140

KoMMyTHUpYVIONIIe MHOT OLIeHbI

B. O. Byraenxo

DajJ PYHKIAAME, Kak W HaJ TUCIAMA, MOXKHO TPOU3BOINTE apu(pMeTne-
CKHe olepalnn — CJOzKeHne n yMHOXKeHne. Or[[Ha,KO7 KpoMe 5TuxX ABYX IIpH-
BLIYHEBIX ONlepalliil, Ha MHOKeCTBe (PYHKIUI, B OTJINYNEe OT MHOXKECTBa THCel,
CylmecTByeT ellle OlHa — ollepalusd KOMIIO3UIIUHA. SaHOMHHM: KOMHO3I/IHI/I€I(/JI
IBYX GYHKIUE [ M ¢ HasEIBaeTcd PYHKIHUA [ 0 ¢ TaKafd, 4TO
def

= flg(x)).

DyIeM MpUIePKUBATHCA CIEIYIONINX 0O03HAYCHHUI.

ToxkpecTBenny0 QyHKINIO 6y1eM 0603HA4aTh id (TOXKTecTBeHHAA (PYHK-
uusi onpenensercs paBeHcTBoM id(2) = z). Onepannio Bo3BeleHNs B CTeNeHb
OylieM paccMaTpuBaTh OTHOCUTEIbHO ONepallil KOMIO3UIUN, & He YMHOXKe-

fog(x)

5 def
HIsg, KaK DTO OOLIMHO fenaeTcd, uMenHo f* = fo-.--o f mig aoboro nary-
——_—

n pas
paibioro uucia n. Mul 6ygem ob6osnadats f~1 obpamuyio @yuxyuio K pynk-
nun f, 7. e. Takylo, uto f~lo f = fo f7l = id (ecaum oma cymecrnyer).
def ,_ _ def .
EcrectBenno, f~" = f~lo...o f71,  f9= id. BosBemenne ¢pynKkumm f(z)
—_—

n pas
B N-10 CTeleHb B OOBIYHOM CMBICIe MBI Oynem obo3HavaTh f(2)".

Omnepanusi KOMIO3UIHE 00/1a/[aeT eCTeCTBEHHBIM CBOUCTBOM acCOMHATHB-
HOCTH, T. e. [UIst JIoOLIX pyHKUNH f, ¢ 1 h cpaBeinBo paBeHCTBO (fog)oh =
= fo(goh). OgHAKO IPUBEITHOE CBONCTBO KOMMYTATHBHOCTH IS KOMIIO3M-
MU B OOIIeM CIytae He BHITOIHAETCS; KOMIO3UNnu f o g u g o f, Kak Tpa-
BILJIO, SIBAAIOTCS PAa3iMdHBIME (DYHKIHAME. DanpumMep, ecan f(z) =z + 1, a

g(z) =a? 1o f(g(z)) = 2* +1,ag(f(z)) = 2" + 22 + 1.

[lisi HeKOTOPBIX Map (PYHKIUE pPaBEHCTBO

fog=gof (1)

BhIMOJHSIeTCs. B TakoMm caydae GyHKIUE [ 1 ¢ HA3BIBAIOT KOMMYMUPYIOUUMU.
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OueBnano, Gyuknun f U ¢ ABIAIOTCS KOMMYTHPYIOUINMI B KayKIOM H3
CIeIYIOUINX CILy1aeB:

) £(z) = gl2);

6) f(z) =z 4 a, g(z) =z + b masg npousBoAbHBIX dncen ¢ u b;

B) f(z) = az, g(2) = ba mas MpoW3BOJBHEIX 4ncen a u b;

r) f(z) = 2%, g(z) = 2% m1a npomsBoabHBIX UnCcen o W B;

1) f(z) =h™(z), g(z) = h"(2) mas HEKOTOPON (PYHKUNE L U MeTBIX (ecian
Gyuknus h HeobpaTHMa, TO HOIOKUTEILHBIX) THCET M 1 N.

DBIBaeT TaK, 4TO 3aMETHTh KOMMYTHpOBaHHe ABYX (GYHKIHN Ge3 Helo-
CPe[CTBEHHOH NPOBEPKH HENPOCTO. DJPHMEPOM TAaKHX (GYHKUUH ABIAIOTCH
MHOTOWIeHEl 22 — 2 1 2% — 32,

SABeHNe KOMMYTHPOBAHUS BCTPEYaeTCs TOCTATOYHO PEJIKO, W €CTeCTBeH-
HBIM ABJAETCS BONPOC ONUCAHUSA BCEX TaKUX CAydaeB, XOTS OB IS MHOIO-
4JIeHOB. DTa 3aja9a Oblaa chOpPMyTHpOBata ellle B Havade BeKa I HOJTHOCTHIO
pertera [[:k. Durrom [1]. DosnHee MOABUIOCH MHOXKeCTBO pabor [2, 3, 4],
rje npeiiaralich pa3indHble JoKa3zaTelbCTBa >Tol Kaaccupukanmn. O Ha-
KO Bce OHHI HedJeMeHTapHbl. Tak, HeXoqHoe [oKa3aTelbCTBO DUTTA HCIOIB30-
BaJO TOMNOJOrMYecKne CBONCTBAa PUMaHOBBEIX IMOBepXHOCTel, a pabora Jlopes
i Yolmica [2] ocHOBaHa Ha TeOpUH HOPMEUPOBAHUN MOJEH.

DJeMeHTapHOe MTOKa3aTelbCTBO KAACCH(PUKAIUE KOMMYTHPYIOUIHX MHO-
rOWIeHOB He W3BECTHO M0 cux mop. B 1977 roxy mxoabHAKAM — YIaCTHUKAM
X1 BeecotozHoll oJuMIHaIbl IO MaTeMaTuke — ObLIO MPEIOKEeHO pa3obpaTh
HECKOJBKO YaCTHBIX CAydaeB >TOH Kiaccudukaiuu. BoT kak (opMmyanpoBa-
Jach 3ajada, IpelloKennas yIaCTHIKAM OJUMITNA TH.

Mut 6ydem paccmampueamv MHO20UAEHBL OM 00HO20 TEPEMEHHO-
20 x co cmapwum woadPuyuenmom 1. Pydem 2osopums, umo dea ma-
Kux muoeouena P u Q wommymupyrom, ecau muozouaenvt P(Q(z)) u
Q(P(z)) moacdecmeenno paeuvl (m. €. nocae packpvimus cko6ok u
npueedenus x cmandapmmuomy 6udy 6ce KoIGGHUYUEHMBL IMUT MHO20-
YAEHO6 co6Nadaiom).

a) Jas waxncdozo uucaa o natidume ece mmozousenvt () cmenenu e

6biuLe MpeT, KoMmmymupylouue ¢ muozowienon P(r) = 2?2 — a.

6) Pycmv P — wmnoeounen cmenenu 2, k — namypaavroe wucao. /o-
Kajcume, Wmo cyuecmeyem ne boqee 0dno2o0 muo2ouiena cmenenu k,
Kommymupyowezo ¢ P.

6) Paiidume munozousenvt cmeneneti 4 u 8, KOMMYMUPYIOWUE ¢ JAHHBIM
MHO2OUACHOM CTIENENU 2.
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2) Muoeouaenvt (Q u R xommymupyiom ¢ odnum u mem xHe MHO20-
yaenom P emenenu 2. Jdoxasxcume, umo ont KOMMYMupyom mexncdy
coboii.

d) doxaxcume, umo cywecmeyem 6eCkOHEUHAS NOCAEJOEAMEALBHOCTIL
muozouaenos Py, Py, Py, ..., Py, ..., 2de P, — mnozousen cmenenu k,
6 Komopot .obbie dea mnozouiena Kommymupylom u Py(z) = 2% — 2.

B 1979 rony B x)ypHaJse «KBaHT» O6bLIa onmybanKoBaHa cTaThs . AaTapo-
Ba (mceBgonum . D. Depumreitna) [5]. B Hell pemarach NoIHOCTBIO 3aLata
Bcecotosnoli oanMnuanbl, 0 mpeliaraloch HECKOALKO BOIPOCOB, DIeMeHTaP-
HbIe OTBETH Ha KOTOPHIe OBLIN Hem3BeCTHHI. QOMHAM W3 TAKUX BOTPOCOB OBLI:
IpH KaKNX 3HAYEHNSAX « CYHIECTBYeT MHOTOY/JIEH HEYeTHOH CTeNeHN (BHILIe
nepBoit), KOMMYTHPYIOIINN ¢ MHOTOYIeHOM x% — of dDakTuveckn, >ToT Bo-
MPOC PABHOCHJIEH KIACCUPUKAINE BCeX Map KOMMYTHPYIOUINX MHOTOYIEHOB,
OJWH U3 KOTOPBLIX HMeeT CTeleHb 2.

O61m1yio 3a1a9y MOXKHO CPOPMYJINPOBATH TaK.

SAﬂALIA KITIACCUPNKAINN KOMMYTUPYIHOUNINX MHOI'OYJEHOB. ,Z[JLﬂ
danmnozo mnozousena P natdmu ece rommymupyrowue ¢ HuM MHOSOUAEHDL.

Mper (He genast cnenmaibHEIX OIOBOPOK) Gy €M pacCMaTpPHBATH JHIIb MHO-
POYJIEHBI HEHYJIEBOU CTEleHH.

ABTOp HaCTOSAIIEN CTATHU 3AHAJCH pellleHHeM 3TOH 3a a4, Oy Iy 9l IKOIb-
Hukom, nog pykoogcTBom A. K. Toaneiro u . D. Depuiureiina. B peayab-
TaTe MOSBUJIOCH dJIeMeHTapHOe pellleHne 3ajJadn KJIaCcCHPUKAInl [Js MHOTO-
YJI€HOB BTOPOI cTenenn. KitodeBas ujes, 3aBepliuBIias 3Ty KJIacCuPUKAITIO,
npunaexuT U. D. Depuiuiteiny. Mznoxkenue >Toro pe3yibTaTa U SBASETCH
OCHOBHOU Me/bl0 HacTosIIel craThi. KpoMe Toro, zagada KiacCupuKalummn
pelaeTcs s HEKOTOPOT'O HOCTATOYHO HINPOKOIO KJacca KyOH4ecKuX MHO-
POYJIEHOB, & TAKKE PAaCCMATPHBAITCS U3BECTHBIE TPUMEPE KOMMYTUDY HOIITHX
MHOT'OYJIEHOB M PAlHOHAIBHBIX (PYHKIUU. Je3yIbTaThl, H3J0KEHHbIE B Hapa-
rpagax 4, 6 u 7, npuHamIekaT aBTOPY, & H3J0XKeHHble B maparpadpe 8 —
N. 9. Depuiireiiny. Onu 6vuin noaydersl B 1979 rony, omHako nyoauKy0Tes
BIIepBHIE.

