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O nmpencTaBIEHUN YUCET B BIUJE CYMMBI IBYX
KBA,IPATOB

M. H. Banwmni

Kakwe menbie ancia ABIAIOTCA cyMMaMu ABYX KBaapaToB? OTBeT HA DTOT
BOIIPOC M3BECTEH: IUCIO TPEICTABIACTCA B BUE CYMMBI IBYX KBAJAPATOB TO-
r'Ta 1 TOJIBKO TOTr'da, KOI'Ia B €0 PA3JIOXKEHUE Ha MTPOCTHIC MHOXUTEIN KaX 10€
npoctoe Iuciao suga 4k + 3 BXOAUT B YETHOU CTEIECHU.

Kak manTu mpeacraBieHune Iucjaa 1 B BUIe CyMMBI AByX KBanpaTos? Ko-
HEYTHO, MOXHO mepebpars Bce maphl 0 < z,y < 1 U OPOBEPUTH A KaXK JOU
HapBl PABEHCTBO T2 + y2 = n. Henb3sa au npugymMaTh aarOpuTM, KOTOPBIN
pemaeT oTy 3amady ObicTpee?

DD PEKTUBHBIX AMTOPUTMOB [JIA IIPEACTABICHNUA IUCIA B BULE CYMMBI TBYX
KBaApaTOB moKa HeT. Ho 3aava 3HAYMTENBLHO YIPOUIAETCA, €CIU W3BECTEH
kopenb u3 —1 mo mogyao n. B oTom caydae moxHO 060UTHCHL 63 mepebopa.

AnroputM OPMUTA — CEPPE.
1. Bxon: n, z, mpuuem 22 = —1 (mod n).
2. Tlomaraem ag = n, a1 = 2.

3. K mape umcern ap, a; mpuMeHseM aaropuT™M EBKanga, T.e. BBITUCIIEM
[IOC/IEI0BATENBHOCTh OCTATKOB OT JEAEHUS @ HA (j41:

G; = qiGi+1 + Git2 .

4. OCTaHaBJIHBaeMC}I B TOT MOMEHT, KOT'Ia ABa IIOCJACTOBATEJABHBIX OCTAaTKa
HE MPEeBOCXOAAT \/n: ap < /N, apy1 < /N. ITO U eCTh HyXHad Tapa
qHCe:

a% + a% 41 =N

Yucna B MOCIEI0BATENLHOCTHA OCTATKOB, BO3HUKAIOMEN B aaropuTMe Hs-
KIUa, ObICTPO yObIBAIOT. [109TOMY BBEIMMCICHUS MO AITOPUTMY IPMUTA, —
Ceppe 3aHEMAIOT TOpa3[l0 MEHbIIE BpEMEHHU, YeM mepebop BCeX BO3MOXKHO-
cTen.

Orkyna 6epercsa CBA3L MeXAy alropuTMOM HEBKIUIA M MpeacTaBIeHU-
MU YHUCAa B BUAE CYMMBI IBYX KBaApaTos! ECTh mBa, COMEPXKATEILHO OYEHB
6aM3KUX, crrocoba 060CHOBATE anroputM Jpmuta — Ceppe. [lepBbiu ocHOBaH
HA CBA3M MEXAy aaropurMoMm EBKIuIa W HETHBIMU APOOSIMU W HCIOIB3YeT
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CHUMMETPUIHOCTD PA3IOKEHNUsA B LEMHYIO Apo6b wwmcaa n/z [2]. Bropon npex-
aoxer A. Ban gep IToprenom [4] (cM. Takxke [3]) 1 HCHOIB3yeT CUMMETPUIHbIE
pasnoxeHusa MaTpul pasmepa 2 X 2. Huxe 5TO noka3aTenrsCTBO M3IaraeTcs
moapO6HO.

Mgt onumrem CBsA3b MeX Iy aiaropuTMmoMm EBkimma m maTpunamu pasmepa
2 X 2 ¢ moMombIo PYHKIIMY «CKOOKWY, KOTOPasA ONpEIeNeHa, Ha TOCTIEJOBATENb-
HOCTAX HATYPAJIbHBIX (MOMOKUTEIBHBIX HEJIBIX) TUCEN CICAYIOIMIMEA DEKYp-
PEHTHBIMU COOTHOIIEHUAMU:

[]:]‘7 [Q]:qa [q07q17q27"'7qn] :qo[q17q27"'7qn]+[q27"'7qn]' (1)

Hampumep, [qo, ¢1] = qolg1] + [] = qoq1 + 1.

