opucdepnueckuMu GYHKIN-

avu. Ecan &,&' mpomopumoHaIbHEI, TO COOTBeTCTByIomue (GyHKmmm P
Pa3JMvaoTCa TOABKO MHOXKUTEIIMN U upu s > ( APYrux COOTHOLIEHHUN
Mexay (yuxnusmu P, He cymecrByer. T (QyHKIun, xorga s > 0, a
£ mpo6eraeT Mo OJHOMY NIPEACTABATEN0 HA KaK IO KOMILIEKCHON MPAMON
B C? \ 0, mpoxonsamet: wepes Touxy 0, 06pa3yoT TOTHEIT HAGODP DyHKIIII,
0 KOTOPHIM pasiaraeTcs aobas dynxmusa uz L2(L3).

Onpepaemnenune. IIpeo6pazosanne Pypoe raagxon GuHITHON QyHKUNN f Ha
npocTpancTBe JlobaueBckoro L3 ompegenseTcs paBeHCTBOM

F 169 = [ - (us HE (72)

(cp. ompegexenne F f naa L2 — dbopmyaa (3.6)).

Uz ogmopoguoctu ®, mo { caegyer, wro F f — Takxe 0ZHODOIHAS
PyHKIUA oT &:

FF(A&s) = A2 F f(&ss). (7.3)

7.2. ®opmyaa obpamennda. IloamoTa cemencTBa opuchepuieckux QpyH-
xuun P, ozHawaeT, YTO JOMXKHA CYIIECTBOBATH (POPMYyIa OGpALIeHIsI A5
upeo6paszoBanus Pypoe F. IlocTpoum ee, MOBTODPUB PACCYXKIEHUA I
caydas miaockocTu Jlo6adeBckoro.

Ilpex e Bcero, xkak m B cIydae NIOCKOCTH Jlo6ateBCKOTO, MeXKIY
npeoGpaszosannem Dypoe F f 1 opucdepmieckuM npeodpazopanmem R f
HMeeTCs CAeIYIOUIas MPOCTAast CBI3b:

1s—2

+oo
Ff&s) = /Rhf(e—”%)e 7 A d. (7.4)

Orcroga mo Gpopmyae o6paleHns 111 0 JHOMePHOT 0 IpeobpaszoBanus Pypoe
claenyeT:

+oo
R f(€) = Cn)" [ F (s (7.5)

Dopmyaa obpamenns gaa npeobpaszoBamus Pypbe F moayuaeTcs us
dopmyasr obpamenns (6.21) 11a opucdepuueckoro mpeodpas’oBaHu Rh,
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€Can B MOCTEJHION MOACTaBUTH BhIpaxkeHue (7.5) RA f depes F f. Nmeem:

+oo
fw) = g5 [ [ PFHEI ) dsde, (10)
(2 —o0

rae

0 0 — 0 — 0
L—51£+€2@+51£+€2£+2.

YopocTuM 5TO BLIpaKeHHe. 3aMeTHM, MpeXkJe BCEro, UTO U3 YCJIOBHUS
ogropoaroctn (7.3) gas F f cregyer

Lz}"f(é’;s) = —ssz(g;s).

Haxee, nepenigeM B (7.6) oT £ x HoBEIM KoopauuaTaM £ = A&, rge A € C\ 0,
a & mpo6eraeT mosepxrocTs I' C €2 \ 0, mepecexaromntyio mo oIHOMY pasy
HOYTH KaXkAyI0 KOMILIEKCHYIO IPAMYIO, Ipoxonaamryto depes Touxy 0. Mer
HOTY TIM:

g too

rw == () [ @/ 7 (€ 5) 621 A +

— 00 T
+ p(w;€)) dNAN(E; dEs — €5 dEy) (€ dEs — &5 dEy)) ds.

Uurerpupys mo A, noiydaeMm OKOHYIATEILHO:

Teopema 7.1. Iiadkas Gunumuas Gyuxyua f nwa L3 evipascaemes uepes
ceoe npeobpasosanue Pypve F [ no caedyroweii popmyae obpaujenua:

+o00
1 94
flw) = 1671'3% / /ssz(é’;s)exp (— —;wp(w;ﬁ)) X

A
X (E1dEy — EdE1) (€1 dEs — o dEr)ds = (7.7)
= 1617T3% / /Ssz(&s)@s(w;g)(gl déy — € — 2d&,) (& d&s — & d&y) ds.
—oo I’

7.3. CooTHottenue cumMmeTpun u popmyaa Ilnamuepens. [logo6uo cay-
qal0 II0CKOoCTH Jlo6atdeBCKOr o, CIBUTMT 30HAJBLHBLIX opuchepuiecknx GyH-

is

o 2+ 2—is
KOUN z 2 ™ 2z 2 BBIpaX)aloTcda IPYT Yepe3 apyra:

.5 :4@1/@m_&r%%ﬁﬁﬂ5,

C
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__ s
rae ¢(s) = 3. OTciofa BEITEKaeT CIeJyIollee COOTHOMICHIIE CHMMETPHI s

F f:
/ F F(65 ), (w3 €) (61 ds — 2., ) (6 dEs — G dEy).
T

Humeapaa asasemes uemnot Pynkyueis om s. B cuwiIy 3Toro cooTHOIIEHNI
dbyuxmmsa f wa L2 MoxeT 6LITE BEIpazena Toabko wepes F f(€;s) mpu s > 0:

Flw 871'32//5 F f(&55) s (w;€) (€1 dEy — E2dEr) (&1 dEy — E2dEr)ds
(7.8)

IIpumeuanme. Kak n B cayvae miockoctu Jlo6aueBCcKoro, cOoTHOIIEHNE
cumMeTpun 418 F f MOXKHO HOJIYYNTL U3 COOTHOIIEHNs cumMeTpun (6.24)
aas R f.

U3 oupegenenns npeobpazosanus Pypoe F f u n3 popmyasl ob6parnerns
(7.5) moxygaem:

Teopema 7.2. Jaa awboti 2aadkoti Gunummuoti Gynxyuu f na L3 cnpased-
ausa caedywuan gopmyaa Ilaanuepeas:

/ () P PV (7.9)

L
873

l\') |

/ /|~7:f(€7 8)|? (€1 dés — Edé1) (&1 dEs — E5dEy) | ds
0

T

(cp. dopmyry Ilaanmepens (3.14) xaa £?). Ha ocroarnu dopmyas [Lian-
mepens npeobpazoanne Pypre F f 1m0 KIaccHIecKon cxeMe IepPeHOCHTCS
na Bce dynxmun [ € L?(L?).

§ 8. CBa3b ¢ Teopuen npeacrasienuu rpynnst S L(2,C)

YCTaHOBIM O aHAJOTHH CO CIydaeM ILIOCKOCTH JloGa<ueBCKOro, cBs3b
[OIYIeHHOTO B § 7 pe3yabTaTa ¢ Teopuell npegcTasienunl rpymnst SL(2, C).

Mzt umeeM ruab6epToBo npoctparctso L2(L£3), B xoTopoM meiicTByeT
yHuTapHOoe npeiacrasierne T rpynnsl SL(2,C) :

Tyf(w) = flweyg), g€ SLE2,0),

Tle w — W o ¢ — OBUXKeHWe IIOCKOCTH Jlo6ateBCcKOT0, OTBewdalolee ¢.
3ajata TeOPUH MpeICTABICHNH (FaDMOHNTIECKHIN AHAIN3 1711 IPOCTPAHCTBA
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Jlo6ateBCcKoT0) COCTONT B TOM, IT06B! pasztoxuTs L?(L?) ma mempusomu-
MBble NHBapHaHTHBIE II0JIDOCTPAHCTBA.

Brauane HaJo ommcaTh caMHU HeIPHUBOJUMEBIe WHBAPUAHTHEBIE MOANPO-
CTpaHCTBa, Ha KoTophle pasraraeTrcs L?(L?). PaccMoTpum co6eTBeHHOE
HOATNPOCTPAHCTBO omepaTopa Jlamraca — BeanTpamu A ma L3, oTewa-

_ 4

2
omee cCOOCTBEHHOMY 3HAYMEHUIO %. Omo mopoxgaeTcss 0600UIEHHBIMI

dyakumamu D, (w;€), cM. (4.1), B ero sIeMeHTH MOXKHO IDPEJCTABHTL B
BHIeE:

filw) = 5 [ w8 (566 dee - 6@ - EdED), (8)

T

rle ug YAOBIETBOPAET YCJAOBUIO O THOPOIHOCTI
us (AE) = [N 2us(€), A eT\0, (8.2)

nETerpast 6epeTcs mo mpousBoabHoi mosepxrocTu I' C C2\ 0, mepecexaroreit
IO OJHOMY Pa3y HMOYTH KaXIVI0 KOMIIEKCHYIO IPAMYIO, IIPOXO0 JAIIYIO Iepe3
Touky (. Beegem B npocTpancTse Qyukiui f; HopMmy

1502 = [10@F (@ de: - o) @& -G (53

T

I PaccMOTPHM IpPOCTpaHcTBO L’ HOo >Toll HOpMe, KOTOPOe OGO3HAMIM
gqepes H,. Casurn ma L3 mugyuupyior B H, yEmTapHOe IpeicTaBieHNe
T; rpynnst SL(2,C). B ¢yuxmuax u,(£) sTo OpeicTaBieHne NIMeeT BHLI:

(T (9)us ) (61, €2) = us(aly + 762, 861 + 06), g = ( : ? ) :

UzBecTHO, 9TO 5TO MmpeacTaBleHne HempuboAuMo. MBI cTpomM omepaTop
Py L*(L3) — H,

Pof = fs,
rae fs; 3agaerca pasemcTBoM (8.1), B KoTOpoM us(&) = F f(£). Dror
oIepaTop HepecTaHoBOYeH ¢ geicrBueM rpynmel SL(2,C) B mpocTpan-
creax L?(L£3) u H;. B peayrpTaTe Ha ocmosamuu (7.8), (7.2) moaydaem
pasaoxenne dyrxmuii f € L?(L£>) no HempuBoINMBIM TOATPOCTPAHCTBAM:

oQ

/szfs ds, f,=P.f (8.4)

0

1

~ 8

f
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u popmyay Ilranmepens

+ oo

drdydz 1
/|f(w)|272,3 =53 | SI5IPds, (8.5)
cs 0

rjae ||fs|| 3agaercsa pasencrsoM (8.3).

5 9. BoaHoBoe ypaBHeHHE A4 ILIOCKOCTH M MPOCTPAHCTBA
Jlo6ageBckoro u npunuun I'rourenca

9.1. Ieymepubm caydan. Hamomuum, uTo omepatop Jlamtaca—BerbT-

2 2
paMn Ha mrockocTn Jlo6auenckoro L2 mmeer Bug A? = y? (% + ;—yz) n

ero cuextp B L*(L£?) ecTh umTepBan (—oo,—%). PaccmoTpuMm caegymoree

BOJTHOBO€ YPpaBHCHUE Ha ,CZ:

8%u 9%u  O%u 1

Yen %u Jo6aBJeH Qs TOr0, YTOOBL CHEKTD CTOMAIIEr0 CIpaBa OIePaTOPa
COBIAJAI ¢ MOIYIPAMOR (—00,0).

TTokaxeM, Kak ¢ HOMOIUBIO OPUIUKINIECKOTO IPEOOPA3OBAHNSI MOXKHO
pemnTs cregywomyio 3ajady Komn gas ypasaenns (9.1):

U(O’Z) =0, u;(oaz) = f(z)v (92)

I TPOCTOTHL 6yAeM mpeanoraraTs, uto f € D(L?). [Ipusenennsrii Huxe
BBLIBOJ MapaJieleH pelreHnio 3agaun Kolnm aag BOJHOBOT'O YDABHEHUA Ha
€BKANJOBOI maockocTn (cM. §3 raassl I). OH oCcHOBaH Ha MeTOZe OpHIN-
KINYIeCKUX BOJH, ONUPAIOIIEMCS Ha CJIeIVIOUN 3aMeIaTe bHbIN (haKT:

Ipeanoxenne 9.1. Fcau ¢(s) — awbas 2aadkas Pynkyus 00Ho20 nepemen-
HO20, Mo daa a06020 & € R? dynryus

e (t,2) = e 7p(p(3e¥1%)) = = 2p(p(2:6) £ 1), (9.3)

ede p(z;€) = In(y~ €2z — €1|?) — pacemosanue om z do opuyuwaa h(€),
AGAAEMCA PEULEHUEM 60aH06020 Ypasrenus (9.1).

JokazaTelbcTBO — HENOCPEICTBEHHAS IPOBEPKA.

Dynkuun (9.3) Ha30BeM OPUIUKINIECKIMI BOIHAME. MeTo1 opunnkin-
YeCKUX BOIH COCTONT B NIPEICTABICHIN II00OTO pelleHns ypasHeHus (9.1)
B BIJ€ CYNIEPIO3NLNY OPIIIKINIECKIX BOJH.
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IlepefigeM k mocTpoeHmio peienns 3agadn Komn (9.2). Ilycts R" f—
OPUIUKINYIeCKOe IpeobpazoBanne GyHKun f, (z 7) — cpeanee QYHKINN

R" f mo opumukram, paBHOOTCTOAmEM OT Touk:m z € L2, cM. dopMmyTy
(2.11). PaccMOTpHM clIegyIomy o QyHKINIO

T g~
1 ez F(z,r+1)
3

W3 (2.11) creayer, aTO

r

P4 1) l/nh p(25€) — 7 — 1) d€y dés,

3Ha4NT, 4(f,7) KaK CYNepPIO3NUINA OPUUNKINTIECKUX BOIH SBIAETCHA Delle-
uneM ypapHeHms (9.1). Y6egumcs, 9TO % — HCKOMOE DeIleHNE 3aTatu

Koum (9.2). B cuny coorromenns cumMmerpun (2.16) er/zﬁ(z, 7) — deTHAaf
(GYHKIHA OT 7; CleJoBATEIbLHO,

+ oo ~
1 eI2F(z;7)
4 sh 3

— 00

u(0,z) = — dr = 0.

Hanee, Ha ocHOBaHNN (opMyasl obpammerns (2.10) m1f OPHIUKINTECKOTO
npeoGpa3oBaHIs IMeeM:

+oo
1 (e T/ZF(Z 7))
4 sh g

— 00

uy(0,2) = — dr = f(z).

Mer xoTuM BepHYTBCA B (9.4) k mexommon ¢ymxnum f. Jdas storo
BOCIIOAB3yeMCsA COOTHomeHneM Acrenpccona (2.15) mas maockoctn Jloba-
weBckoro. Ha ocuoBanun (2.15) moxysaem mpu ¢ > 0:

+ oo [e%e)
1 (z,8)sdsdr
u(t,z) = ——
27 [s2 _ 412 7'-|—t
_O°2|shr—'2i'—t|
B / / (z,8)sdrds (9.5)
S —t«/52—4sh2£’ ‘
0 2|sh1|<s 2 2
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rae F(z,s) — cpeanee GyHKHUN [ 10 HeeBKANJOBLIM OKpYXHOCTAM B L2 ¢
IEeHTPOM B TOUKe z, ¢M. (2.14); HHTerpax mo z HyKHO IOHHMATb B CMBICIE
TJIaBHOT'O 3HAYEHN.

Beimonaum B (9.5) uHTerpupoBaHie o 7, BOCIOIL30BABIINCH CIETYIO-

ITIM paBeHCTBOMl) :

J= /b dx 0 ecam a < b,
) she— VAT kT ey e b
3aece a,b > 0.

B peayabraTe moayuaem:

2sht

o / (z,5)ds 0.6)

\/sh” & — /4

TogcraBus cioga soipaxkenue (2.14) dyukunn F(z,s) depes dyakumo f,
HOTy<IaeM OKOHIATEIbHO!

Teopema 9.1. Pewenue zadauy Kowu (9.2) das soanosozo ypasnenus (9.1)
umeem guo:

1 z dz'dy
u(t,z) = & (=) iy (9.7)
4T Gh2t _ gp2 4=2) Y
d(z,2")<t 2 2
1) Beraucienme uaTerpaga J. OdeBugHo, 9yro J — HedeTHas dyukuus or a. CiaegoBa-
TeALHO,
b b
g 1/(sh_1(1’—a)—sh_l(x—l—a))dx _ / shachzdx
2 V'sh?b —sh?z (sh?z — sh?a)y/sh2b — sh2z

b

OTcroga 2eMeHTapHBIMU [IPE06pa30BaHUAME HOMY 4aeM:

shb 1
J— / shadt shadt _
B 2 _sh?aq \/sh2b—t2 \ (t2sh?b — sh?a)V/1 — 2 B
—shb —
/2 /2
dt dt
= sha T2hain?r _oh2. hbhsint L sha
sh® bsin“t — sh“a shbsint + sha
—7r/2 —m/2
Hocne;[Hlxm MHTEerpaj BBIYUCAAETCA HEMOCPeACTBEeHHO: I.3H. J = 0, ecam a < b;
J=- ﬁ, ecan a > b (cm.: [pagmrenn 11.C., Peoxux .M. Ta6anus narerpasos,
3 a—3

CyMM, pAgoB u npoussegennin. — M.: Pusmarrus, 1962, popmyaa 3.613.1.
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ede d(z,2') — neeekaudoso paccmoanue mexcdy moukamu z u z' (cm. Pop-
nyay (1.2)).

Ilonyuennas dopmyaa ananoruuna dpopmyre Ilyaccona nas BOIHOBOrO
VPaBHEHUS Ha €BKJINJOBOU IIOCKOCTI, cM. § 3 raaswl I. Kax u Tam, perrenne
VpaBHEHNA B TOYKe Z B MOMEHT BpeMEHH { 3aBUCUT TOJBKO OT HaIAIbHBIX
JaHHBIX B HEEeBKINJOBOM KDyTe pajuyca t ¢ MeHTPOM B ToUke z (3(dexT
CYILIECTBOBAHUA NePEIHEr0 (PPOHTA BOIHEL).

9.2. TpexmepHbn cay+iau. llepelifeM Tellepb K IPOCTPAHCTBY .JloGa-

gepcroro L3, Hamomuum, wTo omeparop Jlammacca — BeabTpamm Ha L3
A 28 82 2y 8 2( 3
uMeeT BUI: A=z (—ax2 + 37 + 3.2 %5, W €ro CIeKTp Ha L (E ) eCTh

(—00,—1). PaccmoTrpum Ha L3 caefyromniee BOIHOBOE ypaBHEHIIE:

2 2 2 2
3u_22<3u d*u 3u)_28u+u. (9.5)

i —  — 4+ — i
ot? ox? = Jy? 922 0z
Kax u B cayuae £2, wreH u oOaBlIeH 14 TOTO, ITOGBI CHEKTD CTOALICTO

CIIpaBa ONEpaTopa COBHAJAl € MOIympaMon (—oo,0). Pemmm meTogom
opucdepnuecKnX BOIH cleyiomyo 3agaty Komm gia ypasuenus (9.8):

uw(0,w) =0, up(0,w) = f(w) (w==z+ ui+ zj). (9.9)
DTOT METO OMUPAETCA Ha CAeIYIOMUI (haKkT:

IIpeanoxenne 9.2. Fcau ¢(s) — awbas 2aadkas Pynkyus 00Ho20 nepemen-
HO20, Mo dan wwboeo & € C? dyuryua

B¢ (t,w) = e p(p(w; ) + 1), (9.10)

ede p(w; &) = In(z7 wés — &1]?) — pacemosnue om mouku w do opucepvt
h(€) ssasemes pewenuem 60ano6o20 ypasrenus (9.8).