B nepBom naparpage nokazaHo, KaK CBECTH 3a a4y KIaCCH(PUKAINT KOM-
MYTHPYIOIIUX MHOIO4YIEHOB K 6ojiee y3KOMY KJaacCy TaK Ha3bIBa€MbIX MPH-
Be/IEHHBIX MHOIOYJIEHOB. JPUBEIEeHHbIE MHOTOYJIEHB BTOPOW CTENeHH UMEKT
B 2 — o BCloy B JaibHeiillleM, KpoMe naparpados 7 1 9, 3a1ada KIaccu-
ukanuu 6yaeT PACCMATPUBATECA TOMNBKO IS TAKHX MHOIOYJIEHOB.
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Bropoi naparpad mocBAien JoKa3aTeIbCTBY € THHCTBEHHOCTH MHOTOIE-
Ha (PMKCHPOBAHHON CTEMeHN C TaHHBIM CTAPIIM KOdMOUINEHTOM, KOMMYTH-
PYIOIETro ¢ TaHHBIM MHOTOMIEHOM.

OCHOBHBIM pe3yJIbTaTOM TpeThero naparpada SBISETCS MpelaoKeHue:
cecat d6a MHO2OUAEHA KOMMYMUPYIOM ¢ HEKOMOPbIM MHO20UAEHOM 6MOPOT
CMENEnY, Mo oHl KoMMymupyiom mexcdy coboiiy m ero ciejcTBHE.

B weTBepToM maparpade ToKasbIBaeTCH, ITO MHOTOWIEH, KOMMYTHPYTIO-
[IUH ¢ TPUBETEHHBIM MHOTOYJIEHOM BTODPOH CTEMeHN ABISETCS AUG0 TeTHRIM,
an6o HedeTHHIM. Kak caeqcTBie BHIBOIUTCA, 9TO I HAXOXK JEHUS BCEX MHO-
TOYIEHOB, KOMMYTHUPYIOIINX ¢ TaHHBIM MHOTOYJIEHOM BTOPOH CTEMeHH, JOCTa-
TOYHO PACCMOTPETH JUIIh MHOTOUJIEHB HEIeTHON CTENeH .

DATHIN Haparpa — CaMbIl «KOHCTPYKTHBHBINY. 31eCh NPUBOIATCS He-
TpUBHATBHEBIE TPUMEPHI — IEMOYKN MOTAPHO KOMMYTHPYIONIHX MHOTOMICHOB
BCEBOBMOKHDBIX CTENeHeH.

B mectom maparpade TpuBOIHTCA TOCTATOTHO d>PPEKTUBHLINT MeTOT HC-
CAeTOBAHNS KOMMYTHPYIONINX MHOTOWICHOB, UCTOAB3YIONINHA TOHATHE HETO-
IBU:KHOU To4KH. C HOMOIbI0 HErO pellaeTcs 3aMada KIacCHPUKAUN s
«GONBIITHCTBaY (B ONpeNeeHHOM CMbIC/Ie) MHOTOWIEHOB BTOPON CTENeH .

B ceapMom maparpadre, nCmoab3ysa METOI HETOABUKHBIX TOTEK, PEITaeTCs
3aJada KIacCH(pUKAIUA 118 MHOTOWICHOB BHA T° + .

B BochMmom maparpade sagatda KiaccuPUKANNE M5 MHOTOWIEHOB BTOPOH
CTENeHN PenraeTes MOTHOCTRIO.

DaloHaJbHbIe (DYHKIHH — CISAYIONINE TOCHe MHOT OUIeHOB KIace (PyHK-
UH, IS KOTOPOTO eCTECTBEHHO MOCTABUTH BOTPOC O KAACCHPUKATHT KOM-
MYTHPYIOMHX (PyHKIHA. ECcTh ocHOBaHMA CIUTaTh, ITO AIA PANHOHATBHBIX
(DYHKIUT ABIeHHE KOMMYTHPOBAHUS BCTPEIAeTCS «dalliey, deM Iasd MHOTO-
qieHoB. OMUH U3 CMOCOOOB MOCTPOEHUS MPUMEPOB KOMMYTHUPYIOIINX Paljuo-
HAJTBHBIX (PYHKIUHA TPUBOIATCS B AeBATOM maparpade.

1. CONPA»KEHHBLIE MHOT O'LJIEHBI

Ecin H(z) = az + b (¢ # 0) — MHOrOWIeH NepBOIl CTENEHH, TO [

1 b
Hero cymjecTByeT obpaThblil Mporowien H '(z) = —z — —. (Derpyano 10-
a a

Ka3aTh, YTO MHOPOUYJIEHBl MEPBOU CTeNeHW — eNHHCTBEHHbIE, M KOTOPHIX
cyuiecTByeT obpaTHas (pyHKINSA, TakkKe ABISIOIIAiCA MHOToYIeHOM.) C Jio-
ObIM MHOT'O4YJeHOM H mepBOUl CTeneHH MOYKHO CBSi3aTh OTOOpayKeHHe MHO-
JKecTBa BceX MHOTOWIEHOB B cebs, MeUCTBYIOIIee MO CAeIVIoNeMy MpPaBUILY.
Kasx it MHOrO91eH PP oTo6pakaeTca B MHorownen Py = H o Po H™'. Ta-
Koe 0TOOpayKeHle Ha3bIBaeTCS conpaxdceruem MHorodieta P muaorowienom H.
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JIBa MHOTOWIeHA, OMUH U3 KOTOPHX MOXKeT OLITh MOJYIeH U3 TPYroTo COMps-
JKeHneM, Ha3bIBaloTCs conpadrcennviuu. Jlerko 3aMeTHTh, ITO COMPAKEHHBIe
MHOT'O4YJeHbl HMEIOT OJUHAKOBYIO CTENeHb.

DeTpyIHO TPOBEPUTH CJAeIYIONINE CBOUCTBA:

1. P = Pg;
2. Eciu QQ = Py, 10 P = Qp-1;

3. Ecmm Q = Py, a R=Qpn,, 70 R = PH,oH,.

NapiMu caoBaMu, COMPAKEHHOCTHL ABASETCA OTHOIIEHNEM DKBUBAJEHTHO-
CTH Ha MHOYKECTBE MHOT' OUJIEHOB. DTO MO3BOAAET Pa3bUTh MHOXKECTBO MHODO-
YJEeHOB Ha KJaCChl CONMPAKEHHOCTH TakK, YTO Ji00ble MBa CONPAKEHHBIX MHO-
rovjeHa nonafaloT B OJUH KJAacC, a A0Oble NBa MHOrOYJeHa, He ABIAoIInecs
CONPAKEHHbIMU, — B Ppa3Hble KJIACCHI.

Conpskenne objaafaeT BayKHBEIM CBOUCTBOM — J06YI0 Hapy KOMMYTHPY-
IOIIMX MHOIOYJIEHOB OHO MePEeBOANT B Napy KOMMYTHPYIOUIUX MHOT'OYJEHOB.

[TPEANOYKEHUE 1. Feau muozousenvt P u QQ wommymupyom, o H —
NPOU3EOALHBL MHO2OUAEH NEPEOT CIMenenY, Mo mHozowienbt Py u Qi moace
KOMMYMUPYIOM.

JTOKABATEJILCTBO.

(HoPoH YHNo(HoQoH™') =
=HoPo(H'oH)oQoH '=HoPoQoH '=HoQoPoH "=
=HoQo(H 'oH)oPoH '=(HoQoH "YYo(HoPoH™).

Ns IIpelaozKeHus 1 cjlenyeT, 4TO eCjln Mbl yMeeM HaXOIUThb BCe MHOI'OYJe-
HbI, KOMMYTuUpyomue ¢ HeKOTOPbIM JaHHBIM MHOI'OY/J€HOM ]D7 TO MbI yMeeM
TaKXKe HaXOIuTb U BCe MHOI'OYJeHbl, KOMMYTHUDpYIOUINe C JI00BIM conpszkKeH-
oeiM ¢ P muoorowienom. UabivMu CJIO0BaMH, 3alaly HaXOxKIeHHsA BCeX MHOI'O-
9JeHOB, KOMMYTHUDPYIOIINX C TaHHBIM, TOCTaTOYHO pPellINThb AJas1 OJHOI'O IIpel-
CTaBUTedd KaxKI0I'o KJaacCa CONPAZKEeHHOCTH.

EcrecTBenno BBISICHUTB, HACKOJBKO MOXKHO YIIPOCTHTbH O6HII/II>JI Bnia1 MHO-
rovd/jeHa ¢ MTOMOUWIBIO CONPAZKEeHN.

JIEMMA 1. Jas 4106020 muo20uiena cmenenu n > 2 Cyuecmeyem conps-
HCEHMBI €MY MHOOUAEH CO CTNAPWUM KOIPPUYUEHMOM QUHUYA U HYAEEbLM
koadguyuenmom npu (n — 1)-i cmenenu.
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JMOKA3ATEILCTBO. Conps:keM MHODOYICH
P(z) = Az" + Ba" 4. .

rjle MHOPOTOYHe O3HaYaeT WIEHLl CTeleHn HIJKe N — 1, IMHEeHBIM [BY 4JeHOM
H(z) =az +b. Umeem

1 b\" 1 b\t
Py(z) = a A(—x——) —I—B(—x——) + ... +b=
a a

A nAb o
= a1 T+ _an—l + an—2 z .-

DpupaBHUBas cTapUIN KOXPMUIHEHT MONYYeHHOT 0 MHONOYIeHA e THHIIIE, T10-
JdydaeMm ypaBHenue ¢! = A, orkyja naxoaum a. [lajsee, npupaBuuBas ciaeiy-
OUTHT KO3(PPUIHEHT HYAI0, TONYyYaeM JuHeHHOe YpaBHeHHe Ha b, 3 KOTOPOTo

o @
HaXOmTUM b = —-.
nA

3AMEYAHUE. MEI npefnonaraeM, 9T0 KO>(QQUITEHTH paccMaTPHBAEMBIX

MHOIOYJICHOB — KOMILIEKCHEIE YHCJa. FECIH paccMaTpuBaTh MHODOWICHBL C

TENCTBUTEILHBEIMA KO3(PPUINEHTAME, TO IpelIoKeHe OCTaeTCs CIpaBelIn-
BBIM JIUIIB JJAs YeTHHIX 7; IPH HeYeTHHRIX N BEPHO HECKOJIbKO Gofee caadoe
VTBepXK JeHne OTHOCHTENBHO CTapiiero KOdp@uineaTa — CONpsKeHNeM ero
MOXKHO cJefaTh paBHbM | nam —1.

