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r[[I/IO(l)aHTOBbI YpaBHEHIA 14 MHOI'OTJICHOB

B. B. IIpacomsos

MHorouenbl 06JaIal0T MHOPUME W3 CBOHCTB, KOTOPBIMEU 00JaTat0T Ha-
TypaJbHEIE YHCAa. DJaOpUMep, s MHOT'OWYIEHA ONpPeNeleH0 PazioKeHne Ha
MHOXKUTENH, [IJisi Tapbl MHOTO4JIEHOB Ol peflefieH HauGoabIni OGN fe1UTelb
u T. 1. B cBA3M ¢ 3TUM [ MHOTOYJIEHOB MOYXKHO MOCTABUTH 3aMa4qi, aHAJIO-
PUYHBIE U3BECTHBIM 3ajladaM U npobjieMaM Teopun duced. Kak npaBujo, jis
MHOT OYJIEHOB 3a/[a4a pellaeTcs CYIeCTBEHHO Npoliie. JalpuMep, 3HaMeHuTasn
runoTe3za Pepma o ToM, UTO Tpu n > 3 ypaBHenme z” 4 y” = " He mMeeT
pellleHnil B HaTypaidbHbIX YHCIaX, Oblla [OKa3aHa JUIlb COBCEM HelaBHO. A eé
aHaJOT (HepaszpemnMocTh ypaBHenus f” + ¢ = A" mis MHOIO4YIEHOB), KaK
MBI celidac YBHIHM, TOKA3bIBAeTCS CPABHUTENBHO IPOCTO.

Onucanue Bcex TPOeK HATYpPaJdbHBIX duces &, 3, v, 1is KOTOPHIX ypaBHe-
ane f@ + ¢” = hY gpasg MEHOrOUIEHOB f, ¢, h HMeeT HeTpHBHAJLHOE pelleHIe,
OBLIO MOJAYYEHO B KOHIIE HPONLIOro Beka. Mbl npuBegeM 6ojiee COBpeMeHHYO
BEPCHIO DTOU KJIACCHPUKAIHHT.

Dpu IOKa3aTelbCTBE HEPAZPEIIUMOCTI MHOTHX THO(PAHTOBLIX YPaBHEHU I
IJst MHODOYJIEHOB BechMa 3(P(EKTUBHEIM OKa3bkiBaeTCH ClefAylollee yTBepK-
neHue.

TeoPEMA 1 (MEWicon). llyems a(z), b(x) u c¢(x) — nonapro e2aummo
NPOCMBIE MHO2OUAEHDL, CEAZAHHBIE COOMHOULEHUEM

a(z) 4+ b(z) 4+ ¢(z) = 0.

Tozda cmenensv kaxncdo2o U3 IMUT MHO20UACHOE HE NPESOCTOIUM
no(abc) — 1, 2de ng — KoAUUECTI60 PASAUNHBIE KOPHET MHO20UAEHA.

JTOKA3ATEJILCTBO. DdonoxuM f = a/cu g =b/c. Torna f u g — pamno-
HaJbHBIe (PYHKINH, CBA3aHHbIe cooTHOIeHneM f + ¢ + 1 = 0. Dpoanddepen-
IUPOBaB BTO paBeHCTBO, noaydum f' = —g’. Dovromy
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Danuonalbuble GyHKINN f U ¢ UMEIOT clenmalbHbl Bug [[(z — p;)™,
ri € Z. las dyuxunu R(z) = [[(z — p;)"* BomonHSETCA PaBEHCTBO

R Z x —ZPZ"
Dyers a(z) = [[(z —a;)%, b(x) = [[(z = B;)%, c(z) = [[(z —&)*. Toraa
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SOBTOMy IIocje YMHOzKeHUs1 Ha MHOT'OYJeH

No =TT —ai) @~ 5)(x — )

crenernn ng(abe) paunonansbasie yuxkunu f'/f u ¢'/g cranoBsTcs MHOTOWIE-
HaMU cTeneHn He Bhilile ng(abe) — 1. Takum o6pasom, n3 B3aHMHOI TPOCTOTHI
MHOTO4IeHOB a(2) u b(x) 1 U3 paBeHCTBa

b Nof/f

a  Nog/g'

cleyeT, 4TO CTeleHb KazK Jor0 I3 MHOTO4IeHoB a(z) 1 b(z) He mpeBocxonT

no(abc) — 1. s MHOTOUIeHA ¢(2) JOKA3ATEIBCTBO AHATOTTTHO.