JokazaTelbcTBO — HENOCPEICTBEHHAS IPOBEPKA.
Pemenns (9.10) HazoBeM opucdepuIecKIMHE BOIHAMIL.

Ilepengem x peltennto 3aga<dn Kormm (9.9). IIycTs R" f — opucdepu-
Jeckoe mIpeobpasoBanme (pyHKIunm f, ﬁ(w;r) — cpeaHee (QPYHKINU Rhf
o opucdepaM, PABHOOTCTOAIINM OT TOUKE w € L3, M. popMyry (6.20).
PaccMoTpum caeayomnyo QpyHKINO:

u(t,w) = —i%(etF(w,t)). (9.11)
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W3 (6.20) cregyeT, 9TO

etﬁ(w,t) = ﬂ_ze_t/Rh F&)d(p(w;é))dv.
(CZ
3maunT, u(f, w) Kax Cymepno3unus opucHepuIecKnx BOIH IBIAETCS pele-
HIEM BOJHOBOTO ypaBHeHHd (9.8). Y6eaumcs, 9T0 ¥ — HCKOMOE pelleHne

sagaan Komm (9.9). B cuny coormomenns cummerpun (6.23) etﬁ(w,t) —
“eTHAS (DYHKIHA OT ¢; CIeJoBaTeIbLHO,

d .~
u(0,w) = —(e" F(w,))|t=0 = 0.
dt
Hanee, Ha ocHOBauun GopMyasl obpamenns (6.19) a1 opucdepudeckoro
npeoGpa3oBaHIs IMeeM:

1 d? ~
ul (0,w) = —— — (' F(w, 1)) |st=0 = f(w).
0,0) = =5 2 (e Fw,0) im0 = F(w)
Mer xotum BepHyTBCA B (9.11) ¥ ncxogmon ¢ymkmmm f. das storo
BOCIIONB3YeMCA COOTHOIIeHHeM Acrefipccora (6.22) mas mpocTpaHCTBa
Jlo6agesckoro. Ha ocnosannn (6.22) moxysaem npu ¢ > 0:

i
u(t,w) = shtF(w,Zsh§),

rae F(w,s) — cpegnee dyukuuu f, mo cdepam B L3 ¢ meHTpOM B ToUKe w,
cM. (6.23). B pesyapraTe, Ha ocHoBaHHE (6.23) moxyuaeM OKOHIATEILHO:

Teopema 9.2. Pewenue zadauy Kowu (9.9) das soanosozo ypasnenus (9.8)
umeem guo:

u(t,w) =
1 _1 d(w,w') 5 d(w,w’) 5 1 ,da'dy'dz’
L:3
1 t d ! t\ dz'dy'dz’
- _th—l_/f(w/)5 pAww) g Uy deldydsd
167 2 2 2 z!
L:3

Ionyuennas Gopmyaa anamorudna qopmyiae Kupxroda uz §3 ruaaser I
[ BOJHOBOTO VDaBHEHNs B €BKINJAOBOM IpOCTpaHcTBe. Kak um TaMm,
DellleHne BOJHOBOI'O YPABHEHNs B TOYKE W B MOMEHT { 3aBICHT TOIBLKO
OT HavYalbHBEIX NAaHHBIX B TOYKax w', HaXOJANMXCA OT TOYKH W Ha
HeeBKINI0BOM paccTosHun ¢ (mpuamun [oliremca).



I'VIABA IV

MuTerpaibHad reoMeTpua U TaPMOHMYIECKHU aHAIM3 HA
rpymne G = SL(2,0C)

B raase III 6buin mocTpoOeHBl NHTErpaJbHas [eOMeTPUS U DapMOHIYECKHIH
aHAIm3 B HOpOcTpaHcTBe Jlo6GadueBCKOro, Ha KOTOPOM AENCTBYET CPYIIIA
: ? ) ¢ ompe-
neanTeseM ad — By = 1. B >Toll riaBe aHAJZOTHYHBIE MOCTPOEHUS OyIyT
npoBegensl Ha camon rpynme (. Ilomy4ennas 3gech Teopus ecTeCTBEHHO
BKII0OUaeT B cebsa um mocTpoenuyio B riase III Tmeopuio gas mpocTpaHcTBa
JloGaueBckoro. Mul 6yaeT paccMaTpusaTs rpynny (G Kak OJHOPOLHOE IPOC-
TparcTBO rpynnsl G X (G, 1 B 3TOM ILIaHe ee MOXKHO BOCIPHHIMATE IPOCTO
kak rumep6omong o — By = 1 B C*, Ha KoTopoM JelicTByeT MOATDYIIA
JAMHeHHBIX TpeobpazoBamuit C*, coxpanaiomux >ToT rumep6oron.

G = SL(2,0), T.e. rpynna KOMIIEKCHBIX MAaTPHI] ¢ = (

§ 1. 'eomeTpus Ha rpynne G

1.1. I'pynna G xak ogHOpOAHO€ MpocTpaHcTBO.. Mul paccmarpusaem G
KaK 0JHOPOJHOE IPOCTPAHCTBO Ipyunsl & X (7, nencTByoien Ha (7 1€BEIME
U IPABBIMI CIBHTCAMIE:

997992, (91,92) € G x G.

IMockoaBKY CTanMOHAPHON MTOATPYIINON e€JUHWYHOTO dJeMeHTa ¢ € (G
asagercsa nogrpynna diag(G x () = (i, To 3T0 0JHOPOAHOE IPOCTPAHCTBO
msomoppuo G x G/G, rge G C G x (¢ peaamsoBaHo Kak NOACDYNIA
3I€MeHTOB (¢, 9)-

Mpumeuanue. OQgHOPOAHOE TPOCTPAHCTBO (F SABAAETCS CHUMMETpUte-
CKHIM, IOCKOIBKY ero cranuoHapHad nmoarpynma diag(G x () Bbigeasercs
Kak TOATPYNNa 3IeMEeHTOB, WHBAPUAHTHBIX OTHOCUTEILHO WHBOJIOINN
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0 :(91,92) = (92,91). HpocTparctso (G He ABAgETCA PUMAHOBLIM, HO OHO
ABAACTCA TCEBIOPUMAHOBEIM, T.€. MeTPUKa Ha HEM HEBLIDOXKJEHa, HO He
ABAACTCA TIOJOKHUTEILHO ONPEIeNeHHON. DTOT (hakT BakKeH, IMOCKOIBKY
I CAMMETPUIECKUX IPOCTPAHCTB HMHTErPAJLHYI0O TE€OMETPHIO W rap-
MOHIYIeCKWI aHAIN3 MOXKHO CTPOUTL B 0ojee IOJHOM 0oObeMe, deM /s
IPOU3BOJBLHLIX OJHOPOJHLIX IIPOCTPAHCTB.

OrmeruM, uro G X (G genicrByeT Ha (G Hed(PEKTUBHO, NPUUEM SIPO
Hed(PPEKTUBHOCTH, T. €. IOATPYIIA, OCTABAAIOIIAL HA MECTe BCE BJAeMEHTHI
m3 (G, cocronT m3 AByXx saementos (EF, F) u —(F,F). Hostomy ma G
> dexTuBHO genicTByeT axTop-rpynna G x G/{+(FE, E)}.

Kax yxe TroBopmIoch, MBI OyIeM paccMaTpUBaTh (7, OTBIEKAACH OT
I'PYIIOBON CTPYKTYDHI, Kak rumep6otons B mpocTparcTse C! ¢ xoopam-
mHaTamu (o, §,7,9):

ad — By = 1.

Ha (G 5(pexTuBHO U TPAH3UTHUBHO AEHCTBYeT IPYIIa JUHEHHLIX Mpe-
o6pazopamuit B C®, coxpamsiommx KpajgpaTuduyio dbopMmy ad — 3y, T.e.
rpynna SO(4,C*'). PaccMoTpenHbIe Bbillle TPeoGpPa3OBaHMUsA, OTBETAIONIIE
aremernTaM u3 (G X (G, COXpaHSIOT, OUeBHAHO, (opMy «d — (v, U MBI
noaygaeMm Baoxenne G x G/{+(F,FE)} B SO(4,C). I3 coobpaxenni pas-
MEPHOCTH (Pa3MepHOCTH 3THX TPYII COBIAJAIOT) CIEAyeT, UTO Ha CaMOM
mee MBI IMeEeM H30MOP(hI3M:

SL(2,C) x SL(2,C)/{x(E,E)} = 50(4,C).

Ipun yxazanuoMm geticreun SO(4,C) ma G crannonapHas DOACPYNIa COBIa-
gaer ¢ SO(3,C) u BO3HHKAET ellfe OFUH KIACCHIECKIH H30MOPQU3M:

SO(3,0) = SL(2,C)/{£E}.

1.2. Ilnockme cevenusa rumepbomounga G. MbI X0TUM CBA3aTL AeUCTBHE
rpyunel G X (G Ha runep6ogonge (G ¢ ero reoMeTpHelN, a NMEHHO, MBI
nccaegyem cedenns (G rumeptockocTaMu B C kak op6ITHL Tex N MHBIX
moarpyun rpynnet G X G.

Tunepmtockoctu B C! y106HO 3a1aBAThL ypaBHEHIAMI BHJA

<g0ag> = ¢, go = (O[Oaﬁ()apyoa(so)a (11)

rge ( , ) — moafpmsanmsA KBagpaTHIeCKON (PopMBI ad — (7.
B mogo6uon 3amucu

1
5(%@ — Y08 — Boy + aed) = c.
Taxum 06pa3oM, Kaxgas MUIePILIOCKOCTH 3agaeTcsa mapoi go € CH\ 0 u

¢ € C, ompegeleHHON ¢ TOYHOCTBLIO O O6IMero MHOXKHUTeAs. Ha MHOXKe-
CTBe THIEPILIOCKOCTEN €CTeCTBEHHO gencTByeT rpyuna (G X (@ daeMeHT
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(g1,92) € G x (G mepeBOANT TUIEPIIOCKOCTS {(¢o, ) = ¢ B TUIEPIIOCKOCTD
(97 "9092,9) = c.

Onumrem cradana opouThl rpynnbl (G X (G B MHOXKeCTBe THIIEPILIOC-
Kocrell. B ofmeM momoxennn, xorga {(go,go) # 0, MOXHO HOPMUPOBATH
go ycaosueM (go,go) = 1. OdeBmgHO, 9TO HpHU I06OM (GUKCHPOBAHHOM €
runepmiockoctn (1.1), rae {go,g0) = 1, o6pasyior opbuTy rpynns G x G,
n30MOpP(pHYI0 HCXOTHOMY ONHOpomHOMy mpocTpancTBy (7. OcTasmeecs
[OAMHOXK€ECTBO THIEPINIOCKOCTEN (caydal, korga (go, go) = 0) pacmagaeTcs
Ha aBe op6uTel rpynnsl G X (G — ceMeNCTBO T'HIIEPILIOCKOCTEN

<g0,g> =0, <go,go> =0, (1-2)

KacaTelbHBIX K aCUMIOTOTHIeCKOMY KoHycy K: ad — B~y = 0, u cemencTBO
THIEPILIOCKOCTER

<g0,g> =1, <go,go> =0, (13)

uM mapaaaenbHex. OdUeBnIHO, 9TO BTOpas opOuTa M30MOp(HA KaK OJ-
HOPOJHOE TIPOCTPAHCTBO Tpynnbl (¢ X (G acHMOTOTHYeCKOMY KOHycy K
¢ BBIKOJOTOH BepIINHON; ee¢ CTallMOHADHAA TMOATPYIIa COCTONT H3 mHap
1 ¢
0 1
MaTpuma. Ilepsag xe opbuTa H30MOP(pHA MHOKECTBY MIPAMOIMHENHLIX
06pa3yoImx acCIMITOTHYECKOT0 KoHyca K H mMeeT B KadecTBe CTAIIHO-
HapPHOH MOATPYNIY Beex map (d121,0222).

NTak, MHOXeCTBO IMIOCKWX cedeHul rumepbomounga (G pacnmanaeTcs Ha
caenyrommue opouThl rpynnel G X (G: oJHOTapaMeTPHIeCKOe CeMeHCTBO
opouT, M30MOP(MHLIX OTHOPOTHOMY IpocTpacTBY (¢, opbuTy, m3omopd-
HYIO0 acCHMOTOTHYIeCKOMY KOHYCY K ¢ BBIKOIOTOH BEpUIMHON, I OpOHTY,
130MOP(HYI0 MHOKECTBY MPAMOINHENHLIX 06pa3yoomnx Koryca K.

UccregyeM Temeph CTPYKTYPY ILIOCKWX cedeHHn runepbonomga (.
N3 coobpaxenull NHBapHAHTHOCTH JOCTATOTHO PACCMOTPETH IO OTHOMY
OpeacTaBUTEN0 Ha Kaxgol opbuTe rpynmbl G X (G B MHOXKECTBe IIOCKHX
ceennil. B xadecTBe mpeacTaBuTelell Ha op6UTax OO6MIETO IMOJOKEHHA
BO3bMeM cedeHns (7 TUIEePILIOCKOCTAM BHIA:

a+d=c (1.4)

(821,67 123), Toe 21, 22 — MaTpuusl BuIa ( ) n § — AuaroHaJbHad

Ecan ¢ # +2, To runepmiockocTs (1.4) mepecekaer (G MO IBYMEPHOMY
runep6onongy. B ocoboMm caydae, xorga ¢ = +2, rumepmiockocts (1.4)
xacaercs (G u ee mepecedenne ¢ (G €CThb KOHYC C BEPUINHON B TOYKE KACAHUSL.

Ceuenns G runepraockoctamn (1.4) IMeOT IPOCTOHR PPYNIOBON CMBICI.

vy 4
CTBI0 & + § = ¢ eCTb KIACC CONPAKEHHBIX 3IeMEHTOB; B caydae ¢ # £2

Nwmenno, Tak xaxk « +8§ =Trg, g = ( ), TO cederne (§ TUIEPILIOCKO-
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TO KJACC CONPSKEHHBIX JEMEHTOB OOIIEro MOMOXKEHUs, a HpH ¢ = =2
— KIacC CONPAXKEHHBIX 2IEMEHTOB JKOPJAHOBa THIA (BepIINHA KOHYCa
IPeANOIaraeTcss OTOPOIIEHHOM ).

B kauecTBe mpejgcraBuTesell Ha ABYX 0c00BIX opbuTax rpynnsl G X
MOXKHO B3STb cedenns (¢ runepiiockoctsaMu ¥ = 0 u v = 1 cooTBeTCTBEHHO.
Ou4eBHIHO, YTO IEPBOE I3 HTUX CEUEHUHN €CTh UUINHIP, & BTOPOe — Iapa-
Gomong. MTax, ecTh weTwIpe THIA cedennil (G rumepmiockocTavu B CH —
runep6oa0nIBl, KOHYCH, MTapaboIonabl U NWINHADPLL. PazyMeeTcs, cetdeHns
mapaGoanIeckoro U NHANHAPUYIECKOTO THUIOB MOIYIAIOTCA MPeNeJbHBIM
MePexXo oM U3 CeMeHUN TUNepOOANnIecKOT0 U KOHMIECKOT O TUIOB.

Ha xaxgom mrockoMm cedennn runepGomonga (G MOXKHO BBECTH CTPYK-
TYPY OAHOPOJHOTO MPOCTPAHCTBA. PaccMOTpUM cHAaYALA CEUEHUA MIOCKO-
cTaMu « + § = ¢. B kax oM W3 HUX TPAH3UTUBHO AENCTBYET MOATDPYIIIA
diag(G x ) =2 @ (B caydae KOHHYECKOTO CEYEHHSA €U0 BEPIINHA Ipel-
[oJaraeTcs OTOPOIIEHHON ); TaKUM 06Pa3oM, BCe 3TH CEUeHHs, a 3HAYNT,
U BCe IX CABUTH, SABJASIOTCA OJHOPDOAHBIME IPOCTpaHcTBaMmu rpymusl (.
Jlerko y6equThCs, 9TO A5 CeMeHUN MInep6oIniecKoro TUIIA CTANOHAPHON
MOATPYINON SBAAETCA IPYINa [) AMATOHAJIBHBIX MATPWIl, & A CeTeHIN
KOHNYeCKOr0 THIAa — Cpyhna £/, rge 7 — NOATPYINA YHUIOTEHTHBIX

1 ¢
MaTpHIl ( 0 1 )

Teneps paccmorpum cevenns (G rumepriockoctsvu ¥ = 1 u v = 0. Ha
epPBOM W3 HUX TPAH3UTUBHO U CBOGOTHO NEUCTBYET MOATPYNIa 7 X Z;
TakuM 006pa3oM, 3TO CevdeHNe HAAeJeHO CTPYKTYPOU OJHOPOJHOTO MPOCT-
pauctBa Z x Z/{E}. I'pyuna Z X Z ReAcTByeT, HO yXKe He TPAH3UTHBHO,
U Ha BTOPOM cedeHnn. HeTpyaHo y6eauThCs, ITO TPAH3UTUBHO AENCTBYET
Ha >ToM cederun noarpymna U D Z x Z Bcex nap (821,87 1zs), rae § € D,
71,22 € Z, a CTAINOHAPHOMU MOATDYINON ABAgeTcA noArpynna diag(+7,+7)
map (+z,+z), z € Z, mzoMopdhHuas +.7.

Urax, cevenns (G rumepbOIMIeCKOT0, KOHOIECKOTO, TapaboInIecKoro

0 IIIHHIPUYeCKOTO THIA HaJeleHBl COOTBETCTBEHHO CTPYKTYPaMI OTHO-
poguwix npoctpancts G/D, G/ + 7, 7 x Z/{F} u U/diag(+7,+7).

1.3. Muoroo6pasue opucdep. PaccMoTpuM MHOXKECTBO HIPAMOJIIIHEN-
HBIX ob6pasymoumx rutnepGomonga (. ITu npsMele 6yIyT UCpaTh B Hallel
TeopuUU Ty XKe pOJb, UTo u opuchepsl B mpocTpaHcTse JlobatweBckoro,
U [0 AHAJOTHUH C IpOCTpaHcTBOM JlobatdeBckoro MBI 6ygeM Ha3bLIBATD
ux opucdepamu. OTMeTHM, ITO OpuC(EPHl SABIAIOTCI IPAMOIIHETHBIMIE
06pa3yoIIIMN BCeX IIOCKUX cedeHnnl runepboaonga G.

Ha mmoxecTBe opuchep H ecrecrBemmo pgenicrByer rpynma G X G,
IpHYeM 3TO JEHCTBHE TPAH3UTUBHO ([JIA LOKA3aTEIbCTBA JOCTATOYTHO
paccMoOTpeTh MHOXKeCcTBO opucdep, NPOXOLAINNX dUYepe3 IPOU3BOIBHYIO
dukcupoBannyio Touky ¢ € (G, u ybeguUTLCS, YTO HA 3TOM MHOMKECTBe
TPAH3UTUBHO JEHCTBYET CTALHOHADHAS HOATPYINA STOH TOYKI).
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Opucdepsl Ha G UMEOT IPOCTYIO FPYNNOBYIO HHTepHpeTanuio. lImenso,
. 1 ¢
onHOU m3 opuchep sBiaseTca noirpynna Z C (G MaTpun Buga ( 0 1 )

Ilocxoabky Bce opucdephbl MOIYIAIOTCSI €€ CIBUTAMIU, TO MHOXKECTBO ODH-
cep H coBmagaeT ¢ MHOXKeECTBOM JBYCTODOHHUX KJIACCOB CMeEXKHOCTH

gl_lZgz. Orcroga caegyer, ITO
H=(GxG)/V,

rge V — moarpynmna, coxpasswouas opucdepy Z. Jlerko yGeauTscs, ITO
sMeMeHTaMH V' ABIAIOTCS BCEBO3MOXKHBIE Haphl (0z1,0%2), vae 21,722 € Z,
d € D. Taxk kax oueBuguo, dimV = 3, 7o dimH = 3, T.e. mpocTpaHcTBO
opucdep UMeeT TY XK€ Pa3zMePHOCTD, 4To u (.