CHEACTBUE. Jho6oi mnocouten ax’+bx+ ¢ 6MMOPOT, CMENEHU CONPANCEN
3 1
MHO20UAEHY T2 — o, 20e o = sz — 5() — ac.

2. EAMHCTBEHHOCTH KOMMYTUPYIOIEIO MHOI'OYJEHA TAHHON
CTEIIEHN

[IPEANOXKEHUE 2. Jas danmnozo 4ea020 notoicumetbro20 wucad Cyuje-
cmeyem ne Godee 00020 MHO2OUAEHA () CMENENU T, KOMMYMUPYIOWE20 €
dannbim muozouternom P emenenu 2.

JOKABATEJLCTBO. CoriacHo npeLroxkennio 1 n jgemMme 1, JOCTaTOYHO

IPUBECTH TOKA3aTelbcTBO Ius caydas P(z) = 2?2 — a. DycTh
Q(z) = apx™ + a12" ' + - a,_1z +a,, rae ag # 0.

Torga kommosnnun MEOTO4IEHOB PP 1 () (B OJHOM M IPYyroM mopsijike) CyTh
MHOT'O4YJEeHbl CTEeNeHn 21

Po Q($) = b0$2n + b1$2n_1 + b2$2n_2 + -4 bgn_1$ + b2n7
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Qo P(z) = cor®" 4 c12® ™ fepa® 2 oo cgp12 F Copy

nx KOd(PPUIUEHTHI b; 1 ¢; ABITIOTCT PYHKIAAMH OT KO>(PMHIUEHTOB & U Gy
MHOTOYIeHOB P 1 (). DyjeM npupaBHUBATE KOXMPMUIHEHTH 3THX MHOTOUJIe-
HOB HaYWHas CO CTAPIIErO WieHA. JETPYIHO HAUTH SBHbIE BRIDAYKeHUS s
crapuimx KodxdppunuedTon: by = a%, o = ag. Doaydaem a% = ag, OTKYyJa
ag = 1. Takum o6pazom, crapiinii Ko3PpPUIHEHT MHOrO4YIeHA () onpeneieH
OJIHOBHAYHO. DPUMEHUM METON MaTeMaTHYeCKOUl WHIYKIHH. DPennoJoKuM,
YTO BCe KODPPUITEHTH a; ¢ HoMepaMmu ¢ < k mis HekoToporo 0 < k < n yxe
onpenenensl. /lokaxeMm, 9TO KOd(PPUIHEHT af ONpeaenseTcs TP DTOM OJTHO-
sHa4dHO. Bripaxkenue mis koddpduiuunenta by umeer Bujg by = arag 4+ ..., rige
MHOIOTOYNe 3aMeHsAeT BhIPaykeHNe, 3aBUCAllee TOABKO OT KO3(p(DUINEeHTOB @,
¢ HoMmepamu ¢ < k. KoadpuuueHT Ke ¢p BaBUCUT TOJBKO OT KOB(PPUIHEH-
TOB a; ¢ HOMepaMmu ¢ < [k/2] (Tem cambiM, ¢ < k) u, 6BITH MOKeT, OT . Tem
caMBIM, ypaBHeHUe by = c¢p npejcraBiseT cobOU JHHEIHOe COOTHOIIEHHE Ha
Gk, 13 KOTOPOT'O 3TOT KO(P(PNINEeHT ONHO3HAYHO BhIpaKaeTCHd Yepe3 o N yiKe
BEIpaKeHHBIe KoddduunenTsl a; (i < k).

Takum obpasom, uz cucrembl ypapuenuin b; = ¢; npu 0 < 7 < n MBI 0OfI-
HO3HAYHO ONpeneSuM UUCIa ag, @1, ..., Q. LCIW TOAYUeHHEIe THCIa OYIVT
VIOBAETBOPATE cCOOTHOIeHusM b; = ¢; npu n+1 < ¢ < 2n, 7o oHU U OYAYT KO-
appuiueHTaME eIUHCTBEHHOTO MHOT'O4/IeHA () CTENeHn 1, KOMMYTHPYOIIEr 0
¢ P. B npoTuBHOM cIydae TaKOro MHOTOWJIEHA He CYIIeCTBYeT.

CAEACTBUE 1. Pyems P — mmno2ousen cmenenu 2. Toeda das wobozo
YEA020 HEOMPUYAMEABHO20 uUCAq k cyuecmsyem eJuHCMEENHBLT MHO20UACH
emenenu 28, xommymupyowui ¢ P.

JOKABATEILCTBO. Muorouten P* 6yxer, oueBnino, o6iraiaTh Tpebye-
MBbIMHI CBOHUCTBaMu. EIHHCTBEHHOCTh HEMOCPENCTBEHHO BHITEKAET U3 HPEeLIo-

JKeHns 2.
CHEJACTBUE 2. Mno2ouiensl, KoMMYyMupylouue ¢ t2, — 2mo Muo2ouie-
nor 2" (n=1,2,...) u moavko onu.

JIOKABATEJLCTBO. O4eBHIHO, ITO JIOOOUH MHOTOWIEH BHIA &'° KOMMY-
THpyeT ¢ 2. DOCKOJIbKY CTelleHN TaKNX MHOTOYIEHOB COCTABIAIOT BCe MHO-
JKeCTBO HATYpaJbHBIX 9NceN, OTCYTCTBAE IPYTHX KOMMYTHPYIONNX € 22 MHO-

I'O4JeHOB caenyeT U3 IpelJoxKeHnusd.

DpuBelleHHOE [TOKA3ATEJIbCTBO MpeLioKeHns 2 6e3 Tpyjia NepeHoCuTCs 1
Ha chaydail, eciu [P — MHOI'OYJIeH CTeleHH BhIllle BTOPOU, BCIOAY, KPOME Ofl-
HO3HAYHOCTHU OMpejleleHusi cTapiiero ko3 duinenTa MHorodaena (). Todnee,
cnpaBelInBO Caelylolllee YTBepK IeHne.
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[MPEANONKEHUE 3. Pycmb P — muozousen cmenenu m 2 2. Cywecmsy-
em He 6oaee 0dno2o muozousena ) dannotl cmenenu n ¢ JAHHBIM CINAPUUM
rxoapduyuenmon a, xommymupyowezo ¢ P. Cmapwui uten muozousena
MONCEM NPUHUMAMD HE Dogee uem m — | 3navenue.

JTOKABATEILCTBO. DycTh
P(z) = Agz™ 4+ Aya™ ' 4+ Az Ay,

Q(z) = apx" + a1 '+ a, 12+ a,.

DpupaBHIBadA cTapine Kod3PPUIueHTH MHOTO4IeH0B Po@) n ()o R, mosydaem
Apay’ = apAy, oTKy 12 agL_l = Ag_l, clIeTOBaTeIbHO, (g MOXKET IPHHIMATh
He Gojee m — | pazIHYHBIX 3HAYEHUH.

Kaxabri caenyrommin kospduunent ax (1 < k < n) muaorodrena Q(z)
BBIPaKaeTCs OJHO3HAYHO depe3 paHee omnpenenenHbe KoaduinenTr a; (0 <
<t < k) n koappunnentsr A; MmEOTOUWIeHA P(2) U3 cpaBHeHUs KOd(D(UINEH-
TOB 1pu (mn — k)-it crenenn MHOrOUIeHOB PP 0 Q) n ) o P. [leficTBuTenbHO,
koodduiment npu 2"k
3aBUCHT OT @; C HOMepaMu i > k), a koodpuuuenTt npn 7"~ % vmorowrena
Q) o P(z) ne 3aBucut ot a; upn 1 > k.

MHOTO4IeHa PP o()(z) 3aBucHT OT a) aAuHEenHO (0 He

[IPEATOXKEHUE 4. Pycmv P — mnozouien ¢ deticmeumeabnoimu (payu-
oHaabHBLINU) KosPPuyuenmanu, € — KOMMYMUPYIOWUT € HUM MHO2OUAEH.
Pyems npu amom evinoaneno odno uz deyz yerouti:
a)deg P =2;

6) emapwui kosdduyuenm mno2ousena Q) asasemes dedcmeumenvuslm (pa-
YUOHAABHBLM) UUCAOM.
Tozda 6ce KoadPuyuenmnr mnoeourena () deticmeumenvust (PayUOHAALHBL).

JTOKABATEIBCTBO. DopMyanl, BEIpaxkKaionine KO3pPUIHeHTH MHOTOMIe-
Ha () B oKazaTelbCTBaX MpeIoyKeHnll 2 1 3, He BBIBOJISAT 3a PAMKH JTeUCTBH-
TeNbHBIX (PAHOHATBHEIX) YHCE.

3. TPAH3BUTUBHOCTb KOMMYTUPOBAHUA

DadHeM ¢ IIpocTOro, HO O9€eHb BaKHOI'O CBOI(/JICTBa7 IO3BOJAIOIIero, nMesd
IIpuMepbl KOMMYTHPYIOULINX MHOTI'OYJ€HOB, CTPOUTH HOBLIE.

[IPEANOXKEHUE 5. Feau muozousenst ¢ u R wommymupyrom ¢ odnum u
mem gce muozousenom P, mo xomnozuyus (Q o B mooce xommymupyem c P.
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ﬂOKABATEJIbCTBO. ﬂOKaSaTeﬂbCTBO cileqyeT U3 IelOYKH paBeHCTB

(QoR)o P =
=Qo(RoP)=Qo(PoR)=(QoP)oR=(Po@)oR=
=Po(QoR).

[MPEANONKEHUE 6. Fcau mnozoutenst () u R xommymupyrom ¢ muozouie-
nom P emopoti ecmenenu, mo onu xommymupiyrom menrcdy coboti.

JOKABATEJNBCTBO. U3 npennoxenus 5 caegyer, 4T0 MHOTO4IeHb () 0 IR
i Ro) KoMMmyTupyioT ¢ PP, DOCKOJIbKY 3TH MHOIOUYJIEHBE HMEIT OJTHHAKOBYO
CcTeneHb, U3 MPeIOKeHlst 2 caegyeT, YTO OHI PABHBHIL.

