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[lepuo quieckue mocaef0BaTEILHOCTH

M. III. ITa;rerxo

OcTaTKy OT JeleHus WICHOB IOCIe [OBATEILHOCTEH, ONIPEIeIAeMEIX Pe-
KYPPEHTHLIMEA COOTHOIIEHUAMM, HA, TAHHOE IUCI0 k 00Pa3yoT IePuo quie-
CKUe MOCIeI0BATENBHOCTH. [IpuMepaMy MOT'Y T CIIyKUTEH aPpUPMETHICCKIE
U TeOMETPUIECKUE IPOrPECCUH, CTEITEHHBIE BLIPAXKEHUA N, B KOTOPHIX N
npoberaet 3uadenusa 0,1,2,..., a m apaseTcsa GUKCUPOBAHHBIM TTOJOXK M-
TEIBHBIM [EIBIM IUCA0M, ducaa PubOHAYIIN U MHOTHE IPYTUe MOCIEeNO-
BaTeIbLHOCTH. HaxoxmpeHue mepuogoB HEKOTOPBLIX ITOCIEIOBATEILHOCTEN
ABJAETCS OCHOBHOU TEMOU DTOU CTAaThLU.

Marepual 5Tol CTaTbU MOXKET OBITh UCIOIL30BAH B MATEMATUIECKIX
kpyxkkKax. OH Takxke IOJIE3€H M NOCTYIIEH yYaIIUMCsA CTAPIIAX KJIACCOB,
UHTEPECYIOMUMCA MATEMATUKON U TPUHUMAIOIIAM YIACTUE B MATEMATU-
9EeCKUX COPEBHOBAHUAX.

1. PEKYPPEHTHGIE OCJEJOBATEJBHOCTHU

Mzl 6y 1eM pacCMaTPpUBATE [MOCIEIOBATEILHOCTH] MEAbIX IUCET WK, IPYTHU-
MU CIOBaMu, (PYHKIINY HEOTPULIATEILHOrO MEJOr0 apryMeHTa, IPUHIMAOIINE
nenble 3HaYeHnA. 110 Tpaaunuy 3HAYMEeHne Takou QyHKIUM ¢ HA Tucie n (n-u
DIEMEHT MOCIENOBATEIBLHOCTH) 0003HATACTCS Ay .

[TocneqnoBATEIBHOCTD HABBLIBACTCA PeKYPPERMHOTL, €CIN OHA 3a1aeTCI (POpP-
MYJIOn

On4k = C1Gp4k—1 + C20p4k—2 + -+ + CkQp,
rge Ci,...,Cr — (pUKCAPOBAHHBIC IUCIA.

[MpomantocTpupyem 2To onpegenreHne Ha HECKOAbKUX mpuMepax. [Ipocren-
YA IpUMep — apudMeTHIecKasa IPOrPecCrsa, KOTOPad 3aTaeTCA COOTHOIIE-
HUEM apy1 = ap + d. Ee MoXHO 3agaTh W MHO-ApPyroMy, UCKIIOYUB d:
Op42 — 20p+1 + ap = 0. Aragormauyo GoOpMysy MOXHO HANKUCATH W [ IIO-
CIeNOBATEIHLHOCTU KBAJAPATOB Gy = n?: On+t3 — 3Gp+9 — 3Ap41 + an = 0.

3ALAYA. [okaxure, 9T0 A1 mo6Oro k MOCIENOBATEILHOCTD Gp = nF
YIOBJIETBOPAET PEKYPPEHTHOMY COOTHOIIEHUIO

i(—l)i (f) an+i = 0.

1=0
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PexyppeHTHBIME ABIAIOTCA M MHOTHE IPYTHUE XOPOIIO U3BECTHBIE BUILI II0-
CIeIOBATEALHOCTEN, CKAXEM, FeOMETPUIECKIE MPOTPECCUN Gpt| = (dy WIN
qucia PuboOHATIN Gp 42 = Gpt1 + Gn, a9 = 0, a1 = 1. HekoToprie pekyppeHT-
HBIE [TOCIeIOBATEILHOCTHY IIEPUOAUIHBI, HAIPUMED, HOCAEI0BATEILHOCTE

Un42 = Gp41 —Gn, G0 =2, a1 =1
nepuoanaHa ¢ mepuogom 6 (mposepbre!).

YTPAXKHEHUE. [Iposepbre, 4T0 ocTaTku, obpasyembie duciavu DPubo-
HAYIM OpU JedeHun HA 2, 3, 4 COOTBETCTBEHHO OOPA3YIOT NEPUOTUICCKUE
IOCAENOBATENBHOCTH C mepuogamu 3, 8, 12.