Beegem ma H cucremy koopgumar. [las 3Toro cHadasa pacCMOTPHM
MHOXKeCTBO H( IPAMOIMHENHBIX 00Pa3yOINX ACHMITOTHYIECKOTO KOHYCA
K: ad — vy = 0. Ha K ecTts gBa ogHOmapaMeTPUIECKHX CEMeENCTBa
OBYMEPHBIX ILIOCKOCTEH — CEMEHUCTBO ILIOCKOCTEN

1o+ &y =0, (1.5)
§18 +E&0=0 '
U CeMEICTBO ILIOCKOCTEl
0 — =0,
m n27y (1.6)
—mpB+ na=0.

B maTpuunon 3anucu, ceMenCTBO MIOCKOcTel g = () U ceMeNCTBO MIOCKO-
creit gnt =0, rge nt = ( 2 )
"

Jlob6as mpaMoanHenHas ob6pa3ylollas KOHyca K IodydaeTcs Kak IIe-
pecedenne mapel mwiockocrenn (1.5), (1.6) m 3azaeTcs TeM caMbIM Iapon
BexTOpOB &,1) € C? \ 0, ompejeIeHHbIX KazK JBIH ¢ TOTHOCTBIO 10 MHOKITEIS;
oGoznaunM ee epes [(£, 7).

Muoroo6pasue opuchep H obpasyeT ecTecTBeHHOe paccaoerue Haa Ho,
rge caoit Hag [(£,7) — MHOXKeCTBO Bcex opucdep, mapamrenbusx !(€,7).
Hoxaxem, wTo mdobag opucdepa, mapaaterbras [(£,7), zagaercs B C*
CHCTEeMOU ypaBHEHUN:

Ela+ &y=n,
E18 + &40 = 3, (w7
no — myy =&,
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rae & 5 € C? \ 0 — BeKTOPHI, TPOMOPIHOHATLHEIE £, 7) COOTBETCTBEHHO.

B camom geme, paccMOTpUM IepBBIE IBa U TOCTEJHHUE TBA YPAaBHEHUS
cuctemst (1.7). Ha G ux MoxHO npegcTasuts BBuge &'g=1n', g~ =¢'; 3na-
anT, Ha (G 5TH IBe CHCTEMBl ypaBHEeHUN sKBuBadeHTHHL. OTcooga cregyer,
aro cucrema (1.7) 3agaer npamyio B C' u »Ta mpamas npunagtexut G.
OueBuHO gaiee, 9TO Ta OpaMasd HapanrtebHa [(€,7).

3ameqanne. Opucdepsl, napasiensusle IpaMoii [(£,7), ABIAIOTCT IPAMOJIH-
HEeIHBIMI 06Pa3youMy IIINH DA, KOTOPLIN HOJIydaeTcsa B cedeHun (G ru-
MEPILIOCKOCTBIO, KACAIOIIENCA ACUMITOTHIeCKOT0 KOHyca K BIOAbL IPAMON
[(¢,n). YpaBHeHNEe >TON MUNEPIIOCKOCTI:

na(&ra + E27) — (&1 + €20) = 0, (1.8)

nIm, B MaTpwIHON 3amuc, &gnt = 0.

Urak, mobas opucdepa Ha (G MoxkeT OBITH 3aJaHa CUCTEMON YDABHEHNN
£9 =1, T.e.

§ror + &7 = 11,
§18 + 26 = 1o,
rae £,n € C? \ 0, mrm >KBUBATEHTHOT eif cucTemon ng~! = £, T.e.
mdé —n2y = &,
—mpB + o =&

O6o3maanM >ty opuchepy depes h(€,7n) u npuMem &,7 B KadecTBe IapaMe-
TpoB Ha MHoOroo6pasuu opucdep H. Tak xak, ogeBuguo, h(AE, An) = h(&,n)
s a60ro A £ 0, TO ecTeCTBEHHO HA3BIBATH ,7) OSHOPOSHBIMU KOOD AU-
HaTamu Ha H.

B ogHOpOAHBIX KOOpAUHATAX &, 1) TEHCTBIE 31eMeHTOB (§1,92) € G x G
Ha H 3agaeTcs Tak:

h(gan) = h(gglangZ)

OrmeruM, uTO opucdepa 7 HMeeT OJHODOAHBIE KOODAWHATHL &) =
= 1o = (0,1); cregoBaTembHO, M06an opucdepa gy | Z gy MMeeT 0THOPOTHBIE
KoopAuHATH § = g1, 1 = §og2-

UckaounTe bHo BaXKHO Aas JAJbHEHIEro, ITO Ha MHOT00GPa3nu opu-
chep H, xpome genictsus rpynusl G X (¢, onpeneneno genctsue rpymost CX;
kaxgomy A € C* oTsegaeT mpeobpazoBanue

h(&,n) = h(& An),

KOTOpO€e TEePeBOJUT KaxkAyio opucdepy B opucdepy, el mapallelbHYIo.
Hazosem 5Tu mpeoGpazoBanns mpeoOpazoBaHUAMEI JeBOTO cABUra Ha H.
Ou4eBHAHO, YTO OHU HEPECTAHOBOYHEL ¢ gercTBueM rpynnel G X G.
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OmnmmremM Tenepb B 0THOPOTHEIX KOOPANHATAX &, 7) CEMENCTBA IPAMOJII-
HeNHBIX o6pasyomux (opucdep) Ha miockux cedennax I' runep6omonga G.

B cuny ckasaHHOTO BHIIIe, T060€ MIINHIPIIecKoe cedenne [’ apageTca
nepecedenneM (G ¢ runepniockocTamu Buga (1.8) u opucdepsr ma I' cyTs
h(&,An), toe A mpoGeraer C*.

PaccMoTpuM Temeps IIockue cedenus I apyrux Tumos. [las Kaxgoro
U3 HOX YpaBHEHHE CeKyIlell TUIepILIOCKOCTH MOXKHO IPUBECTH K BHIY

2(g0,9) = 1+ (g0, 90)- (1.9)

CaegoBaTensHo, Tak kak (g,g) = 1 Ha (, camo cedenne I' 3agaercsa na G
ypaBHEHHIeM

<g — g0,9 — g0> == Oa

(@ = ap)(d = do) — (B = Bo)(y — 70) = 0. (1.10)
DTO cedeHNe SABIAETCA KOHYCOM, IapaboIom oM WIN FUIep6oJ0n oM, eCIn
cooTBeTcTBeHHO det gy = 1, det gy = 0, mam det go #£ 0, 1.
W3 (1.10) HemocpeICTBEHHO NOIYdYaeM YDABHEHHA NPIMOIHHEHHEIX
obpasyromux (opucdep) Ha I't opucdepsl 0IHOrO ceMeNcTBa 3a8al0TCA
VPABHEHISIMMU:

§1(a — ag) +&2(y =) =0,
&1(B = Bo) +&2(6 — o) =0,

T.e. £g = £go; opucdepsl APYTOTo ceMelcTBa — ypaBHeHIAMI
n1(6 — do) — na(y —70) =0,
(B = Bo) + 2 — ag) = 0,
do  —fo
—70 ap

Mpegnoxerue 1.1. Cemeticmsa opucep, aexncawur wa ceuenuu 2unepbo-
aouda G eunepnaocrkocmuio (1.10), cymv cemeticmeo opucdep h(€,E90) u

do  —ho

—70 ap

1

T.e. g~ ) Wrax, goxazano

Zn%,meg?):(

cemeticmeo opucdep h(ngo,n), ede o = ( ), a &,m npobezaiom
C2\ 0.

CaegcrBue. 1 [lpu awbvir Gurcuposannviz go € G u A £ 0 cemeticmea
opucep, aexcawur na ceuenuu G 2unepniockocmio

2A<g0ag> =1 + Aza
cymov opuceprr h(€,XEqgq) u h(E, A" €q0), 2de € npobecaem C? \ 0.

Cuepcreue. 2 Cemeticmseo opuciep, nporodawusr uepes npousso.dbHyio
durcuposannyio moury go € G cymv opucepvt h(€,€gn), 2de & npobezaem
C2\ 0.
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1.4. Baoxenue muorooGpasusa opuchep H B mpoeKTUBHOE TMPOCTPAHC-
tBo. Comocrasus kaxgon opucdepe A(£,7) TOUKY NPOEKTHBHOT'O IPOCT-
parctsa (P2 ¢ ogropoaubiMu koopauraTamu (£1,&2,71,72), ML TOTyTaeM
BJAOXKEHWE

H — CP3,
O6paz H mpu >TOM BIOXKeHHIN ecTh Bce mpocTparcTso (P3, ma xoToporo
yialeHa mOapa HelepeCceKaloUnxcs HOPIMBIX — mpsaMas ¢ = (0 u mpamas

n = 0. Taxum obpasom, CIP? apageTca ecTeCTBeHHON KOMIAKTH(UKAIMIE
MHOro06pasusa opucdep H.

Beckoneuno yaajgeHHble TOYKH Ha H UMEOT CIeIVIOINIUI IPOCTON
cMBICI. MHOXeCTBO GECKOHEYMHO YIaJeHHbIX TOUeK Ha (¢ eCTb IBYMEPHBLIN
rumnep6oon g, 061a AN ABYMI CeMEeNCTBAMHI IPAMOINHENHBIX 06pa3y-
OINIX. DTUM IPAMOJUHENHBIM OOPA3YIOININM OTBEYAI0T COOTBETCTBEHHO
Toukn mpaMuix £ = 0 m = 0 B (P53, T.e. GeckoHeuHO yJaleHHBIE TOUKN
Ha H.

3amedanne. YKkaxeM, KaK M3MEHUTCHA Ta KOHCTPYKIHA, €CIN OT TPYIIIIBI
G = SL(2,C) mepentn x ee ¢akTop-rpymme mo uentpy PSL(2,C) =
= G/{£E}, T.e. canTaTH 0TOXKAECTBICHHEIME JUAMETPAILHO IPOTUBOIIO-
JOXKHBIe TOUKHN runepbomouga ad — v = 1. Muoroo6pasue G= G/{xE}
MOMKHO BIOKNTL B IPOEKTHBHOoe TmpocTparcTso (P3, mocTaBmB B COOT-
a

vy 4
koopauuaTamu («,f3,v,d). O6pazom (G mpH >TOM BIOKEHHH SBIAETCA
BCe TpoeKTHBHoe mpocTpaHcTBo (IP3, 3a mckmoweHmeM KBajpukm L:
ad—B~v=0, TOIKH KOTOPOI MOXKHO TPAKTOBaTh Kak 0€6CKOHETHO Y IaJeHHbIE

BETCTBIE KaXJOH MATPIIE ( ) Touky m3 CP® ¢ ogHOpOIHBIMI

Toukn Ha (. Jlerko y6equrhbcst, 4To opuchepsl Ha (G mIepexoisT IPH 3TOM
BIOKEHNI BO BCeBO3MOkKHLIe mpamele B (P53, kacatommecs xpaipukm L.
YpaBHEHNs 3TUX NPSIMBIX MOXKHO IPEICTABUTH B CJAedyIOWIeN (hopme:

Era+ &ay _ 18+ &6 _ 10 — 12y _ —mpB + o
UH 72 &1 &9 ’

rae £ # 0, n # 0 (panr >TOH cuCTeMB! paBeH 2).

KoMnakTupukanua 3Toro MHOT000pa3nsa MPAMBIX MOIYIAETCA IPUCO-
eIUHEHNEM BCeX MPAMOJMHENHBIX 00pa3yIoONMX KBaApWKH 1'; IocaeqHme
3agatorcsa ypasHeHuamu (1.11), rge au6o £ = 0, aubo n = 0 (gBa cemen-
cTBa obpasylomux). [lorydenHoe B pesyIbTaTe MHOT006pasne H30MOPQHO
npoexTusroMy npoctpancTsy (P?: xax toft mpamoii (1.11) comocTaBaseTcs
Touxa B CP3 ¢ ogHopognsMu KoopauraTamu (€1,E2,M1,72).

(1.11)

1.5. Kommrexe mpameix B (2, accomumpoBaHHEIN ¢ MHOT00GpasmeM
opucdep. YI06HO mepelTH 0T MHOr000pasnsa NpaMbelx (opucdep) Ha T'u-
nep6oaouge (G ¥ MHOT006pasmio npaMEIX B (3. JI1a 5TOr0 CIpoeKTupyeM
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rumep6otong b — v = 1 Ha KoopAuHATHOE mompocTpancTBo C° ¢ Koop-
aunatamu («,3,d). O6pazom runmep6ogonia 6ygeT Bce mpocTparcTBo 2,
3a HckIodeHneM Touek (o, 0,4), rge ad # 1.

Ipu mpoexTnpoBanum rumepboronga (G ma (3 ero mpaMommzenmbIe
obpasymomme, He Napa/ielbHble rumepmiockoctn (3 = 0, mepexoidaT B
npsaMble, mepecekatorme rumepbory S = 0, ad = 1 um He aexamme B
mrockoctu 3 = (. TakuM 06pa3oM, MBI aCCOIUUPOBAIN C MHOT00Opa3nmeM
opucdep Ha rumepboaonge G TpexmepHoe MHOT006pasne K mpambix B 5.
B muddepernuaibHOl TeOMETPUN TpeXMEPHBIE MHOT006pa3ui IPAMBIX
B (% 06LITHO HA3BIBAIOT KOMILIEKCAMI IPAMBIX.

3ameuanme. Han Touxoit (o, 3,6) € C2 npu 3 # () aexuT B TOIHOCTH OJHA
Touka runepboronga, anpu =0, «d =1 — nexas npamas. Takum o6pazom,
runep6oION] MOAYIAETCA BKJAEUBAHNEM ¢ MOMOINBIO O-NPOIECCa MPAMBIX
BMecTO ToUek runep6oast § = 0, od = 1. [IpAaMble Hamero KOMILTEKCA 3TO
Te TpAMBbIe, KOTOpLIE MOJHUMAIOTCA HAa TUMEPGOION] B Pe3yJIbTATE 3TOTO
o-Tpolecca.

1.6. Muoroo6pasue mapaGoaougoB. PaccMoTpum Teneps mapaboaou bl
B (4, T.e. IByMepHBIE IOBEPXHOCTH, BEICeKaeMble B (G M30TPONHBIME THIIED-
mrockocTamu B C!, me mpoxogammym gepes 0:

(90,9) =p, g€G,

roe gop — HeHyJeBasg TOYKa aCIMIITOTHICCKOI'O KOHYCa

(90, 90) = det(go) =0,

a p # 0 — a60e HeHyIeBOE TUCIO.
Beegem B mpoctpamcTBe HP Bcex mapabomongoB KOODIUHATHI, aHAa-
JOTUYHBEIe OJHODOIHBIM KoOpAWHATaM B IpocTpaHcTBe opuchep H. Ilo-

moxmm (b o= ( gz ) s aoboro 2-sextopa ¢ = ((1,(2), Tak ¥TO
—G1
ECH = (&t = £1¢ — £3(1 — amTHCHMMeTpHYHas OHINHeHHAs GopMa Ha

C?. OueBugno, >Ta GpopMa NHBAPHAHTHA OTHOCHTEILHO TPYHIE G, T. e.

(59)(779)J_ = fﬁj' o awoboro g € G.

[MocTaBuM B COOTBeTCTBHE Kaxgoh mape BexTopos &, € C? \ 0 u wnery
p # 0 H30TPONHYIO IUIEPIIOCKOCTL B 4-MEePHOM IPOCTPAHCTBE MAaTPUI ¢,
3aJaHHYI0 YpaBHEHUTEM

Eg¢t=p, p#0, (1.12)
ILTH, B IOAPOOHON 3allCl, YpaBHEHIEM

(1o +E7)C — (618 + &20)C = p, (1.13)
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rae £=(&1,&2), (=((1,(2). JIerko y6eauTnes, aTo x Bugy (1.12) mpusogarcs
YPABHEHNs] M30TPOMHBIX DHUIEPILIOCKOCTEN, He mpoxoaamux sepes 0, u
TOIBKO OHIIL.

O6osmaunM mapaGomons B (G, 3ajgaHublll ypaBHeHmeMm (1.12), depes

ﬁ(g, ¢, p). OueBugHo,

ﬁ(Ag, ue, Aup) = Z(g,c,p), s TF0OBIX wmcen A, u 7 0. (1.14)

3amedanne. B ypasuennu (1.13) mMoxHO 6BLI0 OB DpejnozaraTs p = 1 u

IHcaThb ﬁ(g,() BMECTO Z(g,c,l). Toraa ﬁ(Ag,A_1C) = ﬁ(g,() 418 1I060T0

A # 0. Ogaaxo HaM yzoGHee 3TOrO He LeJIaTh.

B xoopammatax &,(,p HgeficTBue >1eMeHTOB (g1,92) € G x G ma HP
3aJaeTCA Tak:

z(ga Cap) = z(ggla CgZap)
0 -1

Hanpumep, mapaboaoun 7s/, rge s = ( 1 0 ), uMeeT KOOPAMHATHI
&0 = (o = (0,1), pp = 1. CaegoBaTensHo, napaboIOnI gl_lZsZgz uMeeT
xoopauuaTsl ({0g1,C0g2,1).

UckaouuTeabHO BaXHO, ITO B IPOCTPaHCTBe mapaboionmgos HP, kax
u B mpocTpaHcTBe opuchep H, ompemeneno menctsme rpymmer C*, mepe-
CTAaHOBOYHOEe ¢ fgedcTBueM rpymnmel G X G: xaxgomy A € C* oTsewdaer
npeobpazoBaHue

h(€,¢,p) = h(E,C,Ap),

KOTOpO€ II€EPEBOAUT KaxKI0€ IIOCKOE Hapa6OJII/I‘IeCKOG CeYIeHII€¢ B CeYCeHUE
€MY IIapaJiIeJIBbHOE.

Ha kaxgom mapaGoromge h(€,(,p) mMeloTCa OBa OFHOIADAMETDHHE-
cKux ceMencTBa opucdep — opucdepsl, TapayleJbHbe COOTBETCTBEHHO
mrockocTaM g = 0 n gt = 0, JexammM Ha ACHMITOTHIECKOM KOHYCE
B

OnuieM >TH ceMeRCTBa IUIOCKOCTEW B OJHOPOJHBIX KOODAUHATAX HA
MHOroo6pasun opuchep H. Ilepsoe ceMmenicTBo cocTout u3 opucdep h(€,n),
TJe 7 yAOBIeTBOPAET cooTHomermo (1 = p. Bropoe cocTonT u3 opucdep
h(n,¢), rae ) yaoBIeTBOPAET cooTHOMmeHMO (Nt = p.