S3AMEYAHUE. Ecin cremenb MHOTOY/IeHA BbIIIIe BTOpOI(/JI7 TO IIpelJozKeHne

IrepecTaeT OLITH ClIpaBelJNBBIM. TaK, MHOI'OYJIeHbI $2 n —Z KOMMYTHDPYIOT C

23, HO He KOMMYTHPYIOT Mexk Iy coboli. OHako, ecin JONOJHITEILHO TPeIo-
JOXKUTE, YTO Bce Tpu MHOTO4WwIeHa P, () u R ynumapuet, T. e. UMEIOT CTapIINi
KO>((PULUNEHT elMHNIa, TO NPeIloKeHne OCTaHeTCs B CHJe MJad MHOTO4YJeHa

P ni0601 cTenenn BBIIIIE IEPBOM.

4. YYETHBIE 1 HEYETHBIE MHOI'OYJEHBI

DamoMunM, 9T0 GyHKIHA f(2) HA3BIBAeTCA uemmuol, ecan I JIo60To &
BBITIOMHSeTCA paBeHCTBO f(—x) = f(x) u neuemnod, ecin BBHIIOIHAETCA pa-
BeHCTBO f(—2) = — f(2). DeTpyaHo mOKasaTh, 9TO IS MHOIOUIEHA YCIOBHE
9eTHOCTH PaBHOCHALHO TOMY, 9TO BCe KOd(pUIHEHTEl IpH HeYeTHBIX CTelle-
HAX PaBHBL HYJIO, a YCJIOBHE HEYeTHOCTH TOMY, 9TO BCe KO(p(PUIHEHTHI TpH
YeTHBIX CTEMNeHAX PaBHBI HYAI0. DTO 03HAYAET, 4TO JI0O0H YeTHLIH MHOIO-

WIeH MOXKeT OLITh mpecTaBien B Buge ()(z?), rge () — HEKOTOPHII MHOTO-
4leH. AHAJIOTMYHO, HeYeTHEII MHODOWIEH MOXKeT OBITH IpeICTaBlIeH B BIe
2

DallOMHIM TaKiKe OHO IIPOCTOE, HO OY€Hb BazKHOE€ CBOUCTBO MHOIOYJe-
HOB, KOTOpOe 6y/:[eT HCIIOJAb30BaThHCA HaMH HEeOJHOKPaTHO.

JIEMMA 2. FEeau anauenus d6ys mMuo20uienos co6nadaiom npu 6eckoney-
HO MHO2UL BHAUEHUAT AP2YMEHMA, MO IMU MHOLOUAEHBL TONCIECTEEHNO PAG-
Hbl.

ﬂOKABATEJIbCTBO. Da3HOCTh paCcCMaTpuBaeMBbIX MHOI'OYJ€HOB HMeeT
6eCKOHe4YHO MHOI'O KOpHefI. Tak kak HeHyJIeBOfI MHOI'OYJleH MOzKeT HNMeTb
Pa3anIHBIX KOpHefI He 60.71bIHe7 9eM ero CcTelleldb, TO 3Ta Pa3HOCTL ABJASAET-
Cs HYyJeBbIM MHOI'OYJEeHOM. SHa‘H/IT7 pacCMaTpriBaeMble MHOT'OYJ/I€HBI PaBHBIL.
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[IPEATOXKEHUE 7. Jhoboi muozouten Q(z), wommymupyrowui ¢ mnoeo-

ugenom P(x) = 2% — «, g648emes aubo wemmbim, Aub0 HEUEMHbIM.

JOKABATEIBCTBO. DOCKOIbKY MHOTOWIeH P(2) ABILeTCA TeTHBIM, HMe-
eM

P(Q(~2)) = PoQ(~2) = Qo P(—a) = Qo P(x) = PoQ(z) = P(Q(x)).

Dapenctso P(z1) = P(x2) osnadaer 7 — a = 23 — o, oTKy1a caeqyer vy =

= fx5. BasaB 21 = Q(—2), 22 = Q(2), noaygaem Q(—z) = £Q(z). Docres-
Hee PaBeHCTBO CIPaBeINBO JJIA JI000r0 ¥. SHAYNT, I8 OECKOHEYHO MHOTHX
3HAYEHNN T nMeeT MecTO JanbGo paBeHCTBO (Q(—z) = (Q(z), 1ubo paBeHCTBO
Q(—2) = —Q(z). CormacHo JemMMe 2, eClIH TepBOe U3 DTHX PABEHCTB BHI-
noJHSAeTCs s GeCKOHeYHO MHOTMX 3HadYeHHn z, To Q(—z) = Q(x), 3Ha4nT
MHOTOWIeH ()(2) 4eTHHIH, a ecau BTOpoe, T0 Q(—z) = —Q(z), 1 MHOrOUIeH

Q(x) HedeTHBIN.

[TPEANOYKEHUE 8. Pycmb () — MHO20UAEH CMENEHU 21, KOMMYMUPYIO-
wut ¢ mnozousenom P(x) = 2% — . Toeda mnozousen QQ moxcno npedema-
sumb 6 sude ) = Q' o P, 2de ) — mmozouaen cmenenu n, KomMmymupyowud
c P.

JTOKABATEJIBCTBO. U3 mpemnoxenus 7 ciemyer, 9T0 MHOTOYIeH ()
MOZKeT GBEITH IpeJcTaBIeH Kak MHorowleH oT z2. CgelaB IHHEHHYIO 3aMeHy

nepeMeHHBIX, noaydaem Q(z) = Q'(P(z)), roe () — MHOTOWIeH cTeneHH n.
Moxazxem, 910 MHOro4aeH '(x) kommyrupyer ¢ P(x). Dyers y = P(x).
Torna

PoQ'(y)=PoQ oP(z)=PoQ(z)=QoP(z) =Q oPoP(z) =Q o P(y).

3Hadenns MuorowiaenoB P o Q' n Q' o P coBnagaioT Npu Beex 3HaYEHHAX ap-
IyMeHTa U3 00JacTH 3HAYeHNN MHOTOYIeHa P(2), 3HAYNT, CONIACHO 1eMMe 2,
OHU TOXKTeCTBEHHO pPaBHBI.

Taknum o6pazoM, T pelenns 3a a9 KTacCu(PUKANNT MHOTOYIeHOB, KOM-
MYTHPYIOIIUX € JaHHBIM MHOT'OYJIEHOM BTOPOU CTElNeHH, TOCTATOYHO HAUTH
BCe KOMMYTHPVIOIIHEe ¢ HIM MHOTOYJeHbl HEYeTHOU CTeleHH.
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5. HETTOYKN KOMMYTHUPYIOMNUX MHOTOYJIEHOB.
MHOTOYNEHLI YUEBBLIIEBA

[IPENIOKEHNUE 9. /as 106020 HamypaibHo20 WUCAG T CYUECTEYEm
mnoeounen P, (x) cmenenu n maxod, wmo cnpasedauso mosxcdecmeo

P,(t+t7Y)y =t 47,
Mnozouaenwt P, (z) (n=1,2,...) nonapno xommymupyom.

JOKABATENLCTBO. CylecTBOBaHNe TAKHX MHOIOWICHOB 6y 1eM JOKa3bl-
BaTh HHIYKIUEN [0 n. DeTPYIHO IPOBEPUTDH, YTO IPH 7 = 1 U 2 MHOTMOUICHBL
Pi(z) = v u P2(z) = 2? — 2 ABASIOTCS MCKOMBIMH. DPEINONOKAM, ITO MBI
HalL Takne MHOro4tensl P, (2) mus Bcex n < k. Torga, BoCmoab30BaBIINCh
TOXK JeCTBOM

an! _I_t—(k-l—l) — (t_l_t—l)(tk_l_t—k) _ (tk—l _I_t—(k—l))7

noJydaem, 9To MHOTOWIeH Pyi1(z) = 2 Py(2) — Py—1(2) 6y1eT nckoMbiM mpn
n==%k+1.

[JoxazxeMm Temepb, UTO MHOIOWICHB P, HOMAapHO KOMMYTHPYIOT. DYCTh
x=t+11 Torna

P o Py(a) = Pp(t" +17") = 1™ 44~ = P, ({™ + 1) = P, 0 Pp ().

DOCKOIBKY 4HCel, IpeJcTaBIMBIX B BiIe {41!, 6ecKkOHEUHO MHOT'O, COTVIACHO
JeMmMe 2, MHOTOYIeHH P, o P, n P, o P, paBHHI.

CHAEICTBUE. Bce Muo2ouienst, KOMMYMuUpyowue ¢ MHO20UAEHOM T2 — 2,
cymo muoeouaenvt P, (x) uz npedaoxcenus 9.

JOKABATEJILCTBO. Cpenu MHOro4wIeHOB P, nMeeTcsi MO OJTHOMY MHOIO-
YIeHy KayKIoW CTeleHu. JHAYUT, CONIACHO MPEMJIOKEeHH0 2, TPYIHX KOMMY-
THPYIOMNX ¢ 22 — 2 MHOIO4/JIeHOB HeT.

Etre o0y menotdky momapHO KOMMY THPYIOMINX MHOTOMJIEHOB MOXKHO MOXY-
YUTh CAEAYIONHM 00pa3zoM. JpH J1060M HATYPAJIbHOM N CYIIECTBYeT TaKou
MHOTOWIeH T),, ITO CIpaBeInBO TOXKIECTBO

cosnz = T, (cosz). (2)

DTH MHOTOYIEHBl HA3BIBAIOT MHo2outenanu debviuésa. U3 popmynsr (2) rer-
KO BBEIBECTH, YTO DTH MHODMOWIEHEl MONAPHO KOMMYTHPYIOT. U3BecTHbIe TPH-
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roHoMeTpuieckne (POPMYJIbI TalOT SIBHbIE BhIpa)KeHHs A1 HeCKOILKHX IIep-
BEIX MHOrouIeHOB YeOLIéna:

Ty(z) = =,
Ty(z) = 22% -1,
T3(z) = 32° —4a.

O,Z[HaKO OernovkKn MHOI'OYJeHOB Pn 1 MHOro4jJeHoB YeOLIIIéBa qﬁ)aKTI/I‘{e—
CKH ABJAAKOTCA OJHUM IIpUMEepPOM — OdHa IOJAyYaeTCd U3 rZ[pyFOI(/JI C IIoMOIIbIO
conpszkKeHnuss MHOI'OY1JeHOM 2. ﬂOKaSaTb 9T0 MOXKHO MHOT'UMU CHOCO6&MI/I7

CaMBII TIPOCTON U3 HUX, MOKAJAYH, — BOCIOIL30BATHLCA H3BECTHOU (POPMY.ION
eix + e—ix
cosr = —————
2

Dpu HEeYeTHHIX 1, AHAJIOTUYHO NPUBENEeHHBIM Bhillle MHOTOYIeHaM P, u T},
MOYKHO HOCTPOUTH MHOrowIenbt P, u T onpejeasieMble paBeHCTBaMI

Pt—tY)y=tr—t

sin nz = T (sin z).