W3 TeopeMur 1 MOXKHO U3BJIeYEL HHTEPECHEIE CIeMCTBUA, KOTOPHIEe MBI cpop-
MYyJupyeM KakK TeopeMbl 2—4.

TEOPEMA 2 (/I3BEHNOPT). [lyems f u g — 62aumno npocmuie muo2o-
waenvl wenyaesoti cmenenu. Tozeda

1
deg(f? —g%) > S deg [ + 1.
JTOKABATEILCTBO. Ecan deg 2 # deg g2, To
3 2 3 1
deg(f” —¢7) > deg f* = 3deg f > S deg f + L.
DodTOMY MOXKHO cinTaTh, uTo deg f° = deg g? = 6k.

DaccmoTpuM muorowtens F = 3, G=¢g*u H =F — G = f3 — ¢2. flcuo,
yro deg H < 6k. Corunacuo Teopeme 1,

max(deg F,degG,deg H) < no(FGH) — 1 < deg f+degg+degH — 1,
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6k < 2k+ 3k +deg H — 1.
Takum obpazom, deg H > k+ 1 = %degf + 1.
S3AMEYAHUE. [/las MHOIO4JE€HOB
0 = P42
g(t) = t*+3t
HepaBeHcTBO /pBeHTOpTa 06paliaeTcs B PaBEHCTRO.

TeoPEMA 3. Hycms f, g u h — 63aumno npocmble MHO2OUAEHDL, NPUNEM
romsa 66t 0odun uz nur — wne xowcmanwma. Toeda pasencmeo

T n n
ff"4+g"=h
HE MOACEM SLINOAHAMBCA Npu 1 = 3.

JOKABATEJNLCTBO. CoryacHo Teopeme 1, cTeneHb KayKJIoro U3 MHOIO-
€ienoB f7, ¢g" n h’ He IPEBOCXOIHUT

deg f +degg+ degh — 1.

Ca0:KUB 3TH TPH HEPaABEHCTBA, MOJYYUM

n(deg f + deg g + deg) < 3(deg f + degg + degh — 1).
CaeroBarenbro, n < 3.

Muogantoso ypasrenne [ +¢® = hY 111 MHOroWwIeHOB f, ¢, h HMeeT OYeBH I-
HOe pellieHne, ecilu OJTHO U3 duces o, 3,7y paBHo 1. DodToMy 6yeM CYuTaATh,
qTo a, 3,y > 2.

TEOPEMA 4. Hycms oy 8,y — namypasvuvie wucaa, npuuen 2 < o <
< B <. Toeda ypasnenue
[r4d=w
UMEET 63AUMNO NPOCTBIE PEULEHUA AUWD OAS CAYUAL CACIYOUWUL HAOOPOS
(o, B,7):(2,2,7), (2,3,3), (2,3,4) u (2,3,5).

JOKABATEJNBCTBO. DycTh a, b u ¢ — crenenu MmuOro4wienoB f, g u h.
Torga, cornactHo Teopeme 1,

aa < at+b+ce—1, (1)
Bb < at+b+ec—1, (2)
ye < a+b+e—1. (3)
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CaeloBaTelbHO,
ala+b+c) <aa+ pb+ve<3(a+b+c)— 3,

i 3HAYUT, o < 3. D0 YCIOBUIO & > 2, MODTOMY & = 2. Dpu & = 2 HepaBeH-
c¢TBo 1 mpuHIMaeT BHUT

a<b+c—1 (4)
CroxuB HepaBercTBa (4), (2) n (3), moayanm
Bb+yec<3(b+c¢)+a-—3.
YauTheiBas, 9T0 [ < 7, U ellle pa3 NpuMeHss HepaBeHcTBo (1), moaydaem
Blb+e) < Ab+e) -4,

a 3nayut, § <4, 1. e. f =2 nau 3.
Ocraetcs 10Ka3aTh, 910 ecin § = 3, 70y < 5. Dpn § = 3 HepaBeHCTBO (2)
TPUHUMAET BT

280 <a+c—1. (5)

CaoxuB HepasencTBa (4) u (5), morydum

b<2c—2.
B rakom ciydae u3 nepaBencTBa (4) cregyer, 4TO

a < 3c—3.
U3 1Byx moclegHHX HEPABEHCTB I HepaBeHCTBA (3) clegyeT, 4TO

ve < 6c — 6,
nosToMy v < H.

