Hain CEMMUHAaAP: MaTeMaTHUIECKHUeE
CIO2KE€ThI

DKCTpeMaIbHBIC PACIIOIOAKEHIA TOUYCK Ha cdhepe

H. H. Auapees B. A. 1O mun

BBEIEHUE

MeeTcs meablil psl XOPOLIO H3BECTHBIX 3a4ad: KaK pacnoloXnTh N To-
4eK Ha cepe, 4TOOLI
a) CyMMa BCEBO3MOKHBIX PACCTOSHII MeXK Ty HUMH CTAJ0 HAHGOXBIIIM?
6) HamMeHbIllee PACCTOSHIE MeXKIY TOYKAMH CTAJ0 HamOOJbIINM (3ajada o
JIuKTaTOpax)?
B) NpoW3BeneHne PACCTOAHIE OBLIO HANGOMBIINM?
B nacTosmei cTaThe MBI paCCMOTPUM BOIPOC O PaCIONOKeHNH TOYeK, MIHH-
ME3BHPYIOUINX MOTEHIHAJbHYIO DHEPruio B3alMOJeHCTBHA CHCTEMBI 3apsloB.
Hanee gepes ab 6ygeT 0603Ha9aTHCA CKaJIIpHOE NPON3BeIeHIe BEKTOPOB @, b
13 TPeXMepHOTro eBK.INI0Ba npocTpancTsa R, [a| = y/aa — gauna BexTopa a;
S={(z,y,2) ER?| 2?2 + y* + 22 = 1} — emuununas cpepa uz R>.

3AJ0AYA. Iycmb na cepe npubumovt 2603damur N nosoxcumespnba 3a-
pados qi, ..., qn 6 mouxaz ¢V, ... aV)
IHEP2USL CUCTNEMBL 3APAIOE PAGHA

B 44
‘V—%;mm_amy
i£]

. Ilo 3axony Kystona nomenyuaibras

2de |al) — aW)| — pacemosnue mexncdy mouxamu o uw a9, m. e. dauna
ompeska, coedunsowe20 3mu mouku. Imo npouzotidem ¢ 3apadamu, ecau
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«2603du ebidepuymuvy ? K xaxum pacnosodcenusm 6ydym cmpemumbes 3api-
dbl, CIMPEMACH MUNUMUUPOSAMD NOMEHYUAABHYIO IHEP2UIO CUCTIEMbL?

B pagabreiliiieM orpaHHYNMCS pacCMOTpPEHUEM paBHBIX 3apsjioB. B nauda-
ge Beka [lxk. JIxx. Tomcon [1] mpoBOmUI DKCIEPUMEHT MO HAXOMXKTEHUIO HAH-
JYHIIHX PACTOJOKEHHH s HeGOJbIIHX KoJaudecTB 3apsagoB. Tak, npu N =
= 4,6, 12 moay4quauch Kiaccuyeckue KOH(PUTYpaLUU: TeTpa’dlp, OKTadIp U
nkocasap. MluTepecio orMeTnTh, 9T0 npn HekoTOpeiXx N (Hampnvep N = 5)
DKCIEPUMEHTH TPUBOJUAN K PA3INIHLIM KOHMUTYPAIAIM.

Dy IeM paccMaTpUBaTh 3a0ady PACIOJOKEeHUS Ha e TUHUYHOU cepe N To-

N)