B camom pmexe, opucdepa h(£,7) ecTb MHOXecTBO MaTpun g € (G,
YAOBIETBOPSIONINX COOTHOIIEHNIO £ ¢ = 1), U YCIOBUE, ITO OHA MTPUHAIICKUT
napa6oaonny h(¢,(,p), sxBuBazenTro pasercTsy ¢ = p. Opucdepa h(n,()
€CTh MHOXKECTBO MATpul ¢ € (7, yA0BIeTBOPAIIINK COOTHOIIEHIO g = (,
ILIH, 9TO JKBHBATCHTHO, cooTHomenmo nt = g(t. IlosTomy ycioBme,

9TO OHA MPUHAMLICKUT HIapaboJouIy Z(g,c,p), SKBUBAJEHTHO PABEHCTBY
&nt =p.
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OTMeTuM, 9TO Yepe3 Kak Y0 TOUYKY HapaGoaonia NPOXOIUT B TOYHO-
cTu ogHa opucdepa KaxJ0r0 U3 3TUX CEMEICTE.

O6patHo, depe3 xaxgyio opucdepy h(&, 1) IpoxXoJaT ABa oJHOIApaMe-
TPHYECKUX CeMeCTBa NapaboIoni0oB — ceMencTBo napaborongos h(€,(, 1),
rae ¢t = 1, u ceMelicTBO mapaboIONIOB Z(c,n, 1), rae (€L = 1.

O6cyguM Temephb aHAJOIHMI0O MeXAY HOapabojomgamMu n opuchepaMu.
ITogo6uo opucdepam, Kax JbIN TaPaOOJOU] SIBIAETCA OPOUTON MOATPYILIEL
7 x Z rpynnsl G X G man noArpynnsl el coupsxkenson. O6paTHo, aobas
op6uTra B (G mOATpyNOLL / X 7 WIN MOATPYIIILL €l CONPSIKEHHON eCTh Anbo
opucdepa, aubo napadomoung. B camom gene, nycrs L C ¢ — npousBoabHas
op6uTa MOATPYINBI Z X Z, T.e. MHOKECTBO MATpHI BIga z1g° z9, Tie
g0 = ( Qg ?0

Yo 0
a z1 U zs upoberator nogrpynny 7. QdeBugno, ecan vy = 0, To L siBaseTcs
opucdepon. Ecan xe vy #0, To L ecTb cedenne (¢ MUIEPIIOCKOCTBIO ¥ =Yy,
T. e. mapaboaoni.

Urak, maoroo6pasue op6urt nogrpynnsl Z X Z B (G X (G u moarpynn
ell COIPSKEHHEIX ABAIeTCSI 00beJNHEHTEM IBYX OJHOPOJHBIX IPOCTPAHCTB
rpynnel G x (G — npocrpancTsa opucdep H u mpocrpascTBa napaboaon-
moB HP.

CpaBrnM Mex gy coGonl muorooGpasme opuchep H u MHOroo6pasue
napabogongos HP. O6a oHI HageleHBI CTPYKTYPAME PACCIOEHIIT

) — NPOU3BOJILHBIN (PUKCUPOBAHHLIN 3aeMeHT rpyunsl G,

H — H¢, HY — H¢

co caoem C* mag muorooGpaszueMm H° nmuimugputeckux cedenunl. VMeHHO,
oTobpaxkenne H — H¢ oTHOCHUT Kaxjgon opucdepe MPOXOAANIVIO Tepe3
Hee MIINHIPUYIECKYIO MOBEPXHOCTD; KAXK bl CIOH PACCAOCHUSI COCTOUT U3
mapajIeabHBIX MeX Ay cobon opuchep. Orobpaxenue HP — H¢ oTHOCHT
KaXkJOMY MapaboiIntdeckOMy CEUIeHUI0 MapallelbHOE eMy IIINHIPUIeCKOe
cetueHne; KakK BN CION PACCAOEHNS COCTOUT U3 TMaPALTEIbHBIX MEXK Y COO0n
mapaGoandecknx cedeHnu. B koopamHATHOU (GopMe: Kaxgon opucdepe
h(é,n) n xaxgoMmy mapadoaongy h(£,n,p) CTaBUTCA B COOTBETCTBHE IH-
JHEAD, 3aJaHHBI ypaBHeHmeM £gnt = 0.

Ipymnma G x G mepecTaBiageT CJIOM KaXKJOTO U3 3TUX DACCIOCHUH, a
rpynna C* gelicTByeT B CaA0AX.

Ormernum, uto H u HP, paccMaTpuBaeMble Kak 0JHOPOJHBIE TPOCTPAH-
crBa rpynnel G X G, HenzoMopdHbL. [eNcTBUTEIBHO, UX CTAINOHAPHBIMA
noarpynnamu B (¢ X (G ABIAIOTCA COOTBETCTBEHHO rpynna V map (dz1,022)
u rpynna U map (§7121,822), rae 6 € D u 21,20 € Z. DTu NOATPYINEL He
conpsxkensl B G X G u faxe He U30MOPQHEL.

3ameuanme. [IpocTtpancTso H°¢ UUAUHAPUUECKUX CEYEHNN €CTECTBEHHO
momopduo mpomssegermo CP! x (P! 1ByX KOMILIEKCHEIX TPOEKTHBHEIX



§ 2. Hnumeepaabnasn ceomempus na epynne G = SL(2,C) 173

npaMerx, a paccaoeruns H u HP man HC co caoem C \ 0 coBmagator, co-
OTBETCTBEHHO, C M3BECTHBIME U3 AAre6pAan<IecKOn [eOMeTPUN JIINHEHHBIMIE
paccroenuamu O(—1,41) m O(—1,-1).

§ 2. UnTerparbuas reomerpus Ha rpynne G = SL(2,C)

2.1. UnTerpaisHbie Mpeo0pa3oBaHud, CBA3aHHEIE ¢ IpocTpaHcTBoM H
opuchep m komimiekcom npameix K. CesxkeMm ¢ MHOroo6pasmeMm opu-
chep H wunTerpasbHoe npeobpasoBaHme, oTHOcsIee (GUANTHBIM (-
dyukmuaM Ha (¢ UX UHTErpajdsl 0o opuchepam.

Kaxgas opucdepa h(€,7) ecTb ABYCTOPOHHHH KIAcC CMEXHOCTH

gl_lZgz, Tae / — HOATDYINA MATpPHII ( é i ), a g1,92 € G — mpous-

BOJIBLHBIC ManHHBI, y,E[OBJIeTBOpﬂIOH_II/Ie yCJIOBI/IIO
g1 =&, Eoga =mn, roe & = (0,1). (2.1)

Omnpepgenenne. Onpegern maTerpal 1o opucdepe h(€,n) cregyommM pa-
BEHCTBOM:

Rien) =5 [ S, == (4 1) e

rjae g1,92 € G — 100ble MATPUNLL, yIOBIETBOPAONNE COOTHOIIEHNIO (2.1).
Hazosem R f(£,n) opucdepuneckum npeobpazosanuen QpyHxnun f.

Dopmyay (2.2) MOKHO HepeNNCcaTh TaK:

Rﬂamz/f@u@—nmwm, (2.3)

rae 6( . ) — meapta-bymknus Ha 2, a du(g) — uHBapHAHTHaZ Mepa Ha
rpymome (5 5Ta Mepa mMeeT B KOOpAUHATAX «, 3,0 Ha G caegyiouun BUi:

N3
du(g) = (%) 8]~ % dadadB dB dé d.

PasencTBo unTerpanos (2.2) u (2.3) ycraHaBInBaeTCA IPOCTOH IPOBEPKOTL.
U3 ompenexenns caeayer, uro ¢pyaknns R f(£,1) yIoBIeTBOPIET yCIo-
BIIIO OTHOPOJHOCTH:

RF(AEAD) = AT*R F(€,1) nas ao6oro A # 0. (2.4)

Taxum ob6pazom, R f(£,n) 3aBucuT He TOIbKO OT opucdepsl A(£,7), HO 1
OT OJHOPONHEIX KOOpAHWHAT &,7), KOTOPLIMHE 3Ta opuchepa 3aIacTCH; MBI
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MOXKeM TPAKTOBATL R f Kak cedeHIe 0 JHOMEDHOT O BEKTOPHOT O PACCIOEHIS
HaJ MHOrooGpasuem opucep H.

U3 (2.2) cregyeT Taxxe, 9T0 omepaTop R HepeCcTAaHOBOUEH C LelCTBHEM
rpymmst G x G, m.e. ccan fi(g) = fg7"gg2). T0 R fi(E,m) = R f(Eg1,mg2).

Moxuo, BBeas ua H ad@duHHBIE KOODAWHATLL, ONPENEINThL OpHChEpPH-
Jeckoe IpeoOpazoBaHlle He KAK CeYeHIlEe BEKTODHOI'O DACCIOeHus Hag H,
a kax (YHKINUO Ha H c INCIOBBEIMU 3HaYeHHIMU. Y I0OHO BBecTn Ha H
caeayourne adGUHHBIE KOOPAUHATEL:

&1 m 2
1=, = —, A= —. 2.5

P e T g & (2:5)
B sTux koopaunaTax mobas opucdepa h(€,n), rae €3 £ 0, 2 £ 0, 3agaerca
YPaBHEHUAMNI

a=wf+ A" = -z B+ A

3ameuamnne. Yciaosue 2 # 0, 72 # 0 >KBUBaTEHTHO TOMY, 9TO opucdepa
h(¢,n) me mapanteabra rumepitockoctu 3 = 0 B CL.

IIpuras «, 3,0 B KadeCcTBe JOKATLHLIX KOOPTUHAT Ha (7, MOKHO ompee-
auTh gt aobon dyuxnun f(g) = f(a,B,9) ee opucdepudeckoe mpeobpa-
30BaHME CICTYVIONNM PaBeHCTBOM:

Rof(eres ) = 5 [ faap+ X7 Bimeif + NaBd. (20)

Teomerpudeckn mepexogq or R k Ry o3HawaeT, ITO BMECTO HHTE-
CPAIBHOTO IPeo6PA3OBAHUS, CBSI3AHHOTO ¢ MHoroo6pasueMm opucdep H,
MBI paccMaTpPHBaeM HHTerpalbHOe NpeoOpa3oBaHle, CBI3aHHOE C aCCOLU-
npoBaHHBEIM ¢ H KoMmmaexcom mpamerx B (2, T.e. mpeo6pazoBanue, oTHO-
camee ¢yaxmmaM Ha (° nx mETerpaas! mo mpaMbiM B (2, mepecexarommm
runep6oay 5 = 0, ad = 1.

YcramoBum cooTHoutenne Mex gy Gyuxuuamn R f u Ry f. B paBencTse

-1 -1
(2.2) MOXHO HPHHATB ¢1 = ( %1 €02 ), gs = ( 777?1 7;)2 ); TorJa U3

ABCHCTBA = _12' roe = ( o ﬁ ) z = ( 1 ¢ ) CcJjie eT:
1% 9= g2, Thae g = ~y k) 9 — 0 1 9 ayeT:

a=méat + 5—2, B =E&mat, § = =1t + 2.
9 9

B pesyapraTe Bhipaxenue (2.2) gii R f OpuBoANTCI K ClegyroIeMy
BHAY:

R = €l [ Flaap+ X7 5maf 4 NdBdE, (20
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rje 1, %2, A cBa3aHsl ¢ £,7) cooTHomenneM (2.5). CpaBHEBASA 5TO BEIPAKEHIIE
¢ BelpazkenneM (2.6) 11s Ry f, moaydaem nckoMble COOTHOIIEHNS MeXk Ay R f

u Ro f:

P &m 77_2)
Rf(gan) - |€2772| ROf <€2’772 ; €2 (28)
Ro f(x1,22,) = AR (21,1, A\ea, ). (2.9)

2.2. COOTHOIICHHA CUMMEeTPHH AA4 opuchHepUIecKor o npeobpa3oBaHu.
Dyuknun ¢ = R f yAOBIACTBOPSIOT JONOJHUTEILHBIM COOTHOIICHUAM CIM-
MeTpHH, CTPYKTYPa KOTOPHIX TakoBa. [lycte I' — mpoussoabHoe cetdenne
rumepbotonga (G rumepmiockocThio B C!. Tak xax I — xBagpaTumumas
MOBEPXHOCTHL, TO B O0mleM ModoXKeHWW Ha [ WMeeTcs [Ba CeMeNCTBaA
IPAMOINHENHBIX o6pasywommx (opucdep). CooTHOmEHNEe CHMMETDHHI CO-
CTOUT B TOM, UTO HHTerpaabl QyHKIun ¢ = R f mo >TuMm cemencTBam
opucdep (B3ATble IO MOAXOIAIEH Mepe) COBIAAIOT, MOCKOIBKY 06a OHI
pPaBHBI HHTerpaay ucxoguon ¢gpyukiun f mo mosepxuocTu I'. 3amummeMm >Tn
COOTHOIIEHNUA B ABHOU (opMe.

PukcupyeM IpOU3BOIBHEIE ¢y € G u A € C\ 0 u paccmoTpuM aBa
cemeticTa opucdep h(&, Ago) n h(/\ngo ,1). B m. 1.3 66110 MOKa3aHO, 9TO
>Tu opucdepsl ABIASIOTCA MPIMOINHENHBIME 00pPa3yIoUIIMI TOBEPXHOCTH
I' C GG, xoTopas moaydaeTca B cedeHnn (G TUNEPIIOCKOCTHIO

2XMgo,g9) = 1+ A%
DTa MOBEPXHOCTH eCTh rumepGotont upu A # +1 u kouyc npu A = +1.

Ipepmoxenne 2.1. Jan awbnr go € G u A € C\ 0 @dynuryus ¢ = Rf
ydosaemeopaem caedyouemy coOOMHOULEHUIO CUMMEMPUU:

/ (€2 Eg0)w(E)(E) = / oOmgs (el (2.10)

RE3 n

3geck w(§) = &1dEy — E2dEq, a e, ¥y — IPOH3BOILHBIE IOBEPXHOCTH B
C? \ 0, mepecexaromme 0 OTHOMY Pa3y MOYTH Kaik Iy IPAMYIO, TPOXO T1-
myio depe3 Touky 0; BBIAY ycaoBHA ogHOpogHOCTH (2.4) mus ¢ oT BEIGOpaA
Yey Yy UHTErPAJbl He 3aBHCAT.

[l1a foKa3aTelbCTBa JOCTATOYHO MOACTABATE B KK ABII I3 NHTET PATOB
(2.10) Beipaxenne (2.3) pyuxunu R f depes Ppyuxnmio f. DieMeHTAPHBIMI
Ipeodpa3oBaHNAME 00a >TUX WHTEerpala IPABOAATCA K OTHOMY I TOMY XKe
HHTErpary

/f —2XMgo,9) + 1+ ) du(g /f ({9 — Ag0,9 — Ago)) dp(g)-
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OtmeTnM, 4To cooTHommerne (2.10) cymecTBeHHO TOABKO mpu A # +1,
T.e. KOTJa cedeHne [’ He SBIA€TCS KOHYCOM.

ITpumeuanne. Coorromenne cummeTpun (2.10) MOXKHO Tak:Ke OpegcTa-
BUTBH B clegyiowell (hopme:

[ oo =@ = [ etudo,mita)l,

RE3 Yn
_ [2%3] ﬁo 6 P,
rae gp = Yo 6 aobas HeBLIDOXKTEHHAs MaTpHUIa U (Jy =
_( %o o
= ~ a . B Takom B A€ OHO OCTaeTCsa CIpaBeOIUBBIM W /IS
—J0 0

BLIDOXKJEHHEIX MaTpun go # 0. 3amMeTum, 9To A J060U BBEIPOXKJEHHOI
MaTpuisl ¢o opucdepsl h(€,£g0) u h(ngo,n) ABIAOTCA TPAMOINHEHHBIME
06pa3yIIIMH TTapaboJonaa, KOTOPHIH MoaydaeTca B cedenunn (G rumep-
IIOCKOCTBIO 2{(gg,g) = 1.

2.3. ®opmyaa obpaieHna AJA MHTErPAIbHOTO IpeobpazoBanua R,
CBA3AHHOTO ¢ KOMILIeKcoM mpaMueix B (2. PaccMOTpuUM HHTerpaibHOe
npeobpasoBanne Ry, 3ajJaHHOe PaBeHCTBOM (2.6); OHO OTHOCHT KaxIOH

dbunntHolt dymxuuu f(o,B,d) ma C ee murerpant mo mpambmm B 2,
mepecekatormuM runepboay S = 0, ad = 1. Mu1 xoTtum BOCcTaHOBUTH f TO
dyuxmun ¢ = Ry f. Hamomunm, wro B raase II pemanacy 6omee obuias
3aja€a: BOCCTAHOBUTE (PpYHKUMIO Ha (5 depes ee MHTETPATHI IO MPIMBIM,
IIepeceKaolInM IPON3BOALHYI0 (PIKCHPOBAHHYIO alrebpaniecKyio KPUBYIO
B A C (3. IlooToMy MOXKHO 6BLIO GBI BOCIOIbL3OBATHCA PE3YIbTATAMI
raaBwl [I. MuI mpuBegeM 31ech, OTHAKO, IPYTOe, He3aBUCUMOe OT raaBs 11,
pelllenne 3TON 3ajgadu. V3J0XKHUM pellleHNe 3aJa49ll IPH JOMOIHUTEIHLHOM
npegnogoxennn, uro f = 0, xkorga  gocrarodno mamao. IIpu sTom mpen-
IOMIOKEHNN BCe MOCAEAVIOIe Npeobpa3oBaHus OyIyT KOPPEKTHBIMI. B
JAJbHENIIeM MBI OCBOGOANMCS OT 3TOr0 HECYIIECTBEHHOIO JOIIYIIEHUS.

Cuavaza mepengeM oT GyHKIHH ¢(%1,23,A) K ee IpeoGpa3OBAHIIO
Dypre 1o x1, Ta:

.\ 2
~ — ? iRe(§1x1+€202 LT e
P(&1,82,0) = (2m) E (5) /gp(ajl,xz,/\)e Re(&1r1+¢ )dxl dzidzs dTs.
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Hannem Boipaxkenme $ depes ucxoanyto ¢pyuknuio f. Hmeem:
-\ 3
~ _ 1
Benea) = 2 (5) )

X /f(xzt + A7Ht —agt + N Rt gt dp ) dTT des dTs =

NG A=3d a=2"1
= (2m) " (5) / flo, 8,8)™ U5 5578) 19124 o g dp aB s da.

TepeiifeM Temepsh 0T KOOPAUHAT «, 3, 6 Ha P K HOBBIM KOODIMHATAM

N
P11 = ﬁ’pz_ﬁ’pS_ﬁ

U ITOJOXKIIM
f(aaﬁa(s) = |p3|4f1(p1ap2ap3)~

Torga paBeHCTBO (2.3) IpUMeT CaeJyIOUMI BIL:
NG
Fenta) = 27 (5)

. -1
></f1(Pl,Pz,ps)elRe(p1§1+p2§2+p3(>‘51_>‘ ¢2)) dp, dpy dps dps dps dFs.