MHOTOYIeHb, Y IOBIeTBOpAIONNe cooTHOmeHno [ + ¢® = h?Y| Tecno cBa-
BaHbl C MPABUJIBHBIMH MHODOIpPaHHHKAMU. JOAPOOGHO DTa CBA3b ONHCAHA B
kuaure PD. KﬂeﬁHal); TaM Ke yKa3aH clocod MOCTpoeHus 3TUX MHOT'OYJIEHOB.
Meul npuBeeM Julllb KOHEYHBIH Pe3yIbTaT.

D netin @. Jexyuu 06 uxocasdpe u peuwenuu ypasHenud namot cmenenu. — M.: Hayka.
1989.
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Cayyait « = § = 2, ¥ = n CBSi3aH C BbIPOXKI€HHBIM IPABHJILHBIM MHOTO-
TPAHHUKOM — IJIOCKUM N-yroabHuKoM. TpebyeMoe cOOTHOIIeHNE HMeeT BHUT

o A S S S
2 2 U

Cayuait o« = 2, § = 3, v = 3 ¢BsizaH ¢ npaBuibHbIM TeTpadapom. CooTHO-
[eHne HMeeT BT

12i\/§($5 — 96)2 + (364 — 2322 ¢+ 1)3 = (364 4 2ivV322 4+ 1)3.

Cayyait « = 2, § = 3, v = 4 cBs3aH ¢ Ky6OM U NPABUIBHBIM OKTa3IPOM.
CooTHollleHe UMeeT BH I

(2'? - 332% — 3321 + 1)% + 108(2° — 2)* = (2® + 142t + 1)°.

Cayuaii @« = 2, 8 = 3, v = 5 ¢BsizaH ¢ [H0JeKadJIPOM U HKOCABIAPOM.
CooTnomenne nmeer sug 12 + h> = 1728 f°, rae
T 20 + 14 522(2%° — 2°) — 10005(2?° + 2'9),
H = —(@+1)+228(2" — 2°) — 4942,
f o= 2" +112° - 1).

Teopema 3 mokasbiBaeT, YTO ypaBHenune z" 44" = 2", rue «, y, £ — HaTy-
paJbible 9ICIa, IMeeT pelleHie TOr I i TOJIbLKO TOLIa, KO ja IMeeT pelleHie
TOYHO TAKO€ XKe ypaBHEHHe [If MHOrOWIeHOB. EcTecTBenno BosmukaeT Bo-
npoc, He 6yAeT Ju ypasHenue %+ y” = 27 uMeTh noanHOMUATLHBIE DelleHI
B TOM I TOJBKO TOM ClIydae, KOIIa OHO 6yJeT HMeTh HaTypalbHble PeIIeHu .

DepBblil npuMep obHageKnBaeT — ypaBHenne x2 4+ y? = z* mmeer kak
NOJNMHOMHAJbIBIE, TAK W HAaTypalbHLIE pelleHus. A HMeHHO, GECKOHETHYIO
CEpHUIO DELIeHNH YTOr0 ypaBHeHns B HATYPaIbHLIX THCIaX MOKHO NOCTPOUTH
caeayromnm o6pazom. Dogokum ¢ = n(n — 1)/2, y = nu 2?2 = n(n+ 1)/2.
TpebyeTcsa mog06paTh YUCIO N TaK, ITOOLL THCJIO 2 GBLIO HEIBIM. DABEHCTBO
22?2 = n(n + 1) MoXHO 3anmucaTL B BHe

(2n+1)* = 2(22)* = 1.

D10 — 3HaMeHnuToe ypaBHetnuie depma—Ieid, KOTOPOe UMeeT OECKOHETHO
MHOT'O pellleHuil. Janpumep, npu n = 8 noaydaem x = 28, y = 8, z = 6.
DOMUMO 3TOH OECKOHEYHON Cepull pellieHHll eCTh U JAPYTHe pelleHus.

Do ypasuenue z? + y* = 2% onposepraer nammu nagex b, Y pTOro ypas-
HEeHUsi HeT MOJMHOMHAJBHBIX PellleHlll, HO eCTh HaTypadabHbie petienus. O 1HO
U3 ero pelleHnil nMeeT BuT x = 37 -57.7-29%, y = 2.33.5°.29% » = 32.53.293,