2. CPABHEHUSA IO MOIYJIO

ToBOpAT, ITO meble IUCaAa a U b cpasuumbl no modyaro n > 1, ecaun npu
JeJEHUU Ha N OHU JAOT OIWMHAKOBBHIM OCTATOK (0603HA4YeHue a = b (mod n)).
OTHOIHeHI/Ie CPpaBHUMOCTHU 110 JIIO6OMy MOAYJIIO ABAACTCA OTHOHNICHUEM OKBU-
BaJeHTHOCTH. Bosee TOro, cymMmMa 0CTATKOB CPABHUMA C OCTATKOM OT CYMMBI
U OIPOM3BEJEHUE OCTATKOB CPABHHMO C OCTATKOM OT IpousBeneHusa. Kiaccer
9KBUBAJECHTHOCTHU II0 MOAYJIO 77 HA3BIBAIOTCA KJIACCaAMU BBIYIETOB WIN IIPDO-
CTO BBIY€TAMU IO MOAYJIIO 7. BI)I‘IeT])I MOXHO CKJIQOBIBATH U yMHOXATH IIO
CeYIOUM [IPABAIAM

[a] +[b] = [a+b],  la]-[b] = [ab].

MHOXeCTBO IENbIX 9UCeT 7, U MHOXECTBA, BHIYETOB Z, HA3BLIBAIOTCI B aarebpe
KOJBIIAMMY, & COIIOCTABICHNE TUCIY @ KIACCA BBIYETOB [a], KOTOPOMY IpPUHAI-
JEeXUT OCTATOK OT AEICHUA ¢ HA N, ABIACTCI TOMOMODMI3MOM KOIbIIA, IETBIX
qucesn 7, Ha KOJbIO BBIYETOB Zp,.

Beruer [a] HasbBaeTca deaumesem nyas B Zp, €CIm CymeCTBYeT TaKOU
BeraeT [b], aro [a] - [b] = [0]. Berder [a| HaswBaerca obpamumvim B Zy, ec-
au cymecTByeT Takou Berder [b], uro [a] - [b] = [1]. MoxHO nposepuTs, 9TO
KaXIBIA BBIYET JUO0 ABAACTCA HeauTeneM Hyqsd, mu6o o6patum. OOpaTuMbi-
MU ABISIOTCSA B TOYHOCTH T€ BBIYETHL (¢, 1A KOTOPHIX @ B3AMMHO HIPOCTO C
n. B mokazaTeancTBe 5TOr0 GaxTa MOME3HO UCIOMB30OBATL CASIYIONEE CBOU-
cTBO HambombIIEro o6mero geaurensd (a,b) wmcer ¢ u b: (a,b) Asasemea wau-
MEHBULUM NOAOHCUMEADHBIM UUCAOM, KOMOPOE MONCHO NPEICMasumsb 6 sude
YeaovucAseHnot sunetinoti xombunayuy ua + vb wucea a u b.

3. IIEPUOAUYECKUE IIOCJEJOBATEJILHOCTU

Haszosem mociemoBaTerbHOCTD Ag, .. ., Gn, - - . NEPUOIUUECKOT, €CIU CYIIEe-
cTByeT Takoe menoe ducao 1 > 0, aro

(p+T = Gy, A1 BCeX N GOIBIINX HEKOTOPOLO 7. (1)
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Haumensbuiee Boamoxuoe wucao T, mas KoToporo BuimoasaseTcs (1), HazoBem
nepuodom MOCAETOBATEILHOCTH (y,.

Ucnonb3ysa cBOMCTBO HAMOOJBLIETO OOIIEr0 AETATEN, YIOMAHYTOE BBIIIE,
7 OTIpefeNeHre TIEPUO JUIECKOU MOCAEI0BATEALHOCTH, HETPYJHO JOKA3AThH CJIe-
ayiomuu GhaxT:

TEOPEMA 1. FEcau das nocaedosamesvnocmu a, cywecmsyom dea no-
aoscumenvubiz wucaa Ty u Ty, das xKomopwx evinoansemca (1), mo das D =
= (T, T) maxoce svinoansemes (1).

[MosTomy Bce wmcaa T, aas KOTOPBIX BhImOAHAETCA (1), KpATHBI IEPUOAY
TIOCIEeJOBATEIHHOCTH.

TEOPEMA 2. Ilycmb nocaedosamesbrocmp a, 3a0GEMCA PEKYPPEHMHBIM
COOMHOULEHUEM Qptt = ClUptt—1 +C20p1—2+ - -+ Crag, 8 KOMOPoOMm 6CE K03 (-
Puyuenmot ci,...,c; — yeable yucaa. Fcau ag, a1, ..., 01 — Yeable YUCAa,
mo 6ce uAeHbl NOCACIOBAMEABHOCTU ABAAOMCA YEALIMU YUCAAMU, OCTNAM-
KU 0OM Jeaenus KOmopulx Ha A1000€ YEA0E YUCA0 00PaA3y0m nepuoduuecKyo
nocaedosamenbHoCmb.