B pesyabTaTe MOIY€IEHO MPOCTOE COOTHOIINEHNE MEXKAY ¢ U Mpeobpa3oBa-
uneMm Pypwe P pyukmun fi,

P61 6o,6s) = (2m) (5) y

X /f(Pl P, pa)e' B (Préutpedatrata) gy, 5T dp, dpz dps dps,
HMeHHO,
P(€1,62,2) = 27 F (&1,€0, A6 — AT1E,). (2.12)

Uckomas dopmyra obpaiienns mrerko cregyeT us (2.12). das storo
HYXKHO BOCIIOJIb30BaThCA (pOpMyIon obpaleHus aas npeobtpasopanus Dy-

pbe GyHKIUH fi:

|ﬁ|4f(aaﬁ’6) = fl(plap2ap3) =

.\ 3
= (2m)7 (5) / F(€1,65,€a)e ™ Re(OmACarabtars) dg, dgy des dEs des dEs.
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Caenas 3fech 3aMeRy mepeMeHHOM &3 =\ — A~ L&y, moayuaem B cury (2.12):

1 i\?
Fan8,0) = 32m) (3 ) 1
x / BE1, E N[N & e RO ST OO g i dendEydAdN =

1 ol — (A=5 a=-)""! _

_ 2.8 T _ _8 Y20

dxo
-1 i)
Ocrazoce ympocTuTs moxyverHoe Bepaxenme. Tax xax 87 L + oy 1

1 -1

8 L+ % CYTb IIOJHBIE IPOU3BOAHLIE (PYHKINH (AT_(;’ O‘_/;‘ ,/\) mo A
— N P

u A, To B paBercTBe (2.13) MoxHo 3amernTs S71L u L coOTBETCTBEHHO

3 3 .
HA —55 I ——=. B pe3yabTaTe moayumm:

| L i
FloB,8) = < ilﬂl_z/w’;;(/\—é,u,/\) NG,

83 2 Jé] Jé]
Hckomas popMmyaa obpalieHns HOIyIaeTCs OTCIOLa 3aMEHOH IepeMEeHHON
r = AT_(;. CdopMyanpyeM OKOHYATEIbHLII Pe3YILTAT.

Teopema 2.1. ITycms f(,f,7) — dunumnas C Gynxyus na C3, pasnas
HY.A10 Npu dOCMAMOURO MAABT 3HAYEHUAT 3, u o = Ro [ — ee unmezpaan-
Hoe npeobpaszosanue, 3adannoe pasencmeon (2.6). Tozda umeem mecmo
caedyrouwas Gopmyaa obpaweHus:

1 2 azx
Fla,8,8) = 8?5/%'; (xﬁﬂx +5) de dZ. (2.14)

3aMeTum, ITO B »Tol (popmyie auddepeHIUPOBAHIE O A eCThb Ju(-
¢depeHIUpPOBaHTE 0 MHOXECTBY Mapa/lelbHBIX IPAMBIX, IIepPeCeKaroInx
runep6oay f = 0, ad = 1, a unTerpan 6epeTcsa MO MHOKECTBY NPAMBIX,
IepeceKanIuX Ty CUIepOOLy I IPOXOAAIMX depe3 TOUKy («, 3,4).

Ilogo6mo cayuato mpocTpaHcTBa JlobatdeBckoro, noayierHHas GhopMyaa
o0palleHns J0KalbHa: Mg BOCCTaHOBIeHHNA pyHknun f B Touke (a,f3,0)
HY2KHO 3HaTb ee HHTEr DALl TOJBKO 110 IPAMBIM, ITepeCeKalomuM Irumnep6ory
B =0, ad =1 u ckoab YyrOAHO GJIM3KAM K 3TOU TOUKE.

2.4. ®opmyaa obpamenua Aaa opucdepuieckoro npeobpazoBaHud.
Iyers f(g), 9 = ( o f ) — ¢uuntrHas C'™ Qyuknus Ha rpynne G. Tpe-

o)
GyeTcs BBEIPa3sUTh f depes ee opucdepmieckoe npeoGpasosanune R f(£,7),
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ompegeneHHoe paBeHcTBOM (2.3). Ilpeamomokum Ha BpeMms, uTo f = 0 mpu
JocTaTo4HO Maablx 3Havennsax 3. Torga f, paccmaTpuBaemast Kak QyHKITILA
oT o, f, 6, mpogomxaeTca go dummTHOm C°° dyEkmUEm Ha Bcem (2,
PaBHOHW HyIIO0 IPH JOCTATOYHO Maubix 3HadeHusx . CiegoBaTelbHO, OHA
BBIpaxkaeTcsa depe3 QyHKIU ¢ = Rof mo dopmyre obpamenns (2.14).
YT0o6Bl HOJIYYUTH OTCIOAA HYXKHBIN PE3YyJAbLTAT, JOCTATOYHO BOCIOIL3O-
BaThCA cooTHoUeHneM (2.9), BeipaxatomnmM Ry f depes R f. Mbl noxygaem:

1
T 8732

f(9) /LfRf(x,l,ax—l—'y,ﬁx—|—(5)dxdf, (2.15)

rae L = (azx + 'y)aim + (Bx + 5)6%2 + 1. Ucmoaw3ys ycIoBHue 0JHOPOIHOCTH

(2.4) gaz R f, MOXKHO IPHJATH MOIYyUeHHOH (opMyse obparmeHus Golee
CIMMETPHUYHBIN BUI:

10) = 553 | T RIED) bosg w(OAG, (210

rae L, = 7716%1 + 7726%2 + 1, w(é) = &1 dEy — E2dEq, a nHTErpan Geperca
no npousBoabHou nosepxHoctu v C €\ 0, mepecexaromenl mo ogHOMY pa3y
MOYUTH KAXK VIO IPAMYIO, IPOXOIAIYIO depe3 Touky ().

Tax kax opucdepmtdeckoe mpeobpazoBaHue R WHBAPHAHTHO OTHOCH-
TeabHO gencTBus rpynnsl (¢ X (G, mepBOHAYAJILHOE NpegIodokKeHnme o f
ABAAETCA HECYIIECTBEHHBIM: W3 TOro, 4To QopMmyra obpamenus (2.16)
BepHa Aas QYHKINN, PABHBIX HYIIO IPHU JOCTATOYHO MAJBIX 3HATEHUAX (3,
cregyeT, ITO OHa BepHa 1 Aus 10601 ¢punntHon C'™° Gyuxuun Ha (. Takum
o6pa3oM, JOKa3aHA

Teopema 2.2. [lycms f — npoussoavnas dunumnas C Pynryus na G.
Tozada, ecau R f — opucepuueckoe npeobpasosanue gynryuu f, onpede-
aennoe pasencmeom (2.3), mo umeem mecmo dopmyaa obpawenus (2.16),
svipascaiouas f uepes R f.

B »ron gopmyre maTerpan Gepercs mo MHOXKecTBY opucdep h(€,€g),
T. €. 10 MHOXKeCTBY opucdep, IPOXOIInX depe3 ToUky g € (. Bxogsammun
B Hee omepaTop L, =11 6%1 + 7726%2 + 1 MOXKHO IPEJCTABATE B CIEIYIONIEM
BUE:

Lyplé.n) = el ) ||

Hamomunm, wro mpeoGpasosarue h(€,n) — h(€p,An) ecTh BBeAeHHOE B
n. 1.3 mpeo6pazoBanue 1eBoTo CABHUra, IEpPeBOAIlee KakIyI0 opuchepy B
opucdepy, eil napartebeyo. Takum o6pa3oM, L, ecTh omepaTop HHQUHU-
Te3UMaJILHOTO 1eBOTO CABHUTA.

=1
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3ameuanme. I3 ycaoBus oguopoguoctn (2.4) gas R f caegyer, uro (Le +
+Ly)Rf=(Le+L,)R f=0,rae Le =& 6%1 +&5 6%2—1— 1. ITosTomy B hopmy.Ie

obpamtenns (2.16) omeparopst L, u L, MOXKHO 3aMEeHHTb COOTBETCTBEHHO

_ 1 P P 2 2 -
Ha L = 5(513—51 +€2a—§2—7713—m—7723—772) u L.

2.5. ®opmyaa obpamenus Axa opuchepuieckoro mpeobpazopaHus B
mpoctpancTse JloGateBckoro £3. I3 GopmMyasl obpamerns g1a opucde-
pudeckoro mpeobpazoBaHus R Ha (¢ MOXKHO KakK CaeJICTBHE IOJYYINTH

GopMyIy o6paleHns 11s opucdepIIeckoro npeobpaszosanna R B mpoc-
TparcTBe Jobauenckoro L3 (ompegenenne R" cm. B raase III). Mmenso,
Tmak kak L3 = K \ G, rge K = SU(2), To awobyio dysxmuio f ma L3
MOXKHO HOHATHL Ha (7, T.e. paccCMaTpUBATL ee Kak (PYHKIIIIO f Ha G,
VAOBIETBOPSIOIIYIO YCIOBLIO

flkg) = f(g) pas moGoro k € K.

Bsuay koMnakTHocTH K 06pas [ GpuanTHON (yHKmnn f Ha L3 aB1seTcsa
durnTHON (QyHKNUen Ha (5 TAKWMM 00pa3zoM, IPOCTPAHCTBO (PMHUTHBIX
dbyuxmui ma £3 BKIaJBIBaeTCA B IPOCTPAHCTBO DUHUTHHIX dyHKNm Ha G.
Haxee, HeTpyIHO y6emuTbcd, 4To mpm oTobpaxenmn G — K \ G = L3
oprcdept: Ha ( IepexoaT B oprcdepsl Ha L3 1 naTerpats R f dyEKIIN
f mo opucgepam Ha G paBHEHI (Ipn mOAXOAAIEM COTIACOBAHHN MeD Ha
opucdepax) nurerpatam R” f dymxnmm f mo o6pasam sTux opucdep. B
pe3yabTaTe, 9TO6H IOLYyINTh PopMyIy obpamenns 41 R, HyxHO ToabKO
HAfTH ABHOe BhIpazkerme R [ <epes R” f 1 HOACTABUTE 5T BLIpAKEHHe B
dopmyay obpamenns (2.16) nas R.

CdopMyanpyeM HECKOIBKO YTBEPXKIEHNN, KOTOPEIE JTET'KO CAIYIOT W3
ompegerenna opucdep u opuchepuiecknx mpeobpasopammit Ha G u L3,

1. TIpu oTobpaxennu GG — K \ G = L3 mo6as opucdepa h(£,n) va G
nepexoauT B opucdepy h(n) ma L3.

2. Rf(g, 1) Kax Gysxmms oT & 3aBucnT TombKo oT €] = (€] 4 €2 |%) /2.

3. ©yuxmun R f u R f cBA3aHBL COOTHOIIEHTEM

R F(=1,0591,m2) = R" f(n1,72)

Us 2), 3) n u3 ycaoBus ofHOpoiHoCTH 14 R [ moaydaeM mHCKOMOe

BBIpaJKeHIe quepe3 R" f:

RF(€n) = ¢ R ((g—|) | (2.17)
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TogcTaBus 5To BhIpaxkeHue B (hopMmyay obpamennus (2.16) mas opucdepn-
“ecKoro npeotpazoBanusa R Ha (G IpH ¢ = €, MBI HOJY UM OCJIE DJeMEeHTAD-
HBIX YIPOIIEHUN CJIeAyIomyo GopMyay obpalueHns mis opuchepuieckoro
npeoGpaszosamna R" ma £3:

1 _ -
flun) = g [ LT R £0) ()T, (2.18)

Tn
riae wy € ,CS — TOYKa, OTBE€YAKIIasag €JUHIYTHOMY KJIaCCy CMEXHOCTH B

K \ G. Buipaxernne g1 f B mpomsBoabHON Touke w € L3 momyvaeTcsa m3
(2.18) rpynmosbiM casuroM. Iloxydgennas gpopMya oOpameHns coBIaJaeT
¢ dopmyaon obpammennus (6.17) uz raassr I11.

2.6. UuTerpansHoe mpeoGpa3oBanme, cBA3aHHOE ¢ mapabomongamu Ha G.
Hamomunm (cM. m. 1.6), 9To xax bl mapaborons Ha (G moIydaeTcs Kak
cewenne ( rumepmiIockocThio B R cregyromero Buja:

(Gra+ &) — (Lf +&0)=p, p#0

WM, B MATPUYHON 3aIUCH,

Eg¢t =p, p#0, (2.19)

rae & = (£1,63), ¢ = (¢1,(2) — menmyaesrie BexTopr B C? m (L = ( _gi )

Taxkum o6pazom, awobon mapaGomous Ha (¢ 3agaeTcs HapOH BEKTODPOB
£, € C?\ 0 mwucaom p # 0  ompeeaseTcs Kak MHOKeCTBO MaTpur g € G,
ygoBaeTBopsomux yciaouio (2.19). Mbl 06o3HaumIn >TOT HapaGoIons

Tepes ﬁ(g,c,p). OueBugHO, 9TO ﬁ(/\lé’,/\zc,/\lx\zp) = ﬁ(g,c,p) JIA TIOOBIX
A1, Az £ 0.

Onpepaemenue. Oupegenum nuTerpaa ¢uantaon O dyuxkuun f wa G mo

napadonouay h(é,(,p) paBeHCTBOM

RP (6,C,p) = / J(9) 39t — p) dp(g). (2.20)

rge d(-) — geasra Gynknus Ha C.

OdeBugno, uTto ¢ymkuua RY [ yI0BIETBOPSET CAEIYIOMEMY yCIOBHIO
OJHODOITHOCTH!:

RP F(A1E, A2, M Aap) = [Ai 2| T2 RY F(€,(,p). (2.21)
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Taxum o6pazom, R? f(£,(,p) 3aBHCHT He TOIBKO OT CaMOT0O IapaboIona

Z(g,c,p), HO m oT mapaMeTpoB &, {, p, KOTOPBIMH >TOT MapaGoaou]
3aJaeTcs.

CyImecTByeT TMPOCTas CBA3b MEXKIY UHTErPAIBHBIM MpeobpasoBaHUeM
RP u opuchepuiecknM npeobpasosanueMm R. merHo, mepexon oT (GpyHK-
mun f(g) x RY f(€,{,p) MoxHO ocymecTBUTL B ABa sTama. CHadaza MBI
unaTerpupyeM f mo opucdepam h(€,7), roe £ GUKCHPOBAHO; B Pe3yaIbTaTe
noaysaeMm R f(£,n). 3aTem mel naTerpupyeM R f(£,71) 00 MHOXKECTBY opn-
cep, Ha KOTOPBIE DACCIamBaeTCsa Tapabomony %(&’,C,p), T.e. MHOXKECTBY
opuchep h(£,n), rge ¢ GuUKCHpoOBaHO, a 1) YAOBIETBOPAET COOTHOIICHHUIO
n¢t = p. 3ammmenm pe3yIbTAT B Bie ABHOI (POPMY.IEL

Teopema 2.3. IIpeobpazosanue RY [ caedyowum obpazom sevipascaemcs
uepes opucepuueckoe npeobpazoeanue R f:

RY J(E,C.p) = ()/Rf€77 Jo(ct — pdndn.  (2.22)

U3 (2.22) caegyer, wro npu aioboMm duxcuposanaoM & RP f ssasercs
ABYMepHBEIM mpeobpasoBammeM Panona dymkumun R f(£,7) paccMarpusa-
eMoll Kak (QyHKIHA oT 7. Takum obpazom, omepaTop R sBaseTcs xoM-
mosunueln oneparopa R opucdepnieckoro npeobpa3zoBaHus U IBYMEDHOT O
npeo6pazopanna Pajgona ma C?.

TMosacaum cBazs RP ¢ mpeob6pazosarmem Panoma. Mel paccmaTpubaem
cemenictBo H; opucdep h(£,n) ¢ duxcupoBaHHBIM £, OHO COCTOHT H3
BCcex opuc(ep, NapailelbHbIX (PUKCHPOBAHHOMY ABYMEDHOMY IPOCTDAHC-
T8y (1.5) Ha moBepxHOCTH acuMmTOTHHUeckoro koHyca K. OTobGpakenme
h(&,n) — n 3agaer mzomopdumsm He — C? \ 0. Ha mo6oM mapabosonge
ﬁ(g, ¢,p) OAHO U3 CeMeNCTB NPAMOINHENHBIX 06Pa3yOLINX IPUHa ITeKNT He
u mpu m3omopduame He — C? \ 0 ono mepexoauT B mpamyio Ha 2. Taxmm
06pa3zoM, B CIIy 3TOro msoMopdusMa uaTerpuposanne pyuxnun R f(£,7)
10 MHOXKECTBY IPAMOJINHENHBIX 06pa3yomux napadomronia Z(g, ¢, p) MOXKHO
HHTepIPeTHPOBATL KaK NHTerpuposanne gpyuxmmu xa C? mo mpamoi s C2.

W3 (2.22) ma ocHoBaHHM (QOPMYIB OOPAINEHHS AAsd ABYMEDHOTO Ipe-
o6pazosanua Pagona B C? (cM. §9 raasn I) moayuaeM caemyioliee BBIpa-
xernme R f aepes RY f:

R 7€) —”/Wp 1ECn | w00 =

_ (5) / / RY F(6,¢,p)00D(n¢t — p) dpdpo(Q)(0),  (2.23)

v €
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rae §(HD(s) = 65656( s).
3amedanne. B dopmyne (2.22) ¢pyuknus R [ ycpeHseTcs 0 OZHOMY U3

cemellcTB opucdep Ha napaboouge %(&’,C,p). Ycpenusas ee mo APYTroMy
ceMellcTBY opucdep, MoIyIaeM COOTHOIIEHNE, aHAJIOrnYHOe (2.22):

R? F(6,C,p) = ()/anc Sent —pydndy  (2.24)

OTcioga mo dopMyre obpammenns A1 mpeobpaszopamma Pagoma B (2
claenyeT:

R 1(€1) —“/6 SR G|, #0E0.

Hafizem Temeps GopMy.aIy obpalleHns 1if HHTeCPaIbHOTO Ipeobpaso-
Barua RP. Tax xax RF ecTh xoMmosumus opucgepuieckoro mpeobpazoba-
Hus R u gByMepHOro mpeobpazoBanus PajgoHa, To GopMyaa oOpaieHns
mas RP momydaeTcs Kak KOMIO3UIUAS (pOPMYyJ OOpAIleHnA AIA 3TUX ABYX
npeo6pasosanuil. Iogcrasus (2.23) B popmyny obpamenns (2.16) g1z R,
HOTy<TaeM:

x / / RPf(f,c,p>£—a]_jLnL_né<ncL —p) |, dpdpe(Qw(Qw()«(E).

veveC
Orcroga nocae >1eMeHTAPHBIX YIIPOUIEHUN [TOLYIaeM:

Teopema 2.4. Pynkyua f wa G evipajcaemces uepes uHmezpasbHoe npe-
obpazosanue RP f no caedyoweis Gopmyae obpaujenus:

10 = ~5s () [ oo (01 R 16..1)

Y¢ve

w(€)w(&)w(Cw(C)-

p=E&gCt

(2.25)

Ipumeuanme. HuTerpambHoe mnpeobpazosamme RP (ymxuun ma G
HHIYIUPYeT HHTerpalbHOe IpeobpazoBaHme (MYHKUIUHI Ha IPOCTPAHCTBE
Jlo6auenckoro L3, Nmemno, mpu mpoexTupoBaHmm (¢ Ha IPOCTPAHCTBO

Jlo6auesckoro £3 = SU(2)\ (¢ xax it napaboaons E(g, ¢,1) (aBasrommiicsa
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MHOI000pa3neM BeleCTBEHHOH Pa3sMePHOCTH 4) oToGpaxkaeTcsa Ha 061aCThb
L; C L3, BremHIOI0 K opucdepe IPOCTPaHCTBA JI106aTeBCKOr0, 3a1aHHON
2
Wea—
% = 1. HUnaTerpamsuoe mpeobpaszosamme R’ ma G

ypaBHEHHIeM
IepexoquT B HHTerpalbHOe IpeobpasoBanme ¢yukmmi Ha L3, 3agammoe

CJACIYIOIINM DABEHCTBOM:

-1
R s = [ (M mGE) g o

z 23
Le
. . ~h
rge w = ¢ + yi + zj (cM. raasy IIT). Popmyna obpamenns 1is R 1erko
caenyeT u3 (Gopmyasl obpamenus aas REP.