ek a(l)7 .. .,a( , sl KOTOPBIX dHEPIrus

w=>" _
L |al) — ali)]
i#]
npHHEMaeT HanMenblnee snadenne. O6osuatum ee W(N). Kak pernars Takne
3a/:[aqﬂ? B O6HleM Cly4dae — IIPOU3BOJLHOI'O N — OTBeT Heu3BeCTEH. ﬂﬂﬂ Ma-
avix N: N = 2,3, 4 HeTpyAHO MTOTAJATHCA, W C MTOMOIILIO XOPOIIIO H3BECTHHIX
HepaBeHCTB O CpelHeM apI/I(I)MeTI/I‘ieCKOM7 cpeqHeM reoMeTpuIeCKoM U Cpel-
HeM I'apMOHHYIeCKOM TOKa3aThb 3KCTpeMaJbHOCTDh KOHCprKHHfI:
N = 2 — 71Be NpOW3BOJbHBIE IPOTNBOMOJOKHBIE TOUYKH Ha cepe;
N = 3 — TpHu BepHINHH TPaBUILHOTO TPEYTOJbHUKA, PACTOJOKeHHLIEe Ha
HPONBBOJIBLHON Ayre GOILIIOro Kpyra cepsh;
N = 4 — deThIpe BepIINHBI MPaBHJIBHOIO TeTpadApa, BINCAHHOTO B cdepy.
3ieck MBI jgokaxkem, 4To misi N = 6,12 skcTpeMadbHBIE KOHCTPYKIUT
3aMal0TCA BepIIMHAME OKTa’pa W WKOCa’Ipa, BONCAHHKEX B cdepy. [lis mo-
Ka3aTeJbCTBa HaM HOTpe6yIOTCH cBelceHuss O MHOI'OYJeHax JIG)K&H,Z[pa n UH-
TepIOJATNOHHBIX MHOT'OY/JeHaX 3pMI/ITa.

MHOTOYJIEHBI JIEXKAHAPA
OHpe,[[eJII/IM MHOT'OYJ€eHbI ]Dn7 rae n — HaTypaJJbHO€ YHUC/I0, ¢ TOMOUIBIO
PEKYPPEHTHBIX (POPMYJI:
1 2 1 3
130:17 P1:t7 P2:§(3t—1)7 P3:§(5t—3t)77

(n4+1)Poy1 = 2n+ 1)tP, —nbP,_1.

Muorowrenst Py, P, Ps, ..., Ka)KIBIH 03 KOTOPLIX HMEET CTelleHb, YKa3aHHyIo
ero NHAEKCOM, Ha3bIBalOTCA MHOTOUIeHAMN JleKaHapa.

Muorounennt Jlexkangpa 06aa1a0T psjIoM 3aMedaTeNbHbIX CBOUCTB. DaM
noHaJJo00bnTCsA
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CBOWCTBO NOJOXKATEJIBHON ONPEJAEJEHHOCTH. /11 1106000 HOTOKATENL-
HOT'O 9YNCJIa N U JI0O0T0 KOHeIYHOT'0 MHOYKeCcTBa M TOYeK C(l)epbl BBITIOJHAETCHA
HepaBeHCTBO

Z P,(ab) > 0. (%)

a,beM

B nocrenrme roasl HCMOMb30BaHe HepaBeHCTBA (*) 7 eT'0 AHAJOT OB IPUBEIN K
TOYHOMY pellleHnio psAla U3BEeCTHLIX 3aavl rZ[I/ICerTHOI(/JI reoMeTpun n TeoOpnn
KOINpOBaHNUA.

BBy BaHOCTH (*) IIPUBEEM €r0 L0Ka3aTeIbCTBO. B MaTeMaTH9eCKON (UBUKE XOPO-
110 m3BecTHa [2, cTp. 484] popmyna Jamnaca. B wacTHOM caydae oHa MIPUBOAUT K PABEHCTBY

Py (ab) = 2k4+ ! / Py(ar)Pr(br)ydr, r=(z,y,2), k=0,1,2,....
T s
Ilas mo6oro k= 0,1,2,..., ckiageBas 3TO paBeHCTBO 11 a,b € M, mangem:
2k + 1
Z Py (ab) = T/s Z Py(ar)Py(br) | dr =
a,be€M a,beM
2k +1 ’
_|_
== /S Z Py(ar)| dr > 0.
aEM

HepagercTBo (*) moxasaHo.