[Tpexme weM MOKA3BIBATL TeOpeMy 2, pazbepeM Caydau TeOMeTPUTeCKOn
nporpeccuu a". PaccMmoTpum ocTaTku cremeHen a mo moxayao k. [Tocaenosa-

TeabHOCTD [a]” = [a"] 0643aTeIbHO CONEPKUT OQMHAKOBBEIE WIEHBI (TaK Kak

BEIYETOB [0 MOAYII Kk KOHEYHOE 9HCIO). 3HAUAT, BBIIOIHAETCS PABEHCTBO
mi_ [ ]me

[a]™" = [a] (2)

mpu mi # meo. Bes orpannvennsa oOmHOCTH cauTaeM, 9To T = mq — mgy > 0.
Ymuoxas pasencTso (2) ma [a]" ™2, y6exmaemca, aro [a|"TT = [a]® upn
n = mo. [loaToMy mociaeqoBaTeI-HOCTH OCTATKOB OT fAeieHud ¢ Ha k mepuo-
numaeckas. [logpobuee >Tu mOCIE[OBATEILHOCTH U UX MEPUOIBI O6CY XK AATOTCA
HUXE B pasfene 5.

[Ipumep mocregoBarerbrocTH 1,2,22, ... 1 MOAyIa 4 IOKA3BIBAET, UTO B
obuiem ciaydae mepuogrdIecKoe MOBTOpeHne He 0643aH0 HAYMHATHCA C CAMOT'0
HaYaJda IDOCAeTOBATEIBHOCTU: B JAHHOM Cly'ae MOCJIeqOBATEIbHOCTH OCTAT-
xoB ecThb 1,2,0,0,...

[JOKA3ATEJIBCTBO TEOPEMBI 2. OHO 06061IaeT IPUBEIEHHOE BHIIIE PAC-
cyxaeHne 06 0CTATKAX WIEHOB MeOMETPHUYIECKON IPOrDECCUH.

[l OCTATKOB WIEHOB PEKYPPEHTHOU MOCAENOBATEILHOCTU TAKXKE BBITIOJ-
HAETCA PEKYPPEHTHOE COOTHOIIEHUE

[anti] = 1] - [anpe ] + [ea] - [any2] + - + [e] - aol,

MOPTOMY JIOOBIE ¢ TOCAEAOBATENLHBIX DJIEMEHTOB PEKyPPEHTHOU MOCTeI0BA-
TEeIBHOCTA OJHO3HATHO ONPEACIAIT CISAYIONEe TUCIO B IOCIEAOBATEIBLHO-
cru. Ho mabopoB m3 ¢ ocTraTkoB (KOpTeXeW NMWHBI {) OT nedeHWA Ha K
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KOHeTHOe 9ucao — k'. 3Ha4mT, KaKoW-TO HAOOp BCTPETHTCA ABAXKILI, IIO-
CJie 9er0 DIeMEHTHI OCIE[OBATENFHOCTY CTAHYT EPUOANIECKY IIOBTOPATHCA.

4. CTENEHHBIE IMOCJIELOBATEJIBHOCTHU

IMocrenoBaTeTbHOCTH G, = N ABIAIOTCA PEKYPPEHTHLIME, TAK 9TO TI0-
CIEOBATENLHOCTH OCTATKOB T, = N (mod k) mepmogm<HBI B cury Teope-
MBI 2.

JIEMMA 1. a) Iepuod T nocaedosameavrnocmu m, = n'™ (mod k) sas.4-
emeca deaumenem k.

b) Muoacecmeo npocmuiz deaumeaneti nepuoda T cosnadaem ¢ mmorcecm-
gom npocmuir deaumenet k.

¢) Cymma mT + (")T? + -+ ([, )T™* deaumea na k.

[TOKA3BATEJNBCTBO. a) g mo6oro i =0,1,2,... umeem:

(4 k)™ =™ 4 (T)im_lk n <T;>im_2k2 Fo b K™ =™ (mod k).

Mo caegcTButo Teopemsbr 1 mepwon 1 sBasercsa mgeaurenem k. [losromy us
HANMCAHHOT'O BBIIE CpaBHeHUA caegyer, 9o (i+ 7)™ =™ (mod k) ansa Bcex
12 0.

b) Eciu T sBaserca nepuonom, To, B 9aCTHOCTH, npu i = () umeem:

0" =0=0+T)"=T" (mod k).
Crenosarensno, aucao T™ neawrcs Ha k W TIO>TOMY CPEIM TPOCTHIX JEIUTE-
aeir T MOMKHBI HAXOIUTHCA BCe MPOCTHIe aeauTent k. VI3 a) BUAHO, 9TO BEPHO
u o6paTHOE yTBepXkAeHHE. [[03TOMy MHOXECTBA MPOCTHIX peauTencd k u T
COBIIAIAIOT.
¢) Ecm T — mepwon, To nipm 1 = 1 nmeem:

1=1"=(1+4T)" = 1+mT++ <”;>T2+. . .+< " 1>Tm‘1+Tm (mod k).

m J—
Cokpamas 1 B o6enx gactax storo cpasHenus u T = 0 (mod k) B npason
TaCTU, TOTYyIaCeM HYXKHOE€ CDaBHCHUE.