Henocpencreenuo u3 onpeaeneHus BUAHO, ITO 5Ta PYHKIAA TOJOKUTETb-
Ha Ha JI060H MOCIeA0BATEILHOCTH ¢Q, (1, (2, - - + 5 §pn TOMOKATEILHLIX HEALIX M-
cen. ITosTomy

(90,91, -+, qu] > [q1,- - -, qul- (2)

Takum o6pasom, u3 (1) cregyer, 94T0 mpuMeHeHue aaroput™Ma EBkianga k mape
qucer [qo,q1,92,---,qn), (41,92 ---,qn] AAET MOCIEAOBATEILHOCTH OCTATKOB
a; = [Gi,---,qn], IPA DTOM MOCIEJOBATEALHOCTBIO TACTHBIX OYIET (o, . - -, (n-
OTcroia BBITEKAET CIeAYOmAsa

JIEMMA 1. Ilpedcmasaenue napbi 63auMmo npocmux uuced a,b 6 sude

a:[QOaQIana"'aqn]a b:[QIaQQa"'aQn] (3)
00H03HaAUN0 onpedeseno.
3aMETHM TaKXke, 9TO Ta XK€ CaMad MOCICOBATCALHOCTD 0, (1,2, - - (n

BO3HUKAET [IPU Pa3JokeHU” a/b B HEmHyo ApOOH.
[Mar amropuT™ma EBKIMAA MOXHO IPEACTABUTH B MATPUIHOM BHUIE

a; \ _ (0 1 a1 a1\ _ (g1 1 a;
aivi)  \1 —gi1 a; o ai )\ 1 0)\ai1) "’

Mgt 6ymemM UCIIOAB30BATEH MPOW3BEAEHUA MATPUI] BTOPOro Buaa. Marpud-
HBIE DJIEMEHTHI TAKUX MPOU3BEICHUN JErKO BBIPAXKAIOTCA Yepe3 CKOOKU [-| ¢
TIOMOIIBI0 MATPUYIHOI'O PABEHCTBA

(o ety () (o] )

KOTOPOE TPOBEPAETCA NPAMBIM BhraucienueM. 3 (4) no weayknum cregyer,

(o )=o) (o) (h ) @
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13 (5) m temmbl 1 ciegyeT eIMHCTBEHHOCTD IIPEICTABICHUA MATPUIBL 2 X 2

(e a)=(F o) (& o) (1 o) ®

(KOHEYIHO, TaKoe MPEeACTABICHUE CYIIECTBYET HE BCET/A).
Ham moTpe6yerca crenyomas emma.

JIEMMA 2. ITycmb ad = b> + 1, a > b > d > 0. Tozda cywecmeyem
eduHCMBENHOE HAMYPAILHOE ¢ MAKOE, UMO

a b\ _(q 1\ [d V\[q 1 (7)
b d) \1 0 v d 1 0
u aubo a' >0 >d >0, aubo b =0,d =d =1.

[TOKA3BATEJIBLCTBO. Jlerko mposeputs, uTo u3 (7) CIEAyIOT DaBEHCTBA
a=d, bV =b—qd, d = (a—gb) — q(b— qd):

(1 0) 6%t e tio-aa) (1 0) -

(@ o)-Gn) e

[ToaTomy ycrosus a’ > b’ > 0 osmaqaror d > b — gd > 0. Taxum o6pazom,
Q IOMXHO OBITH YACTHBIM OT MEJOYMCAEHHOrO AeieHus b Ha d.

PaccmorpuMm BHadame caydam, korga b me meautca Ha d: b = qd + 1,
0 < r < d. Tlockomeky ad — b =1,

! /
det (Cb‘, Z,) =1 (9)
(pTa MATpUIA TOLYIAETCA YMHOXEHIEM MATPUIL C OpesennTeneM 1 Ha ABe
marpunsl ¢ onpegemutenem —1). Ilosromy u3 @’ =d > 0, b’ =r > 0 cregyer,
aro u d’ > 0. Kpome Toro, a’ = d > r = 1'. OcTanocs npoBepuTh HEPABEHCTBO
r=0>d.Ecmd >V, todd > +1)? > b?+1, aro mporusopeunt (9).
Temeps paccMoTpuM cIydad, Korga b geautca Ha d. Torga

a b\ _[(d 0
o od) \0 d)°
OnpegenuTens 5Tou (AUArOHATBEHON) MATPUILI paBeH 1, mostomy a’ = d' = 1.