OnHaKo, U 3T CepUH MHOTOYJIEHOB OTIHYAOTCHS OT CBOUX «POACTBEHHUKOBY
P, u T, auuib npuMeHeHHeM CONPSAXKEHUs. JDpaBia, B 3TOM CJIy4ae CONpAraTh
HyKHO MHOTO4UteHOM H (%) = iz ¢ xommiekcHBIME Koddduumentamn. Tem
He MeHee [Jisi HeYeTHLIX N MOJYYEHHBIN IPH CONPSKEeHNH MHODO4YIeH Gyjer
HMETb TOJbKO JTeiCTBUTENbHBIE KOXDPUIHEHTHI.

dakTuIecKn, He CYIIeCTBYeT NPUMepPOB KOMMYTHPYIONINX MHOTOYJIEHOB,
OTJANYHLIX OT NpHUBeTeHHBIX. OCHOBHON KIacCH(PUKANNOHHBIN pe3yabTat [1, 2,
3, 4] yTBepKJaeT, 9TO J06ad Mapa YHETAPHBX KOMMYTHPYOMINX MHOTO.Ie-
HOB CONpPsiZKeHNeM TMpHBOANTCS au60 K Buay (P", P™) mis HEKOTOPOTO MHO-
rowiena P 1 melblX HEOTPHIATENbHBIX 4dHCex n U m, anbo K Buay (z”,z"™)
IIA HEKOTOPHIX MedblX HeOTPHIATEIbHHIX YHCeS n U m, Jubo K mape MHO-
rownenoB Yebriména. /lag ciydas, Korjga cTelleHb OMAHOTO W3 MHOTOTIEHOB
paBHA IBYM, dleMeHTapHOe MOKa3aTelbCTBO »Toro (dakTa 6yIeT TpuBereHO
B nmaparpade 8.

6. HEMOABUYKHBLIE TOYKHI

B »Tom maparpadge usydaercs BayKHbII WHCTPYMEHT [Jsi HCCJAeTOBaHUS
KOMMYTHPYIOIMITX MHOTOWIEHOB — MeTOI HeNMOIBIKHKX TodekK. I xoTs ¢gop-
MaJbHO TTOJAYyYeHHbIe 3MeCh Pe3yAbTaThl, Kacatolyecsd 3a a9k Kiaccupukanun
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IJsE MHODOYJIEHOB BTOPOU CTelleHt, MePeKPhIBATCS pPe3yabTaTaMi BOChMO-
ro naparpada, 13yieHne HeNOoABUKHBIX TOYEK MHOIMOYJEHOB MO3BOASAET ACHee
HOHATE cuTyanuio. Kpome Toro, B caegyiomeMm naparpade dTOT MeTOT MpuMe-
HAETCH Jas pellleHns 3aJa9i KJIacCu(pUuKalul KOMMYTUPYIOUIUX MHOIOYIeHOB
I HEKOTOPOro KJaacca KyOudeckKX MHOT'OYJEHOB.

Kopun ypaBuenns P(x) = & MBI HA3BIBAEM HENOJEUNCHBIMU MOUKAMU MHO-
rowiena P. CBsi3b HENOMBUKHBIX TOYEK ¢ KOMMYTUPYOIUME MHOT'OYJeHAM I
BUIHA U3 CJAEIYIOUIEr0 YTBEPKIEHU.

[TPEANOXKEHUE 10. Pyems A — wnenodsuscnas moura muozouiena P,
mno2ouaen ) xommymupyem ¢ P. Toeda Q(N) — moace nenodsuarcnas mou-
xa mHoz2ousena P.

JOKABATENLCTBO. P(Q(A)) = PoQ(A) = Qo P(A) = Q(P(\) =
= Q).

Yucno xg O6yjgeM Ha3BIBATL nepuoduueckum OTHOCHTENILHO MHOTOWIEHA
P(z), ecim mocie1oBaTeNbHOCTD, 3afaHHAS PEKYPPEHTHBIM COOTHOIICHIEM

Tnt1 = Pla,) (n=1,2,...), (3)

nepuoanyeckasd.
Muorotien 6ygeM HasbiBaTh nepuoduueckum, eclin HyJIb — MNepuojIntde-
CKO€ OTHOCHUTENbHO HEro 4ucio.

[IPEAMOKEHUE 11. Pyems P(z) = 2? — a — nenepuoduueckuti mmo-

2ouaen. Pe cywyecmsyem wKoOMMYymupyrowyur ¢ Hum MHOS0UAECHOE newemuot
CImenenu, Kpome moocdecmeennozo.

JOKABATEJIBCTBO. DycTh (&) — MHOUOYIEH HEUYeTHON CTENeHN, KOM-
vmyTtupyfommnit ¢ P(x). U3 npemmoxkenns 7 crenyer, 4to (Q(z) ABAseTCs HeIeT-
HBIM MHOTOYJIEHOM, 3HQYUT, ero CBOOOIHDII WieH paBeH HYJI0, TODTOMY HYdb
ABAAETCA €ro HeNOABHKHON ToYko#. U3 npeproxenus 10 ciegyer, 4To Jio-
601 HJeH mocaeoBaTeabHOCTH (3) mpn &g = 0 ABIAETCSA HENOIBHKHON TOYKOM
MHOTOWIeHa () (2). DTO 03HAYAET, 4TO MHOTOWIeH () (2) — 2 uMeeT GECKOHETHO
MHOT'O KOpHEIl, 9T0 BO3MOKHO TOIBKO mist Q(z) = x.

CJIe/:[onmee IIpOoCTOE yTBepiXKIeHue IMO3BOJdeT BO MHOT'UX CAyYIasaAX TOKa-
3bIBaTh HeOepuoInIHOCTE.

JIEMMA 3. Feau nocaedosameibnocms uMeem cmpozo MOHOMOHHYIO
nodnocaedo6ameabrocmy (6 UACTIHOCIMU, €CAU OHG CAMA MOHOTNOHHA), MO
ona ne Mmoxcem 6vimb nepuoduueckod.
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JJOKABATEJNBLCTBO.  JleficTBUTEALHO, NepHOIHYecKas IOCICIOBATEIb-
HOCTHL MOYKeT IPHHAMATE JHIIL KOHeUHOe YHUCIO PA3INIHbIX 3HAYCHHH, & MO-
HOTOHHAA MOCICIOBATEILHOCTL IPHHIEMACT GECKOHeIHOE UHCIO Pas/IHIHLIX
3HAYCHU.

[PEATOKEHUE 12. Muozouten x*—a aeasemea nenepuoduueckun 6 xa-

Hdom U3 cAedylowur mpexr cayuaes (6 NYHKMaAr a) u 6) o cuumaemcs det-

CINEUMEABHBLM YUCAOM, @ 6 NYHKME 0) — KOMNACKCHBIM):
a) a < 0;
6l > 2, a£2;
6)0<a<l.
JOKABATEJILCTBO.  [JokaKeM HeNepHoJHIHOCTb NOCIET0BATEIHHOCTH

T, 3aganHoll opmyaamu zg =0, T,41 = 2 — a. DyjIeM MOJIb30BaThLCA MPH
5TOM YTBepIKIeHHeM JeMMBL 3.

a) JOoCaeI0BATEIBHOCTD &;, MOHOTOHHO Bo3pacTaeT. /leilcTBUTENbHO, 2o =
=0< —a=uay. Ecain 0 < 25—y < 2, TO HEPABEHCTBO X < T4y CAEIYET U3
MOHOTOHHOCTH MHOI'OWJIeHa T2 — o Ha MHOZKECTBe NOMOKUTENbHBIX THCel.

6) DaM JOCTATOYHO [OKa3aTh HENePHOINYHOCTH MOCIeNOBATENLHOCTH
||, TOCKOMBKY ecai TmoCHe[oBATENbHOCTH NEPHOJNIHA, TO TMOCKe[OBATE b
HOCTb MOJY.Jeill ee WieHOB ToKe nepnojndna. [JokaxKeMm M0 MHIYKINH, 9TO
NI0CJ€I0BATEIBHOCTD |&,,| CTPOro BO3pacTaer.

Pasa wagykimn. BocnoabayeMmcs HepaBeHCTBOM TPeyTrOAbHIKA I HEPABeH-
ctBoM « > 2. Umeem |a — 1] > |a] — 1 > 1. DaBeHCTBO B TmepBOM Caydae
BBITIOJHAETCS, €CIN (v — TOJOKHTENbHOE TeHCTBHTEIbHOe YHCI0, & BO BTO-
poM — ecan |a| = 2. DodTOMY MBI HMeeM CTporoe HepaBeHCTBO |av— 1] > 1.
YMHEOKIB ero Ha ||, moaydaem |o? — af > |a| man || > |zq].

Mlar nagykmnn. W3 npeanojoxenus WHIYKIHK (2 > Tp—1) HAM HYKHO
BOCIOJIB30BATHCA UL TeM, 4To |2 > |af. Torga 25| —1 > 1. Depemuokus
IBa [OCJEJHIX PAaBeHCTBa, noaydaeM |zj|? — |zg| > || wan |23 — |af > |zl
DPUMEeHNB HepaBeHCTBO TPeyroJbHIKa, HMeeM |27 —a| > |z)|, 9To n oznataer
|[That| > |kl

B) DOCIeI0BATEIBHOCTD &, PACTALAeTCs Ha [Be MOHOTOHHBIE IO MIOCEI0-
BATEIBLHOCTH — BO3PACTAOIIYIO TOANIOCIETOBATEIBHOCTE ¢ HEYe THBEIME HOMe-
paMu 1 yOBIBAIOIILYIO C YeTHBIMHA. DepaBeHCTBA Tpto < T, (IPH YETHOM N) U
Tpt2 > &, (IPH HEYETHOM 1) TOKA3bIBAIOTCH WHAYKIHEH MO 7 OTHOBPEMEHHO.

Paza nugyxnun (n = 0). DepaBenctso zo = a(a — 1) < 0 = z¢ caenyer
u3 Toro, yro 0 < a < 1.

Mlar waAYKIIH. DOCKOIBKY X, < 0 Jas BCeX n, a Ha MHOXKeCTBe HEOTpH-

DaTeJbHbIX YUCeJ MHOI'OYJeH $2 — & MOHOTOHHO y6bIBaeT7 n3 HepaBeHCTBa
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Thto > T cleldyeT Zgiz < Tpyl, U HaoOOpPOT, U3 HEPABEHCTBA Tpyz < Tk
ClelyeT Tpts > Thyl-

[TPEANOKEHUE 13. Feau o — nepuoduueckoe payuonaibioe Yucio, mo
OHO Yeaoe.

