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P. P. ®penxun

OEAL DTOW 3AMETKH

Dedb MOUAET O HEKOTOPHIX B3ANMOCBA3AX MK Y OOIIeN3BEeCTHREIMI MaTe-
MaTudeckuMu (axTamu. CaMi 3TH B3aUMOCBA3H, OJHAKO, He OOIIeU3BeCTHBI
(m, crreoBaTenbHO, He OUeBHAHBI). ABTOp npu3HaTenern A. K. KoBaabmkn 3a
MI0MOTBOPHOE OOGCYK/TeHTe, KOTOPOe MPUBEI0 K YAYIIIEHNI0 HEKOTOPHIX 10~
Ka3aTelhCTB, a TakiKe (POPMBI U3JA0KEHUST B TETOM.

Kaxaprit, KTo n3yvad MaTeMaTHIecKHl aHaJn3, 3HaeT, ITO WHTerpai oT
CTeNeHn ¢ ToKazaTeleM —1 eCTh, ¢ TOTHOCTBIO 0 KOHCTAHTH, HATY palbHbIH
Jorapudm, a Ipu APYrHX HOKazaTelsiX — CTeneHb ¢ KOXPPUIHEHTOM. DTOT
(hakT coobImaeTcs HACTOIBKO PAHO, ITO He TOPOXKTaeT HUKAKHX BOMPOCOB. A
MeK Iy TeM CUTYallls JOCTATOTHO Mapa oKcaabHa.

Krace cTenenubx GyHKINN BHITAAIHT OMHOPOIHBIM MO CBOEH CTPYKTYpE,
HO WHTerpaJ OJHON W3 HUX NMeeT COBEPINeHHO NHOHW BH, €M Y OCTAJTbHBIX.
DaBepHOe, B OCHOBE JEXKUT KaKOU-TO CYIHIeCTBEHHBIW (PaKT, KOTOPHIH [TOJ-
JKeH MPOABUTHCS U B APYTUX CHTYANNAX. XOTeTCA TOHATDH, B 9eéM OH COCTOUT.
Kpowme Toro, 66110 6B MHTEPECHO MOIYIATHL WHTErPAJ CTENeHHON (PYHKINHT
B pe3yJabTaTe eINHOO0GPA3HOTO PACCYXKIEHUsA, MPUTOAHOTO [MId JI060T0 TO-
Kazarens cremenn. (B kypce aHaqmsa OTAeNBHO BEIYHCAAIOTCS MPOH3BOTHbIE
OT CTeMeH” W Jorapudma, 1 Kak OB CIyTaiHo B 060X CIyYaisX MOTYIaeTCs
cTeneHHas QYyHKINS.)

B 3aMeTKe MBI BEIACHUM 3TH BOTPOCHI, 06PATHBIIACH K TeM (PYHKIHOHAT -
HBIM YpaBHEHHUAM, KOTOPHIM YAOBIETBOPAIOT cTemeHb n JoTapudm. Bee 3na-
0T, 9TO CTeNeHb MPON3BEIeHNs paBHa MPOU3BEIEHNIO CTENeHed, a Jorapudm
mpousBejeHus — cymme Jdorapudpmon. OTcona yraeTcs MOAYYUTh HCKOMBIR
eIMHOOBPA3HLIN CTOCO6 WHTErPUPOBAHNS CTeNeHn. BhIABASeTCA TakkKe CBA3DL
MeXK Iy CTENeHbI0 I JOTapuPMOM, C OMHOT CTOPOHBI, I TOMOTETHEN I CIBATOM
BEIIeCTBEHHOW NMPAMOU — ¢ IPYroil. 3arafgodtas «0COOEHHOCTEY MPH HHTE-
TPUPOBAHUN CTENeHel OKa3bIBaeTCAs OTpaykeHWeM BIOJHe TOHATHOTO MeoMe-
TpHIeCKOro (paKkTa: CyMMa TOMOTETHN U CIBATA AN60 CBOATCS K TOMOTETHH,
aubo TmepBoe caraeMoe B Hell — TOXKIeCTBeHHOe (M TOr[a OHa eCTh CIBUT).
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WHTEIPUPOBAHUE U ®YHKUUOHAJBHBIE YPABHEHUA

Urak, nycts F(z) = 2% — cTenenHas (pyHKINSA ¢ BEIIECTBEHHBIM MOKa3a-
TesieM, 3aJaHHas B 001acTH & > 0 (4TOOHI He MMeTh Jefa ¢ Pa3phiBOM B Hy.Ie
npH OTpHIATeNbHOM o). JycTh ((2) — nepBoobpasnas mist F'(x); okasbiBa-
eTcq yI0OHBIM BHIOpATH ee TaK, YTOOH