3aMeTHuM, ITO JeMMY 2 MOXHO MPUMEHATH UHAYKTUBHO: IOy IeHHASI MaT-

! /
puia ( W d’) arbo efMHUYIHAA, TU00 TOXe yIOBIETBOPAET YCIOBUIO JEMMEI.
[Ipu mocaemoBaTeTbHOM TPUMEHEHUU JEMMBI 2 BHEIWATOHAJIbHBIE DIEMEHTHI
yOeBator, kax Bugao w3 (8). [losTOMY paHO WAM MO3AHO MATPUIA CTAHET
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eIMHUIHOU. B pesyabTaTe TAKOro MPOIecca MOLyIaeTCa CUMMEMPUUHOe Pas-
A0MCENUE UCXOTHOU MATPUIIBI, UMEIOIIEE BUI
o 1\ (a0 1
A1 0 1 0

(b a)= (o) (5 o) (v o) (o)
b d 1 0 1 0 ' 1 0 1 0
(10)
Teneps BepreMca kK o6ocHOBaHUIO aaropurma Jpmuta — Ceppe. Bes orpa-
HIIeHA OGIHOCTH MOXHO CIATATH, IT0 z < n/2. Torma k = (22 +1)/n < 2.

[TosTOoMy W3 meMMEI 2 clregyeT CymIeCTBOBAHWE CAMMETPUTHOTO PA3JTIOXKEHUI
1A MATPUIIBI

BRI R IR RGP IC)
=)= (1 o) o) (1 o)
(2 8)=2a=(C )0 oY)

Smasmr, n = 72 + y2. Tax xax pasmoxenue uga (6) exmHcTBeHHO, TO M3 (5)
BAKIIOYAEM, ITO & = Gpil, Y = Gpi2, TA€ G; — OCTATKEA B aaroputme Es-
KJIUa, TPUMEHEeHHOM K Tape ag = n, a1 = z. SlcHo, 49To a?Hk < n npu
k > 1. [lna 3aBepurenus o60cHOBaHUsA aaroputma JdpmuTa — Ceppe ocTanocs
IIPOBEPUTDH, ITO a7 > n 1pu i < n. [ 5TOro TOCTATOTHO HPOBEPUTH, ITO
an = Qnani1 + apio > y/n. U neucteurensHo,

a2 = (quz +y)? > (z +y)? = n+2zy > n.

—

O6o3Ha9IM

Torga

3AMEYAHUSA.

1. Y mensbrx apo6en ecTh eCTECTBEHHAA TeOMETPUICCKAA WHTEPIPETAINAA
(cM., manpumep, [1].) MHTEpecHO OBLIO GBI BEIDA3UTH SBHO MEOMETpPUYE-
CKIW CMBICI JEMMBI 2.

2. U3 (11) MOXHO BBIBECTH YHOMUHABIIAUCA BHIIIE (HAKT, ITO PABIOKEHUE
n/z B HenHyio Apo6b CUMMETPUTHO.

3. B xuure [IpBennopra [2] mpuBeneHO HECKOIBKO CIOCOGOB DPa3JIO0KEHW
IUCIA B CYMMY ABYX KBAAPATOB. Bce OHM Tak WIM MHAME UCIONbL3YIOT
PA3JIOKEHAA B TEMHBIE ApO6H 1 Hed((PEKTUBHEI B CMBICIE TEOPUU BBITA-
CJIHTeJIBHOfI CIIOXHOCTHU: BpEMA pa.6OTI)I COOTBETCTBYIOIIUX AJTI'OPUTMOB
DKCIIOHEHIIMATLHO 3aBUCAT OT JJIWHBI BXOAa (KOTOpasg MPUMEPHO PABHA
JorapudMy GUCIA, LIA KOTOPOTO HAXOAUTCA TIPEACTABICHAE B BUIE CyM-
MBI IBYX KBAPATOB).
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4. B crydae mpocTOro n mMeeT MeCTO 3aMedaTeabHasa (opwmynaa laycca,
mokazauuas Ko u Akobmrrasem. [lycts n = 4k + 1 — mpocToe,

T l<2k> (mod n), y=2k)!lz (modn), |z|,|lyl <n/2.

2\ k
Torga z? 4+ y?2 = n. HecmoTpsa Ha «iBHbIAY B dopMmyas: Laycca, oHa
TaKXe He TPUBOAUT K dPPHEKTUBHOMY AITOPUATMY.
K coxanenuio, B [2] He mpuBogUTCA NOKaszaTeascTBa dhopmyasl [aycca, a
JUIIL COOOMAETCA, YTO U3BECTHBIE NOKA3ATEIHLCTBA, HE OYEHB MPOCTHI.
Bosmox#o, kTO-HUOYAE M3 umTaTenen «MaTeMaTuIecKoro mpoCBeme-
HUSA» TPUAIYMAET MPOCTOE A0KA3ATEILCTBO 3TOro dakTa?

AsTop 6aarogapen FO. A. PrépoBy, 3aMHTPUTOBABIIETO €I'0 BOIPOCOM 00
AICOPUTMAX PA3MOXKEHUs UUCIA B CyMMY KBaapaTos, a Takxke V. Borganony,
B. Byraenko, B. IIpacomoBy 3a wHTEpEC K CTaThe U MEHHBLIE 3aMETAHU.
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