KOHKprBI A OJIMMIINA 1bI

CTyIeHIeCKI KOHKYPC PeIIeHnA 33,14
2004-2005 rr.

O OPABUIAX KOHKYPCA

BHUMAHUIO CTYAEHTOB YHUBEPCUTETA, MPENIATACTCA TOMAITHUU KOHKYPC.
[Togo6HBIE KOHKYDPCHI TPOBOAUINCE HEOAHOKPATHO B mpounuoM. (Hampumep,
o xoukypce 2001-2002 rr. coobmanocsk B «MaTemaTudaeckoM TPOCBEIIEHWMNY,
Boim. 7, 2003, c. 177-181.) Cpenu ux y4aCTHUKOB €CTh KaK HEJAaBHUE, TaK U
OYeHDb MaBHUE BBITYCKHUKU MaT-Mexa. Vnes KOHKypca (B OTIuYIre OT OJIUMIIH-
an) B PENICHUN 33,149, B OCHOBHOM, MCCIEJOBATENLCKOT0 XaPAKTEPA, KOTOPHIE
HE PelIaloTCsa OJHUM MPUEMOM, a TPeOYIOT CEPHE3HBIX W HECHEIIHBIX Pa3ry-
vun. Koukypc nmposogurcs non srugoun Camkr-IleTepOGyprekoro maremMaTu-
geckoro o0mecTsa. O6mecTBo 06pa3yeT KIOPHU U BHIIEIAET AEHEXKHBIE TTPU3HI
IS HATPaX JeHUs 1100e[nTeNen.

B komkypce MOryT NpWMHHUMATH yUacTHE CTYAEHTHI BCeX KypcoB. MToru
cpenu NepBOKYPCHUKOB ITIOABOAWINCH OT OEJIBHO. ,D;OHYCK&JII/ICB KOJJJIEKTUBHBIEC
(He Gomee Tpex wenoBeK) PabOTHL

Huxe nmpuBogsaTca yciaoBua 3amad koHKypca 2004-2005 rr. B mpennara-
€MOM CIIMCKE MMEIOTCA 3389 PA3IUTHON TPYAHOCTHU, OT CPABHUTEILHO HE-
CIOXHBIX [0 HEPEIIeHHBIX MpobiaeM. YJIaCTHUKYA MOTYT BBIOPATH 3a4a<M TI0
BKYCY U MOJAaBaTh PEIICHUA 4106020 wabopa 3amad, daxce 0dwoti. [IpuHuMA-
IOTCA PEIIeHuA IACTEN 32039, COCTOANNX U3 HECKOILKUX MYyHKTOB.

© C.-Ilerep6yprckoe maremarudeckoe obmectso, IIOMU PAH, Mar-mex CII6LY, 2004

MaTemaTuueckoe npoceewenne, cep. 3, eoin. 10, 2006(206-209)
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YcJaoBUAg 3A0AY

3ANAYA 1. [Tano muOX)ecTBO A C R monoxurensuon Mepwr JleGera. Dyukiua
f: R — R Takosa, 1aro npu Bcex & € R u mpu Bcex a € A

flx—a)=f(z)+ fla) - 1.
Hoxaxure, aro f(x) = 1.

3A1A49A 2. @yukuua f: (—1,1) — R 6eckoneuno guddepeHumpyema u /s Jio-
goro k =0,1,2, ... Touka = 0 — eIUHCTBEHHLIN KopeHb mpomsoaon f*)(z).
Mokaxure, 9TO
Ve >0 |f'|** =o(f) mpu = = 0.

3AMAYA 3. [auot uucna 0 < a < b. YOwBaomas HenpepbIBHAA (DYHKIUA
y(z): [0,1] — [0, 1] onpenerena ycroruem z¢ — z¥ = y* — yb. lokaxwure, aTo

1 2
/ ny, __7
0o T 3ab

SANAYA 4. B HEKOTOPHIX y3JaX METOUUCICHHON PEIIeTKN Ha TUIOCKOCTHU PACIIO-
JIOXKEHBI TOYEYHBIE UCTOYHUKU CBETA, & B HEKOTOPHIX — TOYEYHBIE 3ACAOHKU. Vc-
TOYHUKY CBETA OOPAa3yIT KBAIPATHYIO MOAPEIIETKY CO CTOPOHOU M, a 3aCIOHKYA —
KBAIPATHYIO MOAPEMEeTKY €O CTOPOHOU N (CTOPOHBI BCEX DEIIETOK MapaLIeIbHbBI
KOOPAMHATHBIM OCsAM). VICTOYHUK ¥ 3aCIOHKA HE MOI'YyT HAXOAUTHCSA B OJTHOU TOYUKE.

B onHOU 13 HE3aHATHIX TOYEK MIOCKOCTU HAXOAUTCA HAOM0 1aTens. Habaogarens
BUAUT UCTOYHUK CBETA, €CJIU HA, COCIUHAIONIEM UX OTPE3KE HET HU OJHOU 3aCIOHKMU.
[Ipu kakux orHomwenusx M /N pacnonoxeHue pemeTok 1 HabIooaTeld MOXKeT ObITh
TaKUM, UTO HAOIIOIATENb

a) HE BUJUT HU OJHOIO UCTOIHUKA, CBETA?