WHTEPIIOJALMOHHBIE MHOTI'OYJIEHBI

Dyers {t;}, C (a,b), t1 < t3 < -+ < ty, — ¢ PABINIHBIX TOUEK
u3 uHTepBalta (a,b). Aarebpanteckuil Muorodien h,_q(t) cremenu ¢ — 1 na-
3bIBaeTCA MHTEPHOISIHOHHEIM MHOTO4IeHOM Jlarpatka it pysakunn y(t) B
TOYKax l1,...,1{,, HA3BIBAEMbIX TOYKAMI HHTEDPIOIANNH, €C/II

h(ty) = y(ti), .- -vh(tq) = y(tq)'

Ecan e crenenh MHorodnena pasua 2¢— 1 n B Toukax {t; };_, Beimoanens
TOMONHUTeIbHbIE YCJIOBUA COBIAJeHNd 3HAUEeHUH TPON3BOTHBIX

W(t) = y'(t), -, Wt = ¥ (tg),

TO OH Ha3BIBAETCH HHTEPHOJANHOHHBIM MHOTOWIeHOM JDpmuTa. A. A. Mapkon
Halea (POPMYyJIy MIs YKJIOHEHHS MHOTOYIeHa DpMuTa oT (pyHKuun y(t).

TeoPEMA. Ilycmob y(t) — nenpepvisnas gynxyus na ompesre [ty,t,] —
umeem npouzeodnyio nopadra 2q na unmepsade (t1,t,). Toeda naidemes
mouxa T, T € (t1,t,), maxas, wmo

y(2q)(7)

W(t — )t (= ty)*

y(t) — hag_1(t) =
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N3 »Ton TeopeMbl B YaCTHOCTH BBHITEKAET, 9TO €CAN y(2q)(7') >0, 1<
<7 <ty, TO
y(t) 2 h?q—l(t)v tl < t < tq7
T. €. Fpaqﬁ)I/IK MHTEePIOJAINOHHOTI'O MHOI'OYJeHa gpMI/ITa Bcer'la pacCIlOJOKeH
ke rpapuka Gyakunu y(t). [grs Hammx meneil moxaTo6uTCs HEGOIBIIOE
B JOU3MeHEeHNe DTON TeOpeMBEI.

TEOPEMA. ITycmo
1) Dynxyus y(t) nenpepvisna na [to, h], to < t; < -+ < ty, < h, u wneem
npoudeodnyio nopadka 2q + 1 na (to, h);
2) ancebpauueckuti mnoeounen hoy, cmenenu 2q maxos, wmo

th(ti) = y(tz)v 1=0,1,...,q; /Qq(tl) = y/(ti)v 1=1,2,...,q.

Tozda na (to, h) naiidemes mouxa T maxas, wmo
y(2q+1)(7)
(2¢+ 1)!

JTOKABATEJIBCTBO. 3adukcupyem ¢ Takoe, uto t # t;, ¢« = 0,1,...,4.
DacCMOTPUM (PYHKINIO

y(t) — hay(t) = (t—to)(t —t1)* ... (t —t,)> ()

z2(t)=yl(T) — T _7y(t)—h2q(t)w7_
(7) = y(7) = hag(7) "0 (7),

rae w(r) = (1 —to) (T —t1)*...(7 — t,)*. DonaTHO, ITO
2t)=0; 2(t;)=0,4=0,1,...q.

B3HAYNT, IO TeopeMe DOMLIA, yTBEPK JAIOIeH, ITO MK Iy IBYMS HYISMI Tu(-
(depennnpyeMoil GYHKIHUN JEKAT HOMb €€ TPOU3BOJHOMN, CYIIECTBYeT IO Kpail-
Hell Mepe ¢+ 1 TouKa, HH OJla U3 KOTOPLIX He COBIAIaeT C TOIKaMI Lo, . . ., tg,
B KOTOPLIX 2’(7T) obpamaercs B Hoab. Kpome Toro, n3 BToporo yciroBus Te-
opeMbl 1 BHIa QyHKONH w(T) 3akiodaeM, 4to z'(f1) = --- = 2/(t,) = 0. B
HTOTe HMeeM, 9TO Npou3BoiHas 2’ (T) obpaljaeTcs B HOIb IO KpaliHell Mepe B
2q + 1 pasmmyHON TOUKe U3 (o, k). IpUMeHss TeopeMy JOILIA elle pa3, HaX0-
anM, 910 z”(7) obpalllaeTcs B HOIb 10 KpallHell Mepe B 2¢ PasINYHBIX TOYKaX
unrepsania (lo, h). Dpumenss Teopemy Dol eije 2¢ — 1 pas, moaydaeMm, 4To
Haiierces Touka T, T € (to, h), B KoTopoit (29T (1) = 0. Tax Kak cTenenp
vHorounena ho,(t) pasra 2¢, 1o hy, 29TV (t) = 0. Crenens MEOTOLIEHA w(T)
paBHa 2¢+1, Koapdpunuent npu 7291 papen 1, n 3gagnT w(2q+1)(r) = (2¢+1)".
Y4uTHIBaA HTO, MOLYIaeM

