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«BermecTBeHHOE) JOKa3aTEIHCTBO OCHOBHOI
TeopeMbl alreOpPb

A. B. llyxanxon

[leaw HacTosiiell 3aMeTKH — JOKa3aTh TeopeMy 06 aarebGpandeckoll 3a-
MKHYTOCTH TOJs KOMILIeKCHBIX dncen C, He WCmonb3ys (gaxke HeSBHO) caMo
NOHATHE KOMIIEKCHOTO YHcaa. XOPOIIo U3BeCTHO, UTO 3Ta TeopeMa dKBHBa-
JeHTHA CJIeIYIOUIeMY, YUCTO BellleCTBEHHOMY (PaKTy.

TEOPEMA. Jho6oi eeujecmeennbiti MHo2ouien
-1
p(z) =2+ a12"" + -+ ay, a; € R,

a; € R, packaadvisaemen 6 npouzeedenue AUHETHBIE U K6AIPAMUUNBIE (6 E-
CMBEHHBIT) COMHONCUMENET:

ple) =[x — @) - [] ="+ piz + ¢)),

ede a;,pj,q; € R.

Yxe cama dTa (POPMYIAUPOBKA TMOIBONAET MPEANOJIOKATH, ITO MOKa3a-
TENhCTBO MOXKET OBITEH MOJYYEHO CPElCTBaAMU BEIIECTBEHHOT'O aHAAN3a. DTO
MHBL U cobupaeMcs clenaTh. [oKa3aTelbCcTBO MLI IPeACTaBUM B BHUIEe CepHUH
YTBep:K TeHUl-3a 1a4, TeTajJbHas IPoBepKa KOTOPHIX OCTaBIeHA YUTATENI0.

OTMeTuM 1O XO[IY Jjefa, YTO BHAYUTENbHAS YacTh H3BECTHHIX [TOKa3a-
TENhCTB ONUPALTCSA Ha CASIYIOUINNT TPOCTOU (PaKT.

YHnpPAXKHEHUE 1. Jhobot (6ewecmeennviii) mnoeouien nevemnot cmene-
HU UMEEM 6EUECTNEEHHBIT KOPEHD.

YKABAHUE. BocnoabsyiTech TeopeMoil O MPOMEXKYTOYHOM 3HAYSHUH.

SpI/IBO,Z[I/IMOQ HII2Ke NJOKa3aTeJlbCTBO HIKaK H€ CBA3aHO C 9€THOCTBLIO CTe-
IIeHn.
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DyIeM paccykJaTh HHAYKIUEH MO cTeneHn n MHOro4wiena p. las n = 1,2
TeopeMa TpuBHadbHa. CduTaeM MO3TOMY, YTO 1 > 3 U /I MEHBIIIUX CTeleHel
yTBepxKjeHle TeopeMbl ClipaBelinBo.

DaccMOTpPUM Tereph k-MepHoe adpuHHOe TpocTpaHcTBO P Beex (Bemre-
CTBEHHBIX) MHOTOY/JIEHOB CTeNeHn k:

Pkagzxk—l—alxk_l—l—---—l—ak.

Jlas yrobcTBa Beerga moaaraeMm ag = 1. KosdpuineETH @; 3a71al0T 0TOXK Te-
CTBJIEHUE

P, >~ R”,
P.>g— (al,...,ak),

Tak 9T0 HaboOp KO>(PPUUneHTOB (a1, ...,ar) MB MoxeM (m GymeM) paccMma-
TpHBaTh KaK €CTeCTBEHHYIO CHCTeMY KOOpAMHAT Ha F.

B ocrHoBe Halero 1okazaTelbCTBa JeKAT aHATIS OTMOOPANCEHUSA YMHONHCE-
HUA

pi: Py X Py — Py,
k2 (g, h) = gh,
CONNOCTaBJAdOIIEro ITape MHOI'OYJ€HOB UX HpOI/ISBe,[[eHI/Ie. ﬂ;OCTaTO‘{HO IIOKa-
3aTh, YTO MPOCTPAHCTBO P, MOKphiBaeTcHd obpazamu i OTOODaKeHHU pj,

k=1,...,n—1, ubo B 3TOM cilydae MOXKHO IPUMEHUTE IIPEINON0NKEHIE WH-

aykuun. MTak, ToJoKIM
n—1

7 = Uzk.

k=1

SANAYA 1. HHodmwnoxncecmeo 7 C P, ecmb 6 Mounocmu MHONCECTNEO 6CET
MHO2OUAENOE CMENEHU T, YJOBACMEOPAIOUUL YIMEEPHCOEHUIO MEOPEMDL.