TEOPEMA 3. Ocmamxu om 0eaeHus YaeH068 Nocaedo6amesbHOCMU No4-
Hblz Keadpamos ma uyeaoe wucao k > 1 obpasyrom nocaedosamesbrocmo,
nepuod T womopot pasen k, ecau k wne deaumcsa wa 4, u pasen k/2, ecau
k deaumcsa na 4.

[TOKA3BATEJIBCTBO. B cmry yreepxmenus a) remmbr 1 nepuon T’ argerca
perurenem k. Ecmu T < k, ro T < k/2. Hosromy 2T < k. B cuny yrBepx e-
Hua ¢) semmer 1 2T > k, r.e. 2T = k. Cregosarensno, aucao k geTHo. B cmry
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Puc. 2. 72 (mod 25)

yTBepXaeHus b) meMMbl 1 meproa TOXe ABIAETCA IeTHBHIM IuciIoM. [losTomy
k menurca Ha 4, a mepuon T pasen k/2. Bo Bcex ocrambubix caydasx T = k.

3ALAYA. IIpo muorouren P(z) ¢ measiMu Koa>hdUIEEHTAME H3BECTHO,
gro P(1) = 2. Joxaxure, uro P(7) He ABIIeTCA HOIHBIM KBAaJPATOM.

[Tepengem Temepb K OOMEMY CIyYai0 MOCICAOBATEILHOCTH ap, = n'",

m > 2. Kak yxe 0TMe9aI0Ch, BCAKAA IOCIEIOBATEILHOCTD (y, ABIAETCS (DYHK-
el apryMeHTa, NPUHUMAOIEr0 HeOTPUIATENbHBIE elble 3HadeHus. | pa-
$bUK TAaKOU (PYHKIUM COCTOUT U3 JUCKPETHOI'O MHOXeCTBA TOUeK. Kak BuA-
HO m3 cpasHeHmi n°™ = (—n)?™ = (T —n)?™ (mod k), B cIydae cTemeHHEIX
HOCIeOBATENLHOCTEN C YeTHBIM [IOKA3aTeleM 9acThb rpaduka, COOTBETCTBY-
fowas nepuogy (ot 0 no T') cummeTpuaHa oTHOCHTENBbHO npsamon z = T'/2. Ha
puc. 1 ¥ 2 MOXHO yBHIETH 5Ty CHMMETPHIO (KyCKU IMapabox JOOABIEHBI /I
KPaCcoTHD).
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Temepsr mocTpouM HaumeHbuiee TUCIO 1', MHOXECTBO IPOCTHIX eJUTe-
Je KOTOPOI'O COBIALAET C MHOXECTBOM IPOCTHIX geauTener qmciaa k u mT
genuTcsa Ha, k.

Mycrs k = p{tps? - ... p2s, rge p1,pa, ..., Ps — PABIMIHBIE IPOCTHIE U~
clIa, a MOKa3aTelu CTENeHeh (o, . .., s OOIbIIe Hyad. IIpeacTaBuM m B BUIE
m = pflpg2 . -pfsml, NOIMyCKad NjId IMOKa3aTedel cTemened [y, ..., s 3Ha-

gerue (. ITomoxum

T(k,m) =p]'p-....pY*, vaevi = a;—fi, ecm a; > B, my; = 1, ecm o < ;.

s
Acuo, aro uucao T'(k, m) ABIACTCA HANMEHBIINM IeIATEIEM K, 00JIa TAIOUIAM

yKaszaHHbIME BbIle cBorcTBamu. O6oszuadum d(k,m) = k/T(k,m). Jlerko Bu-
nethb, aTo m neamrca Ha d(k,m) n

51, 6 X _ _
d(k,m) = p{'py-....p}*, rae 6 = B, ecnm o > Bi, w6 = o —1, ecm o < B,

TEOPEMA 4. Ilepuod nocaedosameavnocmu r, =n" (mod k) asasemces
deaumenem wucaa T (k,m).