HJobGaBrennme. 3amedanue 06 opuchepudeckoM mnpeoGpa3zoBaHHMU HA
rpyme SL(2,R). Oupegenennsle B 3ToM naparpage HHTECDATLHBLIE IIpe-
o6pazoBanuss R u Ry 63 HU3MEHEHUH IIEPEHOCATCS HA BeIIeCTBEHHBII
cay4an. OIHAKO 3J€Ch, B OTINYNE OT KOMILIEKCHOT'O CIy4asi, OTOOpaKeHNs
R fu f—Ry f umelor HeHyIeBOE AP0, & TOTOMY (PYHKIUS f He MOXKeT
OBITH BOCCTAHOBIEHA 110 cBoeMy 06pa3y. B sTom gocraTouno ybeauTbes s
cay4as npeobpazoBanusa Ry.

B BemecTBenHOM caydae omepaTop Ry oTHocuT dymxmuam f(a,f3,9)
ma R ux mETerpass mo mpaMuiM B R3, mepecexatommy rumep6oay 3 = 0,
ad = 1:

+oo
Ro fler,220) = / flaat + X711 —2t 4+ N) dt.

[MoBTOpUM A5 BEIIECTBEHHOTO CAYYIasd Te PACCY K JeHUs, KOTOPLIMA B 0. 2.3
6bLIa TOTyIeHa (popMy.Ia obpamernus. Ilepefigem mHa R K HOBBIM KOODII-
maTaM p1 = —§, ps = §, ps = & u nonommu f(a,f,8) = |ps|*f1(p1,p2,ps)-
O6osmaanM gepes I'(£1,€2,&3) npeobpazosanne Pypre QyHKImn f u depes
#(&1,€2,A) npeobpasosanne Pypoe dyuruun o(x1,22,A) = Ro f(21,22,A)
0 TepeMeHHBIM &1, #9. Torga, Tak ke Kak U B KOMILIEKCHOM Caydae,
YCTAHABAUBAETCA CAEAYIONIEe COOTHOIICHIE:

P(E1,69,0) = (2m) Y2 (61,80, 06 — A71Ey). (2.26)

CupanmsaeTcs, MOXKHO JI BOCCTAHOBUTL GyHKIHNIO [ 10 dyukunu $. fcuo,
ITO 3TO HEBO3MOKHO: I3 YCIOBHA &3 = AE| — A€y, e A BeIleCTBEHHO,
caegyet, aTo &3 + 461€5 > 0, u, amaduT, paBercTBoM (2.26) dymxuua F
ompeneseHa TOILKO B o61acTu £2 + 4&61E5 > 0.

SaMeTum, 4To ecan f — GuHITHAS QYHKINI, pABHAS HYIIO DU MAJIbIX
3HadeHnax [J, TO OHa MOXKeT OLITH BOCCTaHOBIeHa 1o GyHkmun Ro f. B
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caMOM fJele, B 9TOM ciydae ompefeleHHas Bbie GyHkuus fi(p1,pe,ps)
Takxke (PUHUTHA, U, 3HAUUT, ee mpeobpazoBanume Pypoe I ecThb megas
anamnTudeckad Gyukumus. [losToMmy dyukmus F, Gyayunm ompeneaeHa B
obmacTnu €2 + 4€1&5 > 0 ma R3, ompegenena Tem caMbiM 1 Ha Beem RS,

§ 3. Fapmonnveckun anamu3 na rpynne G = SL(2,C)

B sTom maparpade mo Tom ke cxeMe, UITO U B CIydae NPOCTPAHCTBA
Jlo6agesckoro (cm. raasy III), cTpomTes amanor mpeoGpaszosanus Pypoe
Ha rpymnme (. B ocHOBe KOHCTDYKIINN 7eKaT cOOCTBEeHHBIE (DYHKUNN OIe-
paTopos Jannaca Ha (G, TOCTOsAHHEBIE HAa OpOUTaX MOATPyLILl Z X 7 C G x G,

Tle 7 — NOATDYNNA MaTPHUII ( L ) Nmeetcs (cm. §1) gBa THIA Takux

0 1
op6uT — 0JHOMepHBIe OpOUTHL (opucdepsl) I IByMepHEIe (IapaGoIonIbL).
Co0TBETCTBEHHO MOXKHO PACCMATPUBATL COOCTBEHHBIE (DYHKINH OLEPATO-
pos Jlannaca, mocTosHHBIe Ha op6UTax MepBOTO WIN BTOpOTo Tuma. B
pe3yabTaTe BO3HUKAIOT ABe Bepcun npeoGpasoBanus Pypre ma G.

B »Tom maparpade MBI DOIPOOGHO HU3IOKNM IIEPBYIO BEDCHUIO IIpe-
o6pazosanus Pypse, cBazanuyo ¢ opuchepamu. OCHOBHON pe3yabTaT —
pazioxenne GpyHxuun Ha (G B aHajor naTerpaia Pypoe GygeT HOIyUeH Kak
caexcTBue opMyabl oOpalreHns 111 oprucepuIeckoro npeodpa3oBaHusa U3
§ 2. Bropou BapmanT npeo6pazosanus Pypre #a (G 6yJeT paccMOTpeH B
6oJiee KpaTKol (popMe B clegyolieM maparpade.

3.1. OnepaTopsl Jlawraca — BeasTpamu na rpynmne G. Haurewm ¢ Toro,
YTO NPeIBABIM ABa Au(GQepeHInaIbHbIX onepaTopa 2-ro mopsagka A m A
Ha (7, mepecTaHOBOYHLIX MekK Ty co6on u ¢ gercTBueM rpynnel G X G.

a p

v 6 ), T.e. B C*, MBI mMeenm

B IIPOCTPaHCTBE BCE€X MAaTPHUIl g = (
TaKle OollepaTophl, a IMEHHO:
2 2 2 2
dadd  9p0y dads 0By

(3.1)

Y7068l ompegeanTs ux Ha rumepGoaonge G: «d — Fy = 1, MBI BBOAUM
Ha C o6obuennsle cdhepudeckne KoopAuHaTh & = py, rae p € C, y € G,
U paccMaTpUBaeM HAIIN ONepaTOPBl TOJAbKO Ha (GYHKINAX, KOTODBIe He
3aBucaT oT p. OmpegereHHbIe Tak omepaTopsl A, A Ha30BeM oIepaTopaMm
Jlamnaca — BeasTpamn Ha (. [IpuBegem, oyCcTHB BBITICAEHNS, BBIDAKCHIS
115 omepaTopos A, A B KoopauHaTax s, t, A Ha (7, KOTOPbIE OIPeJeIaioTCa
u3 pasjoxenusa ['aycca

Ca)=C b))
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U3 5Toro pasioxeHus caegyeT, 9To A = o, s = L, { = 2 Mmeem:
(a3 (a3

2 2
A= 1<A3+1) _ +% (3.2)

4\ o Dsot

I aHAJOTI'I'THO O/ A.

3.2. Opucdepuyeckue pyukumm Ha G. Cregys cxeme, H3JI0KEHHOU B
raase III maa mpocTpancTsa Jlo6ateBcKoro, MBI JOIKHEBI, IPEXKTe BCETO,

BBecTu gasi (G x (G amamor moarpynnsl Z C (G mMaTpun Bujia ( é i ) B

KadecTBe TAKOU MOATPYNILI CTECTBEHHO PACCMAaTPUBATEL IPYNIy £ X 7.
Hangem na G co6crBennnie pyuxuun onepaTopos A, A, nHBapUAHTHBIE
OTHOCHTEJILHO noArpynnsl Z X Z C G x (. [Las 3Toro 3aMeTnM, 9T0 OpOUTEL

rpynnel Z X Z B (G 3TO AByMepDHBIE IOAMHOXKECTBA MaTPUI ( : ? ) c
duxcnposanubM ¥ # 0 (mapaboronIsl) U 0ZHOMEPHbIE TOIMHOKECTBA Ma-
TPHIL ( g oﬁl ) ¢ PpuxcuapoBaHHBIM « (opucdepsr). OTcoa ClIegyeT, 9To

0606mennnle Gyukuun ® wma (¢, HHBapHAHTHBIE OTHOCHTEIBHO MOATPYIIIEL
7 X 7, UM€eIOT BUI:

a B
#g) = ul) +oela), g = (2 ).
rjie u, v — IPOU3BOJIbHBIE QYHKINM, a d(-) — neabra~-pyrkmua. Ham HyxHO
BBIACHNTD, Kakne u3 QyHkiuui u(y) u d(y)v(«) ABAAIOTCA COOGCTBEHHBIMI
¢yaxmuaMu omepaTopos Jlamaaca — BeasTpamu. Ilpogeras HecIoXHBIE
BLIMHCICHNAA, TOTyIaeM

Mpeapaoxenne 3.1. Caedywwue obobwennvie dynryuu na G Asat0mes

cobemeennbiny Gynryuamu onepamopos Janaaca — Beavmpamu A, A,
UHBAPUAHMHBIMU OMHOCUmMeabio nodepynnvt 2 X 7 C G x G:
Dy (9) = 8(7) x(a), (3.3)
_ _ a 8
. (9) =x" () 72 g= ( S ) (3.4)
ede §(-) — deavma-dynryus na C, a x — npouseoavuviti Mytbmunauka-
muenblti rapakmep na C, m. e. ynryua suda
X(t) = tn1¥”2 = |t|2n2tn1—n2’ ny — ny € Z. (35)

Ipu smom dynwyuu @, &, -1, ¥\, ¥, _1 npunadaencam odHomy u momy

ace cobemeennomy nodnpocmpancmey onepamopos A, A, omeeuaiwuemy

cobemeennvin snavenuan —r(ni — 1) u —1(n3 — 1).
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Mrak, Mbl nMeeM gBa Tuma byskmui — byuknun $, , cocpegorotenssie
Ha IBYMepHOM mogmMHoroob6pasunm B G, n ¢ymknun V¥, . CooTBeTCTBEHHO,
CYLIECTBYET JABE BEPCHH TapMOHHYECKOro aHaam3a Ha (7@ B OJHOU MBI
nexoguM m3 Gyuxnun @, a B apyrou — m3 ¢yeknui ¥,. 3gecs GygeT
moApOoGHO U3IOKeHA TepBas Bepcud. Bropasa Bepcus 6ygeT paccCMOTpeHA B
cregyionieM maparpade.

Omnpepenenne. Hazosem o606mmenntle yuxnnu ®, (g), rge x — IpoH3BOIL-
HBII xapakTep (3.5), 3oHanpHBIME opucdepudeckuMu GyHknuaMn Ha G, a
ux casuru @, (glggz_l), g1, 92 € G — npocto opuchepuieckuMu GHyHKIIIMI

Ha (.

Mosxe Mbl yBHAMM, 1TO opucdepmieckne dymxmun D, (91995 "), rae
X TmpoberaeT yHHTApHBIE XapaKTepshl (X(t)m = 1) , 06pa3yioT HOJHOE
cemetictso B L%((), T.e. IO HIM MOXKHO Da3loXUTh T06YI0 (GYHKIMIO U3
L (G).

B cuny (3.3) 3oHanpuble opucdeputeckne QYHKINI COCPEIOTOUEHE HA
MuUInHApIIeckon nosepxuocTn v = 0 B (7, o6pazoBaHHOU opucepaMu BUIa
07,48 € D, 1 noCTOAHHLI Ha KaK 1o u3 >Tux opucdep. OTcroga caeayeT, IT0
mo6as opucdepureckas dyrxmus g — &, (91995 1) cocpegoTotena Ha oIHOMN
U3 IUIWHIPUIECKIX TOBepXHOCTel B (7 U MOCTOAHHA Ha MPAMOJIMHENHBIX
06Pa3yoImnX >TOl TOBEPXHOCTI.

Onpepenenne. Oupegernm opucheputieckne Gyuxunu &, (g,&,7) Ha MHO-
roo6pasun Tpoex g € G m &,n € C? \ 0 creqyronmM paBeHCTBOM:

Dy (9,6,m) = Oy (91995 ), (3.6)
rae gi,92 € G — I06ble MATPUILL, YIOBIETBOPAIONINE YCIOBHIAM
& =&og1, 1 = &oga, vae & = (0,1). (3.7)

Ot BeIOOpA TaKIX MATPHI ¢1,(s IpaBasg IacTh He 3aBUCUT.

B wactroctn, @, (g,40,40) = @, (g).

O6oo6mennan Qyuxmus (¢,£,1) — P, (g,£,n) Ipu 106X GUKCHPOBAH-
HBIX &, 7) COCPEIOTOYeHA Ha eJUHCTBEHHON MUINHIPUIeCKON MOBEPXHOCTH B
(i, npoxogsuen Tepe3 opucdepy h(£,n), 1 HOCTOAHHA Ha BeexX opucdepax
h(&,An), A € C\ 0, o6pasyromux 5Ty HoBepxHOCTL. IIpn QuUKCHpOBAHHOM
gEG 1 €)%+ €2 =1 oma cBoaUTCA K DYHKIIE HA MHOT006pa3nmn opucdep
H, xax mokaswiBaeT caegywomas ¢popmyaa (3.9).

IIpepmoxenue 3.2. Opucepuuecrue Pynryuu @, (g,&,n) ydosaemsopaom
COOMHOULCHUAM:

D\ (91997 ,€,m) = By (95691, 192) (3.8)
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das mobux g1,9s € G

@ (g3 0 Aam) = X(AT ) A1 Ae| 2 @4 (9,€,n) (3.9)
das a06b1x A, Ao € T\ 0.
Hanmiem sBHOe BEIpasKeHNe A1 opucdepHuecKux (GpyHKINIL.

Ilpegmoxenue 3.3. Opucepuuecckue pynryuu evipaxcarwmca Gopmyao

@, (9,6,m) = 5(n2(Era + Eav) — m (1B + €0)) x (W) , (3.10)

2de 6(-) — deavma-Pyrryus na C.

B camom gene, B (3.6) m (3.7) MOXHO HOIOXKHUTL ¢ = ( gg 50 )7
1 2
_ / /
0 - af B -
gs = ( 777?1 - ) Torga mMeeM: g199; L= ( NS )7 rae o = & 1(_

—mpB + nea), ¥ = na(bra + E2y) — m(€LB + £26). Orcroga Ha ocHOBaHHU
(3.6) m (3.3) moayuaaem

@, (9,&m) = (") x(e'),

T.e. paBeHcTBO (3.10).

3ameqanne. Ha muninnaapudeckoi mosepxaoctn ¥ =12 (&1 a+E&2y) —m (§15+
+£20) = 0 nmeem:

Era+ &y _ &1+ &34 _ & _ &
m 12 mé — 2y —mf+nea

TTosromy B (3.10) MOXKHO 3aMeHNTD HOJ 3HAKOM XapaKTepa x~! oTHOmeHNE

&2
—mB+n2a

JMIOOBIM I3 DTUX OTHOIICHHI.

IIpepmoxenue 3.4. Obobwennas Pynryus By (g,€,n) svipascaemen unme-
2paom

«(9,6,m) /5 Eg— M) x~H(N) dAdX, (3.11)

ede §(+) — deavma-Pynryus na C*.

B camoMm fgene, DOCTATOYHO OOKAa3aThb 3TO PABEHCTBO [ 30HAILHON
opuchepudeckon ¢pyuknnu, T.e. upu & = 1= (0,1). Ho npn sTux 3Havennax
¢ u 7 mpaBas 4acTh paBHA

%/5(7,5—A)X‘1(A)dAdX = () x T (0) = d(y)x(a) = By (9.6,m).
C
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3.3. lIlpeoGpazopaume Pypre Ha G.

Onpepaemenue. Qupegenum npeobpazopaune Pypwve F f dunurmon C°°
dyuxmun f #a G caegyomuM paBeHCTBOM:

Fien) =@ (e ) = [ @@, (.12

G
rae ®,(g,&,nm) — opucdeputeckue Qpyukmun Ha G.

Ucnonssys asroe Boipaxenue (3.10), (3.11) mas opucdepudeckux (yH-
KIUH, MBI MOXKeM IpecTaBuTh F f B ciaegyiowenl (hopme:

Ff&nx) =

= /5(nz(€1a + &) — m(&B + &26)) x (W) flg)dp(g),

(3.13)

rqeg:(: ?),mm

FEmx) = //559—M7 L) flg)dAdXdp(g).  (3.14)

Toguepxuem, uro umuTerpar (3.12) QgaxTudeckn IByMepHBIN: OH Ge-
peTcs MO MUINHAPUYEeCKON HoBepXHOCTH B (7, HA KOTOPOH COCPEIOTOYEHA

dyuxuua B, (-, 7).
13 onpegenenns caeayet:
1. ®yuxuus F f yooBreTBOpseT CAeIYIOUIEMY YCIOBHIO OJHOPOIHOCTI:

FF€, Xom,x) = XA (A2 x (M) [Aa T2 F F(E m5x)- (3.15)

2. Omeparop F mepecranoBoteH ¢ gericTBueM rpynnsl (G X G Ha (G u Ha
mpocTpascTBe nap (£,7); HMEHHO,

ectn fi(g) = f(g7 ' 992), To Ffi(€,mx) = F F(€g1,m925X). (3.16)

YcTaHOBHM ellle 0JHO BajKHOE CBOUCTBO omepaTopa F. PukrcupyeMm npoms-
BOJBHEIN YHHTAPHLIN XapakTep X (T.e. XX = 1) 1 pacCMOTPHM IPOCTPaHC-
TBO QyHKINI ¢(£,7;Y), YIOBIETBOPAOIMK YCIOBIIO ogHOposHOCTH (3.15).
BsegeMm B 3TOM TIPOCTpaHCTBE CTPYKTYPY C*-aiare6psl, MOMOKUB:

¢ (Emx) = (.6 1),
(o1 w2 €)= 5 [ 916000 P (O T

V¢
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rae w(€) = (3 d¢zs — (2d¢1, a nETErpan GepeTcs 0 NPOU3BOILHON IOBEPXHO-
ctn . B C? \ 0, mepecexatomell To 0JHOMY Pa3y MOYTH Kak Iy HPAMYIO,
IPOXOAAIIYIO depe3 ToUIKyY (.

IIpeanoxenne 3.5. Omobpancenue [ — F f(-3x) asasemes zomopdus-
mom C*- anee6p, m. e. (f1 x fo) = Ffix Ffa, (FF* = Ff*, ede

(f1* f2)9) = [ 11(9) L) dp(g) u f*(g) = Flg™h)-
MoxasareabctBo. Paserncrso (F f)* = F f* caegyeT HemOCPEICTBEHHO

u3 ompefeleHnsa Impeobpasobanus Dypre. JokaxeM IepBoe paBeHCTBO. B
cuay (3.16) nmeem:

Flfi % B)(Emx) = / £1) F 2 (€5, x) duG) =

= (%)2//1’1(5)ffz(Cm;XW(@—C)dCdZdu(ﬁ) =

G C?