(D10 mOUTH TPUBHAILHO. )
DaM HYKHO MoKazaTh, 4T0 / = P,.

ONPEAEJIEHUE. Ilenpepvienoe omobparxcenue Ha3viéaemcs COGCTBEHHBIM,
ecau npoobpas 10b020 KOMNAKIMA ECMb KOMNAKM.

YUPAXKHEHUE 2. [Iposepvme, wmo coomseememeue x +— sinx 3adaem
omobpaxcenue o : R — R, He ssasoueecs cobcmeenubim.

SATAYA 2. Omobparcerus YMHONCEHUS [Lf, ABALIOMCR COOCNE EHHBLMU.
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YKABAHME. /[locTarodno mokasaTs (modeMy?), 970 npoobpas J60To or-
PaHUYEHHOT'O0 MHOYXKECTBa OTHOCHUTENbHO [t €CTh OT'PaHMYeHHOE MHOMKECTBO
B Pp X P,_j; =2 R" DpeanonoknmM, 9T0 9To He Tak. Torga cymecTByOT IBe
MOCJAEe[0BATENHLHOCTH MHOI'OYJIEHOB

k k—1
Im = Um, 0T + Uy 1T +--+ U, ke

hm - bm,Own_k + bmen—k—l +---+ bm,n—kv

Um0 = by o =1, Takue, 4TO

1)ty = Hll.@X{|am,i|7 |6, 5|} — 00 mpu m — oo,

)

2) KO>(pPUUIHEHTH MHOTOUICHOB (i, hyy) OTPAHUYEHB! IO MOTYII0 KOHCTAH-
TOH, HEe 3aBUCAIIECH OT 7.

DOKaKNTE, ITO, NEPEXOIS K MOIIOCAET0BATENBHOCTH, MBI MOKEM JOOHThb-
sl BBIMOMHEHUS CACAYIONINX CBOUCTB «PeryJasipHOCTHY NOBeIeHUs KOdM OUIU-
eHTOB:

1) mast mexkoTopwix nagekcoB s 1 r (0 < s < k, 0 < r < n— k) abcomoTHbIe
BHAYEHUA |G, | U |y, 5| MAKCHMAIBHBL IS BCEX M CPEAN |y, ;| 1 |byy ;| cOOT-
BETCTBEHHO, IpHieM 06e NOCIeI0BATEABHOCTH |Gy, »| U |byy, 5| He yOBIBAIOT;

2) mast mo6oro nugekca ¢ wan j (0 <@ < k, 0 < j < n— k) BBIIOIHEHO B TOY-

HOCTH OJHO U3 IBYX TpeboBaHUH: a160 |Gy, | = O(|an i|) (coorBercTBenno,
|b0,5] = O(|bm;])), B TOM ciiydae Ha3oBeM 5>TOT HHAEKC (i WIH j) 60AbwuM,
1160 |ay, ;| = o(|an, |) (coorBeTcTBennO, |byYy 5| = 0(|b)y 6|)), B B DTOM cirydae

HA30BeM DTOT MHIAEKC (i WM J) Maabim.

Tenepb Bo3bMHTE [IBa HANMEHBIINX OOJBIINX HHAEKCA u < r 1 v < S.
JokaxKuTe, 9T0 NOCIEJOBATEIBHOCTH KOD(DMUINEHTOB mpn 2"~ 4~V
41eHax ¢ hy,, He MoxeT OBITH OUpaHHYeHHOU! DTO MPOTUBOPEUNE 3ABEPIINT
JOKa3aTelbCTBO.

B MHOI'O-

3AAYA 3. Muooxcecmea 7y, (u, caedosameavno, 7 ) 3amxuymor 6 P,.

DTo clefcTBIe COGCTBEHHOCTH OTOOpaKeH il yMHOKeHus. VIMeHHO mo3TO-
MY CBOUCTBO 0TOOparKeHus OBITH COOCTBEHHBIM ABJISETCH CTOJAb BayKHBIM.