[TOKA3ATEJBLCTBO. [lasa ynpomernus samucu Bmecto T(k,m) w d(k,m)
6ymem nucath 1" u d. B cuny crencTBus TeopeMbl 1 mid IOKA3aTEIbLCTBA TEO-
PEMBI JOCTATOYHO MMOKA3aTh, 9TO A JIOOOrO IEJOro HEOTPUIATEALHOTO 1
soimonasgerca (i + 7)™ =4™ (mod k). Tak kak

m

(i +T)™ =i™ + <T>Tim_1+---+ <l

>Tlim_l 4. _’_Tm,

TO MHOCTATOYHO AOKA3aTh, ITO BCE HUCIA (T)Tl menxarcsa Ha k = dT upm
1<l<m.
Bragane pacemorpum caydan | < m. O6osuadum ¢ = m/d. Tak kak

<m>Tl: m(m—l)(m—l+1)Tl:(dT)<m_].> ‘QTZ,I,

I I (- 1) 1—1) "1

m—1
-1

(1) = (0) 4

B 3HAMEHATENTh MPENCTaBIeHUs A B BUIEe HECOKPATUMOU APOOU MOT'YT BXO-
IUTb TOJLKO nenutenau k (ecau p He ABIAETCA AeruTeneM k, TO p TaKke HE
apaserca gerureneM d). Ho ecmu k gerurcsa ma p, To TV~ gemuTcs mo xpaii-
ueir mepe Ha p' !, C APYro#t CTOPOHBI, P MOXKET BXOAUTH B Pa3IOKeHwe | Ha
npocThie MHOXUTeNH He Gonee, wem |log, [| pas (3xeck | | obo3nataeT memryio
TacTh mera). U3 mepasencrsa log, | < logy ! <1 —1 crexyer, uTo memo A —
esoe.

OOCTATOYHO NOKA3aTh, ITO A = (
PA3IOXKEHTE

) . %Tl_l — pnenoe. Kak mokaswiBaeT
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Ocraerca mokaszaTsb, aTo T™ mnemurca va k. Eciu p — mpocToun gerurent
k, Ha KOTOPBIU M HE AEMUTCA, TO P BXOAWT B T B TOW Xe CTENeHu, 9TO U B k.
Ecnu xe p — o0muu mpocTou gemurens k u m, TO p BxoguT B T M0 KpanwHen
Mepe OJUH pa3.

Ecm o < B (ansa ynpomenus 3ammcy MHAEKCHL OIYIIEHBI), TO P BXOIUT B
T B mepeoit crenenn. Torga p BxoguT B T™ mo kpanuen mepe p pas. Tak
kKak p>2upfi>a, rop®>2°>p8>a uT™ gemrca va p°.

Ecmz a > 3, To p Bxoaut B T 10 Kpaimei mepe (o — 3)p® pas. Ilokaxenm,
aro (o — B)p? > a. Tax xax B < p® —1, 10 1/8 > 1/(p® —1). Yaureisas, aT0
a— B > 1, nonydaem
a— 1 o’ B
ﬂﬂ >1+p5—1 < 3 >pﬁp—l
Tem cambiM moxasano, aro 1" memmrcs Ha k.

1+ & (a-B)p’ > a

CHIEACTBUE 1. Fcau k = pipa - ... - ps, 20€ p1,p2,...,Ps — Pa3AUY-
HbLE NPOCMBIE MHONCUMEAU, MO NPU A060M M, NEPUOD NOCAEAOBAMEALHOCTU
an =n™ (mod k) pasen k.

CHIEACTBUE 2. Ecau k u m 63aummo npocmvi, mo nepuod nocaedosa-
meabnocmu a, =n™ (mod k) pasen k.

HOKA3ATEJABCTBO. [Ipemmomoxum, aro nepuon 1 mensire k. MHOXecT-
BO mpocTeix aeaurenen y T rakoe xe, kak y k (memma 1b). Tlooromy 6e3
OTpaHMYeHNs OGMIHOCTE MOXKHO CIMTATh, 9TO k = p2q u T ABagerca ne-
marerem Ty = pq. Torga i™ = (i + T1)™ (mod k), a Tax xax T? memmTcs
Ha k, TO

m

2

Suaaur, m1| mnemurca Ha k. Ilockoabky k m m B3amMHO OPOCTHI, TO 1 T}
) 1 ) 1
memutca Ha k. Ilpuxomum k mpoTuBopednio, Tak Kak 17 < k.

1mE(1+T1)m=1+mT1+< >T12+---+Tlmzl+mT1 (mod k).

B Towm caywae, korga m u k mMeroT obInue MHOXWUTENN, MEPUO] MOKET
okazaTsca Menbine T'(k,m), Kak TOKa3BIBAET CaeAyommu npuMep. Ecau k =
=32=2um=8 =23 10 T(32,8) = 4. Oxnaxo nepmox T = 2, Kak
IIOKA3bIBAOT BBIYUCJICHUA:

n|0(1]2]34
rm |0]110]1]0

EIMHCTBeHHOE HEOTEBHWIHOE PABEHCTBO B »Tou Tabmame: 3° = 1 (mod 32).
OHO 1erKo ycMaTpHBAETCA U3 PA3IOKEHUA

3B -1=B-DB+DEB>+1)B*+1).