G(1) = 0. (1)
CrenenHas GyHKIUS yI0OBIeTBOpAeT (PYHKIMOHAIBHOMY YDaBHEHUTO
Fay) = F(z)F(y). (2)

EcTecTBeHHO 0XKIJATh, 9TO I ee NepBOOGpasHas yI0BIETBODPAET KAKOMY-HII-
6yIb IPOCTOMY ypaBHEHIIO — BO3MOXKHO, TaKXKe COJepiKalleMy £Y. JOITOMY
nonpo6yem Beipasuth G (zy) depes G(z) u G(y). C yaerom (1) n (2) nmeem:

G(acy):/MF(t)dt:/yF(t)dt—l-/xy P(t)dt =
=G+ [ Flwdien) =G+ Py [P =

=G(y) +y" G ().

Jlast kpatkocTu nojoxum 3 = o + 1. Ml noay4uiu, Kak U CTPEMUIUC,
(pyHKIMOHAJbHOE ypaBHeHue it G

G(ay) = y'G () + G(y). (3)
Dockoabky zy = yx, 10 y*G(x) + G(y) = 2°G(y) + G(2), a
Ga)(y? = 1) = G(y)(«” - 1), (4)
Ecau BLIpazKenus B CKOOKaX He paBHBL HYJII0, TO

G(z) _ _G)
pP—1 (7 =1)

T. €. KaKTad U3 qacTel »>TOro paBeHCTBa He 3aBHCHUT OT BXO,Z[HHIGI?I B Hee
HepeMeHHOfI. TOF,Z[& HNCKOMas HepB006pa3Haﬂ nMeeT BH

G(z) = c(z’ = 1) (5)

¢ HEKOTOPOH KOHCTAHTOMN C.
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DycTh Terneph ofHa 13 ckob6oK B (4) paBHa Hyaio — nanpumep, z° —1 = 0.
Torga au6o @ = 1, Ho B »ToM caydae (5) IpOJOMKAET BBHIIOIHATHCA BBHIY
(1); au6o =0, u (3) npuHEMaeT BUI

G(zy) = G(z) + G(y). (6)

Dpu »roMm G(), Kak mepBoobpasnas 1ii 1/, HelpepblBHA U HE SBISETCHA
TOXK IeCTBEeHHBIM HyleM. XOPOIIIO H3BeCTHO, YTO Cpeln TaKnX GpyHKINH ypaB-
Henne (6) BbLIeJAseT JOrapudMEL

OcuoBatue jorapudma He OIpelelseTcs U3 NPEeIBLIYIINX PacCy K IeHni,
Tak Kak ypasHenue (3) Bolgep:kKuBaeT ymHoxenue GpyHkunn G Ha KOHCTaAH-
Ty. DODTOMY HYKHO PO (G PepeHnnpoBaTh MOLYIeHHYI0 GYHKINIO I TOCMO-
TpeTh, IPH KAaKOM OCHOBaHIH JorapudgMa nonydaercd gpyukuus F. Crazan-
HOE OTHOCHTCA M K KOHCTaHTe ¢ B ypasuennu (5).

lrak, 1ocTHTHYTA OLHA U3 IOCTABIEHHBIX eJell: MBI HAllLIH eJHHO0Opa3-
HOe paccyikjIeHIe, MO3BOAOIee IPONHTEI PHPOBATEH CTENEeHHYO (YHKINIO ¢
IPOU3BOIBHLIM IOKa3aTeleM. JPH DTOM HCIONb30BAINCh H3BECTHBIC (YHK-
NHOHAIbUBIC ypaBHeHHs [1is cTemnenn u jgorapudma. OIHAKO HO-IpEKHEMY
HEACHO, KaKas Hjes IPOABIfeTCs B pACIleNJIeHHN Ha ABa cIydad: o = —1 1
BCe OCTaJbHOe.

DOYHKINOHAJNBHEIE YPABHEHUA U A®D®UHHBIE IIPEOBPA3OBAHUA

Bepuemcs k ypaBuenuio (3). dukcupyem s3nadenne y. Tormga sTo ypaBHe-
HIe MOKa3bIBaeT, 9TO MPOUCXOInT ¢ ¢pyHknueir G (x) npn 3aMeHe & Ha Ty: ee
MHOKECTBO 3HaYeHNI TMoaBepraeTcs adPUHHOMY TPeoGpasoBaHmio (€ KO-
(UITeHTAME, 3aBUCSIIIME OT ¥ ). DaCCMOTPUM DTO Mpeobpa3oBaHie MOKpO6-
Hee.
Jpu f = 0 moayugaercs casur, n G(x) ecth jorapudm. B ocranbubx
caAy4dasix MBI MOJYY9aeM CYMMY DOMOTETHH U CIBHI'a BeIeCTBEHHOUW NPIMOM.
Do Takoe npeobpazoBaHlie NeOMETPHYECKH CBOMUTCSA K roMoTeTnn. /leicTBu-
TeNbHO, ecau P — adgpurroe npeobpazoBanuie NpIMOU,