JTOKABATEJIBLCTBO. Ecanm dmcao o panuoHanbHO, TO, OUeBHIHO, BCA TO-
CJIeOBATENBHOCTD Ty, OTpenenentas mo gopMyram (3) npu zg = 0, cocTont
I3 pallHOHAJBHBIX Yuce]. JHaMeHATeNb KayK 00 WIeHa MOCJIe[0BaTelbHOCTH,
HAaYNHAA ¢ 1 (eCcam TpeacTaBATH ero B BHJe HECOKPATHMOH Ipo6H), paBeH
KBaJpaTy 3HAMeHaTeJs MPeIblIVIIero 4ieHa. SHAYUT, €Cli & Helejpoe, TO
MOCJAEe[OBATENBHOCTh BHAMEHATENEN CTPOro BO3PACTAET, TOITOMY HOCAeI0Ba~
TETBHOCTE He MOXKeT GBITh NepHoInIecKO.

gepI/IO,Z[I/I‘{HOCTb MHOI'OYJIeHa $2

XOAUMBIM, yCJIOBHEM OTCYTCTBHA KOMMYTHDPYIOIIAX C HEM MHOT'OWIEHOB He-
4eTHOH cTemeHn (KpoMe TOXKIeCTBEHHOIO).

— & ABJgsieTCs JOCTATOYHBIM, HO He HeoO-

[TPEANOXKEHUE 14. Pe cywecmseyem MHO2OUAEHOE6 HEUEMNOT CMENENU
eblle nepeoti, Kommymupyrowur ¢ 2 — 1.

JOKABATEIBCTBO. DycTh ()(2) — MHOIOW/ICH HEUETHON CTENEHH BLIIIe
nepBoil, KommyTupylomuii ¢ P(z) = 2% — 1. DaccMoTpuM ypaBuenne

Q(z) = P(z) (4)

I HEeKOTOPHIM ero Kopetb A. U3 paBeHcTBa
Q(P(N) = P(Q(N) = P(P(V))

creryeT, 9TO P(/\) — TOXKe ero KOpeHb. 3HAYUT, A — HepPUOIHYeCcKOe THCIO
OTHOCHUTeJBbHO MHOT'OYJ€Ha P OHI/ILHGM BCe TaKle YHcCJja. 0603Ha‘{I/IM 99172 =
1++v5

2
Ha P).

Ecau |zo| > ¢1, TO mocaegoBaTebHOCTH (3) MOHOTOHHO BozpacTaer. [lei-
CTBUTEIBHO, Tnt1 = P(2,) > |2,|, Tak Kak

— KOPpHU MHOI'OYJeHa $2 —z—1 (HGHO,[[BI/I)KHBIG TOYKHN MHOI'OYJe-

P(a,) — |o,| = $721 —|zn| =1 = (Jza| — 1) (|7n] — ©2) > 0.

D03TOMY 4HCIa, OOJbIINE (1, HE ABIAIOTCE HEPUOAHYECKUMH OTHOCHTE b
mo P.
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DycTh Teneph |xg| < 1. Ecan zg < 0, To u3MernM ero suax (npm >ToM
OCTaJdbHBIE YICHBI TOCAEAOBATEILHOCTH He H3MEHATCS ), TODTOMY MOMKHO CHH-
TaTh, 4T0 0 < g < 1. DavdnHas ¢ HEKOTOPOI'0 HOMepa, MOCIeJ0BATeILHOCTh
T, nomajer BHYTpb oTpeska [—1,0], OCKOAbKY eciu Gbl BCe WIeHbl OCAeN0-
BaTeIbLHOCTH GLLIN MOJOKUTENbLHBL, TO OHa GbL1a 6Bl MOHOTOHHO YOLIBAIOLIEIl.
[efictBurensho, ¢,41 = P(2,) < ¥,, Tak Kak @3 < T, < @1, H TOITOMY

P(z,) -, = xi — 2 — 1= (2, —¢1)(x, — ¢2) < 0.

Do Torga mo TeopeMe Jodablano-BelepmTpacca MOCIeLOBATEIBHOCTD Ty,
uMesa OBl Ipefel, IpuHaLIexammi noryunrepsary [0, ¢1). Oguako mpeme-
JOM NOCIeI0BATEIBHOCTIH, ONPEeJeJeHHON PeKYPPEeHTHEIM cooTHOLIeHneM (3),
MOZKeT GBITH TOIBKO KOPeHb ypaBHeHHs P(2) = 2, a ero Ha YKa3aHHOM ITOXLY-
HHTepBaje HeT.

Ecan 4nen 2 nocienoBaTeIbHOCTH, JeKallnil B nnTepsale [—1, 0] He aBis-
eTcs ero KOHIOM IJIH He COBIAJAET C @z, TO NOCIEJOBATEIBHOCTD &, Hele-
pHOANYHA, TaK KaK ee IOII0CIeI0BATeIbHOCTH € Y€ THEIMI I HEYeTHBIMI HO-
Mepamn (HaduHas ¢ k-ro) MonoToHHEL. [leiicTBuTenbHO, T, 40 = P*(z,). Tax
KaK

P ) =2 = (v +1) (2 — e2)a(x — ¢1),

To PX(z) < 2 npu —1 < 2 < ¢ u P*(z) > 2 npu —1 < & < ¢y. DovTomy
ecant &, € [—1,¢3], TO @449 € [—1, 2] 1 212 < 2, a ecan x, € [@2,0], TO
Tpao € [p2,0] 1 2pio > @y

DO>TOMY IeHCTBHTEIBHBIME KOPHAMI ypaBHeHHS (4) MOIYT GHITH TOIBKO
Te YHCIa, KOTOPBIe IPH MHOTOKPATHOM IPHMEHeHHI MHODOWIeHa P mepexo-
IAT B 1 WIN g (ducia, mepexonsine B 0 min —1, He MOJIXOIAT, TaK Kak
0 He siBaseTcs KopHeM (4)). DyCTh &, — HepBHIl WIEH [OC/IeI0BATeIbHOCTH,
paBHb @; (¢ = 1 wan 2). Torga z,_1 = —¢;, Tak Kak P(z) = ¢ & ¢ = L.
Ogunaxo pasenctBa P(p;) = Q(¢;) 1 P(—¢;) = Q(—;) 01HOBpEeMEHHO BBI-
MOMHATHCA He MOTYT, NOCKOAbKY P — 4YeTHHI MHOTO4YIeH, () — HedYeTHHI,
a P(p;) # 0. DodToMy @1 I ¢y — eIUHCTBEHHbIe BO3MOXKHEE KOopHH (4).

Do npernokennio 4 ypaBHenue (4) HMeeT palnOHAIBHBIE KOX(DPUITEHTE,
MO>TOMY KOPHH (o1 H (P JTOJKHBL HMETh OJHHAKOBYIO KPATHOCTH. JOCIe]-
Hee MPOTHBOPEYNT TOMY, YTO ypaBHEHIe HeYeTHOH CTeleHH JOIKHO HMeThb
HedeTHOEe KOANYeCTBO TeHCTBHTEIBHBIX KOPHEI.

B BochbMmom maparpadge 6ymeT T0Ka3aHo, YTO e TNHCTBeHHLIe TTPUBeTeHHEe

MHOI'OYJIeHbI BTOpOfI cTenneHu, AJas1 KOTOPBIX CyIIeCTBYIOT HeTOXKIeCTBeHHEIe

KOMMYyTHUpyOHIie MHOT'OY/J€HBL HedeTHOI cTelleHn, — 9TO $2 n $2 — 2.
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7. KYBUYECKUE MHOTOYJEHBI

B »ToMm maparpade MLl mepedncinM BCe MHOTOUIEHB, KOMMYTHPYIOIINe ¢
MHOTPOYJIEHOM BUJa 7+, (DaloMHIM, 9TO CONpsKeHneM JT060i KyGuiecKui
MHOTO'JIeH IPABOINTCA K BUIY a° + [z + «.)

[PEAIOKEHUE 15. Pyems P(z) = 2® + o (0 — nenyaesoe deticmeu-
meavnoe wucao). Bee xommymupyowue ¢ P(x) muozousenvt cymo P™(z).

JOKABATEIBCTBO. AHAIOIHYHO IPEIOKEHNIO 7 TOKaxkKeM, ITO 1060l
komMmyTupyommi ¢ P(z) MuHorowien (Q(z) comepKnT HeHyJIeBBe KO-
HUHEeHTHl TOJABKO IIPH CTEHeHAX &, TAIONMX IpPH JeleHHH Ha 3 OJHHAKOBLIE
ocratku. Mupivn caosamu, Q(z) umeer ognn w3 Bugos Q' (2%), 2Q'(2>) nin
22Q' (). Dycerh € — OTAMUHLIL OT eIUMHAILI (KOMILICKCHBI) KyGudecKuii
kopenb u3 eqnnnnel. Torga P(€x) = P(x) mas moboro z. Umeem

P(Q(&x)) = Q(P(§x)) = Q(P(z)) = P(Q(x)),
orkyna Q(€z)? = Q(x)3, smaunr,
0=Q(2)° - Q¢z)’ = (Q(€x) — Q2))(Q(¢x) — £Q(2))(Q(€2) — €2Q(2)).

TeMm caMbIM ClIpaBeIJINBO OOHO I3 PaBEHCTB:

Q(&r) = Q(x), (5)
Q(Er) = £Q(x), (6)
Q(¢r) =& Q(a). (7)

DOCKOIBKY OTHO U3 DTHX PABEHCTB CIHPaBeJINBO /it GECKOHEYHO MHOTHX 3Ha-
Y9eHnll ¥, OHO CIpaBeINBO NPH Bcex . DpencrasuMm ()(z) B BuIe

Q(z) = Qo(2”) + 2Q1 (2”) + 2°Qa(2”).

Torna
Q(€x) = Qo(2®) + £2Q1 (2®) + €22Q2(2?).