0= sr(r) = ) - L0 gy gy,

OTKYda cjaenyeT yTBepxKiIeHne TeopeMbl.
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S3AMEYAHUE. Jycth o > 0, K > 0, ¢ — Ipou3BOIbHOE HATYpaJbHOE
gncao. Torga mis aoboro —1 <t < 1

y(t) = K (1= 1) > hy, 1),

rge hg, — MHOIOWICH yIOBIETBODAIOMINE ycIoBHAM TeopeMbl 1. [leficTBu-
TelbHO, BO3bMEM NPOH3BOIbHBIE —1 =t <t < --- < 1y < h < 1. Dynknus
y(t) abcomoTHO MOHOTOHHA Ha (—1,1), T. e. ee MPOW3BOIHEIE JMIOGOTO TO-
psijfka HeoTpnuaTesbHbl Ha nHTepBagte (—1,1). Torga us (k) HaxomuM, 4TO
y(0) — hay(t) > 0 a1 —1 < 1 <

I/ICHOJIBSyH IIpuBeleHHbIe BhBILIE CBeIeHWd, Hepefl/:[eM K TOTHOMY pelleHnIo

Halllell DKCTpeMaJbHOH 3a1aql.

OUEHKA CHHU3Y

Ternepsb npemioKuM MeTO, MO3BOAAIONINT HAXOTUTh OLEHKY CHUBY BeJi-
anubel W (N) — moTeHnma’sbHON dHeprum cucTeMbl m3 N pPaBHBIX 3apsIoB,
PaCmoNOKeHHbBIX Ha eTHHUYHOU cdepe.

TEOPEMA 1. [lycmob aseebpauveckuii muozousen hy, (t) maxos, umo
1) Koadduyuenmot pazaoxrcenusn h, (t) no muocouienan Jlexrcandpa neompu-
YameAbHbl, M. €.

b (t) = coFPo(t) + 1 PL(t) + - -+ e P (2), 2de ¢; 20, ¢g > 0.

2) Cnpasedau6o nepasencmeo

hi(8) S y(t) = (1=0)72% —1<t

I
—

Tozda das awoboz20 namypaaviozo N, N > 2

N
W(N) > 5 (Neo = h(1)).
JOKABATEJIBCTBO. JacCMOTPUM NPOU3BOJIBHBIN Habop u3z N To4Yek

{a(i) f\;l, JeKalnx Ha egmamanod cpepe S. Tax xak al) € S, o
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I 13 BTOPOI'O YCIOBHS T€OPEMbI HAXOMUM, YTO s § # j
1 1
1 —a0| ~ V2

DJabop ToYeK ObIT NPOU3BOIBHBIM, ClIeIOBATENbHO, MLis Beandnubl W (N) mo-
JydaeM OLeHKY CHU3Y:

N 1 N
_ (1), )y —
W) =2 o # 2 gt =
oy v

N
ot en Y Pr(aWal)) - Nh(l)).

1,5=1

BCJIG,Z[CTBI/IQ MMOJOZKUTEeJbHOCTHU KOBqﬁ)qﬁ)I/IHI/IeHTOB c;, HOJOKUTEeILHON olnpe-
JeJeHHOCTH MHOI'OY1JeHOB JIG)K&H,Z[pa nMmeeM
1

WN) > =5 (NPeo = Nh(1),

9TO I JaeT OLeHKY CHH3Y.

Onenka cBepxy 6yeT faBaThbCsS KOHKPETHBIME NPUMePaMU PACIOJOKEeHU S
s3apagoB. B caygae N = 6,12 omeHKH cBepxy COBIANYT C ONeHKAMU CHU3Y, 1
3HAYUT, DHEPrUd B 9TUX clIy4asdx OyeT B TOYHOCTH PaBHATHCA MPHBEIeHHbBIM
BelMYUHAM.