6) He BUAUT HU OLHOI'O MCTOYHUKA CBETA BHYTPU HEKOTOPOI'O HEHYJIEBOI'O yIVIa
C BEpIIMHON B TOYKE, TJe OH HAXOIUTCA?

3ATAYA 5. O6o3naunm depes T enuuntnyio okpyx)HocTs T = {z € C: |z| = 1}.
[lokaxuTe, 9TO CymecTByeT Takaa usMepumasa pyaxuus f: T — T, 9410 misa 1o60u
uaTerpupyemont gyukiun h: T — T (MOXKHO OrpaHUIUTHCA HEMPEPHIBHEIMY h) HAU-
IeTcs Takas BO3PACTAIOUIASA MOCAEJOBATEIHHOCTE HATYPATHHBIX UNUCET N, ITO

/|fn'“(t)—h(t)|dt—>0 opu k — +o00.
T

(3mech f™ — OOBIYHOE BO3BEICHUE B CTENEHD.)

3AMAYA 6. a) [an chepudeckuil TPEYroIbLHUK CO CTOPOHAME a, b, ¢ U TIPOTUBO-
JIEKAIIAMEA YTIIAME g, B, Ys. Y TVIBL TPEYTOJBHUKA CO CTOPOHAMU @, b, ¢ HA TWIOCKOCTHI
obosHauMM «, 3, 7. [lokaxure, 9TO

a; —a< (B —=B) + (vs =)

6) BepHo /1 aHATOrUYHOE HEPABEHCTBO [ TPEYTOILHUKOB Ha, IBYX Chepax pas-
HBIX paguycoB? [lisa miockocTu u mwiockocTu JlobadeBckoro?
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3AIAYA 7. a) Jau BemecTBeHHb MHOrOwWeH P(z,y), umetomun B Touke (0, 0)
usonupoBanuel Hyab (T.e. P(0,0) = 0 u P(x,y) # 0 B HEKOTOPOU MPOKOJIOTON
oxpecraoctu touku (0,0)). [JokaxkuTe, 9TO CYMIECTBYIOT TAKUE HATYPAIBLHOE N U
BemecTBeHHoe C' > 0, 9TO B HEKOTOPOU OKPECTHOCTH HYJIS BEDHO HEPABEHCTBO

|P(z,y)| > Cla® + ). (%)

6) Hamgure ouenku mammensiuero nokaszarens n = n(k), k — +00, Takoro 4ro
HEPABEHCTBO (%) HMEET MECTO I BCEX MHOrOIIeHOB P crenenn k.

3AnA4YA 8. Paccmorpum n-3HadHBIE Yucia B k-UYHOU CHUCTEMe CUUCJIeHUs (mep-
Bou nudpon moxer 6uiTh u 0). Hasoem 4ucio xopommm, eciau Jio0be qBE €ro co-
cemuue mudpPL OTIXIAIOTCA He Goaee veMm Ha, 1. 11 Kax qoro n-3HavIHOTO uncaa A
ompeneaum f(A) kak HaumeHblee IUCIO UMD, KOTOPOE HEOOXOAUMO B HEM 3a9ePK-
HYTb, ITOOBI TOJYIUBIIEECT YUCI0 CTAJO XOPOIINM.

a) [lokaxuTre, 9TO MJI1 HEKOTOPOro ¢ > () HAGIIOIAETCA CIEAYIOIEe ABICHAE KOH-
LEHTPALNN:

kinZLf(A)/n_d—)O, ompm n — +00,
A

rjae cyMMa 6epeTcs IO BCeM Nn-3HAUHBIM GHCTIAM.
6) Mokaxure, aTo m1a k = 3 xKoucrauTa ¢ pasa 1/3 —/5/15.
B) ITonyunTe KAk MOXKHO JIyHINe OUEHKN I ¢ pu k > 3.

3A0AYA 9. HycTs dyHkuua f HempepeHBHA B 3aMKHYTOM €IMHUIHOM Kpyre D
U TOXIECTBEHHO paBHA HYJIO HA ero rpaHule. M3BecTHO, 9YTO B TOYKAX a U b, Ipu-
Haqexamux Int D, oHa nMeeT JTOKATbHBIE MAKCUMYMEL.

a) Moxaxwure, ato ecmm f € C2(D), o B Int D cymecTsyet eme oana (OTIHIHAS
oT a u b) cranmonapHas TOUKa, f.

6) Bepuo /s 3axmotenune myHKTa a), ecta f € C(Int D)?