Ecan cnpaseginBo pasenctso Q(€x) = Q(z), To Q1 = Q2 = 0, u MHOTO-
qieH ()(x) uMeeT HeHyJIeBble KOXMUUUEHTH JUIIb TP CTeNeHs X, [eIInXCs
ua 3. Ecim cnpaBeginBo paBerctBo Q(£z) = £Q (), To Qo = Q2 = 0, 1 MHO-
rowien ()(z) nMeer HeHy./ieBble KOX(PMUINEHTH JUIIL TP CTENeHs X, JAIOIIIX
npu gerenun na 3 ocrarox 1. CooTsercTBenHo, paencTBo Q(£7) = £22Q(2)
o3HavaeT, 9T0 Qo = )1 = 0 n MHOTOWIeH ()(2) NMeeT HeHy.IeBble KOX(DPUIN-
eHTbI JUIIb PH CTeNeHAX, TaloMMX NpH JeJeHnl Ha 3 0CTaToK 2.
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Jlajee Tak )Ke, Kak U B NPeMJIOKEHHH 8, MOKA3EIBA€TCH, YTO JOOOU MHO-
roanen () crenenn 3n, KommyTupyomni ¢ P, nmeet Bug Q' o P, rae ) —
MHOT'OYJIEH CTeleHu 1, TOXKe KOMMYTHpYIomui ¢ P.

Sajmada cBelach K HAXOXKTEHHIO MHOT'OYJIEHOB CTelleHH He KPATHOU TpeMm,
KOMMYTHPYIOIIHX ¢ P. DenocpencTBeHHO TPOBEpSeTCs, YTO TOXK [eCTBeHHEBII
MHOT'OYJIeH ABJSETCH €TUMHCTBEHHBIM TaKHM MHOTOYJEHOM HepBOU CTeleHu
(mpoBepka 31mech HEOOXOUMA, TOCKOIBKY TeopeMa 3 yTBepKIaeT JHllb, YTO
TAKNX MHOTOYJIEHOB He OOJbIIe MBYX), 3HAYUT, P™(2) — eIMHCTBEHHBIH KOM-
MY THPYIOUIHHE MHEOrO4WIeH cTeniern 3”. U3 aToro ciaenyeT, 9T0 ecau Mbl Hail 1eM
BCE MHOT'OYJIEHBI CTEIeHH 7, KOMMYTUpYyIolie ¢ P, To MBI TeM CaMbIM Hal [eM
BCe MHOTOWIeHB cTeneneil 35n, koMmMyTupyomme ¢ P.

OcTrajoch [oKazaThb, 4T0 MHOrO4WIeH P He uMeeT KOMMYTHDPYOUIUX MHO-
POYJEHOB CTENeHH BHIIE TePBOU U He KPATHOU TPEeM.

DycTh () — Takoi MHorouwiaen. Torga ero cBOGOMHBIN YieH paBeH HYJO
(mefcTBHTENBHO, €10 HeHYIeBble KOX(PMUINEHTH MOT'YT OBITH TOIBKO IPH CTe-
MeHsX, TANX OMHAKOBBIE OCTATKN HPH JejJeHul Ha 3, a cTaplliad CTeneHb
Ha 3 He JeJUTCA), TOITOMY HYJb SBIASeTCS KopHeM ypaBHenus Q(z) = x. Us
npeioxkenus 10 caenyer, 4To MHOTO4wIeH P nojKeH 6b1Th nepuoguyieckum. C
IPYTOH CTOPOHBI, U3 MOHOTOHHOCTH MHOro4ieHa P cleryeT MOHOTOHHOCTD
NOCIeIOBATENBHOCTH &, ONpenefeHHoll mo gopmyae (3) mpn zg = 0 (oHa
yobiBatomas npn « < 0 u Bospactatomas npu « > 0). U3 xemmbr 3 cieny-
eT, YTO DTa MOCAE[OBATENHHOCTE HENePUOANYHa, & 3HAYUT, HEMEePHOJTUYeH U
MHOTOUJeH P. DojydaeM TpoTHBOpeYUne.

[IPENIOKEHWNE 16. Bce mno20uiensl, KOMMYyMuUpyowue ¢ o, — 3mo
’ ymupyrouw, ’

+2" (n=1,2,...).

JTOKABATEJIBCTBO. Jlerko npoBepuTh, UTO BCe DTH MHOTOWMIEHEl KOMMY-
THPYIOT ¢ 2°. DTUX MHOTOWICHOB HMeeTCs 0 IBa Kax 1ol crenenn. CoracHo

NpeIoKeHNIo 3, IPYTHX KOMMYTHPYIOIIHX C 2° MHOTOYICHOB HET.

8. KIACCUPUKAIINUA MHOTOYJIEHOB, KOMMYTHUPYIONINUX C
KBAAPATHBIMU MHOT'OYJIEHAMU

JIEMMA 4. Cywecmeyem eduncmeennsviii (¢ mounocmuio do  yunodice-
nus na —1) mmozouten F dannotd cmenenwu n marxol, wmo MHO20UAEH
(x 4+ 1)F(2)? — 1 s6asemes nevemmubtiu.

JTOKABATEJILCTBO. Dycth F(z) = az” +ba" "' 4+ ... (a # 0) — muoro-
qleH CTeNeHH N > 1, yIOBIeTBOPAOMINI yeioBuaM JeMMbl. Torga

(x+ )P (2)? =1 =a?2* ™ + (2ab + a*)a" + . ..
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DpupaBHIBaeM HYII0 KOdXPPUAITEHT Tpu 2n-U cTenenn, moaydaeM ¢ = —2b, B
qacTHOCTH, b # 0.
Daznokum F B CyMMY 4eTHOUW W HEYETHOU KOMIIOHEHT:

F(x) = U(z?) + 2V (2?),
TOor'Ta yCJI0OBHe JeMMBI MOXKHO 3allCaThb B BH e
Uy + 22UV () +tV (1) =1 (8)

(Mbl o6oznadman ¢ = 2?). O6ozHauUM cTapumil Ko>pQUITEHT MHOTOWYIeHA
U(t) 1epes wug, a muorourena V(t) — uepes vg. Torga ecin n werHo, To
uy = a, vp = b, 3HAYUT, ug = —2vp u deglU = degV + 1 = n/2; a ecau n
HEYeTHO, TO Ug = b, vg = @, 3HAYNT, vg = —2ug u degU =degV = (n —1)/2.

DenocpencTBeHHO TmpoBepsieTcs, 1To ecan (U, V) — pemenne ypashe-
st (8), ro (U +2tV,2U + (1 —4)V) u (1 — 4)U — 2tV,2U + V) —
Toxe pererus. TakuM 06pa3oM, Mbl nMeeM j1Ba oTobpakenns ® n ¢_ coor-
BETCTBEHHO Ha MHOYKECTBE BCEX MHOTOUIEHOB. DTH OTOOPaKEHUs MepeBOIsT
MHOTOYJIEHBI, ¥ I0BIeTBOPAIOIINE YCIOBIIO JEMMBI, B MHOT'OUIEHBI, TAKKE eMy
Y IOBJIETBOPSIONIIE. DODTOMY Oy [eM HX PacCMaTPUBATh TOABKO Ha MHOKECTBE
TaKNX MHOTOUIECHOB.

Ecin crenens MHOTOWIeHa YeTHA (1 He paBHA HYJI0), TO 0ToOpaxkenne G4
nonnxkaer ee. [ledcTBUTENBHO, U3 yeaOBUH ty = —2vg n deg U = degV + 1
cregyet, 910 deg(U +2tV) < deg U u deg(—2U + (1 —4t)V) < deg V. Anano-
rudHo, oTo6pakenne $_ MOHUKAET CTelNeHb MHOTOWIEeHA, el OHa HedeTHa.

Da caMoM Jeie >TH oTo6pazkeHus (IpH n > 2) MOHUKAIOT CTENEeHb MHOTO-
wieHa Ha 2. /leficTBUTENBHO, JerKO TPOBEPUTD, 9TO ONHCAHHBIE OTOOPAKEHS
&, u ¢_ ABIAOTCA B3ANMHO OOPATHBIMI. DYCTh F — MHOTOWIEH He4eTHOI
cTemeHn (HAMOMHEM, 9TO MBI PaCCMaTPHBaeM TOIBKO MHOT'OUIEHBI, yIOBJ/e-
TBOpsomne ycaoBuio gemmbr). Torga ®_(F) — Toxke MHOUOWIEH HeYeTHON
crernenn. B mpoTuBHOM ciydae moJdydaeM MPOTHBOpeUNe

deg F' = deg @4 (P_(F)) < deg @4 (F) < deg F.

DosToMy oTobpakenune ®_ moHMKaeT cTeNeHb MHOMOYIEHA O KpallHell Mepe
Ha 2. Joibliie, 4YeM Ha 2 cTeleHb HOHU3UTCA He MOXKeT, MOCKOJAbKY o6paTHOe
oToOpakenne P He MOKET MOBBICHTH CTelleHh MHOT'OUIeHa OoJee, TeM Ha 2
(sTO caenyeT 3 ABHOTO BhIpaykeHus mist P ). AHATOTHIHO paccMaTpHBaeTCs
clydall MHOrO4YJIeHa I’ 9eTHOU cTerneHu.

Taknum obpazoM, TpuMeHsAs MHOTOKpaTHO K MHoTrodwieny F, yaoBieTBo-
pAOIIeMy YCJIOBHIO J1eMMBI, TpeobpasoBanns ¢4 mim $_ (B 3aBucnMocTn OT
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9eTHOCTH €ro CTeNeHN), MBI HOXYYHM MHOTOYIEH, ¥IOBIeTBOPSIOMINT yCIO-
BHIO JIEMMBI, IEPBOH WJIH HYJEBOW CTeleHHn. JHAYUT, JI060U TaKOU MHOIOYJIEH
F voxeT 6bITH TOAyTeH N3 MHOTOUIeHa TePBOT WM HYJAEBOH CTENeHH MHOTO-
KpPaTHBIM IpHMeHeHHeM O0OpaTHOIO Npeobpa3oBaHis. DeloCpecTBEHHOe Bhi-
YMCIeHNe TOKA3BIBAET, ITO HCKOMbIE MHOTOMIEHB HYI€BOT U MePBON CTENeHn
— 5T0 TOoAbKO +1 n +(2¢ — 1). 3Ha4nT, I MTOOOH CTENEeHN TaKOH MHOTOWIeH
eIMHCTBEH ¢ TOTHOCTHIO JO YMHOKEHHT Ha — 1.

HPEANOKEHUE 17. Jan mobozo (komnaexcrnozo) wucaa o # 0 wau 2 ne
CYWECTNEYEIN MHO2OUAENA HEUEMNOT CINENENU 6bIULE NEPEOT, KOMMYMUPYIO-
wezo ¢ P(z) = 2? — a.

JOKABATEIBCTBO. DycThb Q(x) — MHOro4IeH crenenn 2n + 1 (n > 1),
koMMyTHpylomuni ¢ P(x). U3 npemtoxenus 7 ciegyer, 410

Q(z) = 2Q'(2?),

riae Q' () — MHOTO4JIEH cTeneHn n co cTapimM KoadduinenTom 1. Yeaosne
KOMMYTHUPOBaHUS MHOT'OYJEHOB 3allllleM B BU e

v*Q'(2%)* = P(2)Q'(P(2)*) + av.