BoraucaeHuE W(6)

DOMECTHM I1eCTh 3aPsI0B B BePUINHBI OKTadIpa, ABISIOIIHECs Hepecede-
HIeM KOOPINHATHHIX OCell ¢ e InHnIHON cepoi: B Toukn +(1,0,0); +(0, 1, 0);
+(0,0,1). DemocpeICTBEHHBIN TMOACYET MOKA3BIBAET, 9TO IS ITOI'O PACIONO-
JKeHnd 3apA 0B SHeprud paBHA 3412v/2. D10 ABIAETCH OLNEHKO W (6) cBepxy.
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Doyunm onerky cHusy. C 5ToM neabio MHOTOUWIEH hy(t), 6y 1eM CTPOUTH TakK,
4TOOBI

ha(=1) = y(=1), hy(0) = y(0), hy(0) = y'(0); rae y(t) = (1)~
OTH COOTHOIIEHHUA HNO3BOJAIOT HAUTH ABHLIN Bu o MHOI'OYJ€eHa BTOPOI'O MO-
pAIKa U pa3JoXKUThH er'o IO MHOT'OTJIeHaM JIG)K&H,Z[pa:

ho(t) = 2 (% _ %) Pyt + SR0) + (g + %) Po(t).

Bce Tpn kosdduunenta ¢y, €1, €3 MOTOKATEIbHBL. DO TeopeMe | BLIIOIHE-
HO I BTOpOE yCJIOBHE TEOPeMEl 2, 9TO [HO3BOJSET HaM BOCIOJb30BATHCA €IO.
Berauncasis ha(l) =14 % HAXOINM, 9TO

W(6)>%(6(2+$)—1—%):3—|-12\/§.

Takum obpasom mokazamo, 910 W (6) = 3 4 12v/2.

BoraucaeHue W(12)

B panmoM cryvae dKCTpeMadbHLIM PACHONOXKeHHeM TOUYeK OYAeT paclofo-
JKeHne WX B BeplImHaxX nkocadnpa. Ukocadap ABIAeTCS OTHUM U3 TMATH Tpa-
BHJIBHBIX MHOTOIPDAHHUKOB U uMeeT 12 Bepiiut, 20 rpanen u 30 pebep. Kak
B 3TOU cuTyalluu cTpouTh MHorowien? Tak xak mis Todek a,b € S mpo-
u3BeeHNe ab paBHO KOCUHYCY YIVIa MeXKy BEKTOpaMHU € KOHIAMH B TOYKaX
a,b, TO npenBapuTEIBLHO HYXKHO paz3obpaThcs B yriax Mexay 12 BeplinHa-
Mu uKocasapa. depes o 0603HAYNM 30J0TOE cedeHne — HauGOJNbIINNT KOPEHb
ypasrenns o« = o« + 1. Torga o = % JIBeHaIaTh BEpIINH WKOCADTPa
nMeoT KoopanuaTh: +(a, 1,0), £(0, o, 1), £(1,0, @), £(e, =1, 0), £(0, o, — 1),
+(—1,0, ). YT06bI OHN MpHHA IIEKATN e THHUIHON cepe, MO TeINM BCe KOOP-
JUHATH Ha Vo2 + 1. DeTpyaHo MOACIATaTh, YTO BCEBO3ZMOKHBIE CKaAAPHbIE
IpON3BeleHNsT BEKTOPOB, HAPABIeHHEX W3 Hadala KOOPIWHAT B BepIIWHEI
nKoCadApa, JaloT INCIa :l:l/\/g u £1. D70 nojickazbiBaeT HaM cnocob BhIGO-
pa MHOT'OUJIeHa B TeopeMe 2: OH JOJKeH VIOBJIETBOPATL COOTHOIIEHUAM

1 1 1 1
—) = y(+—), K (E—) = /(£
\/5) y( \/5) ( )=

STI/I COOTHOIIIeHn g OHpe,[[eJI}HOT y)Ke MHOI"OYJIeH I{eTBepTOFO HOpH,Z[Ka. ﬂﬂﬂ

rZ[ZUH:HGI(;IHIGFO HYZKHO IMOBTOPUTH pacCCyzKIeHusd, IIpoBeleHHble HaMW [OJsI CJay-
qag N = 67 HO BBHIY I'POMO3IKHNX BBEIKJIaJOK MBI UX OIIYCTHM. DalunireM JANb