3AJAYA 10. 3aMKHYTEE HeCaMOIepPeCEeKAOMecs IIaIKiIe KpUBLe B R ¢ Kpu-
BU3HOU MeHbIe 1 6ya1eM Ha3LIBATL NAGEHbLMU.

a) [Mokaxwure, 9T0 B Kpyr pajguyca 2.1 HeIb3s BOXCATH IIABHYIO KPUBYIO M-
ubl 6oabiie 100. Hangure 60omee pa3yMHYI OLEHKY CBEPXY IIWHLI TLIABHOU KPUBOM,
KOTOPYIO MOXKHO IIOMECTUTDH B DTOT KPYT.

0) oxaxuTe, 9TO B KPYr paauyca 2.2 MOXKHO BOUCATH ILIABHYIO KPUBYIO CKOJb
YTOIHO GOJBIION JJUHEL.

B) [okaxure, 94T0 cymecTByer Takoe ducao £ > 27, 94T0 B Kpyr pajguyca 2.2
HEJB3s BIUCATH IUIABHYIO KPUBYIO [IUHBL {.

r) Bepuo su, uTo 1100ble IBE MIABHBIE KPUBHIE, JEXKAIIUE B KPyre OOJIBIIOrO
paJuyca, FTOMOTOIHBI B KIACCE IIABHBIX KPUBBIX !

3ATAYA 11. O6o3HadnM 4Uepes ¢, MOCAeIOBATEILHOCTL dncel Karanana: ¢, =

L (2:) Mokaxure, 9TO

= n+1
Co C1 Co Cp
C1 C2 C3 Cn+1
det Co C3 e oo Cpg2 =1.
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3AMAYA 12. a) Jokaxure, 9T0 Aus d00bIx m, n € N cymecTByeT Takas Hempe-

PBIBHAA (DYHKIIUA f: Sn—l s R™ y toukn T1, T2, ..., Tp—m+2 HA Chepe Snﬂ’ 9TO
He cymectByeT nmosopora U € SO(n), 111 koToporo
fUz1) = f(Uz2) =+ = f(Uzp—m42)-

6) MoxaxkuTe, 9TO A1a 060N HempepbiBHON dymkmmy f: S — R2 w nra mo-
6BIX TOeK T u Tp Ha chepe S?, cymectsyer mosopor U € SO(2), mia KoToporo
fUzy) = f(Uxs).

B) [okaxuTe, 9TO A1a MoOGOW HempephBHOUW (ymkmumm f: S? — R maigyTes
TP TOUKE T1, T ¥ T3 Ha cdepe S?, apasommecs KOHIAME OPTOB, JIA KOTOPBIX
f(z1) = f(22) = f(x3).

r) MokaxuTe, 9T0 A1a OO0 HempepsBHON Gynkmmn f: S2 — R u aua mo6erx
Tpex TOYeK T, T U T3 Ha cdepe S2, cymectsyet mosopot U € SO(3), m1s kKoToporo
fUz1) = f(Uzs) = f(Uxs).

1) Jokaxure eme mas Kakux-HUOyIb m, n 1 KoHpurypauun uz k = n —m + 1

TOYeK Ty, ..., Tp Ha chepe S" ! u mobow mempepwBHON (yHKmmm f: S7L — R™,
uTo cymectByer nosopot U € SO(n), mis KoToporo
fUz1) = f(Uz2) = -+ = f(Ump).

3AMAYA 13. a) HazoBeM BHIYKJIBIN [IEHTPATLHO CUMMETPUIHBIN MHOTOTDAHHUK
BR" caasnvim, ecau Ha cdepe S™ ! cymecTByeT 6openeBckan Mepa (t, TAKAS ITO IPH
Bcex ¢ € R”

]l = / (&, 9)| du(y),

rae gepes ||+ || o6o3Hadena HopMa, MOPOXK JaeMas 3TUM MHOMOIPAHHUKOM. [lokaxkuTe,
YTO MHOI'OI'DaHHUMK CJIaBEH TOI'la W TOJBbKO TOI'Mad, KOr'ZAd BBIINOJHACTCA IIPWHIIUIL
YCPEeIHEHUs: MJIs JIOOBIX TOYEK X1, T2, ..., T € R 1 JI00BIX BEIIECTBEHHBIX TUCEI
A1, A2, ..., A\; U3 yCIOBHsA, 9YTO HepaBeHCTBO Yy A\;|(z;,y)| > 0 cmpaBegrmueo s
moboro y € R, crenyer HepaBeHCTBO Y A;|2;|| > 0.

6) OcraneTcs U B KOHEIHOMEPHOM CIYYae YTBEPKIEHUE BEPHBIM, €CJAU BMECTO
MHOT'OI'DaHHUKA B3ATH Jboe IEHTPAJBHO CUMMETPUYIHOE BBIMTYKJIOE TeJIO?

3AMAYA 14. Mycrs F — pacnpegenerue #a [0, 1], 0 — ero gucnepcus, a pg —
YETBEPTHIN IEHTPATLHLIN MOMEHT. /[okaxure, 4TO

pa + 3(74 < 027

IpUYeM PABEHCTBO BO3MOXKHO TOJIBKO [JIs BHIPOXK JEHHOI'O PACHPEIEJCHVS I PAC-
npeneneHus bBepuymim.