P(z) 2
JpeanonokuM, 9To « # 0, 1 BBeJleM oGO3HadeHNe y = ——, Torja &° =
e

= a(y+1). Umeem

(y + DQ'(ay + a)* = yQ'((ay)?) + 1.

O6osuatum garee F'(y) = Q' (ay + o) u G(y) = Q'(ay). Crenens MHOrOLIE-
Ha F' paBma n, a crapinil Ko>dduinenT paser . DolydaeMm

(y+ D) F(y)* =yG(y?) + 1. (9)

Boabmem B katectse Q(z) muorodwren P, (x), KomMmyTupylommi ¢ 2 — 2, u3
npeaaokenus 9. B oroMm caydae crapiimil KoadppuineHT MHOro4ieHa F pa-
BeH 2". DOCKOIbKY B cmay (9) MHOrowIieH [’ yIoBIeTBOpsieT yCJIOBHAM JeM-
MbI 4, s JT000r0 IPYroro MHOTO4YIeHa (Q(2) MBI MOXYYUM TOT Ke CaMblil
MHOTO4IeH F'| 6BITH MOYKET, YMHOKEHHBIN Ha — 1. DTO BO3BMOKHO TOABKO €CI1
o = 42" 3naqut, || = 2. OgHAKO B TOM CIydae BOCIOIb3YeMCs Mperio-
xKennem 126) — MHOrowIeH z2 — o ABIAETCA HeMepHOAUIeCKIM, 3HAUAT, He
IMeeT KOMMYTHPYIOIINX HeIeTHOH CTeleHH Bl IepBoil.

O6benutss pe3yabTaThl CJIeACTBUS 2, TPeLJIOKeHus 2, TpelJoKenus 9 u
ero CJIeACTBUA W TpelIoKeHuin 8 u 17, moiyyaeM OCHOBHYIO KaacCH(PUKAIIM-
OHHYIO TeopeMy.
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TEOPEMA. Pycmb P(x) = 22 —a. To2da 6ce mnozouienvt, KoMMYMupyo-
wue ¢ P(z), cymb mnozousenvt 6uda (n — yea0e HEOMPUYATNEABHOE YUCAO):

> ", ecau o = 0;
> P,(z), onpedeaennvie 6 npedaoxcenuu 9, ecau o = 2;

> P"(z) 6 ocmaavnbir cayuan.

C yderowm npemioxkenus 1 u JjemMMbl 1, 5Ta TeopeMa HOJHOCTHIO KJIacCudu-
HHpyeT BCe MHOPOYJIEHB, KOMMYTHPYIOILINE ¢ TaHHBIM MHOT'OYJIEHOM BTOPOW
CTerneHn.

9. KOMMYTUPYIOIMNE PALIMOHAJBHBIE GYHKIINU

Kax MBI Bugeau, ciyiam KOMMYTHPOBAHUSA MHOTOUJIEHOB OUeHB PEIKH.
DpuseieM OUH CHOCOO MOCTPOEHHUS TPUMEPOB KOMMYTHPYIOIINX PALKOHAIb-
HBIX (PYHKI[UU. DAaCCMOTPUM LIS 3TON0 KPUBYIO (5, 3a1aBaeMyi0 COOTHOLIEHH-
em y? = 234 pr +¢q. Ipadux Toil KpuBoil f11 caydas p = 1, ¢ = 0 m306pazken
Ha puc. 1.

C/

Puc. 1.

Da KpuBon (G BBeJEM OMEPaIUio «CAOKEHUST TOTEK» CASTYIONNM 06pa3oM.
JycTh jgBe (He CHMMeTpHYHBIE OTHOCHTEJNbHO ocn abcmmec) Todkn A u B
JexkaT Ha KpuBoil (. DpoBegeM depes HUX CeKyIIyio (WM KacaTelbHYIO B
crydae coBnajgenns todek A u B). Ona mepecekaer kpuByioo (G B TOYKax
A, B n B HekoToponl Tperbeil Touke C’. JleficTBUTeNLHO, ypaBHEHHE DTON
(HeBepTHKAIBHON) KpUBOH Oy1eT umeTh Bug y = kx + b. Toukn nepecedenns
BTON NpAMON ¢ KpuBOl (G CyTh pellleHus CHCTEMBI

y: = 2P +pr+yg,
y = kx+0.
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DO0JICTaBUB B [€PBOe ypaBHeHWEe CHCTEMbI BMECTO Jj ero 3HaYeHne U3 BTO-
poTo ypaBHEHHUs, MoJydaeM Kybmdeckoe ypaBHeHNe OTHocHTelbHO z. [IBa
(6BITH MOXKeT, COBHATAIINK) €r0 KOpHA — 5TO abcuucchl Todek A n B.
Tperuin kKopenb 6yger abcunccoil uckomoin Toukn C’. Opannara Touku C’
O/THOBHAYHO HAaXO/UTCS U3 BTOPOI'o ypaBHeHus cucteMbl. CyMMoOl ToYeK A u
B nazniBaeTcs Touka C', cuMmmerpninas Touke O/ oTHOCHTENLHO OcH abCIiicc.

Ecan Toukn A 1 B cuMMeTpUYIHB OTHOCHTENBHO OCH abCINCe, TO UX CYM-
MO cuuTaeTcs fobaBieHHads K Kpuoi G 6ecKoOHedHO yiadeHHas Touka. CyM-
MOl J1060H TOYKH A U OGeCKOHEYHO VIaJeHHOH TOYKH CHYHTAeTCs caMa TOdU-

Ka A.

JIEMMA 5. Bsedennas onepayus caodxcenus mouex na xpusot G A6asem-
CA GCCOYUGMUESHOU.

Mgl He 6y jeM IPHBOIHTEL JOKa3aTelLCTBA DTOH JIeMMEL, er0 MOKHO HaiTH
BO MHOT'HX KHUTaX, B 4acTHOCTH [6, 7]. Kak ciecTBIe JeMMBI b TOMydaeM, 9TO
oA 110601 TOUKE A KOppeKTHO ompefgeiena Todka nA = A+ A+ ---+ A.

N cjJaracMbBIX
DaccMOTPIM MHOXKeCTBO (PYHKIUH F), onpejgeleHHBIX paBeHcTBaMn [, (24) =

= x4 (4epes x4 1 T,4 0603HAUEHBl abCHUCCH ToYeK A I nA cooTBeTCTBeH-
HO).

[MTPEANOXKEHUE 18. Dynuxyuu F, A6.420MCcAs NONAPHO KOMMYMUPYIOULU-
MU PAYVOHAADHBIMYU PYHKYUAMU.

JIOKABATEJLCTBO. KomMmyTupoBanne (GpyHKOuE F; TOKa3BIBaeTCA IPO-
CTO. DYCTh & = & 4 Juid HeKoTopou Touku A € G. Torma

Fool,(2)=F,(2p4) = Tmna = Fo(2m4) = F, 0 Fi(2).

DalHOHANBHOCTE Oy IeM TOKa3kiBaTh HHAYKIKe:d no n. OaHoBpeMenHo 6y-
IeM MO0KazblBaTh, YTO KBaIpaT YIJIOBOTO Kox(hduiuenTa k, OpiMOU, TPOXO-
IALIEH 9epe3 TOYKH T4 U Xp4, ABIASETCS PAUOHAJIBHON (PYHKIUEH OT Z 4.

Pasza wngyknuun. QueBujgno, uro Fy; = id — panunonaabHas (QpyHKIHUs, a

ki(xz) — »T0 mpomsBogHAL d—y (pyuKuME, 3agakoliiei kpupyio G. JodrTOMY
x

(23 +px +q) _ 322+ p
(%)’ 2y

kl ($) =

(3224 p)?

B g) = ot TP
i) A(23 4 pr +q)
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Hlar magykaom. Dycts Fo(z) u k2 (z) apasioTcs paunonaibHbMu (QyHK-
nusivu ot 2. Toukn A, nA uw —(n 4 1)A nexar va npsvon y = ky(z4)z + b,
3HAYNT, UX AOCIHUCCH T4, Tpa = I (za4) 1 T_(n41)A = T(nt1)A = Foy1(za)
ABJAAIOTCA KOpHAMH Kyb6udeckoro ypasuenus (k,(v4)x +b)% = 2% + pz + ¢.

Do Teopeme Buera x4+ F, (v4)+F, 1 (v4) = kp(24)% Dovromy F, 4 ()=
= ky(2)? — F,(2) — z. Tak xax pynkunn F,(z) n k,(z)? paunonaibuer mo
NPeANONOKEHNI0 HHIVKINT, TO Fj,41(2) — TOXKe paunoHaIbHAS QYHKIHA.

DockoabKy Toukn A, nA n —(n+ 1) A 1exar Ha OTHON TPAMOH C YIVIOBBIM
Koo punenToM kyy(24),

YA — UYna = kn($A)($A - an)7
Ya + Yng1)a = kn(24)(TA — T(nq1)a)-

C npyroit ctoponsr, Todkn A u (n+ 1) A JexkaT Ha IPAMOI ¢ YIIOBBIM KO-
dunneHTOM ky\yy1(24), MOSTOMY

Yya — y(n—l—l)A — kn-l-l ($A)($A - x(n—l—l)A)‘
36p€MHO)KI/IB ABa MOCJHeTHNX paBeHCTBa, IIOJY4YaeM

Vi = Yiurya = Ea(a)kap1(za) (@4 — 2(ngn)a)?s

OTKY da cjaenyeT

2 2
Y4 =7 Ynt1)a

(TA = @(up1)a) Ren(ea)

(@3 +pratq) = (@, 1)a + PTana+0)
(T4 = 2(ny1y4) *kn( )

(25 + TaZ(np)a + 2 1y4 T D)

(A = 2(g1ya)bn ()

kn—l—l ($A) =

SHavuT,
$2 + an—I—l ($) + Fn—l—l (x)z ‘|’p
(@ = Fay1(2)) k(@)
Bossens nocreguioro (opMylry B KBaJpaT, U3 PAlHOHAIbLHOCTH (DYHKIHI
k,(z)? (mo npegnonoxkenuto nuayknun) u F,.i(x) (goxazanuoll Bbie) mo-

JydaeM palnoHalbHOCTh kyy ()2

knt1(2) =

B xadecTBe ynpaKHeHHS IpearaeM YNTATeN0 HAUTH IBHBIH BHI QyHK-
unit I, (2) 118 HeCKONBKUX 3HAYEHUI 7.
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