OoTBeT:
W(12) = 6 4 154/10 — 2¢/5 4 154/ 10 + 2v/5.

h(=1) = y(=1), k(£
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JN3ANHBL

B cBazu ¢ pemrenmeMm psAga 3agad W3 PasdHUYHLIX PasfeJoB MaTeMaTHKI
BOBHUKJIO IOHATHE TH3aliia. JOocTapaeMcsa T03HaKOMUTEL Bac ¢ oTHM TOHATH-
eM.

B xaxkux ciydafgx ONHCAHHBIA BBIIIEe MeTOI TaeT TOYHBIH OTBeT! Ipu
NOJYYeHNN ONEeHKHW CHU3Y MBI HCIOJIb3yeM [Ba HepaBencTBa: y(t) > h(t) u
Za,bEM Pr(ab) > 0. 3ra4nT, TOIHBII OTBET BO3MOMKEH JNIIb B CIydae, KOT1a
onn ob6palaloTcs B paBeHcTBo. /i obpalllenns B paBeHCTBO IePBOTO Hepa-
BEHCTBa MLI CHENUAILHLIM 00pPazoM BHIOHpAIN TOUYKH HHTEPHOAANNE. DA L0
elle TakK BLIOHPATL MHOXKeCTBO M, 9TOOLI B BTOpOe HepaBeHCTBO OOpallla-
JOCL B PaBeHCTBO. TaK MBI eCTeCTBEHHLIM 00pasoM IPHXOAUM K IIOHATHIO
qu3anfa.

ONPEARIEHUE 1. Muoxcecmeo mouex D = {dD}N | D C S nazvisa-
emca QU3ATHOM NOPAIKG (¢, €CAU 6LINOAHEHDL PLEEHCNEA

N .
ZPk(xd(l)) =0, k=1,...,q,
=1

daa w0601l mouku © € S.
ODKBHBAJCHTHLIM eMy ABILeTCA CIelyioliee

ONPEIEAEHUE 2. Muoxcecmeo mouex D = {d©) N., D C S nasviea-
emea Ju3atinoMm NOpAIKA (¢, €CAU 6bLINOANENDL PUBEHCINE

N

Y P(dDdiy =0, k=1,....q.

i,j=1

(£
ﬂHSaﬁH nopAlKa ¢ Ha3bIBaeTCA MUHUMALbHbIM, €CIN OH CONEPXKUT HauMeHb-
miee KoOJn41eCTBO TOY€eK, HeO6XO,Z[I/IMbIX [JIST BBIIIOJTHEHNS YKa3aHHBIX TOXK T€CTB.
K COXKaJeHnin, O MIHIMaJbHBIX ,Z[I/IS&I?IH&X N3BECTHO OY€HB MaJo. I/ISBGCTQH
JUIIb NX KOHe‘iHbeI Ha60p. JIIO6BI€ ABe ITnaMeTpaJbHO IIPOTHUBOIIOJOZKHbIE
TOYKHN Ha Cq)epe ABAAKOTCA rZ[I/IS&IK;IHOM IIepBOI'o nmopdIKa. BepLHI/IHbI BIIUCAaHHO-
ro B cepy TeTpadipa ABAAIOTCA MIPEMEPOM MIHAMAILHOIO IM3alHa BTOPOrO
HOPsIKa, BEPIINHBI BOINCAHHOTO B c(pepy OKTapapa — IHU3alH TPETHEro Io-
pAnka, a 12 Todexk — BepIINH BOUCAHHOTO B chpepy MKOcasmApa — ABIAIOTCA
rZ[I/IS&IK;IHOM IIsATOrO NMopsgKa.