Bce MHOXUTEMN B IPABOU YaCTU YeTHHL, a 3 + 1 geautcsa Ha 4.
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CIEACTBUE 3. Ecau k = p{'py?-...-p¥, m :prpZ2 ----- 02 B> ai—1
oas 6cex i =1,2,...,8, mo nepuod nocaedosamesvrocmu a, = n" (mod k)

pbasexn p1p2 - -+ - Ps-

5. 'EOMETPUYECKHUE IPOI'PECCUU

U3 paccmoTpenusa cTeneHHBIX (HYHKIUU MOXET MOKA3ATHCA, 9TO MEPUO/
BCerga CBA3aH ¢ MoxyaeM k. OMHAKO yXe IJIA Caydas MOKA3aTeIbHBIX (DYyHK-
iy (MIM PeOMEeTPUYECKUX MPOrpPeccuu) a, = m'™, m > 1, nepuosg He umeeT
O‘IeBHﬂ;HOﬁ CBA3U C MOOYJEM.

[ToCKOMBKY CHACAYIOIAN WIEH TeOMETPUIECKON MPOrPECCU OTHO3HATHO
ONIPeNenAeTCA MPEABIAYIIIM, TIEPUOAOM G, OymeT Takoe Hammenbee T > 0,
9TO

m‘(m’ —1) =0 (mod k) (3)

IIPX BCEX AOCTATOYHO OONBIIUX 1.

Brauane paccMoTpuMm CIydad, KOUAa m B3aUMHO mpocTo ¢ k. B sTom
cryqae T cosmamaer ¢ nopadkom [m| B xombue Zj, T.e. HAMMEHBIIUM IO-
JOXUTETbHBIM IuCIOM T, 11 Koroporo [m]” = [1]. HamomuuMm, @T0 nopsagok
ABIAETCA MEIUTENEM KOIMIECTBA TUCEN, MEHBLIINX k W B3AMMHO IMPOCTHIX C
k. Dro nocnegmee wmeno oboszmadaerca (k) m maswBaeTca @ynryuet Ii-
aepa. PyHkuua Junepa 06JaTaeT CBOUCTBOM MYAbMUNAUKGNMUBHOCNU: I
B3aMMHO TPOCTHIX Z, Y Bumoauserca ¢(xy) = ¢(x)p(y). U3 cBoucTsa Myib-
TUIAKATUBHOCTH JIETKO BBIBECTH (Popmyay Itaepa

PP o p) = (" — P T (P =P - (=Y,
rle p; — Pa3IudHbIe MPOCTHIE TUCIA.

Mockonsky T gemut ¢(k), To Bemoanserca cpasuenne m¥F) =1 (mod k),
KOTOpO€ HasbIBaeTcA meopemoti Jsepa. Ecim k — mpocroe, To (k) =
= k — 1 u Teopema Ouiepa NOPEBPAIACTCA B Maayto meopemy Depma:
mF1 =1 (mod k).

Bce mpusenennbie Boie (HakThl XOPOUIO M3BECTHBI, U UX MOXHO HAUTHU
BO MHOIMX KHUTAaX [0 Teopum ducena, ckaxem, B kuure H.B. Arrydoson,
A. B. Ycrunosa «Anre6pa u Teopus qucen. COOpHUK 3a1a4 4 MATEMATHAIE-
ckux mkoi.», M.: MITHMO, 2002.

O6mmuu cry9gan Jerko CBOAUTCA K yXKe pacCMOTpeHHoMY. [l awoboro me-
aoro k > 1 momoxnm k = p*ps* - ... p¥ ki, vge p1,po,...,ps — Bce obmue
npoctee gerurenu m u k, a a, 2, ..., s — HAMOOIBIINE CTEIEHN, B KOTO-
PBIX OTHU [IEIUTEIN BXOAAT B PA3iIOXKeHUe k Ha MIPOCTHIE MHOXUTEIN. B qanb-
HeMIeM npousBefenue p|'py?-...-pds Oyger o603HadaThCA depes b(m, k) win
npocto depes b. Yucno ki pasuo k/b(m, k).
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TEOPEMA 5. Ilepuod nocaedosamenvrocmu ocmamkos , = m" (mod k),
ede m u k — durcuposannvie yeavie wucaa, boavwue 1, pasew nopadky [m]
6 Zkl-

[TOKA3ATEJIBLCTBO. [Mockorbky b(m, k) ABIgETCA MPOM3BENEHUEM CTETIE-
Hel TPOCTHIX YUCEJ, BXOAMMX B 1M, BCE JOCTATOYHO GOJBIIAE CTEIECHW 71
mensrcs ma, b(m, k). Ho Torga u3 cpasrenns (3) 3akmoaem, 1o m! — 1 =0

(mod k).