( ) ///ﬁ ) F F2(¢mx) 8(65 — M) x™H(A) dhdAw(C)w () du(g),

G ¢
(3.17)

rae d¢ = d{; d{y; mocaegHee PABEHCTBO MOIYTIACTCA MEPEXOAOM K “HOJIAP-
ueIM” koopauHaTaM 1o (: { = A{, rge A € C, ' € 7. Tak kax

//ﬁ J6(g — A XL\ dAdNdp(g) = F F1(€,C ),

To u3 (3.17) cregyer, 4TO

F(fr* f2)(€mx) =
— %/ffl(&é’;x)ffz(C,n;X)W(C)mz (F fixF F2)(Emx).

CaegcTue.

F(f+ F)EmN) /ff€ CNFImONw(O@0).  (3.18)

V¢
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3.4. Ceasp npeobOpazopanua Pypre Ha G ¢ opucdepuiecKkum mpeoodpa-
30BaHUEM.

Teopema 3.1. Ilpeobpazosanue Pypve F [ dynxyuu f cesszano ¢ ee opu-
cepuneckum npeobpazosanuem R f coommouwenuen

Frem) = 5 [ RI€Mm N AR (3.19)
C

B camom gene, ucnonssys sHoe Bepaxkenue (2.3)) gag R f (cM.c.173),
MBI MOXK€eM IPeNCTaBUTh paBeHcTBO (3.14) B Buge (3.19).

Utak, 9T0681 nepentn oT Gpyrknnn f Ha G K ee mpeobpazosannio Pypre
F f, Mbl uETerpupyem cHadamta f 1mo opucdepam Ha (¢, T.e. mepexonmm
oT f x ee opucepuieckoMy npeodpazoBasmio R f, a 3aTeM HHTerpupyeMm

dbyrxmmo R (€, n)x~1()) mo A

3amedanne. BocnoassoBasmucs ycaoBueM ogHopogHocTH R f(AE,An) =

= [AI7*R f(&,m), roe A # 0 — gw060e uucao, paseHcTBo (3.19) MOXKHO
npeo6pa3oBaTh K BHAY:

F e = 5 [ RIOED N DAL (3.20)
C

Mu1 Bugum, uTo F f momydaeTrca w3 R f mpum moMOIIU KOMILIEKCHOT O
mpeo6pazopamms Memwmmaa. Tax kax y(A) = e/ P*t79) pre s = In|)|,
¢ = arg\, 3To mpeobpa3oBaHue CBOANTCA K KOMIO3UINH Ipeo6pa3oBaHmil
Dypbe Ha BEIIECTBEHHON MPAMON I Ha OKPYKHOCTH, a IOTOMY, IPHMEHAA
K1accoieckue popMyIsl obpamenns 114 npeobpasosanns Pypoe Ha R 1 Ha
OKpYX)HOCTH S, MBI MOXeM, 06paTHO, Buipa3uTh R f 4epes F f. lmenno,
u3 (3.19) BeITexaeT

Cuegcreue. Opucepuueckoe npeobpazosanue R f dynxyuu f swipaxca-
emes uepes npeobpazosanue Pypve F [ pasencmeom

RIEn) = (2m)2 / F 1 (Emix) dx, (3.21)

2de unmeepaa 6epemes no muoxcecmey X yHumapuwr rapakmepos x(t) =

ippm 2=
=tz t ?* |, peR,meEZ; unmezpuposanue no X HYNICHO NOHUMANMD KAK

URME2PUPOBAHUE NO P U CYMMUPOSARUE NNO TN.
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3.5. CooTHomenne cumMmMmeTpun g npeobpaszopanua @ypoe. B § 2 6p110
YCTAHOBIEHO COOTHOIIEHNE CHIMMETDUN LI OpUC(hePUIeCKOro Ipeobpaso-
Bamua R f, cM. popmyay (2.10). HHogcTaBus B 3TO COOTHOIIEHNE BEIPAKEHIIE
(3.21) R f 4epes F f, MBI HOIYHUM ClIeJyIOIiee COOTHOLIEHNE A PYHKINN

F f:

[ [Freresne@z@a = [ [t msozina

X e X T

s mobeix g € Gu A e C\ 0.
IIpuBegeM >TO paBeHCTBO K 6ojlee IPOCTOMY BHIY. JaMEHHB B IIPaBOIl
gacTn ) Ha £¢, Y Ha Y~ | 1 BOCIIOIb30BABIIICH YCIOBHEM OTHOPOJHOCTI

(3.15) gas F f, MBI momy<nM:

/ Z(9.0) XV A2 dy = / = Z(g ) XV A dy
e

Z(g.x) = / FF(E£0:2) () (). (3.22)

Ve

Tak xakx 3TO PABEHCTBO CHPaBENINBO i JioGoro A # 0, To u3 Hero
clIenyer.

IIpeanoxenne 3.6. Pynryus Z(g,x), 3adannas pasencmeom (3.22), ydo-
sAeMEOPACTY PYHKYUOHAALHOMY YPAEHEHUIO

Z(9,x) = Z(g,x7") (3.23)
dasg awbnir g € G uy € X.

3.6. ®opmyaa obGpaiennsa aaa npeobpazopanua Pypwe. Iloanora ce-
MelicTBa opucdepuieckux Gyuknun &, (g;&,n), rge x mpoberaeT yHHTap-
HBle XapaKTephl, O3HAaYaeT, 4TO JOAXKHA CYLUIECTBOBATH (opmyra obpa-
uenus qas upeo6pazosanus Pypoe. Takas Gopmyna ZeHCTBUTEILHO CY-
LIECTBYET, I OHA MOAYYIaeTCs HEIOCPEICTBEHHO U3 (POPMYJLL OOpAalleHns
A1 opucgeputeckoro npeobpaszosanut R f, cMm. popmyay (2.16). Mmewno,
oACTAaBUB B 3Ty (hopMmyry Boipaxenune R f depes F f, moxydaem:

10) = a5 [ [ 1Ty Fe ) e @y =

:—2—%—5% / / () FF(E € ) w(©@E)dx,  (3.24)

X e
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ipdm —L=m

rae e(x) = p? + m? qaa x(t) =t = > mocaegHee paBEHCTBO CIeJyeT
u3 ycaoBus ogHopogHoctn (3.15) mas F f, Tak Kak B CHIy 3TOTCO YCIOBHA
LyLy F f(&,mx) = —5(p* +m?) F (&, m5)-

B cuny coorromenns cumMerpun (3.23) aas F f narerpar mo X MOXKHO
3aMEHUTH YIBOEHHBIM HHTErPAJOM IO IPOU3BOILHOMY (DUKCHPOBAHHOMY
moaMHOKecTBY X C X, cofepxkaleMy U3 MOYTH KAk JOU Iapbl XapakKTePOB
X u Y~ ! B TOYHOCTH IO OJHOMY IpeICTABHTETO. B peayIbTaTe MOIy<daeM

Teopema 3.2. Jwbas gunumnas C dynrxyua f na G swipancaemesn uepes
ceoe npeobpasosanue Pypve F [ no caedyroweii popmyae obpaujenua:

flo) =273 [ [ Freesm@@a. 32)

Xo Ve

iptm —ip=mn

edec(x)=p*4+m? npux(t)=t" =2 t * ,XoCX — awboe Purcuposannoe
nodMHOdNCECNE0, codepacaujec U3 noumu Kaxcdol napvl Tapakmepos x
u x~' 6 mounocmu no odHomy npedcmasumeno.

HamomunmM, uto kax u Bciogy B §2 u 3, ¢ — mosepxuocTs B C \ 0,
mepeceKawolas 0 OJHOMY pPa3y HOYUTH KaXAYI0 HOPAMYIO, IPOXOIAIIVIO
gepe3 Touky (; B cmiy yciaoBunn ogHopogsHoctu mias F f or ee BmiGopa
HHTerpaji He 3aBUCHT.

Dopmyine obpamenns (3.25) MOXKHO IPHIATL BIJI, AaHAJOTHYHBIN GHOpP-
myae (3.12), Beipaxatomenn F f gepes f. Umenno,

flg) = —27577 (5) y
) ///C(X)(I)X‘l(93577)ff(€,n;X)W(€)@W(U)WdX:

- (5) [ [ [smicia+ e —mies + )

XoVn Ve

X X (&an#) F F(&mx)w (&) w(€)w(mwin) dy, (3.26)
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g »Toro gocTaTouHo yo6eIuUTHCA, ITO

5 | 7050 =

= () [ [aewenFreneos@emam. o)

Tn V¢

Nmeem:

5 [ 7050 =

= (%)3//ff(€,n;x)5(€g—n)dﬂdﬁW(Om:

ve C2

N 3

1 — _ _

= (5) ///ff(ﬁ,n;x)é(gg—An)x(A) dXdXw(n)w(n)w()w(E);
Ye¢ Yq C

II0C/JAeIHEE PABCHCTBO IIOJAYIAa€TCA IIEPEXOI0M K “HOJIHpHBIM” KoopaouHaTaM

n= Ay, rge A € C, ' € ~,. Unrerpupys mo A, moxysaem B cuiy (3.11)
pasercTBO (3.27).

3.7. Amagor dpopmyas Ilnammepens. Kak caegcTue us popmMmyasl o6pa-
uleHus 4as npeo6pazoBanusa Pypbe moayIaeM

Teopema 3.3. Jas awboii gunumnot C° Gynkyuu f na G umeem mecmo
pasencmeo:

/ F(@)]? dulg) =

=t (1) [ [ [ewizsemoraes@amsma 2

XoVn Ve

(o6o3nauenus me ace, umo 6 n.3.6).

Mas gokasareabcrBa moxcrasuM B uaTerpax [ f(g)f(g) du(g) Bmecro
G
mHOXHTeNq f(g) ero Beipaxenue depes F [ coraacHo GpopMyre oOpaleHns



§ 3. Iapmonuueckuti anaauz na epynne G = SL(2,C) 195

(3.26). Tak xax ®,-1(g:&,n) = @, (¢9:&,n), MBI HOTYHIM:

/Wf@nzdu@>=-—zﬁw—5(g)2x

//// (G EmF F(Em5 x)w (€)w(€)w(n)w(n) dx du(g) =

G Xo ¥ Ve

26—ﬁ()(/// ) FF(E ) F FE ) (€)(€)w(m)(n) dx.

XoVn Ve

O6o3madnM depes Hx, ruanbepToBO IPOCTparCTBO GyHKINE ¢ (&, 7;Y ),
rae &,n€C?\0, y € Xy, yIOBIeTBOPAIOMIAX TeM JKe YCIOBHUAM OTHOPO THOCTH
(3.15), uro u F f, ¢ HOpMOH

el = 6*()(/// V(€750 P 5@ ()] .

XoVn Ve

B cuxy ¢popmyaet [lranmepens omepaTtop F, onpegeeHHLIN IePBOHATAILHO
TOABKO Ha GUHNTHLIX (' QYHKINAX, IPOLOIKAETCI Ha BCE IPOCTPAHCTBO
L?(() u 3ajaeT n3oMeTpUuECKOe 0TOGpaKeHNe

. 2
F: LY(G) > Hy,
Moxno JOoKa3aTb, ITO 3TO OTO6pa}KeHI/Ie Ha CaMOM Jeje SBJASI€TCA

n30MOpP(U3IMOM IPOCTPAHCTB.

Same+xanne. Moxno onpegenuts Hx, = H n He dukcupya Xg C X, kax
IPOCTPAHCTBO (DYHKUUH HA BCEM MHOXKeCcTBe X YHUTAPHBIX XapaKTePOB C
HOPMOU

el = 7*()(/// V(€750 oo € ST () ST

X Ty Ve

YIOBIE TBOPSIONUINX JONOJHITEILHO YCAOBHIO cuMMeTpun (3.23).

3.8. Cpass mpeobpaszoBanusg Pypre Ha G ¢ TPEACTABICHUAMHE T'PYIIIBI
G X G.. PaccmorpuM ruas6epToso npoctparctso L2((). B mem ectect-
BEHHO ONIpeJeleHO YHUTAPHOe IpeAcTaBaeHne rpyunsl (G X (G omepaTopaMu
COBUTA:

(T(g1,92)F)(9) = flg7 ' 992)-
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3ajgada rapMOHHYECKOrO aHAJINm3a Ha (G COCTOUT B TOM, YTOGHI PA3JOKUITh
2TO HmpeAcTaBlIeHNe Ha HenpuBoguMble. CHAYALA TOCTPOUM HEIPIBO JIMELE
upegcrasiaenus rpyunsl G X (. BoapMeM coGCTBeHHOE IOIPOCTPAHCTBO

oneparopos Jlamtaca — Beaprpamn A, A, nopoxgennoe opucdepie-

3 m P
cknvu yuxnmamn ®, -1 (-;€,1), roe x(t) =1 22777 DireMeHTHL 5TOro

IIPOCTPaHCTBAa MOXKHO IIDE€ICTABUTH B BIII€E:

R = (5) [ [uenecwens@i@amam e

Tn Vg

rae uy (€,7) yEOBIETBOPIET YCIOBHIO OJIHODOIHOCTH:

uy (A€, Aam) = X7 AT (Ae) el P uy (€,m)

s a0six A1 £ 0, A2 # 0. UnTerpupoBanne BegeTCs N0 IPOM3BOALHBIM
LOBEPXHOCTAM 7y, ¥ B C \ 0, mepecekaromnM oo oJHOMY pa3y MOYTI
KaxkaVI0O OIPAMYIO, IPOXoadmyio Iepe3 Toduky (; oT mx BeIGOpa MHTerpal
He 3aBHUCHUT.

Beegem B mpocTpascTBe QYyHKINH f, HOpMY

5= (3) [ [imenreem@emzm s

Tn V¢

I PaccMOTPHM IpPOCTpaHcTBO L’ HOo >Toll HOpMe, KOTOPOe OGO3HAMIM
gepes H,. Casurn va (' mEAynupyoT B H, YHUTapHOe IpeJCTaBICHNE
T, rpynnsl G x (7, uMetolliee B PYHKIUAK Uy (£, 7)) CIeIVIONMH BUI:

(T (91, 92)uy ) (€,m) = uy(Eg1,m92).

Owuesngro, ¥To 7 ABIAETCA TEH30DHBIM IPOU3BEJeHNEM YHHTAPHBIX
IpeJCTaBIeHNN OTIeAbHBIX coMHOKITenen B (G X (. lmenno, nmeem:

Hy = Hy-1 @ Hy,
T (91,92) = T -1(91) ® 7 (g2),

rae H, — ruas6epToBO IpocTpaHCTBO GYHKINE (&) Ha C? \ 0, ynome-
TBOPAIOIINX YCIOBUIO OTHODOIHOCTH

PNV INT20(6), A #0,
¢ HOPMOI

el = 5 [ le@F (e
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Ty-1, Ty — OIEPATOPHI IPeACTaBIeHNH TPynnel G B IpocTpancTBax H, -1,

HX COOTBETCTBCHHO:
(e (9)e) (&) = @(9). (3.31)

W3 Teopum mpeacrasrennit rpymnst G = SL(2,C) m3sectHO!), WTO
IPeACTABICHNA Ty HEMPHUBOSUMEL I IBa HPEACTABICHUL Ty, Ty,s X1 7 X2

-1
5KBHUBAJICHTHBI TOMJa I TOIbKO TOTJa, Korda Yz = X; . OTcioga cregyer,
aT0 mpeacTasteHns 1), rpynnsl G X (¢ HEIPUBOAUMEL I IpegcTaBIeHns 1),

Ty,s X1 # X2, 9KBIBAICHTHEI TOI'Ja I TOIBKO TOTJa, KOTJa X2 = it
Mer xotnM pasaoxunTs ¢yrknnn f € L?(G) no dysknuam fy, € Hy. dan
aToro crponM omepatop Py : L?(G) — Hy

Pxf = fxa
rae fy 3agaeTcsa paBeHCTBOM (3.29), B KOTOpOM

uy (&,m) = F f(&,m5x)

OueBHAHO, YTO 3TOT OLNEPATOP IepecTaHoBodeH ¢ pgencrBumeM (G X (G B
IPOCTPAHCTBAX LZ(G) u Hx. Herpyaso garee ybegurhes, aro Py # 0 gis
mo6oro x. Uz popmyas obpamenns (3.26) u Gpopmyas Inammepens (3.28)
nas npeobpazopanus Pypre F HenmoCpeACTBEHHO CaegyeT

Teopema 3.4. Pynxyuu f € L*(G) pasaaearomes no dynxyuan f, = Py f,
@ UMEHHO, UMEIOM MECTO caedyloujte PAGEHCMEA:

f= —2_67T_5/C(X) Frdx, (3.32)
Xo
[11@)F duta) = =255 [ el av. (3.33)
G Xo
ede c¢(x) = p? + m? daa x(1) = tlp;rmfm;m; unmezpuposanue 6edemca no

NpouU3BoAbHOMY (Pukcuposannomy nodmmnoscecmesy rapakmepos Xo C X,
Komopoe codepacum u3 noumu kaxcdoti napvl rapakmepos X, X mouwo

no odnomy npedcmasumenio.

Caegcteue. [Ipedcmasaenue T epynnot G x G 6 npocmpancmee L?*(()
umeem oIHOKPAMHbIL CNEKMP, M. €. OHO PAZAAZAEMCA HA NONAPHO HEIKEU-
BAACHIMHBLE HENPUEOIUMBLE NPEICTNAEACHUA.

1) Cm., nanpumep: Leaspang U.M., I'paes M.H., Busenkun H.A. Nurerpaabhas
reoMeTpus U CBA3AHHBIE C HEN BOMIPOCKHI Teopun NpencTabiaeHui: O6o6mennrre byHKINNT.
— M.: Pusmarrus, 1962. — Brin. 5.
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OTMeTHM, 9TO OJHOKDATHOCTH CHeKTpa OpeiacTaBieHus 1 (T.e. To,
gro B (3.32), (3.33) umTerpmpoBaHme BefeTCSi TOIBKO 10 Xg, a He IO
BCeMy MHOXKeCTBY XapakTepoB X ) SBIALETCSI CIeLCTBHEM COOTHOIIEHHT
CUMMeTpHuH A1s mpeobpazoBanus Pypoe F.
3ameqanne. O THOKPATHOCTH CHEKTpa — OOLIYHLIA (PaKT, HabJIIOIaeMBbIN
OpH Pa3J0kKEHNH IPeICTABICHNH, CBA3AHHBIX ¢ CHMMETDPHICCKIME IPOCT-
parcrBamu (cM. raasy 111, rge paccMOTPeHBL IPeJCTABICHNS, CBA3AHHELE C
INIOCKOCTBIO U IPOCTPAHCTBOM JloGateBcKoro).