Pz =ax + b, (Ta)
TO CYLIECTBYeT TAaKoe ¢, 4TO
Pz —c=a(z —¢), (76)

a IMEeHHO:

c=b/(1-a). (76)

BBupgy (76) P aBagercd roMoTeTHER ¢ LEHTPOM C.
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Urak, ecin § # 0, To npn KaiKI0M 3Ha4YeHIN Y ypaBHenue (3) 3ajaer He-
KOTOPYIO FOMOTETHIO MHOJKeCTBa 3Hadennil G(x). DernoBIKHas TOIKA DTOH
roMoTeTn (POPMAIBLHO 3ABUCAT OT Y. JOKaxkKeM, ITO Ha CaMOM [ele TAaKOH
3aBHCHMOCTH HeT.

DpeobpasoBanns Bija (3) COOTBETCTBYIOT YMHOKEHHUIO IePEeMEHHON & Ha
Pa3JIMIHbIe 3HAYCHNS § U NOTOMY KOMMYTHPYIOT MeX 1y co6oll. Do ecan mpe-
obpazoBanug P, () HeKOTOPOI0 MHOKECTBA KOMMYTUPYIOT H HMEIOT IO OIHOH
HEIIOIBHAKHON TOUKe, TO DTH TOUKH COBIAIAIOT. [efcTBHTENBHO, IYCTh ¢ —
(emmuCcTBeHHAs) HemojgBmxkHAA Todka 1t P. Torma P(Qc) = Q(Pc) = Qc,
T. e. (Jc — HeNOJBHKHafg ToUKa Al P I MoToMy cOBHagaeT ¢ ¢. 3HAYUT, ¢
— HeNoJBIZKHAA TOYKA I (), 1TO I TPeGOBaIOC.

Urak, npeobpazoBanus (3) HMEIOT OJHY I TY K€ HEIOJBIKHYIO TOUKY €
npu Beex y > 0. Dro 3nauut (cM. (7a)—(76)), 4T0

G(zy) — =y’ (G(2) - ¢),

T. e. qas Gyuknun G(2) — ¢ yMHOXKeHIe apryMeHTa Ha Y COOTBETCTBYET Io-
MOTETUN Ha MHOXKEeCTBe 3HadeHUH. D0 Torjfa (PYHKIHS OKAa3hIBA€TCA CTEIleH-
HOM (¢ KOD(ppUUMEHTOM), MO T06HO TOMY, KaK B Cilydae CIBATa OHA SABISIACH
JorapudMoM. (31ech MOKHO PACCYK TATh 10 AHAJOTHH € EPBOH JaCTHIO 3a-
METKU: TOMEHsieM MeCTaMi & U Y, pasfleluM lepeMeHHble W B HTOIe BhIfC-
M Bijg G(2) — ¢. D0 MOXKHO TakiKe 3aMeTHTb, 4TO BBIIy (3), (7a) u (7B)
c=G(2)/(1 - 2P), orxynma G(z) = ¢(1 — 27).)

MBI mony4Ymin, ecTeCTBEHHO, TOT YKe pe3yJbTaT, 4TO U paHble. Jpo-
HIpaB B POPMAJbHOU HPOCTOTE, MbI 3aTO BHISBUIN CYTh pacCMaTpUBAEMO-
ro sBienusi. OKasbIiBaeTCs, paziuyHble 3HAYEHUS TTOKA3ATENS CTEIeHH MOKHO
CONOCTABATHL a(pPUHHBIM TPeoOpa30BaHUAM HPAMON C Pa3INnIHLIMI KOD(MEU-
[HHeHTaMU OpU TepeMeHHOU. JDpu & = —1 3TO CABUT, B OCTAJbHBIX CAyYasx
— romoTerusi. CIBUT' eCTECTBEHHBIM 00pa30M COOTBETCTBYeT JOTrapu(pMy,
a TOMOTeTHs — cTemeHHon QpyHKunH. «KaTtacTpoday Tpn HHTETpHPOBAHNN
CTeNeHHOU (PYHKIUU B AeUCTBUTEAbHOCTU NPHCYTCTBYET B MHOXKecTBe ad-
(pUHHBEIX peoOGpa3oBaHul MPAMOI: CyMMa T'OMOTETHH U CABHIA T'eOMeTpuye-
CKH He OTJHYaeTCs OT CBOEr0 KPaWHEero ciydas — YUCTOU DOMOTETHH, eCau
TOJIBKO OHa He OBLIA 3aJaHa Kak IPYrol KpaWHUU CaAydal — YHCTLIA CIBUT.