HUrak, 7 — 3aMKHYTOE MHOYXKECTBO. XOTeJNOCh OB, YTOOL OHO OJHOBpE-
MEHHO W OTKPBITHIM: TOI[a MOYKHO OBLIO Obl BOCHOJB30BATHCH CBA3BHOCTBIO
P, 2 R” u moay4uTh Kejgaemoe coBlnajenne / = F,. Mbl ycTaHOBUM YyTh
tosee crabbBIll PaKT.
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Dycth [ € Zp — HEKOTOPHIH Pa3oKUMBIN MHOTOUJIEH,

f=gh,
g=a"+ 012" by,

-k —k—1
h=2a"""+4 c1a" + - F ek

YNPAYKHEHUE 3. Buinuwume aeno mampuyy duddepenyuata (axobuan)
omobpaicenus
pr : Pex Py 2R — P, =2 R"

6 mouxe (g,h) € Py X P,_j omnocumeabno ecmecmeenubly cucmem Koopdu-
Ham — KOIPPUYUEHMO6 MHO20UAECHOS.,

SAAAYA 4. Joxaxwcume, umo amo aunetinoe omobpaxrcenue dity He6bIpo-
acdeno (ne umeem adpa) mozda u moavko mozda, Ko2da mHo2ouAENbL G, h
63AUMHO NPOCTNDI.

YKABAHUE. Duxkcupysi NpoOU3BOJIbHBIN MHOTOWIEH g € F,,, Mbl npeBpa-
aem afdunnoe npoctrpaHcTBo P, B JHHENHOEe HPOCTPAHCTBO, 3AMUCHBad
MPOU3BOJAbHEIN MHOMOWIEH B BHIe CYMMBI § 4w, Jjie w — MHOIMOYJIEH CTeleHn
He npeBocxosiienn m — 1. Jlunetinoe nNpocTpaHCTBO MHOIOYJIEHOB CTENeHH,
He mpeBocxomsiien [ oboznadum depes P OTobGpakeHue i MOxKeT ObIThH
Telepb 3allcaHO TakK:

(9+u, h+v) = gh+ (gv+ hu) + uv.
DoydaeM caeIyiomnid Bug sKoouana dpiy:
R" 2 Pr_1 X Ppk—1 3 (u,v) = gv+ hu € P,y ZR".

Omrciona yTBep:KIeHue 3agaqu BIBOIUTCS 6Ge3 TPy Ia.

OrMeTum, 4T0 3agada 4 U ynpakHeHne 3 cyTh Kiaccudeckas TeOpus pe-
3YAbManma IByX MHOTOWIEHOB: ONpeIequTe b SKOOUeBO MaTPUIlbl djty, ecTh
He 9TO MHOe KaK pe3yabTaHT R(g,h) mHOTOYI€HOB g 1 h.

3A1A49A 5. [lyemw f € Z donyckaem npedcmasaenue f = gh, (g,h) = 1.
Toeda 7 codepocum nexomopyio oxkpecmuocmsb mouku f.

YKABAHUE. DpuMeHuTe TEOpeMy O HesiBHOU (PYHKIIMH.

3A1A9A 6. [lyemo f € Z ne donyckaem npedecmasaenus f = gh, (g,h) =
=1. Toada aubo f = (x — a)"; aubo n wemno, n =2l, u f = (2% + bz + ¢)".
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dyers Y C P, — (3aMKHYTOe) MHOJKECTBO MHOT'OWIEHOB, ONNCAHHBIX B
IpeJIbLIyIIel 3aade.

3AMAYA 7. P, \'Y ceazno.

YKA3AHUE. OTkpbiToe MHOXKecTBO P, \ 'Y auneidno cBizHO: mocTpoiiTe
SIBHO NIy Th, CBA3LIBAOIIHN [BE TOYKH.

Urak, mer 3raeM, 9to Z \ Y oTkpuito B P, \ Y (3a1ada 5) n 3aMKHyTO B
P,\'Y (sagaia 3). B cuny npenbigymen 3agaun (n zenyctorsl Z \ Y!) nmeem

Z\Y =P, \ Y.

Crago 6biTh, Z = P,.

Teopema mokazana.

Astop 6rarogapen A. U. Koctpukuny n A. I'. XoBaHnckoMy 3a nHTepec K
BTOMY MOKa3aTelbCTBY, a Takke A. . COCHHCKOMY 3a TOJe3Hble 3aMedaHus
U IPEJIOKEHHS 110 YIYUIIeHNI0 H3J0KEHUS.