[IpounmiocTpupyem yTBepXIeHUE TEOPEeMbI D HA CIeAYIOMEM IIpuUMepe.
[Iycte k£ = 12. Eciu m = 2, to ki1 = 4 u b = 4. Torga mepmoj mocaemo-
BATEILHOCTH OCTATKOB, MOJYIAIOMNXCA Ipy AejdeHun qucea 2" Ha 12, paBen
2, Tak Kak BorueT [2] umeer nopsagok 2 B Zs. Ecoum =3, toky =4 u b=3,
u Torjga mepuos mnociregosarensHocTr 3" (mod 12) Takxke paBeH 2, Tak Kak
BBIUET [3] mMeeT mOpsagoK 2 B Zy.

OTrmeruMm, ITO TeopeMma 5 OOBACHIET, B 9aCTHOCTH, TOT (PaKT, 9TO KPH-
TepUU ASIUMOCTH HA, PA3HBIE YUCAA k UMEIOT Pa3HYI0 CIOXKHOCTH: CAOKHOCTH
KPUTEPUs ONPeeNseTcs BeruanHon nopsagka soraera [10] B Zy, . Hanpuwmep,
[10] mmeet nopsagok 2 B Zy; u nopsagok 6 B Zy.

6. HYucaA PUBOHAYYU

HamomumM, ¥TO IOCIE10BATENBHOCTD duce]T DPrOOHATTIN ONIpefeIieTCa pe-
?
KYPPEHTHBLIM COOTHOIIEHUEM

Qp12 = Qpt1 + ap

¥ HAYATBHBIMEU ycaoBuaMu ag = 0, a; = 1. B cuny Teopemur 2 ams ao60ro
k ocTraTku 06pasyT MEPUOAUYUECKYIO MOCAENOBATEALHOCTD. 3AMETUM, UTO
ocrarku guces PubOHATIN yAOBIETBOPAIOT TOMY XK€ PEKyPPEHTHOMY COOT-
HOIIIEHUO TIO JTI0O60MY MOIYII0. DTO MO3BOJAET YIPOCTATH BEIYUCICHNE LIEHOB
MOCAEIOBATENLHOCTH OCTATKOB. Kpome Toro, mo0bie [Ba, COCEIHUX WIEHA, IO~
CIeI0BATEABHOCTH Yucen PubOHATIN MOTHOCTHIO ONPEAEIAIOT BCIO MOCAENO0-
BATEIBHOCTH: €CIN U3BECTHBI “WIEHBI Gy, Gyt TO, UCIONB3YSA PEKYPPEHTHOE
COOTHOIIEHNE, MOXHO HAUTYU HE TOIBKO (12, Gmid, - -, HO U Gy 1, G2,
., DIOCKOIBKY M3 Gm41 = A + Qmy—1 CIEAYET Qyp—1 = Gm41 — Om-

W3 nocaenmero 3aMedanus cpa3y CISAYIOT IBA BAXKHBIX BBIBOLA:

a) ocmamxu 06pasylom nepuoduueckyio Nociedos8amesbHoCmp, nepevil
nepuod Komopot HaUUHAEMC C YACHOB Gy U G1;

6) cywecmeyem beckoneuno muo2o uuces PubonauuL, Komopwvie Jeasmcs
Ha ar060e 3adannoe k.

ITocrenmee yrBepx aenune orMmetdeHo Takxke B kaure H. H. Bopo6nésa «Hu-
cira, Pubonaxr<am .
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3aMeTuM, 9ITO 4100bie d8a COCEIHUT UAEHA NOCACIOBAMEADHOCTNY UUCEL
Dubonauuy 830UMHO NPOCMbL. ITO YTBEPKIEHUE YCTAHABIUBACTCA C TIOMO-
B0 METOa MATEMATUIECKOU WHIYKIUN.

O603Ha4UM I€pe3 m HOMEP BTOPOro ducaa PuboHaI«In, KOTOPOe IeIuTCA
Ha k (mepBbIM aBaseTca wmcao ag = 0). Hucao a,, 1 B3AMMHO MPOCTO C Gy,
B CHIy CKa3aHHOT'O BHIIIE W TEM CAMBIM B3aUMHO MPOCTO C Kk, TaK KAK G,
COTJIACHO HAIIEMY BLIOODY AEMUTCA HA k. SHAYUT, BBIYET [Gy,_1] 06pATUM B
Zj,, 0603HAYUM Uepe3 p ero mOpsanoK.

TEOPEMA 6. B 0003nauenusr, 88eJennbiL 8blwe, Nepuod nocaedosametsb-
HOCTNU 0CMAMEKOB, NOAYUUIOWULCA NPU desenus wuces Pubonauuu na k > 1,
pasen pm.

[TOKABATEJNLCTBO. [lepsoin nepuos vaduuaeTcs ducaavu 0, 1 u qomxen
koHYAThCA ducaoM 1, Tak kak 1 + 0 = 1. O6o3HaduM 4Uepes T 0CTATOK OT
OeJeHus G, 1 Ha k. Torma wmemsr ¢ momepamu m — 1, m, m + 1, m + 2 B
MOCAEIOBATENBHOCTHA OCTATKOB BBIMVIAAAT CIACAYIOMIAM OOPa3oM:

r, 0, r, v, 2r (mod k).