3.9. Ceasw ¢ npegcrasmenuamu rpymnsl G. OGCyiuM mOXydeHHBIE De-
3yABTATHL C TOYKH 3PEHNs TE€OPUH IpeacTaBaenun rpyunsl (. Pacemorpum
YHUTapHOe IpejcTaBierne rpynnel (G B npoctparcTse L? () onepaTopamu
IPaBOT'O CABUrA:

((90))(9) = ¥(990)
(Tax HasbIBaeMOe PeryiapHOe mpeAcTaBleHue). Ero npoexuns 7, Ha mpoc-
TparcTBO Hy = H, -1 ® H, eCTh TeH30pHOE TPOU3BEICHNE

=10,
rie [ — enmEWYHOe TpejgcTaBleHme B [, -1, a 7, — HEIPHUBOIULMOE
YHHTapHOe IpejcTaBleHne B H,, sagamHoe paseHcTBoM (3.31). Orcioga
clIegyeT, 9TO Ty KPATHO HEIPHBOANMOMY YHHTAPHOMY IPEJCTABICHUIO Ty
rpynnel (. TaxkuMm oGpasoM, pasercTBa (3.32) u (3.33) 3azatoT pasmoxe-
HIe DPEryasspHOrO IPEeACTABICHNs TpyHnbl (¢ HAa NONAPDHO AW3BIOHKTHBIE
IpeJCTaBAeHNs], KDATHLIE HEIIPUBOIUMEBIM IPEICTABICHIIM.

B Tepmmmax mpegcraBiaenunn rpynnel (¢ upeobpazoanune Pypoe F f
HMeeT CJAeIVIOIINN IPOCTOU cMbICA. PaccMoTpum mias xaxgoro xy € X
HEeIPUBOJUMOe IpeJCTaBlIeHNe T, I'pynmsl G B mpocTpancTBe f1,. OTHe-
cem kaxgon ¢uuntHon C° ¢ymknun f zHa (' CcIegyoOLNn onepaTop B
IpocTpaHcTBe H,:

Ah = [ 1ol duts). (339

DTOT omepaTop JeHcTByeT Ha GyHKIUN ¢ € H, Tak:

(RN = [ Fa)elés) duto) (3.35)

IIpepmoxenue 3.7. Adpon onepamopa Ty (f) aeasemea (8 odnopoduvie xo-
opdunamaz &,n) dyrnxyus F f(E,m;x7 1), m.e.

RN = 5 [ FHEm ) eemaTn.  (3.30)
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B camom gexe, pasobpem maTerpupoBamme no (G B (3.35) Ha 1Ba
’rama: cHadajga oo opucdepam &g = 1 — 3TO gaeT opuchepuueckoe
npeobpasosanue R f(£,1)¢(n), a 3aTeM 1o 1. Msl moxyanm:

GO = (5) [RAew et dn = dnan.
(CQ

Mepengem 3geck k “nonspueiM” koopaunaTtaM 1= Arf', rge A € C, o' € v,.
Tax xax p(An) = x(A)|A"2¢(n), dp = Ad w(n), To mocae naTerpuUpOBaHIA
o A moxygaem (3.36).

Caegersme. Onepamop Ty (f) umeem caed, pasmoli

TR = 5 [ FHEGT O, (3.37)

Onupasch Ha NOAYYEHHBIH PE3YIbTAT, MBI MOMXKEM COCIUTATH CIe]
YHHTapHOrO omepaTopa T, (g). Pasymeercs, »ToT omepaTop He mMeeT
crefa B oObrHOM cMBIcIe. OJHAKO €CTECTBEHHO ompeleanTh Tr 7y (g) kak
0600111eHHY0 (DYHKINO B IPOCTPAHCTBE OCHOBHBIX (hyHKIUN Ha (G

(Tr 7 (), f) = Te 7 ()
IIpeanoxenune 3.8.

x06) + (%)
A = 2

Tr 7 (9) = , (3.38)

20e /\gl), /\gz) — COOCMBEHHDBIE 3HAUECHUA MAMPUYDBL (.

JoxkazateascrBo. Cornacuo onpegenennto F f, numeem:

5 | FHEENT )8 =

Ve

:%//6(&(5@-1—&7)—51 (€1ﬁ+€25))x<

Ve G

&ﬂg;z@) Flg) dulg)w(€)w(E).

Orcioga cregyer, ecIn OPHHATH B KadecTBe Ye HpaMyio & =, & = I
? _
Tr 7 (9) = 5/5(15@ +y—ttB+0))x(tB + ) dtdt =

- _/5 (15 = M) (s = AP)) x(s) dsds. (3.39)
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(mocaeHee DaBEHCTBO MOLYIaeTCA 3aMeHOH mepeMeHHOI {8 + & = s).
Dopmyna (3.38) caegyer HemocpeacTsenHo u3 (3.39).

Omnnpasacs ma To, aT0 F f(£,m;x ') ecTn aapo omepaTopa 7y (f), MBI
MOKeM IpHIaTh Apyrol Bug dopmy.te [ltarmepers. Merno, paccMoTpuM
onepaTop 7y (f)7x " (f) = 7 (f * f*), rae 7:(f) — omepaTop, conpsxeHHBI
7 (f). Ero agpo ects, cm. (3.18),

(&, mx) = %/ff(€,c;x)ff(n,C,x)w(C)W( )

Ve

CuaegoBaTenbHo,

N = (5) [ 175 c0ra05@e0 50

Tn V¢

B pesyabTaTe dopmyna Ilrammepens (3.28) MoxeT GLITL IpecTaBICHA B
BU e

[1H@Pdute) =255 [ mERWF R G40

Xo

ITpumeuanne. Pazioxenne (3.25) mMeeT CMBICI HE TOIBKO IS OCHOB-
HLIX, HO U 1aA 06oOmmeHHLIX (GyHKmui Ha (. 3aMeTnm, 9TO geIbTa-
dyuakumo 6(g) Ha G eCTECTBEHHO PacCMATPHBATH Kak XapaKkTep Peryaip-
HOro mpefgcTasaennd. [looTomy Gopmyny obpamenns (3.25) nas 6(g) MoxHO
OpencTaBUTL B BU/IE:

s(g) =277 [ el T () dx (3.41)

§ 4. Npyras Bepcus npeobpasosauus Pypre na G = SL(2,0)

B §3 noctpoenns! npoeknuu yrknmun Ha (G Ha COGCTBEHHEBIE IIOIIPO-
cTpaHCTBa omepaTopos Jamraca — BeapTpamn A, A. IIpoexTuposamme
OCYIIECTBIATOCH TaM, HCXOAA U3 30HAILHBEIX OpHC(pEepHTIecKIX (DYHKIUI
@, (9)=0(7) x(c). Ho MOXKHO OCYyIIeCTBUTE MPOEKTHPOBAHIIE MHATE, ICXO IS
U3 30HAIbHBIX (yHkumit ¥, ,

Tog) =x (77 rae g = ( f; f ) (4.1)

(cM. m. 3.2). Ilpu »>ToM BO3HHKaeT ApyTras Bepcus npeobpasosanus Pypoe
Ha (¢, KPATKOMY H3J0XKEHII0 KOTOPOU IOCBAINEH NAHHBIN Haparpad.
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4.1. ®ysxmmn ¥, (g;§,().. Onpegemum anarorn dyukummn O, (g;€,7)
u3 § 3 paBeHCTBOM:

T\ (91995 ") = ¥ (9:€,€), (4.2)
rae £,¢ € C? \ 0 ompeneasroTcs M3 COOTHOIICHNIT
& =¢&g1, ¢ = Cogz, rae & = Co = (0,1); (4.3)

erKo y6equThCA, ITO AeBasd 9acTh B (4.2) He 3aBUCHT OT BBIGOpA MATpPHII
g1,92 € G, ynosaeTBopsomux ycaosuaM (4.3). B wacTHOCTH,

U\ (9) = ¥ (9:60,C0)-

U3 (4.1), (4.2) monyuaeM sBHOE BEIpAKEHIE JIA STUX (PYHKIMIL:
T (9:6,0) = X~ HEgCH) [€gCH 72, (4.4)

Ormernm gBa cBolicTBa GyHknuil ¥, (OHH HENOCPeACTBEHHO CIEJYIOT
I3 OIPeIeICHIS )

T (91995 136,.¢) = T (93691, Co2) (4.5)
Oas I00BIX ¢1,42 € G
T (9308, 220) = X7 (Arde) Aide| 728 (93€,¢) (4.6)
[JLs1 TIOOBIX A1, As € C\ 0.

Teopema 4.1. Pyuryuu ¥, ceazanvt ¢ opucepuueckumu Pyuryuinu @,
uz § 3 coomuowernuAmMU:

¥ (560 = 5 [T e i S (40

n

B (gin) = 2m) el 5 [ BE N OB, (49

V¢

iptm 2T
ede c(x) = p* +m? npu x(t) =t E A Humeepuposanue sedemca no

NPouU360.AbHbLH NOSEPTHOCMAM Yy U Y¢ 6 C2\ 0, nepecerarouum no odnomy
pasy noumu Kkaxncdyio npamyio, nporodauwyio uepez moury 0.
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O6a uHTerpasa HyKHO MOHNIMATE KAK WHTETPAJILI OT 0600IIeHHBIX (PyH-
xruii. Mer He 6ygeM IPUBOAUTEL X CTPOTOTO OMPEJENeHNs W OTPAHIIUMCA
dhopMaIbHBIM JOKa3aTeILCTBOM cooTHomennn (4.7) u (4.8)

3aMeTHnM mpex e BCero, ITO 3TH PABEHCTBA JOCTATOYHO JOKA3ATH JJA
Kaknx-1u60 pukcnpoBaHubix ¢ n & = &. Ilpunnas g = e, £, = (1,0), umeem:

@X(eagoan) = 6(772)X(771)7
\Ifx(e,é’o,C) = X_l(CZ) |C2|_2'

Ecan B (4.7), rge ¢ = e m £ = &y, B KauecTBe 7, B3AThb OpAMYI0 171 = 1, To
HHTerpaji IPUHIMAET BI:

%/5(772)96_1((2 —02C1) |2 — maa| ™7 dna dTps.
C

Ouesngno, >ToT uETerpal paser X '((2) (2| 7%, T.e. paBer ¥, (e,&p, ().
Anagornuso, ecmn B (4.8) , rge ¢ = e u £ = &), B KaUecTBe 7Y, B3ATH
mpaMyio (o = 1, To HHTerpaa OPpUHUMAET BULI:

%/X(Ul — 02€1) |y — 2G| dC dG =
T
7

5 /X(l — 1261) 11— 2Gi |77 d¢dC . (4.9)

C

= x(m)

OueBngno, 4T0 0600IIeHHAS DYHKITILA

p(n2) = %/X(l — 02C1) |1 = |72 dGa dy

C

VAOBJETBOPAET ycaoBuio omgHopogHocTi: ¢(Anz) = |[A|72p(n2). Orciona

cregyetT, 9To o(n2) = c¢d(1n2).
Borunciaerne MHOXKUTeNS ¢ MBI OCTaBJAfgeM YHTATETO Kak MOJe3HOe
yIpaXkHeHNe B UHTeTPUPOBAHUN 060O6IIEeHHEIX (QYHKINIL.

4.2. IIpeoo6pasosanne Pypobe Ha G.

Onpepemenue. Qupegenum mupeobpazoBanne Dypoe ]A-"f duunTHOR C'™°
dyuxmun f wa (G paBeHCTBOM:

FHECN) = (B (16,0, f) = / F(9) " (€aCH) [EgCH 2 du(g). (4.10)
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CyliecTByeT IPOCTOE COOTHOLIEHIE MeXay npeobpaszoBanumeM Dypbe
F [ u maTerpaibHLIM Ipeobpazoanmem RY f w3 § 2, ceazapHBIM ¢ apabo-

nougamu Ha (. lImenHo, cpaBHuBas onpenenenne F [ ¢ onpegeneruem RE f
(popmyna (2.20)), MBI HOLyIAEM:

Teopema 4.2. Onepamoput F u RP cesazanvi coommnowenuet:
F(6.6x) / R F(€.Cp) ™ () pl 2 dpdp. (4.11)

Taxum o6pasom, ]A-"f noxydaeTca u3 RY f mpeo6pazosanmem Mertnaa
mo p; cp. coorromenne Mexay F f u R f uz n.3.4. Orcioga, npumenss
dopmyay obpamenus guas npeobpazoBanns Mewnnsa, moaysaeM

Caegcteue. Pynryus RY [ ewvipancaemcs wepes F [ pasencmesom:

RP (6,C.p) = (27)~7 / FFEC) x () d, (4.12)

2de unmezpaa bepemca no mrodxcecmay X YHUMAPHBLT TAPAKMEPOs.
4.3. Cpass MeXAy AByMa BapuaHTaMu mnpeoOpaszoBamua Pypse. I3

COOTHOIIEHNH MexK Ay opuchepudecknmn Gyurnuamn ¥, n ®,, ycTaHoBIeH-
HBIME B 1. 4.1, cregyeT, 9TO TeMH XKe COOTHOUICHNAMHN CBSI3aHBl (OYHKITNN

]A-"f u F f, rge F — oneparop Dypre, BBegeHHBIN B § 3.

Teopema 4.3. Onepamoper Pypve F u F c6A3aHbI COOMHOULEHUAMU:

F6,C30) /ff€ B C C TR el); (413)

Ff€mn) = )05 [ FHEONCH e (@, (+14)

ede e(x) = p? +m? npu x(t) = t

3aMedaHme. JTH COOTHOIICHHA MOXKHO YCTaHOBUTH U HEIIOCPEICTBEHHO,
HICIOJABb3YyA YiKeé IIOAYYCHHBIC COOTHOIICHUS MEXOAY HHTEerpPaJbHBIMH IIDe-

o6pasosammamu R 1 F, R u RY, R” u F.
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4.4. CootHnomenne cummerpun. 13 (4.13) m COOTHOIIEHNA CUMMeTDPHN
nas F f moxydaem:

Teopema 4.4. Pynxyuu F [ ydosaemeopaom cOOMHOUEHUN CUMMEMPUU:
z(g;x) = z(g,x_l) das awbnr g € G, x € X, (4.15)
2de
2o = (3 ) [ [FrecoonteactylescH e,
Ve Ve

4.5. ®opmyaa obpamenua u popmyaa Ilnammepens gaa mpeobpasoBa-
mna Pypre F.

Teopema 4.5. Jwbas gunumnas O dynryua f na G svipancaemesn uepes
ceoe npeobpazosanue Pypve Ff no dopuyae obpauenus:

flg) =-27° _7<~)2X

/ / / WOFEFECK) Uy (556, w(E) S w(O) (O dx,  (4.16)

Xo Ve Ve
ede Xog — mo6oe ROOMHONCECTED MHONCECTNEA X YHUMAPHBIT TAPAKMEPOS
x(t) = (s . p €R, m € 7Z, codeprcaujee posHo no o0dHOMY

npedcmasumeato uz noumu kaxcdoti napvl rapaxkmepos Y, X L.

B camoMm gere, m3 (poOpMYIbl OOpaIleHHA A1 HHTErPAILHOTO Mpe-
o6pazosanus RY, cBasanHoro ¢ mapabomomgamu Ha (G, cM. (2.25), u u3

YCTAHOBJIEHHOTO 37eCh cooTHomennd Mexay RY f u Ff memocpeacTserHO
claenyeT:

flo) =27 %—7( )Zx

/// )FFECG)N(E9CH) EgCt | 72w (@) w(€) w(C) w(O) dy =

X Ve e
i 2
:_2—9 -7 °
. (2) .

/ / / VFFEC) T (036, wl() @ w(Q) @ (@) dy. (4.17)

X ¢ e
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B cuny coorromenns cuMmeTpun (4.15) gus ]A-"f uaTerpan o X B hopMyIe
(4.17) MOXHO 3aMEeHUTD Y ABOCHHBIM HHTETPAJIOM IO HOAMHOKeCTBY Xo C X.
OTMmeTnM aHamormo Mexngy gopmyinon obpamenus (4.16) u ucxoguon
dopmyaon (4.10), Beipaxaromel ]A-"f Tepes f.
Tak xe, kax u B caydae mpeoOpaszoBanus Dypoe F, uz (HopMy.Inl
obpammenus (4.16) moxyzaem

Cuaegcreue. Jasn Pynryui na G evinoansemea gopmyaa [laanuwepeas:

[P intg) = 25 (5) y

<[ [ [ EiFrec 0P w@s@ w00 . @1

Xo Ve e

Coraacuo caegcTsuio npeobpasopanme Pypbe F, nepBoHATAILHO OMpe-
neTeHHOe TOMbKO qaa ¢urnTHLXx C'° Qynknnn Ha G, IpoomKaeTcs Ha Bee
byrxnun w3 L(G).

4.6. CBa3b ¢ TeopueM NpejcTaBleHMu. Bce paccykgeHus u3 § 3 o cBasm
upeot6pazoBanns Pypre F ¢ Teopuen mpeicTaBIeHNN MOT'YT GBITH IOBTO-
PeHBI €3 CYILIECTBEHHBIX M3MEHEHHN I B NPUMEHEHHH K IPeo6pa3oBaHUIO
Dypre F. Imenno, 4To6sl pa31okuTs npegcrasiedue 1 rpymnsl G X G
B mpoctpancTtee L?((7) Ha HeIpPUBOJUMBIE MPEICTABICHNS, MBI DACCMa-
TpuBaeM cOGCTBEHHOE IPOCTPAHCTBO omnepaTopos Jlamtaca — Beaprpamu
A, A, mopoxgennoe opuchepuaeckuyn dyuxmuamn W, 1 (-3€,(), rae

iptm o=
x(t)=t"z ¢ . Ero smeMeHTBI MOXKHO peICcTAaBUTh B BIie

o= (3) [ [aie0m e 0uom@u0mm. 1)

V¢ Ve

rie Uy (€,¢) yAOBIETBODPSAET YCIOBUIO OJHOPOIHOCTH:
Uy (A€, A20) = XM (A1 A2) A Aa] 70 (€,C)

aJ1s1 06X A1, Az € C\ 0. Beegem B npocTpancTBe DYHKIUI jA’X HODMY

70 = (2) [ [meorsem@eose

V¢ Ve
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I PaccMOTPHM IpPOCTpaHcTBO L’ HOo >Toll HOpMe, KOTOPOe OGO3HAMIM
gepes H,. Capurn ma G mEIUnuUpyioT B [, HenmpHmBOANMOe YHHTApDHOE
npegcrasierne 7y rpynnsl G X (G, uMemomtee B QyHKINAX Uy (€,() BuA:

(Tx(glagz)ax)(&é’) = ﬁx(€g1,ng).
Mgzl cTponM fgalee omepaTopbl ]SX : L2(G) — ﬁxv
Pof = Fo,
rae J?x 3agaerca paseHcTBoM (4.19), B KoTopoM

Uy (€,0) = FFECY).

Hcxomoe Pa3oKeHue IIpeaCcTaBICHNA T 3aJaeTcsa paBeHCTBAaMMI:

f= —2_871'_7/62()()fx dy, J?x = ]3Xf, (4.20)
Xo
[1H@P duta) =275 [ 00IR I av. (.21
G Xo

OHn caefyoT HemocpegcTBeHHO u3 (opmyasl (4.16) n Gopmyas: Ilnanmme-

pens (4.18) mas mpeoGpazosanus Pypoe F.

Tak kxak pasnoxeHme mpeiacTabiaerus 1 rpynmel (¢ X G Ha HeIpHUBO-
OUMBbIe TPEICTaBICHHEA €JHHCTBEHHO BBIJIY OJHOKPATHOCTH CIEKTDa, TO
NOTyIeHHOEe Pa3JokKeHne COBIIATAET C PA3J0KeHNeM, TOAyIeHHbIM B 1. 3.8.
NMeHHO, MBI HMeEM:

Fo=c' 00 fo A = 200l

OTMeTnM, TO PABEHCTBO f, = e Hy) fx SKBHBAIEHTHO IIOJIYIeHHLIM

Bhllle cooTHOIeHusM Mexay F f u Ff.
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