I/IHTeraJI OT CcTelleHH! HeOYeBHJHOe B O9eBHIHOM 107

JONOJHEHHUE 1: OB OJHOM BO3MOZKHOM OBOBIIEHUUA

Cootnomrenne mexkny G(z) u G(zy), 3agamnnoe ypasuenuem (3), umeer
crennduiecknil BiA: B HeM npucyTcTBytor ((y) u crenennas pynknus. Ecre-
CTBEeHHOe 0GOOIIIeHIe COCTOAIO OB B CleIyoleM. DoIpobyeM HAlTH BCe He-
npepuiBible (yHKIHH (G(2), TOXJECTBEHHO yIOBIeTBOpsomne (B 061acTH
z > 0) ypaBHEHITO

G(ry) = A(y)G(z) + B(y) (8)

¢ HenpepuBEBIMI pyHKIEAME A(y), B(y).

Jlerko Bugers, uro ecan gis G(z) Bomoausercs (8), To n gus G (x)4const
BBITIOJIHEHO aHAJOTMYHOe ypaBHeHHe (1 ¢ Ton ke pyukumen A(y)). DosTomy
MOXKHO CIUTaTh, 9TO

G(1) = 0. 9)

DOJIOXKHUB TONa & = 1, TOAYYUM

G(y) = B(y). (10)

Maxee MBI MOTIH GBI, KaK U BEHIIIE, ICIOIB30BATh KOMMYTATHBHOCTH YMHOXKE-
HIIf, HO 6ollee H3AIIHOE PACCyKIeHIe OCHOBAHO HA €r0 acCONNATHBHOCTIL.
N3 (8) u (10) caexyer,aro

Glryz) = Alzy)G(z) + Gley) = A(zy)G(z) + A(2)Gy) + G(2);

Glryz) = A(e)G(yz) + G(2) = A(2) A(y) G (2) + A(2)G(y) + Gz).

CpaBHEB DTH paBeHCTBa, BHAUM, 9TO an60 ((z) — TOXKIECTBEHHBIH HY.Ib,
au6o BuimogHsAeTCs Tox TecTBO A(zy) = A(x)A(y). B nepBom cirydae A(x) mo-
KeT OBITH J10601 HellpepLIBHON (yHKIHel. Bo BropoM ciydae, Kak H3BECTHO,
A(z) — nubo crenenb, 1160 TOXKIECTBEHHBIH HYIb. Do ecan A(x) — Tox 1e-
CTBEHHBIN Hyab,To notoxkuM B (8) y = 1. Torga us (10) u (9) cregyer, 4To un
G(2) — TOXKIECTBEHHLIN HYIb.

Taxum o6paszom, obiiee ypaBuenue (8) M0 CyLIECTBY CBOLUTCHA K ypaBHe-
uuio (3): () mocie cIBUra Ha KOHCTAHTY JHO0 CTAHOBHTCA TOXK I€CTBEHHBIM
HyJaeM, an6o coBnagaer ¢ B(z), mpudem B nociennem ciaydae A(x) spiasercs
CTeIEeHBIO.
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JTONOJHEHUE 2: DKCIIOHEHTA U JUHENHAA OYHKINA — HOPUMEP
HA TY 2KE TEMY

ABnenne, paccMOTpeHHOE B 3aMeTKe, MOXKHO HAabJIIONATL U B IPYTHUX CIY-
qafx. JanpuMep, MIpn HHTEIPHPOBAHUN IKCIOHEHTH! €% moiydaercs (¢ TOY-
HOCTBIO M0 KO3(P(UINeHTa I aTINTHBHON KOHCTAHTHI) DKCIOHEHTA, 3a HC-
KJI0YeHHeM eluHCTBeHHOro caydas « = (, Korjga mepBoOGpa3HOu SBASETCH
JuHelHas (PYHKIUS. 31eCh MOXKHO IPOBECTH PACCYZK I€HUS, aHAJOMHYHBIE 13-
JOYKEHHBIM BBIIE. DYKHO HCIOJIb30BATH COOTHOIIEHUS

eoz(ac—l—y) — eozaveozy7

a(z +y) = a(z) + aly).

DaccMoTpeB nepBoobpasuyio H B Touke x + y, nodydaeM s Hee PYHKIUO-
HaJbHOe ypaBHeHNE

H(z+y) =e¢"H(z)+ H(y)

0 1ajee TefiCTByeM Kak Ipn aHautuse ypaBHeHns (3). B mawnOM ciydae skc-
MOHEHTA COOTBETCTBYET NOMOTETHH, a JUHelHas (PYyHKIUA — CIBUDY.