3HAYMUT, OCTATOK ¢ HOMepoM m + 1, 0 < 4 < m MOIydaeTcsa U3 OCTATKA C HO-
MEpOM ¢ YMHOXEHUEM Ha 7" U MOCJIEIYIOUAM B3ATUEM OCTATKA M0 MOIYJIIO k.
HOSTOMy nepen TpeTbuM HYJIEM B MOCAEOOBATECIBHOCTU OCTATKOB IMOABUTCA
ocTaTOK OT ferenus r2 Ha k. IIpogomkas Jamble, MOXHO 3AMETHTh, UTO HO-
Clle TPEThEro HyJIA HAYAILHBIA OTPE30K MOCAEJ0BATEIEHOCTH YMHOKXAETCA HA
r? (c mocIeAyIOmuUM B3ATHEM OCTATKa Mo Mogy o k) u T. 1. CregosaTenbHo,
1 moABUTCA MEPBBIM Pa3 MEPET HYJIEM B MOCASIOBATEILHOCTH OCTATKOB, KOTIa,
nepeq HyJaeMm okaxercs [rP]. Tak Kak BTOPOMY HYJIIO MIPEAMIECTBYIOT 177 “TUCEI
¥ 5TH MCIa YMHOXKAIOTCA TTOCISOBATEIBHO Ha T, 72, ... 7P~ 1, 0 obmee amco
YUCeJ B MEPUOME PABHO Mp, 9TO U YTBEPKIATIOCD.

[Tokaxem Ha TpUMepax, KaK BBIMUCIAETCS MEPUOM MOCIEIOBATEILHOCTH
ocTaTkoB yucen PubOHATIN, TOSY TAIOMUXCA TPY JEICHUN HA TIUCIO K.

[yctes £ = 3. Bropon wien B mocaemoBaTenbHOCTH uucen PubCoHaw9In,
KOTOPBIM AeIuTCA Ha 3, umeeT HOMep 4. [Ipeapiaymmu wren pasen 2. Tak
kak 22 = 1 (mod 3), To mopagOK »Toro wieHa paseH 2. ClefoBATEIBHO, HO
Teopeme 6 mepumon pasen 4 - 2 = 8.

[ BBRIMUCACHUS MEPUOJA HEOOA3ATEIBHO 3HATH BTOPOE UUCIO G, KO-
Topoe meruTcs Ha k. [[oCTATOYHO 3HATH TOIBKO OCTATOK Ty | OT NEJICHUA
Om—1 HA K, TOCKOJABKY OCTATKU CBA3AHBI TEM XK€ PEKYyPPEHTHBIM COOTHOIICHU-
eM, aT0 u camu aucad Pubonaxau. [IpogemoncTpUpyeM CKa3aHHOE IS TACIA,
k = 10. BorauciaseM mocaenoBaTeIbHOCTh OCTATKOB:

10111234567 (8|9]10(11 12|13 |14 |15
r; 1011111213583 |1(4]5]91(4 3|70
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CregoBarensro, m = 15 u ocranmocs HauTH mOpAOK (7] B kombme Zj. Tax
Kak 72 3akamumBaerca Ha 9, 75 — ma 3, 74 — ma 1, mopagok pasen 4. ITosromy
nepuox pasern 15 -4 = 60.

[TpuBenem Tabauity 3uadeHun nepuona aud k = 2,...,15. B sron Tabrure,
KaK " BBIIIE, — 777 O3HaYa€T HOMEDP BTOPOIr'O WICHA B IIOCACAJOBATEIBHOCTHA qDI/I-
OOHAYYIN, KOTOPBIU AEIUTCA HA 3aJaHHOE Kk, dy — COOTBETCTBYIOLIEE TUCIO
PuboHaTIN, P — TOPAAOK [Gy—1] B Zy, T'(k) — mepuon.

E\m/| apn |p|Tk)=mp
213 1] 3-1=3
3| 4 2| 4-2=3
416 21 6-2=12
51 5 41 5-4=20
6 |12 144 |2|12-2=24
7|8 21 | 2] 8-2=16
8 8 21 6-2=12
9 12| 144 |2|12-2=24
10]15] 610 |4|15-4=60
11]10| 5 |1]10-1=10
12112 144 (2| 12-2=24
137 13 |4 7-4=28
14124 | 46368 | 2| 24-2 =48
15120 | 6765 | 2| 20-2=40

AsTop ray6oko Graromapen I'. A. Tanrbmepuny, TIIATEIHHO TPOYUATABIIE-
MY TEPBOHAYAILHBIM BAPUAHT PYKONUCH U CAEAABIIEMY MHOTOYUCICHHBIE 3a-
MeYaHUsA, KOTOPbIe ObLIM YYTEHBI TP TOPAOOTKE TEKCTA CTATBHU.
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