JlenbcapT Halllenl HUMKHIOW TPaHUIY [I1sf KoandecTBa N = N(q) TOYEK

MUHUMaJbHOT'O rZ[I/IS&I(/JIHa IIopsaiKa ¢:

(k+1)(k+2), ¢=2k+1,
2

N2 s q = 2k.
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Samerum, 4ro mias ¢ = 1,2,3,5 pTa oleHKa TOYHA, T. €. KOJUIECTBO TO-
YeK, JaBaeMbIX IPHBEIEHHOU OIEHKON, COBIA aeT ¢ KOJHIECTBOM TOYEK M-
HEMaJbHBIX MH3aUHOB COOTBETCTBYIONINX HOpsakoB. OJIHAKO >TO He Bceria
TaK.

B cBa3m ¢ pasaudHBEIMEA 3aMavaMu, B MPOILIOM Beke CTapainch HANHCAThH
TOXK TecTBa

N
(2 + 9+ %) =3 (el + yal) 4 zaf?)
k=1
1 MoJT00HBEIe UM C HANMEHBIINM KOJHYeCTBOM CJaraeMbIX, BepHbLIe IIsd BCexX
qncen «, y, z. Tak, zampumep, B 1859 roay JInyBuIab 1oKa3ana cupaBeIinBOCTh
paBeHCTBA

24(x7 + 23 + 25 +23)? = 162] + 1625 + 1623 + 162 + X%(2y a3 £ ayg)?,

rje 3HaK Y° o3HaYaeT CyMMUPOBaHue aHaJOrMIHEIX YICHOB.

HNuTepecno, 9To moqo6HLIe TOXK IeCTBA OKA3AINCh TECHO CBA3AHHBIMA C TT0O-
HATHEM Au3aliHa. B majgbHelllieM OrpaHUYUMCS MHHHMAJBHBIMU [U3AHHAMK
HedeTHOro nopsiaka. /lokazaHo, 4TO eciu JU3alH HEYETHOO HOPSIKA MUHU-
MaJieH, TO OH SiBAfeTCs CaMOABOUCTBeHHBIM. MEl chopMyanpyeMm Ges Toxaza-
TeIhCTBA TEOpeMy, KOTOpas MOMOXKeT HaM O0OOIIUTE noHsTHe nusaiina. Te-
nepb HaM Oy jgeT y1oOHee 3alUChbiBaTh TOYKH TOCPEICTBOM UX KOOPAUHAT, T. €.

k-1 Touka 6yJeT 0603HAYATHCS (agk), a(Qk), agk)), a 3alnch {j:(a(lk)7 a(Qk), agk))}
6yIeT 3HaYNTh, 9TO B HallleM Habope cOIepKUTCA KaK TOIKa (a(lk)7 a(zk)7 aék))7
TaK M TOYKA (—a(k) —a! —a(k))

1Ty —as ).

TeEOPEMA. Cucmema 2N mouer {j:(a(lk),agk),agk))}ivzl C S ssasemes

duaaiinom neuemno2o0 nopadka ¢ Mmo2da u MoAbko Mmo2da (KOHeUHo e, ¢
MOYHOCTBIO DO 6PAWERUL), KO2DA BEPHO PAGEHCINEO

N
2 2 2y =L k k E)yg—1
(" +y“+2°)2 =c¢ (acag)—l—ya(z)—l—zag))q ,
k=1
2de ¢ — HEKOMOPOE UUCAO, 3ABUCAUEE TNOADKO OM UCTOOHOU cucmembl Mmo-
wex. pu amom ecau Jusatin MUHUMAALHBLE, MO 6 NPA6OT YACTU CYMMUPYEN-
CA HAUMEHDULEE 603MONCHOE OAA TMAKO20 NPEICTNAGAECHUL YUCAD CAA2AEMBIT.

SpI/IMepOM MOXKeT CIYXKHUTL CACTeMa TOYeK — BepPIINH UKOoCasApa — ABJSA-
olasacs r[[I/IE»&IK;IHOM IIsATOrO NMopsgKa. A NMEeHHO, paBeHCTBO

6
5
(497 + 202 = 23 (et iy 4l )
k=1
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(k) (%)

BEpHO TOIIa H TOJBKO TOrfa, Korjga Toukn {£(a; , a; ,agk))}gzl SABISIOTCS
BepUINHAMK NKOCadpa, BINCAHHOI'O B e INHUIHYIO cpepy ¢ HeHTPOM B HadaJe
KOOpANHAT.

DTH PACCY K IEHUA MO3BOIAIOT 060OIIHTH MOHATHE MH3aliHa He4eTHOI'O 0~
pAJKa Ha CIydall IpOM3BOJLHOI'O KOJIHYeCTBa epeMeHHbIX.

ONPEAENEHUE. Cucmema uz 2N nabopos wucen {j:(a(lk)7 .. .,a&k)) i\;l,
YA06AEMEOPAIOULAA YCAOE UAM

1) (a2 + <a§’“>>2 oot (ef)? =1 <R

Yt +ad b e T = O ka4t

¢ nexwomopoti konemanumot C, nazvieaemea dudainom nopadxka ¢ pazmepro-
cmu d.

Tem caMbiM B THX 0G03HAYEHUSIX UKOCADIP — DTO MUBAWH H-T'O MOPS KA
paszMepHOCTH 3. JACCMOTPUM HECKOJAbKO MPUMEPOB TaKUX [AU3AWHOB. DaBeH-

CTBO
+1

s (25s!)2
(2 +y%)° = (5_|_1 kzal x"’“z )y)

(k) ()) s+1

BEPHO B TOM H TOJBKO B TOM Clydae, Korjga Toukn {£(ay ', ay ' )};T| ABIAIOT-
s BepIIMHAMHA TPABUIBHOTO (25 4 2)-yrOIbHNIKA, BINCAHHOT'O B €INHATHYIO
OKPYXKHOCTE C MEHTPOM B HyJe. DTa CUCTeMa TOYeK UMeeT HalJIsJTHYI (u-
BUYECKYI0O HHTEPHPETALNIO: eCal MOMECTHTh Ha OKPYKHOCTE k OJMHAKOBBIX
3apA 0B M Pa3pellnTh UM JIBUIAThCSA MO OKPYKHOCTH, TO OHU PACIONOKATCA
B BepIllNHAX TPaBUILHOTO k—yTOJBHUKA.

Jpyrou Haras THE TpUMeEp TaeTCH PABEHCTBOM

d
sl +tai =Y (@ar+ aas+ 4 Ve,
k=1

rne d — IOPOU3BOJLHOE HaTypaJJbHOE TYHUCI0, a I0CIeJ0BaTeJIbHOCTI
{(a?, . el
YIOBJAE€TBOPAKT paBeHCTBaM
(i) + (@) -+ (@) =1 a1 <k < d,
a(li)a(lj) + a(;)a(zj) + .4 ag)ag) =0 mas ¢ # .

SaHpHMep B KadecTBe k-To Ha6opa MOKHO B3ATb ITOCJA€I0BaTeJIbHOCTL THCeT,
B KOTOpOfI Ha k-M MecTe CTOHUT 17 a Ha BCeX OCTaJbHBIX MeCTax — HYJH.
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Dpu n = 3 »ra GopMmyiaa 6yIeT JaBaTh y:Ke U3BECTHBIN HAM [U3aliH: IIEeCTh
nabopos {+(1,0,0), +(0,1,0), £(0,0, 1)} aBasoTCcs KOOpAHHATAME BEepIINH
OKTadIpa, BONCAHHOTO B eINHUYIHYIO cepy.

A peKopiHBIM 0 KOJHYECTBY TO4YeK sBiseTcs guszaiud 11 mopsjika pas-
mMeproCcTH 24, cocrosmuid u3 98280 HaBOpPOB duCes, MAIINX AHAJIOTUYHOE
OpeNBI IVIUM TTpeJcTaBleHle Tad BLIPpAKeHUS

(214 423"

Jusafiiel 0OKa3KIBAIOTCA pellleHneM W TPYTHUX 3ajgad THCKPETHOHW TeoMe-
Tpun. Kpome Toro0, 5T0 TOHATHE 0KA3HIBACTCS BayKHBIM U BO MHOTHX JIPYTHUX
00MaCTAX MaTeMaTUKN. JOITOMY OTHICKAHIE HOBBIX MUHUMAJbHBIX [H3AHHOB
SIBASETCS U HHTEPECHOH, N BayKHOHU 3aTadel.
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